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Research Title: Computation of Three-Dimensional Stokes-Brinkman Equations using a
Mixed Finite Element Method
Researcher: Dr.Kannanut Chamsri

Faculty: Science Department: Mathematics

ABSTRACT

A macroscale model is developed to model a porous medium and adjacent free
fluid. Typically, fluid flows through a porous medium by a pressure gradient. In this
problem, we introduce the model that fluid moves by the movement of solid phases.
Hybrid mixture theory (HMT) and nondimensionalization are used to obtain the
macroscale generalized Darcy’s law called the Brinkman equation. This generalization
helps to match the tangential stress acting on the fluid at the free-fluid/porous-medium
interface. We apply the Stokes equation for incompressible slow flow-in the adjacent
free fluid domain. A variational formulation of the Stokes-Brinkman equations is provided
by using a mixed finite element method for n-dimensional domain. Applications of this
model include modeling fluid flow through moving solid phases such as animal hair and

hairlike structures.

Keywords: Mixed finite element method, Variational formulation of Stokes-Brinkman equations,

Moving solid phase
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Mucous laver

rrft LD T -~ ;'( i FOTT ] >
v m’"; i .;'/,; /T [ Periciliary Layver (PCL)

= ciliated cell

goblet cell

Al 1.1 Uamuanseuniliwemaenauiiseneusielniuanisad (sobbler cells)
Fidewfinuad (cdliated cells) Aoa (PCL) wasFwilon (mucous layer) fioguuliiaitioyiia

Fausvneusnelniuameas (goblet cells) uas@ideniiawag (ciliated cells) Tulnuuanisadussy

v A & A -

diaunsya (granule) futhiindaslensenunilefidutanuasudrgieme w¥snislendud
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Sovavedideidndtuadidedeyin nmsndeuiivestidedeinas niminduldnyunauly
fyaiFusuifunoufinzindeuniuuuresdsaalnandnaia gseu uaziadn inesiy (Gueron and

. " v o awv A o dt' ‘s' N A = & acs
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szuumaiumela nazdiinasenisindsuiivestiae lsassnanalawn Fafntwlusda (Cystic

Fibrosis (CF) Tnstauseulafia (Chronic Bronchitis (CB) Iwsuns@ideshaauilie (Primary

Ciliary Dyskinesia (PCD)) 1Husu fnaidveonunin msguuvari il detinilesannlsa lasia
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4 Epithelium
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(boundary condition) lunwideseduge Faezdaslunismauiaveaienlulenls e

Usglewilunmanisunndsald

1.3 YBULYAVDINITIY
%aummmmﬁ%’aﬁ;ﬁ SR TNSANYILUUI a0 NAMAAIERS WUV AR UWaE
Tawwdiun1u (periodic domain) Tuduussi@ien wasinN3IBIYBLVAINTIDAY

HID9NNINAT AR BUTIVRIT LG

1.4 A5AAUNITIAY

L

SlaRadunuUsaewsadaeans ol imuzanfutiymmdesnisAnedslang1ild

e3°

warluuni TaediaSantiunisidessnaluil
1. l83nsiindlnlueatawudlunism variational formutation Jasgun1alANUI LY
2. wuilpwueeniudindng vateq d1u ietislunismuimmmamasiuunIsUszau

Ya o

alnglansindlnluyiieaiaust (mixed finite element method) FalaiuusuuasfiREIteazly

LY
v
= o

woiSiUn Mi5n9 ey (Nercen)[35] M3adiouoaiay (gmsh)[19] Fswaswuainsaediien
Sneg1ain fanemilnlasesenaaieg (mesh generator)

3. 188 nstinglvluiisaiauudt vwaasidsiaalanuuiagldlunmanaaae veslgm
g aa g Y < N i Aaa o 1%
Wulawuwuvandd Taunisalanlunismiannusivesosvaiiaes vasilauuiigdy 19

aun1susuulunsmaLRag



1.5 Uselawiinaindnazlasuvaalasinisive

1 e

1. Ieuuudaemndamanifaenadesiutamaswindundelidfiinidevinulale

ynsanwunegatutymludnvausguiluauiifuineu

2. Wesdaruifeatiunsmraieagreduuudnasendnaaniiusenousiaes

TauNdanwEAWANA9A Y

3. lPwesNiISTaUITaRALILUUI 18I A finAaR s RvuNle WaenndasiugnIn

& a a X
ALLUURTIY 'EJ\‘]{]QJ‘VWEN“] VU



uni 2

Qs

nyuninetdeauazuideiinedas

2.1 nquiineadas
dlanuudrasmendinaanslaandutumnlml Wweldwngauiudymadne waeldizns
UseuaaBaiaiay (numerical method) winalaaeuy faudulrgdnagiinduil seuu

AUNTSHALANYEUMATTUaEE N Ta AR lauT el wardTn1sUsyanuAtalRaetuarlana

[

wasdigndewndosfietla dusvuidedfifelvaunisalanuisuay deldigadliuaaly

'

[

MuATeneuntad (121 Jwduaunisflidineu wazdmaunladiiasdnausien (unique

Va

solution) uenani §ielfasUItnIUsranaA raaswuuiinglWluiteaiaiuusi (mixed

9

finite element method) sagalull

2.1.1 hndlnluriteatasuuii (mixed finite element method)
Pielfaguitnsiindinluiioamnniuagldd@eul dvivgaaulauuuning fwielul

TeEufuanaunisuiesalan (Navier-Stokes equations) d1m3UlaRukUUALER

o XN T2, 3 2.1)
ox;
ou, Ou. 0 ou. Ou,
Lpgy —t -2 PO | —+—L e oo =0,.i=1,2,3 (2.2)
RN oK | _ o Y ox, O, P

St " ) AbL™ ou Sl ou, ou, v 4

dwsu j=1,2,3 lnemsganiuees i uae j ANIsUINAY 1Y a—’zg—‘+—2+—3 Taeil
X . X
J

. Oy Ox;

p Aomamnuiy g Buaunie u, wer P \Junnweimnuiiuazauiu muaiu way
A I DR a v A @

g, Ao anuaissnusddtuaitlan Ty £ As netgreAIamINgVNUTBENnIS (2.1)

way £, AomesdiguenaIosmnewiniuresauns (2.2) aaaunts (2.1) meflsidua O way

anaunns (2.2) seileidudne wudwhmsuiiusuulawuing Q° Tl



[ofax =0 (2.3)
2,

[w-fdx =0 (2.4)
=
T8 nUSusfardauiuaunis (2.4) wazunuen £, o7g —g—ui Virliberan
xi
IQ(%jdx:o (2.6)
oo\ 0x,
: : : . Ou,

[ {00 wa %y Wik, -@u—lJ + a—w’-{—l’é}, =+ /{% "= —’B—powig,}dx

2 ot Ox_LB% ox, Ox, 2.7)

«J- wTds=0

I

el T, 1Juilsiduiiveu

TiuUsdass u, way P gnuszanaianluguuuusisluil

u,(x,t)

w,, (xp" (1)="y, (2.8)

I
~ ng

P(x,1)=Y ¢(x)P()=@'P (2.9)

=1

~

Tne?l ¥ way @ Wunnwmesvesilaidususas (Shape functions) v, kae @ ANUEIGU WNUA

U

Heridudae (O, w) luauns (2.6) wag (2.7) fe

yllsaunisaena Uil

i
—I:I(Da\y dx}ul:o (2.11)

bbele



. o’ oY o
L[ pO‘P\Pde}ui+[§£pOT(TTuj)-§dx}ui+|:£!:,uéx—j x, dxilui

J

T
o [ e, - ja—\ycpfdx P (2.12)
ot 6xj Ox, 2, &,

1

= J [ pO‘I’fidx]+{§z J;st}

[

adu @ ¢ T & a ¢ v a &
— dydnwal () Aensualwa (Transpose) YBIUVIAG AUNITVNAINITATVEUTY

e i, =

@

FrydnvallugUwuuiueEng lonai
AUNITANUABLUDY

) i+ (2.13)

WAZALNIT IR
Mu+C(u)u+Ku—QP=F (2.14)

v v ¢ o o B
gasuuwlunisuaneuiusiisutuamas u ={u,,u,,u;|

dwiunsdl 2 I7 aun1s (2.13) uag aunas (2.14) Weuluguwmingldi

(M0 0w Ty /U0 |
0 M 0[3a,p+| 0 C(u) 0] u, r+
0O 0 O||P 0 0 0|l P
- (2.15)
2K, +K,, K, =Q, | |4 K
K, K, +2K,, —Q, |4, =1E
-Qf ~Q] 0 |[P] |0
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o’

M—j PP dx, C(u)= IpO‘I’(‘I’Tuj) Pl
J
_j 6—‘?—5\—11— Q= j—cp dx (2.16)
o,

E=| polyﬁdx+<jiwzds
& g

Funnnaunis (2.13) wag (2.14) aunsaiausuiulasnsiatl

RS RN o

Tned

K(u): 21<‘11+I<22 KZl f;: 1 (2 18)
K12 K11+2 +K22 ’ F2

wiaeulugudydnvallai
MU +KU =F (2.19)

Toed

F= {F} (2.20)
0
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2.2 NuTeNNgITes

fladdemannwangldvhnisideinesiunisindeuiivestideuazvedivaiiegluvenuysd
| ¢ = = o Y aad v o oa a adda &

Wy 99viuuan John Blake) ynisiadeuiliazanuiiivesdudideduneludddiagng [5,
& ¢ o < a a = < a
6, 7, 8, 91 usnanteeviuuandmauiIgegavesdidslulenusidunismaiuiivesd
deignduielagldiaunigiudunnmnneietislunismeineuntmged] dedlinseiu
Yymasannidn [6, 9] dwduunddiurestide (array of cilia) W38 Fildenates (du 0ruIUan

levnAaasveenLiSvessvaIRTeagu e auLA WA UAILS edsveeTdy Fedlud

o o A

gl wienuidelaawnsnsesivauufgiui wenniidsdiauddedug Adnvuieifuns
wasufivesdionlulenlaeidnamemaud Wy uisdunayisdiues (Barton and Raynon)(2]
Anwnslvavesdieniflosninnsinfeuiivedideilosdusion lasou (Liron)27) 1onsuilaidu
(Green’s function) M sinavesanmrarsuiiosnandids fvediels inunismeanuidives
vesvaluiuitioauartudientngiBn1smamnuisldifigmetilosanannisusius (integral
equtions) #llunisivuanIsnszateveLsy (force) Tinandidaudasidu delsianunsagn
Sunuseliriidunilafeals (unique force)

dmsunsveseafeiiunmsedoufivesdide IHduiieulaveainideannune wu s1dlu
4 (Rabinovitch)24] Usvandldnisasuaniienwinisadeuiivedide udlildmamusa
vesveunailutuiidien Tuvnsiinosuuesuazafia  (Frommer and Steele)19] lofadns
wusasstulnendiduanduiiuing SaduBidedliunandridegnioun udldau
sutelunisindeuiivesteinaliiut uiidioaudrmurnman i ivewesuaifidion i

pg19lsAaunsnaanstldaudedislunisedeundadaltniseieunves@ideas
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mASeTAn UL aemsedamand ievnauvewesvasluduiidion
ginisenaneviaulafnuindielansidansdass uanidielamsliaunsuiausm mugiv
AUNTBUY WU LU fudluedined wazuaa (Chen, Gunzburger and Wang)[16] iUesuiiiey
alan-n1353 (Stokes-Darcy) fualmnuiauuu (Stokes-Brinkman) Tngldrnvauiidamintu Fuy
wariunuasuin msldalan-n13d aaugiuaveulines-laww (Beavers-Joseph) Idnaa
gndesnnndnuuudu feegndlsinunslinisgaeslivilvifnanuadoshiunisiasuuae
90U Faldilnudseiofuarveussninsaunisalan-udaay uazaunisalan-asa laeonun

unune [1, 14, 15, 22, 23, 24, 25,29, 30]



uni 3

ASandunis2y

3.1 KUUINIARINANAANEAS

Fnsmuuuiasndamand iiemerniveeunmilutuiidion danauiuii
fananwdelauuiifisefasandddasmuidugmgm @ uaslaunlifizngu O vwidvdan
Tng/ld aunsalan vide unioei-alan (Stokes or Navier-Stokes equations) Tun1svA1uLT
vowetlnalulawy O dwlanufitisniy Q ansdaes (Darcy’s Law) Wie aun1suiuIY
(Brinkman  equation)  azgniuald [16,32,39] widnaslinniTaeididndunesldaiugiu
Soulvimeulineslae fudeulviffemsifindeuiiaduloa Glip velocity) Waluduies
fandluani 3.1 Taeft v, Aeaudaitlieinniigass v, Aoauiiaulon v, A
Aemuavions uaviteuluAveudnes-Taem Ae

Jk dv,

a dy

& v
AUl NaunIsalen v,

otal

v (3.1)

slip TH

total _vd =

"
VY]

oot & Aewwesiovla (permeability) uay o \Humasitiduegiuinguesianansiidsngu
FaAtyleannnIvnaes

Y

WU A1 @ Femmneinnisuaaevitl. wenani dvdidedesldarveuiies-

Taww agnaon aevilisnsenisusuaveuidrfivdgufidosnsdnuildedisuiae dedu Tu

¥ va

TasensiiideagldauntsuFewny Wulvudasmsedamanstulawu Q wsgaunsaldan

Y

2ouUsUld FaaziBarenITNLUUT AR IRdinAIaRsTia QNABILINTY
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Stodoos pquation
¥ ¥
d ""?P ay
1 5
TR T T . =
S 0 Porous mediom o PRyl
* ‘_,L.,' (,' ‘.' » ’,‘
talagl & A
e |
v foind

Al 3.1 gUnmuansuiSdulen (slip velocity) iildsnanArveutines-Taw Grevinldiin

AUFDL DU BIANIEI T TR 8 TENI T UNTITNT UL TUNT WA B LAY

Y 3

[

dwsulawy O Wesnmslvaveseuveveslymigitednwndunisivawuudig deadu

o

Soaeldaunnselan (Stokes equations) fetuuuusaemsndnmaniigisearldhlasenns

=

ok
Y
4 fp

1K -(SIVI —8lv“)+Vp—§7V-(281d’) = pg, (3.2)
l+(1—8’)V-(51(v’-—vs)) =0 (3.3)

=

Sonin aunisalanuTeu Wuaunisildunanmeiianiseweina (upscaling technique) 7
Son7 leuSeinesifielesn (Hybrid Mixture Theory)[3,41] 1Juisansildlunsiudeouaunis

PRy 3 & Ao =1 | A Y o | A& @
Wlﬂuﬁmﬂﬂ’l‘samamﬂ‘] NWLUuauﬂqivmaLﬂalwﬁUmu ﬂgﬁLVUQ{LuaﬁJﬂﬂliN'ﬂﬂm'ﬂLLU?ﬁ’Ju‘WLUUVN

@

Yoaudnarvenad Inefuus I WnuYedval war s unuwedwds x  Ae Auniinves

A 1 % 6 Aaa 1 a

yaamaa (dynamic viscosity) k™' AedrunduveauneiliosTaf &' Rowedadf (porosity) w3

v
[V /] = 4y v

U'%mmsuaaﬁummaﬂumaa‘l@musiaﬂ'%mmﬁwm%ﬂmLuuﬁu fatil &' arliAteaniivie

'
a Va o

wiriuniuauelagi &' %ﬁﬂ'wLﬁuwﬁﬂé’ﬁﬁaLﬁalumaéimmum"‘;wﬁﬂmiﬁﬁmmLlfiaasjl,aﬂ v/

Y

AoAuiivesenviarfidion Fudufulsigd

U

HussnITm v ﬂﬂﬂ’l']ﬁ.JL'i']‘UEN‘(jLﬁS P Ao

ANGU (pressure) d' = 1/2(Vvl +(Vv’) ) awmﬂm‘il,ﬂasmiﬂ (rate of deformation)

a

Tnedl T wunedls viualng &' =0g' /ot+v'Ve' Aopyiusvesweiagalisuiunanieing

(material time derivative) p ApANUMUILULYBWOLRTINTIOD WAy g ABAINLTALBIRN
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usalifuene druaunis (3.3) Aegun1siivenitvedmatideailuvesvainonldls  dunmin

aunsalan Avaunis (3.2) Nluflwaunil k' wer & =1 dues

3.2 Asn1sadiunig

Tuddeilsiisnisaduniseadl

3.2.1 Uszgndldasnsiindnluiieaiawimmmeniuaunis (3.2)-(3.3) tengluuy

RS nFluYinuBLRglIfuaNns (2.15)

3.2.2 fvuslawuiiagldlunsmmamesuuuyssananveym Fadulamuuuuauid
Faanslunmd 3.2 Tnefidaveuiunuidudrsisdnuvedaaulaei O Aolawmunlliiside
THaumsalanlunismannuniivesoavaligion vl Q Aelawuiiidide MaunisuTua

Tunsunainay

3
A Q
by E
Y oK :
b o P
20 S periodic
Stokes anivi;
o -t , gy ¥ . & o VR R <yt // 1P Q
periodic ' AR N R YA 2
. (;lli;}n/l})k}r;g y, g |, g ‘
4 WA AL , 2 /// C 2
. Atinkman -/ /

;
2
B

a

Al 3.2 JUniansawuiuUENuERRegULWIY X, X, WAy X,

HeulvAmeautBuau (periodic) NFudnwadlaiuy
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ndeulvdweuiieiu wuudassmeadaaansilaesuielidreiu amnsaazuld

swoluil
k™! -(glv’ —g’vs)+Vp——%V-(25’dl) = pg, QuUQ, (3.4)
&
&+ (1-2)v- (e (v'- v)) =o QuQ, (5
v uey p Buaui x=x,=0,x,=a uay x,=c (3.6)

3.2.3 wuslawueanidudiuans nate dau iiedislun1sAruiumINaLRagLuUNIg

Ya v

Uszanamlagldisindlnluiieaianuyi (mixed finite element) Fdlauwuuanuiingiveazly

gosuua5iUn M3anda ey (Nergen)[36] v3o310ut0dL0% (gmsh)[20] Begasniwisnisdadien

Sno819In FanerulnlaTesnam1vne (mesh generator) AW 3.3 HAZAINT 3.4 KAAILATITN

Y-

miefigniofifielng Tsunsudiemeaiey wazidaau muawiu Fedruaugneonuassum
yeusargngonazgnisenildlunisideulusunsuls uagdiannsadmungagealiivlysunsu
detaelumsnamiliiaeneudasslishe SiuugasonvesuslinguaEenda fin3
ooIney (degree of freedom) 19 fArisy wazadsiy WufuUsilimsaven Tusyuy
aunnsiignUsEsN ALY (linear approximation) vesisnisuuuiindluluviieaians i
neentls dwiulnumanuid Suaufinseesiwsaeu Ao A I ramAInaInALE LavEnen
Aorusy Fensussnasuuulindlnluiieaauuismven annsasuisdnlFanmide
984 F. Brezzi [10] fuutisanuivestasisimitiesesdidnioeiiesmes anugniesweinis

Usssnauawaiasazeglugiiisansul
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3.2.4 Tusunsailagldn1un Matlab Wievnuaaasieiavueaunis (3.6)(3.6)

0 e

Al 3.3 JUnmuandamuzUndesluuaud Niin1seriiainaum (senerate mesh)

TngldgoiniasiUndouadiay (gmsh)

by

Netgen 4.9.7

d' U aa d‘d J o o |
M 3.4 sUamianstaugUndesuuaulin Alinisneniingum (generate mesh)

Tngldasnuisidatiniau (netgen)



uni 4

AUNTTELANUS IUULASHALRAULTIAAY

4.1 dun1susenuunualasana (Macroscale Brinkman Equation)

Tuhdeiliifuasyaiefiinetning1ag vesaunisuiuuuuelasanadildlunuidell #l
YosaunTUTMLuAnnmsUssyndlanguleuiadieiasiielad (Hybrid Mixture Theory) fiu
gunnstunsiu dldsldaunsTusmsuuelasana fuweluil dmsvneazidoaiby Wse

ATLBNENTE1984 [12]

!
p(%+ v -Vvl)ﬂzk’l (&' —EIV"')*VP"gV'(zgldl): re L

Fasruusaned uusililuundeundrua aeluldiznsuenlauduuoulaiady
(nondimensionalization) fiuaunas (4.1) TagfnuanIT18me381984 (reference parameters)

Pfeuen L e f ensida v, WSl p, waedhsnsausaliume g, way

1l K
§1=L,vszl‘,ﬁ:£‘ag:£ (4.2)
Vo Vo P &0
V=LV,i=ft, A=’A (4.3)

PnswuAtENng (6.2)4.3) Tuaunis (@.1) ylalein
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~1
£ gl =k pfi+&f/’ﬁ\7’ +&6ﬁ——pﬁg——l—l—’%§-(2sld’) (4.4)
H o6 L Lv, ¥, gL

dmsudgmnislvawuudng fegratunisiuniavesuududny dwiunadnds ¢ Wunm
e v oo o o v g = & v g
Mddmiumsiuniavesuduians Tuntlsseu (one cycle) LiuANugauasvuduan p
< \ A a T A a R & o
war g Wuaruvuuiusazauvideuuulowfievenhfionmgl 40°C uaz g, \Wuusaliy
frewadlanainnisunuAikUseaBesananluannig (4.4) azvilideameunsnnieuyinile
ORI 0IMUEWINTUTBIENNTT (4.4) fadeanndisisuiumendus Tuaunis seiuaunis

(@.1) aursadeuludlaeadl

k™ -(glv’—81v‘)+Vp—§V-(2gld’) =pg (4.5)

v @ 1

=~ @ Ay a ¢ ] £y o/ I v e}, = 1 '
FauidanfudraunsUSunu (Brinkman equation) [ues dunad & k™ =0 wialiiina

yk“-(s’v’—g’vs)’l,uaumi (@.5) uay & =1 zilnldaunisalantiues

4.2 yunuulsisiaiiiesvasaunisalanuisusn (Model Discretization of Stokes-Brinkman

equations)

susuuldsaiionduduneuusnnilugnisArwiandsdaiay aunsalanuiausu (Stokes-

Brinkman equations) aun1g (4.5) newflsztuguuuulsideies isihnisdngudad esanis

V-(26'd") = Av+V(V V) (4.6)

warivualy &'v =v, & WuA1ned Lay

Lﬁ(Q):{q el (Q):| ngzo} a.7)

Q
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Ly (Q) ulwluiawaiy (Sobolev space) Fathuaunis (4.5) vde (3.2) uag (3.3) awnsaldou
TusUwes weak formulation 131 MAMMEY v LagAILAY p i (v,p)e H' (Q)x L (Q) il

donadastusyULaunsaelud
uk™ - v+Vp ———Av pg+ k- &'V +§Af (4.8)

V-v={7, (4.9)

f=——é’/(1—6’)+V~glv“',H1 (@) Wusalinaiy (Hilbert  space) uaz Q Dulawud
FOINITATUIN

u @

auns (4.8) aunsdewduaunisanaity n 98 dwsu i=12,..., n 16asil

i

- ul 0 | oy ap W, T L O
y[kl.j Voot {ax [6 H+a—pgi+y8 [kij vj]+;l~a (4.10)

dmsy j=12,...,n Ined g=(0,0,—g) wazn13griuves j nelumailidlerfionasiudile
namluudluunneuntihil Aeldisnazm weak formulation ¥83an1s (4.10) fgn1sAAIENNNS

(4.10) sheilarduan w, € Hy(Q),i=12,..,n waydiiusuulamm Q labaan

j(y[kl;]v[] ;{aa (2" ﬂ ngwdQ (pgl+,u8 [k ”ﬁf}wdQ (4.11)
Q . . X xl

!

nsuves i Tuaunns (4.11). syysmouresaunslidlidunauin deluvihnsiiusfiazdiu
3 . P ¢ ) o e o P 1 2
(integration by parts) #aw#l 2 wauausukaswaund £ vbild (v, p)e H' (Q)x L5 (Q)

rasalUll
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ju[k v}wdQJrﬁJ'{a: Zﬂdﬂ [ ng

1

= [(pg, +ue'[k;'v j])mdﬁ—gifa—x"dﬂ—lpwinidl"

i

e}

| e wdl +£ [ fwnar, Yw, e H(Q),i=1,2,...n (4.12)
gl ox, ’ £

r J

loe? T (Juvevvedamu Q way n,i=1,2,...n {Junnnesuimmie lufirvnafingeenain
o Q W 7, Wudwsznoudng veglulaum Q wWu 7, Juglawmaoule feglu O

bbele

v, :{veH' (Q):v|g is quadratic, VKGT,’} (4.13)

Hhz{qeLg(Q):q‘Kislinear,‘v’KeTL} (4.149)

svshaien (v, p) eV, xH, il

M
=X w, (xpr =0, (4.15)
m=1
o
p(x)=D.¢ (x)p,=0"P @.16)
I=1

el 7, uay P uanmesvesnruiauasaanndy v, uag g Bendniladduiiugiu

(basis functions) ¥ way @ \Junnwmesues y, way ¢ audwu M war L Jusuay

2

WnTuegfuguseves 7, wnu (4:15) uay-(4.16) aslu (4:12) Laguny w e P vililen
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O e e (T

Q i

= [(pg; +ue'k;'v;) ¥dQ ﬁlj ——dQ( I‘P@TnidF]P
Q i r

Q i

U‘P——n dF]V + £ [ renar (@.17)

W o ue Q, Wulawuvewsdlvadasy (free-fluid domain) uaglatuuiiigngu

(porous mediem) MR aviiu Q=0 UQ, INMFULuTetNnINdlulawy Q, Wu

ke AV, + (et e\ (K, Wi =Q'P=F, i=123,n, (4.18)
Toedl A= [ wwrag, =) {a—‘{'ﬂdm) 0 = j q>a\PT do (4.19)
f X ax .1

F = | (~pg, +ps'l; v ) wdQ; - j f—dQe ( | ‘Pd)TnidF‘;JP

Q4

+ﬁ,{ | > il dre] ﬁ, [ renars (4.20)
4 ) Ts

dle Q¢ Wuaundnlamusiing1n dure Q, =UQ
e
Uszgnaldnssuiunaifeniufivaunisaiasieiiesauns (4.9)

< P o ovs
2, - Vo) 3y @.21)

3

v A

Iesuuuuianesyiadu (weak formulation) fedl



23

8xj —-& axj

r % oV’
-jcpgf—dggvj :_j[lg wet g ——’—J@in (4.22)
o Q%

- o ov’
Fa=-|- fte —L |®dO (4.23)
4 1-¢ axj
Fetuannisi (¢.22) nanendu
_Q/V/ =Fyy (4.24)

fwuelsh B=(u/e')(K,) waesvildn j Aewavindt j=1,2,...,n UNUULASNGU8q

SLUUANNIT (4.20) uay (4.24) w‘lmummuamﬁ&ﬂuﬁw

pkA+B - ukl'A4 pkit A =0

ﬂkz_ll"a bk, A+ B phes, 4 —Qz
ke A g A pkiA+B -OF
—Ql "Qz '"QS 0

(4.25)

iy pye i B
e ] s oS ST

Yourilsdigunuuiueingvesszuuaunislulaum Q,

solUimagmgiuuvanidnlumindluuinulaumivesmaidasy (free-fluid domain)
Ty Q, wswihifveudeluguil wiliiins@unusaranangy fetuaunislusudndy
wudenfuiuly Q, usazlifinadusmnis@uriu k' Usegndldnssuiunisiseaiuiuidmnld

elslaannig (@.25) 5l

[ a_\P_QE_de]VZ (J'a_‘yq)Tdejp
Oox,

T
= (—j \Pd)TnidI‘f]PJr -”7[] P aa—\P—nl.de]Vi (4.26)
&

i
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Toed Q° \ulamuamndn dufe O, =UQ! Jouauns @4.26) way (4.24) luguusinduu

Tuuandf waz F, =0 vilulain

B 0 o0 -0"\(V) (5B
0 B 0 OV |5 (@.27)
0 0 B -0l |V B
_~1 —Qz T3 0 P 0

Tae?

il
., £ —I‘P‘DTnfdrf P+ﬁl J"Palp ndly |V, i=1,2,3 (4.28)
&
Ty

re ox,

Funanuulawn Q, ehilvesudediy vi =0 way lusniddol & \Judipad duiu £, =0

2

< ' < L I ' [ Y aa =
U Q, wmunenuswaranauly Q,  uaz  Q, HANLANAIIAUINLIUARIUTNE

R

seminsveamadasy (free-fluid domain) Aulawauiisignsu(porous  medium) wsitandaadld

R el e N Rl AR AR IR RIS
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4.3 waLaaLdenatay (Numerical solution)
fAfeldvhnsdeulsunsulagld Matlab lunswmaiaasideiiavyesauns (4.814.9) 14

s2nsindlwluviieaiawurideiiladosunglusnde (4.2) Trasu vulauRenInwg 4.1

s [ T

i 7747 ,| periodic
Stokes Vg r e

periodic | “{f e, S SN 4 ) 2
;~Ciliam ,/n}.{, AR 1 = x

va 7 Lz

4 s 7

” o L0 v Yy P
1| £~ Brinkman « 1" -

8
' u=v=w=0 andv =0

AT 4.1 LEaglaUTITluN 1S NAL RTINS LAUUDIENNTT (4.8)-(4.9)

Husuamiuansidauauin 1 gnuiaimbe Mldlunsdusammaianuilisiuay
yosaunisalanusauiaanusuuuiaiaiy 1 lufianiwes y waziigiuanuialy
a A <) s o w & &) £ 4
AN X,y Wag z AB w,v wae w LUUAUERIUAINY LagAl1uL3UuAIU (periodic
boundary - conditions) #Futrsveslaiiy yenani fiuueliigngu Guain z=0 i
z=0.7 vieo Q, uavveslnadasvegdudl z=0.7 fs z=1 vie Q, vhlaiaaeBeiiaud

wanslunIng 4.2
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X-axis T & 02

y—axis

P = s a dl o 2 &
AN 4.2 LLﬂﬂ\m\‘lL’JﬂLG\E]iVlLLﬁ@l\WlﬂVl'NﬂWilﬁﬁ‘UE'JQ&UENI‘VY?I WDAHLSIVDIVDITWUY O

ngUami 4.2 ssiuhnmesiidanavulauy Q msighiflvewdinosfinvanenis

v

vavewesiva uaziidvdosuy Q, iy veslvalvaluiievie y wsizRduuuaeslamu

lupnudusuaulufianiewes y

X-axis

y-axis

=] = s a a‘ & d o
AN 4.3 LLEWIQZNL'JﬂLG’]E)'i'VILLﬁﬂdV]ﬂVlNﬂ’]i‘lﬁa‘UEN"ZJE]\‘]l‘Vlﬁ DALV IYDILTTU 1
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sUn Wl 4.3 uanannned wansiirnienisivavesedlivauulaiy Fanmd 4.1 il
pueseniaiy 1 wazmnufiveudiuntu (periodic boundary conditions) fisuins
Widveslaumusiudiuawedamuie Sansdiinnumwuuilildimusdudiduniugs
uaruiguiy mﬂgﬂamﬁudwﬁm%’miﬂﬁnﬂLmai‘mmL%Uﬁﬁnﬁauwhﬁ’uﬁ”’ﬂmLummw
audvosvesudaiawasilvveddualulawy Q, awnsandoudildduiieawnainnis
indeuiivesoudsfuiidRdlildiuisuisunaaniildfutigmass mseddlifidnideviou
TANTIUANUEIVDIVULEULAN g auias susnvedeaeg1 e LRz IUiLmsuﬁ{ﬁ%’sJ
fiFeuiuiinnuindedeldluszaunils dwiummniamessmudaidudouiu {3duasaue

Tunasuidedussll
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AgunanITIdBuasTalduBIUE

5.1 agUnamsIdeuazdatauanus

Uszgndldaunisalanuieuny (Stokes-Brinkman  equations) WuuLiAlATALNE

I

(macroscale) gfiunslvaresvesmaiBass (free-fluid . domain) uaglawniiiignyu (porous
medium) Ineldnguiunlausaiieesiiieles (Hybrid Mixture Theorem) wavuoulauuuiug
wih (nondimensionalization) Tneunfudasefuamusuiiniuagsihlvivesluaaunsaluasiou
Tatuusnee e TurAdeduounarausolvaii Tnausneg Wsuiominnandoudives
vouude 151935andInludiamuiivmen (mixed finite element method) nuaunisalanu3s
Wiy (Stokes-Brinkman  equations) dwisulawu n 1@ lnelddgyanualduaidea (indical
notation) Wuntae dusumeanBeaiiisifiuAeaiu indical notation Wgienanisnsds (4]
uenaNiITeldduannaandinavlagl§3sindlnludiamuummnen (mixed finite

aa

element method) wuvauila Gaaraeildaenndasiuvannisnisnisadounivesesivaiile
fUAAIYEURaYAINSIVD BB TR U FeAvauRidudeu LazAILEIve YR ILTN

Futounndazlsinauslusnidetunniy
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ayUnandanlaananuide

6.1 agunandanlaanauive

lanRunadselunsansselull (anaiswuunIaNuElIn) Kannanut Chamsri, N-Dimensional
Stokes-Brinkman Equations using a Mixed Finite Element Method , Australian Journal of

Basic and Applied Sciences, 8(11): 30-36 Special 2014.



(1]

(2]

(5]

[9]

UTIUUNTY

T. Arbogast, D. S. Brunson. A Computational Method for Approximating a Darcy-
Stokes System Governing a Vuggy Porous Medium, Computaional Geosciences,

11:207-218, 2007.

C. Barton and S. Raynor. Analytical Investigation of Cilia Induced Mucus Flow.

Bulletin of Mathematical Biophysics, 29:419-428, 1961.

L. S. Bennethurn, J. H. Cushman. Multiphase, Hybrid Mixture Theory for Swelling
Systems-I: - Balance Laws, International Journal of Engineering Science,

34(2):125-145, 1996.

L. S. Bennethum. Notes for Introduction to Continuum Mechanics, Continuum

Mechanics Class Lecture, 2011.

J. Blake. A Model for the Micro-Structure in Ciliated Organisms. Journal of Fluid
Mechanics, 55:1-23, 1972.

J. Blake. Mucus Flows. Mathematics Biosciences, 17:301-313, 1973.

J. Blake. Hydrodynamic Calculations on the Movements of Cilia and Flagella

l.Paramecium. Journal of Theoretical Biology, 45:183-203, 1974.

J. Blake. On the Movement of Mucus in the Lung. Journal of Biomechanics,

8:179-190, 1975.

J. R. Blake. An Active Porous Medium Model for Ciliary Propulsion. Journal of
Theoretical Biology, 64:697-701, 1977.

[10] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer-

Verlag, 1991.

[11] H. C. Brinkman. A Calculation of the Viscous Force Exerted by a Flowing Fluid

on a Dense Swarm of Particles, Applied Scientific Research, A1:27-34, 1947a.



31

[12] K. Chamsri. Modeling the Flow of PCL Fluid due to the Movement of Lung Cilia,
PH.D. thesis, University of Colorado Denver, 2012.

[13] K. Chamsri. Formulation of a Well-Posed Stokes-Brinkman Problem with a
Permeability Tensor. International  Scientific Journal Mathematics and

Mechanics, 1(1): 5-11, 2004,

[14] M. Chandesris and D. Jamet. Boundary Conditions at a Fluid-Porous interface:
An a Priori Estimation of the Stress Jump Coefficients. International Journal of

Heat and Mass Transfer, 50:3422-3436, 2007.

[15] M. Chandesris and D. Jamet. Jump Conditions at a Surface-Excess Quantities at
a Fluid/Porous Interface: A Multi-Scale Approachh. Transport in Porous Media,
78:419-438, 20009.

[16] N. Chen, M. Gunzburger, and X. Wang. Asymptotic Analysis of the Differences
between the Stokes-Darcy System with Different Interface Conditions and the
Stoke-Brinkman System. Journal of Mathematical Analysis and Applications,

368:658-676, 2010.

[17] J. H. Cushman, L. S. Bennethum, B. X. Hu. A Primer on Upscaling Tools for
Porous Media, Advances in Water Resources, 25:1043-1067, 2002.

[18] H. Darcy. Les Fontaines Publigques de la Ville de Dijion, Dalmont Paris, 647,
1856.

[19] G. H. Frommer and C. R. Steele. Permeability of Fluid Flow through Hair Cell
Cilia. Journal of the Acoustical Society of America, 65(3):759-764, 1979.

[20] C. Geuzaine and J. F. Remacle. Gmsh: A 3-D Finite Element mesh Generator
with Built-In Pre- and Post-Processing Facilities. International Journal for

Numerical Methods in Engineering, 79:1309-1331, 2009.

[21] S. Gueron and K. Levit-Gurevich. Energetic Considerations of Ciliary Beating and
the Advantage of Matachronal Coordination. Proceedings of the National

Academy of Sciences, 96(22):12240-12245, 1999.



32

[22] N. S. Hanspal, A. N. Waghode, V. Nassehi, R. J. Wakeman. Numerical Analysis of
Coupled Stokes/Darcy Flows in Industrial Filtrations, Transport in Porous Media,

64:73-101, 2006.

[23] D. F. James and A. M. J. Davis. Flow at the Interface of a Model Fibrous Porous
Medium. The Journal of Fluid Mechanics, 426:47-72, 2001.

[24] V. A. Kirsh. Stokes Flow in Periodic Systems of Parallel Cylinders with Porous
Permeable Shells, Colloid Journal, 68:173-181, 2006.

[25] W. J. Layton, F. Schieweek, I. Yotov. Coupling Fluid Fluid Flow with Porous
Media Flow, (2003), Journal on Numerical Analysis, 40:2195-2218, 2003.

[26] W. L. Lee, P. G. Jayathilake, Z. Tan, Le D. V., H.P. Lee, and B. C. Khoo. Muco-
Ciliary Transport: Effect of Mucus Viscosity, Cilia Beat Frequency and Cilia
Density. Computer&Fluids, 49:214-221, 2011.

[27] N. Liron. Fluid Transport by Cilia between Parallel Plates. The Journal of Fluid
Mechanicx, 86:705-726, 1978.

[28] N. Liron and M. Rozenson. Muco-Ciliary Transport. Journal of Submicroscopic

Cytology, 15:317-321, 1983.

[29] N. S. Martys. Improved Approximation of the Brinkman Equation using a Lattice
Boltzmann Method, Physics of Fluids, 13:1807-1810, 2001.

[30] N. S. Martys, J. G. Hagedorn. Multiscale Modeling of Fluid Transport in
Heterogeneous Materials using Discrete Boltzmann Methods, Materials and

Structures, 35:650-659, 2002.

[31] C. E. Miller. Flow Induced by Mechanical Analogues of Mucociliary Systems.
Annals of the New York Academy of Sciences, 130:8801-890, 1996.

[32] M. Morandotti. Self-propelled micro-swimmers in a brinkman fluid. Submitted

to the Journal of Biological Dynamics, 2010.



33

[33] G. Neale, W. Nader. Practical Significance of Brinkman’s Extension of Darcy’s
Law: Coupled Parallel Flows within a Channel and a Bounding Porous Medium,

Canadian Journal of Chemical Engineering, 52:475-478, 1974.

[34] A. Rabinovitch and R. Rabinovitch. A Simple Model of Light Transmission
through Metachronally Moving Cilia. Journal of Applied Physics, 67(2):1108-112,
1990.

[35] J. Sadé, N. Eliezer, A. Silberberg, and A. C. Nevo. The Role of Mucus in Transport

by Cilia. American Review of Respiratory Disease, 102:48-52, 1970.
[36] J. Schoberl. Netgen. Automatic mesh generator, 2001.

[37] D. J. Smith, E. A. Gaffney, and J. R. Blake. A Viscoelatic Traction Layer Model of
Muco-Ciliary Transport. Bulletin of Mathematical Biology, 69:289-327, 2007.

[38] D. J. Smith, E. A. Gaffney, and J. R. Blake. Modelling Mucociliary Clearance.
Respiratory Physiology Neurobiology, 163:178-188, 2008.

[39] H. Tan and K. M. Pillai. Finite Element Implementation of Stress-Jump and
Stress-Continuity  Conditions = at = Porous-Medium,  Clear-Fluid Interface.

Computers&Fluids, 38:1118-1131, 2009.

[40] D. J. Thomton, K. Rousseau, and M. A. McGuckin. Structure and Function of the
Polymeric Mucins in Airways Mucus. Annual Review of Physiology, 70:459-486,
2008.

[41] T. F. Weinstein. Three-Phase Hybrid Mixture Theory for Swelling Drug Delivery
Systems, Ph.D. thesis, University of Colorado Denver, 2005.

[42] T. F. Weinstein, L. S. Bennethum. On the Derivation of the Transport Equation
for Swelling Porous Materials with Finite Deformation, International Journal of

Engineering Science, 2006.

[43] S. Whitaker: Momentum Transfer at the Boundary between a Porous Medium
and a Homogeneous Fluid-l, Theoretical Development, International Journal of

Heat and Mass Transfer, 38:2635-2646, 1995.



-)

©

@

L&

dy 3 dl ¥ o U ¥ dl = } 5 1 Y o ¥ L83 ¥
wnanstluenasnanulidmsunisidauienisnwivintu ldeuaslmiluldusslowisunisen

Lidnsallas visdu BnnsudlvidauUadiion wasdesdnddsdvesenarsnnassinisunluly

S — P — NN



Australian Journal of Basic and Applied Sciences, 8(11) Special 2014, Pages: 30-36

N-Dimensional Stokes-Brinkman Equations using a Mixed Finite Element Method

Kannanut Chamsri

!Department of Mathematics, King Mongkut's Institute of Technology Ladkrabang, Bangkok 10520, Thailand.

ARTICLE INFO ABSTRACT

Article history:

Received 13 November 2013
Accepted 230ctober 2013
Available online 30November 2011

Keywords:

Mixed finite element method, Variation
formulation  of  Stokes-Brinkman
equations, Moving solid phase

shts reserved.

© 2014 AENST Publisher All

INTRODUCTION

Nowadays, there are several problems involving the fluid flow through a porous medium and adjacent free-
fluid region. Classical porous-media flow problems involve a static phase with a liquid-phase pressure gradient
inducing fluid flow. In this research, we develop governing equations that will be used to model a fluid flowing
due to the movement of the solid phase such as biological hairlike structures. The configuration is illustrated in
Figure 1.
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Fig. 1: A snapshot of a cell of the porous medium and adjacent free-fluid region when the angle between
cylinders and horizontal plane is 90 degrees.

Typically, the Stokes or Navier-Stokes equations are used in free-fluid region and Darcy’s law with the
Beavers-Joseph condition in the porous medium (Hanspal, N.S_, et al., 2006; Arbogast, T., D.S. Brunson., 2007,
Layton, W.J., et al., 2003). However, because of the limitation of the boundary condition when Darcy’s law is
applied, in this study, we use the Stokes-Brinkman equations which are employed by several authors, cf. e.g.,
(Neale, G., W. Nader., 1974; Martys, N.S., J.G. Hagedorn., 2002; Martys., N.S., 2001; Kirsh., V.A., 2006).

We next clarify the difference between Darcy’s law and Brinkman equations. Darcy’s law (Darcy, H.,
1856).
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k
v, =——[Vp-pgl. )
)7

where v,, is Darcy’s velocity; k is the permeability tensor; 4 is the dynamic viscosity; p is the
pressure; o is the fluid density in the porous medium and g is the gravity, is typically employed where
viscosity and inertial effects are negligible while Brinkman (1947a) claimed that in some cases the viscous
shearing stresses acting on the fluid are not negligible and additional term should be included. To rigorously
determine the macroscale form of Brinkman equations, we use hybrid mixture theory (HMT) (Cushman, J.H., ef

al., 2002; Bennethum, L.S., J.H. Cushman., 1996; Weinstein., T.F., 2005) and nondimensionalization to obtain
form of the Brinkman equations, see Section 2:

N U ON S A O H ! gl
Lk -(gv —gv)TVp—-‘;l—V-(ng):pg, )
which is the equation used in the porous medium where k' is the inverse of the permeability tensor; g is

the porosity; v and V' are the velocities of the liquid and solid phases, respectively;
, r
d ' = O.S(Vv/ +(Vv1) ) is the rate of deformation tensor and the superscript 7 is the transpose. For the

divergent-free continuity equation, equation (2) is consistent with [11, equation (16)] except that (2) includes the
term &'V on the left-hand side whereas in (Weinstein., T.F., 2005) it is assumed that the velocity of the solid
phase is zero. The extra term ( wl/ EI)V-(281d/) comes from the liquid phase stress tensor and with this
term the generalized Darcy’s law is called the Brinkman equations. This term helps to match the tangential
stress acting on the fluid at the free-fluid/porous-medium interface.

Note that for incompressible fluid, if we let the inverse of the permeability k! go to zero in the free-fluid

region and ¢ be aconstant in space, the equation (2) becomes
Vp-pg =—57A(8'V’), 3)

which is the Stokes equation typically derived from Navier-Stokes equation with the porosity g =i~

We now have a system of equations in free-fluid region when the Stokes equation is coupled with the
divergent-free continuity equation while in porous medium domain we have the Brinkman equation (2) coupling
with the continuity equation (Weinstein. T.F., L.S. Bennethum., 2006):

& +(>1_51)\7.(5' (v ——v*“)):o, )

where &' is the material time derivative of the porosity with respect to the solid phase,

&' =0g' 10t +v* -V’ In Section 2, the macroscopic scale of Brinkman equation which are specific forms
of the momentum equation are derived. The model discretization of the Stokes-Brinkman system of the Stokes-
Brinkman equations using a mixed finite element method is shown in Section 3. Finally, the conclusion is drawn
in Section 4.

Macroscale Brinkman Equation:

We derive the macroscale Brinkman equation by using hybrid mixture theory (HMT) and
nondimensionalization method. HMT starts with microscale equations and uses averaging theorem to derive
macroscopic field equations and then exploits the entropy inequality to derive constitutive equations.
Transferring a microscale variable to a macroscale variable is defined in term of the intrinsic phase average.
That is the average of the microscale variable weighted by the volume of the phase. The macroscale

conservation of momentum balance for liquid phase, /, using HMT is provides as follows. For more details, see

(Chamsri., K., 2012). The conservation of momentum is
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Next, we normalize equation (5) and neglect some terms in the equation with respect to a slow motion of
the fluid. To normalize (5), we choose scaling parameters: characteristic length L, characteristic frequency 7,

characteristic speed V,,, reference pressure p, and gravitational acceleration g,. By defining the following
dimensionless variables

g Ve W = )

vl=—, :__"’p:[) §= £ (6)
Vo Yo Po go

V=LV,i=fi,A=I*A @)

The dimensionless form of equation (5) is

Il _ s PVo st oo S\ RED/ £ I A & 151
EV —gV = ——-+ Vi e gp Lo g v . (26'd') |. 8
{ f 7 R\ - )} ®

For a slow flow problem, for example biological hairlike structures such as animal hair, we choose the
reference time { to be the time it takes for a periodic array of cylinders to go through one cycle, L to be the
height of the array of cylinders, pand £ to be the density and dynamic viscosity of water at temperature

40°C and g, to be the Earth’s gravity. Then the time-dependent and nonlinear terms are relatively small in
comparison with other terms. Neglecting these terms, (5) becomes

yk" ¢(51v’—£1v5)+Vp—ﬁ -(Zé‘ldl):Pg: ©

which is the Brinkman equation.
Model Discretization:
Discretization of the model is the first step leading to numerical solutions. In this section, we apply a mixed

finite element method to discretize the continuity equation (4) and the Stokes-Brinkman equations (9). Before
discretizing the equations, we first note that

V-(26d") = Av4 V(T-v), | (10)

where £V =v and &' is assumed to be a constant, i.c. the porosity does not change in space. Define the
spaces

L@(Q):{qeLZ(Q):iqu:O}, an

where 1 (Q) is the Sobolev space. The weak formulation of the system of equations is as follows: Find

(v, p) e H' (Q)x L () such that

Lk v+Vp———Av pg+ kg 'qu (12)
Vov=f, (13)
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where f = g /(1 —-81)+V081v5; H' (Q) is the Hilbert space; and Q is a computational domain.

Writing (12) as scalar equations in n-dimensions gives: for i =1,2,...,7,
-1 H#| 0| oy op T, O
w kv | =5 = = | |+ =—=pg tus | kv, |+, 14)
[ / ’] gl ox,\ox, || ox, PETH [ ! ’1 g ox, (

for j=1,2,...,n, where gravity is given by g = (O, 0, —g) and the repeated index j within a single
term indicates summation. To find the weak formulation, we multiply (14) by test functions
w, € H(l) (Q),i =1,2,...,n and integrate over the domain €. This yields

o (v )| 3
J [, ]-4 £\ Ox: +gp/ ,dgzil(f’g:W“?’[ky‘vf]*rﬁgfij%dﬂ- (15)

Note that the repeated index [ in (15) indicates the number of equations, not the summation. Integrating by
parts the second-order term, the pressure term and the source term f, we have the weak formulation: Find

(V, p) eH (Q)ALé (Q) such that

[ uk ]wdmﬁj @-% dQ) - jp%dg

2 J J Q i
= I(/Jg, + e’ [k;‘vj])w,dﬂ— J O dQ jpwn dr

av
+8 jr. ox

J

g
den—/ijfw,ndr, Vi € HA(Q),i =1,2,m, (16)

where I is the boundary of the domain € and #,,i =1,2,...,n, is the outward unit normal vector. Let

T, be a triangulation of domain €2 and

v, :{veH (Q): vlk is quadratic, VKET} a7
H, {qeLf)(Q):th is Zinear,VKeTh} (18)

be finite-dimensional subspaces of H' (Q) and Lﬁ (Q) respectively. The approximate solutions

(v,,p) €V, x H, in finite element method are as follows.

Let
M ’
=Y v, (xy" =¥V, (19)
m=1
P .
p(x)=).4,(x)p,=0"P, 0)
I=1

where ¥, and P are vectors of the velocities and pressure, respectively; ¥/, and ¢ are called basis

functions: ¥ and @ are their vector forms and the integers M and L are determined by the interpolation
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function. For example, for a tetrahedral element, A =10 for quadratic for the velocity v, and L=4 for

linear function for the pressure p. Substituting the basis function Yinto w, and (19) and (20) into (16), we
have

T
ujk Wl d0 |V i‘,—j RS Ty
\ox, ox, an

j(pg,%—,ugzk{;]v JedQ-5 £ jf—dgz( I‘{’d)rn,.dl”jP
Q . I

Il

i

T
wL jwa\P n,dl V,+fi,J’ f¥ndr. @1
&ir Ox 4

J

Let {2, and Q, be a porous medium domain and the domain of the adjacent free-fluid region, respectively.

Therefore Q= QU Q,. We first form an element matrix in domain Q. Define

J/-
i- [wviaay K, = | et ) BB R jd)a\y o, @)
& -4 ox, ax

1

F=[(-pg+ ya’k!;lvj)‘}’dQ;ng f%x\?—dQ‘;- [ walnar; |P
r

@ (251 g

v’ 2 7 2
[w = —ndls V4 5 r[ F¥ndre, @3

!
€ /

where €05 is the element domain such that €2, = (€25 . Then (21) becomes
e

w4V, +(u/ 8") (K )V =Q P=F, 4)

i2

where again the superscript 7 denotes the transpose. Applying the same process ta the continuity equation
(13) which is:

SN ). A (25)
axj l-¢ ox:;

J

ov, & ov?

where have the weak form

T A g ‘
—J'cba\y dQ§VJ=—j{5—,+g’ V’}chQ;. (26)
5 5xj Qﬁ\lﬂg 8xj
Let
- ! ov:
Fo=-|- E_p gL | OdQt. @7
I3 I-¢ axj

28
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Define B = (;t/ g )(IZJ]) and recall that the repeated index J is the summation over j, j=1,2,...,n.

The element matrix form of the system of equations (24) and (28) is as follows,

pk\A+B  pk A pkld O]
gy A pkpA+B o pknd o 0]
Lk, A kA pklA+B -Q!

-0, -0, -0, 0 )\P) \

29

s RN
ol u?j' Nﬁjl —-’TJ‘

We now have the matrix form of the discrete system of equations in domain €2, .

Next, we find the element matrix form in the free-fluid region, domain €2, . Because of no solid phases in
this region, we have no permeability and the porosity becomes one in this domain. Therefore, the momentum
equations are the same as those in £, except there are no source term, permeability and the porosity is one.
Applying the same process as that applied to obtain (29), we have

uf fovov

7
&\ & ox, Ox,

W : :
ji.-cpfdg; P=| [ Yo ndr; | P+L
ox e &

QF i

o’ g
f'{héx—njdr, v, (30)

5 j

dsy |v -

1

where Qf be the element domain such that €, =J Q. Writing (30) and (28) into a matrix form, we have

B 0] o -0 \(B) (&
[ z, i
367 et
0 B (2 Q~2. T % : 31)
o Pl B € ng B,
*Ql —Qz ‘13 0 - th
where
= ( B ) i o’
B =| - [ W@ ndi|P+ 5 [¥——ndl} |V (32)
Iy £ Iy axj 1

Note that the velocities and pressure in €, and Q, are different except at the free-fluid/porous-medium

interface but we still use the same notations for simplicity.

Conclusion:

We develop macroscale Stokes-Brinkman equations for coupled free-fluid/porous-medium viscous flow
using Hybrid Mixture Theory and nondimensionalization. Typically, pressure gradient induces fluid flowing
through a porous medium. It should be noted that to the author’s knowledge this is the first time the porous
medium equations are being used to model a fluid flowing due to the movement of the solid phase. We use a
mixed finite element method to discretize the Stokes-Brinkman system of equations for n-dimensional domain
by using the indicial notation introduced in the previous sections. For more details about indicial notations, sce
(Bennethum., L.S., 2011). Numerical solutions of this model using a mixed finite element method will be
provided in future work.
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