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ABSTRACT

This thesis presents novel algorithms and filters for frequency estimation. A
Direct-Lattice Adaptive Notch Filter (DLANF) is developed for frequency estimation
and tracking. To reduce computational complexity, a simplified Phase Error Criterion
(PEC)-based adaptive algorithm is proposed. The proposed DLANF algorithm is the
cascade of an all-pole direct form structure filter with an all-zero lattice predictor. To
adjust the filter parameters, a normalized gradient algorithm is employed. This
technique outperforms conventional adaptive filters in terms of convergence speed
and mean square error. Finally, a simplified adaptive algorithm, or PEC, is proposed
for frequency estimation of complex sinusoids in both white Gaussian and impulsive
noise. This technique exploits the instantaneous phase response of a first-order
Complex Linear Predictor (CLP) as an objective function to adjust the frequency
parameter of the CLP. The PEC method is simple and robust to impulsive noise.
Closed-form expressions for the mean frequency estimate and mean square error
(MSE) are derived. Computersimulations -are conducted to demonstrate the

performance of the proposed frequency estimator.
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Improved RLS-based Interference Cancellation: iRLS) wazuidefiioades ned

snwazden fanalUll
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2.1 mMsnIndgygraunsnaanlaglddanasiy iRLS

lngnswawidanesiuil lndnauessileuisngnSulisdmsiuannansenuves

[

dyaaunsndenaindyyranniastauiiadulussvuiuindygyraadulniiiale
seifaudandiaueyseneusig AInsIaTudgInunINaan fIUTTIINAIANLIENYA
U IMNINADA WAKAIUTEUIAIFAIMLNINEDA HIRTIaTULYNITdmSUUsHLliuAINS

DYV UUNINABANIUNTTUNIN DIMINATIINY MauszansiFAudkagi Uz

jmd)}
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2.2 91U8NNYIVDY

(% ¢ v a Y 4&1 [ = N

LNINADAANINIEI laUsuAnaINNIAUUAY [1] Wundslunaiy o Jgnin
ndulunistuiinuazuansnadyganaulninila (Electrocardiogram: ECG) @sazidu
annninlinsiaunusvesdygafianaialuainanuduass Wewinlaeuninds
Fryay1auunanaenilunszuIun1sEuKUL non-stationary InediAuenyagn wa uazAnudi

1 =3 Y = a1 o oA = = LY Y
LUIALLIAN EJEJNI?ﬂG]’]lI ANTNULUINIANUDAZUANN NUBLUTYULNEUNUN TR UL U TN 9D

1%
P

Uagauazila [2] nsiuudsvesmiiwesivariiazdwariniadnsdiudygasedygyiu

=~ P

5UNIU (Signal to noise ratio: SNR) vosdgerantuiiniiatanas ieussimtdgymifinann

Y v v

Tududeshimimdndypraunsnaeawuulsumlasaludfunlduazazyinlinisimeg i

Fyaaudiaudniedie lnevialy Akenudgngsanvesdyain ECG agagussuna 1 mv
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Tanirfesas 1 lnvenvgetieiosay 3 (1.5 Hz) [5]
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wUskUan 50 Hz saawmgll 398in1511fInTeIuentuULYSUSa (Adaptive notch filter: ANF)
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ANF  921ndTul399999015RAA UN1S U A8 UL UawaAIALR kAR ITafes Nvin 1AL AnAIL
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U a

Weanuduan ECG 8nafidnansanndamile fe n1sau lapagiinisussunuadyeiu
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n3ihAe MUy I aunTAdeaLazAUTELIMAIANRN T d LAzt el i1 n1sAde
fyaruunsnganlaslidanesnug RLS  wuulna %58 Improved  Adaptive  Sinusoidal
Interference Cancellation (iASIC) InaszUU IASIC HRaUsznaume 4 esalsgnau As C1: ID
¥ d' £ = ! [ ¥ dll a t:ll

gnldiivensirdunsiogvasdyanaunsngsn C2: IFFE gnldiite Aanunisiufundaimnia
AUDvOIFYIaNINEDn C3: couple oscillator waz szLlsuds recursive least square
(RLS) gnlditeadsdgyaaunsngen way Cdriuin gniditeaudyauunsnasnaanain
Y] Ao = 1 dll I = o § w o P I

e unduiinlg  waziosainlu [6] il IDFwilusguuvinnusaoanaiudinaz il

Sy auunsnaeniniy dsivinlissuunesmulalaglilauselowd Sanintu dussousves
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Adaptive Sinusoidal Interference Cancellation: iASIC) %ﬁﬁ%é’ﬂmaﬁﬁmuﬁagﬂﬁ 2.1 wihil
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e azauyAlvidyayia ECG Sruonudgamsiilu Turaeivouddgauaziavesdyayi 1

WNSNABALINIIUALUTS d@rurAuRirualrinisukUstdlunusasas 3 (1.5 Hz)

AUYAMA d(n) PadteInd EGC Uag p(n) Ao ”agcymt,miﬂaa@?'&qag”lugﬂ
p(n) = Acos(Q,n+ @) (2.1)

ilo 4 Ao weNUdgn @, Aemud uay ¢ Aewla TunWURUR pn) eraliansludniiniu

v f
v v <l

wnaneusiszlilaulalunuil dedudygruninliazazeglusuremasiusenin dn) way

p(n) NE@MAB

X(n) =d(n)+ p(n) (2.2)

$%2

Tudhweas 1Dty anansavilanansds  Inglunuiteidazldmnse wsuusadnasy
(spectral. shaping filter) iiesnszsudeyanas ~ pln) Wiiealnasiu antduazyinig
UszanauAmasnuivasuash U suiisuivaénads ¥ fmuzaainia lnsazauyd
i snudiraedaunnd 7 wanvfiduanaunsnaeniatulussuy usmndie
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doum ¥ uansnldiidygiuunsnaenvunanlusyuy
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+
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N3rUIUNISAINaTd arunsavibalaenisleudyaiuniale  z(n) USieyius
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uauuilsnuulisaiiiemianan (first-order discrete time derivative) WagAUAILAINTDI
WaUKIU (band-pass filter) AdAIALANANT 50 Hz H9ATUTZUUIDINTZUIUATUAINNTD

suiulakazdaulan

1-z77 (2.3)
1+ 1+ p)a,z ™+ pz°

Hd(z):

Wo 0<p<1 AesalvaslnauaziduiminuaAuuuaInngeewinses (G0 p SA1NInAT
LUUAINYIAEUAY) —1 < a, <1 ApduUssAnsvesszuuianlummuunaianuiinats 50 Hz

AsSuAIAILDRIvA Q AU50AUIEY

oy 9y =272(50Hz)/ f; \fie | (H2) Peamiudgudiogevedssuy wenanil
ANENTUSTYNANG ag Waz Q) A ay = —cosQ, ABNA y(n) ABLOIANAYEY & (») Wb

A a ¥ U o w q.'/ a a ¥
z(n) PODUNA LLmmmawumsummzmmaaﬂizmmiugﬂLL‘U‘UquLﬂmimf}

P(n)=AP(n=1)+ (1~ A)y*(n) (2.4)

o 0<< A <1 P AN JUT 2.2 Landiieg9Ye sy InunsnaangnenseAuIulyn
Wiaudn (o) kazaunuLuuaUanufiasnu  (power spectral density: PSD) v84 (d)

Fausngmerdimnues o (z)

INFUN 2.2.(d) Azdunmnuindygyisunsnaendzianulanauiiloseuiieuiugy
2.2 (b) aelenanuneuningn NaTosdguuwnsnasnavasnsadunaiulaiiiorun
vostiufiAunninovay 1 vesdgiu ECG Aaludelans1eumainanueeds » 1oy

nsdanaailandunuruiduiiezdu (probability distribution function (PDF)) w83@1
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Tuunanu [7] wld manudvesdyguuwnsnasn Q, Tuaunisn (2.1) awnsalszanale

oy Q, (n) =—cos(x(n)) e

C(n)=AC(n-1)

K,(n) =

xk(n) =ax(n-1)+(1-a)x,(n)

0]

D(n)

+(@-2)u(n-D(un)+u(n-2))

D(n)=AD(n—1) +2(1—A)u(n—1)

u(n) = y(n)—x(n@+au(n-1)~au(n-2)

W O<<a <l (@19d3nsonviuman o a1y [7])

2.5 AUszanAagInuNsnaan (IE)

(2.9)

A udnUszaaldaaitenuaiazgndeuldun £ Tngdaussunuiig

denldRoanunaw [6] MSIgaINIsaUIEL RIS AUNINEDNLATINLE?
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Y . v a [P Y o ¢ s <,
1 couple-oscillator azldarmnuanuszaunulaieassdygialeiwazlalgundouniu

wilswazilalugud Mntuanihlvveedeiuadmin W wae W, duwanslugun 2.4 e

y,=C0sQ, uwaz Y, =sinQ, #diinn1sTinesnusznaudygiuiiaoatimeiuazle

AMUIZUNURIAY Y TUUNINEDn (91983n1simuna Wy, W, Y. waz Y, s [6))

2.6 NAYIADINITNINTU

P . ° o 1 & A =gy
bNDLLEANANTINULYDY IASIC Liqﬂqﬁu@aQWUﬂqﬁmﬂﬂmalﬂu Q] 13J3J UEUNEULLNINET DN

| [

Pnfinanineuntilin Tefudnre ASIC A 5 ID dstudinsialinudyaruunsnden

'
[

Ty aninlavzgnadudunsosduiinuaziansnalaense Tuanmnisaliguil iASIC agldigs

L

susiuaziwae (aiduBudodld IFFE IE wag summer) JUA 2.5 uanwmadiansnisviiay
Y04 ASIC lwanunsaldsnan Tdyanaunsnaensetay 1 way 10 lnelleuuagn e waz
AdAL iuﬁ’ai’f@ﬁ%augmﬁ”zygyﬂmmsﬂaamﬁmmLlﬁd%’aaaz UDIANGIFATRY 10 Ua 1

S IECG (Wil = 1) Wleuansaussaugaes IASIC Is1asUiaudiaunaiuls RLS-ASIC [6]
éﬁ’mamiugﬂﬁ 26 wag 2.7 n3Uasiudn mannsalunisidadyanauninaenay
willauiuue 1ASIC agldaitpenin (Uszanm 250 feg1e) Tun1snsiadudygiaunsnden

(93U 2.7 (b))

IASIC input

1 1 L 1
0 500 1000 ~ 1500 2000. 2500 3000 3500 - 4000 4500 5000

iASIC output

1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

1

JUN 2.5 aussaugve IASIC Weliididygaunsnasadmsuan 1= 0 =0.98,

Y = 0.075 (a) Buws (b) dns
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g
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'
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1 1 1 1 1 1 1 1 1
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=y
— M

ECG out [IASIC]
; o
= (a4}
=

=
o

1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

(c)

ECG out [6]
= =y
é

_-1 Il 1 1 1 1 Il L 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

31]175 2.6 @1330UZV0K IASIC IS8 ULIEUAU [6] dI9SU 1% VoIdQIuunInaon
=)= P =098, ¥ = 0.075,C(0)=0.001, D(0)=0.1 (8) Bums (b) toWNA IASIC

() toWA RLS-ASIC [6]

ECG in
L=} -
W

i
—

1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

-
—_ m

(b)

ECG out [iASIC)
=
= (4]

i
=,
L]

1 1 1 1 1 1 1 1
0 5000 - 1000 1500 2000 2500 3000 3500 4000 4500 5000

(c)

ECG out [5]
= -
é

_1 1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

gﬂﬁ 2.7 au530UzY09 IASIC LUSeULBuiv [6] 895U 10% vosdgygauningsn
o =h==0.98, ¥ = 0.075, C(0)=0.001, D(0)=0.1 (a) Bumm (b) LO1HNA IASIC

(c) t@Fn®m RLS-ASIC [6]
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fyaaunsnaensesar 10 weuudgauaziandl wazauiidesuuiesas 3 90

a

50 Hz asauyAlvidygruunsnaeaiinuiilosuulufovas 3 910 50 Hz Al ANdves

o

a o

Ty unsnaenaginnduy 515 Hz wWesnlud IFFE Tu [6] dudsgnrimualivinaui
AR 50 Hz naoanan 3evilianssaurlunsmdndygialnsnaonasaiog 1 9uInauana

Tuguif 2.8 (o) Tuvauzdl IASIC SanssnwanssousAialile fuanduzuii 2.8 (b)

Ty auunsnaeniiinisiuwlsueuudyn wa wazaudlaeiiianuadesundy
1.5 Hz IauyRlvidyaauninaaniianuaauuluiosay 3 wasluonuagnuasuniuia
Aauandlugun 2.9 (b) IASIC damesnwaussousnbildfiewSeudieuiuisnislu [6] dwans

Tuguil 2.9 (©

ECGin
o .
%
E

1 1 1 1 1 1 il 1 1
0 500 10000 1500 2000 2500 3000 3500 4000 4500 5000

1 T T T T T T T T

(b)

ECG out [IASIC]

1 1 1 1 1 1 1 1 |
0 500 10000 1500 2000 2500 3000 3500 4000 4500 5000

c)

ECG out (6]
) —

= 1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

g‘dﬁ 2.8 AnTIOULYRY IASIC WUy (6] d WU 10% vesdynnaunsnaeniaza i
890U 3% o =4= P =098, ¥ = 0.075, C(0)=0.001, D(0)=0.1 (a) aunm (b) AN IASIC

(c) t@Fnm RLS-ASIC [6]
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ECG in

1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
2 T T T T T T T T T

ECG out [iASIC]

1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
2 T T T T T T T T T

0 (c)

ECG out [6]

1 Il 1 1 1 1 1 1 1
0 5001000 1500 2000 2500 3000 3500 4000 4500 5000
n

UM 2.9 aussaugyes IASIC 1sgumeUi 6] Lileuoaudanvesdyauunsnasn
Wasullasmuiatiazaudilenullauioray 3 o =4=0=0.98, ¥ = 0.075,

€(0)=0.001, D(0)=0.1 (a) BunA (b) LW IASIC (c) tamnm RLS-ASIC [6]

2.7 @3y

v o

Tunisianniladuaus HASIC Fanunsarihaulanndaingey AansI9dudyniu
wnsnaeagniiuldifierilinisldamdenunasnsaiuinvesssuuiidegngn diuma
Uszaarrauigniianldinefaniuainiiudvesdyyiuunsnganiionaindulaly

=3

U UR Bndusnnnyilin ASIC faussausiuniiondn RLS-ASIC
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TAseds19Lazdanasny

Tuuniinandaiinisiaudinsesuendususalauuunanfiunse (Direct-Lattice
Adaptive Notch Filter: DLANF) dwsunisussanamaiuiuassanesfiunisususiniy
A laERnnatndnsunsUsEanmAIANE (Phase Error Criterion (PEC) Based)
Usznauluing Wwaniensesnuuy MsiasIzdaeds wavn1siasizi MSE luan1eassn

Tnedls1eaziden sanaludl

3.1 AISWAIUIAINTDIUIATUSUALALUULAATNBATIFINSUNISUSLUIUAIAINNG

azn15Ann1u (DLANF)

Tun1ssimudanseel lednauafinsosusatuSuala kU ukan NINSId1 NS UNg
Ussnausananaenisinn i nsldianseslassainwmsmiliamzlnadesynsuiuiinges
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o

ABURLMDILNDLEAIAIINIAALALIBIANTDINUNLAUTUIILATEY AINTBILUY Infinite
Impulse Response (IIR) uendUsudala se Adaptive Notch Filter (ANF) @snsariluly
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a A &ala a av o ! 1 & s s
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v

Tasuiulun1sUSuAIdNUSEANSURIAINTDINIADY AD USLLANLUULNSABUS [4-5] wazedl

= = i

TuauAde [6] IneiAnuwnns19a1ndanasNuUseLnnau 9d%e158n71 Modified  Inverse
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U U vV a d‘d = 1 Y a = a (3 s ¢ U
Audinsedlassainuanfivniianizdls Tooanesuiuuinsinguauesuoalad lun1susu
a I3 ) v o a v oa 1 ° Yo f v vV ydg v
1518985 VeAINTeY enThiinalindsnnanslutu vialilasinsesuendusudilaly
9n91N15g417159A57 wardldn MSE #itdee drnduamisfiwesnussunals wazkanisdiasy
71A58UARUNI5I9U05E U Lnandliuisanulaaiauiidnitvessansasuuulvid

UEUD

D.

o

3.1.2 AANI0INUNEYD

1 =

Tuidall agnannalaAssds 199 INTas Rt lauaLardaNe SN ULULUSUAILA F9157

srilasandyanadune Adudyausuaduletasa x(n) luguuuuvesdunisi (3.1)

Y

x(n) = Acos(Q,n+¢,) +v(n), (3.1)

Go A>0 fio A1UUIA <O <z AD MAVIA UaE o, o AnlaFudy Fudufuusdy
ogsaianenszaneiluim [0,27) waz v(n) dyanasunmunmddeunniedodugud
AfiAAuuUsUsIu fle 0f Sasdrudynasedig asuniuy (SNR) vesaunsi (3.1) fe
SNR= A?/ 207 lunsussanme vide Aemuanuiilingu o, laefnsesusnduiu

Tanuuwanvdusuand [3] @u1san1nuale Aaauni1si (3.2)

_ Lv2kz+z” (3.2)
1+ (+a)k,z  +az?’

H(z)
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e O<<a <l F9A0AINIREUNLYAINUARILAUITDIINALALTLTVDIAINTDY LAY

Y

“1<k, <1 MUUeAIMITEWesuanduaImNiuent FminAuddunmasIiuiuAIIND

Y o1& J

wendan agidndiduen k, =—cosQ,

Y

o | ° Y] av My ' A va & a =
LL‘U'J‘W'NG]'J@EJ'N?'TV]?UQ']U'JGUEJ‘L!I@@J']"U']ﬂ [7] w& ANF WLLWQ?QUUQ%QﬂWQWimWLLWUW

$18 ANF fidudounin 1aeainaunisn (3.2) anunsadisuannisivy tawdu

H(z)=H,(2)H,(2), (3.3)

Tnen

1 (3.9)
H. (2)= .
(2) 1+ L+ a)k,z ' +az?

e

H,(2) =1+ 2K,z + 27 (3.5)

Fansesfivaaue ldunisesnsuvin lngedenannisldfanseslassadiensefidianiz
Inasoaunsuiusinsedlassaisuaniivndianyals lunisuiulseniueiosveassuy
H,(2) e?iﬂmmsamwé’wmsimaisﬁﬂiaa%ﬁqgmwuma (@ieg. d MNEDe LUUATY) AU
NsoUU all-zero “H,(z) Feanunsansuanwas laandudsiusdadunuusaniio (5

oy | wNeds Laniiv) wagaunm x(n) iﬂé’um(ﬁwm w(n) ¥93A72n3949 all-pole gN

fvualidu fsaunisn (3.6)

w(n) = x(n) — (L+ ar)k,w(n —1) — aw(n —2). (3.6)

fUUsEdns w(n) waz w(n-1) xgndaudingmvihunguuuuaniiy iieasaduuszansen

Y

nyesdutloulunmin u(n) wazdulszdvdmnsesdrudounau v(n) fAseunisi (3.7) uaz

AUNTSN (3.8) A9t



18

u(n) =w(n)+k,w(n-1) (3.7)
v(n) =k,w(n) +w(n—-1). (3.8)

wazludunaugaing azlddulseansdinsesloulundr Y(n) wazduuszdnddnsesdu

JoUNau AIauN1Y (3.9) kazauni1si (3.10) m1uansny

y(n) =u(n)+v(n-1) (3.9)

z(n) = y(n). (3.10)

v

lunsdunnamIsIinesuesa1v0Iuent K, du auisasyuilindulutenianainves

danasfuLkuy DLANF 1ain
(3.11)

s=ZElym]

TagNAn E[ . ] A9 AR UTUNISAIAIUAINUTT - AITUENLARINANNIST (3.11) LU A

wldlglunisuszandldnuasa ssauisadeuaunisiv ladu

(3.12)

£ =2y,

v Ao

dlo n=0,1,... fio sudfdnandeyiiusves () Wewfleuiua k ) 1ol k (n) Ao A

NSUTBLIM & 13RI n VBN Kk, BeRElEN

VE(n) = y(n)w(n-1). (3.13)
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WaNawLsesrezIalun1susuiivesdanasiukuunshsuduesuealad Faazgninunldly

nsfldanasNumINg1 nwausawanslmiuiadneuzvosilandu seaun1saaluil

VE(n) (3.14)

o1+ =k ()=

o U Av A1T9TUA (step size) VainNIsapuATdmULazN1sUSUAEIAUTDY M LilelvAlAe
AMNIgaY P(n) TagenansadiagyinnnsAuiaiuuienga (Recursive function) #sazla

WJu

P(n)=AP(n-1)+ (1= )W (n). (3.15)

g 0<A <1 Ao Yademsusulitou  ludrausnveenisuiusa anusalunisgudives
DLANF 1y 9zAfinduuuusinisd Weswanaives P(n) Sawiailvewasvaeainiu degd

Wa2AT P(n) azdvundn Yedswaliian MSE vesamnsfiwesiatoslneusyana

3.2 9andsNuNIsUSUAINNNUTAWERANAIAEIMSUNISUSSINUAIAUD (PEC)

nsfnydanesyun1sUsudamNtAugIALa PEC RAnannoe19dre (Phase  Error
Criterion:  PEC-based) 113511598095 umMmANAISA1SLUUNITUSUA LN s TaRnna
vasrladviunsUsgnarauaflinsuavesdugaeduletiddoumnaiafiviaue
i fdeflaTvundnaastsznis Fo Sinumunmuse dyanasuniuduied wazldlhsdons
Wasuwasmwuinvesdyyrumsgiimnluanedsreinisuszanumaiuagnsuansdn

Yo3anIuzAIfId1nsUA1 MSE U T9n1591a9n15vinausensuiinasiiawandliiiunag

a = [

ANMUMTLININVBIANBSNUNTN1SUSUMLA tnedisnuasideneail

3.2.1 9IUPNNYITD9
deRansanisdyaruunsngenainuiaestatsuinannsauas 111 Hunialu

wae 9 Jgymidetulunistuiinuasuanmadygiamdulniinmla (ECG) Fvasluanme
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vilinnsfinnamaneresdyuianan wagsiadinisitgsuundya uuuunatesenis
(Multiple Signal Classification: MUSIC) [6] AanawUsUsausauiivfuiuasu (Modified
Covariance:  MCQ)  [7] nMsa@ae@avo9815uinI UL Pisarenko (Pisarenko  Harmonic
Decomposition: PHD) [8] PHD #léusutsstiuanlual [9] msdszanamaminiazifugegn
(Maximum  Likelihood: ML) [10] fia faagrseanisuszanmeviendildlunisuseana
Aanuddygrandulydaaiiuuulingud dsazdeadonalunisdiuindigs veamaia

S W ! = v ya ° A ad i v A 1
LARTUUAINGTT ‘Uﬂlﬂllﬂ'ﬁuqL@']LVW"IU@'Jﬁﬂ']iW'N 9 ll']ﬂlﬂ?JN?SLGULW@LLmGU{jEyJW']IusU@LaUu

=

[29-30] dmsun1suszunamanuddu urdulsdniUstumunatswduazdesldmaina

A

NsUsEIAANEAU WU Sanesiumalladtnisuuuiasaedesfigaiuuiengdiaiuseu
(Recursive Least-Squares: RLS) “lagdanasiumaiaisnisuuunsenaiaiaesiosian
(Least-Mean-Square: LMS) [12] Tuadde [12] 9u 4378 So uaz Ching lalaueadanesiiy

WMANAISNITHLUUNISUSUAIUDS N1SUTLUIUATAIUALABASILUUDSY (Real  Direct

'
) [y o =

Frequency Estimation: RDFE) d1msulviutdesassludygasuniu 3sn1svieiuveanaila

(% '
o A

Ton1swu RDFE Wy asdiuegfiunisviueaduresdyaaeduledate (13] Ine RDFE 9t

<

[ 1

fUszansanlumssunalagnsaaslnnisinaiaudndunans

wazlunsalvesnisuszanam AR d 1 eaulYlT o @1u15aldn15UsEuNuaN

A

wuvvdantu [14-17) wazdanesfiunsusumildinsomendiuuuiudadadeu CANF
(Complex Adaptive Notch . Filter: CANF) [18-21] ¢ lusudded (18] léfinnsiiien
PaNDINUNITANLUAUNTLABUASITUALUUUSUAIT 9 on (Modified -~ Complex  Plain

Gradient: MCPG) anlffy1u wu31 maliadsn1suuu MCPG anunsausudgeaausing

v v oA

1 =) = U a aa 4 . [ a = a 3
giimiuleSouiisuiuinainisn1suuy Regalia (Regalia) [19] kazdanesiuinsifgus
5ITUAMUULTIGOU (Complex. Plain  Gradient: CPG) [21] laglisiasdiiunisaruinla 9

' I3 a ' s Y A aa =
aﬁlﬁﬂliﬂ@’]ll Lu@ﬂ%’]ﬂﬂ?LLWﬂLﬁ]@iﬂTﬁﬁﬂﬁ]’Jﬂ?%@ﬂIWﬁLV]F]Uﬂ’]ﬁﬂ'ﬁLL‘LI‘U CANF IIUO

o (Y Y s

Us2ANTNINUV99aNaSNUUSUAILUUFINTBIUBNT ANF - p19lufnnATiidanvaalnawnna

v

Woshumunzay Tuanuidden [22]  danesnuwuuUSusunisvinuiedadu [12]1  lagn

Y

iunlddmsunsamluvesdygrunaulvilldedou a1 nsUsziuAInILdlngnTen

\Begou (Complex Direct Frequency Estimation: CDFE) wnaflaign1swuy CDFE 1Ju

a A

o a= a d' a = ] =~ a = ' & v &
@aﬂ@iﬂu%u’]ﬁ‘iﬂfﬂ LDINNUANULTIUILATUUTZANTAINNA aﬂqﬂliﬂﬁqmﬂqiﬂlwﬂﬁqﬂlﬁ?

o

st levInvesdya iz linumuiedyasunuduiadatiules

o
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3.2.2 LUINIINITBINLLUY

NNITIATIZNDANDINN @saRdenmualaNdy g Iuvesdanasiunuilaus 9z

aglusUluUTas

x(n) =d(n)+v(n) (3.16)

dlofmuaar d(n) = Ae'™)  AS0 @, (-7, 7) wor @ e[-7, 7] fo Arvuinves
Fyeyreuiilainsiuen (Amplitude) A1U99AMA  (Frequency) 71ansIUAT LazAIY0LN
(Phase) Mlains1ua auanu 108 A Wes w, @101908A1A99 3o wUTHUman Taad ¢

=

Junisnszarswuvddinaue @1 v(n) =V, (n)+ jv.(n) Aea dyarasuniunid@eusna

9
Fedouniianafeilugud Ineflauwdsusiu o2 eV, () wag V(N) WDunszuiunis

v v

muA1Auasenlidunusiu lnedidauudsusauniinaiaduguduazainiiy

a a ) ' 2 W ' ) a "o
wUsUsaunmiloutuvesat o /2 lngrrdnstdiudearadunnsodyaimsuniu (SNR)
annsadwindldlag SNR, = A%/ o?

neUsgasnreIUiTed fAs N1sUssNNAT @) INN1IFNARRUNTNNET  (Time

series) puanuesal X(N) Iaeldinausilunisususi (Adaptive criteria) fasaluil

@, (N+1) = 6, (n)+ uD(n) (3.17)

Tnedl @(n) Ao A1Uszanal s vian N aes @, duen 4>0 Fudimsrfimesaivled
(step-size). NMUANAINGIVBINITGD waz D(n) LTuilanTundnisnszvinluiuiilaesios

(%
&

Wulumuinouet fad

E[D(nM]>0, ~@y(n) < oy (3.18)
D={E[D(N)]<0, a@(n)>aw;

E[D()]=0, a(n)=ay

~ I~ U o a 1 [ aa A a I3 1 PN v 3
do E[] Ae dmsllunisaiaanimiseda ieansanlulsesiiuvesen D Nagasaduly

aaNn1sT (3.18) Axfinnsannavihunedaduvesdyaia [22]
s(n)= —el*s(n-1) (3.19)

lngfiveRanaalunsyiung azgniviualag
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e(n) =x(n)-S(n) (3.20)

Niab4
§(n)= —e®x(n-1) (3.21)

Junisuszanaan S(N) waga @, Ao MsUsuAmALRANaIAAINNTYINe Tagldauns
7 (3.17) WBuinsusuindyain S() Tuaunisd (3.19) wazesdulneuszunaluaunisi
(3.20) gnrimusliidu Areu iesudynadeiamaianisinnemaidady e(n) lTunoud

AU eRnwaave e (PEC) Tuy Fasaluil

D = E[D(n)] = ZE[z(n)e * (n)] (3.22)

D(n) = Zx(n)e * (n) (3.23)
lngdyanual £ fio Aaedunising wazip3eavaneneniy (*) vu1gdia A15ABUILNT

Bt Tumesuuatu wadadu Dn) awnsamunlaan

D(n) = arctanw (3.24)
e(z(n)e*(n))

dlofmue Im() A Ao 1 fudiudunninuay Re() Wudauass Lﬁaﬁﬂquaﬂiimm D(n),I@U
uwnuA1 X(n), e(n) waz S(N) Tuaunisii (3.22) agldauntsi (3.25) (fiunanusagaianuan

U Usznau)

= Z(E[x(n)x* (n) = x(M)$*(n))]) (3.25)
A%sing,,

A%(1+c0s6,)+0”

do 5, =ay - Ao MaUszInaAANuRanan WlEtnin @ =m, «Ju stationary point

=—arctan

Y9IANNTTN (3.25) ieBudumugNAeIvedaun1si (3.25) mMsAnwinisuseanueves D

ANUNN5INABINITYINLULNUAAS LA Ineldn159180998ARURABS ATNISITLADSNLTIUNIT
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[

31909 W0k @y =0.57, ¢ = 0.2z WagArANe1Ivesteaya L=10" Weitun1stu D Tu

D.

flafduvesmnsiwosainamd @, SNR, =0 dB wag (b) SNR =10 dB fauandlilusy

3.1 WUIIWANITIATIZNALAZNITINA8INTTNULUTAUEDAATDINUOLISA TI9A1 SNR, 7l

'
I o

Asuaziangs wazdulumuinasindesnsluaunisi (3.18) Tuinefign aansasudsedu
dnsnsgiinvesannsil (3.17) 16 mnldaunisi (3.23) shawdamiu

uonani TnadlugiuuuBadinsudn D luaumsdl (3.25) aunsald@nwimginssy
n3guhwesaNnsi (3.17) iesanilmuaenadesiunisiiasssihe aavhesens
uwnuaunsil (3.23) luaunsil (3.17) Sane3iiunisuiusivesnaiadsnmsuuu PEC #ild

Puaveiu aleaunislvivedanasiudinaiidy

@, (N+1) = @, (n) + pLx(n)e™ (n) (3.26)

a

AU lAN15LULATYE danesTiumAlaISANswuy PEC 7ildutaustu 1Saudng

'
o a

wazd1aulaunn esanlisndudeslidurantudunielukaznieusn aduias

]

WLABIAIMINUD oy Vo1 CLP adsluuiien z(n), e(n) uaviausvdiuwla £ wintdu Tugy

a

71 3.2 lWuanswnuninudenvasauszanailiinaus Tagludiudaluaznaninmuauifnig

1Y

A VDLNATAITNITHUY PEC 9dUD

Y



(a)

0.5

0.4

0.3F

0D.2r

01

= Simulation
wnn Analysis Eq. (10)

SNR, = 0 dB

0.5

0.8

0.6}

04r

(b)

= Simulation

=== Analysis Eq (10)

SNR; =10 dB

0

3UN 3.1 Apandansadavesihinduduinailaisnmsuuu PEC g D Wuilsiduves

o

Wi HmesAranLidvsu (a) SNR. =0 dB ua (b) SNR, =10 dB

ad

x(n)

&R

¢ (n)

030 (n)

PEC

D(n)

Phase

evaluation

JUN 3.2 vdenlaezunsuvesnaiaisnisuuy PEC Nitnaue

-

24
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3.2.3 N15ILASITHALRAY

a1 @, ~ o, uReulvves sinal, ,~a way cosal, ,~1 lagaun1si

a—0

(3.25) @aunsauszanaan oy

2
D z—arctan% (3.27)
2A“ +o

Tunsaliaduaasf (Stationary point) 209A1 8, ~0 a2 AetuiialiirefonITAILIMM

ANY8Y arctanu |,_,~ U lwaun1sil (3.27) aansaivedaguwuuaunisind lodu

A’5, (3.28)

D~—
2A% +o?

LazLD1IBITINITIAILRABIINANNITN (3.26) XNUIN ANUNIUNFNIUTAIFIV0IAT D T
aun1sil (3.28) Wu-azgnunuadigaunsn (3.26) Faulunaiifinndaninnissudiiiiuns
(Operator) B4ATAIANTINNEDR (Statistical expectation) wagaginualyia &, 1Ju

5, =y —ay, Beavimduannislvaifeaunisn (3.29) fe

(1 +1) = (L~ aig)a () + oy (3.29)
Tned @y (n) = E[dy(n)] Ao AIAAnSm1eatiiues dn(n) wae

A? (3.30)

A 2A? 452

Tuaun1si (3.29) sglugtaesaunisuanialdudsdunaaardununidudiuls @, (n) T

Tranmnaulansaunisi (3.31) (S90aLkdunRINIANUAN A)

@ (1) = (@ (0) — @) L~ 11770)" + (331)

181 @(0)=dp(0) Ao ANSUAUVDINITITLADTAIAIND @p(n) +HBIIN 17, ABstionin
nilsausludimves (1- ug) -0 Wilndaud e n wWgdetud uazaun1si (3.31) gl
Ju

@y (N) [00= (3.32)
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NENNIIN (3.32) aziiulaindanesiiuiuy PEC Mibauetiu azgivnmnauiiseanisuay
LifiAluda (Unbiased) wanaindl Lianlunisgidnvesaunisi (3.26) anunsaviunelalagld
TolN9339797 Tumnenv (1 - un,) wanamuIawuLnIgn  (Exponential) Bea131360

seyledn
(A-uny) =€~ (3.33)
ool = gnivusliduainail (an) vinsudaunsi (3.33) sglddn = faunnsi (3.30)

A 1 (3.34)
log, (1 ~ ,U770)

AuEuNIh (3.38) LattunsgiinlaeUszanamesmaiiniSnsuwuy PEC Niunausazidu
L, ~ 5z (samples) (3.35)

1 = ' 2 s 4 ° Y a
wana i AnuanesamvesAafUled (stepssize) awnsamnualaainannisi (3.29)

warazlRauNSIuLAEUNIST (3.36) Ao

) <GP (3.36)
My

Tnswauwssuuuvesiaiulvdluaumsi (3.36) azsiilifiAnnsdiiuuulalulndn
(Monotonic convergence) Tudnuazveanismeanaie LLazmmgﬂﬁawmammiﬁ (3.31)
(3.32) wag (3.35) aglasumsneasu ladldinatinnisinassnisiuuuuteudaisla ngla
finsgunaassnisviraududiuau. 1,000 Ass Uiy unaguuazasudynu
SUMULUUANTITAALUsUTUezn sUsTnamA s dus g 1,000 Anud Alddu
the Ynreiilssedodielilammuilneuszanasads @ (n)

Iugﬂﬁ 3.3 lauaninsmnsiseusves @ (n) Fldannaunisi (3.31) wagn1591aes
A5V mSuTial SNR; =0 uay 10 dB, @, =057 A1YUIAAINLNTBYE L =1000
wazenaivled £ =0.05 Tngadisuunldtunsidnesildlunissiainisyinautiu

EYNMNUAAIIENALALUUNTaBIHARBIYN (trial-and-error technique) LitalAlANARNSN

= by

fvgn Jsenadilled u svgnirdaliegnelutisvesaunisi (3.36)
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ulAI1 HanTIATIEd @ (n) wandluaunisi (3.31) a1u1safnniun1sdnaed

s A

nsvhauliluednad M SNR; AfiA161 (0 dB) wazfiliA1gs (10 dB) uazazgdmilandun
mvualimudens lagldaunisi (3.35) nailun1sgidn Ae L ~ 208 NFeg19d1 SNR, =0

dB uay L ~208 1108191 SNR, =10 dB laglndidesiuiianfldainnisdiasenisviieu

ﬁuL@Q
(a)
& . SNR =0dB )
o i N ]
|_i = 293 = Simulation |
N | e Analysis Eq. (16)
U | | Il/ 1 | | | | |
0 100 © 200 300 400 500 - -6BOO 700 800 900 1000
()
U-E el T I II T T T T T T T
. o4 1
£ 09r L SNR = 10 dB i
=] 1 |
o 02r ! 7
; = Simulation
0.1 - L =208 _ .
: RRISDNIATOE ) (113 Analysis Eq. (16)
U | I:/ |

1 1 1 1 1 1
] 100 200 300 400 500 600 70O 800 800 1000
[teration, n

JUN 3.3 1dulAIN9SEu3Y8Y @, (0) §WFU (a) id SNR, =0 dB

way (b) 7ifn SNR. =10 dB

3.2.4 NM5AT129% MSE Tudniazasii

Tuvhdeveenisiaseial MSE 4 9gvinisuszanammiuives i (n) AF0eNS
oA MSE safuaydosiiinadveseanuzasiadmiumanuionainaes en) Tuns
vihune doyasudunnvesdl z(n) Adourdun iedanagdefianainlunisiune da

e(n) AINA1T @wsaiazasnuuTIassnsinnulalagldilsidunisanslou aseluil

H(z)=1+el»z™ (3.37)
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imsunua z =el” uay we[-r, 7] asluaunsi (3.37) alanalu

H(w):1+e—j(w—%) (338)

funun @ = &y Tyaunisi (3.38) agladu

H(w)=1+e 1% (3.39)
=1+coso, — jsino,

A

Nnan1zasin @y ¥ Q5 N13R0UAUDIIUINVDIFY AT ANNEYDY H(z) anTauszuiu

Tomuasudu

B, o H(w) |~ 2 (3.40)
el
M, (3.41)
fs-2

ATl INRUYBIANANTUEAIIEIMTUAIATILURANAINVRY e(n) UAISINUIETBYaALBUNA

avldssaunis (3.42) fe
e,(n) = ABe! %) Ly (n) (3.42)

lne S Munsde@nzamaazal v, (n) Ao diulsenauvesdyyinsuniusuiiownain

v
[ a

doyayrusuniudune v(n) Tunuwddetlddanesiunisiseusiiudu dunis
.
Q = E[x(n)e, *(n)] = A’B, e % + Ry (3.43)

Tagi

R, = ElV(v; (M]=0 (3.44)
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MNAUNTN (3.44) aglannuduiusiusendnd v(n) wagA1 vi(n) (@wnsaguiiuiisly
AaNuIN 9 lneuvesaunsi (3.43) du aglaunanmsimuaceulenit dygiadune
AaulruluuTsgoulasluduUsynouvesdygrasuniutuazlddanudunusiu [23] Feay

Aoeia15NaeA1 SNR 89 Q aue FuNfeA1ved SNR, fail

SNR, = B, SNR (3.45)
Tunseifien SNRQﬁﬁ'WQJ’]ﬂaMﬂ’liﬁ (3.43) gnunsausyanaldiSuaunisii (3.46) [24]

Q(n) ~ A2 BH e*j(‘/’H +V,(n)) (346)

&

do Q(n) Ae ArUszuames Q way V,(n) fe dyusunuaawss Q NilAnadedu

AUGUALAANLUTUTIU @150 MnUe LARaunTs

g~ 1858 \ L (3.47)
® 2SNR, 2B,SNR

Aulaves Q) i Weuwiniuilestunstuluauntsii (3.28) assarivuslalng
D,(n)=£Q(n)=—(py +V,(n)) (3.48)
WuANAUNIST (3.08) adluaunist (3.26) agldaunisii (3.49)

dy(n+1) = o, (n) - (o, +V, () (3.49)

NAUNISH (3.49) aU @) 9NVNERIUY Warltaun1sh (3.41) azlaaunns

n
5, (N+1) =3, (n)- ,,E%T()Wz(n)j (3.50)
ondsEpdetweaNnIsH (3.50) uarvhnsadenadnsiile awlé
(3.51)

2
52(n+1) = [1— ﬂ+“7]5‘5(n) + 1202
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118 52(n)=E[s2(n] PR A1 MSE Uszanay au a0 1 Iauyignu

G (M) 0= 0 (1) = 5 (0) (3.52)

Faanaun1sn (3.51) azeulnalandy

2
= 3.53
52() =22~ MSE (3.53)
1-(ul4)
dwsulunsdiirudilunsgdind dle 4 —0 aunsd (3.53) awsadagulvailndy

wuUe agle

MSE ~ o, (3.54)

sudtulddainar MSE  Uszunaluaumsii (3.56) Wlgsuamisidmesszuud
va1nane siudspnuadunn SNR wavaidvled dwanslugudl 3.4, 3.5 uaz 3.6
audsy avdanslainn) MSE (3eliasient uansluaunnsi (3.58) Tu ausavhunean
MSE 91a89n13v119ulad avdannlain @1 MSE %M%uagif‘ﬁ’ummmﬁlmmé’ag@w AILAR

Tugufl 3.4 Tngazanasniua SNR; fifiu@u dawanddugui 3.5 wastiuduniailledh

N Aeuandluguin 3.6

0 T T r T T r T T T
O Simulation
A+ == Analysis Eq. (38)
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as i
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U T T T T
©  Simulation
s = Analysis Eq. (38) [
A0k 4

MSE (dB)
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Ui 3.5 1 MSE Muilerduvesan SNR, dwmsvan @y =057, 11=0.01,
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O Simulation
= Analysis Eq. (38)
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_50 1 1
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Ingwu

U 3.6 e MSE Gaduilsrituvesasivleddmiuan SNR, =0 ds,
L =10000 uaz3u 100 A33

@, =0.57



32

uni 4

NANISILATIEH

Tuunilaznanidy Nan1sIATILv099ane37hu  DLANF  WaZNANISILASIZNUDY

[

danesiu PEC Tnuandunanisinsigiaumidonnsg fadl

4.1 NANISIATIZNVDI9aNa3NU DLANF

v
v a A

ANHANITIATIZUVDIDAaNDINY  DLANF - T aunsanentduiidedes lasidl As
NAT1ABINISYINIE NISUTTUIUANAINDAST - ANSUTEUIUANNATLURBULUAIBE9aUNAY

HAT1A8INNTHUVBS MSE WagNaasy

4.1.1 NaY1299NISN1NTU

TuidoflaznanddamaUsea@ns aamveaedsniswuy DLANF  TaeazilSeuLfisuniy
UsEANIAIMNVBI AN DS TULUULNILASUALUUSTIUAN (PG)  [4]  Fudunuulii@adunlald
wigaudn (5] waz MIT 6] | Tuwiresainunsansgiauasmsussuinl MSE  veq
\ A & v ey AN ) ~ = & P ° %
Amsdlmesnusznaly Tuanddetimaliandsnas lumsilSeuieunanaalagninnuali

T9HafTuszuu ANF thgaruluannish (3.2) naiaanudusssulunisiwIoudisy Tuies

4.1.2 P1FUTZUIUAIAITNDA
\ieuandliiiuindanesiiu DLANF finaauifinisguinifinindane3fiudadSeudiou

auq lunsageenves SNR e aduaysn U axnsasediniimeiiienisdiasinisinau 1a

[y [y

aail dmSudygdunaiivualy A1 SNR=10 dBuag 0 dB A1 02y =1/3 (ke =

—cos(m/3) = —0.5) A1 Py= 0.1 1UTUAINTEY MAUAAITL AT a = 0.95 A1 ky(0) = 0

wagdmsudanesfinuuuUsuiila Avuasell @1 g = 0.01 A1 Agians = 0.95 e = 9/32

A Qe = 9/32 WALAN £y = 0.3 MNNANTIIRBIUTUN 4.1 UAzIUN 4.2 Uansien1sgiin
Y Y Y

3 o o

PR TUN AN UATIRIUADINIT d1mSUAIUD SNR 71 10 dB way 0 dB auansiu azwiulads

o axd A

danesiin DLANF  Adnaueaiuisaviinisgdnlisininisaunldsussuiieuiaun

AILEINITEvesdane3Tin MIT uaz MNG Uy aglinanlifiden SNR s
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\devavviouszaadngy Doppler effect luszuvdeansiiany wazdue ludiuiitell asuans

AMUELITaluNSARAuURId aLEs TS (Chirp)

Tngdmsudygandsadsn du mnaunisn (3.16) aansaloulnl Ty

x(n) = Acosy (n) +v(n), (4.1)

e w(n)=Qn+LI2)xn* +4, uay k Ao ArAINTfa1Toy S?iamw]:ué’mwmi

Wasuwladwednud neNAuDTIvMeuaIaunIsh (4.1) A

Q(n) = Q) + xn. (4.2)

Tusu7 4.5 leuansuadnsnisianiudiaanudvasannisi (@1 Adivund1ves
O, =017 A Kk =1x10"* uageues SNR = 0 dB lFSusnaIndanesiuuuy (a) DLANF
(b) MIT (©) MNG Kag (d) PG azuiulsdn danedfiauuy DLANF axlananialunisgidndis,
nh wadiesnmsfldisuisuiaasuuy uasBsldaindu Fnasuuu DLANE delaausy

HAIUATUATINDVBIR Y IULEUTSN (Chirp) NiUszanAnle

4.1.4 NAIADINISVNIUVDY MSE

a0 Ay v ! a 5 IS o a v
lummgug A MSE Nlaannisuszanaaiaud it daudAyuin lunwideas

1Y

MNsEnwIUSUINT MeATN1991894A1 MSE @unsaunlaannaunisi (4.3) aadl

MSE =Var +bias®. (4.3)

Wamvuald Var waz bias A9 A1mukdsusiunkaza ludansaf1ANuLeuLded U

1 a s ) ! a v o v
ATNNSELMBS e AANUDRTNIUSELNULA AuEIAU
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4.1.5 a3y

Tunsiannd Iddnauesnsesuend Infinite Impulse Response (IR) USudald
Adaptive Notch Filter (ANF) wuudusiufiaas dmdunisuszanamainudwagnisinnny 3
fnuantanliniuiigalunisgiiiuaslvan MSE  Aifldrtdes Tneiindnnnsild fe 19
danesfiuhiauslitnsedlassaianssiifiomeInadesynsuiuinsodlasaiaanii
Tan1zdls wazlddanasiunuuinsfoudussusalad Tun1susumnsdinesvoaRanges

1AEHASNSNITINADINITNNNUMILADURNADS LARERIUSEANTANUDIFINTDY FINLALLEUD

4.2 HaN1ISIATIZIVIDaNasTy PEC

£%
¥ 1 a A

INHANITIAS T ueesanasfiy | PEC - tu anwnsawendurindedes 16ded Ae
MM531809N197 19U MSE WagnIsUsenaiAInIIie - A NnunuYesdayey asuniuduwad
mmﬁ’mzLi‘]uﬁﬁmﬂgﬁﬁLLazqqﬁ%Lﬁm%umaqﬁﬁﬂaﬂuLL‘Uiﬂiauﬁummaﬁmmmiumuaﬁ
LAZHANTENUADYUIATDIA YRR LAENANISIATIEN TugULUUYIFI0E 10T LaY A
UszavBamueamadadsnisiuu PEC fidiaue TnglamuuamswSoudisuiumainisnng

LWUU MCPG [18] Regalia [19] CPG [21] way CDFE [22] mudnsiu Tnefisnwaziden fll

4.2.1 N1531889N7159797U8 MSE Bazn1sUszunaifaIn1ug

WaLUSgULNOUAT MSE - Aun1sUszunua a1l 1asldrauiitmasdiasananis
aumemnuWinvsuiuiL SanesnuimaaeunmuasyFuliinsgiinluianfesiu g
Mlalaanisusunmsiwesaraidlvdunansasdanasiuiazsnenis

dy v ssl' & a 3 U el'd U d' | 1 LY

wananil dyayraundulydidadou 1,000 da TAANUDRINsagAEdNUIN (U

e asunIunimsuiiounuly lnsunisusaliulaeldamienana naansuansld
lusui 4.7 Dagun 4.10. lae?l 5UA 4.7 Ao n1sidSguiieua MSE laeUseanadimniy
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] a 2 v a 1Y) v A P o
Wi zdanudvesmisgidnlunandeifuuazlven MSE  Awileuiuvsenisuszuiu
. o 4 A o < A o aa .
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nualugun 4.8 wsiuladndanesiiuwuu PEC CDFE uay MCPG  wu 9zlvian

< YA 1 o I Ao a = . Y @ =2 |
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anudveansgiinitindt Tagluguil 4.9 lduansmsussanadn MSE Wisuiisuiuan
SNR =-5 dB (1 SNR #) uandliiiuin menmifivesmsgitnlunisinussauiuves
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4.2.2 AUNUNTUVDITYYIUIUNIUBUNAE

Tuduil aznandanaiaisnisdanasiiuwuy PEC Avvausluussiiuninumuniu

% 6

HOFUQIUTUNIUBUNAF

[d = [

uinsuiundn ananyuendniidify 2 Usen1s vesdyginsuniuduiad e

o

o 1 o

YUV Y I U VLA MLIT Anvedy I Tnedlelidyansuniuduiadusing

T o q

v & a

Ju ArmdwesdygruninanagiinintuaauLswesdyguduiad ddluansdiiub

s

AudunudnYaLLUY non-stationary YeddnyeyasunIuduiad laegainAaiunasy

o w o A a o &

TRvesdIMIUNIY NiAPuTadeslAATIReIUT

[ a

duanasuniuduiad wenanasudugralunssuiumsndanuzsiduuuuluuns

A

[ |

LarITRUINUMIMLIALEY Aeivat FeilidrawnaSumaiuasAranduiusdnluda
(Autocorrelation) dadunszurunisndanuzidunuuluuns nade wazdway Mduaisu
anuzkuuluunslaensuegiantuInvesdyaImuy naeinsiaudiduresdyayiu

SUNIUBNWAA fandnd fie (@1313a9N13919897 [25] Usenauls)

I(n) = u(n)b(n) (4.4)

A [

IngfF u(n) fi UIRTeIdINTUNILLULE Wae b(n) WWuaduaouzuuuluwn3vesen
wilguaAnaud 18390 asvagiuzuuuluung b(n) ssusumaniuzilue "1 daey
Wraslugesa , wagAaaugiduen 0" dganunaviBuresilendu 1—p lngaiaiu

Wazilu (Probability Mass Function; PMF) anansaszyleilual azladu

P by =1 (4.5)
1) = {1—p ,b(n) =0

a2 A a

NFUNITT (4.5)  AredluTURULLBINITRINLINUDSYAR TallAiade P wazA1Ay
wlsUsaudu p - p) Turazffanduanunuiniuresninudiazidu (pdf) 983 u(n) lag
Aa i @)

a1115091a03n1 99w dunisuanuawuuinddeu nllanadsluguduazainig

wUsUsuwes o, wazegluguuuuves

2
v (4.6)
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WALHD99n u(n) wez b(n) Wuiulsdudaszaimnuudsusiuees I(n) Iaaunsamvuale

Ju (quitandnlunianuan D)
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LY s

fariu 91naunsh (4.7) Saduand MMANIUTRIA Y YIUTUNIUBNWAE fadu aeldanrunisal

v

FUNUTUNIULUUDUNAET ’mﬂmimLﬂmammmwlmmﬂammi% (4.7) ‘L!‘U ANNTOLTYU

T

aunsinadledu

z(n) =d(n)+ I(n) (4.8)

gn1d Ay o TsUNIUANEAZ (SINR) aggnimualay

SINR = sngnal (4.9)
impulse
A2

2
poy

LaranaRnnsi (4.9) siuindeliives P uay o §m/1msm' NinaaeeA SINR 1Ay
dmiupaiives oty e3unglddn wndermnuiesdudas fr SINR P fiaw mawu
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A simple phase error criterion (PEC-)-based adaptive algorithm for estimating the frequency of a complex sinusoidal signal in
additive white Gaussian and impulsive noises is proposed. The proposed technique makes use of the instantaneous phase response
of a first-order complex linear predictor (CLP) as a driving function to update the frequency parameter of the CLP. The proposed
PEC is attractive due to its simplicity and high impulsive noise robustness. Theoretical analysis for the mean value of the estimated
frequency and the steady-state mean square error (MSE) of the frequency estimate are derived in closed forms. Computer
simulations are drawn to show the performance of the proposed frequency estimator.

1. Introduction

Adaptive method-based frequency estimation can be found
in many areas of digital signal processing applications [1, 2],
such as Doppler effect estimation of radar and sonar systems
[3-5], clock and carrier synchronization in communication
systems, angle of arrival estimation in smart antenna sys-
tems, frequency estimation in global navigation satellite
systems (GNSS) [6], angle and frequency estimation in
cognitive wireless systems [7-9], and so on. Depending on
the statistical properties of the input signal frequency, say,
deterministic or random, the frequency estimation can be
classified into two categories: block-based and sequential-
based estimation techniques. The multiple signal classifi-
cation (MUSIC) [9], the modified covariance (MC) [10], the
Pisarenko harmonic decomposition (PHD) [11], the re-
formed PHD [12], and the maximum likelihood estimation
(ML) [13] are examples of block estimation that are used for
estimating an unknown constant sinusoidal signal fre-
quency. However, since the required computational cost of
those techniques is high, many methods have been adopted

to overcome this drawback [14, 15]. For the time-varying
sinusoidal signal frequency estimation, sequential-based
estimation techniques such as the three recursive least-
squares (RLS) algorithms [16] and the least-mean-square
(LMS) family algorithm [17] is required. In [17], So and
Ching proposed the real direct frequency estimation (RDFE)
adaptive algorithm for a real tone in noise. The RDFE is
based on the linear prediction of real sinusoidal signals [18].
The RDFE is computationally efficient, and it provides
unbiased and direct frequency measurements on a sequen-
tial basis. In the case of a complex sinusoidal signal fre-
quency estimation, the block-based estimations [19-22] and
the complex adaptive notch filter (CANF)-based adaptive
algorithms [23-26] can be applied. In [23], the modified
complex plain gradient (MCPG) adaptive algorithm was
adopted. It was found that the MCPG can improve con-
vergence speed as compared with those of the Regalia
method (Regalia) [24] and the complex plain gradient (CPG)
algorithm [26] without increasing any computations.
However, due to the pole contraction factor of the CANF,
the performance of an adaptive algorithm-based adaptive
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ANF may be poor if the selected value of the pole factor is
inappropriate. In [27], the linear prediction-based adaptive
algorithm [17] is adopted for the general case of a complex
sinusoidal signal, namely, a complex direct frequency esti-
mation (CDFE). The CDFE is an interesting algorithm
because of its simplicity and efficiency. However, it provides
slow convergence speeds when the signal amplitude is low
and is not robust to high impulsive noise.

In this work, we propose a very simple sequential phase
error criterion (PEC-)-based adaptive algorithm to estimate
the frequency of a complex sinusoid. An instantaneous
phase of a complex linear predictor is evaluated at each time
instant and used to be the driving function of the algorithm.
The proposed PEC does not require any external or internal
signals; only the input and output signals of the system are
required. In some conditions, the PEC gives a similar
convergence time and MSE to those of the CDFE but is more
robust to impulsive noise. In close form, convergence
analysis for convergence in the mean of the estimated fre-
quency and steady-state MSE under white Gaussian noise is
derived. Extensive simulations under Gaussian and impul-
sive noise scenarios are evaluated to demonstrate the su-
periority of the proposed PEC.

2. Algorithm Derivation

It is assumed that the observation signal of the proposed
algorithm takes the form of the following equation:

x(n) = dn) +v(n), (1)

where d(n) = Ae/@m®; A>0, w, € (-m,7), and ¢ €
[-7, 7] are, respectively, unknown amplitude, frequency,
and phase. A and w, can be constant or time varying whereas
¢ is uniformly distributed. v(n) =v, (n) + jv;(n) is a zero-
mean complex white Gaussian noise with variance o> where
v, (n) and v;(n) are uncorrelated real white processes with
zero mean and identical variance of 0/2. The input signal to
noise ratio (SNR;) can be computed by SNR; = A%/¢?.

The objective of this work is to estimate w, from the
observation time series x(r), according to the following
adaptive rule:

Wy (n+1) = @, (n) + uD(n), (2)

where @, (1) is the estimate at time # of w,, ¢ > 0 is the step-
size parameter controlling the speed of convergence; and
D(n) is an instantaneous driving function that must satisfy
the following criteria:

E[D(n)]>0, @,(n)<uw,
D=1 E[Dm)]<0, @y(n)>wy, (3)
E[D(n)] =0, @,(n) = w,,

where E[-] is an expectation operator. To explore the aspect
of D that satisfies equation (3), we consider the linear
prediction of the signal [27]
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s(n) = —e/s(n-1), (4)
where the prediction error is defined by
e(n) = x(n) - s(n), (5)
and
§(n) = —e/x(n-1), (6)

is the estimate of s (1) and @, is adjusted using equation (2).
Note that the signal s(n) in equation (4) and its estimated
version §(n) in equation (6) are defined as a negative value to
obtain a linear phase prediction error signal e (n). Now let us
define a new phase error criterion (PEC) as follows:

D = E[D(n)] = LE[x(n)e" (n)], (7)
where

D (n) = x(n)e” (n), (8)

the symbol £ is the phase operator, and the asterisk (x)
stands for the complex conjugation. In practice the in-
stantaneous linear phase D (n) can be calculated by

Im (x(n)e” (n))

D (n) = arctan Re (2 (e ) (x (e ()’

(9)

where Im (+) is the imaginary part and Re(:) is the real part.
To study the behavior of D (rn), we put x (n), e(n), and 5(n)
into equation (7), yielding (see Appendix A)

D= ((E[x(n)x" (n) - x(n)s" (n)])

A”sind, (10)
= —arctan— >
A" (1+ coséd,)+o

where §,, = @, — w, is an estimation error. It is obvious that
y = wy is a stationary point of equation (10). To assert the
validity of equation (10), the estimate of D based on Monte
Carlo simulation is studied by using computer simulations.
The parameters used in simulations include w, = 0.57,
¢ = 0.2, and the data length of L =10* The driving
function D as a function of frequency parameter @, for
different values of SNR; are depicted in Figure 1. It is ob-
served that the analytical and simulated results are well
consistent for both low and high values of SNR; and they
satisfy the desired criteria in equation (3). As a result, the
convergence of equation (2) is ensured if the proposed
driving function in equation (8) is employed. Moreover, the
closed form expression for D in equation (10) can be used to
study the convergence behaviour of equation (2) because it is
consistent with the simulations. Finally, by substituting
equation (8) into (2) the proposed PEC adaptive algorithm is
ultimately derived as follows:

W (n+1) = &y (n) + prx(n)e” (n). (11)
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As has been observed, the proposed PEC algorithm is
very simple and attractive because no internal and external
additional signals are required to update the frequency
parameter @, of the CLP; only x(n), e(n), and a phase
evaluator ¢ are required. Figure 2 shows the block diagram
of the proposed estimator. In the next section, the con-
vergence properties of the proposed PEC is addressed.

3. Mean Analysis

At steady-state @, = w, the terms sinal,_ ,,=~a and
cosal,_,, = 1, equation (10) can be approximated to be

2
A (12)

D = — arctan 5 R
2A+ 0

At a stationary point, the term J, =0, therefore,
arctanul,_,, = u, equation (12) can be simplified to be
2
D~ - 2% (13)
2A+0
In order to study the mean value of equation (11), the
steady-state expression for D in equation (13) is substituted
into equation (11). After taking the expectation operator and
using 8, = @, — w,, then equation (11) becomes

@y (n+1) = (1 = png) @, (1) + pow,, (14)

x (n) CLP

Phase

@, (n) ||
£ PEC evaluation

F1GURE 2: Block diagram of the proposed PEC.

where @, (n) = E[w,(n)] is an expected value of @, (n) and
A2

- (15)
2A% + ¢

Mo

Equation (14) is in the form of a first-order time-
invariant difference equation in variable w, (1) whose so-
lution is given by (see Appendix B)

wo (n) = (‘Z’o (0) - wo) (1 - uny)" + wy, (16)

where @, (0) = @, (0) is an initial value of the frequency
parameter @, (n). Since un, must be less than one, the term
(1 - pny) — 0 as n — 00, and equation (16) becomes

Wy (M), o0 = Wy- (17)



It is revealed from equation (17) that the proposed PEC
algorithm converges to the desired solution and is unbiased.
In addition, the convergence time of equation (11) can be
predicted by using the fact that the term (1 —u#,) will
exponentially decrease in time, which can indicate that

(1-uny) =e 7, (18)

where 7 is defined as a time constant. Solving equation (18)
for 7 yields

1

" log, (1 - uny) (19)

According to equation (19), the approximate conver-
gence time of the proposed PEC will be

L; = 57 (samples). (20)

Moreover, the stability bound of step-size in the mean
sense can be easily obtained from equation (14) as follows:

O<u< i (21)
o

The upper bound of step-size in equation (21) guarantees
monotonic convergence in the mean sense. The validity of
equations (16), (17), and (20) is tested by using the Monte
Carlo simulation technique. A random experiment of 1000
trials for a random phase signal and a random noise se-
quence with a particular variance is carried out. The ob-
tained 1000 frequency estimates are ensemble averaged to
obtain the mean estimated frequency @, (»). Figure 3 shows
the learning curves of @, (1) obtainable by equation (16) and
simulations for SNR; = 0 and 10 dB, w, = 0.57, data length
L = 1000, and g = 0.05. Note that all samples of the selected
parameters used in simulating are defined based on the trial-
and-error technique to obtain the best results. The step-size
u is confined within the range of equation (21). It is seen that
the analytical result for @, (n) shown in equation (16) can
track those of the simulations very well in both low (0 dB)
and high (10 dB) values of SNR; and converge to solution as
desired. By using equation (20), the convergence time is
L, = 298 samples at SNR; = 0 dB and L, = 208 samples at
SNR; = 10 dB which are close to those obtained from the

simulations.

4. Steady-State MSE Analysis

In this section, MSE of the frequency estimate @, (n) is
analyzed. To do this task, the steady-state expression for the
prediction error e(n) is required. The input x(n) to the
prediction error e(n) can be modelled by the following
transfer function:

H(z)=1+¢e"“z " (22)
Substituting z = e/, w € [-m, ] in equation (22) yields
H(w)=1+ eI (@) (23)

If we replace w = @,, equation (23) becomes
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H(w)=1+ e %
(24)
=1+cosd, —jsind,,.

At steady-state @, = w,, the magnitude and phase re-
sponses of H(z) can be, respectively, approximated to be
By =|H ()| = 2, (25)
and

o= - (26)

Therefore, the steady-state expression for the prediction
error will be

e.(n) = ABHej(“’“"“”“”“) + v, (n), (27)

where s means steady-state and v, (n) is the noise component
due to the input noise v (n). Now let us consider the learning
increment

Q=E[x(n)e; (n)] = A’Bye " +R,,,., (28)
where
va;‘ i i E[v(n)vr (T‘l)] i 02) (29)

is the correlation between v(#) and v{ (n) (see Appendix C).
Note that the derivation of equation (28) is obtained by
assuming - that the input complex sinusoids and noise
components are uncorrelated with each other [28]. Now, let
us consider the SNR of Q, which is

SNR, = By SNR,. (30)

For a high value of SNR, equation (28) can be approximated
as [29]

Qn) =~ AZBHe*J'(q)H*Vz(n))’ (31)

where Q(n) is the estimate of Q and v, (n) is defined as
a phase noise of Q with zero mean and variance of [29]

DAL 1
2 72SNR, 2BySNR/

(32)

The phase of Q(n) that is equivalent to the driving
function D in equation (13) can be defined by

D,(n) = 2Q(n) = - (pg + v, (). (33)
Using equations (33) in (11) results in
@y (n+1) =y (n) —u(py + v, (n). (34)

Subtracting w, from both sides of equation (34) and
using equation (26) yields

9, (n)
2

0,(n+1)=46,(n) - y( + v, (n)). (35)

Squaring on both sides of equation (35) and averaging
the result gives
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2
5. (n+1) =(1 —yJ‘Z)Si () + 1o, (36)

where (_?z (n) = E[Si(n)] is the estimation MSE at time #.
Assuming that

5. (n+ 1),y =00 (Ml ey = 0., (00); (37)
then equation (36) becomes
2
<2 Ho,
1) =-——=_=MSE 38
o () ST Tt £

For slow convergence speed when ¢ — 0, equation (38)
can be simplified to be

MSE = ya;. (39)

It is apparent that the MSE approximation in equation
(39) is valid for a wide range of system parameters, including
input frequency, SNR; and step-size as demonstrated in
Figures 4-6, respectively. It is observed that the analytical
MSE shown in equation (39) can well predict the simulated
MSE. It is observed that the MSE is independent of the signal
frequency, as shown Figure 4, decreased as SNR; increased,
as shown in Figure 5, and increased as step-size increased, as
shown in Figure 6.

5. Numerical Examples

In this section, the performances of the proposed PEC have
been revealed and compared with those of the MCPG [23],
Regalia [24], CPG [26], and CDFE [27].

5.1. Simulation MSE and Estimated Frequency. To fairly
compare the MSE and the estimated frequency by using
computer simulation, all examined algorithms are forced to
converge at the same time. This is done by individually
tuning the step-size parameter of each algorithm. In addi-
tion, the 1000 complex sinusoids with a specific frequency
and random phase plus noise sequences having the same
SNR,; are evaluated by using an ensemble average. The results
are shown in Figures 7-10. Figure 7 is an estimation MSE
comparison for SNR; =10 dB (high SNR;). It is revealed that
the proposed PEC and €DFE-converge at-the same time;and

they provide an identical MSE of the estimated frequency,
whereas the MCPG converges the fastest and the Regalia
shows the slowest. The CPG speed of convergence is slightly
better than that of the Regalia but worse than those of the
PEC, CDFE, and MCPG. Figure 8 demonstrates the esti-
mation frequency at the same MSE. As can be seen, the PEC,
CDFE, and MCPG provide almost the same convergence
speed, whereas the CPG and Regalia show slow convergence
speeds. Figure 9 is an estimation MSE comparison for
SNR; =-5dB (low SNR;)). It is shown that the convergence
speed of the proposed PEC is between those of the CDFE and
MCPG and the CPG and Regalia. Figure 10 shows the es-
timation frequency at the same MSE. As has been observed,
the PEC provides slower speed than CDFE and MCPG but
yields faster speed than the CPG and Regalia. Note that the
MCPG, CPG, and Regalia are used with a complex first-
order adaptive IIR notch filter (CANF) [26], which has
a zero-pole contraction factor a. In this section, we let
a = 0.9. Although the convergence speed of the PEC in the
additive complex white Gaussian noise scenario is slow as
compared with the MCPG and CDEFE, as shown in Figures 9
or 10, it performs well when exposed to a high-impulsive
noise environment, as shown in Section 5.2. In addition, the
deterioration of convergence speed due to the signal am-
plitude A does not affect the PEC, as shown in Section 5.3.
Moreover, in the comparison of the calculation re-
quirements of all algorithms, the computational complexity
is concluded in Table 1. It is found that the proposed PEC
requires only 3L multiplications, 2L additions, and L phase
evaluations. The added phase calculation makes PEC tol-
erant to impulsive noise and insensitive to signal amplitude
A, surpassing CDFE, MCPG, CPG, and Regalia. Now let us
consider the computational time required for all examined
algorithms. Since each algorithm has only one parameter
(weight) to be adjusted, for the PEC, it requires six oper-
ations per iteration. This indicates that the PEC is considered
to have a temporal complexity of order O(6L) when its it-
eration has an input size of L. Because runtime is dependent
on input size L, it is said that the time complexity of the PEC
has an order of O(L), meaning that it is linear. Similarly for
the CDFE, MCPG, CPG, and Regalia, their computation
times are also linear and are shown in Table 1. Although the
runtime of each comparative algorithms has the same order
as. that)-of | the; PEC, the proposed:PEC joutperforms all
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comparative techniques in terms of impulsive noise ro-
bustness, and its convergence time is not sensitive to the
input signal amplitude (see Figure 11).

5.2. Impulsive Noise Robustness. In this section, the im-
pulsive noise robustness of the proposed PEC algorithm is
addressed. It is well known that impulsive noise has two
main characteristics: random amplitudes and places of oc-
currence. When impulsive noise is present, the noise power
is equal to the strength of the impulse. This illustrates the
nonstationary character of impulsive noise by looking at the
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FIGURE 6: MSE as a function of step-size for SNR; =0dB,
wy = 0.57, L = 10000 and 100 runs.

power spectrum of a noise process with a few impulses per
second. Impulsive noise is therefore a binary-state, time-
varying process, and as a result, its power spectrum and
autocorrelation are also binary-state processes. The ex-
pression for an amplitude-modulated binary-state sequence
that models an impulsive noise sequence is [30].

I(n) =u(n)b(n), (40)

where u(n) is a random noise amplitude and b(n) is a bi-
nary-state sequence of ones and zeros. Since the binary-state
sequence b (n) takes a value of “1” with a probability of p and
a value of “0” with a probability of 1 — p, its probability mass
function (PMF) can be expressed as follows:

P, b(n) =1,
b =
f( ) {1_P> b(”):()) (41)

which is in the form of a Bernoulli distribution whose mean
is p and variance is p (1 — p) whereas the probability density
function (PDF ) of u(n) can be modelled as a Gaussian
distribution with a zero mean and variance of ai and is of the
form

1 -u? (n)/20>
U)=———=¢€ v, 42
fu= (42)

Since u (n) and b (n) are independent random variables,
the variance of I (1) can then be defined by (see Appendix D)

o} = po. (43)

It is noted that the mean of I (n) is equal to zero because
u(n) has a zero mean. Therefore, equation (43) is also the
impulsive noise power. Under the impulsive noise scenario,
the observation signal in equation (1) can then be rewritten
as follows:
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x(n) =dn) +I1(n). (44)

The signal to impulsive noise ratio (SINR) is defined by

SINR = Paignal
impulse

(45)

From equation (45), there are many pairs of p and o?
that yield the same SINR. For a fixed value of oi, the lower
the probability p is, the higher the SINR is achieved. Since
the impulsive noise is nonstationary, it is difficult to theo-
retically study the proposed PEC algorithm under this noise.
Therefore, experimentation by means of computer simula-
tion is used to study the PEC performance under impulsive
noise instead. Extensive simulations for low/high p and large
02 will be carried out to demonstrate the impulsive noise
robustness of the proposed PEC adaptive algorithm. The
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TaBLE 1: The computational complexity and computational time.

Algorithm ) C'om.putatlonal complexity . Phase evaluation Computational time
Multiplication Addition

PEC 3L 2L L O (6L)

CDFE 4L 2L — 0 (6L)

MCPG 6L 3L — O (9L)

CPG 7L 4L — O (11L)

Regalia 10L 3L — O (13L)
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FiGuRre 13: (a) High probability large variance impulsive noise of SINR = —40 dB; (b) evolutions of the estimated frequency obtainable by the
PEC, MCPG, CPG, and Regalia for, wy = 0.87, pigp = 0.05, and g = 0.05 phepe = 0.35 and g, = 0.1.

simulations are addressed by considering the following
cases: (note that the step-size parameter y of each algorithm
is individually adjusted to obtain the same convergence
speed).

5.2.1. C1 Low Probability of Occurrence and Large Noise
Amplitude Variance. For this case, we let p =0.001 and
ai = 10° (SINR = —20 dB). The results of the estimation are
shown in Figures 12(a) and 12(b). An impulsive noise
waveform is shown in Figure 12(a). The estimated frequency
obtained from the PEC, CDFE, MCPG, CPG, and Regalia are
shown in Figure 12(b). It is evident that the proposed PEC is
robust to very high impulsive noise, whereas the CDEFE,
MCPG, CPG, and Regalia suffer from impulsive noise;
namely, they are not robust.

5.2.2. C2 High Probability and Large Noise Amplitude
Variance. For this case we let p=0.1 and o2 =10
(SINR = -40 dB). The results of the estimation are shown in
Figure 13(a) and 13(b). An impulsive noise waveform is
shown in Figure 13(a). The estimated frequency obtained
from the PEC, CDFE, MCPG, CPG, and Regalia are shown
in Figure 13(b). It is evident that the proposed PEC is robust

to very high impulsive noise, whereas the CDFE, MCPG,
CPG, and Regalia suffer from impulsive noise; namely, they
are unstable.

5.3. Effect of Signal Amplitude. To study the deterioration of
convergence speed due to the signal amplitude A, a noise
free scenario is assumed. The parameters used in simulation
are A=1{0.2, 1}, wy, = 0.57, ¢ = 0.17, y = 0.05, « = 0.7 (for
MCPG, CPG, Regalia), and single run. The results are shown
in Figure 11. As can be seen, the decrease in input signal
amplitude does not affect the convergence speed of the
proposed PEC (see Figure 11(a)), whereas the decrease in
signal amplitude results in the deterioration of the con-
vergence speed of the CDFE, MCPG, CPG, and Regalia (see
Figures 11(b)-11(e)).

6. Conclusion

We have proposed a phase error criterion adaptive algo-
rithm for estimating the unknown frequency of a complex
sinusoidal signal. The proposed technique provides two
main advantages: it is robust to impulsive noise and not very
sensitive to the signal amplitude. The convergence in the
mean of the estimated frequency and steady-state expression
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for MSE are derived in closed form. Extensive studies using
computer simulations have been conducted to show the
superiority of the proposed adaptive algorithm.

x(n)x" (n) — x(n)s* (n)

74 11

Appendix

A. The derivation of equation (10)

Referring to equations (1) and (6)

= (dn)+v(n)x(d* (n)+v"(n)
+ (d(n) +v(n)) x(e‘f% d (n-1)+v" (n— 1)))

=dm)d” (n) + v(m)v" (n) +v(n)d" (n)

(A.1)

+ v (md () + e " d(m)d* (n—-1)

+e % d (mvt (n=1) + e v (m)d" (n—1)

+e Py (n=1).

Averaging equation (A.1) yields
E[d(n)d” (n)] + E[v(n)v* ()] +e ™ E[dm)d" (n-1)]
= A2 1 0%+ AT ei - p2 4 Py 2@ w)
= A*(1+ cosd,) +0° — jA sind,.
(A.2)
Evaluating equation (A.2) for the phase yields equation
(10). Note that equation (A.2) is obtained by assuming that

d(n) and v(n) are uncorrelated with each other and e/ is
a constant.

B. The derivation of equation (16)

The solution of equation (14) is given by

w, (n) = 0y, (n) + @op (n), (A.3)
where @, (n) and @, (1) are, respectively, complementary
and particular solutions. Assuming that the complementary
solution takes the form of

@y (n) =CA", n>0, (A.4)

where C is a constant determined by an initial condition.
Letting the term on the right-hand side of equation (14) to be
zeros and using equation (A.3) yields

@oc (n) =C(1-pn,)", n>0. (A.5)
In addition, it can be assumed that
Wy, (n) = Kunywy, (A.6)

where K is a constant. After substituting equations (A.6) into
(14) and solving the result, we obtain

Wgp (1) = Wy (A.7)

Using equations (A.6) and (A.7) in equation (A.5) and
solving for C results in equation (16) where @, (0) is an initial
condition.

C. The derivation of equation (29)

Referring to the power spectral theorem [11], the correlation
between the noise components v(n) and v, (n) can be
computed by

2w
"—J H (w)dw,

vvr T, 2T h .
= 0—2 (271 -2 sin(n)eij“’") (A-8)
2
= ¢* = Eq. (29).

D. The derivation of equation (43)

Since the impulsive noise I (rn) is the multiplication of two
independent noise processes u () and b (n), the variance of
I (n) can be calculated by

Var (I) = Var (ub)
= Var (u)Var (b) + Var (u)E* [b] + Var (b)E’ [u]
=a,p(1-p)+a,p’
= pai = Eq. (43).
(A.9)

Note that the time index n is omitted for analytical
simplicity.
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Abstract— This paper presents a direct-lattice adaptive notch
filter (DLANF) for frequency estimation and tracking. The
proposed filter is the cascade of an all-pole direct form structure
filter with an all-zero lattice predictor. The normalized gradient
algorithm is used to adjust the filter parameter. This technique
outperforms some conventional adaptive filters in terms of
convergence time and provides a small mean square error (MSE).
Computer simulations are conducted to show the superiority of
the proposed filter.

I. INTRODUCTION

An adaptive IIR notch filter (ANF) can be applied to many

areas of signal processing applications, such as to eliminate
narrow-band or sine wave components with unknown
amplitude, frequency, and phase in radar, sonar,
communications [1], control, biomedical engineering, power
grid systems, and so on. A literature survey revealed that there
are two types of ANF that are popular, including the direct
ANTF [2] and the lattice ANF [3]. In addition, the most common
method for adjusting the coefficients of these two filters is the
gradient type [4-5]. Also in [6], a different type of algorithm
named a modified inverse tangent (MIT) was adopted and
applied to the constrained ANF [2]. The primary goal of the
early work is to accelerate the algorithm's convergence while
maintaining a small MSE value of the estimated parameter. In
[4] and [5], they provide very slow convergence speed when
the optimum solution is far away from the initial value. The
convergence speed of [6] is better than that of [4] and [5], but
its convergence properties still need to be improved.
In this paper, we propose a new adaptive notch filter named
DLANF. The proposed filter is obtained by cascading the all-
pole direct form structure filter with the lattice linear predictor
and using the normalized gradient algorithm to adjust the filter
parameter. By using these techniques, we obtain the adaptive
notch filter that provides a fast convergence rate and a low
MSE value for the estimated parameter. Extensive simulation
results have shown the superiority of the proposed filter.

II.  PROPOSED FILTER

In this section, the proposed filter structure and adaptive
algorithm are introduced. Now let us consider a real sinusoidal

input signal x(n) of the form

978-616-590-477-3 ©2022 APSIPA

x(n) = A4 cos(Qun + ) +v(n), (1)

where 4> 0 the amplitude, 0 <Q, <7 the frequency, @,
the initial phase which is the random variable uniformly
distributed over [0,27) and w(n) the zero-mean white
Gaussian noise with variance O'VZ . The signal to noise ratio
(SNR) of (1) is SNR =42/ 20'5 . To estimate or track an
unknown frequency QO ,asecond-order adaptive lattice notch
filter [3] of the following system function is recalled

1+ Zka_l 272

H(z) =

= B 2
L+l + kg +oz” @
where 0 << a < 1 the pole-zero constrained factor determines
the 3-dB- attenuation bandwidth and —1 <k, <1 the notch

parameter determines the notch frequency. If the input
frequency matches the notch frequency, it should converge to
ky==c0s Q.

The motivation for this work is from [7], but real ANF is
considered instead of the complex one. From (2), we can
rewrite it as

H(Z)sz(Z)H](Z)’ (3)
where
H ,(z)= !
d L+ (1+ kg + oz 4)
and
Hz)=1+2%kgz " +z7. (5)

The proposed filter is designed by cascading and all-pole filter
H ,(z) which is realized by using a direct form structure

(subscript d refers to as direct) with an all-zero filter H (z)

which is realized as a lattice linear predictor (subscript / means
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lattice). The input x(n) to the output w(n) of an all-pole filter
is defined by

w(n) =x(n) = (1 + kgw(n —1) —aw(n -2). (6)

Then w(n) and w(n —1) are fed into the first stage lattice
linear predictor to generate the forward u(n) and backward

v(n) prediction errors as follows:
u(n) = w(n) +kgwn —1) (7
v(n) =kgw(n) +wn —1). (®)

Finally, the forward y(n) and backward z(n) of the second
stage are, respectively, obtained as

y(n)=u(n)+v(n —1) ©)
z(n) =y(n) . (10)

To update the notch parameter ko, we - introduce a DLANF

error function as follows:

£ = SER0). Ny,

where E[.] the expectation operator. An instantaneous value of
(11), however, is used instead in real world application which
can be written as

£0) = 5770, i

where n = 0,1,... the time index. The derivative of &(n) with

respect to k() (ky(n) the estimate at time n of k) will be

V&n) =ymnwn —1). (13)

To accelerate the adaptation time, the normalized gradient
algorithm is utilized in this work as follows:

Vé(n)

ko(n +1) = ky(n) — pt

where u the stepsize and the normalized sequence P(n) can
be recursively computed as

P(n) = AP(n =) +(1 - Yw’(n). (15)
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where 0 << A <1 the smoothing factor. In the early stage of
adaptation, the convergence speed of DLANF is fast because
P(n) is large, After converging, P(n) is small, resulting in
obtaining a small MSE value of the estimated parameter.

III. SIMULATION RESULTS

In this section, the performance of DLANF will be compared
with that of plain gradient (PG) [4], memoryless nonlinear
gradient [5], and MIT [6] in terms of convergence speed and
estimation MSE of the estimated parameter. In this work, all
comparative techniques are assigned to use the same ANF
system function in (2) for fairness comparison.

A. Fixed frequency estimation

To demonstrate that the DLANF provides better
convergence properties than all comparative algorithms in both
high and low SNR values, we set the simulation parameters as
follows: for the input signal are SNR = 10 and 0 dB,
Qy=7/3 (ky==cos(z/3)=-0.5), ¢ =0.17, for the

filter are & = 0.95, k(0) = 0 and for adaptive algorithms are

4 =0.01, ﬂ'dlanf =095, a, =9/32 and &,,, =03.

Figs. 1 and 2 show the trajectories of the estimated parameter
for 10 and 0 dB of SNR, respectively. It is evident that the
proposed DLANF can converge to the desired solution faster
than all comparative techniques. The convergence behaviors of
MIT and MNG are poor when SNR is low. For PG, although
its convergence speed is not sensitive to SNR value, it
inherently provides slow convergence speed. This fact of the
PG is evident as shown in Fig. 3 where the initial value of the
algorithm k;(0) = 0 is far away from the desired solution

ky = —c0s(0.057) =~ =0.9877

0.2
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Fig. 1 Comparison of fixed frequency estimation for 10 dB of SNR.
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Fig. 2 Comparison of fixed frequency estimation for 0 dB of SNR.
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Fig. 3 Comparison of fixed frequency estimation where the desired
solution is far away from the initial value.

B. Abrupt changed frequency estimation

It is assumed that the input signal abruptly and randomly
changes its frequency every 2000 samples [6]. Other
parameters used in this section are the same as the values in the
previous section. The estimation results are shown in Fig. 4. As
observed and compared with the early works, the proposed
DLANTF can rapidly track the sinusoidal signal having abruptly
changed frequency. The tracking property of MIT is moderate
whereas that of MNG and PG is poor.
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Fig. 4 Comparison of abruptly and randomly change frequency estimation.

C.  Tracking of linear chirp signal

Chirp signals can be found in a wide variety of applications,
such as acoustic echo cancellers, Doppler effect in wireless
communication systems, and so on. In this section, the
capability of tracking the chirp signal will be demonstrated. For
the chirp signal, (1) can be rewritten as

x(n) = A cosw(n) +v(n), (16)

where y(n) = Qun +(1/ 2)/(712 +¢, and x a small constant

controlling the rate of frequency changing. The instantaneous
frequency of (16) is

Qn)=Q,+mn. (17)

Fig. 5 shows the results of tracking (16) for Q, =0.17 ,

k =1x10™* and 0 dB of SNR obtainable by (a) DLANF, (b)
MIT, (¢) MNG and (d) PG. It is seen that the DLANF provides
faster convergence speed than that of the three comparative
techniques. Moreover, the DLANF also yields a low
fluctuation in the estimated chirp frequency.
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Fig. 5 Comparison of chirp frequency estimation.

D. Simulated MSE

Theoretically, the MSE of the estimated frequency is a very
important quantity. In this work, however, we study this
quantity by means of simulation. The MSE of the estimated
parameter is defined by

MSE =Var +bias2 4 (18)

where Var and bias are, respectively, the variance and bias of
the estimated parameter or frequency. To obtain the estimation
variance and bias, a 1000 computer runs with a data length of
1000 samples, a fixed SNR value and different phase and noise
sequence are ensemble averaged. To fairly compare the
convergence speed, the stepsize u of each technique is

adjusted so as to obtain the same MSE value. The simulation
results for 0 dB of SNR are shown in Fig. 6. It is evident that
at the same convergence time (# = 800 samples), DLANF gives
the smallest estimation MSE whereas that of PG is the largest.
The estimation MSE of MIT and MNG is between DLANF and
PG. Note that the values of other parameters used for this
simulation are identical to those of section 4 except that
=0.01, u,,, =0.045, 1,, =0.02.

mit

'udlanf = Hnng
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Fig. 6 Comparison of MSE at the same convergence speed.

IV. CONCLUSIONS

We have proposed a second-order adaptive IIR notch filter
that provides high speed of convergence and a small MSE
value. It is realized by cascading a direct form all-pole filter
and a lattice linear predictor and by using a normalized gradient
algorithm to adjust the filter parameter. Computer simulation
results have shown the performance of the proposed filter.
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Abstract— An improved algorithm for mitigating the effect
of power line interference in electrocardiogram (ECG)
recording systems is presented. The proposed algorithm
includes an interference detector (ID), an interference
fundamental frequency estimator (IFFE), and an interference
estimator (IE). The ID is used to evaluate the existence of the
interference before recording. If it is present, the IFFE and IE
are employed in the next steps. In the absence of interference,
the observed signal is directly sent to the recorder and monitor.
The presence of the ID can improve the performance of the
system in terms of computational efficiency and system speed.
The IFFE can track the variation of the interference frequency.
Extensive computer simulations were run to demonstrate the
performance of the proposed system.

Keywords—adaptive  signal  processing, power  line
interference, neural recording, frequency estimation

1. INTRODUCTION

Power line interference due to capacitive coupling [1] is
one of many problems in recording and monitoring the ECG
signal, which can cause misinterpretation of data analysis.
Since the interference is usually non-stationary, its frequency,
amplitude, and phase are functions of time. However, the
frequency variations are small as compared to those of
amplitude and phase [2]. The wvariations in those three
parameters may significantly decrease the signal-to-noise
ratio (SNR) (the ratio of the clean ECG signal power to the
power of interference) of the recorded signal. To mitigate the
effects of non-stationary interference, adaptive interference
cancellation is required and is useful for reliable signal
analysis. Generally, the peak amplitude of the ECG signal is
about 1 mV, whereas that of the interference that can affect
the ECG must be 1% (1 ¢ V) of the ECG peak amplitude or

greater [3]. In some countries, the frequency variation of
power line frequency is allowed to not exceed 1% (0.5 Hz) of
50 Hz [4]. In practice, however, the variation may be higher
than 1% or may be as high as 3% (1.5 Hz) [5].

From the literature survey, it is revealed that there are
many different methods for eliminating interference. The
simplest technique is to use a fixed 50 Hz narrow notch filter
[4]. However, it will rapidly deteriorate in performance if the
interference frequency is changed. As a result, an adaptive
notch filter (ANF) capable of tracking frequency variation was
later employed [5]. Although ANF is good at tracking changes
in frequency, it comes at the cost of spectrum distortion
because the interference frequency corresponds to a certain
frequency of the ECG signal. Another solution to mitigate the
interference effect is to use subtraction. In other words, the
interference signal is estimated and then subtracted from the
measured signal [6]. But the main drawback of this technique
is that it will fail immediately when the interference frequency
changes.
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In this work, we have modified an adaptive sinusoidal
interference cancellation (ASIC) in [6] by introducing the ID
and IFFE and naming it an improved ASIC (iASIC). The
proposed iASIC consists of four components, including C1:
the ID used to detect the interference existence; C2: the IFFE
used to track the interference frequency variation that may
occur; C3: a couple oscillator and a recursive least square
(RLS) adaptive algorithm used to regenerate the estimate of
the interference; and C4: a summer used to subtract the
interference from the recorded signal. Since no interference
detector is used in [6], the system must work all the time, even
without interference. This leads to computation inefficiency.
Moreover, the system performance deteriorates rapidly if
there is frequency variation.

II. THE PROPOSED ANC

This section introduces the proposed ASIC (iASIC) whose
system block diagram is shown in Fig. 1. The functions of
each part of the system are as follows:

A. Interference detector

In practice, interference does not occur all the time.
Therefore, there is no need to keep the system running all the
time. Therefore, an interference detector is essential and is
used in this work. To simplify the design, we will assume that
the ECG signal has a constant peak amplitude of one, whereas
the interference amplitude and phase are unknown. For the
interference frequency, it is assumed that the deviation from
the main value (50 Hz) is specified by no more than 3% (1.5
Hz).

Assume that d(n) is an EGC signal and p(n) is an
interference signal of the form

p(n) =4 cos(Qyn + ¢) (1)

where 4 the amplitude, Q the fundamental frequency and

¢ the initial phase. In practice, p(n) may also contain

harmonics, but we will ignore them in this work. Therefore,
the measured signal takes the form of the sum between d(n)

and p(n),i.e.
x(n) =d(n) + p(n) 2

Interference detection can be performed in a variety of ways.
In this work, we will use the spectral shaping filter to enhance
p(n) level more prominent. The instantaneous power is then
estimated and compared with the appropriate reference value
y . It is then assumed that if the instantaneous power is

greater than y , there is interference in the system, but if it is
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Fig. 1. The proposed ASIC.

below y, there is no interference. This process is done by
passing the measured signal x(n) to the first-order discrete

time derivative and followed by a band-pass filter with a
center frequency of 50 Hz. The system function of these
processes can be combined and written as

1-z7 G)

H,E)= - -2
1+ + plagz ™ + pz

d(z)

where 0 < p <1 the pole radius determined the band pass
bandwidth (if p
—1<ajy <1 the system coefficient determined the center

is large, the bandwidth is narrow),

frequency of 50 Hz. The digital angular frequency Q, canbe
determined by Q, =27(50Hz)/ fg where f (Hz) the

sampling frequency of  the systems. In addition, the
relationship between a( and Q, is ag =—cos Q. Let

y(n) be the output of H 4(2) where x(n) is the input. The

instantaneous power can be recursively estimated by
P(n) = AP =1+ (1 - Ap2(n) )
where 0 << A <1 is aconstant. Fig. 2 shows an example of

the enhanced interference signal (c) and its power spectral
density (PSD) (d) appeared at the output of H 4@

a b)
- @ (6)
1 Interference
o
] _ 1o
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Fig. 2. (a) Measured ECG signal with 1% of interference (b) Measured
ECG PSD (c) Enhanced ECG signal (d) Enhanced ECG PSD for

p=2=098, f, =1 KkHz.

82

07

0% of interference
J === 1% of interference
0.6 B

0.5H B

04F B

Probabilty

0.3F B

A

Fa
v=0.075 FIRY
[
017 J' kY 7
H '
_."‘ \‘.....
o~ R

0 0.0 0.1 0.15 0.2 0.25
Pin)

Fig. 3. PDFsof p(;) at0% and 1% of interference.

It can be observed from Fig. 2d that the interference is
dominant as compared with that in Fig. 2b. As mentioned
earlier, the interference effect can be observed when its
magnitude is less than 1% of the ECG signal. Therefore, we
will find the reference power ¥ by observing the probability

distribution function (PDF) of the instantaneous power P (n)

at the interference magnitude between 0% and 1% and setting
the peak amplitude of the ECG be a constant equal to one as
shown in Fig. 3. It is seen that the appropriate value of
reference power ¥ = 0.075 . In practice, this parameter

should be defined as a tunable factor to make the system
flexible.
B. Interference Fundamental Frequency estimator

When interference is detected, the next step is to estimate its
frequency. In real time, we need a system that works as fast as
possible. Therefore, in this research, we have chosen the
frequency estimator in [7]. The interference frequency Q) in

(1) can be estimated by Q(n) ==cos(k(n)) where

K(n) = ak(n — 1)+ (1 = @)K, (n) 5)
6
4 20 ©

C(n)=AC(n -1)
+(1=ADum — D)(un) +un —2)) )

D(n) = AD(n —1) +2(1— A - 1) ®)

u(n) = y(n) — x(n)(1+ dun 1) —du@n -2)

where 0 << a <1 (see [7] for detail).

C. Interference Estimator

The estimated frequency value from section 4 is fed to the
IE in this section. The estimator that we chose to use was in
[6] because it was able-to quickly estimate the interference.
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The couple-oscillator uses the estimated frequency to generate
sine and cosine signals with unit magnitude and zero phase,
then multiplies them by two weighting factor w; and w, as

shown in Fig. 4 where y. = cosQ, and y; = sin Q. After

combining these two weighted components, the estimated
interference is obtained. (see [6] for details)

III. SIMULATION RESULTS

To demonstrate the performance of iASIC, we define the
following scenarios:

A. No interference

As mentioned earlier, the main advantage of iASIC is the
presence of an interference detector. Therefore, if no
interference signal is detected, the measurement signal is sent
directly to the recorder and display. In such situations, 1IASIC
consumes less power and calculates less (IFFE, IE, and
summer are not required). Fig. 5 shows the simulated results
of i1ASIC in this scenario.

B. 1% and 10% of interference with constant amplitude,
phase, and frequency

In this section, it is assumed that the interference signal
strengths are 1% and 10% of the peak amplitude (herein = 1)
of the ECG signal. To show the performance of iASIC, the
results are compared with those of RLS-ASIC in [6] as shown
in Figs. 6 and 7. As can be seen, the ability to eliminate
interference is identical, but iASIC takes a little time (about
250 samples) to detect the interference (see Fig. 7b).
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Fig. 5. 1iASIC performance in the absence of interfernece for A = p =
0.98, y = 0.075 (a) Input (b) Output

1_ ‘ I I I ‘ I I I I -
l/\_/\A/\_/\A/\_r\A/\_AA/\_AA/\_A[(a)

1 ! I I I ! I I I I
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
16

1,
0.5 (b)
0
05 . . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
1_ -
ohh ,}‘ﬁ J A ..“n ,}‘ﬁ .J A .‘(c)
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

ECGin
=

ECG out [iASIC]

ECG out [6]

Fig. 6. 1ASIC performance compared with that of [6] for 1% of interfernece,
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C. 10% of interference with constant amplitude and phase,
and 3% frequency variation of 50 Hz

In this section, it is assumed that the interference has a
frequency variation of 3% of 50 Hz. Therefore, the
interference frequency is 51.5 Hz. Since there is no IFFE in
[6], it is therefore set to operate at a frequency of 50 Hz all the
time, thereby significantly deteriorating its ability to eliminate
interference as shown in Fig. 8c, while iASIC still maintains
interference suppression performance as shown in Fig. 8b.

D. Interference with time varying amplitude, phase, and
frequency with frequency deviation of 1.5 Hz
In this section, it is assumed that the interference has a
frequency variation of 3% and a time-varying amplitude. As
shown in Fig. 9b, iASIC still maintains interference
suppression as compared with that of [6] as shown in Fig. 9c.
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IV. CONCLUSION

In this work, we have proposed an iASIC that can work in
many situations. The interference detector is applied to
optimize power consumption and computation. A frequency
estimator is used to track interference frequency variation.
This makes iASIC superior to RLS-ASIC.
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Fig. 9. 1ASIC performance compared with that of [6] for time varying
amplitude of interfernece and 3% variation of frequency, a =A=p =
0.98,y = 0.075,€(0) = 0.001,D(0) = 0.1 (a) Input (b) iASIC output (c)
RLS-ASIC output [6]
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funvosaunisi (3.31)

NAANSVRIAUNITN (3.29) @NUNTAAMUALS FIAUNT

@y(n) = @y, (n) + @y, (n) (P.1)

el @, (n) Ao nalmaulfuds (Complementary solutions) uag @,(n) o walpaslaNE

(Particular solutions) wawagiduinausadeulugluuunelull

@y, (n) = CA";n > 0 (A.2)

Tnenawes C %Lﬂu@hmﬁ%@gnﬁmummﬂéﬁaﬂmmﬁmé’u Inglidmatinegniaiu

L3

Yilevasaunisn (3.29) dandumuduazldaunisn (a.1) Feazlenasnsoonuduaunisi

Y

(n.3) ol
@y (n) = C(L=uny)" n>0 (m.3)
uenNnil Ssenunsaduilvgiulin
@0 () =Koy (P.4)

19e7A1999 K 221 0uAIRa9 1asnunuAluannisy (@.4) asluaunisd (3.29) wazuaunis

v 1 v g.// o ¥ v 5§ o dy
fanannaltu agalilenaans fail

Do (M) = (A.5)

warilotauni1sn (A.4) wag (A.5) Lwnualuaunisy (A.3) wazwiaunsiienien C agla

NAANSAtENNITT (3.31) laedidn @,(0) Wuddeulususiy

@ () = (@ (0) — ) L~ 770)" + (331
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funvasaunisi (3.44)

919890 M B UNAUNATUARY [8] ANMUANNUSVDIFYYIUTUNIUTENIN v(n) WAL

oy (n) @nIamUINlARIENNTT

2
O ks *
Ry =5 [ H(o)do

= ;—2(27r— 2sin(z)e ™ )
T

=0’ =Eq.(3.44) (1.1)
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funvosaunisi (4.7

Weanndyaasuniuduiad  I(n)  nainniseniuvesdyaimusuniudasydes

NTEUIUNT u(n) Wag b(n), ANULUTUTINYOY I(n) dunsamuwinlalag

Var (1) =Var(ub)
=Var(u)Var(b) +Var (u)E?[b]+Var(b)E*[u]
=0, p(-p)+o;p’
= po’ =Eq.(4.7)

(.1)

lnefmundtneings n asgnavliivennudslunsings
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Big-O
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O(g(n)) = { f(n): there exist positive constants ¢ and n0 such that 0 < f(n) < c g(n)

for all n=n0}

ndenw Ao SIHTU o) o 9 aguaifen1snial Big-O vaslouluiiu o 9zdas

a

mA1Aa ¢ Aduviniag no wdharreidy lunuaunis 0 < fn) < ¢ gn) Sausam

landu fin) 1o o Ivhldaunsidussels dwsu n yndaffienmannia no waa Big-O ves

g(n) Afe wwavaaflendy f(n) s (Mmdnen neaus 919aem f(n) levaneflendunls)

c28(n)
/

fn)

c18(n)
——

n

Ny

fn) =0(g(n))
(a)

cg(n)

,/f;(n)

n
My

fn) = 0(g(n)
(b)

sudsenaui 1

Ry
fin) = Q(g(n))
(c)

a

windunanansanan UUszneud 1 uditu lauaadiiuifleidu fin) azdeed

o [ ¢

ANIIATY ¢ oln) waue BaZReudyaneaidn. () =0(g(n)) Lieunuaumiely

f(n) O(g(n)) Lo

<
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WBUSEENS BULUU Moy 26/28 ¥l 1 A1UAAARIDANYART  BILNBeY Fanin
a1 24000 weslnsdwiiletie 0819822301
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