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Abstract

Mucociliary clearance (MCQ) is a protective process in the human respiratory
system that expels inhaled foreign particles such as dust, dirt, and smoke out of the
body. When a human inhales strange particles along with air, they are trapped by mucus
in the respiratory tract. This mucus is secreted by goblet cells within the epithelial cells.
After catching, the mucus forms a mucus layer (ML) and lies above the periciliary layer
(PCL). The PCL resides above the epithelial cells and consists of Newtonian fluid known
as PCL fluid and hair-like structures known as cilia. Once the mucus traps the particles.
Cilia in the PCL move forward and backward to remove the mucus out of the human
body. In this work, we apply the two-dimensional nonlinear Brinkman and steady-state
Navier-Stokes equations to determine the velocity of the PCL fluid when the cilia make
angles with the horizontal plane. Next, we use the two-dimensional Stokes equation to
calculate the velocity of the mucus when cilia make various angles with the horizontal
plane. The numerical results are approximated using a mixed finite element method.
The Newton’s method is employed to calculate the nonlinear term. Furthermore, the
models developed in this study can be applied to similar problems in other biological
systems and engineering applications, such as the study of fluid flow in porous media
or biofluid dynamics.

Keywords : Cilia, Mixed finite element method, Nonlinear Brinkman equations, Steady-

state Navier-Stokes equations, Stokes equation, Periciliary layer.
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Chapter 1
Introduction

In this chapter, we provide the research motivation, research methodology, ob-

jectives and benefits of the study.

1.1 Research Motivation

Respiratory diseases are one of our health problems that affect the lungs and
airways, including chronic obstructive pulmonary disease (COPD), asthma, lung cancer,
and other illnesses. Some of these diseases arise from breathing in polluted air, such
as environmental contaminants, airborne toxins, and smoke, triggering the respiratory
system to produce excess mucus. Figure 1.1(a) shows the respiratory system, which
consists of mouth, nasal cavity, nose, pharynx, larynx, trachea, bronchus, and lungs.
Figure 1.1(b) illustrates a cross-section of the trachea, which consists of two portions:
the anterior and posterior. The anterior portion contains the trachealis muscle, mucosa,

cilia, and hyaline cartilage, while the posterior portion consists of the esophagus.

Figure 1.1: (a) Human respiratory system. (b) a cross-section of the trachea.

Figure 1.2 shows a portion of the cross-section of the trachea in the human respiratory
system, which consists of the air, inhaling particles, the mucus layer (ML), the periciliary
layer (PCL), the cilia, ciliated cells, goblet cells, and epithelial cells. The PCL consists
of two phases, the liquid phase, Newtonian fluid, and the solid phase, known as cilia.
When humans inhale strange particles into their bodies, the goblet cells scattering in
the epithelial cells secrete mucus to trap those strange particles and form a mucus
layer (ML) on the top of PCL. The cilia in the PCL beneath the ML beat forward and
backward to move mucus out of the human body. This mechanism is called mucociliary

clearance (MCQ), which is the immunity protection of the body.



Figure 1.2: A portion of the cross-section of the trachea.

In this work, we focus on the fluid flow in the PCL and the ML. The fluid flow
in both layers is affected by the movement of the cilia in the PCL. Figure 1.3(a) shows
the cartoon picture of the cilia in the PCL perpendicular to the horizontal plane. Figure
1.3(b) illustrates cilia making the angle ¢ < 90° to the horizontal plane, where 6 repre-
sents the angle between the cilia and the horizontal plane. The movement of cilia has
divided the PCL into two layers: one layer consisting of both solid and liquid phases,
known as a porous medium, and another layer consisting of only the liquid phase,
called a free-fluid region. We define the porous medium to be ©; and the free-fluid
region to be Q,. In this work, we first find the velocity of the PCL fluid for the forward
stroke of cilia, where 40° < 6 < 90°. Because this study focuses on steady-state flow
conditions, the equations used to find the velocity of the PCL fluid are the nonlinear
Brinkman equations for the porous medium (€2;) and the steady-state Navier-Stokes
equations for the free-fluid region (922). Since this work focuses on the behavior of
a group of cilia rather than a single cilium, the equations employed are macroscale

equations.

Figure 1.3: The cartoon picture of the PCL domain: (a) the cilia are perpendicular to the hori-

zontal plane. (b) the cilia;make an-angle 0,with-the horizontal plane.



Because the velocity of the fluid in the free-fluid region Q, is obtained from a
single angle per one fixed domain, next we find the velocity of the fluid in the free-fluid
region when cilia make several angles to the horizontal plane for one fixed domain as
shown in Figure 1.4. Figure 1.4 displays the ML and the PCL when cilia make angles
with the horizontal plane for one fixed domain, where the porous medium is divided
into equal intervals ranging from 90° to 50°. So, the permeability and porosity vary over
the porous domain. Since the fluid in the free-fluid region in Figure 1.4 is affected by
many angles that the cilia make with the horizontal plane, rather than a single angle,
to find the velocity of fluids, we define the free-fluid region and the ML in Figure 1.4 to
be Q3 and €y, respectively.

Figure 1.4: The cartoon picture of the PCL and the ML.

To find the velocities of the fluids in Q3 and Q4, we use the velocity of the
PCL fluid at the tips of cilia as the bottom boundary condition of the domain Q3. The
velocity of the fluid obtained at the top of Q3 is used as the boundary condition at the
bottom of Q4 to determine the velocity of the mucus. For the fluid flow in Q3 and Qy,
we apply the Stokes equation to determine the velocities of the fluid in these domains.
We calculate our work as follows.

First, we find the velocity of the fluids in ©; and Q, when cilia make only one
angle 6 to the horizontal plane in one fixed domain as shown in Figure 1.3 by using the
nonlinear Brinkman equations in ©; and the steady-state Navier-Stokes equations in Qs
to determine the velocity of the PCL fluid.

Second, we find the velocities of the fluid in 3 and the mucus in Q4 when cilia
make several angles to the horizontal plane in one fixed domain as shown in Figure
1.4. For these domains, we apply the Stokes equation to find the fluid velocities.

The numerical solutions of this study are calculated by using a mixed finite
element method and the Newton’s method, presented in Chapter 4. These two models
provide a more comprehensive understanding of the behavior of fluid flow in the PCL
and the ML.



1.2  Objectives of the Study

1) To study the nonlinear Brinkman and the steady-state Navier-Stokes equations.
2) To study the Stokes equation.

3) To study a mixed finite element method and Newton’s method.

4) To study the movement of the solid phase and its effect on the fluid phase.

5) To find the velocity of the PCL fluid when cilia make different angles to the hori-

zontal plane.

6) To determine the velocity of the mucus affected by the movement of cilia during

the forward stroke.

7) To extend and enhance the previous research conducted by applying a more

physiologically realistic approach to a better model of the ML.

1.3 Scope of the Study

1) The forward stroke of a bundle of cilia is considered from the angle § = 90° to 40°.
2) The cilia are assumed to stop beating at § = 40°.
3) The maximum velocity of the cilia is assumed to occur at the tips of the cilia.

4) The interface between the porous medium and the free-fluid region is assumed

to be continuous.

5) The density of the PCL fluid and mucus is assumed to be the same, while their

viscosities are different.

6) This work is considered in a two-dimensional domain.

1.4 Benefits of the Study

1) This study provides valuable knowledge of fluid flow models in both porous media

and free-fluid regions.

2) This study can apply to other research areas such as groundwater flow, the trans-
port of oil through pipes, airflow through porous materials, nutrient transport in

plant roots.

3) This study enhances the understanding of respiratory systems, particularly in the

context of mucus transport.

4) The results from this study can aid physicians in developing more effective treat-

ment strategies for patients about mucus in human lungs.



1.5 Research Methodology

1) Study the researches about the human respiratory tracts, focusing on the PCL and

the ML.

2) Study the nonlinear Brinkman, the Navier-Stokes, and the Stokes equations.

3) Study a mixed finite element method and Newton’s method.

4) Solve the mathematical models by using a mixed finite element method and

Newton’s method.
5) Write programs to find the numerical solutions.
6) Verify the results and write a conclusion.

7) Write the thesis book.

Table 1.1: The research schedule

Time frame

Activity 2019 2020 2021 2022 2023

2024

2025

Sep. - Dec. Jan. - Jul. Aug. - Dec. Jan. - May Jun. - Dec. Jan. - Dec. Jan. - May Jun. - Dec.

Jan. - Feb.

Mar. - Dec.

Jan. - May




Chapter 2
Basic Knowledge and Literature Review

In this chapter, we provide foundational knowledge of the methods and equa-
tions used in this work. We begin by introducing the Hybrid Mixture Theory (HMT), an av-
eraging theorem that help to upscale equations from the microscale to the macroscale,
discussed in Section 2.1. The nonlinear Brinkman and steady-state Navier-Stokes equa-
tions are presented in Sections 2.2 and 2.3, respectively. The derivation of Stokes
equations is provided in Section 2.4. The finite element method (FEM) is drawn in Sec-
tion 2.5. The method employed to handle the nonlinear terms, the Newton method, is
presented in Section 2.6. The permeability and porosity used in this work are presented
in Sections 2.7 and 2.8, respectively. Finally, Section 2.9 provides a literature review

relevant to the methodologies and topics addressed in this work.

2.1  Hybrid Mixture Theory (HMT)

In this section, we briefly provide the upscaling process of the Hybrid Mixture
Theory (HMT) [3, 12] used to upscale the microscale equation to macroscale equation.
The HMT employs the averaging theorem to derive the macroscopic equation via the
intrinsic phase average, which is the mass average of microscopic quantity over a repre-
sentative elementary volume (REV). To support the transition to macroscopic modeling,
the indicator function is defined as follows

1 ifresv,
Ya(r,t) = (2.1)
0 ifreévy, B+a.
Here, §V,, denotes the portion of §V within the a—phase and §V; refers to the portion
of §V within the 3—phase where §V is the representative elementary volume (REV). The
REV is the smallest volume over which measurements or simulations can be performed
to yield results that are statistically representative of the macroscopic properties of a
system. The averaging theorem provides the interchanging between the partial deriva-

tives and the integral as follows

’5;‘ /6 y ffyady(g)] [#ZM:V’ /5 . fWap - Nada(§)  (2.2)

=/ O () = 2
g

L
v

/ Vo fadv() = V,
(2% B#a

’(Slv‘ /5 ) fvadV(E)] 3

1
571/] /5 o Fada(®), (2.3)

where f is the quantities in the field equations, and 64,5 is the portion of af interface

within 6V, w,s denotes the microscopic velocity of interface a8 and n, is the outward



unit normal vector to §V,. For better understanding about the HMT and averaging
theorem, we adopt an example from [43] provided below

Example : Consider the conservation of mass at the microscale, expressed as

Ip
EJFV (pv) = 0, (2.4)

where p is the density, ¢ is time ,and v is the velocity. We multiply Eq. (2.4) by 7,
integrate it over 6V and and divide by the total volume |§V|, we obtain

‘5‘/‘/ 'yadV—F ‘M/‘/ V- (pV)yady = 0. (2.5)

Applying the averaging theorem ((2.2) and (2.3)) to each term in Eqg. (2.5) yields

g L/ PYadv| — ZL/ PWag - Nada +V L/ PV dv
lov | Jov i oV | Jo0es lsv| Jov 26)
1
+Zi/ pV - Nyda =0,
B#a 6V‘ 6Aap
where
6V
€ = ’ and Zeo‘ =1, (2.7)
ov| .
1
Pt = / PYadv, (2.8)
v, | Jov
1
v = / VYAV, (2.9)
pe 5Va 2%
eg= ! / [p(Wes — V)] - Nuda. (2.10)
POV, | /0Aas

Here, @ is called the volume fraction of phase «, p® is the macroscale density, v* is
the velocity of phase o and &3 is the rate of exchange of mass from phase 3 to phase
a. Then Eg. (2.6) becomes
9(e*p”)
ot

+ V- (e%pVv® Zeapo‘eg, (2.11)
B#a

which is the macroscale continuity equation.

2.2  Nonlinear Brinkman Equation

In this section, we present the nonlinear Brinkman equation, which describes
the fluid flow in a porous medium. We start from the multiphase equation upscaled
from the conservation of momentum [7]

lvl

Qepfor Vp — §V~ (2e'd") — pgl = —pek L (v — v, (2.12)



where the variable &! is the porosity, p is the pressure, p is the viscosity, vt is the

fluid velocity, p is the density, v¢ is the velocity of solid phase, g is the gravity, d! is

Dl
» Dt

derivative and k=1 is the inverse of permeability. Rearranging the Eq. (2.12), we obtain

0.5(VVv! + (VVv))T) and the superscript T'is transpose, 2. = 2 +v!.V is the material time

l
P (%ﬁ +V vVl> + k™t (V= el + Vp — ﬁv -(2¢'d") = pg'. (2.13)

In this work, we concentrate on the steady-state flow problem. Therefore, neglecting

the time-dependent term, we obtain
oV OV kTt (V= el + Vp — gv -(2e'dY) = pg!, (2.14)

which is the nonlinear Brinkman equation.

2.3  Steady-State Navier-Stokes Equation

The Navier-Stokes equation is a fundamental mathematical model for fluid flow
problem. It helps to understand how fluids behave in many situations, such as airflow
and water flows. This equation is given by

0
p(a\t/ +V-Vv> = —Vp + p8 + pAv, (2.15)

where v is the velocity. In this study, we focus on steady-state problem, where we are
interested in the fluid flow when enough time has passed so that the velocity v no
longer evolves in time. This means that the time-derivative term 2¥ is not considered
in this study. Then Eq. (2.15) becomes

p(V-VV) = —Vp + pg + pAv. (2.16)

The steady-state Navier-Stokes equation is widely used in fluid dynamics to model flow
conditions. This simplified form is particularly useful for analyzing fluid flow in various

applications, including engineering, environmental modeling, and aerodynamics.

2.4  Derivation of Stokes Equation

In this section, we derive the Stokes equation used to find the mucus velocity
starting from the Navier-Stokes equation. The derivation involves nondimensionalizing
the Navier-Stokes equation to demonstrate that certain terms can be neglected in order

to find the solution. For incompressible flow, the Navier-Stokes equation is
ov
p(at +v~Vv) = —Vp+ pS + pAv. (2.17)

To normalize Eq. (2.17), we introduce appropriate scaling parameters, as detailed in
Table 2.1.



Table 2.1: Characteristic parameters

Scaling Parameter Description Primary Dimensions
L characteristic length (L]
f characteristic frequency [1/¢]
V0 characteristic velocity [L/t]
Do reference pressure [M /(Lt?)]
90 gravitational acceleration [L/t?]

Using these scaling parameters, we define the following dimensionless variables:

Vo 0 Do (2.18)

Substituting Eqg. (2.18) into (2.17), we have

ov PG o oen DO - - v % ~
pfvo (&) +T(V~Vv) = =7 Vb +pgog+ T3 AV. (2.19)

We multiply both sides of Eq. (2.19) by £2, yielding

oo’

2 Y - - 2 .
pfL (6\{) n pUOL((/.V(,) _ _ZLLVﬁ+ %§+A\7. (2.20)
po \ot 1 o P

For the slow flow problem, we choose the reference time ¢ as the duration for the cilia
beating in one cycle, and the characteristic length L corresponds to the height of the
cilia. The variables p and u represent the density and dynamic viscosity of water at 40°,
respectively, and the gravitational acceleration g, is taken as the Earth’s gravity. The
values of these variables, expressed in SI units, are as follows:

t~1.029s, L~7x10"%m, pu~0.653 x 1073 kg/(m - s),

) (2.21)

go = 9.81m/s? po =107 kg/(m - s?), p~ 992.2 kg/m>.
The values of time ¢ and length L are obtained from [13] and [4], respectively, while
the values of p and p are taken from [36]. The characteristic speed at the tip of the

cilia is calculated as

L0 (Tx107%)(n/4) s
Vo = 7 = T ~ 5.34 x 10 m/s, (222)

where 6 is the angle between the cilia and the horizontal plane. Using the values in
Egs. (2.21) - (2.22), we calculate the coefficients in Eq. (2.20) as follows

pfL?

=7.23x107°,
1
Pl g 67 % 1075,
K (2.23)
Pk 500 x 102,
Ko
L2
PIOZ 136 % 102.

HYo
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Based on the coefficient values from Eq. (2.23), the time-dependent and nonlinear

terms can be neglected. As a result, Eq. (2.17) simplifies to
Vp — pg = pAv, (2.24)

which is called the Stokes equation.

2.5 Finite Element Method

We first show the weak formulation of an equation. The weak formulation is a
mathematical technique commonly used to solve partial differential equations (PDEs),
especially in finite element analysis. To illustrate the weak formulation, we consider
the following example equation,

% + ZZZ = f(z,y), N Q, (2.25)
where Q is domain, the variable u is unknown and f is the source term. We multiply

both sides of the Eq. (2.25) by a weight function w and integration over domain €,

Pu O
/Qw(a;;+ayz) dQ:/wa(x,y) dx. (2.26)

To derive the weak formulation, we first present Green’s first identity, which helps
to transform the integral of a second-order derivative into an equation involving the

first-order derivatives and boundary terms. That is
/ Vw - Vu d +/ wV3u dQ = / wVu - ndl, (2.27)
Q Q r

where n is unit normal vector, the symbol V represents the gradient (the first-order
derivative) and T is the boundary. Applying the Green’s first identity (2.27) to Eq. (2.26),

we have

f/Q (?;’gz + ?;?gj) dQ = /wa(:v,y) Q) — /Fw (anm + gzny> dr, (2.28)
where n = (n,,n,) for a two-dimensional domain. The Eq. (2.28) is called the weak
formulation of Eq. (2.25).

We next present the triangular element used in the finite element method and
also in this work. The triangular element is a fundamental shape function used in
the finite element method. So we present two types of triangular elements: linear
triangular elements and isoparametric triangular elements. We first introduce the linear
triangular element, one of the types used for a two-dimensional domain. Figure 2.1
shows the linear triangular element, with three nodes in each element. Each node is
associated with the coordinates (x;,v;),i = 1,2,3, and the nodal variable u;,i = 1,2,3.

The interpolation of the nodal variable within an element is given by

U; = a1 + a2x; + asy;, (229)
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or
a

Uz':[l T yb} as ¢ (2.30)
as

where a; represents the coefficient that needs to be determined with j =1,2,3.

Figure 2.1: Linear triangular element.

For each node, the interpolation in Eq. (2.29) can be expressed in terms of the
nodal variables. By substituting the 2 and y coordinates of each node into the equation,

we obtain the following matrix form

U1 1 =z »n ay
U9 = |1 T2 Y2 a9 5 (231)
us3 1 z3 ys| |as

where z; and y; represent the coordinates of the " node and wu; is nodal variable.

Inverting the 3 x 3 matrix in Eqg. (2.31), we have

ay 1 T2Ys — T3Ya T3Y1 — T1Y3 T1Y2 — T2Y1 Uy
@2 (=94 Y2 —Ys3 Y3 — U1 Y1 — Y2 g ¢ (2.32)
as T3 — X2 T1 — T3 To — X1 us
where
1 1 I Y1
1 T3 Y3

Substituting Eq. (2.32) into (2.31) yields

u = ¢1($7ZU)U1 +¢2('/an)u2 +¢3($7y)u37 (234)

where v;(z,y) is the shape function, which is the linear triangular element. The shape
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functions are defined as follows

(x2ys — x3y2) + (y2 — y3)z + (x3 — 22)y

wl(xay) - i 7
Po(z,y) = (T3 — T1ys) + (y;; y)e + (21 —wa)y. (2.35)
Us(w,y) = e — o) (y;; Y2)o + (w2 = 21)y

The shape functions have the property that

3
D vilwy) =1, (2.36)
=1

and the shape functions satisfy the property that the function v; at the node (z;,4;),i =
1,2,3, is equal to 1, while the functions v;,j # i at the node (z;,v;),j = 1,2, 3, are zero.
That is

Yi(r, 1) =1, Yo(ri,y1) =0,  Ws(x1,y1) =0,
V1(z2,y2) =0,  ha(wa,y2) =1,  P3(w2,92) =0, (2.37)

Y1(x3,y3) =0,  Yo(r3,y3) =0,  3(x3,y3) =1

Next, we introduce the isoparametric element. The concept of the isoparamet-
ric element is to use the mapping, which maps from one coordinate system into the
other coordinate system. Figure 2.2 shows the coordinate system mapping three nodes

from the physical coordinate to the natural coordinate systems and vice versa.

Figure 2.2: The triangular coordinate system: (a) the physical coordinate system (b) the natural

coordinate system.

Figure 2.3 displays both the three-node and six-node configurations of the trian-
gular isoparametric element in a natural coordinate system. The three-node triangular
element is used for linear elements, while the six-node triangular element is used for

quadratic elements.
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Figure 2.3: (a) Three-node triangular element in the natural coordinate (b) Six-node triangular

element in the natural coordinate.

The shape functions of the linear elements are as follows:

wl(gaTD =1 _5_777
Ya(&1) =&, (2.38)
¢3(§7 77) =1,

and the shape functions of the quadratic elements are given below

P1(§m) = (1 —&§—n)(1—2¢—2n),

P2(€,m) = £(26 - 1),

¥3(&m) =n(2n—1), (239)
Ya(§m) =461 —E—n),

¥s(&n) = 4€m,

Ye(§;m) =4n(1 =& —n)

Here, ¢ and n are the natural coordinates.
The point (&,7) in the natural coordinate system are mapped to the physical

coordinate (z,y) as follows:

2(&m) =D i€, (2.40)
=1
i=1

where z; and y; represent the it* node in physical coordinates system, v;(&,7) is the
shape function associated with the i** node and n is the total number of nodes in the

element. Any field variable can be interpolated using the shape functions,
u(€n) =D i€ nu, (2.42)
i=1

where u; is nodal variables at the " node.
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To compute the derivatives of the shape functions v;(¢,n) with respect to the
physical coordinate, we use the chain rule

0 _dox 0oy

o0& 0x 06 Oy oE’

0 _00x 00y

on  Oxon  Oyon

(2.43)

Rewriting Eqg. (2.43) in matrix form yields

r) o o] (o

{ o } = [05 o {81} . (2.44)
0 9z Oy 0
on on on | oy

The 2 x 2 matrix on the right-hand side is known as the Jacobian matrix

Jin J EE
=" P = e, (2.45)
J21 J22 _% %

where

Ty = Oz _ Z 3?/%(5777)%’

TP
Oy i)
Jig = 9~ ; ¢ Yi, a6
0z _ = (€, n) ‘
Jo1 = on = Z on Ti,

=1

Jog = @ = Zawla(i’n)yz

Rewriting Eq. (2.44), we have

1
oe | _ [ o€ . (2.47)
3% Jo1 Ja2 a%

For example, the derivatives of the shape functions v;(&,n) with respect to z and y

-1
ovi(€,m) J J 0i(&m)
I T o (- (2.48)
wza(?fﬂl) J21 J22 ¢:9§ﬂ7)
Next, we present the Finite Element Method (FEM). The basic idea of FEM is to

divide a problem domain into finite subdomains, called finite elements. These finite

using the chain rule are

elements are connected at specific points, called nodes, to create a mesh that covers
the entire domain. The FEM starts from the weak formulation Eq. (2.28) and then we

divide the domain Q into N, elements. Therefore Eq. (2.28) becomes

N,
- Oowou  Ow Ou . . du .
;/m_(&c@x 3y3y>dQ Z/ wiey) & Z/ ( oy" )dr
(2.49)
The weight function w.in Eq. (2.49) can be chosen based on approaches. Here we

present some schemes.
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1) Collocation Method: The weight function is chosen as a Dirac delta function. That
is
w = §(z—x;), (2.50)

where z; is the sampling point within the domain.

2) Least-Squares Method: The weight function is determined from the residual such

that

dR

where R is the residual and a represents the unknowns.

3) Galerkin Method: The weight functions are chosen to be the same as the shape
functions. That is
w = (), (2.52)

where (z) is the shape function.

To apply FEM to solve the PDE, the unknown u(x) is approximated by using the form
~ Z i(2)u; = Ty, (2.53)
i=1

where n is the number of node in each element, ¢ is the shape function and the
superscript T' is transpose. For the Galerkin method, the weight function is chosen to

be the same as the shape function. That is
w = (). (2.54)

Substituting Egs. (2.54) and (2.53) into (2.49), we have
N,
= o oYt 8@/} ot e e
2/(837 5z " 3y oy >dQ u_Z/ W f(z,y) dO
T T
—Z/ (‘% 6;; ny> dreu.

Next, we consider the integration over each element

oy ouT v oo ‘ T opT .
/e (537 oz +c’)yay> dru= | fy)d /Feﬂi(axnerayny) dreu.
(2.56)

For the linear triangular element, we can choose the shape functions defined in Eq.

(2.55)

(2.35). By substituting these shape functions into Eq. (2.56) , we can rewrite the equation

in matrix form as

ki1 k2 ki3 Uy f1
ka1 kap koz| Yuz ¢ = § f2 (> (2.57)
ka1 ka2 k33| |us VE!

where

877[}1 8¢j 81/)1 877[73
- 9Yi Y g0e
Ky /Qe (8:5 or Oy Oy der,

(2.58)
0 o CC
fi = /Q ey 0 / wz( vy +;’yjny> dru;,ij=1,2.3
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Once the local matrices for all elements are computed, they are assembled into the

global stiffness matrix. Thus, the global stiffness matrix of Eq. (2.57) is

K Kip - Kipgy, Uy 1
Ko Koo s Kz.ndof U2 _ f.2 7 (2.59)
K"dofl Kndon Kndofndof Ungof fndof
or
[K{U} = {F}, (2.60)

where ny. is the total number of node in the domain.

2.6 Newton’s Method

Newton’s method is commonly used to solve nonlinear equations iteratively by
using an initial guess and then updating the solution until the convergence is reached.
Note that the initial guess for Newton’s method can be determined using various tech-
niques, such as the Bisection method, grid search, or other approaches, depending on
the problem’s requirements and available information. In this section, we present the

formulations of the Newton’s method in both one dimension and in higher dimensions.

2.6.1 One-Dimensional Newton’s Method

Consider the one-dimensional case of the nonlinear equation,
du
U = f(z) (2.61)
where u is the unknown solution and f is source term. Define the residual function
R(u) as
Rw) = u® ~ f(a) =0 (2.62)

To approximate the residual function R(u) around the current guess «(!) at iteration I,

we apply a Taylor expansion and neglecting higher-order terms yields

dR
~ DY + Ay —
R(u) ~ R(u"’) + Au T

; (2.63)

w()

where Au = u —u®) and u!) is known. Substituting Eq. (2.63) into (2.62) and updating

u to be wI+Y we have

R(uD) + (w1 — 4 D) aw"p (2.64)
du w(@)
Rearranging Eq. (2.64), we obtain
u(1+1) — ) _ Ijl(%u(l)) (265)

"da (D)



17

Itis important to ensure that the derivative % is nonzero to ensure the Newton iteration
is well-defined. The iterations stop when [u/+1) — ()| < tolerance, where tolerance is
the threshold of acceptable error for an application, typically the tolerance is chosen
to be 107,107 or 1078, depending on the desired accuracy.

Example: Consider the nonlinear equation

2, 8,2
2u” + 3U=73 (2.66)
Rewriting it into the standard form
R(u) = 2u* + gu — ; =0. (2.67)

The derivative of the residual function is

dR 8
The initial guess u(® is chosen using the Bisection method, with «(?) = 0.5. The tolerance

is set to 1076, For I =0, we compute the first iteration using the formula (2.65). That is

R(u©
WD — 0 _ d}gu )7 (2.69)
du 14,(0)

where the residual R(u(?)) and its derivative 4%| . are

Ru®) =2(0.5)% + %(0.5) - ; ~ 1.1667 (2.70)
and
dR 8
Q| = 4(0.5) + 5 ~ 4.6667. (2.71)

Substituting Egs. (2.70) and (2.71) into (2.69), we have

1.1667 _

Teoer ™ 0.25. (2.72)

ut) =05 -

The error is
[u™ —u@] =0.25 — 0.5| = 0.25 > 107, (2.73)

which is greater than the tolerance 107%. Then we proceed to the next iteration using

u® = 0.25. Therefore, the the residual R(u(V) and its derivative 4|  are

R(uM) =2(0.25)2 + 2(0.25) - % ~0.125 (2.74)
and
dR 8
Qo= 4(0.25) + 5 ~ 3.6667. (2.75)

Next, we update u(?

R(u™M) 0.125
(2) — M _ —0.25 —
v T T R 3.6667

du 1)

~ 0.2159091. (2.76)

The error is
[u® — 4| =0.2159091 — 0.25| = 0.0340909 > 107, (2.77)
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So, the process continues iteratively until reaching the condition [u/+1) — 4| < tol-
erance. The computed values of v and the corresponding number of iterations are
summarized in Table 2.2. This table shows the iterative results of solving the one-
dimensional nonlinear equation using the Newton’s method. In each iteration, the
value of u is updated, while the error decreases until it becomes less than the toler-
ance, 1076, At the fourth iteration, we obtain the solution v = 0.2152504 and the error
is 2.4577 x 1077,

Table 2.2: Iterative results of the one-dimensional nonlinear equation (2.66).

[teration I u Error
0 (initial guess) 0.5
1 0.25 0.25
2 0.2159091 0.0340909
3 0.2152507 | 6.5840 x 10~*
4 0.2152504 | 2.4577 x 10~ 7

2.6.2 N-Dimensional Newton’s Method

Newton’s method can be extended to solve a system of N-dimensional non-
linear equations. Consider
R(u) =0, (2.78)

where R(u) is the residual vector and u is the unknown vector

Ri(u) Uy
R(u) = R2.(u) : and u= u_2 : (2.79)
Rn(u) U,

The term of R(u) can be expanded around the current guess u) at iteration I using

the Taylor expansion and dropping higher-order terms:

R(u) ~ Ru®) + 9R

o Au, (2.80)

u(l)

where Au = u—u®, and u® is the known vector. Substituting Eq. (2.80) into Eq. (2.78),

we have
Ru)+ —| Au=0. (2.81)
ou|
Updating u to be u+1 we obtain
Ru) = — gj (WD —u®y = — gDyl —ud)y, (2.82)
u ull)
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where J is the Jacobian matrix and

6R1 8R1 . 8R1
Ouy Ous Oun
oR ng gRg . gRg
J= B em ou o (2.83)
ou u . . . :
IR, OR, ... OR,
duq Ous O, u@

To find the unknown u’+1 in Eq. (2.82), we rearrange Eq. (2.82) to be
u+t = u@ — =L wRUD). (2.84)

It is important to ensure that det(J(u'?))) # 0 to avoid singularities in the Newton itera-

tion. The iterations stop when [Ju/*Y —u)||, < tolerance, where || - ||z is the l,—norm.

Example: Consider the nonlinear system of equations

5
2u? — 2u3 + 3ujug =

; 4 (2.85)
gu? + 2uo 4+ 2ujus = 1.
The residual vector is
Ri(ui,u 2u? — 2u2 + 3uqug — 2
Ry = | Flemed | 2erm 2u e (2.86)
Ry (u1,uz) - %U% + 2ug + 2ujug — 1 e
The Jacobian matrix J can be written as
R OB, O, 4uq + 3u —4ug + 3u
J= gi S T - 2T (2.87)
Ujum g—g’f gﬁj uo %ul + 2uq 24 2uq oD

The tolerance is chosen to be 1076, The initial guess u® is determined using a grid

© 0.6
- . (2.88)
ul? 0.4
For the first iteration, we need to calculate the residual and Jacobian matrix by substi-
tuting the initial guess Eq. (2.88) into Egs. (2.86) and (2.87), we have

search technique, with

(0) , (0) 2 2 _s _
RU®) — Ri(uy” )| %(0.6) 2(0.4)2 +3(0.6)(04) — §| _ |-0.130 (2.89)
Ry(ul?, u{”) 3(0.6)% 4 2(0.4) + 2(0.6)(0.4) — 1 0.415
and
L_ Rl [400)+3(04) —4(04) +3(06)| _ [3.60 020] (2.90)
Mlyor  |3(0.6) +2(04)  2+42(0.6) 1.25 3.20

To update u™), we use the formula (2.84). That is
u® =u® — J7LUuO)RWU®). (2.91)

Substituting Egs. (2.89) and (2.90) into Eq. (2.91), we have

—1
ut’ |, 106 3.60. 0.20 —0.130| _ |0.6442768 (2.92)
uP1 ol {125 320 0.415 0.2530169 | '
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Checking the error:

U —u©@]|, = \/(0.6442768 — 0.6)2 + (0.2530169 — 0.4)2 ~ 0.1535073 > 107¢.  (2.93)

The process continues iteratively until the condition [Jut/+1 -4 ||, < tolerance is satis-
fied. The computed values of u and the corresponding number of iterations are sum-
marized in Table 2.3. Table 2.3 presents the results of applying the Newton’s method
to the two-dimensional nonlinear system of equations. The process begins with initial
guesses of u; = 0.6 and uy = 0.4 and the values of u; and u, are updated in each iter-
ation to improve the solution. As the iterations progress, the error decreases, and by
the fourth iteration, the values of u; and uy are 0.6622040 and 0.2513401, respectively.
At this point, the error is 1.3593 x 108, which is less than the tolerance 10~6.

Table 2.3: Iterative results of the two-dimensional nonlinear system of equations (2.85).

lteration I uy Uz Error
0 (initial guess) 0.6 0.4
1 0.6442768 | 0.2530169 0.1535073
2 0.6623773 | 0.2513064 0.0181811
3 0.6622040 | 0.2513401 | 1.7651 x 10~*
4 0.6622040 | 0.2513401 | 1.3593 x 108

Next, we introduce the parameters used in this study, the permeability and the

porosity.

2.7 Permeability

Permeability is the parameter indicating the ability of a material that fluid can
pass through a material or its pores. This property is crucial in fluid dynamics and
porous media studies, as it directly influences how liquids flow through structures. For
instance, Figures 2.4(a) and (b) illustrate the domains of fluid flow through rock and
sand, respectively. It can be observed that the fluid flows more easily through the rock
than through the sand, indicating that the rock domain has a higher permeability than
the sand domain. This means that the rock domain has more void space, allowing the
fluid to pass through it more easily, whereas the sand domain offers more resistance
to fluid flow.
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Figure 2.4: The domain of fluid flow through the solid phase (a) rock and (b) sand.

2.8 Porosity

The porosity (¢!) is defined by the volume of the fluid divided by the total
volume over the domain. Figure 2.5 shows the domain consisting of fluid and solid
phases. In this system, the solid phase is a part of the total volume, while the remaining

space is filled by the fluid phase.

Figure 2.5: The porosity.

The porosity
el = Auid (2.94)

Vtotal’
where ¢! is the porosity, v is the volume of the fluid within the domain and vyota; is

the total volume of the domain, including both solid and fluid phases.

Remarks

1. Fully fluid domain
If the domain contains only fluid (no solid), the fluid volume is equal to the total

volume (vquig = total)- It implies that

el =1. (2.95)

2. Fully solid domain
If the domain is completely filled with solid (no fluid), the fluid volume is zero
(auig = 0). It implies that
el =o. (2.96)
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That is ! =1 — &%, where ¢* is the volume of solid divided by total volume.

Example: Consider a domain with a total volume (vioa) Of 3 pm?, where the fluid
volume (vquig) is 1.2 pm?.
Substituting these values into Eq. (2.94), we have
o Vud 12 g (2.97)
Viotal 3
Thus, the porosity ¢! is 0.4 or 40%, meaning that 40% of the total volume is occupied
by the fluid.

2.9 Literature Review

Mucus is a vital component in the human respiratory system, playing a crucial
role in maintaining respiratory health by protecting the airways from harmful substances.
It is primarily composed of 95% water, 2-3% glycoproteins and proteins, 1% minerals,
1% lipids, and 0.02% DNA [22, 29]. However, excessive mucus production can result
some illness. The mucus forms a protective layer above the periciliary layer (PCL) in
the respiratory tract, acting as a barrier to trap harmful substances. It is then expelled
from the body through a natural mechanism called mucociliary clearance (MCC) [11].
The MCC has been extensively investigated and well documented in scientific literature
[2, 5, 6, 15, 19, 20, 24, 34, 37]. For instance, R. Bansil and B.S. Turner [1] reviewed
the fundamental aspects of mucus including its structure, synthesis, composition, and
secretion. M. Jory et al. [16] studied mucus in human bronchial epithelial (HBE) cultures
and measured the viscoelastic properties of HBE mucus from patients with chronic
obstructive pulmonary disease (COPD), and smokers. S.J. Kelly et al. [18] investigated
water sorption properties of human airway mucus and analyzed the available mucus
samples from COPD, cystic fibrosis (CF) patients and healthy individuals. S. Ren et al.
[30] used the Eulerian wall film model to simulate four coughing strategies for patients
with COPD and neuromuscular disorders, highlighting the impact of mucus thickness and
viscosity on cough efficiency. W.L. Lee et al. [20] studied a two-layer Newtonian fluid
model, which consists of an upper mucus layer and a lower periciliary layer. Based on
the projection method combined with the Immersed Boundary Method, he simulated
the mucociliary transport process with the prescribed velocity of the beating cilia. Since
mucus is expelled from the body by the movement of cilia, the investigation of ciliary
motion has become a key component in understanding the MCC. For example, M.H.
Sedaghat et al. [33] studied the effect of cilia abnormalities on the MCC in bronchial
airways. L. Xu and VY. Jiang [44] investigated the motion of five rods (cilia) using a rod-
propel-fluid model. They observed that the differences in cilium height significantly
enhanced driven transport efficiency, while an increase in cilia density and beating

frequency enhanced the transport capacity of the MCC. P.R. Sear et al. [32] studied



23

ciliary motion by using video microscopy to record planar ciliary motions that could be
used to validate mathematical models or investigate ciliary function such as in primary
ciliary dyskinesia (PCD).

Several studies have employed mathematical models to describe the behavior
of fluid flow in the periciliary layer (PCL) and mucus layer (ML). For example, K. Fujisawa
and A. Murakami [14] investigated flows in porous medium and free-fluid domains in
the PCL using Darcy-Brinkman equations. S. Poopra and K. Wuttanachamsri [27, 28],
and S. Suankasem et al. [35], employed the asymptotic expansion method to one-
dimensional macroscale Stokes-Brinkman equations to determine the velocities of PCL
fluid using different approaches. S. Phaenchat and K. Wuttanachamsri [26], T. Kasamwan
and K. Wuttanachamsri [17], and N. Oangwatcharaprakan and K. Wuttanachamsri [25]
have previously determined the velocities of PCL fluid using a finite element method
for one-dimensional nonlinear Stokes-Brinkman, unsteady-state Stokes-Brinkman, and
Navier-Stokes-Brinkman equations, respectively. In their approaches, the transient and
nonlinear terms are solved by a finite difference method and classical linearization
method, respectively. K. Chamsri [8] discretized n-dimensional macroscale Stokes-
Brinkman equations by using a mixed finite element method which was employed
to find the velocity of the PCL fluid in [42]. K. Wuttanachamsri [40] studied the free
interfaces at the tips of cilia using a macroscale Brinkman equation. V.S. Verma and V.
Rana [38] employed steady-state mathematical modeling to examine mucus transport
in the human lung airways across two layers: the free-fluid region and the mucus layer
(ML). M. A. Modaresi and E. Shirani [23] investigated the velocities of both the periciliary
layer (PCL) and ML using three-dimensional mathematical models. These velocities
were influenced by various in mucus viscosity and exhibited distinct behaviors at the

PCL/ML interface during coughing and sneezing.



Chapter 3
Mathematical Models

In this chapter, in the beginning, we present the discretization of the governing
equations using a mixed finite element method of the Taylor-Hood type. The boundary

conditions applied in this work for the domains ©; to Q4 are presented in Section 3.2.

3.1 Model Discretization

In this section, we present the discretization of the equations, provided in Chap-
ter 2. These equations include the nonlinear Brinkman equation, the steady-state
Navier-Stokes equation, and the Stokes equation. They are discretized using the mixed
finite element method of Taylor-Hood type, and the nonlinear term is handled by the
Newton’s method.

3.1.1 The Nonlinear Brinkman Equation

In this section, we present the discretization of the nonlinear Brinkman equation
and the continuity equation, which describes the fluid flow in the domain Q;. The

equations are given by [39, 43]
p(VH- V) + Vp — g (A +V - (V- e'Vh)) —pg = —pk - (e'V —lv?) . (B.1)
vVl =, (3.2)

where the variable V! is the velocity of the liquid phase, p is the fluid density, ! is the
porosity, u is a dynamic viscosity, g is gravity, k=1 is the inverse of the permeability

tensor, p is pressure, v¢ is the velocities of the solid phase. The function f is given by

él

L lys
7(1—51)+v elve, (3.3)

f:,

where
, O¢!

g = n +ve . Ve (3.4)
represents the material time derivative of the porosity with respect to the solid phase.
Define v = ¢!v!. Since the porosity € is a constant, substituting Eq. (3.2) into the fourth
term of Eq. (3.1), we have that Egs.(3.1) - (3.2) become

p
(e)?

(V-VV)+ Vp — g (AV+ V) —pg=—pk™' - (v—e'v¥), (3.5)
V-v=f. (3.6)

In the two-dimensional domain, the velocity vector v is defined as

Vi (”1) , (3.7)
Vo
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where v; and v, are the horizontal and vertical velocities, respectively. The gravity

g— (gl) , (3.8)
g2

where ¢g; and g2 represent the gravity in the horizontal and vertical directions, respec-

vector g is given by

tively. The inverse permeability matrix k=1 is given by

k—l — (kll1 kf21 (3 9)
k;ll k221
The vector differential operator V is defined as
o
v ai _ (a;) , (3.10)
" \om

where z; and x5 specify the coordinates in the Cartesian coordinate system, indicat-
ing the horizontal and vertical axes, respectively. This operator is used to express as

follows.

Gradient of a scalar field f:

31}2

of
v 9 _ (3) . (3.11)

e Gradient of a vector field v:

Ov; vy vy

Vv =+ = |90 Odvz] (3.12)
Oz vy Ova
8921 8322

Divergence of a vector field v:

_ Qo oo, O (3.13)

Vv 81‘]‘ N 871)1 83:2

Laplacian of a vector field v:

ov, _ (5 + 54

AV =2 = (a o | (3.14)
J Ox? 0x3

The equations (3.5) and (3.6) can be expressed in indicial notation as follows
p ov; dp w [ 0%v;  Of B )

(2 (Uj 6%) Tow  d <ax; + ga; | T Poi= kg (v —ghp), (315)
a’l}j N

9z (3.16)

where i,j =1,2.
Before discretizing the two-dimensional nonlinear Brinkman equation used in
the domain. ©;, we first derive the weak formulation of these equations. That is multi-

plying Eqg. (3.15) by a weight function w and multiplying Eq. (3.16) by a weight function
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@, and then integrating over the domain ©,. We obtain

p 801) ,u 82vi —1 ap
—— | wo; — = |w + pk wv; + wo— | dS2
I8 [W (57,) 4 ( o3 | I g | 0 517
H of l.—1, s
= [l 5 () + s v
ij
Q=—Ld0% = | QFf d. (3.18)
Q1 313]‘ Q1

Subsequently, we apply the Green’s first identity to the second and fourth terms in Eq.
(3.17), as well as the source term £ (w%) Then, Eq. (3.17) becomes

/ P, OV Ow O 0w

o} (El)2 J 6xj €l 8373' 8l‘j . i J 8.13ip

= / PYiw — 4 Ow
01 ! €l ﬁxz

H Jv; o
—i—/F Ll (wax]nj> — wpn; + Elwfni} dr,.

P

dsdy

f+ uzslkijlwv;] dSy (3.19)

Here, T', represents the boundary of the domain €, and n; (for: = 1,2), denotes an
outward unit normal vector. Therefore, Eqgs. (3.18) and (3.19) represent the weak
formulation of the system of equations (3.15) - (3.16). Let @, = [JQf, where Q$ denotes
the element domain. Then the integration over the domain Qlecan be represented as

the summation of the integration over the element domain. That is
e p v w Ow v ow
_r ) [ H YW A 71 el e
ez_:l/i [(fl)Q <m] 3%‘) " &l oz, 0a, A 3331-4 *

ow — s e
[pgiw — gaxif + uelkijlwv.‘j} dos (3.20)

+ 2 /F; {Z <w§;);n]> —wpn; + gwfm} dry,
3 Q% dQs = i Qf dQs, (3.21)
=i Jas 0w e=1"%
where N, is the number of elements.
Define the space L3(9) as
L2(Q) = {p e L*(Q) : /Q pdQ =0}, (3.22)

Let v}, and P, be finite-dimensional subspaces of H*(©2) and L3(£2). To find the depen-

dent variables (v;,p) € Vi, x Py, we approximate them by

K,

viX) = Y k(uf =TV, =12, (3.23)
k=1
Ly

p(X) = ¢i(x)p = @P, (3.24)
=1

where V; and P are vectors of the velocities and pressure, respectively. The superscript

T denotes the transpose operation, and , and ¢, are shape functions used for velocity
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and pressure approximations, respectively. The vectors ¥ and & are the vector forms
of the shape functions ¢, and ¢, respectively. In this work, we adopt the Taylor-Hood
mixed finite element method, where the velocity is approximated using quadratic shape
functions and the pressure is approximated using linear shape functions. For triangular
isoparametric elements, we use six nodes per element for the velocity approximation
and three nodes per element for the pressure approximation; that is, K,, = 6 and L,, = 3.

Using the shape function ¢, we approximate the velocity of cilia as
K’Vl
Vi) =D k() = WTV5, =12 (3.25)
k=1

The weight functions w and @ are chosen based on the Galerkin method and are there-

fore approximated by the shape functions as follows.
w =~ ’Lﬁ]€7 Q ~ ¢l- (326)

Therefore, by substituting Egs. (3.23) - (3.26) into Egs. (3.20) and (3.21), the integration

over each element is as follows

ouT p [ Ov auT
T\/ . e\/. ~ il
(6 ‘/QT \Ij(\Ij V]) 8xj dQlVl + El Q¢ 8.13]' 8.13j

p
l)2
o
/ @ngﬁP:pgi/ vaos - L[ 22
Q Qs et Joe Ox;
7
el

dQ5Vi + pk;! /Q ) o’ 40V,
1

am — S e
. D [dQy + Hflkijl o \I”I/ij Qi (3.27)

ouT
/ Ve, IV, — [ e n, dTP 4+ & /
r 9

+
8xj Ff, r

W fn; dTS,
P »
and

owT .
/chW dlej:/Q Df dOS. (3.28)
j ¢

Thus, Egs. (3.27) and (3.28) can be expressed in a matrix form as follows
N+A+B11 Blg 7Z1T Vl F1
Boy N + A+ By —Zg Vo =< Fp, (329)
A Zo 0 P E
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where the variables in the coefficients matrix are defined as

N= #Cj(vj%
A= LK,
)= | imwvﬂ)‘?; 495
T
Kj; = . gi%i a1,
By =k [ ww ags, (3.30)
Z; = /QT@%‘Z s,

€ /’l’ a\:[j € - S €
F, = pgi/ U dQS — g/ 8xif QX + pe'k;;! /Q LAVERVIo)

1 1 1

H a\I’T e T e H e
+ g F; \I/%nj deVi - F; UP n; deP + g . \Ianl drp,

E:/ Sf dQs,
a5

where 4,7 = 1,2. The repeated index j indicates the summation over j,j = 1,2. In
Eqg. (3.29), the term N is the nonlinear term. To handle this nonlinearity, an iterative
approach such as the Newton’s method is required.

To apply the Newton’s method to the nonlinear term N in Eq. (3.29), we first

rewrite the stiffness matrix, Eq. (3.29), into one equation. That is

KV =F, (3.31)
where K (V) represents the matrix in Eq. (3.29), V denotes the unknown vector and F
stands for the right-hand side vector in Eq. (3.29). Define

R\V)=K(V)V-F =0. (3.32)

From Section 2.6, the approximation of R can be expanded around the V(). That is

- - OR
R(V) ~ R(VYD —
V) ~RVD) + &

AV, (3.33)
V()

where AV = V-V and V) is the known vector. Substituting Eq. (3.33) into Eq. (3.32),

we obtain

- OoR _
RV + 54, AV =0 (3.30)
( ) oV V)
Updating V to be VU+1 and rearranging the Eq. (3.34), we have
R(V(I)) = - 8—B (\7(I+1) — \7(1)) = —J(V(I))(V(1+1) _ \7(1))’ (3.35)
oV V)
where
1 2 ol
OR
I 8T7 \Vi¢y) L 3512 2522 62;?32 (336)

9R3 OR3 OR3
8\/1 8\/2 oP > \7(1)
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is the Jacobian matrix. To solve the unknown VU+1 we rearrange Eq. (3.35). We have
vUI+D — v _ =t y@)RVU), (3.37)

In order to solve the unknown VU+Y we provide the components of the vector R as
follows

Ry = (p(C1(V1) + C3(V2)) + g(Ku + Ko9) + Bu) Vi + BiasVy — ZIP — I,

(€))?

Ry = By Vi + <(€lp)2(01(v1) + 5 (Va)) + g(Ku + Koo) + B22) Vo — Z3P — By, (3.38)

R3 = 21V1 + ZQVQ — E,

and the components of the Jacobian matrix J are given by

(37]\2 = #(Cl(vl) + C1(1)Vq + Ca(Va)) + g([{n 4 Kas) + Bui,

=2

% = G CiV) + ColVa) + Co(WVa) + G (Kus + Kzo) + Baa (3.39)
-4

ORs _

oP

Substituting Egs. (3.38) - (3.39) into Eq. (3.37), we can compute the numerical results
for the unknown VU+Y defined in Eq. (3.37) within the domain Q,. This iteration is
repeated until [|AV||, < tolerance. So we obtain the final solution of the numerical

approximation of the velocity and pressure within the domain €.

3.1.2 The Steady-State Navier-Stokes Equation

In this section, we present the discretization of the steady-state Navier-Stokes
equation applied in the domain Q.. The governing equations for an incompressible

Newtonian fluid are given by
p(V-VV) — uAv + Vp = pg, (3.40)

V-v=0. (3.41)

For a two-dimensional domain, the equations can be expressed in indicial notation as

ov; 0%v; Op

(3.42)

vy

s =0. (3.43)
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To derive the weak formulation, we multiply Eqg. (3.42) by a weight function w and Eq.
(3.43) by a weight function @, and integrate over the domain Q,. We have

8’[)7; 82’07; 8p
Q2% 40, — 0. (3.45)
Qs 8$J

Applying the Green'’s first identity to the second term of Eq. (3.44), we have
ov; ow Ov; 8w

O,
= / pgiw do —|—/ (uwvznj — wpni> dls,
Qs Iy a(Ej

where T is the boundary of domain Q,. Here, Egs. (3.45) and (3.46) are referred to as

(3.46)

the weak formulation of the steady-state Naiver-Stokes equation. Let Q, = [ QS, where
Q5 indicates the element domain in Q.. The integration over the domaineﬂg can be
written as summation of the integration over the element domain. Then, Egs. (3.45)
and (3.46) becomes

ge:/ wv_avi n (r“)iw(“)vi B ow d0°
p—t 3 p j@l‘j H@xj 833]' 633‘,']3 2

N N (3.47)
e e 8/[,}/
= w dQS + / ( We—n; — W nl) drg,
; /S ,, o 4% ; \pwggm — e f
Z Q‘%J Qs = 0. (3.48)

To approximate the vanabLes (v,-,p) € Vi, x Py, we substitute the approximations
given in Egs. (3.23) - (3.24) and (3.26) into Egs. (3.47) and (3.48). The integration over

each element is then expressed as follows

ov ouT ov

U (wTy, dQeV + u dQsV,; — P
p/sz o ) Qg a’fg 8:53 Qg 2
ouT (3.49)
:pgi/ v dQ§+u/ U——n; dI'fV; — [ U®Tn,; dI§P,
Q% e 3583 Ffe
/ cpa‘I’ dQsV; = 0. (3.50)
Ox;
Consequently, the matrix form of Egs. (3.49) and (3.50) is
N+A 0 7Z1T Vi, D,
Z1 Zo 0 P 0
where the variable in the coefficient matrix are defined as
N = pC;(V;),
A =k, (3.52)

ot
Dingi/ \IJdQS—Q—M/\IIa nj dU'¢V; — /\INIJ n; dLfP, i1 =1,2.
Q re Ly

e
2
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The nonlinear term in Eq. (3.51)is N = pC;(V,), which can be solved using the Newton’s
method.
To apply the Newton’s method to Eq. (3.51), we first define the residual vector
as
R\V)=K((V)V-D=0. (3.53)
where K (V) is the matrix in Eq. (3.51) and D is the right-hand side vector. Then, we

have the following iteration process to solve the nonlinear system
vIHD — vy _ gL vUR(VY), (3.54)

To solve the unknown VU+1 we provide the components of the vector R and the

Jacobian matrix J as follows
Ry = (p(Cr(V1) + C2(V2)) + p(K11 + K22)) Vi — Z{ P — Dy,
Ry = (p(C1(V1) + Ca(V2)) + p(K11 + K22)) Vo — Z3 P — Dy, (3.55)
R3 = Z1V1 + Z5Vs,

and
0R,y
EYA
0Ry
OV
OR,y
P
OR4
vV,
OR4
Vs
OR4
P
ORy
EYA
OR;
YA
OR;
-p =

Substituting Egs. (3.55) - (3.56) into Eq. (3.54), we can compute the numerical results

= p(C1 (V1) + C1(1)V1 + C2(V2)) + (K11 + Koz),

= p(C1(V1) + Co(Vz) + C2(1)Va) + pu(K11 + Ka2), (3.56)

for the unknown VU+1 in Eq. (3.54). This iterative process is repeated until ||AV||, <
tolerance. Then we obtain the numerical approximation of the velocity and pressure
within the domain €.

3.1.3 The Stokes Equation

In this section, we present the discretization of the Stokes equations applied
within domains Q3 and 4. We follow the same process as described in the previous
section. However, the Newton’s method is not applied here since the Stokes equation

does not contain nonlinear terms. Therefore, the Stokes equations are as follows [43]

Vp — pAv = pg (3.57)
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Vv = 0. (3.58)

For a two-dimensional domain, the equations can be expressed in index notation as
Op 0%v;

o, M o = pgi, (3.59)
Ovj _
o (3.60)

Let Q, be Q3 or Q4. To discretize the two-dimensional Stokes equation, we derive the
weak formulation of the equation by multiplying Eq. (3.59) by the weight function w
and Eq. (3.60) by the weight function @, then integrate over domain €, we have

2
/ Op uwa Yi dQy, / wpg; dQy (3.61)
Qa (9% 8.13] Qa

/ ngf 9, = 0, (3.62)
Qa J

Next, applying Green’s first identity to the left-hand side of Eq. (3.61), we have

ow 0Ov; ow ov;
ow gvi _ 0, = w dQ) Vi i — wpm; | dT :
/Q a (u 5 o 3mip)d . /Q pw 0 + /F (uw G wpm>d w (3.63)

a

where T, is the boundary of the domain Q,. Thus, Eqgs. (3.62) and (3.63) represent
the weak formulation of the Stokes equation. Let Q, = [JQ¢ where Q¢ is the element
domain. Therefore, Egs. (3.62) and (3.63) can be written as summation of the integration

over the element domain, which gives

aw 31}1 e e e
Z/e ( (9CL‘j oz, 5501 )dQ Z/ pgiw dSd;, —|—Z/ ( wpm> dare,
(3.64)
N, ‘
$ / Q2% goe — 0. (3.65)
e=1"79% axj

Substituting the approximations (3.23) - (3.24) and (3.26) into Egs. (3.64) and (3.65), we

have the integration over each element is then expressed as follows

T
oV o dQeV; — / @Tdﬂe
qe Ox; Oz, Ox;
. - (3.66)
= pYi / T dQ° + / U——n; dleV,; — [ V& n,; dTEP,
e e 5x] 1'\2
T
/ ol dQeV; = 0. (3.67)
Oz
Then, Egs. (3.66) and (3.67) can be written in the following matrix form
A 0 —zF \ D,
0 A —Z; V2 = D~2 ) (368)
Zi Zo 0 P 0
where
N 0w’ " .
D, = pgi/ U dQs + M/ U——n; dI';V; —/ Vo n,; dISP, i =1,2. (3.69)
Qe re aﬂ?j e

We now have the element matrix for both domains Q3 and Q4, allowing us to compute

the numerical results for fluid flow within these domains.
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3.2 Boundary Conditions

In this section, we present the boundary conditions applied in this work. The
boundary conditions used to compute the velocity of the PCL fluid in ©; and Q5 are
presented in Section 3.2.1. The boundary conditions used to find the fluid velocities in

Q3 and Q4 are provided in Section 3.2.2.

3.2.1 Boundary Condition for the PCL

Figure 3.1(a) shows the boundaries T';, i = 1,2, 3,4 when the cilia are perpendicu-
lar to the horizontal plane, while Figure 3.1(b) illustrates the boundaries T;, i = 1,2,...,7
when the cilia make an angle 0 less than 90° to the horizontal plane. The variable y;
represents the dimensionless height of the porous medium. For the boundary condi-
tions used in the PCL, we first assume that there is no velocity at the ciliary rootlets in
domain ©;. That is the velocity of the PCL fluid is zero at Ty in both Figure 3.1(a) and
(b). The rate of change of velocities with respect to z, is zero at the top of the domain
Q, and also at I'y in Figure 3.1(a). The velocity is continuous at Ty in Figure 3.1(b). At
'z, the rate of change of velocities with respect to z, is zero, meaning the maximum
magnitudes of v; and vy occur at I'z. Thus, the boundary conditions are summarized as

follows.

v; =0, fori=1,2, atTy,

gvi —0, fori=1,2, at Ty,

Jo (3.70)
—L =0, atIyin Figure 3.1(a),

8$2

vy =0, at Iy in Figure 3.1(a).

Here, at the boundaries I';, I's, I's and T's, the velocities are assumed to be unknown.

Figure 3.1: Numerical domains and boundaries of the problem. (a) The cilia are perpendicular
to the horizontal plane. (b) The cilia make angle 6 less than 90° to the horizontal

plane.

To apply these, boundaries in the domains ©; and Q,, we first focus on the

boundaries in domain Q,, which are located at I'; — I'y, as shown in Figure 3.1. The



boundary terms in Eqg. (3.20) are given by

v
(i‘).’L‘j

IAEIC

e
P

For i = 1, we obtain

P

For i = 2, we obtain

P

Here, we define

/ [ Ovy +8111
Zw| =n +-—n
re L€ o, 1 Oxg

/ 1y (02, 4 O
e _El 8171 ! 81’2

nz) — wpng + gwfnz

) — wpny + gwfnl

K e
nj> — wpn; + Elwfm} dry.

dr,

dr.

Fp:P1UF2UF3UF4,
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(3.71)

(3.72)

(3.73)

(3.74)

(see Figure 3.1). The outward unit normal vector n; and ny at T'y, Ty, T's and 'y are given

by

n=(ny,ng) =

(0’_1)7
(_13 0)7
(1,0),

(0’ 1);

on Fl;
on I'y,
on I's,

onTy.

(3.75)

Therefore, at each boundary, we apply the boundary conditions to Egs. (3.72) and

(3.73). Therefore, at I';:

1

/(13 51 aixl 3%2
/ B (202, 4 O
. el ory 1 Oz

_ 5 5 :
/ B (vlm N 111n2> —wpny + Lofny | drg
g L€ (9171 3z2 3 ]
_ 9 9 ;
/ ﬁlw (1}2711 + 1}2712) — wpnz + ﬁlwfng dl’s
e le 0x1 0x4 € |
At ng
[ v v |
/ ﬁlw i+ —ny ) — wpny + ﬁlwfnl
cle 0x1 0xo € |

3

81}2

3

/ I ovy ovy
—w | =—n —n
re 5l 6:61 ! 85U2 2

/ Hois (1 ryeq B2
re €lw &Elnl 0za

- 5 -
/ ﬁlw <2n1 + n2> — wpng + ﬁlwaZ
re L€ 0x1 0x2 € |

W Oug

dars = —w—dI'§.
3 /Fs Elwaxl 3

At Iy, for the case where cilia make angle 6 = 90°:
H e _
) — wpny + Elwfnl] ary =0,

n2> = wpng 4 gwfng] dr§ = —/ (wp < gwf> dry.
g

(3.76)

(3.77)

(3.82)

(3.83)
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At Ty, for the case where cilia make angle 6 < 90°:

/ [Mw (31}1 ny + 3mn2) —wpnq + glwfnl] drg = / Nw% drsg, (3.84)
rs r

= —ny =
El 8%‘1 81‘2 ZEZ 81‘2

1 ov ov I . uwo Ov I .
[ v (Gzm+ Grama) st g avi= [ (G —wn s B ) ar
(3.85)

Now, we can apply the boundary conditions given in Egs. (3.76) - (3.85) to Eq. (3.29).
Note that the terms involving vi,v and p can be moved to the left-hand side to be
incorporated into the matrix in Eqg. (3.29).

Next, we consider the boundary conditions in domain 2., focusing on the bound-
aries 'y — I'z. The domain Q, appears when cilia make the angle 6 < 90° (see Figure

3.1(b)). For each element, we examine the boundary terms in Eq. (3.47), given by

/ (uwavinj - wpni) drs (3.86)
Te (9Z‘J
¢
For i =1, we obtain
/ LW %m + %ng —wpny | dI'§. (3.87)
Te (91'1 81'2
f
For i = 2, we obtain
/ {,uw (81}2”1 + 3112n2> — wpng] drs. (3.88)
F 8331 63:2
We define
If=T,UlsUTsUTY, (3.89)

(see Figure 3.1(b)). The outward unit normal vector n; and n, at T'y,T'5,Ts and T'; are
given by
(0,—1), on Ty,

(-1,0), on T},
N =(ni,ne) = (3.90)

(1,0), on T,

(0,1), on I'y.

Therefore, at each boundary, we apply the boundary conditions to Egs. (3.87) and
(3.88). Therefore, at T'y:

ovy Oovy e o .
/Fz [uw (8@1”1 + 8@”2> — wpnl} drg = /z uwa—m dry, (3.91)

Ova O0va e % B .
/Fj [uw (5:51”1 + 8x2n2> — wpng} dr§ = _/j (/,Lwax2 wp) dry. (3.92)

pw %nl + %nz —wpn | dI's = _/ Mw% —wp ) dLs, (3.93)
Ox1 T2 g Oz1

19)
[uw (é@nl + f%—?ng> = wpng} dIg 55 —/ uw% drs. (3.94)
i 0xa e T
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At Ts:
vy vy e % B .
/rg {uw (axlnl + axzn2> - wpnl] drg = /rg <uwaxl wp) drg, (3.95)
81)2 8’1)2 e __ % e
/Fg {,uw (8561n1 + 3932n2) - wpng] drg = /g ,uwﬁa71 drg. (3.96)
At I
8’01 61}1 e
/1‘; {,uw (axlnl + émng) — wpnl} drs =0, (3.97)
(%2 81}2 e _ e
/F; {yw (3371”1 + 6x2nz> — wpng} drs = /F$ wpdl's. (3.98)

Now, we can apply the boundary conditions given in Egs. (3.91) - (3.98) to Eq. (3.51).

It is important to note that I'y is the interface between the domains Q; and s,
serving as the interface between the porous and free-fluid regions. In this work, we
assume that the velocity is continuous at Ty, i.e., there is no jump in velocity across
the interface. So, we use the outward unit normal vectors at the element boundaries.
This leads to the cancellation of certain boundary integrals over I'y. However, since
different governing equations are used in different domains, not all integration terms at
I'y can be canceled.

3.2.2 Boundary Condition for the Free-Fluid Region and the Mucus Layer

For the boundary conditions used in the free-fluid region (Q23) and the ML (),
we assume that the bottom boundary is located at the tips of the cilia when the cilia
make angles with the horizontal plane = 90°,80°, 70°,60° and 50° in one fixed domain.
Figure 3.2 displays boundaries used in domain Q3 and Q4. The variable y,;, denotes
the zo-coordinate at the top of domain 4, while the dimensionless ypcr represents
the cilia length in the perpendicular case, set to 1. Similarly, the dimensionless of ya,
is set to 2. The variable y;,, represents the interface between the porous medium and
the free-fluid region for each angle. For example, v;,(70°) denotes the interface at 70°.
Here, we assume cilia bend downward from 6 = 90° to 50°, decreasing by 10° every
0.2 increment along the z;—axis. These angle ranges correspond to z; = 0 to z; = 1,
divided into intervals of 0.2 each. At 6 = 40°, the cilia are assumed to stop beating [32].
In this study, we assume the velocity is continuous at the interface (I'y) between the
free-fluid region and the ML.

Thus, the boundary conditions in domain Q3 are defined as follows

Ui(xhyin) = Vi;p, at FSa (399)

where vy, and vy, represent the velocities of the PCL fluid in z;— and zs— directions,
respectively, as obtained from [41]. Note that z, value corresponds to y;, for each
angle. To consider the ML boundary, we use the velocity of the PCL fluid obtained

from domain Q3 as the boundary condition at the bottom of domain Q4 (at T'y) for
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Figure 3.2: Numerical domains and boundaries of the domains Q3 and Q.

angle 0 < 90°, while the velocity of the PCL fluid at z3 = v;,,(90°) is obtained from [41].

At the boundary T';3, we assume that

dvi

By = 0. (3.100)

The boundaries I'1g,T'1; and T'j5 are assumed to be unknown.
To apply the boundary conditions Egs. (3.99) - (3.100) to Eq. (3.68), we express

the integration over boundary in Eq. (3.64) as follows,

J

/ LW ((%1 + (91}1n2) —wpnq | dI. (3.102)

aiﬂnl 81‘2
I

These equations can be used for both domains Q3 and Q4. We now focus on the

(ungvilnj - wan) dre. (3.101)

J

e
a

For i = 1, we obtain

a

For i = 2, we obtain

8I1 8952

Mw (8’02”1 + 81}2”2) — wpn2 dFZ (3103)

domain Q3, which is bounded by three segments: I's,T'g and I'yg. The boundary T, for
the domain Q3 can be expressed as

I', =TsUTgUTp. (3.104)
The outward unit normal vector n; and ny at I's,I'g and I’y are given by

(0,—1), on the horizontal segment of Ty,

(=1,0), on the vertical segment of T,
n= (nl,ng) = (3105)

(0,1), on Iy,

(1,0), on I'yg.
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We apply the boundary conditions to Eq. (3.102) and (3.103). Therefore, at the hori-

zontal segment of T's:

At Tg:
0vy ov _ o .
/Fg {uw (afﬁ 1 an2> — wpnl] al's = /c uwa drs,
vy Ovs e V2 e
/Fg {,uw (6961 1t 5 n2) wpng] dl's = /e <Mw(‘3x2 wp) dr'g
At FlO

ovy ov . ov .
/e [uw <8x1n1 + 83:;@) — wpnl} dI'ig = /70 (uwaxi — wp> dI'fy,

0vy Ovsy vy
_ T¢, — —=dI'¢,.
/Fc [uw (8x1 ny + Oy n2> wpng | dI'f, /F ,uwaxl dr's,
10

e
10

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

Now, we can apply the boundary conditions given in Egs. (3.106) - (3.113) to Eq. (3.68).

Next, we consider the boundary T', in the domain Q4. For this domain, the

boundary T',, is defined as
Fa = Fg U Fll U F12 U Flg.

The outward unit normal vector for I'g,T'11,T'12 and I'y3 are given by

(0771)5 on F9a

(—170), on Fllv
n= (nl,ng) =

(1,0), on 1_‘127

(071), on I'y3.

We apply the boundary conditions to Egs. (3.102) - (3.103). Therefore, at I'y:

oy oy
- -— — I's =
/Fg [,uw <8x1n1 + 3x2n2) wpnl] dl'g = 0,

ov (%) e e
/g [uw <8xln1 + 6@”2> — wpng] dl'g = /e wp dl'y.

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)
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At Ty
Oy 4 o ‘= o :
e, [Mw (8951711 + 8@”2> - wpm} dl'yy = /‘{2 (Mwaxl wp) dl'f,, (3.120)
8’02 6’02 e % .
/F?2 [Mw (8301111 + 8x2n2> - wpnz} dl'{y = /Fig uwaxl dl'{s. (3.121)
At F13
/ [Mw (Zzinl + gz;m) — wpnl} dl'{s =0, (3.122)
Ity
/ w220+ 220, — wpn dre——/ wp dT (3.123)
re, a o, = Oz 2 P12 13 = re, palys. .

Now, we can apply the boundary conditions given in Egs. (3.116) - (3.123) to Eq. (3.68).



Chapter 4
Numerical Results

In this chapter, we present the velocities of the PCL fluid and mucus, obtained
using a computer program to solve our governing equations. To validate our results, we
provide the exact solution of the Brinkman equation in Section 4.1, and we compare
our numerical solution with the exact results in Section 4.2. The numerical solutions of
the nonlinear Brinkman equation, as well as the steady-state Navier-Stokes and Stokes

equations, are presented in Section 4.3.

4.1 Exact Solution

To verify the accuracy of our code in this section, we present an analytical
solution of the one-dimensional Brinkman equation, Eq. (3.1), when the nonlinear,
cilia velocity, and gravitational terms are omitted. This analytical solution is used to
compare with the numerical results. The simplified one-dimensional form of Eqg. (3.1)

can be expressed as

ndo oy dp
el dx3 pk= v = dxi’ @.1)
where jT‘D is a constant. The boundary conditions are
1
v(Ly,) = v and v(0) = 0. (4.2)

where L,, and vy, are constants. To derive the analytical solution that satisfies the given

boundary conditions, the homogeneous form of Eq. (4.1) is
S —pk v =0. (4.3)
2

Hence, the general solution of Eq. 4.3 is given by

zoVelk—1 Velk—1 (44)

ve(x2) = cre + coe™ "2 ,

where ¢; and ¢, are arbitrary constants. Next, we determine the particular solution
vp. Since the right-hand side of Eq. (4.1) is constant, we assume a constant particular
solution of the form

vy = Ap, (4.5)

where 4, is a constant. Then, the first and second derivatives are
1};) =0 and U;)’ =0. (4.6)
Substituting Egs.(4.5) and (4.6) into Eq. (4.1), we obtain

B T
nk™ A, = ey (4.7)
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Rearranging Eq. (4.7), we have

1 dp

A, = T day (4.8)
Thus, the particular solution becomes
_ 1 d
U= T g (4.9)

Therefore, the general solution is the sum of the complementary and particular solu-

tions, given by
zoVelk—1

Vet _ 1 dp

To find the value of ¢; and ¢y, we apply the boundary conditions, Eqg. (4.2), to the

v(xa) = cre + coe T2

general solution, Eqg. (4.10). With v(0) = 0, we have

0= 0v(0) = ¢;®VEF " 4 pelVERT! 7%@ (4.11)
pk—1 dzq
Eq. (4.11) is simplified to
_ 1 _dp
c1 = —Cy + /j,k_l dl‘l . (412)
Next, applying the second boundary condition v(L,,) = vz, we have
vi = V(L) = crelnVIFT 4 gy ImVETRT _ Mkl_l C%f’l. (4.13)
Substituting Eqg. (4.12) into Eq. (4.13), we have
_ [ _ 1 @ Ly,Velk—1 —L,Veltk—1t 1 d7p
v = < co + 7#]6_1 dw1> e + coe T dn (a4.14)
Hence, the constant ¢, is given by
_ VL — uklﬂ ;ZTE)I (eLm - 1) (4 15)
T T L VAR _ gLkt '
Substituting Eq. (4.15) into Eq. (4.12), we find
v — 171d7p 6Lm\/slk*1 -1
A L = 0k—T dzy ( ) 1 dp (4.16)

— —_t
e_Lm eltk—1t _eLm eltk—1 /,Lk/‘_l d.’l’;l

With the constants ¢; and ¢, determined, the exact solution, Eq. (4.10), can now be

computed and compared with the numerical results presented in the next section.

4.2 Validation of Numerical Results

To verify the numerical solution, we apply the mixed finite element method of
Taylor-Hood type to the nonlinear Brinkman equation (3.1) and the continuity equation
(3.2) when the nonlinear term, cilia velocity, and gravitational term are neglected. We
obtain the velocity of the PCL fluid in the two-dimensional domain. The result is
averaged over z;—axis and then compared with the analytical solution, Eq. (4.10). The

values of the parameters used in this computation are: the inverse of permeability £+
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is ;
0.0027’
wis 3 x 1076 and the both the boundary velocity v, and the height of domain L,, are

the pressure gradient Z—p is —1 x 1077, the porosity £ is 0.7487, the viscosity
X

set to be one. For a two-dimensional domain, we discretize our domain with four
different levels of mesh refinement. The number of nodes in the x,-direction ranges
from 7 (coarsest mesh) to 61 (finest mesh). Figure 4.1 presents the average velocity
vy profiles for 7,17,31 and 61 nodes in the z,-direction. The corresponding results are
shown together with the exact solution to illustrate the convergence behavior. The
average velocity v; for 7,17,31 and 61 nodes are represented using plus, circle, cross,
and diamond markers, respectively, while the exact solution is indicated by an asterisk
marker. The I,-norm errors of 7,17,31 and 61 nodes are 0.0919,0.0277,0.0141 and 0.0053,
respectively. These results demonstrate that the numerical solution converges to the
exact solution as the number of nodes in the z,-direction increases. This indicates that

the numerical result is in a good agreement with the exact solution.

0.9 L —+— 7 nodes
17 nodes
—»—31 nodes
0.8 —o—61 nodes
——exact solution
0.7+

To-axis(um)
s o o o
w =~ ot ()]
T T T T

=
[\V]
T

0.1+

1
-0.2 0 0.2 0.4 0.6 0.8 1
vi(pm/s)

Figure 4.1: The average velocity v; profile of two-dimensional numerical solution for 7,17, 31 and

61 nodes and the exact solution when 6 = 90° along z»-axis.

4.3 Numerical Solutions

In this section, we present the numerical results for the velocities of the PCL and
the ML using the nonlinear Brinkman, steady-state Navier-Stokes, and Stokes equations.
These equations are solved using a mixed finite element method of Taylor-Hood type,
and the'Newton’s method.
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4.3.1 The Numerical Solutions of the Nonlinear Brinkman and the Steady-State

Navier-Stokes Equations

In this section, we present the numerical solutions of the nonlinear Brinkman
and the steady-state Navier-Stokes equations by using a mixed finite element method
combined with the Newton’s method. Since only the forward stroke is considered, we
assume the cilia have maximum velocity at the angle 6 = 90° and the velocity decreases
with decreasing angle 0 to § = 50° and reaches zero at the angle 6 = 40°, where the
cilia stop beating. The speed of cilia |v*| used in this study is provided in [42], which
contains eighth-order polynomial functions describing the speed of cilia at each angle.
The cilium length is normalized to a unit length of one. So, the polynomial function
from [42] is shown in Table 4.1.

Table 4.1: The eighth-order polynomial functions: a1 A\®4+asA"+az 8 +as\®+asA* +as A3 +ar A% +asA
is used to approximate the speed along a cilium for the angles 8 = 90° to 50°.

Coefficients Degree ()
105 x 50° 60° 70° 80° 90°
ay 0.2498 0.4043 -0.4987 -0.3648 -0.5386
as -1.0781 -1.6788 2.1268 1.5687 2.2148
as 1.9290 2.8656 —3.7102 -2.7659 -3.7309
o -1.8459 -2.5945 3.4021 2.5751 3.3198
as 1.0133 1.3380 -1.7529 -1.3584 -1.6788
ae -0.3157  -0.3896 0.5012 0.4022 0.4803
ar 0.0504 0.0585 -0.0717 -0.0593 -0.0694
as -0.0023 -0.0024 0.0049 0.0044 0.0050

The variable ) is the distance along cilia divided by the length of cilia. So, 0 < X < 1.
Figure 4.2 shows the speed of cilia for the angles § = 50° to 90°. The speed along
the cilia increases from the base to the tip. The maximum speed occurs at 90° and
it decreases as 6 decreases. For the cilia velocity v¢ that appears in the nonlinear

Brinkman equation, it is as follows
Ve = (v§,v5) = (Jv°|sin (0), —|v®| cos (0)). (4.17)

Notice that when the cilia bend downward to the angle 6 < 90°, the vertical velocity of
cilia becomes negative. Therefore, the vertical velocity of the cilia v5 is negative in this
work.

For other variables, the viscosity p is 3 x 107¢ (g/(um - s)) and the gravity g is
(0,9.8 x 10%) (um/s?). The density of the fluid p = 992.2 x 107 (g/um?) is the water
density at 40° [36]. For the inverse of the permeability tensor, k=1, is obtained by
inverting the permeability tensor k from [9]. The values of k! for the angle 6 = 90° to

-1 . .
1] 727.]:1a27

50° are provided in Table 4.2. Table 4.2 shows the values of the element &
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Figure 4.2: The cilia speed for the angle 50°,60°,70°,80° and 90°

of the tensor k—1.

Table 4.2: The inverse of the permeability tensor k™! for the angles 6 = 50° to 90°.

The inverse of the permeability tensor, k=1

’ ki ki kot ks
50° | 992.3664 | —381.6794 | —381.6794 | 916.0305
60° | 748.2993 | —204.0816 | —204.0816 | 510.2041
70° | 658.1741 | —106.1571 | —106.1571 | 339.7028
80° | 596.5463 | —47.0958 —47.0958 | 266.8760
90° | 556.3690 | —14.6413 —14.6413 | 263.5432

Next, we provide the value of the porosity. The porosity ¢! representing the fluid volume

fraction depends on the angle 6. It is adopted from [9, 42] expressed as follows

el (h) = 0.52230°-3.02830* + 7.06300° — 8.49876% + 5.50560—0.8627.

(4.18)

The plot of the porosity function (4.18) is shown in Figure 4.3, illustrating how the

porosity & varies with the angle 6 (in radians) from 50° to 90°, which is used in the domain

Q. Notice that the porosity is a constant for each angle 9. The term &! appearing in the

term f is employed from [42], which is

. 000

and
00~ —=|v?|

%= 5 (4.20)
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Figure 4.3: The porosity for the angles 50°,60°,70°,80° and 90°

Next, we determine the velocity of the PCL fluid for angles 50° - 90° by applying
the mixed finite element method of the Taylor-Hood type and the Newton’s method
to the nonlinear Brinkman and steady-state Navier-Stokes equations with the boundary
conditions provided in Section 3.2.1. The mesh refinement is generated by the open-
source software Netgen [31]. The numbers of nodes are between 1000 to 1700 grid
points, as shown in Figure 4.4. Figure 4.4 shows the meshes generated in the PCL
domain where the cilia make the angles 50° to 90° to the horizontal plane. In each
graph, the bold horizontal line represents the free-fluid/porous-medium interface at
L2 = Ys.

For the nonlinear term solved by the Newton’s method, we use an initial guess
VI = 1 to calculate the numerical solutions. The iterations are stopped when [|AV/|; <
tol. Here, we let the tol = 5 x 10~%. Table 4.3 shows the number of iterations of the
Newton’s method, the computation time, and the number of degrees of freedom (#dof)
for each angle. Since the height of our numerical domain is 1, when the cilia bend down
from 90° to the angle § = 80°, the height of the porous medium at 80° is y, = 0.9848
and the height of the free-fluid region is 0.0152, a small value. So finer elements are
required in the free-fluid region. Therefore, the number of degrees of freedom when
the angle 6 = 80° is higher those that for the other angles.

The velocities of the PCL fluid, v; and v, are illustrated in Figures 4.5 and 4.6.
Figure 4.5 shows the velocity v; of the PCL fluid when the angles # = 50° to 90°. The
velocity is zero at the roots of the cilia. Figure 4.6 illustrates the velocity v, of the PCL
fluid when the angles § = 50° to 90°. During the forward stroke, the cilia start at the
angle 6 = 90°, bend down to the angle § = 50° and stop beating at § = 40°. So, the

velocity vy becomes negative for @< 90, while atcd =90°, the velocity vy is supposed
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Figure 4.4: The generated mesh of the PCL domain for various angles by using the open-source

software Netgen [31].

Table 4.3: The number of iterations of Newton’s method, computation time and number of

degrees of freedom for each angle.

6 | number of iterations | time (min) | #dof
50° 84 1600 2678
60° 56 1065 2863
70° 34 748 3184
80° 7 178 3725
90° 2 29 2267

to be zero but it is shaking around zero because of the numerical error.

Next, we average the velocities of v; and v, over z;-direction as shown in Figures
4.7 and 4.8. In these Figures, each curve is represented by two colors, except at 6 = 90°,
which is represented by a single color. The color in the lower part of the curve indicates
the velocity in the porous domain 4, while the upper part represents the velocity in the
free-fluid region Q5. The color distinction is also used in Figure 4.9. Figure 4.7 shows the
average velocities v; of the PCL fluid for all angles. The highest velocity occurs at the
angle # = 90° and the velocity v; decreases when 6 decreases. The average velocities
ve Of the PCL fluid for all angles are illustrated in Figure 4.8. The figure shows that the
velocity at the angle 6 = 90° is almost zero, while the velocities at other angles are
negative. Notice that the average velocities of vy of the PCL fluid decrease rapidly from
0-=/90>to |0 = 80°; then gradually decrease until 6 = 60°. From, 6 = 60° to ¢ = 50°, the
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Figure 4.5: The velocity of the PCL fluid v; in x;1-direction when the angles 6 = 50°,60°,70°, 80°,
and 90°.

Figure 4.6: The velocity of the PCL fluid vs in zo-direction when the angles 6§ = 50°,60°,70°,80°,
and 90°.

average velocity increases. This is because the cilia begin to stop beating, and the cilia
stop beating at # = 40°. Figure 4.9 displays the speeds of the PCL fluid by using the
value from Figures 4.7 and 4.8 for all angles. Note that the speed profiles of each angle
are almost the same as the average velocity of »;. This indicates that the velocity in the
x1-direction has significant influence on the motion of the PCL fluid than the velocity in
therzs-direction: Figure 4:10:shows the speed of thePClofluid and the speed oficilia for
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each angle. The speed of the PCL fluid is approximately 11%, 12%, 20%, 25% and 26%
lower than the speed of cilia for the angle § = 50°,60°,70°,80° and 90°, respectively,
which is in accordance with a physical meaning that the fluid speed is slower than the

speed of solid phases.

—~ 0.6 ' --0--90° in
—-0--80° in
o -70° in
—-0--60° in O
—o-50°in
—-0--80° in €y

xo(pm

100 150 200
vi(pm/s)
Figure 4.7: The average velocity v; of the PCL fluid for 5 different angles.
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—0--50°in O
—-0--80° in €y
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x2(pum

-25 -20 -15 -10
va(wm/s)
Figure 4.8: The average velocity vs of the PCL fluid for 5 different angles.
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Figure 4.9: The speeds of the PCL fluid for 5 different angles.
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Figure 4.10: Comparison between the speeds of the PCL fluid and cilia for each angle.

To compare our numerical solution with an available research, we compute the

average speed of the PCL fluid for all angles. The result depicted in Figure 4.11 shows

that the velocity is zero at the bottom and increases smoothly, reaching its maximum

at the top of the domain. Next, we compare the average speed for all angles with

the experimental data reported in [21]. They investigated the movement of the PCL in

well-differentiated human tracheobronchial epithelial cell cultures derived from non-

diseased (healthy) donors. The study employed conventional and confocal microscopy

techniques using fluorescent microspheres and photoactivated fluorescent dyes. The

research has revealed that the velocity of the PCL fluid is approximately 39.2+4.7 um/s.

From Figure 4.11, the average speed for all angles is found to be approximately 43 pum/s,

whichtis in good agreement withithe-experimental results.
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Figure 4.11: The average speed for all angles.

To enable more convenient use of the results for applications, we approxi-
mate the average speed profile for all angles using the 15th-degree polynomial. The
coefficients of this polynomial approximation are presented in Table 4.4. In this con-
text, the variable h, represents the position along the z,-axis, ranging from 0 to 1 and
vi,i = 0,1,...,15 are the coefficients. Figure 4.12 illustrates the comparison between

the 15th-degree polynomial approximation and the average speed for all angles. The

lo-norm error between the two curves is 0.0078.
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0.6 -
g
=
g
04+
0.2
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average speed(um/s)

Figure 4.12: The polynomial approximation and the average speed of the PCL fluid.
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Table 4.4: The fifteenth-order polynomial functions: p(h,) = p15h)® + p1ahp* + p13h)® + p12hy* +
4,011}1;1;1 + L,Olohzlgo + gﬁghg + goshﬁ + 4,07}1; + 4,06]12 + ¢5h2 + 904hf, + 503}12 + tpzh?; + w1hp + o
for the average speed of the PCL fluid for all angles.

Coefficient 107 x
P15 0.085160354082839
P14 —0.665839529348487
P13 2.355791755084539
P12 —4.987656285240524
P11 7.041097650319588
$10 —6.990579023195928
©9 5.016958957810736
P8 —2.634288563320434
w7 1.012894674178318
¥6 —0.282632301281962
©5 0.056087826666958
P4 —0.007641781629541
V3 0.000682936187941
P2 —0.000035983965625
p1 0.000007645678491
©o 0.000000000059390

4.3.2 The Numerical Solutions of the Stokes Equation

In this section, we present the numerical results of the Stokes equation by
using a mixed finite element method of Taylor-Hood type in both the free-fluid region
(3) and the ML (Q4). To determine the mucus velocity as realistically as possible,
we adopt the PCL fluid velocity in the porous medium from [41], where the angles
ranging from 90° to 50° are considered, within a single fixed numerical domain. Unlike
the previous work that each fixed numerical domain contains only one angle 6. This
velocity profile, obtained from [41], is used as the bottom boundary condition of the
domain Q3. Then, the velocity of the fluid at the top of the domain Q3 is used to be the
bottom boundary condition for the domain Q4. To find the fluid velocity in the domain
Q3, we first provide the velocities v; and vy of the PCL fluid at the cilia tips during the
forward stroke obtained from [41] in Figures 4.13 and 4.14, respectively. The different
colors represent the velocity at different angles. Figure 4.13 illustrates the velocity v,
of the PCL fluid at the tips of the cilia for the angles 6 = 50°,60°,70°,80° and 90°. It is
observed that the velocity is maximum at = 90° and then it decreases as 6 decreases,
reaching its minimum at ¢ = 50°. Figure 4.14 shows the velocity vy of the PCL fluid at
the tips of the cilia of the angles. 8 = 50°,60°,70°,80° and 90°, Note that the velocity vs
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is positive at § = 90° and decreases to negative values at other angles. This is because
the cilia bend downward during the forward stroke. These velocities are then applied
as the bottom boundary condition of the domain Q3 (at T's), except for the velocity at
0 = 90° because of the absence of the free-fluid region when the cilia are perpendicular

to the horizontal plane.

250
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——80°
—=—"70°
20074 60°| 1
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150 :
5
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0 ] ] ] ]
0 0.2 0.4 0.6 0.8 1

T

Figure 4.13: The velocities v; of the PCL fluid at the tips of cilia at the angles 6 = 50°,60°, 70°, 80°
and 90°.

To find the velocity of the fluid in Q3 and Q4, we specify the values of the
variables used in the numerical calculations for these domains. Since the viscosities of
the PCL fluid and mucus are different, we use p = 3 x 1076 (g/(um - 5)) in Q3 [42] and
p=2x10"2 (g/(um - s)) in 4 [10]. The values of the other variables are the same as
those in the previous section. The velocities of the fluids in 3 and €4 are solved by
solving the Stokes equation with the boundary condition mentioned in Section 3.2.2
using the mixed finite element method of Taylor-Hood type. The mesh refinement is
generated using the open-source software Netgen [31] as drawn in Figure 4.15. Figure
4.15 shows the mesh generation for the free-fluid region Q3 and the ML Q4 with 3051
grid points. The red bold horizontal line represents the interface between the PCL and
ML, serving as the boundary separating the two regions. The region above the interface
is the mucus layer (€,), while the region below the interface represents the free-fluid
region (Q3). Each of the horizontal steps below the interface corresponds to the tips of
the cilia at each angle. At 6 = 90°, the cilia are fully vertical, and no free-fluid region is
formed. As the angle decreases to ¢ = 80°, the cilia begin to tilt, and a free-fluid region
appears with small height. Further decreases in angle to 6 = 70°,60° and 502, result in

free-fluid regions with increasing vertical height. Therefore, each step in the domain Q3
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Figure 4.14: The velocities v, of the PCL fluid at the tips of cilia at the angles 6 = 50°,60°, 70°, 80°

and 90°.

increases in height as the angle decreases, with the tallest free-fluid region occurring at

0 = 50°.

Figure 4.15: Generated mesh for the free-fluid and ML domains using the open-source software

Neteen software [31].

From Figure 3.2, the free-fluid domain Q3 covers the angles from 6 = 80° to

0-=50°, since the free-fluid region-appears when the cilia beat at-angles less than 90°.
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This corresponds to the range of z; from 0.2 to 1. The heights of the vertical segment
of Q3, measured from the y;,(0) to ypcr, for the angles 8 = 80°, 70°, 60°, and 50° are
0.0152, 0.0603, 0.1339, and 0.2339, respectively. As a result, the velocities v; and vy of
the fluid in Q3 are plotted for angles ranging from the angles 6 = 80° to ¢ = 50°, as shown
in Figures 4.16 and 4.17, respectively. Figure 4.16 shows the velocity v; of the fluid in
Q3, where the maximum velocity occurs at the angle ¢ = 80° and gradually decreases
as 0 decreases, reaching its minimum at the angle 6 = 50°. Figure 4.17 demonstrates
the velocity v, of the fluid in Q3, which is negative until § = 60°. After that it begins to

increase, becoming less negative.

4140
4120
4100

180

4160

140

Figure 4.16: The velocity v; of the fluid in Q3

Next, to determine the velocity of the mucus, we apply the fluid velocity at
the top of Q3 as the bottom velocity for the ML (€©4). The domain Q4 is [0,1] x [1,2].
Figure 4.18 shows the mucus velocity v1, with the maximum value occurring at the point
(z1,22) = (0,1) and the minimum values is at (z1,z2) = (0.98,1). Both maximum and
minimum values occur at the bottom boundary of Q4. For 2z, € [1,1.4], a 2; increases,
the velocity v; decreases, whereas for x5 € [1.4,2], the velocity v; is almost the same for
all values of x;. This indicates that most of the mucus flows with a constant velocity
in the z;-direction. Figure 4.19 displays the velocity v, of mucus. Since the velocity vy
of the mucus is affected by the velocity v, of the PCL fluid in Q3, the velocity v, of the
mucus is negative when x; € [0.14,1] for 23 < 1.4. The velocity v, of mucus fluctuates
like a wave but the value does not vary much when z, > 1.4 for all ;.

The horizontal velocity of the fluids in Q3 (Figure 4.16) and the mucus velocity
in Q4 (Figure 4.18) are averaged over the z;-axis and plotted together in Figure 4.20.
This figure shows the average velocity v; of the fluid in Q3 and the mucus in Q4. The

red'squares represent the average''velocity of the fluid in“Q; and the' blue diamonds
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Figure 4.17: The velocity v» of the fluid in Qs
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Figure 4.18: The velocity v; of mucus.

represent the average velocity of the mucus. The average velocity v; begins to oscillate
like a vertical wave when z; > 1. The mean value of the average velocity v, from zy =
0.7660 to x5 = 2 is approximately 119 um/s. Similarly, Figure 4.21 illustrates the average
vertical velocity, which shows that the average velocity v, is negative and becomes less

negative as oy increases.
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Figure 4.20: The average velocities v1 of the fluid in Q3 and mucus.

The velocities v; and v are used to determine the speeds of the fluid in Q3 and
mucus, denoted as ||v||, shown in Figure 4.22. The red asterisk and blue circle represent
the speeds of the fluid in Q3 and the mucus, respectively. The mean of mucus speed is

approximately 118 um/s (or about 7.1 mm/min). The curve of the speed is similar to the
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Figure 4.21: The average velocities v2 of the fluid in Q3 and mucus.

average horizontal velocity curve, indicating that the fluid movement is primarily driven
by the velocity in the z;-direction. Next, we compare our result with the experimental
data from [45]. They studied mucociliary transport rates in 42 nonsmoking, healthy
adults aged 20 to 43 years. They observed that the mucus speed ranged from 0.8 to
12.4 mm/min, while our result is approximately 7.1 mm/min. This result is close to the
mucus transport rates observed in men aged 22-32 years and women aged 22-30 years
[45].

To make the results more useful, we approximate the speeds of the fluid in
Q3 and mucus using the 9th degree polynomial approximation. The coefficients of the
ninth-order polynomial approximation of the speed are shown in Table 4.5, where the
variable & is from y;,(50°) to yarz, i.€., from h = 0.7660 to h = 2. Figure 4.23 displays the
comparison between the ninth-order polynomial approximation and the fluid speed in
Q3 and Q, (Figure 4.22). The green square, red asterisk, and blue circle represent the
polynomial approximation, the speed of the fluid in Q3 and the speed of the mucus,
respectively. The l,-norm error of the polynomial approximation is 0.0282.



2 \

—+—The speed of the fluid in
—o—The speed of mucus

0.6 :

90 95

Figure 4.22: The speeds of the fluid in 23 and mucus.

100

105 110 115
speed

120

125

58

Table 4.5: The ninth-order polynomial functions: p(h) = boh® + bgh® 4 byh” + bgh® 4 bsh® + bah* +

bsh? + bah? + bih + by for the speeds of the fluid in Q3 and mucus.

Coefficient 106 x
by 0.002271511545374
bs —0.029497677298672
b7 0.166716780614724
be —0.537680842522555
bs 1.089315989130731
by —1.436339487060982
b3 1.232011089245644
b —0.663157249265035
b1 0.203717832820274

bo

—0.027239428286010
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Chapter 5
Conclusions

We consider fluid flow in the periciliary layer (PCL) and the mucus layer (ML) of
the human lungs. The PCL consists of two phases: a fluid phase, known as a Newtonian
fluid or PCL fluid, and a solid phase, represented by cilia. The ML lies above the PCL
and consists of a single fluid phase known as mucus. When the cilia beat forward
to transport mucus out of the respiratory tract, they form angles with the horizontal
plane. In this study, the cilia begin the beating at § = 90° and stop at § = 40°. This
motion divides the PCL into two distinct layers: a porous medium and a free-fluid
region. The porous medium consists of both cilia and PCL fluid, whereas the free-fluid
region contains only PCL fluid. The fluid flow in both the PCL and ML is influenced by
the movement of cilia.

In this work, we examine fluid flow in the PCL and ML under two different cases.
In the first case, we determine the velocity of the PCL fluid when the cilia make angles
6 = 50°,60°,70°,80° and 90° with the horizontal plane, where the numerical result is
solved in the fixed domain that the cilia make only one angle 6 with horizontal plane.
It is important to note that the free-fluid region emerges when the cilia make the angle
6 < 80° to the horizontal plane. To determine the velocity of the PCL fluid, we apply the
nonlinear Brinkman equation in the porous domain (£;) and the steady-state Navier-
Stokes equation in the free-fluid region (Q5). These equations are discretized using the
mixed finite element method of Taylor-Hood type, and Newton’s method is employed
to solve the nonlinear term in the equation. The velocity is assumed to be continuous
at the porous medium/free-fluid interface. The two-dimensional numerical results for
the velocities v; and v, are provided. The velocities are then averaged to obtain the
velocity profiles as well as the speed of the PCL fluid. The shape of the v, profile
is almost the same as the speed profile of the PCL fluid. This fact indicates that the
velocity v, has a significant influence on the movement of the PCL fluid. The speed
of the PCL fluid is compared to the speed of cilia for each angle. This confirms that
the speed of the PCL fluid is slower than that of the cilia, which follows the physical
meaning. To validate our results, we compare the average speed of the PCL fluid for
all angles, approximately 43 um/s, with the available research in [21], which is 39.2 +4.7
um/s. The values are in good agreement.

For the second case, we examine the velocities of the fluid in the free-fluid
region (Q3) and the ML (€4). The fluid flow in 23 and Q4 is assumed to be influenced by
cilia motion in the porous medium when the cilia make various angles to the horizontal
plane in one fixed domain. We first examine the velocity of the fluid in Q3 and then

calculatethe 'mucus velocity in' 4. “We-employ' the“Stokes equation 'and then-apply
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the mixed finite element method of Taylor-Hood type to the equation to calculate the
velocities of the fluids in Q3 and Q4. In this case, we assume velocity continuity at the
PCL/ML interface. For the two-dimensional solution, we first compute the velocities
v1 and vy Of the fluid in Q3. These velocities are then used to determine the velocity
of mucus. Next, the velocities of the fluid in Q3 and the mucus are averaged over
the z;-axis and displayed together in one graph. We then compute the speed of the
average velocities in both domains. The speed profile is almost the same as the average
velocity vy, indicating that v; has a greater influence on fluid motion than v,. The speed
of the mucus is averaged and compared with the experimental data. Our calculated
mucus velocity is approximately 118 um/s (or about 7.1 mm/min), which closely aligns
with the experimental data for men aged 22 to 32 years and women aged 22 to 30
years, as reported by [45]. The speeds of the fluid in 3 and mucus are approximated
using the ninth-order polynomial approximation.

The methods and results presented here can be applied to a range of problems
involving fluid flow influenced by self-movement of solid phases. The approach can be
particularly useful in fields like biomedical engineering. Additionally, this study can be
extended to investigate the behavior of fluids in other biological systems, such as the
gastrointestinal tract, where analogous fluid transport mechanisms occur. Moreover,
the results obtained from this work can be used in designing and optimizing medical

devices, such as artificial lungs or respiratory support systems.
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ABSTRACT

To remove mucus from the human body, periciliary layer (PCL) is an important region found in the human
respiratory system. When a human inhales strange particles along with air into the body, goblet cells inside
the epithelial cells secrete mucus to catch those particles and form a mucus layer on the top of the PCL. Since
the velocity of the fluid in the PCL and cilia residing in the PCL affect the movement of mucus, in this work,
we apply two-dimensional nonlinear Brinkman and steady-state Navier-Stokes equations to find the velocity
of the fluid in the PCL. In the equations, the velocity of cilia is also contributed in the mathematical model
which perturbs the fluid movement instead of the pressure gradient. Because bundles of cilia are considered
in this work rather than a single cilium, the governing equations are derived from the hybrid mixture theory
(HMT) which are the equations in a macroscopic scale. The numerical solutions are obtained by using a mixed
finite element method of Taylor-Hood type and Newton’s method. We focus on five different angles of cilia
that make with the horizontal plane. The velocity of the PCL fluid is presented for each angle. The numerical
solutions obtained in this study can be useful in finding the mucus velocity that can help physicians to treat

patients who have massive mucus in their lungs.

1. Introduction

Mucus is normally found in the human respiratory tract where
excess mucus may occur when the body gets sick or breathes in unclean
air such as particles in air pollution and smoke. Mucus forms a mucus
layer in the respiratory tract and then it moves out of the body by
a clearance system.! The study of mucus has garnered significant
attention because of its essential role in protecting mucosal surfaces and
supporting various physiological processes. Fig. 1 shows the platform
of mucus clearance. The left side of Fig. 1 shows the respiratory system
in the human body including nose, trachea and lungs. The right side of
Fig. 1 illustrates a portion of the cross section of the trachea consisting
of PCL, mucus layer and epithelial cells. The PCL consists of liquid and
solid phases. The liquid phase is a Newtonian fluid known as PCL fluid.
The solid phase consists of hair-like structures known as cilia. Mucus
is right above the PCL, which is secreted from goblet cells embedded
in the epithelial cells. After that, cilia within the PCL beat forward
(effective) stroke and backward (recovery) stroke to dump mucus out
of the body.

This mechanism is called mucociliary clearance, which had been
extensively investigated and well documented.>”” For example, Bansil
and Turner® reviewed the fundamental aspects of mucus including its
structure, synthesis, composition, and secretion. Jory et al.® studied

* Corresponding author.

mucus in human bronchial epithelial (HBE) cultures and measured
the viscoelastic properties of HBE mucus from patients with chronic
obstructive pulmonary disease (COPD), and smokers. Kelly et al.'®
investigated water sorption properties of human airway mucus and
analyzed the available mucus samples from COPD, cystic fibrosis (CF)
patients and healthy individuals. Ren et al.'’ used the Eulerian wall
film model to simulate four coughing approaches in COPD and neuro-
muscular weakening illness to investigate the effects of mucus thickness
and viscosity on cough efficiency. Lee et al.* studied a two-layer
Newtonian fluid model, which consists of an upper mucus layer and
a lower periciliary layer. Based on the projection method combined
with the Immersed Boundary Method, he simulated the mucociliary
transport process with the prescribed velocity of the beating cilia. For
the motion of the cilia, Ding et al.'> and Gue et al.'® examined the cilia
beating patterns in three different situations: synchronized beating,
symplectic wave, and antiplectic wave in different approaches. Sear'*
studied ciliary motion by using video microscopy to record planar
ciliary motions that could be used to validate mathematical models
or investigate ciliary function such as in primary ciliary dyskinesia
(PCD). Xu and Jiang'® investigated the cilia motion with the velocity
and height differences by using a rod-propel-fluid model to examine
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Fig. 1. (a) the human respiratory system (b) a sector of the cross-section of the trachea
which consists of the mucus layer, the periciliary layer (PCL), the cilia, ciliated cells,
and goblet cells.

the effects of the cilia density, beating frequency, metachronal wave-
length, and the extending height of the beating cilia. Jayathilak et al.'®
investigated that the PCL velocity was proportionally dependent on
the cilia beat frequency. Wei et al.'” examined the velocity of the
fluid flow in the PCL around the beating of cilia by using the Navier—
Stokes equations. Vanaki et al.'® studied the flow of PCL fluid when the
respiratory disease influenced the cilia to have low beating frequency,
abnormal beating pattern and reduced ciliary density. The disease also
effected epithelium patchiness due to missing cilia in the PCL transport.
They used the immersed boundary (IB) method combined with the
finite-difference projection method. In this work, we study the effect of
the ciliary movement on the velocity of the PCL fluid. For the forward
stroke, we assume that the cilia make angles with the horizontal plane,
which start from 90° and lean forward to 40°. We suppose that cilia
have the highest velocity at the angle § = 90° and bend down gradually
to the angle 50° and stop beating at the angle § = 40°.'4

Fig. 2 illustrates the PCL where the left-hand side of Fig. 2 shows the
cilia perpendicular to the horizontal plane and the right-hand side of
Fig. 2 shows the cilia make the angle 6 with the horizontal plane. The
layer consisting of the cilia and the PCL fluid is considered as a porous
medium, £,. When the cilia bend down, there exists a free-fluid region
above the porous medium. We call the domain £,. The variable b at the
vertical line is the height of the domain £, which depends on the angle
0 that the cilia make with the horizontal plane. The unit of the height is
micrometer (pm). The parameter ¢ is the length of cilia which is about
7.5 um.'® In this research, we study the fluid flow in both £, and 2,
regions. Because a bundle of cilia is inspected, the equations used to de-
termine the velocity of the PCL fluid are in the macroscopic scale. The
equations are upscaled by using the Hybrid Mixer Theory (HMT), which
upscales the equations from a microscale equation to a macroscale
equation.?%2! Several mathematical macroscale models were used to
study the fluid flow in the free-fluid region and porous medium.
Hwang and Advani®? used Stokes-Brinkman equations for flow in a
parallel channel over a porous medium to predict the effective per-
meability of dual scale fibrous media by using finite element method.
Fujisawa and Murakami®® studied the flow in porous medium and free-
fluid domains by using Darcy-Brinkman equations with a continuous
model. Suankasem et al.?>* and Poopra and Wuttanachamsri®>2° ap-
plied the asymptotic expansion method to one-dimensional macroscale
Stokes-Brinkman equations to find the velocities of the PCL fluid in
different approaches. Chen et al.?’ derived asymptotic solutions for
Stokes-Darcy and Stokes-Brinkman equations in free flow and porous
medium for one-dimensional and quasi-two-dimensional cases with
different interface conditions: the Beavers-Joseph, Beavers—Joseph—
Saffman-Jones, zero tangential velocity, and free-slip interface con-
ditions. Phaenchat and Wuttanachamsri® discretized one:dimensional
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macroscale nonlinear Stokes-Brinkman equation by using Galerkin fi-
nite element method combined with the classical linearization method.
Kasamwan and Wuttanachamsri®? found the velocities of the PCL fluid
using one-dimensional macroscale unsteady Stokes-Brinkman equa-
tions by using a finite element method with an isoparametric linear
element combined with the Crank-Nicolson method. Chamsri®® dis-
cretized n-dimensional macroscale Stokes-Brinkman equations by using
a mixed-finite element method which was employed to find the velocity
of the PCL fluid in Ref. 31. Oangwatcharaprakan and Wuttanachamsri>?
provided the velocity of the PCL fluid using one-dimensional Navier—
Stokes-Brinkman equations. Wuttanachamsri®® studied the free inter-
faces at the tips of cilia using a macroscale Brinkman equation. Most
of the macroscale equations are one-dimensional linear equations and
only slow flows are considered in their studies. However, sometimes the
fluid flow is nonlinear and perturbed by unusual environments. So, in
this research, we focus on the two-dimensional macroscale nonlinear
Brinkman equation for the porous domain, €2,, and the steady-state
Navier—Stokes equations for the free-fluid region, £2,, which are pro-
vided in Section 2. A mixed-finite element method of Taylor-Hood
type combined with Newton’s method is applied to the equations in
Sections 3 and 4. The numerical solutions of the velocities of the PCL
fluid for 5 different angles are provided in Section 5. The conclusions
are summarized in Section 6.

2. Mathematical models

In this section, we present the governing equations used in this
work, which are the two-dimensional nonlinear Brinkman equation
upscaled from Hybrid Mixture Theory (HMT)?%2! and steady-state
Navier-Stokes equations.”! The HMT is an upscaling method used
to derive equations for multiphase materials, such as solid and lig-
uid phases. The process of the HMT is to apply the averaging theo-
rem to the conservation equation to upscale a microscale equation to
a macroscale equation.’>?! For the conservation of momentum, the
macroscale equation is>!

a o D*V* — V(%) — eapaga — Z eapmi*a 2.1)

ot s
ap

where the variable ¢” is the volume fraction of phase a, p* and v* are
the macroscale density and velocity of phase a, %(: = % +v® .V is the
macroscale material time derivative, g* is the macroscale gravitational
vector, t* is the macroscale Cauchy stress tensor and 7% is the rate
of exchange of momentum from g to «. Since in our study, we have
only solid (cilia) and liquid (PCL fluid) phases, we replace « by / which
means the liquid phase and substitute g by s which is the solid phase.
For the stress tensor t%, the constitutive equation

t = —pI+2ud’, (2.2)

is used in Eq. (2.1), where the rate of deformation for the liquid phase
d' is 0.5(Vv' + (Vv))T), u is the dynamic viscosity and p is pressure.
For the rate of exchange 'i‘l: , it is linearized around the velocities,
! —v5, where v/ and v* are the velocities of the fluid and solid phases,
respectively,>+35 giving the result:

e’pl"i’i =pVel — R - (v = v%), (2.3)

v

where R is the second-order tensor obtained from the linearization.
Let R = uc'k™!, where k™! is the inverse of the permeability ten-
sor, and substituting Egs. (2.2) and (2.3) into Eq. (2.1), we have
the conservation of momentum for the unsteady nonlinear Brinkman
equation?!

p%vtl +Vp— §V~(2e’d’)—pg= —ue'kh (v = v). (2.4)
In this study, the PCL fluid flows through the cilia and is incompressible
with slow flow. To understand the behavior of fluid flow in the PCL, in
this work, we concentrate on the steady-state flow condition. Therefore,
the momentum equation used, in- this study is-as follows.
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Fig. 2. The cartoon picture of the PCL domain: (a) the cilia are perpendicular to the horizontal plane. (b) the cilia make an angle # with the horizontal plane.

p(v’~Vv’)+Vp—ﬁl (4e'V +V (V- elV))—pg = —uk ™! (€' — €/v*) . (2.5)
€

Similarly, the macroscale continuity equation is derived by applying

the HMT to the conservation of mass. The macroscale equation is?!-3°
a a 0
G + V- (%) = Z e¥p®és, (2.6)
o w7

where the variable é% is the rate of exchange of mass from phase § to
phase a. We assume that there is no mass exchanged between the liquid
and solid phases and the liquid and solid phases are incompressible.
Then Eq. (2.6) for the solid and liquid phases can be written as
follows?!

Dl €l

De vy, 2.7
S L8
DDf +EV-v =0 2.8)

We use the definition of the volume of the solid phase ¢* = 1 — ¢ and

the definition of the material time derivative to Egs. (2.7) and (2.8).

Then, adding the two equations together yields?!

D* E[
Dt

+(1 =YW W -vH =0, (2.9)

which is the continuity equation in the macroscopic scale. Rearranging
Eq. (2.9), we have

ev.v =75, (2.10)

where the solid-phase porous flow rate associated with the cilia f =

1
—ﬁ +V - ¢'vs and the material time derivative of the porosity with
DSl !

respect to the solid phase ¢/ = == = % 4 v . Vel. Define v = €'vl.
In this work, we suppose that the porosity ¢’ is a constant for a fixed
domain because the cilia make only one angle 0 to the horizontal plane
per each calculation. Then Egs. (2.5) and (2.10) become

p

V-V +Vp— L v+ V(V-v) - pg=—uk - (v—€lv®). (211)
13

(e"?

V.ov=f. (2.12)
Substituting Eq. (2.12) into Eq. (2.11) yields
L+ V- E v+ v - pg = —uk - (v=elvY), (2.13)
(51)2 gl

which is named PCL combined fluid-solid-phase porous governing

equation of porous medium. For a two-dimensional domain, let v =
Kbk
) 12 |. Therefore,

Egs. (2.12) and (2.13) can be rewritten in index notation as

P v, op u (9%, of 4 I
& <”fa_x,->+0_x,-_§(ﬁ+6_xi g =uky <Uf_5”f)’
J

214

(v1,0y) and v* = (v3,05), g = (g;,8,) and k! = [

()Uj
2=, (2.15)
6xj

The repeated index j means the summation, where i,j = 1,2. We

rearrange Egs. (2.14) and (2.15) by moving unknown variables, v and p,
to the left-hand side and known variables to the right-hand side. Define
Lg(Q) ={qe L*Q) : fQ qdQ = 0}. For a fixed domain £,, we find
v e C%Q))nCX ) and p € L2(@2)) such that

v, 9y, 9 9
L < ’>—ﬁ—'+/4k._.lu-+—p:pg,-+£[
X X 3

f lp—1.s
(e)? U,Ej P 2 T a—x[+/45 ko,
(2.16)
ov;
w - (2.17)
ox

This concludes the derivation of the two-dimensional nonlinear
Brinkman equations that are employed in the porous domain, £,. Next,
we provide the two-dimensional steady-state Navier—Stokes equations
that are used in the free-fluid region, £,. For a fixed domain £,, we
find v € C%(2,) N C2(2,) and p € L2 (£2,) such that

ov; v;  ap
J
ov;
Froie 0. (2.19)
J

Notice that there are no solid phases in 2, and ¢/ = 1. Then, the inverse
of the permeability, k™!, and f are not present in both momentum and
continuity equations.

Figs. 3(a) and 3(b) illustrate the boundaries when the cilia are
perpendicular and make angle 6 less than 90° to the horizontal plane,
respectively. The variable y, is the dimensionless height of the porous
medium. That is y, = b/&. Then y, is one for the perpendicular case. In
this study, we use dimensionless numerical domain. That is the size of
the domain €, is [0, 1] X [0, y,]. Similarly, the numerical domain £, has
the size [0, 1] X [y,, 1]. We define domain 2 = Q, U ©2,. The variables
I;,i = 1,2,...,7 are the boundaries around £ and also at the free-
fluid/porous-medium interface. For the boundary conditions used in
this paper, we first assume that there is no velocity at the ciliary rootlets
in domain £,. The rate of change of velocities with respect to x, is zero
at the top of domain Q, and also at I, see Fig. 3. For the case that
the cilia are perpendicular to the horizontal plane, there is no velocity
in x,-direction at the top of the domain €,. The illustration of the
distribution of the velocities on the cilia and on the free-fluid domain
including the velocity profile corresponding to the boundary condition
is provided in Fig. 4. Fig. 4(a) depicts the distributions and the velocity
profile of v; when the cilia are perpendicular to the horizontal plane.
That is no velocity at the bottom of the domain £,. The velocity v = v,
and v, is maximum at I,. So the lengths of the quivers are zero at the
rootlet and increase to the highest magnitude at| I, Since the cilia move



S. Phaenchat and K. Wuttanachamsri

Fig. 3. Numerical domains and boundaries of the problem. (a) The cilia are perpendic-
ular to the horizontal plane. (b) The cilia make angle ¢ less than 90° to the horizontal
plane.

Fig. 4. Distribution of the velocities on the cilia. (a) The cilia are perpendicular to the
horizontal plane. (b) The cilia make angle ¢ less than 90° to the horizontal plane and
distribution of the velocities on the free-fluid region.

from left to right, the direction of the flow goes from the left to the
right. Fig. 4(b) illustrates the velocity distributions and profiles when
the cilia make the angle, less than 90°, to the horizontal plane. At I,
the boundary condition is the same as the perpendicular case, which
is zero. The velocity is continuous at I',. At I';, the rate of change of
the velocities with respect to x, is zero. That is maximum magnitudes
of v; and v, occur at I';. So the lengths of the quivers of the velocity v
are zero at the rootlet and increase continuously to the greatest value
at I';. The boundary conditions are concluded as follows.
v; =0, fori=1,2,at ],

av; )
a—=0, fori=1,2, at Iy,
2 (2.20)
ov; o
— =0, at I} for the angle 6 = 90°,
0xy
v, =0, at I, for the angle 6 =90°.

These boundary conditions provide that the velocities v, and v, are
zero at the bottom of the porous domain. The velocities v, and v, do
not vary in the x, direction at the top of the free-fluid region. When the
cilia are perpendicular to the horizontal plane (¢ = 90°), the velocity
v, does not change in the x, direction and the velocity v, is zero at the
top of the porous region.

Because the velocities at the boundaries I, I';, I's and I are un-
known, they are moved to the left-hand side of the Egs. (3.10) or
(3.17) written below. So after the calculation, we obtain the velocities
at these boundaries. In this work, we do not place the boundary
condition for the pressure but we use the normalization [,p d2 = 0
because our system of equations determines the pressure up to an ad-
ditive constant.®” We now have two-dimensional governing equations
including boundary conditions that is discretized in the next section.
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3. Model discretization

The mathematical models provided in Section 2 are discretized in
this section using a mixed finite element method of Taylor-Hood type.
Let ©f and €27 be the element domains in 2, and £,, respectively, and

Q=)@ and 2, = ] 2. (3.1)

For the finite element approximation, we approximate the dependent
variables (v;,p) € V), x P,, where V, and P, are finite-dimensional
subspaces of H!(2) and Lé(.@) ={p e L*(Q) : [,pdQ2 = 0}. The
variables v; and p are approximated by expansions of the form

K

0i(x) = Z w0k =4V, =12 (3.2)
k=1
D

P =Y d(0p =P, (3.3)
d=1

where y and ¢ are the vectors of shape functions, V; and P are vectors
of the velocities and pressure, respectively, and the superscript T rep-
resents the transpose operation. The integers K and D are the number
of local degrees of freedom determined by the shape functions. In this
work, we choose the shape functions for the velocity and pressure to
be piecewise quadratic and linear polynomials on triangular elements,
respectively. Therefore K = 6 and D = 3. The approximation of the
velocity of cilia can be written as

K
o0 = Y v @) = vV j=1.2 3.4
k=1

The weak formulation of the mathematical models over the element
domain Qf and €2 are derived by multiplying Eq. (2.16) by shape func-
tions w and Eq. (2.17) by the shape functions Q and then integrating

over the domain Qi‘. Therefore, Egs. (2.16) and (2.17) become

ov; v, ap
/ [( l]’)z (wuja—'> ”[ (wa—> +;4k wv; +wa—] lifon
e | (e X ; € X2 X
1 ! J ’ (3.5)
_ H of Ip=1,0
= /Qe [pg,.w+ o <w0—x,> + pe'k, wu;. aQy,

1

ov;
0L dat =/ Of d. (3.6)
o 0%, @
Next, we apply Green’s identity to the second and fourth terms in
Eq. (3.5) and also the source term % (w—) Then we have

p ov; U ow 9v; ! ow
— — |+ =——+u k - =
/.qs [(e/)z <w”’ @x,-> TP ]
U dw e
=/ [pgiw— _It)_f + pe k Lo ] dg] 3.7)
.QT £ ox;
ov:
+ / L win —wpn; + = wfn dre,
; EI axj r

el 0x; 0x; J ;
where n;, i = 1,2, is an outward unit normal vector of each element
and Iy is the boundary of the element in the porous domain. For the
weak formulation over the element domain Qf of the free-fluid region,
applying the same process as above, we obtain

dvi ow ()U‘- ow
0w B 0w ) e
/; [pwuj 0x; 'Mt)xj 0x; 6x,-p 2

av;
= / pgiw d€2 +/ [yw—lnj - wpn[] dry,
fold T; dxj

2

1

(3.8)

/ QE dQ; =0, 3.9

where I'¢ is the boundary of the element in the free-fluid region.
Substituting Egs. (3.2)-(3.4) into Egs. (3.6) and (3.7), we have the
element matrix form. as-follows,
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N+ Ay + Ay + uki!B uki}B -z v, F,
uk;! B N+A, + A22 +uk B —ZI[{Vyr=9F¢,
Z, z, o [[P E
(3.10)

where the coefficients in the element matrix are defined as

N = ( 1)2 C;(V)), (3.11)
T aWT e T e
Ci(Vy) = vy ' V)— dQ{, B= yy dQi,
o 0x; e
o 9 ! (3.12)
u ay ay”
= dQt, Z;= - d.Qe
y a ax 0x ! ¢

E=pg,/ dee—_l
o

a
+ ﬁ[ (wlnj) dF;V,-—/ u/qﬁTn,- de"P+ﬁl/ v fn; dl"p",
e Jre 0x; re e Jre

(3.13)

P
Wpaot+uekt [ wyTVE aee
ox, J o J

= / df dQ°, (3.149)
2

where i,j = 1,2. The repeated j index refers to the summation over

Jj»Jj = 1,2. We next provide the element matrix for the free-fluid region,

£,. Substituting Eqs. (3.2)-(3.4) into Egs. (3.8) and (3.9), we have

/ vV, )— dsv — T d 5P
2 X

/a—"’—a‘” d.QeV—/ v
ox; 0x 2 7]

oy T

— e ek ey, T, e

_pgi/gey/d.(22+/4/9y/ax.njdeV, /rewqﬁ n,deP,
2 S

J f
(3.15)
qﬁ d.Q"V 0. (3.16)
s
Therefore, the element matrix form of Egs. (3.15) and (3.16) is
N +Ap + Ay 0 -z Vi F
0 N+Ay+Ay -Z]|{Vap=1F¢. (3.17)
zZ, Z, 0 P 0
where

n e aWT e

F;, = pg; 1178 d‘Q2 +u u/a—nj deV,. -
Q4 i X

- oy oyl

Al-,-=u/ WM o,
2 ox; 0x;

N = pC;(V)).

/ w¢'n, dIP, (3.18)
re
!

(3.19)

(3.20)

We now have the element matrix for both domains 2, and £,. To be
able to solve the nonlinear term N and N in Egs. (3.10) and (3.17), we
write both Egs. (3.10) and (3.17) into a general form. That is

ROV = (3.21)
where K(V) is the coefficient matrix in Egs. (3.10) or (3.17), V is
the vector of the unknown and F is the right-hand side vector. If the
element that we consider is in 2,, we use K(V) in Eq. (3.10). If the
element is in ©Q,, we use K(V) in Eq. (3.17), as well as the vectors
V and F. Although Egs. (3.10) and (3.17) are written in the same
form, Eq. (3.21), applying these equations in different domains the
component of Eq. (3.21) varies accordingly in Egs. (3.10) and (3.17).
The Eq. (3.21) is solved by using Newton’s method provided in the next
section.
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Table 1

The values of y, for each angle.
0 Vs
50° 0.7660
60° 0.8660
70° 0.9397
80° 0.9848
90° 1

4. Newton’s method

In this section, we present the Newton’s method which is an itera-
tive method for solving nonlinear equations. Define

RV)=KWV)W -F=0. (4.1)

To solve Eq. (4.1) iteratively, we approximate R(V) around V" as
follows

> n, OR > 72
R(V)~ RV" + —= AV + 0 V)=, (4.2)

ov lyn
where AV = (V — V"), and V" is the known vectors at the current
iterative. Substituting Eq. (4.2) into Eq. (4.1), we obtain
0=R(V" + aR| AV +0(4V)2. (4.3)
ov |y

Omitting the O(4AV)? term and updating V to be V"*! yield

Ry == 2B\ et gy = g -, 4.9
oV lyn
where
- IR (4.5)
oV |yn
is the Jacobian matrix. Therefore
I}n+1 — 17n _ J_I(I;")R(Vn), (46)

which will be used to find the numerical results presented in Section 5.
5. Numerical solutions

The numerical solutions obtained from the mixed finite element
approach of Taylor-Hood type and Newton’s method are provided in
this section. In this study, we let the velocity of cilia be zero at the base
of the domain ,, the velocity increases along the cilia and the velocity
is maximum at the tip of the cilia.

Since only the forward stroke is considered, we assume that the
cilia start at 90° with maximum velocity and the velocity decreases
with decreasing angle 6. When the angle decreases to less than 90°,
the numerical domain consists of two regions: the porous medium, £,
and the free-fluid region, £2,, (see Fig. 2). The line at x, = y, is separate
between the domains £, and €,. Table 1 shows the values of y, for
each angle 6. So the velocities of cilia are provided only from x, = 0 to
Xy = Y.

The velocity along cilia increases from roots to tips of cilia, which is
shown in Fig. 5(a).'*3! Fig. 5(a) illustrates the velocity of cilia making
angles 50° to 90° to the horizontal plane, which contains in the domain
Q,. The leftmost velocity profile is the velocity of cilia when the angle
0 = 50°. The next right graph is for the angle 6 = 60°. It goes on like this
until it reaches the rightmost graph, which is the velocity profile of cilia
at the angle 0 = 90°. We suppose that the velocity stops beating at 40°.
The graphs are reproduced from Ref. 31, where they have provided the
eighth-order polynomial functions of the velocity of cilia of each angle,
and the length of cilia has normalized to have a unit length equal to
one. The polynomial function provided in Ref. 31 is

a; 8+ ay )7 4+ ay4% + ay 2% + as2t + agh® + a3 4% + ag A, (5.1)

where the coefficients a;,i = 1,2, ..., 8 for each angle 6 are presented in
Table|1 in Ref. 31 and A isthe distance along cilia divided by &. Then
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(a) The velocity of the cilia for the angle 6 = 50°,60°,70°,80°, and 90°. (b) The porosity at various angles.

Fig. 6. (a) The directions of the velocity and the gravity components along the x, and x, axes. (b) The dimensionless domain £, and a bundle of cilia in the domain.

0 < A < 1. Fig. 5(b) shows the porosity for the angle (in radians) from
50° to 90°, which is used in the domain £,. Note that the porosity is a
constant for each angle 6. The viscosity is a constant in both domains
Q, and 2, and for all angles 6.

Fig. 6(a) illustrates the direction of the velocity and gravity. The
upward and rightward directions are considered positive. So, the down-
ward direction is considered negative. Fig. 6(b) shows our dimension-
less numerical domain and cilia making angle 6 to the horizontal plane.
The variable 4 is the distance from the roots of cilia to the point (x7,x3)
on the cilia. If the cilia are perpendicular to the horizontal plane, the
variable y; is equal to one. For the vectors of the solid velocities V]
and V; in Eq. (3.4), which are the velocities of cilia in each element in
x, and x, directions, respectively, since we use the quadratic triangular
element for the velocity, each element contains six nodes. So the vectors
Vii=12 have the size 6 x 1. For each node, we have the position
(x1,x,). For example, in Fig. 6(b), the point (xi,x%) is a node in an
element. We substitute 4 = y*/sin(f) into the polynomial function
Eq. (5.1) to find the solid velocity at each point in the element. Then
we calculate

v¥ = v* sin(d) and vy = =0’ cos(f).

1 (5.2)

Notice that the solid velocity v has the negative sign because when
cilia bend down, less than 90°, the direction of v] is downwards.

For other variables, the fluid density p = 992.2 x 10~3(g/um?) is the
water density at 40 °C.>® The dynamic viscosity u is 3x 107%(g/(um -s))
and the gravity g is (0,9.8 x 10°)(um/s?). The porosity ¢ is the fluid
volume fraction, depending on the angle 6. It is employed from Ref. 31
and Ref. 39 as follows

el =0.52230° — 3.02830* +7.06300° = 8.49876% + 5.50560 — 0.8627. (5.3)

Since
. _ 0€' 9
£ = % E, (5.4)
we use the angular velocity to determine 2. That is ‘;—9 equal to the
negative value of the speed of cilia over A. For the inverse of the
permeability tensor, k~!, we employ the value of k from Ref. 39,
where numerically have provided the permeability when a periodic
array of cylinders makes angle 0, 26 < 6 < 90, to the horizontal
plane with different radius of cylinders and various distance between
cylinders. Fig. 7(a) presents the arrangement of the periodic array of
cylinders studied in Ref. 39. Fig. 7(b) depicts the top view of the
array of cylinders for the case that the array of cylinders is oriented
perpendicularly to the bottom surface. The variable r represents the
radius of the cylinders and w is the distance between cylinders. In this
work, we employ the permeability tensor from Ref. 39 for r = 0.1, and
o = 0.3, which are the radius of cilia and distance between cilia in
lungs, respectively.4?

We find the inverse of the permeability k for the angle 6 =
50°,60°,70°,80°,90° and provide the values in Table 2.

Table 2 illustrates the elements kl’ll,kl’zl,kgll and k;zl of the matrix
k~!. These values will be placed in Eq. (4.6) to find the numerical solu-
tions. We first verify the results by comparing our numerical solutions
without the nonlinear and source term with an exact solution which is
obtained from the one-dimensional Stokes—Brinkman equations.>> That

is

1 1+<%> LY > Y

I=¥s

ek

v(y) = (5.5)

SV S s

N
=
N—
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Fig. 7. (a) A periodic cell of the array of cylinders. (b) The top view of the array of
cylinders.

Table 2

The inverse of the permeability tensor for the angles 6 = 50°,60°,70°,80° and 90°.
0 The inverse of the permeability tensor, k™!

ki ki ko by

50° 992.3664 —381.6794 —381.6794 916.0305
60° 748.2993 —204.0816 —204.0816 510.2041
70° 658.1741 -106.1571 -106.1571 339.7028
80° 596.5463 —47.0958 —47.0958 266.8760
90° 556.3690 -14.6413 -14.6413 263.5432

where y, is the interface between the porous domain and free-fluid
region. For the permeability, we choose the value k = 0.0027 or
k= = 1/0.0027, which is the state that the cilia are perpendicular
to the horizontal plane. We discretize our domain with four different
levels of mesh refinement. For the coarser grid, we have 7 nodes in
x,-direction. For our two-dimensional domain, we use the value of
parameters when cilia are perpendicular to the horizontal plane. So,
only the velocity in x,-direction (v;) is obtained for each x, value
because we assume that v, is zero for the perpendicular case. We
then average the velocity, v,, over x; values. So, we have 7 different
velocities for the coarsest mesh refinement. For other mesh refinements,
we have 17,31, and 61 nodes in x,-direction. The average velocities are
plotted in Fig. 8(a). The plus, circle, cross, diamond and star marks
show the velocities for 7,17,31, and 61 nodes and the exact solution,
respectively. The /,-norm errors for 7,17,31, and 61 nodes in the x,-
direction are 0.0919,0.0277,0.0141, and 0.0053, respectively. Notice
that the numerical solutions converge to the exact solution when the
number of nodes in the x,-direction increases. Fig. 8(b) depicts the
average velocity v, over x; values for 7,17,31, and 61 nodes in the
x,-direction. The solutions converge to zero as the number of nodes in
the x,-direction increases. The /,-norm errors for 7,17,31, and 61 nodes
in the x,-direction are 0.1257,0.0425,0.0123, and 0.0032, respectively.
Since, for the perpendicular case, the velocity v; of the cilia is zero in
the direction x,, the numerical values of the velocity v, of the PCL fluid
are close to zero, which is about 10~ for the finest refinement.

Next, we show the convergence of the average of the PCL velocities
with having the nonlinear and the velocity of the cilia terms in the
governing equation, when the number of degrees of freedom (#dof) in-
creases. We plot the average values of v, v, and the speed in Figs. 9(a),
9(b) and 9(c), respectively, with 187,659,1265 and 2678 degrees of
freedom when the angle 8 = 50°. The blue, red, green, and black colors
represent the PCL velocities using 187,659, 1265 and 2678 degrees of
freedom, respectively. The solutions obtained from the coarser meshes
converge to those of the finest mesh, which is 2678 degrees of freedom.
Table 3 shows the number of iterations and times (minutes) used to
compute the solutions with different number of degrees of freedom. The
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Table 3
The number of iterations and time for each number
of degrees of freedom.

#dof Number of iterations Time (min)
187 46 41

659 40 179

1265 40 355

2678 40 785

Table 4

The /,-norm errors of the numerical solutions for different number of degrees of freedom.
#dof The I,-norm errors

v, v, speed

187 2.3467 1.5123 2.0129
659 1.1231 0.5676 1.8875
1265 0.5550 0.1886 0.6687

Table 5

The number of iterations of Newton’s method, computation time and number of degrees
of freedom for each angle.

0 Number of iterations Time (min) #dof
50° 84 1600 2678
60° 56 1065 2863
70° 34 748 3184
80° 7 178 3725
90° 2 29 2267

tolerance (tol) is 5 x 1073, The I,-norm errors of the results are shown
in Table 4. Table 4 illustrates the errors of the average velocities v, and
v, and the speed of the PCL fluid compared with the solutions obtained
from the finest grid. It shows that the errors decrease when the number
of degrees of freedom increases.

Next, we apply the mixed finite element technique of Taylor-Hood
type combined with the Newton’s method to the governing equations
to find the velocity of the PCL fluid when the cilia make angles with the
horizontal plane. The mesh refinement is generated by using the open
software Netgen,*! see Fig. 10, which is between 1000 and 1700 grid
points. Fig. 10 illustrates the mesh generations on the domain Q. From
left to right and from top to bottom, the plots show the meshes from the
angles 6 = 50° to 90°, respectively, where the horizontal line in each
picture indicates the free-fluid/porous-medium interface at x, = y,.

Table 5 shows the number of iterations of Newton’s method, the
computation time and the number of degrees of freedom (#dof) for
each angle 6. The initial guess used in Eq. (4.6) is V" = 1 to calculate
the numerical solution. The iterations are stopped when ”AVHz < tol,
where tol = 5x 107, Since the height of our numerical domain is 1,
when cilia bend down and make angle 80° with the horizontal plane,
the height of the free-fluid region is 0.0152, which is a small number.
So finer elements are needed in this free-fluid region. Then the number
of degrees of freedom for the angle 80° is higher than that of the others
and it is similar for other smaller angles. The velocities of the PCL fluid,
v, and v,, are depicted in Figs. 11 and 12, where from left to right and
from top to bottom of these figures are the velocities of the PCL fluid for
angles 50° to 90°, respectively. Fig. 11 illustrates the velocities of v; of
the PCL fluid for angles 50° to 90°, where the velocity is maximum at
the top of the domain £, and zero at the root of cilia. The maximum
velocity occurs when § = 90°, and the velocities decrease when the
angle decreases. The velocities are constants from the tips of the cilia
to the top of the domain 2, for angles 50 < # < 90. Fig. 12 shows
the velocities v, of the PCL fluid for angles 50° to 90°. For the forward
stroke, cilia start at & = 90° and then bend down to 50° and stop beating
at 6 = 40°. So, the velocity v, at angle # = 90° is almost zero and the
velocities for the angles 6 = 50°,60°,70°, and 80° are negative.

Figs. 13 and 14 show the average velocities of v, and v,, over the
x,-axis. In Figs.-13 and 14, each curve has two|colors. The color in the



S. Phaenchat and K. Wuttanachamsri

0.8+
. 0.6 F
g
3
7
0.4+
—+—T7 nodes
17 nodes
0.2¢ ——31 nodes
—%—61 nodes
—x—exact solution
0 ! ,
-0.5 0 0.5 1

vi(pm/s)

(a)

Partial Differential Equations in Applied Mathematics 12 (2024) 100961

1.
—+—7 nodes
17 nodes
—»—31 nodes
08¢ —o—61 nodes
_06¢
g
2
S04}
0.2+
0 ,
-0.5 0 0.5

vy (pm/s)

(b)

Fig. 8. The average velocity profile of two-dimensional numerical solution for 7,17,31, and 61 nodes when 6 = 90° along the x,-axis. (a) the average velocity v, for each node

and the exact solution. (b) the average velocity v, for each node.

1 .
0.8+
/g 0.6
2
204
0.2 0.2
0 . 0
0 10 20 -20
vi(um/s)
(a)
1r /
*\\\\\
B
305
) —+—187 dof
—*—659 dof
1265 dof
—%—2678 dof
0 | | | | | | |
0 5 10 15 20 25 30 35
speed(um/s)

(©)
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average speed.

lower part of the line shows the solutions in the porous medium and the
color located towards the tip of the cilia presents the solutions in the
free-fluid region as well as in Fig. 15. For Fig. 13, the highest velocity
of the PCL fluid is at the angle § = 90° and it decreases as the degree
decreases. So the slowest velocity is at the angle § = 50°. Comparing
with Fig. 5, the average velocity of v, is lower than the velocity of cilia
about 21%, 18%,22%,25% and 26% for the angles 6 = 50°, 60°,70°, 80°
and 90°, respectively. The average velocities of v, of the PCL fluid
for all angles are plotted in Fig. 14, which shows that the average
velocity at the angle 6 = 90° is almost zero, and the other angles are
negative. Notice that the average velocities of v, of the PCL fluid from
the angle 6 = 90° to 80° rapidly decrease and gradually decrease until
0 = 60° and the average velocity from the angle § = 60° to 50° increases
because the cilia begin to stop, beating and. the cilia stop. beating at the

angle # = 40°, which results in increasing velocity and become zero
at § = 40°. Fig. 15 illustrates the speeds over the x,-axis, J v||, for the
angles 50°,60°,70°,80°, and 90°. The shape of the speed of each angle
is almost the same as the average velocity of v; over the x;-axis. This
means the velocity in x;-direction has greater effect of motion of the
PCL fluid than v,. To compare our numerical solution with an available
research, we compute the average speed of the PCL fluid for all angles.
The result is depicted in Fig. 16. Next, we compare the average speed
for all angles with the experimental data reported in Ref. 42. They
investigated the movement of the PCL in well-differentiated human
tracheobronchial epithelial cell cultures exhibiting spontaneous and
radial mucociliary transport. The study employed conventional and
confocal microscopy techniques using fluorescent microspheres and
photoactivated fluorescent dyes. The, research has revealed that the
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Fig. 10. Netgen' generated mesh of the PCL domain for various angles.

Fig. 11. The velocity of the PCL fluid, v,, in x,-direction when the angles 6 = 50°,60°,70°,80°, and 90°.

velocity of the PCL fluid is approximately 39.2+4.7 pm/s. From Fig. 16,
we find the average of the average speed for all angles, which is about
43 pm/s being in the range of the experimental results.

6. Conclusion

We consider the fluid flow in the Periciliary layer (PCL) in the hu-
man lungs. The PCL consists of two phases: the fluid phase, Newtonian
fluid, and the solid phase known as cilia. When the cilia move forward
in order to remove the mucus from the human body, the cilia make
angles with the horizontal plane. In this study, we consider the forward
stroke of cilia having maximum velocity at # = 90° and the velocity
decreases when the angle decreases and then the cilia stop beating at
0 = 40°. The angles used in this work are 6 = 50°,60°,70°,80°, and
90°. The PCL region is divided into two domains when 6§ < 90°: the
porous domain and free-fluid region, and the PCL region has only the

porous domain when cilia are perpendicular to the horizontal plane.
We apply the nonlinear Brinkman equations in the macroscopic scale
to the porous domain £, and the steady-state Navier-Stokes equations
to the free-fluid region £2,. We use the mixed finite element method of
Taylor-Hood type combined with Newton’s method to find the velocity
of the PCL fluid. Regarding the boundary conditions, we assume that
the bottom of the domain has zero velocity and the rate of change of
the velocity with respect to x, at the top of the domain is zero. The
velocity is continuous at the porous medium/free-fluid interface. The
velocities of the cilia are plotted in Fig. 5. The mesh refinement for each
angle is shown in Fig. 10. The numerical solutions are first averaged
and compared with the exact solution for a one-dimensional domain
to verify the result. The result are in a good agreement. For the two-
dimensional numerical solutions of the velocities of the PCL fluid, we
provide the velocities in x,-direction, v, and x,-direction, v,, for all
angles in Figs. 11 and 12. Then the velocities are averaged to see the
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Fig. 12. The velocity of the PCL fluid, v,, in x,-direction when the angles ¢ = 50°,60°,70°,80°, and 90°.

--0--90° in
—-6--80° in
—-e-—-70° in Q;
—-6--60° in
—6-50°in
—-6--80° in
————— 70° in Qs
o 60° in
77777 50° in £y
100 150 200
vy (pm/s)
Fig. 13. The average velocity of v, of the PCL fluid for 5 different angles in x,-
direction.
1-
0.8+ %@ K@@
ES
%, o
—~ 06 rl--0--=90° in Ql
g e 80°in [
= —-0--70° in
8 04F| o-60°in Q;
—o--50°in
—-0--80° in 2y
0.2F -~ 70° in
o-60° in Qy
————— 50° in Qo
0 |
-25 -20

Fig. 14. The average velocity of v, of the PCL fluid for 5 different angles in x,-

direction.

10

K
A
o
o —-%-—-90° in Q;
—%--80° in
—%-—T0° in
—%--60° in Q
— % -50° in O
—%--80° in Qy
—%-—T0° in Qo
*—60° in Qo
—-#-=50° in Qo
100 150 200
v(pm/s)

Fig. 15. The speeds of the PCL fluid for 5 different angles in x,-direction.

0.8

0.2

20 40 60 80
Average speed(um/s)

100

Fig. 16. The average speed for all angles.



S. Phaenchat and K. Wuttanachamsri

velocity profiles including the speed of the PCL fluid. The shapes of
the profiles of v, are similar to those of speed. This fact provides that
the velocity v; takes more effect to the movement of the PCL fluid.
In future research, we aim to incorporate the full movement of cilia
into our study. We also will use the unsteady state equations to see the
movement of the PCL fluid affecting the mucus velocity.
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Abstract. Mucociliary clearance (MCC) is a protective process in human respiratory system to expel inhaled
strange particles such as dust, dirt, and smoke out of the human body. The particles are caught by mucus residing
in the respiratory tract and then mucus forms a mucus layer (ML) lining above the cilia settling on the ciliated
epithelial cells. The mucus is removed from the human body by ciliary beating. Here, we study the fluid flow
above the tips of cilia up to the mucus layer affected by the movement of cilia. In this work, the two-dimensional
Stokes equation is applied to find the velocities of the fluid in the free-fluid region. The numerical solutions are
approximated by using a mixed finite element method. This problem can be usefully applied to problems in which

fluids are affected by the self-movement of a solid phase.
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1 Introduction

Mucus is a viscous fluid produced in the human body, in which the mucus comprises of 95%
water, 2-3% glycoproteins and proteins, 1% mineral, 1% lipids and 0.02% DNA (Matthews et al.,
1963; Potter et al., 1967). The mucus is part of airway surface liquid (ASL) that lines between
the epithelial cells and air in the respiratory tract. The ASL consists of two layers: the mucus
layer (ML) and the periciliary layer (PCL). The mucus layer is adjacent to the air surface and is
on the PCL covering the epithelial cell surface (Boucher, 1999; Derichs et al., 2011) as shown in
Figure 1. Figure 1 shows a portion of a cross-section of the trachea that comprises of the inhaled
particles, air, the mucus layer (ML), the periciliary layer (PCL), cilia, epithelial cells, ciliated
cells and goblet cells. The PCL consists of two phases: liquid and solid phases, where the liquid
and solid phases are the PCL fluid and cilia, respectively. Therefore, the PCL is considered as
a porous medium. The mucus is secreted from the goblet cell scattering in the epithelial cell to
catch foreign particles that get into the human body. After that the mucus forms the mucus
layer lining above the PCL and is moved out of the body by the beating of cilia. This mechanism
is called Mucociliary clearance (MCC), which is the primary innate defense mechanism of the
human respiratory system (Knowles & Boucher, 2002; Wanner et al., 1996).

How to cite (APA): S. Phaenchat, K. Wuttanachamsri (2025). Effect of porous medium to fluid flow in mu-
cus layer. Advanced Mathematical Models & Applications, 10(1), 144-159 https://doi.ong/10.62476/ammal01144

144



S. PHAENCHAT, K. WUTTANACHAMSRI: EFFECT OF POROUS MEDIUM TO FLUID FLOW...

Figure 1: The clearance of mucus in the respiratory system

Several studies investigated MCC both numerically and experimentally (Battle et al., 2015;
Ding et al., 2014; Houtmeyers et al., 1999; Lale et al., 1998; Rusznak et al., 1994; Satir &
Christensen, 2007; Sedaghat et al., 2023; Vanaki et al., 2020; Xu & Jiang, 2015). For example,
Xu & Jiang (2015) considered five rods (cilia) for both symmetric and asymmetric cilia motion
by using a rod-propel-fluid model. They found that the cilium height difference was efficient in
driven transport and the transport capacity of the MCC increased when cilia density and cilia
beating frequency increased. Ding et al. (2014) studied the fluid flow in both the PCL and the ML
by using three-dimensional microscale equations. Sedaghat et al. (2023) studied the effect of cilia
abnormalities on mucociliary clearance (MCC) in bronchial airways by using three-dimensional
incompressible modified Navier-Stokes equations. The finite difference projection method was
used to solve these equations. Vanaki et al. (2020) investigated the cilia in both the healthy
state and the disease state for mucociliary clearance in the human respiratory system. They
found the numerical solutions depending on various parameters such as ciliary beat frequency
(CBF), metachronal waves of cilia, surface tension at the PCL-mucus interface, ciliary length,
ciliary density, and liquid depth in the airway. Poopra & Wuttanachamsri (2019, 2022) and
SuanKasem et al. (2018) studied the velocity of the PCL fluid using one-dimensional Stokes-
Brinkman equations by using asymptotic expansion method in different approaches. Phaenchat
& Wuttanachamsri (2019), and Kasamwan & Wuttanachamsri (2020) calculated the velocities of
PCL fluid by using a finite element method, a finite different method and classical linearization
method. Chamsri (2014) used a mixed finite element method to discretize the n-dimensional
macroscale Stokes-Brinkman equations which were used to find the velocity of the PCL fluid
in Wuttanachamsri & Schreyer (2020). Free interfaces at the tips of cilia in the PCL was
presented in Wuttanachamsri (2020). Verma & Rana (2015) used steady-state mathematical
model to study mucus transport in the airway in the human lung. Modaresi & Shirani (2023)
investigated the velocities of both the PCL and ML by using three-dimensional mathematical
models. The velocities were influenced by variations in mucus viscosity and distinct velocities at
the PCL/ML interface. Wuttanachamsri et al. (2024) provided the velocity of the PCL fluid in
the porous medium when cilia beat forward by using the two-dimensional Brinkman equation.

Here; we''éexamine“the'velocity ‘profiles 'of 'both''the 'PCE fluid“and the mucus!' 'Figure 2
depicts the computational domain used in. our investigation, which consists of the ML and the
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PCL. Within the PCL, the black straight lines represent cilia, which make the angle 6 with the
horizontal plane. The variable ypcy is the y value at the interface between the PCL and the
ML and ¥, is y value at the interface between the porous medium and the free-fluid region.
For example, the symbols y;,(80°) and y;,,(70°) are y values at the interface between the porous
medium and the free-fluid region when cilia make the angle 80° and 70° with the horizontal plane,
respectively. When cilia make an angle 6 < 90°, the PCL can be divided into two layers: the
porous medium, comprising both the PCL fluid and cilia, and the free-fluid region, containing
only the PCL fluid. For 8 = 90°, there exists only the porous medium in the PCL. In this work,
we concentrate on two domains: the free-fluid region, 21, and the ML, 5. In domain 1, the
free-fluid region occurs at the angle 8 < 90°. As cilia bend downward to various angles, the
height of the free-fluid region varies from y;, to ypcr. For example, at the angle 80°, the height
from ¥;,(80°) to ypcyr is 0.0152, while at the angle 70°, the height from y;,(70°) to ypcr is
0.0603.

Figure 2: Cartoon picture of the PCL and the ML

To determine the velocities of the fluids in €21 and €y influenced by cilia movement, we use
the velocity of the PCL fluid within the porous medium obtained from Wuttanachamsri et al.
(2024) as the lower boundary condition of domain €y to compute the velocity of the PCL fluid
in €. After that, we adopt the velocity of the PCL fluid within €, as the lower boundary
condition of domain €y to determine the velocity of the mucus. By creating the numerical
domain in which the self-movement of cilia affects the fluid flow in domains €7 and 9 when
cilia make various angles to the horizontal plane within one numerical domain, and the fluid
velocity in €2 is used to calculate the mucus velocity, to the author’s knowledge, this research has
never been done before. In this work, the velocities of the fluids in 21 and 5 are found by using
the two-dimensional Stokes equation. A mixed-finite element method is used to approximate
the numerical solutions.

In Section 2, we present the governing equation. The discretization of the mathematical
model using a mixed-finite element method is described in Section 3. The numerical results of
the velocities of the fluid in €27 and €29 are presented in Section 5. The conclusion is drawn in
Section 6.

2 Governing Equation

In this'section; we provide the governing equation used in'this' work We assume that the fluids
in 0 and Q9 moving past the layers are incompressible. ' Therefore, we use the Stokes equation
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and the continuity equation in both domains,

Vp — pAv = pg, (1)

V.-v=0, (2)
where p is a dynamic viscosity, p is pressure, p is fluid density, v is velocity of the fluid and g is

gravity. In the two-dimensional domain, let v = (u,v) and g = (¢., gy). Then Egs. (1) and (2)
can be rewritten as

8p u  O%u
o (8:1;2 + 0y2> = PGz; 3)
op v 0%
o () = “”
ou Ov
9 T oy 0. (5)

We now have three equations and three unknowns, which are u, v and p. The governing equations
(3) - (5) will be discretized in the next section.

3 Model Discretization

The mathematical model in Section 2 is discretized in this section by using a mixed finite element
method. Define w and ) be quadratic and linear weight functions. To find the weak formulation,
we multiply Egs. (3) - (4) by w and Eq. (5) by @ and integrate over the domain §;, i = 1, 2.
Then Egs. (3) - (5) becomes

Jp Py 0%u\] B
/Qi [U)M_/iw (W‘f‘éwg)_dﬂz—/gipgchmu (6)
Op v 0%\ B
/Qi [way — pw <8:r2 + 8y2> dQ,; = /Ql pgyw dsl;, (7)
Oou  Ov)]
/Qi [Q (8x+ay>_d9i—0. (8)

Applying Green’s identity to the left-hand side of Eq. (6) and (7), we have

o Oxr 0r Oy Oy Ox Q (9)

+/ w @n —|—a—un — wpng | dT';
FiM oz ayy Py i

owov Ow v ow

[ (5 + o)~ Gy o= [, o i
+/ [ ( Y g ) wpny} drl’;,
T

where 1, and ny-are outward unit normal vectors in' r+~ ‘and y-diréctions, respectively. Let Vj,
and P, be finite-dimensional subspaces of H!(2) and L3(£2), respectively, where L3(Q) = {p €

(10)
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L*(Q) : [op dQ =0}. Let (u,v,p) € Vj, x V}, x P, and the variables u, v and p be expressed as

Z Yn(x)u" = 9", (11)

X) = Z Yn(x)0" = TV, (12)
n=1
L

=Y aix)p = ¢"P, (13)
=1

where U and V are the vectors of the velocities, P is a vector of the pressure, the superscript
T represents the transpose operation. The vectors 1) and ¢ are quadratic and linear shape
functions, respectively. Let the weight functions w and @) be approximated as

W R Y, QR (14)
Substituting Egs. (11) - (14) into Egs. (8) - (10), we have

0P 0y W&/’T) R N .
“/Q< + dQ;U /Qiaw(b dQZP_/Qipgmwsz

Or Ox oy Oy

(15)
T T
/ <wwnx+¢ Ld ny> dFiU—/ ¢ ng dT;P,
Iy
oY 31/1T oY 87/1T T '
T asz .,
/ (w ne 00 ny> ar,v - / 46T, drP,
F’.
T T
/¢WdQU+/ ¢8¢ydgv 0. (17)

Let Q; = UQe i = 1,2, where € is the element domain. Then Eqgs. (15) - (17) can be written

in the element matrix form as follows

K 0 -A] (U 2]
0 K —-A|{Vy={F}, (18)
AT AT o | |P 0

where the elements in the coefficient matrix are defined as

_ oY ot 0P OPT e
K_,u/ (&T Ox +8y Ay dAx,

A = %Tdaf,
Qe 8.%'
o
Ay = | —=oTdQg,
2 o Dy (19)
T T
F = / pgath dQS + p / q/}aw nx+¢aw ny | dU$U — [ p¢"n, dTSP
¢ re \' O 0y rs

e ad)T au}T e T e .
Fy = PGy dSY + 1 Y Ny + ¢ ny | dI';V — Yo ny, dI'SP, i =1,2.
Q¢ r¢ Ox Ay r¢

We now'obtain 'the element-matrix form' for the -domains Q; and'Qs. Theé boundary ‘conditions
used in this problem are provided in the next section.
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4 Boundary Conditions

The boundary conditions used in this research are presented in this section. Figure 3 shows the
domains and boundaries used in this study. The variable y;y, is the y value at the top of domain
Q. Although ypcy is the length of cilia when cilia are perpendicular to the horizontal plane,
in this study, we use dimensionless ypcr, which is equal to 1. Similarly, we use dimensionless
ymL- So ypyr is equal to 2. Here, we suppose that cilia bend downward from 6 = 90° to other
angles, decreasing by 10° for every 0.2 change in the z-axis. That is, when cilia make the angles
6 = 90°,80°,70°,60° and 50°, they correspond to the ranges of z = 0 to x = 0.2, z = 0.2 to
r=04, x=04tox=0.6, r=0.6toxz=0.8 and x = 0.8 to x = 1, respectively. We assume
cilia stop beating at the angle § = 40° (Sears et al., 2013). The boundary T'; is at the tips of the
cilia excluding the case that 8§ = 90°. The boundary I'y is at the interface between the free-fluid
region, €21, and the ML, Q5. The boundary I's is the right boundary of €2;. The boundaries I'y,
I's and I'g are at the left, right and the top borders of 25, respectively. In this work, we assume
that the velocity is continuous at the free-fluid region/the ML interface (at I'y).

Figure 3: Domains and boundaries.

We first consider the free-fluid region, {2;. The velocity of the PCL fluid at I'; is obtained
from Wuttanachamsri et al. (2024). That is
U(%Z/m) = Uin at F17 (20)
v(T, Yin) = Vin at I'y,
where u;, and v;, are the velocities of the PCL fluid in z— and y—directions at the boundary
I'y.
For the ML, €25, we use the velocity of the PCL fluid obtained from €2; to be the boundary
condition at the bottom of Qy. The velocity of the PCL fluid at y = ;,,(90°) is obtained from
Wuttanachamsri et al. (2024). At the boundary I's, we assume that

M =0 at FG;

, L (21)
81}( ,yM )
7(13[/ — t Tg.

" =0 a 6

The'velocities ‘at the“boundaries I's;T'y'and T's are unknown.'The 'boundary-conditions will
be applied to Eq. (18) to find the velocities of the fluids in € and Q in the next section.
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5 Numerical Results

In this section, we present the numerical results of the two-dimensional Stokes equation by
using a mixed finite element method. To find the velocities of the fluids in € and s, we first
provide the velocity of the PCL fluid at the tips of cilia, obtained from Wuttanachamsri et al.
(2024), when cilia make the angle 8 = 90° to 50° to the horizontal plane. In Wuttanachamsri
et al. (2024), the authors have found the velocity of the PCL fluid in the porous domain for the
forward stroke of cilia. Figure 4 illustrates the velocity u of the PCL fluid at the tips of cilia
at 0 = 90°,80°,70°,60° and 50°. Note that the velocities decrease when 6 decreases. Figure 5
shows the velocity v of the PCL fluid at the tips of cilia. Remark that the velocity v is greater
than zero at = 90° and drops to the negative values at other angles. This is because the cilia
bend down during their forward stroke. The velocity of the PCL fluid at the tips of the cilia is
used to be the bottom boundary condition of ©; (at I';) except the velocity at § = 90°. This is
due to the absence of a free-fluid region in £2; when the cilia are perpendicular to the horizontal
plane. The outward unit normal vector n = (n,,n,) used in this work is (0,—1) at I'y, (1,0) at
I's and I's, (—1,0) at I'y and (0,1) at I's. At 'y, we assume that the velocity is continuous at
the free-fluid region / the ML interface.

250
—%—90°
——80°
—s—T70°
2003 60°| 1
50°
150 8
3
100 8
50 - k 1
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

T

Figure 4: The velocity u of the PCL fluid at the tips of the cilia for each angle

The values of other variables used to calculate the numerical result in the domains 24
and €y are as follows. The gravity g = (0,9.8 x 107%)(um/s?) and the fluid density p =
992.2 x 10~1(g/um?), which is the density of the water at 40°C (The Engineering ToolBox,
2013). Since the viscosity of the PCL fluid and the mucus are different, the viscosities used
in this paper are y = 3 x 107%(g/(um - s)) in Q1 (Wuttanachamsri & Schreyer, 2020) and
p=2x107%(g/(um - s)) in Qg (Chatelin & Poncet, 2016).

The numerical solutions are verified by comparing them with an exact solution (Koplik et
al., 1983). The domain of the problem consists of the porous medium below a free-fluid layer and
an impermeable plate dragged in the z-direction at the top of the domain. In this work, we only
compare our numerical solution with the velocity of free fluid above the porous medium. Since
our numerical solution is calculated in the two-dimensional domain, we average the numerical
solution over the z-direction and compare the average result with the exact solution. Figure 6
illustrates 'the ‘averagevelocities calculated 'from -different mesh'refinements which ‘are 5,11 and
17 nodes in y—direction, and the exact solution. It presents that the average velocities converge
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Figure 5: The velocity v of the PCL fluid at the tips of the cilia for each angle

to the exact solution when the number of nodes in y-direction increases. The ls-norm errors of
the average velocities are shown in Table 1. It shows that the error decreases as the number of
nodes in y—direction increases.

1 \
—+—>5 nodes

11 nodes
—»—17 nodes
——exact solution

0.9 - B

y-axis

0.75 I I I
-0.2 0 0.2 0.4 0.6 0.8 1

velocity

Figure 6: The average velocities for 5, 11 and 17 nodes in y-direction and the exact solution

#nodes in y-direction | ls-norm errors
5 nodes 0.3047
11 nodes 0.2856
17 nodes 0.1461

Table 1: The ls-norm errors of the nodes in y-direction

Next, we find the velocities of fluids in 4 and 2o by applying a mixed finite element method
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to the two-dimensional Stokes equation with the boundary conditions mentioned in the previous
section. The number of grid points used in this work is 3051 grid points which is generated
by the open software Netgen (Schoberl, 1997). The velocity of the fluid in €; is provided in
Figures 7 and 8 at the angle # = 80° — 50°. So, the velocity of the fluid in {2; starts at § = 80°
from x = 0.2 to 0.4. For the x ranges of the angle § = 70°,60° and 50° are x = 0.4 to 0.6,
x = 0.6 to 0.8 and = = 0.8 to 1, respectively. The heights of domain €4 from y;,,(0) to ypcyr, for
the angle 8 = 80°,70°,60° and 50° are 0.0152,0.0603,0.1339 and 0.2339, respectively. Figure 7
shows the velocity u of the fluid in ©; which is highest at # = 80° and it decreases when the
angle decreases. Figure 8 demonstrates that the velocity v of the fluid in €2 is the negative
value when cilia are bending in a downward direction, which the least negative value occurs at
0 = 60°. Then the velocity has less negative until 6 = 50°.

41140
200
41120
150
1100
< 100
50 180
0
1 4160
140

Figure 7: The velocity u of the fluid in 4

To find the velocity of mucus in 25, we use the velocity at the top of the domain €2 to be
the velocity at the bottom of the domain Q9. The domain 25 is [0,1] x [1,2]. Figure 9 shows
that the mucus velocity u is maximum at (z,y) = (0,1) and minimum at (z,y) = (0.98,1) which
is at the bottom boundary of 5. Although, from the left to the right, the velocity u of mucus
declines when y € [1,1.4] for all x, the velocity u of mucus is almost the same when y € [1.4, 2]
for all . Therefore most of the mucus moves at a constant velocity in the z-direction. Figure 10
illustrates the velocity v of mucus. Since the velocity v of the mucus is affected by the bottom
boundary condition of the velocity v of the fluid in €2y, the velocity v is negative and then the
velocity v of mucus is significantly more negative when = € [0.14, 1] for y < 1.4. The velocity v
of mucus fluctuates like a wave but the value does not vary much when y > 1.4 for all z.

The horizontal velocity of the fluid in ©; (Figure 7) and the mucus velocity (Figure 9) are
averaged over the z—axis and plotted together in Figure 11. Figure 11 shows the average velocity
u of the fluid in 2; and mucus, where the blue diamond and red square refer to the average
velocity u of mucus and the fluid in €2, respectively. The average velocity u begins to fluctuate
since y > ypcr and alternates like a vertical wave. The mean value of the average velocity
u is approximately 119 pm/s. Similarly, the average vertical velocity is illustrated in Figure
12. It shows'that' the “average velocity v i negative and' it ‘has‘less‘neégative 'when'vy increases.
The velocities, u,and v in Figures 11 and 12 are employed to, find the speeds of the PCL fluid
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Figure 8: The velocity v of the fluid in €

250
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o

The velocity of mucus

Figure 9: The velocity u of mucus

in ©; and mucus, which are shown in Figure 13. The red asterisk and the blue circle are the
speeds of the fluid in 2; and mucus, respectively. The average speed of mucus is about 118
um/s' (or 'about 7.1 mm/min)-" The'‘curve of the speeds is-similar to'the average horizontal
velocity. It shows the movement of the fluid is possessed, by the velocity in x-direction. Next,
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Figure 10: The velocity v of mucus

we compare the average speed of mucus with experimental data in Yeates et al. (1975) in which
the mucociliary transport rate has been studied in 42 nonsmoker healthy adults between the
ages of 20 to 43 years. The range of the transport rate is 0.8 — 12.4 mm/min while our result is
about 7.1 mm/min. The result is close to the transport rate of men between the ages of 22 — 32
years and women between the ages of 22 — 30 years.

2 T T T T T
—a— The average velocity of the fluid in €
—&— The average velocity of mucus

1.8+

1.4+

1.2+

0.8 F

0.6 I I I I I I I
85 90 95 100 105 110 115 120 125

u

Figure 11: | The average welocity a 'over the @<direction of thefluidin Qy and mucus
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Figure 12: The average velocity v over the x—direction of the fluid in ; and mucus

2 T T T
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Figure 13: The speeds of the fluid in £2; and mucus

We approximate the speeds of the fluid in ; and mucus by a polynomial approximation
degree 9. The coefficients of the ninth-order polynomial approximation of the speed are shown
in Table 2, where h is from y;;,(50°) to yasr. That is h = 0.7660 to h = 2. Figure 14 displays
the polynomial approximation with the fluid speed in €2y and {29, where the green square, the
red asterisk and the blue circle refer to the polynomial approximation, the speed of the fluid in
), and 'the'speed of mucus, respectively. ' Tt' shows that the polynomial approximation estimates
the speeds of the fluid in 1 and mucus well with the ls—mnorm error 0,0282.
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Table 2: The ninth-order polynomial functions: p(h) = c1h® + coh® + c3h” + c4h8 + esh® + cgh* +
c7h3 + cgh® + coh + c1g for the speeds of the fluid in ©; and mucus.

Coeflicient 105 %
c1 0.002271511545374
Co —0.029497677298672
c3 0.166716780614724
c4 —0.537680842522555
Cs 1.089315989130731
C —1.436339487060982
cr 1.232011089245644
cs —0.663157249265035
o 0.203717832820274
€10 —0.027239428286010

2 T T T
Polynomial approximation

—*—The speed of the fluid in €,

—o—The speed of mucus

1.8+

0.6 L L L L L L
90 95 100 105 110 115 120 125

speed

Figure 14: The polynomial approximation and the speeds of the fluid in €; and mucus

6 Conclusion

In this study, we find the velocity of the fluid in the free-fluid region, €21, and then calculate
the mucus velocity in €. The fluid flows in both domains are affected by cilia movement. We
employ the two-dimensional Stokes equation and then apply the mixed finite element method to
the equation to calculate the velocities of the fluids in €7 and 5. We first verify the numerical
result by averaging our two-dimensional numerical solution over x—axis and compare it with the
exact solution in the one-dimensional domain in the case of static solid phases. The numerical
result converges to the exact solution with the small l[s—norm error.

For the two-dimensional solution, we present the velocity of the PCL fluid in €y for the
angle § = 80° — 50° and the mucus velocity. We provide the velocities u and v of the fluid in
Q1 and then we use them to find the velocity of mucus. The velocities u and v of the fluid in
), and mucus are averaged over x—axis and plotted together in one graph. Next, we find the
speed of the average velocities of the fluid in both domains. The shape of the speed is similar
to the average velocity uw. This indicates that the velocity u has more impact on fluid motion
than the velocity' v.> The 'speed-of the miicus 'is'avéraged 'and 'compared with'the ‘experimental
data. Our mucus velocity is about, 118 um/s (or about 7.1 mm/min). This result is close to
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the experimental data of 22- to 32-year-old men and 22- to 30-year-old women (Yeates et al.,
1975). The speeds of the fluid in 7 and mucus are approximated by a ninth-order polynomial
approximation, provided in Table 2. This work can be effectively applied to problems involving
fluid dynamics influenced by the self-movement of solid phases.
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