Stability and Optimal Control Approach of Mathematical
Models of COVID-19 in Thailand

JIRAPORN LAMWONG

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENT FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY IN APPLIED MATHEMATICS
DEPARTMENT OF MATHEMATICS SCHOOL OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG
2025
KMITL-2025-SC-D-001-005



COPYRIGHT 2025
SCHOOL OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG



Thesis Title Stability and Optimal Control Approach of Mathematical
Models of COVID-19 in Thailand

Student Name Miss Jiraporn Lamwong

Student ID 65056018

Degree Doctor of Philosophy (Applied Mathematics)

Department Mathematics

Year 2025

Thesis Advisor Assoc. Prof. Dr. Puntani Pongsumpun
Abstract

COVID-19, caused by the virus SARS-CoV-2, was first identified in Wuhan, China,
in December 2019. The disease quickly spread globally, significantly impacting public
health and livelihoods. This work focuses on developing and designing mathematical
models to understand the dynamics of the COVID-19 outbreak. Three models were
created: Model 1: Focuses on vaccination, patient quarantine, and hospitalization.
Model 2: Separates vaccinated and unvaccinated groups, considering asymptomatic
individuals, symptomatic individuals, and hospitalization. An optimal control model
was incorporated to manage the spread. Model 3: Considers symptomatic individuals
and patient .quarantine, with an optimal control function applied. Each model was
analyzed to assess stability, response characteristics, and equilibrium conditions. The
basic reproduction number, which indicates potential spread, was calculated using the
next-generation matrix method: Numerical data were used to examine the outbreak’s
behavior, and sensitivity analysis was conducted to determine which factors most
impacted the spread. Model fitting was performed to align parameters with real
outbreak data from Thailand. The results aim to provide practical guidelines for

controlling the spread of COVID-19 and supporting public health measures.
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Chapter 1

Introduction

1.1 Research Motivation

By the end of December 2019, the coronavirus outbreak was detected [1-4],
causing damage to people’s health, properties, and livelihood, including the economy
[5]. People needed to adjust their way of life and work to survive the outbreak. It was
considered a global threat since the virus spread rapidly. Many countries could not
cope with the situation, contributing to a crisis in the public health system. COVID-19
caused millions of people to lose their lives. COVID-19 is the virus that is causing the
illness [6]. It belongs to the Coronaviridae virus family and is a single-stranded RNA
virus that causes respiratory diseases [7-15]. A new strain of coronavirus known as 2019
is responsible for respiratory illnesses. By touching or coming into close contact with
an infected person, one can disseminate the virus from one person to another [15-18].
People can become infected by touching surfaces of things that contain COVID-19
before touching their mouth, nose, or eyes. It can also spread through respiratory
droplets produced by breathing, coughing, or sneezing [19,20]. The incubation period
following viral exposure lasts between two and fourteen days [1,11,21-25] from the
date of exposure. Next, COVID-19 illness symptoms in cases of inadequate immunity
in the body range from high fever, sore and dry throat, and muscular and joint
discomfort to severe symptoms that can damase the respiratory system [16,17,24-29].

The World Health Organization (WHO) released a report on the COVID-19
pandemic that states that 773,819,856 confirmed cases were discovered worldwide
between January 5, 2020, and December 31, 2023. As shown in Figure 1.1, the global
distribution of COVID-19 cases highlights the concentration in specific regions. The
region with the highest number of confirmed cases was Europe as 278,442,668 cases
were detected, followed by the Western Pacific with 207,953,190 confirmed cases,
Americas with 193,211,105 confirmed cases, South-East Asia with 61,234,065 confirmed
cases, Eastern Mediterranean with 23,409,122 confirmed cases, and Africa with
9,568,942 confirmed cases. As for the situation of the spread at a national level, the
United States of America, with 103,436,829 confirmed cases, China, with 99,322,727

confirmed cases, and India, with 45,013,172 confirmed cases, were the top three



countries with the most confirmed cases. As shown in Figure 1.2, The number of
confirmed deaths from COVID-19 across the world is 7,010,568 deaths, the region with
the highest number of confirmed deaths was the Americas with 2,992,191 deaths,
followed by Europe with 2,263,749 deaths, Southeast Asia with 808,217 deaths,
Western Pacific with 419,056 deaths, the Eastern Mediterranean with 351,865 deaths,
and Africa with 175,477 deaths. The United States of America (1,161,235 deaths), Brazil
(702,116 deaths), and India (533,361 deaths) were the top three nations with the most
confirmed deaths. Respectively [30,31]. As for the COVID-19 outbreak in Thailand, there
were 4,762,375 confirmed cases and 34,517 confirmed deaths [32,33]. Though the
outbreak situation has -unfolded, every country: has monitored the situation

continuously as the spread- of the virus appears to have subsided.

WHO Reg W Africa @8 Americas [ Eastern Mediterranean [ Europe @ South:East Asia
) Western Pacific

Figure 1.1 Total number of COVID-19 cases reported to WHO as of December 31,
2023, cumulatively [30].

WHO Regions [l Africa [l Americas [l Eastern Mediterranean [l Europe [l South-East Asia
Western Pacific

Figure 1.2 Total number of COVID-19 deaths reported to WHO as of December 31,
2023, cumulatively [30].



Vaccination is considered an important measure for controlling and reducing the
spread of COVID-19 [10, 20, 34-39]. There was a huge demand for vaccines to keep
pace with the ongoing spread situation. Many companies rushed to develop vaccines
to meet the needs of the governments and people. Several vaccine manufacturers
were approved by the World Health Organization (WHO) and those vaccines have been
used widely. The currently approved COVID-19 vaccines were Pfizer, Johnson and
Johnson, AstraZeneca, Covishied, Moderna COVID-19 vaccine, SINOPHARM, SINOVAC,
etc. [38]. Each vaccine brand is suitable for different uses. As shown in Figure 1.3, As to
the global report on COVID-19 immunization on November 26, 2023, 67% of the global
population had received all recommended vaccinations, and Figure 1.4 shows that
32% had received at least-one booster dose. According to Thailand's immunization
statistics, 46% of people had at least one booster shot and 78% of people had
obtained all recommended vaccinations [41, 42]. Vaccination, on the other hand, is
one strategy that works to stop COVID-19 from spreading. Numerous methods,
including social separation, mask-wearing, quarantine, etc., are helping to contain the

problem.

Figure 1.3 Percentage of people worldwide who received the full primary series of

the COVID-19 vaccine, on November 26, 2023 [41].
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Figure 1.4 World, November 26, 2023, percentage of people who received at least

one booster dose of the COVID-19 vaccination [41].

To manage COVID-19, a mathematical model was used to analyze the situation
and formulate policies to reduce the spread of the disease. Several researchers
proposed different models of the spread of COVID-19 to study the dynamics of COVID-
19 outbreak. To monitor the infection from tourists, Lamwong et al. [43] developed a
mathematical SEIOR model for MERS-CoV by taking into account two groups of the
population: the group from Thailand and the ¢roup of South Korean tourists visiting
Thailand. A basic model of MERS-CoV reported in the Arabian Peninsula, Europe, North
America, Southeast Asia, the Middle East, and the United States of America was
examined by Gardner Rey et al. [44]. Unlike SARS, which spreads from person to person,
MERS did not spread through person-to-person contact. A mathematical model was
developed to explain the gap using epidemiological data. The MERS transmission
occurred at a transit center, where hosts were together. It involved delving into the
mechanism and source of viral persistence inthe human population. Based on an SEIR
model, Mwalili et al. [45] developed a COVID-19 model. Pathogens in the environment
and social separation were taken into account. The study found that while social
distance may have an impact on the dissemination, infected individuals should be
quarantined to stop the infection from spreading. A SEIR model was presented by
Yohanres et al. [46] to explain the COVID-19 pandemic. To lower the number of
infected patients, save money on vaccinations, and lower medical expenditures, the
best course of action was taken. The study's conclusions demonstrated that

vaccination-based control may stop the spread by demonstrating that immunization



could lower the number of infectious and risk groups. A mathematical model was
created by Enahoro et al. [47] to examine the dynamics of COVID-19 spread and control
in Nigeria. To evaluate the effects both nationally and locally, the model examined
and established parameters using COVID-19 data released by the Nigeria Center for
Disease Control (NCDC). According to the numerical model, COVID-19 in Nigeria was
successfully contained by implementing a moderate social distancing policy
nationwide. A dynamic mathematical model that managed the COVID-19 and cholera
outbreaks in Yemen was presented by Hezam et al. [48]. Four control functions were
applied: social separation, lockout, test count, and water-dispersible granules
containing choline chloride.

From what is mentioned above, it can be seen that understanding the risks to
people’s health, properties, and livelihoods from-infection is critical for improving
public health outcomes. Therefore, this research focuses on analyzing and mitigating
these risks by gathering information on the dynamics of COVID-19 spread in Thailand.
The researcher developed a series of mathematical models to evaluate the impact of
vaccination, isolation, and preventive strategies on disease transmission. These models
aim to provide insights into the spread of the disease and identify effective control
measures. To quantify risk in this study, the basic reproduction number (R,) was
calculated to assess the potential of disease spread under different scenarios, while
sensitivity “analysis was conducted to determine the most influential parameters
affecting transmission rates. The models measured risk by evaluating the probability of
infection among susceptible individuals, the effectiveness of vaccination in reducing
susceptibility, and the role of isolation in breaking transmission chains. Key results
demonstrated that an increase in vaccination rates led to a significant reduction in R,
indicating a lower risk of widespread-infection. Additionally, isolation strategies for
symptomatic individuals were found to be highly effective in containing outbreaks. The
insights gained from these analyses provide a detailed understanding of risk factors
associated with COVID-19 transmission and help in formulating optimized intervention
strategies to mitigate these risks. Furthermore, the findings can serve as primary data
for crafting prevention policies, reducing the number of cases, and offering statistical
support to the Department of Disease Control, Ministry of Public Health, for managing

future outbreaks effectively.



1.2 Objectives of the study

This research aims to develop and analyze mathematical models for
understanding and controlling the spread of COVID-19 in Thailand. The specific
objectives are as follows:

1) To analyze the dynamics of COVID-19 transmission in Thailand by identifying
critical factors influencing the spread, including vaccination, quarantine, hospitalization,
and asymptomatic carriers.

2) Develop and evaluate three mathematical models that incorporate different
intervention strategies:

Model 1: Examines the impact of vaccination, patient quarantine, and
hospitalization on disease transmission.

Model 2: Differentiates between vaccinated and unvaccinated populations,
considering asymptomatic and symptomatic cases, and incorporates an optimal
control function for managing the spread.

Model 3: Focuses on symptomatic transmission and ‘quarantine strategies,
applying optimal control measures to mitigate the outbreak.

3) Calculate and analyze key epidemiological parameters, including the basic
reproduction number, stability conditions, and sensitivity analysis, to determine the
most influential factors affecting the spread of COVID-19.

4) To implement an optimal control framework based on Pontryagin’s Maximum
Principle to identify effective intervention strategies for minimizing infection rates while
balancing public health and economic considerations.

5) To validate the proposed models using real-world data from Thailand, collected
during the period from January 1, 2022, to April 10, 2022, ensuring practical applicability
and providing quantitative insights for public health policy recommendations.

6) To provide recommendations for controlling future outbreaks based on
numerical simulations and model findings, offering guidelines for public health
organizations such as the Department of Disease Control, Ministry of Public Health,

Thailand.

1.3 Scopes of the study
The scope of this work on modeling the spread of COVID-19 includes the following

aspects:



1) Data was obtained from weekly reports by the Department of Disease Control,
Ministry of Public Health, covering the number of COVID-19 cases from 2019 to 2023.
This data was used to study the behavior of COVID-19 transmission.

2) The number of cases was analyzed to develop a standard dynamic model of
COVID-19 spread in the form of a non-linear equation. The population size for each
group was considered constant.

3) The standard dynamic model was used to analyze the model's behavior,
describing the characteristics of solutions and identifying conditions for the stability of
each equilibrium point.

4) Pontryagin’s Maximum Principle was applied to explore optimal control

conditions, providing guidelines for managing the spread of COVID-19 effectively.

1.4 Process of the study

The study process of the mathematical model for COVID-19.is as follows:

1) Study and collect statistical data on the spread of COVID-19 from the reports by
the Department of Disease Control, Ministry of Public Health, on the number of
patients -from - 2019-2023. This data serves as the foundation for designing a
mathematical model.

2) Study definitions, theories of epidemiology, and relevant literature to understand
the key factors influencing the dynamics of COVID-19 and identify the gaps in existing
research.

3) Formulate research questions and hypotheses to guide the study. The primary
research questions include:

3.1) What are the critical factors influencing the spread of COVID-19 in Thailand?

3.2) How effective are vaccination, quarantine, and isolation strategies in controlling
the spread of COVID-197 The hypothesis is that optimal control strategies, including
vaccination and isolation measures, can significantly reduce the basic reproduction
number and mitigate the spread of COVID-19.

4) Design a mathematical model for COVID-19 based on the collected data and
guided by the research questions and hypotheses. The model incorporates critical
parameters such as vaccination, quarantine, and hospitalization.

5) Analyze the mathematical model to identify factors affecting the spread of

COVID-19 and evaluate the stability and effectiveness of the proposed interventions.



6) Develop the model to reflect current and evolving outbreak situations, ensuring
its applicability to real-world scenarios.
7) Summarize study results and propose guidelines for future research and the

development of advanced models for controlling similar outbreaks.

1.5 Benefits of the study
The benefits of the study on the mathematical model for COVID-19 are as follows:

1) The mathematical model for the spread of COVID-19 provides a detailed
description of the disease's dynamic spread, offering valuable insights into its
transmission patterns.

2) This study enhances the understanding of COVID-19 spread through both
uncontrolled ‘and optimal control models, enabling a comprehensive analysis of
various intervention- strategies.

3) This study-introduces and evaluates innovative approaches to reduce the spread
of COVID-19, particularly: through optimal control strategies that integrate vaccination,
quarantine, and isolation measures.

4) This study serves as a research guideline for those interested in-optimal control
strategies for ~COVID-19 and  provides a framework for developing advanced

mathematical madels applicable to other infectious diseases.



Chapter 2

Theory and Literature Reviews

In this part, the origin of COVID-19 is described to understand the dynamic of
the epidemic, the cause of the disease, the transmission of COVID-19, symptoms,
COVID-19 vaccines, COVID-19 spread situation in Thailand, recall, definitions, theories,
and the review of relevant literature to discuss the model of the spread of COVID-19

of this study.

2.1 Background of COVID-19 disease

The novel coronavirus disease 2019 (COVID-19)-is caused by coronavirus. It was
first discovered in December 2019 in Wuhan City, China [1,49-51]. After that, it was
found that the virus spread over a wide range of every region in the world. According
to reports of the epidemic, it was found that it spread from one person to another
person by breathing through droplets [16,17]. Droplets are generated and released into
the air when an infected person coughs or sneezes [20,52]. The incubation period takes
from 2 to 14 days [1,11,21-25]. The most common symptoms of COVID-19 include
muscle pain, body stiffness, sore throat, dry throat, high fever, and severe symptoms
that can damasge the respiratory system [16,17,24-29]. Currently, COVID-19 vaccines are

available, which can control-and gradually reduce the number of COVID-19 patients.

2.1.1 Cause of the disease

The novel coronavirus 2019 disease or COVID-19 is caused by a new strain of
virus called severe acute respiratory syndrome coronavirus 2 or SARS-Cov-2. It is a
single-stranded RNA virus that belongs to the Family Coronaviridae [6-15,53], the same
family causing respiratory diseases ranging from common cold to very severe diseases
[26,54]. SARS-CoV-2 virus is a pathogenic virus that must live in tissue cells or be
covered with mucus-like phlegm. It cannot live independently. Besides, it is a virus
whose outer envelope is made from a layer of lipids, which can be broken down when
it comes in with detergent or soap. There are currently 7 types of coronaviruses that
cause diseases in humans:

Type 1-4: Commmon cold.
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Type 5: SARS caused by a new strain of virus in 2002-2003.

Type 6: MERS caused by a new strain of virus in 2014.

Type 7: COVID-19 is caused by a new strain of virus, which has never been
detected before in humans, causing respiratory illness in humans and the virus can be
transmitted from person to person. They will be able to catch the virus in the air
released from infected persons when they cough, sneeze, speak, or when they get

exposed to the virus or respiratory tract secretions [55].

2.1.2 The spread of the disease

The spread of COVID-19 started on 1 December 2019 when a patient with
pneumonia of unknown cause was found in Wuhan city, China. Later, it was officially
reported on 3 January 2020 that the pneumonia found in Wuhan was caused by the
2019 novel coronavirus {17, 47,56-59]. The epidemic took around 12 weeks, from the
first confirmed case in China (1 December 2019) until the virus spread to six of the
world’s seven continents. Next, the virus spread rapidly throughout all continents of
the world. In Thailand, the first wave of the COVID-19 outbreak was assumed to start
in January 2020. The source of the epidemic was likely to come from animals, as the
vector of the disease to humans and the spread of the epidemic from person to
person. The spread from one person to another person is through a variety of ways;
breathing through droplets produced by infected persons when they cough or sneeze.
Infectious droplets get into the mouth or nose of persons nearby or get into the lungs,
or it is possible that persons can be infected with COVID-19 by getting exposed to
surfaces or objects contaminated with COVID-19 and touching their nose, eyes, and

face [30,32, 60,61].

2.1.3 Signs and symptoms of the disease

The incubation period of COVID-19 is 2-14 days [11,21-25]. That is the reason
why those getting exposed to the virus are required to isolate from other people or to
quarantine for 14 days, from the first day of being exposed to the virus. According to
the report on the cases outside Wuhan, it was found that 97.5% of patients had an
incubation period of less than 11.5 days and the median was 5.1 days. In addition,
there were several factors affecting the COVID-19 incubation period and individual

incubation period of COVID-19, i.e. the amount of virus in an infected person. A large
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amount of the virus in an infected person results in a shorter incubation period while
a small amount of the virus in an infected person results in a longer incubation period,
or even replication speed of the virus, the health of an infected person, routes of
transmission, and the immune response to the infection of an infected person, which
affect the virus elimination and the incubation period. As shown in Figure 2.1, the
common signs and symptoms of persons getting infected with COVID-19 are similar to
influenza, dry cough, sneezing, sore throat, runny nose, fever, respiratory symptoms,
shortness of breath, and difficulty breathing. In severe cases of COVID-19, complications

may occur, such as pneumonia, kidney failure, or death [16,17,24-29].

Symptoms of COVID-19

1% conjunctivitis

1% hemoptysis

4% diarrhea

5% nausea and vomiting
11% chill

14% headache

15% joint pain/muscle pain

19% dyspnea
38% fatigue

68% cough

88% fever

0 10 20 30 40 50 60 70 80, 90 100

Figure 2.1 Signs and symptoms of COVID-19 infection.

2.2 Vaccines preventing the disease

The development of effective vaccines to prevent and inhibit the spread of
COVID-19 took place worldwide. Controlling the spread of the virus through vaccination
stimulates the formation of immunity to the SARS-CoV-2 virus. When a person receives
a vaccine, it promotes the development of active immunity, helping reduce the risk of
infection and lessening the severity of the disease. Many companies accelerated
vaccine development to meet global demand, leading to the successful approval and

distribution of various vaccines in many countries.



12

In Thailand, the Ministry of Public Health allocated several COVID-19 vaccines for public
use:
e AstraZeneca: Administered to individuals aged 18 years and above, with 2 doses
spaced 10-12 weeks apart.
e CoronaVac (Sinovac): An inactivated vaccine for individuals aged 18-59 years,
with 2 doses spaced 2-4 weeks apart.
e Pfizer: An RNA-based vaccine for individuals aged 12 years and above, with 2

doses spaced 3 weeks apart [62,63].

As shown in Figures 2.2 and 2.3, as of November 26, 2023, 78% of Thailand's population
received the complete primary series of a COVID-19 vaccine, and 46% received at least
one booster dose, demonstrating substantial vaccine coverage and booster uptake
across the country.

Preparation for Receiving COVID-19 Vaccines:

It is recommended to get plenty of sleep before vaccination and to avoid
alcoholic drinks. After receiving the vaccine, mild side effects such as pain, swelling,
and redness at the injection site may occur. Most symptoms are not severe, but in
some cases, severe allergic reactions may happen. Therefore, it is necessary to observe
symptoms for 30 minutesin a medical facility or vaccination site following the injection.
Individuals with a history of COVID-19 infection may: still be susceptible to reinfection.
Therefore, those who have recovered from COVID-19 are advised to get vaccinated,

waiting at least 3 months after their initial infection [40].

. 78%
(% Thailand
R

.

% of total population

Mir Max
I S

Figure 2.2 On November 26, 2023, in Thailand, the documented proportion of the

entire population completing the primary round of COVID-19 vaccinations is noted in

the data [42].
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Figure 2.3 depicts the percentage of individuals within Thailand's population who had
been administered at least one booster dose of a COVID-19 vaccine as of November

26, 2023 [42].

2.3 COVID-19 in Thailand
The COVID-19 pandemic in Thailand was first identified in January 2020, when
the initial case was detected through screening procedures implemented at entry and
exit checkpoints. The infected person was a Chinese tourist who entered Thailand on
12 January 2020. Later, on 31 January 2020, Thailand reported its first confirmed case
of local transmission in a taxi driver who had never traveled abroad. After that, the
pandemic in Thailand continued, with the virus spreading widely across all regions.
According to reports on COVID-19 transmission periods, there have been a total of 5
waves:
e First Wave (January — November 2020): Related to a large cluster outbreak in
crowded areas like a boxing stadium and gambling venues.
e Second Wave (December 2020 = March 2021): The major source of the spread
was a shrimp market in Samut Sakhon province.
e Third Wave (April — June 2021): Originated in Bangkok’s Thonglor nightlife
venues.
e Fourth Wave (July — December 2021)
e Fifth Wave (January 2022 to present): The largest spread to date.
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As shown in Figures 2.4 and 2.5, from the beginning of the pandemic until 31 December
2023, Thailand reported a total of 4,762,375 confirmed cases and 34,517 deaths
[30,31].

o . e o, o\, 4,762,375
3, ) -,'._ ey . =+ Thailand

—~

Figure 2.4 Total cumulative COVID-19 cases reported to the WHO in Thailand as of
December 31, 2023 [32].

._@A

Figure 2.5 Presents the cumulative number of COVID-19 fatalities reported to the
WHO in Thailand as of December 31, 2023 {33].

2.4 Basic theorem and definition background

Definition 2.1 (Equilibrium point [17]) The point X™ e R" is the equilibrium point of
ax
o2 2.1
7 J(t,X) (2.1)

if ¢, X")=0 forall ¢.

From Prathumwan et al. [17] is the model for COVID-19 and the equation can be

described as follows:
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fl_‘j:A—alSL—azSI—ﬂS
Z—I; =aSL+a,SI —a,L—a,L—ulL

%:a3L—ka1—kﬁ[—k(l—a—ﬁ)]—gl—,ul

cfi_?:a4L+kﬁ]_asQ_ae,Q_ﬂQ

a;i—l;lzkalJraéQ—@H—yH

(2.2)

c;—f=k(l—a—ﬂ)]+a5Q+a7H—yR

when N(t) =S+ L)+ 1(t) + O(t) + HE) + R(Z)..
The equilibrium point of equation (2.2) can be found by taking the right equation of

equation (2.2) equal to zero, two equilibrium points are obtained:
l. The disease-free equilibrium point, E° :(Q,O,O,O,O,Oj.
U

. The endemic equilibrium point, £°=(8"L,1",0", H" k"),

where v R Ea 5
a,B+a,a,
RO A
4 aB+ayua,’
7L al’
B @
o' - asl +kpl’
a, ¥ ag+
o kal +a,0" ,
a, +u
R - k(l-a-p)+a,Q" +a,H

7,
with and B=k+u+c¢.

Definition 2.2 (The basic reproductive number [64]). The basic reproductive number
is the average number of secondary infections that one infected individual that shall
take place during the period of infection, provided that when the population is at risk

(R, can be calculated using the next-generation matrix method).

Definition 2.3 (Next-generation matrix method [64]) When X is the vector of a new
infection, such as carrier, infectious, exposed, etc. When Y is the vector transmission

of infection from one group to another group. Therefore,

‘z—f =F(X,Y)-V(X,Y).
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F(X,Y):The rate that infected persons in Y shall cause a new infection in X.

V(X,Y):Vector transmission of infection from one group to another group.

Vector-valued functions F(x,v)and 7 (x,y)of Xand Y are determined to be
{5)r-3)

At the disease-free equilibrium, FV™' is called the next-generation matrix method to

derive the basic reproductive number (Ry) given by the distinctive radius shown by

p(FV~"). The distinctive radius of FV™' is the most distinctive characteristic value of

FV™' . Therefore, the basic reproductive number (R,) is the most distinctive

characteristic value of Fy™.

From Prathumwan et al. [17], based on the equation (2.2) Expressions L,/ and Q are

considered to make Matrix - F and Matrix V.

apSL + ay ST (az+ay +p)L
f= 0 v=|-asL+k+pu+e)l
(14L +kﬁ] (05 +(l6 + ﬂ)Q
Therefore, it is obtained that the Jacobian matrices of f and v at the disease-free

equilibrium, E° =[A,O,O,O,O,OJ Fand 7 :
7,

[ 0(a,SL+a,SI)  0(a,SL+a,SI) &(a,SL+a,SI) ]|
o i c0 aS aS 0
(0 a(0 (0 h A
F= % % 8(_Q) <1l A=N0 ) 26X
a, kB O
o(a,L+kpI) 0(a,L+kpI)— 0(aL+kpI)
oL ol 00 |
o(a, +a, + u)L O(a, +a, + p)L O(a, +a, + p)L
oL ol 00
Vo O(=asL+k+pu+e)) o(=a,L+(k+u+e)l) o(-a,L+(k+pu+e)l)
oL or 00
o(a; +a, + )0 o(a, +a, + ()0 O(as +a, + )0
| oL ol 00
[a, +a, +p 0 0
= —a, k+u+e 0 ,
| 0 0 as+ag+u
and
v 0 0
a,+a,+pu
v = % ! 0

(a;+a, +p)k+u+s) k+u+e

0 0
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asS a,aS

A4 4B
Then Fr'=l 0 0 0],

a, kpa,

4 4B

where A=a,+a,+u and B=k+u+e¢.

Therefore
_ (CZIB + (12(13 )S

R
0 AB

Theorem 2.1 (Lyapunov [65,66]) when x" is the equilibrium point of the system, when
x = f(x)is the continuous function and the continuous real-valued function ¥ in a
neighborhood with an equilibrium point x" € Q - that shall become Lyapunov function
when

1. v(ixH)=0,

2. V(x)>0 if x=x,

3. VEH<0inQ=x".

If V(x")<0in Q-x". Therefore, x has globally asymptotically stable.

Theorem 2.2 (Lasalle’s [65,66]) Let f be a locally Lipschiptz function defined over a

domain bcR"and Q< D be a compact set that is positively invariant with respect to
X = f(x). Let V(x) be a €' function defined over C'such that ¥(x")<0inq. Let £be a
set all paints in @ where V(x')=0and a be the largest invariant set in £ Then every

solution stating in o -approaches m as:—>w, means that d(x(s,x,),M), ,, —0,for all

X, €Q.

Proof. Suppose peQ and consider the curve ¢ x(¢, p). Since V is continuous it is

bounded from below from on the compact set Q. Since Q is invariant by hypothesis,
forall 120, x(t,p)eQd

Moreover, using that Q is compact, and hence bounded, the positive limit set L'is

non-empty. Since Q is closed,
L'cQ.
Using the Lemma above,
forall geL", V'(g)=0
and therefore,
L'c{y:V'(»=0=EcM.

Since the positive limit sets are invariant,
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L'cM
Since

L'cM,
it follows that

qeM.

Thus, the solution curve starts at an arbitrary peQ approaches M as ¢t —»>x.

Definition 2.4 (Basic Optimal control problem in Lagrange formulation [52,67,68]) An

optimal control problem is in the form
JLx(e). ()] =max [ e u@)dr.

Subject to
x'(t) = g6, x(0),u(1)),
X(ty) = X,

x(t,) could be free, which means that the value of x(z,) is unrestricted, or could be

(2.3)

fixed, i.e, x(t,)=x,.

Definition 2.5 (Hamiltonian [52,67,68]) Let the previous optimal control problem be
considered in (2.3). The function

H(t,x(6),u(t), A1) = (&, x(@0),u(0))+ AUt) g, X(1), u(1))

is called the Hamiltonian function and 2 is the adjoint variable.

Definition 2.6 (Pontryagin’s Maximum . Principle [52,68-70]). If u’(r) and x'(r) are
optimal for problem (2.3), then there exists a piecewise differentiable adjoint variable
A(t) such that

H(t,x (0),u(t), A(0)) < H(t,x"(t),u (£), A(t))
for all controls » at each time #, where # s the Hamiltonian previously defined and

_OH(t,x (1), (1, A1)
ox ’

A'(t) =
Mt,)=0.
We have already show with this adjoint and Hamiltonian, #, =0 at «" (). Namely, the

Hamiltonian has a critical point, in the u variable, at u'(¢).

Theorem 2.3 [52,67,68,70] Suppose that f(¢,x,u) and g(t,x,u) are both continuously

differentiable functions in their three arguments and concave in . Suppose u'is an
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optimal control for problem equation (2.3), with associated state x™, and 1 a piecewise

differentiable function with A(s) > 0for all ;. Suppose for all 7, <z <1,
H,(t,x"(t),u" (), A(t)) = 0.

Then for all controls » and each ¢, <7<t , we have

H(t,x" (0),u(?), (1)) < H(t,x (t),u" (1), A(1)).

2.5 Mathematical modeling studies
The mathematical model is essential for analyzing disease spread and control. A
review of literature relevant to the research objectives was conducted in this section.

Some of them are shown in the following part.

In 2020, Carcione et al. [71] used a SEIR model to calculate the number of
infected populations and the number of populations that died of COVID-19 to analyze

the epidemic situation in Lombardy, Italy, as follows:

A BI/N € Y
AN B U S E 1 R

T L TR

natural deaths fatalities

Figure 2.6 A typical SEIR model.

Based on the mathematical model as shown in Figure 2.6, a differential equation to

describe the relationship can be written as follows:

ds 1
—= = N— uS—-BS—,
dt HS=PS
N
o a (2.0)
—=cE-(y+u+al,
dt
dR
= —yI—uR.
- IH
Where N=S+E+I+R. (2.5)

Table 2.1 Shows the variable and parameter values of the model.

Parameters/Variables Definition

g The number of susceptible populations.

P The number of exposed populations.
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; The number of infected populations.
2 The number of recovered populations.
N The total number of populations.

A The number of initial populations.

B The infection rate.

c The incubation rate.

¥ The recovery rate.

L The natural mortality rate.

u The mortality rate from COVID-19.

According to the study, there was uncertainty in the parameter values which may be
caused by the variation of the quarantine, social distancing, incubation period,
mortality rate, etc. Thus, analysis and modification were made to the parameter values
and the initial condition values to obtain a model suitable for the actual data of the
deaths caused by COVID-19. The data used in the analysis and comparison this time
were from the actual data of the deaths caused by the disease reported in Lombardy,
ltaly until 5 May 2020.

In 2021, Bhadauria et al. [72] formulated a mathematical model and analyzed a
SEIOR model as shown.in Figure 2.7 by considering the delay in conversion of the
exposed population to the infected population. According to the study, the findings
highlight thatincreasing delays can reduce infection rates by allowing stronger immune
responses but may cause oscillatory behavior in-infected populations. An increase in
the delays enabled patients to be in the asymptomatic stage for a long time, recovery
shall replace infection. If that person has sufficient immunity, the size of the infected
population shall decrease. However, it can be seen that the size of the infected
population indicates that the asymptomatic stage affected an increased number of the
infected population and the number of recovered populations. As a result, the number

of infected populations fluctuates over time.
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Figure 2.7 A typical SEIQR model.

The equation system can be described as follows:

%:A—ﬁSE—,HlSI—,uSerRJrO'Q,

dE

—=pBSE—(utn+y)E,

dt

dl

E:ﬂlSl+nE—(y+a+y2 +6)I, (2.6)
%=71E+7z[—(ﬂ+77+0'+06)Q,

ill—]:=91+7zQ—(y+5)R.

Where N=S+E+I1+Q+R. 2.7)

Table 2.2 Shows the variables and parameter values of the SEIQR model.

Parameters/Variables

Definition

The number of susceptible populations.

S
p The number of exposed populations.
; The number of infected populations.
0 The number of quarantined populations.
2 The number of recovered populations.
4 The number of initial populations.
Infection rate from the exposed population.
B Infection rate.
n Incubation rate.
7 Moving rate from the group of exposed population to the

group of quarantined population.
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Vs Moving rate from the group of infected population to the
group of quarantined population.

x The recovery rate of the quarantined group.

P The recovery rate of the infected group.

S Moving rate from the recovered group to the susceptible
group.

- Moving rate from the quarantined group to the susceptible
group.

U Natural mortality rate.

u Mortality rate from COVID-19.

Yang and Wang [27] formulate a mathematical model to study the spread of
COVID-19 in Hamilton County in the state of Tennessee, United States of America to
examine the dynamic of the spread, the routes of transmission from person to person,
and from environment to humans. Different transmission rates were used to study the
characteristics of the spread at different times. Moreover, data fitting was used to
ensure the model was suitable for the data of the spread in Hamilton County. As
shown in-Figure 2.8, a schematic representation of the model illustrates the

components and transmission routes of COVID-19 in the studied population.

Figure 2.8 A schematic representation of the model (2.8).

According to the above diagram of the model, a differential equation system can be

written as follows:



ds

dE
dt

dv

dl
E=a(l—p)E—(q+72+ﬂ)l,

23

E:A_ﬂESE_ﬁISI_ﬂHSH_ﬁVSV_/uSs

— =B, SE+ B8+ B,SH + 3,SV —(a+y, + 1)E,

(2.8)

dH

7=apE—q1—(w+73 +WH,
t

dR

E:y1E+721+}/3H—yR,

E=§1E+§21+§3H—O'V.

Table 2.3 Shows definitions of variables and parameters of the model (2.8).

Parameters/Variables

Definition

The number of susceptible populations.

S

P The number of exposed populations.

; The number of infected populations.

I The number of hospitalized populations.

2 The number of recovered populations.

v The concentration of the coronavirus in the environment.

H Inflow rate of population.

B, Transmission rate between exposed groups and susceptible
groups.

B, Transmission rate between infected people and susceptible
groups.

B, Transmission rate between  hospitalized people and
susceptible groups.

B, Transmission rate  between environmental groups to
humans.

“ Incubation rate.

» The ratio of people exposed to COVID-19 to severely ill and
being hospitalized after incubation period.

q The ratio of infected people and being hospitalized.

o The mortality rate from COVID-19.

& Transmission rate of the coronavirus to the environment

from groups of exposed people.
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3 Transmission rate of the coronavirus to the environment

from groups of infected people.

£, Transmission rate of the coronavirus to the environment

from groups of hospitalized people.

7, The recovery rate of groups of exposed people.

¥ The recovery rate of groups of infected people.

74 The recovery rate of groups of hospitalized people.
L The natural mortality rate.

Virus removal rate from the environment.

As for the case study in Hamilton County, it was found that the environment
plays an important role in disease transmission. It was also found that many limitations
were not considered by the model like the impact on the gate of the population, since
age is considered one of the risk factors of disease severity, affecting the mortality rate
in different age groups, including age-dependent parameters, i.e. transmission rate, the
hospitalization rate, and incubation period of the virus. Thus, these factors should be
considered in future research:

In 2022, Khan and Atangana [3] studied the dynamic of COVID-19, Omicron variant
spread by making a mathematical model to understand new variables of the spread
in conjunction with the use of actual data of the spread from South Africa from 1
November 2021 to 23 January 2022. In addition, consideration was made to the
infection from the Omicron variant, symptomatic infection, and asymptomatic infection
from a numerical model to see the outcomes and parameters affecting the spread. It
was found that people were able to reduce the infection rate by social distancing,
wearing masks, hand washing, and social -gathering. Figure 2.9 illustrates the
transmission diagram of the model, highlighting key components and transmission

routes related to the Omicron variant.
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Figure 2.9 Transmission diagram of the model (2.9).

From the diagram, an equation can be written as follows:

as(t) A pU, +xl +VvI)S 3

S,
dr N ¥
AEQ) U L AvL)S o
dt N

=ty E—(6,+ 1,
6 (2.9)

U Y IR R
LD e (5,4 wy,,

dt
dR(1)

7=511a+§zls+5310—/1R.

Table 2.4 Describes the definition of the model (2.9).

Parameters/Variables Definition
s Susceptible population.
P Exposed population.
I, Asymptomatic population.
I Symptomatic population.
I Population infected with COVID-19 Omicron variant.
R Recovered population.
A Birth rate.
B Contact rate.

Infection rate of symptomatic population.
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y Infection rate of population infected with COVID-1 9
Omicron variant.

. Incubation rate.
The rate of flow to asymptomatic population.
The rate of flow to population infected with COVID-19
Omicron variant.

5, Recovery rate of asymptomatic population.

5, Recovery rate of symptomatic population.

5, Recovery rate of population infected with COVID-1 9
Omicron variant.

d, Mortality rate of asymptomatic population.

U Natural mortality rate.

N Total population.

The review of the literature is relevant to the optimal control model.

In 2021 Hussain et al. [73] designed a SEIQR mathematical model to cope with

the epidemic situation. Data were collected from infected people in Pakistan to

analyze and predict the outcomes obtained from the model analysis. In addition, the

sensitivity was-analyzed to study parameters affecting the epidemic for extending to

find a strategy for controlling the epidemic accordingly. A basic model obtained is as

follows:
95 A—BSILus,
dt
dE
E =pSI—aF - uE,
%:alEg(,u+y+77)1, (2.10)
d
L 40— u0+r1-0)1

ar =@gQ+0yl — UR.
dt

Table 2.5 Description of variables and parameters of the model (2.10).

Parameters/Variables

Definition

S

Susceptible population.

E

Exposed population.
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Infected population.

Quarantined population.

Recovered population.

The birth rate of the susceptible population

® > |® [© |~

Transmission rate.

Incubation rate.

R

The recovery rate of the infected population.

Mortality rate from the disease.

Quarantine rate of infected population.

SR BN BN

The resting part of infected individuals who are

quarantined.

u Natural mortality rate.

The sensitivity index analysis made known an optimal control strategy for the spread
of the disease to win against COVID-19. Next, the model (2.10) was expanded by
designing an-optimal control model to control a spread situation that may occur in

the future as seen from the equation below:

ds

— = A=B(1-u)SI - uS,

» pl—u,) H

dE
E=ﬁ(l—u])Sl—a]E—,uE—r]u2E,
18

%=0‘1E—(ﬂ+7+77)1, (2.11)
d

% 90 uQ (1O .
dR

— =90+ 0yl — uR.

B 90+ 0yl —

The design of the control strategy was implemented using a preventive measure
through social distancing and mask-wearing. It was determined to be u,(f) to reduce
transmission to people and u,(f) , namely, a rapid measure for isolation and quarantine
of infected people to inhibit the spread of COVID-19 as soon as possible. The optimal
control function was sought by determining the objective function J to reduce the
number of infected people and to reduce the cost of disease control. The objective

functions obtained are as follows:

T
J(u) = [(ME+M,I+M,Q+ D + Dy, Yit. (2.12)
0
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When M,,M,,M,,D,,D, are the positive weights. Based on the optimal control
function through social distancing, and mask-wearing, including isolation and
quarantine of infected people, according to the numerical result analysis, it was found
that if the control strategy was used, the number of patients would be decreased.
However, to control the situation, additional strategies may be determined or groups
of hospitalized people should be added, in case there will be disease intervention in
the future.

Shen et al. [5] considered a COVID-19 model in a new way by designing a model
by considering the vaccinated population and studying the detailed results of a vaccine
model while the optimal control was considered to reduce the spread of the virus and
control the infection. Four different measures were used to control the results suitable
for the actual information of the spread. A differential equation system obtained is as
follows:

ds(r) _ (Bid+ D)

] H+wV—TS—(v+y)S,

V(@) e g BATBD

y — '~ Ny N S V=(o+pV,
SEQTPA: D o1 gy BAR Ay SG T e

dt N N i

A (2.13)
o, YA e

O (- p)oE =, v,

dR(t
POyl = R

Table 2.6 Description of variables and parameters of the model.

Parameters/Variables Definition

Susceptible population.

Population receiving COVID-19 vaccination.

Exposed population.

Asymptomatic population.

Infected population.

Recovered population.

Birth rate.

o B = I L B U oS T B M 5

B, Infection rate of the asymptomatic population.
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B, Infection rate of the symptomatic population.
v Vaccination rate.

® Vaccine waning rate.

S Incubation rate.

p) Proportion rate.

7 Recovery rate of asymptomatic population.
7, Recovery rate of symptomatic population.

u Natural mortality rate.

d Mortality rate from COVID-19.

From the equation system (2.13), the research team used the theory of optimal control
to design different controls to find a guideline to reduce the number of infected
people and reduce the spread of the virus in communities.-Control variables were
determined as = follows: The - first control - variable u, —is to control by
prevention/isolation to reduce the contact between' healthy persons and infected
persons. The-second control variable #, is to control by vaccination since vaccination
can reduce the risk of infection. The third control variable u; is rapid screening for
infected persons, and the last control variable u, is to control infected persons
without screening. From what was mentioned above, the control problem can be

written as follows:

95O _ il o SBARSE[SACE A L s,
dt N
av(t) (B A+ p1)
Zvu,S—(1=0) 2L (o + Y,
Jr vi, S —( ) N (0+p)
dE@) . (’B‘A+ﬁ21)s+(l—0)(ﬂ1A+ﬁ2[)V—((l—u;)5+y)E,
o NN Z ‘ (2.14)
7) = pouE—(y, + H+bu,)A,
% =(1-p)ouE—(y, + u+d+bu,)l,
dR(t
%=71A+72[_/1R'
Objective function is determined as follow:
Ty
1
J (U, uy,u,u,) = J(BIE+BZA+B3I+E[B4MIZ +Bu,” + B’ +B7u42})dt. (2.15)
0

When B,for j=1,..,7 describing the weight or the balancing constants, and 7 is the

.....

final time. The results based on using all 4 control measures, considered from the
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numerical analysis, revealed that the control was able to reduce the number of

infected persons and the recovery rate of patients increased efficiently. However, the

control measures utilizing social distancing, mask-wearing, washing hands using alcohol

gel regularly, and vaccination should be performed continuously to reduce future

spread sustainably.

In 2022 Khan et al. [10] surveyed the dynamic of the COVID-19 pandemic and

the effects of COVID-19 vaccines. A model was made and a vaccination class was

introduced. The sensitivity index was analyzed to observe the behavior of parameters

towards the spread of the disease. A numerical simulation was given to describe effects

in various situations of wvaccine efficacy and control measures. From what was

mentioned above, the vaccination model obtained- is as follows:

Table 2.7 Definition of variables and parameters of the model (2.16).

das 5
—=0-p(I+kKkE)—-— +u)S+nV +0OR,
7 B( ) & (y, +)S+n,
dE S

— = B(U+xE)——(u+y)E,

i A( )N (+7)

dl

—=yE—-(u+uy, +o)l,

71 (u+ 1y +)

av

—=y.S—(u+n)V,

dt WV (ll'l ’71’)
SO ol

dt

(2.16)

Parameters/Variables Definition

Susceptible population.

Exposed population:.

Infected population.

Vaccinated population.

Recovered population.

Initial population.

The effective contact rate.

RO RSN |0

The relative transmissibility rate.

B

Vaccination rate.

=

Vaccine waning rate.

)

Loss of immunity to the disease.

Rate of infection development with symptom:s.
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a) The recovery rate of the infected population.
I Mortality rate from the disease.

u Natural mortality rate.

N Total population.

The model was restructured by using the optimal control model according to the
following controls: u,(?) is the control for isolation, u,(f) is the control for vaccine
efficacy, and u;(f) is the control for efficacy of treatments. The control model

obtained is as follows:

ds S

7 ®—,B(I+1<E)N(l—ul ®)—(u,(t)+ )S+nV +0OR,

dE S

o ,3(1+KE)N(1-u1(t))~(#+7)E,

%:yE—(,u+yO+u3(t))I, (2.17)
dv

7z, LALOSUAGL Y /

dR

s u; () —=(u+6)R.

Under a non-negative condition to reduce the spread of COVID-19, the objective

function obtained is as follows:
T,

1
G, uy,u) = (AlE AV AL +5(A4u12 + A} ¥ Ay )jdt. (2.18)

0

In this study, the research team designed 3 control strategies as shown below:
Strategy 1: Controlling for one variable
To control only one variable, 3 cases of the control are required:
Case 1 - the control for isolation only, which will increase the efficiency of
exposure to the virus.
(u, #0,u, =0,u, =0)
Case 2 - the control for vaccine efficacy only.
(u, =0,u, #0,u, =0)
Case 3 — the control for treatment efficacy only.
(u, =0,u, =0,u, #0)
Strategy 2: Controlling for dual variables
To control dual variables, 3 cases of the control are required.

Case 1 - the control for isolation and the control for vaccine efficacy.
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(u, #0,u, #0,u, =0)
Case 2 - the control for isolation and the control for treatment efficacy.
(u, # 0,1, =0,u, #0)
Case 3 - the control for vaccine efficacy and the control for treatment efficacy.
(u, = 0,u, #0,u, #0)
Strategy 3: Controlling for all variables simultaneously (i, #0,u, #0,u, #0)

According to the situation simulation by controlling different strategies, it can be
concluded that controlling for all variables simultaneously in Strategy 3 is more
appropriate than controlling Strateey 1 and 2, which will be able to reduce infection
in communities and prevent future incidents to a minimum.

According to the review of literature relevant to the research, a mathematical
model for COVID-19 was designed and developed from the model [12,53,71,72,74-79]
and the optimal control model [23,46,73,80-83]. The pattern of COVID-19 spread was
determined by . introducing a- vaccination- class, symptomatic infection, and
asymptomatic infection, quarantine for infected persons, and hospitalization. First, a
model and a differential equation system were made to describe the model. Next, an
equilibrium point of the system and basic reproductive number were analyzed and
the stability of the equilibrium point obtained was examined. Lyapunov function was
used in the examination. A numerical analysis of the model was performed to examine
the behavior of the disease spread. The control, control problem, and objective
function were specified, and control strategies were designed to find a

guideline for reducing the number of infected persons.



Chapter 3

Research Methodology

3.1 Statistical Data

Coronavirus disease or COVID-19 is caused by a new strain of virus called severe
acute respiratory syndrome coronavirus 2 or SARS-CoV-2 [7, 8-15]. The COVID-19
pandemic in Thailand began in January 2020, after which it spread widely and rapidly
in every region of the country and has been ongoing since then. The World Health
Organization (WHO) reported the situation of the pandemic in Thailand from 5 January
2020 to 31 December 2023. 4,762,375 confirmed cases accounting for 6,823 cases per
100,000 populations and confirmed 34,571 deaths accounting for 49 cases per 100,000
populations [30, 31]. As shown in Figures 3.1 and 3.2, the weekly number of infected
people and deaths reported to WHO illustrates the fluctuations in case and death
counts over time, capturing significant peaks and declines in the spread and severity

of the pandemic in Thailand.
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Figure 3.1 Weekly number of infected people [30].
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Total COVID-19 deaths reported to WHO (weekly)
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Figure 3.2 Weekly number of deaths [31].

3.2 Mathematical model for COVID-19

Three mathematical models were designed and developed in this research to
study spreading behavior in-each phase of the pandemic to be a guideline for

controlling the pandemic accordingly. Three models were presented as follows:

3.2.1 Mathematical model 1 for COVID-19 considered vaccination,
quarantine, and hospitalization.

Mathematical model 1, the population was divided into 7 groups, i.e. the
susceptible group, the vaccinated group, the quarantine group, the hospitalization
group, and the recovery group. The relationship can be described as follows: The
susceptible group shifted to the exposed group and to the vaccinated group (since
some people were vaccinated to prevent COVID-19). Similarly, the vaccinated group
had a chance to get infected with COVID-19 due to low immunity. When they get
COVID-19, they can shift to the exposed group. The incubation period for COVID-19 is
2-14 days. If people lack immunity in the body, they can get COVID-19 and shift to the
infected group. After getting infected, some people need to quarantine, and some
people need to be hospitalized. After undergoing quarantine and treatment until
COVID-19 is no longer in the body, they will enter the recovery phase. From what was

mentioned earlier, a diagram can show the relationship as follows:
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WwE

(u+0)Q

HR

(u+1)H

7

M

Figure 3.3 Shows the relationship concept for the COVID-19 mathematical model 1.

Notice: According to the model, inward-pointing arrows have positive values and

outward-pointing arrows have negative values.

Figure 3.3 shows the basic concept which can be written a mathematical equation as

follows:
% =TI BSO)L(t) ~ (s + 1)S (1), (3.1)
LS ppr 1) 1 0 (6.2
L BS10) + pBr 10 - @y + WED, (3.3)
SO _ y50)- @+ oy, +usnI0) (3.
% = 0L(0) +Y E() = (v + 7, + 1+ DO(0), (3.5)
DO 0104007, + 1 +DH ) (3.6)
B 10+ 7,00+ 1,HO R0 (3.7)

Where  N(t)=St)+V()+E({t)+1()+0O(t)+ H(t)+R(t). (3.8)

Table 3.1 Symbols representing the message of the model 1.

Symbols Descriptive

The susceptible population.

The vaccinated population.

The exposed population.

N E S (w

The infected population.




36

o The quarantine population.

u The hospitalized population.

R The recovered population.

n The number of the initial population.

B Infection rate.

e Vaccination rate.

o Protective efficacy of vaccines.

& Incubation rate.

v The transition rate from the exposed group to the quarantine group.

o The transition rate from the infected group to the quarantine group.

a) The transition rate from the infected group to the hospitalized
group.

Y The transition rate from the quarantine group to the hospitalized
group.

7, The recovery rate from the infected population.

Yo The recovery rate from the quarantine group.

Va The recovery rate from the hospitalized group.

u The natural mortality rate.

T The mortality rate from COVID-19.

N The number of the entire population.

3.2.2 Mathematical model 2 for COVID-19 by separating the vaccinated
population with = the consideration of symptomatic, asymptomatic, and
hospitalized.

Mathematical model 2, the population was divided into 2 groups, i.e. the
unvaccinated population and the vaccinated population, to study the differences
between the 2 groups of the population. The unvaccinated population was divided
into sub-groups as follows: the susceptible group, the exposed group, the
asymptomatic group, and the symptomatic group. In the same way, the vaccinated
population was divided into sub-groups as follows: the susceptible group, the exposed
group, the asymptomatic group, and the symptomatic group. Both groups entered the

hospitalized group and the recovered group. The relationship of the spread of the
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model can be described as follows: In the group of unvaccinated population, people
are at risk of getting infected with COVID-19. After being exposed to the virus, the virus
takes time to incubate in the body. That means people get into the incubation period
and the infectious period. Getting infected will depend on the body's immunity. In
some cases, there may be no symptoms, but in other cases, symptoms are visible. In
those who are asymptomatic, after getting better, they will enter the recovered state
while those who are symptomatic, need to be hospitalized. After undergoing
treatment, they will enter the recovered state similarly. The vaccinated group has the

same infection characteristics, which can be seen in Figure 3.4.

(1-b)o

(u+adi,,

Figure 3.4 Shows the concept of the relationship of Mathematical Model 2 for COVID-
19.

Notice: According to the model, inward-pointing arrows have positive values and

outward-pointing arrows have negative values.

The risk of a group of the unvaccinated population being exposed to COVID-19 with
the rate of infection rate of the group of the unvaccinated population 4, was defined
as.

771 :ﬁanlan +ﬂsn]sn' (39)

Similarly, the infection rate of the group of vaccinated population 4, was defined as

772 :ﬂavlav +ﬂslev‘ (310)
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Assumption: In Model 2, we assume that the transmission of COVID-19 occurs
exclusively within each population group. That is:

1. The vaccinated population transmits the infection only within the vaccinated
group. This means that individuals who have received the vaccine can spread
the virus only to others within the vaccinated population.

2. The unvaccinated population transmits the infection only within the
unvaccinated group. This implies that individuals who have not received the
vaccine do not infect vaccinated individuals and vice versa.

This assumption reflects a scenario where interactions between vaccinated and
unvaccinated groups are limited in a way that prevents cross-group transmission,
potentially due to behavioral factors, immunity barriers, or intervention strategies.

Figure 3.4 shows the basic concept which can be written a mathematical equation as

follows:
B _ el (3.11)
” A=b)o —mS, — S,
e S, §F, ~ (= E, - uE,, (3.12)
dr,
7:¢En_(a)l+72+ﬂ+d)lan’ (5.13)
dr,
" = (=)E, ~ (0, +u+d)1,, (3.14)
ds,
Tt":bd——nzS‘,—,uSv, (3.15)
dE
— =S, ~(1=0)E, ~(1=8)1 - )E, - uE,, (3.16)
dl
B\ (A= 8)PE, ~(w, +y, +u+d)I,,, (3.17)
dl
= (=0)1=PE, ~ (@, + p+ DI, (3.18)
dH
dtp =aol, +ol, +ol +ol, —(+u+dH,, (3.19)
%:y]Hp_'_?/Z]an_'_}/]av_#R‘ (320)
where N, =S, +E, +1,+1,+S,+E +I,+1 +H, +R. (3.21)

Table 3.2 Symbols representing the message of the model 2.

Symbols Descriptive
S The number of unvaccinated and susceptible populations.
E, The number of unvaccinated and exposed populations.
I, The number of unvaccinated and asymptomatic populations.
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I, The number of unvaccinated and symptomatic populations.

S, The number of vaccinated and susceptible populations.

E, The number of vaccinated and exposed populations.

I, The number of vaccinated and asymptomatic populations.

I, The number of vaccinated and symptomatic populations.

H, The number of hospitalized populations.

R The number of recovered populations.

b The efficacy of vaccination.

o The birth rate of the population.

B The infection rate of the unvaccinated and asymptomatic population.

B. The infection rate of the unvaccinated and symptomatic population.

B The infection rate of the vaccinated and asymptomatic population.

B, The infection rate of the vaccinated and symptomatic population.

¢ COVID-19 incubation period.

5 Efficacy and effectiveness of COVID-19 vaccination.

o, The hospitalization rate of unvaccinated and asymptomatic
population.

, The hospitalization rate of the unvaccinated and symptomatic
population.

o, The hospitalization rate of the vaccinated and symptomatic
population.

o, The hospitalization rate of the vaccinated and asymptomatic
population.

7 The recovery rate from hospitalization.

7 The recovery rate of the unvaccinated and asymptomatic population.

75 The recovery rate of the vaccinated and asymptomatic population.

u The natural mortality rate.

d COVID-19 mortality rate.

The number of the entire population.
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3.2.3 Mathematical model 3 for COVID-19 by considering the separation of
the symptomatic population, asymptomatic population, and the quarantine
population.

In mathematical model 3, we divided the population into 6 sub-groups, i.e. the
susceptible group, the exposed group, the symptomatic group, the asymptomatic
group, the quarantine group, and the recovered group. The relationship of the model
can be described as follows: When the susceptible group gets COVID-19, the virus will
incubate in the body for 2-14 days. After that, they get infected. In some cases, they
are symptomatic and others are asymptomatic, depending on individual immunity.
Symptomatic persons whose symptoms are observed need to undergo quarantine to
reduce the transmission to-other people. After the quarantine, if the test shows no
infection, they enter the recovered state. The relationship can be described as seen in

Figure 3.5.

@+9r

1 [
B &

7

(d+2)1,

Figure 3.5 Shows the concept of the relationship of Mathematical Model 3 for COVID-
19.

Notice: According to the model, inward-pointing arrows have positive values and
outward-pointing arrows have negative values.

The susceptible population was determined to get COVID-19 infection from the
group of symptomatic population (7,) and the group of asymptomatic population (Z,).
The intensity of the infection is

A1) = B, () + B,1,(0). (3.22)
Figure 3.5 shows the basic concept which can be written a differential equation as

follows:



as(y)
dt

dE(t)
dt

dl[l (t)

dl, (t)
dt
dQ(t)

dR(t)
dt

and N=S
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=A—A8(t)—dS(?), (3.23)
= AS(t)—(ze +(1- &) +d)E(?), (3.24)
= E()—(a+g+d)I, (1), (3.25)
t(1-£)E@) - (y, + g +d)L, (1), (3.26)
=al ()= (y, +d)0(1), (3.27)
= 7.1, +y,0(1) - dR(1), (3.28)
+E+I,+1,+Q+R. (3.29)

Table 3.3 Symbols representing the message of the model 3.

Symbols Descriptive

s The number of susceptible populations.
The number of exposed populations.

I The number of the symptomatic, infected population.

I The number of the asymptomatic, infected population.

0 The number of quarantine population.

R The number of recovered populations:.

A Initial number in the population.

B, The infection rate of the symptomatic, infected population.

B, The infection rate of the asymptomatic, infected population.

u Incubation rate.

T The rate of progression from the exposed compartment to the
infectious compartment.

c The fraction of exposed individuals who show clinical symptoms after
the incubation period.

o The quarantine rate of the symptomatic, infected population.

7, The recovery rate after quarantine.

7, The recovery rate of the asymptomatic, infected population.

g COVID-19 mortality rate.

d The natural mortality rate.

N The number of the entire population.




Chapter 4

Main Results and Discussion

4.1 Mathematical Model Analysis of Model 1
From the mathematical model for COVID-19, by extending the components to
include vaccination, quarantine, and hospitalization, as considered in Model 1, the

following equations are derived:
ds(r)

- =I1-BS()I(t)—(e+ 1)S(1), (4.1)

VD _ osey= gV (O)1(6) - @), 4.2)

LD _psai@r+ ppr 10~ +y +wED, 4.3)

d; (t) = GE(t)~ O+ w4y, + i+ 0)(0), (4.4)

dQ(’ ) 01(0) +WEW) ~(v+ 7 + 4 £ DO, (4.5)

dZ t(t ) ol (Y VO@) ~ o + Lo+ H D), (4.6)

O He+7,000)+ 7, H D~ R @7
Where N =S@)+V )+ E®@)+1(t)+0@)+H@)+R(?). (4.8)

Lemma 4.1 [84-86] The feasible recion I defined by
F:{(S,V,E,I,Q,H,R)eR7+ :NSE}

)i
with initial conditions $(0) > 0,7 (0) >0, £(0) > 0,1(0) > 0,0(0) >0, H(0) > 0, R(0) >0 is

positively invariant for system (4.1) - (4.7).
Proof. Considering the population sroup, when

N@)=S@)+V()+E@)+1()+Q(t)+H(t)+R(t), we obtain the following:

dN(1) _dS@) . 140) N dE(t) N di(t) . dQ(t) . dH () . dR(?)
dt dt dt dt dt dt dt dt
dN(t)
Cdt
dN (1)
dt

=MI-uN-t(I+Q+H)

<I1—-uN

dN(?)

It can be observed that <I1-uN, and therefore N(t)< N(0)e ™™ +E[1—e*”’]vvhen
7]

t—>om,e* —0. This implies that v<I with respect to the condition N(O)sE.
)z u
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Consequently, we define T'as positively invariant, meaning that every solution of the
system of equations (4.1) - (4.7) remains within the set T'. Thus, the boundary of all

solutions in T will be contained within R . O

4.1.1 Equilibrium Points and Basic Reproduction Number of Model 1

Equilibrium Points

To determine the equilibrium points of the system in Model 1, we set the right-
hand side of equations (4.1) through (4.7) equal to zero. This approach yields the

following system of equations:

IT- S (t)—(€ +1)S() =0 (4.9)

eS(t)— pBV(OI(t)— 1V (t) =0 (4.10)
BS@OLQ)+ pfV ()I({)—(d+y + 1)E({) =0 (4.11)
PE@)—(O+w+y, + u+1)(t)=0 (4.12)
O1(t)+yE@)— (v +yy+u+10)0)=0 (4.13)
ol () +vO(t) (v + u+0)H({)=0 (4.14)
1l (O + 7,0+ 7, H(t) - uR(t) = 0 (4.15)

From the calculation of the equilibrium points, two equilibrium points are identified
as follows:

. The first equilibrium point is the disease-free equilibrium point.

I1 &l
E+u’ p(E+ 1)
Il. The second equilibrium point is the endemic equilibrium point.

K, :(Sg,rfo*,E;,I;‘,Qg,H;‘,Rg):( ,0,0,0,0,0). (4.16)

Kl* :(Sl*’Vvl:El*Jll*an*aH;’Rl*)a (417)
R 11
Bl +s+u
_ el
(BI' +&+w) (PPl +p)’
_ TAIL (u+(BL +8)p)
(B +e+p)(pPL +u)@+y + 1)
_ 2
Y O+oty, st
. Ol +yE
o ==
VYt UtT
Hl* _ vQ +wl ,
Yy +UAT
e v Ay O vy H
R = .
7

where Sy

1

1
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The basic reproduction number

The basic reproduction number, R, represents the average number of
secondary infections generated by one infected individual in a fully susceptible
population. As R, indicates the transmission potential of a disease, it is a crucial
parameter in epidemiological analysis. In this subsection, we utilize the next-generation
matrix method [87,88] to calculate the basic reproduction number. The key
expressions involved in this calculation are related to the compartments E(z),1(z),0(2),
and H(t). These compartments represent different stages of the disease within the

population, and the corresponding vector for these compartments is given as follows:

PSL+ ppVI (P+y +mE
— 0 7 —pE+(O@+o+y, +u+t)l
0 ¢ Ol Y E+(V+y,+u+0)Q |
0 ol —vO+(y,+u+1)H

Let F represent the matrix of new infections and ¥ represent the matrix of transitions
of infected individuals between compartments. Using the disease-free equilibrium

point (4.16), the Jacobian matrices Fand 7 are obtained as follows

0 BS+ppV 0 0 (P+w + 1) 0 0 0
I | 0 0 00 22 e/ B+o+y, +u+7) 0 0
0 0 0 o/l -y -6 (v +y,+u+7) 0
0 0 0.0 0 -0 ~V (7, +u+71)

The basic reproduction number (R,) is calculated from the spectral radius of p(FV™"),
which is determined by considering the largest positive eigenvalue. The calculation

proceeds as follows

- HBg(u+ep)
= o(FV") = g (4.18)
N2 A7 et g v+ 1901 0D L

4.1.2 Stability Analysis of Model 1
We have examined the stability of Model 1 at both the disease-free equilibrium
and the endemic equilibrium using the Lyapunov function. This examination is

demonstrated in the following theorem.

Theorem 4.1 Let K, be the Disease-Free Equilibrium (DFE) of a compartmental
epidemiological model described by a system of ordinary differential equations (ODEs).

Assume all parameters are positive, and all state variables (e.g., susceptible, exposed,
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infected) remain nonnegative within the positively invariant set T. If R, <1, then K, is
globally asymptotically stable in T.
Proof. Since the evidence involves considering the Lyapunov function, it is defined
as follows:

X(6)= X(E@),1(t)) = a,E+a,l.
It can be observed that X)) >0 for all (E),I(t))" eT and it follows that
X(E,,1,)=a,(0)+a,(0) =0,
where a,, and a, be positive constants. The derivative of the function X(r)can be
obtained, and by substituting the corresponding expressions from the system of

equations (4.1) - (4.7), we derive the following
X't)=aFE +a,l'
=a,(BSI+ pfVI —(p+y + WE)+ a,(PE —(O+ v+ y, + u+r1)l).
Rearranging the equation and substituting the disease-free equilibrium point
I1 el
g+ (€ + 1)
X'()= (a2¢—al(¢+t//+,u))E+(al(ﬂS+p,HV)—a2(9+a)+}/1 +,u+r))1

K, =(Sy,Vy  Eyo 15,0y, Hyy Ry) =( ,0,0,0,0,0], we obtain the following:

I 11
:(a2¢—a1(¢+l//+,u))E+[al(ﬁ +pB—2 )—a2(9+a)+}/,+,u+T)Jl.
&+ u e+ 1)
Let @ =0+w+y, +u+7, and q, =ﬁ”r§+—pﬂ;’ﬂ ,upon_incorporating this value into the
&+ 1

equation, the resulting expression is:

X'(r){[MJwemm+u+r)(¢+w+u>jE

HE+ )
b (u+ pe)PLig B
_(‘9”””’“’”W“”+”)[u(e+u)<«9+w+7,+ﬂ+r)<¢+w+m I]E
X')=0+o+y,+u+0)P+y+u) (R ~1)E (4.19)

Thus, X'(f)<0for all states ¢, if R, <1,and X'(f)=0only when E =0at the disease-free

equilibrium, then K, is globally asymptotically stable in the region T. O

Theorem 4.2 Let K, be the endemic equilibrium of epidemiological model (with
positive parameters) in the positively invariant set T'. Suppose the basic reproduction
number R, >1. Then K is globally asymptotically stable in T.

Proof. Define the Lyapunov function as follows [89]:

Y(t)=(S-8 -8 1n%)+(V—V; - ln%)Jr(E—E* -E ln§)+(1—l* - ln%)

1 1

H,‘)+(R—R*—R*lnR*
H R

+(Q—Q*—Q*ln§)+(H—H*—H*ln )
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One can note that Y(z) holds true for every (S@),V(t),E(t),1(t),0@),H(t),R(t)) T,

leading to the conclusion that

Y(S' VL EL QL H R = (S, =8, =5, lnS—'*)+(Vl -V -V, 1n?)+(E -E'-E ln%)

1 1
+(I'-1I'-T 1n%)+(Q*—Q*—Q* 1n%)+(H*—H*—H* ln%)
* * * R*

HR =R =R In—0)

=0.
Consider finding the derivative of the function Y(¢), which yields
Y'(t):S’[I—S—ljJrV'(l—V—‘]+E’(1—E—j+I'[I—I—J+Q’[1—g)+H’[l—H—]+R’[1—R—j

s 4 E I 0 H R

Substituting the equations from (4.1) - (4.7), we obtain

Y'(6) = {H—,BSI—(g+y)S}(1—S?‘*j+{gS—pﬂVl—yV}[l—V?l*J+{,BSI+pﬂVI—(¢+y/+y)E}[1—EE*j

+{gE—(0+w+y, +,u+r)1}[1—11—*j+{¢91+1//E—(V+7Q+y+r)Q}(l—gJ

+{wl +vO—(y, +y+r)H}£l—%j+{7,[+7QQ+;/HH—yR}(l—%]

Putting S=S-8" V=V -V ,E=E-E ,I=1-1",0=0-0 ,H=H-H and R=R-R] is

obtained

Y'(t)={H—ﬁI(S—Sl*)—(g+/¢)(S—Sl*)}( ;Sl*j+{gg_pﬁ[(y_Vl*)_ﬂ<V_Vl*)}(V—_Vl*]

(0%}

E
Q_Ql*

+ ﬂSI+pﬁV1—(¢+1//+;1)(E—E1*)}(E_E‘

o N -

+{¢E—(9+a)+7,+y+r)(1—1,*)}(_TI‘*
H-H
(45

{
+{¢91+1//E—(V+7/Q+,u+z')(Q—Q,*)}[ j+{w1+vQ—(yH+y+r)(H—Hl*) (
{

0
R—Rl*j

+ }/[[+7/QQ+7/HH_IH(R_R1*)}(

:H_H[s_:}ﬁ,@—%)_(w)(s-;q +ES_ES(VV;J_M(V-Vl) )

S 14 V

+,BS[—[;’SI(E?1*j+pﬁVI—pﬂVl[%j—(¢+w+/1)(E_%)+¢E—¢E([ILJ—(9+CO+7, +u+1)&

1
+91—91[%j+l//E—l//E(%l*j—(v+}/Q+,L1+T)(Q_TQI)+CU]—Q)I[%I*]+VQ—VQ(%1*J

(H-H) (R-R'Y |

R’ R’ R’
+711_711[7;J+7QQ_7QQ£T;j+7/QQ_7/QQ[7jj_ﬂT

To facilitate the analysis, the equation can be rearranged as follows

—(yy +H+7)

Y'(t)= A-B,
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where

A=Tl+eS+ BSI+ppVI+PE+ 01 +y E+ ol +vO+y, 1 +y,0+7,0,

: -5, s-58) : v-ry  (r-wY)
B= H(S j+ﬂ1( )+(g+,u)¥+55(%j+pﬁl( V ) +y( V )

+pSI B +ppVI| — 2 +(¢+V/+ﬂ)w+¢E i +(@+w+y +u+r)—(1_ll*)2
+¢91(%‘*]+1/1E(%*]+(v+79+ﬂ+7)(Q_QQl ) . I(Z*]+VQ( *J+(yH+ﬂ+T)(H_Hl )

H
£\2
R’ R’ R’ (R-R’)
+7,1{7}]+VQQ[7ﬁj+7QQ[7j]+uT-
It can be seen that, Y'(t)<0 , when 4<B for R,>1 and Y'(t)=0 when
s=5/, LE=E,I1=1,0=0",H=H and R=R . Since all parameters have
positive values, it is compliant with LaSalle’s invariance principle. The endemic

equilibrium point K; is global asymptotically stable inits feasible region, if A< B. O

4.1.3 Numerical Analysis Results of Model 1

The numerical analysis of Model 1 focused on simulating the dynamics of
COVID-19 transmission while. accounting for critical ' control. measures, including
vaccination, quarantine, and hospitalization. The model parameters, derived through
rigorous fitting techniques and informed by observed disease trends, demographic
data, and a comprehensive literature review (refer to Tables 4.1 and 4.2), were utilized

to evaluate the system's behavior under varied conditions.

Table 4.1 ParameterValues for the Numerical Analysis-of Model 1 at the Disease-

Free Equilibrium.

Parameters Disease-free Units Source
I 1 person Assume
B 0.000009 Per person- days™ Estimated
. 0.4 day Estimated
0.5 N/A Estimated

0.08 day! Estimated

el
# 1/6 day™ Estimated
v
12

0.02 day™ Estimated
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w” 0.005 day™ [90]
Y 0.03 day Estimated
3 0.001 day’ [91]
o 0.03 day’* [91]
- 1/14 day* [90]
B 0.000036529 day’! [89]
T 0.00286 day! [92]

Table 4.2 Parameter Values for the Numerical Analysis of Model 1 at the Endemic

Equilibrium.

Parameters Endemic Units Source
il 560 person Fitted
B 0.000009 Per person - days™ Fitted
. 0.4 day* Fitted
P 0.5 N/A Fitted
P 1/6 day™ Fitted
W 0.08 day* Fitted
0 0.02 day’! Fitted

[« 0.005 day! [90]
\ 0.03 day™ Fitted

v, 0.001 day™* [91]

7o 0.03 day! [91]

v, 1/14 day”’ [90]

U 0.000036529 day [89]

. 0.00286 day [92]

4.1.3.1 Model Fitting of Model 1

To ensure the accuracy of parameter values in representing the real-

world epidemic situation in Thailand, model fitting was conducted utilizing the fminunc

algorithm in MATLAB. This approach was applied to epidemic data collected from

Thailand from January 1, 2022, to April 10, 2022 [93]. The fitting process aimed to

minimize discrepancies between the model's output and the observed daily infection
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data, achieving a coefficient of determination R =0.9544, which indicates a high level
of agreement between the model predictions and actual observations. The parameters
derived from this fitting process are summarized in Table 4.2. These parameters serve
as the foundation for accurately capturing the dynamics of COVID-19 transmission
within the model. Additional parameters not obtained directly through fitting were
supplemented by observations of the disease's behavior and insights drawn from an

extensive literature review.

x10%

Cumulative number of cases

Time(days)

Figure 4.1 Model Fitting with Daily Epidemic Data in Thailand from January 1 to April
10, 2022 [93].

The results of the fitting are visually represented in Figure 4.1, where the black
circles denote the daily reported infection cases in Thailand, providing a clear view of
the real-world data. In comparison, the solid red line illustrates the model's numerical
analysis based on equations (4.1) to (4.17). This alighment demonstrates the robustness
of the fitted parameters and their ability to replicate the epidemic trends, thereby

validating the model's applicability to the observed scenario.
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time and S,V EL 1,00, H. R, for R,=0.500007.

Numerical Analysis of the Endemic Equilibrium

The number of susceptible population

The number of exposed population

7000

6000

5000

4000 [

3000

2000

1000 [

50 100 150 200 250 300
Time(days)
(@)
T T y T T
. . .
50 100 150 200 250 300
Time(days)

(0)

The number of vaccinated population

3000

N
133
S
S

2000

1500

1000

@
=3
S

The number of infected population

=3

o

o

o

51

(d)

, \ | A .
0 50 100 150 200 250 300
Time(days)

(b)

5 10t i i ‘ i i

8 1
6 4
4r 4
2F 1
s ]
sl ]
6 1
AL 1
2l ]
0 . . . , .

0 50 100 150 200 250 300
Time(days)



52

5000
12000
4500 -

c

£ 4000
§ 10000 | =
ks 2
3 g 3500
Q el
o -
£ 8000 & 3000
£ s
5 ‘8 2500
S e000 e
A 5 2000
2
° 2
& 4000 5 1500
€
El & 1000
© ~
2 2000 =
= 500

o A L . L L
0 ' ' - - 0 50 100 150 200 250 300
0 50 100 150 200 250 300 )
Time(days) Time(days)
(e) ()
7
1346 <10 . : . . -
1.3455

1.345

1.3445 |

1.344

1.3435

1.343

The number of recovered population

1.3425

1.342 5 5 k . i
0 50 100 150 200 250 300

Time(days)
()
Figure 4.3 Solutions of the system of equations (4.1) -(4.7): Graph showing the

relationship between time and S;,1]",E,I;,0,H R for R;=1.64177.

4
x 10 4
15 - ; , - ; Jsix10l § - y
c
o c
= o
© =
s ©
Q =]
g1of S0t
- Q.
3
£ =
= =
° G
5 =
[
£ sr £ s5p
E €
3 5
© c
= (]
= [S
0 0
0 05 1 15 2 25 3 0 2 4 6 8 10 12 14

The number of susceptible population 108 The number of vaccinated population 108
@) (S, 1"). (b) 7, 1).

Figure 4.4 Solutions of the system of equations (4.1) -(4.7): Graph showing the

relationship between (S,",1,")and (;",1)for R, =1.64177.



i)

5
V(t)

@) iV, E'1).

V(t)

S() 0 o @)

(b) (E,S V).

Figure 4.5 Solutions of the system of equations (4.1) -(4.7): Graph showing the

relationship between (', E, ", 4 yand (E .S,V )for R, =1.64177.

The number of exposed population

The number of susceptible population
~

7000

6000

5000

4000

3000

2000

1000

3=0.000009
~— [(3=0.000008
3=0.000007
(3=0.000006
3=0.000005

L \ . . | .
0 50 100 150 200 250 300
Time(days)
(a)
T T 7 T T
———=0.000009
| .000008 | |
.000007
$=0.000006
L 3=0.000005 | |
T E———
_ . . .
0 50 100 150 200 250
Time(days)

(0)

5000

4500

4000

3500

3000

2500

2000

1500

The number of vaccinated population

500

25

The number of infected population

1000 |

T T T T T
$=0.000009
t $=0.000008 H
$=0.000007
F $=0.000006
$=0.000005
/
0 50 100 150 200 250 300
Time(days)
%10*
T T T T
$=0.000009
$=0.000008
$=0.000007
r $=0.000006 ||
$=0.000005
- . . .
50 100 150 200 250 300
Time(days)

(d)

53



14000

12000

10000

8000

6000

4000

The number of quarantined population

2000

50 100 150 200 250
Time(days)

(e)

300

The number of hospitalized population

54

6000 T T 0 T T
.000009
.000008
N .000007
5000 .000006
3=0.000005
4000 [ 1
3000 [ 1
2000 [ 1
0 L L L L L
0 50 100 150 200 250 300

Time(days)

()

Figure 4.6 Solutions of the system of equations (4.1) «(4.7): Graph comparing the

infection rate (B)for R, >1.

1400 T T

40% Efficiency of vaccination
50% Efficiency of vaccination

< /o Effici of inati

% 1300 70% Efficiency of vaccination

=] 80% Efficiency of vaccination

&

S 1200 |- 1

L

B

a

@

& 1100 1

>

D

s

o

2 1000 1

[

3

=

g

i= 900 9

800 . " L \ L
0 50 100 150 200 250 300
Time(days)
8000 T T T T

7000

w N o =)
=1 o =] =3
=1 1<y S =3
3 1S} S S

The number of exposed population
S
8

1000

40% Efficiency of vaccination
50% Efficiency of vaccination

70% Efficiency of vaccination
80% Efficiency of vaccination

60% Efficiency of vaccination I

50 100 150 200 250
Time(days)

(©)

300

4.5

The number of vaccinated population
N
o

25

The number of infected population
o

40% Efficiency of vaccination
50% Efficiency of vaccination H
60% Efficiency of vaccination
70% Efficiency of vaccination {4
80% Efficiency of vaccination

%10%

50 100 150 200 250 300
Time(days)

(b)

40% Efficiency of vaccination
50% Efficiency of vaccination
60% Efficiency of vaccination
70% Efficiency of vaccination
80% Efficiency of vaccination

50 100 150 200 250
Time(days)

(d)

300



55

7000

14000

6000 |
5000 /
4000 |

3000 [

12000 [

10000 [

8000 [

6000 [

2000

4000 -

40% Efficiency of vaccination
50% Efficiency of vaccination
60% Efficiency of vaccination
70% Efficienc y of vaccination
80% Efficiency of vaccination

40% Efficiency of vaccination

50% Efficiency of vaccination

60% Efficiency of vaccination

70% Efficiency of vaccination

80% Efficiency of vaccination
T T

The number of hospitalized population

=)
=3
S

The number of quarantined population

2000

o

o
o

50 100 150 200 250 300
Time(days)

.
0 50 100 150 200 250 300
Time(days)

(e) ()
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vaccination prevention efficacy (p)for Ry >1.

We present the numerical results of the model (4.1) - (4.7) by analyzing the
disease-free equilibrium and endemic equilibrium, displaying 2D and 3D phase plane
graphs at the endemic state. We also compare the infection rate and vaccination
efficacy to support the theoretical results. The numerical results from Figures 4.2-4.7
can be discussed comprehensively and coherently, divided into three sections as
follows:

Part 1: Convergence to the equilibrium point of the disease-free equilibrium and
endemic equilibrium

The disease-free equilibrium; illustrated in Figure 4.2, demonstrates the
population dynamics..under effective control measures that eradicate disease
transmission. The susceptible population converges to a steady state of 491 individuals
after approximately 2,500 days, indicating the proportion of individuals who remain
unvaccinated or unaffected. The vaccinated population stabilizes at 26,884 within 210
days, reflecting the significant impact of widespread vaccination in reducing
susceptibility. Other compartments, including exposed, infected, quarantined,
hospitalized, and recovered populations, all decline to zero after 300 days, confirming
the system's capacity to achieve a disease-free state when control measures are
optimally implemented.

The endemic equilibrium results in Figure 4.3 portray a scenario where the
disease persists but stabilizes within the population. The numerical results of the

model provide specific equilibrium values for each population compartment under
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endemic conditions, illustrating the long-term dynamics of the disease. The susceptible
population stabilizes at 4673, representing individuals who remain unvaccinated and
vulnerable to infection. The vaccinated population, at 158, indicates limited immunity
achieved through vaccination, potentially due to low coverage or waning effectiveness.
The exposed population reaches 2269, reflecting individuals in the incubation phase
transitioning to becoming infectious or recovering. The infected population stabilizes
at 13,088, highlighting the active cases contributing to disease transmission within the
community. The quarantine population, at 7048, underscores the role of isolation
measures in preventing further spread. The hospitalized population, stabilizing at 3725,
represents the severe cases requiring medical care, emphasizing the need for adequate
healthcare resources. Finally, the recovered population, at 13,431,100, reflects the
majority of individuals who have overcome the disease and gained immunity,
contributing to herd immunity. These equilibrium values collectively portray the
persistent nature of the disease and the importance of vaccination, quarantine, and

healthcare interventions in maintaining control under endemic conditions.

Part 2: 2D and 3D phase trajectories

The 2D and 3D phase trajectories in Figures 4.4 and 4.5 illustrate the interactions
and dynamics of the model's population compartments as they progress toward
equilibrium.

The 2D phase trajectories in Figure 4.4 focus on the relationships between
specific compartments. Subfigure (a) demonstrates the interaction between the
susceptible (S,) and infected (1,") populations. The spiral pattern indicates oscillations
in the population levels before stabilizing at the equilibrium point, where disease
transmission and recovery reach a balance. Similarly, subfigure (b) highlights the
relationship between the vaccinated (7,") and infected (1,") populations, with a similar
convergence pattern reflecting the dynamic impact of vaccination on disease control.

The 3D phase trajectories in Figure 4.5 expand this analysis by incorporating
additional variables, providing a more comprehensive visualization of the system's
behavior. Subfigure (a) illustrates the interaction among the vaccinated (7;"), exposed
(E"), and infected (1) populations. The spiral trajectory converging toward the
equilibrium point emphasizes the interdependent dynamics of vaccination, exposure,

and infection rates. Subfigure (b) adds another layer by showing the relationship among
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the exposed (E), susceptible (S,"), and vaccinated (¥,") populations. The trajectory
highlights how the interactions among these compartments influence the system's
progression toward stability.

These phase trajectories provide crucial insights into the system's stability and
the effects of various factors such as vaccination and exposure rates. The combined
use of 2D and 3D visualizations enables a detailed understanding of the dynamics,
emphasizing the interactions that guide the system toward equilibrium. By analyzing
these trajectories, policymakers and researchers can better assess the effectiveness of

interventions and predict the long-term behavior of the epidemic.

Part 3: Comparison of the parameters used in the study

Figures 4.6 and 4.7 present a detailed comparison of key parameters and their
influence on the system. Figure 4.6 examines the infection rates () ranging from
0.0000009 to 0.0000005. Higher infection rates, such as g =-0.0000009, lead to faster
convergence to equilibrium, as the population moves through the infected state more
rapidly. Conversely, lower infection rates, such as g = 0.0000005, result in a slower
stabilization, indicating that the speed of disease transmission significantly impacts the
time required to reach equilibrium. This comparison underscores the critical role of
infection rates in shaping the dynamics of disease spread and control.

Figure 4.7 focuses on vaccine efficacy, comparing levels of 40%, 50%, 60%,
70%, and 80%. The analysis demonstrates that higher vaccine efficacy substantially
enhances disease control. For instance, with an 80% vaccine efficacy, the decline in
the infected population is much sharper compared to a 40% efficacy. This
improvement reduces the time to stabilization by nearly half, emphasizing the
importance of effective vaccination strategies. The results highlight that higher vaccine
efficacy not only reduces infection rates but also minimizes the burden on healthcare

systems and improves long-term outcomes.

4.1.3.3 Sensitivity Analysis of Model 1
The sensitivity analysis of the basic reproduction number R, examines how
variations in model parameters impact Ry, a key indicator of the epidemic's severity and
progression. Understanding this relationship is essential for identifying the most

influential parameters in disease transmission and for developing effective control
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measures. The analysis uses the normalized forward sensitivity index, a metric that
quantifies the proportional change in R, relative to proportional changes in individual
parameters. This approach highlights the parameters that play critical roles in shaping
Ro, such as vaccination rates, contact rates, or quarantine efficacy. By identifying these
influential factors, targeted interventions can be designed to effectively reduce R, and
control the outbreak, ensuring optimal resource allocation and strategy development

for epidemic management, which can be calculated as follows [94,95]:
Yh = aﬂ>< g

v R, o (4.20)
0o R,

Where o is the parameter associated with the transmission of the disease, and Ry is
the basic reproduction number. The parameters used in this analysis are taken from

Table 4.2, and the results of the sensitivity analysis are presented in Table 4.3.

Table 4.3 Sensitivity Indices of the Basic Reproduction Number for Model 1.

Parameters Sensitivity
1 +1.000000
Vi +1.000000
f -0.017304
P +0.964758
9 +0.827651
v -0.827274
g -0.692125
@ -0.173031
Vi -0.034606
H -0.984337
T -0.098973

Table 4.2 presents the results of the sensitivity index analysis for the basic
reproduction number R,. The results of the sensitivity index analysis for the basic
reproduction number R, reveal the extent to which each parameter influences disease
transmission. Parameters with a positive impact on Ry include the initial population
size (1), infection rate ( g ), vaccination efficacy ( p ), and incubation rate ( ¢), indicating

that increases in these parameters lead to a proportional increase in R,. Conversely,
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parameters with a negative impact include the vaccination rate (&), transition rates to
quarantine or hospitalization (v, 6, ®), recovery rates (y, ), natural mortality rate (u),
and mortality rate due to COVID-19 (¢ ), suggesting that increases in these parameters
result in a reduction of R,.

Building on these results, the most influential parameters are the initial
population size (IT) and infection rate (), both with a sensitivity index of +1. This
implies that a 10% increase or decrease in either of these parameters directly translates
into a 10% increase or decrease in Ry. These findings emphasize the need for stringent
measures to reduce contact rates and infection opportunities. For instance,
interventions such as wearing masks, maintaining social distancing, and minimizing
exposure to high-risk individuals can significantly lower Ry, thereby curbing disease
spread. Other critical parameters include the vaccination efficacy ( p), with a sensitivity
index of +0.964758, and the incubation rate ( ¢), with a sensitivity index of +0.827651.
These values highligsht the importance of highly effective vaccines and timely
identification of exposed individuals to control the spread of the disease. Parameters
such as the recovery rates (y,), and transition rates (w, 8, ®) have moderate to low
sensitivity indices, indicating their influence is less direct but still significant in reducing
Ro. For example, higher recovery rates or efficient transition to quarantine and
hospitalization help contain the outbreak and lower transmission rates. Finally, the
negative sensitivity indices for the vaccination rate (&) and mortality rates (xand )
highlight their role in reducing Ry. A higher vaccination rate decreases the susceptible
population, “while  mortality rates, although unfavorable from a humanitarian
perspective, reduce the pool of infected individuals capable of further transmission.
These findings underscore ‘the complex interplay between parameters and their
collective impact on R,,.

In conclusion, the sensitivity analysis demonstrates that targeted control
measures focusing on reducing the infection rate ( 8 ), enhancing vaccination efficacy (
p), and increasing vaccination rates (&) are the most effective strategies for lowering
Ro. Understanding the sensitivity of these parameters allows policymakers to prioritize
interventions, allocate resources efficiently, and achieve optimal epidemic control,
ultimately contributing to more effective and sustainable disease management

strategies.
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4.2 Mathematical Model Analysis of Model 2

From the mathematical model for COVID-19, the population is divided into
those who have been vaccinated and those who have not. The model further
considers the infection status of individuals, distinguishing between symptomatic and
asymptomatic cases, as well as hospitalization. Based on these considerations, Model

2 is represented by the following set of equations:

dSt" —(-b)oN, -n,S, — uS,, (4.21)
% =n,S, —¢E, —(1—-§)E, — uE,, (4.22)
di
d;” = ¢E;1 - (C()] + 72 + /’l 1 d)Ian H (423)
dl.
7;" =(1=@)E, — (0, + u+d)I,,, (4.24)
as. 4 boN, —n,S, —usS,, (4.25)
dt
dE.
dtv =1,8, —(1=8)pE, —(1=5)1 = $)E, — uE, , (4.26)
dl,
= (1-O)E, —(w, +yy +u+d)L, (4.27)
di
= (1-3)I=PE, —(w+ )L, (4.28)
H
ddtp =al, +ol, ol +ol,~(+p+d)H,, (4.29)
%Z}/IH[; +}/2]an +7/3Iav—/’lR7 (4'30)
where N, =S, +E;+1,+1,+S,+E,+1 +1 +H, +R. (4.31)

Lemma 4.2 [85,86] Initial condition S, (0)>0,E,(0)>0,7,(0)>0,7,(0)>0,S,(0)>0,
E,(0)>0,1, (0)>0, I,(0)>0,H,(0)>0,and R(0) > 0from the Equation (4.21)-(4.30) the

av

an® = snO" WO pIAT av sy

invariant set \Pz{(Sn,En,l UL B EalL L Hp,R)eRf’:Nhsg}, and then the closed
7

set ¥ is positive invariant.

Proof. Giventhat N, =S, +E, +1,+I,+S,+E +1I,+1 +H,+R,we have
ds, deE, dl, dl
—+ e

dN, dS, dE, dI, dI, o dH, dR
= + +—=+—= . +—

dt dt dt dt dt dt dt dt dt dt dt
dn,
dt

=o—uN,-d{,+1,+1, +1, +Hp)

<o-uN,

dN
It can be observed that dth <o-uN,, and therefore N,(t) < N(0)e™ +Z[1-e*]when
)7

t—>w,e -0, which leads to Nhggvvith respect to the condition Nh(O)sg.
u )z
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Consequently, we define W as positively invariant, meaning that every solution of the
system of equations (4.21) - (4.30) remains within the set¥. The values of ¥ derived
from the system of equations (4.21) - (4.30) are considered mathematically and
epidemiologically appropriate, as epidemiological parameters are assumed to be

positive. Thus, the boundary of all solutions ¥ will be contained within R!. O

4.2.1 Equilibrium Points and Basic Reproduction Number of Model 2
Equilibrium Points
The equilibrium points of Model 2 can be determined by setting the right-hand side
of the system of equations (4.21) - (4.30) to zero, yielding:

(1-b)oN, =n,S, —uS, =0 (4.32)
S, —PE, —(1-@)E, — uE, =0 (4.33)
PE, — (o +y,+p+d)l, =0 (4.34)
(A-9E,=(o,+ u+d)l, =0 (4.35)
boN, —11,S, = uS, =0 (4.36)
1,8, —(1-8)PE, —(1-6)Y1=P)E, — uE, =0 (4.37)
(—)PE, —(w, +y, +u+d)l, =0 (4.38)
A=) 1=)E, —(w, +uu+d)I, =0 (4.39)
ol,, +aod, + o, +aol, —(y +p+d)H, =0 (4.40)
nH, + 7,1, + 71, —uR =0 (4.41)

From the equilibrium analysis using Mathematica, two equilibrium points are
identified as follows:

. The first equilibrium point is the disease-free equilibrium point.

G(: = (S*Vl’ E*n 71*01/1 ’]*sn’S*v’E*v’ [*av’l*sv7 Hp*’R*) = [(1 _b)o- 70’ 07 Oab_o-:og O, 0, 0, 0) (442)
i u
Il. The second equilibrium point is the endemic equilibrium point.
Gl* = (S*n 7E*n 7[*an ’I*xn ’S*V’E*v’]*av’]*xv’ Hp*’R*)’ (443)
where
5 - (1-b)o
(u+my)
(1-b)on,

")

;- (A=byon
an k]

>
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;o _(=b)i-gon;

on i, ,
« _ bo

C(utn)
. bor,

v

T+ u-oNutnm)
;- _b-d)jon;
A+ p=-S)k
. _ba=8)1-g)om,

b}

Y (4 -6k,
g g [A=bMe  (=bXi-goa  b1-d)our  b(1=d)1-Pau |
! ky k, (I+u—06)k, (I+u—0)k,
g o [0 bO=8rm, | (= (-b=Pam, b1-d)om  b1-0)I-gon; )|
k, (1+ 1= 90)k, k, k, (1+u—-9)k, (1+u=9)k,
where & =1+ p)(d +y, +p+ @)@ +m), ky =+ u)(d + p+o)(p+ ),
Ky = (d -+, 4 o @) ), = (o i+ o)t s ks = = e =% ey = —
Yt p+d H ntu+d

when R, >1.
The force of infection #;,7;, appearing in the components the of endemic
equilibrium point can be determined by using the following expression

77]* :ﬂanlj” +ﬂxn[: (444)
and m= Bl +Bul s (4.45)

Basic Reproduction Number

The basic reproduction number Ry represents the average number of secondary
infections caused by one infected individual in-a fully susceptible population. To
evaluate Model 2, the next-generation matrix method is applied [64,96,97], a widely
used mathematical tool in epidemiology and population dynamics for determining R,.
This method systematically derives R, by examining the rate of new infections
produced and the rate of transitions between compartments. The derived expressions
provide a comprehensive framework to assess the potential spread of the disease and
guide the design of effective control measures. The expressions derived for this analysis

are as follows:

dE
- = 771Sn _¢En _(1_¢)En _/uEn’
dt
dl
d—;” =9E — (o, +y, +u+d)l,,
dl

7‘;":(1—¢)En —(, +u+d)l,,
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dE
o S ~(1-0)E, —(1-0)1-$)E, —uE,,

drl

o ~UTOWE —(o 4y urd),,

dl

o " U=O=PE, — (o, + p+d)l,.

It follows that:

Gains to E,|n,S, Losses from E, OE +(1-9)E, + uE,
Gains to 1, 0 Losses from 1,| —¢E +(o +y,+u+d)l,
Gains to 1, 0 Losses from I,| —(1-@E, +(w,+u+d)Il,
Gains to E, |n,S, ’ Losses from E |(1-0)pE +(1-0)1-9)E, + UE,
Gains to 1| 0 Losses from I,|—(1-0)pE, + (@, +y;+u+d)l,
Gains to I1,| 0 Losses from I | —(1=0)1-@)E, +(w,+pu+d),

Where F is the Jacobian matrix of the gains matrix and ¥ is the Jacobian matrix of

the losses matrix, Then we have

Fog BE=P.5, 8,9 6 0
0 0 0 0] 0 0
b 0 0 0 0 0 0
DR, | O\ O Lol Padill
0 0 0 0 0 0
0. .0 2> 0% B 0 |
[p+(1—¢)+u 0 0 0 0 0 ]
—¢ o +u+d 0 0 0 0
- —(1-¢) 0 @, +p+d 0 0 0
0 0 0 (1=8)p+(1=0)1—p)+ u 0 0
0 0 0 —(1=95)¢p Oty +u+d 0
i 0 0 0 ~(1=0)(1=¢) 0 o, + pu+d |

Substituting the disease-free equilibrium point

(1_b)d,o,o,o,b—“,o,o,o,o,OJ
U P

Since R,=FV™, R,is determined by the eigenvalues of the matrix. The basic

I

an®> sn?>

G = (SEI . \AS)C o R*) :(
reproduction number R;is obtained by considering the largest positive eigenvalue.

Therefore, we have

R,=max{R R }. (4.46)
When
g U Dod@B, ¢-D-B.HFL, G-D 0 tuta) f.¢uta))
" p(1+p) (d+y, + p+ @) (d+ p+ o) '
R - bo(6-D)@d (B, (#=D)-Bud)-Pu $ (ut @)+ B, ($—D) (s T+ 0,))

W(1-6+ ) ([d+u+ o) ([d+7, +u+o,)
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4.2.2 Stability Analysis of Model 2

The stability analysis of the model (4.21) - (4.30) is conducted using the
Lyapunov function to evaluate the stability of the two equilibrium points. The
Lyapunov function is an effective tool for analyzing the stability of dynamic systems,
as it provides a method to assess the system's behavior comprehensively. The

application of this method is demonstrated in the following theorem.

Theorem 4.3 Let G, be the disease-free equilibrium (DFE) of the model described by
the system (4.21)—(4.30). Suppose that all parameters (e.g., infection rates, recovery
rates) are positive, and all state variables (e.g., susceptible, exposed, infected) remain
nonnegative within the positively invariant set¥. If R, <1, then G,is globally
asymptotically stable in ¥

Proof. Consider the Lyapunov function as follows:

V(t) = V(E? (t)’ [an (t)’ I (l)’ Ev (t)7 Iav (Z)’ va (t)) iij klEn \J kZIan + k31sn + k4Ev + kSIzzv + k61SV

It can be observed thatV(r)>0forall (E,().1,, @), 1, @).E. @)1, 0.1, @) ¥ and it

follows that

V(E U0 E T ) =k (0) +k, (0)+k,(0)+ &, (0) + k& (0) + &, (0)

:O,

an?” sn? av?

where k. k,,k,, k. k, ;and k; be positive constants. The derivative can be obtained as

follows:

dv
- klE); T\ kZIt;n + kSI;n =+ k4E‘C + kSIt:v + k()].:v
dt

Substituting the values from the system of equations (4.21) - (4.30), we obtain

‘Z_’; =k S, —PE, ~(1=P)E, — uE, )+ k,(PE, — (@, + y, + pu+ )L, )+ k(1= P)E, — (@, + u+d)I )
+k, (1,8, —(1=0)E, =(1-6)1 =) E, — uE )+ ks (1=0)PE, — (@, +y; + p+d)1,)
+hk(1-6)1-P)E, — (0 + pu +d)1,)

_(d-b)o bo

Rearranging the equation to facilitate analysis, and substituting S, = S =—at
u )z

the disease-free equilibrium, we obtain

we obtain:

v ki((Badan + Bul,,)S, = 8E, (1= E, = uE, ) + ko (PE, — (0 +7, + u+d)1,,)

dt
+h (1=9)E, = (@, + u+d),) +k, (B, L, + B,1,)S, —(1=6)PE, —(1-6)(1-§)E, - uE,)
+k (1= O)PE, — (@, + 1y + p+d)L,) + k(1= 8)1 - P)E, — (@, + p+d)1,)
= (kg +k(1=9)—ky (p+ (A=) + 1)) E, +(k S,,S, = ks (0, + 7, + p+ D)) L, + (K, B,,S, — ks (@, + p+d)) I,
+(ks(1=8)p + kg (1= )1 - §) — k(1= )+ (1= 5) 1= $) + 1)) E, +(k,B,,S, —ks(@, + 7y + p+d)) 1,
+(k,B,S, —ke(@,+ u+d))1,
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d (1-b)o (1-b)o

=(kp+k(1-9)-k(@+1-9+n)E, +(kﬂan —kz(w1+72+ﬂ+d)]1an+[k1ﬂm _k3(w2+/u+d)jlsn

+ (ks (1=0)p+ ks (1-6)1-§)~ k, (1= O)p+(1-8)1-¢) + W) E, +(kﬂav P k(w4+73+u+d)]

(k B, ——k (a)3+u+d)j

ﬁan k _ ﬁxn k _ H k _ ﬁav
s N3 — s Vg — s Vs — >
(o, +y,+u+d) (0, + u+d) bo (0, +y,+u+d)

I_etkl=(l ’;) k=
—D)o

— ﬂxv
(@0, +pu+d)

d_V:( ﬂan + ﬂsn (1_¢)_

, then we obtain:

dr (a)1+7/2+,u+d)¢ (@, + i +d) = b) @+~ ¢)+”)]

P ﬂ— . W2, & o
Jr[(a)é‘+y3+u+al)(1 o)+ (@ + )(1 o)1-9) ba((l )+ (1-5)1 ¢)+#)]EV

Bub” | Bu=9) pQam) . ( B(-8)¢ | B(-8)1-§) ul-5+m)),
(a)1+72+,u+d) (a)2+y+d) (I1-b)o (0 +y;, +pu+d) (0, +u+d) bo Y

_ 1) [((Bud@, tut Dt fu(=9)@ ty, tp+d))(=bjo ]|
(1-b)o Mo + 7, +p+d) @, +p+d)1+ 1) !
L HA=5+ 1) (ﬂav(l—5)¢(wg+u+d)+ﬂw(l—5)(l—¢)(w4+73+#+d))b0_1 %
bo (o, + s+ ptd) o, +u+d)(1-0+ 1)
_ p+p) (ﬂan¢(w2+u+d)+ﬂ5n(l—¢)(wl+72+ﬂ+d))(1—b)0_1 .
(1=b)o (@ +y, + p+d) e, +p+d) 1+ p) ’
H(A=0+ ) (ﬂa‘,(l—5)¢(603+ﬂ+d)+ﬂsv(1—5)(1—¢)(w4+73+ﬂ+d))b0_1 A
bo (@, +ys + p+d) o, +p+d)(1-6+ p) f
VM gy (HOEW g (4.47)

dt  (1-b)o bo :

Thus, it can be observed that equation (4.47), cj{—lt/ =0 if R, <0and R, <0.Additionally,

dv

" —=0if E,=0,and E, =0. According to LaSalle’s invariance principle [65,97,98], this

implies that the disease-free steady state G, is globally asymptotically stable on ¥ O

Theorem 4.4 Consider the model given by the system (4.21)—(4.30) and let G, be its
endemic equilibrium. Assume that all parameters are positive, that all state variables
remain nonnegative within a positively invariant region ¥, and that the model admits
equilibrium G, for R, >1.Then, if R, >1, G, is globally asymptotically stable in V.

We assume that
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’71*:77;
p=(u+n)
o, +u+d

ﬁsn - S*

@tued (4.48)
S '

v

B,

oty tu+d
Po=—"g

oty tut+d
5

v

B

Proof. Consider the Lyapunov function defined as follows:

K(1) :[S" -8 -5 IH%J+E" +1,+1, +(SV -5 =5%in §ZJ+EV +1,+1,.

n v

The derivative of the function Kis obtained as follows
d—K:S; (1—%)+E; +1, +1] +S;(1—%]+E§+I;V+IS’V

*

d t sn

n v

=((1~b)o-n5, —ﬂSn)(l—g—:}(mSn —9E, ~(=§)B, — uE, )+(PE, — (o, +7, + u+d)1,,)

s

+((1—¢)En - (o, +y+d)lm)+(b0'—772Sv —ySv)(l—%J+(n2Sv —(1-0)pE, ~(1-95)1-9)E, —,uEV)

v

+((A=0)pE, =(@y + 73 + H+ D)) +((1= )1~ P E, (@, + p+ DL, )

s

= ((-D)0 (Bl + Bl )S, ~ 15, )[l—%}((ﬂanlw + Bol,))S, ~9E,~ (= 9)E, - uE,)

n

(P8, ~ (o %y, + I, )+ (- DF, (@, + 4 DI,)+ (bo ~(B, 1, 4 B, )S, S, )[1— ij

v

H((Boly+B.1,)S, = (1= O)PE, ~ (1 =61 - §)E, — uE, )+ (1= O)E, ~(@, + 15 + u+d)I,,)
+(A=6) A= P)E, — (e, + u+d)1,,)

= (l—b)a[l—i—”j—,uSn [l—g—”]—k(ﬂanlan + B, 1.)S, = HE, —(o,+ 7, + p+d)l, — (o, + u+d)I,

n n

S, 5 ;
+bo—[1_S_‘j_IuSv (1_ SV j+(lgavlav +IBSVISV)SV _ﬂEv —(0)4 +7/3 +/u+d)[av _(wB +/’l+d)15»

v v

S* * S * *
= (1_b)o-(1_5_"j_/’lsn [l_S_ZJ_{—]an(ﬁanSn _(a)l +}/2 +/u+d))+lsn(ﬂmsn —((02 +/’l+d))_/’lEn

n n

+bo{1—%}—yS: (1— ;‘;j+lw(ﬂav5: —(w, + 7, +,u+d))+lw(,8WS: —(, +pu+d))—uE,

v v

Substituting S°, = (1_b)?, +__bo
(e+m)

dK s (1-b)yo(, S . .
—=01-b)o|1-— |- —| 1-—= |+1,,(B.S, —(o+y,+u+d)+1(B,S, — (@, +u+d)—ukE,
0 ( )0[ S) ﬂ(u+m)[ SJ s (@ +y, +p+d)+1,(B (0, + u+d))—u

= — at the endemic equilibrium, we obtain
(u+1,)

v

n n

+ba(l—&j—yb—a*(l— Sﬁj+1av(ﬂavS: —(@, +ys+pu+d)+1,(B.S, — (o, +u+d))— uE,
S (u+m)\ S

From the condition (4.48), we obtain



dt

s

“’—K:(l—b)cr[l—i

S J_(l_

n

*

Byo| 1-52 |4 po| 1-5=
s’ S

*

s

v

S,
-b E, - uE,

s s, S, S
=(I-b)o| 22220 |y bo| 220 20 | JE — uE,

=-(1—b)o-[( ;) J [(SV—S:)QJ—,LJE - uE,

n

—S)

dK _ (S
o -l (1-b)o {

S}l Si’l

+bo - +uE +uE, (<0

S.S)
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(4.49)From

equation (4.49), it is evident that c;—lt(< 0.Therefore, according to LaSalle’s invariance

principle, the endemic equilibrium point G, is globally asymptotically stable in ¥.0O

4.2.3 Numerical Analysis Results of Model 2

The numerical analysis results of Model 2 are presented using parameters

obtained through maodel . fitting, ~ensuring alisnment with observed data, while

additional parameters were sourced from a comprehensive literature review. These

parameters, listed in Tables 4.4 and 4.5, form the foundation for the analysis, allowing

for a detailed evaluation of the model's behavior under various scenarios. This

approach ensures a robust and accurate representation of the system, facilitating the

assessment of its dynamics and potential control strategies.

Table 4.4 Parameter Values Used in the Numerical Analysis of Model 2 at the

Disease-Free Equilibrium.

Parameters The disease-free Units Source
b 0.5 Per person - days’ Estimated
- 1 N/A Estimated
» 0.00001 Per person- days’ Estimated

B. 0.000009 Per person- days™ Estimated
B 0.000008 Per person - days! Estimated
B.. 0.00001 Per person- days™ Estimated
s /7 day [27,100]

s 0.8 day™ Assumed
o, 0.1 day [17,19,27]
o, 0.1 day™ [17,19,27]
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o, 0.1 day™ [17,19,27]
0, 0.1 day! [17,19,27]
7, /7 day™ [27]

7 1/14 day [10]

s 1/14 day™ [27]

P 0.0000365 day* [43,101]
y 0.00286 day [97]

Table 4.5 Parameter Values Used in the Numerical Analysis of Model 2 at the

Endemic Equilibrium.

Parameters The Endemic Units Source
b 05 Per person - days Estimated
A 1,400 N/A Estimated
= 0.00001 Per person- days™ Data fitted

B, 0.000009 Per person- days Data fitted
B 0.000008 Per person - days* Data fitted
B 0.00001 Per person- days* Data fitted
» 1/7 day! [27,100]
5 0.8 day* Assumed
o, 0.1 day [17,19,27]
o, 0.1 day’ [17,19,27]
o, 0.1 day™ [17,19,27]
o, 0.1 day* [17,19,27]
7, 1/7 day* [27]

7, 1/14 day™ [10]

7, 1/14 day [27]

P 0.0000365 day [43,101]
e 0.00286 day™ [97]

4.2.3.1 Model Fitting of Model 2

The numerical results of the model (4.21) — (4.30) are compared with real

epidemic data from Thailand to evaluate its accuracy. Parameter values were obtained
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through model fitting to align closely with daily reported infections recorded from
January 1, 2022, to March 1, 2022 [102]. The blue circles in Figure 4.8 represent the
actual daily reported cases, while the solid red line illustrates the model's predictions.
This comparison demonstrates the model's capability to replicate observed epidemic
trends, reflecting both the rise and decline in cumulative cases during the specified
period. The agreement between the data and the model validates its reliability in
describing epidemic dynamics and supports its application for effective control
strategies. Specifically, the coefficient of determination for Figure 4.8(a) is R*=0.9010,
while for Figure 4.8 (b), it is R?=0.9300, indicating a strong correlation between the
model predictions and the observed data, further reinforcing the model's accuracy in

capturing the real-world epidemic dynamics.

Cumulative number of cases
Cumulative number of cases

. . i . .
0 10 20 30 40 50 60
Time(days)

Time(days)

(@) (b)
Figure 4.8 Plot of Daily Reported Cases Alongside Model (4.21) - (4.30) Solutions Over
Time, Using Data from January. 1, 2022, to March 1, 2022 [102].
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4.2.3.2 Numerical Analysis Result of Model 2

Numerical Analysis of the Disease-Free State
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Figure 4.9 Solutions of the system of equations (4.21) - (4.30): Graph showing the

relationship between time and Sn,E,,,[analm,Sv,Ev,lavJﬂ.,H,,,R

Numerical Analysis of the Endemic State
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relationship between time and the comparison of infection rates among vaccinated

symptomatic individuals (f,)when R, >1.

We have conducted a numerical analysis of the model (4.21) - (4.30). In Part 1,
we analyzed the disease-free equilibrium and the endemic equilibrium. In Part 2, we
compared the parameters that influence the spread of the disease. These analyses
will be explained in detail in the following sections.

Part 1: Analysis of the Disease-Free and Endemic Equilibria

From Figure 4.9, it is evident that the number of unvaccinated individuals at
risk of infection, as well as the number of vaccinated individuals at risk, gradually
increases over time. Eventually, the populations converge to equilibrium points at
6,849 and 20,547, respectively. In contrast, the populations of unvaccinated individuals
in the exposed state, unvaccinated asymptomatic individuals, unvaccinated

symptomatic individuals, vaccinated individuals in the exposed state, vaccinated
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asymptomatic  individuals, vaccinated symptomatic individuals, hospitalized
individuals, and those who have recovered from the disease, all gradually decrease
and eventually reach zero. This behavior is consistent with the dynamics of the
disease-free state. Figure 4.10 illustrates the convergence to the endemic equilibrium.
As time progresses, the solutions converge to the equilibrium point G; =(11726, 699.54,
720.97, 5828, 11130, 3497, 573, 5826, 8888, 3.65966 x 107). This demonstrates the long-
term persistence of the disease within the population, characteristic of the endemic

state.

Part 2: Comparison of Parameters Affecting Disease Transmission

In this section, we compare various parameters to observe their influence on
the spread of the disease. Specifically, we examine the vaccination rate (b), and the
infection rates among -unvaccinated asymptomatic individuals (3,,), unvaccinated
symptomatic individuals (8,,) , vaccinated asymptomatic . individuals (8,) , and
vaccinated symptomatic individuals (4,) . From Figure 4.11, we compare the
vaccination rates at A= 0.5, 0.6, 0.7, 0.8 and 0.9. An increase in the vaccination rate
leads to a corresponding decrease in the number of infections in each epidemic
scenario. This demonstrates that vaccination is an effective strategy for controlling the
epidemic and reducing the spread of the disease. Figures 4.12 and 4.13 compare the
infection rates among unvaccinated asymptomatic individuals ‘at g, = 0.00001,
0.000034, 0.000054, 0.000074, 0.000094, and among unvaccinated symptomatic
individuals at g, = 0.000005, 0.000006, 0.000007, 0.000008, 0.000009. The numerical
analysis reveals that as the infection rate increases, the -number of infections in each
state decreases among the unvaccinated population, including those at risk of
infection, those in the exposed state, asymptomatic individuals, and symptomatic
individuals. In Figures 4.14 and 4.15, the infection rates among vaccinated
asymptomatic individuals at g, = 0.000008, 0.00002, 0.00004, 0.00006, 0.00009, and
among vaccinated symptomatic individuals at g, = 0.000003, 0.000004, 0.000005,
0.000006, 0.00001 are analyzed. The results indicate that as the infection rate
decreases in each state, the number of infections increases, leading to faster control
of the disease. Therefore, implementing measures to reduce infection rates, such as
social distancing and wearing masks, can be effective strategies for reducing the spread

of the disease.
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4.2.3.3 Sensitivity Analysis of Model 2
In this section, we analyze the sensitivity indices affecting the basic
reproduction number R, of Model 2. This analysis is conducted to assess the influence
of various parameters on the changes in Ry. The sensitivity indices can be calculated

using the following formula [94,95]:
TR — OR, «

a—KxE. (4.50)

Where « represents the parameter being analyzed and Ry is the basic reproduction

number. The results of this analysis are presented in Table 4.6, as shown below.

Table 4.6 Sensitivity Indices of the Basic Reproduction Number for Model 2.

Parameters Sensitivity Indices
b +1.000000
L +1.000000

B.. +0.120900
B, +0.879100
B +0.073000
B, +0.927000
S +0.000700
¢ -0.002600
o, -0.087200
, -0.854400
o, -0.900900
o, -0.041900
Y -0.031100
A -0.029900
P -1.000400
d -0.023900

The results of the sensitivity analysis, as shown in Table 4.6, indicate that vaccine
administration should be a key consideration in designing control strategies. This is
because increasing or decreasing the vaccination rate significantly impacts the basic

reproduction number R,. The analysis reveals that the vaccination rate has the highest
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sensitivity index, meaning it plays a crucial role in controlling the spread of the disease.
The development of an optimal control model, which will be discussed in the

following sections, should therefore prioritize vaccination strategies.

4.2.4 Optimal control problem of model 2
4.2.4.1 Optimal Control Model of Model 2
The design of the control strategy for Model 2 involves creating an optimal
control model. In this model, the control functions are defined as u,, representing the
vaccination rate, and u,, representing the immunity gained from vaccination. The
mathematical model for controlling the spread of COVID-19, incorporating these

control functions, can be formulated as follows:

%Stiz(l—b)o-—mSn — 1S, —u,(1)S,, (4.51)
S, = 9E, (- B)E, ~ uE,, (a.52)
dl
——d?"- = @B, — (0, + 7, + pu+d)I (4.53)
Lo (1= 9B, ~(y+ L, (a.50)
d;” =bo —n,S, — uS, —u,(#)S,, (4.55)
dE.
dt‘ =1,8, —(1=O)gE, ~(1=8)(1=P)E, — uE, , (4.56)
dl;
>_d~;!—:(175)¢Ev—(a)4+}/3+/’l+d)1av’ (457)
di
Cor L (1-5)1 =P~y * ah D). (4.58)
dH,

N ol +ol, +ol +ol, —(y+u+d)H,, (4.59)
dR
o =1 H, + L, + 7, = uR +u (6)S, +u,(t)S,. (4.60)

By applying Pontryagin’s Maximum Principle [67,69], the objective function can be

defined as follows
J (u, (1), u, (1)) =J‘(Alfan(f)+1421sn(t)+Aslav(f)+A41W(t)+;Asu.z(tH;Aauf(f)jdt (4.61)
0

Where 4,,4,,4,,4,,4;,and 4,are weight constants (which may represent the costs
associated with implementing control measures), the Lagrangian and Hamiltonian

functions can be defined as follows

1

sn?

L(I

an?’

I, 0 uuy)=A1, + A1, + A1, +A4,1 + %Asuf + % A3, (4.62)

av? sy

and
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ds
.+
dt &

E 1 1 E
d"+@d“+ad”+ﬂéﬁ+lii

H:L ,I. ,I ,Iv, > +
( an sn av 51 ul ul) j‘l dt dt dt 5 dt 6 dt (4.63)

dl dl dH dR
+A —=+ 4+ A —+ A, —.
4 dt & dt % dt Ao dt

Theorem 4.5 With the optimal control «” =(u",,u’,) and the corresponding solutions
for §,.E,.1,.1,.S,.E,.1,.1,,H, and R for the initial problem (4.51)-(4.60) that
minimize J(u,,u,), there exist adjoint variables /Il.,i =1,2,3,...,10 under the control that

satisfy the following conditions

i

o (4.64)

oy
Wheny =(8,.E,.1,,.1,,.8,.E1,,..1,,.H,.R) , together with the transversality conditions

given as 4, (T)=0 forall i=1,2,3,..,10

di _OH

and
0 i 25nshed g
5
S B YR T (4.65)
4, 4
ulmax lf‘ /’i’lSn 0 ﬂlOSn Z ulmax
5
0 ZJ(‘ /’i’SSv _Z’IOSV S 0
6
u*z = /158‘, —ﬂ,‘OS‘; lf 5Sv _}"lOS\) <u;1ax (466)
A6 6
u;nax !f‘ ﬂ’SSV - A]OSV > u;nax
A,

Proof. Consider the Hamiltonian function as follows:

E 1 1 ds dE dl dl
H:L([a”,IS”,I{W,ISV,MI,MZ)+ﬂ_l —dj" +ﬂ.2—dd" +ﬂ,§—d 4+ ) — 4 A ~+ 1 S+ — -
t t i

et dt e O ar 4 dt dt

dH dR
+ Ay —+ Ay —
% dt Ao dt

. 1 1 L
Given that L(Z ,I_,1 .1 ,u.u,)=AI +A1 +AI +AJI +—Au’+—Au;, substitutin
an®sn?avo s> 1072 1% an sn 3% av 4% sv 2 571 2 6772 g

the Lagrangian function and the system of equations (4.51) - (4.60) yields
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1 1
H=Al,+Al, +Al, +Al, + 5 A + EA6“22

+4[1=b)o = (B, 1, +B,1,)S, ~ 1S, —u,(1)S, ]

+ 4 (Bl + Bol,)S, —9E, —(1=P)E, — uE, |

+ﬂ? [¢En _(a)l t7, +lu+d)1an]

+ 4, [(1-PE, (o, + u+d)1,,]

+ A5 [bo = (B,1,, +B1,)S, — uS, —u,(1)S, ] (4.67)
+ A (Bl + BL)S, —(1=O)PE, —(1-8)1-P)E, — uE, |

+4,[(1-8)PE, — (@, + 7, + u+d)l, ]

+ 4 [1-8)1-@)E, — (0, + u+d)1 |

+ 4 [a)llm1 +w,l, +ol +ol, —(y+u+ d)H]

+ Ao [ H + 1oLy +95Lyy= R+ u, (DS, +1;(0)S, |-

Under the condition (4.64), the adjoint function is obtained as follows:

d . x
DL A0) Bt Bl 1 O () Bl Bl )= (0 ),
d oH
o= A ()0 = (8- AL

d
Tiﬁz_gl_H:ﬂanSn(/% (t)_ﬂ“z(t))*'zs(t)(d‘*'?/z +/u+a)1)_/1©(t)w1 _;l'lO(t)7/2 _Al’
dz
7;‘:_27 =ﬂmS”(j1 (t)_ﬂ'z(t))+l4(t)(d+/u+w2)_ﬂ9 (t)a)z_Az:

da % .
L O DV Bt B O =Ry () B, Bt ) =g ()i O
dz
7;=—27H=ﬂs(f)(ﬂ+(1—5)(1—¢)+(1—5)¢)—47(f)(1—5)¢—/7~3(t)(1—5)(1—¢),
d
7/17=_§I]‘[ =ﬂva(/15 (t)_ la(t))+ﬁ7(t)(d+,u+73+w4) _ﬂ@(t)a&_ﬂw (t)73_A3’
d
Do B S, (0= A1) 4 (1) @+ v ) = (1o,

d OoH
g = ROE s 1)- A0,

dd, __oH _

a = o (e
The characterization of the optimal control «",«", is determined by the condition
M _ for all j=L2atu, =u",

ou,

J

Therefore, we obtain

x S —4,5
a_H:Asul_ﬂ'ISn+;{1o‘Svn =u, :21 2~ oS, >
ou, 4

o AS —A,S
a_H:AGMZ_Z’SSv+AIOSv =Su, == 4o -
Ou, A

The optimal control function is thus obtained as follows



giﬁihigo

5

lf /11Sn 1_45/'{10571 <u

max
1

S, =4S
U‘ﬂln A’IO n>u1max

if /15Sv _AlOSv < O

max
2

A6
A’SS\/ _A'IOSV lf A’SS\/ _A'IOSV <
A6 A6
S, = 4,5,
umax l 55y 0~y Zumax
2 f A6 2

4.2.4.2 Numerical Analysis of the Optimal Control Problem for

Model 2

Numerical Analysis of the Control Problem at the Endemic Equilibrium
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Figure 4.16 Graph showing the comparison between the model with control strategy

and the model without control strategy over time when R, >1.

Figures 4.16.illustrate the numerical results comparing the model with a control
strategy to the model without a control strategy at the-endemic equilibrium,
respectively. The graphs clearly show that, over time, the population with a control
strategy can contain the spread of the disease more quickly than the model without
a control strategy. Therefore, implementing control strategies such as vaccination and
immunity gained from vaccination is an effective approach to-managing the spread of
the disease. However, there may be additional factors influencing the epidemic's
spread. Proper planning and preparedness can further enhance the effectiveness of

disease control efforts.

4.3 Mathematical Model Analysis of Model 3
From the mathematical model for COVID-19, Model 3 incorporates the
expansion of symptomatic infections, asymptomatic infections, and quarantine

measures. The resulting system of equations for Model 3 is as follows:
das(t)

= A—=AS(t)—dS(1), (4.68)
% =A8(t) - (ze +7(1- &)+ d)E(¢), (4.69)
O _ By~ (a+ g+ d), ), (4.70)
% = 2(1-&)E(t)~(y, + g + )L, (1), (4.71)
B0 _ 1,0~ (7, + )00, (@.72)

dt



85

% = 7. 1,(0)+7,0() ~ dR(D), 4.73)

and N=S+E+[+1,+0+R. (4.74)

Lemma 4.3 [85,86] Initial conditions §(0) > 0, £(0) > 0,1,(0) >0, 7,(0) > 0,R(0) > 0and
N(0)>0 from mathematical model (4.68)-(4.73) the invariant set

¢={(S,E,Il,12,Q,R)€ RS :Ns%}, and then the closed set ¢ is positive invariant.

Proof. Consider the total population, which can be expressed as

N=S+E+I +1I,+0+R. Therefore, we have
dN dS _dE dl, dl, dO dR
= +—+

dt S dt dt dt . dt | dt

‘;—]j =A—gl, —gl, —dN. (4.75)

From equation (4.75), we obtain

d—NsA—dN
dt

By finding the derivative, we obtain

N(t) £ % - (N(O) — %] e
Given that N(0) represents the initial value, we can further observe that N(r)—>%as
t > . Therefore, it can be concluded that N(z)is bounded asosN(r)s%. Since all
the parameters are positive, it follows that the problem-solving area is within R¢ . Thus,

o= {(S,E,]l,lz,Q,R) eRSINK %} is a positively invariant set. O

4.3.1 Equilibrium Points and Basic Reproduction Number of Model 3
Equilibrium Points

The equilibrium points of Model 3 can be calculated by setting the system of
equations (4.68) - (4.73) to zero, yielding:

A-A'S"-dS =0 (4.76)
A'S —(ze+1(l—6)+d)E =0 a.77)
wE —(a+g+d), =0 (4.78)
t(1-e)E —(y, +g+d)," =0 (4.78)
al{ —(y,+d)0" =0 (4.80)
vy +7,0" —dR =0 (4.81)

By evaluating equations (4.76) - (4.81), we obtain two equilibrium points as follows:



86

l. The first equilibrium point is the disease-free equilibrium point

* £ * * * * * A
Ko :(S ano ’10,1 :]0,2 5Q0 3Ro ):(Zaonoaoaoaoj
(4.82)

Il. The second equilibrium point is the endemic equilibrium point

Kl* = (Sl*'»'El*’11,1*711,2*’Q1*’Rl*)7 (4-83)
where

g Eral-g)+d)A
! R,d(d +7)
£ - Ad(R, —1)’
R,(r+d)
B Aze(R, -1)
Y R(a+gHd)r+d)
o _ATiEe®, D)
Ry, +gtd)rrd)
v Atas(R, —1)
CR(atgtd)y, +d) r+d)

o 12 P A Xl
o (y,+g+d) (a+g+d)y, +d)

Ryd(r +d)

9

The basic reproduction number

In this section, we calculate the basic reproduction number R, for Model 3
using the next-generation matrix method [64,103,104] . Here, we consider the

expressions for E, 1, and I, as follows

? =AS(t)~(re+r(1-&)+d)E(1),
M =wcE@l)-(a+g+d) (),
dl,(t
L0 2 20-0E0 -, ¥ g+ DLO),
This yields the following
Gains to E\(S1,(t)+ B,1,(t))S(t)| |Losses to E (t+7(l-&)+d)E(2)
Gains to I, 0 , |Lossestol)| —teE(t)+(a+g+d)(t)
Gains to 1, 0 Losses to I,|—t(1=&)E(t)+(y, + g +d)1,(¢)
Consider the Jacobian matrix, which is obtained as follows
0 BS® p,Se (t+7(l—¢)+d) 0 0
F=|0 0 0o |, V= -1€ a+g+d 0
0 0 0 —r(1-¢) 0 v, +g+d

Substituting the values at the disease-free equilibrium

* * * * * * * A .
Ky =(S0.Ey .1y, 1y, 0y 5 Ry ):b,o,o,o,o,oj, we obtain
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1 2

w

H
Fr(Ky)=| 0
0

oom

H
01,
0

where

B d+g+a)l-e)Ap, Aef,
dd+g+y)d’ +dg+da+dr+gr+ar) d(d’ +dg+da+dr+gr+ar)’

1

_ (d’+dg+dy, +dr+gr+1y,)AB,
dd+g+y)d* +dg+da+dr+gr+ar)’

__ MBS
dd+g+y,)

2

3

Since the basic reproduction number R, can be calculated from p(F¥ "), which is

determined by the eigenvalues, we obtain

((A=&)ap, +(=e)d+g)p, + pe(gty,td)) At (4.84)
d(d+g +a)(d+g+y) (d+ 1) : '

R0=

4.3.2 Stability Analysis of Model 3
Theorem 4.6 Consider the model given by the system (4.68)-(4.73), and let ¢ be the
positively invariant region where all state variables remain nonnegative and biologically
meaningful. Suppose K, is the disease-free equilibrium of this system. If R, <1,, then
the disease-free equilibrium is globally asymptotically stable in
Proof. To obtain the results, the Lyapunov function can be considered as follows:

G(t) = GE®) 1, (1), I, (1)) = E+c, 1, +¢],

It can be observed that G() > 0 for all (E(2),I(t)" e T and it follows that
G(EO*,IOJ*,IO,Z*) =¢,(0)+¢,(0)+¢;(0) =0,
where «,, and a, be positive constants. Consider the derivative of the function G,

which is obtained as follows
62—? =Bk g,/ FAL |

Substituting the values from the system of equations (4.70) - (4.75), we obtain

dG

= =¢ ((/35,11 +,[3HIZ)S—(754-2'(1—<9)+al)E)+c2 (rgE—(oz+g+d)Il)+c3 (T(I—E)E—(]/a +g+d)]2).

. . . . * A .
Modify the equation's structure and substituting 7, =7 at the disease-free
equilibrium is obtained:

% =(qre+er(l-e)—c (re+1(1-6)+d))E+(c, .S —c,(a+g+d)) ], +(c,B,S —c;(y, +g+d))1,

=(czr$+c32'(1—g)—cl(rg+r(l—e)+d))E+(clﬁs %—cz(oc+g+al)jll +(clﬂa %—03(7/(1 +g+al)j[2
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Given that ¢ =%, ¢, = A and ¢, =Ld, it follows that:

_a+g+d’ v, +g+

ﬁz 2 7€+ P r(l—g)—i(rg+r(1—g)+d) E
dt a+g+d v, +g+d A

_d(z+d) (ﬁxre(n+g+a’)+ﬂar(l—8)(06+g+a7))/\_1 £
A (a+g+d)y, +g+d)d(t+d)

_d@+d) [«H)aﬁa t(-e)d+ @)f, + fe(gt 7, 4d)) At _1] -

A d(d+g+a)(d+g+y,) (d+7)

dG _d(+d),,
= (R-DE (4.85)

From equation (4.86), it can be seen that ‘2—?< 0if R, <land 62—(t}=0vvhen E=0, then,

according to LaSalle’s Invariance Principle, the disease-free equilibrium point X is

globally asymptotically stable on gif R, <1. O

Theorem 4.7 Consider the system (4.68)-(4.73) with a positively invariant region ¢,
and let K| be its endemic equilibrium. Suppose that all parameters are positive, and
all state variables remain nonnegative in ¢. If R, >1,then K is globally asymptotically

stable in ¢.

Proof. The Lyapunov function is defined as follows:
*® * * * * ] I * * ]
M(@)=(S=S, -8 ln%)+(E—E1 AN ln§)+(]l—11,1 - IT lnl—‘*)+(12—11’2 ! ! lnl—z*)

1 1 1,1 1,2

00 -0 W A R R <RI )

1 1

It can be observed that M (1)> 0for all (S(2), E@),1,@), (), 0(t), R(2))" T and it follows

that

M(Sl »El 711,1 »]1,2 3Ql le )=(S1 _Sl _Sl lnS—I*)+(E] _E] _E] lnE_l*)“'(Iu _]1,1 _[1,1 1“%)
1 1 1,1

s

I * 1 * ] *1 ]1A2* * * *1 Ql* R* R* R*l Rl
+( R ) n[ *)+(Q1 _Ql _Ql HE)"'( 1 Y T Y n?)

1,2 1 1

=0.

Consider the derivative of the function M, which is given by:
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d—M=S’[l—£)+E’[l—£j+ll’(l—IiJ+IZ'(1—]1’—2]+Q’[1—Q—1*J+R’[1—R—'*]

dt S E I, I, 0 R
S’ E’
={A—/IS—dS}[1—?‘]+{lS—(rg+r(l—5)+d)E}[l—?]]

]ll* 112*
+{rgE—(a+g+d)11}[1—]—’]+{r(1—5)E—(]/a +g+d)[2}(l—]‘—J

+{al, - (@, +d)Q}(l—%]+{;/alz +qu—dR}(l—%J

putting S=S-8,E=E-E I, =1-1,,1,=1,-1,,0=0-0" and R=R-R’ then
am

. S-S/
?:{A—Wﬁﬂﬁz)(s—sl)‘d(S_SI )}[ S ]

@, +ﬂa12)s—(rg+7(1_5)+d)(E_El*)}(E_EE;]

1

et -0, +d)(Q—Q]*)}[Q_QQ‘*j+{n12 +nQ—d(R—Rﬁ)}(R;R‘*j

+{T.9E—(a +g+ d)(ll —Iu*)}[ll _]["‘* j+ {r(l—a)E—(n +g+ al)<l2 ETAN )}(

[2_[1,2*
12

_ M5 (5850 \ (859 E
—A—A[F]—(ﬂsll+ﬂalz) L —d & +(ﬂ511+ﬂa12)S—(ﬁsll+ﬂalz)S7

“\2 . 2
(E_El ) 11,1 (]1_[1,1 )
—(r5+r(l—8)+d)T+rgE—rgE G —(a+g+d)l—
1

1

2 1

Lo 2 . 2 R-R’ 2
—(n+d)%+nlz—nh(%}nQ—nQ(%j—d( > )-

Lo Holic 509 s d(l‘_l"‘*)z Fm ot (1221
+E-E S B T =G g Ty e a1

Rearranging the equation for easier consideration, we obtain
dM
? =4y T Ly,
when
Z=AN+(B1 + B 1)S+eE+r(1-e)E+al +y, 1, +7,0,
and
E-E/

Z, :A[%jﬂﬂsll +ﬂa[2)(S_SS1 ) +d(S_§l ) +(ﬂsll+ﬂalz)S%;+(re+T(l—£)+d)%

%\ 2 2

LS I -1 I J

+reE| 2L +(05+g+d)(1—1’1)+z'(1—g)E 12 +(}’a+g+d)( 14 )
Il I] [2 1]

2

+al, (1—%‘*j+(;/q +al)%+;/al2 (R—‘*J+7qQ[R7;J+d(R _:1 ) .

R
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Thus, we have Z—M<0 if z<z, , and if ddﬁ:
t t

S, =S,E =E,]I, =1,I,, =1,,0 =0 and R=R. Therefore, according to LaSalle’s

0 , then

Invariance Principle, it can be concluded that the endemic equilibrium point X is

globally asymptotically stable on ¢ if Z,<Z,. O

4.3.3 Numerical Analysis of Model 3

In this subsection, we present the numerical analysis of Model 3. The
parameters used in this analysis were obtained through model fitting, while the
remaining parameters were derived from a literature review. The parameters analyzed

in this study are shown'in Tables 4.7 and 4.8 as follows:

Table 4.7 Parameters Used for the Numerical Analysis of Model 3 at the Disease-Free

Equilibrium.

Parameters Disease-free Units Source
A 1 person Assume
B, 0.0000075 Per person-days’ Estimated
B, 0.0000009 Per person - days™ Estimated
z 1/6 day* [18,71]
& 0.01 day™ Estimated
a 0.2 day! [18]
Yy 0.05 day™ [18]
Va 1/10 day! [18]
g 0.00286 day’ [18]
d 0.000036529 day* [18,103]

Table 4.8 Parameters Used for the Numerical Analysis of Model 3 at the Endemic

Equilibrium.
Parameters Endemic Units Source
A 700 person Assume
B, 0.0000075 Per person- days™ Fitting
B. 0.0000009 Per person - days! Fitting
T 1/6 day™ [18,71]
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€ 0.01 day’ Fitting
a 0.2 day [18]
Yy 0.05 day [18]
Ya 1/10 day? [18]

g 0.00286 day [18]

d 0.000036529 day [18,103]

4.3.3.1 Model Fitting of Model 3

In this subsection, we present Model (4.68) - (4.73) numerical results, comparing
them with actual epidemic data from Thailand. Model fitting was performed using the
fminunc algorithm in MATLAB to obtain parameters that closely align with the real
epidemic data. The data considered includes the daily number of reported cases from
January 1, 2022, to-March 1, 2022 [106]. The blue circles represent the daily reported
cases, while the solid red line represents the model's outcomes; as illustrated in Figure
4.17. The coefficient of determination for this model fitting is R?=0.9210, indicating a
strong correlation between the model's predictions and the observed data. This result
highlights the model's ability. to accurately capture the epidemic dynamics and

enhances its applicability in analyzing and forecasting disease transmission trends.

Cumulative number of cases

Time(days)
Figure 4.17 Graph showing the daily number of reported cases alongside the model
solutions (4.68) - (4.73) over time, based on data from January 1, 2022, to March 1,

2022 [106].
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4.3.3.2 Numerical Analysis Result of Model 3

Numerical Analysis of the Disease-Free Equilibrium
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Figure 4.18 Solution of the system of equations (4.68) - (4.73): Graph showing the
relationship between time and S, E,1,,1,,0,R when R, =0247311.
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Numerical Analysis of the Endemic Equilibrium Point
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Figure 4.21 Solution of the System of Equations (4.68) - (4.73): Graph Showing the
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Relationship Between (1,,S,E),(S.1;,1,).(I,,1,,Eyand (S,E,1,) for R =1.73118.
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Figure 4.23 Solution of the System of Equations (4.68) - (4.73): Graph Comparing the

Transmission Rate of the Asymptomatic Population (3,)for Ry >0.

In this section, we have analyzed the numerical solutions of equations (4.68)-(4.73),
dividing the analysis into two parts.
e Part 1 focuses on the numerical solutions at the disease-free equilibrium and
the endemic equilibrium points.
e Part 2 compares the initial population sizes and the transmission rates of the
asymptomatic infected population.
These aspects will be explained in further detail in the following sections.
Part 1: Numerical Solutions
In Part 1, we analyzed the numerical solutions of the model (4.68)-(4.73) at the
disease-free equilibrium and the endemic equilibrium points. Additionally, we plotted
the 2D and 3D trajectories at the endemic equilibrium point, as shown in Figure 4.18.

For the disease-free equilibrium, when R =0.247311 | the analysis reveals that the
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number of susceptible individuals increases gradually and converges to a steady point
at 27,397 over 1,000 days. Meanwhile, the remaining populations converge to zero
(e.g, E£,=0,1,,=0,1,,=0,0,=0,R =0). Specifically, the population groups, including
those infected but unable to transmit, symptomatic infected, asymptomatic infected,
isolated, and recovered individuals, converge to equilibrium over periods of 50 days,
40 days, 70 days, 120 days, and 160,000 days, respectively. In Figure 4.19, the endemic
equilibrium is analyzed for R, =1.7311. Here, the susceptible population converges to
an equilibrium point of 1,150 within 300 days. The population infected and able to
transmit stabilizes at 4,196 within 350 days. The symptomatic infected group reaches
equilibrium at 34 over 275 days, while the asymptomatic infected population
converges to 6,729 within 350 days. The isolated population stabilizes at 137, and the
recovered population converges to an equilibrium point of 18,248,000 within 350 days.
Figures 4.20-4.21 present the 2D and 3D trajectories at the endemic equilibrium point
with parameters f,=0.00000075and f, =0.000009. These figures clearly illustrate the
convergence path towards the equilibrium, highlighting the stability of the trajectories
as they approach the endemic equilibrium.
Part 2: Comparison of Parameters Affecting the Epidemic Spread

In Part 2, we compared the initial population sizes (A) and the infection rates
of asymptomatic infected individuals (5,). In Figure 4.22, we analyzed the impact of
varying initial population sizes with A =50, 60, 70 and 80. We observed the solutions
for susceptible populations, populations infected and able to transmit, symptomatic
infected populations, ~and asymptomatic infected populations. The findings
consistently indicated -that a reductionin the initial- population size significantly
decreases the number of infected individuals in each category. Figure 4.23 presents a
comparison of the infection rate among asymptomatic individuals with values of f, =
0.000006, 0.000007, 0.000008 and 0.000009. It was observed that as the infection rate
increases, the time required to control the epidemic decreases, enabling quicker
containment compared to scenarios with lower infection rates. This demonstrates that
higher infection rates facilitate more efficient epidemic control through faster

attainment of herd immunity or other dynamic factors within the model.
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4.3.3.3 Sensitivity Analysis of Model 3
We analyzed the sensitivity of parameters affecting the basic reproduction
number (Ry) in Model 3. The basic reproduction number is crucial for understanding
epidemic dynamics and designing strategies to control disease spread. Sensitivity
analysis allows us to assess how changes in parameters influence R, providing insights
for epidemic control planning. The sensitivity analysis can be calculated using the

following formula [94,95]:

oo, v (4.86)
oy R,

where y represents the parameter used in the analysis, and R, denotes the basic
reproduction number. The parameters used in this analysis are listed in Table 4.8, and

the results of the sensitivity analysis are presented in Table 4.9.

Table 4.9 Sensitivity Values of the Basic Reproduction Number (R,) for Model 3.

Parameter Sensitivity
A +1.000000
B. +0.000425
B, +0.995749
X +0.000219
2 -0.005807
o -0.004190
7, -0.967719
o -0.027737
d +1.000570

The parameter analysis in Table 4.9 shows that parameters A, B, B,,7 and 4
have a positive impact on the basic reproduction number, while parameters ¢, o, 5,
and g have a negative impact. Examining the positive parameters reveals that the
initial population size and the infection rate among asymptomatic individuals
significantly influence the increase or decrease of R, . Therefore, implementing
strategies to reduce the initial population size (A) and the infection rate of
asymptomatic individuals (8,) can help decrease the infection rate. Control strategies

to address these factors will be presented in the following section.
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4.3.4 Optimal Control Problem of Model 3
4.3.4.1 Optimal Control Model of Model 3

In this section, we formulate the optimal control model for Model 3. The goal
is to determine the best strategies to minimize the spread of infection by applying
control measures effectively. This involves identifying control variables, such as social
distancing combined with mask-wearing (4,) and vaccination control (4,), that can be
adjusted to minimize the number of infections over time. The optimal control model
is developed by incorporating these control variables into the differential equations of
the original model, allowing us to evaluate the impact of different strategies on the
epidemic dynamics and achieve an effective and sustainable reduction in the basic

reproduction number (Ry).

SO =A-(1-u,ONBL O+ BL0)S(E) = dS &) ~u,(6)S (), (4.87)
E'(0)=(1-u,O)BL () + BL0)S(H) ~ (re+2(1-€) +d)E(?), (4.88)
L(6)=eE@0)~(a+g+d)L (1), (4.89)
L) =t(l-e)E@)~ (7, + g+ )L, (1), (4.90)
0'(t)=al (t)=(y, +d)O), (4.91)
R'(t) = y,1,(t) + y,0(t) - dR(£) + u, (1) S(2)- (@.92)

According to Pontryagin’s Maximum Principle [70,107], the objective function can be

defined as follows:
J(u,u,) = j(W]I1 )+, 1, (t) + %Wﬂﬂ @) +%W4u22(z)jdt : (4.93)

where W,W,,W,, and W,are defined as constant weighting factors.
For solving the optimal control problem, the Lagrangian and Hamiltonian functions

are defined as follows:
1 1
L(Ilﬂlzﬂul’uz):VVlll(t)+Wzlz(t)+5mu21(t)+5mu22(t); (494)

and
Ho=LU, L)+ 4 S B a5 dh 5 40, dR (4.95)
dr dt dt dt dt dt
Theorem 4.8 (Pontryagin’s Minimum Principle for control problem [108]) Optimal
control was determined. u',,u, and S,E,I,I,,0,R were the results of the control

equation system (4.87)-(4.92) that minimize J(u,(¢),u,(t)) over U. Then there exists an

adjoint variable 4;i=1,2,3,4,5,6 under the control equations :
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dA__oH di,__OH dk_ OH_dA_ OH di__3H di_ oM

= , = —= e o 6 (4.96)
dt oS dt OE dt ol dt ol, dt oQ  dt OR
And transversality conditions given as4.(T)=0for all i=1,2,3,4,5,6.
Then the characteristic values u’,,u’, are given by;
0 lf (12 _&)((ﬂ511;)+ﬂa[2(t))s(t)) SO,
i )= | e ANBLOALOSO) - (= A)BLOTBLOSO) o
s i (4 =4)((BL @O+ B,1,(0))S(1)) S
(€ (4.97)
0 i A=A =5
W,
() = (4 - 16)5(1) (21 As)S(1) <um™
W, W,
o (/11 A:)S (1) S
Y (4.98)

Proof. Consider the Hamiltonian function as defined by equation (4.95)
A LS N

Substituting the Lagrangian functlon and the differential equations (4.87) - (4.92), we

H=L(,I,,u, u2)+/11 +ﬂqd—E /’Lj— + A

obtain:
1
H=WI)+W,L(t) +5W3uz1 ) +%W4u22(t)

+ 4 [A == ()LL) + B, L)) ~dS(6) —u, (1) S(1)]

+ 2, [(A=w, ) B0+ B,1,(0)S(E) — (18 + t(1— &) +d)E(t)]

+ A [re E(t) — (a+g + ) (1)] (4.99)
+ A, [r(1- &) E@) ~(y, + g + )L, (1)]

+4;[al,()-(y, + DO ]

+ 2 [ 7,40 + 7,000~ dR() +1, (DS () |-

The adjoint system satisfies the following ordinary differential equations

%,_@ﬁ:;ﬂ(a u' (ONBL O+ B L) +d +u' (1) = A (A=, (ONBL (O + B, (1))~ A", (1),
%:—Z—IZ:2?(2'5+r(1—5)+d)—33T€—ﬂ4T(1—5)»

d aH * *
7?:‘—=ﬂ1(<1—u,(t»ﬁSS(z))—ﬂz((l—uKﬂ)ﬂﬁ(ﬂ)%(mg”’)‘W‘WN

di,  °oH :

S o =4 (=", B,SO)) - 24, ((1-u",(NB,S®))+ A4y, + g +d) Ay, W,

dA OH

d; —aQ—ﬂ(ner) 74>

iy o

=2 4.
dt oR
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With transversality conditions 4,(T)=0for all ;=1,2,3,...,6 and From the conditions of

the Hamiltonian, we have: a—H:Ofor all j=1,2 atu, =u’,.

Guj

Therefore, we obtain:

gg =W’ () + A4 ((BLE) + B,LO)S®) -4, ((BLE)+ BL(1))SE)) =
i (1= LA BLO+ALOISO)
W,
M W ()~ 2S(0) + 2,5() = u'y (1) = L= 250
ou, W,

Based on the above, the optimal control equations for the model (4.87) - (4.92) are

as follows:
0 g GatA )((AL(;VMJZ 0s0) _,
v (0= [N BLOT BLOSO) | (o =2NBLOTALOISO) |
W, W,
fro g G ABLOFALOSO) |
W,
o A A4S
0 if % <0,
v el G —VﬂVi)Sa) v (&—&)S(r)w;ﬂ, o
o if (4 —Vﬂé)s(t)z%max.
4.3.4.2 Numerical Analysis of the Optimal Control Problem for
Model 3

In this. section, we present the numerical analysis of the optimal control
problem for Model 3. This analysis involves iimplementing the optimal control
strategies identified in the previous section to evaluate their effectiveness in minimizing
infection spread. By solving the system of differential equations with control variables
(e.g., social distancing, mask-wearing, and vaccination) included, we can observe the

impact of these interventions over time.

Numerical Analysis of the Control Problem at the Endemic Equilibrium
This section presents the numerical analysis of the control problem at the
endemic equilibrium point. Here, we assess the impact of optimal control strategies—

such as social distancing, mask-wearing, and vaccination—on the stability of the
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endemic equilibrium, where the disease persists at a constant level within the
population. By implementing these control measures in the model and evaluating the
resulting dynamics, we can determine the effectiveness of each strategy in reducing
the infection prevalence and shifting the system towards a lower endemic state or
potentially eliminating the disease. This analysis is crucial for understanding how to
manage and mitigate the spread of infection sustainably when eradication is not

immediately achievable.
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In this section, we perform a numerical analysis comparing the uncontrolled
model (4.68) - (4.73) with the controlled model (4.87) = (4.93). For this simulation, the
parameters are set as follows: W, =10,W; =20, =30,W, =40, and the simulation period
is 100 days. The analysis is divided into three parts:

Part 1: Analyzing Both Strategies Together

In this part, we apply social distancing with mask-wearing (, #0) and
vaccination control strategies (u, #0) . The analysis is conducted at endemic
equilibrium points, as shown in Figures 4.24, respectively. Observing the graphs, it is
clear that the model with control strategies results in a lower number of infections in
each category compared to the model without control. Additionally, the time required
for disease control is shorter when both strategies are implemented together than in

the absence of control.
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Part 2: Analyzing Social Distancing and Mask-Wearing Strategy Alone

Here, we examine only the social distancing and mask-wearing control strategy
(u, #0). From Figure 4.25, it is evident that the model with this single control strategy
manages to control the spread of disease more effectively than the uncontrolled
model. However, when comparing the time taken for disease control, using both
strategies together proves to be more effective than using only social distancing and
mask-wearing.
Part 3: Analyzing Vaccination Control Strategy Alone

In this part, we implement the vaccination control strategy alone (#, #0). As
shown in Figure 4.26, the vaccination-only strategy controls the disease better than
the model without any control. Furthermore, the time taken for control when using
only vaccination is close to that of using both strategies together. This suggests that

vaccination control plays a significant role in'managing potential outbreaks effectively.



Chapter 5

Conclusions and suggestions

5.1 Conclusions

The COVID-19 pandemic has presented unprecedented challenges to global
public health, requiring innovative solutions to understand and mitigate its spread. This
research has addressed the critical need for a comprehensive analysis of COVID-19
transmission dynamics in Thailand, particularly in the context of vaccination, isolation,
and preventive strategies. With the rapidly evolving nature of the pandemic, previous
studies lacked the detailed and localized models necessary for developing tailored
intervention strategies, thus underscoring the necessity of this work.

This research contributes to addressing these challenges by developing a
mathematical -model that differentiates between vaccinated and unvaccinated
populations, ensuring a more precise representation of disease transmission patterns.
By incorporating localized epidemiological data, the model accurately reflects real-
world conditions in Thailand, allowing for a more relevant analysis of intervention
strategies. The implementation of optimal control theory further enhances the model's
applicability by identifying the most effective strategies for vaccination, quarantine, and
movement restrictions to minimize infection rates. The model's stability is validated
through rigorous mathematical techniques, such as Lyapunov functions and the next-
generation matrix method, confirming its reliability for predicting the course of the
epidemic. The findings offer valuable insights for policymakers, enabling them to
formulate informed decisions regarding public health measures to control the spread
of COVID-19. By bridging the gap in previous research and providing a more refined
analytical framework, this study serves as a critical tool for developing targeted
interventions and ensuring an adaptive response to the evolving pandemic landscape.

To achieve this, three interconnected mathematical models were developed
and analyzed, each addressing distinct aspects of the pandemic. Model 1 was designed
to reflect the current pandemic scenario by incorporating vaccinated populations,
patient quarantine, and hospitalization. It established a foundational understanding of
how these measures interact to influence disease transmission. Model 2 expanded

upon this by distinctly separating vaccinated and unvaccinated populations, as well as
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asymptomatic and symptomatic infected groups, and further analyzing the role of
hospitalization. This model introduced an optimal control strategy to refine
intervention measures. Finally, Model 3 focused on symptomatic and asymptomatic
cases, emphasizing isolation strategies for symptomatic individuals and designing the
most suitable control strategies to miticate the spread effectively. These models are
interconnected through their progressive structure, where each model builds upon the
findings and refinements of the previous one. Model 1 lays the groundwork by
integrating fundamental intervention strategies. Model 2 enhances this by introducing
population differentiation and optimal control strategies, allowing for more targeted
interventions. Model 3 refines these strategies further by focusing on isolation
measures and control optimization, providing a more precise and effective means of
reducing transmission.  The continuous refinement across models ensures a
comprehensive approach to understanding and mitigating the spread of COVID-19. This
interconnected structure allows for an evolving and adaptive framework, aligning
intervention strategies with the dynamic nature of the pandemic and ensuring that
public health responses remain effective and data-driven.

The computational results: demonstrate the efficacy of these models in
simulating the ‘outbreak's dynamics and evaluating the effectiveness of control
measures. By employing real epidemiological data, these models allow for an accurate
assessment of different intervention strategies and their potential impact on reducing
the spread of infection. Key findings include a significant reduction in the basic
reproduction. number (Rg) when optimal vaccination and isolation strategies were
implemented, underscoring the critical role of these measures in controlling disease
spread. Sensitivity analysis ‘of model parameters further highlichts the impact of
vaccination rates and isolation effectiveness in mitigating the outbreak. The insights
gained from this research offer valuable guidance for policymakers in refining public
health interventions and adapting strategies in response to evolving pandemic
conditions. Furthermore, the study demonstrates that incorporating dynamic
intervention strategies based on real-time data significantly enhances the efficiency of
disease control measures. The integration of adaptive modeling approaches ensures
that response measures remain relevant and effective in varying epidemiological
conditions, providing a robust foundation for future public health planning and

preparedness. Despite these strengths, the models have some limitations. The study
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assumes homogeneous mixing of populations, which may not fully capture the
complexities of human interactions. Additionally, factors such as behavioral responses
to public health measures and socio-economic influences were not explicitly
modeled, potentially affecting the accuracy of predictions. These aspects highlight
areas for future research to improve model applicability and robustness.

This research has yielded several impactful findings. First, it confirms the
importance of combining vaccination with isolation measures to achieve sustainable
control of COVID-19. Second, the study's localized approach aligns the models with
Thailand's specific outbreak patterns, offering actionable recommendations for the
Ministry of Public Health. Lastly, the integration of real-world data enhances the
practical relevance of the findings, establishing a robust framework for managing future
pandemics.

Future developments could explore additional factors such as age-dependent
parameters, behavioral influences, and ‘environmental “conditions. Incorporating
variants of concern and multi-disease dynamics would furtherimprove the applicability
of the models. Additionally, integrating . machine learning techniques with
mathematical ~modeling ' could enhance parameter estimation and predictive
capabilities.

In" conclusion, this work advances the understanding of COVID-19 dynamics
through the innovative design of three mathematical models, each addressing the
different designs for infection and control. The findings not only support immediate
public health interventions but also contribute to the broader field of epidemiological

modeling, ensuring preparedness for future health crises.

5.2 Suggestions

This research opens numerous possibilities for further exploration and
development in the mathematical modeling of infectious diseases. Future work could
include the following suggestions:

1. Incorporation of Additional Factors: Expanding the models to include age-
dependent parameters, behavioral influences, and environmental conditions would
improve the accuracy and applicability of the models. Factors such as age-specific
transmission rates, hospitalization rates, and mortality rates could provide more

detailed insights. In designing future research, it is essential to consider vulnerable
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groups such as the elderly and individuals with pre-existing health conditions, as their
immune responses may differ significantly from other populations. Tailored
interventions for these groups can enhance the overall effectiveness of disease control
strategies.

2. Addressing Variants of Concern: With the emergence of new variants,
incorporating their characteristics into the models would enhance their ability to
predict and manage the spread effectively. This includes understanding changes in
transmissibility, severity, and vaccine efficacy.

3. Multi-Disease Dynamics: Extending the models to include co-infection
scenarios or other diseases prevalent in the region would provide a broader
perspective on public health management.

4. Policy and Economic Analysis: Including economic evaluations and policy-
driven simulations could help decision-makers balance the trade-offs between public
health measures and socio-economic impacts.

5. Real-Time Adaptation: Developing real-time adaptable models that integrate
ongoing data collection could allow for immediate application in dynamic outbreak
situations, enhancing their utility in managing future pandemics.

Despite vaccination being a key strategy in controlling disease spread, several
barriers may limit vaccine uptake. These include age restrictions for vaccine eligibility,
health risks in individuals with pre-existing conditions, and concerns over the efficacy
of current vaccines. Therefore, it is crucial to consider these factors comprehensively
and develop diverse control strategies to address. uncertainties effectively.
Implementing a - multi-faceted approach will not only enhance disease control
measures but also mitigate potential challenges in future outbreak scenarios. These
directions would not only refine the existing models but also provide versatile tools
for public health authorities to effectively manage infectious disease outbreaks and

future pandemics.
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Abstract

The novel 'Coronaviras or COVID-19 pandemic 8 'al massive' outbreak that has
affected almost every eountry in the world. Many methods have been sought to stop its
spreading: A mathematical model ig an effective insttument that-helps analvze the
pandemic situation. In this research, a new model of transmission in Thailand consisting
of vac€ination, quarantine, and hospitalization i3 presented, saming at_seeking factors
affecting the pandemic and guidelines for reducing the spread of this disease. Fquilibrium
points and Hasip reproduction numbers-were analyzed-and stability was tested. Model
fitting was performed to obtain parameter values suitable for the pandemic. Besides,
numerical results revealed that infection rates and the efficiency of vaccines played a
significant role_in reducing “the mumber of patients @nd controlling' the pandemic
situation.

Keywords: COVIT-19, standard dynamieal modeling, model fitting, sensitivity
analysis, globally
2020 MSC: 92-10; 93D20.

1 Introduction

Recently, the world faced the fifth wave of the spread of severe acute respiratory
syndrome Coronavirus (SARS-COV-2), widely known as COVID-19 [1]. It was indicated as
the most infections wave since the pandemic was reported. It had a huge effect on those
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having underlving diseases since the pandemic occurred rapidly. The infection can be
transmitted by small respiratory droplets, such as sneezing or coughing or exposure to
secretions on surfaces (2], Therefore, social distancing and wearing surgical masks are one of
the various methods that can help prevent the spread of the disease. Alfter getting the
infection, the incubation period for the coronavirus is between 2 and 14 days [3-4]. Next, if
the human body loses immunity, symptoms among infected people range from muscle pain,
body aches, sore throat, dry throat, and high fever to severe symptoms that can destroy the
respiratory system (3, 5.

According to the global situation report on 2 November 2023, there were 771,679,618
confirmed cases and 6,977,023 deaths. On 23 October 2023, a total of 13,534,457 273 vaccine
doses were reported. As for the situation in Thailand, there were 4,758,125 confirmed cases
and 34,487 deaths and on 31 August 2023, a total of 139,343,323 vaccine doses were reported
[6]. Based on the current situation, prevention by vaccinalion is a strategy that the
government is focusing on helping to control the disease spread [2,7-8]. Many companies
develop their vaccines to be efficient to meet people’s needs promptly. Vaccines that are
accepted and widely used by the Thai government and private sector are AstraZeneca which
is suitable for people aged 18 years and above with 2 deses of the vaceine, 10-12 weeks apart,
CoronaVae or Sinovac COVID-19 vaccine is an inactivated vaccine suitable for people aged
18 = 59 years with 2 doses, 2-4 weeks apart, Pfizer is a messenger RNA (mRNA) vaccine
suitable for those aged 16 years and above with doses, 21-28 days or 3-4 wecks apart, and
other vaccines-{9-10]. Preventing vaccination is one of the strategies..Many other strategies
will help control the situation like social distancing, weanng surgieal masks, and guarantine
to help reduce the spread of the virns.

Mathematical modeling plays a vital role in assessing the situation, control efficiency,
and preparedness to cope with a future onthreak [11-12]. A lot of researchers are interested
in' developing & model to keep pace with the current sivuation. Yang [13] proposed an
epidemic model by considering the guarsntine population in the pre-inctubation phase
including the home isolation and hospital isolation’ It was found that early isolation could
kelp to control the spread of disease effectively, Ihrabim et al [14] designed SVELLIR model
to  keep up-to-date with the situation by considering vaccination factors, asymptomatic
infection, symptomatic infection, and Omicron infection to finely isolate people. The study
revealed that vaccination alone was not enough to fight against the spread of COVID-19.
There should be other measures to help stop the spread of co-infection. Lamwong et al. [15]
designed a standard dynamic model by considering vaccinated people, asymptomatic people,
symptomatic people, and hospitalized people and determining the most suitable strategy to
control the spread of the disease, Strategies used for the control were vacgination measures
and people who received inmuanity [rom vaccination. It was found that disease eontrol could
be implemented by setting other measures to help control the situation, such as wearing face
masks and social distancing, making the disease control more effective.

In this article, importance is given to vaccination, quarantine, and hospitalization.
Topics are arranged as follows: Part 2 designs and describes the dvnamic of the disease in the
model. Equilibrium peints and basic reproduction number are fonnd and the stability of DEF
and EE is tested. Part 3 presents a numerical model by analyzing actual data of the spread
in Thailand in conjunction with the model. Meanwhile, the sensitivity index is analyzed to
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examine input parameters affecting basic reproduction number. The final part prepares the
conclusion as shown in Part 4.

2 Materials and Methods

2.1 Model Formulation

Mathematical modeling is a method that helps analyze the spread situation, designing
control measures and finding strategies to help prevent the spread of COVID-19. In this
research, the model was designed by dividing people into 7 groups, i.e. susceptible group(S),
vaccinated group (V) , exposed group (E) , infected group (/) , guarantine group (0) ,
hospitalized group(H), and recovered group(R). The basis is from the SEIQR model and
importance is given to vaccinated people, guarantine people, and hospitalized people as shown
in Figure 1.

T+
o o
4 la
N o0
m S s E R bi v Al R — #
. X -~
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A Y, ‘
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y~ 4 [
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Figure 1. Diagram showing the relationship of the 5" wave of COVID-19 spread

Table 1. Definitions of vanables and parameters

Variables/Parameters Description Units
.4 The number of susceptible group Person
v The mumber of vaccinated group Person
E The number of exposed gronp Person
I The number of infected group Person
0 The number of quarantine group Person
i The number of hospitalized gronp Person
R The number of recovered group Person
11 Initial population. day”

Infection rate. Per person - days™
& Vaceination ratc. day™
P Vaccination prevention efficacy. N/A
@ Incubation rate. days™!
v Transition rate from incubation group to dayg!

quarantine group.
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o Transition rate from infected group to days™
guarantine group.

) Transition rate from infected group to days™
hospitalized group.

v Transition rate from quarantine group to days™
hospitalized group.

7 Recovery rate from infected group. days™

7o Recovery rate from quarantine group. days™

7u Recovery rate from hospitalized group. days™

H Natural mortality rate. days™

T Mortality rate from COVID-19. days™

From Figure 1, the relationship of the spread can be deseribed as follow: The initial population
I is at risk of gettng infected with COVID-19 from the group of suseeptible population and
the group of vaecinated population at a rate of g and pg respectively. When the population
is infected, the virns inciubates in the body at & rate of g Some people get vaccinated to
prevent the spread of diseaserat a rate of & When getting vaccinated, some individuals
improve their immunity while some people have low immunity and they can get infected.
Onge they get-infected with COVID-19, they are required to stay in (uarantine at a rate of
@ as their symptoms are not much severe. However, during staying in guarantine, they
express severe svmptons, they need to-be transferred to a hospital at a rate of @ During the
infection period, infected proup, quarantine group, and hospitalized group, patients may die
from the disease at a rate of r. After they completely undergo treatments, they enter into
recovered group ab a rate of #.y; and y, respectively. The differential equation can be
written in the following form.

SN =TI=BSOI[)~ (£ + 1)8(1),

Viey=eSw)y= ppv i)~ pv ),

E'(t) = AS(OI()+ pV IO — g+ + ) Et).

I'(ty= SE@Q)=(0 @4y, 4 pe+ 1)), (2.1)
Q') = B1(t) + w B~ (v 7 4t + TYND),

H'(ty= wl () ¥vO(t)=(p,, + p+1)H(t),

Ry =7, (1) + 7,000+ y, H () = uR (1),

Where N =SV ()£ E@) + I(1)+ O()+ H{t) + R(1). (2.2)
With initial conditions as follow:
S(0) = 0,¥(0) > 0, E(0) > 0,7{0) > 0,0(0) > 0, H{0) > 0, R(0) > 0. (2.3)

Since the initial conditions are all positive (2.3), all time t > 0, the biologically feasible region
will be considered:

Q={(S,V.E.1,Q,H,R)e RN s%} (2.4)

2.2 Stability Analysis
In this subpart, standard dynamical modeling 1s performed to analyze an equilibrinm
point, basic reproduction mumber and stability of the model, which can be seen as follows.
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2.2.1 Equilibrium Point and Basic Reproduction Number
To find the equilibrium point of the system, simply set all the ordinary differential
equations in  the system (2.1) equal to zero as follows: S'(0)=0,V'(1)=0, E(r)=0,
I'()=0,0'(0)=0,H'(t)=0,R'(1) =0. Two equilibrium points are obtained, i.e. disease-free
equilibrium point
K= 05 <[
e+ p(e+p)

,o,o,o,o,o) (2.5)

where R, <1

and the endemic equilibrium point K =(8),V, . E[.I],0/,H k), (2.6)
. 1 R T i B = TIB1 (e (/fl,' +E)p) ‘

P +e+p (B 4 & Bl + ) (A1 v e v pdpBI0 4 )+ p1)

p oE, L OLAWE e VO d@l tals + 7,07 + vy H

0 -

Vg utt g utr H

where S =

1 *

1= O+o+y, +pu+t’
where R, >1.
Where R, is basie reproduction number. Basic reproduction number is ealculated by using
next-generation method In this study £(), (), Qir) end  H(f) expressions are laken into
consideration for calenlating basic reproduction number from next-generation method [16-17].

The noo-lincar differential equation is arranged in the following form: %= F{x)—V(x), where

F(x) is the matrix of new infection and V(x) |is the matrix of transfer as follows:

BSL+ppyI (@+w+ WE
P 0 o ~PE+(@+o+y, + u+T) i
0 A V= yEA v+ g+ prr)Q
= 0 1 <ol —vQ+(yp+p+r)H
Thus; the Jacobian matrix can be obtained at the discasc-free équilibrinm point {2.5)as
follow:
0 AS+ppv 0 0] (A4t p0) 0 0 0
- 0 0 0o Yol ~¢ B+ a+y, #u+7) 0 0
0 0 0 of —y —0 (V+¥g -+ HtT) 0
0 0 0 0] 0 o -v (ry +H+7)]

The basic reproduction number (£,)c¢an be caleulated from the spectral radins of p(FV~)
by considering eigenvalues which can be obtained from the following:

R“ = p(FV—C)= nﬁé(ﬂ"'fp) { (27)
plet I+ + )0 +@ 4y, + 1)

2.2.2 Global Stability Analysis
Theorem 2.1. I[ R, =1 and

u+z .
P — (2.8)
(S +pV)
then the disease-free equilibrium point K. is globally asymptotically stable in its feasible

region.
Proof. 'To reveal the result, Lyapunov function is considered as follows:
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X()=(5-5, -5, ln%)+E+I+Q+H +R.
o

The derivative of X(f) will be:
X'(t)=S'[I—S?°)+E'+l'+Q'+H'+R’

=(n—,BSI—(s+y)S)[l—s%]+w51+pﬂVl—(¢+w FEYH(SE—=(O vty + 7))
HOI+wE=(vty, + p+ )+ (@] +vQ—(yy + pt OH) 4 (7,0 =y, Q + y H — uR)

- DY
= rl(l -S?")-(g+,u)s[l—s?"J+ﬂSu'I  pfVI = pll = (v o)l =+ 1)Q—(pe+ 7)1 — R

=I‘l(l—%’}ﬂu—y)&,’(l—%J+(ﬂ($n' +pV)—(y+r))1—pE—(p+r)Q—(y+ T)H — uR.

0

From the hypothesis (2.8}, the following equation is obtained.

X'(t) = n(l—s} )+(£+y)$u'(l —%)—yﬁ"(;u Q- (u+1)H — pR,
¢

s : . Son e\ b A gl Ao Il &l
Replace the equilibrium point Ky = (S, ¥, B 0, Q) Hi  R)) = (m,m,o,o,o,o,o) , shall be
obtained.
, 8 5 .
X'(ny=11 I——S +11 lv—S. SHEAp+ Q- (s t)H ~uR

\ ]

. Gy =8)*
Xy ~{ BT B (10 it ) T R | <0 (29)

Since all parameters have positive value, X' (1) <0 X'(6)=0 ,if 8§, =8, E=0,0=0,H =0and
R=0. Therefore, it is compliant with the LaSalle's Invariance Principle, It means that the
model (2.1)1s globally asymptotically stable in @ ]

Theorem 2.2. If R, >1, then the endemic equilibrium point X is globally asymptotically

stable in its feasible region.
Proof: Lyapunov function is determined as follow [14]:

¢ ... (s NS . JISE NEDY

Y(©) = (S5, -5, lns_l,)qu, N hy—..)+(E—E, ~E I"T,‘)J'U"‘ X7, lnf)
_ 00" n D o S ity + (=R R0 R
+(0-0 Q,anI.)+(H i, Hulnul.)+(R R, &m&,).

The derivative of Lyapunov function is eonsidered, is obtained.

0= 5 1=SN Tl BN s B ). (1B e o= L e e i ] R
Y(r)-S(l S)w(x VJ-rE(l EJ+1(1 1]+Q[l Q}‘+H{1 H)+R(l R).

The derivative from the system (2.1} is replaced,
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Y'(l)={ﬂ—ﬂSl—(s«L,u)S}[l—S?] +{eS— ppvI - ,uV}(I—VV] {ﬁSI+pﬂVI—(¢+y/+,u)E}{l—E?‘)
+{gE— (0+a)+7,+;l+f)l}(l——) |01+yE- (V+)’Q+;l+f)Q}( _%)

" .

el vvO—(y, +p+r)H}[l—7']+{7,l @4 vy H —yR}[l—R'T].
Putting S=85-8"V=V-V E=E-E I=1-1",0=0-0 ' ,H=H-H  and R=R-R’
obtained.

Y’(l):{n-ﬂl(s-s'.)-(g+#)(s_sn.)}[5;s'.]+{gs_pﬁI(V—V.')-Il(V'Vv')}[y y‘)

.V

1

+{BSI+ ppVI =+ + i) E-E) [ } E—O+0+y, +p+n)(1-1)) (’ )
H,

{01+WE (V+}’Q+#+T)Q Q) ) "’1+VQ (7'""'/“7)(” —H, )}(HH )

o
(il + 1 Qe (R R [RRR‘
2
s s, -5 ' r=v,) V ¥
=I1- ]][S) /Il( 3 ) (c+y,( % )+SS cs(%—)<pﬂl( 2 )

] (E=5) . (r=y
+PSI— pSI + PVl - l’ﬂVl “f""ﬂ*l‘)'—T—H’E‘ﬂul -(0+m+y,+/x+r)—l—

2
+61—-9[{%J+w£—w2{%]—(v—70+y+r)£g_9i')—+wl ml(’:, ]+VQ VQ[ ]

H_H' 2 b o = R-R"
—(rﬂ*/1+r)¥+r,l—nl(i\l*-rptz—rgQ[RTfJ*-7,Q-70Q[R7f}-ﬂ( R‘) .

R} R
A new equation is arranged as
Y1) = A=B
where
A=TI+ &S+ BSI+ pf¥l + $E +01 + wE+ ol +vQ+ 7 +y,0+ 7,0,

A A B ) U T

v Vv

p Ay \ ey
+ﬂSILE' J+pﬂl’!( J+(¢+w+p)( :) +¢ILL%}+(0+0)+}’1+}1+1)(1 Il')

+("(%'J+VEL%.]+(V+79+“*T) o- Q, R ) omn Hy ) ( ]+(y"+/1+r)(H_H')

H
+7; [R )-f}'gQ(R‘ ]+74Q( ] ﬂ(R_:) .

It can be seen that, ¥'(1)<0, when 4 <8 for R, >1 and Y'()=0whenS=8"V =V E=E,
I1=1",0=0", H=H and R=R . Since all parameters have positive values, it is compliant
with LaSalle’s invariance principle. The endemic equilibrium  point K is global
asymptotically stable in its feasible region, if 4 < B .

a
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3  Numerical Results
3.1 Model Fitting

In this part, the fitting of the parameters of the model (2.1) is performed. As some
parameters are difficult to predict. We obtain parameters that are precise and suitable for
the model, fmincon algorithm in MATLAB is employed to analyze parameters suitable for
the actual data of the disease spread in Thailand. The parameters performed fitting are shown
in Table 2. The remaining parameters are obtained {rom the observation of disease behavior
and demographic factors connected to the disease, In this study, the data analyzed referred
to the actual data of the disease spread in Thailand, in which daily infection data from 11
January 2022 to 1 May 2022 were considered (since the spread of Omicron was reported),
concerning the data collection of Ministry of Public Health [18]. The black circle displays the
data on daily infection in Thailand while the opague line displays the numerical analysis of
the model (2.1) with R’ =0.9544 as seen in Figure 2.

410"

Tima(doys)

Figure 2. Fitting model with the data of daily infeetion in Thailand

3.2 Numerical Analysis Result

In this subpart, numerical simulation of the model (2:1) was presented by considering
the stability of the endemic equilibrium point. The parameters used in this simulation are
shown in Table 2. Tn the simulation, initial population-values were determined as follow:
$0) =1000,¥(0) = 1000, £(0) =100, 10y =100, @(O0)=1053, H(0) =1002 and R(0) = 13456000 show
the stability of the endemic eqnilibrimm point. It can be seen that the time iy passed; the
results were convergent to the equilibrinm point at X Fignre 4 — Figure 5 show numerical
results in 2D and 3D trajectories, Tn the simulation, 8- 0.00000009 was used to display the
trajectory of convergence to the equilibrinm more clearly. A comparison between infection
rate (f) and vaccination prevention efficacy (p) was made and presented in Figure 6 —
Figure 7. From . Figure 6, | when( (the infection rate reduced from
£ = 0.0000009,0.0000008, 0.0000007, 0.0000006,0.0000005, it can be clearly seen that the
population number increased, indicating that a high infection rate results in a faster control
period than a lower mfection rate. Figure 7 shows an increase in the vaccination prevention
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efficacy. From p=04,05,0.6,0.7,0.8, it can be noticeable that when the vaccine efficacy is

higher, the control of disease spread is better. It is evident that vaccination strategy is a
method to control the spread of COVID-19 in an efficient manner.

Table 2. Shows the parameters used in the numerical analysis

Parameters Description Value Source
11 Initial population. 560 Fitted
B Infection rate. 0.000009 Fitted
£ Vaccination rate. 0.4 Fitted
o Vaccination prevention efficacy. 0.5 Fitted
¢ Incubation rate. 1/6 Fitted
v Transition rate from incubation 0.08 Fitted

group to guarantine group.
17 Transition rate from infected 0.02 Fitted
group to quarantine group.
@ Transition rate from infected 0.005 (19]
group to hospitalized group.
v ‘Fransition rate from quarantine 0.03 Fitted
group to hospitalized group.
Y Recovery rate from infected 0.001 [13]
group.
g Recovery tate from quarantine 0.03 [13]
group.
i Recovery rate from hospitalized 1/14 [19]
group.
H Naturel mortality rate. 0.000036529 [14]
1 Mortality rate from COVID-19. 0.00286 15
—_—
N
—_
2
&
oy

Figure 3. Graph showing the numerical results of the model (2.1) for R, >1 and the

parameters used in this simunlation are shown in Table 2
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Figure 4. Graph showing 2D trajectory of the results (2.1} on the plane (8,",/") and (V",1")

for R, >1 and the parameters used in this simulation are shown in Table 2

Figure 5. Graph showing 3D trajectory of the results {(2.1) on the plane for R, >1 and the

parameters used in this simulation are shown in Table 2
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Figure 6. Graph showing the numerical results of the model (2.1) by comparing the infection
rate (f)for R, >1 and the paramcters used in this simmlation are shown in Table 2
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Figure 7. Graph showing the numerical results of the model (2.1) by comparing the
vaccingtion prevention efficacy (p) for R, >1 and the parameters used in thig simulation are

shown in Table 2

3.3  Sensitivity Analysis

In this subpart, sensitivity analysis of the basic reproduction number (R,) was
performed since the basic reproduction number indicates the statns of the disease spread.
Sensitivity analysis was performed to verify parameters significantly affecting the disease
spread. The normalized forward sensitivity index can be calculated as follows:
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IR,
Th = —Lx—, 3.1
Ll R, (3.4)

Where o are parameters of the disease spread and R, is the basic reproduction number. The
parameters used in the sensitivity index are shown in Table 2 and the analysis results are
shown in Table 3.

Table 3. Basic reproduction number sensitivity index

Parameters Sensitivity
11 1.000000
B 1.00000

£ -0.017304
P 0.9647358
[ 0.827651
4 -0,827274
0 -0.692125
-0.173031
Yi -0.034606
u -0.984337
r -0.008973

From Table 3, the sensitivity index results showed that the parameters that most likely
aflected the disease spread were initial population (IT) and infection rate (), which can be
described as follow: The initial population and infection rate is equal to 1, meaning that an
increase or decrease of the initial population and the infection rate of 10% shall result in an
increase or decrease of the basic reproduction number by 10%. Consequently, to achieve
efficient discase control, it is necessary 1o have tight control, avoid mecting people at risk of
getting infected, maintain ‘social distancing, and wear a face mask to reduce the infection
rate,

4 Conclusions
In conclusion, to describe the dynamic of COVID-19 spread, a new model for the
Omicron variant in Thailand was introdiced. The model gives importance to the vaccinated
population, quarantine population, and hospitalized population. Equilibrium points, basic
reproduction number, and model stability were analvzed, The findings from the study
revealed that at the disease-free equilibrinm point, the model was stable when R <1 and at
the endemic equilibrium point, the model was stable when R; >1. According to-the numerical
result analysis, we deseribe the dypamie of the disease spread and to-ensure the results
obtained are close to actual data of the spread in Thailand. Model fitting was performed to
obtain parameter values suitable for the model and the disease spread in Thailand.
Meanwhile, the basic' reproduction number sensitivity index was analyzed. The basic
reproduction number was defined in the form of R, and it was given by
Ry= T (p -+ £p) i
et pu)g ty +pf+aty +u+r)
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According to the basic reproductive number analysis of the parameters, the top 3 positive
parameters that affected the basic reproduction number are the initial population (IT)
infection rate (f) and vaccination prevention efficacy (p), respectively and the top 3
negative parameters that affected the basic reproduction number are natural mortality rate
(g), transition rate from incubation group to quarantine group (w) and transition rate from
infected group to quarantine group (@), respectively. The analysis of parameters affecting the
basic reproduction number indicated that an increase in infection rate results in faster control
of the disease spread and an increase in vaccination efficacy results in significant reduction of
the infection. It can be noticeable that prevention of the disease by vaccination is a strategy
that helps control the disease spread. However, a combination of measures can be imposed
for the prevention and reduction of COVID-19 to reduce uncertainty about the spread of this
disease in the future.
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Abstract: COVID-19 is the name of the new.infectious disease which has reached the pandemic stage
and is named after the coronavirus (COVs) which causes it. COV is a single-stranded RNA virus
which in humans leads to respiratory tract symptoms which ean lead to death in those with low
immunities; particularly older people. In this study, a standard dynamic model for COVID-19 was
proposed by comparing a simple model and the optimal control model to reduce the number of
infected people and become a guideline to-control the outbreak. Control strategies are the vaccination
rate and vaccine-induced immunity. An analysis was performed to find an equilibrium point, the
basic reproduction number (Rg), and conditions that generate stability by using Lyapunov functions
to prove the stability of the solution at the equilibrium point. Pentry agin’s maximum principle was
used to find the optimal control condition. Moreover, sensitivity analysis of the parameters was
performed to learn about the parameters that might affect the outbreak in order to be able to control
the outbreak. According to the analysis, it is seen that the efficacy of vaccines (b) and the infection
rate (Ban, Bsr, Buav;Psu) will affect the increased (decreased) incidence of the outbreak. Numerical
analyses were performed on the Omicron v ariant outbreak data collected from the Thailand Ministry
of Health, whose analyses then indicated that the optimal control strategy could lead to planning
management and policy setting to control the COVID-19 outbreak.

Keywords: COVID-19; optimal control; Lyapunov function; global stabilities; sensitivity

MSC 37M05

1. Introduction

A huge outbreak of COVID-19 infections has reached every corner of the world. Itis
now considered to be the largest health threat to the world since there are now millions of
confirmed cases of infection. Due to the pathogens of the COVID-19 virus, asingle-stranded
RNA virus [1] belonging to the family of Coronaviridae, it causes respiratory sickness. The
coronaviruses can be classified into at least four genera: Alphacoronavirus, Betacoron-
avirus, Gammacoronavirus and Deltacoronavirus. The coronaviruses that cause diseases
in humans but do not cause severe respiratory symptoms or asymptomatic syndrome are
members of the Alphacoronavirus genus. The coronaviruses that cause severe diseases in
humans such as severe acute respiratory syndrome (SARS) and Middle East respiratory
syndrome (MERS), SARS-CoV and MERS-CoV, belong to the Betacoronavirus genus. These
last two viruses originated in animals but have crossed the species (animal-to-human)
barrier. The new coronaviruses in 2019-are a family of viruses which cause illnesses ranging
from the commeon cold to more severe diseases [2,3] and appeared only recently in humans.
They first appeared in bats. In humans, these viruses cause respiratory illnesses.

Mathematics 2022, 10, 3899, https: / /doi.org/10.3390 /math10203809
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COVID-19 is transmitted from person to person [4,5] through the air by droplets of
liquid that come from the noses and mouths of infected people when they cough, sneeze,
and talk, or by touching surfaces that are contaminated with the virus [6]. The length of
time between infection and the appearance of the first symptoms (incubation period) is
between 1 and 14 days (5-6 days on average). More than 97% of patients begin to show
symptoms of illness within 14 days. General symptoms include fever, fatigue, headache,
runny nose, sore throat, coughing, rapid breathing, and difficulty breathing. In severe
cases, patients may begin to show complications such as pneumonia, lung inflammation,
renal failure, or death [2,4,5,7,8]. Currently, there is no clear information showing how long
COVID-19 can survive on surfaces. It was found that viruses would not survive after being
exposed to disinfectants [8].

The spread of COVID-19 was first reported in the city of Wuhan in China when
it originated that a continuously increasing number of patients having pneumonia of
unknown etiology began in December 2019. It was officially reported on 3 January 2020 that
the pneumonia outbreak in Wuhan was caused by a new coronavirus (novel coronavirus
2019, 2019-nCoV) [5,9-13] through person-to-person contact. On 22 January 2020, the
Thailand Department of Disease Control, Ministry of Public Health elevated the emergency
operations to be level 3 (avoiding traveling). The Ministry of Public Health implemented
measures for temperature monitoring and screening at immigration checkpoints to monitor
and detect travelers at risk of COVID-19 infection. As of 29 June 2022, Thailand has
reported a cumulative total of 4,520,220 confinned cases with 30,634 deaths [14]. Unlike
many countries in the world, Thailand has a well-developed public health system with
free medical health centers in every part of the country. The health centers are staffed by
medical doctors and nurses who are govermmental employees working to serve the people.
Nothing is preventing Thailand from controlling the COVID-19 pandemic except for the
lack of knowledge on the spread of the disease, the control steps tailored to the country,
and the vaccines needed for preventing the spread of the virus. This study aims to provide
the knowledge needed to efficiently control the spread of the disease.

Mathematical modeling is a tool for analyzing strategies needed to control the spread
of COVID-19. From past to present, numerous researchers have proposed different models
of the spread of COVID-1Y needed to study the dynamic of the spread. In the first half of the
20th century; the SEIR model was used to understand the behavior of infectious diseases,
with many researchers incorporating its use in developing the relevant mathematical
models to predict transmission dynamics with a viesw fo control [15]. These have included
well known epidemics such as MERS [16],influenza [17-19], and dengue fever [20,21].
Gardner, Rey; etal [22] introduced a basic model to study the spread of MERS-CoV in the
Arabian Peninsula, Europe, North America, Southeast Asia, the Middle East, and the United
States of America. The spread of MERS-CoV is not exactly-the same as that of severe acute
respiratory syndrome SARS-CoV. Both of these coronaviruses are transmitted by person-to-
person contact. Differences in the epidemiology are used to create the mathematical model
for each coronavirus. The differences in the MERS-CoV transmission were the locations of
the contact and who the human ¢ontacts were. Ndairoua et al. {11] created a mathematical
model to study the spread of COVID-19 in Wuhan, China. How humans get infected was
studied, and from this, the basic reproduction number was calculated, while sensitivity
of the parameters affecting the spread was considered. -Enahoro et al. [10] developed
a mathematical model to study the dynamic of the spread and control of COVID-19 in
Nigeria. The model analyzed and determined the parameters using COVID-19 information
publicized by the Nigeria Center of Disease Control (NCDC) to assess the effects across
the country and within communities. Numerical simulation in the mathematical model
showed that COVID-19 could be efficiently controlled in Nigeria by using a moderate
level of social distancing across the country. Sen [23] created a mathematical model for the
spread of COVID-19 in the form of the SEIRD model (susceptible-infected-recovered-dead
model) by analyzing the spread in five countries, i.e., China, Italy, France, United States of
America, and India. Curve fitting analysis was conducted to compare the spread between
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real information and the created model. Kumar et al. [24] developed a simple mathematical
model to predict and examine the spread of COVID-19 in India. A mathematical method
was proposed to predict new cases of COVID-19 or cumulative confirmed cases in real
situations. Various simulation models were presented to predict the spread of COVID-19
in India and other countries. Hezam et al. [25] proposed a dynamic mathematical model
to control the spread of COVID-19 and cholera in Yemen. All four control functions were
used, namely, social distancing, lockdown, number of tests, and number of chlorine tablets.
Riyapanet al. [26] created a mathematical model and conducted an analysis to understand
the dynamic of COVID-19 spread in Bangkok. People were divided into seven groups,
ie., susceptible group, exposed group, infected group, asymptomatic group, symptomatic
group (quarantined), recovered group, and dead group. According to the model analysis
and numerical results, it was shown that wearing a mask regularly could reduce the spread
of COVID-19.

From what was mentioned earlier, it can be seen that this research is different from the
research studies mentioned above. The objective of this research is to analyze the dynamic
of COVID-19 by creating a mathematical model, and consideration is made when people
get vaccinated for COVID-19. Specifically, the infective individuals’ trajectories with several
values of vaccination efficacies are compared against one another to see the effects that the
efficacies have on these trajectories. Furthermore, a numerical analysis is also conducted
on the infective data collected from the Thai Ministry of Health for the Omicron variant
outbreak, wh:neby the rates of transmission of symptomatic and asymptomatic infections
are estimated. Optimal control analyses are then performed to compare its effectiveness
against the uncontrolled counterparts. It is seen that the controlled trajectories outperform
the uncontrolled counterparts.

2. Materials and Methods
2.1. - Mathematical Model

Yang and Wang [7] proposed a COVID-19 mathematical model in the form of the
SEIHRV model (susceptible-exposed-infected-hospitalized-recovered model) to study the
spread of COVID-19 by comparing different infection rates based on the Hamilton County
(USA) case reports. The study found thatenvironmental factors played an important role
in the spread of COVID-19. Rajputet al. [27] propesed a nonlinear mathematical model
as a strategy for controlling the spread of COVID-19 by using vaccination as a means
to reduce the infection. Both studies are consistent with and are similar to the research
here. The World Health Organization (WHO) has reported that peoplevaccinated against
COVID-19 with ane of the approved COVID-19 vaccines develop illnesses of different
severity, i.e., the symptoms of patients whose infectious status are due to the exposure to
mRNA fragments in the vaccine could be mild or strong enough to prevent hospitalization,
depending on the immune status of the patientand which vaccine was used. It should
be noted that the vaccines are only approved for different age groups. In order to be
able to take into account the possibility of the responses of individnals to the exposure to
MmRNA of COVID-19 in its natural state or the mRNA in the vaccine, a modification of the
population groups in the model is made. In this research, the population is first divided
into two groups, the vaccinated population and the unvaccinated population, to study
differences in the Tesponses of both groups. In addition, each population is further divided
into subgroups as follows: a group labelled unvaccinated and the susceptible population,
a group of unvaccinated and the exposed population, a group of unvaccinated and the
asymptomatic population, a group of unvaccinated and the symptomatic population, a
group of vaceinated and the susceptible population, a group of vaccinated and the exposed
population, a group of vaccinated and the asymptomatic population, a group of vaccinated
and the symptomatic population, a group of the hospitalized population, and a group of
the recovered population. Note that the isolated infected population group is not explicitly
included in the model but is rather included in the symptomatic infectious group. This is
because there was already a widespread use of the antigen testing kit amongst the Thai
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population, even in the rural regions, by the time of the Omicron outbreak; the symptomatic
infectious population, upon testing positive for COVID-19 with the kit, automatically
isolated themselves and received appropriate treatments via post mails. The developed
model is then dynamically analyzed to investigate the appropriate control measures.

The transmission dynamics are encapsulated in the following dia

Susceptible groups for the unvaccinated population infected with COVID-19 have the
rates of Bay and Bsy. The infection rate of the unvaccinated population 7 is determined as:

M = Banlan + Bsnlsn n
Similarly, the infection rate of the vaccinated population #; is determined as:
72 = Bavlaw + Bsvlsw 2)

From the diagram in Figure 1, the infection dynamics can be described as follows:
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Figure 1. Diagram show ing the relationship of the COVID-19 mathematical model and vaccination.

The initial number in the unvaccinated human population susceptible to COVID-19
is (1 —b)cwhen 0 < b < 1. The unvaccinated and infected human population will
transmit the virus to the susceptible human population with the probabilities of Bg; and B,
respectively. When the human population is exposed to COVID-19, the incubation period is
at the rate of ¢. If the body’s immune response is absent, they become infected. Infection in
humans can be symptomatie, showing symptoms, or asymptomatic, both being infectious
{able to transmit the infection). After getting infected, infected persons shall be hospitalized
with the rate of &) and wy, respectively. Wheninfected with COVID-19, some people die
of the disease, with a death rate of d. However, infected people who are asymptomatic may
not be hospitalized. A fter undergoing COVID-19 treatment, infected people will recover.
The human population shall die of natural causes at a rate of ji.

The number in the vaccinated human population susceptible to COVID-19 is be. The
vaccinated and infected human population shall transmit the virus to the susceptible human
populationwith the probability of Bz and ey, Tespectively. When the human population
is exposed to COVID-19, the incubation period is at the rate of (1 —4). If the body’s
immune response is absent, they become infected. Infection in humans is divided into
2 characteristics, namely, symptomaticinfection and asymptomatic infection. After getting
infected, infected persons shall be hospitalized with the rate of w3 and wy, respectively.
When infected with COVID-19, some people die of the disease, with a death rate of d. Most
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of the infected people who are asymptomatic may not be hospitalized. After undergoing
COVID-19 treatment, infected people will recover. The human population shall die of
natural causes at a rate of p.

A model of COVID-19 and vaccinations can be created by describing the relationship
of the mathematical model as follows:

dsS
dt" (1 —b)e — q1Sn — uSn (3)
dE
d—;' = Sn — ¢Ex — (1 — ¢)Ex — uEn 4)
Ten — gk — (@1 + 712+ 1+ d)len )
dlsn
a1~ P)En — (w2 + p+d)ls (6)
ds,;
d—: = b= Sp'= 1Sy )
di = 14So ~ (1 < 8)¢Es — (1— 8){h— $)Es — pE; 8)
I,
oo 1= $)gEe — wams + 1+ Dl ©
={1-8)(1 = §)Eo — (ta + pu+d)ls (10)
4H,
df (d]lﬂl +¢l’zlsu+u)31g-rw“n— ('h +]lfd)H P (11)
dR 5 .
'W=’hﬂy*72'm + 93lan =R (12)
when i
N,,:S,,+E;,+1.,+1,.+S,+E,+l,,.+]s,,+H,,+R (13)

where the parameters of Equations (3}-(12) are defined in Table 1.

Lemimia 1, (Frond (28290} Let {Su(t), Enl Yolan (6, T (1), Sult), Eo(#): Tao ), oo (8), Hp (1) R(2)
be thesolution of the system (3)(12) with positiveinitial conditions Sy (0), Ex(0), Ian (0),15: (0),
S5(0), E5(0), IN(O) 1(0), H,(0), R{0). Denoting also the'invariant set

Q.= {50 Bl LonsSos Eny o oy Hy R € R > Ny £ & Jaud Qi positety mcariant set
for(3)-(12).

Proof. Where N = Sy 4 Enet lan + Ip + 5o Ex +1a0+ o + Hpet R, the formula will be:

s %‘+%+ff#+-&=+%+%‘+%ﬂ e A
By — 455 N igrctJon + Teo + 4 Hp),
<o — puNy

=

It can be seen that %‘-'& < ¢ — pNy, < 0. Therefore, when Ny (t)'< N(0)e ¥ + %[1 —e M),
‘the derivative 2 T satisfies ‘""’ <'Z, Hence,as t —+o0,& ™ — 0, it then follows that all

trajectories within the mvanant set £ will form a-positively invariant set in Ry, for the
systems (3}-(12) since all epidemiological constants are nonnegative. [
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Table 1. Definitions of variables and parameters.

Variables and Parameters

Description

Sn
Ey
Ian
Isn
Se
Ey
Iao
I

Hp

The number in the unvaccinated, susceptible population.

The number in the unvaccinated, exposed population.

The number in the unvaccinated, asymptomatic, infected population.

The number in the unvaccinated, symptomatic, infected population.

The number in the vaccinated, susceptible population.

The number in the vaccinated, exposed population.

The number in the vaccinated, asymptomatic, infected population.

The number in the vaccinated, symptomatic, infected population.

The number in the hospitalized population.

The number in the recovered population.

Efficacy of vaccination.

Initial number in the population.

Infection rate of the unvaccinated, asymptomatic, infected population.
Infection rate of the unvaccinated, symptomatic, infected population.
Infection rate of the vaccinated, asymptomatic, infected population.
Infection rate of the vaccinated, symptomatic, infected population.
Incubation period of the disease.

Efficacy of the vaccination against COVID=19.

Hospitalization rate of the unvaccinated, asymptomatic, infected population.
Hospitalization rate of the unvaccinated, symptomatig, infected population.
Hospitalization rate of the vaecinated, asymptomatic, infected population.
Hospitalization rate of the vaccinated, symptomatic, infected population.
Recovery rate after hospitalization.

Recovery rate of the unvaccinated, asymptomatic, infected population.
Recovery rate of the vaccinated, asymptomatic; infected population.
Death rate from natural causes,

Death rate from COVID-19.

Total number in the human population.

2.2 Stability Analysis
2.2.1. Equilibrium Point

The dynamical systems analysis for the models of (3}-(12) can'be performed, firstly, by
evaluating the equilibrium of the system. This is conducted by setting Equations (3)-(12) to
zero. The two such equilibrium points for this system are as follows:

The disease-free equilibrium point is:

Gi = (S8iER TS5 Bl Tt R ) (1525 0002000 000) 19

when R < 1, and the endemic equilibrium point is:

Gi-=(S3, EfuTany 1) . E3, Too) oo Hj, R*) (15)

This material is reserved for educational use only, not allowed for commercial use.

Forbidden to modify the content, and cite the document when use.

144



145

Mat hemat ics 2022, 10, 3899 7 0f29
when
. _ (1-b)p
" Tueng)’
. _ (l—bﬂi
T A (eing)’
" . ( —b i
. a-b-gn
I;n — ( - ¢)on: ,
S — bo
O (wm)”
E = a5 emy
. _ b(1-8)gom:
Iy = Fu-d)ks
[o — bO-8)1-g)on;
0T T (Trpoky !
He — kef A =b)pwrmy = (1 - bB)1=g)woy;  b(1—d)pwuys . b(1—94)(1 — ¢)way;
P g5 f [ T+ pu—0d)ks (T+pu—od)ks

T )k

( (-b)¢rany + 5(1-8)gyan3 +

R* =ks _ . = - . .
(A-bypanny [ (1-8)(1-¢)awnny | b(1-8)wy b(1-8)(1-¢)wanz

"7( B/} 3 + TG (T )

where ky = (1+p)(d+ pepu+a )i+ i) ka= 1+ p)d +pu+w)(p+ni) ks =
. — . - o — —
(d+ 73 +u+ g ut+n3) kg = (d+}l+w3)(](+t]2), and ks = g kg = & ks =

#, when Ry > 1.
The forces of infection, 77 and 3, appearing in the components of the endemic equi-
librium point can be determined by using the following expressions:

1= Panlan + Banlin (16)

and
173 = Baglay t+ Bsvley (17)

2.2.2 The Basic Reproduction Number

The calculation of the basic reproduction number (Rg) plays a huge and important role
since it is used to measure the transmission potential of a disease. It is the average number
of secondary infections which can be caused by a patient in-a completely susceptible
population throughout this infectious period. In this research, the basic reproduction
number was calculated using the next-generation matrix method [30,31] for COVID-19
mathematical model. The states Ey, I, Isn, Ev, Iip and I, were chosen to construct the gain
and loss vectors, where the gain vector represents the possible pathways of creating new
infections, and the loss vector represents the possible pathways of transferring from one

group to another.
Gainsto Ex || mSn Losses from Ey ¢En +4A1— ¢)En+ uEy
Gains to Im 0 Losses from Iy —@Ey ¥ [wy =t pu+d)lgn
Gainsto I 0 Losses from Iy —(L=P)Ex+ (wr+ p+d)lsy
GainsteEy Y25y |"| Losses from E, (1—8)pEy + (1 =&)(1 — ¢)Ep + uEy
Gains to Iy 0 Losses from Ipp —(1—8)¢Es +(ws + 13+ p+d)law

Gains to I 0 Losses from I~ || =(1 —8)(1<¢)Ey + (w3 + pu +d)ls
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The required F and V matrices are the Jacobian matrices of the gain and loss vectors,
respectively. Then we have

0 BaSe PaxSx 0 0 0

0o o 0o 0 o0 0

r— 0o o 0o 0 o0 0

~jo o 0 0 BwSy BsuSo

0o o 0o 0 o0 0

0o 0 0o 0 o0 0
¢+ (1—9)+p 0 0 0 0 0
—¢ wy+p+d 0 0 0 0
v —(1-¢) 0 wr+pu+d 0 0 0
0 (1=d)p+ (1-8)(1—¢)+p 0 0
0 0 0 =(1-8e¢ wy+ 3+ u+d 0

0 0 0 —(1-9)(T=¢) 0 w3+ pu+d

Note that we evaluate the gain and loss matrices at the disease-free equilibrium point:

(1-be
It

G (S o T S50 B 1 To iy R = ( 10,00, %, 0,0,0,0, 0)

The required basic reproduction number is computed as Ry = F V1, where Ry is the
maximum positive eigenvalue of the matrix F V. Therefore, the formula is:
Rg =max{Ry, Rp} (18)
when

Ry (B (050 o ml 6 k)
(!‘ JF "rzﬂ”:"izg:iﬂ'r )

22.3. Global Stability Analysis

In this part, the global stability analysis of each equilibrium point of the model in
the system of Equations (3)-(12) around the two steady states G§ and G{ is performed as
demonstrated in the following.

Theorem 1. The disease-free equilibrium point Gj of the model in'the system (3)12) is globally
asymptotically stablein QY if Ry < 1.
We assume that

Ad
Par = B = -
" (19)
Bao = Bsv = E;—
Proof. Consider the continuously differentiable linear Lyapunov function defined by
L= (Sx — SgInSy) + Ep + Ian + Ist + (S5,—S3InSy) +Ep + Isp + v + Hp + R
To explain the use of InS, and InS; have

z_f-_-s;(1-%)+z;.+1;,,+r;,+s;(1—5_52)+E;,+1;v+1;.,+H;,+n'
'
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(1= b)e —mSx— uSn) (1~ ) + (nSx — ¢Ex — (1~ 9)En — pEx)
+(¢Er — (w1 + 12+ p+d)lm) + (1 - @)En — (w2 + p+d)Isn)
+(be — S0 — 4So) (1= ) + (maSo — (1 - 8)¢Eo — (1 - 8)(1 — §)Eo — pEv)
+((1—-6)¢Er — (wy + 13+ pu+d)lap) + ((1-6)(1 - ¢)Ep — (w3 + p+d)sy)
+(wilm + wals + waly + @slan — (M + p+d)Hp)
+(1Hp + 12l + 73law — uR)
= (1-b)o(1-2) + BanlenSi + BonlsnSi — 1Su + 1S; — 1 — (1 + ) lan
~(u+d)lon + b0 (1 ) + BaolewSs + BsolsoSs — uSo + S5 — HEo
—(u+d)lay — (p+d)lsp — (u+d)Hp — uR
= (1-bje(1-2) +u5i(1-F) + (BanS; — (1 +d)) lon
+(BsnSy — (u+d))lon — pEn + bo (1- F ) + 53 (1- &)
+(BawSs — (M +4d)) lap + (BsoSy — (M +d))Isp — pEp — (u +d)Hp — uR
Substitute Equation (19) to obtain

- (1-b)o(1-2F) +psi(1- ) b +w(1 ~3) +usi(1- %) - ko
—(uAd)Hy - pR

s
]

Substitute 5j, = L= and S; =22 from the disease-free.equilibrium point to obtain

%’,: 3 (l—b)a(l —-§-) +;1%E (1-?5) +b¢7(1 = §5) +p%(l - é’;) — uEy
= (M +djHy — uR

4 =(1—b)o-(1—§§)+(1-b)a(1-g-;)+ba(1—§§)+ba(1—§§)
=pEy—/(u+d)Hp=pR
& (1—b)cr(2—§§—ﬁ~)+ba(2—§-—-§) = pEnp — (u+d)Hp = uR

== —b)a(‘—’g;i) -bo(‘—s‘g-,%) e (1 + d)Hp = uR

o g h2 o _cl\2
%— e [(1 o b)a((s"sisi") ) +b¢1(£s—”555i"] ) + MEx + (u+d)H,,+yR] <0 (20)

It can'be clearly seen thatall conditions shown in Equation (20) are negative. Applying
the LaSalle’s imvariance principle [4,32-34], & —0if.S; = Sy and S5 = Sy,and 1 - bis
a positive number since it is known that0 < b < 1. Note further that, %‘,—‘ =0ifE, =0
Ey =0, Hp =0and R = 0. On the other hand, the result of Theorem-1 implies that since
the states Ep, Ey, Hp, and R are all positive, the resulting % obtained in Equation (20) will
be absolute negative. Consequently; LaSalle’s invariant principle then implies that the
disease-free steady state G is globally asymptotically stable on 0).£0

Theorem 2., The endemic equilibrium paint -G{ ‘of the model in the system (3)—(12) is globally
asymptotically stablein Q) if Rg = 1. Weassume that

et n>,+§+d (21)
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Proof. We consider the following Lyapunov function:

K = (Sn = SyinSu) + En-+ Ion + I + (S0~ SiInSo) + Eo + I + I
& =S(1-F)+Etla+Ia+S(1-2) + B+ I+ 1

(1= b)o = mSn — pSn) (1= ) + (1150 — $En — (1= ¢)En — kEn)

+(9En — (@ + 12+ -+ d)lan) + (1= $)En — (@24 +d)Isn)

+(be — 1255 — 1So) (1- ) + (1250 — (1~ )9Es — (1- 6)(1 — §)Es — uEs)
+((1 = 8)9Ey — (w3 + 713+ i+ d) lao)

A= 9)(1= 9 — (@1 +d)le)

(=80 (1~ ) ~ puSa (1= &) + (Bonen + Bonsn)Si — HEn
—(w1+m+pu+d)l,m — (w2 +p+d)lsy +ba(1 —%:) - ;15,,(1 - %)

+ (Bavlav + Bsolsw) Sy — ]lEg —(ws+ 13+ pu+d)lgp— (w3 +p+d)lsy
= =B (1 ) £ uSE(T=8) + Tan ( ﬁms' (@1 + 72+ p+d))
FTon(BenSy — (w2 +  +4)) —ps,.+ba(1 )+yS‘(1 - %)

+ lan(BavSy 7 (wy + 73 + 4+ d)) Flg(BapS; — (w3 + u+d)) — pEy

Ef
I

w O\ {1-B) ) iy
Substitute Sy = G and S (F ) from the endemicequilibrium point to obtain

< n-pet-2 )+y(‘;*:’”)(1 )+ dan((BanS: —(w|+"rv+u+d))

S (wz+p+d])—pE,,+bo‘(l— 5*) 1y m; (1—
o (BavSh/~ (s + Yo+ f +d)) ¥l (BsuSy — (w3 + u+4d)) = uky

Substifute Equation (21) to obtain

dk =(1_WE ) (1 o blo (1 &) Hbe (1 =8) + 1 (1= ) - 1En - 1iEp
= A=he(a-S-8) F (2= —S)—uE,.—;«E..

s=g= b)a(iég;g_-)-) H ba(!-*gg;L) —E L (22)
%;E - '[(l'b)a(ﬁ’gsgs_i) + M(S—S—SL) + uEn + plE,,] <0

From the condition of Equation (22), %’5 is absolute negative. Then, the endemic
equilibrium point Gy is globally asymptotically stable in Q. [

3. Numerical Analysis Result
3.1. Model Fitting

Inthis part, numerical simulation modelling of the system of Equations (3)-(12) was
performed to compare information on the spread in Thailand. Data were collected from
COVID-19-infected pecple from the Department of Disease Control, Ministry of Public
Health, Thailand [14] from 1 January 2022, since the Omicron variant was confirmed,
until 1 March 2022 to estimate the parameters Bay, Bsn Bav, and s using oded5 and the
Isqeurvefit algorithm [12,35] in MATLA B as shown in Figure 2. Figure 2a depicts the match
between the modelled response for the unvaccinated, susceptible individuals against the
COVID-19 data. Similarly, Figure 2b then compares the real data against the modelled
response for the susceptible, vaccinated individuals. It can be noticed that the simulation
model and real information are consistent with one another.
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Figure 2 Data fitting of the model (3)-(12) to the actual data: (a) susceptible with vaccinated fitting;
(b) susceptible with unvaccinated fitting,

3.2. Numerical Analysis Result

Numerical information on the spread of COVID-19 and getting vaccinations was
analyzed using the parameters obtained from the literature review as seen in Table 2
and the data fitted for some parameters, namely, infection rate, B, Bsn, Bao, and Bsy.
The Runge-Kutta method of order 4 in the MATLAB program was used to confirm the
equilibrium point result and stability as seenin Figures 3 and 4.

Table 2 The parameters used in the numerical simulation.

Parameters The Disease-Free The Endemic Reference
b 05 05 Estimated
4 1 1400 Estimated

Ban 0.00001 0.00001 Data fitted
Ban 0.000009 0,000009 Data fitted
Bao 0.000008 0.000008 Data fitted
B 0.00001 0.00001 Data fitted
¢ 177 17 7,36]
é 08 0.8 Assumed
wy 0.1 01 1571
wy 01 0.1 571
w3 01 01 571
Wy 0.1 0.1 1571
" 1/7 1/7 7]
T2 1/14 1/14 [10]
13 1/14 1/14 71
N 0.0000365 0.0000365 [37,38]
d 0.00286 0.00286 [31]
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Figure 3. Graphs of the system of Equations (3}-(12) at the disease-free equilibrium point of
Sw, En, Iy, dsws Sz, Eo, lop, sy, Hp, and R when Ry < 1: (a) the number in the unvaccinated,
susceptible population; (b) the number inthe unvaccinated, exposed population; (c) the number in
the unvaccinated, asymptomatic, infected population; (d) the number in the unvaccinated, symp-
tomatic, infected population; (e) the number in the vaccinated, susceptible population; (f) the number
in the vaccinated, exposed population; (g) the number in the vaccinated, asymptomatic, infected
population; (h) the number in the vaccinated, symptomatic, infected population; (i) the number in
the hospitalized population; and {j) the number in the recovered population.
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Figure 4 Graphs of the system Equations (3)-(12) at the endemic equilibrium point of
Sit, En, dae, Isn, Sv, Eo, lan, lso, Hp, and R when Ry = 1: {(a) the number in the unvaccinated,
susceptible population; (b) the number in the unvaccinated, exposed population; (c) the number in
the unvaccinated, asymptomatic, infected population; (d) the number in the unvaccinated, symp-
tomatic; infected population; (e) the number in the vaccinated susceptible population; (f) the number
in the vaccinated, exposed population; (g) the number in the vaccinated, asymptomatic, infected
population; (h) the number in the vaccinated, symptomatic, infected population; (i) the number in

the hospitalized population; and (j) the number in the recovered population.
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Figures 3 and 4 show the convergence of the number in the unvaccinated, exposed
population; the number in the unvaccinated, asymptomatic, infected population; the num-
ber in the unvaccinated, symptomatic, infected population; the number in the vaccinated,
exposed population; the number in the vaccinated, asymptomatic, infected population;
the number in the vaccinated, symptomatic, infected population; the number in the hos-
pitalized population; and the number in the recovered population. It can be noticed that
in Figure 3, the graph reached its maximum height and gradually declined to 0, meaning
that Ey, Im, I, Su, Ev, law, Iso, Hp, and R decreased as time progressed. The number in
the unvaccinated, susceptible population and the number in the vaccinated, susceptible
population would converge to the equilibrium points of 6849 and 20,547, respectively. This
result shows that the states S, and S, increase as time increases due to the disease-free
steady state when Ry < 1. Figure 4 shows the epidemic under the endemic equilibrium
point when Ry > 1. Note that in this case, the trajectories experience some overshooting at
around day 100 before settling down at the equilibrium points.

The World Health Organization defines the efficacy of vaccines as an overall measure
of the ability of the vaccine to reduce the chance of getting infected, the death rate, the
severity of the illness, the prolonged hospitalization rate, and the ability of the vaccine to
creating herd immunity. The efficacy of vaccination depends on numerous factors, such as
individual basic health status, individual age when getting the vaccination, or previous
exposure to the disease. All factors have effects on the efficacy of vaccines. The effects of
the parameters affecting the spread of COVID-19 are shown in Figures 5-9. Figure 5 shows
the comparison of the efficacy of vaccination by comparing the trajectories for the cases of b
=105, 0.6, 0.7, 0.8, 0.9] while keeping the other parameters.as given in Table 2. Looking at
plots in Figure 5a~d, we see that the graphs overlap. When these graphs are magnified, we
see that the number of unyaccinated states, Sy, Ex, Iz, and lg, decrease when the efficacy
of the vaccines is increased. Another factor affecting the spread of COVID-19 is the infection
rate as seen in Figures 6-9. To investigate these cases, we look at the following cases:
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Figure 5. Graphs of the system of Equations (3)(12) showing the comparison results of efficacy of
vaccination (b) when Rp > 1: (a) the number in the unvaccinated, susceptible population; (b) the
number in the unvaccinated, exposed population; (c) the number in the unvaccinated, asymptomatic,
infected population; and (d) the number in the unvaccinated, symptomatic, infected population.
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Figure 6. Grap?i of the system of Equations (3)-(12) showing the comparison results of the infection
rate of the asymptomatic, unvaccinated, infected population {8 ) when Ry = 1 (a) the number in
the unvaccinated, susceptible population; (b) the ber in the unvaccinated, exposed population;
(c) the number in the unvaccinated, asymptomatic, infected population; and (d) the number in the
unvaceinated, symptomatic, infected population.
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Ejm 9. Graphs of the system of Equations (3}-(12) showing the comparison results of the infection
rate of the symptomatic, yaccinated, infected population (s} when Ry > 1: (a) the number in the
vaccinated, susceptible population; (b) the numberin the v d, exposed population; (c) the
number in the vaccinated, asymptomatic, infected pepulation;.and {d) the number in the vaccinated,
symp tic, infected population.

Case 1: Changes in Bz Here, the system is simulated with Bz = [0.00001, 0.000034,
0.000054, 0.000074, 0.000094] while keeping the other parameters as given by Table 2.
Case 2: Changesin B Inthis case, the system is resimulated with B, = [0.000005, 0.000006,
0.000007, 0.000008, 0.000009] while keeping the other parameters.as given by Table 2.
Case 3: Changes in By In this case, the system is resimulated with B, = [0.000008, 0.00002,
0.00004, 0.00006, 0.00009] while keeping the other parameters as given by Table 2.

Case 4: Changes in Bop,. In this case; the system is resimulated with Be, = [0.000003, 0.000004,
0:000005, 0.600006, 0.00001] while keeping the other parameters as given by Table 2.

For the susceptible people (both vaecinated and unvaccinated); it is seen from Figures 5-9
that a low infection rate causes a slow convergence to an equilibrium point, meaning that
disease control will be slower. As for the group of the exposed population, both unvac-
cinated and vaceinated, exhibiting both symptomatieand asymptomatic symptoms, an
infection rate increment causes a quicker convergence to the equilibrium point, contributing
to a more rapid onset of disease control. It.can be seen that the comparison of the efficacy
of vaccination and the infection rate is a better means to control the spread of the dis-
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ease. To minimize the spread of the disease immediately, everyone needs to strictly follow
preventive measures, wear a mask, wash hands thoroughly, and keep social distancing.

3.3. Sensitivity Analysis of Parameters

A sensitivity analysis of the basic reproduction number reveals the parameter values
that can affect the numerical simulation model results. In addition, it will indicate the
importance of each parameter that affects the basic reproduction number, whose number
indicates the spread of the disease. Therefore, a sensitivity analysis of the COVID-19
simulation model from (3)-(12) can provide in-depth information about changes in the
spread and can help public health agencies to determine strategies for preventing the
spread of COVID-19.

Definition 1. (Chitnis, Hyman, and Cushing [39]). The normalized forward-sensitivity index of
a variable, Ro, that depends differentiably on a parameter, x, is defined as:
d Ry % K

s (23

YR =
& K Ry

Information in Table 2 is used to show the parameter values for the numerical simula-
tion model. The calculation results of the sensitivity of the basic repreduction number of
each parameter are shown in Table 2,

Table 3. Sensitivity values of the basic reproduction numbers.

Parameters Sensitivity Indices
b +1.0000
(g +1.0000

Bai +0,1209
Ban +0.8791
Bav +0.0730
B +.9270
P +0.0007
(2 ~0.0026
any —0.0872
wy —0.8544
w5 —0.9009
Wy —0.0419
T —0.0311
T2 —0.0299
T —1.0004
u —0.0269

Numerical results from the sensitivity analysis of the basie reproduction number are
given in Table 3. 1f the sensitivity index of the basic reproduction number is positive, it
means thatan increase (or decrease) in each parameter leads to an increase (or decrease) in
the basic reproduction number. Conversely; if the sensitivity index of the basic reproduction
number is negative, it means that an increase (or/decrease) in each parameter leads to a
decrease (or increase) in the basic reproduction number. Consequently, according to the
sensitivity analysis of the models (3)=(12), parameters affecting the sensitivity to become
positive are b, ¢, Bans Bsus Banr Psv, and 4, while parameters affecting the sensitivity to
become negativeare ¢, wy, w2, W3, @4, T2, 3, ¥, and d.

To sum up, the research resuits indicate that the most effective control strategy is
controlling the rate of vaccinated people (b) and the initial number of people () since the
sensitivity index of the parameters is equal to 1. It means that an increase (or decrease) in
the rate of vaccinated people, the population birth rate, and the number in the population
by 10% enables the basic reproduction number to increase by 10%. The sensitivity analysis
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mentioned above causes a reduction in the spread of COVID-19 among people in an
efficient manner.

4. Optimal Control Problem

Having analyzed the mathematical model predicting the spread of the COVID-19 in
Thailand, an optimal control strategy is now sought in order to help reduce the number
of infected people and control and prevent the spread of the disease. In this article, a
strategy for controlling COVID-19 in Thailand was proposed by considering the control
functions, 11 and uy, where uy is the rate of vaccination and u3 is the susceptible group
that is changed to the recovered group (due to immunity from the vaccination). According
to the optimal control problem, the mathematical model for controlling COVID-19 can be
created as follows: dSs

——x (Y=bja — 1 Sp — 1S — 1y (t)Sp (24)
dEy
ar, = MSn— ¢Ex = $)En — uEx (25)
dl,
df" SPEq — A + 2+ pu+d)an (26)
Tet e A= (@21 i+ )l @)
dSy
= ba — iS¢ — Sy wa{t)Sy (28)
dEy
i 1Sy = (Y= 8)¢Ey —(1 = &)(1—p)Ey — uEy (29)
dl,
d_‘:'z(1—¢s)¢s.,—(w4+-n+y+d)1@ (30)
B 1 S\t EF @ b A @
dHj
77 = @il Hwile 3l + @ylon — (1 +p+d)Hp (32)
dR
=5 = NHp - Dla + Bl = pR Fuit)Se+ u2(t)So (33)

We now seek the optimal control strategy for the system of Equations (24)-(33) using
Pontryagin’s maximum principle [40,41] to reduce the number of infected people, in other
words, the optimal values uy and uy.In light of this, the optimal control problem is
determined m terms of the following objective functions:

H 1 1
110 02(0) = [ (ATt el (.8 AT (65-F A 0+ S Asus*(0) # S Acu P @9
The objective function of the system of Equation (34) depends on hypotheses consider-
ing the number of Iy (F), Ten{t )/ Izp{t), and Iey(t). Please kindly note that A,, A,, Ay, Ay, As,
and Ag are the weight constants: The most suitable problem solving guideline of this model

is determined by using Lagrangian and Hamiltonian approaches to solve the optimal
control problem as follows:

L(Tan Ten, Tao, Tsmy 3,902 = Ahanit) + AoTen(t) + AsLap(8) A glss(F) + %Asu,z(f )+ %A(,ugz(t) 35)

Theorem 3. With a suitable control u* = (u3,u3) and a problem-solving guideline consistent with
Sn, En, Ian, Isn, So, Ev, law, Iso, Hp, and R for the initial problem (24)-(33) that the minimizes
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J(wy, uz), there exists an adjoint variable A;, i = 1,2,3,...,10 under the control that satisfies
the following:
d\  @H
@t oy
When ¢ = (Sn, En, Ian, Isn, S, Ev, Iav, Iso, Hp, R), together with the transversality conditions
givenas A;(T) = Oforalli =1,2,3,...,10,and

(36)

0 l'f A1 —As <0
uj = { MSezduss g AySe—AaySe <l @)
e et e
,'f AsSp—A9050 <0
S if g_‘;.._:: : <u;: (38)

ER

NN N P

1179771

(39)

5.,5,.( t) = ) ‘
AT 2 ot
= @&‘1 + Bsolso + e+ us(t)) — a@&) il s
e 9 (£5')X3 (1 20y =As(1) (1~ 8)(1— ¢)
73+ wy) =Ao(t)ws — Aro(t)y3 — A3
;i "# Ay

=g = Ao(t)(d+p+m) —Aw
o Aro(t)u
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The characterization of the suitable controls, uj and u3, depends on g% = 0 for all
7
j=12atuj =ujatj=12
Therefore,
%’.% = Asuty — A1Sp + A10Sn = uj = ili%lﬁ
F = Aguz — AsSp + A10Sp = uj = AefuSe

Thus, the optimal control function for COVID-19 can be defined as follows:

0 if ﬁ;giﬁ <0
A15,—A10S, PP T

up =& lA51° = f ::A!“mz < ujpx
uy if —1—‘;?1“— > ur
0 if "-5&*2-10% <0

= AsSe—A10Sp .vf AsSp—A10S - ulpax

6
uzmax if R!Suﬂs\ So > "rzmu

Figures 10 and 11 show the numerical analysis of the optimal control policy. The
equations were solved using the fourth order Runge-Kutta forward-backward sweep
method [33]. For all simulation models; time T was determined to be 120 days. Controlled
weightvalues were A1 = 1000, Ay = 900, A» =700, Ay = 500, As= 300, and As = 100.
It can be clearly seen that the cases with control converged to an equilibrium point more
quickly than the cases without the optimal control. As a consequence, it can be concluded
thata good preventive policy through vaccination to develop immunity to the body is a
suitable method to reduce the prevalence of the spread of the disease.
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Figure 10. Comparison between the cases with control and the cases without control for the disease-
free: (a) the number in the unvaccinated, susceptible population; (b) the number in the unvaccinated,
exposed population; (¢) the number in the unvaccinated, asymptomatic, infected population; (d) the
number in the unvaccinated, symptomatic, infected population; (¢) the number in the vaccinated,
susceptible population; () the number in the vaccinated, exposed population; (g) the number in
the vaccinated, asymptomatic, infected population; (h) the number in the vaccinated, symptomatic,
infected population; (i) the number in the hospitalized population; (j) the number in the recovered
population; and (k) control efforts 1, (f) and ua(t).
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Figure 11. Comparison between the cases with control and the cases without control for the endemic:
(a) the number in the unvaccinated, susceptible population; (b) the number in the unvaccinated,
exposed population; (c) the number in the unvaccinated, asymptomatic, infected population; (d) the
number in the unvaccinated, symptomatic, infected population; (e) the number in the vaccinated,
susceptible population; (f} the ber in the vaccinated, exposed population; (g) the number in
the vaccinated, asymptomatic, infected population; (h) the ber in the vaccinated, symptomatic,
infected population; (i) the number in the hospitalized population; (j) the number in the recovered
population; and (k) controlefforts iy (¢} and ().

5. Discussion and Conclusions

This study shows the details of a mathematical model to control COVID-19, a pan-
demie currently infecting the world. It is based on the mathematical description of what
is happening around the world.  The current study is based on parameters which are
appropriate in Thailand, one of the countries experiencing the infection. The mathematical
model is created by considering two groups of people: the unvaccinated people and the
vaccinated people. Standard dynamic modeling is used to study, analyze, and find the
equilibrium points and establish stability. From this study, two equilibrium points were
obtained, namely the disease-free equilibrium point (G§) and the endemic equilibrium
point (Gy), according to parameter conditions. The Lyapunov function was used to de-
termine the stability of each equilibrium point. From the simulation model, the basic
reproduction number (Ry)was obtained by considering the basic reproduction number
of the disease-free steady states and the endemic steady states. It can be seen that the
disease-free steady states are stable when (Ry < 1) and the endemic steady states are
stable when (Ry > 1). According to the sensitivity analysis of the parameters, the efficacy
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of vaccination (b) and the infection rates (Ban, Bsn, Bav, and Bsy) are the most sensitive
parameters that contribute to an increase in the spread of COVID-19. It is noticeable that
the infection rate is highly important. Therefore, to design a usable optimal control strategy
for containing the spread of the Omicron variant in Thailand, a curve fitting algorithm was
performed on the real-world Omicron data to analyze and seek the most suitable value
of the infection rate to ensure it is similar to the current situation. The results in Figure 2
confirmed that this is so.

To examine and confirm the analysis results for the effects of the spread, parameter
values were chosen to be the values given in Table 2, incorporating the fitted parameters.
According to Figure 5, considering of the efficacy of the vaccines, it was found that if the
efficacy of the vaccines increases, spread control is achieved more quickly. Considering
the infection rate showed that when the rate of spread increased, the basic reproduction
number increased, since the basic reproduction number is the average number of secondary
infections which can be caused by a patient in a completely susceptible population through-
out his infectious period. If the infection rate is high, the epidemic shall spread at a slower
rate when the infection rate is low. Therefore, if the basic reproduction number is high, the
epidemicwould spread at a fast rate and converge to an equilibrium point more quickly
when the basic reproduction is low. From whatwas mentioned above, it can be seen that
Figures 6-9 follow the above-mentioned conditions. Nonetheless, there are a lot of factors
affecting the spread. The spread can be minimized by planning and formulating policies.
Inthis regard, the optimal control strategy is-used by considering the rate of vaccination
and immunity achieved from vaccination to reduce the spread of COVID-19. It can be
concluded that the spread of COVID-19 can be controlled and minimized by vaccination
and self-care practices following preventive measures, as seen in Figures 10 and 11. Note
that the main limitation of our model is that we did not use the multiple-patch model,
where the Omicron outbreak in the rural regionsis different from the one in the city because
of the population density and sociceconomics. Nevertheless, the model used in this paper
is simple enough te capture the main dynamics of the systemand allows for the conjuration
of suitable optimal control to combat the spread.

In conclusion, the use of the control strategy for disease prevention is a guideline
to help prevent and control the spread of the disease. There are many strategies for
disease control, such as social distancing, wearing masks, or following preventive measures
intreduced by the government. Future research should determine other strategies to help
control and prevent COVID-19, accordingly.
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Abstract The world has been fighting against the COVID-19 Coronavirus which seems to be con-
stantly mutating The present wave of COVID-19 illness is caused by the Omicron variant of the
coronavirus. The vaccines against the five variants (e, f, v, 8, and w) have been quickly developed
using mRNA technology. The efficacy of the vaccine developed for one of the strains is not the
same as the efficacy of the vaccine developed for the other strains, In this study, a mathematical
modet of the spread of COVID-19 was made by considering asymptomatic population, symptomatic
population, twe infected populations and quarantined population. An analysis of basic reproduction
numbers was made using the next-g ion matrix method. Global asymptotic stability analysis
was made using the Lyapunov theory to measure stability, show ing an equilibrium point's stability,
and examining the model with the fact of COVID-19 spread in Thailand. Moreover, an analysis of the
sensitivity values of the basic reproduction numbers was made to verify the parameters affecting the
spread. It was found that the most common parameter affecting the spread was the initial number
in the population. Optimal control problems and social distancing strategies in conjunction with
mask-wearing and vaccination control strateg i d to find strategies to give better
control of the spread of disease. Lagrangian and Hamiltonian functions were employed to determine
the objective function. Pontryagin’s maximum principle was employed to verify the existence of the
optimal control. According to the study, the use of social distancing in conjunction with mask-wearing
and vaccination control strategies was able to achieve optimal control rather thancontrolling just one
oranother.

were

Keywords: COVID-19; optimal control; model fitting: global stability; dynamics model

MSC 37M05

1. Introduction

COVID-19 was first reported in December 2019 [1-6], and people all over the world
have faced the challenges of the COVID-19 publie health crisis. Their way of life and their
economy [7] were affected since the governments needed to issue many lockdown mea-
sures to reduce the spread. Shops; department stores, and many places were closed down.
Meanwhile, the use of social distancing for participating in social activities was employed
toreduce the disease spread. Coronavirus disease 2019 or COVID-19 is a contagious disease
caused by the virus severe acute respiratory syndrome Coronavirus 2 or SARS-CoV-2 [8-16],
affecting the human respiratory system. COVID-19 virus can spread via droplets via from
coughing, sneezing, and exposure to boedy secretions. The most common symptoms found
among people infected with COVID-19-are cough, sore throat, runny nose or nasal con-
gestion, loss of smell and taste, and breath difficulty, some people have severe pneumonia
which sometimes can lead to death. The incubation period of COVID-19 is 2-14 days after
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getting the virus [11,12,17-19]. COVID-19 virus is one of the most widely mutating viruses.
The World Health Organization (WHO) identified all five Coronavirus variants, i.e., Alpha,
Beta, Gamma, Delta, and more recently Omicron [19,20]. The Omicron COVID-19 variant
was first found in South Africa towards the end of November 2021 [21-23] and Thailand
detected its first case of Omicron at the beginning of January 2022. The Omicron variant
has more than 50 mutations, compared to SARS-CoV-2 [22,23], and spreads significantly
faster. Therefore, its spread has to be closely monitored.

The World Health Organization (WHO) reported the worldwide spread of COVID-
19. As of 31 May 2023 the total number of confirmed COVID-19 cases globally was
767.36 million and the total number of COVID-19 deaths globally was 6.93 million. As
for cumulative confirmed COVID-19 cases by world region, Europe had 276.46 million,
Western Pacific had 203.87 million, Americans had 192.94 million, Eastern Mediterranean
had 23.37 million, and Africa had 9.53 million. The top three countries with the highest
number of eonfirmed COVID-19 cases were the United States of America (103.43 million
cases), China (99.28 million cases), and India (44.99 million cases). The top three coun-
tries with the greatest number of COVID-19 deaths were the United States of America
(1.12 million deaths), Brazil (702,000 deaths) and India (531,000 deaths) [24]. In Thailand,
from 3-Jan 2020 to 31 May 2023, there were 4.73 million confirmed COVID-19 cases and
34,000 COVID-19 deaths [25]. ‘Though the number of COVID-19 patients significantly
decreased, the importance given to how to reduce the number of patients is necessary to
reduce the spread of the disease. Social distancing, quarantine, andvaccination are effective
measures that help control the outbreak and reduce the spread of the disease [10,26-29].
According to WHO's report on 29 May 2023, 1.33 billion-deses of COVID-19 vaccines were
given to people, and people in Thailand were given 139.17 million doses of COVID-19
vaccines. Vaccination is a measure that helps control the outbreak effectively.

In order to manage the COVID-19 pandemic, a mathematical model is employed
to analyze situations and formulate policies to reduce the disease spread. Numerous
researchers proposed different models of the spread of COVID-19 to investigate dynamics
of COVID-19 spread. Lamwong et al. [30] proposed a SEIQR mathematical model for
MERS-CoV by considering two groups of the population; namely, a group of the Thai
population and a group of tourists from South Korea traveling to Thailand to see the
effects of infections introduced by tourists. | Sardar et al. [31] created a mathematical
model for MERS-CoV infection based on the spread of two variants by monitoring social
behavior to investigate and predict an putbreak during 2012-2016. Mwalili et al. [32]
created a COVID-19 model based on the SEIR model by considering pathogens in the
environment and social distancing. It was found that non-adherence to social distancing
may contribute to an outbreak while quarantine for infectious individuals can help stop
the spread. Yohanres etal. [33] proposed a SEIR model to describe the spread of COVID-
19. An optimal measure was used to reduce the number of infections patients, to reduce
expenses spent on vaceines, and to reduce medical expenditures as much as possible.
It was found that getting vaccinated for COVID-19 could decrease the number of risk
groups and infectious people, showing that vaccination can control the spread of COVID-
19. Omame €t al. [34] made a mathematical. model for the co-interaction of COVID-19
and dengue transmission dynamics in Brazil. There were five strategies used to control
dengue and COVID-19 infection, namely, the prevention strategy for dengue infection,
the control strategy for COVID-19 situation, the control strategy for co-infection for both
dengue and COVID-19, the control strategy for dengue treatments, and the control strategy
for COVID-19 treatments. It could be concluded that the prevention strategy for dengue
infection could prevent COVID-19 infectionamong 870,000 new cases while controls against
dengue and controls against COVID-19 could only considerably reduce the infection.
Nainggolan and Ansori [35] studied a model of the spread of COVID-19 in Indonesia.
Importance was given to quarantine for infectious persons. Parameters were examined
and it was found that parameters affecting the spread were the recruitment rate, the
transmission rate, and mortality rate of disease. Akuk et al. [11] proposed a mathematical
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model in the form of the SV;V,EQITR model. Importance was given to quarantine for
infectious individuals and getting vaccinated with two doses. Stability of the model
was analyzed and sensitivity of parameters affecting the spread was considered. Satar
and Naji [17] proposed a mathematical model replicating the spread of the coronavirus
disease by considering asymptomatic infected people. The SEIJR model (S = susceptible,
E = Exposed, | = symptomatic, ] = asymptomatic, and R = Recovered) was used to meet the
data. Sensitivity of parameters were defined by the factors that regulate illness breakout,
from the above mentioned. In this paper, we develop the model by considering additional
the quarantined population to suit the epidemic situation in Thailand.

According to the literature review of articles relevant to the spread of COVID-19, a
mathematical model of COVID-19 in Thailand was made. Optimal control strategies that
will help control the spread of the disease were determined. From the above mentioned, the
model is suitable for the epidemic situation in Thailand. Therefore, we created a model by
considering the symptoms, infected population, asymptomatic, infected population, and
paymg attention to the population group that is in quarantine. In Section 2, the analysis

of theoretical results and the analysis of disease stability were presented. ln Section 3,
numerical results were presented, using model fitting to estimate the results of the model to
meet the actual data of the spread of the disease in Thailand. Meanwhile, the sensitivity of
parameters was analyzed to examine parameters affecting the spread. In Sections 4 and 5,
optimal control strategies were presented as-well as a numerical model of control strategies.
A'modelwithout the determination of control strategies and a mode! with the determination
of control strategies were compared. The research conclusion and recommendation were
presented in Section 6.

2. Materials and Methods
2.1. Mathematieal Model

A mathematical model is a technique to help analyze the spread of a disease and
see the consequences of any actions which could be taken to prevent the spread. Itisa
guideline to help the government formulate policies to reduce the number of patients. The
model used in the study was based on the SEIR mode! (Wickramaarachehi and Perera [13],
Mahardika [33], Carcicne et al. [36]) and the SEIQR model (Bhadauriaetal. [37], Youssef
et al. [38], Hussain et al. [39], Khan et al. [40], Li et al [41], Abioye etal. [42]). As the
government had a quarantine measure among infectious individuals so as to separate
them from those without COVID-19, we will be concerned with the additional steps which
might be taken, Therefore, the madel was developed to meet the current situation. A
mathematical model for COVID-19 was studied by separating people into six sub-classes,
namely, susceptible classes, exposed classes, symptomatie classes, asymptomatic classes,
quarantined classes, and recovered classes, where S represents the susceptible population,
E represents the exposed population, I; represents the symptomatic, infected population
with the w variant, I; represents the asymptomatic, infected population with the other
variant, () represents the quarantined population, R represents the recovered population,
and N represents the number of total populations.

The differential equation of the spread of COVID-19 can be written as follows:

S (#) = A=AS(ty~ dS(r),

B(t) S AS()— (e + (1 — &)+ d)E(ty
T'y(ty=7eE(t) — (a + g hd){t),

I'2(t) = (1 —g) E(t)~ lqa+ g #d) 1at),
Q(t) = ah(t) <{rp+d)Qe),

RUD) = qalaft) + 7,Q(t) — aR(t),

1)

and
N=S+E+L1+DLh+Q+R (2)

where the variables and parameters of Equations (1) and (2) are defined in Tables 1 and 2.
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It was determined that susceptible people were able to become infected with COVID-
19 since they received the disease from people in the symptomatic group (I1) and people in
the asymptomatic group (I2). The intensity of the infection is

Alt) = Bshi(t) + Bala(t). (3)

From Figure 1, the population inflow and population outflow in the mathematical
model can be described as follows: susceptible group (S) had one way of the population
inflow, i.e., initial number in the population by A while the population outflow was the flow
of people to the exposed group based on the rate AS and the outflow of people who died
of natural causes based on the rate d. The exposed group had one way of the population
inflow, namely, the flow of people from the susceptible group based on the rate AS while
three ways of the population outflow were the flow of people to the symptomatic group
and to the asymptomatic group based on the rate 7e and the rate, T(1 — ¢) respectively.
The outflow of population who died of natural causes was based on the rate d. In the
symptomatic group (1), there was population inflow from the exposed group to the
symptomatic group based on the rate 7e. The population outflow was the flow of people to
the quarantined group based on the rate « since the government had a measure ordering
infected people to stay in quarantine to separate infected people from people who were
not infected with the disease. Two ways of the population outflows were the outflow of
people who died of natural causes and people who died of COVID-19 based on the rate d
and g, respectively. The asymptomatic group (T2) had one way of the population inflow,
i.e;; the flow of people from the exposed group based on the rate T(1 —¢). There were three
ways of the population outflow, namely, the flow of people to the recovered group based
on the rate 74, deaths caused by natural causes based on the rate d, and deaths caused by
COVID-19 based on the rate g. In the quarantined group ((Q), there was population inflow,
namely, the flow of people from the symptomatic group to the quarantined group based on
the rate a. There were two ways of population outflow, namely, the flow of people to the
recovered group based on the rate 7, and deaths caused bynatural causes based on the rate
d. The last one was the recovered group (R). There were two ways of population inflow,
namely, the quarantined group and the asymptomatic group based on the rate 7, and the
rate, 7y, respectively. There was one way of population outflow; namely, deaths caused
by natural causes based on the rate d. According to the above description, a differential
equationof the spread of COVID-19 can be written as follows:

] "
W

&
.

Figure 1. Shows the relationship between population inflow and population outflow in the mathe-
matical model of COVID-19.

Table 1. Variables:

Variables Description
S Susceptible population.
E Exposed population.
I Symptomatig infected population with the w variant.
I Asymptomatie, infected population with the other variant.
Q Quarantined population.
R Recovered population.
N Number of total populations.
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Table 2. Parameters.

Parameters Description
A The recruitment number of population.
Bs The infection rate of symptomatic population with the w variant.
Ba The infection rate of asymptomatic population with the other variant.
T Incubation period.
3 The rate of exposed moving to symptomatic.
'3 Quarantine rate of the symptomatic, infected population.
471 Rate at which quarantine to be recovered.
Ta Rate at which asymptomatic, infected population to be recovered.
g Mortality rate of COVID-19.
d Mortality rate of natural causes.

Lemma 1. Initial conditions $(0) > 0, E(0) > 0, I;(0) > 0, L(0) > 0, R(0) > 0
and:N(0) ».0fron the Equation (1) theinvariantset ¢ = { (S, E, I, I, Q, R) e RS : N < 4},
and then the closed set ¢ is positive invariant.

Proof. Groups of population are considered when N =S +E +I; +I2 + Q + R, it can be

seen that
AN/ S dE Al dl 40 WdR
at - atalwTa T m
dN
= A8l ght-dN. )
From Equation (4), itis supposed that there is no mortality rate of the disease (g);
therefore, o
T/ X\ T

integrating the above equation, it can be given as follows:
A AN L
<=+ S8
Ny £ 3 (N(O) d)e

where N(0) initial value, and N(t} = N(0) at + = 0. In-addition, it can be noticed that
N(t) = F as t"< oo, Thus, it can be concluded that N(t) isbounded as 0 < N(t) < %
Epidemiological parameters are positive. It can be concluded that the problem solving area

is in RS Therefore ¢ = {(S,E,11,12,0,R) € RS- N < 4 } sa positive invariant set. [

2.2. Stability Analysis
22.1. Equilibrium Pointand Basic Reproduction Number

An equilibrium point is considered in this part. An equilibrium point is important
to long-term epidemic behavior since itidentifies a state where the output of the system
remains constant, evenvin the presence of varying inputs and are the states when there are
no changes in the number, ie., 4X{t) = 0. Derivatives of the equation system (1) on the
right side are determined to be zero. From the model, two equilibrium points are obtained,

namely:
A—-A*S%—-dS" =0 (5)
A*S*=(te# Tl =¢) +d)E*=0 (6)
TeE* — (a#g+d)f =0 (7)
T(1_gE*~(1a+g+d); =0 (8)
ali — (7q +d)Q° =0 ©
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TYal3 +74Q° —dR* =0
From Equation (7), we have
. TeE*
Vo latgrd)
I§ = THE*
where

TE

o= Grgra

From Equation (8), we have

_ t(1—¢)E*
2T (atgtd)

I3 = ThE*

B =1
/

‘A
A
K

<k
v
v

2]
=

+
2.
oN
v
A

[o="
P
2 235
%

J

RS>
NAAANANN
NN

RO

—:—'————“

Cqua (3), we h 4;.';2%]»
L T TR

. o
quation (6)

g ave

.y

Ze)+d))E* =0.

(10)
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Therefore, E* = 0or
5 (te+1(1—¢) +d)
e e—
5 — (re+T(l—e) +d)A
=T Rd@+ D)

e Rod(d+ 7)
= Redld+T)
Ty = A .

Thus, when E* = 0 we obtain the disease-free equilibrium points K3, given by

Ky = (5%E%, 11,13, Q R*) = (’7‘ 0,0,0,0, o).

A* = T4E* in Equation (5), we have

1\

53—
/77///1]

—
=

|
a

<k
v
v!

>
=
J

2
Sk
V|
2

=,

NN {a

AR AYATATAY & (§5)]
CEETHORSRISN
(O YT

(12)
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The Ry value is the basic reproduction number of the equation system (1), which can
be noticed from expression E, Iy and .

E'(t) = (Bsh(t) + Bal2(t))S(t) — (T + (1 —¢) +d)E(t),
I (t) = TeE(t) — (a + g + d) Iy (t),
I(t) = T(1 —€)E(t) — (7a + g +d)I2(t).

The next-generation matrix method [43,44] is used to derive the basic reproduction
number (Ry) which can be obtained from the most outstanding characteristic determinant
consistent with the spectral radius of the matrix p(I»'V'I ), when p is spectral radius, F is
the Jacobian matrix of the gains matrix, and V is the Jacobian matrix of the losses matrix.
Then we have

Gains to E | (BsI(t) + Bal2(t))S(t)| |Lossesto E (t+7(1—¢)+d)E(t)
Gains to Iy 0 , |Losses to I —TeE(t) + (a + g +d)I4(t)
Gains to Iy 0 Losses to I| —7(1 —€)E(t) + (7a + g +d)I2(t)
It can be seen that
0 BsS(t) BaS(t) (t+7(1—¢)+d) 0 0
F=10 0 0 Y= —TE atg+d 0 .
0,0 0 -1(1=¢) 0 Yatg+d

The disease-free equilibrium point

Ko 2 (St €I i@l Re) = (%0 0,0, 0,0)

we have
H; H; Hj
V. (Key="]) 0 p=0==0
070,70

where

Hy — d+g+a)(1-gAT = Aegf

1 79w jﬁq TR a2 Mg'-i}l\?r-gnm AE tdg+da+dr T 1aT)”
Hi =~ M%ff_jiﬂ_nﬂﬁ_

2 T RS9 Ty )% 1 dg tda + AT+ RT+aT)
H3 & g

Therefore, the basic reproduction number (Rp) ¢an be derived from the most outstand-

ing radius of p(FV*‘] considered from the largest positive eigenvalue. Thus, the formula
is given as:
(r=e)apr(1=c)([d 5 g)Bi £ Buel(g + 70 +d)) AT o

\§F d(dFg¥a) [d+g 1) @17

The basic reproduction number (R;) represents the average number of secondary
infections produced by an infected individual in a susceptible host population [45]. In
an epidemiological model, if Ry = 1, the disease will spread and may cause an epidemic,
when Ry < 1, an epidemic can be controlled. When Ry is larger, an epidemic is difficult to
be controlled.

2.2.2. Global Stability of Equilibrium Points

In this part, the global stability-of the COVID-19'model in the equation system (1) was
analyzed. The Lyapunov function was used to verify stability, and two theorems were
obtained asshown below.
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Theorem 1. If Ry < 1, it indicates that the disease-free equilibrium point of the model (1) is
globally asymptotically stable in the region ¢.
We assume that

Bo=pa= 221 a4

Proof. According to the results shown above, the Lyapunov function was determined
as follows:

G=(5-5-S'Ig) +E+h+h+Q+R
The time differentiation of G is given by

1—%)+E’+I{+I§+Q’+R’

-45)(1- S')+(jrp I +
.

M= st — N %
(Q-Q -Q'In%)+(R

%) +-(E ' é)+'&
~R*—R'Ing
150
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5(1-5) o0 5) i) 1) (-9 ()
={A-AS— dS}(I—s')+{/\S—(rc+r(1—c)+d)E}(l— &)
HrE — @+ g+ D} (1- ) + {1 -9F ~ (e +g +A)L}(1- )
+{aly — (13 +d)Q} (1~ )+{'rglz+'y,,Q ar}(1- %)

puttingS =S—-S* E=E-E*h=h-I},2=hL-15,Q=Q—-Q*and R=R—-R*,
then

= {A— (Bsh + Bal)(5—5) (S — $)} (%)
+{(Bsh + Bal2)S (Te+r(1—e]+d)(E—E‘)}(E_’L.E_')
+{reE — (a+ g by = )} () £ (F=e)E — (7 + g +4) (12 - 1) }(252)
+{ah ~ (7 +a)Q— Q)} (L) + {1l + 1@=d(R=R*) } ()
K A(%) — (Beht Bala) SEL L AL (Bl + Bala) S (Bela + Bal2) S
—(re+1(1 =)t d) Dr+rc£—rs£(f-) (a+g+d)ﬂh'_'l
+7(1—£)E — (X —zs(g) ('7¢+g+d)(h %) +al —ay (1- %)
(g + d)EFE 7R +“In12-’7n12( )+'7¢Q ')’qQ( ) — dBRT
An equation thatis rearranged and determined is obtained.

aM
2N Wl
when
Zy = N#+(Bsly+ Bal2)S + ek £ (1 —€)E+ aly + 7al2 +74Q
and

2 = A3 By bt ol S2E aBFL (B FBaln)SH b (e d- K1 3 o)t dpeE L
+'r£E ;‘-)+(a+g+d i”—1!—”—4-1-(1—z)li(r 7,+g+d)£'L,'¢)-

+¢I,( %—)-x»('y Gyl +q,12(.x.)+.nQ(R ) | JRER

Sinee all parameters in the model (1) are posmve thereforewhen S* =§,E =0,Q = 0and
R =0and #ﬁ = ( sultand then the re T is definitely negative when Z; < Z,. According
to LaSalle’s Invariance Principle, it ecan be concluded that the equilibrium point of the
endemic steady state K7 of the equation'system (1) is globally asymptotically stable on ¢ if
Ry >1.0

3. Numerical Analysis Result
3.1. Model Fitting

In this part, some parameters in the model (1) were adjusted. Parameter adjustment is
essential as it helps numerical simulation close to the actual data of the epidemic. Mean-
while, it helps analyze some parameters that cannot be identified. The infection rate of the
symptomatic populationwith the w variant (8s), the infection rate of the asymptomatic
population with the other variant (8;) and the rate of exposed moving to symptomatic
(&) were adjusted as seen in Table 3. The model adjusted was implemented using fmincon
Algorithm in MATLAB toensure the model was suitable for the actual epidemic data. Re-
sults obtained from the parameter adjustment are seen in Figure 2. The blue circle indicates
the number of people infected with COVID-19 each day from the data collected by the
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Department of Disease Control, Ministry of Public Health. The data were collected from
1 January to 1 March 2022 since the Omicron variant was confirmed. It was considered
the fifth wave of COVID-19 infection [46]. The red solid line indicates results from the

model (1) (susceptible group).

g0t

O osa
— madel
25 W%iﬂ:om—’%b‘sf
; od & E
o
5 ° )
3 ’
§ 1
e
/o
' P
S
osp S
oeo”
¢ | i
o
o " a0 = - 0 w0
Time(dsys)

Figure 2 Data in the model and data report in case the infection was confirmed from 1 January to 1
March 2022 [46].
3.2. Numerical Sirmulations

In this part, numerical analysis of the COVID-19 model (1) is performed to verify

the appropriateness of the model, ie., it yields conclusions consistent with earlier works.

The Runge—Kutta order four method in MATLAB was used to generate the numerical
results. The analysis in this part was divided into three parts. Part 1 is the analysis of
parameter values to be suitable for the actual epidemic data. Part 2 is the analysis of model
stability (1), and part 3 is the comparison of parameter values used in this study.

3.2.1. Part 1: The Analysis of Parameter Values Suitable for the Actual Epidemic Data

According to COVID-19 epidemic data reported as of 1 January to 1 March 2022 by the
time the Omicron variant was confirmed in Thailand (with reference to the report on the
Omicron variant detected in this when the epidemic was found the most). As for model (1),
parameter values were adjusted to be suitable for the actual epidemic data. Parameters
adjusted were the infection rate of the symptomatic population with the w variant (8;),
the infection rate of the asymptomatic population with the other variant (8,), and the rate
of exposed moving to symptomatic (¢). Parameter values adjusted to be suitable for the
model were shown in Table 3 and Figure 2, showing appropriateness of parameters to be
suitable for the actual epidemic data.

3.2.2. Part 2: Stability Analysis of the Model (1)

This part shows the numerical values of disease-free steady state, the endemic steady
state, and global linear stability (globally asymptotically stable). Figure 3 shows the
numerical results of a disease-free steady state. It can be seen that as time passed by,
the number of susceptible 1000 days passed. The number of the exposed population
(E}), the number of symptomatic, infected population (I ), the number of symptomatic,
infected population (1), the number of quarantined population (Q), and the number of
recovered population (R}, as time passed by, would converge tozero (suchasE =0, I; =0,
I = 0,Q = 0, R = 0)as there was no epidemic of the disease. Figure 4 shows endemic
steady state of the disease. As time passed by, the number of people would converge to the
equilibrium point at Kj = (§*, E*, I3, I3,Q*,R*) = (11,501, 4196, 34, 6729, 137, 18,248,000)
when 300 days passed. In order to see more convergence, the infection rates were adjusted
to be B: = 0.00000075 and B; = 0.000009. The convergence was shown in the form of 2D,
3D phase portrait trajectories of model (1) as seen in Figures 5 and 6. It can be seen that the
convergence was clearer in both phases. Stability analysis was essential for designing an
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epidemiological model. If the model is stable, other controllers shall be designed (will be
shown in Topic 4). If the model is not stable, it will not be used in real life and should be
improved to ensure various conditions will have stability before being used.
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Figure 3. Time series of the system Equation (1) of the disease-free steady state Kj when
Rp = 0.247311.
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Figure 4. Time series of the system Equation (1) of the endemic steady state when K Rp = 1.73118.
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3.2.3. Part 3: Comparison of Parameters

The parameters used in the comparison were the initial number of people (A) and
the infection rate of the asymptomatic population with the other variant (8;) since both
parameters had an impact on a high increase in the basic reproduction number (Ry), as
analyzed in Table 4. The parameters adjusted were A = 50, 60, 70, 80 and B, = 0.000006,
0.000007,0.000008 and 0.000009. From Figures 7 and 8, it can be seen that increased
parameter values contributed to the controllable spread of the disease rather than decreased
parameter values.

Table 3. The parameter values of model.

Parameters Disease-Free Endemic Reference
A 1 700 Assume
Bs 0.0000075 0.0000075 Fitting
Ba 0.0000009 0.0000009 Fitting
1 1/6 1/6 [36,47]
€ 0.01 0.01 Fitting
« 02 02 [47]
T 0.05 0.05 [47]
Ta 1/10 1/10 [47]
£ 0.00286 0.00286 [47]
d 0.000036529 0.000036529 [47 48]
s - .__13‘:35203 ‘“:
£ L A 80! jm
§ g%
2 ‘;5:):-
i
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(c) Symptomatic, infectious population.

Figure 7. Time series of the system Equation (1) showing the comparison results of initial population (A).
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Table 4. Sensitivity values of Rp.

Parameter Sensitivity
A 1
Bs 0.000425
Ba 0.995749
T 0.000219
[ —0.005807
a —0.004190
Ta —0.967719
g —0.02773%7
d 1000570
ag 7020
———,70.0020%
R N 4,7 0.00007
g2 gmr A\ —— 5 =000
2 _§ A\ 5,7 0.0000%8
g 3 S som \
g -4
i :
g 15 000
~d
s 3
é 1 ga:m
<
Eos - F3
) — —_ 1000 1 L 1 I I L L N L
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Figure 8, Time series of the system Equation (1) showing the comparison results of the transmission

rate of asymptomatic population ().

3.3. Sensitivity Analysis of Parameters

In this part, sensitivity analysis for the epidemiological model is presented, aiming to
learn about factors associated with the basic reproduction number the affecting numerical
simulation of the model. Moreover, the sensitivity analysis will reveal the importance of
each parameter affecting the epidemic. Such data would be important to designing an
experimental model and help design and determine strategies for controlling the epidemic.
The sensitivity index Ry associated with the parameters is the ratio of the relative change
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in variables Ry to the relative change in the parameters when variables are the function
finding derivatives of parameter. The sensitivity index can be determined by the following
derivatives:

Definition 1. [10,49] The sensitivity index of Ry, which depends differentially on a parameter , is
defined by:
Ry, ¢

Ro _ %0 7
Y"_B(}:XR,,' (16)

Expression for Ry in Equation (13) used the data in Table 3 showing the basic value of
the parameters used in the numerical simulation. Sensitivity analysis results of the basic
reproduction number of each parameter are listed in Table 4.

According to the analysis results in Table 4, it can be seen that the most sensitive
parameter was the initial number of the population (A ), followed by Bg, Bs, T, respectively.
A positive index apparently indicated an increase (or decrease) in parameter values affected
an increase (or decrease) in the basie reproduetion numbers (Rp). On the contrary, indices
that were negative, ¢, a, 74, g, 4, led to a decrease (or increase) in the basic reproduction
numbers (Rp). The research results indicated that the most effective control strategy was
controlling the initial number of the population (A).

4. Optimal Control Problem

Lamwongetal. [45] studied the efficiency of vaccines for COVID-19 in Thailand. It
was found that a 10% increase of vaccination rates would cause a 10% increase of the
basic reproduction number. It can be coneluded that an increase in vaccine efficacy would
cause a decreased number of infected people. However, vaccination is just one measure
for controlling the spread of the disease. There may be other measures that may lessen
the need for everyone to be vaccinated. These are other control steps that can be taken.
In this research, optimal control strategies were presented. Control strategies introduced
were w4 (¢) and up(t):uy(t) social distancing and mask wearing strategies. u2(t ) vaccination
control strategy to be the most suitable guideline is used with the dynamic of COVID-19
spread. Optimal control is determined as follows:

S'(H) = N (1= u () (Bsli (E) + Bala(#))S(8) = dS(t) = ua(t)S(),
E'(1) = (V=g (1)) (Bela () +-Bala(1))S(2) = (e + T(1 — &) + d)E(t),
I(F) = weE(t] — {a g+ d)h(t),

Iy(t) = 71+ ) E(f) #((va'+ g & d)lalt),

Q () = ah{t) {3 +A)QAL),

RU{t) = yala(ty + Q) ~dR{t) + wa(t)S(2).

Ponlryagin’s maximum principle {50,51] was used to reduce the number of COVID-19
infected people and toenable the expenditure on the control at the minimum. Therefore,
the objective function was defined as follows:

(17)

T
](uv llz) = /(W1 J-l(f) + Wzlz(f) + %W:;llzl (f] + %W,,uzz(l))df (18)
Q
Parameter Wy, Wa represents weight constant value of infected people, Wau1(t) repre-
sents the expenditure spent on social distancing campaign and mask wearing campaign,
Wyuz(t) represents the expenditure spent on vaccinationat t time, and T represents the

last time. Nonlinear cost function was used. Squared objective function was used for cost
control measurement to achieve optimal controlu®y, u*2,

Juspu™y) = ming] (uy, up)}. (19)
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When U = {(uy,u2): [0,T] — [0,1]}. Lagrangian and Hamiltonian were used for
optimal problem solution.

L(h, L,uy,uz) = Wikh(t) + Walo(t) + %Wsuzi(f) + %szz(f) (20)

and
= ds dE dly dly dQ dR
H= L(I[, 12, uy, uz) + /\15 + I\ZI + /\Sﬂ + /\‘W + AST + AGW. (21)

Theorem 3. (Pontryagin’s Minimum Principle for control problem [44]) Optimal control was
determined. u*y,u*2and S, E, I, I, Q, R were the results of control equation system (17) that
minimize [(u1(t),uz2(t)) over U. Then there exist an adjoint variable Aj;i = 1,2,3,4,5, 6 under
the control equations:

(22)

(23)

(24)

(TeE(H) — (&
1—e)E(t)
Lt q

T 7Q

NG ol 18

5 =M1 - w1 ()RS

*1(t))BaS(t)) + Aalra + g +4d) — AeTa — W,

-~
QU
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With transversality conditions A;(T) = Oforalli = 1,2,3,...,6 and the optimum
condition for the Hamiltonian is given as ?T}; =0forallj =1,2atu; = u';.

Therefore,
H— Waurs (1) + A1((BsTy (1) + Bala(1))S(1)) — Aa((BsTa (1) + Bala(1))S(1)) = wey () = La 2B+ Al 0)5E))
H e oy = A1 —A6)S(H)
o Wau*2(t) —A1S(t) +AeS(t) = u*a2(t) = W,
Based on the above-mentioned equation, the optimal control equation was obtained
as follow:
0 if (Jr»h)((ﬁsh&l’ﬂ-lz(f))s(l)) <0,
uty(t) = (A2 —A1 M(Bsly(t) +Bs12(1))S(1)) if (A2 = 19 (2)+Bal2())S(¢ < e
A / 3 !
s if Qo RBREELOI®) > ymax
ce Ad—Ag)S(H)
Wil o s <
uth(t) = ﬁi— if ﬁ‘— < ug=,
g if [«‘-1441(;15(‘) > upax,
a

5. Numerical Results for Optimal Control Problem

As fornumerical simulation, numerical analysis of non-control model (1) and control
model (19) was made. The red line indicates the non-control model, and the black line
indicates the control model. The fourth order Runge—Kutta forward-backward sweep
method [52] was used to generate the results. The parame ters used are identified in Table 3.
We have considered the initial conditions and weight constant values were determined
as $(0) = 500, E(0) =10, I1{0) = 4 12(0) £13, Q(O) = 5, R(0) =.25,000 W3 = 20,
Wa= 30, Wy = 40 and the period of the numerical simulation was determined as 100 days
to.ensure the goal of the control can be achieved. The highestvalue of the control was
uy =06, 1y =0.225. The study was divided into three cases. Case 1is social distancing
measure in conjunction with mask wearing and vaccination measure, Case 2 is social
distancing measures in conjunction with mask wearing measure, and Case 3 is vaccination
measures, which are described as follow:
Case L uy #Oanduy #0.

It was supposed that u; (secial distancing in conjunction with mask-wearing) and
uy were controlled (vaccination control measure) as shown in Figures 9 and 10. Figure 9
shows the results of the epidemic in the disease-free steady state and Figure 10 shows the
results of the epidemic in the endemic steady state. From Figures 9 and 10, it is clearly seen
that social distancing measure in conjunction with mask wearing and vaccination measure
werte able to control the disease in a more efficient manner, compared to when no measures
were available.
Case 2 ug-# 0and upz = 0.

Social distancing measures were used together with mask wearing as seen in Figure 11.
It can be noticed that the control measures took longer time for controlling the epidemic,
compared to what happened in Case 1.

Case 3: uy =0and uz # 0.
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Only vaccination measures were used as seen in Figure 12. From Figure 12b—d, it
can be seen that vaccination measures were able to control the epidemic. According to
Figure 12b,c, the number of exposed people and the number of symptomatic people shall
decrease and the disease can be controlled for 60 days, showing that only vaccination
measures can control the epidemic similarly, compared to Case 1.

It can be said that various control measures are highly important to help control the
epidemic in an efficient manner efficiently control the epidemic. Vaccination measures are
considered essential for controlling the epidemic.
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6. Discussion and Conclusions
Thisarticle presents a model related to the dynamic of COVID-19 spread in Thailand.

According to epidemiology, a mathematical model is a tool that has been used to help
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analyze the spread of the fifth version of COVID-19 (Omicron). The vaccine against the
«, B, v, or § variant of the COVID-19 coronavirus may not have the same efficacy against
the w variant. It appears the rate of infection by this variant of the coronavirus is much
higher than that of the other variants and so before a new vaccine directed towards the w
variant can be developed, the other techniques to control the spread must be used. A new
model must be used, one in which there are two variants are present, ie., there are two
types of infections, one caused by an «, B, v, and § variant of the COVID-19 coronavirus
and another caused by the w variant. A recent study by Lamwong et al. [45] studied
the efficiency of vaccines for COVID-19 in Thailand. It was found that a 10% increase of
vaccination rates would cause a 10% increase of the basic reproduction number. It can be
concluded that an increase in vaccine efficacy would cause a decreased number of infected
people. However, vaccination is just one measure for controlling the spread of the disease.
There may be other measures that may lessen the need foreveryone to be vaccinated. These
are other control steps that can be taken. In this study, the SEI; QR model, developed
from the SEIQR model was presented. The presentation is divided into two parts. Part 1
is the non-control model. Both theoretical models and numerical analysis were available.
Part 2 is the control model, developed from model (1) based on optimal control strategies
toreduce the infection to the minimum. The analysis can be examined as follows:

1. Analysis of equilibrium/ point and the basic reproduction number of model (1).
Disease-free equilibrium point (K ), equilibrium point of endemic steady state (K3)
and the basic reproduction number (R;) were calculated using the next-generation
matrix method.

2. Stability analysis of model (1). The Lyapunov function was used to measure stability.
Itwas found that in there was stability in the equilibrium pointunder the disease-free
steady state when Ry <1, and under the endemic steady state there was stability in
the equilibrium point when Ry > 1.

3. — fmineon Algorithm in MATLAB was used to be a technique for adjusting parameter
values to ensure the model was suitable for the actual data of COVID-19 spread in
Thailand and to estimate any spread than may come after. The parameters adjusted
to be suitable for the model are the infection rate of symptomatic population (B;), the
infection rate of asymptomatic population {8z}, and the rate of exposed moving to
symptomatic (¢}, making the data analysis more precise.

4. Based on the model (1), numerical data analysis was presented to verify and support
theoretical conditions. The comparison of parameters found that an increase in
Tecruitment number of people (A) and the infection rate of asymptomatic population
with the other variant (£a) had an effect on a faster control of the epidemic.

5. © Parameter sensitivity analysis showed the relationship between parameter values and
the basic reproduction number (Rp), indicating the importance of each parameter
value affecting the epidemic. The analysis results of the model (1) are shown in
Table 4. From Table 4, it can be described that positive parameter sensitivity and
increased parameters affect an-increase in the basic reproduction numbers, leading
to an increasing epidemic. Similarly, negative parameter sensitivity and increased
parameters shall affect a decrease in the basic reproduction numbers. Based on the
analysis, it was found that the most sensitive parameter was the initial number of the
population (A ).

6. In this study, there were two confrol strategies, namely, social distancing strategy
(u1 in.conjunction with mask wearing strategy) and up (vaccination control strat-
egy). Pontryagin’s maximum principle was used to analyze the needs of conditions.
The analysis was divided into three cases. Case 1 is social distancing strategy in
conjunction with mask wearing strategy and vaceination control strategy, Case 2 is
social distancing strategy together with mask wearing, and Case 3 is vaccination
control strategy.
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According to the analysis, the optimal control with the shortest duration of disease
control is Case 1, social distancing strategy in conjunction with mask-wearing strategy and
vaccination control strategy.

The determination of various strategies is a guideline that helps control the epidemic.
There are many methods that help control the epidemic. Fractional derivatives are a tool
that helps assess different outcomes and determine an optimum in a better way. It is a topic
to be studied in the next chapter
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