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ABSTACT IN THAI 

ระบบสเตอริโอที่เรียบง่ายสามารถสร้างขึ้นจากกล้องเดี่ยวโดยใช้ปริซึมในเส้นทางแสงเพื่อให้ได้ภา สอง

มุมมองของระบบ ความเรียบง่ายของระบบเหล่านี้มีข้อดีหลายประการ โดยเฉพาะอย่างยิ ่งหาก

เป้าหมายคือหุ่นยนต์ใต้น้ำ ที่ขนาดกะทัดรัดและความสามารถในการปิดผนึกชิ้นส่วนออปติคอลเป็น

ปัจจัยสำคัญ อย่างไรก็ตาม การกระจายแสงโดยปริซึม รวมถึงความบิดเบือนของเลนส์ ทำให้การสอบ

เทียบเป็นเรื่องท้าทาย โดยการใช้วิธีการที่ไม่ต้องใช้แบบจำลอง เราสามารถสอบเทียบระบบสเตอริโอที่

ใช้ปริซึมได้อย่างมีประสิทธิภาพ นอกจากนี้ เรายังมุ่งหมายที่จะใช้ปริซึม 45 ° ที่หาได้ง่าย ซึ่งมีการ

กระจายแสงในระบบมาก แต่ยังคงความเรียบง่ายและลดต้นทุนเมื่อเทียบกับปริซึมมุมต่ำที่สั่งทำพิเศษ 

ไฟ LED สมัยใหม่ให้แหล่งกำเนิดแสงที่มีความเข้มสูงและแบนด์วิดท์ต่ำ เราใช้แหล่งกำเนิดแสงสามตัว

ที่จัดวางโดยประมาณบนช่องสัญญาณ RGB ของกล้องเชิงพาณิชย์ที่หาได้ทั่วไป ระบบของเราใช้

รูปแบบเป้าหมายวงกลมที่ครอบคลุมบริเวณที่มองเห็นได้สองตาในฉาก  และรวบรวมชุดภาพที่

ระยะทางที่ทราบ โดยใช้แหล่งกำเนิดแสงสามตัวที่แยกกัน จากภาพเหล่านี้ เราสร้างตารางการค้นหา

สองตาราง หนึ่งสำหรับแต่ละพิกเซลในภาพและการเบี่ยงเบนที่ได้จากการจับคู่จุดที่สอดคล้องกัน 

Cp(u,v,du) ซึ่งมีสามมิติ และตารางการค้นหาอีกหนึ่งตาราง ซึ่งมีมิติเดียว Cz(z) ดังนั้นจึงไม่ใหญ่

เกินไป และไม่เกินความสามารถของหน่วยความจำของระบบกล้องสมัยใหม่ขนาดเล็ก แต่ให้เวลาการ

ค้นหาที่รวดเร็ว O(1) เหมาะสำหรับระบบเรียลไทม์ กลยุทธ์การสอบเทียบของเราช่วยให้ระบบสเตอริ

โอที่สร้างขึ ้นจากกล้องเดี ่ยวสามารถวัดความลึกในฉากได้:กล้องเดี ่ยวไม่ต้องการการซิงโครไนซ์

อิเล็กทรอนิกส์และสร้างจากชิ้นส่วนออปติคอลที่หาง่ายและราคาถูกเพียงชิ้นเดียว - ปริซึมมุมฉาก  
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ABSTRACT IN ENGLISH 

A simple stereo system can be constructed from a single camera using a prism in the 

optical path to provide the required two views of a system. The simplicity of these 

systems has several advantages, particularly if the target is an underwater robot, where 

compact size and ability to seal the optical components are key factors. However, 

dispersion by the prism, in addition to the lens distortion, makes calibration 

challenging. By using a model-free approach, we were able to calibrate a prism-based 

stereo system effectively. We also aimed to use readily available 45° prisms, which 

present significant dispersion in the system, but retain simplicity and reduce costs, 

compared to custom low angle prisms. Modern LEDs provide high intensity, low 

bandwidth light sources and we used a set of three sources, roughly centered on the 

RGB channels of a readily available commercial camera. Our system used a circular 

target pattern covering the binocularly visible region in the scene and collected sets 

of images at known distances, using three separate light sources. From these images, 

we generated two look-up tables, one for each pixel in the image and a disparity 

derived by matching corresponding points, Cp(u,v,du), which has three 

dimensions, and another look-up table, which has a single dimension, Cz(z), so are 

not quite large, and not beyond the memory capability of even small modern camera 

systems, but provide fast, O(1), lookup times, suitable for real-time systems. Our 

calibration strategy enables a simple stereo system built from a single camera to 
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measure depths in a scene: the single camera requires no electronic synchronization 

and is built from a single, inexpensive, and readily available optical component – a 

right-angle prism.  
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CHAPTER 1 
INTRODUCTION 

1.1  BACKGROUND 
This project was motivated by a desire to equip an underwater robot with a 

single camera with the ability to navigate accurately underwater – detecting obstacles 
and possible threats in its path. Traditional stereo rig setups face significant challenges 
in cameras alignment and calibration due to the complex setup needed in an 
underwater environment.  Also handling the refraction of the two cameras and thermal 
gradients, leading to varying refractive indices, is more difficult underwater. The 
potential to use a single prism, easily added and sealed into the robot, but providing 
the two images needed to accurately measure distance, was the driving force and the 
design and calibration of such a system was studied in detail. This work focused on 
one important aspect: camera calibration - a process to obtain intrinsic focal length 
and resolution and extrinsic position and orientation of the virtual cameras formed by 
prism refraction. 

1.2  INTRODUCTION 
Computer stereo vision modeled human vision that produces a pair of images 

by projection of light rays onto the retina of the eyes. From the resultant two-
dimensional images, we can compute 3D depths enabling us to interact with the 3D-
surroundings. Various algorithms were developed to replicate the ability of human 
stereo vision. 3D reconstruction obtains the shape and appearance of an arbitrary 
object or scene at a given depth using various computer techniques for computing 
depths. These methods fall into three classes: 

1) triangulation, 
2) time of flight and 
3) modulation. 
Miquel and Gabriel (2015) showed that each of these falls into multiple 

categories and 3D depths may be obtained by a single method or a combination of 
them. 
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.  
Figure 1.1 3D reconstruction methods (Massot-Campos & Oliver-Codina, 

2015) 

1.2.1  Passive methods 
Passive methods, obtain the 3D depth without interfering with the scene. 

Commonly used methods are 
1) binocular stereo vision and 
2) monocular cues. 

1.2.2  Active methods 
Active methods contact the object or project energy to acquire 3D data. 

Numerical approximations are used to construct the 3D profile and create a model. 
These sensors, interact with the scene using various probe sources: 

1) ultrasound, i.e. sonar,  
2) microwave, i.e. radar,  
3) light, i.e. LIDAR, 
4) moving light sources or even 
5) mechanical range finders, e.g. depth gauges,  

to measure distance to an object in a scene. 
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1.2.3  Passive methods 
Passive methods obtain the 3D depth without interfering with the scene. 

Commonly used methods are 
1) binocular stereo vision and 
2) monocular cues. 

1.2.3.1  Triangulation 
Triangulation methods target common features, using two or more depth 

acquisition devices. Commonly, two cameras or a ‘stereo rig’ will be used to find the 
matched scene points. However, the remaining features can be back projected onto 
the world as light rays going out from two cameras. The triangle formed between the 
feature in the space and the two cameras is the basis for triangulation (Massot-Campos 
& Oliver-Codina, 2015)  

1.2.3.2  Time of flight 
Time discrimination methods use depth sensors consisting of an infrared (IR) 

emitter and a receiver. A reflection from IR signal projected to a scene can be received 
by the receiver. Common types of signals are high-speed pulse and continuous wave. 
Distance to the object is computed from half of the traveled length, based on the 
travel time of the pulse or the phase shift between the emitted and received waves. 
Generally, the speed of the probe in the medium needs to be known and considered: 
usually for light in air, this can be assumed constant, but, in a water medium, 
temperature, salinity and pressure changes affect the speed of sound (Massot-Campos 
& Oliver-Codina, 2015) (Nguyen et al., 2018). 

1.2.3.3  Modulation 
Modulation uses frequency domain differences, e.g. amplitude and phase of a 

modulated signal. In some of these systems, components, in a relatively narrow band, 
are lost due to the scattering of the pulses. The receivers are usually photo multiplier 
tubes or photon counters. These sensors are triggered during a time window, and the 
incoming light is integrated. After demodulation, 3D information can be obtained from 
the phase difference. 
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CHAPTER 2  
LITERATURE REVIEW 

2.1  DEPTH ACQUISITION METHODS 
Recent depth sensors allowed better quality in preserving 3D models. Different 

methods are selected for specific applications, based on some or all the following 
criteria (Gomes et al., 2014) : 

1) technical reliability - precise sensors will generate more accurate 3D 
models. 

2) price - low-cost solutions are preferred. 
3) portability and flexibility - lightweight and mobile solutions may be 

needed. 
4) acquisition time, when dynamic scenes must be followed. 
5) resolution - required by the application. 
6) repeatability or precision - drifts of the measurements may not be 

acceptable. 
7) accuracy - allowed statistical variations of repeated measurements. 
8) environmental sensitivity - robustness in varying light, temperature wind 

and pressure conditions etc. 
This section summarizes the 3D acquisition methods - referring to the 

techniques in Figure 1.1. 

2.1.1  Sonar, Radar, LIDAR and Time of Flight 
There are a large variety of probe pulses: systems can emit sound or EM 

radiation - at a wide range of frequencies, ranging from the relatively low RADAR 
frequencies to optical frequencies, e.g. LIDAR - generally as pulses of sounds, phonons 
or photons, and receive reflections from scene objects. 
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Figure 2.1 Sonar image acquisition - taken from Y. Lee et al. (2016) 

2.1.2  Light detection and ranging (LIDAR)  
A laser is scanned over a wide area to sense a large scene volume. Weather 

monitoring systems often use LIDAR to measure clouds over long distances. 

2.1.3  Laser line scanning (LLS)  
Laser line scanning systems deploy lines of laser pulses, which can use less 

energy than area-based emitters, e.g. those for LIDAR, and thus may be suitable for 
longer range imaging. Range to an object can be also measured by pulsed lasers and 
range measuring by the phase difference between the transmitted and retrieved signal 
Phase difference methods use lasers that continuously emit light- or continuous wave 
CW lasers (Wehr & Lohr, 1999). 
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Figure 2.2 Lidar image acquisition - taken from Ouyang et al.,(2014) 

2.1.4  Structured Lighting Systems 

Structured lighting systems project known patterns on to the scene and capture 
images with a single camera (Bell et al., 1999) 

 
Figure 2.3 Structured lighting system - taken from Bell et al.,(1999) 

In these systems, the pattern projector takes the place of the second camera: the 
position of sections of the pattern in the image vary with the depth and depth can be 
calculated from these ‘disparities’ as with two camera systems. They work well in 
scenes with low texture: the pattern adds the texture needed to assist matching. This 
strategy has become well known with the advent of a commercial system, Kinect (J. 
M. Chen et al., 2013), but the strategy has been known since the early 1990 (Forbes, 
2019) These systems are fundamentally similar to two camera systems - the optics of 
the pattern projector must have similar capabilities or precision - and suffer from the 
same problems with occlusions, so they are not discussed further here. 

2.1.5  Structure from motion 
Structure from Motion is a triangulation technique, which takes multiple images 

of a scene using a single camera: either the camera or the scene can move, e.g. by 
placing a target object on a rotating table. Having obtained multiple images, SfM can 
use any available matching algorithms, for example, Schonberger & Frahm, (2016) 
started with feature extraction and matching, followed by geometric verification - see This material is reserved for educational use only, not allowed for commercial use. 
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Figure 1.3. The resulting scene graph was the initial step towards a model by selected 
two view reconstructions, before incrementally registering new images, triangulating 
scene points, filtering outliers and refining the reconstruction using bundle adjustment 
Schonberger & Frahm, (2016)– see Figure 1.5. 

 
Figure 2.4 SfM process flow - taken from Schonberger & Frahm (2016) 

Next, in this chapter, I discuss available stereo vision techniques, covering 
conventional stereo calibration and correspondence algorithms, depth recover, and 
single camera stereo vision techniques. 

2.2  STEREO VISION FUNDAMENTALS 
Computer based vision systems enable us to measure the positions and shapes 

of objects in any environment. Generally, they use the same techniques, as animals 
with two eyes, to assess the distance to objects confronting them: Therefore, 
stereovision requires two or more cameras to capture the same scene to calculate the 
disparities for depth recovery. It has been used for many years in robotics, medicine, 
industry or pattern recognition, artificial intelligence and many other fields as briefly: 

Table 2.1 Traditional stereo vision applications 
Field Stereovision 

Application 
Reference 

Robotics Autonomous 
Navigation (Mobile 
Robots) 

(P. Cui & Yue, 2007), 
(Wooden et al., 2010), 
(Sanchez-Rodriguez & 
Aceves-Lopez, 2018) 

Outdoor Mapping  

Collision Avoidance  

Stereoscopic particle 
image velocimetry 
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Figure 2.5 Stereo vision equipped Robot De Niro (Falck et al., 2020) 

 
Figure 2.6 Stereo vision assisted surgery – taken from Rosas (2011) 

 
Figure 2.7 Stereo vision use in a production line (3D Vision: MVTec 

software) 

In industrial processes, stereo vision inspection systems monitor both visual 
and physical characteristics of a product to maintain quality and consistency of the 
production. Physical measurement of manufactured products, e.g. surface roughness, 
and complex shape contour geometry are being replaced by non-contact stereo vision 
systems. As a result, industrial product physical characteristics of length, height, outside 
diameter and other dimensions, as well as the visual appearance, can be measured 
without distortion created by contact measuring methods. Robotics applications use 
stereovision to assist navigation. All these applications use dual camera stereovision to 
achieve 3D perceptions, similar to human vision, where the same scene point is viewed 
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from two or more viewing angles. However, it is possible to use a single camera to 
obtain depths, with additional support features, for example mirrors, prisms mounted 
on the lens and additional optical components, as long as separate views are obtained. 

2.3  HISTORY OF STEREOVISION 
Stereoscopy was discovered by Sir Charles Wheatstone in 1838. Later it was 

improved by Sir David Brewster in 1849, whose stereograph had a pair of images, 
generated by a camera with two lenses placed 60 mm apart, in same horizontal line 
to simulate the position of human eyes, and then mounted the prints side by side 
laterally. The final stereo image could be viewed; by the stereoscope, which had two 
eye pieces, which could view the laterally mounted images, placed in a holder in front 
of the lenses. Then, the two images were brought together and matched by a human 
brain to create a 3D illusion. In the past, stereographs were created for a variety of 
scenes. Mostly landscapes and monuments and composed narrative scenes of a 
humorous or slightly suggestive nature. A simple hand-held stereoscope was 
introduced by Holmes (Pietrobruno, 2011). Stereographs became famous after Queen 
Victoria expressed an interest in them, when they were exhibited at the 1851 Crystal 
Palace exhibition (Pietrobruno, 2011). Later, stereographs became educational and a 
recreational device, with considerable impact on public knowledge and taste during 
the 19th century. 

  
Figure 2.8 Pocket Stereoscope with a test image, taken from, Brewster, 

(1856) 

2.4  CONVENTIONAL STEREO VISION SYSTEMS 
Conventional stereo camera systems generate accurate 3D models of real 

objects by capturing an image of the scene from different orientations. These viewing 
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angles can be obtained by using more than one camera, moving a single camera 
around the object or rotating the object within the field of view of a single camera. 
The separate viewing angles of the scene generate a ‘disparity’ (or separation) between 
objects appearing in the images. Stereo vision is a passive technique, i.e. it acquires 
high resolution images, and no energy emission, whereas other depth measuring 
devices, e.g. laser scanners, sonar or radar, are active techniques that emit a probe 
beam. Stereo vision is discussed in detail in many textbooks and review papers: a 
selection of these appears in Table 2.2 
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Table 2.2 Stereo vision sources 
Author Notes Reference 

Conventional stereo techniques 

Okutomi and 
Kanade 

Multiple baseline stereo (Okutomi & Kanade, 1993) 

Faugeras Three-dimensional computer vision: A 
geometric viewpoint 

(Faugeras, 1993) 

Hartley and 
Zisserman 

Multiple view geometry (Andrew, 2001) 

Delaunoy et 
al. 

Full 3D Helmholtz stereovision 
algorithms 

(Delaunoy et al., 2010) 

Reviews 

Barnard and 
Fischler 

Computational stereo (Barnard & Fischler, 1982) 

Dhond and 
Aggarwal 

Structure from a stereo review (Dhond & Aggarwal, 1989) 

Scharstein and 
Szeliski 

Evaluation of stereo vision algorithms (Scharstein & Szeliski, 
2002) 

Lazaros et. al Review of stereo vision algorithms (Lazaros et al., 2008) 

Hamzah and 
Ibrahim 

Survey on disparity map algorithms (Hamzah & Ibrahim, 2016) 

Kumari and 
Kaur 

Stereo matching techniques for 3D 
vision 

(Kumari & Kaur, 2016) 

Perez et. al Robotic vision techniques in industrial 
environments 

(Pérez et al., 2016) 

 
Machine vision algorithms have generally assumed several characteristics of 

objects in the scene and used several computation steps. These assumptions involved 
are (Z. Zhang, 2000), (Andrew, 2001) 

• objects have Lambertian surfaces (i.e. their appearance will not vary with view 
angle), 
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• the scene consists of smooth surfaces, 

• the cameras have been calibrated and 

• aligned in epipolar geometry. 
Common algorithm steps are: 

• model the camera noise, differences in electronic gains, 

• identify matching image points in the two images, 

• depth calculation and 

• interpolation 
See figure 1.1.  

2.5  CORRESPONDENCE PROBLEM 
A key problem for automated stereo vision is that you need to find or match 

corresponding points in each image, from which the disparity and thus the depth is 
calculated. It determines three-dimensional coordinates 𝑋, 𝑌, 𝑍 of an object using two-
dimensional image coordinates 𝑥, 𝑦 Thus, an object point must appear in two or more 
images. Two or more views often lead to occlusions or points which are visible in only 
one image or occluded by an object in front. Figure 1.2 shows a classical stereo vision 
system and the coordinates of points in the scene, in which the optical axes of the 
cameras are parallel to each other and perpendicular to the baseline, are calculated 
from: 

• 𝑋𝑤, 𝑌𝑤, 𝑍𝑤 - World coordinate system 

• 𝑋𝑅 , 𝑌𝑅 , 𝑍𝑅 - Optical center of the right camera coordinate system 

• 𝑋𝐿 , 𝑌𝐿 , 𝑍𝐿 - Optical center of left camera coordinate system 

• 𝑥𝑖𝑙 , 𝑦𝑖𝑙 , 𝑧𝑖𝑙 - Left camera image coordinate system 

• 𝑥𝑖𝑟 , 𝑦𝑖𝑟 , 𝑧𝑖𝑟 – Right camera image coordinate system 

• 𝐿𝑅 represents the epipolar line 

• 𝑄 is an arbitrary scene point in the world coordinate system 
where 𝐿 is the baseline distance connecting the optical centers of the cameras in the 
𝑋𝑤 direction and 𝑓 is the focal length (assumed to be identical for both cameras). 
Coordinates of scene points are calculated from: 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



13 

 

𝑋𝑤 =  

𝐿(𝑥𝑙 − 𝑥𝑟)
2

𝑥𝑙 − 𝑥𝑟
 

(1.1) 

  

𝑌𝑤 =  

𝐿(𝑦𝑙 − 𝑦𝑟)
2

𝑦𝑙 − 𝑦𝑟
 

(1.2) 

  

𝑍𝑤 =  

𝐿(𝑧𝑙 − 𝑧𝑟)
2

𝑧𝑙 − 𝑧𝑟
 

(1.3) 

𝑥𝑙 − 𝑥𝑟  is the disparity, which is the relative position of a corresponding scene point, 
in the two image planes. A detailed model can be found in many texts, including 
Faugeras (1993). 

 
Figure 2.9 Two camera stereo vision system, showing a general scene, Q (Xw 

Yw, Zw) the optical centers of the two cameras at (XLR, YLR, ZLR) 

Solving the correspondence problem, i.e. identifying pairs of corresponding 
points, has occupied the attention of many researchers for several decades now. It is 
reviewed extensively by Scharstein & Szeliski (2002) whose review provided a 
taxonomy and metrics for the performance of correspondence algorithms They 
grouped correspondence algorithms into two groups - local ones, which used local 
information around an image point to determine the corresponding point in the other 
image - and global ones, which used a large neighborhood of each image point to find 
its corresponding pair. Figure 2.10 shows the steps of development of stereo vision 
algorithms. 
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Figure 2.10 Development steps of stereo vision algorithms 

2.6  LOCAL METHODS 
Local methods trade accuracy for speed and depend only on intensity values, 

within a finite support window; they compute the disparity at a given point using the 
intensity values in that window. Various cost functions were used to determine 
whether points match or not: one of the simplest uses sums of squared differences of 
intensities in a small window to find the disparity and selects the minimum at each 
pixel, for quite simple code. Other functions are based on rank transformation and 
normalized cross-correlation methods, for cost computation and matching to 
determine disparity - see figure 2.11. 

The disparity map, using these algorithms, is commonly achieved by a winner 
take all optimization (WTA): the disparity having the minimum cost is assigned to each 
pixel of the image.  
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Figure 2.11 Local methods categorization - taken from Lazaros et al. 

(2008) 

2.7  GLOBAL METHODS  
Global methods treat the disparity as a minimization problem using a large area 

of the image. These functions have two terms: the data term, which penalizes solutions 
that do not match the target, and a smoothness term, which implements a piece wise 
smoothing to the neighboring pixels. Although global methods produce better results, 
they are computationally expensive. Hence, they are not ideal for real time stereo 
vision applications. (Scharstein & Szeliski, 2002), (Hamzah & Ibrahim, 2016); (Kalarot & 
Morris, Feb 4-6) 

 
Figure 2.12 Global methods categorization - taken from Lazaros et al. 

(2008) 

2.8  DISPARITY MATCHING COST AND AGGREGATION 
Generally, stereo vision algorithms compare intensities of two pixels in the 

generated images to an associate them with a single scene point. Therefore, they 
require a cost criterion to match the pixels. A scene point, 𝑄, is viewed from the optical 
centers, 𝐿 and 𝑅 of the two cameras. It produces one image in the left plane, xil, and 
another in the corresponding right image on the xir plane - see figure 2.9. The points, 
𝑸( 𝒙𝒍, 𝒚𝒍) and 𝑷( 𝒙𝒓, 𝒚𝒓) , represent the matching pixel positions in the left and right 
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image planes. In a correctly aligned system, left and right matching image points must 
be located on a horizontal line, 𝐿𝑅, an epipolar line. This is commonly referred to as 
the epipolar constraint (Gong et al., 2007). The difference or disparity between the 
corresponding pixels in the two images can be associated with a depth value via 3D 
projection. This alignment reduces one factor in the computational complexity from 
O(w2h2) to O(w2h) – see figure 1.6, because the search for matches can be constrained 
to a straight line of length, 𝑤, the epipolar line. Early disparity computation algorithms 
used pixel-based metrics. These methods include 

• absolute differences, 

• squared differences, 

• sampling-insensitive absolute differences (modification of above 
methods) and 

• truncated absolute differences (modification of above methods) that 
can be applied to grayscale or color images. Area or window-based 
methods use more matching data than the pixel-based methods. These 
techniques are generally more precise, because they consider many 
pixels covering an image region of interest (ROI). Some algorithms based 
on areas, include 

• sum of absolute differences 

• sum of squared differences 

• normalized cross correlation 

• rank transformation and 

• census transformation. 
which calculates the cost of matching over a ROI. A common disadvantage of these 
methods is that they assume that all pixels, within the ROI, have the same disparity 
value. However, this is not true for depth discontinuities or edges in the image region, 
therefore, inappropriate selection of the image region results in poor depth 
estimations. 
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2.9  DISPARITY COMPUTATION 
In local methods, the disparity for each pixel is usually selected by a winner-

take-all strategy, where the chosen disparity, 𝑑𝑄  is determined from the minimum cost 
value, 

𝑑𝑄 =  𝑚𝑖𝑛𝐶(𝑄, 𝑑) for 𝑑 ∈ 𝐷 1.4 
where, 𝐷 represents the set of all allowed disparities and 𝐶 (𝑄, 𝑑) is the aggregated 
cost obtained from the matching cost calculation. This technique has been used 
extensively in early papers, see references in Scharstein & Szeliski (2002). 

There are several limitations of this method: 

• a point in one image can match several points in the other image, 

• occluded regions lead to incorrectly matched pixels, 

• due to summing or averaging over regions 

• accuracy of local methods, depend on the cost computation and aggregation 
stages and 

• occlusions are not recognized correctly. 
Disparity calculation, using global methods, assumes the scene is smooth, 

except at boundaries. Therefore, neighboring pixels will have similar disparities: these 
techniques solve the energy minimization problem. Hence, the optimal energy 
disparity function is 

𝐸(𝑑) = 𝐸𝑑𝑎𝑡𝑎(𝑑) + 𝛼𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑑) 1.5 
where 𝐸𝑑𝑎𝑡𝑎(𝑑)  is an energy function for the matching cost at point, (𝑥, 𝑦). 
The smoothing function 𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑑) assumes neighboring pixels have similar disparities 
and 𝛼 is a weighting factor.  
Global methods include: 

• dynamic programming 

• belief propagation, 

• graph cut and  

• multiresolution energy functions (Gudis et al., 2012) . 
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2.10  DISPARITY REFINEMENT 
Disparity refinement is often applied to reduce noise and smooth the disparity 

map. Common steps in this task are 

• regularization, reducing variations of inconsistent pixels, 

• occlusion filling and  

• interpolating to `fill in` when disparities are unclear or 

• aggregating areas of the image, e.g. texture less areas and edges 
(Scharstein & Szeliski, 2002). 

2.11  ABSOLUTE DIFFERENCES (AD) 
This pixel-based function calculates the differences of intensities between the 

pixels in  𝑥𝑖𝑙  and 𝑥𝑖𝑟 , given as: 

 𝐴𝐷(𝑥, 𝑦, 𝑑)  =  | 𝑥𝑖𝑙(𝑥, 𝑦)  −  𝑥𝑖𝑟(𝑥 − 𝑑, 𝑦)| 1.6 

is probably the simplest matching function and runs fast compared to other methods. 
An AD function suits low texture scenes. However, it does not provide correct disparity 
maps for highly textured scenes. A truncated absolute differences function has been 
implemented to overcome this: it uses colors and gradients to match pixels in varying 
illumination scenes (L. Wang et al., 2006). 

2.12  SQUARED DIFFERENCES (SD) 
As an alternative to absolute differences, the larger differences are magnified 

by squared differences between corresponding pixels in 𝑥𝑖𝑙  and 𝑥𝑖𝑟  can be computed: 
 

2.13  FEATURE BASED STEREO MATCHING 
Features, e.g. edges, shapes, segmentation, textures or gradient peaks, can be used to 
compute the matching cost. Also, statistical characteristics, e.g. histograms, medians or 
minima, and transformation features, e.g. Hough, wavelet, Gabor transformations, are 
used to calculate the matching cost. For example, Sharma & Moon (2013) used a 
feature-based algorithm, obtained from scale invariant feature transform (SIFT), for 
autonomous navigation. Although the computational cost was low, due to the 

𝑆𝐷(𝑥, 𝑦, 𝑑)  =  | 𝑥𝑖𝑙(𝑥, 𝑦)  −  𝑥𝑖𝑟(𝑥 − 𝑑, 𝑦)|² 1.7 
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correlation between selected features, the SIFT algorithm was often unable to produce 
the complete disparity map (Hamzah & Ibrahim, 2016). Further limitations were low 
accuracy in texture-less and occluded areas. 

2.14  SUM OF ABSOLUTE DIFFERENCES (SAD) 
Sum of Squar Sum of absolute differences is an area based matching cost 

computation function; it sums absolute differences between intensity of each 
individual pixels in a selected region.  

𝑆𝐴𝐷(𝑥, 𝑦, 𝑑) =  ∑ | 𝑥𝑖𝑙(𝑥, 𝑦) −  𝑥𝑖𝑟(𝑥 − 𝑑, 𝑦)|

𝑛

(𝑥,𝑦) 𝜖 𝑟

 

 

1.8 

where the pixel intensity differences are computed over a region - typically, a small 
rectangular region. Tippetts et al., (2011) analyzed the performance of SAD using a real 
time human pose tracking, while Lee and Shrama (2011) applied SAD to calculate 
matching costs in real time, using a Graphical Processing Unit (GPU), because SAD costs 
for multiple pixels can be computed simultaneously. Both concluded that SAD had a 
low computational complexity, while maintaining reasonable accuracy of the disparity 
map. 

2.15  SUM OF SQUARED DIFFERENCES (SSD) 
SSD is a variant of SAD, which computes the squared differences in pixel 

intensities, rather than absolute differences. 

𝑆𝑆𝐷(𝑥, 𝑦, 𝑑)  =  ∑ | 𝑥𝑖𝑙(𝑥, 𝑦)  −  𝑥𝑖𝑟(𝑥 − 𝑑, 𝑦)|

𝑛

(𝑥,𝑦) 𝜖 𝑟

 
1.9 

2.16  DYNAMIC PROGRAMMING (DP) 
Dynamic programming is a common problem-solving approach: it assumes that 

it can break a problem into subproblems and that the optimal solution to the larger 
problem depends only on the solutions to the subproblems, i.e. it does not need to 
back-track. Gimel'farb's Symmetric Dynamic Programming Stereo (SDPS) computes the 
minimum cost using a matrix of already computed pixel pair matching costs between 
corresponding scan lines of two images (G. L. Gimel’farb, 2002). As with all matching 
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algorithms, image areas affected by occlusions, i.e. the matching pixel is occluded in 
one of the two images, are handled by bi-linear interpolation technique. to a single 
pixel in the other corresponding image. However, it is theoretically impossible to 
determine a unique correct disparity for occluded pixels, there are always multiple 
possible solutions. One contribution of SPDS was that it provided a simple and fast 
way to assign a disparity, which was a possible solution, for occluded pixels. It assumed 
a virtual Cyclopean eye in the center between the left and the right cameras, classed 
pixels as either binocular (seen by both cameras) or monocular (seen by only the left 
or the right camera). Binocular points led to known disparities, but monocular points, 
occurring between two binocular points, were assigned to disparities by a linear 
interpolation. Another limitation of DP is that it is required to have the relative ordering 
of the pixels on a particular scan line remain unchanged between the corresponding 
image regions, i.e. it can be confused by a narrow pole in front of a background object 
- perhaps not unlike human vision, which may sometimes be confused by such 
illusions. However, DP is faster in reconstructing 3D surfaces. Therefore, it has been 
used in real time stereo vision applications (Khan et al., 2009) NCSM (Noise driven 
concurrent stereo matching) was introduced to estimate the image noise and obtain 
more stable disparity maps by using SPDS (G. Gimel’farb et al., 2006). 

2.17  GRAPH CUT (GC) 
Graph cut algorithms find a globally optimal segmentation solution. A graph is 

partitioned into two disjoint sets, then by simply removing edges connecting the two 
sub-graphs, we can compute the degree of dissimilarity between the two sub graphs 
as the total weight of the edges that have been removed. This method performed 
well in texture less areas and near discontinuities (Scharstein & Szeliski, 2002) .However, 
the computational costs remained high. As an enhancement, Wang et al. (2006) used 
a hierarchical bilateral disparity structure (HBDS) graph cut algorithm, to speed up 
computation and to improve accuracy of the disparity maps (L. Wang et al., 2006). 

2.18  BELIEF PROPAGATION (BP) 
Belief Propagation is another global energy optimization method. It works by 

passing messages around a graph, defined by a four-connected image grid. This method 
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disparity levels. Let ℎ𝑤 be the image size, 𝐿 be the number of disparity levels and 
𝑇 be the iterations, then, computational complexity is originally O(𝑇ℎ𝑤𝐿2). It is also 
memory intensive, providing a challenge for high resolution images at video rates. A 
standard four-connected belief propagation algorithm requires at least 4𝑁𝐿 variables 
to store all the messages and 𝑁𝐿 for the data cost (Q. Yang et al., 2010). However, a 
Bumblebee XB3 camera could capture stereo pairs with 1280 × 960 resolution and 
more than 400 disparities at 16 frames per second. 

2.19  NEURAL NETS (NN) 
The neural net community believes that neural nets can solve every problem 

and have great promise. Neural nets have demonstrated to be useful when classifying 
objects. For example, in image classification, Hamid et al.,(2020) implemented a 
convolutional neural net (CNN) for vehicle counting. They were able to classify 
different types of vehicles, using their CNN based counting system (Hamid et al., 2020). 
However, calculating accurate depths increased the computational complexity. classes  
Zbontar et al.(2016). used CNN to produce matching costs as in figure 2.13. Their net 
had eight layers, fed by 9×9 gray image patches. The first layer was a 5×5 convolution 
layer with 32 kernels, followed by seven fully connected layers. The output vectors of 
the convolutional layers (Layer 1) passed through Layer 2 and 3 (fully connected layer 
with two hundred neurons each). The vectors processed from left and right image 
patches were concatenated together from two channels of the 200-dimensional vector 
(left and right) into a single 400-dimension vector. This was passed to Layer 4 of their 
net. Layers 4 through 7 were single layers with three hundred neurons each. The final 
Layer produced a distribution of good and bad match  
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Figure 2.13 CNN for stereo matching - taken from Hamid et al. (2020) 

2.20  OPTICAL ARRANGEMENTS 
This section discusses optical arrangements used to capture stereo images. It 

starts with `traditional' two camera systems, which uses two cameras to capture two 
different images. It then discusses single camera systems. 

2.20.1  Traditional multiple camera systems 
Multiple camera systems take many forms, from simple pairs of cameras, 

mounted on a rigid base, to various multiple camera arrangements and moving camera 
systems, which simply take multiple images from a moving camera, effectively 
mimicking multiple cameras. These systems are described in texts (Kaczmarek, 2017) 
or reviews (Holzmann & Hochgatterer, 2012). Some examples are mentioned in the 
introduction, see figures 1.6 to 1.8 and are not further described here, because my 
work focused on a single camera system. 

2.21  COMPUTER BASED SINGLE CAMERA STEREO 
With the rapid development of the mobile stereo vision application in recent 

years, minimal hardware, faster response and low-cost solutions were required. The 
use of single camera stereo vision has demonstrated better prospects for mobile 
systems, as it allows compact and low-cost designs. Additional optics allow the single 
camera to capture two different views of the scene. In mobile robot applications, the 
need for multiple cameras or complex optics generally leads to physically large 
systems. Particularly in an underwater environment, where these key components 
must be mounted in a sealed casing, small and compact optical systems are desirable. 
Many single camera systems have been designed, with varying complexity additional 
optics, and they are reviewed in this section. Table 3 summarizes single camera stereo This material is reserved for educational use only, not allowed for commercial use. 
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vision techniques reported in the literature. Previous work indicates that compact 
optical systems are desirable due to the mobility of the stereo vision application. 
In this dissertation, I introduce a single camera stereo vision system that uses a bi- 
prism and a single camera. The prism divides the scene into two halves to obtain the 
disparity for further three-dimensional construction.  

Table 2.3 Previous work on single camera stereo vision systems 
Author Notes Reference 

Mirror techniques 

Goshtasby and Gruver Single camera and two 
mirrors 

(Goshtasby & Gruver, 
1993) 

Inaba et al. Single camera and four 
mirrors 

(Inaba et al., 1993) 

Zhang and Tsui Single fixed focus camera 
with a planar mirror 

(Z. Y. Zhang & Tsui, 1998) 

Glukman and Nayar Single camera with a fisheye 
lens and a convex mirror 

(Gluckman & Nayar, 1999) 

Ramsgaard et al. Single camera and two 
orthogonal planar mirrors 

(Ramsgaard et al., 2000) 

Kim et al. Single camera and a rotating 
mirror 

(Kim et al., 2005) 

Jangb et al. Single camera with conic 
mirrors 

(Jang et al., 2005) 

Mouaddib et al. Catadioptric omnidirectional 
camera and multiple mirrors 

(Mouaddib et al., 2005) 

Sooyeong et al. Concave lens and a convex 
mirror 

(Yi & Ahuja, 2006) 

Duvieubourg et al. Single camera, two lateral 
mirrors and a rotating prism 

(Duvieubourg et al., 2006) 

Li et al. Single camera with a fisheye 
lens and a convex mirror 

(W. Li & Li, 2011) 
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Feng and Pan Single auto focus camera with 
a planar Mirror 

(Feng & Pan, 2015) 

Zhou et al.  Single camera and two 
pyramid mirrors 

(Zhou et al., 2016) 

Yu and Pan Single camera and four-mirror 
adapter 

(Yu & Pan, 2016) 

S Barone et al. Single low frame rate camera 
and two Planar mirrors 

(Barone et al., 2018) 

Zhong et al. Single color camera and two 
planar mirrors 

(Zhong & Quan, 2018) 

Diffraction gratings 

Trivi and Rabel Single camera, 
monochromatic light and 
diffraction grater 

(Trivi & Rabal, 1988) 

Henao et al. Adding a diffraction grafting to 
the Burch experiment 

(Henao et al., 1993) 

Rabal et al.  Speckle pattern shearing 
interferometry 

(Rabal et al., 1996) 

Xia et al. Transmission diffraction grater 
and a single camera 

(Xia et al., 2013) 

Pan and Wang Transmission diffraction 
grater, single camera and a 
monochromatic light 

(Pan & Wang, 2013) 

Xia et al. diffraction graft assisted 
fluorescent microscope 

(Xia et al., 2014) 

Prism Based 

Lee and Kwoen Single Camera and a Biprism  (D. Lee & Kweon, 2000) 

Lim and Xiao Biprism single camera system (Lim & Xiao, 2005) 

Xiao and Lim Trinocular vision system using 
a multi faced prism 

(Xiao & Lim, 2007) 

Cheng et al. Micro prism array plate 
replacing the single prism 

(C.-Y. Chen et al., 2008) 
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Cui et al. Muti ocular prism stereo using 
geometric approach 

(X. Cui et al., 2012) 

Kee et al. Virtual epipolar line 
construction on single camera 
stereo vision 

(Kee et al., 2012) 

Zhao et al. Geometry based algorithm to 
solve the stereo 
correspondence in single 
camera multi faced prism 
system 

(Zhao et al., 2012) 

Lim et al. Geometric ray approach to 
calibrate the extrinsic 
parameters of the generated 
virtual cameras 

(Lim et al., 2013) 

Wang et al. Geometry based image 
rectification for trinocular 
single camera system 

(D. Wang et al., 2013) 

Wu et al. Modified virtual points 
approach by ray tracing for 
single camera stereo vision 

(L. Wu et al., 2014) 

Cui et al.  Perspective model for prism 
based stereo vision 

(X. Cui et al., 2015) 

Kee et al. Parameter and error analysis 
of single lens prism based 

(Kee et al., 2015) 

Qian and Lim Image distortion correction for 
thick prisms and lens 

(Qian & Lim, 2016) 

Yang et al. Micro prism array based 
compact stereo endoscopic 
camera having a single image 
sensor 

(S.-P. Yang et al., 2016) 

Wu et al.  Bi- prism based stereo vision 
for long working distance 

(L. Wu et al., 2018) 
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Chen et al. Biprism based stereo vision 
for underwater environment 

(Yuan et al., 2019) 

Telecentric Lens, Optical filters, Beam splitters 

Wu et al. Bilateral telecentric lens with 
a bi prism 

(L. Wu et al., 2015) 

Wu et al. Telecentric lens bi prism 
system error analysis and 
correction 

(L. Wu et al., 2016) 

Li et al. Monocular stereo vision 3CCD 
color camera, Zoom lens, 
beam splitter, optical band 
pass filters and plane mirrors 

(C. Li et al., 2019) 

Reviews 

Pan et al. Review of Single Camera 
Stereo 

(Pan et al., 2018) 

 

2.22  GLASS PLATE ARRANGEMENTS 
Nishimoto and Shirai (1988) arranged a movable glass plate in front of the 

camera, that created a stereo pair because the effective optical axis of the camera was 
deviated as the glass plate moved – see Figure 2.14. 

 
Figure 2.14 Single camera stereo vision using a glass plate with position 

changed by the control knob - taken from Nishimoto & Shirai (1988). 

Gao & Ahuja (2004).improved this model to capture multiple images as the plate 
rotated: it provided substantial number of image pairs, with larger disparities, in a wider 
field of view. 
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2.23  MIRROR BASED ARRANGEMENTS 
Several systems added mirrors in front of the camera - see Table 3. Teoh and 

Zhang (1984) placed two mirrors at fixed angles at the top and bottom and a third 
mirror rotated freely in the middle. Stereo pairs were obtained when the third mirror 
was aligned parallel to one of the fixed mirrors - see figure 2.15. 

 
Figure 2.15 Single camera stereo vision systems using multiple mirrors – taken 

from Teoh & Zhang (1984) 

Another simple mirror arrangement put two differently angled mirrors in the camera 
field of view, so the left and right halves of the captured image were obtained from 
different angles - see figure 2.15 (left). These systems use planar mirrors and thus do 
not add additional distortions to the images; however, the additional mirrors require 
space and precise, rigid alignments and constrain the effective binocular vision region. 

2.24  DIFFRACTION GRATINGS 
The earliest grating based stereo vision systems used a vertically placed 

diffraction grating between the lens and the test object, with a perpendicular alignment 
to the optical axis. Two monochromatic light sources were used to illuminate the 
scene, so that the stereo pairs were not affected by dispersion, i.e. chromatic 
aberrations. By analyzing the optical model, see figure 2.16, the distance between the 
images can be derived by ray tracing. 
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Figure 2.16 Single camera stereo vision system using a diffraction grating – 

taken from Pan & Wang (2013) 

2.25  OPTICAL FILTERS AND BEAM SPLITTERS 
A narrow band pass filter selectively transmits a narrow band of the optical 

spectrum. Pan et al. (2018) used an optical arrangement, consisting of a single camera, 
a beam splitter placed in front of the lens and two bandpass filters, for different 
wavelengths, mounted on left and right sides of the beam splitter and three planar 
mirrors. Figure 2.17 shows their optical arrangement. 

 
Figure 2.17 Single camera stereo vision using beam splitters and optical filters 

– taken from Pan et al. (2018). 

2.26  SIMPLE PRISM BASED SYSTEM 
The system shown in figure 2.18 has a biprism placed on the optical axis of a 

camera. Rays through the top and bottom half of the prism are deviated in opposite 

directions, effectively creating two ‘virtual’ left and right cameras. Although potentially 

simple - requiring a single, cheap and easily obtained prism - the images are influenced 
by the prism dispersion, in addition to the lens distortion inherent in almost every 
camera. 
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Figure 2.18 Single camera stereo vision system 

Various techniques have been used to alleviate the prism dispersion problem. 

2.26.1  Telecentric lens 
Conventional lenses have angular fields of view. When the distance between 

lens and the scene increases, magnification decreases. Similarly, human vision 
perceives depth. This field creates parallax or perspective error, which decreases depth 
accuracy. Telecentric lenses eliminate the parallax error by having a constant, non-
angular FOV; at any distance from the lens: a telecentric lens will always have the 
same FOV (Batchelor, 2012); (L. Wu et al., 2015). 

2.26.2  Monochromatic light 
Monochromatic light sources produce and reflect light of a single wavelength. 

Therefore, the ‘color’ of the scene remains consistent across the image pair. Since 
there is no prism dispersion with single wavelength light, this improves the edge 
detection capabilities of the image by providing sharper, clearer edges in the scene. 
Monochromatic light sources can also help reduce noise in the images, which can 
improve the accuracy of depth estimation (Pan et al., 2018). 
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CHAPTER 3  
CALIBRATION   

3.1   OVERVIEW 
Camera calibration is necessary in computer vision systems to ensure accurate 

and reliable measurements of the scene. Calibration involves finding the intrinsic and 
extrinsic parameters of the camera. Intrinsic parameters are specific to the camera, 
whereas extrinsic parameters describe the position and orientation of the camera with 
respect to the world coordinate system. The required parameters are focal length, 
principal point, lens distortion coefficients and camera orientation in space. Systems 
are typically calibrated by capturing images of a calibration target with known 
geometry, e.g. a checkerboard or a set of dots arranged in a grid pattern. Since dealing 
with the specific problems of calibrating a general, i.e. not limited to narrow angle 
prisms or a monochromatic light, biprism system, in this chapter, I discuss, first, 

calibration of ‘conventional’ dual camera stereo systems, followed by previously 

reported biprism systems. The following section describes the design of biprism 
systems and a chapter on the challenges found calibrating my system.  

Rapidity, robustness and accuracy are the major challenges faced by camera 
calibration algorithms. 3D depth evaluated by a stereo algorithm critically depends on 
varying camera positions. Two accurately known camera positions lead to a proper 
calibration which defines the accuracy of 3D depths. Camera calibrations fall in to 
linear and non-linear techniques. Linear models use a pinhole camera model to find 
the relevant parameters by solving a set of linear equations describing image, camera 
and world coordinate systems. Linear models compute rapidly but accuracy suffers 
when the real lens distortion is neglected. Non-linear models consider lens 
imperfections and distortions to improve accuracy (Slama, 1980; Heikkila & Silvén, 
1997). 

Zhang (2000) placed a planar pattern in front of a camera in more than two 
different orientations to obtain a robust less complex calibration, followed by a set of 
linear equations to find the camera parameters. Also, he used a non- linear approach 
to model the radial distortion of the lens. A planar calibration pattern approach was 
modified to handle out of focus cameras by not considering the extrinsic parameters This material is reserved for educational use only, not allowed for commercial use. 
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of the camera, reduce reprojection errors and used a target using of imperfect, not 
measured shapes, to calibrate the camera, eliminate the effects movements of the 
system that introduces changes in the perpendicular (orthogonal) relationship between 
the camera optical axes, e.g. due to slight tilts or rotations of the cameras relative to 
each other, or due to vibrations or misalignments, that affects camera calibration, 
enhance feature point extraction under varying light conditions etc. (Albarelli et al., 
2009; Huang et al., 2013; Jia et al., 2015; Liu et al., 2016). 

J. Zhang et al. (2018). also tested a camera calibration method using a 2.5D 
coding target that requires a single captured image capable of calibrating all camera 
parameters including a distortion model  

The majority of these calibrations have been applied to two camera stereo 
vision systems. The cost and accuracy of these systems were affected by the physical 
setup of the camera system. 

3.2  TWO CAMERA STEREO CALIBRATION 
Since the relative orientation and separation of the two cameras must stay 

constant, it is usually essential to capture the scene with two (or more) cameras 
simultaneously. Movement of the object will cause the two views to vary, making 
matching of individual scene points harder. Varying illumination also causes the 
intensity of individual scene points to vary and not accurately match. Synchronization 
ensures that individual ‘shots’ of the scene use the same illumination. Thus, identical 
image conditions, allowing only the view to vary, are needed to detect the matching 
features, in both left and right images, in the binocular region, from which depths can 
be calculated. The ability to match features in both images is the stereo 
correspondence problem - it includes having a 'binocular field of view' (a field in which 
matching features in both images may be seen), as well as ensuring, as much as 
possible, identical conditions to simplify feature matching (Kala, 2016). My system 
eliminated part of the hardware problem, by using a single camera, so that images are 
captured synchronously, 'freeze' motion to the limit allowed by the aperture time, use 
identical lighting, a single, common lens and identical electronic gain settings. However, 
the biprism introduced an extra distortion, added to the lens distortion, which must 
be eliminated or a method to neglect the effect of prism added distortion from any 
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real camera system must be introduced. Much of this thesis discusses a method of 
avoiding the effect of prism distortion. 

3.3  SINGLE STEREO CAMERA CALIBRATION 
Several single camera stereo systems have been described to avoid 

synchronization and complex optical hardware. Several single camera techniques use 
multiple mirrors to generate the required two separate ‘views’ of the scene. 
Mouaddib et al. (2005) used a number of convex mirrors to provide the baseline from 
which two views can be seen. Takahashi et al. (2012) used mirrors to observe three 
known 3D points of an object in three poses to calibrate the extrinsic parameters. 
Another single camera system used polarizers. Polarization was used to separate light 
from different angles and capture two views without losing resolution (Y. Li et al., 
2018). However, polarization led to a significant loss of light, creating a problem in 
calibration and subsequent image matching. These single stereo vision systems 
required complex installations with multiple mirrors or additional polarizers and 
special mirrors or filters. 

3.4  PRISM STEREO CALIBRATION 
Introducing a biprism to single camera system would solve the hardware and 

software complexity. D. Lee & Kweon (2000) used a bi-prism, with a single lens that 
captured a pair of stereo images, due to differing refraction through two sections of 
the prism - using an optical arrangement similar to that shown on the bottom of Figure 
3.1. They introduced a simple mathematical model which provided the disparity 
between left and right half of the image when the prism angle was small This concept 
was extended by Lim et al. (2013b), who used a geometrical approach to find extrinsic 
parameters of the virtual cameras created using a biprism placed in front of the camera 
Genovese et al. (2013) noted that distortion induced by the biprism could not be 
handled by existing lens distortion correction functions. Hence, they chose a model-
free approach by calculating a ‘piece wise’ function that described the image 
deformation over the measurement area. Pan et al. (2012) placed a high quality 
telecentric lens in line with a biprism to maintain the system optical axis perpendicular 
to the upper surface of the prism to ensure sharp captured images. Distance between 
the lens and prism could be manually adjusted to generate two virtual images on the This material is reserved for educational use only, not allowed for commercial use. 
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camera sensor. For a successful configuration, the apex of the prism should divide the 
FOV in half thus creating two virtual cameras. Further, Pan et al., (2018). used a 
monochromatic (blue) light source to avoid the prism dispersion problems. Attaching 
a bandpass filter to the lens helped eliminate effects of chromatic aberration caused 
by the refraction through the different media (Pan et al., 2012; Pan et al., 2018). Since 
these methods needed special setups, e.g. a custom fabricated biprism, 
monochromatic light or bandpass filters and a telecentric lens, I explored the 
possibility of achieving similar results, using readily available prisms and a simple 
camera setup. Using similarly readily available and inexpensive lenses and cameras, 
and thus some not precisely known configuration parameters, e.g. position of the prism 
relative to the system optical center, I was able to introduce a simple prism distortion 
correction method. 

 
Figure 3.1 Equivalent stereo camera system to a biprism-stereo system taken 

from D. Lee & Kweon (2000) 

3.5  PRISM STEREO CAMERA CALIBRATION PREVIOUS WORK  
In prism-based single-camera stereo-DIC systems, the imaging lens and bi-prism are 
crucial components, typically assumed to be ideal in the imaging model. However, in 
reality, both the imaging lens and biprism have imperfections due to manufacturing 
errors. Additionally, any misalignment between the camera and biprism can further 
affect the accuracy of the imaging model. These deficiencies and misalignments 
deviate from the ideal imaging model, inevitably introducing errors into the 
measurement results. To minimize these errors and achieve high-precision 3D shape 
and deformation measurements, careful calibration of the bi-prism-based single-
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camera stereo-DIC system is essential. Table 3.1 summarizes the previous calibration 
techniques of biprism stereo vision camera calibration. 
Table 3.1 Previous Work 
Author Notes Reference 

Genovese et al Model free camera calibration 
approach 

(Genovese et al., 2013) 

L.Wu et al Calibration-free single-lens 
3D-DIC system based on a 
bilateral telecentric lens and 
a bi-prism. 

(L. Wu et al., 2015) 

L. F. Wu et al Refractions within the bi-
prism were analyzed in 3D 
space, and errors introduced 
by the imperfect imaging 
model were minimized by 
accounting for the 
misalignment between the bi-
prism and the camera, as well 
as lens distortion. 

(L. F. Wu et al., 2016) 

X. Li et al one-step calibration method 
is employed to obtain the 
intrinsic parameters of biprism 
bi-telecentric single camera  

(X. Li et al., 2024) 

 

3.6  GEOMETRIC SETUP 
Several systems were used in the preliminary work in this study. These systems used 
cameras in a commercial underwater robot, modified with a 3D printed camera mount 
to which a prism was mounted as a ‘window’ between the water and the internal 
hardware. Some of the images captured in them appear in the images reported here. 
However, the final calibration experiments used the system described in Table 3.2. 
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Table 3.2 System Specification 
Parameter Value Note 
Camera Raspberry Pi camera V2  
Sensor Resolution 3280 × 2464 pixels 8 Megapixels 
Pixel Size 1.12µ × 1.12µ Sony IMX219 
FOV 62.2° Horizontal 
Focus 1m to infinity Fixed focus 
Light Source RGB  
Prism 
Material N-BK7 Right angle prism 
Refractive index 1.515  
Angle 450  
Length of legs 15mm  
Surface flatness λ/8  

 
A mount for the prism, in front of the camera lens, to which the camera PCB 

could be bolted, was 3D printed. See it in Figure 3.2 in front of the camera lens. The 
base of the prism was placed as close as possible to the camera lens. The prism apex 
was roughly aligned with the optical axis of the camera, so that the biprism divided 
the camera sensor in half. An important aspect of this system was that the alignment 
of the prism with camera optical axis did not need to be perfect – see later images of 
the captured in Figure 3.8. Note that the prism exchanges the sides of the captured 
scene image: 

A multicolor strip of LEDs, with red, green, and blue LEDs, was mounted on a 
large board. The prism and camera were inserted into an aperture in this board - see 
Figure 3.2.1. No alignment in this system was particularly critical, although as noted in 
the conclusion, the overall calibration curves would be smoother if the prism was 
better aligned with the camera. 

The target was imaged with each color in turn. 
A diagram of the setup is in Figure 3.3. The left half shows the transit of a ray 

through the prism, labelling angles relative to the edges of the prism. The right half 
shows - viewed from the top and from left to right - the camera image plane, the lens, 
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the prism and three points in the scene. Xq is a scene point, imaged onto two points 
- following two paths through the prism, Pl and Pr, on the image plane. A point, XL, in 
the lower half of the scene, is imaged to Pl, which is on the left side of the image 
points, i.e. the images are reversed. Thus, we have two virtual cameras, viewing a 
‘binocular region’, similar to the conventional stereo vision, required for 3D depth 
calculation. 

 
Figure 3.2 Prism-Camera mount 

 
Figure 3.3 Light board with stereo rig inserted in center 

3.7  DESIGN CALCULATIONS  
To calculate the depth of a scene object, we must have two views of it from 

different viewpoints (or virtual viewpoints in a biprism system). Thus, a key step in 
designing the system is calculating the binocular region, in which scene points are seen 
by both cameras (or virtual cameras in our system, since the prism makes it appear as 
if there are two separate cameras). We back projected rays from the image plane to 
the scene point: Figure 3.5 shows the biprism stereo vision system and an associated 
co-ordinate system. The points, (X, Y, Z), represent a scene point, Xq, whereas (u, v) 

represents image coordinates. The prism angle was α, d is the distance from the 

optical center, C to the biprism and f is the focal length and δ is the deviation of a 
ray as it passed through the prism 
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Figure 3.4 Model for incident ray from the left, transiting the prism and exit 

refracted ray on the right 

 
Figure 3.5 Model of bi-prism vision system. 

Back projection simplified the calculations (Lim & Qian, 2016). From the left of Figure 
3.5, we obtain, 

 α = θr1 + θi2 (1) 

where ϴix and ϴrx are the incident and refracted angles at surface, x ∈ {1, 2}. The total 
deviation of a back projection ray from the image plane, with incident angle, i1, on the 
‘front’ (base) surface of the prism, is 

 δ = θi1 + θr2 – α (2) 
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Figure 3.6 Definition of the binocular region 

To determine the binocular region, we first consider the rays parallel to the 
optical axis. Note that if the prism angle α is larger than the critical angle,  

θc = sin-1(n1/n2), 
there will be a small angular field, close to the optical axis, in which rays are totally 

internally reflected. For a 45◦ BK-7 prism,  

θc = sin-1(1/1.5) = 41.8◦, 

from BK-7 to air, so that a narrow angular field of 3.2◦, between OE and OF, does not 
appear in images. The largest emitted angle comes from rays emitted at grazing 

incidence to the prism edge, i.e. at α = 45◦ from the optical axis, rays AB and AD, 
marked in yellow in Figure 5. The other edges of the binocular region are determined 
by the field of view of the camera: examples are the rays BC and DC. Note that there 
is a point, C, at which the disparity is zero, as usual for a verging axis stereo camera 
system. The resulting binocular region is labelled in Figure 3.6. 
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Figure 3.7 Wide target viewed without the prism in optical path 

 
Figure 3.8 Wide target used to illustrate scene setup and prism distortion. 

Figure 3.7 showing a wide target seen with the prism in the path: Note that the 
binocular region marked here is a relatively narrow region of the field of view. The 
yellow boxes outline regions which appear in both images. 

After passing through the prism, rays are deviated by δ, see Equation 2. So, the 
other edge of the binocular region is determined by the extreme rays in the camera 
field of view. Two examples are shown in Figure 3.6, for a narrow lens (inner pair of 
dotted blue rays) and a wider lens (outer pair of dot-dash purple rays). After transiting 

the prism, rays from the wider lens extend to ∞ and define the binocular region, 
labeled ‘Region 2’. Rays from the narrow lens intersect at C and delimit the striped 
binocular region. Thus, designers can choose a lens that leads to a needed binocular 
region, i.e. areas of interest in which depths can be measured.  

A further example appears in the test pattern in Figure 3.8, where the binocular 
regions, shown by numbered columns, which appear in both left and right images, are 
marked in red in the lower image. 

3.8  DISPERSION 
Introducing a prism into the optical path of a camera ensured that color images 

‘spread’ due to the variation of the refractive index, and rays of different colors 
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diverged as they passed through the prism. Thus, if I wish to image colored scenes, I 
must allow for these divergences. Several previous studies (Pan et al., 2012); (Yu & Pan, 
2016); (L. Wu et al., 2016) avoided this problem by using monochromatic light sources 
or filters. However, to compute depths in arbitrary scenes, where we cannot control 
the imaging wavelength or objects in the scene that might not have, conveniently, 
narrow bands of colors, that assist image matching, allowances must be made for these 
divergences. 

 
Figure 3.9 Spectral response of the Sony IMX219 chip 

3.9  CALIBRATION OF A GENERAL BI-PRISM SYSTEM 
In this section, I describe the calibration model and the challenges in calibrating 

the bi-prism system. It describes some design trials, not all successful, but reported 
here for the benefit of following researchers, and the final scheme used to calibrate 
the system. It discusses the targets, their shapes and colors. 

3.10  CAMERA CALIBRATION PROCEDURE 
The basic calibration steps follow traditional patterns using known targets, e.g. 

checkerboards or patterns of circles, that cover the useful region in the scene, so that 
optical aberrations could be removed, and simple projective geometry based on 
pinhole camera models used for depth estimation, e.g. Lee and Kweon(D. Lee & 
Kweon, 2000). However, prism generated aberrations need to be removed first. These 
aberrations can be seen in Figure 3.10, where it was notable that, even though the 
target was held perpendicular to the optical axis, so that all squares would appear 
with similar widths, as seen in Figure 3.7, with the prism removed. 

In the lower image, although the squares had similar widths over a small region, 
e.g. the binocular region marked, significant variations remained. However, this variation 
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was close enough to linear to avoid complex inverse tan corrections, and a need to 
know the actual angle at which a square corner appeared. However, this approach had 
limitations due to the edge distortion induced by lens and chromatic aberration. 
Therefore, the OpenCV corner detector was not able to detect the distorted edges. 

3.10.1  Checkerboard target 
The traditional black and white checkerboard used by Z. Zhang (2000) - see the Figure 
3.7 was rejected for several reasons: 

 
Figure 3.10 Chromatic aberration induced by prism 

• Dispersion also caused significant chromatic aberration. 

• Consequently, the ‘corners’ were not precise - see later Figures 3.12 
and 3.13, the OpenCV Harris corner detector often failed to find them. 

• With a white light source, the vertical edges were dispersed over many 
pixels, although the horizontal edges (perpendicular to the prism apex) 
were relatively unaffected - see Figure 3.10. 

3.10.2  Circle target approach 
Circular patterns have also been used by many - who believed that detecting 

circle centers was easier, for example, Hui et al. (2009) used a solid circle pattern with 
different diameters to calibrate their stereo vision system. Simple trials with colored 
circles, matching the RGB channels of the camera, on a white background in white light 
- see Figure 3.11, so that the R, G and B channels of the camera would select 
monochromatic images, but fuzzy images resulted from the white background - see 
Figures 3.8 and 3.11. Fundamentally, all trials with various color combinations and 
shapes of targets were defeated when using white light imaging sources with the prism 
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in place. Selecting color bands using the inherent filters of the camera or choosing 
targets with narrow bands of color failed to produce desired sharp images needed for 
accurate calibration: either the target edges were blurred or, equivalently, the colored 
background edges were blurred. The use of multiple bi-colored targets was rejected 
as being impractical due to the number of targets needed and the difficulty of finding 
suitable colors with minimal spectral overlaps in the camera spectral responses. 

 
Figure 3.11 Red circles under white light 

 
Figure 3.12 Square target vertical edge distortion 

 
Figure 3.13 Circle target contour distortion 
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Figure 3.14 Visible edge dispersion of the target image in grayscale 

3.10.3  Monochromatic illumination 
The ready availability of strips of LED lights of various colors prompted a trial 

using monochromatic illumination. I tested a black and white circle target under 
monochromatic light - see Figure 3.15. Black circles on a white background were 
selected, over red circles on a white background since red circles did not appear in 
the camera red channel. The target was printed onto a 2×1 m white plastic 
background. One dot was chosen as the ‘reference’ and marked with a white circle in 
its center - see Figure 3.15. While not critical, it made it easy to recognize corresponding 
points in the left and right images when the prism was inserted into the optical path. 

 
Figure 3.15 Circle features under red, green, blue illumination 

Circular targets under monochromatic illumination showed clear circle contour 
shapes considerably similar to the calibration target under white light without the prism 
- see Figures 3.16 and 3.17. 

3.11  CALIBRATION STEPS 
Several images were captured for each illumination (R, G and B) at each target 

distance (z = 600, 700,….,1200 mm). 
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Processing steps: 
1. Images at depths from z = 600 mm to z = 1200 mm were individually 

processed. 
2. Regions of interest (ROIs) were selected. 
3. RGB images were separated into color bands: only the color band 

corresponding to the illumination was used. 
4. Images were inverted and thresholded to form binary images. 
5. Centers of the images were estimated manually and with an OpenCV program. 
6. Images were separated into left and right regions relative to the center. 
7. Targets were identified in the left and right half images. 
8. Targets were linked into a rectangular grid- horizontally and vertically - see 

Figure 3.19. 
9. Grid points were assigned indices to label corresponding targets in left and right 

halves - see Figure 3.18. 
10. Two calibration look-up tables were generated with sparse set of points for the 

points and 

11. Matching disparities, Cp (u, v, du), and sets of distances Cz (z). 
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Figure 3.16 Target image square - single channel taken from RGB image 

without the prism 

 
Figure 3.17 Circle target under red light with prism in the optical path 

3.12  CREATION OF DEPTH MAPS 
Using the two look-up tables, Cp, containing (u, v, d) points and the 

corresponding look-up table, Cz of distances, z, to create a depth map for a new, 

unknown image, I, the steps were: 
1. Using the two look-up tables, Cp, containing u, v, d points and the 

corresponding look-up table, Cz of distances, z. 

2. Identify the left and right images, I → (IL, IR). 
3. Form a depth map large enough to encompass the binocular region in the left 

image, IL, 
4. For each recognizable point in the left image at uL, vL, using any of the several 

available matching strategies, e.g. SDPS [21], find the corresponding point (uR,vR) 
in the right image. 

5. Calculate the disparity, d from the (uL,vL) → (uR,vR) vector. 
6. Locate the eight points surrounding the point (uL,vL,d) in the point look-up 

table, Cp. 
7. Using the offsets from the points in Cp, computed by linear interpolation, 

compute the required z, using the same offset points in the Cz table. 
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8. These z’s form the (sparse) depth map. 
The sparsity of the depth map will depend on the original image, the number of 
recognizable matching points in it and the matching algorithm, i.e. how dense are the 
matching points. As noted in the further improvement section, the accuracy of the 
depth map may be increased by using more circles in the calibration targets. 

 
Figure 3.18 Contours detected after inversion, thresholding and binarization; 

Note: (1) Large contours resulting from the target board edges were rejected by size, 
(2) Small targets inside centers of a large target were used to mark corresponding left 

and right targets - detected as ‘inside’ larger targets and rejected in the next step 

 
Figure 3.19 Left Image: Individual target circles linked to rectangular grid 

 
Figure 3.20 Left and Right: Individual target circles linked to rectangular grid 

to match the corresponding points 
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3.14  PSEUDOCODE 
A more formal discussion of the several steps in the calibration follows as pseudocode. 
Calibration 
for each z ∈ (600, 700, . . . , 1200) do 
for each band ∈ (red, green, blue) do 
findCorrespondences() (Alg 2) 
       end 
end 
Algorithm 1: Overall process 
findCorrespondences() 

Data: image list (Ijj ∈ 0..n-1) 
Result: Calibration map 
for each Ij in image_list do 

A ← Icj Select c ∈ R, G, B channel from RGB image 

B ← A Working image - Choose region interest: mask out background 

C ← B Invert image 

D ← C Threshold image 
locateCircleCentres() 

irj ← Rotate ij using corresponding points. 
end 

Algorithm 2: Calibration Steps 
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CHAPTER 4 
RESULTS 

I used a stereo vision method, that was able to find the depth of a scene point, 
z, using two look-up tables. The observable range of depths varied from 600- 1200 
mm due to the limitation of the camera and the prism parameters - see Table 3.2. The 

first look-up table was produced using the image pixel space Cp, it is sparse and has 

elements (u, v, du). The second look-up table has the known distances, z, in Cz, 

matching elements in Cp. Examples of curves showing elements in Cp appear in Figure 
19, which show that smooth curves for disparity versus distances were extracted from 
the images for known individual distances. To improve the accuracy of the detection 
of (u, v) target points, we were able to make three calibration curves - one for each 
RGB color band, so that Figure 4.1 shows a set of three curves. 

 
Figure 4.1 Sample disparity vs distance curves for fixed reference points in a 

row of targets. From left to right, the chosen targets were in the center, below the 
center and above it. 

These curves showed that the calibration points derived from individual targets, set at 
distances from 600 to 1200 mm, lay on smooth curves. To form the full calibration 

look-up tables, the measured disparities from all actual target points (∼230 at different 
(u, v) image points in the binocular region) were combined to form sparse look-up 
tables. Although searching for the eight points neighboring any desired point to 
generate new distance maps may be formally computationally expensive, the small 
total size of the lookup tables makes using a more sophisticated and complex 
algorithm unjustified. 
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CHAPTER 5 
CONCLUSION 

A simple calibration technique for the flexible prism stereo system was 
described. This system used readily available and inexpensive components - a small 

camera and a commonly available 45◦ prism. A simply constructed circle target was 
used to generate calibration tables. The calibration system collected a set of images 
at known distances in the scene. Processing the images identified the targets using an 
OpenCV contour detector and then located the centers.  Corresponding points were 
matched, and the sparse look-up tables built. 

5.1  IMPROVING ACCURACY 
The partial curves in Figure 4.1 show that the data from the three RGB channels show 
different disparity values, but similar patterns. This enabled accuracy improvement by 
averaging from the three monochrome sources to generate final depth maps. If 
unknown targets are imaged in three different bands, reflections from the 
monochrome sources will be, in the absence of fluorescence or phosphorescence 
contributions, themselves monochrome and not severely affected by the prism 
deviations: typical readily available monochrome LEDs are quite narrow sources 
(usually 20-50 nm optical bandwidths). Thus, depth maps derived from each band can 
be reliably averaged to increase depth accuracy. This potential will be explored in a 
further paper. 

5.2  FURTHER IMPROVEMENTS 
After examining the results from these trials, it was found that improvements might be 
made by: 

1. using a larger number of smaller targets to increase the density of points in the 
calibration look-up tables: targets only need to be visible in the cameras and 

could be ∼15 mm in diameter or even smaller, for high resolution cameras, 
than the 25 mm targets used here and 

2. labelling more targets with, e.g. squares or other simple shapes, to speed up 
recognition of matching targets in the calibration stage. 
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3. Introducing equilateral prism with two reflective mirrors, creates virtual 
viewpoints with accurate angular offset (Somanath et al., 2010). Thus, enabling 
stereo matching without misalignments. Figure 5.1 shows a ray diagram of the 
formation of the image pairs, where OC is optical center, scene point Q, QL and 
QR are virtual points respectively. 

 

 
Figure 5.1 Ray diagram of the mirrors and prism arrangement 

 
4. Using a customized low angle prism, 

• provides smaller angular separation, creating consistent disparity 
between virtual points. Thus, it helps to secure accurate depths at 
close or moderate distance, 

• reduces the complexity of correcting distortions as low angle prisms 
introduce, comparatively less image distortion compared to high angle 
prisms, 

• maintain significant overlap of the field of view for dense stereo 
matching, 

• minimize the error in epipolar geometry. 

• Therefore, formal models can be used to solve the calibration 
problem. 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



51 

 

Figure 5.2 shows the Binocular vision (BV) region of the single-lens prism-based 
stereovision system with the increasing value of prism angle θ. There is no observable 
BV region when θ is equal to 0 (Figure 5.2 (a)); when θ is slightly larger, BV region of 
the two half image planes is increasing. However, BV region in Figure 5.2(b) is too small 
to be useful for stereovision. Thus, the BV region of the system should fall in the range 
between Figure 5.2(c) and Figure 5.2(f). Note that, when prism angle θ is roughly larger 
than 20° maximize the chromatic aberration effect, making the depth measurement 
system ineffective (X. Cui et al., 2015).  
 

 
Figure 5.2 FOV of the system with the increasing value of Prism angle  

 
A completely different single camera stereovision to use quadruple mirrors. Basic 
concept is to use mirrors to split the image plane simulating a stereovision setup 
Figure 5.3 shows a quadruple mirror setup. However, there are several considerations 
as follows. 

• Precision – precise placement and orientation is required to avoid distortion 

• Optical quality – High quality mirrors are required to maintain the image  
clarity and avoid image distortion. 

• Image overlap – Ensure the reflected views cover the target scene 
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Figure 5.3 Alternative quadruple mirror system 

 

5.3  CONTRIBUTIONS 
This work contributed to the following: 

1. a stereo system using a single camera built from inexpensive, readily available 
right-angle prisms, 

2. custom (and therefore expensive) low angle prisms, used in previous work, 
were not required, 

3. no mirrors, filters or expensive optics, e.g. telecentric lenses, were required, 
4. simple optical arrangements, without precise alignments, were effective, 
5. readily available multicolor LED sources provided the monochromes sources 

and 
6. the potential to improve accuracy by averaging results from the individual 

measurements using different optical bands requiring, at most, three image 
frames, as the bands were switched. 

Further, the potential to use the simple optical requirements in underwater systems 
is also noted: the prism can be the ‘window’ of a sealed underwater housing, 
simplifying the optical paths and the numbers of differing refractive index paths. 
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