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ABSTRACT

This thesis presents dynamic responses of beam- and plate-like structures
in form of sandwich configuration which are made of functionally graded
materials (FGMs) under multiple moving loads. The analyses of such problems
are based on the first- and third-order shear deformation theories. Both
theories have considered the influences of shear deformation at the cross-
section of the structures. For the equations of motion used for describing
dynamic behavior of such structures, these equations can be derived by using
the Lagrange equation method cooperating with Ritz method and the time-
integration method of Newmark in order to find out the solutions of free and
forced vibration of the structures with various general boundary conditions.
For shape functions, they are assumed to be polynomial functions in form of
power series for beam analysis and Gram-Schmidt polynomial series for plate

analysis.

In this study, we consider the influences of layer thickness ratio, boundary
conditions, index of material gradient, velocity and number of moving loads,
external frequency and shift phases of the external moving loading, spring
constants at the supports and etc. that have significant impact on the results
of natural frequency and dynamic responses of the considered structures in
this thesis. Based on the results of this study, it can be revealed that when the
velocity of the loads increases, the dimensionless dynamic deflection is
increased accordingly to reach the maximum point at the critical velocity after
that the deflection is decreased. Additionally, the influence of distance
between the loads also plays an important role for the variation of dynamic
deflection. Additionally, this study found that the deformations based on the
first and third order shear deformation theories are different as compared to
each other around averagely 6.2% throughout considered velocity, for the

case of soft core and the slenderness ratio around 5.
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Uszgndldlunundimngn Fandeilsdduldgninauendausnlas Sendai Group 1ud
1984 fiuszmadunaglsiluussgndldnulususing 9 snnme wu ww3esufnsal gunsal
wEuThdy Fudinsunmd enneulazeIniAsIy grannnssiaslesiulsimeuay
silassangmaimnssueng q [7] fadutandeilsiduiaduasddniidasinuiinsesing
Tusuadauasimumatnfaiilugnsfinunnineilasaietaniviiannntan Ussinilu
Sesnsduaziiiou

2.1.1 Tasea¥revasiandenlaiduy

fivanegIsTiagesuenmaUAsundasandunanudasdure sTandeilsdtuiadann
fan 2 wie lneludwilvgageduuiiugiunisnszarefvesdaguyiams (Volume
fraction) snanfezldmdnnisannlasiaiisganindagmitauslag Bao uaz Wang [8]

Material A Material A

(M) hUUNDLIDY ) wuutuiule

Y 1

SUN 2.1 freeeianganleitulo]

dmiulassadredandeilanduniasanazudls 2 wuu dufessAusznauvesianiiinis
wWaguuUassgauwsaztuegsdailotazuuuduiule Awuansdagun 2.1 Faduiands



flafudivhannan 2 siiafunnseiu Tnsesdusznavazuandsiuluaniiufiafuuuyes
fan A TWaufsfiufadiudswostan B finnsannsduuusieiiles fauandluzuil 2.1(n)
psAUsEneUYRsTa Ve uNaNIziimIUABuLasegereITlos dauguil 2.1(1) ssduszney
viedumauestanidsiliiiuargnasstududnunstuiiuladdaideiies
nsmAmantinisnavesTanideilsddunsduuusaidosduasonlilagld
wuudraemnsadamanidsazeglusunuuilsiduiionaunndistuy wu fledduendlniuy
o (Exponential function) w3e flerdusntds WWudu anilldnanlideuntid Jands
larduiinldldtanileifon Ternuantfazivdsulumu suuuuilsddunisadnmansi
Uszgndlduazinisfinwegnaunnuie endlegragu dlunsiaaeunisveefiivedses
LAN$1Y NMsMUMIUABNIWANT N13da Nslas waznisduagiitou [10-13]
vuiugIunguasniNan (Rule of mixtures) AmaNsRTanUsEAVSHA (Effective

material properties) P a@1u15au1lansdl

P2PY HPV, (2.1)

laediA1 Puaz P, fis Aauautfvestaniluesifinuazlaneniudinu dauen
V, uaz V. Aodndiulsuinsvesianlansiaz Tanesiiin dedndulsuinsvasdansasd
AUEUNUSAAINssilUil

Vi +V, =1 (2.2)
drumsiivudiaesilsidusnidanyssandldiviandeilaidudnieuduldm
ogauwivaslunuide laslanizedidamenuimnssuaiesna (14 Taguuudiass
lafusnirdsfleguuiiugtunguesmanay (Rule of mixtures) légniniauelag Wakashima
uazAnz[15] Iiloar sy umAauTRTaaUsrAvinauesTandsiledtu lnofidndiuuiinnsues
wsndin (V) Feulesd

p——
Vo e 2.3
C(h+2j 23

Tngdien n AaRvlldngIulInInTVesTan (material volume fraction index) R
auautivestanazivdsuntaslumuiianie z  luvaeil h o Aoaugs Fetfuiionen
anantRvosTanfifinisiasuuUasnian lasiladdusnings annsamldlagnisunuan
auns 2.3 wazaunsi 2.2 adluaunisi 2.1 agld

P(z)z(Pc—Pm)(%+%] ‘P (2.9)



Pc

P(z)

JUN 2.2 nmswdsuwlasnandivesiandailsidulaeldsuuuuilaidueniigs

Z
Coramic-rich .

Metal-rich

hi2 i
hi2

04—=02 0 02 04
#h

10

JUN 2.3 nswdguwlasnaandivesiagdaflsidutesiin-lavelldguuuuileiduenigs

TupsdliuulasurnuauUAvesTanmunuinnununway 2) Faduluauileidu

LONBLNULLTEA[16] @3NS0 AR LARIT

Loy

P(z)=Pe" & °?

(2.5)

lauA z egsenine +h/2 wag —h/2 lagsdunusianuuuiazaiadangaiandy
sefinuanUfduiagiorsiuuulelanseln (sotropic homogeneous materials) lag

(Y ! wa (% a & o o A Y a
ﬂ‘t'm«!%ﬂ'ﬁﬂi%%’]ﬂﬂ’]ﬂmﬁmUﬁﬁJ@ﬂ’lﬁ@]L?N‘Wﬁﬂﬂm 8 ATLLNUIBU € LLﬁﬂﬂl@@ﬂz‘UVI 24
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Pc

P(z)

Pm

-0.5 0 0.5
z/h

JUN 2.4 msdsuuwlasnaandivesiandalsidulagldsuuuuianduendlnuules

mufildosungliinisudsunUasdndaumes Tandedtsitusgaratiastuanusoas
osuelfnuilsidunsadinmansiauuuilsidusnias (Power-law function) uazkuy
Herfuendlmuuidea (Exponential function) lagik 2 g‘dLL‘U‘ULﬂuﬁqrﬁsﬁ’uﬁlﬁ%’ummﬁau
il ldaufuegrunsnanslumiddonining fawvsaemsadamaniuaguuulingzs
lngseideuianisifenaiay 1wy 11u33eed Librescu el at. ¥ 2004 [17] lovinas@nwinig
duaziiteuvesmuiinunaintagideilsddunisldanitznisdafivesununyu Fanns
fuanfioudnuazinuldnulasiairsvenaiossudioiu (Gas  turbines) | uNULULe
\iossuieAnoUines indosdlafnidoulasiudiuiaiesduainie (Aerospace)  \udu
dmFvnuidoifindndafsifuiandeileidunuuldilaidusndaazuuuilaiduiend
Tnuudea asnsedumiduiulinimenassreieelud [18-25]

odnslsAmulunisusaiiiuarani@ianussansuadmuidaiifedduildosune
AavauURvesTamgalsidune eaitudnueen[16] (Sigmoid function) Tneflsitudnuesnas
Uszneuluseilsiduuuuennids 2 ilaidu duandldnuaunisrelud

1 27\ .
P(Z)=F1—E(R;—Pm)(1—fj Tagfl 0<z<h/2 (2.6)

1 2z .
P(Z)=E(F’C—Pm)(1+rj +P. legi —h/2<z<0 2.7)

leguit 2.5 uansrpaauURanUseavona o duvds z 619 o leeilnduinuess
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Pc

P(z)

Pm

JUN 2.5 MmatUdsunlasnnautivesiandafleaidulagldsuuuuilanidugnuesa[16]

Discontinuous fibers or

Particle-Matrix whiskers-Matrix

Continuous
fibers-Matrix

- - L=
° b . . ? ‘ ‘ ‘ | ‘ ‘ ‘ | ‘
- ) = [ R 4 ‘
o ! L " e N |
. - '
) o | o= |
. ' - -
. - . ‘ |
- ' - - e ‘
L] - - .
Particle composite Unidir ecnoml discontinuous

Unidirectional continuons

fiber composite fiber composite

A

\d

Randomly oriented
discontinuous
composite

Cross-ply or fabric
continuous fiber
composite

T T

UM 2.6 lassaiasvuuianaaulndnuuunusy

2.1.2 auauvAnInavasTan ety

lassaseiagmenlndnfessuuianiiusenouniseinusenaudiuiantadlsenauiy
LasmsndnTanmeulnanielilinuaudfivesianimangauiandnsunislidanuanizau
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furzuanssannaniidudeieuuulolansedn vssdnsnmidenauasauausivosia
poulnAntuazdueg fuvanedu fegady anaudfvestan sUnsasnanszneveuld
s datutanaeulndnazineglungunintanlidudofsnandutaquoulolensedn
Tnonndnuazdid ey 1wu Usunms thwiin msldanu armufeuss aramuny LazAUNUa
Fowinfinnsanidelitanaeulndn Yanreulndnuuudafuuszinneng q fnulunuided
sihuuniugnoonuuuuiiiieldlutnguszasduaznisldeuiiunnsstueenty sogagy
LUUYENgYeseynA (Partical-Matrix) iéulefilaisieiles (Discontinuous  fibers) wagism
ndudulesieriles (Continuous fibers-Matrix) fauanssgud 2.6

defiansandeiagdeileidugaldfaidusnmdslunsiasuiasiaudfvesan
pauuilag Sawfunguesnisaawtan fafuaunsfilddmsumumnuaniftanusyansug
Tufiemnanuuuala q wansldfeaunisd 2.8 - 2.12 dunadfiuiaunsaudivesaniianun
Huiladdududuildndiusinasvestan (n) Fslfifieszyesifuduensdusznovvesian
M9UIT8Y09 Gibson arany T 1995[26]

E(2) =(E,~ Eb)(%+%jn+Eb 2.8)
W(2)=(v,—v,) %%)nm (2.9)
a(z)=(, —ab)(%Jr%Jn +a, (2.10)
n(z)=(n, Ub)(%% n+77b (2.11)
p(Z):(pt—pb)(%+%]n+pb (2.12)

Tnefins1dnes E(2) v(z) a(z) n(z) wag p(z) wanafeA1uoAAAYDIAINY
ganeu dnsranive Adulszansnsvenefiesananudou Anisihenudeusazen
ANUVUIRULYBITAR AINAIAU dausdvies t uaz b mea@mwuﬂamuuuuavmuma
AUAIIU

MN@ENSA 2.8 - 2.12 ot luuszyndldiuianideilsdduiiviann Yan Ainay

q

e

semngsiindulane laedegranimualvrisiuuuidussiinuaziiaiuatadulans

1Y

MTuiaiuanvesianundldfvies b Azgnunusietanians (Metal) Javzlddyadnval

A7)

EN

v |

fiavies M unu Tunsndudurinuuuaglddyaianual ¢ (Ceramic) uWnusiiiee t 1uniuy
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Z
ceramic
+h/2
-h/2
metal

o

sUN 2.7 egruansdeiiinvesianealaiduniidiunanssnitueniinuaglans

Aananeiiinnugun 2.7 asiiuldindl 2 agedsznine —h/2<z<h/2 faiuen

a [y a 1 {

AuauURianUszansrHavesiandeilsidunddiunausyninuesfindulaveaiunsouanala

E(z)=(EC—Em)( Jn+Em (2.13)

v(z)=(v, -V, )(ﬁ+%) +v, (2.14)

a(z)z(ac—am)(%+%j +a, (2.15)
7N

)=(n.-n )| =+= 2.16

n(z)=(n, ﬂm)(h+2j + 1y (2.16)
navl

p(2)=(pc—pm)(ﬁ+5j S (2.17)

NN 2.13 - 2.17 &unalddnan z Aty (+h/2) deluunuly
aunmstdufaglianuandRvesianiiiuesin 100% warlunianduiu a duvieia
d19 (z=-h/2) Aezlimauandvesianiulany 100% 1wufu daudn 2 o dumis
duq fezidumnuantRtaniifldiunaussninassfindulane JeianBeilsiduiilddunan
sewhaesinfulaveiuinisussendldtuetsunsnans(27-37]

ogslsAnmiduniseiniimsudeyaiiusiuguieiduame susraaznisnszaela
voseynalutandeiladdu fnadansaireiandeilsiduiiunnsstueisaslvsuuuunis
Wasuudasdnadrunaniiunnsnsiu éfeﬁ?uqmamﬁ'ﬁi’a@Uszﬁm%maiuﬁuﬁﬁﬁmimwﬁguG’Taqgﬂ
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UsziiulnglFuuuiaomadinmansfioguuiiugiunianszanedlnedndiuiinsuas
gﬂiwq‘l@ﬂﬂismmmmLWaViﬂizma I Mori kay Tanaka[38], Benveniste[39] uay
shen(9] \unilslunuudrassiivsylovilumsuszifiualugdaUssandua  (effective
moduli) vasTan lnefuuudaesimnzdmivagdeilaiduiluifinasumindrodouas
waoyniaiilddeiies Tnefiinideunmnelvaruaulaluuideduazuszgndldlunis
wAdemmenudanania q Wy nsleseinisiauarnisduagiten (Wu and Chenl40],
Ansari et al[41],, , Rezaei Mojdehi et al.[42]) lng38n1smaaudaianUseansnavadlys
wazyunzanansnuansldfaunselud

Ke — Km = Vc
> - K. -K
Kc Km 1+Vm 074”‘ (218)
K,+=G,
3
Ge _Gm . Vc
Gc _Gm 1+Vm M (2.19)
G, +1

A1 K, war G, Ae UaAuendaussansna (Effective bulk modulus) kagnaiansa

\Reulseansua (Effective shear modulus) muasu @ K , G., K, uag G, Aaen

UaAuannauazenaadaurasgisiniazlan: mMua19u ManantuENsannALegaaved
AnuBave ULz dnsamlslanuansauni syl

 9KG,
3K, +G, (2.20)
3K, - 26,

= (2.21)

Ve —
2(3K, +G,)

2.2 nszuluUMsAsIeTaqderlandu
msafetagidsilaidudulneialuudsilinates uiisiteudeg fedu 3 35 fo

3%'m'§Lmaﬂ?ﬁmaﬁa@meaw%’jumau (Multi-step  sequential infiltration technique)

ABn1snudanwaITeu (Thermal  spraying  technique) LLazi‘J%ms%ugUé’wm (Power

metallurgy technique) muanau @sesunglansseluil
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2.2.1 FnsunsnIuvesiaauuuviargdunay

Compress oal .
Polyurethane 203 slip casting

—>drying

foam

l

180 °C —
/' [
[ ]
Plaster mount
(n) Sumouit 1 (@) Fumoudi 2
Burning out Infiltrating
foam & Sintering Epoxy Resin
ceramic
PR

7
)

RN o

="
‘b & ﬁ) & Silicon mount

(P) Yupun 3 () Tumaun 4
sUN 2.8 MyasedaneilanidumedSnsunsndunuunanetuney

u

Axod3

Brrstaansmiunldifeatreiagdeilsiduifinsuaunauiusswinagues anld
pgraINuane L Ceramic-Metal, Ceramic-Polymer, Metal-Polymer wavdu 9 lesan
nszuIUMsIiTITaguies (solidification processes) yosiEmsiifinautaueneanainiu
ogstau ilolimnzanfuusias TanThinnsaniy Tuvasisnnsdu 9 lilaunsoudaen
nsruruNTEld iialhAnamd laieifunisadiatanBeilsddulasisnnsduniy
fi915a3UT 2.8 LLamﬁaﬂﬁzmumiﬁgﬂmmLﬁaa%ﬁqi’aﬂL%qﬁqﬁ%’u%Lﬁum'ﬁwamﬁuiwdw
Ceramic (ALZO3) - Potymer (epoxy resin)

mﬂiﬂm 28 Funouil 1 Lsumﬂmsmmmqummwsu (polyurethane foam) 14l
armuinsiulasldainiou (Hot wire cutter) uagimlasihildluiiunszuaunisdnion
(hot pressing) #egaumgiivszanm 180 ssmusaidoa unan 1 daluadtelildowiiid
ﬂmwmwi']ﬁ’umiﬁmmwmLujucsmﬁ’u ndsanduimesiiiiunszuaunisdadousng
Bosfududu q 1uLL1Jqummmmﬂﬂuwmamai T,mfhﬁLim’m%umwmummwmu,uu
wnnlUgaduiiaumuuiiutios funoudl 2 dinaesdn (Al 205) Almsnaniuansiaiivad
wdeliAnmauisiamugns damaduusiiuuiasddosliinesnumanfudlgsdou
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fifugnsuresonit dWelAnmsunsnduiifnniuivuulundfluiosagyaine el
sunsnduogsanysaludafidoddinaseliesdnutdaasrlflafunuiifidunaunes
wsrlinuagresthiifarumuiuiuuansety anduduseudl 3 ihiunudluenigumgd
Uszana 800 ssmuwaldea erdanesihneluis niandagldfumuiivhinanesiin
fiflsnguuarurussfiniifisnguiazdewiunssuaunislininufoudnads (sintering
process) fegamnligaUszann 1,400 ssrieadoa Wunan 1 Halus ifieliAnnsuds
fhegrsauysaiuarnszuIunIsaaTing (Gunoud 4) Ao thiunueniniitisnsusazuded
oty sallundunsinuuivianandalay mﬂﬁmamﬁmgwquﬁwwaaLuaﬁmm (epoxy
resin) Sstumeuiimsiluiesgmyinmamduiu Wenedwesudet qavinefagldduTaniivh
nnwTiinuasnediosauanafiguil 2.9

Al;0; 100%-Epoxy 0%

Al,Osph
ki % Al.05 70%-Epoxy 30%

Porosity phase

AlLO; 40%-Epoxy 60%
Epoxyphase S

Al 05 20%-Epoxy 80%

A'zo_r, 0%-Ep0)(y 100 %

Ul 2.9 YanBeiladduiiddrunanssinasiintfunediues

307 2.9 wandliFunmtdavestan Beilsiduiiadretumnan 2 Yagie W
fnuagnedwosaznuinduvugaaziiudunlsnndunauvesssiiin (1) 1nniwed
wof (Edmauns) wagdnsdamnaensinigees q anasuiiuszanadesgaiidiuans T
yauifEfudunavomeame ez imauusasludaduiingsiuda

2.2.2 |MsWuTagmaiiou (Thermal spraying technique)

\usniBmanileiifesnihanldiunsaetagdeilsituiiviiunanesindulans
fio TnawuTanuaadou msaietagmeisnmstasdounisusamdiunavesteTanluus
avtumeurasnITHULENDENAINAY Bnfaegnay mﬂé]’aqmi%y’ul,t,smﬁu 10 % vouw37dN
(ALOS) waw 90% voslany (N) Aazdoamananiulilumvusvils daududu  fazdomas
WAy LmJLLsmmﬂﬂumummmaqmwlmaaﬂLL*U‘UI’J iiolinatanluusaznvuziinisnand
auysal Feiudioserdoiaioman (planetary mill) Tagliadoshaufienuiiiseutssun
150 - 250 soUsioundt Wunan 12 $alus ndndufifaamanluusasnvug U lianm
You ilewasunnaananiiiundinaroiduiannauiduveanaifousie Oxy-acetylene
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Flame uazsiuasuuiiuimiiiniouly luwasturesnismuazdesendeaudsedaluns
wiu iieliiAnnisnszaredin detaawaulunisnuadiusniBuifsznarsifuvesuds
n¥sniufanansonutanlufudelldfedandiunaudu 4 nssuiumsiomavesisng
wuSanumandouiioadataniBeileridu fuandlfluzui 2.10

Dry acetylene Dry acetylene
and oxygen and oxygen
pressure pressure
K;:- [f;_'_
A v
ifl“r“a._“, Y ’,'Jif_h.““‘f_‘i‘?/
s |7 el |
Y KT
- =)
ol " i - Hot spra >
5_, Hot spray —_ a_ p_,y__.a—j
e PR .

N1 substrate

Ni substrate

sUN 2.10 nsrvaunsasdaneilandulaeisnmsnuianmaifou

2509 agﬂﬂiﬁugﬂﬁ’wwﬁﬁq (Powder metallurgy technique)

mMsadieTandeiladduieisnistusuMenstamduisnisiidnnsldautuogig
univiane e nisnnstlannsamuesesdusznevuasiagdludaefineuagaruinsniy
sufdndifsstuiudiulassaiiiioonis TnsiBnsasetandeilaidudmiuimsiiold
TufuAmsaissavsamuazidelsiusulusmunssdniieududeudesveanszuiu
Sawfieufuitnisdu g lnglsmsiansauansiunouisnistuguTagdsileidu duandly
sU#t 2.11 lusegrenisadedanBsileriduninmsaanszning Ceramic (Sic) - Metal (A) B9
Tuthswesmaedentananunsoililagldnssuauniafenusumaniontanluusasures
BnsviuTanardeutiude wisudunauisaiulilusdaznvuglagnanlidifulagld
\A3eaNa (Planetary. mill) windsannldnamwanveaiaaudrliilumluniuuuivhunain
wiEnnd Tnsmamagdeanmudifuvesdrunaniliaeniuuly WonmanvesTaniamuagn
wadlUluwsifuiuuuEsuiesudfasdoniuuuuiivssgefandlunadadietestunisifng
nyuneluiloYanfoussszann 500 kN ndndufivhiniséreudauoonanuiuuy il
Wingnszurunslvianuseumegaumgilas (Sintering process)

TagA3nssng 9 MAstestunsaietandeilaidunuilinaaliludisiu wuid
fofuazdoidefiunnssiueenty Wy nsdiBnsunsnfuresanuuunansdunouannsaly
nadnETRluN s TandeilsiduiuTanmaneussian uitinssuaunsuazdedldinatlunis
wdn TururiisnsiutanarfeusiadesnrfemnuduigriogunsaivagluFesnismy
vosTanuielilétandeilaiduiiiannin dwsuiBnstugufensfaneldinduisns il
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mududeusnninuazasnsalinanadmiunisaiadandailaidula usazdesiondues
Fanmhuwaulvidigavasuwadlddeiuunniuly

100%A
10%5:C

(A) (B) (C) (D)
90%aAl 80%Al 70%aAl 60%Al
10%SiC 20%SiC 30%831C 40%SiC

L ]

Al-51C powders in each bottle are mixed.
dnied. and blended for 12 hrs in ball milling
machine with rotation speed of 150-230)
rpm. and then lay up the powders into the
die and punch as followings

: |

iii\ii i ii'iii "ii

4

oOom

The lavered specimen 1s compressed in
thickness direction with force of 490.4 kN
to obtamn the green compacted specimen

3

Sintering at 550 °C for 3.5 hrs

JUT 2.11 nszviumsaieiandaileaidulagisnstuguaiensdan

2.3 1ASIASI9BUULYUAIY

lassadswuungusindulassasiswuunsulndadedivmdnui asvulaenisils
WAUNANNTAUMUIRUUAITENINUHUUTENUUURALT AN AARITUN 2.12 wanslaseasg
wruaIymily Tnefdunnunansvedlassaiisseinniannsaesnuwuudentdianuansiiiu
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sanilududnisiluuszendldanu lnentuinunarterviunainianiiewevisedanmey

e Fauanagun 2.13

Face sheet

N

Core

-

Face sheet

sU#l 2,12 Tassaiauuuisudie

n3UT 2.13 wandliiiuinlasaduuuneudilsdsiuununatshandansing 4 fu
Tnsanautitensanld 2 Vsslavmsdnuoi fan fio Usmavduununansiteintan.idoiien
i Funaunansvhanidalsl (Wood core) wiaduununansihainlyiu (Foam cores) wagdn
Uszinndetunnunanaliulaseadis Wiy dunnunatanuusits (Honeycomb  cores)
wnuna1akuugniln (Corrugated cores) B9AUTENBUNENTBILATIATNULTUAIYAD LNUNATY
Fadunumdrdnielassaiisianusudivdsdesfianuniasuiivane fagdnuiseezring
sENaALUSENU nanfedimnuasy fumunisiasuilassuinenusadeuldd Tand
dnidenldaiidassadisiuunaunivainnsanvseontiiu ¢ Yseinnlngeiusinves
WAUNANN AB Honeycomb, Cellular foams, Balsa wood wag Corrugated core

(n) Wood cores () Foam cores

(m) Honeycomb cores (4) Corrugated cores

[

JUN 2.13 Aseasnuaumivnianyaetuinusg o fu
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2.3.1 AENURvaslAIEs1ausUAIY

%@ﬁmaﬂmqa%ﬁﬂLLUULL%uﬁﬁmﬁaazﬁmmwﬁqLLSQQQLﬁaLﬁwﬁ’Uﬁmﬁ’ﬂ AaLangsiagy
4' =1 [V 4' q' 5 ) 1% a @ 49{
7 2.14 9z ulai o AiLANUNUIVDITULNUN ALY LA AT 985 19T AU BTILTININTU
AnEIAURazE NIRRT B RNTugundadinsiiium uvuvesiagununals tne
Pninveslaseas1uiuduanios

Only Face Core Core Thickness (3t)
sheet Thickness (t)

T

at

.
= +
3
Stiffness 1.0 7.0 37.0
Flexural 1.0 35 V.
rigidity
Weight 1.0 1.03 1.06

UM 2.14 malSeuidisuanuudusinelivinues Tanuauniy

wHuUsENU (Face sheets) anuisnidenlddanlanainuate lnederimunsiig 9 Tu
NTRNLUVENINIaANYITIazIBealanuiosuIelag Zenkert [43] dauAINISIALADITE AT
dosiasadmIunIsoaniuuuUsznulinInalUl

. AL

. NUPUATLTIENES

. NUNIUABDLITINTZUNN

. NUNTUA AN NE L INEDLLAT AR
. FIUNIUABNITANNTD

AnanTARnaIN i swuansanullutaniivhinaiasiusnuvestassairsuuuusudie
FsonaviunanlangiFeslavy uiulsznuiiviananlanssinidlavgusiu dofivosnsldusy
Unniilavizde dunui farsudausuazauudsin waslauantflunisiuusanszsunngs
dnurulsznuiidonlifanussianilililanginidonldannonlndndszinnneduesiady
Irwes FeazUsznousodulouazumind lagludumeaduloduenalduivionisueu iy
Towandagsutuaning leisnmsndniieadisTanneuindnussand nmnmuadulely
fienefifunsevantuiinadoruuduseadaseaia

2.3.2 A58 519U uAIv N Taa Banendu

Tnssaraurusivanagdsiladdufidulassairedndssinmmilefifinngiaunde
ganInlasIaIuUULTURITLUURIAY Fuandlugud 2.15 Sausznouludredurasiy
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Usenuuuazans (Face sheet) Nignasnsliuunainianmeulndntufe Jagulaiduddnag

¥
=] a

floudendt FGMs  uazduvosununans (Core)  gnadtsdusnannianussianideniion
(Homogeneous materials) anuddv FadyfAedesiulasasrsnonlndauuuaifiunds
flessasauuuugudivdy Wy n1svanasn n1sviansouveningliiued mMaunniiives
wyiEng «as [44] ndapnfananannsavanideddlagldiandeilaidu Welassadanuy
weuaI¥INTagdailanduegarelanisivanusziands 9 1y IMann1uuuIvINg A3
fuazdiounagivanuuundoui vav \Wudsddyesabeiiardosmanisaidnuaynisvheu
figndesvedlassadausudivannTandsileidu fafudeunmsirasdasasduiufemsu

Y

WBnsmauaudivesian lnengnsniauattRuseENanauedlATIas b UULIUAIYIIN

[

Jandalantuanusonandlasanaluil

q

h3:+h/2 N YN 777 -~
FGMs
h,
Homogenous
hy
FGMs
ho=-h/2 N A . BRRT Pa (0 B .

5UN 2.15 1A5aa31auuuuauaInn Janidelendu

ngilafdusnids duidungildfuegisunsnaisdmitlasairauuuisusivan
Saqudaiteituias-a6] dehesnafifiduununansiivharainesfnuazusiulsenuuuuazans
Hutandeilaidu esifinuazlave) Taefisumisistusnunaisezfuesin 100% way
Waguwasdndumswanaunatsidulang 100% ﬁﬁaé’muaﬂmmﬂgﬁqﬁ%’uaﬂﬁﬂé’a R
Trssadsussaniidonitusnunaisuds dssnununansszneudemaesiin 3U 2.16
wamsnmaiasunlasesnmauifvestandmsulnsasaiiinsdiuammiusastuiuy
1-2-1 (@ndaumnuvinduuL-inunana-snua1s) Taefiannsauanidnaiuyiunsvo s
findsaunisaelud

0 7 Ny Pl i -

4 (Z)‘(hl—hoJ zelh, 0]

VP (z2)=1 zelh,h,] (2.22)
©) h, n c

V.o (z)= (h _hgj zelhy,hy]

lnefiAauantfausydnsua P(z) awnsamlaaingns

P(z)=(P,—P,)V,(z)+P, (2.23)
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Volume of fraction of ceramic

5UN 2.16 uanadndiulunsveseslniilidnsdiuanuruiidasduLuy 1-2-1lassaing
WUULgUMIBAINIER sl dunnang Henduening a4 7]

0.6 4
0.4
=, 4
02- i
——702
AT
R 00+ 1
-0.2
-0.4 4
-0.6 L T T

- T T
0.0 0.2 0.4 0.6 0.8 1.0
Volume fraction of ceramic

5UN 2.17 uansdadiudsunnsvesesliniidnsdiuaunuIdasuLUY 1-2-11assaine
WUURIUAITAINIARLTeilandunung fleidutendlmuuisal47]

ngilsiduiendlniuwiva dmivlaseaiawuunsunivfds] Inslasadiaununai
Uszneumewsiinuazuiulsznuvuiararsdutandailiduiahanesfinuazlavs Tag
ManunsauansdnauUIuInsveseTinuaniegun 2.17 lnvaunisuanalasaluil

V() =(22;1:1J 2, h)]

V() =1 ze[h,hy] (2.24)

vc‘s’(z>=[22‘1j zelh, ]

2h -1
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IngiAnuautAvsydnsna P(z) awnsalaainans

P(z) = Pe[ )V(Z) (2.25)

ngilandudnuess dvsulaswaisuunsunivfa) I@aﬂguauﬂimaulﬂmaﬂwnu
wuuenids 2 leddu ngrilsdmiudruveausiuussnuuuiay ﬂgwaaqmmmmuﬂimumq
npuesividuinuesdmldnivdmiudeulvlasaauuusudieiidaunisdetl

%} for z[hy,h,] where h, =(h +h)/2
—'h

V(z) = o.s[
ml

VO (2)=1-05| 2=
hml _ho

] for zefh,,, h]

VP (z2)=1 for ze[h,h,] (2.26)

%} for ze[hy,h,,] where h,=(h,+h,)/2
2

vO(2) :1—0.5(

m2

vc‘s)(z)=o.5[ Zhs5; ] for ze[h,, hy]

hm2 "y h3
LLauLLﬁﬂﬂﬁﬂﬁ?UUﬁﬂﬂﬁ]i%@ﬂL%i?ﬂﬂﬁqﬂﬂaﬁﬂﬂ%u‘ﬁﬂmaﬂ 6193 ‘U 218

06 -
044
024

0.0

z/h

-0.2 4

0.4 -

-0.6 T T T T T T
0.0 0.2 04 0.6 0.8 1.0

Volume fraction of ceramic

Ul 2.18 uansdndiuUTin e infitdndumuruusasduLuy 1-2-1lnssadng
WUURRUAIYAINIaadeilandunung flandudnuesn(47]
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awv o d Yy v ey % % o
2.4 \'i"l‘L!'JQEJ‘VILﬂEl'J‘UENﬂ'UﬂqiﬁuagL%Bu%@ﬁiﬂiﬂﬁiqﬁﬂqu‘ﬂqﬂiﬂLL'i\‘iﬂiS'VI"ILL'U‘U
4 d
LAGIDUN
N1SNUNIUITIUNTIUALIAUNITANYINGANTTUNATRVDILATIAT1IAUABULNES
4 [ dl' ~ . = k% = & !
MelausensgyiuuAaaui (Moving load) tiesainlassasitsaudadudiuusznouuss
lassaamadmnssunddsy nsuszgndldanumadamnssuluiiuniig q Jalegraunsvany
MINTEN1T5995UN ST IMULaTRAIdAS (Static loads) waghuuwama@ns (Dynamic loads)
[50-51] NM153ATIRNNTELIIMUUNATR (Dynamic loads) MiiAgadesiulassasisaunulaly
PUMAIAINTFUNINAUIATIAT19I3NT5UlE5 a2l ATIAS 190LATRIINTNAAIN 9
11 N13LAROUNVDITALUAVUALIY N1TAFBUTIVRITAINULIZUUIIN NSiAGeUNTaIInqUY
LASW M3LAdUTvesTuddn o lugunsaiBidnnsetind N151AROUNTOIMVURUEUAULINS
« a A v ) v o ) Y
WuLazdUY 9 MAeTed [52-53] lawinliudammnlassadnle 9 Suniszusswuunaingg
danasion1side sUgininlaseaseisunsElstuvaineans Saudinvunveausafiinnsei
windu MidilesanluludvespnuaesAiuigiundeiinisiasigntyniuunaans
woAnssusanatintsiigaulilunisAnuives Chaikittiratana wag Wattanasakulpong [54]
seaudAgeslaui dniderate 9 vinudslaruaulatazinis@nwideymiUszianil
Tuanrunisaliunnanefuly desaluefnauisdagdu dwnaslavansdalulunisnuniu
17304n5501UATAL
Kahya [55] lovinnisAinwmgAnssunainvedassadisauluunuuiing s
Fu 9 Masuiaamedule (Fiber-reinforced composite beams) &agnelinisnseiinves
A « v < P e =Y A = Y
L3aniinnseaeunAIgAINsIA Wasanlavndnuluasstiluianuuuiinisise e
Jutu 9 dawddaneszdeuisivludieduud lnvauyfilinduvenisdesunmanzay
WaNAINLFINUNISANYINGANTIUN I UNA TRV IAIUNTNITIaSuAaInledulely
warnuansunauiiulsylvviuaziluiuguiidrrgydniunsimuinesenluinednus
atull FeunanuingstesivanuidelunguilansoAinwiisiuaniena13819899 [56-59]
1 =3 Ao w [ a A« a ° v & A A a 1
agalsfnrudaymndfdyvesianreulndandnisesumanduty 9 vienieni
Tanpaulndnwuuaiiiug (Laminated Composites) asnulgvinsuenduladnaiiiasunise
L5aNHvEINge Laglan1zeg1989iloneI50TUNITERTIUUNA TR N1TILATIENUATTIADS
anun1saleng 9 Nanusaiadulatuiagaeulndauuuaiiiiug Jausafnwiiuiiule
1NLBNE15971989 [60-62] ivenndaymianpeulndnlvdanuaiunsauinduiag mindym
n1swentduiovas dedudndudeddduuifnvesiandeiladdu (Functionally  graded
materials, FGMs ) Aifnualnianiinisiaeundasdrnuaudivionisnaunauiuiuuiisy
oA = oA °o w1 1% N v ! Y a a4 v o
wuusiotosdsdunumdifgsonisundeyniils [63-64] drululenarsorsdaiiieatesiu
Tandailenduilaznafensyuiunisasiedanlaeldisniseng q nadwsvesianila Auaudh
AIUAULTILTY TITINTATIZATIaUiamAInaUAe o Weodriandeilenduunadne
Hulpsead1amsicngsy AUUAIVEI8RUURATEINITILATIZING AnT A Tnuaan1uTivi
N Tanailendu JlimnuiiaulasaslatinifevarerinulainisfinwingAnssudng
Feazannsaanslanaluil
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Simsek uazAnE [65-66] IaRasanmmneuveInsduasiiiouvedlasiadnemui
vivheYanideilsitudainsdsuwlamesuanifvesiaglufisnisanamuiveslassaiig
AuuazAuiinissesiuniszussuunainluvate q Seuly nufiniszusefingzyiuuy
\deuiidas nenandinifelunguilfnensnanisifeludstigmilnalnniu wu lu
lonansenadadl [67) Mdumsinwimszerlisvesaunieldusansgiuvuindou Tnefinu
yhainTamdeiladdu Tnsdmualinsdsuulasmestagindunuuuiriuenivesaiy
miﬁﬂmﬁwudﬂé’\’%ﬁﬁﬂdauﬂ%mmsﬂaﬁa@ﬁﬂquaﬂﬁqmiLU?{wuﬂaaqmauﬁ’ﬁmmmmm
EJnmuﬁ?uﬁmmﬁwﬁmﬁawqﬁmwwai’mmmuﬂwmwiﬂuaéw?jq Khalili wagme [68]
LpldiBnsvesnsnaukaIusenieselouisvesing (Ritz method) uay DQM (Differential
Quadrature Method) tteudtlaymmsduagiiieunvuisduvedlasiainsauiiannianids
flsituiloagaiolfusenszimwuuindeud uasluuidoves Malekzadeh  uaz
Monajjemzadeh [69] lﬁﬁﬂmsﬁﬂw@w%wamaqmﬁLﬁmﬁmaaqmmﬁﬁdqwa@ia@mamﬁ’ﬁmaa
Tandeaflsidudmsunuy Tasnsfintuvesauniandsrluszouidesanmafiniuves
gampiviliszeznszdanienislinswesmunvunadaiinsasunasivegiann il
Wisuiieurunadns fulasiasiaudieg eldgamgivesnienislifarsandvinaves
oumgdl drudvsmadu q A destungAnssuvesnuiivinanyanideilsdtu Wy nsiises
uannvsnuRataguaytoulunissesduluudangunaanauannuanandeileidu
lefinsdnfinnsanlulenanséneded [70] drfudaun Esen wazame [71] loldiladdudn
uegd (Sigmoid  law) LilemuanNsIUAsuLUawesnmaNTAvasiandsilsidululaseatng
AulazlfinsAnvmgAnssumenarmansvesnunteldfnnszisanuuiadeuil souile
Anwinsidesvvesauaintagideiladtunuuiiinisudsuutasgusrsbilfudadu
(Geometrically nonlinear analysis ) Simsek [72] Junisiwssimsduasiteunuulddu
Badudsldanuduius von-Karman’s non-linear strain—displacement relationships e
a¥rsaunsmuausruusesatuinielinissusauuuiedend danuiteduiuan sany
LANANITRINAANE ATzl LAu Lag il dudadudstinuumnanegadiulddn Tu
n13Anw1ves Abdelrahman  waraquy [73] levinnrsauydlianuaindandailenduiinis
L‘UﬁsJuLL‘anm@mamﬁamaﬁa@ﬁy’qaaaﬁﬂmﬂ (Bi-Functionally Graded Materials) 1fufionis
WaBLLUaIRNLLIANNEIA UL ALLLIR I kA lAR A s sEaE AN SRS AR
AnTunnsieTeius e deuiivuniumeni nsAnwBnENavesgungilagniiun
finsantulassadreauivhuantandeilsidulae AfinsasuasesnnauifvesTan
MALLILNLANNEIOYNSEB ST TR LU UNATLAL AN Te S sTlAR DU UATUAY
nsANEIUBY Wang ay Wu [74]

IINNINTIFUITIUNTINIUBANNUIINSANYINGANTTUN NG IaVToNeNarEnNT
vodlassadenuantagideitaituduiinagiinsfnuiameilassaanuitadsnn fand
lefdurindunarlilddnnimdnnisvesfandeilsddumaiindulaseadoueudiv
(Sandwich structures) TuvaizfiauAdedlndiAsanisfionsanlusuuuuresnuLuuLEuAAY
AemsAnwues Simsek [6] WhtluuaRiidestnvesnisldniszusdlauaiiie@ous iy
FeiuluAnednusetuifuatuiefnuluddnmntuinfulasaiseuuuougudiy
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INTadeilandy Wen1ssunmszlssuunain Ineseazdenaznanisdeluludiuvesilom
Tuunse 9 U

2.5  91UWMNIVINUNISAUELLTaUVDILATIAS 19 UU19N8TALSINSZIN

LL‘U‘ULﬂgau‘ﬁ

dmsunsdiveslassairsluguusuuisivhanantagdeiladduiifinngnszsiainanse
ussmataraidnisindouiivagldindeud Tasannsouandldnunisnumuissunssuves
Anenfinudatull Roque uwazamy [75] 1al435n15999 meshless numerical method
dmfunamdmeuresszanszdniosain nsslnanuuunainveuiuuisazusulds 7
a¥1991nTandeilaidu Tnoflugrureamguilédnisinnsuinindounuuuadneiig
uenanidshmslinsgfarudulufiamaig q Aluegfunaiufednaiusdlen
somsiizimudsioll nsl#Bnsfilnsnauna sz svseynsIYiFeuas
ahaddefuiiondtyviriefnyingAnssumanamansvesukuunaan fandeileity
lagniwunlae Akbarzadeh — uagAae [76] Weuddgymdnanlaesiuerdvinaveanis
WasuwUasesguvgiufinnsandieiuiu nadwsanisnisidlinadwsiigndeuile
Wisuileuiuisnstu q dvudasilunuideves Behjat wazpney [77] ToRarsanviatim
LuuAlnmanSuaENamARSBuEL U Tandilerd tnefinnsanienns Inaniidu
usmnalazusn i lusaeionAdeves Li uagame [78] Miinsiau1isnsidan
%’Usﬁamwﬂﬁmaé’wéﬁgﬂé{aﬂma‘i‘%msﬁiﬁﬁﬁa Quadrilateral scaled boundary spectral shell
elements - dmsuiolfifuilsddusuimoniaruuisiosusuSoulfafivhunaintagds
ilafu Tnonnsliflsfugudlitasuidommangesnsessy fouisiwludodians Wy
Ugynn transverse shear locking, membrane locking Wa¥ curvature thickness locking
FefuaBnstiianmnzautulassadeiifisussdudou dmsunsdluiuunanandsileidud
fsuiadusunaufléinmstnuiflusriddoves Zhao wavane (791 Tnsnsfnuluadsd
Ieuansisgusnsvesmsduasifiouvesusiunaslunannvaneluauesnisduasifiounas siuds
ANYIBNTNARNG 9 LWULAUTOUI MUY fvildndiuUsunsveedan tnednsnasie 9
maﬁﬁf%dmaﬂswuﬁamsmﬁauwaammmﬁﬁﬁmwﬁmmLLr;Junanasmﬁﬁfaé’wﬁ’auj
uanmm‘f@w%wmaﬂde'aulmﬁuauLﬁumLLUUﬁwsjuﬁvl,éfgﬂﬂﬁ@wﬂmﬁmimﬁwLLasmaé’Wﬁ‘LLam
Thudaderrnnuudusivesadisiivinavevresukunanazdnanenisivasuniag
AnaudsssurAvesunamdueganuiy Msiansanunudn (Twisted plates) ivi
wnanYaniBsilediduldfinisfnulag Karsh wazame [80] iileuansisnisduasiiiouesusiy
dafanan sauddvsnavesymdaildwansenuse Aaudsssumiivesuiudaildiingg
LLammaﬁgﬂugUmaﬁwéL%qﬁ’;LasuLL@%ﬂi'}Wﬂama"’uﬁuﬁ‘maqﬁaLLUiﬁﬁwmﬂmsm fouLile
LLammaé’WéﬁLﬁa’n’J’mﬁ’Umam@qmmmﬂuL%aLé’uiumil,?isiﬂﬁuaumumﬁvﬁmmﬂ’";’a@
\Barentu szwqmﬂii:uulmﬂmmwmimﬂm Upadhyay g Shukla [81] Imaum%aﬂamﬁ
vhnsnunanuliifudadurenisdesUvesiusunsiidudvdesiiufuasuunsd
fydeaniglaniseusanuunainlugiuuvesanawuial wssdugduuuileiduleiuas
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endlnuudanasuswuuudy o Aduiliidutune Tneddninavesioulvveunuuuna
9 LULNFINNANTEUY
dmiunsdilassadrauruuiawvussuiigandaqdaileiduladnisfinudiulng
anensduagiiiounuudassiviity %qmmmaﬂéffsasmmqmiﬁﬂmﬁLﬂuﬁugmﬁﬁwﬁﬁg
dmsuinerinusatuiilassiolud Natarajan waz Manickam [82] lvn1sfinwngAnssy
Y83lATIAS LN UL IBUURIUATTAINTaRTaTlandu neldnnsenisaalAuas sauludans
Fuaniflouvowusuuisll msfnwidaduionannsudeuisludedundlfiimnugnies
unfudlesuifisufunisiiesziuuuiadn luvaed i uazeoe [83] WHRa 5o
aadUsznevvRIAIduRUUALARd S Ul mnsduasiiieusuudasseslasaadnauwiy
UNUUULAITIN ARl msimwaumsnuausruulumsAnyildsndouisias
flauiuy Chebyshev polynomials ﬁﬁmaamé’wﬁau%mauLﬁumha q MAgrtostunis
ARTwRuuUaNdA dardudau Bennoun | Lagan [84] Tiaumguivesuiuuiaiield
o3uten1dsgureslassadusiuussuugudanandeiladdu Tnonguiiivaunide
five-variable refined plate theory wayrlunisAne1wes Zenkour tag Alghamdi [85] e
finnsantigmnisiauaznisduaziiionveuiuune TnsRarsanduswavasnisifiutuves
gumgiifinse FimsfiliAeismsuvumiunssdmsumsuitgmielilsvhaeuiigndes

[y

wnfudlodisufuismadeiaanuuudie g nsfiansannguilesasauduunsiiiddures
N13L@OUAN 9 (n-order shear deformation theory) annsadnwliannionansdieded [86]
Faduiogrsvesuduuisiiadetandeileiunasranindnnuuneuddy nsldnquid
anunsaufupududeuvemquiliidudiduveaninideuiidiasld uinindaanisany
gndosunndufannsausuausiuiieliaseunquvinaresmadeudiuimmiidals
a99uld nenandaegramsinuiieadesiulassadruduuisuuuisudivaintands
HerFumudinannudniudsdimsanuau o Mierdosnmenarssrdwieldil [87-93)

ogslsfmudapndnilvgminnfiasantuluefnejadulundgmnisdnlds ms
Inanne wagnsduasiiounvudaszsBundn luvaeiinisfinvinisduaziiounvudedu
(notanzetedaniszusuuundouiisneanma) Srldinenulunsinuilueia da
vhdovesnsAnmmsidesuilesanaszussuuuindsundadulssisudfgdnedmives
Inendnusatuildaaiinsfnvnisduaniounuudituveslas a1 auriuuisuuuaun Y
Nnfandaileitu edAnwidaudsiie 9 MAsrvesionsidosuuuunain wu auauAves
@0 Sasauaumusazy deulvveuauusng 9 uazdY
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3.1 uni

A1 (Beam) unildlulasaadeges (Structural members) fiddyvediasaadiams
Imnssuiglduszneufuaunarsidulassaisiimnududounaziinlugnisldauaie
pnfeg9Tu 519500 Wad (Chassis) sasud audulnundndmsuiunssusslusall 3o
wazsllufdasiadsmeaaiesdy lunumadmnssulesifunuieduiudundnues
9115 thudou fewmenauazaudRgIeInRanIuimnssAIenauarinn g
g 9 Bu dlinsesigatgmenuduiiaulavestnidesauumn Lﬁa%iéﬁfﬁawqaﬂiim
yasmudiofinmsnsyianlnanuuusneg faiudletnsilUidnuessduanunisainissneg
Tagvhluauilegneldanglvanuuuaiinaans (Static loadings) asuaninsideyeies
nAuidessessuantizlnaawuunalh (Dynamic loadines) faudinvsdiuuinsiuveused
Wiy FadeidediiAertesiuiiosvesnansvaussvesauiiognioldlnanuuunain
(Dynamic response of beams) 3afAinudidyesneds Inslnaauuunainfideniiun
N5 BN Iwamﬂigﬁwﬁﬁ;mimwﬁqLwisummﬂuaum%%uagjﬁuLam (Time-
dependent loadings) InaAnudvesio1afinistiuninisansne sl warlunsdiininud
voslnansinmduripsfumnuisssuviAvesniu mslnsvesmunuunainfaziaganay
vl demesulssld dulnanuuunaindndssianvilsdelnaniiinnsiadoun
TUmuAne1aa (Moving loads) feainmsawuuafivdelind dregesmsldnuludes
ifdutaiigaesalrianuigeiindouiiluuuseselal viesumedunsuen Yan vueus
wazumsimnssudy q nslasesnuiiesnninanuuunainduifuusiidfynaisin
U A2HENIANL ATEVLNAIY AduTRTa AudssaiviATesniu madalvan Houly
YOULATBIANY LazEUY TeimeninusatuiavAnuluddnaeld

SnUsuifundafiddydenisfiansansdenisesnwuumuiiieldluaunidanssufe
nshnduTasdalmidiorlldlunsasmuiiflaussousfisanniuniauiivhanaintas
daderfuiatounaziininuansnsosunsdldviiulunnfiennmns (Homogenous  and
isotropic materials) Yandufuuuuifanuamsalunsiunissivanaesdisdiia win
Foansimuaruannsavestanlunguiliadu Sudufesiifandu q Addedins 4 $2u
duwanuazairadutaglvl snfegatu mshiasiluduly (Fiben fiflanuudause
ganiBesinauiuianlungulndwes (Polymen) Lileai1sianaeslndndsdneglunduian
maxlndnuwuuidule (Fiber-reinforced composites) Mgufsng 9 Fdefunsadiauaznig
Basziarundsaunsaeuldanenasensdluraiy o unasld [94-95] Janeoulndn
LLUULauiaumamammmLLmaLLiqmuLLmLaulwmznﬂLLmLu’;au | Emmaauu,amm
mmmmmmmﬂmaﬂwaLmas ey maLaamaflﬂmﬂaﬂmwﬂsuuivmwzjumq q sty
U midesnmadsudasimuudusdisundussnindutety vlnAneududy
Y9IAALALGINN (High stress concentration) uenan’agmeslwdniina1iudnasiu éadl



30

aa Y

Sannaududniififefuazdoidosing 4 Mulu edrslsfinulunuinendnusatuilldjaduis
‘W@,JmLLa3’3Lﬂiﬂsﬁaaqmuiwﬁmﬁwﬁaﬁ?uﬁa Tao@aflafdu (Functionally  graded
materials) vieFendededn FaMs Tanuinifinaudnuaziddofonismaniuszainetan
aoswiinfifiquant@saiudshefulasnsuauiuudos 9 iumieansnadrunasla
fignsiideants Sasdrunauanansaosurslddauisaunisvdeilaidunsadneans
Fefuiagenin Yandeilsitu Wetaninisuanuuudes 4 uvdoandnsinisuay (Gradient
of material compositions) '41z?iawaaGiamiLLﬁﬂigmﬂ"mLaﬂ%u’wuaﬁa@LLaxam’jﬁgmmm
duduvesanuduiinszandald uenainiltanideilardudadidonivhudu 4 8n endedraru
mndaguesilindunanainnisnanseninedanlunquiesdawazlane asnuiinnuaunsaly
MsnuaEdeu Ay nstandeuddldnauauiivesesiauazayldaumieuas
mstugUldieanauantfvesiany fewewaiinerdnudatuiiahe fandaileidun
Ainsgsinaziauguiuuliifulassairsuvuueudivdagsilmiiuuseansainlunis
funnselnanidundu edsuiutandeliddudissosiuier dunoasiboauaziun
NINTIATEiRafulsidfyagnansely
TuunifasiiilanilsznavluimenguildvetmuuulelanseUniiaslddy
fugudmsumsiinneitesesluduidudeutuasiflefinsiinszilasasreuiiadig
W ndaneeulndnenlnt S18aL88ATRINITATNAUNITAIUANTEUUAMSTUMTIATIENNNS
fuaziouvesmunuudassuaruuutsdufimauanslilosazBesluunilivudy

3.2 nauiialuveslaseaiisauuuulalenseln
fouvimaslieseilasafsmunuuaeslndafivinanain Yandeileidy msldvgu]
luresmuwuulelensedn (sotropic beams) 5@1¢7d’1Lﬂuﬁugmﬁﬁwﬁ@mmﬁmeaﬂu
seugatu dafuluduiifumsuandmnuiidesiuiiofazainenmudlataruisdiuens
Tiledusumaugniaswesuuuitaemadamanifiaradumln mdemeilasiaing
Aued1sgvaInukUUlelensatnaiusailalnengulAuvedossiass (Fuler beam
theory) Ganililassadunutudesuuuuliinn Woauagmeldansnanuuunsda
1A4 (small deformation due to bending)
am:ummu‘wmﬂmawqwgmuﬁumaaaLaasﬂamsLUaausﬂwmmmmwmqmumu
dnwanduidunsuariiainfussnuinatsmanulauenauieunsadsusy was
HinadudunsuagiminssuiuAnamuuunarue maundinsUdsusy suvedszuy
fdsugulduansldmusyiusdusuniaveanisiie —dw, /dx mufnanslugui 3.1
uaﬂmﬂfTLﬁ'amuag'maiﬁmié’miﬁwﬁwﬁmmWuaamué’amLﬁuisuwLauﬁaﬁ%auamaa@
aun@stsuenianslifinnsanaududeuiininga (Transverse shear) Tagdl u, fe
TPUENTEINMIUULILAUAINGN (WAU X)  Uag w, ABTzeznTlnaniessuznszdnniy

WWIMAY 2 AeansAsgunn 3.1 Feanunsaleuaunissseensyiavaesilladionuagnigla
nsaalAasmeniIszinaatuule 9 (lawuuadanianadn a aile o)
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|
1
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1
1
|
1
|
1
1
)
|
-
i
1
1
1
1
!
|
1
!

S XU,

UM 3.1 MSARLAIYRIAIUATING YL UDI0REIRT [96]

dw, (x,1)

u(x, z,t) =u,(x,t)—z (3.1)

W(X, Z,t) = w, (x,t) (3.2)

aun1ssrznszdnmuiuatUInmEIAUluaunsT (3.1) sswmnzauiuautuuneslngs
fiimssesiuuuliassnasmasarumuiveseiy Welsinuifiansanaiuneslndniiiinng
Zesshuvvausnsvienasanausulelovselnisannsoansainisssesnss dalddd
(uy(x,t)=0)

u(x,z,t) = —zw (3.3)
W(X, Z,t) = W, (X, t) (3.4)

91NAUANNUSVDIAIIUAY (o, ) kazaduAsen (&, ) vasaiunuulalanseln azla

AUAUNUSAI

o, =Ee¢ (3.5)

XX XX

[

il E Aeruegdavesnnudavgy nsmianaesena1unsavinlagail

Cdu_dPw,

=—= 3.6
En dx dx (3.6)

[

WasULLIINNTIUAB UL U URITEUENTZAA (Strain energy) nglumiuasalansla

J
&
U

2e
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1

Y] ~ P P 'Y
INAUNITANULAULASANUATUALUANNITA 3.5 WALAUNISN 3.6 WNUAIUANNITNEIUY
aeluagla

15 d2w. )
U==||Ez? o | dAdx ,
: ! { [ ~ ] (3.8)

WINADINITILATIZNNIAALAITB AU TDIINLIINTZAteadaue q(N/m) dwmsulym
N136n (Bending analysis) #39n153LA312EN15LANANE (Buckling analysis) 5in1snseinann
wssnaen (P(N)) ausaudnenassiunieusnlangil

L1 (dw, )
v —_[| 2p[ M
I|5 (dXJ +qw, dx (3.9)

0

NMTIATITYNTAUELLTIPULUUDETY (Free vibration analysis) wassuaatidudsdrfnyse
AU TUUAD

1 5(dw, )
K== ij(ﬂj dx (3.10)

[

WIaNANTUIASURIU AINUAIUNSaMA S UAUNISNAIUTIUAR 9T

IT=U+V -K (3.11)

NN5A39AUNITATUANTEUY (Governing equation) #1113091IALAENIITMINGIUTUA AR
- A o Y = A o . , .
vseggaLilaliiguiun1siudguLUasues Sw, Munguedsndiufu (Hamilton’s principle)

a = ¥ ¥ a
982 DUAFIUNTNANEILAAINLDNEITD19D [96]

t t
j&ndt:j(w +0V —5K)dt=0 (3.12)
0 0

HAGNEINNTAUTNIARUULENEIU (Integrate by part) AsvinlilaaunisauAuTsULTIag
TUWoUTRRATRIMINEBUTINTH keNVOUULATBIMUIEBENUIALLANNITATUANTEUUTDIYN
Yeymasil
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4 2 2
d Wo _|_Pd Wo _q(x)+pAddtV;IO =0 (3.13)

El
dx* dx?

D

e 1 AsluwudainuidesvesiunniidadmiuatulelenseUnadnunvdidauuy
4 A a 1,5 4 a 9 " .

Awmaguiurn I:Ebh lag@ b Asaundeway h Asadnunuivesaty ludiuves
luudnuiegrealunengningveaun1si 3.13 Ao pA HufoHNaAMYBIAIY

nulukaziunnidavesau ety matulelensetnluaunisi 3.13 wenaudeui
NI1TUVDIAUNTNTIBIS U8R UaemuRapInulnelidaulvvaunfa

\ 2

7 x=0 94l¥ wy(0) =0, M, =1 99 _g
dx

\ 2

7 ox=L 9ld wy(L)y=0, M, =1 2V g
dx

de L Aemaueniaiu nmswidymiasdesauyfiisdduretssesnszdnindulumuiouly
YoULRNELNUATLUEIANN1IAIVANTEUU LAUaNNTURITEUENTEIRIMLE AL A

M
w(x) =€ > "W, sin (?J (3.18)
m=1

dmsulgmnisdn g(x) szdewandluslaunsuyiSesmeuiuiupe

mzX

q)=>.Q, Sin[Tj (3.15)

= 4q o U ] o v °
blD sz— M= 1, SAE\ AMIVNIUATULNNIENINITUIINITZINYUU VAN NTLDARDA
mrz
sl v

ANENMATUY PIUUNASNSNABDINITVRINSINALLBIINNNSHARD

wo(x):stin(m—fj dlo m=1,3, 5.

M
")
L

(3.16)

Weom=1,35.
dunsulamnisiannig awnsamussiiliiaulnansnlvunag 9 laaed

2
P, =El (m—l_”j  M=123....... (3.17)
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7[2
e
dusulginisduaiiounuudasy nTENTUINITAUEELTOUTOIAIULUVE SUatin &9
HAANSVDIANATTTUYIRLUNUNE rad/s VDIAIU AD

[

Msusingm (P, = P) dafinduiulyuaniayintu tums P, =El

4
o, = E—'A(m—lj[j (3.18)
P

(%

o, BENINANUDSITUYIANUFIU (Fundamental frequency)
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~ [ o

Mnuafinautuannsanagldgasdnianuansliiieduduninugniesuisdrulives

&z

nuATsluasellnasnguiugruiiudiud1Agyeg1edsianisinsenlaseaineniusiugs
nannsang q My aunsevensnaluddndelulaludiuialuzedineinusatuil

3.3 1A398519AUUUULSUAIYIN TanL B et

Tunuinendnusadodfinsfiasantagdeilsddu (Fams)  laldvilassadsly
sUnuDurLRIY fetumesunslugaausnindunistsveniednvurddyasTandeilerddu
Tusuvialy YaguiindiJutaniignandulaengudninenmanssgiulutieiaddnss
1984 fegnUszasaiideanisaiisianiifininudanguguaznumusennueuliioldly
Tassasamnadmnsslunaionuus q waevatssUiuuvesiasiaitailugaamnsseInie
g wUfnsaiindes nsruengusasudiinuamiouas ddumadenanIsduogifunis
Tnudundn Wewntagiimdiosanifulssamniaostagaouindn ddusiiudes
ifanfidamanifunndistuiusdaosdatulumaaufuauldaguinlv uilnodiulg
delingsensinsginslianiiissamwdaumwautufmemedonsldanuuazansa
Annginginsnildieninisldianmuanmieduin Yandeilaiduitoninnaisienis
wanfusznisesiinuaglany elildauannsomesusunmusiennudeutaznisie
nfeuildanquantivessinuazldnuudusiuasdangugeainquaniivelany
é’ﬂwmzmimamﬁmz"La'é’mmauﬁumL%iﬁﬁﬂﬁ’ﬂ@miﬂﬁ'aaﬂmmﬁﬁmaﬁéfmmimau L UAIU
vugaenadulwiia 100% wazanmiuwsfinduuuarAesanasludsingnsgail 0% veq
lw51iin MIanasessialulsagiuntsazgaunuilaslansiunuguil 3.2 Taefinthén
ﬁuamwuﬁv‘hmwmi’a@L%ﬂﬁaﬁ%’u (FGMs) fmnunirsveantiga (b) lupaiiemsuny y
wazAamun (h) smufiamauny z snsidiunanveasinuazlangaziasundadluny
wnALEY fadunsmanuandiog § vestanasiuegiuuiimamianiages
3N (V,) wasUSunsudonievedlans (V, ) muaunisselud

z 1Y
V. =| —+=— 3.19
¢ [h 2} (3.19)
vV, =1-V, (3.20)
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z

A
|
I
I

- Ceramic 100% - Metal 0%

Z=h/2—|

z=0_

z=-h/2

Ceramic 0% - Metal 100%
k N

j " 1
5U# 3.2 HuvnAaveInIuNingaIn Jasdeilatun

- T =
C L L)
'L . W aw
M=ﬂﬂ/! -..p""" ettt .
wen® - PO
s - & . a
ad® - & o
- . +* Pl
- wt . . L]
H_ﬂ"?n" ar* o ol e o
- w™ - * -
Ll ot ..d - L q
" a* - w :
. A - - .
= o = - " * " 1
- H=Ua, e - # -
& _* * - -
- " * W Iy
) ** * ~ -
oo- "l - » » -
: »* +* & -]
P(z] - o n—_i'_ﬁ‘.* W >
» . 3 "
L o L - ™ 4
. - - o »
u ‘i' *'l :
w - * ==
= p..; +* =20 -
f= 0 - 4
- " . »
- * - o ¥
Iy «* b . |
[P . - * 1
- & o .
L] L] # *
oy o o = o |
b . o n=3f.
. = 7 T
=e «* * - n=infingy |
= . - » d
= +* e L
- ™ an® -t '
o wn® Ll
Pn'l * Lans® g ggustt, ]
0.5 L] 0.5
=h

5UN 3.3 fpgenauautilnvatiandeilaidund n snee fu

lagdl n Aedudldndiuusunsvesian (material volume fraction index) Wu 61AMUA N

[

Nﬂ’]LVI’]ﬂUﬂ‘UEJ aammmmﬂuwﬁmmwmLLawmmwum"L‘wm n iJﬂWLU‘L!@‘Ll‘H@] ’Jﬁﬂﬂﬁw

a

naneidulanssiavan mmnﬂm'gﬂawmumﬂmammamﬂisawﬁma (P)asan n sing o A
aunsamlalagenfenguaanisnay (Rule of mixtures) fis P(z) =PV, + PV, duanass

a A va o a a A o 3 1 a & A 1 [
E‘U‘VI 3.3 IfﬂEJVIﬂ’]?]ﬂJﬁ@JUG\’Jﬁ@Ui%ﬁVIﬁNaVW’]L‘Uum@ﬂ'ﬁ'ﬂmi’m% Ao F’]’]N@@Jﬁﬁ%@ﬂﬂ?’]&l

gangu (E(2)) dnsdmthees (v(z2)) wazanumuuuu (p(2)) vesiangazudsiuluaiy

q

AU Z hazybansaunismoludl
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E(z):(EC—Em)(%+%j +E, (3.21)
v(z)=(v,-v )(E+l)n+v (3.22)
— Ve m h 2 m .
z 1Y
p(z>=(pc—pm)(ﬁ+§j +y 5.23)

Tngiidvios C uaz M Vsuendnuaniivenssdnuaslansnmdfu uazdnUsziiunilsie

Hosmnandniduiheeseriagdaudsiulunuuny z Shwnnssiuliinn dafuanuse

Toenasiumuld wWu v =0.33
Mniugiuvesandeilasduiindnuudaluineinusatod Fufuasldfugn

aanariivesisun Janvieglusulassairauauiniy auiuanslilugui 3.4

A A\
'z 'z
| |
| |
| Hard core ! Soft core
hs=+h/2 Metal  =+h/2 : Ceram
[ o AN
h, Ceramic h, Metal
hy Ceramic hy Metal
il
ho=-h/2 Metal ho=-h/2 Ceramr
L N L J
) ’
b b

v
Y fa

JUN 3.4 Nuivthinvesauwuukaumisiviiunn Jandilandu

1ugﬂ17i 3.4 fiansanauEesuUTuAs LU UTULNUNa1ILEs (Hard core) wazuuusu
wnunaneeau (Soft core) laswnunais (Core) ﬁa%umaﬂawummuﬁ% é’aﬁ?umﬂ%gu
uAuna1svian A findsiiduegdavesaiudavgugeninlanzaziionin Tassains
weufvnuutusnunatuds Tneduivuaauazaanazndulans 100% lumenduiu
Fn3UnsalATIEE 1 ILYURATLUUTULNUNaN980Y Feununatsvinunainlany 100% uazi
vugafuananvziiuwsiia 100% ﬂ’1iﬂwaﬂm’muuwaa%gui’aaﬁgaam%uﬁﬂizﬂauﬁulﬂu
Tnssadauvunsusiviuazuondudnsdiudofiavanuiaiey 1-1-1 w3o 2-1-1 wnUs
von 1-1-1 mneaudn Fuvuilmnumunyhfudunarsuasduans mnvendu 2-1-1 Aedu
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asaAvIAITRITuUNA AT ULY Bndegaty Wermualdiaraumusiuianaede h
swaziBuAveLiaztuYes 1-1-1 fle hy=—h//2, h =—h//6,h,=h//6 waz h,=h/2
dnlunsdidu q wu 2-1-2 Fefesdruannionidr hy, h,h, uag h, Falinadwifsnadu
oonly TnensmenamautianUsavsnaluusasduanansayildsed

EQ(2)=(E,-EV."(2) +E (3.24)
P (@)= (o, PV (D) + 1, (3.25)

TunsdlvedlassarsusudivinasdenusnaduiuTandsilsiduill Tngaginuali
fvies t uay b luaunisi 3.24 uazaunsi 3.25 Ysuoninuautivesiandiiivuan
(Face) w3aRafiuuenuasitnunald (Core)  mmady Tneflaunisdndiuy3unsian
(Volume fraction) annsauanslasil

W S ! e

v, (Z)‘[_hl—hoj zelhy, ]

V2 (2) =1 ze[h,h,] (3.26)
@ | 27y : \

v, (Z)_(—hz—hj ze[h,,h]

Tuieaifeafiufutagdeilsidunlufinmali n Aessldnduiianasvesian (Material
volume fraction index or power law index)
dwsunsdilassasnawsuaisiunuu : ununa1udy (Hard core)

el E, =E,, p,=p, %8¢ E =E., p=p,
dwsunsdilassainansunivluwuy : wnunangeu (Soft core)

eivueli E, =E., o, =p, 402 E =E, p =p,
oglsfimudmiuarsasdiivsanmsadmualidudnsildaumauaingiaunudn
uenanidfsenansaussandldudnnstlumsmenandAsulFiduiy

MnnsrvINNIMAIRaLTRvesTanfinauntuansadilumeiauautila
yoslAssad I uLUULEUS TN TanBaileiduls Tnouansdegndlugui 3.5 dald
ununansudauazguil 3.6 Wunuuununaseou Tagldsamdiuvesaumunusasduuuuy
1-2-1 uagmmunANendavaIAINEaguvelanzuavivsinfe E, = 70 GPa uay E =

C

380 GPa muaInu
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05 \ \_‘.‘on_z'
0.4} 0= T~L0° 1

n=>5
0.31 oee— N
0.2y
0.1+
< o Hard core n=o
N Layer thickness ratio (1-2-1)
-0.1+
-0.2}

A= 1.0
—""n=0.5_,-
0 4_,_..—-/4____1/ n=02
'8.5Em 1 1.5 2 2.5 3 35 Ec 4
vy x 10"

JUT 3.5 AnuegaanuBangulasiadiinTuuuusgua v N Jandeilinduununanwia)

0.5 - n=0.2 ;/—/}-—"/
0.4 n"O-T=10. |

n=5
0.3t | AIA E L
0.2
0.1
ﬁ ok n=0 Soft core
layer thickness ratio (1-2-1)
-0.1
-0.2
-03) O Bl ]
n=5 ™

04K T 7
0 nr: 02 r T .r\

'8.5 Em 1 15 2 25 3 35 Ec 4

E (N/m?) x 10

5UN 3.6 AondaAnuEaneulaTIEs A IUULIUR N TaR el tuLnuna19gau)

= o 124 fa L a ¢ o

3.4 ﬂ"li’JLﬂﬁqgﬁiﬂﬁﬂﬁiqﬂﬂquttUULLGUUVI'J?!"\]']ﬂ'JﬂQL?NW\‘iﬂ?Iu

VOB UBIATULNITHAIUI VU UUN ULV IV B UDI008LABTHIUNNE 1IN UG IAY
VUi U0d09siaasunAsIIaBenIdungeAuLuuaatadn (Classical beam theory)
MY IAUINBETBM U AU UUAAEAN I AUNTSTInwen i dnuaz o9l
winziuTagaenlndaivindavinswasnuiinnuudamseseulivindunasantingde (Minde
MINAINUL) LU FUTREIULEAMINLDNLAZYWRUE AL lonannTn
Ansliidsugluardinadussunuidwmmnduszuiuisnaniudoadululdls aingy
= Y ' ¥ = a Y a
#1 3.7 dnadmnlivguiuuueaadnyuvesssununtidnuinesiuisustasly —dw, /dx

LAZITAIRINAUTEUIUAINANATLLUIAIINYIIATY
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o (% N Y a 4 =X
JUT 3.7 dnwaugn1sildsusuresyunuinyeeungulseaneduasngulluuln

Faomapatimadonldnguiamuilieuln (Timoshenko beam theory) 2wdiAan
wanganInnndy ey tagiidureuindsiisinuudmdeseulsivinfunasamh
fin Ben1sidesuuessruuniindaransandudassmuileidu ¢, waglisndusosimindy
szutuianansmuauenvesay Inongudiluwuln Ssdidedrolinadnsgnansgedniu
aunuuasylnds udldhanlumsdnalosniunidesanmindudeuromauiilsiinn
dafisuiunquidugdu venandfamnzaniunslien sieuiiiaamunanndesly
NaANETIRNIMguiuUUAaIaAN (Mqufiveaoetianivieuvuaanadnidiinszinuiiaaiy
U (Thin beam) winldfunufifiaaismun (Thick beam) enaliinadsiinanntaaiouls)

Tuivednusatuinguiniuvesilumulnzgnihalfdundnifioatrsaunis
AIUANTEUY (Governing equation system or equations of maotion) dnsuiATEn
Tnssafsmunuuurudiraniandeilandy nadnsildazinllwisuisunuitouled
uansefufiedusunnugndassly

MUNEHAILVelisuln (Timoshenko beam  theory) - @un1sM1sEeEnTEdn
annsouandldded

u(x, z,t) =uy(x,t) +z¢(x,t) (3.27)
W(X, z,t) = w,(X,t) (3.28)

1Ay U, ADTZEZNITIAMIULUILALAIINGIIVBIATY (WNU X ) TT2UIVAINAIATU

'
=

LAY W, ABTTYENTEINAINLLILAUAINMLT (WY Z ) Tssunuinaladuiulaziieniny

(%
LYY o

azmniosnmadeszitdymeanundunsiesgiuuunidifdauazsivueligy ¢ =g,

AfeyNITUIUARYINNIENdINIsIUABugUuaE t ABllan MatuainaunIsnissesnsedn



40

ANUTOATUIUNIAMULAULAZAINLATEALANIAINLAUMIRIN (o, ) AULAULEOU (7))
AILATEARIRNN (£, ) AULATEARDY (¥, ) suauduiusaalull

o, =E(2)s, (3.29)
B _ E(2)
=G(2)y,, =20 Vxa (3.30)

[
=

TngimnuAsenaunsalaanaun1saelull A

f= M -Ch 00 (531
“OX o OX OX '
ou oW ow,

+_ —
R .ok T o +¢ (3.32)

%

lunsaliliemugnnsedumeniselvanuuunainviesusinioventa 9 ailviie

q
'
=

[ = 1 < Yo (v ‘:f! a [
S28¥NNIATEIANIBNISINaT LT uNalRlAS UNA 991U 8ludwAnNN9INSLEENSEIR Lag
wasumelutianseglusuanuiruwazanuaIgn lacsil

L h/2

b
=% | I (0., + T, )dzdx. (3.33)

WUANENNISR 3.29-3.32 adluaunisi 3.33 azld

150 (ou, Y ou, o¢ (a;;sjz (aw 7
U.== -1 | RBACATII N | + o C,
° 2]{%[@(} oxoox o tloax & OX

(3.34)
+2A55¢ +A55¢ }

Tnedn

& ) a £ 4 o I3 2 v = . .
A, A9 AFUUTEANSINEINUANILLTLNTINIUNITAY (Extensional stiffness)

s
a

B, Ao A1dNUIEANSIA82AUAINLTILNTIAIUNITAILALNITAALUUNEAY

(Extensional-bending stiffness)

a £ 4

D,, Ao AduUsEanGIALIiUANLDLn3Ii1un15in (bending stiffness)
A Ao Arduuszandineiuanundanisiunisdeu (shear stiffness)

AdulsyAvdmanidmiulasadeamuuuuuudivanfagdeiladduansomldanaunis
solull
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3 . .
[A,.B,,D,]= bz_[hh1 EV[L z,2%]dz (3.35)
et _EY
As = ngjh'lm z (3.36)

e &, AALAYDINITI@OU (Shear correction factor) Tae#l x, = 5/6 [96] Mlalauede
UANNITANAANSINUAAIINNFNIUIINATROUNAATUITILATNAIUIINNTL T DU
anyAvy dawandlanagudsil

lQ

el
I

(M) AR aUENY AT AAT (1) AVILAULADUDTS
JUT 3.8 LaAINIINTZANAAUADUUUNFAYINVDIAY

TReANULALLRDUAINIS U L Ratl

o L A af Yal | I
NIEU WJ’]QJLﬂULQ@Uﬁ@JS{WIﬂMﬂﬂﬂQW

Xz

4 Y (3.37)
A .

A5 AULAULRBUDTY

3V 7’
=142
7,(2) 5 A( hz] (3.38)

WATNAINUNANIINANULAULRDUM LA LA

1
U, = Ejv Tl dV (3.39)



az
U L r2dv

=G W (3.40)

AITUNGIUIAANANLAUER ALY ALTA1AIT arnsamialagdiaunisn 3.37 wiuad
Tuaun1si 3.40 agld

1 V)’ vz M2oboL
Us,constant =E-[V (Zj av =m J‘ dz!dy!dx

(3.41)
—h/2
1 LV?
Us,constant = ER (342)
Tuvhuesigfundsuiisanaududeuass wilalae
1 Vv 2 ¢
Us,parabolic 1 PTe J.V |:ﬂ(1_4ﬁj_ av (3.43)
bl "2 3v 2\[
Us,parabolic B G _;!;2 ﬁ(l_"' hz dz (344)
1LVZ26
s,parabolic — E hbG g (3.45)
Fefundsnuifnananududouayilvidaiad Sududesdidud () Wevilvindsem
AR UTA A UNS LT AR INA LA LS o UaTe Feantnsouanslasad
Us,parabolic :Us,constant (346)
T - (3.47)
2hbG 5  2hbx,G |

-

P ° Y A a Y oA a Y O W & a
LW@QBWWIm@WﬁQQ'}uwLﬂﬂﬁqﬂﬂﬁquﬂULQ@‘HﬂJﬂqWl']ﬂuuu PIUUAT K, ISHANINY 5/6

wagdmiuTangalenduan x, Baiuegrdnsauiigoswasian [109]

5
S B— vV, +v, V) (3.48)
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lunsalnlaseaianuiigiusesiuuuudangu (Elastic foundation) wanunsaldey
aun1INasuaanINnsTesussnnillanall

b, ow, )’
U, =§_([ K, Wy +K (Ej X (3.49)

Tneil k, Ao Apsitausdiunes (Winkler spring) uay k, Ao ArasfiaUseestuusaion
(shear layer spring)

MsiAssinIsduasifiouresnuiuuuaseiaziuutsfu (Free and  forced
vibration) $dufesfiansamanurativesrudlianuduiussunguiauvesiluuln
muaun sl

b e ouY (ow)
U, :EI j p(2) (E] +(EJ dzdx

0 -h/2
(3.50)
L 2 2 2
=1j IO(%) +2|1%%+|2(%j +|0(%j dx
24|\ ot a ot 2lat ot

lagdl 15,1, waz 1, Asluuudnudesvesnavesn1u awlsaswinlsainaunssaluil

8 My,
[ 1,1,1=0)"  p°l1,2,2°]dz (3.51)

=L,

AUNTSNEINUTANa 1T Lt e duiiesnefonTinssdnsduanieunuUsasy
(Free vibration analysis) - winingasn1sinsidyminisduagifiounuutadu (Forced
vibration analysis) s1t8ugeafiun1siinssideruluimdsnunsusnainnssinanuie
L.mﬂ‘?immzﬁﬁﬁ’umuiugﬂLLUUGiN q asglnaansausafinulunumadmnssuiivainuane
uwifnuUssuazdmalnensisennudsmeiousailindoufinaznszvihnugianandisnue
g195uludsanudlunisnseriidisnasSndnvaznisianrsyinaniidnisindeuiinae
AuSInLLALEveIny lunsinsidesnisduasfiouwuuiiursfiansanuuy
usnriou tudelnannsyvirilafivilsuuay lnsvnavestnanazuiadumunainugud 3.9



aq

'z Xp J P(t)

g -y
|
|
I
|
N2
e
o»—

v

Heaviside step ) )
loading P(t) Harmonic loading

a
V)

t(s) t(s)
JUN 3.9 auuzumrandagdeilsiduneldlnannainiyalanilauuniu

INFUN 3.9 kaAINITIATIZNABIFURUUTBIMAAINTEInTUARNTEINAINY AN VLA
(Heaviside step loading) lagifivwiaveuwsiwiniu P, Tutisusnuagasianviniugudnas
HUYIIATNMAUA EIULUUABNIRDLIINIEVIRUUENSLUTA (Harmonic loading) Tnauss

nsyhagiUdsundaspiuigife P(t) =R sin(Qt) laedl P, Aeuuiaussfinssyiuay x,

v
Yo A

AoruUsLT e lnannszyiuuAIU @aunIsnasunsusnveslymdaunsadsulanl

U, =—P()w,(x;,) (3.52)
& &EB(N)
| i—>
Fosoox |
K

LT T T TR DT T A
k L 1

= Cross-Section 4.

! Hardcore | 1 Softcore

hs=+h/2 metal  hs=+h/2} ceramic

ha CEranue h-

metal

hy ceramic hy metal

ho=-h/2 I nctal = /)

UM 3.10 muugumvnTandalndunglausanseyiuvumdeuiiuulvaniied

ceramic

nsdifinusgnieliusnsgiuuuiadeul (Moving load) fenmiFinadl fad
wanalflugui 3.10 Faduamuuuneudiviiananandsilsiuiitgusesiuuuudangy
wazfimsnszvhanlvanedouiivuulnaniien aumsndanuieninussnseyinsusnuuy
wAeuiitsdudesihunfinsanluszuuifmedutudannsouansldwsd
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U, ==] PS5 (x= X, (©)W, (x,)dx (3.53)

v

° o aaa ° = At = 1% a 1% a vo &
FNUTUNTUNULTINTEN WL UULAADUNDIUANUD () [WINILNYIVDY ﬂ'uJ'ﬁﬂL‘UEJuvLﬂﬂﬂu

P(t) = R, sin(t) (3.54)

Toefl P, Ao vunnvesnsslumizeiiafiu

v, fio Anusvedvanlumiiewnseedund

Q o mudvesussinssilumhgisifeudeiuni

5()) Ao Dirac delta function

x, e sumiwesusefinssyhuuurdeuitlumiowns
Tunsdliilassa¥eauurusvihaniandeilaitugnnsevivhoaselnanuuuindeudivats
Tnannuguil 3.11 aunsndsuauntsndanuitdonndesiudauaulvanlddi

L pl

-
5
— A d_
)I Pi~l(’)T Pz(t)T Py(

Xpi

’)1

Pyt

Cross Section

ceramic hy=+h/? > o 4 metal

metal h> > ceramic
' hardcore
metal hy ceramic
ceramic hy=-h/2 D metal
-« h »

UM 3.11 puusuimivaniagdalndunmeliusinssyiuvuindeuiuuuranglvan

ASAWTINTEVLUULPADUN 1 W54

R (OWy (ko ) If 0SS ==
Vv
0 if t, <t

U, = (3.55)
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a o d‘ t:ll
AFAULIINTENILUULARBUN 2 LTS

—P, (t)w, (X5, t) if Ost<t1=Vi
p
. L
Ue =1 ~RLOW, 0 1) Py (W (X 1) F 1, SESE, = = (3.56)
“P,O)W, (X0, 1) if £, <t<t +t,
0 if ¢+, <t
NSAlsINTEUULAROUT 3 U39
. d
_Pl(t)wo(xplat) |f Ogt<tl :V—
. 2d
_Pl(t)Wo (XPl’t) -k, (t)Wo(sz 1) if Lt<t, = V_
p
L L
Ugy =1~ ROW, (Xp1,t) = B (W, (Xp, 1) = B (D)W, (Xp3,t) 1 8, St <t, = Y (3.57)
P ()W, (X, 1) = Py (W, (X 1) if t,<t<t 1,
—P, (t)W, (Xps5, 1) if t,+t <t<t +t,
0 if 1,1t <t

INAUNTSA 3.55 — 3.57 LTUFMBENNTRULTINTEMILUURADUNTTIRIUAILG 1 B9 3 15 el
PN IUIULTINS D LUaAUINNILAFILI5aYLAAINUANASLAIAUY LaEdIaIU1TasINUn
YuavedLstlviTuegiuaLagAINAveINN SN ARa

P (t) =Ry sin(Qt+y,) (3.58)
P, (t) = R, sin(Q,t +v,) (3.59)
P, (t) = By sin(Qt +y5) (3.60)

InauN TN Ut LA savnnInseilgmnisduaziiieuvetauuy
wrurivanJandaileiduls Inenisasisaunisndanusiu (Total energy) auUseLnves
JaymiiFeaminseidaumandmunusnveusazdssnnanusadeuldd
nsdinsduagifioureinunuudass

Im=v,+U, -U, (3.61)



a7

NSUNSAUALNDUVBIAULUUTIAY

Im=uU,+U, -U, —U, (3.62)

N liinsaudnsnangiusessuiuvgandu U, = 0

aun1sndausa (1) awnsalulddfieuddymaudfindndreduld Tnans
iluldiunannuanedsnis i seileuislwludiefiuus (Finite element method) %3
sufeuiEnmsvesing (Ritz method) usluinerfinusatuiidenldisnsvedng dudu
Ansideulifuegrauninatsuaglinadndgndeuazdaduisnsarnsauivldsy
TAssasauuusng  Aifinssesdusiedeulvveuanuuunieg 1¢

ad a ¢ o o/ = 4

3.5 A8N1SVBIINAGINSUNISIATIZALATIAS19AU

as a A Yy & ax v vo a ° 9 o v % Y o

FBnsvessnadelaindwismsilasuauideugedmsunisussenaldnumeden
waneUszms wu edensuszgndldiulymndudou Thameuluningede Tdailu
msmuutesnIsMsniimseszilud 9 wu 35nslunguszideudsinludiofuud

Yo A Ao v v S Sax a ¢

aunsalszenaldivlymniteulvveuiunidudeuls Memananna disn1svesing
Fagniantdluinendnusaduil

N151975N15V0IINALNOMI AN BUTDINITAATIEALATIES 19T NS NN Nd1ALYADNS
= ¢ o a ¢l < P o v o
@onilandule o vsedlaaansnansalulyamteulvveuvannivuala Tngvaly
Feoulvveumnazuiseeanladuaeingude

> Reoulvveulwniiiedasiugusne (Geometrical boundary condition) lunguil
9¥I9I8L399VDITTUENILINAMUUILAUAN 9 AINTUDIN1SIAY L Tudu
a A a 9 Y] L. & v
> Roulvreulnfiisidosiunss (Force boundary condition) lunguilaginnig
1509901530181 (Internal force resultants) F9muludnssnislusienn s
wauniely warluwuddanigluimtidianiunselasasnle 4 NUsnagesessu
¢ o a ca A v = U U o av v a
wnflandunieainransndenldiduluniuseulanisenis Auludmeuilaunssianiy
I o A ° v 1 I3 sy A &
wiuggennuasiliadesainlunisauinasaiulume egielsfnuilsidunduluniy
Reuleynusznisenamlalidieus duiuninfeudenideulauisdiuiliniiugniosves
Amauldnfedliiladduduluniunleulvesgusie FadudoulafdAy (Essential
boundary condition) Msidenilanduiliminzanaziilvlasudmneuiiligndsuaglaid
wdgsnnlunsawI (AeevaglidgitaAla o winsiuduILeNYeIN1TAILINEITY
Anw) mnidenilanduingnsies nadansenalasunisguingameuiigndealaeldiiuaunis
AUIseUILIaNTldunin
aun1svessyernszdndmivlynivesmuluinerinusaduiiduileddunig
AdineanstugULuuilendunyuny (Polynomial functions) @eanunsalieulugveunsula
Aaroluil



w) =3 A D3, (0

W)=Y B, (0,0

Fx0=DC O, (0

48

(3.63)

zdaunsladnluannisveesseensyanasinnudunusiumdulszanslinsiuan (Unknown

coefficients) FsanunsamilaannFeulvreuiwnniugunalull

(Clamped-Clamped)

| (€-0) l

A x=0 x=L
4, = U, =0
Roulvvoulnii X =04 w, =0 wazi x=L{w, =0
¢=0 9=0

(n) Weulvvauwmkuy C-C

(Clamped-Hinged)

— - —
x=0 -L——--—-‘#
x=L
U, =0 U, =0
Reulvvouwa x =03w, =0 uazy x=Liw, =0
$=0 $=0
(v) Roulvvaulwawuy C-H
TZ
‘ (Hinged-Hinged)
i (H-H)
I et >X O
A ‘— “ A
— —
x=0 x=L
Uy = U, =0
Roulvvauwai x =0w, =0 wasil x=L{w, =0
$#0 $#0

(A) Seulvveulwauuy H-H
JUN 3.12 Auniglanssessuuuunne 9 waseuluvrauin
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d' v A o 9 = ° o A
LﬂJ@sLGULQ@u‘LGUGUE]ULGUGW]ﬂ'TVTu@lQWWNE‘U'V] 3.12 @UNTATNUAAUNTUDITSHENTLAAN

DA | ' Y o oA o ) oA &
aanAdesfiueuluveulnvesmuusarUsEanle dufsnuninsEautunUateauiass
A Ingaslienusmiefidnwiniwdingy C-C lunsdlinnienyansoqnsesiuagraing H-H
LAZNITAANYTINYADAUNEARUUNIATUTIUALUYIUMELANIG UYL QN TEUMIEINYS

A8INGY C-H MITNN 3.1 TUaAIT1882L88AT09aUNIVRITTZNNINTEIANEldTINAY
AUNINANVDITEEENTZIN (AUN1TN 3.63) VOIRTUNTDITULUUAN 9| NNENIUITNAY

o 6 o ! k24 a 14 o A I
719199 3.1 mﬂﬂ%ugﬂiﬁ%@ﬂiﬂNﬁi']ﬂﬂ']u%a@ﬂﬂaaﬂﬂULQ@‘Ll‘lsU?JE]UL"Uﬁ]LL'U‘UG]'N i

B.C. Co (X) cPy (X) B3 (x)
C-C i i j
XY X x [1_5 (1) (1_1j
L L L L L L
C-H i i j
XY (X XV X x
L L L L L
H-H ! j i1
XK)p £ (1_5 (1)
L Iz L L s

. 2 N 201 Qo 4
WNUANIZEZNTZIAURIENNITN 3.63 adlUauNITHATINVDINAI I UTIUNA (IT) arutynid
ADINNTNITUILAZLIUNTZUIUNTNEINUAEATAEITeIURILUslinTuAIAINE 17 Tag
Teann13v9a1n3199 (Lagrange equation method) A uduiusaelul

Y

Tneil g, ={A 1), B, (1), C;(t)} AT PR e SR WO - 0

mniinrsiarsandyminuuadaaansitun1ian (Bending

an_don _
oA, dt 0A,
on_don
oB; dt 0B,
on_d o _
oc; dtac,

analysis)

(3.64)

(3.65)

(3.66)

(3.67)

A 1
39N LAANY

(Buckling analysis) imauilignfiusianiiuanssignsmisyiusiieuiuamvsedydnual qa
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f1uuu (Over dot) luddudesinuifiansan NunssuIunNIsYe9aIns19dLazasvinlile

sruvaumsselulluguumsnd

Kll K12 Kl3 A M 11 M 12 M 13 A O
KZl K22 K23 B + M 21 M 22 M 23 B — F
K31 K32 K33 C M 31 M 32 M 33 C O

Taefl K Ao wnsndiende9iuanuundandsueemiu (Stiffness matrix)

a ea a

M A8 W3NG NNeITDINULIAaTBIAIY (Mass matrix)

F fio nnmesvesusinigusnwuunainla 9 (Force vector)
93088 DUAVDIAINTN I ULARSLUVSNDRAZINIADI AR LAR 9T
AN UL NG et UANLTNS VeI (K )

Lo=,. o=
1k A i)
ij_Ah! 2l e
i\
L 02, 0F
K};:Bllj i X
v OX OX
K% -0
jm
0=, o= r
224 AL 2 N e mA] = E
Kim = Ass!;—ax - dx+kW!H21_2mdx
+k jaE” Eomg
0\ X ox
S O=, .
K12r131 N AssJ.WZJ‘:sde
0
LO=, o=
K D 22 i
5 OX | OX
L —_
—; -
K = A, 2, a; dx

LO=.. o= L
K.33=(D 3 Zsmgx + A E.Emdx]
11_|. ox ox 5.([ 3j—3

(3.68)

(3.69)



AUNTNLUUYINGNLN8ITeINUNIAVRIA (M)

L
1 _ S
M7, = IOJ..:lj.:lde
0
12 _
M, =0
L
B_1 ==
M3 = 1[5, E,,dx
0
21 _
Mi, =0
L
2 _ = =
M2 =1, 25, 5,,dx
0
2
M, =0
i
3 = e
M, = Ilj-:sjzlmdx
0
7' N
My, =0
L
33 =,/
Mo =1, [ 54 E,,dx
0

NAMB SN BAIVDIA VLTIV UNAIANNTEYIN 8l dunudle § vuaiu (luedoud)

F, =—P®Z,,(x,)

sal Y o ° o aa 44' A
LINLABDINLNYIVDINUAIENIVBILLIINAINNUATILARDUN

NTLIINTEYLUULARDUN 1 WS4

_ i L
Fi=—-RME,;(x,) if 0<t<t =—

ATUBIINTEYLUUAADUN 2 b5

F, = _Pl(t)EZj (Xpl)

I:j = _Pl(t)Ezj (Xpl) - Pz (t)Ezj (sz)

Fj = _Pz (t)Ezj (sz)

if 0St<t1:i
v
p

if t, <t<t,

if t,<t<t +

51

(3.70)

(3.71)

(3.72)

(3.73)
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IS o d‘ A
AFAULIINTENILUULARBUN 3 LI

_ . d
Fj =—Pl(t).:2j(xp1) if 0St<tl=v—
p
_ _ . 2d
Fj :_Pl(t):'zj(xpl)_Pz(t):'zj(xpz) if t, <t<t, =V_
% (3.74)
Fj = —Pl(t)Ezj (Xpl) -P, (t)Ezj (sz) - I::’a(t)E2j (Xp3) if t,<t<t, = "
p
Fj = _Pz (t)Ezj (sz) - Ps (t)E‘zj (Xp3) if t3 <t< t3 +tl
F,=-P,(0ZE,;(X,3) if t,+t <t<t,+t,.

] I

lngansiuvesaunisieglusuiuning K way M tduazilvuiuvesunsndnvuegiu

Snunenvesszeznsydaiinld Inesuanmentimunsmundas N wey faiuyuie
vouuviang Ae 3N x 3N

dmSunsditiaTeinisduasifiouvainiuuuudass Lnmesvesinteuanb
Fufudeniunfasanuasazauyilvinisduayifouduuuuensludn (Harmonic response)
FofusndUszansailinsud [A, (), B;(t),C, (O] dmduen j = 1, 2,3 N anunsauans

élugusiolud

Bj t) |= Bjelwt (3.75)
Cj (t) C_:jei(ut

1089 | = V=1 wag @ APANASITUTIAVDIAIU HIaWNUANENNISA 3.75 asluluaunisnis
) = = o v | a e Y} a a
Fuaziou @un1si 3.68) azvinlilassuulndvesnisiasigrinisduasiisusuudasslu
sUwuusialyil

Kll KlZ K13 Mll M12 Ml3 A O
KZl K22 K23 _ 6!)2 M 21 M 22 M 23 g — O (376)
KSl K32 K33 M 31 M 32 M 33 c_: O

srdunaldinszuvesaunismsiasginisduanieusuudasyanduwuuiymnisen
191931 (Eigen value problem) nadns7ildfaAa1aa (Eigen value) BsRomfidaanisnsiu
TunsdiiAed1mudsssumivesausaziiothadunmuandululussuuararunsan
nnwesvesAnawasld (Figen vector) nsdiiAeluuaguinewesnmsduaziiiou (Mode
shape) M3uAtymannisaruauiuandliluaunisi 3.76 Suanunsovldlnesmunlieni
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wesTuuwivesumindvininefuesrdulsyavitanduaud Ssagldaunmsnyualusy
P0siuls o waInturhnsmATnuesaNn IR agliyafnou il
Tnesnoufifientosiianffonuisssusffiugiu (Fundamental frequency) wionaud
sysuTRlLanis dudaifaunntuerufisssmalulnuadigedunugiy

ad a -4
3.6 290119UU1IA
A15ILATIZINNTAUELLBURUUTIAU (Forced vibration) 2¢LANA1IANNLUUDETY

(%
a

msedediaseilagldnssufitnsmiiouiunainusyuuaunisi 3.68 Tnslunuiseadei
sz dovismadsfuarlunmsuitymadegvareiBuazitnsiiludouuazinagmy
Uaefafoiin1sdannsa (Newmarks time-integration method) #4353 UIuNSBUTNSALUY
Jndeanunsoesunelased
ﬁmummmﬁ’;l,t,azizswm'iﬂsz%’mﬁuéfﬂﬁﬂuﬂuéﬁna%viﬁu@uéuazﬁmﬁm

Y

ANPNURAtINNSARUTIwasBuana UL [97]

1 5, 1 T

= ; = S A= : :——1,
T b N M RN o3 (3.77)
5, At( 6,
a,==-lLa=—|2-2| 8 =At(1-7), a;=5At
4 52 2(52 j a6 ( 1) Y 1

lagfvuali 6, = 0.5 wag &, =0.25

SvuENTusolUs
K =[K]+a,[M] (3.78)
MnmesTeILSIALaNnsee D
Foos = Foa - M(a0, +a,6 +2,,) (3.79)
al¥aunsvesszoznsnsedn s vailad Snaunisselul
=K'F,

t+At (3.80)

qt+At

[

NAIINUUANITOAUIUMANMULTINAEAUEIVBITEEENINTEIRLA AT t+ At Tedsdl
Groae = 3 (Grope —G) — 3,0, — 50 (3.81)

Opoac = 0 + 860 + 8,0 o (3.82)
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nsysnszurumsiindaunlutianat At deluldaznsiuarimunanaenstova1ve9nng
ﬂizv‘hmﬂiwamwai’mﬂﬁwamsmauauawmmwiamiﬂsw‘iwm‘lwamwaifmlﬁﬁgqquﬁaaﬂJ
fuilutranamianiouvuiilvaniinsindeudinnuuuinnuanueivesauld nszuIunig
vosiuniafimsuansasudnedafioaudlanniulugud 3.12

| Initial calculation | —>| For each time step |
v v

(1) Computing matrices K and M (6) Setting number of time step (NTS)

: :

(2) Specifying integration parameters (7) Calculating effective load factor
as - <
51 =0.5 and 52 =0.25 Ft+At = Ft+At +M (aOQt + azqt + ant)
2
v (8) Solving for node displacement
(3) Calculating integration constants vectoratt+Az -
a,,..., 8, Orear =K Fppp

v

(9) Calculating node accelerations and
y velocities at t + At

g;tﬁilculatmg effective stiffness th / ao (qt+A.t‘ Y qt)”_ a.d, —a,
K =[K]+a,[M] Oiiae = Op + 86U + 8,00
A 4 //\\\
(5) Specifying initial conditions = <§NTSHM =NTS No—>» t=t+At —
Uig=0,,=0 N
Yes
v
End

JUN 3.13 AsgUIuMTinTeinsneuauesLuunainvesmulagldisnsvesiiunia
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1ATIAFIUAUUIUU LT UAIBIIN TR TN an T

4.1 UNiI

1AT9a519HUUe (Plate) AtulaIndunitalulaseasreeas (Structural members) 9

o w

dAAvadlasaiarnssuieldusenaunuiuaunatsdulassadenianududounas

o

wludnisldnuass msdmseilassadiauruunsasdumdenldndnnisiinseungugelu

Y
a %

Wawigunun1siasizilassasieauitaosursluuniniuunlagnisiesigiwuuniadn

Qe

Wit dmsunsieseilasiaseiuunadunsieseiuuvaeaifideasiinududeu
1nty fegranisidaulasiaduiuundauldmlvlunumdmnssy snfegrady
wrinity ndswessaeud salw Be uaseiesdu lunumdmnssdleslasiadauiuusiie
Juduvdnueseinstudou nuiiuasndatuiu fMemmeauazarmdfaueauiuUI
auinsTuAsanawazdrnssudg 4 su vilknsheseilymiassadauniuund
Hudsiaulavesinide ieeglsasitmainssuvesisuuiaiieagnielinsnszviainmse
Tnanuuusing 9 WesimsilulFnusssluaniunsaling o Taemlusuunsiiegneldanne
Inaauuuadnatans (Static loadings) azuaninIsideyetosninuiuuiadisassessuanie
Tvianuuuna’s (Dynamic loadings) Hausiinasivunsiuveswsefiaeiivintu anﬂﬁmiuﬁ
Antulwhusasafusumsiinseiauidunuunisdi Kl emauaniinseiuu
adnmansarlisiendewenisdeniaidesnnanudesdinnieides mdeised
Aeadeafudosveinanauauauainiuudeaneinasuuuna’n  Jeruddydie
wufy Inasuvunainiidentanfiansan wu mannsziigalngavdadvuinvesuseas
Juogifuna lasarudvesussisivanerainmmiurfinsansudeldisuiu mnaowd
voslnandanuiiesfumnuisssmavesusiuune mslnseluunainfaziiengennauiili
wriuunainesdameguussld Inasuuunaindndssinnnilsdelnanittinisiadouilun
AN VDIRHLUT (Moving loads) fremananiiuuuasiiviolinad fauusiidfayvanes
U ANLENUAYAIINN T YDA U ANLVUNYDINHLUY AnaN TRTaR AudsTTud
YosuRLU1s A3 alvan Reulvveuwmveauniuuns uasiiudsdu 9 azgnihaniionsanly
mivednusatuisely

| a

ANUsZAUNTNNAAUADN1TRINTULAZ DR NMUULN LU TT I uUn1mINTSUAD

]

¥

nsfnduTanuinlvsifieldaselnssadaunuuneiifanssousfunntundiiuduusiivian
mmi’aaiumjuﬁﬂmﬁmﬁmﬁu ’J’aaéy’qLﬁmhzLﬂwﬁﬁmmmmiﬂums%’umwiwami’ﬁﬂ
1 Insanzegnadetudymunuunsifiaududeoumnnnintymaiu wuanisfunissusd
1N ﬁﬂmqmim’%mLmﬁ’(ﬁaqﬂﬁ]ﬂimwiuizﬁuﬁqqﬁumzqé’wuLmu X WaTAIUWAY Y baznIn
FosmaiaunanuannsnvesTanlunguiliasiuaziesedenu Ussdnluniseanuuud
g9ty luofnauisdagtumstauntandufuaiilasiaisusuuimadmnssudioguans
susuuty nsliduleliiues (Fier) WionsiaSuuss n1sldsisiiviharnlangifieantimdn
YBIHUUN Mqufane 9 tAgadunsaianaznisingsinnuudeussanansaguldann
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enansosdsluvany 9 unas dmsuTanuuuidulelasuauilougsdmiunisasnalaseaing
v g minusaglinuudausdussiugadiodisuiviimin winddeden
drAgyegnamils Allamedie 9 dulaseasieaiu fe nswensegndnetusig q ATn15TugY

v
v

failflesanmaFeuntasiarmuudussiidundusenitusasdu shlfAnanudududy
fgann mslinumuseanufounarmsinnseulilesuinananizwindesuazaisiadl
Tssadausiuunsiiiuiiduiagededaunndeuiilifivlsrasd dafunslifanmeulnanlungy
veadulelnivesnaufuinduesidsfigndounarsusaiiu fefuiioandywilusiy
Inendnusatuilfiutiufiasfauuaslinseifanneulndnylnlmidniunisilasad
uuamnssutiue Yamdeiladdy Seldnannlideunthd Inendnusatuifaie
Faqdeilsidunndienegiuariaugiuuuliiiuuuulassadransuddvdsagyin i
Usrdvdnmlumssunssivanidanniudefisututagdeilsituiivediaien meandon
YOI IZRRaziLUsTddznaasely
nsnamBmdannsidfyilssiureinsiinsgiuiuunaiuliinfianuddyetig
fesionsiannavannmsmuauszuusely elasiaindlag gnnszviarnusanieuenagii
TR mUABuLUAIUT I IIIIA YR TIIN Y LazANAILN T INNNT T UAN SRS
tuq vedlaseade diodinseiuiuunafimu ety ﬂ’]iLU?ilﬂugUSU@ﬂLLNUUNE]’F\]Lﬁ@sﬁulﬁ
PmgHaTina1InazaNIsintsan Made sUluvestunulag ielassadtausuundls
ogluguilunumiauuy 3 ffuazyvazgnansUastivdond 2 Saleluntevds esann
ATTUNUIVOILHUUWNAAIUDENIIA LN AT A INY1ININ ﬁmsmgﬂﬁ 4.1 Hutus
109 Muansisaanznounasvdsmsiasusiilleagnieléannnginaslag fnnsevih angu
FYUULNBINOUNISIAEFURAD (X, X,, X3) wagseuunainisidesuae (X,%,,X;) 113

Waguwlaseguinssiluieswasinmesvesdiumiaias uwdadly dulusseznis

£
=]

nszdnlag awnsauansless

u(X,t)=x(X,t)— X (4.1)

K, (time ¢ =0)

X X

/ K (time £)

L

5UN 4.1 anngneuwazvaensidesuillesgneldlvanla 9
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aunnsAATEAlugUmLLYes (Strain tensor) Yesszey dX Ao

20X -E-dX =dx-dx—dX -dX
=dX - (I +Au)-[dX - (I +Au)]-dX -dX (a.2)
=dX -[(1+Au)- (1 +Au)" - 1]-dX

We A Ao Lnsifvudlotlotsimes (Gradient operator) Wisuduszuulnu X uag E fAe
ANULASERAtUgUMULEES (Green-Lagrange strain tensor) Batienulanadl

E %[Au +(Au)" +Au-(AU)'] (4.3)

Wenansanluseuuiinain (Rectangular Cartesian co-ordinates) az@1u15aLanIA1 E Tu
sUsalUll

ou;
£ 1[ ., ou, +8Um aumJ @)

ML 2lex, aX, oX; oXq

NYaLRYAURINITTUUIYE 3 TRAD

ou, +1

E —
)

ou, ’ ou, 4 ou, \
& T (4.5)
oX, oX, X,
ou, 1l(au ) (ou, Y (au, Y
E,= S N2 QA - (4.6)
oX, 2| 0X, oX, oX,
2 2 2
oy, ou, ou,
. + (4.7)
o0X, oX, o0X,

o
2 1 1 2 1 2 1 2

E, - 1f oy, N ou, N ou, ou, N ou, ou, N ou, Ou, 4@.9)
20X, OX; OX,0X; OX,0X; OX, 0X,
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_1(5“2 . ou, N ou, ou, N ou, ou, 4 Ou, 8U3J (4.10)

22l oKX, OX, X, 0X, OX,dX, X, X,

ilafa1suaNzneNnin1sAgusULUUUEY (Linear analysis) agvilvianunse
ansUaun1s E laldlefiansunaniznisivdeuguntes 9 (nfinitesimal strain tensor) lag
ANUTOLAASENNTAALAS UALALUAD

g:%[AuHAu)T] (a.11)

2 = a ~
ﬂﬁ@a’]ﬁ]mﬂlﬂuaﬂgﬂ LUUNUIAR

o o Lfou Ay s = (4.12)
TR L =P '

] 1

AIULANNTANUATEATBILENUIRTAITaLARe llusUsal Ul

£ S0 (4.13)
XX ax .
LoV
Ey Z588 (4.14)
é _a_W (4.15)
il @5 '
2¢, = _8_u+@

Xy _j/xy - ay aX (416)
e (@.17)
Xz 7/XZ az ax N

2¢ = —@_Fa_w

dlasmuelit (u,v,w ) Aoszaznisnszdanuuwanny (X, Y,z) auais
Tuuniledidomitusznauludenguimluredlasadausuimuylelensedn 7

wliifuftugudmiunsiinsgidesesluduiidudoudduuandofimsldfnsgiuiuns

flasraunaniagaesindngalval nquivesisiuuieiivinianaintandailsrdulusulasata
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LUUKYUATFBIT LN UNA LT AT N UNA180UILYNUINT IR IZ e NN AnTTUN19NE
Aall s18az88A18IN198519EUN1IAIUANTLUUAIMTUNITIAIIERN s UL ToUNILUY
dassuaviuudsAuvedlassaiuruuasianstilneaziBealuunilaeuniu

4.2 nauialuvaslassaiawsivunsuuulelanseln

Tuhusadeafutulymlaseadenluuni 3 ludwuniazsuannisiinnsan
TasausiuusiiananianlelensetnAeufiagyhmsesgiwsuunauuasulndniiiuian
Weilendu InsuiuuisiuulelansetnaziianududautoaniinisiaseRHuuIwuUADY
Indn esnnmanemudslifmudndudesinnfinsanuasvarsfudsaslianziend
Aendeavidumudnunzveseuausns Juiilinisudymiduanaugsenasedioann
faudlelmanenudlatasfuiiugwiiddyiemsiinssidely neludwisaduns
ssuneieafunginssumesikuunaulelevseln Soldinduiiuguiiddasonisiiesed
Tusduiigetu dafunguilassasausuunadosiu (Cassical plate theory) a¢ldiitoadns
arundlanarisdaneidliiiledudunugniesvesuuusiaewnindnmanifiadstuin
Tyl nsAeseieruutegekuulelansalnauisaiilalne ldnguuiuu1aeuasy
goylil (Kirchhoff plate theory) sauyAlvusiuusasugululiasnatnislooganeldaniag
Tanwuunisanlée (small deformation due to bending) &nwaueiallvasnmsdmldes
wriuunaandllugui 4.2

mid-plane
(x,y,0)

o yi 2 or vy
i ! WY o

b w

' ,

mid-plane

] .
(x,y,0) R axis normal
|

to mid-plane

sUn #l 4.2 dnwazveInIRALATYBIUHLLS [98]

mﬂiﬂ‘vl 4.2 msdnlfaveslassairausiuunsissurunsainas (Mid-plane) ag gnian
WU (W=W,) Lmam@mimmimquwmmLmsuaawwiwuwmqnmw“maqmmm
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2nAULdLULNUNA1T8I5EUTU (AXis normal to mid-plane) yufilAnanmsinldsie w,,
wio owlda \dlo o Aounu x WIoUnU Y WaRReITUIUMIYINNIYRIRNNAUSTUIUASS
nasnuAuelufiu x viediu y winauuigiuietudugdy q fuanseglugud
0.2 tufte 0, agiliAsaulifminudioufiauyflilunsdvemguivonAsveoni fedu
mnuduuadyudinanfatudslidannfussninssuivuasduunuduinauldn
amgagﬂuﬁwﬂusﬂawqwﬁmmLLw'umqLLUUSu 7 Faagnanseluludnduvedineinusatu
i

puasAgIudAnvomauiuiuunvenAdyseideannsadoumvosnisdalae
fieadoatuunu x wazunu y Wnuddusailie —ow, /ox waz —ow, /oy uenanidle
uriuunegnelinsialdsdsthinuesuiuussradussunuiiuiiainiasenasnnamun
fevsvendsnislafinisaneududeuiniivin (Transverse shear) uananidaiifaudsi
dduBnusensaiudaveanisfnlAewetiuuiafensiasullawedsEeEAULLILIY. X
waruny Y Aiszuruienansdalenudiediuls u (X, y) way v (X, y) auddu diussee
NITINIMILILINAY Z VFOMIUAIHNUIVOHUUNTEINNILAIMUT WX, Y, Z) =W, (X, Y)
feduanansadeuaunisssenszdanamaaildifauiunsagnisldniss madnldafonss
neuen (lauuuadenienatn o natla )

u(x, y,z,t) =u,(x, y,t)—Z—aN"(X’ A (4.19)
OX
oW, (X, Vy,t
V(X, Y, Z,t) = Vo (X, Y, 1) = zM (4.20)
oy
W(X, Y, Z,t) =W, (X, y,t) (4.21)

AUNITTEYLNTLIANULUILUIAIINEIILAZAIUNI VDI LU TUENNSNA 4.19
WALAUNISA 4.20 8T nunrauiULNLU1IwUUAaulnagaRdntdawuullauuinsnasnminy
PUNVDILAUUTS 11D SARIUANNTULHUUADLINAR NN SIS UL U UANLNA AT DN TEUN

v

wruunssuulelanselnaganinsaangUaunisssesnseinlaciail

W (X, Y, 1)
) ) ’t = 0— .
u(x,y,z,t)=-z . (4.22)
W (%, Y, 1)
v(x,y,z,t)=—z 2"~ 4.23
oy (4.23)

WX, Y, 2,8) =Wy (X, y.1) (4.20)
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MNANNFITUEURIANILAY (o) ) UagAUATEN (&;) Yeduruuntlolansaln @nansouans

(%
Y A

ANUFLNUSasall
O-xx Qll Q12 0 gxx
Ow (= Qi Q, O &y (4.25)
z-xy O 0 Q66 7/xy
Tneil
E
vE
Qy=Q,= (1_V2) (4.27)
E
L /ARNNN
Qs 200 (4.28)

We E,vuazG feoAimegdavesndngandy dnsndiulivalazuagdavenisilay
AUEIAY

(%

AatuaLNIAIASERBILKHLUILUUlBlanseUnausam lansdl

2
gxx = Z_i = aa)\(l\glo (429)
K S o, (4.30)
yy aX ayZ .
ou v oW,
=—+—=-27—- (@.31)

TSy o oxdy

NaIULTeIINASWWABULUARISYaENTEdR (Strain energy)  AMglULHUUN
ansananalaeail

1
U= E I (Gxxgxx + nygyy + TXYJ/XY) dv (432)
\%

WAUANPNLLAULAEANULASEA U saun1sNasuneTuala
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2 2 2 2 2 2 2 2
U=1jD11 W | 4 9p, IWe OV iy [OW | gp | TV | ga (4.33)
2A OX ox°~ oy oy oxoy
h/2
[D11' D121 D22' Dea] :[Qll’Q127Q22’Q66] I z°dz (4.34)

—-h/2

NINABINITIATIZNNITAALAIYDILHUUNLTDIDINKIINTEwELNaND ¢, (N/m?) dmsy

Ueyminsdin (Bending analysis) mugu 4.3 @135l uaunIsnasIuioqInkssnguen
Tamuaunseellll

V =—a(x, y)w,dA (4.35)
A

sUT 4.3 uruunaniglanisgnisanlasanusenseangadiaue

dusunsalnTiaTzinsinanig (Buckling analysis) Uaslauu1n18lALsInaIaoiAnIg

A

N, =N, sz N, = yNg aw3ui 4.4

7No

-
-l

f Y VY

A A

YyYVvYVv,

A

No

)
£

Yy Y vy
A A

,
>
»
>
»
>
A

SUN 4.4 Uruuanngliniseisanamnsaesiianig (Biaxial compression)



63

ALUNITNAIUNBUDNLTLDIIINWIINAFINNTO LA LA R IT

1¢ ~ (oW} ~ (ow )
V=[N 2] 1N [ |ga
2.[ XX(@XJ + W[@yj (4.36)

'
a

NMIIATITNTaUaLTiouLUUDasE (Free vibration analysis) wassuaatiludsndrdame
NFUNLINNTUTUAD

RGN

o

vseansalleulvieglusUseesn1In TN TEUIUNINA 19BN UUNSAS

2 2 2 2
K:% (a atJ +|2(‘2ng:] +|O(%] dA (4.38)
X
e
h/2 h/2
=pf dz ey I2=pj (z°)dz
—h/2 —h/2

INATFUIUNITNNGNVIUNAF N T UANNTTINNITLUUBUAYINUNA I UT I
(Total energy) veaunuuIIINianlolansetnlasiil (audyminesnisiiaisan)

[I=U+V-K (4.39)

NNsasNANNIIAIUANSEUL (Governing equation) @150 bALALNITNINENIUAN
= A o Y} a a o . , .
vegegaLilaliiguiun siudgunUasues ow, munguesandiudu (Hamilton’s  principle)

a = ¥ ¥ a
982 DUAFIUNTNANELAANNLBNE1TD19D [96]

t t
[ortdt=[(sU +6V -5K)dt=0 (4.40)
0

0

HAGNEINNTAUTNIAUULLENEIU (Integrate by part) AsvinlilaaunisauAussULgay
luweuvanAIamIneduiings inswenenluAissmngeenungliaun1snIuANTEUY
vaannUaymeiail
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o'w, o'w, o'W, ~ O'W, ~ O°W
D11 40 + 2(D12 2Des) D22 40 WV 20 Nyy 2O
OX Ox2oy? oy OX oy

(4.41)
&2 o a“
b [ o o j acx,y)

| 20 _
"o 2| oK’ ooy’

WeUATY MU UUNTANT5095U0E199187198A U (Simply supported at four edges) A3l
RoulvroulunvoILNUUIAl
Reulvvosszurnszdn :

Wo (01 y) =W, (a: Y) =W, (X’ 0) = WO(X, b) =0
Soulvvesduaudiniely -

My (0,y) =M, (@ y) =M, (x,0) =M (x,b) =0

L d‘ o Y a ‘ﬂ. ¥ kg A
duN15sTEEnsEInRTnliAn e ulvre ULl IRty Ap

wo(x)ze‘“’tZZW sm( stin(%} (4.42)

m=1 n=1

dwsullgminisda q(x, y) szsewandtuslounsuniSesaigiduiutiupe

M N
A% Y) =2 Ay Sin(m;zxjsin(mgyJ (4.43)

m=1 n=1
Tunsaivesinseaeand@ua UL uULlnaunisAase lul

" 16q,
mnz?

e m,n=13,5,....c0 (4.44)

mn

WaunuAszezn1INIEInkavaunsuyisesvedsmulaminisdn atldaunisAineuves
J3UN1INTEAN (W) Assalull (LuuenelinisinmBusInTzaualLEue)

16q0 g MzX N7y
W, (X, Y) = sin
n(%,Y) = m; ; — d 3 5 (4.45)
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nen

7[4 4 b ! 2,2 b ’ 4
olmn:F D,,m " +2(D,, +2Dg)mn 3 +D,,n (4.46)

[y

dusulamnislannig @unsamnsainseyiAuLHLUSiAua1Elnuaag 9 (m,n) lagedl

b b
,| D (j m4+2(D12+2D66)[j m?n? + D,,n*
T a a
No(m,n) =—- (4.47)

b o ——
— | m +vn
(3]

lneiisaings P, = Ny(L1) Faantuiulnuanilamity

AnsutunInSAUALL D ULUUDETE NATUINISAURLLTDUYDILNUUINBLUUTISUBNN T

NAANSUDIAMUDSITUIIR LNUIOLSASUADIUT Lanalanatl

z* b\’ b
a)z(m,n)zw D,,m* (gj +2(D12+2D66)m2n2(gJ +D,,n’ (4.48)

p

Taan

~ mz ] Nz i
Ip:|0+|2 ? + F (449)

[
a

e @ %38 @ (1,1) ABAUdEsIUYIRNUFIU (Fundamental frequency)

Fomaiinaudisuduarinsal fgrsdusagiveausuunamutiymeng 1 fuansld
defusunnugniesusduldvosmiadeluadeilfuaenauituguiidudiuddyoei
HONTIATITARHLUN Tadandnnnseng q Tldanunsovenenaluddndelulslududaly
vosineninusatuil

4.3 Tassa$rawsiuunanuuugusdsivian Yaqdaaidu
TusrmAneninusatuiasdimsfisnsunYanideiladdy (Fams) ileldadrslassadsly

sUsuuguFIssTiiulassedauuuauaruu UL Fudiosunslurisusnasdunis

nanfsdnuardfuesiagdeilsiduluguynlufiasthluaiisusiuismugui 4.5
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A
|
|
|

Ceramic rich

z=hl2—

z=0_4

z=-h/2~

Metal rich

JUN 4.5 uruureivinandandeilenduy

< [ 1 Ay ' = v 1
ngUInludnvazro s uu1NinugT) 8 MHEANLLILAY X kaziinnnunie b vl
muwawny Y lnediaanunuwiiu h wdglumusuain Z lnggainilavesunuiauneg
A= I o Y a A [ a A
VNINA1YRMNLYI AngUavdanaladimiaudand Z = +h/2 [WuuTuild1unauve e
§in 100% wazdaduvesesndinagataciuison 9 aulu 0% ARwua1ISomUwed 7 Z =
-h/2 suilsnduvesdndiunivun Tuvuzndadiuvosliunalanyazildsuntasmssiudiu
AuLsIEneasil

i (E+E) (4.50)
h 2
Vm :1_Vc (4.51)

[y |

AodnaIulngUSNINTVB YT NNVDIUHLUNS

VC
V., Aedndiulnguiunnsvaslansvadiauung

LYY

AantRnInavesianazlueyiudndilaeUsunsveusazyiinvosianiuusenouiumduy
WHLUANENNT 393 Usia LUl

P=BV.+RV, (4.52)
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Waunis 4.50 — 4.51 unuasluaunsi 4.52 agld

z 1Y z 1Y
P=P|—-+=] +P,|1-| —+—

Taefl P fo Aauand@ianUssdving aumsanautdanUssaniuavestanifeilerdudy
wuegiuisdhdmtemividndiuyiinasosian () Swosanuantifiudsuulas
AUALUS N aﬂmiml,amlﬁmuguﬁ a6 ndunsmaznuinile N = 0 wiuuazdy
wsrdievenun uwmniimadisturesdn n agvilidnswanveslansluuimafinduoud

A1E9EAT N~ oo

Ceramic rich
z=+h/2 Pc Ed ; JRSPRPTTI R
n=00 '.'_‘_.f.-d ..‘_.-...-:«3
& Tamage
Z Fy 0 P(Z) .-.. ......’ 2 =1-G$..‘. .-." I:'
A b g
E.-: ,."" o I n=350 -"‘
= “..-‘ ot 1 = infinity
Bk l..o* et 4 —
z=-h2 0.5 o 0.5
Metal rich =
JUN 4.6 wiluuaivinandangarleidy
< ! a 1
‘Uumafﬂi'ﬂLﬁiqgﬁLLNUUqﬂﬁqﬂquﬂLLaﬂﬂlmUﬂiiﬁ

ARuaulATanUszansuavesianian
AG1EARIAULS 0928IATUNYINAATAUTITINTUNRYSHUALUNY Z LUy AuaudRiany
nanialuni fe Awegdavesnrudangu (E) snsrdiutieg (v) aaumuiudu (p) n1s

g8 INgUNNll () wazAnsuiausauvesdan (1) nnauaudannaiun

aunsaunbeanauniseelui

E(z)=(EC—Em)[£+1j +E, (4.58)

h 2

v(2)=(v. —v )(LEJHW (4.55)
- c m h 2 m .

p(z)=(pc—pm)[§+%j Py (a.56)
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a(z):(ac—am)(%+%j +a, (4.57)
(2)=(n, - )(5+1jn+ @58)
77 - 77(; nm h 2 nm .

fydnualdavies C uay M vevenisnuantivenssfinwaslangaudifu dsiinanlineu
wihilulassadan lemindnsduthemestagiuunnssiuldindsannsaimuely
v =03313

Mnflugiuvestagdsilsdduiinarnuudaluineinusadul daduasiaun
Tassasausuursivinnarnandeiledduil (FoMs) TugUusiuttsuuuusudivnuiiuansy
3‘1J‘v1 4.7 uay ‘J‘U‘I/l 4.8 Imaﬂuiﬂ‘m 4.7 3% L‘duimaaiwLLmumwmmmmamLmﬁaﬂ%ﬂm%
LT LU YA ALY 19AATBIN L ULELA TR AT T UN a1 938N TIWN YD ILHL NS
(Plate’s core) —AsavauyilvvianainianlelenseUniifenuduideiferfuiaton
(Homogenous core) tosanlngdwlngjudrdmogdavosmudanguvensninazganii
Tavzann Fetilienindenuudiganiilany dafumndunarvhainsniindnasFenus
vnsdszaniiuiunsuuuurudivanfandeilaidunuuldununaisds (FG  sandwich
plate with homogenous hard core) LLB\iu‘U’NLLUU‘ﬁ’%ﬁﬂ’JﬁmuuqmLLazd’NEjﬂLﬂuIamﬁ'ﬂ@j
dusvaziBonvonuing 4 aunsouanslneseazBonnugun 4.7

Bl (
| .
i _~"| FG Sandwich Plate
| b2\
| v/,/"' o _/ R
h "._./_ _____________ Y W e — A _ | _ _ AT >
)

Homogenous hard core

" —

h, Ceramic

hy Ceramic

e

JUN 4.7 UWHUUILUULBUAITaN Tanueilandunuuununansuds
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-7 - y
- = =7 -
| /_,./ “| FG Sandwich Plate b
! _ ./_/‘/. ',:'"“\‘ _/_/
h | [ N

|
|
i Homogenous soft core
|
i

Ceramic

Metal

Metal

ho=-h/2 Ceramic

SUT 4.8 wuusuuuieusIvan Sandeilsddunuunnunatsseu

SnsunuunilsresusiuunauULLAIvIINTanRsilsituiifiansaluinerdnusalu
drouuutnunanseewitetunarshnanlany dnwaeialuveduiuuiauuiagnssfudy
fukUULHLUISTE1 Bsannsadunsldaingudl 4.8 Tnsfidunarsiunainlany 100%
Tuvuy Saniiiasuuuanuayavanayldianesiin 100%

audildnanamn msvesiusududesiinalaiiesinssiuiuunodednvasly
Inendnusadull Tude nsimnsanusiuuILUULELS LU UL UNa S was L unan ey
1ugﬂmeé’mﬁuwﬁmummaamu Jufe ms‘u'waﬂﬂawmwuwmaq%uia@ﬁgaawu%uﬁ
Usznaviuduususivdsazvendudndiuiesiavandugy 1-1-1 we 2-1-1 winus
von 1-1-1 mngAnus Fuvuirurunwihfutunanswagsuans mnuenidu 2-1-1 Aoty
éﬁﬂqwmaaal,vhsum%uﬂmaLLazsi?uuu glefaualdanumunsauimawindu h sndaegns
U EfvunSasdIuAIUIaE TuYR LU A9 1-2-1 fetuArwes hy = -h/2, h, = -
h/a, h, = ha uas h, = h/2 Judu nefieamauddfanussaninavestanluusagu (i)
annsamlgsaunsaolul

EV(z)=(E,-E)V."(2)+E (4.59)
PP (@) =(p,— V" (D) + 1 (4.60)

lunsalvedlassafawuuigumvdinaztenuuanasiuiuiagasilaiduily lnefrualve
iy t uagdavioy b luaunisi 4.59 wagaunisi 4.60 vavenianaautivesianiiimiu
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uan (Face) waghiununan (Core) mma1diu diuaun1sdnadludsuinsvesian (Volume

£%
P

fraction) vaeTanuAAzTUAINNTORARILARIL]

Vb(l)(2)=(z_h°j zefhy,h]

hl - ho

V& (z)=1 ze[h,h,] (4.61)
z—h )

Vb(3) ()= (hz—_l,;:j ze[h,, h]

TuiusaiafuiuTandailsddun q luitdmueliien n fe fuildadiuuinsvesian
dmsunsdilassasnawuunsudivlusuu . Lnuna1awla (Hard core)

znmuali E, =E_, p,=p, way E =E_, p.=p,
dmsunsdilasvasnwuunsuidnduwuu ;. wnunatsdeu (Soft core)

zimuali B, =E_, p,=p, woz E=E, o =p.
ogalsfmudmivadnndniesasnsadimualiidueaild fmewvnraing1uiud
Aounthil 3U7 4.9 wagguil 4.10 wanwedisruondavaseuBangu o dumasig 4
pamuiuny 2 leelddnsdiuvesnimuinsasduduuuy 121 Taglugednaias
Avunliduenaavesnnganguuedlanzlyiniu 70 GPa  WaTAINBNRAYaIAINEANEY
\w51ANWAU 380 GPa

0.5 : :
‘4\—-‘??{: 0.2
0.4} e S ]
n=>5
0.3F T — L q
0.2f E
0.1+
= Hard core n=0
N i Layer thickness ratio (1-2-1)
-0.1}¢
0.2+
-0.3+
-0.4+
03 5em 1

JUN 4.9 AendanugaveuradlATIaI LU UULY WA BN Tan il gy
(WNUNANIWTA)
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05 "h=02 _'/—*'"/.———*"'
0.4F n=0~f=10. 5 ]
n=
0.3f - ]
0.2
0.1
ﬁ 0 n=0 Soft core
layer thickness ratio (1-2-1)
-0.1
-0.2
0 3; \ A
n=5
04r P 1
0 i 0.2 r T ,\
'8.5 Em 1 15 2 25 3 35 Ec 4
E (N/m?) x10'

U 4.10 FdandamuganguradlaTiai LU UULEUA ¥ N SanTaile ity
(LNUNA1BOU)

4.4 MITAATNLATIATIUAUUIHUULIUAIYINTARL T st

nsseitgmlassadrasivuriudndudednssidulamuuvassia (Two
dimensional analysis) TiduusAunsWasunadusyuuunuiie X waz y luvaeiiunu
Aounuvasnrumundsdnmstaviovaldinnindlesuiuununiueniagauniie lunsd
lassadsuduunsifiaiunenn 4 fdwhlienuduluiameiminfuamnamn (o, ) §
tfosnn  sulifesinnfinnsanls ddunsieseilasauuunddianumngay
funmsiasziuuvassld luvarnsieszitynilaseadaiuesfiansauaiiomida
wirdu eg1alsfnunisiingilasiadisiEuunsienguiiuguendseond envll
Lganefan 1 TIATgiLd LU TIIA N IU LA s auiefifiaatunuInan (Moderate
plate’s thickness %38 Thick plate’s thickness) S?Nﬁgﬂﬂifﬁ%miﬂida%’mLLBJUUNﬁQﬂﬁ%N
Juanageenindefiiauuisouuinumidnneilduidunielddeuauminsves
TAANADAAIIUNU mim?ﬂlwuﬂaagﬂiwwﬁ’lﬁmawhjmgﬂizmuLLUULﬁU@i@ 9 wara1ly
famnfuszunuununansdnaelumioustauyigiuremaud i tosiu fafudniudeadenld
noufiinnumenzaunimguiuiunadesiudind

Tuinendnusatuinguindniasliiiesesiuiuursiivhanandandeiledduly
sUnuvvedlasIaRuUULTUAIY Ao Mquinisiasusuideuddudivils (First order shear
deformation theory) vi3ei3angaidusnusnusingw fio FSDT defvemquiiiilaiivuiu
nuiiesiuie

> 1%@%wawqﬁﬂssmmimqa%’wLLm'u‘uNﬁﬁmmwmmuﬂmw%aﬁmwwm
UINTING B U UL AURUUNNTANURLIUININ 9

[y

> GLGULV]E]NGLUﬂ’]ﬁﬂ’WU’meLNEHﬂLﬂJaLVIEJUﬂUV]i]H{]SUUﬁQVIEJE]uG]UaQ?JU

> Tdnansamnallalinnudlstadniianges

Y
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> ldfuuruunsivhaintanaeulndalas Wesanwidnvesdasainnends
mawasugulidndudesismniuiuinnunans
» ifimsiiansandvdnavesmufudeuniusnamindnvedlaswEsesumieds
a & v M v o a oA Y v s v v I 1
nouUssiulildtiniasanuaielilinadnsgndesasdesldrives

A15BUTINAY (Shear correction factor)

\\B. L ,

%\ ]
oo \|

UM 4.11 nsiSeuiiieuanuarveaniswdsusungldnisanlaswemguiaaa

Y A = = d o w oA = a Y
ndaniinauveImngenisilagusliaeuduivis (FSDT) lagausaiaisaunanue
nswdguguniendnisiunissusasenialdnisantasda g U 4.11 Wedunnaingy
WUILUVDIMUIAAVINTINTUN B AUANAD —OW, /OX Uasyu —ow, /oy (azliuandly

I o @ = a - 6o v A = D= a =i
3U) wAFIMIUNGUHNIUABUFULRDUAINUNNYUVDINUINNAD @, WA ¢, MUNANIIN
a < o @ v I ) a v & v = a =
farsanuulidndusesnsainiusuiununaidndely duunsldngeiniswasuslileu
aeuiivils aziineies zg, uas ¢, LN uenwilenMsBaviennves U, way v,

MUY X Uag Y ANNEIRU MITUENNITIZEENINTEINTINVDING Ui NsiUFsusUIRe U 6U

[

Pnile wanglamadl

U(X1 y’ Z’t) = uO(X’ y’t) + Z¢x (X1 ylt)’ (462)
V(% Y, 2,t) =V (X, Y, ) + 28, (X, Y, 1), (4.63)
W(X, Y, z,t) =W, (X, y,t) (4.64)

e U, A9 F5U2NITIANULLILAUAIILENIVOIANUUN (WD X ) ) TT2UIUAINaT9
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V, AB 55UENTEINMIULLILNUAINNINVDIMLUN (N1 Y ) N58UIUAINEaNS
W, D FEENTTIARMIULUILAUAIINMALY (KDY Z ) NTTUTURINAIMTBITENTIATE L

N34 (Deflection)
¢, FB LUTTUTUNTNFAYIALUTOURAY Y

¢, D YUTLUTUNTNFAY NIV UTBULNU X

Vp
>

R
PO | Puat /E{;(r)l' Pl(t)i

a
A
% Xpi -
Xpi-l
| Xop
APANA
- v,
Pi(t) | Pia(t)] Pa(t)| Pa(t) )
) 4 \ 4 4 h 4 ‘ X
1‘ >
< >
a

JUN 4.12 Iassainaunuuswuuseunivan Jaadeilandunigliussnssyiuuuiafoun

Tuineniinugatuilasfinnsannisduaniiiouiuwuudaszuaguuudsiu (Free and
forced  vibration) - veslassaiausiuu1ivianainTagdeiladduiieglusulassairauuy
weud3Y MuguRl 4.12 fnsanlessaissiuunsinanaielinsnsyiananssusmie
Tnanfidnsindouiinuuuiuny X Tnglunisfarsanuiuunednvae fassvualiinans
wiuusiegaiiinvessruuunuiiinnsan fudunnguussasindeuiionndudielusuan
Tnei3uInduvusdl X = -0.5, ¥ = Oipdeuludaiumisdi X = +0.5, y = 0 e a AeAdny
BTN X War b Aerruniremiuuuiuny Y Sndssfiunieiiddyfeninusives
Lmﬁmzﬁmuumé‘lauﬁﬁ?u%Lﬂuﬂmuﬁal,l,uumﬁ (Constant  velocity) ERFIRT v,

AN UFIUIUDN ALY TIUUTATIES 1L UNse UAUm NaNn T Se lUT

X, =[v,t—(i-1)d] (4.65)
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o d flesvezvieseninauss Wesninsinsannisiedeufivewsmansussdedosted
shesuendmau | mndermuaiingnuwhliamsmhluaiaduainsmueuszuuld
Hmuasely ffuendemuduiugssnineszeznsydn (displacement) mLASEARIRN
(normal strain, ) warAINULASEABU(shear strain, ) azle

0
& Exx K,

XX XX 7/2 7/02
£y =36y rHIIK () { g }= e (4.66)
0 K j/xz yxz
7xy 7/xy Xy
Towi
au, o,
g>(<)x aav Kxx 88;( 0 %+¢Y
Ep 1= EO W Ey : {7 L= aawy (4.67)
7/0 ny 7/XZ _0+¢X
S [T 4., %%, ¢
oy ox oy oX

91AEAINFUNUTVBIAIIMAULAZAIULATYANINTIANIIAIS ) VO LATIAT 1IN UUIIUUY
UM YT UDEAUTINILTY (1) anunsaudnslanimaunisdelyil

—~

O Q: Q, 0 |le -
x;( XX z_(|) Q 0 }/Z
) v { J e (4.68)

Oy = Qu-Qn 0 11y 1y 4 0 Q|7
>(<)I/) 0 0 Q66 }/Xy Xz 55 Xz

Tnest o uar 7 LanadenauA U1 NLAYANULELLE DUTBIMANUN LU ULTUR I

Fuog AUmuMdIuINTL auaAu diudl Q a suvusluvSndmlansil

Q-0 -2 g, -q, - 1E1D
_VZ
Q44=Q55:K<i>% o, -E'@ (4.69)

1+v] " 2l+v]

el ilAANaaNsNIgNADIUINTY ANdUUIZANS Q,, ey Q MNEITDIAUAMULAULADULUY

Y

Y ° P v & = A " w o o, & o
ANUUIAEABsIANAUALNYBINITRBY (K, ) FallAwiniu 5/6 nsdliagiluiileiien
o 1w 5 o o U a [ 3K
NIDLNINU IUﬂimﬁaﬂmqﬂqﬂfmeaﬂqlefﬂﬂﬂﬂsﬁu
-V, +v,V,
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dlelasaasnsuruunsgnnszauainassivaniuunaln AazviliiAnszeznisnszdn
& o § v a Y Y & = = =
Fadunailiifandsnunielu lnendnuaigluvuiugiuveanguinisideusliaeu
dRuTvila azkanseglusuanuiuLazANLASEARIENNT St

U, = —I O TOWEY T T,V ¥ TV +Txy7xy)dV (4.70)
\Y

vidpannsafiazidouaunsndsnuneluvesusiuunsiedlusuveslassaiianuunaudion
Uszneusiudiundn 3 sutufetuuuuasduaraduiiuiiin (Top and bottom faces) 3avin
wnfandeilsitusazdunarsiodunnunans (Core) Fwvinunantanlelensedn ddy
AUNINAINUVBIATIAT MUY WU ULIUAIY AB

+b/2 +a/2 +h/2

:_I [ [{o¥s,+ae, +0y, +10y, +7y, dzdxdy a.71)

7b/2 —-al2 -h/2

WNUASIUAELBIAYDIANUALLAEAILAS IR luEINT T HEIUAely Azl

o 61 (B85

2
0 ou ou, oV,
> j +2A, 4
-b/2 -al2

aVO
& +2A, 5 o

3 3
28, Qe 0 op Mo 00 5 Mo 0y op O 09y
OX  OX oy oX oy oy OX
2 2
ov, au oV, v,
Ty o +A”[8yj+p‘%(axj
6
ioB, Lo 08 op No b g No O op Ny 00
5)/ OX oy 8y OX  OX
2
8W 0
N
P P 0 ov 6 ov (a.72)
+2, M op 00, u°+2B12 b N\ op 90 N,

X OX - oy oy OX oy oy ox
o, 99, o¢, 04,
+2A. 9, +D11[ éxj +AB° +D66(8yJ +2D, )
+2Dg a¢Xﬁ+2812ﬂau°_|.2566%auo +2522%6Vo
oy ox ay OX ox oy oy oy
% 0, 06, _,p 2%, 04,

+ 2B ++ +2D
" ox 2Rt oy ox % ox oy

?, o9,
+ Dy [Ej +Aud, +D56[ o J }dxdy
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Tnen

s
a

a o a P Y] < 2 v = . . A
A AD ANENYTZANTNYINUAIIUKTILNTIAIUNITAN (Extensional  stiffness) 4

NIMBINULLNL X dasknu Y e i, j=1,2
B, Ao Arduusednsineiduaiiuudanieadiunisisuazn1sfinuuunas

(Extensional-bending stiffness) Aeadostunuinnu X wasunu y il i,j=1,2

D, Ao AduuseAvsiAnidumnuudandeiiunisda (bending stiffness) AtAgadios
fukaLAL X wazunu Y e i, j=1,2

A, By, D; fie mauﬂavamé?’imﬁumwmﬁqm%qé’mmﬂﬁau (Shear stiffness) o
1,j=4,56
AduszAnimanddmiulassadusiuunauuuusuiivandandsilsiduamsanldann

aunisealull

= hkl
N193LATIZNITEUALLADUVBILAUUI I UUDATZAZIUY 3T UADIRiaNs N NaI9uIaY

VBIHUUNT T AUFUTUS AUNuuruUIungun1sivdgusUidoudiaunnia qg
aunseioluil

U= FTZ Hj/z +hj/2 p(2) (%ujz +(%)2 +(%)2}dzdxdy

2—b/Z -al2 —h/2
1 +b/2 +a/2 6u0 6“ 8¢
No (4.74)
—b/2 a/2
; d o4,
+|o(%j +2|1%ﬂ+|2 341 @) dxdy
ot ot ot ot

[
Yo a

Taed 1, 1 uas |, AslumuAAINR08Y0IIATBIAUUN @15amlanall
2, ey ®) 2
[o L L1=2 ) P 2,2 ]dz (4.75)
k=1 " k1

AUNTITNAIIUNNGIUIINUAT A ULNBINDADNITILATIZRN T UAZLTIDULUUDATE
wennsen1siteszilgrnisduasiiounvuteru dududfeafinnisiasiznnsuluis
NAINUNBUBNIINATEUTININNTEYIAULATEsuRLUIslugUlUUsN 9 a1szusavselnan
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PnuluanunIaINssudnainaty AUUALNITNEIUANYUBNLLBIRINAITNTLVINVDULT
WUULARBUNABLATIAS 1N UUIIAD
NSULIINTEYBUULAADUN 1 WIIUUIATIAS AU

. a
-P®)w, (X,,,0,t) if 0<t<t =—
U, =) ROW06,00 - e

0 if t <t

NSLSINTEVBUULARDUN 2 WIIUUIATIAS AU

P ()W, (Xo 0,1) ifo<t<t =3
v
p
RUOW, (3, 0.8) = P, (OWy (X, 0.1) if st <t =2
U, = _ v, @.77)
—P, (t)w, (X5, 0,1) ift,<t<t +t,
0 if ¢+t <t
n3dlusenseyiuuuRaaud 3 wssuulasaas e
- d
—P, (t)W, (X5;,0,t) I 9 <C=54
B
=B ()W, (Xpy, 0,1) = P, ()W, (Xp,, 0, 1) ift <t<t,=—
v
p
. a
Uy, = —amwgmyao—gam“&mqo—gQW%u%ﬁx)WQstsg=7-m7&
P ()W, (%o, 0,8 = P (W, (Xog, 0,1) ift <t<t+t
—P, (t)wW, (Xp5,0,t) if t,+t <t<t,+t,
0 if 1+t <t

NAUNITN 4.76 — 4.78 tTUFIDENNTMLTINTEVLUURRDUNTTILIUAILA 1 59 3 15 el
WNTTUIULTInIolranuInnILAa1L150Y LAANKANNISIREIAY LazdiE1u15aAIAUe
unvedLsslviTuegiunaayALiveInIsnsevilanadl

P,(t) = P, sin(Qt +y,) 4. 79)

P, (t) = Ry sin(Q,t +v,) (4. 80)

P, (t) = B, sin(Qst + ;) 4. 81)
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nen

=

P fa Yu1nvuaaussbuniieiisy

= .:4'

Q, Ao Audvesuseiiunseilumheisfeudeiud
w; Ao yuwa (Phase Shift) Tumbieisidey
Xp, A AUNUITILTY  Lalae) Tunihewns
mﬂammiwé’muﬁwmmmaaﬁmﬁLﬂiwzﬁﬂﬁguﬂﬂﬁsﬁuazLﬁaumaﬂLL&JuU’NLLUU
wruivaIndandaleiduls Inenisasisaunisndesusiu (Total energy) muUseLnnves
Hymiifosmsinseidsaumndsnunusuvewsazdssanannsadeulded
nsdinsduazifiouuuudasy

Im=U,-U, (4. 82)

NIMNISEURLLVDULUUUIAU

O=U,-U, -Ug (4. 83)

agfanudluiidelasasinu Tavaunisndeeusay (I awsailuldiiowddymld
warnvaeds waludneafinudaduiidenldisnsve Sndduduisnsfdealdiusgas
unsvaneuaglinadnsgndetazfaduisnisneanmnsausuldfulaseainasiig q Alinissesiu
sedeulvvouwauuuing 9 1d

4.5 3/N1TVDIINAGIMTUNITIATIZHLATIAZTIUAUUNA

Bnsvesudusnainazannsaldiulymiaseadimuwuunidfivgs Saaunse
gevaulaieRansaundamuuvassitvesuiuusld n1sld35nsvessnddmiudagm
aosdifaeesauydilsdtuiliieatostufouny x uag y auvdnnisluvhueadieafuiu
Homlassaiian uwideulwinagniomisandia

nsldi8n1svesindifienidineuveinisins1eilaseas e uinunsindnnisidday
femsdeniladdula 4 meadamansfiannsadulumuieulvveuwaiirnuald Tnevialy
Soulwweulwmazuuseanldifuasanduie

> Geulvvouiadiisadestuzing (Geometrical boundary condition) Tunguil
Ig1dei30smetsragnIrdnmuuILNUAeY Anuduvenisine Tunsdszes

N3zANATNIITUT V,(X, ¥), Uy (X, Y) waz W, (X, Y) d2unsiinudureanising
Ra15un Ow, /O way ow, /oy LDudu

> Heulvvouiniiisadestuusa (Force boundary condition) lungutiazindae
L%awammmﬂu (Internal force resultants) %ﬂiwlﬂﬁmiﬂmaﬂlu&gﬂmﬂ bb39
deuneluwarluuuddnniglufinidnrnmesiunielassadidlag fudiom
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[

nseafu fredadeulvveuslunguil Ao N, N, N uag M M M

. '

wazussdnsvesmsideudusiu
mnitefdunsedamansfidenlfifulumudeulunnusznis ddudnouiildunasdanm
wiugrgannuaziiaiesamlunisAmuinganulisiy degremeflandussozniinssdn
#1199 Adulumudouletmunvesileulvveuinvosuiuunsiiinssesiusgaieriada
VYDIUHUUNAD

¥
£y %

NSEN 1 A1UTUN135895UBENNENIAAY (SSSS)

[~}
e

Reulvrouln?l x=0uash x=a {
Roulvveun?l y=0uazh y=b {
JU# 4.13 n3dl 1 1AS9a3URUUIUUNEnTIoesuagedy

aunsszeznsnsedpidulumuioulaveuiniia 2 wuu (3UT 4.13) tufienisivuagusng
NIDUTILUUAN 9 VOIN1TT035UDEININVDILHUUNNIFAUAD

Vo (X, Y) =g§Um sin e, XCos By (4. 85)
Wy (X, y) = ggUmn sina, xsin By (4. 86)
0.06Y) = 23U, coser,xsin 3y @ 87
g, (x,y) = iiUmn sing, Xcos A,y (4. 88)

n=1l m=1
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ﬂsfum 2 @ASUN155995URE19ET9EA1W (SSSS)

S
o| s SSSS <
' (type I) '
>‘JL'
R
F a
4 o 4 Uy =W, =4, =
Noulvvaulni X =0 wazil X =a
ny =M, =
4 o o Vo =W, =¢,=0
Reulvveundl y=0uazf y=b
ny £ l\/lyy =

E‘U n4.14 ﬂiim/] 2 Iﬂﬁx‘i’di’]ﬂLLN‘H‘U’NLLUUVI&Jﬂ’ﬁi’eNiU@EJ’]N’]EJ

aunsszeznsnszdndulumufeulans 2 wuureInsIassuet Y (UT 4.14) v
UNTEAIUAD

Uy (%, Y) = ZZU Sin e, XCos 4,y @ 89)

VoY) = ZZU cosa, xsin A,y @ 90)

W%, ) :ZZU sin ez, xsin f,y @ 91)

8.(xy) = ZZU cos ,xsin 4,y @ 92)

4, (x,y) = ZZU sin a,xcos f,y @ 9%)
We a, =— way S :vqgf

Anfuni15e15uad1ededunsfilfeI Nz a1 T NIANNITVDITLEENITNTLTAN
= A | A ~ =P ~
JulumuteulvveuwnvessusiuarRoulvveuwnvawseniely vueiinsdldy 9 fday
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Julvlduadisaioulvveunvesilsdduiifudomesgudaviniy mndeniladdudll
Juldmudeulvgusrasililisudmeuiligndeaazlsifiafiosnmlunisduia win
Foniladduiigniesnadndenalssunmsgiingmneuiigndedaslisiuumennsmuinll
unin eehslsAmunisimungedidsanmsaivualuiusnioadugui 4.13 uag U7
4.14 vieazimunligadsdagiuvisisnanausuueild Seiumiseuiniis 4 duay
Wasuly e x=-05a,x=+05a,y=-05b waz y=-05b fregreileiduszaznis
nszdnmmuuInny x  dedvualiidunisgadsegnssnaniveslassainauiunig fie
Uy (X, y):iiumn sina_ (0.5a+x)cos 3, (0.50+y) Iagszaznisnszdndady 9 azdeq

n=1 m=1

Wagulviaenndesmugnoedsluimeuiu

y =+0.5b x

y=-0.5b Y

X =-0.5a X = +0.5a

JUN 4.15 n1sUsueniieul v ulunveuNuUIang 4 A1y

T dnusatuiazdmunandsdaifsnanwedasassuiuuruazlaléfansun
iesuAdeulvvouwauuuogaiewiniy (Simply supported boundary condition gy
frednes S)  wideiansaiioulvreuiunwuudy 9 $audae Tufen1sBauiu (Clamped
boundary condition g1un188AYs C) Larn155095ULUUDESE (Free boundary condition
feusednus H dulunstsvenideuluvouwniie 4 fuvesusuuisasldimsnes
AMw1dangy 4 67 sndegty SFCF Ao uiuunsfidudnededuifinilsesfulutesis
18 () warmiiaesfosuasngBnsmyumuiinindadunissesiuwuudasy (F) &
fanuAesiurntiufensBauiu (O mumsvyuduuiniuazfgavneAefuuuaniens
sesdunuuldesdass (F) ielhinmundrlanniuieatunsimndevlvveuwnves
uiuusanansauandledang Ui 4.15 veausuunslunsiaz sy

auiildnanuudidedeulaveuafildfiansantufe nssessuesiesdis () s
Sautu (O wasnisUdesdasy (A dadudeulvveuaiiarldfulaseadauiuuisly
Ineniinugatull fauseazsenvesazioulvannsauansld
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N155045U8819378 (Simply supported, S)
Heulvreuwndl x = —0.5auazfi x =+0.5a
Vo =W, =¢, =0
Seulvvound y=-0.5b wasil y=+0.5b
0o =W = ¢x =0
n1sseefugndauu (Clamped, C)

Houlvvaulwei x =—0.5auazh x =+0.5a
Uy =Vo =W, =@, =¢y =0

c
Il

Feulvvoundl y=-0.5b wayil y=+0.5b

Up=Vo =W, =¢x =¢y =0
N135093ULUUUaRRaTY (Free, F)
Goulvveuwail x = -0.5a wavil x = +0.5a

Uy =Vo=W, =@, =¢, #0
Feulavouind y=-0.5b waei y =+0.5b

Uy =V, =W, =&, =¢y #0

v o [ 1 [ ¢ o a ot & o
aunsvessraznsgdnd msulymvesiruualuilsidumeninaanslugy feidunyuiy
Wudeatunsdvesau ednelsimuiiesanndymarudulymnbidudousnndnidie
Wisuisuiulgmvearuuisaulutymvsseudaduilsidunmunuegnisiy udlunsd

! o & v A v ¢ o aa i o ¢ o aa
vaawsuusIndudsudenldilaidunyuinniianninsenisanulnes addunyuinnilse
AnsnInasmIunnaN UYL HIATUN LI MUY VKN TUYTAR (Gram-Schmidt
polynomials) - 1uLENAI591999 [99-102]  AUUENN1TIZIEANITNILINVOILNUUNNANNTE
wanslugumildlage

(%0 = 2 YU, ON (N} () (a.90)
% Y.D = 23V, ON CON; (1) (8.9
%Y, = 2 S ONCONS (1) (499

4%y D=3 X, QN (N (y) @ o7)

i=1 j=1
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8,(%,y,0 =2 > Y, (ONY CON{ (y) (. 98)
i=1 j=1
Tnef NP(x), 1 =123 . Muay N/(y),J =123 ..N Tnofi P=U,V,W,4,9,

WeRagyliAnaunlaundstufe fuls ¢ Wuimunuressseznisnsedndila q 7
Aean1siansanuar NP (x) Aeleidugusia (Shape function) suuuIwae X luiiues

Wenfiu N7 (y) Aefleddugusng (Shape function) auuuiuny y laefleidugusiamanil

Y
[

ayaglusunuuileandunununuuwnsuviing Ineiisnisaswenunannisdelull

a Y

> fsuanenwsnilafdy N2 (x) waz Nf(y) lufidarfiansandlafmidaiy
N, (s) \iielsidresanislédydnunl Wewnnszurunsiiannumieutudenis
Forsanfigny X oy seiusdd shuds s Hushunuvesinu

> dneuusniirmuald N, (s) Fudulumuideuluveuuniidesnisfiansananld

Tunszuaunsme (Loop) muannsaetuillinenivendidn 1

N, (8) = (s = 5N, (5)

N, (s) = (5= )N, 1 () =7 N, ,(5), k=3 (4. 99)

Tned
J.dsN2 (s)ds
gl iR senly k=2
[ NZi(s)ds
d
[ SN, LGN, ,(s)ds
I =5 >3

4 2
[ NZL(s)ds

o cxs<d Ao Yasiidosnsfinnsan lufidfeunuuisiifigafiiiownueg
Asnanswduunsady —0.5a<x<0.5a e —0.5b < y<0.5b 31 s={x,y}
> mousanuaiildainnszuaunisinarundedulaetluwnueluaunissses
A13N3EARAIUSIWILONTIFBINTT A3l IwIwenNInazylEldRnaUT
Qﬂéfmma%mwiLaawmiﬁwmm%qqsﬁummlﬂé’w Fatusunumenimnyay
LLaz‘lﬁmﬁgﬂﬁ@@%ﬂ%nammmmwimzamsﬁﬂwﬂumwmmﬁjLﬁﬁﬂﬁuaa

Amaunalu (Convergence study)
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A79819N15MUUNLVDULSUAUYDILAUUNLUNITTDISUDEIN8NY 4 AU (SSSS)  hAZLUU
ALUUNG 4 AU (CCCCO) @UNTOMARILAMINATITIN 4.1

M19199 4.1 Msimuantusniandususioveiuulaeldteulvreuanuy SSSS

ey CCCC

B.C.

SSSS

CCCC

N;' (x)
N (y)
Ny ()
N;(¥)
N, (x)
N (y)
N2 (X)
N ()
N ()

NY (y)

1
(0.5+(y/b))(0.5-(y/b))

(0.5+(x/a))(0.5-(x/a))

|
(0.5+(x/a))(0.5-(x/a))
(0.5+(y/h))(0.5-(y /b))

1
0.5+ (y/b))(0.5-(y /b))

(0.5+(x/a))(0.5-(x/a))

1

(0.5+(x/a))(0.5- (x/ a))
(0.5+(y/b))(0.5-(y/h))

(0.5+(x/a))(0.5-(x/a))

(0.5+(y/b))(0.5-(y /b))

(0.5+ (x/@))(0.5- (x/ a))
(0.5+(y/0))(0.5-(y/b))
(0.5+(x/2))(0.5- (x/ a))
(0.5+ (y/b))(0.5-(y /b))

(0.5+(x/a))(0.5-(x/a))

0.5+ (y/b))(0.5-(y /b))

dmSunsiinissesiuluudy 9 duanunsavihlalusuuuuingaiuvselivannisifediuiun

waAIlUA9819TUAN59N 4.1 WAABINIITUINEBU VB UL IAdDAAA DI UNISN15IBISUN

ABINT INTIZasdUAINITaNIazNalA1 watlsarewauidAgylunisivuataulunin

auyAnauusnia Mz lilasudneunlinssnuiouly lnafinauddudaluaziduluniy

35N15UBINTUTRANLAL LAIIUFUNUS IALATINUNIULSD

a A aa a a s o A v PN
ﬂimm@uvLGUGU@ULGU@VIW"\]’WQJ{L‘U’JV]‘EJ’]UW‘UﬁQ'U‘UUﬁ'uJ'ﬁﬂLLﬁ@QVLWG]'uJEUV] 4.16

y
y=+0.5b S
b| s .
5585 S
y=-0.5b S
x=-0.5a a x=+0.5a

(n) SSSS

y
y=+0.5b C
b| C .
cccc |©
y=-0.5b C
x=-0.5a a  y=+05a
() CCCC
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y y
y=+0.5b F y=+0.5b S
bl ¢ . e X
CFFF F CSSS 5
y=-0.5b F | y=-0.5b S |
£ 1 £ 1
x=-0.5a a x=+0.5a x=-0.5a a x=+0.5a
(m) CFFF (9) CSSS
y y
y=+0.5b C y=+0.5b C
b| c \ bl C X
CESC B CFFC F
y=-0.5b E y=-0.5h ] F |
1
x=-0.5a a x=+05a x=-0.r5a a x=+0.5a
() CFSC (R) CFFC
y y
y=+0.5b c y=+0.50 S
bl C o A X
CFCC C CcCSS S
y=-0.5b E y=-0.5h C
x=-0.5a a x=+0.5a x=-0.5a a x=+0.5a
() CFCC

() CCSS

5UN 4.16 winuu199iinI55093 LU 9

o lAANN1TILELNNTNTLANTINUARIUATLUIUNITVDILATUTLAS 1NTUT UL UAS
Tuaunish 4.94 - 4.98 nasnuulUdnuUalUaNNITNATINVDINFIUNIrUA (TT) ANy
JyyN999nN15NATUIRALTUN TEUIUNIITNING WA AR 8ITDRURILUS NI 1A

aunlananuineuntillaeldaun1svesainsisd (Lagrange equation method) 1w
AMUFLTUSHB UL

o _dom_,

aqij dt 5% - (4. 100)
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Tned q; ={U; (1),V; ()W, (1), X (1), Y; ()} awnsauansseazidealaee
o _d ar
ou, dtau,
a_n_ga_n
oV, dtov,
o1 _d ar _ @. 101)
oW, dt ov,
ol d o _
o, dt X,
o d aH
oY, dt &,
n¥neunsEUUMTIesIN TSy IRlESUsTUVaunseeluilusULvEng
_Kuu KW KW K¢Xu K¢yu_ U
KY KW KA Ky
R K SK AW
Sym K¢x¢x K¢Y¢X X
K¢y¢y Y
5 = & aal — 4.102
MU MW MW M A M¢y U 0 ( )
MY M™ M% M IV | |0
& M™ MA M Wi =] F
svm M %% MY || X 0
y M¢y¢y Y“ O
Tnefi K fe wisndfifondestumiundanss (Stiffness matrix)
M A8 ln3ngMNeIve9iulIa (Mass matrix)
F Ao nnmosvesisineusniuunainlag (Force vector)
YA YAVDIAUNITN IULARLLINS NT WAz INWBsaINIsa lasena Ul
NYALLDUAVDNUNING K bdnanall
KILJJrlTJm A,uPUUll UUOO+A56PUUOO ;J:ll
KI\]/rl:m A_szvum VU10+A66PVU10 ]/::01
Umn AZZPWOO Wll_l_'%epuull ;.I:OO (4103)
Kl\JNn:n Kl\JNn\1/n =0
00 11 V\Mlll 00
KI‘JNW‘?;:AMIDWW o +AP, }':W
_ 1 ¢X 00 4,U00 gLl
Koy = BuPatHQUe™ + By o Qo
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K3 — P(A(leQq&vOl B P@va@vlo

ijmn 27 im 66" im n

K¢X '% P¢XW01 ¢XWOO
5

ijmn n

K¢x¢x — D P¢x¢x11 ¢x¢x 00 + A:,S P¢x¢x 00 ¢x¢x 00 + D6 P¢x¢x 00Q¢x¢x11

ijmn T 6" im

K =B, P.f;:yu 01Q¢yu10 +B P¢yu10Q¢yu01 (4.103)

ijmn jn 66" im jn

NV #$,v00 ¢v11 $V11 ~ 4, v00
Ky _BZZP|my Qy Py Qy

ijmn 66 im

KW —A, P¢yWOO ¢yw01

ijmn

By 4,601 ¢¢&10 4,610 ~ ¢4, 01

Kur);wn - 12P|my Q y +D P ! Q y

X By, 00 ~dy 4, 11 #,¢y 00 ~dy 4, 00 PyPy 11~ by, 00
K = DR Q"™ + AR QI® + DRIV QR

eavidareisduiiiniaiaidugine P uay QI @1unsagliainaianuan n

SYALLDYAVDUUNING M a@runsananslasanaludl

M. uu £\ PquOQquO Mvu ™ 0 Mw = | PWOOQWOO M. wu :0

ijmn 0" im ijjmn ijmn 0" im A, | ijmn
Ml\erT\1ln - 0 Mlm B IORnV;'WOOQmNOO’ MI(Jﬁrxnn b 1RrﬁXUOOQ¢XUOO’ Ml‘frxnn =0 (4-104)
[ b _ ¢ 00~y f i 00 bty _ Hu
Ivlumn - O Mumn IZRm Q ' Mljmn O Mumn =0
9% #,v00 ~¢,v00 Syw Hbe Hdy @y, 00 ~ ¢, 00
Ivlumn - I1P|m an ’ Mumn _0 Ivlumn 0 Mumn — IZI:)lm Q
sreazdunvenuyisng F nsdl 3 use uanslaselud
if 0<t<t = d
Fy ==RON (%) N;(0) if 0<t<t =
p
A 2d
Ry ==RON; %) N, O=PRON () N;©  if t<t<t, ==
p
Fy =—RON;(x,1) N;0)—R,(ON,(x,,) Nj(0) e _ L
" RN, (%) N,(0) Y Thst<k=r @09
F, =—P,@MN;(x,,) N,(0)-PRM®N;(x,;) N;(0) if t,<t<t,+t,
F; =—R, N (x,5) N;(0) if t,+t <t<t, +t,

Tngruinvesavand K way M aslusgfusiuaunativesszernsedaiild lneduiumad
svuaauildluny X (M) wazunu Y (N) Fswwadawidu 5mxn) x 5mxn) endegig
WU AMUATILILNAUTULLILAY X uazunl Y Wiy 10 deruiavesuvangazda 500 x
500  dwsunsdiiasginisduaziiieuresuiuuiauudasy nnmesvesussnieuanls
Fudusosihinfinnsanuazauydlinsduaziiteudulunuueaslaiin (Harmonic response)
Foudulsyansdilimsiuen U; (0,V; (0),W; (1), X, (t) wag Y (t) dwmiuven 1 = 1, 2,

3..M uagen J = 1, 2, 3..N awnsouanalalugusialyil



Uij t) liiieiwt
Vij (t) Vije
N Aot
Wi (0) | = | Wye"
Xij (t) Xijelwt
_Yij (t) | Y_ijei‘"t

iot ]
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(4.106)

87 @ ARAUASTINTIAVDILATIASILAUUN Walnuaaun1siludiaunisi 4.102 9
illaaunisnisduasiiouwuudaselugvaunisn 4.107 dunnd158UUY09aUNIINTT
AngrnsduasiiounuudaseNavidunuutymnismanaizas Fansuadamiaunis

AIvANLandbiluaunisa 4.107

Fuaziounuudassasleinisesurgliluuny 3

Ko’ K Ko gl S
KW KW KA KA
K | A KA
sym K [N K By
K HPy
MY M M M
MY M™ MA
— o’ M*™ M A
sym M

M
M*
VR
M dydx
M %

o O O O O

Arzinfioudunistgmveddassadrsaulunsdinig

(4.107)

MMTIATIEANITAUFZ D ULUUTIAU (Forced vibration) WUANANINUUUDETLINI 1A

Aas1zrtaglen1sduinsmisunuLan 355N aentTABRNASA (Newmarks

time-

integration method) nsgUINAISBUALNIALUUTILISAITINANNTaenAdosiuly A und

msesuneldluuny 3
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naeinsiasugURauaaunEy

5.1 UNI

[y

AnuaR sl MAgINUAN YL LT INIINTEIFOATULAT LNUUNY TF9lanana

o
[

WNUNAeUNNG uaUsziun1sIveBndrunilandanudidginauiuaen simung el

o

TnsiifieeBunengAnssuvesauuazusiuuns efin1sidesy (Deformation) nguinuuay
Lwiumwzﬁwé’ﬂmiﬁﬂéﬁaﬂﬁﬂﬁ’uiuﬁwuaqmilﬁagﬂ witleymauandutlamvddfudly
YamusuunsazifunuuaeslifuariidiulsenavvesnndiAulazAuasenlinoarn el
11 3U7 5.1 uguiiuanafannuunndnavesanyigiuvemguiildiuaunazusiuung
Tu 3 nguiifeldiunniian dufe

> mguiuvusafuialaseadianiu (Classical -beam theory, CBT) w3e
Thssa1ausune (Classical plate theory, CPT) nquiiiliiderronnududeuliintnuas
TRl saseiifiannaung wu wiuune 9 dwanlassadisfianunuasyiiiianadnsd
Aomanaganinvguidu 4 fvmutuslu

> mqwﬁmim?ﬂ'&lugﬂLaauﬁ’]ﬁuﬁwﬁﬂ (First-order shear deformation, FSDT)
Hunguifiannsoldlaidasaianmuesusuun fngaseunquidvinavesnsidoun

LUIFNYINTINMIELNR BT UIENGANTTUNTEEIU Aelussuiuntdanievdanisidesuly

ETSTY &

Fududorimnsuduntununasdndelumiieutunistiuunlunguifuiy sgdlsfiay
Tunslémguinsiwasuguidousiduiinis duduseddrumiennugniewssnisndou
(Shear correction factor) $1fae sAufiidavindy 5/6 dmsulassaisivhaintaguuy
lolawseln uimnufannenlndnaudddesedensdunannmsanausadouiiusias
furesnsiasuusideinududousgweannis sgslsfinunislinguinig wWasusideu
SdufiniladumnzaunnfunisesutengAnssuveslaseadieauiaz iU AU
warAUvUlaeE19gNAes

> mwamimﬁaugmaaué’ﬁuﬁmm (Third-order shear deformation ,TSDT)
Hunguifiiaunanannguiniswasusuidoudwiuinis udnsldaulidndudesddaud
yoamaidion fifunquiiisldsumnudeudmiunUssgndldelunenginssunediaseatig
AMULAHUUNTITII B LAE AIMLILAZT BN TanaeuTndn auyRsTuvesnsidesy
FossmunthdalisidudesiinduuunssuufnaruaransouanseonuilusUidulds

1 < 1 d’lj c{' Y v
N151UET ANUANULTIDDUVDINUNNTN AR LA
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undeformed

CBT

FSDT

TSDT

UM 5.1 MaUseumigunsideslveamg wfnledldiulaseasaamunas uiuunao6]

Mnfinanundsdnuazuagnisldautemguinianuilisuanudealdfuedi
unsvate Tngdnuazuazanyigiuvesnaidesulduanslinmgud 5.1 nqufle 9 flay
fiannturbnifdsusugnidusuasnabifinnusniuwszazdsounnseilainntn
FenSeuisuiunguiimswdsusuideudduiiamuazeradeddnatasaiududougs
N 9 Seervvsilunguiilivengausenisldon

Tuvniazdsznavluenquinaudsusddeudduiiaudmivnisadisaunis
muAuszULTedlATIaiImMULazILUIIvINn TagreslndnLaraiunsaUssand el
lngn39iulATIasIRIULAT N UYL DRI UAI TN Tadeilstuntaeg sl Ussdnaaw
Pomitarfinrsaniunguinsdsuglidoudwuilaudonisduaniiouiauuudaszuay
LUUtsdy iefivsufmadnsuaznsnouaussesiumuiasiriuuiailedinansgiiainus
videlmanuuuwaindadudeyafidrdyseniseenuuulassaiiamaimnssuiiviunainian
moulnanadelnyla

5.2 ngufnsilasusuiRaudiauiaudiniulaseainenuluulsuaIvan
Yaugailenduy
5.2.1 §UNITWAIY

#913U1N13NTEIANATINNN U NMSIURUTURB A UTIANY F9aUN15U8INTT

[

nsEina1LNsaLanalarall [96]
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u(x,z,t):uo(x,t)+z¢(x,t)—%z3(¢+%j (5.1)
wW(X, z,t) =W, (X,t) (5.2)

Tuaun1sy 5.1 wazaunisi 5.2 aunsadeuinusinerteslafe u, Aoszeznizdnniy
LUIRNUAILETNIATULAE W, ABITEENISININTDTLEENTLIARMINLULD WU Z @Y @, = ¢ AD

yuvasiuAnthdnnendinsanlawuay t Ao 1aan
NANNITILHLNILINANUNTATNILATNANNITAULATEARIRIN (£, ) LATAIULATEN

@ou (7,,) vaslgmauldnuanuduiusselu

ou

~ _ 0 ()] 3.03)
Ep = =&y tIEL FTLE, 573
oX (5.3)

ou OW oy 2
xz N D +Z xz ! 5.4
v 2 oo v (5.4)

1R89518aLLDUAVDINITUIANLLATUALAAILARIANNIST 5.5 - 5.6 A91

au,
£© OX
9= (5.5)
gg) OX ’
% 4 (0¢ O°W,
——| =+
3h*ox  ox°
aWO
+_
Ve | P o
G I >0
h? OX

ANNFNTUSTENINAIIAULazAULATEAves U uAtlndna 1 sawansle aglusy
soluil

o = E(2)&, (5.7)

E(2)

7, =G()y, = 20+v) Ve

(5.8)
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~ Y ' v ° o 9 v a o = & °o g v a
wazilolassaiemuegnigliusainsgyila q agvilifnszeznisnsedndadunayilviin
wasuely Inendsnunigly lngazuansegluguainuauuazainuaIennal

b L/2 h/2
Us =7 J. I (Gxxgxx + szj/xz)dZdX (59)
2 -L/2-h/2

WNUANIEaELBEATRIMNUALLAEANNASEATILAR NN B N1SUABUTURUE AuNau Uy
aun1swaanunely (@un1sn 5.9) alaaunsndsnuneludansaluil

N et g R

_Li2 "o ox Y ox ox

au, o*w, sy o 0°W, d
2 Ell ax 2C1F11(a_fj 2C1F11 af Cl2 ( ¢j

6x2

O O°W, ’w, ow,
+2¢7H,, 6f > +cfH11( 5 j +A55( a—)

aw. Y OW,
-2¢,D LN (BN D2 | gt
2 55 (¢ X j 5502 (¢ o j

(5.10)

[GI
= - a £ 4 Y < 2 v = y .
A, AB ATENUSEANSLNEINUANNLTLATINIUNITAY (Extensional stiffness)

B, Ao arduusdnsifeatuanuudangediunisisuagnisdnuvunas
(Extensional-bending stiffness)

D,, Aerduusavisiieniuauudundsdunisda (bending stiffness)

E,., Fuay H,, fo Arduuszansifeatuainuudanssdudfugs (Higher-order
stiffness components for normal stress)

A, Fordulseavsinentunuudaunisdnumsiiou (shear stiffness)
Adusrandimanddmiulasaiimuusudivandandsilsituansonldanaunis
soluil

D, way F A9 mé’wisﬁmélﬁmﬁ’ummLL%qm%qé’mmiLﬁaué’uﬁugﬂ (Higher-

order stiffness components for shear stress)

o

AduUsEaNSIant
salul

wisulassasaukuukguaI¥n Janalnduanunsamilaainaunis

3 .
[A:, By, Dy, By Ry 11]:bz_[hh EQ (DM, z,2%,2°, 2%, 2°]dz (5.11)
=1
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h;

(M
[A. Dy Rl b3 | B 2% 2 512

fafinananudineusi Aufvesnisidou (Shear correction factor) aglaignuunfiarsaunly
delinguinsivdsusuidoudrfuiiann uidldnquinisvdsusuidoudfuiinis
mLUumaﬂﬁumLLﬂ%WﬁLQ%LW@Iﬂ@ﬂWﬂﬂmaq
mseseimsduaniieutesauiauuudassuazuuudeduiiu Suduesfinnsan
n¥snuaativosnuislinuduiusfunquimadisusuideudduiiann smuauniselud

b L/2 h/2 au 2 8W 2
U, == — — | |dzd
== | ] @ (&j +(8tj zdx (5.13)

2 —L/2-h/2

A P ) P P a o o A a
Weldaunisszegnisnsedaniungenisivdsusvideudiduiiaiu asanunsaliguauns
NaIUlAAD

L/2 2 2
Ukzij. | (%] +(%) Ll o, 3¢ ((Wj
2 ot ot L5t at ot

—-L/2
2 2
—2cll3%%—2cll3%a o —chl{%)
ot ot ot oxot ot

2
Cﬂﬁ;g P +cll6(aat—¢j +2cll6szé;\gt

2 2
+cf|6£ngg:j dx

Toedl 1y, 1,1, 1,1, wag |, Asluudni uidegreduiavesniu @uisaf1ulInlaain

(5.14)

aumssioluil
3 " R
oL 1o 15, L 11 =D [ P02 2,22 2%, 2%, 2°] oz (5.15)
=1

MTnTsinsduaziiieunuudaszaunsaldndsnuiingnandrsduld widvndesnns
asreidgninisduasifieuuuuddu sududesfinnsandunisueniivinseindu
Tnssa¥annu sndaogaty usansesh a duwnutasnanle q uandliluzuil 5.2 e
lerirszuugndnedawosunuiiney o dundsisnansany HeulvveuivadiudieAesums
x=—L/2uagfanie x=+L/2 wazaunsndinuimueluuniiaonndesiunis
fvusluunil
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f\, @ N >X f 0-\\.“

,-"' S ——————————————— "'\.
= a- e
- L .
| |
X =-L/2 X =+L/2

5UN 5.2 auuguaivanianasiinduniglalnannainnyalanilauuaiu

Y 9

WNAAITUT 4 Usztanassusanainfinssvisundmisdunugle 9 vulassadieniuda
ausauaaslanIugun 5.3 1ie Py Floruiausegiga uaz P(t) auiause a nanle 9

a d’( N & o a ¢ o Ay a L3
aw%meumaammmmﬁqmjuﬂmmmammmmuﬂzyjmwmaqmi’;Lﬂiww

P() P()
R ests<y AR
20N 3/ b [Pcsm| —J o<t<t
Pﬂ Pg TL‘I‘ b=ty
h=0.5 1(s) f1=0.5 #(s)
P(t) P()
[ AT
Byl 1- —J 0=r=t
Pﬂ Plt)=+ L Il_ PI? P(a’) — P’e_“:
{0 [ =1 :
f1=0.5 E(S) E1=0 5 t(S)

JUN 5.3 LansdnuaieuuIAosaiguiuausazuy
ARENGINUNIBUBNLBRINNMINIEIMTBTINaTnUssIanTausanandlanadl

Uex :_P(t)wo(xp) (5.16)

Tne? X, AD ALUINLsINsEynlunsaliAe X,=0 (mugU7 5.2)
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asudaunfinnsanlassassanudosgneldusinsziuuuiadeuiiniennusniy
WUIAUYIIVIATU TUNNTIATILITDINTAUALLTIDULUUTIAUTBIAUAELANITNTEYINUBY
wseUsgnnilanansafinsanlaaingui 5.4

Po
Constant velocity
_—

@ - >X @
I \ /
B
- L |
[ \
x=-L/2 X =+L/2

SUN 5.4 AuLsuAIrnTaadailantun18lansInseiluuLA AU

Y 9

31n3UN 5.4 L599zLAARUNAIINYa8AIuA ugslUSIduINA8A1LLE AT (v,) ety
AUNTTNAIUNYUDNLBININLIINTLYIIMUULAFDUN AD

L/2

Uy =— I P05(X—Xp)W0(X,t)dX (5.17)

-L/2

deo x, =—L/2+v t lngssogymseglutng —L/2<x <L/2 uwavnaiifiarsanegluds

0<t<l/v, dwudydnunl 5() e the Dirac delta function

(%

AINAUNITNA I UNIUATINANITIRUAILIT TN sl uann s wasusIula a9l
m=U,-U,-U,, (5.18)

lunsallassadienuegnielanisnseinanusuafouivaly q usanazaiuisaldaunis
wasuguenauilanaliluung 3 neunini

5.2.2 55 U8UIBVRINA
ludruvesmansenlymivesnuasulndnaiengunswasugUidsudiau

a Sh

=4

& o ax a ¢ DY) = a = o v A
a1ty annsadien3IsnsvesindunUssyndldiunguinisiasuguiaudduiay gai
= 1Y N A a sa v = a = o v o a S vy dl
wilouiuszileuitvesinanussendlinguinisiudeusuiewdauimvilagalanadliluuni
3 lngszilguisvasindavanydlandule 9 nendamansnaennasiulyniteuly
vaulvn Faludnerlinusaduiifenldienduniadnmanslusiuuuiladdunyuiy
(Polynomial functions) &enunsadeulugleunsulanasaluil
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w0 =3 A WO

W (x,1) = 3B, (D E} () (5.19)
j=1

#x0=3C, 0=

zdunalainluaunisvesssugnsednazinudunusiuidudssanslinsiuai (Unknown
coefficients) A, (t), B;(t) uaz C,(t) Fagnursamlaanteulrveulunue A ULARY LU

dauilsidugusisesszeenisnsydn E(X), E/(X) waz E4(x) audulumudssianves

Haulvvaulniaodnisadandldlunis1en 5.1

a & v ! 9/ P £ % v A 1
f191499 5.1 Wﬂﬂﬂiugﬂiﬁﬂsﬂﬁ]ﬁiﬂi\iai’]ﬂﬂWUWﬂaﬂﬂaaﬂﬂ‘ULQ@UVLGUGU’@ULGUG]LLUUG]N )

B.C. E4(x) EY(x) 24(x)
AL xro x =Lt i ek weblxrs  {x+ k) x-Lxm
2 2 2 2 2 2
L L L
C-H x| x=txmn [ Efx L yma X+ |yt
2 2 2 2 2
= L) ma L L), ma
s Xoh = iR —=\|JX X+— || X==|X i1
[ = ( 2 2 2 3 X
et 5.1 avldeulvveuagad
nsaiRoulvveuALUY C-C
u, =0 U, =0
a o L o L
Roulvvaunil X = ) W, =0 uagn X= +§ w, =0
¢=0 $=0
nsditeulureuwnnuy C-H
u, =0 U
a o L]’ o L]’
Reulvroulund X = 5% = 0 uagh X=+—4W, =
¢=0 ¢+#0
nsdideulvveulnuuy H-H
u, =0 LY =0
Roulvveuwni X =-—<w, =0 wazh x= oW = 0
¢+#0 ES
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Tnefidadnes C Aon1sdauiiu (Clamped boundary condition) wagiadnus H fe nyndn
(Hinged boundary condition)

Tunsdhfienfufuuniiniue uumsseznsednvesaunisi 5.19 adhuaunisnasiu
wsuiama (I1) mwmﬁ@ﬁwﬁé’aqr]’]iﬁmimwLLazL%‘mﬂizmuﬂ’ﬁmwé’muﬁ’]qmﬁLﬁ'mfﬁaq
Aududslaimsuadanatd Tneussgndldaunisvedainsied (Lagrange equation method)
mupnLduTusHelul

oIl d6H

= —Z o0

Y

Towil q; ={AJ. (t), B;(t),C, (t)} LaTaINsOLEnTazBealawal

2L N
CLa e
L/ o

NSUUAL NN TUNYILANITIATIEINISAUALLTIDURUUDATLLAZMUUUIAU TINaaNSLLD[Y
NsEUIUNSYRIaINTIRkararyniassuvaunsalulugummsndg

Kll K12 K13 A M 11 M 12 M 13 A O
K21 K22 K23 B + le M22 M23 B — F (524)
KSl K32 K33 C M 31 M 32 M 33 C O
Tnedl K fe wsndiieadosiuanuudandsuesnty (Stiffness matrix)
M fo wvisnafiientdeauiiasesaniu (Mass matrix)
F fio nmesvotussnsusnuuunainlae (Force vector)
95188210 UNVDIFNNTN IULARLLUNS NT WAL LINADS AR LA 9T
auInlunsngnneteatuauLdansweniu (K)
L/2 '—U —u
K — j P gx 5.25
jm A.I.l_L/2 8X 8X ( . )
L/2 !—U aZ—W
12
ij =_ClEll .[ 8X ox 2 ——dx

—-L/2



K% =

jm

jm

K2

jm
K31

jm

K?

jm

jm

jm —

L/2

'—U

—-L/2

=i
_C1E11 P 2
L2 OX

CIH,, —

L/2

x>
—L/2

OX

Lz | G

—-L/2

o=
-2¢,D,. —

L/2 =9

—_—

-L/2

=4
2
L2 | Gy 6XJ

—-L/2

L/2 D J

+AGES

-L/2 pr=d

i—m

aZHW az,—.w

:!W

2
+C2 I:55
2:W

2 —j

1 Au2
OX

— W
(=)

—

llax GX

02! 5°="

o=
—é¢
—2¢,D,E¢ =0

o2 o=!

L OoX X C“la OX

—¢ =l Amd
I '_'l ‘—‘m a"j a‘—‘m
toox ox

L/2 a2:W

dx

L ox o
0=, ix
OX

0=y oY

+ _ —m
As X X

ox?

v:!W
m

OX
=9

J —m

GEV}’ osw

C _ m
27% ox ox

=

-l J —¢
2N+ €7 o S—)
X 55 6X m

: o=
=G E, —= ax ax dx

a’—'¢ aZv—W

1iox ox
¢a

m_

Ox?

— W
._.

+C F55H

o=’ o=

m J m 2

—p—p —_
—2¢,D =N +C o

AUNTNIUUNI NG NLITDINUNATBIAIU (M )

i \a
|\/|jm—

21
M

I
|
2

= o=,
6x dx

+ AGES

—_—
[1]
3 S

dx
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(5.25)

(5. 26)
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31 _ :¢:~u _ :!qﬁ:!u
M= [ (LE]E) —clEE) )dx

jm

L/2 a:w a:w
32 _ 2 :¢ —m _ :¢ —m
M = _[ 1= = -alE = dx (5. 26)
-L/2
L/2
3 _ —¢=¢ _ ol el 2| ==
M= [ (1,2980 - 2¢, 1,825 + ¢/ 12124, ) dx

lneiien ¢, = prell T

F
sl A Y o o A o a o i = -
L’JﬂLG]E]?‘VILﬂEJ’J"U’eNﬂUﬂi%VI’]"U’eNLLNLLUUW&’MVIﬂiBVﬂVW]’]LL‘MUQIW6] UYUATU (lzumaaw)

F, =Pt)E](x,) (5.27)

LNLABSTLNEIVBINUNTEYINUBILSINA TR NI N1TLAREUTN

\ L
F, =R2Y(x,) lisiar 0<t<t, = (5.28)
p

AMSUNISALATIEANITAUALLTDOUVOIAULUUDETE LINIRNDITBILTINBUBNLY
Jududeshuifiarsunazazauylinisduagiisudulduuvesluiin (Harmonic
response) AatuAdulszAvslainsuet [A (1), B, ).C,®]" dwsud1j = 1, 2, 3 ..N

aunsananslalugusiolyuil

AJ- (t) Ajela)t
Bj ®) |= Bjelmt (5. 29)
Cj (t) C.Gia}t

]

1087 @ ABAINUDSITUVIAVBIATUY LBWNUANANNIST 5.29 astdluaunisnisauasiiiay
(aun159 5.24) asvinlaszuulvdvasmisiiesisinisauasiiounuudasgluguuuusialuil

K Kl K@ M2 M2 M= 'E\ 0
K21 K22 K23 _ a)z M 21 M 22 M 23 E — o (530)
K3l K32 K33 M 31 M 32 M 33 C O

Feusyunauns 5.30 FssruvvesauntsmsinTeinsdua e udasydIauatym
demanufisssusifuguldnanluundeuniidués ludmnstinsesinsduasiion
WUt (Forced vibration) luaunsit 5.24 agldssdeviinmadeiuarlunsuidymiu
Ae3annsiiunga (Newrnarks time-integration method) sialgnanl3ieundriiuiiu
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5.3 wguiniswasusuideudduiiaudniulaseaduiuuauuunsudiy
N TaQLTIAgun
5.3.1 HUNTNANY
] aunNsIzEyMInszinveauuUInInguimaAsusUdeudfuiiamansouans
Lgisadl

_ _ Ay M
U(X, Ys th) =U (Xv y!t) + Z¢x (X! y,t) 3h2 z (¢x + ox j (5.31)
4 oW,
V(Xv Y, Z,t) = Vo(xv y,t) + Z¢5y(X, y’t) _W ZS [¢y +EO] (5.32)
W(X, Y, Z,t) = W, (X, ;1) (5.33)

Taofl U, Ae szegnszdnmuuuIMnuAINENYBILL (AL X)) Aisztnuisnan

V, A8 SEUENIEINMILLLILAUAIINNIWNYDILAUUI (WAL YY) Aszunuianans

W, A9 SEENTEINRINLUILAUAIINNLY (WAL Z) AszuuinaavieoniiAszey
n13ln4 (Deflection)

¢, Ao gmzmwﬁwé’mmmﬁmmauLmu y

@, D yNTUUMNARYSANIUTOULAL X

aalananliund 4 anuduiusseninssgeznszda (u,v,w) AnueIendan (e, &,)

b= A Yo
LaYAMILATEAARU (1,7, 7, ) EN5NTOUARSLGRE

g L ;
XX a)(’ vy ay (53)
LA oW u oW
Wy T e T e o (5:35)
Slothaunsi 5.31 - 5.33 unuluaunsi 534 - 535 wagimsmeyiustes azld
Eu | |8 | |&0 | |&
_| ;O o, 2 .®
ey =&y | T2 8y [+27| &, (5.36)
R B2 A

(0) (2)

j/yzj| 7yz 2 7/yz
= +1 (5.37)

LXZ Lﬁf ’} Lﬁf :



101

TUaZIdeAYRIANNTAMATEALUANNTTA (5.36) wag (5.37) anansauanslugussezns

2 Y v dy
nszanlesall

©)
gXX

&

(0)
j/xy

()
Exx
@
vy
()
// Xy

®
gXX

g®

Y
©)

(0)
{m

(0)
]/XZ

+ —_—
(2) y
Y2 oy

(2)
7 x

o 4
lagfien ¢, = — waz ¢, = —
3h h

ou,
ox
M
oy

L Oy OX

96,
OX
og,

oy
o0, o,
Loy ox |

o4, , Oy
oxX  ox°
99, W,
oy oy’

| Oy OX  OXoy |

s

a¢x + a¢y ) aZW0

aWO

aWo
y =
OX

aWO

+ —
bt =

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

91ABAIUFUNUTVDIAIULAULAZAIULATEIAAINTIANIIAI ¢ VILATIATIIUHUUILUY

ugUAIYBWUeg iU IUTY (i) anunsauanslanuauniseeluil
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(1)

Gxx Qll QlZ O gxx (i)

: 7n | | Qu 0 |]7,

() =1Qu Qp 0 &y {T)(li)}:{ 84 Q }{; }' (5.43)
)E;,) 0 0 Qes 7/Xy Xz 55 Xz

e o
YUBLAUMUNUITIUIUTY MUaIAU dur1 Q  muwsisluunsngmlasad

Y

waz 79 LanIRANLLAUSIRINLAALLAUL D UTDILN LU L UULEUA IV

(1) (i)
Qu=Qy=— (Z),Q ==
e i (5.44)
- E(')(Z) .
Q44 - Q55 Q66 2[1+ ]

BN IVANNITTNNUATBIAITLLAUBLATAINNLATEA AILUNAIUA e lULEBIINANS
\duguniselUasuuyauesreen1snsedn (Strain energy equation) et

I’
Us 7 EJ. (O-xxgxx + O-yygyy + Tyzyyz N TV v 43 Txy}/xy ) av (545)

\

WIeaNINsaNITlswaNM NS U eluve s iiegluguredlasiaiawuuuaun i
Usznausediundn 3 tutufetuuuwaztualuiunta dsiunanTandailaidulasdu
navTeTULNUNA1 Bevihunainianlelanseln Auuanalsnadl

1+b/2 +al/2 +h/2
U =—'[ j J.(G(')&‘ +O'(|) +z'yzyyz+T)E'Z)yxz+r(')yxy)dzdxdy (5.46)

—-b/2 —a/2 -h/2

LNUASIUAZLDIATBIAINILAULAE ANULASEA LUALNSWEI U8ty A2le

ou, Y ou, Y ou, ov, ou, ov,
ij "’A\ae(ayj +2A12 2'6\36 Ay

l+b/2+a/2
01T T An(

“bi2 ~al2 6}/ (3'y OX
2 2 2w
_2C1E11 aalj( aéxz _201E12 %L)I( éayz 4 eea;y g 8y
0, 0, g My Ob pp Oy Ob o p 0,04,

118X3X X OX 6y6'y 16656y

0 P 0 0
2B, ou, %9, 2cE, a“°ﬁ+2|366 ou, 09, 2, ou, 09,
OX oy oy OX oy OX
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i2n, Zo i, 00 By Az{ayj A%(%j

oy ox OX oy OX
v, 0°w, ov, 0°w, ov, 0°w,
_201E12 ?_chEzz 2 4C1 66 A,
oy oy oy OX OXoy
+2812 8V 6¢ E12 5V 5¢ 2866 6\/ 8¢ -2 Ese%a(ﬁx
oy OX ox oy X oy
0
zgzzﬂi_quﬂ@l ZBesﬂi—chE%%ﬂ
oy oy oy oy X OX X OX
o*Ww, ou o*W, ou, o*W, ou,
_201E11y§ 1E12 8 ClE66 ox
oy* oy oy
o*W, oV, o°w, vV, oW, ov,
_2C1E12 2 ARA" Ezz 4C1 Ese s A
ox% oy o7 oy X0y X
) oA Y b, O°W, 00w, oAw. Y
+¢,"H,; (a—;) 820 H, vy =%t sz[—z"j
X ay” OX oy
2 2
oW ow,
+C22F44( 8;] +C2F55( j A44[ ay] Ass( j
ow, Y ow, ) 82w, )
2c2D55( j ~2¢,D,,| —> | +4c¢’H,, R
OX 8y OXoy
o*w, 04, W, og, o*w, g,
‘2C1F11W X +2C12H11 ox 2 X -2 I:12 6'y ox
aZWO a X 0 0
+2C12H12 6’y2 a_i_A'CzDss ¢5 2A55 X
+202F, Mo —4ch 0 9% ac o, 0°W; Oy
OX oy 8X5'y oy
o*w, 0¢ 2w, O, o’w, O¢
_2C1F12 2 _y+2C12H12 2 _y_2C1F22 2 —
oX* oy oX® oy oy- oy
2W. 0
+2012H228—V\2/°ﬁ—4czD44%¢y+2A44%¢y
oy oy oy oy
2 aVvo ¢ 2 62 0 a¢
+2C2 I:44 E% 4C1F66 ox 4C1 Hee oy 8_)(y
¢, ou, 6 au, ¢, ou, ¢, ou,
+2 Bll 2C1 E11 +2 Bea N 201E66 A
X ox oy oy oy oy
+2|312 8¢X %_2C1E12 2866 5¢ aV 2(:1 66 5¢X %
X oy oy ox oy ox
8¢ 82 09, 82 0, 62
_2C1 8X2 2C12H11 8X2 2C1F12 ox ayz



Taen

o, oW o4, oW, o4, 32w,
_201F11 X x 2 042 2Hll o ?— Cl 127?

o¢, O*w, ow,
+2¢%H,, == = ay —4c D55¢ +2A..0,

2 2
+2C 2F55¢ %_4(:1 66 a¢ a 4012H66 8¢X a Wo
2y ondy oy axdy
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o4, \ o, \ o4\
+Dll( P j - 2C1F11( X j + C12H11 ox + A55¢x2 - 202 D55¢><2

+C, F55¢ +D66[a¢j —2c1F66(6¢X) +C HG{(MJ
oy oy oy

20, 25 4o, 0 ooy, O
Ox oy

¢2C ax

040, 4 04,

+2D,

%9,
ox

0 ow,
+20°Hy, —L =2 +2A,4, —> = —242¢,°Fd, oy
o9, o*w, 9, &*w,
—4 1F66_y +4 12 66
OX OXoy ox axay
o9, 0 04, 0
12_yﬂ+2C12H12ﬁﬁ
oy Ox oy ox
o, 8

09, 34,
66 ox oy

04, ) og, \ 04, )
Dzz_y ! Fzz_y 2H22_y
: (ay] : (ayj“l (ay]

+A44¢y2 - 202 D44¢y2 + CZZ F44¢y2

04, ) o¢. o¢.
+D66[a—xyj _chF%(@_ny +¢, Heg gy dxdy

4c,F, 8xy 6‘yx +2¢°H

(5.47)
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[AJ’BIJ'DUlEu’ Ij’HI]] ZJQU[]'Z Z Z Z Z ]dZ (548)
h4

ol j=1,24756
N1934AF1E NN A UL OUVBILNUU NN UUDETE AT LUUTIAU fITUINEIUIAUVDY
wHuUNBdiauduiusiung winswisuguideudduianusuaunisdeluil

U, =% J p(z){(%”j +(%) +(%Wj }dv (5.49)
T
24 ot t ot ot ot ot ot
*'{(%H%J J
ot ot

e au 61//X L0y azw0+%6wy+%azwo
“'s "ZT LT oyot

(5.50)
B (awx 2 L v, Py Oy, Dy [0y, }
25 ot oxot ot oyet | ot

oy, ) L0, W, 0w, 3w, [(dy i
+C12|6 ‘//xj Wy A Al y
ot oxat ot oyot

ot

o'w Y (otw )
+ 0 | + - dA
oxot oyét

Toedl 1y, 1,1, 1,1, ez | AsluuusnIudeeveau1aveInIy @usaA1ulIdlaain
aunsiolull

3 A N
oLy 1o 15, L 11 =DD [ PO @)L 2,22 2%, 2%, 2°] oz (5.51)
=1t

AUNTNAIUNYUDNNUINTEVNA UK UV LU UNTAIUT0 LA N W UL ANNITUD IS

] A 9 P a a a o v a = %

YDNLALILHLNITNTLIAAUUNTAKIUN LA (’Lﬂnmmwqwgmmﬂangmaauamwmﬂm)
YNFIDENNLTUNITNTEYINANINAALARDUNAAALASIAIEAIULSIAIN (v,) @unNINEU R

Ugx =—RW, (Xp1,0,1) (5.52)
] = 4' I o A % A - )
drunsallvaauuudu q Aauisaldaunismuuniniuanld 3nindnunaunsansdeu
AUNINENUTINVDINUU NN BN siRgugUReudwUNaw Al
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MNANNSNE TR ansatin sy mnsduas e ure s LU UY
wruavaIndandaleiduls Inenisasisaunisndesusiu (Total energy) auUseLnnves
umiifosmsinseidsaumsndsnunusuvewsazdssanannsadeulded
nsdinsduagifiouuuudasy

=y, -u, (5. 53)

NSNSAUALINDULUUTIAY

M=U,-U, =Ug, (5. 54)

agnsituudluidelasiadisnn Tnefaunisndsausiy (T1) anunsatluldiewdUaym
Iinannuaneds waluineridnusaduiidenldisnsvesinddaduiinisifenldfuedis
unsvanewaglvinadnsgndeazdaduismiamsaufuldtulassadasig q Anssesiu
sodeulureuanuusie Lo

5.3.2 s2U8UlsvaTNg
luviueasgfuiunsdlvensiiasenuduuenldnguinsiudsusuideudinudn
719 PatuaNsalErannIskasNenTuYaIsEaLNSNSEARREINURINELNSAD UL

0y (%Y, =Zzu ONCOON: (Y) 5.55)
(%, y,t>=§§vﬁ ON/ N () 5. 56)
W, y,t)=§§wﬂ- ONTCON(Y) 5.57)
8,0, y,t>=gjzn_;x” ONE N () 5. 58)
8,06 y.0) = ZZY ON? GONY (7) 5. 59)

dun3Tzurnsnszdndinsldnundnn1sinundslananssisazideaneanun1suilunn
AnauNdonadesnuLiuUNdNaulavauluaaig 9 MiFeusosual Tnoa1deisniseas
Handunyununuuunsusiiod Aeudslilanangiluuni
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HIeleauN1TEeYNIINTEIANIMUANIUNTEUIUNTVRINTUBEAA Mdeantuluuny
adluaunmsnaTInvesndunmue (IT) audymNfdein1siasuILagsun T8UIUNT
nasusaafnetesiuimnUshinsuamuiilananuneuntllagldaunisvesainsed

AuANNAUNUSAB UL

ol d oIl
——————=0 (5.60)

aqij dt aqij

e q; ={U; ).V, (1), W, (1), X, (1), Y; (O} annsouansseazidenlamie

o _dar _,

ou; - dt oy,

ot _dot g

oV, dt oV,

a_H_gé_Hzo (5.61)
oW, dt oW,

o1 _doart_,

aX;  dtoX,

o _dar

oY, ~dtoy,

o 1 L3 o Yo 1 dy a 6
VAINNIUNTEUIUNTVDIAINT ATV LeSUTEUUanmsaelUilugUamsng

KW KW KW K¢Xu K¢yu
KW K™ K& K
K" KA KA

sym KA K%

K %

Muu Mvu Mwu M¢xu M¢yU
MY M™ M M

+ M™ MA M
sym M A% M A%
M¢y¢yJ

<XxX=<C

7 (5.62)

'<:><:§:<:C:
Il
OO TTOoOO

Tefi K Ao wvdnafiientostunnuuiands (Stiffness matrix)
M #e wvdngiiedasiuuna (Mass matrix)
F fio namesvesusinigusnwuunainlag (Force vector)
sreazidunvesaundnlundavvisnduasinmesanunsaldseluil
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uu uull quO quO uull
Kimn = A1Prn + AP,

ijmn Jn
KI\J/rl:m A&g PvuOl vulO + Aag PvulO ]/:]JOl
K:;/nn Azz PWOO W11 + Abepuull uI:JOO
KI\JNnL:n ClEllF)WUZl WuOO _ClE12 PWUOl Wu20 201E66 P”\:]IulOQ;I\r:ull
Ku\JNn\wln _ClEZZ Plr\;lw 00 WVZl _(:1E12PWV20 WVOl 201E66 Rr\:]N MQ},:\VN
K = LB 4 BT + H B
+ 2C H66 va;IWM WWll + A\55PWW11 WWOO 2C D55 Rr\:]VWllQV:]WOO
+022 F55 F)ir\:WVWl:L WWOO + A44PWW00 WWll 2C D44 P"‘:]VWOOQWWH
+ CZ I:44 Pir‘:]VWOOQ}’:’]Wll
Ku(frxnn _ BllplrﬁxullQ(pxuoo <& E 1P¢XullQ¢XUOO
+ Bee RrﬁxuooQ@un C Ese szuooQ@un
Klzﬁ;m _ B12 P,ffvm ‘/’xVOl 12 P”ﬁxvloQgﬁval (563)
+ Bes P"gf]xva@vlo c Ees Plflxvaqﬁxle
Kf?nn C, H11R£XW12Q¢XWOO ClFllF)irﬁXleQ¢XW00
+ C le PI:;XW10Q¢XW02 C F]_z PlzxwloQ@WOZ
== 2C H = P”ﬁXWOIQgI)XWll 2Cl F66 Pi¢XW01Q¢XW11
+ A§5P¢XW01 ¢XWOO A 2C2 P F)Irgf;(wOle)XWOO 55 RriXWOngbXWOO

It _ Hd 1l A 00 Hddl Wx 00 e Ay
Kimn = DiPn” Q5 S . +C¢’H, P2 Qi
¢, 00y fedy 11 #4006, 411 ##, 00y dd 11
- D66 Pim an 2C F66 le Q +C H66 le Q
¢, 00 ¢x¢x 00 Px#x 00 8,4, 00 x4, 00y 4 00
+ ASS P 2C D55 le Q +C F55 le Q

K¢y -B P¢yu01 ¢yu10_ 1E12P¢yu01 #,u10

ijmn 127 im
$,u10 ~ $,u01 $ 10 ~ 4,u01
+ Bee ley Q . —C Eae P.my Q y
Vv $,v00 1// vil $N00 ~ Vil
Kur);m BZZ ley y C C'1E22 ley Q )

A NV11 ~ B,v00 P NVIL ~ $,v00
+866P|my Qy _CE66F)Imy Qy

K¢y ¢ 2h P¢yw02Q¢yw10 ¢, E P¢yw02Q¢yw10

ijmn 12 im in 125im in
+ C12 H 22 RrﬁyWOOQﬁMZ —C Fzz RrﬁywooQﬁzwm
207 P Q) - 20 R P Q™
+ Ass +2C D55 Purgrj]ywooQ%WOl —C I:55 PurﬁywoqujYWOl

K.ﬁ: = D12 Rf\y@OlQﬁz@lO —-2C F12 P.rﬁyijOlQﬁ(pxm +C H12 Puim OlQ?MO

$,6,10 ~ ¢y 4, 01 3,610 ~ ¢4, 01 #,6,10 ~ ¢y 4, 01
+ D66P|my erf -2c Feepumy er)‘l/ +C Heepumy erz
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00 00 00
K ¢y¢y — P¢y¢y Q¢y¢y 1 2C1 F22 P”f]y% Q¢y¢y11 + C12 H - P”V:]y‘by Q?ﬂ’y 1

ijmn T 22 im

00 00 00
+ D66 F)Irﬁy¢yllQ¢y¢y —-2c F66 F)irﬁy%llQ‘{ﬁy‘Py + CZ H o P”(f]y(/fy 11Q¢y¢y

00 00 00 00 00 00
+ A44P¢y¢y ¢y¢y —2c D44|:)”‘T75]y¢y Q¢y¢y +c |:44|:)"‘/;y¢y Q¢y¢y

Muu | PquOQquO Mvu O Mw | PWOOQWOO

ijmn ijmn ijmn 0"im jn

Mwu =—C1| PWUlOQWUOO va =—C1| PWVOOQWVlO

ijmn ijmn

MWW I PWWOOQWWOO+C I PWWllQWW00+C I PWWOOQWV\ﬂ.l

ijmn = To"im 116 im jn
M.Trx:n |1Pi¢*”00Q¢*”00 ¢l P¢XUOOQ¢XUOO Mf%n -0 (5.60)
Ml(fgm _ 4plf]xw01Q¢&woo + |6P,f:‘W01Q¢XWOO
Mt = 1,PEAOIQEA — 26 | A TQEH + 21 PEATQRA™

du sV #,v00 ~ ¢,v00 $,v00 ~ ¢,v00
Mur);m 0, Mljrynn - 1P|my Q | —Cll?,ley Q :
00
M. 4w —Cll P¢*W00Q¢XW01 +c IGR?W Q¢*W01 M. At _ 0

ijmn 4%im ijmn
Py #y4,00 ~ 4,4, 00 #y4,00 ~ 4,4, 00 #y4y 00 ~ 4,4, 00
Mljmril _|2P|myy ny 2Cl|4|:)|myy lezy +C1|6P|myy ny

TeaziduaveIMsduinIaieidugusie P uay QU7° A111509HAINNIANWIN 1

A7987192NLABSTLNBITDINULIINTEINWUULARDUTIVTLSY (F )
i =—RN"(x,)N;(0) (5.65)

Tngauingesunsng K waz M dawvindu 5(mxn) x 5(MxN). - 8ndieg1agu a1n1mnun

TnunadluuILY X wazinu Y Wiy 5 aeuuinvedunangaziian 125 x 125
ag197nan N uniing d1rSunIaliAs 129N TEUALLTDUYDIMHUUIUUUDATY

nnwesvasineusnlidndudesiuniansawasauyilinsduaziiouduluuuuensiy

a . v & I a Lay |

in (Harmonic response) fetuA1duUsEaNGNlUNIIUAT U, O,V (0),W; (), X; () was

Y, (t) dwmiuen i =1, 2, 3.Muagan j =1, 2, 3.0 aansauanslalugusiolui

U. (t) U elwt ]
V'J(t) \7e|(ut
ij il
W, (t) | =| W;e* (5.66)
Xij (t) X ela)t
Yij ) Ve"‘"

189 @ ABAINUDSITUIIAVDILKUUN LIBWNUAIAUNISRIUSITEUUNANYDIAUNITNS
) A ° 9 | a ¢ ) ~ a ~
duaziieuagyihlildseuulmiveamsliasgvinisduasiiieunuudasslugUaunisi 5.68



110

K uu K vu K wu K ou K ¢yu
K w K wv K 'A% K dv
KWW AW

sym Kb Kb
K¢y¢y
_Muu MY M™ M M .- (5.67)
U 0
MY MY MY MY N 0
-’ M™ M%* M dw W =10
sym VEEZ Y EAE X 0
mév (LY L0

MILATIZANN I UALTIoULUUTIAY FUAnAIeINnLUURasE NS 2 fosiAs 1z R lae e
Msdufinsaifisuiunainussuvannisi (5.62) Femsidenldefiunsa nszuiunis
Suiinsauuuiiuniasgindnnisaenndesiudymunuuieifinisesurgluluuniinun
Faus s dudewansivansonsnass
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LUUINADINIIANAATENS

wuudasmneadginansiuinfinnudfysensinseinsduasiiounasnnsia
A704lATIAT19ATY (Beam structures) kaglasaas1auiuuIe (Plate structures) wuudI@aBs
msndamanifigniesuazaenadesiunginssuatavesianiileagansldanioznisnsein
MNUTINMBUBNAN 7 Teazteliimnviedeeniuuamnsaiunenginssuvedlassainald
967190NA8Y warYIwaniIal sauddlddnelunisimsen lnglideserdunisne aeuass
welusedinismeaeuatetuenafeddduuiununn fafulunuinednusetoiid
wUszadiiiorzaiauuuitasmsadamansdmiuiigmnisduaziiiouveslasiaiianu
wazlassaiuruvefiilassafranvunsudivdsiunaindandeiladdy (functionally
graded sandwich structures) Inglassasnsmunislaseasiaunuutslsenouluae 2 diu
ndnfouduUsznuuuardnd (Face  sheet)  fignadiadusnantanTandeileity
(Functionally Graded Materials, FGMs) 6'??&Lﬂui’a@ﬂaﬂwﬁmszmwﬁmazdauﬁamﬁa%u
uNUNEY (Core) gnasnstusnIntaniiolien (Homogeneous materials) #sazognieliuss
nszvhuuuLedouiiniensavienatsuss TnsuuudtaesislassaiieauuasuiuuIseguy
ﬁu'ﬁmmwﬁmiLﬂﬁausﬂLaauﬁwﬁuﬁwﬁq (First order shear deformation theory, FSDT)
LLaquwgmiLUaEJuiiJLaaua’mumam (third order shear deformahon theory, TSDT)
svisfinrsananeleulyvoulun (Boundary conditions) WUUSIS 9 F93Bmamwalaas
yostlymazUssndlindnasndssu (energy principle) Famdsaudanaamlsainay
AU AnsaTen nasueadlazusintsueniunssinay Isudevisvesind (itz
method) Liteausfilsiduresszeznisnssdnnuidoulvveuniiiinun 9induagliisng
YosnsNAlflevaLnINTARBUTivessEUY Jnsnmalassvesaumsiadeuiaz]disns
¥93211%A (Newmark - method)  tilenaneuaussnssnunainveslassadisauuay
Tassad iU Ui ATivinananfandetaidusely

6.1 WUUTIARINNANNAIENSLATIFTIIATUUUVLBUATIVAIN TaALTa TN TuUY
fugrumguiniaufsusUideudiduiinis

Tuduvesideusniandunisuanisisandonvesnssuiunisaiisuuuiasmis
adinmansfifimnuiidesiulassammadmnssuuuuauy daduguuuunisesassaing
fhuAnudangAnssusunisduasitou saudednwwginssusunislnsiveddassaing
Ingdnvuzvedasiainanainanazgniiansaninlulasadiwuuseudis dadseneuludae
Furoauriutsznuuuuarans (Face sheet) fignadtstuunannianaosindmiufo Yaqds
ilafdudainasdomdonit FGMs uazduresununans (Core) Qﬂa%’wﬁummﬂi’aﬂﬂismw
deien muddu Tnsuuudaeasndamanivosassadrsauludnvuslasaaiiauuy
wrusArd Ui eitymnsduasiteunasdamnsinsesauiiy asfiansaniasadng
MusEUURAnE1 B mgUR 6.1
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|

,,,,,,,,,,, »X Homogenous core

k L !

JUN 6.1 lassaamuuiuunsunIvanJandaileidu

4 Cross-Section . 4,
_Hardcore ~ Softcore .
h3:+h/2~ metal ~ h3=+h/2] ceramic
h, ceramic h, metal
hy ceramic hy metal
hO:-hIZM metal ho=-h/2— ceramic

JUN 6.2 AINAAYINVDILATIATIAIURUUUI A YAIN TR TN Ty

MTUNATETNANLUURGUAIYIIN ARGty Feusenouluse 2 daumdn 1u
AR AIUVDITULNUNAN LAZAIUYDITUUTZAVVULAZENT TILATIFSuTUAIYRILna1 LY
Tudnadiuargniniinnsandnuilaewutesndy 2 Usean fie duununaleau (soft core)

LazduLNUNa1Iwds (hard core) wazlpevnluudafanuseinniasiiin (ceramic) azden

A 1

wegdavasANianeuaNnIanUssnnlane (metal) AsulATIE1IAULUULYUAT YN

v

<

fandefledduiifidunnunarsudsarusznouludedunsnieduununaisiivhunaintan
Ussnmesdinuardiufiasfetutssnuuuiazarwhantaanausgviuesfinuaslans
Tngaziasundasnuaniitaneesdeiosannlans 100 % Aaduuonsunateifuiesiiin
100 % fituununans daulassademuuuusruiisantandeilsidy Afduwnunanauuy
sourziinuautinsafudrusuivulassadrenruuuunsudivain agdaflad fuiidd
ununanauds Selaseadaueusiviaesussnndnanasunuaueivesudedauys L
Tauunu X uagdininugeain —h/2 fs h/2 lWeuunu z duanunineveseuunue b

lnglassaduauegnigliusanszuvunioun P@t) eanuiiaefidmids (v,) uas

nTIEIUMLUILAaZTY (layer thickness ratio) aganiunulaudyanualfilavangda 1o

1-1-1 vneawdn hy = -h/2, by = -h/6, h, = h/6 wag h, = h/2 Wudu waze

a a

AuauURTanUsyAVSNE (effective material properties) vatianuaastuauIsanlansie

aunisealul
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EQ =(E,-E)V"(2)+E (6.1)
PV =(0,— PN @)+ p 6.2)

gl E war p f9 AUenaavesndugnvgularAInunuILiuYesian diuen
Wi t, b uansdeRuanTRvesiEn o AULVUIRINUUBNKATLNLNATYBLIER AINARU

A o 1

V, fia dndulsuinsvesian (material volume fraction) aunsamlansaunissaluil

n

Vb(l) (Z) — é__hh(; Ze [ho, hl]
V@ (2)=1 ze[h,h] (6.3)
=] el

A1Y8Y N A ATARAIUUSINATVRITEN B0 UaNTNN IURELIUAIYDIIENNINAINLVIL
VDAY
a o/ fa o/ a ¢ o ‘:’l’ a a
fsaunlaseaiauiuuneuaivandaqidafladduuuiiugungelnisdeusy
LROUAIAUNTTINTIUINASINAFENI19E 8] Timoshenko 1A83282N13N52IAVBIATUAY
WNY X UUQNWANATY U WAZIEEZNITNTSIAMNLAN Z UIUAE W Jaanansauanslan
aun1snelull

U(X’ th) S UO(X,t) =R Z¢(X1t) (6.4)
w(X, z,t) =w, (X,t) (6.5)

Tnofl U, uar W, Ao svaznisnszda o AR -9 AIULUILNUAIINEIIATURALA LN
A2 Al FUiaszuTuRsnans muaU dusn ¢ uanaflan1susuYessEUTUMTNARYINg
YDIATUTDULNY Y LAy t foran ftueifanuduiusssuiniszernisnsda
(displacement) mmm’%&mﬁgqmﬂ (normal strain, &,,) LATAINULASYALRBU (shear strain,

7,,) Bananslansaunisaaluil

_ou _ au, (x,t) . 0¢(x,1)

€
OX oX OX

(6.6)
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_ou dw_aw(x.0)

+o(X,t .
T =5t o P(x,1) 6.7)

a v .:4' = 4 a ¢ 3 a A =
1NNA1IUMAIUUNT 3 AIULATEALRDUANLNG Y DRELADI-LUBTUAANT BN Y]]

a a v A = oA )
AuLUUAANAANITEAINAUALITURD ¥, = 0 uazuu ¢= —ow, /X Feagldwilaudy
nguf] Timoshenko AIUDIAEAIUFUTUTTENINANUALLAZAIULATEANIUNY VBIEATL

5]

o« |E(@) 0 |]e
o) L0 G@) |l

XX

(6.8)
T

lne?l o, War 7, WARNENAINLANAIRINLAZAINLAURUIUSEUIU XZ ANEIRY dIuA

Xz

G A AuegdaReuvesiaguasinnuduiusiurmanfaninudangunail

~/E(2)

9= 2(1+V)

(6.9)

6.1.1 WHWIUAMULATEAFIMTULATIATIIATULUUUIUAIYIIN TALBIA T
dldnanilinoumiiiinismmuanasrestlymazdsrendldvdnniamdsnu Tae
watnasdilainiunalnaslngyuszanal (approximate solution) Ingnsany@ilaridusyozs
nszdndemdsnuiainanmiliananandu aruieion sern1snTdnvosAIUTTolHLLNg
Taofidndanumnuaien (strain energy) YesAULUULRURIvIINTanBeilesdtu ansa
Weuaglugy
L h/2

U, = gj J.z(axxexx +7,,7,,)dzdX (6.10)

0 -h/

WUELNNST 6.6 — 6.8 adluaNn1s 6.10 azle

18 (ou, Y ou, o¢ o4 (awjz
U == o | 4o, &, p [ N
: ZJ; A“(axj TR o “(axj s X
(6.11)
r2hp O At o
X

° U a = = a saa a ¥ LY <
dnunaiwesluaunisi 6.11 wansdennsdwesilanuieitesiuainuuds
134 (stiffness) vaeTantusuen o lngaunsassuieanuvnglanseluil

I3
a a

A, e AnduusyansineniuauLlendeinunisis (extensional stiffness)
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B, Ao A1duUTzANTLABIAUAIILLTILNSIAIUNITAILAZNITAALUUNEAY

(Extensional-bending stiffness)
D,, Ao Adnuszdndineanuannuudanisinunisnn (bending stiffness)

'
a

a W a £ Y] < 2 v a .
A, AB AFNUTEAOINEINUANULTILATIRIUNISRDY (shear stiffness)

Feanunsovnldead
0 3 N E(l)
B, b EVL, z,z%]dz way b
[A;,B;,D,]= leh'[ [ 1 A = Klz—l“h',’.l 2(1+V) (6.12)

a ¢ & ! Y & . a W ° ) A a
WIFULFBT K AB ANLLNYBINISLIABY (shear correction factor) HAWNINY 5/6 @1UITUNTUN
5

6- (chc +vam)
ARdnd1uUINIRs VRl aYLKAZIIITNAINAIFU AU V, WAz v, ADAN

Judaglelavselnuas « = dmSuianaaileitu laen V, = 1- V, &9

AV, waz 'V,

c

an5@UTBIUIT1TNWAL AN ANNAIAU

6.1.2 WHIUAAUFINTULATIET9ATULUULIUAIYIIN TAL BN 9N

UBNINNEIIUANINLATEN AuTiTinsindeuiiviedinsduasiiousdindsnuaat
(kinetic energy) e?iqﬁ]uwé’qmuluéﬂgmwwﬁq Fepuitinauazindeuiisonnusy u
Lweg W annsauandldiaunisielud

= _L[hf [Z—UZJ{%T dzdx

0 -h/2

e s & 2 (6.13)
Ukzlj lo(ﬁj £2), M 00 (ﬂ il ( j dx
23 L at a ot 2\ ot
Tnedt 1, 1 uay |, Aoluwmdrudosvewia uansldsdl
3N
oo 1, 1] = bz [1,z,zz]dz (6.14)

i=l h,
6.1.3 WHIUANINFIUTDITURULEANEGUAMTULATIEF19AULUUUYIUATYIIN
Taquanandu
#NsaunsallassaseAuniigIusessukuuEangu (elastic foundation) awanslu
U 6.3
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CLLTEEEET T LT LT &

UM 6.3 lassadenuilgiusessunuutiangu

' 1%
a =

FIANAINUANIAARTUANNNTOM R Aaaun1Sea lUT

bk ow Y
U, =—[| kw+k d X
i 2.([ w0 s(axj (615)

Tne? k, Ao Arpenausiunes (Winkler spring) wag k. Ao A1AsiaUsivostuLsulou

(shear layer spring)

6.1.4 $IUANUIINNTEABUBNFINTULATIAT1IATUUUULIUATVIIN T TIN T
WaNIvUszenaldiuauniIsaInIid MRsanaeuiliinanusenseyinteuen
AIUALIINTEYINUANTLSIVTOUINNT Falanesasy Feansaeulanaumssialyil

UM 6.4 lassasamuniglausinsgyiinnguen

ATLIINTEYLUULAADUN 1 W54

) L
—-P®)w,(x,,,t) if 0<t<t =—
Uex= 1() 0( P1 ) tl Vp (616)

0 if t, <t
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NTULIINTEYLUULAADUN 2 34

~P ()W, (X0, 1) if ost<tl=vi
p
. L
Uex = _Pl(t)WO (XPllt) - Pz (t)Wo (sz,t) if t1 <t Stz = V_ (6.17)
p
P, (W, (X, 1) if t, <t<t +t,
0 if t+t, <t
ASEILSINTEULUULATOUT 3 159
. d
—P, (t)w, (X5, 1) if 0<t<t =—
v
. 2d
—B, ()W, (Xpp, 1) — Py (1)W, (X5, t) if t,<t<t, = v
p
! L
U, = —P ()W, (Xpy, 1) = P (OWy (X5, 1) — Py ()W, (Xps 1) if 1, <t <t = V_ (6.18)
p
—P, ()W, (X5, t) — P ()W, (X5, T) if t,<t<t,+t
=P, ()W, (X3, t) if t,+t <t<t,+t,
0 if t,+t, <t
duen B, P, uay Py nashadeufivunuuueniludin snansauanslésai
B(t) =R sin(Cyt +y1) (6.19)
B, (1) = Ry sin(Q,t +y,) (6.20)
P, (t) = Ry sin(€2:t +y5) (6.21)

A 2 ' a W
deen Py fie vuausslumidietadu
Q. As AUDTOILTINTEITuNUIBLSREURD WY

y; Ao yuwalumhesieu
d A9 T28ENNTENINUTININTZILUULAARUN UM EILRT
Ingduviseuss (B, P, uag Py) agfufuna (t) uasanudd v, lagamisomléan

aunisealuil

X, =[V,t— (i —1)d] (6.22)
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TunsANLTINTLYINLUULAFBUNTIIUIU 4 K58 5 k59 arunsaubalagldnannisiaeliu
d‘ d‘ 1 v v lﬂ’l
aun1sf 6.18 Analineuniind

PINNAIUNIAUANNANIUITIOU TINGINUANULASEA WAIUIAY WAIUFANEN]

[} 4

¢

FusesfuLuudangularuliinanusainseyinieuen a1unsaleueglugundanudn
57 (total potential energy) lagsil

Im=u,+U, -U, -U, (6.23)

6.1.5 WM INIMARALEINTUTATIEFNATULUULIUAIYIIN TARTIN e

[leflagmAnanevaue i uNainvasn LU ULTUAIYIIN TanBeileid Tngly
vdetlavldsafouitvesnd %ﬁ%maﬁ%augaﬂqﬁ%’uﬁzazmsﬂsz%’m u, (%), w, (xt)
wae @(x,t) %ﬂ@@jiugﬂﬁﬁﬂﬁﬂlﬁﬁ%uaéﬁunm(time—dependent generalized coordinates)
nazileriduguse (shape function) Tuguuuvesitsidunyuniaenadesiudoulvveuiun
Mntulsggndldaunsansedilemannisnisndouiiuarldss feuitnsvesiiunia
(Newmark method) 938lunT5YIHaRUANBINIIUNA TNV IATULUULEUATYIIN TANLT
andusisly

Taofifladdugusng  (shape  function) Tuguuuuvesifedtunyunuiaenndosiu
Houlvvauiwnuandlddad

Uy (X,t) = Z A E;(X)
W)= B (Z,, () (6.2

D ED NSO

¥

Tned A (1), B;(t)uas C (1) ﬁaﬂﬁmﬁﬂﬂﬁ%mag}ﬁunmLLazlzjmwms?iﬂaﬁLﬁuéTaqm a1
2,(X), () uaz E;(X) ﬁaﬁaﬁ%’ugﬂéwiugﬁwamﬁaﬁ%’uwumuﬁaamﬂé’aﬂﬁu
Feulvvauinvas U (xt), W, (xt) uay ¢(x,t) audidu ﬁaﬁ%’ugﬂs’wwaqmuﬁaaﬂﬂé’aﬂ
fudeulvveuiunsng (essential boundary condition) TusuAnedinugasuiiusznauly
AI8ATOITULUUENTBUYIU (Hinged  support)  kazaasassuluudawiy (clamped
support) miizqL’ﬁ"aulmamwé’ﬂﬁaﬁqgﬂLL‘U‘U@'N ‘ ﬁﬁwaé\’mfuﬁ]ﬂ%’é’ﬂmmmé’aﬂqmﬁaﬂq
UBNTFUMUUAINGTD AiB NS H Unugnsaeiulbuudig 8nws C wiulnsessukuugniuy
FaagUsznausedu 3 Jeuly anunsaesunedauandlunnssd 6.1
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A919% 6.1 A3 UROULVVBULUALUUAN 9

Soulvwoulum (B.C) ANBEUNY
C-C nseasuTtBLAE I NERLLL
C-H asessumuEEgndauiukaznsaesuiuYIndukuudY
H-H sessuittieuaragnindegasesiudunuude
dmsunsdidevlaveu fie C - C (Clamp - Clamp) e Fuszosmsnsedaiiawsi
fifuania X = 0 waw X = L
u,(x,t)=0
w,(x,t)=0
#(x,1)=0

wiSunstiteulureu fle C - H (Clamp - Hinge) aridusveznisnszdndandeil
AU X = 0
u,(x,t)=0
w,(x,t)=0
u,(x,t)=0
s X = L
u,(x,t)=0
w,(x,t)=0
d(x,1) =0

d
Wl

dmsunsdidoulawou @ H - H (Hinge - Hinge) flaidussasnsnsedafiangedl
PRuMUs X = 0 uay X = L
u,(x,t)=0
w,(x,t)=0
d(x, 1) =0

Feazaeaaneaiuilandususuazeulrvaunsing 9 daandlunsdi 6.2

a & v ! 2/ fa Y a & o
19190 6.2 ‘WQﬂ“ng‘lJi’N“UQﬂiﬂﬁﬁﬁiqﬂﬂWULLU‘ULL""UU@'J“U'R]']WJ?‘QL“(NWQWUU
B.C. Co (X) cPy (X) Esj (X)

C-C J ] J
X)X XV (X (z) [l_zj
L L L L L L
C-H i | i
X[y x LANFIR [1}
L L L L L
H-H ) j i1
LANFIR XV (1% (5]
L L L L L
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nflaiFusyernsnsedn (@unish 6.24) mfmu Arunauuntng nduildwnuasluaunig
Wi I (@un1si 6.23) waziluussendldiuaunisainsned Wemaunisiniaoui
Y09A"Y fanansrolul

el

Towil q; :{AJ. (t), B; (1), Cj(t)} agluguiiin éﬂﬂﬁﬁﬁuag Sunandslimsuauazsndudes

11 @UNSOLENISIEAZLD YA LAGIT

mam
a_ﬂ_ga_n
mosa

[

Feazlpaun1snisiadeunvadlasiai A LUULTUAIYIIN TaRR Ty fall

Kll KlZ Kl3 A(t) Mll M12 M13 A(t) O
K% K% K2 B(t) |+ M2 M?2 MZ B(t) F(t) (6.29)
K31 K32 K33 C(t) M3l M32 M33 C(t) O
Tnefi K o wvisndiiendosfuainuudangeesmu (Stiffness matrix)
M A8 WnsngnelTesiuLiavednIu (Mass matrix)
F Ao Nno3uelsenIgusniuunaislag (Force vector)
TngaunTnvesavEndluaunsn 6.29 uanadasialud
AN UL NGNLA TR UALLTUNSIURIA1Y (K )
LoE, . o=
K11 1j Hlmd
A“I oX o
K:: =0 (6.30)
L o=
K13 B J‘ —1j ‘—‘3md
Hoox o

0



K2

jm

M
M3
M3
M
M
Mo
M
M3

33
Mi,

=0
L A—
8521— o=,
- —2mdx + Kk

ASS! oX  OX
L A— —

+ksjau2j adzmdx
y OX  OX
Loz, .

A 2l =, dx
5'([ 6X 3
j'aE?i aE‘lde
Hoox o ox
L

o=
=A, | By —22dX
52.). 3] 8X

OX  OX

121
L
WIEZjEZde
0

(6.30)

LaE3_ 65 L
< Dll_[ LSy + ASSIESJ.Egmdx}
0

Il
(=
(= L
[1]

L.
[1]

=

3
o
x

(6.31)
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AUNTNIUINADSTNYITDINULTINNTEVMUULARDUN (F ) NSl 3 159

_ . d
F, =-P.()Z,;(X,) if 0<t<—
Vp
_ _ . 2d
Fi =-P.O)Z=,;(X,) - P,(1OZ=,;(X,,) if t, <t<t, :V—
p
L (6.32)
Fi=-POZ,;(xy) —POZF,;(X,,) —P(t)Z,;(x,5) if t, <t <ty :V—
p
F, :—Pz(t)Ezj(sz)— P3(t)52j(xp3) if t, <t<t;+t
|:j =—P3(t)52,-(Xp3) if t,+t <t<t,+t,.

PNFUAITNITAFOUN (BUNTSN 6.29) NITUIAITLYLNITLINNIDILHLNITLNIVDIATUNALAUS
Tn 9 waz w wailas) @asnsamilalaeldisn139eslmnIATNaansm1ee azuandluunidald
dmfunisiasiennsduasinoukuudaseazauydly A(t),B(t) waz C(t) &
a 44‘ Q‘I a = 2 Q’lj
woAnssUMIAGRULuuastuiln Tneflsuuudall

Aj (t) Ajelm’[
B,(t) |=|B,e” (6.33)
Cj(t) 6jeia1t

oedl j UAuwaAvu 1, 289 N Al
@ A9 ANUDNSIIUYIRVDIATU

[
U § v o

Waunsi 6.33 wnuasluaun1sn 6.29 uagnmualy F(t) dewvindugud asluaglaaunis

U
1971294 (eigenvalue equation) wastyminsduasLNouLuUdase fall

Kll KlZ K13 Mll M12 M 13 E O
K21 K22 K23 _a)Z MZl M22 M23 @ - O (634)
KSl K32 K33 M 31 M 32 M 33 C O

N TLATmIaNnIsi 6.34 [NonANLNZ 9L IAAIAINDSITUYIRVOIATULUULTUAIY
NnTandeilandy Faadnsiazuandluundaly

6.2 WUUTIRDINNANNAIENTYDIATIATIUHUUIUULIUAIYIIN TAALTS
Wanduuunugiungefnisiasuuinauaiauinile
IU?i?usUaﬂﬁlﬁsﬁaﬁﬂgLﬁUﬂqiLLaﬂﬂiqEJﬁSLI’Q]‘EJG]“UENﬂﬁgU'JUﬂ’]'ﬁﬂ%I'NLLUU"C}"]@ENV]’N

AdinenansniauieItesiulasaasiawiuue lnednvarvedlasiasigniiatsanindu
lassasawuuuauniv vinanalsndu daldnanlineuntilluuni 4 dwsenaulude
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FUYBIMNUUTENUUUAEANS TIgnas1stuinnTandalsidusasduununand (Core) gnasna
FurnandanUssianiilowey Mud1au Faanalasasenuiiing198wiugun 6.5 laedl
ANEIIINAY @ AUNd1e b uagAuvwn b enufiamslukuauny X,y ey z

QE

MUy anllnvesszuuiinnain O(X, Yy, z) 98y a AILNUININAIYBIUHUUIY 69
LLﬁ(ﬂﬂui‘d‘ﬂ 6.50 LA aEJﬂWSIGILLiﬂﬂiuV]WLL‘U‘ULﬂﬁ@U‘V] P(t) Tnewndoudilunsuuiuny

d d

Q’JEJF’YJ%JL?MQV] v, lnaszy u‘ViN'iuVi’JNLLiQ‘I/lﬂiumﬂiJﬂ”lm’]ﬂU d LL?W]\WNTU‘V] 6.59 U9

AT DAL NI TIl 9 VUuHUU1Y azarunsan lalagldanuduiusasnelid
Xy =[vt—(i—-1)d]

A

A
4 Xpi INZ
‘ Xpi-l
%—sz—’
Xp1
U 37
d . d d
Vp
PO | Pa®| Pat)] Pi®| T >
\ 4 \ 4 v _ \ 4 ‘ X
}‘ »
e N
[ a |
()
Cross Section z A
hy=+h/2 ceramic hs=+h/2 metal
h, metal h, ————— ceramic
———————————— > e L
h, metal hy -~ ceramic
ho=-h/2 ceramic hoy=-hj2 = metal
softcore hardcore

(A)
UM 6.5 laseaiauruunauuukeumvaniagdeilaidusg nnelausainseiuuuindeui
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Mniinanuludelassaeamnuuieudiy lnssaausuuauuuususivainian
Feitaidufiuiorfuiudoszussneuludng 2 drumdn @uvesiunnunans (Core layer)
LazdILYRItUUTENUULLAYENT (Face  sheet layer) lnsuuseanilu 2 Usviam Ae u
ununageuLar LAl LAnIRsUR 6.5 GemnuantRTanuszaving (effective
material properties) vesianuraztuvaslaTias LU LULTUFATIn YA dailedy

anunsamlensmeaunisaalull

EQ =(E,-E)V"(2)+E (6.35)
p(i) . (pb — P )Vb(i) (2)+ P (6.36)

lagl B uaz p Ao A1u09dav8ImugnngulasA1AunuIuiuIanvesian

diudaviey tuar b uansdsnuantAvedian o MLIUSHIANULBNLAZ AN ULNUNATNYEY

[y

an audau V, Aedediulunnsvesidn aunsalinsaluil

n
z—-h,

efh,
) sty

ViR 51 zefh,h,] (6.37)

Vi (2) =

VO(2)= hz‘_“& el )

Awes N Ae dyildadiuliinsvesian feazuanfenisivdsunasesiagany
ATAVILTBIMKLUY e TidnTdIuA I koI gnilenulneddnualdnay 3 wan
WU 1-1-1 aneAddn hy =-h/2, h =-h/6, h, = h/6 uaz h, = h/2 \Jusu

finnsanlassadausiuunsmuwsuRivanTandeileddy vuiugunguinisuden
sUideuddiuiivile sveymsnszdalubuannu x, Yy uway z anunsauansegluguiladduy
u(x,y,z,t), v(x,y,zt) wazw(x,y,z,t) auaiau el

u(x, Y, 2,t) =g (%, y, ) + 28, (X, y, 1) (6.38)
V(X’ Y, th) :Vo(x1 y!t) + Z¢y(X, y!t) (639)

wW(X, Y, z,t) =w, (X, y,t) (6.40)
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lefl Uy, V, wae W, AaTeesnIsnszdn a duvdsssuuiananvsenuny z wirdumud
duiuls 4 uay ¢, ADYNTTUIUARYINTIULNU Y LAsUAU X ANAU daududs t

ABLIAN AINUBIFEANUANNUSTEMINITLELNITNTEIN ANUASEARIRNN (normal  strain,
) LaEANILASEALRDU (shear strain, 7, 7,1 7 ) BSbonaanudinouniini aglea

ExrEyy
Exx SSX Kyx 0
_ 0 7/)/2 _ }/yz
Epy (=1Ey (HZ1Ky (s =40 0 (6.41)
0 K 7/)(2 ;/XZ
Xy 7xy Xy
ou, o,
5& 0 Ky o 0 % +9,
go — % K % 7)/2 = ay (6 42)
vy . vy ! 0 .
. oy 2 oy V) | Mo p
A (O S I %\
oy  OX oy O
FeiundeauduiusseninsnadukazaLATEnmLN UagRaLle
0)
o O 0 |le ]
)8() < Qll le 0 gxx {TSZ)} A |:Q44 0 :H?/yz} (6.43)
(yly) L ¥ - T)E;) 0 QSS Vx '

xy O 0 QGG 7/ Xy

Te7 oW uay 7V wansdearnAufIRINLazANILAYL IO U VDN UUISLUULIUAIY o

sunustule o (i=1, 2, 3) Mudreu dranidn Q w swumisla o Tumsndaunsanla

hail
E‘k)(z) VE(k)(Z)
Q sz Q12 Q21 _1_—“
(6.44)
Q. =Q =1, E()(Z) 0 = (2)
e [L+v] 5 = 2[L+v]
W5 Sned K AeAduUszansusudou (shear comection factor) AawdiAwmilouiu

lassasaausuuksuaIznJagdailndudsesuelineuning

6.2.1 WANUAMUATEAFMTUTATIATUNLUILUULEUAT YN TaL el eridu
aalananliluiidensuniniiniznismnaaasveslymazUssgnaldnannis
WS99 (energy principle) lnensauyfilandussezn1snsedn IneNngsnuaingailaain
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AMULAY ANLLATEA SEErN1INTEInLazn1siUAsusUlasad kU lngiidngeanu
AHLASEA VBALKUU LU ULUMIBAINTadeilandy aunsaldeueglusy

1 +b/2 +al2 +h/2
U == I I J' ( 0 +G(') +T)(/IZ)7/yZ +T,EIZ)7XZ+T(I)7Xy)dZdXdy (6.45)

S O €xx
2 -b/2 —a/2 -h/2

INANUFURUSIUANNTTN 6.43 Wnuadluaunish 6.45 aetiy azle

1 +b/2 +a/2 au 2 au 2 8 8V
U == ° |+ Sl +2
S 2-6[/2 —5[/2 Aﬂ( X j ;- oy Ao OX A% 6)/ Ox

0 0
) ou, 0g, +2B, Mo ou, 09, 428, au, ¢y +28,, ou, 09,
oX OX oy oy OX oy oy OX

ZAfV Dovon, 2 a”y AH@V;)M%(@V‘JJ

OX
Ny 0f, N, O, ov, 09, ov, 09,
12 66 22 i 66 =
oy 6x OX 8y oy oy OX OX
2
ow,
+A44[ ayj Ass( j 2A55 0¢ 2A44
(6.46)
+2B, o9, %4-2866 podany +2B, 09, N, + 2B, 6¢X N,
OX OX oy oy ox oy o0y OX
) o o, 0P
+2A55 +Dn( ;)5(} +A35¢ +D66(£j 2D12 8?( Ey
0
+2D668¢ ¢ +2B,, ¢ L +2Bg ¢ L +2522ﬁ8\/o
oy O dy O ox oy oy oy
0
+ 2B ¢ ++2A44 on, +2D,, %, o4, + 2D, %, 24,
°ox Yoy oy  oX ox oy

8, Y g, Y
+D,, (Ej + A44¢ +D66£ = ] }dxdy

o (% a 6 1 a a v (Y] [ [ . [y 14
dmsunsfiweseineg Tuaunisi 6.46 aseiteaiuanundenia (stiffness) vasdanlusu
A4 9 Iagasnsaesuisaunelanselull
& Y a £ 4 9 3 2 v = . . =
A; Ao Arduuszansinerfuaunianiaiiunisis (Extensional  stiffness) 9
NIBINULLLNAY X Wazknu Y Wei, j=1,2
B, An ArduUszAnsinuiduauudanisiiunisfuaznisinuuunay

(Extensional-bending stiffness) 1EITOINULLILNU X tazhnu Y We i, j= 1, 2
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D, fie Aduusgdnsiigaiuauuaunsdunsdn (bending stiffness) Agtas
AULWILAY X Wasunu Y We i, j=1,2

s

A+ B;, D, o Andudszdnsifeaiuauuduniadinunisidew (Shear stiffness) 1o

£%

i, j =4, 5,6 Fauanaldesd
3
[AB Dy =2 | Q[Lz,2°|dz (6.47)

6.2.2 WHIUAUFMTULATIET MR UUIUUULDIUAIYN TaRLT Tl an U
UDNIANHNIUAUATIARAIATIAT ULV N SRR U ol N 1Td Uz TiDY
9zilndsuaatl (kinetic energy) amnsauanlasaunisnalui

1+b/2 +al2 +h/2 ou 2 ov 2 oW 2
Ug7— )| — | +| = | +| — | |dzdxd
=2 [ L) G AR e

2—b/2 —-al2 -h/2 ot

== I | == P21, =2 =] X
79 O(at] 1t et Z(at) (6.48)

-b/2 -al2

: 0 og, Y ?
+|°(%j +2|1%ﬁ+lz( ¢yj +|0(%j dxdy

ot o ot et
Tnedl 1, 1, uae |, Aorduusansanuiesuandldmsioluil
) 2
[, 1, L1=20 [ oL 2,2%]dz (6.49)
i=1 "t

6.2.3 $1UDINUIINNITZALUDNAMTUIATIAFTIAUUNUUURBUAIVIINTEALT
WenTu

Lﬁaﬁawizqﬂﬂ%’ﬁ’uammimﬂswﬁ FIITUIUIAAINLTINTZANBUBNUUY
\AABUARILALTINTE AT ISR RNNN I aLSe Bsanunsaudeulddeaunisaelud
ASEMNIINTZYUUUAAOUT 1 LSIUULHLUI

] a
U - P (t)Wy (X, 0,t) if 0<t<t v, (6.50)
0 if t <t

IS o « d' 1
AFTAULLIINTEVLUULAGDUN 2 LLTIVULNUUNS
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—P, (t)w, (X5,,0,1) if 0<t<t, :i
v
p
U, = —R (OW, (Xp1, 0,8) = B ()W, (X5, 0,1) if 1, <t <t, = Vi (6.51)
P, (6)W, (X0, 0,1) ift, <t<t +t,
0 if t+t, <t

ASULSINTEVILUULARBUT 3 hIIUUBEUUNG (P1, P2 way P3)

—B, (t)w, (X;,,0,1) if O£t<t1:i
"
—P, ()W, (Xpy, 0,t) = P, (1) W, (X5, 0, 1) if t <t<t,=—
v
p
: a
U, = —R (W, (X, 0,t) = P, ()W (Xp5, 0,1) = By ()W (%55, 0, ) if t, <t <t, = V_ ( )
6.52
By (E)W, (X5 0, ) — P, ()W (X, 0, ) if t, <t<t 4t
—P, ()W, (Xo5,0,1) if t,+t <t<t, +t,
0 ift,+t, <t

Y

d@wA P, P, uaz P, nsdlimdouiituuuwuusnsiuin amisauanslasadl

R (t) =R sin(Qt+y,) (6.53)
P (t) = Ry sin(Q,t + ;) (6.54)
P, (t) = R, sin(€;t +v;) (6.55)

d‘ 1 = 1 =Y L
dem P, Ao vuausdlunihstionu

Q. Ao AnudvowssiinsgyiluntileshsusIuNd

& 1 =

w; Ao yuwalumhesiey

d A9 SLULNIITLNINMTINNTEV U ULARDUN LUNRUIELUAS
FINUIINNFIUNNAIUIINUATIAY TINAITUAINULATYR NAIIUIAL LAZINUNLAAIN
LsensEinATeuen aganunsaeueglusundsnudndsiu laded

Mm=u,-uU,-U, (6.56)
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6.2.4 WBMIMNARALFINTULATIETURUUIUUULBUATYIN TanLderlandu

leNagmAmanoUALM UG TnYBILNLU LU ULUA YN Tanudeilerdu Tu
et douituestvidddndnnmamieutusivlassadauuumuiiiansandeundhi
T,mEJmiaugaﬁaﬁ%’mzazﬂﬁﬂiz{]’miﬁgﬂﬁmﬁgﬂﬁm X wazdiu Y wude u(xy.t),
V(% Y51), W (%, Y1), 8, (X Y. t) wae ¢, (X, y,1) Wagﬂugﬂﬂﬁ’mﬁl"ﬂﬂﬁﬁuagﬁuL’Ja’l (time-
dependent generalized coordinates) wagilsiduzusnd (shape function) luguuuuves
laiFununuiiaenndostudouluveuian Tnssuuuesilsifunyuuiidenldludeiie
HaiFumumuuuunsumfian (Gram-Schmidt polynomial) niul#33n1svesainsiedly
mMsmaumsmaiadeud uazliisnisvesiannda lunsmnansuaussmsiunainvosusiu
UNHUULBUAI YN TR g ilsitusaly

Seduilaifussegnansy nvesukuunsanansauansoglus Uil liwsd

Uo (X, y,t)= iiuij (t)Niu (X)N;J(Y)

es y.t>=§j§”_;vi,- NN ()
(%, y,t):ggwﬁ ONF N} (Y) 6.57)
£,(%, 3.0 =sz O (ON?: (1)
8,0, 1,0 =ZZY ONY N (1)

ool N°(x), 1=123.m, NP(y), j=123.n uas p=u\v,wg, g, fo
fladurigusng (Shape function) amutnwnulag Tuitussifeafuilsiudsusamdni avey
Tusuuuuvesilsfdunyuinuuuunsuviiad Taganansoaisldnamdnmsinanliluund 4
daudn Uy, V, (0, Wy (M), X, () wag Y (t) ﬁaﬁﬁ’mﬂ"alﬂﬁﬁuagjﬁ’uL’aaﬁqiﬁmmmLLaz
Fudusean lneilaidusuiimesusuusiosaenadesiudaulsvouiunsine q fitmuaty
TusrmAngninusatuiuiunseiyndrdmsnausiu Ineuiasduresukuussznauly
srodeulvvauinndiag 3 wuu Ao deulvveuadifidnusesiusuudte (Simply supported
boundary condition) wnusEdAwsFIY S siexteulvveuluniifidugndauiu Clamped
boundary condition) Wnugesnes C LLazqmﬁwL'ﬁlaulmﬁﬁé’mﬂdaaéaiz (Free boundary
condition) wnusiednus F lnefisneseazidenioulaveuiunuuusiig 9iauanslunised

6.3
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Seulvvauwn .o
ASUIE
(B.C)
Simply ,=W,=¢,=0% x =-05a uag +0.5a
supported(S)

Clamped (O)

Uy=V,=W,=¢, =¢,=0% y =-05b uag +0.5b

Free (F)

u 0% X =-0.5a uay +0.5a
Uy=Vg=Wo=¢p, =, = O y =-05b uaz +0.5b

dufutioulaveunvaslasiadauruuiazusznausie ¢ Weulunde 4 fiuves
WNUUNS UReT X = 058, X = 4053, Y = -0.5b wazfi y = +05b uazerlddnus
awdangy 4 safiossydeuluveuinn vosusuuasa 4 fu Tnefuualivguniudy
WIRNIBNINGIY X = -05a qulieduy = +0.5b endegiatu 5SS mneduiouly
voua 4 dFuduuuusessuagisne Wusu fuansiegedsuil 6.6

y y
y=+0.5b S y=+0.5b ©
bl s = bl C
SSSS S CCel c
=-0.5b =-0.5b
y ) S | L C J
I 1 I ’I
X:_O_Sa a X:+O.5a X:-0.5a a X:+O.5a
(n) SSSS (W) CCCC
y y
y=+0.5h F y=+0.5b S
bl C X bl C
CEFF F CSSS S
y=-0.5b F | y=-0.5b S |
I* ’I I* ’I
x=-0.5a &  x=+05a x=-0.5a & x=+05a
() CFFF (9) CSSS

Y

SUN 6.6 LanP2081980 ULV ULAYBILATIAS1ILHUUINY 4 AU
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nfinanlideunhiflsituzianregluguuuuresilrdunmiuuuuunsueios
Tagannsaasausaznavldmuvdnnisfinanliluuni 4 Tasnnsimuailaddugusmad
wsn (NY(x) 150 N2(y) ) Sunreulagliaenndosiuiteulvvouiunifiun wdldisns
yosunsuviiadiiteiazmduauwatise q 1 Gedruunatiivnzauas@nuiluriawesnisg
dvessmeusely (Convergence study) A15197 6.4 WAAINITHIMUANDILINVBILEUUIS
Tngldidoulvveuiunuuy SSSS way CCCC

M19197 6.4 UanaNIivUANItLsn (Hendususne) 1adlasaasIeuruung

B.C. 5SSS cacc
NY (x) 1 (0.5+(x/a))(0.5- (x/ a))
Ny (y) (0.5+(y/0))(0.5-(y /b)) (0.5+(y/b))(0.5-(y/b))
Ny (x) 0.5+ (x/a))(0.5-(x/a)) (0.5+(x/ a))(0.5- (x/ a))
Ny (y) j (0.5+(y/b))(0.5-(y/b))
N (X) (0.5+(x/2))(0.5-(x/ a)) (0.5+(x/a))(0.5-(x/ a))
N;"(y) (0.5+(y/0))(0.5-(y /b)) (0.5+(y/b))(0.5-(y/b))
N (x) : (0.5+(x/ a))(0.5-(x/ a))
N/ (y) (0.5+(y/b))(0.5-(y /b)) (0.5+(y/b))(0.5-(y /b))
N (x) (0.5+(x/a))(0.5-(x/ a)) (0.5+(x/a))(0.5- (x/ a))
NS (y) 1 (0.5+(y/b))(0.5-(y/b))

dmfunsdinssesfunuudu 9 Wy Csss - Aamsavhldlusuuuuiefundeld
wdnmsdertufuiivandudednslunsed 6.4 usdesfinrsandeulwveusliaonndos
ffunisnssesiuiisioams dedunatiusnAenatiiddlunstmuaidouluveuin mnauyd
wartusnanana navsy q faddusieianmsvesnsuriadasiinudiussunadusn ez
waalueng

nnilsituszensydnfiauitunountii daareglusuuuuvosiliidunmuiuuwuy
wnsuaiiag nthuhluunuaduaunisndsnusin @unsi 6.56) timdsusauunuaadiy
AUNNTANNTIEY LemaNsAAeUveEuLI AuauduTuSaolUil

ety o



laedl g, AefidavluniTuegiunatidliniiue

Y

(Uij (t),

NSLARBUTIVBIHUUIUULIUAIYAN ARG e gy diail

_Kuu KW KW K¢xu K¢yu— U
Hv
KY K™ K» K ||v
K™ KA KA (W
sym K¢x¢x K¢V¢X X
y K¢y¢y Y
- _Muu MY MW I\;I@u M¢yu_ U
M™ M™ M* MYV
+ M " M¢xW M¢yW W =
Sym M¢x¢x M¢Y¢X X
M¢y¢y Y

Tnedn
M A9 WnsngNNeleIiuNIa (Mass matrix)

V; (),

QOO TIOoOO
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W; (1), X, (1)) Beaglaaunis

(6.59)

K fa wnsndiiietaaiuainundanse (Stiffness matrix)

F Ao namesvedusineusnuuunainlas (Force vector)

8L UAVDIANNITN LA ALV N Az INWasaUIsalasesa Ul

S1UaDYATRUNNING K

(6.60)

66" im

KIlJJrLTJ]n Aﬂpuull UUO0+A66PUUOO ;J:ll

I(]\J/rl.Tlm 2z A&ZPVUM vu10 +A¥36PVU1O ]/#01

KI\J/r\:1n AZZPWOO Wll-i—AmPuuu :1:00

Kim = Kijm =0

K,m A44PWW00 W\I\LI.1+&5PV\M&1 ;I\rl]WOO

Kmﬂ _ Bllp¢xu11 #uoo. Bee RzXUOOQqﬁXull

Kmn ) BHP@MO ¢xv01 4 B66 P”gf]XVOlQ@VlO

Klgjprxm n A\:)SpgbxWOl ¢;WOO

K,]ﬁ:nq?;( _ DMP"?]X@H ¢X¢XOO +A55P¢X¢XOO ¢X¢XOO + D P¢X¢XOOQ%¢X11
- BRI + B, R0

Kfr);m = Bzz R:;yvoonzm + Bee P.rﬁyvannyvoo

K:?;] ! A44 P¢YWOO ¢yW01

i DR DRI

K = Dl Q™+ AR 4 DR

MeaziBenveINsauinsailndusuing P uag QU™ aw1saglaainnianuan n
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Mimn = 1P Q™ Min =0, M =1,Pr*Qp™, Min =0,
Mi‘J'Nn\1/n =0, Mim = IoRr\;VWOOQﬁWOO' Mi?ﬁ:jn = |1Pir(ffuoo ?Guoo, Mi?:r:In =0 (6.61)
X —_ —_ ¢x¢)’ — ¢Y J—
I\/Ii?mwn =0, Mi?jrxn% = IzljirﬁXMOQ?nMO' Mijmn = Miij:1 =0
M = LRIHQU™, MU=, M =0 M =1RIPQu
SNYALLDYAVDIINADS F NTM 3 b5
. d
F, =B N, (x,)N; (0) if 0<t<t =—
Vp
- 2d
F; =—P.@)N; (X,1)N;(0) =P, )N, (x,,)N;(0) if t, <t<t, N\
p
F, =—B, ()N, (x,,) N;(0) = P, (t)N; (x,,) N, (0) , L
i 1 i Xp1) N 2 ) nld ift, <t<t,=—
=P ON,(x,5)N;(0) AR T (6.62)

Fi = =R (ON; (x;2) N; (0) = R, ()N, (x,3) N; (0)

1

R =R ()N;(x,3) N;(0)

U]

2 2<t <t t,

P+ttt ob

INFUNITN 6.59 NS IHATILAAUALTIDULUUTIAUVDIEALUNNN8TA LT INTZIINUUULAADUN

ANNTOMNTELIATOUN AINIET DRTNTIUBINUUNIRwiaule i aile 9 Naenrded

AULSIANTEVTUUR LU 8511599903105 A

ANSUNSHIATIEINNITAUALLTIDULUUDATE VD ILEUUIY LINNBSUBILTIN18UBNLY

Pdudesanfinsauazauyilinisduaziioulingfnssunisindeuiinuuansiudn fely

AduUsEANSTlNI UM dunTauanasULUUselUll

U i (t) | qiie.m
V—- (t) V__ela)t
ij L/
W; () |= Wije""t
Xij (t) )Zijeiwt
Y, | |7 e

o7l i = 1,23 m uag j = 1,23.0

(6.63)

1089 @ ABAMUDSITUYNRVDILAUUNY LHI9LNEUN1A 6.63 wnuadluaunish 6.59 way
mvualiinmes F wihiugud nadnsazliaun1siaieas (eigenvalue equation) vaslym

ATAUASLTIDULUUDATEUDILAEUUNG Pankansma Uil
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K@ K™ K™ KA K]
KY K™ K K
K™ K& KA

sym K X K 'y
K Bty
_M uu M vu M wu M #u M ¢yu 77 __ o (664)
U 0
M w M wv M 'A% M dN \7 0
_ a)2 M"Y M W M dw Vv —lo
Sym M Pedx M By P« )z 0
M ¢¢y¢y _Y_ h _0_

v
1 =

nsuAdammannisi 6.34 LiemiAanzas (Eigen value) snaeAnaasn1snsulunsaiil
ADAIAN LD TINYIAVBILHUU NTINAANSA A B UaAIUNE A LU

6.3 WUUINABINIANAAIEATIATIATI9ATULALHALUILUULTUA YN TAALT
ﬁaﬁ%’uuuﬁugmwme}ﬁmsw?iaugﬂtﬁauéﬂﬁuﬁmu

frsanlassaieeunuuusuiavanfanideiladdumeldussnszyiuuuindoud
wansdesy 6.7 Seluvdedisegd uuitugumguinisdsugiideudifuiianuuagniam
aumseuauvoaunsafeuiildnanliesasibesluunil 5 duiuluhilagueeiuisiuy
asUid ety

[ 3|
< »

|
\
-L/2 L/2

JUT 6.7 lassafamunuunsuniyandagdeilaiduneldusanssiuuunioun

nnnaNILaTLAdgnIsenRaasazldannsassuslundfeonaseuniely
VTONFINUATIUATEA NAIIUIAULALNAIIINWTINUDN TneNING1UAUATEAIzaL Y



135

SUAMHLALLAZANASEA B9a111501tAINTeeenTedn lnefl seeensnseinvesaumny
WU X QAWVIUAIE U LagSsEznIsnIsdnmuuni z uwiume W Seaunsanandlansauns
molull

u(x, z,t) =u, (X, t) + zg(x,t) — :2 (¢+%) (6.65)

w(X, z,t) = w,(X,t) (6.66)

TAENFIUAULAT AN DU AR T

b L/2 h/2
U == [ [ (0n60 +707)dzdx (6.67)

—L/2-h/2

LY

TA8NIANULAS L ALALLAIUALRAUN bANAUNITAIN

ou
Eox T~

% (6.68)

_ou_ ow '
Y 0z OX
AUAIANNLAULAZANULAUL DU A LAY
o, =E(2)e,
E(z) (6.69)

7, =G(2)y, = W,

2(1+v)

AHINUIDUNEUNTITN 6.68 — 6.69 LNUAIIUANNITN 6.67 L LANAINUAIUATIATILENI AR
aunisealuil

1Y ou, o4 % ou, O
2 I {Au( ] ZB11 X ox +D11(8Xj _2C1E11&&

—-L/2

au, o°w, o oW, o, (99Y
-2c,E —-2cF -2¢,F cH, | —
T ok c’ix2 ' ”(8xj 1ox ox2 2 FaHu OX

¢ 0°w, o%w, ow, )
+2¢] H”ax = +cle£a J ASS( j

OX

—202D55(¢+%J +F.Cl (¢+—j } X
OX

(6.70)



¥

TnefiAduUsednsnne o asnsamlaned

S o
[Au’Bn,Dn,ElpFll,Hn]=bZ_[:' EV(2)[L z,2% 2% 2%, 2°]dz

30
[An D Ful =03 [ =B 2y

AIFUINANUIALY

L/2 h/2 2 2
ukzE j j p(Z)Ka—uj +(a‘—"’j }dzdx
2—L/Z—h/2 at at

W9unaunIsh 6.68 = 6.69 LNUAIMIANNISA 6.72 Az ke

L/2 2 2 2
T (2 2 o e )
2.7, ot ot ot ot ot
du, 04 au, o°w, og\
-2cl,—2 o 2C1|3Eo8 ao —2c1|4(gj
8_¢82W0+2| (_gb] o) o¢ 0°w,
1 5 axat 2o\ At 16ataxat

2 2
+cf|6(ngg:] }dx

Y

Taed 1, 1,0, 15, 1, way 1 aunsamlesiad
‘bl
[|0,|1,|2,|3,|4,|6]=szh PV (DL z,22,2%, 7%, 2°]dz
=1

NAITUINAIIUINNLTINIBUDN (LLNﬁLﬂﬁ@Uﬁ)

L/2
=— I Ryo (X=X, )Wy (X, t)dx

—-L/2
muumaimwmmummmmsml 18

H:Us -U, —Ug
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(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.75)
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TJunauluwidynisesnmeldselouisnisvesing Inensauydilandule 9 neadinaansi
gonndosnulgymiteulvvsuunnmeludl

(%0 =2 A (0

N
W, (X, 1) =D B, (1) EY(X) (6.76)
-1

p(x.1) = ZC,- () ES(x)

,
a Sdv )

i ¢ AR RY =u =W o T(x) &
die  A(t), Bj(tyuaz C,(t) Aedulszdvdiinesm du Z;(X), Zj(X) way Ej(X) Ao

fandugusnwesssesnsvindsazaenadesiuieulvveuuadawandlunisei 6.5

M19199 6.5 WOUlYVOUUALUUAN qUBIAMUUINUE NN sasusURoua A uTiay

B.C. > 1 wo Ll
2 2
oW, ow,
= U, =0,w,=0,46=0,—2=0 U, =0,w,=0,6=0,—2=0
e’ 0 0 ¢ ax 0 0 ¢ 8X
oWy
C-H uO:O,W0=O,¢=O,§=O U,=0,w, =0,¢=0
H-H U, =0,w, =0,9%0 Uy, =0,w, =0,9=0

v

v & ) oA Yy oA Y v Yo
@Quu‘m\iﬂsﬁugﬂﬁqﬁﬂﬂgﬁ@@ﬂaaﬁﬂuNEJUIGUGU?J‘ULSUWGUqQWULLaWQIWWQU

a ¢ o i 9] P v o A ]
MN1919N 6.6 ‘WQﬂ“l]uzl]i'NGUE)\ﬂﬁi\iﬁ'ﬁ']ﬂﬂqumaﬂ@ﬁa@QﬂULQ@UVLGUGUE]ULSUWLLUUG\’]Q )

B.C. E(x) E"(x) =¢(x)
co (R (g
R Sl | G
O 1 S

31n3zdeuisnisvessndlaenisauyfanyfiandunasnadesiudyniteulvrauian
(@un159 6.76) Warnauluunuluaunisndanusiy anduilddssendldaunisainsied
LDMAUNILARIUTIVBITEUY Aauansiolull
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an_den_g
Ty (6.17)
el q, anunsauanslaail
q; = A Go j=12..,N
q,=B, e j=N+1,2..,2N (6.78)

q,=C, e j=2N+1,2.,3N

[

Fanadwsiildunaunisi 6.77 Aeaunisiadouiivesssuy fauandlasail
Kll KlZ Kl3 A M 11 M 12 M 13 A O
K21 KZZ K23 B L M21 MZZ M 23 B = F (679)
K31 K32 K33 C M 31 M 32 M 33 C O

AUSUNTAIATIEANSTUALLT D UYBIAUBUUDATE LA UA LA

B;(t) |=| Bje™ (6. 80)
Cj(t) C_jeia)t

Wethaun1si 6.80 unuadluaunisi 6.79 Avglassuvaunisduasiiounuudase fs

K11 K12 K13 M 11 M 12 M 13 'E\ 0
K21 Kzz Kza _a)z M21 Mzz Mzs g -0 6.81)
K3l K32 K33 M 31 M 32 M 33 C O

e9l @ AoANuRsITNIIRYEIATY AMTUTITAZIDUATRIELTNlULsazLIUIVSNTLaZIINIADS
aa Y [N = a
wazIsnistUgmlananliegvazivualuuni 5
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NALRAYNINANAAIEATLAZNISIATIZIANE

MnimguszasdrasnsdnuilunuineinusetuifdatiuAnyinaslineeias
FrlavveawuusIaemeadnaansiisitaatudymnisduaifieuvesassadiawuy
LBUAY (Sandwich  structures)  fladsanainiaguaniuuiang.dsilsidu (Functionally
Graded Materials, FGMs) tislassasamuuaglassadausiutnsdsognelfusnssinuy
Lﬂ?ﬂlauﬁ%qaguuﬁugmmwﬁmiLﬂﬁaugﬂLaaué’ﬁUﬁwﬁﬂ (First order shear deformation
theory, FSDT) uagngufinisiasusuideususiuiian (third order shear deformation
theory, TSDT)

7.1 HALRBENNANAAIAATIATIHTINATULUULYUAIYIINIF T snTUU
& = = = o v o &
WugquﬂQUaﬂqiLUaEJu:JULQE]ua'lﬂ'UV]WuQ
TurdellagtlauatagiiATIeHaans YN 1T UasL T ou NI UBaTE kAT UUTIAY
Y93lATIAT AWMU URBUAIYIINTATINATU TN TA NN TENI98Ea NN (ALOS)

warazgliiley (A tnawlaiduwsfinunuiisezaiiuwazimalavswnumeazgiifeulned
AnsEUURA

M13199 7.1 AadadRlasiasemuwuulguaIIn Taaieilandu[22]

AEUUR wlagsadin wlalave
ANaRFaveInNEaEl (E) E. =380 GPa E.. =70 GPa
ANAUUUIUU p ) 0, = 3960 kg/m3 P, = 2702 kg/m3
onaUlIve (v) ), v,=03

Mnfingnddiuinlassadrsnuunuusudisantandsilsituiuuieendy 2
Uszlan A dunnunansseu (soft core) wazduununatewds (hard core) fadulunsdld
Tnssadrspuiidunnunansseussiunld E, =E,, p,=p, E =E uaz p =p, uaz
nsdifigesnslilassadnuitununatsudasfuali E, =E_, p, =p. E =E, uae
P =P

Tumsfnuidmualiaaiuniae (b) uagaugs (h) vesaruity 0.5 uag 1.0
wns auadu Tngnisiasgiazutsenidu 2 dau Ae nslesginisduasiieunuy
daszuaznTilnTeinisduazitounuutedu lunsdvesnsduasiiiounuudase Al
ssautvedlasadeuargniauslugUuuumng 3R il

wl? P
h E

m

@ = (7.1)
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7.1.1 nawasnsduazIiaunuUBast

founsinassnsduazifiouvedlassaiedsdfysusiuusnAe@nwiniggiin
(Convergence study) ¥89A2"1A5IIUARATNNTATIVAOUAIINGNGDS NNA1T 97 7.2 1T
msfnwmsgitiiveslasadseuuuusudivantagideiladdy uwwuduununaudouas
Shsrdmanunuusiazduilde 1-1-1 dunafuinnugndeswesaufisssunAliag 3
Tnuausnagiiatumnduiunay (N) vesilsidunyumnivtu uazazgiduiiosuou N
Wiy 10 Feduluinendnusaduiandentd N = 10 watl dwulasadsauuuuieudis
MnTandsiliduuuiusunguininuisusudeudduiinisimun nmsuduuwaily
flardunundildazidusslonisenaaasriliianugniesananuiianainuazannisld
ninensilidndu muvsannsnannailunisduan ﬁm%’umaumaamiﬁﬂmmi@jLsﬁwaq
ArwiisssunAliiadu Weamgniesisldihnmatenieuiunanasiunuifefiiiuan
Tnnsivundeuluveuasail Ae H-H, C-C uaz C-H Feradnsilaiuiinuaenndeiu
Huitvousuld

M15199 7.2 manis@nwinsgiinvesniudsssunfdmsulasiasiennunuussuaivandan
WAt NReulvveuunag 9 (L/h =20)

n=05 n =50
BC. N 7y @, s @, @, @,
H-H 4 4.5333 226918  57.8540 31111 156477  40.2473
6 45320  18.0237  40.3973 31102 =~ 124038 = 27.9275
8 45320 17.9495  39.7571 31102 123524 = 27.4790
9 45320 17.9492  39.7571 31102 123522 27.4790
10 45320 17.9492  39.7571 31102 123522  27.4790
Ref[22]  4:5324 2 / 31111 f -
Ref[103] . 45316 17.9436  39.7226 31101 123507  27.4651
C-C 4 10.2026  28.0958  113.4970 7.0278 19.4596  98.5357
6 10.173¢" 27.5784  55.0180 7.0064  19.0917  38.4976
8 10.1733 275702 52.9340 7.0063  19.0858  36.8825
9 10.1733  27.5702  52.8762 7.0063  19.0858  36.8346
10 10.1733  27.5702  52.8759 7.0063  19.0858  36.8344
C-H 4 7.0556  22.8653  77.0377 4.8497 157833  54.1573
6 7.0489 225459  47.3422 4.8450 155582  32.8640
8 7.0489 225401  46.1677 4.8450 155541  32.0305
9 7.0489 2256401  46.1417 4.8450 155541  32.0119

10 7.0489 225401  46.1413 48450 155541  32.0116
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wagm139dl 7.3 Seldvinssieuiisuanugniestuanuidenountii lngldaaud
535umALSAR 3 Inueusn fideulureuinsa o funazdnsaumITILAazTu AN
fu Bawadmsilstuifnuaonedostuduiivensuld snfunsdideuluveuanuy C-H 1l
fAtedeunhidliuisudiey dduausalfifuguteyadmivnidelueuanield
Wisuidisulunsaiigaulavietinidoifstulasaisaunuuieuiivananidsileddulaly
anusialy
nEanuuuiasmandamaniveslassaismunuuusudivilsinausluund 6
Ie¥unismsaaeunmgndeand ddudnluazmsinuiiisduieriunudsssumaliaa
fauanslugud 7.1 Tauansmnuduiussewinammnudsssundlitaluluuausn (&,) dvil

dadiudsunsvesdang (n) uazdnsndmanuegndsendugevasatu (L/h) vedlaseasg
muLuULrLiIrn Tandeilaiduniiteulveulunmeiu Taglassairenmidsnsdiuniny
muwiazduluuuy 2-2-1 dunnunanauds madwsuandlifiuinnnuissauniliinves
Tassaseanu Galddoulnvy C-C gendiwvuleuly C-H uay H-H suddu uazain
suandlitiudnitmnuissmmnalitfazanaadevimsifinadviidndiuiumsdmiu
nsdifituununansuds anandndedadiuteaalaveiifisdufsiliausouas

el 7.3 maFuiiisudinnuissaend 3ifdmiulassaf e uisudivainan
Feilaridu Titeulvveuwnuazdnsdunnumuiusasdusiie g (L/h = 20)
n =05 n =50
B.C. Mode Source = 1-1-1 Y. 1-8-1 1-1-1 1-2-1 1-8-1
H-H @, Present 45320 4.6975 5.1066 3.1102 3.4913 4.5551
Ref.[6] 45316 4.6972 51064 3.1100 3.4912  4.5550
@, Present 17.9492 18.5983 20.1966 12.3522 13.8595 18.0411
Ref.[6] 17.9442 18.5946 20.1951 12.3509 13.8586 18.0407
@;  Present 397478 41.1628 44.6271 274725 30.8021 39.9521
Ref[6]. 39.7319 41.1531 44.6288 274716 30.8037 39.9500

cC @,  Present 10.1733 10.5402 11.4431 7.0063  7.8598 10.2250
Ref.[6] 10.1695.  10.5372 11.4417 7.0051  7.8589 10.2245

@,  Present 27.5702 28.5462 30.9320 19.0858 21.3913 27.7106

Ref.[6] 27.5486 28.5296 30.9245 19.0795 21.3864 27.7079

@W;  Present 52.8759 54.7054 59.1415 36.8344 41.2379 53.1458

Ref[6] 52.8656 54.7118 59.1783 36.8619 41.2742 53.1954

C-H @,  Present 7.0489 7.3049 7.9364 4.8450 5.4372  7.0848
w, Present 225401 23.3472 25.3280 155541 17.4433 22.6552

@3  Present 46.1413 47.7618 51.7108 32.0116 35.8662 46.3777




L/h

JUN 7.1 A1ANDETTUYIALTIAYRIMIUMUUL UM BN TR B Hlan gy

ANS199 7.4 MSUSHUgUANAINLDEITUTIR LSRRI ULASIAS AN UBUULIUAIY
NnTandalandy meldgiusassuiuugangu (L/h =20, n =0.5)
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BL. O Sofirlerraryy & 1-0-1 1-1-1 2-1-2 1-5-1
HH  Present 0.0 0.0 0.4273 0.4487 0.4386 0.4921
Ref.[103] 0.4271 0.4486 0.4384 0.4920
Present 0.2 0.0 0.5780 0.5892 0.5834 0.6179
Ref.[103] 0.5779 0.5891 0.5833 0.6178
Present 0.2 0.2 1.3526 1.3363 1.3421 1.3268
Ref.[103] 1.3525 1.3363 1.3420 1.3267
C-H Present 0.0 0.0 0.6568 0.6893 0.6739 0.7542
Ref.[103] 0/6559 0.6887 0.6732 0.7539
Present 0.2 0.0 0.7634 0.7879 0.7759 0.8416
Ref.[103] 0.7626 0.7874 0.7753 0.8414
Present 0.2 0.2 1.4915 1.4849 1.4862 1.4939
Ref.[103] 1.4906 1.4844 1.4855 1.4937
C-C  Present 0.0 00 0.9345 0.9801 0.9586 1.0696
Ref.[103] 0.9325 0.9787 0.9570 1.0690
Present 0.2 0.0 1.0123 1.0518 1.0329 1.1330
Ref.[103] 1.0104 1.0505 1.0314 1.1324
Present 0.2 0.2 1.6571 1.6635 1.6588 1.6968
Ref.[103] 1.6555 1.6622 1.6572 1.6962
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wiuauMUIneinusatullasfnwilassaiaunigiusessusuutiangusiueie
AatiuiilomNgNABdvasuUTIaasiaintuaziinsIsuiisuanudsssunalsinidlont
melegrusessusuuianguivnuideneuntnl Aansanaudsssusaliiavedasaing
AU UULEUAIBAINTan B lenduligiusessunuudangy  (elastic foundation) Inedivgu
< [ - A 1 4 ay Yaa U = 4
WNUNA1MdY  Askanslunised 7.4 Inenadsssunfliifvesnugnuiuivisulagly

pm A v Y Y] ao 1 v & ] a a a s Y
o=wlL E— LW'E]EL‘Viﬂ']a@@ﬂa@ﬂﬂUﬂ']u’J"ﬂﬁJﬂ@u‘Viu’]u I@SﬂqﬂﬂﬂaﬂﬁﬂjuLﬂ@ia']ll'ﬁﬂ‘waﬂ
m

31N szfwé&m wazArAIaUTvestulsudou k =EA,, lnefia1 A, A9 E h Tuid

A1 Ay, NReA1 A, 3esauiivhainianezgiilleuseninuniieniu dunalddmwadnsiiaay

aonndasiuaziduisausulaiiawSsufisuiumuidenlaanuiineuning

= P ea ) a Iz o ) = ' ~
M19199 7.5 lassadeanunuunsuninain dandailsidu aeldgiusessunuuianeu 1
Waulvvaumakuu C-C (n =0.5)

FG sandwich beams with- homogenous hardcore

L/h K, K 1-0-1 1-1-1 2-12 2:2:1 2:1-1 321
5 0 0 82804 86518 = 84814 87814 85860 87362
10° 0 86486 89918 88332 91141 89317  9.0731
10° 10" 119423 120896 = 120140 121589  12.0693  12.1469
10f | e°, 4 93454 9.8006 95864  9.9725 97248  9.9223
10° 0 9.6771 101056 ~ 9.9026. 102701  10.0349  10.2236
10° 10° 129277 131497 130352 132562 131200  13.2393
20 0.0 96884 101733 9.9433 103608 10.0941  10.3092
10" 0 10.0105 104690  10.2502 -~ 10.6491 103949  10.6011

X\ T¢ 13.2713 135191  13.3906  13.6399  13.4868  13.6220

FG sandwich beams with- homogenous softcore

5 0 0 84906 79529 82025  T7.7094 80071  7.7134
10° 0 88988 ~ 84077 = 86361 81818 84534  8.1807
10 10" 123998 121734 122829 120477 121772  12.0254
0 0 0 102146 9.6791  9.9430 93451  9.6664  9.2669
10° 0 105591  10.0587 103062  9.7413  10.0421  9.6625
10° 10" 13.8952 136362 137725 134317 135970  13.3536
20 0 0 108471 103277 105916  9.9548 102797  9.8356
10° 0 111739 10.6862 109351 103296  10.6356  10.2114

100 107 145069  14.2630  14.3990  14.0246  14.1923  13.9102
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MR99INATIRAUANIYNABIYBILUUTIRB A mTUnTallasias A uneligIusessuLuY
Banguuds farsaansi 7.5 WunsdnwiAiaudsssuwdlsifveddasiasisauwuy
wuAIgN Jandalndudedigiusessusuudavgu Ndeulvvauawuy C-C lngusuiudeu
! lﬂl by lﬂl o ! 1 ! U 1 tﬂl
AAsadse (K, wag K,) fgnsrdmninuegnideninugsniu (L/h) sg o fdu lngdnsi

a a I3 v K D ] { a ) 1Y K D
aUssiunasuilaaink, = WT“" LazAIAIaUTITeITULT AR UMI AN K, :—SLZHO

lnge1 Dy, NfeA Dy, vasmuiivhainianezgiiieuseninuninau dunalddnaiaud

sssuAliifasinTulion K, Wudu nsanizegndadesuiuaiad K, a2l

'
Yaa a

535UMA LSTAINgWue 1 iulade daurfinsangun 7.2 lauaninsin 3 38 Taazsuans

Y
1 1 1

ANudNRuSIznIea K, K, wasanudsssuydlsis (@) dmiulassasanuwuuty
@ v 1 ' & [ =4 ! = =) a X [
LAUNANKTY BRTIFIUAUNUILABETY 2-2-1 Azdunaiudnie K, wie K, wudwiu

HavinliAA NS TN A LSEAINLTUA Y Tauar K aziidnsnananudliiauina K,

“(lps

%) K

JUN 7.2 A1ANUDSTINYALIIRveIA UM UKL BN Tasisilanduniglagiusessuluy
ganegueulrveulwakuy C-C (L/h=10, n = 2.0)

7.1.2 nalRasmMsduaziiounuutedu (meldusanszivilans)
reunssiassnmsduanifteunuutsiuisogniglisnssiuuundouiiiu
wHomIaULIUIsiadunrigndendeld TnevinsuSeudfisumatusuudiaes
BAAs1E9% (analytical model) [104] Fauvusrasuddinseitosldldanzlnsiasanud
yhanYaniioiden (Homogeneous materials) Wiy wazfeulvweuwmuuuugasesiy
wuuhsuazagneliusinssiuuuiadouisiuiuniluse uansiiauniseeluil
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A izv izv i
w(x,t) =Y 2R, _ ! — | sin oy T P sin wt sinZx (7.2)
iz pbhL (izv, /L) -, L L L

. 2
o L iz
e (0<t<—) gz @, =| —
v, L 12p
Po Ao usanszvihuuaulunuiedanu
Vp Ao mnuwesussfitedeufivuauluniiomnsseiuni

w(x,t) fe Arszeznslng a nailes Tunieuns

1=12,..A

WegSeuiisuiuwuudnaendiinsigyt aunisi 7.2 Feviainianiiiodsd
AetukuuIIaesdiiausluuITeliagfe s uSouTananAuLU UYL AN TARLTS
Handululdianuuuiioweuny lasnsimuadvildadiuusuinsvesian (n) Wllaviiy

[y

Aud lagny 2 huudnassvasmuIsiienldianegililoy 2024-T3  Felleuendavainy

e

IS 1 ] v 1 1 ] U 3 = % ¢ al 9/5
YRMYULNINU 72.4 GPa LASAIAITNAUILUULNIAY 2770 kg/m FINAANSNLANY 2

WUUTIR8AAIFUT 7.3 TAgWAULLI LB UUNUAIBLIA WAL LN UIUIRIUNUAIE T2 EENIT NN

YOIANU B FURUININENAIY a1l 9 naeldusinsydiwuuiedeud agiulainuadns

& o & v U [ a [ i
2 qumaaﬂuuaamﬂaamuuasL‘Uu‘mamulm

0.05

Present solution
------ Analytical solution

o
(e
K

™

LS

o
S
s}

Midspan disp. (m)
S o
(e S
—_ \S]
/

-0.01
0 0.05 0.1 0.15 0.2 0.25
Time(s)
UM 7.3 nsmiilSeuiiiguensseznisinsuesaunesianlolansetn a duveianansaiu
aunalaq(L=10m,b =04 m, h =05m)

v ¢ av A

wenanilfinsrraeuaugniedagnisiUSeuiisurainsivuidenlaanuineuy

o & =t aw o v o Y a s o ' 1% o
il [65] Falunuideaduilldlasiasisauinihandandeilaidunazegniglausinsei
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Material valume fraction index, n
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Material valume fraction index, n
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anulsusuawumwumm 31 H-H, CH way C-C LLuuamwmaqsumﬂamt,uummumaLLaw
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Q.II ¥ d‘ a 1 Yaa QI é’ dl dl I
wdUAIEAUDTTIUYIAVRIAU Tnevuna (SpeglnalfiR) asiiindustes 9 Wenasuly
LazaziiuunAIilansmnLsannsgitvuauefaueanana1y tause sglnslsifuinas
NnTulon1uegNelaLTINTEiUUUARBUTIUIN 5 kST IMARALNTIZIINITHILTINIULTS

LA DULNLYUNNVDILTITINANTEIINAUATU
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7.2 HaLRBENNANAAIAASIATIESNUHLUINMUULTUA YN Tan B duuy
& = = - o w o &
WugunqunsilasuzulReuanuNuile

Tuitetiavtauenar AT e INAENEURINITAUATL DUV IH LU WU URGUATY
nTaneilandunLuudassuazkuudedu lnennvunianlasas e uueyingnian

NeNTEVINeeEgliun (ALO,) wazevaliflew (A) leenwlanduwsdnunumesaliuiuay
wialanzunumigergiitlen lngdlnuautnsail

M1319% 7.7 AauTRLATIES MU UURIUATIYIN TR TN du

AALUR wlanysniin walave
AINBRRavRIANLEaEY (E) E, = 380 GPa E, =70 GPa
ANANRUILUU p ) P. = 3960 kg/m3 P = 2702 kg/m3
ondutiva (v ) v,=0.3 V=03

nfinandrsduinlassasausiuunauuuuiivantandsilsiduiuuseandu 2
Uszam flo fuununanee (soft core) wazdunnunatawds (hard core) sefulunsdli
Foamsliuiuuniiduununasoussimunli E, =E,, g, =p, E =E.uaz p =p,
nsdififeInseuiitusnunanudsszimunli E, =€, p, =p, E =E.uay p, = p, 397
T¥milousulassairsmmildnanneuntiil

Tumsfnuiitnualiaiuet (a) wagmunias (b) vesuiuurasiiiu 1 wes
duanugasamlaanAdndiuniuendsenitugs (a/h) nslasigivzuiseandy 2
du Ao NsliTBinsduafiouuuUBastuAz IR ITiouuuuTeRy Tnglunsdvesnis
duazifleunuudass AannudsssumAvedusiuunaazgniauslusUuuuliig ol

Ao
h \E

0

Ql
I

A 3
lne?l E, = 1 GPa uaz p, =1 kg/m

7.2.1 wawasnsAuazIiauLUUBas:

ﬁaumsaﬁ’waaamsﬁuavLﬁamaﬂﬂﬁﬂa%ﬁaLLcJuw FaddySusunsnAe@n
magii (Convergence  study) Y93 AsTINA TefmileuiuiBinseilasiaiisny
Aounthil a1nmaedl 7.8 L‘UL!ﬂﬁiﬂﬂ‘HﬁmiaL“ZJW‘EJENIﬂi\‘iﬁi’NLLN‘UUNLLUULL‘(JUGYJSU‘\]’m’Jﬁ@L“N
ey Tnofidoulvvouieaddfuduuuuseedusgiaing (555S)  Humnunansuds
(Hardcore) wagdnmauaumuusaztuiiliie 1-2-1 dunmfiuiarugndesesaiuid
539u71R Vouelluun 1 89 6 afindudidwaunar (V) vesilsidunmuufisfunarasgudn
doduumat (V) wirfu 10 deduluinerdnusdasldfeidunmunauuounsuriiad S
10 W91
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M13199 7.8 HANMIANYINIGUNVDIANUDSTTUNAANTULATIATURUUNUU UL UAIYAN
Tangaflandu (a/h =20, n = 2)

Mode sequence

N 1 2 4 5 6
3 1.3785 3.7079 5.5302 8.9123 11.4082 14.0083
4 1.3011 3.6788 5.5302 7.8239 8.0469 11.0637
5 1.3011 3.1558 4.8979 7.8239 7.9399 11.0637
6 1.3009 3.1556 4.8976 6.0696 7.6531 10.1839
7 1.3009 3.1473 4.8866 6.0684 7.6474 9.9056
8 1.3009 3.1473 4.8866 5.9956 7.5898 9.8975
9 1.3009 3.1473 4.8865 5.9956 7.5898 9.6142
10 1.3009 3.1473 4.8865 5.9946 7.5890 9.6140
Ref [105] 1.3023 3.1563 4.9079 6.0262 7.6384 9.6811
Ref.[106] 1.3009 3.1473 4.8865 5.9945 7.5890 9.6046

A15197 7.9 n1stUssuLfisuaIaudsTsuEAliae (@=(wa?/h)p,/E, ) d1m5u

A9 UUREUAIYIN Taaeilendu (a/h = 10)

B.C. Source n=0 n =05 n =1 [VERY ngs 5 n =10
2-1-2 layer thickness ratio (hard core)
SSSS Present 1.8263 1.4830 1.2985 1.1205 0.9796 0.9405
Ref.[106] 1.8244 1.4829 1.2985 1.1205 0.9796 0.9405
Ref.[105] - 1.8244 1.4841 1.3000 1.1218 0.9796 0.9390
CCCC Present 3.1226 2.5681 2.2637 1.9652 1.7236 1.6541
Ref.[106] . 3.1123 2.5680 2.2636 1.9650 1.7235 1.6540
Ref.[105]  3.2936 2.7099 2.3864 2.0680 1.8064 1.7268
2-2-1 layer thickness ratio (hard core)
SSSS Present 1.8259 1.5463 1.3943 1.2422 1.1071 1.0591
Ref.[106]  1.8244 1.5462 1.3942 1.2420 1.1065 1.0584
Ref.[105]  1.8244 1.5471 1.3956 1.2436 1.1077 1.0587
CCCC Present 3.1202 2.6716 2.4235 2.1719 1.9446 1.8625
Ref.[106]  3.1123 2.6715 2.4233 2.1715 1.9441 1.8619
Ref.[105]  3.2936 2.8199 2.5556 2.2868 2.0415 1.9497
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A13199 7.10 MsiSpuiisuAImNdsIIUIALSIR( @ = (wa® / h)y p, | E, ) d1915U

1A59a31auNLU kUL uA YN Taneilendu (a/h = 10)

B.C. Source n=0 n =0.5 n=1 n=>2 n=>5 n

10

2-1-2 layer thickness ratio (soft core)

SSSS Present  0.9296 1.5531 1.7140 1.8156 1.8651 1.8711
Ref.[106]  0.9295 1.5531 1.7139 1.8157 1.8651 1.8712
CCCC Present 1.5894 2.5968 2.8648 3.0420 3.1393 3.1581
Ref.[106]  1.5894 2.5967 2.8646 3.0420 3.1392 3.1581

2-2-1 layer thickness ratio (soft core)

SSSS Present 0.9293 1.4572 1.6078 1.7146 1.7831 1.8022
Ref.[106] 0.9294 14571 1.6076 1.7143 1.7829 1.8020
CCCC Present 1.5882 2.4366 2.6842 2.8648 29874 3.0248
Ref.[106] = 1.5881 2.4364 2.6841 2.8646 29871 3.0246

AN5997 7.9 wass1sedl 7.10 leuansananudsssuilsin newSouiisuaiainud
sssntnAliiAtuuATenouvnd Tnelassadeudunnauunsudisantagdeiladduld
ununaduandlunised 7.9 luvusilassaauruuauuuieudisantandeileiduild
wnunansdeulduandumsned 7.10 Fensaesmsndddiioulvvouanuy S5 way CCCC
LAZERSIEIURIIIILARTTUAD 2-1-2 Uag 2-2-1 dunmuiuinnudlinavedasiadieusiu
Vsl d MmUY 2-2-1 aviiAiaua 3 iRunnnIlassad1auNuUns
Fonsrdumnumussiazdndu 2-1-2 iesanlasadaukuuns s nsaunm LU
2-2-1 Hyasiidndrunaneanawsiinginniuy 2-1-2 lumnsnsadudnufiansanaisied
7.9 @slassadrausiuundldununarsseu sufudndruseaalansfazanniwaesinduna
laanudsssued SaRvedlassadaupnu e ildsnsduaIuILUY 2-2-1 fantes
MUY 2-1-2 daunisaimessnnisaditinanamnnudsssusAlsiivedlasadauruung
feArdvilidadiutinnsvestan (n) W91snanseit 7.9 Tassadrausiuuiaziinaud
sysumAliiRituilemiridnduSinsvosiandistu waiutuiinsgiinisiue
suildndrnuiunnsvesianlunsdlildununarseeu (wsriineginsuuen) Wunasiliva
s findisnnuluduvesusulrnuuuLazans driansanideulvveuwaianuy SSSS wag
CCCC Tamn5199 7.9 wazms19dt 7.10 wlueuimudliifveslassadrawruundiadon
YBUWALUY CCCC agiANmnnIuy 5555 Tnevi 2 msnaldvinsid3euiieufvauise
Aouniing (Ref[105-106]) UoNaINANS197 7.9 warA1519# 7.10 ud Tusudsondaiildvinig
WAAudsssUTIRlEIRvedlassadHuUI LR AT andun1s19T 7.11 wazn1319d
7.12 Tasnsifiudoulvveuivavans 9 wudeidulselonilunshdeyamarilulivio
Wlsuiflounatuanuddesy o luewian anmscisdenduliindinuisssuynlsine
Wasuwdaslumudeulvveuwaiiuasuly Tneflassadauruuisdsditoulaveunuuy
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fanUunienuaIunuNrdaUassdasy (CFFF) Juasiia1mnudsssusnflsafuaeninkuy

= d' = Ny A U v A = WYy
LQ@U‘LEUSUE]ULTG]@‘N 9 L‘L!E]\‘W']ﬂNm']quﬂUQﬁ‘Uﬁi@ﬂﬂlqu@EJ?!@

a51ef 7.11 mawlSeuiieudinnudisssundlian (@ = (ea® 1 h)p, I E, ) dmsu

lA59a1auNLU kUL UA YN Taneilendu (a/h = 10)

B.C. Source n=0 n =05 n=1 n=2 n=>5 n =10
1-2-1 layer thickness ratio (hard core)

CFFF Present 0.3284 0.2820 0.2573 0.2323 0.2090 0.1998

Ref.[106]  0.3285 0.2821 0.2573 N/A 0.2090 0.1998

CSSS Present 2.1449 1.8548 1.6979 1.5386 1.3884 1.3288

Ref.[106] 2.1425 1.8548 1.6979 N/A 1.3884 1.3287

CFSC Present 1.5923 1.3764 1.2597 1.1413 1.0298 0.9855

CFFC Present 0.6390 0.5505 0.5030 0.4550 0.4100 0.3922

CFCC Present 21177 1.8384 1.6864 1.5314 1.3846 1.3260

CCSS Present 2.4228 2.0994 1.9239 1.7453 1.5765 1.5092
2-2-1 layer thickness ratio (hard core)

CFFF Present 0.3284 0.2771 0.2494 0.2218 0.1974 0.1888

CSSS Present 2.1453 1.8230 1.6469 1.4699 1.3118 1.2554

CFSC Present 1.5926 1.3528 1.2218 1.0904 0.9731 0.9312

CFFC Present 0.6391 0.5410 0.4877 0.4345 0.3873 0.3706

CFCC Present 2.1184 1.8076 1.6366 1.4640 1.3090 1.2533

CCSS Present 2.4235 2.0638 1.8666 1.6679 1.4899 1.4261

m519f 7.12 mslSeuiisudaauisssunilsan (@ = (ea® 1h)\fp, / E, ) dmsu

lassasawauuwuuRguAIgaIn Janeilendu (a/h = 10)

B.C. Source n=0 AN=0015 n=1 n=2 n=>5 n =10
1-2-1 layer thickness ratio (soft core)

CFFF Present  0.1671 0.2612 0.2903 0.3118 0.3267 0.3314

Ref.[106]  0.1672 0.2612 0.2902 N/A 0.3266 0.3314
CSSS Present  1.0917 1.6775 1.8592 1.9960 2.0933 2.1248

Ref.[106]  1.0917 1.6775 1.8592 N/A 2.0934 2.1248
CFSC Present  0.8105 1.2467 1.3820 1.4838 1.5561 1.5794
CFFC Present  0.3253 0.5046 0.5601 0.6016 0.6306 0.6397
CFCC Present  1.0779 1.6404 1.8157 1.9488 2.0449 2.0766
CCSS Present  1.2332 1.8856 2.0883 2.2416 2.3515 2.3874
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2-2-1 layer thickness ratio (soft core)

CFFF Present  0.1672 0.2642 0.2917 0.3110 0.3231 0.3263
CSSS Present 1.0919 1.7003 1.8751 2.0001 2.0819 2.1054
CFSC Present  0.8106 1.2635 1.3936 1.4865 1.5470 1.5644
CFFC Present  0.3253 0.5108 0.5637 0.6012 0.6251 0.6317
CFCC Present 1.0782 1.6652 1.8353 1.9583 2.0405 2.0650
CCSS Present 1.2335 1.9125 2.1085 2.2494 2.3426 2.3699

7.2.2 nawasnsduazifiounuuiedu (meldusenssimiause)

Tuidoiiagfumsinausnamsduagiitounuussduvesusuunsdsognigld
ussnsguuuiadeuil fadudsiuduetusnAonsianingniesuasuuusians uay
idesnnuuudiaeseslassaieusiuuisuuuususivaniandeiladduiogaeldusnseyii
wuiedeuiliuidelmivazlifideyaiflilunisasanruigndes fafuiiieaznsaaoueiu
gndsagimsuiuasuianueslassainausiuunauuieudivan Tandeilsitululdvan
iJoifien (Homogeneous materials) flagansusinssvhuuuindeud tns3suiudsutuay
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vtufe Q = wasyuvans 3 usefiliRe v, =0,p, = 7,p, =0 dwuslfusuuidd
LNUNANSLUUBULAYSR SIdIUAMUMILARE T UL UL 2-2-1 mﬂgﬂﬁ 7.41 dUneTrern1s
'Ifiﬂ%fﬁaﬂuaqLLsiuU'mﬁﬁﬁmaa%’uLLUU%LLW%@ 4 fu (CCCO) asimteuninadeulavaun
Vlmmamwasmma (555S) d@runansznuiliinainnsusuasusnsdiuanunuunay
Funuusg 9 uuuamié‘luﬁm 7.42 mmﬂuamlmmﬁuaﬂmlimmmLqumwamwmu
AUUUAAY T ULUUANS ‘ uuimaaL.LmﬂmﬂﬂumaamsmL’;mml,iamum

7.3 HALRAENNANAAIAATIATIATINATULUULTUAIYN Ta B snduuL
fugrunguinisudsusuidausduian
Tuhdeiisinaveuasiinsevnadnsvesnsduaniiiouiuuudaszsuasuuuiady
vodlassadsmuuuisusivanagdeilsdduuuiugungeinisudsusuideudduitan
(TSDT) %ﬂﬁq@mauﬁ’ﬁmaﬁa@LLazmimmmﬁﬁﬁsmﬁﬁﬁﬁﬁiﬁuuwﬁwaaaﬁﬁ%mﬁauﬁu
wuvassesiassada LAY Tandsilrdunuiugung simadsugidon
Sretufinils (FSDT) Tnelunsnwiiadetanitiufinnsanfemiuunnaisresnadns sening
nouinsivasusuideudduiviluegnauimaudsusuideudduiian

M19199 7.13 A1ANRsTINYIAbSEAGmTULlA ST 1A UK U UL A 33N TanBeilenduy v
Wugungunsilasuuileudisunvilauazainuaiy (L/h = 5, Soft core)

BC n  Theory 1-0-1 E¥ =) 2-1-1 1-1-1 2-2-1 1-2-1
H-H 0.5 FSDT 4.5300 4.4134 4.3192 4.2983 4.1792 4.0953
TSDT 4.4426 4.3046 4.2270 4.1839 4.0821 3.9921

TSDT[108] 4.4427 4.3046 4.1960 4.1839 4.0504 3.9921

1 FSDT 4.9463 4.8546 4.7450 4.7450 4.6057 4.5281
TSDT 4.8525 4.7178 4.6301 4.5858 4.4693 4.3663
TSDT[108] 4.8525 4.7178 4.5916 4.5858 4.4270 4.3663

10 FSDT 52138 5.2851 5.1869 5.2759 5.1421 5.1507
TSDT 5.1848 5.1966 5.1143 5.1301 5.0135 4.9326
TSDT[108] 5.1848 5.1966 5.0866 5.1301 4.9700 4.9326

C-C 0.5 FSDT 8.4906 8.2025 8.0071 7.9529 7.7094 7.5542
TSDT 8.0529 7.6645 7.5637 7.3931 7.2468 7.0556
TSDT[108] 8.0509 7.6627 7.5623 7.3914 7.2456 7.0539

1 FSDT 9.3002 9.0172 8.7838 8.7496 8.4531 8.2939
TSDT 8.8244 8.3373 8.2285 7.9744 7.8066 7.5205
TSDT[108] 8.8221 8.3354 8.2273 7.9726 7.8056 7.5187

10 FSDT 10.0894 10.0216 9.8035 9.8632 9.5497 9.4702
TSDT 9.9674 9.5634 9.4452 9.1215 8.9206 8.4182
TSDT[108] 9.9640 9.5608 9.4430 9.1193 8.9195 8.4162
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M15197 7.14 A1AudsssunAlsiadmsulassadanusuuisuaIgan Jandeilidy vu

Wugungunisiisusuieusdunuilaazauiiany (L/h = 20, Soft core)

BC n  Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
H-H 0.5 FSDT 4.8651 4.7552 4.6492 4.6391 4.5065 4.4247
TSDT 4.8579 4.7460 4.6415 4.6294 4.4983 4.4160
TSDT[108] 4.8579 4.7460 4.6050 4.6294 4.4611 4.4160
1 FSDT 5.3067 5.2332 5.1102 5.1297 4.9753 4.9078
TSDT 5.2990 52216 5.1006 5.1160 4.9637 4.8938
TSDT[108] 5.2990 5.2217 5.0541 5.0541 49121 4.8938
10 FSDT 55324 5.6523 5.5458 5.6742 55310 55765
TSDT 5.5302 5.6452 5.5399 5.6621 55203 5.5575
TSDT[108] 5.5302 5.6452 55073 5.6621 5.4667 5.5575
cC 0.5 FSDT 10.8471 10.5916 10.2797 10.3277 9.9548 9.8469
TSDT 10.7769 10.5021 10.2074 10.2327 9.8778 9.7614
TSDT[108] _ 10.7743 10.4993 10.2050 10.2298 9.8754 9.7587
1 FSDT 11.8358 11.6553 11.2842 11.4149 10.9624 10.9124
TSDT 11.7608 11.5416 11.1938 11.2802 10.8531 10.7741
TSDT[108]  11.7579 11.5383 11.1911 11.2767 10.8502 10.7706
10 FSDT 12.3779 12.6185 12.3105 12.6470 12.2111 12.4046
TSDT 12.3586 12.5488 12.2566 12.5265 12.1108 12.2164
TSDT[108] ~ 12.3564 12.5460 12.2541 12.5230 12.1079 12.2122

Tagnn919il 7.13 wazas1edl 7.14 uandA1nnulsssunAlinalaseadisauluy
wrufvantandeilsdtulasddunnunansdou anmsned 7.13 Tassadeeuuuuneusis
T¥nndmausnsoniugs (L/h) iy 5 nuiidanuunnssesanud3ifsewing
neuimsiasusUideudinuiviluagnguinsasusuideudifuiianugegaindu 12.5%
Andulunsdldeuluveuivmuuy C-C uildndrudinsvesianiniu 10 daumsnsil 7.14
lassasieauiuuksuaIglddnsdiuninugisendugs (L/h) wiifu 20 wuindiany
uansnsvesnAliiRgeanwinty 1.5% dunafuisnsidiunuenisdenigs (L/h) 2y
LﬁuﬁfgLLﬂsﬁﬁﬁgﬁﬁﬂﬁLﬁmmmLmﬂm'mﬁ?uumammﬁfléﬁé’mwmumman&iaquaﬁﬁh

Hesnanseyanneseadeu () Naglidndnaundeazlminanuunneng uAg1ensIdIu

AMHETIRBANEEiALIN 9 BvBnavnanuAseadeuivzoerioenalidesinnfiansan
WlauiunguA1UYeIRRsLADS
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M15199 7.15 A1AudsssunAlsiadmsulassadan sl Igan Jandeileidy vu
dy a ~ A o o A = o w
wugungunsiasugUReuanuniluazaInuaiy (L/h = 5, Hard core)

BC n  Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
H-H 0.5 FSDT 4.1214 4.2284 4.3038 4.3239 4.4113 4a.4747
TSDT 4.1268 4.2351 4.3091 4.3303 4.4167 4.4798

TSDT[108] 4.1268 4.2351 4.2945 4.3303 4.4051 4.4798

1 FSDT 3.5646 3.7197 3.8473 3.8660 4.0105 4.1028
TSDT 3.5735 3.7297 3.8557 3.8755 4.0188 4.1105
TSDT[108] 3.5735 3.7298 3.8187 3.8755 3.9896 4.1105

10 FSDT 2.6811 2.71202 2.9651 2.8671 3.1514 3.2241
TSDT 2.6932 2.7355 29772 2.8808 3.1636 3.2356
TSDT[108] 2.6932 2.7355 2.8669 2.8808 3.0588 3.2356

Cc-C 0.5 FSDT 8.2804 8.4814 8.5860 8.6518 8.7814 8.9116
TSDT 8.3637 8.5759 8.6710 8.7462 8.8686 8.9983
TSDT[108] 8.3600 8.5720 8.6673 8.7423 8.8648 8.9942

1 FSDT 7.2660 7.5764 7.7413 7.8504 8.0572 8.2750
TSDT 7.3694 7.6900 7.8422 7.9617 8.1590 8.3747
TSDT[108] 7.3661 7.6865 7.8390 7.9580 8.1554 8.3705

10 FSDT 5.4163 5.6551 5.92771 5.9853 6.3413 6.6891
TSDT 5.5397 5.8079 6.0541 6.1261 6.4658 6.8115
TSDT[108] 5.5375 5.8059 6.0527 6.1240 6.4641 6.8087

1815197 7.15 wagA15197 7.16 WaAIAIANUDTSTUBIALSTATATIAS19ATULUU
wguaIvaniandeilsndulaeltuinunaiauds 91015199 7.15 Iasadsnunuusaunivly
gns1duANNEINeANEs (L/h) Wiy 5 PUIIAIAIIULANATIYDIAIUD LS TRTLIING

a a & o w A = a a a o w a Y
nou)MUarUgURDUaINUNAUILa s N B N1 TUANUFULREUAM U A WENEAINY 2.6%
dun13199 7.16 laseaiemunuungun 19 ldgnsiduatendsondnugs (L/h) wiriu 20
W‘Udﬂﬂ'wmmLmamqsuaammﬁl%ﬁagqqmwi'lﬁ’u 0.2% ¥y

a1audnNI 1INzl TRU0lATIAS19A LRI UKL AT TUUNUFIUNG U N3

dl = o o dl d! o U d‘ dl = 1 Vaa v
WigugUeuaaunvilsuardduiany In3UN 7.43 wansdeszaznisinalsifveslasaasng
wuuguaIrnelian e ieulrveuluakuy H-H 8nsduauuILeasty 1-1-1 Fagud
7.43(%) Wulassademuldununanssdou lnadleweuiisuiuns 2 ngwd wuinszeslngds
fifgegadinnnuuanaaiuuszunn 8% uwar3unl 7.43(n) WWulasaasnanuwuuununaiauds
wudsreelnalsiRgantanuuansiisiuuseunn 0.8% Wiy dunaladnlasasisauinly
whunaseeuardnuuanaLdutsdifyninlasadssundununalauuunds
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A1519% 7.16 A1ANASIINVRLSTRAmSUIATIET A URUULTUAIYIIN TR TleATY Ui
Wugungunsiisusuieusdunvilawazaiuany (L/h = 20, Hard core)

BC n  Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
H-H 05 FSDT 43144 44285 45119 4.5320 4.6288 4.6975
TSDT 43148 44290 45123 4.5324 4.6292 4.6979
TSDT[108]  4.3148  4.4290  4.4970 4.5324 4.6170 4.6979
1 FSDT 37140  3.8761 4.0153 4.0321 4.1900 4.2883
TSDT 37147  3.8768  4.0159 4.0328 4.1906 4.2889
TSDT[108]  3.7147 38768  3.9774 4.0328 4.1602 4.2889
10 FSDT 2.8033 28177 3.0793 2.9652 3.2685 3.3398
TSDT 2.8041 28188  3.0802 2.9662 3.2694 3.3406
TSDTI108] 2.8041 . ' 28188 / = 2.9662 2.9662 3.1613 3.3406
C-C 05 FSDT 9.6884 ~9.9433  10.0941  10.1733  10.3608  10.5402
TSDT 9.6953  9.9513  10.1012  10.1813  10.3680  10.5474
TSDT(108]  9.6942 99501  10.1001 ~ 10.1800  10.3668  10.5460
1 FSDT 8.3512 . 87150 . 89393 9.0634 9.3469 9.6335
TSDT 83602 87249 89481 9.0731 9.3558 9.6422
TSDT[108] 83594 = 8.7241 8.9474 9.0722 9.3550 9.6411
10 FSDT 6.2981 63465  6.6779 6.6811 7.1188 7.5212
TSDT 63092 63594 6.6887 6.6928 7.1294 7.5316
TSDT[108] . 6.3086 ~ 6.3590 66889 6.6924 7.1296 7.5311
03 —— FSDT e —FSDT
2SSk A ~—-TSDT
0.4 0.4 Fa
- \
003 -M\,\\- 003 f \
2 = >
=02 J \ = 0.2 / W
\)
0.1 0.1 -
\ \,
0 0 [\
0 02 04 06 08 1 0 02 04 06 08 1

Normalized time, t*

(n) LAUNAIILT

Normalized time, t*

(¥) LAUNANEDY

Ul 7.43 nminansszoznsTidliia a dumisiananiveausiuunauuuiesivananids
fsfduuuiiugiungud FSDT wag TSDT (L/h=5,n=05, v, =50m/s )
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. 0.8
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JUN 7.44 n91vluansszagnslnel SRAZEn o AuviaRanNaave AU UULEUATYRIN
Taneilsidumelsiussnseiuwuuindeuil o A21u59609 9 (L/h=5n=0.5)
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< 05
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JUN 7.45 n51vluansszeznslneliTagaan o AIuianananaue AU UULEUAIYAIN
Faguisianduniglinsinszyihuuuieaauil a ausasne 9 (L/h=20,n=0.5)

finsanszeznslnalilifgegaveddasadisnusuusgunigainiandaileidu o Annuss
A9 9 AU ﬁqLLamgﬂ‘ﬁ 7.44 LLazgﬂﬁ 7.45 ‘%Qﬂﬂuaf‘jﬂ’]ﬂiﬁﬁﬂﬂSL‘f‘i@uVLGU“U@UL“UG]LL‘U‘U H-H
Sndiuanuvuiudazdy  1-1-1 Tasanguil 7.441) Felassaireuuuneudinduwuy
unuNANBaLAZiimALLANAATE T 2 gyl naentisAEIUTEI 6.2% daugud
7.04(n) Tassa¥auuuununanauds asfiearuusndnaadens 2 naufissana 0.4% daun
U7 7.45 Falassaanuuneudinduuuuununansseuded Snsdruninueisennuga (
L/h) wiitu 20 wudilsifianuuansadutddoiis 2 ngul feteSunelideunthiling
gn3dIUAMNLIRBANEITAININ 9 BNENAIINALASEALdUAT oS oR1abises
ST aURUNg B AUTet0ReIaRS



unii 8
A3UNaNI5ILUATVBLEUBLUE

Iumuﬁwmﬁwuﬁ‘aﬁ’uﬁazLﬁuﬂWiﬁﬂwwwqaﬂiiumsé{"uamﬁauLLUUSaiSLLazLLUUﬁ’QﬁU
fialassadamunarlassadauiuusuuusuiivan fandeiteddu  uiresadulumei
nsfnwIFunsduasteuluutidy Tnelassaienunsolaseadsusu U1 LU LB
awUsznauludae 2 dumdnAeunuysznutuuazans (Face sheet) fignadistuunanniag
FanuTsilaridu(Functionally Graded Materials, FGMs) Faifuiagaesindnussinnniliuay
drufiansfieduununans (Core) gnadrtunaintagilewden (Homogeneous materials)
Tneutseenitu 2 Ussinn fio fuununansgau (soft core) waztuununatauds (hard core)
e?fqLLUUf\Tmmﬁy’ﬂmqa%qmuLLazLLr;iu‘UNa@juuﬁugmmwﬁmiLﬂﬁaugﬂlﬁauﬁﬁuﬁwﬁa
(First order shear deformation theory, FSDT) LLaxmngmimﬁﬂugULﬁauﬁﬂéﬁ’uﬁam
(third order shear deformation theory, TSDT) %qﬁﬁmimwaLaawaﬂﬂ@mawizqﬂﬂ%
MENN1INENY (energy principle) Fandsiudinarimilaainanudy anmaTen naw
satiuagussnoueniiinnszvinayldssfouituesind (Ritz method) Lileauyfilsituves
svozn1snszdnauiteuluvauaiininun nduagliisnsvesainsudifiewaunisnis
\AABUTveITEUY BeNITINaLRaEvesaunisindeniiaglditnisvesiaunia (Newmark
method) tilevxanauauaunainveslaIaden e lATIE LU LU LEUATY
finanantandeileidu Tnsagfiarsanmisiineseng | filkadonaneuaussnisiunain
yodlassasimulaiLUg Wulassadmuukudinfldduununan weunasununans
wis driidaduuiinasuesian ammniiuesusiindoudthuaiuvIowsuuns S1uuLse
ANAYEILSY ShduALIIusazTY Seulvveuluanuusg 5 9AIIAIUAIIULIIND

ANNGIVRIMULaEAIATaUSe (K, waz K,) wemusgnieldgiusessuiuviangy 39y

w

asuiluiidoning o lassil

8.1 asunalassainenuuuuauadIYIN TaBealandu
8.1.1 nMsdugziilounuudas:

Tuitadeiagnanfenisagunadaierdosfunisduazifienuuudaszaes
Tassairsaunuuueudiviivhuain fandeiladduisoguuiugunguimaudeusuiden
ffuiinila (FSDT) wiueudmsnIadeuAIugnaIuusnveuUiiasslassaiianiufe
Anwinisgiinvesuisssundliiandeasunsiisunadnsvesdinnuisssumily
fRfunuIsefildiandeuniing faweagudululunumsiiaonadestu Tnsamnsfines
vidoleulvveuiunLuuing 9 deildvswademanuisssunalitiaunsoasulsdulseiu
$I9 9 i

Feulvveuiwn (Boundary condition)

wineuhdeulvveuiafiiiyasesiuuuuBauiuisansants 2 F1u (C-0) tuagiidaui
sssumAliTiRgeigalolfuTeuiisuiufeulvveuniiignseusuluy C-H uazqgasosdy
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WUU H-H Taefidrrudsssunndliiflunsdynsosiuluy H-H agldddesaailoisuioy
4 3 n3dl

PRTIAIUAUETIRDAIINES (Thickness ratio)
MafindnsdmmLIFonNgs (L7 h) veddassaadunarilsieauisssunalsig
fudiudu yn 9 nsdl nanfedidnadunusnrenugeiiiigs lassaieauftazian
gefendlatieunrwedunaildeuseu (Anudsssumicn) wagldualumandusiud
gnsIduALEIEANNglATRY 9

sulldndrulsunsveianBaleitu
driidndiuuTunsvesiagdeiledtu (n) Aemsfimesfivsuenisdndiutinnsvesian
sewinlavgiueniin dmiulasadsmusuuisudivantagdsilaidulunsdduununans
uda agnuimaiuefuildaduyiinnsvestandeilsitulunaiiliannudsssualy
fRanasdaduinandnduresnalansfifistutues uazagnadnslunismsatudiunsd
Iﬂiﬂﬁ%INm‘IALLUUGE}JULLﬂ‘ImaN@'au

SasduANUBL ARz T (Layer thickness ratlo)

=

memsm‘di”muamwmummwmLmav%uwmwuaaammwaqm 2 Wid (Im/i‘“LLa‘“LGZIi’]

fin) mnepnudlidndumlalangnauuinfilflasiadmusounas IAssas 19Uz Ll
Fuiilefidndrumawsfindfingy Fsasiinaiunauasssunalians ondietdraugu ndl
TAS9A¥1 9 ULUUT UL UNA9LTS BuLaUIN ST AR LA TULUY 1-1-1 Rayd
mm?ﬂassmﬁﬁﬁﬁqmdwu:uu 2-1-2 lumnsnduiulasiadianuuuuduLn unat s e Uil
SnsndummIAastuuy 2-2-1 feedldRTouniuuy 2-1-2
FU0ITULUUEANYY (Elastic foundation)

dulsuifuaninefifinanssnuivanudsssunalitfveslassaduaunigiusosiuuuy
Saveu BesgrusesfuuvuBanduiazsznouludemesiiadss 2 dife K, way K, Fanuld
msiiinAnfiaUswiaendunavhlidinuasssudliafiuiviulneeniyegea
e K,

8.1.2 MsduaziiaunuuTedy

Tuiadefieznandnisagunadauisrdestunmsduazifonuuuisfuues
TassadmuuuuugudisivihinannTagdailsidu teeludusuuuhasmodasiaieald
gnuFsuiisufuuuudiaendsiingest (analytical model) Tngld¥anidoidenadilddud
arwdenadosiuduiivensuls lidisaind wuudaedassaeuldvhmauisuiiout
miderountihileglilassadunuuuutagdeilaiduimadnsiamuaonadoantuiu lns
Tumsieszinmsduasiouuvuiduasfnvinanevauesmisiunatavesaiu Tufidde
seaensIAalsin Tneamnsdmesuierdeulaveuunwuusing q Sadidvnasenisnevaues
yashumatnasnsaagUlfiduussiuing q di
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Seulvvauin (Boundary condition)
Anszezlnslifaveddassaiisaunuuusudivainiandeilsiduaziidgeaniilonuetly
anmeiteulvveuivauuy H-H daunfeieulvveuiuauuy C-H wazanvhosseslndliiados
andolteulvvouivanuy C-C

suildndiulsunsveianBaleitu
fufldndnuiinnsvesiandsilsdtu (n) Ao mfwesfivsuenisdadiuliunsvesian
sewilavgfueniin dwmdulassadsmuuuuisuiiannTandsilerdulunsdduununany
uda agUldinsifiuadviidndnuiinnsvestandeiladidu (Rudndrunalans) Wunayh
Tszogmsinslsffiuduazdnlunsdlasaisanilidunnunarssoutunsifiue dod
dadruuTunsvesiandeilsitu (ndadaulasiing Wunaliszerlndifanasegn
sasrlutasusn uasfamuiiszeglndliifnsdamuuutuununaniudsennazannniivde
tesniilassadneuiififuununansdoutuistazduegifudrdsiidndiuuiinsvasTands
g (é’mwehuwnuwumsiaz%uﬁmﬁauﬁ’u)

SasduANUBL ARz T (Layer thickness ratio)
firsanUssifushsdunnumnusasdunuifenssnurosresaslidl SR wwiueddndiy
seidlanenazadndundn endegiary nsdllastadisnuuuutuununaiuds A
wuAartuL 1-2-1 fagflaszoglaslsifdesninlaseadieseiuuuy 2-12 99173
$raomudilasiaiisandedsasdumnumudasduuu 1-0-1 axfid1sredlsdfgegn
druszerlndliidmgaazidulaseairsnuiuy 2-2-1

ATV (V) FTUIUUT ARSIV LTINS (d) fnsgyhuulassairen
FofansanFosanuiwonssiinssrhuulasaisanmagnuiennivesuseiliintudy
naviliszerTndlnmauuiu Tnefluginnngad q Arszedlnesiinisnsiieuvie
uns visnsutateszesldsniuduesadiulddnuiignganntudsrosind 559
wanaadiomnusuiindu lnsanuiwouseiiidiszesinsgegaiifoni aau
nga (aritical velocity) nanfeiduamiivesuseiiiiliAnsoslasiingegn Tud
Frunuussiinszunlassasnuasmudndesiuiuuseiinssihuueuistuitaegivissey
Tnsl3aRifnTuseuiy Fruveussidmaisrianuiiings nanAeilefiuiuILLss
‘1'71'Lﬂﬁauﬁuuﬂwua3‘1/‘1"1°Lﬁﬁi'1ﬂamL%ﬁﬂqmﬁmﬁuﬁw ATUNANIENUVDIATLYENNTEN IV
feszeglnlsiAnuindeinAssseiiaseninsussinlisseslnd ffanasuazasiinanseiu
FaniloanasreriieTeninunss LLagﬁlﬂﬂﬂﬂJL%D%ﬂQW\]SL‘WIM%‘IJLﬁE)ﬁﬁ%EJS‘W]QiS‘WjNLLN
ity

audildnseduLss (Q) wazuua ()
fisanmudflinszduusmuinilofmualianudflinssfulsmsaiuauisssuves
Tnssadnunadndazyiiilasademuiansduies Tezdusennuissaumivesniu
Tnswwn (seeslndl$an) awdiutudes 4 Wonawiuly definrsunfsmmwanuiansn
Pranszezlnaliiflassadnnula
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F1usessuwuvganguy (Elastic foundation)
drulszinuaaTnefdnanssnuiuszezlnliifveddassadaauniigiusessusuudangu 9
wulginmsiiumafiauioidaendunavilissezlnliifanadlasanzegsdaiine K,

szozlnalstnanatagraiiuladn

8.2 a3UNAlATIEF ULV UULIUA VAN TEALTe TN
8.2.1 msduaziiouuuudasy
Tuhdeazfundnasuigmmsduaziiieunuudaszveslasiaiiauiuuiaiuy
wrudArantagdeiladdudieguuitugrunguinaudsugdidousifuiinis Sensudtigm
Tulnssadrauiuazl sz douiBuedine Tnsnsauudiliiduszosnisnsedaliigneiosisdu x
wagdru y egluguiitartaluiituogiunmuagilafdugusna (shape function) TugUuuy
voaflaritunuinfiaenndesduiioulvreuiun Tasgunuuresilsidunyuiniidenldde
lafFummunsuuunsssiiod (Gram-Schmidt polynomial) 91ndul#ismsvesainstedlu
msmaumsnsaieufinely Inelassadrauiunidusingrdnusaduiagfinnsauiams
uiuusLUUAADL R Tty ageiinanlilulassadueuduneunsnresnisiiased
wuuranstiuagdesineinisginuesaudsssneifuaznsiaaeud1nugniowes
Lwuudtaesiinsdusifiounuudase ddlumsAnwinisgidimuindiuiunaldlunig
AAT1E9idITU 10 WAt (M =0 = 10) uagnIRaeuANLgNdsuNUAITeReunddnadi
IFlauaenndostulaemnuuanislidiin 5% lnernsifinesvioleuluuuusiing q 3
fisvdnarerm s RAlsiRansaasUlAdussiudng 4 fal
euluveuwn (Boundary condition)
firsanideulavoinveslasaiauiusuuuieuiivainYagdeiladdusts 4 fu Sedawa
farmufsssunAlian neagUldidouluveuiusi 4 duthudufudsddny dgndedy
(Constraint) s 4 dmuhlilassadtaunuuafiasinnudsssuralinngaininlassadiousin
unafigndsduiiosautsd iy wu lessaiakuuitideuluweuiunuuy CccC (gn
afuuuuBauuie 4 du) RaslidnnufisssunAliifganhdevlwweuiumuuy SSSS (sou
Susgadrea 4 6 uaseulvveuivauuy CFSC - felidinuisssuviAlsiingnda
Foulvveuwnuuy CFRC Tnefoulvveuwniuy CFFF AazliAnudsssumdlidamae
AulldndiuUsunsvedanBalentu
driidndiuuTunsvesiagdeiledtu (n) Aemsfinesfivsuenidndinuiinnsvosian
gidlaneiueniin - dwfulassaireuiuunsiuuieudivainfandeiledsulunsddy
ununatsuds sgnuinsiiue fvidaduuiinasvostagdeiladduidunasilisniiud
sssnmRliiRanasdaunandndionalanefifintutues uazaenadnslumansaiy
frunsdlamaiuiuusuutuununaisseu
SasnarunMUnULAazTL (Layer thickness ratio)
defansandssfudnidiuanunuiudazdunuindidndualanguauunisile
Tassafausuusousarazudsluilofidndrumawsinifiuuniu fsazdnatuaiud
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§555UVNRLSTR YNAIBEINYU NTALATIFS 1N UUIUUTULNUNAIDDY DRIIAIUAITUNAUN
wiazduwuy 2-1-2 Aglinnudsssu@liifaindiuuy 2-2-1

8.2.2 M3FuAZiBULUUTIAY
Tutadeiaznanienisagunataiertestunisduaziienuuuisfuns

TassadausiuunaL U udisivhinanfandsilsituneldusanssyhuuuiedeud deuns
F1ABINOANTIUNIAIUNATNVDILATIHTIWH LU KUUBUIYIINITATIVABUANIUYNABINY
wuUaeaduaTet (analytical model) vadlassadtaukuunsiviniunanandofoiuazey
melfusanssyhuuuidoud dawadnsis 2 uuusrassdiauaenndesfuuiivoniuld
adudnlufazdudnyinansznuludiueng o GslaseadawiuumuunsuaiIgn and
flardudsegneldusenssyiuuuindoud lasawnsinosviedeuluwuusing 4 daildvdna
sonsnauauasaiuna nawsoagUldidulsaduing q wedl

Goulvveums (Boundary condition)
Tunvudrasslaseadrsuiuu N kuuisudivandaqdsilsdduazinsun Joulvvouin 2
wuue Weulvveuinuuy SSSS watauluwauiunuuy CCCC winky Fautusuisyeznis
TrslfARveslassadausiiunaififtoulvreuaiuy CCCC azdagiirngsninlassainausiuung
fifoulvveuiaiuy SSSS

prlldndIuUSunsvRI ATl
fisandviidadiuuSmmsvesiandailiddu (n) Geavilvinasdenmudusweslasiaing
Inarndsiidndrulsunsvesiandeilsiduduazuimundadiunisuauvosiandailaiduy
Feiunanesiinuazlave fsaunsoasuldiiinisiuadyildndiudiuinsvesiands
lardudmsvlassaaunuundeiduununansudes dunasilissesinal S0adea sty
uaravanasdmiulassadusiufififuununasseu dusulasEdaususieduLnLnans
ufauagduununansseudafidnsidraamuindastuilimiousuasldamsnuanld
Tassafraisasst seuamilszozlaslsifunnuiedesninfuisd sxtuagfuardaiidndau
YSumsveadandailentu

SasaunNmLARz T (Layer thickness ratio)
finnsaunUszfudanduanumuiudarduredasiaiaurkuiau v udivan fande
lafdunuidsnsenusoszernslielifatearaiiafulnssadsmunanie s iuegdndiu
serislavguasgsdindundn deninnisaesuiilassaiusuusiififuununassou
tunuirlassadauiuuneildsnsdunmmuudasduuuy 3-2-1 afidnszesliaifigean
druszorlndliifmgaesdulasiaiiusuuismuy 1-0-1

AVIEIVOIUTS (V) ) TTIIULTIUALTHEEMeTENINNS (d) finsgyihuulasaainny
definsanFesmuiiivewussiinsshuulasiaisusuuisenuhnnudioussdifisiy
Funavinlfszelnslsiffiutuguiu Tnefludiennudam q msserliasiinsnssiien
viounds ndniiutaaiaszeslnanifintuesnafiulddnau sgngeaaainturiszeslng
3TRaranasdionnuiduiutu lnsranuisweusiifessesingeaeiiondt A
nga (critical  velocity) namAeiduauisivesuseiiinliiAnszoelasliifgean Tudu
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a =

SunuusaiinszuulasiaasuusasuIdeduLssinssyhuuLKuU BT URT ez
TvaslndSaRRutusemuiy

P wAldnseduLss (Q) uazsla (y)
finsananudildnsduusmuindledmuslidanuaflinssduusanssiuniuisssves
Tasaadenu Wefinnsandupianuiansatisansyezlndlfialassaoumuunsls

8.3 a7UNAlATIEFNAULUULTUAIYINTABINAFUUUNUgIUNgBYNIS

WagugUidaudndudiany (TSDT)

finnsanmsduazifieunuudassvedassaisaunuunsudivantagdeilaiduseg
vuiugumguimadsusuideudduiiay maasunuienudsssunaliifdeuieudey
funguinsdsuzdideudfuinisduiamuuandadudeddadelassadianuuuy
weuiInildnndunnussenugs (L/h) Adiades 9 1wy L/hwihiu 5 Tnslaws
ogsBadlolassadanunuuusudivldununaiseeu drnlunsdfisnsdruanugsiondn
gewadlassairennuilignn wu L/ hwifu 20 prsuensnasgninmgeinnsiudsusuiden
Sduiindauaznguinmaudsusuidousduiianiladfinnuuandaiasaindninasn
mnuAadeufarosvioonalifeniunfiasuivioutungufiruvesessiass den
IRRERVREHE] vmﬂmlammaﬂmaaiwmsflwqwgmsmaausmaauamwamwmwamv
aonndestunuilsRRTm ARt 2 uul nandessedlnddanfasunnsety
Hutpdrdqilelassadanuuuuneudisld ununansdounasdnsdiummmenisenitugs
YospuilAoeLiuiy

8.4 TaiauauuziaznsUszanavnluldeu

dmSunuinerdwusaduil AANYUANIZNITANYINGANTTUVDILATIAT I AT ULAL LAY
UNLLUULL%umﬁummaQLsuaﬁmﬁffumaamaimLmﬂiz‘v‘hLme?iauﬁwhﬂfu %dagﬁugm
nguinswasusiideuduiviadundn Sslunsnviinidnlusuianeiafiansanis
HansEVUNENugamndrela s LU ULIURY LS Ny U uTITansEruUUSY
q o0 vty wenandudrereimulvsuddnwiiuivludesnsduaniousuuliiy
\W94é (Nonlinear vibration) 4841A39@3519UULSUATY

msUsggnailUldnuve sTamBeileddu wsfinuazlans) Ssegneldusinsesihuuy
el anansminluyszgndtulassaiag 1 18 1wy iasu agwiu videlassadistudausig
q ineldvandnuaril vielawaiisiiogaeligamgiigs detandeilaiduduiantugegn
a¥rstundusniiieldoumeiuenadudnilng enaasnudiulglivosannin
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This paper investigates the free vibration and dynamic response of functionally graded sandwich
beams resting on an elastic foundation under the action of a moving harmonic load. The
governing equation of motion of the beam, which includes the effects of shear deformation
and rotary inertia based on the Timoshenko beam theory, is derived from Lagrange’s equations.
The Ritz and Newmark methods are employed to solve the equation of motion for the free and
forced vibration responses of the beam with different boundary conditions. The results are
presented in both tabular and graphical forms to show the effects of layer thickness ratios,
boundary conditions, length to height ratios, spring constants, etc. on natural frequencies
and dynamic deflections of the beam. It was found that increasing the spring constant of the
elastic foundation leads to considerable increase in natural frequencies of the beam; while the
same is not true for the dynamic deflection. Additionally, very large dynamic deflection occurs
for the beam in resonance under the harmonic moving load.

Keywords: FG sandwich beam; free vibration; forced vibration; elastic foundation; moving load;
resonance.

1. Introduction

There are wide applications of sandwich structures in automotive, marine and
aerospace industries that have motivated intense research activities. Because of
outstanding properties in high strength-to-weight ratio, the usage of sandwich

ICorresponding author.
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structures has enormously grown in the field of engineering structures.'™ An idea of
functionally graded (FG) sandwich structures is introduced to develop structural
performance over conventional sandwich structures which always encounter serious
problems of de-bonding and delaminating modes of failure at interface layers.
The material properties of FG sandwich structures are gradually changed across
the interfaces. Thus, the inter-laminar stresses between layers are eliminated.

With considerable advantages of FG sandwich structures over the conventional
ones in terms of reducing inter-laminar stresses and stress concentrations at the
interfaces, many researches have investigated on mechanical behavior of the struc-
tures subjected to static and dynamic loadings. However, most studies are limited
to static, buckling and vibration analyses of FG sandwich beams. For instance,
Vo et al.* developed the finite element model for vibration and buckling of FG
sandwich beams. The relationship between fundamental natural frequency and in-
plane loading was also presented in the study. Nguyen et al.” studied the vibration
and buckling of FG sandwich beams by using higher-order shear deformation theory
with hyperbolic distribution of transverse shear stress. A quasi-3D theory was used
to deal with static bending, buckling and vibration problems of FG sandwich
beams.%” Tossapanon and Wattanasakulpong® proposed the numerical solutions
based on Chebyshev collocation method for buckling and vibration of FG sandwich
beams with classical and non-classical boundary conditions. Bui et al.” applied a
truly meshfree radial point interpolation method to solve forced vibration of FG
sandwich beams under harmonic, heaviside step and transient loadings. For FG
sandwich plate analysis, there are a number of researches associated with bending,
buckling and vibration problems of the plates.'*7'"

Moving load problems are of importance in both mechanical vibration analysis
and practical applications, e.g. guide ways of equipment, overhead cranes, railroads
and bridges. Numerous investigations regarding dynamic response of beams with
moving load were found mostly for the beams made of FG materials, or called FG
beams; while, it is very rare for FG sandwich beams. In case of FG beams carrying a
moving point load, imek and Kocatiirk'® investigated free and forced vibration of FG
Euler-Bernoulli beams with moving load using Lagrange multiplier. Nonlinear vi-
bration analysis of FG beams under a moving load was presented in Ref. 19. To
consider axially FG beams with the moving load, imek et al.?° showed the dynamic
behavior of the beams with various parametric studies such as material distribution,
velocity of the load and excitation frequency. Moving load-induced vibration of bi-
directional FG beams was investigated in Refs. 21 and 22. It was found that the free
and forced vibration responses of the beams are considerably influenced by the
material gradient indices of the two directions. A mixed Rayleigh—Ritz differential
quadrature (DQ) method was employed to discretize and solve the spatial partial
and temporal derivatives in the problems of free and forced vibration of FG beams
and isotropic plates carrying the moving load.?*?* To include thermal effect on
vibration behavior of the beams with the moving load, this topic was considered by
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Wang and Wu?® for axially FG beams and Tao et al.?® for fiber metal laminated
beams. For FG beams with their edge cracked, Yan et al.>” presented the dynamic
response of the beams with an open edge crack under dynamic loading. The beams
were subjected to a transverse load moving at a constant speed. Moreover, in terms
of the beams carrying moving mass and point load, we can also find this topic in
the open literature.?®™% In addition, only one study dealing with vibration of FG
sandwich beams excited by two moving loads was found in Ref. 37. This study
showed the influences of velocity, excitation frequency and phase angles of the loads
on deflection results of the beams.

According to the aforementioned researches of FG sandwich beams, it is observed
that most of them were restricted to the studies on bending, buckling and vibration
problems. Thus, in this present study, the dynamic response of FG sandwich beams
resting on two-parameter elastic foundation under the harmonic moving load is
investigated and discussed in detail. The governing equations of motion based on
Timoshenko beam theory are derived from Lagrange’s equations. Many parametric
studies such as layer thickness ratios, boundary conditions, length to height or beam
thickness ratios, spring constants, velocity and excitation frequency of the load which
have considerable impact on free and forced vibration results of FG sandwich beams
are taken into consideration.

2. FG Sandwich Beams

Consider an FG sandwich beam composing of three layers of FG faces and homog-
enous core as shown in Fig. 1, the top and bottom faces are at z = £h/2. The beam is
assumed to be placed on two-parameter elastic foundation, including Winkler and

PO
! I ——w
E———=x ~ . l
ks
4 1
- Cross-Section  §.
! Hardcore I Softcore )
h=+h'2 metal  hy=+h/2 ceramic
ha cerarmic b metal
hy ceramic hy metal
hg=-h/2 _ metal hy=-h/2 ceramic

Fig. 1. A geometry and coordinate of FG sandwich beam resting on elastic foundation under a moving
concentrated load, P(t), with constant velocity (v,).

1850112-3



Int. J. Str. Stab. Dyn. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 03/13/18. For personal use only.

W. Songsuwan, M. Pimsarn & N. Wattanasakulpong

shear layer springs with k, and k, spring constants, respectively. In this figure,
there are two main types of FG sandwich beams made of ceramic and metal phases
that are FG sandwich beams with homogenous soft and hardcore. In general, the
metal phase has less value of Young’s modulus and it is softer than ceramic phase.
Therefore, for FG sandwich beam with homogenous softcore, the faces are made from
FG material composing of the mixture of ceramic and metal phases in which the top
and bottom faces are ceramic-rich and the material constituents are varied contin-
uously and smoothly to metal-rich at the core. On the other hand, for the beam with
homogenous hard core, the pattern of material variations is reversed.

The layer thickness ratio of the beam from the bottom (z = hy = —h/2) to the top
(z=hy =+h/2) is defined by three numeric notations. For example, the FG
sandwich beam with 1-1-1 layer thickness ratio is the beam that has equal thickness
for every layer. The heights in each layer of the beam are hy= —h/2 h; =
—h/6,hy = h/6 and hy = h/2. The effective material properties in terms of Young’s
modulus of elasticity (E) and mass density (p) in each layer can be evaluated from
the following equations:

EW(2) = (B, - E)V () ¥ E, (1a)

p0(2) = (p, = p)Vi" (2) + (1b)

However, the Poisson’s ratio (v) is assumed to be constant. From Eq. (1), it is
noted that the superscript (i) refers to layer and the subscripts ¢ and b denote the
material properties at the faces and at the core, respectively. The material volume
fraction, me, which is based on the power law distribution can be obtained from
Refs. 4 and 8 as:

__jmgn
V(l)z:<z 0), z € |hg, h],
b () h1—ho [0 1]

V() =1, 2 € [hy, hs), (2)

AN
V(g)zz(z 3), z € |hy, hs],
20 = (= [

where n is the material volume fraction index or power law index, 0 < n < co.
For FG sandwich beam with homogenous hardcore, the core is made of ceramic
phase (E, = E., p, = p.) and FG faces with top and bottom surfaces are made of
metal phase (E; = E,,, p; = p,n)- In contrast, for FG sandwich beam with homoge-
nous softcore, we have (E, = E,,, p, = p,,) and (E;, = E,, p, = p,) where the sub-
scripts ¢ and m denote the material properties of ceramic and metal phases,
respectively.

3. Theoretical Formulations
In this study, the dynamic models of FG sandwich beams are formulated in accor-

dance with Timoshenko beam theory. The displacements of an arbitrary point of
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the beams along the z- and z-axes, which are denoted by u(z, z), w(z, z), respectively,
can be expressed as follows:

u(z, z, t) = uy(,t) + Z¢($,t), (33‘)

w(:z:,z, t) - wO(xvt)7 (3b>

where vy and wy are axial and transverse displacements in the middle plane (z = 0),
respectively, ¥ is the rotation of the beam cross-section and ¢ is time. The strain—

displacement relations in terms of normal strain (£,,) and shear strain (v,.)
are given by

N ou \l aU() 811)
o o 3 (1)
Oou Ow  Jwy
@237 oS ok W (4b)

The corresponding normal stress (o,,) and shear stress (v,,) can be obtained
from the elastic constitutive law as

E(2)
m%z- (5)

The strain energy (U;) of FG sandwich beams at any instant can be defined as

h/2
/ / ERIEEBED [ ;A (6)

h/2

Substituting Eqs. (4) and (5) into Eq. (6), one can obtain another form of the
strain energy equation as

\ 6 ~* Ay Dug 0P oY\ 2 owg )\ 2
U =3 /0 {An < 83:) 20 1 B D 1(&) + Ass (W)
+ 2A551/’ + A5a¢2} dzx. (7)

It is denoted that A, Ass, Bi1, and Dy, appearing in Eq. (7) are the extensional,
shear, coupling and bending stiffness components which can be obtained from

3 h; ] h; i
[Ayy, By, Dy = bz;/h E(’)[l,z 2’ldz and Az = b'iZ/ 2y
1= i—1 z 1
(8)

Where K —% is shear correction factor for layer of homogenous material and x =
W for layer of FG material in which V,, = 1 — V. It is defined here that V,
and V,,, are the material volume fractions of ceramic and metal, respectively. Simi-
larly, v, and v,, are the Poisson’s ratios of ceramic and metal.
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The potential energy due to the elastic foundation is defined as follows:

b [* w2
Ufzg/0 <kww3+ks<;;:> )dx, 9)

where k,, and k, are the constants of Winkler and shear layer springs, respectively.
For kinetic energy of the beams, it is expressed as

h/2 9 w
//h/2 [( ) + (6t> }dzdx
_ Auy Auy oY o Sy
— 5/0 |:I (W) + 2 —— 9t o +I2<5t) —|—[0( 5‘75) }dm, (10)

where I, I; and I, are the inertia components which can be obtained from the
following equation:

7 g /NP / AR (11)

In this investigation, the moving load-induced vibration of FG sandwich beams is
considered, hence, the work done by the moving load is

/ P(t)(x — x,(t))wy(z, t)dzx, (12a)

P(t) = Pysin(Qt), (12b)
z,(t) = vty 0< @ @) <L, 0<t< UE (12¢)

It is noted that Fy, v, and §2 is the magnitude, velocity and excitation frequency of
the moving load, respectively, é(-) is the Dirac delta function and z,(t) is defined as
the location of the moving load at any instant.

From all energies described above, we can use them to create the total energy (II)
for the beam system. This total energy is obtained from the balance of elastic strain
energies stored in deformed bodies (beam and its elastic foundation) and the energies
due to the kinetic energy and the work done by applied force.?® Therefore, the total
energy can be expressed as follows:

0 =U,+U;— Uy, — Usy. (13)

To solve the total energy in Eq. (13), we can use the Ritz trial displacement
functions in the form of polynomial series that must satisfy at least the essential or
geometric boundary conditions. In order to consider FG sandwich beams with dif-
ferent boundary conditions such as clamped (C) and hinged (H) at any end of the
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beams, the trial displacement functions are

N

ug(z,t) = Z A;(1)Ey (),

N
Y(z,t)= ch(t)EBj(x)

=1

in which E;(z), Z,;(z) and =;;(x) are polynomial-series shape functions that are
dependent on boundary conditions of the beams. The shape functions of the beams
with different boundary conditions (B.C.) are shown in Table 1. For example, the
beams which are clamped at both ends are defined as C—C beams.

These shape functions are expanded to have suitable number of polynomial
terms (N) which can be obtained from the convergence study. Inserting the trial
displacement functions written above into the total potential energy of Eq. (13) and
then following the Lagrange equation method

ol d o
with g; representing the time-dependent unknown parameters (A;(t), B;(t), C;(t)),
one can obtain the following equation of motion as:

K1 K12 KgBlrg M oMz ]| A 0
K2 g2 g2 LB + v w2 B | LBl =LF | (16)
K3 g% g3 |lC M3 MR MB || A 0

It is noted that the over-dot stands for the derivative with respect to time, K and
M are the stiffness and mass matrices, respectively, in which their size is (3N x 3N).
Additionally, F'is the vector of dynamic force due to the moving load. The matrix

Table 1. Shape functions of FG sandwich beams
with different boundary conditions.

B.C. i) Eyj(x) Eyj(x)
CCom-8 @0-3 @0-3
CH o 3ya-9) B0-3 @)
BH @)a-9) ¢/0-5) @7
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elements in Eq. (16) are given by

L L
Kll=A =5 %%im g, k120, KY-—B =1 0% g,
Jm W, oz oz Jm ’ Jm ), ox 8:5
L o2y, 0= ’ L 02, 0=
21 22 __ V=2 2m - = Y=2 2777
ij - Oa ij - (AS') 0 ox or ——dr+ kw/ HZjHdex + ks 0 O O dm)a
Loz, L 9=, 6=
K2 = As; %=, dr, KiL=B =3 O%1m
Jm 55 0 o 3m Yy Jm 11 o o5 O )
L — L
9 8:. 7 8u3 8H
K :Ar/ Eydy, KB =\(Dy [ 25 drs A / Z3;Emda
jm 55 0 3j o 11 4 ox ox 55 . 37—3m
(17)
and
L L
M= [ EEidn, MBS0 M <L & E s,
0 0
L
M3 =0 VB  | B M3
L ) L
M??}L — Il/ 53]'5177),(,‘1.'1:, Mﬁ% A O M‘?,,?L = Iz/ Egjzgmdl',
0 0
F, = P(t)5s,(x,). (18)

The equation of motion in Eq. (16) can be solved in time domain by using the
average acceleration method of Newmark. Consequently, the results of displace-
ments, velocities and accelerations of the beams at the considered point and time are
determined in the time domain of 0 <t < L/v,.

For free vibration analysis with harmonic phenomenon, it is assumed that the
unknown vector [A;(t), B;(t), C;(t)]* for j=1,2,... N are expressed as

Aj(t) Ajeit
Bj(t) | = | Bjet (19)
C'j(t) C_'jew

in which 7 = v/—1 and w is natural frequency. Substituting Eq. (19) into Eq. (16)
without considering any force vector, we can obtain an eigenvalue equation for free
vibration problem as

K11 K12 K13 M1 M2 ppis A 0
K21 K22 23| _ 2| p2t M2 pg23 Bl=10 (20)
K31 K32 K33 M3 M32 M33 Cv 0

Solving Eq. (20) as standard eigenvalue problem leads to a set of natural fre-
quencies of FG sandwich beams in which the lowest eigenvalue is the fundamental
frequency of the beams.
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4. Numerical Results and Discussion

This section aims to present and discuss several examples of free and forced vibration
analysis of FG sandwich beams made from a mixture of Alumina (Al,O3) as ceramic
phases and Aluminum (Al) as metal phases. The material properties such as Young’s
modulus (E), Poisson’s ratio (v) and material density (p) are as follows:
E, = 380GPa, v, = 0.3, p. = 3960 kg/m? for Al,O; and E,, = 70 GPa, v,, = 0.3,
Pm = 2702kg/m® for Al
In this study, the beams are also assumed to be placed on the two-parameter
elastic foundation including Winkler and shear layer springs. The geometric para-
meters of FG sandwich beams are as follows: b= 0.5m, h = 1.0 m. This section is
organized into two parts of consideration that are the part of free vibration analysis
and forced vibration analysis. In case of free vibration, the natural frequencies of the
beams are presented in dimensionless form of
7/ 08\ I
w=—,/=

h B,

4.1. Free vibration

First of all, in Table 2, it is important to carry out convergence study and validation
for vibration analysis of FG sandwich beams. The beams with homogenous hardcore
and 1-1-1 layer thickness ratio are considered in this table. It is observed that the
accuracy of the first three modes of frequencies is improved as the number of

Table 2. Convergence study and validation for free vibration of FG sandwich
beams without elastic foundation (L/h = 20).

n=20.5 n=2>5.0

B.C N w1 @y w3 Wy Wo w3
H-H 4 4.5333  22.6918 57.8540  3.1111  15.6477  40.2473
6 4.5320  18.0237 40.3973  3.1102 12.4038  27.9275
8 4.5320  17.9495 39.7571  3.1102  12.3524  27.4790
9 4.5320  17.9492 39.7571 3.1102  12.3522  27.4790
10 4.5320  17.9492 39.7571  3.1102  12.3522  27.4790

Ref. 4 4.5324 — — 3.1111 — —
Ref. 8 4.5316  17.9436 39.7226  3.1101  12.3507  27.4651
C-C 4 10.2026  28.0958  113.4970  7.0278  19.4596  98.5357

6 10.1734  27.5784 55.0180  7.0064 19.0917  38.4976
8 10.1733  27.5702 52.9340  7.0063  19.0858  36.8825
9 10.1733  27.5702 52.8762  7.0063 19.0858  36.8346
10 10.1733  27.5702 52.8759  7.0063  19.0858  36.8344

C-H 4 7.0556  22.8653 77.0377  4.8497 15.7833  54.1573

6 7.0489  22.5459 47.3422  4.8450  15.5582  32.8640
8 7.0489  22.5401 46.1677  4.8450  15.5541  32.0305
9 7.0489  22.5401 46.1417  4.8450  15.5541  32.0119
10 7.0489  22.5401 46.1413  4.8450  15.5541  32.0116
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polynomial terms (N) increases. By using N = 10, the convergent results are
achieved, hence, N = 10 is used throughout this paper. The obtained results agree
very well with those available in the literature, for every boundary condition.

Additionally, the comparison for the first three natural frequencies of FG sand-
wich beams without elastic foundation is shown in Table 3 for different types of
boundary conditions and layer thickness ratios. A good agreement between the
present solutions and those of imek and Al-shujairi®” is observed for the cases of H-H
and C-C beams and the new results of C-H beam are also presented.

After the proposed model is validated, it is used for further investigations in our
study. Figure 2 shows the 3D plot of dimensionless fundamental frequency of FG
sandwich beams with different boundary conditions. The beams having asymmetric
layer thickness ratio (2-2-1) with homogenous hardcore are analyzed in this figure for
investigating the influences of length to height ratio (L/h) and the material volume
fraction index (n) on frequency results. It is clearly seen that the frequency of C-C
beams is higher than that of C-H and H-H beains, respectively.

To consider the effect of elastic foundation on frequencies of FG sandwich beams
with homogenous hardcore, Table 4 presents the dimensionless fundamental fre-

P
E,

m

quencies (w =wlL > of the beams with various values of spring constants (k,, =

%# and k, = {; A1y in which A,y = E,,h). It is defined that A,y is A;; of pure
Aluminum beam per unit width. As can be observed, the present solutions are in

Table 3. Comparison for natural frequencies of FG sandwich beams with different boundary
conditions and layer thickness ratios (L/h = 20).

n=0.5 n=>5.0

B.C.  Mode  Source 1-1-1 1-2-1 1-8-1 1-1-1 1-2-1 1-8-1

H-H w1 Present 4.5320 4.6975 5.1066 3.1102 3.4913 4.5551
Ref. 37 4.5316 4.6972 5.1064 3.1100 3.4912 4.5550

Wy Present 17.9492  18.5983  20.1966  12.3522  13.8595 18.0411

Ref. 37~ 17.9442 18.5946  20.1951  12.3509 = 13.8586  18.0407

w3 Present  39.7478 = 41.1628  44.6271 = 27.4725  30.8021  39.9521

Ref. 37 39.7319  41.1531  44.6288  27.4716  30.8037  39.9500

Cc-C Wy Present  10.1733  10.5402  11.4431 7.0063 7.8598  10.2250
Ref. 37 10.1695  10.5372  11.4417 7.0051 7.8589  10.2245

Wy Present  27.5702  28.5462  30.9320 19.0858  21.3913  27.7106

Ref. 37 27.5486  28.5296  30.9245 19.0795 21.3864  27.7079

w3 Present  52.8759  54.7054  59.1415  36.8344  41.2379  53.1458

Ref. 37 52.8656 54.7118 59.1783  36.8619  41.2742  53.1954

C-H W Present 7.0489 7.3049 7.9364 4.8450 5.4372 7.0848

Ref. 37 — — — — — —
Wa Present  22.5401  23.3472  25.3280  15.5541 17.4433  22.6552

Ref. 37 — — — — — —
w3 Present  46.1413  47.7618 51.7108 32.0116  35.8662  46.3777

Ref. 37 — — — — — —
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Fig. 2. Dimensionless fundamental frequencies of FG sandwich beams without elastic foundation.

excellent agreement with the previous frequency results of Ref. 8. In Table 5, the
dimensionless fundamental frequencies (@) of clamped FG sandwich beams resting
on elastic foundation with different spring constants are presented with different L/h
ratios. The spring constants can be obtained from k,, = % and k, = % where
Dy is Dq; of Aluminum beam per unit width. Increasing the spring constants of the
foundation yields the increase of the frequency results, especially when the shear
layer spring is included.

Table 4. Dimensionless fundamental frequencies (@) of FG sandwich
beams with elastic foundation (L/h = 10,n = 0.5).

B.C.  Source &, 13 1-0-1 1-1-1 2-1-2 1-5-1

H-H Present 0.0 0.0 04273 0.4487 04386 0.4921

Ref. 8 0.4271  0.4486  0.4384 ~ 0.4920
Present 0.2 0 0.5780 0.5892  0.5834  0.6179
Ref. 8 0.5779  0.5891 0.5833 0.6178
Present 0.2 0.2 . 1.3526- 1.3363  1.3421  1.3268
Ref. 8 1.3525  1.3363  1.3420  1.3267
C-H Present 0.0 0.0 0.6568 0.6893  0.6739  0.7542
Ref. 8 0.6559  0.6887  0.6732  0.7539
Present 0.2 0 0.7634  0.7879  0.7759  0.8416
Ref. 8 0.7626  0.7874  0.7753  0.8414
Present 0.2 0.2 1.4915 1.4849 1.4862 1.4939
Ref. 8 1.4906  1.4844  1.4855  1.4937
C-C  Present 0.0 0.0 09345 0.9801 0.9586 1.0696
Ref. 8 0.9325 09787  0.9570  1.0690
Present 0.2 0 1.0123  1.0518 1.0329 1.1330
Ref. 8 1.0104 1.0505 1.0314 1.1324
Present 0.2 0.2 1.6571 1.6635 1.6588  1.6968
Ref. 8 1.6555  1.6622 1.6572  1.6962

1850112-11



Int. J. Str. Stab. Dyn. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 03/13/18. For personal use only.

W. Songsuwan, M. Pimsarn & N. Wattanasakulpong

Table 5. Dimensionless fundamental frequencies of FG sandwich beams with elastic
foundation and C-C boundary condition (n = 0.5).

FG sandwich beams with homogenous hardcore

L/h K, K, 1-0-1 1-1-1 2-1-2 2-2-1 2-1-1 3-2-1

5 0 0 8.2804 8.6518 8.4814 8.7814 8.5860 8.7362
102 0 8.6486 8.9918 8.8332 9.1141 8.9317 9.0731
102 102 11.9423  12.0896  12.0140 12.1589  12.0693  12.1469

10 0 0 9.3454 9.8006 9.5864 9.9725 9.7248 9.9223
102 0 9.6771  10.1056 9.9026  10.2701  10.0349  10.2236
102 102 129277  13.1497  13.0352  13.2562  13.1200  13.2393
20 0 0 9.6884 10.1733 9.9433 ~ 10.3608  10.0941  10.3092

102 0 10.0105 10.4690  10.2502 10.6491  10.3949 10.6011
102 10% 132713 135191 13.3906  13.6399  13.4868  13.6220

FG sandwich beams with homogenous softcore

5 0 0 8.4906 7.9529 8.2025 7.7094 8.0071 7.7134
102 0 8.8988 8.4077 8.6361 8.1818 8.4534 8.1807
102 102 12.3998 12.1734  12.2829 ~ 12.0477  12.1772  12.0254

10 0 0 10.2146 9.6791 9.9430 9.3451 9.6664 9.2669
102 0  10.5591  10.0587  10.3062 9.7413  10.0421 9.6625
102 102 13.8952  13.6362  13.7725  13.4317  13.5970 - 13.3536

20 0 0 10.8471  10.3277  10.5916 9.9548  10.2797 9.8356
102 0 11.1739  10.6862  10.9351 = 10.3296  10.6356 @ 10.2114
102 102 145069  14.2630  14.3990  14.0246  14.1923  13.9102

To understand about the change of frequency due to the variations of spring
constants (K, and K,), Fig. 3 illustrates the 3D plot of dimensionless fundamental
frequency of clamped FG sandwich beams with homogenous hardcore and 2-2-1 layer
thickness ratio.

4.2. Forced vibration under a moving load

Similar to the section of free vibration, it is started with the numerical validation for
forced vibration of beams subjected to a moving load. The analytical model®® for
simply supported or hinged isotropic beams under the moving load is

A . ' )
2F, 1 = ATV T, . . 1L
w(x,t) = E pOhL (imo, /L)% — 2 (wi sin (Tp>t - Lp sm(wﬁ)) sin (T)’

i=1 i
where
L i\ 2 [En2
(093—) and w,:(ﬂ) Bh o e A (21)
v, L 12p

This model is used to validate the present solution for the beam made of Aluminum
2024-T3 which has F = 72.4 GPa and p = 2770 kg/m3. The validation is shown in
Fig. 4 with very good agreement between the present and analytical solutions.
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Fig. 3. Dimensionless fundamental frequencies of FG sandwich beams with elastic foundation and C-C
boundary condition (L/h =10,n = 2.0).

Furthermore, the validation for the case of FG beams subjected to a concentrated
moving load is presented in Table 6. The material properties and the equations used
for describing the materials across the thickness direction of FG beams are set
according to Ref. 18. From this validation, it is observed that the present solutions of
the maximum dimensionless dynamic deflections of FG beams agree well with those
of Ref. 18 for every value of power low indices and velocities of the load.

0.045 T T

Present solution
: F =~ ~ Analytical solution
[0 e KA A e L O Rl

003 - i : |
D025} : : : E

00zF : : i

Midspan disp. ()

0015 e o OO USSP P PP PP PPPRPPRN ST ]

0.005

i i i i
OO 0.05 01 015 0z 025
Time(s)

Fig. 4. Comparison of the mid-span deflections of isotropic beams (L = 10m, b = 0.4m, h = 0.5m).
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Table 6. Comparison of maximum dimensionless dynamic deflections
of FG beams under the concentrated moving load (L =20m,
h=09m, b=04m).

Ref. 18 Present

Power law index (n)  ov(m/s) max(w(z,t)/D) max(w(z,t)/D)

0.2 222 1.0344 1.0370
0.5 198 1.1444 1.1366
1 179 1.2503 1.2287
2 164 1.3376 1.3093
Full alumina 252 0.9328 0.9382
Full steel 132 1.7324 1.7379

In what follows after validation, the forced vibration of FG sandwich beams under
the moving load is analyzed with several parametric studies such as velocity and
excitation frequency of the load as well as layer thickness ratios, boundary condi-
tions, length to height or beam thickness ratios of the beams. The effect of spring
constants of elastic foundation is also investigated. The results are presented in the
form of dimensionless dynamic deflections which are normalized by using the static
deflection (D = PyL3/48EI) of fully Aluminum beam under a point load Fj at the
mid-span of the beam. The magnitude of the moving and static load (F) is set as
Py = 500kN throughout this paper.

For dynamic analysis of FG sandwich beams, Fig. 5 plots the maximum dimensionless
dynamic deflections (w(z,t)/D) versus the normalized time (t* =x,/L = v,t/L)
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Fig. 5. Maximum dimensionless dynamic deflections at the center of FG sandwich beams without elastic
foundation (L/h = 10,17 = 0.5,v, = 50m/s, 2 = 0).
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for the beams with homogenous hardcore and hinged boundary condition at both
ends. It is clearly seen that the beam with 1-0-1 layer thickness ratio (the beam
having less percentage of ceramic phases) is soft beam with the largest deflection;
while, the beam with 2-2-1 is the hardest one with smallest deflection. As observed, at
the range of time that the load nearly leaves the beams, all deflections try to get zero
due to boundary condition constrain. The largest deflection of 1-0-1 beam drops
dramatically as compared to other deflections.

To show the significant effect of elastic foundation on dynamic deflections of FG
sandwich beams, Fig. 6 illustrates the maximum deflections of FG sandwich beams
with 1-0-1 layer thickness ratio and homogenous hardcore. The boundary condition
of the beams is hinged at both ends. As observed, the deflection of the beam without
elastic foundation (K, =0, K, = 0) is extremely large as compared to those of the
beams with elastic foundation. In Fig. 7, the dynamic deflections of 2-2-1 beams
(homogenous softcore) resting on elastic foundation are shown with different
boundary conditions. The deflection of the beam with C-C boundary condition is
lower than those of C-H and H-H beams, respectively.

The dynamic deflections of FG sandwich beams without elastic foundation are
plotted against the values of velocity of moving load in Fig. 8. In this figure, the
beams having asymmetric layer thickness ratio of 2-1-1 are considered with H-H
boundary condition. The deflection results of the beams with homogenous hardcore
and softcore are shown in Figs. 8(a) and 8(b), respectively. As illustrated, the beams
with low values of material volume fraction index (n) is very strong for the case of
homogenous hardcore but it is reversed for the case of homogenous softcore.

04 . . . . : T
. / g ; ——Ew=0 ,Ks=0
: 3 : ) ——Kw=100,Ks=0
0a3F : : : : : \ ‘ 2 .
g L, N ’ 1 N
B
5L o —— N .
005k N
O 1 I Il Il 1 1 Il Il 1
0 0.1 02 03 04 05 05 07 08 09 1

Mormalized time, t*

Fig. 6. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (L/h =10,n = 0.5,v, = 50m/s, 2 = 0).
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Fig. 7. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation and different boundary conditions (L/h = 10,n = 0.5,v, = 50m/s,Q =0, K,, = K, = 100).

Similarly, to include the effect of elastic foundation, the deflection results of 2-2-1
beams (homogenous hardcore) which are clamped at both ends are depicted
in Fig. 9.

In following investigations, it is assumed that the load acting on FG sandwich
beams is moving and vibrating simultaneously. The variations of the maximum
dimensionless dynamic deflections of 2-2-1 beams with homogenous hardcore are
shown in Fig. 10 for various values of velocity and excitation frequency of the moving

Int. J. Str. Stab. Dyn. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 03/13/18. For personal use only.

Max, (wix D)
Max. (Wi (VD)

i . . i i i i
] 100 200 300 400 S0C 1] 100 00 300 400 S00
Merwing load velacity, (m/s) Moving load velocity, (mis)

(a) (b)

Fig. 8. Maximum dimensionless dynamic deflections at the center of FG sandwich beams without elastic
foundation (a) homogenous hardcore and (b) homogenous softcore (L/h = 20,9 = 0).

1850112-16



Dynamic Responses of FG Sandwich Beams Resting on Elastic Foundation

lax (w(x LT
< <
fan] [l
vl oo

=
fn)
&

0.05

: ; —Ew=0, Es=0
DO3E e Lo - A ™ T s —— R =10, KEs=10 H
: — Ew=100,Es=100
1 | 1 | T T T
0 100 200 200 400 500 600 700 300
Velocity, mfs

Fig. 9. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (L/h = 20,n = 0.5, = 0).

load. The beams are clamped at both ends. In this figure, the beam subjected to the
moving load with its velocity of v = v, = 25m/s has the very large deflection (peak
value) within the range of 2 = 120-140rad/s. This range is very close to natural
frequency of the beam. Moreover, the load with low velocity gives more acting time
and more cycles of harmonic on the beam. This is the reason why the beam under the
load of 25m/s has larger deflection than that of 50, 75 and 100 m/s, respectively.
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Fig. 10. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (L/h = 20,n = 0.5, K,, = K, = 10).
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Fig. 11. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (a) homogenous hardcore and (b) homogenous softcore (L/h = 20,n = 0.5,v, = 50m/s,
K, =K, =10).

Increasing the values of velocity of the load leads to decrease in the peak value of
deflection profiles. Additionally, in Fig. 11, the clamped (C-C) beams with asym-
metric layer thickness ratios (2-1-1, 2-2-1 and 3-2-1) are considered by varying the
excitation frequencies of the moving load.

Figure 12 shows the maximum dimensionless dynamic deflections of 2-2-1 beams
associated with various values of velocity and material volume fraction index. The
beams are homogenous hardcore and clamped at both ends. With the increase of the
material volume fraction index, the deflection results increase for both frequency
values, (€ = 0,50rad/s). To present two continuous regions of forced vibration
(0 <t* < 1) and free vibration (¢* > 1), Figs. 13 and 14 show the dynamic behavior
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Fig. 12. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (a) Q = Orad/s and (b) Q = 50rad/s (L/h = 20, K,, = K, = 10).
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Fig. 13. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (L/h = 20,n = 0.5,v, = 25m/s, 2 = Orad/s).

of FG sandwich beams resting on elastic foundation under a moving load for the two
regions. The beams considered in these figures are homogenous hardcore with 2-2-1
layer thickness ratio and hinged at both ends. In the region of free vibration where
the moving load leaves the beam, we can see freely oscillating beam. In Fig. 13, the
excitation frequency (2) is zero; while, Fig. 14 is the case of resonance in which the

v=25mfs
v=350rmfs

L

‘ Forced vibration | ‘ Free vibration ;
-4

0 02 04 ns 08 1 12 14 18 18 2
Normalized time, t¥

Fig. 14. Maximum dimensionless dynamic deflections at the center of FG sandwich beams with elastic
foundation (L/h =20,n = 0.5, K, = K, = 10,Q = w).
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excitation frequency equals to fundamental frequency (2 = w;). It is remarkable that
extreme deflection is always obtained in the case of resonance and then continues
through the free vibration zone.

5. Conclusion

The free and forced vibration responses of FG sandwich beams resting on elastic
foundation under a harmonic moving load are investigated using the Ritz and
Newmark methods. Within the framework of Timoshenko beam theory including the
effects of shear deformation and rotary inertia, the equation of motion is established
for the beams with different boundary conditions. The influences of parametric
studies such as layer thickness ratio, boundary condition, length to height ratio,
spring constant, material volume fraction index of the beams and excitation fre-
quency and velocity of the load on natural frequency and dynamic deflection results
are presented and discussed in detail. Numerical results reveal that natural fre-
quencies of the beams increase, but deflections, by contrast, decrease when the spring
constants of elastic foundation are stiffer. The natural frequency is high, while, the
dynamic deflection is low for the case of C—C beam as compared to C—-H and H-H
beams, respectively. In addition, the beams with low values of material volume
fraction index (n) are very strong for the case of homogenous hardcore but reversed
for the case of homogenous softcore. In resonance situation that the excitation fre-
quency of the moving load equals fundamental frequency of the beam, very large
dynamic deflection is obtained and then continues in free vibration region, although
the load has already left the beam.
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This paper investigates the dynamic behavior of functionally graded sandwich plates under
multiple moving loads. The first-order shear deformation theory of plates is adopted with the
effects of shear deformation and rotary inertia included. By using Lagrange’s equations, the
equations of motion for the dynamic behavior of the plate are derived. Then they are solved by
the Ritz and Newmark time integration methods for the free and forced vibrations of the plates
with different boundary conditions. T'o guarantee that all terms in the admissible functions can
cope with the essential boundary conditions, the Gram—Schmidt procedure is used to generate
the shape functions for the Ritz method. The influences of several factors on the dynamic
response of the plates, such as layer thickness ratio, boundary condition, velocity, excitation
frequency, phase angle, etc., are examined and discussed in detail. The numerical study indi-
cates that the dynamic deflection has initial fluctuated growth in the low range of moving load
velocity before reaching the peak at the critical velocity, which is followed by the considerable

* Corresponding author.

2150138-1



Int. J. Str. Stab. Dyn. 2021.21. Downloaded from www.worldscientific.com

by MAHANAKORN UNIVERSITY OF TECHNOLOGY on 02/03/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

W. Songsuwan, N. Wattanasakulpong & M. Pimsarn

decrease in magnitude. Besides, the gaps or distances between the moving loads also play an
important role in predicting the dynamic deflections of the plate when subjected to more than
one moving loads.

Keywords: FG sandwich plate; free and forced vibration; Gram—Schmidt polynomial; multiple
moving loads.

1. Introduction

Sandwich structures are widely used in many engineering applications, ranging from
aerospace and satellite applications to automobiles and wind energy systems. The
beneficial aspects of these structures, in terms of their high strength and stiffness, low
weight and cost effectiveness, mean that the use of sandwich structures will continue
to be in demand. In general, sandwich structures consist of two face sheets with a
single core between them. The core plays an important role in improving the flexural
stiffness of the overall structure, with very little increase in weight.' To enhance the
structural performance of conventional sandwich structures, the concept of func-
tionally graded materials (FGM), initially proposed by a group of Japanese scientists
in 1984-1985 for the production of thermal barrier materials,* ? was utilized to create
a new type called a functionally graded (FG) sandwich structure.” !¢

Several studies are available in the open literature that have focused on static and
dynamic analyses of FG sandwich structures in forms of beams, plates and shells.
Karamanli'” applied a quasi-3D shear deformation theory and the symmetric
smoothed particle hydrodynamics (SSPH) method to carry out bending and stress
tests in a static analysis of FG sandwich beams. Kahya and Turan'® utilized a multi-
layer finite element approach to carry out a vibration and buckling analysis of FG
sandwich beams. In addition, various numerical techniques were applied to vibration
and stability analyses of FG sandwich beams in Refs. 19-21. In a one-dimensional
curvilinear analysis; the static behavior of curved FG sandwich beams was derived
using a sinusoidal beam theory.?? In this study, it was found that the transverse shear
stresses became almost the same for straight and curved beams as the radius of
curvature of the beams was increased. Demirhan and Taskin?® carried out a two-
dimensional analysis of plates, where the two opposite edges were simply supported
and the other edges were arbitrarily supported, and used a Levy-type solution with
four variable plate theories to find the bending results. Thai et al.?* developed a new
first-order shear deformation theory (FSDT) to investigate mechanical problems in
FG sandwich plates with different combined boundary conditions. Unlike the pre-
vious version of FSDT, this approach could provide accurate results without re-
quiring a shear correction factor. Using the Chebyshev collocation method (CCM),
the vibration of FG sandwich plates with different boundary conditions at each edge
was accurately solved in an investigation by Tossapanon and Wattanasakulpong.?’
There have also been a number of investigations that form useful references for recent
developments in the analysis of FG sandwich plates.?% 3! Some effective methodol-
ogies for the analysis of composite shell structures have been presented in the
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literature (e.g. a unified solution for shallow shells,** a Rayleigh-Ritz method for
cylindrical shells with elastically constrained ends,** and an analytical solution for
the impact response of cylindrical shells®*). A closed-form solution for the thermo-
mechanical behavior of FG sandwich shells with double curvature was presented in
an investigation by Trinh and Kim,** and a semi-analytical method was proposed to
model the free vibration of doubly curved FG sandwich panels and shells of revo-
lution.*® Rezaiee-Pajand et al.®” employed a triangular shell element to discretize FG
sandwich plates and shells to determine the nonlinear behavior of these structures
under in-plane loading. They found that the reductions in the buckling load and the
extension of the unstable part of the equilibrium range were related to a reduction in
the elastic modulus of the core. Further analyses of FG sandwich shell structures are
also available in Refs. 38—44.

As observed above, most previous studies have focused on structural behavior in
terms of the static bending, stability and vibration of FG sandwich structures. One of
the most common problems faced in real engineering applications is that structures
may be in a condition of dynamic excitation, with moving loads or masses. A number
of research studies have explored the action of moving loads or masses on FGM
structures. For instance, Simsek and colleagues investigated the dynamic behavior of
FGM beams under the action of a moving load at constant speed, e.g. double-FGM
beams,*” axial FGM beams,*® and Timoshenko FGM beams.*” By considering a load
moving with a variable speed, Esen®® derived finite element solutions for the dynamic
response of FGM beams under an accelerating load. Tapered bi-directional FGM
beams under moving loads have also been modeled using the boundary-domain in-
tegral equation method.*” Esmaeilzadeh and Kadkhodayan® investigated FGM
plates and shells under moving loads by using the dynamic relaxation method to
analyze stiffened bi-directional FGM plates under a moving load, while Malekzadeh
and Monajjemzadeh® combined the finite element method with Newmark’s time
integration and the Newton—Raphson iteration method to model the nonlinear dy-
namic response of FGM plates. Song et al.”” considered the effects of a moving mass
on FGM plates, and Malekzadeh and Monajjemzadeh®® included the thermal effects
on the dynamic response of FGM plates subjected to moving loads. Although
analyses of the dynamic behavior of FGM shells have been carried out in several
studies,” " analyses of FG sandwich structures excited by moving loads are very

1.°% and Simsek and

rare. We found only two recent articles by Songsuwan et a
Al-shujairi,” who considered FG sandwich beams under one and two moving loads,
respectively, using different scenarios and parametric studies.

To fill the gap in the existing research on the dynamic response of FG sandwich
plates under multiple moving loads, the present study aims to analyze this response
by using the Ritz method in conjunction with the Newmark time-integration
method. The admissible displacement functions are created recursively with a Gram—
Schmidt procedure. It is worth noting that all of the terms in the admissible functions

in the form of Gram—Schmidt polynomials are related to essential boundary
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conditions. Our models can be adapted to any number of moving loads acting on the
plates, and can be used to analyze the free and forced vibration of plates with
different combinations of boundary conditions. The accuracy of our results is vali-
dated based on some existing results in the literature. New results in relation to the
influences of the layer thickness ratio, material composition index, loading velocity
etc. are taken into consideration and applied to structural engineering designs.

2. FG Sandwich Plate under Multiple Moving Loads

An FG sandwich plate under multiple moving loads is shown in Fig. 1. The plate
consists of three layers, of which the top and bottom layers are face sheets and the
layer in the middle forms the core. The geometrical parameters (h, a,b) of the plate
are defined as the thickness along the z-axis, the width along the z-axis, and the
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Fig. 1. Geometry and coordinates of an FG sandwich plate under multiple loads P(t) moving with
constant velocity (v,).
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width along the y-axis, respectively, and the origin of the coordinate system O(z, y, z)
is located at the mid-point of the plate, as shown in Fig. 1(a). The plate is subjected
to multiple loads (P;(¢)) moving along the z-direction with constant velocity (v,), as
shown in Fig. 1(b). There is an equal distance d between the loads. The position of
any load on the x-axis is dependent on the velocity and time (¢), and can be found
using the relation z,; = [v,t — (i — 1)d].

In addition, we consider two types of FG sandwich plates, with homogeneous soft
and hard cores, as depicted in Fig. 1(c). From the figure, it can be seen that the face
sheets of both types are made of FG materials, and their ceramic and metal con-
stituents vary smoothly in the direction of the thickness. Since Young’s modulus of
ceramic is much larger than that of metal, plates with a fully ceramic core are called
FG sandwich plates with a homogeneous hard core, while plates with a metal core are
known as FG sandwich plates with a homogeneous soft core. It is also assumed that
there is perfect bonding at the interfaces between layers, with gradual changes in the
material composition; in this way, the problems of de-bonding and stress concen-
tration between layers are eliminated. The reader is referred to the refined zigzag
theory, which takes into account the compatibility of deformation between different
layers of the sandwich plates.’®

Under conditions of perfect bonding between the layers of the FG sandwich
plates, their material properties in terms of Young’s modulus of elasticity (F) and
mass density (p) can be estimated as follows:

BO )= (B~ BV, (2)+ E,; (1a)
pO2) = (py — p)Vi ) (2) +p1 (1b)

The value of Poisson’s ratio (v) is assumed to be constant. Note that the sub-
scripts b and ¢ in Eq. (1) refer to the properties at the bottom (z = hg = —h/2) and
top (z = hy = +h/2) of the plates, respectively. To evaluate the material properties
throughout the thickness of the plate, the layer thickness ratio is used, which takes
the form of three numerals; for instance, a 1-1-1 layer thickness ratio represents a
plate in which each layer has an equal thickness. The heights of each layer of the
plate are hg = —h/2, hy = —=h/6, hy = +h/6 andhs = +h/2.

Since the face sheets are made of FG materials, a power law distribution is used to
characterize the volume fractions of the material in the top and bottom layers,
whereas the middle sheet is a homogeneous core. The relations between the volume

fractions can be expressed as follows?*2°:

( . h n
Vb(l)(z) = (u> , 2 € [hg, ],

hi — hyg
1 V7 =1, 2 € [hy, hol, (2)
(3) Z-hg 7
V =|—)F ho, h
| Y (2) (hQ—h?,) , 2 € [hy, hy),

where n is the material volume fraction index or power law index, 0 < n < oo.
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As stated above, FG sandwich plates with homogeneous soft and hard cores are
considered in this study. The material constituents are ceramic and metal phases,
and are denoted using the subscripts ¢ and m, respectively. The definitions in
Egs. (1) and (2) can therefore be replaced by (E, = E., p, = p.) and (E;, = E,,,, p, =
pm) for homogeneous hard core plates and (E, = E,,, p, = p,) and (E, = E,, p; =
p.) for homogeneous soft core plates.

3. Mathematical Modeling

In this study, the FSDT, including the effects of shear deformation and rotary in-
ertia, is employed to construct the equations of motion for the free and forced vi-
bration of FG sandwich plates with different types of edge support. In accordance
with theory, the displacement field of an arbitrary point on the plate can be written

as
u(z,y, 2,t) = uo(x,y, t) + 20,(x, y, 1), (3a)
vz, 7y, z;t) =g (2,9, )+ 20(x, 95 1), (3b)
w(zx,y,2,t) = wy(x,y,t), (3c)

where (u,v,w) are the displacements along the x, y, z-axes and (v, vy, w) denote the
displacement of a point on the plane z = 0. v, and 1, are the rotations of a trans-
verse normal about the y- and x-axes, respectively. Based on the displacement field in

Eq. (3), the strain components, normal strains (¢,,,¢ and shear strains

w)
(Yay» Vyz» Vaz), can be expressed as

)

€y ¢ = 4 Ey 0 F 28 Ky o { } — { z }, (4a)
( % ) ( 67/}x )
5 gx ox B ox
0 B o o,
Eyy 87?4 ’ vy 8—3/
0 K.
e Ty
' Qug | vy Oy | Oy (4b)
(\ 9y Oz ) ) (\ 9y  Jz ) )
811)0
24
{ 2, } BRI
(=
’Y:rz aU70
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The expressions for the constitutive relations can be written in the following
forms:

Oax Qu @12 0 Epp 0 0 0 ,
i 2 44 Z
i p-jen g o Jio g ()-8 Qi) o
(zy) 0 0 Q66 ’Y:vy

in which the elastic components are

EW)(z) vE()(z)

Qu = Qxn = 1_,2° Q2 =0 = 1.2 (6a)
o E0(2) E0(2)
_ _ (1) -
Qu= Q55 =K 72[1 ey Qe = 72[1 ] (6b)

where k = 5/6 is a shear correction factor for a layer of homogeneous material, and
W for a layer of FG material in which V,, = 1 — V.. The values V, and
V., are the material volume fractions of ceramic and metal, respectively. Similarly, v

KR =

and v,, are the Poisson’s ratios for the ceramic and metal components.
In a Cartesian co-ordinate system, the strain energy (U,) of FG sandwich plates at
any instant is

+b/2 p+a/2 +h/2
5 / / / m: 2" Ug(Jy)‘Syy + Tg(;z)'.)/yz S~ ngz)%gz + Téy)%y)dzdxdy
—b/2 J —a/2 h/2
(7)

Substituting Egs. (3)—(5) into Eq. (7) gives us another form of the strain energy
equation as follows:

N\ +o/2 2 ou,\ > ou, Ov
— - A AN 5 4 Ko
U 2 /4;/2 /a/2 l 11( ) Z 66( 83/) Tl Ox Oy

v, 5B ou, O, 9B ou, O, 9B du, 0,

+2A6688 I EYTETY 5y 8+ 25w 3y
+ Ags <%7j;>2 215’128a 8(;? + 2By %v 3gbr + 2By, %1;" %
+2B668 aalby A44<5811;>2+A55<88U;0>2+2A55%¢x
+2A44%%+2311 o0 %u . aa% 88_«;0+ 1 20 881;
+2Bgs 85% 8; +2A55%; (9 >+ Dyy (%ﬁx>2+A55wi
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DU\ L O, DUy O, DY, O, Ou,
+D66<ay> 2Dy P20, 5y T 2B a 0
o, Ou, o, v, o, Ov, w,
+2Ba g, 5, TP gt e G0t Au ay
O, O, Oy, O, o\ 2
TP e T Ty TPy

9 2
+ A44¢y + Dgg < (;i ) ]dmdy,
(8)

where Aj;, By, and Dj.(j, k=1,2,4,5,6) are the extensional, bending-extensional
coupling and bending stiffness components, respectively, and can be obtained from
integrating the elastic components of the sandwich plates across the thickness, as
follows:

2 [\ &
[Ajis Bjrs Dje) = Z/ Qji[l, z,2%]dz. (9)

To carry out an analysis of the free vibration and dynamic of FG sandwich plates,
the kinetic energy is required, and this is expressed as:

1 [/ ptaj2 pthy 2 V2 Sl
AT A (B (3 e
2 o) e S Ins ot ot

1 +b/2 r+a/2 auo auo 877/}90 awx 2
sl L () e i)

8’00 2 (9’1)0 (91% 8'¢y ow 2

where [, I; and I, are the components of inertia, and can be obtained from the

following equation:

h;
Iy, I, L] = Z/ p (1, z, 2%]dz. (11)
i I

Vi1

In our investigation, FG sandwich plates are assumed to be under the action of
multiple moving loads along the z-axis. Hence, the work done (U,) due to these
external dynamic loads can be expressed and separated based on the number of
moving loads. The work done when a single load moves onto a plate is

_Pl(t>w0(.'17p1,0,t) 1f0§t§t1 :i’

UQX - vp (12)
0 if 4, <t
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and for two loads, the work is

( d
—Pl(t)wO(ZEPI,O,t) 1f0§t<t1 = —
v
p
a
U, = { ~Piwo(zp,0,) — B()wo(p, 0,t) if 6y <t <ty = v’ (13)
_P2(t)w0(xP2707t) if t2 <t S tl + t27
L0 if t, +ty <t
For three loads, the work is
( d
—P1<t)w0(xp1,o,t) 1f0<t<t1——
Up
2d
—Pl(t>U)0(ZUP1,O,t) — P2<t)w0($p2,0,t) if tl <t< t2 — ’U_
p
=P (t)wy(zp1,0,1) = Py(t)wy(zps,0,)
Uy = “ (14)
—P3(t)w0($P3707t) if t2 <t< t3 = U_v
P
—PBy(t)wy(zpy; 0,) — P3(t)wo(zps, 0,8) if t3 <t < (t3+11),
—P3(t)wo(zps3, 0,1) if (B3 +1) <t < (i3+ts),
L0 ' e By

where

Py(t) = Fysin(4t +¢),
Py(t) = Fysin(21¢ + ¢), (15)
P3(t) = Fysin(§t — ¢3).

Here, Fy,v, and (2, are the magnitude, velocity and excitation frequency of the
moving loads, respectively, ¢; are the phase angles of the moving loads, and z,(t)
represents the locations of the moving loads at any instant. Using the same tech-
nique, the work done by more than three loads moving onto the plates can be
calculated.

We can use the expressions for the energy given above to define the total energy
(IT) for the plate system as follows:

MI=0U,-U,-U,. (16)

The Ritz method is a popular tool for solving the total energy equation, due to its
efficiency and simplicity. The most important aspect when using this method is the
choice of appropriate admissible functions that will lead to accurate results with a
fast convergence rate. We use the Gram—Schmidt procedure to generate admissible
functions in the displacement field, as this creates terms in a polynomial series that
satisfy the essential boundary conditions via recursive generation. Rango et al.%!
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reported that the use of the Gram—Schmidt polynomial series with the Ritz method
allowed a high spectral accuracy to be achieved and gave faster convergence than
other methods such as the Galerkin, finite element and differential quadrature
methods. Due to the effectiveness of this method when combined with the Gram-
Schmidt polynomial series, it has been extended to investigations of various scenarios
and problems (e.g. buckling of skew plates,’>% the dynamic response of shell
panels® % and the vibration of cylindrical and shallow shells®":6%).

Our model can be used to estimate the dynamic response of an FG sandwich plate
with arbitrary general boundary conditions, including simply supported (S), clamped
(C) and free (F) conditions at each edge of the plates. The admissible functions can
be written in general form as follows:

ol =3 SO HNH@N ),

0 g+

wo(z,y,t) = Z W, (t)N;(x) N (y); (17)
i=1 j=1

Yol@, ) = Y Y XN (@) (y),
FAM S

vent) = 30D VNS @] (),

where Nf(z),i=1,2,3,...,m, N7 (y),;d=1,2,3,...,nand ¢ =u,v,w,1,,1, are
shape functions that must satisfy at least the essential boundary conditions. The
shape functions in our admissible functions are generated using the Gram-Schmidt
procedure, using the following equations.

Given a function (polynomial) N;(s) as an initial term, which must be in
accordance with the required boundary conditions, an orthogonal set of functions
(polynomial) can be developed over an arbitrary interval ¢ < s <d using the
Gram-Schmidt procedure, as follows:

Ny(s) = (s — C2)Ni(s),

(18)
Ni(s) = (8 = Q) Ni-1(8) — meNi—a(s), k>3,
where (;, and 7);, are obtained from:
2
Ck = ffgdSN:I(S)dS ’ k > 27
c Nk—]_(s ds (19)

d
¢ SNL_1(8)Ny_o(s)ds
fc Nku(S)dS
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Using the above procedure, the shape functions in both the x- and y-directions,
represented by (s) for the important variables ug, vy, wy, ¥, and v, can be considered
in the problem domains of —0.5a < z < 0.5a and —0.5b < y < 0.5b in the integration
limits. The generated shape functions are now ready for insertion into the admissible
displacement functions in Eq. (17). In the Gram-Schmidt procedure, the recursive
expression in Eq. (18) is used to complete the set of orthogonal shape functions,
which depend on the choice of the initial term, N;(s).

Plate analysis generally involves numerous combinations of edge supports. To
represent the boundary conditions of the plates, we use a counterclockwise four-
character notation, in which the first character represents the boundary condition of
edge x = —0.5a, and the subsequent characters represent the boundary conditions of
the other edges, y = —0.5b, x = 0.5a and y = 0.5b, respectively. Since our model can
be used to solve for plates with any supports at any of the four edges, the essential or
geometrical conditions can be expressed as:

Simply supported (S): v, = w, =, =0 at x =—0.5a and + 0.5a,

20
u, = w, =1, =0 at y=-0.5b and + 0.5b, (20a)
Clamped (C):  u, = v, =w, = ¥, =, =0 at z = —0.5a and + 0.5a, 20b
Uy = Vg = W, = Yy =, =0 at y=—0.50 and + 0.5b, (20b)
Free (F) uy=vp=we=1, = Y,/ #0 'at,®=-0.5aand + 0.5a,
(20c)

Uy = Uy = W, = P, =, #0  at y =-0.5b and + 0.5b.

For brevity, we only give the details of the initial term for each variable, for
example for a plate that is simply supported at all edges (SSSS) or clamped at all
edges (CCCC), as shown in Table 1. However, if the plates have other types of
boundary conditions, the important variables can be determined based on other
appropriate functions of the initial term.

Table 1. Initial term in each shape function for FG sandwich plates
with different boundary conditions.

B.C. SSSS ccece

Ni(z) 1 (0.5 4 (x/a))(0.5 — (z/a))
Ni(y)  (0.5+(y/b))(0.5—(y/b))  (0.5+ (y/b))(0.5 — (y/b))
N{ () (0.5 + (2/a))(0.5 — (z/a))  (0.5+ (x/a))(0.5 — (z/a))
Ni(y) 1 (0.5 4 (y/b))(0.5 — (y/b))
Ni'(z) 0.5+ (2/a))(0.5 - (z/a))  (0.5+ (z/a))(0.5 — (z/a))
N{'(y)  (0.5+(y/b))(0.5—(y/b))  (0.5+ (y/b))(0.5 — (y/b))
N () | (05 + (2/a)) (05 — (z/a)
N (y) (054 (y/b))(0.5 = (y/b))  (0.5+ (y/))(0.5— (y/b))
Nlby(x) (0.54 (2/a))(0.5 — (z/a)) (0.5+ (z/a))(0.5 — (x/a))
N (y) 1 (0.5 + (y/0))(0.5 — (y/b))

2150138-11



Int. J. Str. Stab. Dyn. 2021.21. Downloaded from www.worldscientific.com

by MAHANAKORN UNIVERSITY OF TECHNOLOGY on 02/03/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

W. Songsuwan, N. Wattanasakulpong & M. Pimsarn

These shape functions are expanded to a suitable number of polynomial terms
(n=m= N ) as described in the convergence study. By inserting the admissible
displacement functions given above into the total potential energy in Eq. (16), and
then applying the Lagrange method, the manipulation of the process can be
expressed as

== o— =0, (21)

in which ¢;; represents the time-dependent unknown parameters (U;;(t),V;;(t),

Wi;(t), X;;(t),Y;;(t)). Equation (21) can be rearranged into a matrix of equations of

motion, as follows:

Kuu  vu fCwu Kl/)zu Kwyu r .

U
Kw  Kw b gl |y
Kww Kéw goo LW
sym KVt Koy X
i Ky 'L X |
[ Ve pfow Nfwe - pAfoau o Nfoyu ] U ] "0
MW~ Mwe Mev MY Vv 0
i M Ml M VAT | =0 B, (22)
Sy M¥s®s N VyY= X 0
L WA $ (@ |

where the over-dot represents the derivative with respective to time, K and M are
the stiffness and mass matrices, respectively, and the size of each matrix is
5(m xn) x 5(m xmn). Fis the force vector due to the moving loads. The matrix
elements in Eq. (22) are given by

Kuu —A Puull quO+A PquO uull,

i i
szﬁnn — A12P0u01 vul() +A66Pvu10 ;}#Ol,

Kfj = AnPLOQU + AgPL QU

K = K = 0.

Ko = A, | P00 wwll + A Pl ;1;;11007

szjjjnn _ BllpilﬁiullezuOO + By wauoonlun

Ky = BuP i Q™ + By P Q™.

K;ﬁ:nn — A, P¢zw01szw00

K;‘]’;,;‘;; = Dy, P%%HQ?;%OO +A55Pi1ﬁ;%00Q;/{7:%00 +D66Pi1f;%00@%%11
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KZ;n _ B,pi waul() + By, P%um Q?ﬁum,
KZ% _ B, PWOO wavll By PW’H Q%voo,
K = AP Q™
KZ#; _ Dmey%OlQ;ﬁﬁ%w + Dq Pwy%loQ;ﬂ;{%Ol,
KZ%’ = Dy p%wyoonywy11+A Pwywyoonywyoo+D Pqpywyany%oo,
(23)
and
M, = P QU M = 0 M = L PO Q4"
M, =0, M, =0, Mign, =L PrrQue®,
ML AT PEmQE® N 0 i o, o
Mj/jgfg = I, Pd’ VLRI 7 NS P = 0,
M = TP Q™ Myt = 0 MU =0,
ot R PEROGY
Details of the elements in Eqgs. (23) and (24) are given in Appendix A.
F, = —B ()N )N(0) T 0 <8<ty = v%’
By = SPUONGNAD) = BN )80 it <1< b= )
Fyj = —Pi()Ni(2,1)N;(0) — P3(t) N (2,9) N;(0) = P3(t) Ny(,3) N;(0) (25)

L
if t <t <ty =—,
U

Fj = =Py(t)N;(2,0) N;(0) = Ps(t)N; (,3) N;(0) if 5 <t < 15 414,

F = —Pg(t)NL(.pr?))N(O) lf t3 —|— tl S t < t3 + tQ,

) J

A forced vibration analysis of FG sandwich plates under multiple moving loads
can be carried out by solving the equations of motion in Eq. (22) in the time domain
using Newmark’s average acceleration method. Consequently, the displacements,
velocities and accelerations of the plates at a given point and time are determined in
the time domain relative to the distances and velocities of the moving loads. For
example, for a single moving load, the time domain is 0 < ¢t < a/ V.

To allow us to carry out a free vibration analysis of the plates that takes into

account the harmonic phenomenon, it is assumed that the unknown vector
[Ulj(t)) ‘/;](t), M/U(t), le(t), }/;](t)]T for i = 1, 2, 3, Lo, and ] = 1, 2, 3, ..., can be
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expressed as:

_ Uij(t) - r gijeiwt -
Vi;(t) Vet
Wit) | = | Wiet |, (26)
Xz‘j(t) Xz‘j@m

| Y;;(¢) | Vet

in which ¢ = v/—1, and w is the natural frequency in units of rad/s. By substituting
Eq. (26) into Eq. (22) without considering a force vector, we can obtain an eigen-
value equation for the free vibration problem as follows:

Kuu  Rvu o [ wu K twu Kwyu T
Kvw K uwv K ¥av Kwyv

/

Kww K U, w K ¥yw

sym KVt K %y¥s
/ K % by
P VS VT VAT v B ol 007
M@ MW MY\ MY 174 0
= (J? MO s \\ Y W |l=10 (27)
sym R Y X 0
i Myt Ly | L0

Solving Eq. (27) as a standard eigenvalue problem leads to a set of natural fre-
quencies for the FG sandwich plates in which the lowest eigenvalue is the funda-
mental frequency of the plates.

4. Numerical Results and Discussion

Several examples of free and forced vibration analysis of FG sandwich plates under
multiple moving loads are presented in this section. Before introducing these
examples, we describe the materials used to produce FG sandwich plates. Alumina
(Al;03) and aluminium (Al) are chosen as the ceramic and metal constituents, re-
spectively, for the construction of FG sandwich plates with the following material
properties: E. = 380 GPa, v, = 0.3, p. = 3960 kg/m3 for Al,O3, and F,, = 70 GPa,
Uy = 0.3, pp = 2702kg/m® for Al

The geometric parameters of the plate are as follows: a = 1.0m, b = 1.0m, and A
is defined based on the side-to-height ratio (a/h). In the first part of this section, we
analyze the free vibration of plates with various edge supports. For convenience, the
frequency results of the free vibration are presented in dimensionless form, as follows:

@ = (wa?/h)~\/py/Ey, where E; = 1 GPa and p, = 1kg/m”.
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4.1. Free vibration

Table 2 shows the results of a convergence study of the free vibration of FG sandwich
plates that were simply supported at all edges (SSSS). Plates with a homogeneous
soft core and a layer thickness ratio of 1-2-1 are considered here. We found that the
results converged to accurate frequencies for all mode sequences, from the first to the
sixth, using only N = 10. The accuracy of our model in terms of the frequency

1.2* and

analysis was confirmed by comparing our results with those of Thai et a
Tossapanon et al.,?” and good agreement could be observed between the results for
all mode sequences. Based on this convergence study, the following investigations
were computed using 10 terms of the Gram—Schmidt shape functions.

Tables 3 and 4 compare our dimensionless fundamental frequencies for FG
sandwich plates with existing results in the literature. Results for plates with a
homogeneous hard core are shown in Table 3, while Table 4 shows the results for
plates with a homogeneous soft core. The effects of the type of sandwich (symmet-
rical or asymmetrical) and the boundary conditions (simply supported or clamped)
on the vibration of the plates are shown in both tables. For the plates in Table 3 with
a homogeneous hard core, those with an asymmetric (2-2-1) layer thickness ratio had
larger frequencies than those with a symmetric (2-1-2) layer thickness ratio, since the
material composition of 2-2-1 plates is mainly ceramic. In contrast, for the homo-
geneous soft core plates in Table 4, the proportion of ceramic in the 2-2-1 plates is
lower than in the 2-1-2 plates. The material composition can be controlled by varying
the volume fraction index (n). For example, in the range n > 1, the higher fre-
quencies for the plates in Table 4 result from an increase in 7. In this example, the
plates will have fully ceramic face sheets when n approaches infinity. The clamped
(CCCCQ) plates are also much stiffer than the simply supported (SSSS) plates, and as
a result, their frequencies are much higher. In both tables, the accuracy of our results
is confirmed through a comparison with previous results reported in Refs. 24 and 25.

Table 2. Convergence study of the free vibration of simply supported
FG sandwich plates (a/h = 10,7 = 2).

Mode sequence

N 1 2 3 4 5 6

3 1.3785 3.7079 55302 8.9123  11.4082  14.0083
4 1.3011  3.6788 5.5302 7.8239  8.0469  11.0637
5 1.3011  3.1558 4.8979 7.8239  7.9399  11.0637
6 1.3009 3.1556  4.8976  6.0696  7.6531  10.1839
7 1.3009 3.1473  4.8866 6.0684  7.6474  9.9056
8 1.3009 3.1473  4.8866 5.9956  7.5898  9.8975
9 1.3009 3.1473  4.8865 5.9956  7.5898  9.6142
10 1.3009 3.1473  4.8865 5.9946  7.5890  9.6140

Ref. 24 1.3023 3.1563 4.9079  6.0262 7.6384 9.6811
Ref. 25 1.3009  3.1473 -~ 4.8865  5.9945 7.5890 9.6046
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Table 3. Comparison of dimensionless fundamental frequencies, w =
(wa?/h)+\/py/Ey, for FG sandwich plates (a/h = 10).
B.C. Source 7n7=0 n=05 n=1 n=2 n=5 n=10
2-1-2 layer thickness ratio (hard core)
SSSS Present 1.8263  1.4830  1.2985 1.1205 0.9796  0.9405
Ref. 25 1.8244 1.4829 1.2985  1.1205 0.9796  0.9405
Ref. 24 1.8244 1.4841 1.3000 1.1218 0.9796  0.9390
CCCC  Present  3.1226 2.5681 2.2637 19652 1.7236  1.6541
Ref. 25  3.1123 25680  2.2636 1.9650 1.7235  1.6540
Ref. 24 3.2936  2.7099  2.3864 2.0680 1.8064  1.7268
2-2-1 layer thickness ratio (hard core)
SSSS Present  1.8259 1.5463 1.3943  1.2422 1.1071 1.0591
Ref. 25  1.8244  1.5462  1.3942 1.2420 1.1065  1.0584
Ref. 24 1.8244 15471  1.3956  1.2436  1.1077  1.0587
CCCC  Present 3.1202 26716 = 24235 21719 19446  1.8625
Ref. 25 3.1123 2.6715 24233 21715 1.9441 1.8619
Ref. 24 3.2936 ~ 2.8199 ~ 2.5556  2.2868  2.0415  1.9497
Table 4. Comparison of dimensionless fundamental = frequencies, @ =
(wa?/h)\/po/Ey, for FG sandwich plates (a/h = 10).
B.C. JourCEpmeid Y SO - Oode (1P i/ -Sanell=1 Y= 10
2-1-2 layer thickness ratio (soft core)
SSSS Present  0.9296 1.5531 1.7140 1.8156  1.8651 1.8711
Ref. 25 09295  1.5531 - 1.7139 1.8157  1.8651 ' 1.8712
CCCC  Present 1.5894 ~ 2.5968 ~ 2.8648 ~ 3.0420 3.1393  3.1581
Ref. 25 1.5894 25967 @ 2.8646 3.0420  3.1392  3.1581
2-2-1 layer thickness ratio (soft core)
SSSS Present  0.9293 1.4572 1.6078 1.7146  1.7831 1.8022
Ref. 25 09294 = 1.4571  1.6076  1.7143 1.7829  1.8020
CCCC  Present 1.5882 24366  2.6842  2.8648 29874  3.0248
Ref. 25 = 1.5881 24364  2.6841 2.8646 2.9871  3.0246

We extend our model to plates with different combinations of boundary condi-
tions, and Tables 5 and 6 show the results of similar investigations in which we
varied n and considered plates with different materials in the core layer. Some results
from Ref. 25 are used for validation, and new results for some types of boundary
conditions are also presented that can provide future benchmarking solutions. It can
be seen that the boundary conditions significantly affect the variation in the natural
frequencies of the plates. The cantilever plate (in which one edge is clamped and the
others are free) has the lowest frequency compared to the other plates, since it has
fewer constraints.

Figure 2 shows the normalized mode shapes for FG sandwich plates that are
simply supported at all edges (SSSS). The mode shapes are shown for four different
modes of vibration, for plates with a homogeneous soft core with a layer thickness
ratio of 2-1-2. Similarly, Fig. 3 shows the normalized fundamental mode shapes for
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Table 5. Comparison of dimensionless fundamental frequencies, @ =
(wa?/h)+\/py/Ey, for FG sandwich plates (a/h = 10).

B.C. Source n=0 n=05 n=1 n=2 n=>5

3>
I

—
(e}

1-2-1 layer thickness ratio (hard core)
CFFF  Present 0.3284 0.2820 0.2573  0.2323  0.2090  0.1998
Ref. 25 0.3285 0.2821 0.2573 N/A 0.2090  0.1998
CSSS Present  2.1449 1.8548 1.6979 1.5386  1.3884  1.3288
Ref. 25 2.1425 1.8548 1.6979 N/A 1.3884  1.3287
CFSC  Present 1.5923 1.3764 1.2597  1.1413 1.0298  0.9855
CFFC  Present 0.6390 0.5505 0.5030  0.4550  0.4100 0.3922
CFCC  Present 2.1177 1.8384 1.6864 1.5314  1.3846 1.3260
CCSS Present  2.4228 2.0994 1.9239 1.7453  1.5765  1.5092

2-2-1 layer thickness ratio (hard core)
CFFF  Present 0.3284  0.2771 0.2494 0.2218  0.1974  0.1888
CSSS Present  2.1453 1.8230 1.6469 1.4699 1.3118 1.2554
CFSC  Present 1.5926 1.3528 1.2218 1.0904 0.9731  0.9312
CFFC  Present 0.6391 0.5410 0.4877  0.4345 0.3873  0.3706
CFCC  Present 2.1184 1.8076 1.6366  1.4640 1.3090  1.2533
CCSS Present = 2.4235 2.0638 1.8666 ~ 1.6679 1.4899  1.4261

Table 6. Comparison of dimensionless fundamental frequencies, © =
(wa?/h)+/po/Ey, for FG sandwich plates (a/h = 10).

B.C. Source a0 V7 =AQRhE Ao —\1\ =P n=>5 n =10

1-2-1 layer thickness ratio (soft core)
CFFF  Present 0.1671 0.2612 0.2903  0.3118 0.3267 0.3314
Ref. 25 0.1672 0.2612 0.2902 N/A 0.3266  0.3314
CSSS Present  1.0917 1.6775 1.8592  1.9960 2.0933  2.1248
Ref. 25 1.0917 1.6775 1.8592 N/A 2.0934 21248
CFSC = Present  0.8105 1.2467 1.3820 ~ 1.4838  1.5561  1.5794
CFFC  Present 0.3253 0.5046 0.5601 = 0.6016 0.6306  0.6397
CFCC  Present 1.0779 1.6404 1.8157 ~ 1.9488  2.0449  2.0766
CCSS Present  1.2332 1.8856 2.0883 2.2416 2.3515  2.3874

2-2-1 layer thickness ratio (soft core)
CFFF  Present  0.1672  0.2642  0.2917 0.3110  0.3231  0.3263
CSSS Present  1.0919 1.7003 = 1.8751 2.0001  2.0819  2.1054
CFSC  Present 0.8106  1.2635  1.3936 1.4865 1.5470  1.5644
CFFC  Present 0.3253  0.5108  0.5637 0.6012 0.6251  0.6317
CFCC  Present 1.0782  1.6652  1.8353 1.9583 2.0405  2.0650
CCSS  Present 1.2335  1.9125  2.1085 2.2494 2.3426  2.3699

1-2-1 homogeneous soft core plates with six different combinations of boundary
conditions. It can be observed that the mode shapes for all configurations agree well
with the specifications for each type of boundary condition at each edge.

4.2. Forced vibration

We now turn our attention to a forced vibration analysis. In this section, we begin
with a numerical validation of the forced vibration of plates subjected to a moving
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Fig. 2. Normalized mode shapes for simply supported FG sandwich plates (n = 2,a/h = 10).

load. Since no forced vibration results are available in the literature for FG sandwich
plates, our model can be simplified to isotropic plates by setting the material volume
fraction index to zero (n = 0) for homogeneous soft core plates. Our results can then
be validated by comparison with the results from an amnalytical model®® of SSSS
isotropic plates under a moving load. This analytical model is given below:

ule,get) = () e R e ]

n=1 m=1 Winn
. /mmrN . /mTy
X sin ( ) sin (—),
a b
where (28)
sin (%) mmu,
Amp = (Dmn — Phw?n) Winn = pr}r:/n and w,, = 0 D,

B Eh3 mmy 2 nmy 2|2
T 1201 - 0?) [( o) () ] '

The model in Eq. (28) is used to calculate the behavior of an aluminium plate
with material properties F = 70.0 GPa and p = 2700 kg/m®. A single load travels on
the plate along the path y(¢) = 0 with constant velocity v, (i.e. v, is the velocity of
the moving load along the z-axis), and the number of time steps is set to 400 in each

case. It can be seen from Fig. 4 that there is very good agreement between the
proposed and analytical solutions.
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CFCC(w =1.8157) CCSS (@ = 2.0883)

Fig. 3. Normalized fundamental mode shapes for FG sandwich plates with different combinations of
boundary conditions (n = 1,a/h = 10).

After validation based on a forced vibration analysis, the proposed model was
extended to reflect the dynamic behavior of FG sandwich plates subjected to an
arbitrary number of moving loads. The most significant parameters, such as the
velocity, phase angle and excitation frequencies of the moving loads, the layer
thickness ratio and the boundary conditions, were taken into consideration. In order
to ensure that the results were universal, a dimensionless form of the dynamic de-
flection was derived by normalization based on the static deflection
(D = a?Py/E,,h?) of a fully aluminium plate under a single point load P, at the
center of the plate.”” The magnitude of the moving and static loads (P)) was set to
Fy = 500kN in each case.
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Fig. 4. Comparison of the central deflections of isotropic plates (¢ = 1m,b = 1m, h = 0.03m, v, = 50m/s).

Figure 5 contains

with a layer thickness ratio of 3-2-1 (the plate with the lowest percentage of the
ceramic phase) is highly flexible and yields the largest deflection, while the 1-0-1 plate
with the highest percentage of the ceramic phase is quite strong and has the smallest
deflection. Although the 3-2-1 plate exhibits the largest deflection over the majority
of the time period, this drops dramatically just before the moving load leaves
the plate. This phenomenon occurs due to boundary constraints that the larger

0 0.005 0.01 0.015 0.02

— Analytical solution

===~ Proposed solution |...... A .. N........ e 4

Time(s)

a plot of the dimensionless dynamic deflections (w(zx,t)/D)
versus the normalized time (t* =x,/a = v,t/a) for FG sandwich plates with a
homogeneous soft core and SSSS boundary conditions. It can be seen that the plate

deflection needs to be zero faster.
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Fig. 5. Dimensionless dynamic deflections at the centre of FG sandwich plates under a single moving load
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(a/h =201 = 2,v, =50m/s, Q; = 0).
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Fig. 6. Dimensionless dynamic deflections at the centre of FG sandwich plates under a single moving load,
with different boundary conditions: (a) homogeneous hard core; (b) homogeneous soft core
(a/h =20, = 2,v, = 50m/s, ; = 0).

Figure 6 shows the dynamic deflections of FG sandwich plates under a single
moving load, with a 1-1-1 layer thickness ratio and SSSS and CCCC boundary
conditions. Deflection results for plates with homogeneous hard and soft cores are
shown in Figs. 6(a) and 6(b), respectively. Due to the constraints of the clamped
supports, the dynamic deflection of the CCCC plate is much lower than that of the
SSSS plate throughout the time domain.

To illustrate the effect of the material volume fraction index () on the dynamic
deflection, Fig. 7 shows a plot of the deflections of FG sandwich plates against the

p
0.025 o
—an = )
— =2
0,02+ \
q 0.015|
%3
= 001}
0.005 |
0 i i i i
0 0.2 0.4 0.6 0.8 1

Normalized time, t*

Fig. 7. Dimensionless dynamic deflections at the centre of FG sandwich plates under a single moving load,
with different values of the material volume fraction index (a/h = 20,v, = 50m/s, &; = 0).
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Fig. 8. Dimensionless maximum dynamic deflections of FG sandwich plates under a single moving load,
for different material volume fraction indices (a/h = 20, Q; = 0).

normalized time (¢*). In this figure, 1-1-1 plates with homogeneous soft cores are used
to illustrate the effect of 7 on plates under the action of a single moving load and with
a CCCC boundary condition. The results show that increasing the value of n causes
a decrease in the dynamic deflection. This is due to the increase in the proportion of
the ceramic phase in the face sheets that occurs when the value of n is increased.

Figure 8 shows the maximum dynamic deflections of FG sandwich plates,
clamped at all edges, under a single load moving with varying velocity. Different
values of the material volume fraction index (n) are considered for 2-2-1 plates with a
homogeneous soft core. It can be seen that the dynamic deflection initially fluctuates
before increasing sharply to reach a peak at the critical velocity. The deflection also
decreases with an increase in the material volume fraction index. This is because the
proportion of the ceramic phase decreases in this case as the index increases.

In order to highlight the two continuous regions of forced vibration (0 < ¢* < 1)
and free vibration (¢* > 1) in which the moving load leaves the plates, Fig. 9 illus-
trates the dynamic behavior of FG sandwich plates under a single moving load. This
figure shows the results for homogeneous soft core plates with a layer thickness ratio
of 2-1-2, with both CCCC and SSSS boundary conditions. The amplitudes are mostly
related to the effects of the boundary conditions for all considered regions, and the
highly constrained clamped plate has a smaller and smoother amplitude than a
simply supported plate.

We now consider the action of three loads moving onto FG sandwich plates.
Figure 10 shows the dimensionless dynamic deflections of 1-1-1 plates with a ho-
mogeneous soft core and SSSS boundary conditions. The first load is applied at the
starting point at the left edge of the plates (¢ = 0), and the second and third loads are
then applied at the starting point at ¢t = d/v,. t = 2d/v,, respectively. At t = a/v,,
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Fig. 9. Dimensionless dynamic deflections at the centre of FG sandwich plates (a/h =20, n =2,
v, =50m/s, ; =0).

the first load leaves the plate, and the second and third loads leave the plates at
t=(a+d)/v, and t = (a+ 2d)/v,, respectively. Since each load has the same
magnitude, an increase in the number of moving loads leads to a considerable in-
crease in the dynamic deflection, as the total loading magnitude is correspondingly
higher.

Figure 11 contains a plot of the dynamic deflections versus the velocity (v,) of
moving loads for (1-1-1) FG sandwich plates with a homogeneous hard core that are
simply supported at all edges. The change in the deflection due to an increase in
velocity is similar for all plates subjected to different numbers of loads; that is, the
maximum deflection initially increases and fluctuates, and then dramatically

0.09

: ; : ; One load

0.08F------- £ SFREEEEE EREEEEERRES A (EEEEEE Q- -5 Two loads
| = Three loads
0.071 "N 43041 1\ T
T IO N e e Sl R
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S f : f f f f
S 0.04f -+ S -ERCREELPET EPEPERER ¥ S RRCTERREE FEPEY

g 1 1 1 : 1 1
0.03F -2 R SRR CEEEE RRREEEEEEREREEE
02T A A
oorf S NG A A

0 i i i i i i

0 0.2 0.4 0.6 0.8 1 1.2

Normalized time, t*

Fig. 10. Dimensionless dynamic deflections at the centre of FG sandwich plates with different numbers of
moving loads (a/h = 20,7 =2, v, =50m/s, d = a/8, Q; =0).
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Fig. 11. Dimensionless maximum dynamic deflections of FG sandwich plates with different numbers of
moving loads (a/h =20, n =2, v, =50m/s, d = a/8, Q; = 0).

increases to reach its peak value before dropping again. The velocity at the peak is
known as the critical velocity.

In Fig. 12, the dynamic deflections of 1-1-1 plates with a homogeneous soft core
are considered for varying velocities. The plates are clamped at all edges and are
subjected to two moving loads with different values of the equivalent distance (d). It
can be observed that a short distance (d = a/8) between loads causes the deflection
to be larger than for longer distances (d = a/4 and d = a/6).

To highlight the effect of the material volume fraction index (7) on the maximum
dynamic deflection, Fig. 13 shows plots of the deflections of FG sandwich plates for
varying values of n. The figure shows results for 2-1-2 plates with homogeneous soft
cores, simply supported at all edges and acted on by different numbers of moving

0.04

i
S
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&

0.03

Max. (w(0,0,t)/D)

0.025

0.02 H H i i H i
0 100 200 300 400 500 600 700 800

Moving load velocity, (m/s)

Fig. 12. Dimensionless maximum dynamic deflections of FG sandwich plates under two moving loads
(a/h=120,7 =2,v,=50m/s, ; = 0).
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Fig. 13. Dimensionless maximum dynamic deflections of FG sandwich plates under different numbers of
moving loads (a/h = 20,% =2, v, =50m/s, d = a/8, ; = 0).

loads. It was found that increasing the value of n yields a decrease in the deflection.
Figure 14 shows the dynamic deflections of 3-2-1 plates with CCCC boundary con-
ditions, for varying values of . As shown in Figs. 14(a) and 14(b), the deflections of
the plates with a homogeneous hard core increased with an increase in the value of n,
and the reverse effect is seen for the plates with a homogeneous soft core. These
phenomena arise due to the changes in the proportion of ceramic in the plates: a
reduction in the total proportion of the ceramic phase causes the deflection to in-
crease, whereas an increase in the ceramic phase causes the structures to be stronger,
with less deflection.

Figure 15 illustrates the dynamic deflections of 3-2-1 plates with a homogeneous
hard core (Fig. 15(a)) and a homogeneous soft core (Fig. 15(b)), under three moving

0.1 0.2
. 1 ——d=2a/4
——d=al6
_0.08 _ 015 —d-a8 |
a a ‘
S S
< S oM 4
3 0.06 B 0.1
< *
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0.02 ; i : 0 i ; :
0 1 2 3 4 0 1 2 3 4
Material volume fraction index Material volume fraction index

(a) Homogeneous hard core (b) Homogeneous soft core

Fig. 14. Effect of material volume fraction index (1) on the maximum dynamic deflections of FG sandwich
plates under three moving loads (a/h = 20, v, = 50m/s, ; = 0).
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Fig. 15. Dimensionless dynamic deflections at the center of FG sandwich plates under three moving loads
(a/h=20,1n =2,d=a/8, Q; =0).

loads with different velocities. The boundary conditions of the plates are SSSS. It can
be seen that the peak in the deflections is similar for all values of the velocity. The
differences lie in the time period of loading, since the loads travel on the plates for
longer at lower velocities.

The investigations presented above did not consider any excitation frequency of
the moving loads (£2; = 0). The following experiments will therefore take into ac-
count the significant effect of external excitation on the dynamic behavior of FG
sandwich plates. The excitation frequency of each load was set based on the reso-
nance, i.e. the frequency of each load was equivalent to the fundamental frequency of
the plate (; = Oy = Qy = Q3 = w;). In general, when a structure is in a resonant
situation, serious damage or very large deformation may arise, since the system will

1.5 T T
One load ¢ :

— Two loads
— Three loads |-------- R L A /\

Y] SRR N M S ,

w(0,0,t)/D
S

15 i i i
0 02 0.4 0.6

Normalized time, t*

Fig. 16. Dimensionless dynamic deflections at the centre of FG sandwich plates with different numbers of
moving loads (a/h = 20,7 =2, v, =50m/s, d = a/8, Q; = w).
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Fig. 17. Dimensionless dynamic deflections at the centre of FG sandwich plates under three moving loads:
(a) v, = 20m/s, (b) v, = 40m/s, (c) v, = 60m/s, (d) v, =80m/s (a/h =20, =2,d=a/8, Q; =w).

oscillate at a higher amplitude than when the same load is applied at a non-resonant
frequency. Figure 16 shows the effect of excitation frequency on the dynamic
deflections of 2-2-1 plates with a homogeneous soft core and an SSSS boundary
condition. It can be observed that the deflections grow dramatically as the time
approaches infinity.

We investigated the effect of the phase angles ¢; of the moving loads on the
dynamic response of 2-2-1 plates with a homogeneous soft core and SSSS boundary
conditions, and Fig. 17 shows the dynamic deflections of these plates with different
values of velocity. It can be seen that the phase angles can be used to reduce the
deflection of the plates. The deflections of plates with zero phase angles
(¢ = ¢y = ¢p3 = 0) were much higher than those of plates with (¢, =0, ¢y =,
¢3 =0) and (¢ = m, ¢y = 0, ¢35 = 7). The plates used in Fig. 17 are shown again in
Fig. 18 for varying values of the equivalent distance (d).

Figures 19 and 20 show results for plates with a homogeneous soft core subjected
to three moving loads in a situation of resonance, and the significant effect of the
phase angles (¢; = 0, ¢y = 7, ¢p3 = 0) can be observed. It can be seen from Fig. 19
that there is a lower dynamic response from 2-2-1 plates with SSSS boundary con-
ditions than for CCCC boundary conditions. Results for FG sandwich plates with
various layer thickness ratios under SSSS boundary conditions are shown in Fig. 20.
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Fig. 18. Dimensionless dynamic deflections at the centre of FG sandwich plates under three moving loads:
(a) d=a/4, (b) d=a/6, (c) d=a/8, (d) d = a/10 (a/h = 20,n =2, v, =50m/s, Q; = w).

From this figure, it can be seen that the different layer thickness ratios affect the
dynamic response of the plates only slightly in comparison with the other effects
studied here, and the dynamic deflections in all cases are relatively similar to each
other throughout the travelling time.
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Fig. 19. Dimensionless dynamic deflections at the centre of FG sandwich plates with different boundary
conditions (a/h = 20,7 =2, d = a/8, v, = 50m/s, Q; = w).
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Fig. 20. Dimensionless dynamic deflections at the centre of FG sandwich plates with different layer
thickness ratios (a/h = 20, 7 =2, d = a/8, v, = 50m/s, ; = w,).

5. Conclusion

The dynamic response of FG sandwich plates under an arbitrary number of harmonic
moving loads was investigated using Ritz-based Gram-—Schmidt polynomials and the
Newmark method. Based on the framework of the FSDT including the effects of
shear deformation and rotary inertia, equations of motion were established for plates
with different boundary conditions. The influence of parameters such as the layer
thickness ratio, boundary conditions, material volume fraction index, excitation
frequency, velocity and phase angle on the dynamic deflections were examined and
discussed in detail.

From a free vibration analysis, it could be concluded that increasing the value of
the material volume fraction index (n) led to a reduction in the frequency of FG
sandwich plates with a homogeneous hard core, while this effect was reversed for
plates with a homogeneous soft core. Since the clamped boundary condition imposed
stricter constraints, the frequency of a plate clamped at all edges was higher than for
plates with other boundary conditions.

For forced vibration of the plates subjected to various numbers of harmonic
moving loads, the following conclusions can be drawn:

e The dynamic deflection of an FG sandwich plate under moving loads initially
shows a fluctuating increase, and then undergoes a continuous increase until the
critical velocity is reached, before dropping down again.

e The dynamic deflection of an FG sandwich plate subjected to moving loads with a
short equivalent distance is larger than for a longer distance.

e The dynamic deflection of an FG sandwich plate with a homogeneous hard core
increases with an increase in the value of n, while this is not the case for a plate
with a homogeneous soft core.
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e The dynamic deflection of an FG sandwich plate is also highly affected by the
boundary conditions; the results for SSSS plates were much larger than for CCCC
plates.

e The phase angles can be used to reduce the dynamic deflection of the plate.

Appendix A.
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