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Abstract

In this research, we propose effective conjugate gradient algorithms for solving
a generalized Sylvester-transpose matrix equation, where all coefficient matrices and
an unknown matrix are rectangular. When the matrix equation is consistent, we derive
an iterative procedure to find its exact solution. For an inconsistent case, the algorithm
seeks for a least-squares solution. Moreover, if the matrix equation has many least-
squares solutions, the algorithm can search for the one with minimal Frobenius-norm
or find the one closest to any given matrix. For any given initial matrix, the iterative
algorithms produce a finite sequence of well-approximate solutions, so that the de-
sire solution comes out within a finite number of iterations in the absence of roundoff
error. Finally, we provide numerical experiments to illustrate the capabilities and ef-
ficiency the algorithms for square/non-square dense/sparse matrices of medium/large
sizes. It turns out that the proposed algorithms perform well with the direct Kronecker
linearization and well-known iterative methods in both errors and computational times.
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Chapter 1
Introduction

1.1 Research Motivation
The inspiration for this work came from the fact that we found Sylvester-type

matrix equations that appeared many disciplines, including mathematics and engineer-
ing. The following Sylvester-type equations include

AX +XAT = B (the Lyapunov matrix equation),
AX +XB = C (the Sylvester matrix equation),
X +AXB = E (the Stein matrix equation),

and other realted equations; see e.g. [1, 2, 3, 4, 5, 6]. Such matrix equations play an
important role in many problems in computational mathematics, signal processing and
model reduction, control and system theory, robust simulation, and neural network;
see e.g. [7, 8, 9]. The matrix equations mentioned above are all special cases that can
be written in the form of a generalized Sylvester-transpose matrix equation:

AXB + CXTD = E, (1.1)

or more generally
s∑

i=1

AiXBi +

t∑
j=1

CjX
TDj = E. (1.2)

where Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t

and E ∈ Rm×q are given matrices and X ∈ Rn×p is matrix to be determined.
Normally, we solve for an unknown matrix of the equation (1.2) by reducing it

to an equivalent linear system, using the vector operator and the Kronecker lineariza-
tion. Well-known traditional direct methods (e.g., Gaussian Elimination, Inversion Matrix,
Cramer’s Rule, and LU Factorization) are used to solve the linear system. We obtain the
unknown matrix of the matrix equation simply by using the injectivity of the vector op-
erators. However, this is a numerically poor way to determine the solution of Eq. (1.2),
as the size of coefficient matrices are moderate or large and may be ill-conditioned. So
this approach is only applicable for small sized matrix equations. When the coefficient
matrices are moderate or large size, to save the time and reduce computer memory
it would be more appropriate to use an iterative method to find a well-approximate
solution.

In the literature review, It was found that three popular iterative techniques
used to solve for linear matrix equations. The first group of techniques is called Her-
mitian and skew-Hermitian splitting (HSS) methods. In last 5 years, HSS methods have
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evolved in various several, such as preconditioned HSS [10], GMHSS [11], FPPSS [12],
and ADSS [13]. The second technique is one that creates a sequence of estimated
solutions from the gradient of the associated norm-error function. The generated se-
quence will converges on the desire solution, when we cautiously set the parameters
of the gradient-based iteration algorithm. This technique is called gradient-based itera-
tive (GI) algorithms. The original gradient-based iterative method was introduced in [14]
for solving Eq. (1.1). Next, the GI method was modified by introducing weighted factor
[15]. After that, a half-step update of GI method, called MGI method [16]. For another
idea of gradient-based iterative algorithm have been introduced such as accelerated
Jacobi GI or AJGI method [17] and modified Jacobi GI or MJGI method [18]. There are
many algorithms in the group of GI techniques to find solutions of Eq. (1.1), such as
GI algorithm [19], accelerated gradient-based iterative (AGBI) algorithm [20], and other
GI techniques based on optimization [21, 22, 23]. In addition, there are GI algorithm to
solve for least-squares solutions of Sylvester-type matrix equations, e.g. [24].

The last famous technique, known as conjugate gradient (CG) technique, aims
to construct associated residual matrices orthogonal. Thus, we get an approximate se-
quence of exact/least-squares solutions within finite steps. In the last decade, many
researchers developed CG algorithms for solve Eq. (1.2) and its special cases, e.g.,
Bi-conjugate gradient (BiCG) method [25], Bi-conjugate residual (BiCR) method [25], con-
jugate gradients squared (CGS) method [26], preconditioned nested splitting CG [27],
generalized conjugate direction (GCD) method [28], conjugate gradient least-squares
(CGLS) method [29], and generalized product-type based on Bi-conjugate gradient (GP-
BiCG) method [30].

In this research, we propose conjugate gradient iterative algorithms for solving
the generalized Sylvester-transpose matrix equation (1.2). We will divide our consider-
ation into two cases. When Eq. (1.2) is consistent and has a unique solution, we derive
an iterative algorithm to find a well-approximate exact solution as follows:
Problem 1. Assume that Eq. (1.2) has a solution. Given a small error ϵ, find X̃ ∈ Rn×p

such that ∥∥∥E −
s∑

i=1

AiX̃Bi −
t∑

j=1

CjX̃
TDj

∥∥∥
F

< ϵ.

On the other hand, when Eq. (1.2) is inconsistent, we propose an algorithm to approxi-
mate least-squares solution(s). When Eq. (1.2) has a unique least-squares solution, the
algorithm will solve the following problem:
Problem 2. Find a matrix X̂ ∈ Rn×p that

minimizes ∥E −
s∑

i=1

AiX̂Bi −
t∑

j=1

CjX̂
TDj∥F .

When Eq. (1.2) has many least-squares solutions, let us denote by L the set of least-
squares solutions of Eq. (1.2). The algorithm also solves for two following problems.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



3

The first one is to find a least-squares solution with the minimal norm:
Problem 3. Find the matrix X∗ such that

∥X∗∥F = min
X̂∈L

∥X̂∥F .

And the second one is to find a least-squares solution closest to a given matrix:
Problem 4. Let Y ∈ Rn×p. Find the matrix X̌ such that

∥X̌ − Y ∥F = min
X̂∈L

∥X̂ − Y ∥F .

Moreover, We also examine the results the algorithm the prove that such each
algorithms can obtain a desire solution for any initial matrix within finite steps. Nu-
merical experiments are provided to illustrate the capability and performance of the
proposed algorithms comparison with well-known algorithms and traditional direct
method.

1.2 Objectives of the Study
1) Propose a CG-type algorithm to solve for the exact solution of the generalized

Sylvester-transpose matrix equation.
2) Propose a CG-type algorithm to solve for a least-squares solution of the general-

ized Sylvester-transpose matrix equation.
3) Investigate the convergent property of the proposed algorithms.
4) Provide numerical simulations comparing to well-known algorithms and recent

algorithms.

1.3 Scope of the Study
The main system we considered here is the following matrix equation

s∑
i=1

AiXBi +
t∑

j=1

CjX
TDj = E. (1.2)

Here, coefficient matrices Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q, E ∈ Rm×q are
given, and a rectangular matrix X ∈ Rn×p is unknown. We consider two cases of Eq.
(1.2)

1) Eq. (1.2) is consistent, we look for an exact solution X∗.
2) Eq. (1.2) is inconsistent, we look for

2.1) Eq. (1.2) has a unique least-squares solution
2.2) Eq. (1.2) has many least-squares solution, we solve

• least-squares solution with minimal Frobenius-norm,
• least-squares solution closest to a given matrix.
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1.4 Benefits of the Study
Attain new effective algorithms to solve the generalized Sylvester-transpose

matrix equation.

1.5 Research Methodology
1) Study advanced topics in matrix theory and numerical linear algebra.

2) Study Sylvester-transpose matrix from textbooks and research papers.

3) Study iterative methods for solving linear matrix equations such as conjugate gra-
dient algorithms, gradient-based iterative algorithms from research papers.

4) Propose a new conjugate gradient iterative algorithm to solve for the exact solution
of the generalized Sylvester-transpose matrix.

5) Analyze a convergence of the first algorithm and provide numerical simulations.

6) Propose a new conjugate gradient iterative algorithm to solve for a least-squares
solution of the generalized Sylvester-transpose matrix.

7) Analyze a convergence of the second algorithm and provide numerical simula-
tions.

8) Combine and summarize all findings then write the thesis and make suggestions
for further studies.

table1 - The research schedule

Table 1.1: The research schedule
Time frame

Activity 2020 2021 2022 2023 2024
Aug-Dec. Jan.-Jun. Jul.-Dec. Jan.-Jun. Jul.-Dec. Jan.-Jun. Mar.-Jun.

Step 1
Step 2
Step 3
Step 4
Step 5
Step 6
Step 7
Step 8This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2
Preliminaries

In this chapter, we introduce important tools that will be useful later in deriving
and analyzing iterative algorithms for solving matrix equations. Throughout, we denote
the set of all m-by-n real matrices by Rm×n.

2.1 Auxiliary results from matrix theory
Definition 2.1. Let A = [aij ] ∈ Rm×n and B = [bij ] ∈ Rp×q. The Kronecker product of A
and B is defined by

A⊗B =


a11B · · · a1nB
... . . . ...

am1B · · · amnB

 ∈ Rmp×nq.

Lemma 2.2 (see, e.g., [31]). The following properties hold for any compatible matrices
A,B,C:

1) (A⊗B)
T

= AT ⊗BT ,
2) (A+B)⊗ C = A⊗ C +B ⊗ C,
3) A⊗ (B + C) = A⊗B +A⊗ C.

Definition 2.3. The vector operator Vec(·) assigns to each matrix A = [aij ] ∈ Rm×n the
column vector

VecA = [a11 · · · am1a12 · · · am2a1n · · · amn]
T ∈ Rmn.

Lemma 2.4 (see, e.g., [31]). Let A and B be compatibly constant matrices. The prop-
erties of the vector operator are as follows:

1) Vec(αA) = αVecA, α is a constant.
2) Vec(A+B) = VecA+ VecB.

This operator is bijective, linear, and compatible with the usual matrix multipli-
cation in the following sense.
Lemma 2.5 (see, e.g., [31]). For any A ∈ Rm×n, B ∈ Rp×q and X ∈ Rn×p, we have

VecAXB = (BT ⊗A)VecX.

Definition 2.6. Let A = [aij ] ∈ Rm×m. The trace of matrix A is denoted by tr(A) and
defined to be

tr(A) =
m∑
i=1

aii.
This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 2.7 (see, e.g., [31]). Let A and B be compatibly constant matrices. The prop-
erties of trace of matrix are as follows:

1) tr(A+B) = tr(A) + tr(B),

2) tr(αA) = α tr(A), α is a constant.

3) tr(AB) = tr(BA).

Recall that the commutation matrix P (m,n) is a permutation matrix defined by

P (m,n) =
m∑
i=1

n∑
j=1

Eij ⊗ ET
ij ∈ Rmn×mn (2.1)

where each Eij ∈ Rm×n has entry 1 in (i, j)-th position and all other entries are 0.

Lemma 2.8 (see, e.g., [31]). For any matrices A ∈ Rm×n, B ∈ Rp×q, X ∈ Rq×n and
Y ∈ Rp×m of compatible dimensions, we have

1) B ⊗A = P (n, p)T (A⊗B)P (n, q),

2) Vec(AT ) = P (m,n)Vec(A),

3) (Vec (Y ))
T
(A⊗B)Vec (X) = tr (ATY TBX

).
Definition 2.9. The standard (Frobenius) inner product of A,B ∈ Rm×n is defined by

⟨A,B⟩ := tr(BTA) = tr(ABT ).

If ⟨A,B⟩ = 0, we say that A is orthogonal to B.

Lemma 2.10 (see, e.g., [31]). For any matrices A,B,C,D are the corresponding dimen-
sions. A well-known property of the inner product is that

⟨A,BCD⟩ = ⟨BTADT , C⟩.

Definition 2.11. The Frobenius norm of matrix A ∈ Rm×n is defined by

∥A∥ =

 m∑
i=1

n∑
j=1

a2ij

 1
2

=
(tr (ATA

)) 1
2 .

2.2 Theory of linear systems
We consider the linear system

Ax = b (2.2)

where A ∈ Rm×n is a known constant matrix, b ∈ Rm×1 is a known constant vector, and
x ∈ Rn×1 is an un known vector to be solved.
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The normal equation
In order to solve the linear system Eq. (2.2) when A is nonsymmetric, we can

solve the equivalent linear system

ATAx = AT b. (2.3)

This system is known as the system of the normal equations associated with the least-
squares problem:

min
x∈Rn

∥b−Ax∥2. (2.4)

Note that Eq. (2.3) is typically used to solve the least-squares problem Eq. (2.4) for
over determined systems, i.e., when A is a rectangular matrix of size Rm×n and n < m.

Pseudoinverse
Theorem 2.12 (see, e.g., [32]). Let A ∈ Rm×n be a matrix of rank r > 0. Then there exist

• positive real numbers s1, s2, . . . , sr,

• an orthonormal set {u1, u2, . . . , ur} ⊆ Rm×1,

• an orthonormal set {v1, v2, . . . , vr} ⊆ Rn×1

such that

A =

r∑
j=1

sjujv
T
j . (2.5)

The numbers s1, s2, . . . , sr are called singular values of A. The decomposition
(2.5) is known as the dyadic form of the Singular Value Decomposition (SVD) of A.

Definition 2.13. Let A ∈ Rm×n be a matrix of rank r with singular value decomposition
(2.5). Then the pseudoinverse (or Moore-Penrose pseudoinverse) of matrix A is given
by

A† =

r∑
j=1

1

sj
vju

T
j . (2.6)

Lemma 2.14 (see, e.g., [32]). We emphasize that x = A†b solves all three the problems
of linear system Eq. (2.2)

1) If A is invertible, then m = n = r and

x = A−1b =

 n∑
j=1

1

sj
vju

T
j

 b.

In particular, when ever A is invertible, A† = A−1.
This material is reserved for educational use only, not allowed for commercial use. 
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2) If b ∈ R(A), then bR = b, and

x = A†b =

 n∑
j=1

1

sj
vju

T
j

 b.

solves Ax = b. If r < n, then there exist infinitely many solutions to Ax = b that
all have the form x = A†b + n for n ∈ N (A) = span{vr+1, . . . , vn}. Among all these
solutions, x = A†b is the unique solution of smallest norm.

3) When b ̸∈ R(A), no x will solve Ax = b, but x = A†b will minimize ∥Ax − b∥2. If
r < n, there will be infinitely many x that minimize ∥Ax − b∥2, each having the
form x = A†b + n for n ∈ N (A). Among all these solutions x = A†b is the unique
minimizer of ∥Ax− b∥2 having smallest norm.

2.3 Iterative methods for linear systems
A conjugate gradient algorithm for linear systems

The conjugate gradient method was created by Magnus Hestenes and Eduard
Stiefel in 1952 [33]. It is the iterative method to find the solution of linear system Eq.
(2.2) under condition that the coefficient matrix A ∈ Rn×n is positive definite.

The algorithm starts with an initial approximation x(0) and takes the first direction
to be the residual from steepest descent d(1) = r(0) = b − Ax(0). Each approximation
is computed by x(k) = x(k−1) + αkd

(k). Applying the A-orthogonality condition from
conjugate directions in order to speed up convergence, 〈d(i), Ad(j)

〉
= 0 and 〈

r(i), r(j)
〉
= 0

when i ̸= j There are two stopping conditions. The first is calculating a residual to be
zero, which means

r(k) = b−Ax(k)

0 = b−Ax(k)

Ax(k) = b

this implies that the solution is x(k).
The second stopping condition is if the residual is sufficiently close to 0, within

some specified tolerance. The next search direction d(k+1), is computed using the
residual from the previous iteration r(k), by

d(k+1) = r(k) + βkd
(k)

In order for the A-orthogonal condition to hold, βk must be chosen in such a way that〈
d(k+1), Ad(k)

〉
= 0. In order to figure out what the choice of βk should be, multiply by

A and take the inner product with the previous search direction d(k), to the left side to
obtain: 〈

d(k), Ad(k+1)
〉

=
〈
d(k), Ar(k)

〉
+ βk

〈
d(k), Ad(k)

〉This material is reserved for educational use only, not allowed for commercial use. 
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by the A-orthogonality condition, 〈d(k), Ad(k+1)
〉
= 0, so

0 =
〈
d(k), Ar(k)

〉
+ βk

〈
d(k), Ad(k)

〉
then solving for βk,

βk = −
〈
d(k), Ar(k)

〉〈
d(k), Ad(k)

〉 .
Next solving for the scalar αk, from conjugate directions,

αk =

〈
d(k), r(k−1)

〉〈
d(k), Ad(k)

〉 .
Applying the chosen definition of d(k+1),

αk =

〈
d(k), r(k−1)

〉〈
d(k), Ad(k)

〉
=

〈
r(k−1) + βk−1d

(k−1), r(k−1)
〉〈

d(k), Ad(k)
〉

=

〈
r(k−1), r(k−1)

〉〈
d(k), Ad(k)

〉 + βk−1

〈
d(k−1), r(k−1)

〉〈
d(k), Ad(k)

〉
substituting d(k−1) using the definition d(k+1) = r(k) + βkd

(k) to obtain:

αk =

〈
r(k−1), r(k−1)

〉〈
d(k), Ad(k)

〉 + βk−1

〈
r(k−2), r(k−1)

〉〈
d(k), Ad(k)

〉 + βk−1βk−2

〈
d(k−2), r(k−1)

〉〈
d(k), Ad(k)

〉
because of the orthogonality condition of residuals, 〈

r(k−2), r(k−1)
〉
= 0. Clearly, by

continuing to expand the d(i) terms none of the terms will contain r(k−1). So, every
term except for the 〈

r(k−1), r(k−1)
〉 term is zero. So,

αk =

〈
r(k−1), r(k−1)

〉〈
d(k), Ad(k)

〉 .

Lastly, calculating the residuals, starting with the definition of x(k),
xk = xk−1 + αkd

(k)

multiplying by −A, and adding b the equation becomes,
b−Axk = b−Axk−1 − αkAd(k).

Now utilizing the definition of r(k),
rk = rk−1 − αkAd(k).

By eliminating our dependence on these repetitive calculations, the algorithm becomes
more efficient. The matrix multiplications in the βk formula can both be removed by
the following:
Starting with the r(k) formula and taking the inner product with itself on the right,

rk = rk−1 − αkAd(k)〈
r(k), r(k)

〉
=

〈
r(k−1), r(k)

〉
− αk

〈
Ad(k), r(k)

〉
〈
r(k), r(k)

〉
= −αk

〈
Ad(k), r(k)

〉
− 1

αk

〈
r(k), r(k)

〉
=

〈
d(k), Ar(k)

〉
.This material is reserved for educational use only, not allowed for commercial use. 
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Next considering the αk formula,

αk =

〈
r(k−1), r(k−1)

〉〈
d(k), Ad(k)

〉〈
d(k), Ad(k)

〉
=

1

αk

〈
r(k−1), r(k−1)

〉
.

Substituting into the βk formula,

βk = −
〈
d(k), Ar(k)

〉〈
d(k), Ad(k)

〉
= −

− 1
αk

〈
r(k), r(k)

〉
1
αk

〈
r(k−1), r(k−1)

〉
=

〈
r(k), r(k)

〉〈
r(k−1), r(k−1)

〉
This eliminated the redundancy of the algorithm, which increases the efficiency sub-
stantially. The following is the code for the CG-method [33, 34].

Algorithm 1: A conjugate gradient algorithm for the linear system Eq. (2.2)
r(0) = b−Ax(0), d(1) = r(0)

Set k = 1

while k ≤ n do
αk+1 = ∥r(k)∥2

⟨d(k+1),Ad(k+1)⟩
x(k+1) = x(k) + αk+1d

(k+1)

r(k) = r(k−1) − αkAd
(k)

if r(k) = 0 then
x(k) is the exact solution ; break

else
βk = ∥r(k)∥2

∥r(k−1)∥2

d(k+1) = r(k) + βkd
k

end
update k

end

The CGLS algorithm for linear systems
We have been looking at the problem of approximately solving an overcon-

strained system: when Eq. (2.2) does not have a solution, finding an x that is the
lease-squares solution of Eq. (2.2) is the solution corresponding normal equation Eq.
(2.3).

In 1982, Paige and Saunders [35] propose a CGLS algorithm for computing the
solution of the least-squares problem Eq. (2.4). An algorithm with better numerical
properties is easily derived by a slight algebraic rearrangement, making use of the inter-
mediate vector Ad(k) [33]. It is usually stated in notation similar to the following:
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Algorithm 2: A CGLS algorithm for the linear system Eq. (2.2)
Set r(0) = b, s(0) = AT b, d(1) = s(0), γ0 = ∥s(0)∥ and x(0) = 0

while k = 1 to n do
set q(k) = Ad(k)

αk = γk−1

∥q(k)∥2

x(k) = x(k−1) + αkd
(k)

r(k) = r(k−1) − αkq
(k)

s(k) = AT r(k)

if s(k) = 0 then
x(k) is the exact solution ; break

else
γk = ∥s(k)∥2

βk = γk

γk−1

d(k+1) = s(k) + βkd
k

end
update k

end

2.4 Iterative methods for Sylvester-type matrix equations to
obtain an exact solution

2.4.1 The Sylvester matrix equation
Consider the iterative solution of the following Sylvester matrix equation

AX +XB = C, (2.7)
where A ∈ Rm×m, B ∈ Rn×n, C ∈ Rm×n are known matrices, and X ∈ Rm×n is the
matrix to be determined. Several researchers have developed iterative methods to
solve sylvester matrix equations.

The gradient based iterative (GI) algorithm
The GI algorithm was proposed by Ding et al. [14] for solving Eq. (2.7). Here, we

regard Eq. (2.7) as the following two matrix equations:
AX = C −XB, XB = C −AX. (2.8)

From Eq. (2.8) Ding et al. presented the iterative solution X(k) = (X1(k)+X2(k))/2 given
by the GI algorithm with

X1(k) = X(k − 1) + µAT [C −AX(k − 1)−X(k − 1)B] ,

X2(k) = X(k − 1) + µ [C −AX(k − 1)−X(k − 1)B]BTThis material is reserved for educational use only, not allowed for commercial use. 
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It is shown in [14] that the GI algorithm converges as long as
0 < µ <

2

λmax(AAT ) + λmax(BTB)
,

where λmax(AAT ) is the largest eigenvalue of AAT .

The relaxed gradient based iterative (RGI) algorithm
In [15], Niu at al. proposed a relaxed gradient based iterative algorithm for

solving Eq. (2.7) by introducing a relaxed factor ω̂. Compute
X(k − 1) = ω̂X1(k − 1) + (1− ω̂)X2(k − 1),

X1(k) = X(k − 1) + (1− ω̂)µAT [C −AX(k − 1)−X(k − 1)B] ,

X2(k) = X(k − 1) + ω̂µ [C −AX(k − 1)−X(k − 1)B]BT

The RGI algorithm has been proved to be convergent when
0 < µ <

1

ω̂(1− ω̂)(λ1 + λ2 + λ3)
,

where λ1 = λmax(AAT ), λ2 = λmax(BTB), and λ3 = σmax(BAT ) denotes the largest singular
value of matrix BAT .

The modified gradient based iterative (MGI) algorithm
Recently, in [16] Wang et al. proposed a modified gradient based iterative (MGI)

algorithm to solve Eq. (2.7). Choose the initial matrices X1(0), X2(0) and compute
X(0) = (X1(0) +X2(0))/2. In the step of computing

X1(k) = X(k − 1) + µAT [AX(k − 1) +X(k − 1)B − C] ,

X(k − 1) =
X1(k) +X2(k − 1)

2
,

X2(k) = X(k − 1) + µ [AX(k − 1) +X(k − 1)B − C]BT ,

X(k) =
X1(k) +X2(k)

2
.

The modified gradient based iterative (MGI) algorithm converges to a unique solution
for any initial value.

The accelerated gradient based iterative (AGBI) algorithm
Xie et al. [20] proposed the accelerated gradient based iterative (AGBI) algorithm

for solving Eq. (2.7) by using the information of
X1(k) = X(k − 1) + ω̄µAT [C −AX(k − 1)−X(k − 1)B]

X2(k) = X(k − 1) + (1− ω̄)µ [C −AX(k − 1)−X(k − 1)B]BT

to update X(k − 1). From Theorem 3.4 [20], we conclude that the AGBI algorithm will
be convergent when

0 < µ < min
{

2

ω̄∥A∥2
,

2

(1− ω̄)∥B∥2

}
.
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2.4.2 The Stein matrix equation
Ding et al. [14] studied the solution to the following matrix equation:

X +AXB = E, (2.9)

where A ∈ Rm×m,B ∈ Rn×n, C ∈ Rm×n, are given constant matrices, X ∈ Rm×n, is the
unknown matrix to be solved. For the equation in (2.9), they present the gradient
iterative algorithm to compute the solution X∗:

X1(k) = X(k − 1) + µAT [C −AX(k − 1)B −X(k − 1)]BT ,

X2(k) = X(k − 1) + µ [C −AX(k − 1)B −X(k − 1)] ,

X(k) =
1

2
(X1(k) +X2(k)).

when

µ =
1

λmax(AAT )λmax(BTB) + 1
or µ =

1

∥A∥22∥B∥22 + 1
.

If the matrix equation in (2.9) has a unique solution X∗, then the iterative solution X(k)

given by the algorithm converges to the solution X∗, i.e., limk→∞ X(k) = X∗.

2.4.3 A generalized Sylvester matrix equation
In [14], Ding et al. extended the study to a more general matrix equation:

p∑
j=1

AjXBj = C, (2.10)

where Aj ∈ Rm×m,Bj ∈ Rn×n, C ∈ Rm×n, are given constant matrices, X ∈ Rm×n, is the
unknown matrix to be solved. If the matrix equation in (2.10) has a unique solution X∗,
then the iterative solution X(k) given by

Xi(k) = X(k − 1) + µAT
i

C −
p∑

j=1

AjX(k − 1)Bj

BT
i , i = 1, 2, . . . , p,

X(k) =
1

p
(X1(k) +X2(k) + · · ·+Xp(k)).

when

µ =
1∑p

j=1 λmax(AjAT
j )λmax(BT

j Bj)
or µ =

1∑p
j=1∥Aj∥22∥Bj∥22

converges to the solution X∗.

2.4.4 A generalized Sylvester-transpose matrix equation
A generalized Sylvester-transpose matrix equation takes the from

s∑
i=1

AiXBi +
t∑

j=1

CjX
TDj = E. (1.6)This material is reserved for educational use only, not allowed for commercial use. 
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where Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t

and E ∈ Rm×q are given matrices and X ∈ Rp×q is unknown matrix. Kittisopaporn
et al. [36] studied Eq. (1.2) when an associated matrix is of full column-rank. The
techniques of gradient and steepest descent let us obtain the search direction and
the step sizes. Indeed, for any initial matrix X0, the sequence X(k) of approximated
solutions generated by

X(k) = X(k − 1) + τk

( s∑
i=1

AT
i R(k − 1)BT

i +
t∑

j=1

DjR(k − 1)TCj

)
converges to the exact solution X∗.

2.5 Iterative methods for Sylvester-type matrix equations to
obtain a least-squares solution
When Eq. (1.2) has no solution, we will not be able to exactly solve overde-

termined equations. The best we can seek for a least-squares solution, i.e. a matrix X

such that minimizes the squared Frobenius norm∥∥∥∥ s∑
i=1

AiXBi +
t∑

j=1

CjX
TDj − E

∥∥∥∥
F

.

The Least-squares iterative (LSI) method
In 2009, Ding et al. extended the concept of a GI method to the least-squares

based iterative (LSI) algorithm. Let 0 < µ < 2(s + t). Then the iterative solution X(k)

given by the least-squares based iterative (LSI) algorithm,

Xi(k) = X(k − 1) + µ(AT
i Ai)

−1AT
i

(
E −

s∑
i=1

AiX(k − 1)Bi −
t∑

j=1

CjX(k − 1)TDj

)
BT

i (BiB
T
i )

−1,

Xj(k) = X(k − 1) + µ(DjD
T
j )

−1Dj

(
E −

s∑
i=1

AiX(k − 1)Bi −
t∑

j=1

CjX(k − 1)TDj

)
Cj(C

T
j Cj)

−1,

X(k) =
1

s+ t

 s∑
i=1

Xi +
t∑

j=1

Xj

 ,

leads to limk→∞ X(k) = X for any initial value X(0).

The conjugate gradient least-squares iterative (CGLS) method
Hajarian [29] proposed an iterative matrix algorithm based on the conjugate

gradient least-squares iterative (CGLS) method for solving the matrix X within a finite
number of iterations for any arbitrary initial matrix X(0). By applying knowledge of the
Kronecker product and vectorization operator, the solution X can be obtained by

X(k) = X(k − 1) + δ(k)P (k),

in the absence of roundoff errors.
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Chapter 3
Conjugate gradient algorithms for a generalized

Sylvester-transpose matrix equation
In this chapter, we discuss how to solve the generalized Sylvester-transpose

matrix equation (1.2), where Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q, D ∈ Rm×q,
E ∈ Rm×q are know coefficient matrices, and X ∈ Rn×p is unknown matrix. We recall
the direct Kronecker linearization to solve Eq. (1.2) for exact/least-squares solutions.
We devide the consideration of Eq. (1.2) into two cases. When Eq. (1.2) has a solution
(consistent), we will derive a conjugate gradient algorithm to produce an exact solution.
For inconsistent case, we will propose a CG algorithm to obtain a least-squares solution,
the minimal-norm least-squares solution, and the least-squares solution closet to a
given matrix.

Assume that the generalized Sylvester-transpose matrix equation (1.2) is con-
sistent. From now on, let m,n, p, q, s, t,∈ N be such that mq = np, we offer solution of
Problem 1:

3.1 Exact solution via a direct Kronecker linearization
A direct solution for Eq. (1.2) can be obtained directly by transforming the matrix

equation into an equivalent linear system. Applying the vector operator to (1.2) and
utilizing Lemmas 2.5 and 2.8, we get

VecE = Vec
 s∑

i=1

AiXBi +
t∑

j=1

CjX
TDj


=

s∑
i=1

(BT
i ⊗Ai)VecX +

t∑
j=1

(DT
j ⊗ Cj)VecXT

=

s∑
i=1

(BT
i ⊗Ai)VecX +

t∑
j=1

(DT
j ⊗ Cj)P (n, p)VecX

=

 s∑
i=1

(BT
i ⊗Ai) +

t∑
j=1

(DT
j ⊗ Cj)

VecX. (3.1)

Let us denote x = VecX , b = VecE, and

K =
s∑

i=1

(BT
i ⊗Ai) +

t∑
j=1

(DT
j ⊗ Cj)P (n, p) ∈ Rmq×np. (3.2)

That implies the equivalent of Eq. (1.2) and the linear algebraic system Kx = b.
There are well-known direct method in general linear algebra for solve the vector xThis material is reserved for educational use only, not allowed for commercial use. 
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such as Gaussian Elimination, Inversion Matrix, Cramer’s Rule, and LU Factorization.
Due to the injectivity of Vec(·), we obtain the unknown matrix X from VecX .

3.2 Exact solution via a conjugate gradient algorithm
We focus our attention when the matrix coefficients Ai, Bi, Cj , Dj are moder-

ate or large sizes. The traditional direct methods are not suitable because solving for
matrices moderate or large sizes requires a large amount of time and memory to find
a exact solution for Problem 1. For medium or large matrices It is enough to find an
approximate solution to the equation. From now on, assume that K in (3.2) is sym-
metric and full-column rank, under such conditions we propose the following iterative
algorithm to find a well-approximate solution for Problem 1:
Algorithm 3: A CG algorithm for a generalized Sylvester-transpose matrix
equation Eq. (1.2)
Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t

and E ∈ Rm×q ;
Given an ϵ such that ϵ > 0, set k = 0, U0 = 0. Choose X0 ∈ Rn×p

R0 = E −
∑s

i=1 AiX0Bi −
∑t

j=1 CjX0Dj

for k = 0 to np do
if ∥Rk∥ ⩽ ϵ then

Xk is the disired solution; break
else

if k = 0 then
set Uk+1 = Rk

else
set Uk+1 = Rk + ∥Rk∥2

∥Rk−1∥2Uk

end
end
Vk+1 =

s∑
i=1

AiUk+1Bi +
t∑

j=1

CjU
T
k+1Dj

αk+1 = tr (UT
k+1Vk+1

)
Xk+1 = Xk + ∥Rk∥2

αk+1
Uk+1

Rk+1 = E −
s∑

i=1

AiXk+1Bi −
t∑

j=1

CjX
T
k+1Dj

update k

end
end

We will show that Algorithm 3 produces approximate solutions within finite step,
so that the set of residual matrices Rk is an orthogonal set for any given initial matrix
X0. We divides the proof into several lemmas.
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Lemma 3.1. Suppose that the iterative sequence {Ri} is generated by Algorithm 3. We
have

Rk+1 = Rk − ∥Rk∥2

αk+1
Vk+1 for k = 0, 1, 2, ... (3.3)

Proof. From Algorithm 3, we have that for any k,

Rk+1 = E −
s∑

i=1

AiXk+1Bi −
t∑

j=1

CjX
T
k+1Dj

= E −
s∑

i=1

Ai

(
Xk +

∥Rk∥2

αk+1
Uk+1

)
Bi −

t∑
j=1

Cj

(
XT

k +
∥Rk∥2

αk+1
UT
k+1

)
Dj

= E −
s∑

i=1

AiXkBi −
∥Rk∥2

αk+1

s∑
i=1

AiUk+1Bi −
t∑

j=1

CjX
T
k Dj −

∥Rk∥2

αk+1

t∑
j=1

CjU
T
k+1Dj

= E −
s∑

i=1

AiXkBi −
t∑

j=1

CjX
T
k Dj −

∥Rk∥2

αk+1

 s∑
i=1

AiUkBi +
t∑

j=1

CjU
T
k Dj


= Rk − ∥Rk∥2

αk+1
Vk+1.

Lemma 3.2. Suppose that the iterative sequences {Ui} and {Vi}, generated by Algo-
rithm 3, under an assumption that the matrix K in (3.2) is symmetric, satisfy

tr (UT
mVn

)
= tr (V T

mUn

) for any m,n. (3.4)
Proof. Applying Lemmas 2.2–2.8 and the symmetry of K, we have

tr (V T
mUn

)
= (VecVm)

T VecUn

=

Vec
 s∑

i=1

AiUmBi +
t∑

j=1

CjU
T
mDj

T

VecUn

=

 s∑
i=1

(BT
i ⊗Ai)VecUm +

t∑
j=1

(DT
j ⊗ Cj)VecUT

m

T

VecUn

=

 s∑
i=1

(BT
i ⊗Ai) +

t∑
j=1

(DT
j ⊗ Cj)P (m,n)

VecUm

T

VecUn

= [K VecUm]
T VecUn

= (VecUm)
T

K VecUn

= (VecUm)
T

 s∑
i=1

(BT
i ⊗Ai) +

t∑
j=1

(DT
j ⊗ Cj)P (m,n)

VecUn


= (VecUm)

T

Vec
 s∑

i=1

AiUnBi +
t∑

j=1

CjU
T
n Dj


= (VecUm)

T VecVn

= tr (UT
mVn

)
for any m,n.
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Lemma 3.3. Suppose that the iterative sequences {Ri}, {Ui} and {Vi}, generated by
Algorithm 3, satisfy

tr (RT
mRm−1

)
= 0 and tr (UT

m+1Vm

)
= 0 for any m. (3.5)

Proof. We use induction principle to prove this lemma. From Lemmas 3.1 and 3.2, in
the initial step m = 1, we obtain

tr (RT
1 R0

)
= tr

[(
R0 −

∥R0∥2

α1
V1

)T

R0

]

= tr (RT
0 R0

)
− ∥R0∥2

α1
tr (V T

1 R0

)
= ∥R0∥2 − ∥R0∥2

= 0,

and

tr (UT
2 V1

)
= tr

[(
R1 +

∥R1∥2

∥R0∥2
U1

)T

V1

]

= tr (RT
1 V1

)
+

∥R1∥2

∥R0∥2
tr (UT

1 V1

)
= tr

(
RT

1

(
−α1

∥R0∥2
(R1 −R0)

))
+ α1

∥R1∥2

∥R0∥2

= − α1

∥R0∥2
tr (RT

1 R1

)
+

α1

∥R0∥2
tr (RT

1 R0

)
+ α1

∥R1∥2

∥R0∥2

= − α1

∥R0∥2
∥R1∥2 + α1

∥R1∥2

∥R0∥2

= 0.

That means Eq. (3.5) hold for m = 1. In the procedure of inductive step, assume that
for all m = 1, . . . , k Eq. (3.5) is true. Then for m = k + 1, we get

tr (RT
k+1Rk

)
= tr

[(
Rk − ∥Rk∥2

αk+1
Vk+1

)T

Rk

]

= tr (RT
k Rk

)
− ∥Rk∥2

αk+1
tr (V T

k+1Rk

)
= ∥Rk∥2 −

∥Rk∥2

αk+1
tr
(
V T
k+1

(
Uk+1 −

∥Rk∥2

∥Rk−1∥2
Uk

))
= ∥Rk∥2 −

∥Rk∥2

αk+1
tr (V T

k+1Uk+1

)
+

∥Rk∥2

αk+1

∥Rk∥2

∥Rk−1∥2
tr (V T

k+1Uk

)
= ∥Rk∥2 −

∥Rk∥2

αk+1
αk+1

= 0,
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and

tr (UT
k+2Vk+1

)
= tr

[(
Rk+1 +

∥Rk+1∥2

∥Rk∥2
Uk+1

)T

Vk+1

]

= tr (RT
k+1Vk+1

)
+

∥Rk+1∥2

∥Rk∥2
tr (UT

k+1Vk+1

)
= tr

(
RT

k+1

(
−αk+1

∥Rk∥2
(Rk+1 −Rk)

))
+

∥Rk+1∥2

∥Rk∥2
αk+1

=
αk+1

∥Rk∥2
tr (RT

k+1Rk

)
− αk+1

∥Rk∥2
tr (RT

k+1Rk+1

)
+

∥Rk+1∥2

∥Rk∥2
αk+1

= 0.

Hence, the conclusion Eq. (3.5) holds for any m.

Lemma 3.4. Suppose that the iterative sequences {Ri}, {Ui} and {Vi} are generated
by Algorithm 3. Then

tr (RT
mR0

)
= 0, tr (UT

m+1V1

)
= 0 for any m. (3.6)

Proof. We use induction principle to prove this lemma. From Lemma 3.3, In the initial
step m = 1, we have tr(RT

1 R0) = 0 and tr(PT
2 Q1) = 0. Now, In the procedure of inductive

step, assume that for all m = 1, . . . , k Eq. (3.6) is true. From Lemmas 3.1 and 3.2, for
m = k + 1 we get

tr (RT
k+1R0

)
= tr

[(
Rk − ∥Rk∥2

αk+1
Vk+1

)T

R0

]

= tr (RT
k R0

)
− ∥Rk∥2

αk+1
tr(V T

k+1R0)

= −∥Rk∥2

αk+1
tr(V T

k+1U1)

= −∥Rk∥2

αk+1
tr(UT

k+1V1)

= 0,

and

tr (UT
k+2V1

)
= tr (V T

k+2U1

)
= tr

[(
−αk+2

∥Rk+1∥2
(Rk+2 −Rk+1)

)T

U1

]
=

−αk+2

∥Rk+1∥2
tr (RT

k+2U1

)
+

αk+2

∥Rk+1∥2
tr (RT

k+1U1

)
=

−αk+2

∥Rk+1∥2
tr (RT

k+2R0

)
+

αk+2

∥Rk+1∥2
tr (RT

k+1R0

)
= 0.

Hence, the conclusion Eq. (3.6) holds for any m.

Theorem 3.5. Suppose that the iterative sequences {Ri}, {Ui} and {Vi} are generated
by Algorithm 3. Then for any m,n, m ̸= n is considered, under an assumption that the
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matrix K in (3.2) is symmetric, we obtain

tr (RT
m−1Rn−1

)
= 0 and tr (UT

mVn

)
= 0. (3.7)

Proof. For any integersm,n, by Lemma 3.2 and the fact of trace of matrix that tr(RT
m−1Rn−1) =

tr(RT
n−1Rm−1), that is enough to prove (3.7) for any m,n such that m > n. We use in-

duction principle to prove this theorem. In the initial step, according to Lemma 3.3, Eq
(3.7) holds for m = n+ 1. For m = n+ 2, we get

tr (RT
n+2Rn

)
= tr

[(
Rn+1 −

∥Rn+1∥2

αn+2
Vn+2

)T

Rn

]

= tr(RT
n+1Rn)−

∥Rn+1∥2

αn+2
tr(V T

n+2Rn)

= −∥Rn+1∥2

αn+2
tr
[
V T
n+2

(
Un+1 −

∥Rn∥2

∥Rn−1∥2
Un

)]
= −∥Rn+1∥2

αn+2

[
tr (V T

n+2Un+1

)
− ∥Rn∥2

∥Rn−1∥2
tr (V T

n+2Un

)]
=

∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2
tr (UT

n+2Vn

)
=

∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2
tr
[(

Rn+1 +
∥Rn+1∥2

∥Rn∥2
Un+1

)T

Vn

]

=
∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2

[
tr (RT

n+1Vn

)
+

∥Rn+1∥2

∥Rn∥2
tr (UT

n+1Vn

)]
=

∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2
tr
[
RT

n+1

(
αn

∥Rn−1∥2
(Rn −Rn−1)

)]
=

∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2
αn

∥Rn−1∥2
[tr(RT

n+1Rn−1)− tr(RT
n+1Rn)

]
=

∥Rn+1∥2

αn+2

∥Rn∥2

∥Rn−1∥2
αn

∥Rn−1∥2
tr(RT

n+1Rn−1),
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tr (RT
n+1Rn−1

)
= tr

[(
Rn − ∥Rn∥2

αn+1
Vn+1

)T

Rn−1

]

= tr(RT
nRn−1)−

∥Rn∥2

αn+1
tr(V T

n+1Rn−1)

= −∥Rn∥2

αn+1
tr
[
V T
n+1

(
Un − ∥Rn−1∥2

∥Rn−2∥2
Un−1

)]
= −∥Rn∥2

αn+1

[
tr (V T

n+1Un

)
− ∥Rn−1∥2

∥Rn−2∥2
tr (V T

n+1Un−1

)]
=

∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
tr (UT

n+1Vn−1

)
=

∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
tr
[(

Rn +
∥Rn∥2

∥Rn−1∥2
Un

)T

Vn−1

]

=
∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2

[
tr (RT

nVn−1

)
+

∥Rn∥2

∥Rn−1∥2
tr (UT

n Vn−1

)]
=

∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
tr
[
RT

n

(
αn−1

∥Rn−2∥2
(Rn−1 −Rn−2)

)]
=

∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
αn−1

∥Rn−2∥2
[tr(RT

nRn−2)− tr(RT
nRn−1)

]
=

∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
αn−1

∥Rn−2∥2
tr(RT

nRn−2),

tr (UT
n+2Vn

)
= tr

[(
Rn+1 −

∥Rn+1∥2

∥Rn∥2
Un+1

)T

Vn

]

= tr(RT
n+1Vn) +

∥Rn+1∥2

∥Rn∥2
tr(UT

n+1Vn)

= tr
[
RT

n+1

(
−αn

∥Rn−1∥2
(Rn −Rn−1)

)]
=

−αn

∥Rn−1∥2
tr (RT

n+1Rn −RT
n+1Rn−1

)
=

αn

∥Rn−1∥2
tr
[(

Rn − ∥Rn∥2

αn+1
Vn+1

)T

Rn−1

]

=
αn

∥Rn−1∥2

[
tr (RT

nRn−1

)
− ∥Rn∥2

αn+1
tr (V T

n+1Rn−1

)]
= − αn

∥Rn−1∥2
∥Rn∥2

αn+1
tr (V T

n Rn−1

)
= − αn

∥Rn−1∥2
∥Rn∥2

αn+1
tr
[
V T
n+1

(
Un − ∥Rn−1∥2

∥Rn−2∥2
Un−1

)]
= − αn

∥Rn−1∥2
∥Rn∥2

αn+1

[
tr (V T

n+1Un

)
− ∥Rn−1∥2

∥Rn−2∥2
tr (V T

n+1Un−1

)]
=

αn

∥Rn−1∥2
∥Rn∥2

αn+1

∥Rn−1∥2

∥Rn−2∥2
tr (UT

n+1Vn−1

)
,
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and

tr (UT
n+1Vn−1

)
= tr

[(
Rn − ∥Rn∥2

∥Rn−1∥2
Un

)T

Vn−1

]

= tr(RT
nVn−1) +

∥Rn∥2

∥Rn−1∥2
tr(UT

n Vn−1)

= tr
[
RT

n

(
−αn−1

∥Rn−2∥2
(Rn−1 −Rn−2)

)]
=

−αn−1

∥Rn−2∥2
tr (RT

nRn−1 −RT
nRn−2

)
=

αn−1

∥Rn−2∥2
tr
[(

Rn−1 −
∥Rn−1∥2

αn
Vn

)T

Rn−2

]

=
αn−1

∥Rn−2∥2

[
tr (RT

n−1Rn−2

)
− ∥Rn−1∥2

αn
tr (V T

n Rn−2

)]
= − αn−1

∥Rn−2∥2
∥Rn−1∥2

αn
tr (V T

n Rn−2

)
= − αn−1

∥Rn−2∥2
∥Rn−1∥2

αn
tr
[
V T
n

(
Un−1 −

∥Rn−2∥2

∥Rn−3∥2
Un−2

)]
= − αn−1

∥Rn−2∥2
∥Rn−1∥2

αn

[
tr (V T

n Un−1

)
− ∥Rn−2∥2

∥Rn−3∥2
tr (V T

n Un−2

)]
=

αn−1

∥Rn−2∥2
∥Rn−1∥2

αn

∥Rn−2∥2

∥Rn−3∥2
tr (UT

n Vn−2

)
,

Similarly, we can write tr(RT
n+2Rn) and tr(UT

n+2Vn) in terms of tr(RT
n+1Rn−1) and tr(UT

n+1Vn−1),
respectively. We keep repeating this until terms tr(RT

2 R0) and tr(UT
3 V1) show up. By

Lemma 3.4, we get tr(RT
n+2Rn) = 0 and tr(UT

n+2Vn) = 0.
In the procedure of inductive step, Suppose that for all m = n+1, . . . , k Eq. (3.5)

is true. Then for m = k + 1, we obtain

tr (RT
k Rn−1

)
= tr

[(
Rk−1 −

∥Rk−1∥2

αk
Vk

)T

Rn−1

]

= tr(RT
k−1Rn−1)−

∥Rk−1∥2

αk
tr(V T

k Rn−1)

= −∥Rk−1∥2

αk
tr
[
V T
k

(
Un − ∥Rn−1∥2

∥Rn−2∥2
Un−1

)]
= −∥Rk−1∥2

αk

[
tr (V T

k Un

)
− ∥Rn−1∥2

∥Rn−2∥2
tr (V T

k Un−1

)]
= 0.

and

tr (UT
k+1Vn−1

)
= tr

[(
Rk +

∥Rk∥2

∥Rk−1∥2
Uk

)T

Vn−1

]

= tr(RT
k Vn−1) +

∥Rk∥2

∥Rk−1∥2
tr(UT

k Vn−1)

= tr
[
RT

k

(
−αn−1

∥Rn−2∥2
(Rn−1 −Rn−2)

)]
=

−αn−1

∥Rn−2∥2
tr (RT

k Rn−1 −RT
k Rn−2

)
= 0.
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Hence, the conclusion tr(RT
m−1Rn−1) = 0 and tr(UT

mVn) = 0 holds for any integers m,n

such that m ̸= n.

Theorem 3.6. Suppose that the iterative sequence {Xi} is generated by Algorithm 3
and assume that the matrix K in Eq. (3.2) is symmetric and full-column rank. For given
initial matrix X0 ∈ Rn×p within finite steps, Algorithm 3 can solve Problem 1 and give an
exact solution X in at most np iteration steps.

Proof. Assume that Ri ̸= 0 for i = 0, 1, . . . , np. According the Theorem 3.5, the set
of residual matrices {R0, R1, ..., Rnp} is orthogonal in Rn×p. By Theorem 3.5, the set
{R0, R1, ..., Rnp} is orthogonal in Rn×p. So,the set of residual matrices {R0, R1, ..., Rnp}

of np + 1 elements is linearly independent. That contradicts with the dimension of
Rn×p, which is np. Because the linearly independent subset of Rn×p must not contain
more than np elements. Thus, Rnp = 0, hence Xnp is a solution of the matrix equation
(1.2).

Next, we investigate the generalized Sylvester-transpose matrix equation when
Eq. (1.1) is inconsistent. We will seek for the matrix X∗ which is the least squares
solution of Eq. (1.1) that solves the following minimization problem:

min
X∈Rn×p

∥∥E −AXB − CXTD
∥∥
F
. (3.8)

3.3 Least-squares solution via a direct Kronecker
linearization
A traditional direct method to solve a generalized Sylvester-transpose matrix

equation Eq. (1.1) when the equation has no solution. Indeed, taking Kronecker product
and vector operator to (1.1) and utilizing Lemmas 2.5 and 2.8, the matrix equation (1.1)
can be rewritten:

VecE = Vec(AXB + CXTD)

= (BT ⊗A)VecX + (DT ⊗ C)VecXT

= (BT ⊗A)VecX + (DT ⊗ C)P (n, p)VecX
= (BT ⊗A) + (DT ⊗ C)P (n, p)VecX. (3.9)

Let us denote x = VecX , e = VecE, and

M = (BT ⊗A) + (DT ⊗ C)P (n, p). (3.10)

In this case, Eq. (1.1) is inconsistent. We will solve this problem through the
associated normal equationThis material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



24

MTMx = MT e. (3.11)

The normal linear system (3.11) is always consistent, then the matrix equation
(1.1) always has a least-squares solution.

Moreover, the matrix equation (1.1) has a unique least-squares solution if and
only if the matrix M is of full-column rank, i.e., MTM is invertible. The unique solution
by direct method given by VecX∗ = x∗ = (MTM)−1MT e. If M is not of full-column
rank, then the matrix equation (1.1) has many solutions. The least-squares solutions
appear in the form VecX∗ = x∗ = M†e + u where M† is the Moore–Penrose inverse of
M , and u is an arbitrary vector in the kernel of M . Among all these solutions,

VecX∗ = x∗ = M†e (3.12)

is the unique one having minimal norm. Since Vec(·) is injective and linear, that imply
least-squares solutions X∗ of matrix equation (1.1).

3.4 Least-squares solution via a conjugate gradient
algorithm
From now on, assume that M in (3.11) is of full-column rank. Then there is

a unique solution X in minimization problem Eq. (3.8). Consider Eq. (3.11), applying
Lemmas 2.2 – 2.8. Indeed, we can deduce:

Lemma 3.7 ([37]). Minimization problem Eq. (3.8) is equivalent to the following con-
sistent matrix equation

AT (AXB + CXTD)BT +D(BTXTAT +DTXCT )C = ATEBT +DETC. (3.13)

The residual matrix RX of Eq. (3.13) corresponding to a matrix X ∈ Rn×p, is
defined by:

RX := ATEBT +DETC −AT (AXB + CXTD)BT −D(BTXTAT +DTXCT )C. (3.14)

We adapt the technique of conjugate gradient to solve a unique solution X in
minimization problem Eq. (3.8). The form of conjugate gradient iterative algorithm for
solving Least-squares solutions of Equation (1.1) can be presented as
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Algorithm 4: A conjugate gradient iterative algorithm for Equation. (1.1)
A ∈ Rm×n, B ∈ Rp×q, C ∈ Rm×p, D ∈ Rn×q and E ∈ Rm×q ;
Given an ϵ such that ϵ > 0, set r = 0, U0 = 0. Choose X0 ∈ Rn×p;

R0 = ATEBT +DETC −AT (AX0B + CXT
0 D)BT −D(BTXT

0 A
T +DTX0C

T )C;

for r = 0 to np do
if ∥Rr∥F ⩽ ϵ then

Xr is a least-squares solution; break;
else

if r = 0 then
set Ur+1 = Rr;

else
set Ur+1 = Rr +

∥Rr∥2
F

∥Rr−1∥2
F
Ur;

end
end
Hr+1 = AT (AUr+1B + CUT

r+1D)BT +D(BTUT
r+1A

T +DTUr+1C
T )C;

αr+1 = tr(UT
r+1Hr+1);

Xr+1 = Xr +
∥Rr∥2

F

αr+1
Ur+1;

Rr+1 = ATEBT +DETC −AT (AXr+1B + CXT
r+1D)BT

−D(BTXT
r+1A

T +DTXr+1C
T )C;

update r;
end

end
We will show the set of residual matrices Rr is an orthogonal basis, for any

given initial matrix X0. The sequence of approximated solutions derived by Algorithm
4 converges to the solution X of Equation (3.13) within finite number of iterations. We
will continue to prove several lemmas as follows:

Lemma 3.8. Assume that the iterative sequences {Rr} and {Hr} are constructed from
Algorithm 4. We obtain

Rr+1 = Rr −
∥Rr∥2F
αr+1

Hr+1, for r = 0, 1, 2, . . . . (3.15)
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Proof. By Algorithm 4, for any r, we get

Rr+1 = ATEBT +DETC −AT (AXr+1B + CXT
r+1D)BT −D(BTXT

r+1A
T +DTXr+1C

T )C

= ATEBT +DETC −AT

(
A(Xr +

∥Rr∥2F
αr+1

Ur+1)B + C(Xr +
∥Rr∥2F
αr+1

Ur+1)
TD

)
BT

−D

(
BT (Xr +

∥Rr∥2F
αr+1

Ur+1)
TAT +DT (Xr +

∥Rr∥2F
αr+1

Ur+1)C
T

)
C

= ATEBT +DETC −AT

(
AXrB +

∥Rr∥2F
αr+1

AUr+1B + CXT
r D +

∥Rr∥2F
αr+1

CUT
r+1D

)
BT

−D

(
BTXT

r A
T +

∥Rr∥2F
αr+1

BTUT
r+1A

T +DTXrC
T +

∥Rr∥2F
αr+1

DTUr+1C
T

)
C

= ATEBT +DETC −AT (AXrB + CXT
r D)BT −D(BTXT

r A
T +DTXrC

T )C

− ∥Rr∥2F
αr+1

[AT (AUr+1B + CUT
r+1D)BT +D(BTUT

r+1A
T +DTUr+1C

T )C]

= Rr −
∥Rr∥2F
αr+1

Hr+1.

Lemma 3.9. Assume that the iterative sequences {Ur} and {Hr}, constructed by Algo-
rithm 4, satisfy

tr(UT
mHn) = tr(HT

mUn), for any m,n. (3.16)

Proof. Applying the properties of Kronecker product and vectorization operator in Lem-
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mas 2.2–2.8, we can obtain

tr(HT
mUn) = (VecHm)T VecUn

= [Vec(AT (AUmB + CjU
T
mD)BT +D(BTUT

mAT +DTUmCT )C)]T VecUn

= [Vec(ATAUmBBT )]T VecUn + [Vec(ATCUT
mDBT )]T VecUn

+ [Vec(DBTUT
mATC)]T VecUn + [Vec(DDTUmCTC)]T VecUn

= [(BBT ⊗ATA)VecUm]T VecUn + [(BDT ⊗ATC)VecUT
m]T VecUn

+ [(CTA⊗DBT )VecUT
m]T VecUn + [(CTC ⊗DDT )VecUm]T VecUn

= (VecUm)T (BBT ⊗ATA)VecUn + (VecUT
m)T (DBT

k ⊗ CTA)VecUn

+ (VecUT
m)T (ATC ⊗BDT )VecUn + (VecUm)T (CTC ⊗DDT )VecUn

= tr(BBTUT
mATAUn) + tr(ATCUT

mDBTUT
n ) + tr(DBTUT

mATCUT
n )

+ tr(CTCUT
mDDTUn)

= (Vec(BBT
k U

T
n ATA))T VecUT

m + (Vec(CTAUnBDT ))T VecUT
n

+ (Vec(BDTUnC
TA))T VecUT

m + (Vec(CTCUT
n DDT ))T VecUT

m

= [(BBT ⊗ATA)VecUn]
T VecUm + [(CTA⊗DBT )VecUT

n ]T VecUm

+ [(BDT ⊗ATC)VecUT
n ]T VecUm + [(CTC ⊗DDT )VecUn]

T VecUm

= [Vec(ATAUnBBT )]T VecUm + [Vec(DBTUT
n ATC)]T VecUm

+ [Vec(ATCUT
n DBT )]T VecUm + [Vec(DDTUnC

TC)]T VecUm

= [Vec(AT (AUnB + CUT
n D)BT +D(BTUT

n AT +DTUnC
T )C)]T VecUm

= (VecHn)
T VecUm

= tr(HT
n Um)

= tr(UT
mHn).

Lemma 3.10. Assume that the iterative sequences {Rr}, {Ur} and {Hr}, constructed
by Algorithm 4, satisfy

tr(RT
r Rr−1) = 0, and tr(UT

r+1Hr) = 0, for any r. (3.17)

Proof. The proof is similar to that of Lemma 3.3 by apply Lemmas 3.8 and 3.9.

Lemma 3.11. Assume that the iterative sequences {Rr}, {Ur} and {Hr}, constructed
by Algorithm 4. Then

tr(RT
r R0) = 0, tr(UT

r+1H1) = 0, for any r. (3.18)

Proof. The proof is similar to that of Lemma 3.4, by using Lemmas 3.8 and 3.9.

Theorem 3.12. Assume that the iterative sequences {Rr}, {Ur} and {Hr} are con-
structed by Algorithm 4. Then for any integers m,n, (m ̸= n), we have

tr(RT
m−1Rn−1) = 0, and tr(UT

mHn) = 0. (3.19)
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Proof. The proof is similar to that of Theorem 3.5, by using Lemmas 3.10 and 3.11.

Theorem 3.13. For any given initial matrix X0 ∈ Rn×p, the solution X of minimization
problem Eq. (3.8) can be obtained by Algorithm 4 within finite steps, that is, in at most
np iterations.

Proof. According to Algorithm 4, assume that the set of residual matrices Rr ̸= 0 for
r = 0, 1, . . . , np − 1. We will get Rnp by iterative Algorithm in the next step. Suppose
that Rnp ̸= 0, then we have the set of residual matrices {R0, R1, . . . , Rnp} having np + 1

elements By Theorem 3.12, the set of residual matrices {R0, R1, . . . , Rnp} is orthogonal
in Rn×p with respect to the Frobenius inner product (2.9). So, the set of residual matrix
is linearly independent. That contradict with the dimension of Rn×p is np. Because the
linearly independent subset of Rn×p must not contain more than np elements. Thus,
Rnp = 0, hence the matrix Xnp is a solution of minimization problem Eq. (3.8), that
mean, Xnp is unique least-squares solution of Eq. (1.1).

We propose a conjugate gradient algorithm to solve Problem 2. By adapting the
same idea as shown above to derive an algorithm for Equation (1.2) as follows:
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Algorithm 5: A conjugate gradient iterative algorithm for Equation (1.2)
Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t

and E ∈ Rm×q ;
Given an ϵ such that ϵ > 0, set r = 0, U0 = 0. Choose X0 ∈ Rn×p;

R0 =
s∑

k=1

AT
kEBT

k +
t∑

l=1

DlE
TCl −

s∑
k=1

AT
k

( s∑
i=1

AiX0Bi +
t∑

j=1

CjX
T
0 Dj

)
BT

k

−
t∑

l=1

Dl

( s∑
i=1

BT
i X

T
0 A

T
i +

t∑
j=1

DT
j X0C

T
j

)
Cl;

for r = 0 to np do
if ∥Rr∥F ⩽ ϵ then

Xr is a least-squares solution; break;
else

if r = 0 then
set Ur+1 = Rr;

else
set Ur+1 = Rr +

∥Rr∥2
F

∥Rr−1∥2
F
Ur;

end
end
Hr+1 =

s∑
k=1

AT
k

( s∑
i=1

AiUr+1Bi +
t∑

j=1

CjU
T
r+1Dj

)
BT

k

+
t∑

l=1

Dl

( s∑
i=1

BT
i U

T
r+1A

T
i +

t∑
j=1

DT
j Ur+1C

T
j

)
Cl;

αr+1 = tr
(
UT
r+1Hr+1

)
;

Xr+1 = Xr +
∥Rr∥2

F

αr+1
Ur+1;

Rr+1 =

s∑
k=1

AT
kEBT

k +

t∑
l=1

DlE
TCl

−
s∑

k=1

AT
k

( s∑
i=1

AiXr+1Bi +
t∑

j=1

CjX
T
r+1Dj

)
BT

k

−
t∑

l=1

Dl

( s∑
i=1

BT
i X

T
r+1A

T
i +

t∑
j=1

DT
j Xr+1C

T
j

)
Cl;

update r;

end
end

Theorem 3.14. Consider Eq. (1.2), for given matrices Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p,
Dj ∈ Rn×q, D ∈ Rm×q, E ∈ Rm×q and unknown matrix X ∈ Rn×p. Assume that the matrix

M :=
s∑

i=1

(BT
i ⊗Ai) +

t∑
j=1

(DT
j ⊗ Cj)P (n, p) (3.20)

is of full-column rank. Algorithm 5 solves Problem 2 for any given initial matrix X0 ∈

Rn×p. The sequence {Xr} constructed by Algorithm 5 can obtained a unique least-
squares solution.This material is reserved for educational use only, not allowed for commercial use. 
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Proof. The proof of is similar to that of Theorem 3.13.

3.5 Minimal-norm least-squares solution via a conjugate
gradient algorithm
We consider the case when the matrix M in (3.11) is not full-column rank. The

associated normal equation (3.11) has many solutions, that is, Equation (1.1) may have
many least-squares solutions.

Recall that the set of Least-squares solutions of Equation (1.1) is denoted by L,
we will search for the elements of L with the minimal Frobenius norm.

Lemma 3.15. Assume that X̂ ∈ L. Then, any arbitrary element X̆ ∈ L can be expressed
as X̂ + Z for some matrix Z ∈ Rn×p satisfying

AT (AZB + CZTD)BT +D(BTZTAT +DTZCT )C = 0. (3.21)

Proof. Let us denote the residual of the least-squares solutions X̂ and X̆ , according
to Equation (3.14), by RX̂ and RX̆ , respectively. We consider the different Z := X̆ − X̂ .
Now, we compute

RX̆ = AT (A(X̂ + Z)B + C(X̂ + Z)TD)BT +D(BT (X̂ + Z)TAT +DT (X̂ + Z)CT )C

−ATEBT −DETC

= AT (AZB + CZTD)BT +D(BTZTAT +DTZCT )C −RX̂ .

Since X̂, X̆ ∈ L, by Lemma 3.7 we have RX̂ = RX̆ = 0. It follows that Equation (3.21)
holds as desired.

Theorem 3.16. Consider the sequence {Xr} generated by Algorithm 4 starting with the
initial matrix

X0 = AT (AV0B + CV T
0 D)BT +D(BTV T

0 AT +DTV0C
T )C, (3.22)

where V0 ∈ Rn×p is an arbitrary matrix, or especially X0 = 0. Then the sequence {Xr}

generated by Algorithm 4 converges to the minimal-norm least-squares solution of
Equatiom (1.1) in at most np iterations.

Proof. If we run Algorithm 4 starting with (3.22), then we can write the solution X∗ of
Eq. (3.8) so that

X∗ = AT (AV ∗B + CV ∗TD)BT +D(BTV ∗TAT +DTV ∗CT )C,

for somematrix V ∗ ∈ Rn×p. Now, assume that X̆ is an arbitrary element in L. By Lemma 3.15,
there is a matrix Z ∈ Rn×p such that X̆ = X∗ + Z and

AT (AZB + CZTD)BT +D(BTZTAT +DTZCT )C = 0.
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Forbidden to modify the content, and cite the document when use. 



31

Using the property 2.10, we get

⟨X∗, Z⟩ =
〈
AT (AV ∗B + CV ∗TD)BT +D(BTV ∗TAT +DTV ∗CT )C,Z

〉
=

〈
V ∗, AT (AZB + CZTD)BT +D(BTZTAT +DTZCT )C

〉
= 0.

Since X∗ is orthogonal to Z, it follows from the Pythagorean theorem that

∥X̆∥2F = ∥X∗ + Z∥2F = ∥X∗∥2F + 2 ⟨X∗, Z⟩+ ∥Z∥2F = ∥X∗∥2F + ∥Z∥2F ≥ ∥X∗∥2F .

Therefore, we have ∥X̆∥2F ≥ ∥X∗∥2F for any arbitrary element X̆ ∈ L, hence we can
conclude that the solution X∗ is the minimal-norm solution.

Theorem 3.17. Algorithm 5 solves Problem 3 in at most np iterations by starting with
the initial matrix

X0 =
s∑

k=1

AT
k

 s∑
i=1

AiV0Bi +
t∑

j=1

CjV
T
0 Dj

BT
k +

t∑
l=1

Dl

 s∑
i=1

BT
i V

T
0 AT

i +
t∑

j=1

DT
j V0C

T
j

Cl,

where V0 ∈ Rn×p is an arbitrary matrix, or especially X0 = 0 ∈ Rn×p. Then the sequence
{Xr} generated by Algorithm 5 converges to the minimal-norm least-squares solution
of Equatiom (1.2) in at most np iterations.

Proof. The proof is similar to that of Theorem 3.16.

3.6 Least-squares solution closest to a given matrix
In this case, consider the solution X of (1.1) generated by Algorithm 4 may have

many least-squares solutions. We shall seek for one that closest to a given matrix Y

with respect to the Frobenius norm.

Theorem 3.18. From Algorithm 4 by substituting E with E1 = E − (AY B +CY TD), and
choosing the initial matrix to be

W0 = AT (AV B + CV TD)BT +D(BTV TAT +DTV CT )C, (3.23)

where V ∈ Rn×p is arbitrary, or specially W0 = 0 ∈ Rn×p. Then the sequence Xr obtained
by Algorithm 4 converges to the least-squares solution of (1.2) closest to Y within np

iterations.

Proof. Let Y ∈ Rn×p be given.

min
X∈Rn×p

∥AXB + CXTD − E∥F

= min
X∈Rn×p

∥AXB + CXTD − E −AY B − CY TD +AY B + CY TD∥F

= min
X∈Rn×p

∥A(X − Y )B + C(X − Y )TD − E +AY B + CY TD∥F .This material is reserved for educational use only, not allowed for commercial use. 
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Now, substituting E1 = E−(AY B+CY TD) and W = X−Y , we see that the solution X̌ is
equal to W ∗ + Y where W ∗ is the minimal-norm least-squares solution of the equation

AWB + CWTD = E1,

in unknown W . By Theorem 3.16, the matrix W ∗ can be solved by Algorithm 4 with the
initial matrix (3.23) where V ∈ Rn×p is arbitrary matrix, or especially W0 = 0.

Theorem 3.19. Suppose that the matrix Equation (1.2) is inconsistent. Let Y ∈ Rn×p be
given. Consider Algorithm 5 solves Problem 4 when we replace the matrix E by

E1 = E −
s∑

i=1

AiY Bi −
t∑

j=1

CjY
TDj ,

and choose the initial matrix

W0 =
s∑

k=1

AT
k

 s∑
i=1

AiFBi +
t∑

j=1

CjF
TDj

BT
k +

t∑
l=1

Dl

 s∑
i=1

BT
i F

TAT
i +

t∑
j=1

DT
j FCT

j

Cl,

where F ∈ Rn×p is arbitrary, or W0 = 0 ∈ Rn×p. Then, the sequence {Xr} obtained
by Algorithm 5 converges to the least-squares solution of (1.2) closest to Y within np

iterations.

Proof. The proof of the theorem is similar to that of Theorem 3.18.
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Chapter 4
Numerical experiments

In this chapter, we provide numerical experiments to show the applicability and
the performance of our algorithm. These algorithms have been carried out by MATLAB
R2021a, on Mac operating system (M1 chip 8C CPU/8C GPU/8GB/512GB). We denote that
ones(m,n) the m-by-n matrix whose all entries are 1. Each random matrix rand(m,n)

has all entries belonging to the interval (0, 1). Here, we considered the coefficient
matrices of generalized Sylvester-transpose matrix equation are moderate/large sizes.
We shall present a few numerical results to compared our algorithm with the well-
known algorithms and traditional direct method. The performance of our algorithms
is investigated through the aspects of the number of iteration steps (denoted by ‘ITs’),
the norm of residual matrices (denoted by ‘ERR’), and elapsed CPU time (denoted by
‘CPU’) measured in seconds by using the functions tic and toc in MATLAB.

4.1 Consistent matrix equations
In the following examples, some numerical results are presented to illustrate

the stability and performance of Algorithm 3. Also the proposed algorithm is compared
with the well-known algorithms and traditional direct method.

Example 1. Consider a generalized Sylvester-transpose equation

AXB + CXTD = E

with 4 × 4 coefficient matrices A = tridiag(−2,−3,−2), B = tridiag(−1, 1,−1), C =

tridiag(0,−1, 0), D = tridiag(0, 2, 0),

E =


−7 6 0 −2

−5 9 −2 0

−4 5 −1 1

−2 2 4 −3

 .

According to the discussion in Section 3.1, we can verify whether this matrix
equation is consistent by inspecting the associated matrix K ∈ R16×16 defined by Eq.
(3.2). It turns out that the matrix K is symmetric and rankK = 16. Thus, the matrix
equation has a unique solution. 3.6 then implies that, starting with any initial matrix
X0, Algorithm 3 will produce an exact solution within np = 16 steps. Indeed, we run
this algorithm using X0 = 0, and we get the following information about the associated
residual matrices in Table 4.1. We obtain the desire solution X15 in 0.028298 seconds.
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Table 4.1: The norm of residual matrix at k iteration 1.

k The norm of residual matrix Rk

0 4.4922
1 14.0418
2 3.3348
3 2.4517
4 14.5817
5 1.1071
6 1.1241
7 2.5486
8 0.4739
9 10.8790
10 0.3062
11 0.3708
12 0.0193
13 0.0117
14 0.0013
15 0.0000

Example 2. Consider a generalized Sylvester-transpose equation

A1XB1 +A2XB2 + C1X
TD1 + C2X

TD2 = E

with 50× 50 tridiagonal coefficient matrices given by

A1 = tridiag(−1, 2,−1), A2 = tridiag(1,−1, 1), B1 = tridiag(−2, 0,−2),

B2 = tridiag(−2,−1,−2), C1 = tridiag(0, 2, 0), C2 = tridiag(1, 2, 1),
D1 = tridiag(0,−4, 0), D2 = tridiag(−2,−4,−2), E = tridiag(−1, 1, 9).
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Figure 4.1: Error for Example 2.

We can check that rank[K b] = rankK = 2500, and KT = K. Thus, this matrix
equation has a unique solution. Results from running the Algorithm 3 by using an initial
matrix X0 = 0.25 × ones ∈ R50×50 show in Figure 4.1. We get an approximate solution
within 138 iterations (so that ∥Rk∥ ≤ 10−3), which is significantly less than the theoretical
one (104 iterations) and only spends totally 0.131079 seconds while the direct Kronecker
linearization takes 1.581769 seconds to obtain the exact soluton.

Example 3. Consider a large-scaled generalized Sylvester-transpose equation

A1XB1 + C1X
TD1 + C2X

TD2 = E

where all matrices are 100× 100 tridiagonal matrices given by

A1 = tridiag(−2,−6,−2), B1 = tridiag(2,−1, 2), C1 = tridiag(0,−1, 0),

C2 = tridiag(−1, 2,−1), D1 = tridiag(0, 2, 0), D2 = tridiag(2,−4, 2),

E = tridiag(1,−8, 1).

In this example, we can check rankK = rank[K b] = 10000 and the matrix K is
symmetric. So, this matrix equation has a unique solution.
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Figure 4.2: Error for Example 3.

Figure 4.2 shows the error gradually decreasing into ϵ = 10−3 in 774 steps, con-
suming around 2 seconds. Next, we investigate the effect of changing initial points. So
we make experiments for the initial matrices X0 = 5×ones, X0 = 0, and X0 = −5×ones.
From Table 4.2 we can see that, no matter the initial point we will always get the
approximate solution in a faster time than the direct method.

Table 4.2: Error and computational time for Example 3

Initial matrix ITs CPU ERR
Direct - 69.500953 0

X0 = 5× ones 830 2.247507 8.9145 ×10−4

X0 = 0.5× ones 774 1.986782 7.5755 ×10−4

X0 = 0 16 0.106482 5.3862 ×10−4

X0 = −5× ones 830 2.190269 9.1232 ×10−4

Example 4. Consider a generalized Sylvester-transpose matrix equation

AXB + CXTD = E,

with large-scaled matrices A,B,C,D,E size 100× 100 as follows:

A = tridiag(−1, 3,−1), B = tridiag(1, 7, 1), C = 6× ones(m, p),

D = −3× ones(n, q), E = 0.7× I100.

This example is consistent and has a unique solution, because rankK = rank[K b] =

10000, and K ∈ R10000×10000 is of full-column rank and the matrix K is symmetric. We
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show the efficiency of Algorithm 3 by compare with GI [19] and AGBI [20] algorithms.
For GI algorithm, we use 3 different convergent factors namely, m1 = 6.1728 × 10−12,
m2 = 8.8183 × 10−12 and m3 = 3.0864 × 10−11. We report the result in Figure 4.3 and
Table 4.3. In conclusion, our algorithm takes a small time (0.073613 seconds) and a
small-error solution, while GI, AGBI and the direct method consume a big amount of
time to get the exact solution.

Figure 4.3: Error for Example 4.

Table 4.3: Error and computational time for Example 4

Method ITs CPU ERR
CG 30 0.073613 0.000001

GI with m1 30 0.109370 18.788266
GI with m2 30 0.115890 16.853503
GI with m3 30 0.109668 16.724640

AGBI 30 0.118294 16.724926
Direct - 66.928143 0

Example 5. Consider a consistent generalized Sylvester-transpose matrix equation

AXB + CXTD = E,

with 100× 100 coefficient matrices:

A = tridiag(−1, 2,−1), B = tridiag(3,−6, 3), C = −3× ones(n, q),
D =

1

3
× ones(p, q), E = −1.2× ones(m, q).This material is reserved for educational use only, not allowed for commercial use. 
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Figure 4.4: Error for Example 5.

Table 4.4: Error and computational time for Example 5

Method ITs CPU ERR
CG 200 0.395984 0.361597

GI with m1 200 0.654457 1473.481117
GI with m2 200 0.591405 1186.764341
GI with m3 200 0.595052 645.799529

AGBI 200 0.599059 1718.220885

Since associated matrix K in this example is symmetric and full-column rank,
and rankK = rank[K b] = 10000. thus this matrix equation is consistent and has a
unique solution. We run the Algorithm 3 compare with GI [19] and AGBI [20] algorithms
by choosing the same initial matrix X0 = −0.4×ones ∈ R100×100. Figure 4.3 and Table 4.3
show that the comparison between Algorithm 3 and well-known algorithms (GI and AGBI
). In 200 iterations, the computational time and error of conjugate gradient algorithm 3
is slightly better than those of GI with parameters m1, m2, m3 and AGBI algorithms.

4.2 Inconsistent matrix equations
In the following numerical examples, we use several examples to validate the

stability and performance of Algorithm 5. We compared our algorithm with the well-
known algorithms and traditional direct method.
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Example 6. Consider a generalized Sylvester-transpose matrix equation

A1XB1 +A2XB2 +A3XB3 + C1X
TD1 + C2X

TD2 = E, (4.1)

where the moderate-scaled coefficient matrices are given by

A1 = 0.5× ones(m,n)− rand(m,n) ∈ R50 × 50, A2 = 0.5× ones(m,n)− rand(m,n) ∈ R50 × 50,

A3 = 0.5× ones(m,n)− rand(m,n) ∈ R50 × 50, B1 = 0.5× ones(p, q)− rand(p, q) ∈ R40 × 50,

B2 = 0.5× ones(p, q)− rand(p, q) ∈ R40 × 50, B3 = 0.5× ones(p, q)− rand(p, q) ∈ R40 × 50,

C1 = 0.5× ones(m, p)− rand(m, p) ∈ R50 × 40, C2 = 0.5× ones(m, p)− rand(m, p) ∈ R50 × 40,

D1 = 0.5× ones(n, q)− rand(n, q) ∈ R50 × 50, D2 = 0.5× ones(n, q)− rand(n, q) ∈ R50 × 50,

E = 0.5× ones(m, q)− rand(m, q) ∈ R50 × 50.

Figure 4.5: The logarithm of error for Example 6.

Table 4.5: Error and computational time for Example 6.

Method ITs CPU ERR
CG 20 0.199308 6.407766
GI 20 0.129715 10.907665
LSI 20 0.179449 14.390460

TAUOpt 20 0.073866 7.806273
Direct − 7.048632 0

In this example, we have rankM = 2000 ̸= 2001 = rank [M e], so the matrix
equation Eq. (4.1) does not have an exact solution. However, we check M is of full-
column rank, so this equation has a unique least-squares solution. The Figure 4.5 and
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Table 4.5 shows that, for an initial matrix X0 = 0 ∈ R50×40 the Algorithm 5 takes 20

iterations to find a least-square solution of Example 6 with a tolerance error ϵ = ∥Mx∗−

e∥ = 6.4812, where x∗ = (MTM)−1MT e. Movrover, we also compare the performance
of Algorithm 5 with GI method [24], LSI method [24], and TAUOpt method [38]. Those
algorithms are all well-known algorithms. After running 20 iterations, our conjugate
geadient Algorithm 5, It takes a little more time to compute a least-square solution
than other methods but the relative error ∥Rr∥F less than well-known algorithms.

Example 7. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + C1X
TD1 + C2X

TD2 = E, (4.2)

with the moderate-scaled coefficient matrices:

A1 = −0.08× ones(m,n) ∈ R30 × 25, B1 = tridiag(0.11,−0.61,−0.29) ∈ R30 × 30,

C1 = tridiag(−0.03,−0.22,−0.1) ∈ R30 × 30, C2 = tridiag(0.38, 0.29,−0.41) ∈ R30 × 30,

D1 = −0.13× ones(n, q) ∈ R25 × 30, D2 = 0.04× ones(n, q) ∈ R25 × 30,

E = −0.01× I30 ∈ R30 × 30.

Figure 4.6: The logarithm of error for Example 7.

Table 4.6: Error and computational time for Example 7.

V0 ITs CPU ERR
0 6 0.036523 0.000008

0.02 ×ones(25, 30) 11 0.036540 0.000009
−0.01 ×I 10 0.038425 0.000009This material is reserved for educational use only, not allowed for commercial use. 
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In this example, the matrix equation (4.2) is inconsistent and we check the associ-
ated matrix M is not full-column rank. So, Example 7 has many least-squares solutions.
Figure 4.6 shows for three different initial matrices the relative errors ∥Rr∥F compute by
Algorithm 5 it is still decreasing rapidly. According to Theorem 3.17, we choose three
matrices V0 are different to generate the initial matrix X0. The computational time and
relative error are shown in Table 4.6. The direct method is another way that we try
to compute the minimal-norm least-squares solutions in this example, Moore–Penrose
inverse (3.12) takes 0.627019 seconds. While, MNLS method [39] cannot be used for this
example because some coefficient matrices are triangular matrices with multiple zeros.

Example 8. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + C1X
TD1 + C2X

TD2 = E, (4.3)

with the moderate-scaled coefficient matrices:

A1 = 0.2× ones(m,n) ∈ R50 × 40, B1 = tridiag(−0.2, 0.3, 0.3) ∈ R50 × 50,

C1 = tridiag(0.4,−0.2,−0.1) ∈ R50 × 50, C2 = tridiag(0.7,−0.2, 0.3) ∈ R50 × 50,

D1 = −0.2× ones(n, q) ∈ R40 × 50, D2 = 0.1× ones(n, q) ∈ R40 × 50,

E = I50 ∈ R50×50.

Figure 4.7: The logarithm of error for Example 8 with Y = 0.1 ×ones(n, p).
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Figure 4.8: The logarithm of error for Example 8 with Y = I .

Table 4.7: Error and computational time for Example 8.

Y Initial V ITs CPU ERR ∥X∗ − Y ∥F
0.1× ones(n, p) 0 18 0.104135 0.000006 4.3116

−0.19× I 20 0.108153 0.000005 4.3116
I 0 18 0.113960 0.000009 0.8580

0.02× ones 20 0.108499 0.000006 0.8580

We find that Equation (4.3) is inconsistent and has many least-squares solutions.
In this example, we find the least-squares solution of Equation (4.3) closest to matrix
Y . Figure 4.7 shows that Algorithm 5 with two different matrices V = 0 ( CG1 ) and
V = −0.19 × I ( CG2 ) gets the least-squares solution closest to Y = 0.1 × ones(n, p) ∈
R40×50. And the Figure 4.8 we see that, for Y = I the Algorithm 5 can obtain a least-
squares solution closest to matrix Y . with two different matrices V = 0 ( CG1 ) and
V = 0.02×ones ( CG2 ). For the number of iterations, computational time, relative error
and ∥X∗ − Y ∥F shown Table 4.7. The algorithm 5 performs well in terms of number of
iterations and computation time. Moreover, changing the initial and desired matrices Y

has no significant effect on the performance of our algorithm.
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Chapter 5
Conclusion and suggestion

5.1 Conclusion
We propose conjugate gradient iterative algorithms, namely, Algorithms 3 and

5, to generate approximate solutions for the generalized Sylvester-transpose matrix
equation (1.2). In the case that Eq. (1.2) is consistent, Algorithms 3 produces well-
approximate solutions converging to the solution of Eq. (1.2) under an assumption that
the matrix K in (3.2) is symmetric. The analysis shows that the residual matrices Rk,
generated by Algorithms 3, is an orthogonal set. Thus, we get the desired solution
within a finite step, says, np steps. For the case that Eq. (1.2) is inconsistent, we make
an assumption that the associated matrix M is of full-column rank. The algorithm 5
will produce a unique least-squares solution of Eq. (1.2) within np iterations with the
absence of round-off errors. If the matrix M is not full-column rank so, the matrix
equation (1.2) has many least-squares solutions. In this caes, Algorithm 5 can search
for the one with minimal Frobenius norm within np steps. Moreover, given a matrix
Y , we can apply Algorithm 5 to find the least-squares solution closest to Y within np

steps. The performance of algorithms are significantly better than the direct Kronecker
linearization and well-known iterative methods for medium/large sizes of squares/non-
squares matrices. We also show ability of the algorithm 5 is always applicable for any
given initial matrix and the given matrix Y .

5.2 Suggestion
In this thesis, we propose CG algorithms to generate approximate solutions for

the generalized Sylvester-transpose matrix equation (1.2) when coefficient matrices and
an unknown matrix are real matrices. For future research, we may propose CG algorithm
to solve for the generalized Sylvester-transpose matrix equation (1.2) over generalized
quaternions.

Recall that the generalized quaternions HG(a, b) over the real number field R

can be expressed as:

x = x1 + x2i+ x3j + x4k, xl ∈ R for all l = 1, 2, 3, 4, (5.1)

where a, b ∈ R are given, i2 = a, j2 = b, k2 = ijk = −ab, ij = −ji = k, jk = −kj = −bi,
ik = −ki = aj. When a and b take some special values, HG(a, b) are corresponding some
well-known structures. For example, HG(−1,−1) is called the Hamilton quaternion
H, HG(−1, 1) is called the split quaternion ring, HG(1,−1) is called the nectarine ring,This material is reserved for educational use only, not allowed for commercial use. 
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HG(1, 1) is called the conectarine ring, HG(−1, 0) is called the degenerate quaternions,
HG(1, 0) is called the pseudo-degenerate quaternions, and HG(0, 0) is called the doubly
degenerate quaternions (see e.g., [40, 41, 42]).
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Abstract: We develop an effective algorithm to find a well-approximate solution of a generalized
Sylvester-transpose matrix equation where all coefficient matrices and an unknown matrix are
rectangular. The algorithm aims to construct a finite sequence of approximated solutions from any
given initial matrix. It turns out that the associated residual matrices are orthogonal, and thus, the
desire solution comes out in the final step with a satisfactory error. We provide numerical experiments
to show the capability and performance of the algorithm.
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1. Introduction

Sylvester-type matrix equations show up naturally in several branches of mathematics and
engineering. Indeed, many problems in vibration and structural analysis, robotics control and
spacecraft control can be represented by the following general dynamical linear model:

s1∑
i=0

Aix(i) +

s2∑
j=0

B ju( j) = 0 (1.1)

where x ∈ Rm×1 and u ∈ Rn×1 are the state vector and the input vector respectively, and Ai ∈ R
m×m

and B j ∈ R
n×n are the system coefficient matrices; see e.g., [1, 2]. The dynamical linear system (1.1)

includes

A1 ẋ + A0x + B0u = 0, the descriptor linear system, (1.2)

50
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A2 ẍ + A1 ẋ + A0x + B0u = 0, the second-order linear system, (1.3)
Akxk + Ak−1xk−1 + · · · + A0x = Bu, the high-order dynamical linear system, (1.4)

as special cases. Certain problems in control engineering, such as pole/eigenstructure assignment
and observer design of the system (1.1) are closely related to the Lyapunov matrix equation AX +

XAT = B, the Sylvester matrix equation AX + XB = C, and other realted equations; see e.g., [2–7]. In
particular, the Sylvester matrix equation also plays a fundamental role in signal processing and model
reduction; see e.g., [8–10]. These equations are special cases of a generalized Sylvester-transpose
matrix equation:

s∑
i=1

AiXBi +

t∑
j=1

C jXT D j = E. (1.5)

A traditional way to solve Eq (1.5) for an exact solution is to transform it to an equivalent linear
system via the Kronecker linearization; see Section 3 for details. However, this approach is only
suitable when the dimensions of coefficient matrices are small. In practice, for a large-dimension case,
it is enough to find a well-approximate solution via an iterative procedure, so that it is not necessary
required memories as massive as traditional methods. There are several articles that consider problems
that approximate the generalized Sylvester resistive matrix equations and constructs a finite sequence
of approximated solutions from any given initial matrix. In the last five years, many researchers
developed iterative methods for solving Sylvester-type matrix equations related to Eq (1.5). A group
of Hermitian and skew-Hermitian splitting (HSS) methods aims to decompose a square matrix as the
sum of its Hermitian part and skew-Hermitian part. There are several variantions of HSS, namely,
GMHSS [11], preconditioned HSS [12], FPPSS [13], and ADSS [14]. A group of gradient-based
iterative (GI) algorithms aims to construct a sequence of approximated solutions converging to the
exact solution, based on the gradients of quadratic norm-error functions. The original GI method
fora generalized Sylvester matrix equation was developed by Ding et al. [15]. Then Niu et al. [16]
adjusted the GI method by introducing a weighted factor. After that a haif-step-update of GI method,
called MGI method, introducing by Wang et al. [17]. The idea of GI algorithm can be used in
conjuction with matrix diagonal-extraction to get AJGI [18] and MJGI [19] algorithms. See more
GI algorithms for a generalized Sylvester matrix equations in [20–22]. For a generalized Sylvester-
transpose matrix equation AXB + CXT D = E, there are GI algorithm [23] and an accelerated gradient-
based iterative (AGBI) algorithm [24] to construct approximate solutions. There are also GI techniques
based on optimization, e.g., [25–27]. See more computational methods for linear matrix equations
in a survey [28]. The iterative procedures can be used to find solutions of certain nonlinear matrix
equations; see e.g., [29–31]. There are also applications of such techniques to parameter estimation in
dynamical systems; see e.g., [32–34].

An idea of conjugate gradient (CG) is a remarkable technique constructing an orthogonal basis
from the gradient of the associated quadratic function. There are several variations of CG to solve
such matrix equations, e.g., BiCG [35], Bi-conjugate residual method [35], CGS [36], preconditioned
nested splitting CG [37], generalized conjugate direction (GCD) method [38], conjugate gradient least-
squares (CGLS) method [39], and GPBiCG [40].

In this paper, we propose a conjugate gradient algorithm to solve the generalized Sylvester-transpose
matrix Eq (1.5) in the consistent case, where all given coefficient matrices and the unknown matrix are
rectangular (see Section 4). The algorithm aims to construct a sequence of approximate solutions
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of (1.5) from any given initial value. It turns out that a desire solution comes out in the final step
of iterations with a satisfactory error (see Section 4). To validate the theory, we provide numerical
experiments to show the applicability and the performance of the algorithm (see Section 5). In
particular, the performance of the algorithm is significantly better than that of the direct Kronecker
linearization and recent gradient-based iterative algorithms.

2. Preliminaries

In this section, we recall useful tools and facts from matrix analysis that are used in later discussions.
Throughout, we denote the set of all m-by-n real matrices by Rm×n.

Recall that the Kronecker product of A = [ai j] ∈ Rm×n and B ∈ Rp×q is defined by

A ⊗ B = [ai jB] ∈ Rmq×np.

Lemma 1 (see, e.g., [41]). The following properties hold for any compatible matrices A, B,C:

1) (A ⊗ B)T = AT ⊗ BT ,
2) (A + B) ⊗C = A ⊗C + B ⊗C,
3) A ⊗ (B + C) = A ⊗ B + A ⊗C.

The vector operator Vec(·) assigns to each matrix A = [ai j] ∈ Rm×n the column vector

Vec A = [a11 · · · am1 · · · a12 · · · am2 · · · a1n · · · amn]T ∈ Rmn.

This operator is bijective, linear, and compatible with the usual matrix multiplication in the following
sense.

Lemma 2 (see, e.g., [41]). For any A ∈ Rm×n, B ∈ Rp×q and X ∈ Rn×p, we have

Vec AXB = (BT ⊗ A) Vec X.

Recall that the commutation matrix P(m, n) is a permutation matrix defined by

P(m, n) =

m∑
i=1

n∑
j=1

Ei j ⊗ ET
i j ∈ R

mn×mn (2.1)

where each Ei j ∈ R
m×n has entry 1 in (i, j)-th position and all other entries are 0.

Lemma 3 (see, e.g., [41]). For any A ∈ Rm×n and B ∈ Rp×q, we have

B ⊗ A = P(n, p)T (A ⊗ B) P(n, q). (2.2)

Lemma 4 (see, e.g., [41]). For any matrix X ∈ Rm×n, we have

Vec(XT ) = P(m, n) Vec(X). (2.3)

Lemma 5 (see, e.g., [41]). For any matrices A, B, X,Y of compatible dimensions, we have

(Vec (Y))T (A ⊗ B) Vec (X) = tr
(
AT YT BX

)
. (2.4)

Recall that the Frobenius norm of A ∈ Rm×n is defined by

‖A‖ =

 m∑
i=1

n∑
j=1

a2
i j


1
2

=
(
tr

(
AT A

)) 1
2
.
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3. The direct Kronecker linearization for a generalized Sylvester-transpose matrix equation

From now on, let m, n, p, q, r, s, k, ∈ N be such that mq = np. Consider the generalized Sylvester-
transpose matrix Eq (1.5) where Ai ∈ R

m×n, Bi ∈ R
p×q, C j ∈ R

m×p, D j ∈ R
n×q, D ∈ Rm×q, E ∈ Rm×q are

given matrices, and X ∈ Rn×p is unknown. The Eq (1.5) includes the Lyapunov equation, the Sylvester
equation, the equation AXB + CXD = E, and the equation AXB + CXT D = E as special cases.

A direct method to solve Eq (1.5) is to transform it to an equivalent linear system. For convenience,
denote P = P(n, p). By taking the vector operator to (1.5) and utilizing Lemma 4, we get

Vec E = Vec

 s∑
i=1

AiXBi +

t∑
j=1

C jXT D j


=

s∑
i=1

(BT
i ⊗ Ai) Vec X +

t∑
j=1

(DT
j ⊗C j) Vec XT

=

s∑
i=1

(BT
i ⊗ Ai) Vec X +

t∑
j=1

(DT
j ⊗C j)P Vec X

=

 s∑
i=1

(BT
i ⊗ Ai) +

t∑
j=1

(DT
j ⊗C j)P

 Vec X. (3.1)

Let us denote x = Vec X, b = Vec E, and

K =

s∑
i=1

(BT
i ⊗ Ai) +

t∑
j=1

(DT
j ⊗C j)P ∈ Rmq×np. (3.2)

Thus, Eq (3.1) is equivalent to a linear algebraic system Kx = b. Hence, Eq (3.1) is consistent if and
only if the associated linear system is consistent (i.e., rank [K b] = rank K). When we solve for x,
we can get the unknown matrix X using the injectivity of the vector operator. However, if the matrix
coefficients Ai, Bi,C j,D j are of large sizes, then the size of K can be very large due to the Kronecker
multiplication. Thus, traditional methods such as Gaussian elimination and LU factorization require a
large memory to solve the linear system for an exact solution. Thus, the direct method is suitable for
matrices of small sizes. For matrices of moderate/large sizes, it is enough to find a well-approximate
solution for Eq (3.1) via an iterative procedure.

4. A conjugate gradient algorithm for consistent generalized Sylvester-transpose matrix
equations

The main task is to find a well-approximate solution of the matrix Eq (1.5):

Problem 4.1. Let m, n, p, q, r, s, k, ∈ N be such that mq = np. Consider the generalized Sylvester-
transpose matrix Eq (1.5) where Ai ∈ R

m×n, Bi ∈ R
p×q, C j ∈ R

m×p, D j ∈ R
n×q, D ∈ Rm×q, E ∈ Rm×q are

given matrices, and X ∈ Rn×p is unknown. Suppose that Eq (1.5) has a solution. Given an error ε > 0,
find X̃ ∈ Rn×p such that ∥∥∥∥E −

s∑
i=1

AiX̃Bi −

t∑
j=1

C jX̃T D j

∥∥∥∥ < ε.
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We will solve Problem 4.1 under an additional assumption that K in (3.2) is symmetric. We propose
the following algorithm:

Algorithm 1: A CG algorithm for a generalized Sylvester-transpose matrix equation
Ai ∈ R

m×n, Bi ∈ R
p×q, C j ∈ R

m×p, D j ∈ R
n×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t and E ∈ Rm×q ;

Given ε > 0, set k = 0, U0 = 0. Choose X0 ∈ R
n×p

R0 = E −
∑s

i=1 AiX0Bi −
∑t

j=1 C jX0D j

for k = 0 to np do
if ‖Rk‖ 6 ε then

Xk is the disire solution; break
else

if k = 0 then
set Uk+1 = Rk

else
set Uk+1 = Rk + ‖Rk‖

2

‖Rk−1‖2
Uk

end
end

Vk+1 =

s∑
i=1

AiUk+1Bi +

t∑
j=1

C jUT
k+1D j

αk+1 = tr
(
UT

k+1Vk+1

)
Xk+1 = Xk + ‖Rk‖

2

αk+1
Uk+1

Rk+1 = E −
s∑

i=1

AiXk+1Bi −

t∑
j=1

C jXT
k+1D j

update k
end

end

We call Xk the approximate solution at the k-th step. The main computation

Xk+1 = Xk +
‖Rk‖

2

αk+1
Uk+1,

means that the next approximation Xk+1 is the sum between the current one Xk and the search direction
Uk+1 with the step size ‖Rk‖

2/αk+1.

Remark 4.2. The stopping rule of Algorithm 1 is based on the size of the residual matrix Rk. One can
impose another stopping criterion besides ‖Rk‖ 6 ε, e.g., the norm of the difference Xk+1 − Xk between
sucessive iterates is small enough.

Remark 4.3. Let us discuss the complexity analysis for Algorithm 1. For convenience, suppose that
all matrices in Eq (1.5) are of sizes n × n. Each step of the algorithm requires the matrix addition
(O(n2)), the matrix multiplication (O(n3)), the matrix transposition (O(n2)), the matrix norm (O(n)),
and the matrix trace (O(n)). In summary, the complexity analysis for each step is O(n3), and thus the
algorithm runtime complexity is cubic time.
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Next, we will show that, for any given initial matrix X0, Algorithm 1 produces approximate solutions
so that the set of residual matrices is an orthogonal set and, thus, we get the disire solution in a finite
step. We divides the proof into several lemmas.

Lemma 6. Consider Problem 4.1. Suppose that the sequence {Ri} is generated by Algorithm 1. We
have

Rk+1 = Rk −
‖Rk‖

2

αk+1
Vk+1 for k = 1, 2, ... (4.1)

Proof. From Algorithm 1, we have that for any k,

Rk+1 = E −
s∑

i=1

AiXk+1Bi −

t∑
j=1

C jXT
k+1D j

= E −
s∑

i=1

Ai

(
Xk +

‖Rk‖
2

αk+1
Uk+1

)
Bi −

t∑
j=1

C j

(
XT

k +
‖Rk‖

2

αk+1
UT

k+1

)
D j

= E −
s∑

i=1

AiXkBi −

t∑
j=1

C jXT
k D j −

‖Rk‖
2

αk+1

 s∑
i=1

AiUkBi +

t∑
j=1

C jUT
k D j


= Rk −

‖Rk‖
2

αk+1
Vk+1.

�

Lemma 7. Assume that the matrix K in (3.2) is symmetric. The sequences {Ui} and {Vi} generated by
Algorithm 1 satisfy

tr
(
UT

mVn

)
= tr

(
VT

mUn

)
for any m, n. (4.2)

Proof. Applying Lemmas 1–5 and the symmetry of K, we have

tr
(
VT

mUn

)
= (Vec Vm)T Vec Un

=

 s∑
i=1

(BT
i ⊗ Ai) Vec Um +

t∑
j=1

(DT
j ⊗C j) Vec UT

m


T

Vec Un

= [K Vec Um]T Vec Un

= (Vec Um)T K Vec Un

= (Vec Um)T

Vec

 s∑
i=1

AiUnBi +

t∑
j=1

C jUT
n D j




= (Vec Um)T Vec Vn

= tr
(
UT

mVn

)
for any m, n. �
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Lemma 8. Assume that the matrix K is symmetric. The sequences {Ri}, {Ui} and {Vi} are generated by
Algorithm 1 satisfy

tr
(
RT

mRm−1

)
= 0 and tr

(
UT

m+1Vm

)
= 0 for any m. (4.3)

Proof. To prove this conclusion, we use induction principle. In order to compute related terms, we use
Lemmas 6 and 7. For m = 1, we get

tr
(
RT

1 R0

)
= tr

(R0 −
‖R0‖

2

α1
V1

)T

R0


= tr

(
RT

0 R0

)
−
‖R0‖

2

α1
tr

(
VT

1 R0

)
= ‖R0‖

2 − ‖R0‖
2 = 0,

and

tr
(
UT

2 V1

)
= tr

(R1 +
‖R1‖

2

‖R0‖
2 U1

)T

V1


= tr

(
RT

1 V1

)
+
‖R1‖

2

‖R0‖
2 tr

(
UT

1 V1

)
= −

α1

‖R0‖
2 tr

(
RT

1 R1

)
+ α1
‖R1‖

2

‖R0‖
2 = 0.

These imply that (4.3) hold for m = 1.
In the inductive step, for m = k we assume that tr(RT

k Rk−1) = 0 and tr(UT
k+1Vk) = 0. Then

tr
(
RT

k+1Rk

)
= tr

(Rk −
‖Rk‖

2

αk+1
Vk+1

)T

Rk


= tr

(
RT

k Rk

)
−
‖Rk‖

2

αk+1
tr

(
VT

k+1Rk

)
= tr

(
RT

k Rk

)
−
‖Rk‖

2

αk+1
tr

(
VT

k+1

(
Uk+1 −

‖Rk‖
2

‖Rk−1‖
2 Uk

))
= ‖Rk‖

2 −
‖Rk‖

2

αk+1
tr

(
VT

k+1Uk+1

)
= 0,

and

tr
(
UT

k+2Vk+1

)
= tr

(Rk+1 +
‖Rk+1‖

2

‖Rk‖
2 Uk+1

)T

Vk+1


= tr

(
RT

k+1Vk+1

)
+
‖Rk+1‖

2

‖Rk‖
2 tr

(
UT

k+1Vk+1

)
= tr

(
RT

k+1

(
−αk+1

‖Rk‖
2 (Rk+1 − Rk)

))
+
‖Rk+1‖

2

‖Rk‖
2 αk+1
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=
αk+1

‖Rk‖
2 tr

[(
RT

k+1Rk

)
−

(
RT

k+1Rk+1

)]
+
‖Rk+1‖

2

‖Rk‖
2 αk+1

= 0.

Hence, Eq (4.3) holds for any m. �

Lemma 9. Assume that the matrix K is symmetric. Suppose the sequences {Ri}, {Ui} and {Vi} are
generated by Algorithm 1.Then

tr
(
RT

mR0

)
= 0, tr

(
UT

m+1V1

)
= 0 for any m. (4.4)

Proof. From Lemma 8 for m = 1, we get tr(RT
1 R0) = 0 and tr(PT

2 Q1) = 0. Now, suppose that Eq (4.4)
is true for all m = 1, . . . , k. From Lemmas 6 and 7, for m = k + 1 we write

tr
(
RT

k+1R0

)
= tr

(Rk −
‖Rk‖

2

αk+1
Vk+1

)T

R0


= tr

(
RT

k R0

)
−
‖Rk‖

2

αk+1
tr(VT

k+1R0)

= −
‖Rk‖

2

αk+1
tr(VT

k+1U1)

= −
‖Rk‖

2

αk+1
tr(UT

k+1V1) = 0,

and

tr
(
UT

k+2V1

)
= tr

(
VT

k+2U1

)
= tr

( −αk+2

‖Rk+1‖
2

(Rk+2 − Rk+1)
)T

U1


=
−αk+2

‖Rk+1‖
2

[
tr

(
RT

k+2U1

)
− tr

(
RT

k+1U1

)]
=
−αk+2

‖Rk+1‖
2

[
tr

(
RT

k+2R0

)
− tr

(
RT

k+1R0

)]
= 0.

Hence, Eq (4.4) holds for any m. �

Theorem 4.4. Assume that K is symmetric. Suppose the sequences {Ri}, {Ui} and {Vi} are generated
by Algorithm 1. Then for any m, n such that m , n, we have

tr
(
RT

m−1Rn−1

)
= 0 and tr

(
UT

mVn

)
= 0. (4.5)

Proof. By Lemma 7 and the fact that tr(RT
m−1Rn−1) = tr(RT

n−1Rm−1) for any m, n, it suffices to prove (4.5)
for any m, n such that m > n. By Lemma 8, Eq (4.5) holds for m = n + 1. For m = n + 2, we have

tr
(
RT

n+2Rn

)
= tr

(Rn+1 −
‖Rn+1‖

2

αn+2
Vn+2

)T

Rn


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= −
‖Rn+1‖

2

αn+2
tr

[
VT

n+2

(
Un+1 −

‖Rn‖
2

‖Rn−1‖
2 Un

)]
=
‖Rn+1‖

2

αn+2

‖Rn‖
2

‖Rn−1‖
2

tr (Rn+1 +
‖Rn+1‖

2

‖Rn‖
2 Un+1

)T

Vn


=
‖Rn+1‖

2

αn+2

‖Rn‖
2

‖Rn−1‖
2

[
tr

(
αn

‖Rn−1‖
2 RT

n+1 (Rn − Rn−1)
)]

=
‖Rn+1‖

2

αn+2

‖Rn‖
2

‖Rn−1‖
2

αn

‖Rn−1‖
2 tr(RT

n+1Rn−1),

tr
(
RT

n+1Rn−1

)
= tr

(Rn −
‖Rn‖

2

αn+1
Vn+1

)T

Rn−1


= −
‖Rn‖

2

αn+1
tr

[
VT

n+1

(
Un −

‖Rn−1‖
2

‖Rn−2‖
2 Un−1

)]
=
‖Rn‖

2

αn+1

‖Rn−1‖
2

‖Rn−2‖
2

tr (Rn +
‖Rn‖

2

‖Rn−1‖
2 Un

)T

Vn−1


=
‖Rn‖

2

αn+1

‖Rn−1‖
2

‖Rn−2‖
2

[
tr

(
αn−1

‖Rn−2‖
2 RT

n (Rn−1 − Rn−2)
)]

=
‖Rn‖

2

αn+1

‖Rn−1‖
2

‖Rn−2‖
2

αn−1

‖Rn−2‖
2 tr(RT

n Rn−2),

tr
(
UT

n+2Vn

)
= tr

(Rn+1 −
‖Rn+1‖

2

‖Rn‖
2 Un+1

)T

Vn


= tr

[
RT

n+1

(
−αn

‖Rn−1‖
2

(Rn − Rn−1)
)]

=
αn

‖Rn−1‖
2 tr

(Rn −
‖Rn‖

2

αn+1
Vn+1

)T

Rn−1


= −

αn

‖Rn−1‖
2

‖Rn‖
2

αn+1

[
tr

(
VT

n+1Un

)
−
‖Rn−1‖

2

‖Rn−2‖
2 tr

(
VT

n+1Un−1

)]
=

αn

‖Rn−1‖
2

‖Rn‖
2

αn+1

‖Rn−1‖
2

‖Rn−2‖
2 tr

(
UT

n+1Vn−1

)
,

and

tr
(
UT

n+1Vn−1

)
= tr

(Rn −
‖Rn‖

2

‖Rn−1‖
2 Un

)T

Vn−1


= tr

[
RT

n

(
−αn−1

‖Rn−2‖
2

(Rn−1 − Rn−2)
)]

=
αn−1

‖Rn−2‖
2 tr

(Rn−1 −
‖Rn−1‖

2

αn
Vn

)T

Rn−2


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= −
αn−1

‖Rn−2‖
2

‖Rn−1‖
2

αn

[
tr

(
VT

n Un−1

)
−
‖Rn−2‖

2

‖Rn−3‖
2 tr

(
VT

n Un−2

)]
=

αn−1

‖Rn−2‖
2

‖Rn−1‖
2

αn

‖Rn−2‖
2

‖Rn−3‖
2 tr

(
UT

n Vn−2

)
,

Similarly, we can write tr(RT
n+2Rn) and tr(UT

n+2Vn) in terms of tr(RT
n+1Rn−1) and tr(UT

n+1Vn−1), respectively.
Repeating this process until the terms tr(RT

2 R0) and tr(UT
3 V1) show up. By Lemma 9, we get

tr(RT
n+2Rn) = 0 and tr(UT

n+2Vn) = 0.
Next, for m = n + 3, we have

tr
(
RT

n+3Rn

)
= tr

(Rn+2 −
‖Rn+2‖

2

αn+3
Vn+3

)T

Rn


= −
‖Rn+2‖

2

αn+3
tr

[
VT

n+3

(
Un+1 −

‖Rn‖
2

‖Rn−1‖
2 Un

)]
=
‖Rn+2‖

2

αn+3

‖Rn‖
2

‖Rn−1‖
2

tr (Rn+2 +
‖Rn+2‖

2

‖Rn+1‖
2 Un+2

)T

Vn


=
‖Rn+2‖

2

αn+3

‖Rn‖
2

‖Rn−1‖
2

[
tr

(
αn

‖Rn−1‖
2 RT

n+2 (Rn − Rn−1)
)]

=
‖Rn+2‖

2

αn+3

‖Rn‖
2

‖Rn−1‖
2

αn

‖Rn−1‖
2 tr(RT

n+2Rn−1),

tr
(
RT

n+2Rn−1

)
= tr

(Rn+1 −
‖Rn+1‖

2

αn+2
Vn+2

)T

Rn−1


= −
‖Rn+1‖

2

αn+2
tr

[
VT

n+2

(
Un −

‖Rn−1‖
2

‖Rn−2‖
2 Un−1

)]
=
‖Rn+1‖

2

αn+2

‖Rn−1‖
2

‖Rn−2‖
2

tr (Rn+1 +
‖Rn+1‖

2

‖Rn‖
2 Un+1

)T

Vn−1


=
‖Rn+1‖

2

αn+2

‖Rn−1‖
2

‖Rn−2‖
2

[
tr

(
αn−1

‖Rn−2‖
2 RT

n+1 (Rn−1 − Rn−2)
)]

=
‖Rn+1‖

2

αn+2

‖Rn−1‖
2

‖Rn−2‖
2

αn−1

‖Rn−2‖
2 tr(RT

n+1Rn−2),

tr
(
UT

n+3Vn

)
= tr

(Rn+2 −
‖Rn+2‖

2

‖Rn+1‖
2 Un+2

)T

Vn


= tr

[
RT

n+2

(
−αn

‖Rn−1‖
2

(Rn − Rn−1)
)]

=
αn

‖Rn−1‖
2 tr

(Rn+1 −
‖Rn+1‖

2

αn+2
Vn+2

)T

Rn−1


= −

αn

‖Rn−1‖
2

‖Rn+1‖
2

αn+2

[
tr

(
VT

n+2Un

)
−
‖Rn−1‖

2

‖Rn−2‖
2 tr

(
VT

n+2Un−1

)]
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=
αn

‖Rn−1‖
2

‖Rn+1‖
2

αn+2

‖Rn−1‖
2

‖Rn−2‖
2 tr

(
UT

n+2Vn−1

)
,

and

tr
(
UT

n+2Vn−1

)
= tr

(Rn+1 −
‖Rn+1‖

2

‖Rn‖
2 Un+1

)T

Vn−1


= tr

[
RT

n+1

(
−αn−1

‖Rn−2‖
2

(Rn−1 − Rn−2)
)]

=
αn−1

‖Rn−2‖
2 tr

(Rn −
‖Rn‖

2

αn+1
Vn+1

)T

Rn−2


= −

αn−1

‖Rn−2‖
2

‖Rn‖
2

αn+1

[
tr

(
VT

n+1Un−1

)
−
‖Rn−2‖

2

‖Rn−3‖
2 tr

(
VT

n+1Un−2

)]
=

αn−1

‖Rn−2‖
2

‖Rn‖
2

αn+1

‖Rn−2‖
2

‖Rn−3‖
2 tr

(
UT

n+1Vn−2

)
.

Hence, we can write tr(RT
n+3Rn) and tr(UT

n+3Vn) in terms of tr(RT
n+2Rn−1) and tr(UT

n+2Vn−1), respectively.
Repeating this process until the terms tr(RT

3 R0) and tr(U4V1) by Lemma 9, we get tr(RT
n+3Rn) = 0 and

tr(UT
n+3Vn) = 0.

Suppose that tr(RT
m−1RT

n−1) = tr(UT
mVT

n ) = 0 for m = n + 1, . . . , k. Then for m = k + 1, we have

tr
(
RT

k Rn−1

)
= tr

(Rk−1 −
‖Rk−1‖

2

αk
Vk

)T

Rn−1


= tr(RT

k−1Rn−1) −
‖Rk−1‖

2

αk
tr(VT

k Rn−1)

= −
‖Rk−1‖

2

αk
tr

[
VT

k

(
Un −

‖Rn−1‖
2

‖Rn−2‖
2 Un−1

)]
= −
‖Rk−1‖

2

αk

[
tr

(
VT

k Un

)
−
‖Rn−1‖

2

‖Rn−2‖
2 tr

(
VT

k Un−1

)]
= 0.

and

tr
(
UT

k+1Vn−1

)
= tr

(Rk +
‖Rk‖

2

‖Rk−1‖
2 Uk

)T

Vn−1


= tr(RT

k Vn−1) +
‖Rk‖

2

‖Rk−1‖
2 tr(UT

k Vn−1)

= tr
[
RT

k

(
−αn−1

‖Rn−2‖
2

(Rn−1 − Rn−2)
)]

=
−αn−1

‖Rn−2‖
2 tr

(
RT

k Rn−1 − RT
k Rn−2

)
= 0.

Hence, tr(RT
m−1Rn−1) = 0 and tr(UT

mVn) = 0 for any m, n such that m , n. �

Theorem 4.5. Consider Problem 4.1 under the assumption that the matrix K is symmetric. Suppose
that the sequence {Xi} is generated by Algorithm 1. Then for given initial matrix X0 ∈ R

n×p, an exact
solution X can be obtained in at most np iteration steps.
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Proof. Suppose that Ri , 0 for i = 0, 1, . . . , np − 1. Then we compute Xnp according to Algorithm 1.
Assume that Rnp , 0. By Theorem 4.4, the set {R0,R1, ...,Rnp} is orthogonal inRn×p. So, {R0,R1, ...,Rnp}

is linearly independent. Since the dimension of Rn×p is np, any linearly independent subset of Rn×p

must have at most np elements. So this is false because the set {R0,R1, ...,Rnp} has np + 1 elements.
Thus, Rnp = 0, hence Xnp is a solution of the equation. �

5. Numerical experiments with discussions

In this section, we report numerical results to illustrate the applicability and the effectiveness of
Algorithm 1. All iterations have been carried out by MATLAB R2021a, on a macos (M1 chip 8C
CPU/8C GPU/8GB/512GB). We perform the experiments for several generalized Sylvester-transpose
matrix equations, and an interesting special case, namely, the Sylvester equation. We vary given
coefficient matrices so that they are square/non-square sparse/dense matrices of moderate/large sizes.
The dense matrices considered here are involved a matrix whose all entries are 1, which is denoted by
ones. The identity matrix of size n × n is denoted by In. For each experiment, we set the stopping rule
to be ‖Rk‖ 6 ε where ε = 10−3. We discuss the performance of the algorithm through the norm of
residual matrices, iteration number, and computational time (CT). The CT (in seconds) is measured by
tic-toc function in MATLAB.

In the following three examples, we concern the applicability of Algorithm 1 as well as its
performance comparing to the direct Kronecker linearization mentioned in Section 3.

Example 1. Consider a moderate-scaled generalized Sylvester-transpose equation

A1XB1 + A2XB2 + C1XT D1 + C2XT D2 = E

where all matrices are 50 × 50 tridiagonal matrices given by

A1 = tridiag(−1, 2,−1), A2 = tridiag(1,−1, 1), B1 = tridiag(−2, 0,−2), B2 = tridiag(−2,−1,−2),
C1 = tridiag(0, 2, 0), C2 = tridiag(1, 2, 1), D1 = tridiag(0,−4, 0), D2 = tridiag(−2,−4,−2),
E = tridiag(−1, 1, 9).

We run Algorithm 1 using an initial matrix X0 = 0.25 × ones ∈ R50×50. According to Theorem 4.5,
Algorithm 1 will produce a solution of the equation within 104 iterations. The resulting simulation
illustrated in Figure 1 shows the norms of residual matrices Rk at each iteration.
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Figure 1. Relative error for Example 1.

Althouh the errors ‖Rk‖ grow up and down during iterations, they generally climb down to zero.
The algorithm takes 138 iterations to get a desire solution (so that ‖Rk‖ 6 10−3), which is significantly
less than the theoretical one (104 iterations). For the computational time, Algorithm 1 spends
totally 0.131079 seconds to get a desire solution, while the direct Kronecker linearization consuming
1.581769 seconds to obtain the exact soluton. Thus, the performace of Algorithm 1 is significantly
better than the direct method. Moreover, for sparse coefficient matrices, Agorithm 1 can produce
a desire solution in a fewer iterations (that is, 138 iterations) than the theoretical one (that is, 104

iterations in this case).

Example 2. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + A2XB2 + A3XB3 + C1XT D1 = E

with rectangular coefficient matrices of moderate-scaled as follows:

A1 = tridiag(1, 3, 1), A2 = tridiag(−1, 2,−1), A3 = tridiag(−1, 1,−1) ∈ R40×40,

B1 = tridiag(−2, 1,−2), B2 = tridiag(1,−3, 1), B3 = tridiag(2,−3, 2) ∈ R50×50,

C1 = 3 × ones ∈ R40×50, D1 = −3 × ones ∈ R40×50, E = −0.9 × ones ∈ R40×50.

Taking an initial matrix X0 ∈ R
40×50, we get an approximate solution Xk ∈ R

40×50 with a satisfactory
error ‖Rk‖ 6 10−3 in 164 steps, using 0.196250 seconds. We see in Figure 2 that during iterations,
althouh the errors ‖Rk‖ grow up and down, they generally climb down to zero. On the other hand, the
direct Kronecker linearization consumes 0.811170 seconds to get an exact solution. Thus, Agorithm 1
is applicable and effective.
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Figure 2. Relative error for Example 2.

Example 3. Consider a large-scaled generalized Sylvester-transpose equation

A1XB1 + C1XT D1 + C2XT D2 = E

where all matrices are 100 × 100 tridiagonal matrices given by

A1 = tridiag(−2,−6,−2), B1 = tridiag(2,−1, 2), C1 = tridiag(0,−1, 0), C2 = tridiag(−1, 2,−1),
D1 = tridiag(0, 2, 0), D2 = tridiag(2,−4, 2), E = tridiag(1,−8, 1).

The resulting simulation of Agorithm 1 using an initial matrix X0 = 0.5 × ones ∈ R100×100 is shown in
the next figure.

Figure 3 shows the error gradually decreasing into ε = 10−3 in 774 steps, consuming around 2
seconds.
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Figure 3. Relative error for Example 3.

Next, we investigate the effect of changing initial points. So we make experiments for the initial
matrices X0 = 5 × ones, X0 = 0, and X0 = −5 × ones. Table 1 shows that, no matter the initial point,
we get a desire solution in around 2 seconds. On the other hand the direct method consumes around
70 seconds to get an exacy solution. Thus, Agorithm 1 significantly outperforms the direct mathod.

Table 1. Relative error and CTs for Example 3.

Initial matrix Iterations CT Relative error
Direct - 69.500953 0
X0 = 5 × ones 830 2.247507 8.9145 ×10−4

X0 = 0.5 × ones 774 1.986782 7.5755 ×10−4

X0 = 0 16 0.106482 5.3862 ×10−4

X0 = −5 × ones 830 2.190269 9.1232 ×10−4

In the rest of numerical examples, we compare the performance of Algorithm 1 to the direct method
as well as recent gradient-based iterative algorithms mentioned in Introduction.

Example 4. Consider a large-scaled generalized Sylvester-transpose matrix equation

AXB + CXT D = E,

where A, B,C,D, E are 100 × 100 matrices as follows:

A = tridiag(−1, 3,−1), B = tridiag(1, 7, 1), C = 6 × ones, D = −3 × ones, E = 0.7 × I100.
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In fact, this equation has a unique solution. Despite the direct method, we compare the performance
of Algorithm 1 to GI [23] and AGBI [24] algorithms. All iterative algorithms are implemented using
the initial X0 = −0.001 × I100 ∈ R

100×100.

Figure 4. Relative error for Example 4.

According to [23], the GI algorithm is applicable as long as a convergent factor µ satisfies

0 < µ <
2

λmax(AAT )λmax(BT B) + λmax(CCT )λmax(DT D)
,

where λmax(AAT ) is the largest eigenvalue of AAT . We run GI algorithm under 3 different convergent
factors, namely, m1 = 6.1728 × 10−12, m2 = 8.8183 × 10−12 and m3 = 3.0864 × 10−11. We implement
AGBI algorithm with a convergent factor 0.000988 and a weighted factor 10−8. Figure 4 shows that
the CG algorithm (Algorithm 1) converges faster than GI with m1, GI with m2, GI with m3, and AGBI
algorithms. Table 2 shows that, in 30 iterations, GI, AGBI and the direct method consume a big
amount of time to get the exact solution, while Algorithm 1 produces a small-error solution in a small
time (0.073613 seconds).

Table 2. Relative error and CTs for Example 4.

Method Iterations CT Relative error
CG 30 0.073613 0.000001
GI with m1 30 0.109370 18.788266
GI with m2 30 0.115890 16.853503
GI with m3 30 0.109668 16.724640
AGBI 30 0.118294 16.724926
Direct - 66.928143 0
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Example 5. Consider a consistent generalized Sylvester-transpose matrix equation

AXB + CXT D = E,

with 100 × 100 coefficient matrices:

A = tridiag(−1, 2,−1), B =
1
3
× ones, C = −3 × ones, D = tridiag(3,−6, 3), E = −1.2 × ones .

In fact, this matrix equation has a solution, which is not unique. We will seek for a solution of the
equation using Algorithm 1, GI and AGBI algorithms with the same initial matrix X0 = −0.4 × ones ∈
R100×100.

Figure 5. Relative error for Example 5.

Table 3. Relative error and CTs for Example 5.

Method Iterations CT Relative error
CG 200 0.395984 0.361597
GI with m1 200 0.654457 1473.481117
GI with m2 200 0.591405 1186.764341
GI with m3 200 0.595052 645.799529
AGBI 200 0.599059 1718.220885

We carry out GI algorithm with three different convergent factors, namely, m1 = 1.7132 × 10−8,
m2 = 3.0837×10−8 and m3 = 1.5418×10−7. We implement AGBI algorithm with the convergent factor
0.000112 and the weighted factor 0.00005. Table 3 and Figure 5 express the computational time and
the errors for 200 iterations of the simulations. We see that the computational time of CG algorithm
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is slightly less than those of GI (with parameters m1, m2, m3) and AGBI algorithms. However, the
outcoming error produced by CG algorithm is significantly less than those of other algorithms.

Example 6. Consider the following Sylvester matrix equation

AX + XB = C,

where all coefficient matrices are 100 × 100 tridiagonal matrices given by

A = tridiag(1,−6, 1), B = tridiag(3, 0, 3), C = tridiag(1, 1, 9).

Figure 6. Relative error for Example 6.

Table 4. Relative error and CTs for Example 6.

Method Parameters Iterations CT Relative error
Convergent factor weighted factor

CG - - 10 0.018412 0.000000
GI µ = 0.034482 - 10 0.019581 7.365534
RGI µ = 0.266489 ω = 0.05 10 0.015338 8.786233
MGI µ = 0.025316 - 10 0.019361 2.544848
AGBI µ = 0.233918 ω = 0.05 10 0.022275 8.791699

We compare the performance of CG algorithm (Algorithm 1) to GI [23], RGI [16], MGI [17]
and AGBI [24] algorithms with parameters as shown in Table 4. We implement the algorithms with
the same initial matrix X0 = −5 × ones ∈ R100×100. Table 4 shows that the computational times for
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implementing 30 iterations of CG and other algorithms are close together. However, the relative errors
in Figure 6 and Table 4 express that CG algorithm produces a sequence of well-approximate solutions
in a few iterations with the lowest error comparing to other GI algorithms.

6. Conclusions

We propose an iterative procedure (Algorithm 1) to construct a sequence of approximate solutions
for the generalized Sylvester-transpose matrix Eq (1.5) with rectangular coefficient matrices. The
algorithm is applicable whenever the matrix K, defined by Eq (3.2), is symmetric. In fact, the residual
matrices Rk, produced by the algorithm, form an orthogonal set with respect to the usual inner product
for matrices. Thus, we obtain the desire solution within a finite step, says, np steps. Numerical
simulations have verified the applicability of the algorithm for square/non-square sparse/dense matrices
of moderate/large sizes. The algorithm is always applicable no matter how we choose an initial matrix.
Moreover, for sparse coefficient matrices of large size, the iteration number to get a desire solution
can be dramatically less than np iterations. The performance of the algorithm is significantly better
than the direct Kronecker linearization and recent gradient-based iterative algorithms when the matrix
coefficients are of moderate/large sizes.
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Abstract: We derive a conjugate-gradient type algorithm to produce approximate least-squares (LS)
solutions for an inconsistent generalized Sylvester-transpose matrix equation. The algorithm is
always applicable for any given initial matrix and will arrive at an LS solution within finite steps.
When the matrix equation has many LS solutions, the algorithm can search for the one with minimal
Frobenius-norm. Moreover, given a matrix Y, the algorithm can find a unique LS solution closest to
Y. Numerical experiments show the relevance of the algorithm for square/non-square dense/sparse
matrices of medium/large sizes. The algorithm works well in both the number of iterations and the
computation time, compared to the direct Kronecker linearization and well-known iterative methods.

Keywords: generalized Sylvester-transpose matrix equation; conjugate gradient algorithm;
least-squares solution; orthogonality; Kronecker product

MSC: 65F45; 65F10; 15A60; 15A69

1. Introduction

Sylvester-type matrix equations are closely related to ordinary differential equations
(ODEs), which can be adapted to several problems in control engineering and information
sciences; see e.g., monographs [1–3]. The Sylvester matrix equation AX + XB = E and
the famous special case Lyapunov equation AX + XAT = E have several applications in
numerical methods for ODEs, control and system theory, signal processing, and image
restoration; see e.g., [4–9]. The Sylvester-transpose equation AX + XT B = C is utilized
in eigenstructure assignment in descriptor systems [10], pole assignment [3], and fault
identification in dynamic systems [11]. In addition, if we require that the solution X to
be symmetric, then the Sylvester-transpose equation coincides with the Sylvester one. A
generalized Sylvester equation AXB + CXD = E can be applied to implicit ODEs, and a
general dynamical linear model for vibration and structural analysis, robot and spaceship
controls; see e.g., [12,13].

The mentioned matrix equations are special cases of a generalized Sylvester-transpose
matrix equation:

AXB + CXT D = E, (1)

or more generally

s

∑
i=1

AiXBi +
t

∑
j=1

CjXT Dj = E. (2)

A direct algebraic method to find a solution of Equation (2) is to use the Kronecker
linearization transforming the matrix equation into an equivalent linear system; see e.g., [14]
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(Ch. 4). The same technique together with the notion of weighted Moore–Penrose inverse
were adapted to solve a coupled inconsistent Sylvester-type matrix equations [15] for
least-squares (LS) solutions. Another algebraic method is to apply a generalized Sylvester
mapping [13], so that the solution is expressed in terms of polynomial matrices. However,
when the sizes of coefficient matrices are moderate or large, it is inconvenient to use matrix
factorizations or another traditional methods since they require a large memory to calculate
an exact solution. Thus, the Kronecker linearization and other algebraic methods are only
suitable for small matrices. That is why it is important to find solutions that are easy to
compute, leading many researchers to come up with algorithms that can reduce the time
and memory usage of solving large matrix equations.

In the literature, there are two notable techniques to derive iterative procedures for
solving linear matrix equations; see more information in a monograph [16]. The conjugate
gradient (CG) technique aims to create an approximate sequence of solutions so that the
respective residual matrix creates a perpendicular base. The desired solution will come
out in the final step of iterations. In the last decade, many authors developed CG-type
algorithms for Equation (2) and its special cases, e.g., BiCG [17], BiCR [17], CGS [18],
GCD [19], GPBiCG [20], and CMRES [21]. The second technique, known as gradient-based
iterative (GI) technique, intends to construct a sequence of approximate solutions from
the gradient of the associated norm-error function. If we carefully set parameters of GI
algorithm, then the generated sequence would converge to the desired solution. In the last
five years, many GI algorithms have been introduced; see e.g., GI [22,23], relaxed GI [24],
accelerated GI [25], accelerated Jacobi GI [26], modified Jacobi GI [27], gradient-descent
algorithm [28], and global generalized Hessenberg algorithm [29]. For LS solutions of
Sylvester-type matrix equations, there are iterative solvers, e.g., [30,31].

Recently, the work [32] developed an effective gradient-descent iterative algorithm to
produce approximated LS solutions of Equation (2). When Equation (2) is consistent, a CG-
type algorithm was derived to obtain a solution within finite steps; see [33]. This work is a
continuation of [33], i.e., we consider Equation (1) with rectangular coefficient matrices and
a rectangular unknown matrix X. Suppose that Equation (1) is inconsistent. We propose a
CG-type algorithm to approximate LS solutions, which will solve the following problems:

Problem 1. Find a matrix X̂ ∈ Rn×p that minimizes ‖E− AXB− CXT D‖F.

Let L be the set of least-squares solutions of Equation (1). The second problem is to
find an LS solution with the minimal norm:

Problem 2. Find the matrix X∗ such that

‖X∗‖F = min
X̂∈L
‖X̂‖F. (3)

The last one is to find an LS solution closest to a given matrix:

Problem 3. Let Y ∈ Rn×p. Find the matrix X̌ such that

‖X̌−Y‖F = min
X̂∈L
‖X̂−Y‖F. (4)

Moreover, we extend our studies to the matrix Equation (2). We verify the results from
theoretical and numerical points of view.

The organization of this article is as follows. In Section 2, we recall preliminary results
from matrix theory that will be used in later discussions. In Section 3, we explain how
the Kronecker linearization can transform Equation (1) into an equivalent linear system
to obtain LS solutions. In Section 4, we propose a CG-type algorithm to solve Problem 1
and verify the theoretical capability of the algorithm. After that, Problems 2 and 3 are
investigated in Sections 5 and 6, respectively. To verify the theory, we provide numerical
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experiments in Section 7 to show the applicability and efficiency of the algorithm, compared
to the Kronecker linearization and recent iterative algorithms. We summarize the whole
work in the last section.

2. Auxiliary Results from Matrix Theory

Throughout, let us denote by Rm×n the set of all m-by-n real matrices. Recall that the
standard (Frobenius) inner product of A, B ∈ Rm×n is defined by

〈A, B〉 := tr(BT A) = tr(ABT). (5)

If 〈A, B〉 = 0, we say that A is orthogonal to B. A well-known property of the inner product
is that

〈A, BCD〉 = 〈BT ADT , C〉, (6)

for any matrices A, B, C, D with appropriate dimensions. The Frobenius norm of matrix
A ∈ Rm×n is defined by

‖A‖F :=
√

tr(AT A).

The Kronecker product A ⊗ B of A = [aij] ∈ Rm×n and B ∈ Rp×q is defined to be the
mp-by-nq matrix whose each (i, j)-th block is given by aijB.

Lemma 1 ([14]). For any real matrices A and B, we have (A⊗ B)T = AT ⊗ BT .

The vector operator Vec(·) transforms a matrix A = [aij] ∈ Rm×n to the vector

Vec A := [a11 · · · am1 a12 · · · am2 · · · a1n · · · amn]
T ∈ Rmn.

The vector operator is bijective, linear, and related to the usual matrix multiplication
as follows.

Lemma 2 ([14]). For any A ∈ Rm×n, B ∈ Rn×p and C ∈ Rp×q, we have

Vec ABC = (CT ⊗ A)Vec B.

For each m, n ∈ N, we define a commutation matrix

P(m, n) :=
m

∑
i=1

n

∑
j=1

Eij ⊗ ET
ij ∈ Rmn×mn, (7)

where the (i, j)-th position of Eij ∈ Rm×n is 1 and all other entries are 0. Indeed, P(m, n)
acts on a vector by permuting its entries as follows.

Lemma 3 ([14]). For any matrix A ∈ Rm×n, we have

Vec(AT) = P(m, n)Vec(A). (8)

Moreover, commutation matrices permute the entries of A⊗ B as follows.

Lemma 4 ([14]). For any A ∈ Rm×n and B ∈ Rp×q, we have

B⊗ A = P(m, p)T(A⊗ B)P(n, q). (9)

The next result will be used in the later discussions.
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Lemma 5 ([14]). For any matrices A, B, C, D with appropriate dimensions, we get

tr(AT DT BC) = (Vec D)T(A⊗ B)Vec C. (10)

3. Least-Squares Solutions via the Kronecker Linearization

From now on, we investigate the generalized Sylvester-transpose matrix Equation (1),
with corresponding coefficient matrices A ∈ Rm×n, B ∈ Rp×q, C ∈ Rm×p, D ∈ Rn×q,
E ∈ Rm×q, and a rectangular unknown matrix X ∈ Rn×p. We focus our attention when
Equation (1) is inconsistent. In this case, we will seek for its LS solution, that is, a matrix X∗

that solves the following minization problem:

min
X∈Rn×p

∥∥E− AXB− CXT D
∥∥

F. (11)

A traditional algebraic way to solve a linear matrix equation is known as the Kronecker
linearization–to transform the matrix equation into an equivalent linear system using the
notions of vector operator and Kronecker products. Indeed, taking the vector operator to
Equation (1) and applying Lemmas 2 and 3 yield

Vec E = Vec(AXB + CXT D) = (BT ⊗ A)Vec X + (DT ⊗ C)Vec XT

= (BT ⊗ A)Vec X + (DT ⊗ C)P(n, p)Vec X. (12)

Let us denote x = Vec X, e = Vec E, and

M = (BT ⊗ A) + (DT ⊗ C)P(n, p). (13)

Thus, a matrix X is an LS solution of Equation (1) if and only if x is an LS solution of the
linear system Mx = e, or equivalently, a solution of the associated normal equation

MT Mx = MTe. (14)

The linear system (14) is always consistent, i.e., Equation (1) always has an LS solution.
From the normal Equation (14) and Lemmas 2 and 3, we can deduce:

Lemma 6 ([34]). Problem 1 is equivalent to the following consistent matrix equation

AT(AXB + CXT D)BT + D(BTXT AT + DTXCT)C = ATEBT + DETC. (15)

Moreover, the normal Equation (14) has a unique solution if and only if the matrix M
is of full-column rank, i.e., MT M is invertible. In this case, the unique solution is given by
x∗ = (MT M)−1MTe, and the LS error can be computed as follows:

‖Mx∗ − e‖2 = ‖e‖2 − eT Mx∗. (16)

If M is of not full-column rank (i.e., the kernel of M is nontrivial), then the system Mx = e
has many solutions. In this case, the LS solutions appear in the form x∗ = M†e + u where
M† is the Moore–Penrose inverse of M, and u is an arbitrary vector in the kernel of M.
Among all these solutions,

x∗ = M†e (17)

is the unique one having minimal norm.

4. Least-Squares Solution via a Conjugate Gradient Algorithm

In this section, we propose a CG-type algorithm to solve Problem 1. We do not impose
any assumption on the matrix M, so that LS solutions of Equation (1) may not be unique.

76

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Symmetry 2022, 14, 1868 5 of 18

We shall adapt the conjugate-gradient technique to solve the equivalent matrix
Equation (15). Recall that the set of LS solutions of Equation (1) is denoted by L. From
Lemma 6, observe that the residual of a matrix X ∈ Rn×p according to Equation (1) is
given by

RX := ATEBT + DETC− AT(AXB + CXT D)BT − D(BTXT AT + DTXCT)C. (18)

Lemma 6 states that X ∈ L if and only if RX = 0. From this, we propose the following algo-
rithm. Indeed, the next approximate solution Xr+1 is equal to the current approximation
Xr along with a search direction Ur+1 of suitable step size.

Algorithm 1: A conjugate gradient iterative algorithm for Equation (1)

A ∈ Rm×n, B ∈ Rp×q, C ∈ Rm×p, D ∈ Rn×q and E ∈ Rm×q ;
Set r = 0, U0 = 0. Choose X0 ∈ Rn×p;
R0 = ATEBT + DETC− AT(AX0B + CXT

0 D)BT − D(BTXT
0 AT + DTX0CT)C;

for r = 0 to np do
if ‖Rr‖F 6 ε then

Xr is an LS solution; break;
else

if r = 0 then
set Ur+1 = Rr;
else

set Ur+1 = Rr +
‖Rr‖2

F
‖Rr−1‖2

F
Ur;

end
end
Hr+1 = AT(AUr+1B + CUT

r+1D)BT + D(BTUT
r+1 AT + DTUr+1CT)C;

αr+1 = tr(UT
r+1Hr+1);

Xr+1 = Xr +
‖Rr‖2

F
αr+1

Ur+1;

Rr+1 = ATEBT + DETC− AT(AXr+1B + CXT
r+1D)BT

−D(BTXT
r+1 AT + DTXr+1CT)C;

update r;
end

end

Remark 1. To terminate the algorithm, one can alternatively set the stopping rule to be ‖Rr‖F −
δ 6 ε′ where δ := ‖Mx∗ − e‖ is the positive square root of the LS error described in Equation (16)
and ε′ > 0 is a small tolerance.

For any given initial matrix X0, we will show that Algorithm 1 generates a sequence
of approximate solutions Xr of Equation (1), so that the set of residual matrices Rr is
orthogonal. It follows that a unique LS solution will be obtained within finite steps.

Lemma 7. Assume that the sequences {Rr} and {Hr} are generated by Algorithm 1. We get

Rr+1 = Rr −
‖Rr‖2

F
αr+1

Hr+1, for r = 1, 2, . . . . (19)
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Proof. From Algorithm 1, we have that for any r,

Rr+1 = ATEBT + DETC− AT(AXr+1B + CXT
r+1D)BT − D(BTXT

r+1 AT + DTXr+1CT)C

= ATEBT + DETC− AT

(
A(Xr +

‖Rr‖2
F

αr+1
Ur+1)B + C(Xr +

‖Rr‖2
F

αr+1
Ur+1)

T D

)
BT

− D

(
BT(Xr +

‖Rr‖2
F

αr+1
Ur+1)

T AT + DT(Xr +
‖Rr‖2

F
αr+1

Ur+1)CT

)
C

= ATEBT + DETC− AT

(
AXrB +

‖Rr‖2
F

αr+1
AUr+1B + CXT

r D +
‖Rr‖2

F
αr+1

CUT
r+1D

)
BT

− D

(
BTXT

r AT +
‖Rr‖2

F
αr+1

BTUT
r+1 AT + DTXrCT +

‖Rr‖2
F

αr+1
DTUr+1CT

)
C

= ATEBT + DETC− AT(AXrB + CXT
r D)BT − D(BTXT

r AT + DTXrCT)C

−
‖Rr‖2

F
αr+1

[AT(AUr+1B + CUT
r+1D)BT + D(BTUT

r+1 AT + DTUr+1CT)C]

= Rr −
‖Rr‖2

F
αr+1

Hr+1.

Lemma 8. The sequences {Ur} and {Hr} generated by Algorithm 1 satisfy

tr(UT
mHn) = tr(HT

mUn), for any m, n. (20)

Proof. Using the properties of the Kronecker product and the vector operator in Lemmas 1–5,
we have

tr(HT
mUn) = (Vec Hm)

T Vec Un

= [Vec(AT(AUmB + CjUT
mD)BT + D(BTUT

m AT + DTUmCT)C)]T Vec Un

= [Vec(AT AUmBBT)]T Vec Un + [Vec(ATCUT
mDBT)]T Vec Un

+ [Vec(DBTUT
m ATC)]T Vec Un + [Vec(DDTUmCTC)]T Vec Un

= (Vec Um)
T(BBT ⊗ AT A)Vec Un + (Vec UT

m)
T(DBT

k ⊗ CT A)Vec Un

+ (Vec UT
m)

T(ATC⊗ BDT)Vec Un + (Vec Um)
T(CTC⊗ DDT)Vec Un

= tr(BBTUT
m AT AUn) + tr(ATCUT

mDBTUT
n ) + tr(DBTUT

m ATCUT
n )

+ tr(CTCUT
mDDTUn)

= (Vec(BBT
k UT

n AT A))T Vec UT
m + (Vec(CT AUnBDT))T Vec UT

n

+ (Vec(BDTUnCT A))T Vec UT
m + (Vec(CTCUT

n DDT))T Vec UT
m

= [Vec(AT AUnBBT)]T Vec Um + [Vec(DBTUT
n ATC)]T Vec Um

+ [Vec(ATCUT
n DBT)]T Vec Um + [Vec(DDTUnCTC)]T Vec Um

= [Vec(AT(AUnB + CUT
n D)BT + D(BTUT

n AT + DTUnCT)C)]T Vec Um

= (Vec Hn)
T Vec Um

= tr(HT
n Um)

= tr(UT
mHn).

Lemma 9. The sequences {Rr}, {Ur} and {Hr} generated by Algorithm 1 satisfy

tr(RT
r Rr−1) = 0, and tr(UT

r+1Hr) = 0, for any r. (21)
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Proof. We use the induction principle to prove (21). In order to calculate related terms, we
utilize Lemmas 7 and 8. For r = 1, we get

tr(RT
1 R0) = tr(RT

0 R0)−
‖R0‖2

F
α1

tr(HT
1 R0) = 0,

tr(UT
2 H1) = tr(RT

1 H1) +
‖R1‖2

F
‖R0‖2

F
tr(UT

1 H1)

= − α1

‖R0‖2
F

tr(RT
1 R1) + α1

‖R1‖2
F

‖R0‖2
F

= 0.

These imply that (21) holds for r = 1. Now, we proceed the inductive step by assuming
that tr(RT

r Rr−1) = 0 and tr(UT
r+1Hr) = 0. Then

tr(RT
r+1Rr) = tr(RT

r Rr)−
‖Rr‖2

F
αr+1

tr

(
HT

r+1

(
Ur+1 −

‖Rr‖2
F

‖Rr−1‖2
F

Ur

))

= ‖Rr‖2
F −
‖Rr‖2

F
αr+1

tr(HT
r+1Ur+1) = 0,

tr(UT
r+2Hr+1) = tr

(
RT

r+1

(
−αr+1

‖Rr‖2
F
(Rr+1 − Rr)

))
+
‖Rr+1‖2

F
‖Rr‖2

F
αr+1

=
αr+1

‖Rr‖2
F

tr[(RT
r+1Rr)− (RT

r+1Rr+1)] +
‖Rr+1‖2

F
‖Rr‖2

F
αr+1 = 0.

Hence, Equationd (21) holds for any r.

Lemma 10. Suppose the sequences {Rr}, {Ur} and {Hr} are constructed from Algorithm 1. Then

tr(RT
r R0) = 0, tr(UT

r+1H1) = 0, for any r. (22)

Proof. The initial step r = 1 holds due to Lemma 9. Now, assume that Equation (22) is
valid for all r = 1, . . . , k. From Lemmas 7 and 8, we get

tr(RT
k+1R0) = tr

((
Rk −

‖Rk‖2
F

αk+1
Vk+1

)T

R0

)
= tr(RT

k R0)−
‖Rk‖2

F
αk+1

tr(HT
k+1R0)

= −
‖Rk‖2

F
αk+1

tr(HT
k+1U1) = −

‖Rk‖2
F

αk+1
tr(UT

k+1H1) = 0,

and

tr(UT
k+2H1) = tr(HT

k+2U1) = tr

((
−αk+2

‖Rk+1‖2
F
(Rk+2 − Rk+1)

)T

U1

)

=
−αk+2

‖Rk+1‖2
F
[tr(RT

k+2R0)− tr(RT
k+1R0)] = 0.

Hence, Equation (22) holds for any r.

Lemma 11. Suppose the sequences {Rr}, {Ur} and {Hr} are constructed from Algorithm 1. Then
for any integers m and n such that m 6= n, we have

tr(RT
m−1Rn−1) = 0, and tr(UT

m Hn) = 0. (23)

79

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Symmetry 2022, 14, 1868 8 of 18

Proof. According to Lemma 8 and the fact that tr(RT
m−1Rn−1) = tr(RT

n−1Rm−1) for any
integers m and n, it remains to prove two equalities in (23) for only m, n such that m > n.
For m = n + 1, the two equalities hold by Lemma 9. For m = n + 2, we have

tr(RT
n+2Rn) = tr

((
Rn+1 −

‖Rn+1‖2
F

αn+2
Hn+2

)T

Rn

)

= −
‖Rn+1‖2

F
αn+2

tr

(
HT

n+2

(
Un+1 −

‖Rn‖2
F

‖Rn−1‖2
F

Un

))

=
‖Rn+1‖2

F
αn+2

‖Rn‖2
F

‖Rn−1‖2
F

tr

((
Rn+1 +

‖Rn+1‖2
F

‖Rn‖2
F

Un+1

)T

Hn

)

=
‖Rn+1‖2

F
αn+2

‖Rn‖2
F

‖Rn−1‖2
F

αn

‖Rn−1‖2
F

tr(RT
n+1Rn−1),

and, similarly, we have

tr(RT
n+1Rn−1) =

‖Rn‖2
F

αn+1

‖Rn−1‖2
F

‖Rn−2‖2
F

αn−1

‖Rn−2‖2
F

tr(RT
n Rn−2),

tr(RT
n Rn−2) =

‖Rn−1‖2
F

αn

‖Rn−2‖2
F

‖Rn−3‖2
F

αn−2

‖Rn−3‖2
F

tr(RT
n−1Rn−3).

Moreover,

tr(UT
n+2Hn) = tr

((
Rn+1 −

‖Rn+1‖2
F

‖Rn‖2
F

Un+1

)T

Hn

)

= tr

(
RT

n+1

(
−αn

‖Rn−1‖2
F
(Rn − Rn−1)

))

=
αn

‖Rn−1‖2
F

tr

((
Rn −

‖Rn‖2
F

αn+1
Hn+1

)T

Rn−1

)

= − αn

‖Rn−1‖2
F

‖Rn‖2
F

αn+1

[
tr(HT

n+1Un)−
‖Rn−1‖2

F
‖Rn−2‖2

F
tr(HT

n+1Un−1)

]

=
αn

‖Rn−1‖2
F

‖Rn‖2
F

αn+1

‖Rn−1‖2
F

‖Rn−2‖2
F

tr(UT
n+1Hn−1),

and, similarly,

tr(UT
n+1Hn−1) =

αn−1

‖Rn−2‖2
F

‖Rn−1‖2
F

αn

‖Rn−2‖2
F

‖Rn−3‖2
F

tr(UT
n Hn−2).

In a similar way, we can write tr(RT
n+1Rn−1) and tr(UT

n+2Hn) in terms of tr(RT
n Rn−2) and

tr(UT
n+1Hn−1), respectively. Continuing this process until the terms tr(RT

2 R0) and tr(UT
3 H1)

appear. By Lemma 10, we get tr(RT
n+1Rn−1) = 0 and tr(UT

n+2Hn) = 0. Similarly, we have
tr(RT

mRn−1) = 0 and tr(UT
m Hn) = 0 for m = n + 3, . . . , k.
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Suppose that tr(RT
m−1Rn−1) = tr(UT

m Hn) = 0 for m ∈ {n + 1, . . . , k}. Then for
m = k + 1, we have

tr(RT
k Rn−1) = tr(RT

k−1Rn−1)−
‖Rk−1‖2

F
αk

tr(HT
k Rn−1)

= −
‖Rk−1‖2

F
αk

tr

(
HT

k

(
Un −

‖Rn−1‖2
F

‖Rn−2‖2
F

Un−1

))

= −
‖Rk−1‖2

F
αk

[
tr(HT

k Un)−
‖Rn−1‖2

F
‖Rn−2‖2

F
tr(HT

k Un−1)

]
= 0.

and

tr(UT
k+1Hn) = tr(RT

k Hn) +
‖Rk‖2

F
‖Rk−1‖2

F
tr(UT

k Hn) = tr

(
RT

k

(
−αn

‖Rn−1‖2
F
(Rn − Rn−1)

))
=

−αn

‖Rn−1‖2
F

tr(RT
k Rn − RT

k Rn−1) = 0.

Hence, tr(RT
m−1Rn−1) = 0 and tr(UT

m Hn) = 0 for any m, n such that m 6= n.

Theorem 1. Algorithm 1 solves Problem 1 within finite steps. More precisely, for any given initial
matrix X0 ∈ Rn×p, the sequence {Xr} constructed from Algorithm 1 converges to an LS solution
of Equation (1) in at most np iterations.

Proof. Assume that Rr 6= 0 for r = 0, 1, . . . , np− 1. Assume that Rnp 6= 0. By Lemma 11,
the set {R0, R1, ..., Rnp} of residual matrices is orthogonal in Rn×p with respect to the
Frobenius inner product (5). Therefore, the set {R0, R1, ..., Rnp} of np+ 1 elements is linearly
independent. This contradicts the fact that the dimension of Rn×p is np. Thus, Rnp = 0, and
Xnp satisfies Equation (15) in Lemma 6. Hence Xnp is an LS solution of Equation (1).

We adapt the same idea as that for Algorithm 1 to derive an algorithm for Equation (2)
as follows:
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Algorithm 2: A conjugate gradient iterative algorithm for Equation (2)

Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q for any i = 1, 2, . . . , s, j = 1, 2, . . . , t
and E ∈ Rm×q ;

Given ε > 0, set r = 0, U0 = 0. Choose X0 ∈ Rn×p;

R0 =
s

∑
k=1

AT
k EBT

k +
t

∑
l=1

DlETCl −
s

∑
k=1

AT
k

( s

∑
i=1

AiX0Bi +
t

∑
j=1

CjXT
0 Dj

)
BT

k

−
t

∑
l=1

Dl

( s

∑
i=1

BT
i XT

0 AT
i +

t

∑
j=1

DT
j X0CT

j

)
Cl ;

for r = 0 to np do
if ‖Rr‖F 6 ε then

Xr is an LS solution; break;
else

if r = 0 then
set Ur+1 = Rr;
else

set Ur+1 = Rr +
‖Rr‖2

F
‖Rr−1‖2

F
Ur;

end
end

Hr+1 =
s

∑
k=1

AT
k

( s

∑
i=1

AiUr+1Bi +
t

∑
j=1

CjUT
r+1Dj

)
BT

k

+
t

∑
l=1

Dl

( s

∑
i=1

BT
i UT

r+1 AT
i +

t

∑
j=1

DT
j Ur+1CT

j

)
Cl ;

αr+1 = tr
(

UT
r+1Hr+1

)
;

Xr+1 = Xr +
‖Rr‖2

F
αr+1

Ur+1;

Rr+1 =
s

∑
k=1

AT
k EBT

k +
t

∑
l=1

DlETCl

−
s

∑
k=1

AT
k

( s

∑
i=1

AiXr+1Bi +
t

∑
j=1

CjXT
r+1Dj

)
BT

k

−
t

∑
l=1

Dl

( s

∑
i=1

BT
i XT

r+1 AT
i +

t

∑
j=1

DT
j Xr+1CT

j

)
Cl ;

update r;
end

end

The stopping rule of Algorithm 2 may be described as ‖Rr‖F − δ 6 ε′ where δ is the
positive square root of the associated LS error and ε′ > 0 is a small tolerance.

Theorem 2. Consider Equation (2) where Ai ∈ Rm×n, Bi ∈ Rp×q, Cj ∈ Rm×p, Dj ∈ Rn×q,
D ∈ Rm×q, E ∈ Rm×q are given constant matrices and X ∈ Rn×p is an unknown matrix. Assume
that the matrix

M :=
s

∑
i=1

(BT
i ⊗ Ai) +

t

∑
j=1

(DT
j ⊗ Cj)P(n, p) (24)

is of full-column rank. Then, for any given initial matrix X0 ∈ Rn×p, the sequence {Xr} constructed
from Algorithm 2 converges to a unique LS solution.

Proof. The proof of is similar to that of Theorem 1.
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5. Minimal-Norm Least-Squares Solution via Algorithm 1

In this section, we investigate Problem 2. That is, we consider the case when the matrix
M may not have full-column rank, so that Equation (1) may have many LS solutions. We
shall seek for an element of L with the minimal Frobenius norm.

Lemma 12. Assume X̂ ∈ L. Then, any arbitrary element X̃ ∈ L can be expressed as X̂ + Z for
some matrix Z ∈ Rn×p satisfying

AT(AZB + CZT D)BT + D(BTZT AT + DTZCT)C = 0. (25)

Proof. Let us denote the residual of the LS solutions X̂ and X̃, according to Equation (18),
by RX̂ and RX̃ , respectively. We consider the different Z := X̃− X̂. Now, we compute

RX̃ = AT(A(X̂ + Z)B + C(X̂ + Z)T D)BT + D(BT(X̂ + Z)T AT + DT(X̂ + Z)CT)C

− ATEBT − DETC

= AT(AZB + CZT D)BT + D(BTZT AT + DTZCT)C− RX̂ .

Since X̂, X̃ ∈ L, by Lemma 6 we have RX̂ = RX̃ = 0. It follows that Equation (25) holds
as desired.

Theorem 3. Algorithm 1 solves Problem 2 in at most np iterations by starting with the initial matrix

X0 = AT(AV0B + CVT
0 D)BT + D(BTVT

0 AT + DTV0CT)C, (26)

where V0 ∈ Rn×p is an arbitrary matrix, or especially X0 = 0.

Proof. If we run Algorithm 1 starting with (26), then we can write the solution X∗ of
Problem 2 so that

X∗ = AT(AV∗B + CV∗T D)BT + D(BTV∗T AT + DTV∗CT)C,

for some matrix V∗ ∈ Rn×p. Now, assume that X̃ is an arbitrary element inL. By Lemma 12,
there is a matrix Z ∈ Rn×p such that X̃ = X∗ + Z and

AT(AZB + CZT D)BT + D(BTZT AT + DTZCT)C = 0.

Using the property (6), we get

〈X∗, Z〉 =
〈

AT(AV∗B + CV∗T D)BT + D(BTV∗T AT + DTV∗CT)C, Z
〉

=
〈

V∗, AT(AZB + CZT D)BT + D(BTZT AT + DTZCT)C
〉

= 0.

Since X∗ is orthogonal to Z, it follows from the Pythagorean theorem that

‖X̃‖2
F = ‖X∗ + Z‖2

F = ‖X∗‖2
F + ‖Z‖2

F ≥ ‖X∗‖2
F.

This implies that X∗ is the minimal-norm solution.

Theorem 4. Consider the sequence {Xr} generated by Algorithm 2 starting with the initial matrix

X0 =
s

∑
k=1

AT
k

(
s

∑
i=1

AiV0Bi +
t

∑
j=1

CjVT
0 Dj

)
BT

k +
t

∑
l=1

Dl

(
s

∑
i=1

BT
i VT

0 AT
i +

t

∑
j=1

DT
j V0CT

j

)
Cl ,
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where V0 ∈ Rn×p is an arbitrary matrix, or especially X0 = 0 ∈ Rn×p. Then the sequence {Xr}
converges to the minimal-norm LS solution of Equatiom (2) in at most np iterations.

Proof. The proof is similar to that of Theorem 3.

6. Least-Squares Solution Closest to a Given Matrix

In this section, we investigate Problem 3. In this case, Equation (1) may have many LS so-
lutions. We shall seek for one that closest to a given matrix with respect to the Frobenius norm.

Theorem 5. Algorithm 1 solves Problem 3 by substituting E with E1 = E− (AYB + CYT D),
and choosing the initial matrix to be

W0 = AT(AVB + CVT D)BT + D(BTVT AT + DTVCT)C, (27)

where V ∈ Rn×p is arbitrary, or specially W0 = 0 ∈ Rn×p.

Proof. Let Y ∈ Rn×p be given. We can translate Problem 3 into Problem 2 as follows:

min
X∈Rn×p

‖AXB + CXT D− E‖F

= min
X∈Rn×p

‖AXB + CXT D− E− AYB− CYT D + AYB + CYT D‖F

= min
X∈Rn×p

‖A(X−Y)B + C(X−Y)T D− E + AYB + CYT D‖F.

Now, substituting E1 = E− (AYB + CYT D) and W = X−Y, we see that the solution X̌ of
Problem 3 is equal to W∗ + Y where W∗ is the minimal-norm LS solution of the equation

AWB + CWT D = E1,

in unknown W. By Theorem 3, the matrix W∗ can be solved by Algorithm 1 with the initial
matrix (27) where V ∈ Rn×p is arbitrary matrix, or especially W0 = 0.

Theorem 6. Suppose that the matrix Equation (2) is inconsistent. Let Y ∈ Rn×p be given.
Consider Algorithm 2 when we replace the matrix E by

E1 = E−
s

∑
i=1

AiYBi −
t

∑
j=1

CjYT Dj,

and choose the initial matrix

W0 =
s

∑
k=1

AT
k

(
s

∑
i=1

AiFBi +
t

∑
j=1

CjFT Dj

)
BT

k +
t

∑
l=1

Dl

(
s

∑
i=1

BT
i FT AT

i +
t

∑
j=1

DT
j FCT

j

)
Cl ,

where F ∈ Rn×p is arbitrary, or W0 = 0 ∈ Rn×p. Then, the sequence {Xr} obtained by
Algorithm 2 converges to the LS solution of (2) closest to Y within np iterations.

Proof. The proof of the theorem is similar to that of Theorem 5.

7. Numerical Experiments

In this section, we provide numerical results to show the efficiency and effectiveness
of Algorithm 2 (denoted by CG), which is an extension of Algorithm 1. We perform
experiments when the coefficients in a given matrix equation are dense/sparse rectangular
matrices of moderate/large sizes. We denote by ones(m, n) the m-by-n matrix whose all
entries are 1. Each random matrix rand(m, n) has all entries belonging to the interval (0, 1).
Each experiment contains some comparisons of Algorithm 2 with the direct Kronecker
linearization as well as well-known iterative algorithms. All iterations were performed by
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MATLAB R2021a, on Mac operating system (M1 chip 8C CPU/8C GPU/8GB/512GB). The
performance of algorithms is investigated through the number of iterations, the norm of
residual matrices, and the CPU time. The latter is measured in seconds using the functions
tic and toc on MATLAB.

The next is an example of Problem 1.

Example 1. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + A2XB2 + A3XB3 + C1XT D1 + C2XT D2 = E, (28)

where the coefficient matrices are given by

A1 = 0.5 ones(m, n)− rand(m, n) ∈ R50 × 50, A2 = 0.5 ones(m, n)− rand(m, n) ∈ R50 × 50,

A3 = 0.5 ones(m, n)− rand(m, n) ∈ R50 × 50, B1 = 0.5 ones(p, q)− rand(p, q) ∈ R40 × 50,

B2 = 0.5 ones(p, q)− rand(p, q) ∈ R40 × 50, B3 = 0.5 ones(p, q)− rand(p, q) ∈ R40 × 50,

C1 = 0.5 ones(m, p)− rand(m, p) ∈ R50 × 40, C2 = 0.5 ones(m, p)− rand(m, p) ∈ R50 × 40,

D1 = 0.5 ones(n, q)− rand(n, q) ∈ R50 × 50, D2 = 0.5 ones(n, q)− rand(n, q) ∈ R50 × 50,

E = 0.5 ones(m, q)− rand(m, q) ∈ R50 × 50.

In fact, we have rank M = 2000 6= 2001 = rank [M e], i.e., the matrix equation does not
have an exact solution. However, M is of full-column rank, so this equation has a unique LS
solution. We run Algorithm 2 using an initial matrix X0 = 0 ∈ R50×40 and a tolerance error
ε = ‖Mx∗ − e‖ = 6.4812, where x∗ = (MT M)−1MTe. It turns out that Algorithm 2 takes
20 iterations to get a least-square solution, consuming around 0.2 s, while the direct method
consumes around 7 s. Thus, Algorithm 2 takes 35 times less computational time than the direct
method. We compare the performance of Algorithm 2 with other well-known iterative algorithms:
GI method [31], LSI method [31], and TAUOpt method [32]. The numerical results are shown in
Table 1 and Figure 1. We see that after running 20 iterations, Algorithm 2 consumes CTs slightly
more than other methods, but the relative error ‖Rr‖F is less than those of the others. Hence,
Algorithm 2 is applicable and has a good performance.

Table 1. Relative error and computational time for Example 1.

Method Iterations CPU ‖Rr‖F

CG 20 0.199308 6.407766

GI 20 0.129715 10.907665

LSI 20 0.179449 14.390460

TAUOpt 20 0.073866 7.806273

Direct − 7.048632 0
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Figure 1. The logarithm of the relative error ‖Rr‖F for Example 1.

The next is an example of Problem 2.

Example 2. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + C1XT D1 + C2XT D2 = E, (29)

where

A1 = −0.08× ones(m, n) ∈ R30 × 25, B1 = tridiag(0.11,−0.61,−0.29) ∈ R30 × 30,

C1 = tridiag(−0.03,−0.22,−0.1) ∈ R30 × 30, C2 = tridiag(0.38, 0.29,−0.41) ∈ R30 × 30,

D1 = −0.13× ones(n, q) ∈ R25 × 30, D2 = 0.04× ones(n, q) ∈ R25 × 30,

E = −0.01× I30 ∈ R30 × 30.

In this case, Equation (29) is inconsistent and the associated matrix M is not of full-column rank.
Thus, Equation (29) has many LS solutions. The direct method concerning Moore–Penrose inverse
(17) takes 0.627019 s to get the minimal-norm LS solutions. Alternatively, MNLS method [35] can
be also used to this kind of problem. However, some coefficient matrices are triangular matrices with
multiple zeros, causing the MNLS algorithm diverges and cannot provide answer. Therefore, let
us apply Algorithm 2 using a tolerance error ε = 10−5. According to Theorem 4, we choose three
different matrices V0 to generate the initial matrix X0. The numerical results are shown in Table 2
and Figure 2.

Table 2. Relative error and computational time for Example 2.

V0 Iterations CPU ‖Rr‖F

0 6 0.036523 0.000008

0.02 × ones 11 0.036540 0.000009

−0.01 ×I 10 0.038425 0.000009
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Figure 2. The logarithm of the relative error for Example 2.

Figure 2 shows that the logarithm of the relative errors ‖Rr‖F for CG algorithms, using
three initial matrices, are rapidly decreasing to zero. All of them consume around 0.037 s to
arrive at the desired solution, which is 16 times less than the direct method.

The following is an example of Problem 3.

Example 3. Consider a generalized Sylvester-transpose matrix equation

A1XB1 + C1XT D1 + C2XT D2 = E, (30)

where

A1 = 0.2× ones(m, n) ∈ R50 × 40, B1 = tridiag(−0.2, 0.3, 0.3) ∈ R50 × 50,

C1 = tridiag(0.4,−0.2,−0.1) ∈ R50 × 50, C2 = tridiag(0.7,−0.2, 0.3) ∈ R50 × 50,

D1 = −0.2× ones(n, q) ∈ R40 × 50, D2 = 0.1× ones(n, q) ∈ R40 × 50,

E = I50 ∈ R50×50.

In fact, Equation (30) is inconsistent and has many LS solutions. The first task is to find the LS
solution of Equation (30) closest to Y = 0.1× ones(n, p) ∈ R40×50. According to Theorem 6, we
apply Algorithm 2 with two different matrices V to construct the initial matrix W0. Algorithm 2
with V = 0 and V = −0.19× I are denoted in Figure 3 by CG1 and CG2, respectively.

The second task is to solve Problem 3 when we are given Y = 0.1× ones(n, p) ∈ R40×50.
Similarly, we use two different matrices V = 0 and V = 0.02× ones(n, p) ∈ R40×50 to construct
the initial matrix.
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Figure 3. The logarithm of the relative error for Example 3 with Y = 0.1 × ones(n, p).

Figure 4. The logarithm of the relative error for Example 3 with Y = I.

Table 3. Relative error and computational time for Example 3.

Y Initial V Iterations CPU ‖Rr‖F ‖X∗− Y‖F

0.1× ones(n, p)
0 18 0.104135 0.000006 4.3116

−0.19× I 20 0.108153 0.000005 4.3116

I
0 18 0.113960 0.000009 0.8580

0.02× ones 20 0.108499 0.000006 0.8580

We apply Algorithm 2 with a tolerance error ε = 10−5. The numerical results in
Figures 3 and 4, and Table 3 illustrate that, in each case, the relative error converges rapidly
to zero within 20 iterations, consuming around 0.1 s. Thus, Algorithm 2 performs well in
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both the number of iterations and computational time. Moreover, changing initial matrix
and the desired matrix Y does not siginificantly affect the performance of algorithm.

8. Conclusions

We propose CG-type iterative algorithms, namely, Algorithms 1 and 2, to generate approxi-
mate solutions for the generalized Sylvester-transpose matrix Equations (1) and (2), respectively.
When the matrix equation is inconsistent, the algorithm will arrive at an LS solution within
np iterations with the absence of round-off errors. When the matrix equation has many
LS solutions, the algorithm can search for the one with minimal Frobenius norm within
np steps. Moreover, given a matrix Y, the algorithm can find the LS solution closest to
Y within np steps. The numerical simulations validate the relevance of the algorithm for
medium/large sizes of squares/non-squares matrices. The algorithm is always applica-
ble for any given initial matrix and the given matrix Y. The algorithm performs well in
both the number of iterations and computational times, compared to the direct Kronecker
linearization and well-known iterative methods.
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