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Abstract

The airborne infection spreads through the air, especially in indoor spaces.
Indoor spaces present a significant infection risk, although this may be reduced by
employing all methodologies to prevent infection via aerosols. TB, COVID-19, MERS,
and SARS are dangerous infectious diseases of diseases that spread from person to
person through air or aerosol in a variety of ways, including coughing, spitting, sneez-
ing, speaking, or through wounds. Every day, people of all ages come to obtain a wide
range of services, which puts them at risk of airborne transmission. Air quality control
in outpatient departments is thus critical. Good air quality reduces the risk of infection
among service users. The number of users, the ventilation system, and the size of
the outpatient department all also to be factors that contribute to air quality issues
in the outpatient department. We should indeed be informed on the treatment and
control of these diseases. As a result, effective air quality monitoring, such as carbon
dioxide (CO2) concentrations, is essential to monitor and limit the risk of infected air.
It is difficult to assess and monitor carbon dioxide in a room with a ventilation system
where the number of people in each room changes frequently. We will propose a
numerical model for estimating the concentration of exhaled air in a zero-dimensional
and a two-dimensional with an outlet ventilation system, as well as the risk of infec-
tion. There are many scenarios for improving air quality in the suggested simulations.
The proposed strategy represents the balance in the air quality management process
between the number of people allowed to stay in the room and the performance of
the air ventilation system.
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Chapter 1
Introduction

1.1 Research Motivation

Many people have died from infectious diseases throughout history. Because
medical science was not as advanced as it is now, humans lacked the knowledge
and skills to deal with the occurrence of sickness. As a result, the disease epidemic is
strong and swiftly infects others. There are infectious diseases that can spread to both
people and animals. A variety of germs cause the disease. These can be transmitted
through infected wounds caused by animal bites or scratches, consuming pathogen-
contaminated food, infection by breathing as the infection spreads through the air,
and contact with the patient’s secretions. Although bacteria can spread and cause
infectious diseases. However, humans can avoid this by changing their daily habits
and living surroundings.

The most common cause of respiratory tract diseases is infections caused by
viruses and bacteria, such as temple disease, influenza, avian influenza, SARS, pneu-
monia, TB, and COVID-19. Infectious diseases can affect both children and adults. If
not treated appropriately and soon, it can result in severe sickness and death. Danger-
ous infection diseases such as tuberculosis, COVID-19, MERS, and SARS are infectious
and transmitted from person to person by the air droplets in different ways such as
coughing, saliva, sneezing, talking, or through wounds. The infection risk can reduce
by keeping the living environment clean, including ventilation in the home to ensure
efficient air movement, avoiding traveling to busy places, and before you eat washing
your hands. Presently, several vaccines are available that actively prevent respiratory
infections.

At the end of 2019, the world experienced an emerging disease caused by the
most recently discovered coronavirus. The COVID-19 pandemic is a worldwide epi-
demic impacting a lot of individuals. It affects global public health and the economy.
Many people have died as a result of early coronavirus infection. Since this type of
virus and new disease are unclear. Global public health defenders have taken steps to
reduce tourism and travel, as well as to cancel large-scale events and close schools.
Many nations prohibit people from leaving their homes at night, conduct screening
at airports and train stations, and prevent the country from accepting international
visitors, which may affect the domestic economy.

COVID-19 is spread from person to person via droplets of spit or snot produced
by COVID-19 patients coughing, sneezing, or speaking. Droplets can land on items and
surfaces like phones, tables, doorknobs, railings, etc. When a person’s hand comes
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into contact with the device and touches its eyes, nose, or mouth, it can introduce
pathogens into the body. The treatment tried to control the patient’s symptoms
because there was no vaccine or antiviral medicine in the early phases. Preventive
methods recommended by public health include a 1-meter social distancing, wearing
masks, washing hands with alcohol, and quarantining sick individuals for 14 days.

Many patients will visit outpatient rooms every day, causing a significant air
pollution issue that may pose a risk of exposure to respiratory infectious diseases in
outpatient rooms and harm human health. COVID-19, TB, MERS, and SARS are risks, and
the chances of success toward lethal infection make more patients ill in the hospital.
We should be notified of the care and control of these diseases. As a result, effective
air quality monitoring is required to monitor and reduce the potential for infected
air, such as carbon dioxide (CO2) concentrations. Carbon dioxide measurement and
control at a hospital with a ventilation system where the number of patients in each
room varies. While normally persons are allowed to stay in the same room as infectors,
this study will use a mathematical model to estimate the concentration of exhaled
air in a space with an outlet ventilation system along with the risk of infection.

Figure 1.1: The outpatient department of Maharaj Nakorn Chiang Mai Hospital [1]

1.2 Literature Reviews

In [9], they proposed the Wells-Riley mathematical model for predicting the risk
of influenza infection during train transportation. The marginal incidence of infection
rises as the number of people using public transportation rises. Improving ventilation
is an efficient method of preventing influenza infection. In [11], they proposed the risk
of inhalation of indoor airborne infection by using the probability transmission dynamic
modeling method. Three examples were estimated using Wells-Riley mathematical
models: (1) CO2 exposure concentrations in indoor settings based on epidemiological
data, (2) baseline reproduction numbers, and (3) local air variability. The risk of infec-
tion in susceptible populations under a variety of scenarios of exposure. Improved
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indoor ventilation has been demonstrated to minimize the risk of infection in stud-
ies. In [8], and [13], they proposed carbon dioxide(CO2) be used as an indicator of air
quality indoor, built on the notion that people release CO2 at a rate dictated by their
body weight and bodily movement, and that levels of CO2 indoor are measured by
fresh air clearance.

In [15], [19], they proposed the concentration of inhaled air increases the risk of
airborne infection among susceptible people increases. Exhaled air from an infected
individual contains airborne infectious particles within the nucleus that can stay in the
air for a long period. This causes infection in those who are susceptible.

In [5], they developed a mathematical model to estimate the risk of infectious
diseases in the air. The calculations revealed that the probability of infection increased
as the number of sick people and airborne infectious diseases increased. In [14],
they proposed an assessment of the feasibility of using natural ventilation to control
infection in naturally ventilated hospital wards in Hong Kong. A high rate of natural
ventilation can reduce cross-infection of airborne diseases.

In [17], they proposed to develop multilevel IAQ control strategies to reduce
the risk of infection in buildings and transport areas. A multi-level IAQ control tech-
nique is evaluated for indoor environments, including long-term care facilities such as
schools, universities, retail stores, hospitals, and transport areas. Assessing the effec-
tiveness of IAQ control strategies can be used to help address the current challenges
of COVID-19. In [20], they propose a subjective questionnaire survey and field test of
hospital facility indoor air quality. Temperature, indoor air velocity, humidity, carbon
dioxide, and total volatile organic compound concentration are one of the field test
parameters. First employs questionnaire survey and field test methods, then creates
the model based on test data. The influence law of parameters under different air
distributions uses the computational fluid dynamics method to examine based on the
model, in terms of improving the air quality in hospital consulting rooms. According
to the results, a small number of people are dissatisfied with the air quality in the
hospital consulting room, and the concentration of carbon dioxide in some locations
is high, which is harmful to health.

In [7], they propose assessing IAQ at a huge university hospital in Al-Khobar
City, Saudi Arabia’s Eastern Province. Inadequate hospital IAQ can lead to epidemics
of building-related diseases such as headaches, weariness, eye and skin irritations, and
other symptoms. Furthermore, several factors were investigated to determine which
were most likely to influence IAQ values. Outdoor levels of all air pollutant levels,
except volatile organic compounds (VOCs), were higher than indoor levels, indicating
that IAQ inside healthcare facilities (HCFs) was strongly influenced by outdoor sources,
notably traffic.
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1.3 Objectives of the Study

1) We will propose a computational model that is used to estimate the carbon
dioxide concentration in a room with an open ventilation system.

2) We will propose that the classical fourth-order Runge-Kutta method be used to
estimate the model solution.

3) We will propose that the actual concentration level, the number of people, and
the rate of ventilation are factors in the concentration of carbon dioxide in a
room with an open ventilation system.

4) We will propose a mathematical model that can be analyzed to simulate the
exhaled air concentration in a space with an outlet ventilation system and the
risk of infection while normal people and vaccinated people remain in the same
room as infectors.

5) We will propose that the actual concentration level, the number of people,
and the rate of ventilation are factors in the concentration of the exhaled air
concentration in a space with an outlet ventilation system and infection risk.

6) We will propose the adaptive Runge-Kutta method be used to estimate the
model solution.

7) We will propose that the number of people in the room is represented using the
Lagrange interpolating polynomial and the cubic splines interpolation since the
number of people who stay there varies over time.

8) We will propose a two-dimensional mathematical model of airborne infection in
an outpatient room with an outlet ventilation system.

9) We will propose a two-dimensional Gaussian function used to determine the
initial conditions so that the initial carbon dioxide value corresponds to the indi-
vidual seated in each location within the enclosed area.

10) We will propose the initial concentration level, the distance between persons in
the room, the number of users, and the ventilation rate all impact the exhaled
air concentration and infection risk.

1.4 Scopes of the Study

1) We will study a zero-dimensional mathematical risk assessment model for air-
borne infection in a room with an open ventilation system and an outlet venti-
lation system.
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2) We will study a two-dimensional mathematical model of airborne infection in an
outpatient room with an outlet ventilation system.

3) We will generate a zero-dimensional mathematical risk assessment model for
airborne infection in a room with an open ventilation system and an outlet ven-
tilation system.

4) We will generate a two-dimensional mathematical model of airborne infection in
an outpatient room with an outlet ventilation system.

5) We will define initial conditions, boundary conditions, and parameters consistent
with the problem of a mathematical risk assessment model for airborne infection
in a room with an outlet ventilation system.

6) We will use numerical methods to simulate a zero-dimensional mathematical
model of airborne infection in a room with an open ventilation system and an
outlet ventilation system.

7) We will use numerical methods to simulate a two-dimensional mathematical
model of airborne infection in an outpatient room with an outlet ventilation
system.

8) We will define the simulation under various situations to control the level of
airborne infection in the outpatient department.

1.5 Benefits of the Study

1) We can use a zero-dimensional mathematical model to predict the concentration
of exhaled air in a room with an open ventilation system and an outlet ventilation
system.

2) We can use a two-dimensional mathematical model to predict the concentration
of exhaled air in a room with an outlet ventilation system.

3) We can use a zero-dimensional mathematical model to predict the risk of infec-
tion when healthy people remain in the same room as infected people.

4) We can use a two-dimensional mathematical model to predict the risk of infec-
tion when healthy people remain in the same room as infected people.

5) We can use the interpolation method for converting field data of a number of
people to a function.
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1.6 Research Methodology

1) We will study a zero-dimensional mathematical model of risk assessment for
airborne infection in a room with an open ventilation system and an outlet ven-
tilation system.

2) We will study a two-dimensional mathematical model of risk assessment for
airborne infection in a room with an outlet ventilation system.

3) We will generate a zero-dimensional mathematical model of risk assessment
for airborne infection in a room with an open ventilation system and an outlet
ventilation system.

4) We will generate a two-dimensional mathematical model of risk assessment for
airborne infection in a room with an outlet ventilation system.

5) We will define initial conditions and parameters consistent with the problem of a
zero-dimensional mathematical model of risk assessment for airborne infection
in a room with an open ventilation system and an outlet ventilation system.

6) We will define initial conditions, boundary conditions, and parameters consistent
with the problem of a two-dimensional mathematical model of risk assessment
for airborne infection in a room with an outlet ventilation system.

7) We will use numerical methods to simulate a zero-dimensional mathematical
model of risk assessment for airborne infection in a room with an open ventilation
system and an outlet ventilation system.

8) We will use numerical methods to simulate a two-dimensional mathematical
model of risk assessment for airborne infection in a room with an outlet ventila-
tion system.

9) We will define the simulation under various situations to control the level of
airborne infection in the outpatient department.
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Chapter 2
Governing equations

The outpatient department is an agency that provides services to users and is
a hospital outpost. Outpatient department tasks begin with a historical inquiry. Diag-
nose the cause of the disease, give treatment, and monitor the symptoms of various
diseases. During treatment, the patient will be classified and assigned to the appropri-
ate examination room based on the kind of disease, such as the general examination
room, hearing room, obstetrics, and gynecology room, among others.

Every day, people of all ages come to obtain a wide range of services, which
puts them at risk of airborne transmission. Air quality control in outpatient depart-
ments is thus critical. Good air quality reduces the risk of infection among service
users. The number of users, the ventilation system, and the size of the outpatient
department all also to be factors that contribute to air quality issues in the outpa-
tient department. We should indeed be informed on the treatment and control of
these diseases. As a result, effective air quality monitoring, such as carbon dioxide
(CO2) concentrations, is essential to monitor and limit the risk of infected air. In this
research, we propose mathematical models of airborne infection control in an outpa-
tient department with a ventilation system.

2.1 Inhaled quantity of rebreathed air in the room required to
instigate infection
The room’s environmental carbon dioxide concentration (CE) is around 400

ppm. When there are individuals within, the concentration of exhaled air rises. In-
creased exhaled air concentration is determined by the rate of ventilation per person,
the room size, and the number of people in the room [8], [13], and [12].

Considering that a room of size (V) has an initial environmental carbon dioxide
(CE) concentration of about 400 ppm and it becomes occupied by the number of
people(n). In the room, the concentration of exhaled air containing infectious particles
increases. This is determined by the ventilation rate and the number of people in the
room. We assume that people in the room contribute significantly to the generation
of carbon dioxide, which acts as a mark of exhaled air. The fundamental equation
of the accumulation rate exhaled air concentration in a room with the environmental
carbon dioxide, is equal to the exhaled air rate created by inhabitants plus the rate
of environmental carbon dioxide, minus ventilation rate removes exhaled air. The
fundamental equation for the exhaled air accumulation rate is as follows [5]:
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V
dC

dt
= npCa +QCE −QC, (2.1)

where C is the concentration of air exhaled indoor (ppm), p is the rate of respiration in
the room (L/s) for each person and Ca is a fraction of the CO2 contained in inbreathed
air. t is the duration time and T is the stationery simulation time. Initial condition
C(0) = C0 where C0 is the latent CO2 concentration.

Themodel of carbon dioxide concentrationmeasurement in a room
with an opened ventilation system

If the value of Q assumed by Qin and Qout, then these values are named the
inlet ventilation rate and the outlet ventilation respectively and in a simple scenario,
a number of people are unstable then a number of people depend on the time
assumed by n(t), and n(t) is a continuous function. In this study preferred to use
Eq.(2.1) as follow:

V
dC

dt
= n(t)pCa +QinCE −QoutC, (2.2)

for all 0 ≤ t ≤ T.

Figure 2.1: The domain of outpatient department rooms with an open ventilation
system.

The model of carbon dioxide Concentration measurement in a
room with an outlet ventilation system

We consider airborne infections generated by inhabitants [5], and the value
of Q is assumed by Qout, then this value is named the outlet ventilation rate. In a
simple scenario, the number of people is varied and depends on the time are assumed
by n(t), and n(t) is a continuous function. the fundamental equation for exhaled air
accumulation rate in the room with environmental CO2 in Eq.(2.1) can be written as:

V
dC

dt
= n(t)pCa −QoutC, (2.3)This material is reserved for educational use only, not allowed for commercial use. 
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for all 0 ≤ t ≤ T.

Figure 2.2: The domain of outpatient department rooms with an outlet ventilation
system.

The two-dimensional equation of the accumulation rate exhaled
air concentration in a room with an outlet ventilation rate

We consider airborne infections generated by inhabitants, and the value of Q
is assumed by Qout, then this value is named the outlet ventilation rate. In a simple
scenario, the number of people in each position are varied and assumed by n(x, y, t).
The two-dimensional equation of the accumulation rate exhaled air concentration in
a room with outlet ventilation rate becomes :

V
∂C

∂t
= n(x, y, t)pCa + k(

∂2C

∂x2
+

∂2C

∂y2
)−QoutC, (2.4)

for all (x, y, t) ∈ Ω× τ such that Ω = {(x, y); 0 ≤ x ≤ L, 0 ≤ y ≤ W}, and τ = {t; 0 ≤ t ≤ T},
where k is the diffusion coefficient of CO2.

Figure 2.3: The two-dimensional domain of outpatient department rooms with an
outlet ventilation rate.
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2.2 The volume fraction of exhaled air under unsteady-state
In the rate of exhaled air concentration equation Eqs.(2.2)-(2.3), we can deter-

mine the volume fraction of exhaled air in a room with an outlet ventilation system
at unsteady state conditions [5]. Consider the volume fraction of exhaled air, we get

f(t) =
C(t)

Ca
. (2.5)

In Eq.(2.4), we can determine the volume fraction of exhaled air in a room with
an outlet ventilation system at unsteady state conditions.

f(x, y, t) =
C(x, y, t)

Ca
. (2.6)

2.3 The airborne infectious particles concentration
In [3], [18], they proposed when a susceptible individual inhales the infectious

particles, a limited amount of contaminated particles may reach the location of the
respiratory ailment. This is because infectious particles have varied sizes and deposi-
tion percentages in different parts of the respiratory system. Determining the risk of
airborne infections The accumulation proportion of airborne infectious particles in the
airways must also be considered.

Given β − µ is the number of infectious particles in the air that survive and
reach an infected target in a susceptible individual (particles/s) as illustrated in Figure
2.6,

Figure 2.4: Movement of airborne infectious particles.

where β be the rate of airborne infectious particles released by an infected
person and µ be the rate of mortality of infectious particles in the air that cannot
reach the alveolar layer.
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The infection-causing concentration of airborne infectious particles, N(t), is
expressed as [5]:

N(t) =
If(t)(β − µ)

n(t)p
, (2.7)

where I is the number of people infected in the room. Substituting Eq.(2.5) into
Eq.(2.7), we obtain the concentration of infectious airborne particles under unstable
conditions,

N(t) =
IC(t)(β − µ)

n(t)pCa
. (2.8)

In the two-dimensional equation of exhaled air concentration accumulation
rate in a room with an outlet ventilation rate is employed in this research. f(x, y, t) can
be calculated for all (x, y, t) ∈ Ω×τ . So, the airborne infectious particles concentration
that causes airborne infection unsteady-state conditions, N(x, y, t) is expressed as

N(x, y, t) =
IC(x, y, t)(β − µ)

pCa
. (2.9)

2.4 The number of airborne infectious particles
Because not all infected particles may reach and deposit in the alveoli, let θ

be the fraction of airborne infected particles that are embedded and accumulate at
the target location. We obtain λ(t) to be an infectious airborne particle that causes
infection when breathed by a susceptible individual, which is expressed as [5],

λ(t) = ptθN(t), (2.10)

where t is the time spent in the room up to the point of infection and 0 < θ < 1.
In the two-dimensional equation of exhaled air concentration accumulation

rate in a room with an outlet ventilation rate, we can assume the number of airborne
infectious particles,

λ(x, y, t) = ptθN(x, y, t), (2.11)

2.5 The probability of airborne infectors
In [19],[5] and [16], they proposed that TB transmission is governed by a Poisson

distribution, the probability of airborne infectors is expressed as:

P (t) = 1− e−λ(t), (2.12)

where P is the probability of an airborne infection of a person within the room.
In the two-dimensional equation of exhaled air concentration accumulation

rate in a room with an outlet ventilation rate, we can assume the probability of air-
borne infectors,

P (x, y, t) = 1− e−λ(x,y,t), (2.13)This material is reserved for educational use only, not allowed for commercial use. 
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2.6 Physical parameters setting techniques
The physical parameters are listed below [5].

Table 2.1: Physical parameter

Parameter Symbol Values Unites
The concentration of air exhaled indoors C(t) - ppm
The concentration of air exhaled indoors C(x, y, t) - ppm

in each position
The environmental carbon dioxide concentration CE 0.004 ppm
The breathing rate of each person in the room p 0.12 L/s

The carbon dioxide fraction contained Ca 0.04 L/s
in breathed air

The number of people varies on the time n(t) assumed -
the number of people in each position n(x, y, t) assumed -

The inlet ventilation rate Qin assumed m3/min
The outlet ventilation rate Qout assumed m3/min

The size of the room V assumed m3

2.7 Numerical techniques
The first part of this chapter is concerned with approximating the solution y(t)

to a problem of the form

dy

dt
= f(t, y), (2.14)

for a ≤ t ≤ b, subject to an initial condition y(a) = α.

The object of approximation method is to obtain approximations to the well-
posed initial-value problem

dy

dt
= f(t, y), a ≤ t ≤ b, y(a) = α. (2.15)

A continuous approximation to the solution y(t) will not be obtained; instead,
approximations to y will be generated at various values, called mush points, in the
interval [0, T ].

Once the approximate solution is obtained at the points, the approximate
solution at other points in the interval can be found by interpolation. We first make
the stipulation that the mesh points are distributed equally over the interval [0, T ].
This condition is ensured by choosing a positive integer N and selecting the mesh
points

ti = a+ ih, (2.16)This material is reserved for educational use only, not allowed for commercial use. 
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for each i = 0, 1, 2, ..., N. The common distance between the points h = (T − 0)/N =

ti+1− ti is called the step size. From now on, it is convenient to replace y(ti) = yi with
C(ti) = Ci.

2.7.1 The classical fourth-order Runge-Kutta method
The classical fourth-order Runge-Kutta method is expressed as [4],

C ∼= Ci, (2.17)
Ci+1 = Ci +

1

6
(k1 + 2k2 + 2k3 + k4)h, (2.18)

k1 = f(ti, Ci), (2.19)
k2 = f(ti +

1

2
h,Ci +

1

2
k1h), (2.20)

k3 = f(ti +
1

2
h,Ci +

1

2
k2h), (2.21)

k4 = f(ti + h,Ci + k3h), (2.22)

for each i = 0, 1, ..., N − 1. This method has local truncation error O(h4), provide the
solution C(t) has five continuous derivatives. We introduce the notation k1, k2, k3, k4

into the method is to eliminate the need for successive nesting in the second variable
of f(t, y).

2.7.2 Computational comparisons
The main computational effort in applying the Runge-Kutta method is the eval-

uation of f. In this second-order method, the local truncation error is O(h2), and the
cost is two function evaluations per step. The Runge-Kutta method of order four re-
quires 4 evaluations per step, and the local truncation error is O(h4). In [4], they have
established the relationship between the number of evaluations per step and the or-
der of the local truncation error shown in Table. This table indicates why the methods
of order less than five with smaller step size used in preference to the higher-order
methods using a larger step size.

One measure of comparing the lower-order Runge-Kutta methods is descriced
as follow: The Runge-Kutta method of order four requires four evaluations per step,
where as Euler’s method requires only one evaluation. Hence if the Runge-Kutta
method of order four is to be superior it should give more accurate answer than
Euler’s method with one-fourth the step size. Similarly, if the Runge-Kutta method of
order four is to be superior to the second-order Runge-Kutta methods, which require
two evaluations per step, it should give more accuracy with step size h than a second-
order method with step size h/2.
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Table 2.2: The order of the local truncation error [4]

Evaluations per step 2 3 4 5 ≤ n ≤ 7 8 ≤ n ≤ 9 10 ≤ n

Best possible local
truncation error O(h2) O(h3) O(h4) O(hn−1) O(hn−2) O(hn−3)

2.7.3 The adaptive Runge-Kutta method
This technique uses a Runge-Kutta method with local truncation error of order

five. The Adaptive Runge-Kutta method is expressed as, [4],

C̃i+1 = Ci +
16

135
k1 +

6656

12825
k3 +

28561

56430
k4 −

9

50
k5 +

2

55
k6, (2.23)

to estimate the local error in a Runge-Kutta method of order four given by

Ci+1 = Ci +
25

216
k1 +

1408

2565
k3 +

2197

4140
k4 −

1

5
k5, (2.24)

where the coefficient equations are

C ∼= Ci, (2.25)
k1 = hf(ti, Ci), (2.26)
k2 = hf(ti +

h

4
, Ci +

1

4
k1), (2.27)

k3 = hf(ti +
3h

8
, Ci +

3

32
k1 +

9

32
k2), (2.28)

k4 = hf(ti +
12h

13
, Ci +

1932

2197
k1 −

7200

2197
k2 +

7296

2197
k3), (2.29)

k5 = hf(ti + h,Ci +
439

216
k1 − 8k2 +

3680

513
k3 −

845

4104
k4), (2.30)

k6 = hf(ti +
h

2
, Ci −

8

27
k1 + 2k2 −

3544

2565
k3 +

1859

4104
k4 −

11

40
k5). (2.31)

An advantage to this method is that only six evaluations of f are required per
step. Arbitrary Runge-Kutta methods of orders four and five used together see Table
2.2 require at least four evaluations of f for the fourth-order method and an additional
six for the fifth-order method, for a total of at least ten function evaluations. So the
Adaptive Runge Kutta method has at least a 40% decrease in the number of function
evaluations over the use of a pair of arbitrary fourth- and fifth-order methods.

In error-control theory, an initial value of h is utilized at the ith step to iden-
tify the first values of Ci+1 and C̃i+1, which leads to the determination of q for that
step, and the computations are then repeated. Without error control, this technique
necessitates twice as many function evaluations every step. In practice, the value of
q to be used is chosen somewhat differently in order to make the increased function-
evaluation cost worthwhile. The value of q determined at the ith step is used for
two purposes. When q < 1: reject the initial choice of h at the ith step and restart
the computations with qh; when q ≥ 1: accept the computed value at the step withThis material is reserved for educational use only, not allowed for commercial use. 
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step size h but modify the step size to qh for the (i+ 1)st step. q is typically selected
carefully due to the penalty in terms of function evaluations that must be paid if the
steps are repeated. In reality, a popular choice for the adaptive Runge-Kutta method
with n = 4 is [4],

q =

(
εh

2 | C̃i+1 − Ci+1 |

)1/4

= 0.84

(
εh

| C̃i+1 − Ci+1 |

)1/4

. (2.32)

To eliminate substantial changes in step size, Eq.2.32 is added to the Algorithm
for the adaptive Runge-Kutta method. This is done to avoid wasting time with tiny
step sizes in regions with abnormalities in the derivatives of y, as well as to avoid using
excessive step sizes, which can result in bypassing crucial regions between steps. The
step-size increase technique might be removed entirely from the algorithm, and the
step-size decrease procedure is utilized only when necessary to control the error.

2.8 Interpolation
Interpolation is the process of determining a function that passes through a

given point. This enables us to determine the value of the chosen point function.
Utilizing function interpolation between the points 2 or more possible points. In this
research, the number of people who stay in the room varies over time. The Lagrange
interpolating polynomial and the cubic splines interpolation are used to represent the
number of individuals in the room.

2.8.1 Lagrange interpolating polynomial
Suppose we formulate a linear interpolating polynomial as the weighted aver-

age of the two values that we are connecting by a straight line [6]:

f(x) = L1f(x1) + L2f(x2), (2.33)

where the L1 and L2 are the weighting coefficients. It is logical that the first weighting
coefficient is the straight line that is equal to 1 at x1 and 0 at x2:

L1 =
x− x2

x1 − x2
. (2.34)

Similarly, the second coefficient is the straight line that is equal to 1 at x2 and 0 at x1:

L2 =
x− x1

x2 − x1
. (2.35)

Substituting these coefficients into Eq. (2.33),

f1(x) =
x− x2

x1 − x2
f(x1) +

x− x1

x2 − x1
f(x2), (2.36)

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



16

where the nomernclature f1(x) designates that this is a first-order polynomial. Eq.
(2.36) is referred to as the linear lagrange interpolating polynomial. Such a second-
order Lagrange interpolating polynomial can be written as [6],

f2(x) =
(x− x2)(x− x3)

(x1 − x2)(x1 − x3)
f(x1) +

(x− x1)(x− x3)

(x2 − x1)(x2 − x3)
f(x2)

+
(x− x1)(x− x2)

(x3 − x1)(x3 − x2)
f(x3). (2.37)

Notice how the first term is equal to f(x1) at x1 and is equal to zero at x2 and x3. The
other terms work in a similar fashion. Both the first-order and second-order versions
as well as higher-order Lagrange polynomials can be represented concisely as,

fn−1(x) =
n∑

i=1

Li(x)f(xi). (2.38)

2.8.2 Cubic splines interpolation
The most common piecewise-polynomial approximation uses cubic polyno-

mials between each successive pair of nodes and is called cubic spine interpolation.
A general cubic polynomial involves four constants, so there is sufficient flexibility in
the cubic spline procedure to ensure that the interpolant is not only continuously
differentiable on the interval, but also has a continuous second derivative. The con-
struction of the cubic spline does not, however, assume that the derivatives of the
interpolant agree with those of the function it is approximating, even at the nodes [4].
(See Fig.2.5.)

Figure 2.5: Cubic spline interpolant [4]
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Definition 2.1. Given a function f defined on [a, b] and a set of nodes a = x0 < x1 <

· · · < xn = b, a cubic spine interpolant S for f is a function that satisfies the following
conditions [4],

(a) S (x) is a cubic polynomial, denoted Sj (x) , on the subinterval [xj , xj+1] for
each j = 0, 1, . . . , n− 1.

(b) Sj (xj) = f (xj) and Sj (xj+1) = f (xj+1) for each j = 0, 1, . . . , n− 1.

(c) Sj+1 (xj+1) = Sj (xj+1) for each j = 0, 1, . . . , n− 2. (Implied by (b).)
(d) S′

j+1 (xj+1) = S′
j (xj+1) for each j = 0, 1, . . . , n− 2.

(e) S′′
j+1 (xj+1) = S′′

j (xj+1) for each j = 0, 1, . . . , n− 2.

(f) One of the following sets of boundary conditions is satisfied:
(i) S′′ (x0) = S′′ (xn) = 0 (natural (or free) boundary).
(ii) S′ (x0) = f ′ (x0) and S′ (xn) = f ′ (xn) (clamped boundary.)

Although cubic splines are defined with other boundary conditions, the con-
ditions given if (f) are sufficient for our purposes. When the free boundary con-
ditions occur, the spine is called a natural spline, and its graph approximates the
shape that a long flexible rod would assume if forced to go through the data points
{(x0, f (x0)) , (x1, f (x1)) , . . . , (xn, f (xn)) } .

In general, clamped boundary conditions lead to more accurate approxima-
tions because they include more information about the function. However, for this
type of boundary condition to hold, it is necessary to have either the values of the
derivative at the endpoints or an accurate approximation to those values.

2.8.3 Construction of a cubic spline
As the preceding example demonstrates, a spline defined on an interval that

is divided into n subintervals will require determining 4n constants. To construct the
cubic spline interpolant for a given function f, the conditions in the definition are
applied to the cubic polynomials [4],

Sj (x) = aj + bj (x− xj) + cj(x− xj)
2
+ dj(x− xj)

3
, (2.39)

for each j = 0, 1, . . . , n − 1. Since Sj (xj) = aj = f (xj) , condition (c) can be applied to
obtain,

aj+1 = Sj+1 (xj+1) = aj + bj (xj+1 − xj) + cj(xj+1 − xj)
2
+ dj (xj+1 − xj) , (2.40)

for j = 0, 1, . . . , n− 2.

Thus terms xj+1 − xj are used repeatedly in this development, so it is convenient to
introduce the simpler notation

hj = xj+1 + xjThis material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



18

for each j = 0, 1, . . . , n− 1. If we also define an = f (xn) , then the equation

aj+1 = aj + bjhj + cjh
2
j + djh

3
j (2.41)

holds for each j = 0, 1, . . . , n − 1. In a similar manner, define bn = S′ (xn) and observe
that

S′
j (x) = bj + 2cj (x− xj) + 3dj(x− xj)

2

Implines S′
j (x) = bj , for each j = 0, 1, . . . , n− 1. Applying condition (d) gives

bj+1 = bj + 2cjhj + 3djh
2
j , (2.42)

for each j = 0, 1, . . . , n − 1. Another relationship between the coefficients of Sj is ob-
tained by defining cn = S′′ (xn)/2 and applying condition Then, for each j = 0, 1, . . . , n−

1,

cj+1 = cj + 3djhj . (2.43)

Solving for dj in Eq.2.43 and substituting this value into Eqs.2.41 and 2.42 gives, for
each j = 0, 1, . . . , n− 1, the new equations

aj+1 = aj + bjhj +
hj

2

3
(2cj + cj+1) , (2.44)

and

bj+1 = bj + hj (cj + cj+1) . (2.45)

The final relationship involving the coefficients is obtained by solving the appropriate
equation in the form of Eq.2.44, first for bj ,

bj+1 =
1

hj
(aj+1 − aj)−

hj

3
(2cj + cj+1) . (2.46)

and then, with a reduction of the index, for bj−1. This gives

bj−1 =
1

hj−1
(aj − aj−1)−

hj−1

3
(2cj−1 + cj) .

Substituting these values into the equation derived from Eq.2.45, with the index re-
duced by one, gives the linear system of equations,

hj−1cj−1 + 2 (hj−1 + hj) cj + hjcj+1 =
3

hj
(aj+1 − aj)−

3

hj−1
(aj − aj−1) , (2.47)

for each j = 0, 1, . . . , n − 1. This system involves only the {cj}nj=0 as unknowns. The
values of {hj}n−1

j=0 and {aj}nj=0 are given, respectively, by the spacing of the nodes
{xj}nj=0 and the values of f at the nodes. So once the values of {cj}nj=0 are determined,
it is a simple matter to find the reminder of the constant {bj}n−1

j=0 from Eq.2.46 and
{dj}n−1

j=0 from Eq.2.43, Then we can construct the cubic polynomials {Sj (x)}n−1
j=0This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.2. If f is defined at a = x0 < x1 < · · · < xn = b, then f has a unique
natural soline interpolant S on the nodes x0, x1, . . . , xn; that is, a spline interpolant
that satisfies the natural boundary conditions S′′ (a) = 0 and S′′ (b) = 0, [4].
Example 1 : We gave some Taylor polynomials to approximate the exponential f (x) =

ex. Use the data points (0, 1) , (1, e) , (2, e2) , and (3, e3) to form a natural spline S (x) that
approximates f (x) = ex. We have n = 3, h0 = h1 = h2 = 1, a0 = 1, a1 = e, a2 = e2, and
a3 = e3. So the matrix A and the vectors v and given in Theorem 2.2 have the forms

A =


1 0 0 0

1 4 1 0

0 1 4 1

0 0 0 1

 , v =


0

3
(
e2 − 2e+ 1

)
3
(
e3 − 2e2 + e

)
0

 , and xc =


c0

c1

c2

c3

 .

The vector-matrix equation Axc = v is equivalent to the system of equations

c0 = 0

c0 + 4c1 + c2 = 3
(
e2 − 2e+ 1

)
,

c1 + 4c2 + c3 = 3
(
e3 − 2e2 + e

)
,

c0 = 0.

This system has the solution c0 = c3 = 0, and to 5 decimal places,
c1 = 1

5

(
−e3 + 6e2 − 9e+ 4

)
≈ 0.75685, and c2 = 1

5

(
4e3 − 9e2 + 6e− 1

)
≈ 5.83007.

Solving for the remaining constants gives

b0 =
1

h0
(a1 − a0)−

h0

3
(c1 + 2c0)

= (e− 1)− 1

15

(
−e3 + 6e2 − 9e+ 4

)
≈ 1.46600,

b1 =
1

h1
(a2 − a1)−

h1

3
(c2 + 2c1)

=
(
e2 − e

)
− 1

15

(
2e3 + 3e2 − 12e+ 7

)
≈ 2.22285,

b2 =
1

h2
(a3 − a2)−

h2

3
(c3 + 2c2)

=
(
e3 − e2

)
− 1

15

(
8e3 − 18e2 + 12e− 2

)
≈ 8.80977,

d0 =
1

3h0
(c1 − c0) =

1

15

(
−e3 + 6e2 − 9e+ 4

)
≈ 0.25228,

d1 =
1

3h1
(c2 − c1) =

1

15

(
e3 − 3e2 + 3e− 1

)
≈ 1.69107,

d2 =
1

3h2
(c3 − c2) =

1

15

(
−4e3 + 9e2 − 6e+ 1

)
≈ −1.94336.

The natural cubic spine is described piecewise by

S (x) =


1 + 1.46600x+ 0.25228x3, for x ∈ [0, 1]

2.71828 + 2.22285 (x− 1) + 0.75685(x− 1)
2
+ 1.69107(x− 1)

3
, for x ∈ [1, 2]

7.38906 + 8.80977 (x− 2) + 5.83007(x− 2)
2 − 1.94336(x− 2)

3
, for x ∈ [2, 3]

The spline and its agreement with f (x) = ex
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2.9 The forward time central space finite difference scheme
We now discretize the domain by dividing the interval [0, L] into M subintervals

such that M∆x = L, the interval [0,W ] into N subintervals such that N∆y = W, and
the time interval [0, T ] into R subintervals such that R∆t = T. The grid points (xi, yj , tn)

are defined by xi = i∆x for all i = 0, 1, 2, . . . ,M, yj = j∆y for all j = 0, 1, 2, . . . , N

and tn = n∆t for all n = 0, 1, 2, . . . , R, in which M, N and R are positive integers. We
can then approximate C (xi, yj , tn) by Cn

i,j , value of the difference approximation of
C (x, y, t) at point x = i∆x y = j∆y and t = n∆t, where 0 ≤ i ≤ M 0 ≤ j ≤ N.and
0 ≤ n ≤ R. We will employ the forward time central space finite difference scheme
(FTCS) into Eq.(2.4).

C (xi, yj , tn) ∼= Cn
i,j , (2.48)

∂C

∂t

∣∣∣∣
(xi,yj ,tn)

∼=
Cn+1

i,j − Cn
i,j

∆t
, (2.49)

∂2C

∂x2

∣∣∣∣
(xi,yj ,tn)

∼=
Cn

i+1,j + Cn
i−1,j − 2Cn

i,j

(∆x)
2 , (2.50)

∂2C

∂y2

∣∣∣∣
(xi,yj ,tn)

∼=
Cn

i,j+1 + Cn
i,j−1 − 2Cn

i,j

(∆y)
2 . (2.51)

A two dimensional mathematical model of airborne infection in an outpatient
room with an outlet ventilation system is proposed. Substituting Eqs.(2.48)-(2.51) into
Eq.(2.4), we get the finite difference equation,

V

(
Cn+1

i,j − Cn
i,j

∆t

)
= n(xi, yj , tn)pCa −QoutC

n
i,j

+k

(
Cn

i+1,j + Cn
i−1,j − 2Cn

i,j

(∆x)
2 +

Cn
i,j+1 + Cn

i,j−1 − 2Cn
i,j

(∆y)
2

)
. (2.52)

for all i = 0, 1, 2, 3, . . . ,M, j = 0, 1, 2, . . . , N and n = 0, 1, 2, . . . , R−1. Then the explicit
finite difference equation becomes

Cn+1
i,j = An

i,j + λ1

(
Cn

i+1,j + Cn
i−1,j

)
+ β1

(
Cn

i,j+1 + Cn
i,j−1

)
+

(
1− 2λ1 − 2β1 −

∆tQout

V

)
Cn

i,j ,

(2.53)

where An
i,j =

n(xi,yj ,tn)p∆tCa

V , λ1 = k∆t
V (∆x)2 , and β1 = k∆t

V (∆y)2 .
The forward time central space scheme is conditionally stable subject to con-

straints in Eq.2.53. The stability requirements for the scheme are [10][2],

λ1 =
k∆t

V (∆x)2
<

1

2
, (2.54)

β1 =
k∆t

V (∆y)2
<

1

2
. (2.55)

It can be obtained that the strict stability requirements are the main disadvantage of
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Figure 2.6: Stencil diagram of forward time central space finite difference scheme.

2.10 The initial condition and boundary conditions

2.10.1 The initial condition
The initial condition is assumed by,

C(x, y, 0) = g(x, y, 0), (2.56)

for all 0 ≤ x ≤ L and 0 ≤ y ≤ W , where g(x, y, 0) is the latent airborne infection
concentration.

2.10.2 The boundary conditions
The boundary conditions is assumed by,

∂C(0, y, t)

∂x
= k1, (2.57)

∂C(L, y, t)

∂x
= k2, (2.58)

∂C(x, 0, t)

∂y
= k3, (2.59)

∂C(x,W, t)

∂y
= k4, (2.60)

for all 0 ≤ x ≤ L, 0 ≤ y ≤ W and 0 ≤ t ≤ T , where k1, k2, k3 and k4 are given rate of
change of airborne infection concentration. The boundary conditions are shown in
Fig.2.7.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



22

Figure 2.7: The boundary condition.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Chapter 3
A zero-dimensional mathematical model of risk

assessment on airborne infection
In this chapter, the numerical model of carbon dioxide concentration mea-

surement in a space with an opened ventilation system is proposed. The model sets
the concentration of carbon dioxide at any point when the number of people and the
rate of ven- tilation varies. The classical fourth-order Runge-Kutta method is employed
to approximate the model solution. There are many cases of scenarios for improving
air quality in the proposed simulations. In the air quality management process, the
proposed model provides a balance between the number of persons allowed to stay
in the room and the capacity of the air ventilation system.

It is indeed difficult to measure and manage carbon dioxide in a hospital with a
ventilation system when the number of patients in each room changes over time. This
chapter provided a risk model of airborne transmission and vaccination effectiveness
in an outpatient room with a ventilation system. When the number of people and
the rate of ventilation change, the model modifies the carbon dioxide concentration.
To approximate the model solution, the forth-order Runge-Kutta technique is used. In
the presented simulations, there are several scenarios for improving air quality. The
proposed approach balances the number of people allowed to stay in the room with
the capacity of the air ventilation system in the air quality management process. As
can seen, the risk of infection is dependent on the number of people present, the
rate of ventilation, and the efficacy of each type of vaccination. If there is public
vaccination database system, this chapter may be used to help control the risk of
airborne infection to the desired level.

Airborne transmission may happen across long ranges and time periods. In-
creased infection rates or clusters of airborne infections are linked to a lack of ven-
tilation or low ventilation rates. While normal people remain in the same room as
infectors, this research will utilize a mathematical model for estimating the concen-
tration of exhaled air in a space with an outlet ventilation system, as well as the risk
of infection. As a result, the exhaled air concentration and infection risk are affected
by the actual concentration level, the number of users, and the rate of ventilation.
The adaptive Runge-Kutta technique and the standard fourth-order Runge-Kutta tech-
nique are used to estimate the model solution. Because the number of individuals
who stay in the space varies over time, the Lagrange interpolating polynomial and
cubic splines interpolation are employed to represent the number of individuals in
the space. A good agreement solution is obtained using the adaptive Runge- Kutta

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



24

method with cubic spline interpolation. The proposed strategy represents the balance
in the air quality management process between the number of individuals allowed to
stay in the space and the performance of the air ventilation system. For the optimal
outcomes, the proposed technique was capable of converting field data from a the
number of individuals using cubic splines and adaptive RK methods.

3.1 A numerical model of carbon dioxide concentration measure-
ment in a room with an opened ventilation system

3.1.1 Traditional the classical fourth-order Runge-Kutta method
applied to a numerical model of carbon dioxide concentra-
tion measurement

In section, a numerical model of carbon dioxide concentration measurement
in a room with an opened ventilation system is proposed. Substituting Eqs.(2.17)-(2.22)
into Eq.(2.2), we get the classical fourth-order RK method,

C ∼= Ci, (3.1)
Ci+1 = Ci +

1

6
(k1 + 2k2 + 2k3 + k4)h, (3.2)

k1 = f(ti, Ci), (3.3)
k2 = f(ti +

1

2
h,Ci +

1

2
k1h), (3.4)

k3 = f(ti +
1

2
h,Ci +

1

2
k2h), (3.5)

k4 = f(ti + h,Ci + k3h), (3.6)
dC

dt
= f(ti, Ci), (3.7)

f(ti, Ci) =
1

V
(n(t)pCa +QinCE −QoutCi). (3.8)

Assuming that the class room of volume V = 75 (m3), each person’s breathing
rate in the room assumed by p = 0.12 (L/s) and the carbon dioxide fraction included
in inbreathed air Ca = 0.04. The step size of the classical fourth-order Runge-Kutta
method is △t = 0.1 and T = 180.

Simulation 3.1 : an ideal carbon dioxide concentration measure-
ment.

Table 3.1 lists the model’s physical parameters. C0 = 0.0025 is the ambient car-
bon dioxide concentration (ppm). The analytical solution for this case can be obtained
by [5] such as,

C(t) = CE +
npCa

Q
[1− e−Qt/V ]. (3.9)
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Table 3.2 presents the approximated solution’s maximum errors. As seen in Fig.3.1,
the approximated solutions are compared to the analytical solution.

Table 3.1: Physical parameters.

n(t) CE Q

50 0.004 8

Table 3.2: The maximum l2 norm error of the RK4 solution with the analytical
solution.

△t Maximum error
0.100 0.1660× 10−10

0.050 0.0146× 10−10

0.025 0.0013× 10−10

Figure 3.1: The comparison of the RK4 solution and the analytical solution in a room
with a ventilation system △t = 0.1 T = 180.

The RK4 solution and the analytical solution is used Eq.(2.1), The comparison
of approximation techniques is illustrated in Fig.3.1. The RK4 method gives accurately
approximated carbon dioxide concentration as show in Table 3.2.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



26

Simulation 3.2 : a small number of people in the room carbon
dioxide concentration measurement.

Table 3.3 lists the physical parameters. C0 = 0.01, 0.005, and 0.0025 are the ini-
tial carbon dioxide concentrations. We achieve the approximated solutions illustrated
in Fig.3.2 by using the RK4 method Eqs.(3.1)-(3.8).

Table 3.3: Physical parameters.

n(t) CE Qin Qout

5 0.004 8 4

Figure 3.2: The approximated carbon dioxide concentration in a room with a
ventilation system △t = 0.1 T = 180.

We can see that the carbon dioxide concentration along with the starting and
the middle of the simulation depends on the potential concentration level. The
carbon dioxide concentration for each case becomes close to 0.014 around 1.5 hours,
the approximate RK4 solutions when C(0) is divided by a half for each case and assume
the number of people n(t) = 5 as show in Fig.3.2.
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Simulation 3.3 : a large number of people in the room carbon diox-
ide concentration measurement.

Table 3.4 lists the physical parameters. C0 = 0.01, 0.005, and 0.0025 are the ini-
tial carbon dioxide concentrations. We achieve the approximated solutions illustrated
in Fig.3.3 by using the RK4 method Eqs.(3.1)-(3.8).

Table 3.4: Physical parameters.

n(t) CE Qin Qout

50 0.004 8 4

Figure 3.3: The approximated carbon dioxide concentration in a room with a
ventilation system △t = 0.1 T = 180.

We can see that the carbon dioxide concentration along with the starting and
the middle of the simulation depends on the potential concentration level and the
number of people. When the number of people increases the carbon dioxide concen-
tration is increases. The carbon dioxide concentration for each case becomes close
to 0.065 around 1.5 hours, the approximate RK4 solutions when C(0) is divided by a
half for each case and assume the number of people n(t) = 50 as show in Fig.3.3.
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Simulation 3.4 : a different number of people in the room carbon
dioxide concentration measurement.

Table 3.5 lists the physical parameters. n(t) = 5, 25 and 50 are a number of
people. We achieve the approximated solutions illustrated in Figs.3.4-3.6 by using the
RK4 method Eqs.(3.1)-(3.8).

Table 3.5: Physical parameters.

C0 CE Qin Qout

0.01 0.004 4 8

Figure 3.4: The approximated carbon dioxide concentration in a room with a
ventilation system △t = 0.1 T = 180.

Figure 3.5: The approximated carbon dioxide concentration in a room with a
ventilation system △t = 0.1 T = 180.
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Figure 3.6: The approximated carbon dioxide concentration in a room with a
ventilation system △t = 0.1 T = 180.

Figure 3.7: The comparison of RK4 solutions.

When the inlet ventilation rate less than the outlet ventilation rate, the carbon
dioxide concentration is reduced at n(t) = 5, in case n(t) = 25 and 50, the carbon dioxide
concentration is increases. The carbon dioxide concentration for case 1 becomes close
to 0.005 around 1 hours, The carbon dioxide concentration for case 2 becomes close to
0.017 around 1 hours, and The carbon dioxide concentration for case 3 becomes close
to 0.033 around 1 hours. The approximate RK4 solutions when assume n(t) = 5, 25 and
50 in 3 case and the inlet ventilation rate less than the outlet ventilation as show in
Figs.3.4-3.6 and the comparison of 3 cases are illustrated in Fig.3.7.
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Simulation 3.5 : varying number of people in the room carbon diox-
ide concentration measurement.

Table 3.6 lists the physical parameters. A number of people are unstable as
show in table 3.7. We achieve the approximated solutions illustrated in Fig.3.8 by
using the RK4 method Eqs.(3.1)-(3.8).

Table 3.6: Physical parameters.

C0 CE Qin Qout

0.0025 0.004 8 4

Table 3.7: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

Figure 3.8: The approximated carbon dioxide concentration in a room with a
ventilation system when the number of people are unstable △t = 0.1 T = 180.

When the number of people is varied, the carbon dioxide concentration of
interval 0− 2 hours are increases, we can see that the maximum carbon dioxide con-
centration is 0.062, and the carbon dioxide concentration interval 2−3 hours is reduced,
the carbon dioxide concentration in last time is 0.04. The approximate RK4 solutions
when n(t) is varied as shown in Fig.3.8 and the parameter of n(t) as show in Table 3.7.
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Simulation 3.6 : changing rate of ventilation in a room carbon diox-
ide concentration measurement.

Table 3.8 lists the physical parameters. The rate of ventilations are unstable
as show in table 3.9. We achieve the approximated solutions illustrated in Fig.3.9 by
using the RK4 method Eqs.(3.1)-(3.8).

Table 3.8: Physical parameters.

C0 CE n(t)

0.0025 0.004 50

Table 3.9: The rate of ventilations.

t 0-60 61-140 141-180
Qin(t) 8 4 8
Qout(t) 4 8 4

Figure 3.9: The approximated carbon dioxide concentration in a room with a
ventilation system when n(t) is unstable.

We can see that the carbon dioxide concentration is increases interval 0 − 1

hours and 2.3−3 hours, when the inlet ventilation rate more than the outlet ventilation
rate, but the carbon dioxide concentration reduces interval 1−2.3 hours when the inlet
ventilation rate less than the outlet ventilation rate. The approximate RK4 solutions
when the rate of ventilations are unstable as shown in Fig.3.9 and the parameter of
the rate of ventilation as shown in Table 3.9.
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Simulation 3.7 : the varying number of people when the outlet ven-
tilation rate greater than inlet ventilation rate in the room carbon
dioxide concentration measurement

Table 3.10 lists the physical parameters. A number of people are unstable as
show in table 3.11. We achieve the approximated solutions illustrated in Fig.3.10 by
using the RK4 method Eqs.(3.1)-(3.8).

Table 3.10: Physical parameters.

C0 CE Qin Qout

0.0025 0.004 4 8

Table 3.11: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

Figure 3.10: The approximated carbon dioxide concentration in a room with a
ventilation system when n(t) is unstable.

When the number of people is varied with the inlet ventilation rate less than
the outlet ventilation, the carbon dioxide concentration around interval 0 − 2 hours
are increases, we can see that the maximum carbon dioxide concentration is 0.032,
and the carbon dioxide concentration around interval 2− 3 hours reduces, the carbon
dioxide concentration in last time is 0.015. the approximate RK4 solutions when n(t) is
varied and the inlet ventilation rate less than the outlet ventilations show in Fig 3.10
and the parameter of n(t) as show in Table 3.11.
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Simulation 3.8 : changing rate of ventilation which depends on the
number of people in the room carbon dioxide concentration mea-
surement.

Table 3.12 lists the physical parameters. A number of people and the rate of
ventilations are unstable as show in table 3.13-3.14. We achieve the approximated
solutions illustrated in Fig.3.11 by using the RK4 method Eqs.(3.1)-(3.8).

Table 3.12: Physical parameters.

C0 CE

0.0025 0.004

Table 3.13: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

Table 3.14: The rate of ventilations.

t 0-60 61-140 141-180
Qin(t) 8 4 8
Qout(t) 4 8 4

Figure 3.11: The approximated carbon dioxide concentration in a room with a
ventilation system when n(t) , Qin and Qout are unstable.
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The rate of ventilation and the number of people are varied. If the inlet venti-
lation rate is higher than the outlet ventilation rate, the carbon dioxide concentration
will rise. However if the number of people is reduced, the concentration of carbon
dioxide is also reduced. In the other hand, if the inlet ventilation rate is smaller than
the outlet ventilation rate, the carbon dioxide concentration would decrease. On the
other hand, if the inlet ventilation rate is less than the outlet ventilation rate, then the
carbon dioxide concentration becomes reducing. However, if the number of people is
increased, then the carbon dioxide concentration is also increasing. The approximated
RK4 solutions of the simulation are shown in Fig 3.11 when their parameters are given
in Tables 3.12-3.14 respectively.

Simulation 3.9 : number of people is represented as a function in
the room carbon dioxide concentration measurement.

Table 3.15 lists the physical parameters. A number of people assumed by
n(t) = 20 + 5 sin(πt). We achieve the approximated solutions illustrated in Fig 3.13 by
using the RK4 method Eqs.(3.1)-(3.8).

Table 3.15: Physical parameters.

C0 CE Qin Qout

0.0025 0.004 8 4

Figure 3.12: A number of people in a room 0 ≤ n(t) ≤ 20.
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Figure 3.13: The approximated carbon dioxide concentration in a room with a
ventilation system when n(t) = 20 + 5 sin(πt).

Assume the number of people n(t) = 20 + 5 sin(πt), we can see that the car-
bon dioxide concentration depends on the number of people. The approximate RK4
solutions when n(t) = 20 + 5 sin(πt) as show in Fig 3.13 and the number of people in
the room as show in Fig 3.12.
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3.2 A mathematical model of risk assessment on airborne infec-
tion in a room with an outlet ventilation system

3.2.1 Traditional the classical fourth-order Runge-Kutta method
applied to a mathematical model of risk assessment on air-
borne infection in a room with an outlet ventilation system

In section, a mathematical model of risk assessment on airborne infection in a
room with an outlet ventilation system is proposed. Substituting Eqs.(2.17)-(2.22) into
Eq.(2.3), we get the classical fourth-order RK method,

C ∼= Ci, (3.10)
Ci+1 = Ci +

1

6
(k1 + 2k2 + 2k3 + k4)h, (3.11)

k1 = f(ti, Ci), (3.12)
k2 = f(ti +

1

2
h,Ci +

1

2
k1h), (3.13)

k3 = f(ti +
1

2
h,Ci +

1

2
k2h), (3.14)

k4 = f(ti + h,Ci + k3h), (3.15)
dC

dt
= f(ti, Ci), (3.16)

f(ti, Ci) =
1

V
(n(t)pCa −QoutCi). (3.17)

Assuming that the respiration rate assumed by p = 0.12 (L/s) and a fraction
of the Covid-19 concentration contained inbreathed air Ca = 0.04. By employing the
classical fourth-order Runge-Kutta method Eqs.3.10-3.17. The step size of the classical
fourth-order Runge-Kutta method is △t = 0.05 and T = 180.

Simulation 3.10 : the concentration measurement of exhaled air
with difference number of people in a room.

The physical parameters are assumed in Table 3.16. The number of people in
the room is assumed in three cases by n(t) = 5, 25, and 50.

Table 3.16: Physical parameters.

C0 V Qout

0.0025 75 4
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Figure 3.14: The approximated air exhaled indoors concentration in a room with
difference number of people in a room △t = 0.05 T = 180.

The exhaled air concentration the simulation depends on the number of per-
sons in a room. If the number of persons in the room increases, the exhaled air
concentration will increases. Figure 3.14 illustrates the approximate RK4 solutions
when the number of persons is different.

Simulation 3.11 : the concentration measurement of exhaled air
with difference primitive levels.

The physical parameters are assumed in Table 3.17. The initial condition is
assumed in three cases by C0 = 0.01, 0.005 and 0.0025.

Table 3.17: Physical parameters.

n(t) V Qout

50 75 4

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



38

Figure 3.15: The approximated air exhaled indoors concentration in a room with
difference primitive levels △t = 0.05 T = 180.

The exhaled air concentration along with the starting and the middle of the
simulation depends on the potential concentration level. The exhaled air concentra-
tion for each case becomes close to 0.060 around 1.5 hours.Figure 3.15 illustrates the
approximate RK4 solutions when C(0) is divided by half for each case.

Simulation 3.12 : the concentration measurement of exhaled air
when difference outlet ventilation levels.

The physical parameters are assumed in Table 3.18. The outlet ventilation is
assumed in three cases by Qout = 1, 4, and 8.

Table 3.18: Physical parameters.

n(t) V C0

50 75 0.0025
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Figure 3.16: The approximated air exhaled indoors concentration in a room when
difference outlet ventilation levels △t = 0.05 T = 180.

The exhaled air concentration the simulation depends on the outlet ventila-
tion level. If the outlet ventilation level is increased, the exhaled air concentration
is reduced. Figure 3.16 illustrates the approximate RK4 solutions when the outlet
ventilation level is different.

Simulation 3.13 : the concentration measurement of exhaled air
with difference room sizes.

The physical parameters are assumed in Table 3.19. The class room of volume
is assumed in three cases by V = 50, 75, and 100.

Table 3.19: Physical parameters.

n(t) Qout C0

50 4 0.0025

The exhaled air concentration along with the starting and the middle of the
simulation depends on the room sizes. If the room sizes are increased, the exhaled air
concentration is reduced. Figure 3.17 illustrates the approximate RK4 solutions when
the different room sizes.
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Figure 3.17: The approximated air exhaled indoors concentration in a room with
difference room sizes △t = 0.05 T = 180.

Simulation 3.14 : the concentration measurement of exhaled air
with varied numbers of people.

The physical parameters are assumed in Table 3.20. As assumed in Table 3.21,
the number of people changes over time.

Table 3.20: Physical parameters.

V Qout C0

50 8 0.0025

Table 3.21: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

The exhaled air concentration of the simulation depends on the various num-
ber of persons in time. The exhaled air concentration of interval 0−2 hours is increased
and the exhaled air concentration interval 2 − 3 hours are reduced. Figure 3.18 illus-
trates the approximate RK4 solutions when n(t) is varied in time.
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Figure 3.18: The approximated air exhaled indoors concentration in a room with
varied numbers of people △t = 0.05 T = 180.

Simulation 3.15 : the concentration measurement of exhaled air
when the outlet ventilation levels depend on the stayed number
of people.

The initial condition is assumed by C0 = 0.0025. As asumed in Tables 3.22-3.23,
the number of people and the rate of ventilation change over time.

Table 3.22: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

Table 3.23: The rate of ventilations.

t 0-60 61-140 141-180
Qout(t) 4 8 4

The exhaled air concentration when the number of persons is varied with the
out ventilation level depends on the staying number of persons in the room. If we
change the outlet ventilation level varies on the number of persons, the exhaled air
concentration values will change. Figure 3.19 illustrates the approximate RK4 solutions
when n(t) is varied with the out ventilation level.
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Figure 3.19: The approximated air exhaled indoors concentration in a room when
the outlet ventilation levels depend on the stayed number of people △t = 0.05

T = 180.

Simulation 3.16 : the risk of normal peoples who staying in a room
with infectors.

The physical parameters are assumed in Table 3.24. The number of infected
people in the room is assumed in three cases by I = 1, 2, and 4.

Table 3.24: Physical parameters.

n(t) Qout C0 V β µ

50 4 0.0025 50 30 20

The risk of infectors depends on the number of infectors in the room. If we
change the number of infectors in the room, the risk of infection will change. We can
see that the more time spent in the room, the greater the risk of infection. Figure 3.20
illustrates the risk of normal people staying in a room with infectors.
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Figure 3.20: The risk of normal peoples who staying in a room with infectors
△t = 0.05 T = 180.

Simulation 3.17 : the risk of vaccinated peoples who constantly
staying in a room with an infectors.

The physical parameters are assumed in Table 3.25. The survival rate of air-
borne infectious particles is assumed in three cases by β − µ = 20, 10, and 2.

Table 3.25: Physical parameters.

n(t) Qout C0 V I

50 4 0.0025 50 1

The risk of infectors depends on the number of vaccinated persons constantly
staying in a room. In case β − µ = 2, the risk of infection is very low, when compared
to cases β−µ = 20 and β−µ = 10. When a person gets an effective vaccine, the risk of
infection is low. Figure 3.21 illustrates the risk of vaccinated people who constantly
stay in a room with infectors.
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Figure 3.21: The risk of vaccinated peoples who constantly staying in a room with an
infectors △t = 0.05 T = 180.

Simulation 3.18 : the risk of vaccinated peoples who varied staying
in a room with infectors.

The physical parameters are assumed in Table 3.26. As assumed in Table 3.27,
the number of people changes over time.

Table 3.26: Physical parameters.

Qout C0 V β µ I

4 0.0025 50 30 20 1

Table 3.27: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

The risk of vaccinated people remaining in a room containing infectors is related
to the number of persons staying. If we change the number of vaccinated persons
in the room, the risk of infection will change. At intervals of 2.4 – 3.0 hours, the
number of vaccinated persons is reduced, and the risk of infection is reduced. Figure
3.22 illustrates the risk of vaccinated persons who vary their time in a room containing
infectors.
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Figure 3.22: The risk of vaccinated peoples who varied staying in a room with
infectors △t = 0.05 T = 180.

3.3 A risk assessment model for airborne infection in a venti-
lated room using the adaptive Runge-Kutta method with Cu-
bic Spline interpolation

3.3.1 Traditional adaptive Runge-Kutta method applied to amath-
ematical model of risk assessment on airborne infection in
a room with an outlet ventilation system

In section, a risk Assessment model for airborne infection in a ventilated room
using the adaptive RK method with cubic spline interpolation is proposed. Substituting
Eqs.(2.23)-(2.31) into Eq.(2.3), we get the adaptive fourth-order RK method,

C̃i+1 = Ci +
16

135
k1 +

6656

12825
k3 +

28561

56430
k4 −

9

50
k5 +

2

55
k6, (3.18)

to estimate the local error in a Runge-Kutta method of order four given by

Ci+1 = Ci +
25

216
k1 +

1408

2565
k3 +

2197

4140
k4 −

1

5
k5, (3.19)
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where the coefficient equations are

C ∼= Ci, (3.20)
k1 = hf(ti, Ci), (3.21)
k2 = hf(ti +

h

4
, Ci +

1

4
k1), (3.22)

k3 = hf(ti +
3h

8
, Ci +

3

32
k1 +

9

32
k2), (3.23)

k4 = hf(ti +
12h

13
, Ci +

1932

2197
k1 −

7200

2197
k2 +

7296

2197
k3), (3.24)

k5 = hf(ti + h,Ci +
439

216
k1 − 8k2 +

3680

513
k3 −

845

4104
k4), (3.25)

k6 = hf(ti +
h

2
, Ci −

8

27
k1 + 2k2 −

3544

2565
k3 +

1859

4104
k4 −

11

40
k5), (3.26)

dC

dt
= f(ti, Ci), (3.27)

f(ti, Ci) =
1

V
(n(t)pCa +QinCE −QoutCi), (3.28)

f(ti, Ci) =
1

V
(n(t)pCa −QoutCi). (3.29)

Assuming that the respiration rate assumed by p = 0.12 (L/s) and a fraction
of the Covid-19 concentration contained inbreathed air Ca = 0.04. By employing the
classical fourth-order Runge-Kutta method Eqs.3.10-3.17 and the adaptive fourth-order
Runge-Kutta method Eqs.3.18-3.29. The number of people in the room is represented
using the Lagrange interpolating polynomial and the cubic splines interpolation since
the number of people who stay in the room varies over time. The step size of the
classical fourth-order Runge-Kutta method and and the adaptive fourth-order Runge-
Kutta method are △t = 0.025 and T = 180.

Simulation 3.19 : an ideal carbon dioxide concentration measure-
ment.

C0 = 0.01 is the ambient carbon dioxide concentration (ppm). The number of
people is 50, and ventilation fan level is 8(L/s). The analytical solution for this case
can be obtained by [5] such as,

C(t) = CE +
npCa

Q
[1− e−Qt/V ]. (3.30)

Table 3.28 presents the maximum error of the fourth-order Runge-Kutta solution and
the adaptive fourth-order Runge-Kutta solution with the analytical solution. As seen
in Figure 3.23, the adaptive fourth-order Runge-Kutta solution and the fourth-order
Runge-Kutta solution are compared to the analytical solution.

Compares the analytical solution with the classical fourth-order Runge-Kutta
method and the Adaptive Runge-Kutta method. In Table 3.28, the maximum error of
the classical fourth-order Runge-Kutta method is more than the Adaptive Runge-Kutta
method. Figure 3.23 shows the comparison of both approximation techniques.This material is reserved for educational use only, not allowed for commercial use. 
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Table 3.28: The maximum error of the RK4 solution and the ADRK4 solution with
the analytical solution.

△t Maximum error RK4 Maximum error ADRK4
0.100 9.6097× 10−13 1.1102× 10−15

0.050 5.9789× 10−14 1.3184× 10−16

0.025 3.7192× 10−15 1.3878× 10−16

Figure 3.23: The approximated air exhaled indoor concentration in a room T = 180.

Simulation 3.20 : the concentration measurement of exhaled air
with n(t) is function.

The physical parameters are assumed in Table 3.29. A number of people are
assumed by n(t) = 45 + 5 sin(πt) is illustrated in Figure 3.24. Figure 3.25 shows the
approximated solution.

Table 3.29: Physical parameters.

V Qout C0

75 4 0.01

In reality, people were constantly entering and leaving our room, implying that
n(t) is a function. Figure 3.24 shows the number of individuals in the room is between
40 and 50. The approximated air exhaled indoor concentration in a room with n(t) is
function as illustrated in Figure 3.25.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



48

Figure 3.24: A number of people in a room 0 ≤ t ≤ 25.

Figure 3.25: The approximated air exhaled indoor concentration in a room with n(t)

is function △t = 0.025 T = 180.

Simulation 3.21 : the concentration measurement of exhaled air
with cubic splines interpolation of function n(t).

The physical parameters are assumed in Table 3.30. A number of people are
assumed by n(t) = 45 + 5 sin(πt). As seen in Figure 3.26, the cubic spline interpolation
is compared to the function of n(t). Figure 3.27 shows the approximated solution.

Table 3.30: Physical parameters.

V Qout C0

75 4 0.01
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Figure 3.26: The cubic splines interpolation is compared to the function of n(t)

Figure 3.27: The approximated air exhaled indoor concentration in a room with
cubic splines interpolation of function n(t) △t = 0.025 T = 180.

The cubic spline interpolation is used to interpolate the function n(t). Figure
3.26 shows the comparison of the cubic spline interpolation and the exact solution.
Figure 3.27 shows the approximated air exhaled indoor concentration in a room with
cubic spline interpolation of the function n(t).

Simulation 3.22 : the concentration measurement of exhaled air
with lagrange interpolation of function n(t).

The physical parameters are assumed in Table 3.31. A number of people are
assumed by n(t) = 45 + 5 sin(πt). As seen in Figure 3.28, the lagrange interpolation is
compared to the function of n(t). Figure 3.29 shows the approximated solution.

Table 3.31: Physical parameters.

V Qout C0

75 4 0.01
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Figure 3.28: The lagrange interpolation is compared to the function of n(t)

Figure 3.29: The approximated air exhaled indoor concentration in a room with
lagrange interpolation of function n(t) △t = 0.025 T = 180.

Table 3.32: The root mean square error of the cubic splines interpolation and the
lagrange interpolation are compared to the function of n(t)

RMSE of the lagrange polynomial RMSE of the cubic splines
3.8748× 10−5 1.0157× 10−7

The Lagrange interpolation is used to interpolate the function n(t). Figure 3.28
shows the comparison of the Lagrange interpolation and the exact solution. Figure
3.29 shows the approximated air exhaled indoor concentration in a room with the
Lagrange interpolation of the function n(t). Table 3.32 shows the root mean square
error of both interpolation techniques.

Simulation 3.23 : the risk of normal peoples who staying in a room
with infectors.

The initial condition is assumed by C0 = 0.01. The size of the room is 75 (m3)
and ventilation fan levels are assumed in three cases by 0.18, 0.36, and 0.54 (m3/min).
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As assumed in Table 3.33, the number of people changes over time.

Table 3.33: A number of people n(t).

t 0 20 40 60 80 100 120 140 160 180
n(t) 5 10 15 30 45 50 45 30 20 10

Figure 3.30: The cubic spline interpolation is compared to the number of people

Figure 3.31: The approximated air exhaled indoor concentration in a room with
cubic spline interpolation △t = 0.025 T = 180.
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Table 3.34: The approximated air exhaled indoor concentration in a room

t C

Qout = 3 Qout = 6 Qout = 9

20 0.0082 0.0058 0.0044
40 0.0145 0.0092 0.0067
60 0.0267 0.0171 0.0126
80 0.0464 0.0290 0.0209
100 0.0637 0.0371 0.0258
120 0.0711 0.0380 0.0254
140 0.0642 0.0305 0.0192
160 0.0500 0.0211 0.0128
180 0.0352 0.0131 0.0076

Figure 3.32: The percentage of exhaled air

Figure 3.33: The number of airborne infection particles
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Figure 3.34: The airborne infection particles concentration

Figure 3.35: The probability of airborne infector

The number of people as illustrated in Table 3.33 and interpolated by the cubic
spline interpolation. Fig.3.30 shows the comparison of the cubic spline interpolation
and the number of people. Figure 3.31 shows the approximated air exhaled indoor
concentration has reduced when outlet ventilation has increased. Figures 3.32-3.35
shows the percentage of exhaled air, the number of airborne infection particles, the
airborne infection particles concentration, and the probability of airborne infector.
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Chapter 4
A two dimensional mathematical model of airborne

infection in an outpatient room with an outlet
ventilation system

While normal people remain in the same outpatient room as infectors, this
chapter will utilize a two-dimensional mathematical model for estimating the con-
centration of exhaled air in a space with an outlet ventilation system and the risk of
infection. As a result, the exhaled air concentration and infection risk are affected by
the initial concentration level, the distance of the seating position, and the rate of
ventilation. The forward time center space technique is used to estimate the model
solution. A good agreement solution is obtained using the forward time center space.
The model can also be used as part of an internet of things (IoT) system to explore
inventive ways to infection- free zone management. The proposed strategy represents
the balance in the air quality management process between the distance of the seat-
ing position and the performance of the air ventilation system for optimal outcomes.
We illustrate that the suggested technique works in real-world circumstances.

4.1 The setting of the initial condition
The quantity of exhaled air of one person is 1004.22 ppm, [5]. The quantity of

latent exhaled air is 0.00008 ppm, [5]. The available people who are seated in a room
Eq.2.56 are assumed by a function,

g(x, y, t) =

0.01, if (x, y, t) ∈ A;

0.00008, if (x, y, t) ̸∈ A;

where A is a set of seated positions. A is defined by A = {(xi, yj , t) : xi and yj are
coordinates of seat positions in a room over time t > 0, i = 1, 2, . . . ,K, j = 1, 2, . . . , S,

for all t > 0,} where K is a row number and S is column number i.e. K×S is a number
of seat in the room.

Over time, the exhaled air around the available people seated in a room in-
creases. So, the average exhaled air within 0.5 meters of people who move around
the point (xi, yj) is defined by a particular example of a two-dimensional Gaussian
function,

C(x, y, 0) = g(x, y, 0)× exp
(
−
( (x− xi)

2σ2
x

+
(y − yj)

2σ2
y

))
, (4.1)

where σx and σy are the flatten coefficients, and x and y is within 0.5 meters of people
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4.1.1 Boundary conditions approximation
According to the boundary conditions Eqs.(2.57)-(2.60). we can divide Eq.(2.53)

into eight cases. The boundary condition is illustrated in Figure 2.7.

Case 1: the bottom left corner boundary condition

If i = 0 and j = 0, substituting the approximate unknown value of the boundary,
we can let Cn

i−1,j = Cn
i+1,j − 2∆xk1 and Cn

i,j−1 = Cn
i,j+1 − 2∆yk3 and by rearranging, we

obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i+1,j −∆xk1
)
+ 2β

(
Cn

i,j+1 −∆yk3
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.2)

Case 2: the bottom boundary condition

If 1 ≤ i ≤ M −1 and j = 0, we can let Cn
i,j−1 = Cn

i,j+1−2∆yk3 and by rearranging,
we obtain

Cn+1
i,j = An

i,j + λ
(
Cn

i+1,j + Cn
i−1,j

)
+ 2β

(
Cn

i,j+1 −∆yk3
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.3)

Case 3: the bottom right corner boundary condition

If i = M and j = 0, we can let Cn
i+1,j = Cn

i−1,j+2∆xk2 and Cn
i,j−1 = Cn

i,j+1−2∆yk3

and by rearranging, we obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i−1,j +∆xk2
)
+ 2β

(
Cn

i,j+1 −∆yk3
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.4)

Case 4: the left boundary condition

If 1 ≤ j ≤ N − 1 and i = 0, we can let Cn
i−1,j = Cn

i+1,j − 2∆yk1 and by rearranging,
we obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i+1,j −∆yk1
)
+ β

(
Cn

i,j+1 + Cn
i,j−1

)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.5)

Case 5: the upper left corner boundary condition

If j = N and i = 0, we can let Cn
i−1,j = Cn

i+1,j −2∆xk1 and Cn
i,j+1 = Cn

i,j−1+2∆yk4

and by rearranging, we obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i+1,j −∆xk1
)
+ 2β

(
Cn

i,j−1 −∆yk4
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,
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Case 6: the upper boundary condition

If 1 ≤ i ≤ M−1 and j = N, we can let Cn
i,j+1 = Cn

i,j−1+2∆yk4 and by rearranging,
we obtain

Cn+1
i,j = An

i,j + λ
(
Cn

i+1,j + Cn
i+1,j

)
+ β

(
Cn

i,j−1 +∆yk4
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.7)

Case 7: the upper right corner boundary condition

If i = M and j = N, we can let Cn
i+1,j = Cn

i+1,j+2∆xk2 and Cn
i,j+1 = Cn

i,j−1+2∆yk4

and by rearranging, we obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i−1,j +∆xk2
)
+ 2β

(
Cn

i,j−1 +∆yk4
)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.8)

Case 8: the right boundary condition

If 1 ≤ j ≤ N−1 and i = M, we can let Cn
i+1,j = Cn

i−1,j+2∆xk2 and by rearranging,
we obtain

Cn+1
i,j = An

i,j + 2λ
(
Cn

i+1,j +∆xk2
)
+ β

(
Cn

i,j+1 + Cn
i,j−1

)
+

(
1− 2λ− 2β − ∆tQout

V

)
Cn

i,j ,

(4.9)
In this chapter, assuming that the latent CO2 concentration in each seat posi-

tion is equal. Assuming that the respiration rate is p = 0.12 (L/s), and a fraction of the
CO2 concentration contained in inbreathed air Ca = 0.04. By employing the forward
time central space method Eqs.2.33-2.37 and the step size of the forward time central
space method is △x = 0.1, △y = 0.1, and T = 180.

Simulation 4.1 : the concentration measurement of exhaled air and
the probability of airborne infection when normal people sit in ev-
ery seat.

The parameters and point of the seat are assumed in Tables 4.1-Table 4.2. The
boundary conditions and the initial condition are assumed by Eqs.2.56-2.60. Figures
4.1-4.3 present the number of people in the room and the initial condition of the latent
CO2 concentration respectively. The approximated solutions are illustrated in Figures
4.4-4.7. Figures 4.8-4.9 show the line plot of the approximated air exhaled indoor
concentration in a room and the line plot of the probability of airborne infection in a
room.
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Table 4.1: parameter

V Qout I θ σx σy β − µ

72 2 1 0.05 0.5 0.5 2
k1 k2 k3 k4 K S k

0 0 0 0 6 5 0.106× 10−4

Table 4.2: Point of the seat

xi/yi 1 2 3 4 5

1 (1,1) (1,2) (1,3) (1,4) (1,5)
2 (2,1) (2,2) (2,3) (2,4) (2,5)
3 (3,1) (3,2) (3,3) (3,4) (3,5)
4 (4,1) (4,2) (4,3) (4,4) (4,5)

Figure 4.1: The number of people in the room.

Figure 4.2: The contour plot of the latent CO2 concentration.
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Figure 4.3: The surface plot of the latent CO2 concentration.

Figure 4.4: The surface plot of the approximated air exhaled indoor concentration
around the people who stays in the room at t = 60.

Figure 4.5: The surface plot of the approximated air exhaled indoor concentration
around the people who stays in the room at t = 180.
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Figure 4.6: The surface plot of the probability of airborne infection around the
people who stays in the room at t = 60.

Figure 4.7: The surface plot of the probability of airborne infection around the
people who stays in the room at t = 180.

Figure 4.8: The line plot of the approximated air exhaled indoor concentration in a
room at x = 1, y = 1.
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Figure 4.9: The line plot of the probability of airborne infection in a room at
x = 1, y = 1.

The concentration measurement of exhaled air and the risk of airborne infec-
tion when normal people sit in every seat. Figs.4.4-4.5 shows the approximation of the
concentration of exhaled air around the people who stays in the room. We can see
that the point where the person sits has a carbon dioxide concentration distributed
around it. Figs.4.6-4.7 shows the probability of airborne infection. We can see that the
risk of airborne infection is spread across the person’s sitting position. Fig.4.8 shows
the line plot of the approximated air exhaled indoor concentration in a room at x = 1
and y = 1. We can see that when time increases, the concentration of exhaled air is
reduced. Fig.4.9 shows the line plot of the probability of airborne infection in a room
at x = 1 and y = 1. We can see that when time increases, the probability of airborne
infection increases.
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Simulation 4.2 : the concentration measurement of exhaled air and
the probability of airborne infection when normal people are not
seated in the room for all seats.

The parameters and point of the seat are assumed in Tables 4.3-4.4. The
boundary conditions and the initial condition are assumed by Eqs.2.56-2.60. Figures
4.10-4.12 present the number of people in the room and the initial condition of the
latent CO2 concentration respectively. The approximated solutions are illustrated in
Figures 4.13-4.16. Figures 4.17-4.18 show the line plot of the approximated air exhaled
indoor concentration in a room and the line plot of the probability of airborne infection
in a room.

Table 4.3: parameter

V Qout I θ σx σy β − µ

72 2 1 0.05 0.5 0.5 2
k1 k2 k3 k4 K S k

0 0 0 0 6 5 0.106× 10−4

Table 4.4: Point of the seat

xi/yi 1 2 3 4 5

1 (1,1) − − − (1,5)
2 − − (2,3) − −

3 − (3,2) − (3,4) −

4 − − (4,3) − (4,5)

Figure 4.10: The number of people in the room.
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Figure 4.11: The contour plot of the latent CO2 concentration.

Figure 4.12: The surface plot of the latent CO2 concentration.

Figure 4.13: The surface plot of the approximated air exhaled indoor concentration
in a room around the people who stays in the room at t=60.
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Figure 4.14: The surface plot of the approximated air exhaled indoor concentration
in a room around the people who stays in the room at t=180.

Figure 4.15: The surface plot of the probability of airborne infection around the
people who stays in the room at t=60.

Figure 4.16: The surface plot of the probability of airborne infection around the
people who stays in the room at t=180.
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Figure 4.17: The line plot of the approximated air exhaled indoor concentration in a
room at x = 1, y = 1.

Figure 4.18: The line plot of he probability of airborne infection in a room at x=1,
y=1.

The concentration measurement of exhaled air and the risk of airborne in-
fection are proposed when normal people are not seated in the room for all seats.
Figs.4.13-4.14 shows the approximation of the concentration of exhaled air when nor-
mal people are not seated in the room for all seats. We can see that the point where
the person sits has a carbon dioxide concentration distributed around it. Figs.4.15-
4.16 shows the probability of airborne infection. We can see that the risk of airborne
infection is spread across the person’s sitting position. Fig.4.17 shows the line plot
of the approximated air exhaled indoor concentration in a room at x = 1 and y = 1.
We can see that when time increases, the concentration of exhaled air is reduced.
Fig.4.18 shows the line plot of the probability of airborne infection in a room at x = 1

and y = 1. We can see that when time increases, the probability of airborne infection
increases.
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Simulation 4.3 : the concentration measurement of exhaled air and
the probability of airborne infection when different outlet ventila-
tion levels.

The parameters and point of the seat are assumed in Tables 4.9-4.8. The
boundary conditions and the initial condition are assumed by Eqs.2.56-2.60. Figures
4.19-4.21 present the number of people in the room and the initial condition of the
latent CO2 concentration respectively. The approximated solutions are illustrated
in Figures 4.22-4.27. Figures 4.28-4.29 show the line plot of the comparison approxi-
mated air exhaled indoor concentration and the line plot of the probability of airborne
infection in a room.

Table 4.5: parameter

V Qout I θ σx σy β − µ

72 2, 4, 6 1 0.05 0.5 0.5 2
k1 k2 k3 k4 K S k

0 0 0 0 6 5 0.106× 10−4

Table 4.6: Point of the seat

xi/yi 1 2 3 4 5

1 (1,1) (1,2) (1,3) (1,4) (1,5)
2 (2,1) (2,2) (2,3) (2,4) (2,5)
3 (3,1) (3,2) (3,3) (3,4) (3,5)
4 (4,1) (4,2) (4,3) (4,4) (4,5)

Figure 4.19: The number of people in the room.
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Figure 4.20: The contour plot of the latent CO2 concentration.

Figure 4.21: The surface plot of the latent CO2 concentration.

Figure 4.22: The surface plot of the approximated air exhaled indoor concentration
in a room around the people who stays in the room at t = 60 with the outlet

ventilation rate Qout = 2.
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Figure 4.23: The surface plot of the approximated air exhaled indoor concentration
in a room around the people who stays in the room at t = 60 with the outlet

ventilation rate Qout = 4.

Figure 4.24: The surface plot of the approximated air exhaled indoor concentration
in a room around the people who stays in the room at t = 60 with the outlet

ventilation rate Qout = 6.

Figure 4.25: The surface plot of the probability of airborne infection around the
people who stays in the room at t=60 with the outlet ventilation rate Qout = 2.
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Figure 4.26: The surface plot of the probability of airborne infection around the
people who stays in the room at t=60 with the outlet ventilation rate Qout = 4.

Figure 4.27: The surface plot of the probability of airborne infection around the
people who stays in the room at t=60 with the outlet ventilation rate Qout = 6.

Figure 4.28: The line plot of the comparison approximated air exhaled indoor
concentration in a room at x=1, y=1 when the difference outlet ventilation rate.
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Figure 4.29: The line plot of the comparison probability air exhaled indoor
concentration in a room at x=1, y=1 when the difference outlet ventilation rate.

The concentration measurement of exhaled air and the risk of airborne infec-
tion are proposed when different outlet ventilation levels. Figs.4.22-4.24 show the
approximation of the concentration of exhaled air when outlet ventilation levels are
2, 4 and 6 respectively. We can see that when the outlet ventilation level increases,
the concentration of exhaled air around the people who stays in the room is reduced.
Figs.4.25-4.27 show the probability of airborne infection when outlet ventilation levels
are 2, 4 and 6 respectively. We can see that when the outlet ventilation level increases,
the probability of airborne infection around the people who stays in the room is re-
duced. Fig.4.28 shows the line plot of the comparison the concentration of exhaled
air in a room at x = 1 and y = 1. We can see that when the outlet ventilation level
increase, the concentration of exhaled air is reduced. Fig.4.29 shows the line plot of
the comparison probability air exhaled indoor concentration in a room at x = 1 and
y = 1. We can see that when the outlet ventilation level increase, the probability of
airborne infection is reduced.
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Simulation 4.4: the concentration measurement of exhaled air and
the probability of airborne infection when normal people sit beside
each other.

Table 4.7: parameter

V Qout I θ σx σy β − µ

72 2 1 0.05 0.5 0.5 2
k1 k2 k3 k4 K S k

0 0 0 0 6 5 0.106× 10−4

Table 4.8: Point of the seat

xi/yi 1 2 3 4 5

1 (1,1) (1,2) (1,3) (1,4) (1,5)
1.5 (1.5,1) - - - -
2 (2,1) (2,2) (2,3) (2,4) (2,5)
3 (3,1) (3,2) (3,3) (3,4) (3,5)
4 (4,1) (4,2) (4,3) (4,4) (4,5)

Figure 4.30: The number of people in the room.
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Figure 4.31: The surface plot of the latent CO2 concentration.

Figure 4.32: The contour plot of the latent CO2 concentration.

Figure 4.33: The surface plot of the approximated air exhaled indoor concentration
around the people who stays in the room at t = 60.
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Figure 4.34: The surface plot of the approximated air exhaled indoor concentration
around the people who stays in the room at t = 180.

Figure 4.35: The surface plot of the probability of airborne infection around the
people who stays in the room at t = 60.

Figure 4.36: The surface plot of the probability of airborne infection around the
people who stays in the room at t = 180.
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Figure 4.37: The comparison of the approximated air exhaled indoor concentration
in a room every half hour.

Figure 4.38: The comparison of the probability of airborne infection in a room every
half hour.
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Table 4.9: The approximated air exhaled indoor concentration in a room

ti/C(xi, yi) C(1, 1) C(1.5, 1) C(2, 1)

0 0.0160653065971263 0.0160653065971263 0.0160653065971263
30 0.00833606473256277 0.00833745788249497 0.00833606473256277
60 0.00497693974686963 0.00497814974491216 0.00497693974686963
90 0.00351706624078756 0.00351785443425952 0.00351706624078756
120 0.00288260647088840 0.00288306285295417 0.00288260647088840
150 0.00260687092812793 0.00260711866786667 0.00260687092812793
180 0.00248703660904305 0.00248716571138082 0.00248703660904305

The concentration measurement of exhaled air and the probability of airborne
infection, when normal people sit beside each other, are proposed. Figs.4.33-4.34
show the approximation of the concentration of exhaled air when normal people sit
beside each other. We can see that when normal people sit beside each other, the
concentration of exhaled air around it is increased. Figs.4.35-4.36 show the approxi-
mation of the probability of airborne infection when normal people sit beside each
other. We can see that when normal people sit beside each other, the probability of
airborne infection around it is increased. Fig.4.37 shows the line plot of the compar-
ison of the concentration of exhaled air in a room every half hour. We can see that
the approximation of the concentration of exhaled air around normal persons sitting
next to one other is greater than sitting 1 meter apart. Fig.4.38 shows the line plot
of the comparison of the concentration of exhaled air in a room every half hour. We
can see that the probability of airborne infection around normal persons sitting next
to one other is greater than sitting 1 meter apart.
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Chapter 5
Discussion and conclusion

5.1 Discussion

5.1.1 Discussion of a numerical model of carbon dioxide concen-
tration measurement in a room with an opened ventilation
system

In simulation 3.1, the RK4 solution and the analytical solution is used Eq.(2.1),
The comparison of approximation techniques shows that the accuracy of the RK4
method. The RK4 method gives accurately approximated carbon dioxide concentra-
tion.

In simulation 3.2, we can see that the carbon dioxide concentration along with
the starting and the middle of the simulation depends on the potential concentration
level. The carbon dioxide concentration for each case becomes close to 0.014 around
1.5 hours, the approximate RK4 solutions when C(0) is divided by a half for each case
and assume the number of people n(t) = 5.

In simulation 3.3, we can see that the carbon dioxide concentration along with
the starting and the middle of the simulation depends on the potential concentration
level and the number of people. When the number of people increases the carbon
dioxide concentration is increases. The carbon dioxide concentration for each case
becomes close to 0.065 around 1.5 hours, the approximate RK4 solutions when C(0) is
divided by a half for each case and assume the number of people n(t) = 50.

In simulation 3.4, when the inlet ventilation rate less than the outlet ventilation
rate, the carbon dioxide concentration is reduced at n(t) = 5, in case n(t) = 25 and 50,

the carbon dioxide concentration is increases. The carbon dioxide concentration for
case 1 becomes close to 0.005 around 1 hours, The carbon dioxide concentration for
case 2 becomes close to 0.017 around 1 hours, and The carbon dioxide concentration
for case 3 becomes close to 0.033 around 1 hours.

In simulation 3.5, when the number of people is varied, the carbon dioxide
concentration of interval 0 − 2 hours are increases, we can see that the maximum
carbon dioxide concentration is 0.062, and the carbon dioxide concentration interval
2− 3 hours is reduced, the carbon dioxide concentration in last time is 0.04.

In simulation 3.6, we can see that the carbon dioxide concentration is increases
interval 0 − 1 hours and 2.3 − 3 hours, when the inlet ventilation rate more than the
outlet ventilation rate, but the carbon dioxide concentration reduces interval 1 − 2.3

hours when the inlet ventilation rate less than the outlet ventilation rate.
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In simulation 3.7, when the number of people is varied with the inlet ventilation
rate less than the outlet ventilation, the carbon dioxide concentration around interval
0−2 hours are increases, we can see that the maximum carbon dioxide concentration
is 0.032, and the carbon dioxide concentration around interval 2−3 hours reduces, the
carbon dioxide concentration in last time is 0.015.

In simulation 3.8, the rate of ventilation and the number of people are varied.
If the inlet ventilation rate is higher than the outlet ventilation rate, the carbon dioxide
concentration will rise. However if the number of people is reduced, the concentra-
tion of carbon dioxide is also reduced. In the other hand, if the inlet ventilation rate
is smaller than the outlet ventilation rate, the carbon dioxide concentration would
decrease. On the other hand, if the inlet ventilation rate is less than the outlet ven-
tilation rate, then the carbon dioxide concentration becomes reducing. However, if
the number of people is increased, then the carbon dioxide concentration is also
increasing.

In simulation 3.9, assume the number of people n(t) = 20 + 5 sin(πt), we can
see that the carbon dioxide concentration depends on the number of people.

5.1.2 discussion of a mathematical model of risk assessment on
airborne Infection in a room with an outlet ventilation sys-
tem

In simulation 10, the exhaled air concentration the simulation depends on the
number of persons in a room. If the number of persons in the room increases, the
exhaled air concentration will increases.

In simulation 3.11, the exhaled air concentration along with the starting and the
middle of the simulation depends on the potential concentration level. The exhaled
air concentration for each case becomes close to 0.060 around 1.5 hours.

In simulation 3.12, the exhaled air concentration the simulation depends on
the outlet ventilation level. If the outlet ventilation level is increased, the exhaled air
concentration is reduced.

In simulation 3.13, the exhaled air concentration along with the starting and the
middle of the simulation depends on the room sizes. If the room sizes are increased,
the exhaled air concentration is reduced.

In simulation 3.14, the exhaled air concentration of the simulation depends on
the various number of persons in time. The exhaled air concentration of interval 0− 2

hours is increased and the exhaled air concentration interval 2− 3 hours are reduced.
In simulation 3.15, the exhaled air concentration when the number of persons

is varied with the out ventilation level depends on the staying number of persons in
the room. If we change the outlet ventilation level varies on the number of persons,
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the exhaled air concentration values will change.
In simulation 3.16, the risk of infectors depends on the number of infectors

in the room. If we change the number of infectors in the room, the risk of infection
will change. We can see that the more time spent in the room, the greater the risk of
infection.

In simulation 3.17, the risk of infectors depends on the number of vaccinated
persons constantly staying in a room. In case β−µ = 2, the risk of infection is very low,
when compared to cases β − µ = 20 and β − µ = 10. When a person gets an effective
vaccine, the risk of infection is low.

In simulation 3.18, the risk of vaccinated people remaining in a room containing
infectors is related to the number of persons staying. If we change the number of
vaccinated persons in the room, the risk of infection will change. At intervals of 2.4
– 3.0 hours, the number of vaccinated persons is reduced, and the risk of infection is
reduced.

5.1.3 Discussion of a risk assessment model for airborne infec-
tion in a ventilated room using the adaptive Runge-Kutta
method with Cubic Spline interpolation

Simulation 3.19 compares the analytical solution with the classical fourth-order
Runge-Kutta method and the Adaptive Runge-Kutta method. The maximum error of
the classical fourth-order Runge-Kutta method is more than the Adaptive Runge-Kutta
method.

Simulation 3.20, in reality, people were constantly entering and leaving our
room, implying that n(t) is a function. The approximated air exhaled indoor concen-
tration in a room with n(t) is function, we can see that the approximated air exhaled
indoor concentration in a room depends on the function of the number of people.

Simulation 3.21, the cubic spline interpolation is used to interpolate the func-
tion n(t). The comparison of the cubic spline interpolation and the exact solution
shows the cubic spline interpolation is accurate. The approximated air exhaled indoor
concentration in a room with cubic spline interpolation of the function n(t), we can
see that the approximated air exhaled indoor concentration in a room depends on
the function of the number of people interpolated by the cubic spline.

Simulation 3.22, the Lagrange interpolation is used to interpolate the function
n(t). The comparison of the Lagrange interpolation and the exact solution shows the
Lagrange interpolation is accurate. The approximated air exhaled indoor concentration
in a room with the Lagrange interpolation of the function n(t), we can see that the
approximated air exhaled indoor concentration in a room depends on the function
of the number of people interpolated by the Lagrange interpolation. The root mean
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square error of both interpolation techniques shows that the cubic spline interpolation
is accurate more than the Lagrange interpolation.

Simulation 3.23, the comparison of the cubic spline interpolation and the num-
ber of people show that the cubic spline interpolation is accurate. The adaptive
Runge-Kutta method with cubic spline interpolation is used to approximate air ex-
haled indoor concentration. The approximated air exhaled indoor concentration has
reduced when outlet ventilation has increased.

5.1.4 Discussion of a two dimensional mathematical model of air-
borne infection in an outpatient room with an outlet venti-
lation system

In simulation 4.1, the concentration measurement of exhaled air and the risk
of airborne infection when normal people sit in every seat. The approximation of the
concentration of exhaled air around the people who stays in the room, we can see that
the point where the person sits has a carbon dioxide concentration distributed around
it. The probability of airborne infection, we can see that the risk of airborne infection
is spread across the person’s sitting position. The line plot of the approximated air
exhaled indoor concentration in a room at x = 1 and y = 1. We can see that when time
increases, the concentration of exhaled air is reduced. The line plot of the probability
of airborne infection in a room at x = 1 and y = 1. We can see that when time increases,
the probability of airborne infection increases.

In simulation 4.2, the concentration measurement of exhaled air and the risk
of airborne infection are proposed when normal people are not seated in the room
for all seats. The approximation of the concentration of exhaled air when normal
people are not seated in the room for all seats, we can see that the point where the
person sits has a carbon dioxide concentration distributed around it. The probability
of airborne infection, we can see that the risk of airborne infection is spread across
the person’s sitting position. The line plot of the approximated air exhaled indoor
concentration in a room at x = 1 and y = 1. We can see that when time increases, the
concentration of exhaled air is reduced. The line plot of the probability of airborne
infection in a room at x = 1 and y = 1. We can see that when time increases, the
probability of airborne infection increases.

In simulation 4.3, the concentration measurement of exhaled air and the risk
of airborne infection are proposed when different outlet ventilation levels. The ap-
proximation of the concentration of exhaled air when outlet ventilation levels are 2, 4

and 6 respectively, we can see that when the outlet ventilation level increases, the
concentration of exhaled air around the people who stays in the room is reduced. The
probability of airborne infection when outlet ventilation levels are 2, 4 and 6 respec-
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tively. We can see that when the outlet ventilation level increases the probability of
airborne infection around the people who stays in the room is reduced. The line plot
of the comparison the concentration of exhaled air in a room at x = 1 and y = 1. We
can see that when the outlet ventilation level increase, the concentration of exhaled
air is reduced. The line plot of the comparison probability air exhaled indoor concen-
tration in a room at x = 1 and y = 1. wW can see that when the outlet ventilation
level increase, the probability of airborne infection is reduced.

In simulation 4.4, the concentration measurement of exhaled air and the prob-
ability of airborne infection, when normal people sit beside each other, are proposed.
The approximation of the concentration of exhaled air when normal people sit beside
each other. We can see that when normal people sit beside each other, the concen-
tration of exhaled air around it is increased. The approximation of the probability of
airborne infection when normal people sit beside each other. We can see that when
normal people sit beside each other, the probability of airborne infection around it
is increased. The line plot of the comparison of the concentration of exhaled air in
a room every half hour. We can see that the approximation of the concentration of
exhaled air around normal persons sitting next to one other is greater than sitting 1
meter apart. The line plot of the comparison of the probability of airborne infection
in a room every half hour. We can see that the the probability of airborne infection
around normal persons sitting next to one other is greater than sitting 1 meter apart.

5.2 Conclusion

5.2.1 Conclusion of a numerical model of carbon dioxide concen-
tration measurement in a room with an opened ventilation
system

A computational model is used in this article to estimate the carbon dioxide
concentration in a room with an open ventilation system. Because the number of per-
sons in the room varies, a realistic carbon dioxide concentration measurement model
is proposed. We can see that the concentration of carbon dioxide depends on the
actual concentration level, the number of persons, and the rate of ventilation. We
demonstrate that the proposed technique is applicable to real-world problems using
the standard fourth order RK method. In an ideal scenario, the approximated solutions
are compared to the analytical solution. It was determined that the numerical model
produces good agreement findings. The proposed model in the air quality manage-
ment process achieves a balance between the number of people allowed to remain
in the room and the potential of the air ventilation system.
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5.2.2 Conclusion of a mathematical model of risk assessment on
airborne infection in a room with an outlet ventilation sys-
tem

This section can use mathematical analysis to simulate the exhaled air con-
centration in a space with an outlet ventilation system and the risk of infection while
normal people and vaccinated people remain in the same room as infectors. As a
result, the exhaled air concentration and infection risk are affected by the actual con-
centration level, the number of users, and the rate of ventilation. Using the classical
fourth-order RK method, we show that the proposed method applies to real-world
situations. In the air quality management process, the proposed model achieves a bal-
ance between the number of people permitted to stay in the room and the potential
of the air ventilation system.

5.2.3 Conclusion of a risk assessment model for airborne infec-
tion in a ventilated room using the adaptive Runge-Kutta
method with Cubic Spline interpolation

This study will use a mathematical model to predict the concentration of ex-
haled air in a space with an outlet ventilation system and the risk of infections when
healthy people remain in the same room as infected people. As a result, the ac-
tual concentration level, the number of users, and the ventilation rate all impact
the exhaled air concentration and infection risk. The adaptive Runge-Kutta approach
and the classic fourth-order Runge-Kutta method are all used to estimate the model
solution. The number of people in the room is represented using the Lagrange interpo-
lating polynomial and the cubic splines interpolation since the number of individuals
who stay in the room varies over time. The adaptive Runge-Kutta technique with cu-
bic splines interpolation turns out to be a good agreement solution. The proposed
strategy represents the balance in the air quality management process between the
number of individuals allowed to stay in the space and the performance of the air
ventilation system. For the optimal outcomes, the proposed technique was capable
of converting field data from a number of people using cubic splines and adaptive
RK methods. The model can also be utilized as a part of an internet of things (IoT)
system to develop new approaches to controlling infection-free zones. Due to the
proposed numerical enhancement of the adaptive Runge-Kutta technique with cubic
spline interpolation, we show that the suggested strategy is effective in real-world
scenarios.
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5.2.4 Conclusion of a two dimensional mathematical model of
airborne infection in an outpatient room with an outlet ven-
tilation system

A two-dimensional mathematical model for predicting the concentration of ex-
haled air in a room with an outlet ventilation system is introduced. The risk of infection
when healthy people remain in the same room as infected people is considered. To
predict the exhaled air concentration, we set a 1-meter distance between persons in
the room to assess the reduction of the infection risk associated with social distancing
measures. A two-dimensional Gaussian function is used to determine the initial condi-
tions. So that the initial carbon dioxide value corresponds to the individual seated in
each location within the enclosed area. As a result, the initial concentration level, the
distance between persons in the room, the number of users, and the ventilation rate
all impact the exhaled air concentration and infection risk. The forward time center
space is used to estimate the model solution. The proposed strategy represents a
balance in the air quality management process between the distance of individuals
allowed to stay in the room and the performance of the air ventilation system. Due
to the proposed numerical enhancement of the finite difference technique, we show
that the suggested strategy is effective in real-world scenarios.

5.3 Summarize
In this research, we introduce mathematical analysis to simulate the exhaled air

concentration in an outpatient room and the risk of infection while normal people and
vaccinated people remain in the same room as infectors. In section 1, we proposed
a numerical model of carbon dioxide concentration measurement in a room with an
opened ventilation system. A numerical model of carbon dioxide concentration mea-
surement is approximated using the classical fourth-order Runge-Kutta method(RK4).
In section 2, we proposed a mathematical model of risk assessment for airborne in-
fection in a room with an outlet ventilation system. A mathematical model of risk
assessment for airborne infection in a room with an outlet ventilation system is ap-
proximated using the classical fourth-order Runge-Kutta method(RK4). In section 3, we
proposed a risk assessment model for airborne infection in a ventilated room using the
adaptive Runge-Kutta method with cubic spline interpolation. A mathematical model
of risk assessment for airborne infection in a room with an outlet ventilation system is
approximated using the adaptive Runge-Kutta method(ADRK4). The number of people
in the room is represented using the Lagrange interpolating polynomial and the cubic
splines interpolation since the number of individuals who stay there varies over time.
The adaptive Runge-Kutta technique with cubic splines interpolation turns out to be
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a good agreement solution, the proposed technique was capable of converting field
data from a number of people using cubic splines and adaptive RK methods.

From the result of the simulation of 3 sections, we can see that the model can
be utilized as a part of an Internet of Things (IoT) system to develop new approaches
to controlling infection-free zones. In the air quality management process, the pro-
posed model achieves a balance between the number of people permitted to stay
in the room and the potential of the air ventilation system. The proposed numerical
enhancement of the adaptive Runge-Kutta technique with cubic spline interpolation,
we show that the suggested strategy is effective in real-world scenarios.

In the last section, we proposed a two-dimensional mathematical model for
predicting the concentration of exhaled air in a room with an outlet ventilation system.
A mathematical model of the two-dimensional mathematical model is approximated
using the forward time center space(FTCS). To predict the exhaled air concentration,
we set a 1-meter distance between persons in the room to assess the reduction of
the infection risk associated with social distancing measures. We introduce the initial
condition-setting approach, and boundary condition techniques to adjust the case of
the study. The proposed strategy represents a balance in the air quality management
process between the distance of individuals allowed to stay in the room and the
performance of the air ventilation system and we show that the suggested strategy is
effective in real-world scenarios.

5.4 Further work
1) We will simulate a three-dimension mathematical model for predicting the con-

centration of exhaled air in a room

2) We will change the function of the initial conditions.
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