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Chapter 1

Introduction

1.1 Research Motivation

Currently, there are many studies, inventions and production of methods to be
used to solve problems, create or develop various technologies to be able to be used
or solve problems effectively, whether it is a computer problem, physics, engineering,
economics and others, which the basis for inventing technology or various solutions
are all based on mathematics but to invent or develop methods for solving various
problems mentioned above, some methods are still complicated and difficult to solve
that problem directly. Therefore, one of the mathematical methods is applied to
make it easier and get more diverse results. That is, the fixed point theory by the
fixed point theory is a study about existence and uniqueness that when applied to
problems such as equilibrium problems, variational inequality problems and etc. By
converting the problems of interest into the fixed point problems, it can create a
theorem that can solve that problems and can also be applied in other fields such as
mechanics, physics, optimization, finance, ecology, network, game theory, economics,
engineering science, etc., which converting to be in the form of a fixed point problem
will make it possible to solve the problem of interest in an easier way and also get
a solution that can solve many problems. Interested problems of various branches
mentioned above and more than that, sometimes can also bring the results to expand,
collapse or apply additionally to be able to solve other problems as well. From the
aforementioned reasons, the theory of fixed point is another important method and
received widespread attention from researchers or many mathematicians.

In addition, there are many interesting problems in mathematics that can be re-
duced to equilibrium problems, such as variational inequality problems, optimization
problems, fixed point problems, Nash equilibrium problems in game theory, saddle
point problems, etc., which will talk about equilibrium problems in the next step.

Throughout in this section, let H be a real Hilbert space and let C be a
nonempty closed and convex subset of H .

For a mapping T of C into itself, we denote F (T ) the set of all fixed points of
T i.e.,

F (T ) = {x ∈ C : Tx = x}.

Example 1.1. Let R be the set of a real numbers. We have

1. If T : R → R and Tx = 2x2 − 1, then F (T ) = {1}.

2. If T : R → R and Tx = 1
x , then F (T ) = {1}.This material is reserved for educational use only, not allowed for commercial use. 
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3. If T : R → R and Tx = x2, then F (T ) = {0, 1}.

4. If T : R → R and Tx = 3x− 4, then F (T ) = {2}.

5. If T : R → R and Tx = 2x+5
3 , then F (T ) = {5}.

Let C be a nonempty closed convex subset of a real Hilbert space H . The
mapping T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ (1.1)

for all x, y ∈ C.

In 2008, Kohsaka and Takahashi [1] introduced the mapping T : C → C called
nonspreading mapping in Hilbert spaces H which is defined as follows:

2 ‖Tx− Ty‖2 ≤ ‖Tx− y‖2 + ‖x− Ty‖2 (1.2)

for all x, y ∈ C.

In 2011, Osilike and Isiogugu [2] introduced that the mapping T : C → C is
called κ-strictly pseudononspreading mapping if there exists κ ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ ‖(I − T )x− (I − T ) y‖2 + 2 〈x− Tx, y − Ty〉 (1.3)

for all x, y ∈ C. Clearly every nonspreading mapping is κ-strictly pseudononspreading
mapping.

A mapping A of C into H is called α-inverse strongly monotone, if there exists
a positive real number α such that

〈x− y,Ax−Ay〉 ≥ α ‖Ax−Ay‖2 (1.4)

for all x, y ∈ C.

In 1967, Halpern [3] introduced the Halpern iteration to find a fixed point of
nonexpansive mapping T : C → C as follows:

xn+1 = αnu+ (1− αn)Txn (1.5)

for each n ∈ N ∪ {0} and x0 = u ∈ C where {αn} ⊂ (0, 1). He proved that the sequence
{xn} converges strongly to a fixed point of T .

In 1964, Lions and Stampacchia [4] first introduced the variational inequality
problem for find a point u ∈ C such that

〈Au, v − u〉 ≥ 0 (1.6)

where A : C → H is a mapping and v ∈ C. The set of solutions of (1.6) is denoted by
V I(C,A).

The variational inequality problem has emerged as a fascinating and interesting
branch of mathematical and engineering sciences with a wide range of applications in
industry, finance, economics, pure, applied sciences and etc., see [5, 6, 7, 8].This material is reserved for educational use only, not allowed for commercial use. 
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In 2008, Ceng et al. [9] introduced a problem for finding (x∗, z∗) ∈ C × C such
that 




〈λ1D1z∗ + x∗ − z∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈λ2D2x∗ + z∗ − x∗, x− z∗〉 ≥ 0, ∀x ∈ C,
(1.7)

which is called a system of variational inequalities problem where D1, D2 : C → H are
mappings and parameters λ1,λ2 > 0. In the case of λ1 = λ2, D1 = D2, x∗ = z∗, system
of variational inequalities problem is reduced to variational inequalities problem.

After that, Kangtunyakarn [10] modified (1.7) for finding (x∗, z∗) ∈ C × C such
that 




〈x∗ − (I − λ1D1) (ax∗ + (1− a) z∗) , x− x∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ2D2)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,
(1.8)

which is called a modification of system of variational inequalities problem, for every
λ1,λ2 > 0 and a ∈ [0, 1]. It easy to see that if a = 0, then problem (1.8) reduces to system
of variational inequalities problem. He introduced the relation between solutions of
(1.8) and fixed point of the mapping G as follows:

Lemma 1.2. [11] Let C be a nonempty closed convex subset of a real Hilbert space
H and let D1, D2 : C → H be mappings. For every λ1,λ2 > 0 and a ∈ [0, 1], the following
statements are equivalent:

1. (x∗, z∗) ∈ C × C is a solution of problem (1.8),

2. x∗ is a fixed point of the mapping G : C → C, i.e., x∗ ∈ F (G), defined by

G(x) = PC (I − λ1D1) (ax+ (1− a)PC (I − λ2D2)x) ,

where z∗ = PC (I − λ2D2)x∗.

Moreover, he proved the following strong convergence theorem of the varia-
tional inequality problem and fixed point problem for κ-strictly pseudononspreading
mapping which modified Halpern iterative method generated by (1.9) .

Theorem 1.3. [11] Let H be a real Hilbert space and C be a nonempty closed convex
subset of H . For every i = 1, 2, ..., N let Bi : C → H be δi-inverse strongly monotone
mappings and let T : C → C be κ-strictly pseudononspreading mapping for some
κ ∈ [0, 1). Let Gi : C → C be defined by Gix = PC (I − ηBi)x for every x ∈ C and
η ∈ (0, 2δi) for every i = 1, 2, ..., N , and let δj =

(
αj
1,α

j
2,α

j
3

)
∈ I × I × I, j = 1, 2, 3, ..., N,

where I = [0, 1],αj
1+αj

2+αj
3 = 1,αj

1 ∈ (0, 1) for all j = 1, 2, ..., N−1,αN
1 ∈ (0, 1],αj

2,α
j
3 ∈ (0, 1]

for all j = 1, 2, ..., N . Let S : C → C be the S-mappings generated by G1, G2, ..., GN and
δ1, δ2, ..., δN . Assume that F = F (T )∩

⋂N
i=1 V I (C,Bi) .= ∅. For every n ∈ N, i = 1, 2, ..., N ,

let x1, u ∈ C and {xn} be a sequence generated by

xn+1 = αnu+ βnPC (I − λn (I − T ))xn + γnSxn (1.9)

where {αn}, {βn}, {γn}, {λn} ⊂ (0, 1) such that αn+βn+γn = 1,βn ∈ [c, d] ⊂ (0, 1), {λn} ⊂

(0, 1− κ) and suppose the following conditions hold:This material is reserved for educational use only, not allowed for commercial use. 
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(i) limn→∞ αn = 0 and ∑∞
n=0 αn = ∞,

(ii) ∑∞
n=1 λn < ∞,

(iii) ∑∞
n=1 |λn+1 − λn| < ∞,

∑∞
n=1 |γn+1 − γn| < ∞,

∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

In 1994, Blum and Oettli [12] introduced the equilibrium problem which has
had a great impact and influence in the development of several branches of pure and
applied sciences. Many problems in optimization, economics and physics are related
to seeking the elements of EP (F ), see [12, 13]. Let F : C × C → R be a bifunction.
The equilibrium problem for F is to determine its equilibrium points and denoted

EP (F ) =
{
x ∈ C : F (x, y) ≥ 0, ∀y ∈ C

}
(1.10)

is the set of all solutions of equilibrium problem.
Numerous problems in economics, physics and optimization reduce to find a

solution of EP (F ); see [12, 13, 14].
Recently, many authors consider the iterative scheme for finding a common

element of the set of solution of equilibrium problem and the set of solutions of fixed
point problem; see [13, 15, 16, 17].

Furthermore, from (1.6) and (1.10), we have the following generalized equilib-
rium problem, i.e., find z ∈ C such that

F (z, y) + 〈Az, y − z〉 ≥ 0 (1.11)

for all y ∈ C. The set of such z ∈ C is denoted by EP (F,A), i.e.,

EP (F,A) =
{
z ∈ C : F (z, y) + 〈Az, y − z〉 ≥ 0, ∀y ∈ C

}
.

In addition, in the case of A ≡ 0, EP (F,A) is denoted by EP (F ) and in the case of
F ≡ 0, EP (F,A) is also denoted by V I(C,A).

Let A,B : C → H be two mappings. By modification of (1.6), Kangtunyakarn
[18] introduce the combination of variational inequality problem and denote

V I (C, aA+ (1− a)B) = {x ∈ C : 〈y − x, (aA+ (1− a)B)x〉 ≥ 0, ∀y ∈ C, a ∈ (0, 1)}

(1.12)
is the set of all solutions of the combination of variational inequality problem.

In particular, from (1.11) and (1.12), we introduce a problem with relatively
between the combination of variational inequality problem and equilibrium problem,
i.e., find z ∈ C such that

F (z, y) + 〈(aA+ (1− a)B) z, y − z〉 ≥ 0 (1.13)This material is reserved for educational use only, not allowed for commercial use. 
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for all y ∈ C, and a ∈ (0, 1). The set of all solutions of the combination of variational
inequality problem and equilibrium problem is denoted by EP (F, (aA+ (1− a)B)).

Throughout this section, let H1 and H2 be real Hilbert spaces and C,Q be
nonempty closed convex subsets of H1 and H2, respectively. Let A,B : H1 → H2 be
bounded linear operators with A∗, B∗ are adjoint of A and B, respectively.

In 1994, Censor and Elfving [19] introduced the split feasibility problem (SFP)
which is to find a point x ∈ C such that Ax ∈ Q. The set of all solutions of split
feasibility problem is denoted by ϕ = {x ∈ C : Ax ∈ Q}.

The split feasibility problem was studied extensively as an extremely powerful
tool in various fields such as signal processing, sensor networks, medical image recon-
struction, instance in radiation therapy treatment planning, resolution enhancement,
intensity-modulated radiation therapy problems and computer tomograph; see [20].

In 2012, Ceng, Ansari and Yao [21] introduced the lemma to solve SFP and
many authors use this lemma to prove their results; see [22].

After that Kangtunyakarn [23] modified split feasibility problem, he introduce
the general split feasibility problem (GSFP) which is to find a point x∗ ∈ C such that
Ax∗, Bx∗ ∈ Q. The set of all solutions of general split feasibility problem is denoted
by Γ = {x ∈ C : Ax,Bx ∈ Q}. When A ≡ B, GSFP can be reduced to SFP.

In this thesis, the concepts of (1.9) and (1.13) are adapted to find a new meth-
ods for solving the problem. In addition, the related theorems are further studied as
guidelines for create new theories covering the combination of variational inequality
problems and equilibrium problems in Hilbert space.

1.2 Objectives of the study

1) To propose new methods of the combination of variational inequality problems
and equilibrium problems that can solve complicated problems more than the
original problem including can be applied to the original problem.

2) To establish fixed point theory can be solved new combination of variational
inequality problems and equilibrium problems.

3) Create new knowledge related to the theory of the combination of the variational
inequality problems and equilibrium problems in Hilbert space.

4) To give numerical examples to support our main results.

1.3 Scopes of the study

1) Study of combination of variational inequality and equilibrium problems in Hilbert
space.

This material is reserved for educational use only, not allowed for commercial use. 
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2) A study of definitions, theorems and lemma related to the combination of vari-
ational inequality and equilibrium problems in Hilbert space.

1.4 Benefits of the study

1) Obtain strong convergence theorems for finding a common element of the solu-
tion of the combination of variational inequality problems and equilibrium prob-
lems in Hilbert space.

2) Obtain mathematical tools for solving the combination of variational inequality
problems, equilibrium problems and the fixed point problems in Hilbert space.

3) Obtain the knowledge and new mathematical tools for solving mathematical
problems.

1.5 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive mapping, κ-strictly
pseudononspreading mapping and α-inverse strongly monotone mapping.

2) Study background in a real Hilbert space.

3) Study the basic khowledge of variational inequality problem.

4) Study the basic khowledge of equilibrium problem.

5) Study research papers and textbooks concerning fixed point theorem, variational
inequality and equilibrium problems.

6) Define the scope and objectives of the research.

7) Create tools and methods for proving the strong convergence theorem of the
combination of variational inequality, equilibrium and fixed point problems.

8) Prove the strong convergence theorem of the combination of variational inequal-
ity, equilibrium and fixed point problems in Hilbert space.

9) Provide applications and numerical examples.

10) Verify the accuracy of all content and write the thesis.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2

Theory and Literature Reviews

In this chapter, we will introduce knowledge that is important for this thesis.
We will also introduce necessary definitions, theorems, lemmas and remarks for our
thesis. Throughout this chapter, we will let R represent the set of all real numbers,
C represent the set of all complex numbers and F represent the set of all real or
complex numbers.

2.1 Banach spaces and Hilbert spaces

Definition 2.1. [24] Let E be a vector space over the field F. A norm is a function
‖ · ‖ : E → [0,+∞), which satisfies the following properties: For every x, y ∈ E

(E1) ‖x‖ ≥ 0 and ‖x‖ = 0 if and only if x = 0;

(E2) ‖δx‖ = |δ|‖x‖ for all scalar δ;

(E3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality).

The ordered pair (E, ‖ · ‖) or E is called a normed space.

Definition 2.2. [25] A sequence of vectors {xn} in a normed space E is called a Cauchy
sequence if for every ε > 0 there exists M ∈ N such that ‖xm − xn‖ < ε for all m,n ≥ M.

Definition 2.3. [25] A normed space E is called complete if every Cauchy sequence
in E converges to an element x∗ ∈ E.

Definition 2.4. [26] A complete normed linear space is called a Banach space.

Theorem 2.1. [25] A subset S of a normed space E is closed if and only if every
sequence of elements of S convergent in E has its limit in S i.e.,

{xn} ⊆ S and xn → x implies x ∈ S.

Definition 2.5. [27] Let X be a linear space over field F. An inner product on X is a
functional 〈·, ·〉 : X ×X → F satisfying:

(N1) 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 if and only if x = 0;

(N2) 〈x, y〉 = 〈y, x〉 where the bar denotes complex conjugation;

(N3) 〈αx+ βy, z〉 = α 〈x, z〉+ β 〈y, z〉 for all x, y ∈ X and α,β ∈ F.

The ordered pair (X, 〈·, ·〉) is called an inner product space.

Theorem 2.2. [28] For an inner product space X , x, y, z ∈ X and α ∈ F, Then the
following properties holds:This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



8

(P1) 〈x, y + z〉 = 〈x, y〉+ 〈x, z〉;

(P2) 〈x,αy〉 = α 〈x, y〉;

(P3) 〈x, 0〉 = 〈0, x〉 = 0;

(P4) 〈x, x〉 = 0 if and only if x = 0;

(P5) 〈x, y〉 = 〈x, z〉 , then y = z.

Theorem 2.3 (Schwarz inequality [26]). Let X be an inner product space, then

|〈x, y〉| ≤ ‖x‖‖y‖

for all x, y ∈ X.

Definition 2.6 (Strong convergence [25]). A sequence {xn} of vectors in an inner prod-
uct space X is called strongly convergent to x in X if

‖xn − x‖ → 0 as n → ∞.

Definition 2.7 (Weak convergence [25]). A sequence {xn} of vectors in an inner product
space X is called weakly convergent to x in X if

〈xn, y〉 → 〈x, y〉 as n → ∞,

for all y ∈ X .

Remark 2.4. In this thesis, strong convergence and weak convergence are represented
by “ → ” and “ ⇀ ” respectively.

Theorem 2.5. [26] Let {xn} be a Cauchy sequence of an inner product space X such
that xn ⇀ x. Then xn → x.

Definition 2.8. [26] A complete inner product space is called a Hilbert space.

Theorem 2.6. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {xn} ⊂ C and xn ⇀ x, then x ∈ C.

Theorem 2.7. [26] Let {an} be a bounded of real numbers. Then, there exists subse-
quence {ank} of {an} such that

a = lim sup
n→∞

an = lim
k→∞

ank .

Similarly, there exists a subsequence {anj} of {an} such that

b = lim inf
n→∞

an = lim
j→∞

anj .

Theorem 2.8. [26] Let H be an inner product space. Then we know that the following
(i) and (ii) are equivalent:

(i) H is complete,

(ii) each bounded sequence {xn} of H has a weakly convergence subsequence {xnk}

of {xn}.This material is reserved for educational use only, not allowed for commercial use. 
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2.2 Fundamental properties in Hilbert spaces

Lemma 2.9. [26, 29] Let H be a Hilbert space. Then the following properties hold:

(1) ‖x± y‖2 = ‖x‖2 ± 2 〈x, y〉+ ‖y‖2,

(2) 〈x+ y, x− y〉 = ‖x‖2 − ‖y‖2,

(3) ‖x+ y‖2 ≤ ‖x‖2 + 2 〈y, x+ y〉,

(4) ‖δx+ (1− δ) y‖2 = δ ‖x‖2 + (1− δ) ‖y‖2 − δ (1− δ) ‖x− y‖2,

(5) | ‖x‖ − ‖y‖ | ≤ ‖x+ y‖ ≤ ‖x‖+ ‖y‖,

(6) ‖αx+ βy + γz‖2 = α ‖x‖2 + β ‖y‖2 + γ ‖z‖2 − αβ ‖x− y‖2 − αγ ‖x− z‖2 − βγ ‖y − z‖2 ,

for all x, y, z ∈ H and δ,α,β, γ ∈ [0, 1] with α+ β + γ = 1.

Definition 2.9. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Let f be a function of C into (−∞,∞], where (−∞,∞] = R ∪ {∞}. Then,
f is called lower semicontinuous if for any a ∈ R, the set

{x ∈ C : f(x) ≤ a} is closed.

Furthermore, f is called convex if for any x, y ∈ C and t ∈ [0, 1],

f (tx+ (1− t) y) ≤ tf(x) + (1− t)f(y).

Theorem 2.10. [26] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C into
(−∞,∞]. Let {xn} be a bounded sequence in C such that xn ⇀ x0. Then

f (x0) ≤ lim inf
n→∞

f(xn).

Lemma 2.11. [26] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H with x .= y.

Definition 2.10. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . The metric projection or nearest point projection of H onto C, denoted
by PC , is defined, for any x ∈ H , as the only point in C with the property

‖x− PCx‖ = min
y∈C

‖x− y‖.

Lemma 2.12. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Given x ∈ H and y ∈ C. Then PCx = y if and only if there holds the
inequality

〈x− y, y − z〉 ≥ 0

for all z ∈ C.This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 2.13. [30] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Then the following holds:

(i) ‖PCx− PCy‖ ≤ ‖x− y‖ , for all x, y ∈ H ,

(ii) 〈y − x, PCx− PCy〉 ≥ ‖PCx− PCy‖2 , for all x, y ∈ H.

2.3 Variational inequality problems and Equilibrium problems

Lemma 2.14. [30] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H . Let u ∈ C. Then, for λ > 0,

u = PC(I − λA)u ⇔ u ∈ V I(C,A),

where PC is the metric projection of H onto C.

Lemma 2.15. [31] Let E be a uniformly convex Banach space, C be a nonempty
closed convex subset of E and S : C → C be a nonexpansive mapping. Then I − S is
demi-closed at zero.

For solving the equilibrium problem for a bifunction F : C × C → R, let us
assume that F satisfies the following conditions:

(A1) F (x, x) = 0 ∀x ∈ C;

(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0, ∀x, y ∈ C;

(A3) ∀x, y, z ∈ C, limt→0+ F (tz + (1− t)x, y) ≤ F (x, y);

(A4) ∀x ∈ C, y 3→ F (x, y) is convex and lower semicontinuous.

Lemma 2.16. [12] Let C be a nonempty closed convex subset of H , let F be a
bifunction of C× C into R satisfying (A1) - (A4). Let r > 0 and x ∈ H. Then, there exists
z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0

for all y ∈ C.

Lemma 2.17. [13] Assume that F : C× C → R satisfies (A1) - (A4). For r > 0 and x ∈ H,

define a mapping Tr : H → C as follows:

Tr(x) =

{
z ∈ C : F (z, y) +

1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for all x ∈ H . Then, the following hold:

(1) Tr is single-valued;

(2) Tr is firmly nonexpansive i.e.,

‖Tr(x)− Tr(y)‖2 ≤ 〈Tr(x)− Tr(y), x− y〉 ∀x, y ∈ H;

(3) F (Tr) = EP (F );

(4) EP (F ) is closed and convex.This material is reserved for educational use only, not allowed for commercial use. 
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2.4 Some useful lemmas

Lemma 2.18. [4] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that

(1) ∑∞
n=1 αn = ∞,

(2) lim supn→∞
δn
αn

≤ 0 or ∑∞
n=1 |δn| < ∞.

Then limn→∞ sn = 0.

Lemma 2.19. [4] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + αnβn, ∀n ≥ 0,

where {αn}, {βn} satisfying the conditions

(1) {αn} ⊂ [0, 1], ∑∞
n=1 αn = ∞,

(2) lim supn→∞ βn ≤ 0 or ∑∞
n=1 |αnβn| < ∞.

Then limn→∞ sn = 0.

Lemma 2.20. [11] Let T : C → C be a κ-strictly pseudononspreading mapping with
F (T ) .= ∅. Then F (T ) = V I (C, (I − T )) .

Remark 2.21. From Lemmas 2.14 and 2.20, we have F (T ) = F (PC(I − λ(I − T ))) for
all λ > 0.

Lemma 2.22. [33] Let A be a bounded linear operator on a Hilbert space H . The
operator A∗ : H → H defined by

〈Ax, y〉 = 〈x,A∗y〉 ,

for all x, y ∈ H , is called the adjoint operator of A.

Lemma 2.23. [34] Let T be a bounded linear operator on a Hilbert space H . The
spectal radius of T , denoted by rσ(T ), is the number defined by

rσ(T ) = sup{|λ| : λ ∈ σ(T )},

where σ(T ) = {λ ∈ C : (T − λI) (x) = 0, for some 0 .= x ∈ H}.

Lemma 2.24. [23] Let H1 and H2 be real Hilbert spaces and C,Q be nonempty closed
convex subsets ofH1 andH2, respectively. Let A,B : H1 → H2 be bounded linear oper-
ators with A∗, B∗ are adjoint of A and B, respectively. Let Γ = {x ∈ C : Ax,Bx ∈ Q} .= ∅.
Then the followings are equivalent:This material is reserved for educational use only, not allowed for commercial use. 
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(i) x∗ ∈ Γ,

(ii) PC

(
I − a

(
A∗(I−PQ)A

2 + B∗(I−PQ)B
2

))
x∗ = x∗,

for all a > 0 and LA, LB are spectal radius of A∗A and B∗B, respectively with a ∈
(
0, 2

L

)

and L = max{LA, LB}.

Lemma 2.25. [32] Let C be a nonempty closed convex subset of H . Let T : C → C

be a nonexpansive mapping with F (T ) .= ∅. Then F (T ) = V I (C, (I − T )) .

Lemma 2.26. [10] Let C be a nonempty closed convex subset of a real Hilbert space
H and let D1, D2 : C → H be d1, d2-inverse strongly monotone mappings, respectively
with V I(C,D1) ∩ V I(C,D2) .= ∅. Define G : C → C by

G(x) = PC (I − λ1D1) (ax+ (1− a)PC (I − λ2D2)x) ,

for all λ1 ∈ (0, 2d1),λ2 ∈ (0, 2d2) and a ∈ (0, 1). Then F (G) = V I(C,D1) ∩ V I(C,D2).

Lemma 2.27. [18] Let C be a nonempty closed convex subset of a real Hilbert space
H and let A,B : C → H be α,β-inverse strongly monotone mappings, respectively with
α,β > 0 and V I(C,A) ∩ V I(C,B) .= ∅. Then

V I (C, aA+ (1− a)B) = V I(C,A) ∩ V I(C,B),

for all a ∈ (0, 1).

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 3

Main Results and Discussion

In this chapter, we prove a strong convergence theorem for approximating the
solution of the modification of system variational inequality and generalized equilib-
rium problems and fixed point problems of κ-strictly pseudononspreading mapping,
by modify Halpern iterative method.

3.1 An aproximation method of nonlinear mapping for a modified
general equilibrium and system of variational inequality
problems

Theorem 3.1. Let C be a closed convex subset of Hilbert space H and let F : C× C →

R be a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-inverse
strongly monotone, respectively. Define G : C → C by Gx = PC(I − λ1A′)(ax + (1 −

a)PC(I − λ2B′)x) for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T : C → C

be κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with F = F (T ) ∩ F (G) ∩

EP (F, aA+(1−a)B) .= ∅ for all a ∈ (0, 1). Let {xn} and {un} be the sequences generated
by x1, u ∈ C and





F (un, y) + 〈(aA+ (1− a)B)xn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu+ βnGxn + γnPC(I − λn(I − T ))un, ∀n ∈ N,
(3.1)

where {αn}, {βn}, {γn} ⊂ [0, 1],λn ∈ (0, 1 − κ),αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

Proof. We divide the proof into seven steps:
Step 1. We will show that aA + (1 − a)B is γ-inverse strongly monotone. Put D =

aA+ (1− a)B for all a ∈ (0, 1). Let x, y ∈ C, we have

〈Dx−Dy, x− y〉

= 〈(aA+ (1− a)B)x− (aA+ (1− a)B)y, x− y〉

= 〈a(Ax−Ay) + (1− a)(Bx−By), x− y〉

= a 〈Ax−Ay, x− y〉+ (1− a) 〈Bx−By, x− y〉
This material is reserved for educational use only, not allowed for commercial use. 
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≥ aα ‖Ax−Ay‖2 + (1− a)β ‖Bx−By‖2

≥ aγ ‖Ax−Ay‖2 + (1− a)γ ‖Bx−By‖2

= γ
(
a ‖Ax−Ay‖2 + (1− a) ‖Bx−By‖2

)

≥ γ ‖a(Ax−Ay) + (1− a)(Bx−By)‖2

= γ ‖aAx− aAy + (1− a)Bx− (1− a)By‖2

= γ ‖(aA+ (1− a)B)x− (aA+ (1− a)B)y‖2

= γ ‖Dx−Dy‖2 .

Then
〈Dx−Dy, x− y〉 ≥ γ ‖Dx−Dy‖2 . (3.2)

Hence aA+(1− a)B is γ-inverse strongly monotone mapping where D = aA+(1− a)B.
Next, we will show that I−rnD is a nonexpansive mapping for every n ∈ N. Let x, y ∈ C

and n ∈ N. From (3.2), we have

‖(I − rnD)x− (I − rnD)y‖2 = ‖(x− y)− rn(Dx−Dy)‖2

= ‖x− y‖2 − 2rn 〈x− y,Dx−Dy〉+ r2n ‖Dx−Dy‖2

≤ ‖x− y‖2 − 2rnγ ‖Dx−Dy‖2 + r2n ‖Dx−Dy‖2

= ‖x− y‖2 + rn(rn − 2γ) ‖Dx−Dy‖2

≤ ‖x− y‖2 .

Then
‖(I − rnD)xn − (I − rnD)y‖ ≤ ‖x− y‖ . (3.3)

Therefore, I − rnD is a nonexpansive mapping for every n ∈ N.
Next, we will show that G is a nonexpansive mapping. Let x, y ∈ C and a ∈ (0, 1). Since
A′ is α′-inverse strongly monotone mapping and λ1 ∈ (0, 2α′), we have

‖PC (I − λ1A
′)x− PC (I − λ1A

′) y‖2 ≤ ‖(I − λ1A
′)x− (I − λ1A

′) y‖2

= ‖(x− y)− λ1 (A
′x−A′y)‖2

= ‖x− y‖2 − 2λ1 〈x− y,A′x−A′y〉+ λ2
1 ‖A′x−A′y‖2

≤ ‖x− y‖2 − 2α′λ1 ‖A′x−A′y‖2 + λ2
1 ‖A′x−A′y‖2

= ‖x− y‖2 + λ1 (λ1 − 2α′) ‖A′x−A′y‖2

≤ ‖x− y‖2 .

Then
‖PC (I − λ1A

′)x− PC (I − λ1A
′) y‖ ≤ ‖x− y‖ .

Therefore, PC (I − λ1A′) is a nonexpansive mapping. By using the same method above,
we have PC (I − λ2B′) is a nonexpansive mapping with λ2 ∈ (0, 2β′) and B′ is β′-inverse
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strongly monotone mapping. From definition of G, we have

‖Gx−Gy‖ = ‖PC (I − λ1A
′) (ax+ (1− a)PC (I − λ2B

′)x)

− PC (I − λ1A
′) (ay + (1− a)PC (I − λ2B

′) y) ‖

≤ ‖(ax+ (1− a)PC (I − λ2B
′)x)− (ay + (1− a)PC (I − λ2B

′) y)‖

= ‖a (x− y) + (1− a) (PC (I − λ2B
′)x− PC (I − λ2B

′) y)‖

≤ a ‖x− y‖+ (1− a) ‖PC (I − λ2B
′)x− PC (I − λ2B

′) y‖

≤ a ‖x− y‖+ (1− a) ‖x− y‖

= ‖x− y‖ .

Then
‖Gx−Gy‖ ≤ ‖x− y‖ ,

for all x, y ∈ C. Therefore, G is a nonexpansive mapping.
Step 2. For every a ∈ (0, 1), we will show that {xn} is bounded. Let z ∈ F. From (3.1),
we have

F (un, y) + 〈(aA+ (1− a)B)xn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

From Lemma 2.17 , we have

Trn(I − rnD)xn =
{
F (un, y) + 〈(aA+ (1− a)B)xn, y − un〉

+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

}
.

Then un ∈ Trn(I − rnD)xn.
It implies that

un = Trn(I − rnD)xn. (3.4)

Since z ∈ F.
Then z ∈ F (T ).
From Lemma 2.20, we have F (T ) = V I (C, (I − T )).
It follows that z ∈ V I (C, (I − T )).
From Remark 2.21, we have z ∈ F (PC (I − λn (I − T ))).
It implies that

z = PC (I − λn (I − T )) z (3.5)

for all n ∈ N. Since z ∈ EP (F,D) where D = aA+ (1− a)B, we have

F (z, y) + 〈y − z,Dz〉 ≥ 0, ∀y ∈ C.

So, we have

F (z, y) +
1

rn
〈y − z, z − z + rnDz〉 ≥ 0, ∀n ∈ N, y ∈ C.
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From Lemma 2.17, we have

z = Trn(I − rnD)z (3.6)

for all n ∈ N. Next, we show that ‖PC (I − λn (I − T ))un − z‖ ≤ ‖un − z‖.
By the nonexpansiveness of PC and (3.5), we have

‖PC (I − λn (I − T ))un − z‖ = ‖PC (I − λn (I − T ))un − PC (I − λn (I − T )) z‖

≤ ‖(I − λn (I − T ))un − (I − λn (I − T )) z‖ ,

which implies that

‖PC (I − λn (I − T ))un − z‖ ≤ ‖(I − λn (I − T ))un − (I − λn (I − T )) z‖ . (3.7)

Since T is κ-strictly pseudononspreading mapping and let E = I − T , we have

‖Tun − Tz‖2 = ‖(I − E)un − (I − E) z‖2

= ‖(un − z)− (Eun − Ez)‖2

= ‖un − z‖2 − 2 〈un − z,Eun − Ez〉+ ‖Eun − Ez‖2

= ‖un − z‖2 − 2 〈un − z,Eun〉+ ‖Eun‖2

≤ ‖un − z‖2 + κ ‖Eun − Ez‖2 + 2 〈Eun, Ez〉

= ‖un − z‖2 + κ ‖Eun‖2 + 2 〈Eun, 0〉

= ‖un − z‖2 + κ ‖Eun‖2 ,

which implies that

‖un − z‖2 − 2 〈un − z,Eun〉+ ‖Eun‖2 ≤ ‖un − z‖2 + κ ‖Eun‖2 .

Thus,
(1− κ) ‖Eun‖2 ≤ 2 〈un − z, Eun〉 . (3.8)

From (3.8), we have

‖(I − λnE)un − (I − λnE) z‖2 = ‖(un − z)− λn (Eun − Ez)‖2

= ‖un − z‖2 − 2 〈un − z,λn(Eun − Ez)〉

+ ‖λn (Eun − Ez)‖2

= ‖un − z‖2 − 2λn 〈un − z, Eun〉+ λ2
n ‖Eun‖2

≤ ‖un − z‖2 − λn (1− κ) ‖Eun‖2 + λ2
n ‖Eun‖2

= ‖un − z‖2 − λn ((1− κ)− λn) ‖Eun‖2

≤ ‖un − z‖2 .

Then
‖(I − λnE)un − (I − λnE) z‖2 ≤ ‖un − z‖2 .This material is reserved for educational use only, not allowed for commercial use. 
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It implies that
‖(I − λnE)un − (I − λnE) z‖ ≤ ‖un − z‖ . (3.9)

From (3.7) and (3.9), we can imply that

‖PC (I − λn (I − T ))un − z‖ ≤ ‖un − z‖ . (3.10)

Since z ∈ F, we have z ∈ F (G).

It implies that

z = G(z) = PC (I − λ1A
′) (az + (1− a)PC (I − λ2B

′) z) .

Put Mn = axn + (1− a)PC (I − λ2B′)xn. Then, we have Gn = PC (I − λ1A′)Mn.
From definition of xn, (3.4), (3.6), (3.10), and nonexpansiveness of G, we have

‖xn+1 − z‖ = ‖αn (u− z) + βn (Gxn − z) + γn (PC (I − λn (I − T ))un − z)‖

≤ αn ‖u− z‖+ βn ‖Gxn − z‖+ γn ‖PC (I − λn (I − T ))un − z‖

= αn ‖u− z‖+ βn ‖Gxn −Gz‖+ γn ‖PC (I − λn (I − T ))un − z‖

≤ αn ‖u− z‖+ βn ‖xn − z‖+ γn ‖un − z‖

= αn ‖u− z‖+ βn ‖xn − z‖+ γn ‖Trn (I − rnD)xn − Trn (I − rnD) z‖

≤ αn ‖u− z‖+ βn ‖xn − z‖+ γn ‖xn − z‖

= αn ‖u− z‖+ (βn + γn) ‖xn − z‖

= αn ‖u− z‖+ (1− αn) ‖xn − z‖

≤ max{‖x1 − z‖ , ‖u− z‖}.

By induction, we can prove that {xn} is bounded and so is {un}.
Step 3. We will show that limn→∞ ‖xn+1 − xn‖ = 0. Putting vn = xn − rnDxn , we have
un = Trn(I − rnD)xn = Trn(xn − rnDxn) = Trnvn. From definition of un, we have

F (un, y) +
1

rn
〈y − un, un − vn〉 ≥ 0, ∀y ∈ C (3.11)

and
F (un+1, y) +

1

rn+1
〈y − un+1, un+1 − vn+1〉 ≥ 0, ∀y ∈ C. (3.12)

Instead of y by un+1 and un in (3.11) and (3.12), respectively, we have

F (un, un+1) +
1

rn
〈un+1 − un, un − vn〉 ≥ 0 (3.13)

and
F (un+1, un) +

1

rn+1
〈un − un+1, un+1 − vn+1〉 ≥ 0. (3.14)

Adding (3.13) and (3.14), we have

F (un, un+1) + F (un+1, un) +
1

rn
〈un+1 − un, un − vn〉+

1

rn+1
〈un − un+1, un+1 − vn+1〉 ≥ 0,
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and using (A2) which implies that

0 ≤ 1

rn
〈un+1 − un, un − vn〉+

1

rn+1
〈un − un+1, un+1 − vn+1〉

=

〈
un+1 − un,

un − vn
rn

〉
+

〈
un − un+1,

un+1 − vn+1

rn+1

〉

=

〈
un+1 − un,

un − vn
rn

〉
−
〈
un+1 − un,

un+1 − vn+1

rn+1

〉

=

〈
un+1 − un,

un − vn
rn

− un+1 − vn+1

rn+1

〉
.

It implies that

0 ≤
〈
un+1 − un,

un − vn
rn

− un+1 − vn+1

rn+1

〉
.

Multiplying rn, we have

0 ≤
〈
un+1 − un, rn(

un − vn
rn

)− rn(
un+1 − vn+1

rn+1
)

〉

=

〈
un+1 − un, un − vn − rn

rn+1
(un+1 − vn+1)

〉

=

〈
un+1 − un, un − un+1 + un+1 − vn − rn

rn+1
(un+1 − vn+1)

〉

= 〈un+1 − un, un − un+1〉+
〈
un+1 − un, un+1 − vn − rn

rn+1
(un+1 − vn+1)

〉

= − 〈un+1 − un, un+1 − un〉+
〈
un+1 − un, un+1 − vn − rn

rn+1
(un+1 − vn+1)

〉

= − ‖un+1 − un‖2 +
〈
un+1 − un, un+1 − vn − rn

rn+1
(un+1 − vn+1)

〉
. (3.15)

From (3.15), we have

‖un+1 − un‖2 ≤
〈
un+1 − un, un+1 − vn − rn

rn+1
(un+1 − vn+1)

〉

=

〈
un+1 − un, un+1 − vn+1 + vn+1 − vn − rn

rn+1
(un+1 − vn+1)

〉

=

〈
un+1 − un, vn+1 − vn +

(
1− rn

rn+1

)
(un+1 − vn+1)

〉

≤ ‖un+1 − un‖
∥∥∥∥vn+1 − vn +

(
1− rn

rn+1

)
(un+1 − vn+1)

∥∥∥∥

≤ ‖un+1 − un‖
(
‖vn+1 − vn‖+

1

rn+1
|rn+1 − rn| ‖un+1 − vn+1‖

)
.

It follows that

‖un+1 − un‖ ≤ ‖vn+1 − vn‖+
1

rn+1
|rn+1 − rn| ‖un+1 − vn+1‖

≤ ‖vn+1 − vn‖+
1

e
|rn+1 − rn| ‖un+1 − vn+1‖ .

Hence
‖un+1 − un‖ ≤ ‖vn+1 − vn‖+

1

e
|rn+1 − rn| ‖un+1 − vn+1‖ . (3.16)
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Since vn = xn − rnDxn, we have

‖vn+1 − vn‖ = ‖(xn+1 − rn+1Dxn+1)− (xn − rnDxn)‖

= ‖(I − rn+1D)xn+1 − (I − rnD)xn‖

= ‖(I − rn+1D)xn+1 − (I − rn+1D)xn + (I − rn+1D)xn − (I − rnD)xn‖

≤ ‖(I − rn+1D)xn+1 − (I − rn+1D)xn‖+ ‖(I − rn+1D)xn − (I − rnD)xn‖

= ‖(I − rn+1D)xn+1 − (I − rn+1D)xn‖+ ‖(rn − rn+1)Dxn‖

≤ ‖xn+1 − xn‖+ |rn+1 − rn| ‖Dxn‖ . (3.17)

Substitute (3.17) into (3.16), we have

‖un+1 − un‖ ≤ ‖vn+1 − vn‖+
1

e
|rn+1 − rn| ‖un+1 − vn+1‖

≤ ‖xn+1 − xn‖+ |rn+1 − rn| ‖Dxn‖+
1

e
|rn+1 − rn| ‖un+1 − vn+1‖

≤ ‖xn+1 − xn‖+ |rn+1 − rn|L+
1

e
|rn+1 − rn|L, (3.18)

where L = maxn∈N {‖Dxn‖ , ‖un − vn‖} .

From definition of xn and (3.18), we have

‖xn+1 − xn‖

= ‖αnu+ βnGxn + γnPC (I − λn (I − T ))un

− αn−1u− βn−1Gxn−1 − γn−1PC (I − λn−1 (I − T ))un−1‖

= ‖αnu+ βnGxn − βnGxn−1 + βnGxn−1 + γnPC (I − λn (I − T ))un

− γnPC (I − λn−1 (I − T ))un−1 + γnPC (I − λn−1 (I − T ))un−1 − αn−1u

− βn−1Gxn−1 − γn−1PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1| ‖u‖+ βn ‖Gxn −Gxn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ γn ‖PC (I − λn (I − T ))un − PC (I − λn−1 (I − T ))un−1‖

+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1| ‖u‖+ βn ‖xn − xn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ γn ‖(I − λn (I − T ))un − (I − λn−1 (I − T ))un−1‖

+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

= |αn − αn−1| ‖u‖+ βn ‖xn − xn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ γn‖ (un − un−1)− λn (I − T )un + λn (I − T )un−1

− λn (I − T )un−1 + λn−1 (I − T )un−1‖

+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1| ‖u‖+ βn ‖xn − xn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ γn
(
‖un − un−1‖+ λn ‖(I − T )un − (I − T )un−1‖

+ |λn − λn−1| ‖(I − T )un−1‖
)
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+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1| ‖u‖+ βn ‖xn − xn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ γn
(
‖xn − xn−1‖+ |rn−1 − rn|L+

1

e
|rn−1 − rn|L

+ λn ‖(I − T )un − (I − T )un−1‖+ |λn − λn−1| ‖(I − T )un−1‖
)

+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1| ‖u‖+ (1− αn) ‖xn − xn−1‖+ |βn − βn−1| ‖Gxn−1‖

+ |rn−1 − rn|L+
1

e
|rn−1 − rn|L+ λn ‖(I − T )un − (I − T )un−1‖

+ |λn − λn−1| ‖(I − T )un−1‖+ |γn − γn−1| ‖PC (I − λn−1 (I − T ))un−1‖

≤ |αn − αn−1|K + (1− αn) ‖xn − xn−1‖+ |βn − βn−1|K + |rn−1 − rn|K

+
1

e
|rn−1 − rn|K + λnK + |λn − λn−1|K + |γn − γn−1|K.

Then

‖xn+1 − xn‖ ≤ |αn − αn−1|K + (1− αn) ‖xn − xn−1‖+ |βn − βn−1|K + |rn−1 − rn|K

+
1

e
|rn−1 − rn|K + λnK + |λn − λn−1|K + |γn − γn−1|K (3.19)

where

K = max
n∈N

{
‖u‖ , ‖Gxn−1‖ , ‖(I − T )un − (I − T )un−1‖ , ‖(I − T )un−1‖ ,

‖PC (I − λn−1 (I − T ))un−1‖ , ‖Dxn‖ , ‖un − vn‖
}
.

From Lemma 2.18, (3.19), conditions (i), (iii), and (iv), we have

lim
n→∞

‖xn+1 − xn‖ = 0. (3.20)

Step 4. We will show that limn→∞ ‖xn −Gxn‖ = 0. Since un = Trn (xn − rnDxn), we
have

‖un − z‖2 = ‖Trn (I − rnD)xn − Trn (I − rnD) z‖2

≤ 〈(I − rnD)xn − (I − rnD) z, Trn (I − rnD)xn − Trn (I − rnD) z〉

= 〈(I − rnD)xn − (I − rnD) z, un − z〉

=
1

2

(
‖(I − rnD)xn − (I − rnD) z‖2 + ‖un − z‖2

− ‖(I − rnD)xn − (I − rnD) z − un + z‖2
)

≤ 1

2

(
‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un)− rn (Dxn −Dz)‖2

)

=
1

2

(
‖xn − z‖2 + ‖un − z‖2 − ‖xn − un‖2 − r2n ‖Dxn −Dz‖2

+ 2rn 〈xn − un, Dxn −Dz〉
)
.

It implies that

‖un − z‖2 ≤ ‖xn − z‖2 − ‖xn − un‖2 − r2n ‖Dxn −Dz‖2 + 2rn 〈xn − un, Dxn −Dz〉 . (3.21)
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By nonexpansiveness of Trn , we have

‖un − z‖2 = ‖Trn (I − rnD)xn − Trn (I − rnD) z‖2

≤ ‖(I − rnD)xn − (I − rnD) z‖2

= ‖(x− z)− rn (Dxn −Dz)‖2

= ‖x− z‖2 − 2rn 〈xn − z,Dxn −Dz〉+ r2n ‖Dxn −Dz‖2

≤ ‖xn − z‖2 − 2rnγ ‖Dxn −Dz‖2 + r2n ‖Dxn −Dz‖2

= ‖xn − z‖2 + rn (rn − 2γ) ‖Dxn −Dz‖2

≤ ‖xn − z‖2 .

Then
‖un − z‖2 ≤ ‖xn − z‖2 . (3.22)

From definition of xn, (3.10) and (3.22), we have

‖xn+1 − z‖2 = ‖αn(u− z) + βn (Gxn − z) + γn (PC (I − λn (I − T ))un − z)‖2

≤ αn ‖u− z‖2 + βn ‖Gxn − z‖2 + γn ‖PC (I − λn (I − T ))un − z‖2

− βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

≤ αn ‖u− z‖2 + βn ‖Gxn − z‖2 + γn ‖un − z‖2

− βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

= αn ‖u− z‖2 + βn ‖Gxn −Gz‖2 + γn ‖un − z‖2

− βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖xn − z‖2

− βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

= αn ‖u− z‖2 + (1− αn) ‖xn − z‖2

− βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

≤ αn ‖u− z‖2 + ‖xn − z‖2 − βnγn ‖PC (I − λn (I − T ))un −Gxn‖2 ,

which implies that

βnγn ‖PC (I − λn (I − T ))un −Gxn‖2

≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

= αn ‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖) (‖xn − z‖ − ‖xn+1 − z‖)

≤ αn ‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖) ‖xn+1 − xn‖ . (3.23)

From (3.20), (3.23), conditions (i) and (ii), we have

lim
n→∞

‖PC (I − λn (I − T ))un −Gxn‖ = 0. (3.24)
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By definition of xn, we obtain

xn+1 − PC (I − λn (I − T ))un = αn (u− PC (I − λn (I − T ))un)

+ βn (Gxn − PC (I − λn (I − T ))un)

+ γn (PC (I − λn (I − T ))un − PC (I − λn (I − T ))un) .

It follows that

xn+1 − PC (I − λn (I − T ))un = αn (u− PC (I − λn (I − T ))un)

+ βn (Gxn − PC (I − λn (I − T ))un) ,

which implies that

‖xn+1 − PC (I − λn (I − T ))un‖ = ‖αn (u− PC (I − λn (I − T ))un)

+ βn (Gxn − PC (I − λn (I − T ))un) ‖

≤ αn ‖u− PC (I − λn (I − T ))un‖

+ βn ‖Gxn − PC (I − λn (I − T ))un‖ .

From (3.24) and condition (i), we have

lim
n→∞

‖xn+1 − PC (I − λn (I − T ))un‖ = 0. (3.25)

Since

‖xn − PC (I − λn (I − T ))un‖ = ‖xn − xn+1 + xn+1 − PC (I − λn (I − T ))un‖

≤ ‖xn − xn+1‖+ ‖xn+1 − PC (I − λn (I − T ))un‖ ,

(3.20) and (3.25), we have

lim
n→∞

‖xn − PC (I − λn (I − T ))un‖ = 0. (3.26)

By definition of xn, we obtain

xn+1 − xn = αn (u− xn) + βn (Gxn − xn) + γn (PC (I − λn (I − T ))un − xn) .

So, we get

βn ‖Gxn − xn‖ = ‖xn+1 − xn − αn (u− xn)− γn (PC (I − λn (I − T ))un − xn)‖

≤ ‖xn+1 − xn‖+ αn ‖u− xn‖+ γn ‖PC (I − λn (I − T ))un − xn‖ .

From (3.20), (3.26), conditions (i) and (ii), we have

lim
n→∞

‖Gxn − xn‖ = 0. (3.27)
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Step 5. We will show that limn→∞ ‖un − xn‖ = 0. By nonexpansiveness of Trn , we have

‖un − z‖2 = ‖Trn (I − rnD)xn − Trn (I − rnD) z‖2

≤ ‖(I − rnD)xn − (I − rnD) z‖2

= ‖(xn − z)− rn (Dxn −Dz)‖2

= ‖xn − z‖2 − 2rn 〈xn − z,Dxn −Dz〉+ r2n ‖Dxn −Dz‖2

≤ ‖xn − z‖2 − 2rnγ ‖Dxn −Dz‖2 + r2n ‖Dxn −Dz‖2

= ‖xn − z‖2 − rn (2γ − rn) ‖Dxn −Dz‖2 .

Then
‖un − z‖2 ≤ ‖xn − z‖2 − rn (2γ − rn) ‖Dxn −Dz‖2 . (3.28)

From definition of xn, (3.10) and (3.28), we have

‖xn+1 − z‖2 = ‖αn(u− z) + βn (Gxn − z) + γn (PC (I − λn (I − T ))un − z)‖2

≤ αn ‖u− z‖2 + βn ‖Gxn − z‖2 + γn ‖PC (I − λn (I − T ))un − z‖2

= αn ‖u− z‖2 + βn ‖Gxn −Gz‖2 + γn ‖PC (I − λn (I − T ))un − z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖un − z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn
(
‖xn − z‖2 − rn (2γ − rn) ‖Dxn −Dz‖2

)

= αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖xn − z‖2 − rnγn (2γ − rn) ‖Dxn −Dz‖2

= αn ‖u− z‖2 + (1− αn) ‖xn − z‖2 − rnγn (2γ − rn) ‖Dxn −Dz‖2

≤ αn ‖u− z‖2 + ‖xn − z‖2 − rnγn (2γ − rn) ‖Dxn −Dz‖2 . (3.29)

It implies that

rnγn (2γ − rn) ‖Dxn −Dz‖2 ≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

= αn ‖u− z‖2

+ (‖xn − z‖+ ‖xn+1 − z‖) (‖xn − z‖ − ‖xn+1 − z‖)

≤ αn ‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖) ‖xn+1 − xn‖ .

(3.30)

From (3.20), (3.30), conditions (i) and (ii), we have

lim
n→∞

‖Dxn −Dz‖ = 0. (3.31)

From definition of xn, (3.10) and (3.21), we have

‖xn+1 − z‖2

= ‖αn(u− z) + βn (Gxn − z) + γn (PC (I − λn (I − T ))un − z)‖2

≤ αn ‖u− z‖2 + βn ‖Gxn − z‖2 + γn ‖PC (I − λn (I − T ))un − z‖2

= αn ‖u− z‖2 + βn ‖Gxn −Gz‖2 + γn ‖PC (I − λn (I − T ))un − z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖un − z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2
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+ γn
(
‖xn − z‖2 − ‖xn − un‖2 − r2n ‖Dxn −Dz‖2

+ 2rn 〈xn − un, Dxn −Dz〉
)

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖xn − z‖2 − γn ‖xn − un‖2

+ 2rnγn 〈xn − un, Dxn −Dz〉

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + γn ‖xn − z‖2 − γn ‖xn − un‖2

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖

= αn ‖u− z‖2 + (1− αn) ‖xn − z‖2 − γn ‖xn − un‖2

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖

≤ αn ‖u− z‖2 + ‖xn − z‖2 − γn ‖xn − un‖2

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖

which implies that

γn ‖xn − un‖2 ≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖

= αn ‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖) (‖xn − z‖ − ‖xn+1 − z‖)

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖

≤ αn ‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖) ‖xn+1 − xn‖

+ 2rnγn ‖xn − un‖ ‖Dxn −Dz‖ . (3.32)

From (3.20), (3.31), (3.32), conditions (i) and (ii), we have

lim
n→∞

‖xn − un‖ = 0. (3.33)

Step 6. We will show that lim supn→∞ 〈u− z0, xn − z0〉 ≤ 0, where z0 = PFu.
To show this equality, take a subsequence {xnk} of {xn} such that

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk − z0〉 . (3.34)

Without loss of generality, we may assume that xnk ⇀ ω as k → ∞ where ω ∈ C.

We first show that ω ∈ EP (F,D) , where D = aA+ (1− a)B for all a ∈ [0, 1] .

From (3.33), we have unk ⇀ ω as k → ∞.
From (3.4), we obtain

F (un, y) + 〈Dxn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

Adding F (y, un), we have

F (un, y) + F (y, un) + 〈Dxn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ F (y, un) , ∀y ∈ C.

Using (A2), we obtain

〈Dxn, y − un〉+
1

rn
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It follows that

〈Dxnk , y − unk〉+
1

rnk

〈y − unk , unk − xnk〉 ≥ F (y, unk) , ∀y ∈ C. (3.35)

Put zt := ty + (1− t)ω for all t ∈ (0, 1] and y ∈ C. Then, we have zt ∈ C.
By (3.35) substitute y = zt ∈ C, we have

〈Dxnk , zt − unk〉+
1

rnk

〈zt − unk , unk − xnk〉 ≥ F (zt, unk) ,

and adding 〈zt − unk , Dzt〉, we obtain

〈zt − unk , Dzt〉+ 〈Dxnk , zt − unk〉+
1

rnk

〈zt − unk , unk − xnk〉 ≥ 〈zt − unk , Dzt〉+ F (zt, unk) .

It implies that

〈zt − unk , Dzt〉 ≥ 〈zt − unk , Dzt〉 − 〈zt − unk , Dxnk〉

− 1

rnk

〈zt − unk , unk − xnk〉+ F (zt, unk)

= 〈zt − unk , Dzt〉 − 〈zt − unk , Dxnk〉

−
〈
zt − unk ,

unk − xnk

rnk

〉
+ F (zt, unk)

= 〈zt − unk , Dzt −Dxnk〉 −
〈
zt − unk ,

unk − xnk

rnk

〉
+ F (zt, unk)

= 〈zt − unk , Dzt −Dunk +Dunk −Dxnk〉

−
〈
zt − unk ,

unk − xnk

rnk

〉
+ F (zt, unk)

= 〈zt − unk , Dzt −Dunk〉+ 〈zt − unk , Dunk −Dxnk〉

−
〈
zt − unk ,

unk − xnk

rnk

〉
+ F (zt, unk) .

Then

〈zt − unk , Dzt〉 ≥ 〈zt − unk , Dzt −Dunk〉+ 〈zt − unk , Dunk −Dxnk〉

−
〈
zt − unk ,

unk − xnk

rnk

〉
+ F (zt, unk) . (3.36)

Since D is γ-inverse strongly monotone, we get

γ ‖Dunk −Dxnk‖
2 ≤ 〈unk − xnk , Dunk −Dxnk〉

≤ ‖unk − xnk‖ ‖Dunk −Dxnk‖ .

Therefore,

γ ‖Dunk −Dxnk‖
2 ≤ ‖unk − xnk‖ ‖Dunk −Dxnk‖ . (3.37)

By (3.33), we have
lim
k→∞

‖unk − xnk‖ = 0. (3.38)

From (3.37) and (3.38), we obtain

lim
k→∞
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Further, from monotonicity of D, we have

〈zt − unk , Dzt −Dunk〉 ≥ 0.

From (3.36) and monotonicity of D, we get

lim
k→∞

〈zt − unk , Dzt〉 ≥ lim
k→∞

〈zt − unk , Dzt −Dunk〉+ lim
k→∞

〈zt − unk , Dunk −Dxnk〉

− lim
k→∞

〈
zt − unk ,

unk − xnk

rnk

〉
+ lim

k→∞
F (zt, unk)

≥ lim
k→∞

F (zt, unk) .

Then

lim
k→∞

〈zt − unk , Dzt〉 ≥ lim
k→∞

F (zt, unk) . (3.40)

From unk ⇀ ω as k → ∞, (3.40) and (A4), we have

〈zt − ω, Dzt〉 ≥ F (zt,ω) . (3.41)

From (A1), (A4) and (3.41), we also have

0 = F (zt, zt)

= F (zt, ty + (1− t)ω)

≤ tF (zt, y) + (1− t)F (zt,ω)

≤ tF (zt, y) + (1− t) 〈zt − ω, Dzt〉

= tF (zt, y) + (1− t) 〈ty + (1− t)ω − ω, Dzt〉

= tF (zt, y) + (1− t) 〈ty − tω, Dzt〉

= tF (zt, y) + (1− t) t 〈y − ω, Dzt〉

= t (F (zt, y) + (1− t) 〈y − ω, Dzt〉) .

It implies that
0 ≤ F (zt, y) + (1− t) 〈y − ω, Dzt〉 ,

for all t ∈ (0, 1] and y ∈ C.
Since zt ⇀ ω as t → 0+, then we have Dzt ⇀ Dω as zt ⇀ ω and t → 0+.
Letting t → 0+ and using (A3), we have

0 ≤ lim
t→0+

(F (zt, y) + (1− t) 〈y − ω, Dzt〉)

= lim
t→0+

F (zt, y) + lim
t→0+

(1− t) 〈y − ω, Dzt〉

= lim
t→0+

F (ty + (1− t)ω, y) + lim
t→0+

(1− t) 〈y − ω, Dzt〉

≤ F (ω, y) + lim
t→0+

(1− t) 〈y − ω, Dzt〉

= F (ω, y) + 〈y − ω, Dω〉 .
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Then
0 ≤ F (ω, y) + 〈y − ω, Dω〉 ∀y ∈ C. (3.42)

Therefore
ω ∈ EP (F,D) , (3.43)

where D = aA+ (1− a)B for all a ∈ [0, 1].
Next, we will show that ω ∈ F (T ) . Since

‖PC (I − λn (I − T ))un − un‖ = ‖PC (I − λn (I − T ))un − xn + xn − un‖

≤ ‖PC (I − λn (I − T ))un − xn‖+ ‖xn − un‖ ,

by using (3.26) and (3.33), we have

lim
n→∞

‖PC (I − λn (I − T ))un − un‖ = 0. (3.44)

From Remark 2.21, we have F (T ) = F (PC (I − λnk (I − T ))).
Assume that ω .= PC (I − λnk (I − T ))ω.

Since unk ⇀ ω as k → ∞, Opial’s property, (3.44) and condition (i), we have

lim inf
k→∞

‖unk − ω‖ < lim inf
k→∞

‖unk − PC (I − λnk (I − T ))ω‖

= lim inf
k→∞

(
‖unk − PC (I − λnk (I − T ))unk

+ PC (I − λnk (I − T ))unk − PC (I − λnk (I − T ))ω‖
)

≤ lim inf
k→∞

(
‖unk − PC (I − λnk (I − T ))unk‖

+ ‖PC (I − λnk (I − T ))unk − PC (I − λnk (I − T ))ω‖
)

≤ lim inf
k→∞

(
‖unk − PC (I − λnk (I − T ))unk‖

+ ‖(I − λnk (I − T ))unk − (I − λnk (I − T ))ω‖
)

= lim inf
k→∞

(
‖unk − PC (I − λnk (I − T ))unk‖

+ ‖unk − ω + λnk (I − T )ω − λnk (I − T )unk‖
)

≤ lim inf
k→∞

(
‖unk − PC (I − λnk (I − T ))unk‖

+ ‖unk − ω‖+ λnk ‖(I − T )unk − (I − T )ω‖
)

= lim inf
k→∞

‖unk − ω‖ . (3.45)

This is a contradiction. Then
ω ∈ F (T ) . (3.46)

Next, we will show that ω ∈ F (G) . From (3.27), we have

lim
k→∞

‖Gxnk − xnk‖ = 0.

From the nonexpansiveness of G, xnk ⇀ ω as k → ∞ and Lemma 2.15, we have

ω ∈ F (G) . (3.47)This material is reserved for educational use only, not allowed for commercial use. 
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From (3.43), (3.46) and (3.47), we can deduce that ω ∈ F.

Since xnk ⇀ ω as k → ∞ and ω ∈ F, then, by Lemma 2.12, we can conclude that

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk − z0〉 = 〈u− z0,ω − z0〉 ≤ 0. (3.48)

Step 7. Finally, we will show that {xn} converges strongly to z0 = PFu.

From definition of xn and (3.10), we have

‖xn+1 − z0‖2 = ‖αn (u− z0) + βn (Gxn − z0) + γn (PC (I − λn (I − T ))un − z0)‖2

≤ ‖βn (Gxn − z0) + γn (PC (I − λn (I − T ))un − z0)‖2

+ 2αn 〈u− z0, xn+1 − z0〉

≤ βn ‖Gxn − z0‖2 + γn ‖PC (I − λn (I − T ))un − z0‖2

+ 2αn 〈u− z0, xn+1 − z0〉

= βn ‖Gxn −Gz0‖2 + γn ‖PC (I − λn (I − T ))un − z0‖2

+ 2αn 〈u− z0, xn+1 − z0〉

≤ βn ‖xn − z0‖2 + γn ‖PC (I − λn (I − T ))un − z0‖2

+ 2αn 〈u− z0, xn+1 − z0〉

≤ βn ‖xn − z0‖2 + γn ‖un − z0‖2 + 2αn 〈u− z0, xn+1 − z0〉

= βn ‖xn − z0‖2 + γn ‖Trn (I − rnD)xn − Trn (I − rnD) z0‖2

+ 2αn 〈u− z0, xn+1 − z0〉

≤ βn ‖xn − z0‖2 + γn ‖xn − z0‖2 + 2αn 〈u− z0, xn+1 − z0〉

= (βn + γn) ‖xn − z0‖2 + 2αn 〈u− z0, xn+1 − z0〉

= (1− αn) ‖xn − z0‖2 + 2αn 〈u− z0, xn+1 − z0〉 .

From (3.48), the condition (i) and Lemma 2.19, we can conclude that {xn} converges
strongly to z0 = PFu. By (3.33), we have {un} converges strongly to z0 = PFu. This
completes the proof.

Remark 3.2. By using Theorem 3.1 and Lemma 2.26, putting F (G) = V I(C,A′) ∩

V I(C,B′), we have {xn} converges strongly to z0 = PFu.
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Chapter 4

Applications

In this chapter, we apply the main results to solve the variational inequality,
equilibrium, nonexpansive mappings of α,β-inverse strongly monotone mappings and
the general split feasibility problems in Hilbert space.

4.1 Approximation theorem for fixed point problem and
modification of variational inequality problem

Theorem 4.1. Let C be a closed convex subset of Hilbert space H and let F : C× C →

R be a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-inverse
strongly monotone, respectively. Define G : C → C by Gx = PC (I − λ1A′)

(
ax+ (1− a)

PC (I − λ2B′)x
)
for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T : C → C

be κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with F = F (T ) ∩ F (G) ∩

V I (C,A)∩V I (C,B) .= ∅ for all a ∈ (0, 1). Let {xn} and {un} be the sequences generated
by x1, u ∈ C and





un = PC (I − rn (aA+ (1− a)B))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,
(4.1)

where {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1 − κ), αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

Proof. From (3.1) putting F ≡ 0 in Theorem 3.1, we have

0 ≤ 〈(aA+ (1− a)B)xn, y − un〉+
1

rn
〈y − un, un − xn〉 .

Multiplying rn, we get that

0 ≤ 〈rn (aA+ (1− a)B)xn, y − un〉+ 〈y − un, un − xn〉

= 〈rn (aA+ (1− a)B)xn + un − xn, y − un〉

= 〈un − (xn − rn (aA+ (1− a)B)xn) , y − un〉

= 〈un − (I − rn (aA+ (1− a)B))xn, y − un〉 .This material is reserved for educational use only, not allowed for commercial use. 
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It implies that

〈un − (I − rn (aA+ (1− a)B))xn, y − un〉 ≥ 0, ∀y ∈ C.

From Lemma 2.12, we have

un = PC (I − rn (aA+ (1− a)B))xn. (4.2)

Then, we have (4.1). Since F ≡ 0, we obtain

EP (F, aA+ (1− a)B) = V I (C, aA+ (1− a)B)

= V I(C,A) ∩ V I(C,B).

From Theorem 3.1, we can conclude the desired conclusion.

4.2 Application for system of variational inequality problem and
equilibrium problem

Theorem 4.2. Let C be a closed convex subset of Hilbert space H and let F : C× C →

R be a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-inverse
strongly monotone, respectively. Define G : C → C by Gx = PC (I − λ1A′)

(
ax+ (1− a)

PC (I − λ2B′)x
)
for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T : C → C be

κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with F = F (T ) ∩ F (G) ∩

EP (F,A) .= ∅ for all a ∈ (0, 1). Let {xn} and {un} be the sequences generated by
x1, u ∈ C and





F (un, y) + 〈Axn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,
(4.3)

where {αn},{βn},{γn} ⊂ [0, 1],λn ∈ (0, 1−κ),αn+βn+γn = 1, ∀n ∈ N and {rn} ⊂ [0, 2γ], γ =

min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

Proof. From Theorem 3.1, putting A ≡ B, we have

0 ≤ F (un, y) + 〈(aA+ (1− a)A)xn, y − un〉+
1

rn
〈y − un, un − xn〉

= F (un, y) + 〈Axn, y − un〉+
1

rn
〈y − un, un − xn〉 .

It implies that

F (un, y) + 〈Axn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

Then, we have (4.3). From Theorem 3.1, we obtain the desired conclusion.This material is reserved for educational use only, not allowed for commercial use. 
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4.3 Application for nonexpansive mappings of α,β-inverse strongly
monotone mappings

Theorem 4.3. Let C be a closed convex subset of Hilbert space H and let F : C× C →

R be a bifunction satisfying (A1) - (A4), let S, S′ : C → C be nonexpansive mappings and
let A′, B′ : C → H be α′,β′-inverse strongly monotone, respectively. Define G : C → C

by Gx = PC (I − λ1A′) (ax+ (1− a)PC (I − λ2B′)x) for all x ∈ C with λ1 ∈ (0, 2α′) and
λ2 ∈ (0, 2β′). Let T : C → C be κ-strictly pseudononspreading mapping for some
κ ∈ [0, 1) with F = F (T ) ∩ F (G) ∩ F (S) ∩ F (S′) .= ∅ for all a ∈ (0, 1). Let {xn} and {un}

be the sequences generated by x1, u ∈ C and




un = PC (I − rn (a (I − S) + (1− a) (I − S′)))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,
(4.4)

where {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1− κ), αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂ [0, 2γ],

0 < γ < 1
2 satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

Proof. If we let S, S′ : C → C are nonexpansive mappings, we have A = I − S and
B = I − S′ are 1

2 -inverse strongly monotone. By using Theorem 4.1 and Lemma 2.25,
we obtain the conclusion.

4.4 Application for the general split feasibility problem

Theorem 4.4. Let C,Q be a closed convex subset of Hilbert space H1,H2 respectively
and let F : C × C → R be a bifunction satisfying (A1) - (A4) , let A′, B′ : C → H1 be
α′,β′-inverse strongly monotone, respectively. Let Ai, Bi : H1 → H2 be bounded linear
operator with A∗

i , B
∗
i are adjoint of Ai and Bi, respectively and L = max{LAi , LBi}

where LAi and LBi are spectal radius of A∗
iAi and B∗

i Bi with i = 1, 2. Define G : C → C

by Gx = PC (I − λ1A′) (ax+ (1− a)PC (I − λ2B′)x) for all x ∈ C with λ1 ∈ (0, 2α′) and
λ2 ∈ (0, 2β′). Let T : C → C be κ-strictly pseudononspreading mapping for some
κ ∈ [0, 1). Assume that F = F (T )∩F (G)∩Γ1 ∩Γ2 .= ∅, where Γi = {x ∈ C : Aix,Bix ∈ Q}

for all i = 1, 2 and a ∈ (0, 1). Let {xn} and {un} be the sequences generated by x1, u ∈ C

and 



un = PC (I − rn (a (I −W1) + (1− a) (I −W2)))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,
(4.5)
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where

W1 = PC

(
I − a

(
A∗

1 (I − PQ)A1

2
+

B∗
1 (I − PQ)B1

2

))
,

W2 = PC

(
I − a

(
A∗

2 (I − PQ)A2

2
+

B∗
2 (I − PQ)B2

2

))
,

and {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1−κ), αn+βn+γn = 1, ∀n ∈ N and {rn} ⊂ [0, 2γ], γ =

min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

Proof. By using Lemma 2.24 and Theorem 4.3, we have the desired conclusion.
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Chapter 5

Examples and Numerical Results

In this chapter, Example 5.1 and Example 5.2 are given for supporting Theorem
3.1 and Theorem 4.1, respectively.

Example 5.1. Let R be the set of real numbers, C = [−50, 50], and H = R. Let
A,B,A′, B′ : C → H defined by

Ax = x+
2

3
, Bx = x− 4

6
, A′x =

2x+ 1

2
and B′x =

3x− 7

3
for all x ∈ C.

It is easy to see that A,B,A′, B′ are 1-inverse strongly monotone with α,β,α′,β′ = 1.

Then, we can choose λ1 = 1
2 ,λ2 = 3

7 ∈ (0, 2) and a = 1
2 ∈ (0, 1). Let the mapping

G : C → C be defined by

Gx = PC

(
I − 1

2
A′

)(
1

2
x+

1

2
PC

(
I − 3

7
B′

)
x

)
, ∀x ∈ C.

Let T be a mapping from C into itself defined by Tx = x for all x ∈ C. It is easy to see
that T is 1

5 -strictly pseudononspreading. Let F : C × C → R defined by

F (x, y) = −5x2 + xy − 4y2, ∀x, y ∈ C.

By the definition of F , we have

0 ≤ F (un, y) + 〈(aA+ (1− a)B)xn, y − un〉+
1

r n
〈y − un, un − xn〉

=
(
−5u2

n + uny + 4y2
)
+ (xn) (y − un) +

1

rn
(y − un) (un − xn)

=
(
−5u2

n + uny + 4y2
)
+ (xny − xnun) +

1

rn

(
uny − xny − u2

n + unxn

)

⇐⇒

0 ≤ rn(−5u2
n + uny + 4y2) + rn(xny − xnun) + (uny − xny − u2

n + unxn)

= − 5rnu
2
n + rnuny + 4rny

2 + rnxny − rnxnun + uny − xny − u2
n + unxn

= 4rny
2 + (rnun + rnxn + un − xn)y − 5rnu

2
n − rnxnun − u2

n + unxn.

Let Q(y) = 4rny2 + (rnun + rnxn + un − xn)y − 5rnu2
n − rnxnun − u2

n + unxn which is a
quadratic function of y with coefficient a = 4rn, b = rnun + rnxn + un − xn, c = −5rnu2

n −

rnxnun − u2
n + unxn.

Determine the discriminant ∆ of Q as follow:

∆ = b2 − 4ac

= (rnun + rnxn + un − xn)
2 − 4 (4rn)

(
−5rnu

2
n − rnxnun − u2

n + unxn

)

= r2nu
2
n + r2nxnun + rnu

2
n − rnxnun + r2nxnun + r2nx

2
n + rnxnun − rnx

2
n

+ rnu
2
n + rnxnun + u2

n − unxn − rnxnun − rnx
2
n − xnun + x2

n

− 16rn
(
−5rnu

2
n − rnxnun − u2

n + unxn

)
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= r2nu
2
n + r2nxnun + rnu

2
n + r2nxnun + r2nx

2
n − rnx

2
n + rnu

2
n + u2

n − unxn

− rnx
2
n − xnun + x2

n + 80r2nu
2
n + 16r2nxnun + 16rnu

2
n − 16rnunxn

= u2
n + 18rnu

2
n + 81r2nu

2
n + 18r2nxnun − 2unxn − 16rnunxn + r2nx

2
n

− 2rnx
2
n + x2

n

= (un + 9rnun)
2 + 2 (un + 9rnun) (rn − 1) (xn) + ((rn − 1)xn)

2

= (un + 9rnun + (rn − 1)xn)
2

= (un + 9rnun + rnxn − xn)
2 .

We know that Q(y) ≥ 0, ∀y ∈ C. If it has at most one solution in R, then ∆ ≤ 0. So we
obtain

un =
1− rn
1 + 9rn

xn. (5.1)

Let x1 ∈ C and {xn} generated by (3.1) with αn = 1
3n ,βn = 3n−2

3n , γn = 1
3n ,λn =

1
n(n+1) and rn = n

n+1 for all n ∈ N. It is clear that the sequences {αn}, {βn}, {γn}, {λn}

and {rn} satisfy all the conditions of Theorem 3.1. From Theorem 3.1, we have
0 ∈ F (T ) ∩ F (G) ∩ EP (F, aA+ (1− a)B) . Therefore, the sequences {xn} and {un}

converge to 0. They are rewritten as follows:




un = 1−rn

1+9rn
xn,

xn+1 = 1
3nu+ 3n−2

3n Gxn + 1
3nP[−50,50]

(
I − 1

n(n+1) (I − T )
)
un, ∀n ∈ N.

The following table shows the values of sequences {xn} and {un} with initial values
u = x1 = −5, u = x1 = 5 and n = 10.

Table 5.1: The values of {un} and {xn} with n = 10.

u = x1 = −5 u = x1 = 5

n un xn un xn

1 -0.454545 -5.000000 0.454545 5.000000
2 -0.096114 -2.018398 0.132189 2.775974
3 -0.028161 -0.872988 0.039299 1.218256
4 -0.008936 -0.366386 0.012489 0.512053
5 -0.002964 -0.151174 0.004144 0.211323
6 -0.001012 -0.061739 0.001415 0.086307
7 -0.000353 -0.025045 0.000493 0.035011
8 -0.000125 -0.010111 0.000175 0.014135
9 -0.000045 -0.004068 0.000062 0.005686
10 -0.000016 -0.001632 0.000023 0.002281
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Figure 5.1 is the values of the sequences {xn} and {un} derived from Table 5.1.

(a) u = x1 = −5 (b) u = x1 = 5

Figure 5.1: The convergence of the sequences {xn} and {un} with different initial value u = x1

and n = 10.

Example 5.2. Let H = R be the set of real numbers and C = [−60, 60]. Let A,B,A′, B′ :

[−60, 60] → R defined by

Ax = x+
9

2
, Bx =

5x+ 6

5
, A′x = x− 17

3
and B′x =

8x− 15

8
for all x ∈ C.

It is easy to see that A,B,A′, B′ are 1-inverse strongly monotone with α,β,α′,β′ = 1.

Then, we can choose λ1 = 3
8 ,λ2 = 16

17 ∈ (0, 2) and a = 1
2 ∈ (0, 1). Let the mapping

G : C → C be defined by

Gx = PC

(
I − 3

8
A′

)(
1

2
x+

1

2
PC

(
I − 16

17
B′

)
x

)
, ∀x ∈ C.

Let T be a mapping from C into itself defined by

Tx =





−3x if x ∈ [−60, 4),

x if x ∈ [4, 60],

for all x ∈ C. It is easy to see that T is 1
2 -strictly pseudononspreading. Let x1 ∈ C and

{xn} generated by (4.1) with αn = 1
4n ,βn = 4n−2

4n , γn = 1
4n ,λn = 1

n(n+1) and rn = 1
n+1 for

all n ∈ N. It is clear that the sequences {αn}, {βn}, {γn}, {λn} and {rn} satisfy all the
conditions of Theorem 4.1. From Theorem 4.1, we have 4 ∈ F (T )∩F (G)∩ V I (C,A)∩

V I (C,B) . Therefore, the sequences {xn} converge to 4. They are rewritten as follows:




un = P[−60,60]

(
I − 1

n+1

(
1
2A+ 1

2B
))

xn,

xn+1 = 1
4nu+ 4n−2

4n Gxn + 1
4nP[−60,60]

(
I − 1

n(n+1) (I − T )
)
un, ∀n ∈ N.
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The following table shows the values of sequences {xn} and {un} with initial
values u = x1 = −10, u = x1 = 10 and n = 65.

Table 5.2: The values of {un} and {xn} with n = 65.

u = x1 = −10 u = x1 = 10

n un xn un xn

1 -5.825000 -10.000000 4.175000 10.000000
2 -3.398284 -4.272426 3.807598 6.536397
3 -0.421304 -0.011739 3.279327 4.922436
4 1.422855 2.191068 3.086929 4.271162
5 2.393454 3.202145 3.090323 4.038388
...

...
...

...
...

30 3.815258 3.997434 3.815258 3.997434
...

...
...

...
...

61 3.908289 3.999408 3.908289 3.999408
62 3.909754 3.999427 3.909754 3.999427
63 3.911173 3.999446 3.911173 3.999446
64 3.912549 3.999463 3.912549 3.999463
65 3.912549 3.999480 3.912549 3.999480

Figure 5.2 is the values of the sequences {xn} and {un} derived from Table 5.2.

(a) u = x1 = −10 (b) u = x1 = 10

Figure 5.2: The convergence of the sequences {xn} and {un} with different initial value u = x1

and n = 65.
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Chapter 6

Conclusions and Suggestions

In the last chapter, we summarize all the theorems and applications obtained
from the thesis.

6.1 Conclusions

(1) Let C be a closed convex subset of Hilbert space H and let F : C × C →

R be a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-
inverse strongly monotone, respectively. Define G : C → C by Gx = PC(I −

λ1A′)(ax + (1 − a)PC(I − λ2B′)x) for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′).
Let T : C → C be κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with
F = F (T )∩F (G)∩EP (F, aA+ (1− a)B) /= ∅ for all a ∈ (0, 1). Let {xn} and {un} be
the sequences generated by x1, u ∈ C and





F (un, y) + 〈(aA+ (1− a)B)xn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu+ βnGxn + γnPC(I − λn(I − T ))un, ∀n ∈ N,

where {αn}, {βn}, {γn} ⊂ [0, 1],λn ∈ (0, 1 − κ),αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

(2) Let C be a closed convex subset of Hilbert space H and let F : C × C → R be
a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-inverse
strongly monotone, respectively. Define G : C → C by Gx = PC (I − λ1A′)

(
ax +

(1− a) PC (I − λ2B′)x
)
for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T :

C → C be κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with F =

F (T )∩F (G)∩V I (C,A)∩V I (C,B) /= ∅ for all a ∈ (0, 1). Let {xn} and {un} be the
sequences generated by x1, u ∈ C and





un = PC (I − rn (aA+ (1− a)B))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,

where {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1 − κ), αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;This material is reserved for educational use only, not allowed for commercial use. 
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(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

(3) Let C be a closed convex subset of Hilbert space H and let F : C × C → R be
a bifunction satisfying (A1) - (A4), let A,B,A′, B′ : C → H be α,β,α′,β′-inverse
strongly monotone, respectively. Define G : C → C by Gx = PC (I − λ1A′)

(
ax +

(1− a)PC (I − λ2B′)x
)
for all x ∈ C with λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T :

C → C be κ-strictly pseudononspreading mapping for some κ ∈ [0, 1) with F =

F (T )∩F (G)∩EP (F,A) /= ∅ for all a ∈ (0, 1). Let {xn} and {un} be the sequences
generated by x1, u ∈ C and





F (un, y) + 〈Axn, y − un〉+ 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,

where {αn},{βn},{γn} ⊂ [0, 1],λn ∈ (0, 1 − κ),αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

(4) Let C be a closed convex subset of Hilbert space H and let F : C × C → R be
a bifunction satisfying (A1) - (A4), let S, S′ : C → C be nonexpansive mappings
and let A′, B′ : C → H be α′,β′-inverse strongly monotone, respectively. Define
G : C → C by Gx = PC (I − λ1A′) (ax+ (1− a)PC (I − λ2B′)x) for all x ∈ C with
λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T : C → C be κ-strictly pseudononspreading
mapping for some κ ∈ [0, 1) with F = F (T )∩F (G)∩F (S)∩F (S′) /= ∅ for all a ∈ (0, 1).
Let {xn} and {un} be the sequences generated by x1, u ∈ C and





un = PC (I − rn (a (I − S) + (1− a) (I − S′)))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,

where {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1 − κ), αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], 0 < γ < 1
2 satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;This material is reserved for educational use only, not allowed for commercial use. 
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(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

(5) Let C,Q be a closed convex subset of Hilbert space H1,H2 respectively and let
F : C × C → R be a bifunction satisfying (A1) - (A4) , let A′, B′ : C → H1 be α′,β′-
inverse strongly monotone, respectively. Let Ai, Bi : H1 → H2 be bounded linear
operator with A∗

i , B
∗
i are adjoint of Ai and Bi, respectively and L = max{LAi , LBi}

where LAi and LBi are spectal radius of A∗
iAi and B∗

i Bi with i = 1, 2. Define
G : C → C by Gx = PC (I − λ1A′) (ax+ (1− a)PC (I − λ2B′)x) for all x ∈ C with
λ1 ∈ (0, 2α′) and λ2 ∈ (0, 2β′). Let T : C → C be κ-strictly pseudononspreading
mapping for some κ ∈ [0, 1). Assume that F = F (T ) ∩ F (G) ∩ Γ1 ∩ Γ2 /= ∅, where
Γi = {x ∈ C : Aix,Bix ∈ Q} for all i = 1, 2 and a ∈ (0, 1). Let {xn} and {un} be the
sequences generated by x1, u ∈ C and





un = PC (I − rn (a (I −W1) + (1− a) (I −W2)))xn,

xn+1 = αnu+ βnGxn + γnPC (I − λn (I − T ))un, ∀n ∈ N,

where

W1 = PC

(
I − a

(
A∗

1 (I − PQ)A1

2
+

B∗
1 (I − PQ)B1

2

))
,

W2 = PC

(
I − a

(
A∗

2 (I − PQ)A2

2
+

B∗
2 (I − PQ)B2

2

))
,

and {αn},{βn},{γn} ⊂ [0, 1], λn ∈ (0, 1 − κ), αn + βn + γn = 1, ∀n ∈ N and {rn} ⊂

[0, 2γ], γ = min{α,β} satisfy;

(i) ∑∞
n=1 αn = ∞, limn→∞ αn = 0,

∑∞
n=1 λn < ∞;

(ii) 0 < c ≤ βn, γn ≤ d < 1, 0 < e ≤ rn ≤ f < 2γ;

(iii) limn→∞ |rn+1 − rn| = 0;

(iv) ∑∞
n=1 |αn+1 − αn| < ∞,

∑∞
n=1 |βn+1 − βn| < ∞.

Then {xn} converges strongly to z0 = PFu.

6.2 Suggestions

In this thesis, we obtain the results of the variational inequality problems, fixed
point problems and equilibrium problems in Hilbert space. To extend these results, it
should also be studied in other spaces, such as Banach space, which cover the original
space to build upon the knowledge.
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