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Chapter 1

Introduction

1.1 Research Motivation

Currently, there are many studies, inventions and production of methods to be
used to solve problems, create or develop various technologies to be able to be used
or solve problems effectively, whether it is a computer problem, physics, engineering,
economics and others, which the basis for inventing technology or various solutions
are all based on mathematics but to invent or develop methods for solving various
problems mentioned above, some methods are still complicated and difficult to solve
that problem directly. Therefore, one of the mathematical methods is applied to
make it easier and get more diverse results. That is, the fixed point theory by the
fixed point theory is a study about existence and uniqueness that when applied to
problems such as equilibrium problems, variational inequality problems and etc. By
converting the problems of interest into the fixed point problems, it can create a
theorem that can solve that problems and can also be applied in other fields such as
mechanics, physics, optimization, finance, ecology, network, game theory, economics,
engineering science, etc., which converting to be in the form of a fixed point problem
will make it possible to solve the problem of interest in an easier way and also get
a solution that can solve many problems. Interested problems of various branches
mentioned above and more than that, sometimes can also bring the results to expand,
collapse or apply additionally to be able to solve other problems as well. From the
aforementioned reasons, the theory of fixed point is another important method and
received widespread attention from researchers or many mathematicians.

In addition, there are many interesting problems in mathematics that can be re-
duced to equilibrium problems, such as variational inequality problems, optimization
problems, fixed point problems, Nash equilibrium problems in game theory, saddle
point problems, etc., which will talk about equilibrium problems in the next step.

Throughout in this section, let H be a real Hilbert space and let C be a
nonempty closed and convex subset of H.

For a mapping T of C into itself, we denote F(T) the set of all fixed points of
Tie.,

F(T)={xe€C:Tx=x}.

Example 1.1. Let R be the set of a real numbers. We have
1.IfT:R—Rand Tz =222 — 1, then F(T) = {1}.

2.fT:R—Rand Tz =1, then F(T) = {1}.

x



3.fT:R—Rand Tz = 2%, then F(T) ={0,1}.
4. If T:R—Rand Tx = 3z — 4, then F(T) = {2}.
5 fT:R—Rand Tz = 225 then F(T) = {5}.

Let C be a nonempty closed convex subset of a real Hilbert space H. The

mapping T': C — C is said to be nonexpansive if
[Tz =Ty < [l —yll (1.1)

forall z,y € C.
In 2008, Kohsaka and Takahashi [1] introduced the mapping T': C — C called

nonspreading mapping in Hilbert spaces H which is defined as follows:
2| Tz - Ty|* < |Te - ylI* + Iz = Ty|” (1.2)

forall z,y € C.
In 2011, Osilike and Isiogugu [2] introduced that the mapping 7' : C — C'is

called k-strictly pseudononspreading mapping if there exists x € [0, 1) such that
|Te= Tyl < o —wlI* +x (L ~ Do~ =Dyl +2 (@~ Tayy ~Ty)  (1.3)

for all z,y € C. Clearly every nonspreading mapping is -strictly pseudononspreading
mapping.
A mapping A of C into H is called a-inverse strongly monotone, if there exists

a positive real number « such that
(x —y, Az — Ay) > a||Az — Ayl (1.4)

forall z,y € C.
In 1967, Halpern [3] introduced the Halpern iteration to find a fixed point of

nonexpansive mapping 7': C'— C as follows:
Tpi1 = apu+ (1= a,) Tx, (1.5)

for each n e NU {0} and z¢g =u € C where {a,,} C (0,1). He proved that the sequence
{z,} converges strongly to a fixed point of T.

In 1964, Lions and Stampacchia [4] first introduced the variational inequality
problem for find a point v € C such that

(Au,v —u) >0 (1.6)

where A: C — H is a mapping and v € C. The set of solutions of (1.6) is denoted by
VI(C, A).

The variational inequality problem has emerged as a fascinating and interesting
branch of mathematical and engineering sciences with a wide range of applications in

industry, finance, economics, pure, applied sciences and etc., see [5, 6, 7, 8].



In 2008, Ceng et al. [9] introduced a problem for finding (z*, 2*) € C x C such
that

{ </\1D12’* + - Z*,Jf - $*> > O, Vo € C7 (17)

(MNDoz* + 2z* —z*,x — 2*) >0, VaeCl,
which is called a system of variational inequalities problem where Dy, Dy : C — H are
mappings and parameters A;, A2 > 0. In the case of A\; = Ay, D1 = Dy, z* = 2%, system
of variational inequalities problem is reduced to variational inequalities problem.
After that, Kangtunyakarn [10] modified (1.7) for finding (z*,2*) € C x C such
that

{ (@ — (I = \Ds)(az* + (1 —a)z*) o —2*) >0, VaeC, 18

(z* = (I = MoDg)x* 2 —2*) >0, VzeC,
which is called a modification of system of variational inequalities problem, for every
A1, A2 > 0anda € [0,1]. It easy to see that if a = 0, then problem (1.8) reduces to system
of variational inequalities problem. He introduced the relation between solutions of
(1.8) and fixed point of the mapping G as follows:

Lemma 1.2. [11] Let C be a nonempty closed convex subset of a real Hilbert space
H and let Dy, Dy : C — H be mappings. For every A1, A2 > 0and a € [0, 1], the following

statements are equivalent:
1. (z*,2*) € O x C is a solution of problem (1.8),
2. z*is a fixed point of the mapping G: C — C, i.e, z* € F(G), defined by
G(x) = Po(I = \Dy) (az + (1 — a) Po (I — Xo Do) z),
where 2* = Po (I — Ao D5) x*.

Moreover, he proved the following strong convergence theorem of the varia-
tional inequality problem and fixed point problem for k-strictly pseudononspreading

mapping which modified Halpern iterative method generated by (1.9) .

Theorem 1.3. [11] Let H be a real Hilbert space and C be a nonempty closed convex
subset of H. For every i = 1,2,....N let B; : C — H be §;-zinverse strongly monotone
mappings and let T : C — C be x-strictly pseudononspreading mapping for some
k € [0,1). Let G; : C — C be defined by Gjz = Po (I —nB;)x for every z € C and
n € (0,26;) for every i = 1,2,...,N, and let §; = (a{,ag,ag) €IxIxIj=123,..,N,
where I = [0,1],a]+ad+ad = 1,a] € (0,1) forall j = 1,2,.... N—1,ad € (0,1], 0%, a3 € (0,1]
forall j =1,2,..,N. Let S: C — C be the S-mappings generated by G, Ga,...,Gy and
81,02, ...,0n. Assume that § = F (T) N ﬂf’:l VI(C,B;) #@.ForeveryneN,i=1,2,..,N,
let z1,u € C and {z,} be a sequence generated by

Tpi1 = aptt + BuPo (I — Ay (I = T)) zp + YnSzy (1.9)

where {a,}, {8}, {1} {Mn} C (0,1) such that a,+ B, +vn = 1,8, € [e,d] C (0,1),{\,} C
(0,1 —x) and suppose the following conditions hold:



() iMoo =0and Y07 a, = 0,
(i) T, An < o,

(iii) fo:l [Ant1 — An| < o0, ZZO:1 |’7n+1 - 7n| < o, ZZO:1 |an+1 — | < 0o,

220:1 |ﬂn+1 - 5n| < 0.
Then {z,} converges strongly to zo = Pzu.

In 1994, Blum and Oettli [12] introduced the equilibrium problem which has
had a great impact and influence in the development of several branches of pure and
applied sciences. Many problems in optimization, economics and physics are related
to seeking the elements of EP(F), see [12, 13]. Let F: C x C — R be a bifunction.

The equilibrium problem for F is to determine its equilibrium points and denoted
EP(F)={z€C:F(z,y)>0, Vye O} (1.10)

is the set of all solutions of equilibrium problem.

Numerous problems in economics, physics and optimization reduce to find a
solution of EP(F); see [12, 13, 14].

Recently, many authors consider the iterative scheme for finding a common
element of the set of solution of equilibrium problem and the set of solutions of fixed
point problem; see [13, 15, 16, 17].

Furthermore, from (1.6) and (1.10), we have the following generalized equilib-

rium problem, i.e., find z € C such that
F(z,y) + (Az,y—2) >0 (1.11)
for all y € C. The set of such z € C is denoted by EP(F, A), i.e.,
EP(F,A) ={z2€C:F(z,y)+{4z,y—z) > 0, Yy € C}.

In addition, in the case of A = 0, EP(F, A) is denoted by EP(F) and in the case of
F =0, EP(F,A) is also denoted by VI(C, A).
Let A,B : C — H be two mappings. By modification of (1.6), Kangtunyakarn

[18] introduce the combination of variational inequality problem and denote

VI({C,aA+(1—a)B)={zeC:{(y—x,(aA+(1—a)B)z) >0, Yy C, a € (0,1)}
(1.12)
is the set of all solutions of the combination of variational inequality problem.
In particular, from (1.11) and (1.12), we introduce a problem with relatively
between the combination of variational inequality problem and equilibrium problem,
i.e., find z € C such that

F(z,y)+ ((aA+(1—a)B)z,y—2z) >0 (1.13)



forall y € €, and a € (0,1). The set of all solutions of the combination of variational
inequality problem and equilibrium problem is denoted by EP (F,(aA + (1 —a) B)).

Throughout this section, let H; and Hs be real Hilbert spaces and C,Q be
nonempty closed convex subsets of H; and Hs, respectively. Let A, B : Hy — H, be
bounded linear operators with A*, B* are adjoint of A and B, respectively.

In 1994, Censor and Elfving [19] introduced the split feasibility problem (SFP)
which is to find a point z € C such that Az € Q. The set of all solutions of split
feasibility problem is denoted by ¢ = {z € C: Az € Q}.

The split feasibility problem was studied extensively as an extremely powerful
tool in various fields such as signal processing, sensor networks, medical image recon-
struction, instance in radiation therapy treatment planning, resolution enhancement,
intensity-modulated radiation therapy problems and computer tomograph; see [20].

In 2012, Ceng, Ansari and Yao [21] introduced the lemma to solve SFP and
many authors use this lemma to prove their results; see [22].

After that Kangtunyakarn [23] modified split feasibility problem, he introduce
the general split feasibility problem (GSFP) which is to find a point z* € C such that
Az*, Bz* € Q. The set of all solutions of general split feasibility problem is denoted
by I'={z € C: Az, Bz € Q}. When A = B, GSFP can be reduced to SFP.

In this thesis, the concepts of (1.9) and (1.13) are adapted to find a new meth-
ods for solving the problem. In addition, the related theorems are further studied as
guidelines for create new theories covering the combination of variational inequality

problems and equilibrium problems in Hilbert space.

1.2 Objectives of the study

1) To propose new methods of the combination of variational inequality problems
and equilibrium problems that can solve complicated problems more than the

original problem including can be applied to the original problem.

2) To establish fixed point theory can be solved new combination of variational

inequality problems and equilibrium problems.

3) Create new knowledge related to the theory of the combination of the variational

inequality problems and equilibrium problems in Hilbert space.

4) To give numerical examples to support our main results.

1.3  Scopes of the study

1) Study of combination of variational inequality and equilibrium problems in Hilbert

space.



2) A study of definitions, theorems and lemma related to the combination of vari-

ational inequality and equilibrium problems in Hilbert space.

1.4 Benefits of the study

1) Obtain strong convergence theorems for finding a common element of the solu-
tion of the combination of variational inequality problems and equilibrium prob-

lems in Hilbert space.

2) Obtain mathematical tools for solving the combination of variational inequality

problems, equilibrium problems and the fixed point problems in Hilbert space.

3) Obtain the knowledge and new mathematical tools for solving mathematical

problems.

1.5 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive mapping, x-strictly

pseudononspreading mapping and a-inverse strongly monotone mappins.
2) Study background in a real Hilbert space.
3) Study the basic khowledge of variational inequality problem.
4) Study the basic khowledge of equilibrium problem.

5) Study research papers and textbooks concerning fixed point theorem, variational

inequality and equilibrium problems.
6) Define the scope and objectives of the research.

7) Create tools and methods for proving the strong convergence theorem of the

combination of variational inequality, equilibrium and fixed point problem:s.

8) Prove the strong convergence theorem of the combination of variational inequal-

ity, equilibrium and fixed point problems in Hilbert space.
9) Provide applications and numerical examples.

10) Verify the accuracy of all content and write the thesis.



Chapter 2
Theory and Literature Reviews

In this chapter, we will introduce knowledge that is important for this thesis.
We will also introduce necessary definitions, theorems, lemmas and remarks for our
thesis. Throughout this chapter, we will let R represent the set of all real numbers,
C represent the set of all complex numbers and F represent the set of all real or

complex numbers.

2.1 Banach spaces and Hilbert spaces

Definition 2.1. [24] Let E be a vector space over the field F. A norm is a function

|- |l : E — [0,+00), which satisfies the following properties: For every z,y € £
(E1) ||z]| > 0 and [|z|| = 0.if and only if = 0;
(E2) ||6z]| = |6|||2|| for all scalar 6,
(E3) ||z +y| < ||zl + ||yl (triangle inequality).
The ordered pair (E,|| - ||) or E is called a normed space.

Definition 2.2. [25] A sequence of vectors {z,,} ina normed space E is called a Cauchy

sequence if for every e > 0 there exists M € N such that ||z,, = z,|| < € for all m,n > M.

Definition 2.3. [25] A normed space E is called complete if every Cauchy sequence
in E converges to an element z* € E.

Definition 2.4. [26] A complete normed linear space is called a Banach space.

Theorem 2.1. [25] A subset S of a normed space FE is closed if and only if every

sequence of elements of S convergent in E has its limit in Si.e.,
{z,} €S and z, -z implies z € S.

Definition 2.5. [27] Let X be a linear space over field F. An inner product on X is a
functional (-,-) : X x X — F satisfying:

(N1) (x,2) >0 and (z,z) =0 if and only if z = 0;

(N2) (x,y) = (y,z) where the bar denotes complex conjugation;

(N3) (az+ By, 2) = a(z,2) + By, 2) forall z,y € X and a,3 € F.

The ordered pair (X, (-,-)) is called an inner product space.

Theorem 2.2. [28] For an inner product space X, z,y,z € X and a € F, Then the
following properties holds:



(P1) (z,y+2) = (z,y) + (z, 2);

(P2) (z,ay) =a(z,y);

(P3) (z,0) = (0,z) = 0;

(Pd) (z,z) =0 if and only if z = 0;

(P5) (z,y) = (z,2), then y = z.

Theorem 2.3 (Schwarz inequality [26]). Let X be an inner product space, then
(2, )] < [lzllllyl]

forall z,y € X.

Definition 2.6 (Strong convergence [25]). A sequence {z,,} of vectors in an inner prod-

uct space X is called strongly convergent to z in X if
|z — ]| = 0 as n — occ.

Definition 2.7 (Weak convergence [25]). A sequence {z,,} of vectorsin an inner product

space X is called weakly convergent to x in X if
(Tn,y) = (2,y) as_n—» oo,
forall y € X.

Remark 2.4. In this thesis, strong convergence and weak convergence are represented
by “ —= ” and “ = ” respectively.

Theorem 2.5. [26] Let {z,} be a Cauchy sequence of an inner product space X such

that 2, = 2. Then z,, — «.
Definition 2.8. [26] A complete inner product space is called a Hilbert space.

Theorem 2.6. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {z,} c C and z,, ~, then z € C.

Theorem 2.7. [26] Let {a,} be a bounded of real numbers. Then, there exists subse-
quence {ay, } of {a,} such that
a=limsupa, = klim -

Similarly, there exists a subsequence {a,,} of {a,} such that

b=lminfa, = lim a,,.
Jj—o0
Theorem 2.8. [26] Let H be an inner product space. Then we know that the following
(i) and (i) are equivalent:

(i) His complete,

(i) each bounded sequence {z,} of H has a weakly convergence subsequence {z,, }
of {x,}.



2.2 Fundamental properties in Hilbert spaces

Lemma 2.9. [26, 29] Let H be a Hilbert space. Then the following properties hold:

(D) Jlo £ yll* = Jall* £ 2 (z,9) + [y,

2) (@ +y,z—y)=ll=]” = Iyll*,

(3) llz +yl* < ll=l* + 2 (g, 2 + v),

(@) [z + (L= 8) yll* = 5z + (1= 6) ly|” = 6 (L = &) |l -y,

5) [l = llyll | < llz +yll < llll + g,

6) llaz + By + 7211 = allall* + Bllgl* +llzl® = ab o — ylI* = ay ||z = =II* = By |y — =7,
forall z,y,2 € H and 6,0, 8,7 € [0,1] with a + 3+~ = 1.

Definition 2.9. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—oo, 0o}, where (—oo,00] = RU {c}. Then,

f is called lower semicontinuous if for any a € R, the set
{z € C: f(z) <a} is closed.

Furthermore, f is called convex if for any z,y € C and t € [0,1],

flte+ 1=ty <tflx)+ (1 —0)f(y).

Theorem 2.10. [26] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C' into

(—00,09]. Let {z,} be a bounded sequence in C such that z,, — z¢. Then

f (zo) < Uminf f(z,).

n—o0

Lemma 2.11. [26] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {z,} C H with z,, — x, the inequality

iminf ||z, — z|| < liminf|jz,, = y||

n—>00 n—oQ
holds for every y € H with a # .
Definition 2.10. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. The metric projection or nearest point projection of H onto C, denoted
by Pc, is defined, for any = € H, as the only point in C with the property

|~ Peal) = min a — y|.

Lemma 2.12. [26] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Given z € H and y € C. Then Pcx = y if and only if there holds the
inequality

(r—yy—2 >0

for all z € C.
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Lemma 2.13. [30] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Then the following holds:

(D) |Pox — Poyl|| < ||z —y||, for all z,y € H,

(i) (y — x, Pox — Poy) > ||Pox — Pey|)?, for all z,y € H.

2.3 Variational inequality problems and Equilibrium problems

Lemma 2.14. [30] Let H be a Hilbert space, let C be a nonempty closed convex

subset of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,
u=Po(I = M)u < ue VI, A,

where P¢ is the metric projection of H onto C.

Lemma 2.15. [31] Let E be a uniformly convex Banach space, C be a nonempty
closed convex subset of EFand S : C — C be a nonexpansive mapping. Then I — S is

demi-closed at zero.

For solving the equilibrium problem for a bifunction F: C x C — R, let us

assume that £ satisfies the following conditions:

(A1) F(z,z) =0 Vr € C;

(A2) F is monotone, i.e. F(z,y)+ F(y,z) <0, Vz,y € C;

(A3) Va,y,z € C, limiyo+ F(tz + (1= t)z,y) < Fla,y);

(Ad) Vx € O, y — F(z,y) is convex and lower semicontinuous.

Lemma 2.16. [12] Let C be a nonempty closed convex subset of H, let F be a
bifunction of C x C into R satisfying (A1) - (Ad). Let » > 0 and x € H. Then, there exists

z € C such that

1
Py {y=%2=1) 20

forally e C.

Lemma 2.17. [13] Assume that ' : C'x C — R satisfies (A1) - (A4). Forr > 0and z € H,

define a mapping 7. : H — C as follows:
T,(z) = {ze c:F(z,y)+%<y—z,z—x> >0, vyec}
for all z € H. Then, the following hold:
(1) T, is single-valued,
(2) T is firmly nonexpansive i.e.,
IT:(2) = To)I” < (To(w) = To(w).x —y) Va,y € H;
(3) F(T,) = EP(F);

(4) EP(F) is closed and convex.
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2.4  Some useful lemmas
Lemma 2.18. [4] Let {s,,} be a sequence of nonnegative real numbers satisfying
Spn41 < (1 — an)sy +0p, ¥n >0,
where {a,} is a sequence in (0,1) and {4, } is a sequence such that
(1) 2 oy, = o0,

(2) limsup o <0or 3202 |6l < oo

n—oQ

Then lim,,— o0 $n = 0.

Lemma 2.19. [4] Let {s,,} be a sequence of nonnegative real numbers satisfying
Spt1 < (]- o8 Oln)sn H7 Olnﬁna Yn > 0,

where {a,}, {8.} satisfying the conditions
(D) {aa} € 0,1, T an =,
(2) limsup,, . Bn <000 Y7 lanbn| < co.

Then lim,,_ o0 S = 0.

Lemma 2.20. [11] Let T': C' = C be a s-strictly pseudononspreading mapping with
F(T) # @. Then E(T) = VI(C, (I =T)).

Remark 2.21. From Lemmas 2.14 and 2.20, we have F(T)) = F(Pc(I — X(I —T))) for
all x> 0.

Lemma 2.22. [33] Let A be a bounded linear operator on a Hilbert space H. The
operator A*: H — H defined by

(Az,y) = (z, A%y) ,
for all z,y € H, is called the adjoint operator of A.

Lemma 2.23. [34] Let T be a bounded linear operator on a Hilbert space H. The
spectal radius of T, denoted by r,(T), is the number defined by

ro(T) = sUp{|A| : A € o(T)},
where o(T) ={\ € C: (T — XI) (z) =0, for some 0 # x € H}.

Lemma 2.24. [23] Let H; and H, be real Hilbert spaces and C, Q be nonempty closed
convex subsets of H; and Ha, respectively. Let A, B: H; — H, be bounded linear oper-
ators with A*, B* are adjoint of A and B, respectively. LetT'={z € C: Az, Bz € Q} # @.

Then the followings are equivalent:
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(i) z* €T,

(i) P (I —a (A*(I;PQ)A + B*(IEPQ)B)) ¥ =¥,

forall a > 0and La, Lp are spectal radius of A*A and B*B, respectively with a € (0, %)
and L = max{La, Lp}.

Lemma 2.25. [32] Let C be a nonempty closed convex subset of H. Let T: C — C
be a nonexpansive mapping with F(T) # @. Then F(T)=VI(C,(I - T)).

Lemma 2.26. [10] Let C be a nonempty closed convex subset of a real Hilbert space
H and let Dy, Dy : C — H be dy, ds-inverse strongly monotone mappings, respectively
with VI(C,D1)NVI(C,Ds) # @. Define G : C — C by

G(x) =Pc(I—MDy)(ax+ (1 —a)Po (L —XoDs)x),
for all A€ (0,2d1),)\2 € (O,ng) and a € (0,1). Then F(G) = VI(C, Dl) n VI(C, D5).

Lemma 2.27. [18] Let C be a nonempty closed convex subset of a real Hilbert space
Hand let A, B : C — H be «, g-inverse strongly monotone mappings, respectively with
a,f>0and VI(C,A)NVI(C,B)# @. Then

VI(O,aA+ (1= a)B)=VI(CyA) N VIC,B),

forall @ € (0,1).



Chapter 3
Main Results and Discussion

In this chapter, we prove a strong convergence theorem for approximating the
solution of the modification of system variational inequality and generalized equilib-
rium problems and fixed point problems of k-strictly pseudononspreading mapping,

by modify Halpern iterative method.

3.1  An aproximation method of nonlinear mapping for a modified
general equilibrium and system of variational inequality

problems

Theorem 3.1. Let C be a closed convex subset of Hilbert space H and let F: Cx C —
R be a bifunction satisfying (A1) - (Ad4), let A,B,A". B’ . C — H be «,3,d,5'-inverse
strongly monotone, respectively. Define G : C — C by Gz = Pc(I = M A")(ax + (1 —
a)Pc(I — MB')x) for all z € C with A\; € (0,22') and Xy € (0,28). Let T : C —» C
be k-strictly pseudononspreading mapping for some « € [0,1) with § = F(T') N F(G) N
EP(F,aA+(1—a)B) # o foralla € (0,1). Let {z,} and {u,} be the sequences generated
by z1,u € C and

(3.1)

F(’U,n,y) . <(G’A + (1 — G)B)l'n,y vy u7l> + }-_1; <y — Un, Up — :En> Z O,Vy S Ca
Tnt1 = Qntt + B Gxy + Y Po(I — My (I = T))u,, Vn € N,

where {a,}, {8.}, {m} € [0,1,A, € (0,1 = k), + Ba + 7 = 1,Vn € N and {r,} C
[0,27], v = min{a, 8} satisfy;

() Yooy am =00, liMp oo h/=0, Too> A\ < 003
(i) 0<c<Bn,m<d<l 0O<e< 1, <f<2y;
(i) UMy oo [Pne1 — 70| = 0;

(V) 30 lent1 — anl < oo, 305 |But1 — Bal < oo
Then {z,} converges strongly to 2y = Pzu.

Proof. We divide the proof into seven steps:
Step 1. We will show that a4 + (1 — a)B is y-inverse strongly monotone. Put D =
aA+ (1—-a)Bforallae(0,1). Let 2,y € C, we have
(Dz — Dy,z —y)
= ((aA+(1—a)B)x — (aA+ (1 —a)B)y,z —y)
= (a(Az — Ay) + (1 —a)(Bz = By),z —y)

= a(Ar — Ay,x —y) + (1 —a) (Bx — By,z —y)



14

v

ac || Az — Ay|* + (1 - a)8 || Bz — By|*
> av| Az — Ay||* + (1 — a)v || Bz — By||*
= 7 (alldz — Ay|* + (1 — @) | Ba — By|*)
> 7|la(Az — Ay) + (1 — a)(Bz — By)||*
= v|aAz — aAy + (1 — a)Bz — (1 — a)By|”
= 7ll(@A+ (1 —a)B)x — (aA + (1 —a)B)y|
= 7| Dz — Dy|.
Then
(Dx — Dy, —y) >~ | Dz — Dy|*. (3.2)

Hence aA+ (1 —a)B is y-inverse strongly monotone mapping where D = aA+ (1 —a)B.
Next, we will show that I —r, D is a nonexpansive mapping for every n € N. Let z,y € C
and n € N. From (3.2), we have

I(T =raD)x — (I =raD)y|? - = |l(z — y) = ra(Dz = Dy)||*

&~ y||> = 2, (x —y, Dz = Dy) + 2 |Dz — Dy|*

< o —yl* = 2ray [|Dx — Dy|* + 72 | Dz — Dy|?
= |z = yl* + ru(rn = 2y) | Dz ~ Dyl|?
< =yl
Then
(= D)an = (T = raDYylf <l = 9]l (3.3)

Therefore, I —r,,D is a nonexpansive mapping for every n € N.
Next, we will show that G is a nonexpansive mapping. Let z,y € C and a € (0,1). Since

A’'is o/-inverse strongly monotone mapping and \; € (0,2), we have

1Pe (I - MA)z =Po(I = MA)yl® < (I - Md)z ~ (I = aA)y|?
= |z —y) — A (Az— Ay)|?
= Nz —yl® - 2x (@ —y, A'w — A'y) + M} || 4w — A'y|)?
< o=yl =200 Az — Ay|® + A} Az — Ay|?
= o —yl® + M (O — 22) [ A'w — Ay
< lz -yl
Then
1Po (I~ MA)x — Po(I— A y) < Jlz—yll.

Therefore, Po (I — A A’) is a nonexpansive mapping. By using the same method above,

we have Pc (I — X2 B') is a nonexpansive mapping with A\, € (0,24’) and B’ is #’-inverse
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strongly monotone mapping. From definition of G, we have

IGz — Gy|| = |Po(I—MA")(az+ (1 —a) Po (I — A\sB')z)

—Po(I-XA) (ay+ (1 —a)Po(I-XB)y)|

IN

l(az + (1 — a) Po (I = X2B') x) — (ay + (1 — a) Pc (I — A:B') y)|

= lla(z—y)+ (1 —a)(Pc(I - B")x—Pc (I - Byl

IN

allz =yl + (1 - a)|Pe (I = AaB') & — Pe (I - By

IN

alz—yl+1-a)lz—yl

=yl

Then
Gz — Gy|| < ||z -yl

for all z,y € C. Therefore, G is a nonexpansive mapping.
Step 2. For every a € (0,1), we will show that {z,} is bounded. Let z € §. From (3.1),

we have

1
F(unvy) + <((ZA T (1 | a)B)xmy | Un> + 7<y — Un, Un — £n> >0, vyeC.

n

From Lemma 2.17 , we have

TTn (I i rnD)xn N7 {F(unvy) =} <(aA + (1 T G)B)xmy T un>

A
+ 7'" <y T unvun T xn> Z O,Vy 6 C}

Then u, €T, (I —r, D)z,
It implies that
Un =T (I = 10 D)2y (3.4)

Since z € §.
Then z € F(T).
From Lemma 2.20, we have F(T) = VI (C,(I —T)).
It follows that z € VI (C, (I —T)).
From Remark 2.21, we have z € F (Pc (I — A\, (I = T))).
It implies that
z=Po(I—-X(I-T))z (3.5)

forall n € N. Since z € EP(F, D) where D = aA + (1 — a)B, we have
F(z,y)+{(y—=2,Dz) >0, Vy € C.
So, we have

1
F(z,y)+7<y—z,z—z+rnDz> >0, Vvne N,y e C.

n
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From Lemma 2.17, we have
z=T. (I —r,D)z (3.6)

for all n € N. Next, we show that ||Pc (I = An (I = T)) up, — 2| < ||un — 2||.

By the nonexpansiveness of P and (3.5), we have
[Po (I =X (I =T))un — 2| = [[Po(I =X (I =T))un —Po(I =X (I=T))z|
< ||(I*/\n(17T))un - (I*/\n(I*T))va
which implies that
[Po(I =X (I=T))tn — 2| SN =ML =T up— (I =M (I=T))z|.  (3.7)
Since T is k-strictly pseudononspreading mapping and let E =T — T, we have
|1Tus = Tz = (I = E)un = (I = E) 2|
= (un—= 2) = (Bun = E2)|
= Jjun = 2|* =2(uy, — 2, Bu,, — E2) + | Eu, — Ez|®
= Jlun — Z||2 = 2(up — 2, Bug) + ||Eun”2
< Mun — 2|12+ & | B — E2|* + 2 (BEu,, Ez)
= Yt~ 27 & | Bun | 2 (B, 0)

= llun =2 £ 5 [ 2]
which implies that
i — 2If* = 2 (i, — 2, Buug) + | Bupl® <Al = 207 + & | Bun |

Thus,
(1= &) | Bun)l® < 2(upn — 2, Buy,) - (3.8)

From (3.8), we have

(I = M E)un — (I — A\ B) 2|2 (n — 2) = Ap (B, — E2)|?
= JJtn = 2|* = 2 (un — 2, An(Bun, — E2))

+ 1A (Buy, — E2)|
= JJun — 2||* = 220 (tn — 2, Bup) + A2 || Buy?
< lun = 2[1* = An (1= 8) | Bun |* + A2 | Bug |®
= Jlun = 2* = X (1 = &) = ) | Bun |®

< lun = 211

Then
(I = M E) un — (I = M E) 2] < JJun — 2.
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It implies that
(I = AE)up — (I = M\pE) 2| < |luy, — 2]| - (3.9)

From (3.7) and (3.9), we can imply that
1Po (I — M (I —T))tn — 2| < l[un — 2||- (3.10)

Since z € §, we have z € F(G).

It implies that
2=G(z)=Pc(I—-MA)(az+ (1 —a)Pc (I —XB')2).

Put M,, = azx,, + (1 —a) Po (I — \2B’) z,,. Then, we have G,, = Pc (I — M\ A") M,,.

From definition of z,,, (3.4), (3.6), (3.10), and nonexpansiveness of G, we have

[#nt1 —2ll = llon (u—2) 4 Bn (Gon —2) + yn (Po (I = A (I = T)) un — 2)|
< onlflu=zl| + Bp Grn — 2l + W [ Pe (I =An (I = 1)) un — 2|
= ap|lu—z|| 4+ Bn |Gxr — Gz|| + Vu [|Pe (I = X\ (I = T)) u,, — 2|
< anllu = zl| + Bullen = 2l +mllun — 2|
= ap flu—=zl| + B {ln — 2l + W I Tr, (T —rpD)an — Tr,, (I —1nD) 2|
< amflu =2l + B |on — 2l + Y [l2n = 2]
= anllu—2l'+ (B + 7m) ll2n — 2
= onllu=zl+ 1~ an)llan -2

< max{fley -z llu - 2]}

By induction, we can prove that {z,} is bounded and so is {u,}.
Step 3. We will show that lim,, o |21 — 20|l = 0. Putting v,, = 2,, — r,Dz,, , we have
Up =Ty, (I = ryD)x,, = Ty, (T, — T Day) = Ty v,. From definition of u,, we have

F(un7y)+%<y_unuun_vn>207 VyEC' (311)

n

and
(Y = Upi1, Unt1 — Vpy1) >0, Vy € C. (3.12)

F(uni1,y) +
Tn+1

Instead of y by u, 1 and u, in (3.11) and (3.12), respectively, we have

F (tn, 1) + ri (U1 — U, Uy — V) > 0 (3.13)
and
1
F (upi1,un) + . (Un, — Upt1, Unt1 — Vpt1) = 0. (3.14)
n+1
Adding (3.13) and (3.14), we have
1 1

F (unaun-i-l) + F (un+17un) + 7 <un+1 — Up, Up — Un> + <un — Un4+1,Un+1 — Un+1> Z 07

n TnJrl



18

and using (A2) which implies that

o
IN

<un — Un+1,Un+4+1 — vn+1>

1 1
- <un+1 — Up, Un — vn) +
n

Tn41

Un = Un Un+1 — Un+41
Up+1 — +(Up — Upgr, ———

Tn41

— Un un+1 - anrl
= Un+1 — Un, —\Unt1 —Upn, ————
Tn Tn+1

— Un un+1 — Un+1 >
Tn Tn+1

Un+1 —

It implies that

Up — Up o Up+1 — vn+1>
Tn Tn+1

0 < <un+1 — Un,
Multiplying r,,, we have

Uy, — V. u  Opai
0 < <un+1_umrn(u)-rn(u)>

Tn 1 Tn+1
Tn
= Un+41 — Un, Up — Up — —(U7L+1 = Un-i—l)
'rn+1
Tn
- Unp+1 — Upy, Up — Un41 + Unp+1 — Un — : (UnJrl == Un+1)
7n+1

Tn

= <Un+1 — Up, Unp — un+1> + Up+4+1 — Un, Un41 — Un — r»(unnkl o vn+1)
n+1

T'n

(Unt1 — ’Un+1)>

= — <un+1 - Un,un+1 = Un> + <un+1 — Up,Unt+1 — Up — = |
n+

r

n (un+1 D Un+1)> 3 (315)

- ||un+1 7 Un||2 + <Un+1 T Up, Un41 — Un —
Tn+1

From (3.15), we have

T'n

(Unt1 — Un+1)>

Hun+1 3" un||2 S <un+1 = Up, Un41 — Un —
Tn+1

T'n

rn+1

Tn
N Up+1 — Up, Unt1 — Un +(1- (un+1 F Un-i—l)
T4t

(un—i-l — Un+1 ) >

— <un+l — Up,Un+1 — Un+1 . Un+1 — Up —

r
< ||un+1 ~ un” Un+1 — Un + (1 = = ) (un+1 - anrl) ’
7An—‘,—l
1
< lungr = unll { long1 — vnll + [rnt1 = ol [tns1 — v |l ) -
Tn-‘r
It follows that
1
[uns1 —unll < [lvngr —vnll + —— [Tnt1 = ol |Unt1 — vnga ||
n
1
S | N g|rn+1 — T [tng1 — V]l -

Hence

1
luns1 — tnll < |lvng1 — vnll + g|rn+1 — T [thng1 — Un+1H . (3.16)
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Since v,, = z,, — rn,Dx,, We have

[ont1 —onll = (Zn+1 = rnp1 D2pgr) — (20 — ra Dy
= [[({ =rps1D) &ns1 — (I = rpD) 24|
= [[({ =rps1D) &ns1 — (I = rppaD) an + (I = rns1 D) — (I = rp D) 24|
< NI =rppaD)angs — (I = rppa D) @nll + |(1 = rnp1 D) an — (I — r D) |
= (I =rnp1D) xngr — (I = rna D) pll + [[(rn — Tns1) Dan|
< zntr — 2ol + [rags — ral [Dzal| - (3.17)

Substitute (3.17) into (3.16), we have

1
||un+1 - un” < an-i-l = Un” i = Ir'rH—l — Tn‘ Hun+1 - Un+1||

A

b= ||37n+1 - 337;” + |Tn+1 Tn| ||D:C”ILH += |T7L+1 sz,| ||Un+1 - Un,+1||

IN

||-T71+1 — Tn || * |Tn+1 T Tn | L + - |Tn+1 Tn| L, (318)

where L = maX,en {||Dznl» [|un —vnll} -

From definition of z,, and (3.18), we have

[@n+1—= @l

= ||anu + BnGxy + v Po (I — Xy (I —T)) uy,
—p1t = Bn1Grn_1 — n-1Po (I —Ap—1 (I —=T)) up-1||

= ||lanu + BnGry — frnGrp-1 + BuGan 1+ vPo (I =X (I =T)) uy
—YPo (I = A1 (T —=T)) tun—1 +7Po (I = A1 (L= T)) U1 — @n—1u
= Bn-1GTn—1 = Ypn—1Pc (I = An=1 (I = T)) up-1|

lan s an—l’ H’LLH b /Bn ”Gx'n [ Gmn—l“ i ‘/Bn 7] ﬁn—l' HGl‘n—l‘l

IN

+ Y [Pe (I =X (I = T)) un = Po (I =X (I = T)) up—1]|
+ [V = -1 [l1Pe (I = An—1 (I = T)) un—1|

o — an—al[[ull + Bnllzn = @n—1ll + [Bn — B 1 [ IGon—1 |
Wl =2 (I =Tt — (I =Xy (L =T)) tin—1 ||

+ ¥ = -1l |[Pe (I = A1 (I = T)) w1 |

= lan —analllull + Bullen — 2n-1ll + [Bn = Bn-1| [|GEn1]]

+ Yol (Un = up—1) = Ay (I = T) gy + Ay (I = T) U1

IN

— )\n (I — T) Up—1 + )\n,1 (I — T) un,1||
+ 1 =l [Po (I = Ana (I = T)) un |
< lom — analllull + Bn l2n = zn—1ll + 180 = Bu-a| GEn1ll

90 (ln = 1|4+ A I = T) = (I = T 1]

N

+An = Anca 1 = T ] )
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+ o =l [lPe (I = Ana (I = T)) up—a ||

IA

lotn, — a1 |ull + Bn |70 — Tn—1l| + |Bn — Ba1| |Gzr—1]|
1
+’Yn(”xn - xn—l” + |’I"n—1 — Tn| L+ g |’/‘n_1 — ’I“n| L
M I =)t = (I = T) |+ A = Aaca | = T) )

+ v = -1l [Pe (I = An1 (I = 1)) up— |

IN

lan — a1 lull + (1 = an) lzn — zp—1 || + 1Bn = Ba—1] (|G-l
1
+|rp_1 —ra| L+ - [rn—1 —ra| L+ A [(T=T)up — (I = T) up—1]|

+ A = A I = T) un—1ll + [y = o1l 1Po (I = Apmt (I = T)) thn—a |

IN

|an - an—1| K+ (1 - an) ||1"n - xn—l” sy \Bn - ﬂn—l‘ K+ |Tn—1 - Tn‘ K

1
+ ; |Tn—1 B 'rn|K+ )\nK+ |)\n - An—l‘ K+ |'Yn *’Yn—1|K-
Then

||xn+1 r 4 :L'n” S |an Ny an71| K + (1 — an) ||xn L\ xnflu + '571 e 57171‘ K + |71n71 - 7'n| K
1
+ = lra = Pl B XK 4+ A = At [ K 4 — | K (3.19)

where
K= e {ull Gzl L = ) e (= T sl N = T) 1

[Pe (I'=An—1 (I = T))up-all, [|Dxnll; lun = vall }

From Lemma 2.18, (3.19), conditions (i), (iii), and (iv), we have

nll—@o |Zni1 = xnl = 0. (3.20)
Step 4. We will show that lim, e ||#n — Gzl = 0. Since w,, = T, (xy — r,Dx,), We
have
ltn — 2> = |Tw. (I —rnD)an — Ty (I —rp,D) 2>

< AI-=ryD)xn — (I —ryD)2,T. (I —r,D)x, —T. (I —r,D)z)
= (I —=rpD)xy— I —1r,D)z,u, — 2)

1
= S (I =raD)an = (I = D) 2 + s — 2|1

— || =rpD)xy — (I —ryD) 2z — uy +Z||2>

1 2 2 2
< 5 (lzn =21 + llun = 21° = | @0 = ) = 7 (D = D2)])

1 2 2 2 2
= 5 (llzn = 21 + lun = 20 = v = wnll® = 72 | D2 - D]

+ 2rp (T — up, Dy — Dz))
It implies that

ltn — 2)|° < llzn — 2|12 = |20 — unl|® = 72 | D2 — D2||* + 20 (@n — un, Dz — D2). (3.21)
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By nonexpansiveness of T,. , we have

lun — 2]

Then

= |T,, (I —rpD)an — Ty, (I —r,D)z|?
< (I =rpD)zy — (I —r,D) 2|
= |(@—2) = rn (Dzn — D2)|
= |- z||2 —2rp (xy, — 2, Dz, — D2) + 1"721 |Dx,, — Dz||2
< l#n — 2|* = 2ray | Dz — Dz|* + 72 || D2, — D2||?
= |lzn — 2 + r (rn — 29) [|D2n — Dz||?
< lzn — 2.
ltn — 2))° < |lzn — 2|12 (3.22)

From definition of z,, (3.10) and (3.22), we have

|znr1~2]"

IN

IN

IN

<

which implies that

o (w — 2) + By (Gt — 2) 4 n (Po (T =i (1 = T))uy, — 2)]I°
I =2 + Br [Gon — 201° + 3 [1Pe (I — X (T = T)) up — 2|
— By 1P (T =X (I — T)) i, = G |®

an [t = 2] + Bn |Gon = 2|° + 7 fun = 21

— Bun | Po (I = X (I = 1)) un,— Gy f|*

ol — 274 B3 |Gon = G2l + o w21

= Buvo | Po I = A (I = T)) un = G ||®

ap fl— 2>+ By o= 2> + 70 | 2n —2I°

= B ||Pe (I = Ap(T= T)) ti, = Gy |*

an o= 2>+ {1 —an) on = 2

— By 1P (T =X, (I = T)) thy, = Gy ||*

an [Ju— Z||2 + (|77 — Z||2 = Bam||Po I — X0 (I —T)) up — Gxn“Qv

B |Po (I =Xy (I =T)) up — GCﬁn”2

<

IA

2 2 2
an [[u—z|" + [lzn = 2|7 = 2041 — ]|
2
an [lu= 2"+ (lzn = 2l + [|2nr1 = 2[) (lzn = 2l = |20 = 2])
an lu = 2" + (I = 2l + l|znt1 = 2]) @t — ]l - (3.23)

From (3.20), (3.23), conditions (i) and (i), we have

im || Pe (I = A (I = T))un — Gay|| = 0. (3.24)
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By definition of z,,, we obtain

Tpnp1—Pe(I=XAp(I-T))up = an(u—Pc(I =Xy (I =T))uyp)
+ﬁn(Gxn_PC(I_/\n(I_T))un)
+9% (Pc(I =2 (I —T)up —Pc(I =Xy (I =T))uy) .

It follows that

Tpp1—Pe(I=XAp(I=-T)tup = an(u—Pc(I =Xy (I =T))uy)
+ Bn (Gxyy — Po (I =X\, (I —=T))uy),

which implies that

Hxn+1 - Pe (I = A (I - T)) Un” = HO‘n (U - Pc (I =An (I - T)) un)

+ B (Gxyy — Po (I =Xy (I =T))uy) ||

< anflu—Po (I = A (I =T))unl|
+ Bn Gy, — Po (I =X (I =T)) un||.
From (3.24) and condition (i), we have
Aim Jzne: — Po (I = X (I = T))ualt = 0. (3.25)
Since
|z = Po (I =Xy (I =T))unl| = ||€n — @pny1 +Tni1 — Po (I =X (I = T)) uyl|

S Nz = @npall + llengr = P (I = A (I = T)) unll,
(3.20) and (3.25), we have
Uiz~ Po (L= A (I =T)) un]| =0. (3.26)
By definition of z,, we obtain
Tl — Tp = ap (U—2p) + Bn (Gxp, —xn) + Yo (Po (I =Xy (I =T)) up — x4) -
So, we get

BulGrn —znll = ||Tnt1 — 20 —an (u—2n) =y (Poc (I = A (I = T)) up — ) ||

IN

||xn+1 - an + a |lu — an +Yn |1Po (I =X (1 — T)) Up — an .
From (3.20), (3.26), conditions (i) and (i), we have

im ||Gan — 24| = 0. (3.27)
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Step 5. We will show that lim,, . ||, — 2,|| = 0. By nonexpansiveness of T;., , we have

l|n — Z||2 = ”Tm (I —rnD)xpy — T, (I —rnD) Z”2

Then

< (I =rD)zy — (I —1,D) 2|

= |l(@n = 2) = rp (Dy — D))

= |l@n — 2|* = 2rp (xn — 2, Dz, — Dz) + 12 || Day, — Dz|?
< N — 22 = 200y 1Dy — D2|* + 12 | Dy — D3|

= |lzn - 2”2 — 7 (2y = 1p) | Dy — DZ”2 .

ltin — 2||> < [|2n — 2| = 7 (27 — ) | D2y — D2|)°. (3.28)

From definition of z,, (3.10) and (3.28), we have

2
[Ent1 =27 =

IN

IN

IA

It implies that

T Yn (27 = 7)) || D2y = DzH2

etn(u — 2) + B (Gany — 2) 470 (Po (I = Ay (L= 1)) u, — 2)]|°

o |lu— 2)1* 4+ B [|Gan — 201> + 70 | Po (T = A (I = T)) uyy — 2|

an flu~ ZH2 T BullGzn — G'Z”2 + [ Pe (T =2 (I = T)) up — Z||2

Ap ||U = ZH2 ¥ Bal#. 7 ZH2 + ALY Z||2

o =2 B, e 2l 3 (flea < 2P =7, (27 =74 [Da, - D=1
2 2 2 2

anflu—2)" + B l|Zn = 2| + W llZn = 2" = 7a¥n (27 — rn) || Dz, — D2||

an lu =212+ (1 = o) & = 2” = Fuyn (27 = 1) [ Dz, = D2

om lu =22 + lzn = 21> = rnyn (27 = 72) |Dzn — Dz|)?. (3.29)

IA

an |[u— ZH2 + lzn - ZH2 “Nzni1 — ZH2

2
= an [u—=~|

+ ([lon = 2 + lzns1 = 2l) (lon = 2l = [[2n41 — 2[])
< anffu =2l + (|zn = 2l + 2t 1= 21) |Tn1 — -
(3.30)
From (3.20), (3.30), conditions (i) and (ii), we have
lim || Dy, — Dz|| = 0. (3.31)

From definition of z,, (3.10) and (3.21), we have

41 — 2

IN I IA

IN

llom (= 2) + By (G = 2) + 0 (P (T = A (I = T)) up — 2)]I*
an |lu= 21 + Bu |Gan = 2[|* + 9 | Po (I = Ay (I = T)) up — 2|
an [l = 2|* + Bu |G — G2* + 9 | Po (I = A (I = T)) up — 2|
an [lu = 2|* + Bu llzn = 21* + 7 [l = 21|

o [lu = 2| + By |20 — 2|
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+ 90 (llzn = 20 = llzn = wnl” = 72 | Dy, — D2

+ 2ry (@ — Up, Dy, — D2) )

IN

an |lu — 2”2 + B llzn — 2”2 + Yo l|Tn — 2”2 = Yo |0 — UnH2

+ 2rpYn (Ty — Uy, Dx, — D2)

IN

o235 ||u - Z”2 + Bn ”mn - Z”2 + ||xn - 2”2 —Tn ||a7n - unH2
+ 2109 |0 — un|| || D2y — Dz||

2 2 2
= Qpn ||u — 2|7+ (1 - an) |lzn = 2||" = vn |20 — Un”

+ 2rnn |0 — un|| | Dzn — Dz

IN

Qp Hu - 2”2 + ”frn = ZHQ — Tn ”xn - UWH2

+ 2rpyn |20 = un|| | Dz, — Dz

which implies that

Yo [T — unH2 < apllu— ZHz +lzn ~ ZHQ WEnd = ZH2
+ 2r Y (|20 — un | [[Dzn — D2
= o [[o =2+ (en = 2l Hllwnpr = 2]) (lzn =2l.= [2ns1 - 21I)
+ 27090 |20 — un|| || D2y — D2||
< gl =21 + (Jon = 2l ¥ lTats = 2l) l2ass ~wn]

From (3.20), (3.31), (3.32), conditions (i) and (i), we have
Um ||z, —u,|| = 0. (3.33)
n—o0

Step 6. We will show that limsup,, . (u— 20,2, — 20) <0, where zy = Psu.

To show this equality, take a subsequence {z,,} of {=,} such that

limsup (v — 20,z — 20) = M (u = 20,2, — 20) - (3.34)

s k—00

Without loss of generality, we may assume that x,, — w as k — oo where w € C.
We first show that w € EP (F, D) , where D =aA + (1 —a) B for all a € [0,1].
From (3.33), we have u,,, — w as k — cc.

From (3.4), we obtain

1
F(un7y)+<Dajnay—un>+r<y_un7un_xn> 207 vyec

n

Adding F (y,u,), we have

1
F(umy)+F(y,un)+<Dzn,y—un>+7<y—umun—xn> > F(y,un), Vy € C.

n

Using (A2), we obtain

1
<Dxnayfun>+7<y7unaun7xn> ZF(y,un), vy € C.

n
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[t follows that
(DT, y — uny) + % (Y — Unys Uny — Tny) > F (y,un, ), Yy € C. (3.35)

Put z; :=ty+ (1 —t)w forall t € (0,1] and y € C. Then, we have z € C.
By (3.35) substitute y = z; € C, we have
(Dxp,, 2t — Un,, ) + 7”; (2t — Uny, Uny — Tny) = F (2, un, )
and adding (z; — u,,, Dz;), we obtain
(2t — Un,, Dzt) + (Dxpy, 2t — Un, ) + i (2t — Uny, Uny — Tny) = (2t — Uny, Dze) + F (2, up,,) -

It implies that

(2t — Un,, Dzy)

Y

(2t =Un,, Dz) — (2t — Uny,, DT, )

1
I <Zt ~ unmunk ri ‘T'ﬂk> + F (Zt7unk-,)
Ty,

= (2t —Upn,, Dzt) — (2t — Un, , Dxy,)
Uy, — T
e <Zt y unkv M> o F(Zhunk)
YA
Uny, = Ty,
o) <Zt T. Unk,DZt i< Dxnk> = <Zt — Uny,, —7’—> o F(zhunk)
n
= (2t —Un,, Dzt — Dun, + Duy,,, — Dy,)
Yo <Zt AV M> 4 F (24, tn,)
P
= (2t — Uny, D2zt — Duy,) + (2t — Un,, Dty,, — Dy, )
Up, — Tp
= <Zt = Unka u> 2 F(ztvunk) .
Try
Then
(2t — Un,, Dze) > (z0 — Unyy Dzp — Dug,) + (26 — Un, , Dy, — Day,)
—z
— <zt — Un,,, u""m“> + F'(2¢, un, ) - (3.36)
Ty

Since D is y-inverse strongly monotone, we get

Y ”Dunk - D:Em;HQ < <unk - xnk’Dunk - D'Tnk>
< Hunk — Ty, ” ”Duﬂk - D'I"k H .
Therefore,
By (3.33), we have
UM ||un, — Zn, || = 0. (3.38)
k—o0

From (3.37) and (3.38), we obtain

kUm | Duy,, — Dy, || = 0. (3.39)



Further, from monotonicity of D, we have
(2t — un,, Dz — Duy, ) > 0.

From (3.36) and monotonicity of D, we get

26

Um (z; — up,, Dz) > ktim (2t — un,, Dzy — Dup, ) + im (2 — up, , Duy, — Dxy,)
— 00

k—o0 k—o00

, Upy — T .
— lm {2y —up, , —2—2 % + lim F (2, up,)
k— o0 Tn k—o0

> lim F (2, un,) -

k—o0
Then
m (e =un,., D) > lim P (z,un,)
From w,, — w as k = oo, (3.40) and (Ad), we have
(A=, P> B (2,8).

From (A1), (Ad4) and (3.41), we also have

(V2 F(Zt,Zt)

= Fzty+ (1 —t)w)

< tF (z,y) + (1 =) F (21,w)

< HF (ze,y) + (L =1) (2t — w, Dzy)

= tF (zt,y) + (L —=1t) (ty + (1 = t)w — w, Dz)
= tF (2t,9) + (1 =¢) (ty = tw, Dz)

Z tF () + (1 =1) t (y = w, Dz

It implies that
OSF(ztvy)+(1_t) (y_w7DZt>a

forall t € (0,1] and y € C.
Since z, — w as t — 0T, then we have Dz, — Dw as z, — w and t — 0.
Letting t — 0% and using (A3), we have
0 < Um (F(z,y) + (1 —1)(y —w,Dz))
t—0t

im F(z,y) + im (1 —¢t)(y —w, Dz)

t—0t t—0t
= lm Fly+(1—-tw,y)+ lim (1—1t)(y —w, Dz)
t—0+ t—0+

IN

F(w,y)+ Uim (1 1) (y —w, Dz)
t—0t

F(w’y)+<y_vaw>'

(3.40)

(3.41)
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Then
0<F(w,y)+ (y —w,Dw) Yy € C. (3.42)

Therefore
we EP(F,D), (3.43)

where D =aA + (1 —a) B for all a € [0,1].
Next, we will show that w € F(T'). Since

1Pc(I=Xn(I=T))up—un|| = [|Pec(I=An(I—=T))up —xp + Ty, — ty]]

IN

|Po (I = An (I =T))un — znll + |20 — unl
by using (3.26) and (3.33), we have

Um ([Po (I — M (I = T)) iy = || = 0. (3.44)

n— oo

From Remark 2.21, we have F (T) = F (Pg (I = M\, (I = T))).
Assume that w# Po (I =X, { = T)) w.

Since u,, — w as k — oo, Opial’s property, (3.44) and condition (i), we have

Um inf [, =l < Uminffin, — Po(I'= A, (I = T)) o

liminf <Hunk & Pl Do (i i

k—o0

+ Po (1= A (= T)) ttmy, = Po (I = Xy (T = T)) 0] )

IN

iminf ( et 2 P (1L A= ) Yt |

+ 1P (I = A (I =), — Po (1= X, (L=T) 0l )

VAN

liminf ( H’Uznk — P (I 5 )\nk (I 3 T)) unk,”

k—oo

U= M (@ T) i, =L =D, (1= T)) )

U inf (s, = Po (1= Au,, (F = T)) v |

o iy =0+ A (1= T) =X, (L= T) i, | )

IA

im mf(uunk = Po (I = A (I =T)) un, |

N, =@l X, 1 =Tt — (I = T) ]|

= U]L’ﬂ inf ||un, —wl|. (3.45)

This is a contradiction. Then
we F(T). (3.46)

Next, we will show that w € F(G). From (3.27), we have
Um [|Gzyp, — 2, || = 0.
k—oo
From the nonexpansiveness of G, z,, — w as k — oo and Lemma 2.15, we have

weF(G). (3.47)
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From (3.43), (3.46) and (3.47), we can deduce that w € §.

Since z,, — w as k — oo and w € §, then, by Lemma 2.12, we can conclude that

limsup (u — zo, 2, — 20) = klim (u — 20, %n, — 20) = (u — 20,w — 20) < 0. (3.48)

n—oo

Step 7. Finally, we will show that {z, } converges strongly to zy = Pzu.

From definition of z,, and (3.10), we have

lTni1 — 20||2 = |lan (u— 20) + Bn (Gr — 20) + V0 (Po (I = A (I = T)) tp — ZO)”Q
1Bn (G — 20) + 40 (Po (I = An (I = T)) up, — ZO)HQ

IN

+ 20, (U — 20, Tpt1 — 20)

ﬁn HGIH 5 20”2 + Tn ||PC (I — /\n (I - T)) Up — ZOHQ

IN

+ 20, (U — 20, Tpy1 — 20)
= Bn Gy~ Gz0H2 Al Po(F=X0 (I —T))up = ZOH2
+ 20, (U= 20, i1 — 20)

Brllzn — ZO||2 + Yl Po (L =X (L~ T)) un— ZOH2

VAN

4+ 20én <U — 20, xn—&-l b Zo>

IN

Bn “xn B 20”2 + Yn Hun — ZO”2 + 20, <U — 20, Ln+1 — ZO>
= Bullzn ~ Z0||2 + Y T, (D= D) @g ~ T (F—1n D) ZO||2

4 200, (U =204 Trp1 — 20)

IA

B llzm— 2ol P4 v 2tm =203 + 20 (w0 =207 @ms1 — Z0)

(Br+Yn) Hmn I 20”2 + 20, (U — 20, Tpy1 — 20)
= (1= an) ||zn = 20| + 20 (u— 20, Tnip1 — 20) -
From (3.48), the condition (i) and Lemma 2.19, we can conclude that {z,} converges

strongly to z = Pzu. By (3.33), we have {u,} converges strongly to zy = Pzu. This
completes the proof. []

Remark 3.2. By using Theorem 3.1 and Lemma 2.26, putting F(G) = VI(C,A") N
VI(C,B'), we have {z,} converges strongly to zo = Pzu.



Chapter 4
Applications

In this chapter, we apply the main results to solve the variational inequality,
equilibrium, nonexpansive mappings of «, 3-inverse strongly monotone mappings and

the general split feasibility problems in Hilbert space.

4.1 Approximation theorem for fixed point problem and

modification of variational inequality problem

Theorem 4.1. Let C be a closed convex subset of Hilbert space H and let F: Cx C —
R be a bifunction satisfying (A1) - (A4), let A,B, A", B’ : C = H be «,3,d,'-inverse
strongly monotone, respectively. Define G : C — C by Gz = Po (I — M A') (az + (1 — a)
Pc (I —XB')z) for all z € ¢ with A\; € (0,20/) and X\; € (0,28). Let T : C —» C
be k-strictly pseudononspreading mapping for some « € [0,1) with = F(T) N F (G) N
VI(C,ANVI(C,B) =+ @forallae (0,1). Let {z,} and {u,} be the sequences generated
by z1,u € C and

{ Up = Po (I —rp (aA+ (1 —a) B)) 2, (4.1)

Tna1 = Qpu+ BnGay + 9 Po (I — X, (I —=T)) wp, Vn € N,

where {a,}{B.}{m} € [0,1], A\n € (0,1 — k), an+ Bn +9 = 1,¥n € N and {r,} C
[0,27], v = min{a, 8} satisfy;

() Y2, o =00, IMpeean =0, Y o2, < 00;
(i) 0<e<Brmm<d<l 0<e< r<f<2y;
(iii) UMy, soo [rne1 — ) = 0;

(V) 002 loms1 — ] < 00, 3252 [Bnts — Bal < 00
Then {z,} converges strongly to zy = Psu.

Proof. From (3.1) putting F = 0 in Theorem 3.1, we have

1
0< <(aA—|—(1—a)B)xn,y—un>—|—7<y—un,un—xn>.

n

Multiplying r,,, we get that

0

IN

(rn(@A4+ (1 —a)B)x,,y — up) + (Y — Un, Uy — Tp)
(rn (@A 4+ (1—a)B)x, + Uy — T,y — Up)

= (up—(tn —rn(@A+ (1 —a)B)z,),y — un)
(

Up — (I —7rp (@A + (1 —a)B)) zp, Yy — un) .
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It implies that
(tp — (I — 19 (@A + (1 — @) B)) @n,y — un) > 0, ¥y € C.
From Lemma 2.12, we have
U, = Po (I =71, (aA+ (1 —a) B)) z,,. (4.2)
Then, we have (4.1). Since F =0, we obtain
EP(F,aA+ (1—a)B)=VI(C,aA+ (1 —a)B)
=VI(C,A)NVIC,B).

From Theorem 3.1, we can conclude the desired conclusion. L]

4.2 Application for system of variational inequality problem and

equilibrium problem

Theorem 4.2. Let C be a closed convex subset of Hilbert space H and let F: Cx C —
R be a bifunction satisfying (A1) - (A4), let A,B,A’,B": C — H be «,3,d,5'-inverse
strongly monotone, respectively. Define G : C = C by Gz = Pc (I — M A") (az + (1 — a)
Pc (I =XB')z) for all z € C with Ay € (0,2¢/) and X, € (0,28). Let T : C — C be
k-strictly pseudononspreading mapping for some « € [0,1) with § = F(T) N F(G) N
EP(F,A) # o for all @ € (0,1). Let {z,} and {u,} be the sequences generated by

z1,u € C and

{ F(unay)+<Axnay_un>+%n<y‘unvun*1'n> Zov VyGC, (4 3)

Tnp1 = apu+ By Gay + v Po (I = Xy (I =T)) up, Yn €N,
where {a, } {8} {1} C [0,1},A\n € (0,1—K); an+Bn+7n = 1,¥n € Nand {r, } C [0,27],7 =
min{a, 3} satisfy;
() Y02 an=00, liMp5e0 =000 4 X < 00;
(i) 0<ec<Bum<d<l, 0<e< r, <f<2y;

(”I) Umn—>oo |7'n+1 - T'n| = 07

(|V) chzl |O‘n+1 - O‘n‘ < 09, ZZC::[ |ﬁn+1 - Bn‘ < 0.
Then {z,} converges strongly to 2y = Pzu.

Proof. From Theorem 3.1, putting A = B, we have
1
0 < F(Umy) + <<aA+ (1 - a>A)xn7y_un> + 7 <y_un7un _mn>

n

1
= F(unvy)+<Ammy_un>+7<y_un7un_xn>~

n

It implies that

1
F(unvy)+<Axn7y_un>+7<y_unaun_xn> Zoa VyeC

n

Then, we have (4.3). From Theorem 3.1, we obtain the desired conclusion. []
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4.3 Application for nonexpansive mappings of «, s-inverse strongly

monotone mappings

Theorem 4.3. Let C be a closed convex subset of Hilbert space H and let F: Cx C —
R be a bifunction satisfying (A1) - (Ad), let S, 5" : C — C be nonexpansive mappings and
let A, B’ : C — H be o/, p’-inverse strongly monotone, respectively. Define G: C — C
by Gz = Po (I — MA') (ax+ (1 —a) Po (I — X\B')z) for all z € C with A\; € (0,2a/) and
Ay € (0,28). Let T : C — C be x-strictly pseudononspreading mapping for some
k€[0,1) with §=F(T)NF(G)NF(S)NF(S") # o forall a € (0,1). Let {z,} and {u,}
be the sequences generated by x;,u € C and

{ tn = Po (L= (a(I=8)+(L=a) (L = ")) an, (@.0)

Tnt1 = @pt + BnGay + 9 Po (I — XNy, (I =T)) uyp, Yn €N,

where {a, },{Ba},{m} € [0,1], A\ € (0,1 = k), an+Bn +9. = 1,¥n € N and {r,} C [0,29],
0 <y < 3 satisfy;

() S F o, =i edled 3t 2700 Nt
(i) 0< csBn, 0 <AL, O< < £ f <29,
(i) iMoo [Png1 = 70| = 0;

(iv) Yrem o e 11801 K28R Dl |l X \o5
Then {z,} converges strongly to 2o = Psu.

Proof. If we let §,5’ : C — C are nonexpansive mappings, we have A = I — S and
B =1-8 are j-inverse strongly monotone. By using Theorem 4.1 and Lemma 2.25,
we obtain the conclusion. []

4.4  Application for the general split feasibility problem

Theorem 4.4. Let C,Q be a closed convex subset of Hilbert space H;, H, respectively
and let F: C x C — R be a bifunction satisfying (A1) - (A4) , let A", B’ : C — H, be
o', f’-inverse strongly monotone, respectively. Let A;, B; : H; — Hs be bounded linear
operator with Af, B} are adjoint of A; and B;, respectively and L = max{La,,Lg,}
where L,, and Lg, are spectal radius of AfA; and B} B; with i = 1,2. Define G: C — C
by Gz = Po (I — MA') (ax + (1 —a) Pc (I — \2B')x) for all z € C with A\; € (0,22/) and
Xy € (0,28). Let T : C — C be k-strictly pseudononspreading mapping for some
k €[0,1). Assume that § = F(T)NF(G)NT'1 NIy # @, where T'; = {x € C : Ajz, Bir € Q}
foralli=1,2and a € (0,1). Let {z,,} and {u, } be the sequences generated by z;,u € C
and

{ tn = Po (I =1y (a(I = W)+ (1= a) (I = Wa))) 2o, (4.5)

Tnt1 = Qptt+ BnGayn + nPo (I — A\ (L —T)) wn, Yn €N,
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where

2 2
Wa— Po <IG<A2(I—PQ)A2 LB (I—PQ)BQ)»

S (I_a<A1 (I-Po)A  Bj (I—PQ)31)>7

2 2

and {a, },{Bn {1} € [0,1], \p € (0,1—K), ap+Pn+yn =1,¥n e Nand {r,} C [0,27], v =
min{«, B} satisfy;

(D) Y2 ap =00, iMyseca, =0, 307\, < o0;
(i) 0<ec<Bp,mm<d<l 0<e< r, <f<2v;
(i) UMy oo [Pne1 — 70| = 0;

(iv) 302 fant1 — aml <00, Y02 [Bni1 — Bl < .
Then {z,} converges strongly to 2y = Psu.

Proof. By using Lemma 2.24 and Theorem 4.3, we have the desired conclusion. []



Chapter 5
Examples and Numerical Results

In this chapter, Example 5.1 and Example 5.2 are given for supporting Theorem

3.1 and Theorem 4.1, respectively.

Example 5.1. Let R be the set of real numbers, C = [-50,50], and H = R. Let
A,B,A',B": C — H defined by

2 1 3z —7
v and Bz = x?’ forall z e C.

2 4
A$=x+§, Bx:x—g, Az =

It is easy to see that A, B, A’, B’ are l-inverse strongly monotone with a, 3,0/, 3" = 1.
Then, we can choose A, = 1, X, = 2 € (0,2) and a = 3 € (0,1). Let the mapping

G : C — C be defined by

_ ~L N, _3p
G:v—PC<I 2A>(2x—|—2PC(I 7B>x>,Vx€C.

Let T" be a mapping from C into itself defined by Tw = z for all z € C. It is easy to see
that T is {-strictly pseudononspreading. Let F: € x C — R defined by

F(zyy) = =522 4 zy — 4y, Vz,y € C.
By the definition of F, we have

I
0 < F(un,y)—i—<(aA—|—(1—a)B)mn,y—un>—|—; (Y — Uny Uy — Tp)

n

= (_5u72’L N Uny + 4y2) + (xn) (y T un) IiE ;‘ (y = Un) (un - xn)

n

1
(75u721 + uny + 4y2) + (Tpy — xpup) + — (uny — Tply — ui + unxn)
n
<
0 < Tn(_5ui + uny + 4y2) + Tn(xny Y, ‘rnun) + (uny —TnY — ui in unmn)

— 57'nu,21 + Uy + 47'ny2 + TnTpY — TnTply + UpYy — Tpy — ui + upx,

2 2 2
- 4Tny + (Tnun + T'nTn + Up — In)y e 5rnun —TpnTnln — Un + Un Ty -

Let Q(y) = 4r,y? + (ratn + TnTn + Uy — T0)Y — DU — rpZptun, — u2 + upz, Which is a
quadratic function of y with coefficient a = 4r,,,b = r,up, + 1020 + Up — T, ¢ = =51 U2 —
TnLnly — u% + UpLp.

Determine the discriminant A of @ as follow:

A b? — dac

(rptn + rozy, + up — xn)z — 4 (4ry) (75rnui — PpTply — ufl + unxn)

2,2 2 2 2 2,2 2
= Ty U, + T Tty + TpUy, — TpTply + TpTply + 7,T, + TpTply — TRy,

2 2 2 2
+ TRy, + rpXply + Uy, — UpXy — TpTply — T, — Tply + T,

— 16r, (—5rnui — Ty — ui + unmn)
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2,2 2 2 2 2,2 2 2 2
= TpU, + ToTnply + Ty, + ThTplUn + 7T, — ThX, + Taly, + U, — UpTy

— rnxfl — TplUn + xi + 807‘,2Lui + 16r2xnun + 16rnui — 16r,unx,

2
n

= ul +18r,u? + 81r2u2 + 18r2x,uy, — 2unty, — 167, U2, + 12
—2r,2? + a2

= (un +9rnty)” +2 (un + 9rnty) (1 — 1) (20) + ((ry — 1) 2,)?

= (Un + 9Irnun + (rn — 1) z,)?

= (un +9rpun + T, — xn)2 .

We know that Q(y) > 0,Vy € C. If it has at most one solution in R, then A < 0. So we

obtain
Uy, = L=rn Ty (5.1)
1+9r,
Let z; € C and {z,} generated by (3.1) with a,, = 5,8, = 224, = L\, =
n(++1) and r, = -5 for all n € N. It is clear that the sequences {an}, {8n}, {7n}, {An}

and {r,} satisfy all the conditions of Theorem 3.1. From Theorem 3.1, we have
0 € F(T)N F(G)N EP(F,aA+ (1 - a)B). Therefore, the sequences {z,} and {u,}
converge to 0. They are rewritten as follows:

i — 71
Un = T1or, In
Tpt1 = —B%u—l— SEEQGZE»Q + %,L‘P[,50750] (I == m([ i T)) U, Vn € N.

The following table shows the values of sequences {z,} and {u,} with initial values

u=axz = =5 u=x =5and n=10.

Table 5.1: The values of {u,} and {z,} with n = 10.

Uu=x1 = —5 u=x1 =5

n Un Tn Un Tn

1 -0.454545 -5.000000 0.454545 5.000000
2 -0.096114 -2.018398 0.132189 2.775974
3  -0.028161 -0.872988 0.039299 1.218256
4 -0.008936 -0.366386 0.012489 0.512053
5 -0.002964 -0.151174 0.004144 0.211323
6
7
8
9

-0.001012 -0.061739 0.001415 0.086307
-0.000353 -0.025045 0.000493 0.035011
-0.000125 -0.010111 0.000175 0.014135
-0.000045 -0.004068 0.000062 0.005686
10 -0.000016 -0.001632 0.000023 0.002281
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Figure 5.1 is the values of the sequences {z,} and {u,} derived from Table 5.1.

0 —————T = 5
/—( .- " \
.1 i) \
05 -7 R g
. n v
. \
- . \
‘. \
’ '

and
o
o
X, andu
N
o

(@) u=x1=-5 b)u=z1=5

Figure 5.1: The convergence of the sequences {z,} and {u,} with different initial value u = z;
and n = 10.

Example 5.2. Let H = R be the set of real numbers and C =[-60,60]. Let A, B, A", B’ :
[—60,60] — R defined by

9

5 6 17 8x — 15
Aa;zas—i—Q, Blpe= iz -1

7 ,A'x:x—g and Bz = forall zeC.

It is easy to see that A, B, A’, B’ are l-inverse strongly monotone with o, 3,0/, 8" = 1.
Then, we can choose A1 = 2,X; = 12 € (0,2) and a = ; € (0,1). Let the mapping
G : C — C be defined by

3 1 1 16 ,
=Po[l-—=-A S g Bl 2 B eC.
Gx C( 8 )(233 5 o( 17 )x), Ve e C

Let T be a mapping from C into itself defined by

TR

-3z if z € [—60,4),
x if z € [4,60],

forall z € C. It is easy to see that T is i-strictly pseudononspreading. Let z; € C and

{z,} generated by (A.1) with a, = -, 8, = 22=2 4, = L\, = m and r, = A5 for
all n € N. It is clear that the sequences {a,.}, {Bn}, {7}, {\n} and {r,} satisfy all the
conditions of Theorem 4.1. From Theorem 4.1, we have 4 € F (T)NF (G)NVI (C, A)N

VI (C,B). Therefore, the sequences {z,} converge to 4. They are rewritten as follows:

{ Un = Pl—0,60) (I — a7 (GA+ %B)) T,

bt = w122, + LB oo (I — e (I - T)) Un, ¥n € N.
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The following table shows the values of sequences {z,} and {u,} with initial

values u =27 = —10, u = z; = 10 and n = 65.

Table 5.2: The values of {u,} and {z,} with n = 65.

u=uwx1 =—10 u=x1 =10
Un Tn Un Tn
-5.825000 -10.000000 4.175000 10.000000
-3.398284  -4.272426  3.807598  6.536397
-0.421304  -0.011739  3.279327  4.922436
1.422855 2.191068  3.086929 4.271162
2393454 3202145  3.090323  4.038388

o A W N~ |3

30 3.815258 = 3.997434  3.815258 3.997434

61 3.908289 = 3.999408 = 3.908289  3.999408
62 3909754 ~ 3.999427  3.909754  3.999427
63 3911173 3999446 .~ 3.911173 ' 13.999446
64 3912549 3999463 @ 3.912549  3.999463
65 3.912549  3.999480 = 3.912549  3.999480

Figure 5.2 is the values of the sequences {z,} and {u,} derived from Table 5.2.

— - = - T
‘ 24 x 7
K n
u i
2 | n 9t
J '
'
!

x_and u
n 'n
x_and u
n n

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
n n

(@) u=z1=-10 b) u=xz1=10

Figure 5.2: The convergence of the sequences {x,} and {u,} with different initial value u = z;
and n = 65.



Chapter 6
Conclusions and Suggestions

In the last chapter, we summarize all the theorems and applications obtained

from the thesis.

6.1

(1)

Conclusions

Let C be a closed convex subset of Hilbert space H and let F : C x C —
R be a bifunction satisfying (A1) - (Ad), let A,B,A",B' : C — H be a,p,d,5'-
inverse strongly monotone, respectively. Define G : ¢ — C by Gz = Po(I —
MA ) (az + (1 —a)Po(I — X2 B')z) for all z € C with \; € (0,2a') and Ay € (0,28).
Let T': C = C be x-strictly pseudononspreading mapping for some « € [0, 1) with
S=FT)NF(G)NEP(F,aA+ (1-a)B) # @ foralla € (0,1). Let {z,,} and {u,} be

the sequences generated by z1,u € C and

F(Un,y) I <(aA + (1 = a)B)xn,y W un> + i <y - Up, Up — ATn> > O,Vy S 07
Tnt1 = AnU~+ BnGxy + ¥ Po(I — A (I = T))up, ¥n € N,

where {a,,}, {Bn}, {7} C10,1], M0 € (0,1 — k), 0 + B + 70 = 1,¥n € N and {r,} C
[0,27], v = min{a, 8} satisfy;

(Y22 Cd=gd \ I8, 2, St e, & of;
(i) 0<c<Br,yn<d<l, 0<e< 1 < f<2y;
(i) UMy 0 [Fng1 = 7] = 0;

(V) oo fdent1 =anl <o0s) 30211 Bnts = 8| (< 0.

Then {z,} converges strongly to zy = Psu.

Let C be a closed convex subset of Hilbert space H and let F: C x C — R be
a bifunction satisfying (A1) - (A4), let A,B,A",B" : C — H be «,3,d/,'-inverse
strongly monotone, respectively. Define G : C — C by Gz = Po (I — M A') (az +
(1—a) Pc(I—XB')z) forall z € C with A\; € (0,2¢/) and Xy € (0,28). Let T :
C — C be k-strictly pseudononspreading mapping for some « € [0,1) with § =
F(T)NF(G)NVI(C,A)NVI(C,B) # @ forall a € (0,1). Let {z,,} and {u,} be the

sequences generated by z1,u € C and

Up = Po (I =1, (aA+ (1 —a)B))zy,,
Tnt1 = @+ BnGay + nPo (I — Ay (I = T)) up, Yn €N,

where {a,},{B:},{m} € 0,1], A\ € (0,1 — k), an+ Bn +7n = 1,¥n € Nand {r,} C
[0,29], v = min{a, 8} satisfy;
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()Y o =00, IMyyecan, =0, 3°0 A\, < o0;
(i) 0<e<Bp,ym<d<l, 0<e< 1, < f<2v;
(iii) Umy oo [Png1 — 70| = 0;

(iv) Y02 lamgr — an| <00, Y02 [Bni1 — Bl < oo

Then {x,} converges strongly to zy = Psu.

Let C be a closed convex subset of Hilbert space H and let F: C x C — R be
a bifunction satisfying (A1) - (Ad), let A,B,A",B’ : C — H be «,3,d/,'-inverse
strongly monotone, respectively. Define G : C — C by Gz = Po (I — M A') (az +
(1—a)Pc(I—X\B)z) for all z € C with Ay € (0,2¢/) and X, € (0,28'). Let T :
C — C be r-strictly pseudononspreading mapping for some « € [0,1) with § =
F(T)NF(G)NEP(F,A) #+ o forall a € (0,1). Let {z,} and {u,} be the sequences
generated by z;,u € Cand

F(unay)+<Axn7y_un>+i<y_unaun_mn> 207 VyG Ca
Tp41 = QU + BnGp + v Po (I - An (I - T)) Un, VN € N,

where {a,},{8:.},{7} € 10,1}, A\ € (0,1 = k), + Bp + 70 = L,¥n € N and {r,} C
[0,27],v = min{a, B} satisfy;
(= 2Py g ol LA e Y, AN O\ P g lodl:
(i) 0<e<Brym<d<l,0<e< r, < f<2v
(i) My oo [rug1 = 1| = 0;
(iv) 3207 lompr—am| < 00, 3577 ) |Brt1 = Bal < o0

Then {x,} converges strongly to 29 = Psu.

Let C be a closed convex subset of Hilbert space H and let F: C x C — R be
a bifunction satisfying (A1) - (Ad), let S, S : C — C be nonexpansive mappings
and let A, B’ : € — H be o/, '-inverse strongly monotone, respectively. Define
G:C — CbyGr=Po(l—MA)(ax+ (1 —a)Po (I —X2B')x) for all z € C with
A1 € (0,2¢) and Ay € (0,23"). Let T': C — C be x-strictly pseudononspreading
mapping for some x € [0,1) with § = F(T)NF(G)NF(S)NF(S") # @ foralla € (0,1).

Let {z,} and {u,} be the sequences generated by z;,u € C and

un = Po (I —rn(a(l = 8)+ (1 —a)(I = 5)) @,
Tpt1 = anu + BnGry + Y Po (I = Ay (I = T)) up, Yn €N,

where {a,},{B.}, {7} € [0,1], A\ € (0,1 — k), an+ Bn +7n = 1,¥n € Nand {r,} C
[0,27],0 < v < 3 satisfy;
(D) Y0 o =00, iMoo, =0, 300, A, < o0;

(i 0<e<Brm<d<l, 0<e< r, < f<2y
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(iii) UMy, oo [Tne1 — 7| = 0;
(IV) Zzozl |an+1 - an| < 00, 2211 |5n+1 - ﬁn| < oo.

Then {x,} converges strongly to 2y = Psu.

(5) Let C,Q be a closed convex subset of Hilbert space H;, H, respectively and let

6.2

F:C x C — R be a bifunction satisfying (A1) - (Ad) , let A, B’ : C — H, be &, 3'-
inverse strongly monotone, respectively. Let A;, B; : Hy — H, be bounded linear
operator with A}, B} are adjoint of 4; and B;, respectively and L = max{Lau,, Lp, }
where L4, and Lp, are spectal radius of A;A; and B;B; with i = 1,2. Define
G:C — CbyGr=P:(I—-MA)(ax+ (1 —a)Pc(I—XB')x) for all z € C with
A1 € (0,2¢) and Ay € (0,28"). Let T+ C — C be x-strictly pseudononspreading
mapping for some « € [0,1). Assume that § = F(T)n F(G)NT; NIy # @, where
Iy={zeC:Amx,BxecQ}forali=12andaec(0,1). Let {z,} and {u,} be the

sequences generated by z;,u € C and

Up =Po (I —ry(al—Wi)+ (1 —a)(l —Ws)))xz,,
Tnt1 = Qpt + BnGay + 9 Po (I — N\, (I =T)) up, Yn €N,

where

i o (1 (A Tl MU TR )

Wi = Po <14a <A2 f _QPQ)AZ it _ZPQ)BQD ,

and {a. L {B:}{v} € [0,1], X\ € (0,1 = k), an+Bn+m =1,¥n € Nand {r,} C
[0,27],7 = min{a, 8} satisfy;

(D302 Loy = 00, UMy eean = 0,507 1 Ay < o0;
(i) 0<e< B, <d<l,0<e< r, <f<2v,
(iii) My e [Prns1 — 70| = 0;
(iv) 3o02) lomtr =anl< 00, 3072, |Bus1 — Bal < oo

Then {x,} converges strongly to zy = Psu.

Suggestions

In this thesis, we obtain the results of the variational inequality problems, fixed

point problems and equilibrium problems in Hilbert space. To extend these results, it

should also be studied in other spaces, such as Banach space, which cover the original

space to build upon the knowledge.
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Approximation theorem for fixed point problem and modification of variational

inequality problem
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ABSTRACT

The purpose of this research article is to introduce the approximation theorem for solving the modification of
variational inequality problem, the fixed point problem of A—strictly pseudononspreading mapping and the
variational inequality problem. Then, we prove our result give a method to solve the solution of fixed point
problem of k- strictly pseudononspreading mapping and modification of variational inequality problem
associated with inverse strongly monotone operator. In support our result, a numerical example is also

presented.
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Introduction

Let H be a real Hilbert space. Let C be a nonempty closed convex subset of H and let T:C — C.
We use F(T) to denote the set of fixed point of T i.e. F(T) = {x eC:Tx = x}.

Recall that the mapping T is said to be nonexpansive if ||Tx - Ty|| < ||x - y|| for all x,y €C.
A mapping T is called x—strictly pseudononspreading if there exists x € [0,1) such that
[rx =1y|[ < |Ix=y|[ +«ll=T)x =1 =T)y|[* +2{x =Tx,y =Ty for all x,y ec.

A mapping A of C into H is called &—inverse strongly monotone (iSm) , if there exists a

positive real number @ such that (x — Y. AX ~ Ay) 2 a"Ax = Ay"2 forall x,y €C.
Let A:C — H. The variational inequality problem (VIP)is to find a point u € Csuch that
(Au,v—u)=0 1)

for all v € C. The set of solutions of (1) is denoted by VI(C,A). The variational inequality problem as a strong

and important tool, has already been studied for a wide range of applications in industry, economics and

optimization, physic [1]. In 2008, Ceng et al. [2] modify VIP for finding (x',z' ) € CxC such that
<2~|012' +x1242 /x —x‘> > 0 and (Azsz' H2Z ~x )X —-z'> 210, Vx.€Cs (2)

which is called a system of variational inequalities problem (SVIP)where D ,D, : C — H are mappings

and parameters 4,4, > 0. In particular, SVIP is VIPif and only if A,4,, D, = Dz,x' =z,
After that, Kangtunyakarn [3) modified SVIP for finding (x'.z' ) € Cx C such that
(x' —(l=2AD)(ax +(1=a)z ),x =~ x') > 0 and (z' —(I=A,D,)x ,x = z') > 0,VxeC. 3)

which is called a modification of system of variational inequalities problem (MSVIP), for every 4,4, >0
and a € [0,1]. Inthe case a=0, MSVIP reduces to SVIP. He was introduced the relation between solutions

of MSVIP and fixed point of the mapping G as follows:

Lemma 1. [3] Let D,D, : C — H be mappings. For every ).',/12 >0 and a € [0,1], the following statements

are equivalent: 1) (x',z' ) e Cx Cis a solution of problem (3),
2) x is a fixed point of the mapping G:C — C defined by

6(x)=P.(1-4D,)(ax +(1-a)P,(1 - 2,0,)x ), where z =P, (I - 2,0,)x .
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In 2012, Kangtunyakarn [4] has modified (1) and introduced the combination of variational

inequality problem (CVIP) by let A,B:C — H such that ( y -x,(aA+(1-a)B) x> >0 (4)

for all x,y € C,and a € (0,1). The set of CVIP is denoted by VI(C,aA+(1—a)B). If A=B, CVIP can be
reduced to VIP. Itis clear that (3) and (4) can be reduced to (1), but (4) cannot be reduced to (3). In addition,
the strong convergence theorem of the variational inequality problem and fixed point problem for x—strictly
pseudononspreading mapping was proved by modifying Halpern iterative method and S — mappings [3] which
generated by (5).

Theorem 2. [3] For every i =1,2,.,N let B :C —> H be 5. ~ismand let T:C — C be x-—strictly pseudo-

nonspreading mapping for some x € [0,1). Let G, :C — C be defined by G,x =P, (/ — 1B, )x for all x € C and
1 €(0,25)) for every i=1.2,..,N, suppose G, and let &, =(a,.a,.a,) € I xIx],j=12,..N,where/=[0,1],
a +a, +ay=1al (1) foralj=12..N-1a €01 a, a cOforal j=12..N. Let S:C—>C
be the S —mappings generated by G,,G,,...G, and ¢,,9,,..,0,. Assume that I = F(T) mnl‘VI(C, B)# Q.

Foreveryne N,i =1,2,..,N,let x, . ueC and{x } be a sequence generated by

X, =au+PBP(I-24,0-T))x, +75x, (5)
where {cpf.{ Bn} {7ab 420} € (0.1) such that @ + B, +7. =14, €fe.d]=(0.). {4} <(0,1-x) and

*xL oxL
suppose the following conditions hold: (i) lim &, =0 and Y & =, (i) D A <o,

A 040 ne

oxw o0 o0 w0
(i) Zlind_’zn' < 20, Z')’nd"rn‘ <®, Z]and_anl X @, ZlﬂnA_ﬂnl < .
n=1 n=1 n=1

n=1
Then {x"} converges strongly to z .= Psu.

By using Lemma 1, Theorem 2 and the concept (4), we give a method for solving the solution of fixed
point problem of &= strictly pseudononspreading mapping and modification of variational inequality problem and

system of variational inequality problem.

Preliminaries

Lemma 3. [5] Let A:C—>H. Let ucC. Then for 1>0, u=P.(I-AAu < ueVI(C,A), where P, is

the metric projection of H onto C.

Lemma 4. [3] Let T:C—>C be x— strictly pseudononspreading mapping with F(T)# &. Then
F(T)=wvi(c,(1-T)).
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Lemma 5. [3] Let {sn} be a sequence of nonnegative real number satisfying s =(1-a,)s, +J , Vn=0,

where {an} is a sequence in (0,1) and {5 } is a sequence such that

n
n=1

o0 5 o0
1) Zan = o0, 2) lim sup =<0 or Zlé,,l < o0,
=0 n—»u

Then lims, =0.

ne—px

Remark 6. It is well-known that metric projection £, has the following properties:
2
1) P, is firmly nonexpansive, i.e., "F;x - Pcy" < (ch -Py.x— y>, Vx,y € H.
2
2) For each “ch = Pcy" < (ch Py x— y). Vx,y € H.

Lemma7.[4]Let C be a closed convex subset of Hilbert space H andlet A B:C — H beand « - inverse

strongly monotone, respectively, with «, g >0 and VI(C,A)nVI(C,B) # &. Then
VI(C.aA +(1- a)B) =VI(C,A)nVI(C,B), Yae&(0,1).

Furthermore if 0 < y < min{2a.2ﬂ}. we have |~ y(aA +(1 —a)B) is a nonexpansive mapping.

Lemma 8. [6] Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of £ and

S: C — C be a nonexpansive mapping. Then, /—S is demiclosed at zero.
Remark 9. From Lemmas 3 and 4, we have F(T)= F(Pc(l - A(l ——T))), YAi>0.

Lemma 10. [3] Let { sn} be a sequence of nonnegative real number satisfying

s,,=(1—a)s +a p.¥n=0,
where {a,,}.{ﬂ,,} satisfy the conditions 1) {a, | < [0,1], Zan = 2) limsupf <0 or Z|a,,ﬂ,,| < .
n=1 n—»x n=1

Then lims =0.

n—rx
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Methodology

1. To study and give basic knowledge about the fixed point problem, variational inequality problem, the strong

convergence theorems of nonlinear mappings and other, which we can use in our research article.

2. To give a method for solving the solution of fixed point problem of k- strictly pseudononspreading mapping

and modification of variational inequality problem and system of variational inequality problem.

3. Our theorem are proved in framework of Hilbert space for solving fixed point problem of x— strictly
pseudononspreading mapping and maodification of variational inequality problem and system of variational

inequality problem.

4. To give numerical example for supporting our theorem in .

Results and Discussion

Theorem 11. Let C be a closed convex subset of Hilbert space H and let A.B.;.E :C > H be a.ﬂ.&.ﬁ—

inverse strongly monotone, respectively with @, B.a. f € (0,%). Define G:C — C by

Gx =P, (1-2,A)(ax +(1-a)P,(1~2,B)x) for allx € C with, < (0,2) and 4, € (0.2) . Let T :C »C
be Kk-strictly pseudononspreading mapping with I = F(T) M F(G) m VI(C,A) " VI(C,B) # & for alla € (0,1).

Let {xﬂ} be the sequence generated by x,,u € C and
x, =au+ 6x + 7P (1-2,0-T))P.(I-r(@aA+(1~2)B))x, forall n>1 6)

where {a&,}dB,} 17} <1014, €(©1~x), @ +p, +y, =1foral neN and r e[0,27], y =min{a.A}

s o
satisfy; (i) Do =, lime =0, Y4 <ox; (i) 0<cSf,<d<1, 0<esr £f<2y

- neyor a5t

o0 o
Gy tim |r, =, = 0 (iv) Ylen—aslco, SNBatr—Ba| < .

Aon n=1 n=1
Then {xn} converges strongly to z, = Pyu.

Proof We divide the proof into seven steps:

Step 1. We will show that D = aA + (1—a)B is y— inverse strongly monotone. Let x,y € C, we have

(Dx—Dy.x-y) = ((aA+(1—a)B)x—(aA+(1—a)B)y,x-y>
> aal|lAx - Ay|[ +(1-a)8|lBx - By || 7)
> yla(ax-ay)+a-a)(ex-8y)| = ylox-oy|f.
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By using the same method as [5], we have /—r D is a nonexpansive mapping for every n e N.

Step 2. For every ne N. we will show that {x"} is bounded. Let u = Pc(l— r,_D)xn and z € 3. From

Lemma 3 and Lemma 4, we have
z=P,(1-4,0-7)) 2. ®)

From the nonexpansiveness of P, and (8), we have

P (1-2,0-T))u, -z|| < "(/ -4,0-T))u, -(1-2,0 —T))z||. )
Since T is k—strictly pseudononspreading mapping and let £ =/—T,we have

“Tun = Tz"2 = "(I rEW. ~(l— E)z"2 =|lu, -z"2 ~ 2(“,. o z,Eun> + ||Eun"2 < "“.. —z"2 + K”Eun "2

which implies that

a-neef < 2{u, -zEu). (10)

From (10), we have

u, -z . (1)

(= 28)u, (1~ 2.8)2] <

From (9) and (11), we can imply that

b (1= 0-1)u, 2| < Ju, | (12)

From definition of x , (12), and nonexpansiveness of G [3] ,we have

"x”“—z” s an||u—z||+ﬂn"xn-z“+ 7, Pc(l—).”(l——T))uﬂ—z" = an||u—z||+(1-an)||x”—z"

< max{"x1 - z||||u - z||}
By induction, we can prove that {xn} is bounded.
Step 3. We will show that lim "",,.1 - x"" = 0. From definition of x and nonexpansiveness of P, we have
"xm1 =X, " < Ia,,—a,,_,|||u|| +(1-— a")"x" - xM"+ |,B,,—ﬁ’,,,,|||Gx"_1 " - |r"41 = |||Dxn4||

+ 2, o= (1-10)x,., ~0-T0R, (1-1,.0)x |

+ IA,,_‘—).,,l"(I -T)p,(1-r,.D)x,-(1-T)P,(1- rnk.D)x"“

p.(1-4_u-1)~A(1- rMD)xn_'”

< |a,,—a,,_,|M +(1- a")"xn =X, " - |,6n—,6n_,|M + I’,.-

+ Iyn_}’nql

& ’n|M +A M+ |/1"_' - ).nlM + ly" - 7»-1|M'

1
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where M =max {"u","GxM Iox,..|l e -1e. (1-r,0)x, .-t -1p, (1-1, D), |,
"(I -1, (1-1,_D)x,~(1-T)P,(1-r,_D)x, || P(1-4_u-1)P(1-r D)x,, "}
From Lemma 5 and conditions (i), i), (iv), we have lim [x, - x,||=0. (13)

Step 4. We will show that lim "x" - Gx,." =0. From definition of v and P, is nonexpansiveness, we have

"un - z”2 < "X,, - z"2 + rnz "Dxn - Dz"2 - 2r"y"Dxn ——Dz"z < ”X,, - zlr. (14)

From definition of x ,(12) and (14), we have

Ix,..=2] < allu=zl+ 8 |lex, ~2| + [P, (1 = 2,0-7))u, -z"z =By, ”PC (1-4,0-1))u, —c;x"”2
<o llu-zlf +-aplx,~2[ - 87, "Pc (1=20-1))u— Gx""z

which implies that

Bl (1-2,0-1))u, ——Gxnlr < a,llu-zf +("xn ~ 2+, ; —z")llxm —x | (15)

From (13), (15) and conditions (i),(ii), we have

im|le, (122,0~7))u, ~6x ||=o0. (16)

From definition of x, and triangle inequality, we have

lxm‘-PC(/—ln(l-T))u"” < an"u—Pc(/—zn(/—r))un"+,6n"Gx”-Pc(/—zn(l—r))unu.

(16) and condition (i), we have

lim "xm‘ —p(1-a —T))un" = tim [lx, =, (1-2,0-1))pP(1=1p)x, || =0. (17)
From definition of x , we have "xn P (I -A (- T))un" < ”an - xn" + "xm1 =P (I -A(I- T))u”".

(13) and (17), we have lim ”x ~p,(1 —A.n(l—T))u""= fim "x -p(1-4,0-1)P, (I—rnD)x"ll =0. (18)

since B, [l6x, ~x,|| < [[x,.. x|+ @, Ju=x ]+ 7, |F. (1= 2,0 -T))u, = x, | (13). (18) and conditions

(i).(ii). we have lim [[x, - &x, | =o. (19)
Step 5. We will show that lim "U,. =) " =0 where u =F, (I = rnD)xn.

From Remark 6, we have
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e, | < {(1-r,0)x, ~(1-1r,0)2.u, - 2)
s i(nx o +||u off <l - - o, -l + 2 s, -u,.05, ).
which implies that
o, = < I, =2F -, o - Mo, -2l + 20,05, -u,00,-02). e

By nonexpansiveness of P we have

< |k =z2|f -r, (27 -r)|ox, -0z . (@1

lu ~z|| ”l rD o=

From definition of x and (21), we have

P(1=20-T))u, = z"z

x4 — z"2 < a, "u - z"2 +B, "Gxn - z"2

o) /e JER LK ¢ 28 S e ] ‘22’

which implies that
()l ot o A A Aol Dsiah e
From (13), (23) and conditions (i), (ii), we have tim [|px, ~ Dz|| = 0. (24)

n—ow

From definition of x ~and (12), (20), we have

2 2 2 2
It 2l @, lu =2l s fx, - 2[f 2o, - 2]
2 2 2 2 2 2
s l|u - z|| +p, ||x" ~ z" +Y, (llxn - z" - "x" —un" S, "Dxn - Dz” +2r, (x" ~u ,Dx - Dz))
2 2 2
L a, "u = z|| + "x" = z" q% "xﬂ o " +2ry, “x" Y ua“"Dx” = Dz||.

which implies that

5 40 ||x" -u, ’ < a, "u—z"2 + ("xﬂ —z" * "xm1 -—z")"xnu = xn| AKX, — u"""Dxn —Dz”. (25)
From (13), (24), (25) and conditions (/), (if), we have
im [lu, . (1-D)x, - x,||=o. (26)

Step 6. We will show that lim sup (u e 0 Ay z°> <0 where z = Psu. To show this equality, take a

subsequence {x } of {xn} such that lim sup <u —Z;X, = zo> = lim <u —=Z X —z°>. (27)
i n—»x kw0 i
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Without loss of generality, we may assume that x, — @ as k — o for some @€ C. We first show that
@ € VI(C,A) N VI(C,B). From Lemma 7, we have VI(C.aA+(1—a)B)=VI(C,A)r\VI(C,B). Assume that

@ #P, (I - rnD) @ where D =aA+ (1-a)B. From Opial's property, nonexpansiveness of F, (I - rnD) and

(26), we have lim mf" —w" < liminf||x ‘Pc("’,,D)‘”u
k> k—m *
< :iin’inf( x, =P, (1-1D)x, || "P (r-rp)x, —Pc(/—rnD)(o")
= llmlnf|P (I—rnD)xn. —Pc(l—r"D)(o" < :ITlnf" -

k—»er

This is a contradiction. Then @€ VI(C,A) " VI(C,B). From (19), we have lim Gx =X, " 0. From the

k>

nonexpansiveness of G [3] X, — @ as k—>® and Lemma 8, we have € F(G). Since

PC(I —A”(I—T))un —x"|l+||xn -u,
p(1=2,0-1))u ~u,|=0. (28)

P (1-2,(-1))a, —un” < ,(18) and (26), we have

From Remark 9, we have F(T) =F(PC(I— /1". (I-—T))). Assume that @ # P, (/ =4, (] —T)) . Since

u — @ as k =, Opial’s property, (31) and condition (i), we have

:lr’nmf" —(ul < :lirlmf (I—/l (I-T))w “
< :Tlinf( =4 (I T)) E Pc(l—/ln.(l—T))un‘ —PC(I—AH.(/—T))(U)
< :iminf( I—A (I-T)) +“(I-—/l".(l—-T))un_ —(I—/‘ln‘ (I—T))(u)
< nmmf( 1~; (/-r)) +"unk-m"+/l"l ||(I—T)u".—(l~T)(o||)

Ilm inf “ - a)| :

This is a contradiction. Then @ € F(T). Therefore @ € 3. Since X, 2 @ as k—> ® and we 3, we have

lim sup(u—zo,xn —z°>= lim <u-zo,xm —zo>= (u—zo,m—zo>50. (29)

n—>n k=

Step 7. Finally, we show that {x,,} converse strongly to z, = Pyu. From definition of x and (12), we have

2

"",m —20”2 < B (Gx" —z°)+ 7”(P ( A (1= ) (I —rD)x" —zo) +2a, (u = Z5 X —zo>
(30)
< (1- an)"xn “20"2 +2a, (u =2 X = zo).
From (29) and Lemma 10, we have { x"} converse strongly to z, = Psu. This completes the prove. m]
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Example and numerical results

Example 1. Let R be the set of real numbers, C =[~60,60], and H = R. Let A,B,A,B:C —> H defined by

Ax=x+%.Bx=§"546,;x=x—%,§x=8"—;1§ for all xeC. Let T:C—C defined by Tx=-3x for all

x&C. Define G:C—>C by Gx=P,(1-2A)(3x+ 1P (-B)x) for all xeC. The mappings
c 8 2 2 cC 17

AB,ABT and G satisfy all the conditions of Theorem 11. Let the x sequence be generated by x ,ueC
and by

s an—2 A, e b OO (O Y 1
xn~1_4nu+ 4n Gxn+4nPc(I n(n+1)(’ T))Pc(l (n+1)(2A+ 2B))X" for all ne N.

From Theorem 11, we can conclude that the sequence {xn} converges strongly to 4.

Table 1. The value of {xn} with initial values v =x, = =10,u=x, =10 and n=N=30.

A 1 2 N 15 e 29 30
u=x,=-10 | x | -10.000000 | -1.359926 -+= | 3.986304 % 3.996974 | 3.997190
u=x.=10 | X | 10.000000 | 4.448897 -+ 13.986320 - 3.996974 | 3.997190

Figure 1. The convergence of {xn} with initial values u = x, =~10,u=x, =10 and n=N =30.

-
NE
ul

Conclusions

1. We get a method for solve the fixed point problem of x— strictly pseudononspreading mapping and

modification of variational inequality problem and system of variational inequality problem.
2. Table 1. and Figure 1. show that the sequence {xn} converge to{4} € F(T) N F(G) NVI(C, A) N VI(C,B).
3. Theorem 11. guarantee the convergence of {x"} in Example 1.
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