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Chapter 1

Introduction

Throughout this thesis, let E be a real Banach with its dual space E∗ and H

be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. let CE be a nonempty
closed convex subset of E and CH be a nonempty closed convex subset of H . We
denote the norm of E and E∗ by the same symbol ‖ · ‖. We denote weak and strong
convergence by the notations ⇀ and →, respectively.

1.1 Banach space and Hilbert space

In this section, we present the notation, definition on ฺBanach space and Hilbert
space, which will be used in further parts of the thesis.

Firstly, we introduced definition and important properties of metric space and
vector space.

Definition 1.1. ([42]) Let X be a non-empty set. A mapping d : X ×X → R+ is called
a metric or a distance on X provied that

(i) d(x, y) = 0 ⇔ x = y;

(ii) d(x, y) = d(y, x), for all x, y ∈ X ;

(iii) d(x.z) ≤ d(x, y) + d(y, z), for all x, y, z ∈ X .
A set X endowed with a metric d is called metric space and is denoted by

(X, d).

Definition 1.2. ([42]) Let {xn}, for all n = 1, 2, ... be a sequence in a metric space
(X, d). We say that the sequence {xn} is Cauchy sequence if, for any ε > 0, there
exists n0 = n0(ε) such that d(xn, xx+p) < ε, for all n ∈ N, n ≥ n0 and any p ∈ N.

Definition 1.3. ([42]) A metric space (X, d) is called complete if any Cauchy sequence
in X is convergent.

Definition 1.4. ([41]) A vector space over F is a set V together with the operations
of addition V × V → V and scalar multiplication F × V → V satisfying the following
properties:

1) Commutativity: u+ v = v + u for all u, v ∈ V ;

2) Associativity: (u + v) + w = u + (v + w) and (ab)v = a(bv) for all u, v, w ∈ V and
a, b ∈ F;

3) Additive identity: There exists an element 0 ∈ V such that 0 + v = v for all v ∈ V ;
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4) Additive inverse: For every v ∈ V , there exists an element w ∈ V such that
v + w = 0;

5) Multiplicative identity: 1v = v for all v ∈ V ;

6) Distributivity: a(u+ v) = au+ av and (a+ b)u = au+ bu for all u, v ∈ V and a, b ∈ F.

Usually, a vector space over R is called a real vector space and a vector space over
C is called a complex vector space. The element v ∈ V of a vector space are called
vectors.

Definition 1.5. ([41]) A set E in a vector space is called convex if for any x, y ∈ E and
α ∈ (0, 1) we have

αx+ (1− α)y ∈ E.

1.1.1 Banach space

Banach spaces are important in our study of iterative algorithm for nonlinear
operators. Now, we introduce Banach space, uniformly convex.

Definition 1.6. ([42]) Let E be a real (complex) vector space. A norm on E is a mapping
‖ · ‖ : E × E → R+ having the following properties

(i) ‖x‖ = 0 ⇔ x = 0, the null element of E;

(ii) ‖αx‖ = |α|‖x‖, for any x ∈ E and any scalar α;

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖, for all x, y ∈ E (the triangle inequality).
The pair (E, ‖ · ‖) is called normed (linear) space. A complete normed space

is called a Banach space.

Definition 1.7. ([42]) A Banach space E is said to be uniformly convex iff for any ε,
0 < ε ≤ 2, the inequalities ‖x‖ ≤ 1, ‖y‖ ≤ 1 and ‖x − y‖ ≥ ε imply there exists a δ > 0

such that ‖x+y
2 ‖ ≤ 1− δ.

1.1.2 Hilbert space

Hilbert spaces are the most important examples of uniformly convex Banach
space that serve as very natural ambient spaces for various fixed point iteration pro-
cedures.

A linear space H with an inner product 〈·, ·〉 and norm ‖ · ‖ :=
√

〈·, ·〉 introduced
by inner product is called a Hilbert space.

Definition 1.8. ([42]) Let H be a real vector space. An inner product is a functional
〈·, ·〉 : H ×H → R satisfying :
(i) 〈x, x〉 ≥ 0, for all x ∈ H and 〈x, x〉 = 0 if and only if x = 0, the null vector in H ;
(ii) 〈x, y〉 = 〈y, x〉, for all x, y ∈ H ;
(iii) 〈ax+ by, z〉 = a〈x, z〉+ b〈y, z〉, for each a, y, z ∈ H and all a, b ∈ R.This material is reserved for educational use only, not allowed for commercial use. 
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Remark 1.1. ([42])

(i) Any Hilbert space is a uniformly convex Banach space;

(ii) It is then clear that all notions introduced in Banach space can be reformulated by
replacing the duality pairing by the inner product.

Definition 1.9. ([40]) A mapping J from E onto E∗ satisfying the condition

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 and ‖f‖ = ‖x‖}

is called the normalized duality mapping of E. The duality pair 〈x, f〉 represents f(x)

for f ∈ E∗ and x ∈ E.

It is well known that if E is smooth, then J is a single value, which we denote
by j.

1.2 Iterative methods of nonlinear mappings

The fixed point theorem based on the contraction principle has studied the
existence and uniqueness of the solutions. In the past few decades, many mathemati-
cians have created the convergence theorem to solve the fixed point problem. This
makes the fixed point theory developed extensively and applied in various fields such
as mathematics, economics, physics, engineering, optimizations, computer sciences,
etc. For an interesting example, equilibrium problems or variational inequality prob-
lems are fundamental concepts in economics, engineering, and physics, which can be
transformed into fixed points.

This thesis we denote F (T ) is the set of fixed points of T (i.e., F (T ) = {x ∈ E :

Tx = x}).
Many researchers have studied the iterative scheme to approximate the fixed

point problem of nonlinear mapping as follows;
In 1953, Mann [34] introduced the sequence {xn} generated by x0 ∈ E and

xn+1 = (1− αn)xn + αnTxn, ∀n ≥ 0, (1.1)

where C is a nonempty closed convex subset of a normed space, T : CE → CE

is a mapping and the sequence {αn} is in the interval (0, 1), iteration (1.1) is called
Mann iteration. If T is a nonexpansive mapping under some suitable condition αn

satisfying ∑∞
n=1 αn(1 − αn) = ∞, then the sequence {xn} generated by (1.1) converge

weakly to element of the set of fixed points of T . Many authors have been trying
to modify Mann’s iteration for solving solution of various problems such as the fixed
point problem, split feasibility problem, equilibrium problem, monotone inclusion and
image restoration problem; see more detail in [35, 36, 37].

In 1967, Halpern [8] studied the following recursive formula:

xn+1 = αnu+ (1− αn)Txn, n ≥ 0, (1.2)This material is reserved for educational use only, not allowed for commercial use. 
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where {αn} is sequence of numbers in (0, 1) and T : CH → CH is a nonexpansive map-
ping. He proved strong convergence of {xn} to a fixed point of T , in the framework of
Hilbert spaces. Halpern’s iterative (1.2) has been studied extensivelt by many autors;
see more detail in [9, 10].

In 2000, Moudafi [35] proposed the viscosity approximation method for non-
expansive mapping S and the sequence {xn} generated by x1 ∈ CE and

xn+1 =
1

1 + εn
Sxn +

εn
1 + εn

f(xn), ∀n ∈ N, (1.3)

where {εn} ⊂ (0, 1) satisfies certain conditions, S : CE → CE is a nonexpansive mapping
and f : CE → CE is a contraction. Then he proved the sequence {xn} converges
strongly to z = PF (S)f(z). Moreover, the viscosity approximation method has been
studied and developed in many pieces of research to approximate the convex feasi-
bility problem, hierarchical fixed point problem, variational inequality problem, split
common null point problem, see previous studies in [18]. Notice that the sum of
coefficients 1

1+εn
and εn

1+εn
in (1.3) is equal to 1.

1.3 Variational inequality problems

In this section, we present Hierarchical problem and Generalized system of
variational inequalities problem in Banach space.

1.3.1 Hierarchical problem

Now, we introduce modification of variational inequality problem, that is called
hierarchical problem.

Variational inequality problem, which was firstly introduced by Lions and Stam-
pacchia [29], is famous in many fields of pure and applied sciences. The variational
inequality problems can apply to operation research, econimic equailibrium, physic,
game theory, finance, optimization, and mechanics as special cases. Let A : H → H

be a single-valued mapping. Variational inequality problems is to find a point u ∈ CH

such that
〈v − u,Au〉 ≥ 0, ∀v ∈ CH . (1.4)

The set of all solutions of (1.4) is denoted by V I(CH , A). Various iterative method for
solving variotional inequality (1.4) have been proposed and many authors in Hilbert
spaces or Banach space; see more detail in [29, 30, 31, 32].

Note that the set of solutions of fixed points is related to the set of solutions
to variational inequalities ,that is V I(CH , I − T ) = F (T ) under suitable condition of
nonlinear mapping T : CH → CH such as T is nonexpansive mapping or T is strictly
pseudo-contractive mapping with F (T ) .= ∅.

This material is reserved for educational use only, not allowed for commercial use. 
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Moudafi and Mainge [14] firstly introduced hierarchical fixed point problem for
a nonexpansive mapping T with respect to another nonexpansive mapping S on H :
Find x∗ ∈ F (T ) such that

〈Sx∗ − x∗, x− x∗〉 ≤ 0, ∀x ∈ F (T ), (1.5)

where S : H → H is a nonexpansive mapping. It is easy to see that (1.5) is equivalent
to the following fixed point problem: Find x∗ ∈ H such that

x∗ = PF (T ) ◦ Sx∗, (1.6)

where PF (T ) is the metric projection of H onto F (T ). The solution set of (1.5) is
denoted by Φ = {x∗ ∈ H : 〈Sx∗ − x∗, x − x∗〉 ≤ 0, ∀x ∈ F (T )}. It is obvious that
Φ = V I(F (T ), I − S). Note that (1.5) covers monotone variational inequality on fixed
point sets, minimization problem over equilibrium constraints, hierarchical minimiza-
tion problems, etc. Many iterative methods have been developed for solving the
hierarchical fixed point problem (1.5), see example [14]-[19].

1.3.2 Generalized system of variational inequalities problem in Banach space

Now, we introduce modification of generalized variational inequality problem
in Banach space, that is called Banach generalized system of variational inequalities
problem.

Aoyama et al. [11] first introduced the following generalized variational in-
equality problem in Banach spaces. Let A : CE → E be an accretive operator. Find a
point x∗ ∈ CE such that for some j(x− x∗) ∈ J(x− x∗),

〈Ax∗, j(x− x∗)〉 ≥ 0, ∀x ∈ CE . (1.7)

The set of solutions of the generalized variational inequality in a Banach space is
denoted by S(CE , A), that is,

S(CE , A) = {u ∈ CE : 〈Au, J(v − u)〉 ≥ 0, ∀v ∈ CE}.

Remark 1.2. Let H be real Hilbert spaces. If E ≡ H , then generalized variational
inequality problem reduce to variational inequality problem in Hilbert space, that is,
find a point u ∈ CH such that

〈v − u,Du〉 ≥ 0, for all v ∈ CH . (1.8)

The set of solutions of the variational inequalities is denoted V I(CH , D).

Yao et al. [12] who is based on generalized variational inequality in a Banach
space introduced the system of general variational inequalities problem. Let A,B :

CE → E be two nonlinear mappings. Finding a point (x∗, y∗) ∈ CE × CE such that





〈Ay∗ + x∗ − y∗, j(x− x∗)〉 ≥ 0, ∀x ∈ CE ,

〈Bx∗ + y∗ − x∗, j(x− y∗)〉 ≥ 0, ∀x ∈ CE .
(1.9)

This material is reserved for educational use only, not allowed for commercial use. 
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They first gave associated between the system of variational inequalities prob-
lem (1.9) and some fixed point problem of nonexpansive mapping. Furthermore, They
proved strong convergence theorem of sequence generated by the modification of ex-
tragradient methods for solving the system of general variational inequalities problem
(1.9) under suitable condition; see more detail in [12].

In 2014, Kangtunyakarn [1] introduced the modification of a system of varia-
tional inequalities problems in Banach space for finding (x∗, y∗) ∈ CE × CE such that






〈x∗ − (I − λAA)(ax∗ + (1− a)y∗), j(x− x∗)〉 ≥ 0, ∀x ∈ CE ,

〈y∗ − (I − λBB)x∗, j(x− y∗)〉 ≥ 0, ∀x ∈ CE .
(1.10)

for all λA,λB > 0 and a ∈ [0, 1]. The set of solution of (1.10) we denote by Ω′.
If λA = λB = 1 and a = 0, then problem (1.10) reduce to (1.9). Kangtunyakarn

[1] proved strong convergence theorem for the set of fixed points of two finite families
of nonexpansive and strictly pseudo-contractive mappings and the set of solutions of
modification of system of variational inequalities problems under suitable condition;
see more detail in [1].

Inspired and motivated by the modification of a system of variational inequal-
ities problems of Kangtunyakarn [1], we define Banach generalized system of varia-
tional inequalities problem which is find (x∗, y∗, z∗) ∈ CE × CE × CE such that






〈x∗ − (I − λ1D1)(ax∗ + (1− a)y∗), j(x− x∗)〉 ≥ 0, ∀x ∈ CE ,

〈y∗ − (I − λ2D2)(ax∗ + (1− a)z∗), j(x− y∗)〉 ≥ 0, ∀x ∈ CE ,

〈z∗ − (I − λ3D3)x∗, j(x− z∗)〉 ≥ 0, ∀x ∈ CE .

(1.11)

for all λ1,λ2,λ3 > 0 and a ∈ [0, 1]. In Hilbert space (1.11) reduce to





〈x∗ − (I − λ1D1)(ax∗ + (1− a)y∗), x− x∗〉 ≥ 0, ∀x ∈ CH ,

〈y∗ − (I − λ2D2)(ax∗ + (1− a)z∗), x− y∗〉 ≥ 0, ∀x ∈ CH ,

〈z∗ − (I − λ3D3)x∗, x− z∗〉 ≥ 0, ∀x ∈ CH .

(1.12)

for all λ1,λ2,λ3 > 0 and a ∈ [0, 1], which is modified generalized system of variational
inequalities in Hilbert space introduced by Siriyan and Kantunyakarn [13]. If D3 ≡ 0

and x∗ = z∗, then problem (1.11) reduce to (1.10).

1.4 Variational inclusion problems

In this section, we introduce split combination of variational inclusion prob-
lem.

The variational inclusion problems are extensively studied in mathematical
programming, complementarity problems, optimal control, mathematical economics,
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and game theory, etc. In this thesis, we give a new iteration for solving split combina-
tion of variational inclusion problems.

The variational inclusion problem is to find x ∈ H such that

θ ∈ Bx+Mx, (1.13)

where θ is a zero vector in H , B : H → H be a mapping and M : H → 2H be a multi-
valued mapping. The set of solution of (1.13) is denoted by V I(H,B,M).

In recent years, considerable interest has been shown in developing various
extensions and generalization of variational inclusion problem, see for instance [2]-[7]
and reference therein.

For i = 1, 2, ..., N , let Ai : H → H be a single-valued mapping, from the concept
of (1.13), Khuangsatung and Kangtunyakarn [3] introduced the problem of finding x ∈ H

such that
θ ∈ ΣN

i=1aiAix+Mx, (1.14)

for all ai ∈ (0, 1)with∑N
i=1 ai = 1 and θ is a zero vector. This problem is called the modi-

fied variational inclusion. The set of solutions of (1.14) is denoted by V I(H,
∑N

i=1 aiAi,M).
If we set Ai = B for i = 1, 2, ..., N then V I(H,

∑N
i=1 aiAi,M) = V I(H,B,M).

Let H1 and H2 be two real Hilbert spaces and D, Q be a nonempty closed
convex subset of a real Hilbert spaces H1 and H2 , respectively. Let A : H1 → H2

be a bounded linear operator. Censor and Elfving [24] introduced the spilt feasibility
problem (SEP ) which is to find a point x ∈ D and Ax ∈ Q. Many authors have studied
this concept of SEP to modified their problem, see example [20]-[25].

In 2010, Censor, Gibali and Reich [20] introduced split variational inequality
problem which relies on spilt feasibility problem and created iterative algorithm for
solving a strong convergence theorem of split variational inclusion problem, see more
detail [20].

Moudafi[28] who relies on spilt feasibility problem and split variational inequal-
ity problem introduced the split monotone variational inclusion (SMVI):

find x∗ ∈ H1 such that 0 ∈ f(x∗) +B1(x
∗), (1.15)

and such that
y∗ = Ax∗ ∈ H2 solves 0 ∈ g(y∗) +B2(y

∗), (1.16)

where B1 : H1 → 2H1 is a multi-valued mapping on a Hilbert spaceH1, B2 : H2 → 2H2 is a
multi-valued mapping on a Hilbert space H2, A : H1 → H2 is a bounded linear operator,
f : H1 → H1 and g : H2 → H2 are two given single-valued operators. The set of all this
solution (1.15)-(1.16) is denoted by Θ = {x∗ ∈ V I(H1, f, B2) : Ax∗ ∈ V I(H2, g, B2)}. If
we set H1 = H2, f = g, B1 = B2 and A = I then Θ = V I(H,B,M).

The split monotone variational inclusion problem which consists as special
cases, which being used in practice as a model in the intensity-modulated radiationThis material is reserved for educational use only, not allowed for commercial use. 
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therapy treatment planing; see [21]. This formulation is also at the main point of the
modeling of many inverse problems arising and other problems; for instance, in sensor
networks and data compression; see [26]-[27].

For every i = 1, 2, ..., N . Let Ai : H1 → H1, Bi : H2 → H2 be mapping and
MA : H1 → 2H1 and MB : H2 → 2H2 be multivalue mapping. Inspired and motivated by
Moudafi[28] and Khuangsatung and Kangtunyakarn [3], we define the split combination
of variational inclusion problem (SCVIP) which is find x∗ ∈ H1 such that

θH1 ∈
N∑

i=1

aiAix
∗ +MAx

∗, (1.17)

and

y∗ = Ax∗ such that θH2 ∈
N∑

i=1

biBiy
∗ +MBy

∗, (1.18)

where A : H1 → H2 is a bounded linear operator and ∑N
i=1 ai =

∑N
i=1 bi = 1.

The set of all this solution (1.17)-(1.18) is denoted by Ω = {x ∈ V I(H1,
∑N

i=1 aiAi,MA) :

Ax ∈ V I(H2,
∑N

i=1 biBi,MB)}. If we set Ai = A and Bi = B for i = 1, 2, ..., N then Ω = Θ.

1.5 Objectives of the study

1) To give a lemma, an essential tool for proof strong convergence of our main
theorems in Banach space.

2) To give a lemma, an essential tool for proof strong convergence of our main
theorems in Hilbert space.

3) To propose the Banach generalized system of variational inequalities problem in
Banach space.

4) To propose the split combination of variational inclusion problem (SCVIP) in
Hilbert space.

5) To prove strong convergence theorem in Banach space for finding a common
solution of Banach generalized system of variational inequalities problem and
fixed point problem of nonexpansive mapping.

6) To prove strong convergence theorem in Hilbert space for finding a common
solution of hierarchical fixed point problem and split combination of variational
inclusion problem.

7) To prove strong convergence theorem in Banach space to solve generalized vari-
ational inequalities problem and fixed point problem of nonexpansive mapping.

8) To prove strong convergence theorem in Hilbert space to solve variational in-
equality problem and zero point problem.

9) To give numerical examples for our results to support our main results.This material is reserved for educational use only, not allowed for commercial use. 
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1.6 Scopes of the study

1) Study the definitions and properties of variational inequality problems, variational
inclusion problem, hierarchical problems, and fixed point problems in real Hilbert
space.

2) Study the definitions and properties of generalized variational inequality prob-
lems and fixed point problems in Banach space.

3) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, maximal monotne and α-inverse strongly monotone mapping in
real Hilbert space.

4) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, sunny nonexpansive, acctretive mapping and α-inverse strongly
accretive mapping in Banach space.

5) All strong convergence theorems are considered and proved in a real Hilbert
space.

6) All strong convergence theorems are considered and proved in Banach space.

7) Give numerical examples for supporting our main results in R, R2 and L2 spaces.

1.7 Benefits of the study

1) Obtain new tools for fixed point problems on real Hilbert space.

2) Obtain new tools for fixed point problems on Banach space.

3) Obtain a strong convergence theorem in Hilbert space of a Halpern algorithm to
find the common solution of hierarchical fixed point problem and split combi-
nation of variational inclusion problem.

4) Obtain a strong convergence theorem in Banach space of a modified viscosity al-
gorithm to find the common solution of Banach generalized system of variational
inequalities problem and fixed point problem of nonexpansive mapping.

5) Obtain a strong convergence theorem in Banach space to solve generalized vari-
ational inequalities problem and fixed point problem of nonexpansive mapping.

6) Obtain a strong convergence theorem in Hilbert space to solve variational in-
equality problem and zero point problem.

This material is reserved for educational use only, not allowed for commercial use. 
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1.8 Research methodology

1) Study advanced topics in fixed point theory for sunny nonexpansive, acctretive
mapping and α-inverse strongly accretive mapping in Banach space.

2) Study advanced topics in fixed point theory for nonexpansive mapping, maximal
monotne, α-inverse strongly monotone mapping in Hilbert space.

3) Study background in a real Hilbert space and Banach space.

4) Study the Halpern algorithm in Hilbert space and modified viscosity algorithm in
Banach space.

5) Collect and study research papers and textbooks concerning fixed point theorem.

6) Determine the objectives and scope of the research.

7) Produce tools for a strong convergence theorem of fixed point problem in Banach
space.

8) Produce tools for a strong convergence theorem of fixed point problem in Hilbert
space.

9) Prove strong convergence theorem for fixed point problems in a Hilbert space.

10) Prove strong convergence theorem for fixed point problems in Banach space.

11) Provide examples and applications in Banach space.

12) Provide examples and applications in Hilbert space.

13) Conclude the results, make suggestions for further works and write the thesis.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2

Preliminaries and Literature Reviews

The purpose of this chapter is to collect lemmas, definitions, theorems and
terminology for used throughout of the thesis.

2.1 Fundamental properties in Banach spaces

Now, we now give examples of Banach spaces.

Example 2.1. ([40]) Let E = Rn, n > 1 be a normed space with the following norms:

‖x‖1 =
n∑

i=1

|xi|, ∀ x = (x1, x2, ..., xn) ∈ Rn;

‖x‖p = (
n∑

i=1

|xi|p)
1
p , ∀ x = (x1, x2, ..., xn) ∈ Rn and p ∈ (1,∞);

‖x‖∞ = max
1≤i≤n

|xi|, ∀ x = (x1, x2, ..., xn) ∈ Rn.

Then Rn equipped with the norm defined by ‖x‖p and Rn equipped with the norm
defined by ‖x‖∞ are Banach spaces.

Remark 2.2.

(i) Rn equipped with the norm defined by ‖x‖p = (
∑n

i=1 |xi|p)
1
p is denoted by lnp for all

1 ≤ p < ∞;

(ii) Rn equipped with the norm defined by ‖x‖∞ = max1≤i≤n |xi| is denoted by ln∞.

Example 2.3. ([40]) Let E = l1 be a normed space with the norm defined by

l1 = {x : x = (x1, x2, ..., xi, ...) and
∞∑

i=1

|xi| < ∞}. (2.1)

Then l1 is a Banach space with the norm defined by ‖x‖1 =
∑∞

i=1 |xi|.

Example 2.4. ([40]) Let E = lp(1 < p < ∞) be a normed space with the norm defined
by

lp = {x : x = (x1, x2, ..., xi, ...) and
∞∑

i=1

|xi|p < ∞}. (2.2)

Then lp is a Banach space with the norm defined by ‖x‖p =
∑∞

i=1 |xi|p.

Example 2.5. ([40]) Let E = Lp[0, 1](1 ≤ p < ∞) be a normed space with the norm
defined by

‖f‖p = (

∫ 1

0
|f(t)|pdt)

1
p < ∞. (2.3)

Then Lp is a Banach space.
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Example 2.6. ([40]) lnp is a finite-dimensional Banach space that is not a Hilbert space
for p .= 2. Indeed, for x = (1, 1, 0, 0, ...) and y = (1,−1, 0, 0, ...), we have x+y = (2, 0, 0, 0, ...)

and x− y = (0, 2, 0, 0, ...) . Hence

‖x‖ = (
n∑

i=1

|xi|p)
1
p = (1p + 1p)

1
p = 2

1
p ,

‖y‖ = (1p + 1p)
1
p = 2

1
p ,

‖x+ y‖ = (2p)
1
p = 2,

‖x− y‖ = (2p)
1
p = 2.

If p = 2, then the parallelogram law: ‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2 is satisfied,
which show that ln2 is a Hilbert space. If p .= 2, the parallelogram law is not satisfied.
Therefore, lnp is not a Hilbert space for p .= 2.

Remark 2.7. lnp , lp and Lp[a, b] (p .= 2) are Banach spaces but not Hilbert spaces.

Definition 2.1. ([40]) A sequnce {xn} in a normed space X is said to be convergent to
x if limn→∞ ‖xn − x‖ = 0. In this case, we write xn → x or limn→∞ xn = x.

Definition 2.2. ([42]) Let E be a Banach space. Then a function ρE : R+ → R+ is said
to be the modulus of smoothness of E if

ρE(t) = sup
{‖x+ y‖+ ‖x− y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = t

}
.

A Banach space E is said to be uniformly smooth if

lim
t→0

ρE(t)

t
= 0.

Let q > 1. A Banach space E is said to be q-uniformly smooth if there exists a
fixed point constant c > 0 such that ρE ≤ ctq. It is easy to see that, if E is q-uniformly
smooth, then q ≤ 2 and E is uniformly smooth. It is well known that Lp is min{p, 2}-
uniformly smooth for p > 1.

Definition 2.3. ([40]) The space of all bounded linear functionals on a normed space
X is called the dual of X and is denoted by X∗. Clearly, X− = B(X,R) and is a
normed space with norm denoted and defined by

‖f‖∗ = sup{|f(x)|}.

Corollary 2.8. ([40]) The dual space (X∗, ‖·‖∗) of a normed space X is always a Banach
space.

Proposition 2.9. ([40]) Let E∗ be the dual of E. Then we have the following:

(i) The duality pairing is a bilinear functional on E × E∗;
(1) 〈ax+ bx, j〉 = a〈x, j〉+ b〈y, j〉 for all x, y ∈ E, j ∈ E∗ and a, b ∈ R;
(2) 〈x,αj1 + βj2〉 = α〈x, j1〉+ β〉y, j2〉 for all x ∈ E j1, j2 ∈ E∗, α,β ∈ R;This material is reserved for educational use only, not allowed for commercial use. 
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(ii) 〈x, j〉 = 0 for all x ∈ E implies j = 0;

(iii) 〈x, j〉 = 0 for all j ∈ E∗ implies x = 0.

Lemma 2.10. ([23]) Let E be a real 2-uniformly smooth Banach space with the best
smooth constant K. Then the following inequality holds:

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, J(x)〉+ 2‖Ky‖2,

for any x, y ∈ E.

Lemma 2.11. ([49]) Let E be a uniformly convex Banach space and Br = {x ∈ E :

‖x‖ ≤ r}, r > 0. Then there exists a continuous, strictly increasing and convex function
g : [0,∞] → [0,∞], g(0) = 0 such that

‖αx+ βy + γz‖2 ≤ α‖x‖2 + β‖y‖2 + γ‖z‖2 − αβg(‖x− y‖),

for all x, y, z ∈ Br and α,β, γ ∈ [0, 1] with α+ β + γ = 1.

Lemma 2.12. ([23]) Let r > 0. If E is uniformly convex, then there exists a continuous,
strictly increasing and convex function g : [0,∞] → [0,∞], g(0) = 0 such that for all
x, y ∈ Br(0) = {x ∈ E : ‖x‖ ≤ r} and for all α ∈ [0, 1], we have

‖αx+ (1− α)y‖2 ≤ α‖x‖2 + (1− α)‖y‖2 − α(1− α)g(‖x− y‖).

2.2 Fundamental properties in Hilbert spaces

Now, we give example space of Hilbert space.

Example 2.13. ([42]) The Euclidean space Rn := {x = (x1, x2, ..., xn) : xi ∈ R, i =

1, 2, ..., n}. An element x = (x1, x2, ..., xn) of Rn can be identified with matrix of type
n× 1, i.e., we write x = [x1, x2, ..., xn]T .

The Euclidean space is equipped with the standard inner product defined by

〈x, y〉 := xT y =
n∑

i=1

xiyi,

where x = (x1, x2, ..., xn), y = (y1, y2, ..., yn), and with the norm ‖x‖ := (xTx)
1
2 .

It follows that the Euclidean space satisfies Definition 1.8. Then the Euclidean
space is a Hilbert space.

Example 2.14. ([42]) The space l2 of real sequence x = (x1, x2, ...) which are square
summable, i.e.,

l2 = {x : x = (x1, x2, ..., xi, ...) and
∞∑

i=1

|xi|2 < ∞}

with the inner product 〈x, y〉 :=∑∞
i=1 xiyi, and with the norm ‖x‖ := (

∑∞
i=1 |xi|2)

1
2 . Then

l2 is Hilbert space.This material is reserved for educational use only, not allowed for commercial use. 
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Example 2.15. ([42]) The space L2[a, b], where a, b ∈ (−∞,+∞], a < b, let Lebesgue
measurable functional f : R → R which are square integrable, i.e.,

L2[a, b] =

∫ b

a
f2(t)dt < ∞,

with the inner product

〈f, g〉 =
∫ b

a
f(t)g(t)dt < ∞,

and with the norm
‖f‖ = (

∫ b

a
f2(t)dt)

1
2 < ∞.

Then L2 is a Hilbert space.

Definition 2.4. ([41]) A sequence {xn} of vectors in an inner product space K is called
strongly convergent to a vector x in K if

‖xn − x‖ → 0 as n → ∞.

Definition 2.5. ([41]) A sequence {xn} of vectors in an inner product space K is called
weakly convergent to a vector x in K if

〈xn, y〉 → 〈x, y〉 as n → ∞ for every y ∈ K.

Theorem 2.16. ([41]) A strongly convergence sequence is weakly convergence (to the
same limit), that is, xn → x implies xn ⇀ x.

Lemma 2.17. ([43]) In a real Hilbert spaces H , the following results hold:

(i) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H ;

(ii) ‖x± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2, ∀x, y ∈ H ;

(iii) for all x, y ∈ H and α ∈ [0, 1],

‖αx+ (1− α)y‖2 = α‖x‖2 + (1− α)‖y‖2 − α(1− α)‖x− y‖2.

Definition 2.6. ([44]) Let H be a Hilbert space and let CH be a nonempty closed
convex subset of H . Let f be a function of CH into (−∞,∞], where (−∞,∞] = R∪{∞}.
Then, f is called lower semicontinuous if for any a ∈ R, the set

{x ∈ CH : f(x) ≤ a} is closed.

Moreover, f is called convex if for any x1, x2 ∈ CH and t ∈ (0, 1),

f(tx1 + (1− t)x2) ≤ tf(x1) + (1− t)f(x2).

Similarly, f is said to be concave if for any x1, x2 ∈ CH and t ∈ (0, 1),

f(tx1 + (1− t)x2) ≥ tf(x1) + (1− t)f(x2).
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Theorem 2.18. ([44]) Let H be a Hilbert space, let CH be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of CH into
(−∞,∞]. Let {xn} be a bounded sequence in CH such that xn ⇀ x0. Then

f (x0) ≤ lim inf
n→∞

f (xn) .

Theorem 2.19. ([44]) Let {an} be a bounded of real numbers. Then, there exists
subsequence {ani} of {an} such that

α = lim sup
n→∞

an = lim
i→∞

ani .

Similarly, there exists a subsequence
{
anj

}
of {an} such that

β = lim inf
n→∞

an = lim
j→∞

anj .

2.3 Fixed point set of nonexpansive mappings in Banach space

Lemma 2.20. ([46]) Let E be a uniformly convex Banach space, CE a nonempty closed
convex subset of E, and S : CE → CE a nonexpansive mapping with F (S) .= ∅. Then
I − S is demiclosed at zero.

Definition 2.7. Let CE be a nonempty subset of a Banach space E and T : CE → CE

be a self-mapping.
(i) T is called a nonexpansive mapping if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ CE .

(ii) T is called a contraction mapping if there exists a constant α ∈ (0, 1) such that

‖Tx− Ty‖ ≤ α‖x− y‖, ∀x, y ∈ CE .

A mapping A : CE → E is said to be accretive if there exists j(x− y) ∈ J(x− y)

such that
〈Ax−Ay, j(x− y)〉 ≥ 0, ∀x, y ∈ CE .

A mapping A : CE → E is said to be α-inverse strongly accetive if there exists
α > 0 and j(x− y) ∈ J(x− y) such that

〈Ax−Ay, j(x− y)〉 ≥ α‖x− y‖2, ∀x, y ∈ CE .

Definition 2.8. Let CE ⊆ E be closed convex and QCE be a mapping of E onto CE .
The mapping QCE is said to be sunny if QCE (x+ t(x−QCEx)) = QCEx for all x ∈ E and
t ≥ 0. A mapping QCE is called retraction if Q2

CE
= QCE . A subset CE of E is called a

sunny nonexpansive retract of E if there exists a sunny nonexpansive retraction of E
onto CE .
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Lemma 2.21. ([10]) Let CE be a nonempty closed convex subset of a smooth Banach
space and QCE be a retraction from E onto CE . Then the following are equivalent:
(i) QCE is both sunny and nonexpansive;
(ii) 〈x−QCEx, J(y −QCEx)〉 ≤ 0 for all x ∈ E and y ∈ CE .

From Lemma 2.21, let x ∈ E and x0 ∈ CE . Then we have x0 = QCEx if and only
if 〈x− x0, J(y − x0)〉 ≤ 0, for all y ∈ CE , where QCE is a sunny nonexpansive retraction
from E onto CE .

Lemma 2.22. ([22]) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that
(i) ∑∞

n=1 αn = ∞,
(ii) lim supn→ ∞

δn
αn

≤ 0 or ∑∞
n=1 |δn| < ∞.

Then limn→∞ sn = 0.

Lemma 2.23. ([48]) Let CE be a nonempty closed convex subset of a uniformly convex
and uniformly smooth Banach space E and let T be a nonexpansive mapping of CE

into itself with F (T ) .= ∅. Then F (T ) is a sunny nonexpansive retract of CE .

Lemma 2.24. ([50]) Let CE be a closed and convex subset of a real uniformly smooth
Banach space E and let T : CE → CE be a nonexpansive mapping with a nonempty
fixed point F (T ). If {xn} ⊂ CE is a bounded sequence such that limn→∞ ‖xn−Txn‖ = 0.
Then there exists a unique sunny nonexpansive retraction QF (T ) : CE → F (T ) such that

lim sup
n→∞

〈u−QF (T )u, J(xn −QF (T )u)〉 ≤ 0,

for any given u ∈ CE .

Lemma 2.25. ([51]) Let CE be a closed convex subset of a strictly convex Banach
apace E. Let T1 and T2 be two nonexpansive mappings from CE into itself with
F (T1) ∩ F (T2) .= ∅. Define a mapping S by

Sx = λT1x+ (1− λ)T2x, ∀x ∈ CE ,

where λ is a constant in (0, 1). Then S is nonexpansive and F (S) = F (T1) ∩ F (T2).

Lemma 2.26. ([1]) Let CE be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T, S : CE → CE be nonexpansive mappings with F (T ) ∩ F (S) .= ∅.
Define the mapping Ta : CE → CE by Tax = T (ax+(1−a)Sx) for all x ∈ CE and a ∈ (0, 1).
Then F (Ta) = F (T ) ∩ F (S) and Ta is a nonexpansive mapping.
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2.4 Fixed point set of nonexpansive mappings and resolvent
operator in Hilbert space

Definition 2.9. Let CH be a nonempty subset of a real Hilbert spaces H and T : CH →

CH be a self mapping. T is called a nonexpansive mapping if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ CH .

T is called a firmly nonexpansive mapping if

‖Tx− Ty‖2 ≤ 〈x− y, Tx− Ty〉, for all x, y ∈ CH .

Definition 2.10. ([44]) The (nearest point) projection PCH from H onto CH assigns to
each x ∈ H the unique point PCHx ∈ CH satisfying the following properties:

(i) PCHx ∈ CH ,

(ii) ‖x− PCHx‖ = min
y∈CH

‖x− y‖,

Lemma 2.27. ([44]) For a given z ∈ H and u ∈ CH ,

u = PCz ⇔ 〈u− z, v − u〉 ≥ 0, for all v ∈ CH .

It is well-known that PCH is a firmly nonexpansive mapping of H onto CH , that is

‖PCHx− PCHy‖2 ≤ 〈PCHx− PCHy, x− y〉 , for all x, y ∈ H.

Lemma 2.28. ([44]) Let H be a Hilbert space, let CH be a nonempty closed convex
subset of H and let A be a mapping of CH into H . Let u ∈ CH . Then, for λ > 0,

u = PCH (I − λA)u ⇔ u ∈ V I(CH , A),

where PCH is the metric projection of H onto CH .

Definition 2.11. ([42]) We say that an operator T : H → H is monotone if

〈Tx− Ty, x− y〉 ≥ η‖x− y‖2, (2.4)

for a constant η ≥ 0 and for all x, y ∈ X . If η > 0, then we say that T is strongly
monotone or η-strongly monotone.

Definition 2.12. ([45]) Let M : H → 2H be a multi-valued operator on H . Then
(i) the graph G(M) of M is defined by

G(M) := {(x, u) ∈ H ×H : u ∈ M(x)},

(ii) the operator M is called a maximal monotone operator if M is monotone, i.e.

〈u− v, x− y〉 ≥ 0, wherever u ∈ M(x), v ∈ M(y),
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and the graph G(M) of M is not property contained in the graph of any other mono-
tone operator.

It is clear that a monotone mapping M is maximal if and only if for any
(x, u) ∈ H ×H , if 〈u− v, x− y〉 ≥ 0 for all (v, y) ∈ M(x).

Remark 2.29. If η = 1 in (2.4), then T is firmly nonexpansive mapping.

Definition 2.13. Let M : H → 2H be a multi-valued maximal monotone mapping, then
the single-valued mapping JM

λ : H → H defined by

JM
λ (x) = (I + λM)−1(x), ∀x ∈ H,

is called the resolvent operator associated with M , where λ is any positive number
and I is an identity mapping.

Theorem 2.30. ([44]) Let H be a Hilbert space and let CH be a nonempty bounded
closed convex subset of H . Let T be a nonexpansive mapping of CH into itself. Then
T has a fixed point in CH .

Lemma 2.31. ([52]) Let CH ⊆ H be a nonempty closed and convex set and let T :

CH → H be a nonexpansive mapping. Then F (T ) is closed and convex.

Lemma 2.32. ([6]) Let {an}, {cn} ⊂ R+,{αn} ⊂ (0, 1) and {bn} ⊂ R be sequences such
that

an+1 = (1− αn)an + bn + cn, for all n ≥ 0.

Assume ∑∞
n=0 cn < ∞. Then the following results hold:

(i) if bn ≤ αnC where C ≥ 0, then {an} is a bounded sequence,
(ii) if ∑∞

n=0 αn = ∞ and lim supn→∞
bn
αn

≤ 0, then limn→∞ an = 0.

Lemma 2.33. ([6]) Let u ∈ H is a solution of variational inclusion if and only if u =

JM
λ (u− λBu), ∀λ > 0, i.e.,

V I(H,B,M) = F (JM
λ (I − λB)), ∀λ > 0.

Further, if λ ∈ (0, 2α], then V I(H,B,M) is a closed convex subset in H .

Lemma 2.34. ([3]) Let H be a real Hilbert space and let M : H → 2H be a multi-valued
maximal monotone mapping. For every i = 1, 2, ..., N , let Ai : H → H be αi-inverse
strongly monotone mapping with η = mini=1,2,...,N{αi} and

⋂N
i=1 V I(H,Ai,M) .= ∅. Then

V I

(
H,

N∑

i=1

aiAi,M

)
=

N⋂

i=1

V I(H,Ai,M),

where∑N
i=1 ai = 1 and 0 < ai < 1 for every i = 1, 2, ..., N . Moreover, JM

λ (I−λ
∑N

i=1 aiAi)

is a nonexpansive mapping, for all 0 < λ < 2η.
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Example 2.35. Let H = R. For every i = 1, 2, ..., N , let Ai : R → R defined by Aix =

ix
4 + (i + 1) for all x ∈ H and M : R → 2R be defined by Mx = {x

4} for all x ∈ R. Let
ai =

3
4i +

1
N4N for all i = 1, 2, ..., N . Then V I

(
H,
∑N

i=1 aiAi,M
)
=
⋂N

i=1 V I(H,Ai,M).

Solution. Since Aix = ix
4 +(i+1), we have Ai is 4

i -inverse strongly monotone mapping.
By definition of ai and Ai, we have

N∑

i=1

aiAix =
N∑

i=1

(
3

4i
+

1

N4N
)Aix =

N∑

i=1

(
3

4i
+

1

N4N
)(
ix

4
+ (i+ 1)).

From Lemma 2.34, we have V I(H,
∑N

i=1 aiAi,M) =
⋂N

i=1 V I(H,Ai,M) = {−4}.

Example 2.36. Let H = R. For every i = 1, 2, ..., N , let Ai : R → R defined by Aix =

ix
4 + (i + 1) for all x ∈ H and M : R → 2R be defined by Mx = {x

4} for all x ∈ R. Let
ai =

3
4i +

1
N ( 1

4N +1) for all i = 1, 2, ..., N . Then V I
(
H,
∑N

i=1 aiAi,M
)
.=
⋂N

i=1 V I(H,Ai,M).

Solution. Since Aix = ix
4 +(i+1), we have Ai is 4

i -inverse strongly monotone mapping.
By definition of ai and Ai, we have

N∑

i=1

aiAix =
N∑

i=1

(
3

4i
+

1

N
(
1

4N
+ 1))Aix =

N∑

i=1

(
3

4i
+

1

N
(
1

4N
+ 1))(

ix

4
+ (i+ 1)).

Then ⋂N
i=1 V I(H,Ai,M) = {−4} and V I(H,

∑N
i=1 aiAi,M) .= {−4}. It implies that

V I(H,
∑N

i=1 aiAi,M) .=
⋂N

i=1 V I(H,Ai,M) because ∑N
i=1 ai = 2.

Remark 2.37. Example 2.35 show that Lemma 2.34 is true where ∑N
i=1 ai = 1 and

Example 2.36 shows that Lemma 2.34 is not true if some condition fails, that is
∑N

i=1 ai .= 1.

Let h be a proper lower semicontinous convex function of H into (−∞,+∞].
The subdifferential ∂h is defined by

∂h(x) = {z ∈ H : h(x) + 〈z, u− x〉 ≤ h(u), ∀ u ∈ H},

for all x ∈ H . For Rochafellar [39], we get that ∂h is a maximal monotone operator.
Let iCH be the indicator function of CH , i.e.,

iCH =






0 ; if x ∈ CH ,

+∞ ; if x /∈ CH .
(2.5)

Then iCH is a proper, lower semicontinuous and convex function on H and so the
subdifferential ∂iCH of iCH is a maximal monotone operator. The resolvent operator
J
∂iCH
r of ∂iCH for λ > 0 defined by J

∂iCH
r (x) = (I + λ∂iCH )−1(x), x ∈ H , then we have

J
∂iCH
r (x) = PCHx for all x ∈ H and λ > 0; see more detail [47]. Moreover, let h : H → H

is the single valued operator, we have x ∈ V I(H,h, ∂iCH ) = V I(CH , h).
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Chapter 3

Strong Convergence Theorems

3.1 A Strong convergence theorem in Banach space to approximate
a common solution of Banach generalized system of variational
inequalities problem

In this section, we prove the lemma in Banach space which show the equiv-
alence between Banach generalized system of variational inequalities problem (1.11)
and some fixed point problem involving the nonexpansive mapping under suitable
conditions on our parameters. Utilizing our lamma we prove the strong convergence
theorem in Banach space of the sequences generated by modified viscosity method
for finding a common solution of Banach generalized system of variational inequalities
problem (1.11) and fixed point of nonexpansive mapping.

The following lemma is needed to prove the main theorem.

Lemma 3.1. Let CE be a nonempty closed convex subset of a smooth Banach space E

and let D1, D2, D3 : CE → E be mappings. Let QCE be a sunny nonexpansive retraction
of E onto CE . For every λ1,λ2,λ3 > 0 and a ∈ [0, 1]. The following are equivalent
(i) (x∗, y∗, z∗) is a solution of (1.11),
(ii) x∗ is a fixed point of the mapping Z, i.e. x∗ ∈ F (Z), defined the mapping Z : CE → CE

by Z(x) = QCE (I−λ1D1)(ax+(1−a)QCE (I−λ2D2)(ax+(1−a)QCE (I−λ3D3)x)), ∀x ∈ CE

where y∗ = QCE (I − λ2D2)(ax∗ + (1− a)z∗) and z∗ = Qc(I − λ3D3)x∗.

Proof. Let conditions hold.
(i) ⇒ (ii). Suppose that (x∗, y∗, z∗) ∈ CE × CE × CE is a solution of (1.11). For

every x ∈ CE , we have





〈x∗ − (I − λ1D1)(ax∗ + (1− a)y∗), j(x− x∗)〉 ≥ 0, ∀x ∈ CE ,

〈y∗ − (I − λ2D2)(ax∗ + (1− a)z∗), j(x− y∗)〉 ≥ 0, ∀x ∈ CE ,

〈z∗ − (I − λ3D3)x∗, j(x− z∗)〉 ≥ 0, ∀x ∈ CE .

From Lemma 2.21, we have

x∗ = QCE (I − λ1D1)(ax
∗ + (1− a)y∗),

y∗ = QCE (I − λ2D2)(ax
∗ + (1− a)z∗),

z∗ = QCE (I − λ3D3)x
∗.

It follows that

x∗ = QCE (I − λ1D1)(ax+ (1− a)QCE (I − λ2D2)(ax+ (1− a)QCE (I − λ3D3)x)) = Zx∗.This material is reserved for educational use only, not allowed for commercial use. 
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Then x∗ ∈ F (Z), where y∗ = QCE (I − λ2D2)(ax∗ + (1 − a)z∗) and z∗ = QCEI − λ3D3)x∗.
(ii) ⇒ (i). Let x∗ ∈ F (Z), y∗ = QCE (I − λ2D2)(ax∗ + (1 − a)z∗) and z∗ = QCE (I −

λ3D3)x∗. Then

x∗ = Zx∗

= QCE (I − λ1D1)(ax
∗ + (1− a)QCE (I − λ2D2)(ax

∗ + (1− a)QCE (I − λ3D3)x))

= QCE (I − λ1D1)(ax
∗ + (1− a)y∗).

From Lemma 2.21, we have





〈x∗ − (I − λ1D1)(ax∗ + (1− a)y∗), j(x− x∗)〉 ≥ 0,

〈y∗ − (I − λ2D2)(ax∗ + (1− a)z∗), j(x− y∗)〉 ≥ 0,

〈z∗ − (I − λ3D3)x∗, j(x− z∗)〉 ≥ 0.

for all x ∈ CE . Then we find that (x∗, y∗, z∗) is solution of (1.11).

We prove a strong convergence theorem in Banach space to approximate a
common solution of Banach generalized system of variational inequalities problem
(1.11) and fixed point problem of nonexpansive mapping.

Theorem 3.2. Let CE be a nonempty closed convex subset of a uniformly con-
vex and 2-uniformly smooth Banach space E and let QCE be a sunny nonexpan-
sive retraction of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accre-
tive operators, receptively. Define the mapping Z : CE → CE by Z(x) = QCE (I −

λ1D1)(ax+(1− a)QCE (I −λ2D2)(ax+(1− a)QCE (I −λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ),

λ2 ∈ (0, d2
K2 ),λ3 ∈ (0, d3

K2 ),a ∈ [0, 1], where K is the 2-uniformly smooth constant of E. Let
T, S : CE → CE be nonexpansive mappings. Assume that F = F (Z) ∩ F (S) ∩ F (T ) .= ∅.
Let the sequence {xn} be generated by x1 ∈ CE and






un = T (δnxn + (1− δn)Sxn),

xn+1 = Z(αnf(xn) + βnxn + γnun),
(3.1)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn},
{γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following condition are
satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii)∑∞

n=1 |αn+1−αn| < ∞,∑∞
n=1 |βn+1−βn| < ∞,∑∞

n=1 |γn+1−γn| < ∞,∑∞
n=1 |δn+1−δn| < ∞,

(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)(ax0 + (1− a)z0) and z0 = QCE (I − λ3D3)x0.
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Proof. Step1. First, we prove that {xn} and {un} are bounded.
We show that QCE (I−λ1D1), QCE (I−λ2D2) and QCE (I−λ3D3) are nonexpansive

mappings. Let x, y ∈ CE , we have

‖QCE (I − λ1D1)x−QCE (I − λ1D1)y‖2

≤ ‖x− y − λ1D1x+ λ1D1y‖2

≤ ‖x− y‖2 − 2λ1〈D1x−D1y, j(x− y)〉+ 2K2λ2
1‖D1x−D1y‖2

≤ ‖x− y‖2 − 2λ1d1‖D1x−D1y‖2 + 2K2λ2
1‖D1x−D1y‖2

= ‖x− y‖2 − 2λ1(d1 −K2λ1)‖D1x−D1y‖2

≤ ‖x− y‖2.

Then QCE (I−λ1D1) is a nonexpansive mapping. By using the same method, we obtain
that QCE (I−λ2D2) and QCE (I−λ3D3) are nonexpansive mappings. From the definition
of Z, we see that Z is nonexpansive mapping.

Let x∗ ∈ F, then x∗ ∈ F (S) and x∗ ∈ F (T ) which implies Sx∗ = x∗ and Tx∗ = x∗.
From the definition of {un} and Lemma 2.26, we have

‖un − x∗‖ = ‖T (δnxn + (1− δn)Sxn)− x∗‖

≤ ‖δnxn + (1− δn)Sxn − x∗‖

= ‖δn(xn − x∗) + (1− δn)(Sxn − x∗)‖

≤ δn‖xn − x∗‖+ (1− δn)‖Sxn − x∗‖

≤ δn‖xn − x∗‖+ (1− δn)‖xn − x∗‖

= ‖xn − x∗‖. (3.2)

Since x∗ ∈ F, we have x∗ ∈ F (Z) which implies Zx∗ = x∗. Put yn = αnf(xn) +

βnxn + γnun. From the definition of {xn} , (3.2) and Lemma 3.1, we have

‖xn+1 − x∗‖ = ‖Zyn − x∗‖

≤ ‖yn − x∗‖

= ‖αn(f(xn)− x∗) + βn(xn − x∗) + γn(un − x∗)‖

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖+ γn‖un − x∗‖

≤ αn[‖f(xn)− f(x∗)‖+ ‖f(x∗)− x∗‖] + βn‖xn − x∗‖

+ γn‖xn − x∗‖

≤ αnξ‖xn − x∗‖+ αn‖f(x∗)− x∗‖+ (1− αn)‖xn − x∗‖

= αn‖f(x∗)− x∗‖+ (1− αn(1− ξ))‖xn − x∗‖

≤ max {‖f(x
∗)− x∗‖
1− ξ

, ‖x1 − x∗‖}. (3.3)

Applying mathematical induction, we can conclude that the sequence {xn} is
bounded and so is {un}.This material is reserved for educational use only, not allowed for commercial use. 
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Step 2. Show that limn→∞ ‖xn+1 − xn‖ = 0,limn→∞ ‖xn − un‖ = 0 and
limn→∞ ‖Zyn − yn‖ = 0.

From the definition of {xn}, we have

‖xn+1 − xn‖

= ‖Z(αnf(xn) + βnxn + γnun)− Z(αn−1f(xn−1)

+ βn−1xn−1 + γn−1un−1)‖

≤ ‖(αnf(xn) + βnxn + γnun)− (αn−1f(xn−1) + βn−1xn−1 + γn−1un−1)‖

= ‖αnf(xn)− αn−1f(xn−1) + αnf(xn−1)− αnf(xn−1)

+ βnxn − βn−1xn−1 + βnxn−1 − βnxn−1

+ γnun − γn−1un−1 + γnun−1 − γnun−1‖

≤ αn‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖f(xn−1)‖+ βn‖xn − xn−1‖

+ |βn − βn−1|‖xn−1‖+ γn‖un − un−1‖+ |γn − γn−1|‖un−1‖

≤ αnξ‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖+ βn‖xn − xn−1‖

+ |βn − βn−1|‖xn−1‖+ γn‖un − un−1‖+ |γn − γn−1|‖un−1‖. (3.4)

By the definition of {un}, we have

‖un − un−1‖

= ‖T (δnxn + (1− δn)Sxn)− T (δn−1xn−1 + (1− δn−1)Sxn−1)‖

≤ ‖(δnxn + (1− δn)Sxn)− (δn−1xn−1 + (1− δn−1)Sxn−1)‖

= ‖δnxn − δn−1xn−1 + δnxn−1 − δnxn−1 + (Sxn − Sxn−1)

− δnSxn + δn−1Sxn−1 + δnSxn−1 − δnSxn−1‖

≤ δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖+ (1− δn)‖Sxn − Sxn−1‖

+ |δn − δn−1|‖Sxn−1‖

≤ δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖+ (1− δn)‖xn − xn−1‖

+ |δn − δn−1|‖Sxn−1‖

= ‖xn − xn−1‖+ |δn − δn−1|(‖xn−1‖+ ‖Sxn−1‖). (3.5)

From (3.4) and (3.5), we have

‖xn+1 − xn‖

≤ αnξ‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖+ βn‖xn − xn−1‖

+ |βn − βn−1|‖xn−1‖+ γn‖un − un−1‖+ |γn − γn−1|‖un−1‖

≤ αnξ‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖+ βn‖xn − xn−1‖

+ |βn − βn−1|‖xn−1‖+ |γn − γn−1|‖un−1‖

+ γn
[
‖xn − xn−1‖+ |δn − δn−1|(‖xn−1‖+ ‖Sxn−1‖)

]

= αnξ‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖This material is reserved for educational use only, not allowed for commercial use. 
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+ (1− αn)‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖

+ γn|δn − δn−1|(‖xn−1‖+ ‖Sxn−1‖) + |γn − γn−1|‖un−1‖

= (1− αn(1− ξ))‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+ |βn − βn−1|‖xn−1‖+ γn|δn − δn−1|(‖xn−1‖+ ‖Sxn−1‖)

+ |γn − γn−1|‖un−1‖. (3.6)

Applying (3.6), condition (i), (iii) and Lemma 2.22, we have

lim
n→∞

‖xn+1 − xn‖ = 0. (3.7)

We will show that limn→∞ ‖xn − un‖ = 0. From the definition of {xn} and (3.2),
we have

‖xn+1 − x∗‖2

= ‖Z(αnf(xn) + βnxn + γnun)− x∗‖2

≤ ‖(αnf(xn) + βnxn + γnun)− x∗‖2

= ‖αn(f(xn)− x∗) + βn(xn − x∗) + γn(un − x∗)‖2

≤ αn‖f(xn)− x∗‖2 + βn‖xn − x∗‖2 + γn‖un − x∗‖2 − βnγng(‖xn − un‖)

≤ αn‖f(xn)− x∗‖2 + βn‖xn − x∗‖2 + γn‖xn − x∗‖2 − βnγng(‖xn − un‖)

≤ αn‖f(xn)− x∗‖2 + (1− αn)‖xn − x∗‖2 − βnγng(‖xn − un‖)

≤ αn‖f(xn)− x∗‖2 + ‖xn − x∗‖2 − βnγng(‖xn − un‖).

It follows that

βnγng(‖xn − un‖) ≤ αn‖f(xn)− x∗‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

≤ αn‖f(xn)− x∗‖2

+ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn+1 − xn‖.

From (3.7) and condition (i) and (ii), we have

lim
n→∞

g(‖xn − un‖) = 0.

From the property of g, we have

lim
n→∞

‖xn − un‖ = 0. (3.8)

From the definition of {yn}, we have

‖yn − xn‖ = ‖αnf(xn) + βnxn + γnun − xn‖

= ‖αn(f(xn)− xn) + γn(un − xn)‖

≤ αn‖f(xn)− xn‖+ γn‖un − xn‖.

From (3.8) and a condition (i) , we have

lim
n→∞

‖xn − yn‖ = 0. (3.9)This material is reserved for educational use only, not allowed for commercial use. 
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From the definition of {yn}, we have

‖yn − un‖ = ‖αnf(xn) + βnxn + γnun − un‖

= ‖αn(f(xn)− un) + βn(xn − un)‖

≤ αn‖f(xn)− un‖+ βn‖xn − un‖.

From (3.8) and a condition (i) , we have

lim
n→∞

‖yn − un‖ = 0. (3.10)

Since limn→∞ δn = δ ∈ (0, 1), we define the mapping Tδ : CE → CE by Tδx =

T (δx + (1 − δ)Sx) for all x ∈ CE and δ ∈ (0, 1), then we have un = Tδnxn. By Lemma
2.26, we have F (Tδ) = F (T ) ∩ F (S) and Tδ is a nonexpansive mapping.

From the nonexpansive of Tδ, we have

‖Tδyn − yn‖ = ‖Tδyn − Tδnyn + Tδnyn − yn‖

≤ ‖Tδyn − Tδnyn‖+ ‖Tδnyn − yn‖. (3.11)

Considers,

‖Tδyn − Tδnyn‖ = ‖T (δyn + (1− δ)Syn)− T (δnyn + (1− δn)Syn)‖

≤ ‖(δyn + (1− δ)Syn)− (δnyn + (1− δn)Syn)‖

= ‖(δ − δn)yn + (δn − δ)Syn‖

≤ |δ − δn|‖yn‖+ |δn − δ|‖Syn‖.

From a condition (iv), we have

lim
n→∞

‖Tδyn − Tδnyn‖ = 0. (3.12)

Since the nonexpansiveness of Tδn , we have

‖Tδnyn − yn‖ = ‖Tδnyn − Tδnxn + Tδnxn − yn‖

≤ ‖Tδnyn − Tδnxn‖+ ‖Tδnxn − yn‖

≤ ‖yn − xn‖+ ‖un − yn‖.

From (3.9) and (3.10), we have

lim
n→∞

‖Tδnyn − yn‖ = 0. (3.13)

From (3.11), (3.12) and (3.13), we have

lim
n→∞

‖Tδyn − yn‖ = 0. (3.14)

From the definition of {xn}, we have

‖Zyn − yn‖ = ‖Zyn − xn + xn − yn‖This material is reserved for educational use only, not allowed for commercial use. 
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≤ ‖Zyn − xn‖+ ‖xn − yn‖

= ‖xn+1 − xn‖+ ‖xn − yn‖.

From (3.7) and (3.9), we have

lim
n→∞

‖Zyn − yn‖ = 0. (3.15)

Step 3. We will show that lim supn→∞〈f(x0) − x0, j(yn − x0)〉 ≤ 0 where x0 =

QFf(x0).
Define the mapping B : CE → CE by Bx = εZx + (1 − ε)Tδx) for all x ∈ CE

and ε ∈ (0, 1). From Lemma 2.25 and Lemma 2.26, we have F (B) = F (Z) ∩ F (Tδ) =

F (Z) ∩ F (T ) ∩ F (S) = F.
From the definition of B, we have

‖yn −Byn‖ = ‖yn − (εZyn + (1− ε)Tδyn)‖

= ‖ε(yn − Zyn) + (1− ε)(yn − Tδyn)‖

≤ ε‖yn − Zyn‖+ (1− ε)‖yn − Tδyn‖

From (3.14) and (3.15), we have

lim
n→∞

‖yn −Byn‖ = 0. (3.16)

Since Z and Tδ are nonexpansive mappings, we have B is a nonexpansive
mapping. From Lemma 2.24, we have

lim sup
n→∞

〈f(x0)− x0, j(yn − x0)〉 ≤ 0, (3.17)

where x0 = QFf(x0).
Step4. We show that the sequence {xn} converges strongly to x0 = QFf(x0).
From the definition of {yn}, we have

‖yn − x0‖2

= ‖αnf(xn) + βnxn + γnun − x0‖2

= ‖αn(f(xn)− x0) + βn(xn − x0) + γn(un − x0)‖2

≤ ‖βn(xn − x0) + γn(un − x0)‖2 + 2αn〈f(xn)− x0, j(yn − x0)〉

≤
(
βn‖xn − x0‖+ γn‖un − x0‖

)2

+ 2αn〈f(xn)− f(x0) + f(x0)− x0, j(yn − x0)〉

≤
(
βn‖xn − x0‖+ γn‖xn − x0‖

)2
+ 2αn〈f(xn)− f(x0), j(yn − x0)〉

+ 2αn〈f(x0)− x0, j(yn − x0)〉

≤ (1− αn)
2‖xn − x0‖2 + 2αn‖f(xn)− f(x0)‖‖yn − x0‖

+ 2αn〈f(x0)− x0, j(yn − x0)〉This material is reserved for educational use only, not allowed for commercial use. 
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≤ (1− αn)
2‖xn − x0‖2 + 2αnξ‖xn − x0‖‖yn − x0‖

+ 2αn〈f(x0)− x0, j(yn − x0)〉

≤ (1− αn)
2‖xn − x0‖2 + 2αnξ

[
‖xn − x0‖2 + ‖yn − x0‖2

]

+ 2αn〈f(x0)− x0, j(yn − x0)〉

= ((1− αn)
2 + αnξ)‖xn − x0‖2 + αnξ‖yn − x0‖2

+ 2αn〈f(x0)− x0, j(yn − x0)〉.

It implies that

‖yn − x0‖2

≤ (1− αn)2 + αnξ

(1− αnξ)
‖xn − x0‖2 +

2αn

(1− αnξ)
〈f(x0)− x0, j(yn − x0)〉

=
1− αnξ − 2αn(1− ξ)

(1− αnξ)
‖xn − x0‖2 +

α2
n

(1− αnξ)
‖xn − x0‖2

+
2αn

(1− αnξ)
〈f(x0)− x0, j(yn − x0)〉

=
(
1− 2αn(1− ξ)

1− αnξ

)
‖xn − x0‖2 +

α2
n

1− αnξ
‖xn − x0‖2

+
2αn

1− αnξ
〈f(x0)− x0, j(yn − x0)〉

=
(
1− 2αn(1− ξ)

1− αnξ

)
‖xn − x0‖2

+
2αn(1− ξ)

1− αnξ

( αn

2(1− ξ)
‖xn − x0‖2 +

1

1− ξ
〈f(x0)− x0, j(yn − x0)〉

)
. (3.18)

By the definition of {xn+1} and (3.18), we have

‖xn+1 − x0‖2

= ‖Zyn − x0‖2

≤ ‖yn − x0‖2

≤
(
1− 2αn(1− ξ)

1− αnξ

)
‖xn − x0‖2 +

2αn(1− ξ)

1− αnξ

( αn

2(1− ξ)
‖xn − x0‖2

+
1

1− ξ
〈f(x0)− x0, j(yn − x0)〉

)
. (3.19)

Applying (3.19), a condition (i) and Lemma 2.22, we can conclude that the sequence
{xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution of (1.11), where
y0 = QCE (I − λ2D2)(ax0 + (1 − a)z0) and z0 = QCE (I − λ3D3)x0. This complete the
proof.

The following corollary is consequences which are applied by Theorem 3.2.
Therefore, we obtain the following results.

Corollary 3.3. Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let QCE be a sunny nonexpansive retraction
of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators, recep-
tively. Define the mapping Z : CE → CE by Z(x) = QCE (I−λ1D1)(QCE (I−λ2D2)(QCE (I−This material is reserved for educational use only, not allowed for commercial use. 
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λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ), λ2 ∈ (0, d2

K2 ),λ3 ∈ (0, d3
K2 ), where K is the 2-uniformly

smooth constant of E. Let T, S : CE → CE be nonexpansive mappings. Assume that
F = F (Z) ∩ F (S) ∩ F (T ) .= ∅. Let the sequence {xn} be generated by x1 ∈ CE and






un = T (δnxn + (1− δn)Sxn),

xn+1 = Z(αnf(xn) + βnxn + γnun),
(3.20)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn},
{γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following condition are
satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii)∑∞

n=1 |αn+1−αn| < ∞,∑∞
n=1 |βn+1−βn| < ∞,∑∞

n=1 |γn+1−γn| < ∞,∑∞
n=1 |δn+1−δn| < ∞,

(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)z0 and z0 = QCE (I − λ3D3)x0.

3.2 Application of strong convergence theorem in Banach space to
approximate a common solution of Banach generalized system
of variational inequalities problem

In this section, we prove strong convergence to approximation a common
element of solutions of generalized variational inequalities in Banach space and fixed
point problem of nonexpansive mapping. We give some useful lemmas to prove
Theorem 3.6.

Lemma 3.4. ([11]) Let CE be a nonempty closed convex subset of a smooth Banach
space E. Let QCE be a sunny nonexpansive retraction from E onto CE and let A be
an accretive operator of CE into E. Then, for all λ > 0,

S(CE , A) = F (QCE (I − λA)).

Lemma 3.5. Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach E and let QCE be a sunny nonexpansive retraction from
E onto CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators,
receptively. Define a mapping Z as in Lemma 3.1 and for every λ1 ∈ (0, d1

K2 ), λ2 ∈

(0, d2
K2 ),λ3 ∈ (0, d3

K2 ), a ∈ [0, 1], where K is the 2-uniformly smooth constant of E. If
S(CE , A) ∩ S(CE , B) .= ∅, then F (Z) = S(CE , A) ∩ S(CE , B).

Proof. From Lemma 3.4, we have

S(CE , D1) = F (QCE (I − λ1D1)), S(CE , D2) = F (QCE (I − λ2D2)),
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and
S(CE , D3) = F (QCE (I − λ3D3)).

Using the same method as Theorem 3.2, we find that QCE (I − λ1D1), QCE (I −

λ2D2) and QCE (I − λ3D3) are nonexpansive mappings.
From the definition of Z and Lemma 2.26, we have

F (Z) = F (QCE (I − λ1D1)) ∩ F (QCE (I − λ2D2)) ∩ F (QCE (I − λ3D3))

= S(CE , D1) ∩ S(CE , D2) ∩ S(CE , D3).

From Theorem 3.2 and Lemma 3.5, we have the following theorem.

Theorem 3.6. Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let QCE be a sunny nonexpansive retraction
of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators, recep-
tively. Define the mapping Z : CE → CE by Z(x) = QCE (I − λ1D1)(ax+ (1− a)QCE (I −

λ2D2)(ax+(1−a)QCE (I−λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ), λ2 ∈ (0, d2

K2 ),λ3 ∈ (0, d3
K2 ),a ∈

[0, 1], where K is the 2-uniformly smooth constant of E. Let T, S : CE → CE be nonex-
pansive mappings. Assume that F = S(CE , D1)∩S(CE , D2)∩S(CE , D3)∩F (S)∩F (T ) .= ∅.
Let the sequence {xn} be generated by x1 ∈ CE and






un = T (δnxn + (1− δn)Sxn),

yn = αnf(xn) + βnxn + γnun,

xn+1 = QCE (I − λ1D1)(aI + (1− a)QCE (I − λ2D2)(aI

+(1− a)QCE (I − λ3D3)))yn, ∀n ≥ 1,

(3.21)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn}, {γn}, {δn} ⊆

[0, 1] with αn + βn + γn = 1. Suppose that the following condition are satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii) ∑∞

n=1 |αn+1 − αn| < ∞,∑∞
n=1 |βn+1 − βn| < ∞,

∑∞
n=1 |γn+1 − γn| < ∞,∑∞

n=1 |δn+1 − δn| < ∞,
(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)(ax0 + (1− a)z0) and z0 = QCE (I − λ3D3)x0.
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3.3 A Strong convergence theorem in Hilbert space to approximate a
common solution of SCVIP and hierarchical fixed point problem
of nonexpansive mapping

In this section, we prove lemmas related to SCVIP and fixed point problem
of nonexpansive mapping under suitable conditions on our parameters. Utilizing our
lammas we prove the strong convergence theorem in Hilbert space of the sequences
generated by the modified Halpern iterative method for finding a common solution
of hierarchical fixed point problem for a nonexpansive mapping and SCVIP.

The following lemmas are needed to prove the main theorem.

Lemma 3.7. Let H1 and H2 be Hilbert spaces. Let MA : H1 → 2H1 be a multi-valued
maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal mono-
tone mapping. Let A : H1 → H2 be a bounded linear operator. For every i = 1, 2, ..., N ,
let Ai : H1 → H1 be αi-inverse strongly monotone with ηA = mini=1,2,...,N{αi} and
Bi : H2 → H2 be βi-inverse strongly monotone with ηB = mini=1,2,...,N{βi}. For each
x, y ∈ H1, then

‖JMA
λA

(I − λA

N∑

i=1

aiAi)(x− γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(y − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay)‖2

≤ ‖x− y‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2,

where λA ∈ (0, 2ηA), λB ∈ (0, 2ηB),
∑N

i=1 ai =
∑N

i=1 bi = 1 and γ ∈ (0, 1
L ) with L is the

spectral radius of A∗A.

Proof. Let x, y ∈ H1. Consider

‖JMA
λA

(I − λA

N∑

i=1

aiAi)(x− γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(y − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay)‖2

≤ ‖(x− y)− γ(A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax−A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay)‖2

= ‖x− y‖2 − 2γ〈x− y,A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax−A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay〉

+ γ2‖A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax−A∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2

≤ ‖x− y‖2 + 2γ〈Ay −Ax, (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay〉

+ γ2L‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2
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= ‖x− y‖2 + 2γ〈Ay −Ax+ JMB
λB

(I − λB

N∑

i=1

biBi)Ax− JMB
λB

(I − λB

N∑

i=1

biBi)Ax

+ JMB
λB

(I − λB

N∑

i=1

biBi)Ay − JMB
λB

(I − λB

N∑

i=1

biBi)Ay, (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax

− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay〉

+ γ2L‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2

= ‖x− y‖2 + 2γ
[
〈JMB

λB
(I − λB

N∑

i=1

biBi)Ay − JMB
λB

(I − λB

N∑

i=1

biBi)Ax,

(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay〉

− 〈(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay,

(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay〉
]

+ γ2L‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2

≤ ‖x− y‖2 + 2γ
[1
2
‖(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2

− ‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2
]

+ γ2L‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2

= ‖x− y‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2.

Hence

‖JMA
λA

(I − λA

N∑

i=1

aiAi)(x− γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(y − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay)‖2

≤ ‖x− y‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax−

(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ay‖2.

Lemma 3.8. Let H1 and H2 be Hilbert spaces. Let MA : H1 → 2H1 be a multi-valued
maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal mono-
tone mapping. Let A : H1 → H2 be a bounded linear operator. For every i = 1, 2, ..., N ,This material is reserved for educational use only, not allowed for commercial use. 
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let Ai : H1 → H1 be αi-inverse strongly monotone with ηA = mini=1,2,...,N{αi} and
Bi : H2 → H2 be βi-inverse strongly monotone with ηB = mini=1,2,...,N{βi}. Suppose
that Ω (= ∅. Then the following are equivalent:

(i) x∗ ∈ Ω

(ii) x∗ = JMA
λA

(I − λA
∑N

i=1 aiAi)(x∗ − γA∗(I − JMB
λB

(I − λB
∑N

i=1 biBi))Ax∗),

where λA ∈ (0, 2ηA), λB ∈ (0, 2ηB),
∑N

i=1 ai =
∑N

i=1 bi = 1 and γ ∈ (0, 1
L ) with L is the

spectral radius of A∗A.

Proof. Let the condition holds.
(i) ⇒ (ii) Let x∗ ∈ Ω, we have x∗ ∈ V I(H1,

∑N
i=1 aiAi,MA) and

Ax∗ ∈ V I(H2,
∑N

i=1 biBi,MB).
From Lemma 2.33, we have x∗ ∈ F (JMA

λA
(I−λA

∑N
i=1 aiAi)) and Ax∗ ∈ F (JMB

λB
(I−

λB
∑N

i=1 biBi)), which implies that x∗ = JMA
λA

(I − λA
∑N

i=1 aiAi)x∗ and Ax∗ = JMB
λB

(I −

λB
∑N

i=1 biBi)Ax∗.
By x∗ = JMA

λA
(I − λA

∑N
i=1 aiAi)x∗ and Ax∗ = JMB

λB
(I − λB

∑N
i=1 biBi)Ax∗, we have

JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗)

= JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(Ax∗ − JMB

λB
(I − λB

N∑

i=1

biBi)Ax∗)

= JMA
λA

(I − λA

N∑

i=1

aiAi)x
∗

= x∗.

It implies that

JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗) = x∗. (3.22)

(ii) ⇒ (i) Let JMA
λA

(I−λA
∑N

i=1 aiAi)(x∗−γA∗(I−JMB
λB

(I−λB
∑N

i=1 biBi))Ax∗) = x∗

and let w ∈ Ω.
We will show that I−λA

∑N
i=1 aiAi and I−λB

∑N
i=1 biBi are nonexpansive, for all

i = 1, 2, ..., N .
Since Ai : H1 → H1 be αi-inverse strongly monotone mapping with ηA =

mini=1,2,...,N{αi} and λA ∈ (0, 2ηA), we have

‖(I − λA

N∑

i=1

aiAi)x− (I − λA

N∑

i=1

aiAi)y‖2

= ‖x− y‖2 − 2λA

N∑

i=1

ai〈x− y,Aix−Aiy〉+ λ2
A

N∑

i=1

ai‖Aix−Aiy‖2

≤ ‖x− y‖2 − 2λA

N∑

i=1

aiαi‖Aix−Aiy‖2 + λ2
A

N∑

i=1

ai‖Aix−Aiy‖2
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≤ ‖x− y‖2 − 2λAηA

N∑

i=1

ai‖Aix−Aiy‖2 + λ2
A

N∑

i=1

ai‖Aix−Aiy‖2

= ‖x− y‖2 + λA

N∑

i=1

ai(λA − 2ηA)‖Aix−Aiy‖2

≤ ‖x− y‖2.

Thus I − λA
∑N

i=1 aiAi is a nonexpansive mapping, for all i = 1, 2, ..., N . By using
the same proof, we obtain that I − λB

∑N
i=1 biBi, for all i = 1, 2, ..., N is a nonexpansive

mapping. Then JMA
λA

(I−λA
∑N

i=1 aiAi) and JMB
λB

(I−λB
∑N

i=1 biBi) are nonexpansive map-
pings.

From w ∈ Ω and (i) ⇒ (ii), we have JMB
λB

(I−λB
∑N

i=1 biBi)Aw = Aw and JMA
λA

(I−

λA
∑N

i=1 aiAi)(w − γA∗(I − JMB
λB

(I − λB
∑N

i=1 biBi))Aw) = w.
From Lemma 3.7 and JMB

λB
(I − λB

∑N
i=1 biBi)Aw = w, we have

‖x∗ − w‖2 = ‖JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(w − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Aw)‖2

≤ ‖x∗ − w‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax∗

− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Aw‖2

= ‖x∗ − w‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax∗‖2. (3.23)

Applying (3.23), we have

Ax∗ ∈ F (JMB
λB

(I − λB

N∑

i=1

biBi)). (3.24)

From Lemma 2.34, we have

Ax∗ ∈ V I

(
H1,

N∑

i=1

biBi,MB

)
. (3.25)

From the definition of x∗ and (3.24), we have

x∗ = JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗)

= JMA
λA

(I − λA

N∑

i=1

aiAi)x
∗.

From Lemma 2.34, we have

x∗ ∈ V I

(
H2,

N∑

i=1

aiAi,MA

)
. (3.26)

From (3.25) and (3.26), we have x∗ ∈ Ω.This material is reserved for educational use only, not allowed for commercial use. 
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Example 3.9. Let H1 = H2 = R. For every i = 1, 2, ..., N , let Ai : R → R define by
Aix = ix

4 +(i+1) for all x ∈ H1 and Bi : R → R define by Biy = iy
2 +(i+1) for all y ∈ H2.

Let MA : R → 2R be defined by MAx = {x
4} for all x ∈ R and MB : R → 2R be defined by

MBx = {y
2} for all y ∈ R. Let Ax = x, for all x ∈ R. Let ai = 3

4i +
1

N4N and bi =
2
3i +

1
N3N for

all i = 1, 2, ..., N . Then JMA
λA

(I−λA
∑N

i=1 aiAi)(x∗−γA∗(I−JMB
λB

(I−λB
∑N

i=1 biBi))Ax∗) =

−4.

Solution. It is easy to observe Ai is 4
i -inverse strongly monotone mapping and Bi is

2
i -inverse strongly monotone mapping. By definition of Ai, Bi and ai, bi, we have

N∑

i=1

aiAix =
N∑

i=1

(
3

4i
+

1

N4N
)Aix =

N∑

i=1

(
3

4i
+

1

N4N
)(
ix

4
+ (i+ 1)),

and
N∑

i=1

biBiy =
N∑

i=1

(
2

3i
+

1

N3N
)Biy =

N∑

i=1

(
2

3i
+

1

N3N
)(
iy

2
+ (i+ 1)).

Then Ω = {−4}. From definition of A, we have L = 1. Choose λA = 1
N , λB = 1

N

and γ = 1
10 . From Lemma 3.8, we have JMA

λA
(I − λA

∑N
i=1 aiAi)(x∗ − γA∗(I − JMB

λB
(I −

λB
∑N

i=1 biBi))Ax∗) = −4.

Example 3.10. Let H1 = H2 = R. For every i = 1, 2, ..., N , let Ai : R → R define by
Aix = ix

4 +(i+1) for all x ∈ H1 and Bi : R → R define by Biy = iy
2 +(i+1) for all y ∈ H2.

Let MA : R → 2R be defined by MAx = {x
4} for all x ∈ R and MB : R → 2R be defined by

MBx = {y
2} for all y ∈ R. Let Ax = x, for all x ∈ R. Let ai = 3

4i +
1

N4N and bi =
2
3i +

1
N3N for

all i = 1, 2, ..., N . Then JMA
λA

(I−λA
∑N

i=1 aiAi)(x∗−γA∗(I−JMB
λB

(I−λB
∑N

i=1 biBi))Ax∗) = x∗

for all x∗ ∈ R.

Solution. It is easy to observe Ai is 4
i -inverse strongly monotone mapping and Bi is

2
i -inverse strongly monotone mapping. By definition of Ai, Bi and ai, bi, we have

N∑

i=1

aiAix =
N∑

i=1

(
3

4i
+

1

N4N
)Aix =

N∑

i=1

(
3

4i
+

1

N4N
)(
ix

4
+ (i+ 1)),

and
N∑

i=1

biBiy =
N∑

i=1

(
2

3i
+

1

N3N
)Biy =

N∑

i=1

(
2

3i
+

1

N3N
)(
iy

2
+ (i+ 1)).

Then Ω = {−4}. From definition of A, we have L = 1. Choose λA = 0, λB = 0

and γ = 1
10 , we have JMA

λA
(I−λA

∑N
i=1 aiAi)(x∗−γA∗(I−JMB

λB
(I−λB

∑N
i=1 biBi))Ax∗) = x∗

for all x∗ ∈ R.
So Example 3.10 shows that Lemma 3.8 is not true because choose λA = 0

and λB = 0.

We prove a strong convergence theorem in Hilbert space to approximate a
common solution of SCVIP and hierarchical fixed point problem of nonexpansive map-
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Theorem 3.11. Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-
valued maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal
monotone mapping. Let A : H1 → H2 be a bounded linear operator with its adjoint
operator A∗. Let Ai : H1 → H1 be αi-inverse strongly monotone with ηA = mini=1{αi}

and Bi : H2 → H2 be βi-inverse strongly monotone with ηB = mini=1{βi}. Let S, T :

H1 → H1 be two nonexpansive mappings. Assume that F = Φ∩Ω (= ∅. Let the sequence
{xn} generated by u, x1 ∈ H1 and






un = JMA
λA

(I − λA
∑N

i=1 aiAi)(xn − γA∗(I − JMB
λB

(I − λB
∑N

i=1 biBi))Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(3.27)

where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2ηA),
λB ∈ (0, 2ηB) and γ ∈ (0, 1

L ) with L is the spectral radius of A∗A. Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

(vi) ∑N
i=1 ai =

∑N
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N .

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.

Proof. Step1. First, we prove that {xn}, {yn} and {un} are bounded.
We will show that JMA

λA
(I − λA

∑N
i=1 aiAi) and JMB

λB
(I − λB

∑N
i=1 biBi) are nonex-

pansive mappings.
Since Ai is αi-inverse strongly monotone with ηA = mini=1{αi}, we have
∥∥∥∥∥(I − λA

N∑

i=1

aiAi)x− (I − λA

N∑

i=1

aiAi)y

∥∥∥∥∥

2

=

∥∥∥∥∥(x− y)− λA(
N∑

i=1

aiAix−
N∑

i=1

aiAiy)

∥∥∥∥∥

2

≤ ‖x− y‖2 − 2λA

N∑

i=1

ai〈x− y,Aix−Aiy〉

+ λ2
A

N∑

i=1

ai‖Aix−Aiy‖2

≤ ‖x− y‖2 − 2λA

N∑

i=1

aiαi‖Aix−Aiy‖2

+ λ2
A

N∑

i=1

ai‖Aix−Aiy‖2
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≤ ‖x− y‖2 + λA

N∑

i=1

ai(λn − 2ηA)‖Aix−Aiy‖2

≤ ‖x− y‖2.

Thus I − λA
∑N

i=1 aiAi is a nonexpansive mapping, for all i = 1, 2, ..., N . By using
the same proof, we obtain that I − λB

∑N
i=1 biBi is a nonexpansive mapping. Since

JMA
λA

and JMB
λB

are nonexpnsive mappings, we have JMA
λA

(I−λA
∑N

i=1 aiAi) and JMB
λB

(I−

λB
∑N

i=1 biBi) are nonexpansive mappings.
Let p ∈ F then p ∈ H1 and p ∈ Φ which Tp = p. Now, we estimate

‖yn − p‖2 = ‖(1− αn)xn + αn(σnSxn + (1− σn)Txn)− p‖2

= ‖(1− αn)(xn − p) + αn(σn(Sxn − p) + (1− σn)(Txn − p))‖2

≤ (1− αn)‖xn − p‖2 + αn‖(σn(Sxn − p) + (1− σn)(Txn − p))‖2

≤ (1− αn)‖xn − p‖2 + αnσn‖Sxn − p‖2 + αn(1− σn)‖Txn − p‖2

≤ (1− αn)‖xn − p‖2 + αnσn‖Sxn − p‖2 + αn(1− σn)‖xn − p‖2

= (1− αnσn)‖xn − p‖2 + αnσn‖Sxn − p‖2. (3.28)

Since p ∈ F, then p ∈ Ω and JMA
λA

(I−λA
∑N

i=1 aiAi)p = p and JMB
λB

(I−λB
∑N

i=1 biBi)Ap =

Ap. By Lemma 3.8, we have

JMA
λA

(I − λA

N∑

i=1

aiAi)(p− γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ap) = p.

By Lemma 3.7, we have

‖un − p‖2

= ‖JMA
λA

(I − λA

N∑

i=1

aiAi)(xn − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(p− γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Ap)‖2

≤ ‖xn − p‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn − (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ap‖2

≤ ‖xn − p‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn‖2

≤ ‖xn − p‖2. (3.29)

By (3.28) and (3.29), we have

‖xn+1 − p‖2 = ‖µnu+ ϕnyn + θnun − p‖2

≤ µn‖u− p‖2 + ϕn‖yn − p‖2 + θn‖un − p‖2

≤ µn‖u− p‖2 + ϕn

[
(1− αnσn)‖xn − p‖2 + αnσn‖Sxn − p‖2

]
+ θn‖xn − p‖2

= µn‖u− p‖2 + ϕn‖xn − p‖2 − ϕnαnσn‖xn − p‖2 + ϕnαnσn‖Sxn − p‖2 + θn‖xn − p‖2This material is reserved for educational use only, not allowed for commercial use. 
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= µn‖u− p‖2 + (1− µn)‖xn − p‖2 − ϕnαnσn‖xn − p‖2 + ϕnαnσn‖Sxn − p‖2

≤ (1− µn)‖xn − p‖2 + µn‖u− p‖2 + µnαnσn‖Sxn − p‖2. (3.30)

From Lemma 2.32(i), therefore {xn} is bounded. So are {un},{yn}.
Step2. Show that limn→∞ ‖xn+1−xn‖ = 0, limn→∞ ‖xn−un‖ = 0 and limn→∞ ‖xn−

yn‖ = 0.

‖xn+1 − xn‖ = ‖µnu+ ϕnyn + θnun − µn−1u− ϕn−1yn−1 − θn−1un−1‖

= ‖(µn − µn−1)u+ (ϕn − ϕn−1)yn−1 + ϕn(yn − yn−1)

+ (θn − θn−1)un−1 + θn(un − un−1)‖

≤ |µn − µn−1|‖u‖+ |ϕn − ϕn−1|‖yn−1‖+ ϕn‖yn − yn−1‖

+ |θn − θn−1|‖un−1‖+ θn‖un − un−1‖. (3.31)

From definition of {un}, Lemma 3.7 and γ ∈ (0, 1
L ), we have

‖un − un−1‖2 = ‖JMA
λA

(I − λA

N∑

i=1

aiAi)(xn − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn)

− JMA
λA

(I − λA

N∑

i=1

aiAi)(xn−1 − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn−1)‖2

≤ ‖xn − xn−1‖2 − γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn

− (I − JMB
λB

(I − λB

N∑

i=1

biBi))Axn−1‖2

≤ ‖xn − xn−1‖2.

It implies that
‖un − un−1‖ ≤ ‖xn − xn−1‖. (3.32)

From definition of {yn}, we have

‖yn − yn−1‖ = ‖(1− αn)xn + αn(σnSxn + (1− σn)Txn)

− [(1− αn−1)xn−1 + αn−1(σn−1Sxn−1 + (1− σn−1)Txn−1)]‖

= ‖(xn − xn−1)− αnxn + αn−1xn−1 + αnxn−1 − αnxn−1

+ αnσnSxn − αn−1σn−1Sxn−1 + αnσnSxn−1 − αnσnSxn−1

+ αnTxn − αn−1Txn−1 + αnTxn−1 − αnTxn−1

− αnσnTxn + αn−1σn−1Txn−1 + αnσnTxn−1 − αnσnTxn−1‖

= ‖(1− αn)(xn − xn−1) + (αn−1 − αn)xn−1

+ (αnσn − αn−1σn−1)Sxn−1 + αnσn(Sxn − Sxn−1)

+ αn(1− σn)(Txn − Txn−1) + (αn − αn−1)Txn−1

+ (αn−1σn−1 − αnσn)Txn−1‖

≤ (1− αn)‖xn − xn−1‖+ |αn−1 − αn|‖xn−1‖This material is reserved for educational use only, not allowed for commercial use. 
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+ |αnσn − αn−1σn−1|‖Sxn−1‖+ αnσn‖Sxn − Sxn−1‖

+ αn(1− σn)‖Txn − Txn−1‖+ |αn − αn−1|‖Txn−1‖

+ |αn−1σn−1 − αnσn|‖Txn−1‖

≤ (1− αn)‖xn − xn−1‖+ |αn−1 − αn|‖xn−1‖

+ |αnσn − αn−1σn−1|‖Sxn−1‖+ αnσn‖xn − xn−1‖

+ αn(1− σn)‖xn − xn−1‖+ |αn − αn−1|‖Txn−1‖

+ |αn−1σn−1 − αnσn|‖Txn−1‖

= ‖xn − xn−1‖+ |αn−1 − αn|‖xn−1‖

+ |αnσn − αn−1σn−1|‖Sxn−1‖+ |αn − αn−1|‖Txn−1‖

+ |αn−1σn−1 − αnσn|‖Txn−1‖. (3.33)

From (3.31)–(3.33), we have

‖xn+1 − xn‖ ≤ |µn − µn−1|‖u‖+ |ϕn − ϕn−1|‖yn−1‖+ ϕn‖yn − yn−1‖

+ |θn − θn−1|‖un−1‖+ θn‖un − un−1‖

≤ |µn − µn−1|‖u‖+ |ϕn − ϕn−1|‖yn−1‖

+ ϕn[‖xn − xn−1‖+ |αn−1 − αn|‖xn−1‖

+ |αnσn − αn−1σn−1|‖Sxn−1‖+ |αn − αn−1|‖Txn−1‖

+ |αn−1σn−1 − αnσn|‖Txn−1‖]

+ |θn − θn−1|‖un−1‖+ θn‖xn − xn−1‖

= (ϕn + θn)‖xn − xn−1‖+ |µn − µn−1|‖u‖+ |ϕn − ϕn−1|‖yn−1‖

+ ϕn|αn−1 − αn|‖xn−1‖+ ϕn|αnσn − αn−1σn−1|‖Sxn−1‖

+ ϕn|αn − αn−1|‖Txn−1‖+ ϕn|αn−1σn−1 − αnσn|‖Txn−1‖

+ |θn − θn−1|‖un−1‖

≤ (1− µn)‖xn − xn−1‖+ |µn − µn−1|‖u‖+ |ϕn − ϕn−1|‖yn−1‖

+ |αn−1 − αn|‖xn−1‖+ |αnσn − αn−1σn−1|‖Sxn−1‖

+ |αn − αn−1|‖Txn−1‖+ |αn−1σn−1 − αnσn|‖Txn−1‖

+ |θn − θn−1|‖un−1‖.

By Lemma 2.32(i), conditions (i) and (iii), we have

lim
n→∞

‖xn+1 − xn‖ = 0. (3.34)

From definition of {un}, we have

xn+1 − un = µnu+ ϕnyn + θnun − un

= µn(u− un) + ϕn(yn − un). (3.35)
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From (3.28) and (3.29), we have

‖xn+1 − p‖2 = ‖µnu+ ϕnyn + θnun − p‖2

= µn‖u− p‖2 + ϕn‖yn − p‖2 + θn‖un − p‖2

− µnϕn‖u− yn‖2 − µnθn‖u− un‖2 − ϕnθn‖yn − un‖2

≤ µn‖u− p‖2 + ϕn‖yn − p‖2 + θn‖un − p‖2 − ϕnθn‖yn − un‖2

≤ µn‖u− p‖2 + ϕn[(1− αnσn)‖xn − p‖2 + αnσn‖Sxn − p‖2]

+ θn‖xn − p‖2 − ϕnθn‖yn − un‖2

= µn‖u− p‖2 + ϕn‖xn − p‖2 − ϕnαnσn‖xn − p‖2

+ ϕnαnσn‖Sxn − p‖2 + θn‖xn − p‖2 − ϕnθn‖yn − un‖2

≤ µn‖u− p‖2 + (1− µn)‖xn − p‖2 + ϕnαnσn‖Sxn − p‖2

− ϕnθn‖yn − un‖2

≤ µn‖u− p‖2 + ‖xn − p‖2 + ϕnαnσnK − ϕnθn‖yn − un‖2,

where K = supn{‖Sxn − p‖2}. It follow that

ϕnθn‖yn − un‖2 ≤ µn‖u− p‖2 + ϕnαnσnK + ‖xn − p‖2 − ‖xn+1 − p‖2

≤ µn‖u− p‖2 + ϕnαnσnK + ‖xn − xn+1‖(‖xn − p‖+ ‖xn+1 − p‖)

≤ µn‖u− p‖2 + ϕnαnσnK + ‖xn − xn+1‖L1,

where L1 = supn{‖xn− p‖+ ‖xn+1− p‖}. From (3.34), conditions (i), (ii) and (v), we have

lim
n→∞

‖yn − un‖ = 0. (3.36)

From (3.35) and (3.36), we have

‖xn+1 − un‖ = ‖µn(u− un) + ϕn(yn − un)‖

≤ µn‖u− un‖+ ϕn‖yn − un‖.

From (3.36) and a condition (i), we have

lim
n→∞

‖xn+1 − un‖ = 0. (3.37)

Since

‖xn − un‖ = ‖xn − xn+1 + xn+1 − un‖

≤ ‖xn − xn−1‖+ ‖xn+1 − un‖.

From (3.35) and (3.37), we have

lim
n→∞

‖xn − un‖ = 0. (3.38)

Since
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≤ ‖xn − un‖+ ‖un − yn‖.

From (3.36) and (3.38), we have

lim
n→∞

‖xn − yn‖ = 0. (3.39)

Step3. limn→∞ ‖xn − Txn‖ = 0.
We have

‖xn − Txn‖ ≤ ‖xn − yn‖+ ‖yn − Txn‖. (3.40)

Since {xn} is bounded and the mappings S, T are nonexpansive then there
exists a K1 > 0 such that ‖Sxn − Txn‖ ≤ K1, for all n ≥ 0. Now, we estimate

‖yn − Txn‖ = ‖(1− αn)xn + αn(σnSxn + (1− σn)Txn)− Txn‖

= ‖(1− αn)(xn − Txn) + αn(σnSxn + (1− σn)Txn − Txn)‖

= ‖(1− αn)(xn − Txn) + αn(σnSxn − σnTxn)‖

≤ (1− αn)‖xn − Txn‖+ αnσn‖Sxn − Txn‖

≤ (1− αn)
[
‖xn − yn‖+ ‖yn − Txn‖

]
+ αnσn‖Sxn − Txn‖

≤ (1− αn)‖xn − un‖+ (1− αn)‖yn − Txn‖+ αnσn‖Sxn − Txn‖,

which implies

αn‖yn − Txn‖ ≤ (1− αn)‖xn − yn‖+ αnσn‖Sxn − Txn‖

≤ ‖xn − yn‖+ αnσnK1.

It follow that
‖yn − Txn‖ ≤ ‖xn − yn‖

αn
+ σnK1. (3.41)

Since limn→∞
‖xn−yn‖
αnσn

= 0, we have limn→∞
‖xn−yn‖

αn
= limn→∞ σn · ‖xn−yn‖

αnσn
= 0.

From limn→∞
‖xn−yn‖

αn
= 0, (3.41) and a condition (v), we have

lim
n→∞

‖yn − Txn‖ = 0. (3.42)

Thus, it follows from (3.39), (3.40) and (3.42), we have

lim
n→∞

‖xn − Txn‖ = 0. (3.43)

Step4. x∗ ∈ F

Since {xn} is bounded, there exists a subsequence {xnk} which converges
weakly to x∗. We may assume that

lim inf
n→∞

〈−xn, x− yn − xn

αn
− xn〉 = lim

k→∞
〈−xnk , x− ynk − xnk

αnk

− xnk〉,

and
lim inf
n→∞

〈Sxn, x− yn − xn

αn
− xn〉 = lim

k→∞
〈Sxnk , x− ynk − xnk

αnk
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We will show that x∗ ∈ F (T ). Assume that x∗ /∈ F (T ), then x∗ (= Tx∗ and using
Opial’s property of Hilbert space and (3.42), we have

lim inf
k→∞

‖xnk − x∗‖ < lim inf
k→∞

‖xnk − Tx∗‖

≤ lim inf
k→∞

(
‖xnk − Txnk‖+ ‖Txnk − Tx∗‖

)

≤ lim inf
k→∞

‖xnk − x∗‖,

which is a contradiction. Therefore, x∗ ∈ F (T ).
Next, we show that x∗ ∈ Φ. Consider

yn − xn = (1− αn)xn + αn(σnSxn + (1− σn)Txn)− xn

= αnσn(Sxn − xn) + αn(1− σn)(Txn − xn),

which implies

Sxn − xn =
yn − xn

αnσn
− αn(1− σn)(Txn − xn)

αnσn

=
yn − xn

αnσn
+

(1− σn)(I − T )xn

σn
.

It follows that

Sxn − xn − yn − xn

αnσn
=

(1− σn)(I − T )xn

σn
.

Since T is nonexpansive, we have I − T is monotone. Let x ∈ F (T ), we have

〈Sxn − xn − yn − xn

αnσn
, x− yn − xn

αn
− xn〉

=
(1− σn)

σn
〈(I − T )xn, x− yn − xn

αn
− xn〉

=
(1− σn)

σn
〈(I − T )xn − (I − T )(x− yn − xn

αn
) + (I − T )(x− yn − xn

αn
),

x− yn − xn

αn
− xn〉

=
(1− σn)

σn

[
〈(I − T )xn − (I − T )(x− yn − xn

αn
), x− yn − xn

αn
− xn〉

+ 〈(I − T )(x− yn − xn

αn
), x− yn − xn

αn
− xn〉

]

≤ (1− σn)

σn
〈(I − T )(x− yn − xn

αn
), x− yn − xn

αn
− xn〉

≤ (1− σn)

σn

∥∥∥(I − T )(x− yn − xn

αn
)
∥∥∥
∥∥∥x− yn − xn

αn
− xn

∥∥∥

=
(1− σn)

σn

∥∥∥(I − T )(x− yn − xn

αn
)− (I − T )x

∥∥∥
∥∥∥x− yn − xn

αn
− xn

∥∥∥

≤ 2(1− σn)
‖yn − xn‖

αnσn

∥∥∥x− yn − xn

αn
− xn

∥∥∥,

which implies

〈Sxn − xn, x− yn − xn

αn
− xn〉 ≤ 2(1− σn)

‖yn − xn‖
αnσn

∥∥∥x− yn − xn

αn
− xn

∥∥∥

+ 〈yn − xn

αnσn
, x− yn − xn

αn
− xn〉This material is reserved for educational use only, not allowed for commercial use. 
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≤ 3
‖yn − xn‖

αnσn

∥∥∥x− yn − xn

αn
− xn

∥∥∥. (3.44)

Since limn→∞
‖xn−yn‖

αn
= 0, we have

lim
k→∞

〈ynk − xnk

αnk

, x− ynk − xnk

αnk

− xnk〉 = 0. (3.45)

From (3.45) and ynk
−xnk

αnk
+ xnk ⇀ x∗, we have

lim inf
n→∞

〈 − xn, x− yn − xn

αn
− xn〉

= lim
k→∞

〈−xnk , x− ynk − xnk

αnk

− xnk〉

= lim
k→∞

〈−xnk − (x− ynk − xnk

αnk

) + (x− ynk − xnk

αnk

), x− ynk − xnk

αnk

− xnk〉

= lim
k→∞

[
〈x− ynk − xnk

αnk

− xnk , x− ynk − xnk

αnk

− xnk〉

− 〈x− ynk − xnk

αnk

, x− ynk − xnk

αnk

− xnk〉
]

= lim
k→∞

[
〈x− ynk − xnk

αnk

− xnk , x− ynk − xnk

αnk

− xnk〉 − 〈x, x− ynk − xnk

αnk

− xnk〉

+ 〈ynk − xnk

αnk

, x− ynk − xnk

αnk

− xnk〉
]

= ‖x− x∗‖2 − 〈x, x− x∗〉. (3.46)

Since S is weakly continuous and ynk
−xnk

αnk
+ xnk ⇀ x∗, we obtain

lim inf
n→∞

〈Sxn, x− yn − xn

αn
− xn〉 = lim

k→∞
〈Sxnk , x− ynk − xnk

αnk

− xnk〉 = 〈Sx∗, x− x∗〉. (3.47)

From (3.44), (3.46) and (3.47), we have

〈Sx∗ − x∗, x− x∗〉 = 〈Sx∗, x− x∗〉 − 〈x∗, x− x∗〉

= 〈Sx∗, x− x∗〉+ ‖x− x∗‖2 − 〈x, x− x∗〉

= lim inf
n→∞

[
〈Sxn, x− yn − xn

αn
− xn〉 − 〈xn, x− yn − xn

αn
− xn〉

]

= lim inf
n→∞

〈Sxn − xn, x− yn − xn

αn
− xn〉

≤ lim inf
n→∞

3
‖yn − xn‖

αnσn

∥∥∥x− yn − xn

αn
− xn

∥∥∥

≤ 0.

Hence x∗ solve Hierarchical fixed point problem, i.e., x∗ ∈ Φ.
Next, we show that x∗ ∈ Ω. Assume that x∗ (= JMA

λA
(I−λA

∑N
i=1 aiAi)(x∗−γA∗(I−

JMB
λB

(I − λB
∑N

i=1 biBi))Ax∗). Applying the Opial’s property, (3.38) and Lemma 3.7, we
have

lim inf
k→∞

‖xnk − x∗‖

< lim inf
k→∞

‖xnk − JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗‖
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= lim inf
k→∞

‖xnk − JMA
λA

(I − λA

N∑

i=1

aiAi)(xnk − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axnk

+ JMA
λA

(I − λA

N∑

i=1

aiAi)(xnk − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axnk

− JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗‖

≤ lim inf
k→∞

[
‖xnk − JMA

λA
(I − λA

N∑

i=1

aiAi)(xnk − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axnk‖

+ ‖JMA
λA

(I − λA

N∑

i=1

aiAi)(xnk − γA∗(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axnk

− JMA
λA

(I − λA

N∑

i=1

aiAi)(x
∗ − γA∗(I − JMB

λB
(I − λB

N∑

i=1

biBi))Ax∗‖
]

≤ lim inf
k→∞

[
‖xnk − unk‖+ ‖xnk − x∗‖

− γ(1− γL)‖(I − JMB
λB

(I − λB

N∑

i=1

biBi))Axnk − (I − JMB
λB

(I − λB

N∑

i=1

biBi))Ax∗‖
]

≤ lim inf
k→∞

[
‖xnk − unk‖+ ‖xnk − x∗‖

]

= lim inf
k→∞

‖xnk − x∗‖.

This is a contradiction. Then x∗ = JMA
λA

(I − λA
∑N

i=1 aiAi)(x∗ − γA∗(I − JMB
λB

(I −

λB
∑N

i=1 biBi))Ax∗. From Lemma 3.8, we have x∗ ∈ Ω. Therefore, x∗ ∈ F.
Step5. Finally, we will prove that {xn} converges strongly to z0 = PFu.
We show that lim supn→∞〈u− z0, xn − z0〉 ≤ 0, where z0 = PFu. We may assume

the subsequence {xnk} of {xn} with

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk − z0〉. (3.48)

Since xnk ⇀ x∗ as k → ∞ and x∗ ∈ F. By (3.48) and Lemma 2.27, we have

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk − z0〉 ≤ 0 (3.49)

From (3.28) and (3.29), we have

‖xn+1 − z0‖2 = ‖µnu+ ϕnyn + θnun − z0‖2

= ‖µn(u− z0) + ϕn(yn − z0) + θn(un − z0)‖2

≤ ‖ϕn(yn − z0) + θn(un − z0)‖2 + 2〈µn(u− z0), xn+1 − z0〉

≤ ϕn‖yn − z0‖2 + θn‖un − z0‖2 + 2µn〈u− z0, xn+1 − z0〉

≤ ϕn[(1− αnσn)‖xn − z0‖2 + αnσn‖Sxn − z0‖2]

+ θn‖xn − z0‖2 + 2µn〈u− z0, xn+1 − z0〉

≤ ϕn‖xn − z0‖2 + ϕnαnσn‖Sxn − z0‖2

+ θn‖xn − z0‖2 + 2µn〈u− z0, xn+1 − z0〉This material is reserved for educational use only, not allowed for commercial use. 
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≤ (1− µn)‖xn − z0‖2 + ϕnαnσn‖Sxn − z0‖2

+ 2µn〈u− z0, xn+1 − z0〉.

Applying Lemma 2.32(ii), conditions (i), (iv) and (3.49), we can conclude that
the {xn} converges strongly to z0 = PFu. This completes the proof.

Next, we have the following strong convergence to approximation a common
element of solution the set of SMVI and hierarchical fixed point problem of nonex-
pansive mapping.

Corollary 3.12. Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-
valued maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal
monotone mapping. Let F : H1 → H2 be a bounded linear operator with its adjoint
operator F ∗. Let A : H1 → H1 be α-inverse strongly monotone and B : H2 → H2 be
β-inverse strongly monotone. Let S, T : H1 → H1 be two nonexpansive mappings.
Assume that F = Φ ∩Θ (= ∅. Let the sequence {xn} generated by u, x1 ∈ H1 and






un = JMA
λA

(I − λAA)(xn − γA∗(I − JMB
λB

(I − λBB))Fxn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(3.50)

where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2α),
λB ∈ (0, 2β) and γ ∈ (0, 1

L ) with L is the spectral radius of F ∗F . Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.

Proof. Put Ai ≡ A and Bi ≡ B for all i = 1, 2, ..., N in Theorem 3.11. From Theorem
3.11, we obtain the desired result.
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3.4 Application of strong convergence theorem in Hilbert space to
approximate a common solution of SCVIP and hierarchical fixed
point problem of nonexpansive mapping

3.4.1 Split Zero Point Problem

Let H be a real HIlbert space. Let M : H → 2H be a maximal monotone
operator. Then the zero point problem is to find x∗ ∈ H such that

0 ∈ Mx∗, (3.51)

such an x∗ ∈ H is called a zero point of M . The set of zero point of M is denoted by
M−1(0).

Let H1 and H2 be two real Hilbert spaces. Setting Ai ≡ 0 and Bi ≡ 0 for all
i = 1, 2, .., N in SCVIP, then SCVIP reduce to the split zero point problem: Find x∗ ∈ H1

such that
0 ∈ MAx

∗, (3.52)

and
y∗ ∈ Ax∗ such that 0 ∈ MBy

∗, (3.53)

where A : H1 → H2 is bounded linear operator, MA : H1 → 2H1 and MB : H2 → 2H2

are multi-valued mapping. The set of all solution of this problem is denoted by
Ω2 = {x ∈ M−1

A (0) : Ax ∈ M−1
B (0)}.

The split zero point problem which consists of the special cases, split feasibility
problem, variational inequalities, etc., which is used in practice as a model in machine
learning, image processing and linear inverse problem.

Next, we give the strong convergence theorem for solving the split zero point
problem and the hierarchical fixed point problem of nonexpansive mapping.

Corollary 3.13. Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-
valued maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal
monotone mapping. Let A : H1 → H2 be a bounded linear operator with its adjoint
operator A∗. Let S, T : H1 → H1 be two nonexpansive mappings. Assume that F =

Φ ∩ Ω2 (= ∅. Let the iterative sequence generated by hybrid iterative algorithm:





un = JMA
λA

(xn − γA∗JMB
λB

Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(3.54)

where {δn}, {ϕn}, {ηn}, {αn}, {σn} ⊆ [0, 1] with δn+ϕn+ηn = 1 for all n ≥ 1, and γ ∈ (0, 1
L )

with L is the spectral radius of A∗A. Suppose the following conditions hold:

(i) limn→∞ µn = 0,∑∞
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(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

Then {xn} converges strongly to z ∈ F, where z = PFu.

Proof. Put Ai ≡ 0 and Bi ≡ 0 for all i = 1, 2, ..., N in Theorem 3.11. From Theorem
3.11, we obtain the desired conclusion.

3.4.2 Split Combination of Variational Inequalities Problem

Setting MA = ∂iH1 and MB = ∂iH2 in (1.17) and (1.18), then SCVIP reduce to
the split combination of variational inequality problem, that is find x∗ ∈ H1 such that

〈
N∑

i=1

aiAix
∗, x− x∗〉 ≥ 0, ∀x ∈ H1, (3.55)

and

y∗ = Ax∗ ∈ H2 such that 〈
N∑

i=1

biBiy
∗, y − y∗〉 ≥ 0, ∀y ∈ H2, (3.56)

where A : H1 → H2 is bounded linear operator and ∑N
i=1 ai =

∑N
i=1 bi = 1. The set of

all this is denoted by Ω3 = {x ∈ V I(H1,
∑N

i=1 aiAi) : Ax ∈ V I(H2,
∑N

i=1 biBi)}.

Remark 3.14. If MA = ∂iH1 and MB = ∂iH2 in (1.17) and (1.18), then we have Ω reduce
to Ω3.

Proof. We will show that V I(H1,
∑N

i=1 aiAi,MA) = V I(H1,
∑N

i=1 aiAi). We have for
x∗ ∈ H1.

Consider,

x∗ ∈ V I(H1,
N∑

i=1

aiAi,MA) ⇔ θH1 ∈
N∑

i=1

aiAix
∗ +MAx

∗

⇔ θH1 ∈
N∑

i=1

aiAix
∗ + ∂iH1(x

∗)

⇔ −
N∑

i=1

aiAix
∗ ∈ ∂iH1(x

∗)

⇔ 〈
N∑

i=1

aiAix
∗, x− x∗〉 ≥ 0, ∀x ∈ H1,

⇔ x∗ ∈ V I(H1,
N∑

i=1

aiAi).

Similarly, we also have V I(H2,
∑N

i=1 biBi,MB) = V I(H2,
∑N

i=1 biBi). Then Ω ≡ Ω3

where MA = ∂iH1 and MB = ∂iH2 .This material is reserved for educational use only, not allowed for commercial use. 
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The split combination of variational inequality problem has played an essential
role for concrete problems in dynamic emission tomographic image reconstruction, sig-
nal recovery problems, beam-forming problems, power-control problems, bandwidth
allocation problems and optimal control problems.

Next, we establish a strong convergence theorem for solving the split combi-
nation of variational inequality problem and hierarchical fixed point problem of non-
expansive mapping by using a modified Halpern iterative method as follows:

Theorem 3.15. Let H1, H2 be real Hilbert spaces. Let A : H1 → H2 be a bounded
linear operator with its adjoint operator A∗. Let Ai : H1 → H1 be αi-inverse strongly
monotone with ηA = mini=1{αi} and Bi : H2 → H2 be βi-inverse strongly monotone
with ηB = mini=1{βi}. Let S, T : H1 → H1 be two nonexpansive mappings. Assume
that F = Φ ∩ Ω3 (= ∅. Let the sequence {xn} generated by u, x1 ∈ H1 and






un = PH1(I − λA
∑N

i=1 aiAi)(xn − γA∗(I − PH2(I − λB
∑N

i=1 biBi))Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(3.57)

where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2ηA),
λB ∈ (0, 2ηB) and γ ∈ (0, 1

L ) with L is the spectral radius of A∗A. Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

(vi) ∑N
i=1 ai =

∑N
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N .

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.

Proof. PutMA = ∂iH1 andMB = ∂iH2 in Theorem 3.11. Using the same method in The-
orem 3.11, we have the desired conclusion.
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Chapter 4

Example and numerical

4.1 Example and numerical in Banach space

In this section, we give numerical examples to support our some main results.
The following examples are given for supporting Theorem 3.2.

Example 4.1. Let R be the set of real numbers and

E = L2[−5, 5] = {e : R → R |
∫ 5

−5
e2(x)dx < ∞},

with the inner product defined by

〈e, g〉 =
∫ 5

−5
e(x)g(x)dx,

and
‖e‖ = (

∫ 5

−5
e2(x)dx)

1
2 ,

for all e, g ∈ E. Let CE = H(g, 500) = {h ∈ L2[−5, 5]|
∫ 5
−5 g(x)h(x)dx = 500} where

g ∈ L2[−5, 5] with g(x) = 2x − 3, for all x ∈ [−5, 5]. Define mappings D1, D2, D3, T, S, f :

CE → CE as follows D1(h) =
h−3I

2 ,D2(h) =
h−3I

5 , D3(h) =
h−3I

7 , T (h) = h+3I
2 , S(h) = h+6I

3

and f(h) = h
5 , for all h ∈ CE . Define the mapping Z : CE → CE by Zx = QCE (I −

λ1D1)(ah + (1 − a)QCE (I − λ2D2)(ah + (1 − a)QCE (I − λ3D3)h)) for all h ∈ CE . Setting
{αn} = { 1

7n}, {βn} = { 31n−4
49n }, {γn} = { 18n−3

49n } and {δn} = {2n−1
7n }, for all n ∈ N. Then the

sequence {xn} generated by (5.1) converges strongly to a point x∗ = 3I .

Solution. By definition of D1, D2 and D3, we have D1, D2 and D3 are 1-inverse strongly
accretive operators. It is easy to check that f is 1

5 -contraction mappings and T, S are
nonexpansive mapping with F (S) ∩ F (T ) = {3I}.

By definition of QCE and CE , we have

QCEf = f − 〈f, g〉 − 500

‖g‖2 g.

Let K = 1
3 , we have K is 2-uniformly smooth constant of R. We choose

λ1 = 2 ∈ (0, 9), λ2 = 3 ∈ (0, 9) and λ3 = 4 ∈ (0, 9) and a = 1
2 ∈ [0, 1].

For every n ∈ N,{αn} = { 1
7n}, {βn} = {31n−4

49n }, {γn} = { 18n−3
49n } and {δn} = { 2n−1

7n },
then the sequence {αn}, {βn}, {γn} and {δn} satisfy all the conditions of Theorem 3.2.

From the definition of Z, that is Z(h) = QCE (I − 2D1)(
1
2h+ 1

2QCE (I − 3D2)(
1
2h+

1
2QCE (I−4D3)h)) for all h ∈ C, we have F (Z) = {3I}. Then F = F (Z)∩F (S)∩F (T ) = {3I}.

From Theorem 3.2, we obtain the sequence {xn} converges strongly to 3I .
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Example 4.2. Let R be the real line with Euclidean norm and let CE = [0, 3] and
D1, D2, D3 : CE → R be mappings defined by D1x = x

3 ,D2x = x
5 and D3x = x

7 for all
x ∈ CE . Let T, S : CE → CE be defined by Tx = max{0,−x} and Sx = min{0, x

2} for
all x ∈ CE . Let f : CE → CE be mappint defined by f(x) = x

4 for all x ∈ CE . Define
the mapping Z : CE → CE by Zx = QCE (I − λ1D1)(ax+ (1− a)QCE (I − λ2D2)(ax+ (1−

a)QCE (I − λ3D3)x)) for all x ∈ CE . Setting {αn} = { 1
5n}, {βn} = { 9n−4

25n }, {γn} = { 16n−1
25n }

and {δn} = { 2n−1
5n }, for all n ∈ N. Then the sequence {xn} generated by (5.1) converges

strongly to a point x∗ = 0.

Solution. Since f(x) = x
4 for all x ∈ CE , we have f is 1

4 -contraction mapping. It is
easy to see that T and S are nonexpansive mapping with F (S) ∩ F (T ) = {0}. Since
D1x = x

3 ,D2x = x
5 and D3x = x

7 for all x ∈ C, we have D1, D2 and D3 are 1-inverse
strongly accretive operator.

Let K = 1
3 , we have K is 2-uniformly smooth constant of R. We choose

λ1 = 2 ∈ (0, 9), λ2 = 3 ∈ (0, 9) and λ3 = 4 ∈ (0, 9) and a = 1
2 ∈ [0, 1].

For every n ∈ N, {αn} = { 1
5n}, {βn} = { 9n−4

25n }, {γn} = { 16n−1
25n } and {δn} =

{ 2n−1
5n },then the sequence {αn}, {βn}, {γn} and {δn} satisfy all the conditions of The-

orem 3.2.
From the definition of Z, that is Zx = QCE (I − 2D1)(

1
2x + 1

2QCE (I − 3D2)(
1
2x +

1
2QCE (I − 4D3)x)), we have F (Z) = {0} and (0,0,0) is a solution of (1.11). Then
F = F (Z) ∩ F (S) ∩ F (T ) = {0}. We rewrite (5.1) as follows:






un = T ( 2n−1
5n xn + (1− 2n−1

5n )Sxn),

xn+1 = Z( 1
5nf(xn) +

9n−4
25n xn + 16n−1

25n un),
(4.1)

Choose x1 = 5 and n = 10. The numerical for the sequence xn are shown in
Tabel 1 and Figure 1.

Figure 4.1: The convergence of {xn} with initial values x1 = 5 and n = 10
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Table 4.1: The values of {xn} with x1 = 5, n = 10

n xn error (%)

1 5.000000000000000 -
2 0.291707821059663 1614.043861048105
3 0.020107004951208 1350.773363101550
4 0.001004015300175 1902.689243018201
5 0.000000200184010 1021.334912011851
6 0.000000000140005 978.1581001421004
7 0.000000000000134 904.1854100014710
8 0.000000000000124 8.064516129017012
9 0.000000000000117 5.982905983102004
10 0.000000000000116 0.862068966001242

4.2 Example and numerical in Hilbert space

The purpose of this section is to give numerical examples to support some of
our. The following example given for supporting Theorem 3.11 and example show
that Theorem 3.11 is not true if condition (iv) fails, but conditions (i), (ii), (iii), (v) and
(vi) are satisfied.

Example 4.3. Let H1 = H2 = R, the set of all real numbers, with the inner product
defined by 〈x, y〉 = xy, for all x, y ∈ R and induced usual norm |·|. For every i = 1, 2, .., N ,
let the mapping Ai : R → R define by Aix = xi

4 + (i + 1) for all x ∈ H1 and Bi : R → R

define by Biy = yi
2 + (i+1) for all y ∈ H2, respectively, let MA,MB : R → 2R be defined

byMA(x) = {x
4}, for all x ∈ R andMB(y) = {y

2}, for all y ∈ R. Let the mapping A : R → R

be defined by A(x) = −2x, for all x ∈ R and let γ ∈ (0, 1
4 ), so we choose γ = 1

10 . Let
the mapping T : R → R be defined by Tx = x−12

4 , for all x ∈ R and let the mapping
S : R → R be defined by Sx = x−16

5 , for all x ∈ R. Setting {µn}= { 1
5n}, {ϕn}= { 7n+1

15n },
{θn}= { 8n−4

15n }, {αn}= { 1
n} and {σn}= { 1

4n2 }, ∀n ∈ N. For every i = 1, 2, ..., N , suppose that
ai =

3
4i +

1
N4N and bi =

2
3i +

1
N3N . Then {xn} converges strongly to a point x∗ = −4 ∈ F.

Solution. It is easy to check that ai and bi satisfies all the conditions of Theorem 3.11
and Ai is 1

4i -inverse strongly monotone and Bi is 1
3i -inverse strongly monotone for all

i = 1, 2, ..., N . We choose λA = 1
4N , λB = 1

3N . Since ai =
3
4i +

1
N4N , we obtain

N∑

i=1

aiAix =
N∑

i=1

(
3

4i
+

1

N4N

)
x

4i
.

Then 0 ∈ V I(H1,
∑N

i=1 aiAi,MA). Since bi =
2
3i +

1
N3N , we have

N∑

i=1

biBiy =
N∑

i=1

(
2

3i
+

1

N3N

)
y

3i
.
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Then 0 ∈ V I(H2,
∑N

i=1 biBi,MB). Thus {−4} = Ω.
It is easy to observe that T, S are nonexpansive mappings with F (T ) = {−4},

F (S) = {−4}. Hence Φ = {−4}. Therefore F = Φ ∩ Ω = {0}.
For every n ∈ N, {µn}= { 1

5n}, {ϕn}= {7n+1
15n }, {θn}= { 8n−4

15n }, {αn}= { 1
n} and {σn}=

{ 1
4n2 }, then the sequence {µn}, {ϕn}, {θn}, {αn} and {σn} satisfy all the conditions of

Theorem 3.11. We rewrite (5.4) as follows:





un = JMA
λA

(I − 1
4N

∑N
i=1 aiAi)(xn − γA∗(I − JMB

λB
(I − 1

3N

∑N
i=1 biBi))Axn),

yn = (1− 1
n )xn + 1

n (
1

4n2Sxn + (1− 1
4n2 )Txn),

xn+1 = 1
5nu+ 7n+1

15n yn + 8n−4
15n un,

(4.2)

Choose u = −1, x1 = 1, N = 100 and n = 20. The numerical for the sequence
{xn} are shown Table 4.2 and Figure 4.2.

Table 4.2: The values of {xn} with N = 100, n = 10

n xn error (%)
1 1.000000000000000 -
2 −2.078490048215079 148.1118504001824
3 −3.117800841919048 33.33473047153201
4 −3.558708584007431 12.38954329001782
5 −3.870081853071857 8.045650734017523
6 −3.981400713810520 2.795972273301401
7 −3.984752801862711 0.084122839010014
8 −3.989180408119522 0.082161991114027
9 −3.992001745821323 0.077987542611015
10 −3.995101701418320 0.077593930101514

Figure 4.2: The sequence {xn} converges strongly to 0 with initial values x1 = 1, N = 100 and
n = 10.

Example 4.4. Let H1 = H2 = R, the set of all real numbers, with the inner product
defined by 〈x, y〉 = xy, for all x, y ∈ R and induced usual norm |·|. For every i = 1, 2, .., N ,This material is reserved for educational use only, not allowed for commercial use. 
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let the mapping Ai : R → R define by Aix = x
4i for all x ∈ H1 and Bi : R → R define by

Biy = y
3i for all y ∈ H2, respectively, let MA,MB : R → 2R be defined by MA(x) = {2x},

for all x ∈ R and MB(y) = {2y}, for all y ∈ R. Let the mapping A : R → R be defined
by A(x) = −2x, for all x ∈ R and let γ ∈ (0, 1

4 ), so we choose γ = 1
10 . Let the mapping

T : R → R be defined by Tx = max {0,−x}, for all x ∈ R and let the mapping S : R → R

be defined by Sx = min {0, x
2}, for all x ∈ R. Setting {µn}= { 1

5n}, {ϕn}= { 7n+1
15n }, {θn}=

{ 8n−4
15n }, {αn}= { 1

n} and {σn}= {n}, ∀n ∈ N. For every i = 1, 2, ..., N , suppose that
ai =

3
4i +

1
N4N and bi =

2
3i +

1
N3N . Then {xn} is divegence.

Solution. Note that the sequence {µn}, {ϕn}, {θn}, {αn}, ai and bi satisfies the condi-
tions (i), (ii), (iii), (v) and (vi) from Theorem 3.11, while assumption (iv) does not converge
to 0 since

lim
n→∞

n = ∞.

Choose u = −1, x1 = 1, N = 100 and n = 25. The numerical for the sequence
{xn} are shown in Table 4.3 and Figure 4.3. Therefore, {xn} is divegence.

Table 4.3: The values of {xn} with N = 100, n = 25

n xn error (%)
1 1.000000000000000 -
2 −0.076707182681007 1402.531278017896
3 −0.171707951035812 89.30283449101785
4 −0.352507819321075 51.28932136201489
5 −0.473648900753108 25.57613348820185
...

...
...

17 −12.01089004833105 96.05650457815 23
...

...
...

21 −41.72920179001821 15.65510793512841
22 −57.20560179500482 27.05421056891218
23 −78.52977955410336 26.70918355210252
24 −107.9388078991472 27.24605807520021
25 −148.5342689941007 27.00346112821053
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Figure 4.3: The sequence {xn} is divergence with initial values x1 = 1, N = 100 and n = 25.

Next, we give example to support out some result in a two dimensional space
of real numbers.

Example 4.5. Let H1 = H2 = R2, with the inner product defined by 〈x, y〉 = xy =

x1 · y1 + x2 · y2, for all x = (x1, x2), y = (y1, y2) ∈ R2 and induced usual norm ‖ · ‖ defined
by ‖x‖ =

√
x2
1 + x2

2 for all x = (x1, x2) ∈ R2. For every i = 1, 2, .., N , let the mapping
Ai : R2 → R2 define by Aix = x

3i for all x = (x1, x2) ∈ H1 and Bi : R2 → R2 define by
Biy = y

4i for all y = (y1, y2) ∈ H2, respectively, let MA,MB : R2 → 2R
2 be defined by

MA(x) = {x}, for all x = (x1, x2) ∈ R2 and MB(y) = {3y}, for all y = (y1, y2) ∈ R2. Let
the mapping A : R2 → R2 be defined by A(x) = 3x, for all x = (x1, x2) ∈ R2 and let
γ ∈ (0, 1

9 ), so we choose γ = 1
15 . Let the mapping T : R2 → R2 be defined by Tx = x

3 ,
for all x = (x1, x2) ∈ R2 and let the mapping S : R2 → R2 be defined by Sx = min {0, x

5},
for all x = (x1, x2) ∈ R2. Setting {µn}= { 1

4n}, {ϕn}= { 7n+1
12n }, {θn}= { 5n−4

12n }, {αn}= { 1
n}

and {σn}= { 1
4n2 }, ∀n ∈ N. For every i = 1, 2, ..., N , suppose that ai = 9

10i + 1
N10N and

bi =
2
3i +

1
N3N . Then {xn} converges strongly to a point x∗ = (0, 0) ∈ F.

Solution. It is easy to check that ai and bi satisfies all the conditions of Theorem 3.11
and Ai is 1

3i -inverse strongly monotone and Bi is 1
4i -inverse strongly monotone for all

i = 1, 2, ..., N . We choose λA = 1
5N , λB = 1

7N . Thus {(0, 0)} = Ω.
For definition of T and S, then T and S are nonexpansive mapping with F (T ) =

{(0, 0)}. Hence Φ = {(0, 0)}. Therefore F = Φ ∩ Ω = {(0, 0)}.
For every n ∈ N, {µn}= { 1

4n}, {ϕn}= {7n+1
12n }, {θn}= { 5n−4

12n }, {αn}= { 1
n} and {σn}=

{ 1
4n2 }, then the sequence {µn}, {ϕn}, {θn}, {αn} and {σn} satisfy all the conditions of

Theorem 3.11.
From Theorem 3.11, we can conclude that the sequence {xn} converges to

(0, 0).
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Chapter 5

Conclusion

In this chapter, we summarize all main theorems and applications obtained in
this thesis.

5.1 Strong convergence theorem to approximate a common solution
of Banach generalized system of variational inequalities problem
in Banach space

(1) Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let QCE be a sunny nonexpansive retraction
of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators, recep-
tively. Define the mapping Z : CE → CE by Z(x) = QCE (I − λ1D1)(ax+ (1− a)QCE (I −

λ2D2)(ax+(1−a)QCE (I−λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ), λ2 ∈ (0, d2

K2 ),λ3 ∈ (0, d3
K2 ),a ∈

[0, 1], where K is the 2-uniformly smooth constant of E. Let T, S : CE → CE be non-
expansive mappings. Assume that F = F (Z) ∩ F (S) ∩ F (T ) (= ∅. Let the sequence {xn}

be generated by x1 ∈ CE and





un = T (δnxn + (1− δn)Sxn),

xn+1 = Z(αnf(xn) + βnxn + γnun),
(5.1)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn}, {γn}, {δn} ⊆

[0, 1] with αn + βn + γn = 1. Suppose that the following condition are satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii)∑∞

n=1 |αn+1−αn| < ∞,∑∞
n=1 |βn+1−βn| < ∞,∑∞

n=1 |γn+1−γn| < ∞,∑∞
n=1 |δn+1−δn| < ∞,

(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)(ax0 + (1− a)z0) and z0 = QCE (I − λ3D3)x0.

(2) Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let QCE be a sunny nonexpansive retraction
of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators, recep-
tively. Define the mapping Z : CE → CE by Z(x) = QCE (I−λ1D1)(QCE (I−λ2D2)(QCE (I−

λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ), λ2 ∈ (0, d2

K2 ),λ3 ∈ (0, d3
K2 ), where K is the 2-uniformly

smooth constant of E. Let T, S : CE → CE be nonexpansive mappings. Assume that
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F = F (Z) ∩ F (S) ∩ F (T ) (= ∅. Let the sequence {xn} be generated by x1 ∈ CE and





un = T (δnxn + (1− δn)Sxn),

xn+1 = Z(αnf(xn) + βnxn + γnun),
(5.2)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn},
{γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following condition are
satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii)∑∞

n=1 |αn+1−αn| < ∞,∑∞
n=1 |βn+1−βn| < ∞,∑∞

n=1 |γn+1−γn| < ∞,∑∞
n=1 |δn+1−δn| < ∞,

(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)z0 and z0 = QCE (I − λ3D3)x0.

(3) Let CE be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let QCE be a sunny nonexpansive retraction
of CE . Let D1, D2, D3 : CE → E be d1, d2, d3-inverse strongly accretive operators, recep-
tively. Define the mapping Z : CE → CE by Z(x) = QCE (I − λ1D1)(ax+ (1− a)QCE (I −

λ2D2)(ax+(1−a)QCE (I−λ3D3)x)) for all x ∈ CE , λ1 ∈ (0, d1
K2 ), λ2 ∈ (0, d2

K2 ),λ3 ∈ (0, d3
K2 ),a ∈

[0, 1], where K is the 2-uniformly smooth constant of E. Let T, S : CE → CE be nonex-
pansive mappings. Assume that F = S(CE , D1)∩S(CE , D2)∩S(CE , D3)∩F (S)∩F (T ) (= ∅.
Let the sequence {xn} be generated by x1 ∈ CE and






un = T (δnxn + (1− δn)Sxn),

yn = αnf(xn) + βnxn + γnun,

xn+1 = QCE (I − λ1D1)(aI + (1− a)QCE (I − λ2D2)(aI

+(1− a)QCE (I − λ3D3)))yn, ∀n ≥ 1,

(5.3)

where f : CE → CE be a contraction mapping with a constant ξ ∈ (0, 1) and {αn}, {βn}, {γn}, {δn} ⊆

[0, 1] with αn + βn + γn = 1. Suppose that the following condition are satisfied
(i) limn→∞ αn = 0,∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and for all n ≥ 1,
(iii) ∑∞

n=1 |αn+1 − αn| < ∞,∑∞
n=1 |βn+1 − βn| < ∞,

∑∞
n=1 |γn+1 − γn| < ∞,∑∞

n=1 |δn+1 − δn| < ∞,
(iv) limn→∞ δn = δ.
Then the sequence {xn} converges strongly to x0 = QFf(x0) and (x0, y0, z0) is a solution
of (1.11), where y0 = QCE (I − λ2D2)(ax0 + (1− a)z0) and z0 = QCE (I − λ3D3)x0.
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5.2 Strong convergence theorem to approximate a common solution
of SCVIP and hierarchical fixed point problem of nonexpansive
mapping in Hilbert space

(1) Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-valued max-
imal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal monotone
mapping. Let A : H1 → H2 be a bounded linear operator with its adjoint opera-
tor A∗. Let Ai : H1 → H1 be αi-inverse strongly monotone with ηA = mini=1{αi} and
Bi : H2 → H2 be βi-inverse strongly monotone with ηB = mini=1{βi}. Let S, T : H1 → H1

be two nonexpansive mappings. Assume that F = Φ ∩ Ω (= ∅. Let the sequence {xn}

generated by u, x1 ∈ H1 and





un = JMA
λA

(I − λA
∑N

i=1 aiAi)(xn − γA∗(I − JMB
λB

(I − λB
∑N

i=1 biBi))Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(5.4)

where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2ηA),
λB ∈ (0, 2ηB) and γ ∈ (0, 1

L ) with L is the spectral radius of A∗A. Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

(vi) ∑N
i=1 ai =

∑N
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N .

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.
(2) Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-valued

maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal mono-
tone mapping. Let F : H1 → H2 be a bounded linear operator with its adjoint operator
F ∗. Let A : H1 → H1 be α-inverse strongly monotone and B : H2 → H2 be β-inverse
strongly monotone. Let S, T : H1 → H1 be two nonexpansive mappings. Assume that
F = Φ ∩Θ (= ∅. Let the sequence {xn} generated by u, x1 ∈ H1 and






un = JMA
λA

(I − λAA)(xn − γA∗(I − JMB
λB

(I − λBB))Fxn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(5.5)
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where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2α),
λB ∈ (0, 2β) and γ ∈ (0, 1

L ) with L is the spectral radius of F ∗F . Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.
(3) Let H1, H2 be real Hilbert spaces. Let MA : H1 → 2H1 be a multi-valued

maximal monotone mapping and MB : H2 → 2H2 be a multi-valued maximal mono-
tone mapping. Let A : H1 → H2 be a bounded linear operator with its adjoint operator
A∗. Let S, T : H1 → H1 be two nonexpansive mappings. Assume that F = Φ ∩ Ω2 (= ∅.
Let the iterative sequence generated by hybrid iterative algorithm:






un = JMA
λA

(xn − γA∗JMB
λB

Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(5.6)

where {δn}, {ϕn}, {ηn}, {αn}, {σn} ⊆ [0, 1] with δn+ϕn+ηn = 1 for all n ≥ 1, and γ ∈ (0, 1
L )

with L is the spectral radius of A∗A. Suppose the following conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

Then {xn} converges strongly to z ∈ F, where z = PFu.
(4) Let H1, H2 be real Hilbert spaces. Let A : H1 → H2 be a bounded linear

operator with its adjoint operator A∗. Let Ai : H1 → H1 be αi-inverse strongly mono-
tone with ηA = mini=1{αi} and Bi : H2 → H2 be βi-inverse strongly monotone with
ηB = mini=1{βi}. Let S, T : H1 → H1 be two nonexpansive mappings. Assume that
F = Φ ∩ Ω3 (= ∅. Let the sequence {xn} generated by u, x1 ∈ H1 and






un = PH1(I − λA
∑N

i=1 aiAi)(xn − γA∗(I − PH2(I − λB
∑N

i=1 biBi))Axn),

yn = (1− αn)xn + αn(σnSxn + (1− σn)Txn),

xn+1 = µnu+ ϕnyn + θnun,

(5.7)
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where {µn}, {ϕn}, {θn}, {αn}, {σn} ⊆ [0, 1] with µn+ϕn+θn = 1 for all n ≥ 1, λA ∈ (0, 2ηA),
λB ∈ (0, 2ηB) and γ ∈ (0, 1

L ) with L is the spectral radius of A∗A. Suppose the following
conditions hold:

(i) limn→∞ µn = 0,∑∞
n=1 µn = ∞,

(ii) 0 < c ≤ ϕn, θn,αn ≤ d < 1, ∃c, d > 0,

(iii) ∑∞
n=1 |µn+1 − µn| < ∞,∑∞

n=1 |ϕn+1 − ϕn| < ∞,∑∞
n=1 |θn+1 − θn| < ∞,

(iv) limn→∞ σn = 0,∑∞
n=1 σn < ∞,

(v) limn→∞
‖xn−yn‖
αnσn

= 0,

(vi) ∑N
i=1 ai =

∑N
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N .

Then {xn} converges strongly to z0 ∈ F, where z0 = PFu.

5.3 Example and numerical

In the section, we give the concousion for Examples.

5.3.1 Example and numerical in Banach space

(1) Example 4.2 show that the sequence {xn} converges to 3I , where {3I} =

F (S)∩F (T ). The convergence of {xn} of Example 4.2 can be guaranteed by Theorem
3.2.

(2) Table 4.1 and Figure 4.1 show that the sequence {xn} converges to 0, where
{0} = F (S) ∩ F (T ). The convergence of {xn} of Example 4.2 can be guaranteed by
Theorem 3.2.

5.3.2 Example and numerical in Hilbert space

(1) Table 4.2 and Figure 4.2 show that the sequence {xn} converges to 0, where
{0} = Φ∩Ω. The convergence of {xn} of Example 4.3 can be guaranteed by Theorem
3.11.

(2) Table 4.3 and Figure 4.3 show that the sequence {xn} diverge, where con-
dition (iv) is violated since limn→∞ σn (= 0.

(3) Example 4.5 show that the sequence {xn} converges to (0, 0), where {(0, 0)} =

Φ ∩ Ω. The convergence of {xn} of Example 4.5 can be guaranteed by Theorem 3.11.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



References

[1] Kangtunyakarn A. The modification of system of variational inequalities for fixed
point theory in Banach spaces. Fixed point Theory Appl. 2014 ;2014:123.

[2] Kangtunyakarn, A. Iterative algorithms for finding a common solution of system
of the set of variational inclusion problems and the set of fixed point problems.
Fixed point Theory Appl. ;2011: 38.

[3] Kangtunyakarn, A. The methods for variational inequality problems and fixed point
of κ-strictly pseudononspreading mapping. Fixed Point Theory and Applications ;
2013.

[4] Khuangsatung, W., Kangtunyakarn, A. Algorithm of a new variational inclusion
problem and strictly pseudononspreading mapping with application, Fixed Point
Theory and Applications ;2014.

[5] Chang, SS. Set-valued variational inclusion and common fixed point problems in
Hilbert spaces with applications, Appl. Math. Comput. 217(7);2010: 3000-3010.

[6] Zhang, SS., Lee, JHW., Chan, CK. Algorithm of common solutions for quasi-
variational inclusion and fixed point problems, Appl. Math. Mech. 29;2008: 571-
581.

[7] Liou, YC. Iterative methods for the sum of two monotone operators, J. Applied
Methematics ;2012.

[8] Halpern B. Fixed points of nonexpansive maps. Bull. Am. Math. Soc 1967;73:957-
961.

[9] Lions P.L. Approximation de points fixes de contrations. C.R. Acad. Sci. Ser. A-B
Paris 1977;284:1357-1359.

[10] Riech S. Strong convergence theorems for resolvents of accretive operators in
Banach spaces. J. Math. Anal. Appl. 1980;75:287-292.

[11] Aoyama K., Iiduka, H., Takahashi, W. Weak convergence of an iterative sequence
for accretive operators in Banach spaces. Fixed point Theory Appl. 2006, Article
ID 35390(2006). dol:10.1155/FPTA/2006/35390.

[12] Yao, Y., Noor, MA., Noor, KI., Liou, Y.-C., Yaqoob, H. Modified extragradient meth-
ods for a system of variational inequalities in Banach spaces. Acta Appl. Math.
2010; 110:1211-1224.

[13] Siriyan,K., Kangtunyakarn, A. A new general of variational inequalities for conver-
gence theorem and application. Numerical Algorithms. 2018.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



60

[14] Moudafi, A., Mainge, P.-E. Towards viscosity approximations of hierarchical fixed-
point problems. Fixed Point Theory Appl. 2006, Article ID 95453

[15] Moudafi, A., Mainge, P.-E. Strong convengence of an iterative method for hierar-
chical fixed-point problems. Pacific J. Optim. 3;2007, 529-538.

[16] Moudafi, A. Krasnoselski-Mann iteration for hierarchical fixed-point problems. In-
verse Probl. 23;2007, 1635-1640.

[17] Kazmi, K.R., Rehan A., Mohd F.. Krasnoselski-Mann type irerative method for hier-
archical fixed point problem and split mixed equilibrium problem. Numer Algor
77;2018, 289-308.

[18] Xu H. Viscosity method for hierarchical fixed point approach to variational in-
equalities. Taiwanese Journal of mathematics. 2000;14:463-478.

[19] Kazmi, K.R., Rehan A., Mohd F.. Hybrid iterative method for split monotone varia-
tional inclusion problem and hierarchical fixed point problem for finite family of
nonexpansive mappings. Numer Algor 79;2018, 499-527.

[20] Censor, Y., Gibali, A., Reich, S. The split variational inequality problem. The
Technion-Israel Institue of Technology. Haifa 2010.

[21] Censor, Y., Bortfeld, T., Martin, B., Trofimov, A. A unified apporach for inversion
problems in intensity modulated radiation therapy. Phys. Med. Biol. 51;2006:
2353-2365.

[22] Xu, H.K. :Iterative methods for the split feasibility problem in infinite-dimensional
Hilbert spaces. Inverse Problems 26;2010: 105018.

[23] HK., Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16,
1127–1138 (1991).

[24] Censor, Y., Elfving, T. A multiprojection algorithm using Bregman projections in a
product space. Numerical Algorithms 8;1994: 221-239.

[25] Ceng, L.-C., Ansari, Q.H., Yao, J.-C. An extragradient method for solving split fea-
sibility and fixed point problems. Computers and Mathematics with Applications
64:2012; 633-642.

[26] Byrne, C. Iterative oblique projection onto convex sets and the split feasibility
problem. Inverse Probl. 18;2002: 441-453.

[27] Combettes, PL. The convex feasibility problem in image recovery. Adv. Imaging
Electron Physics 95;1996: 155-453.

[28] Moudafi, A. Split Monotone Variational Inclusions. J. Optim Theory Appl 250;2011:
275-283.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



61

[29] Lions J.L., Stampacchia G. Variational inequalities. Comm. Pure Appl. Math.
1967;20:493-517.

[30] Kangtunyakarn A. A new iterative algorithm for the set of fixed-point problems
of nonexpansive mappings and the set of Equilibrium problem and variational
inequalitie problem. Abstract and Applied Analysis. 2011:24. Article ID 562689,
doi:10.1155/2011/562689.

[31] Yao JC., Chadli O. Pseudomonotone complementarity problems and variational
inequalites. New York: Springer; 76:501-558.

[32] Ceng LC., Yao JC. Iterative algorithm for generalized set-valued strong nonlinear
mixed variational-like inequalities. J Optim Theory Appl. 2005;124:725-738.

[33] Verma R.U. On a new system of nonlinear variational inequalities and associated
iterative algorithms. Math Sci Res. 1999;3(8):65-68.

[34] Mann WR (1953) Mean value methods in iteration. J Proc Am Math Soc 4:506-510

[35] Moudafi A (2000) Viscosity approximation methods for fixed-points problems. J
Math Anal Appl 241:46-55

[36] Kim T.H., Xu H.K. Strong convergence of modified Mann iterations for with asymp-
totically nonexpansive mappings and semigroups. Nonlinear Anal. 2006;64:1140-
1152.

[37] Plubtieng S, Wangkeeree R. Strong convergence of modified Mann iterations for a
countable family of nonexpansive mappings. Nonlinear Anal. 2009;70:3110-3118.

[38] Bretarkas, D.P., Gafin, E.M.: Projection methods for variational inequalities with
applications to the traffic assignment problem, Math. Program. Stud. 17 (1982),
139-159.

[39] Rockafellar, R.T. On the maximal monotonicity of subfifferential mappings, Pac. J.
Math. 1970;33: 209-216.

[40] Ravi P.A., Donal O.R., Sahu D.R. Fixed point Theoty for Lipschitzian-type Mappings
with Applications, Springer Dordreacht Heidelberg London New York. 2000(6).

[41] Debnath, L., Mikusinski, P. Introduction to Hilbert Spaces with Applications. Lon-
don: PSW-KENT, 2005.

[42] Berinde: Iterative approximation of fixed points. Romania: Editura Efemeride,
2002.

[43] Osilike M.O., Isiogugu F.O.: Weak and strong convergence theorems for
nonspreading-type mapping in Hilbert space. Nonlinear Anal. 2011(74), 1814-1822.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



62

[44] Takahashi, W. : Introduction to Nonlinear and Convex Analysis. Japan: Yokohama
Publishers (2009).

[45] Brẽzis, H.: Operateurs maximaux monotone et semi-groupes de contractions les
espaces de Hilbert, Mathematical Studies(Amsterdam: Nort-Holand), 1973(5),759-
775.

[46] Browder, E.F.: Nonlinear operators and nonlinear equarions of evolution in Ba-
nach spaces, Processdings of Symposia in Pure Mathematics, Amer. Math. Soc.,
Providence, RI, USA,(1976).

[47] Takahashi, W. Introducion to Nonlinear and Convex Analysis. Yokohama Publish-
ers, Yokohama (2009).

[48] S., Kitahara, W., Takahashi, Image recovery by convex combinations of sunny
nonexpansive retraction, Topol. Methods Nonlinear Anal. 1993(2),333-342.

[49] YJ.,Cho,HY., Zhou, G., Guo, Weak and strong convergence theorem for three-step
iterations with errors for asymptotically nonexpansive mappings, Comput. Math.
Appl.2004(47), 707-717.

[50] Zhou, H. Convergence theorems for κ-strict pseudocontractions in 2-uniformly
smooth Banach spaces, Nonlinear Anal. 2008(69),3160-3173.

[51] RE., Bruch, Properties of fixed point sets of nonexpansive mappings in Banach
spaces, Trans. Am. Math. Soc. (1973)179, 251-262.

[52] Bauschke, H.H.; Combettes, P.L. Convex Analysis and Monotone Operator Theory
in Hilbert Spaces; Springer: New York, NY, USA, (2011).

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



63

Appendix

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Appendix A
The research papers

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



mathematics

Article

Modified Halpern Iterative Method for Solving

Hierarchical Problem and Split Combination of

Variational Inclusion Problem in Hilbert Space

Bunyawee Chaloemyotphong and Atid Kangtunyakarn *

Department of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand; 61605123@kmitl.ac.th
* Correspondence: atid.ka@kmitl.ac.th

Received: 29 August 2019; Accepted: 29 October 2019; Published: 3 November 2019
!"#!$%&'(!
!"#$%&'

Abstract: The purpose of this paper is to introduce the split combination of variational inclusion
problem which combines the concept of the modified variational inclusion problem introduced
by Khuangsatung and Kangtunyakarn and the split variational inclusion problem introduced by
Moudafi. Using a modified Halpern iterative method, we prove the strong convergence theorem
for finding a common solution for the hierarchical fixed point problem and the split combination of
variational inclusion problem. The result presented in this paper demonstrates the corresponding
result for the split zero point problem and the split combination of variation inequality problem.
Moreover, we discuss a numerical example for supporting our result and the numerical example
shows that our result is not true if some conditions fail.

Keywords: split variational inclusion problem; hierarchical fixed point problem; fixed point problem

MSC: 47H09; 47J25; 49J40; 90C99

1. Introduction

Throughout this article, we let H be a real Hilbert spaces with inner products h·, ·i and norms
k · k and let C be a nonempty closed convex subset of a real Hilbert spaces H.

Definition 1. Let C be a nonempty subset of a real Hilbert spaces H and Z : C ! C be a self mapping. Z is
called a nonexpansive mapping if

kZx � Zyk  kx � yk, for all x, y 2 C.

Z is called a firmly nonexpansive mapping if

kZx � Zyk2  hx � y, Zx � Zyi, for all x, y 2 C.

A mapping W : C ! H is called a-inverse strongly monotone [1], if there exists a positive real
number a such that

hx � y, Wx � Wyi � akWx � Wyk2, 8x, y 2 C. (1)

If W : C ! H is a-inverse strongly monotone, then W is monotone mapping, that is,

hWx � Wy, x � yi � 0, 8x, y 2 H.

Remark 1. (i) If a = 1 in Equation (1), then W is firmly nonexpansive mapping.

Mathematics 2019, 7, 1037; doi:10.3390/math7111037 www.mdpi.com/journal/mathematics
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For i = 1, 2, ..., N, let Ai : H ! H be a single-valued mapping and M : H ! 2H be a multi-valued
mapping, from the concept of variational inclusion problems, Khuangsatung and Kangtunyakarn [2]
introduced the problem of finding x 2 H such that

q 2 SN
i=1ai Aix + Mx, (2)

for all ai 2 (0, 1) with ÂN
i=1 ai = 1 and q is a zero vector. This problem is called the modified variational

inclusion. The set of solutions of Equation (2) is denoted by VI(H, ÂN
i=1 ai Ai, M). If we set Ai = B for

i = 1, 2, ..., N then Equation (2) reduces to q 2 Bx + Mx, which is the variational inclusion problem.
The set of solution of variational inclusion problem is denoted by VI(H, B, M).

The variational inclusion problems are extensively studied in mathematical programming, optimal
control, mathematical economics, etc. In recent years, considerable interest has been shown in
developing various extensions and generalization of the variational inclusion problem; for instance [3,4]
and reference therein.

The operator M is called a maximal monotone [5], if M is monotone, i.e., hu � v, x � yi � 0,
wherever u 2 M(x), v 2 M(y) and the graph G(M) of M (that is, G(M) := {(x, u) 2 H ⇥ H : u 2
M(x)}) is not property contained in the graph of any other monotone operator.

Let resolvent operator JM
l : H ! H be defined by JM

l (x) = (I + lM)�1(x), for all x 2 H, where M
is a multi-valued maximal monotone mapping, l > 0 and I is an identity mapping.

Let T : C ! C be a mapping. A point x 2 C is called a fixed point of T if Tx = x. The set of
fixed points of T is denoted Fix(T) = {x 2 C : Tx = x}. Fixed point problem is an important area
of mathematical analysis. This problem applies about the solution in many problem in Hilbert space
such as nonlinear operator equation, variational inclusion problem, etc.; for instance [2–18].

Khuangsatung and Kangtunyakarn [2] proposed the following iterative algorithm:
8
>><

>>:

w1, µ 2 H,

ÂN
i=1 biYi(zn, y) + 1

rn
hy � zn, zn � wni � 0, 8y 2 C,

wn+1 = anµ + bnwn + gn JM
l (I � l ÂN

i=1 ai Ai)wn + hn(I � rn(I � S))wn + dnzn, 8n � 1,

where S : H ! H is a k-strictly pseudononspreading mapping (i.e., if there exists k 2 [0, 1) such that
kSu � Svk2  ku � vk2 + kk(I � S)u � (I � S)vk2 + 2hu � Su, v � Svi, 8u, v 2 H) and under certain
assumptions of Yi : C ⇥ C ! R is a bifunction for all i = 1, 2, ..., N, they proved strong convergence
theorem for solving the modified variational inclusion problem under some suitable conditions of
{an}, {bn}, {gn}, {hn}, {dn} and {rn}.

Over the decades, there are many mathematicians interested in studying the variational inequality
problem, which is one of the important problems. The methods used to solve this problem can
be applied for other solutions such as physics, economics, finance, optimization, network analysis,
medical images, water resourced and structural analysis. The set of solution of the variational inequality
problem is denoted by

VI(C, A) = {u 2 C : hv � u, Aui � 0},

for all v 2 C and A : C ! H is a mapping.
Many iterative methods have been developed for solving variational inequality problem, see,

for instance [7,8].
By using the concept of the variational inequality problem, Moudafi and Mainge [9] firstly

introduced hierarchical fixed point problem for a nonexpansive mapping T with respect to another
nonexpansive mapping S on H: Find x⇤ 2 Fix(T) such that

hSx⇤ � x⇤, x � x⇤i  0, 8x 2 Fix(T), (3)
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where S : H ! H is a nonexpansive mapping. It is easy to see that Equation (3) is equivalent to the
following fixed point problem: Find x⇤ 2 H such that

x⇤ = PFix(T) � Sx⇤, (4)

where PFix(T) is the metric projection of H onto Fix(T). The solution set of Equation (3) is denoted by
F = {x⇤ 2 H : hSx⇤ � x⇤, x � x⇤i  0, 8x 2 Fix(T)}. It is obvious that F = VI(Fix(T), I � S). Note
that Equation (3) covers monotone variational inequality on fixed point sets, minimization problem,
etc. Many iterative methods have been developed for solving the hierarchical fixed point problem in
Equation (3), see example [9–11].

By using the concept of Krasnoselski–Mann iterative algorithm, Moudafi [10] introduced iterative
scheme (5) for nonexpansive mapping S, T on a subset C of Hilbert space:

(
x0 2 C,

xn+1 = (1 � an)xn + an(snPxn + (1 � sn)Txn), 8n � 0.
(5)

He proved the weak convergence theorem of the sequence {xn}, where {an},{sn} ⇢ (0, 1) satisfies

(i) Â+•
n=0 sn < +•,

(ii) Â+•
n=0 an(1 � an) = +•,

(iii) limn!+•
kxn+1�xnk
(1�an)sn

= 0.

Let H1 and H2 be two real Hilbert spaces and C, Q be a nonempty closed convex subset of a real
Hilbert spaces H1 and H2 , respectively. Let A : H1 ! H2 be a bounded linear operator. Censor and
Elfving [14] introduced the split feasibility problem (SEP) which is to find a point x 2 C and Ax 2 Q.
Many authors have studied this concept of SEP to modified their problem, see example [12–15].

In 2010, Censor, Gibali and Reich [13] introduced the split variational inequality problem which
relies on the split feasibility problem and thus created the iterative algorithm for solving a strong
convergence theorem of the split variational inclusion problem; more detail [13].

The split monotone variational inclusion problem, which consists of special cases, which is
being used in practice as a model in the intensity-modulated radiation therapy treatment planning,
the modeling of many inverse problems, and other problems; see for instance [11–15].

For every i = 1, 2, ..., N. Let Ai : H1 ! H1, Bi : H2 ! H2 be mappings and MA : H1 ! 2H1 and
MB : H2 ! 2H2 be multi-value mappings. Inspired and motivated by Moudafi [12] and Khuangsatung
and Kangtunyakarn [2], we define the split combination of the variational inclusion problem (SCVIP) which
is find x⇤ 2 H1 such that

qH1 2
N

Â
i=1

ai Aix⇤ + MAx⇤, (6)

and

y⇤ = Ax⇤ such that qH2 2
N

Â
i=1

biBiy⇤ + MBy⇤, (7)

where A : H1 ! H2 is a bounded linear operator and ÂN
i=1 ai = ÂN

i=1 bi = 1.
The set of all the solutions for Equations (6) and (7) are denoted by W = {x 2

VI(H1, ÂN
i=1 ai Ai, MA) : Ax 2 VI(H2, ÂN

i=1 biBi, MB)}.
If we set Ai = A and Bi = B for all i = 1, 2, ..., N then SCVIP reduces to the split monotone variational

inclusion problem (SMVI), which is,

find x⇤ 2 H1 such that 0 2 A(x⇤) + MA(x⇤), (8)

and such that
y⇤ = Ax⇤ 2 H2 solves 0 2 B(y⇤) + MB(y⇤), (9)
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introduced by Moudafi [12]. The set of all these solutions for Equations (8) and (9) are denoted by
Q = {x⇤ 2 VI(H1, f , B2) : Ax⇤ 2 VI(H2, g, B2)}.

Very recently, Kazmi et al. [11] proved the strong convergence theorem under suitable condition
of parameters for solving the hierarchical fixed point problem and SMVI by using hybrid iterative
method as follows:

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

x0 2 C, C0 = C;

un = (1 � an)xn + anPC(snSxn + (1 � sn)Wnxn);

zn = JM1
l (I � l f )(un);

wn = JM2
l (I � lg)(Azn);

yn = zn + gA⇤(wn � Azn);

Cn = {z 2 C : kyn � zk2  (1 � ansn)kxn � zk2 + ansnkSxn � zk2};

Qn {z 2 C : hxn � z, x0 � xni � 0};

xn+1 = PCn
T

Qn x0, n � 0.

(10)

where M1 : H1 ! 2H1 , M2 : H2 ! 2H2 are multi-valued maximal monotone operators, f : C ! H1
is q1-inverse strongly monotone mapping, g : Q ! H2 is q2-inverse strongly monotone mapping,
{Ti}N

i=1 : C ! C is a finite family of nonexpansive mappings and Wn is a W-mapping generated by
T1, T2, ..., TN and ln,1, ln,2, ..., ln,N for all n 2 N[ {0}.

Based on the results mentioned above, we give our theorem for SCVIP and some important results
as follows:

(i) We first establish Lemma 8 which shows the equivalence between SCVIP and fixed point problem
of nonexpansive mapping under suitable conditions on our parameters. Further, we give
some example to support Lemma 8 and the example shows that Lemma 8 is not true if some
condition fails.

(ii) We establish a strong convergence theorem of the sequences generated by the modified Halpern
iterative method for finding a common solution of hierarchical fixed point problem for a
nonexpansive mapping and SCVIP.

(iii) We apply our main result to obtain a strong convergence theorem of the sequences generated by
the modified Halpern iterative method for finding a common solution of hierarchical fixed point
problem for a nonexpansive mapping and split combination of variational inequality problem
and a strong convergence theorem for finding a common solution of hierarchical fixed point
problem for nonexpansive mapping and split zero point problem.

(iv) We give some illustrative numerical examples to support our main result and our examples show
that our main result is not true if some conditions fail.

2. Preliminaries

In this paper, we denote weak and strong convergence by the notations ’*’ and ’!’, respectively.
We recall some concepts and results needed in the sequel.

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Then for any
x 2 H, there exists a unique nearest point in C, denoted by PCx, such that

kx � PCxk  kx � yk, 8y 2 C. (11)

The mapping PC is called the matric projection of H onto C. It is well known that PC is
nonexpansive and satisfies

hx � y, PCx � PCyi � kPCx � PCyk2, 8x 2 H. (12)
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Moreover, PCx is characterized by the fact PCx 2 C and

hx � PCx, y � PCxi  0, 8y 2 C, (13)

which implies that
kx � yk2 � kx � PCxk2 + ky � PCxk2, 8x 2 H, y 2 C. (14)

Lemma 1 ([4]). Let {an}, {cn} ⇢ R+,{an} ⇢ (0, 1) and {bn} ⇢ R be sequences such that

an+1 = (1 � an)an + bn + cn, for all n � 0.

Assume Â•
n=0 cn < •. Then the following results hold:

(i) if bn  anC where C � 0, then {an} is a bounded sequence,
(ii) if Â•

n=0 an = • and lim supn!•
bn
an

 0, then limn!• an = 0.

Lemma 2 ([19]). Let E be a uniformly convex Banach space, C a nonempty closed convex subset of E, and S :
C ! C a nonexpansive mapping with Fix(S) 6= ∆. Then I � S is demiclosed at zero.

Lemma 3 ([4]). Let u 2 H be a solution of variational inclusion if and only if u = JM
l (u � lBu), 8l > 0, i.e.,

VI(H, B, M) = Fix(JM
l (I � lB)), 8l > 0.

where B : H ! H is a single-valued mapping. Further, if l 2 (0, 2a], then VI(H, B, M) is a closed convex
subset in H.

Lemma 4 ([4]). The resolvent operator JM
l associated with M is single-valued, nonexpansive for all l > 0 and

1-inverse strongly monotone.

Lemma 5 ([2]). Let H be a real Hilbert space and let M : H ! 2H be a multi-valued maximal monotone
mapping. For every i = 1, 2, ..., N, let Ai : H ! H be ai-inverse strongly monotone mapping with h =
mini=1,2,...,N{ai} and

TN
i=1 VI(H, Ai, M) 6= ∆. Then

VI

 
H,

N

Â
i=1

ai Ai, M

!
=

N\

i=1
VI(H, Ai, M),

where ÂN
i=1 ai = 1 and 0 < ai < 1 for every i = 1, 2, ..., N. Moreover, JM

l (I � l ÂN
i=1 ai Ai) is a nonexpansive

mapping, for all 0 < l < 2h.

Example 1. Let H = R. For every i = 1, 2, ..., N, let Ai : R ! R define by Aix = ix
4 + (i + 1) for all x 2 H

and M : R ! 2R be defined by Mx = { x
4} for all x 2 R. Let ai =

3
4i +

1
N4N for all i = 1, 2, ..., N. Then

VI(H, ÂN
i=1 ai Ai, M) =

TN
i=1 VI(H, Ai, M).

Proof of Solution. Since Aix = ix
4 + (i + 1), we have Ai is 4

i -inverse strongly monotone mapping.
By definition of ai and Ai, we have

N

Â
i=1

ai Aix =
N

Â
i=1

(
3
4i +

1
N4N )Aix =

N

Â
i=1

(
3
4i +

1
N4N )(

ix
4
+ (i + 1)).

From Lemma 5, we have VI(H, ÂN
i=1 ai Ai, M) =

TN
i=1 VI(H, Ai, M) = {�4}.
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Example 2. Let H = R. For every i = 1, 2, ..., N, let Ai : R ! R define by Aix = ix
4 + (i + 1) for all x 2 H

and M : R ! 2R be defined by Mx = { x
4} for all x 2 R. Let ai =

3
4i +

1
N ( 1

4N + 1) for all i = 1, 2, ..., N.
Then VI(H, ÂN

i=1 ai Ai, M) 6= TN
i=1 VI(H, Ai, M).

Proof of Solution. Since Aix = ix
4 + (i + 1), we have Ai is 4

i -inverse strongly monotone mapping.
By definition of ai and Ai, we have

N

Â
i=1

ai Aix =
N

Â
i=1

(
3
4i +

1
N
(

1
4N + 1))Aix =

N

Â
i=1

(
3
4i +

1
N
(

1
4N + 1))(

ix
4
+ (i + 1)).

Then
TN

i=1 VI(H, Ai, M) = {�4} and VI(H, ÂN
i=1 ai Ai, M) 6= {�4}. It implies that

VI(H, ÂN
i=1 ai Ai, M) 6= TN

i=1 VI(H, Ai, M) because ÂN
i=1 ai = 2.

Remark 2. Example 1 shows that Lemma 5 is true where ÂN
i=1 ai = 1 and Example 2 shows that Lemma 5 is

not true if a condition fails, that is ÂN
i=1 ai 6= 1 .

Lemma 6 ([17]). Let C ✓ H be a nonempty closed and convex set and let T : C ! H be a nonexpansive
mapping. Then Fix(T) is closed and convex.

Lemma 7. Let H1 and H2 be Hilbert spaces. Let MA : H1 ! 2H1 be a multi-valued maximal monotone
mapping and MB : H2 ! 2H2 be a multi-valued maximal monotone mapping. Let A : H1 ! H2 be a
bounded linear operator. For every i = 1, 2, ..., N, let Ai : H1 ! H1 be ai-inverse strongly monotone with
hA = mini=1,2,...,N{ai} and Bi : H2 ! H2 be bi-inverse strongly monotone with hB = mini=1,2,...,N{bi}.
For each x, y 2 H1, then

kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(x � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(y � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ay)k2

 kx � yk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2,

where lA 2 (0, 2hA), lB 2 (0, 2hB), ÂN
i=1 ai = ÂN

i=1 bi = 1 and g 2 (0, 1
L ) with L is the spectral radius

of A⇤A.

Proof. Let x, y 2 H1. Consider

kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(x � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(y � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ay)k2

 k(x � y)� g(A⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � A⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ay)k2

= kx � yk2 � 2ghx � y, A⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � A⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayi

+ g2kA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � A⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2
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 kx � yk2 + 2ghAy � Ax, (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayi

+ g2Lk(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2

= kx � yk2 + 2ghAy � Ax + JMB
lB

(I � lB

N

Â
i=1

biBi)Ax � JMB
lB

(I � lB

N

Â
i=1

biBi)Ax

+ JMB
lB

(I � lB

N

Â
i=1

biBi)Ay � JMB
lB

(I � lB

N

Â
i=1

biBi)Ay, (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax

� (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayi

+ g2Lk(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2

= kx � yk2 + 2g
h
hJMB

lB
(I � lB

N

Â
i=1

biBi)Ay � JMB
lB

(I � lB

N

Â
i=1

biBi)Ax,

(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayi

� h(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ay,

(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayi
i

+ g2Lk(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2

 kx � yk2 + 2g
h1

2
k(I � JMB

lB
(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2

� k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2
i

+ g2Lk(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2

= kx � yk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ayk2.

Hence

kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(x � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(y � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ay)k2

 kx � yk2 � g(1 � gL)k(I � JMB
lB

(I � lB ÂN
i=1 biBi))Ax � (I � JMB

lB
(I � lB ÂN

i=1 biBi))Ayk2.

We introduce Lemma 8 which shows an association between the SCVIP and the fixed point
problem of nonexpansive mapping under suitable conditions on our parameters. Furthermore, we
give examples for supporting Lemma 8 and the examples shows that Lemma 8 is not true if parameters
are not satisfied.
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Lemma 8. Let H1 and H2 be Hilbert spaces. Let MA : H1 ! 2H1 be a multi-valued maximal monotone
mapping and MB : H2 ! 2H2 be a multi-valued maximal monotone mapping. Let A : H1 ! H2 be a
bounded linear operator. For every i = 1, 2, ..., N, let Ai : H1 ! H1 be ai-inverse strongly monotone with
hA = mini=1,2,...,N{ai} and Bi : H2 ! H2 be bi-inverse strongly monotone with hB = mini=1,2,...,N{bi}.
Suppose that W 6= ∆. Then the following are equivalent:

(i) x⇤ 2 W
(ii) x⇤ = JMA

lA
(I � lA ÂN

i=1 ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB ÂN
i=1 biBi))Ax⇤),

where lA 2 (0, 2hA), lB 2 (0, 2hB), ÂN
i=1 ai = ÂN

i=1 bi = 1 and g 2 (0, 1
L ) with L is the spectral radius

of A⇤A.

Proof. Let the condition holds.
(i) ) (ii) Let x⇤ 2 W, we have x⇤ 2 VI(H1, ÂN

i=1 ai Ai, MA) and Ax⇤ 2 VI(H2, ÂN
i=1 biBi, MB).

From Lemma 3, we have x⇤ 2 Fix(JMA
lA

(I � lA ÂN
i=1 ai Ai)) and Ax⇤ 2 Fix(JMB

lB
(I � lB ÂN

i=1 biBi)),

which implies that x⇤ = JMA
lA

(I � lA ÂN
i=1 ai Ai)x⇤ and Ax⇤ = JMB

lB
(I � lB ÂN

i=1 biBi)Ax⇤.

By x⇤ = JMA
lA

(I � lA ÂN
i=1 ai Ai)x⇤ and Ax⇤ = JMB

lB
(I � lB ÂN

i=1 biBi)Ax⇤, we have

JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤)

= JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(Ax⇤ � JMB
lB

(I � lB

N

Â
i=1

biBi)Ax⇤)

= JMA
lA

(I � lA

N

Â
i=1

ai Ai)x⇤

= x⇤.

It implies that

JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤) = x⇤. (15)

(ii) ) (i) Let JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Ax⇤) = x⇤ and
let w 2 W.

We will show that I � lA ÂN
i=1 ai Ai and I � lB ÂN

i=1 biBi are nonexpansive, for all i = 1, 2, ..., N.
Since Ai : C ! H be ai-inverse strongly monotone mapping with hA = mini=1,2,...,N{ai} and

lA 2 (0, 2hA), we have

k(I � lA

N

Â
i=1

ai Ai)x � (I � lA

N

Â
i=1

ai Ai)yk2

= kx � yk2 � 2lA

N

Â
i=1

aihx � y, Aix � Aiyi+ l2
A

N

Â
i=1

aikAix � Aiyk2

 kx � yk2 � 2lA

N

Â
i=1

aiaikAix � Aiyk2 + l2
A

N

Â
i=1

aikAix � Aiyk2

 kx � yk2 � 2lAhA

N

Â
i=1

aikAix � Aiyk2 + l2
A

N

Â
i=1

aikAix � Aiyk2

= kx � yk2 + lA

N

Â
i=1

ai(lA � 2hA)kAix � Aiyk2

 kx � yk2.
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Thus I � lA ÂN
i=1 ai Ai is a nonexpansive mapping, for all i = 1, 2, ..., N. By using the same

proof, we obtain that I � lB ÂN
i=1 biBi, for all i = 1, 2, ..., N is a nonexpansive mapping and

JMB
lB

(I � lB ÂN
i=1 biBi) is nonexpansive mapping.

From w 2 W and (i) ) (ii), we have JMB
lB

(I � lB ÂN
i=1 biBi)Aw = Aw and JMA

lA
(I �

lA ÂN
i=1 ai Ai)(w � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Aw) = w.

From Lemma 7 and JMB
lB

(I � lB ÂN
i=1 biBi)Aw = w, we have

kx⇤ � wk2 = kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(w � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Aw)k2

 kx⇤ � wk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤

� (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Awk2

= kx⇤ � wk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤k2. (16)

Applying Equation (16), we have

Ax⇤ 2 Fix(JMB
lB

(I � lB

N

Â
i=1

biBi)). (17)

From Lemma 5, we have

Ax⇤ 2 VI

 
H1,

N

Â
i=1

biBi, MB

!
. (18)

From the definition of x⇤ and Equation (17), we have

x⇤ = JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤)

= JMA
lA

(I � lA

N

Â
i=1

ai Ai)x⇤.

From Lemma 5, we have

x⇤ 2 VI

 
H2,

N

Â
i=1

ai Ai, MA

!
. (19)

From Equations (18) and (19), we have x⇤ 2 W.

Example 3. Let H1 = H2 = R. For every i = 1, 2, ..., N, let Ai : R ! R define by Aix = ix
4 + (i + 1) for

all x 2 H1 and Bi : R ! R define by Biy = iy
2 + (i + 1) for all y 2 H2. Let MA : R ! 2R be defined by

MAx = { x
4} for all x 2 R and MB : R ! 2R be defined by MBx = { y

2} for all y 2 R. Let Ax = x, for all
x 2 R. Let ai =

3
4i +

1
N4N and bi =

2
3i +

1
N3N for all i = 1, 2, ..., N. Then JMA

lA
(I � lA ÂN

i=1 ai Ai)(x⇤ �
gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Ax⇤) = �4.
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Proof of Solution. It is easy to observe Ai is 4
i -inverse strongly monotone mapping and Bi is 2

i -inverse
strongly monotone mapping. By definition of Ai, Bi and ai, bi, we have

N

Â
i=1

ai Aix =
N

Â
i=1

(
3
4i +

1
N4N )Aix =

N

Â
i=1

(
3
4i +

1
N4N )(

ix
4
+ (i + 1)),

and
N

Â
i=1

biBiy =
N

Â
i=1

(
2
3i +

1
N3N )Biy =

N

Â
i=1

(
2
3i +

1
N3N )(

iy
2
+ (i + 1)).

Then W = {�4}. From definition of A, we have L = 1. Choose lA = 1
N , lB = 1

N and g = 1
10 .

From Lemma 8, we have JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Ax⇤) = �4.

Example 4. Let H1 = H2 = R. For every i = 1, 2, ..., N, let Ai : R ! R define by Aix = ix
4 + (i + 1)

for all x 2 H1 and Bi : R ! R define by Biy = iy
2 + (i + 1) for all y 2 H2. Let MA : R ! 2R

be defined by MAx = { x
4} for all x 2 R and MB : R ! 2R be defined by MBx = { y

2} for all y 2
R. Let Ax = x, for all x 2 R. Let ai = 3

4i +
1

N4N and bi = 2
3i +

1
N3N for all i = 1, 2, ..., N. Then

JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Ax⇤) = x⇤ for all x⇤ 2 R.

Proof of Solution. It is easy to observe Ai is 4
i -inverse strongly monotone mapping and Bi is 2

i -inverse
strongly monotone mapping. By definition of Ai, Bi and ai, bi, we have

N

Â
i=1

ai Aix =
N

Â
i=1

(
3
4i +

1
N4N )Aix =

N

Â
i=1

(
3
4i +

1
N4N )(

ix
4
+ (i + 1)),

and
N

Â
i=1

biBiy =
N

Â
i=1

(
2
3i +

1
N3N )Biy =

N

Â
i=1

(
2
3i +

1
N3N )(

iy
2
+ (i + 1)).

Then W = {�4}. From definition of A, we have L = 1. Choose lA = 0, lB = 0 and g = 1
10 , we

have JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Ax⇤) = x⇤ for all x⇤ 2 R.
So Example 4 shows that Lemma 8 is not true because lA = 0 and lB = 0.

3. Main Result

We prove a strong convergence theorem to approximate a common solution of SCVIP and
hierarchical fixed point problem of nonexpansive mapping.

Theorem 1. Let H1, H2 be real Hilbert spaces. Let MA : H1 ! 2H1 be a multi-valued maximal monotone
mapping and MB : H2 ! 2H2 be a multi-valued maximal monotone mapping. Let A : H1 ! H2 be a
bounded linear operator with its adjoint operator A⇤. Let Ai : H1 ! H1 be ai-inverse strongly monotone
with hA = mini=1{ai} and Bi : H2 ! H2 be bi-inverse strongly monotone with hB = mini=1{bi}. Let
S, T : H1 ! H1 be two nonexpansive mappings. Assume that F = F \ W 6= ∆. Let the sequence {xn}
generated by u, x1 2 H1 and

8
>><

>>:

un = JMA
lA

(I � lA ÂN
i=1 ai Ai)(xn � gA⇤(I � JMB

lB
(I � lB ÂN

i=1 biBi))Axn),

yn = (1 � an)xn + an(snSxn + (1 � sn)Txn),

xn+1 = µnu + jnyn + qnun,

(20)

where {µn}, {jn}, {qn}, {an}, {sn} ✓ [0, 1] with µn + jn + qn = 1 for all n � 1, lA 2 (0, 2hA),
lB 2 (0, 2hB) and g 2 (0, 1

L ) with L is the spectral radius of A⇤A. Suppose the following conditions hold:

(i) limn!• µn = 0, Â•
n=1 µn = •,
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(ii) 0 < c  jn, qn  d < 1, 9c, d > 0,
(iii) Â•

n=1 |µn+1 � µn| < •,Â•
n=1 |jn+1 � jn| < •,Â•

n=1 |qn+1 � qn| < •
(iv) limn!• sn = 0, Â•

n=1 sn < •,
(v) limn!•

kxn�ynk
ansn

= 0,
(vi) ÂN

i=1 ai = ÂN
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N.

Then {xn} converges strongly to z0 2 F, where z0 = PFu.

Proof. Step1. First, we prove that {xn}, {yn} and {un} are bounded.
We will show that JMA

lA
(I � lA ÂN

i=1 ai Ai) and JMB
lB

(I � lB ÂN
i=1 biBi) are nonexpansive mapping.

Since Ai is ai-inverse strongly monotone with hA = mini=1{ai}, we have

�����(I � lA

N

Â
i=1

ai Ai)x � (I � lA

N

Â
i=1

ai Ai)y

�����

2

=

�����(x � y)� lA(
N

Â
i=1

ai Aix �
N

Â
i=1

ai Aiy)

�����

2

 kx � yk2 � 2lA

N

Â
i=1

aihx � y, Aix � Aiyi

+ l2
A

N

Â
i=1

aikAix � Aiyk2

 kx � yk2 � 2lA

N

Â
i=1

aiaikAix � Aiyk2

+ l2
A

N

Â
i=1

aikAix � Aiyk2

 kx � yk2 + lA

N

Â
i=1

ai(ln � 2hA)kAix � Aiyk2

 kx � yk2.

Thus I � lA ÂN
i=1 ai Ai is a nonexpansive mapping, for all i = 1, 2, ..., N. By using the same proof,

we obtain that I � lB ÂN
i=1 biBi is a nonexpansive mapping. Since JMA

lA
and JMB

lB
are nonexpnsive

mapping, we have JMA
lA

(I � lA ÂN
i=1 ai Ai) and JMB

lB
(I � lB ÂN

i=1 biBi) are nonexpansive mapping.
Let p 2 F then p 2 H1 and p 2 F which Tp = p. Now, we estimate

kyn � pk2 = k(1 � an)xn + an(snSxn + (1 � sn)Txn)� pk2

= k(1 � an)(xn � p) + an(sn(Sxn � p) + (1 � sn)(Txn � p))k2

 (1 � an)kxn � pk2 + ank(sn(Sxn � p) + (1 � sn)(Txn � p))k2

 (1 � an)kxn � pk2 + ansnkSxn � pk2 + an(1 � sn)kTxn � pk2

 (1 � an)kxn � pk2 + ansnkSxn � pk2 + an(1 � sn)kxn � pk2

= (1 � ansn)kxn � pk2 + ansnkSxn � pk2. (21)

Since p 2 F, then p 2 W and JMA
lA

(I � lA ÂN
i=1 ai Ai)p = p and JMB

lB
(I � lB ÂN

i=1 biBi)Ap = Ap.
By Lemma 8, we have

JMA
lA

(I � lA

N

Â
i=1

ai Ai)(p � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ap) = p.
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By Lemma 7, we have

kun � pk2

= kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(xn � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(p � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ap)k2

 kxn � pk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Apk2

 kxn � pk2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnk2

 kxn � pk2. (22)

By Equations (21) and (22), we have

kxn+1 � pk2 = kµnu + jnyn + qnun � pk2

 µnku � pk2 + jnkyn � pk2 + qnkun � pk2

 µnku � pk2 + jn

h
(1 � ansn)kxn � pk2 + ansnkSxn � pk2

i
+ qnkxn � pk2

= µnku � pk2 + jnkxn � pk2 � jnansnkxn � pk2 + jnansnkSxn � pk2 + qnkxn � pk2

= µnku � pk2 + (1 � µn)kxn � pk2 � jnansnkxn � pk2 + jnansnkSxn � pk2

 (1 � µn)kxn � pk2 + µnku � pk2 + µnansnkSxn � pk2. (23)

From Lemma 1(i), therefore {xn} is bounded. So are {un},{yn}.
Step2. Show that limn!• kxn+1 � xnk = 0, limn!• kxn � unk = 0 and limn!• kxn � ynk = 0.

kxn+1 � xnk = kµnu + jnyn + qnun � µn�1u � jn�1yn�1 � qn�1un�1k
= k(µn � µn�1)u + (jn � jn�1)yn�1 + jn(yn � yn�1)

+ (qn � qn�1)un�1 + qn(un � un�1)k
 |µn � µn�1|kuk+ |jn � jn�1|kyn�1k+ jnkyn � yn�1k
+ |qn � qn�1|kun�1k+ qnkun � un�1k. (24)

From definition of un, Lemma 7 and g 2 (0, 1
L ), we have

kun � un�1k2 = kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(xn � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn)

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(xn�1 � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn�1)k2

 kxn � xn�1k2 � g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn

� (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axn�1k2

 kxn � xn�1k2.

It implies that
kun � un�1k  kxn � xn�1k. (25)
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From definition of yn, we have

kyn � yn�1k = k(1 � an)xn + an(snSxn + (1 � sn)Txn)

� [(1 � an�1)xn�1 + an�1(sn�1Sxn�1 + (1 � sn�1)Txn�1)]k
= k(xn � xn�1)� anxn + an�1xn�1 + anxn�1 � anxn�1

+ ansnSxn � an�1sn�1Sxn�1 + ansnSxn�1 � ansnSxn�1

+ anTxn � an�1Txn�1 + anTxn�1 � anTxn�1

� ansnTxn + an�1sn�1Txn�1 + ansnTxn�1 � ansnTxn�1k
= k(1 � an)(xn � xn�1) + (an�1 � an)xn�1

+ (ansn � an�1sn�1)Sxn�1 + ansn(Sxn � Sxn�1)

+ an(1 � sn)(Txn � Txn�1) + (an � an�1)Txn�1

+ (an�1sn�1 � ansn)Txn�1k
 (1 � an)kxn � xn�1k+ |an�1 � an|kxn�1k
+ |ansn � an�1sn�1|kSxn�1k+ ansnkSxn � Sxn�1k
+ an(1 � sn)kTxn � Txn�1k+ |an � an�1|kTxn�1k
+ |an�1sn�1 � ansn|kTxn�1k

 (1 � an)kxn � xn�1k+ |an�1 � an|kxn�1k
+ |ansn � an�1sn�1|kSxn�1k+ ansnkxn � xn�1k
+ an(1 � sn)kxn � xn�1k+ |an � an�1|kTxn�1k
+ |an�1sn�1 � ansn|kTxn�1k

= kxn � xn�1k+ |an�1 � an|kxn�1k
+ |ansn � an�1sn�1|kSxn�1k+ |an � an�1|kTxn�1k
+ |an�1sn�1 � ansn|kTxn�1k. (26)

From Equations (24)–(26), we have

kxn+1 � xnk  |µn � µn�1|kuk+ |jn � jn�1|kyn�1k+ jnkyn � yn�1k
+ |qn � qn�1|kun�1k+ qnkun � un�1k

 |µn � µn�1|kuk+ |jn � jn�1|kyn�1k
+ jn[kxn � xn�1k+ |an�1 � an|kxn�1k
+ |ansn � an�1sn�1|kSxn�1k+ |an � an�1|kTxn�1k
+ |an�1sn�1 � ansn|kTxn�1k]
+ |qn � qn�1|kun�1k+ qnkxn � xn�1k

= (jn + qn)kxn � xn�1k+ |µn � µn�1|kuk+ |jn � jn�1|kyn�1k
+ jn|an�1 � an|kxn�1k+ jn|ansn � an�1sn�1|kSxn�1k
+ jn|an � an�1|kTxn�1k+ jn|an�1sn�1 � ansn|kTxn�1k
+ |qn � qn�1|kun�1k

 (1 � µn)kxn � xn�1k+ |µn � µn�1|kuk+ |jn � jn�1|kyn�1k
+ |an�1 � an|kxn�1k+ |ansn � an�1sn�1|kSxn�1k
+ |an � an�1|kTxn�1k+ |an�1sn�1 � ansn|kTxn�1k
+ |qn � qn�1|kun�1k.
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By Lemma 1(i), conditions (i) and (iii), we have

lim
n!•

kxn+1 � xnk = 0. (27)

From definition of un, we have

xn+1 � un = µnu + jnyn + qnun � un

= µn(u � un) + jn(yn � un). (28)

From Equations (21) and (22), we have

kxn+1 � pk2 = kµnu + jnyn + qnun � pk2

= µnku � pk2 + jnkyn � pk2 + qnkun � pk2

� µn jnku � ynk2 � µnqnku � unk2 � jnqnkyn � unk2

 µnku � pk2 + jnkyn � pk2 + qnkun � pk2 � jnqnkyn � unk2

 µnku � pk2 + jn[(1 � ansn)kxn � pk2 + ansnkSxn � pk2]

+ qnkxn � pk2 � jnqnkyn � unk2

= µnku � pk2 + jnkxn � pk2 � jnansnkxn � pk2

+ jnansnkSxn � pk2 + qnkxn � pk2 � jnqnkyn � unk2

 µnku � pk2 + (1 � µn)kxn � pk2 + jnansnkSxn � pk2

� jnqnkyn � unk2

 µnku � pk2 + kxn � pk2 + jnansnK � jnqnkyn � unk2,

where K = supn{kSxn � pk2}. It follow that

jnqnkyn � unk2  µnku � pk2 + jnansnK + kxn � pk2 � kxn+1 � pk2

 µnku � pk2 + jnansnK + kxn � xn+1k(kxn � pk+ kxn+1 � pk)
 µnku � pk2 + jnansnK + kxn � xn+1kL1,

where L1 = supn{kxn � pk+ kxn+1 � pk}. From Equation (27), conditions (i), (ii) and (v), we have

lim
n!•

kyn � unk = 0. (29)

From Equations (28) and (29), we have

kxn+1 � unk = kµn(u � un) + jn(yn � un)k
 µnku � unk+ jnkyn � unk.

From Equation (29) and a condition (i), we have

lim
n!•

kxn+1 � unk = 0. (30)

Since

kxn � un = kxn � xn+1 + xn+1 � unk
 kxn � xn�1k+ kxn+1 � unk.
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From Equations (28) and (30), we have

lim
n!•

kxn � unk = 0. (31)

Since

kxn � yn = kxn � un + un � ynk
 kxn � unk+ kun � ynk.

From Equations (29) and (31), we have

lim
n!•

kxn � ynk = 0. (32)

Step3. limn!• kxn � Txnk = 0.
We have

kxn � Txnk  kxn � ynk+ kyn � Txnk. (33)

Since {xn} is bounded and the mappings S, T are nonexpansive then there exists a K1 > 0 such
that kSxn � Txnk  K1, for all n � 0. Now, we estimate

kyn � Txnk = k(1 � an)xn + an(snSxn + (1 � sn)Txn)� Txnk
= k(1 � an)(xn � Txn) + an(snSxn + (1 � sn)Txn � Txn)k
= k(1 � an)(xn � Txn) + an(snSxn � snTxn)k
 (1 � an)kxn � Txnk+ ansnkSxn � Txnk
 (1 � an)

⇥
kxn � ynk+ kyn � Txnk

⇤
+ ansnkSxn � Txnk

 (1 � an)kxn � unk+ (1 � an)kyn � Txnk+ ansnkSxn � Txnk,

which implies

ankyn � Txnk  (1 � an)kxn � ynk+ ansnkSxn � Txnk
 kxn � ynk+ ansnK1.

It follow that
kyn � Txnk  kxn � ynk

an
+ snK1. (34)

Since limn!•
kxn�ynk

ansn
= 0, we have limn!•

kxn�ynk
an

= limn!• sn · kxn�ynk
ansn

= 0.

From limn!•
kxn�ynk

an
= 0, Equation (34) and a condition (v), we have

lim
n!•

kyn � Txnk = 0. (35)

Thus, it follows from Equations (32), (33) and (35), we have

lim
n!•

kxn � Txnk = 0. (36)

Step4. x⇤ 2 F
Since {xn} is bounded, there exists a subsequence {xnk} which converges weakly to x⇤. We may

assume that
lim inf

n!•
h�xn, x � yn � xn

an
� xni = lim

k!•
h�xnk , x �

ynk � xnk

ank

� xnk i,
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and
lim inf

n!•
hSxn, x � yn � xn

an
� xni = lim

k!•
hSxnk , x �

ynk � xnk

ank

� xnk i.

We will show that x⇤ 2 Fix(T). Assume that x⇤ /2 Fix(T), then x⇤ 6= Tx⇤ and using Opial’s
property of Hilbert space and Equation (35), we have

lim inf
k!•

kxnk � x⇤k < lim inf
k!•

kxnk � Tx⇤k

 lim inf
k!•

�
kxnk � Txnkk+ kTxnk � Tx⇤k

�

 lim inf
k!•

kxnk � x⇤k,

which is a contradiction. Therefore, x⇤ 2 Fix(T).
Next, we show that x⇤ 2 F. Consider

yn � xn = (1 � an)xn + an(snSxn + (1 � sn)Txn)� xn

= ansn(Sxn � xn) + an(1 � sn)(Txn � xn),

which implies

Sxn � xn =
yn � xn

ansn
� an(1 � sn)(Txn � xn)

ansn

=
yn � xn

ansn
+

(1 � sn)(I � T)xn
sn

.

It follows that
Sxn � xn �

yn � xn
ansn

=
(1 � sn)(I � T)xn

sn
.

Since T is nonexpansive, we have I � T is monotone. Let x 2 Fix(T), we have

hSxn � xn �
yn � xn

ansn
, x � yn � xn

an
� xni

=
(1 � sn)

sn
h(I � T)xn, x � yn � xn

an
� xni

=
(1 � sn)

sn
h(I � T)xn � (I � T)(x � yn � xn

an
) + (I � T)(x � yn � xn

an
),

x � yn � xn
an

� xni

=
(1 � sn)

sn

h
h(I � T)xn � (I � T)(x � yn � xn

an
), x � yn � xn

an
� xni

+ h(I � T)(x � yn � xn
an

), x � yn � xn
an

� xni
i

 (1 � sn)
sn

h(I � T)(x � yn � xn
an

), x � yn � xn
an

� xni

 (1 � sn)
sn

���(I � T)(x � yn � xn
an

)
���
���x � yn � xn

an
� xn

���

=
(1 � sn)

sn

���(I � T)(x � yn � xn
an

)� (I � T)x
���
���x � yn � xn

an
� xn

���

 2(1 � sn)
kyn � xnk

ansn

���x � yn � xn
an

� xn

���,
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which implies

hSxn � xn, x � yn � xn
an

� xni  2(1 � sn)
kyn � xnk

ansn

���x � yn � xn
an

� xn

���

+ hyn � xn
ansn

, x � yn � xn
an

� xni

 3
kyn � xnk

ansn

���x � yn � xn
an

� xn

���. (37)

Since limn!•
kxn�ynk

an
= 0, we have

lim
k!•

h
ynk � xnk

ank

, x �
ynk � xnk

ank

� xnk i = 0. (38)

From Equation (38) and
ynk�xnk

ank
+ xnk * x⇤, we have

lim inf
n!•

h � xn, x � yn � xn
an

� xni

= lim
k!•

h�xnk , x �
ynk � xnk

ank

� xnk i

= lim
k!•

h�xnk � (x �
ynk � xnk

ank

) + (x �
ynk � xnk

ank

), x �
ynk � xnk

ank

� xnk i

= lim
k!•

h
hx �

ynk � xnk

ank

� xnk , x �
ynk � xnk

ank

� xnk i

� hx �
ynk � xnk

ank

, x �
ynk � xnk

ank

� xnk i
i

= lim
k!•

h
hx �

ynk � xnk

ank

� xnk , x �
ynk � xnk

ank

� xnk i � hx, x �
ynk � xnk

ank

� xnk i

+ h
ynk � xnk

ank

, x �
ynk � xnk

ank

� xnk i
i

= kx � x⇤k2 � hx, x � x⇤i. (39)

Since S is weakly continuous and
ynk�xnk

ank
+ xnk * x⇤, we obtain

lim inf
n!•

hSxn, x � yn � xn
an

� xni = lim
k!•

hSxnk , x �
ynk � xnk

ank

� xnk i = hSx⇤, x � x⇤i. (40)

From Equations (37), (39) and (40), we have

hSx⇤ � x⇤, x � x⇤i = hSx⇤, x � x⇤i � hx⇤, x � x⇤i
= hSx⇤, x � x⇤i+ kx � x⇤k2 � hx, x � x⇤i

= lim inf
n!•

h
hSxn, x � yn � xn

an
� xni � hxn, x � yn � xn

an
� xni

i

= lim inf
n!•

hSxn � xn, x � yn � xn
an

� xni

 lim inf
n!•

3
kyn � xnk

ansn

���x � yn � xn
an

� xn

���

 0.

Hence x⇤ solve Hierarchical fixed point problem, i.e., x⇤ 2 F.
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Next, we show that x⇤ 2 W. Assume that x⇤ 6= JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I �

lB ÂN
i=1 biBi))Ax⇤). Applying the Opial’s property, Equation (31) and Lemma 7, we have

lim inf
k!•

kxnk � x⇤k

< lim inf
k!•

kxnk � JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤k

= lim inf
k!•

kxnk � JMA
lA

(I � lA

N

Â
i=1

ai Ai)(xnk � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnk

+ JMA
lA

(I � lA

N

Â
i=1

ai Ai)(xnk � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnk

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤k

 lim inf
k!•

h
kxnk � JMA

lA
(I � lA

N

Â
i=1

ai Ai)(xnk � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnkk

+ kJMA
lA

(I � lA

N

Â
i=1

ai Ai)(xnk � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnk

� JMA
lA

(I � lA

N

Â
i=1

ai Ai)(x⇤ � gA⇤(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤k
i

 lim inf
k!•

h
kxnk � unkk+ kxnk � x⇤k

� g(1 � gL)k(I � JMB
lB

(I � lB

N

Â
i=1

biBi))Axnk � (I � JMB
lB

(I � lB

N

Â
i=1

biBi))Ax⇤k
i

 lim inf
k!•

h
kxnk � unkk+ kxnk � x⇤k

i

= lim inf
k!•

kxnk � x⇤k.

This is a contradiction. Then x⇤ = JMA
lA

(I � lA ÂN
i=1 ai Ai)(x⇤ � gA⇤(I � JMB

lB
(I �

lB ÂN
i=1 biBi))Ax⇤. From Lemma 8, we have x⇤ 2 W. Therefore, x⇤ 2 F.
Step5. Finally, we will prove that {xn} converges strongly to z0 = PFu.
We show that lim supn!•hu� z0, xn � z0i  0, where z0 = PFu. We may assume the subsequence

{xnk} of {xn} with
lim sup

n!•
hu � z0, xn � z0i = lim

k!•
hu � z0, xnk � z0i. (41)

Since xnk * x⇤ as k ! • and x⇤ 2 F. By Equations (13) and (41), we have

lim sup
n!•

hu � z0, xn � z0i = lim
k!•

hu � z0, xnk � z0i  0 (42)

From Equations (21) and (22), we have

kxn+1 � z0k2 = kµnu + jnyn + qun � z0k2

= kµn(u � z0) + jn(yn � z0) + q(un � z0)k2

 kjn(yn � z0) + q(un � z0)k2 + 2hµn(u � z0), xn+1 � z0i
 jnkyn � z0k2 + qkun � z0k2 + 2µnhu � z0, xn+1 � z0i
 jn[(1 � ansn)kxn � z0k2 + ansnkSxn � z0k2]

+ qkxn � z0k2 + 2µnhu � z0, xn+1 � z0i
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 jnkxn � z0k2 + jnansnkSxn � z0k2

+ qkxn � z0k2 + 2µnhu � z0, xn+1 � z0i
 (1 � µn)kxn � z0k2 + jnansnkSxn � z0k2

+ 2µnhu � z0, xn+1 � z0i.

Applying Lemma 1(ii), conditions (i), (iv) and Equation (42), we can conclude that the {xn}
converges strongly to z0 = PFu. This completes the proof.

Next, we have the following strong convergence to approximation a common element of solution
the set of SMVI and hierarchical fixed point problem of nonexpansive mapping.

Corollary 1. Let H1, H2 be real Hilbert spaces. Let MA : H1 ! 2H1 be a multi-valued maximal monotone
mapping and MB : H2 ! 2H2 be a multi-valued maximal monotone mapping. Let F : H1 ! H2 be a
bounded linear operator with its adjoint operator F⇤. Let A : H1 ! H1 be a-inverse strongly monotone and
B : H2 ! H2 be b-inverse strongly monotone. Let S, T : H1 ! H1 be two nonexpansive mappings. Assume
that F = F \ Q 6= ∆. Let the sequence {xn} generated by u, x1 2 H1 and

8
>><

>>:

un = JMA
lA

(I � lA A)(xn � gA⇤(I � JMB
lB

(I � lBB))Fxn),

yn = (1 � an)xn + an(snSxn + (1 � sn)Txn),

xn+1 = µnu + jnyn + qnun,

(43)

where {µn}, {jn}, {qn}, {an}, {sn} ✓ [0, 1] with µn + jn + qn = 1 for all n � 1, lA 2 (0, 2a),
lB 2 (0, 2b) and g 2 (0, 1

L ) with L is the spectral radius of F⇤F. Suppose the following conditions hold:

(i) limn!• µn = 0, Â•
n=1 µn = •,

(ii) 0 < c  jn, qn  d < 1, 9c, d > 0,
(iii) Â•

n=1 |µn+1 � µn| < •,Â•
n=1 |jn+1 � jn| < •,Â•

n=1 |qn+1 � qn| < •
(iv) limn!• sn = 0, Â•

n=1 sn < •,
(v) limn!•

kxn�ynk
ansn

= 0,

Then {xn} converges strongly to z0 2 F, where z0 = PFu.

Proof. Put Ai ⌘ A and Bi ⌘ B for all i = 1, 2, ..., N in Theorem 1. From Theorem 1, we obtain the
desired result.

4. Application

4.1. Split Zero Point Problem

Let H be a real HIlbert space. Let M : H ! 2H be a maximal monotone operator. Then the zero
point problem is to find x⇤ 2 H such that

0 2 Mx⇤, (44)

such an x⇤ 2 H is called a zero point of M. The set of zero point of M is denoted by M�1(0).
Let H1 and H2 be two real Hilbert spaces. Setting Ai ⌘ 0 and Bi ⌘ 0 for all i = 1, 2, .., N in SCVIP,

then SCVIP reduce to the split zero point problem: Find x⇤ 2 H1 such that

0 2 MAx⇤, (45)

and
y⇤ 2 Ax⇤ such that 0 2 MBy⇤, (46)

where A : H1 ! H2 is bounded linear operator, MA : H1 ! 2H1 and MB : H2 ! 2H2 are multi-valued
mapping. The set of all solution of this problem is denoted by W2 = {x 2 M�1

A (0) : Ax 2 M�1
B (0)}.
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The split zero point problem which consists of the special cases, split feasibility problem,
variational inequalities, etc., which is used in practice as a model in machine learning, image processing
and linear inverse problem.

Next, we give the strong convergence theorem for solving the split zero point problem and the
hierarchical fixed point problem of nonexpansive mapping.

Corollary 2. Let H1, H2 be real Hilbert spaces. Let MA : H1 ! 2H1 be a multi-valued maximal monotone
mapping and MB : H2 ! 2H2 be a multi-valued maximal monotone mapping. Let A : H1 ! H2 be a bounded
linear operator with its adjoint operator A⇤. Let S, T : H1 ! H1 be two nonexpansive mappings. Assume that
F = F \ W2 6= ∆. Let the iterative sequence generated by hybrid iterative algorithm:

8
>><

>>:

un = JMA
lA

(xn � gA⇤ JMB
lB

Axn),

yn = (1 � an)xn + an(snSxn + (1 � sn)Txn),

xn+1 = µnu + jnyn + qnun,

(47)

where {dn}, {jn}, {hn}, {an}, {sn} ✓ [0, 1] with dn + jn + hn = 1 for all n � 1, and g 2 (0, 1
L ) with L is

the spectral radius of A⇤A. Suppose the following conditions hold:

(i) limn!• µn = 0, Â•
n=1 µn = •,

(ii) 0 < c  jn, qn  d < 1, 9c, d > 0,
(iii) Â•

n=1 |µn+1 � µn| < •,Â•
n=1 |jn+1 � jn| < •,Â•

n=1 |qn+1 � qn| < •
(iv) limn!• sn = 0, Â•

n=1 sn < •,
(v) limn!•

kxn�ynk
ansn

= 0,

Then {xn} converges strongly to z 2 F, where z = PFu.

Proof. Put Ai ⌘ 0 and Bi ⌘ 0 for all i = 1, 2, ..., N in Theorem 1. From Theorem 1, we obtain the
desired conclusion.

4.2. Split Combination of Variational Inequalities Problem

Let H be a real Hilbert space, let C be a nonempty closed convex subset of H and let h be a proper
lower semicontinuous convex function of H into (�•,+•]. The subdifferential ∂h of h is defined by

∂h(x) = {z 2 H : h(x) + hz, u � xi  h(u), 8u 2 H},

for all x 2 H. From Rockafellar [16], we get that ∂h is a maximal monotone operator. Let iC be the
indicator function of C, i.e.,

iC =

(
0 ; i f x 2 C,

+• ; i f x /2 C.

Then iC is a proper, lower semicontinuous and convex function on H and so the subdifferential
∂iC of iC is a maximal monotone operator. The resolvent operator J∂iC

r of ∂iC for l > 0 defined by
J∂iC
r (x) = (I + l∂iC)�1(x), x 2 H, then we have J∂iC

r (x) = PCx for all x 2 H and l > 0; see more
detail [18]. Moreover, let h : H ! H be a single valued operator, we have x 2 VI(H, h, ∂iC) = VI(C, h).

Setting MA = ∂iH1 and MB = ∂iH2 in Equations (6) and (7), then SCVIP reduce to the split
combination of variational inequality problem, that is find x⇤ 2 H1 such that

h
N

Â
i=1

ai Aix⇤, x � x⇤i � 0, 8x 2 H1, (48)

and

y⇤ = Ax⇤ 2 H2 such that h
N

Â
i=1

biBiy⇤, y � y⇤i � 0, 8y 2 H2, (49)
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where A : H1 ! H2 is bounded linear operator and ÂN
i=1 ai = ÂN

i=1 bi = 1. The set of all this is denoted
by W3 = {x 2 VI(H1, ÂN

i=1 ai Ai) : Ax 2 VI(H2, ÂN
i=1 biBi)}.

Remark 3. If MA = ∂iH1 and MB = ∂iH2 , then we have W reduce to W3.

Proof. We will show that VI(H1, ÂN
i=1 ai Ai, MA) = VI(H1, ÂN

i=1 ai Ai). We have for x⇤ 2 H1.
Consider,

x⇤ 2 VI(H1,
N

Â
i=1

ai Ai, MA) , qH1 2
N

Â
i=1

ai Aix⇤ + MAx⇤

, qH1 2
N

Â
i=1

ai Aix⇤ + ∂iH1(x⇤)

, �
N

Â
i=1

ai Aix⇤ 2 ∂iH1(x⇤)

, h
N

Â
i=1

ai Aix⇤, x � x⇤i � 0, 8x 2 H1,

, x⇤ 2 VI(H1,
N

Â
i=1

ai Ai).

Similarly, we also have VI(H2, ÂN
i=1 biBi, MB) = VI(H2, ÂN

i=1 biBi). Then W ⌘ W3 where MA =
∂iH1 and MB = ∂iH2 .

The split combination of variational inequality problem has played an essential role for
concrete problems in dynamic emission tomographic image reconstruction, signal recovery problems,
beam-forming problems, power-control problems, bandwidth allocation problems and optimal
control problems.

Next, we establish a strong convergence theorem for solving the split combination of variational
inequality problem and hierarchical fixed point problem of nonexpansive mapping by using a modified
Halpern iterative method as follows:

Theorem 2. Let H1, H2 be real Hilbert spaces. Let A : H1 ! H2 be a bounded linear operator with its adjoint
operator A⇤. Let Ai : H1 ! H1 be ai-inverse strongly monotone with hA = mini=1{ai} and Bi : H2 ! H2
be bi-inverse strongly monotone with hB = mini=1{bi}. Let S, T : H1 ! H1 be two nonexpansive mappings.
Assume that F = F \ W3 6= ∆. Let the sequence {xn} generated by u, x1 2 H1 and

8
>><

>>:

un = PH1(I � lA ÂN
i=1 ai Ai)(xn � gA⇤(I � PH2(I � lB ÂN

i=1 biBi))Axn),

yn = (1 � an)xn + an(snSxn + (1 � sn)Txn),

xn+1 = µnu + jnyn + qnun,

(50)

where {µn}, {jn}, {qn}, {an}, {sn} ✓ [0, 1] with µn + jn + qn = 1 for all n � 1, lA 2 (0, 2hA),
lB 2 (0, 2hB) and g 2 (0, 1

L ) with L is the spectral radius of A⇤A. Suppose the following conditions hold:

(i) limn!• µn = 0, Â•
n=1 µn = •,

(ii) 0 < c  jn, qn  d < 1, 9c, d > 0,
(iii) Â•

n=1 |µn+1 � µn| < •,Â•
n=1 |jn+1 � jn| < •,Â•

n=1 |qn+1 � qn| < •
(iv) limn!• sn = 0, Â•

n=1 sn < •,
(v) limn!•

kxn�ynk
ansn

= 0,
(vi) ÂN

i=1 ai = ÂN
i=1 bi = 1, ai > 0 and bi > 0 for all i = 1, 2, ..., N.

Then {xn} converges strongly to z0 2 F, where z0 = PFu.
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Proof. Put MA = ∂iH1 and MB = ∂iH2 in Theorem 1. Using the same method in Theorem 1, we have
the desired conclusion.

5. Numerical

The purpose of this section is to give a numerical example to support some of our. The following
example given for supporting Theorem 1 and example show that Theorem 1 is not true if condition (iv)
fails, but conditions (i), (ii), (iii), (v) and (vi) are satisfied.

Since Theorem 1 can solve hierarchical fixed point problem for a nonexpansive mapping and
SCVIP which our problems can modify for concrete problem in signal processing, image reconstruction,
intensity-modulated radiationtherapy treatment planning and sensor networks in computerized
tomography. So, we give a numerical example as follows:

Example 5. Let H1 = H2 = R, the set of all real numbers, with the inner product defined by hx, yi = xy,
for all x, y 2 R and induced usual norm | · |. For every i = 1, 2, .., N, let the mapping Ai : R ! R define by
Aix = x

4i for all x 2 H1 and Bi : R ! R define by Biy = y
3i for all y 2 H2, respectively, let MA, MB : R ! 2R

be defined by MA(x) = {2x}, for all x 2 R and MB(y) = {2y}, for all y 2 R. Let the mapping A : R ! R be
defined by A(x) = �2x, for all x 2 R and let g 2 (0, 1

4 ), so we choose g = 1
10 . Let the mapping T : R ! R be

defined by Tx = max {0,�x}, for all x 2 R and let the mapping S : R ! R be defined by Sx = min {0, x
2},

for all x 2 R. Setting {µn}= { 1
5n}, {jn}= { 7n+1

15n }, {qn}= { 8n�4
15n }, {an}= { 1

n} and {sn}= { 1
4n2 }, 8n 2 N.

For every i = 1, 2, ..., N, suppose that ai =
3
4i +

1
N4N and bi =

2
3i +

1
N3N . Then {xn} converges strongly to a

point x⇤ = 0 2 F.

Proof of Solution. It is easy to check that ai and bi satisfies all the conditions of Theorem 1 and Ai is
1
4i -inverse strongly monotone and Bi is 1

3i -inverse strongly monotone for all i = 1, 2, ..., N. We choose
lA = 1

4N , lB = 1
3N . Since ai =

3
4i +

1
N4N , we obtain

N

Â
i=1

ai Aix =
N

Â
i=1

✓
3
4i +

1
N4N

◆
x
4i

.

Then 0 2 VI(H1, ÂN
i=1 ai Ai, MA). Since bi =

2
3i +

1
N3N , we have

N

Â
i=1

biBiy =
N

Â
i=1

✓
2
3i +

1
N3N

◆
y
3i

.

Then 0 2 VI(H2, ÂN
i=1 biBi, MB). Thus {0} = W.

It is easy to observe that T, S are nonexpansive mappings with Fix(T) = {0}, Fix(S) = {0}.
Hence F = {0}. Therefore F = F \ W = {0}.

For every n 2 N, {µn}= { 1
5n}, {jn}= { 7n+1

15n }, {qn}= { 8n�4
15n }, {an}= { 1

n} and {sn}= { 1
4n2 }, then

the sequence {µn}, {jn}, {qn}, {an} and {sn} satisfy all the conditions of Theorem 1. We rewrite (20)
as follows:

8
>><

>>:

un = JMA
lA

(I � 1
4N ÂN

i=1 ai Ai)(xn � gA⇤(I � JMB
lB

(I � 1
3N ÂN

i=1 biBi))Axn),

yn = (1 � 1
n )xn + 1

0 (
1

4n2 Sxn + (1 � 1
4n2 )Txn),

xn+1 = 1
5n u + 7n+1

15n yn + 8n�4
15n un,

(51)

Choose u = �1, x1 = 1, N = 100 and n = 100. The numerical for the sequence {xn} are shown
Table 1 and Figure 1.
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Table 1. The values of {xn} with N = 100, n = 100.

n xn

1 1.0000
2 �0.0767
3 �0.1178
4 �0.1125
5 �0.1027
...

...
50 �0.0139
...

...
96 �0.0073
97 �0.0072
98 �0.0071
99 �0.0070
100 �0.0070

Figure 1. The sequence {xn} converges strongly to 0 with initial values x1 = 1, N = 100 and n = 100.

Example 6. Let H1 = H2 = R, the set of all real numbers, with the inner product defined by hx, yi = xy,
for all x, y 2 R and induced usual norm | · |. For every i = 1, 2, .., N, let the mapping Ai : R ! R define by
Aix = x

4i for all x 2 H1 and Bi : R ! R define by Biy = y
3i for all y 2 H2, respectively, let MA, MB : R ! 2R

be defined by MA(x) = {2x}, for all x 2 R and MB(y) = {2y}, for all y 2 R. Let the mapping A : R ! R be
defined by A(x) = �2x, for all x 2 R and let g 2 (0, 1

4 ), so we choose g = 1
10 . Let the mapping T : R ! R be

defined by Tx = max {0,�x}, for all x 2 R and let the mapping S : R ! R be defined by Sx = min {0, x
2},

for all x 2 R. Setting {µn}= { 1
5n}, {jn}= { 7n+1

15n }, {qn}= { 8n�4
15n }, {an}= { 1

n} and {sn}= {n}, 8n 2 N.
For every i = 1, 2, ..., N, suppose that ai =

3
4i +

1
N4N and bi =

2
3i +

1
N3N . Then {xn} is divegence.

Proof of Solution. Note that the sequence {µn}, {jn}, {qn}, {an}, ai and bi satisfies the conditions (i),
(ii), (iii), (v) and (vi) from Theorem 1, while assumption (iv) does not converge to 0 since

lim
n!•

n = •.

Choose u = �1, x1 = 1, N = 100 and n = 25. The numerical for the sequence {xn} are shown in
Table 2 and Figure 2. Therefore, {xn} does not converge to 0.
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Table 2. The values of {xn} with N = 100, n = 25.

n xn

1 1.0000
2 �0.0767
3 �0.1717
4 �0.3525
5 �0.4736
...

...
17 �12.0108
...

...
21 �41.7292
22 �57.2056
23 �78.5297
24 �107.9388
25 �148.5342

Figure 2. The sequence {xn} is divergence with initial values x1 = 1, N = 100 and n = 25.

Next, we give example to support out some result in a two dimensional space of real numbers.

Example 7. Let H1 = H2 = R2, with the inner product defined by hx, yi = xy = x1 · y1 + x2 · y2,
for all x = (x1, x2), y = (y1, y2) 2 R2 and induced usual norm k · k defined by kxk =

q
x2

1 + x2
2 for all

x = (x1, x2) 2 R2. For every i = 1, 2, .., N, let the mapping Ai : R2 ! R2 define by Aix = x
3i for all

x = (x1, x2) 2 H1 and Bi : R2 ! R2 define by Biy = y
4i for all y = (y1, y2) 2 H2, respectively, let

MA, MB : R2 ! 2R2 be defined by MA(x) = {x}, for all x = (x1, x2) 2 R2 and MB(y) = {3y}, for all
y = (y1, y2) 2 R2. Let the mapping A : R2 ! R2 be defined by A(x) = 3x, for all x = (x1, x2) 2 R2

and let g 2 (0, 1
9 ), so we choose g = 1

15 . Let the mapping T : R2 ! R2 be defined by Tx = x
3 , for all

x = (x1, x2) 2 R2 and let the mapping S : R2 ! R2 be defined by Sx = min {0, x
5}, for all x = (x1, x2) 2 R2.

Setting {µn}= { 1
4n}, {jn}= { 7n+1

12n }, {qn}= { 5n�4
12n }, {an}= { 1

n} and {sn}= { 1
4n2 }, 8n 2 N. For every

i = 1, 2, ..., N, suppose that ai =
9

10i +
1

N10N and bi =
2
3i +

1
N3N . Then {xn} converges strongly to a point

x⇤ = (0, 0) 2 F.

Proof of Solution. It is easy to check that ai and bi satisfies all the conditions of Theorem 1 and Ai is
1
3i -inverse strongly monotone and Bi is 1

4i -inverse strongly monotone for all i = 1, 2, ..., N. We choose
lA = 1

5N , lB = 1
7N . Thus {(0, 0)} = W.
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For definition of T and S, then T and S are nonexpansive mapping with Fix(T) = {(0, 0)}. Hence
F = {(0, 0)}. Therefore F = F \ W = {(0, 0)}.

For every n 2 N, {µn}= { 1
4n}, {jn}= { 7n+1

12n }, {qn}= { 5n�4
12n }, {an}= { 1

n} and {sn}= { 1
4n2 }, then

the sequence {µn}, {jn}, {qn}, {an} and {sn} satisfy all the conditions of Theorem 1.
From Theorem 1, we can conclude that the sequence {xn} converges to (0, 0).

6. Conclusions

(i) Table 1 and Figure 1 show that the sequence {xn} converges to 0, where {0} = F \ W.
(ii) Table 2 and Figure 2 show that the sequence {xn} diverge, where condition (iv) is violated since

limn!• sn 6= 0.
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Abstract
In this paper, we consider a Banach generalized system of variational inequality problems by
using the concept of Kangtunyakarn (Fixed Point Theory Appl 2014:123, 2014) and showed
the equivalence between a Banach generalized system of variational inequality problems
and fixed point problems. And also, using modified viscosity iterative method, we prove a
strong convergence theorem for finding a common solution of a Banach generalized system
of variational inequality problems and fixed point problems for a nonexpansivemapping. The
main theorem presented in this paper extend the corresponding result of variational inequality
problems introduced by Aoyama et al. (Fixed Point Theory Appl 2006:35390, https://doi.
org/10.1155/FPTA/2006/35390, 2006). Moreover, we give some numerical examples for
supporting our main theorem.

Keywords Fixed point problem · Nonexpansive mapping · Variational inequality problem

Mathematics Subject Classification 47H10 · 47H07 · 47J30

1 Introduction

Let E be a real Banach space with its dual space E∗ and let C be a nonempty closed convex
subset of E. We denote the norm of E and E∗ by the same symbol ‖ · ‖. We denote weak and
strong convergence by the notations ’⇀’ and ’→’, respectively.

Let T : C → C be a mapping. A point x ∈ C is called a fixed point of T if T x = x . The
set of fixed points of T is denoted by F(T ) = {x ∈ C : T x = x}.
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93 Page 2 of 19 B. Chaloemyotphong, A. Kangtunyakarn

Fixed point problem is an important area of mathematical analysis. This problem applies
about the solution in many problem in a Banach space such as nonlinear operator equation,
variational inequality problems, equilibrium problem, etc., see for instance [1–22].

Definition 1 A Banach space E is said to be uni f ormly convex if for any ε, 0 < ε ≤ 2,
the inequalities ‖x‖ ≤ 1, ‖y‖ ≤ 1 and ‖x − y‖ ≥ ε imply there exists a δ > 0 such that
‖ x+y

2 ‖ ≤ 1 − δ.

Definition 2 Let E be a Banach space. Then a function ρE : R+ → R+ is said to be
the modulus of smoothness of E if

ρE (t) = sup
{‖x + y‖ + ‖x − y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = t

}
.

A Banach space E is said to be uniformly smooth if

lim
t→0

ρE (t)
t

= 0.

Let q > 1. A Banach space E is said to be q-uniformly smooth if there exists a constant
c > 0 such that ρE ≤ ctq . It is easy to see that, if E is q-uniformly smooth, then q ≤ 2 and
E is uniformly smooth. It is well known that L p is min{p, 2}-uniformly smooth for p > 1.

Definition 3 A mapping J from E onto E∗ satisfying the condition

J (x) = { f ∈ E∗ : 〈x, f 〉 = ‖x‖2 and ‖ f ‖ = ‖x‖}
is called the normalized duality mapping of E . The duality pair 〈x, f 〉 represents f (x) for
f ∈ E∗ and x ∈ E .

It is well known that if E is smooth, then J is a single value, which denote by j .

Definition 4 Let C be a nonempty subset of a Banach space E and T : C → C be a
self-mapping.

(i) T is called a nonexpansive mapping if

‖T x − T y‖ ≤ ‖x − y‖, ∀x, y ∈ C,

(ii) T is called a contraction mapping if there exists a constant α ∈ (0, 1) such that

‖T x − T y‖ ≤ α‖x − y‖, ∀x, y ∈ C .

A mapping A : C → E is said to be accretive if there exists j(x − y) ∈ J (x − y) such
that

〈Ax − Ay, j(x − y)〉 ≥ 0, ∀x, y ∈ C .

A mapping A : C → E is said to be α-inverse strongly accretive if there exists α > 0
and j(x − y) ∈ J (x − y) such that

〈Ax − Ay, j(x − y)〉 ≥ α‖x − y‖2, ∀x, y ∈ C .

Many authors have studied concept of accretive mapping in Banach space to modified
their problem, see, for instance [1,2].

In 2019, Suantai et al. [1] introduced implicit and explicit iteration processes with pertur-
bations. Furthermore, they proved a strong convergence theorem for fixed point problem of
nonexpansive mappings and the quasi variational inclusion problem consideringm-accretive
operator and extended an improving previous results.
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Very recently, Chang et al. [2] proved strong convergence theorem for finding a common
element of the set of solutions to a system of quasi variational inclusion with accretive
mappings and the set of fixed points for a η-strict pseudo-contractive mapping (that is, T is
called an η-strictly pseudo-contractive mapping if there exists a constant η ∈ (0, 1) such that
〈T x − T y, j(x − y)〉 ≤ ‖x − y‖2 − η‖(I − T )x − (I − T )y‖2, for every x, y ∈ C and for
some j(x − y) ∈ J (x − y)) in Banach spaces. Moreover, they extended their main result
corresponding with a system of variational inequalities, monotone variational inequalities,
convex minimization problem and convexly constrained linear inverse problem.

Definition 5 LetC ⊆ E be a closed convex and QC be a mapping of E ontoC . The mapping
QC is said to be sunny if QC (x + t(x − QCx)) = QCx , for all x ∈ E and t ≥ 0. A mapping
QC is called retraction if Q2

C = QC . A subset C of E is called a sunny nonexpansive retract
of E if there exists a sunny nonexpansive retraction of E onto C.

Aoyama et al. [3] first introduced the following generalized variational inequality problem
in Banach space. Let A : C → E be an accretive operator. Find a point x∗ ∈ C such that for
some j(x − x∗) ∈ J (x − x∗),

〈Ax∗, j(x − x∗)〉 ≥ 0, ∀x ∈ C . (1)

The set of solutions of the variational inequality in a Banach space is denoted by S(C, A),
that is,

S(C, A) = {u ∈ C : 〈Au, J (v − u)〉 ≥ 0, ∀v ∈ C}.

Remark 1 Let H be a real Hilbert space. If E ≡ H , then generalized variational inequality
problem reduce to variational inequality problem in Hilbert space, that is, find a point u ∈ C
such that

〈v − u, Du〉 ≥ 0, for all v ∈ C . (2)

The set of solutions of the variational inequality in a Hilbert space is denoted by V I (C, D).

Many authors have studied concept of variational inequality problem in Hilbert space to
modified their problem, see, for instance [7–11].

Cai et al. [9] proved a strong convergence theorem of the sequences generated by mod-
ified viscosity implicit method for finding a common solution of variational inequality
problems for two inverse strongly monotone operators (that is, B is called an β-inverse
strongly monotone operator if there exists a constant β > 0 such that 〈Bx − By, x − y〉 ≥
β‖Bx − By‖2, for all x, y ∈ H ) and fixed point of nonexpansive mapping. Moreover,
they applied their main results to solving fixed point problem for strict pseudo-contractive
mappings and equilibrium problems in Hilbert space.

By using a hybrid extragradient-like implicit method, Ceng et al. [10] proved a strong con-
vergence theorem forfinding a commonsolutionof a general systemofvariational inequalities
and a common fixed point problem of a countable family of uniformly Lipschitzian pseudo-
contractive mappings and an asymptotically nonexpansive mapping (that is, T is called an
asymptotically nonexpansive mapping if there exists a sequence {kn} of positive numbers
with limn→∞ kn = 1 such that ‖T nx − T n y‖ ≤ kn‖x − y‖, for all x, y ∈ H , n ∈ N)
and extended their main results corresponding with a common fixed point of nonexpansive
and pseudo-contractive mappings, variational inequality problems and generalized mixed
equilibrium problems in Hilbert spaces.

The variational inequality problem in Banach space is profusely studied in physics, eco-
nomic, engineering and applied science etc. Many researcher have studied this concept (1)
to their problem, see example [3–6].
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In 2019, Ariza-Ruiz et al. [6] showed that the existence and uniqueness results for a
variational inequality in a real smooth Banach space.

By using the concept of Krasnoselski–Mann iterative algorithm, Aoyama et al. [3] proved
a weak convergence theorem for a finding the solution of generalized variational inequality
problem as follows:

Theorem 1 Let E be a uniformly convex and 2-uniformly smooth Banach space and let C
be a nonempty closed convex subset of E. Let QC be a sunny nonexpansive retraction from
E onto C, let α > 0 and let A be an α-inverse strongly accretive operator of C into E with
S(C, A) .= ∅. Suppose x1 = x ∈ C and {xn} is given by

xn+1 = αnxn + (1 − αn)QC (xn − αn Axn),

for every n = 1, 2, . . ., where {λn} is a sequence of positive real numbers and {αn} is a
sequence in [0,1]. If {λn} and {αn} are chosen so that λn ∈ [a, α

K 2 ] for some a > 0 and
αn ∈ [b, c] for some b, c with 0 < b < c < 1, then {xn} converges weakly to some element
z of S(C, A), where K is the 2-uniformly smoothness constant of E.

Yao et al. [4] who is based on generalized variational inequality in a Banach space intro-
duced the system of general variational inequality problems. Let A, B : C → E be two
nonlinear mappings. Finding a point (x∗, y∗) ∈ C × C such that

{
〈Ay∗ + x∗ − y∗, j(x − x∗)〉 ≥ 0, ∀x ∈ C,

〈Bx∗ + y∗ − x∗, j(x − y∗)〉 ≥ 0, ∀x ∈ C .
(3)

They first gave associated between the system of variational inequality problems (3) and
some fixed point problem of nonexpansive mapping. Furthermore, they proved a strong
convergence theorem of sequence generated by the modification of extragradient method for
solving the system of general variational inequality problems (3) as follows:

Theorem 2 (See [4]) Let C be a nonempty closes convex subset of a uniformly convex and
2-uniformly smooth Banach space E which admits a weakly sequentially continuous duality
mapping. Let QC be the sunny nonexpansive retraction from E into C. Let the mappings
A, B : C → E be α-inverse strongly accretive with α ≥ K 2 and β-inverse strongly accretive
withβ ≥ K 2, respectively. Define themapping by Gx = QC (QC (x−Bx)−λAQC (x−Bx))
for all x ∈ C and the set of fixed points of G denoted by % .= ∅. For given xn ∈ C, let the
sequence {xn} be generated by

{
yn = QC (xn − Bxn),
xn+1 = αnu + βnxn + γnQC (yn − Ayn), n ≥ 0,

where {αn}, {βn} and {γn} in (0,1). Suppose the sequences {αn}, {βn} and {γn} satisfy the
following conditions:

(i) αn + βn + γn = 1, ∀n ≥ 0,
(ii) limn→∞ αn = 0,

∑∞
n=1 αn = ∞,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} converges strongly to Q%u, where Q%u is the sunny nonexpansive retraction
of C onto %.

By using the concept of a general variational inequality problems (3), Kangtunyakarn [5]
introduced the modification of a system of variational inequality problems in Banach space
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for finding (x∗, y∗) ∈ C × C such that
{

〈x∗ − (I − λA A)(ax∗ + (1 − a)y∗), j(x − x∗)〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λB B)x∗, j(x − y∗)〉 ≥ 0, ∀x ∈ C .
(4)

for all λA, λB > 0 and a ∈ [0, 1]. The set of solution of (4) is denote by %′. If λA = λB = 1
and a = 0, then problem (4) reduce to (3).

Kangtunyakarn [5] proved strong convergence theorem for the set of fixed points of two
finite families of nonexpansive and strictly pseudo-contractive mappings and the set of solu-
tions of modification of system of variational inequality problems as follows:

Theorem 3 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let QC be a sunny nonexpansive retraction of E onto C.
Let A, B : C → E be α- and β-inverse strongly accretive operators, respectively. Define
the mapping G : C → C by Gx = QC (I − λA A)(aI + (1 − a)QC (I − λB B))x for
all x ∈ C, λA ∈ (0, α

K 2 ), λB ∈ (0, β
K 2 ) and a ∈ [0, 1], where K is the 2-uniformly

smooth constant of E. Let {Si }Ni=1 be a finite family of κi -strict pseudo-contractions of C
into itself and let {Ti }Ni=1 be a finite family of nonexpansive mappings of C into itself and

κ = min{κi : i = 1, 2, . . . , N } with K 2 ≤ κ . Let α j = (α
j
1 ,α

j
2 ,α

j
3 ) ∈ I × I × I , where

I = [0, 1], α+
1 α+

2 α
j
3 = 1, α j

1 ∈ (0, 1], α j
2 ∈ [0, 1] and α

j
3 ∈ (0, 1) for all j = 1, 2, . . . , N.

Let SA be the SA-mapping generated by S1, S2, . . . , SN , T1, T2, . . . , TN and α1,α2, . . . ,αN .
Assume thatF = F(G)∩⋂N

i=1 F(Si )∩
⋂N

i=1 F(Ti ) .= ∅. Let the sequence {xn} be generated
by u, x1 ∈ C and

xn+1 = G(αnu + βnxn + γn SAxn), ∀n ≥ 1,

where {αn}, {βn}, {γn} ⊆ [0, 1]with αn+βn+γn = 1. Suppose that the following conditions
are satisfied:

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn ≤ d < 1 for all c, d > 0 and n ≥ 1,
(iii)

∑∞
n=1 |αn+1 − αn | < ∞,

∑∞
n=1 |βn+1 − βn | < ∞.

Then the sequence {xn} converges strongly to x0 = QFu and (x0, z0) is a solution of (4),
where z0 = QC (I − λB B)x0.

Inspired and motivated by the modification of a system of variational inequality prob-
lems of Kangtunyakarn [5], we define Banach generalized system of variational inequality
problems which is find (x∗, y∗, z∗) ∈ C × C × C such that






〈x∗ − (I − λ1D1)(ax∗ + (1 − a)y∗), j(x − x∗)〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λ2D2)(ax∗ + (1 − a)z∗), j(x − y∗)〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ3D3)x∗, j(x − z∗)〉 ≥ 0, ∀x ∈ C .

(5)

for all λ1, λ2, λ3 > 0 and a ∈ [0, 1]. In Hilbert space (5) reduce to





〈x∗ − (I − λ1D1)(ax∗ + (1 − a)y∗), x − x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λ2D2)(ax∗ + (1 − a)z∗), x − y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ3D3)x∗, x − z∗〉 ≥ 0, ∀x ∈ C .

(6)

for all λ1, λ2, λ3 > 0 and a ∈ [0, 1], which is modified generalized system of variational
inequalities in Hilbert space introduced by Siriyan and Kantunyakarn [11]. If D3 ≡ 0 and
x∗ = z∗, then problem (5) reduce to (4).
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93 Page 6 of 19 B. Chaloemyotphong, A. Kangtunyakarn

Based on the results mentioned above, we give our theorem for Banach generalized system
of variational inequality problems and some important result as follows:

(i) We first establish Lemma 9 which show the equivalence a between Banach generalized
system of variational inequality problems (5) and some fixed point problem involving
the nonexpansive mapping under suitable conditions on our parameters.

(ii) We establish a strong convergence theorem of the sequences generated by modified
viscosity method for finding a common solution of Banach generalized system of vari-
ational inequality problems (5) and fixed point of nonexpansive mapping.

(iii) We apply our main result to obtain a strong convergence theorem the sequences gen-
erated by modified viscosity method for finding a common solution of generalized
variational inequality problems (1) by Aoyama et al. [3] and fixed point of nonexpan-
sive mapping.

(iv) We give a some illustrative numerical examples to support our main result.

2 Preliminaries

In this paper, we need the following lemmas and definition to prove our main result.

Lemma 1 (See [14]) Let {sn} be a sequence of nonnegative real numbers satisfying
sn+1 ≤ (1 − αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that

(i)
∑∞

n=1 αn = ∞,
(ii) lim supn→ ∞

δn
αn

≤ 0 or
∑∞

n=1 |δn | < ∞.

Then limn→∞ sn = 0.

Lemma 2 (See [15]) Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K . Then the following inequality holds:

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J (x)〉 + 2‖Ky‖2,
for any x, y ∈ E.

Lemma 3 (See [16]) Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E and let T be a nonexpansive mapping of C into itself with
F(T ) .= ∅. Then F(T ) is a sunny nonexpansive retract of C.

Lemma 4 (See [17]) Let C be a nonempty closed convex subset of a smooth Banach space
E and QC be a retraction from E onto C. Then the following are equivalent:

(i) QC is both sunny and nonexpansive;
(ii) 〈x − QCx, J (y − QCx)〉 ≤ 0 for all x ∈ E and y ∈ C.

From Lemma 4, let x ∈ E and x0 ∈ C . Then we have x0 = QCx if and only if 〈x −
x0, J (y − x0)〉 ≤ 0 for all y ∈ C , where QC is a sunny nonexpansive retraction from E onto
C .

Lemma 5 (See [19])Let E be a uniformly convex Banach space and Br = {z ∈ E : ‖z‖ ≤ r},
r > 0. Then there exists a continuous, strictly increasing and convex function g : [0,∞] →
[0,∞], g(0) = 0 such that

‖αx + β y + γ z‖2 ≤ α‖x‖2 + β‖y‖2 + γ ‖z‖2 − αβg(‖x − y‖),
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for all x, y, z ∈ Br and α,β, γ ∈ [0, 1] with α + β + γ = 1.

Lemma 6 (See [15]) Let r > 0. If E is uniformly convex, then there exists a continuous,
strictly increasing and convex function g : [0,∞] → [0,∞], g(0) = 0 such that for all
x, y ∈ Br (0) = {z ∈ E : ‖z‖ ≤ r} and for all α ∈ [0, 1], we have

‖αx + (1 − α)y‖2 ≤ α‖x‖2 + (1 − α)‖y‖2 − α(1 − α)g(‖x − y‖).

Lemma 7 (See [20]) Let C be a closed and convex subset of a real uniformly smooth Banach
space E and let T : C → C be a nonexpansive mapping with a nonempty fixed point F(T ).
If {xn} ⊂ C is a bounded sequence such that limn→∞ ‖xn − T xn‖ = 0. Then there exists a
unique sunny nonexpansive retraction QF(T ) : C → F(T ) such that

lim sup
n→∞

〈u − QF(T )u, J (xn − QF(T )u)〉 ≤ 0,

for any given u ∈ C.

Lemma 8 (See [22]) Let C be a closed convex subset of a strictly convex Banach space E.
Let T1 and T2 be two nonexpansive mappings from C into itself with F(T1) ∩ F(T2) .= ∅.
Define a mapping S by

Sx = λT1x + (1 − λ)T2x, ∀x ∈ C,

where λ is a constant in (0, 1). Then S is nonexpansive and F(S) = F(T1) ∩ F(T2).

We introduce the following lemma which show associated between Banach generalized
system of variational inequality problems and fixed point problem of nonexpansive mapping
under suitable conditions on our parameters.

Lemma 9 Let C be a nonempty closed convex subset of a smooth Banach space E and let
D1, D2, D3 : C → E be mappings. Let QC be a sunny nonexpansive retraction of E onto
C. For every λ1, λ2, λ3 > 0 and a ∈ [0, 1]. The following are equivalent

(i) (x∗, y∗, z∗) is a solution of (5);
(ii) x∗ is a fixed point of the mapping Z, i.e. x∗ ∈ F(Z), defined the mapping Z : C → C

by Zx = QC (I −λ1D1)(ax + (1− a)QC (I −λ2D2)(ax + (1− a)QC (I −λ3D3)x)),
for all x ∈ C where y∗ = QC (I −λ2D2)(ax∗+(1−a)z∗) and z∗ = QC (I −λ3D3)x∗.

Proof Let conditions hold.
(i) ⇒ (ii). Suppose that (x∗, y∗, z∗ ∈ C × C × C) is a solution of (5). For every x ∈ C ,

we have





〈x∗ − (I − λ1D1)(ax∗ + (1 − a)y∗), j(x − x∗)〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λ2D2)(ax∗ + (1 − a)z∗), j(x − y∗)〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ3D3)x∗, j(x − z∗)〉 ≥ 0, ∀x ∈ C .

From Lemma 4, we have

x∗ = QC (I − λ1D1)(ax∗ + (1 − a)y∗),

y∗ = QC (I − λ2D2)(ax∗ + (1 − a)z∗),

z∗ = QC (I − λ3D3)x∗.

It follows that

x∗ = QC (I − λ1D1)(ax + (1 − a)QC (I − λ2D2)(ax + (1 − a)QC (I − λ3D3)x))
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= Zx∗.

Then x∗ ∈ F(Z), where y∗ = QC (I −λ2D2)(ax∗+ (1−a)z∗) and z∗ = QC (I −λ3D3)x∗.
(ii) ⇒ (i). Let x∗ ∈ F(Z), y∗ = QC (I − λ2D2)(ax∗ + (1 − a)z∗) and z∗ = QC (I −

λ3D3)x∗. Then

x∗ = Zx∗

= QC (I − λ1D1)(ax + (1 − a)QC (I − λ2D2)(ax + (1 − a)QC (I − λ3D3)x))

= QC (I − λ1D1)(ax∗ + (1 − a)y∗).

From Lemma 4, we have





〈x∗ − (I − λ1D1)(ax∗ + (1 − a)y∗), j(x − x∗)〉 ≥ 0,
〈y∗ − (I − λ2D2)(ax∗ + (1 − a)z∗), j(x − y∗)〉 ≥ 0,
〈z∗ − (I − λ3D3)x∗, j(x − z∗)〉 ≥ 0.

for all x ∈ C . Then we find that (x∗, y∗, z∗) is solution of (5). 56
Lemma 10 (See [5]) Let C be a nonempty closed convex subset of a uniformly convex Banach
space E. Let T , S : C → C be nonexpansive mappings with F(T ) ∩ F(S) .= ∅. Define the
mapping Ta : C → C by Tax = T (ax + (1 − a)Sx) for all x ∈ C and a ∈ (0, 1). Then
F(Ta) = F(T ) ∩ F(S) and Ta is a nonexpansive mapping.

3 Main result

We prove a strong convergence theorem to approximate a common solution of Banach gener-
alized system of variational inequality problems (5) and fixed point problem of nonexpansive
mapping.

Theorem 4 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smoothBanach space E and let QC bea sunnynonexpansive retractionofC. Let D1, D2, D3 :
C → E be d1, d2, d3-inverse strongly accretive operators, receptively. Define the mapping
Z : C → C by Zx = QC (I − λ1D1)(ax + (1 − a)QC (I − λ2D2)(ax + (1 − a)QC (I −
λ3D3)x)) for all x ∈ C, λ1 ∈ (0, d1

K 2 ), λ2 ∈ (0, d2
K 2 ), λ3 ∈ (0, d3

K 2 ), a ∈ [0, 1], where K is the
2-uniformly smooth constant of E. Let T , S : C → C be nonexpansive mappings. Assume
that F = F(Z) ∩ F(S) ∩ F(T ) .= ∅. Let the sequence {xn} be generated by x1 ∈ C and

{
un = T (δnxn + (1 − δn)Sxn),

xn+1 = Z(αn f (xn)+ βnxn + γnun),
(7)

where f : C → C is a contraction mapping with a constant ξ ∈ (0, 1) and
{αn}, {βn}, {γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following con-
ditions are satisfied

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and n ≥ 1,
(iii)

∑∞
n=1 |αn+1 − αn | < ∞,

∑∞
n=1 |βn+1 − βn | < ∞,

∑∞
n=1 |γn+1 − γn | < ∞,∑∞

n=1 |δn+1 − δn | < ∞,
(iv) limn→∞ δn = δ.

Then the sequence {xn} converges strongly to x0 = QF f (x0) and (x0, y0, z0) is a solution
of (5), where y0 = QC (I − λ2D2)(ax0 + (1 − a)z0) and z0 = QC (I − λ3D3)x0.
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Proof Step1. First, we prove that {xn} and {un} are bounded.
We show that QC (I − λ1D1), QC (I − λ2D2) and QC (I − λ3D3) are nonexpansive

mappings. Let x, y ∈ C , we have

‖QC (I − λ1D1)x − QC (I − λ1D1)y‖2

≤ ‖x − y − λ1D1x + λ1D1y‖2

≤ ‖x − y‖2 − 2λ1〈D1x − D1y, j(x − y)〉 + 2K 2λ21‖D1x − D1y‖2

≤ ‖x − y‖2 − 2λ1d1‖D1x − D1y‖2 + 2K 2λ21‖D1x − D1y‖2

= ‖x − y‖2 − 2λ1(d1 − K 2λ1)‖D1x − D1y‖2

≤ ‖x − y‖2.
Then QC (I − λ1D1) is a nonexpansive mapping. By using the same method, we obtain that
QC (I − λ2D2) and QC (I − λ3D3) are nonexpansive mappings. From the definition of Z ,
we see that Z is nonexpansive mapping.

Let x∗ ∈ F, then x∗ ∈ F(S) and x∗ ∈ F(T ) which implies Sx∗ = x∗ and T x∗ = x∗.
From the definition of {un} and Lemma 10, we have

‖un − x∗‖ = ‖T (δnxn + (1 − δn)Sxn) − x∗‖
≤ ‖δnxn + (1 − δn)Sxn − x∗‖
= ‖δn(xn − x∗)+ (1 − δn)(Sxn − x∗)‖
≤ δn‖xn − x∗‖ + (1 − δn)‖Sxn − x∗‖
≤ δn‖xn − x∗‖ + (1 − δn)‖xn − x∗‖
= ‖xn − x∗‖. (8)

Since x∗ ∈ F, we have x∗ ∈ F(Z)which implies Zx∗ = x∗. Put yn = αn f (xn)+βnxn+
γnun . From the definition of {xn} , (8) and Lemma 9, we have

‖xn+1 − x∗‖ = ‖Zyn − x∗‖
≤ ‖yn − x∗‖
= ‖αn( f (xn) − x∗)+ βn(xn − x∗)+ γn(un − x∗)‖
≤ αn‖ f (xn) − x∗‖ + βn‖xn − x∗‖ + γn‖un − x∗‖
≤ αn[‖ f (xn) − f (x∗)‖ + ‖ f (x∗) − x∗‖] + βn‖xn − x∗‖
+ γn‖xn − x∗‖

≤ αnξ‖xn − x∗‖ + αn‖ f (x∗) − x∗‖ + (1 − αn)‖xn − x∗‖
= αn‖ f (x∗) − x∗‖ + (1 − αn(1 − ξ))‖xn − x∗‖

≤ max {‖ f (x∗) − x∗‖
1 − ξ

, ‖x1 − x∗‖}. (9)

Applying mathematical induction, we can conclude that the sequence {xn} is bounded and
so is {un}.

Step 2. Show that limn→∞ ‖xn+1−xn‖ = 0, limn→∞ ‖xn−un‖ = 0 and limn→∞ ‖Zyn−
yn‖ = 0.

From the definition of {xn}, we have
‖xn+1 − xn‖

= ‖Z(αn f (xn)+ βnxn + γnun) − Z(αn−1 f (xn−1)
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93 Page 10 of 19 B. Chaloemyotphong, A. Kangtunyakarn

+ βn−1xn−1 + γn−1un−1)‖
≤ ‖(αn f (xn)+ βnxn + γnun) − (αn−1 f (xn−1)+ βn−1xn−1 + γn−1un−1)‖
= ‖αn f (xn) − αn−1 f (xn−1)+ αn f (xn−1) − αn f (xn−1)

+ βnxn − βn−1xn−1 + βnxn−1 − βnxn−1

+ γnun − γn−1un−1 + γnun−1 − γnun−1‖
≤ αn‖ f (xn) − f (xn−1)‖ + |αn − αn−1|‖ f (xn−1)‖ + βn‖xn − xn−1‖
+ |βn − βn−1|‖xn−1‖ + γn‖un − un−1‖ + |γn − γn−1|‖un−1‖

≤ αnξ‖xn − xn−1‖ + |αn − αn−1|‖ f (xn−1)‖ + βn‖xn − xn−1‖
+ |βn − βn−1|‖xn−1‖ + γn‖un − un−1‖ + |γn − γn−1|‖un−1‖. (10)

By the definition of {un}, we have
‖un − un−1‖

= ‖T (δnxn + (1 − δn)Sxn) − T (δn−1xn−1 + (1 − δn−1)Sxn−1)‖
≤ ‖(δnxn + (1 − δn)Sxn) − (δn−1xn−1 + (1 − δn−1)Sxn−1)‖
= ‖δnxn − δn−1xn−1 + δnxn−1 − δnxn−1 + (Sxn − Sxn−1)

− δn Sxn + δn−1Sxn−1 + δn Sxn−1 − δn Sxn−1‖
≤ δn‖xn − xn−1‖ + |δn − δn−1|‖xn−1‖ + (1 − δn)‖Sxn − Sxn−1‖
+ |δn − δn−1|‖Sxn−1‖

≤ δn‖xn − xn−1‖ + |δn − δn−1|‖xn−1‖ + (1 − δn)‖xn − xn−1‖
+ |δn − δn−1|‖Sxn−1‖

= ‖xn − xn−1‖ + |δn − δn−1|(‖xn−1‖ + ‖Sxn−1‖). (11)

From (10) and (11), we have

‖xn+1 − xn‖
≤ αnξ‖xn − xn−1‖ + |αn − αn−1|‖ f (xn−1)‖ + βn‖xn − xn−1‖
+ |βn − βn−1|‖xn−1‖ + γn‖un − un−1‖ + |γn − γn−1|‖un−1‖

≤ αnξ‖xn − xn−1‖ + |αn − αn−1|‖ f (xn−1)‖ + βn‖xn − xn−1‖
+ |βn − βn−1|‖xn−1‖ + |γn − γn−1|‖un−1‖
+ γn

[
‖xn − xn−1‖ + |δn − δn−1|(‖xn−1‖ + ‖Sxn−1‖)

]

= αnξ‖xn − xn−1‖ + |αn − αn−1|‖ f (xn−1)‖
+ (1 − αn)‖xn − xn−1‖ + |βn − βn−1|‖xn−1‖
+ γn |δn − δn−1|(‖xn−1‖ + ‖Sxn−1‖)+ |γn − γn−1|‖un−1‖

= (1 − αn(1 − ξ))‖xn − xn−1‖ + |αn − αn−1|‖ f (xn−1)‖
+ |βn − βn−1|‖xn−1‖ + γn |δn − δn−1|(‖xn−1‖ + ‖Sxn−1‖)
+ |γn − γn−1|‖un−1‖. (12)

Applying (12), conditions (i), (iii) and Lemma 1, we have

lim
n→∞ ‖xn+1 − xn‖ = 0. (13)

We will show that limn→∞ ‖xn − un‖ = 0. From the definition of {xn} and (8), we have
‖xn+1 − xn‖2
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Theorem for solving GSVIP and fixed point problem in Banach space Page 11 of 19 93

= ‖Z(αn f (xn)+ βnxn + γnun) − x∗‖2

≤ ‖(αn f (xn)+ βnxn + γnun) − x∗‖2

= ‖αn( f (xn) − x∗)+ βn(xn − x∗)+ γn(un − x∗)‖2

≤ αn‖ f (xn) − x∗‖2 + βn‖xn − x∗‖2 + γn‖un − x∗‖2 − βnγng(‖xn − un‖)
≤ αn‖ f (xn) − x∗‖2 + βn‖xn − x∗‖2 + γn‖xn − x∗‖2 − βnγng(‖xn − un‖)
≤ αn‖ f (xn) − x∗‖2 + (1 − αn)‖xn − x∗‖2 − βnγng(‖xn − un‖)
≤ αn‖ f (xn) − x∗‖2 + ‖xn − x∗‖2 − βnγng(‖xn − un‖).

It follows that

βnγng(‖xn − un‖) ≤ αn‖ f (xn) − x∗‖2 + ‖xn − x∗‖2 − ‖xn+1 − xn‖2

≤ αn‖ f (xn) − x∗‖2
+ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn+1 − xn‖.

From (13) and conditions (i) and (ii), we have

lim
n→∞ g(‖xn − un‖) = 0.

From the property of g, we have

lim
n→∞ ‖xn − un‖ = 0. (14)

From the definition of {yn}, we have
‖yn − xn‖ = ‖αn f (xn)+ βnxn + γnun − xn‖

= ‖αn( f (xn) − xn)+ γn(un − xn)‖
≤ αn‖ f (xn) − xn‖ + γn‖un − xn‖.

From (14) and a condition (i), we have

lim
n→∞ ‖xn − yn‖ = 0. (15)

From the definition of {yn}, we have
‖yn − un‖ = ‖αn f (xn)+ βnxn + γnun − un‖

= ‖αn( f (xn) − un)+ βn(xn − un)‖
≤ αn‖ f (xn) − un‖ + βn‖xn − un‖.

From (14) and a condition (i), we have

lim
n→∞ ‖yn − un‖ = 0. (16)

Since limn→∞ δn = δ ∈ (0, 1), we define the mapping Tδ : C → C by Tδx = T (δx +
(1 − δ)Sx) for all x ∈ C and δ ∈ (0, 1), then we have un = Tδxn . By Lemma 10, we have
F(Tδ) = F(T ) ∩ F(S) and Tδ is a nonexpansive mapping.

From the nonexpansive of Tδ , we have

‖Tδ yn − yn‖ = ‖Tδ yn − Tδn yn + Tδn yn − yn‖
≤ ‖Tδ yn − Tδn yn‖ + ‖Tδn yn − yn‖. (17)
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93 Page 12 of 19 B. Chaloemyotphong, A. Kangtunyakarn

Considers,

‖Tδ yn − Tδn yn‖ = ‖T (δyn + (1 − δ)Syn) − T (δn yn + (1 − δn)Syn)‖
≤ ‖(δyn + (1 − δ)Syn) − (δn yn + (1 − δn)Syn)‖
= ‖(δ − δn)yn + (δn − δ)Syn‖
≤ |δ − δn |‖yn‖ + |δn − δ|‖Syn‖.

From a condition (iv), we have

lim
n→∞ ‖Tδ yn − Tδn yn‖ = 0. (18)

Since the nonexpansiveness of Tδn , we have

‖Tδn yn − yn‖ = ‖Tδn yn − Tδn xn + Tδn xn − yn‖
≤ ‖Tδn yn − Tδn xn‖ + ‖Tδn xn − yn‖
≤ ‖yn − xn‖ + ‖un − yn‖.

From (15) and (16), we have
lim
n→∞ ‖Tδn yn − yn‖ = 0. (19)

From (17), (18) and (19), we have

lim
n→∞ ‖Tδ yn − yn‖ = 0. (20)

From the definition of {xn}, we have
‖Zyn − yn‖ = ‖Zyn − xn + xn − yn‖

≤ ‖Zyn − xn‖ + ‖xn − yn‖
= ‖xn+1 − xn‖ + ‖xn − yn‖.

From (13) and (15), we have
lim
n→∞ ‖Zyn − yn‖ = 0. (21)

Step3.Wewill show that lim supn→∞〈 f (x0)−x0, j(yn−x0)〉 ≤ 0where x0 = QF f (x0).
Define the mapping B : C → C by Bx = εZx+(1−ε)Tδx) for all x ∈ C and ε ∈ (0, 1).

From Lemmas 8 and 10, we have F(B) = F(Z) ∩ F(Tδ) = F(Z) ∩ F(T ) ∩ F(S) = F.
From the definition of B, we have

‖yn − Byn‖ = ‖yn − (εZyn + (1 − ε)Tδ yn)‖
= ‖ε(yn − Zyn)+ (1 − ε)(yn − Tδ yn)‖
≤ ε‖yn − Zyn‖ + (1 − ε)‖yn − Tδ yn‖.

From (20) and (21), we have
lim
n→∞ ‖yn − Byn‖ = 0. (22)

Since Z and Tδ are nonexpansive mappings, we have B is a nonexpansive mapping. From
Lemma 7, we have

lim sup
n→∞

〈 f (x0) − x0, j(yn − x0)〉 ≤ 0, (23)

where x0 = QF f (x0).
Step4. We show that the sequence {xn} converges strongly to x0 = QF f (x0).
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From the definition of {yn}, we have

‖yn − x0‖2

= ‖αn f (xn)+ βnxn + γnun − x0‖2

= ‖αn( f (xn) − x0)+ βn(xn − x0)+ γn(un − x0)‖2

≤ ‖βn(xn − x0)+ γn(un − x0)‖2 + 2αn〈 f (xn) − x0, j(yn − x0)〉
≤ (βn‖xn − x0‖ + γn‖un − x0‖)2
+ 2αn〈 f (xn) − f (x0)+ f (x0) − x0, j(yn − x0)〉

≤ (βn‖xn − x0‖ + γn‖xn − x0‖)2 + 2αn〈 f (xn) − f (x0), j(yn − x0)〉
+ 2αn〈 f (x0) − x0, j(yn − x0)〉

≤ (1 − αn)
2‖xn − x0‖2 + 2αn‖ f (xn) − f (x0)‖‖yn − x0‖

+ 2αn〈 f (x0) − x0, j(yn − x0)〉
≤ (1 − αn)

2‖xn − x0‖2 + 2αnξ‖xn − x0‖‖yn − x0‖
+ 2αn〈 f (x0) − x0, j(yn − x0)〉

≤ (1 − αn)
2‖xn − x0‖2 + 2αnξ

[
‖xn − x0‖2 + ‖yn − x0‖2

]

+ 2αn〈 f (x0) − x0, j(yn − x0)〉
= ((1 − αn)

2 + αnξ)‖xn − x0‖2 + αnξ‖yn − x0‖2
+ 2αn〈 f (x0) − x0, j(yn − x0)〉.

It implies that

‖yn − x0‖2

≤ (1 − αn)
2 + αnξ

(1 − αnξ)
‖xn − x0‖2 +

2αn

(1 − αnξ)
〈 f (x0) − x0, j(yn − x0)〉

= 1 − αnξ − 2αn(1 − ξ)

(1 − αnξ)
‖xn − x0‖2 +

α2
n

(1 − αnξ)
‖xn − x0‖2

+ 2αn

(1 − αnξ)
〈 f (x0) − x0, j(yn − x0)〉

=
(
1 − 2αn(1 − ξ)

1 − αnξ

)
‖xn − x0‖2 +

α2
n

1 − αnξ
‖xn − x0‖2

+ 2αn

1 − αnξ
〈 f (x0) − x0, j(yn − x0)〉

=
(
1 − 2αn(1 − ξ)

1 − αnξ

)
‖xn − x0‖2

+ 2αn(1 − ξ)

1 − αnξ

(
αn

2(1 − ξ)
‖xn − x0‖2 +

1
1 − ξ

〈 f (x0) − x0, j(yn − x0)〉
)
. (24)

By the definition of {xn+1} and (24), we have

‖xn+1 − x0‖2

= ‖Zyn − x0‖2

≤ ‖yn − x0‖2
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≤
(
1 − 2αn(1 − ξ)

1 − αnξ

)
‖xn − x0‖2 +

2αn(1 − ξ)

1 − αnξ

(
αn

2(1 − ξ)
‖xn − x0‖2

+ 1
1 − ξ

〈 f (x0) − x0, j(yn − x0)〉
)
. (25)

Applying (25), a condition (i) and Lemma 1, we can conclude that the sequence {xn}
converges strongly to x0 = QF f (x0) and (x0, y0, z0) is a solution of (5), where y0 =
QC (I − λ2D2)(ax0 + (1 − a)z0) and z0 = QC (I − λ3D3)x0. This completes the proof. 56

The following corollary is consequence which is applied by Theorem 4. Therefore, we
obtain the following results.

Corollary 1 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smoothBanach space E and let QC bea sunnynonexpansive retractionofC. Let D1, D2, D3 :
C → E be d1, d2, d3-inverse strongly accretive operators, receptively. Define the mapping
Z : C → C by Zx = QC (I − λ1D1)(QC (I − λ2D2)(QC (I − λ3D3)x)) for all x ∈ C,
λ1 ∈ (0, d1

K 2 ), λ2 ∈ (0, d2
K 2 ), λ3 ∈ (0, d3

K 2 ), where K is the 2-uniformly smooth constant of E.
Let T , S : C → C be nonexpansive mappings. Assume that F = F(Z)∩ F(S)∩ F(T ) .= ∅.
Let the sequence {xn} be generated by x1 ∈ C and

{
un = T (δnxn + (1 − δn)Sxn),

xn+1 = Z(αn f (xn)+ βnxn + γnun),
(26)

where f : C → C is a contraction mapping with a constant ξ ∈ (0, 1) and
{αn}, {βn}, {γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following con-
ditions are satisfied

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and n ≥ 1,
(iii)

∑∞
n=1 |αn+1 − αn | < ∞,

∑∞
n=1 |βn+1 − βn | < ∞,

∑∞
n=1 |γn+1 − γn | < ∞,∑∞

n=1 |δn+1 − δn | < ∞,
(iv) limn→∞ δn = δ.

Then the sequence {xn} converges strongly to x0 = QF f (x0) and (x0, y0, z0) is a solution
of (5), where y0 = QC (I − λ2D2)z0 and z0 = QC (I − λ3D3)x0.

4 Application

In this section, we prove strong convergence to approximation a common element of solu-
tions of generalized variational inequalities in Banach space and fixed point problem of
nonexpansive mapping. We give some useful lemmas to prove Theorem 5.

Lemma 11 (See [3]) Let C be a nonempty closed convex subset of a smooth Banach space
E. Let QC be a sunny nonexpansive retraction from E onto C and let A be an accretive
operator of C into E. Then, for all λ > 0,

S(C, A) = F(QC (I − λA)).

Lemma 12 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let QC be a sunny nonexpansive retraction from E onto C.
Let D1, D2, D3 : C → E be d1, d2, d3-inverse strongly accretive operators, receptively.
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Define a mapping Z as in Lemma 9 and for every λ1 ∈ (0, d1
K 2 ), λ2 ∈ (0, d2

K 2 ), λ3 ∈ (0, d3
K 2 ),

a ∈ [0, 1], where K is the 2-uniformly smooth constant of E. If S(C, A) ∩ S(C, B) .= ∅,
then F(Z) = S(C, A) ∩ S(C, B).

Proof From Lemma 11, we have

S(C, D1) = F(QC (I − λ1D1)), S(C, D2) = F(QC (I − λ2D2)),

and
S(C, D3) = F(QC (I − λ3D3)).

Using the same method as Theorem 4, we find that QC (I − λ1D1), QC (I − λ2D2) and
QC (I − λ3D3) are nonexpansive mappings.

From the definition of Z and Lemma 10, we have

F(Z) = F(QC (I − λ1D1)) ∩ F(QC (I − λ2D2)) ∩ F(QC (I − λ3D3))

= S(C, D1) ∩ S(C, D2) ∩ S(C, D3).

56
From Theorem 4 and Lemma 12, we have the following theorem.

Theorem 5 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smoothBanach space E and let QC bea sunnynonexpansive retractionofC. Let D1, D2, D3 :
C → E be d1, d2, d3-inverse strongly accretive operators, receptively. Define the mapping
Z : C → C by Zx = QC (I − λ1D1)(ax + (1 − a)QC (I − λ2D2)(ax + (1 − a)QC (I −
λ3D3)x)) for all x ∈ C, λ1 ∈ (0, d1

K 2 ), λ2 ∈ (0, d2
K 2 ), λ3 ∈ (0, d3

K 2 ), a ∈ [0, 1], where K is the
2-uniformly smooth constant of E. Let T , S : C → C be nonexpansive mappings. Assume
that F = S(C, D1) ∩ S(C, D2) ∩ S(C, D3) ∩ F(S) ∩ F(T ) .= ∅. Let the sequence {xn} be
generated by x1 ∈ C and






un = T (δnxn + (1 − δn)Sxn),

yn = αn f (xn)+ βnxn + γnun,

xn+1 = QC (I − λ1D1)(aI + (1 − a)QC (I − λ2D2)(aI
+(1 − a)QC (I − λ3D3)))yn, ∀n ≥ 1,

(27)

where f : C → C is a contraction mapping with a constant ξ ∈ (0, 1) and
{αn}, {βn}, {γn}, {δn} ⊆ [0, 1] with αn + βn + γn = 1. Suppose that the following con-
ditions are satisfied

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
(ii) 0 < c ≤ βn, γn, δn ≤ d < 1 for all c, d > 0 and n ≥ 1,
(iii)

∑∞
n=1 |αn+1 − αn | < ∞,

∑∞
n=1 |βn+1 − βn | < ∞,∑∞

n=1 |γn+1 − γn | < ∞,
∑∞

n=1 |δn+1 − δn | < ∞,
(iv) limn→∞ δn = δ.

Then the sequence {xn} converges strongly to x0 = QF f (x0) and (x0, y0, z0) is a solution
of (5), where y0 = QC (I − λ2D2)(ax0 + (1 − a)z0) and z0 = QC (I − λ3D3)x0.

5 Numerical

The purpose of this section we give a numerical examples to support our some report. The
following example given for supporting Theorem 4.
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Example 1 Let R be the set of real number and

E = L2([−5, 5]) =
{

e : R → R
∣∣∣∣

∫ 5

−5
e2(x)dx < ∞

}

,

with the inner product defined by

〈e, g〉 =
∫ 5

−5
e(x)g(x)dx,

and

‖e‖ =
(∫ 5

−5
e2(x)dx

) 1
2

,

for all e, g ∈ E . Let C = H(g, 500) = {h ∈ L2([−5, 5])|
∫ 5
−5 g(x)h(x)dx = 500}

where g ∈ L2([−5, 5]) with g(x) = 2x − 3, for all x ∈ [−5, 5]. Define mappings
D1, D2, D3, T , S, f : C → C as follows D1(h) = h−3I

2 , D2(h) = h−3I
5 , D3(h) = h−3I

7 ,
T (h) = h+3I

2 , S(h) = h+6I
3 and f (h) = h

5 , for all h ∈ C . Define the mapping Z : C → C
by Zx = QC (I − λ1D1)(ah + (1 − a)QC (I − λ2D2)(ah + (1 − a)QC (I − λ3D3)h)) for
all h ∈ C . Setting {αn} = { 1

7n }, {βn} = { 31n−4
49n }, {γn} = { 18n−3

49n } and {δn} = { 2n−1
7n }, for all

n ∈ N. Then the sequence {xn} generated by (7) converges strongly to a point x∗ = 3I .

Solution 1 By definition of D1, D2 and D3, we have D1, D2 and D3 are 1-inverse strongly
accretive operator. It is easy to check that f is 1

5 -contraction mapping and T , S are nonex-
pansive mapping with F(S) ∩ F(T ) = {3I }.

By definition of QC and C , we have

QC f = f − 〈 f , g〉 − 500
‖g‖2 g.

Let K = 1
3 , we have K is 2-uniformly smooth constant of R. We choose λ1 = 2 ∈ (0, 9),

λ2 = 3 ∈ (0, 9) and λ3 = 4 ∈ (0, 9) and a = 1
2 ∈ [0, 1].

For every n ∈ N, {αn} = { 1
7n }, {βn} = { 31n−4

49n }, {γn} = { 18n−3
49n } and {δn} = { 2n−1

7n }, then
the sequence {αn}, {βn}, {γn} and {δn} satisfy all the conditions of Theorem 4.

From the definition of Z , that is Zh = QC (I−2D1)(
1
2h+ 1

2QC (I−3D2)(
1
2h+ 1

2QC (I−
4D3)h)) for all h ∈ C , we have F(Z) = {3I }. Then F = F(Z) ∩ F(S) ∩ F(T ) = {3I }.

From Theorem 4, we obtain the sequence {xn} converges strongly to 3I .

Example 2 Let R be the real line with Euclidean norm and let C = [0, 3] and D1, D2, D3 :
C → R be mappings defined by D1x = x

3 , D2x = x
5 and D3x = x

7 for all x ∈ C . Let
T , S : C → C be defined by T x = max{0,−x} and Sx = min{0, x

2 } for all x ∈ C . Let
f : C → C be amapping defined by f (x) = x

4 for all x ∈ C . Define themapping Z : C → C
by Zx = QC (I − λ1D1)(ax + (1 − a)QC (I − λ2D2)(ax + (1 − a)QC (I − λ3D3)x)) for
all x ∈ C . Setting {αn} = { 1

5n }, {βn} = { 9n−4
25n }, {γn} = { 16n−1

25n } and {δn} = { 2n−1
5n }, for all

n ∈ N. Then the sequence {xn} generated by (7) converges strongly to a point x∗ = 0.

Solution 2 Since f (x) = x
4 for all x ∈ C , we have f is 1

4 -contraction mapping. It is easy
to see that T and S are nonexpansive mappings with F(S) ∩ F(T ) = {0}. Since D1x = x

3 ,
D2x = x

5 and D3x = x
7 for all x ∈ C , we have D1, D2 and D3 are 1-inverse strongly

accretive operators.
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Table 1 The values of {xn} with
x1 = 5, n = 25

n xn

1 5.0000

2 0.2917

3 0.0208

4 0.0016

5 0.0001

.

.

.
.
.
.

13 0.0000

.

.

.
.
.
.

21 0.0000

22 0.0000

23 0.0000

24 0.0000

25 0.0000

Fig. 1 The convergence of {xn} with initial values x1 = 5 and n = 25

Let K = 1
3 , we have K is 2-uniformly smooth constant of R. We choose λ1 = 2 ∈ (0, 9),

λ2 = 3 ∈ (0, 9) and λ3 = 4 ∈ (0, 9) and a = 1
2 ∈ [0, 1].

For every n ∈ N, {αn} = { 1
5n }, {βn} = { 9n−4

25n }, {γn} = { 16n−1
25n } and {δn} = { 2n−1

5n },then
the sequence {αn}, {βn}, {γn} and {δn} satisfy all the conditions of Theorem 4.

From the definition of Z , that is Zx = QC (I−2D1)(
1
2 x+ 1

2QC (I−3D2)(
1
2 x+ 1

2QC (I−
4D3)x)), we have F(Z) = {0} and (0,0,0) is a solution of (5). Then F = F(Z) ∩ F(S) ∩
F(T ) = {0}. We rewrite (7) as follows:
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{
un = T

( 2n−1
5n xn +

(
1 − 2n−1

5n

)
Sxn

)
,

xn+1 = Z
( 1
5n f (xn)+ 9n−4

25n xn + 16n−1
25n un

)
,

(28)

Choose x1 = 5 and n = 25. The numerical computations for the sequence {xn} are shown
in Table 1 and Fig. 1.
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