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tion of a system of variational inequality problems introduced. Then, we established
and proved strong convergence theorem for finding a common element of the set
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examples to support our main results.
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Chapter 1
Introduction

Throughout this thesis, let E be a real Banach with its dual space E* and H
be a real Hilbert space with inner product (-,-) and norm || - ||. let Cz be a nonempty
closed convex subset of E and Cy be a nonempty closed convex subset of H. We
denote the norm of E and E* by the same symbol || - ||. We denote weak and strong

convergence by the notations — and —, respectively.

1.1  Banach space and Hilbert space

In this section, we present the notation, definition on Banach space and Hilbert
space, which will be used in further parts of the thesis.
Firstly, we introduced definition and important properties of metric space and

vector space.

Definition 1.1. ([42]) Let X be a non-empty set. A mapping d: X x X — R* is called
a metric or a distance on X provied that

) d@,y)=0ez=y

(ih) d(z, y) = d(y, ), for all z,y € X;

(iii) d(w.2) < d(x,y) + d(y, 2), for all z,y, 2 € X.
A set X endowed with a metric d is called metric space and is denoted by
(X, d).

Definition 1.2. ([42]) Let {z,}, for all n = 1,2,... be a sequence in a metric space
(X,d). We say that the sequence {z,} is Cauchy sequence if, for any ¢ > 0, there

exists ng = no(e) such that d(z,, z,+,) < e, forall n € N, n > ng and any p € N.

Definition 1.3. ([42]) A metric space (X, d) is called complete if any Cauchy sequence

in X is convergent.

Definition 1.4. ([41]) A vector space over F is a set V together with the operations
of addition V x V' — V and scalar multiplication F x V' — V satisfying the following

properties:
1) Commutativity: v+ v =v+u for all u,v € V;

2) Associativity: (u+v) +w = u + (v +w) and (ab)v = a(bv) for all u,v,w € V and
a,beT,

3) Additive identity: There exists an element 0 € V such that 0+ v = v for all v € V;



4) Additive inverse: For every v € V, there exists an element w € V such that

v+ w =0;
5) Multiplicative identity: 1v = v for all v € V;
6) Distributivity: a(u + v) = au + av and (a + b)u = au + bu for all u,v € V and a,b € F.

Usually, a vector space over R is called a real vector space and a vector space over
C is called a complex vector space. The element v € V of a vector space are called

vectors.

Definition 1.5. ([41]) A set E in a vector space is called convex if for any =,y € E and
a € (0,1) we have

ar+ (l=a)y € E.

1.1.1  Banach space

Banach spaces are important in our study of iterative algorithm for nonlinear

operators. Now, we introduce Banach space, uniformly convex.

Definition 1.6. ([42]) Let E be areal (complex) vector space. Anorm on E is a mapping

|-l : Ex E— R having the following properties
() |z]| = 0 = = = 0, the null element of E;
(i)) lazx|} = ||z, for any « € E and any scalar o;

(i) llz + yll < lzll +1lyll, for all z,y € E (the triangle inequality).
The pair (E, || - ||) is called normed (linear) space. A complete normed space

is called a Banach space.

Definition 1.7. ([42]) A Banach space E is said to be uniformly convex iff for any e,
0 < e < 2, the inequalities ||z < 1, |lyl| <1 and ||z —y| > ¢ imply there exists a § > 0

such that || 2] <1 - 4.

1.1.2 Hilbert space

Hilbert spaces are the most important examples of uniformly convex Banach
space that serve as very natural ambient spaces for various fixed point iteration pro-
cedures.

A linear space H with an inner product (-,-) and norm || -|| := 1/(:, ) introduced
by inner product is called a Hilbert space.

Definition 1.8. ([42]) Let H be a real vector space. An inner product is a functional
(-,-): H x H— R satisfying :

(i) (z,z) >0, forall z € H and (z,z) = 0 if and only if = = 0, the null vector in H,

(i) (z,y) = (y,z), for all z,y € H;

(iii) {ax + by, 2) = a{z,z) + bly, 2), for each a,y,2 € H and all a,b € R.



Remark 1.1. ([42])
(i) Any Hilbert space is a uniformly convex Banach space;

(i) It is then clear that all notions introduced in Banach space can be reformulated by

replacing the duality pairing by the inner product.

Definition 1.9. ([40]) A mapping J from E onto E* satisfying the condition
J(x)={f € E*: (z, f) = |l«|* and || f]| = =]}

is called the normalized duality mapping of E. The duality pair (z, f) represents f(z)
for fe E* and z € E.

It is well known that if E is smooth, then J is a single value, which we denote

by j.

1.2 Iterative methods of nonlinear mappings

The fixed point theorem based on the contraction principle has studied the
existence and uniqueness of the solutions. In the past few decades, many mathemati-
cians have created the convergence theorem to solve the fixed point problem. This
makes the fixed point theory developed extensively and applied in various fields such
as mathematics, economics, physics, engineering, optimizations, computer sciences,
etc. For an interesting example, equilibrium problems or variational inequality prob-
lems are fundamental concepts in economics, engineering, and physics, which can be
transformed into fixed points.

This thesis we denote F(T) is the set of fixed points of T (i.e., F(T) = {z € E :
Tz =z}).

Many researchers have studied the iterative scheme to approximate the fixed
point problem of nonlinear mapping as follows;

In 1953, Mann [34] introduced the sequence {z,} generated by =, € E and

Tner = (1 —ap)x, + apnTx,, Vn >0, (1.1)

where C is a nonempty closed convex subset of a normed space, T : Cr — Cg
is @ mapping and the sequence {a,} is in the interval (0,1), iteration (1.1) is called
Mann iteration. If T is a nonexpansive mapping under some suitable condition a,
satisfying >°°7 | a,(1 — o) = o0, then the sequence {z,} generated by (1.1) converge
weakly to element of the set of fixed points of T. Many authors have been trying
to modify Mann'’s iteration for solving solution of various problems such as the fixed
point problem, split feasibility problem, equilibrium problem, monotone inclusion and
image restoration problem; see more detail in [35, 36, 37].

In 1967, Halpern [8] studied the following recursive formula:

Tpt1 = ptt + (1 — ap) Ty, n >0, (1.2)



where {a,} is sequence of numbers in (0,1) and T : Cy — Cg iS @ nonexpansive map-
ping. He proved strong convergence of {z,} to a fixed point of T, in the framework of
Hilbert spaces. Halpern’s iterative (1.2) has been studied extensivelt by many autors;
see more detail in [9, 10].

In 2000, Moudafi [35] proposed the viscosity approximation method for non-

expansive mapping S and the sequence {z,} generated by z; € Cr and

Ty + f(zn), Vn € N, (1.3)

€n
— Sx,
1+e, 1+e,

Tn41 =

where {e,} C (0,1) satisfies certain conditions, S : Cr — Cg is a nonexpansive mapping
and f : Cg — Cg is a contraction. Then he proved the sequence {z,} converges
strongly to z = Prs)f(z). Moreover, the viscosity approximation method has been
studied and developed in many pieces of research to approximate the convex feasi-
bility problem, hierarchical fixed point problem, variational inequality problem, split
common null point problem, see previous studies in [18]. Notice that the sum of

coefficients — and = in (1.3) is equal to 1.

1.3  Variational inequality problems

In this section, we present Hierarchical problem and Generalized system of

variational inequalities problem in Banach space.

1.3.1  Hierarchical problem

Now, we introduce modification of variational inequality problem, that is called
hierarchical problem.

Variational inequality problem, which was firstly introduced by Lions and Stam-
pacchia [29], is famous in many fields of pure and applied sciences. The variational
inequality problems can apply to operation research, econimic equailibrium, physic,
game theory, finance, optimization, and mechanics as special cases. Let A: H -+ H
be a single-valued mapping. Variational inequality problems is to find a point u € Cy
such that

(v —u, Au) > 0, Vv e Cy. (1.9)

The set of all solutions of (1.4) is denoted by VI(Cy, A). Various iterative method for
solving variotional inequality (1.4) have been proposed and many authors in Hilbert
spaces or Banach space; see more detail in [29, 30, 31, 32].

Note that the set of solutions of fixed points is related to the set of solutions
to variational inequalities ,that is VI(Cy,I — T) = F(T) under suitable condition of
nonlinear mapping T : Cy — Cy such as T is nonexpansive mapping or T is strictly

pseudo-contractive mapping with F(T') # 0.



Moudafi and Mainge [14] firstly introduced hierarchical fixed point problem for
a nonexpansive mapping T with respect to another nonexpansive mapping S on H:
Find z* € F(T) such that

(Sz* —z",x —2") <0,V € F(T), (1.5)

where S : H — H is a nonexpansive mapping. It is easy to see that (1.5) is equivalent
to the following fixed point problem: Find z* € H such that

z* = Pp(ry o Sz”, (1.6)

where Pg(7) is the metric projection of H onto F(T). The solution set of (1.5) is
denoted by ® = {2* € H : (Sz* — 2*,z —2*) < 0, Vo € F(T)}. It is obvious that
® = VI(F(T),I —S). Note that (1.5) covers monotone variational inequality on fixed
point sets, minimization problem over equilibrium constraints, hierarchical minimiza-
tion problems, etc. Many iterative methods have been developed for solving the

hierarchical fixed point problem (1.5), see example [14]-[19].

1.3.2 Generalized system of variational inequalities problem in Banach space

Now, we introduce modification of generalized variational inequality problem
in Banach space, that is called Banach generalized system of variational inequalities
problem.

Aoyama et al. [11] first introduced the following generalized variational in-
equality problem in Banach spaces. Let A : Cr — F be an accretive operator. Find a
point z* € Cx such that for some j(z — =*) € J(z — z*),

(Az*, j(x —a*)) > 0, Vz € Cp: (1.7)

The set of solutions of the generalized variational inequality in a Banach space is
denoted by S(Cg, A), that is,

S(CgyA) = {u € Cp : (Au, J(v — u))'> 0, Yo € Cp).

Remark 1.2. Let H be real Hilbert spaces. If E = H, then generalized variational
inequality problem reduce to variational inequality problem in Hilbert space, that is,
find a point u € Cy such that

(v —wu,Du) >0, for allv € Cy. (1.8)
The set of solutions of the variational inequalities is denoted VI(Cy, D).

Yao et al. [12] who is based on generalized variational inequality in a Banach
space introduced the system of general variational inequalities problem. Let A, B :

Cg — E be two nonlinear mappings. Finding a point (z*,4*) € Cg x Cg such that

Ay* +2* —y*, j(x —2*)) >0, Vo € Cg,
(Ay v, i ) P2 (1.9)

Bz +y" —a*,j(z —y")) 2 0, V& € Cr.



They first gave associated between the system of variational inequalities prob-
lem (1.9) and some fixed point problem of nonexpansive mapping. Furthermore, They
proved strong convergence theorem of sequence generated by the modification of ex-
tragradient methods for solving the system of general variational inequalities problem
(1.9) under suitable condition; see more detail in [12].

In 2014, Kangtunyakarn [1] introduced the modification of a system of varia-
tional inequalities problems in Banach space for finding (z*,y*) € Cr x Cg such that

(@* — (I = XaA)(az* + (1 = a)y*), j(x — 2*)) > 0, Va € Cp, (1.10)

(y* = (I = AgB)z*,j(x —y*)) >0, Vo € Cg.

for all Aa,Ap >0 and a € [0, 1]. The set of solution of (1.10) we denote by €.

If \a = Ag = 1 and a = 0, then problem (1.10) reduce to (1.9). Kangtunyakamn
[1] proved strong convergence theorem for the set of fixed points of two finite families
of nonexpansive and strictly pseudo-contractive mappings and the set of solutions of
modification of system of variational inequalities problems under suitable condition;
see more detail in [1].

Inspired and motivated by the modification of a system of variational inequal-
ities problems of Kangtunyakarn [1], we define Banach generalized system of varia-

tional inequalities problem which is find (z*,y*, 2*) € Cg x Cp x Cg such that

(@ = (I = A1D1)(az” + (1 = a)y’), j(x — %)) 2 0, Vz € CF,
(y* — (I = Ao D) (az* + (1 = a)2*), j(x — y*)) 2 0, Vo € Cp, (1.11)

(z* = (I = XsD3)z*,j(x — 2*)) > 0, Vz € Chg.
for all Ay, A2, A3 > 0 and a € [0,1]. In Hilbert space (1.11) reduce to

(* — (I = M Dy)(az*+ (L — a)y*),z — x*) > 0, Vo € Cy,
(y* — (I = AeDa)(az* + (1 — a)z*),z — y*) > 0, Vz € Cpg, (1.12)
(z* — (L —A3D3)z*,x — z*) > 0, Vx € Ch.

for all A1, A2, A3 > 0 and a € [0, 1], which is modified generalized system of variational

inequalities in Hilbert space introduced by Siriyan and Kantunyakarn [13]. If D3 =0
and z* = z*, then problem (1.11) reduce to (1.10).

1.4  Variational inclusion problems

In this section, we introduce split combination of variational inclusion prob-
lem.
The variational inclusion problems are extensively studied in mathematical

programming, complementarity problems, optimal control, mathematical economics,



and game theory, etc. In this thesis, we give a new iteration for solving split combina-
tion of variational inclusion problems.

The variational inclusion problem is to find z € H such that
0 € Bx + Mauz, (1.13)

where 6 is a zero vector in H, B: H — H be a mapping and M : H — 2 be a multi-
valued mapping. The set of solution of (1.13) is denoted by VI(H, B, M).

In recent years, considerable interest has been shown in developing various
extensions and generalization of variational inclusion problem, see for instance [2]-[7]
and reference therein.

Fori=1,2,..,N, let A; : H — H be a single-valued mapping, from the concept
of (1.13), Khuangsatung and Kangtunyakarn [3] introduced the problem of finding z € H
such that

0. BN 0, Aix + M, (1.14)

foralla; € (0,1) with 2V, a; = 1and 6 is a zero vector. This problem is called the modi-
fied variational inclusion. The set of solutions of (1.14)is denoted by VI(H, >N | a; A;, M).
If we set A; =B for i=1,2,..,N then VI(H,Y i a;d;, M) = VI(H,B, M).

Let H; and H, be two real Hilbert spaces and D, @ be a nonempty closed
convex subset of a real Hilbert spaces H; and Hs, , respectively. Let A : H; — Ho
be a bounded linear operator. Censor and Elfving [24] introduced the spilt feasibility
problem (SEP) which is to find a point z € D and Az € Q. Many authors have studied
this concept of SEP to modified their problem, see example [20]-[25].

In 2010, Censor, Gibali and Reich [20] introduced split variational inequality
problem which relies on spilt feasibility problem and created iterative algorithm for
solving a strong convergence theorem of split variational inclusion problem, see more
detail [20].

Moudafi[28] who relies on spilt feasibility problem and split variational inequal-

ity problem introduced the split monotone variational inclusion (SMVI):
find 2* € Hy such that 0 € f(z*) + By (z*), (1.15)

and such that
y* = Ax* € Hysolves0 € g(y*) + Ba(y*), (1.16)

where By : Hy — 2H1 s a multi-valued mapping on a Hilbert space Hy, By : Hy — 2f2is a
multi-valued mapping on a Hilbert space Hs, A : Hy — Hs is a bounded linear operator,
f:Hy — Hy and g : Hy — H, are two given single-valued operators. The set of all this
solution (1.15)-(1.16) is denoted by © = {2* € VI(Hy, f, Bs) : Az* € VI(Ha,g,Bs)}. If
we set Hy = Hy, f =g, Bi=By and A=1then © =VI(H,B,M).

The split monotone variational inclusion problem which consists as special

cases, which being used in practice as a model in the intensity-modulated radiation



therapy treatment planing; see [21]. This formulation is also at the main point of the
modeling of many inverse problems arising and other problems; for instance, in sensor
networks and data compression; see [26]-[27].

For every i = 1,2,..,N. Let A, : Hi — Hy, B, : H, — H, be mapping and
My : Hy — 21 and Mg : Hy — 2H2 be multivalue mapping. Inspired and motivated by
Moudafi[28] and Khuangsatung and Kangtunyakarn [3], we define the split combination
of variational inclusion problem (SCVIP) which is find z* € H, such that

N
9}'—]1 € Za,A,:c* +MA’I,‘*, (117)

1=1
and

N
y* = Az* such that 8y, € ZbiBiy* + Mpy*, (1.18)

i=1
where A : H, — H, is a bounded linear operator and -~y ai = Y% b; = 1.
The set of all this solution (1.17)-(1.18) is denoted by Q = {& € VI(Hy, Y.~ , a;Ai, M4) :
Az € VI(Hy, YN b:B;, Mp)}. If we set 4, = Aand B, = Bfori=1,2,..,N then Q = .

1.5 Objectives of the study

1) To give a lemma, an essential tool for proof strong convergence of our main

theorems in Banach space.

2) To give a lemma, an essential tool for proof strong convergence of our main
theorems in Hilbert space.

3) To propose the Banach generalized system of variational inequalities problem in
Banach space.

4) To propose the split combination of variational inclusion problem (SCVIP) in
Hilbert space.

5) To prove strong convergence theorem in Banach space for finding a common
solution of Banach generalized system of variational inequalities problem and
fixed point problem of nonexpansive mapping.

6) To prove strong convergence theorem in Hilbert space for finding a common
solution of hierarchical fixed point problem and split combination of variational

inclusion problem.

7) To prove strong convergence theorem in Banach space to solve generalized vari-

ational inequalities problem and fixed point problem of nonexpansive mappins.

8) To prove strong convergence theorem in Hilbert space to solve variational in-
equality problem and zero point problem.

9) To give numerical examples for our results to support our main results.



1.6  Scopes of the study

1) Study the definitions and properties of variational inequality problems, variational
inclusion problem, hierarchical problems, and fixed point problems in real Hilbert

space.

2) Study the definitions and properties of generalized variational inequality prob-

lems and fixed point problems in Banach space.

3) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, maximal monotne and a-inverse strongly monotone mapping in
real Hilbert space.

4) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, sunny nonexpansive, acctretive mapping and a-inverse strongly

accretive mapping in Banach space.

5) All strong convergence theorems are considered and proved in a real Hilbert

space.
6) AUl strong convergence theorems are considered and proved in Banach space.

7) Give numerical examples for supporting our main results in R, R? and L, spaces.

1.7  Benefits of the study

1) Obtain new tools for fixed point problems on real Hilbert space.
2) Obtain new tools for fixed point problems on Banach space.

3) Obtain a strong convergence theorem in Hilbert space of a Halpern algorithm to
find the common solution of hierarchical fixed point problem and split combi-

nation of variational inclusion problem.

4) Obtain a strong convergence theorem in Banach space of a modified viscosity al-
gorithm to find the common solution of Banach generalized system of variational

inequalities problem and fixed point problem of nonexpansive mapping.

5) Obtain a strong convergence theorem in Banach space to solve generalized vari-

ational inequalities problem and fixed point problem of nonexpansive mappins.

6) Obtain a strong convergence theorem in Hilbert space to solve variational in-

equality problem and zero point problem.
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1.8 Research methodology

1) Study advanced topics in fixed point theory for sunny nonexpansive, acctretive

mapping and a-inverse strongly accretive mapping in Banach space.

2) Study advanced topics in fixed point theory for nonexpansive mapping, maximal

monotne, a-inverse strongly monotone mapping in Hilbert space.
3) Study background in a real Hilbert space and Banach space.

4) Study the Halpern algorithm in Hilbert space and modified viscosity algorithm in

Banach space.
5) Collect and study research papers and textbooks concerning fixed point theorem.
6) Determine the objectives and scope of the research.

7) Produce tools for a strong convergence theorem of fixed point problem in Banach

space.

8) Produce tools for a strong convergence theorem of fixed point problem in Hilbert

space.
9) Prove strong convergence theorem for fixed point problems in a Hilbert space.
10) Prove strong convergence theorem for fixed point problems in Banach space.
11) Provide examples and applications in Banach space.
12) Provide examples and applications in Hilbert space.

13) Conclude the results, make suggestions for further works and write the thesis.



Chapter 2
Preliminaries and Literature Reviews

The purpose of this chapter is to collect lemmas, definitions, theorems and

terminology for used throughout of the thesis.

2.1 Fundamental properties in Banach spaces

Now, we now give examples of Banach spaces.

Example 2.1. ([40]) Let £ =R", n > 1 be a normed space with the following norms:

n

||“LH1 e Z ‘xl‘v V= (wlax% ,In) € Rn;

i=1

lollp = (3" fi2)3 ¥ 2 = (31,22, s 20) € R™ and p €1(1;00);
=1

Max |x1l7 vx f~ (1:1,3;27 "'71:71,) S Rn

el = max

Then R™ equipped with the norm defined by ||z||, and R™ equipped with the norm
defined by ||z||«~ are Banach spaces.
Remark 2.2.

(i) R» equipped with the norm defined by [|z(l, = (331, |2;|P)» is denoted by (» for all

1<p<og
(i) R™ equipped with the norm defined by ||z]/s = MaXi<i<x |7;| is denoted by (

n
[o o

Example 2.3. ([40]) Let E =, be a normed space with the norm defined by
L = {z : 2=AT1, Lo, Tig")and Z |z;] < oo} (2.1)
=1

Then (; is a Banach space with the norm defined by |zl =32, |-

Example 2.4. ([40]) Let E = (,(1 < p < 00) be a normed space with the norm defined
by
b, =A{z: 2= (21,22, ..., 24, ...) and Z |z;|P < oo} (2.2)
=1

Then (, is a Banach space with the norm defined by ||z||, = >, |@iF.

Example 2.5. ([40]) Let E = L,[0,1](1 < p < o0) be a normed space with the norm
defined by

1
1l = ( / F@Pdt)} < oo (2.3)

Then L, is a Banach space.
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Example 2.6. ([40]) (7 is a finite-dimensional Banach space that is not a Hilbert space
for p # 2. Indeed, for z = (1,1,0,0,...) and y = (1, -1,0,0,...), we have z+y = (2,0,0,0, ...)
and z —y = (0,2,0,0,...) . Hence

n

Izl = O lzslP)7 = (17 + 17)5 = 27,

i=1

1 1
[yl = (17 +17)7 =27,

If p = 2, then the parallelogram law: ||z + y|* + [lz — y[|* = 2z||* + 2|jy[|* is satisfied,
which show that (7 is a Hilbert space. If p # 2, the parallelogram law is not satisfied.
Therefore, (7 is not a Hilbert space for p # 2.

Remark 2.7. (7, [, and L,[a,b] (p # 2) are Banach spaces but not Hilbert spaces.

Definition 2.1. ([40]) A sequnce {z,} in-a normed space X is said to be convergent to

x if im, 4 ||z, = 2| = 0. In this case, we write x,, — x or lim,, 0 7, = =.
Definition 2.2. ([42]) Let E be a Banach space. Then a function pg : Rt — R is said
to be the modulus of smoothnessof E if

=z Hyl Az -yl
2

p(t) = sup { 1 el = 1yl =t}

A Banach space E is said to be uniformly smooth if

lim pe(t) _ 0
t—=0 s

Let ¢ > 1. A Banach space E is said to be g-uniformly smooth if there exists a
fixed point constant ¢ > 0 such that pp < ct?. It is easy to see that, if £ is ¢g-uniformly
smooth, then ¢ < 2 and E is uniformly smooth. It is well known that L7 is min{p, 2}-

uniformly smooth for p> 1.

Definition 2.3. ([40]) The space of all bounded linear functionals on a normed space
X is called the dual of X and is denoted by X*. Clearly, X~ = B(X,R) and is a

normed space with norm denoted and defined by

1F1l« = sup{lf(@)[}-

Corollary 2.8. ([40]) The dual space (X*,|-||«) of a normed space X is always a Banach

space.

Proposition 2.9. ([40]) Let E* be the dual of E. Then we have the following:

(i) The duality pairing is a bilinear functional on E x E*;
(1) (ax + bz, j) = alz, j) + bly, j) forall z,y € E, j € E* and a,b € R,
(2) (z, ajr + Bja) = afz, ji) + By, j2) forall z € B ji,j2 € B, a, S € R;
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(i) (x,7) = 0 for all 2 € E implies j = 0;
(iii) (z, ) = 0 for all j € E* implies = = 0.

Lemma 2.10. ([23]) Let E be a real 2-uniformly smooth Banach space with the best

smooth constant K. Then the following inequality holds:
-+l < llzl|* + 2{y, J(2)) + 2] Kyl|*,
forany z,y € E.

Lemma 2.11. ([49]) Let E be a uniformly convex Banach space and B, = {z € E :
llz|| < r}, r > 0. Then there exists a continuous, strictly increasing and convex function
g :10,00] = [0, 00], g(0) = 0 such that

laz+ By + v2I1* < allz]|® + Bllyll* + vllzl* = aBg(llz - ),
forall z,y,2 € B, and a, 3,7 € [0, 1] with a4+ 8+ vy =1.

Lemma 2.12. ([23]) Let » > 0. If E is uniformly convex, then there exists a continuous,
strictly increasing and convex function g : [0,00] — [0,00], g(0) = 0 such that for all

2,y € B.(0)={z € E:|z|]| <r} and forall « € [0,1], we have

loz + (1 = )yl < oflz]*+ (1 — )|lyl* — a1 = a)g(llz — ylp).

2.2 Fundamental properties in Hilbert spaces

Now, we give example space of Hilbert space.

Example 2.13. ([42]) The Euclidean space R™ := {2z = (21,%2,.,7,) : 7; € R, i =
L,2,..,n}. An element z = (x1,%2,...,2,) Of R™ can be identified with matrix of type
nx1,ie., we write = = [v1, Ta, ...,

The Euclidean space is equipped with the standard inner product defined by
<J»‘,y> = xTy = leyla
1=1

where z = (21,22, ..., ), ¥ = (Y1, Y25 -, yn), and with the norm ||z|| := (zT2)z=.
It follows that the Euclidean space satisfies Definition 1.8. Then the Euclidean

space is a Hilbert space.

Example 2.14. ([42]) The space [, of real sequence z = (z1,2,...) Which are square

summable, i.e,,
o0
lo={x:2= (21,22, ..., 24,...) and Z lz:|? < oo}
i=1

with the inner product (z,y) := 3°°, x;5:, and with the norm [|z|| := (3252, |;[?)2. Then
(5 is Hilbert space.
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Example 2.15. ([42]) The space Ls[a,b], where a,b € (—o0,+], a < b, let Lebesgue

measurable functional f: R — R which are square integrable, i.e.,

b
Lg[a,b]:/ P8t < o,

with the inner product

)= [ 10 <o
and with the norm \

1= ([ o} < .

Then L, is a Hilbert space.

Definition 2.4. ([41]) A sequence {z,} of vectors in an inner product space K is called

strongly convergent to a vector z in K if
lxn = || = 0 as n — oc.

Definition 2.5. ([41]) A sequence {z,,} of vectors in an inner product space K is called

weakly convergent to a vector z in K if
{(rn,y) — (z,y) as n — oo for every y € K.

Theorem 2.16. ([41]) A strongly convergence sequence is weakly convergence (to the

same limit), that is, z,, — = implies z,, — =.

Lemma 2.17. ([43]) In a real Hilbert spaces H, the following results hold:
) llz + ylI* < [l +2¢, 2+ v), Yo, y € H;
(i) |lz £yl = ll2ll® £ 2z, y) + [yl? Yz, y € H;

(iii) for allz,y € Hand a € [0, 1],
oz + (1= a)yl? = aflzl* + (1 = a)llyl|* — (1 = &) — y]|*.

Definition 2.6. ([44]) Let H be a Hilbert space and let Cy be a nonempty closed
convex subset of H. Let f be a function of Cg into (—oc, 0o, where (—o0, 0] = RU{cc}.

Then, f is called lower semicontinuous if for any a € R, the set
{z € Cqx: f(x) <a} is closed.
Moreover, f is called convex if for any z1,22 € Cy and t € (0, 1),
flter + (1= t)a2) < tf(z1) + (1= 1) f(a2).
Similarly, f is said to be concave if for any z1,22 € Cy and t € (0,1),

fzr+ (1 =t)x2) > tf(z1) + (1 —t) f(22).
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Theorem 2.18. ([44]) Let H be a Hilbert space, let Cy be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of Cy into

(—00,00]. Let {x,} be a bounded sequence in Cg such that z,, — z. Then

f(zo) < li@inff(xn)-
Theorem 2.19. ([44]) Let {a,} be a bounded of real numbers. Then, there exists
subsequence {a,,} of {a,} such that

a=limsupa, = lim a,,.

n—o00 =00

Similarly, there exists a subsequence {a,, } of {a,} such that

g =liminfa, = lim a,,.

n—o00 Jj—o0

2.3 Fixed point set of nonexpansive mappings in Banach space

Lemma 2.20. ([46]) Let E be a uniformly convex Banach space, Cr a nonempty closed
convex subset of E, and S : Cr — Cg a nonexpansive mapping with F(S) # 0. Then
I — S is demiclosed at zero.

Definition 2.7. Let Cg be a nonempty subset of a Banach space E and T': Cr — Ckg
be a self-mapping.
(i) T is called a nonexpansive mapping if

[Tz = Tyl| < [l =y, Vo, y € Cp.
(i) T is called a contraction mapping if there exists a constant o € (0, 1) such that
| Tz = Ty| < alle =y, Ve,y € Cs.

A mapping A : Cg — E is said to be accretive if there exists j(z —y) € J(z —y)
such that
<A‘E g Ay,J(ZL' — y)> 20, V.’L,y €Cg.

A mapping A : Cr — E is said to be a-inverse strongly accetive if there exists
a>0and j(z—y) € J(z —y) such that

(Az — Ay, j(z —y)) = af|lz —y|I*, Vo,y € Cp.

Definition 2.8. Let Cr C E be closed convex and Q¢, be a mapping of E onto Cg.
The mapping Q¢,, is said to be sunny if Qo (z +t(x — Qop)) = Qoo for all x € E and
t > 0. A mapping Qc,, is called retraction if Qz, = Qc,. A subset Cp of E is called a
sunny nonexpansive retract of E if there exists a sunny nonexpansive retraction of £

onto Cg.
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Lemma 2.21. ([10]) Let Cg be a nonempty closed convex subset of a smooth Banach
space and Q¢,, be a retraction from E onto Cg. Then the following are equivalent:
(i) Qe is both sunny and nonexpansive;

(i) (z — Qcpz, J(y — Qeyx)) <0 forall z € E and y € Ck.

From Lemma 2.21, let z € E and 2 € Cg. Then we have 2y = Q¢ z if and only
if (x — 9, J(y—0)) <0, forall y € Cg, where Q¢,, is a sunny nonexpansive retraction

from E onto Cg.

Lemma 2.22. ([22]) Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 S (1 - 0471,)571, + 571,7 V’fl 2 07

where {a,} is a sequence in (0,1) and {4, } is a sequence such that
(l) Zzozl Uy = 00,
(i) imsup,,_, o 2= <0o0r Y02, [6,] < oc.

Then lim,,— o0 $n = 0.

Lemma 2.23. ([48]) Let Cr be a nonempty closed convex subset of a uniformly convex
and uniformly smooth Banach space E and let T be a nonexpansive mapping of Cg

into itself with F(T') # 0. Then F(T) is a sunny nonexpansive retract of Cg.

Lemma 2.24. ([50]) Let Cg be a closed and convex subset of a real uniformly smooth
Banach space E and let T': Cg — Cg be a nonexpansive mapping with a nonempty
fixed point F(T). If {z,} C Cg is a bounded sequence such that lim,,_,« ||z, —Tx,| = 0.
Then there exists a unigue sunny nonexpansive retraction Q gy : Cp — F(T) such that
lim sup(u — Qpiryu, J(2n — Qp(ryu)) <0,
n—oQ

for any given u € Ck.

Lemma 2.25. ([51]) Let Cr be a closed convex subset of a strictly convex Banach
apace E. Let Ty and Ty be two nonexpansive mappings from Cg into itself with
F(Tv) N F(Tz) # 0. Define a mapping S by

Sz = Xz + (1 — N e, Vo € Cg,
where X is a constant in (0,1). Then S is nonexpansive and F(S) = F(Ty) N F(T).

Lemma 2.26. ([1]) Let Cx be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T, S : Cg — Cg be nonexpansive mappings with F(T) N F(S) # 0.
Define the mapping T,, : Cp — Cg by T,z = T(az+(1—a)Sz) forall z € Cr and a € (0,1).
Then F(T,) = F(T)N F(S) and T, is a nonexpansive mappins.
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2.4 Fixed point set of nonexpansive mappings and resolvent

operator in Hilbert space

Definition 2.9. Let Cy be a nonempty subset of a real Hilbert spaces H and T': Cy —
Cy be a self mapping. T is called a nonexpansive mapping if

Tz —Ty|| < ||z —yl|, for alla,y € Cy.
T is called a firmly nonexpansive mapping if
| Tz — Ty||* < (x —y, Tz — Ty), for allz,y € Cy.

Definition 2.10. ([44]) The (nearest point) projection Pc,, from H onto Cy assigns to

each x € H the unique point P,z € Cy satisfying the following properties:
(I) PCHZ' e Cy,
(i) |z — Poyz] = Join flz = vl
Lemma 2.27. ([44]) For a given z € H and u € Cp,
u= Pz (u—z,v—u) >0, forallve Cy.
It is well-known that Pg,, is a firmly nonexpansive mapping of H onto Cpg, that is
| Peyt — Poyyl® < (Poyx = Po,y,x —y), forallz, y € H.

Lemma 2.28. ([44]) Let H be a Hilbert space, let Cy be a nonempty closed convex
subset of H and let A be a mapping of Cy into H. Let uw € Cy. Then, for A > 0,

u=Pc,(I = A)u<ueVI(Cq,A),
where P, is the metric projection of H onto Cpy.
Definition 2.11. ([42]) We say that an operator T : H — H is monotone if
Tz =Tya—y)>nlz=7yl> (2.4)

for a constant n > 0 and for all z,y € X. If n > 0, then we say that T is strongly

monotone or n-strongly monotone.

Definition 2.12. ([45]) Let M : H — 2% be a multi-valued operator on H. Then
(i) the graph G(M) of M is defined by

GM) :={(z,u) e Hx H:ue M(x)},
(i) the operator M is called a maximal monotone operator if M is monotone, i.e.

(u—wv,z —y) >0, whereveru e M(z), ve M(y),
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and the graph G(M) of M is not property contained in the graph of any other mono-
tone operator.

It is clear that a monotone mapping M is maximal if and only if for any
(v,u) € Hx H, if (u—wv,z—y)>0forall (v,y) € M(x).

Remark 2.29. If n =1in (2.4), then T is firmly nonexpansive mapping.

Definition 2.13. Let M : H — 2 be a multi-valued maximal monotone mapping, then

the single-valued mapping J}M : H — H defined by
JM(z) = (I + M)~ (x), Vo € H,

is called the resolvent operator associated with M, where X is any positive number

and I is an identity mappins.

Theorem 2.30. ([44]) Let H be a Hilbert space and let Cx be a nonempty bounded
closed convex subset of H. Let T be a nonexpansive mapping of Cy into itself. Then

T has a fixed point in Cg.

Lemma 2.31. ([52]) Let Cx C H be a nonempty closed and convex set and let T :

Cy — H be a nonexpansive mapping. Then F(T') is closed and convex.

Lemma 2.32. ([6]) Let {a,}, {c.} C RF {a,} € (0,1) and {b,} € R be sequences such
that

any1 = (1= )y + by + ¢,, for alln > 0.

Assume Y- ¢, < oo. Then the following results hold:
(i) if b, < a,,C wWhere C >0, then {a,,} is a bounded sequence,

(i) if 322 yam = oo and limsup,, . STZ <0, then lim,,_,« an = 0.
Lemma 2.33. ([6]) Let v € H is a solution of variational inclusion if and only if u =
JM(u— ABu), VA > 0, i.e.,
VI(H,B,M) = E(J{Y(I -~ \B)), YA > 0.
Further, if X € (0,2a], then VI(H, B, M) is a closed convex subset in H.

Lemma 2.34. ([3]) Let H be a real Hilbert space and let M : H — 2 be a multi-valued
maximal monotone mapping. For every i = 1,2,..,N, let A; : H — H be «;-inverse

strongly monotone mapping with n = min;—1 2, ~{a;} and ﬂf’:l VI(H,A;, M) # (. Then
N N
VI (H,ZaiAi,M> = ﬂ VI(H,A;, M),
=1 1=1

where "N 4, =1and 0 < a; < 1 forevery i = 1,2, ..., N. Moreover, JM(I -AYN | a; A;)

is a nonexpansive mapping, for all 0 < A < 2n.
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Example 2.35. Let H = R. For every i = 1,2,..., N, let 4; : R — R defined by A;z =
@4 (i+1)forallz € Hand M : R — 2% be defined by Mz = {2} for all z € R. Let
;=2 + Ay foralli=1,2,..,N. Then VI (H, ¥ aiAi,M) = NN, VI(H, A, M).

Solution. Since A;z = % + (i+1), we have 4; is 3-inverse strongly monotone mapping.

By definition of a; and A;, we have

a N3 1 N3 1 iz
;aiAim = Z(E + W)Aix = Z(z + W)(z + (’L + 1))

i=1 =1
From Lemma 2.34, we have VI(H, Y~ a;A;, M) = N\, VI(H, A;, M) = {—4}. [

Example 2.36. Let H = R. For every i = 1,2,...,N, let 4; : R — R defined by A;z =
@4 (i+1)forall z € H and M : R — 2% be defined by Mz = {2} for all z € R. Let
;=3 +L(&+1) foralli=1,2,..,N. Then VI (H Yoy a,»Ai,]V[) £ NN, VI(H, A, M).

Solution. Since A;z = % +(i+1), we have 4; is 2-inverse strongly monotone mapping.
By definition of a; and A;, we have

N

J Y b N L i
;aiAix:;(E‘FN(Zﬁ+1))A1’ZC:;(E+N(4‘N+l))(Z+(Z+1))_

Then O, VI(H, A, M) = {~4} and VI(H, Y a;As M) # {~4}. It implies that
VI(H, Y, a;As M) # ) VI(H, A;, M) because % a; = 2. [l

Remark 2.37. Example 2.35 show that Lemma 2.34 is true where YV, a; = 1 and

Example 2.36 shows that Lemma 2.34 is not true if some condition fails, that is

Zi]\il a; 75 1.

Let h be a proper lower semicontinous convex function of H into (—oo, +00].
The subdifferential oh is defined by

oh(x)={z€ H : h(z)+ (z,u — z) < h(u), Vu € H},

for all z € H. For Rochafellar [39], we get that ok is a maximal monotone operator.
Let ic,, be the indicator function of Cy, i.e.,

0;if xeCy,
L (2.5)

+oosifx ¢ Ch.
Then ic, is a proper, lower semicontinuous and convex function on H and so the
subdifferential dic,, of ic, is a maximal monotone operator. The resolvent operator
Jlien of dic,, for A > 0 defined by Jlien (x) = (I + \ic, ) '(x), z € H, then we have
gl () = P,z forall z € H and X > 0; see more detail [47]. Moreover, leth: H -+ H

is the single valued operator, we have x € VI(H, h,dic,,) = VI(Cy, h).



Chapter 3

Strong Convergence Theorems

3.1 A Strong convergence theorem in Banach space to approximate
a common solution of Banach generalized system of variational

inequalities problem

In this section, we prove the lemma in Banach space which show the equiv-
alence between Banach generalized system of variational inequalities problem (1.11)
and some fixed point problem involving the nonexpansive mapping under suitable
conditions on our parameters. Utilizing our lamma we prove the strong convergence
theorem in Banach space of the sequences generated by modified viscosity method
for finding a common solution of Banach generalized system of variational inequalities
problem (1.11) and fixed point of nonexpansive mapping.

The following lemma is needed to prove the main theorem.

Lemma 3.1. Let Oy be a nonempty closed convex subset of a smooth Banach space E
and let Dy, Dy, D; : Cr — E be mappings. Let Q¢, be a sunny nonexpansive retraction
of E onto Cx. For every A1, A2, A3 > 0 and a € [0, 1]. The following are equivalent

(i) (z*,y*, 2*) is a solution of (1.11),

(i) z* is a fixed point of the mapping Z, i.e. z* € F(Z), defined the mapping Z : Cr — Cg
by Z(z) = Qcpy(I— A1 D1)(az+ (1 —a)Qecp (I —X2D2)(az+(1—a)Qcy(I—A3D3)z)), Vo € Ck
where y* = Qc, (I —AaDs)(az* + (1 — a)z*) and z* = Q.(I — N\3D3)z*.

Proof. Let conditions hold.
(i) = (ii). Suppose that (z*,y*,2*) € Cg x Cr x Cg is a solution of (1.11). For
every z € Cg, we have
(" — (I — \MiDq)(az* 4+ (1 = a)y*), j(x — z*)) >0, Vo € Cg,
(y* = (I = AaDy)(az* + (L =a)z"), j(x —y")) 2 0, Va € Cp,
(z* — (I — \3D3)z*,j(x — 2*)) > 0, Vo € Op.
From Lemma 2.21, we have
t" = Qcp (I — MDy)(az™ + (1 - a)y"),
Y =Qcp(I — A2D2)(az” + (1 — a)2"),
2" =Qcy (I — A3D3)zx™.

It follows that

" = Qop(l = MD1)(az + (1 - a)Qcp (I = A2 D2)(ax + (1 = a)Qcy (I = A3D3)x)) = Za™.
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Then z* € F(Z), where y* = Qc, (I — X\aDs)(az* + (1 — a)z*) and z* = Q¢ I — A\3D3)z*.
(i) = (). Let 2* € F(Z), y* = Qcp(I — XaDo)(az* + (1 —a)z*) and z* = Qc, (I —
)\3D3)£L'*. Then

¥ = Zx*
=Qcp(I —MDi)(ax" + (1 —a)Qcp (I — A2D2)(ax™ + (1 — a)Qc, (I — A3D3)x))

= Qcp(I — M Dy)(az” + (1 —a)y™).
From Lemma 2.21, we have

(2" = (I =M Dy)(az™ + (1 —a)y"), j(z —z%)) 20,
(" = (I = AeDo)(az™ + (1 —a)z), j(z — y*)) = 0,

(z* — (I — A\sD3)z*, j(x — z*)) > 0.
for all € Cg. Then we find that (z*,y*, 2*) is solution of (1.11). [

We prove a strong convergence theorem in Banach space to approximate a
common solution of Banach generalized system of variational inequalities problem

(1.11) and fixed point problem of nonexpansive mapping.

Theorem 3.2. Let O be a nonempty closed convex subset of a uniformly con-
vex and 2-uniformly smooth Banach space E and let Q¢, be a sunny nonexpan-
sive retraction of Cg. Let Dy,D,, D3 : Cr — E be di,ds, ds-inverse strongly accre-
tive operators, receptively. Define the mapping Z : Cr — Cg by Z(z) = Qc,(I —
MD1)(az + (1 —a)Qcy, (I —XaDs)(az + (1 — a)Qc, (I — A\3Ds3)x)) for all z € Cp, A1 € (0, &),
A2 € (0, &2),X;3 € (0, 42),a € [0, 1], where K is the 2-uniformly smooth constant of E. Let
T,S : Cp — Cg be nonexpansive mappings. Assume that F = F(Z) N F(S)N F(T) # 0.
Let the sequence {z,} be generated by z; € Cg and

ty = T(0pz + (1= 8,)Sz,), (3.1)

Tpt1 = Z(anf(Tn) + Prn + Yntin),
where f: Cg — Cg be a contraction mapping with a constant ¢ € (0,1) and {a,}, {8},
{7} {0n} C [0,1] with a,, + B, + 7, = 1. Suppose that the following condition are
satisfied
() iMooy = 0,307y = 00,
(i) 0 < ¢ < Bnyn,on <d<1forall ¢,d>0andforall n>1,
(i) 3202 o1 —om] < 00,3707 1 [Bna1 =Bl < 00,3707 1 In1—=Ynl < 00,3552 [0nt1—0n] < 00,
(iv) imy, 00 8, = 9.
Then the sequence {z,,} converges strongly to zo = Qr f(z0) and (zo, yo, 20) is a solution
of (1.11), where yo = Q¢ (I — XaDs)(azo + (1 —a)zp) and zp = Q¢ (I — A3D3)x.
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Proof. Stepl. First, we prove that {z,} and {u,} are bounded.
We show that Q¢ (I—-A1D1), Qo (I—X2D2) and Q¢ (I—X3D3) are nonexpansive

mappings. Let z,y € Cg, we have

1Qcs (I = MiD1)x — Qo (I — M Dy )yl?
<|lz —y = MDiz + A\ Dyl
< |lz = ylI* = 2\ (D1z — D1y, j(x — y)) + 2K} D1z — Dyylf®
<z = yl* = 2\id1|| D1z — Dryl” + 2K°A\}|| Diz — Dyl?
= |lz = yl* = 2\ (dy — K>\1)|| D1z — Dryl|®

< llz =yl

Then Q¢ (I —\1D1) is @a nonexpansive mapping. By using the same method, we obtain
that Qc, (I —X2Ds) and Qc,, (I —A3D3) are nonexpansive mappings. From the definition
of Z, we see that Z is nonexpansive mapping.

Let z* € F, then z* € F(S) and z* € F(T) which implies Sz* = z* and Tx* = z*.

From the definition of {u,} and Lemma 2.26, we have

[un — ™| = |T(6n2n + (1= 6,)STn) —a|
< |10nan + (1 = 6p)Szn — 27|
= [|0n(#n = 27) + (1= 0,)(Szpn — 27|
< Opllen — 2| 4+ (1 = 6p) || Sz — ¥
< Opllon = 4+ (1 = 0n)[|zn — 27|
= {lan — ™. (3.2)

Since z* € F, we have z* € F(Z) which implies Za* = z*. Put y, = a,f(an) +

By + Yty From the definition of {z,} , (3.2) and Lemma 3.1, we have

[en s = ™| = [ Zyn — 27|
<lyn — 27
= [lon (f(@n) = 2%) £ Bul@n = 27) 4+ (un — 27|
< an|[f(zn) = 2% + Bullen — 27| + vnllun — 27|
< an[l[f(@n) = F@) I+ IS (@) —2"([] + Bullzn — 27|
+ Ynllzn — 2|
< anéllzn — 2" + o[ f(2") — 27 + (1 — an)|zn — 27|
= an|[f(z") = 27| + (1 = an(l = §))[zn — 27|

< max{w, 21 — 2%} (3.3)

1—

Applying mathematical induction, we can conclude that the sequence {z,} is
bounded and so is {u,}.
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Step 2. Show that lim,, & [|Zns1 — zn|| = 0,liMy 00 |20 — uy|| = 0 and
iMoo | ZYn — ynll = 0.

From the definition of {z,}, we have

[Zn+1 = @nl
= 1 Z(enf(zn) + Brn + Yntin) — Z(an-1f(Tn-1)
+ Bn-1Tn—1 + Yn—1Un—1)||
< [[(enf(@n) 4+ Bazn + Yntn) = (n-1f(@n-1) + Ba—1Tn-1 + Yn—1tn-1)||
= llanf(zn) = an-1f(@n-1) + onf(zn-1) — anf(zn-1)
+ Bnn — Bno1Zn—1 + BnTn—1 — BnTn_1

+ YnUn — Yn—1Un—1 + TnUn—1 — YnUn—1 ||

< anllf(@n) = F@n-1)ll + lan — an—1|||f(@n-1)[| + Bnllzs

|
+ 1B = Br-alllen—1ll + ¥nllun — un=1ll + 170 = yn-1ll[tn-1]l
< anllzn = p—1|| + lan = an—i|l| f (@)l + Bnllen = @n-1]l
+18n = Br=tlll@n=1ll + Wmlltn = tn=ill + lvn = ya=1|lltn=1]. (3.4)

By the definition of {u,}, we have

ltwn, — wpn—1]|

= 1T (6nzn + (1 —04)52n) = T(0n-1Zn—1+ (L~ dp-1)Szs 1)
< || (Ontn + (1'=00) STy ) — (On-1%n—1 4 (1= 0pn1)STn_1)||
= |[0n&n — On-1Tn-1 + OnTrn—1 — OnTn_1 + (S —Sxp_1)
= 0 S + 0n-1STne1 ¥ 0nSTh 1 ~ 6, STmi]|
< Onllzn = Tnaill + 100 — Gner|l@n—1l + (1 = 6n)[|Szp — S2poa |
+16n — dn—1|l|Sn-al|
< Onllan — n_1ll + [6n = On=alllzn-1ll + (1 = &n)llzn = 2n_1ll
+10n = On—1|l|Szn-1]
= [[#n — Tn—t1ll £ [0 = On=rl(lln—1 ]| + 157n—1]). (3.5)
From (3.4) and (3.5), we have

[Zn+1 — @nll

< anéllzn = wn-all +lon = an 1| f @) + Ballzn — 21
+ 180 = Ba-tllnall + Yallun = wna |l + 0 = Y1 llun-a |
< anélzn = wn-ll + o — an 1|1 f @) | + Ballzn — 21
+1Bn = Br—1lllzn-1ll + |70 — Yn-1]lltn-1]l
S Y [ A MY { Yy )]

= anfllzn = Zn1ll +lan = an |l f (@n) |
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+ (1 —an)llen — zn-1ll + [Bn = Br-alllzn-l
+ nl0n = n—|(lzn—all + [1S2n-1ll) + 70 = Yn-allltn-ll
=1 —an(l=8)llzn = znall + |lan — anall[f (zn-1)
+ 1Bn = Bo-alllen-1ll +vnldn = dn—al([@n-1ll + [[Szn-1l])
+ | = -1 ll[un—1]]- (3.6)
Applying (3.6), condition (i), (iii) and Lemma 2.22, we have

Um fzns1 = 2a] = 0. (3.7)

We will show that lim,, .o ||z, — u,|| = 0. From the definition of {z,} and (3.2),

we have

[
= |1 Z(anf (zn) + Buon +nun) — z*|?
< lan f (Tn) + Bun + Yntin) —a*||>
= ||anlflxn) — )4 Bal@n = 2" )+ nlty, =)
< anllf @) =2 #Bnllzn - 27112 + mllan =217 = Bang(llzn = unll)
< o[ f(zn) =
< enl| f(zn) = 22 + (T~ an)llzn — 271° = Buyng(llzn —uall)
(zn) —

< an”f Tn

I*H2 +Bn |I — x*HQ Hanlom— 55*”2 = Bnyng(||Tn = uall)

|2 #1120 = ¥ 2 = Birng(lzn = uall)-
It follows that
BrnmgUlzn = unl) S anllf(zn) — 27| + flzn —a*|? = leni — 2|

< agllf(@n) — x*HQ

+ (lzn — 2" + [lznss =2"IDl2n1 = zall.
From (3.7) and condition (i) and (i), we have
lim g([len — unl)) = 0.
From the property of g, we have
Uiz, —un] = 0. (3.8)
From the definition of {y,}, we have

”yn - an = ”O‘nf(xn) + BnTn 4 Yty — an
= llan(f(@n) = 2n) + Y (un — z0)||

< O‘n”f(xn) - xn” +'Vn||un — 2|
From (3.8) and a condition (i) , we have

Um [z — yn| = 0. (3.9)
n—oo
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From the definition of {y,}, we have

lyn — unll = llan f(2n) + Ban + Yntn — wnl|
= |lan(f(wn) — un) + Bn(Tn — un)||

< ol f(zn) — unll + Bllzn — unll-
From (3.8) and a condition (i) , we have
Um lyn — un = 0. (3.10)
n— oo

Since lim,, 00 6, = d € (0,1), we define the mapping 75 : Cp — Cg by Tsx =
T(6x + (1 —0)Sz) for all z € Cg and § € (0,1), then we have u, = Tj,z,. By Lemma
2.26, we have F(Ts) = F(T) N F(S) and Ts is @ nonexpansive mappins.

From the nonexpansive of Ts, we have

||T5yn - yn” = ||T6yﬂ 77 Tényn e Tényn = yn”

S NTsyn — Ts, yull +1T5, yn — Yall- (3.11)
Considers,

1T5yn — L5, 4l = T (0yn + (1 = 8)Syn) = T(6n¥n + (1= 0n)Syn)|l
< [(0yn + (1= 6)Syn) — (6nyn + (L = 6,).Syn)|
= [1(0 ~ 00)yn + (0 = 0)Syall
< 0= Sulllynll + 160 = 6|[|Synll.

From a condition (iv), we have
U, 75t — T, 9l = 0. (3.12)
Since the nonexpansiveness of Ty, , we have

1T5, Y0 = Yall = 1 T5,Yn — Ts,@n + Ts,Tn = Yall
< |5, Yn — Ts, Zall 4 | Ts, 2n — ynll

< [lyn = Znll + [lun — ynll-
From (3.9) and (3.10), we have

7}520 1T, Y — ynll = 0. (3.13)
From (3.11), (3.12) and (3.13), we have

Ui | Tsyn — yall = 0. (3.14)
From the definition of {z,}, we have

HZyn iC ynH e HZyn = Tp + Ty — ynH
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<N Zyn — zull + |70 — ynll

= Hxn-i-l - an + ”fn - ynH
From (3.7) and (3.9), we have
im 11 Zyn — yull = 0. (3.15)

Step 3. We will show that limsup,, ., (f(z0) — z0,j(yn — ®0)) < 0 Where zo =

Qr f(20)-

Define the mapping B : Cp — Cg by Bx = eZx + (1 — &)Tsx) for all z € Cg
and ¢ € (0,1). From Lemma 2.25 and Lemma 2.26, we have F(B) = F(Z) N F(Ts) =
F(Z)NF(T)nF(S) =F.

From the definition of B, we have

lYn — Bynll = llyn — (Zyn + (1 =€) Tsyn) ||
=lleCyn = Zyn) + (1 = €)(yn — Tsyn)||

S €||yn T ZynH + (1 . s)Hyn o TéynH
From (3.14) and (3.15), we have
le lvs = By, || = 0. (3.16)

Since Z and T; are nonexpansive mappings, we have B is a nonexpansive

mapping. From Lemma 2.24, we have

limsup(f(zo) — 20, j(yn — x0)) < 0, (3.17)

n—r oo

where xy = Qg f(xo).
Stepd. We show that the sequence {z,} converges strongly to z¢y = Qrf(zo).

From the definition of {y,}, we have

1y — zoll?

= o (20) 4By At = 20

= lon(n) ~ 20) + Baln — 70) + (i — 70)|

< 18nn — 0) + A (um = 20)” + 200 (F () — 20, — 70))

< (Bullen = 2ol + allun — zoll)
+ 200 (f(zn) — f(w0) + f(z0) — %0, j(yYn — w0))

< (Bullen — 2ol + allzn = 2ol + 200 f(a) = £(20), v — 20)
+ 2an(f (x0) — 70, j(Yn — o))

< (1= a2l — w0l + 2007 n) — FGo)llgm — 7ol

+ 200 (f(20) — 20, (Yn — T0))
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< (1= an)?llen — zol? + 20né]|zn — 2ol [lyn — ol
+ 2, (f (z0) — @0, j(Yn — 0))

< (1= an)2llzn — 20|12 + 20m€ 1z — 30/ + lyn — 20l
+ 2a,(f (z0) — To, §(Yn — 0))

= ((1 = an)® + and)llzn — zol* + anéllyn — zo?
+ 20, (f(20) — 20, j(Yn — T0))-

It implies that

[
- W”xn — ol + %(ﬂxo) — 20, J(yn — %0))
" a%(f(zo) — 0, §(Yn — To))
4 (1 - 2?#_(15;?;))”% = ol + 5 _aznguxn —@oll”
T ) = 2 o - )
-~ (1 s 20{"_(;0;5))@71 —zof?

By the definition of {z,,1} and (3.18), we have
a1 = zoll?
= (| Zyn — zo|?

< [lyn —ol?

2an(1 = §) 2a,(1 = §) Qn
\ (1 y ﬁf)”x" —wli =T (2(1 —glen - woll
+ l{.gg(xo) - 20.i(n — 50)). (3.19)

Applying (3.19), a condition (i) and Lemma 2.22, we can conclude that the sequence
{x,} converges strongly to xop = Qrf(z0) and (zo, 0, z0) is @ solution of (1.11), where
Yo = Qop(I — XaD2)(azo + (1 — a)zg) and zo = Qc, (I — A3D3)zg. This complete the
proof. []

The following corollary is consequences which are applied by Theorem 3.2.

Therefore, we obtain the following results.

Corollary 3.3. Let Cg be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let Q¢, be a sunny nonexpansive retraction
of Cg. Let Dy, Dy, D3 : Cp — E be dy,ds, ds-inverse strongly accretive operators, recep-
tively. Define the mapping Z : Cg — Cr by Z(2) = Qcp(I-MD1)(Qey(I—A2D2)(Qey, (I—
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AsD3)z)) forallz € O, A1 € (0,2), A2 € (0, %2 ),A3 € (0, &), where K is the 2-uniformly
smooth constant of E. Let T, S : Cr — Cr be nonexpansive mappings. Assume that
F=F(Z)NF(S)NF(T)+#0. Let the sequence {z,} be generated by z; € Cr and

tp =TS + (1= 6,)S), (3.20)

Tnt1 = Z(on f(2n) + Brin + nitin),
where f: Cr — Cg be a contraction mapping with a constant ¢ € (0,1) and {a,.}, {8},
{m}, {6} C [0,1] with a,, + 8, + 7. = 1. Suppose that the following condition are
satisfied
(D) iMoo a = 0,307 | @y = 00,
(i)0<c<Bnm,on <d<1forall e d>0andforall n>1,
(i) 302y lens1—an| <00,3°0% | [Bnt1—Bnl < 00,307, it —m| < 00,307 [6n41—6n] < 00,
(iv) lim,, o0 6, = 4.
Then the sequence {z,} converges strongly to zo = Qg f(z0) and (zo, yo, 20) is a solution
of (1.11), where yo = Q¢ (I = XaD2)zp and zy = Q¢ (I — X3D3) .

3.2 Application of strong convergence theorem in Banach space to
approximate a common solution of Banach generalized system

of variational inequalities problem

In this section, we prove strong convergence to approximation a common
element of solutions of generalized variational inequalities in Banach space and fixed
point problem of nonexpansive mapping. We give some useful lemmas to prove
Theorem 3.6.

Lemma 3.4. ([11]) Let Cr be a nonempty closed convex subset of a smooth Banach
space E. Let Qc¢, be a sunny nonexpansive retraction from E onto Cg and let A be
an accretive operator of Cg into E. Then, for all A >0,

Lemma 3.5. Let Cr be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach E and let Q¢, be a sunny nonexpansive retraction from
E onto Cg. Let D1,Dy, D3 : Cp — E be dy,ds,ds-inverse strongly accretive operators,
receptively. Define a mapping Z as in Lemma 3.1 and for every \; € (0,4%), A» €
(0, ),A3 € (0,2), a € [0,1], where K is the 2-uniformly smooth constant of E. If
S(Cg, A)N S(Cg, B) # 0, then F(Z) = S(Cg, A) N S(Cg, B).

Proof. From Lemma 3.4, we have

S(Cp,D1) = F(Qcp(I — M D1)), S(Cp, D2) = F(Qcp (I — X2D2)),
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and
S(Cg,D3) = F(Qc, (I — A3D3)).
Using the same method as Theorem 3.2, we find that Q¢ (I — A\ D1), Qc, (I —

A2Ds) and Q¢ (I — A3D3) are nonexpansive mappings.
From the definition of Z and Lemma 2.26, we have

F(Z)=F(Qc,(I = MD1))NF(Qcy(I —A2D3))NF(Qey (I — A3D3))
= S(OE,Dl) N S(CE,DQ) n S(CE7D3)

From Theorem 3.2 and Lemma 3.5, we have the following theorem.

Theorem 3.6. Let C be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let Q¢,, be a sunny nonexpansive retraction
of Cg. Let D1, D,, D3 : Cp — E be di,ds, ds-inverse strongly accretive operators, recep-
tively. Define the mapping Z : Cr — Cg by Z(x) = Qop(I — M1D1)(az + (1 — a)Qcy (I —
XoDs)(az +(1—a)Qcy, (I—=A3D3)z)) forallz € Cg, A1 € (0, 25), A2 € (0, )3 € (0, 25),a €
[0,1], where K is the 2-uniformly smooth constant of E. Let T, S : Cr — Cg be nonex-
pansive mappings. Assume that F = S(Cg, D1)NS(Cg, D2)NS(Cg, D3)NF(S)NF(T) # 0.
Let the sequence {z,} be generated by z; € Cg and

Un = T(dnxn + (1 A 6n)5$n)7
Yn = anf(ln) he ﬂnxn + YnUn,

Tnyl = QCE(I Y )‘lDl)(a’I + (1 3 a’)QCE(I ] )‘2D2)(a"[

+(1 = a’)QC'E (I i )\3D3)))yn7 vn Z 17

(3.21)

where f: Cg — Cg be a contraction mapping with a constant ¢ € (0,1) and {a. }, {Bn} {7n}, {0n} C
[0, 1] with o, + 8, + v = 1. Suppose that the following condition are satisfied

(i) limy— oo ap = 0, o it Y 5

(i) 0 < ¢ < Bnyn,on <d<1lforall ¢,d >0and forall n>1,

(i) Y02y lans1 — anl <00, 3507 [Brar — Bl < 00,

Zf,,o=1 |Ynt1 — Ynl < 00, ZZO=1 |0n41 — 6n| < 00,

(iv) im0 6, = 0.

Then the sequence {z,} converges strongly to zo = Qr f(z0) and (xo, yo, 20) is @ solution

of (1.11), where 3y = Qc,, (I — X\aD5)(azg + (1 — a)zp) and zp = Q¢ (I — A3D3)xo.
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3.3 A Strong convergence theorem in Hilbert space to approximate a
common solution of SCVIP and hierarchical fixed point problem

of nonexpansive mapping

In this section, we prove lemmas related to SCVIP and fixed point problem
of nonexpansive mapping under suitable conditions on our parameters. Utilizing our
lammas we prove the strong convergence theorem in Hilbert space of the sequences
generated by the modified Halpern iterative method for finding a common solution
of hierarchical fixed point problem for a nonexpansive mapping and SCVIP.

The following lemmas are needed to prove the main theorem.

Lemma 3.7. Let H; and H, be Hilbert spaces. Let M, : H; — 21 be a multi-valued
maximal monotone mapping and Mp : Hy — 22 be a multi-valued maximal mono-
tone mapping. Let A: H; — H, be a bounded linear operator. For every i =1,2,.... N,
~{a;} and
B; : Hy — H, be p;-inverse strongly monotone with ng = min,—1 2, .. N{Bi}. For each

let A; : Hi — H; be a;-inverse strongly monotone with 74 = min;—1»

.....

x,y € Hy, then
N

[T (1 — )\AZaz @ =yA* (I = VP (I = Xp > biB;))Az)
=1

— (- )\Azaz (y =AU~ [P~ ABZ”B NAy)I?
=1
N N

<l =yl =@ =L ~ I3 2= Ap Y biBi))Aw— (L = JUP (I = hg Y biB)) Ay,
i=1 i=1

where A4 € (0,274), Ap € (0,295), Y a; = N b =1 and v € (0, 1) with L is the
spectral radius of A*A.

Proof. Let =,y € H,. Consider

N N
[TV = Aa Y aidi)(@ = yA (I — JYB(I = Xp Y _b;B;)) Ax)

i=1 =T

N
— TV = A4 Z a; Ai)(y =y A L= VB (1 — Ap ZbiBi))Ay)||2
i=1
N N
<@ —y) = (AT =TI =X Y biBi)Ax — A*(I = TP (I = Ag Y biBy))Ay)|?
=1 =1
N N
=z —yll* = 29(z —y, A" (I = VP (I = Xp > _b;B;)) Az — A*(I = J\'P (I — Ap > _ b;B;))Ay)
i=1 i=1

N N
+ VAT = TN (I = Ap Y biBi))Aw — A*(I — JY2(I = Mg Y _biBi)) Ayl|?
i=1 =1
N N
<lz =yl + 29(Ay — Ax, (I = TP (1= Ap Y biB:)) Az — (I — JY'P (1= Ap Y biB:)) Ay)

i=1 i=1

N N
+ VLI = TP (T = Ap Y biBi) Az — (I — J\P (I — Mg Y b;Bi)) Ayl

=1 i=1
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N N
=z =yl + 29(Ay — Az + JVP (I = Xp Y biBi) Az — J\'P (I — Ap > b;By)Ax
i=1 =1
N N N
+ TP =AY biBi)Ay — JVE(I = Ap Y bBi)Ay, (I — J\'P(I - Ap > b;B;))Ax

i=1 i=1 i=1

N
— (I = JYP(I—Xp Y _b:iB;))Ay)
=1
N N
+ VLI = TP (T = Ap Y biB) Az — (I — J\P (I — Mg Y b;Bi)) Ayl
i=1 i=1
N N

= llz = ylI* + 29 [(M2 (1 = Ap Y- 0iBi) Ay — T3P (1= Ap > biBi) A,
=1 =1
N N

(I—= TV (I=Xg Y biB)Aw— (I — NP (I =Ag Y b;B;))Ay)
=1 =1
N N
— (I = T (I =2p Y b:iBi))Ax — (I — Jy2(I= Ap Y _b;B;))Ay,

=% i=1
N

N
(I = TM=(1 = xp Y b:By) Aw — (I - JME(L =25 biBi))Ayﬁ
1=1 1=1
N ’ N
+ 2L (L =B (I~ Ap Y biBi)) Az — (I = Iy (I= g Y biBi)) Ay
=1 =1
2 1 Mp 2 Mp & 2
<z -yl + 27{§||(I ~ % CH B ZbiBi))Ax ~ W Pl 5 ZbiBi))Ay”
=1 =1
N

N
T = M (T =gy b,Bi)Ae ~ (I~ TME(T - 25 bqu;))AyHQ}

i=1 i=1

N N
+ LI =T (T = Ap Y biBy)) Az — (I = J\2(I' = Ag Y b By)) Ay|>
i=1 =1
N ’ N
= ll& = yl> =y (1 = YD) (T = TR (I — Xp Y biBi))Aw = (T = J\E (I — Ag Y biB;)) Ayll>.

73s] =1
Hence

N N
[TV (T = Xa Y | aidy) (@ — yA* (I = T3B(I = Ap Y _biB;)) Ax)

i=1 i=1

N N
— JVAT = Aa D> aid)(y —yAY (T = TP (1= A > biBi) Ay)|?

i=1 =1

N
<o =yl =y (L= AL = I3 (L = Ap Y biBi)) A
=1

N
(I—J¥=(I= Mg > biBy)) Ayl

[]

Lemma 3.8. Let H; and H, be Hilbert spaces. Let M, : H; — 251 be a multi-valued
maximal monotone mapping and Mg : Hy — 22 be a multi-valued maximal mono-

tone mapping. Let A: H; — H, be a bounded linear operator. For every i = 1,2,..., N,
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let A; : Hi — H; be a;-inverse strongly monotone with n4 = min;—; 2 ~{a;} and
B; : Hy — Hy be p;-inverse strongly monotone with ng = min;—1 2 ~{8i}. Suppose

that Q@ # 0. Then the following are equivalent:
(i) 2*eQ
(i) 2" =TV (I =M SN @A) (z* — yA (T — JYP (1 — Ap SO biB;)) Az*),

where A4 € (0,274), Ap € (0,2n5), XN ja; = SN b =1 and v € (0, 1) with L is the
spectral radius of A*A.

Proof. Let the condition holds.
(i) = (ii) Let z* € Q, we have z* € VI(Hy, Y.~ | a;A;, M4) and
Az € VI(Hy, SN | b:Bi, Mp).
From Lemma 2.33, we have z* € F(J{'4 (I-\a Y1 aid;)) and Az* € F(J317 (I-
Ap i, biBy)), which implies that «* = JYA(I =AY | a;d)z* and Az* = J\#(1 -
A SN b B) Az~
By 2" = JVA(I = Xa 0 aidi)z® and Azt = J)5 (1~ A N | biB;)Az*, we have
N N
VAT =22 aidi) (@t = yA* (I — VP (I =X > biB;))Ax*)
i=1 i=1
N

N
= JNVAT =AY aidi) (@ — yAN Azt =TT —Ap > b;B;)Az")
p=-

=11
N
— J/J\ZA (I A )\A ZaZAl)x*
ST=3§

=z,

It implies that

Jara (I —Aa ﬁ: a;Ay)(z* —q AN = JYB(I— Ap i biB;))Az*) = x*. (3.22)
1=1 =1
(i7) = (i) Let JMA(T=AA SN | ai ) (@* AT = 3P (- Ap YN | b:B;)) Az*) = o*
and let w € Q.
We will show that T—Aa S a;4; and T—Ap 32N b; B; are nonexpansive, for all
i=1,2,..,N.
Since A; : Hi — H; be a;-inverse strongly monotone mapping with ns =

Min;—1 2. ~{a;} and X4 € (0,2n4), we have

N N
1= xa D aidi)a — (I —=xa > aidyl
=1 =1

N N

o=yl 22 Y i~y Az — A + 05 Y il A — Awy?
i=1 i=1

N N
<o —yl” = 2Xa Y asail| A — Aigl]® + 22D ail| A — Aiy||®
=1

i=1
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N N
<z —yl* =2 ana > aill A — Ay |> + A% D asll A — Ayl
=1 i=1
N

= & —yl> + 24 D> ai(Aa — 2na) | Aiz — Agy?

i=1

< llz = ylI*.

Thus I — X4 vazl a;A; is @ nonexpansive mapping, for all i = 1,2,..., N. By using
the same proof, we obtain that 7 — g Zf;l b;B;, foralli =1,2,..., N is a nonexpansive
mapping. Then JY4(I-xa S, a;A;) and Ji'2 (I-Ap Y1, b;B;) are nonexpansive map-
pings.

From w € Q and (i) = (ii), we have J\'% (I —Ap S, biBi) Aw = Aw and JA (I -
AN i A (w — AT — JYE (L= Ap I 0:By)) Aw) = w.

From Lemma 3.7 and J'7 (I — Ap S| b;B;) Aw = w, we have

N
2" — wl* = [TV = A4 Zaz i) (@* = A (I — JB(I - Ap Y _biB;)) Ax”)

1=
N N

— MA@ =AY aiA)(w =y AN (T = T2 (I = Ap Y biBy)) Aw)|)?

i=1 i=1

< llz* =wl|® =9 =D - IN 2@ — As ZbiBi))Ax

N
'R (I B J;\V;B (I 1 )\B szBz))AUJHQ

=i
N
=|la* ~wl* =1 = AL = BT — A5 Y| b:By) Ax*||”. (3.23)
V=1

Applying (3.23), we have

N
Azt € F(IYP(1—2p > b:By)). (3.24)
i=1
From Lemma 2.34, we have
N
Az* e VI <H1, ZbiBi,MB> . (3.25)
=1

From the definition of z* and (3.24), we have

N N
ot = JUAT = A4 D A (@t =y AT = TP (1= Ap > biBi))Ax”)

i=1 i=1
N
= VAT = X2 aiA)x

From Lemma 2.34, we have

N
e VI (Hg,ZaiAi,MA> ) (3.26)

i=1

From (3.25) and (3.26), we have z* € Q. []
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Example 3.9. Let H, = H, = R. For every i = 1,2,....N, let 4; : R — R define by
A =24 (i+1) forallz € Hy and B; : R — R define by Biy = 2 + (i +1) forall y € Hs.
Let M, : R — 2% be defined by M,z = {2} forall z € R and M5 : R — 2% be defined by
Mpz = {4} forally e R. Let Az =z, forallz € R. Leta; = £+ kv and b; = £ + 13y for
alli=1,2,..,N. Then JY4 (I = A4 SN, aidi)(z* =y A (I = TV (I - Ap SO 0:B;)) Aa*) =
—4.

Solution. It is easy to observe 4; is 2-inverse strongly monotone mapping and B; is

2-inverse strongly monotone mapping. By definition of 4;, B; and a;, b;, we have

N N

Zale Z 5 —s—ﬁ)Aix:Z(%—kﬁ)(%—i—(H—l)),

i=1 i=1

and
N

Zszy 22 B = D2+ ) (41

Then @ = {—4}. From definition of 4, we have L =1. Choose A\x = %, Ap = &
and v = & From Lemma 3.8, we have JY4(I = Aa Yo aidy)(x* — A (I — 32 (I —

Ap YN biB;))Az*) = —4, []

Example 3.10. Let H; = =TR. Foreveryi=1,2..,N, let 4, : R — R define by
Az =24 (i+1) forall z € Hy and B;:R — Rdefine by Biy =2 + (i +1) forall y € Hs.
Let M4 : R — 2% be defined by Mz = {2} forall z € R and Mp : R — 2% be defined by
Mpz = {4} forally e R. Let Az = 2, forallz € R. Leta; = 2+ 5w and b; = £ + 13w for
alli=1,2,..,N. Then JY4 (T-Xy o | aiAi) (@™ =y A" (I- T (1A S0, 0:By)) A*) = o
for all z* € R.

Solution. It is easy to observe 4; is 2-inverse strongly monotone mapping and B; is

2-inverse strongly monotone mapping. By definition of 4;, B; and a;, b;, we have

C N3 1 Mot 1 )iz
7A7 ¥ —_— —— Ai - — -— aF ) 1 B
;a, T ;(42+N4N) T ;(4Z+N4N)(4+(Z+ ))
and N N =
2 1 2 1 iy
; y ;(3 + ) B g(gz + 337 (5 T E+1)

Then Q = {—4}. From definition of A, we have L = 1. Choose Ay =0, A\p =0
and v = 5, we have JY4 (T -Aa SN | 0 Ai) (@ —y A (I = JVP (I -Ap SN biBy))Ax*) = «
for all z* € R.

So Example 3.10 shows that Lemma 3.8 is not true because choose A4 = 0
and \g = 0. []

We prove a strong convergence theorem in Hilbert space to approximate a

common solution of SCVIP and hierarchical fixed point problem of nonexpansive map-
ping.
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Theorem 3.11. Let H,, H, be real Hilbert spaces. Let M4 : H; — 281 be a multi-
valued maximal monotone mapping and Mg : Hy — 252 be a multi-valued maximal
monotone mapping. Let A : H; — Hs, be a bounded linear operator with its adjoint
operator A*. Let A; : H — H; be «;-inverse strongly monotone with n4 = min;—1{a;}
and B; : Hy — Hy be g;-inverse strongly monotone with ng = min,—1{3;}. Let S,T :
Hy, — H; be two nonexpansive mappings. Assume that F = &nQ # (. Let the sequence
{z,} generated by u,z; € H; and

Up = TV = XA o0 aidy) (@ — AT — TV (1 = Ap SO 0iB;)) Az,
yn - (1 - Oén)xn + Oén(O'nS.%'n + (1 - 0'7L)Txn)7 (327)
Tpgl = PnU + PplYn + Ontin,

where {1, }, {¢n}, {0n}, {an}, {on} € [0,1] With p,+@,+60, =1 foralln > 1, A4 € (0,2n4),
Mg € (0,2np) and y € (0, 1) with L is the spectral radius of A*A. Suppose the following
conditions hold:

() UM pn =055 307 = 03

(i) 0<c<@n,bn,an<d<1,3e,d>0,

(i) DI g1 sl <00, 300 il Pt £ =0n} <00,Y 524, [0p4' = O] < oo,
(iv) iMoo om = 0, ey < oY

(V) limy e Lt — g,

v) SN wi=N bi=1a,>0and b, >0foralli=1,2,..,N.

Then {x,} converges strongly to z, € F, where zy = Pru.

Proof. Stepl. First, we prove that {#,}, {y»} and {u,} are bounded.

We will show that JY4 (1 — X4 ST, aiA;) and JY (I g 321, b:B;) are nonex-
pansive mappings.
Since A; is a;-inverse strongly monotone with n4 = min;—;{a;}, we have

2

N N N N
(If)\AZaiAi)xf (I—/\AZaiAi)y =||(x —y) f)\A(ZaiAifoaiAiy)
i=1 i=1 i=1 i=1

N

<lw =yl =234 Y ailz —y, Aw — Aiy)
i=1

N
+ALDailAix — Ayl
=1
N
<o —yl® =22 Y aiail| A — Aiy®
i=1

N
+ALD aill Az — Ayl
=1
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N
<o —yl? +xa Y ai(ha — 204) | Asz — Aiy]®

i=1

< |lz = ylI*.

Thus I —X4 Zjvzl a;A; is a nonexpansive mapping, for all i = 1,2,..., N. By using
the same proof, we obtain that I — Az YV, b;B; is a nonexpansive mapping. Since
JY'4 and J!7 are nonexpnsive mappings, we have Jy4 (I — xS0, aiA;) and Je (1 —
AB Zil b;B;) are nonexpansive mappings.

Let p € F then p € H, and p € ® which Tp = p. Now, we estimate

lyn — p”2 = (1 = an)rn + an(onSzy + (1 — 0p)Txy) — p”2
= |(1 — ap)(@n — p) +an(on(STy —p) + (L= on)(Tzy — p))Hz
L—ay)|zn = plI* + anll (00 (S2n — p) + (1 = ) (T, — p))||”

(
(1
(
(

IN

— ap)||Tn — pH2 + ang ST~ pHQ +an(l= o) || Tx, — pH2
man)||Zn _pH2 + a0l STn — pH2 + an(l — on)zn _pH2

<
<1

1 — anop)l|lzn = pl* + anou| Szn = p|*. (3.28)

Sincep € F, thenp € Qand YA (T-Xs o | a;ds)p=pand J5(I1-\p S b:B;)Ap =

Ap. By Lemma 3.8, we have

N N
JNAI = XA aidi)(p = yA* (T = JYP(I = Ap Y _ b;iBi))Ap) = p.
1=1 =1

By Lemma 3.7, we have

l|un *p”z
N N
= XA =22 aidi)(@n — YA (L = I8 (T = Ag Y biB;))Axy)

o L,
N

i=1

N
— JyA(T=Aa Z%‘Ai)(p — AT = JP (= Ap ZbiBi))Ap)HQ
i=1 Ly
N N
< llam = pIP = /(U= VL) = 35 (1 = Ap D biB) Awy — (L= J352 (1= Ap 3 biBi)) Ap|?

=l i=1

N
< lan = pl* =11 = AL = I3 (I = Ap Y biBi)) Awnl®

i=1

< ||z — p|* (3.29)

By (3.28) and (3.29), we have
||l‘n+1 - p”2 = ”:u‘nu + PnYn + enun - p”2

< pnllu = pI* + nllyn = pl* + Onllun — p|1?

< finlu _pH2 + ©n [(1 — apoy)||lzy —p||2 + anon||STy —p||2 + O |7y, _pH2

= pnlu _pH2 +enllzn p||2 — PO Tn — p||2 + Ononon||STy —p||2 + Onlln —p||2
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= ,UnHu _pH2 + (1 - Nn)”xn _p||2 - ‘Pnanannxn _p||2 + ‘Pnanannsxn _p||2

S (1 - Mn)”mn _p||2 + UnHU' _p”2 + /J/nanO-nHS-Tn - sz (330)
From Lemma 2.32(i), therefore {z,} is bounded. So are {u,},{y.}.
Step2. Show that lim, o |Zn+1—2n| = 0, My oo |2 —un| = 0and lim,, o0 [|2n—

Ynll = 0.

[Znt1 = 2ull = lltnt + ©nyn + Ontin — tin—10 — Pr_1Yyn—1 — On—1up—1||
= [[(tn = pn—1)u + (Pn — Yn-1)Yn—1 + Pn(Yn — Yn-1)
+ (0, — On—1)un—1 + 0wy, — up—1)||
< ‘Nn - Un—lHluH + |<Pn — On—1||yn-1ll + €nllyn — Yn-1ll
100 = O 1 ||| ttn—1]| + Onllttre— Ures |- (3.31)

From definition of {u,}, Lemma 3.7 and v € (0, 1), we have

N N
[tn — un 21 [|? = [JYA (T = A0 > " 0iA) (20 — AL = JYE(I=xp Y b;B;))Axy,)
i =1

i=1

N N
= TV = Xa Y @A) @y — AT I = JYP(T =AY biBy))Azn_y)|?
i=1 =1

N
S Natm = zn=a |2 =9 (1 =LA — IR (I = Ap ) biBi)) Az,

=

N
—(I=JB(1 = Xp Z b B )Y Ak 4|2

D=
S “xn 2| fL’n—l||2~
It implies that
Hun iy un—l” S ||xn L xn—l”- (332)

From definition of {y,}, we have

[9n = yn-all = (L= an)zn + an(onSzn + (1 —on)Tzy)
—l=an-1)xn1+an1(on_1Stn_1+ (1 —0p_1)TTn_1)]]
=||(zn — Tpn-1) — OnTp + Vp1Tpn—1 + QpTp_1 — QW Tp_1
+ o, Sty — ap_10p-15%n_1 + o STp_1 — apopRSTH_1
+a, T, —ap 1Ty, 1 +a,Te, 1 —a,Tr, 1
— nonyTxn + apn_10p-1TTn1 + anonTxn_1 — @nonTrp_1]|
= (1 = an)(@n — Tn-1) + (@n—1 — @n)Tn_1
+ (@non — ap_10p-1)STn_1 + anon(Sty — STp_1)
+a,(1—0,)Txp —Taxp-1)+ (n — apn—1)TTp_1
+ (ap—10n—1 — @pop)Txp_1||

< (= an)lzn = znall +lan-1 = anlllzn -l
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+ |anon — an—10n-1|[|STn-1]|| + anon||STn — STp_1]|
+an(l—on)[Ten = Tepall + lom — ana|[Tzn |
+lan—10n-1 = anop||Tn 1|
< (I —an)llzn — zp-1ll + lan—1 — anll|zn-1]
+lonon — an_10n1||STh1 || + anonllTn — 201l
+ O‘n(l - Un)||$n - xn—ln + |O‘n - an—1|||T$n—1||
+ |an—10n—1 — anop ||| TTn—1|
= [lzn — zp-1ll + |an—1 — an|l|zn-1|
+ anon — an—10n1||STn_1]| + lon — an1||Top—1]|

+ |an—10n—1 — anop|||Ten-1|. (3.33)
From (3.31)-(3.33), we have

[#ng1 = znll < lpn = pa—allfull + lon —On-1lllgn-1ll + eullyn = yn-1ll

FA “gn i en—l'llun—ln 1 en”un 1 un—lH

< pm = pn=lllull + lon — en—alllyn1ll
F¢nllzn —znoal +lan-1 — anlllzn
+ |onon — anl10na|||Szn—1|| + Jan = 1 || Tz ||
+len-10m1 = anon || Tz ]
+ 100 = Onalllun—1ll + Onll2n — 20|

= (on + On)llzn — Tp—all + |n — pa—1full + len = Pn=1lllyn-1ll
+¢nlan-1 = onlllznall + nlanon — an_1on ||| Szni|l
+ @ulon = ana|[|Tzn-1 | + onlan-10n—1 — anop|[|TTn-1||
+ ‘0n = 9n—1H|un—1||

S (L=pa)llzn = Tn-1ll + [ = pa—alllull + len = on-1ll|yn-1ll
+lan=1 — an|l|Tn_1l| +|anon — an—10n—_1|||SzH—1]|
+ lan — an—1||Tzp-1ll +lan—10n—1 — anon || Tzn 1|

+ ‘en - anleluanH'
By Lemma 2.32(i), conditions (i) and (iii), we have
U [[41 — 20 = 0. (3.34)
From definition of {u,}, we have

Tn+1 — Up = UplU + PnYn + enun — Up

= pn (U — up) + n(Yn — un). (3.35)
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From (3.28) and (3.29), we have

||xn+1 - p||2 = ”,Unu + OnYn + Optn _pH2

= pnllu —p||2 + @nllyn — p”2 + Onlun —p||2

”2 — O |lu — un”2 — @nbnllyn — Un”2

— Pnenlu — yn
< pinllu = pl* + nllyn = pII? + Onllun — plI* = nbnllyn — un|?
< pinllu = plI* + onl(1 = anon)l|lzn — plI* + anowllSzn — pl?]

+ Onllzn — plI* — enbnllyn — unl?
= pnllu = plI* + onllan — plI* — enanonllz, — pl?

+ Pnanon || ST, — p”2 + Onl| 20 — p”2 — ©nbnllyn — “n||2
< il = pl? + (1 = pn) |20 =PI + @nonon || Sz, — pl?

— Enbnllyn — unl?

S .LLn”u *PHQ + ||xn ‘PHz + SananO—nK — @nan”yn g unH2a

where K =sup, {||Sz, —p||*}. It follow that

‘Pnennyn = un”2 < :unHu _p|]2 + Pnanon K + Hxn _pH2 1 Hxnﬂ-l _pH2

< finllw = pl? + nanon K + [Jtn — znaili(lon — pll + llznes — pl)

< NnHu L pH? + onano, K + ”xn > xn+1||L1,

where Ly = sup, {[lz, = pl| + |znt1 — pl|}. From (3.34), conditions (i), (i) and (v), we have

U g — wal] =0, (3.36)

From (3.35) and (3.36), we have

[Znt1 = Unll = lltn(w — un) + @n(yn — un)|l

Sl =unll + @nllyn — unll-

From (3.36) and a condition (i), we have

Since

Um fn 1 = 10| = 0. (3.37)

Zn — unl| = |Tn — Tny1 + Tot1 — ual|

<o = a1l + |Tn41 — unl|-

From (3.35) and (3.37), we have

Since

im [, = un | = 0. (3.38)

[£n = ynll = 120 = un + un = ynl|
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< Hxn - UnH + ”un - ynH
From (3.36) and (3.38), we have
lim [z — ynll = 0. (3.39)

Step3. iMoo |2n — Ty || = 0.
We have
Hxn - Tan < ”xn - ynH + ||yn - Tan (3.40)

Since {z,} is bounded and the mappings S,T are nonexpansive then there

exists a K; > 0 such that ||Sz,, — Tz,| < K1, for all n > 0. Now, we estimate

lyn — Txpn|| = (1 = o) xn + an(0n Sty + (1 —0,)Tay) — Tyl
= ||(1 - an)(In o Tx?’l) + O[n(O'nSIn + (1 e O'n)T-Tn - TIW)H

= |(1 — apn)(@n — Txp) + (07 Szn — 0Ty ) ||

IN

(1= ap)llen = Tzl + anon|| Sty — Ta,||

IN

(= an)[Hxn r ynH Ch “yn - Txn”] + aanHan - Txn”

< (1= a)llzn = unll + (1 ~ an)llyn = TTnll + 0non||STy, = Ty,

which implies

an”yn - Txn” S (1 = O‘n)H"En ynH + Oé"O'nHSZL’n = Txn”

< an = ynll + @non K.

[t follow that
fn = Ty < 20 (3.41)
Since lim; 00 ——~ngn;yn"” =0, we have lim, ”x"af"” = liMn 00 0n - 7”1’;;’{7?” =0.
From lim,,_s o ”i%” =0, (3.41) and a condition (v), we have
UM |lyn. = Tzn|| = 0. (3.42)
n—o0

Thus, it follows from (3.39), (3.40) and (3.42), we have
im |l — Tzal| = 0. (3.43)

Stepd. z* € F
Since {z,} is bounded, there exists a subsequence {z,, } which converges

weakly to z*. We may assume that

and

o -z . -z
iminf(—z,,z — In —In xn) = lim (—zp, 2 — Yrw — Fnie _ Ty )s
n—00 (07 k— o0 (07%

liminf(Sz,,z — 22— 2y = Uim (S, , o — LT

n—00 (07 k—o00 (0%
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We will show that z* € F(T'). Assume that a* ¢ F(T), then a* # Tz* and using
Opial’s property of Hilbert space and (3.42), we have
Ulgmﬂfﬂﬂ?nk -z < li}gn inf ||, — Tx*||
<Uminf (|an, — Tz, || + [|[T2n, —Tz*|)
k— o0
< lili‘n inf ||z, — 2,

which is a contradiction. Therefore, * € F(T).

Next, we show that z* € ®. Consider

yn — Tp = (1 - an)xn + Oén(O'nSJ?n + (1 - Un)T-rn) — Tp
= pon Sty — xn) + an(1 = 0,) (T, — ),
which implies

Yn — Tn 1/ an(l i Un)(Twn - xn)

Sxy — T, =
a’", O"’L a'n, O-/IL
_Yn—n x (1—=0o,)(IL —T)xy,
WOy 7, '

It follows that

SE \ - Yn — T _ (1 T Un)(l o T)xn.
oo on

Since T is nonexpansive, we have I — T is monotone. Let z € F(T), we have

Yn — Tn Yn — Tn

(Sxp — xy — T — — Ip)
O [/
(1 —=on) Un — Tn
= C o (- Dy - _a,
= (R N et PR
(1 T Un) Yn — Tn Yn — T
e LTI\ N\ T T3 I-TA ,
) (1 g £ e B (- T A B
Yn — Tn
x— )
Qi
(1 Un)[ Yn — Tn, Yn — Tn
N [—T)an— (I —T)(x - - o,
P ({1~ Ty — (- T - Vnn By p LW 0
Yn Tn yn — Tp
o Ny, L = ]
=Ty B Ty
(1 Un) Yn — Tn Yn — Tn
< [—T)(x— - — zn
- (( )(@ o ) o Tn)
< (1 _Un) ‘(I—T)(.CC— Yn _xn) \Hx_ Yn — Tn —z,
On Qo Qn
— (1_071) ‘(I_T)(m_yn_xn)_(I_T)x’Hx_yn_xn_mn
op (7% Qp
S 2(1_0_n)||yn_mn” 'x_ Yn — Tn — nl
QnOn On
which implies
Qp Qn0Op Qi
Yn — T Yn — T
< L= *xn>

OnOn On
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< glv =l
a’I’LO—n

(3.44)

nll-

’ Yn — Tn
T — _
Qp

Since lim,,_,o, 22—l — o we have

[e3

lim (dre —Fne o Y Ty, (3.45)

)
k—o0 Oy, Qp,,

From (3.45) and "% 4 g, — z*, we have

k

Uminf( — 2,z — L2

n— 00 Oy

_ $n>

. -z
im (-, , o — Yo = Ty _ Ty, )
k—o00 Q.

lim (— B AL —" — —
k—>oo< Ty — (@ Qi i, 't O, Tni)

lim

|:<1: . ynk _xnk ol o ynk e wnk
k—o0

Oy, N Q.

lim

|:<l’ _ Yny — Ty, Yny — Tny,
k— o0

Q. ' Qp, Uy,

Yn, — Ty, yn — Tp
< k k ,ZC A k £ 1A I’nk>
[e779% Qpy,

= ||lz —a*|? = (=, z — a¥). (3.46)

+

Since S is weakly continuous and 2=k + 2, — z*, we obtain
N

iminf(Sx,,z — LTy = zp) = Um (S, , 2~ Jor “Orerry T, ) = (Sz* 2 —x*). (3.47)

n—00 (67% k—oo On,,
From (3.44), (3.46) and (3.47), we have
(Sz* —a* o —a*y = (Sz",x—2") — (", x —a")

= (Sz*x—z")+ |z — at:*||2 —(z,x — 2")

“A ~x —z
= liminf [(an,x £ ¥ Tp) — (T, — P T _ xn>}
n—0o0 Qip, Qp
. -
=\liminf(Sz, — 2,2 — Yn ~ Ta\ Tn,)
n— 00 iy,
< lim infgllin = Znl *m "y
n—00 AnOp o
<0.

Hence z* solve Hierarchical fixed point problem, i.e., z* € .
Next, we show that 2* € Q. Assume that 2* # J4 (T—A4 SN Ay (et =y AF (I -
TP (I = Ap SO 0:B;)) Ax®). Applying the Opial’s property, (3.38) and Lemma 3.7, we

have
liminf||z,, — 2
k—o0

N N
H M. * * M *
< lIkrTiLro\fonk =M= Aa ;zl aiAi) (" —yA (I = J P(I = B g b;B;))Az™||

i=1
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N
.o M * M
= Uminf o, — JUA (1= Aa Zal i) (@, — YA = TP (I = Ap Y _b;iBi)) Ay,

i=1
N N
F TUAT = A a5 Ai) (@n, — yAT (I = TP (1= Ap Y biB;)) Az,

i=1 i=1

— Ty - )\AZaz (@ — AL = TP (T — ABZbB )Az*||
=1
N N

Slimlgf{l\wnk TMAT =22 Y @A) (@, — AL = TV (1= Ap Y biBy)) Az, |

=1 =1
N
+ |l T (T - AAZ% i) (@, — YA (I = JY2(I = Ap Y _b;B;)) Ay,
=1
N N
I A Y @A)t AT JﬁB(If)\BZbiBi))A:L'*H}

1= i=1
< UmInf [l = tn, | + 12w, = o]
k—o0

N

N
— YU ADNT =TT = Ap Y 0B Az, — (T = TV (T=Ap Y biBi))Ax*n}

i=1 i=1

< U inf {1z, = s 1 1 — 2]
k— o0

= liminf ||z, —«*|.
k—o0

This is a contradiction. Then z* = JYA(I = A 3o @A) (@ — vA (I — TP (1 -

A XL biB;)) Az, From Lemma 3.8, we have z* € Q. Therefore, z* € .

Step5. Finally, we will prove that {z,} converges strongly to zo = Pru.

We show that limsup,, ., _{u— 29, 2, — 20) < 0, where zy = Pru. We may assume

the subsequence {z,,} of {x,} with

limsup(u = 20, xp — 20) = le <u — 20, &, — 20)-

n—roo

(3.48)

Since z,, — x* as k — oo and z* € F. By (3.48) and Lemma 2.27, we have

lim sup(u — 20, 2, — 20) = M (u — 29, @, = 20) <0

n—oo k—o0

From (3.28) and (3.29), we have

@011 = 20l” = [ltnt + ©nyn + Ontn — 20>
= [[tn(u = 20) + ©n(Yn — 20) + On(un — 20)[?
< len(yn = 20) + On(un = 2011 + 2{n (u = 20), Tny1 — 20)
< @allyn = 20ll” + Onllun — 20l|* + 2pn {u — 20, Tnt1 — 20)
< n[(1 = anon)|n = 20l* + anon Sz, — 20/
+ Onlln — 2001 + 2pn (u — 20, Tny1 — 20)

< onllTn — 20”2 + Pnanon||Szn — ZO||2

+ Opll0 — 201° + 20 (u — 20, Tpt1 — 20)

(3.49)
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< (1= pn)llzn — 20”2 + @nanUnHSﬂ?n - ZO||2
+ 20 (U — 20, Tpy1 — 20)-

Applying Lemma 2.32(ii), conditions (i), (iv) and (3.49), we can conclude that

the {z,} converges strongly to 2o = Pru. This completes the proof. []

Next, we have the following strong convergence to approximation a common
element of solution the set of SMVI and hierarchical fixed point problem of nonex-

pansive mapping.

Corollary 3.12. Let H;, H, be real Hilbert spaces. Let M, : H; — 21 be a multi-
valued maximal monotone mapping and Mg : Hy — 252 be a multi-valued maximal
monotone mapping. Let F : Hy — H, be a bounded linear operator with its adjoint
operator F*. Let A: H; — H; be a-inverse strongly monotone and B : Hy — H, be
S-inverse strongly monotone. Let S,7 : Hy — H; be two nonexpansive mappings.

Assume that F = ® N 6O # (. Let the sequence {z,} senerated by w,z; € H; and
U = Jy AT = Mg A) @y — yA*(I = TP (I — ApB))Fx,),
Yn = (1 = an)Ty + an(0nSa, + (1 — o) Tay), (3.50)
LTn+1 = UnU X3 PnYn g 9"’&7“

where {p,}, {on}; {00}, {an}, {oa} € [0,1] with p, + ¢, +6,, =1 foralln >1, A4 € (0,20),
Mg € (0,28) and v € (0, ) with L is the spectral radius of F*F. Suppose the following

conditions hold:

() UMpssopn =0, 00y tn =00,

(i) 0<e<pp,b,<d<1,3c,d>0,

(i) D07 [tnrs — tin] < 00,5 ey [@nts = Pnl <00, 0 | |Oni1 — 65| < 00,
(V) limy e 0s =0, 07 0 < 00,

V) limyee % =0,

Then {z,} converges strongly to zy € F, where 2y = Pru.

Proof. Put 4, = A and B, = B forall i =1,2,...,N in Theorem 3.11. From Theorem
3.11, we obtain the desired result. []
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3.4 Application of strong convergence theorem in Hilbert space to
approximate a common solution of SCVIP and hierarchical fixed

point problem of nonexpansive mapping

3.4.1 Split Zero Point Problem

Let H be a real Hilbert space. Let M : H — 2 be a maximal monotone

operator. Then the zero point problem is to find z* € H such that
0€ Maz*, (3.51)

such an z* € H is called a zero point of M. The set of zero point of M is denoted by
M=1(0).

Let H; and Hy be two real Hilbert spaces. Setting A; = 0 and B; = 0 for all
i=1,2,..,N in SCVIP, then SCVIP reduce to the split zero point problem: Find z* € H;
such that

0 e Maa*, (3.52)

and
y* € Az* such that 0 € Mpy*, (3.53)

where A : H, — H, is bounded linear operator, M4 : H; — 21 and Mp : Hy — 22
are multi-valued mapping. The set of all solution of this problem is denoted by
Oy = {z € M1 (0): Az e M5*(0)}).

The split zero point problem which consists of the special cases, split feasibility
problem, variational inequalities, etc., which is used in practice as a model in machine
learning, image processing and linear inverse problem.

Next, we give the strong convergence theorem for solving the split zero point

problem and the hierarchical fixed point problem of nonexpansive mapping.

Corollary 3.13. Let Hy, H> be real Hilbert spaces. Let My : H; — 21 be a multi-
valued maximal monotone mapping and Mg : Hy — 22 be a multi-valued maximal
monotone mapping. Let A : Hy — H, be a bounded linear operator with its adjoint
operator A*. Let S,T : Hy — H; be two nonexpansive mappings. Assume that F =

dNQ #£0. Let the iterative sequence generated by hybrid iterative algorithm:
Uy, = Ji‘i“‘(wn — WA*JﬁBAmn),
yn = (1 — ap)zy + an(onSz, + (1 — 0,)Tay), (3.54)
Tyl = Pt + OnlYn + Onlin,

where {6,,}, {¢n}, {mn}, {on}, {on} € [0,1] With 6,,+¢,+n, = 1foralln >1,and v € (0, 1)
with L is the spectral radius of A*A. Suppose the following conditions hold:

(I) len—>oo M = 0, 220:1 Mg =00,
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(i) 0<c<pn,bp,a,<d<1,3c,d>0,

(i) 32021 a1 = pnl < 00,3707 1 [@nt1 = @nl < 00,3707 041 — 0 < 00,
(V) limyseon =0,300 0, < 0,
V) lim, o Lzl — g,
Then {z,} converges strongly to z € F, where z = Pyu.
Proof. Put A, = 0 and B; = 0 forall i = 1,2,..., N in Theorem 3.11. From Theorem
3.11, we obtain the desired conclusion. L]

3.4.2 Split Combination of Variational Inequalities Problem

Setting M4 = Qig, and Mg = iy, in (1.17) and (1.18), then SCVIP reduce to

the split combination of variational inequality problem, that is find z* € H; such that

N
(Z a; Az —a*) >0, Vo € Hy, (3.55)
i=1
and
N
y* = Az* € H, such that (Z biBiy",y —y*) >0, Yy € Ho, (3.56)

i=1
where A : H, = H, is bounded linear operator and ¥ a; = Y b, = 1. The set of
all this is denoted by Qs = {z € VI(Hy, Y1 a;4;) : Aw € VI(Ha, Y 1 b:B)}.

Remark 3.14. If M4 = 0ig, and Mp = dig, in (1.17) and (1.18), then we have Q reduce
to Q3.

Proof. We will show that VI(Hy, 2N aiAi, Ma) = VI(Hy, YN  a;A;). We have for
xz* € Hy.
Consider,

N N
z* € VI(Hy, ZaiAi, My) < 05, € ZaiAiw* + Maz*
=1 7 —ls
N
& 9H1 S ZalAlm* + aiHl (.I*)

i=1

N
< — ZaiAix* (S aZHl (ZZ?*)
i=1
N
& <Z a;A;x*,x —x*) >0, Vo € Hy,
i=1

N
St e VI(HlaZaiAi)~

i=1

Similarly, we also have VI(Hy, YN | b;Bi, Mp) = VI(Ha, YN, b;B;). Then Q = Q3
where My = diy, and Mg = diy,. L]
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The split combination of variational inequality problem has played an essential
role for concrete problems in dynamic emission tomographic image reconstruction, sig-
nal recovery problems, beam-forming problems, power-control problems, bandwidth
allocation problems and optimal control problems.

Next, we establish a strong convergence theorem for solving the split combi-
nation of variational inequality problem and hierarchical fixed point problem of non-

expansive mapping by using a modified Halpern iterative method as follows:

Theorem 3.15. Let Hy, H, be real Hilbert spaces. Let A : H; — H, be a bounded
linear operator with its adjoint operator A*. Let A; : H; — H; be «a;-inverse strongly
monotone with 4 = min,—1{a;} and B; : Hy, — Hy be p;-inverse strongly monotone
with ng = min,—1{6;}. Let S,T : Hy — Hy; be two nonexpansive mappings. Assume
that F = ® N Q3 # 0. Let the sequence {xz,} generated by u,x, € H, and

Un = Py (I = A a N 03 A3) (= YA (L = Py (1= A I b:By)) Az,

Yn = (1 — ap)xn + an(0nSzy + (1 — 0n)Tay), (3.57)

Tn+l = HplU + PnlYn + enuru

where {u.}, {@n}s {0}, {an}s {on} € [0,1] With s, +0n+0, = 1 forall n > 1, Aa € (0,2n4),
Mg € (0,2np) and v € (0, +) with L is the spectral radius of 4*A. Suppose the following

conditions hold:

() iMoo = 0, 300 fin = 00,

(i) 0<c= pnybhn,an<d<d, Je,d >0,

(i) D052y [ags — ) <00,3 e 1 ont1=t0n| <00, 77 |0ns1 — Onl <.00,
(V) limyS5e00m =0,3 02 0y < 00,

(v)  Uimy,_eo “i;%ﬂ =0,

Vi) SN ai =N bi=1,a; >0andb; >0foralli=12.,N.

Then {z,} converges strongly to z¢ € F, where zy = Pru.

Proof. Put M4 = diy, and Mp = diy, in Theorem 3.11. Using the same method in The-

orem 3.11, we have the desired conclusion.

[]
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Example and numerical

4.1 Example and numerical in Banach space

In this section, we give numerical examples to support our some main results.

The following examples are given for supporting Theorem 3.2.
Example 4.1. Let R be the set of real numbers and
E=1Ly-55 ={e:R—=R| / e?(z)dx < oo},
.

with the inner product defined by

5
PN / 2 \5(a)dz,

-5

and

=

et = ([ it

for all e,g € E. Let Cp = H(g,500) = {h € La[-5,5]| [° g(x)h(z)dz = 500} where
g € Lo[-5,5] with g(x) = 2z — 3, for all z € [—5,5]. Define mappings D1, D2, D3, T, S, f :
Cp — Cg as follows Dy (h) = 2538 Dy(h) = 2231 Dy(h) = 2230 (k) = 24531 §(h) = b461
and f(h) = %, for all h € Cg. Define the mapping Z : Cp — Cg by Zz = Qc, (I —
MDi)(ah + (1 — a)Qcy (I — NoD2)(ah + (1 — a)Qecy, (I — A3D3)h)) for all h € Cp. Setting
{on} = {5}, {Bnt ={32=2), {m} = {182} and {4,} = {222}, foralln € N. Then the

49n n

sequence {z,} generated by (5.1) converges strongly to a point z* = 31.

Solution. By definition of Dy, Dy and D3, we have D;, Dy and D3 are l-inverse strongly
accretive operators. It is easy to check that f is t-contraction mappings and T, S are
nonexpansive mapping with F(S) N F(T) = {3I}.

By definition of Q¢,, and Cg, we have

A

Let K = £, we have K is 2-uniformly smooth constant of R. We choose
M =2€(0,9), A =3€(0,9) and A3 =4 € (0,9) and a =1 €0, 1].

For every n € N{an} = {4}, {8} = (3554}, {3} = {1552} and {5,) = {251},
then the sequence {a,}, {8.}, {7n} and {8, } satisfy all the conditions of Theorem 3.2.

From the definition of Z, that is Z(h) = Qc, (I —2D1)(3h + 3Qc, (I —3D2)(3h +

1Qc,(I-4D3)h)) forallh € C, we have F(Z) = {3I}. ThenF = F(Z)NF(S)NF(T) = {31}.

From Theorem 3.2, we obtain the sequence {z,} converges strongly to 3I.

[]
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Example 4.2. Let R be the real line with Euclidean norm and let Cr = [0,3] and
Dy1,Dy,D3 : Cp — R be mappings defined by Dz = £,D,2 = £ and Dsz = £ for all
z € Cg. LetT,S: Cp — Cg be defined by Ta = max{0,—z} and Sz = min{0, %} for
all z € Cp. Let f: Cg — Cg be mappint defined by f(z) = £ for all # € Cg. Define
the mapping Z : Cr — Cg by Zz = Qc, (I — \iD1)(ax + (1 — a)Qcy (I — AaDs)(az + (1 —
@)Qcp (I — AsD3)z)) for all @ € Cp. Setting {an} = {2}, {Ba} = {222}, {ya} = {15

and {6,} = {221}, forall n € N. Then the sequence {x,} generated by (5.1) converges

n

strongly to a point z* = 0.

Solution. Since f(z) = % for all # € Cp, we have f is j-contraction mapping. It is
easy to see that T and S are nonexpansive mapping with F(S)n F(T) = {0}. Since
Dix = £,Dyx = £ and D3z = £ for all # € C, we have D,,D, and D3 are 1-inverse
strongly accretive operator.

Let K = 3, we have K is 2-uniformly smooth constant of R. We choose
M =2€(0,9), A =3€(0,9) and A3 =4 € (0,9) and a=1 € [0,1].

For every n € N, {an} = {&} {8} = (%51}, () = (14551} and {3} =

{22=11 then the sequence {an}, {B.}, {7.} and {6,} satisfy all the conditions of The-

5n

orem 3.2.

From the definition of Z, that is Zz = Q¢ (I — 2D1)(32 + 2Qeu(I — 3Ds) (32 +
1Qc,(I = 4D3)z)), we have F(Z) = {0} and (0,0,0) is a solution of (1.11). Then
F = F(Z)n F(S)N F(T) = {0}. We rewrite (5.1) as follows:

U = T(EL g, + (1= Z21)82,), @)

Trop1 = Z(n f(2n) + Bt wn + Setun);

3,
Choose z; = 5 and n = 10. The numerical for the sequence z,, are shown in
Tabel 1 and Figure 1.

Figure 4.1: The convergence of {z,} with initial values z; =5 and n = 10
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Table 4.1: The values of {z,} with 21 =5,n =10

n Tn error (%)

1 5.000000000000000 -

2 0.291707821059663 1614.043861048105
3 0.020107004951208 1350.773363101550
4 0.001004015300175 1902.689243018201
5 0.000000200184010 1021.334912011851
6 0.000000000140005 978.1581001421004
7 0.000000000000134 904.1854100014710
8 0.000000000000124 8.064516129017012
9 0.000000000000117 5.982905983102004
10 0.000000000000116 0.862068966001242

4.2 Example and numerical in Hilbert space

The purpose of this section is to give numerical examples to support some of
our. The following example siven for supporting Theorem 3.11 and example show
that Theorem 3.11 is not true if condition (iv) fails, but conditions (i), (ii), (iii), (v) and

(vi) are satisfied.

Example 4.3. Let H; = H, = R, the set of all real numbers, with the inner product
defined by (z, y) = xy, for all z,y € R and induced usual norm |-|. Foreveryi=1,2,..,N,
let the mapping 4; : R — R define by 4;z = 2 + (i + 1) forallz € Hy and B, : R - R
define by By = % +(i+1) for all y € Hy, respectively, let Ma, Mp : R — 2% be defined
by M4 (z) ={%}, forallz e Rand Mp(y) ={%}, forall y € R. Let the mapping A: R - R

be defined by A(z) = —2z, for all 2 € R and let v € (0, 1), so we choose v = 5. Let

the mapping T': R —+ R be defined by Tz = =12, for all z € R and let the mapping

S :R — R be defined by Sz = 218 for all z € R. Setting {un}= {1}, {pn}= {TLLL},

15n

{0.}= {82, {an}= {1} and {04 }= {2z}, Yo e N. Forevery i =1,2,..., N, suppose that

a; = &+ 53x and b; = Z + . Then {=z,} converges strongly to a point z* = —4 € F.
Solution. It is easy to check that a; and b; satisfies all the conditions of Theorem 3.11
and 4; is L-inverse strongly monotone and B; is 4:-inverse strongly monotone for all
i=1,2,..,N. We choose \s = 3, A\ = 5&. Since a; = & + 3, we obtain

N N

3 1 T
Aix = S )2
;al i ; (41 + N4N) 4
Then 0 € VI(Hy, YN | a;A;, Ma). Since b; = 2 + iy, we have

NbB &2 1 \y
2 v=3 (5 v 5

i=1
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Then 0 € VI(Hy, Y1, b:B;, Mp). Thus {—4} = Q.

It is easy to observe that T, S are nonexpansive mappings with F(T) = {4},
F(S) = {—4}. Hence ® = {—4}. Therefore F = ® N Q = {0}.

For every n € N, {un}= {1}, {pn}= (I}, {6,}= {352}, {on)= {1} and {o)=
{11z}, then the sequence {u,}, {¢n}, {6n}, {an} and {o,,} satisfy all the conditions of

Theorem 3.11. We rewrite (5.4) as follows:
Un = AT — 5 SN i Ay (wn — YA (T = JYP (1 = 3 SO0 biBs)) Ay),

Un = (1= D)z + L(22 Sz + (1 = 52)T), (4.2)

Tp41 = 5%’“ + 7{%—;1 Yn + 8115;411471»
Choose u = —1, z; = 1, N =100 and n = 20. The numerical for the sequence
{z,} are shown Table 4.2 and Figure 4.2. []

Table 4.2: The values of {z,} with N =100,n = 10

n T, error (%)

1 1.000000000000000 -

2 —2.078490048215079 148.1118504001824
3 —3.117800841919048 33.33473047153201
4 —3.558708584007431 12.38954329001782
5 —3.870081853071857 8.045650734017523
6 —3.981400713810520 2.795972273301401
7 —3.984752801862711 0.084122839010014
8 —3.989180408119522 0.082161991114027
9 -3.992001745821323 0.077987542611015
10 —3.995101701418320 0.077593930101514

Figure 4.2: The sequence {z,} converges strongly to 0 with initial values z; = 1, N = 100 and
n = 10.

Example 4.4. Let H; = H, = R, the set of all real numbers, with the inner product

defined by (z,y) = zy, for all z,y € R and induced usual norm |-|. Foreveryi=1,2,..,N,
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let the mapping 4; : R — R define by A;z = £ for all 2 € H; and B, : R — R define by
By = & for all y € H,, respectively, let My, Mp : R — 2% be defined by Ma(z) = {22},
for all z € R and Mgp(y) = {2y}, for all y € R. Let the mapping 4 : R — R be defined

by A(z) = —2z, for all z € R and let v € (0, 1), so we choose v = . Let the mapping

T :R — R be defined by Tz = max {0, —z}, for all z € R and let the mapping S: R — R
be defined by Sz = min{0, %}, for all z € R. Setting {u,}= {1}, {¢n}= {TtL}, {6.}=

15n

g4}, {an}= {2} and {o,}= {n}, Vn € N. For every i = 1,2,...,N, suppose that

a; = & + wiw and b; = Z + 3x. Then {z,} is divegence.

Solution. Note that the sequence {u.}, {¥n}, {0n}, {an}, a; and b; satisfies the condi-
tions (i), (i), (iii), (v) and (vi) from Theorem 3.11, while assumption (iv) does not converge
to 0 since

lim n = co.
n—o0

Choose u= —1, 1 = 1, N = 100 and n = 25. The numerical for the sequence
{z,} are shown in Table 4.3 and Figure 4.3. Therefore, {x,} is divegence. []

Table 4.3: The values of {z,} with N =100,n = 25

n T error (%)

1 1.000000000000000 -

2 —0.076707182681007 1402.531278017896
3 —0.171707951035812 89.30283449101785
4 —0.352507819321075 51.28932136201489
5 —0.473648900753108 25.57613348820185
17 —12.01089004833105 96.05650457815 23
21 —41.72920179001821 15.65510793512841
22 —57.20560179500482 27.05421056891218
23 —78.52977955410336 26.70918355210252
24 —107.9388078991472 27.24605807520021

25 —148.5342689941007 27.00346112821053



53

A z ! ; !

-20

-40

-60

-80

-100

-120

-140

0 5 10 15 20 25

Figure 4.3: The sequence {z,} is divergence with initial values z1 = 1, N = 100 and n = 25.

Next, we give example to support out some result in a two dimensional space

of real numbers.

Example 4.5. Let H; = H, = R?, with the inner product defined by (z,y) = zy =
21 Y1+ 29 - yo, fOr all 2 = (21, 22), vy = (y1,92) € R? and induced usual norm || - || defined
by ||lz|| = /22 + 22 for all z = (z1,2,) € R% Forevery i = 1,2,., N, let the mapping
A; : R? - R? define by A;z = & for all z = (21,25) € H; and B; : R? - R? define by
Biy = £ forall y = (y1,42) € H,, respectively, let My, Mp : R? — 9% be defined by
Ma(z) = {z}, forall z = (x1,22) € R? and Mp(y) = {3y}, for all y = (y1,y2) € R2. Let
the mapping A : R? — R? be defined by A(z) = 3z, for all # = (z1,22) € R? and let
v € (0,%), sO we choose v = . Let the mapping 7' : R? — R? be defined by Tz = £,
for all z = (21, z2) € R? and let the mapping S : R* — R? be defined by Sz = min {0, £},
for all = = (a1,22) € R2.Setting ()= {2}, {pu}= (T2}, {6.3= {52, {an)= {1}
and {o,}= {;i}, Vn € N. For every i =1,2,..,N, suppose that a; = 3 + 5~ and

bi = % + x5~. Then {z,} converges strongly to a point z* = (0,0) € F.

Solution. It is easy to check that a; and b; satisfies all the conditions of Theorem 3.11
and 4; is 3--inverse strongly monotone and B is J--inverse strongly monotone for all
i=1,2,...,N. We choose Ay = =&, A = =%. Thus {(0,0)} = Q.

For definition of T"and S, then T"and S are nonexpansive mapping with F(T) =
{(0,0)}. Hence ® = {(0,0)}. Therefore F = &N Q = {(0,0)}.

For every n € N, {un}= {1}, {pn}= {551}, {62}= (352}, {om)= {1} and {ou)=
{11z}, then the sequence {u,}, {¢n}, {6n}, {an} and {o,,} satisfy all the conditions of
Theorem 3.11.

From Theorem 3.11, we can conclude that the sequence {z,} converges to

(0,0). []




Chapter 5
Conclusion

In this chapter, we summarize all main theorems and applications obtained in
this thesis.

5.1 Strong convergence theorem to approximate a common solution
of Banach generalized system of variational inequalities problem

in Banach space

(1) Let Cg be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let Q¢, be a sunny nonexpansive retraction
of Cg. Let Dy, Dy, D3 : Cp — E be dy, ds, ds-inverse strongly accretive operators, recep-
tively. Define the mapping Z : Cr — Cg by Z(x) = Qc, (I — M\ D1)(ax + (1 — a)Qcy (I —
XaDs)(az+(1—a)Qc, (I—A3D3)z)) forall z € Cg, A1 € (0, &), X2 € (0, %% ),A3 € (0, 2% ),a €
[0,1], where K is the 2-uniformly smooth constant of E. Let TS : Cr — Cr be non-
expansive mappings. Assume that F = F(Z) N F(S) N F(T) # 0. Let the sequence {z,}
be generated by »y € Cr and

wi'= T(bnin 4 (1-6,)854) (5.1)

Tni1 = Z{an f(@n) + BaZn +nlin),
where f : Cg — Cg be a contraction mapping with a constant ¢ € (0,1) and {a., }, {Bn} {n}, {0n} C
[0,1] with a,, + 8, + v = 1. Suppose that the following condition are satisfied
(D) iMoo an = 0,307, i = 00,
(i) 0 < ¢ < BnyAn, 0n <d<1forall ¢,d>0and forall n>1,
(iii) >y lomy1—an] < 00,30 [Brgi—Bnl < 00, o mr1—=Ynl < 00,3y [0nt1—0n| < 00,
(iv) lim,, o0 0, = 4.
Then the sequence {z,,} converges strongly to zy = Qr f(z0) and (zo, yo, 20) is a solution
of (1.11), where yy = Q¢ (I — XaD5)(azo + (1 —a)zp) and 2o = Q¢ (I — A3D3)xo.

(2) Let Cg be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let Q¢, be a sunny nonexpansive retraction
of Cg. Let Dy, Dy, D3 : C — E be dy,ds, ds-inverse strongly accretive operators, recep-
tively. Define the mapping Z : C — Cr by Z(z) = Qcp (I=A1D1)(Qcy (I—A2D2)(Qcy, (I—
AsDs)z)) forall z € Cg, A € (0, 25), A2 € (0, £%),A3 € (0, %), where K is the 2-uniformly

smooth constant of E. Let T, S : Cr — Cg be nonexpansive mappings. Assume that
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F=F(Z)NFS)NF(T)+# 0. Let the sequence {z,} be generated by z; € Cr and

Uy =T (0nn + (1 = 6,)S2y), (5.2)

Tnt1 = Z(anf(Tn) + Bnn + Ynln),
where f: Cg — Cg be a contraction mapping with a constant ¢ € (0,1) and {a,}, {8},
{m}, {6,} € [0,1] with a,, + 8, + v, = 1. Suppose that the following condition are
satisfied
(i) imy—oo an = 0, ooy = 00,
(i) 0 < ¢ < Bnyn,on <d<1forall ¢,d>0andforalln>1,
(i) 302y lamg1—am| < 00,507 1 [Bnt1—Bnl < 00,5071 [nt1=Ynl < 00,5007 [0n41—0n] < 00,
(iv) Umy,— o0 65, = 0.
Then the sequence {z,} converges strongly to zo = Qrf(z0) and (zo, yo, 20) is a solution
of (1.11), where yo = Q¢ (I — XaD2)2zp and zy = Q¢ (I — A\3D3)xg.

(3) Let Cr be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E and let Q¢,, be a sunny nonexpansive retraction
of Cg. Let Dy, Dy, D3 : Cp = E be di,ds,ds-inverse strongly accretive operators, recep-
tively. Define the mapping Z : Cr — Cg by Z(x) = Qc, (I — \iDi)(az + (1 — a)Qcy, (I —
XoDo)(az+(1—a)Qcy(I=A3Ds)z)) forall z € Cp, A1 € (0,45 ), A2 € (0, 22),A3 € (0, 4),a €
[0, 1], where K is the 2-uniformly smooth constant of E. Let T,.5 : Crx — Cg be nonex-
pansive mappings. Assume that F = S(Cg, D1)NS(Cr, D2)NS(Cg, D3)NF(S)NF(T) # 0.
Let the sequence {z,} be generated by z; € Cr and

Yn = anf(xn) + BrTn + Ynln,

Tpi1 = Qcp(I —AiD1)(al + (1 = a)Qcy (I — A2D2)(al

+(1 L a)QCE (I f o AdDd)))yna vn > ]-7

(5.3)

where f: Cg — Cg be a contraction mapping with a constant € € (0,1) and {a. }, {Bn}, {n}, {0n} C
[0, 1] with o, + B, + v = 1. Suppose that the following condition are satisfied

(D liMy o0 a = 0,307 | @y = 00,

(i) 0 < ¢ < BpyYn,0n < d < 1forall e,d >0and forall n>1,

(i) D20 [oms1 — an| <00, 3207 [Bus1 — Bal < o0,

Dot 1 = yn| <00, 3207 [0n41 — dn| < 00,

(iv) im,, o0 6, = 6.

Then the sequence {z,,} converges strongly to zo = Qr f(z0) and (zo, yo, 20) is a solution

of (111), where Yo = QC’E (I — )\QDQ)(CML'O + (1 — a)Zo) and z20 = QCE (I — )\ng)xo.
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5.2  Strong convergence theorem to approximate a common solution
of SCVIP and hierarchical fixed point problem of nonexpansive

mapping in Hilbert space

(1) Let Hy, H, be real Hilbert spaces. Let M4 : H; — 25 be a multi-valued max-
imal monotone mapping and Mp : Hy — 22 be a multi-valued maximal monotone
mapping. Let A : H; — H, be a bounded linear operator with its adjoint opera-
tor A*. Let A; : H — H; be «a;-inverse strongly monotone with na = min;—1{«;} and
B, : Hy — Hs be p;-inverse strongly monotone with ng = min,—;{3;}. Let S,T: H; — H;
be two nonexpansive mappings. Assume that F = ® N Q # (. Let the sequence {z,}

generated by wu,z; € H; and
Un = JVNI = XA TN | 0 Ai) (@ ~ YA (L= T3P (1 = Xp S0iL, b:Bi)) Ay,
Yn = (]- & an)zn + O‘n(ansxn + (]- A\ Un)Txn)v (54)
Tn+1 = HnU + PnYn + enun;

where {1}, {¢n}; {00}, {an}, {on} €[0,1] With g, +on+0,, = Lforalln > 1, A4 € (0,2n4),
Mg € (0,2np) and v € (0, 1) with L is the spectral radius of A*A. Suppose the following

conditions hold:
(l) lIrnn%oo pn =0, 22021 Hn = 00,
(i) 0<c<nbn,an <d<1,3c,d>0,

(i) ZZC:1 i1 = n| < OO:ZZC:1 |@nt1 — @n] < 00’22021 0r41 —0n] < o0,
(V) liMpses0n =0,3°7 0, < 00,

(V) limy, e L2zt — g,

Vi) SN ai =N bi=1,a;>0and b >0foralli=12,.. N.

Then {z,} converges strongly to 2y € F, where z, = Pru.

(2) Let Hy, Hy be real Hilbert spaces. Let M, : H; — 2H: be a multi-valued
maximal monotone mapping and Mg : Hy — 2H2 be a multi-valued maximal mono-
tone mapping. Let F: H; — H, be a bounded linear operator with its adjoint operator
F*. Let A: H, — H; be a-inverse strongly monotone and B : Hy — H, be p-inverse
strongly monotone. Let 5,7 : H; — H; be two nonexpansive mappings. Assume that

F=®n0o #0. Let the sequence {z,} generated by u,z; € H; and

Uy = JyA (I = Mg A)(x — yA* (I = J3IB(I = ApB))Fy,),
Yn = (1 — an)n + an(0nSzy + (1 — 0p)Tzy), (5.5)

Tp41 = UpU + PnlYn + Ontin,



57

where {un}, {on}, {00}, {an}, {on} € [0,1] With p,+¢, +6, =1 foralln > 1, A4 € (0,20),
Mg € (0,28) and « € (0, +) with L is the spectral radius of F*F. Suppose the following
conditions hold:

(I) lIrnn~>c>o Hn = 0, 220:1 Mpn = 00,

(i) 0<c<pn,b,,a,<d<1,3c,d>0,

(iii) 220:1 ltnt1 — pin] < 00’220:1 lon+1 — @n| < 00:220:1 On+1 — O] < o0,
(V) limpseeon =0,3"7 0, < 0,

(V) llm’ﬂ*)OO |zn—ynll =0,

Then {z,} converges strongly to z; € F, where z; = Pru.

(3) Let Hy, Hy be real Hilbert spaces. Let My : H; — 251 be a multi-valued
maximal monotone mapping and Mg : Hy — 22 be a multi-valued maximal mono-
tone mapping. Let A: H; — H, be a bounded linear operator with its adjoint operator
A*. Let S,T : Hy — H; be two nonexpansive mappings. Assume that F = & N Qy # 0.
Let the iterative sequence generated by hybrid iterative algorithm:

Uy = J%A (n — vA*J)]\VéBAIn),
Y= (1= )T 4 (00520 4 (1 —03)Tr), (5.6)
Tntl = Pnt~+ Pnln + Ontin,
where {6,,}, {¢n}, {nn}, {on}, {on} € [0, 1] With 6, +¢p+n5, = 1foralln >1,and v € (0, 1)
with L is the spectral radius of A*A. Suppose the following conditions hold:
M Uph-Dun =00 L Db, =05

(i) 0<e<nbn,a, <d<1,3e,d>0,

(iif) >t [t — pal < OO’ZZC:1 lPn+1 — @nl < OQZZL |On41—0On| < 00,
(V) limpseeon =0,300 0, < 0,

(V) limy e lznsnll — g,

Then {z,} converges strongly to z € F, where z = Pyu.

(4) Let Hy, Hy be real Hilbert spaces. Let A : Hy — H, be a bounded linear
operator with its adjoint operator A*. Let A; : Hy — H; be «a;-inverse strongly mono-
tone with na = min;—;{a;} and B; : Hy — H, be pg;-inverse strongly monotone with
np = min;—1{B;}. Let S,T : H; — H; be two nonexpansive mappings. Assume that

F=®nNQ; +# 0. Let the sequence {z,} generated by u,z; € H; and
U = Ppr, (T = Aa S0y 0 A) (= yA* (I = Pry (T = Ap YL, b:Bi)) Aw),
Y = (1 = an)n + an (0050 + (1 — 00)Tzy), (5.7)

Tyg1 = MU+ PnYn + Ontin,
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where {1, }, {¢n}, {00}, {an}, {on} € [0,1] With g, +@,+60, = 1foralln > 1, A4 € (0,2n4),
Mg € (0,2np) and v € (0, 1) with L is the spectral radius of A*A. Suppose the following

conditions hold:
(|) L”’nn%oo Hn = 0, Z;L.Ozl Hn = OO,

(i) 0<c<pn,b,,a,<d<1,3c,d>0,

o0

(iii) Do g1 = pnl < 00,3707 [0nt1 — ] < 00,3507 1 1041 — O] < 00,
(iv) Um, oo on =0, Yoo o0 < 0,

(V) llmn—mx‘) lzn—ynll =0,

Q&nOn

V) SN ai="N bi=1a >0and b, >0foralli=1,2,..,N.

Then {z,} converges strongly to zy € F, where 2y = Pru.

5.3 Example and numerical

In the section, we give the concousion for Examples.

5.3.1 Example and numerical in Banach space

(1) Example 4.2 show that the sequence {z,} converges to 31, where {3} =
F(S)NFE(T). The convergence of {z,} of Example 4.2 can be guaranteed by Theorem
3.2.

(2) Table 4.1 and Figure 4.1 show that the sequence {=, } converges to 0, where
{0} = F(S) N F(T). The convergence of {z,} of Example 4.2 can be guaranteed by
Theorem 3.2.

5.3.2 Example and numerical in Hilbert space

(1) Table 4.2 and Figure 4.2 show that the sequence {z,} converges to 0, where
{0} = @ N Q. The convergence of {z,} of Example 4.3 can be guaranteed by Theorem
3.11.

(2) Table 4.3 and Figure 4.3 show that the sequence {x,} diverge, where con-
dition (iv) is violated since lim,, o0 0 # 0.

(3) Example 4.5 show that the sequence {z,,} converges to (0,0), where {(0,0)} =

® N Q. The convergence of {x,} of Example 4.5 can be guaranteed by Theorem 3.11.
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Abstract: The purpose of this paper is to introduce the split combination of variational inclusion
problem which combines the concept of the modified variational inclusion problem introduced
by Khuangsatung and Kangtunyakarn and the split variational inclusion problem introduced by
Moudafi. Using a modified Halpern iterative method, we prove the strong convergence theorem
for finding a common solution for the hierarchical fixed point problem and the split combination of
variational inclusion problem. The result presented in this paper demonstrates the corresponding

result for the split zero point problem and the split combination of variation inequality problem.

Moreover, we discuss a numerical example for supporting our result and the numerical example
shows that our result is not true if some conditions fail.

Keywords: split variational inclusion problem; hierarchical fixed point problem; fixed point problem

MSC: 47H09; 47]25; 49]40; 90C99

1. Introduction

Throughout this article, we let H be a real Hilbert spaces with inner products (-,-) and norms
I - || and let C be a nonempty closed convex subset of a real Hilbert spaces H.

Definition 1. Let C be a nonempty subset of a real Hilbert spaces H and Z : C — C be a self mapping. Z is
called a nonexpansive mapping if

1Zx —Zy| < ||x —yl|, forallx,y € C.
Z is called a firmly nonexpansive mapping if
|Zx — Zy||> < (x —y,Zx — Zy), forall x,y € C.

A mapping W : C — H is called a-inverse strongly monotone [1], if there exists a positive real
number « such that
(x —y, Wx — Wy) > a||[Wx — Wy||%, Vx,y € C. 1)

If W : C — H is a-inverse strongly monotone, then W is monotone mapping, that is,
(Wx —Wy,x —y) >0, Vx,y € H.

Remark 1. (i) If & = 1in Equation (1), then W is firmly nonexpansive mapping.
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Fori=1,2,..,N,let A; : H — H be a single-valued mapping and M : H — 2H be a multi-valued
mapping, from the concept of variational inclusion problems, Khuangsatung and Kangtunyakarn [2]
introduced the problem of finding x € H such that

0 € =N a;Aix + Mx, )

for all a; € (0,1) with 2511 a; = 1 and 6 is a zero vector. This problem is called the modified variational
inclusion. The set of solutions of Equation (2) is denoted by VI(H, Z,IL a;A;, M). If we set A; = B for
i =1,2,..,N then Equation (2) reduces to § € Bx + Mx, which is the variational inclusion problem.
The set of solution of variational inclusion problem is denoted by VI(H, B, M).

The variational inclusion problems are extensively studied in mathematical programming, optimal
control, mathematical economics, etc. In recent years, considerable interest has been shown in
developing various extensions and generalization of the variational inclusion problem; for instance [3,4]
and reference therein.

The operator M is called a maximal monotone [5], if M is monotone, i.e., (u —v,x —y) > 0,
wherever u € M(x), v € M(y) and the graph G(M) of M (thatis, G(M) := {(x,u) € Hx H:u €
M(x)}) is not property contained in the graph of any other monotone operator.

Let resolvent operator [ : H — H be defined by J¥(x) = (I + AM)~!(x), forall x € H, where M
is a multi-valued maximal monotone mapping, A > 0 and [ is an identity mapping.

Let T : C — C be a mapping. A point x € C is called a fixed point of T if Tx = x. The set of
fixed points of T is denoted Fix(T) = {x € C : Tx = x}. Fixed point problem is an important area
of mathematical analysis. This problem applies about the solution in many problem in Hilbert space
such as nonlinear operator equation, variational inclusion problem, etc.; for instance [2-18].

Khuangsatung and Kangtunyakarn [2] proposed the following iterative algorithm:

wy, 1 € H,
YN bi¥i(Zay) + (Y —2n, 20 — wa) 20, Vy € C,

) 7

Wyl = App+ /Snwn i ’YVIHA(I - /\21'[11 ﬂiAi)wn £l 77n(1 # Pn(I - S))wn + 0nzy, Vn > 1,

where S : H — H is a k-strictly pseudononspreading mapping (i.e., if there exists « € [0, 1) such that
[|Su —Sv||2 < [|u —o||> + x| (I = S)u — (I —S)v||>+2(u — Su,v — Sv), Yu,v € H) and under certain
assumptions of ¥; : C x C — R is a bifunction for all i = 1,2, ..., N, they proved strong convergence
theorem for solving the modified variational inclusion problem under some suitable conditions of
{an}, {But, {vn}s L}, {00} and {pn}.

Over the decades, there are many mathematicians interested in studying the variational inequality
problem, which is one of the important problems. The methods used to solve this problem can
be applied for other solutions such as physics, economics, finance, optimization, network analysis,
medical images, water resourced and structural analysis. The set of solution of the variational inequality
problem is denoted by

VI(C,A)={u € C: (v—u,Au) > 0},

forallv € Cand A : C — H is a mapping.

Many iterative methods have been developed for solving variational inequality problem, see,
for instance [7,8].

By using the concept of the variational inequality problem, Moudafi and Mainge [9] firstly
introduced hierarchical fixed point problem for a nonexpansive mapping T with respect to another
nonexpansive mapping S on H: Find x* € Fix(T) such that

(Sx™ —x*,x —x*) <0, Vx € Fix(T), ®)
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where S : H — H is a nonexpansive mapping. It is easy to see that Equation (3) is equivalent to the
following fixed point problem: Find x* € H such that

x* = PFix(T) o SX*, (4)

where Pr;y (1) is the metric projection of H onto F ix(T). The solution set of Equation (3) is denoted by
@ ={x* € H: (Sx* —x*,x —x*) <0, Vx € Fix(T)}. It is obvious that ® = VI(Fix(T),I — S). Note
that Equation (3) covers monotone variational inequality on fixed point sets, minimization problem,
etc. Many iterative methods have been developed for solving the hierarchical fixed point problem in
Equation (3), see example [9-11].

By using the concept of Krasnoselski-Mann iterative algorithm, Moudafi [10] introduced iterative
scheme (5) for nonexpansive mapping S, T on a subset C of Hilbert space:

xg € C, (5)
Xpe1 = (1 —an)xy + an(0nPxy 4+ (1 —0,)Txy), Y > 0.

He proved the weak convergence theorem of the sequence {x, }, where {a,, },{0,,} C (0,1) satisfies

() L% ou < +oo,
(ii) Z;Zc()) &n (1 = lxn) = foo,
(i) Tinn, 5o Lzl g,

Let Hy and H; be two real Hilbert spaces and C, Q be a nonempty closed convex subset of a real
Hilbert spaces Hy and H; , respectively. Let A : H; — H be a bounded linear operator. Censor and
Elfving [14] introduced the split feasibility problem (SEP) which is to find a point x € C and Ax € Q.
Many authors have studied this concept of SEP to modified their problem, see example [12-15].

In 2010, Censor, Gibali and Reich [13] introduced the split variational inequality problem which
relies on the split feasibility problem and thus created the iterative algorithm for solving a strong
convergence theorem of the split variational inclusion problem; more detail [13].

The split monotone variational inclusion problem, which consists of special cases, which is
being used in practice as a model in the intensity-modulated radiation therapy treatment planning,
the modeling of many inverse problems, and other problems; see for instance [11-15].

Foreveryi=1,2,..,N. Let A; : Hy — Hy, B; : Hy — Hj be mappings and M4 : H; — 281 and
Mg : Hy — 22 be multi-value mappings. Inspired and motivated by Moudafi [12] and Khuangsatung
and Kangtunyakarn [2], we define the split combination of the variational inclusion problem (SCVIP) which
is find x* € Hj such that

N
9H1 € Za,-A,»x* + Max®, 6)
i=1
and
N
y* = Ax* such that 0y, € Z biBiy* + Mpy”*, 7)
i=1
where A : Hy — H, is a bounded linear operator and Y, a; = YN, b; = 1.

The set of all the solutions for Equations (6) and (7) are denoted by Q = {x €
VI(H, YN, a;A;, M) : Ax € VI(Ha, YN, b;B;, M3)}.

Ifweset A; = Aand B; = Bforalli =1,2,..., N then SCVIP reduces to the split monotone variational
inclusion problem (SMVI), which is,

find x* € Hy such that0 € A(x*) + M (x¥), (8

and such that
y* = Ax* € Hpsolves0 € B(y*) + Mp(y*), ©)
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introduced by Moudafi [12]. The set of all these solutions for Equations (8) and (9) are denoted by
0= {x* € VI(H],f, Bz) T Ax* e VI(Hz,g, Bz)}.

Very recently, Kazmi et al. [11] proved the strong convergence theorem under suitable condition
of parameters for solving the hierarchical fixed point problem and SMVI by using hybrid iterative
method as follows:

x0€C, C=¢C;

y = (1 — an)xy + anPe(0uSxy + (1 — 00) Wyxy);

zn = I3 (1= Af) (un);

wn = Jy2 (1 - Ag)(Azy);

Yn = zZn + YA (W, — Azy);

Cn={2€C:|yn _ZHZ < (1 = anon)||xn — ZH2 + an0u[|Sxn _ZHZ}?
Qn{z € C: (xp—2z,x—x4) > 0};

Xu+1 = Pc,ng,xo0,n = 0.

(10)

where M : Hy — 2, M, : Hy — 2H2 are multi-valued maximal monotone operators, f : C — Hj
is f1-inverse strongly monotone mapping, ¢ : Q — H, is fp-inverse strongly monotone mapping,
{T,-}}i ; : C — Cis a finite family of nonexpansive mappings and W), is a W-mapping generated by
Ti, Ta, ..., Ty and A, 1, Ao, oy Ay forallm € NU {0}

Based on the results mentioned above, we give our theorem for SCVIP and some important results
as follows:

(i) We first establish Lemma 8 which shows the equivalence between SCVIP and fixed point problem
of nonexpansive mapping under suitable conditions on our parameters. Further, we give
some example to support Lemma 8 and the example shows that Lemma 8 is not true if some
condition fails.

(ii) We establish a strong convergence theorem of the sequences generated by the modified Halpern
iterative method for finding a common solution of hierarchical fixed point problem for a
nonexpansive mapping and SCVIP.

(ili) We apply our main result to obtain a strong convergence theorem of the sequences generated by
the modified Halpern iterative method for finding a common solution of hierarchical fixed point
problem for a nonexpansive mapping and split combination of variational inequality problem
and a strong convergence theorem for finding a common solution of hierarchical fixed point
problem for nonexpansive mapping and split zero point problem.

(iv) We give some illustrative numerical examples to support our main result and our examples show
that our main result is not true if some conditions fail.

2. Preliminaries

In this paper, we denote weak and strong convergence by the notations '—" and '—’, respectively.
We recall some concepts and results needed in the sequel.

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Then for any
x € H, there exists a unique nearest point in C, denoted by Pcx, such that

llx = Pex|| < [lx = yll, vy € C. an

The mapping Pc is called the matric projection of H onto C. It is well known that Pc is
nonexpansive and satisfies

(x =y, Pcx — Pey) > |[Pex — Pey||?, Vx € H. (12)
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Moreover, Pcx is characterized by the fact Pcx € C and
(x — Pcx,y — Pcx) <0, Vy € C, (13)

which implies that
lx =yl > [lx = Pex|[® + |y — Pcx||?, vx € H, y € C. (14)

Lemma 1 ([4]). Let {a,}, {cu} C R {ay} C (0,1) and {b,} C R be sequences such that
ay1 = (1 — an)an + by +cy, foralln > 0.

Assume Yy ;g cn < 00. Then the following results hold:

(i) ifby < a,C where C > 0, then {ay} is a bounded sequence,
(i) if Y gan = coand limsup,_. Z—’; <0, then limy, 0 a;, = 0.

Lemma 2 ([19]). Let E be a uniformly convex Banach space, C a nonempty closed convex subset of E, and S :
C — C a nonexpansive mapping with Fix(S) # @. Then I — S is demiclosed at zero.

Lemma 3 ([4]). Let u € H be a solution of variational inclusion ifand only if u = JM (u — ABu), VA > 0, i.e.,
VI(H, B, M) = Fix(J¥(I — AB)), YA > 0.

where B : H — H is a single-valued mapping. Further, if A € (0,2a], then VI(H, B, M) is a closed convex
subset in H.

Lemma 4 ([4]). The resolvent operator | QA associated with M is single-valued, nonexpansive for all A > 0 and
1-inverse strongly monotone.

Lemma 5 ([2]). Let H be a real Hilbert space and let M : H — 2H be a multi-valued maximal monotone
mapping. For every i = 1,2,..,N, let A; : H — H be a;-inverse strongly monotone mapping with y =
minj_1p n{a;} and ﬂfil VI(H,A;, M) # @. Then

N N
VI (H Zu,-A,»,M) ﬂ I(H, A;, M),

i=1 i=1
where Zfil a; =1and 0 < a; <1 foreveryi =1,2,...,N. Moreover, ]ﬁ/f(l - )\Zfi] a;A;) is a nonexpansive
mapping, for all 0 < A < 27.

Example 1. Let H = R. Foreveryi =1,2,..,N, let A; : RaRdeﬁnebyAix: %-ﬁ-(i—i—l)forallx €H
and M : R — 2% be defined by Mx = {% }for all x € R. Let a; = 3 ﬁfor alli =1,2,..,N. Then

VI(H, YN, a;A;, M) = NN, VI(H, A;, M).

i

Proof of Solution. Since A;x = 4 + (i + 1), we have A; is %-inverse strongly monotone mapping.

By definition of a4; and A;, we have

N
DAx 2 + A= L+ )G+ 6+ D)

From Lemma 5, we have VI(H, YN, a;A;, M) = (N, VI(H, A;, M) = {—4}. O
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Example 2. Let H =R. Foreveryi =1,2,..,N, let A; : R — R define by A;x = % +(i+1) forallx € H
and M : R — 2R be defined by Mx = {1} forall x € R. Let a; = % + %(4%\, +1) foralli =1,2,..,N.
Then VI(H, LN, a;A;, M) # (X, VI(H, Aj, M).

Proof of Solution. Since A;x = % + (i +1), we have A; is %-inverse strongly monotone mapping.

By definition of a; and A;, we have

N N o3 o 1 N s 11 N
gaiAixf1;(I+N(WJrl))Aixfl;(z+ﬁ(4w+l))(4 +(i41)).
Then N, VI(H,A;,M) = {—4} and VI(H, X} 4;A;, M) # {—4}. It implies that

VI(H, YN, a;A;, M) # NN, VI(H, A;, M) because YN, a; =2. [

Remark 2. Example 1 shows that Lemma 5 is true where YN, a; = 1 and Example 2 shows that Lemma 5 is
not true if a condition fails, that is YN, a; # 1.

Lemma 6 ([17]). Let C C H be a nonempty closed and convex set and let T : C — H be a nonexpansive
mapping. Then Fix(T) is closed and convex.

Lemma 7. Let Hy and Hy be Hilbert spaces. Let My @ H; — 2 pe g multi-valued maximal monotone
mapping and My : Hy — 22 be a multi-valued maximal monotone mapping. Let A : Hy — Hy be a
bounded linear operator. For everyi = 1,2,...,N, let A; : Hy — Hj be a;-inverse strongly monotone with
fa = min;_qo n{a;} and B; : Hy — Hp be p;-inverse strongly monotone with g = min;_1,  N{Bi}-
For each x,y € Hy, then

I MAIf/\AZaA (x —yA* (I ]MBI—ABZIJB )Ax)
i=1 i=1

- MA(I—AA):aiA»(y—vA*(I—JMB (I-Ap sz )NAY) 12
i=1 i=1

<ux—y||2—v(1—vL)|\(1—1MBI—ABEbB )Ax—(I—JMBI—ABZbB )Ay|P,

i=1

where Ay € (0,2174), Ap € (0,2175), UNqa; = YN, b; = Land o € (0, 1) with L is the spectral radius
of A*A

Proof. Letx,y € H;. Consider

N

ITA(T = Aa Y @A) (e — y A" (1= 35 Ifx\BZbB )Ax)
i=1 i=1

- MA(I—AAzaiAi><y—vA*(1—fﬁ”BB<1—ABzbiBi»Ay)nz

i=1 i=1

<|l(x—y)—7(A (I—]MBI—/\BEbB Ax— A (I—]MBI—ABZbB )Ay)|1?
i=1 i=1

= |lx—y|? —29(x —y, A*(I IMBIf/\BZbB ))Ax — A*(I ]MBIfABZbB ))Ay)

i=1 =

+ 2 A*(1 ]MBI—AB}:bB Ax — *(I—]ﬁB(I—ABZbiBf))Ayﬂz
i=1 i=1
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< [lx = yl? + 2 (Ay — Ax, (I - T3 ( IfABZbB —(I=Ty( If)\BZbB ) Ay)
i=1

+72L\|(I—]MBI—)\BZZJB Ax — I—]MBI—ABZbB )Ay|?

i=1

= [lx = ylP* +2(Ay — Ax + ]} (1 - Ap EbiBi)Ax TA (1 - Ag Zb B;)
i=1

HMB Ifx\BZbB Ay — ]MB IfABZbB Ay, (I-T? MB IfABZbB
i=1 i=1

—(I= T If)\BZbB )Ay)
i=1

N
+ L= ( I—ABDB JAx — (I JA (1= Ap ) b:B;)) Ay
i=1 i=1

=+ 2 [ A 3 b Ay < T I*/\BZbB)Ax,
i=1 i=1

(=130 If/\BZbB ))Ax — (I =] ( I—)\BZbB )Ay)

=i i=1
((I—IMBI—/\BZbB )Ax—(l—]MBI—ABZbB ) Ay,
=1 i=1
(s Jps I—ABZbB Ax—(l—]MBI—ABZbB Ay)]
r=i i=1

+ LI =T I—ABZbB ) Ax = (1= Ty I~/\BZbB) ) Ay|[?
i=1

SlleyHZHV[QH(I* B(IfAszB ))Ax — (1~ Mﬂzwzwmmwz
i=1 i=1

—H(I—]MBI—ABZbB YAx — (I T /]\\/;BI—)LBZ}JB AyH]
i=1

+ 2L (T = 3 (1 - Ap ZbiBi))Ax ~(L=Jy2 (1= 2g Zb,-Bi))Asz

i=1 i=1

= [lx =yl — Y1 — ¥ L) || (1 = 322 I-ABDB ))Ax — (I — Ty ( I~ABZbB ) Ayl|?.
i=1 i=1

Hence

HIMAI—AAZaA )(x — YA ]MBI—/\BZbB ))Ax)
= i=1

MAlfAAZuA )y — yA* (If]MBIfABZhB ))Ay)|?
i=1 i=1

< lx =yl =y =y L)I(T = [ (I = Ap T biBy)) Ax — (1= J32 (1 — Ag LN biB) Ay|%. O

We introduce Lemma 8 which shows an association between the SCVIP and the fixed point
problem of nonexpansive mapping under suitable conditions on our parameters. Furthermore, we
give examples for supporting Lemma 8 and the examples shows that Lemma 8 is not true if parameters

are not satisfied.
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Lemma 8. Let Hy and Hj be Hilbert spaces. Let My : Hy — 2M1 pe g multi-valued maximal monotone
mapping and My : Hy — 2M2 be a multi-valued maximal monotone mapping. Let A : Hy — Hyp bea
bounded linear operator. For everyi = 1,2,...,N, let A; : Hi — H;j be a;-inverse strongly monotone with

a4 = minj—1,  N{a;} and B; : Hy — Hj be ;-inverse strongly monotone with g = min;—15 n{Bi}-

Suppose that Q) # @. Then the following are equivalent:

(i) x*eQ

(i) x* = VA1 = Aa TN, 4 A7) (x* — yA*(I = [} (1= Ap TN, ;B;)) Ax*),

where Ay € (0,274), Ap € (0,21), YN a; = YN, by = 1and v € (0, 1) with L is the spectral radius
of A*A.

Proof. Let the condition holds.
(i) = (ii) Let x* € O, we have x* € VI(Hl,Z, 1 a;Aj, Ma) and Ax* € VI(HZ, 1 bi B,,MB)

From Lemma 3, wehavex € le(]A (I=Aa XN, ;A7) and Ax* € sz(]ABB(I AB YN, b;B;)),

which implies that x* = M AT—Ay 21:1 a;A;)x* and Ax* = ]ﬁl’ (I-Ap Zfil b;B;) Ax*.
By x* = ]%‘A (I=Agu Zfil a;A;)x* and Ax* = ]ﬁ/;B(I —Ap Zf\il b;B;) Ax*, we have

] I—AAZaA x—'yA(I—] I—ABZbB )Ax*)
i=1 i=1

= MA I—/\AZaA =y A (AxT — I—ABZbB )AX)
i=1 i=1

— IfAAZaA
i=l

-

It implies that

]MAlfx\AZaA )(x* =y A* (I—]MBIf/\BEbB ))Ax*) = (15)
i=1 i=1

(i) = (i) Let ]\ (I— /\A):z 14 A (xF = yA* (I — ]MB(I = ABZIZ\L] b;B;))Ax*) = x* and
letw € Q.

We will show that I — A4 Zfil a;Ajand I — Ag Zfil b;B; are nonexpansive, foralli =1,2,...,,N.

Since A; : C — H be a;-inverse strongly monotone mapping with 174 = min;_1, n{«;} and
Aa € (0,2n74), we have

N N
[(I—=Aa Y aiA)x=(T=2Aa Y @A)yl
i=1 i=1

N N
=x—yl*—2Aa Y ai{x —y, Aix — A) + A5 Y ai|| Aix — Ay
i=1 i=1

N N
<llx—yl> =204 Y aiil| Aix — Ayl* + A% Y ail| Aix — Ay
= iz

z

N
< lx —yl> =204 Y aill Aix — Ay|* + A% Y ail| Aix — Ay |?
= =

N
=lx =yl +Aa Y ai(Aa — 21a) | Aix — Ay|?

i=1

<l =yl
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Thus I — A4 YN a;A; is a nonexpansive mapping, for all i = 1,2,..,N. By using the same
proof, we obtain that I — Ag YN, b;B;, for all i = 1,2,..,N is a nonexpansive mapping and

]MB (I — A XN, b;B;) is nonexpansive mapping.

From w € Q and (i) = (ii), we have ]MB(I ~ApYN,bB)Aw = Aw and ]/I\i/‘(l —
A EN @A) (w — YA (I = TP (1= Ap EX, biB;)) Aw) = w.

From Lemma 7 and ]/\B (I-Ap Zi:l ;B;)Aw = w, we have

" wHZ—H]MAIf?\AZaA (x* — yA* (If]MBIfABZbB ))Ax*)
=T i=1
N
— VAT = Aa Y aiAj) (w — YA (If]MBIfABZbB )Aw) |2
i=1 ]

<l =] = (T =) |[(I = Ty I—ABZbB

—(T=T3m8(1 - As EbB )) Aw)2
i=1

= [l — w]f? — (L =LY = Ty IfABZbB ))Ax*|2. (16)
e

Applying Equation (16), we have
Ax™ € Fix(Jy(I—Ap ZbB 17)

From Lemma 5, we have

N
Ax* e VI (lezbiBi/MB> ; (18)

i=1

From the definition of x* and Equation (17), we have

X = MAlfAAZaA (x* =y A*(I ]MBIfABEbB ))Ax*)
= i=1

= MA I—AAZaA
1=\

From Lemma 5, we have
N
x*e VI (Hz, Y aiA;, MA> : (19)
i=1

From Equations (18) and (19), we have x* € Q. [

Example 3. Let H = Hy = R. Foreveryi =1,2,..,N, let A; : R — R define by Ajx = % +(i+1) for
all x € Hy and B; : R — R define by Biy = %y—i- (i+1)forally € Hy. Let M4 : R — 2 be defined by
Max = {3} forall x € R and Mp : ]R — 2R be defined by Mpx = {4} for ally € R. Let Ax = x, forall
x €R. Leta; =3 +N4N and b; = = NSNforulll =12,.,N. Then]/\ (I—Aa XN, @A) (x*

vA*(I—fﬁ”BB(I—ABz,-Zl iBi)) Ax* ): —4.
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Proof of Solution. Itis easy to observe A; is %—inverse strongly monotone mapping and B, is %—inverse
strongly monotone mapping. By definition of A;, B; and a;, b;, we have

N ix
Zan E 3 NZN)Ax*;(%—Fﬁ)(Z—O—(i—Fl)),

and
ZbB Z +7 i *%(*2+ ! )(iy+('+1))
iy = 3 " N3N By =, 3 " N3N ! '

Then Q) = {—4}. From definition of A, we have L = 1. Choose A4 = I},, Ap = % and ¢y = %
From Lemma 8, we have Jy/A(T —Ax T a;A;) (x* — yA*(I - J\B(1— Ap L, bB)) Ax*) = —4. O

Example 4. Let Hy = Hy = R. For everyi = 1,2,..,N, let A; : R — R define by A;x = % +(i+1)
forall x € Hyand B; : R — R define by By = 4 + (i+1) forall y € Hy. Let My : R — 2R
be defined by Max = {3} for all x € R and MB : R = 2F be defined by Mpx = {4} forall y €
R. Let Ax = x, for all x € R. Let uiM: %—F NN and b; = zl+ N%Q’Nfor alli = 1,2,...,N. Then
] (I—AA):, 18iA;) (x* —'yA*(I—])‘BB(I—}\321-:1 iBi))Ax*) = x* for all x* € R.

Proof of Solution. Itis easy to observe A;is %—inverse strongly monotone mapping and B; is %-inverse
strongly monotone mapping. By definition of A;, B; and a;, b;, we have

g, \J 1 o &N ¢ )i
Ean 2 41+W)A,x72(4l+m)(z+(l+1)),

and
Y By =32+ 2By = LA (Y i)
L 7P = L5 T NgN Y T g TNy 2 :

Then Q) = {—4}. From definition of A, we have L = 1. Choose A4 =0, Ap = 0and ¢ = 1170, we
have J34 (I Aa TN 4iA;) (x* — yA* (I = JyP (1 = Ap T bB;)) Ax*) = x* for all x* € R.
So Example 4 shows that Lemma 8 is not true because A, = 0and Ag =0. [

3. Main Result

We prove a strong convergence theorem to approximate a common solution of SCVIP and
hierarchical fixed point problem of nonexpansive mapping.

Theorem 1. Let Hy, Hy be real Hilbert spaces. Let My : Hy — 211 pe g multi-valued maximal monotone
mapping and Mg : Hy — 2M2 be a multi-valued maximal monotone mapping. Let A : Hy — Hy be a
bounded linear operator with its adjoint operator A*. Let A; : Hy — Hj be wj-inverse strongly monotone
with 4 = min;_1{a;} and B; : Hy — Hy be B-inverse strongly monotone with ng = min;_1{B;}. Let
S,T : Hy — Hj be two nonexpansive mappings. Assume that F = ® N Q) # @. Let the sequence {x,}
generated by u, x1 € Hy and

wn = Ty (1= Aa T 0 A7) (o — yA* (1= [P (1= Ap T biBy)) Ax),
Yn = (1 — o)Xy + a0y (0,Sxy + (1 — Un)Txn), (20)
Xpt1 = Unth + QnYn + Onlin,

where {yn}, {@n}, {6}, {an}, {ou} C [0,1] with pp+ @n+6, = 1foralln > 1, Ay € (0,2174),
Ap € (0,217p) and v € (0, L) with L is the spectral radius of A* A. Suppose the following conditions hold:

(i) limyseo iy = 0, Ly i = 09,
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(i) 0<c<@nb,<d<1,3cd>0,

(ii)) Ty [pnr1 — ol < 00,5501 (@41 — @ul < 00,1571 01 — 0| < o0
(iv) 1m0y =0, 5 00 < 0,

(v) limn—)oo HXZYIVZnH =0,

(vi) Z?L1 a; = lel bi=1,a;>0andb; >0foralli=1,2,..,N.
Then {x,} converges strongly to zy € IF, where zy = Pgu.
Proof. Stepl. First, we prove that {xn} {yn} and {un} are bounded.

We will show that ]/\ (I—An Zl 1 a;4;) and ]/\ B(I—Ap ):,z\il b;B;) are nonexpansive mapping.
Since A; is a;-inverse strongly monotone with 774 = min;—1{«;}, we have

2

Z

N N
(I-Aa ) aiA)x—(1—Aa Y aiA)y
=]

i=1

(x=y) = Aa(}a Ax—ZaAzy

i=1

z

<lx=yl? =204 Y ai(x —y, Aix — Ay)
i=1

N
+ A5 Yo aillAix = Ayl
i=

N
< fx=ylI* =204 Y sl Aix — Ayl
iz

N
+ A% Y ail| A = Al?

N

< lx = yl* +Aa Y ai(An = 274) || Aix — Al
=

< flx =yl

Thus [ — Ay Zf\il a;A; is a nonexpansive mapping, for all i = 1,2, ..., N. By using the same proof,

we obtain that I — Ag YN, b;B; is a nonexpansive mapping. Since ]ﬁi‘“ and ]ﬁB are nonexpnsive
mapping, we have | A (I=24 YN, a;A;) and ]/\ (I — Ap YN, b;B;) are nonexpansive mapping.
Let p € F then p € Hy and p € ® which Tp = p. Now, we estimate

llyn — PHZ = [[(1 — an)xn + @ (0uSxn + (1 — 00) Ttn) — PHZ
= [[(1 = an)(xn — p) +an(0u(Sxn = p) + (1 — 00) (Tt — P))“z
(1= an)|[xn — PHZ + e[ (00 (Sxn — p) + (1 — 0u) (Txn = P))”Z

IN

1 —an)||xn — PHZ + an 0| Sxn — PHZ (1= o) || Txn — PHZ

INIA

(
(1 — o) |[xn — PHZ + o[ Sxyn — PHZ + (1 — n)|[xn — PHZ
= (1 — wn0)||xn — pII® + @no | Sxn — p||2. (21)

Since p € T, then p € Q and ]A A= Aa XN, a;A)p = pand ]A B(I—Ap YN, b;B)Ap = Ap.

By Lemma 8, we have

IMAIf/\AZaA )(p— 7A*(171M317A32b3 NAp) = p.
i=1 i=1
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By Lemma 7, we have
o — 12

=7y I—AAZuA A*(1 ]MBI—ABZbB ) Axy)

i=1 i=1

MAI—AAZaA Y(p — yA* (I—]MBI—/\BZBB )Ap)|2
i=1 i=1

<l — P”Z*'Y(l*'YL)H(I*]MBI*)\BZbB Axn*(I*IMBI*ABZbB )Ap|I?
i=1 i=1

< flxn = plI* = 4@ =L [T = T3 (1 - Ag Zb .Bi)) Axy |?
i=1

< lxn — Il (22)
By Equations (21) and (22), we have
ll2n41 = PHZ = ||t + @uyn + Ontin — pHZ
< nllu = pIP + @ullyn — pI* + Oullitn = p)f?
< uall = pl2 + @n [ (1 = @00 5 = pII? + wa0ul| S — pI2) 80120 — pI2

= pnllu — P||2 + @nllxn = PHZ = PulnTu[Xn — pHZ + @netn0u || Sxn — l””z + O [0 — PHZ
= phn|lu = P”z A+ (1= )| — PHZ = Pnln G| Xn — PH2 + Pnotn0y || Sxn — If’“2

< (U= p)llxn = pIP + pulle — pI® + pasnc | Sxn = pl%. (23)
From Lemma 1(i), therefore {x, } is bounded. So are {u,},{yx}.
Step2. Show that lim, e [|X;41 — X || =0, limy o0 || — || = 0 and limy—e0 ||x — yau|| = 0.
Hxn+1 . xn” F H}lnu + @nyn + Oty — Pp—qU — Pn-1Yn—1 — en—lun—l“

= | (pn — pn—1)u + (Pn — @n-1)Yn-1+ @n(Yn — Yn-1)
+ (81— Op—1)thy 1 + On(ttn — 1y 1) ||
< pn = =1 lllull + lon — @u—1lllyn=all + @ullyn — yu-1ll
100 — Onall|un 1]l + Onllttn — un 1] (24)

From definition of 1, Lemma 7 and € (0, + ), we have

ot = 1| = H]MAI—/\AZaA — Y AX(I ]MBI—/\BZbB ))Axy)
i=1 i=1

MAIf)\AZaA Y(x,1— YA (I ]MB I*ABZE’B )Ax,_1)|*

i=1 =

< lxn = 20112 = ( 17'yL)H(17]MB IfABZbB ))Ax,
i=1

(1—]MB I—ABZZJB YAx,_1|2
i=1

< lxn — xn—1||2'

It implies that
o — wnall < llxn — x01ll- (25)
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From definition of y,, we have

lyn = yn—all = (1 — &) xn + an (00 Sxn + (1 — ) Txn)
— [ —ay_1)xp1 +ap1(0u-_18%, 1+ (1 = 0,-1)Tx,1)]]|
= [|(xn = Xn—1) = @nXp + X1 X1+ AnXp_1 — XnXy_1
+ 00, Sy — 010, 1SX—1 + 000 SXy—1 — X0 Sxy 1
oy Txy — oy 1Txy 1+, Txy—q —ayTx,
— 00y Txy + 0y 10,1 Txy—1 + 000, Txy—1 — 2,0, Ty 1 ||
= [[(1 — an) (xn — Xp—1) + (@n—1 — &n)Xn_1
+ (@n0n — ay—103-1)Sxy—1 + 0,04 (Sxy — Sxp21)
+ 0 (1 = 03) (T — Txxyq) + (a0 — ay—1) Txp 1
+ (@ -100-1 — 2n0n) Txp 1|
< (L=an)llxn = xpall + |1 = anllxp-a ]l
+anon — w101 |[|Sxp—1 || + anoul|Sxy — Sxy—1]|
+ a0 (1= 03) [ T2y — Tty || + | — a1 [ T 4]
+ w1001 — an0u ||| Tx, 1 ||
< (1 — an)llxn = xna |l + |an—1 —an| 1201 |
+ |anon — 1021 |Sxn—1|| + 00w || X0 — X1 ||
+an (1= o) [|xn — X1l + lan — @ ||| Txna |
+ |0‘n—10'n71 T ‘Xn‘Tﬂ’HTxn—l”
= lxn = xp_1ll + |an—1 = anlllxn-1ll
+ |0‘nUn - an—lgn—lmsxn—ln + “"H < D‘n—l'HTxn—lu

+ @101 = @n0u || Txp—1]]- (26)
From Equations (24)-(26), we have

xn1 = xull < [pn — pn—alllull + 1@n = @u—1[llvn=1ll + @nllyn — yn-1ll

100 — On—1[lutn_a || + Onllun — 1ty —1]l

< lin = pra—a|llull + |@n = @uaallyn<1l
+ @alllxn — xp-1ll + lan1 = anlllxn 1|
A anon — an10n 1| 1Sxna | + lan = || Ty 1|
+ @101 — anoul|| Ty 1]
F+16n — <1 llun—l| + 6|0 — xu1l

= (@n+ On)llxn — Xu—1ll + lptn — pualllell +|@n — @u—1lllyn—ll
+ @nlay—1 — anlllXn—1]l + @ulanon — ay 10, 1[]|Sx, 1]
+ @ulan — ay [ Txn-1]] + @nlan-10-1 — anou [ Txp—1||
+ 100 — Ou-1lllun-1ll

< (U= ) 1w — -1l + [ — sl llull + [@n — @u-1lllyn—1ll
+ len—1 — an|[|xn—1 || + |00 — a0y 10, 1]]|Sx, 1]
- lon — a1 | T 1]+ wn 1001 — @00 || T2, 1|
+ 160 — Ou—1lllutn-1ll-
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By Lemma 1(i), conditions (i) and (iii), we have
Tim (x40 x| = 0. @7
From definition of u,, we have

Xyl — Un = Pnll + QuYn + Optty — Uy
= pn(u — tty) + @n(yn — tn). (28)

From Equations (21) and (22), we have

%1 = pII* =l ate + @nyn + Ontin — pl*
= pullu — pl* + @ullyn — pI* + 6ullun — p?
= pn@nllu— yn”Z = pnOnlu = ”nHZ = @nbnllyn — “nH2
< pullu = P”z + @ullyn — PHZ + O |1t — P”z = @nOnllyn — “n”2
< pnllu = P”z + @u (1 — anow) || xn — PHZ + 0 || Sxn — PHZ}
+ Ol xn — PHZ = @nbnllyn = unHz
= pin||u — PHZ + @nlltn = P”z = @Pnttn0n || xn — P”2
+ Pnttn0n || Sxn — PHZ + Ol xn = P”2 = @nOnllyn — “nHZ
< ponlu = pl>+ (1= wa) 10 = pI* + @utn0n | Sxn = pI>
— @nbullyn — unHZ
< pnllu — PHZ + [|2en - PHZ + ntn0uK — @nbnllyn — un“zr

where K = sup, {||Sx, — p||?}. It follow that

PnOnllyn — ”nHz < il — PHZ + @nenonK + |20 — PHZ = [|%n41— P“z
< pinlju = PHZ + @nonn K + |20 — Xnga | ([0 = pll + 1201 = pI)
< pnlu — PHZ + @nanonK + || X0 = xn11|L1,

where L1 = sup, {[|x, — p|| + [|xy+1 — pl|}. From Equation (27), conditions (i), (ii) and (v), we have
nlgt;o [yn = unll = 0. 29)
From Equations (28) and (29), we have

(xt1 — tnll = [[pn (= 1) + @u(yn —tn)||
< pnllu —vnll + @ullyn — |-

From Equation (29) and a condition (i), we have
lim ||x,41 — un|| = 0. (30)
n—00

Since

%0 — un = X0 — Xpg1 + Xnp1 — v

< lxn = x| + 1 — uall-
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From Equations (28) and (30), we have
nlg{}o llxn = wnll = 0. (€Y
Since

ll2xn = yn = llxn — v + 1 — ya|

< ||xn _un” + Hurl _yn”'

From Equations (29) and (31), we have

nlgrolo Hxn - ynH =0. (32)
Step3. limy 00 [l — Txul| = 0.
We have
%= Txall < 1w — vl [l — Tl 33)

Since {x,} is bounded and the mappings S, T are nonexpansive then there exists a K; > 0 such
that ||Sx, — Tx,|| < Ky, for all n > 0. Now, we estimate

lyn = Txn || = [|(1 — @n)xn +an(04Sxn + (1 = 00) Txn) — Ty |
= |l(2 — an) (xn = Txn) + &n(00Sxn + (1 —0n) Tty — Txn)||
=11 — an) (xn — Txn) + @n(04Sxy — 0w Txy) ||
(1 — o)
< (1= an) [xn = ynll + lyn = Txal] + anon[|Sxn — Txull
< (1~an)

[xn = Txp|| + anoul|Sxn — Txy||

20— unll 4 (T —wn)|lyn — Txn|l + anoul|Sxn — Txal|,
which implies

[y = Txn | < (1= w) |0 — Y| + &n0n|[Sxn = Tatn |
< ”xn Y7 }/n” + 0,03, Ky

It follow that i i
Y

lyn = Tl < =28+ k. (34
n

7“";’;{ nll 2 0, we have lim;,_c

I —yull : e
”mf = 0, Equation (34) and a condition (v), we have

||xna_nynH = limy,_yo0 0 - lxn=yall _ =0.

Since limy e

From lim,, o
Hm [y — Toa| = 0. (35)
Thus, it follows from Equations (32), (33) and (35), we have
lim ||x, — Tx,|| = 0. (36)
n—oo

Step4. x* € F
Since {x, } is bounded, there exists a subsequence {x;, } which converges weakly to x*. We may
assume that

n— Xn . Yn, — Xn,
Yn = xn —xp) = lim (—x,,, x — 25 ——2F

liminf(—x,, x —
n—oo Ay k—o0 Ay

- xnk)/
k
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and X
oy ) _
hmmf(an,x _ YT Xp) = lim (Sxp,, x Y = Xy Xy )-
n—oo Ay k—o0 Ky,

We will show that x* € Fix(T). Assume that x* ¢ Fix(T), then x* # Tx* and using Opial’s
property of Hilbert space and Equation (35), we have

liminf ||x,, — x*|| < liminf|[x,, — Tx"||
k—o0 k—o0
< liminf ([|xp, — Toxn || + | Txn, — Tx*|)
k—o0

< timinf [, — +*],

which is a contradiction. Therefore, x* € Fix(T).
Next, we show that x* € ®. Consider

Yn —Xn = (T =an)xy + 0 (02Sx0 + (1 —03) Txy) — X

= 000 (Sxpn — xy) + (1 — ) (Txy — xn),
which implies

_Yn—Xn an(1—0y)(Txy — xp)

Sxy —xn =
KOy XnOpn
L Yn=%u ( (1—0u)(I— T)xn.
&nOn On
It follows that
) I Yn = Xn _ (1=0)(I-T)

Since T is nonexpansive, we have I — T is monotone. Let x € Fix(T), we have

<5x”,xn,m,x,u,xn>

XnOp Ay
_ (=) ;ngn)((l— T)Xn, x — L‘;x" ~ )
= =)y Yn—xn D) (g Yn T X
= = T = (L= T = 2 (- T) (v = =),
x yn_xn_xn>

&n

(1 - Un) - _ Yn—Xn Yn—Xn
S - D = (= T) (= P ey B 2 )

— Xy 7 Xy

PR R R L ]
< Q) iyt "") y"*""—m

n
SMH(I—T)( ;
7(1_1771) Yn — Xn Yn — Xn
== ‘(IfT)(xfian )*(I*T)’CHH"*iM X
<2(1- ”yzngj‘”” e = L= x|,
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which implies

—x —x —x
(an*xn,xfyninfxﬁSZ(lfUn)Hy" "Hfoy" " x,
Ky XnOn 2771
Yn — Xn Yn — Xn
+ ( X — - xn>
X0y oy
—x —x
< 3 llyn = 2l fo Yn = 2n I, 37)
XnOpn &n
Since lim lu=yull — () wwe have
n—»00 oy — Yy
i e — Xn, e — Xn,
hm(yk [ U E—xp) =0. (38)
k—o0 Xy Lo
y — Xy
From Equation (38) and %”;‘T”k + Xy, — x*, we have
. A —x
lim inf( — x,,, x — Vp=dn J Xn)
n—oo ap
et Yn — Xy
A WP 5%
k
g Y — Xny, Yy — Xy, Yy — Xy,
= i (=t = (= LI s REW)
k—ro0 Lo Xny Lo
. Yn = Xy Y — Xy
= lim [(x -k kg x =y )
k—oc0 Ny Lo
n, Xn, n, Xn
_<x_yk Ax_yk k_xnk>]
Qpy Xy
. Ynp — Xy Y = Xmy Y — Xy
= lim [(x ARSI ot E N T T (O 13— ) xn
k—rco X, Xy, Qg
Yny — Xy Y = Xy
+< 1 x"k>
o o
1 s
= flae=x*|? = (x,x —x%). (39)
' | . ~x, .
Since S is weakly continuous and y"ka)ix"k + xp, — x*, we obtain
k
H | 2 ne — Xn,
lim inf(Sx,, x — Yn SN\ Xp) = lim (S, x — Yot = T X, ) = (Sx,x—~x*). (40)
n—00 497 k—o0 Ky

From Equations (37), (39) and (40), we have

(Sx* —x*,x —x) = (Sx*, x —xF) — (x*, x — x¥)
=(Sx*, x —a) + |Jx — x| 2= (x, x —x*)
— limi Y ) — Yz
— 11rg£f [(an,x » Xn) — (Xp, X » xn)]

. —x
= liminf(Sx, — x,, x — Yn=2n _ Xn)
n—oo

X
< liminfSHyn — Hx _ Y = X — Xy
n—oo KOy o

<0.

Hence x* solve Hierarchical fixed point problem, i.e., x* € ®.
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Next, we show that x* € ). Assume that x* # ]ﬂ*‘(l — A XN @A) (xF — y AT (I - ]ﬁB(I —
A XN, b;B;)) Ax*). Applying the Opial’s property, Equation (31) and Lemma 7, we have
lim infl|x,, — x*||
k—o0

N
<1ikminfuxnk ]A I—AAZaA (x* —yA* (1—] (I—ApY_b;iB))Ax¥||
—00

i=1 i=1
= liminf |, ]/\ IfAAZaA (n, — YA (I = Y2 (I = Ag ZbB )Axy,
b i=1 i=1
+]MA17AA211A Y, — 7 (If]MBIf/\BZbB )) Axy,
=T i=1
M N
—JUAT = Aa Y Ay (x* =y AT (T = T8 ( I—ABDB )Ax*|
i=1 i=1

Sli}ginf[ﬂxnk Jta I—AAZaA (xXn, — A*(I—])I\V;B(I—)»BEb,-B,»))Ax,,kH
ad =1 i=1

+H]MA17AA2aA ) (e — YA (L ]MBlf/\BEbB ))Axy,
i=1 i=1

! If)\AZuA X~y AR = T IfABZhB Ax*H]
i=1 i=1

< li}gi;lf [”xnk =ty ||+ {2, — x|

— (1= DI~ ﬁBI—ABZbB)Axnk (IfJMBhABZbB Ax'll]
) i=1

< Timinf {[[ 2, — 1t | + x5 = x°[]

= liminf [|x,;, —x*]|.
iminf {2, [

This is a contradiction. = Then x* = ] AL = A XN, 0 A (xF — yA* (I — ]AMBB(I -
AB Zf\il b;B;))Ax*. From Lemma 8, we have x* € Q. Therefore, i &,

Step5. Finally, we will prove that {x,, } converges strongly to zg = Ppu.

We show that lim sup,, _, , (1 — 2o, X4 — z9) < 0, where zg = Pyu. We may assume the subsequence
{xn, } of {x,,} with

lim sup (u — zo, X, — zp) = lim (u — 29, x5, — 20). (41)
n—co k—oo

Since x,, — x* ask — co and x* € F. By Equations (13) and (41), we have

lim sup{u — zg, xp — 20) = hm (u — 20, Xy, —20) <0 (42)
n—oo

From Equations (21) and (22), we have

X041 — ZO”2 = |[untt + @y + Ouy — Z0||2
= [lpn(u = 20) + @n(yn — 20) + 0(un — 20)
< Nl @n(yn = 20) + 0(utn — 20)|I* + 2(pun (4 — 20), Xu 11 — 20)
< @ullyn — z0l* + 0| — 201> + 24t (4 — 20, Xn11 — 20)
< @ul(1 — an0) |0 — 201 + @0 | Sxn — 20 ]%]

2
I

+0|xn — ZOH2 +2ptn (U — 20, X 41 — 20)
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< @ullxn — 20l* + @utn0n | Sxn — 20|
+0]1xn — 2ol + 2pn (4 — 2o, X1 — Z0)
< (1= ) ll2n — Z0||2 + @notnon | Sxn — ZOH2

+ 24 (1t — 2o, Xp41 — 20)-

Applying Lemma 1(ii), conditions (i), (iv) and Equation (42), we can conclude that the {x,}
converges strongly to zg = Pyu. This completes the proof. [J

Next, we have the following strong convergence to approximation a common element of solution
the set of SMVI and hierarchical fixed point problem of nonexpansive mapping.

Corollary 1. Let Hy, H, be real Hilbert spaces. Let My : Hy — 2™ be a multi-valued maximal monotone
mapping and Mg : Hy — 2™ be a multi-valued maximal monotone mapping. Let F : H; — H, be a
bounded linear operator with its adjoint operator F*, Let A : Hy — Hj be a-inverse strongly monotone and
B : Hy — Hy be B-inverse strongly monotone. Let S, T : H; — Hy be two nonexpansive mappings. Assume
that F = ® N @ # D. Let the sequence {x, } generated by u, x, € Hy and

y = JyA (L= ApA) (xn — Y A* (L= J¥ (1 = ApB)) Fxy),
Yo = (1 — an)xp + an(0,Sxy + (1 — 03) Txy), (43)
Xpt1 = Utk + Quln + Ontin,

where {pn}, {¢n}, {00}, {an}, {on} C [0,1] with py + ¢+ 6, = 1foralln > 1, A4 € (0,2a),
Ap € (0,2B) and y € (0, 1) with L is the spectral radius of F*F. Suppose the following conditions hold:

(i) My e pin = 0, Yoo g i = 09,
(i) 0<¢<qpby<d<1,3cd>0,

e 220:1 WHJH @ Vn‘ 7 00'2'010:1 \(Pn+] r, ‘Pn‘ < 00/220:1 ‘9n+1 T 9n| < 00
() limy—seo0n = 0, Z;t.o:] o < 00,
@ limye % =

Then {xy,} converges strongly to zo € F, where zy = Pgu.

Proof. Put A; = Aand B; = B foralli = 1,2,...,N in Theorem 1. From Theorem 1, we obtain the
desired result. [

4. Application

4.1. Split Zero Point Problem

Let H be a real Hllbert space. Let M : H — 2H be a maximal monotone operator. Then the zero
point problem is to find x* € H such that
0 € Mx*, (44)

such an x* € H is called a zero point of M. The set of zero point of M is denoted by M~1(0).
Let Hy and H; be two real Hilbert spaces. Setting A; = 0 and B; = 0 foralli = 1,2, .., N in SCVIP,
then SCVIP reduce to the split zero point problem: Find x* € Hj such that

0 € Myx*, (45)

and
y* € Ax* such that0 € Mpy”, (46)

where A : H; — H; is bounded linear operator, M4 : Hy — 2H1 and Mg : Hy — 2M2 are multi-valued
mapping. The set of all solution of this problem is denoted by Q; = {x € M;1(0) : Ax € Mz'(0)}.
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The split zero point problem which consists of the special cases, split feasibility problem,
variational inequalities, etc., which is used in practice as a model in machine learning, image processing
and linear inverse problem.

Next, we give the strong convergence theorem for solving the split zero point problem and the
hierarchical fixed point problem of nonexpansive mapping.

Corollary 2. Let Hy, Hy be real Hilbert spaces. Let M4 : Hy — 21 be g multi-valued maximal monotone
mapping and Mg : Hy — 212 be a multi-valued maximal monotone mapping. Let A : Hy — H, be a bounded
linear operator with its adjoint operator A*. Let S, T : Hy — Hy be two nonexpansive mappings. Assume that
F=®NQy # . Let the iterative sequence generated by hybrid iterative algorithm:

> — ]/I\Vi“‘(xn - ’yA*]f\V;BAxn),
Yn = (1 —=an)xp + an(0nSxn + (1 —00)Txy), (47)
X1 = Hnth+ QulYn + Ontin,

where {6,}, {@u}, {nn}, {an}, {ou} C [0,1] with 6, + @+ iy = 1 foralln >1,and v € (0, +) with L is
the spectral radius of A* A. Suppose the following conditions hold:

(i) limy oo ptn = 0, Y0 q fin = 00,

(i) 0<c<q@uby<d<1,3dc,d>0,

;iii) Yot 1 — pnl of 00, 1 [@Pus1 — @nl < 05 |01 — O] < 00
i) limy 00 = 0,710y < 09,
()| lim, 5 HX:,,-JZ”” -0,

Then {x,} converges strongly to z € F, where z = Ppu.

Proof. Put A; = 0and B; = O foralli = 1,2,..., N in Theorem 1. From Theorem 1, we obtain the
desired conclusion. [J

4.2. Split Combination of Variational Inequalities Problem

Let H be a real Hilbert space, let C be a nonempty closed convex subset of H and let / be a proper
lower semicontinuous convex function of H into (—oo, +oo]. The subdifferential o/ of & is defined by

oh(x) ={ze H:h(x)+ (z,u—x) <h(u), Vu € H},

for all x € H. From Rockafellar [16], we get that ok is a maximal monotone operator. Let ic be the
indicator function of C, i.e.,
. 0;ifxeC,
Ic =
+oo;if x ¢ C.
Then ic is a proper, lower semicontinuous and convex function on H and so the subdifferential

dic of ic is a maximal monotone operator. The resolvent operator ]? c of dic for A > 0 defined by
dic (x) = (I+Adic)~1(x), x € H, then we have ],alc(x) = Pcx forall x € Hand A > 0; see more

detail [18]. Moreover, let i : H — H be a single valued operator, we have x € VI(H, h,dic) = VI(C,h).

Setting M4 = diy, and Mp = dip, in Equations (6) and (7), then SCVIP reduce to the split
combination of variational inequality problem, that is find x* € Hy such that

N
<2u,—Aix*,x — x*) 2 O, Vx c H1, (48)
i=1

and v
y* = Ax* € Hysuch that () bBiy*,y —y*) >0, Vy € Hy, (49)

i=1
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where A : Hy — H, is bounded linear operator and Zfil a; = Zfil b; = 1. The set of all this is denoted
by 03 = {x € VI(Hl,Zf\Ll a,'Ai) : Ax € VI(Hz,Zfil biB,‘)}.

Remark 3. If My = dig, and Mp = dip,, then we have Q) reduce to Q3.

Proof. We will show that VI(Hl,Zfil a;A;, Ma) = VI(Hl,Zfil a;A;). We have for x* € Hj.
Consider,

N N
x* e VI(H], ZaiA,', MA) = GHl (S EaiAix* + MAX*
i=1 =

N
~ 91—[1 € ZaiA,-x* =3 E)iHl (JC*)
i=1

N
& Za{Aix* ' al'H1 (x*)
i=1
N
= <Ea,»Aix*,x r= x*) >.0,.Vx.€e.Hq,
i=1

N
St e VI(H], le,‘A,‘).
i=1

Similarly, we also have VI(Hy, le\il b;B;, Mp) = VI(HerIZL b;B;). Then Q) = Q3 where M4 =
aiH] and MB = ain. O

The split combination of variational inequality problem has played an essential role for
concrete problems in dynamic emission tomographic image reconstruction, signal recovery problems,
beam-forming problems, power-control problems, bandwidth allocation problems and optimal
control problems.

Next, we establish a strong convergence theorem for solving the split combination of variational
inequality problem and hierarchical fixed point problem of nonexpansive mapping by using a modified
Halpern iterative method as follows:

Theorem 2. Let Hy, Hy be real Hilbert spaces. Let A : Hi — Hj be a bounded linear operator with its adjoint
operator A*. Let A; : Hy — Hj be wj-inverse strongly monotone with 4 = min;_1{a;} and B; : Hy — H,
be B;-inverse strongly monotone with yg = min;_1{p;}. Let S, T : H; — Hy be two nonexpansive mappings.
Assume that F = &N Qg # @. Let the sequence {x, } generated by u, x; € Hy and

Uy = PHl(I -5 )LA le\il aiA,')(x,, — WA*(I — PHZ(I — )‘B Zzlil b,'B,'))Axn),
Yn = (1 — an)xn + 0n (04 Sxn + (1 — 0) Txy), (50)
Xpt1 = Hnll + QulYn + Onlin,

where {pn}, {pn}, {0n}, {an}, {on} C [0,1] with py + ¢n + 6, = 1 foralln > 1, Ag € (0,254),
Ag € (0,2ng) and v € (0, %) with L is the spectral radius of A* A. Suppose the following conditions hold:

(i) limy e un =0, Zf[o:l Hn = 0,

(i) 0<c<@nb,<d<1,3cd>0,

(ii)) oy [pnr1 — pnl < 00,5501 (@41 — @ul < 00,571 101 — 0| < o0
(10) limpseo 0 = 0, Y, 03 < 09,

(@) limy e 2tel — g,

(vi) Zfil a; = Zfil bi=1,a;>0andb; >0foralli=1,2,.., N.

Then {x,} converges strongly to zo € I, where zg = Pyu.
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Proof. Put M4 = dipy; and Mp = dif, in Theorem 1. Using the same method in Theorem 1, we have
the desired conclusion. O

5. Numerical

The purpose of this section is to give a numerical example to support some of our. The following
example given for supporting Theorem 1 and example show that Theorem 1 is not true if condition (iv)
fails, but conditions (i), (i), (iii), (v) and (vi) are satisfied.

Since Theorem 1 can solve hierarchical fixed point problem for a nonexpansive mapping and
SCVIP which our problems can modify for concrete problem in signal processing, image reconstruction,
intensity-modulated radiationtherapy treatment planning and sensor networks in computerized
tomography. So, we give a numerical example as follows:

Example 5. Let Hy = Hy = R, the set of all real numbers, with the inner product defined by (x,y) = xy,
forall x,y € R and induced usual norm | - |. For every i =1,2,..,N, let the mapping A; : R — R define by
Ajx = £ forall x € Hy and B; : R — Rdefine by Biy = £ forally € Hy, respectively, let M, Mp : R — 28
be defined by M (x) = {2x}, forall x € Rand Mg(y) = {2y}, for all y € R. Let the mapping A : R — R be
defined by A(x) = —2x, for all x € Rand let 7y € (0, %), so we choose y = 1. Let the mapping T : R — R be
defined by Tx = max {0, —x}, for all x € R and let the mapping S : R — R be defined by Sx = min {0, 5 },
forall x € B. Setting ()= 5 ) {gn}= (42 {00 )= (352, (o= (3 nd ()= (51} v € N
Foreveryi =1,2,...,N, suppose that a; = + N4N and b; = % + Then {x, } converges strongly to a
point x* =0 € F.

N3N

Proof of Solution. It is easy to check that a; and b; satisfies all the conditions of Theorem 1 and A; is
%-inverse strongly monotone and B; is %-inverse strongly monotone for alli = 1,2, ..., N. We choose

34 %, we obtain

1 1 q;
AA = g, AB = 35 Since a; = ikl

N N
3 1 b
Wl o A N
i;”’ S ,.;(41+N4N> 4

Then 0 € VI(Hy, YN, a;A;, My). Since b; = 2 + NéN’ we have

v ) Y
ZbB,va< N3N> 3

Then 0 € VI(H,,¥;% 4 biB;, Mp). Thus {0} = Q

It is easy to observe that T, S are nonexpansive mappings with Fix(T) = {0}, Fix(S) = {0}.
Hence ® = {0}. Therefore F = ® N Q = {0}.

For every n € N, {ju}= (&}, {pa}= {252, (0i)= (%52}, )= (4] and {03}= {5ls}, then
the sequence {pn}, {@n}, {6n}, {an} and {0y, } satisfy all the conditions of Theorem 1. We rewrite (20)
as follows:

ty = JyA (1= gy BN aAi) (0 — YA* (1= [\ (I = 5k TN, biB:) Axa),
yn = (1= )xu + 0(47,25xn (1- 4,,2)Txn) (1)

_ 1 7n+1
Xn+1 = g U+ F5,; Yn + 15” ”n/

Choose u = —1,xy =1, N = 100 and n = 100. The numerical for the sequence {x, } are shown
Table 1 and Figure 1. [
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Table 1. The values of {x,} with N = 100, n = 100.

n Xn
1 1.0000
2 —0.0767
3 —0.1178
4 —0.1125
5 —0.1027

50 —0.0139

96  —0.0073

97  —0.0072

98  —0.0071

99 —0.0070

100 —0.0070

Figure 1. The sequence {x; } converges strongly to 0 with initial values x; = 1, N = 100 and n = 100.

Example 6. Let Hy = Hy = R, the set of all real numbers, with the inner product defined by (x,y) = xy,
forall x,y € R and induced usual norm | - |. For every i =1,2,..,N, let the mapping A; : R — R define by
Ajx = £ forall x € Hyand B; : R — R define by Biy = % forally € Hp, respectively, let M, Mp : R — 2R
be defined by M (x) = {2x}, forall x € Rand Mg(y) = {2y}, forally € R. Let the mapping A : R — R be
defined by A(x) = —2x, forall x € Rand let v € (0, }), so we choose = . Let the mapping T : R — R be
defined by Tx = max {0, —x}, for all x € R and let the mapping S : R — R be defined by Sx = min {0, 3},
forall x € R. Setting {pn}= {1}, {@nt={Zl}, {0u}= {&2Y, {wn}= {1} and {0 }= {n}, Vn € N.

Foreveryi=1,2,..., N, suppose that a; = % + ﬁ and b; = % + ﬁ Then {x,} is divegence.

Proof of Solution. Note that the sequence {y, }, {¢n}, {64}, {an}, a; and b; satisfies the conditions (i),
(ii), (iii), (v) and (vi) from Theorem 1, while assumption (iv) does not converge to 0 since

lim n = co.
n—00
Choose 1 = —1, x; =1, N = 100 and n = 25. The numerical for the sequence {x, } are shown in

Table 2 and Figure 2. Therefore, {x, } does not converge to 0. O
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Table 2. The values of {x,} with N =100, n = 25.

n Xn
1 1.0000
2 —0.0767
3 —-0.1717
4 —0.3525
5 —0.4736
17 —12.0108
21 —41.7292
22 —57.2056
23 | —78.5297
24 —107.9388

25 —148.5342

-160 | l i |
0 5 10 15 20 25

Figure 2. The sequence {x, } is divergence with initial values x; =1, N = 100 and n = 25.

Next, we give example to support out some result in a two dimensional space of real numbers.

Example 7. Let Hy = Hy = R?, with the inner product defined by (x,y) = xy = x1-y1+ X2 Y2,
forall x = (x1,x2),y = (y1,¥2) € R? and induced usual norm | - || defined by ||x|| = \/x3 + x3 for all
x = (x1,x2) € R% Foreveryi = 1,2,.,N, let the mapping A; : R* — R? define by A;x = % for all
x = (x1,x2) € Hy and B; : R — R? define by Byy = §; forally = (y1,y2) € Ha, respectively, let
M, Mg : R2 — 2% be defined by My (x) = {x}, for all x = (x1,x;) € R? and Mg(y) = {3y}, for all
v = (y1,y2) € R Let the mapping A : R? — R? be defined by A(x) = 3x, for all x = (x1,x,) € R?
and let v € (0,3%), so we choose v = {s. Let the mapping T : R? — R2 be defined by Tx = 3, for all
x = (x1,%) € R?and let the mapping S : R? — R be defined by Sx = min {0, £}, forall x = (x1,x7) € R?,
Setting {jn}= {2}, {out= {251}, (6a)= {252}, {an}= {1} and {on}= {5k}, Vi € N. For every

i=1,2,.., N, suppose that a; = % + ﬁ and b; = % + ﬁ Then {x,} converges strongly to a point
x* = (0,0) € F.

Proof of Solution. It is easy to check that a; and b; satisfies all the conditions of Theorem 1 and A; is
%-inverse strongly monotone and B; is %-inverse strongly monotone for alli = 1,2, ..., N. We choose
Aa = g5, Ap = 7. Thus {(0,0)} = Q.
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For definition of T and S, then T and S are nonexpansive mapping with Fix(T) = {(0,0)}. Hence
® = {(0,0)}. Therefore F = ®nNQ = {(0,0)}.

For every 1 € N, {}= {2}, {pu}= (%52}, {0n}= {352}, {wn}= {1} and {6}= {11}, then
the sequence {yn}, {¢n}, {6}, {an} and {0y} satisfy all the conditions of Theorem 1.

From Theorem 1, we can conclude that the sequence {x, } converges to (0,0). O

6. Conclusions

(i) Table 1 and Figure 1 show that the sequence {x, } converges to 0, where {0} = PN Q.
(ii) Table 2 and Figure 2 show that the sequence {x,} diverge, where condition (iv) is violated since

limy o0 03 75 0.
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Abstract

In this paper, we consider a Banach generalized system of variational inequality problems by
using the concept of Kangtunyakarn (Fixed Point Theory Appl 2014:123, 2014) and showed
the equivalence between a Banach generalized system of variational inequality problems
and fixed point problems. And also, using modified viscosity iterative method, we prove a
strong convergence theorem for finding a common solution of a Banach generalized system
of variational inequality problems and fixed point problems for a nonexpansive mapping. The
main theorem presented in this paper extend the corresponding result of variational inequality
problems introduced by Aoyama et al. (Fixed Point Theory Appl 2006:35390, https://doi.
org/10.1155/FPTA/2006/35390, 2006). Moreover, we give some numerical examples for
supporting our main theorem.

Keywords Fixed point problem - Nonexpansive mapping - Variational inequality problem
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1 Introduction

Let E be a real Banach space with its dual space E* and let C be a nonempty closed convex
subset of E. We denote the norm of E and E* by the same symbol || - |. We denote weak and
strong convergence by the notations ’—" and ’—’, respectively.

LetT : C — C be a mapping. A point x € C is called a fixed point of T if Tx = x. The
set of fixed points of 7 is denoted by F(T) = {x € C : Tx = x}.
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Fixed point problem is an important area of mathematical analysis. This problem applies
about the solution in many problem in a Banach space such as nonlinear operator equation,
variational inequality problems, equilibrium problem, etc., see for instance [1-22].

Definition 1 A Banach space E is said to be uniformly convex if for any ¢, 0 < ¢ < 2,
the inequalities ||x|| < 1, ||y]l < 1 and ||x — y|| > & imply there exists a § > 0 such that
152 <1 -8

Definition2 Let E be a Banach space. Then a function pg : R™ — RT is said to be
the modulus of smoothness of E if

lIx + yll +llx =yl
pE(1) = sup {f —Llilxll=1llyll=rt.
A Banach space E is said to be uniformly smooth if
t
i P 5,
=0/t

Let g > 1. A Banach space E is said to be g-uniformly smooth if there exists a constant
¢ > O such that pp < ct?. It is easy to see that, if E is g-uniformly smooth, then ¢ < 2 and
E is uniformly smooth. It is well known that L? is min{p, 2}-uniformly smooth for p > 1.

Definition 3 A mapping J from E onto E* satisfying the condition
Jx) ={f € E*: (x. fy=|x|* and |f] =[x}

is called the normalized duality mapping of E. The duality pair (x, f) represents f(x) for
feE*andx € E.

It is well known that if E is smooth, then J is a single value, which denote by ;.

Definition4 Let C be a nonempty subset of a Banach space £ and T : C — C be a
self-mapping.

(i) T is called a nonexpansive mapping if
I1Tx =Tyl < llx =yl Vx,y € C,

(ii) T is called a contraction mapping if there exists a constant & € (0, 1) such that
ITx =Tyl <allx—yl, VYx,yeC.

A mapping A : C — E is said to be accretive if there exists j(x — y) € J(x — y) such
that
(Ax — Ay, j(x —y)) 20, Vx,yeC.

A mapping A : C — E is said to be a-inverse strongly accretive if there exists o > 0
and j(x —y) € J(x — y) such that

(Ax — Ay, j(x — y)) = ellx = y[?, Va,y e C.

Many authors have studied concept of accretive mapping in Banach space to modified
their problem, see, for instance [1,2].

In 2019, Suantai et al. [1] introduced implicit and explicit iteration processes with pertur-
bations. Furthermore, they proved a strong convergence theorem for fixed point problem of
nonexpansive mappings and the quasi variational inclusion problem considering m-accretive
operator and extended an improving previous results.

@ Springer
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Very recently, Chang et al. [2] proved strong convergence theorem for finding a common
element of the set of solutions to a system of quasi variational inclusion with accretive
mappings and the set of fixed points for a n-strict pseudo-contractive mapping (that is, T is
called an n-strictly pseudo-contractive mapping if there exists a constant € (0, 1) such that
(Tx—Ty, jx —y)) <|x— yHZ -l =T)x — U — T)y\lz, for every x, y € C and for
some j(x —y) € J(x — y)) in Banach spaces. Moreover, they extended their main result
corresponding with a system of variational inequalities, monotone variational inequalities,
convex minimization problem and convexly constrained linear inverse problem.

Definition 5 Let C C E be a closed convex and Q¢ be a mapping of E onto C. The mapping
Qc is said to be sunny if Qc(x+1(x — Q¢x)) = Qcx, forallx € E and ¢t > 0. A mapping
Qc is called retraction if QZC = Qc. Asubset C of E is called a sunny nonexpansive retract
of E if there exists a sunny nonexpansive retraction of £ onto C.

Aoyamaetal. [3] firstintroduced the following generalized variational inequality problem
in Banach space. Let A : C — E be an accretive operator. Find a point x* € C such that for
some j(x —x*) € J(x —x*),

(Ax*, j(x —x*)) =0, YxecC. o)

The set of solutions of the variational inequality in a Banach space is denoted by S(C, A),
that is,
S(C,A)={ueC:(Au,J(v—u)) >0, YveC}

Remark 1 Let H be a real Hilbert space. If E = H, then generalized variational inequality
problem reduce to variational inequality problem in Hilbert space, that is, find a point u € C
such that

(v—u,Du) >0, forallv € C. 2)

The set of solutions of the variational inequality in a Hilbert space is denoted by VI(C, D).

Many authors have studied concept of variational inequality problem in Hilbert space to
modified their problem, see, for instance [7-11].

Cai et al. [9] proved a strong convergence theorem of the sequences generated by mod-
ified viscosity implicit method for finding a common solution of variational inequality
problems for two inverse strongly monotone operators (that is, B is called an B-inverse
strongly monotone operator if there exists a constant g > 0 such that (Bx — By, x — y) >
BllBx — By|?, forall x,y € H) and fixed point of nonexpansive mapping. Moreover,
they applied their main results to solving fixed point problem for strict pseudo-contractive
mappings and equilibrium problems in Hilbert space.

By using a hybrid extragradient-like implicit method, Ceng et al. [10] proved a strong con-
vergence theorem for finding acommon solution of a general system of variational inequalities
and a common fixed point problem of a countable family of uniformly Lipschitzian pseudo-
contractive mappings and an asymptotically nonexpansive mapping (that is, T is called an
asymptotically nonexpansive mapping if there exists a sequence {k,} of positive numbers
with lim, o ky, = 1 such that ||T"x — T"y|| < kyllx — ||, forallx,y € H, n € N)
and extended their main results corresponding with a common fixed point of nonexpansive
and pseudo-contractive mappings, variational inequality problems and generalized mixed
equilibrium problems in Hilbert spaces.

The variational inequality problem in Banach space is profusely studied in physics, eco-
nomic, engineering and applied science etc. Many researcher have studied this concept (1)
to their problem, see example [3-6].

@ Springer
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In 2019, Ariza-Ruiz et al. [6] showed that the existence and uniqueness results for a
variational inequality in a real smooth Banach space.

By using the concept of Krasnoselski-Mann iterative algorithm, Aoyama et al. [3] proved
a weak convergence theorem for a finding the solution of generalized variational inequality
problem as follows:

Theorem 1 Let E be a uniformly convex and 2-uniformly smooth Banach space and let C
be a nonempty closed convex subset of E. Let Q¢ be a sunny nonexpansive retraction from
E onto C, let a > 0 and let A be an a-inverse strongly accretive operator of C into E with
S(C, A) # 0. Suppose x1 = x € C and {x,} is given by

Xpt1 = Xy + (1 — ) Qcxn — ayAxy),

for every n = 1,2, ..., where {},} is a sequence of positive real numbers and {a,} is a
sequence in [0,1]. If {A,} and {o,} are chosen so that A, € |a, %]for some a > 0 and
oy € [b, c] for some b, c with O < b < ¢ < 1, then {x,} converges weakly to some element
z of S(C, A), where K is the 2-uniformly smoothness constant of E.

Yao et al. [4] who is based on generalized variational inequality in a Banach space intro-
duced the system of general variational inequality problems. Let A, B : C.— E be two
nonlinear mappings. Finding a point (x*, y*) € C x C such that

(At +x*—y", jlx=x%) 20, | Vx €/C,

3
(Bx* +y* = x* j(x —y")) >0, VxeC. ®

They first gave associated between the system of variational inequality problems (3) and
some fixed point problem of nonexpansive mapping. Furthermore, they proved a strong
convergence theorem of sequence generated by the modification of extragradient method for
solving the system of general variational inequality problems (3) as follows:

Theorem 2 (See [4]) Let C be a nonempty closes convex subset of a uniformly convex and
2-uniformly smooth Banach space E which admits a weakly sequentially continuous duality
mapping. Let Q¢ be the sunny nonexpansive retraction from E into C. Let the mappings
A, B : C — E be a-inverse strongly accretive with o = K2 and B-inverse strongly accretive
with B > K2, respectively. Define the mapping by Gx = Q¢ (Qc(x—Bx)—AAQc(x—Bx))
for all x € C and the set of fixed points of G denoted by Q # . For given x, € C, let the
sequence {x,} be generated by

yn = Q¢ (xn — Bxn),
X1 = dpll + BuXpy + Vu Qc(n — Ayp), n >0,

where {a,}, {Bn} and {y,} in (0,1). Suppose the sequences {a,}, {B,} and {y,} satisfy the
following conditions:

(i) ay +,Bn+yn =iy, V77 ek,
(i) lim,—oc 0y =0, ZZOZI oy = 00,
(iii) 0 < liminf, o By <limsup,_, ., B < 1.

Then {x,} converges strongly to Qqu, where Qqu is the sunny nonexpansive retraction
of C onto Q.

By using the concept of a general variational inequality problems (3), Kangtunyakarn [5]
introduced the modification of a system of variational inequality problems in Banach space

@ Springer
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for finding (x*, y*) € C x C such that

(x* = (I —2pA)(ax™ + (1 —a)y™), j(x —x*)) >0, VxeC,

(y*— (I —AgB)x*, j(x —y*)) >0, VxeC.

forall L4, A > Oand a € [0, 1]. The set of solution of (4) is denote by Q". If Ay = Ap =1
and a = 0, then problem (4) reduce to (3).

Kangtunyakarn [5] proved strong convergence theorem for the set of fixed points of two
finite families of nonexpansive and strictly pseudo-contractive mappings and the set of solu-
tions of modification of system of variational inequality problems as follows:

Theorem 3 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let Q¢ be a sunny nonexpansive retraction of E onto C.
Let A, B : C — E be a-and B-inverse strongly accretive operators, respectively. Define
the mapping G : C — C by Gx = Qc(I — *pA)(al + (1 —a)Qc(I = rpB))x for
all x € C, x4 € (0, %), Ap € (0, %) and a € [0, 1], where K is the 2-uniformly
smooth constant of E. Let {Si},N: 1 be a finite family of k;-strict pseudo-contractions of C
into itself and let {T;}l.N: | be a finite family of nonexpansive mappings of C into itself and
Kk =min{x; : i =1,2,..., N} with 5 [< iy Let aj = (a{,aé,a;) e I x I x I, where
1=100,1] efayaj =1, af €(0.1], ) €[0,1]and o € (0, 1) forall j =1,2,...,N.
Let SA be the SA—mappinggeneratedby S1,8,....8v, T, T, ..., Tyand oy, oy, ..., apn.
Assume that F = F(G)ﬁﬂfvzl F(S,')ﬁﬂl-l\]:] F(T;) # 0. Let the sequence {x,} be generated
byu,x1 € C and
Xn1 = G(aptt + Buxy + ynSAxn)» Vn > 1,

where {a, ), {Bu}, {vn} S [0, 11 with a,, + By 4y = 1. Suppose that the following conditions
are satisfied:

(1) lim, 500 0y =0, Z;x;] Uy = 00,
(i) O<e<PBp<d<lforallc,d >0andn > 1,
(i) Y52 st —aul < 00, Yp |Bus1 — Bul < 00

Then the sequence {x,} converges strongly to xo = Qru and (xo, zo) is a solution of (4),
where 70 = Qc(I — ApB)xo.

Inspired and motivated by the modification of a system of variational inequality prob-
lems of Kangtunyakarn [5], we define Banach generalized system of variational inequality
problems which is find (x*, y*, z*) € C x C x C such that

(x* = (I = D))(ax* + (1 —a)y*), j(x —x*) =0, VxeC,
(v = = r2Dy)(ax* + (1 —a)z"), j(x — %)) =0, VxeC, (5)
(&* = — x3D3)x*, j(x —2%)) =0, Vx eC.
forall A1, A2, A3 > 0and a € [0, 1]. In Hilbert space (5) reduce to
(x* = (I =y D) (ax™ + (1 —a)y*),x =x*) >0, VxeC,
(= =aDy)(ax*+ (1 —a)z"),x —y*) 20, VxeC, (6)
(¥ = —=rD3)x*,x —z*) >0, VxeC.
for all Ay, A2, A3 > 0 and a € [0, 1], which is modified generalized system of variational

inequalities in Hilbert space introduced by Siriyan and Kantunyakarn [11]. If D3 = 0 and
x* = z*, then problem (5) reduce to (4).

@ Springer
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Based on the results mentioned above, we give our theorem for Banach generalized system
of variational inequality problems and some important result as follows:

(i) We first establish Lemma 9 which show the equivalence a between Banach generalized
system of variational inequality problems (5) and some fixed point problem involving
the nonexpansive mapping under suitable conditions on our parameters.

(ii) We establish a strong convergence theorem of the sequences generated by modified
viscosity method for finding a common solution of Banach generalized system of vari-
ational inequality problems (5) and fixed point of nonexpansive mapping.

(iii) We apply our main result to obtain a strong convergence theorem the sequences gen-
erated by modified viscosity method for finding a common solution of generalized
variational inequality problems (1) by Aoyama et al. [3] and fixed point of nonexpan-
sive mapping.

(iv) We give a some illustrative numerical examples to support our main result.

2 Preliminaries

In this paper, we need the following lemmas and definition to prove our main result.
Lemma1 (See [14]) Let {s,} be a sequence of nonnegative real numbers satisfying
Spt1 < (L —e)sy +0n, Yn =0,

where {o,} is a sequence in (0, 1) and {5, } is a sequence such that

) Dl e =00,

(i) lim sup,, oo 22 < 00r Y52 1 |8,] < 0.

Then lim,, s o s = 0.
Lemma 2 (See [15]) Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:
Il + YI* < %17 +2¢y, T (@) + 20K y11%;

foranyx,y € E.
Lemma 3 (See [16]) Let C be a nonempty closed convex subset of a uniformly convex and

uniformly smooth Banach space E and let T be a nonexpansive mapping of C into itself with
FE(T) # (. Then F(T) is a sunny nonexpansive retract of C.

Lemma4 (See [17]) Let C be a nonempty closed convex subset of a smooth Banach space
E and Q¢ be a retraction from E onto C. Then the following are equivalent:

(i) Qc is both sunny and nonexpansive;

(i) (x — Qcx,J(y=Qcx)) <0forallx e Eandy € C.

From Lemma 4, let x € E and x9 € C. Then we have xo = Qcx if and only if (x —
X0, J(y —xp)) < Oforall y € C, where Q¢ is a sunny nonexpansive retraction from E onto
C.

Lemma5 (See[19]) Let E be a uniformly convex Banach spaceand B, ={z € E : ||z|| <r},
r > 0. Then there exists a continuous, strictly increasing and convex function g : [0, co] —
[0, o], g(0) = O such that

lox + By + yzll* < allx|* + BlIyI* + yllzl* — eBg(lx — yI).
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forallx,y,z € Byanda, B,y € [0, 1]witha +B+y = 1.

Lemma6 (See [15]) Let r > O. If E is uniformly convex, then there exists a continuous,
strictly increasing and convex function g : [0, 00] — [0, 0o], g(0) = O such that for all
x,y€ B,(0)={z€ E:|z| <r}andforall a € [0, 1], we have

llax + (1 —e)yll* < allx| + (1 =)yl — (1 — a)g(llx — yl).

Lemma7 (See [20]) Let C be a closed and convex subset of a real uniformly smooth Banach
space E and let T : C — C be a nonexpansive mapping with a nonempty fixed point F (T ).
If {x,} C C is a bounded sequence such that lim,_, » ||x, — Tx, || = 0. Then there exists a
unique sunny nonexpansive retraction Q p(ry : C — F(T) such that

lim sup{u — Qp(ryu, J (xp — Qrryu)) <0,

n—00

for any givenu € C.

Lemma 8 (See [22]) Let C be a closed convex subset of a strictly convex Banach space E.
Let Ty and T, be two nonexpansive mappings from C into itself with F(Ty) 0 F(T2) # 0.
Define a mapping S by

Sx =ATix+ (1 =XM)Tx, VxeC,

where ) is a constant in (0, 1). Then S is nonexpansive and F(S) = F(T}) N F(T).
We introduce the following lemma which show associated between Banach generalized

system of variational inequality problems and fixed point problem of nonexpansive mapping
under suitable conditions on our parameters.

Lemma9 Let C be a nonempty closed convex subset of a smooth Banach space E and let
D1, D2, D3 : C — E be mappings. Let Q¢ be a sunny nonexpansive retraction of E onto
C. For every A1, A2, A3 > 0 and a € [0, 1]. The following are equivalent

(i) (x*, y*, z*) is a solution of (5);

(i) x* is a fixed point of the mapping Z, i.e. x* € F(Z), defined the mapping Z : C — C
by Zx = Qc —rDp(ax+ (1 —a)Qc(I —raDy)(ax + (1 —a)Qc (I — r3D3)x)),
forallx € C where y* = Qc(I —xpDa)(ax*+ (1 —a)z*) and z* = Qc(I —i3D3)x*.

Proof Let conditions hold.
(i) = (ii). Suppose that (x*, y*, z* € C x C x C) is a solution of (5). For every x € C,
we have

(x* = — 2 Dp)(ax* + (1 =a)y*), j(x —x*)) 20, VxeC,
(¥ — (I —22D2)(ax* + (1 —a)z¥), j(x —y")) 20, VxeC,
(z* — (I — A3D3)x™, j(x —2%)) >0, VxeC.
From Lemma 4, we have
x* = Qc(I = x1Dp)(ax™ + (1 —a)y),
v = 0cU = )aDa)(ax* + (1 — a)z"),
7" = Qc(I — A3D3)x*".
It follows that
x* = Qc( = Dy)(ax + (1 —a)Qc(I = rD2)(ax + (1 —a)Qc(I — 13D3)x))
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= Zx*.
Then x* € F(Z), where y* = Qc(I — Ay Da)(ax* + (1 —a)z*) and z* = Q¢ (I —A3D3)x*.
(ii) = (). Let x* € F(Z), y* = Qc(I — xaD7)(ax* + (1 —a)z*) and z* = Qc(I —
A3D3)x*. Then
x* = Zx*
=Q0cU —mDp(ax+ (1 =a)Qc —r2D2)(ax + (1 =a)Oc (I — A3D3)x))
= Qc( = A1 Dp(ax™ + (1 —a)y™).

From Lemma 4, we have

(x* = (I = 2 Dy)(ax* + (1 = a)y*), j(x —x*)) > 0,
(y* = = x2Dp)(ax* + (1 — a)z"), j(x — y*)) =0,
(g% —(I = A3D3)x*, j(x — z%)) 2 0.
for all x € C. Then we find that (x*, y*, z*) is solution of (5). u]

Lemma 10 (See [5]) Let C be a nonempty closed convex subset of a uniformly convex Banach
space E. Let T, S : C — C be nonexpansive mappings with F(T) N F(S) # (). Define the
mapping T, : C — C by Tyx = T(ax + (1 —a)Sx) forallx € C and a € (0,1). Then
F(T,) = F(T)N F(S) and T, is a nonexpansive mapping.

3 Main result

‘We prove a strong convergence theorem to approximate a common solution of Banach gener-
alized system of variational inequality problems (5) and fixed point problem of nonexpansive
mapping.

Theorem 4 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let Q ¢ be a sunny nonexpansive retraction of C. Let D1, D>, D3 :
C — E be dy,dy, dz-inverse strongly accretive operators, receptively. Define the mapping
Z:C— CbyzZx=Qc —mDi)ax+ (1 =a)Qc —r2Dy)(ax + (1 —a)Qc(U —
23D3)x)) forallx € C, A1 € (0, ), 0y € (0, %), A3 € (0, L), a € [0, 1], where K is the
2-uniformly smooth constant of E. Let T, S : C — C be nonexpansive mappings. Assume
that F'= F(Z) N F(S) N F(T) # . Let the sequence {x,} be generated by x| € C and

ty =T (nXn + (1 = 84)Sx4),

()
Xnt1 = Z (0t f(xn) + BnXn + Valin),

where f : C — C is a contraction mapping with a constant £ € (0,1) and
{an}, {Bn), {vn}s {8n} S [0, 11 with @y + By + vn = 1. Suppose that the following con-
ditions are satisfied
(i) limy o0 a0y =0, Zpoyil oy = 00,
(i) 0 <c <Bu,yn,0n <d < lforallc,d>0andn > 1,
(iii) Zzozl |an+l - anl < o0, Z:CZI ‘ﬂn-%—l - ﬂn‘ < o0, Z:c:l ‘yn-%—l - Vn‘ < o0,
Z::il |5n+l - (Sn‘ < 00,
@iv) lim,_ 8, = 4.
Then the sequence {x,} converges strongly to xo = Qr f (xo) and (xo, Yo, zo) is a solution
of (5), where yo = Qc (I — A2D2)(axo + (1 — a)zo) and zo = Qc (I — A3D3)x0.
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Proof Stepl. First, we prove that {x,} and {u,} are bounded.
We show that Qc(I — A1 D1), Qc(I — AyD2) and Qc¢(I — A3D3) are nonexpansive
mappings. Let x, y € C, we have
1Qc(I = 2Di)x = Qc( — A D)yl)?
< v =y = M Dix + M Dyyl?
< I = y[> =221 (Dya = Dy, j&x = y))+2K* 1} D1x — Diy|)*
< I — ylI* = 221d1[| Dix — Diyl* + 2K2A3 [ Dix = Dyy |2
=Ix = yI* = 271 — K24 D1x = Diyll®
< lx =yl
Then Q¢ (I — AjDy) is a nonexpansive mapping. By using the same method, we obtain that

Qc(I — xyD7) and Q¢ (I — x3D3) are nonexpansive mappings. From the definition of Z,
we see that Z is nonexpansive mapping.

Let x* € F, then x* € F(S) and x* € F(T) which implies Sx* = x* and Tx* = x*.
From the definition of {u,} and Lemma 10, we have
et — 2™ = NT Gnxn + (1= 8,)Sx,) — x*||
< 1800 + (1 = 8,)Sxn — x7||
= 118 (en = x™) + (1 = 8,)(Sxy — 17|
< Sullxn — XTI A (1 = 8)1I1Sx, — x*||
< Sullxn — X" A (1 = 8) |, — ¥l
=y — x| (8)
Since x* € F, we have x* € F(Z) which implies Zx* = x*. Puty, = a, f (x,) + Bux, +
Vnltn. From the definition of {x,} , (8) and Lemma 9, we have
(%1 = x*[1 = 11 Zyy = x|
= llyn =27l
= llan(f Gen) = x*) + Bulxn = X*) =+ yu(y — x|
< dpllf () = XN+ Ballxn — X" + vallun — x|
< alll f ) = FOO AL ™) = 2T+ Bullxn — x|l
+ VallxXn — x|
< apllxg = X+ o llf F) = x| A+ (1 = ) 120 — x|
= apll f (™) = X"+ (1 — ey (1 = &)llxy — x|

it el ©

< max {
Applying mathematical induction, we can conclude that the sequence {x, } is bounded and
S0 is {uy,}.

Step 2. Show that lim,,—, oo [[Xp41 —Xp || = 0,1im,— o0 [|Xp —uy || = 0andlim,— o [| Zy, —
wll=0.
From the definition of {x,}, we have

llxn+1 — xall

= 1 Z(an f (xn) + BuXn + Vuttn) — Z(etn—1 f (Xn—1)
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+ Bu—1Xn—1 + Yn—1un-1)|l
=< llCan fCen) + BuXn + Yuttn) — (@tn—1 [ (xn—1) + Bu—1Xn—1 + Yn—1un—1)l
= llotn f(xn) — an—1 f (Xp—1) + ot f (Xp—1) — &t f (Xp—1)
+ Buxn — Bu—1Xn—1 + BuXn—1 — Bnxn—1
+ Vultn — Yn—1tn—1 + Vnlln—1 = Ynin—1l|
< anllf () — fOn-DIl + o = an—1 1l f Cn=D) | + Bullxn — xp—1l
+ 180 = Bu—tllIxn—1ll + vallun — up—1l + 1vn = Yu—1lltn—11l
< anllxn — xp—1ll + low — ota—1 [l £ Cn=DIl + B llxn — xn—1ll
+ 180 = Bu—tlllxa—1l + vullun — unall + 1vn = Ya=1lllun—11. (10)
By the definition of {u,}, we have

ot = wn—tll

=T Guxn + (A = 80)8xn) = T (Sp—1Xn—1 + (1 = $p—D)Sxu—1)l

=< 1@nxn + (1 = 8,)Sxn) — (Bn-1%n—1 + (1 = Sn—1) Sxn—1)|l

= 16nXn = 8n—1%n—1 + 8 Xn—1 — Snxp—1 + (Sxp — Sxp—1)
— 80 8Xu+ 8n-18Xn—1 + 6, 8xn—1 — 8, Sxp—1l

< Snllxn — Xn—1ll =+ 180 — Sn—1lllxn—1ll + (1 = 8) [ Sxn — Sxn—1l
+18n = Sn—1 /1l Sxn—1ll

< Snllxn = Xp—ill + 180 — Sn=1llxp=11l + (1 — Sn)llxn — xp—1l
+ 18, = Sp—111Sxp—1ll

= llxn = Xn—1ll + 185 — Sn—rtlClxn—tll + | Sxn=11D). (11)

From (10) and (11), we have

IXn41 — Xall
< anéllxn — xn—1ll + o — a1 [11F Cen—D Nl + Bullxn = Xn—il
+ B0 = Bu—tlXn=tll + Vullun — up—tll + 1vn = Va—tlllttn =11l
< anéllxn — xp—tll 4 lotn = etp—tlllf Cen—DI + Ballxn — xp—1l
+ 180 = Bu—tlIXa=1ll + 1y — Vu—11llun=1ll
+ 7 [0 = xat Il 4180 — -1 (lxn=1ll + [|Sxa=11)]
= on§ |lxn — Xp=1ll+ lon — et [ILf Kn=Dl
+ (1 = a)llxn = xp—1ll+ 180 = -1l Xn—1]l
+ Vuldn = Su—11lxn—1 | + 1Sxn—11D + [¥n — Ya—tltn=1 I
= (1= ap(L=&)llxn = xp—1ll + letw — cta—1lIlf G-Il
+ 180 — Bo=tlllXn—1 Il + vul8n — Sn—1|(lxp—ll + | Sxn—1 1)
+1vn = Ya—tlllun—11. (12)
Applying (12), conditions (i), (iii) and Lemma 1, we have
Jm x4 = xall = 0. (13)

We will show that lim,,—, « ||x;, — u, || = 0. From the definition of {x,} and (8), we have

2
141 — 2l
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= 1Z (@ f () + Buxu + Yuttn) — x*|?
< @ f ) + Buxn + Vuttn) — x*|
= llotn (f () = X%) 4 Bn G — X%) + Yty — x|
Sl £ Gon) = x* 7+ Bulln — X1 + yallun — 212 = Buvag(Ixn — nl))
<l £ Gn) = ¥ 1% 4 Ballxn — X1 + yulloen = x* 11> — Buyug(lxn — wnll)
<ol f ) = X2+ (1= a0 — 317 — Buvagllxn — unll)
< all f Gen) = XF 1% 4 [ — 12 = Buyng(n — )
It follows that
Buvng(xn = ) < onllf (o) — ™17+ llxtn — 217 = Joner — 12
< apll f () — x|

F U = x4 1= X* DX 1= xnl-
From (13) and conditions (i) and (ii), we have
lim g(|lx, — unl) = 0.
n—0oQ
From the property of g, we have
lim |[xp — unll = 0. (14)
n—oQ
From the definition of {y,}, we have

[Iyn = xnll = lle f(xn) + BnXn + Vuttn — Xull
= llen (f (Xn) — Xn) + Vo n — x) |
< apll f o) = xnll + valltn = xall-

From (14) and a condition (i), we have
lim [lx, — yull = 0. (15)
n—00
From the definition of {y,}, we have

|y = unll = llotn f (xn) + BuXn + Vattn — unll
= lan(f (xn) — un) + Bnn — up)||
< ol fxn) —ttnll + BullxXn — unll.
From (14) and a condition (i), we have

lim [y, = unll = 0. 16)
n—00

Since lim, .~ 8, = 8 € (0, 1), we define the mapping 75 : C — C by Tsx = T (6x +
(1 —68)Sx) forall x € C and § € (0, 1), then we have u, = Tsx,. By Lemma 10, we have
F(Ts) = F(T) N F(S) and T} is a nonexpansive mapping.

From the nonexpansive of 75, we have

1Tsyn — yull = 1 Tsyn — T5, 0 + T5,y0 — yall
< W Tsyn — T, yull + 1 T5, 0 — yull- 7
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Considers,
”Tﬁyn - TSHYH I = ”T((SYn + (1 — 3)5)%) - T(anyn + (1 — 3/1)Syn)“
< [@yn + (1 =8)Syn) — (Spyn + (1 = 8)Syn)l
=11(6 = 8u)yn + (8n — &) Synll
< |8 = Sulllynll + 18, — 81 Synll-
From a condition (iv), we have
lim [ Ts5y, — Ts,ynll = 0. (18)
n—00
Since the nonexpansiveness of Tj,, we have
”TS,,Yn -l = ”TB,,Yn - TS,,xn ~+ TS,,xn =Yl
= “Tﬂ,,,Vn T TS,,xn” A ||T5,,xn —Vn I
< llyn = xnll F+ Nlun = yall-
From (15) and (16), we have
Lim |75,y — yall-= 0. (19)
n—oo
From (17), (18) and (19), we have
Lim |75y, — yall = 0. (20)
n—oc
From the definition of {x,}, we have
1Zyn — yall = 1 Zyn = X0+ Xn — Yull
<N Zyn ~ xull + ll%p — yull
= IXn+1 = Xl + 120 = yull-
From (13) and (15), we have
i | Zyg = yall = 0: 1)

Step3. We will show that lim sup,,_, . ( f (x0) —x0, j (y, —X0)) < 0 where xgp = QF f (xp).
Define the mapping B : C — Cby Bx = eZx+ (1 —¢)Tsx) forallx € Cande € (0, 1).
From Lemmas 8 and 10, we have F(B) = F(Z)N F(Ts) = F(Z)NF(T)N F(S) =F.
From the definition of B, we have
llyn = Byall = llyn — (€Zyn + (1 = &) Tsyn) |l
= |le(yn — Zyn) + (1 — &)(yn — Tsyn)ll
< éllyn — Zynll + 0 = &)llyn — Tsyall.

From (20) and (21), we have
Him_ {3 = Bynll = 0. (62)

Since Z and T are nonexpansive mappings, we have B is a nonexpansive mapping. From
Lemma 7, we have
lim sup( f (xo) — X0, j(¥yu — X0)) <0, (23)
n—oo

where xo = Or f (x0).
Step4. We show that the sequence {x, } converges strongly to xop = QF f (xp).
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From the definition of {y,}, we have

llyn — xoll?
= llotn £ (Xn) + Bun + Vattn — Xol*
=l (f (¥) = x0) + B on — x0) + Y (1t — x0) 12
< 11BuGen — x0) 4 Vi (it — 20) 11 + 206 (f (60) = %0, j (Y — X0))
< (Bullxn — xoll + yullun — xol)?
+ 20 (f () — f (x0) + f(x0) = X0, j (Y — X0))
< (Bullxn — Xoll 4 Vallxn = X0ID? + 20 { f (X)) — f(x0), j (yu — %))
+ 20, (f (x0) = %0, J (Y — X0))
< (L= o) xn = x0 12 4 2anll £ ) = £ @) [l yw — ol
+ 200, ( f (x0) — %0, j(Yn — X0))
< (1 = o) lxn — x0l” + 200 |1x — X0ll[1va = Xoll
+ 200 (f (x0) — X0, j(¥n — X0))
< (=)’ llxn = x0ll” + 20& [0 = %001 + llyw = x011%]
+ 20, ( f (x0) — x0. j (Y — X0))
= ((1 = a)? + 0t n — x0l1* + o [l yn — X0lI?
+ 200 ( f (x0) — X0, j (Yn — X0))-

It implies that

llyn = xoll?
(l_an)2+ans 2 20, L
= WHX" Ty 2 e m(f(xo) — %0, j (Yn — X0))
_ 1 — o€ —2a,(1 —§) N 2 o - 2
= TCeTAN lxn ~xoll +7(1—ans)“x" xoll
20 )= ov i Oon =
+m(f X0) = %05 j (¥n = %0))
T G AR PO I 12
—(1 197 )Hxn Xoll +1_W§len xoll
2a z
Ny (f (x0) — x0, j (yn —%0))
— ané
o 2e(1=8) o2
—(1 N N )Hxn xoll
20, (1 — &) On = 2 1 _ 2 B
S S (2(1 =y P =l g (F Go) =0, O xo>>). @4
By the definition of {x,11} and (24), we have
%41 = xoll>
= 1Zys = xol®

2
< llyn = xoll
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20, (1 — &) 20, (1 = 8) «
< (1 == ) I = xol® + =— ( 5=l — xoll?
1 —a,é I—ay§ \2(1-6)
1 .
+?(f(xo) = X0, j(n — XU))) . (25)

Applying (25), a condition (i) and Lemma 1, we can conclude that the sequence {x,}
converges strongly to xo = QO f(xo) and (xo, Yo, zo) is a solution of (5), where ygp =
Qc(I — rDa)(axp + (1 — a)zp) and zo = Q¢ (I — A3D3)xp. This completes the proof. O

The following corollary is consequence which is applied by Theorem 4. Therefore, we
obtain the following results.

Corollary 1 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let Q ¢ be a sunny nonexpansive retraction of C. Let D1, D2, D3 :
C — E be dy, d, dz-inverse strongly accretive operators, receptively. Define the mapping
Z:C—> CbyZx =QcU - MD)(QcU — x2D2)(Qc(I —r3D3)x)) forall x € C,
A1 € (0, %), X € (0, %), A3 € (0, %), where K is the 2-uniformly smooth constant of E.
LetT, S : C — C be nonexpansive mappings. Assume thatlF = F(Z)NF(S)N F(T) # 0.
Let the sequence {x,} be generated by x| € C and

up =T (nxp + (1 —8,)Sxn),

(26)
Xnt1 = Z(n f(xn) + BuXn + Ynltn),

where [ : C — C is a contraction mapping with a constant & € (0,1) and
{en b Bn}s {vu)s {80} € [0, 1] with ay + By + v = 1. Suppose that the following con-
ditions are satisfied

(i) limy— 00 = 0, Zzo:l oy = 00,
(i) 0 <c<PBn, ¥n,0p<d < lforallc,d >0andn > 1,
(iii) 230:1 lant1 — apl < 00, Zzozl ilsn+l = Bnl < 00, Z,O,ilh/nJrl =¥l < o0
Yonst 8ns1 = 8ul < 00,
(iv) lim, 008, =46.

Then the sequence {x,} converges strongly to xo = QF f (xo) and (xo, Yo, 2o) is a solution
of (5), where yo = Qc (I — AxD2)zp and zo = Qc (I — A3 D3)xq.

4 Application

In this section, we prove strong convergence to approximation a common element of solu-
tions of generalized variational inequalities in Banach space and fixed point problem of
nonexpansive mapping. We give some useful lemmas to prove Theorem 5.

Lemma 11 (See [3]) Let C be a nonempty closed convex subset of a smooth Banach space
E. Let Q¢ be a sunny nonexpansive retraction from E onto C and let A be an accretive
operator of C into E. Then, for all > > 0,

S(C,A) = F(QcU — rA)).
Lemma 12 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly

smooth Banach space E and let Q¢ be a sunny nonexpansive retraction from E onto C.
Let Dy, Dy, D3 : C — E be dy, dy, dy-inverse strongly accretive operators, receptively.
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Define a mapping Z as in Lemma 9 and for every A1 € (0, %), X € (0, %), 13 € (0, %),
a € [0, 1], where K is the 2-uniformly smooth constant of E. If S(C, A) N S(C, B) # 0,
then F(Z) = S(C, A)N S(C, B).
Proof From Lemma 11, we have

S(C, D1) = F(QcU —r D)), S(C, D2) = F(Qc( — 22D2)),

and
S(C, D3) = F(Qc( — A3D3)).
Using the same method as Theorem 4, we find that Q¢ (I — A1 D1), Qc(I — A2 D>) and
Qc (I — A3D3) are nonexpansive mappings.
From the definition of Z and Lemma 10, we have
F(Z)=F(QcU =1D1)NF(Qe(I —AiD2)) N F(Qc(I —A3D3))
= S8(C, D) NS(C, D) N S(C, D3).

From Theorem 4 and Lemma 12, we have the following theorem.

Theorem 5 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E and let Q ¢ be a sunny nonexpansive retraction of C. Let Dy, Dy, D3 :
C — E be dy, dy, dz-inverse strongly accretive operators, receptively. Define the mapping
Z:C > ChbyZx=Qc(I=MD))(ax +(1=a)Qc —x2Dr)(ax +1 —a)QcU —
23D3)x)) forallx € C, Ap € (0, %), X € (0, %), A3 € (0, %), a € [0, 1], where K is the
2-uniformly smooth constant of E. Let T, S : C — C be nonexpansive mappings. Assume
that = S(C, D1) 0 S(C, D) N S(C, D3) N F(S) N F(T) # . Let the sequence {x,} be
generated by x1 € C and

up =T (6pXp + (1 = 8,)Sxp),
Yn = tn [ (xn) + BuXn + Vulln,
Xpt1 = Qc( =M Dy)al + (1 =a)Qc( — raDy)(al
+(1 —=a)Qc( —23D3))) yn, Yn = 1,
where [ : C — C is a contraction mapping with a constant & < (0,1) and

{an} ABn), {vn), 8n) S 10, 1] with oy + Bn + vu = 1. Suppose that the following con-
ditions are satisfied

@7

() limyoo0n =0, Y02 oy =00,
(i) 0 <c <Bn,Vn,0n <d <1forallc,d >0andn > 1,
(i) Yyl = &l < 00, 302 1Bus1 — Bul < 00,
Zgi] |Vn+l ~ )/nl < 00, Z;’,o:] |8n+1 — 8, < 00,
@iv) limy—o0 8y = 4.
Then the sequence {x,} converges strongly to xo = Q f (xo) and (xo, yo, zo) is a solution
of (5), where yo = Qc (I — A Da)(axo + (1 —a)zo) and zo = Qc (I — *3D3)xo.

5 Numerical

The purpose of this section we give a numerical examples to support our some report. The
following example given for supporting Theorem 4.
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Example 1 Let R be the set of real number and
5
E=Ly([-55) = e:R— R‘/ e*(x)dx < ooy,
-5
with the inner product defined by

5
(e, g) :/Se(x)g(x)dx,

5
||e||=</ ez(x)dx) :
=5

forall e,g € E.Let C = H(g,500) = {h € La(1=5,5D| [°5 g()h(x)dx = 500}
where g € Ly([—5,5]) with g(x) = 2x — 3, for all x € [-5,5]. Define mappings
Dy, Dy, D3, T, S, f :C — Casfollows Dy(h) = "S5 Dy(h) = 223, Dy(h) = 2231,
Th) = % S(h) = % and f(h) = /5—’ for all & € C. Define the mapping Z : C — C
by Zx = Qc(I = kD) (ah + (1 —a)Qc( = AaDr)(ah + (1 — a) Qc (I = A3D3)h)) for
all h € C. Setting {a) = (7). {Ba) = (251 va) = {15577 hand (8,) = (254, for all
n € N. Then the sequence {x, } generated by (7) converges strongly to a point x* = 31.

and

ol

Solution 1 By definition of Dy, D3 and D3, we have Dy, D, and D3 are l-inverse strongly
accretive operator. It is easy to check that f is %—contraction mapping and 7', S are nonex-
pansive mapping with F'(S) N F(T) = {31}.

By definition of Q¢ and C, we have

(f.g) — 500
llgl?

Let K = %, we have K is 2-uniformly smooth constant of R. We choose 11 = 2 € (0, 9),
Mm=3€(0,9andr3=4¢€ (0,9 anda = % € [0, 1].

For every n € N, {on) = {7} {80} = (3 ). (va) = (1567} and {8,) = (%451}, then
the sequence {a,}, {B,}, {yu} and {8, } satisfy all the conditions of Theorem 4.

From the definition of Z, thatis Zh = Qc(I=2D1)(3h+10c (1 =3D)(3h+1Qc (1 -
4D3)h)) forall h € C, we have F(Z) = {31}. ThenIF = F(Z) N F(S) N F(T) = {31}.

From Theorem 4, we obtain the sequence {x,} converges strongly to 37.

Ocf=/f~—

Example 2 Let R be the real line with Euclidean norm and let C = [0, 3] and Dy, D3, D3 :
C — R be mappings defined by Dix = %, Dox = 5 and D3x = % forall x € C. Let
T,S:C — C bedefined by Tx = max{0, —x} and Sx = min{0, %} for all x € C. Let
f: C — Cbeamappingdefinedby f(x) =  forallx € C.Definethe mappingZ : C — C
by Zx = Qc(I =1 D)(ax + (1 =a)Qc( — AaDo)(ax + (1 =a)Qc (I — 23D3)x)) for
all x € C. Setting {on} = {55, (Ba) = {55 ) {vad = 115571} and (8,) = (%471), for all
n € N. Then the sequence {x, } generated by (7) converges strongly to a point x* = 0.

Solution 2 Since f(x) = 7 forall x € C, we have f is %—contraction mapping. It is easy
to see that 7" and S are nonexpansive mappings with F(S) N F(T) = {0}. Since D1x = %,
Dyx = % and D3x = % for all x € C, we have Dy, D> and D3 are 1-inverse strongly
accretive operators.
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Table 1 The values of {x,} with

x| =5n=25 n Xn
1 5.0000
2 0.2917
3 0.0208
4 0.0016
5 0.0001
13 0.0000
21 0.0000
2 0.0000
23 0.0000
24 0.0000
25 0.0000

Fig. 1 The convergence of {x,} with initial values x; = 5 and n = 25

LetK = %, we have K is 2-uniformly smooth constant of R. We choose 11 =2 € (0,9),
J2=3€(0,9andr3=4¢€ (0,9 anda = 5 € [0, 1].

Forevery n € N, {an} = (&}, (B2} = (23], (v} = (181} and {5,} = (241
the sequence {«,}, {Bx}, {y} and {,} satisfy all the conditions of Theorem 4.

From the definition of Z, thatis Zx = Q¢ (I —2D1)(3x+30c(I=3D2)(3x+310c (I —
4D3)x)), we have F(Z) = {0} and (0,0,0) is a solution of (5). Then F = F(Z) N F(S) N
F(T) = {0}. We rewrite (7) as follows:

},then
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up =T (Bta, + (1 — 221) Sx) -
—7(L 9n—4 16n—1 (28)

Xntl = (Sn f(x”) + 251 n + 25n M”) ’

Choose x; = 5 and n = 25. The numerical computations for the sequence {x, } are shown
in Table 1 and Fig. 1.
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