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Chapter 1

Introduction

1.1 Iterative methods of nonlinear mappings

Mathematics is one of the important tools for developing new technologies.
The original of new technologies was happened from observing, suspicion and ques-
tioning. Normally, the most problems are nonlinear problems. We transformed the
problem into many mathematical models and used different methods to solve the
problem. Over the last 50 years or so the theory of fixed points has been revealed as
a very powerful and important tool in the study of nonlinear mapping. The fixed point
techniques have been applied in such diverse fields as biology, chemistry, economics,
engineering, game theory, and physics.Finding the answer of the equation by using the
fixed point theory may have the answer or no answer. Therefore, fixed point theory
is involved with finding conditions on the set X and the mapping T : X → X to guar-
antee the existence and uniqueness of fixed points. Moreover, researchers have been
studying about the structure of fixed point set and the approximation of fixed points.
Iterative schemes for finding the solution set of nonlinear mappings such as nonex-
pansive mappings, quasi-nonexpansive mappings have been increasingly studied by
many mathematicians. They have introduced various types of iterative methods to
approximate fixed points.

Throughout this paper, let H be a real Hilbert space and C be a nonempty
closed convex subset of H with the inner product 〈·, ·〉 and norm ‖·‖. Let T : C → C

be a mapping. Then, T is called nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.
We denote F (T ) by the set of fixed points of T , that is F (T ) = {x ∈ C : Tx = x}. It is
well known that F (T ) is closed convex and also nonempty.

Many researchers have studied the iterative scheme to approximate the fixed
point problem of nonlinear mapping as follows;

In 1953, Mann [1] introduced the sequence {xn} generated by x0 ∈ H and

xn+1 = (1− αn)xn + αnTxn, ∀n ≥ 0, (1.1)

where C is a nonempty closed convex subset of a normed space, T : C → C is a
mapping and the sequence {αn} is in the interval (0, 1), iteration (1.1) is called Mann
iteration. The Mann iteration algorithm is extremely useful for finding the fixed point
problem of nonexpansive mappings, and provides a unified framework for different al-
gorithms. However, it should be pointed out that even in a Hilbert space, the iterative
sequence {xn} defined by (1.1) has only weak convergence under certain conditions.
Many authors have been trying to modify Mann’s iteration to solve various problems
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such as the fixed point problem, split feasibility problem, equilibrium problem, mono-
tone inclusion and image restoration problem; see more detail in [2, 28, 29].

In 1967, Halpern [20] introduced the Halpern iteration to find a fixed point of
nonexpansive mapping T : C → C as follow:

xn+1 = αnu+ (1− αn)Txn (1.2)

for each n ≤ 0 and x0 = u ∈ C where {αn} ⊂ (0, 1). He proved that the sequence {xn}

converges strongly to a fixed point of T .
In 2000, Moudafi [2] extended the Halpern iteration to the following process,

which is called the viscosity approximation method for nonexpansive mapping T and
the sequence {xn} generated by x1 ∈ C and

xn+1 = αnf(xn) + (1− αn)Txn, ∀n ≥ 0, (1.3)

where {αn} ⊂ (0, 1) satisfies certain conditions, T : C → C is a nonexpansive mapping
and f : C → C is a contraction. Then he proved the sequence {xn} converges strongly
to z = PF (S)f(z). Moreover, the viscosity approximation method has been studied and
developed in many pieces of research to approximate the convex feasibility problem,
hierarchical fixed point problem, variational inequality problem, split common null
point problem, see previous studies in [32, 31].

1.2 Variational Inequality Problem

The variational inequality problem (VIP) is to find a point u ∈ C such that

〈Au, v − u〉 ≥ 0, ∀v ∈ C. (1.4)

The set of the solutions of the variational inequality problem is denoted by
V I(C,A). This problem is an important tool in economics, engineering and mathe-
matics. It includes, as special cases, many problems of nonlinear analysis such as
optimization, optimal control problems, saddle point problems and mathematical
programming, see for example, [3, 33, 19, 21].

In 2003, Takahashi and Toyoda [10] introduced an iterative scheme for finding
a common element of the set of fixed points of nonexpansive mappings and the set
of solutions of variational inequalities problem in a Hilbert space as follows:

xn+1 = αnxn + (1− αn)TPC(I − λnA)xn, ∀n ≥ 0,

and proved weak convergence theorem of the sequence {xn} under suitable condi-
tions of parameter {αn}.

In 2005, Iiduka and Takahashi [11] introduced an iterative scheme for finding a
common element of the set of fixed points of a nonexpansive mapping and the set
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of solutions of the variational inequality problem in a Hilbert space as follows:

xn+1 = αnx+ (1− αn)TPC(I − λnA)xn, ∀n ≥ 0,

and proved strong convergence theorem of the sequence {xn} under suitable condi-
tions of parameter {αn}.

A well known that one method is most popular for solving the problem (VIP) is
the extragradient method proposed by Korpelevich [4]. The extragradient method is
need to calculate two projections onto the feasible set C in each iteration. So, in case
that the set C is not simple to project on to it, As in some remarks of the authors in [5],
when the subset is a closed expression as a ball or a half-space, the projection onto
the feasible subset C can be computed easily. This can affect the efficiency of the
used method. In recent years, the extragradient method has received great attention
by many authors, who improved it in various ways, see, e.g. [7, 8, 12, 13, 34, 15, 16]
and the many references therein.

In 2011, Censor et al. [15] proposed the subgradient extragradient method for
solving variational ineuality problems as follows:






yn = PC(xn − λAxn),

Tn = {x ∈ H : 〈xn − λAxn − yn, x− yn〉 ≤ 0}

xn+1 = PTn(xn − λAyn)

(1.5)

for each n ≥ 1, where λ ∈ (0, 1/L). In this method, they have replaced the second
projection in Korpelevich’s extragradient method by a projection on to a half-space,
which is computed explicitly.

In 2012, Kangtunyakarn [26] modified the set of variational inequality problems
as follows:

V I(C, aA+ (1− a)B) = {x ∈ C : 〈y − x, (aA+ (1− a)B)x〉

≥ 0, ∀y ∈ C, a ∈ (0, 1)}, (1.6)

where A and B are the mappings of C into H .
In order to develop efficient algorithms for finding solution of a finite family varia-
tional inequalities problem, inspired by problem (1.6), we define the new half space
Qn = {z ∈ H :

〈
(I − λ

∑N
i=1 aiAi)xn − yn, yn − z〉 ≥ 0

}
, which as a tool to prove strong

convergence theorem. In particular,if we put i = 1 ,then Qn reduces to Tn in sub-
gradient extragradient method (1.5). However, the sequence {xn} generated by (1.5)
converges weakly to a solution of the variational inequality problem.

1.3 Variational Inclusion Problem

Let B : H → H be a mapping and M : H → 2H be a multi-valued mapping. The
variational inclusion problem is to find x ∈ H such that

θ ∈ Bx+Mx, (1.7)This material is reserved for educational use only, not allowed for commercial use. 
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where θ is zero vector in H . The set of the solution of (1.7) is denoted by V I(H,B,M).
This problem has received much attention due to its applications in large variety
of problems arising in convex programming, variational inequalities, split feasibility
problem, and minimization problem. To be more precise, some concrete problems
in machine learning, image processing, and linear inverse problem can be modelled
mathematically as this formulation. A multi-valued mapping M : H → 2H is called
monotone, if for all x, y ∈ H , u ∈ Mx and v ∈ My implies that < u − v, x − y >≥ 0. A
multi-valued mapping M : H → 2H is called maximal monotone, if it is monotone and
if for any (x, u) ∈ H ×H , < u − v, x − y >≥ 0 for every (y, v) ∈ Graph(M)(Graph(M) :=

{(x, u) ∈ H ×H : u ∈ Mx}) implies that u ∈ Mx.
Let M : H → 2H be a multi-valued maximal monotone mapping. Then the

single-valued mapping JM,λ : H → H defined by

JM,λ(u) = (I + λM)−1(u), ∀u ∈ H,

is called the resolvent operator associated with M where λ is positive number and I

is an identity mapping, see [25]. Note that JM,λ is nonexpansive mapping.
In 2008, Zhang et al. [25] proved a strong convergence theorem for finding

a common element of the set of solutions of variational inclusion problem and the
set of fixed points of nonexpansive mappings in Hilbert space. They introduced the
iterative scheme as follows:

yn = JM,λ(xn − λAxn),

xn+1 = αx+ (1− αn)Syn, ∀n ≥ 0,

and proved a strong convergence theorem of the sequence {xn} under suitable con-
ditions of parameter {αn} and λ.

Motivated by problem (1.7), we introduce a new problem of the system of
variational inclusion in a real Hilbert space as follows:

Let H be a real Hilbert space and let A : H → H be mapping and MA,MB :

H → 2H be set value mapping. We consider the problem for finding x∗ ∈ H such that

θ ∈ Ax∗ +MAx
∗ and θ ∈ Ax∗ +MBx

∗ (1.8)

where θ is zero mapping in H , which is called generalized system of modified varia-
tional inclusion problem(in short, GSMVIP) . The set of solution of (1.8) is denoted by
Ω ,i.e., Ω = {x∗ ∈ H : θ ∈ Ax∗ +MAx∗ and θ ∈ Ax∗ +MBx∗}. In particular, if MA = MB ,
then the problem (1.8) reduces to the problem (1.7) and if JMA

λA
= JMB

λB
= PC , then the

problem (1.8) reduces to VIP.
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1.4 G-Variational Inequality Problem with graph

The following symbols will be used throughout this research:
i) G = (Eed(G), V er(G)) is a directed graph where V er(G) is vertices set and

Eed(G) is set of its edges with {(x, x) : x ∈ V er(G)} ⊆ Eed(G)

ii) Eed
(
G−1

)
= {(y, x) : (x, y) ∈ Eed(G)}.

Jachymski [41] was the first to analyze the fixed point problem in metric space
endowed with graph and introduce the crucial conclusion in this space by integrating
fixed point properties and graph theory, see more detail in [41].

Let C = V er(G) and the mapping T : C → C is called G-nonexpansive if the
following conditions hold:

1) T is edge-preserving i.e., for each x, y ∈ D such that (x, y) ∈ Eed(G) ⇒

(Tx, Ty) ∈ Eed(G),
2) ‖Tx− Ty‖ ! ‖x− y‖, whenever (x, y) ∈ Eed(G) for all x, y ∈ C.
Tiammee et al. were the first to prove the strong convergence theorem of

a sequence generated by Halpern iteration for approximating fixed point problem of
G-nonexpansive mapping in Hilbert space endowed with a directed graph. See more
detail [42].

Using concepts related to the variational inequality problem and graph theory,
Kangtunyakarn [43] introduced the G-variational inequality problem, which is to find
a point x∗ ∈ C such that

〈y − x∗, Bx∗〉 " 0,

for all y ∈ C with (x∗, y) ∈ Eed(G) and B : C → H is a mapping, where C = V er(G).
The set of all solution of such problem denoted by G− V ar(C,B). He proved strong
convergence theorem to solve G-variational inequality problem.

By combining the concepts of subgradient extragadient method and graph the-
ory in this research, we introduce G-subgradient extragadient method for approximat-
ing the solution of G-variational inequality problem. To use such a method, we intro-
duce G-Half space by

TG = {w ∈ C : 〈(I − λB)x− y, y − w〉 " 0},

where λ > 0, B : C → H is a mapping and y = PC(I − λB)x for all x ∈ H with
(w, x) ∈ Eed(G).

Example 1.1. Let H = R2 and C = [−100, 100] × [−100, 100] and metric projection PC :

H → C define by

PC (z1, z2) = (max {min {z1, 100} ,−100} ,max {min {z2, 100} ,−100}) ,

for all z = (z1, z2) ∈ H .
Let B : C → H define by Bx =

(
v1
3 , v2

3

)
for all x = (v1, v2) ∈ C and V er(G) = C, Eed(G) =This material is reserved for educational use only, not allowed for commercial use. 
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{
(u, v) : u = (u1, u2) ∈ [0, 100]× [0, 100] and v = (v1, v2) ∈ (300,∞)× (300,∞)

}
. Putting λ =

2. From definitions of PC and B, we have PC(1−λB)x = PC

(
v1
3 , v2

3

)
for all x = (v1, v2) ∈

H.

Let (w, x) ∈ Eed(G), where w = (w1, w2) , x = (v1, v2) . From definition of PC , we have
PC(I − λB)x = (100, 100) and TG = [0, 100]× [0, 100].

1.5 Objectives of the study

1) To propose the generalized system of modified variational inclusion problem and
a new iterative schemes for solving the GSMVIP and the variational inequalities
problem in a framework of Hilbert space.

2) To propose a new iterative schemes for solving G-variational inequality problem
in a framework of Hilbert space endowed with a directed graph.

3) To give a lemma, an essential tool for proof strong convergence of our main
theorems.

4) To prove a strong convergence theorem for finding a common solution of the
GSMVIP and the variational inequalities problem .

5) To prove a strong convergence theorem for finding G-variational inequality prob-
lem in a framework of Hilbert space endowed with a directed graph.

6) To give numerical examples for our results to support our main results.

7) To give numerical examples for finding the solution of market equilibrium prob-
lem in economics.

1.6 Scopes of the study

1) Study the definitions and properties of variational inclusion problem, variational
inequality problems, minimization problems, and fixed point problems in real
Hilbert space.

2) Study the definitions and properties of G-variational inequality problem in Hilbert
space endowed with a directed graph.

3) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, and α-inverse strongly monotone mapping.

4) Give numerical examples for supporting our main results in R , R2 and L2 spaces.
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1.7 Benefits of the study

1) Obtain new tools for fixed point problems on real Hilbert space.

2) Obtain strong convergence theorem of the sequence {xn} generated by the new
subgradient extragradient for finding a common element of the set of solutions
of GSMVIP and the set of a finite family of variational inequalities problem.

3) Obtain strong convergence theorem of the sequence {xn} generated by the new
subgradient extragradient for finding solutions of G-variational inequality problem
in Hilbert space endowed with a directed graph.

4) Obtain new tools for market equilibrium problem in economics.

1.8 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive mapping, α-inverse
strongly monotone mapping and G− α-inverse strongly monotone mapping.

2) Study background in a real Hilbert space.

3) Study background in a directed graph.

4) Study the subgradient extragradient algorithm and half space.

5) Collect and study research papers and textbooks concerning fixed point theorem.

6) Determine the objectives and scope of the research.

7) Produce tools for a strong convergence theorem of fixed point problem.

8) Prove strong convergence theorem for fixed point problems in a real Hilbert
space.

9) Provide examples and applications.

10) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2

Preliminaries

The objective of this chapter is to provide an understanding of the fundamental
concepts and definitions that will be utilized throughout this thesis. Additionally,
we present some lemmas, remarks, and useful results that will be referenced in the
subsequent chapters.

2.1 Basic Concepts

Definition 2.1 (Cauchy sequence [48]). A sequence of vectors {xn} in a normed
space X is called a Cauchy sequence if for every ε > 0 there exists N ∈ N such that
‖xm − xn‖ < ε for all m,n > N.

Definition 2.2 (complete [48]). A normed space X is called complete if every Cauchy
sequence in X converges to an element of X .

Definition 2.3 (Convex set [54]). Let X be a normed space and let C be a subset of
X . Then the set C is called convex if

αx+ (1− α)y ∈ C,

for all x, y ∈ C and α ∈ [0, 1].

Remark 2.1 ([54]). An inner product space is called a real inner product space for the
case when the scalars are the real numbers and 〈x, y〉 is a real number. For the case,
(3) means

〈x, y〉 = 〈y, x〉.

Theorem 2.2 (Schwarz inequality[54]). Let X be an inner product space and let x

and y be element in X . Then the following holds:

|〈x, y〉| ≤ ‖x‖‖y‖.

Theorem 2.3 (Parallelogram Law[48]). For any two elements x and y of inner product
space X we have

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

Definition 2.4 (Strong convergence [48]). A sequence {xn} of vectors in an inner
product space X is called strongly convergent to x in X if

‖xn − x‖ → 0 as n → ∞.

Definition 2.5 (Weak convergence [48]). A sequence {xn} of vectors in an inner prod-
uct space X is called weakly convergent to x in X if

〈xn, y〉 → 〈x, y〉 as n → ∞ for all y ∈ X.This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.4 ([54]). The inner product of an inner product space X is jointly contin-
uous:

xn → x and yn → y ⇒ 〈xn, yn〉 → 〈x, y〉.

In this thesis, we denote weak and strong convergence by the notations !! ⇀′′

and !! →′′, respectively.

Remark 2.5 ([54]). We of course obtain from Theorem 2.4 that if xn → x, then for a
fixed y ∈ X

〈xn, y〉 → 〈x, y〉 and 〈y, xn〉 → 〈x, y〉.

Theorem 2.6 ([48]). A strongly convergence sequence is weakly convergence (to the
same limit), that is, xn → x implies xn ⇀ x.

Remark 2.7 ([54]). If xn ⇀ x and xn ⇀ y, then x = y.

Lemma 2.8 ([54]). Let {xn} be a Cauchy sequence of an inner product space C such
that xn ⇀ x. Then xn → x.

2.2 Some properties in Hilbert space

In this section, we indicate the following theorems in Hilbert space which are
very useful for our results.

Let C be a nonempty closed convex subset of a real Hilbert space H . For
every x ∈ H , there exists a unique nearest point PCx ∈ C such that

||x− PCx|| ≤ ||x− y||, for all y ∈ C.

PC is called metric projection of H onto C. It follows that

||x− y||2 ≥ ||x− PCx||2 + ||y − PCx||2, for all x ∈ H, y ∈ C. (2.1)

For each x ∈ H and y ∈ C. It follows that

||x− y||2 ≥ ||x− PCx||2 + ||y − PCx||2. (2.2)

Lemma 2.9. Let PC be the metric projection from H onto C. Then PC is a nonexpan-
sive mapping, i.e.

‖PCx− PCy‖ ! ‖x− y‖, ∀ x, y ∈ H.

Lemma 2.10. [18] Given x ∈ H and y ∈ C. Then, y = PCx if and only if there holds
the inequality

〈x− y, y − z〉 ≥ 0, ∀z ∈ C.

Definition 2.6 (Hilbert space [48]). Let X be an inner product space and X is called
Hilbert space if X is complete inner product space.This material is reserved for educational use only, not allowed for commercial use. 
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Example 2.11 ([51]). The n-dimensional Euclidean space Rn is Hilbert spaces with
inner product defined by

〈x,y〉 = x1y1 + x2y2 + x3y3 + · · ·+ xnyn and ‖x‖ =
√
x2
1 + x2

2 + x2
3 + · · ·+ x2

n

where x = (x1, x2, x3, ..., xn) ∈ Rn and y = (y1, y2, y3, ..., yn) ∈ Rn.

Lemma 2.12 ([54]). Let H be a real Hilbert space. Then the following results hold:

1) ‖λx+ (1− λ)y‖2 = λ ‖x‖2 + (1− λ) ‖y‖2 − λ(1− λ) ‖x− y‖2 ,

2) ‖x+ y‖2 ≤ ‖y‖2 + 2〈y, x+ y〉,

for all x, y ∈ H and λ ∈ R.

Remark 2.13 ([54]). LetH be an inner product space. Then we know that the following
(1) and (2) are equivalent:

1) H is complete,

2) each bounded sequence {xn} of H has a weakly convergence subsequence {xni}

of {xn}.

Theorem 2.14 ([54]). A Hilbert space H is complete.

Theorem 2.15 ([54]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {xn} ⊂ C and xn ⇀ x, then x ∈ C.

Definition 2.7. Let M : H → 2H be a multi-valued mapping.
(i) the graph G(M) of M is defined by

G(M) := {(x, u) ∈ H ×H : u ∈ M(x)} ,

(ii) the operator M is called a maximal monotone operator if M is monotone, i.e.

〈u− v, x− y〉 ≥ 0 ∀u ∈ M(x), v ∈ M(y),

and the graph G(M) of M is not properly contained in the graph of any other
monotone operator. It is clear that a monotone mapping M is maximal if and only if
for any (x, u) ∈ H ×H , if 〈u− v, x− y〉 ≥ 0 for every (y, v) ∈ G(M) implies that u ∈ M(x).

Definition 2.8. Let A : C → H be a mapping.
(i) A is called monotone if

〈x− y,Ax−Ay〉 ≥ 0, ∀x, y ∈ C.

(ii) A is called µ-Lipschitz continuous if there exists a nonnegative real number µ ≥ 0

such that

‖Ax−Ay‖ ≤ µ ‖x− y‖ , ∀x, y ∈ C.This material is reserved for educational use only, not allowed for commercial use. 
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(iii) A is called α-inverse-strongly-monotone if there exists a nonnegative real number
α ≥ 0 such that

〈x− y,Ax−Ay〉 ≥ α ‖Ax−Ay‖2 , ∀x, y ∈ C.

Proposition 2.16. Let T be an operator from H to itself. Then T is nonexpansive if
and only if I − T is 1

2 -inverse strongly monotone.

Lemma 2.17. [45] Let C be a nonempty closed and convex subset of a real Hilbert
space H . If T : C → C is a nonexpansive mapping with F (T ) /= ∅, then the mapping
I − T is demiclosed at 0, i.e., if {xn} is a sequence in C weakly converging to x ∈ C

and if {xn − Txn} converges strongly to 0, then x ∈ F (T ).

Lemma 2.18. [45] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0,1) and {δn} is a sequence such that
(1) ∑∞

n=1 αn = ∞;

(2) lim supn→0
δn
αn

≤ 0 or ∑∞
n=1 |δn| = ∞;

Then, limn→0 sn = 0.

Lemma 2.19. [44] Let {an} and {bn} be subset of [0,∞) satisfying

an+1 ! an + bn,

for all n ∈ N.

i) if
∞∑

n=1

bn < ∞, then lim
n→∞

an exists

ii) if
∞∑

n=1

bn < ∞ and there exist a subsequence of {an} converging to zero ,

then lim
n→∞

an = 0.

Lemma 2.20. [44] Let {vn} be a sequence in H . Suppose that, for all u ∈ C,

‖vn+1 − u‖ ! ‖vn − u‖+ bn,

for all n ∈ N and ∑∞
n=1 bn < ∞. Then {PCvn} converges strongly to some z ∈ C.

Lemma 2.21. [45] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {xn} with xn ⇀ x, the inequality

lim inf
n→∞

||xn − x|| < lim inf
n→∞

||xn − y||

holds for every y ∈ H with x /= y.

This material is reserved for educational use only, not allowed for commercial use. 
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2.3 Variational Inequalities Problem

In this section, we give a lemma and remark for variational inequalities problem
to prove the main results.

Lemma 2.22. [26] Let C be a nonempty closed convex subset of a real Hilbert space
H and let A,B : C → H be α and β - inverse strongly monotone mappings, respectively,
with α,β > 0 and V I(C,A) ∩ V I(C,B) /= ∅. Then

V I(C, aA+ (1− a)B) = V I(C,A) ∩ V I(C,B), ∀a ∈ (0, 1).

Furthermore if 0 < γ < min {2α, 2β}, we have I − γ(aA + (1 − a)B) is a nonexpansive
mapping.

Remark 2.23. For every i = 1, 2, ..., N the mapping Ai : C → H be αi− inverse strongly
monotone mappings with η = min1,2,...,N {αi} and ⋂N

i=1 V I(C,Ai) /= ∅. Then

V I(C,
N∑

i=1

aiAi) =
N⋂

i=1

V I(C,Ai), (2.3)

where ∑N
i=1 ai = 1 and 0 < ai < 1 for every i = 1, 2, ..., N . Moreover, we have ∑N

i=1 aiAi

is monotone and µ-Lipschitz continuous mapping.

Proof. It easy to see that ∑N
i=k+1

ai∏k
j=1(1−aj)

Ai is η - inverse strongly monotone map-
pings with η = min {βi} for each i = 2, ..., N and k = 1, 2, ..., N − 1.
If N = 3 and let V I(C,A1) ∩ V I(C,A2) ∩ V I(C,A3) /= ∅. By using the lemma 2.22, we
have

V I(C, a1A1 + a2A2 + a3A3) = V I(C, a1A1 + (1− a1)(
a2

1− a1
A2 +

a3
1− a1

A3))

= V I(C,A1) ∩ V I(C,
a2

1− a1
A2 +

a3
1− a1

A3)

= V I(C,A1) ∩ V I(C,A2) ∩ V I(C,A3), (2.4)

where a1, a2, a3 ∈ (0, 1) and ∑3
i=1 ai = 1.

If N = 4 and let ⋂4
i=1 V I(C,Ai) /= ∅. By using the lemma 2.22 and (2.4), we have

V I(C, a1A1 + a2A2 + a3A3 + a4A4) = V I(C, (1− a4)(
a1

1− a4
A1

+
a2

1− a4
A2 +

a3
1− a4

A3) + a4A4)

= V I(C,
a1

1− a4
A1 +

a2
1− a4

A2

+
a3

1− a4
A3) ∩ V I(C,A4)

= V I(C,A1) ∩ V I(C,A2)

∩V I(C,A3) ∩ V I(C,A4), (2.5)

where a1, a2, a3, a4 ∈ (0, 1) and ∑4
i=1 ai = 1.

By the same way, if ⋂N
i=1 V I(C,Ai) /= ∅ , we obtain

V I(C,
N∑

i=1

aiAi) =
N⋂

i=1

V I(C,Ai), (2.6)
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where ai ∈ (0, 1), for each i = 1, 2, ..., N , and ∑N
i=1 ai = 1.

2.4 Variational Inclusion Problem

In this section, we give some useful lemma for variational inclusion problem
to prove the main results.

Let M : H → 2H be a multi-valued maximal monotone mapping, then the
single-valued mapping JM,λ : H → H defined by

JM,λ(u) = (I + λM)−1(u), ∀u ∈ H,

is called the resolvent operator associated with M where λ is positive number and I

is an identity mapping, see [25]. Note that JM,λ is nonexpansive mapping.

Lemma 2.24. [25] u ∈ H is a solution of variational inclusion (1.7) if and only if u =

JM,λ(u− λBu), ∀λ > 0, i.e.,

V I(H,B,M) = F (JM,λ(I − λB)), ∀λ > 0.

if λ ∈ (0, 2α], then V I(H,B,M) is closed convex subset in H .

The next lemma presents associate between fixed point of nonlinear mapping
and solution of GSMVIP under suitable conditions on parameters.

Lemma 2.25. Let H be a real Hilbert space and let AG : H → H be α-inverse strongly
monotone mappings. Let MA,MB : H → 2H be multivalue maximum monotone
mapping with Ω /= ∅. If x∗ ∈ Ω if and only if x∗ = Gx∗, where G : H → H be a mapping
defined by

G(x) = JMA,λA(I − λAAG)(bx+ (1− b)JMB ,λB (I − λBAG)x)

for all x ∈ H , b ∈ (0, 1) and λA,λB ∈ (0, 2α). Moreover, we have G is a nonexpansive
mapping.

Proof. Let conditions hold.
(⇒) Let x∗ ∈ Ω, we have x ∈ H such that θ ∈ AGx∗ +MAx∗ and θ ∈ AGx∗ +MBx∗,
that is x∗ ∈ V I(H,AG,MA) and x∗ ∈ V I(H,AG,MB).
From lemma 2.24, we have
x∗ ∈ F (JMA,λA(I − λAAG)) and x∗ ∈ F (JMB ,λB (I − λBAG)). It implies that

x∗ = JMA,λA(I − λAAG)x
∗ (2.7)

and

x∗ = JMB ,λB (I − λBAG)x
∗ (2.8)
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By definition of G ,(2.7) and (2.8) we have

G(x∗) = JMA,λA(I − λAAG)(bx
∗ + (1− b)JMB ,λB (I − λBAG)x

∗)

= x∗

(⇐) Let x∗ = G(x∗).
We will show that JMA,λA(I−λAAG) and JMB ,λB (I−λBAG) are nonexpansive mapping.
Since AG : H → H is a α-inverse strongly monotone mappings,
we have

||JMA,λA(I − λAAG)x− JMA,λA(I − λAAG)y||2

≤ ||(I − λAAG)x− (I − λAAG)y||2

= ||x− y||2 − 2λA < x− y,AGx−AGy > +λ2
A||AGx−AGy||2

≤ ||x− y||2 − 2λAα||AGx−AGy||2 + λ2
A||AGx−AGy||2

≤ ||x− y||2 − λA(λA − 2η)||AGx−AGy||2

≤ ||x− y||2.

Hence, we obtain JMA,λA(I − λAAG) is nonexpansive mapping.
Similarly, we can show that JMB ,λB (I − λBAG) is also nonexpansive mapping.
Since x∗ = G(x∗), we have

x∗ = G(x∗) = JMA,λA(I − λAAG)(bx
∗ + (1− b)JMB ,λB (I − λBAG)x

∗).

Let y ∈ Ω, we have θ ∈ AGy +MAy and θ ∈ AGy +MBy.
From Lemma 2.24, it implies that
y ∈ F (JMA,λA(I − λAAG)) ∩ F (JMB ,λB (I − λBAG)). Then

||x∗ − y||2 = ||JMA,λA(I − λAAG)(bx
∗ + (1− b)JMB ,λB (I − λBAG)x

∗)− y||2

= ||JMA,λA(I − λAAG)(bx
∗ + (1− b)JMB ,λB (I − λBAG)x

∗)

−JMA,λA(I − λAAG)y||2

≤ ||(bx∗ + (1− b)JMB ,λB (I − λBAG)x
∗)− y||2

= ||b(x∗ − y) + (1− b)(JMB ,λB (I − λBAG)x
∗ − y)||2

= b||x∗ − y||2 + (1− b)||JMB ,λB (I − λBAG)x
∗ − y||2

−b(1− b)||x∗ − JMB ,λB (I − λBAG)x
∗||2

≤ b||x∗ − y||2 + (1− b)||x∗ − y||2 − b(1− b)||x∗

−JMB ,λB (I − λBAG)x
∗||2

= ||x∗ − y||2 − b(1− b)||x∗ − JMB ,λB (I − λBAG)x
∗||2. (2.9)

It impiles that ||x∗ − JMB ,λB (I − λBAG)x∗|| = 0.
That is x∗ ∈ F (JMB ,λB (I − λBAG)).
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Since x∗ = G(x∗) and x∗ ∈ F (JMB ,λB (I − λBAG)).
We have

x∗ = JMA,λA(I − λAAG)(bx
∗ + (1− b)JMB ,λB (I − λBAG)x

∗)

= JMA,λA(I − λAAG)(bx
∗ + (1− b)x∗)

= JMA,λA(I − λAAG)x
∗.

Therefore x∗ ∈ F (JMA,λA(I − λAAG)).
From Lemma 2.24, x∗ ∈ F (JMA,λA(I − λAAG)) and x∗ ∈ F (JMB ,λB (I − λBAG)), we have
θ ∈ AGx∗ +MAx∗ and θ ∈ AGx∗ +MBx∗. Then x∗ ∈ Ω.
Applying (2.9), we can conclude that G is nonexpansive mapping.

We give some examples to support Lemma 2.25 and show that Lemma 2.25 is
not true if some condition fails.

Example 2.26. LetH = R2 be the two dimensional space of real numbers with an inner
product 〈·, ·〉 : R2 × R2 → R defined by 〈x, y〉 = x · y = x1y1 + x2y2, for all x = (x1, x2) ∈

R2, y = (y1, y2) ∈ R2 and a usual norm || · || : R2 × R2 → R give by ||x|| =
√

x2
1 + x2

2

for all x = (x1, x2) ∈ R2 and AG: R2 → R2 defined by AG((x1, x2)) = (x1 − 5, x2 − 5)

. Let MA : R2 → 2R
2 defined by {(2x1 − 1, 2x2 − 1)} and MB : R2 → 2R

2 defined by
{
(x1

2 + 2, x2
2 + 2)

}
. Show that (2, 2) ∈ F (G).

Solution Since AG is a 1-inverse strongly monotone mapping, then we have Ω = (2, 2).
Choose λA = 1

2 ∈ (0, 2α), λB = 1 ∈ (0, 2α) and a = 0.25, we obtain

G(x) = JMA, 12
(I − 1

2
AG)(0.25x+ 0.25JMB ,1(I − 1AG)x).

By Lemma 2.25, we have (2, 2) ∈ F (G).

Example 2.27. LetH = R2 be the two dimensional space of real numbers with an inner
product 〈·, ·〉 : R2 × R2 → R defined by 〈x, y〉 = x · y = x1y1 + x2y2, for all x = (x1, x2) ∈

R2, y = (y1, y2) ∈ R2 and a usual norm || · || : R2 × R2 → R give by ||x|| =
√

x2
1 + x2

2

for all x = (x1, x2) ∈ R2 and AG: R2 → R2 defined by AG((x1, x2)) = (x1 − 5, x2 − 5)

. Let MA : R2 → 2R
2 defined by {(2x1 − 1, 2x2 − 1)} and MB : R2 → 2R

2 defined by
{
(x1

2 + 2, x2
2 + 2)

}
. Show that (2, 2) /∈ F (G).

Solution Since AG is 1-inverse strongly monotone mapping, then we have Ω = (2, 2).
Choose λA = 2 /∈ (0, 2α), λB = 4 /∈ (0, 2α) and a = 0.25, we obtain

G(x) = JMA,2(I − 2AG)(0.25x+ 0.25JMB ,4(I − 4AG)x).

By Lemma 2.25, we have (2, 2) /∈ F (G).

Lemma 2.28. [27] Let {Γn} be a sequence of real numbers that not decrease at infinity,
in the sense that there exists a subsequence

{
Γnj

}
of {Γn} such that Γnj < Γnj+1 for
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all j ≥ 0. Also consider the sequence of integers {τ(n)}n≥n0
defined by

τ(n) = max {k ≤ n : Γk < Γk+1} .

Then {τ(n)}n≥n0
is nondecreasing sequence verifying limn→∞ τ(n) = ∞ and , for all

n ≥ n0,

max
{
Γτ(n),Γn

}
≤ Γτ(n)+1.

Lemma 2.29. Let H be a real Hilbert space, for every i = 1, 2, ..., N , let Ai : H → H be
αi - inverse strongly monotone mappings with η = min {αi} . Let {xn}∞n=1 and {yn}∞n=1

be sequence generated by

yn = PC(I − λ
N∑

i=1

aiAi)xn,

Qn =

{
z ∈ H :

〈
(I − λ

N∑

i=1

aiAi)xn − yn, yn − z

〉
≥ 0

}

and x∗ ∈
⋂N

i=1 V I(C,Ai) for all i = 1, 2, ..., N . Then the following inequality is
fulfilled.

||PQn(xn − λ
N∑

i=1

aiAiyn)− x∗||2

≤ ||xn − x∗||2 − (1− λ

η
)||PQn(xn − λ

N∑

i=1

aiAiyn)− yn||2

−(1− λ

η
)||xn − yn||2

where ∑N
i=1 ai = 1, 0 < ai < 1 and λ ∈ (0, η) with η = mini=1,2,...,N {αi} for every

i = 1, 2, ..., N .

Proof. Since x∗ ∈
⋂N

i=1 V I(C,Ai), we have x∗ ∈ V I(C,Ai) for every i = 1, 2, ..., N and
(2.2), we obtain

||PQn(xn − λ
N∑

i=1

aiAiyn)− x∗||2 ≤ ||xn − λ
N∑

i=1

aiAiyn − x∗||2

−||PQn(xn − λ
N∑

i=1

aiAiyn)− (xn − λ
N∑

i=1

aiAiyn)||2

= ||xn − x∗||2

−2λ

〈
PQn(xn − λ

N∑

i=1

aiAiyn)− x∗,
N∑

i=1

aiAiyn

〉

−||PQn(xn − λ
N∑

i=1

aiAiyn)− xn||2. (2.10)
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From monotonicity of ∑N
i=1 aiAi, we have

0 ≤
〈

N∑

i=1

aiAiyn −
N∑

i=1

aiAix
∗, yn − x∗

〉

=

〈
N∑

i=1

aiAiyn, yn − x∗

〉
−

〈
N∑

i=1

aiAix
∗, yn − x∗

〉

≤
〈

N∑

i=1

aiAiyn, yn − x∗

〉

=

〈
N∑

i=1

aiAiyn, yn − PQn(xn − λ
N∑

i=1

aiAiyn)

〉

+

〈
N∑

i=1

aiAiyn, PQn(xn − λ
N∑

i=1

aiAiyn)− x∗

〉
.

It implies that

〈x∗ − PQn(xn − λ
N∑

i=1

aiAiyn),
N∑

i=1

aiAiyn〉

≤
〈

N∑

i=1

aiAiyn, yn − PQn(xn − λ
N∑

i=1

aiAiyn)

〉
. (2.11)

From (2.10) and (2.11), we have

||PQn(xn − λ
N∑

i=1

aiAiyn)− x∗||2

≤ ||xn − x∗||2 + 2λ

〈
N∑

i=1

aiAiyn, yn − PQn(xn − λ
N∑

i=1

aiAiyn)

〉

−||PQn(xn − λ
N∑

i=1

aiAiyn)− xn||2

= ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2

−2

〈
PQn(xn − λ

N∑

i=1

aiAiyn)− yn, yn − xn

〉

+2λ

〈
N∑

i=1

aiAiyn, yn − PQn(xn − λ
N∑

i=1

aiAiyn)

〉

= ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2

+2

〈
xn − yn − λ

N∑

i=1

aiAiyn, PQn(xn − λ
N∑

i=1

aiAiyn)− yn

〉

= ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2
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+2

〈
(I − λ

N∑

i=1

aiAi)xn − yn, PQn(xn − λ
N∑

i=1

aiAiyn)− yn

〉

+2

〈
λ

N∑

i=1

aiAixn − λ
N∑

i=1

aiAiyn, PQn(xn − λ
N∑

i=1

aiAiyn)− yn

〉

≤ ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2

+2λ||
N∑

i=1

aiAixn −
N∑

i=1

aiAiyn||||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||

≤ ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2

+2
λ

η
||xn − yn||||PQn(xn − λ

N∑

i=1

aiAiyn)− yn||

= ||xn − x∗||2 − ||PQn(xn − λ
N∑

i=1

aiAiyn)− yn||2 − ||yn − xn||2

+
λ

η
(||xn − yn||2 + ||PQn(xn − λ

N∑

i=1

aiAiyn)− yn||2)

= ||xn − x∗||2 − (1− λ

η
)||PQn(xn − λ

N∑

i=1

aiAiyn)− yn||2

−(1− λ

η
)||yn − xn||2. (2.12)

2.5 G-Variational Inequalities Problem endowed with graph

This section present lemmas as an essential tool for solving the solution of
G-variational inequality problem in Hilbert space endowed with graph.

Definition 2.9. [46] A subset X of V er(G) is called a dominating set if for every v

belong to V er(G) − X there exists a point x belong to X such that (x, v) belong to
Eed(G) and we said that x dominates v or v is dominated by x. A subset Z of V er(G)

is dominated by v ∈ V er(G) if (v, z) ∈ Eed(G), ∀z ∈ Z and we said that X dominates v

if (x, v) ∈ Eed(G), ∀x ∈ X .

Definition 2.10. [46] A graphG is called transitive if for every x, y ∈ V er(G)with(x, y), (y, z) ∈
Eed(G), then (x, z) ∈ Eed(G).

Property G [43] Vertices set V er(G) = C is said to have Property G if every sequence
{an} in C converging weakly to x ∈ C, there is a subsequence {ank} of {an} such that
(ank , x) ∈ Eed(G) ∀ k ∈ N.

Definition 2.11. [43] Let V er(G) = C. The mapping B : C → H is called G-α-inverse
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strongly monotone (G-α-ism) if there is α > 0 such that

〈Bx−By, x− y〉 " α ‖Bx−By‖2

∀x, y ∈ C with (x, y) ∈ Eed(G).

The difference between G-α-ism and α-inverse strongly monotone is found in
the reference [43].

Lemma 2.30. [43] Let Eed(G) be a convex and V er(G) = C. Let G = (V er(G), Eed(G))

be a direct graph and G be transitive with Eed(G) = Eed
(
G−1

)
. Let B : C → H is

G-α-ism operator with B−1(0) /= ∅. Then G − V ar(C,B) = B−1(0) = F (PC(I − λB)), for
all λ > 0.

Lemma 2.31. [43] Let Eed(G) be a convex and V er(G) = C. Let G = (V er(G), Eed(G))

be a direct graph and let B : C → H is G-α-ism operator. For every ∀ λ ∈ (0, 2α), if
F (PC(I − λB))× F (PC(I − λB)) ⊆ Eed(G), then F (PC(I − λB)) is closed and convex.

2.6 Demand, Supply and Equilibrium price

In economics, supply and demand refers to the relationship between the quan-
tity of a good that producers want to sell at different prices and the quantity that
buyers want to purchase. It is the primary price determination model employed in
economic theory. A market’s relationship between supply and demand affects a com-
modity’s price. The price that results from this is known as the equilibrium price, and
it shows an agreement between the good’s producers and customers. In an equilib-
rium, the amount of a good that producers supply and the amount that consumers
desire are equal.

2.6.1 Demand curve

The quantity of a product demanded depends on its price and other factors,
such as consumer preferences, incomes, and prices of related goods. When analyzing
the relationship between price and quantity, economists often hold all factors con-
stant except for the commodity’s price. This allows them to create a demand curve,
where price is shown on the vertical axis and quantity on the horizontal axis (See Fig-
ure 2.1). The demand curve is typically downward-sloping, indicating that consumers
are willing to purchase more of the commodity at lower prices. Changes in non-price
factors lead to shifts in the demand curve, while changes in price are represented by
movements along the fixed demand curve.

2.6.2 Supply curve

The quantity supplied of a commodity in the market is determined not only by
the price of the commodity but also by other factors such as the prices of substituteThis material is reserved for educational use only, not allowed for commercial use. 
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Figure 2.1: The demand curve. [57]

products, production technology, availability and cost of resources, and labor. In
basic economic analysis, the focus is on examining the relationship between different
prices and the quantity potentially offered by producers, while holding all other factors
constant.

These price-quantity combinations can be graphically represented on a supply
curve, with price depicted on the vertical axis and quantity on the horizontal axis (See
Figure 2.2). The supply curve typically has an upward slope, indicating that producers
are willing to supply more of the commodity at higher prices. Changes in non-price
factors result in shifts in the supply curve, while changes in the price of the commodity
are shown by movements along the fixed supply curve.

Essentially, analyzing supply involves considering the influence of various fac-
tors on the quantity producers are willing to supply at different prices, represented
by the supply curve. Non-price factors cause shifts in the curve, while changes in the
price of the commodity lead to movements along the curve.

Figure 2.2: The supply curve.[57]

2.6.3 Equilibrium Price

The equilibrium price is the price at which the quantity demanded by con-
sumers equals the quantity supplied by producers in a market. It is the point where
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the forces of demand and supply are balanced, and there is no inherent tendency for
the price to change. At the equilibrium price, the market clears, meaning that there
are no shortages or surpluses of the product or service.

The equilibrium price is determined by the intersection of the demand and
supply curves (See Figure 2.3). When the market price is below the equilibrium price,
it creates excess demand or a shortage, leading to upward pressure on prices. On the
other hand, when the market price is above the equilibrium price, it creates excess sup-
ply or a surplus, leading to downward pressure on prices. The market adjusts through
price changes until the equilibrium price is reached, where the quantity demanded
equals the quantity supplied.

Understanding demand, supply, and equilibrium price is essential for busi-
nesses, investors, policymakers, and economists to analyze market dynamics, make
pricing decisions, allocate resources efficiently, and assess the overall health of an
economy.

Figure 2.3: The relationship of price to supply and demand curve. [57]

2.7 The Correlation Coefficient

The correlation coefficient[56] is a statistical concept which helps in establish-
ing a relation between predicted and actual values obtained in a statistical experiment.
The calculated value of the correlation coefficient explains the exactness between the
predicted and actual values.

The correlation coefficient defines the degree of relation between two vari-
ables and is denoted by r. It is also called a cross-correlation coefficient, as it predicts
the relation between two quantities. Now, let us proceed to a statistical way of cal-
culating the correlation coefficient.

Given n data pairs (x1, y1), ..., (xn, yn), then the correlation coefficient can be
calculated using the formula

r =
n(
∑n

i=0 xiyi)−
∑n

i=0 xi
∑n

i=0 yi
[n

∑n
i=0 x

2
i − (

∑n
i=0 xi)2][n

∑n
i=0 y

2
i − (

∑n
i=0 yi)

2]
. (2.13)

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



22

The correlation coefficient, r, can take on values between -1 and 1. The further away
r is from zero, the stronger the linear relationship between the two variables. The
sign of r corresponds to the direction of the relationship. If r is positive, then as one
variable increases, the other tends to increase. If r is negative, then as one variable
increases, the other tends to decrease. A perfect linear relationship (r = −1 or r = 1)
means that one of the variables can be perfectly explained by a linear function of the
other.

2.8 Least Square Method

The least squares method [58] is a form of mathematical regression analysis
used to determine the line of best fit for a set of data, providing a visual demon-
stration of the relationship between the data points. Each point of data represents
the relationship between a known independent variable and an unknown dependent
variable.

2.8.1 Linear Regression

A line of best fit is a straight line that is the best approximation of the given set
of data. A more accurate way of finding the line of best fit is the least square method.
Given n data pairs (x1, y1), ..., (xn, yn), the best fit for the straight-line regression model
as follows:

y = a0 + a1x+ ei, (2.14)

where

a1 =
n
∑n

i=0(xiyi)−
∑n

i=0 xi
∑n

i=0 yi
n
∑n

i=0 x
2
i − (

∑n
i=0 xi)2

,

a0 =

∑n
i=0 yi
n

− a1

∑n
i=0 xi

n
.

and

ei = yi − (a0 + a1xi).

2.8.2 Polynomial Regression

Another alternative is to fit polynomials to the data using polynomial regres-
sion. The least-squares procedure can be readily extended to fit the data to a higher-
order polynomial. For example, suppose that we fit a second-order polynomial or
quadratic:

y = a0 + a1x+ a2x
2. (2.15)This material is reserved for educational use only, not allowed for commercial use. 
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Normal equations to find a least-squares parabola are




n
∑n

i=0 xi
∑n

i=0 x
2
i

∑n
i=0 xi

∑n
i=0 x

2
i

∑n
i=0 x

3
i

∑n
i=0 x

2
i

∑n
i=0 x

3
i

∑n
i=0 x

4
i









a0

a1

a3




=





∑n
i=0 yi

∑n
i=0 xiyi

∑n
i=0 x

2
i yi




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Chapter 3

Convergences theorem

3.1 The Modified subgradient extragradient method for system of
variational inclusion problem and variational inequalities
problem

In this section, we prove a strong convergence of the sequence acquired from
the proposed iterative methods for finding a common element of the set of finite fam-
ily variational inequalities problem and the set of solution of the proposed problem.

Theorem 3.1. Let H be a real Hilbert space. For i = 1, 2, ..., N , let Ai : H → H be αi

- inverse strongly monotone mappings and let AG : H → H be αG - inverse strongly
monotone mappings. Let MA,MB : H → 2H be multivalue maximum monotone
mapping. Define the mapping G : H → H by G(x) = JMA,λA(I − λAAG)(bx + (1 −

b)JMB ,λB (I − λBAG)x) for all x ∈ H , b ∈ (0, 1) and λA,λB ∈ (0, 2αG). Assume that
Γ =

⋂N
i=1 V I(C,Ai) ∩ F (G) /= ∅. Let the sequence {yn} and {xn} be generated by

x1, u ∈ H and






yn = PC(I − λ
∑N

i=1 aiAi)xn

Qn =
{
z ∈ H :

〈
(I − λ

∑N
i=1 aiAi)xn − yn, yn − z

〉
≥ 0

}

xn+1 = αnu+ βnPQn(xn − λ
∑N

i=1 aiAiyn) + γnGxn

(3.1)

where ∑N
i=1 ai = 1, 0 < ai < 1, {αn} , {βn} , {γn} ⊂ [0, 1] with αn +βn + γn = 1 , λ ∈ (0, η)

with η = mini=1,2,...,N {αi}.
Suppose the following conditions hold:
(i) ∑∞

n=0 αn = ∞ , limn→∞ αn = 0.
(ii) 0 < c < βn, γn ≤ d < 1

Then {xn} converges strongly to x∗ ∈ Γ where x∗ = PΓu.

Proof. We must to show that {xn} is bounded. Let zn = PQn(xn − λ
∑N

i=1 aiAiyn).
We consider

xn+1 = αnu+ βnzn + γnGxn

= αnu+ (1− αn)(
βnzn + γnGxn

1− αn
)

= αnu+ (1− αn)tn,
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where tn = βnzn+γnGxn

1−αn
. Let x∗ ∈ Γ =

⋂N
i=1 V I(C,Ai) ∩ F (G), we have

||tn − x∗||2 = ||βnzn + γnGxn

1− αn
− x∗||2

= ||βnzn + γnGxn − (1− αn)x∗

1− αn
||2

=
βn

1− αn
||zn − x∗||2 + γn

1− αn
||Gxn − x∗||2

− βnγn
(1− αn)2

||zn −Gxn||2 (3.2)

From definition of xn+1 and (3.2), we consider

||xn+1 − x∗||2 = ||αnu+ (1− αn)tn − x∗||2

= ||αn(u− x∗)− (1− αn)(tn − x∗)||2

= αn||u− x∗||2 + (1− αn)||tn − x∗||2 − αn(1− αn)||u− tn||2

= αn||u− x∗||2 + (1− αn)[
βn

1− αn
||zn − x∗||2

+
γn

1− αn
||Gxn − x∗||2 − βnγn

(1− αn)2
||zn −Gxn||2]

−αn(1− αn)||u− tn||2

= αn||u− x∗||2 + βn||zn − x∗||2 + γn||Gxn − x∗||2

− βnγn
1− αn

||zn −Gxn||2 − αn(1− αn)||u− tn||2

≤ αn||u− x∗||2 + βn||zn − x∗||2 + γn||xn − x∗||2

− βnγn
1− αn

||zn −Gxn||2

−αn(1− αn)||u− tn||2. (3.3)

By Lemma 2.29 and λ ∈ (0, 1), we have

||zn − x∗||2 ≤ ||xn − x∗||2 (3.4)

From (3.3) and (3.4), we get

||xn+1 − x∗||2 ≤ αn||u− x∗||2 + βn||zn − x∗||2 + γn||xn − x∗||2

− βnγn
1− αn

||zn −Gxn||2 − αn(1− αn)||u− tn||2

≤ αn||u− x∗||2 + βn||xn − x∗||2 + γn||xn − x∗||2

− βnγn
1− αn

||zn −Gxn||2 − αn(1− αn)||u− tn||2

= αn||u− x∗||2 + (1− βn)||xn − x∗||2

− βnγn
1− αn

||zn −Gxn||2 − αn(1− αn)||u− tn||2

≤ αn||u− x∗||2 + (1− βn)||xn − x∗||2
...

≤ max{||u− x∗||2, ||x1 − x∗||2}.

(3.5)
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By induction,

||xn+1 − x∗||2 ≤ max
{
||u− x∗||2, ||x1 − x∗||2

}
,

then {xn} is a bounded sequence.
Since

||xn+1 − x∗||2 ≤ αn||u− x∗||2 + βn||zn − x∗||2 + γn||xn − x∗||2

− βnγn
1− αn

||zn −Gxn||2

≤ αn||u− x∗||2 + βn[||xn − x∗||2 − (1− λ

η
)||zn − yn||2

−(1− λ

η
)||xn − yn||2] + γn||xn − x∗||2 − βnγn

1− αn
||zn −Gxn||2

= αn||u− x∗||2 + (1− αn)||xn − x∗||2 − βn(1−
λ

η
)||zn − yn||2

−βn(1−
λ

η
)||xn − yn||2 −

βnγn
1− αn

||zn −Gxn||2

≤ αn||u− x∗||2 + ||xn − x∗||2 − βn(1−
λ

η
)||zn − yn||2

−βn(1−
λ

η
)||xn − yn||2 −

βnγn
1− αn

||zn −Gxn||2.

It implies that

βn(1−
λ

η
)||zn − yn||2 + βn(1−

λ

η
)||xn − yn||2 +

βnγn
1− αn

||zn −Gxn||2

≤ αn||u− x∗||2 + ||xn − x∗||2 − ||xn+1 − x∗||2. (3.6)

Let Sn := βn(1− λ
η )||zn − yn||2 + βn(1− λ

η )||xn − yn||2 + βnγn

1−αn
||zn −Gxn||2.

Then, we have

Sn ≤ αn||u− x∗||2 + ||xn − x∗||2 − ||xn+1 − x∗||2. (3.7)

Now, we consider two possible cases:
Case 1. Put Γn := ||xn − x∗||2 for all n ∈ N.

Assume that there is n0 ≥ 0 such that for each n ≥ n0, Γn+1 ≤ Γn.
In this case, limn→∞ Γn exists and limn→∞(Γn − Γn+1) = 0.

Since limn→∞ αn = 0, it follows from (3.7) that limn→∞ Sn = 0.
Therefore , we have limn→∞ βn(1− λ

η )||zn − yn||2 = 0,
limn→∞ βn(1− λ

η )||xn − yn||2 = 0 and limn→∞
βnγn

1−αn
||zn −Gxn||2 = 0.

From the assumption i), ii), we obtain

lim
n→∞

||zn − yn|| = lim
n→∞

||xn − yn|| = lim
n→∞

||zn −Gxn|| = 0. (3.8)

Hence, we obtain

||xn −Gxn|| ≤ ||xn − yn||+ ||yn − zn||+ ||zn −Gxn||.This material is reserved for educational use only, not allowed for commercial use. 
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From (3.8), we have

lim
n→∞

‖xn −Gxn‖ = 0. (3.9)

We now show that lim supn→∞ 〈u− x∗, xn − x∗〉 ≤ 0.
We can choose a subsequence {xni} of {xn} such that

lim sup
n→∞

〈u− x∗, xn − x∗〉 = lim
i→∞

〈u− x∗, xni − x∗〉 . (3.10)

Because {xn} is a bounded sequence in H , there exists a subsequence of {xn} con-
verges weakly to element in H . Without loss of geneality, we can assume that xni ⇀ w

where w ∈ H . Since limn→∞ ||xn − zn|| = 0, we have zni ⇀ w.

Since limn→∞ ||xn − yn|| = 0, therefore yni ⇀ w.

Assume that w /∈
⋂N

i=1 V I(C,Ai). So, we have w /∈ F (PC(I − λ
∑N

i=1 aiAi)).
Then , we have w /= PC(I −λ

∑N
i=1 aiAi)w. By nonexpansiveness of PC(I−λ

∑N
i=1 aiAi),

(3.8) and Opial’s property, we have

lim inf
i→∞

||xni − w||

< lim inf
i→∞

||xni − PC(I − λ
N∑

i=1

aiAi)w||

≤ lim inf
i→∞

(||xni − yni ||+ ||yni − PC(I − λ
N∑

i=1

aiAi)w||)

≤ lim inf
i→∞

(||xni − yni ||

+||PC(I − λ
N∑

i=1

aiAi)xni − PC(I − λ
N∑

i=1

aiAi)w||)

≤ lim inf
i→∞

||xni − w||.

This is a contradiction, this is, w ∈ V I(C,
∑N

i=1 aiAi). From Remark 2.23, we have

w ∈
N⋂

i=1

V I(C,Ai). (3.11)

Assume that w /∈ F (G). Then , we have w /= Gw. From (3.9) and Opial’s property, we
have

lim inf
i→∞

||xni − w|| < lim inf
n→∞

||xni −Gw||

≤ lim inf
i→∞

(||xni −Gxni ||+ ||Gxni −Gw||)

≤ lim inf
i→∞

(||xni −Gxni ||+ ||xni − w||)

≤ lim inf
i→∞

||xni − w||.

This is a contradiction, this is,

w ∈ F (G). (3.12)
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From (3.11) and (3.12) , we have w ∈
⋂N

i=1 V I(C,Ai) ∩ F (G).

Therefore , we get

lim sup
n→∞

〈u− x∗, xn − x∗〉 = lim
i→∞

〈u− x∗, xni − x∗〉 = 〈u− x∗, w − x∗〉 ≤ 0, (3.13)

where x∗ = PΓu. Next, We show that {xn} converges strongly to x∗, where x∗ = PΓu.
From the definition of xn and x∗ = PΓu , we have

||xn+1 − x∗||2 = ||αn(u− x∗)− (1− αn)(tn − x∗)||2

≤ (1− αn)||tn − x∗||2 + 2αn 〈u− x∗, xn+1 − x∗〉

≤ (1− αn)||xn − x∗||2 + 2αn 〈u− x∗, xn+1 − x∗〉 (3.14)

By applying Lemma 2.18 to (3.14), we have the sequence {xn} converges strongly to
x∗.
Case 2. Assume that there exists a subsequence {Γni} ⊂ {Γn} such that Γni ≤ Γni+1

for all i ∈ N . In this case, we can define τ : N → N by τ(n) = max {k ≤ n : Γk < Γk+1}.
Then we have τ(n) → ∞ as n → ∞ and Γτ(n) < Γτ(n)+1. So, we have from (3.6) that

βτ(n)(1−
λ

η
)||zτ(n) − yτ(n)||2 + βτ(n)(1−

λ

η
)||xτ(n) − yτ(n)||2

+
βτ(n)γτ(n)
1− ατ(n)

||zτ(n) −Gxτ(n)||2

≤ ατ(n)||u− x∗||2 + ||xτ(n) − x∗||2 − ||xτ(n)+1 − x∗||2.

Arguing as in case 1, we have

lim
n→∞

||zτ(n) − yτ(n)|| = lim
n→∞

||xτ(n) − yτ(n)|| = lim
n→∞

||zτ(n) −Gxτ(n)|| = 0. (3.15)

Because
{
xτ(n)

}
is a bounded sequence, there exists a subsequence

{
xτ(nj)

}
such that

lim sup
n→∞

〈
u− x∗, xτ(n) − x∗〉 = lim

j→∞

〈
u− x∗, xτ(nj) − x∗〉 .

Following the same argument as the proof of Case 1 for
{
xτ(nj)

}
, we have that

lim sup
n→∞

〈
u− x∗, xτ(n) − x∗〉 ≤ 0,

and

||xτ(n)+1 − x∗||2 ≤ (1− ατ(n))||xτ(n) − x∗||2 + 2ατ(n)

〈
u− x∗, xτ(n)+1 − x∗〉

where ατ(n) → 0, ∑∞
n=1 ατ(n) = ∞ and lim supn→∞

〈
u− x∗, xτ(n)+1 − x∗〉 ≤ 0.

Hence , by lemma 2.18, we have that
limn→∞ ||xτ(n) − x∗|| = 0 and limn→∞ ||xτ(n)+1 − x∗|| = 0

Therefore, by Lemma 2.28, we have

0 ≤ ||xn − x∗|| ≤ max
{
||xτ(n) − x∗||, ||xn − x∗||

}
≤ ||xτ(n)+1 − x∗||.

Hence, {xn} converge strongly to x∗ = PΓu.
This completes the proof of main theorem.This material is reserved for educational use only, not allowed for commercial use. 
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3.2 The G-subgradient extragradient method for G-variational
inequalities problem endowed with graph

In this section, we prove weak and strong convergence of the sequence ac-
quired from the proposed iterative methods for solving the G-variational inequalities
problem in Hilbert space endowed with a direct graph.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let G, V er(G), Eed(G), B as in Lemma 2.30. Assume that G − V ar(C,B) /= ∅ with
G − V ar(C,B) × G − V ar(C,B) ⊆ Eed(G). Let {vn} be a sequence defined by v0 ∈ C

and 




wn = PC(I − λB)vn

Tn
G = {w ∈ C : 〈(I − λB)vn − wn, wn − w〉 " 0}

vn+1 = PTn
G
(vn − λBwn) ,

for all n ∈ N where λ ∈ (0,α) and Tn
G is G- Half space. Then sequence {vn} con-

verges weakly to an element x̄ ∈ G − V ar(C,B) and the sequence
{
PG−V ar(C,B)vn

}

converges strongly to x̄, where G − V ar(C,B) dominates vn, {vn} dominates v0 and
{wn} is dominated by v0.

Proof. Let v∗ ∈ G−V ar(C,B). Since G−V ar(C,B) dominates by vn, we have (vn,, v∗) ∈

Eed(G) for all n ∈ N. From Lemma 2.30, we have v∗ = PC(I − λB)v∗.
Utilizing Definition 2.11, we have

‖wn − v∗‖2 ≤ ‖vn − v∗‖2 − 2λ 〈Bvn −Bv∗, vn − ν∗〉+ λ2 ‖Bvn −Bv∗‖2

≤ ‖vn − ν(‖2 − 2λα ‖Bvn −Bv∗‖2 + λ2 ‖Bvn −Bv∗‖2

= ‖vn − v∗‖2 − λ(2α− λ) ‖Bvn −Bv∗‖2

≤ ‖vn − v∗‖2 .

Due to {vn} dominates v0 and {wn} is dominated by v0, we have (vn, v0) , (v0, wn) ∈

Eed(G).
Exploiting of G is transitive, we get (vn, wn) ∈ Eed(G) .
From the assumption that Eed(G) = Eed

(
G−1

)
, we deduce that (wn, vn) ∈ Eed(G).

From (wn, vn) , (vn,, v∗) ∈ Eed(G) and the assumption thatG is transitive, we get (wn, v∗) ∈

Eed(G).
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From iteration of sequence {vn}, we have

‖vn+1 − v∗‖2 ! ‖vn − λBwn − v∗‖2 −
∥∥vn − λBwn − PTn

G
(vn − λBwn)

∥∥2

= ‖vn − v∗‖2 − 2λ 〈Bwn, vn − v∗〉+ ‖λBwn‖2

−
∥∥vn − PTn

G
(vn − λBwn)

∥∥2 + 2λ
〈
Bwn, vn − PTn

G
(vn − λBwn)

〉

− ‖λBwn‖2

= ‖vn − v∗‖2 − 2λ 〈Bwn, PTG (vn − λBwn)− v∗〉

−
∥∥vn − PTn

G
(vn − λBwn)

∥∥2

(3.16)

From (wn, v∗) ∈ Eed(G) and monotonicity of B, we have

0 ! 〈Bwn −Bv∗, wn − v∗〉

= 〈Bwn, wn − v∗〉 − 〈Bv∗, wn − v∗〉

! 〈Bwn, wn − v∗〉

=
〈
Bwn, wn − PTn

G
(vn − λBwn)

〉
+

〈
Bwn, PTn

G
(vn − λBwn)− v∗

〉
.

It implies that

−2λ
〈
Bwn, PTn

G
(vn − λBwn)− v∗

〉
! 2λ

〈
Bwn, wn − PTn

G
(vn − λBwn)

〉
(3.17)

From (3.16) and (3.17), we have

‖vn+1 − v∗‖2 ≤ ‖vn − v∗‖2 − 2λ
〈
Bwn, PTn

G
(vn − λBwn)− v∗

〉

−
∥∥vn − PTn

G
(vn − λBvn)

∥∥2

≤ ‖vn − v∗‖2 + 2λ
〈
Bwn, wn − PTn

G
(vn − λBwn)

〉

−
∥∥vn − PTn

G
(vn − λBvn)

∥∥2

= ‖vn − v∗‖2 + 2λ
〈
Bwn, wn − PTn

G
(vn − λBwn)

〉

−‖vn − wn‖2 − 2
〈
vn − wn, wn − PTn

G
(vn − λBwn)

〉

−
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

= ‖vn − v∗‖2 − ‖vn − wn‖2 −
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

+2
〈
λBwn − vn + wn, wn − PTn

G
(vn − λBwn)

〉

= ‖vn − v∗‖2 − ‖vn − wn‖2 −
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

+2
〈
(I − λB)vn − wn, PTn

G
(vn − λBwn)− wn

〉

+2λ
〈
Bvn −Bwn, PTn

G
(vn − λBwn)− wn

〉

≤ ‖vn − v∗‖2 − ‖vn − wn‖2 −
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

+2λ
〈
Bvn −Bwn, PTn

G
(vn − λBwn)− wn

〉
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≤ ‖vn − v∗‖2 − ‖vn − wn‖2 −
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

+2
λ

α
‖Bvn −Bwn‖ · ‖PTn

G
(vn − λBwn)− wn‖

≤ ‖vn − v∗‖2 − ‖vn − wn‖2 −
∥∥wn − PTn

G
(vn − λBwn)

∥∥2

+
λ

α

(
‖vn − wn‖2 + ‖PTn

G
(vn − λBwn)− wn‖2

)

= ‖vn − v∗‖2 −
(
1− λ

α

)
‖vn − wn‖2

−
(
1− λ

α

)∥∥PTn
G
(vn − λBwn)− wn

∥∥2 . (3.18)

From Lemma 2.19, we have limn→∞ ‖vn − v∗‖2 exists for all v∗ ∈ G− V ar(C,B)

and {vn} is a bounded sequence.
From (3.18) and limn→∞ ‖vn − v∗‖2 exists, we have

lim
n→2

‖PC(I − λB)vn − vn‖ = lim
n→∞

‖vn − wn‖ = 0.

Since {vn} is a bounded sequence, there is a subsequence {vnk} of {vn} converses
weakly to x̄.
Since C have a property G, we have (vnk , x̄) ∈ Eed(G).

Assume that PC(I −λB)x̄ /= x̄. By opial property and using the same method as (3.16),
we have

lim sup
k→∞

‖vnk − x̄‖ < lim sup
k→∞

‖vnk − PC(I − λB)x̄‖

≤ lim sup
k→∞

(‖vnk − PC(I − λB)vnk‖+ ‖PC(I − λB)vnk − PC(I − λB)x̄‖)

≤ lim sup
k→∞

‖vnk − x̄‖ .

Contradiction. So, we have PC(I − λB)x̄ = x̄.
Let y ∈ C with (x̄, y) ∈ C, then

〈(I − λB)x̃− x̃, x̄− y〉 " 0.

It follows that
〈y − x̄, Bx̃〉 " 0,

for all y ∈ C with (x̄, y) ∈ C. Then, we havex̄ ∈ G− V ar(C,B).
Therefore vnk ⇀ x̄ ∈ G− V ar(C,B) as k → ∞.
Since(vnk , x̄) ∈ Eed(G) and using the same method as limn→∞ ‖vn − v∗‖ exists, we have
limk→∞ ‖vnk − x̄‖ exists.
At the end of this theorem we demonstrate that {vn} converses weakly to x̄. Assume
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that vnn ⇀ x̂ as k → ∞ and x̄ /= x̂. Thank to the Opial’s condition, we obtain

lim
n→∞

‖vn − x̄‖ = lim sup
k→∞

‖vnk − x̄‖

< lim sup
k→∞

‖vnk − x̂‖

< lim sup
k→∞

‖vnk − x̄‖

= lim
n→∞

‖vn − x̄‖ .

Contradiction. So, we get x̄ = x̂. We can conclude that a sequence {vn} converges
weakly to x̄ ∈ G− V ar(C,B).
Due to (3.18) and exploiting of Lemma 2.20, we have

{
PG−V ar(C,B)vn

}
converges

strongly to z ∈ G− V ar(C,B).
From property of PG−V ar(C,B), we have

〈
vn − PG−V ar(C,B)vn, PG−V ar(C,B)vn − x̄

〉
" 0.

Take n → ∞, we have ‖z − x̄‖ = 0. So, we have z = x̄. Therefore we can conclude
that

{
PG−V ar(C,B)vn

}
converges strongly to x̄ ∈ G − V ar(C,B).This is ultimately the

prove.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



Chapter 4

Examples and Numerical Results

4.1 Applications of the G-subgradient extragradient method for
G-variational inequalities problem endowed with graph

To resolved a fixed point problem in Hilbert space endowed with a direct graph
by using G-subgradient extragradient method, we required the following lemma;

Lemma 4.1. [43] Let C be a nonempty closed convex subset of a real Hilbert space H

and let G = (V er(G), Eed(G)) be a directed graph with C = V er(G) having property G.
Let Eed(G) be a convex set with Eed(G) = Eed(G−1). Let T : C → C be G-nonexpansive
mapping with F (T ) /= ∅ and F (T )× F (T ) ⊆ Eed(G). Then
i) I − T is G− 1

2 - inverse strongly monotone,
ii) G− V ar(C, I − T ) = F (T ).

The following theorem is an immediate result of Theorem 3.2 and Lemma 4.1.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H

and let G = (V er(G), Eed(G)) be a directed graph with C = V er(G) having property
G. Let Eed(G) be a convex set and G be transitive with Eed(G) = Eed

(
G−1

)
and let

T : C → C be G-nonexpansive mapping with F (T ) /= ∅ and F (T )× F (T ) ⊆ Eed(G). Let
{vn} be a sequence defined by v0 ∈ C and






wn = PC(I − λ(I − T )vn

Tn
G = {w ∈ C : 〈(I − λ(I − T )vn − wn, wn − v〉 ≥ 0}

vn+1 = PTn
G
(vn − λ(I − T )wn) ,

for all n ∈ N where λ ∈ (0,α) and Tn
G is G- Half space. Then sequence {vn} converses

weakly to an element v̄ ∈ F (T ) and the sequence
{
PF (T )vn

}
converges strongly to v̄,

where F (T ) dominates vn, {vn} dominates v0 and {wn} is dominated by v0.

4.2 Example for The G-subgradient extragradient method for
G-variational inequalities problem endowed with graph

Following that, we provide an example to support our main result.

Example 4.3. Let C = [−1, 1] and G = (C,Eed(G)) be a directed graph, where Eed(G) =

{(x, y) : x, y ∈ [0, 1]}. Let the mappings B : C → R define by Bx = x − x3

4 − 15
32 , and

S : C → R define by Sx = x3

4 + 15
32 , for all x ∈ C.
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Suppose that the sequence {vn} is generated by v0 = 1 and





wn = PC(I − λB)vn

Tn
G = {w ∈ C : 〈(I − λB)vn − wn, wn − w〉 ≥ 0}

vn+1 = PTn
G
(vn − λBwn) ,

(4.1)

for all n ∈ N where λ ∈ (0,α) and Tn
G is G- Half space. Then sequence {vn} converses

weakly to an element of v̄ ∈ G − V ar(C,B) and the sequence
{
PG−V ar(C,B)vn

}
con-

verges strongly to v̄, where G − V ar(C,B) dominates vn, {vn} dominates v0 and {wn}

is dominated by v0.
Solution It is obvious that 1

2 ∈ F (S), and Eed(G) = Eed(G−1).
First, we show that S is a G-nonexpansive mapping.
Let x, y ∈ C with (x, y) ∈ Eed(G). Then, we have x, y ∈ [0, 1].
Since x3, y3 , 5

8 ∈ [0, 1] and [0, 1] is a convex set, we have

Sx =
1

4
x3 +

3

4
(
5

8
) ∈ [0, 1]

and

Sy =
1

4
y3 +

3

4
(
5

8
) ∈ [0, 1].

From definition of S, we have

|Sx− Sy| = |(x
3

4
+

15

32
)− (

y3

4
+

15

32
)| = |x

3

4
− y3

4
|

=
1

4
|x2 + xy + y2||x− y| ≤ 1

4
(3)|x− y|

≤ |x− y|.

Then (Sx, Sy) ∈ Eed(G). Therefore S is a G-nonexpansive mapping.
Since Bx = (I − S)x, S is a G-nonexpansive mapping and Lemma 4.1, we have B is
G- 12 -inverse strongly monotone. It is obvious that G− V ar(C,B) = {1

2}.

Putting λ = 1
4 . From convexity of [0, 1], we have

(I − 1

4
B)z =

3

4
z +

1

4
(
z3

4
+

15

32
) ∈ [0, 1],

for all z ∈ [0, 1].
From definition of PC , it follows that

PC(I −
1

4
B)z ∈ [0, 1], (4.2)

for all z ∈ [0, 1].
Let (w, z) ∈ Eed(G). From definition of Tn

G and (4.2), we have Tn
G ⊆ [0, 1].

Since v0 ∈ [0, 1] and (4.2), we have

w0 = PC(I −
1

4
B)v0 ∈ [0, 1], (4.3)
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From Tn
G ⊆ [0, 1], we have

v1 = PTn
G
(v0 −

1

4
Bw0) ∈ [0, 1], (4.4)

Continue the method of (4.3) and (4.4), we have wn, vn ∈ [0, 1] for all n ∈ N.
Since v0,

1
2 , vn and wn ∈ [0, 1], it follows that ( 12 , vn), (vn, v0) and (wn, v0) ∈ Eed(G).

We can conclude that G − V ar(C,B) dominates vn, {vn} dominates v0 and {wn} is
dominated by v0. All conditions of Example 4.3 satisfies Theorem 3.2, so we can
conclude that sequence {vn} converses weakly to an element of 1

2 ∈ G − V ar(C,B)

and the sequence
{
PG−V ar(C,B)vn

}
converges strongly to 1

2 .

Table 4.1: Detailed analysis of computational methods (4.1) for Example 4.1 with v0 = 1 ,
N = 20.

n vn
1 1.0000000

2 0.9349873

3 0.8699746

4 0.8108711
...

...
19 0.5159698

20 0.5101756

Figure 4.1: The convergence behavious of {vn} with v0 = 1 and N = 20.

Example 4.4. Let C = [−5, 5] and G = (C × C,Eed(G)) be a directed graph, where
Eed(G) = {(x, y) : x = (x1, x2), y = (y1, y2) ∈ [− 1

2 , 2] × [− 1
2 , 2]}. Let the mappings B :This material is reserved for educational use only, not allowed for commercial use. 
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C × C → R2 define by B(x1, x2) = ( 4x1
5 − 8

5 ,
x2
4 ), for all x1, x2 ∈ C.

Let metric projection PC : H ×H → C × C define by

PC (z1, z2) = (max {min {z1, 5} ,−5} ,max {min {z2, 5} ,−5}) ,

for all z = (z1, z2) ∈ H ×H .
Suppose that the sequence {vn} is generated by v0 = (v01 , v

0
2) = (1, 1) and






wn = PC(I − λB)vn

Tn
G = {w ∈ C × C 〈(I − λB)vn − wn, wn − w〉 ≥ 0}

vn+1 = PTn
G
(vn − λBwn) ,

(4.5)

for all n ∈ N where vn = (vn1 , v
n
2 ), w

n = (wn
1 , w

n
2 ) ,λ ∈ (0,α) and Tn

G is G- Half space.
Then sequence {vn} converses weakly to an element of v̄ ∈ G − V ar(C,B) and the
sequence

{
PG−V ar(C,B)v

n
}
converges strongly to v̄, where G−V ar(C,B) dominates vn,

{vn} dominates v0 and {wn} is dominated by v0.
Solution It is easy to see that (2, 0) ∈ G − V ar(C,B), and Eed(G) = Eed(G−1). It is
obvious that B is G- 13 -inverse strongly monotone.
Putting λ = 1

4 . From the definition of B, we have

(I − 1

4
B)z = (

4z1
5

+
2

5
,
15z2
16

) ∈ [−1

2
, 2]× [−1

2
, 2], (4.6)

for all z = (z1, z2) ∈ [− 1
2 , 2]× [− 1

2 , 2].

From definition of PC , it follows that

PC(I −
1

4
B)z ∈ [−1

2
, 2]× [−1

2
0, 2], (4.7)

for all z = (z1, z2) ∈ [− 1
2 , 2]× [− 1

2 , 2].
Let (w, z) ∈ Eed(G). From definition of Tn

G and (4.7), we have Tn
G ⊆ [− 1

2 , 2]× [−1
2 , 2].

Since v0 ∈ [− 1
2 , 2]× [−1

2 , 2] and (4.7), we have

w0 = PC(I −
1

4
B)v0 ∈ [−1

2
, 2]× [−1

2
, 2], (4.8)

where w0 = (w0
1, w

0
2) ∈ [− 1

2 , 2]× [−1
2 , 2]. From Tn

G ⊆ [− 1
2 , 2]× [− 1

2 , 2], we have

v1 = PTn
G
(v0 − 1

4
Bw0) ∈ [−1

2
, 2]× [−1

2
, 2], (4.9)

where v1 = (v11 , v
1
2) ∈ [− 1

2 , 2]× [−1
2 , 2].

Continue the method of (4.8) and (4.9), we have wn, vn ∈ [− 1
2 , 2]× [−1

2 , 2] for all n ∈ N

,vn = (vn1 , v
n
2 ), w

n = (wn
1 , w

n
2 ).

Since v0, (2, 0), vn and wn ∈ [− 1
2 , 2] × [− 1

2 , 2], it follows that ((2, 0), vn), (vn, v0) and
(wn, v0) ∈ Eed(G).
We can conclude that G − V ar(C,B) dominates vn, {vn} dominates v0 and {wn} is
dominated by v0. All conditions of Example 4.4 satisfies Theorem 3.2, so we can con-
clude that sequence {vn} converses weakly to an element of (2, 0) ∈ G − V ar(C,B)

and the sequence
{
PG−V ar(C,B)v

n
}
converges strongly to (2, 0).
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Table 4.2: Detailed analysis of computational methods (4.5) for Example 4.2 with v0 = (1, 1) ,
N = 100.

n vn1 vn2
1 1.0000000 1.0000000

2 1.1600000 0.9414062

3 1.2944000 0.8862457

4 1.4072960 0.8343173
...

...
...

99 2.0000000 0.0028601

100 2.0000000 0.0026925

Figure 4.2: The convergence behavious of {vn} with v0 = (1, 1) and N = 100.

4.3 Example for the Modified subgradient extragradient method for
system of variational inclusion problem and variational
inequalities problem

In this section, we give an example supporting Theorem 3.1.

Example 4.5. Let H = R2 be the two dimensional space of real numbers with an
inner product 〈·, ·〉 : R2 × R2 → R defined by 〈x, y〉 = x · y = x1y1 + x2y2 and a usual
norm || · || : R2 × R2 → R give by ||x|| =

√
x2
1 + x2

2 for all x = (x1, x2) ∈ R2. Let C1 =

{(x1, x2) ∈ H|− 2x1 + x2 ≤ 1} and C2 = {(x1, x2) ∈ H|4x1 − 2x2 ≤ 3}. Define the mapping
A1 : C1 → R2 by A1(x1, x2) = ( 3x1

2 , 3x2
2 ). Define the mapping A2 : C2 → R2 by A2(x1, x2) =

(2x1, 2x2). Let the mapping AG : R2 → R2 defined by AG(x1, x2) = (x1 + 1, x2 + 1). Let
C = C1 ∩ C2. Also, it is well known that
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PC(x1, x2) =






(−1999x1 + 1000x2 + 750, 4000x1 − 1999x2 − 1500) ; if − 40x1 + 20x2 < −15

(x1, x2) ; if − 15 ≤ −40x1 + 20x2 ≤ 5

(−1999x1 + 1000x2 − 250, 4000x1 − 1999x2 − 500) ; if − 40x1 + 20x2 > 5

Let x1, u ∈ R2 , {xn}∞n=0 and {yn}∞n=0 be generated by






yn = PC(I − λ
∑2

i=1 aiAi)xn

Qn = {z ∈ H : 〈(I − λ
∑2

i=1 aiAi)xn − yn, yn − z〉 ≥ 0}

xn+1 = αnu+ βnPQn(xn − λ
∑2

i=1 aiAiyn) + γnGxn

(4.10)

where {αn} = 1
12n , {βn} = 5n−2

12n , {γn} = 7n+1
12n ⊂ [0, 1] and a = 0.5 ∈ (0, 1). Show that

{xn} and {yn} converge strongly to (0, 0).
Solution Since A1, A2 and AG are 2

3 ,
1
2 and 1 - inverse strongly monotone mappings,

respectively, then η = 1
2 . Choose λA = 1

2 ,λB = 1 ∈ (0, 2αG) and b = 1
4 ,we obtain

G(x1, x2) = (x1
16 ,

x2
16 ). Choose λ = 1

4 ∈ (0, η). It is easy to see that the sequences
{αn} , {βn} and {γn} satisfy all conditions in Theorem 3.1 and (0, 0) ∈ V I(C,A1) ∩

V I(C,A2) ∩ F (G). From Theorem 3.1, we can conclude that the sequence {xn} and
{yn} converge strongly to (0, 0).

Table 4.3: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.1 with
u = (5, 5), N = 15, E(xn

1 ) =
∥∥xn+1

1 − xn
1

∥∥ , n ∈ N0 and E(xn
2 ) =

∥∥xn+1
2 − xn

2

∥∥ , n ∈ N0.

Iterative (5.1) Iterative (1.5)
n E(xn1 ) E(xn2 ) E(xn1 ) E(xn2 )
1 1.0000 2.0000 1.0000 2.0000

2 0.6468 0.8770 0.6497 0.8828

3 0.3961 0.4630 0.3995 0.4681

4 0.2619 0.2826 0.2646 0.2862
...

...
...

...
...

15 0.0472 0.0457 0.0476 0.0476

Example 4.6. Let H = L2([−1, 1]) with product 〈f, g〉 =
∫ 1
−1 f(t)g(t)dt and the as-

sociated norm given as ||f || :=
√∫ 1

−1 f(t)g(t)dt for all f, g ∈ L2([−1, 1]). Take C =

{x ∈ H : ||x|| ≤ 2}. Define the mapping A1 : L2([−1, 1]) → L2([−1, 1]) by A1(h(t)) =

h(t) − 2t for all t ∈ [−1, 1]. Define the mapping A2 : L2([−1, 1]) → L2([−1, 1]) by
A2(h(t)) = 3

2h(t) − 3t for all t ∈ [−1, 1]. Let the mapping AG : L2([−1, 1]) → L2([−1, 1])

defined by AG(h(t)) = h(t)− 5t for all t ∈ [−1, 1]. Also, it is well known that

PC(f(t)) =






f(t) ; if ||f(t)|| ≤ 2

2f(t)
||f(t)|| ; if ||f(t)|| > 2This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



39

Figure 4.3: Comparison between algorithms (5.1) and (1.5) for Example 1 with u = (5, 5) and
N = 15.

Let i = 1, 2, x1, u ∈ R2 , {xn}∞n=0 and {yn}∞n=0 be generated by (5.1) where {αn} =

1
12n , {βn} = 5n−2

12n , {γn} = 7n+1
12n ⊂ [0, 1] and a = 0.4 ∈ (0, 1). Show that {xn} and {yn}

converge strongly to 2t.
Solution Since A1, A2 and AG are 1

2 ,
1
3 and 1 - inverse strongly monotone mappings,

respectively, then η = 1
2 . Choose λA = 1

2 ,λB = 1 ∈ (0, 2αG) and b = 1
4 ,we obtain

G(h(t)) = h(t)
16 . Choose λ = 1

4 ∈ (0, η). It is easy to see that the sequences {αn} , {βn} and
{γn} satisfy all conditions in Theorem 3.1 and 2t ∈ V I(C,A1) ∩ V I(C,A2) ∩ F (G). From
Theorem 3.1, we can conclude that the sequence {xn} and {yn} converge strongly to
2I .

Table 4.4: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.2 with
u = 3t , N = 15 and E(xn) = ‖xn+1 − xn‖ , n ∈ N0.

n E(xn) : Algorithm(5.1) E(xn) : Algorithm(1.5)

1 0.7626 0.7626

2 0.1291 0.1221

3 0.0480 0.0492

4 0.0208 0.0226
...

...
...

15 0.0006 0.0007

Example 4.7. Let f : H → R be a convex function. Consider the following convex
optimization problem

min
x∈H

f(x) (4.11)This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



40

Figure 4.4: Comparison between algorithms (5.1) and (1.5) for Example 2 with u = 3t and N =

15.

and

min
x∈H

g(x) (4.12)

It’s well known that x∗ ∈ C solves (4.11) and (4.12) if and only if x∗ ∈ C satisfies
following variational inequalities holds:

〈∇f(x∗), x− x∗〉 ≥ 0, ∀x ∈ C (4.13)

and

〈∇g(x∗), x− x∗〉 ≥ 0, ∀x ∈ C, (4.14)

that is, x∗ ∈ V I(C,∇f)∩ V I(C,∇g). Let H = R. Take C = [1, 10]. Define the mapping f :

[1, 10] → R by f(x) = (x−1)2

3 +1. Define the mapping g : [1, 10] → R by g(x) = x2

2 − lnx− 1
2 .

Let x1, u ∈ R2. From (5.1), we have {xn}∞n=0 and {yn}∞n=0 be generated by






yn = PC(I − λ(a1∇f + a2∇g))xn

Qn = {z ∈ H : 〈(I − λ(a1∇f + a2∇g))xn − yn, yn − z〉 ≥ 0}

xn+1 = αnu+ βnPQn(xn − λ(a1∇f + a2∇g)yn) + γnGxn

(4.15)

where {αn} = 1
12n , {βn} = 5n−2

12n , {γn} = 7n+1
12n ⊂ [0, 1] and a = 0.5 ∈ (0, 1). Show that

{xn} and {yn} converge strongly to 1.
Solution Since f and g are convex and differentiable with f ′(x) = 2(x−1)

3 and g′(x) =

x − 1
x .It implies that ∇f and ∇g are 2

3 and 1 - inverse strongly monotone mappings,This material is reserved for educational use only, not allowed for commercial use. 
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respectively. Choose η = 1
2 , λA = 1

2 ,λB = 1 ∈ (0, 2αG) and b = 1
4 ,we obtain G(x) =

x
12 + 11

12 . Choose λ = 1
4 ∈ (0, η). It is easy to see that the sequences {αn} , {βn} and

{γn} satisfy all conditions in Theorem 3.1 and 1 ∈ V I(C,∇f) ∩ V I(C,∇g) ∩ F (G). From
Theorem 3.1, we can conclude that the sequence {xn} and {yn} converge strongly to
1.

Table 4.5: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.3 with
u = 3 , N = 15 and E(xn) = ‖xn+1 − xn‖ , n ∈ N0 .

n E(xn) : Algorithm(5.1) E(xn) : Algorithm(1.5)

1 2.9044 2.7500

2 0.7088 0.7428

3 0.2200 0.2681

4 0.0762 0.1082
...

...
...

15 0.0012 0.0015

Figure 4.5: Comparison between algorithms (5.1) and (1.5) for Example 3 with u = 3 and N = 15.

Remark 4.8. According to Table 4.3-4.7 and Figures 4.3-4.5 ,it is shown that the our
algorithm (5.1) converges to an element of the set ⋂N

i=1 V I(C,Ai) ∩ F (G) at a faster
than that of algorithm (1.5). Therefore, our algorithm is more efficient.

4.4 Applying in Economic

In this part, we apply our main result to find equilibrium price.This material is reserved for educational use only, not allowed for commercial use. 
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Example 4.9. Let’s consider the demand and supply for rice in a specific country:
Demand : The demand for rice is influenced by factors such as population, income
levels, cultural preferences, dietary habits, and price. Let’s assume that the demand
for rice in the country is as follows:
Price: 1 dollar per kilogram - Quantity demanded: 4,800 kilograms per week
Price: 2 dollars per kilogram - Quantity demanded: 3,700 kilograms per week
Price: 3 dollars per kilogram - Quantity demanded: 2,800 kilograms per week
Price: 4 dollars per kilogram - Quantity demanded: 2,400 kilograms per week
Price: 5 dollars per kilogram - Quantity demanded: 1,900 kilograms per week
Price: 6 dollars per kilogram - Quantity demanded: 500 kilograms per week
Supply : The supply of rice is influenced by factors such as agricultural productivity,
weather conditions, government policies, technology, and input costs. Let’s assume
that the supply of rice in the country is as follows:
Price: 1 dollar per kilogram - Quantity supplied: 1,500 kilograms per week
Price: 2 dollars per kilogram - Quantity supplied: 2,500 kilograms per week
Price: 3 dollars per kilogram - Quantity supplied: 3,500 kilograms per week
Price: 4 dollars per kilogram - Quantity supplied: 4,500 kilograms per week
Price: 5 dollars per kilogram - Quantity supplied: 5,500 kilograms per week
By using Polynomial Regression, we have the demand function as follows:

D(p) = 0.0179p2–7.925p+ 54.3, (4.16)

where p is the price of rice (dollars per kilogram) and D is the quantity of units de-
manded (in hundred kilogram per week). From (2.13), we can calculate the correlation
coefficient r = −0.9437.
By using Linear Regression, we have the supply function as follows:

S(p) = 9p+ 7, (4.17)

where p is the price of rice (dollars per kilogram) and S is the quantity of units sup-
plies (in hundred kilogram per week). From (2.13), we can calculate the correlation
coefficient r = 0.9823.

The demand curve for rice shows that as the price increases, the quantity de-
manded decreases. (See Figure 4.6) This indicates the inverse relationship between
price and quantity demanded. The supply curve for rice shows that as the price
increases, the quantity supplied increases. (See Figure 4.6) This indicates the direct
relationship between price and quantity supplied.

To find the equilibrium price, we can set the demand and supply functions
equal to each other:

S(p) = D(p). (4.18)
This material is reserved for educational use only, not allowed for commercial use. 
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Figure 4.6: The demand and supply model of rice in a specific country.

From 4.24, we have

p = S−1(D(p))

= (S−1 ◦D)(p). (4.19)

Then

T (p) = (S−1 ◦D)(p)

= 0.001989p2 − 0.88056p+ 5.2556, (4.20)

for all p ∈ R. Let H = R. Take C = [0, 25]. Let the mappings T : C → R define by
Tx = 0.001989x2 − 0.88056x + 5.2556, and AG : C → R define by AGx = x − 5, for all
x ∈ C. Let the mappings A : C → R define by Ax = −0.001989x2 + 1.88056x − 5.2556,for
all x ∈ C. Let x1, u ∈ R2. From (5.1), we have {xn}∞n=0 and {yn}∞n=0 be generated by






yn = PC(I − λAxn)

Qn = {z ∈ H : 〈(I − λA)xn − yn, yn − z〉 ≥ 0}

xn+1 = αnu+ βnPQn(xn − λAyn) + γnGxn

(4.21)

where {αn} = 1
12n , {βn} = 5n−2

12n , {γn} = 7n+1
12n ⊂ [0, 1] and a = 0.5 ∈ (0, 1). Show that

{xn} converges strongly to 2.8029.
Solution First, we show that T is a nonexpansive mapping.
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Let x, y ∈ C. From the definition of T , we have

‖Tx− Ty‖ = ‖0.001989x2 − 0.88056x+ 5.2556− (0.001989y2 − 0.88056y + 5.2556)‖

= ‖0.001989(x2 − y2)− 0.88056(x− y)‖

= ‖0.001989(x+ y)(x− y)− 0.88056(x− y)‖

≤ 0.001989‖(x+ y)(x− y)‖+ 0.88056‖x− y‖

≤ 0.001989(50)‖x− y‖+ 0.88056‖x− y‖

= 0.98001‖x− y‖

≤ ‖x− y‖.

Therefore T is a nonexpansive mapping.
Since Ax = (I − T )x, T is a nonexpansive mapping and Proposition 2.16, we have A is
1
2 -inverse strongly monotone. Since AG is 1 - inverse strongly monotone mappings,
then η = 1 . Choose λA = 1

2 ,λB = 1 ∈ (0, 2αG) and b = 1
4 ,we obtain G(x) = 0.0625x +

2.62771875. It is obvious that V I(C,A) = F (G) = 2.8032.

Choose λ = 1
4 ∈ (0, η). It is easy to see that the sequences {αn} , {βn} and {γn} satisfy

all conditions in Theorem 3.1 and 2.8032 ∈ V I(C,A) ∩ F (G). From Theorem 3.1, we
can conclude that the sequence {xn} and {yn} converge strongly to 2.8032.

Thus, at the market price of 2.8032 dollars per kilogram and the equilibrium
quantity is 32.2288 hundred kilogram per week, the quantity demanded and supplied
are in balance. If the price were higher than 2.8032 dollars per kilogram, the quantity
supplied would exceed the quantity demanded, resulting in a surplus of rice. If the
price were lower than 2.8032 dollars per kilogram, the quantity demanded would
exceed the quantity supplied, resulting in a shortage of rice.

The market price of 2.8032 dollars per kilogram represents the point where the
interests of buyers (demand) and sellers (supply) align, and the rice market reaches
equilibrium.

Table 4.6: Detailed analysis of computational methods (5.1) for Example 4.9 with u = 3 , N = 15.

n xn : Algorithm(4.21)

1 3.2000

2 2.9457

3 2.8697

4 2.8391
...

...
15 2.8032

Example 4.10. Let’s consider the demand and supply for the Thai Baht (THB), the
unit of currency in Thailand.This material is reserved for educational use only, not allowed for commercial use. 
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Figure 4.7: The convergence behavious of {xn} with x0 = 3.2 and N = 15.

Demand : The demand for Thai Baht is influenced by factors such as international
trade, tourism, foreign investment, and speculation. Let’s assume that the demand
for Thai Baht is as follows: Exchange rate: 1 USD = 26 THB
Quantity demanded: 34.89 million dollars
Exchange rate: 1 USD/ = 29 THB
Quantity demanded: 30.96 million dollars
Exchange rate: 1 USD = 30 THB
Quantity demanded: 29.69 million dollars
Exchange rate: 1 USD = 32 THB
Quantity demanded: 27.21 million dollars
Exchange rate: 1 USD = 35 THB
Quantity demanded: 23.64 million dollars

Supply : The supply of Thai Baht is influenced by factors such as government
policies, central bank interventions, foreign exchange reserves, and economic condi-
tions. Let’s assume that the supply of Thai Baht is as follows:
Exchange rate: 1 USD = 27 THB
Quantity supplied: 6.5 million dollars
Exchange rate: 1 USD = 30 THB
Quantity supplied: 20 million dollars
Exchange rate: 1 USD = 34 THB
Quantity supplied: 29 million dollarsThis material is reserved for educational use only, not allowed for commercial use. 
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Exchange rate: 1 USD = 36 THB
Quantity supplied: 47 million dollars
Exchange rate: 1 USD = 37 THB
Quantity supplied: 51.5 million dollars

By using Polynomial Regression, we have the demand function as follows:

D(p) = 0.01p2–1.86p+ 76.49, (4.22)

where p is the price of exchange rates (1 USD to Thai baht) and D is the quantity
of units demanded (million dollars). From (2.13), we can calculate the correlation
coefficient r = −0.9563.
By using Linear Regression, we have the supply function as follows:

S(p) = 4.5p− 115, (4.23)

where p is the price of exchange rates (1 USD to Thai baht) and S is the quantity of
units supplies (million dollars). From (2.13), we can calculate the correlation coeffi-
cient r = 0.9716.
The demand curve for Thai Baht shows that as the exchange rate increases (USD appre-
ciates), the quantity of Thai Baht demanded decreases. (See Figure 4.8) This indicates
the inverse relationship between the exchange rate and the quantity demanded of
Thai Baht.
The supply curve for Thai Baht shows that as the exchange rate increases (USD appre-
ciates), the quantity of Thai Baht supplied increases.(See Figure 4.8) This indicates the
direct relationship between the exchange rate and the quantity supplied of Thai Baht.

Figure 4.8: The demand and supply model for the Thai Baht (THB), the unit of currency in
Thailand.
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To find the equilibrium price, we can set the demand and supply functions
equal to each other:

S(p) = D(p). (4.24)

From 4.24, we have

p = S−1(D(p))

= (S−1 ◦D)(p). (4.25)

Then

T (p) = (S−1 ◦D)(p)

=
1

450
p2 − 31

75
p+

6383

150
, (4.26)

for all p ∈ R. Let H = R. Take C = [10, 45]. Let the mappings T : C → R define by
Tx = 1

450x
2 − 31

75x+ 6383
150 , and AG : C → R define by AGx = x− 25, for all x ∈ C. Let the

mappings A : C → R define by Ax = − 1
450x

2 + 106
75 x − 6383

150 ,for all x ∈ C. Let x1, u ∈ R2.
From (5.1), we have {xn}∞n=0 and {yn}∞n=0 be generated by






yn = PC(I − λAxn)

Qn = {z ∈ H : 〈(I − λA)xn − yn, yn − z〉 ≥ 0}

xn+1 = αnu+ βnPQn(xn − λAyn) + γnGxn

(4.27)

where {αn} = 1
12n , {βn} = 5n−2

12n , {γn} = 7n+1
12n ⊂ [0, 1] and a = 0.5 ∈ (0, 1). Show that

{xn} converges strongly to 31.68494.
Solution First, we show that T is a nonexpansive mapping.
Let x, y ∈ C. From the definition of T , we have

‖Tx− Ty‖ = ‖ 1

450
x2 − 31

75
x+

6383

150
− (

1

450
y2 − 31

75
y +

6383

150
)‖

= ‖ 1

450
(x2 − y2)− 31

75
(x− y)‖

= ‖ 1

450
(x+ y)(x− y)− 31

75
(x− y)‖

≤ 1

450
‖(x+ y)(x− y)‖+ 31

75
‖x− y‖

≤ 1

450
(90)‖x− y‖+ 31

75
‖x− y‖

=
46

75
‖x− y‖

≤ ‖x− y‖.

Therefore T is a nonexpansive mapping.
Since Ax = (I−T )x, T is a nonexpansive mapping and Proposition 2.16, we have A is 1

2 -
inverse strongly monotone. Since AG is 1 - inverse strongly monotone mappings, then
η = 1. Choose λA = 1

2 ,λB = 1 ∈ (0, 2αG) and b = 1
4 , we obtain G(x) = 0.0625x+29.7052125.This material is reserved for educational use only, not allowed for commercial use. 
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It is obvious that V I(C,A) = F (G) = 31.68494.

Choose λ = 1
4 ∈ (0, η). It is easy to see that the sequences {αn} , {βn} and {γn} satisfy

all conditions in Theorem 3.1 and 31.68494 ∈ V I(C,A) ∩ F (G). From Theorem 3.1, we
can conclude that the sequence {xn} and {yn} converge strongly to 31.68494.

Therefore, at the market exchange rate of 1 USD = 31.68494 THB and the
equilibrium quantity is 27.58223 million dollars, the quantity demanded and supplied
are in balance. If the exchange rate were higher than 1 USD = 31.68494 THB, the
quantity supplied would exceed the quantity demanded, resulting in an excess supply
of Thai Baht. If the exchange rate were lower than 1 USD = 31.68494 THB, the quantity
demanded would exceed the quantity supplied, resulting in a shortage of Thai Baht.

Table 4.7: Detailed analysis of computational methods (5.1) for Example 4.10 with u = 28 ,
N = 15.

n xn : Algorithm(4.21)

1 28.00000

2 30.51490

3 31.50527

4 31.65402
...

...
15 31.68494

Figure 4.9: The convergence behavious of {xn} with x0 = 28 and N = 15.
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Chapter 5

Conclusions and Suggestions

In this chapter, we summarize all theorems and corollaries given in this thesis.

(1) Let H be a real Hilbert space. For i = 1, 2, ..., N , let Ai : H → H be αi -
inverse strongly monotone mappings and let AG : H → H be αG - inverse
strongly monotone mappings. Define the mapping G : H → H by G(x) =

JMA,λA(I − λAAG)(bx + (1 − b)JMB ,λB (I − λBAG)x) for all x ∈ H , b ∈ (0, 1) and
λA,λB ∈ (0, 2αG). Assume that Γ =

⋂N
i=1 V I(C,Ai) ∩ F (G) /= ∅. Let the sequence

{yn} and {xn} be generated by x1, u ∈ H and






yn = PC(I − λ
∑N

i=1 aiAi)xn

Qn =
{
z ∈ H :

〈
(I − λ

∑N
i=1 aiAi)xn − yn, yn − z

〉
≥ 0

}

xn+1 = αnu+ βnPQn(xn − λ
∑N

i=1 aiAiyn) + γnGxn

(5.1)

where ∑N
i=1 ai = 1, 0 < ai < 1, {αn} , {βn} , {γn} ⊂ [0, 1] with αn + βn + γn = 1 ,

λ ∈ (0, η) with η = mini=1,2,...,N {αi}.
Suppose the following conditions hold:
(i) ∑∞

n=0 αn = ∞ , limn→∞ αn = 0.
(ii) 0 < c < βn, γn ≤ d < 1

Then {xn} converges strongly to x∗ ∈ Γ where x∗ = PΓu.

(2) Let C be a nonempty closed convex subset of a real Hilbert space H . Let
G, V er(G), Eed(G), B as in Lemma 2.30. Assume that G − V ar(C,B) /= ∅ with
G − V ar(C,B) × G − V ar(C,B) ⊆ Eed(G). Let {vn} be a sequence defined by
v0 ∈ C and






wn = PC(I − λB)vn

Tn
G = {w ∈ C : 〈(I − λB)vn − wn, wn − w〉 " 0}

vn+1 = PTn
G
(vn − λBwn) ,

for all n ∈ N where λ ∈ (0,α) and Tn
G is G- Half space. Then sequence {vn} con-

verges weakly to an element x̄ ∈ G−V ar(C,B) and the sequence
{
PG−V ar(C,B)vn

}

converges strongly to x̄, where G − V ar(C,B) dominates vn, {vn} dominates v0

and {wn} is dominated by v0.
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