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Chapter 1

Introduction

1.1 Ilterative methods of nonlinear mappings

Mathematics is one of the important tools for developing new technologies.
The original of new technologies was happened from observing, suspicion and ques-
tioning. Normally, the most problems are nonlinear problems. We transformed the
problem into many mathematical models and used different methods to solve the
problem. Over the last 50 years or so the theory of fixed points has been revealed as
a very powerful and important tool in the study of nonlinear mapping. The fixed point
techniques have been applied in such diverse fields as biology, chemistry, economics,
engineering, game theory, and physics.Finding the answer of the equation by using the
fixed point theory may have the answer or no answer. Therefore, fixed point theory
is involved with finding conditions on the set X and the mapping 7': X — X to guar-
antee the existence and uniqueness of fixed points. Moreover, researchers have been
studying about the structure of fixed point set and the approximation of fixed points.
lterative schemes for finding the solution set of nonlinear mappings such as nonex-
pansive mappings, quasi-nonexpansive mappings have been increasingly studied by
many mathematicians. They have introduced various types of iterative methods to
approximate fixed points.

Throughout this paper, let H be a real Hilbert space and € be a nonempty
closed convex subset of H with the inner product (-,-) and norm ||-||. Let T: C — C
be a mapping. Then, T is called nonexpansive if ||Tx — Ty|| < ||z — y||, for all z,y € C.
We denote F(T) by the set of fixed points of T, that is F(T) ={zx € C: Tz ==x}. Itis
well known that F(T) is closed convex and also nonempty.

Many researchers have studied the iterative scheme to approximate the fixed
point problem of nonlinear mapping as follows;

In 1953, Mann [1] introduced the sequence {z,} generated by z, € H and
Tpt1 = (1 —ap)z, + apTa,, Yn > 0, (1.1)

where C is a nonempty closed convex subset of a normed space, T : C — C is a
mapping and the sequence {a,} is in the interval (0,1), iteration (1.1) is called Mann
iteration. The Mann iteration algorithm is extremely useful for finding the fixed point
problem of nonexpansive mappings, and provides a unified framework for different al-
gorithms. However, it should be pointed out that even in a Hilbert space, the iterative
sequence {z,} defined by (1.1) has only weak convergence under certain conditions.

Many authors have been trying to modify Mann’s iteration to solve various problems



such as the fixed point problem, split feasibility problem, equilibrium problem, mono-
tone inclusion and image restoration problem; see more detail in [2, 28, 29].
In 1967, Halpern [20] introduced the Halpern iteration to find a fixed point of

nonexpansive mapping 7': C — C as follow:
Tpy1 = apu+ (1 — ay)Tay, (1.2)

for each n <0 and zo = u € C where {a,,} C (0,1). He proved that the sequence {z,}
converges strongly to a fixed point of T.

In 2000, Moudafi [2] extended the Halpern iteration to the following process,
which is called the viscosity approximation method for nonexpansive mapping 7' and
the sequence {z,} generated by =; € C and

Tnt1 = anf(«r’n,) + (1 Iy O‘n)Txna vn > 0, (13)

where {a,} C (0,1) satisfies certain conditions, T': C — C'is a nonexpansive mapping
and f: C — C'is a contraction. Then he proved the sequence {x,} converges strongly
to z = Pp(s)f(2). Moreover, the viscosity approximation method has been studied and
developed in many pieces of research to approximate the convex feasibility problem,
hierarchical fixed point problem, variational inequality problem, split common null
point problem, see previous studies in [32, 31].

1.2  Variational Inequality Problem
The variational inequality problem (VIP) is to find a point « € C such that
(Au, v —u) >0, Vv e C. (1.4)

The set of the solutions of the variational inequality problem is denoted by
VI(C,A). This problem is an important tool in-economics, engineering and mathe-
matics. It includes, as special cases, many problems of nonlinear analysis such as
optimization, optimal control problems, saddle point problems and mathematical
programming, see for example, [3, 33, 19, 21].

In 2003, Takahashi and Toyoda [10] introduced an iterative scheme for finding
a common element of the set of fixed points of nonexpansive mappings and the set

of solutions of variational inequalities problem in a Hilbert space as follows:
Tpt1 = QnZp + (1 — an)TPe(I — AnA)zy,, Vo > 0,

and proved weak convergence theorem of the sequence {z,} under suitable condi-
tions of parameter {a,,}.
In 2005, liduka and Takahashi [11] introduced an iterative scheme for finding a

common element of the set of fixed points of a nonexpansive mapping and the set



of solutions of the variational inequality problem in a Hilbert space as follows:
Tpt1 = anZ + (1 — ) TPo(I — M\ A)xy,,¥Yn > 0,

and proved strong convergence theorem of the sequence {z,} under suitable condi-
tions of parameter {a,,}.

A well known that one method is most popular for solving the problem (VIP) is
the extragradient method proposed by Korpelevich [4]. The extragradient method is
need to calculate two projections onto the feasible set C in each iteration. So, in case
that the set C is not simple to project on to it, As in some remarks of the authors in [5],
when the subset is a closed expression as a ball or a half-space, the projection onto
the feasible subset € can be computed easily. This can affect the efficiency of the
used method. In recent years, the extragradient method has received great attention
by many authors, who improved it in various ways, see, e.g. [7, 8, 12, 13, 34, 15, 16]
and the many references therein.

In 2011, Censor et al. [15] proposed the subgradient extragradient method for

solving variational ineuality problems as follows:

Yn = Po(x, — NAx,),
T, ={x € H:(xn—NATy — Yn, s —yn) < 0} (1.5)
Tpy1 = Pr, (x, —AAyp)
for each n > 1, where A € (0,1/L). In this method, they have replaced the second
projection in Korpelevich’s extragradient method by a projection on to a half-space,
which is computed explicitly.
In 2012, Kangtunyakarn [26] modified the set of variational inequality problems
as follows:

VI(C,aA+ (1—a)B) = {zeC:{y—z,(aA+ (1 —a)B)x)
>0,Vy e C,ac(0,1)} (1.6)
where A and B are the mappings of C into H.
In order to develop efficient algorithms for finding solution of a finite family varia-
tional inequalities problem, inspired by problem (1.6), we define the new half space
Qn=1{z€H: <(I — Az,fil @i ATy — Yn, Yn — 2) > 0}, which as a tool to prove strong
convergence theorem. In particular,if we put i = 1 ,then @, reduces to T, in sub-

gradient extragradient method (1.5). However, the sequence {z,} ¢enerated by (1.5)

converges weakly to a solution of the variational inequality problem.

1.3 Variational Inclusion Problem

Let B: H — H be a mapping and M : H — 2% be a multi-valued mapping. The

variational inclusion problem is to find « € H such that

0 € Bx + Mz, (1.7)



where @ is zero vector in H. The set of the solution of (1.7) is denoted by VI(H, B, M).
This problem has received much attention due to its applications in large variety
of problems arising in convex programming, variational inequalities, split feasibility
problem, and minimization problem. To be more precise, some concrete problems
in machine learning, image processing, and linear inverse problem can be modelled
mathematically as this formulation. A multi-valued mapping M : H — 2% is called
monotone, if for all z,y € H, u € Mz and v € My implies that < u — v,z —y >> 0. A
multi-valued mapping M : H — 2H is called maximal monotone, if it is monotone and
if for any (z,u) € H x H, <u—v,x —y >> 0 for every (y,v) € Graph(M)(Graph(M) =
{(z,u) € H x H :u e Mz}) implies that u € Mz.

Let M : H — 2% be a multi-valued maximal monotone mapping. Then the
single-valued mapping Ja» + H — H defined by

Jya(u) = (I +AM) *(u), Yu€ H,

is called the resolvent operator associated with M where X is positive number and I
is an identity mapping, see [25]. Note that Jy,, is nonexpansive mapping.

In 2008, Zhang et al. [25] proved a strong convergence theorem for finding
a common element of the set of solutions of variational inclusion problem and the
set of fixed points of nonexpansive mappings in Hilbert space. They introduced the

iterative scheme as follows:

Yn = JM,)\("ETL = )\Al‘n),

Tnt1 = ar+ (1= a,)Syn, VYn >0,

and proved a strong convergence theorem of the sequence {z,,} under suitable con-
ditions of parameter {a,} and \.

Motivated by problem (1.7), we introduce a new problem of the system of
variational inclusion in a real Hilbert space as follows:

Let H be a real Hilbert space and let 4 : H — H be mapping and M, Mp :
H — 2% be set value mapping. We consider the problem for finding z* € H such that

0c Ax™ + Max™ and 0 € Ax™ + Mpx™® (1.8)

where 6 is zero mapping in H, which is called generalized system of modified varia-
tional inclusion problem(in short, GSMVIP) . The set of solution of (1.8) is denoted by
Qjie,Q={z*€ H:0e Ax* + Maz* and 0 € Ax* + Mpz*}. In particular, if My = Mg,
then the problem (1.8) reduces to the problem (1.7) and if Jﬁ*‘ = Ji‘iB = P¢, then the
problem (1.8) reduces to VIP.



1.4  G-Variational Inequality Problem with graph

The following symbols will be used throughout this research:

) G = (Fed(G),Ver(G)) is a directed graph where Ver(G) is vertices set and
Eed(G) is set of its edges with {(z,z) : x € Ver(G)} C Eed(G)

i) Bed(G™') = {(y,2) : (z,y) € Eed(G)}.

Jachymski [41] was the first to analyze the fixed point problem in metric space
endowed with graph and introduce the crucial conclusion in this space by integrating
fixed point properties and graph theory, see more detail in [41].

Let C = Ver(G) and the mapping T': C — C' is called G-nonexpansive if the
following conditions hold:

1) T is edge-preserving i.e., for each z,y € D such that (z,y) € Eed(G) =
(Tz,Ty) € Eed(Q),

2) |Tx = Ty|| < ||z —yll, whenever (z,y) € Fed(G) for all 2,y € C.

Tiammee et al. were the first to prove the strong convergence theorem of
a sequence generated by Halpern iteration for approximating fixed point problem of
G-nonexpansive mapping in Hilbert space endowed with a directed graph. See more
detail [42].

Using concepts related to the variational inequality problem and graph theory,
Kangtunyakarn [43] introduced the G-variational inequality problem, which is to find
a point 2* € C such that

(y =27, Bz") >0,
for all y € C with (z*,y) € Eed(G) and B : C — H is a mapping, where C = Ver(G).
The set of all solution of such problem denoted by G — Var(C, B). He proved strong
convergence theorem to solve G-variational inequality problem.

By combining the concepts of subgradient extragadient method and graph the-
ory in this research, we introduce G-subgradient extragadient method for approximat-
ing the solution of G-variational inequality problem. To use such a method, we intro-
duce G-Half space by

Te={weC:{(I—-AB)x—y,y—w) >0},

where A\ > 0, B : C — H is a mapping and y = Po(I — AB)z for all z € H with
(w,x) € Eed(G).

Example 1.1. Let H = R? and C = [-100, 100] x [—100,100] and metric projection P :
H — C define by

Pc (21, 22) = (Mmax{min {z1,100},—100} , max {min {z2,100} , —100}),

for all z = (21, 22) € H.
Let B: C — H define by Bz = (%, %) for all z = (v1,v2) € C and Ver(G) = C, Eed(G) =



{(u,v) : w = (u1,u2) €[0,100] x [0,100] and v = (v1,v2) € (300,00) x (300,00)}. Putting A =
2. From definitions of P and B, we have Po(1—AB)z = Po (%, %) forall z = (vy,v2) €
H.

Let (w,z) € Eed(G), where w = (wy,ws),z = (v1,v2). From definition of Po, we have
Po(I — AB)z = (100,100) and Tg = [0, 100] x [0, 100].

1.5 Objectives of the study

1) To propose the generalized system of modified variational inclusion problem and
a new iterative schemes for solving the GSMVIP and the variational inequalities

problem in a framework of Hilbert space.

2) To propose a new iterative schemes for solving G-variational inequality problem

in a framework of Hilbert space endowed with a directed graph.

3) To give a lemma, an essential tool for proof strong convergence of our main

theorems.

4) To prove a strong convergence theorem for finding a common solution of the

GSMVIP and the variational inequalities problem .

5) To prove a strong convergence theorem for finding G-variational inequality prob-

lem in a framework of Hilbert space endowed with a directed graph.
6) To give numerical examples for our results to support our main results.

7) To give numerical examples for finding the solution of market equilibrium prob-

lem in economics.

1.6  Scopes of the study

1) Study the definitions and properties of variational inclusion problem, variational
inequality problems, minimization problems, and fixed point problems in real

Hilbert space.

2) Study the definitions and properties of G-variational inequality problem in Hilbert

space endowed with a directed graph.

3) Investigate the fixed point problems of nonlinear mappings, including nonexpan-

sive mapping, and a-inverse strongly monotone mapping.

4) Give numerical examples for supporting our main results in R, R? and L, spaces.



1.7 Benefits of the study

1) Obtain new tools for fixed point problems on real Hilbert space.

2) Obtain strong convergence theorem of the sequence {r,} generated by the new
subgradient extragradient for finding a common element of the set of solutions

of GSMVIP and the set of a finite family of variational inequalities problem.

3) Obtain strong convergence theorem of the sequence {z,} generated by the new
subgradient extragradient for finding solutions of G-variational inequality problem

in Hilbert space endowed with a directed graph.

4) Obtain new tools for market equilibrium problem in economics.

1.8 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive mapping, a-inverse

strongly monotone mapping and G — a-inverse strongly monotone mappins.
2) Study background in a real Hilbert space.
3) Study background in a directed graph.
4) Study the subgradient extragradient algorithm and half space.
5) Collect and study research papers and textbooks concerning fixed point theorem.
6) Determine the objectives and scope of the research.
7) Produce tools for a strong convergence theorem of fixed point problem.

8) Prove strong convergence theorem for fixed point problems in a real Hilbert

space.
9) Provide examples and applications.

10) Conclude the results, make suggestions for further works and write the thesis.



Chapter 2
Preliminaries

The objective of this chapter is to provide an understanding of the fundamental
concepts and definitions that will be utilized throughout this thesis. Additionally,
we present some lemmas, remarks, and useful results that will be referenced in the

subsequent chapters.

2.1 Basic Concepts

Definition 2.1 (Cauchy sequence [48]). A sequence of vectors {z,} in a normed
space X is called a Cauchy sequence if for every ¢ > 0 there exists N € N such that

|z — zn|| < € for all m,n > N.

Definition 2.2 (complete [48]). A normed space X is called complete if every Cauchy

sequence in X converges to an element of X.

Definition 2.3 (Convex set [54]). Let X be a normed space and let C be a subset of

X. Then the set C'is called convex if
ar + (1 — o)y € C,
forall z,y € C and a € [0,1].

Remark 2.1 ([54]). An inner product space is called a real inner product space for the
case when the scalars are the real numbers and (z,y) is a real number. For the case,

(3) means

(@, y) = (y, ).
Theorem 2.2 (Schwarz inequality[54]). Let X be an inner product space and let »
and y be element in X. Then the following holds:

1@,y < [yl

Theorem 2.3 (Parallelogram Law[48]). For any two elements = and y of inner product
space X we have
2+ gl + llz = ylI* = 2[|=|* + 2(ly|*.

Definition 2.4 (Strong convergence [48]). A sequence {z,} of vectors in an inner

product space X is called strongly convergent to = in X if
|zn — x| = 0 as n — oc.

Definition 2.5 (Weak convergence [48]). A sequence {z,} of vectors in an inner prod-

uct space X is called weakly convergent to z in X if

(xp,y) — (z,y) asn — oo for all y € X.



Theorem 2.4 ([54]). The inner product of an inner product space X is jointly contin-
uous:

2, =z and y, =y = (Tn,yn) — (,7).

In this thesis, we denote weak and strong convergence by the notations “ —”
and " —”, respectively.

Remark 2.5 ([54]). We of course obtain from Theorem 2.4 that if z,, — =z, then for a
fixed y € X

(Tn,y) = (z,y) and (y,z,) = (z,y).

Theorem 2.6 ([48]). A strongly convergence sequence is weakly convergence (to the

same limit), that is, =, — = implies z,, — z.

Remark 2.7 ([54]). If z,, — « and z,, — v, then z = y.

Lemma 2.8 ([54]). Let {z,,} be a Cauchy sequence of an inner product space C such
that z,, — z. Then z,, — z.

2.2 Some properties in Hilbert space

In this section, we indicate the following theorems in Hilbert space which are
very useful for our results.
Let C be a nonempty closed convex subset of a real Hilbert space H. For

every z € H, there exists a unique nearest point Pcz € C such that
|l = Fezl| < llz - yll, forall yeC.
Pc is called metric projection of H onto C. It follows that
l|lx = yl|* > ||z — Poz||* + ||y — Poz||?, forall z€HyeC. (2.1)
For each z € H and y € C. It follows that
|z =yl > {l& = Pox||*+{ly = Pox|>. (2.2)

Lemma 2.9. Let P¢ be the metric projection from H onto C. Then P¢ is a nonexpan-
sive mapping, i.e.

[Pox — Poy|| < |lz —yll, V 2,y € H.

Lemma 2.10. [18] Given z € H and y € C. Then, y = Pcz if and only if there holds
the inequality

(x—y,y—2)>0, VzeC.

Definition 2.6 (Hilbert space [48]). Let X be an inner product space and X is called
Hilbert space if X is complete inner product space.
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Example 2.11 ([51]). The n-dimensional Euclidean space R" is Hilbert spaces with

inner product defined by

(X,¥) = 2191 + T2y2 + 23y3 + - + Xy, aNd |X|| = /22 + S+t + -+ 22
where x = (21, 2, 73, ..., z,) € R™ and y = (y1,%2, Y3, -, Yn) € R™.
Lemma 2.12 ([54]). Let H be a real Hilbert space. Then the following results hold:
D Az + (1= Nyl* = All* + (1= N [lyl|* = ML= A) [l2 — gl
2) flz +yll* < Iyl +2{y,z +y),
forall z,y € H and X € R.

Remark 2.13 ([54]). Let H be aninner product space. Then we know that the following

(1) and (2) are equivalent:
1) H is complete,

2) each bounded sequence {x,} of H has a weakly convergence subsequence {z,,}
of {x,}.

Theorem 2.14 ([54]). A Hilbert space H is complete.

Theorem 2.15 ([54]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H with {z,} ¢ C and z, — z, then z € C.

Definition 2.7. Let M : H — 2 be a multi-valued mappins.
(i) the graph G(M) of M is defined by

GM):={(z,u) e Hx H:ue M)},
(i) the operator M is called a maximal monotone operator if M is monotone, i.e.
(u—v,2—y) >0 Yu € M(z),v € M(y),

and the graph G(M) of M is not properly contained in the graph of any other
monotone operator. It is clear that a monotone mapping M is maximal if and only if
forany (z,u) € Hx H, if (u—v,2 —y) >0 for every (y,v) € G(M) implies that u € M(z).

Definition 2.8. Let A: C — H be a mapping.

(i) A is called monotone if

(x —y, Ax — Ay) > 0,Vx,y € C.

(ii) A is called p-Lipschitz continuous if there exists a nonnegative real number u > 0
such that

Az — Ayl| < pllz =yl , Ve, y € C.
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(iii) A is called a-inverse-strongly-monotone if there exists a nonnegative real number

a > 0 such that
(z —y, Az — Ay) > a || Az — Ay||* ,Va,y € C.

Proposition 2.16. Let T' be an operator from H to itself. Then T is nonexpansive if

and only if I — T is 4-inverse strongly monotone.

Lemma 2.17. [45] Let C be a nonempty closed and convex subset of a real Hilbert
space H. If T : C — C is a nonexpansive mapping with F(T) # 0, then the mapping
I — T is demiclosed at 0, i.e, if {z,} is a sequence in C weakly converging to = € C
and if {z,, — Tx,,} converges strongly to 0, then z € F(T).

Lemma 2.18. [45] Let {s,} be a sequence of nonnegative real numbers satisfying
Sn41 S (1 B an)sn i 6na vn 2 07

where {a,} is a sequence in (0,1) and {4,,} is a sequence such that
(1) X0y an = oo
(2) imsup,, %a <00r % d,) = o0;

Then, lim,,_o s,, = 0.

Lemma 2.19. [44] Let {a,} and {b,} be subset of [0,c) satisfying
nt1 < Ay + by,

forall n e N.

i) if an < oo, then lim a, exists
n— 00

n=1

ii) if Z b, < oo and there exist a subsequence of {a,} converging to zero,
[ )

then lim a, =0.

n—oo
Lemma 2.20. [44] Let {v,} be a sequence in H. Suppose that, for all u € C,
[ont1 = ull < llvn = ull + bn,
foralln e Nand Y7, b, < co. Then {Pcv,} converges strongly to some z € C.

Lemma 2.21. [45] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {z,} with z,, — z, the inequality

iminf ||z, — z|| < liminf||z, — y||
n—oo n—oo

holds for every y € H with z # y.
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2.3 Variational Inequalities Problem

In this section, we give a lemma and remark for variational inequalities problem

to prove the main results.

Lemma 2.22. [26] Let C be a nonempty closed convex subset of a real Hilbert space
H and let AB:C — H be a and 3 - inverse strongly monotone mappings, respectively,
with a, 8> 0and VI(C,A)NVI(C,B) # (. Then

VI(C,aA+ (1 —a)B) =VI(C,A)NVI(C,B), Va € (0,1).
Furthermore if 0 < v < min {2a,28}, we have I —y(aA + (1 — a)B) is a nonexpansive
mapping.
Remark 2.23. For every i = 1,2,..., N the mapping 4; : C — H be a;— inverse strongly

N N
VI(C,)Y aid;) = [ VI(C, As), (2.3)
i=1

i=1
where 2% a; =1and 0 < a; < 1 for every i =1,2,..., N. Moreover, we have YV  a;4;

is monotone and p-Lipschitz continuous mappinsg.

Proof. It easy to see that ) A; is - inverse strongly monotone map-
A |
If N =3 and let VI(C,A4)) N VI(C, A2) 0N VI(C, A3) # . By using the lemma 2.22, we

have

N 0
SR LY (150
pings with n = min {B;} for eachi=2,.... N and k=1,2,...

az as

VI(C, a1A1 + asAs + a3A3) B VI(C,alAl e (1 £ al)(l 7 ) Ao + "~y 4 Ag))
a as
=VI(C,A 1 A A
VI(C, 1)ﬂV(C,1_a1 2+1_a1 3)
= VI(C,A,) N VI(C,A) NVI(C,As), (2.4)

where ai, a2,as3 € (0, 1) and Z?:l anPl.
If N =4 and let N, VI(C, A;) # 0. By using the lemma 2.22 and (2.4), we have

Ay

VI(C, a1y + as Ay +azAs + a4A4) = VI(C, (1 — a4)(1 “

~ aa
9 As) +asAy)

ag

a2
+ As +
1—a4 2 1—&4

a1
1—

A3)NVI(C, Ay)

= VI, A,

A+
aq 1-— a4
as

+
1-— a4
= VI(C, Al) N VI(C, AQ)
ﬂVI(C, Ag) n VI(C7 A4), (25)
where a1,a2,a3,04 € (07 1) and Z?:l a; = 1.
By the same way, if N, VI(C, A;) # 0 , we obtain
N N
VI(C,)Y aid;) = [ VI(C, Ai), (2.6)
=1

=1
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where q; € (0,1), for each i = 1,2,.... N, and ¥V a;, = 1. []

2.4  Variational Inclusion Problem

In this section, we give some useful lemma for variational inclusion problem
to prove the main results.
Let M : H — 2# be a multi-valued maximal monotone mapping, then the

single-valued mapping Ju.» : H — H defined by
Jux(u) = (I +AM)"*(u), Yu€ H,

is called the resolvent operator associated with M where X is positive number and I

is an identity mapping, see [25]. Note that Jy,x is nonexpansive mappinsg.

Lemma 2.24. [25] w € H is a solution of variational inclusion (1.7) if and only if u =
JM7,\(u — )\Bu), VA >0, i.e.,

VI(H,B, M) = F(Jyx(I = AB)),YA> 0.
if X € (0,2qa], then VI(H, B, M) is closed convex subset in H.

The next lemma presents associate between fixed point of nonlinear mapping

and solution of GSMVIP under suitable conditions on parameters.

Lemma 2.25. Let H be a real Hilbert space and let Ag : H — H be a-inverse strongly
monotone mappings. Let My, Mp : H — 2H be multivalue maximum monotone
mapping with Q # (. If z* € Q if and only if 2* = Gz*, where G : H — H be a mapping
defined by

G(.’E) = J]\,[A)\A(I - )\AAg)(bl'-i- (1 3 b)JMB,)\B(I — )\BAg)SL')

forall z € H, b € (0,1) and A, Ap € (0,2a). Moreover, we have G is a nonexpansive
mapping.

Proof. Let conditions hold.

(=) Let z* € Q, we have z € H such that 0 € Agz* + Maz* and 0 € Agz* + Mpx*,
thatis 2* € VI(H, Ag, M) and z* € VI(H, Ag, Mp).

From lemma 2.24, we have

z* € F(Jmuaa(I —AaAg)) and z* € F(Juy s (I — ApAg)). It implies that

¥ = JMA,AA(I - )\AAg).’E* (27)
and

Tt = JMBJ\B (I - )\BAg)J?* (28)
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By definition of G ,(2.7) and (2.8) we have

G(LL'*) = JMA’,\A(I—)\AAg)(b.’L‘*—l-(l—b)JMB’)\B(I—)\BAg){L‘*)

= x*

(<) Let 2% = G(z*).
We will show that Jar, x, (I —AaAc) and Jar, 2, (I — ApAg) are nonexpansive mapping.

Since Ag : H — H is a a-inverse strongly monotone mappings,

we have
[ Taanad = Aadg)z — Iayaa (I = AaAc)y|l?
< I = Madg)e =T =rada)yll’
= Nz=y||* =2 s <z —y,Agz —Agy > +\4||Agz — Agy||?
< lz —yll* = 2 aa||Agz = AcylP + NallAgz — Acyl®
< lz=yll? = Aa(ha — 2n)|| Az — Acy|”
<l =yl

Hence, we obtain Jas, x, (I — AaAg) is nonexpansive mapping.
Similarly, we can show that Ju, x5 (I — AgAg) is also nonexpansive mapping.

Since z* = G(z*), we have
=G = IMraaa (I = AaAg)(bx™ + (1 = b)JMB,,\B(I —AgAg)x”).

Let y € Q, we have 0 € Agy + May and 0 € Agy + Mpy.
From Lemma 2.24, it implies that
Yy e F(JMA,)\A(I > )\AAg)) n F(JMB,/\B (I — )\BAg)). Then

lz* =yl = [ Taaxa (I = Xada) (ba* + (1 = b)Jasp 2 (I = ApAg)z™) — yl[?
= JJmana(I = Aade) (02" + (1= b)Jupap(I = ApAg)z™)
~Jara a1 = Aadc)yll®
< [|(02* + (1 = b)Imgas T =ApAe)z™) — yl?
= []bz* —y) + (1 = b)(Jaip.as (I — ApAc)z™ — )|
= bllz* = y[I? + (1 = 0)[[Jarp ns (I = ApAG)z* —yl|?

—b(1 = b)[|z* — Jnpas (I — ApAg)z™|?

IN

bl|z* — yl[* + (1 = b)||2* — yl|* = b(1 = b)[|2*
_JMB,AB<I_ )‘BAG)‘T*”Q

= |lz" =yl =01 = b)lla" — Jarp 2 (I — Ap ). (2.9)

It impiles that [|z* — Ja, A, (I — ABAg)z*|| = 0.
That is z* € F(JMB,)\B(I — )\BAg))
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Since z* = G(z*) and a* € F(Jyz s (I — ABAg)).
We have

¥ = JMA’)\A(I—)\AA(;)(bx*—‘r(l—b)JMB,)\B(I—)\BAc;).T*)
= JMA,)\A(I—)\AAg)(bCC*—‘r(l—b)a?*)

= JMA,)\A(I_ )\AAG)x*-

Therefore z* € F(Jyya, (I — Aadc)).
From Lemma 2.24, z* € F(Ja, 2, (I — AaAg)) and z* € F(Jupas (I — ABAg)), we have
0 Agz* + Max* and 0 € Aqgx* + Mpa*. Then x* € Q.
Applying (2.9), we can conclude that G is nonexpansive mapping.
We give some examples to support Lemma 2.25 and show that Lemma 2.25 is

not true if some condition fails.

[]

Example 2.26. Let H = R? be the two dimensional space of real numbers with an inner
product (-,-) : RZ x R?2 — R defined by (x,y) =z -y = 7191 + m2yz, for all x = (z1,22) €
R2y = (y1,52) € R? and a usual norm || - || : R2 x R? — R give by [jx|]| = /27 + 23
for all x = (z1,22) € R? and Ag: R? — R? defined by Ag((z1,22)) = (21 — 5,22 — 5)
. Let M4 : R? = 2B defined by {(2z; — 1,22, — 1)} and Mp : R? — 28’ defined by
{(& +2,%2 +2)} . Show that (2,2) € F(G).

Solution Since A¢ is a 1-inverse strongly monotone mapping, then we have Q = (2,2).
Choose A4 = 3 € (0,2a), Ap =1 € (0,2a) and a = 0.25, we obtain

()= Ty 3 (T = %AG)(O.%x 0,25 1]~ TAg)z).
By Lemma 2.25, we have (2,2) € F(G).

Example 2.27. Let H = R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (x,y) = 2 -y = x1y1 + @2y, for all x = (z1,22) €
R2y = (y1,52) € R?and a usual norm || - || : R2 x R2 — R give by |jx|| = /27 + 23
for all x = (z1,72) € R? and Ag: R?* — R? defined by Ag((z1,72)) = (z1 — 5,29 — 5)
. Let My : R2 — 2%° defined by {(2z1 — 1,22, — 1)} and Mg : R — 2F defined by
{(& +2,2 +2)} . Show that (2,2) ¢ F(G).

Solution Since Ag is 1-inverse strongly monotone mapping, then we have Q = (2,2).

Choose Aa =2 ¢ (0,2a), A\p =4 ¢ (0,2a) and a = 0.25, we obtain

G(x) = JMAQ(I — 2AG)(025.’E + 0~25JMB,4(I — 4Ag){£)
By Lemma 2.25, we have (2,2) ¢ F(G).

Lemma 2.28. [27] Let {T",,} be a sequence of real numbers that not decrease at infinity,

in the sense that there exists a subsequence {I',,} of {I',} such that T, < T,,, 41 for
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all j > 0. Also consider the sequence of integers {r(n)} defined by

n>ngo
7(n) =maz{k <n:Ty <Tgi1}.

Then {7(n)},s,, is nondecreasing sequence verifying lim,,,. 7(n) = oo and , for all

n > o,
max {FT(’H,)7 Fn} < Fr(n)+1-

Lemma 2.29. Let H be a real Hilbert space, forevery i =1,2,..,N , let A, : H — H be

- inverse strongly monotone mappings with n = min {a;} . Let {x,},—, and {y,} -

n=1

be sequence generated by

o (I — AZCM JE

{z € H: <(I - )\ZaiAi):L'n = Yn, Yn — z> > 0}
i=1

and z* € N, VI(C,4;) for all i = 1,2,..., N. Then the following inequality is
fulfilled.

yn

@n

1PQ, (zn — )‘Zaz iYn) = |

<1t~/ 126 (1—~||PQ —Azaz ) — 2
A
— (1 (RS hEsEEhs %
( n)li I

where "N a; = 1,0 < a; < 1and A e (0,7) with n = mini—, ..~ {a;} for every
i=1,2, 0 N0

Proof. Since z* € N, VI(C, 4;), we have z* € VI(C, A;) forevery i = 1,2,...,N and
(2.2), we obtain

N N
1P, (xn = )\ZaiAiyn)—x*HQSHxn—)\ZaiAiyn—m*HQ

7=l i=1
N N
_HPQn (mn = A Z aiAiyn) - (xn —A Z az'Az'yn)H

i=1
= |l —2*|?

N
—2)\< _)\Zaz zyn —.’L'*,ZaiAiyn>
=1

_||PQn _)‘Zaz zyn _an (210)



From monotonicity of Zf;l a; A;, we have

<
<

It implies that
(%= Pq,(

<Zaz iYn — ZazAx yYn — T >
<Z @i AiYns Yn — > - <Z az'Aix*ayn - $*>
=1
<Za2 iYn,Yn — >
N
< zynayn PQn _/\Zaz iYn >
N
+ Zaz zynyPQﬂ 7)\2(11 zyn - >

=1

=1

— )\Zaz 1yn Zaz zyn
N
<Z aiAiyn7yn \ PQ,,L(xn X AzazAzyn)> .
=1 Vel

From (2.10) and (2.11), we have

1PQ,, (n

IN

N
)\ZaiAiyn) —a*||?
i=1
N N
Nz =272 42X <Z @i Asyn, Yn — Pg, (xn — A Z a; A;yn)

==t =1

—[|Pg, (z _)‘Zaz iYn) —an2
< 22 = || Poy (2 _)‘Zal i)~ ynl | || — 20l
*2< *Azaz zyn ynayn‘xn>
N
+2)\<Zaz zynvyn_ )y _Azaz 'Lyn>

i=1
N

;

||2n — x*||2 - ||PQn (2 — )‘Z aiAiyn) — yn||2 - Hyn - $n||2

i=1

N
+2<xn yn*)\zaz 1ynaPQ 7>\Zaz 1yn - n>

i=1

|2 — 2| = || Pg, ( _)‘Zaz iyn) = ynl|* = [lyn — 24

17

(2.11)
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N
+2<(I)\Zal i yn,PQn */\Zaz zyn - n>
N
—|—2<)\Za2Axn )\Zal Zyn,PQ _)\Zaz zyn - n>

i=1 i=1

< lon —2”|* ~ || Pg, (= —/\Zaz iYn) = Ynll* = llyn — all?
+2)\|‘ZQ1A Ty — Zaz zyn||||PQ _Azaz 7.yn yn”
N
< = 2P = [|Pg, (xn = XY aidiyn) = ynl* = |lyn — zall?

=1

+2 Hxn_UnHHPQn Trz_)‘ZaAZ/n = Yul|
=1

> ||xn—x H2_HPQn _AZGZ zyn yn|’2_”yn_l‘n”2
A @ 5N 2
+77(||In yn” +|| Qn Zaz zyn yn|| )
N

= M= =@ W%MMJEFH%*%H

1=1

—u—%m%—xm% (2.12)

2.5  G-Variational Inequalities Problem endowed with graph

This section present lemmas as an essential tool for solving the solution of

G-variational inequality problem in Hilbert space endowed with graph.

Definition 2.9. [46] A subset X of Ver(G) is called a dominating set if for every v
belong to Ver(G) — X there exists a point = belong to X such that (z,v) belong to
Fed(G) and we said that  dominates v or v is dominated by z. A subset Z of Ver(G)
is dominated by v € Ver(Q) if (v,2) € Fed(G),Vz € Z and we said that X dominates v
if (z,v) € Eed(G),Vx € X.

Definition 2.10. [46] A graph G is called transitive if for every z,y € Ver(G) with(z,y), (y, 2) €
Eed(G), then (x,z2) € Eed(G).

Property G [43] Vertices set Ver(G) = C is said to have Property G if every sequence
{a,} in C converging weakly to z € C, there is a subsequence {a,,} of {a,} such that
(an,,x) € Eed(G) V k € N.

Definition 2.11. [43] Let Ver(G) = C. The mapping B : C — H is called G-a-inverse
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strongly monotone (G-a-ism) if there is a > 0 such that
(Bx — By, —y) > a||Bx — By|*
Vz,y € C with (z,y) € Fed(G).

The difference between G-a-ism and a-inverse strongly monotone is found in

the reference [43].

Lemma 2.30. [43] Let Eed(G) be a convex and Ver(G) = C. Let G = (Ver(G), Eed(G))
be a direct graph and G be transitive with Eed(G) = Eed(G™'). Let B: C — H is
G-a-ism operator with B=1(0) # 0. Then G — Var(C,B) = B~'(0) = F (Pc(I — AB)), for
allx>o0.

Lemma 2.31. [43] Let Fed(G) be a convex and Ver(G) = C. Let G = (Ver(G), Eed(Q))
be a direct graph and let B : ¢ — H is G-a-ism operator. For every V A € (0,2q), if
F(Pc(I — AB)) x F (Pc(I — AB)) C Eed(G), then F(Pc(I — AB)) is closed and convex.

2.6 Demand, Supply and Equilibrium price

In economics, supply and demand refers to the relationship between the quan-
tity of a good that producers want to sell at different prices and the quantity that
buyers want to purchase. [t is the primary price determination model employed in
economic theory. A market’s relationship between supply and demand affects a com-
modity’s price. The price that results from this is known as the equilibrium price, and
it shows an agreement between the good’s producers and customers. In an equilib-
rium, the amount of a good that producers supply and the amount that consumers

desire are equal.

2.6.1 Demand curve

The quantity of a product demanded depends on its price and other factors,
such as consumer preferences, incomes, and prices of related goods. When analyzing
the relationship between price and quantity, economists often hold all factors con-
stant except for the commodity’s price. This allows them to create a demand curve,
where price is shown on the vertical axis and quantity on the horizontal axis (See Fig-
ure 2.1). The demand curve is typically downward-sloping, indicating that consumers
are willing to purchase more of the commodity at lower prices. Changes in non-price
factors lead to shifts in the demand curve, while changes in price are represented by

movements along the fixed demand curve.

2.6.2 Supply curve

The quantity supplied of a commodity in the market is determined not only by

the price of the commaodity but also by other factors such as the prices of substitute
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Figure 2.1: The demand curve. [57]

products, production technology, availability and cost of resources, and labor. In
basic economic analysis, the focus is on examining the relationship between different
prices and the quantity potentially offered by producers, while holding all other factors
constant.

These price-quantity combinations can be graphically represented on a supply
curve, with price depicted on the vertical axis and quantity on the horizontal axis (See
Figure 2.2). The supply curve typically has an upward slope, indicating that producers
are willing to supply more of the commodity at higher prices. Changes in non-price
factors result in shifts in the supply curve, while changes in the price of the commodity
are shown by movements along the fixed supply curve.

Essentially, analyzing supply involves considering the influence of various fac-
tors on the quantity producers are willing to supply at different prices, represented
by the supply curve. Non-price factors cause shifts in the curve, while changes in the

price of the commodity lead to movements along the curve.

- P
A Supply Curve -
P2f-----m e @
h
,, /i
S i
S S / !
/ !
P1f-----=- ® i

Q1 Supply Q@
. P,

Figure 2.2: The supply curve.[57]

2.6.3 Equilibrium Price

The equilibrium price is the price at which the quantity demanded by con-

sumers equals the quantity supplied by producers in a market. It is the point where
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the forces of demand and supply are balanced, and there is no inherent tendency for
the price to change. At the equilibrium price, the market clears, meaning that there
are no shortages or surpluses of the product or service.

The equilibrium price is determined by the intersection of the demand and
supply curves (See Figure 2.3). When the market price is below the equilibrium price,
it creates excess demand or a shortage, leading to upward pressure on prices. On the
other hand, when the market price is above the equilibrium price, it creates excess sup-
ply or a surplus, leading to downward pressure on prices. The market adjusts through
price changes until the equilibrium price is reached, where the quantity demanded
equals the quantity supplied.

Understanding demand, supply, and equilibrium price is essential for busi-
nesses, investors, policymakers, and economists to analyze market dynamics, make

pricing decisions, allocate resources efficiently, and assess the overall health of an

economy.
r m—— . N
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Figure 2.3: The relationship of price to supply and demand curve. [57]

2.7 The Correlation Coefficient

The correlation coefficient[56] is a statistical concept which helps in establish-
ing a relation between predicted and actual values obtained in a statistical experiment.
The calculated value of the correlation coefficient explains the exactness between the
predicted and actual values.

The correlation coefficient defines the degree of relation between two vari-
ables and is denoted by r. It is also called a cross-correlation coefficient, as it predicts
the relation between two quantities. Now, let us proceed to a statistical way of cal-
culating the correlation coefficient.

Given n data pairs (x1,41), .-, (zn,yn), then the correlation coefficient can be
calculated using the formula

r = (Yo Tili) — Do Ti Do Yi
[n Z:?:O 33‘12 - (E?:() xz)Q] [n Z?:() yf — (Z?:O yz)2] ' (213)
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The correlation coefficient, r, can take on values between -1 and 1. The further away
r is from zero, the stronger the linear relationship between the two variables. The
sign of r corresponds to the direction of the relationship. If r is positive, then as one
variable increases, the other tends to increase. If r is negative, then as one variable
increases, the other tends to decrease. A perfect linear relationship (r = —1 or r = 1)
means that one of the variables can be perfectly explained by a linear function of the

other.

2.8 Least Square Method

The least squares method [58] is a form of mathematical regression analysis
used to determine the line of best fit for a set of data, providing a visual demon-
stration of the relationship between the data points. Each point of data represents
the relationship between a known independent variable and an unknown dependent
variable.

2.8.1 Linear Regression

A line of best fit is a straight line that is the best approximation of the given set
of data. A more accurate way of finding the line of best fit is the least square method.

Given n data pairs (z1,y1), -, (zn, yn), the best fit for the straight-line regression model

as follows:
y=ap+aix+ e;, (2.149)
where
A n Z?:O(xlyz) — Z?:o T Z?:o Yi
41 Doi—o Ui S i il
n n
and

ei =y — (ao + a1;).

2.8.2 Polynomial Regression

Another alternative is to fit polynomials to the data using polynomial regres-
sion. The least-squares procedure can be readily extended to fit the data to a higher-
order polynomial. For example, suppose that we fit a second-order polynomial or

quadratic:

y = ag + a1z + axx’. (2.15)
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Chapter 3

Convergences theorem

3.1 The Modified subgradient extragradient method for system of
variational inclusion problem and variational inequalities

problem

In this section, we prove a strong convergence of the sequence acquired from
the proposed iterative methods for finding a common element of the set of finite fam-

ily variational inequalities problem and the set of solution of the proposed problem.

Theorem 3.1. Let H be a real Hilbert space. Fori=1,2,..,N, let A;: H — H be o,
- inverse strongly monotone mappings and let A¢ : H — H be a¢ - inverse strongly
monotone mappings. Let M, Mp : H — 2H be multivalue maximum monotone
mapping. Define the mapping G : H — H by G(z) = Jua,(I — AaAg)(bz + (1 —
b)Imgas (I — ApAg)x) for all z € H , b € (0,1) and Aa, Ap € (0,2ag). Assume that
I = Y, VI(C,A4) N F(G) # 0. Let the sequence {y,} and {z,} be generated by
x1,u € H and

yn =PI — AL a; Az,
Qb {zEH: <(I—)\Eij\i1aiAi)mn—ymyn—z> 20} (3.1)
Tpi1 = QpUu + 6nPQn (xn - A Zi\,=1 azAzyn) -~ ’ynGxn

where Y a; = 1,0 < a; < 1, {an}, {8}, {m} 0, 1 Witha, +Bud =1, (0,n)
with n = min;—12 . v {ai}.

Suppose the following conditions hold:

(i) Yoo o =00, liMmy 50 iy = 0.

(i0<c<Bp,m<d<1

Then {z,} converges stronsly to z* € I' where z* = Pru.

Proof. We must to show that {z,} is bounded. Let z, = Pg, (z,, — /\Zﬁil a; Aiyn).

We consider

Tn+l = OpU—+ Bnzn + ’YnGxn

Bnizn + 7nG$n

anu+ (1 — ap)( o

)

anu+ (1 — ap)tn,
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where t,, = BnzatinGrn | ot o* ¢ T = N, VI(C, A;) N F(G), we have

—Qn

n<n nG n %
[ L [ e LIS P
1— o,
_ ann+7nGxn7(17an)x* 2
= || - I
_ ﬂn *(12 Tn * (12
= 1_an||zn—f'3 I +71_an||G33n—93 I
—MH%—G%HQ (3.2)

(1—ay,)?

From definition of z,., and (3.2), we consider

|Tn41 — vL*H2 = |lanu + (1 — an)ty, — x*||2
= om(u=2") — (1 — an)(tn—z")]?

= apllu - Z*HQ + (1 — )|t — x*'|2 —an(l—ap)||lu— t’rb||2

= apllu—a*|P+ 1+ an){lf\"Hzn — 7|2

Tn 2 Brﬂ’n _ 2
+1 —OénHGxn € H (1 _an)gHzn G(EnH ]

—a (1~ ap)||u — tn|'2

= an||u~:17*|’2 + Ballen 'x*||2 + YallGzn ’I*HQ

B
_1—_%Hzn 5= GanQ - Oln(l — (yn)Hu _ tn||2
< “agllu— ¥ > F Ballzn — X1 + Yl — |2
_1/8f707¢1n‘|z" — Ganll”

By Lemma 2.29 and A € (0,1), we have

lew = 2|2 o — 2 (3.49)

From (3.3) and (3.4), we get

lenin <2< Callu 2|+ Ballw = " IP Al lo — o]
T G (1~ )~ bl
—
< anHu*l’*Hz+Bn||xn*x*||2+7n||xn*Z*HQ
— ||z — Gl — (1 — )l ol
n
= aullu—a*|P + (1 = Ba)llan - ”|
p
— T o — Gl = (1 = o) = ta?
T
< O‘n||u_93*||2"~‘(1_Bn)Hxn_ﬂU*H2
< max{flu - |, [las - 2| ).

(3.5)



By induction,
|2ns1 — 2| < max {|ju— a*|?, |1 — 2*[|*},

then {z,} is a bounded sequence.

Since
|zni1 —2(1? < anllu—a*(1* + Ballzn — 212 + |20 — 27|
BnTn
*ﬁ”zn*G%HQ
*112 *112 >\ 2
< anllu =27 + Bulllzn — 2] _(l_g)Hzn_y'nH
)\ * ﬁ" e
—(1- ;)Hxn_yn||2]""}/onn_J7 ||2_ﬁ||zn_Gan2
o o A
= O"nHu_l‘ HQ"'(I_O‘H)Hxn_x ||2_ﬁn(1_;)||zn_yn||2
A ﬁ'ﬂ n
=l = Dlen — gl = 122 lon — Gl
g A A
<) anllu =2+ [|zn — = ||2—5n(1—;)||2n—yn|12
A By
_nl_’ n_nz_ e n_Gn2-
(0 = Dl == 2L G |
It implies that
A A Bnn
ﬂnl_* Zn yn2+ﬁn]—_~ xn_yn2+
( n)|| I ( 77)1| I N,

< ollu = P o = 2P = lleni s

Let Sp i= Bn(L =220 = ynll? + Ball = 2)flzw = ynl 2 + £222-
Then, we have

Sn. < O‘nHu*x*HZ + |z *5'3*”2 = |Zn+1 *17*H2-

Now, we consider two possible cases:

Case 1. Put T, := ||z, —a*||* for all n e N.

Assume that there is ng > 0 such that for each n > ng, I'yy1 < T,.
In this case, lim,, o I, exists and lim,, oo (T, = Tpt1) = 0.

Since lim,,_,e0 an = 0, it follows from (3.7) that lim,,_e0 S,, = 0.

Therefore , we have lim, . Ba(1 = 2)||22 — yall> =0,

o0 B (1 = 2)|z5 = yal|* = 0 and My, o0 222 ||z, — G [[* = 0.

From the assumption i), ii), we obtain
Um {120 — yall = UM ||zn — yall = UM |20 — Gn]] = 0.
n— o0 n— oo n— oo

Hence, we obtain

Hon = Gznll < [|Tn = Ynll +lyn = 2all + |20 = GZall-

Hzn_Gxn||2

*||2

|20 — Gzp |2

26

(3.6)

(3.7)

(3.8)
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From (3.8), we have
lim [l — G = 0. (3.9)

We now show that limsup, . (u—2*, 2, —2*) <O0.
We can choose a subsequence {z,,} of {z,} such that

limsup (u —z*, z, — 2*) = lim (u — 2*, 2, — z*). (3.10)

n—00 10

Because {x,} is a bounded sequence in H, there exists a subsequence of {z,} con-
verges weakly to element in H. Without loss of geneality, we can assume that z,,, — w
where w € H. Since lim, o ||zn — 24| = 0, we have z,, — w.

Since lim,, 00 ||Tn — yn|| = 0, therefore y,,, — w.

Assume that w ¢ N, VI(C, A;). So, we have w ¢ F(Pa(I =AY~ a;A;)).

Then , we have w # Po(I =AY | a;A;)w. By nonexpansiveness of Po(I - AN | a;4;),
(3.8) and Opial’s property, we have

Uminf|je,, = w||
71— 00
N
< liminf{jz,, ~ Po(I = AZ;aiAi)wH
N
< Uminf(l|zn, = yn: [+ 11gn, = Po(I = XY " a; A)wl])
1—>00

i=1

IN

Uminf(l|lzn, = yn, ||

N N
HIPoI = XD aidi)ey, —~ Po(I =X D_ a;iAdw]|)
i=1 =1

< liminf|jz., —wl.
12— 00

This is a contradiction, this is, w € VI(C, vazl a;A;). From Remark 2.23, we have

N
we (VI(C, A). (3.11)

i=1

Assume that w ¢ F(G). Then , we have w # Gw. From (3.9) and Opial’s property, we

have
Uminf||z,, —w|| < lminf||z,, — Gu||
71— 00 n—oo
71— 00
< UiMinf(|[zn, — Ganl| + lln, — wl])
1—> 00
<

Uiminf||a,, —wl|.
1—> 00
This is a contradiction, this is,

w e F(Q). (3.12)
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From (3.11) and (3.12) , we have w € N\, VI(C, 4;) N F(G).

Therefore , we get
imsup (u —z*, z, — 2*) = lim (u — 2*, 2, — 2*) = (u— 2", w —2*) <0, (3.13)

where z* = Pru. Next, We show that {z,} converges strongly to z*, where z* = Pru.

From the definition of z,, and z* = Pru , we have

lznsr —2*|P = [lan(u—2") = (1 - an)(tn — 27|
< (1= an)|ltn — || 4+ 20 (u — 2, Tpyy — )
< (1= ap)||zn — %2 + 20 (U — 2%, 2pp 1 — 2) (3.14)

By applying Lemma 2.18 to (3.14), we have the sequence {z,} converges strongly to
.

Case 2. Assume that there exists a subsequence {TI',,} C {[',} such that I,,, < T, 11
for all i € M. In this case, we can define 7: N — N by 7(n) = max{k <n:Tj < Tk}

Then we have 7(n) = 00 as n — 00 and ',y < T'ryt1. SO, we have from (3.6) that

A A
ﬂ‘r(n)(l - g)Hz‘r(n) a y7-(n)H2 AR Br(n)(l v E)er(n) = yr(n)||2

+5A’“ﬂ:@\|zf(n) 2\

= 1
Yr(n)

< aT(n)HU’ WA I*H2 + Hx”r(n) Li m*HQ LL Hx‘r(n)+1 = (L‘*HQ
Arguing as in case 1, we have

UM {12z (m) = ¥rmll = UM Hl2r @) = vzl = UM [leny = Gormll = 0. (3.15)

7

Because {u,(, } is a bounded sequence, there exists a subsequence {z.(,,} such that

Umsup (u — 2%, z7(n) — 2*) = lim (u—a*, Tr(n,) = z*).
n—o00 e B
Following the same argument as the proof of Case 1 for {z.,,)}, we have that

Umsup (u — *,2,(,) —2%) <0,

n—00
and
||I7(n)+1 - :E*H2 <(1- O‘T(n))HIT(n) - z*HQ + 207 () <u -7, Lr(n)+1 — ‘r*>

where a.(,) = 0, Y07 | ar(ny = 00 and limsup,, ., (u — &%, 2,11 — 2*) < 0.
Hence , by lemma 2.18, we have that
UMy oo |27y — 2% = 0 and limy, o0 [|2r ()41 — 2% =0

Therefore, by Lemma 2.28, we have
0 < [ — || < Max {|[2r(n) — [l [l2n — 21} < [l (31 — 2.

Hence, {z,} converge strongly to z* = Pru.

This completes the proof of main theorem. []
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3.2 The G-subgradient extragradient method for G-variational

inequalities problem endowed with graph

In this section, we prove weak and strong convergence of the sequence ac-
quired from the proposed iterative methods for solving the G-variational inequalities

problem in Hilbert space endowed with a direct graph.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let G,Ver(G), Eed(G), B as in Lemma 2.30. Assume that G — Var(C, B) # (0 with
G —Var(C,B) x G — Var(C,B) C Eed(G). Let {v,} be a sequence defined by vy € C
and

wy, = Po(I = AB)u,

TE={we C: (- AB)v, — wn,w, —w) = 0}

Un+1 = PTg (Un N )\Bwn) 4

for all n € N where X € (0,e) and T is G- Half space. Then sequence {v,} con-
verges weakly to-an element z € G — Var(C,B) and the sequence {Ps_v.rc,B)vn}
converges strongly to z, where G — Var(C, B) dominates vy, {v,} dominates v, and

{w, } is dominated by wy.

Proof. Let v* € G—Var(C, B). Since G —Var(C, B) dominates by v,, we have (v, ,v*) €
Eed(Q) for all n.€ N. From Lemma 2.30, we have v* = Po(I — AB)v*.
Utilizing Definition 2.11, we have

lwn —v*|I> < Nop =0 | = 2X (Bup — Bo*, vy —v*Y + X2 ||Biy— Bu¥||®
< lun = v*)1? = 2Xa ||Buy, = But|| +A\?||Bv, — Bv*||?
= o —0*|? = A2a = \) ||Bv, — Bv*|?
< o ="

Due to {v,} dominates vy and {w,} is dominated by vy, we have (v,,vo), (vo, wn) €
Eed(G).

Exploiting of G is transitive, we get (v,,w,) € Eed(G) .

From the assumption that Eed(G) = Eed(G~!), we deduce that (wy,v,) € Eed(G).
From (wn,vn), (vn,,v*) € Eed(G) and the assumption that G is transitive, we get (wy,,v*) €
Eed(G).
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From iteration of sequence {v,}, we have

lont1 = 0** < lon — ABwy, — v*||> = ||vn — ABw,, — Prs (v, — ABw,)|)”
= [lon — v*||* = 2X (Bwp, vp — v*) + | ABw,|?
— ||vn = Prs (vn = ABwy)||” + 2A (Buwy, va — Prs (v, — ABw,))
— | ABw,||?
= |lun — v*||> = 2X (Bwn, Pr (vn — ABw,) — v*)

— an — Pry (v, — )\Bwn)H2

(3.16)
From (w,,v*) € Eed(G) and monotonicity of B, we have
0 < (Bw,, — Bv*,w, — v")
= (Bwp, w, — v™). —(Bv*,w, —v*)
< (Bwy, w, — v*)
= <Bwn,wn Prn (v, — /\Bwn)> + <Bwn,PTg (v, = ABw,,) — 1;*>.
It implies that
—2) <Bwn, Pry (v, = ABwy,) — v*> <2\ <Bwn7wn — Prz (v, = /\Bwn)> (3.17)

From (3.16) and (3.17), we have

lonstr —0* |2 < Nop=v*)2 =22 (Bwy, Prs (v, = ABuwy) — v*)

—[lon = Pra (o — MBI

< o =02 +24 <Bwn,wn — Pry (vp — )\Bwn)>
— H’Un =< PTg (’Un - )\an)HQ

= ||lvp— v*||2 +2X <Bwn,wn — Prn (v, — )\Bwn)>
= v, — wn||2 -2 <vn = W5 W' — Prn (U, — )\Bwn)>
= ||wn — PTS (’Un — )\Bwn)HQ

- ||U'n, - U*||2 - ||v'n, - wnH2 - Hwn - PTg (Un - )\Bwn)HQ
+2 <)\Bwn — Up + Wn, wn, — Pra (v, — )\Bwn)>

= on = 0%|% = [ — wall* = |[wn — Pra (v — ABw,)||*
+2 <(I — AB)vy, — wn, Pry (vn — ABwy,) — wn>
42\ <an — Bwp, Pry, (vp, — ABw,,) — wn>

< lon = 0|2 = o = wall?* = [[wn = Pry (v, = ABw,)||*

42X <an — Buwy, Pry, (vp, — ABwy,) — wn>
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* 2 2
< lon = 0|12 = |lon — wa|F — ||wn = Pry (vy, — )\Bwn)H
A
+2a\|an — Bwy|| - | Prz (vn — ABwp) — wy ||
* |2 2 2
< lop =017 = flon —wal|” — ||wn_PTg (Un_)‘Bwn)H

A
+2 (10w = wnlP 4 1Pr (00 = ABwn) =, ?)
A
= Jou =o'l (1= 3 ) o =l
«
-2 e AB ? (3.18)
(1= 2) Py (00— AB) — .

From Lemma 2.19, we have lim,_« ||v, — v*||> exists for all v* € G — Var(C, B)
and {v,} is a bounded sequence.

From (3.18) and lim,,_,oc ||v. — v*||* exists, we have
Um2 |Pe(I = AB)v, — vy = le |y — wy || = 0.

Since {v,} is a bounded sequence, there is a subsequence {v,,} of {v,} converses
weakly to z.

Since C have a property G, we have (v,,,7) € Fed(G).

Assume that Po (I — \B)z # z. By opial property and using the same method as (3.16),

we have
limsup [lvn, — || < Umsup|jv,, — Po(I —AB)Z||
k— o0 k— oo
< limsup ([va, = Pc(I— AB)vn, | + | Pe(I — AB)vn, — Po(I — AB)z|)
k—o0
< limsup|jvn, — 7| -
k— oo

Contradiction. So, we have Ps(I — AB)Z = Z.
Let y € C with (z,y) € C, then

It follows that

for all y € C with (z,y) € C. Then, we havez € G — Var(C, B).

Therefore v, =z € G—Var(C,B) as k — .

Since(vy,, ) € Fed(G) and using the same method as lim,, o ||v, — v*|| eXists, we have
Mg o0 [|vn, — 7| exists.

At the end of this theorem we demonstrate that {v, } converses weakly to z. Assume
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that v,, — 2 as k — oo and & # 2. Thank to the Opial’s condition, we obtain

Uim |lv, — Z|| limsup |lvn, — Z||
n—oo

k—o0

< limsup|jv,, — 2|
k—o0

< limsup|jv,, — Z||
k—o0

— m fJo, — 2| .
n— oo

Contradiction. So, we get z = 2. We can conclude that a sequence {v,} converges
weakly to z € G — Var(C, B).
Due to (3.18) and exploiting of Lemma 2.20, we have {Pg_y.-(c,pvn} converges
strongly to z € G — Var(C, B).

From property of Pg_var(c,5), We have

<Un - PG7Var(C,B)Un7 PG7Var(C,B)vn - j> = 0.

Take n — oo, we have ||z — Z|| = 0. So, we have z = z. Therefore we can conclude
that{ Po_var(c,yvn} converges strongly to z € G = Var(C,B).This is ultimately the

prove.

[]



Chapter 4

Examples and Numerical Results

4.1 Applications of the G-subgradient extragradient method for

G-variational inequalities problem endowed with graph

To resolved a fixed point problem in Hilbert space endowed with a direct graph

by using G-subgradient extragradient method, we required the following lemma;

Lemma 4.1. [43] Let C be a nonempty closed convex subset of a real Hilbert space H
and let G = (Ver(G), Eed(G)) be a directed graph with C = Ver(G) having property G.
Let Eed(G) be a convex set with Eed(G) = Eed(G™1). Let T : C — C be G-nonexpansive
mapping with F(T) # 0 and F(T) x F(T) C Eed(G). Then

i) I —Tis G- 4- inverse strongly monotone,

i) G —Var(C,I —T) = F(T).

The following theorem is an immediate result of Theorem 3.2 and Lemma 4.1.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H
and let G = (Ver(GQ), Eed(G)) be a directed graph with C' = Ver(G) having property
G. Let Fed(G) be a convex set and G be transitive with Eed(G) = Eed (G7') and let
T : C — C be G-nonexpansive mapping with F(T') # 0 and F(T) x F(T) C Eed(G). Let

{v,} be a sequence defined by v, € C and

wy, = Po(I — XN =T)v,
T ={we C:((I—-XI=T)v, —wp,w, —v) >0}
Unt1 = Pra (vn = A = T)wy)
for all n € N where A € (0,a) and T% is G- Half space. Then sequence {v,} converses

weakly to an element o € F(T') and the sequence {Pr v, } converges strongly to g,
where F(T) dominates v, {v,} dominates vy and {w,} is dominated by wv,.

4.2 Example for The G-subgradient extragradient method for

G-variational inequalities problem endowed with graph

Following that, we provide an example to support our main result.

Example 4.3. Let C = [-1,1] and G = (C, Fed(G)) be a directed graph, where Eed(G) =
{(z,y) : =,y € [0,1]}. Let the mappings B : C — R define by Bz = = — % - 42, and
S :C — R define bnyz%er%,forallxeC.
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Suppose that the sequence {v,} is generated by vy =1 and

wy, = Po(I — AB)v,
TE ={w e C: (I — AB)v, — wp, w,, —w) > 0} (@.1)

Un+1 = PTg (Un - ABu}n) )

for all n € N where X € (0,a) and T% is G- Half space. Then sequence {v,,} converses
weakly to an element of 4 € G — Var(C, B) and the sequence {Pg_var(c,p)vn} CON-
verges strongly to o, where G — Var(C, B) dominates v, {v,} dominates v, and {w,}
is dominated by wp.

Solution It is obvious that 1 € F(S), and Eed(G) = Eed(G™1).

First, we show that S is a G-nonexpansive mappins.

Let z,y € C with (z,y) € Fed(G). Then, we have z,y € [0,1].

Since #?, y* , 2 €[0,1] and [0,1] is a convex set, we have

1, 35
=23 1202 1
I i +4(8) € [0,1]
and
17,/ &85
Sy—zy +Z(§) € [0,1]

From definition of S, we have

e fo 15 z> B

—_— p *‘*yA — —
Se—sylr= (S + - ai= it Y

1 1
= gl oyl -yl S @)=y

IN

|z — yl.

Then (Sz, Sy) € Eed(G). Therefore S'is a G-nonexpansive mapping.
Since Bz = (I — S)z, S is a G-nonexpansive mapping and Lemma 4.1, we have B is
G-1-inverse strongly monotone. It is obvious that G — Var(C,B) = {1}.

Putting A = 1. From convexity of [0, 1], we have

1 3 1723 15
I — “BYgw=me g (4 = 1

forall z € [0,1].
From definition of Pg, it follows that

Po(l - iB)z € [0, 1], 4.2)

for all z € [0,1].
Let (w, z) € Fed(G). From definition of TZ and (4.2), we have T# C [0, 1].
Since vy € [0,1] and (4.2), we have

wo = Po(I — iB)vo €[0,1], (4.3)
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From T C [0,1], we have
1
v = }:518 (1)0 — 21<Z311]0) S [0, 1]7 (ll.fl)

Continue the method of (4.3) and (4.4), we have w,,v, € [0,1] for all n € N.

Since vy, &, v, and w, € [0,1], it follows that (3, v,), (vy,v0) and (wy,ve) € Eed(G).

We can conclude that G — Var(C, B) dominates v, {v,} dominates vy and {w,} is
dominated by vy. All conditions of Example 4.3 satisfies Theorem 3.2, so we can
conclude that sequence {v,} converses weakly to an element of € G — Var(C, B)

and the sequence {Pg_vr(c,yvn} Cconverges strongly to 1.

Table 4.1: Detailed analysis of computational methods (4.1) for Example 4.1 with vo = 1,

N = 20.

n Vi,
1 1.0000000
2 0.9349873
3 0.8699746
4 0.8108711
19  0.5159698
20 0.5101756

0.6

05}

041

03}

>C
021

0.1F

® v,

edges

-0.1

Figure 4.1: The convergence behavious of {vn} with vo =1 and N = 20.

Example 4.4. Let C = [-5,5] and G = (C x C, Eed(G)) be a directed graph, where
Eed(G) = {(z,y) : © = (z1,22),y = (y1,92) € [-3.2] x [-3.2]}. Let the mappings B :
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C x C — R? define by B(zy,z2) = (4 — 8, 22), for all 2,2, € C.
Let metric projection Po: H x H — C x C define by

Po (21, 22) = (Mmax{min {z1,5}, -5}, max{min{zs,5},-5}),

forall z = (21,22) € H x H.

Suppose that the sequence {v"} is generated by v° = (v{,09) = (1,1) and
w" = Po(I — AB)v"
T3 = {w e O x C{(I - ABW" —w",w" —w) > 0} (4.5)
V" = Pra (v — ABuw™)

forall n € N where v = (v7,07),w" = (W}, w¥) A\ € (0,a) and T5 is G- Half space.
Then sequence {v"} converses weakly to an element of v € G — Var(C, B) and the
sequence {Pe_var(c.pv™} converges strongly to o, where G—Var(C, B) dominates v™,
{v"} dominates v° and {w"} is dominated by v".

Solution It is easy to see that (2,0) € G — Var(C, B), and Eed(G) = Fed(G™1). It is
obvious that B is G-3-inverse strongly monotone.

Putting A = 1. From the definition of B, we have
1 N AZ L2\ 1520 ] 0.
(IMZB)Z = (?4—5,?6)6{ 2,2]><[ 2,2], (4.6)

forall z = (21,29) € [—

From definition of Pg, it follows that
1 il 1
for all z = (21, 22) € [<3,2] x [-3,2].
Let (w,2) € Eed(G). From definition of 7% and (4.7), we have Tg C [-£,2] x [—4,2].
Since v° € [-1,2] x [-3,2] and (4.7), we have

0_ al\ v\ s 1
w’ = Po(I - 3By’ € [-5,2 x [-5.2), (4.8)
where w® = (w?,wd) € [=3,2] x [-4,2]. From TZ C [-1,2] x [-1,2], we have
ol e T i
v' = Pra(v 4Bw)€[ 2,2]><[ 2,2], (4.9)

where v = (vi,v3) € [-3,2] x [-1,2].

Continue the method of (4.8) and (4.9), we have w™,v" € [-4,2] x [-3,2] forall n € N
Wt = (of,03), w" = (Wi, wg).

Since °,(2,0),v™ and w" € [-3,2] x [-1,2], it follows that ((2,0),v™), (v",2v%) and
(w™,v°) € Eed(G).

We can conclude that G — Var(C, B) dominates v, {v"} dominates +° and {w"} is
dominated by +°. All conditions of Example 4.4 satisfies Theorem 3.2, so we can con-
clude that sequence {v"} converses weakly to an element of (2,0) € G — Var(C, B)

and the sequence {Pg_vqr(c,pv™} converges strongly to (2,0).
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Table 4.2: Detailed analysis of computational methods (4.5) for Example 4.2 with v® = (1,1)
N = 100.

n mn
Vi Vo

1.0000000  1.0000000
1.1600000  0.9414062
1.2944000  0.8862457
1.4072960 0.8343173

= W N~ |3

99  2.0000000 0.0028601
100 2.0000000 0.0026925

100

Figure 4.2: The convergence behavious of {v"} with v+ = (1,1) and N = 100.

4.3 Example for the Modified subgradient extragradient method for
system of variational inclusion problem and variational

inequalities problem

In this section, we give an example supporting Theorem 3.1.

Example 4.5. Let H = R? be the two dimensional space of real numbers with an
inner product (-,-) : R? x R? — R defined by (z,y) = -y = z131 + 22y2 and a usual
norm || - || : R? x R? — R give by ||z|| = /22 + 23 for all 2 = (21,22) € R%. Let ¢} =
{(z1,22) € H| — 221 + 23 < 1} and Cy = {(x1,22) € H|4z1 — 225 < 3}. Define the mapping
Ay Cp > R2by A (zy,20) = (321, 322). Define the mapping A4, : Co — R? by Ay (21, 22) =
(2z1,2x2). Let the mapping Ag : R? — R? defined by Ag(z1,22) = (z1 + 1,22 + 1). Let
C = C;NC,y. Also, it is well known that
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(199921 + 100025 + 750, 400021 — 199925 — 1500)  ;if — 4021 + 2025 < —15
Pe(z1,22) = 4 (21, 22) vif —15 < —402q 4 2025 < 5
(—=1999x1 + 1000x5 — 250, 4000z — 199925 — 500)  ;if — 40z + 2025 > 5

Let z1,u € R?, {z,}2°, and {y,}5°, be generated by

Yn = PC(I - )\21221 azAz)xn
Qn={2€H: (I-AY7 1 aiA)Ty, — Yn,yn — 2) > 0} (4.10)
Tyl = QpU + /BnPQn (In —A Z?:l a7A7y’n) + ’YnGxn

where {a,} = 13-, {8} =22, {w} =L [0, 1] and a = 0.5 € (0,1). Show that

{z,} and {y,} converge strongly to (0,0).

Solution Since Ay, 43 and A are 2,1 and 1 - inverse strongly monotone mappings,

respectively, then n = 1 . Choose A4 = L, Xp =1 € (0,20a¢) and b = 1 ,we obtain
G(z1,22) = (%,22). Choose A = ;1 € (0,n). It is easy to see that the sequences
{an}, {Bn} and {v,} satisfy all conditions in Theorem 3.1 and (0,0) € VI(C, A1) N
VI(C,A3) N F(G). From Theorem 3.1, we can conclude that the sequence {z,} and

{yn} converge strongly to (0,0).

Table 4.3: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.1 with
u=(5>5), N=15, E(z}) = ”m?“ - x{LH , n€ Noand E(z3) = Hacg+1 — m?“ , mn € No.

lterative (5.1)  Iterative (1.5)

n B(xp) B(G) EX)  E(X)
1 1.0000 2.0000  1.0000  2.0000
2 0.6468 0.8770 0.6497 0.8828
3 0.3961 0.4630 0.3995 0.4681
4 0.2619 0.2826 0.2646 0.2862

15 0.0472 0.0457 0.0476  0.0476

Example 4.6. Let H = Ly([-1,1]) with product (f,g) = f_ll f(t)g(t)dt and the as-
sociated norm given as ||f|| := 1/f_11f(t)g(t)dt for all f,g € La([-1,1]). Take C =
{x € H:||z|| <2}. Define the mapping A4; : Lo([-1,1]) — Lao([-1,1]) by Ai(h(t)) =
h(t) — 2t for all t € [-1,1]. Define the mapping Ay : La([-1,1]) — La([-1,1]) by
As(h(t)) = 2h(t) — 3t for all ¢t € [-1,1]. Let the mapping A¢ : La([—1,1]) — Lo([-1,1])
defined by A (h(t)) = h(t) — 5t for all ¢t € [-1,1]. Also, it is well known that

f) safllf@l <2

Pe(f(t) = -
||f<(t>)|| Sifllf@)]] > 2
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495 5 5.05 5.1
Numbers of Iteration

0.4 -

—#—x!: Our Algorithm
—o—x2: Our Algorithm
—*—x : Algorithm (3)

0.2+ x2 : Algorithm (3)

Numbers of Iteration

Figure 4.3: Comparison between algorithms (5.1) and (1.5) for Example 1 with u = (5,5) and
N = 15.

Leti=1,2,z1,u e R?, {z,},—, and {y.},~, be generated by (5.1) where {a,,} =
-, (B} =22, {v,} = & c [0, 1] and a =04 € (0,1). Show that {z,} and {y,,}
converge strongly to 2t.
Solution Since A;, A; and Ag are 3, % and 1 - inverse strongly monotone mappings,
respectively, then n = 1 . Choose Ax = L, A\p =1 € (0,2a¢) and b = 1 ,we obtain
G(h(t)) = % Choose A = § € (0,7). Itis easy to see that the sequences {a,, }, {3,} and
{vn} satisfy all conditions in Theorem 3.1 and 2t € VI(C, A;) N VI(C, Ay) N F(G). From
Theorem 3.1, we can conclude that the sequence {z,,} and {y,} converge strongly to

21.

Table 4.4: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.2 with
u=3t, N=15and E(z,) = ||zns1 — 2|, n € No.

n E(X,): Algorithm(5.1) E(Xy): Algorithm(1.5)

1 0.7626 0.7626
2 0.1291 0.1221
3 0.0480 0.0492
4 0.0208 0.0226
15 0.0006 0.0007

Example 4.7. Let f : H — R be a convex function. Consider the following convex

optimization problem

min f(x) (4.11)

zeH
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03 |

0.2

\ —#—Xx,, : Our Algorithm
%\ Xyt Algorithm (3)
01 \ R

Numbers of Iteration

Figure 4.4: Comparison between algorithms (5.1) and (1.5) for Example 2 with u = 3t and N =
15.

and

min g(x) (4.12)

WETH

It’s well known that z* € C solves (4.11) and (4.12) if and only if z* € C satisfies

following variational inequalities holds:

(Vf(z*),z —2*) >0, YVeel (4.13)

and

(Vg(x*),z —=z*)y >0, Vxel, (4.14)

thatis, z* e VI(C,Vf)nVI(C,Vyg). Let H =R. Take C = [1,10]. Define the mapping f :
[1,10] - R by f(z) = == 1 1. Define the mapping g : [1,10] — R by g(z) = = —lnz— L.

Let z1,u € R%. From (5.1), we have {z,}~, and {y,},., be generated by

yn = Poc(I — MarVf +aa2Vyg))x,
Qn={2z€ H:{(I-XNa1Vf+aVg))xn — yn,yn — z) > 0}
Tnt1 = o+ BnPo, (Tn — AMa1V f + a2Vg)yn) + 7Gxy,

(4.15)

where {a,} = 12, {8} =22, {v,} =2t c [0, 1] and a = 0.5 € (0,1). Show that

1 12n
{z,} and {y,} converge strongly to 1.
@ and ¢'(z) =

x — LIt implies that Vf and Vg are 2 and 1 - inverse strongly monotone mappings,

Solution Since f and g are convex and differentiable with f/(z) =
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respectively. Choose n =4, Axa = 3,25 = 1 € (0,2a¢) and b = § ,we obtain G(z) =

Z + L Choose A = 1 € (0,n). Itis easy to see that the sequences {a,},{8,} and
{7} satisfy all conditions in Theorem 3.1 and 1 € VI(C,Vf)NVI(C,Vg) N F(G). From

Theorem 3.1, we can conclude that the sequence {z,,} and {y,} converge strongly to
1.

Table 4.5: Detailed analysis of computational methods (5.1) and (1.5) for Example 4.3 with
u=3, N =15 and E(:L’n): H.’I}n+1—1}n”, n € Nog .

n  E(Xp): Algorithm(5.1)  E(X,) : Algorithm(1.5)
1 2.9044 2.7500
2 0.7088 0.7428
3 0.2200 0.2681
4 0.0762 0.1082
15 0.0012 0.0015
| <‘ 03
J 02
- ] E 0.1 2
5 3 By g o = S o
15 1
- ‘ -041
I:ug 4 4.5 ) 55 6
Numbers of Iteration
1k
\
05 F \ —»’—x"‘ : Our Algorithm ||
£ Algorithm (3)
\*\ |
of lirs—ade AV Qe L L€ o
2 1'1 6 : 1I0 ;

Figure 4.5: Comparison between algorithms (5.1) and (1.5) for Example 3 with u = 3and N = 15.

Remark 4.8. According to Table 4.3-4.7 and Figures 4.3-4.5 ,it is shown that the our
algorithm (5.1) converges to an element of the set N\, VI(C, A;) N F(G) at a faster

Numbers of Iteration

than that of algorithm (1.5). Therefore, our algorithm is more efficient.

4.4

Applying in Economic

In this part, we apply our main result to find equilibrium price.
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Example 4.9. Let’s consider the demand and supply for rice in a specific country:

Demand : The demand for rice is influenced by factors such as population, income

levels, cultural preferences, dietary habits, and price. Let’s assume that the demand

for rice in the country is as follows:

Price: 1 dollar per kilogram - Quantity demanded: 4,800 kilograms per week

Price: 2 dollars per kilogram - Quantity demanded: 3,700 kilograms per week

Price: 3 dollars per kilogram - Quantity demanded: 2,800 kilograms per week

Price: 4 dollars per kilogram - Quantity demanded: 2,400 kilograms per week

Price: 5 doll
(

Price: 6 dollars per kilogram - Quantity demanded: 500 kilograms per week

ars per kilogram - Quantity demanded: 1,900 kilograms per week

Supply : The supply of rice is influenced by factors such as agricultural productivity,
weather conditions, sovernment policies, technology, and input costs. Let’s assume
that the supply of rice in the country is as follows:

Price: 1 dollar per kilogram - Quantity supplied: 1,500 kilograms per week

Price: 2 dollars per kilogram - Quantity supplied: 2,500 kilograms per week

Price: 3 dollars per kilogram - Quantity supplied: 3,500 kilograms per week

Price: 4 dollars per kilogram - Quantity supplied: 4,500 kilograms per week

Price: 5 dollars per kilogram - Quantity supplied: 5,500 kilograms per week

By using Polynomial Regression, we have the demand function as follows:

D(p) = 0.0179p*~7.925p + 54.3, (4.16)

where p is the price of rice (dollars per kilogram) and D is the quantity of units de-
manded (in hundred kilogram per week). From (2.13), we can calculate the correlation
coefficient r = —0.9437.

By using Linear Regression, we have the supply function as follows:
S(p) =9+ T, (4.17)

where p is the price of rice (dollars per kilogram) and S is the quantity of units sup-
plies (in hundred kilogram per week). From (2.13), we can calculate the correlation
coefficient r = 0.9823.

The demand curve for rice shows that as the price increases, the quantity de-
manded decreases. (See Figure 4.6) This indicates the inverse relationship between
price and quantity demanded. The supply curve for rice shows that as the price
increases, the quantity supplied increases. (See Figure 4.6) This indicates the direct
relationship between price and quantity supplied.

To find the equilibrium price, we can set the demand and supply functions

equal to each other:

S(p) = D(p). (4.18)
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Figure 4.6: The demand and supply model of rice in a specific country.

From 4.24, we have

p = STH(D(p)

£L(ST D) (p) (4.19)
Then
T(p) = (S~ 'oD)(p)
— 0.001989p% — 0.88056p + 5.2556; (4.20)

forall p e R. Let H = R. Take C = [0,25]. Let the mappings T : ¢ — R define by
Tx = 0.00198922 — 0.88056x + 5.2556, and Ag : C — R define by Agz = x — 5, for all
x € C. Let the mappings 4 : C — R define by Az = —0.00198922 + 1.88056x — 5.2556,for

o0
n=0

all z € C. Let 1, u € R?. From (5.1), we have {z,} -, and {y,},-, be generated by

Yn = Pc(I — NAzx,,)
Qn={z€H:{(I-XA)xp —Yn,yn —2z) >0} (4.21)
Tp+1 = Qpu + B P, (Tn — AMyy) + 7Gxy,

where {a,} = 3=, {Ba} = 252, {7} = DL [0, 1] and a = 0.5 € (0,1). Show that

{z,} converges strongly to 2.8029.

Solution First, we show that T' is a nonexpansive mappins.
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Let z,y € C. From the definition of T, we have

Tz — Ty|| 10.0019892% — 0.880562 + 5.2556 — (0.001989y> — 0.88056y + 5.2556)

= 1/0.001989(x? — y?) — 0.88056(x — y)||

10.001989(z + ) (z — y) — 0.88056(z — y)||

< 0.001989||(z + y)(x — y)|| + 0.88056||z — y||
< 0.001989(50)||= — || + 0.88056||2 — y||

= 0.98001|z — y||

<z —yl.

Therefore T is a nonexpansive mapping.

Since Az = (I — T)x, T is a nonexpansive mapping and Proposition 2.16, we have A is
s-inverse strongly monotone. Since Ag is 1 - inverse strongly monotone mappings,
thenn =1. Choose Ay = 2, A5 =1 € (0,2a¢) and b= 1 ,we obtain G(z) = 0.0625z +
2.62771875. It is obvious that VI(C, A) = F(G) = 2.8032.

Choose X = 1 €(0,7). It is easy to see that the sequences {a,},{8,} and {v,} satisfy
all conditions in Theorem 3.1 and 2.8032 € VI(C,A) N F(G). From Theorem 3.1, we
can conclude that the sequence {x,} and {y,} converge stronsly to 2.8032.

Thus, at the market price of 2.8032 dollars per kilogram and the equilibrium
quantity is 32.2288 hundred kilogram per week, the quantity demanded and supplied
are in balance. If the price were higher than 2.8032 dollars per kilogram, the quantity
supplied would exceed the quantity demanded, resulting in a surplus of rice. If the
price were lower than 2.8032 dollars per kilogram, the quantity demanded would
exceed the quantity supplied, resulting in a shortage of rice.

The market price of 2.8032 dollars per kilogram represents the point where the
interests of buyers (demand) and sellers (supply) align, and the rice market reaches

equilibrium.

Table 4.6: Detailed analysis of computational methods (5.1) for Example 4.9 withu =3, N = 15.

n X, : Algorithm(4.21)

1 3.2000
2 2.9457
3 2.8697
4 2.8391
15 2.8032

Example 4.10. Let’s consider the demand and supply for the Thai Baht (THB), the

unit of currency in Thailand.
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Figure 4.7: The convergence behavious of {x,} with xy=3.2 and N =15.

Demand : The demand for Thai Baht is influenced by factors such as international
trade, tourism, foreign investment, and speculation. Let’s assume that the demand
for Thai Baht is as follows: Exchange rate: 1 USD = 26 THB

Quantity demanded: 34.89 million dollars

Exchange rate: 1 USD/ = 29 THB

Quantity demanded: 30.96 million dollars

Exchange rate: 1 USD = 30 THB

Quantity demanded: 29.69 million dollars

Exchange rate: 1 USD = 32 THB

Quantity demanded: 27.21 million dollars

Exchange rate: 1 USD = 35 THB

Quantity demanded: 23.64 million dollars

Supply : The supply of Thai Baht is influenced by factors such as government
policies, central bank interventions, foreign exchange reserves, and economic condi-
tions. Let’s assume that the supply of Thai Baht is as follows:

Exchange rate: 1 USD = 27 THB
Quantity supplied: 6.5 million dollars
Exchange rate: 1 USD = 30 THB
Quantity supplied: 20 million dollars
Exchange rate: 1 USD = 34 THB
Quantity supplied: 29 million dollars
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Exchange rate: 1 USD = 36 THB
Quantity supplied: 47 million dollars
Exchange rate: 1 USD = 37 THB
Quantity supplied: 51.5 million dollars

By using Polynomial Regression, we have the demand function as follows:
D(p) = 0.01p*~1.86p + 76.49, (4.22)

where p is the price of exchange rates (1 USD to Thai baht) and D is the quantity
of units demanded (million dollars). From (2.13), we can calculate the correlation
coefficient r = —0.9563.

By using Linear Regression, we have the supply function as follows:
S(p) = 4.5p — 115, (4.23)

where p is the price of exchange rates (1 USD to Thai baht) and S is the quantity of
units supplies (million dollars). From (2.13), we can calculate the correlation coeffi-
cient r = 0.9716.

The demand curve for Thai Baht shows that as the exchange rate increases (USD appre-
ciates), the quantity of Thai Baht demanded decreases. (See Figure 4.8) This indicates
the inverse relationship between the exchange rate and the quantity demanded of
Thai Baht.

The supply curve for Thai Baht shows that as the exchange rate increases (USD appre-
ciates), the quantity of Thai Baht supplied increases.(See Figure 4.8) This indicates the
direct relationship between the exchange rate and the quantity supplied of Thai Baht.

Demand function
Supply function

8

®

Price of exchange rates per 1 USD
w w
o N

N
@

26 . . " . .
0 10 20 30 40 50 60
Quantity of Thai baht

Figure 4.8: The demand and supply model for the Thai Baht (THB), the unit of currency in
Thailand.
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To find the equilibrium price, we can set the demand and supply functions
equal to each other:

S(p) = D(p). (4.24)

From 4.24, we have

= (S~ 'oD)(p). (4.25)

Then

T(p) = (S"1oD)(p)

ﬁpQ — %p - %?%%, (4.26)
forall p € R. Let H = R. Take C = [10,45]. Let the mappings T : C — R define by
Ta = pa? = 2x+ 88 and Ag : C — R define by Agaz = 2 — 25, forall z € C. Let the
mappings A : C — R define by Az = — L.z? 4 1%, 88 for gl 2 € C. Let z1,u € R2
From (5.1), we have {z,},-, and {y,}. -, be generated by

Yn = Po(I — NAz,,)
Qn={2z€H:(I-XA)xp — Yn,yn — 2) > 0} (4.27)
Tpt1 = QU+ BnPQn (‘Tn 7N )\Ayn) + Gy

where {a,} = 3=y {8} = =2 {y,} = BtL € [0, 1] and a = 0.5 € (0,1). Show that
{z,,} converges strongly to 31.68494.
Solution First, we show that T is a nonexpansive mapping.

Let z,y € C. From the definition of T, we have

T \p 31 6383 1, 31 6383
lsmo® S et Ao (s Syt

1Tz — Ty )l

450 75 150 4500 7577 150
Syl 2 2 8L
1 31
= N =) = o2 )]
1 31
< _ g —
< sl )@ -yl + e -yl
1 31
< —(90)|lz — 2 —
< s O0)le—yl+ e~y
= Ly
sy
<z =yl

Therefore T is a nonexpansive mapping.

Since Az = (I-T)z, T is a nonexpansive mapping and Proposition 2.16, we have A is 3-
inverse strongly monotone. Since Ag is 1 - inverse strongly monotone mappings, then
n=1. Choose Ay = 2,25 =1 € (0,2a¢) and b = 1, we obtain G(z) = 0.06252429.7052125.
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It is obvious that VI(C, A) = F(G) = 31.68494.
Choose A =1 € (0,n). Itis easy to see that the sequences {a,},{8,} and {v,} satisfy
all conditions in Theorem 3.1 and 31.68494 € VI(C, A) N F(G). From Theorem 3.1, we
can conclude that the sequence {z,} and {y,} converge strongly to 31.68494.
Therefore, at the market exchange rate of 1 USD = 31.68494 THB and the
equilibrium quantity is 27.58223 million dollars, the quantity demanded and supplied
are in balance. If the exchange rate were higher than 1 USD = 31.68494 THB, the
quantity supplied would exceed the quantity demanded, resulting in an excess supply
of Thai Baht. If the exchange rate were lower than 1 USD = 31.68494 THB, the quantity
demanded would exceed the quantity supplied, resulting in a shortage of Thai Baht.

Table 4.7: Detailed analysis of computational methods (5.1) for Example 4.10 with u = 28 ,

N =15.
n X, : Algorithm(4.21)
1 28.00000
2 30.51490
3 31.50527
4 31.65402
15 31.68494
31.8

w w w

-— - -

() » e}
T T T

Price of exchange rates (1 USD to Thai baht)
w

30 1 1
0 5 10 15

Numbers of Iteration

Figure 4.9: The convergence behavious of {xn} with xy=28 and N =15.
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Chapter 5
Conclusions and Suggestions

In this chapter, we summarize all theorems and corollaries given in this thesis.

Let H be a real Hilbert space. For i = 1,2,..,N, let 4, : H — H be «; -
inverse strongly monotone mappings and let A¢ : H — H be ag - inverse
strongly monotone mappings. Define the mapping G : H — H by G(z) =
Trvigna (I — AaAc)(bz + (1 — b) Iy as(I — ApAg)z) forall z € H, b € (0,1) and
A Ap € (0,2a¢). Assume that T = Y, VI(C, 4;) N F(G) # 0. Let the sequence
{yn} and {z,,} be generated by z1,u € H and

Yn = PC(I - A Zivzl aiAi)xn
Qn = {ZGH: <(I—)\Z£V=1aiAi)wn—yn,yn—z> 20} (5.1)
Tpi1 = QpU + /BnPQn (mn —A Eil aiAiyn) + ’Y"Gl’n

where Y a4, = 1,0 < a; < L, {aw}, (8.}, {m} o, ] witha, +8, +7, =1,
A € (0,n) with n = min;=1 a2, n {ai}.

Suppose the following conditions hold:

(i) ZZC:O oy =00, lim,_ o5 e = 0.

(0<c<Bpm<d<l

Then {z,} converges strongly to z* € T' where z* = Ppu.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G,Ver(@), Eed(G),B as in Lemma 2.30. Assume that G — Var(C,B) # 0 with
G — Var(C,B) x G —Var(C,B) C Fed(G). Let {v,} be a sequence defined by
vg € C and

Wy, = Pc(I 1 /\B)Un

TG ={we C: (I — AB)vy, — wy,w, —w) > 0}

Un41 = PTC’;‘ (Un - )\Bwn) )
forall n € N where X € (0,«) and TZ is G- Half space. Then sequence {v,} con-
verges weakly to an element z € G—Var(C, B) and the sequence { Pe_vur(c,5)vn }

converges strongly to z, where G — Var(C, B) dominates v, {v,} dominates vy

and {w,} is dominated by vy.
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1 Introduction
Throughout this paper, let H be a real Hilbert space and C be a nonempty closed convex
subset of H with the inner product (-,-) and norm || - ||. Let 7': C — C be a mapping. Then
T'is called nonexpansive if | Tx — Ty|| < |lx — y||, for all x,y € C. We denote by F(T) the set
of fixed points of T, that is, F(T) = {x € C: Tx = x}. It is well known that F(T) is closed
convex and also nonempty.

Let B: H — H be a mapping and M : H — 2! be a multi-valued mapping. The varia-

tional inclusion problem is to find x € H such that
0 € Bx + Mx, 1)

where 0 is the zero vector in H. The set of solutions of (1) is denoted by VI(H, B, M).
This problem has received much attention due to its applications in large variety of prob-
lems arising in convex programming, variational inequalities, split feasibility problems,
and minimization problems. To be more precise, some concrete problems in machine
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sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
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third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
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learning, image processing, and linear inverse problems can be modeled mathematically
by this formulation.
The variational inequality problem (VIP) is to find a point u € C such that

(Au,v—u) >0, VveC. 2)

The set of solutions of the variational inequality problem is denoted by VI(C,A). This
problem is an important tool in economics, engineering and mathematics. It includes, as
special cases, many problems of nonlinear analysis such as optimization, optimal control
problems, saddle point problems and mathematical programming; see, for example, [1-4].

It is well known that one of the most popular methods for solving the problem (VIP)
is the extragradient method proposed by Korpelevich [5]. The extragradient method is
needed to calculate two projections onto the feasible set C in each iteration. So, in the
case that the set C is not simple to project on to it, as analyzed in some remarks of the
authors in [6], when the subset is a closed expression as in the case of a ball or a half-
space, the projection onto the feasible subset C can be computed easily. This can affect
the efficiency of the used method. In recent years, the extragradient method has received
great attention by many authors, who improved it in various ways; see, e.g. [7—13] and the
references therein.

In 2011, Censor et al. [12] proposed the subgradient extragradient method for solving

variational inequality problems as follows:

In =PC(xn 7 )\Axn)r
Trl:{xEH:(xn”‘)‘Axn‘ymx’yn) SO}, (3)
Xnsl = PT,,(xn — )‘-Ay")’

for each > 1, where A € (0,1/L). In this method, they have replaced the second projec-
tion in Korpelevich’s extragradient method by a projection on to a half-space, which is
computed explicitly.

Motivated by the problem (1), in this paper, we introduce a new problem of the system
of variational inclusions in a real Hilbert space as follows:

Let H be a real Hilbert space and let A : H — H be mapping and M, My : H — 2! be
set value mapping. We consider the problem for finding x* € H such that

9 eAx* + Max* and 6 e Ax™ + Mpx™, (4)

where 6 is the zero mapping in H, which is called a generalized system of modified vari-
ational inclusion problems (in short, GSMVIP). The set of solutions of (4) is denoted by
Qie, Q={x"€H:0 € Ax* + Mux* and 0 € Ax* + Mpx*}. In particular, if M4 = Mp, then
the problem (4) reduces to the problem (1) and if Jy1, 1, = Jas,; = Pc, then the problem
(4) reduces to VIP.

In 2012, Kangtunyakarn [14] modified the set of variational inequality problems as fol-
lows:

VI(C,aA + (1-a)B)
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={xeC:(y-x (aA+(1-a)B)x)>0,¥ye C,a € (0,1)}, (5)

where A and B are the mappings of C into H.

In order to develop efficient algorithms for finding solution of a finite family variational
inequalities problem, inspired by problem (5), we define the new half-space Q, = {z € H :
(I =2 Zfil aiA)x, — Y Yn — z) = 0}, which as a tool to prove the strong convergence
theorem. In particular, if we put i = 1, then Q,, reduces to T}, in subgradient extragradient
method (3). However, the sequence {x,} generated by (3) converges weakly to a solution
of the variational inequality problem.

In this paper, motivated by recent research [7, 12] and [14], we introduce a new problem
(4) and the new iterative scheme for finding a common element of the set of a finite family
of variational inequalities problems and the set of solutions of the proposed problem (4) in
a real Hilbert space. Then we establish and prove the strong convergence theorem under
some proper conditions. Furthermore, we also give some various examples to support our
main result.

2 Preliminaries
In this section, we give some useful lemmas that will be needed to prove our main result.
Let C be a nonempty closed convex subset of a real Hilbert space H. We denote strong
convergence and weak convergence by the notations — and —, respectively. For every
x € H, there exists a unique nearest point Pcx € C such that
Il =Pexll < llx-yl, VyeC.
P is called a metric projection of H onto C. It follows that

llx = y1* = |lx = Pcx||* + |ly — Pex||®,  forallx € H,y € C. (6)

Lemma 2.1 ([15]) Givenx € H and y € C. Then 'y = Pcx if and only if we have the inequal-
ity

(x-9,y-2)>0, VzeC.

Definition 2.2 Let M : H — 2/ be a multi-valued mapping.
(i) The graph G(M) of M is defined by

G(M):={(x,u) e H x H:u e M(x)},
(ii) the operator M is called a maximal monotone operator if M is monotone, i.e.
(u—v,x—y) >0 VueM(x),veMy),
and the graph G(M) of M is not properly contained in the graph of any other monotone

operator. It is clear that a monotone mapping M is maximal if and only if for any (¥, u) €
H x H, (u—v,x—y) > 0 for every (y, v) € G(M) implies that u € M(x).
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Let M : H — 2 be a multi-valued maximal monotone mapping, then the single-valued
mapping Jur. : H — H defined by

T (w) =+ AM) (), VYueH,

is called the resolvent operator associated with M where A is positive number and / is an
identity mapping; see [16]. Note that /5, is a nonexpansive mapping.

Definition 2.3 Let A: C — H be a mapping.
(i) A is called p-Lipschitz continuous if there exists a nonnegative real number 1 > 0
such that

lAx — Ayl < wllx—yll,  Vx,y€C.

(ii) A is called a-inverse strongly monotone if there exists a nonnegative real number
« > 0 such that

(x—y,Ax — Ay) > a||Ax = Ay||>, Vx,y € C.

Lemma 2.4 ([14]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let A,B: C — H be a- and B-inverse strongly monotone mappings, respectively, with o, > 0
and VI(C,A) N VI(C,B) #¥. Then

VI(C,aA + (1-a)B) = VI(C,A) N VI(C,B), Va € (0,1).

Furthermore, if 0 < y < min{2«, 28}, we find that I — y(aA + (1 — a)B) is a nonexpansive
mapping.

Remark2.5 Foreveryi=1,2,...,N the mapping A; : C — H be «;-inverse strongly mono-
tone mappings with 7 = min; 5, n{e;} and ﬂf\il VI(C,A;) #%. Then

N

N
v1<c,2a,-A,-) z [Nae:4,), @
i=1

i=1

where YN, a;=1and 0 <a; < 1 foreveryi=1,2,...,N. Moreover, we find that 3", a;A;
is monotone and is a p-Lipschitz continuous mapping.
Proof Tteasytosee that "N, | ﬁ
j=1\174j
n =min{B;} foreachi=2,...,Nand k=1,2,...,N - 1.
Take N = 3 and let VI(C, A1) N VI(C,A») N VI(C, A3) # /. By using Lemma 2.4, we have

A; is n-inverse strongly monotone mappings with

VI(C,(llAl + ﬂzAz + ll3A3) =VI| C, ﬂlAl + (1 = (ll) =2 A2 + 43 A3
l—ﬂl 1 —a

- VI(C, A1) N v1<c, Ly 22 A3>
1-a 1-a;
= VI(C,A;) N VI(C, A5) N VI(C, As), ®)

where a1,a,,a3 € (0,1) and Z?:I a;=1.
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Take N =4 and let ﬂ:.il VI(C,A;) #¥. By using Lemma 2.4 and (8), we have

VI(C,alAl + aAs + asAs + a4A4)

=V1(C,(1—u4)( i S B T PO A3)+a4A4)

+
1-ay, 1-ay 1-ay,

ay ay as
=W C, A1+ A2+
1-ay 1-ay l1-a

A3) N VI(C,Ad)
4

= VI(C,A;) N VI(C,A2) N VI(C,A3) N VI(C,Ay), 9)

where a,,a,,a3,a4 € (0,1) and Zil a;=1.
In the same way, if ﬂfil VI(C,A;) # @, we obtain

N N
v1<c,2aiA,-) =(vi(c, 4), (10)
i=1

i=1
where a; € (0,1), foreachi =1,2,...,N,and Zf\il a;=1. O

Lemma 2.6 [ real Hilbert spaces H, the following well-known results hold:
(¢) Forall x,y € H and «a € [0,1],

7
o + (1 =)y = allxl® + (1 = ) Iyll* = (1 - @) = 1%,
@) e+ 9% < x> + 2, % + ) for all x,y € H.
Lemma 2.7 ([17]) Let C be a nonempty closed and convex subset of a real Hilbert space
H.If T:C — C is a nonexpansive mapping with F(T) # @, then the mapping I — T is
demiclosed at 0, i.e., if {x,} is a sequence in C weakly converging to x € C and if {x, — Tx,}
converges strongly to 0, then x € F(T).
Lemma 2.8 ([17]) Let {s,} be a sequence of nonnegative real numbers satisfying
Snsl = (1 _(Xn)sn it 8m v e Ov
where {w,} is a sequence in (0,1) and {8,} is a sequence such that
1) Zil Ay = 00;
(2) limsup,,_,, i—:’, 00r Y o2 8yl =00.

<
Then lim,_.¢ s, = 0.

Lemma 2.9 ([17]) Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{x,} with x, — x, the inequality

liminf ||x,, — x| < liminf||x, —y||
n—oo n—oo

holds for every y € H with x # y.
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Lemma 2.10 ([16]) u € H is a solution of variational inclusion (1) ifand only if u = Jyp; (u—
ABu), V1> 0, i.e.,

VI(H,B,M) = F(Jy,(I - AB)), VA >0.
If A € (0,2«], then VI(H,B, M) is a closed convex subset in H.

The next lemma presents the association of the fixed point of a nonlinear mapping and

the solution of GSMVIP under suitable conditions on the parameters.

Lemma 2.11 Let H be a real Hilbert space and let A : H — H be an a-inverse strongly
monotone mapping. Let M, Mg : H — 28 be multi-value maximum monotone mappings
with Q #0. x* € Q if and only if x* = Gx*, where G : H — H is a mapping defined by

G) = Iy 0 = AaA) (b5 + (1= B) a1 = ApAg)i),

for all x € H, b € (0,1) and ia, 5 € (0,2a). Moreover, we see that G is a nonexpansive
mapping.

Proof Let the conditions hold.

(=) Let x* € Q, we have x € H such that 6 € Agx™ + Myx* and 0 € Agx™ + Mpx*, that is,
x* € VI(H,Ag,M,) and x* € VI(H,Ag, M3).

From Lemma 2.10, we have #* € F(Jyr, 1, (I — A44¢)) and &* € F(Ji,,1, (I = ApAg)).

It implies that

X = Imyg I = AaAg)x" (11)
and

X" = Jugag (I = ApAg)X". (12)
By the definition of G, (11) and (12), we have

G (") = Ty I = 2aAg) (bx* + (1 = b) a0, — ApAg)x™)

=X.

(<) Let x* = G(x*). Applying the same method of Lemma 2.1 (2) in [16], we find that
Imuond = AsAg) and Jar, ., (I = ApAg) are nonexpansive mappings.

Since x* = G(x*), we have
** = G(x*) = Jatyi, = AaAG) (b2 + (1= B) gy, (I — ApAG)KY).
Lety € 2, we have 0 € Agy + May and 0 € Agy + Mpy.
From Lemma 2.10, it implies that

¥ € FUmyn, (I =2a46)) N F(Iugs(I = 23Ag)). Then

I =917 = [Jataa @ = 2aAc) (bx* + (1 = B)atyy (- 2pAc)%") -y
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= [ Titin I = 2aAG) (bx* + (1 = B)aty 5, (I = ApAg)x™)
~Trtaial = RaAcly|

< || (&5 + (1 = B ats (I - 25AG)%") 3|

= 65" =) + (1 = B) (atps U - 284" =) |

= bl =y + (1= )t - 2840)%" - 5|

=b(L = B)|%* — Jatprs T =rsAc)x* |

<b|x* - y|*+ (1= b)|x* - y|* = b1 - ) |x*
“JatsasI~ 1sAc)%*|”

2 =92 =B B)|x* = s - AsAc)e* |- (13)

It implies that [|x* = [y, (I — ApAg)x™|| = 0.
That is, x* € F(Jagy,5, (I = AAg)).
Since x* = G(x*) and &* € F(Ja1,,,(I — A3Ag)), we have

X = T U= 34A6) (bx* + (1= b) g5, (I = hpAg)x™)
=T (L= 24Ac) (bx* + (1 - b)x¥)

= Jmg i, — AaAG)x™.

Therefore x* € F(Jpr, 2, (I — 244¢))-

From Lemma 2.10, x* € F(Jar, 2, — A4A¢)) and x* € F(Jar,,(I — AAg)), we have 0 €
Aga™ + Max* and 0 € Agx™ + Mpx*. Then x* € Q.

Applying (13), we can conclude that G is a nonexpansive mapping. ]

We give some examples to support Lemma 2.11 and show that Lemma 2.11 is not true

if some condition fails.

Example 2.12 Let H = R? be the two dimensional space of real numbers with an inner
product (-,-) : R* x R?2 — R defined by (x,y) = x - y = X191 + x29», for all x = (x1,%,) €
R%y = (1,92) € R?> anda usual norm || - || : R? x R?> — R give by |x|| = /2% + «3 for all
x = (x1,%) € R?and Ag: R? — R? defined by Ag((x1,%2)) = (x1— 5,2, —5). Let My : R? —
2R* be defined by {(2x; = 1,2x, — 1)} and Mp: R? — 2R? be defined by {(3 +2,%2 +2)}.
Show that (2,2) € F(G).

Solution. It is obvious that Q = {(2,2)}. Choose A4 = % From M4 (x1,%2) = {(2%1 —1,2x9 —
1)} and the resolvent of My, /a5, % = (I + AaMp)lx for all x = (x1, x2) € R?, we have

1
— 14
+3 (14)

N R

Ty, (%) =

forall x = (x1,%,) € R2. Choose Ag = 1. From Mp(x1,%2) = {3 +2, % +2)} and the resolvent
of Mg, Jupagx = (I + AgMp)™x for all x = (x1,%,) € R?, we have
4

2%
Tumgas ™) = 33 (15)
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for all x = (x1,%;) € R2. It is easy to see that Ag is 1-inverse strongly monotone. Choose
b= i. From (14) and (15), we have

1 1 3
G(x) =/MA'% (1 — EAG) (Zx + Z]MBJ(I = lAg)x>

x 30
=— 4+ —,
16 16

for all x = (%1, %,) € R% By Lemma 2.11, we have (2,2) € F(G).

Example 2.13 Let H = R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (x,y) = x - y = X191 + %295, for all x = (x,%,) €
R2,y = (y1,y2) € R* and a usual norm | - || : R% x R* — R give by ||[x|| = /4% + 43 for all
X = (x1,%) € R?and Ag: R? — R? defined by Ag((x1,%2)) = (x1— 5,2, —5). Let M4 : R? —
2®” be defined by {(2x, — 1,2%, — 1)} and Mg : R> — 27" be defined by {(% +2,% +2)}.
Show that (2,2) ¢ F(G).

Solution. It is obvious that Q = {(2,2)}. Choose A4 = 2. From M4 (x1,x5) = {(2x; — 1,2y —
1)} and the resolvent of M, Jar, 1, % = (I + AaMa) " for all x = (1,42) € R?, we have

+ =, (16)

(2013
vl N

Inga () =

forall x = (x;,%,) € R?. Choose Az = 4. From Mp(x1, %5) = {(5-+2,% +2)} and the resolvent
of Mg, Jatpasx = (I + AgMp)~'x for all x = (x1,x2) € R?, we have

Tngiag(®) = 2 (17)

WIR
W] o

for all x = (x,%,) € R% Choose b = i. From (16), (17) and Ag being 1-inverse strongly
monotone, we have

1 3
G(x) = Jar 2 = 2AG)(Z’C + Z]MBA(I S 4'AG)x)

X
=— 4 -,
10 5

for all x = (¥, %,) € R% By Lemma 2.11, we have (2,2) ¢ F(G).
Lemma 2.14 ([18]) Let {T",} be a sequence of real numbers that do not decrease at infinity,
in the sense that there exists a subsequence {Fn/.} of {T',} such that l"n/. < 1",,/.+1for allj>0.
Also we consider the sequence of integers {T(n)} =, defined by

t(n) = max{k <n: T < T}

Then {T(n)}4=n, is a nondecreasing sequence verifying lim,_, o, t(n) = 0o and, for all n > ny,

max{rr(n)! Fn} =< l—‘r(n)+1~
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Lemma 2.15 Let H be a real Hilbert space, for every i = 1,2,...,N, let A;: H — H be «;-
inverse strongly monotone mappings with n = min{c;}. Let {xn} °1and {y,}52, bea sequence
generated by y, = Pc(I — 1 ZH aiA)xy, Qu={zeH:(I-r ZH aiAi)%Xn — Y, Yn — 2) = 0}
and x* € X, VI(C,A) forall i = 1,2, ..., N. Then the following inequality is fulfilled:

2

N
Py, (xn -2 Zm&w) —X

i=1

A
<f=et=(1-7)
A
=2 (1 P _>“xn _ynllzy
n

where Zﬁlai =1,0<a;<1and x €(0,n) with n =min;_,»_n{c;} foreveryi=1,2,...,N.

2

N
PQn (xrz - Z%&%) ~Yn

i=1

Proof Since x* € ﬂf\il VI(C,A;), we have x* € VI(C,A;) for every i =1,2,...,N and (6), we

obtain

2

N
P, (x =3 “iAiyn) -x

i=1

N 2
N ZaiA,-yV, L
i=1
N N
5= PQn (‘x!’l - X ZaiAiyn) 7 (xn —A ZaiAiyn)
i=1

2

i=1

= Jrn 2

N N
- 2)»<PQ,, (x” -1 ZaiA,'yn> S ¥ Z (liAiyn>

i=1 i=1
2

N
— | Po, (x,, —-A Za,-A,y,,) —%n

i=1

From the monotonicity of Zf\il aiA;, we have
0< <ZaA,y,, ZaAlx »Yn = >
N
Z @AY, Yn — > - <Z aAK", Yy~ x>
i=1

N
< <ZaA,yn,yn —X >
N N
<Z“Azymyn PQn <xn -A ZﬂAzJ’n>>

i=1
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N N
+ <Z aiAiyn, Pg, (xy, -\ ZaiA,-yn) - x*>

i=1 i=1

It implies that

N N
<x* — PQ” (x,, —A Z ﬂ,‘A,‘}/V,) ’ Z aiAiyn>

i=1 i=1

N N
= <ZaiAiy”,yn - Py, (x” —AZuiA,-yn> > (19)

i=1 i=1
From (18) and (19), we have

2

N
Pq, (xn - A Z aiAiyV,> —x*

iE1

N N
< ||x,, Lt H AT 2A<Z aiAiynyn — Pg, (xn -A Z atAiyn>>

i=1 i=1
2

N
PQn (x,, —A Zaﬁ,y,,) —Xn

i=1

N 2
= | -="]" = | o (x -k ZaiAiyn) =yl = Il — all®
=1
N
= 2<PQ71 (x,, —A Z a,-A,-y,,) =Y Vn — x,,>
i=1
N N
X 2)»<Z aiAiyn,Yn— Pq, (xn =\ Z u,-A,vyn> >
i=1 i=1
N 2
= [ =2 = | o, (x -A ZazAiyn) N
-1

N N

+ 2<xn — Y — A ZaiAiy,,,PQn (x,, —A Za,fl,y,,) —y,,>
i=1 i=1

2

&

= [lan =2~ .

N
PQn (xn - A ZaiAiyn> —Jn

i=1

N N
+ 2< (1 -\ Z u,-A,-)xn —yn,PQn (xn - A ZaiAiyn) _yn>

i=1 i=1

N N N
+ 2<)» Z aiAix, — A Z a,‘A,'}’n, PQ,, (xn —A Z aiAiyn) - yn>
i=1 i=1 i=1

2

= ||xn_x*||2_ _”yn_xnllz

N
PQn (xn _)‘ZﬂiAiyn) ~Yn

i=1
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N N N
+2A Za,-A,'xn - Z aiAyn| || P, (x,, - A Za,-A,-yn> —Yn
i=1 i=1 i=1
N 2
Z 2
S e (x -4 ZmAm) = = llyn =l
i=1
A N
+ 2l =l Po, <x -1 ZaiA,yn> -9
i=1
N 2
2
= |xy —a*|" - | Pg, (xn - Za,A,y,,) “yall =y — %l
i=1

2)
N 2
PQ,, <xn = A Z ﬂiAiyn> —Yn

i=1

N
Pq, (xy, =X Z a,'A,-y,,) —Yn

i=1

A 2
+ = %0 = ynull” +
n

-l = (1-%)

3 (1 7 %) [1yn = xn”2~ (20)

3 Main result
In this section, we prove the strong convergence of the sequence acquired from the pro-
posed iterative methods for finding a common element of the set of finite family variational

inequalities problems and the set of solutions of the proposed problem.

Theorem 3.1 Let H be a real Hilbert space. For i = 1,2,...,N, let A;: H — H be «;-
inverse strongly monotone mappings and let Ag : H — H be ag-inverse strongly monotone
mappings. Define the mapping G : H — H by G(x) = Jy, i (I = AaAg)(bx+ (1 = b)Jag, (1 -
ABAG)x) for all x € H, b € (0,1) and a7 € (0,20G). Assume that " = ﬂf\il VI(C,A;)) N
F(G) # . Let the sequence {y,} and {x,} be generated by x,,u € H and

Y =Pl =X YN, i),
Qu={zeH =1 N, @i — yuryu —2) > O}, 21)
Fa1 = Qpth + BuPo, Ky — A Y0y @A) + VGl

where Z;\ilai =1,0 < a; < L{au},{Bu}, {yu} C [0,1] with o, + By + v =1, A € (0,n) with
n =mini_1o  n{}.

Suppose the following conditions hold.:

(D) D2y o = 00, limyyoc 0ty = 0,

(@) 0<c< By, yu=<d<1.

Then {x,} converges strongly to x* € I" where x* = Pru.

Proof We must show that {x,} is bounded. Let z,, = Pg, (x, — A zf‘il aiAiyn).
We consider

Xnsl = Oplh + ,ann + ynGxn
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=a,,u+(1—ozy,)( -
—Qn

=auu+ (1 — o)ty
where t, = % Lettingx* €T = ﬂfil VI(C,A;) N F(G), we have

2
Buzn + YnGxn o

1-a, =

I |

R e S (P

.ann + ynGxn - (1 - an)x* .

1-a,

s e, Lol (22)

From definition of x,,; and (22), we consider

[nes == fotute + (1 = @)t =]

= Jem(e=2) = (1 =e) (6~ |

=gl =27 4 (1% )= 7P~ @t = ) e
=“"||"‘“x*“2+(1—11;1)[153—';”||zn—x*“2
e o T e R
a1 - @)~ 1
=y~ "+ Bullzu =2 | + v Gotw — 2*|°
— P = Gyl - {1 =)l - 11
S P Sy R P s
P = Gl - a1 = @)= ol 23)

1-a,

By Lemma 2.15 and A € (0, 1), we have
2w =2 = - 2"
From (23) and (24), we get

R o P P L) ol

B,
- 1}1—?1_“2” - Gxnllz _an(l —0{,,)”14—1’,,“2

—Wn

< oullu=2* "+ Bulwn =2 + yulwa =2
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Buvn

1 ”n_GanZ_an(l Otn)”u tnllz

=an|\u—x I*+ 0= [

Bu¥n

1 ”Zn Gxnllz_an(l_an)”u_tnllz

<anl—r 1=l

< max{||u—x*“2+||x1—x*N2}. (25)
By induction,
e = * < max -2+ 0 =7}

then {x,} is a bounded sequence.
We use

e i U R L R e

’3 1 e

A
< i’ +,8,1|:||x,1 i (1 - ;)nzn Syl
A« n
o T ) e L TR
n T-o,

A
=aufu—a | + (1 -0 |y — 27| —ﬂn<1 - E)IIZV. = yull?

A’ n
—ﬂn(l—;)nxn 9all® = ’3 gl o llen = Gal?
12 ©2 A 2
< oyl =" 4 e = 27| -ﬁn(lﬁ)nzn—ynu

2 /3 1%
_ﬂn(l_;) ”xn_yn”2 e ”Zn Gxn||2~

It implies that
A A Vi
ﬂn(l_ ;)Hzn_ynllz*‘ﬁn(l_ ;)“xn _ynllz ﬁ 4 ”Z —Gx,,,“z
e e I R e R (26)

Let S, := Bu(1 - %)”Zn —J’nllz + Bu(1~ ,%)“xn _yn”2 ﬁjx: llzn — Gxnnz
Then we have

Sy < a2+ - - fotror -2 @

Now, we consider two possible cases:
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Case1.PutT, := ||x, —x*||> forallm e NV.

Assume that there is o > 0 such that, for each n > ng, I';1 < T,

In this case, lim,,_, o, T',, exists and lim,,_, .o (I",, = ',,,1) = 0.

Since lim,,_, o @, = 0, it follows from (27) that lim,, . S,, = 0.

Therefore, we have lim,,_, o, 8,(1 - %)Ilzy, — 9|12 =0, lim,,_, o B, (1 - %)Hx,, —yul1>=0and
1imy, . o0 222||2, — Gix, |12 = 0.

From the assumptions i), ii), we obtain

lim ||z, — yull = lim ||x, = y,ll = lim ||z, — Gx,|| = 0. (28)
h—>00 n—0o0 n—od

Hence, we obtain
[loen = Gxull < 1w = Yull + lyn = 2zall + 120 — Gxnll-

From (28), we have
lim {jx, — Gx,| = 0. (29)
H—> 00

We now show that limsup,,_, . (u — x*,x, —x*) <0.
We can choose a subsequence {x,,} of {x,} such that

li'rlrls;lp(u —x*,%, —x*) = ilvigic(u—x*,x,,i —x*). (30)
Because {x,} is abounded sequence in H, there exists a subsequence of {x,} that converges
weakly to an element in H. Without loss of generality, we can assume that x,, — w where
w € H. Since lim,,_, o [|¥s — 24| = 0, we have z,,, — w.

Since lim,,_, o [, = Yull =0, Y, — w.

Assume that w ¢ ﬂfil VI(C,A;). So, we have w ¢ F(Pc(I — A Z{Zl a;iA;)).

Then we have w # P (I - A Zf\il a;A;)w. By the nonexpansiveness of Pc(I — A Zf\il a;A;),
(28) and Opial’s property, we have

liminf [|x,, — w||
n—>00

N
% = Pc <1—)»Za,A,)w

i=1

N
Yn; —PC <I - A Z(L‘A,‘)W

i=1

< liminf
n—>00

)
)

= linrgiolgf<|xn; =Yl +
<lim inf<|xn,' = ;I
n—o00

+

N N
PC(I - AZaiAL)xm —PC<I— AZu,—A,)w

i=1 i=1

< liminf ||x,,, — wl|.
n—oo
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This is a contradiction; we have w € VI(C, Zf\i 1 4;A;). From Remark 2.5, we have
N
we (| VI(C,A). (31)

i=1

Assume that w ¢ F(G). Then we have w # Gw. From (29) and Opial’s property, we have

liminf ||x,, — w|| < liminf [|x,, — Gw/|
n—00 n—>o00
<liminf(|lx,, — Gy, || + |Gx, — Gwll)
n—oo
< liminf([l%,, — Gy, || + [1%, — wll)
n—oo

< liminf ||x,, — w/|.
n—>o00
This is a contradiction; we have
w e F(G). (32)

From (31) and (32), we have w € (Y, VI(C,A,) N F(G).
Therefore, we get

limsup(u & X o — x*) = lim (u — XN, —x*) ~ (u —x*w —x*) <0, (33)
n—00 i—00
where x* = Pru.
Next, we show that {x,} converges strongly to x*, where x* = Pru.
From the nonexpansiveness of G, (22) and (24), we have

B 3 Y
fen ] = oy, |ee=2 I*+ ﬁ;”Gxn—x*Hz
) (lﬁ—g)z Iz = Gl
—Qn
B ” *|2 Vn G *|2
s leamx + ——|| G — ¥
B %
S 1_':1" oo = 2% |+ =X, Jon = 2°]*
= flwa=a|. (34)

From the definition of x,,, (34) and x* = Pru, we have

v = i) (- )
<(1-a,)||t, -«* H2 + 200, (1 — &%, %1 — X¥)

< (L-ay)|xn —x*”2 + 200, (1 — &%, %041 — X). (35)

By applying Lemma 2.8 to (35), we find that the sequence {x,} converges strongly to x*.
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Case 2. Assume that there exists a subsequence {I',,;} C {T',} such that ", < T, forall
i € N In this case, we can define 7 : N'— A by t(n) = max{k < n: Ty < Ti,1}.
Then we have 7(n) — oo as n — 00 and I';(,) < [;(y)41. So, we have from (26)

A 2 A 2
Br| 1— ; ”Zr(n) —Yewll” + B | 1 - ; ”xr(n) = Yt(n) I

+ .Br(n)yt(n)

&
l—d,(n)

1z () = GXe(n)
2 2 2
S o=t |7+ e =% = [y = 7
Arguing as in Case 1, we have
lim ”Zr(n) —Vr(n) ” = lim ”xr(n) _yf(n)H = lim Hzr(n) - er(n)” =0. (36)
n—00 Hn—>00 n—oQ,
Because {x.(y} is a bounded sequence, there exists a subsequence {x,(,,/)} such that
lim sup(u =X, X (m) — x*) = lim (u — X", Xe (a1 — x*).
n—o00 i—>00
Following the same argument as the proof of Case 1 for {x(,)}, we have
lim sup(u — 2 ] 1 —x*) <0
n—>oo
and
* |2 x| 2 * *
[#cten = |7 < (1 = ) |0 = 67| + 20006y (18 = 5", 0 ye1 — 57),
where oz — 0, Y00 oty = 00 and imsup,,_, o (# — &%, &7 (11 —x*) < 0.

Hence, by Lemma 2.8, we have lim,,_, « [|#;(,) —**|| = 0and lim,,_ o [|[X¢(m+1 — x| =0
Therefore, by Lemma 2.14, we have

0< "xn LIt || < max{ ||x,(,,) — 1|16

n =2} < |2 -2

Hence, {x,} converge strongly to x* = Pru. This completes the proof of the main theo-
rem. |

4 Application
In 2013, Kangtunyakarn [14] introduced a modification of the system of variational in-
equalities as follows: finding (x*,2*) € C x C such that

(x* = (I = aD1)(ax* + (1 —a)z*),x—x*) >0, VxeC,
(2" = (I = AyDy)x*,x—2*) >0, VxeC,

(37)

where D1, D, : C — H be two mappings, for every 11,12 >0 and a € [0,1].
Let /1 be a proper lower semicontinuous convex function of H into (-00, +00]. The sub-
differential 8/ of / is defined by

oh(x) = {z € H:h(x)+ {(z,u—x) <h(u),Yu e H}
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for all x € H. From Rockafellar [19], we find that 3/ is a maximal monotone operator. Let
C be a nonempty closed convex subset of H and i¢c be the indicator function of C, i.e.,

0; ifxeC,

+o0; ifx ¢ C,

ic=

Then ic is a proper, lower semicontinuous and convex function on H and so the subdiffer-
ential dic of ic is a maximal monotone operator. The resolvent operator Jy;.. of ic for A > 0,
can be defined by Jy;. (%) = (I + 13ic) " (x),x € H. We have Jj;.-(x) = Pcx, for all x € H and
A >0. As aspecial case, if M4 = Mp = dic in Lemma 2.11, we find that /a1, 1, = Jatg = Pc.

So we obtain the following result.

Lemma 4.1 ([14]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let Dy, D, : C — H be mappings. For every k1,Ay > 0 and b € [0, 1], the following statements
are equivalent:

(a) (x*,2%) € C x C is a solution of problem (37),

(b) x* is a fixed point of the mapping G : C — C, i.e, x* € F(T), defined by

G() = Pcll = 21 Dy) (bx + (1 - b)Pc(I = 2Dy)x), (38)
where z* = Pc(I — AaDo)x*

Theorem 4.2 Let H be a real Hilbert space.Fori=1,2,...,N,letA;: H — H be a;-inverse
strongly monotone mappings and let Ag : H — H be og-inverse strongly monotone map-
pings. Define the mapping G:H—H by (38). Assume that I" = ﬂfil VI(C,A;)NF(T) #9.
Let the sequence {y,} and {x,} be generated by x,,u € H and

Yn = PC(I X Z{‘il aiAi)xm
Qu={zeH:(I-X Zf\i] @iA)%y = Y Yn — Z) > 0}, (39)
Xn+l = Ol + ﬁnPQn (xn = A‘Z?il aiAiyn) p ynTxm

where YN a; = 1,0 < a; < 1, {et, 1, {Buh (7} C [0,1] with @y + B, + ya = 1, A € (0,n) with
n=mini1o nfel.

Suppose the following conditions hold.:

(1) Yooy oty = 00, limy, 00 @ty = 0.

() O<c<Bmyn<d<1.

Then {x,} converges strongly to x* € I where x* = Pru.
Proof Taking Jur, ., = /My = Pc in Theorem 3.1, we obtain the desired conclusion.  [J
In order to apply our main result, we give the following lemma.
Lemma 4.3 ([14]) Let C be a nonempty closed convex subset of real Hilbert space H. Let
T,S: C — C be nonexpansive mappings. Define a mapping B* : C — C by BAxj = T(al +

(1a)S)x for every x € C and a € (0,1). Then F(B*) = F(T) N F(S) and B* is a nonexpansive
mapping.
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We apply our Theorem 3.1, by using with Lemma 4.3 ([14]), to find a solution of the

variational inclusion problem.

Lemma 4.4 Let H be a real Hilbert space and let Ag : H — H be ag-inverse strongly mono-
tone mappings. Let My, Mp : H — 2" be a multi-value maximum monotone mapping with
VI(H,Ag, Ma) N VI(H,Ag, Mg) # Y. Define a mapping G : H— H as in Lemma 2.11 for all
x€H,ae(0,1)and ,a,rp € (0,206). Then F(G) = VI(H,Ag,M4) N VI(H,Ag, M3p).

Proof Letx,y € C. From Lemma 2.11, we find that G is nonexpansive and Jyr, 1, ([ =14 A¢)

and Jar, 5 (I = XgAg) are nonexpansive. Since
G) = Jaty iy (I = AaAG) (bx + (1= b)Jatp 05 — ApAG)X)
and Lemma 4.3, we have
F(G) = F(Jaty o, = 2446)) NVF (Jutgy [ — 25AG)).
By Lemma 2.10, we have
F(G) = VI(H,Ag,M4) N\ VI(H,Ag, Mp). O

Theorem 4.5 Let H be a real Hilbert space.Fori=1,2,...,N,letA;: H — H be a;-inverse
strongly monotone mappings and let A : H — H be ag-inverse strongly monotone map-
pings. Define the mapping G : H — H by G(x) = Jag, 0, (I = A4Ag)(bx + (1 = b)Jpg.,(1 -
ABAG)x) for all x € H, b € (0,1) and s, rp € (0,2a¢). Assume that T = ﬂf\il VI(C,A;) N
VI(H,Ag, MA)NVI(H,Ag, Mp) #. Let the sequence {y,} and {x,} be generated by x,,u € H
and

Y = Pl =2 YN, @A )%,
Qu={z€ H A~ A XN, @iA)% = Yps ¥ —2) = O}, (40)
X1 = Cth+ BuPo, (% = A YN @A) + Vi Gy

where Zﬁlai =1,0 < a; < L,{a,}, {Bu}, {yu} C [0,1] with oy + By + v, =1, A € (0,n) with
n =min;1o, n{ai}.

Suppose the following conditions hold.:

(1) Yooy e = 00, lim,, o0 0ty = 0.

() 0<c<Buyyn=<d<1.

Then {x,} converges strongly to x* € I where x* = Pru.
Proof From Lemma 4.4, and Theorem 3.1, we obtain the desired conclusion. O

Remark 4.6 if VI(H,Ag,M4) N VI(H,Ag,Mg) # @, then observe that VI(H,Ag, M4) N
VI(H, Ag, M) = Q.

5 Example and numerical results

In this section, we give an example supporting Theorem 3.1.
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Example 5.1 Let H = R? be the two dimensional space of real numbers with an inner
product {-,-) : R? x R? — R defined by (x,y) = x - y = X191 + x2), and the usual norm
II-1I: R?* x R? - R given by ||| = /x7 +x3 for all x = (x1,%,) € R%. Let C; = {(%1,%) €
H|—-2x, +x <1} and Cy = {(x1,%2) € H|4%; — 2x> < 3}. Define the mapping A; : C; — R?
by A1(x1,%2) = (3—’2‘1, 3—;2). Define the mapping A : C; — R? by As(x1,%2) = (2x1,2x2). Let
the mapping A : R?> — R? be defined by Ag(x,%,) = (%, + 1,%, + 1). Let C = C; N C,. We
have

Pc(x1,%7)

(=1999x; + 1000, + 750,4000x; — 1999x5 — 1500);
if = 40x7.+20x5 < ~15,

(w1,%2);
if —15 < —40x; +20x, <5,

(=1999x1 + 1000x — 250,4000x1 — 1999, — 500);
if = 40x1 + 20x5 > 5.

Let x,,u € R?, (%) and {3,}5°, be generated by

Yn = Pc(I- 2 Z?:l aiA)xn,
Qu=(z€H : (I -2 Y1) @id) % — Yo —2) = 0}, (1)
Xnsl = Ol + ﬂVlPQn (o = A Z?:l aiAiy") + VG,

where {a,} = i%i’{ﬂ"} = %"2;2,{)/,,} s 71”2;1 C [0,1] and @ = 0.5 € (0,1). Show that {x,} and
{yx} converge strongly to (0,0).

Solution. Since Ay, A, and Ag are %, 1 and 1-inverse strongly monotone mappings, re-
spectively, n = % Choose A4 = %,)\B =1€(0,206)and b = %, we obtain G(x1, %) = (£, 12)-
Choose X = 41; € (0,n). It is easy to see that the sequences {«,}, {B,} and {y,} satisfy all con-
ditions in Theorem 3.1 and (0,0) € VI(C,A;) N VI(C,A>) N F(G). From Theorem 3.1, we

can conclude that the sequence {x,} and {y,} converge strongly to (0,0).

Example 5.2 Let H = Ly([-1,1]) with product (f,g) = f}lf(t)g(t)dt and the associated
norm given as ||f]| := ,/fjlf(t)g(t) dt for all f,g € Ly([-1,1]). Take C = {x € H : ||x|| < 2}.
Define the mapping A, : Ly([-1,1]) — La([-1,1]) by A (h(2)) = h(t) — 2¢ for all £ € [-1,1].
Define the mapping A, : Ly([-1,1]) — La([=1, 1]) by A2 (h(t)) = %h(t) —3tforallte[-1,1].
Let the mapping Ag : Ly([-1,1]) — La([-1,1]) be defined by Ag(h(t)) = h(¢) — 5¢ for all
t € [-1,1]. We have

f@; IOl <2,

2 IO > 2.

Pe(f(0) =

Leti=1,2,%,u € R% {x,)°°, and {y,}>°, be generated by (21) where {c,} = ﬁ, {Bn} =
51"2;2, {yu} = 221 € [0,1] and @ = 0.4 € (0,1). Show that {x,} and {y,} converge strongly to

12n
2t.
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Table 1 Detailed analysis of computational methods (21) and (3) for Example 1 with u = (5,5),
N=15,E6) = X7 =x][l,n € No and E(5) = [1x3*! =xJ]l,n € No

Iterative (21) Iterative (3)
n EX)) E(X)) E(x}) E(x5)
1 1.0000 2.0000 1.0000 2.0000
2 0.6468 0.8770 0.6497 0.8828
3 0.3961 04630 03995 04681
4 0.2619 0.2826 0.2646 0.2862
15 0.0472 0.0457 0.0476 0.0476

Table 2 Detailed analysis of computational methods (21) and (3) for Example 1 with u=3t, N=15
and E(xp) = ||Xp+1-— Xall, n € No

n E(xn): Algorithm (21) E(xp): Algorithm (3)
1 0.7626 0.7626
2 0.1291 0.1221
3 0.0480 0.0492
4 0.0208 0.0226
15 0.0006 0.0007

Solution. Since A}, A, and Ag are 1,1 and 1-inverse strongly monotone mappings, re-
spectively, n = 1. Choose A4 = 3,4z = 1 € (0,2x) and b = 1, we obtain G(h(t)) = %.
Choose A = i € (0,7m). It is easy to see that the sequences {a,},{B,} and {y,} satisfy all
conditions in Theorem 3.1 and 2t € VI(C,A;) N VI(C,A;) N F(G). From Theorem 3.1, we

can conclude that the sequences {x,} and {y,} converge strongly to 21.

Example 5.3 Let f : H — R be a convex function. Consider the following convex opti-

mization problem:

min () (42)
and
ming(x) (43)

It is well known that x* € C solves (42) and (43) if and only if x* € C satisfies the following
variational inequalities:

(Vf(x*),x-x*)>0, VxeC, (44)
and
(Vg(x*),x = x*) >0, VxeC, (45)

that is, x* € VI(C, Vf) N VI(C, Vg). Let H = R. Take C = [1,10]. Define the mapping f :

[1,10] = R by f(x) = @ + 1. Define the mapping g : [1,10] — R by g(x) = % —Inx - %
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Table 3 Detailed analysis of computational methods (21) and (3) for Example 1 withu=3, N=15
and E(xp) = llxn1 = Xpll.n € No

n

E(x,): Algorithm (21)

E(x,): Algorithm (3)

1 2.9044 27500
2 0.7088 0.7428
3 0.2200 0.2681
4 0.0762 0.1082
15 0.0012 0.0015
12 T 00s8f "
'r‘ 0.054 1
0.052
1 005
oo ~: -
0046 N, = 1
28 0.044.4- J g 1
0.042 \\\1[
§ 06 495 5 505 5.1
w Numbers of Iteration !
04l
0.2
|
. |
. Nane. d—————| o
0 5 10 15
Numbers of Iteration
Figure 1_Comparison between Algorithms (21) and (3) for Example 1 with u=(5,5)and N=15

Let ®y,u € R%. From (21), we find that {x,}°, and {y,}%, are generated by

Yu =Pcl —MarVf + a2Vg))xn,
Qu={z € H: (I -~ Ma1Vf + a3 V)X ~ Y ¥ — 2) = 0}, (46)
Xn+l = Oyl + ﬂnPQn (xn — )\(ulvf + “ZVg)yn) + Vrszm

where {a,} = ﬁ,{ﬂn} = %, {yu} = 71"2*1 C [0,1] and @ = 0.5 € (0,1). Show that {x,} and

{¥n} converge strongly to 1.

Solution. Since f and g are convex and differentiable with f”(x) = @ and g'(x) =x - L.
It implies that Vf and Vg are % and l-inverse strongly monotone mappings, respectively.
Choose n = %, Aa = %,AB =1€(0,2a) and b = }t, we obtain G(x) = {5 + % Choose A =
% € (0,n). It is easy to see that the sequences {,},{B,} and {y,} satisfy all conditions in
Theorem 3.1 and 1 € VI(C, Vf) N VI(C,Vg) N F(G). From Theorem 3.1, we can conclude

that the sequences {x,} and {y,} converge strongly to 1.

Remark 5.4 According to Tables 1-3 and Figs. 1-3, it is shown that our Algorithm (21)
converges to an element of the set ﬂf‘i 1 VI(C,A;) NF(G) at a faster rate than Algorithm (3).
Therefore, our algorithm is more efficient.
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Figure 2 Comparison between Algorithms (21) and (3) for Example 2 withu=3tand N=15
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Figure 3 Comparison between Algorithms (21) and (3) for Example 3 with u=3 and N=15

6 Conclusion

In this paper, we have proposed a new problem, called a generalized system of modified
variational inclusion problems (GSMVIP). This problem can be reduced to a classical vari-
ational inclusion problem and a classical variational inequalities problem. Moreover, we

study the half-space

N
I—AZaiAi Xy —VwYn—2)>0¢,

i=1

Q,=3z€eH:
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which can be reduced to 7}, in Algorithm (3). In order to solve the GSMVIP and the set
of a finite family of variational inequalities problem, we have presented a new subgradi-
ent extragradient algorithm which uses Q, and show that it converges to a solution of the
GSMVIP and the set of a finite family of variational inequalities problem under suitable
conditions. Therefore, our algorithm improves the algorithm proposed by Censor et al.
[12]. The efficiency of the proposed algorithm has also been illustrated by several numer-
ical experiments.
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Approximating G-variational inequality problem by
G-subgradient extragradient method in Hilbert space
endowed with graphs

AUTCHA ARAVEEPORN!, ARAYA KHEAWBORISUT? and ATID KANGTUNYAKARN?

ABSTRACT. In this article, we introduce G-subgradient extragradient method for solving the G- variational
inequality problem in Hilbert space endowed with a direct graph. Utilizing our mathematical tools, weak and
strong convergence theorem are established for the proposed algorithm. In addition, we provide numerical
experiments to illustrate the convergence behavior of our proposed algorithm.

1. INTRODUCTION

Let H be a real Hilbert space and D be a nonempty closed convex subset of a real
Hilbert space H. The set of fixed points is denoted by F/(T') = {x € C : Tz = z}, where
T : D — D is a mapping. The following symbols will be used throughout this research:

i) G = (Eed(G),Ver(G)) is a directed graph where Ver(Q) is vertices set and Fed(G) is
set of its edges with {(z,z) : z € Ver(G)} C Eed(G)

ii) Eed(G™1) = {(y,2) : (z,y) € Fed(G)}.

The variational inequality problem (VIP) is to find a point 2* € D such that

<y_ Z*,BZ*> 2 Oa

for all y € D, where B : D — H is a mapping. The Variational inequality problems can
be used to solve problems in engineering, economics, and physics; see more details in
[2,5,9,11].

The most famous technique for solving the problem (VIP) is the extragradient method
suggested by Korpelevich [7]. This process must enumerate two projections onto the fea-
sible set D in each iteration. If the set D is a half-space or a closed ball, effectiveness is
completed in the result of the projection onto D. In the recent years, the extragradient
method has approved meaningful awareness by numerous authors, who developed it in
different ways, see, e.g. [2, 3, 5] and the several citations therein.

In [1], Censor et al. introduced a new extragradient method as follows:

wy, = Pp(I — AB)v,
(1.1) T" ={w e D : (I =AB)vy, — wy, w, —w) >0}
Unt1 = Prn (Un = /\Bwn) )

foralln € N and A > 0. They proved that {v,} generated by (1.1) converges weakly
to a solution of VIP. In this technique they have renovated the second projection in Kor-
pelevich ’s extragradient method with a projection onto a half-space, which is estimated
explicitly. Such method is called subgradient extragradient.
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Jachymski [4] was the first to analyze the fixed point problem in metric space endowed
with graph and introduce the crucial conclusion in this space by integrating fixed point
properties and graph theory, see more detail in [4].

Let D = Ver(G) and the mapping T : D — D is called G-nonexpansive if the following
conditions hold:

1) T is edge-preserving i.e., for each x,y € D such that (z,y) € Eed(G)= (Tz,Ty) €
Eed(G),

2) |Tx — Ty|| < ||z — y||, whenever (z,y) € Eed(G) forall z,y € D.

Tiammee et al. were the first to prove the strong convergence theorem of a sequence
generated by Halpern iteration for approximating fixed point problem of G-nonexpansive
mapping in Hilbert space endowed with a directed graph. See more detail [10].

Using concepts related to the variational inequality problem and graph theory, Kang-
tunyakarn [6] introduced the G-variational inequality problem, which is to find a point
x* € D such that

(y—z*,Bx*) >0,
for all y € D with (z*,y) € Fed(G)and B : D — H is a mapping, where D = Ver(G).
The set of all solution of such problem denoted by G — Var(D,B). He proved strong
convergence theorem to solve G-variational inequality problem.

By combining the concepts of subgradient extragadient method and graph theory in
this research, we introduce G-subgradient extragadient method for approximating the
solution of G-variational inequality problem. To use such a method, we introduce G-Half

space Te ={w e D: (I—-AB)z —y,y—=w) >0},
where A > 0, B : D — H is a mapping and y = Pp(/ — AB)x for all z € H with
(w,x) € Eed(Q).

Example 1.1. Let H = R? and D = [-100,100] x [-100,100] and metric projection Pp :
H — D define by

Pp (21, z9) = (max {min {z1, 100} , =100} , max {min {z5,100} , —100}),

forall z = (24, 22) € H.

Let B : D — H define by Bx = (4, %) forall z = (vy,v;) € D and Ver(G) = D,
Eed(G) = {(u,v) : u = (uy,us) € [0,100] x [0,100] and v = (v, v3) € (300, 00) x (300, 00)}.
Putting A = 2. From definitions of Pp and B, we have Pp(1 = AB)z = Pp (%, %) for all
x = (vi,v2) € H.

Let (w,z) € Eed(G), where w = (w1, w2),x = (v1,v2). From definition of Pp, we have
Pp(I'— AB)z = (100, 100) and T = [0, 100] % [0, 100].

In this paper, motivated by the research [7, 1] and [6], we introduce a G-subgradient
extragradient method for solving the G-variational inequality problem in Hilbert space
endowed with a direct graph. Then we establish weak and strong convergence theorems
under some proper conditions. Furthermore, we also give some examples to support our
main result.

2. PRELIMINARIES

This section collects well known definitions and lemmas as an essential tool for prov-
ing our main theorems.

Let D be a nonempty closed convex subset of a real Hilbert space H. We denote
strong convergence and weak convergence by notations — and —, respectively. For every
x € H, there exists a unique nearest point Ppx € D such that

llz — Ppal| < |lx - yll, VyeD.
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Pp is called metric projection of H onto D.
Foreachz € H and y € D. It follows that

22) llz = ylI> > ||z — Ppa|® +[ly — Ppzl*.

Lemma 2.1. Let Pp be the metric projection from H onto D. Then
i) Pp is a nonexpansive mapping, i.e.

|Ppz — Ppyl| < [z —yll, Vz,y € H.
ii)y=Ppre{x—yy—2 =20 VYrxeD

Definition 2.1. [8] A subset X of Ver(G) is called a dominating set if for every v belong
to Ver(G) — X there exists a point  belong to X such that (x,v) belong to Fed(G) and
we said that = dominates v or v is dominated by x. A subset Z of Ver(G) is dominated by v €
Ver(G) if (v,2) € Eed(G),Vz€ Z and we said that X dominates v if (x,v) € Eed(G) Vre X.

Definition 2.2. [8] A graph G is called transitive if for every z, y € Ver(G) with(z,y), (y, 2)
€ Eed(G), then (z, z) € Eed(G).

Property G [6] Vertices set Ver(G) = D is said to have Property G if every sequence
{a,} in D converging weakly to z € D, there is a subsequence {a,, } of {a,} such that
(an, ) € Bed(G) Yk € N.

Definition 2.3. [6]Let Ver(G) = D. The mapping B : D — H is called G-a-inverse strongly
monotone(G-a-ism) if there is a > 0 such that

(Bz - By,z ~y) > a|[Bx ~ By||”
Va,y € Dwith (z,y) € Fed(G).

The difference between G-a-ism and a-inverse strongly monotone is found in the refer-
ence [6].

Lemma 2.2. [6] Let Eed(G) be a convex and Ver(G) = D. Let G = (Ver(G), Eed(G)) be a
direct graph and G be transitive with Eed(G) = Eed(G™"). Let B : D — H is G-a-ism operator
with B-1(0) # 0. Then G — Var(D, B) = B=1(0) = F (Pp (I = AB)), for all A > 0.

Lemma 2.3. [6] Let Eed(G) be a convex and Ver(G) = D. Let G = (Ver(G), Eed(G))
be a direct graph and let B : D — H is G-a-ism operator. For every V X\ € (0,2a), if
F (Pp(I — AB)) x F(Pp(I = AB)) C Eed(Q), then F (Pp(I — AB)) is closed and convex.

Lemma 2.4. [9] Let {a,, } and {b,} be subset of [0, c0) satisfying
An41 < an gt bna

foralln € N.

o0
1) if Z b, < 0o, then 7}13;0 a, exists

n=1
oo
i1) if E b, < oo and there exist a subsequence of {a,,} converging to zero, then lim a, = 0.
n— oo
n=1

Lemma 2.5. [9] Let {v,,} be a sequence in H. Suppose that, for all uw € D,
[ont1 = ull < [lvn —ul + bn,

foralln € Nand y> | b, < co. Then {Ppuv,,} converges strongly to some z € D.
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Lemma 2.6. [11] Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,}
with x,, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||

n—oo n— o0

holds for every y € H with x # y.

3. MAIN RESULTS

Theorem 3.1. Let G, Ver(G), Eed(G), B as in Lemma 2.2. Assume that G — Var(D,B) # ()
with G — Var(D,B) x G —Var(D, B) C Eed(G). Let {v,} be a sequence defined by vy € D
and

wy, = Pp(I = AB)vy,

Té={we D: {((I—-AB)v, —w,,w, —w) >0}

Un+41 = PTg (Un ¥ i )\Bwn) )
for all n € N where X € (0, ) and T(; is G- Half space. Then sequence {v,,} converges weakly
to an element & € G — Var(D, B) and the sequence {Pg_Vw(D’B)vn} converges strongly to z,
where G — Var(D, B) dominates v, {v, } dominates vy and {w,,} is dominated by vy.

Proof. Letv* € G—Var(D,B). Since G — Var(D, B) dominates by v,, we have (v, ,v*) €
Eed(G) for all n € N. From Lemma 2.2, we have v* = Pp(I — AB)v*.
Utilizing Definition 2.3, we have

lwn =v* 7 < |Jvn = v¥||? = 2X (Bu, — Bv* ;v — 1"+ A2 || Bu, — Bv*||?
lvn — V*||2 —2\a ||Buy, — Bv*||2 RPN | Bvy, — Bv*H2
= lvn —0*|2 = A2a = X) || Bu, — Bu* ||

< hvn S0P

IA

Due to {v,} dominates vy and {w,} is dominated by vy, we have (v,,v), (vo, w,) €
Eed(G).
Exploiting of G is transitive, we get (v,,w,) € Eed(G) .
From the assumption that Eed(G) = Eed(G™'), we deduce that (w,,v,) € Eed(G).
From (wy,, vy), (vn,,v™) € Eed(G) and the assumption that G is transitive, we get (w,, v*) €
Eed(G).
From iteration of sequence {v,, }, we have
* * 2
i1 — v*)* < flvn = ABwy —v* |12 = |Jv, — ABwy, = Pro (v, — ABw,,) ||
= |lun — v*||> = 2X (Buwp, vy = 0*) + [[ABw, ||
- an — PTg (v, — )\Bwn)H2 + 2\ <Bwn,vn — PT&L (v, — )\Bwn)>
= ”)‘Bwn”2
= [lvn — v*||> = 2) (Buwn, Prg (vn — ABw,) — v*)

— an — Prn (v, — /\Bwn)H2

(3.3)

From (w,,, v*) € Eed(G) and monotonicity of B, we have
0 < (Bw,, — Bv*,w,, —v")
= (Bwy, w, — v*) — (Bv*,w, —v*)
< (Bwp, w, —v")
= (Bwn, wy, — Pry (v, — ABwy,)) + (Bwn, Pra (v, — ABw,) —v*).
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It implies that
(3.4) -2 <Bwn, Prz (v, — ABwy,) — v*) <2 <Bwn, wp, — Pra (v, — )\Bwn)>

From (3.3) and (3.4), we have

[vnt1 —v*[? < v = v*||* = 2A (Bwa, Pry (vn — ABwy) —v*)

— ||vn = Prz (va = AB,)|”

< low = v*||2 + 2\ <Bwn, Wy, — Prn (v — /\Bwn)>
— ||vn — Pra(vn — )\an)HZ

= |lvn — v*||* + 2X(Bwpywn — Prn (vn — ABwy))
—\|Jop, = wn||2 -2 <vn — Wiy Wn, — Pra (v, — ABw,,))
D ||wn 7 Pra (v, — )\Bwn)H2

= fon= "2 = Jon — wal> =Jjwn — Pry (v — ABw,) ||
+2 <)\Bwn ~ Wy, - Wn, Wn, —Prg (v, — )\Bwn)>

= Nvw = 2= Non = wal® < {lwn — Prz Wn — ABw,)|”
+2{(I'— AB)vn,~ W, Prz (un = ABw,) = wn)
+2X (Bv,, — Bwp, Py (v, — ABwy,) = Wy,)

</ lon = w712 = on~ wnl® = |fwn = Pry (vn — ABuw,)|?
+2X (Bv, — Bw,, Pra (v, — ABwy) — w,, )

< fon = 02 = v = wnll? = flwn= Prs (va = ABw,)||?

A

+25(|an — Bwy ||+ | Pry (v = ABwy,) — wy|

< lvn =012 S fon =) = l|wn — Prr (05 — /\Bwn)H2
+2 (an —w,|I*+ |Pry (v, — ABwy) = wnz)

; )
Aot {15 2 oS
A 2

From Lemma 2.4, we have lim,,_,. [|[v, — v*||* exists for all v* € G — Var(D, B) and
{vn} is a bounded sequence.
From (3.5) and lim,, .+ [|v, — v*||* exists, we have

lim [P (I = AB)un = v = lim_[[0, = w, ] = .

Since {v,, } is a bounded sequence, there is a subsequence {v,, } of {v,} converses weakly
to x.

Since D have a property G, we have (v, ,Z) € Fed(G).

Assume that Pp (I —AB)Z # . By opial property and using the same method as (3.3), we
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have
limsup ||v,, —Z|| < lmsup ||v,, — Pp(I — AB)Z||
k— o0 k—o0
< lilrcnsup (lvn, — Po(I — AB)vp, || + |Pp(I — AB)vy, — Pp(I — AB)z||)
—00
< limsup ||v,, — 7.
k—o0

Contradiction. So, we have Pp(I — A\B)Z = .
Lety € D with (z,y) € D, then

(I-XB)Z — %,z —y) >0.

It follows that
(y —z,Bx) >0,
forally € D with (z,y) € D. Then, we havez € G — Var(D, B).
Therefore v, — z € G — Var(D, B) as k — .
Since(vy, , ¥) € Fed(G) and using the same method as lim,,_, s ||v,, — v*|| exists, we have
limy_, oo ||vn, — Z|| exists.
At the end of this theorem we demonstrate that {v,,} converses weakly to Z. Assume that
U, — T as k — oo and 7 # &. Thank to the Opial’s condition, we obtain

lim [|v,, — Z|] = limsup ||v,, — Z|
n—>0Q, k—so00
< limsup ||v,, — 2|
k—o0
< limsup |jv,, — Z||
k—00

= lim |lv, = Z|.
n— oo
Contradiction. So, we get Z = 2. We can conclude that a sequence {v,,} converges weakly
toz € G- Var(D,B).
Due to (3.5) and exploiting of Lemma 2.5, we have { Py, (p,5)un } cOnverges strongly
toze G—Var(D,B).
From property of Pg_var(p,5), We have

(Un)=PG_Var(D'B)nr LG 2var(p:B)Un =I) 2 0

Take n — oo, we have ||z — || = 0. So, we have z = #. Therefore we can conclude
that{P;__v.,(p,Byvn} converges strongly to # € G — Var(D, B).This is ultimately the
prove. O

4. APPLICATION

To resolved a fixed point problem in Hilbert space endowed with a direct graph by
using G-subgradient extragradient method, we required the following lemma;

Lemma 4.7. [6] Let D be a nonempty closed convex subset of a real Hilbert space H and let
G = (Ver(G), Eed(G)) be a directed graph with D = Ver(G) having property G. Let Eed(G)
be a convex set with Eed(G) = Eed(G™!). Let T : D — D be G-nonexpansive mapping with
F(T) # 0and F(T) x F(T) C Eed(G). Then

i) I —Tis G — &- inverse strongly monotone,

ii) G —Var(D,I -T)=F(T).

The following theorem is an immediate result of Theorem 3.1 and Lemma 4.7.
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Theorem 4.2. Let D be a nonempty closed convex subset of a real Hilbert space H and let G =
(Ver(G), Eed(Q)) be a directed graph with D = Ver(G) having property G. Let Eed(G) be a
convex set and G be transitive with Eed(G) = Eed (G=') and let T : D — D be G-nonexpansive
mapping with F(T) # Qand F(T) x F(T) C Eed(G). Let {v,, } be a sequence defined by vy € D
and

wy, = Pp(I — I —T)v,
TE ={we D : {((I—-XI—T)vy, — wn,w, —v) >0}
Un+1 = PTZ:L (Un — )\(] — T)wn) y
forall n € N where A € (0, o) and T is G- Half space. Then sequence {v,,} converses weakly to

anelement v € F(T) and the sequence { Pp() vy, } converges strongly to v, where F(T) dominates
Un, {vn,} dominates vy and {w,} is dominated by vo.

Following that, we provide an example to support our main result.

Example 4.2. Let D = [—1, 1] and G = (D, Eed(G)) be a directed graph, where Eed(G) =
{(z,y) : =,y € [0,1]}. Let the mappings B : D — R define by Bx = = — %3 - 3, and
S : D — R define by Sz = I4—3 + 5, forallz € D.

Suppose that the sequence {v,, } is generated by vy = 1 and

wyp, = Pp(I — AB)vy,
4.6) TE ={w e D : (I —AB)v, —wn, w, —w) > 0}
B PTCT:L (Un . )\Bwn) )

for alln € N where A € (0, «) and T is G- Half space. Then sequence {v,} converses
weakly to an element of v € G—Var(D, B) and the sequence {PG‘VM( D, B)v”} converges
strongly to v, where G — Var(D, B) dominates v,,, {v,,} dominates vg and {w,} is domi-
nated by vo.

Solution. It is obvious that 1 € F(S), and Eed(G) = Eed(G™1).

First, we show that S is a G-nonexpansive mapping. Let z,y € D with (z,y) € Eed(G).
Then, we have z,y € [0,1]. Since 2*, y*, 2 € [0, 1] and [0, 1] is a convex set, we have

2157375
Sa:—4.r +4(8) € [0,1]
and
AN 4
Sy=v° +7(3) € [0:1):

From definition of S, we have

3 15 y> 15 AR
|5m—Sy|—|(z+3—2)—(Z+3—2)| _|I_Z|

1 1
ZIIQ +ay+yPlle —yl < 13z —yl
<l|z -yl

Then (Sz, Sy) € Eed(G). Therefore S is a G-nonexpansive mapping.
Since Bz = (I — S)z, S is a G-nonexpansive mapping and Lemma 4.7, we have B is G-1-
inverse strongly monotone. It is obvious that G — Var(D, B) = {3}
Putting A = 1. From convexity of [0, 1], we have
1 3 2

1 15
(I——B)Z = ZZ+ Z(Z+3—2)€[0,1],
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forall z € [0, 1].
From definition of Pp, it follows that

(4.7) Pp(I — iB)z € [0,1],

forall z € [0, 1].
Let (w, z) € Eed(G). From definition of T/ and (4.7), we have TZ C [0, 1].
Since vy € [0,1] and (4.7), we have

1
(4.8) wo = Pp(I — ZB)UO €10,1],
From TZ% C [0, 1], we have

1
(4.9) V1 = PTg (Uo - ZBU)()) € [O, 1],

Continue the method of (4.8) and (4.9), we have wy, v, € [0,1] foralln € N.

Since vo, 3, v, and w,, € [0,1], it follows that (3, v,,), (v, v) and (wn, vo) € Eed(G).

We can conclude that G — Var(D, B) dominates v, {v,} dominates vy and {w,, } is domi-
nated by v,. All conditions of Example 4.2 satisfies Theorem 3.1, so we can conclude that
sequence {v,} converses weakly to an element of § € G — Var(D, B) and the sequence
{Pc_var(D,B)vn } converges strongly to 3.

n Vn
1 1.0000000
2 0.9349873
3 0.8699746
4 0.8108711

19 0.5159698

20 0.5101756
TABLE 1. Detailed analysis of computational methods (4.6) for Example
4.1 withvg =1, N = 20.

0.6

05

04 r

03uE

02

0.1rF

FIGURE 1. The convergence behavious of {vn} with vy = 1 and N = 20.
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Example 4.3. Let D = [-5,5] and G = (D x D, Eed(G)) be a directed graph, where
Eed(G) = {(z,y) : * = (z1,22),y = (y1,¥2) € [—3,2] x [-1,2]}. Let the mappings
B: D x D — R? define by B(z1,x2) = (% — 8, £ forall zy,22 € D.
Let metric projection Pp : H x H — D x D define by

Pp (21, z2) = (max {min{z1,5}, -5} ,max {min {23,5} , —5}),

forall z = (21,22) € H x H.
Suppose that the sequence {v"} is generated by v° = (v{,09) = (1,1) and

w™ = Pp(I — AB)v"™
(4.10) Ta={we D x D{((I—-AB)v" —w™,w" —w) >0}
v EL="Pr; (v™ = ABw”"),

for all n € N where v" = (v, v5),w" = (wi,ws) A € (0,a) and TE is G- Half space.
Then sequence {v"} converses weakly to an element of © € G — Var(D, B) and the se-
quence {PG,V(”.( D, B)v”} converges strongly to v, where G — Var(D, B) dominates v",
{v"} dominates v and {w"} is dominated by v°.
Solution. It is easy to see that (2,0) € G — Var(D, B), and Fed(G) = Eed(G™!). Itis
obvious that B is G-}-inverse strongly monotone.
Putting A = 1. From the definition of B, we have

421 2 1522 1

(4.11) (I—EB)Z I\ (AT Je |2

1
= 72]>< [_'72]7
5 5 16 2 2

forallz = (z1,22) €1=3,2]'x [~ 3,2].

From definition of Pp, it follows that

1 1 1
412 Pp(I — -B —=,2 —=0,2
(4.12) o = ;B)z € [-5:21 x[=50,2],

forall z = (21, 22) € [—3,2] x [-3,2].
Let (w, z) € Eed(G). From definition of 7 and (4.12), we have 7% C [—1,2] x [-3,2].
Since v° € [~2,2] x [~3,2] and (4.12), we have

1 1 1
(4.13) @ '= Pp{d— ZB)uO € [—5, 2] x [—5,2],

whete w° = (wl;wl) € [=3,2}x =1, 2]. From Tg C [-1,2}% [~§,2], we have

1 1 1
¥ __ 0 0
(414) v = PTS(U = ZBU} ) = [—5,2] X [—572],

where v1.=(v],v3) € [-3,2] x [-1,2].

Continue the method of (4.13) and (4.14), we havew™, v" € [-3,2] x [-1,2] forall n € N,
o™ = (7, v3), w" =(wp, wh).

Since 1Y, (2,0),v" and w™ € [—3,2] x [-1,2], it follows that ((2,0),v"), (v",+°) and
(w™, %) € Eed(G).

We can conclude that G — Var(D, B) dominates v™, {v"} dominates v° and {w"} is dom-
inated by v°. All conditions of Example 4.3 satisfies Theorem 3.1, so we can conclude that
sequence {v"} converses weakly to an element of (2,0) € G—Var(D, B) and the sequence

{Pc_varp,B)v"™} converges strongly to (2,0).
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n v vy

1 1.0000000 1.0000000
2 1.1600000 0.9414062
3 1.2944000 0.8862457
4 1.4072960 0.8343173

99  2.0000000 0.0028601
100  2.0000000 0.0026925

TABLE 2. Detailed analysis of computational methods (4.10) for Example
4.2 withv® = (1,1), N = 100.

FIGURE 2. The convergence behavious of {v®} with v? = (1,1) and N = 100.
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