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Chapter 1
Introduction

Throughout this thesis, let H be a real Hilbert space with inner product ⟨·, ·⟩

and norm ∥ · ∥. Let C be a nonempty closed convex subset of H . We use “⇀” for
weak convergence and “→” for strong convergence.

1.1 Research motivation

x

y

Fixed Point

Figure 1.1: Graph with a fixed point

The Fixed-point theory is widely recognized as an exceptionally potent and
fundamental tool in the study of nonlinear phenomena, spanning applications in di-
verse fields such as biology, chemistry, economics, engineering, game theory, com-
puter science, physics, geometry, and image processing. Fixed point techniques have
emerged as a vital cornerstone of modern scientific research. For example, [1] [2] [3]
[4] [5] have all utilized these techniques.

The concept of fixed points and the related problem of finding them have been
studied extensively in various mathematical disciplines. The origins of the fixed point
problem can be traced back to the early 19th century, with significant contributions
from mathematicians such as Augustin-Louis Cauchy and Karl Weierstrass [6].

Cauchy’s formulation of the fixed point problem in 1823 [7] established the
idea of finding points that remain unchanged under a given transformation. Although
Cauchy’s fixed point theorem did not include a proof, it laid the foundation for further
investigations into the problem.

A comprehensive proof of the existence of fixed points in a more general setting
was provided by Stefan Banach in 1922 [35]. Banach’s fixed point theorem, also known

1
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as the contraction mapping theorem, has become a cornerstone of fixed point theory.
The theorem ensures the existence and uniqueness of fixed points in complete metric
spaces and has found wide application in various mathematical fields.

The development of fixed point theory continued with significant contributions
from mathematicians such as Maurice Fréchet [36], Shizuo Kakutani [37] , and Leray-
Schauder [38]. Their work expanded the theory to include more general spaces and
non-linear mappings.

Over the past few years, mathematicians have made significant advancements
in the development and extensive study of fixed point theory. A fixed point of a
mapping T refers to a point x belonging to a set X that satisfies the condition x = Tx,
where T : X → X represents a nonlinear mapping.

In this thesis, the notation F (T ) is employed to represent the fixed point set of
a mapping T . Consequently, fixed point theory revolves around establishing conditions
for the set X and the mapping T : X → X that ensure the existence and uniqueness
of fixed points.

Moreover, researchers have dedicated their efforts to investigating the structure
of the fixed point set and exploring methods for approximating fixed points.

Variational Inequality problems have a rich and significant history, originating
from the fields of mathematical optimization and game theory. The concept was
first introduced by Stampacchia in 1964 [40], and since then, researchers have made
continuous refinements to the problem formulation.

In 1976, Lions and Stampacchia laid the foundation for the fundamental the-
ory of Variational Inequality, providing a comprehensive framework for studying and
solving these problems [41]. Their pioneering work set the stage for subsequent ad-
vancements in the field.

Over the years, numerous researchers have made noteworthy contributions to
the theory of Variational Inequality and its practical applications. Pang and Gabriel
(1978) [42] introduced the concept of complementarity problems as a special case of
Variational Inequality, thereby expanding its applicability.

Facchinei and Pang (2003) [43] developed the theory of finite-dimensional Vari-
ational Inequality problems, which offered valuable insights into solving such problems
in finite-dimensional spaces.

In recent decades, Variational Inequality has found extensive usage in vari-
ous disciplines, including economics, engineering, and computer science. Researchers
have devoted their efforts to developing efficient numerical algorithms to tackle Vari-
ational Inequality problems, and notable contributions in this area have been made
by scholars such as Bendersky and Guler (2010) [44].

Today, Variational Inequality problems continue to be an active and thriving
area of research. Ongoing endeavors are aimed at advancing theoretical understand-This material is reserved for educational use only, not allowed for commercial use. 
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3

ing, devising innovative algorithms, and exploring new applications for this versatile
framework.

The continuous progress in this field holds the promise of enhancing our com-
prehension of complex systems and contributing to practical solutions across diverse
domains.

Let B : C → H be a mapping. The variational inequality problem is to find a
point u ∈ C such that

⟨Bu, v − u⟩ ≥ 0,

for all v ∈ C. And V I(C,B) denoted the set of solutions of the variational inequality
problem. Moreover, if B is strongly monotone and Lipschitzian on C, then it is well
known that the V I(C,B) has a unique solution.

The concept of Lipschitz continuity is named after the German mathematician
Rudolf Lipschitz, who introduced it in the 19th century. However, the idea of bound-
edness of derivatives, which forms the basis of Lipschitz continuity, can be traced back
to earlier works.

The study of functions with bounded derivatives began with the work of math-
ematicians such as Joseph-Louis Lagrange in the 18th century. Lagrange developed
the mean value theorem, which states that if a function is differentiable on an interval,
then there exists at least one point within that interval where the instantaneous rate
of change (derivative) of the function is equal to the average rate of change over the
interval.

The investigation of functions with bounded derivatives continued with math-
ematicians like Augustin-Louis Cauchy and Karl Weierstrass. Cauchy explored the con-
cept of uniform continuity, which is a stronger form of continuity than Lipschitz conti-
nuity. Meanwhile, Weierstrass made significant contributions to the theory of functions
by studying functions that satisfy certain growth conditions.

In 1872, Rudolf Lipschitz published a seminal paper titled ”Zur Theorie der
linearen Differentialgleichungen” [34], where he formalized the concept of Lipschitz
continuity. Lipschitz’s work focused on ordinary differential equations, and he showed
that if the derivative of a function is bounded on an interval, then the function itself
is Lipschitz continuous on that interval. This breakthrough provided a valuable tool
for analyzing differential equations and studying the behavior of functions.

Since Lipschitz’s original work, Lipschitz continuity has been extensively stud-
ied and applied in various branches of mathematics, including analysis, functional anal-
ysis, optimization theory, and numerical analysis. The concept plays a fundamental
role in understanding the behavior of functions and has found numerous applications
in diverse fields.

A mapping T : C → C is defined as β-Lipschitz continuous if there exists β > 0

This material is reserved for educational use only, not allowed for commercial use. 
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which
∥Tx− Ty∥ ≤ β∥x− y∥,

for all x, y ∈ C with Lipschitz constant β. We said T is also β-contractive mapping if
β ∈ (0, 1) and T is called nonexpansive if β = 1.

Strongly monotone mappings are valuable in mathematics and related fields
due to their ability to ensure the existence, uniqueness, and convergence of solutions.
They facilitate efficient algorithm development, aid in variational inequalities, play a
role in convex analysis, and help determine equilibria in game theory. In summary,
strongly monotone mappings provide essential properties and conditions, advancing
research in various mathematical domains.

It is well known that a mapping A : C → H is called α-strongly montone if there
exists α ≥ 0 satisfies

⟨Ax−Ay, x− y⟩ ≥ α∥x− y∥2,

for all x, y ∈ C. A must be called monotone if α = 0.
A mapping A of C into H is called γ-inverse strongly monotone [8], if there

exists a positive real number γ such that

⟨x− y,Ax−Ay⟩ ≥ γ ∥Ax−Ay∥2 ,

for all x, y ∈ C.
The Mann iteration, introduced by Mann in 1953 [39], is a fixed-point iteration

method commonly used to approximate fixed points of a mapping T . Given an initial
point x0, the Mann iteration generates a sequence {xn} defined by the recurrence
relation:

xn+1 = (1− λn)xn + λnTxn, (1.1)
where {λn} ⊆ (0, 1) is a parameter.

The convergence behavior of the Mann iteration depends on the properties of
the mapping T and the choice of {λn}. Under suitable conditions, the Mann iteration
converges to a fixed point of the mapping T .

Specifically, if T is a contractive mapping then the Mann iteration converges to
a unique fixed point of T for any choice of {λn} ⊆ (0, 1). This result is known as the
Mann iteration convergence theorem.

It is worth noting that the convergence rate of the Mann iteration can vary
depending on the choice of {λn} and the properties of the mapping T . In some cases,
a larger value of {λn} can lead to faster convergence, while in other cases, a smaller
value of {λn} may be more appropriate. The optimal choice of {λn} often depends
on the specific problem at hand and may require some experimentation or analysis.

The Mann iteration has been extensively studied and applied in various fields,
including optimization, numerical analysis, and nonlinear equations. It provides a sim-This material is reserved for educational use only, not allowed for commercial use. 
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ple yet powerful tool for approximating fixed points and has found numerous appli-
cations in practical problems.

Xu [21] introduced one of the most fundamental and popular methods for
proving strong convergence theorems to approximate nonlinear and inverse problems.
For example, see [27], [28], and [30]. The details are shown below.

Lemma 1.1. Let {Sn} be a sequence of real number satisfying

Sn+1 ≤ (1− αn)Sn + ξn,

for all n ≥ 0 with a sequence {αn} in (0,1) and a sequence {ξn} such that
(i)

∑∞
n=1 αn = ∞,

(ii) lim supn→∞ ξn/αn ≤ 0 or ∑∞
n=1 ξn <∞.

Then, we have
lim
n→∞

Sn = 0.

However, there are many researchers who try to prove strong convergence
theorems without using Lemma 1.1. For example, see [24], [25], and [26].

Throughout this research article, we will prove the strong convergence theorem
by modifying the Mann iteration of our proposed sequence without using Lemma 1.1.
In addition, we give an application to solve the variational inequality problem by
applying our main result.

1.2 Objectives of the study
The primary objectives of this thesis can be summarized as follows:

1) Introduce a new method for approximating the results of variational inequality
problems and fixed-point problems.

2) Omit the use of a popular lemma typically used as the basis for proving strong
convergence theorems

3) Demonstrate the effectiveness of this new method by comparing its results with
those obtained through the popular lemma

4) Provide a numerical example to support the study’s findings

1.3 Scopes of the study
1) Study the definitions and properties of variational inequality problems and fixed

point problems in real Hilbert space.

2) Investigate the fixed point problems of nonlinear mappings, including nonexpan-
sive mapping, L-Lipschitzian mapping, and α-inverse strongly monotone mapping.This material is reserved for educational use only, not allowed for commercial use. 
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1.4 Benefits of the study
1) Improved understanding of variational inequality problems and fixed-point prob-

lem of nonexpansive mappings, which are important concepts in optimization
and mathematical analysis.

2) Developing of a new method for solving variational inequality problems, which
may be useful in practical applications by omitting the solution of such problem.

3) A new techniqe to prove strong convergence theorem for fixed-point problem
and variational inequality problem.

4) Application of the new method to the fixed-point problem of nonexpansive map-
pings, which has important applications in many areas of science and engineering.

5) Demonstration of the effectiveness of the new method through numerical ex-
periments, which may encourage its adoption and use in practice.

6) Identification of areas for future research and development in the field of vari-
ational inequality problems and nonexpansive mappings, potentially leading to
further improvements and discoveries in this area of mathematics.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2
Theory and literature reviews

In this chapter, we give important lemmas, definitions, and theorems for used
throughout of this thesis. Moreover, we use the letter R for the set of all real numbers,
C for the set of all complex numbers and F for the set of all real or complex numbers.

2.1 Inner product space
Definition 2.1 (Inner product space [13]). An inner product space is a vector space X
with an inner product defined on X . Here, an inner product on X is a mapping ⟨·, ·⟩ of
X ×X into the scalar field F = R or C; that is, with every pair of vector x and y there
is associated a scalar which is written and is called the inner product of x and y, such
that for all vectors x, y, z and scalar α ∈ F we have:

(i) ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 ⇔ x = 0;

(ii) ⟨αx, y⟩ = α⟨x, y⟩;

(iii) ⟨x, y⟩ = ⟨y, x⟩;

(iv) ⟨x+ y, z⟩ = ⟨x, z⟩+ ⟨y, x⟩.

An inner product on X defines a norm on X given by ∥x∥ =
√
⟨x, x⟩.

A complete inner product space, also known as a complete pre-Hilbert space,
is a vector space equipped with an inner product that possesses the property of
completeness. Completeness refers to the property that every Cauchy sequence in
the space converges to a limit that also belongs to the same space.

Definition 2.2 (Complete Inner product space [45]). Let V be an inner product space
with inner product ⟨·, ·⟩. V is said to be complete if, for every Cauchy sequence {xn}

in V , there exists a vector x in V such that:

lim
n→∞

xn = x,

where the limit is taken with respect to the norm induced by the inner product:

∥x− xn∥ → 0 as n→ ∞.

In simpler terms, in a complete inner product space, any sequence of vectors
that becomes arbitrarily close to each other as the sequence progresses will have a
limit within the space.

7
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Theorem 2.1 ([9]). Let {an} be a bounded of real numbers. Then, there exists subse-
quence {ani

} of {an} such that

α = lim sup
n→∞

an = lim
i→∞

ani .

Similarly, there exists a subsequence {
anj

} of {an} such that

β = lim inf
n→∞

an = lim
j→∞

anj
.

Remark 2.2 ([9]). Let H be an inner product space. Then we know that the following
(1) and (2) are equivalent:

1) H is complete,

2) Each bounded sequence {xn} of H has a weakly convergence subsequence {xni
}

of {xn}.

2.2 Norm space
In mathematics, a normed space, or norm space, is a vector space equipped

with a norm, which is a function that assigns a non-negative length or magnitude to
each vector in the space.

Definition 2.3 (Normed space [12]). Let X be a vector space. A norm on X is a
real-valued function on X such that the following conditions are satisfied:

(i) ∥x∥ ≥ 0, and ∥x∥ = 0 if and only if x = 0;

(ii) ∥αx∥ = |α|∥x∥, ∀α ∈ F;

(iii) ∥x+ y∥ ≤ ∥x∥+ ∥y∥, ∀x, y ∈ X (the triangle inequality),

for all x, y ∈ X and α ∈ R or C. The ordered pair (X, ∥ · ∥) is called normed space. A
norm on X defines a metric d on X which is given by

d(x, y) = ∥x− y∥,

for all x, y ∈ X, and is called the metric induced by the norm.

Definition 2.4 (Complete norm [46]). Let X be a norm space. If any Cauchy sequence
in X converges to x ∈ X , then X is a complete norm space or called Banach space.

Definition 2.5 (Convex set [9]). Let X be a normed space and let C be a subset of X .
Then the set C is called convex if

αx+ (1− α)y ∈ C,

for all x, y ∈ C and α ∈ [0, 1].This material is reserved for educational use only, not allowed for commercial use. 
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2.3 Metric projection
Metric projection refers to finding the point in a metric space that is closest

to a given point or set. It involves minimizing the distance between the given point
and the set. Various techniques like orthogonal projection, nearest neighbor search,
optimization-based approaches, and approximation methods can be used for met-
ric projection. The choice of method depends on the problem and computational
requirements.
Definition 2.6 (Metric projection). Let C be closed convex subset of real Hilbert space
H , let PC be the metric projection of H onto C i.e., for x ∈ H , PCx satisfies the property

∥x− PCx∥ = min
y∈C

∥x− y∥.

Definition 2.7. (Property of metric projection) Let H be a Hilbert space and let a
nonempty closed convex subset of H . Then the metric project P of H onto C has
the following properties (1) and (2):

(1) P is a mapping of H onto C and P 2 = P,

(2) ∥Px− Py∥ ≤ ∥x− y∥ for all x, y ∈ H.

The following lemmas concern the properties of PC and the set of inequality
problems.
Lemma 2.3. (See [21]) Let H be a Hilbert space, let C be a nonempty closed convex
subset of H , and A be a mapping of C into H . Let u ∈ C, then for λ > 0,

u = PC(I − λA)u if and only if u ∈ V I(C,A).

2.4 Opial’s condition
Zdzisław Opial introduced the Opial property, which deals with weak conver-

gence in Banach spaces. If a sequence satisfies this property and weakly converges
to a point, a specific function associated with the sequence will also converge to a
predetermined value.

It involves the following steps: identifying the sequence and derived function,
verifying weak convergence, checking if the Opial condition holds, analyzing the con-
vergence properties of the derived function, and applying the findings to solve the
problem at hand.

By following these steps, Opial’s condition provides valuable insights into con-
vergence properties and facilitates progress in diverse mathematical fields.
Lemma 2.4 (See [21]). Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {un} ⊂ H with un ⇀ u, the inequality

lim inf
n→∞

∥un − u∥ < lim inf
n→∞

∥un − v∥This material is reserved for educational use only, not allowed for commercial use. 
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holds for every v ∈ H with v ̸= u.

2.5 Other lemmas to solve strong convergence
Lemma 2.5. (See [21]) Let C be a closed convex subset of Hilbert space H , and
let A and B be operators from C to H that are α and β-inverse strongly monotone,
respectively. If V I(C,A) ∩ V I(C,B) ̸= ∅. Then

V I(C, aA+ (1− a)B) = V I(C,A) ∩ V I(C,B),

for all a ∈ (0, 1). Furthermore if 0 < γ < min{2α, 2β}, we have I − γ(aA+ (1 − a)B) is a
nonexpansive mapping.

Lemma 2.6. (See [22]) Let {an}∞n=0 and {bn}∞n=0 be sequences of non-negative numbers
satisfying

an+1 ≤ an + bn,

for all n ≥ 0.

(i) If ∑∞
n=0 bn <∞, then limn→∞ an exists.

(ii) If ∑∞
n=0 bn < ∞ and {an}∞n=0 has a subsequence converging to zero, then

limn→∞ an = 0.

Lemma 2.7 ([21]). Let H be a Hilbert space. Then, for all x, y, x ∈ H and α, β, γ ∈ [0, 1]

with α+ β + γ = 1, we have

∥αx+ βy + γz∥2 = α∥x∥2 + β∥y∥2 + γ∥z∥2 − αβ∥x− y∥2 − αγ∥x− z∥2 − βγ∥y − z∥2.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 3
Research methodology

The methodology employed in this study follows a step-by-step process to
address the research objectives pertaining to approximating solutions for variational
inequality and fixed-point problems. The sequential approach outlined below forms
the basis for conducting our investigation:

1) Review of Fixed-Point Theorems: Collect relevant research papers and authori-
tative textbooks that cover fixed-point theorems and their applications. Analyze
and synthesize the information to gain a comprehensive understanding of existing
approaches and techniques.

2) Objective Definition: Clearly define the objectives and scope of the research,
delineating the specific problems that will be addressed, and the expected out-
comes.

3) Theoretical Framework: Develop the necessary theoretical tools and concepts
required for proving a strong convergence theorem for both the fixed-point prob-
lem and variational inequality problem. This involves formulating appropriate
mathematical models and frameworks to support the subsequent analysis.

4) Strong Convergence Theorem Proof: Rigorously prove the strong convergence
theorem for the fixed-point problem and variational inequality problem. Clearly
present the mathematical derivations, logical steps, and justifications for the the-
orems.

5) Numerical Examples and Applications: Provide illustrative examples that demon-
strate the practical implementation of the proposed methods. Utilize numerical
methods and simulations to showcase the effectiveness and efficiency of the pro-
posed solutions. Additionally, explore real-world applications of the developed
theorems in relevant contexts.

6) Conclusion: Summarize and discuss the obtained results, emphasizing their signif-
icance and implications. Highlight the contributions of the research and identify
potential areas for future exploration and improvement.

7) References: Compile a comprehensive list of all the references used throughout
the thesis, adhering to the appropriate citation style.

11
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Chapter 4
Main results and discussion

4.1 Strong convergences theorems
In this section, we introduce the theoretical framework related to strong con-

vergence, which represents the core achievement of our research. This framework
presents adaptable applications for tackling various problem domains. Additionally,
we outline the corresponding proof methods as follows.
Theorem 4.1. Let C be nonempty closed convex subset of a real Hilbert space H and
let T : C → C be a nonexpansive mapping. Let A : C → H be α-strongly monotone
and L-Lipschitzian. Let {xn} be a sequence generated by x0 ∈ C and

xn+1 = axn + bTxn + cPC(I − λA)xn,

for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), and a + b + c = 1. Then the followings are
equivalent:

(i) The sequence {xn} converges strongly to x⋆ ∈ F (T ) ∩ V I(C,A).
(ii) limn→∞ ∥xn − Txn∥ = 0.

Proof. Assuming that condition (i) holds, we show that (i)→ (ii). Let xn be the sequence
generated as defined in Theorem 4.1. Then we have

∥xn − Txn∥ = ∥xn − x⋆ + x⋆ − Txn∥

≤ ∥xn − x⋆∥+ ∥x⋆ − Txn∥

= ∥xn − x⋆∥+ ∥Tx⋆ − Txn∥

≤ 2∥xn − x⋆∥.

Since {xn} converges strongly to x⋆, then
lim
n→∞

∥xn − Txn∥ = 0.

Conversely, suppose condition (ii) holds and employ the nonexpansiveness of
PC . We get

∥PC(I − λA)x− PC(I − λA)y∥2 ≤ ∥(I − λA)x− (I − λA)y∥2

= ∥(x− y)− (λAx− λAy)∥2

= ∥x− y∥2 − 2 ⟨x− y, λAx− λAy⟩+ ∥λAx− λAy∥2

≤ ∥x− y∥2 − 2λ ⟨x− y,Ax−Ay⟩+ λ2α2∥x− y∥2

≤ (1− 2λα+ λ2α2)∥x− y∥2

= (1− λα)2∥x− y∥2

= ω2∥x− y∥2.

12
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with ω = 1− λα ∈ (0, 1).
Consequently, PC(I −λA) is an ω-contractive mapping. From T is a nonexpan-

sive mapping, getting

∥xn+1 − xn∥ = ∥(axn + bTxn + cPC(I − λA)xn)

− (axn−1 + bTxn−1 + cPC(I − λA)xn−1)∥

= ∥a(xn − xn−1) + b(Txn − Txn−1) + c(PC(I − λA)xn − PC(I − λA)xn−1)∥

≤ a∥xn − xn−1∥+ b∥Txn − Txn−1∥+ c∥PC(I − λA)xn − PC(I − λA)xn−1∥

≤ a∥xn − xn−1∥+ b∥xn − xn−1∥+ cω∥xn − xn−1∥

≤ (1− (1− ω)c)∥xn − xn−1∥

≤ (1− (1− ω)c)2∥xn−1 − xn−2∥

≤ (1− (1− ω)c)3∥xn−2 − xn−3∥
...
≤ (1− (1− ω)c)n∥x1 − x0∥. (4.1)

For any positive integers n and κ with using equation (4.1), we have

∥xn+κ − xn∥ = ∥xn+κ − xn+κ−1 + xn+κ−1 − xn+κ−2 + xn+κ−2 − ...− xn∥

≤ ∥xn+κ − xn+κ−1∥+ ∥xn+κ−1 − xn+κ−2∥+ ∥xn+κ−2 − xn+κ−3∥

+ ...+ ∥xn+1 − xn∥

=
n+κ−1∑
j=n

∥xj+1 − xj∥

≤
n+κ−1∑
j=n

(1− (1− ω)c)j∥x1 − x0∥

≤ (1− (1− ω)c)n

(1− ω)c
∥x1 − x0∥. (4.2)

From (4.2) and limn→∞(1− (1− ω)c)n = 0, we have {xn} is a Cauchy sequence.
From the completeness of H , there exists x⋆ ∈ H such that

lim
x→∞

xn = x⋆. (4.3)

Since C is closed, we obtain x⋆ ∈ C. Assume that x⋆ ̸= Tx⋆, using the fact that
limx→∞ ∥xn − Txn∥ = 0, Lemma 2.4, and nonexpansiveness of T . Getting,

lim inf
n→∞

∥xn − x⋆∥ < lim inf
n→∞

∥xn − Tx⋆∥

= lim inf
n→∞

(∥xn − Txn + Txn − Tx⋆∥)

≤ lim inf
n→∞

(∥xn − Txn∥+ ∥Txn − Tx⋆∥)

≤ lim inf
n→∞

∥xn − Txn∥+ lim inf
n→∞

∥xn − x⋆∥

= lim inf
n→∞

∥xn − x⋆∥.This material is reserved for educational use only, not allowed for commercial use. 
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This is a contradiction, we obtain that x⋆ = Tx⋆. It means that x⋆ ∈ F (T ). From
definition of xn+1, then

c∥PC(I − λA)xn − xn∥ ≤ ∥xn+1 − xn∥+ b∥Txn − xn∥.

From limn→∞ xn = x⋆ and condition (ii), we have

lim
n→∞

∥PC(I − λA)xn − xn∥ = 0. (4.4)

Assume that x⋆ ̸= P (I − λA)x⋆. From (4.4), Lemma 2.4, and the nonexpansive-
ness of PC(I − λA). Therefore, we have shown that

lim inf
n→∞

∥xn − x⋆∥ < lim inf
n→∞

∥xn − PC(I − λA)x⋆∥

= lim inf
n→∞

∥xn − PC(I − λA)xn + PC(I − λA)xn − PC(I − λA)x⋆∥

≤ lim inf
n→∞

(∥xn − PC(I − λA)xn∥+ ∥PC(I − λA)xn − PC(I − λA)x⋆) ∥

≤ lim inf
n→∞

∥xn − PC(I − λA)xn∥+ lim inf
n→∞

∥xn − x⋆∥

= lim inf
n→∞

∥xn − x⋆∥.

This is a contradiction, we obtain x⋆ = PC(I − λA)x⋆. From Lemma 2.3, then
x⋆ ∈ V I(C,A).

Hence, {xn} converges strongly to x⋆ ∈ F (T ) ∩ V I(C,A).

From the aforementioned theorem, it is evident that it leads to the subsequent
theorem discussed directly and succinctly.

Theorem 4.2. Let C be nonempty closed convex subset of a Hilbert space H and let
T : C → C be a nonexpansive mapping. Let A : C → H be α-strongly monotone and
L-Lipschitzian with F (T ) ∩ V I(C,A) ̸= ∅. Let {xn} be a sequence generated by x0 ∈ C

and
xn+1 = axn + bTxn + cPC(I − λA)xn,

for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), and a + b + c = 1. Then the sequence {xn}

converges strongly to x⋆ ∈ F (T ) ∩ V I(C,A).
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Proof. Let ψ ∈ F (T ) ∩ V I(C,A), then
∥xn+1 − ψ∥2 = ∥axn + bTxn + cPC(I − λA)xn − ψ∥2

= ∥axn + bTxn + cPC(I − λA)xn − (a+ b+ c)ψ∥2

= ∥a(xn − ψ) + b(Txn − ψ) + c(PC(I − λA)xn − ψ)∥2

= a∥xn − ψ∥2 + b∥Txn − ψ∥2 + c∥PC(I − λA)xn − ψ∥2 − ab∥(xn − ψ)− (Txn − ψ)∥2

− bc∥Txn − PC(I − λA)xn∥2

= a∥xn − ψ∥2 + b∥Txn − ψ∥2 + c∥PC(I − λA)xn − ψ∥2 − ab∥xn − Txn∥2

− bc∥Txn − PC(I − λA)xn∥2

≤ a∥xn − ψ∥2 + b∥Txn − Tψ∥2 + c∥PC(I − λA)xn − PC(I − λA)ψ∥2 − ab∥xn − Txn∥2

≤ a∥xn − ψ∥2 + b∥xn − ψ∥2 + cω2∥xn − ψ∥2 − ab∥xn − Txn∥2

≤ a∥xn − ψ∥2 + b∥xn − ψ∥2 + c∥xn − ψ∥2 − ab∥xn − Txn∥2

= ∥xn − ψ∥2 − ab∥xn − Txn∥2. (4.5)
From (4.5), it implies that

∥xn+1 − ψ∥ ≤ ∥xn − ψ∥. (4.6)
Employing Lemma 2.6, we have limn→∞ ∥xn − ψ∥ exists for all ψ ∈ F (T ) ∩

V I(C,A).
From (4.5), we get

ab∥xn − Txn∥2 ≤ ∥xn − ψ∥2 − ∥xn+1 − ψ∥2.

Accordingly,
lim
n→∞

∥xn − Txn∥ = 0. (4.7)
Using (4.7) and Theorem 4.1, it follows that the sequence {xn} converges

strongly to x⋆ ∈ F (T ) ∩ V I(C,A).

4.2 Applications
The combination of the variational inequality problem [33] is to find x ∈ C

such that ⟨
y − x,

N∑
i=1

aiAix

⟩
≥ 0,

where Ai : C → H is a nonlinear mapping, and ai ∈ (0, 1) with ∑N
i=1 ai = 1, for all

i = 1, 2, . . . , N .
The set of solutions of combination of this variational inequality problem is

given by

V I(C,
N∑
i=1

aiAi) =

{
u ∈ C :

⟨
y − x,

N∑
i=1

aiAix

⟩
≥ 0, ∀y ∈ C

}
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This problem is called the variational inequality problem if Ai = A for all
i = 1, 2, . . . , N .

Kangtunyakarn [33] proved a strong convergence theorem for finding a com-
mon element of the sets of fixed points of a finite family of nonspreading mappings
and the sets of solutions of such a problem. The convergence theorem involves two
split variational inequality problems and is proved by applying the results of Lemma
2.5. This leads to the proof of the following theorem.
Theorem 4.3. Let C be nonempty closed convex subset of a real Hilbert space H , and
let A♡

, B
♡
: C → H be α, β-inverse strongly monotone, respectively. Let A : C → H be

α-strongly monotone and L-Lipschitz operator, with V I(C,A)∩V I(C,A♡
)∩V I(C,B♡

) ̸=

∅. Let {xn} be a sequence generated by x0 ∈ C and

xn+1 = axn + bPC(I − γ(aA
♡
+ (1− a)B

♡
))xn + cPC(I − λA)xn,

for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), 0 < γ < min{2α, 2β}, and a+ b+ c = 1. Then,
the sequence {xn} converges strongly to x⋆ ∈ V I(C,A) ∩ V I(C,A♡

) ∩ V I(C,B♡
).

Proof. From Lemma 2.6, we have PC(I−γ(aA
♡
+(1−a)B♡

) is a nonexpansive mapping.
From Theorem 4.2 and Lemma 2.5, we obtain that {xn} converges strongly to x⋆ ∈

V I(C,A) ∩ V I(C,A♡
) ∩ V I(C,B♡

).

Corollary 4.4. Let C be nonempty closed convex subset of a real Hilbert space H .
Let A♡

: C → H be α-inverse strongly monotone, and A : C → H be α-strongly
monotone, and L-Lipschitz operator with V I(C,A) ∩ V I(C,A

♡
) ̸= ∅. Let {xn} be a

sequence generated by x0 ∈ C and

xn+1 = axn + bPC(I − γA
♡
)xn + cPC(I − λA)xn,

for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), 0 < γ < 1, and a + b + c = 1. Then, the
sequence {xn} converges strongly to x⋆ ∈ V I(C,A) ∩ V I(C,A♡

).
Remark 4.5.

1. If S : C → H is a nonexpansive mapping with F (S) ̸= ∅, then V I(C, I − S) = F (S).
2. If S is a nonexpansive mapping, then I − S is 1

2 -inverse strongly monotone.

We use the above two remarks and Theorem 4.2 to prove the following results.
Corollary 4.6. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let A : C → H be α-strongly monotone, and L-Lipschitz. Let S̄, Ŝ : C → C be
nonexpansive mapping with V I(C,A) ∩ F (S̄) ∩ F (Ŝ) ̸= ∅. Let {xn} be a sequence
generated by x0 ∈ C and

xn+1 = axn + bPC(I − γ((I − S̄)a+ (1− a)(I − Ŝ))xn + cPC(I − λA)xn,This material is reserved for educational use only, not allowed for commercial use. 
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for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), 0 < γ < 1, and a + b + c = 1. Then the
sequence {xn} converges strongly to x⋆ ∈ V I(C,A) ∩ F (S̄) ∩ F (Ŝ).

4.3 Numerical Method
In the field of physics, Apéry’s constant is particularly intriguing and essential to

the computation of the electron’s gyromagnetic ratio using quantum electrodynamics.
It is defined as the sum of the reciprocals of the positive cubes and represented by
the Euler-Riemann zeta function:

ζ(3) =
∞∑

n=1

1

n3
.

This constant holds an irrational value, approximately equal to 1.2020 5690
3159 5942 8539 9738 1615 1144 ..., making it all the more fascinating. Furthermore,
we have presented evidence of the newly proven theorem’s application to support
our findings, that is, the convergence trend of sample sequences.

Example 4.7. Let C = [−100, 100], Tx = 1
2x, and Ax = ζ(3)

4 x. Let xn be a sequence
generated by x0 ∈ C, and

xn+1 = 0.2xn + 0.3Txn + 0.5PC

(
I − ζ(3)π

20

)
xn,

for all n ≥ 1. We know that A is both ζ(3)
4 -strongly monotone and ζ(3)

4 -Lipschitz.
Moreover, T is nonexpansive with 0 ∈ V I(C,A) ∩ F (T ). Applying Theorem 4.2, we can
conclude that the sequence xn converges strongly to 0.

0 5 10 15 20 25 30

−10

−5

0

5

10

The number of iteration (n)

x
n

xn with x0 = −10

xn with x0 = 10

Figure 4.1: The convergence numbers of iterative calculations with an initial value
x0 = 10,−10.
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Table 4.1: The values of {xn} with x0 = −10 and x0 = 10.

n xn with x0 = −10 xn with x0 = 10

1 -7.5559067159592303 7.5559067159592303
2 -5.709172630027780 5.709172630027780
3 -4.3137975817797525 4.3137975817797525
4 -3.2594652119458319 3.2594652119458319
5 -2.4628215085376987 2.4628215085376987
... ... ...
15 -0.1493821869718095 0.1493821869718095
16 -0.1128717869784972 0.1128717869784972
17 -0.0852848693273147 0.0852848693273147
18 -0.0644404516919962 0.0644404516919962
19 -0.0486906041719000 0.0486906041719000
20 -0.0367901663066572 0.0367901663066572
... ... ...
50 -0.0000082097395123 0.0000082097395123

After examining table 4.1 and figure 4.1, it is observed that this iterative process
causes xn to converge towards the fixed point values of T and V I(C,A), which aligns
clearly with our theorem.
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Chapter 5
Conclusions and Suggestions

5.1 Conclusions
In this thesis, we have presented a modified Mann iteration that achieves strong

convergence without relying on Lemma 1.1 and without assuming F (T )∩V I(C,A) ̸= ∅.
The modified Mann iteration is applicable to various scenarios of interest, and we have
explored its convergence properties in different settings. Below, we summarize the
main conclusions drawn from our research:

1) Let C be nonempty closed convex subset of a real Hilbert space H and let
T : C → C be a nonexpansive mapping. Let A : C → H be α-strongly monotone
and L-Lipschitzian. Let {xn} be a sequence generated by x0 ∈ C and

xn+1 = axn + bTxn + cPC(I − λA)xn,

for all n ≥ 1 with 0 < L ≤ α < 1, λ ∈ (0, 1), and a + b + c = 1. Then the followings
are equivalent:
(i) The sequence {xn} converges strongly to x⋆ ∈ F (T ) ∩ V I(C,A).
(ii) limn→∞ ∥xn − Txn∥ = 0.

2) In the context of a Hilbert space H and a nonempty closed convex subset C
with F (T ) ∩ V I(C,A) ̸= ∅, the sequence {xn} generated by x0 ∈ C and

xn+1 = axn + bTxn + cPC(I − λA)xn

converges strongly to x⋆ ∈ F (T ) ∩ V I(C,A) with 0 < L ≤ α < 1, λ ∈ (0, 1), and
a+ b+ c = 1, and A : C → H is α-strongly monotone and L-Lipschitzian.

3) We extended the convergence analysis to the case when there are two inverse
strongly monotone mappings A♡ and B♡ , along with a strongly monotone opera-
tor A : C → H . Under the conditions: 0 < L ≤ α < 1, λ ∈ (0, 1), 0 < γ <min{2α, 2β},
and a+ b+ c = 1, the sequence {xn} generated by x0 ∈ C and

xn+1 = axn + bPC(I − γ(aA
♡
+ (1− a)B

♡
))xn + cPC(I − λA)xn

converges strongly to x⋆ ∈ V I(C,A) ∩ V I(C,A♡
) ∩ V I(C,B♡

).
4) We further investigated the case where A♡ is an inverse strongly monotone map-

ping. For 0 < L ≤ α < 1, λ ∈ (0, 1), 0 < γ < 1, and a+ b+ c = 1, the sequence {xn}

generated by x0 ∈ C and
xn+1 = axn + bPC(I − γA

♡
)xn + cPC(I − λA)xn,

converges strongly to x⋆ ∈ V I(C,A) ∩ V I(C,A♡
).

19

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



20

5) Finally, we explored the situation with two nonexpansive mappings S̄ and Ŝ,
along with a strongly monotone operator A : C → H , and showed that the
sequence {xn} generated by x0 ∈ C and

xn+1 = axn + bPC(I − γ((I − S̄)a+ (1− a)(I − Ŝ))xn + cPC(I − λA)xn

converges strongly to x⋆ ∈ V I(C,A) ∩ F (S̄) ∩ F (Ŝ) for 0 < L ≤ α < 1, λ ∈ (0, 1),
0 < γ < 1, and a+ b+ c = 1.

Our proposed modified Mann iteration provides a versatile approach for solv-
ing variational inequality problems in different settings. We successfully utilized this
method to prove Corollary 3.2 and approximate the solution of the combined vari-
ational inequality problem. Additionally, we supported our theoretical findings with
numerical evidence, demonstrating the practical effectiveness of the proposed ap-
proach.

In conclusion, the modified Mann iteration presented in this thesis offers a
robust and efficient algorithm for tackling variational inequality problems, and it ex-
tends the applicability of the classical Mann iteration method. The results obtained in
this research contribute to the advancement of optimization algorithms and provide
valuable insights into the study of variational inequalities in Hilbert spaces.

5.2 Suggestions
In this thesis, we put forth innovative methods to approximate solutions for

variational inequality problems and fixed-point problems. The introduction of our
proof holds promising prospects for establishing robust strong convergence theorems
in expansive spaces like Banach spaces.

Through strategic modifications to the mapping properties and a transformation
of constants α, β, and γ into sequences, we deviate from conventional approaches and
successfully demonstrate the versatility of our methodology.

The inclusion of numerical examples serves to validate our findings, effectively
showcasing the efficacy and applicability of our novel approach, thereby paving the
way for potential breakthroughs in diverse mathematical contexts.
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Introduction  

 The variational inequality problem was defined by G. Stampacchia in the late 1960s [5]. The theory of 

the variational inequality problem demonstrates the general nature of boundary value theory, and it allows us 

to solve other applied mathematical problems, such as mechanics, engineering, and control theory. 

 More recently, many different formulas have been proposed for various problems. It is well-known 

that the variational inequality problem is equivalent to the fixed-point problem, which allows us to calculate the 

solution using an iterative algorithm. 

  Several studies have solved the variational inequality problem by stipulating that ( , )VI C A , the set of 

all solutions of the variational inequality problem, is not an empty set, such as [7] [8] [9].  

  The fixed-point theory began to appear in articles demonstrating the existence of solutions to 

differential equations in the second quarter of the 18th century [6]. Subsequently, this technique has been 

refined into a continuous approximation method that is extracted and summarized as a fixed-point theorem in 

the framework of complete normed space which shows the existence as well as the uniqueness of fixed-points 

and provides techniques for estimating the fixed-point position and preliminary calculating the convergence rate. 

After that, it was said that the theory of constant point was initiated by Stefan Banach. 

  There are numerous problems in sciences, economics, physics, biology, game theory, computer 

science, image processing and engineering defined by nonlinear functional equations can be solved by reducing 

them to an equivalent fixed-point problem. Absolutely, an operator equation 0Gx   is expressed as a fixed-

point equation 0 0Tx x , where T is a self-mapping with 0 ( )x D T  and ( )F T is used for representing the set 

of solution of fixed-point of .T  

 Moreover, the fixed-point theory provides the necessary tools for solving problems in various fields of 

mathematical analysis. For example, variational inequality problems, split feasibility problems, nonlinear 

optimization problems, complementarity problems, equilibrium problems, selection and matching problems, and 

problems of proving the existence of solution of integral, differential equations and more. 

 Throughout this paper, let  H  be a real Hilbert space and let C  be a nonempty closed convex subset 

of  H  and inner product ,   with norm .  

 Let B  be a mapping of C into H and the variational inequality problem is to find a point u C   such 

that  

, 0,Bu v u   

for allv C . The set of solutions of the variational inequality problem is represented by ( , ).VI C B  Additionally,

( , )VI C B  has a unique solution if B is strongly monotone and Lipschitzian on .C  

 Let T be a mapping of C into itself a and T is  Lipschitz continuous   if there exists  >0 with  

,Tx Ty x y    

for all , .x y C    is called a Lipschitz constant. If (0,1)  , then T is also  .contractive mapping 

Furthermore, we said T  is nonexpansive if  = 1. 

 A mapping  :A C H  is called strongly montone  if there exists 0   satisfies  
2
,,Ax Ay x y x y     

for all ,x y C . In addition, if 0   then  A is called .monotone  

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



965 

 

รายงานสบืเน่ืองจากการประชุมวชิาการระดบัชาติ “วทิยาศาสตร์วจิยัครัง้ที่ 14”  

Proceedings of the 14th National Science Research Conference 
 

 Let  A be a mapping of C into H. A is called inverse strongly monotone   if there exists a positive 

real number  such that  
2
,,x y Ax Ay Ax Ay      

for all , .x y C  

 This paper considers the theorem related to the variational inequality problem without the premise 

that .( , ) ( , )VI C A VI C B   In addition, we will further extend the obtained results to prove a new theorem 

by conditioning the existence of elements in the set of the problem. 

  

Methodology  

 In this research, we have a research methodology as shown below. 

1. Study essential topics involving fixed-point theory such as nonexpansive mapping, Lipschitzian 

mapping, monotone mapping, and inverse strongly monotone mapping. 

2. Study properties and definitions of Hilbert space and Banach space. 

3. Collect research papers and textbooks concerning fixed-point theorem. 

4. Determine the objectives and scope of the research. 

5. Produce tools for a strong convergence theorem of fixed-point problem and variational inequality 

problem. 

6. Prove a strong convergence theorem for fixed-point problem and variational inequality problem. 

7. Provide examples with numerical method for support our main result, and applications. 

8. Conclude the results. 

 

Preliminaries 

 In this section, we give some important lemmas for proving our main result.  

 Let C be a closed convex subset of real Hilbert space H, let CP be the metric projection of H onto C 

i.e., for ,x H  CP x  satisfies the property 

min .C
y C

x P x x y


    

 The following lemmas are properties of CP  and the set of all solutions of variational inequality problem. 

Lemma 1. (See [2]) Let H be a Hilbert space, let C be a nonempty closed convex subset of H, and A be a 

mapping of C into H. Let ,u C  then for 0  ,   

( )Cu P I A u  if and only if ( , )u VI C A . 

Lemma 2. (See [2]) Let C be a closed convex set in Hilbert space. Let , :A B C H  be an  and inverse 

strongly monotone, respectively. If ( , ) ( , )VI C A VI C B   , then 

( , (1 ) ) ( , ) ( , ),VI C aA a B VI C A VI C B     

for all (0,1)a . Moreover, if 0 min{2 ,2 }    then ( (1 ) )I aA a B   is a nonexpansive mapping. 

Lemma 3. (See [3]) Let 0 0{ } and { }n n n na b 
  be sequences of non-negative numbers satisfying  

1 ,n n na a b    for all 0n  . 

(i) If  
0

,n

n

b




 then lim exists.n
n

a

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  (ii)  If 
0

0

and { }n n n

n

b a







 has subsequence converging to zero, then lim 0.n
n

a


  

Lemma 4. (See [4]) Let H be a Hilbert space and suppose nx x . Then, 

fl linf inim imn n
n n

x x x y
 

   , 

for all y H with .x y  

Lemma 5. (See [3]) Let H be a Hilbert space. Then, for all , ,x y z H  and , , [0,1]     with 

1     , we have 
2 2 2 22 2 2x y z x y z x y x z y z                   . 

 

Results and Discussion  

Theorem 1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let :A C H  be an 

strongly  monotone, and L-Lipschitz mapping. Let :B C H  be a inverse  strongly monotone and 

{ }nx  be a sequence generated by 0x C   and  

1 ( ,) ( )n n C n C nx ax bP I B x cP I A x        

for all 1n   with 0 1, (0,1), (0,2 )L         and 1.a b c   Then the followings are 

equivalent: 

  (i) The sequence { }nx  converges strongly to ( , ) ( , ).x VI C A VI C B   

  (ii) lim ( ) 0.n C n
n

x P I B x


    

Proof (i)  (ii). Let condition (i) holds. From nonexpansiveness of CP , and B is a inverse  strongly 

monotone, we obtain 
2 2

( ) ( ) ( ) ( )C CP I B x P I B y x y Bx By          
2 222 ,x y x y Bx By Bx By           
2 2 222x y Bx By Bx By        
2 2

( 2 )x y Bx By        
2
.x y   

  Therefore, ( )CP I B is a nonexpansive mapping, getting 

) .( ) ( 2n C n n C n nx P I B x x x x P I B x x x           

  Since { }nx  converges strongly to ,x then lim ( ) 0.n C n
n

x P I B x


     

 Conversely, we assume conditions (ii) holds. It is well-known that CP  is a nonexpansive mapping, we 

have 
2 2

( ) ( ) ( ) ( )C CP I A x P I A y I A x I A y           
2 2

2 ,x y x y Ax Ay Ax Ay           
2 22 22 ,x y x y Ax Ay x y          

22 x y   

with 1 (0,1).    Consequently, ( )CP I A is a contractive  mapping. From ( )CP I B is               

a nonexpansive mapping, getting 
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1 1 1 1

1

2

1 2

3

2 3

1 0

)

.

( ) ( )

(1 (1 )

(1 (1 ) )

(1 (1 ) )

(1 (1 ) )

n n n n C n C n n n

n n

n n

n n

n

x x a x x b P I B x P I B x c x x

c x x

c x x

c x x

c x x

  









   



 

 

        

   

   

   

   

 

(1) 

  For any number ,n   with 0   and (1), obtaining  

 1 1

1 1 0 1 0

(1 (1 ) )
(1 (1 ) ) .

(1 )

n n n
j

n n j j

j n j n

c
x x x x c x x x x

c

 







   

 
 

            (2) 

  From (2) and  lim (1 (1 ) ) 0,n

n
c


    we have that { }nx  is a Cauchy sequence. From 

completeness of H, there exists  x H  such that 

 .lim n
n

x x


  (3) 

 Since C is a close set, .x C   

 Assume that  ( ) .Cx P I B x   Employing lim ( ) 0,n C n
n

x P I B x


   Lemma 4, and 

nonexpansiveness of ( )CP I B , getting 

 
lim lim

lim

lim .

inf inf ( )

inf ( ) ( ) ( )

inf

n n C
n n

n C n C n C
n

n
n

x x x P I B x

x P I B x P I B x P I B x

x x



  

 





   

      

 

 

  This is a contradiction, we obtain ( ) .Cx P I B x   It means that ( , ).x VI C B From the 

definition of 1nx  , then 

1( ) ( ) .C n n n n C n nc P I A x x x x b P I B x x         

 From (3) and condition (ii), we have 

 lim ( ) 0C n n
n

P I A x x


    (4) 

  Assume that ( ) .x P I A x   From (4), Lemma 4, and nonexpansiveness of   ,CP I A  

obtaining 

.

l inf inf ( )

inf ( )

im l

( ) ( )

i

im

lim

lim nf

n n C
n n

n C n C n C
n

n
n

x x x P I A x

x P I A x P I A x P I A x

x x



  

 





   

      

 

 

  This is a contradiction, we obtain ( ) .Cx P I A x   From Lemma 3, then ( , ).x VI C A Hence, 

{ }nx  converges strongly to ( , ) ( , ).x VI C A VI C B   
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  From Theorem 1, we prove strong convergence theorem by using condition ( ) ( , )F T VI C A  
as follows. 

Theorem 2.  Let C be a nonempty closed convex subset of a Hilbert space H. Let :A C H be an  

strongly  monotone, and L-Lipschitz mapping. Let :B C H  be a inverse  strongly monotone 

mapping with .( , ) ( , )VI C A VI C B    Let { }nx  be a sequence generated by 0x C and  

1 ( ,) ( )n n C n C nx ax bP I B x cP I A x        

for all 1n   with 0 1, (0,1), (0,2 ),L          and  1.a b c    Then, the sequence { }nx

converges strongly to ( , ) ( , ).x VI C A VI C B   

Proof Let conditions (i) - (ii) hold. Let  ( , ) ( , ),VI C A VI C B   using Lemma 5, and definition of 1nx  . Then, 
2 2

1

2 2 2

2 2

2 2 2

2

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

n n C n C n

n C n C n

n C n C n C n

n C n C C n C

n C n

x ax bP I B x cP I A x

a x b P I B x c P I A x

ab x P I B x bc P I B x P I A x

a x b P I B x P I B c P I A x P I A

ab x P I B x

   

   

 

     









       

       

      

         

  

 

2 2
. (5)( )n n C nx ab x P I B x     

  From (5), we have 1n nx x     . Employing Lemma 3, we have lim n
n

x 


  exists for 

all ( , ) ( , ).VI C A VI C B  From (5), we get that 
2 2 2

1 .( )n C n n nab x P I B x x x          

 Consequently, lim ( ) 0.n C n
n

x P I B x


    Using this condition and Theorem 1 , the sequence 

{ }nx converges strongly to ( , ) ( , ).x VI C A VI C B   

 

Application and Numerical method 

 We use the below two remarks and Theorem 2 to prove Theorem 3. 

Remark (1) If :S C H  is a nonexpansive mapping with ( ) ,F S  then    , .VI C I S F S   

 (2) If S is a nonexpansive mapping, then I - S is 1
inverse

2
 strongly monotone. 

Theorem 3. Let C be a nonempty closed convex subset of a Hilbert space H. Let :A C H  be an 

strongly  monotone, and L-Lipschitz mapping. Let :T C C be a nonexpansive mapping with 

( ) ( , )F T VI C A   . Let { }nx be a sequence generated by 0x C , and 

1 ( ,( )) ( )n n C n C nx ax bP I I T x cP I A x         

with 0 1, 1,L a b c       and , (0,1).    Then the sequence { }nx  converges strongly to 

, ). ( ) (x F T VI C A   

Proof From remarks and Theorem 2, we get that { }nx  converges strongly to , ). ( ) (x F T VI C A   

 
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 We have provided an example of the application of this newly proven theorem to support our results 

and to point out the convergence trend of the sample sequences, as shown below. 

 Example: Let , : [ 99,99]A B   . Let sin(2)Ax x  and   cos(7)Bx x for all [ 99,99]x  . 

Let { }nx  be a sequence generated by 0x C , and  

1 0.1 0.2 ( 0.3 cos(7) ,) 0.7 ( 0.4 sin(2) )n n C n C nx x P I x x P I x x       

for all 1.n   Getting, A  is sin(2) strongly monotone and sin(2) Lipschitz mapping. B is 

cos(7) inverse strongly monotone with 0 ( , ) ( ).VI C A F T   From Theorem 2, we get that { }nx  converges 

strongly to 0. 

 

 The table 1 and Figure 1 show the value of { }nx  with  0  18,x   18  and   30.n   

 

n nx  with  0  18x    nx  with  0 18x   

1 -12.60292653410779521561 12.60292653410779521561 

2 -8.82409762356212908456 8.82409762356212908456 

3 -6.17830300441937198574 6.17830300441937198574 

4 -4.32581660389748966484 4.32581660389748966484 

5 -3.02877493660798570258 3.02877493660798570258 

   

15 -0.08575431816903479991 0.08575431816903479991 

16 -0.0600419651037139379 0.0600419651037139379 

17 -0.04203913750919837147 0.04203913750919837147 

18 -0.02943423119920458015 0.02943423119920458015 

19 -0.02060874741063993956 0.02060874741063993956 

20 -0.01442947386534885625 0.01442947386534885625 

   

30 -0.00040854461581311399 -0.00040854461581311399 
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Conclusion 

 We have implemented modify Mann iteration to prove a strong convergence theorem without 

assumption ( , ) ( , ) .VI C A VI C B    Moreover, we applied our main result to prove Theorem 3. In addition, 

we have provided an example of implementation, along with numerical method, to support effective 

convergence. 
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