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Abstract

The aim of this research was to propose the split of modified variational in-
equality problems (SMVIP), by using the concept of the modified generalized system
of variational inequalities (MGSV) and to introduce an iterative algorithm of two se-
quences which depend on each other by using the intermixed method. Secondly,
we proved a strong convergence theorem for solving fixed point problems of map-
pings and we treated two variational inequality problems which form an approximate
the SMVIP. Then we obtained the additional results involving the split minimization
problem and the split variational inequality problem. Thirdly, we introduced a new
subgradient extragradient algorithm utilizing the concept of the set of solutions of the
SMVIP and proved a weak convergence theorem for such an algorithm. Consequently,
we also applied these results to approximate the split minimization problem. Finally,
we gave numerical examples to support our main results.
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Chapter 1

Introduction

1.1 The intermixed method

Fixed point theory is essential to various theoretical and applied fields, such
as the existence of solutions, the existence of orbits in dynamical systems, program-
ming, economics, game theory, engineering, etc. Let C be a nonempty closed convex
subset of a real Hilbert space H with its inner product 〈·, ·〉 and norm ‖ ·‖. A fixed point
of a mapping T is a point x such that x = Tx, where T : C → C is a nonlinear mapping.
The existence of a solution to a theoretical or real world problem is equivalent to the
existence of a fixed point for a suitable map or operator. Therefore, fixed point theory
is involved with finding conditions on set C and the mapping T : C → C to guaran-
tee the existence and uniqueness of fixed points. Furthermore, many mathematicians
have been studying about the structure of fixed point set.

Iterative methods for finding fixed points of nonexpansive mappings are an
important topic in the theory of weak and strong convergence theorem, see for ex-
ample [29, 32, 51] and the references therein.

Over recent decades, many authors have constructed various types of itera-
tive methods to approximate fixed points. In 1953, Mann [27] introduced the Mann
iteration which is defined as follows:

xn+1 = αnxn + (1− αn)Txn, n ≥ 0, (1.1)

where x0 ∈ C is chosen arbitrarily and αn ∈ [0, 1], T : C → C is a mapping. If T is a
nonexpansive mapping, the sequence {xn} be generated by (1.1) converges weakly to
an element of F (T ).

It is well known that in an infinite-dimensional Hilbert space, the normal Mann’s
iterative algorithm [27] is only weakly convergent.

It is clear that strictly pseudo-contractions are more general than nonexpan-
sive mappings, and therefore they have a wider range of applications. Therefore, it is
important to develop the theory of iterative methods for strictly pseudo-contractions.
Indeed, Browder and Petryshyn [1] proved that if the sequence {xn} is generated by
(1.1) with a constant control parameter αn ≡ α for all n ∈ N. Then the sequence
{xn} converges weakly to a fixed point of the strictly pseudo-contraction T. More-
over, many mathematicians proposed iterative algorithms and proved the strong con-
vergence theorems for a nonexpansive mapping and a κ-strictly pseudo-contractive
mapping in Hilbert space to find their fixed points, see for example [18, 21, 24, 45].

To prove the strong convergence of iterations determined by nonexpansive
This material is reserved for educational use only, not allowed for commercial use. 
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mapping, Moudafi [29] established a theorem for finding fixed points of nonexpansive
mappings. More precisely, he established the following result, known as the viscosity
approximation method.

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H

and let S be a nonexpansive mapping of C into itself such that F (S) is nonempty. Let
f be a contraction of C into itself and let {xn} be a sequence defined as follows:






x1 ∈ C is arbitrarily chosen,

xn+1 = 1
1+εn

Sxn + εn
1+εn

f(xn), ∀n ∈ N,
(1.2)

where {εn} is a sequence of positive real numbers having to go to zero. Then the
sequence {xn} converges strongly to z ∈ F (S), where z = PF (S)f(z) and PF (S) is a
metric projection of H onto F (S).

The Moudafi viscosity approximation method can be applied to elliptic differ-
ential equations, linear programming, convex optimization and monotone inclusions,
it has been widely studied in the literature (see [13, 41, 43]).

To construct an iterative algorithm such that it converges strongly to the fixed
points of a finite family of strictly pseudo-contractions by using the concept of the vis-
cosity approximation method (1.2) and Manns iteration (1.1), Yao et al. [48] proposed
the intermixed algorithm for two strictly pseudo-contractions as follows:

Algorithm 1. For arbitrarily given x0 ∈ C, y0 ∈ C, let the sequences {xn} and {yn} be
generated iteratively by






xn+1 = (1− βn)xn + βnPC [αnf(yn) + (1− k − αn)xn + kTxn], n ≥ 0,

yn+1 = (1− βn)yn + βnPC [αng(xn) + (1− k − αn)yn + kSyn], n ≥ 0,
(1.3)

where {αn} and {βn} are two sequences of real number in (0,1), T, S : C → C are
two strictly λ-pseudo-contractions, f : C → H is a ρ1-contraction and g : C → H is a
ρ2-contraction, k ∈ (0, 1− λ) is a constant.

Then they proved the strong convergence theorem of the iterative sequences
{xn} and {yn} defined by (1.3) as follows:

Theorem 1.2. Suppose that F (S) *= ∅ and F (T ) *= ∅. Assume the following conditions
are satisfied:
(C1) lim

n→∞
αn = 0 and

∞∑

n=1

αn =∞,

(C2) βn ∈ [ξ1, ξ2] ⊂ (0, 1) for all n ≥ 0.
Then the sequences {xn} and {yn} generated by (1.3) converge strongly to Pfix(T )f(y

∗)

and Pfix(S)g(x
∗), respectively.

If putting C = H and βn = 1 in (1.3), we have





xn+1 = αnf(yn) + (1− k − αn)xn + kTxn, n ≥ 0,

yn+1 = αng(xn) + (1− k − αn)yn + kSyn, n ≥ 0,
(1.4)
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which is a modified version of viscosity approximation method. Observe that the
sequence {xn} and {yn} are mutually dependent on each other.

1.2 Variational inequality problem

Let B : C → H. The variational inequality problem is to find a point u∗ ∈ C

such that

〈Bu∗, v − u∗〉 ≥ 0, (1.5)

for all v ∈ C. The set of solutions of (1.5) is denoted by V I(C,B). Historically the
variational inequality was introduced by Stampachhia [36] in 1964. It is known that
the variational inequality, as a strong and important tool, has already been studied
for a wide class of optimization problems in economics, and equilibrium problems
arising in physics and several other branches of pure and applied sciences, see for
example [8, 30, 44, 47].

In 1999, Verma[40] considered the new system of variational inequalities,
which is to find (x∗, y∗) ∈ C × C such that

〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µAx∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,
(1.6)

where A,B : C → H are two mappings and λ, µ > 0 are two constants. If we add up the
requirement that x∗ = y∗, then the problem (1.6) reduces to the variational inequality
problem[36].

In 2008, Ceng et al.[7] introduced the following general system of variational
inequalities, which involves finding (x∗, y∗) ∈ C × C such that

〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µBx∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,
(1.7)

where A,B : C → H are two different mappings and λ, µ > 0 are two constants. In
particular, if we put A = B, then the problem (1.7) reduces to system of variational[40].

In 2019, Siriyan and Kangtunyakarn[34] introduced the following modified gen-
eralized system of variational inequalities(MGSV), which involves finding (x∗, y∗, z∗)

∈ C × C × C such that





〈x∗ − (I − λ1D1)(ax∗ + (1− a)y∗), x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λ2D2)(ax∗ + (1− a)z∗), x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ3D3)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,

(1.8)

where D1, D2, D3 : C → H, λ1,λ2,λ3 > 0 and a ∈ [0, 1].

If putting a = 0, in (1.8), we have

〈x∗ − (I − λ1D1)y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − λ2D2)z∗, x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − λ3D3)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,

(1.9)
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which is generalized system of variational inequalities modified by Ceng et al. [7],
Then they prove the Lemma releted to this problem as follows.

Lemma 1.3. [34] Let C be a nonempty closed convex subset of a real Hilbert space
H and let D1, D2, D3 : C → H be three mappings. For every λ1,λ2,λ3 > 0 and a ∈ [0, 1].
The following statement are equivalent

(i) (x∗, y∗, z∗) ∈ C × C × C is a solution of problem (1.8)

(ii) x∗ is a fixed point of the mapping G, i.e. x∗ ∈ F (G), defined the mapping G : C → C

by
G(x) = PC(I − λ1D1)(ax+ (1− a)PC(I − λ2D2)(ax+ (1− a)PC(I − λ3D3)x)),

∀x ∈ C, where y∗ = PC(I − λ2D2) (ax∗ + (1− a)z∗) and z∗ = PC(I − λ3D3)x∗.

Remark 1.4. [34] If D1, D2, D3, in Lemma 1.3, are d1, d2, d3-inverse strongly mono-
tone, respectively, then G is nonexpansive mapping, where λ1,λ2,λ3 ∈

(
0, 2d

)
with

d = min {d1, d2, d3}.

The split feasibility problem(SFP) is to find a point x ∈ C and Ax ∈ Q. This prob-
lem was introduced by Censor and Elfving[10]. The set of all solution(SFP) is denoted
by Γ = {x ∈ C;Ax ∈ Q}. In fact, it has been extensively investigated in the literature
(see [2]-[3],[12],[14],[23]).

In 2018, motivated by Ceng et al[10] and the concept of the SFP, Siriyan and
Kangtunyakarn [33] introduced the split general system of variational inequalities
problem (SGSV), which is to find (x∗, y∗) ∈ C × C such that

〈λAy∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µBx∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,
(1.10)

and find (x̄∗ = Dx∗, ȳ∗ = Dy∗) ∈ Q×Q such that
〈
αĀȳ∗ + x̄∗ − ȳ∗, x̄− x̄∗

〉
≥ 0, ∀x̄ ∈ Q,

〈
γB̄x̄∗ + ȳ∗ − x̄∗, x̄− ȳ∗

〉
≥ 0, ∀x̄ ∈ Q,

(1.11)

where A,B : C → H1 and Ā, B̄ : Q → H2 are four different mappings,λ, µ,α, γ > 0,

and D : H1 → H2 is a bounded linear operator. The set of all solutions of (1.10) and
(1.11) are denoted by ΩA,B and ΩĀ,B̄ respectively. The set of all solutions of the
SGSV is denoted by ΩA,B

Ā,B̄
= {(x∗, y∗) ∈ ΩA,B : (x̄∗, ȳ∗) ∈ ΩĀ,B̄}, Moreover, if we put

A = B = Ā = B̄ = 0, x∗ = y∗ and x̄∗ = ȳ∗ in (1.10) and (1.11), the SGSV reduces to the
SFP.

Motivated by Siriyan and Kangtunyakarn[34] we introduce a new split problem
as follows:
Problem 1 Let C,Q be nonempty subsets of real Hilbert H1,H2, respectively, Let
A : H1 → H2 be a bounded linear operator. A new split problem is to find (x∗, y∗, z∗) ∈

This material is reserved for educational use only, not allowed for commercial use. 
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C × C × C such that





〈x∗ − (I − ζD1)(ax∗ + (1− a)y∗), x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − ζD2)(ax∗ + (1− a)z∗), x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − ζD3)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,

(1.12)

and find (x̄∗ = Ax∗, ȳ∗ = Ay∗, z̄∗ = Az∗) ∈ Q×Q×Q such that





〈x̄∗ − (I − ζ̄D̄1)(ax̄∗ + (1− a)ȳ∗), x̄− x̄∗〉 ≥ 0, ∀x̄ ∈ Q,

〈ȳ∗ − (I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗), x̄− ȳ∗〉 ≥ 0, ∀x̄ ∈ Q,

〈z̄∗ − (I − ζ̄D̄3)x̄∗, x̄− z̄∗〉 ≥ 0, ∀x̄ ∈ Q,

(1.13)

where D1, D2, D3 : C → H1, D̄1, D̄2, D̄3 : Q→ H2 are six different mappings, ζ, ζ̄ > 0, and
a ∈ [0, 1] which is called the split of modified variational inequality problems (SMVIP).
The sets of all solutions of (1.12) and (1.13) are denoted by ΨD1,D2,D3 and ΨD̄1,D̄2,D̄3

respectively. The set of all solutions of the SMVIP is denoted by ΨD1,D2,D3

D̄1,D̄2,D̄3,
that is

ΨD1,D2,D3

D̄1,D̄2,D̄3
= {(x∗, y∗, z∗) ∈ ΨD1,D2,D3 : (x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3

}.

If we put D1 ≡ D2 ≡ D3 ≡ D̄1 ≡ D̄2 ≡ D̄3 = 0, x∗ = y∗ = z∗ and x̄∗ = ȳ∗ = z̄∗ in 1.12 and
1.13, we obtain the SMVIP is reduced to the SFP.

If putting a = 0 in (1.12) and (1.13) , we have





〈x∗ − (I − ζD1)y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − ζD2)z∗, x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − ζD3)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,

and 




〈x̄∗ − (I − ζ̄D̄1)ȳ∗, x̄− x̄∗〉 ≥ 0, ∀x̄ ∈ Q,

〈ȳ∗ − (I − ζ̄D̄2)z̄∗, x̄− ȳ∗〉 ≥ 0, ∀x̄ ∈ Q,

〈z̄∗ − (I − ζ̄D̄3)x̄∗, x̄− z̄∗〉 ≥ 0, ∀x̄ ∈ Q,

which is a modified the split general system of variational inequalities(SVIP)[33].

1.3 The subgradient extragradient algorithm

Several algorithms for solving the V I(C,B) are projection algorithms that em-
ploy projections onto the feasible set C of the V I(C,B), or onto some related set, in
order to iteratively reach a solution. In 1976, Korpelevich [26] proposed an algorithm
for solving the V I(C,B) in Euclidean space, known as the extragradient method. In
each iteration of her algorithm, in order to get the next iterate xk+1, two orthogonal
projections onto C are calculated, according to the following iterative step. Given the
current iterate xk, calculate

yk = PC(x
k − τf(xk)), (1.14)
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Forbidden to modify the content, and cite the document when use. 



6

xk+1 = PC(x
k − τf(yk)), (1.15)

for all k ∈ N, where τ is some positive number and PC denotes the Euclidean least
distance projection onto C.

The convergence was proved in [26] under the assumptions of Lipschitz con-
tinuity and pseudo-monotonicity. However there is still the need to calculate two
projections onto C. If the set C is simple enough so that projections onto it can be
easily computed, but if C is a general closed and convex set, a minimal distance prob-
lem has to be solved twice in order to obtain the next iterate. This might seriously
affect the efficiency of the extragradient method. Korpelevich’s extragradient method
has been widely studied in the literature; see ([4, 5, 6, 9, 16, 19, 25, 35, 46, 49]) and
the references therein.

In the past decade years, Censor et al. [11] developed the subgradient extra-
gradient algorithm in Euclidean space, in which they replaced the (second) projection
(1.15) onto C by a projection onto a specific constructible half-space as follows:
Algorithm 1 (The subgradient extragradient algorithm)

Step 0 : Select a starting point x0 ∈ H and τ > 0, and set k = 0.

Step 1 : Given the current iterate xk, compute

yk = PC(x
k − τf(xk)),

construct the half-space Tk the bounding hyperplane of which supports C at yk,

Tk :={w ∈ H|〈(xk − τf(xk))− yk, w − yk〉 ≤ 0}, (1.16)

and calculate the next iterate

xk+1 = PTk(x
k − τf(yk)).

Step 2 : If xk = yk then stop. Otherwise, set k ← (k + 1) and return to step 1.
Furthermore, under some control conditions, they proved weak convergence

theorems for their algorithms.

1.4 Objectives of the study

1) To propose the new split of modified variational inequality problems (SMVIP).

2) To propose some new mathematical tools and properties for the new split of
modified variational inequality problems (SMVIP).

3) To define a new iterative method for approximating the solutions of two varia-
tional inequality problems which form an approximate the SMVIP.

4) To prove the strong convergence theorem for solving fixed point problems of
nonlinear mappings and two variational inequality problems and solving the
SMVIP.This material is reserved for educational use only, not allowed for commercial use. 
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5) To define a new subgradient extragradient algorithm utilizing the concept of the
set of solutions of the SMVIP.

6) To prove a weak convergence theorem for such a new subgradient extragradient
algorithm.

7) To give numerical examples to support our main theorems.

1.5 Scopes of the study

1) Study the variational inequality problems in a Hilbert space.

2) Investigate the fixed problems of nonlinear mappings including nonexpansive and
α-inverse strongly monotone mappings.

3) All strong and weak convergence theorems are considered and proved in Hilbert
spaces.

1.6 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive and α-inverse
strongly monotone mappings.

2) Study background in a real Hilbert space.

3) Study the variational inequality problems and the modified generalized system
of variational inequalities (MGSV).

4) Collect and study research papers concerning fixed point theorem.

5) Determine the objectives and scope of the research.

6) Define a new split of modified variational inequality problems (SMVIP).

7) Define a new iterative method for approximating the solutions of two variational
inequality problems which form an approximate the SMVIP.

8) Prove the strong convergence theorem for solving fixed point problems of non-
linear mappings and two variational inequality problems and solving the SMVIP.

9) Produce tools and properties for the new split of modified variational inequality
problems (SMVIP).

10) Define a new subgradient extragradient algorithm utilizing the concept of the set
of solutions of the SMVIP.

11) Prove a weak convergence theorem for such a new subgradient extragradient
algorithm.This material is reserved for educational use only, not allowed for commercial use. 
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12) Provide applications and examples to support our main theorems.

13) Conclude the result, make suggestions for further works and write the thesis.

1.7 Benefits of the study

1) Obtain the strong convergence theorem for solving fixed point problems of non-
linear mappings and two variational inequality problems and solving the new
split of modified variational inequality problems (SMVIP).

2) Obtain new mathematical tools for the properties of the new split of modified
variational inequality problems (SMVIP).

3) Obtain the weak convergence theorem for solving fixed point problems and solv-
ing the SMVIP.

This thesis consists of five chapters as follows:
In chapter 1, we show the background of this thesis, that is, iterative methods

for fixed point theorems and some of definitions and properties of a finite family of
nonlinear mappings and variational inequality problem.

In chapter 2, we give the definitions and properties of fixed point problem, the
metric projection and about the strongly positive bounded linear operators in Hilbert
spaces that are necessary to prove our main theorems in the next chapter.

In , firstly we introduce the split of modified variational inequality problems
(SMVIP), by using the concept of the modified generalized system of variational in-
equalities (MGSV) and introduce an iterative algorithm of two sequences which de-
pend on each other by using the intermixed method. Secondly, we prove a strong
convergence theorem for solving fixed point problems of mappings and we treat two
variational inequality problems which form an approximate the SMVIP. Then we obtain
the additional results involving the split minimization problem and the split variational
inequality problem. Thirdly, we introduce a new subgradient extragradient algorithm
utilizing the concept of the set of solutions of the SMVIP and prove a weak conver-
gence theorem for such an algorithm. Consequently, we also apply these results to
approximate the split minimization problem.

In chapter 4, we give numerical examples for our theorems in the previous
chapter.

In chapter 5, we describe the conclusion of the thesis.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2

Preliminaries

We denote the weak convergence and the strong convergence by !! ⇀′′ and
!! →′′, respectively.

2.1 Fundamental properties in Hilbert spaces

Lemma 2.1. Let H be a real Hilbert space. Then the following identities hold:

(i) ‖x± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2, ∀x, y ∈ H;

(ii) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H.

Definition 2.1 (Weak convergence [15]). A sequence {xn} of vectors in an inner product
space K is called weakly convergent to a vector x in K if

〈xn, y〉 → 〈x, y〉 as n→∞ for every y ∈ K.

Definition 2.2 (Strong convergence [15]). A sequence {xn} of vectors in an inner prod-
uct space K is called strongly convergent to a vector x in K if

‖xn − x‖ → 0 as n→∞.

Theorem 2.2 ([15]). A strongly convergence sequence is weakly convergence (to the
same limit), that is, xn → x implies xn ⇀ x.

Remark 2.3 ([39]). If xn ⇀ x and xn ⇀ y, then x = y.

Lemma 2.4 ([39]). Let {xn} be a Cauchy sequence of an inner product space C such
that xn ⇀ x. Then xn → x.

Definition 2.3 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Let f be a function of C into (−∞,∞], where (−∞,∞] = R ∪ {∞}. Then,
f is called lower semicontinuous if for any a ∈ R, the set

{x ∈ C : f(x) ≤ a} is closed.

Moreover, f is called convex if for any x1, x2 ∈ C and t ∈ (0, 1),

f(tx1 + (1− t)x2) ≤ tf(x1) + (1− t)f(x2).

Similarly, f is said to be concave if for any x1, x2 ∈ C and t ∈ (0, 1),

f(tx1 + (1− t)x2) ≥ tf(x1) + (1− t)f(x2).

Theorem 2.5 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Suppose that {xn} ⊂ C and xn ⇀ x. Then x ∈ C.This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.6 ([39]). Let {an} be a bounded of real numbers. Then, there exists sub-
sequence {ani} of {an} such that

α = lim sup
n→∞

an = lim
i→∞

ani .

Similarly, there exists a subsequence
{
anj

}
of {an} such that

β = lim inf
n→∞

an = lim
j→∞

anj .

Lemma 2.7. [42] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(i) ∑∞
i=1 αn =∞,

(ii) lim supn→∞
δn
αn
≤ 0 or ∑∞

n=1 |δn| <∞.

Then limn→∞ sn = 0.

Lemma 2.8. Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. Let the {xk}∞k=0 ⊂ H be Fejer-monotone with respect to C, i.e., for every
u ∈ C,

‖xk+1 − u‖ ≤ ‖xk − u‖, ∀k ≥ 0.

Then {PCxk}∞k=0 converges strongly to some z ∈ C.

Lemma 2.9 ([31]). Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖,

holds for every y ∈ H with y 0= x.

2.2 Fixed point sets of nonexpansive mappings and strictly
pseudo-contractive mappings

Let T be a self-mapping of ζ. We use F (T) to denote the set of fixed points of
T (i.e., F (T) = {x ∈ ζ : Tx = x}).

Definition 2.4. Let the mapping T : C → C. Then T is called

1) a nonexpansive mapping if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C.

2) κ-strictly pseudo-contraction if there exists a constant κ ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ ‖(I − T)x− (I − T)y‖2 , ∀x, y ∈ C.This material is reserved for educational use only, not allowed for commercial use. 
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Note that the class of κ-strictly pseudo-contractions includes the class of non-
expansive mappings, that is, nonexpansive mapping is a 0-strictly pseudo-contractive
mapping and if κ = 1, then a mapping T is called pseudo-contractive mapping.

Definition 2.5. Let the mapping T : C → C. Then T is called an α-contractive mapping
if there exists α ∈ (0, 1) such that

‖Tx− Ty‖ ≤ α‖x− y‖, ∀x, y ∈ C.

Obviously, if T is contractive, then T is nonexpansive. That is, the class of
nonexpansive mappings includes the class of contractive mappings.

Theorem 2.10 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Let T be a nonexpansive mapping of C into itself. Then Fix(T) is closed
and convex.

Theorem 2.11 ([39]). Let H be a Hilbert space and let C be a nonempty bounded
closed convex subset of H . Let T be a nonexpansive mapping of C into itself. Then
T has a fixed point in C.

Lemma 2.12 ([50]). Let H be a Hilbert space, C be a closed convex subset of H . If
T is a κ-strictly pseudo-contractive mapping on C, then the fixed point set Fix(T) is
closed convex, so that the projection PFix(T) is well defined.

Lemma 2.13. [22] Let C be a nonempty closed convex subset of a real Hilbert space
H and let T : C → C be a κ-strictly pseudo-contractive mapping with Fix(T) 0= ∅. Then,
there hold the following statement:

(i) Fix(T) = V I(C, I − T);

(ii) For every u ∈ C and v ∈ Fix(T),

‖PC(I − λ(I − T))u− v‖ ≤ ‖u− v‖,

for u ∈ C and v ∈ Fix(T) and λ ∈ (0, 1− κ).

2.3 Properties of the metric projection

Definition 2.6 (Metric projection [39]). The (nearest point) projection PC from H onto
C assigns to each x ∈ H the unique point PCx ∈ C satisfying the following properties:

(i) PCx ∈ C,

(ii) ‖x− PCx‖ = min
y∈C
‖x− y‖,

(iii) If C is a hyperplane, it follows that

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2, (2.1)

∀x ∈ H, y ∈ C.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



12

Lemma 2.14 ([38]). For a given z ∈ H and u ∈ C,

u = PCz ⇔ 〈u− z, v − u〉 ≥ 0, ∀v ∈ C.

It is well-known that PC is a firmly nonexpansive mapping of H onto C, that is

‖PCx− PCy‖2 ≤ 〈PCx− PCy, x− y〉 , ∀x, y ∈ H.

Lemma 2.15 ([38]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H . Let u ∈ C. Then, for λ > 0,

u = PC(I − λA)u⇔ u ∈ V I(C,A),

where PC is the metric projection of H onto C.

2.4 Properties of strongly positive bounded linear operators in
Hilbert spaces

Definition 2.7 ([39]). Let E and F be linear spaces with the same scalars, and let T be
a mapping of E into F . Then T is called linear if for any x, y ∈ E and any scalar α ∈ R,

T (x+ y) = T (x) + T (y) and T (αx) = αT (x).

In particular, for the case of F = R, T is called a linear functional.

Note that if T : E → F is a linear mapping, then

T (αx+ βy) = αT (x) + βT (y), ∀x, y ∈ E and α,β ∈ R.

Definition 2.8 ([39]). Let E and F be normed linear spaces with the same scalars, and
let T be a linear mapping of E into F . Then T is called bounded if there exists K ≥ 0

such that
‖T (x)‖ ≤ K‖x‖ for all x ∈ E.

Let T be a bounded linear mapping of E into F . So, we have that for x ∈ E

with ‖x‖ ≤ 1,
‖T (x)‖ ≤ K, (2.2)

where T (x) is often denoted by Tx.
For a bounded linear mapping T of E into F , we define its norm by

‖T‖ = sup
‖x‖≤1

‖Tx‖. (2.3)

For such ‖T‖, we have the following results.

Definition 2.9 ([39]). Let E and F be normed linear spaces and let T be a bounded
linear mapping of E into F . Then the following hold:This material is reserved for educational use only, not allowed for commercial use. 
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1) ‖Tx‖ ≤ ‖T‖‖x‖ for all x ∈ E,

2) ‖T‖ = sup‖x‖=1 ‖Tx‖.

Definition 2.10 ([15]). Let A be a bounded operator on a Hilbert space H . If 〈Ax, y〉 =

〈x,Ay〉 for all x ∈ H , then A is called the self-adjoint operator.

Theorem 2.16 ([15]). Let T be a bounded linear self-adjoint operator on a Hilbert
space H . Then

‖T‖ = sup
‖x‖=1

|〈Tx, x〉| .

Definition 2.11 ([15]). A self-adjoint operator A is called positive if 〈Ax, x〉 ≥ 0 for all
x ∈ H .

Definition 2.12 ([28]). A self-adjoint operator A is a strongly positive operator on H if
there is a constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄ ‖x‖2 , for all x ∈ H.

Definition 2.13 ([17]). Let A be an operator of C into itself. Then, A is called α-inverse
strongly monotone if there exists a positive real number α > 0 such that

〈x− y,Ax−Ay〉 ≥ α ‖Ax−Ay‖2 , ∀x, y ∈ C.

Definition 2.14 ([20]). Let T be a bounded linear operator on a Hilbert space H. The
spectral radius of T, denoted by rσ(T ), is the number defined by

rσ(T ) = sup{|λ| : λ ∈ σ(T )},

where σ(T ) = {λ ∈ C : (T − λI)(x) = 0, for some 0 0= x ∈ H}.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 3

Strong Convergence Theorems

3.1 Strong convergence theorem for solving the split of modified
variational inequality problems (SMVIP)

In this section, we prove the lemmas related to the set of fixed points of non-
linear mapping with the SMVIP. Utilizing our lemma we prove the strong convergence
theorem for solving the SMVIP and two variational inequality problems by using prob-
lem 1.

The following lemmas are needed to prove the main theorem.

Lemma 3.1. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed
convex subsets of H1 and H2, respectively. Let D1, D2, D3 : C → H1 be d1, d2, d3-
inverse strongly monotone respectively, where ζ ∈ (0, 2d∗) with d∗ =min{d1, d2, d3}.
Let D̄1, D̄2, D̄3 : Q → H2 be d̄1, d̄2, d̄3-inverse strongly monotone respectively, where
ζ̄ ∈ (0, 2d̂) with d̂ =min{d̄1, d̄2, d̄3}. Let A : H1 → H2 be a bounded linear operator with
adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Define
MC : C → C by

MC(x) = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x)),

∀x ∈ C, and define MQ : Q→ Q by

MQ(x̂) = PQ(I − ζ̄D̄1)(ax̂+ (1− a)PQ(I − ζ̄D̄2)(ax̂+ (1− a)PQ(I − ζ̄D̄3)x̂)),

∀x̂ ∈ Q. Define M : C → C by M(x) = MC(x− ηA∗(I −MQ)Ax) for all x ∈ C. Then M is
a nonexpansive mapping for all x ∈ C.

Proof. Let x, y ∈ C. From the definition of M, we have

‖Mx−My‖2 = ‖MC(x− ηA∗(I −MQ)Ax)−MC(y − ηA∗(I −MQ)Ay)‖2

≤ ‖(x− ηA∗(I −MQ)Ax)− (y − ηA∗(I −MQ)Ay)‖2

= ‖x− y − ηA∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − 2η〈x− y,A∗[(I −MQ)Ax− (I −MQ)Ay]〉

+ η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − 2η〈A(x− y), (I −MQ)Ax− (I −MQ)Ay〉

+ η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − 2η〈Ax−Ay +MQAx−MQAx+MQAy

−MQAy, (I −MQ)Ax− (I −MQ)Ay〉
This material is reserved for educational use only, not allowed for commercial use. 
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+ η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − 2η[〈Ax−Ay −MQAx+MQAy, (I −MQ)Ax

− (I −MQ)Ay〉 − 〈MQAy −MQAx, (I −MQ)Ax

− (I −MQ)Ay〉] + η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − 2η[〈(I −MQ)Ax− (I −MQ)Ay, (I −MQ)Ax

− (I −MQ)Ay〉 − 〈MQAy −MQAx, (I −MQ)Ax

− (I −MQ)Ay〉] + η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

≤ ‖x− y‖2 − 2η[‖(I −MQ)Ax− (I −MQ)Ay‖2

− 1

2
‖(I −MQ)Ax− (I −MQ)Ay‖2]

+ η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

= ‖x− y‖2 − η‖(I −MQ)Ax− (I −MQ)Ay‖2

+ η2‖A∗[(I −MQ)Ax− (I −MQ)Ay]‖2

≤ ‖x− y‖2 − η‖(I −MQ)Ax− (I −MQ)Ay‖2

+ η2L‖(I −MQ)Ax− (I −MQ)Ay‖2

= ‖x− y‖2 − η(1− ηL)‖(I −MQ)Ax− (I −MQ)Ay‖2

≤ ‖x− y‖2. (3.1)

It implies that ‖Mx−My‖ ≤ ‖x− y‖.

Hence, M is a nonexpansive mapping.

Remark 3.2. From the study of Lemma 3.1, we have

‖(x− ηA∗(I −MQ)Ax)− (y − ηA∗(I −MQ)Ay)‖2

≤ ‖x− y‖2 − η(1− ηL)‖(I −MQ)Ax− (I −MQ)Ay‖2.

for all x, y ∈ H1.

Lemma 3.3. Let C,Q be nonempty closed convex subsets of H1,H2, respectively.
Let D1, D2, D3 : C → H1 be d1, d2, d3-inverse strongly monotone respectively, where
ζ ∈ (0, 2d∗) with d∗ =min{d1, d2, d3}. Let D̄1, D̄2, D̄3 : Q→ H2 be d̄1, d̄2, d̄3-inverse strongly
monotone respectively, where ζ̄ ∈ (0, 2d̂) with d̂ = min{d̄1, d̄2, d̄3}. Let A : H1 → H2 be a
bounded linear operator with adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius
of the operator A∗A. Define MC : C → C by

MC(x) = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x)),

∀x ∈ C, and define MQ : Q→ Q by

MQ(x̂) = PQ(I − ζ̄D̄1)(ax̂+ (1− a)PQ(I − ζ̄D̄2)(ax̂+ (1− a)PQ(I − ζ̄D̄3)x̂)),This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



16

∀x̂ ∈ Q. Assume

ΨD1,D2,D3

D̄1,D̄2,D̄3
= {(x∗, y∗, z∗) ∈ ΨD1,D2,D3 : (x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3

} 0= ∅.

The following statements are equivalent

(i) (x∗, y∗, z∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
,

(ii) x∗ = MC(x∗ − ηA∗(I −MQ)Ax∗),
where y∗ = PC(I−ζD2)(ax∗+(1−a)z∗), z∗ = PC(I−ζD3)x∗, x̄∗ = Ax∗ = PQ(I− ζ̄D̄1)(ax̄∗+

(1− a)ȳ∗), ȳ∗ = Ay∗ = PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗) and z̄∗ = Az∗ = PQ(I − ζ̄D̄3)x̄∗.

Proof. Let the following condition hold.
(i) ⇒ (ii) Let (x∗, y∗, z∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
. We have (x∗, y∗, z∗) ∈ ΨD1,D2,D3 and (x̄∗, ȳ∗, z̄∗) ∈

ΨD̄1,D̄2,D̄3
, where x̄∗ = Ax∗, ȳ∗ = Ay∗ and z̄∗ = Az∗. Since (x∗, y∗, z∗) ∈ ΨD1,D2,D3 , we

obtain that
〈x∗ − (I − ζD1)(ax

∗ + (1− a)y∗), x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − ζD2)(ax
∗ + (1− a)z∗), x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − ζD3)x
∗, x− z∗〉 ≥ 0, ∀x ∈ C.

By the property of PC , we obtain

x∗ = PC(I − ζD1)(ax
∗ + (1− a)y∗),

y∗ = PC(I − ζD2)(ax
∗ + (1− a)z∗),

z∗ = PC(I − ζD3)x
∗.

It implies that

x∗ = PC(I − ζD1)(ax
∗ + (1− a)PC(I − ζD2)(ax

∗

+ (1− a)PC(I − ζD3)x
∗))

= MCx
∗. (3.2)

Since (x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3
, we obtain that

〈x̄∗ − (I − ζ̄D̄1)(ax̄∗ + (1− a)ȳ∗), x̄− x̄∗〉 ≥ 0, ∀x̄ ∈ Q,

〈ȳ∗ − (I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗), x̄− ȳ∗〉 ≥ 0, ∀x̄ ∈ Q,

〈z̄∗ − (I − ζ̄D̄3)x̄∗, x̄− z̄∗〉 ≥ 0, ∀x̄ ∈ Q.

Then, we obtain
x̄∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1− a)ȳ∗),

ȳ∗ = PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗),

z̄∗ = PQ(I − ζ̄D̄3)x̄∗.
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Forbidden to modify the content, and cite the document when use. 



17

That is

x̄∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1− a)PQ(I − ζ̄D̄2)(ax̄∗

+ (1− a)PQ(I − ζ̄3D̄3)x̄∗))

= MQx̄∗

= MQAx∗. (3.3)

It implies that

x∗ = MC(x
∗ − ηA∗(I −MQ)Ax∗) (3.4)

(ii) ⇒ (i) Let x∗ = MC(x∗ − ηA∗(I −MQ)Ax∗) where y∗ = PC(I − ζD2)(ax∗ +

(1 − a)z∗), z∗ = PC(I − ζD3)x∗, x̄∗ = Ax∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1 − a)ȳ∗), ȳ∗ = Ay∗ =

PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗) and z̄∗ = Az∗ = PQ(I − ζ̄D̄3)x̄∗ and (u∗, v∗, w∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
.

From Remark 1.4, we have MC is nonexpansive mapping on C. It is obvious
that MQ is nonexpansive mapping on Q.

From (u∗, v∗, w∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
, and (i) ⇒ (ii), we have u∗ = MC(u∗ − ηA∗(I −

MQ)Au∗). Utilizing the same method as (3.3) we have Au∗ = MQAu∗ and and applying
(3.1), we have

‖x∗ − u∗‖2 ≤ ‖x∗ − u∗‖2 − η(1− ηL)‖(I −MQ)Ax∗ − (I −MQ)Au∗‖2

It implies that

x̄∗ = Ax∗ ∈ F (MQ).

That is,
x̄∗ = MQx̄∗ = PQ(I− ζ̄D̄1)(ax̄∗+(1−a)PQ(I− ζ̄D̄2)(ax̄∗+(1−a)PQ(I− ζ̄D̄3)x̄∗)). It follows
that

x̄∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1− a)ȳ∗),

where ȳ∗ = PQ(I − ζ̄D̄2(ax̄∗ + (1 − a)z̄∗) and z̄∗ = PQ(I − ζ̄D̄3)x̄∗. From Lemma 1.3, we
have

(x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3
(3.5)

From Ax∗ ∈ F (MQ), we have

x∗ = MC(x
∗ − ηA∗(I −MQ)Ax∗) = MCx

∗.

That is x∗ ∈ F (MC). Then, we have
x∗ = PC(I− ζD1)(ax∗+(1−a)PC(I− ζD2)(ax∗+(1−a)PC(I− ζD3)x∗)) = MCx∗. It follows
that
x∗ = PC(I − ζD1)(ax∗ + (1 − a)y∗), where y∗ = PC(I − ζD2)(ax∗ + (1 − a)z∗), and z∗ =

PC(I − ζD3)x∗. From Lemma 1.3, we have

(x∗, y∗, z∗) ∈ ΨD1,D2,D3 (3.6)
This material is reserved for educational use only, not allowed for commercial use. 
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From (3.5)and (3.6), we have

(x∗, y∗, z∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
.

Example 3.4. Let R be the set of real numbers, C = [−50, 50]×[−50, 50], Q = [−100, 100]×

[−100, 100], H1 = H2 = R. Let D1, D2, D3 : [−50, 50] → R2 defined by D1(x1, x2) =

(x1 − 3, x2 − 3), D2(x1, x2) = (x1−3
2 , x2−3

2 ), D3(x1, x2) = (x1−3
3 , x2−3

3 ), for all (x1, x2) ∈ C.

Let D̄1, D̄2, D̄3 : [−100, 100] × [−100, 100] → R2 defined by D̄1(x1, x2) = (x1 − 6, x2 − 6),

D̄2(x1, x2) = (x1−6
2 , x2−6

2 ), D̄3(x1, x2) = (x1−6
3 , x2−6

3 ), for all (x1, x2) ∈ Q respectively. Let
A : R2 → R2 defined by A(x1, x2) = (2x, 2x) and A∗ : R2 → R2 defined by A∗(x1, x2) =

(2x, 2x). Define MC : [−50, 50] × [−50, 50] → [−50, 50] × [−50, 50] by MC(x) = PC(I −
2
5D1)(

1
2x + 1

2PC(I − 2
5D2)(

1
2x + 1

2PC(I − 2
5D3)x)), ∀x ∈ C, and define MQ : [−100, 100] ×

[−100, 100] → [−100, 100] × [−100, 100] by MQ(x̂) = PQ(I − 1
7D̄1)(

1
2 x̂ + 1

2PQ(I − 1
7D̄2)(

1
2 x̂ +

1
2PQ(I − 1

7D̄3)x̂)), ∀x̂ ∈ Q.

Then, we have (x∗, y∗, z∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
, where (x∗, y∗, z∗) = (3, 3) ∈ [−50, 50] × [−50, 50].

By Lemma 3.3, we have (3, 3) = MC((3, 3) − 1
5A

∗(I −MQ)A(3, 3)), where y∗ = PC(I −
2
5D2)(3, 3), z∗ = PC(I − 2

5D3)(3, 3), x̄∗ = (6, 6), ȳ∗ = (6, 6) and z̄∗ = (6, 6).

Next, we prove the strong convergence theorem, by using Lemma 3.3 as im-
portant tool for finding the solution of the SMVIP and the fixed point of nonexpansive
mapping.

Theorem 3.5. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed
convex subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H be
αi-inverse strongly monotone mapping with α= min{α1,α2} and let Di

1, D
i
2, D

i
3 : C →

H1 be di1, d
i
2, d

i
3-inverse strongly monotone, respectively, with d∗ = min{di1, di2, di3}. Let

D̄1
i
, D̄2

i
, D̄3

i
: Q → H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse strongly monotone, respectively, with
d̂ = min{d̄1i, d̄2i, d̄3i}. Let A : H1 → H2 be a bounded linear operator with adjoint A∗

and η ∈ (0, 1
L ) with L being the spectral radius of the operator A∗A. Let f, g : H → H

be af and ag-contraction mapping with a = max{af , ag}. For every i = 1, 2 define
M i

C : C → C by M i
C(x) = PC(I−ζiDi

1)(ax+(1−a)PC(I−ζiDi
2)(ax+(1−a)PC(I−ζiDi

3)x)),

∀x ∈ C, where ζi ∈ (0, 2d∗) and define M i
Q : Q → Q by M i

Q(x̂) = PQ(I − ζ̄iD̄i
1)(ax̂ + (1 −

a)PQ(I − ζ̄iD̄i
2)(ax̂+(1− a)PQ(I − ζ̄iD̄i

3)x̂)), ∀x̂ ∈ Q, where ζ̄i ∈ (0, 2d̂). Define M i : C → C

by M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for all x∗ ∈ C and i = 1, 2. Let the sequences

{xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)
(3.7)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1]with δn+ηn+µn = 1 and γ ∈ (0, 2α)with γ=min{γ1, γ2}.
Assume the following conditions hold;This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



19

(i) Fi = F (M i) ∩ V I(C,Bi) 0= ∅ for all i = 1, 2,

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I−ζ1D1

2)(ax
∗
1+(1−a)z∗1)

and z∗1 = PC(I−ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and {wn} converges
strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I − ζ2D2

2)(ax
∗
2 + (1 − a)z∗2) and z∗2 = PC(I −

ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

Proof. The proof of this theorem will be divided into five steps.
Step 1. We will show that {xn} is bounded.

First, we will prove that I − γBi is nonexpansive with γ = min{γ1, γ2}, for all i = 1, 2 we
get

‖(I − γBi)x− (I − γBi)w‖2 = ‖x− w − γ(Bix−Biw)‖2

= ‖x− w‖2 − 2γ〈x− w,Bix−Biw〉

+ γ2‖Bix−Biw‖2

≤ ‖x− w‖2 − 2αγ‖Bix−Biw‖2

+ γ2‖Bix−Biw‖2

= ‖x− w‖2 − γ(2α− γ)‖Bix−Biw‖2

≤ ‖x− w‖2.

Thus I − γBi is a nonexpansive mapping, for all i = 1, 2. Then PC(I − γBi) is a nonex-
pansive mapping.
Let x̃ ∈ F1 and w̃ ∈ F2, from the definition of xn, we have

‖xn+1 − x̃‖ = ‖δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M
1xn)

− (δn + ηn + µn)x̃‖

≤ δn‖xn − x̃‖+ ηn‖PC(I − γ1B1)xn − x̃‖+ µn‖PC(αnf(wn)

+ (1− αn)M
1xn)− x̃‖

≤ (1− µn)‖xn − x̃‖+ µn‖αn(f(wn)− x̃) + (1− αn)(M
1xn − x̃)‖

≤ (1− µn)‖xn − x̃‖+ µnαn‖f(wn)− x̃‖+ µn(1− αn)‖xn − x̃‖

≤ (1− µn)‖xn − x̃‖+ µnαna‖wn − w̃‖+ µnαn‖f(w̃)− x̃‖

+ µn(1− αn)‖xn − x̃‖

= (1− µnαn)‖xn − x̃‖+ µnαna‖wn − w̃‖+ µnαn‖f(w̃)− x̃‖. (3.8)

Similarly, we get

‖wn+1 − w̃‖ ≤ (1− µnαn)‖wn − w̃‖+ µnαna‖xn − x̃‖+ µnαn‖g(x̃)− w̃‖. (3.9)This material is reserved for educational use only, not allowed for commercial use. 
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Combining (3.39) and (3.40), we have

‖xn+1 − x̃‖+ ‖wn+1 − w̃‖ ≤ (1− µnαn) [‖xn − x̃‖+ ‖wn − w̃‖]

+ µnαna [‖xn − x̃‖+ ‖wn − w̃‖]

+ µnαn [‖g(x̃)− w̃‖+ ‖f(w̃)− x̃‖]

= (1− µnαn(1− a)) [‖xn − x̃‖+ ‖wn − w̃‖]

+ µnαn [‖g(x̃)− w̃‖+ ‖f(w̃)− x̃‖] .

By induction, we can derive that

‖xn − x̃‖+ ‖wn − w̃‖ ≤ max

{
‖x1 − x̃‖+ ‖w1 − w̃‖, ‖g(x̃)− w̃‖+ ‖f(w̃)− x̃‖

1− a

}
,

for every n ∈ N. This implies that {xn} and {wn} are bounded.

Step 2. Claim that lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖wn+1 − wn‖ = 0.

First, we let Un = PC(αnf(wn) + (1 − αn)M1xn) and Vn = PC(αng(xn) + (1 − αn)M2wn).
Then, observe that

‖Un − Un−1‖ = ‖PC(αnf(wn) + (1− αn)M
1xn)− PC(αn−1f(wn−1)

+ (1− αn−1)M
1xn−1)‖

≤ αn‖f(wn)− f(wn−1)‖+ |αn − αn−1|‖f(wn−1)‖

+ (1− αn)‖M1xn −M1xn−1‖

+ |αn − αn−1|‖M1xn−1‖

≤ αna‖wn − wn−1‖+ |αn − αn−1|
[
‖f(wn−1)‖+ ‖M1xn−1‖

]

+ (1− αn)‖xn − xn−1‖. (3.10)

By the definition of xn and (3.10) we obtain

‖xn+1 − xn‖ = ‖δnxn + ηnPC(I − γ1B1)xn + µnUn − δn−1xn−1

− ηn−1PC(I − γ1B1)xn−1 − µn−1Un−1‖

≤ δn‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖+ ηn‖PC(I − γ1B1)xn

− PC(I − γ1B1)xn−1‖+ |ηn − ηn−1|‖PC(I − γ1B1)xn−1‖

+ µn‖Un − Un−1‖+ |µn − µn−1|‖Un−1‖

= (1− µn)‖xn − xn−1‖+ |δn − δn−1|‖xn−1‖

+ |ηn − ηn−1|‖PC(I − γ1B1)xn−1‖

+ µn|αn − αn−1|
[
‖f(wn−1)‖+ ‖M1xn−1‖

]

+ µn(1− αn)‖xn − xn−1‖+ |µn − µn−1|‖Un−1‖

+ µnαna‖wn − wn−1‖. (3.11)

Using the same method as derived in (3.11), we have

‖wn+1 − wn‖ ≤ (1− µn)‖wn − wn−1‖+ |δn − δn−1|‖wn−1‖This material is reserved for educational use only, not allowed for commercial use. 
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+ |ηn − ηn−1|‖PC(I − γ2B2)wn−1‖

+ µn|αn − αn−1|
[
‖g(xn−1)‖+ ‖M2wn−1‖

]

+ µn(1− αn)‖wn − wn−1‖+ |µn − µn−1|‖Vn−1‖

+ µnαna‖xn − xn−1‖. (3.12)

From (3.11) and (3.12), then we get

‖xn+1 − xn‖+ ‖wn+1 − wn‖ ≤ (1− µn) [‖xn − xn−1‖+ ‖wn − wn−1‖]

+ |δn − δn−1| [‖xn−1‖+ ‖wn−1‖]

+ |ηn − ηn−1|[‖PC(I − γ1B1)xn−1‖

+ ‖PC(I − γ2B2)wn−1‖]

+ |µn − µn−1| [‖Un−1‖+ ‖Vn−1‖]

+ µnαna [‖wn − wn−1‖+ ‖xn − xn−1‖]

+ µn|αn − αn−1|[‖f(wn−1)‖+ ‖M1xn−1‖

+ ‖g(xn−1)‖+ ‖M2wn−1‖]

+ µn(1− αn) [‖xn − xn−1‖+ ‖wn − wn−1‖]

≤ (1− αnθ̄(1− a)) [‖xn − xn−1‖+ ‖wn − wn−1‖]

+ |δn − δn−1| [‖xn−1‖+ ‖wn−1‖]

+ |ηn − ηn−1|[‖PC(I − γ1B1)xn−1‖

+ ‖PC(I − γ2B2)wn−1‖]

+ |µn − µn−1| [‖Un−1‖+ ‖Vn−1‖]

+ θ|αn − αn−1|[‖f(wn−1)‖+ ‖M1xn−1‖

+ ‖g(xn−1)‖+ ‖M2wn−1‖].

Applying Lemma 2.7 and the condition (ii), (iii) and (iv) we can conclude that

‖xn+1 − xn‖ → 0 and ‖wn+1 − wn‖ → 0 as n→∞. (3.13)

Step 3. Prove that lim
n→∞

‖Un − PC(I − γ1B1)Un‖ = lim
n→∞

‖Un −M1
CUn‖ = 0.

To show this, take Un = PC ũn, ∀n ∈ N. Then we derive that

‖xn+1 − x̃‖2 = ‖δn(xn − x̃) + ηn(PC(I − γ1B1)xn − x̃) + µn(Un − x̃)‖2

≤ δn‖xn − x̃‖2 + ηn‖PC(I − γ1B1)xn − x̃‖2

− δnηn‖xn − PC(I − γ1B1)xn‖2 + µn‖ũn − x̃‖2

≤ (1− µn)‖xn − x̃‖2 − δnηn‖xn − PC(I − γ1B1)xn‖2

+ µn‖αn(f(wn)−M1xn) + (M1xn − x̃)‖2

≤ (1− µn)‖xn − x̃‖2 − δnηn‖xn − PC(I − γ1B1)xn‖2

+ µn

[
‖M1xn − x̃‖2 + 2αn〈f(wn)−M1xn, ũn − x̃〉

]
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≤ ‖xn − x̃‖2 − δnηn‖xn − PC(I − γ1B1)xn‖2

+ 2µnαn‖f(wn)−M1xn‖‖ũn − x̃‖,

which implies that

δnηn‖xn − PC(I − γ1B1)xn‖2 ≤ ‖xn − x̃‖2 − ‖xn+1 − x̃‖2

+ 2µnαn‖f(wn)−M1xn‖‖ũn − x̃‖

≤ ‖xn − xn+1‖ [‖xn − x̃‖+ ‖xn+1 − x̃‖]

+ 2µnαn‖f(wn)−M1xn‖‖ũn − x̃‖.

Then, we have

‖xn − PC(I − γ1B1)xn‖ → 0 as n→∞. (3.14)

Observe that

xn+1 − xn = ηn(PC(I − γ1B1)xn − xn) + µn(Un − xn).

From (3.13) and (3.14), we obtain

‖Un − xn‖ → 0 as n→∞. (3.15)

Observe that

‖Un − PC(I − γ1B1)Un‖ ≤ ‖Un − xn‖+ ‖xn − PC(I − γ1B1)xn‖

+ ‖PC(I − γ1B1)xn − PC(I − γ1B1)Un‖

≤ ‖Un − xn‖+ ‖xn − PC(I − γ1B1)xn‖+ ‖xn − Un‖

= 2‖Un − xn‖+ ‖xn − PC(I − γ1B1)xn‖,

by (3.14) and (3.15), we obtain

‖Un − PC(I − γ1B1)Un‖ → 0 as n→∞. (3.16)

Applying the same argument as (3.16), we also obtain

‖Vn − PC(I − γ2B2)Vn‖ → 0 as n→∞.

Consider

‖xn+1 − Un‖ ≤ ‖xn+1 − xn‖+ ‖xn − Un‖.

From (3.13) and (3.15), we have

‖xn+1 − Un‖ → 0 as n→∞. (3.17)

Since

‖xn −M1xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Un‖+ ‖Un −M1xn‖This material is reserved for educational use only, not allowed for commercial use. 
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≤ ‖xn − xn+1‖+ ‖xn+1 − Un‖+ ‖ũn −M1xn‖

= ‖xn − xn+1‖+ ‖xn+1 − Un‖

+ ‖αnf(wn) + (1− αn)M
1xn −M1xn‖

= ‖xn − xn+1‖+ ‖xn+1 − Un‖+ αn‖f(wn)−M1xn‖.

From (3.13), (3.17) and condition (ii), we get

‖xn −M1xn‖ → 0 as n→∞. (3.18)

Consider

‖Un −M1Un‖ ≤ ‖Un − xn‖+ ‖xn −M1xn‖+ ‖M1xn −M1Un‖

≤ ‖Un − xn‖+ ‖xn −M1xn‖+ ‖xn − Un‖

≤ 2‖Un − xn‖+ ‖xn −M1xn‖.

From (3.15) and (3.18), we have

‖Un −M1Un‖ → 0 as n→∞. (3.19)

Applying the same method as (3.18), we also have

‖Vn −M2Vn‖ → 0 as n→∞.

Step 4. Claim that lim sup
n→∞

〈f(x∗
2)− x∗

1, Un − x∗
1〉 ≤ 0, where x∗

1 = PF1f(x
∗
2).

First, take a subsequence {Unk} of {Un} such that

lim sup
n→∞

〈f(x∗
2)− x∗

1, Un − x∗
1〉 = lim

k→∞
〈f(x∗

2)− x∗
1, Unk − x∗

1〉. (3.20)

Since {xn} is bounded, there exist a subsequence {xnk} of {xn} such that xnk ⇀ x̂ ∈ C

as k →∞. From (3.15), we obtain Unk ⇀ x̂ as k →∞.

Next, we need to show that x̂ ∈ F1 = F (M1)∩V I(C,B1). Assume x̂ /∈ F (M1). Then, we
have x̂ 0= M1x̂. By the Opial’s condition, we obtain

lim inf
k→∞

‖Unk − x̂‖ < lim inf
k→∞

‖Unk −M1x̂‖

≤ lim inf
k→∞

‖Unk −M1Unk‖+ lim inf
k→∞

‖M1Unk −M1x̂‖

≤ lim inf
k→∞

‖Unk − x̂‖.

This is a contradiction.
Therefore

x̂ ∈ F (M1). (3.21)

Assume x̂ /∈ V I(C,B1), then we get x̂ 0= PC(I − γ1B1)x̂.
From the Opial’s condition and (3.16), we have

lim inf
k→∞

‖Unk − x̂‖ < lim inf
k→∞

‖Unk − PC(I − γ1B1)x̂‖This material is reserved for educational use only, not allowed for commercial use. 
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≤ lim inf
k→∞

‖Unk − PC(I − γ1B1)Unk‖

+ lim inf
k→∞

‖PC(I − γ1B1)Unk − PC(I − γ1B1)x̂‖

≤ lim inf
k→∞

‖Unk − x̂‖.

This is a contradiction.
Therefore

x̂ ∈ V I(C,B1). (3.22)

By (3.21) and (3.22), this yields that

x̂ ∈ F1 = F (M1) ∩ V I(C,B1). (3.23)

Since Unk ⇀ x̂ as k →∞, from (3.23) and Lemma 2.14, we can derive that

lim sup
n→∞

〈f(x∗
2)− x∗

1, Un − x∗
1〉 = lim

k→∞
〈f(x∗

2)− x∗
1, Unk − x∗

1〉

= 〈f(x∗
2)− x∗

1, x̂− x∗
1〉

≤ 0. (3.24)

Following the same method as (3.24), we obtain that

lim sup
n→∞

〈g(x∗
1)− x∗

2, Vn − x∗
2〉 ≤ 0. (3.25)

Step 5. Finally, prove that the sequences {xn} and {wn} converge strongly to
x∗
1 = PF1f(x

∗
2) and x∗

2 = PF2g(x
∗
1), respectively.

By firmly-nonexpansiveness of PC , we derive that

‖Un − x∗
1‖2 = ‖PC ũn − x∗

1‖2

≤ 〈ũn − x∗
1, Un − x∗

1〉

= 〈αn(f(wn)− x∗
1) + (1− αn)(M

1xn − x∗
1), Un − x∗

1〉

= αn〈f(wn)− x∗
1, Un − x∗

1〉+ (1− αn)〈M1xn − x∗
1, Un − x∗

1〉

= αn〈f(wn)− f(x∗
2), Un − x∗

1〉+ αn〈f(x∗
2)− x∗

1, Un − x∗
1〉

+ (1− αn)‖M1xn − x∗
1‖‖Un − x∗

1‖

≤ αna‖wn − x∗
2‖‖Un − x∗

1‖+ αn〈f(x∗
2)− x∗

1, Un − x∗
1〉

+ (1− αn)‖xn − x∗
1‖‖Un − x∗

1‖

≤ αna

2

{
‖wn − x∗

2‖2 + ‖Un − x∗
1‖2
}
+ αn〈f(x∗

2)− x∗
1, Un − x∗

1〉

+
(1− αn)

2

{
‖xn − x∗

1‖2 + ‖Un − x∗
1‖2
}

=
αna

2
‖wn − x∗

2‖2 +
(1− αn)

2
‖xn − x∗

1‖2

+

(
1− αn(1− a)

2

)
‖Un − x∗

1‖2

+ αn〈f(x∗
2)− x∗

1, Un − x∗
1〉,This material is reserved for educational use only, not allowed for commercial use. 
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which hence yields

‖Un − x∗
1‖2 ≤

αna

1 + αn(1− a)
‖wn − x∗

2‖2 +
(1− αn)

1 + αn(1− a)
‖xn − x∗

1‖2

+
αn

1 + αn(1− a)
〈f(x∗

2)− x∗
1, Un − x∗

1〉. (3.26)

From the definition of xn and (3.26), we get

‖xn+1 − x∗
1‖2 ≤ δn‖xn − x∗

1‖2 + ηn‖PC(I − γ1B1)xn − x∗
1‖2 + µn‖Un − x∗

1‖2

≤ (1− µn)‖xn − x∗
1‖2 +

µnαna

1 + αn(1− a)
‖wn − x∗

2‖2

+
µnαn

1 + αn(1− a)
〈f(x∗

2)− x∗
1, Un − x∗

1〉

+
µn(1− αn)

1 + αn(1− a)
‖xn − x∗

1‖2

=

(
1− µnαn(2− a)

1 + αn(1− a)

)
‖xn − x∗

1‖2 +
µnαna

1 + αn(1− a)
‖wn − x∗

2‖2

+
µnαn

1 + αn(1− a)
〈f(x∗

2)− x∗
1, Un − x∗

1〉. (3.27)

Similarly, as derived above,we also have

‖wn+1 − x∗
2‖2 ≤

(
1− µnαn(2− a)

1 + αn(1− a)

)
‖wn − x∗

2‖2 +
µnαna

1 + αn(1− a)
‖xn − x∗

1‖2

+
µnαn

1 + αn(1− a)
〈g(x∗

1)− x∗
2, Vn − x∗

2〉. (3.28)

From (3.27) and (3.28), we deduce that

‖xn+1 − x∗
1‖2 + ‖wn+1 − x∗

2‖2

≤
(
1− µnαn(2− a)

1 + αn(1− a)

)(
‖xn − x∗

1‖2 + ‖wn − x∗
2‖2
)

+
µnαna

1 + αn(1− a)

(
‖xn − x∗

1‖2 + ‖wn − x∗
2‖2
)

+
µnαn

1 + αn(1− a)
(〈f(x∗

2)− x∗
1, Un − x∗

1〉+ 〈g(x∗
1)− x∗

2, Vn − x∗
2〉)

=

(
1− µnαn(2− a)

1 + αn(1− a)
+

µnαna

1 + αn(1− a)

)(
‖xn − x∗

1‖2 + ‖wn − x∗
2‖2
)

+
µnαn

1 + αn(1− a)
(〈f(x∗

2)− x∗
1, Un − x∗

1〉+ 〈g(x∗
1)− x∗

2, Vn − x∗
2〉)

=

(
1− 2µnαn(1− a)

1 + αn(1− a)

){
‖xn − x∗

1‖2 + ‖wn − x∗
2‖2
}

+
µnαn

1 + αn(1− a)
(〈f(x∗

2)− x∗
1, Un − x∗

1〉+ 〈g(x∗
1)− x∗

2, Vn − x∗
2〉) .

Applying the condition (ii), (3.24), (3.25), and Lemma 2.7, we can conclude that the
sequences {xn} and {wn} converge strongly to x∗

1 = PF1f(x
∗
2) and x∗

2 = PF2g(x
∗
1), re-

spectively. From Lemma 3.3, we have (x∗
1, y

∗
1 , z

∗
1) is an element of Ψ

D1
1 ,D

1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and

(x∗
2, y

∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

. This completes the proof.

As direct consequences of Theorem 3.5, we can obtain the following corollary.This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 3.6. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed
convex subsets of H1 and H2, respectively. For every i = 1, 2, let Ti : C → C be
a κi-strictly pseudo-contractive mapping with Fix(Ti) 0= ∅, and let Di

1, D
i
2, D

i
3 : C →

H1 be di1, d
i
2, d

i
3-inverse strongly monotone, respectively, with d∗ = min{di1, di2, di3}. Let

D̄1
i
, D̄2

i
, D̄3

i
: Q → H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse strongly monotone, respectively, with
d̂ = min{d̄1i, d̄2i, d̄3i}. Let A : H1 → H2 be a bounded linear operator with adjoint A∗

and η ∈ (0, 1
L ) with L being the spectral radius of the operator A∗A. Let f, g : H → H

be af and ag-contraction mapping with a = max{af , ag}. For every i = 1, 2 define
M i

C : C → C by M i
C(x) = PC(I−ζiDi

1)(ax+(1−a)PC(I−ζiDi
2)(ax+(1−a)PC(I−ζiDi

3)x)),

∀x ∈ C, where ζi ∈ (0, 2d∗) and define M i
Q : Q → Q by M i

Q(x̂) = PQ(I − ζ̄iD̄i
1)(ax̂ + (1 −

a)PQ(I − ζ̄iD̄i
2)(ax̂+ (1− a)PQ(I − ζ̄iD̄i

3)x̂)), ∀x̂ ∈ Q, where ζ̄i ∈ (0, 2d̂) Define M i : C → C

by M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for all x∗ ∈ C, and i = 1, 2. Let the sequences

{xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1(I − T1))xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2(I − T2))wn + µnPC(αng(xn) + (1− αn)M2wn)
(3.29)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1]with δn+ηn+µn = 1, γ ∈ (0, 2α)with α = min{ 1−κ1
2 , 1−κ2

2 }

and γ=min{γ1, γ2}. Assume the following conditions hold;

(i) Fi = F (M i) ∩ F (Ti) 0= ∅ for all i = 1, 2,

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I−ζ1D1

2)(ax
∗
1+(1−a)z∗1)

and z∗1 = PC(I−ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and {wn} converges
strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I − ζ2D2

2)(ax
∗
2 + (1 − a)z∗2) and z∗2 = PC(I −

ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

Proof. From Theorem 3.5 and Lemma 2.13, we have the desired conclusion.

3.2 Applications of strong convergence theorem for solving the split
of modified variational inequality problems (SMVIP)

3.2.1 Strong convergence theorem for approximating the solution of the split
variational inequality problem

In 2012, Censor et al. introduced SVIP, which is to find x̂ ∈ C such that

〈f1x̂, x− x̂〉 ≥ 0, ∀x ∈ C,
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and find ŷ = Dx̂ ∈ Q such that

〈f2ŷ, x− ŷ〉 ≥ 0, ∀y ∈ Q,

where f1 : C → H1 and f2 : Q → H2 are nonlinear mappings and D : H1 → H2 is a
bounded linear operator. The set of all solution of the SVIP is denoted by

Φ = {x̂ ∈ V I(C, f1) : ŷ ∈ V I(Q, f2)}. (3.30)

The SVIP is reduced to the SFP if f1 ≡ f2 ≡ 0.

Before we prove the theorems, we need the following lemmas.

Lemma 3.7. In a strictly convex Banach space E, if

‖x‖ = ‖y‖ = ‖λx+ (1− λ)y‖,

for all x, y ∈ E and λ ∈ (0, 1), then x = y.

Lemma 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H.

Let D1, D2, D3 : C → H1 be d1, d2, d3-inverse strongly monotone respectively, where
ζ ∈ (0, 2d∗) with d∗ =min{d1, d2, d3}. Let D̄1, D̄2, D̄3 : Q→ H2 be d̄1, d̄2, d̄3-inverse strongly
monotone respectively, where ζ̄ ∈ (0, 2d̂) with d̂ =min{d̄1, d̄2, d̄3}. Defined the mapping
MC , MQ as in Lemma 3.3. Let A : H1 → H2 be a bounded linear operator with adjoint

A∗ and η ∈ (0, 1
L ) with L being the spectral radius of the operator A∗A. Let

3⋂

i=1

Φi 0= ∅

and Φi = {w ∈ V I(C,Di)|Aw ∈ V I(Q, D̄i)}, for all i = 1, 2, 3. Then
3⋂

i=1

Φi = F (MC(I − ηA∗(I −MQ)A)).

Proof. First, we will prove that for every i = 1, 2, 3 if Ti : C → C is a nonexpansive

mapping,
3⋂

i=1

F (Ti) 0= ∅ and define the mapping J : C → C by

J(x) = T1(ax+ (1− a)T2(ax+ (1− a)T3x))

Then
3⋂

i=1

F (Ti) = F (J).

It easy to see that
3⋂

i=1

F (Ti) ⊆ F (J).

Next, we claim that F (J) ⊆
3⋂

i=1

F (Ti). To show this, let x ∈ F (J) and x∗ ∈
3⋂

i=1

F (Ti).
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By the definition of J , we get

‖x− x∗‖ = ‖T1(ax+ (1− a)T2(ax+ (1− a)T3x))− x∗‖

≤ ‖a(x− x∗) + (1− a)[T2(ax+ (1− a)T3x)− x∗]‖

≤ a‖x− x∗‖+ (1− a)‖ax+ (1− a)T3x− x∗‖

= a‖x− x∗‖+ (1− a)‖a(x− x∗) + (1− a)(T3x− x∗)‖

≤ a‖x− x∗‖+ a(1− a)‖x− x∗‖+ (1− a)2‖T3x− x∗‖

= (2a− a2)‖x− x∗‖+ (1− a)2‖T3x− x∗‖

≤ (2a− a2)‖x− x∗‖+ (1− a)2‖x− x∗‖

= ‖x− x∗‖,

which implies that ‖x− x∗‖ = ‖T3x− x∗‖ = ‖a(x− x∗) + (1− a)(T3x− x∗)‖. From Lemma
3.7, we have T3x = x, that is x ∈ F (T3).
By the definition of J and x ∈ F (T3), we have

‖x− x∗‖ = ‖T1(ax+ (1− a)T2(ax+ (1− a)x))− x∗‖

≤ ‖ax+ (1− a)T2x− x∗‖

= ‖a(x− x∗) + (1− a)(T2x− x∗)‖

≤ a‖x− x∗‖+ (1− a)‖T2x− x∗‖

≤ a‖x− x∗‖+ (1− a)‖x− x∗‖

= ‖x− x∗‖,

which implies that ‖x− x∗‖ = ‖T2x− x∗‖ = a‖x− x∗‖+ (1− a)‖T2x− x∗‖. From Lemma
3.7, we have T2x = x, that is x ∈ F (T2).
By the definition of J , x ∈ F (T3) and x ∈ F (T2), we have

x = T1(ax+ (1− a)T2(ax+ (1− a)T3x))

= T1x

which implies that T1x = x, that is x ∈ F (T1). Therefore

x ∈
3⋂

i=1

F (Ti).

Then, we have

F (J) ⊆
3⋂

i=1

F (Ti).

Hence

F (J) =
3⋂

i=1

F (Ti). (3.31)
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Next, we claim that
3⋂

i=1

Φi ⊆ F (MC(I−ηA∗(I−MQ)A)). To show this, let x ∈
3⋂

i=1

Φi

then x ∈ Φi, for all i = 1, 2, 3. Thus
x ∈ V I(C,Di) and Ax ∈ V I(Q, D̄i), for all i = 1, 2, 3 and so
x ∈ F (PC(I − ζDi)) and Ax ∈ F (PQ(I − ζ̄D̄i)), for all i = 1, 2, 3.

Then, we have x ∈
3⋂

i=1

F (PC(I − ζDi)) and Ax ∈
3⋂

i=1

F (PQ(I − ζ̄D̄i)).

Utilizing the same method as (3.31), we have

x ∈ F (MC),

that is
x = MCx = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x)),

where y = PC(I − ζD2)(ax+ (1− a)z), z = PC(I − ζD3)x and

x̄ ∈ F (MQ),

that is
Ax = MQAx = PQ(I − ζ̄D̄1)(aAx+ (1− a)PQ(I − ζ̄D̄2)(aAx+ (1− a)PQ(I − ζ̄D̄3)Ax)),

where ȳ = PQ(I − ζD2)(ax̄+ (1− a)z̄), z̄ = PQ(I − ζD3)x̄, x̄ = Ax, ȳ = Ay and z̄ = Az.

From Lemma 1.3, we have
(x, y, z) ∈ ΨD1,D2,D3 and (x̄, ȳ, z̄) ∈ ΨD̄1,D̄2,D̄3

. Thus

(x, y, z) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
.

From Lemma 3.3, we have

x = MC(I − ηA∗(I −MQ)A)x

where y = PC(I− ζD2)(ax+(1−a)z), z = PC(I− ζD3)x, x̄ = Ax, ȳ = Ay and z̄ = Az. Thus

x ∈ F (MC(I − ηA∗(I −MQ)A)).

Then, we have
3⋂

i=1

Φi ⊆ F (MC(I − ηA∗(I −MQ)A)).

Next, we claim that F (MC(I − ηA∗(I −MQ)A)) ⊆
3⋂

i=1

Φi. To show this, let x ∈ F (MC(I −

ηA∗(I −MQ)A)), then x = MC(I − ηA∗(I −MQ)A)x.

From Lemma 3.3, we have

(x, y, z) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
,

y = PC(I− ζD2)(ax+(1−a)z), z = PC(I− ζD3)x and ȳ = Ay = PQ(I− ζD2)(ax̄+(1−a)z̄),

z̄ = Az = PQ(I − ζD3)x̄, x̄ = Ax. Then (x, y, z) ∈ ΨD1,D2,D3 and (x̄, ȳ, z̄) ∈ ΨD̄1,D̄2,D̄3
.

From Lemma 1.3, we have
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and
x̄ ∈ F (MQ),

that is
x = MCx = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x))

and Ax = MQAx = PQ(I − ζ̄D̄1)(aAx+ (1− a)PQ(I − ζ̄D̄2)(aAx+ (1− a)PQ(I − ζ̄D̄3)Ax)).

Utilizing the same method as (3.31 ), we have

x ∈
3⋂

i=1

F (PC(I − ζ)Di) and Ax ∈
3⋂

i=1

F (PQ(I − ζ̄)D̄i).

Then x ∈ F (PC(I − ζ)Di) and Ax ∈ F (PQ(I − ζ̄)D̄i), for all i = 1, 2, 3.

and so x ∈ V I(C,Di) and Ax ∈ V I(Q, D̄i), for all i = 1, 2, 3

That is x ∈
3⋂

i=1

Φi, then x ∈ Φi, for all i = 1, 2, 3.

Thus

F (MC(I − ηA∗(I −MQ)A)) ⊆
3⋂

i=1

Φi.

Hence
3⋂

i=1

Φi = F (MC(I − ηA∗(I −MQ)A)).

Theorem 3.9. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed
convex subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H be
αi-inverse strongly monotone mapping with α= min{α1,α2}. For every i = 1, 2, let
Di

1, D
i
2, D

i
3 : C → H1 be di1, d

i
2, d

i
3-inverse strongly monotone respectively, where ζi ∈

(0, 2d∗) with d∗ = min{di1, di2, di3} and let D̄1
i
, D̄2

i
, D̄3

i
: Q → H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse
strongly monotone respectively, where ζ̄i ∈ (0, 2d̂) with d̂ =min{d̄1i, d̄2i, d̄3i}. Let A :

H1 → H2 be a bounded linear operator with adjoint A∗ and η ∈ (0, 1
L ) with L being

the spectral radius of the operator A∗A. let f, g : H → H be af and ag-contraction
mapping with a = max{af , ag}. For every i = 1, 2 define M i

C : C → C by M i
C(x) =

PC(I − ζiDi
1)(ax + (1 − a)PC(I − ζiDi

2)(ax + (1 − a)PC(I − ζiDi
3)x)), ∀x ∈ C, and define

M i
Q : Q→ Q by M i

Q(x̂) = PQ(I− ζ̄iD̄i
1)(ax̂+(1−a)PQ(I− ζ̄iD̄i

2)(ax̂+(1−a)PQ(I− ζ̄iD̄i
3)x̂)),

∀x̂ ∈ Q. For every i = 1, 2 define M i : C → C by M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for

all x∗ ∈ C. Let the sequences {xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1]with δn+ηn+µn = 1 and γ ∈ (0, 2α)with γ=min{γ1, γ2}.
Assume the following conditions hold;

(i) Fi =
3⋂

j=1

Φi
j ∩ V I(C,Bi) 0= ∅ for all i = 1, 2 and Φi

j={z ∈ V I(C,Di
j) : Az ∈ V I(C, D̄i

j)},

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,
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(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I−ζ1D1

2)(ax
∗
1+(1−a)z∗1)

and z∗1 = PC(I−ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and {wn} converges
strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I − ζ2D2

2)(ax
∗
2 + (1 − a)z∗2) and z∗2 = PC(I −

ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

Proof. By using Theorem 3.5 and Lemma 3.8, we obtain the conclusion.

3.2.2 Strong convergence theorem for approximating the solution of the split
minimization problem

Let C be a closed convex subset of H. The standard constrained convex opti-
mization problem is to find x∗ ∈ C such that

6(x∗) = min
x∈C
6(x), (3.32)

where 6 : C → R is a convex, Fr’echet differentiable function. The set of all solution
of (3.32) is denoted by Φ).

Lemma 3.10. [37] (Optimality condition) A necessary condition of Optimality for a
point x∗ ∈ C to be a solution of the minimization problem (3.32) is that x∗ solves the
variational inequality

〈∇6(x∗), x− x∗〉 ≥ 0, (3.33)

for all x ∈ C. Equivalently, x∗ ∈ C solves the fixed point equation

x∗ = PC(I − ζ∇6)x∗,

for every ζ > 0. If, in addition, 6 is convex, then the optimality condition (3.33) is also
sufficient.

By using the concept of the split of modified variational inequalities problem
(SMVIP), we consider the problem for finding (x∗, y∗, z∗) ∈ C × C × C such that






〈x∗ − (I − ζ∇61)(ax∗ + (1− a)y∗), x− x∗〉 ≥ 0, ∀x ∈ C,

〈y∗ − (I − ζ∇62)(ax∗ + (1− a)z∗), x− y∗〉 ≥ 0, ∀x ∈ C,

〈z∗ − (I − ζ∇63)x∗, x− z∗〉 ≥ 0, ∀x ∈ C,

(3.34)

and find (x̄∗ = Ax∗, ȳ∗ = Ay∗, z̄∗ = Az∗) ∈ Q×Q×Q such that





〈x̄∗ − (I − ζ̄∇6̄1)(ax̄∗ + (1− a)ȳ∗), x̄− x̄∗〉 ≥ 0, ∀x̄ ∈ Q,

〈ȳ∗ − (I − ζ̄∇6̄2)(ax̄∗ + (1− a)z̄∗), x̄− ȳ∗〉 ≥ 0, ∀x̄ ∈ Q,

〈z̄∗ − (I − ζ̄∇6̄3)x̄∗, x̄− z̄∗〉 ≥ 0, ∀x̄ ∈ Q,

(3.35)
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where 61,62,63 : C → R with ∇61,∇62,∇63 are the gradient of 61,62,63, respec-
tively and 6̄1, 6̄2, 6̄3 : Q→ R with ∇6̄1,∇6̄2,∇6̄3 are the gradient of 6̄1, 6̄2, 6̄3, respec-
tively, ζ, ζ̄ > 0 and a ∈ [0, 1]. The set of all solution of (3.34) and (3.35) are denoted
by Ψ∇)1,∇)2,∇)3 and Ψ∇)̄1,∇)̄2,∇)̄3

respectively. The set of all solution of the split of
modified variational inequalities (SMVIP) is denoted by Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
that is

Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
= {(x∗, y∗, z∗) ∈ Ψ∇)1,∇)2,∇)3 : (x̄∗, ȳ∗, z̄∗) ∈ Ψ∇)̄1,∇)̄2,∇)̄3

}

Before we prove the theorems, we need the following lemma.

Lemma 3.11. Let C,Q be nonempty closed convex subsets of H1,H2, respectively.
For every i = 1, 2 let 6i

1,6i
2,6i

3 : C → R be a real-valued convex function with the
gradient ∇6i

1,∇6i
2,∇6i

3 be 1
L!i

1

, 1
L!i

2

, 1
L!i

3

-inverse strongly monotone and continuous
respectively, where ζi ∈ (0, 2

L!
) with 1

L!
= min{ 1

L!i
1

, 1
L!i

2

, 1
L!i

3

}. Let 6̄i
1, 6̄i

2, 6̄i
3 : Q → R

be a real-valued convex function with the gradient ∇6̄i
1,∇6̄i

2,∇6̄i
3 be 1

L ¯!i
1

, 1
L ¯!i

2

, 1
L ¯!i

3

-
inverse strongly monotone and continuous respectively, where ζ̄i ∈ (0, 2

L!̄
) with 1

L!̄
=

min{ 1
L!̄i

1

, 1
L!̄i

2

, 1
L!̄i

3

}. Let A : H1 → H2 be a bounded linear operator with adjoint A∗ and
η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Define MC : C → C by
MC(x) = PC(I− ζ∇61)(ax+(1−a)PC(I− ζ∇62)(ax+(1−a)PC(I− ζ∇63)x)), ∀x ∈ C, and
define MQ : Q→ Q by MQ(x̂) = PQ(I− ζ̄∇6̄1)(ax̂+(1−a)PQ(I− ζ̄∇6̄2)(ax̂+(1−a)PQ(I−

ζ̄∇6̄3)x̂)), ∀x̂ ∈ Q. Assume Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
= {(x∗, y∗, z∗) ∈ Ψ∇)1,∇)2,∇)3 : (x̄∗, ȳ∗, z̄∗) ∈

Ψ∇)̄1,∇)̄2,∇)̄3
} 0= ∅. The following statements are equivalent

(i) (x∗, y∗, z∗) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
,

(ii) x∗ = MC(x∗ − ηA∗(I −MQ)Ax∗),
where y∗ = PC(I − ζ∇62)(ax∗ + (1 − a)z∗), z∗ = PC(I − ζ∇63)x∗, x̄∗ = Ax∗ = PQ(I −

ζ̄ ¯∇61)(ax̄∗ + (1 − a)ȳ∗), ȳ∗ = Ay∗ = PQ(I − ζ̄ ¯∇62)(ax̄∗ + (1 − a)z̄∗) and z̄∗ = Az∗ =

PQ(I − ζ̄ ¯∇63)x̄∗.

Proof. By using Lemma 3.3, we have the desired conclusion.

Example 3.12. Let R be the set of real numbers, H1 = H2 = R2, C = [−50, 50]× [−50, 50]

and Q = [−100, 100] × [−100, 100]. For every i = 1, 2, 3, let 6i : C → R be defined
by 61(x1, x2) = (x

2
1−4x
6 , x2

2−4x
6 ), 62(x1, x2) = (x

2
1−4x
10 , x2

2−4x
10 ), 62(x1, x2) = (x

2
1−4x
14 , x2

2−4x
14 ),

with ∇61(x1, x2) = (x1−2
3 , x2−2

3 ), ∇62(x1, x2) = (x1−2
5 , x2−2

5 ), ∇63(x1, x2) = (x1−2
7 , x2−2

7 ),
for all (x1, x2) ∈ C and let 6̄i : Q → R be defined by 6̄1(x1, x2) = (x

2
1−8x
10 , x2

2−8x
10 ),

6̄2(x1, x2) = (x
2
1−8x
12 , x2

2−8x
12 ), 6̄2(x1, x2) = (x

2
1−8x
14 , x2

2−8x
14 ), with ∇6̄1(x1, x2) = (x1−4

5 , x2−4
5 ),

∇6̄2(x1, x2) = (x1−4
6 , x2−4

6 ), ∇6̄3(x1, x2) = (x1−4
7 , x2−4

7 ), for all (x1, x2) ∈ Q. Let A : H1 →

H2 be defined by A(x1, x2) = (2x1, 2x2), for all (x1, x2) ∈ H1 and let A∗ : H2 → H1 be de-
fined by A∗(x̄1, x̄2) = (2x̄1, 2x̄2). For every (x̄1, x̄2) ∈ H2. DefineMC : [−50, 50]×[−50, 50]→

[−50, 50]× [−50, 50] by MC(x1, x2) = PC(I − 1
3∇61)(

1
2 (x1, x2) +

1
2PC(I − 1

3∇62)(
1
2 (x1, x2) +

1
2PC(I − 1

3∇63)(x1, x2))), ∀(x1, x2) ∈ C, and define MQ : [−100, 100] × [−100, 100] →
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[−100, 100]×[−100, 100] byMQ(x̄1, x̄2) = PQ(I− 1
5∇6̄1)(

1
2 (x̄1, x̄2)+

1
2PQ(I− 1

5∇6̄2)(
1
2 (x̄1, x̄2)+

1
2PQ(I − 1

5∇6̄3)(x̄1, x̄2)), ∀(x̄1, x̄2) ∈ Q.

Then, we have (x∗, y∗, z∗) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
, where x∗, y∗, z∗ = (2, 2) ∈ [−50, 50]× [−50, 50].

By Lemma (3.11), we have (2, 2) = MC((2, 2)− 1
5A

∗(I −MQ)A(2, 2)).

Lemma 3.13. Let C be a nonempty closed convex subset of a real Hilbert space H.

For every i = 1, 2 let 6i
1,6i

2,6i
3 : C → R be a real-valued convex function with the

gradient ∇6i
1,∇6i

2,∇6i
3 be 1

L!i
1

, 1
L!i

2

, 1
L!i

3

-inverse strongly monotone and continuous
respectively, where ζi ∈ (0, 2

L!
) with 1

L!
= min{ 1

L!i
1

, 1
L!i

2

, 1
L!i

3

}. Let 6̄i
1, 6̄i

2, 6̄i
3 : Q → R

be a real-valued convex function with the gradient ∇6̄i
1,∇6̄i

2,∇6̄i
3 be 1

L ¯!i
1

, 1
L ¯!i

2

, 1
L ¯!i

3

-
inverse strongly monotone and continuous respectively, where ζ̄i ∈ (0, 2

L!̄
) with 1

L!̄
=

min{ 1
L!̄i

1

, 1
L!̄i

2

, 1
L!̄i

3

}. Let A : H1 → H2 be a bounded linear operator with adjoint A∗ and
η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Defined the mapping

MC , MQ as in Lemma 3.11. Let
3⋂

i=1

Φ)i 0= ∅ and Φ)i = {6i(x) = min
x∗∈C

6i(x
∗) : 6̄i(Ax) =

min
Ax∗∈Q

6̄i(Ax∗)}, for all i = 1, 2, 3. then

3⋂

i=1

Φ)i = F (MC(I − ηA∗(I −MQ)A)).

Proof. We claim that
3⋂

i=1

Φ)i ⊆ F (MC(I − ηA∗(I −MQ)A)). To show this, let x ∈
3⋂

i=1

Φ)i

then x ∈ Φ)i , for all i = 1, 2, 3. It implies that 6i(x) = min
x∗∈C

6i(x
∗) and 6̄i(Ax) =

min
Ax∗∈Q

6̄i(Ax∗), for all i = 1, 2, 3. By Lemma 3.10, we have
x ∈ F (PC(I − ζ∇6i)) and Ax ∈ F (PQ(I − ζ̄∇6̄i)), for all i = 1, 2, 3.

Then, we have x ∈
3⋂

i=1

F (PC(I − ζ∇6i)) and Ax ∈
3⋂

i=1

F (PQ(I − ζ̄∇6̄i)).

Utilizing the same method as (3.31), we have

x ∈ F (MC),

that is
x = MCx = PC(I − ζ∇61)(ax+ (1− a)y),

where y = PC(I − ζ∇62)(ax+ (1− a)z), z = PC(I − ζ∇63)x and

Ax ∈ F (MQ),

that is
Ax = MQAx = PQ(I − ζ̄∇6̄1)(ax̄+ (1− a)ȳ),

where ȳ = PQ(I − ζ̄∇6̄2)(ax̄ + (1 − a)z̄), z̄ = PQ(I − ζ̄∇6̄3)x̄ with x̄ = Ax, ȳ = Ay and
z̄ = Az. From Lemma 1.3, we have (x, y, z) ∈ Ψ∇)1,∇)2,∇)3 and (x̄, ȳ, z̄) ∈ Ψ∇)̄1,∇)̄2,∇)̄3

.

Thus (x, y, z) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
.

From Lemma 3.11, we have x = MC(I − ηA∗(I −MQ)A)x.

Thus
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Then, we have
3⋂

i=1

Φ)i ⊆ F (MC(I − ηA∗(I −MQ)A)).

Next, we claim that F (MC(I−ηA∗(I−MQ)A)) ⊆
3⋂

i=1

Φ)i . To show this, let x ∈ F (MC(I−

ηA∗(I −MQ)A)), then
x = MC(I − ηA∗(I −MQ)A)x.

From Lemma 3.11, we have

(x, y, z) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
,

where y = PC(I−ζ∇62)(ax+(1−a)z), z = PC(I−ζ∇63)x, ȳ = PQ(I− ζ̄∇6̄2)(ax̄+(1−a)z̄),

z̄ = PQ(I − ζ̄∇6̄3)x̄ with x̄ = Ax, ȳ = Ay and z̄ = Az.

Then (x, y, z) ∈ Ψ∇)1,∇)2,∇)3 and (x̄, ȳ, z̄) ∈ Ψ∇)̄1,∇)̄2,∇)̄3
.

From Lemma 1.3, we have
x ∈ F (MC),

and
Ax ∈ F (MQ),

That is
x = MCx = PC(I − ζ∇61)(ax+ (1− a)y),

where y = PC(I − ζ∇62)(ax+ (1− a)z), z = PC(I − ζ∇63)x and

Ax = MQAx = PQ(I − ζ̄∇6̄1)(ax̄+ (1− a)ȳ),

where ȳ = PQ(I − ζ̄∇6̄2)(ax̄ + (1 − a)z̄), z̄ = PQ(I − ζ̄∇6̄3)x̄ with x̄ = Ax, ȳ = Ay and
z̄ = Az.

Utilizing the same method as (3.31), we have

x ∈
3⋂

i=1

F (PC(I − ζi∇6i))

and

Ax ∈
3⋂

i=1

F (PQ(I − ζ̄i∇6̄i)).

Then x ∈ F (PC(I − ζi∇6i)) and Ax ∈ F (PQ(I − ζ̄i∇6̄i)), for all i = 1, 2, 3.

By Lemma 3.10, we have
6i(x) = min

x∗∈C
6i(x

∗) and 6̄i(Ax) = min
Ax∗∈Q

6̄i(Ax∗), for all i = 1, 2, 3.

That is x ∈ Φ)i , for all i = 1, 2, 3.

It follows that

x ∈
3⋂

i=1

Φ)i .

Thus

F (MC(I − ηA∗(I −MQ)A)) ⊆
3⋂

i=1

Φ)i .
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Hence
3⋂

i=1

Φ)i = F (MC(I − ηA∗(I −MQ)A)).

Theorem 3.14. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty
closed convex subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H

be αi-inverse strongly monotone mapping with α= min{α1,α2}. For every i = 1, 2 let
6i

1,6i
2,6i

3 : C → R be a real-valued convex function with the gradient ∇6i
1,∇6i

2,∇6i
3

be 1
L!i

1

, 1
L!i

2

, 1
L!i

3

-inverse strongly monotone and continuous respectively, where ζi ∈

(0, 2
L!

) with 1
L!

= min{ 1
L!i

1

, 1
L!i

2

, 1
L!i

3

}. Let 6̄i
1, 6̄i

2, 6̄i
3 : Q → R be a real-valued con-

vex function with the gradient ∇6̄i
1,∇6̄i

2,∇6̄i
3 be 1

L ¯!i
1

, 1
L ¯!i

2

, 1
L ¯!i

3

-inverse strongly mono-
tone and continuous respectively, where ζ̄i ∈ (0, 2

L!̄
) with 1

L!̄
= min{ 1

L!̄i
1

, 1
L!̄i

2

, 1
L!̄i

3

}.

Let A : H1 → H2 be a bounded linear operator with adjoint A∗ and η ∈ (0, 1
L ) with

L being the spectral radius of the operator A∗A. let f, g : H → H be af and ag-
contraction mapping with a = max{af , ag}. For every i = 1, 2 define M i

C : C → C by
M i

C(x) = PC(I − ζi∇6i
1)(ax+ (1− a)PC(I − ζi∇6i

2)(ax+ (1− a)PC(I − ζi∇6i
3)x)), ∀x ∈ C,

and define M i
Q : Q → Q by M i

Q(x̂) = PQ(I − ζ̄i∇6̄i
1)(ax̂ + (1 − a)PQ(I − ζ̄i∇6̄i

2)(ax̂ +

(1 − a)PQ(I − ζ̄i∇6̄i
3)x̂)), ∀x̂ ∈ Q, ∀x̂ ∈ Q. For every i = 1, 2 define M i : C → C by

M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for all x∗ ∈ C. Let the sequences {xn} and {wn}

generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)
(3.36)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1] with δn + ηn +µn = 1, γ ∈ (0, 2α) and γ=min{γ1, γ2}.
Assume the following conditions hold;

(i) Fi =
3⋂

j=1

Φi
)j
∩ V I(C,Bi) 0= ∅ for all i = 1, 2 and Φi

)j
= {6j(x) = min

x∗∈C
6j(x

∗) : 6̄j(Ax) =

min
Ax∗∈Q

6̄j(Ax∗)},

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I−ζ1∇61

2)(ax
∗
1+(1−a)z∗1)

and z∗1 = PC(I − ζ1∇61
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of Ψ

∇)1
1,∇)1

2,∇)1
3

¯∇)1
1,

¯∇)1
2,

¯∇)1
3

. and {wn}

converges strongly to x∗
2 = PF2g(x

∗
1), where y∗2 = PC(I − ζ2∇62

2)(ax
∗
2 + (1 − a)z∗2) and

z∗2 = PC(I − ζ2∇62
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of Ψ∇)2

1,∇)2
2,∇)2

3
¯∇)2

1,
¯∇)2

2,
¯∇)2

3

.

Proof. By using Theorem 3.5 and Lemma 3.13 , we obtain the conclusion.
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3.3 A new subgradient extragradient method for solving the split of
modified variational inequality problems(SMVIP) and fixed point
problem

In this section, we introduce a new half-space related to the SMVIP and prove
weak convergence theorems of the sequence {xn} generated by our new half-space
for approximating the solutions of the SMVIP.

In order to prove our main result we need to prove the lemmas involving the
split variational inequality problem.

Lemma 3.15. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed
convex subsets ofH1,H2, respectively. Defined themappingsD1, D2, D3, D̄1, D̄2, D̄3,MC

and MQ as in Lemma 3.1 where ζ ∈ (0, 2d∗) with d∗ =min{d1, d2, d3}, ζ̄ ∈ (0, 2d̂) with d̂ =

min{d̄1, d̄2, d̄3} and a ∈ [0, 1]. Let {xn} be a sequence in H1 and let A : H1 → H2 be a
bounded linear operator with adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius

of the operator A∗A. Let
3⋂

i=1

Φi 0= ∅ and Φi = {w ∈ V I(C,Di)|Aw ∈ V I(Q, D̄i)}, for all

i = 1, 2, 3. For every n ∈ N, let Tn = aWn+(1−a)PC(I−ζD2)(aWn+(1−a)PC(I−ζD3)Wn))

and Wn = (I − ηA∗(I −MQ)A)xn. If x∗ ∈
⋂ 3⋂

i=1

Φi, then

‖Tn − x∗‖2 ≤ ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2,

for all n ∈ N.

Proof. Let x∗ ∈
3⋂

i=1

Φi. From Lemma 3.8, we have

x∗ ∈ F (MC(I − ηA∗(I −MQ)A)).

It implies that x∗ = MC(I − ηA∗(I −MQ)A)x∗, y∗ = PC(I − ζD2)(ax∗ + (1 − a)z∗) and
z∗ = PC(I − ζD3)x∗, where x̄∗ = Ax∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1 − a)ȳ∗), ȳ∗ = Ay∗ =

PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗) and z̄∗ = Az∗ = PQ(I − ζ̄D̄3)x̄∗. From Lemma 3.3, we have
(x∗, y∗, z∗) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
. That is (x∗, y∗, z∗) ∈ ΨD1,D2,D3 and (x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3

. Form
(x̄∗, ȳ∗, z̄∗) ∈ ΨD̄1,D̄2,D̄3

, we obtain that

x̄∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1− a)ȳ∗),

ȳ∗ = PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)z̄∗),

z̄∗ = PQ(I − ζ̄D̄3)x̄∗.

It implies that

Ax∗ = x̄∗ = PQ(I − ζ̄D̄1)(ax̄∗ + (1− a)PQ(I − ζ̄D̄2)(ax̄∗ + (1− a)PQ(I−

ζ̄D̄3)x̄∗)) = MQx̄∗ = MQAx∗.
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From definition of x∗ we get x∗ = PC(I − ζD1)T ∗
x , where T ∗

x = aW ∗
x + (1 − a)PC(I −

ζD2)(aW ∗
x + (1− a)PC(I − ζD3)W ∗

x )) and W ∗
x = (I − ηA∗(I −MQ)A)x∗) = x∗.

From Lemma 3.8, we have that PC(I − ζD1), PC(I − ζD2) and PC(I − ζD3) are nonex-
pansive.
By the definition of Tn, Lemma 3.1 and Remark 3.2, we have

‖Tn−x∗‖2 = ‖aWn + (1− a)PC(I − ζD2)(aWn + (1− a)×

PC(I − ζD3)Wn))− (aWx∗ + (1− a)PC(I − ζD2)(aWx∗

+ (1− a)PC(I − ζD3)Wx∗)))‖2

= ‖a(Wn −Wx∗) + (1− a)[PC(I − ζD2)(aWn + (1− a)PC(I−

ζD3)Wn))− PC(I − ζD2)(aWx∗ + (1− a)PC(I − ζD3)Wx∗))]‖2

≤ a‖Wn −Wx∗‖2 + (1− a)‖PC(I − ζD2)(aWn + (1− a)PC(I−

ζD3)Wn))− PC(I − ζD2)(aWx∗ + (1− a)PC(I − ζD3)Wx∗))‖2

≤ a‖Wn −Wx∗‖2 + (1− a)‖aWn + (1− a)PC(I − ζD3)Wn

− (aWx∗ + (1− a)PC(I − ζD3)Wx∗)‖2

= a‖Wn −Wx∗‖2 + (1− a)‖a(Wn −Wx∗) + (1− a)×

[PC(I − ζD3)Wn − x∗]‖2 (3.37)

≤ a‖Wn −Wx∗‖2 + a(1− a)‖Wn −Wx∗‖2 + (1− a)2×

‖PC(I − ζD3)Wn − x∗‖2

= (2a− a2)‖Wn −Wx∗‖2 + (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ ‖Wn − x∗‖2

= ‖xn − ηA∗(I −MQ)Axn − x∗‖2

≤ ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2.

Theorem 3.16. Let C and Q be a nonempty closed convex subsets of H1 and H2,

respectively and let S : C → C be a nonexpansive mapping. Let D1, D2, D3 : C →

H1 be d1, d2, d3-inverse strongly monotone, respectively, with d∗ =min{d1, d2, d3}. Let
D̄1, D̄2, D̄3 : Q→ H2 be d̄1, d̄2, d̄3-inverse strongly monotone, respectively, with d̂ =min{d̄1, d̄2, d̄3}.
Let A : H1 → H2 be a bounded linear operator with adjoint A∗ and η ∈ (0, 1

L ) with L

being the spectral radius of the operator A∗A. Define MC : H1 → C by

MC(x) = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x)),

∀x ∈ H1, where a ∈ [0, 1), ζ ∈ (0, 2d∗) and define MQ : H2 → Q by

MQ(x) = PQ(I − ζ̄D̄1)(ax̂+ (1− a)PQ(I − ζ̄D̄2)(ax̂+ (1− a)PQ(I − ζ̄D̄3)x̂)),
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x1 ∈ H1 and
yn = MCWn = PC(I − ζD1)Tn,

where Wn = (I−ηA∗(I−MQ)A)xn and Tn = aWn+(1−a)PC(I−ζD2)(aWn+(1−a)PC(I−

ζD3)Wn)).

Qn = {z ∈ H : 〈(I − ζD1)Tn − yn, yn − z〉 ≥ 0},

xn+1 = αnTn + (1− αn)SPQn(Tn − ζD1(yn)),

for all n ∈ N.

Assume the following conditions hold:

(i) 6 = F (S)
⋂ 3⋂

i=1

Φi 0= ∅, where Φi = {w ∈ V I(C,Di)|Aw ∈ V I(Q, D̄i)}, for all i = 1, 2, 3.

(ii) αn ∈ [c, d] ⊂ (0, 1).

Then {xn} converges weakly to x0 = P)xn, which (x0, y0, z0) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
, y0 = PC(I −

ζD2)(ax0 + (1− a)z0) and z0 = PC(I − ζD3)x0 with x̄0 = Ax0, ȳ0 = Ay0 and z̄0 = Az0.

Proof. Denote kn := PQn(Tn − ζD1(yn)) for all n ≥ 0. Let x∗ ∈ 6. From the definition of
PQn , we have yn = PQn(I − ζD1)Tn. Let Mn = Tn− ζD1(yn). From C ⊆ Qn, and applying
(2.1), we have

‖kn − x∗‖2 = ‖PQnMn − x∗‖2

≤ ‖Mn − x∗‖2 − ‖Mn − PQnMn‖2

= ‖Tn − ζD1(yn)− x∗‖2 − ‖Tn − ζD1(yn)− PQnMn‖2

= ‖Tn − x∗‖2 − 2ζ〈Tn − x∗, D1(yn)〉+ ζ2‖D1(yn)‖2

− ‖Tn − PQnMn‖2 + 2ζ〈Tn − PQnMn, D1(yn)〉 − ζ2‖D1(yn)‖2

= ‖Tn − x∗‖2 − ‖Tn − PQnMn‖2 − 2ζ〈PQnMn − x∗, D1(yn)〉. (3.38)

From monotonicity of D1, we have

0 ≤ 〈D1yn −D1x
∗, yn − x∗〉

= 〈D1yn, yn − x∗〉 − 〈D1x
∗, yn − x∗〉

≤ 〈D1yn, yn − x∗〉

= 〈D1yn, yn − PQnMn〉 − 〈D1yn, x
∗ − PQnMn〉,

which implies that

〈D1yn, x
∗ − PQnMn〉 ≤ 〈D1yn, yn − PQnMn〉. (3.39)

From (3.38) and (3.39), we have

‖kn − x∗‖2 ≤ ‖Tn − x∗‖2 − ‖Tn − PQnMn‖2 + 2ζ〈D1yn, yn − PQnMn〉. (3.40)
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From (3.40) and Lemma 3.15, we have

‖kn − x∗‖2 ≤ ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − Tn‖2

+ 2ζ〈D1yn, yn − PQnMn〉

= ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − yn‖2

− ‖yn − Tn‖2 − 2〈PQnMn − yn, yn − Tn〉

+ 2ζ〈D1yn, yn − PQnMn〉

= ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − yn‖2

− ‖yn − Tn‖2 + 2〈PQnMn − yn, Tn − yn − ζD1yn〉

= ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − yn‖2

− ‖yn − Tn‖2 + 2〈(I − ζD1)Tn − yn, PQnMn − yn〉

+ 2〈ζD1Tn − ζD1yn, PQnMn − yn〉

≤ ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − yn‖2

− ‖yn − Tn‖2 + 2ζ‖D1Tn −D1yn‖‖PQnMn − yn‖

≤ ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2 − ‖PQnMn − yn‖2

− ‖yn − Tn‖2 +
ζ

d1
[‖Tn − yn‖2 + ‖PQnMn − yn‖2]

= ‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2

− (1− ζ

d1
)‖PQnMn − yn‖2 − (1− ζ

d1
))‖Tn − yn‖2. (3.41)

By the definition of xn+1, (3.41) and Lemma 3.15, we have

‖xn+1 − x∗‖2 = ‖αn(Tn − x∗) + (1− αn)(Skn − x∗)‖2

≤ αn‖Tn − x∗‖2 + (1− αn)‖Skn − x∗‖2

= αn‖Tn − x∗‖2 + (1− αn)‖Skn − x∗‖2

− αn(1− αn)‖Tn − Skn‖2 (3.42)

= αn‖Tn − x∗‖2 + (1− αn)‖kn − x∗‖2

≤ αn‖Tn − x∗‖2 + (1− αn)[‖xn − x∗‖2

− η(1− ηL)‖(I −MQ)Axn‖2

− (1− ζ

d1
)‖PQnMn − yn‖2 − (1− ζ

d1
))‖Tn − yn‖2]

≤ αn[‖xn − x∗‖2 − αnη(1− ηL)‖(I −MQ)Axn‖2]

+ (1− αn)[‖xn − x∗‖2 − η(1− ηL)‖(I −MQ)Axn‖2

− (1− ζ

d1
)‖PQnMn − yn‖2 − (1− ζ

d1
))‖Tn − yn‖2]

= ‖xn − x∗‖2 − η(1− ηL)(1 + αn)‖(I −MQ)Axn‖2

− (1− αn)(1−
ζ

d1
)[‖Tn − yn‖2 + ‖yn − kn‖2]
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So,

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2.

Therefore limn→∞ ‖xn+1 − x∗‖ exists, ∀x∗ ∈ 6. So, we have {xn}∞n=0 and {kn}∞n=0 are
bounded. From the last relations it follows that

η(1− ηL)(1 + αn)‖(I −MQ)Axn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2,

or

‖(I −MQ)Axn‖2 ≤
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

η(1− ηL)(1 + αn)
.

Thus

lim
n→∞

‖(I −MQ)Axn‖ = 0. (3.44)

By using the same method as above, we have

lim
n→∞

‖Tn − yn‖ = 0. (3.45)

From (3.42), we get

‖xn+1 − x∗‖2 ≤ αn‖Tn − x∗‖2 + (1− αn)‖Skn − x∗‖2

− αn(1− αn)‖Tn − Skn‖2

≤ αn‖Tn − x∗‖2 + (1− αn)‖xn − x∗‖2

− αn(1− αn)‖Tn − Skn‖2

≤ αn‖xn − x∗‖2 − αn(1− αn)‖Tn − Skn‖2,

so

‖Tn − Skn‖2 ≤
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

αn(1− αn)
,

which implies that

lim
n→∞

‖Tn − Skn‖ = 0. (3.46)

Consider;

Wn − xn = −ηA∗(I −MQ)Axn,

and by (3.44), we have

lim
n→∞

‖Wn − xn‖ = 0. (3.47)
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From the property of PC , we have

‖PC(I − ζD3)Wn − x∗‖2 = ‖PC(I − ζD3)Wn − PC(I − ζD3)x
∗‖2

≤ ‖(I − ζD3)Wn − (I − ζD3)x
∗‖2

= ‖(Wn − x∗)− ζ(D3Wn −D3x
∗)‖2

= ‖Wn − x∗‖2 − 2ζ〈Wn − x∗, D3Wn −D3x
∗〉

+ ζ2‖D3Wn −D3x
∗‖2

≤ ‖Wn − x∗‖2 − 2ζd3‖D3Wn −D3x
∗‖2

+ ζ2‖D3Wn −D3x
∗‖2

= ‖Wn − x∗‖2 − ζ(2d3 − ζ)‖D3Wn −D3x
∗‖2

≤ ‖xn − x∗‖2 − ζ(2d3 − ζ)‖D3Wn −D3x
∗‖2

(3.48)

By the definition of Tn, (3.37), Remark 3.2 and (3.48), we have

‖Tn − x∗‖2 ≤ a‖Wn −Wx∗‖2 + a(1− a)‖Wn −Wx∗‖2

+ (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ a‖xn − x∗‖2 + a(1− a)‖xn − x∗‖2

+ (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ (2a− a2)‖xn − x∗‖2 + (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ (2a− a2)‖xn − x∗‖2 + (1− a)2[‖xn − x∗‖2

− ζ(2d3 − ζ)‖D3Wn −D3x
∗‖2]

= ‖xn − x∗‖2 − ζ(2d3 − ζ)(1− a)2‖D3Wn −D3x
∗‖2 (3.49)

In addition, by the definition of xn+1 and (3.49), we have

‖xn+1 − x∗‖2 ≤ αn‖Tn − x∗‖2 + (1− αn)‖kn − x∗‖2

≤ αn[‖xn − x∗‖2 − ζ(2d3 − ζ)(1− a)2‖D3Wn −D3x
∗‖2]

+ (1− αn)‖kn − x∗‖2

= αn‖xn − x∗‖2 − αnζ(2d3 − ζ)(1− a)2‖D3Wn −D3x
∗‖2

+ (1− αn)‖xn − x∗‖2

= ‖xn − x∗‖2 − αnζ(2d3 − ζ)(1− a)2‖D3Wn −D3x
∗‖2,

so

‖D3Wn −D3x
∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

αnζ(2d3 − ζ)(1− a)2
,
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which implies that

lim
n→∞

‖D3Wn −D3x
∗‖ = 0. (3.50)

From the property of PC , we have

‖PC(I − ζD3)Wn − x∗‖2

≤ 〈(I − ζD3)Wn − (I − ζD3)x
∗, PC(I − ζD3)Wn − x∗〉

=
1

2
[‖(I − ζD3)Wn − (I − ζD3)x

∗‖2] + ‖PC(I − ζD3)Wn − x∗‖2

− ‖(I − ζD3)Wn − (I − ζD3)x
∗ − (PC(I − ζD3)Wn − x∗)‖2]

≤ 1

2
[‖Wn − x∗‖2 + ‖PC(I − ζD3)Wn − x∗‖2

− ‖(I − ζD3)Wn − (I − ζD3)x
∗ − (PC(I − ζD3)Wn − x∗)‖2]

=
1

2
[‖Wn − x∗‖2 + ‖PC(I − ζD3)Wn − x∗‖2

− ‖(Wn − PC(I − ζD3)Wn)− ζ(D3Wn −D3x
∗)‖2]

=
1

2
[‖Wn − x∗‖2 + ‖PC(I − ζD3)Wn − x∗‖2

− ‖Wn − PC(I − ζD3)Wn‖2 − ζ2‖D3Wn −D3x
∗‖2

+ 2ζ〈Wn − PC(I − ζD3)Wn, D3Wn −D3x
∗〉],

so

‖PC(I − ζD3)Wn − x∗‖2 ≤ ‖Wn − x∗‖2 − ‖Wn − PC(I − ζD3)Wn‖2

+ 2ζ‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖.

(3.51)

By the definition of Tn, (3.37), Remark 3.2 and (3.51), we have

‖Tn − x∗‖2 ≤ a‖Wn −Wx∗‖2 + a(1− a)‖Wn −Wx∗‖2

+ (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ a‖xn − x∗‖2 + a(1− a)‖xn − x∗‖2

+ (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ (2a− a2)‖xn − x∗‖2 + (1− a)2‖PC(I − ζD3)Wn − x∗‖2

≤ (2a− a2)‖xn − x∗‖2 + (1− a)2[‖Wn − x∗‖2 − ‖Wn − PC(I−

ζD3)Wn‖2 + 2ζ‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖]

= (2a− a2)‖xn − x∗‖2 + (1− a)2‖xn − x∗‖2

− (1− a)2‖Wn − PC(I − ζD3)Wn‖2

+ 2ζ(1− a)2‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖
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+ 2ζ(1− a)2‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖

(3.52)

In addition, by the definition of xn+1, (3.41) and (3.52), we have

‖xn+1 − x∗‖2 ≤ αn‖Tn − x∗‖2 + (1− αn)‖kn − x∗‖2

≤ αn[‖xn − x∗‖2 − (1− a)2‖Wn − PC(I − ζD3)Wn‖2

+ 2ζ(1− a)2‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖]

+ (1− αn)‖kn − x∗‖2

≤ αn‖xn − x∗‖2 − αn(1− a)2‖Wn − PC(I − ζD3)Wn‖2

+ 2αnζ(1− a)2‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖

+ (1− αn)‖xn − x∗‖2

= ‖xn − x∗‖2 − αn(1− a)2‖Wn − PC(I − ζD3)Wn‖2

+ 2αnζ(1− a)2‖Wn − PC(I − ζD3)Wn‖‖D3Wn −D3x
∗‖,

(3.53)

From (3.50) and (3.53), we get

lim
n→∞

‖Wn − PC(I − ζD3)Wn‖ = 0. (3.54)

Let Gn = aWn + (1− a)PC(I − λ3D3)Wn. From the property of PC , we have

‖PC(I − ζD2)Gn − x∗‖2 = ‖PC(I − ζD2)Gn − PC(I − ζD2)x
∗‖2

≤ ‖(I − ζD2)Gn − (I − ζD2)x
∗‖2

= ‖(Gn − x∗)− ζ(D2Gn −D2x
∗)‖2

= ‖Gn − x∗‖2 − 2ζ〈Gn − x∗, D2Gn −D2x
∗〉

+ ζ2‖D2Gn −D2x
∗‖2

≤ ‖xn − x∗‖2 − 2ζd2‖D2Gn −D2x
∗‖2

+ ζ2‖D2Gn −D2x
∗‖2

= ‖xn − x∗‖2 − ζ(2d2 − ζ)‖D2Gn −D2x
∗‖2,

(3.55)

By the definition of Tn and (3.55), we have

‖Tn − x∗‖2 ≤ a‖Wn −Wx∗‖2 + (1− a)‖PC(I − ζD2)Gn − x∗‖2

≤ a‖xn − x∗‖2 + (1− a)[‖xn − x∗‖2

− ζ(2d2 − ζ)‖D2Gn −D2x
∗‖2]

= ‖xn − x∗‖2 − ζ(1− a)(2d2 − ζ)‖D2Gn −D2x
∗‖2

(3.56)
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In addition, by the definition of xn+1 and (3.56), we have

‖xn+1 − x∗‖2 ≤ αn‖Tn − x∗‖2 + (1− αn)‖kn − x∗‖2

≤ αn[‖xn − x∗‖2 − ζ(1− a)(2d2 − ζ)‖D2Gn −D2x
∗‖2]

+ (1− αn)‖xn − x∗‖2

= ‖xn − x∗‖2 − ζαn(1− αn)(2d2 − ζ)‖D2Gn −D2x
∗‖2

so

‖D2Gn −D2x
∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

ζαn(1− αn)(2d2 − ζ)
.

It implies that

lim
n→∞

‖D2Gn −D2x
∗‖ = 0. (3.57)

From the property of PC , we have

‖PC(I−ζD2)Gn − x∗‖2

= 〈(I − ζD2)Gn − (I − ζD2)x
∗, PC(I − ζD2)Gn − x∗〉

=
1

2
[‖(I − ζD2)Gn − (I − ζD2)x

∗‖2 + ‖PC(I − ζD2)Gn − x∗‖2

− ‖(I − ζD2)Gn − (I − ζD2)x
∗ − ((I − ζD2)Gn − x∗)‖2]

≤ 1

2
[‖Gn − x∗‖2 + ‖PC(I − ζD2)Gn − x∗‖2

− ‖(I − ζD2)Gn − (I − ζD2)x
∗ − ((I − ζD2)Gn − x∗)‖2]

=
1

2
[‖Gn − x∗‖2 + ‖PC(I − ζD2)Gn − x∗‖2

− ‖(Gn − PC(I − ζD2)Gn)− ζ(D2Gn −D2x
∗)‖2]

=
1

2
[‖Gn − x∗‖2 + ‖PC(I − ζD2)Gn − x∗‖2

− ‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ〈Gn − PC(I − ζD2)Gn, D2Gn −D2x
∗〉

− ζ2‖D2Gn −D2x
∗‖2],

It implies that

‖PC(I − ζD2)Gn − x∗‖2 ≤ ‖Gn − x∗‖2 − ‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ〈Gn − PC(I − ζD2)Gn, D2Gn −D2x
∗〉

≤ ‖Gn − x∗‖2 − ‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
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(3.58)

By the definition of Tn and (3.58), we have

‖Tn − x∗‖2 ≤ a‖Wn −Wx∗‖2 + (1− a)‖PC(I − ζD2)Gn − x∗‖2

≤ a‖xn − x∗‖2 + (1− a)[‖Gn − x∗‖2 − ‖Gn − PC(I−

ζD2)Gn‖2 + 2ζ‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
∗‖]

≤ a‖xn − x∗‖2 + (1− a)‖xn − x∗‖2

− (1− a)‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
∗‖].

= ‖xn − x∗‖2 − (1− a)‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
∗‖].

(3.59)

In addition, by the definition of xn+1 and (3.59), we have

‖xn+1 − x∗‖2 ≤ αn‖Tn − x∗‖2 + (1− αn)‖kn − x∗‖2

≤ αn[‖xn − x∗‖2 − (1− a)‖Gn − PC(I − ζD2)Gn‖2

+ 2ζ‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
∗‖]

+ (1− αn)‖xn − x∗‖2

= ‖xn − x∗‖2 − αn(1− a)‖Gn − PC(I − ζD2)Gn‖2

+ 2ζαn(1− a)‖Gn − PC(I − ζD2)Gn‖‖D2Gn −D2x
∗‖,

(3.60)

by (3.60) and (3.57), we get

lim
n→∞

‖Gn − PC(I − ζD2)Gn‖ = 0. (3.61)

Since

Tn −Wn = (1− a)(PC(I − ζD2)(aWn + (1− a)PC(I − ζD3)Wn)−Wn).

From the property of norm, we have

‖PC(I−ζD2)(aWn + (1− a)PC(I − ζD3)Wn)−Wn‖

≤ ‖PC(I − ζD2)(aWn + (1− a)PC(I − ζD3)Wn)

− (aWn + (1− a)PC(I − ζD3)Wn)‖

+ ‖(aWn + (1− a)PC(I − ζD3)Wn −Wn‖

= ‖PC(I − ζD2)Gn −Gn‖+ (1− a)‖PC(I − ζD3)Wn −Wn‖
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Then, we have

‖Tn −Wn‖ ≤ (1− a)[‖PC(I − ζD2)Gn −Gn‖

+ (1− a)‖PC(I − ζD3)Wn −Wn‖].

From (3.54) and (3.61), it implies that

lim
n→∞

‖Tn −Wn‖ = 0. (3.63)

From (3.45), (3.47), (3.63) and

‖yn − xn‖ ≤ ‖yn − Tn‖+ ‖Tn −Wn‖+ ‖Wn − xn‖

we have

lim
n→∞

‖yn − xn‖ = 0. (3.64)

Moreover, from (3.46), (3.45), (3.64) and

‖xn − Skn‖ ≤ ‖xn − yn‖+ ‖yn − Tn‖+ ‖Tn − Skn‖

we have

lim
n→∞

‖xn − Skn‖ = 0. (3.65)

Since {xn}∞n=0 is bounded, it has a subsequence {xnk}∞k=0 which weakly con-
verges to some x̄ ∈ C.

Assume x̄ /∈ F (S). By nonexpansiveness of S and Opial’s property and (3.65), we have

lim
k→∞

inf ‖xnk − x̄‖ < lim
k→∞

inf ‖xnk − Sx̄‖

≤ lim
k→∞

inf [‖xnk − Sknk‖+ ‖Sknk − Sx̄‖]

≤ lim
k→∞

inf [‖xnk − Sknk‖+ ‖knk − x̄‖]

= lim
k→∞

inf ‖knk − x̄‖

≤ lim
k→∞

inf ‖xnk − x̄‖.

This is a contradiction, then we have

x̄ ∈ F (S).

Assume x̄ /∈
⋂3

i=1 Φi. From Lemma 3.8, we have x̄ /∈F (MC(I − ηA∗(I −MQ)A)).
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lim
k→∞

inf ‖xnk − x̄‖ < lim
k→∞

inf ‖xnk −MC(I − ηA∗(I −MQ)A)x̄‖

≤ lim
k→∞

inf ‖xnk − ynk‖+ lim
k→∞

inf ‖MC(xnk − ηA∗(I−

MQ)Axnk)−MC(I − ηA∗(I −MQ)A)x̄‖

≤ lim
k→∞

inf(‖xnk − ynk‖+ ‖xnk − x̄‖)

= lim
k→∞

inf ‖xnk − x̄‖.

(3.66)

This is a contradiction, then we have

x̄ ∈ F (MC(I − ηA∗(I −MQ)A)).

It implies that

x̄ ∈
3⋂

i=1

Φi.

Hence

x̄ ∈ 6.

In order to show that the entire sequence {xn} weakly converges to x̄, assume
{x}nk ⇀ x̂ as k →∞, with x̄ 0= x̂ and x̂ ∈ 6. By the Opial’s condition, we have

lim
n→∞

‖xn − x̄‖ = lim
k→∞

inf ‖xnk − x̄‖

< lim
k→∞

inf ‖xnk − x̂‖

= lim
n→∞

‖xn − x̂‖

= lim
n→∞

inf ‖xnk − x̂‖

< lim
n→∞

inf ‖xnk − x̄‖

= lim
n→∞

‖xn − x̄‖,

This is a contradiction, thus
x̄ = x̂.

It implies that the sequence {xn}∞n=0 weakly converges to x̄ ∈ 6.

From (3.64), we have {yn}∞n=0 weakly converges to x̄ ∈ 6.

Finally, if we take

Un = P)xn, (3.67)
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By Lemma 2.8, we see that {P)xn}∞n=0 converges strongly to some z ∈ 6. From (3.67),
we get

〈x̄− Un, Un − xn〉 ≥ 0, ∀x̄ ∈ 6.

Take n→∞, we also have
〈x̄− z, z − x̄〉 ≥ 0,

and hence x̄ = z. Therefore Un converges strongly to x̄ ∈ 6, this completes the proof.

3.4 Application of a new subgradient extragradient method for
solving the split of modified variational inequality
problems(SMVIP) and fixed point problem

3.4.1 Weak and Strong convergence theorem for approximating the solution
of the split minimization problem

Theorem 3.17. Let C and Q be a nonempty closed convex subsets of H1 and H2, re-
spectively and let S : C → C be a nonexpansive mapping. Let 61,62,63 : C → R

be a real-valued convex function with the gradient ∇61,∇62,∇63 be 1
l!1

, 1
l!2

, 1
l!3

-
inverse strongly monotone and continuous respectively, where ζ ∈ (0, 2

l!
) with 1

l!
=

min{ 1
l!1

, 1
l!2

, 1
l!3

}. Let 6̄1, 6̄2, 6̄3 : Q → R be a real-valued convex function with the
gradient ∇6̄1,∇6̄2,∇6̄3 be 1

l!̄1

, 1
l!̄2

, 1
l!̄3

-inverse strongly monotone and continuous re-
spectively, where ζ̄ ∈ (0, 2

l!̄
) with 1

l!̄
= min{ 1

l!̄1

, 1
l!̄2

, 1
l!̄3

}. Let A : H1 → H2 be a bounded
linear operator with adjoint A∗ and η ∈ (0, 1

l ) with L being the spectral radius of the
operator A∗A. define MC : H1 → C by MC(x) = PC(I − ζ∇61)(ax + (1 − a)PC(I −

ζ∇62)(ax + (1 − a)PC(I − ζ∇63)x)), ∀x ∈ H1, and define MQ : H2 → Q by MQ(x̂) =

PQ(I − ζ̄∇6̄1)(ax̂ + (1 − a)PQ(I − ζ̄∇6̄2)(ax̂ + (1 − a)PQ(I − ζ̄∇6̄3)x̂)), ∀x̂ ∈ H2. Let the
sequences {xn} and {yn} generated by x1 ∈ H1 and

yn = MCWn = PC(I − ζ∇61)Tn,

where Wn = (I − ηA∗(I −MQ)A)xn and
Tn = aWn + (1− a)PC(I − ζ∇62)(aWn + (1− a)PC(I − ζ∇63)Wn)).

Qn = {z ∈ H : 〈(I − ζ∇61)Tn − yn, yn − z〉 ≥ 0},

xn+1 = αnTn + (1− αn)SPQn(Tn − ζ∇61(yn)), ∀n ∈ N.

Assume the following conditions hold:

(i) 6 = F (S)
⋂ 3⋂

i=1

φ)i 0= ∅, where φ)i = {6i(x) = min
x∗∈C

6i(x
∗) : 6̄i(Ax) = min

Ax∗∈Q
6̄i(Ax∗)},

for all i = 1, 2, 3.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



49

(ii) αn ∈ [c, d] ⊂ (0, 1).

Then {xn} converges weakly to x0 = P)xn, which (x0, y0, z0) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
, where

y0 = PC(I − ζ∇62)(ax0 +(1− a)z0) and z0 = PC(I − ζ∇63)x0 with x̄0 = Ax0, ȳ0 = Ay0 and
z̄0 = Az0.

Proof. By using Theorem 3.5 and Lemma 3.13 , we obtain the conclusion.
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Chapter 4

Examples and numerical results

In this section, the examples 4.1-4.4 are given for supporting Theorem 3.5 and
the example 4.5 is given for supporting Theorem 3.16.

Example 4.1. Let R be the set of real numbers, H1 = H2 = R2, C = [−50, 50]× [−50, 50],

Q = [−100, 100]× [−100, 100]. For every i = 1, 2 and j = 1, 2, 3, let Di
j : C → H1 be defined

by Di
1(x1, x2) = (x1−2

3i , 0), Di
2(x1, x2) = (x1−2

5i , 0), Di
3(x1, x2) = (x1−2

7i , 0), for all x ∈ C. For
every i = 1, 2 and j = 1, 2, 3, let D̄i

j : Q → H2 be defined by D̄i
1(x1, x2) = (x1−4

3i , 0),

D̄i
2(x1, x2) = (x1−4

5i , 0), D̄i
3(x1, x2) = (x1−4

7i , 0), for all x ∈ Q. Let A : H1 → H2 be defined
by A(x1, x2) = (2x1, 2x2) for all (x1, x2) ∈ H1 and adjoint A∗ of A defined by A∗(x̂1, x̂2) =

(2x1, 2x2) for all (x̂1, x̂2) ∈ H2. For every i = 1, 2 and j = 1, 2, 3, letM i
C : C → C be defined

by M i
C(x) = PC(I − 1

3 (
x1−2
3i , 0))(0.5x+0.5PC(I − 1

3 (
x1−2
5i , 0))(0.5x+0.5PC(I − 1

3 (
x1−2
7i , 0))x)),

for all x ∈ C and M i
Q : Q→ Q be defined by M i

Q(x̂) = PQ(I− 1
5 (

x1−4
3i , 0))(0.5x̂+0.5PQ(I−

1
5 (

x1−4
5i , 0))(0.5x̂+0.5PQ(I− 1

5 (
x1−4
7i , 0))x̂)), for all x̂ ∈ Q. For every i = 1, 2, let M i : C → C

be defined by M i(x∗) = M i
C(x

∗ − 1
5A

∗(I −M i
Q)Ax∗) for all x ∈ C. Let T1, T2 : C → C

be defined by T1x = {max( 6−x1
2 , 0),max( 6−x2

2 , 0)}, T2x = {max(0, 4− x1),max(0, 4− x2)},

and let Bi : C → R2 be defined by Bi(x) = x − Tix, for every x = (x1, x2) ∈ C. Let
f, g : R2 → R2 be defined by f(x) = (x1

2 , x2
2 ) and g(x) = (x1

3 , x2
3 ), for all x = (x1, x2) ∈ C.

Let the sequences {xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = n
5n+2xn +

2n+ 1
2

5n+2 PC(I − 1
2B1)xn +

2n+ 3
2

5n+2 PC(
1
4nf(wn) +

4n−1
4n M1xn),

wn+1 = n
5n+2wn +

2n+ 1
2

5n+2 PC(I − 7
10B2)wn +

2n+ 3
2

5n+2 PC(
1
4ng(xn) +

4n−1
4n M2wn).

(4.1)

By the definition of Ti, Bi, f, g,Di
j ,M

i for every i = 1, 2, j = 1, 2, 3 we have (2, 2) ∈

F (M i)∩ V I(C,Bi). From Theorem 3.5, we can conclude that the sequences {xn} and
{wn} converge strongly to (2, 2).

The following Table 4.1 and Figure 4.1 show the numerical results of sequences
{xn} and {wn} where x1 = (10, 10), w1 = (10, 10) and n = N = 40.
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Table 4.1: The values of {xn} and {wn} with initial values x1 = (10, 10), w1 = (10, 10) and
n = N = 40.

n xn = (x1
n, x

2
n) wn = (w1

n, w
2
n)

1 (10.000000, 10.000000) (10.000000, 10.000000)
2 (8.083752, 9.166667) (8.083752, 9.166667)
3 (6.274706, 8.068576) (6.005248, 7.763021)
...

...
...

20 (1.981828, 2.039016) (1.985800, 2.025690)
...

...
...

38 (1.990594, 1.985034) (1.992727, 1.988405)
39 (1.990860, 1.985389) (1.992933, 1.988685)
40 (1.991112, 1.985744) (1.993127, 1.988964)

Figure 4.1: The convergence of {xn} and {wn} with initial values x1 = (10, 10), w1 = (10, 10) and
n = N = 40.

Example 4.2. In this example, we use the same mappings and parameters as in Ex-
ample 4.1. If we putting the sequence {xn} = {wn}, the mapping M1 = M2, B1 = B2,

γ1 = γ2 = 0.5 and define f(x) = g(x) = (x1
2 , x2

2 ), for all x = (x1, x2) ∈ C, we can rewrite
(4.1) as follows:

xn+1 = n
5n+2xn +

2n+ 1
2

5n+2 PC(I − 1
2B1)xn +

2n+ 3
2

5n+2 PC(
1
4nf(xn) + (1− 1

4n )M
1xn) (4.2)

By using the algorithm (4.2), the following Table 4.2 and Figure 4.2 show the numerical
results of sequence {xn} where x1 = (10, 10) and n = N = 40.
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Table 4.2: The value of {xn} with initial value x1 = (10, 10) and n = N = 40.

n xn = (x1
n, x

2
n)

1 (10.000000, 10.000000)
2 (8.083752, 9.166667)
3 (6.274706, 8.068576)
...

...
20 (1.981869, 2.041259)
...

...
38 (1.990583, 1.985025)
39 (1.990850, 1.985376)
40 (1.991102, 1.985730)

Figure 4.2: The convergence of {xn} with initial value x1 = (10, 10) and n = N = 40.

In the following example, we consider the metric projection onto a half-space
H(a,β) := {z ∈ H : 〈a, z〉 ≤ β}, where a ∈ H, a 0= 0 and β ∈ R. It is clear that H(a,β) is
closed and convex with

PH(a,β)x =






x− 〈a, x〉 − β

‖a‖2 a, if 〈a, x〉 > β,

x, if 〈a, x〉 ≤ β.

Example 4.3. Let H1 = [−50, 50]× [−50, 50] and C = H (a, 20) := {x ∈ H1 : x1+2x2 ≤ 20},

where a = (1, 2). Then, we obtain

PC(x1, x2) =






(x1, x2)−
[x1 + 2x2 − 20](1, 2)

5
, if x1 + 2x2 > 20,

(x1, x2), if x1 + 2x2 ≤ 20,

for all (x1, x2) ∈ C. For every i = 1, 2 and j = 1, 2, 3, let Di
j : C → H1 defined by

Di
1(x1, x2) = (x1−4

2i , x2), Di
2(x1, x2) = (x1 − 4, x2−3

3i ), Di
3(x1, x2) = (x1−4

4i , x2 − 8), for allThis material is reserved for educational use only, not allowed for commercial use. 
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(x1, x2) ∈ C. For every i = 1, 2 let M i
C : C → C defined by

M i
C(x) = PC(I − 1

3D
i
1(x))

[
1
2 (x) +

1
2PC(I − 1

3D
i
2(x))

(
1
2 (x) +

1
2PC(I − 1

3D
i
3(x)

)]
for all x =

(x1, x2) ∈ C.

Let H2 = [−100, 100]× [−100, 100] and Q = H (b, 60) := {x̂ ∈ H2 : 3x̂1 + 4x̂2 ≤ 60},

where b = (3, 4). Then, we obtain

PQ(x̂1, x̂2) =






(x̂1, x̂2)−
[3x̂1 + 4x̂2 − 60](3, 4)

25
, if 3x̂1 + 4x̂2 > 60,

(x̂1, x̂2), if 3x̂1 + 4x̂2 ≤ 60,

for all (x̂1, x̂2) ∈ Q. For every i = 1, 2 and j = 1, 2, 3, let D̄i
j : Q → H2 defined by

D̄i
1(x̂1, x̂2) = ( x̂1−8

i , x̂2), D̄i
2(x̂1, x̂2) = ( x̂1−8

6i , x̂2 − 6), D̄i
3(x̂1, x̂2) = (x1−8

5i , x2 − 24), for all
(x̂1, x̂2) ∈ Q. For every i = 1, 2 let M i

Q : Q→ Q defined by
M i

Q(x̂) = PQ(I − 1
5D̄

i
1(x̂))

[
1
2 (x̂) +

1
2PQ(I − 1

5D̄
i
2(x̂))

(
1
2 (x̂) +

1
2PQ(I − 1

5D̄
i
3(x̂)

)]
for all x̂ =

(x̂1, x̂2) ∈ Q.

Let A : H1 → H2 defined by A(x1, x2) = (2x1, 2x2), for all (x1, x2) ∈ H1 and adjoint
A∗ of A defined by A∗(x̂1, x̂2) = (2x̂1, 2x̂2), for all (x̂1, x̂2) ∈ H2. For every i = 1, 2, let
M i(x) = M i

C(x− 1
10A

∗(I−M i
Q)A(x)), for all x = (x1, x2) ∈ C. Let F,G : [−50, 50]×[−50, 50]→

[−50, 50] × [−50, 50] be defined by F (x1, x2) = (x1
5 , x2

5 ) and G(x1, x2) = (x1
7 , x2

7 ), for all
(x1, x2) ∈ [−50, 50]× [−50, 50] and for i = 1, 2, let Bi : C → [−50, 50]× [−50, 50] be defined
by B1(x1, x2) = (x1−4

3 , x2−2
3 ) and B2(x1, x2) = (x1−4

9 , x2−2
9 ), for all (x1, x2) ∈ C. Let the

sequences {xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = n
3n+2xn +

n+ 1
2

3n+2PC(I − 1
2B1)xn +

n+ 3
2

3n+2PC(
1
2nF (wn) +

2n−1
2n M1xn),

wn+1 = n
3n+2wn +

n+ 1
2

3n+2PC(I − 7
10B2)wn +

n+ 3
2

3n+2PC(
1
2nG(xn) +

2n−1
2n M2wn).

By the definition of Bi, F,G,Di
j ,M

i for every i = 1, 2, j = 1, 2, 3 we have (4, 2) ∈ F (M i)∩

V I(C,Bi). From Theorem 3.5, we can conclude that the sequences {xn} and {wn}

converge strongly to (4, 2).
The following Table 4.3 and Figure 4.3 show the numerical results of sequences

{xn} and {wn} where x1 = (−10, 10), w1 = (−10, 10) and n = N = 40.
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Table 4.3: The values of {xn} and {wn} with initial values x1 = (−10, 10), w1 = (−10, 10) and
n = N = 40.

n xn = (x1
n, x

2
n) wn = (w1

n, w
2
n)

1 (-10.000000, 10.000000) (-10.000000, 10.000000)
2 (-5.978702, 6.632331 ) (-6.563107, 6.729819)
3 (-3.712547, 5.055405) (-4.723965, 5.230170)
...

...
...

20 (3.608551, 1.890749) (2.974410, 1.887930)
...

...
...

38 (3.901467, 1.909353) (3.768213, 1.889663)
39 (3.905313, 1.910485) (3.781338, 1.891002)
40 (3.908821, 1.911562) (3.793224, 1.892293)

Figure 4.3: The convergence of {xn} and {wn} with initial values x1 = (−10, 10), w1 = (−10, 10)

and n = N = 40.

Next, we give the following example in H1 = L2([α,β]) with the inner product

defined by 〈f, g〉 :=
∫ β

α
f(x)g(x)dx, and with the norm ‖f‖ :=

(∫ β

α
f2(x)dx

) 1
2

for all

f, g ∈ H1. We consider the metric projection onto a hyperplane

H(g, ρ) := {h ∈ L2([α,β]) :

∫ β

α
g(x)h(x)dx = ρ},

where g ∈ L2([α,β]), g 0= 0 and ρ ∈ R. Then H(g, ρ) is closed and convex with

PH(g,ρ)f = f −

∫ β

α
g(x)h(x)dx− ρ

∫ β

α
g2(x)dx

g,

and in H2 = R2 which consider the metric projection onto a band

C := {x ∈ H : β1 ≤ 〈a, x〉 ≤ β2},This material is reserved for educational use only, not allowed for commercial use. 
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where a ∈ H, a 0= 0,β1,β2 ∈ R and β1 < β2. It is clear that C is closed and convex with

PCx =






x− 〈a,x〉−β2

‖a‖2 a, if 〈a, x〉 > β2,

x if β1 ≤ 〈a, x〉 ≤ β2,

x− 〈a,x〉−β1

‖a‖2 a, if 〈a, x〉 < β1.

Example 4.4. Let H1 = L2([−2, 2]) and

C :=

{
h ∈ L2([−2, 2]) :

∫ 2

−2
g(x)h(x)dx =

32

3

}
,

we obtain PCf = f−
〈f, g〉 − 32

3

‖g‖2 g, where g ∈ L2([−2, 2]) with g(x) = x−1, for all x ∈ [−2, 2].

For every i = 1, 2 and j = 1, 2, 3, let Di
j : C → H1 defined by Di

1(h) =
h−2I
3i , Di

2(h) =
h−2I
5i ,

Di
3(h) =

h−2I
7i , for all h ∈ C. For every i = 1, 2 let M i

C : C → C defined by
M i

C(h) = PC(I − 1
3D

i
1(h))[

1
2 (h) +

1
2PC(I − 1

3D
i
2(h))

(
1
2 (h) +

1
2PC(I − 1

3D
i
3(h)

)
] for all h ∈ C.

Let H2 = R2 and Q := {x̄ ∈ H2 : 0 ≤ 3x̄1 − x̄2 ≤ 2} . Then, we obtain

PQx̄ =






(x̄1, x̄2)− [3x̄1−x̄2−2](3,−1)
10 , if 3x̄1 − x̄2 > 2,

(x̄1, x̄2) if 0 ≤ 3x̄1 − x̄2 ≤ 2,

(x̄1, x̄2)− [3x̄1−x̄2](3,−1)
10 , if 3x̄1 − x̄2 < 0,

for all x̄ = (x̄1, x̄2) ∈ H2. For every i = 1, 2 and j = 1, 2, 3, let D̄i
j : Q → H2 defined by

D̄i
1(x̄1, x̄2) = ( x̄1

2i ,
x̄2
2i ), D̄

i
2(x̄1, x̄2) = ( x̄1

4i ,
x̄2
4i ), D̄

i
3(x̄1, x̄2) = ( x̄1

6i ,
x̄2
6i ), for all (x̄1, x̄2) ∈ Q. For

every i = 1, 2, let M i
Q : Q→ Q defined by

M i
Q(x̄) = PQ(I − 1

5D̄
i
1(x̄))[

1
2 (x̄) +

1
2PQ(I − 1

5D̄
i
2(x̄))

(
1
2 (x̄) +

1
2PQ(I − 1

5D̄
i
3(x̄)

)
] for all x̄ =

(x̄1, x̄2) ∈ Q.

Let A : H1 → H2 defined by

A(h) =

(∫ 2

−2
h(x)dx,

∫ 2

−2
h(x)dx

)
,

for all h ∈ H1 and adjoint A∗ of A defined by A∗(x̄1, x̄2) = x̄1 + x̄2, for all (x̄1, x̄2) ∈ H2.

For every i = 1, 2, let M i(h) = M i
C(h − 1

4A
∗(I − M i

Q)A(h)), for all h ∈ C. Let F,G :

L2([−2, 2]) → L2([−2, 2]) be defined by F (h) = h
2 and G(h) = h

3 , for all h ∈ L2([−2, 2])

and for i = 1, 2, let Bi : C → L2([−2, 2]) be defined by B1(h) =
3h−6I

4 and B2(h) =
4h−8I

2 ,

for all h ∈ C. Let the sequences {xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = 2n
7n+1xn + 4n+1

7n+1PC(I − 1
2B1)xn + n

7n+1PC(
1
8nF (wn) +

8n−1
8n )M1xn),

wn+1 = 2n
7n+1wn + 4n+1

7n+1PC(I − 7
10B2)wn + n

7n+1PC(
1
8nG(xn) +

8n−1
8n )M2wn).

By the definition of Bi, F,G,Di
j ,M

i for every i = 1, 2, j = 1, 2, 3 we have 2I ∈ F (M i) ∩

V I(C,Bi). From Theorem 3.5, we can conclude that the sequences {xn} and {wn}

converge strongly to 2I .
Now, we compare the convergent behavior of sequences {xn} and {wn} with

the same starting point and have the results in Table 4.4. In Figure 4.4, the valuesThis material is reserved for educational use only, not allowed for commercial use. 
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Table 4.4: Comparison of the sequences {xn} and {wn} with the same starting point.

starting point Time taken (Secs)

the sequence {xn} x1 = 2t 6.665
the sequence {wn} w1 = 2t 7.430

Figure 4.4: Comparison of the sequences {xn} and {wn} with x1 = 2t and w1 = 2t.

of errors ‖xn+1 − xn‖ and ‖wn+1 − wn‖ are represented by the y-axis, the number of
iterations are represented by the x-axis.
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Example 4.5. Let R be the set of real numbers, C := {x ∈ H|1 ≤ 2x1 + x2 ≤ 7},

Q := {x ∈ H| − 10 ≤ 3x1 − x2 ≤ 20}, H1 = H2 = R2. Let D1, D2, D3 : C → R2 defined by
D1(x1, x2) = (x1−2, x2+1), D2(x1, x2) = (x1−3, x2− 5

2 ) andD3(x1, x2) = (x1+2, x2−6) for all
(x1, x2) ∈ C. Let D̄1, D̄2, D̄3 : Q→ R2 defined by D̄1(x̄1, x̄2) = (x̄1 − 4, x̄2 +8), D̄2(x̄1, x̄2) =

(x̄1 − 12, x̄2 − 8) and D̄3(x̄1, x̄2) = (x̄1 + 16, x̄2 − 30) for all (x̄1, x̄2) ∈ Q. Let A : R2 → R2

defined by A(x1, x2) = (2x1, 2x2) and A∗ : R2 → R defined by A∗(x1, x2) = (2x1, 2x2).

Define MC : H1 → C by MC(x) = PC(I − 1
2D1)(

1
2x+ 1

2PC(I − 1
2D2)(

1
2x+ 1

2PC(I − 1
2D3)x)),

∀x = (x1, x2) ∈ H1, define MQ : H2 → Q by MQ(x̂) = PQ(I− 1
5D̄1)(

1
2 x̂+

1
2PQ(I− 1

5D̄2)(
1
2 x̂+

1
2PQ(I − 1

5D̄3)x̂)), ∀x̂ = (x̂1, x̂2) ∈ H2, and define S : C → C by S(x1, x2) = (x1
2 + 1, x2

2 ).

Let the sequences {xn} and {yn} generated by x1 ∈ H1 and

yn = MCWn = PC(I −
1

2
(x1 − 2, x2 + 1))Tn,

where Wn = (I − 1
8A

∗(I −MQ)A)xn and Tn = 1
2Wn + 1

2PC(I − 1
2 (x1 − 3, x2 − 5

2 ))(
1
2Wn +

1
2PC(I − 1

2 (x1 + 2, x2 − 6))Wn)),

Qn = {z ∈ H : 〈(I − 1

2
(x1 − 2, x2 + 1))Tn − yn, yn − z〉 ≥ 0},

and

xn+1 =
n+ 1

5n
Tn + (1− n+ 1

5n
)SPQn(Tn −

1

2
(x1 − 2, x2 + 1)(yn)), ∀ n ∈ N

where

PCx =






(x1, x2)− [2x1+x2−7](2,1)
5 , if 2x1 + x2 > 7,

(x1, x2) if 1 ≤ 2x1 + x2 ≤ 7,

(x1, x2)− [2x1+x2−1](2,1)
5 , if 2x1 + x2 < 1,

for every x = (x1, x2) ∈ H1 and

PQx̂ =






(x1, x2)− [3x1−x2−20](3,−1)
10 , if 3x1 − x2 > 20,

(x1, x2) if − 10 ≤ 3x1 − x2 ≤ 20,

(x1, x2)− [3x1−x2+10](3,−1)
10 , if 3x1 − x2 < −10,

for every x̂ = (x1, x2) ∈ H2. By the definition of S,Di, D̄i,MC ,MQ for every i = 1, 2, 3, we
have (2, 0) ∈ F (MC(I − 1

8A
∗(I −MQ)A)). From Theorem 3.16, we can conclude that

the sequences {xn} and {yn} converge strongly to (2, 0).
The following Table 4.5 and Figure 4.5 show the numerical results of sequences

{xn} and {yn} where x1 = (−5, 5) and n = N = 30.
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Table 4.5: The values of {xn} and {yn} with initial values x1 = (−5, 5) and n = N = 30.

n xn = (x1
n, x

2
n) yn = (y1n, y

2
n)

1 (-5.000000, 5.000000) (0.034028, 1.404266)
2 (-0.457465, 2.305332) (1.309813, 0.647460)
3 (1.223540, 1.203392) (1.781929, 0.337977)
...

...
...

15 (2.000000, 0.000000) (2.000000, 0.000000)
...

...
...

28 (2.000000, 0.000000) (2.000000, 0.0000000)
29 (2.000000, 0.000000) (2.000000, 0.000000)
30 (2.000000, 0.000000) (2.000000, 0.000000)

Figure 4.5: The convergence of {xn} and {yn} with initial values x1 = (−5, 5) and n = N = 30.
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Chapter 5

Conclusions

In this chapter, we conclude all theorems and corollary obtained in this thesis.

5.1 Strong convergence theorem for solving the split of modified
variational inequality problems (SMVIP)

(1) Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H be αi-inverse
strongly monotone mapping with α= min{α1,α2} and let Di

1, D
i
2, D

i
3 : C → H1 be

di1, d
i
2, d

i
3-inverse strongly monotone, respectively, with d∗ = min{di1, di2, di3}. Let

D̄1
i
, D̄2

i
, D̄3

i
: Q → H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse strongly monotone, respectively,
with d̂ = min{d̄1i, d̄2i, d̄3i}. Let A : H1 → H2 be a bounded linear operator with
adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Let
f, g : H → H be af and ag-contraction mapping with a = max{af , ag}. For every
i = 1, 2 define M i

C : C → C by M i
C(x) = PC(I − ζiDi

1)(ax+ (1− a)PC(I − ζiDi
2)(ax+

(1 − a)PC(I − ζiDi
3)x)), ∀x ∈ C, where ζi ∈ (0, 2d∗) and define M i

Q : Q → Q by
M i

Q(x̂) = PQ(I − ζ̄iD̄i
1)(ax̂+ (1− a)PQ(I − ζ̄iD̄i

2)(ax̂+ (1− a)PQ(I − ζ̄iD̄i
3)x̂)), ∀x̂ ∈ Q,

where ζ̄i ∈ (0, 2d̂). Define M i : C → C by M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for

all x∗ ∈ C and i = 1, 2. Let the sequences {xn} and {wn} generated by x1, w1 ∈ C

and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1] with δn + ηn + µn = 1 and γ ∈ (0, 2α) with
γ=min{γ1, γ2}. Assume the following conditions hold; (i) Fi = F (M i)∩V I(C,Bi) 0=

∅ for all i = 1, 2,

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I − ζ1D1

2)(ax
∗
1 +

(1− a)z∗1) and z∗1 = PC(I − ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and
{wn} converges strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I−ζ2D2

2)(ax
∗
2+(1−a)z∗2)

and z∗2 = PC(I − ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

(2) Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of H1 and H2, respectively. For every i = 1, 2, let Ti : C → C be a κi-
strictly pseudo-contractive mapping with Fix(Ti) 0= ∅, and let Di

1, D
i
2, D

i
3 : C → H1This material is reserved for educational use only, not allowed for commercial use. 
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be di1, d
i
2, d

i
3-inverse strongly monotone, respectively, with d∗ = min{di1, di2, di3}.

Let D̄1
i
, D̄2

i
, D̄3

i
: Q→ H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse strongly monotone, respectively,
with d̂ = min{d̄1i, d̄2i, d̄3i}. Let A : H1 → H2 be a bounded linear operator with
adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Let
f, g : H → H be af and ag-contraction mapping with a = max{af , ag}. For every
i = 1, 2 define M i

C : C → C by M i
C(x) = PC(I − ζiDi

1)(ax+ (1− a)PC(I − ζiDi
2)(ax+

(1 − a)PC(I − ζiDi
3)x)), ∀x ∈ C, where ζi ∈ (0, 2d∗) and define M i

Q : Q → Q by
M i

Q(x̂) = PQ(I − ζ̄iD̄i
1)(ax̂+ (1− a)PQ(I − ζ̄iD̄i

2)(ax̂+ (1− a)PQ(I − ζ̄iD̄i
3)x̂)), ∀x̂ ∈ Q,

where ζ̄i ∈ (0, 2d̂) Define M i : C → C by M i(x∗) = M i
C(x

∗ − ηA∗(I −M i
Q)Ax∗) for

all x∗ ∈ C, and i = 1, 2. Let the sequences {xn} and {wn} generated by x1, w1 ∈ C

and





xn+1 = δnxn + ηnPC(I − γ1(I − T1))xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2(I − T2))wn + µnPC(αng(xn) + (1− αn)M2wn)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1] with δn + ηn + µn = 1, γ ∈ (0, 2α) with α =

min{ 1−κ1
2 , 1−κ2

2 } and γ=min{γ1, γ2}. Assume the following conditions hold;
(i) Fi = F (M i) ∩ F (Ti) 0= ∅ for all i = 1, 2,

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I − ζ1D1

2)(ax
∗
1 +

(1− a)z∗1) and z∗1 = PC(I − ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and
{wn} converges strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I−ζ2D2

2)(ax
∗
2+(1−a)z∗2)

and z∗2 = PC(I − ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

(3) Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H be αi-inverse
strongly monotone mapping with α= min{α1,α2}. For every i = 1, 2, letDi

1, D
i
2, D

i
3 :

C → H1 be di1, d
i
2, d

i
3-inverse strongly monotone respectively, where ζi ∈ (0, 2d∗)

with d∗ = min{di1, di2, di3} and let D̄1
i
, D̄2

i
, D̄3

i
: Q → H2 be d̄1

i
, d̄2

i
, d̄3

i-inverse
strongly monotone respectively, where ζ̄i ∈ (0, 2d̂) with d̂ =min{d̄1i, d̄2i, d̄3i}. Let
A : H1 → H2 be a bounded linear operator with adjoint A∗ and η ∈ (0, 1

L ) with
L being the spectral radius of the operator A∗A. let f, g : H → H be af and ag-
contraction mapping with a = max{af , ag}. For every i = 1, 2 define M i

C : C → C

by M i
C(x) = PC(I − ζiDi

1)(ax + (1 − a)PC(I − ζiDi
2)(ax + (1 − a)PC(I − ζiDi

3)x)),

∀x ∈ C, and define M i
Q : Q → Q by M i

Q(x̂) = PQ(I − ζ̄iD̄i
1)(ax̂ + (1 − a)PQ(I −

ζ̄iD̄i
2)(ax̂+ (1− a)PQ(I − ζ̄iD̄i

3)x̂)), ∀x̂ ∈ Q. For every i = 1, 2 define M i : C → C by
M i(x∗) = M i

C(x
∗ − ηA∗(I −M i

Q)Ax∗) for all x∗ ∈ C. Let the sequences {xn} and
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{wn} generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1] with δn + ηn + µn = 1 and γ ∈ (0, 2α) with
γ=min{γ1, γ2}. Assume the following conditions hold;

(i) Fi =
3⋂

j=1

Φi
j ∩ V I(C,Bi) 0= ∅ for all i = 1, 2 and Φi

j={z ∈ V I(C,Di
j) : Az ∈

V I(C, D̄i
j)},

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2), where y∗1 = PC(I − ζ1D1

2)(ax
∗
1 +

(1− a)z∗1) and z∗1 = PC(I − ζ1D1
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of ΨD1

1 ,D
1
2 ,D

1
3

D̄1
1 ,D̄

1
2 ,D̄

1
3

. and
{wn} converges strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I−ζ2D2

2)(ax
∗
2+(1−a)z∗2)

and z∗2 = PC(I − ζ2D2
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of ΨD2

1 ,D
2
2 ,D

2
3

D̄2
1 ,D̄

2
2 ,D̄

2
3

.

(4) Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed con-
vex subsets of H1 and H2, respectively. For every i = 1, 2, let Bi : C → H

be αi-inverse strongly monotone mapping with α= min{α1,α2}. For every i =

1, 2 let 6i
1,6i

2,6i
3 : C → R be a real-valued convex function with the gradi-

ent ∇6i
1,∇6i

2,∇6i
3 be 1

L!i
1

, 1
L!i

2

, 1
L!i

3

-inverse strongly monotone and continuous
respectively, where ζi ∈ (0, 2

L!
) with 1

L!
= min{ 1

L!i
1

, 1
L!i

2

, 1
L!i

3

}. Let 6̄i
1, 6̄i

2, 6̄i
3 :

Q → R be a real-valued convex function with the gradient ∇6̄i
1,∇6̄i

2,∇6̄i
3 be

1
L ¯!i

1

, 1
L ¯!i

2

, 1
L ¯!i

3

-inverse strongly monotone and continuous respectively, where ζ̄i ∈

(0, 2
L!̄

) with 1
L!̄

= min{ 1
L!̄i

1

, 1
L!̄i

2

, 1
L!̄i

3

}. Let A : H1 → H2 be a bounded linear opera-
tor with adjoint A∗ and η ∈ (0, 1

L ) with L being the spectral radius of the operator
A∗A. let f, g : H → H be af and ag-contraction mapping with a = max{af , ag}.
For every i = 1, 2 define M i

C : C → C by M i
C(x) = PC(I − ζi∇6i

1)(ax + (1 −

a)PC(I − ζi∇6i
2)(ax + (1 − a)PC(I − ζi∇6i

3)x)), ∀x ∈ C, and define M i
Q : Q → Q by

M i
Q(x̂) = PQ(I−ζ̄i∇6̄i

1)(ax̂+(1−a)PQ(I−ζ̄i∇6̄i
2)(ax̂+(1−a)PQ(I−ζ̄i∇6̄i

3)x̂)), ∀x̂ ∈ Q,

∀x̂ ∈ Q. For every i = 1, 2 define M i : C → C by M i(x∗) = M i
C(x

∗−ηA∗(I−M i
Q)Ax∗)

for all x∗ ∈ C. Let the sequences {xn} and {wn} generated by x1, w1 ∈ C and





xn+1 = δnxn + ηnPC(I − γ1B1)xn + µnPC(αnf(wn) + (1− αn)M1xn)

wn+1 = δnwn + ηnPC(I − γ2B2)wn + µnPC(αng(xn) + (1− αn)M2wn)

where {δn} , {ηn} , {µn} , {αn} ⊆ [0, 1]with δn+ηn+µn = 1, γ ∈ (0, 2α) and γ=min{γ1, γ2}.
Assume the following conditions hold;

(i) Fi =
3⋂

j=1

Φi
)j
∩ V I(C,Bi) 0= ∅ for all i = 1, 2 and Φi

)j
= {6j(x) = min

x∗∈C
6j(x

∗) :
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6̄j(Ax) = min
Ax∗∈Q

6̄j(Ax∗)},

(ii)
∞∑

n=1

αn =∞ and lim
n→∞

αn = 0,

(iii) 0 < θ̄ ≤ δn, ηn, µn ≤ θ for all n ∈ N and for some θ̄, θ > 0,

(iv)
∞∑

n=1

|δn+1 − δn| <∞,
∞∑

n=1

|ηn+1 − ηn| <∞,
∞∑

n=1

|αn+1 − αn| <∞.

Then {xn} converges strongly to x∗
1 = PF1f(x

∗
2),where y∗1 = PC(I−ζ1∇61

2)(ax
∗
1+(1−

a)z∗1) and z∗1 = PC(I−ζ1∇61
3)x

∗
1 with (x∗

1, y
∗
1 , z

∗
1) is an element of Ψ∇)1

1,∇)1
2,∇)1

3
¯∇)1

1,
¯∇)1

2,
¯∇)1

3

. and
{wn} converges strongly to x∗

2 = PF2g(x
∗
1), where y∗2 = PC(I−ζ2∇62

2)(ax
∗
2+(1−a)z∗2)

and z∗2 = PC(I − ζ2∇62
3)x

∗
2 with (x∗

2, y
∗
2 , z

∗
2) is an element of Ψ∇)2

1,∇)2
2,∇)2

3
¯∇)2

1,
¯∇)2

2,
¯∇)2

3

.

5.2 A new subgradient extragradient method for solving the split of
modified variational inequality problems (SMVIP) and fixed point
problem

(1) Let C and Q be a nonempty closed convex subsets of H1 and H2, respectively
and let S : C → C be a nonexpansive mapping. Let D1, D2, D3 : C → H1 be
d1, d2, d3-inverse strongly monotone, respectively, with d∗ =min{d1, d2, d3}. Let
D̄1, D̄2, D̄3 : Q → H2 be d̄1, d̄2, d̄3-inverse strongly monotone, respectively, with
d̂ =min{d̄1, d̄2, d̄3}. Let A : H1 → H2 be a bounded linear operator with adjoint
A∗ and η ∈ (0, 1

L ) with L being the spectral radius of the operator A∗A. Define
MC : H1 → C by

MC(x) = PC(I − ζD1)(ax+ (1− a)PC(I − ζD2)(ax+ (1− a)PC(I − ζD3)x)),

∀x ∈ H1, where a ∈ [0, 1), ζ ∈ (0, 2d∗) and define MQ : H2 → Q by

MQ(x) = PQ(I − ζ̄D̄1)(ax̂+ (1− a)PQ(I − ζ̄D̄2)(ax̂+ (1− a)PQ(I − ζ̄D̄3)x̂)),

∀x̂ ∈ H1, where a ∈ [0, 1), ζ̄ ∈ (0, 2d̂). Let the sequences {xn} and {yn} generated
by x1 ∈ H1 and

yn = MCWn = PC(I − ζD1)Tn,

where Wn = (I − ηA∗(I −MQ)A)xn and Tn = aWn + (1− a)PC(I − ζD2)(aWn + (1−

a)PC(I − ζD3)Wn)).

Qn = {z ∈ H : 〈(I − ζD1)Tn − yn, yn − z〉 ≥ 0},

xn+1 = αnTn + (1− αn)SPQn(Tn − ζD1(yn)),

for all n ∈ N.

Assume the following conditions hold:

(i) 6 = F (S)
⋂ 3⋂

i=1

Φi 0= ∅, where Φi = {w ∈ V I(C,Di)|Aw ∈ V I(Q, D̄i)}, for all

i = 1, 2, 3.This material is reserved for educational use only, not allowed for commercial use. 
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(ii) αn ∈ [c, d] ⊂ (0, 1).

Then {xn} converges weakly to x0 = P)xn, which (x0, y0, z0) ∈ ΨD1,D2,D3

D̄1,D̄2,D̄3
, y0 =

PC(I − ζD2)(ax0 + (1 − a)z0) and z0 = PC(I − ζD3)x0 with x̄0 = Ax0, ȳ0 = Ay0 and
z̄0 = Az0.

(2) Let C and Q be a nonempty closed convex subsets of H1 and H2, respectively
and let S : C → C be a nonexpansive mapping. Let 61,62,63 : C → R be
a real-valued convex function with the gradient ∇61,∇62,∇63 be 1

l!1
, 1
l!2

, 1
l!3

-
inverse strongly monotone and continuous respectively, where ζ ∈ (0, 2

l!
) with

1
l!
= min{ 1

l!1
, 1
l!2

, 1
l!3

}. Let 6̄1, 6̄2, 6̄3 : Q → R be a real-valued convex function
with the gradient ∇6̄1,∇6̄2,∇6̄3 be 1

l!̄1

, 1
l!̄2

, 1
l!̄3

-inverse strongly monotone and
continuous respectively, where ζ̄ ∈ (0, 2

l!̄
) with 1

l!̄
= min{ 1

l!̄1

, 1
l!̄2

, 1
l!̄3

}. Let A :

H1 → H2 be a bounded linear operator with adjoint A∗ and η ∈ (0, 1
l ) with L

being the spectral radius of the operator A∗A. define MC : H1 → C by MC(x) =

PC(I − ζ∇61)(ax+ (1− a)PC(I − ζ∇62)(ax+ (1− a)PC(I − ζ∇63)x)), ∀x ∈ H1, and
define MQ : H2 → Q by MQ(x̂) = PQ(I − ζ̄∇6̄1)(ax̂ + (1 − a)PQ(I − ζ̄∇6̄2)(ax̂ +

(1 − a)PQ(I − ζ̄∇6̄3)x̂)), ∀x̂ ∈ H2. Let the sequences {xn} and {yn} generated by
x1 ∈ H1 and

yn = MCWn = PC(I − ζ∇61)Tn,

where Wn = (I − ηA∗(I −MQ)A)xn and
Tn = aWn + (1− a)PC(I − ζ∇62)(aWn + (1− a)PC(I − ζ∇63)Wn)).

Qn = {z ∈ H : 〈(I − ζ∇61)Tn − yn, yn − z〉 ≥ 0},

xn+1 = αnTn + (1− αn)SPQn(Tn − ζ∇61(yn)), ∀n ∈ N.

Assume the following conditions hold:

(i) 6 = F (S)
⋂ 3⋂

i=1

φ)i 0= ∅,where φ)i = {6i(x) = min
x∗∈C

6i(x
∗) : 6̄i(Ax) = min

Ax∗∈Q
6̄i(Ax∗)},

for all i = 1, 2, 3.

(ii) αn ∈ [c, d] ⊂ (0, 1).

Then {xn} converges weakly to x0 = P)xn,which (x0, y0, z0) ∈ Ψ∇)1,∇)2,∇)3

∇)̄1,∇)̄2,∇)̄3
,where

y0 = PC(I−ζ∇62)(ax0+(1−a)z0) and z0 = PC(I−ζ∇63)x0 with x̄0 = Ax0, ȳ0 = Ay0

and z̄0 = Az0.

5.3 Examples and numerical results

In this section, we give the conclusions for Example 4.1-4.5.

(1) Table 4.1 and Figure 4.1 show that {xn} and {wn} converge to (2, 2), where (2, 2) ∈

F (M i) ∩ V I(C,Bi), for all i = 1, 2. The convergence of {xn} and {wn} of Example
4.1 can be guaranteed by Theorem 3.5.
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(2) Table 4.2 and Figure 4.2 show that {xn} converges to (2, 2), where (2, 2) ∈ F (M1)∩

V I(C,B1). The convergence of {xn} of Example 4.2 can be guaranteed by Theo-
rem 3.5.

(3) From these Examples, we obtain that the sequence {xn} in Example 4.1 con-
verges faster than the sequence {xn} in Example 4.2 because the iterative se-
quence {xn} and {wn} converges dependently.

(4) Table 4.3 and Figure 4.3 show that the iterative sequence {xn} and {wn} converge
to (4, 2), where (4, 2) ∈ F (M i)∩V I(C,Bi), for all i = 1, 2. The convergence of {xn}

and {wn} of Example 4.3 can be guaranteed by Theorem 3.5.

(5) The convergence of {xn} and {wn} of Example 4.4 can be guaranteed by Theorem
3.5. Furthermore, The table 4.4 and Figure 4.4 show that the sequence {xn}

converge faster than the sequence {wn} with the same starting point.

(6) Table 4.5 and Figure 4.5 show that {xn} and {yn} converge to (2, 0), where (2, 0) ∈

F (MC(I− 1
8A

∗(I−MQ)A)). The convergence of {xn} and {yn} of Example 4.5 can
be guaranteed by Theorem 3.16.
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