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Abstract

The aim of this research was to propose the split of modified variational in-
equality problems (SMVIP), by using the concept of the modified generalized system
of variational inequalities (MGSV) and to introduce an iterative algorithm of two se-
quences which depend on each other by using the intermixed method. Secondly,
we proved a strong convergence theorem for solving fixed point problems of map-
pings and we treated two variational inequality problems which form an approximate
the SMVIP. Then we obtained the additional results involving the split minimization
problem and the split variational inequality problem. Thirdly, we introduced a new
subgradient extragradient algorithm utilizing the concept of the set of solutions of the
SMVIP and proved a weak convergence theorem for such an algorithm. Consequently,
we also applied these results to approximate the split minimization problem. Finally,

we gave numerical examples to support our main results.
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Chapter 1

Introduction

1.1  The intermixed method

Fixed point theory is essential to various theoretical and applied fields, such
as the existence of solutions, the existence of orbits in dynamical systems, program-
ming, economics, game theory, engineering, etc. Let C be a nonempty closed convex
subset of a real Hilbert space H with its inner product (-,-) and norm ||-||. A fixed point
of a mapping 7' is a point z such that & = Tz, where T : C — C is a nonlinear mappins.
The existence of a solution to a theoretical or real world problem is equivalent to the
existence of a fixed point for a suitable map or operator. Therefore, fixed point theory
is involved with finding conditions on set €' and the mapping T': C — C to guaran-
tee the existence and uniqueness of fixed points. Furthermore, many mathematicians
have been studying about the structure of fixed point set.

lterative methods for finding fixed points of nonexpansive mappings are an
important topic in the theory of weak and strong convergence theorem, see for ex-
ample [29, 32, 51] and the references therein.

Over recent decades, many authors have constructed various types of itera-
tive methods to approximate fixed points. In 1953, Mann [27] introduced the Mann

iteration which is defined as follows:
Tpa1 = @np + (1 —ap)Tx,, n>0, (1.1)

where zg € C is chosen arbitrarily and «a,, € [0,1],7 : C' — C is a mapping. If T is a
nonexpansive mapping, the sequence {z,} be generated by (1.1) converges weakly to
an element of F(T).

It is well known that in an infinite-dimensional Hilbert space, the normal Mann’s
iterative algorithm [27] is only weakly convergent.

It is clear that strictly pseudo-contractions are more general than nonexpan-
sive mappings, and therefore they have a wider range of applications. Therefore, it is
important to develop the theory of iterative methods for strictly pseudo-contractions.
Indeed, Browder and Petryshyn [1] proved that if the sequence {z,} is generated by
(1.1) with a constant control parameter a,, = « for all n € N. Then the sequence
{z,} converges weakly to a fixed point of the strictly pseudo-contraction 7. More-
over, many mathematicians proposed iterative algorithms and proved the strong con-
vergence theorems for a nonexpansive mapping and a «-strictly pseudo-contractive
mapping in Hilbert space to find their fixed points, see for example [18, 21, 24, 45].

To prove the strong convergence of iterations determined by nonexpansive



mapping, Moudafi [29] established a theorem for finding fixed points of nonexpansive
mappings. More precisely, he established the following result, known as the viscosity

approximation method.

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space
and let S be a nonexpansive mapping of C into itself such that F(S) is nonempty. Let

f be a contraction of C into itself and let {z,,} be a sequence defined as follows:

x1 € C is arbitrarily chosen,

(1.2)

Tpal = ﬁan + 13;71 f(zn),Vn e N,

where {e,} is a sequence of positive real numbers having to go to zero. Then the
sequence {xz,} converges strongly to z € F(S), where z = Pp(g)f(z) and Pp(g) is a

metric projection of H# onto F(S).

The Moudafi viscosity approximation method can be applied to elliptic differ-
ential equations, linear programming, convex optimization and monotone inclusions,
it has been widely studied in the literature (see [13, 41, 43]).

To construct an iterative algorithm such that it converges strongly to the fixed
points of a finite family of strictly pseudo-contractions by using the concept of the vis-
cosity approximation method (1.2) and Manns iteration (1.1), Yao et al. [48] proposed
the intermixed algorithm for two strictly pseudo-contractions as follows:

Algorithm 1. For arbitrarily given zo € C, yo € C, let the sequences {z,} and {y,} be
generated iteratively by

Tn+1 = (1 W) ﬂn)xn T BnPC[anf(yn) + (]- il b an)xn, 7 kTIn]a n Z 07 (1 3)

Unt+1 = (1 = Bn)yn + BnPelomg(zn) + (L= k— an)yn + kSyn], n 20,
where {a,} and {8,} are two sequences of real number in (0,1), T,S : C — C are
two strictly A\-pseudo-contractions, f: C — H is a p;-contraction and g : C — H is a
pe-contraction, k € (0,1 — \) is a constant.

Then they proved the strong convergence theorem of the iterative sequences
{z,} and {y,} defined by (1.3) as follows:

Theorem 1.2. Suppose that F(S) # 0 and F(T) # 0. Assume the following conditions
are satisfied: .
(C1) LLm a, =0 and Zan = 00,
n=1
(C2) By € [&1,&] C (0,1) for all n > 0.
Then the sequences {x,} and {y,} generated by (1.3) converge strongly to Py,r f(y*)

and Py, s)9(x*), respectively.
If putting ¢ = H and B, =1 in (1.3), we have

Tni1 = anf(yn) + (1 —k —an)z, + kT2, n >0,
+1 f(yn) +( ) (1.4)

Ynt+1 = Qng(Tn) + (1 — k — ap)yn + ESyn, n >0,



which is a modified version of viscosity approximation method. Observe that the

sequence {z,} and {y,} are mutually dependent on each other.

1.2 Variational inequality problem

Let B : C — H. The variational inequality problem is to find a point u* € C
such that

(Bu*,v—u*) >0, (1.5)

for all v € C. The set of solutions of (1.5) is denoted by VI(C, B). Historically the
variational inequality was introduced by Stampachhia [36] in 1964. It is known that
the variational inequality, as a strong and important tool, has already been studied
for a wide class of optimization problems in economics, and equilibrium problems
arising in physics and several other branches of pure and applied sciences, see for
example [8, 30, 44, 47].

In 1999, Vermal40] considered the new system of variational inequalities,
which is to find (z*,y*) € C x C such that

Ny  +2* —y*,x —a*) >0, Ve e,
(WAx* +y* —a*,x —y*) >0, Ve e C,

(1.6)

where A, B : C — H are two mappings and \, u > 0 are two constants. If we add up the
requirement that z* = y*, then the problem (1.6) reduces to the variational inequality
problem[36].

In 2008, Ceng et al.[7] introduced the following general system of variational

inequalities, which involves finding (z*,4*) € C x C such that

(My* +a* —y*,x —2*) >0, Yz el,
(uBx* +y* —x*,x —y*) >0, Ve eC,

(1.7)

where A, B : C — H are two different mappings and A, u > 0 are two constants. In
particular, if we put A = B, then the problem (1.7) reduces to system of variational[40].
In 2019, Siriyan and Kangtunyakarn[34] introduced the following modified gen-
eralized system of variational inequalities(MGSV), which involves finding (z*,y*, z*)
€ C x C x C such that
(2 = (I = \Dy)(az* 4+ (1 —a)y*),z —2z*) >0, Vz e C,
(y* = (I = XaD3)(az* + (1 —a)z*),x —y*) >0, Vz €C, (1.8)
(z* = (I — AsD3)z*,z — 2*) > 0, Va € C,
where Dy, Dy, D3 : C — H, A1, X2, A3 >0 and a € [0,1].
If putting a = 0, in (1.8), we have
(* = (I —MD1)y*,x—a*) >0, Ve e,
(y* — (I — MaDo)z*,z —y*) >0, Vz € C, (1.9)
(z* = (I = AsD3)a*,x —z*) >0, Vz e,



which is generalized system of variational inequalities modified by Ceng et al. [7],

Then they prove the Lemma releted to this problem as follows.

Lemma 1.3. [34] Let C be a nonempty closed convex subset of a real Hilbert space
H and let Dy, Dy, D5 : C — H be three mappings. For every Aj, A2, A3 >0 and a € [0, 1].
The following statement are equivalent

(i) (z*,y*,2*) € C x C x C'is a solution of problem (1.8)

(i) z* is a fixed point of the mapping G, i.e. z* € F(G), defined the mapping G: C — C
by

G(z) = Po(I — \Dy)(az + (1 — a)Po(I — AaDs)(az + (1 — a)Pe(I — A\3D3)z)),

Vz € C, where y* = Po(I — X\2D>) (az* + (1 — a)z*) and z* = Po(I — A3D3)z*.

Remark 1.4. [34] If Dy,D, D3, in Lemma 1.3, are dy,ds,ds-inverse strongly mono-
tone, respectively, then G is nonexpansive mapping, where A, X2, A3 € (0,2d) with
d=min {dl,dQ,dS}.

The split feasibility problem(SFP) is to find a point z € C and Az € Q. This prob-
lem was introduced by Censor and Elfving[10]. The set of all solution(SFP) is denoted
by I' = {z € C; Az € Q}. In fact, it has been extensively investigated in the literature
(see [2]-[3],[12],[14],[23]).

In 2018, motivated by Ceng et al[10] and the concept of the SFP, Siriyan and
Kangtunyakarn [33] introduced the split general system of variational inequalities
problem (SGSV), which is to find (z*,y*) € € x C such that

(MNy* +2* —y* . —x*) >0, Voe O,

(1.10)
(uBx* +y* —az*,x —y*) >0, Vo eC,
and find (a* = Dz*,y* = Dy*) € Q x Q such that
(aAy*+o* —y*,T—x*) >0, VT E€Q, (1.11)

(vBz* +y* — ¥, &~ y*) 20, Vi €Q,

where A,B : C — H; and A, B : Q — Hy are four different mappings,\, i, o,y > 0,
and D : Hy — H, is a bounded linear operator. The set of all solutions of (1.10) and
(1.11) are denoted by Q4 5 and Q4 p respectively. The set of all solutions of the
SGSV is denoted by ngg = {(a*,y*) € Qap : (z*,9*) € Qz 5}, Moreover, if we put
A=B=A=B=0,2"=y*and z* = y* in (1.10) and (1.11), the SGSV reduces to the
SFP.

Motivated by Siriyan and Kangtunyakarn[34] we introduce a new split problem
as follows:
Problem 1 Let C,Q be nonempty subsets of real Hilbert Hi, H,, respectively, Let

A: Hy — H, be a bounded linear operator. A new split problem is to find (z*,y*, 2*) €



C x C x C such that
(z* = (I —¢Dy)(ax* + (1 —a)y*),x — x*) > 0,Vz € C,
(" — (I — (Ds)(az* + (1 — a)z*),z — y*) > 0,Vz € C, (1.12)
(z* — (I = (Ds)z*,x — z*) > 0,Vz € C,

and find (z* = Ax*, y* = Ay*, z* = Az*) € Q x Q x Q such that

(7% — (I - CDy)(az* + (1 - a)y*), & — &) > 0,¥z € Q,
(5" — (I = CDa)(aa™ + (1= a)2),2 — y*) 2 0¥ € Q, (1.13)
(z* — (I —(D3)x*, T — 2*) > 0,V € Q,
where Dy, Dy, D3 : C — Hy, Dy, Dy, D3 : Q — Ho are six different mappings, ¢,¢ > 0, and
a € [0,1] which is called the split of modified variational inequality problems (SMVIP).

The sets of all solutions of (1.12) and (1.13) are denoted by ¥p, p, p, and V5, 5, 5,

respectively. The set of all solutions of the SMVIP is denoted by w2270 that is

Dq,D2,D: & T 5 . %
qui,Di,Dﬁ i {(x*ay*wZ*) € \I,DuDz,Ds g (z*,y*,z*) € \IIDl,Dz,Dg}'

If we put Dy = Dy =D3 =Dy =Dy=D3=0,2"=y*=z*and z* = y* = z* in 1.12 and
1.13, we obtain the SMVIP is reduced to the SFP.
If putting a =0in (1.12) and (1.13) , we have
(x* — (I = ¢(D)y*, 2~ x*) >0,V € C,
(y* = (I =¢D2)z",w = y") > 0,vw € C,
(z* = (I —(Ds)x*,z— 2%y >0,Vx € C,

and
(& — (I = CDy)y, & — %) 2 0¥z € Q.

(y*= (I =CDs)z*, &~ y*) > O,Vi € Q,

(5 — (1= EPg)a, a5~ )5 0,Y5 € Q)

which is a modified the split general system of variational inequalities(SVIP)[33].

1.3  The subgradient extragradient algorithm

Several algorithms for solving the VI(C, B) are projection algorithms that em-
ploy projections onto the feasible set C of the VI(C, B), or onto some related set, in
order to iteratively reach a solution. In 1976, Korpelevich [26] proposed an algorithm
for solving the VI(C, B) in Euclidean space, known as the extragradient method. In
each iteration of her algorithm, in order to get the next iterate z**!, two orthogonal
projections onto C are calculated, according to the following iterative step. Given the

current iterate z*, calculate

yF :Pc'<$k—7'f($k)), (1.14)



2" = Po(z® — 7 f (")), (1.15)

for all £ € N, where 7 is some positive number and P denotes the Euclidean least
distance projection onto C.

The convergence was proved in [26] under the assumptions of Lipschitz con-
tinuity and pseudo-monotonicity. However there is still the need to calculate two
projections onto C. If the set C is simple enough so that projections onto it can be
easily computed, but if C'is a general closed and convex set, a minimal distance prob-
lem has to be solved twice in order to obtain the next iterate. This might seriously
affect the efficiency of the extragradient method. Korpelevich’s extragradient method
has been widely studied in the literature; see ([4, 5, 6, 9, 16, 19, 25, 35, 46, 49]) and
the references therein.

In the past decade years, Censor et al. [11] developed the subgradient extra-
gradient algorithm in Euclidean space, in which they replaced the (second) projection
(1.15) onto C by a projection onto a specific constructible half-space as follows:
Algorithm 1 (The subgradient extragradient algorithm)

Step 0 : Select a starting point 2° € H and 7 > 0, and set k = 0.

Step 1 : Given the current iterate 2%, compute

y* = Pe(a® — 7 f(z")),
construct the half-space T;, the bounding hyperplane of which supports C at y*,
T i={w € H|{(z" = 7f(=") ~ vF, w— y*) <o}, (1.16)
and calculate the next iterate
P = Pr (o ~ 7).

Step 2 : If 2% = y* then stop. Otherwise, set k + (k + 1) and return to step 1.
Furthermore, under some control conditions, they proved weak convergence

theorems for their algorithms.

1.4  Objectives of the study

1) To propose the new split of modified variational inequality problems (SMVIP).

2) To propose some new mathematical tools and properties for the new split of

modified variational inequality problems (SMVIP).

3) To define a new iterative method for approximating the solutions of two varia-

tional inequality problems which form an approximate the SMVIP.

4) To prove the strong convergence theorem for solving fixed point problems of
nonlinear mappings and two variational inequality problems and solving the
SMVIP.



5) To define a new subgradient extragradient algorithm utilizing the concept of the
set of solutions of the SMVIP.

6) To prove a weak convergence theorem for such a new subgradient extragradient

algorithm.

7) To give numerical examples to support our main theorems.

1.5 Scopes of the study

1) Study the variational inequality problems in a Hilbert space.

2) Investigate the fixed problems of nonlinear mappings including nonexpansive and

a-inverse strongly monotone mappings.

3) All strong and weak convergence theorems are considered and proved in Hilbert

spaces.

1.6 Research methodology

1) Study advanced topics in fixed point theory for nonexpansive and a-inverse
strongly monotone mappings.

2) Study background in a real Hilbert space.

3) Study the variational inequality problems and the modified generalized system
of variational inequalities (MGSV).

4) Collect and study research papers concerning fixed point theorem.
5) Determine the objectives and scope of the research.
6) Define a new split of modified variational inequality problems (SMVIP).

7) Define a new iterative method for approximating the solutions of two variational

inequality problems which form an approximate the SMVIP.

8) Prove the strong convergence theorem for solving fixed point problems of non-

linear mappings and two variational inequality problems and solving the SMVIP.

9) Produce tools and properties for the new split of modified variational inequality
problems (SMVIP).

10) Define a new subgradient extragradient algorithm utilizing the concept of the set
of solutions of the SMVIP.

11) Prove a weak convergence theorem for such a new subgradient extragradient

algorithm.



12) Provide applications and examples to support our main theorems.

13) Conclude the result, make suggestions for further works and write the thesis.

1.7 Benefits of the study

1) Obtain the strong convergence theorem for solving fixed point problems of non-
linear mappings and two variational inequality problems and solving the new

split of modified variational inequality problems (SMVIP).

2) Obtain new mathematical tools for the properties of the new split of modified

variational inequality problems (SMVIP).

3) Obtain the weak convergence theorem for solving fixed point problems and solv-
ing the SMVIP.

This thesis consists of five chapters as follows:

In chapter 1, we show the background of this thesis, that is, iterative methods
for fixed point theorems and some of definitions and properties of a finite family of
nonlinear mappings and variational inequality problem.

In chapter 2, we give the definitions and properties of fixed point problem, the
metric projection and about the strongly positive bounded linear operators in Hilbert
spaces that are necessary to prove our main theorems in the next chapter.

In , firstly we introduce the split of modified variational inequality problems
(SMVIP), by using the concept of the modified generalized system of variational in-
equalities (MGSV) and introduce an iterative algorithm of two sequences which de-
pend on each other by using the intermixed method. Secondly, we prove a strong
convergence theorem for solving fixed point problems of mappings and we treat two
variational inequality problems which form an approximate the SMVIP. Then we obtain
the additional results involving the split minimization problem and the split variational
inequality problem. Thirdly, we introduce a new subgradient extragradient algorithm
utilizing the concept of the set of solutions of the SMVIP and prove a weak conver-
gence theorem for such an algorithm. Consequently, we also apply these results to
approximate the split minimization problem.

In chapter 4, we give numerical examples for our theorems in the previous
chapter.

In chapter 5, we describe the conclusion of the thesis.



Chapter 2
Preliminaries

We denote the weak convergence and the strong convergence by “ —" and

W " respectively.

2.1 Fundamental properties in Hilbert spaces

Lemma 2.1. Let H be a real Hilbert space. Then the following identities hold:
) flz £ ylI* = [l2]? + 2(z, ) + |yll*, Yo,y € H;
(i) 1+ yl2 < ]2 + 2(ys@ + y), Yo,y € L.

Definition 2.1 (Weak convergence [15]). A sequence {z,,} of vectors in an inner product

space K is called weakly convergent to a vector z in K if
(Tn,y) — (x,y) as n — oo for every y € K.

Definition 2.2 (Strong convergence [15]). A sequence {z,} of vectors in an inner prod-

uct space K is called strongly convergent to a vector z in K if
|lzn — || — 0 as n— oc.

Theorem 2.2 ([15]). A strongly convergence sequence is weakly convergence (to the

same limit), that is, z,, — = implies z, — z.
Remark 2.3 ([39]). If z,, = 2 and z,, — v, then z = y.

Lemma 2.4 ([39]). Let {z,,} be a Cauchy sequence of an inner product space C such

that z,, — z. Then z,, = =.

Definition 2.3 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—oc, 0o}, where (—oo, 00] = RU{c}. Then,
f is called lower semicontinuous if for any a € R, the set

{x e C: f(z) <a}is closed.
Moreover, f is called convex if for any xq,22 € C and ¢ € (0,1),
fltar + (1= t)wz) < tf(ar) + (1= 1) f(22).
Similarly, f is said to be concave if for any z;,2, € C and t € (0, 1),
fltwy+ (1= t)wg) = tf (z1) + (1 — 1) f(22).

Theorem 2.5 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Suppose that {z,} ¢ C and z,, — z. Then z € C.
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Theorem 2.6 ([39]). Let {a,} be a bounded of real numbers. Then, there exists sub-
sequence {ay,} of {a,} such that
a=lmsupa, = lim a,,.

Similarly, there exists a subsequence {a,, } of {a,} such that

g =liminfa, = lim a,.
j—o0

n—oo

Lemma 2.7. [42] Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+41 S (1 - an)sn + 571’ vn 2 07

where «,, is a sequence in (0,1) and {4, } is a sequence such that
(i) Y2y o = o0,

N 1)
(i) im supn_woa71 €0 or-> 2y 8n] < 00!

Then lim,,o0 8, = 0.

Lemma 2.8. Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. Let the {z*}2°, c H be Fejer-monotone with respect to C, i.e., for every
u € C,

|l = ul] < flz* —wll, VE >0,
Then {Pca®}32,, converges strongly to some 2 € C.

Lemma 2.9 ([31]). Each Hilbert space # satisfies Opial’s condition, i.e., for any se-

quence {z,} ¢ H with x, — x, the inequality
Lirninﬂix,,, —z| < Urr_1>inf||a:,,, —yll,
holds for every y € H with y # .
2.2 Fixed point sets of nonexpansive mappings and strictly
pseudo-contractive mappings

Let T be a self-mapping of ¢. We use F(%) to denote the set of fixed points of
T (e, F(%) ={r € (: Tox =z}

Definition 2.4. Let the mapping T: C — C. Then T is called

1) a nonexpansive mapping if

[Tz = Ty|| < o —yl|, Va,y € C.

2) k-strictly pseudo-contraction if there exists a constant « € [0,1) such that

|52 — Tyl <l — yll® + £ (I - Da— (I - Dyl Ve, € C.
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Note that the class of «-strictly pseudo-contractions includes the class of non-
expansive mappings, that is, nonexpansive mapping is a 0-strictly pseudo-contractive

mapping and if x = 1, then a mapping ¥ is called pseudo-contractive mapping.

Definition 2.5. Let the mapping T : C — C. Then T is called an a-contractive mapping
if there exists a € (0,1) such that

[Tz =Tyl < allz -y, Vo, y € C.

Obviously, if T is contractive, then T is nonexpansive. That is, the class of

nonexpansive mappings includes the class of contractive mappings.

Theorem 2.10 ([39]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then Fiz(%) is closed

and convex.

Theorem 2.11 ([39]). Let H be a Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let T be a nonexpansive mapping of C into itself. Then

T has a fixed point in C.

Lemma 2.12 ([50]). Let H be a Hilbert space, C be a closed convex subset of H. If
T is a k-strictly pseudo-contractive mapping on C, then the fixed point set Fixz (%) is

closed convex, so that the projection Ppy, (< is well defined.

Lemma 2.13. [22] Let € be a nonempty closed convex subset of a real Hilbert space
Hand let T : C — C be a x-strictly pseudo-contractive mapping with Fiz(%) # 0. Then,

there hold the following statement:
() Fiz(%) = VI(C, I —%);
(i) For every u € C and v € Fiz(%),
[Pod=MI =%))uw—v|< [lu— v

foru e C and v € Fiz(%) and X € (0,1 — k).

2.3  Properties of the metric projection

Definition 2.6 (Metric projection [39]). The (nearest point) projection Pc from H onto
C assigns to each z € H the unique point Pcz € C satisfying the following properties:
(l) Pezx € C,

(i)l = Pea] = min = ~ .

(iii) If C is a hyperplane, it follows that

& = ylI* > |lz — Pex|? +|ly — Pox?, (2.1

Ve eH,yeC.
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Lemma 2.14 ([38]). For a given z € H and u € C,
u=Poze (u—z,v—u)>0,YveC.
It is well-known that P¢ is a firmly nonexpansive mapping of H onto C, that is
|Pox — Poy|)* < (Pox — Poy, —y) ,Va,y € H.

Lemma 2.15 ([38]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Po(I—-NA)usueVIC,A),

where Pg is the metric projection of H onto C.

2.4  Properties of strongly positive bounded linear operators in

Hilbert spaces

Definition 2.7 ([39]). Let E and F be linear spaces with the same scalars, and let T be

a mapping of E into F. Then T is called linear if for any z,y € F and any scalar a € R,
T(z+y)=T(x)+ T(y) and T(ax) = aT(z).
In particular, for the case of F =R, T is called a linear functional.

Note that if T: £ — F is a linear mapping, then
T(az + By) = oT(x) + BT (y),Yz,y € F and «, 8 € R.

Definition 2.8 ([39]). Let £ and F be normed linear spaces with the same scalars, and
let T be a linear mapping of £ into F. Then T'is called bounded if there exists K >0
such that

|T(x)| < K|z| for all z € E.

Let T be a bounded linear mapping of £ into F. So, we have that for z € E
with |jz]| < 1,
IT()]| < K, (2.2)
where T(z) is often denoted by Tz.

For a bounded linear mapping T of E into F, we define its norm by

Tl = sup || T[], (2.3)

llzll<1

For such ||T||, we have the following results.

Definition 2.9 ([39]). Let E and F be normed linear spaces and let 7' be a bounded
linear mapping of E into F. Then the following hold:
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1) |Tz|| < ||T/||=]| for all = € B,
2) | Tl = supyppy—y I T]l-

Definition 2.10 ([15]). Let A be a bounded operator on a Hilbert space H. If (Az,y) =
(z, Ay) for all z € H, then A is called the self-adjoint operator.

Theorem 2.16 ([15]). Let T be a bounded linear self-adjoint operator on a Hilbert
space H. Then
1T = sup [{Tz,z)|.

llz]|=1
Definition 2.11 ([15]). A self-adjoint operator A is called positive if (Az,z) > 0 for all
r e H.

Definition 2.12 ([28]). A self-adjoint operator A is a strongly positive operator on H if

there is a constant 4 > 0 with property
(Az,z) > 7|z, forall z € H.

Definition 2.13 ([17]). Let A be an operator of C into itself. Then, A is called a-inverse

strongly monotone if there exists a positive real number a > 0 such that
(= y, Az — Ay) > || Az — Ay|® =,y € C.

Definition 2.14 ([20]). Let T be a bounded linear operator on a Hilbert space H. The
spectral radius of T, denoted by r,(T'), is the number defined by

ro(T) = sup{|\| : A € o(T)},

where o(T) = {\ € C: (T ~ M\)(z) = 0,for some 0 # z € H}.



Chapter 3

Strong Convergence Theorems

3.1 Strong convergence theorem for solving the split of modified

variational inequality problems (SMVIP)

In this section, we prove the lemmas related to the set of fixed points of non-
linear mapping with the SMVIP. Utilizing our lemma we prove the strong convergence
theorem for solving the SMVIP and two variational inequality problems by using prob-
lem 1.

The following lemmas are needed to prove the main theorem.

Lemma 3.1. Let H; and H, be real Hilbert spaces and let C,Q be nonempty closed
convex subsets of H; and H,, respectively. Let Dy,Ds, D3 : C — H; be di,ds,ds-
inverse strongly monotone respectively, where ¢ € (0,2d*) with d* =min{d;,ds,ds}.
Let Dy,Ds, D3 : Q — Hy be dy,ds,ds-inverse strongly monotone respectively, where
¢ € (0,2d) with d =min{ds,dy.ds}. Let A : H, — H, be a bounded linear operator with
adjoint A4* and n € (0, +) with L being the spectral radius of the operator 4*A. Define
Mc:C — C by

Mc(z) = Po(I = ¢Dy)(ax + (1 — a)Pe(I = ¢Do)(ax + (1= a)Po(I — (Ds)z)),

Vz € C, and define Mg : Q — Q by

Mg(#) = Po(I — D) (ad + (1 — a)Po(I - CDa)(ai + (1 — a) Po(I — {D3)#)),

Vi € Q. Define M : C — C by M(z) = Mc(x —nA*(I — Mg)Az) for all z € C. Then M is

a nonexpansive mapping for all z € C.

Proof. Let z,y € C. From the definition of M, we have

Mz — My|* = |Mc(z —nA*(I = Mg)Ax) = Mc(y — nA*(I — Mq)Ay)|*
< ||(z = nA*(I = Mg)Azx) — (y — nA*(I — Mg)Ay)|®
= |lz —y —nA*[(I = Mg)Az — (I — Mq)Ay]|*
= |lz —yl* = 2n{z — y, A*[(I = M)Az — (I — Mg)Ay))
+ | AT (I = Mg)Az — (I — Mq)Ay]|?
= [lz =yl = 2n(A(z — y), (I = Mg) Az — (I — Mg)Ay)
+ 0P| A*[(I — Mg)Az — (I — Mg)Ay]||*
= ||z — yl|® — 2n(Az — Ay + Mg Az — Mo Az + Mo Ay

— MqAy, (I — Mq)Ax — (I — Mq)Ay)
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P AT — Mg) Az — (I — M) Ay
= | — y||? = 2n[(Az — Ay — Mo Az + Mg Ay, (I — M)Az
— (I —Mg)Ay) — (MoAy — MgAz, (I — Mg)Ax
— (I = M)Ay)] + 1P| A°[(I = M)A — (I — Mg) Ay
=l =yl = 20[{(1 — Mq) Az — (I - Mg)Ay, (I — Mg)As
— (I —Mg)Ay) — (MoAy — MgAz, (I — Mg)Ax
— (I = M) Ay)] + 1P| A°|(1 — Mq) Az — (I — Mg) Ay
< Jlz = yl1> = 20{I(T — Mo) Az — (I — M) Ay|?
~ ST = M)Az — (1 — Mg) Ayl
FP A7 — Mo) A = (1= M) Ay]
=l = ylI* =l = M)Az = (I — Mo) Ayl
FP A ~ M)Az — (I = M)y
< llz = ylI* = 0ll(T — Mo) A = (I = Mo) Ayl
FPL(E = Mo)Aw — (I = Mo) Ayl
= iz = gl* — 01 - AL = Mo) A — (I + Mo) Ayl
< flz = yll*. (3.1)

It implies that ||[Mz — My|| < ||z — y||-

Hence, M is a nonexpansive mapping.

Remark 3.2. From the study of Lemma 3.1, we have

|(z — pA*(I = Mq)Az) — (y — nA*(I — Mg)Ay)||?

<z =yl = n(t=nD)I(I — Mo) Az~ (I — Mq)Ay|*.
forall z,y € H;.

Lemma 3.3. Let C,Q be nonempty closed convex subsets of Hy, Hs, respectively.
Let Dy, D2, D3 : C — H; be di,ds,ds-inverse strongly monotone respectively, where
¢ € (0,2d*) with @* =min{dy,ds,ds}. Let Dy, Dy, D3 : Q — Ho be dy, ds, d3-inverse strongly
monotone respectively, where ¢ e (0,2d) with d = min{d,, d,,ds}. Let A: H, — H, be a
bounded linear operator with adjoint A4* and 5 € (0, 1) with L being the spectral radius
of the operator A*A. Define M¢ : C — C by

Me(z) = Po(I —(D1)(ax + (1 — a)Pc(I — (D3)(ax + (1 — a)Po(I — (D3)x)),
Vz € C, and define Mg : Q — Q by

Mq(#) = Po(I —(Di)(ai + (1 = a)Po(I — (D2)(ai + (1 ~ a) Po(I — (D3)1)),
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Vi € Q. Assume

‘I’gizgz:gi = {(m*7y*72*) € \I]Dl,D2,D3 : (ac_*,gj*,z_*) € \Ijﬁl,ﬁg,ﬁg} 7é 0.

The following statements are equivalent
() (a9, 2%) € W 2 s
(i) 2* = Mo (z* —nA*(I — Mg)Ax*),
where y* = Po(I—(Ds)(ax* +(1—a)z*), 2* = Po(I—(D3)z*, v* = Ax* = Po(I—(D;)(ax* +
(1 —a)y*), y* = Ay* = Po(I — (Ds)(az* + (1 — a)z*) and z* = Az* = Po(I — (D3)z*.
Proof. Let the following condition hold.
(i) = (id) Let (a%,y*,2*) € Ut P25 We have (¢*,y*,2*) € Up, p,,p, and (z*,y*,2%) €
Up, p,.p,> Where z* = Az*, y* = Ay* and z* = Az*. Since (z*,y*,2*) € ¥p, p, p,, WE
obtain that

(" — (I = ¢Dq)(az* + (1 = a)y™),z —z*) > 0,Vx € C,

(y* = (I = ¢D3)(ax™ + (1 —a)z"),z —y*) > 0,Vx € C,

(z* — (I =(¢D3)x*,x—2z%) > 0,Vx € C.

By the property of Pe, we obtain
&t = Po(I = (Dy)(az” + (L= a)y"),

y* = Po(I — (Dy)(ax™ + (1 — a)z¥),
2" = Po(I — (D3)z™.

It implies that

x* = Po(I = (Dy)(ax™ + (1 — a)Pe (I — (D2)(az™
+ (L—=a)Po(I—(D3)z"))

Since (z*,y*,z*) € ¥p, 55,.p,» We Obtain that

(2% — (I = (D1)(az* + (1 — a)y*),z — 2*) > 0,VZ € Q,

(y* — (I = CD2)(ax* + (1 — a)2*),Z — y*) > 0,YZ € Q,

(z* — (I — (D3)z*, T — z*) > 0,VZ € Q.

Then, we obtain

a* = Po(I = (D1)(az* + (1 — a)y*),
y* = Po(I = (D) (az” + (1 - a)2¥),

7 = Py(I — (Ds)z*.
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That is
z* = Po(I — (D1)(az* + (1 — a)Po(I — (D2)(az*

+ (1 —a)Po(I — (3D3)z*))

= Mga*
= MgAz™. (3.3)
It implies that
z* = Mg (z* —nA*(I — Mg)Azx*) (3.4)

(ii) = (i) Let a* = Mc(a* — nA*(I — Mg)Az*) where y* = Po(I — ¢(Ds)(az* +
(1 —a)z*), z* = Po(I — (D3)a*, a* = Ar* = Po(l — (D1)(az* + (1 — a)y*), y* = Ay* =
Po(I = {Ds)(az* + (1 —a)z*) and z* = Az* = Po(I — (Dg)r* and (u*,v*, w*) € Ut 2.

From Remark 1.4, we have M is nonexpansive mapping on C. It is obvious
that Mg is nonexpansive mapping on Q.

From' (u*,v*,w*) € w2228, and (i) = (if), we have u* = Mo(u" — nA*(I —
Mg)Au*). Utilizing the same method as (3.3) we have Au* = MgAu* and and applying

(3.1), we have
llo* = ||? < fla* = u*[? = 0 = nL)|[( ~ Mq)Az™ — (I — Mq)Au"||?
It implies that
¥ =Az" € F(Mg).

That is,
r* = Mga* = Po(I —(D;)(az* + (1 —a) Po(I— {D3)(az* + (1—a)Po (I — {D3)x*)). It follows
that
a* = Po(I = (Dy)(az* + (1= a)y*),
where y* = Po(I — (Ds(az* + (1 — a)z*) and z* = Po(I — (Ds)z*. From Lemma 1.3, we

have
g 3T o (3.5)
From Az* € F(Mg), we have
¥ = Mc(az* —nA*(I — Mq)Ax™) = Mcx™.

That is 2* € F(M¢). Then, we have

a* = Po(I = ¢Dy)(az* + (1 — a)Pe(I — (Do) (az* + (1 —a) Po (I — (D3)a*)) = Mca*. It follows
that

x* = Po(I — (Dq)(az* + (1 — a)y*), where y* = Po(I — (Ds)(az* + (1 — a)z*), and z* =
Pc(I — ¢D3)z*. From Lemma 1.3, we have

(x*ay*7Z*) S \IIDl,DQ,Dg (36)
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From (3.5)and (3.6), we have

* % D1,D2,D3
('T Y,z )G\IJD1D2D3

[]

Example 3.4. Let R be the set of real numbers, C' = [-50, 50| x[—50, 50], @ = [—100, 100] x
[~100,100], H; = H, = R. Let Dy, Dy, D3 : [-50,50] — R? defined by D;(z1,22) =
(z1 = 3,2 — 3), Da(w1,22) = (852, 2223) ) Dy(wy,wp) = (B2, 2278 for all (zy,32) € C.
Let Dy, Dy, D3 : [—100,100] x [-100,100] — R? defined by D;(z1,22) = (21 — 6,22 — 6),
Ds(z1,m2) = (58, 2225) Dy (21, 20) = (255, 2228) for all (z1,22) € Q respectively. Let
A :R? — R? defined by A(z1,22) = (27,22) and A* : R? — R? defined by A*(z1,22) =
(2z,2z). Define M¢ : [=50,50] x [—50, 50] — [=50,50] x [=50,50] by Mc(z) = Po(I —
2D1) (32 + 3Pco(I = 2Ds) (32 + $Pc(I — 2Ds)x)), Vo € C, and define My : [-100,100] x
[~100,100] — [—100,100] x [—100, 100] by MQ( ) = Po(I — $D1) (3% + 5 Po(I — 1D) (32 +
$Po(I — L1D3)%)), Vi € Q.

Then, we have (z*,y*,2*) € Qgijgz:gi’ where (z*,y%, 2*) = (3,3) € [-50,50] x [~50,50].
By Lemma 3.3, we have (3,3) = Mc((3,3) — tA*(I — Mg)A(3,3)), where y* = Po(I —
2D,)(3,3), z* = Po(I — 2Ds)(3,3), z* = (6,6), y* = (6,6) and z* = (6,6).

Next, we prove the strong convergence theorem, by using Lemma 3.3 as im-

portant tool for finding the solution of the SMVIP and the fixed point of nonexpansive
mappins.
Theorem 3.5. Let H, and H, be real Hilbert spaces and let C, @ be nonempty closed
convex subsets of H; and H,, respectively. For every i = 1,2, let B; : C — H be
a;-inverse strongly monotone mapping with a= min{a;, a2} and let D{, Dy, D : C —
H, be di,d},di-inverse strongly monotone, respectively, with d* = min{d},d},d}}. Let
D' Dy', D5’ . Q = Hy be di',dy',ds'-inverse strongly monotone, respectively, with
d = min{d,",dy",d3'}. Let A : H, — H, be a bounded linear operator with adjoint A*
and n € (0, +) with L being the spectral radius of the operator A*A. Let f,g: H -+ H
be a; and a,-contraction mapping with @ = max{ay,a,}. For every i = 1,2 define
M, : C — C by Mi(x) = Po(I—('Di)(az + (1—a)Po(I — ¢ Dy)(az + (1 - a)Pe (I~ (1D})x)),
Vz € C, where ¢ € (0,2d*) and define M}, : Q — Q by M},(&) = Po(I — ¢'D})(ad + (1 —
a)Pg(I —¢iD)(ai + (1—a)Po(I — (DY), Vi € Q, where ' € (0,2d). Define Mi: C — C
by M*(z*) = M{(z* — nA*(I — M) Az*) for all * € C and 7 = 1,2. Let the sequences
{z,} and {w,} generated by z;,w; € C and

Tn4+l = 5711'71 + nnPC(I - ’YlBl)xn + NnPC(anf(wn) + (1 - an)Mlxn) (3 7)

Wn+1 = On Wy, + nnPC<I - 72B2)wn + MnPC(ang(xn) + (1 - an>M2wn)

where {6, }, {n.}, {pn}, {an} C[0,1] With 8,41, 4+, = 1 and v € (0, 2a) with y=min{y1,y2}.
Assume the following conditions hold;
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() Fi = F(M)nVI(C,B;) # ¢ forall i =

(ii) Zan =00 and lim a, =0,

n—oo
n=1

(iii) 0<§<5n,nn,un < @ for all n € N and for some 6,6 > 0,

(iv) Z [0n+1 — O] < 00, Z [Mnt1 — nn| < 00, Z lan+1 — ap| < oo.

Then {zn} converges strongly toax; = Pflf(xQ) where y; = Po(I— (D) (axi+(1—a)z})
D{.D;.D;
Di,D3, Dy’
strongly to o5 = Pr,g(x}), where y3 = Po(I — ¢2D3)(azs + (1 — a)2z3) and z5 = Po(I —
D?,D3.D3
D?,D3,D%

and 27 = Po(I—¢ D)zt with (21, y7, 27) is an element of ¥ and {w,} converges

C2D3%)zs with (25,93, 23) is an element of ¥

Proof. The proof of this theorem will be divided into five steps.
Step 1. We will show that {z,} is bounded.
First, we will prove that I —~B; is nonexpansive with v =min{y, 2}, for all i = 1,2 we
get
I =Bz = (I = vBi)w|? = |la — w— y(Biz — B;w)||?
= |z —w|? = 2v{z = w, Bix — B;w)
+ ’7/2||B¢1‘ = B7w||2
< Jlo —wl* - 20| Bix — Bywl|?
+ 72| Biaz = Byw|?
= |z ~w|* - (2~ 9)|1Biz = Bywll?
<z = wl?.
Thus I —~B; is a nonexpansive mapping, for all i = 1,2. Then Pc(I —B;) is a nonex-

pansive mapping.

Let 2 € 1 and @ € F», from the definition of «,,, we have
||In+1 = i'” . ||6nxn + 777LPC(I = ’YlBl)In + ,UHPC(O‘nf(wn) gt (1 - O‘n)Mlxn)
- (671 + M+ Mn)j”
< 5n||$n - i‘” + M| Pe(I — ’YlBl)xn -5 i‘” + Mn||PC(anf(wn)
+ (1 — o) Mtz,) — 7

< (1= p)|wn = & + pol|an(f(wn) = &) + (1 = an) (M 2, — Z)]|

IN

(1 = )| — 2| + pnan|| f(wn) = Z[| + pn (1 — an)||2n — T

IN

(1 = po) |7 — Z|| + pnanallw, — @ + pnon | f(0) — 2|

+ pn(1 = )|z — 2|

= (1= pnow)||2n — || + pnanallw, — 0| + prag || f(0) — Z|. (3.8)
Similarly, we get

lwnt1r — @l < (1 = ppon)||wn — W[l + pnanallzn, — Fl| + promllg(®) — o|. (3.9)
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Combining (3.39) and (3.40), we have
[Znt1 = 2l + lwngr — @l < (1= pnan) [[2n — 2| + [lwn — @]
+ pmoma[f|zn — Zl| + lwn —w]]
+ pmoen [[|9(2) — @[ + || f (w) — 2]
= (1 = pnan(1 = a)) [[lzn — 2| + [Jwn — @]
+ pnan [l9(2) — @l + [ f (@) — 2]

By induction, we can derive that

1—a

(@) —wl + | f(@) CEII}

o — & + lwn — @] < maz {m ) s — ), 19

for every n € N. This implies that {z,} and {w,} are bounded.

Step 2. Claim that lim |lz,41 — zs] = UM |Jwsi1 — wy] = 0.
First, we let U, = Pc(anf(;:)ol (1= an)Mlxng—;oer Vi = Po(ang(®n) + (1 — an) M2wy,).
Then, observe that
[Un = Up—1l = |[Pe e fwy) + (1 — an)M'zy) — Po{an—1f(wn-1)
+ (1= ane1)M )|
< o[ f(wn) = flwn—)ll +lan — ana|llf(wn-1)||
+ (1 - an) || M2, = Mz, 4]
Hlaw < an1[[|M wni |
< apalwy = wa-tll + o — @l [I1f (wsa) | + M @0 ]]
(1= ) tn — Zatll- (3.10)

By the definition of z,, and (3.10) we obtain

lXnt1 = 2nll = |0n2n + 9 Po( —y1B1) %y + nUn — 0n—1Zn—1

— M—1Pc(I = 11B1)an—1 — pn-1Un—1|

< 6n||xn - xn*lll € ]571 B ] 67171”‘3371*1” 5 nn'IPCU —mB1)z,
— Po(I = 1 B)Zn—1ll +|mn — ma—1||Po(I — 1 B1)wp—1|
+ wnllUn = Up—1ll + [0 — pn—1||Un—1|

= (L= pn)llzn — -1l + |6n — dn—1llan—1]]
+ |1 = -1 [[Pe(I = 71 B1)zn—1|
+ pinlon — a1 [Hf(wn—l)n + ||M1$n—1||]
+ pn(1 = an)l|zn — Zna |l + | — pn—1[[|[Un—1]|
+ pnapallw, — wp_1]|. (3.11)

Using the same method as derived in (3.11), we have

levnsr = wall < (1 pta)llewn — waoall+ 180 = Gl
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+ 1 = -1 ||1Pe (I — 2 B2)wn 1|
+ pnlan = ani| [[lg(@n—1)|| + [ Mw,—1|]
+ n (1 = ) [[wn — wy—1ll + [0 — p—1]|Va-1]l

+ pnanallz, — 1| (3.12)
From (3.11) and (3.12), then we get

[#n41 = Tl + lwnsr = wnll < (L= pn) (20 = Tn-1ll + [Jwn — wn—1]]
+ 100 = n—1| [lzn—1]l + lwn—1]l]
+ [ = m—a|[|Pe(I = 1 By)@p—1l|
+ |[Pc(I = y2B2)wn—1]]
+ |t — pn—1| [[0n—1| + [[Ve-1l[]
+ tnomaf[lwy — wp—1 |+ |an — zn-1]]
+ tinfan = a1 |[[| f (wp—1) | 4 |M 2 s |
+lg@ne i)l [ MPw= ]

+ k(1 = o) [lon — Tn_ill =+ [[wn — wn—1]l]
< (1 = enf(1/= a))llzn =Zpall F lwn — wnall]
+10n = Sp—1| [[lmn=1ll + flwn=1]l]

+ 0 = M| [[|1Pe (I — y1B1)an 1|

+ [Pl — y2B2)wn-1]l]

+ 1bn = 1| [[|Un—1] + [Vi—1ll]

+ 0l = apal[l| flwn—1)[| + [ M 2n |

Hllg(@n- )L+ 1M w1
Applying Lemma 2.7 and the condition (i), (i) and (iv) we can conclude that
|Znt1— znll = 0 and |Jwpi1 — wu| = 0 as n — oco. (3.13)

Step 3. Prove that lm ||U, — Po(I —yB1)U,| = lim ||U, — M U,| = 0.
n—oo n—oo

To show this, take U,, = Poi,,, Vn € N. Then we derive that

|zn41 = 2% = 160 (@0 = 2) + 0P = nB1)en — &) + pn(Un — 2)|°
< Onllen — 2| + mllPo(I = v B1)@n — Z||
— S l|zn — Po(I — 1 B1)xa||? + pin||iin — &2
< (1= pa)llen = Z|* = Sumnllzn — Pe(I = nBu)za|®
+ pinllon (f(wp) = Mt ay) + (M'z, — &)
< (1= pa)llzn — E* = Spnnllzn — Po(I = 1 Bi)za|?

+ Hn [”Mlxn S ‘iHQ + 20 (f (wn) — Mz, i, — i‘>]
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< ”xn - 53H2 - 5n77n||xn - PC(I - '}/lBl)an2
+ 240 f(wn) — M'an |||, — 2],
which implies that

St ||z — Po(I — ’YlBl)xn”z <|lzn - 5”2 — |Tns1 — i'”z
+ 2 || fwn) — Mlmn””an —
<lzn = zns1ll lzn — 2+ lzns1 — 2]

+ 2 || f(wn) — M @ |||, — 2.

Then, we have

l#n =Pe(I —71Bi)aa] =0 as n— oco. (3.14)
Observe that

Tont1 — T = Mn(Po(I =71 B1)xn — Tpn) + n(Un — zp).
From (3.13) and (3.14), we obtain
U, —zu]l = 0 as n— oco. (3.15)

Observe that

|Un — Pe(I =71B1)Un| £ ||Un = 2ol + |lzn = Po(I = 11 B1)za|l
+|[Pe(I = 1B1)zy = Po(I — v1B1)U, ||
< HUH I xn” =+ HTﬂ ~ PC(I =5 ’YlBl)xnn + H-Tn y UnH

=2|Un =m0l + llZn = Po(I = 11 B1)znll,

by (3.14) and (3.15), we obtain

U, — Pc(I —v1B1)Un|| = 0 as n — oo. (3.16)
Applying the same argument as (3.16), we also obtain

|Vse — Po(I — 42 B2)Vy|| = 0 as n — oo.
Consider

[#nt1 = Unll < lZns1 — znll + [0 — Un]-
From (3.13) and (3.15), we have

|Znt1 —Unll = 0 as n— co. (3.17)

Since

l|lzn — Mlxn” < zn = Tpall + [|Tnsr — Unll + 1Un = Mlxn”
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<||zn — xn—&-lH +|Tnt1 — Un” + [t — Mlxn”
= 20 — Tos1 |l + [|Tnt1 — Unll
+ [len f(wn) + (1 — an)Mlxn - Mlan

= llen = Tniall + 21 = Unll + anllf (wn) — Man].
From (3.13), (3.17) and condition (ii), we get
|2n — M z,|| — 0 as n — occ. (3.18)
Consider
[Un = M'Up|| < |[Un = 20| + |20 — M @n|| + || M 2 — M U, ||
< Un=znll + llzn =M 2yl |20 — Unl|
< 2||Up = 2l + [l — M.
From (3.15) and (3.18), we have
|U, = M*U,|| ~ 0 as n— co. (3.19)
Applying the same method as (3.18), we also have

Vi = M2V, || = 0 as n - oo0.

Step 4. Claim that lim sup(f(z3) — 2}, U, — z7) < 0, where z} = Pz, f(x}).
First, take a subsequence {UT'L;,:TOf {U,} such that

limsup(f(z3) — a3, U, —a7) = kll_)l’g{)(f(mé) =}, Upp — 27). (3.20)

n—00
Since {z,} is bounded, there exist a subsequence {z,, } of {z,} such that z,, —~ &€ C
as k — oo. From (3.15), we obtain U,,, =4 as k — oo.

Next, we need to show that & € F; = F(MY)nVI(C, By). Assume & ¢ F(M*'). Then, we
have # # M'z. By the Opial’s condition, we obtain

Urminf || U, — 2| < Uiminf||U,,, = M'z||
k—o0 k—o0
< lminf||U,, = M*U,, || + iminf|M'U,, — M'z||
k— o0 ) k—o0
<liminf||U,, — .
k—o00

This is a contradiction.

Therefore
ie F(MY). (3.21)

Assume & ¢ VI(C, By), then we get & # Po(I — 1 B1)3.

From the Opial’s condition and (3.16), we have

Uminf||U,, — 2| <liminf||U,, — Pc(I —y1.B1)Z||
k—oo k—o0



<Uminf U, — Po(I = 1 B1)Un, |
+ L|m |nf||PC(I - ’YlBl)Unk - PC(I - ’lel)i'”
k—o0
< Uiminf||U,, — .
k—oc0

This is a contradiction.

Therefore
& e VI(C, By).
By (3.21) and (3.22), this yields that
e F=FM")YNVIC, By).
Since U,, — % as k — oo, from (3.23) and Lemma 2.14, we can derive that
lim sup (f(a) = a1, Uy = o) = im (£(z5) - af, U, = )

n—oo

= (f(a3) — 21,2 — 27)

<0.
Following the same method as (3.24), we obtain that

Umsup(g(z¥) — 25, Vi, — x3) < 0.

n—oQ

24

(3.22)

(3.23)

(3.24)

(3.25)

Step 5. Finally, prove that the sequences {z,} and {w,} converge strongly to

xi = Pr, f(a3) and z3 = Pr,g(z}), respectively.
By firmly-nonexpansiveness of Pg, we derive that
|Un ~a7]1* = | Poty ~ 23|
<ty — 27, U, — x7)
= (an(f(wn) = 21) +(1 = @) (M@, — 27),Up = a7)
= an(f(wn) — 21,Un — 23) + (1 = an (M @, = 21, U, — 1)
= an(f(wn) = f(23), Un — 21) +an(f(23) — 27, Up — 27)
+ (1= an)[M 'z, — 27| [|Un — 27|
< analjwn — 23|[[|[Un — 21| + an(f(23) — 27, Un — 27)
+ (1 —an)llen — 21 ||Un — 21|
o

a
o Ulwn = 2301 + |Un = 2511} + an(f(23) — 27, Un — 27)

<
-2

+ 5 {llzn = 217 + U = 27]7}

(1 — O‘n)
2

l-ap(l—0a N
n (()) 10, — a2

na
= —llwn —@3)* +

: lin — 21

2

ar Oén<f($;) U JZT, Un VAl J?T),
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which hence yields

*|2 QAna *(12 (1_an) 112
— < - nm — R S LA —
U, — 23] < 1+O(n(l_a)nwn 3|l +1+%(1_a)||xn |
Q
—————(f(a3) — a},Un — x7). 3.26
+ 1+an(]~ 7(1) <f($2) Ty, JJ1> ( )

From the definition of z,, and (3.26), we get

[2nt1 = 21]* < Gnllzn — 23 1° + 0l Pe(I = y1B1)zn — 2i|* + pal|Un — 2712

< (1= o)l — @I+ s o — a3
Pty ) a1 Uy — i)
e T &

(- 2202 o, g+ S, - a3
et = ) = 2 Un = ). (3.27)

Similarly, as derived above,we also have
e =17 /{1 I o, gl 4 B g2

b o) — 2 Vo =), (3.28)

From (3.27) and (3.28), we deduce that

[ns1 =1 |2+ llwisn, = 2302

Nnan(Q‘a) * *
< (17 22 o - 1P o - 231

/’L"L(Xna’
1+ a,(1—a)

+ TZ:?{L:_GS ((f(x3) — a7, Up — 1) + (g(a]) — x5, Vi, — x3))

Mnan(2 = a) HnCn@ ® (|2 * (|12
=|1- el n —
(1ofaBot) St ) (o, P e - o31)

(lzn — 23 11* + llwon — 231%)

finor + OX . = )
T oy W) = =i Un =)+ (o(ah) — a3, Vi~ 23)
_ 2/J’nan(1 _(l) w112 oo
= (1) U =il o 31}
HUn O * * * « " .
+ m ((f(x3) — 27, Up — a7) + (g(a]) — 23,V — x3)) .

Applying the condition (i7), (3.24), (3.25), and Lemma 2.7, we can conclude that the

sequences {z,} and {w,} converge strongly to =} = Pr, f(z3) and =5 = Pr,g(x7}), re-
D;,D;3.D;

spectively. From Lemma 3.3, we have (z1,yf,z{) is an element of ¥ 5" 2"=*. and
127273
2 2 2
(3,3, 23) is an element of w732 This completes the proof.
17273 D

As direct consequences of Theorem 3.5, we can obtain the following corollary.
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Corollary 3.6. Let H; and H, be real Hilbert spaces and let C, Q be nonempty closed
convex subsets of H; and Hs, respectively. For every i = 1,2, let T; : C — C be
a r;-strictly pseudo-contractive mapping with Fiz(T;) # 0, and let Di, Dy Di : C —
H, be di,d},di-inverse strongly monotone, respectively, with d* = min{d},d},d}}. Let
D:',Dy',Ds' : Q — Hy be di',dy',ds'-inverse strongly monotone, respectively, with
d = min{d,",dy',d3'}. Let A : H, — H, be a bounded linear operator with adjoint A*
and n € (0, +) with L being the spectral radius of the operator A*A. Let f,g: H - H
be a; and a,-contraction mapping with a = max{ay,a,}. For every i = 1,2 define
M, : C = C by Mi(a) = Po(I ¢ Di)(az+ (1 - a) Po(I — ¢ Dj)(az+ (1 - a)Po(I ~ ¢ DY),
Vz € C, where ¢ € (0,2d*) and define M}, : Q — Q by M},(&) = Po(I — ¢'D})(ad + (1 —
a)Po(I — (D) (ad + (1 — a) Po (I — (iD4)2)), Vi € Q, where i € (0,2d) Define Mi: C — C
by M*(z*) = M (x* — nA*(I = M) Az*) for all z* € €, and i = 1,2. Let the sequences
{z,,} and {w,} generated by xy,w; € C and

Tp41 = 671-7571 + /r]nPC(I - 71(1 T Tl))wn + NnPC(O‘nf(wn) + (1 - an)Aflxn) (3 29)

W1 = OnWy + 10 Po(T — Yo (I — To))wy + pn Po(ang(2y) + (1 — ay) M2w,)
where {8, }, {m}, {pn} {on } € 10,1 With 6, +m,+p, =1, v € (0, 2a) with o = min{152, 1=r2}
and y=min{v;,72}. Assume the following conditions hold;

() Fi = F(MYNF(T;) £ 0 for all i = 1,2,

(ii) Zlan =coand lim a, =0,

(i) 0 < 0 < 6y, 1y i < 6 for all n € N and for some 6,6 >0,

o o0 oo
(iv) Z |01 — 0| < 00, Z [Mnt1 — 1n| < 00, Z lapi1 — am| < oo.

n=1 n=1 n=1
Then {z,} converges strongly to @} = Pz, f(z3), where yi = Po(I — (D) (axi +(1—a)z})
s
and z; = Po(I—¢ DY)a* with (2%, 47, 27) is an element of \Pgi’g?gi’. and {w,} converges
oL 2N B
strongly to x5 = Pr,g(x}), where y3 = Po(I — ¢2D3)(azxs + (1 — a)z3) and z5 = Po(I —
%\ g\ D},D3,Dj
C2D3%)xs with (25,45, 23) is an element of \115%,5252.
Proof. From Theorem 3.5 and Lemma 2.13, we have the desired conclusion. L]

3.2 Applications of strong convergence theorem for solving the split

of modified variational inequality problems (SMVIP)

3.2.1 Strong convergence theorem for approximating the solution of the split

variational inequality problem

In 2012, Censor et al. introduced SVIP, which is to find # € C such that

(frt,z —T) > 0,Vx € C,
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and find § = D& € Q such that

<f2/g7x_g> > 07Vy € Q7

where f; : C — H; and fy : Q — Hs are nonlinear mappings and D : H; — Hy is a

bounded linear operator. The set of all solution of the SVIP is denoted by
O={2ecVIC, f):5€VIQ,f)} (3.30)

The SVIP is reduced to the SFP if f; = f, = 0.

Before we prove the theorems, we need the following lemmas.

Lemma 3.7. In a strictly convex Banach space E, if
]l = [lyll = Iz + (1 = Nyl],
forall z,y € Eand X € (0,1), then z = y.

Lemma 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Dy, Dy, D3 : C — H; be dy,ds,ds-inverse strongly monotone respectively, where
¢ € (0,2d*) with @* =min{d,,ds,ds}. Let Dy, Dy, D3 : Q — Hy be dy, ds, ds-inverse strongly
monotone respectively, where ¢ e (0, 2d) with d =min{d,, ds,ds}. Defined the mapping

Me, Mg as in Lemma 3.3. Let A: H; — H, be a bounded linear operator with adjoint
3

A* and € (0, 1) with L being the spectral radius of the operator A*A. Let ﬂ D; £ 0
i=1
and ®; = {w € VI(C, D;)|Aw € VI(Q, D;)}, for all i = 1,2, 3. Then

Ty

®; = F(Mg(I — nA*(I — Mg)A)).

i=1

Proof. First, we will prove that for every i = 1,2,3 if T, : C — C is a nonexpansive

3
mapping, ﬂ F(T;) # 0 and define the mapping J: C — C by

i=1

J(z) =Ti(azx + (1 — a)Ts(ex + (1 — a)T32))

Then rg] F(T;) = F(J).

i=1

3
It easy to see that () F(T;) € F(J).

i=1
3

3
Next, we claim that F(.J) C (1) F(Z;). To show this, let z € F(J) and 2* € (| F(T3).
i=1 i=1
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By the definition of J, we get

[l — ™| = 1T (ax + (1 — a)Ta(az + (1 — a)Tsz)) — 27|
<lla(z —2%) + (1 — a)[To(az + (1 — a)Tsz) — 27|
<allz—z'|+ (1 —a)|ax + (1 —a)Tzz — x|
=allz — 27|+ (1 — a)lla(z — ") + (1 — a)(Tsz — z7)]|
< allz — 2%+ a(l — a)llz — 2" + (1 - a)?|| Tsz — ||
= (2a—a®)||z — 2" + (1 - a)?| T3z — 27|
< (2a - a®)llz — 2" + (1 - a)?[lx — =7

= [l =27,

which implies that ||z = z*|| = || T3z — 2*|| = [Ja(z — 2*) + (1 = a)(T3z — z*)|. From Lemma
3.7, we have Tzx =z, that is z € F(T3).
By the definition of J and z € F(T3), we have
fe — 2" = |T1(az + (1 — a)Ta(az + (1 — a)z)) = °|

< |laz + (1 — a)Tox — z™||

= fla(z = 2") + (1 = a)(Tox — z7)||

< aflz —2"|| + (1 —a)[[Toz — 27|

< alle —a7| + (1 —a)llz - 27|

= [l =a*|,
which implies that ||z — z*|| = || Tex — 2*|| = aljz — z*|| + (1 — @)|| T2z — 2*|. From Lemma
3.7, we have Tyx = z, that is z € F(Ty).
By the definition of J, z € F(T3) and x € F(T3), we have

x=Ti(ax + (1 = a)Ty(ax+ (1 — a)T3x))

= Tll'

which implies that Tyz = z, that is = € F(T1). Therefore
3
v e [ F(T).
=1

Then, we have

Hence

3
F(J) =) F(T)). (3.31)
i=1
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3 3
Next, we claim that (") ®; € F(Mc(I—-nA*(I-Mq)A)). To show this, let z € (] ®;

=1 =1
then z € ®;, for all i =1,2,3. Thus

r € VI(C,D;) and Az € VI(Q, D;), for all i = 1,2,3 and so
r € F(Po(I —¢D;)) and Az € F(Po(I — (Dy)), foralli =1,2,3.
3 3
Then, we have z € ﬂ F(Pc(I — (D)) and Ax € ﬂ F(Po(I —(Dy)).

=1 =1
Utilizing the same method as (3.31), we have

x € F(Mc),

that is
v = Mcz = Pc(I — (D1)(az + (1 — a)Pe(l = (D2)(ax + (1 — a)Pc(I — (D3)z)),
where y = Po(I — (Ds)(ax + (1 — a)z), z = Po(I — (D3)r and

T e F(]\/[Q),
that is
Az = MgAz = Po(I — CDy)(aAx + (1 — a)Py(I = CDy)(aAz + (1 — a)Po(I — (Ds)Ax)),
where § = Po(I —(Ds)(az + (1 — a)z), 2= Po(I — (D3)z, T= Az, y = Ay and z = Az.
From Lemma 1.3, we have

(x,y,z) € Up, DDy and (iﬁ,g,f) € \I/D*17D*27D*3. Thus

D1,D2,D3
(x,y,2) € \Pﬁl,ﬁg,ﬁg’

From Lemma 3.3, we have
@ = Mo(I —nA*(I = Mg)A)z
where y = Po(I—(Ds)(az+ (1 —a)z), 2 = Pc(I —(D3)z, T = Az, y = Ay and z = Az. Thus
2 € F(Me(I = nA*(I — Mo)A)).

Then, we have

®; C F(Mc(I —nA*(I= Mg)A)).

.

=1

3
Next, we claim that F(Mc(I — nA*(I — Mg)A)) € (1) ;. To show this, let z € F(Mc(I —
=1
nA*(I — Mg)A)), then z = Mc (I — nA*(I — Mg)A)z.
From Lemma 3.3, we have

D1,D2,D3
(xvyaz) € \PD_1’§27[§37

y=Pc(I—(Ds2)(ax+(1—a)z), 2= Po(I —(Ds)x and § = Ay = Po(I — (D) (az + (1 —a)z),
Z=Az=Po(I —(D3)z, T = Az. Then (z,y,2) € ¥p, p, p, and (z,7,%) € ¥, p, p,-
From Lemma 1.3, we have

z € F(Mg),
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and
z € F(Mg),

that is
r= Mcx = Pc(I — CDl)(ax + (1 - a)Pc(I — CDQ)(CLLE + (1 — a)Pc(I — CDg)QS))
and Az = MgAx = Py(I — (D;)(aAz + (1 — a)Po(I — (D3)(aAz + (1 — a)Po(I — (D3)Ax)).

Ut|L|zmg the same method as (3. 31 ), we have

xeﬂFPcI ¢)D )andAa:eﬂFPQI 0)Dy).
=1 i=1

Then z € F(Po(I —¢)D;) and Az € F(Pg(I —¢)D;), forall i =1,2,3.
and so x € VI(C,D;) and Az € VI(Q, D;), forall i =1,2,3

3
That is = € ﬂ ®,, then z € @;, for all i = 1,2, 3.

i=1

Thus

3
F(Ma(I = nA*(I = Mg)A)) € ) ®i.
=1
Hence

3
() ®: = F(Mca(I = nA*(I = Mg)A)).

i=1

[]

Theorem 3.9. Let H; and H, be real Hilbert spaces and let C, @ be nonempty closed
convex subsets of Hy; and Ha, respectively. For every i = 1,2, let B; : C — H be
a;-inverse strongly monotone mapping with a= min{a;,as}. For every i = 1,2, let
D%, Di, Di: C = H; be di,di,di-inverse strongly monotone respectively, where ¢ €
(0,2d*) with d* = min{d:,d, d} and let Dy' Dy D'+ Q = Hy be d', d,ds'-inverse
strongly monotone respectively, where (' € (0,2d) with d =min{d,’,d5',ds'}. Let A :
H, — H, be a bounded linear operator with adjoint A* and n € (0,1) with L being
the spectral radius of the operator A*A. let f,g : H -+ H be a; and a,-contraction
mapping with a = max{ays,a,}. For every i = 1,2 define M}, : C — C by Mi(z) =
Po(I — ¢'DY)(ax + (1 — a)Pe(I — D) (az + (1 — a)Po(I — ('DY)x)), Vo € C, and define
M) - Q = Q by My(#) = Po(I —{iDi)(ad +(1—a)Po(I =€ Di) (ai + (1 —a) Po(I — (iD})3)),
Vi € Q. For every i = 1,2 define M’ : C' — C by M*(z*) = M{ (x* — nA*(I — M) Ax*) for

all z* € C. Let the sequences {z,} and {w,} generated by z;,w; € C and

Tn+l1 = 5nxn + TlnPC(I - ’YlBl)xn + MnPC(anf(wn) + (1 - an)Mlxn)
Wn+1 = Onwy + nnPC(I - ’}/232)wn + NnPC(O‘ng(xn) + (1 - an)Mzwn)

where {6,}, {n.}, {pn} . {an} C[0,1] with &, +n,+p, = 1and v € (0, 2a) with y=min{y1,72}.
Assume the following conditions hold;
3
() Fi = () @,NVI(C, B;) # 0 forall i = 1,2 and ®i={z € VI(C,Di) : Az € VI(C,Di)},
j=1

(ii) Zan =00 and lim a, =0,

n—00
n=1
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(i) 0 < 0 < 8, 1, pn < 6 for all n € N and for some 6,6 > 0,

(|V) Z |5n+1 - 5n| < 00, Z |77n+1 - 77n| < o0, Z |an+1 - an| < 00.

n=1 n=1 n=1
Then {z,} converges strongly to 7 = Pr, f(z3), where yi = Po(I— (D) (axi +(1—a)z})
1 1 1
and z} = Po(I—¢1DY)at with (23,5, 27) is an element of \I/g{’gf’g?. and {w, } converges
122273
strongly to o5 = Pr,g(x}), where y3 = Po(I — ¢(?D3)(azs + (1 — a)z3) and z5 = Po(I —
£ Wi ook kY D},D3,Dj
C2D%)as with (x5, 93, 23) is an element of \115%,5252.
Proof. By using Theorem 3.5 and Lemma 3.8, we obtain the conclusion. []

3.2.2 Strong convergence theorem for approximating the solution of the split

minimization problem

Let C be a closed convex subset of H. The standard constrained convex opti-

mization problem is to find z* € C such that

(") = min $(z), (3.32)

where ¥ : C — R is a convex, Fr’echet differentiable function. The set of all solution

of (3.32) is denoted by ®g.

Lemma 3.10. [37] (Optimality condition) A necessary condition of Optimality for a
point z* € C to be a solution of the minimization problem (3.32) is that z* solves the
variational inequality

(VS(z"),z — ") >0, (3.33)

for all z € €. Equivalently, z* € C solves the fixed point equation
¥ = Pe(I — (VS)z”™,

for every ¢ > 0. If, in addition, < is convex, then the optimality condition (3.33) is also
sufficient.

By using the concept of the split of modified variational inequalities problem
(SMVIP), we consider the problem for finding (z*,y*, 2*) € C x C x C such that

(x* — (I = ¢VS1)(ax* + (1 — a)y*),z —x*) > 0,Va € C,
(" = (I = (V) (az” + (1 -a)z"), 2 —y") 2 0,Va € C, (3.39)
(z* = (I —(VSs)z*,z —2*) > 0,Vz € C,

and find (a* = Az*, y* = Ay*, 2* = Az*) € Q x Q x Q such that

I—¢VSy)(az* + (1 —a)y*),z —z*) > 0,VT € Q,

—~
8
*
|
—

(g — (I — (VSa)(az* + (1 — a)2*), & — y*) > 0,V € Q, (3.35)
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where $1,39,33 1 C — R with V31, V39, V33 are the gradient of 3y, Sy, S3, respec-
tively and S, S2,S3 0 Q — R with VS, VSy, V33 are the gradient of $q, 3o, 3, respec-
tively, ¢, >0 and a € [0,1]. The set of all solution of (3.34) and (3.35) are denoted
by ¥vs, ve,,ve, and Uog ve, v, respectively. The set of all solution of the split of

modified variational inequalities (SMVIP) is denoted by wy st 73202 that is

VS31,VS2, V33
\IIV\Sl,v\IQ,VJ;; - {(

:v*7y*,z*) € \vagl,vsz,vs?, : (SLT*’?J_*’Z_*) € \IJV\(\;I,V\(\;2,V§3}
Before we prove the theorems, we need the following lemma.

Lemma 3.11. Let C,Q be nonempty closed convex subsets of Hi, Hy, respectively.

For every i = 1,2 let $¢,38,3% : € — R be a real-valued convex function with the

gradient V31, VS5, VS5 be LT L
1 2

respectively, where ¢* € (0, %) with 7- = min{{-

ly monotone and continuous

1
_,L } Let%ﬁ,%,%g.QﬁR

be a real-valued convex function with the gradient vsl,v ¢ be L:‘ , Ll,_ T

‘3

inverse strongly monotone and continuous respectively, vvhere ¢t e (0, ) W|th B

min{ - — } Let A: Hy — Hj be a bounded linear operator with adJomt A and

,7L~

H

ne0,1) with L belng the spectral radius of the operator A*A. Define M : C — C by
Mc(z) = Po(I—C¢VSi)(az + (1—a)Pe(I—¢(VS2)(az+ (1—a)Pe(I —(VS3)z)), Vo € C, and
define Mg : Q — Q by Mg(%) = Po(I =({VS)(az + (1 —a)Po(I —(VS2)(ad + (1 —a)Po(I —
(VSs)8)), Vi € Q. Assume Wosh Ve v R = {(a*,y"/2%) € Uys, vs, v, : (€,7%,7%) €
Uos, ve, vs,t # 0. The following statements are equivalent

- VS, VS5, VE
() (%7, 2%) € Vs v vy

(i) 2* = Mg (z* —nA*(I — Mg)Ax*),

where y* = Po(I — (Vi‘sz)(ax* + (1= a)z*), 2% = Po(I — (VS3)z*, 2 = Az* = Po(I —
(VS (az* + (1 — a)y*), y* = Ay* = Po(I — (VS)(az* + (1 — a)z*) and zx = Az* =
Po(l — (V3s)a

Proof. By using Lemma 3.3, we have the desired conclusion. []

Example 3.12. Let R be the set of real numbers, Hy = Hy = R?, C = [-50, 50] x [—50, 50]
and @ = [-100, 100] [ 100, 100]. For every i = 1,2,3, let §; : C — R be defined

by Si(ar,22) = (B3, B34, Sy(ar,a0) = (B, Blt), Su(er,a0) = (S5, B51),
with VS (21, 22) = (””1_ , 2) VSa(z1,22) = (%‘2,%), VSs(21,22) = (””1—7_2,””27_2),
for all (z1,22) € C and let §; : Q — R be defined by Sy (wy,z0) = (U2, 2252y
Somy, ) = (U0, 80) G (4, 3g) = (S50 T8) \yith VS, (2, 29) = (B4, 224y,

VSa(21,22) = (852, 2224), VS (xy, 20) = (272, 2224), for all (z1,22) € Q. Let A: Hy —
H, be defined by A(x1,22) = (211, 222), for all (z1,22) € H; and let A* : Hy, — H; be de-
fined by A* (a7, 22) = (247, 243). For every (i1, 43) € Hy. Define M¢ : [-50, 50] x [—50, 50] —
[—50,50] x [-50,50] by Mc(z1,22) = Po(I — lV\sl)( (z1,22) + 1Pc(If lV\SQ)( (z1,22) +

$Po(I — $VSs3)(21,22))), V(z1,22) € C, and define Mg : [-100,100] x [-100,100] —
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[—100, 100] x[-100, 100] by Mg (1, %2) = Po(I—£VS1)(5 (@1, 22)+ 3 Po(I—:VS2) (3 (21, 42)+
LPo(I — tVS3) (a1, 32)), (@1, 42) € Q.

Then, we have (z*,y*, 2*) € \Ilg\si gjz ggS, where z*,y*, 2* = (2,2) € [-50, 50] x [—50, 50].
By Lemma (3.11), we have (2,2) = M¢((2,2) — tA*(I — Mg)A(2,2)).

Lemma 3.13. Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2 let %3,%’2,43 C — R be a real-valued convex function with the
gradient VS, VSy, VSY be L%i , Li' iS—inverse strongly monotone and continuous
respectively, where ¢* € (0, %) with 7 = min{, ? ) Let 81,385,835 : Q = R
be a real-valued convex function with the grad|eF1t Visl,v\sz, ¢ be L(:i , Ll_ ; L1 -
inverse strongly monotone and continuous respectively, where (' € (0, ) vvlth
mln{f, T T —} Let A: Hy — H, be a bounded linear operator with adJomt A* and

ne(0,+) with L bemg the spectral radius of the operator A*A. Defined the mapping
3

Mc, Mg as in Lemma 3.11. Let ﬂ g, # 0 and &g, = {Si(x) = m€|ré Si(a*) : S(Ax) =

min S;(Az*)}, forall i =1,2,3. then
Az*eQ

T e

Og, = F(Mo(I —nA*(I — Mg)A)).

3

i=1

3 3
Proof. We claim that () @s, € F(Mc(I — nA*(I = Mg)A)). To show this, let = € () &g,
=1 =1
then z € 4, for all i = 1,2,3. It implies that S;(z) = mirg%i(a:*) and S;(Az) =
e
ArrliQQ S (Az*), for alli = 1,2,3. By Lemma 3.10, we have

x € F(Po(I — (V) and Az € F(Po(I - (VSY)), for atl i¢& 19p. 8.

Then, we have = € ﬂ F(Po(I=¢VS;)) and Az € ﬂ F(Po(I'=CVSy)).
=1
Utilizing the same method as (3.31), we have

S F(Mc),

that is
x=Mcx = Pc(I —¢VSi)(az+ (1 —a)y),

where y = Po(I — (V32)(az + (1 — a)z), 2 = Po(I — ¢VS3)r and
Az € F(Mg),

that is
Az = MgAz = Po(I — (VS1)(az + (1 — a)y),

where § = Po(I — (VS2)(az + (1 — a)2), z = Po(I — (VS3)z with = Az, § = Ay and

z = Az. From Lemma 1.3, we have (z,y, z) € Uys, va,,ve, and (2,7, 2) € Uys, v3,.v5,-
V31,V VS

Thus (z,y,2) € LAt

From Lemma 3.11, we have z = Mc(I — nA*(I — Mg)A)z.

Thus

v € F(Mo(I —nA*(I — Mg)A)).
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Then, we have

3
Next, we claim that F(Mc (I —nA*(I - Mg)A)) € () ®s,. To show this, let = € F(Mc(I—
nA*(I — Mg)A)), then
x=Mc(I—nA"(I - Mg)A)z.

From Lemma 3.11, we have

VSl,ng,Vgg
(#,9,2) € VG5 050 van

where y = Po(I—(VSs)(ar+(1—a)z), z = Po(I—(VS3)z, § = Po(I—-(VS2)(az+(1—a)Zz),
z=Po(I —(VS33)z with = Az, y = Ay and z = Az.
Then (z,y,2) € ¥vg, ves,ve, aNd (2,7, 2) € Yys, v3, v,
From Lemma 1.3, we have
x € F(Mcg),

and
Az € F(MQ),

That is
= Mcx = Pc(I - (VSi)(az + (1 = a)y),

where y = Po(I —(V32)(az + (1 — a)z), 2 = Pc(I — (VS3)r and
Az = Mg Az = Po(I — (VS1)(az+ (1 —a)y),

where § = Po(I — (VS2)(az + (1 = a)z), 2 = Po(I — (VSs)z with z = Az, §y = Ay and
z=Az.

Utilizing the same method as (3.31), we have

3
ze [ VF(Pe(l—GVSy)

=1
and

3
Az e (E(Po = V).

=1
Then z € F(Pc(I — (;VS;)) and Az € F(Po(I — (;VS)), forall i = 1,2, 3.
By Lemma 3.10, we have
Si(x) = min y(2*) and §;(Az) = min $y(Az*), foralli =1,2,3.
z*eC Axz*€Q
That is x € &g, forall i = 1,2, 3.
It follows that

3
x € m (I)gi.
=1
Thus
F(Mo(I —nA*(I — Mg)A)) € [ ®s.

i=1
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Hence

e
%

@
Il
—

F(Mo(I —nA*(I — Mg)A)).

[]

Theorem 3.14. Let H; and H, be real Hilbert spaces and let C,Q be nonempty
closed convex subsets of H; and Hs, respectively. For every i = 1,2, let B, : C - H

be a;-inverse strongly monotone mapping with a= min{a;, as}. For every i = 1,2 let

%g,%,%g : C — R be a real-valued convex function with the gradient V3%, V3%, V34
be -
“i "z

(0, ) with i; = min{—

-inverse strongly monotone and continuous respectively, where (¢ €

3 3‘2795 Q — R be a real-valued con-

vex function vv|th the grad|ent V\rl, VS35, VS be - —mverse strongty mono-

aLf_vL

tone and continuous respectively, where ¢ € (0, é o) vv|th = min{+ %,LL}

Let A: H; — Hy be a bounded linear operator vv|th adJomt A* and 7 e ( 72L) with
L being the spectral radius of the operator A*A. let f,g : H — H be a; and a,-
contraction mapping with a = max{as,a,}. For every i = 1,2 define M}, : C — C by
Mg (z) = Po(I — VS (ax+ (1 = a)Pe(I — C'VSY) (az + (1 — a) Po (I — ('VS)z)), Va € C,
and define M§, : Q — Q by Mj(i) = Po(I —¢iVSi)(az + (1 — a)Po(I — (IVS})(ad +
(1 — a)Po(I — ¢'VSHR)), Vi € Q, V& € Q. For every i = 1,2 define M? : C — C by
M*(z*) = Mg (x* = nA*(I — My)Ax*) for all z* € C. Let the sequences {z,} and {w,}
generated by x;,w; € C and

Tyg1 = OnTp + N Po(I — y1B1)@n + tin Po (o fwn) + (1 — ap )M ay,) (3.36)

Wn1 = Oy + M Po (I = Y2 Ba)wy, + pn Po(ang(z,) + (1 — ap)M3w,)

where {6,.}, {nn}, {pn}, {an} € [0,1] with 6, + np + 1, = 1, v € (0,2a) and y=min{y1, y2}.

Assume the following conditions hold;
3
(i) 7 = ﬂ o5, NVI(C,B;) # 0 for all i =1,2 and L = {Sj) = meirgi‘yj(a:*) : S (Az) =
=1
min S (Ax")},

(ii) Zan =00 and lim a, =0,

n— 00
n=1

(i) 0 < 0 < 8,1, pin < 6 for all n € N and for some 6,6 > 0,

(iv) Z [0n+1 — O] < 00, Z [Mnt1 — nn| < 00, Z lan+1 — ap| < oo.
Then {xn} converges strongty toz} = P;lf(a:Q) where y; = Poc(I-¢'VS33) (azt+(1—a)2))

. vslvsl vsl
and 2 = Po(I — ¢'VSY)at with (27,47, 27) is an element of \vagi’vgz,vgz. and {w,}
converges strongly to =3 = Pr,g(z}), where y5 = Po(I — (?VS3)(azs + (1 — a)z3) and
2 2 2
= Po(I — (2VS2)as with (23,43, 23) is an element of W§§%§§§§§§

Proof. By using Theorem 3.5 and Lemma 3.13 , we obtain the conclusion. L]
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3.3 A new subgradient extragradient method for solving the split of
modified variational inequality problems(SMVIP) and fixed point

problem

In this section, we introduce a new half-space related to the SMVIP and prove
weak convergence theorems of the sequence {z,,} generated by our new half-space
for approximating the solutions of the SMVIP.

In order to prove our main result we need to prove the lemmas involving the

split variational inequality problem.

Lemma 3.15. Let H; and H, be real Hilbert spaces and let C, @ be nonempty closed
convex subsets of Hy, Hs, respectively. Defined the mappings D1, Ds, D3, D1, Do, D3, Mc
and Mg as in Lemma 3.1 where ¢ € (0,2d*) with d* =min{dy,dz,ds}, ¢ € (0,2d) with d =
min{dy,dz,d3} and a € [0,1]. Let {z,} be a sequence in H, and let A : H, — H, be a

bounded linear operator vv1th adjoint A* and 7 € (0, +) with L being the spectral radius

of the operator A*A. Let ﬂ ®; £ 0 and &, = {w € VI(C,Dy)|Aw € VI(Q, D;)}, for all
=1
i=1,2,3.Foreveryn e N, let T, = aW,+(1—a)Pc(I—CD2)(aW,+(1—a)Pc(I—(Ds)W,,))
3

and W, = (I - nA*(I — Mq)A)z,. If 2* € () @;, then
$=1

1T+ 2711 < llam =271 = n(1 = nL) |(I ~ M)Az, |?,

forall n e N.

3
Proof. Let z* € ﬂ ®;. From Lemma 3.8, we have
=1

¥ e F(]\lc([ — T]A*(I i MQ)A))

It implies that o* = Mc(I — 5A*( — Mg)A)z*, y* = Pe(I — ¢Ds)(az* + (1 — a)z*) and
z* = Po(I — (Ds)z*, where z* = Az* = Po(I — (Di)(az* + (1 — a)y*), y* = Ay* =
Po(I — (Dy)(az* + (1 =a)z*) and z* = Az* = Po(I — (D3)z*. From Lemma 3.3, we have
(a*,y",2) € W3t That is (a*,y*, 2*) € Up, ., b, and (¥, 47, 2%) € U5, p, ,- Form
(z*,y*,2*) € U5, p, p,» We obtain that

= Po(I — ¢Dy)(az* + (1 — a)y*),

It implies that

Ax* =a* = PQ(I - 551)(@.1:* + (1 — a)PQ(I - (fljg)(a.f* + (1 — a)PQ(I—
ED_3)SL‘_*)> = MQ.’L‘_* = MQA.I}*.
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From definition of z* we get 2* = Po(I — (D)1, where T} = aW} + (1 — a)Pc(I —
(Do) (aW; + (1 — a)Pe(I — (D3)W;)) and Wi = (I — nA*(I — Mp)A)z*) = z*.
From Lemma 3.8, we have that Po(I — (D,), Po(I — ¢(Ds) and Po(I — ¢Ds3) are nonex-

pansive.
By the definition of 7,,, Lemma 3.1 and Remark 3.2, we have

| T —2*|]? = [|aW,, + (1 — a)Po(I — ¢D2)(aW,, + (1 — a)x

Pe(I = (D3)Wy)) = (W + (1 — a)Po(I — (D2)(aW,-
+ (1= a)Pe(I = (D3)W,)))|?

= [|a(W,, = Wy-) + (1 — a)[Po(I — ¢D2)(aW,, + (1 — a)Po(I—
(D3)Wy)) = Pe(I = (D2)(aWyn + (1 — a)Pe (I — (D3)W,))]|1?

< a|[ W= We-[? + (1 = @) || Po(I = ¢D2)(aWy + (L — a) Po(I-
(D3)Wy)) = Po(I = (D2)(aWa- + (1 = a) Po(l = (D3)W,-))|?

< al|Wy, = W12+ (L= a)||aW,, + (1 = a)Po(I — (D3)Wy,
— (aWys + (1 = a)Po(I — (D3)W,+ )|?

= al|[W,, = Wo||2 + (1 — a)[la(W,, = W) + (1 = a)x
[Po(I = ¢D3) Wy — x| (3.37)

< af| Wy ~ We | + a(l — a)[|W, = Wo- || 4 (1 — a)*x
|[Pe(I = ¢Dg)W,, ~ 2*|)?

= (2a —a®)|| Wy = W | + (1 = a)?|Pc (I = (Dg)W,, — ™|

<A, — 2|2

= ||y —nA*(I ~ Mg) Az, — a||?

<lan — 2|7 = 0(1 ~ LI = Mo)Aza|?.
[]

Theorem 3.16. Let ¢ and @ be a nonempty closed convex subsets of H; and Hs,
respectively and let S : € — C be a nonexpansive mapping. Let Dy,D,,D5 : C —

H, be di,ds,,ds-inverse strongly monotone, respectively, with d* =min{d;,ds,ds}. Let

Dy, Dy, Ds : Q — H, be dy, dy, ds-inverse strongly monotone, respectively, with d =min{dy, d, ds}.
Let A: H — H, be a bounded linear operator with adjoint A* and 5 € (0, 1) with L

being the spectral radius of the operator A*A. Define M¢ : Hy — C by

Mc(l‘) = Pc(I - CD1)(G$ + (1 — a)Pc(I — CDQ)((ZI‘ + (1 - a)Pc(I — CD3)£I?)),
Vo € Hy, where a € [0,1), ¢ € (0,2d*) and define Mg : H, — Q by

Mq(x) = Po(I — ¢Di)(ai + (1 — a)Po(I — (D2)(ad + (1 — a) Po(I — ¢Ds))),

>

Vi € Hy, where a € [0,1), ¢ € (0,2d). Let the sequences {xz,} and {y,} generated by
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z1 € Hy; and
Yn = McW,, = Pc(I — (D1)Ty,
where W,, = (I —nA*(I —Mg)A)z, and T,, = aW,, +(1—a)Pc(I —(D2)(aW, + (1 —a) Pc (I —
(D3)Wy)).
@n={z€H:((I—¢D1)Tn = yn,yn — z) > 0},
Tnt1 = anTyp + (1 — an)SPq, (T — (D1(yn)),

forall n e N.

Assume the following conditions hold:

HS=FSN ﬁ ®; # 0, where ®; = {w € VI(C, D;)|Aw € VI(Q, D;)}, for all i =1,2,3.
(i) an € [, d] c:((l) ).

Then {z,} converges weakly to zo = Psz,, which (zq, 0, 2) € \I/gizgzjgg, yo = Po(I —
(Ds)(azo + (1 = a)zo) and zo = Po(I — ¢(D3)xe With 7o = Azg, 7o = Ayo and 2 = Az.

Proof. Denote k, := Py, (T, — (Di(y»)) for all n > 0. Let 2* € . From the definition of
Py, , we have y, = Py, (I —(D1)T,. Let M,, =T, — (D;(y,). From C C Q,,, and applying
(2.1), we have

[ry = 2*[* = | Po, My ~ 2|
<M = 2| — (| My, =~ Pg, My |2
= || T =¢D1lyn) = 231> = 1T ~ {D1(n) = Pa, Mal)?
=T — &*||> = 2¢(T,, — 2%, D1(yn)) + C D1 ()12
= 1T = P, Mul|l® + 2((T, — Pg, My, Di(yn)) = ¢[|1Da (yn) I

= T =2*||2 || T — Pg.My||* = 2{{Pq, My, — x*, D1 (yn)): (3.38)
From monotonicity of Dy, we have

0 <{(Dyy, — D1z",y, — ")

=(D1Ynsyn — ") — (D12", yp = T7)
< A(D1Yn, Yn — =)
=

Dly'ruyn - PQnALL> - <D1yn,$* - PQnMn>;

which implies that

(D1yn, " — Pg, M) < (D1yn,yn — Po, M,). (3.39)

n

From (3.38) and (3.39), we have

e — 2™ 1* < N|T — 27||* = | T — P, Mull* + 2¢(D1yn, yn — Po, Mn).- (3.40)

n
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From (3.40) and Lemma 3.15, we have
[kn = 2| < [ln — 2*[1? = n(1 = nL)|(I = M)Az, ||* — || Po, My — T |?

+2¢(D1yn, yn — Po, My)

= [lzn —2*[? = n(1 = nL)|(I = Mq)Az,|* — || Po, My — ynll®
~[yn = Tall® = 2(Po, My — Y, yn — Tn)
+ 20(D1yn, yn — Pg, My)

= lzn —a*[I” = (1 = nL)||(I — Mo) Az, — || P, My — yull?
~llyn = Tall® + 2(Po, Mn = Y, T = Y — ¢D1n)

= |lzn — 2" = n(1 = nL)|(I — Mq)Az,||* — || Po, My — ynll®
— Ny = Tl + 2((T = ¢D1) T — Yn, P, My — yn)
+2(CD1 Ty ~ (D1, Po,, My — yn)

<lzp —2*|* =01 = nL)|(I = Mq)Az,|? — [[Po, Mn — yall?
~ |[gm = Tal1® + 2¢|| D1 T = D1ynlll[ P, M = ynl|

<lwn — 2|12 = (1 = pD)|(I = Mg) Aza|? — || Po, My — yall?
N = Tl (1T = il 1B, M — Gl

= flzn — 2*|* = n(1 = nL) | (I =~ Mq) Az, |?
- &y d£1)||PQnMn el @12 d%))llTn — ynl*. (3.41)

By the definition of z,,41, (3.41) and Lemma 3.15, we have

@41 — 2* 2 = lan (Tn =2*) + (1 — @2)(Sky — 2|
< an|| T =27 (1 — an)|[Skn — z*|?
= o T 2 |2 (1~ an)||Ska — 7

= an(1= an)|| Ty =Skall? (3.42)

- O‘nHTn " I*H2 + (1 - O‘n)Hkn 1 I*HQ

IN

[T 2™ )|* + (1 = o) [am = 27|
— (1 = nL)I[(T — Mq) Az, |?

_ <
di

anlllzn = 27|* = ann(l = nL)I|(I — M) Azy ]

_(1_d£1)||PQnA[n_ynH2_(l ))HTn_yn”Q}

IN

+ (1= ap)[llzn — 2*)* = (1 = L) (I — Mq)Ax,|?
¢ ¢ 2
- (1 - dil)”PQnMn - yn||2 - (1 - a))|‘Tn - yn” }
= [lzn — 21> = n(1 = nL)(1 + an)|(I — Mg) Az, ?

- (1 —an)(1 T = ynll® + llyn — Knll?]

_<
di
(3.43)
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So,
21 — 2| < [, — ¥

Therefore lim,, o0 |znt1 — z*|| eXists, Vz* € 3. So, we have {z,}>, and {k,}>>, are

bounded. From the last relations it follows that

(1 =nL) 1 + an)l(I = M)Az |* < an — & = [lonss — ™%,

or
(I = Mg) Az, |* < Iz U(T*JQUL)”(T”I;Z):C*Q
Thus
lim |1~ Mg) Az, || = 0. (3.44)
By using the same method as above, we have
lim (|75, — ynll = 0. (3.45)

From (3.42), we get

lzn 41— 2" 1" < || T = 272 + (1 = o) [ Sk — 7]
~ (1 = an) | T = Skalf?
<ol Tn = ¥ [2 + (1= an)llzn =2
- an(]- [ Oén)”Tn ) Skn||2

< omllan = 2%||? = an (L = an)|Tn — Skalf?,

SO
* (12 *||2
= 2 < |Zn = 2*[|* = |Tpg1 ="
HTn Skn” = O‘n(l 5 04n) ’
which implies that
im |75, — Ska|| = 0. (3.46)

Consider;
Wy — 2 = —nA*(I — Mg) Az,
and by (3.44), we have

lim [[W,, — 2] = 0. (3.47)
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From the property of Pc, we have

|1Po(I — ¢D3)W,, — a*||> = || Po(I — ¢D3)W,, — Po(I — ¢Ds)z*|?

< (I = ¢D3)W,, — (I = ¢D3)a*||
= |(Wy, = 2*) = ((DsW,, — D3z*)||?
= [|W,, — 2*|* = 2¢(W,, — a*, DsW,, — D3z")

+ (?|DsW,, — Dsz*||?
< W — &*||* — 2¢ds|| DsW,, — Daa*||?

+ (|| DsW,, — Dga”|)?
= ||W,, — 2*[|* = ¢(2d5 — {)||DsW,, — Dsa”™||?
< |z — 2*[1* = ¢(2ds = Q)||DsW,, — Dsz™||

(3.48)

By the definition of T;,, (3.37), Remark 3.2 and (3.48), we have

1T = 2*[? < al|Wa = WP + a(1 = a)||[Wy, = W< |?
+ (1 —a)?||Pc(I =¢D3)W, —z*|?
<d|zn — 2t |? +all = a)l|lz, - 27|
+(1 - )?(|Pe(l = (D3)We — |12
< (20— a?)|zy = 27| + (1~ a)*[Pe(f — ¢Ds)W,, —a*||?
< (20 = a®)|lzn = 2P + (1 — a)?[[leg — 27|12
~ ¢(2d3 — ¢)| DsWy, — D3z |?]
= Jlzn —a*|1? — ¢(2ds — O)(1 —a)*|| DsW,, — Dgz*|]? (3.49)

In addition, by the definition of z, ., and (3.49), we have

21— a2 < an||Tp — 2|2 + (1 = ap)||kn = 2*?
< ap[|zn = 2] = ¢(2ds = ) (1 —a)?||DsW,, — Dza*[|*]
+ (1= an)l|kn —a*|?
= apllzn — 2*|* — an((2ds — ¢)(1 — a)*|| DsW,, — Daa*||”
+ (1= o)z, — 27|

= |z — 2"|* = an((2ds — O)(1 - a)?|| DsW,, — Dyz™||?,

SO

lzn — 2| = #ns1 — 22

an((2ds = Q) (L —a)® '

|DsW,, — Dsa*||* <
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which implies that
lim ||DsW,, — Dsa™|| = 0. (3.50)
From the property of Pc, we have
|Po(I — ¢D3)Wy, — ™|
<A =¢D3)Wy — (I = (D3)x", Po(I — (D3)Wy — a7)
= %[H(I ~ (D)W — (I = CD3)a™ | + | Pe(I = ¢D3)Wy, — |2
— I = ¢D3)Wy — (I = (D3)a* — (Pc(I = (D3)W, — a*)||°]

< SUWa = | + | Pe(I = (D)W, — 2"

N —

— (L= D)W, — (I = D) —(Pe(d— (D)W, — )|
= S 2 + 1Po (T ~ D)W~ a*

— (Wa = Po(l = (D) W) — C(DyTWiy = D)
= W ot ol — (D)W 2P

=W = Ped] = CDW2 = G2 Db ~ D

+2¢(W,, —Pc(I = (D3)W,,, D3Wy, — D3z*)},

SO

| Pad — ( D)Wy, —a* || < [Wi — 2> = [Wa'= Po(I = (D3)Wa|f>
20| Wiy = Po(I = (D3)Wall|| Ds Wi = Dsz*||.
(3.51)

By the definition of T,,, (3.37), Remark 3.2 and (3.51), we have

1T — 2| <al|Wy =We |1 + a(1 — a) [We, — We- |2
+(L— a)*|[Po(I = C¢Ds)W, = 2*|f?
<a|z, — ¥ + a(t = a)l|z, — z*|
+(1—a)?|Po(I — ¢Ds)W,, — z*|?
< (2a = a®)|len — ¥ + (1 = a)?||Pe(I = ¢D3)W, — 2*||?
< (2a = a®)||ln — 2|2+ (1 = a)?[|W,, — 2*||* = |[W,, — Po(I-
(D3)Wy || + 2¢||Wy, — Po(I = (D)W, ||| DsWy, — Dsa™||]
= (2a — @®)||lzn — 2*|° + (1 = @)? ||z — &*||?
— (1= a)*|W, — Po(I — (D)W, ||?
+2¢(1 = a)*|W,, = Po(I — (D3)W, ||| DsW,, — Dsz*|

= llon = & 1? = (1 = a)?||Wa — Po(I = (D3)Wa)*
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+2¢(1 = a)?||W,, — Po(I — ¢D3)W, ||| DsW,, — D3z*||
(3.52)

In addition, by the definition of x,,,1, (3.41) and (3.52), we have

21 — 2| < anl| T, — 2|2 + (1 — an)[lkn — 2%
< aplllen — 2> = (1 = a)*|W,, — Po(I — (D3)W,||?
+2¢(1 — a)?|W,, — Po(I — (D3)Wy || DsW,, — Dsa*|]
+ (1= ) |kn — 2"
< apllz, — 2| = an(1 = a)*|[W,, = Po(I = (D)W, |2
+ 20,¢(1 — a)?| Wy, = Po(I — ¢D3)W,l[[| DsW,, — Dya™||
+ (1= ap)|jz, —a*|?
= |lzn — z*|* = an(l = @)’ | Wy, = Po(I — (Ds)Wa|?
+ 200, C(1 = a)?||Wy, = Po(I — (D3)W,|[|| DsW,, — Dsz*|,
(3.53)

From (3.50) and (3.53), we get

U {|W,, = Po(I — ¢D3)W,|| = 0. (3.54)

n—roo

Let Gy, = aW,, + (1 — a)Po(I — A3D3)W,,. From the property of Ps, we have

[Pe(L=¢Dy)Gp —z*||* = |Po(I = (D3)Gy, — Po(I — ¢(Ds)z*|)?
< (L = ¢D2)Gy ~ (I =¢Da)z™|?
= |[[(Gy — 2*) = ((D2Gr — Dyz™)|?
= |G, —x*||% = 2¢(Gy, =%, DoGyy — Doz*)
+ 3|\ DyGy, — Dozt|)?
< wn — 2%)|? = 2¢do|| D2G e — Doz *|?
F (2| DGy = Daz* |2
= [lzn, — ™[I = {(2d2 = Q)||D2G, — Doz*|?,
(3.55)

By the definition of T;, and (3.55), we have

T = 2*|* < al| Wi = Wo-|* + (1 = a) || Pe(I = (D2) Gy — 27|
< allzn — 2| + (1 = a)[lzn — 2"
= ((2d2 = Q)| D2Gy — Doz ||?]
= llon = 2*)* = ¢(1 = a)(2d> — Q)| D2G — Doa”|?
(3.56)
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In addition, by the definition of z,,; and (3.56), we have

zns1 = 2" * < onl| T — 2" |* + (1 = an) [k — 27|
< anlllzn — 27 = ¢(1 — a)(2d2 = Q)| D2Grn — Daz™||?]
+ (1 = an)llzn — 2|

= [z — 2" = Can(1 — an)(2d2 = ¢)|| D2Gr — Daz™|?

SO

e — &2 = 2y — o

Can(l - an)(2d2 - C)

||D2Gn - D2$*H2 S

It implies that
From the property of Pc, we have

| Po(I=¢D3)Gyy = z* ||
=HE=CD3)Gn = (I 56D7)x Po(I4 (D2)Gr — T7)

(T = ¢D2)Grn = (I = ¢D2)a™||” + [P = (D2) G — 2" |7

I

1
2
~ (I =€D2)Gp = (I = (D2)a™ ~ (I — ¢D2)Gn ~ 27)|7]

IN

SlIGn < 4 [1Pe(r = DG o2

— (I =¢D2)Gon = (I = (D)™ — (I = (D2)Gr — &) |’]

PG = 22 & | Pe = DG - a*|?
— (Gn= Po(I = (D2)Gn) = ((D2Gn ~ Dgx*)”z]

NG = "|” + ||Pc(I — (D2)Gp= 2*|f?

DN | =

- ”Gn = PC(I — CDQ)GnH2
+ 2C<Gn - PC(I - €D2)Gn7 D,G,, — D2x*>

— *| DGy — Doz |7

)

It implies that

|Po(I = ¢D2)Gy — 2| < |G — 2™ [|* = |Gy — Po(I = (D2)Gnl?
+ 2C<Gn — Pc(I — CDQ)Gn,DQGn — D2£L'*>
<G = 2| = [|Gr = Po(I = (D2)Ghlf?

+ 2(||Gn = Fa(I = (D) G ||| D2Grn = Daz”||.
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(3.58)
By the definition of T;, and (3.58), we have
T, — 2*[|* < al|Wy, = Wae |* + (1 — a)|Pe(I = (D2)G, — z*||?
<allz, —2*|* + (1= a)[|Gn — 2*||* = |Gy — Po(I-
(D2)Ghll? + 2¢||Gn — Po(I = (D2)Gyll|| DGy — Daz*||]
<alzn — 2?4+ (1 - a)llw, —2*|?
- (1 - (l)HGn - PC(I - CDQ)G71H2
+ QCHGH - PC(I - CD2)GH||HD2GH - D2$*|”-
= ||xn - x*HQ = (1 - a)HGn = PC(I - CDQ)G””Q
+2([|Gn — Po(I — (D2)Gyl|[|[DeGn — Daz™|[].
(3.59)
In addition, by the definition of «,.,, and (3.59), we have
Hanrl - x*||2 < O‘nHTn M CU*H? o O‘n)Hkn - m*”Q
< O‘n[”xn N x*Hz 1= a)|[Gn ~/ Peld = CD2)GnH2
+2¢[|Gy = Po(I — (D2) G ||[|D2Gr — Daz™||]
8 (1 T an)Hxn o I*HQ
~ ”mn - x*HQ o\ AL a)HGn . PC(I S §D2)Gn”2
+2Can(l = a)[[Gn — Po(l — (D2)Grll|| D2Gr = Daz™||,
(3.60)
by (3.60) and (3.57), we get
im |Gy = Po(I = ¢D3)Gal| = 0. (3.61)

Since
T, — W, = (1 — a)(Pa(I — ¢Ds)(aW,, + (1 —a)Po(I — (D3)W,,) — W,,).

From the property of norm, we have

[1Pe(I=(D2)(aWn + (1 = a)Po(I = (D3)Wn) — Wa||
< Pe(I =C(D2) (W, + (1 = a)Po(I = (D3)Wy)
— (W + (1 — a)Pe(I — ¢Ds)W,) |
+[[(aWy + (1 — a)Pe(I = ¢(Ds)W,, — Wy
= [Po(I = (D2)Gn = Gl + (1 = a)[|[Po(I = (D)W, — Wa||
(3.62)
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Then, we have

T = Wall < (1= a)[[| Po(I = (D3)Gp — Ghn|

+ (L= a)[|[Po(I = (D3)Wy — Wal[].

From (3.54) and (3.61), it implies that
lm |75, = Wil = 0. (3.63)
From (3.45), (3.47), (3.63) and
1Yn = @nll < llyn = Tall + 1 T0 = Wall + [Wi — o0 |

we have

Um flyn = @al = 0. (3.64)
Moreover, from (3.46), (3.45), (3.64) and
l#n = Sknll < 20 = ynll + ln = Toll + 1T — Ska |
we have
i [z ~ kol = 0. (3.65)

Since {z,}22, is bounded, it has a subsequence {z,,}%>, which weakly con-
verges to some z € C.

Assume = ¢ F(S). By nonexpansiveness of S and Opial’s property and (3.65), we have

im inf|lzn, — 2l < lim infljz,, — Sz
k— oo k—o0
< lim inf{fjzn, — Sk, ||+ [|Skn, — Sz|]
k—o0
< Um inf[lzn, = Sk, [l + [[kn,, — ]
k—o00 ) )
= lm inf|k,, — 7|
k—o00

< lim inf||zy,, —z|.
k—oo
This is a contradiction, then we have
T e F(S).

Assume z ¢ N_, ®;. From Lemma 3.8, we have & ¢ F(Mc (I — nA*(I — Mg)A)).
By the Opial’s condition, (3.64) and Remark 3.2, we have



Urm inf [, — 2l < Um inf [z, = Mo(I - nA*(I - Mo)A)a|
—00

k—o0

< lim inf|zn, — yn, |l + Um inf | Mc(zn, — nA*(I—
k—o0 k—o0

Mq)Awn,) — Mo (I —nA™(I — Mq)A)Z|

IA

irn inf(flzn, = yn,ll + ll2n, —2])
—00

= lim inf||z,, —z|.
k—o0

This is a contradiction, then we have

It implies that

Hence

7 € F(Ma(I —nA*(I — Mg)A)).

9

T I
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(3.66)

In order to show that the entire sequence {z,} weakly converges to z, assume

{x}n, — % as k — oo, wWith # # & and # € . By the Opial’s condition, we have

UM Jlzn = 2l = Um inflz,, - i
n— 00 oo

k—

< liminf|jz,, — 2|
k— o0

= lim ||z, — 2|
n—oo

= lim inf||z,, — 2|
N—r 00

< lim inf|jz,, = Z|
n—o0

= lim ||z, — 7|,
n—00

This is a contradiction, thus

T=1.

It implies that the sequence {z,}5°, weakly converges to z € S.

From (3.64), we have {y,}2, weakly converges to z € S.

Finally, if we take

(3.67)
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By Lemma 2.8, we see that {Psz,}22, converges strongly to some z € 3. From (3.67),
we get
(= Upn, Uy —2,) >0, VZ €S,

Take n = oo, we also have

<.f—Z,Z—jZ>ZO,

and hence z = 2. Therefore U,, converges strongly to z € S, this completes the proof.

[]

3.4 Application of a new subgradient extragradient method for
solving the split of modified variational inequality

problems(SMVIP) and fixed point problem

3.4.1 Weak and Strong convergence theorem for approximating the solution

of the split minimization problem

Theorem 3.17. Let C and @ be a nonempty closed convex subsets of H; and Ha, re-
spectively and let S : C = C be a nonexpansive mapping. Let $1,%2,83 : € — R

be a real-valued convex function with the gradient VS, V3, V33 be - L L -

sy 7 lsy 7 lsy
1

inverse strongly monotone and continuous respectively, where ¢ € (0,7) with ;

R

min{2-, 2 L1 Let $1,32,33 : Q — R be a real-valued convex function with the
la, 0 Ts

»y: 5
gradient VS, VS,, VS; be -, /1, ;--inverse strongly monotone and continuous re-

L L
» 2g)

Is

spectively, where ¢ € (0, %) with A= min{é—, é«, é}. Let A: H, — H, be a bounded
linear operator with adjoint A* and n € (0, %1) vv2ith 2 being the spectral radius of the
operator A*A. define M¢c : Hi — C by Mo(z) = Po(I = (VS1)(az + (1 — a)Pe(I —
(Vo) (az + (1 = a)Pc(I — (VS3)x)), Vo € Hy, and define Mg : Hy = Q by Mg(z) =
Po(I = (VS (ad + (1 — a)Po(I = (VSo)(ad + (1 = a)Po(I — (VSs)2)), Vi € H,. Let the

sequences {z,} and {y,} generated by z; € H, and
Yn = MCWn < PC(I = Cvc\xfl)Tny

where W,, = (I — nA*(I — Mg)A)x,, and
Ty = aW, + (1 — a)Po(I — (VS9) (W, + (1 — a)Pe(I — CVS3)Wy)).
Qn=A{z€ H:((I=C¢V3)Th = yn,yn — 2) = 0},
Tpi1 = Ty + (1 — a,)SPg, (Tn — (VS1(yn)), Vn € N.
Assume the following conditions hold:
S =FSN (3] b3, # 0, where ¢g, = {Si(z) = min (2% : $i(Az) = min S (Az*)},

i=1 z*eC Az eQ
foralli=1,2,3.
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(i) o, € [e,d] € (0,1).
. VS1,VS2, VS
Then {z,} converges weakly to zq = Pyx,, which (xq,0,20) € \I/Wiv@;v@z, where

Yo = Pc(I — CV%Q)((MEO + (]. — a)Zo) and 20 = Pc(I — CV%:;)ZL’O with To = Axo, Yo = Ayo and

20 = AZO.

Proof. By using Theorem 3.5 and Lemma 3.13 , we obtain the conclusion. []



Chapter 4
Examples and numerical results

In this section, the examples 4.1-4.4 are given for supporting Theorem 3.5 and
the example 4.5 is given for supporting Theorem 3.16.

Example 4.1. Let R be the set of real numbers, H, = Hy = R?, C' = [-50, 50] x [-50, 50],
Q = [-100,100] x [-100, 100]. For every i = 1,2 and j = 1,2,3, let D! : C — H, be defined

by Di(xy,22) = (a’13;2’0), Di(x1,29) = (“5;2,0), Di(z1,79) = (“71 ,0), for all = € C. For

every i = 1,2 and j = 1,2,3, let D} : Q — H, be defined by Dj(x1,22) = (%4572,0),

Di(z1,22) = (252,0), Di(zy,a0) = (22,0, for all w € Q. Let A : H; — H, be defined

by A(x1,x2) = (221, 222) for all (z1,22) € H; and adjoint A* of A defined by A*(#1,42) =
(221, 2x9) forall (21, 42) € He. Foreveryi=1,2and j = 1,2,3, let M}, : C — C be defined

by M (z) = Po(I — 1(252,0))(0.52 + 0.5 Po (I — 3(£52,0))(0.52 + 0.5Pa (I — 1 (22 ,0))z)),

forall z € C'and M}, : Q — Q be defined by M}, (&) = Po(I — £(£572,0))(0.52 +0.5Po(I —

1(2=40))(0.52+0.5Po(I — 1 (£2,0))2)), forall ¢ € Q. Forevery i = 1,2, let M* : C — C
be defined by M'(z*) = Mg (x* — $A*(I = M§)Az*) forall 2 € C. Let Ty, T, : C = C
be defined by Tz = {maz(°5%,0). maz(8522,0)}, Toz = {max(0,4 — z1),max(0,4 — z2)},
and let B; : € — R? be defined by B;(z) = » — T;x, for every o = (@1,22) € C. Let

f,g : R* = R? be defined by f(z) = (%, %) and g(z) = (&, 22), for all @ = (21, 22) € C.

Let the sequences {z,} and {w,} generated by z;,w; € ¢ and

2n 2n -
T2 © 52800k B PO (I LB ) + Bt Po (2 fli) 42t 1%y ),

(4.1)

g T _
Wt =55 n + s Po(I = 5 Bajwn + St o glwn) + LM,

By the definition of T;, B;, f, g, Di, M* for every i = 1,2, j = 1,2,3 we have (2,2) €
F(MY)NVI(C,B;). From Theorem 3.5, we can conclude that the sequences {xz,} and
{w,} converge strongly to (2,2).

The following Table 4.1 and Figure 4.1 show the numerical results of sequences
{z,} and {w,} where z; = (10,10), w; = (10,10) and n = N = 40.
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Table 4.1: The values of {z,} and {w,} with initial values z; = (10,10), wi = (10,10) and
n =N = 40.

N a, = (a,,77) wy, = (wy, w;)

(10.000000, 10.000000) (10.000000, 10.000000)
(8.083752, 9.166667) (8.083752, 9.166667)
(6.274706, 8.068576) (6.005248, 7.763021)

20 (1.981828, 2.039016) (1.985800, 2.025690)

38 (1.990594, 1.985034) (1.992727, 1.988405)
39 (1.990860, 1.985389) (1.992933, 1.988685)
40 (1.991112, 1.985744) (1.993127, 1.988964)

0 5 10 15 20 25 30 35 40

Figure 4.1: The convergence of {z,} and {w,} with initial values z; = (10,10), wi = (10, 10) and
n = N = 40.

Example 4.2. In this example, we use the same mappings and parameters as in Ex-
ample 4.1. If we putting the sequence {z,} = {w,}, the mapping M* = M? B, = By,
v1 =72 = 0.5 and define f(x) = g(z) = (%, %22), for all z = (z1,22) € C, we can rewrite

203 )
(4.1) as follows:

Tyl = 55T, + 5n+2 Po(I - 1Bi)z, + Sn; Po(f(xa) + (1 — &)M'ay,) (4.2)

By using the algorithm (4.2), the following Table 4.2 and Figure 4.2 show the numerical

results of sequence {z,,} where z; = (10,10) and n = N = 40.
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Table 4.2: The value of {z,} with initial value z; = (10,10) and n = N = 40.

n  a,=(z,22)

n’ n

(10.000000, 10.000000)
(8.083752, 9.166667)
(6.274706, 8.068576)

20 (1.981869, 2.041259)

38 (1.990583, 1.985025)
39  (1.990850, 1.985376)
40 (1.991102, 1.985730)

Figure 4.2: The convergence of {z,} with initial value x1 = (10,10) and n = N = 40.

In the following example, we consider the metric projection onto a half-space
H(a,B) :={z € H : {a,z) < B}, where a € H,a # 0 and B € R. It is clear that H(a, 3) is
closed and convex with

:U—Wa, if {a,zx) >,

T, if {a,x) <p.

Example 4.3. Let H; = [-50,50] x [-50,50] and C = H (a,20) := {z € H; : x1 + 25 < 20},

Pr(a,p)z =

where a = (1,2). Then, we obtain

1 + 222 — 20|(1,2
(:171,1:2)*[1 25 1(1,2)

Po(z1,22) =
(w1, 2), if x4 2x9 <20,

, if x4+ 2x9 > 20,

for all (z1,22) € C. For every ¢« = 1,2 and j = 1,2,3, let D} : C — H, defined by

Di(xlaxQ) T (112;4“%2)’ D%(xl’wQ) IR (‘Tl e 47 z23;3)’ Dg(xl’wQ) O (z14;47x2 gl 8)a TCOI' au
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(z1,22) € C. For every i = 1,2 let M{, : C — C defined by
Mi(z) = Po(I — 1Di(2)) [4(z) + $Pc(I — §Di(2)) (3(2) + $Pc(I — 1Di(x))] for all z =
(z1,22) € C.

Let Hy = [—100,100] x [—100,100] and Q = H (b,60) := {& € Hy : 3&1 + 422 < 60},
where b = (3,4). Then, we obtain

. [3d1 4 4ds — 60](3,4
o (131,56‘2)—[ 1 225 ]( )7
PQ(xla‘TQ):

(‘ihi‘?)? ’Lf 3i‘l + 43?2 < 6Oa

if 3%+ 4@s > 60,

for all (&,,2,) € Q. For every i = 1,2 and j = 1,2,3, let D : Q — H, defined by
Di(&1,82) = (B=8,45), Dy(21,32) = (88,45 — 6), Di(81,82) = (L2, 25 — 24), for all
(#1,22) € Q. For every i = 1,2 let M, : Q — Q defined by
My (&) = Po(I — $Di(#)) [5(2) + $Po(I — :Di(2)) (5(2) + $Po(I — $D4(2))] for all 2 =
(T1,22) € Q.

Let A: H, — Ho defined by A(z1, 22) = (221, 222), for all (xq, 22) € H; and adjoint
A* of A defined by A*(%1,%2) = (221, 2%2), for all (#1,32) € Hy. For every i = 1,2, let
M (z) = M{(z—{5A* (I=M}p)A(x)), for all & = (a1, 22) € C. Let F, G : [-50, 50] x[—50, 50] —
[—50,50] x [=50,50] be defined by F(z;,x2) = (&%) and G(z1,72) = (%, %), for all
(w1,22) € [-50,50] x [=50,50] and for i = 1,2, let B; : C — [-50,50] x [-50,50] be defined
by Bi(z1,23) = (252, 22) and B (21, 22) = (852,222 for all (z1,23) € C. Let the

sequences {z,} and {w,} generated by z;,w; € C and

Tntl = 3,030 T 3n+2PC(I 3 B1)an + dn+2PC( F(wn) + 55t M'ay),

+ mn—
Wp41 = 3n+2wn + 3n Pc(I N EBQ)'LU” + 4—137:1_’_2]30(%(1(@‘”) + 22n1M2wn).

By the definition of B;, F, G, D%, M forevery i = 1,2, j =1,2,3 we have (4,2) € F(M*)N
VI(C,B;). From Theorem 3.5, we can conclude that the sequences {z,} and {w,}
converge strongly to (4,2).

The following Table 4.3 and Figure 4.3 show the numerical results of sequences
{z,} and {w,} where z; = (—10, 10), w; = (—10,10) and n = N = 40.
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Table 4.3: The values of {z,} and {w,} with initial values x; = (-10,10),w; = (-10,10) and
n =N = 40.

n Tp = (x;,x%) Wn = (w}ww%)

1 (-10.000000, 10.000000) (-10.000000, 10.000000)
(-5.978702, 6.632331 )  (-6.563107, 6.729819)
(-3.712547, 5.055405) (-4.723965, 5.230170)

20 (3.608551, 1.890749) (2.974410, 1.887930)

38 (3.901467, 1.909353) (3.768213, 1.889663)
39 (3.905313, 1.910485) (3.781338, 1.891002)
40 (3.908821, 1.911562) (3.793224, 1.892293)

Figure 4.3: The convergence of {z,} and {w,} with initial values =1 = (-10,10), w1 = (-10, 10)
and n = N = 40.

Next, we give the following example in H; = Ls([a, B]) with the inner product

[NIE

B B
defined by (f,g) = / f(x)g(r)dxz, and with the norm | f|| := (/ fz(x)da:> for all

f,g € Hi. We consider the metric projection onto a hyperplane
8
H(g.p)i= {h € Lalla,B) s [ g()hlaldo = o),

[e3%

where g € Ly([o, 8]),9 # 0 and p € R. Then H(g, p) is closed and convex with

B
| s@hz—p

/j g*(x)dx

and in H, = R? which consider the metric projection onto a band

PH(g,p)f =f-

9,

C:={ze€H:p<{(az) <pa},
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where a € H,a # 0, 51,582 € R and p; < B». It is clear that C is closed and convex with

T — <0L7£E>_2,B2 a, Zf <CL,$> > ﬁ27

llall

Pecx=1<¢ 2z if B1<{a,x)<po,

x — ’Hauz a, if <CL,{E> < fi.

Example 4.4. Let H, = Ly([-2,2]) and

C = {h € Ly([-2,2]) : /22 g()h(z)dz = 332} :

{f,9) —

gl
Foreveryi=1,2and j =1,2,3, let D} : C — H; defined by Dj(h) = 2321, Di(h) = 222

Di(h) = 2221 for all h € C. Forevery i =1,2 let M, : C — C defined by
ME(h) = Po(I — $D4(R))[3(h) + 3Pc(I — $D5(h)) (5(h) + 3 Pa(I — $Di(h))] forall k€ C.
Let Hy =R? and Q := {Z € Hy : 0 < 37, — 4> < 2}. Then, we obtain

we obtain Pof = f—~22L_ 3 ¢ where g € Ly([-2,2]) with g(z) = 2—1, forall z € [-2,2].

(fl»fZ)_%v if 3Ty o T2 > 2,
Pz = § (a7, 2) if 0< 33 —a2 <2,
(fl,fg) [3&—051%](—3—:1.) Zf 3T — To < O,

for all z = (41, 43) € Hy. For every i = 1,2 and j =1,2,3, let Di : @ — H, defined by
Di (2, 4%) = (5, %) Di (7, 02) = (SN Di(xy,73) = (2, 22), for all (#1,43) € Q. For
every i = 1,2, let M§, : Q — Q defined by
My(3) = Po(I — 3 Di(2))[5(z) + 5 Po(I — 5D4(@)) (3(%) + 3 Po(I - 5 D4(2))] for all z =
(71, 72) € Q.

Let A: H, — Hy defined by

VAR ( /_ 22h(:1c)dgc, /_ 22 h(x)d:c) ,

for all h € H; and adjoint A* of A defined by A*(z1,42) = 71 + 22, for all (z1,22) € Ha.
For every i = 1,2, let Mi(h) = M{(h — FA*(I — M§)A(R)), for all h € C. Let F,G :
Ly([-2,2]) — Lo([-2,2]) be defined by F(h) = & and G(h) = £, for all h € Ly([-2,2])
and fori =1,2, let B;: C — Ly([-2,2]) be deﬁned by B;(h) = 3”4;“ and By (h) = 2581
for all h € C. Let the sequences {z,} and {w,} generated by z;,w; € C and

g Pe(I - 3B1)x

_ _2n 1
Tpt1l = 71 ¥n + Tyt Po(

8n

nt T Fwn) + 550) M),

W1 = gty n + i Po(l — {5 Ba)wn + 5l P (g Glan) + %) MPwy,).

By the definition of B;, F, G, D}, M* for every i = 1,2, j = 1,2,3 we have 2I € F(M*)n
VI(C,B;). From Theorem 3.5, we can conclude that the sequences {z,} and {w,}
converge strongly to 21.

Now, we compare the convergent behavior of sequences {z,,} and {w,} with

the same starting point and have the results in Table 4.4. In Figure 4.4, the values
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Table 4.4: Comparison of the sequences {z,} and {w,} with the same starting point.

starting point  Time taken (Secs)

the sequence {z,} 1 =2t 6.665
the sequence {w,} w; =2t 7.430

Error

Number of iterations

Figure 4.4: Comparison of the sequences {z.} and {w,} with 1 = 2t and w; = 2t.

of errors ||zn41 — @,] and |Jwa41 — w, || are represented by the y-axis, the number of

iterations are represented by the x-axis.
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Example 4.5. Let R be the set of real numbers, C := {z € H|1 < 221 + 22 < T},
Q:={r e H —10 < 3z; — 29 <20}, Hy = Hy = R2. Let Dy, D5, D3 : C — R? defined by
Di(z1,22) = (21—2,22+1), Da(21,22) = (x1—3,22—5) and Ds(z1,z2) = (2142, 22—6) for all
(z1,22) € C. Let Dy, Dy, D3 : Q — R? defined by Dy (51, 22) = (21 — 4,72 +8), Do(a1,72) =
(77 — 12,22 — 8) and Ds(#y,72) = (71 + 16,22 — 30) for all (z1,7%) € Q. Let A : R? — R2
defined by A(z1,72) = (271,222) and A* : R? — R defined by A*(x1,22) = (221, 222).
Define M¢ : Hy — C by Mc(z) = Po(I — 4D1) (32 + 3Pc(I — 1Dy) (x4 $Pc(I — 1 D3)z)),
Vo = (z1,72) € Hy, define Mg : Hy — Q by Mo(#) = Po(I — LDy)(A2+ L Po(I— L Do) (3 +
1Po(I — LD3)2)), Vi = (#1,42) € Hz, and define S : C — C by S(zy,22) = (4 +1,%).
Let the sequences {z,} and {y,} generated by z; € H; and

1
Yn = MCWn = PC([ - §(Z1 — 2,1:2 + 1))Tn7

where W,, = (I = §A*(I — Mg)A)z, and T, = 5W,, + 3Po(I = 5(z1 — 3,22 — 3))(5Wa +
1Po(I - (214 2,22 — 6))W,)),

Qn:{ZGH:<(I_%(m1_27m2+1))Tn_yn:yn_Z> 20}7

and
n+1 n+1 1
Tpt1 = ——Tp + (1 — VSPo, (T, — = (1 — 2,22+ 1)(yn)), VR €N
5n n 2
where
(21, 32) — M@dﬂjﬁﬁ if (2004 18 > T,
Por =19 (21, 2)) if 1<2xy +x9 <7,
(xljw)_wﬁ’ if 2014 @g<l,

for every z = (z1,z2) € H; and

(5817552)—[39“—_702%)23]@7 if  3x1 — x9 > 20,

Pz = § (z1,72) if  —10 <3z — s < 20,

(r1,22) = LZZJ{OM, if 3z —as < —10,

for every & = (w1, 22) € Ho. By the definition of S, D;, D;, Mc, Mg for every i = 1,2,3, we
have (2,0) € F(Mc(I — §A*(I — Mg)A)). From Theorem 3.16, we can conclude that
the sequences {z,} and {y,} converge strongly to (2,0).

The following Table 4.5 and Figure 4.5 show the numerical results of sequences
{z,} and {y,} where z; = (-5,5) and n = N = 30.



Table 4.5: The values of {z,} and {y,} with initial values z; = (—5,5) and n = N = 30.

n Tp = (2, 77,) Yn = (Ui Yn)
(-5.000000, 5.000000) (0.034028, 1.404266)
(-0.457465, 2.305332)  (1.309813, 0.647460)
(1.223540, 1.203392)  (1.781929, 0.337977)

15 (2.000000, 0.000000)  (2.000000, 0.000000)

28 (2.000000, 0.000000) (2.000000, 0.0000000)

29  (2.000000, 0.000000)  (2.000000, 0.000000)

30 (2.000000, 0.000000) - (2.000000, 0.000000)
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Figure 4.5: The convergence of {z,} and {y,} with initial values z; = (-5,5) and n = N = 30.
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Chapter 5
Conclusions

In this chapter, we conclude all theorems and corollary obtained in this thesis.

Strong convergence theorem for solving the split of modified

variational inequality problems (SMVIP)

Let H; and H, be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of H; and Ha, respectively. Foreveryi = 1,2, let B, : C — H be a;-inverse
strongly monotone mapping with a= min{a;,as} and let Di, Di, Di : C — H,; be
di, ds, di-inverse strongly monotone, respectively, with d* = min{d},d}, d}}. Let
D\',Dy' D5+ Q — Hy be di',dy',dy'-inverse strongly monotone, respectively,
with d = min{c[li,éigi,cigi}. Let A : Hy — H, be a bounded linear operator with
adjoint A* and € (0, 1) with L being the spectral radius of the operator A*A. Let
f,9+ H— H be ay and a4-contraction mapping with a = max{ay,ay}. For every
i=1,2define M, : C = C by Mi(z) = Po(I = (*Di)(ax + (1 — a)Po(I — ¢' D) (azx +
(1 —a)Pc(I - ¢'D)zx)), Yo € O, where ¢ € (0,2d*) and define M{, : Q — Q by
M}y (&) = Po(I = Di)ai+ (1 - a)Po(I — (' Dy)(ai + (1 —a)Po(l — (DY), Vi € Q,
where (i € (0,2d). Define M? : C'— € by Mi(z*) = M(z* — nA*(I — M) Az*) for
all z* € C and i = 1, 2. Let the sequences {z,,} and {w,} generated by z,,w; € C
and

Tni1 = OnZn + NaPo(I =71 B1) T + ptin Po (o f(wys) + (1 — ap) M ay,)

W1 = OnWy + N Po (I — Yo B2)wy, + tn Po(ang(z,) + (1 — an)M2w,,)
where {8}, {nn}, {pn}, {en} € [0,1] with 6, + 7, + pp = 1 @and v € (0,2a) with
y=min{y1,72}. Assume the following conditions hold; () F; = F(M*)nVI(C, B;) #
¢ foralli=1,2,
(i) i o, = 0o and Um oy =0,

n=1

(III)0<9<5n,nn,un <9for all n e N and for some 6,60 > 0,

(IV) Z |5n+1 5n| < 00, Z ‘77n+1 77n| < 00, Z ‘O/n+1 O/n| < 0.
Then {xn} converges strongly to z7 = Pflf( 3), where yi = Po(I — (D) (azt +

(1—a)z7) and 2f = Po(I — ¢'DY)at with (a7, 21) is an element of w2122:23 and

D1 D1 D1
{w, } converges strongly to =} = Pr,g(x}), where y5 = Po(I —¢%2D3)(azs + (1 —a)z3)
and 23 = Po(I — ¢2D3%)x3 with (23, y3, 25) is an element of \pgigégé.
12273

Let H, and H, be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of H; and H,, respectively. For every i = 1,2, let T; : C — C be a x;-
strictly pseudo-contractive mapping with Fiz(T;) # 0, and let D, Di, Di : C — H,
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be di,ds, di-inverse strongly monotone, respectively, with d* = min{d,d},d}.
Let D,', Dy’ Ds' : Q — Hy be dy',dy’, ds'-inverse strongly monotone, respectively,
with d = min{Jli,JQi,Jgi}. Let A : H, — H, be a bounded linear operator with
adjoint A* and ) € (0, +) with L being the spectral radius of the operator A*A. Let
f,g: H— H be a; and a,-contraction mapping with a = max{a¢,a,}. For every
i=1,2define M} :C — C by Mi(z) = Po(I — ¢'D})(ax + (1 — a)Po(I — ¢"Db)(az +
(1 = a)Pc(I = ¢'D)x)), Vo € C, where ¢" € (0,2d*) and define M}, : Q@ — Q by
My(&) = Po(I - GD})(aé + (1 — a)Po(I - (DY) (ai + (1 — a)Po(I - (D)), Vi € Q,
where (i € (0,2d) Define M : C — C by Mi(x*) = ME(2* — nA*(I — M})Az*) for
all z* € C, and i = 1,2. Let the sequences {z,,} and {w,} generated by x1,w; € C
and

Tn+l = 6nxn g nnPC(I - '71(1 Y Tl))xn + NnPC(anf(wn) + (1 - an)]\/flxn)

W1 = 0wy + M Po(l — Yo (I — To))wn + i Po(ang(zy) + (1 — an) M2w,)

where {6}, {m.} . {n} i {an} € [0,1] With 8, + . + un = 1, v € (0,2a) with a =
min{45t, 12521 and y=min{+1,72}. Assume the following conditions hold;
(i)]-'-:F(M)ﬂF( D#Oforalli=1,2,

(ii) Zan =00 and lim a, =0,

n— 00
=N

(i) 0 = 0 < 6,y tin < 6 for all n € N and for some 6,6 > 0,

(iv) Z [0n41 — O] < 00, Z [Mns1 — 1n] < 00, Z |1 = Q] < 0.

n=1
Then {a:n} converges strongty to 2t = Pz, f(z3), where yi = Po(I — (! D3)(ax} +
Dj1,D3,D5
D},D3,D3’
{w,} converges strongly to a3 = Pr,g(z}), where y3 = Po(I —(?D3)(azs + (1 —a)z23)
D%?,D3,D3
D2,D%,D2"

(1—a)zt)and z; = Po(I = ¢t DY)t with (231, yt, 27) is an element of ¥ and

and 25 = Po(I —¢2D3)x5 with (23, y3, 23) is an element of ¥

Let Hy and H, be real Hilbert spaces and let C,Q be nonempty closed convex
subsets of Hy and Ho, respectively. For every i = 1,2, let B, : C — H be q;-inverse
strongly monotone mapping with a= min{a;,as}. Forevery i = 1,2, let D, Di, D} -
C — H, be di,d, di-inverse strongly monotone respectively, where ¢* € (0,2d*)
with d* = min{d:,d,d} and let D"\ Dy, Ds' - Q — H, be d\',dy',ds' -inverse
strongly monotone respectively, where ¢ € (0,2d) with d =min{d;’, d5",d3'}. Let
A: Hy — H, be a bounded linear operator with adjoint 4* and n € (0, 1) with
L being the spectral radius of the operator A*A. let f,g: H — H be ay and ag4-
contraction mapping with @ = max{ay,a,}. For every i = 1,2 define M{, : C — C
by Mi(x) = Po(I = ¢'Di)(az + (1 — a)Pe(l — ¢'Di)(az + (1 — a)Po(l — ¢'Di)a)),
Vo € C, and define M, : Q — Q by M}(2) = Po(I — ¢iD})(az + (1 — a)Po(I —
(iDi)(ad + (1 — a)Po(I — (PDY)#)), Vi € Q. For every i = 1,2 define M‘: C — C by
M (z*) = M{(a* — nA*(I — M§)Az*) for all z* € C. Let the sequences {z,} and
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{w,} generated by z;,w; € C and

Tn+1l = 6nxn + nnPC(I - VIBl)xn + /’LnPC(a’ﬂf(wn) + (1 - an)Mlx’ﬂ)
Wn+1 = Onwn + nnPC(I - 72B2)wn + ,UJnPC(O‘ng($n) + (1 - O‘n)Man)

where {6,},{n.}, {un},{an} € [0,1] with &, +n, + pu, = 1 and v € (0,2a) with
y=min{y1,72}. Assume the following conditions hold;

3
() 7i = (@, N VI(C,B;) # 0 for alli = 1,2 and @i={z € VI(C,Di) : Az €

— j=1
VI(C,Dj)},

(i) Zan = o0 and Um o, =0,
n=1

(i) 0 < 0 < 6y, fin < 0 for all n e N and for some 6,6 > 0,

(iv) Z |0n4+1 — 0] < 00, Z [Mnt1 — Nn| < o0, Z |1 — Q| < 0.

n=1

Then {z,} converges strongty 1Q \#3 & P;lf( 3), where yi = Po(I — ¢*D3)(azt +

(1—a)z;) and 2} = Po(I — ¢t D3)x; with (23, vt, 27) is an element of Wg%:gijgi. and
{w, } converges strongly to a3 = Pr,g(z}), where yi = Po(I —(2D3)(azs + (1 —a)z3)

2 < ]
Dy.,D3,Ds
D2,D2,D2

and z3 = Pc(I — (2D3)x3 with (23,45, 23) is an element of ¥
Let H; and H, be real Hilbert spaces and let C,Q be nonempty closed con-
vex subsets of H; and Ha, respectively. For every i = 1,2, let B; : C - H
be a;-inverse strongly monotone mapping with a= min{ay, as}. For every i =
1,2 let %3,%’2,33 C — R be a real-valued convex function with the gradi-

i
ent V&, VS5, V4 be L_ T L -inverse strongly monotone and continuous
L& 2 —
respectively, Where ¢ S NIED Wlth = min{ g1 T o) Let 99,84, 94
g1’ Doy 1o}

@ — R be a real-valued convex functlon with the gradient Vi, VS, VSE be

\ (™~

T L -inverse strongly monotone and continuous respectively, where (% €

_a
2
(()J =) vv|th = mln{L e K} Let A: Hy — H, be a bounded linear opera-
tor W|th adJomt A* and n e ( o 1) with I, being the spectral radius of the operator
A*A. let f,g : H — H be ay and a,-contraction mapping with a = max{ay, ay}.
For every i = 1,2 define M : C — C by Mi(z) = Po(I — ¢'VS)(ax + (1 —
a)Po(I = ¢'VSYy)(ax + (1 =a)Pe(I — ¢'VSh)z)), Vo € C, and define M, : Q — Q by
My (&) = Po(I-(iVSY)(ai+(1—a) Po(I—CVSh) (ai+(1—a) Po(I—CiVSE)2)), Vi € Q,
Vi € Q. Foreveryi=1,2define M : C — C by M'(z*) = M{,(z* —nA*(I — M{,) Az*)

for all z* € C. Let the sequences {z,} and {w,} generated by z;,w; € C and

Tnyl1 = Onyn + nnPC(I - ’YlBl)xn + NnPC(anf(wn) + (1 - an)Mlxn)

Wn+1 = 6nwn + nnPC(I - 72B2)wn + MnPC(aﬂg(xn) + (1 - an)M2wn)

where {00} s At {pn} s {an} €10,1] with On+n+pn = 1,7 € (0,2a) and ’Y:min{'yla Y2}

Assume the following conditions hold;
3

() Fi = (@4, nVI(C,B;) # 0 foralli = 1,2 and &% = {S(z) = min (") -
j=1
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S (Ar) = AI’EIHQ S (Az™)},
(i) Zan = o0 and Um o, =0,
n=1

(Ill)0<9<5n,77mun <9for all n e N and for some 6,6 > 0,
(IV)Z|6n+1_6 | < 00, Z‘nnJrl 77n| < 00, Z‘an+l_an| < 0.

Then {xn} converges strongly toz} = Pflf(x2) where yf = Pc(I-¢'VSY) (axi+(1—
VS1,VS3,VS;
V31, vsl, Vsl
{w, } converges strongly to a3 = Pr,g(z}), where yi = Po(I—(?VS33)(azi+(1—a)z3)
AASERVAS TR VIS
V32,VS2, VL

a)z}) and 27 = Po(I-¢1VSY)at with (27, v5, 27) is an element of ¥ .and

and 23 = Po(I — ¢2VS3%)xs with (23,43, 23) is an element of ¥

A new subgradient extragradient method for solving the split of
modified variational inequality problems (SMVIP) and fixed point

problem

Let C and @ be a nonempty closed convex subsets of H; and H,, respectively
and let S : C — C be a nonexpansive mapping. Let Dy,D2,D3 : C — H; be
di, d>, ds-inverse strongly monotone, respectively, with d* =min{d,ds,ds}. Let
Dy, Do, D3 = Q — Hy be dy,ds,ds-inverse strongly monotone, respectively, with
d =min{dy,dy,ds}. Let A : H; — H, be a bounded linear operator with adjoint
A* and g € (0,1) with L being the spectral radius of the operator A*A. Define
Mc¢ : Hy — C by

Me(z) = Po(I —(D1)(ax + (1 — a)Pe(I — (Ds)(ax + (1 — a)Po(I — (Ds)x)),

Vz € Hy, where a € [0,1), ¢ € (0,2d*) and define Mg : H, — Q by

Mq(z) = Po(I — ¢Dh)(a + (1 — a)Po(I = (Da)(ad+ (1 = a)Po(I — (D3))),

Vi € Hy, where a € [0,1), ¢ € (0,2d). Let the sequences {z,} and {y,} generated
by x; € H; and
D AICWn — PC(I . CDl)Tna

where W,, = (I —nA*(I — Mg)A)z, and T,, = aW,, + (1 — a)Pc(I — (Ds)(aW,, + (1 —
a’)PC(I_CD?)) n))'

Qn = {ZEH:<(I_CD1)Tn_ynayn_Z> Zo}a

Tp+1 = anTn + (]- - an)SPQn (Tn - CDl(yn))7

forall n e N.

Assume the following conditions hold:
3
() & = F(S) N[ ®: # 0, where @; = {w € VI(C,D;)|Aw € VI(Q,D;)}, for all

i=1

i=1,2,3.
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(i) a, € [e,d] C (0,1).

Then {z,} converges weakly to zy = Psx,, which (z0,%0,20) € \I/gi gz gg, Yo =

Pc(_[ CDQ)(G,ZL'O + (]. — a)Zo) and 20 = Pc(] CDg)ZL’O with g = Al'o, Yo = Ayo and
zZo = AZ().

Let € and @ be a nonempty closed convex subsets of H; and Ha, respectively

and let S : C — C be a nonexpansive mapping. Let $9,32,33 : ¢ — R be
1

3

inverse strongly monotone and continuous respectively, where ¢ € (0, 2) with

a real-valued convex function with the gradient V31, VS, V3 be -, - 7]

== min{% L,l%} Let 99,992,953 : Q@ — R be a real-valued convex function

with the gradient V31, VS,, VS5 be - ,ll 7—-inverse strongly monotone and
3

continuous respectively, where ¢ € (0, f@) with L= min{%,%,i}. Let A :

H, — H, be a bounded linear operator with adjoint A* and n € (0, }) with L
being the spectral radius of the operator A*A. define M¢ : H; — C by Mo (z) =
Po(I —C¢VS1)(ax + (1 —a)Po(I — (VSs)(ax + (1 —a)Po(I — (VS3)z)), Vo € Hy, and
define Mg : Hy = Q by Mg(2) = Po(I = (VS1)(az + (1 — a)Po(I — (VSy)(ad +
(1—a)Po(I — (VS3)%)), Vi € Hy. Let the sequences {x,} and {y,} generated by
x1 € Hy and

Yn = MCWn ~ PC(I o Cvgl)Tn,

where W,, = (I = nA*(I = Mg)A)z, and
Tn — CLWn Y (1 N G‘)PC(I - CV(‘}Q)(CLW!L K (1 L Y a‘)PC(I 7 CV%?))W’H))

Q”l = {Z €H: <(I 2N Cvsl)Tn ~YnrYn — Z) > 0}7

Toa1 = anTn + (1 — a,)SPg, (T, = (VS1(yn)), Yn €N.
Assume the foLLovvmg conditions hold:

HI=FS)N ﬂ ds, # D, where gs, = {Si(2) = min S;(x") Si(Az) = Arme Si(Az*)},
foralli = 1,2,3

(i) o € [e,d] C (0,1).
Then {z,,} converges weakly to g = Pyay,, which (zo, yo, 20) € T3S gdz 323 where
Yo = Pc(I—Cvcjg)(a$0+(1 —Cl)Zo) and 20 = Pc(I—Cvcjg)l‘o with To = A.To, Yo = Ayo

and Zo = Azg.
Examples and numerical results

In this section, we give the conclusions for Example 4.1-4.5.

Table 4.1 and Figure 4.1 show that {z,,} and {w,} converge to (2,2), where (2,2) €
F(MY)NVI(C,B;), for all i = 1,2. The convergence of {z,} and {w,} of Example
4.1 can be guaranteed by Theorem 3.5.
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(2) Table 4.2 and Figure 4.2 show that {x,} converges to (2,2), where (2,2) € F(M*)N
VI(C, By). The convergence of {z,} of Example 4.2 can be guaranteed by Theo-

rem 3.5.

(3) From these Examples, we obtain that the sequence {z,} in Example 4.1 con-
verges faster than the sequence {z,} in Example 4.2 because the iterative se-

quence {z,} and {w,} converges dependently.

(4) Table 4.3 and Figure 4.3 show that the iterative sequence {z,,} and {w, } converge
to (4,2), where (4,2) € F(M*)NVI(C, B;), for all i = 1,2. The convergence of {z,}

and {w,} of Example 4.3 can be guaranteed by Theorem 3.5.

(5) The convergence of {x,} and {w,} of Example 4.4 can be guaranteed by Theorem
3.5. Furthermore, The table 4.4 and Figure 4.4 show that the sequence {z,}

converge faster than the sequence {w,} with the same starting point.

(6) Table 4.5 and Figure 4.5 show that {z,,} and {y,} converge to (2,0), where (2,0) €
F(Mg(I — £ A*(I—Mg)A)). The convergence of {z,} and {y,} of Example 4.5 can
be guaranteed by Theorem 3.16.
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Abstract

In this paper, we propose the split of modified variational inequality problems (SMVIP), by
using the concept of the modified generalized system of variational inequalities (MGSV).
Then, we prove the strong convergence theorem for solving fixed point problems of nonlinear
mappings and two variational inequality problems and solving the SMVIP. Applying our main
result, we prove strong convergence theorems of the split minimization problem and the split
variational inequality problem. In support of our main result, a numerical example is also
presented.

Keywords Variational inequality - The intermixed algorithm - Strong convergence
theorem « Fixed point

Mathematics Subject Classification 47H09 - 47H10 - 90C33

1 Introduction

The variational inequality problem (VIP) is to find a point u € C such that
(Au,v —u) =0,

for all v € C. The set of all solutions of the variational inequality is denoted by VI(C, A).
Historically the variational inequality was introduced by Stampachhia [34] in 1964. After
that variational inequalities become interested in various topics such as optimization, physic
and applied sciences (see, for instance, [5—-15,17,22,29.31]).

In 2012, Kangtunyakarn [24] modified the set of variational inequality problems VI(C.A)
as follows:

VI(C,aA+(1—-a)B)={xeC:(y—x,(aA+ (1 —a)B)x)>0,Vye C,a € (0,1)},
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where A and B are the mappings of C into H. He also proved the strong convergence theorem
of a new iterative scheme for finding a common element of the set of fixed point problems
of infinite family of k;-pseudo-contractive mappings and the set of solutions of equilibrium
problem and two sets of solutions of variational inequality problem as follows:

Theorem 1 Let C be a closed convex subset of Hilbert space H and let F : C x C — R
be a bifunction satisfying (A})—(Ayg), let A,B : C — H be a and B-inverse strongly
monotone, respectively. Let [T }22, be ki-pseudo-contractive mappings oj C into melf with

k= sup ki and p; = ((xl a, a;) el x1I x 1, wherel = [0, 1], al +a, +a; = 1.

al +a'7 <b<l undorl a!, a; € (k,1)forall j =1,2,.... Foreveryn € N, let S, and
S be S-mapping generated by Tyyy Ty—y,vouy Ty and py, pp—1,s .. ., respectively. Assume that

F = N2, F(T;) NEPTE)AVI(C, A) ﬂ VI(C, B) # () and let {x,,} and {u,} be generated
by xy,u € C and

F(u,,y)+ %(.\' =~ Uy, Uy = X4) >0, Ny €C,

(1)
Xpst-= ot + (1 —ay)S, Pe(l — y(aA + (1 — a)B))u,. VYn > 1.

where oy, a € (0,1),0 < y < min{2«, 28} and {r,} < [b. c] C (0, min{2c, 28)}), satisfy
the following conditions:

(i) Y pepoh= oc-and limzs5ayay = 0;

Gy Y2 e PY AN Y ney lany r=a, 1)< 0o,

(i) Yr agi<icos

Then, {x;} and {u,} converge strongly to z € F where z = Pru.

The split feasibility problem (SFP) is to find a point x € C and Ax € Q. This problem
was introduced by Censor and Elfving [18]. The set of all solution (SFP) is denoted by
I' = {x € C; Ax € Q). In fact, it has been extensively investigated in the literature (see
[1-4,19,21,26.28)).

Motivated by Siriyan and Kangtunyakarn [32] we introduce a new iterative method as the
following Problem:

Problem 1 Let C, O benonempty subsets of real Hilbert Hy., Ha, respectively,Let A : Hj —
H> be a bounded linear operator. A new split problem is to find (x*, y*,2*) e C x C x C
such that

(" = (A—~EDA(axt4 (2037, x — x*NXD, Y C,

(y* — (I —¢Dy)@ax* =1 — a)z*), x —3*.> 0y ¥x € C, (2)
(z*= (1 =¢D3)x*, x —z*) =20, VxeC,

and find (x* = Ax*, y* = Ay*, z* = Az*) € Q x'Q x"0 such that

(x* — (I — DY awe= (P =g)y*), ¥ — x*) >0, VieQ,
(y* = (I —ZDo)(ax* + (1 —a)z*), —y*) =0, VieQ, (3)
(2= —-ID3)x*, i —7*)>0, VieQ,

where Dy, Dy, Dy : C — Hy, Dy, D>, D3 : Q — H, are six different mappings, Lt >0,
and a € [0, 1] which is called the split of modified variational inequality problems (SMVIP).
The sets of all solutions of (2) and (3) are denoted by ¥p), p, p, and ll/,;l_ Dy. Dy respectively.

The set of all solutions of the SMVIP is denoted by \l/[l))' Il))’ [l))‘ that is

Dy,D>.Dy

ik oK C vk Ak ok
Dy.D2. Dy {(«‘ WY o) € Wi Do By HON Y 27)E wl)l.l)z.D;}'
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IfweputDy=Dy=D3=D =Dy =D3=0,x*=y*=z*and ¥* = y* = 7*in (2)
and (3), we obtain the SMVIP is reduced to the SFP.

If putting @ = 0 in (2) and (3) , we have

(x*—=( —¢Dy)y*,x —x*) >0, VxeC,
(Y= —-¢D)z*,x—y*)>0, VxeC,
(2= —=¢D3)x*, x—2*)>0, VxeC,
and
(x* — (L= Dpy*t i —x*) >0, Vi€,
(te=(T="C D7) 7%, T=gp¥} >0, Vi € Q,
(* — (I =L D3)x*, % — z*) > O Vie 0,

which is a modified the split general system of variational inequalities (SVIP) [33].

Let A be areal Hilbert space with inner product and normdenoted by (-, -), || - || respectively.
Let C be a nonempty closed convex subset of H. Let S : C — C be a nonlinear mapping. A
point u € C is called a fixed point of S if Su = u. The set of fixed point of § is denoted by
Fix(S) := {u € C : Su = u}. A mapping S is called L-Lipschitzian if there exists a constant
L > 0 such that

[|Sw—/Svll = L|u—=v|.,» Yu,v € C.

If the inequality holds for L = 1, then S is called nonexpansive.

One of the successful approximation methods to prove strong convergence for finding fixed
points of nonexpansive mappings was introduced by Moudafi [30]. The following theorem
is known as the viscosity approximation method.

Theorem2 Ler C be a nonempty closed convex subset of a real Hilbert space H and let S be
a nonexpansive mapping of C into itself such that F(S) is nonempty. Let f be a contraction
of C into itself and let {x,} be a sequence defined as follows:

xy € C arbitrarychosen,

| £ (4)
Dy NP T—_;E—"-S):,, -+ T—;"gf(x,,). Vn e N,
\ ) 2 ( B 00, . . | 1 |-
where {e,} C (0, 1) satisfies limye oo 8, = 0, Y 72| £, = 00 and lim,.4 ~ ‘I_H_,, - =0

Then, {x,} converges strongly to z € F(S), where ¢ = Pps)f(2) and Pr(S) is a metric
projection of H onto F(S).

Moreover, the Moudafi viscosity approximation method can be applied to elliptic differ-
ential equations, linear programming, convex optimization and monotone inclusions, it has
been widely studied in the literature (see [20,37,39]). After that, many mathematicians pro-
posed iterative algorithms and proved the strong convergence theorems for a nonexpansive
mapping in Hilbert space to find their fixed points (see for example [23,27.40]).

Using the concept of the viscosity approximation method (4) Yao et al. [41] proposed the
intermixed algorithm for two strict pseudo-contractions as follows:

Algorithm For arbitrarily given xg € C, yg € C, let the sequences {x, } and {y, } be generated
iteratively by

Xpp1 = (1 = Bp)xn + BuPclon f(yn) + (1 =k —ay)xp, +kTx,], n=0,

(5)
Yn+1 = (1 = Bu)yn + Bn Pclang(xn) + (1 —k —ay)yn +kSys], n =0,

@ Springer
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where {a,} and {8,} are two real number sequences in (0,1), 7', § : C — C are a A-strict
pseudo-contraction, f : C — H is a pj-contraction and g : C — H is a py-contraction,
k € (0,1 — A) is a constant.

Then they proved the strong convergence theorem of the iterative sequences {x,} and {y,}
defined by (5) as follows.

Theorem 3 Suppose that Fix(S) # ¥ and Fix(T) # 0. Assume the following conditions are
satisfied:

(C1) limy—o0 ap =0and Y52 | oty = 00,
(C2) By € &1, &] C (0. 1) foralln > 0.

Then the sequences {x,} and {y,} generated by (5) converge strongly to the fixed points
Prixcry f(y*) and Prixs)g(x*) of T and S, respectively, where x* € Fix(T) and y* €
Fix(S).

In 2019, Siriyan and Kangtunyakarn [32] introduced the following modified generalized
system of variational inequalities, which involves finding (x*, y*, z*) € € x C x C such
that

(x* — (L —=nmDy)ax* + I —a)y*), x —x*) >0, Yx € C,
(y¥= (I —AyD))(ax* + (L —a)z*) x = y*) =0, Vx eC, (6)
(2= =a3D3)x*x— 7% >0, Vx&C,

where Dy, D3, D3 : C = H, h A2, 23> 0anda € [0, 1].
If putting a = 0, in (6), we have

(= =2 DDy* x=x*) >0, YxeC,
(W= = AD)zhix =~ y*%) >0,  ¥xeC, (7)
(RN A3iD3)x o 22 2*) 5.0, [Va'E €,

which is generalized system of variational inequalities modified by Ceng et al. [16],

In order to find an element of the set of solutions of modified generalized system of vari-
ational inequalities (MGSV) (6), Siriyan and Kangtunyakarn [32] introduced the following
iterative scheme:

Xn41 = ﬁ,l-\'n + ﬁ}T-"n v ﬁ: Pc (L <AD)yn, 8)

Yo = any fxn) + (l = (X,,X) Gy, (
where D, Dy, Dy, Dy : C — H be d,d,, dy,ds-inverse strongly monotone mappings,
respectively, G : C — Cis defined by G(x) = Pe(I — 11 Dy)(ax + (1 —a)Pc(I — xaDy)
(ax + (1 —a)Pc(I — A3D3)x), and a € [0, 1). Under some suitable conditions, see more
detail [32], they proved that the sequence {x,} convergence strongly to xo = Py (I — A+
v f)xo and (xo. yo. zo) is a solution of (8) where yo = Pc(I —A2D») (axy + (1 — a)zp) and
z0 = Pc(I — A3D3)xo.

In this paper, we prove the lemmas related to the set of fixed points of nonlinear mapping
with the SMVIP in the second part of this paper. Utilizing our lemma we prove the strong
convergence theorem for solving the SMVIP and two variational inequality problems by
using Problem 1. Moreover, using our main result, we obtain the additional results involving
the split minimization problem and the split variational inequality problem. Finally, we give
an example for the main theorem.
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2 Preliminaries

We denote the weak convergence and the strong convergence by “—" and “— ", respectively.
Forevery x € H, there exists a unique nearest point Pcx in C such that ||x — Pex|| < [[x—y|
forall y € C. P¢ is called the metric projection of H onto C.

Lemma 1 [36] Fora givenz € H andu € C,
Uu="~Pezo u—z,v—u)>0, YveC.
Furthermore, P¢ is a firmly nonexpansive mapping of H onto C, that is
| Pex = Peyl><{(Pex—Pcyix—y), Vx,yeH.
Definition 1 Let f : C — C be contractiye if there exists a constant & € (0, 1) such that
Lf) = fF < Ellx= yll,
forallx, y € C.

A mapping A : C — H is called a-inverse strongly monotone if there exists a positive
real number« > 0 such that

(Ax — Ay, ¥ ~ y) = of|Ax — Ay|%,
forallx, yeC.

Lemma 2 [38] Let (s} be a sequence of nonnegative real numbers satisfving
spt = (M ="ay)sy +84, Yn =0,
where a,, is a sequence in (0, 1) and {8, } is a sequence such that

(1) Z,Q:] O ="0Q,
(ii) lim SI-'I’n-»oogi' < 050r Y 02 18| < o0

Then lim, .~ §, = 0.

Lemma 3 [32] Let C be a nonempty closed convex subset of a real Hilbert space H and let
Dy, D>, D3 : C — H be three mappings. For every Ly, 22,23 > 0 and a € [0, 1]. The
following statement are equivalent

(i) (x*, y*.2") € C x C x Cis asolution of problem (6)

(i1) x* isafixed point ofthemapping G, i.e.x™ € F(G), definedthe mapping G : C — C by
G(x) = Pc(I —rMDi)ax + (L —a)Pc(] —  aDr)(ax + (1 —a)Pc (I — A3D3)x)),
Vx € C, where y* = Pc(I — A D3) (ax™ + (1 — a)z*) and z* = Pc(1 — A3 D3)x*.

Remark 1 [32]1f Dy, D>, D3,in Lemma 3, are dy, d>, dg-inverse_strongl_y monotone, respec-
tively, then G is nonexpansive mapping, where A1, 2, A3 € (0, 2d) withd = min{d\, d>, d3}.

Lemma 4 Let Hy and H> be real Hilbert spaces and let C, Q be nonempty closed convex sub-
set of a real Hilbert space Hy and H3, respectively. Let Dy, D2, D3 : C — H) be d,,d>, d3-
inverse strongly monotone respectively, where ¢ € (0,2d*) with d* =min{d,, d>, d3}.
Let Dy, Dy, Dy : Q — Hs be dy, d>, dy-inverse strongly monotone respectively, where
{— € (0, 2d ) with d =min{d,. d>, J_z}. Let A : Hy — H» be a bounded linear operator with
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adjoint A* and n € (0, %) with L being the spectral radius of the operator A*A. Define
Mc:C — Cbhy
Mc(x) = Pc(I = ¢Dy)(ax + (1 —a) Pe(I — {Dy)(ax + (1 — a) Pe(I — £ D3)x)),
Vx € C, and define Mg : Q — Q by
Mo(%) = Po(I =t D)) (ak + (1 —a)Po(I — E D2)(ak + (1 — a) Po(I — £ D3)X)),
VX € Q. Define M : C — C by M(x) = Mc(x —nA*(I — Mg)Ax) forall x € C. Then M

is a nonexpansive mapping for all x € C.

Proof Let x, y € C. From the definition of M, we have
IMx — My|>=TMc(x — nA*(I — Mg)Axy=Me(y — nA*(I — Mo)Ay)|
< [l¢x = nA*(I = Mg)Ax)— (y — nA*(F'= Mp)Ay)|>
=lx = y = nA*[(] = Mg)Ax— (I — Mg)Ay]|
= Jlx < ¥]I* = 2n(x — y, A*[(J —Mp)Ax — (I'= Mg)Ay])
+ 2 IA*[(1 ~ Mo)Ax' = (I — M) Aylj?
= llx=yI? ~2p(A =y), (I = M@)Ax — (I — Mg)Ay)
+ I AF((F= M) Ax — (I.~Mp)Ayl|?
=|lx = y)> < 2n(Ax — Ay +MgAx '~ MpAx + MgAy
—=MoAy, (I =Mp)Ax — (I — Mp)Ay)
+ A (T — Mg)Ax —(I — M)Ayl
=lix =l ~2n[(Ax ~ Ay ~MoAx+ MpAy, (I'= Mg) Ax
~ (I = Mp)Ay) = (MpAy — Mg Ax, (I = Mg)Ax
— (I = Mo)Ay)] + n2I|A* (I = M@)Ax — (I —Mg)Ay]|?
=|lx =y — 2n[((} = Mo)Ax — (I — M)Ay, (I = Mp)Ax
= (I =Mg)Ay) — (MoAy — MpAx, (I —Mg)Ax
~ (I'= M@)Ay)] + P l|A* [(d'— M) Ax = (1.~ M) Ay]|*
< = VI2=2q0[(1=Mg) Ax — (=M g)Ay|*
i %Il(l — Mg)Ax — (' —Mp)Ay||4]
St | A*[(1 — M) Ax —(d"=.Mp) Ay]|?
= |lx = Y2 =mli="Mg)Ax — (I — Mg)Ay|*
+ 2l A* (I — Mg)Ax — (I — Mg)Ay]|)?
< |lx = yI2 = 9l — Mg)Ax — (I — Mg)Ay|]?
+ 7Ll = Mg)Ax — (I — Mg)Ay|?
= llx = yI* = n(1 = qL)II(I — Mg)Ax — (I — Mg)Ay|]*
< llx = yl%. ©)

It implies that [Mx — My| < |lx — y|.
Hence, M is a nonexpansive mapping. ]
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Lemma5 Let C, Q be nonempty closed convex subsets of Hj, Hy, respectively. Let
Dy,D>, Dy : C — H| be dy,d>, d3-inverse strongly monotone respecnvely where ¢ €
(0, 2d*) with d* =min{d,, d>, d3} Let Dl, Ds, D; Q — H; be dl d>, dz-inverse strongly
monotone respectively, where ¢ € (0, 2d) withd = mm{dl ,d>, d3}. Let A: Hy — Hp bea
bounded linear operator with adjoint A* and n € (0, {) with L being the spectral radius of
the operator A*A. Define M¢ : C — C by

Mc(x) = Pc(I —¢Dy)(ax + (1 —a)Pc(I — ¢ Dy)(ax + (1 — a) Pc(I — £ D3)x)),
Vx € C, and define Mg : Q — Q by

Mo(®) = Po(I — ¢ Dy)(ak+ (1 =a)Po(l — ¢ D2)(ax + (1 —a) Po(I — {D3)R)),
VX € Q. Assume

leal);_ AR e Sk yE TN -
wD] D-v Dl = {(r 2 Y 34 ) € wl)].l)g.l); . (-\ M B )G le.Dz.D_}} # .

The following statements are equivalent

. * * * D[ [)3 Dl
(l) SR ) eV D D'» D3

(i) x*= Mc(x - nA*(I — Mgp)Ax™),
where y* = Pc(I — (Do)(ax + (U =a)z*)ez5 = Fcls { Da)xt, x* = Ax* = = Po(l —

{Dl)(ax* + (1 —a)y ), y* = Ayt = Po(l — {Dz)(a.x* +(1 = a)z*) and z* = Az* =
Py (1 — I D3)x*.

Proof Let the following condition hold.

4 0 * Dy, Ds, I)z
@) = Gi) Let (x"y¥,2%) € W5t

(Y yz*) B 5 B were X% < AxY, )* =Ay*and7* = Az*. Since (x*, y*, z*) €
Yp,.p,.py» We obtain that

- We have (x*, y*.z*) € ¥p, p, p, and

= (I =¢Dy)(ax™+ (1 —a)y®),x =x*) >0, Vx eC,
(3= =Dy (ax*+ (I =a)z"),x —y*) >0, Vxe€C,
@ = —gD3)x*,x —2%)> 0, VxeC.
By the property of P¢, we obtain
P2 PoF =t D)ax* + (1 — a)y"),
v* = Pc(I — ¢ Ds)(ax™ +(1 = a)z®),
= Pc(L—¢ D3)x*.
It implies that
x* = Pc(I — ¢Dy)(ax* + (1 —a)Pc(I — ¢ Dy)(ax*
+ (1 —a)Pc(I — ¢ D3)x™))
= Mcx™. (10)
Since (x*, y*,z*) € W55, 1,55, We obtain that
(x* = (I —=ZDy)(ax*+ (1 —a)y*),x —x*) >0, VieQ,
(y* — (I —¢Dy)(ax*+ (1 —a)z*),x —y*) >0, VieQ,
(*— (I —ID3})x*,—7*)>0, VieO.
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Then, we obtain
¥* = Po(l — T Dp)(@x* + (1 — a)y*),
y* = Po(I — I Dy)(ax* + (1 — a)z*),
2* = Po(I — T D3)x*.
That is
x* = Po(I — ¢ Dy)(ax* + (1 — a)Po(I — ¢ Dy)(ax*
+ (1 —=a)Po(l — £3D3)x*))

= Mga*
=MyAx*. (an
It implies that
X =MW = nA* (L —Mg)Ax*) (12)
(ii) = (1) Letx* = M¢(x* — nA (I = Mg)Ax*) where y* = Pe(I — ¢ D)) (ax™ +
(Y= a)z*), 2" \=Pc(= §P9)%", = A = PQ(I - {Dl)(ar 3 U —a)y"), y*

Ay* = PQ(I—cDo)(ax +(l-—a)~*)andz = A% = PQ(I—gDz)\ and (u*, v*, *) €
Dy,.D>.Dy
Dy.D>.D3°

From Remark 1, we have M¢ is nonexpansive mapping on C. It is obvious that My is

nonexpansive mappmg on Q.

From (u*, v*, w*) e W[’;'I’;’g‘ and (/) = (ii), we have u* = Me(u* — nA*(I —

M) Au™). Unhzmg the same method as (11) we have Au* = Mo Au* and applying (9), we
have

et = I S 2t == L) (T =M@Y Ax* =<'t — M) Au®|)?
It implies that
£ = AxX* & F (Mp):
That is,
W = Mgx* = Po(l ~ ED)tx” + (I ~a) Po(l = T Da)ax* + (1 —a)Pg(l — £ Dy)«*)).
It follows that
x* = Po(l - D) (ax* + (1 =a)y®),

where v" = Pp(l'= ;Do(ax + (1 <a)z*) and 2* = Po(l— CD;)A* From Lemma 3, we
have

G, y*,2*) € ¥, 5, p, (13)
From Ax* € F(Mg), we have
x* = Mc(x* —nA*(I — M@)Ax™) = Mcx*.

Thatis x* € F(Mc). Then, we have x* = Pc(I —¢Dy)(ax*+ (1 —a)Pc(I — ¢ Da)(ax™ +
(1 = a)Pc(I — ¢ D3)x*)) = Mcx*. It follows that x* = Pc(I — ¢ Dy)(ax* + (1 — a)y*).
where y* = Pc(I — ¢ Dy)(ax™* + (1 — a)z*), and z* = Pc(I — ¢ D3)x*. From Lemma 3,
we have

x*, y*,2%) € ¥p,.0,.Ds (14)
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From (13)and (14), we have

wD|.D:.D3

* '* * o % ke
x*, y*,2%) € By, Ds "

(m]

Example 1 Let R be the set of real numbers, C = [—50, 50] x [—50. 50], Q = [—100, 100] x
[—100, 100], H|; = = R. Let Dy, D>, D3 [—50, 50] — R" deﬁned by Dj(xy, x2) =
(x; —3,x2—3), Do(ll \7)—(—L—3 L ) D3(xy, \7)—(—1-—; \’— =), forall (x;,x2) €
C. Let Dy, Dy, D3 : [—100, 100] x l—lOO 100] — R? defined by Di(x1,x2) = (x) —
6.x2 — 6), Da(x1,x2) = (—“_—6 0=6) Pi(x1,x2) = (—L(’ 2 6) for all (x1,x2) € Q
respectively. Let A : R2 = ]R2 dcﬁned by A(X1vax) = (2x, 2x) dnd A* : R? - R2 defined
by A*(xy, x2) = (2x.2x) Define M( [—50, 5()] X [ 50, 50] — [—SO 50] x [—50, 50]
by Mc(x) = Pc(l — D|)(.,\ + P((I - Do)( X+ .,P((l — D;)A)) Vx € C,
and define M : [—lOO IOO] x [—100,100] —-> [—IOO lOO] X [—1()0 100] by Mp(x) =
Pod =1D)(3% +3% PQ(I = +D2) (38 4 Y Po(I-=1D3))). VX € Q.

Then, we have (x*,y*, z%) € lllll;'ll)% 1[):‘ where (x*, y*, z*) = (3,3) € [—50, 50] x

|=50, 50]. By Lemma S, we have (3,3) = M¢c((3.3) — %A*(I — Mp)AQ3, 3)), where
v = Pc(I-3Dy)(3,3). 2* = P¢(1=3D3)(3,3),x* = (6,6), y* = (6,6)and z* = (6, 6).

Lemma 6 [25] Let C be a nonempty closed convex subset of a real Hilbert space H and let
T : C — C beak-strictly pseudo-contractive mapping with Fix(T) # 0. Then, there hold
the following statement:

1) Fixq{T)=VI(C,I'=T);
(i) Foreveryu € C andv € Fix(T),

| Potd — AL —T)u — vl < |lu—vll,
Jorue Candv e Fix(T)and x € (0,1 — k).

3 Main result

In this section, we prove the strong convergence theorem, by using Lemma 5 as important
tool for finding the solution of the SMVIP and the fixed point of nonexpansive mapping.

Theorem4 Let Hi and H, be real Hilbert spaces and let C, Q be nonempty closed convex
subset of a real Hilbert space Hy and Hy, respectively. For everyi = 1,2, let B : C — H
be aj-inverse strongly monotone mapping with = min{a|, az} and let D’ D' D’ C -
H. be d’ d, (11 inverse strongly monotone, respectively, with d* = mm(d’ d7 d'] Let
D\, Dy, Q — H, be d\'.dy' ,d3 -inverse strongly monotone, respectively, with
d= mm(dl .d>' . d3'). Let A : H — H> be a bounded linear operator with adjoint A* and
n € (0, L) wuh L being the spectral radius of the operator A*A. Let f,g: H — H beay
and ag-contraction mapping with a = maxf{ay, ag}. Foreveryi = 1, 2 define M& cC->C
by M’ x) = Pc(I — {’D’)(a\’ + (1 —=a)Pc( — {'D')(aA + (1 =a)Pc(I - { D’ )x)),

Vx € C, where ' € (0, 2d*) and define M Q — QbyM (x) Po(I — ;"D')(ax -+
(1 —a)Po(l — C’D')(ax + (1 —a)Po(I - ;"D' )x)) Vi e Q where ¢’ € (0, 2d). Define
M:C—>C by M'(x*) = MC(x —nA*(I — )A.\‘)forallx eCandi =1,2. Let
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the sequence {x,} and {w,} generated by x|, w, € C and

Xp41 = 8uXn + nu Pc(I — y1B1)xn + pn Pc(otn f (wy) + (1 —Q{,,)Mlx,,)

(15)

Wp41 = Spwp + N Pc(l — )’.’.BZ)wn + n PC(ang(xn) +1- an)Mzwn)
where {(8,}. {nn}. {un} . {an} S [0, 1] with 8, + 9y + pn = 1 and y € (0.2a) with
y=min{yy, y»}. Assume the following condition holds;

(i) Fi =FWM)NVIC, B;) #Wforalli =1,2,
(ii) g2, an = 00 andlimp—c00n =0, )
(i) 0 <@ <6y, Mu ptn <0 foralln € N and for some 6.0 > 0,
(iv) Y02 18n+1 — Snb=B0, Do meqltinal — Mk 00, 300 | |atnt1 — atn| < 00.

Then {x, } converges strongly to x{ = Pr, f(x3), where yi = Pc(I —¢ 1 DZ')(aJt;= +(1-
1 1 1
a)z}) and 2} = Pc(I — {lD;)xl* with (x}. y{.z}) is an element of llll’;l' '33'33
1920753
converges strongly to x5 = Pr,g(x{), where y5 = Pc(l — {2D§)(ax5‘ + (I —a)z3) and
. > D3.D2.D?
gif= Pc(l — g 2D§)x’|“ with (x3. y3, 25) is an element of lpljfl, ,;g‘. 133;'

. and {w,}

Proof The proof of this theorem will be divided into five steps.
Step 1. We will show that {x, } is bounded.
First, we will prove that / — y B; is nonexpansive with y = min{y1, y2}, foralli = 1,2
we get
IE=yBx = + yBowl = Ix ~w = y(@Bix = Biw)|
= |lx = w)* = 2y(x — w. Bix = B;jw)
+ 2 Bix — Biw®
< Il = wiP= 20y || Bix = Bjw]?
+y21 Bix — Biw)
=/l = w)? ~'yQa — y)|Bix~ Biw|?
< flx'< wl %
Thus /'—y B; is anonexpansive mapping, foralli = 1, 2. Then P¢ (/—y B;) isanonexpansive
mapping.
Let x € Fypand w € F>, from the definition of x,, we have
lxn+1 — X|| = WonXn=nuPc(I — y1 BUXw+ pnPc (an f(wn) + (1 — Q'n)Mlxn)
— (On + N + )X
< énllxn — X|| + nullPc( — y1 B1)xn — X|| + pn|l Pc(an f (wp)
+ (1 —a)M'x,) — ¥|
< (1= )llxn = Xl + pallan (f (wn) = %) + (1 = @) (M x, — D)
S (A = p)dllxn = X\ + ppan | f (wa) — X + a1 — ap)llx, — X
< (I = p)llxny = X|| + ppanallw, — w|| + ppo || f (w) — ||
+ pn(1 — o) lxn — X||
= (1 = ppap)l|xn — X|| + pnotpallw, — w| + ppo || f (w) — x| (16)
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Similarly, we get
lwpr — @l = (1 = ppon)lwp — W + ppopallx, — x| + patnllg(x) — wll. (17)
Combining (16) and (17), we have
xXn4+1 — %I + "wn—H —w| < (1 = pyop) ["xn =X\l + lwn — i)"]
+ mpapa ["xn = X[l + llwa, — 11)"]
+ pnon [l (®) — || + || f (b) — &[]
= (I = ppan(l —a)) [“Xn — X[ + llwn — lI)”]
+ UnQp ["g(f) —w| + || f(@) — i—“] .

By induction, we can derive that

b <+, = < s = 51+ o =y, SO =T,

for every n € N. This implies that {x,} and {w),} are bounded.
Step 2. Claim that lim,— o | Xp41 — X | = limy o o0 Wy — wy || = 0.
First, we letU,, = Pe(ap f(w,)+(1 —(X,,)Ml.\‘,,) and V,; = Pc(a, g(x,)+(1 "'an)lelJ,,)~
Then, observe that
1Uy = Up—1ll =W Pc(etn f (wn) + (1 — an)Ml-\'n) = Pc(ay~1 f(wu—1)
+ (1 "an—l)Ml-\'n-])"
< au|l f(wn) = flwn-D)I +lan = an—tl|l f(wa-1)|f
+ L an)anxn A Ml»xn—-l ff
+ lan —an—i ”lMlxn-—l Il
< apallwy —wa=1 # lom = oy Il ozl + 1M - 1]
+ =) 1X, — yplall (18)
By the definition of x,, and (18) we obtain

lxn+1 =2l = [6axn + nn Pc (I — yiBi)xn+ tinUn — 8y—1Xn—1

= Nn=1Pe(l = y1Bi)xy—1— pn—1Up=1l

< Onllxn — xn—1ll + 180 = Sn—rlllxa—1 Il +=MallPc(I — y1B1)xn
= Pe(I — 1 B)xn—1ll +[1n— nu=1[iPc(I — y1B1)xn—1||
Finl|Un — Un—1l + |tn= tn=1{|Un—1]|

= (I = pln—xn=1l + 185 — Sp—11llxn—1ll
+ [0 — =1l Pc(I — y1 B)xp—1 ||
+ pnlan — 1| [l f @n—D)Il + |M " xn-1]]
+ pn (1 — a)l|xn = Xn—1ll + |0 — pn—1||Un—1]l
+ pnotnal|wy, — wy—1||. (19)

Using the same method as derived in (19), we have

lwpsr —wull < (1= )llwy — wy—1 || + 185 — Sn—1|llwp—1l
+ nn — Ma=1lll Pc( — Y2 B2)wy—i ||
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+ tnln — a1 [llgCeaD Il + | M*w, 1]
+ mn(1 — ap)llwp — w1 || + ltn — sa=11lVa-1ll
+ tptpallx, — xp—1ll- (20)

From (19) and (20), then we get

1041 = Xall + 1 wasr — wall < (A = ) [I1Xn = Xn1 | + 1wy — wy—y ]
+ 180 = Sn—1] [llxn—11l + llwn-1]
+ |mn = nu=1llll Pc(d — y1B1)xn-1||
F+ | Pc(l —y2B2)wy—1|]
+ lttn = et 1zl + | Va1 ]
+ pnotnd [Jwy, — w— i+ e — xn—1l]
+ ot = a1 |[Lf e M x|
+ [l gCen—) | + M2 wi=1 1]
+ i (1= ) [ [|1Xn = =1l [y — w1 1]
< (1 <08 — @) [I1Xn = xu1 | + | — wa_i ]
+ 180 = a1 [Ixn—tl +llwn11]
+{1n = 1| PeT = 1 By)xn—1f
+ || Pc(I —y2B2)wn-1]l]
+{tn ~ a1 | [0 2111 I Va2 1]
+ 6ot — o AL F@as) - 1M |
+ g DI + 1M w, 2 |

Applying Lemma 2 and the condition (ii), (iii) and (iv) we can conclude that
xn+1r —xall = 0 ‘and ||wps1 —wy| =0 as n — oo. 21

Step 3. Prove that lim,, o Ui — Peth =y B Uyl = limp s Un — MU, || = 0.
To show this, take U, = Pe¢iti,. VYn € N. Then we derive that
[Xns 1= 2= 180 (e — %) + 0 (P = y1B)xn = %) + ptn(Uy — 5)|1?
<Sullxn = %2400l P =B Xy — %I
— 8yl =P =1 B)x, |I* + o llitn — X2
< (= pn)llxn = X% = Sunallxn — Pe( — y1 B)xal)?
+ tallon (f (wa) — M'x,) + (M'x, — )|
< (1= wn)llxn — £ = 8unallxy — Pc(I — i By)xal?
+ ttn [IM 30 = F1% + 200 f (wn) — M xn, il — 5)]
< xu = EI* = 8unullxa — PcU — y1 By)xa|l?
+ 2pnotnll f (wn) — M x| iy — X1,
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which implies that
Sutinllxn — Pe(I = yi B)xu|1* < llxn — X1 = I Xn41 — 17
+ 2pnan | f (wn) — Ml-l'n [Nn — X))
< 1xn = X1l [”xn —X|| + |xp+1 — ,\7||]
+ 2t || f (wn) — M x| [t — F.
Then, we have
lxy — Pc( — y1 By)xu|l = 0 asn — oc. (22)
Observe that
Xn+1 — Xn = Na(Pc(l + Y1 B1)Xn — XpYat g (U — Xy).
From (21) and (22), we obtain
Wn —xnlt—>0 as n — oo. (23)
Observe that

|Un— Pc(I — i BOUnll < 1Unp — xn |l + Wfxn = Pc — yrBi)xal
+ W Pe(I = yiB)xn — Pc(l =1 B)Unl|l
= MWUn = xnll-+ Nxn = Pe(l = y1Bi)xnll 4 X0 — Unl||
= 2||Uy — X [l + llxn — Pe (I = y1 B)xa s

by (22) and (23), we obtain
|Up= Pell = yi Bp)U,|l = 0 as n —00. (24)
Applying the same argument as (24), we also obtain
| Vo= Pe(I'—y2B2)Vyll =0 as n— oc.
Consider
st = Unll = Hxns 1= xall +Axn — Unll-
From (21) and (23), we have
lxn+1 — Unll = Ocas.n —.cc. (25)
Since
I = M %0l < X0 = Xn 1| + Wnt1 = Unll + |1 Up = M5
< n = Xagtl + Wn1 = Unll + it — My |
= X0 = Xn41ll + [ Xn41 — Unll
+ llan f () + (1 = @) M x, — M' x|
= llxn = Xn1ll + Xns1 = Unll + @l f wn) = M x|
From (21), (25) and condition (ii), we get

[|x, — M'x, | = 0 as n — oc. (26)
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Consider
IUn = M ULl < 1Un = Xall + 1X0 — M x| + |M ' x,, — M'U, |
< Un = xall + X0 — M'xal| + Il X0 — Ul
< 2||Un — xall + lIXn — M xa]l.
From (23) and (26), we have
U, — M'U,|| = 0 as n —> oc. 27)
Applying the same method as (26), we also have
1V, — M2V,,|| —0 as n— oo.

Step 4./Claim that lim sup,,_, . { f(x3) = x{". U, — x{) < 0, where x{ = Pz, f(x3).
First, take a subsequence {U,,, } of {U,} such that

lim sup( £(x3) = X7, Uy —7) = lim (£(x3) = ¥, Uy, — 7). 28)

n—0oo

Since {x,} is bounded. there exist a subsequence {x,,} of {x,} such that x,,—~% € C as
k — oo. From (23), we obtain U,,, =% as k — oo:

Next, we need to show that £ € Fy = F(M") NV I(C. B;). Assume £ 3 F(M"). Then,
we have £ # M1%. By the Opial’s condition, we obtain

liminf |U,, = 2| < liminf |U,, ~ M'%|
k—=0oc k=00
< liminf Uy, ~ M U, || #+ liminf | MU, — M'3|
k—o00 k—00

S liminf "U"k o i‘”.
k—oc

This is a contradiction.
Therefore

e F(MY. (29)

Assume X ¢ V.I(C, By), then we get X # Pc(I — yyBp)x.
From the Opial’s condition and (24), we have

lim'inf || Uy, — £|| < liminf U, — Pc( —1B)Z
k— o0 k—00
= h/\n_l.lg%f " Unk ) = PC(I F7Y1 Bl)Unk ”
+lik'1‘.i£f [| Pc(d= y1B1)Upn, — Pc(I — y1 B1)X||
< liminf |U,, — X||.
k—o0

This is a contradiction.
Therefore

xeVI(C, By). (30)
By (29) and (30), this yields that
teF=FMYNVIC, By). (31)
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Since U,,—% as k — oo, from (31) and Lemma 1, we can derive that

li,ﬁgp(f(xé‘) —xi,Un = x7) = kﬁﬂ;(f(xi) = x{, Uy, — x7)

= (f(x2) —x{, % — x7)

<0. (32)
Following the same method as (32), we obtain that
limsup(g(x}) — x5, V, — x3) < 0. (33)
n— o0

Step 5. Finally, Prove that the sequences {x,} and {w,} converge strongly to x| =
Pr, f(x3) and x3 = Pr, g(x]), respectively.
By firmly-nonexpansiveness of P¢, we derive that
NUn =71 = IHPcitn = X}
= (ﬁn T Xik, N AT)
= (oty (f (W) — ,\T) Iy a’n)(Mlxn 4% -’(T)‘ Un = ‘T)
=g (f Wa) = K} o U =k} + Q=) (M%7 — x] Wh — x7)
= (f(wn) — f(-";)‘ Un — \':) +¢1n(f(-\'5) = -\'I‘~ Un = xr)
AL ) [M 5y = U =7
< ana |l wp = X3 U — X7 |4 o ( £G3) = X7 U —x7)
4+ (L= ay) ||l o~ XT" Uy — x?”

< “’T" (= A WU xRS el £ D) = XU = x7)
+ 532 =1 U AP

= %uw,, =32 + “;—an)|l-"n =xp?
w22 ) 1y 4

Fon(fO3)=x]Up—x7),

which hence yields

apa 2 (l —all) 2
U %12 < e, T X _'.* “
|Un Xy Il < | Tl —(l)"w” /\2" + 1, (1 _a)"\n ‘]”
o
() — x], U, — x}). (34)

1 +a,(l —a)

From the definition of x,, and (34), we get

41 = X} 112 < 8nllxn — XTI + mall P = yi B)xn — X1 + mallUn — x5 112

2] e _.;2+ HpOpd )2
< )l x, “||| 1 +a,(l _a)"wn x2||
HnOn * * *
4+ — X -—X .U —X
l+a,,(l—-a)<f( 2) | n 1)
Mn (1 —otp) *y2
+ %y —x
l+an(l-a)" " Ill
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Mnon(2 —a) poL, HnQpa *1i2
=(]1— —M— Cp — h —_— <
( l+a,,(l—a))|h" x[” == l+a,,(l—a)"w" x2”
o
F e = o 6D — o Ua =D, (35)
n
Similarly, as derived above,we also have
¥ 2 < | — u,,oz,,(z-a)) k2 Hnpa L w2
[[wp 41 x2|| = ( 1 +a,(1—a) [l 12" + +a,(l _a)"ln Xy [
U,
+ m(é’(-\'r) = "?,_k Va —x:,"_‘). (36)
n
From (35) and (36), we deduce that
Ixns1 =12 Twasr — 23117
,u,,a,,(2—a) *12 *2
Al e dsu) (e = X1 +Awa — x31%)
n
Hantnd +2 2
m (10 =717 4 Nww = x31%)
n
o
+ l+;"(l"_ oy WG —x el =200+ (8(x) =23, Vo =a7))
n
Hnn (2 —a) Hnlpa ) 2 2
. 1 A %k + _',* P4
( AT Y R iy VA (” n 4\1" [lw, — x5l )
o,
F e = (O = U =D e 1. Va = )
’l
2oy (1
= (1 S (B _a)>{n X = xR+ = x5 1)
n
o
e oo (6D =5 U al) +Ag D = 33, Va = 55))
Il

Applying the condition (ii), (32), (33), and Lemma 2, we can conclude that the sequences
{x,} and {w,} converge strongly to x|" = P, f(x7) and xJ = Pr, g(x]), respectively. From

¥ D}.D}. D} .
Lemma 5, we have (x}, ¥].z}) is an element of W - =" ~3 “and (x5, y3, z3) is an element
: D!.p}.D} 3
D ,D¥'D3 .
of ¥ -1'"2"3 This completes the proof. u]
D}.D2.D?

As direct consequences of Theorem 4, we can obtain the following corollary.

Corollary 1 Let Hy and H> be real Hilbert spaces and let C, Q be nonempty closed convex
subset of a real Hilbert space Hy and H», respectively. For everyi = 1,2, let T; :C—>C
be a k;-strictly pseudo-contractive mapping with Fix(T;) # ¥, and let D}, D}, D : C —
H| be d’ d‘ a" -inverse strongly monotone, respectively, with d* = mm{d’ d, d’} Let
D D‘) Q ¥ H> be d[ dw
d= mm{d1 , dg .d3'}. Let A : H — H» be a bounded linear operator with adjoint A* and
n € (0, %) with L being the spectral radius of the operator A*A. Let f.g: H — H beay
and ag-contraction mapping witha = max{ay, az}. For everyi = 1,2 define M. : C — C
by M. (x) = Pc(I — ¢'D})(ax + (1 — a)Pc(I — ¢' D5)(ax + (t —a)Be(I'— ¢ 'D)x)),

Vx € C, where ' € (0, 2d*) and define MQ Q0 —>Q0byM (x) Po(I - ;"D')(ax +

(1 —a)Po(I — £iDi)(ak + (1 — a)Po(I — £ D)R)), V& € Q. where 7' € (0,2d) Define

,d3' -inverse strongly monotone, respectively, with
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M :C — Cby M'(x*) = Mi-(x* — nA*(I — M) Ax*) for all x* € C, and i = 1,2. Let
the sequence {x,} and (w,} generated by x;, w; € C and

Xng1 =Xy + Ny Pc(I — yi(I — T1)) Xy + pn Pe (ot f(wy) + (1 — (X,,)Mlx,,)
Wpy| = Spwy + nu Pc(I = y2(I — T2))wy + pn Pe(ay8(xy) + (1 — an)Mzwn)
(37)
where {8,}, {na} ., {n) Aan} € [0,1] with 8y + ny + n = 1, y € (0,2a) with
a=min{ l;z'q l_"’ =} and y-mm{yl v2}. Assume the following condition holds;

() Fi = FIM)YNF(T;) # @ foralli = 1,2,
(ii) Yoo an = o0 and lim,_, 00 ap =0,
(i) 0 < 6 < &y, Nuypty = 0 foralin €N and for some 6,60 > 0,
(iv) Z,, 1 [8n1 =6 < o0, Z,, 1 [Mnt1 — Nl <00, Z —1 letn 41 — ap| < 00.

Then{xu) converges strongly to x| = Pr, f (x7), where y{ = Pc(I —¢ A D,)(a.\' +(1—
l l l

a)zy) and zi = Pc(I = {‘D;)xr with (x{, y{.z}) is an element of W . and {wy}

) I)‘
converges strongly to x5 = Pr,g(xy), where y5 = Pc(l — { D»)(tuz + (l —a)z5) and
D2,D3,D?
= Pe(T — CZD%)AI with (x3,y3,25) is.an element of W "33
: D}, D3, D?
Proof From Theorem 4 and Lemma 6, we have the desired conclusion. 8]

4 Application

In this section, applying our main result Theorem 4, we prove strong convergence theorems
for approximating the solution of the split variational inequality and the split minimization
problem.

4.1 The split variational inequality

In 2012, Censor et al. introduced SVIP, which isto find X € C such that
(ifhx —X)=0, VxeC;

and find ¥ = DX € Q such that
{2y, %+ ) 2 0w Vy €0y

where f) : C — Hjand f> : Q — Hy are nonlinear mappings and D : Hy — Hj is a
bounded linear operator. The set of all solution of the SVIP is denoted by

@ ={feVIC, fi):$ e VIQ. f)). (38)

The SVIP is reduced to the SFP if f; = f, = 0.
Before we prove the theorems, we need the following lemmas.

Lemma 7 In a strictly convex Banach space E, if
lxll = liyll = llax + (1 = Dyl
forallx,y € E and ) € (0, 1), then x = y.
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Lemma8 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
Dy,Dy, Dy : C — H; be dy,d>,ds-inverse strongly monotone respectively, where
¢ € (0,2d%) with d* =min{dy.d>, d3}. Let D\, Dy, D3 : Q — H, be d.d>, dz-inverse
strongly monotone respectively, where £ € (0, 2d) with d =min{d,, d>, d3}. Defined the
mapping Mc, Mg as in Lemma 5. Let A : Hy — H> be a bounded linear operator with
adjoint A* and n € (0, %) with L being the spectral radius of the operator A*A. Let

,-3=l ®; #Wand ®; = (w e VI(C, Dj)|Aw € VI(Q. D;)}, foralli = 1,2, 3. Then

3
(@i = F(Mc(I —nA*(I — Mg)A)).
i=l1
Proof First, we will prove that for every i = 1,2,3if 7; : C — C is a nonexpansive
mapping, ﬂ?zl F(T;) # ¥ and define the mapping J : C — C by
Jx) = Ti(ax + (I —a)Th(ax + (1 — a)13x))
Then ()_, F(T;) = F(J).
It easy to see that ﬂ?=l E(T))y S KE(J).
Next, we claim that F(J) < ﬂ?=, F(T;). To show this, let x € F(J) and x* €
Nioi F(T):
By the definition of J, we get
lx=x* = 1Ti(ax +.(0 —a)Blax+ (1 =a)T3x)) = x*||
< fla(x = x*) 4+ (1 —a)[Tr(ax + (1 —a)T3x) — x*]||
<alx - x*[[+ U =a)|ax+ (1 —a)T3x — x¥||
= allx = x* (I =a)llatx —=x*)+ (1 = a)(Tzx = x")||
<ally = x* +al = a)llx —x* |+ (1 —a)?|| Tsx = ||
= Qa=aDx=x+ (1 — e’ T3x —x*|
< Qa=a®)|x=x*| +d - a)’lx —x*]
=Jx =tk
which' implies that |lx — x*|| = [|T3x —x™|| = |la(x —x*) + (1 = @)(T3x — x¥)||. From
Lemma 7, we have T3x = x, thatisx € F(73).
By the definition of J and x € F(73), we have
e=x"|| = | Ti(ax + (1 —a)a@x+ (L= a)x)) — x|
< flax + (1 = a)rx —x*|
= laG=x*YF (L=a)(Tox — x*)|
<alx —=x*|| + (1 = a)||T2x — x*||
<alx—x*|+{=a)|x —x*|
= [lx = x*||,
which implies that | x —x*|| = || T2x —x*|| = al|lx —x*|| 4+ (1 —a)||T>x —x*||. From Lemma
7, we have Thx = x, thatis x € F(T?).
By the definition of J, x € F(73) and x € F(T>), we have
x=T(ax + (1 —a)Tr(ax + (1 —a)Tzx))
=T\x
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which implies that 71x = x, that is x € F(7). Therefore

3
x e F(T).

i=l

Then, we have

3
F() S () FT).

i=1

Hence

3
F(J) = | F@). (39)
j=1
Next, we claim that ﬂ,‘;l ;. C F(Mc(I —nA*(I — Mp)A)). To show this, let x €
;=1 @i then x € ®; foralli = 1,2,3. Thus x € VI(C, Di) and Ax € VI(Q, D), for
alli = 1,2,3ands0x € F(Po(I —¢D;)) and Ax € F(Po(I — I D)), foralli = 1,2, 3.
Then, we have x € (V| F(Pc(l — ¢ D)) and Ax € ()i F(Po(I = ED))).
Utilizing the same method as (39), we have

x e F(Mc),

thatis x = Mcx = Pe(l —¢Dy)(ax + (L —a)Pc(I — ¢ Dy)(ax + (1 —a)Pe (I — ¢ D3)x)),
where .y = Pe(l = ¢ Dy)(ax + (1 —a)z), 2 = Pc(I —¢D3)x and

X € F(My),
that is AX = Mg Ax= Py (I =T D) (aAx + (1 =a)Pp(I = EDa)(aAx + (1 —a) Po(I —
¢D3)Ax)), where § = Pp(l—¢Dy)ax+(1—a)3), 2 = Po(l —={D3)X, X = Ax, j = Ay

and z =Az.
From Lemma 3, we have (x, ¥, 2) € ¥, ., ps and (X, §, 2) € ¥p5, p, p,- Thus

- il Dy.D2, D3
x.om2) § '1’15“132'153 :

From Lemma 5, we have
x =Mc(l—nA*— Mg)A)x

where y = Pc(l —¢Dsr)(ax+ (1 —a)z), z=Pe(L ~&D3)xix = Ax,y = Ayand 7 = Az.
Thus

x.€ FIMc(I —nA*(1'— Mp)A)).

Then, we have
3
(@i S F(Mc(I = nA*(I — Mg)A))
i=1
Next, we claim that F(Mc(I — nA*(I — Mg)A)) C ﬂ;;l @;. To show this, let x €
F(Mc(I —nA*(I — Mg)A)), thenx = Mc(I —nA*(I — Mg)A)x.
From Lemma 5, we have

Dy.Dy.D3

(x,y,2) € wlin.liz.lis'
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y=Pc(I —=¢Dy)ax+ (1 —a)z), z= Pc(I —¢D3)xand y = Ay = Po(I — ¢ D3)(ax +
(1 —-a)z),z =Az = Pg(I —¢D3)x, x = Ax.Then (x, y, z) € ¥p, p, p; and (X, y,2) €
"2

Dy.D>.D3*
From Lemma 3, we have
x € F(Mc),
and
X e F(Mp),

thatisx = M¢ex = P (I — CDI)(a\-}-(l—a)PC(I {Do)(a\+(l—a)PC(1 CD;)J\)) and
Ax = MgAx = Po(I = CDI)(aA)L+(l a)Po(I— ;Dv)(aA\+(l—a)PQ(I CDz)A\))
Utilizing the same method as (39), we have x € ﬂ,___l F(Pc(I — ¢)D;) and Ax €
N1 F(Po %) D). N\
Thenx € F(Pc(I —¢)D;) and Ax € F(Po(I —¢)D;), foralli = 1,2,3. and so
x € VI(C, D) and Ax € VI(Q, D)), foralli =1,2,3 Thatis x & ﬂ;-;] ®;, thenx € &;,
foralli = 1,2,3.
Thus
3
P(Mc(I— nA*(I = Mo)A)) < [ @i
ES

Hence
3
ﬂ @ = F(Mc(1 —nA*(I = Mg)A)).
g =

(m]

Theorem 5 Let Hy and Hp be real Hilbert spaces and let C, Q be nonempty closed convex
subset of a real Hilbert space Hi and Ha, respectively. Foreveryi = 1,2, let B; : C — H
be_ a;-{'izve(se strongly monott_)ne‘ma_pping with = min{a, az}). Foreveryi = 1, 2._1et
D}, D5, Dy : C — Hy be di, d5, d-inverse strongly monotone respectively, where {' €
(0.2d%) with d* = min{d}, di,di} and-let Di'.D>". D3 : Q = Hs be di'.d>', d -
inverse strongly monotone respectively, where ¢'-€ (0, 2d) with d =min{d_|i. aTgi. J3i }. Let
A : Hy = H; be a bounded linear operator with adjoint A* and n € (0, %) with L being
the spectral vadius of the operator A*A. let f,g + H — H be ay and ag-contraction
mapping with a = max{ays.ag}. Forevery i = 1,2 define M- : C — C by M.(x) =
Pc(I — ¢'D})(ax + (1 =a) Pc(I'=¢ D5 (ax + (I—a)Pc(l - ¢ DY)x)). Vx € C, and
define M :Q — Q by M (\) = Po(l — (’D')(ax + (1 —a)Po — ;’D,)(a,\ +
(1 —a)PQ(I - {'D’),\)) Vx € Q. Foreveryi = 1,2 define M' : C — C by M'(x*) =
MC (x*—nA*( — M’))Ax*)jr)r all x* € C. Let the sequence {x,} and {w,} generated by
xy,w; € C and

Xntl = Oy + nnPC(l — Y1 B)x, + ﬂnPC(anf(wn) HFiGl= a,,)M‘x,,)

(40)
Wn+1 = Spwp + naPc(l — Y232)wn + n Pe(ang(xn) + (1 — d,,)Mzw,,)

where (8,}, (na}, {n}, {an} S [0, 1] with 8, + np + pn = 1 and y € (0, 2a) with
y=min{yi. y2}. Assume the following condition holds;
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@) Fi = (j=1 @i NVIC, B) # B foralli =1,2and di=(z € VI(C.D}) : Az €
VI(C, D")}
(ii) Z"__l ap = o0 and limy— o0 oty = 0,
(1) 0 <6 < &y, My, n < 0 forall n € N and for some 0,60 > 0,

(iv) Z,,=| [8n+1 — 8| < 00, Z,,=| [Mn+1 = nnl < 00, Z,,:l |41 — an| < o0.

Then {x,} converges strongly to x| = P, f(x3), where y{ = Pc(I —¢ D%)(ax’,* +(1—

. 1)' D}.D}
a)z}) and z} = Pc(I — & D_,l‘ )x{ with (x{, yy, z)) is an element of !I/ o 5 B and {w,,}
converges strongly to x5 = Pr,g(x]), where y5 = Pc(l — { D~,)(a!.2 + (l —a)z;) and
2}.D3.D3
2} = Pc(I — 2 D3)x} with (x5, y3,23) is an element of W - l' S
Proof By using Theorem 4 and Lemma 8 , we obtain the conclusion. O

4.2 The split minimization problem

Let C be aclosed convex subset of H. The standard constrained convex optimization problem
is to find x* € C such that

J*) = minJ(x), (41)
x€C

where 3 : C — IR is a convex, Frlechet differentiable function. The set of all solution of
(41)is denotcd by @5

Lemma 9 [35](Optimality condition) A necessary condition of Optimality for a point x* € C
1o be a solution of the minimization problem (41) is that x* solves the variational inequality

(V3G*), x =x*) > 0, (42)
forall x € C. Equivalently, x* € C solves the fixed point equation
x* = Pe(l = VI)x™,

for every ¢ > 0. If, in addition, I is convex, then the optimality condition (42) is also
sufficient.

By using the concept of the split of modified variational inequalities problem (SMVIP),
we consider the problem for finding (x*; y*, %) € C x C x C such that

(xS =Y ) (ax™ + (1 @)y )= x*) 20, Vx€eC,
(y* — (I — TV enlnie@=q)z*), x — y*) 20, Vx€C, @3)
(2* =T —EVX)x*, x—2*) =0, VxeC,

and find (x* = Ax*, y* = Ay*, z* = Az*) € Q x Q x Q such that

(oc* — (I = VI (ax* + (1 —a)y*), X —x*) >0, VieQ,
(* = (I =LV (ax* + (1 —a)z*), % — y*) >0, Vie Q, (44)
(T — (I —TVI3)x*, 5 —2*) >0, VieO,

32,33:C > R with V31, V32, V33 are the gradient of 3y, 33, 33, respectively
and 3, 3 J3 ¢ Q — R with V3, V3,, V33 are the gradient of 31, 32, 93, respectively,
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¢, ¢ > 0anda € [0, 1]. The set of all solution of (43) and (44) are denoted by Wy3,,v3,.v3;
and Yy 5 vy, vy, respectively. The set of all solution of the split of modified variational

inequalities (SMVIP) is denoted by ¥ “"V“"v“‘ that is

V31.V32.V33 _ Kk % 0 e Tl ~ ~ ~
WV?«‘,.V?\'Z.V:\'; ={(x%y",2") € Y3, v,V : (X%, y*, 2*) € wva,_v32'v33}

Before we prove the theorems, we need the following lemma.

Lemma 10 Let C. Q be nanwnply closed convex subsets of H\, Ha, respectively. For every

i = 1,2 let “('I 3', \' : C — R be a real-valued convex function with the gradient

V3. VR’,. V“ﬁ’ be LL Iff-irr\'er.ve strongly monotone and continuous respectively,
3!

\
where ¢! € (0, —) w:th -l— — min{LL. LL' L—'-}. Let ﬁ'i. &, 5("; : Q — R be a real-
31 ~ ) - o

v
1 it

.

valued convex function with the gradient VR’; y Vl\é. V3

~.

be 7, ,L__-inverxe strongly

3 =
; L.\,l L- 3Ty
. J =1 2 .
monotone and continuous respectively, where ¢' € (0, L;) with -—;- mm{LL L' L' }.

o |
Let A : Hy — H> be a bounded linear operator with adjoint A* and n € (0, L) uuh

L being the spectral radius of the operator A*A. Define M¢ : C — C by Mc(x) =
Pe(I —¢VI(ax + (I —a)Pe(l — §V32)_(a.\‘_+ (1 —a)yPc( — CV‘33)_.\'))._V.\' e C,and
defineMg : Q - QbyMg (%) = Po(I —¢Vd)(ax + (1 —a)Po(l — tVI2)(ax + (1 —

TN & A AATR AT
a)Po(I = ¢VI3)X)), Vx € Q. Assume tIIV: "v‘\z'v‘; =", 2%) € Wys . va,. v ¢

I, yeenle Vo5, vss.va, L # 4. The following statements are equivalent

™ ===~ 2 vy

(i) x* = Me(x* = nA* (I = Mg)Ax™),
where y* = Pe(l.=¢V3)ax* + (1w a)z*) 2% = Pc(l — rV33)xt, X* = Ax* =
Eo {V‘\l)(ar* + (L =a)y), 3 = Ay* = Po(l —¢ V) (ax* + (1 = a)z*) and
Z* = A2 = Py (=L V)™,
Proof By using Lemma 5, we have the desired conclusion. =}

Example2 Let R be the set of real numbers, Hy = H: = R2, C = [-50,50] x
[=50,50] and Q = [—100, 100} x [—-10() IO()] For every-i = /1,2,3, let 3

€. R be defined by 3 (xriwg) = (L ) ) (i uod

Nt = G YN (L) = (R, V() =
(M2, 22, Vv, x) = (352, 2-2) for all (x{.x) € Cand let §; : 0 — R

be defined by S (¥psx2) = (h"—“‘. *"8‘) %, ()t (‘4‘—“‘. ""“) Fo(x1, x2) =

i ",4 ), with P8y, 52) = (22 v, ) = (M2 22 v,
(Al..lg) = (22, 24 for all (x;,x) € Q. Let A : Hi — Hy be dehned by
A(xy, x2) = (2x|.2x2). for all (x;,x2) € H; and let A* : H, — H, be defined
by A*(x1,X2) = (2x1,2x2). For every (x1,x2) € H>. Define M¢c : [—50,50] x
[—50,50] — [-50,50] x [—50,50] by Mc(x1.,x2) = Pc(I — $V31)((x1,x2) +
YPe(I = §V2)(3(x1.x2) + 3 Pe(I — §VI3)(x1, x2))). Y(x1,x2) € C, and define Mg :
[—100, 100] x [—100, 100] =+ [—100. 100] x [—100, 100] by Mg(¥1,%2) = Po(I —
VSN (. 2+ 3 PoI = 1V (3 (47, A‘2>+%PQ(1—lvi3>(f|.fz>>.vm.fz>eQ.

Then, we have (x*, y ,f) ey ~" V32.Y33  where x* s = (2,2) € [-50, 50] x

31.V32.V3;3

[—50, 50]. By Lemma 10, we have (2, 2) =Mc((2,2) — 3 A (l — Mp)A(2,2)).
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Lemma 11 Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i = 1,2let 37.35.3; : C — R be a real-valued convex function with the gradient
VS’i, vy, V?(g be LL LL ﬁ-inverse slrongly monotone and continuous respectively,
-, ' 1 U
-
where ¢' € (0, A with A~ = minlsl, 3=, 71, Let "(’ “(' ‘(’ : Q — R be a real-
Ly Ly L},l L\ \

valued convex function with the gradient V3 V?(g, V?(g be L; Ll L—l-—-mverse strongly
\

i
‘2

W
0 A

monotone and continuous respectively, where ' € (0, —-) nnh L = mm{ I LL LL}

Let A : Hi — H> be a bounded linear operator with adjoint A* and n € (0, L) with L bemg
the spectral radius of the operator A* A. Defined the mapping M¢, Mg as in Lemma 10. Let

ﬂ?:] Dy, # W and Pyp= (I (x) = mingsec Jjx™) Si(Ax) = ming e Ji(Ax™*)), for
alli = 1,2,3. then

3
ﬂ @y, = F(Mc(I —nA*(I — Mg)A)).

i=l

Proof We claim that ﬂf‘:, &y, C F(Mce(d = nA™(L — Mg)A)). To show this, let x €
ﬂ, | Py, then x € @y, forall i = 1,2, 3. Ttimplies that J;(x) = ming«ec J;(x*) and
Ji(Ax) = mingyeco “(,(A\*) foralli =1,2 3. By Lemma 9, we have x € F(Pc(I —
(Vi) and Ax € F(Po(l —EV3;)). foralli =1.2,3.
Then, we have x € () F(Pe(l = ¢ V) and Ax € ()32, F(Po(I = LVS))).
Utilizing the same method as (39), we have

xeFWMc),
that is
x =Mcx = Pc(I —¢V3))(ax + (1l —a)y),
where y = Pc(lI — ¢ V) (ax + (1 —a)z), z= Pc(l —¢VI3)x and
Ax € F(Mp),
that is
Ax = MgAx = Po(I — tVIPlai + (' —a)y),

where § = Py (I={V3;)(a% +(1 —a)?), 7 = Po(I —=¢V33)% with ¥ = Ax, y = Ay and
Z = Az. From Lemma 3;.we have (x.'y, 2) € W5, va, va; and (X, y,2) € Yy5, vs,.vi;-

. 31,V3,,V3
Thus (x, y,z) € lllv\ Vi, V\‘
From Lemma 10, we have x = Mc(I —nA*(I — Mg)A)x.

Thus
x € F(Mc(I —nA*(I — Mp)A)).

Then, we have

3
() ®s S F(Mc(I —nA*(I — Mg)A)).
i=]
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Next, we claim that F(M¢c(I — nA*(1 — Mg)A)) € ﬂ?zl ®5,. To show this, let x €
F(Mc(I —nA*(1 — Mg)A)), then

X =Mc(I —nA*(I — Mg)A)x.
From Lemma 10, we have

V31,V332,V33
Py (V7 S 2
x,y.2) € V31,V2, V333’

where y = Pe(I —¢VX)(ax+ (1 —a)z), 2 = Pc(I —¢VI3)x, § = Po(I =L VIs)(ax +
(1 —a)i),Z = Po(I —¢V3I3)X with¥ = Ax, y = Ay and 7 = Az.

Then (x, y, 2) € Yy3,, vasvayand (X,9:3) € wVi;.Vf«g.V:‘x;'

From Lemma 3, we have

x € F(Mc),
and
Ax € F(My),
That is
X = Mex-= Pe(l —¢ V) (ax + (1 = a)y).
where y = Pe(l = ¢ VX)) (ax+ (I —a)z),z = Pc(l —¢VI3)x-and
Ax'= MpAx = Po(I - IV (ax + (1 = a)3),

where § = Po(I = L VX)) (@i + (1~ a)2), T = Pol = (V)T with ¥ = Ax, j = Ay
and z ='Az.
Utilizing the same method as (39), we have

3
x € [ F (Pl — 5 Y3p)

and

3
Ax € [\ F(Poth=; V).

i=1

Then x € F(Pe(I =¢;VS;)) and Ax € F(Pp(l — ;i V) foralli =1,2,3.

By Lemma 9, we haye Ji(x) = miny+ec Ji(x*) and Si(Ax) = minAyscQ 3i(Ax*), for
allii = 1,2, 3:

That is x € @5;, foralli =1, 2, 3.

It follows that

3
X € n ¢3i .
i=1
Thus

3
F(Mc(I =nA*(I = Mg)A)) € () @s,.-
i=1
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Hence
3
(@5 = F(Mc( = nA*(I = Mg)A)).
i=l
u}

Theorem 6 Let Hy and Hy be real Hilbert spaces and let C, Q be nonempty closed con-
vex subset of a real Hilbert space H\, and H,, respectively. For every i = 1,2, let

: C — H be aj-inverse strongly monotone mapping with a= minf{ey, a2}. For every
i = 1,2 let Y'l, 3'2 “<' : C — R be a real-valued convex function with the gradient

VY. VYL VS, be 7, g
5l 5 N
P o
where ¢ € (0, ﬁ) with F = min {ll l —} Let X 3'-,. J5: Q@ — R be a real-
& : %, 3 o
valued convex function with the gradient V\ I V'3',. V\\z be L X ' LL-mverse strongly
= - \l N
- 2 ‘
monotone and continuous respectively, where ' € (0, L) with - = min{+— Te IL LL}

LL' 7 ——-inverse strongl\ monotone and continuous IL’Y[)(’CIH’EI\’

]
(N5

Let A : Hy — H> be a bounded linear operator with ati/mnt A* and n e ©, ; Ly mth
L being the spectral radius of the operator A*A. let f,g : H - H bcf af and ag-
contraction mapping with a = max{ay.ag}. For every i = 1,2 define M :C > C
by M{.(x) = Pe(l = £*V3) (ax + (1 = a) Pc (1 = £ V) (ax +(1—a)Pc(l < glv\\x)n)
Vx € C. and define M' Q0 — 0 by M: (x) = Rold= {'VS’)(ar + (1l —a)Pp(l —

{‘V?’)(ar + (1 ——a)PQ(I - ;'VSQ)\)) V\ € Q,Vx € 0: For every i = 1,2 define
(C > Chy M (x*) = M’ @ =nA* (<M 0)AX™) for all x* € C. Let the sequence
{,\n} and {w,)} generated by x1, w) € C and

Xnil =0nxp +.0p Pe= 1 BY) X1y Pg (o f (05).+ (1= Ol,,)M].\‘,,)

45)
Wyg1 = 8wy + My Pe (1= y2 Bo)wy 1+ it Pe (0t g () + (1 — a,,)Mzw,,)

where {511}-{']n}~{un}~{an} C [0, 1] with 8, + nn + 0 = 1, 4 = (0, 2a) and
y=min{y1, y2}. Assume the following condition holds;
15 = M L NVIC, B) # B foralli = 1.2 and Fof = (3;(x) =
mingrec I, (x%) ;‘\_ (Ax) = minpyreo J;(Ax*)}
[N, oy = 00 and hm,,_.oo dp =4
(iii) 0 =0 <8y np, ity < 0 foralln € N and for some 0.6 >0,
(iv) Z,,=1 [8n+1 = du| < 00, Z,,=| [Mn41.= Ml < 00 Z,,___] [on4+1 — ay| < 00.
Then {x,} converges strongly 1o x| = Pr, f(x3),where y{ = Pc(I — { V?\,)((u +
RRTAY \, V3
"Iv" va ‘
{w, } converges strongly to x5 = Pr,g(x[), where y5 = Pc(l — ( Voz)(a.\2 + (l - a):z)
¥.va2,va3

and z{ = Pc(l — ¢~° V?(;)\l with (x5, y3, z3) is an element ofd/v\ =% V\,‘.
2 33

(1 —a):f) and:f = P(f(l-{'V?(_!‘)xl with (x{. \, \l)lcan element of W .and

Proof By using Theorem 4 and Lemma 11 , we obtain the conclusion. o

5 A numerical example

In this section, we give an example to support our main theorem.
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Example 3 Let R be the set of real numbers, H, = H, = R2, C = [—50, 50] x [—=50, 50].
Q = [-100, 100] x [—100, 100]. For every i = 1,2 and j = 1,2, 3, let D’ C —» H
be defined by Dj(x;, x2) = (-L— 0), Di(xy,x2) = (_1;2 0), Di(x1, x2) = (n:l 0).
for all x € C. For every i = 1, 2andj = 1;2::8; let D‘ : QO — H; be defined by
Di(x1,x) = (32,0, Di(x1, x2) = (32,0), Di(xy, xz) = (%4,0), forall x € Q.
Let A:H — Hz be defined by A(xy, xz) = (2x1, 2x3) for all (xg, xz) € H) and adjoint
A* of A defined by A‘f(i‘l..f'g) = (2x1,2x,) for all'(.\"|..fg) € Hy. Foreveryi = 1,2
and j = 1,2,3, let M. : C - C bcdeﬁned by Me(x) = Pc(l — —(—"—’ 0))(0.5x +
0.5Pc(I — (32, 00)(0.5x + 0.5Pc(I — 1(X2,0))x)), for all x € C and My: Q-
Q be defined by Mi (¥) ==Po(I= };('3‘3,7—.0))(0.5.\ + 0.5Pp(1 — 5(—*5,4—.0))(0.5.\ +
0.5Pp(I — —(—1—"—4 O))i')). forall £ € Q. Forevery i =1,2.let M' : C — C be defined
by Mi(x*) = M’ (x* — ;—A*(l - Mb)A.t*) forallx € C.Let 7\, 7> : C — C be defined
by Tix = {max(b—"zﬂ, 0), max(é%"l, 0)), Trx = {max (0,4 —x;),max (0,4 —x2)}, and let

. C = R? be defined by B,(\) = x =Tix, foreveryx = (x1,x2) € C. Let f,g : R? -
IR2 be defined by f(x) = (5, %) and g(x) = (%, %). forall x =(x), x2) € C. Let the
sequence {x, } and {w,} generated by x;, w; € C and

" A-”"'v 1 dn=1 .
Xntl = 5,,+2 Xp + ‘57,‘_‘;‘5'[,(’(1 i Bl)"n ‘R 5,,+o PC(I,; Fwy) + 'A’;,, Ml-xn)
2n+% 2n+

Wpt )= 37;—‘“’"+ WPC(I TB”)wn+ Sl PC(Z‘X(-‘I:)+ 4’:;;1M2wn)
(46)
By the definition of 7;. B;, f. g. D’j M' foreveryi = 1,2, j = 1,2, 3 we have (2.2) €
F(M") N VI(C, B;). From Theorem 4, we can conclude that the sequences {x,} and {w,)
converge strongly to (2, 2).
The following Table 1 and Fig. 1 show the numerical results of sequences {x,} and {w,)
where x| = (10, 10), wy = (10, 10) and n = N = 40.

Example 4 1n this example, we use the same mappings and pammeters as in Example 3. If
we putting the sequence {x,} = {w), ], the mapping M =M? B, =B, yy =y =0.5and
define f(x) = g(x) = (ﬂ, %). for all x = (xy,x2) € C. we can rewrite (49) as follows:

2+ X M3
Xni1 T §,, 340+ S+l P (1 ))’" £ Sn+ % P( (4nj(’\") , ( :) Ml'\‘") (47)
Table 1 The values of {x,} and A = — e oo
{wn) with initial values X = (G %n) Wn = (Wy, Wp)
o b o T U I (10.000000, 10:000000) (10.000000, 10.000000)
2 (8.083752, 9.166667) (8.083752, 9.166667)
(6.274706, 8.068576) (6.005248, 7.763021)
20 (1.981828, 2.039016) (1.985800, 2.025690)
38 (1.990594, 1.985034) (1.992727, 1.988405)
39 (1.990860, 1.985389) (1.992933, 1.988685)
40 (1.991112, 1.985744) (1.993127, 1.988964)
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e

Fig. 1 The convergence of {x; } and {wy, } with initial values xy = (10. 10), wy = (10, 10) and n = N =40

By using the algorithm (47), the following Table 2 and Fig. 2 show the numerical results of
sequence {x,} where x; = (10, 10) and n = N = 40.

Table 2 The value of {x;) with
initial value x; = (10, 10) and
n=N =40

2
Xp = (.\',} 2 X35 )

1 (10.000000, 10.000000)
2 (8.083752, 9.166667)
(6.274706, 8.068576)
20 (1.981869, 2.041259)
38 (1.990583, 1.985025)
39 (1.990850, 1.985376)
40 (1991102, 1.985730)

y—r
—_
0 ; ; : i i i ;
0 5 10 15 20 25 30 35 40
n

Fig.2 The convergence of {x,,} with initial value x; = (10, 10) and n = N =40
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In the following example, we consider the metric projection onto a half-space H_(a, f) :=
{ze H:(a,z) < B}, wherea € H,a # 0 and B € R. It is clear that H_(a, B) is closed
and convex with

A le‘z)uTéa if (a,x)> B,
=% X, if (a,x)<§B.

Example 5 Let H; = [—50, 50] x [-50,50]and C = H_(a,20) :={x € H; : x] + 2x2 <
20}, where a = (1, 2). Then, we obtain

(x1,x2) — Mz‘zsw if  x1 4+ 2x2 > 20,

Pc(x1, x2) =
Gk [(xl,xg). if x; + 215 <20,

for all (x3,x2) € C. For every i = 1,2and j = 1,2,3, let Di : C — H defined by
Di(xixa) = (3572, x2), Di(xiuxa) = (o1 = 4572), D'm,ro) = (82, x; — 8), for
all (x1,x3) € C- For everyi =41, 27%et Mi C — C defined by M c(x) = Pc(l —
1D() [3) + 3 Poll = 1D5(x) (3 ) + 4 Pe(I = {Di(x)) ]forall\ = (x1,x2) € C.

LetHz_[—IOO 100]x[=100, 100]and Q = H_(b, 60) := (& € H5 : 3%,+4%> < 60},
where b = (3, 4). Then, we obtain

(B11 %) L B0, a4 45> 60,

PoliliNHEtd \ > R
Qi %5). 3 ¥E <60

for all (£;.%>) € Q. Forevery i = 1,2 and j = 1.2,3, let D; { Q = H, defined by
Dj (g %) = (8 %0) DY (81 f2) = (A2, & = 6), D1 £2) = (Bt xa — 24), for
all (X1, %) € Q. Foreveryi = 1,2 let My, : @ —Q defined by M{y(%) = Po(I —
IDIE)[3E) + P = tD5(®) () + $Po(T = 1Di(®))] for all # = (£). %) €
0.

Let A : Hy - H; defined by A(x;, xp) = (2x;, 2x3); for all (x;, x3) € H; and adjoint
A* of A defined by A* (X1, X2) = (23D 2x2), for all (X1, %2) € Ha. Foreveryi = 1,2, let
M (x) = Mi(x — 5 AY( = M) A@)), forall x = (x1,x2) € C. Let F, G : [-50, 50] x
[=50,50] — [— 5() 50] x [= 50 50] be defined by F(x;, x2) = (—L -2) and G(x;., x2) =
& 1;) for all (xy,x3) € [—50.50] x [=50, 50] and fori = 1, 2, letB C — [-50, 50] x
[—50, 50] be defined by By(x1, x2) = (%574, 222) and By(xy, x2) = (Y52, 252), forall
(x1,x2) € C. Let the sequence {x, } and {wy) oenerated by xj;ywy e C and

+ +
Xn+1 = ;,H_an + ;'"_:7 PC(I Bl)-‘n + ;,,,+7 PC(‘),, F(ll)”) =+ -" IM \n)

l
2n—1
Wp+1 = 3,,+7 Wy + 355 3,,+7 P(, i 10 BZ)wn & 3,,4_’7 Pc (7,,G(\n) oy ’*'),, M? wy)

(48)
By the definition of B;, F, G, D'j, M for everyi = 1,2, j = 1,2,3 we have (4,2) €

F(M" N VI(C, B;). From Theorem 4, we can conclude that the sequences {x,} and {w,)
converge strongly to (4, 2).

The following Table 3 and Fig. 3 show the numerical results of sequences {x,} and {w,,}
where x; = (=10, 10), w; = (—10, 10) and n = N = 40.

Next, we give the following example in H; = Ly ([er, B]) with the inner product defined
1

by (f. g) == [ f(x)g(x)dx, and with the norm || £ | := ( 1t fz(x)dx)2 forall f, g € H.
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Table 3 The values of {x,) and
{wy ) with initial values

; L 22
Xn = (X, Xp)

2
Wy = (w,l,‘ wy)

x1 = (=10, 10), wy; = (—10, 10)
andn = N = 40

38
39
40

(—10.000000, 10.000000)
(—5.978702, 6.632331 )
(—3.712547, 5.055405)

(3.608551, 1.890749)

(3.901467, 1.909353)
(3.905313, 1.910485)
(3.908821, 1.911562)

(—10.000000, 10.000000)
(—6.563107, 6.729819)
(—4.723965, 5.230170)

(2.974410, 1.887930)

(3.768213, 1.889663)
(3.781338, 1.891002)
(3.793224, 1.892293)

>

ey

- I N D=

:’{) :i

AT RARE e X ~ ......................... ......... u
s : : : ; ;
0 5 10 15 20 25 30 35 40
n

Fig.3 Theconvergence of {x,, ) and {w), ) with initial values x| = (=10, 10), w = (=10. 10)andn = N =40

We consider the metric projection onto a hyperplane

B
H_(g.p) = {heLa(a. B]) : f g(x)h(x)dx = p},

where g € Ly ([, B]), g # 0 and p € R. Then H_(g, p) is closed and convex with

Py gpf=1f~-

and in H> = B2 which consider the metric projection onto a band

[ ghxydx - p
ff g2(x)dx

C:={xeH:B <(ax)<pB),
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wherea € H,a # 0, B1, B2 € R and B| < B,. Itis clear that C is closed and convex with

- (al—lru)"_gﬂa if (a,x)> B,
Pcx =1 x if B1<{ax)<ps,
x — laxh g if (a.x) < Bi.

[la =

Example6 Let H) = L>([—2.2]) and C := {h € L>([-2.2]) : [_22 gx)h(x)dx = %g 3
we obtain Pcf = f — f—lli’)ﬁ#g where g € La([—2,2]) with g(x) = x — 1, for all
x €[—2,2].Foreveryi = 1,2and j = 1,2,3,let D : C — Hj defined by Dj(h) = 5,
Di(h) = "2, Di(h) =42 forallie C. Forcvcryl =1,2let M. : C — C defined
by ML(h) = Pe(I =4Dj(h)[3(h) + L Pc(1 — 1D5()). (3 (h) + § Pc(I — $Di(h))] for
allh e C.

Let H> = R? and Q= {xXx € Hy:0 < 3x] — x2 < 2}. Then, we obtain

(X1, x2) — Eﬂ;‘z—%"](——}_u if~ 3x1 —x2 2}
PoX = { (X1, x2) if 0k 35 — HER,
G, i) = BARIBD T e 35 %<0,

forall x = (x3,x3) € Hy. Foreveryi = 1,2and j = 1,2, 3, let Di Q — H, defined by
Dj(x1i %) = (ﬂ. l"‘) Di (X, 1) = (—L 51) Di(¥). %) = (—'- u) for all (x;. %) € Q.
For every i = 1,2, let M' : QO — © defined by M' os= Rp(I = _lD‘ (x))[_(x) +
IPo(I = £D5(®) (3(®) + %PQ(I ~ £ Di(x))] for allj‘ = (¥.%) € Q.

Let A : Hy — H> defined by A(h) = (f_zzh(x)dx,f_22h(x)d.t). forall h € H; and
adjoin‘l A" of A defined by A*(x}.%2) = ¥ + X2, for all (. x2) € H,. Forevery i = 1,2,
let M'(h) = Mg(h = %A*(l - M’Q)A(h)) for all h € C.Let F,G + Ly([-2.2]) —
L2([~2,2]) be defined by F(h) = % and G(h) = %, for all h € L2([~2,2]) and for
i=1,21etB; {C = L2(0=2,2]) be defined by By (h) 3251 and By (h) = 582, for
all A € C. Letthe sequence {x,} and {w),} generated by x1, w; € C and

Wp = 7,,2'+| Wy + 7:_}:':‘PC(1 EB'Z)wn 3 7,,4 T Pc (8,,6(4\11) ' 8" l)M wy)
49
By the definitionof B;, F, G, D; M foreveryi = 1,2, j = 1.2,3wehave 2] € F(M')N
VI(C, B;). From Theorem 4, we can conclude that the sequences {x,} and {w,} converge
strongly to 2/.

Now, we compare the convergent behavior of sequences {x,} and {w,} with the same
starting point and have the results in Table 4. In Fig. 4, the values of errors ||x,+1 — x, | and
[[wp4+1 — wy || are represented by the y-axis, the number of iterations are represented by the
X-axis.

{xn-H 7ll+l tll+-7-:_:_:*t__:-PC(l _Bl)‘n'*' 7,,+1P((gnF(wn)+ gll)ern

Table 4 Comparison of the

Starti i i ken (s
sequences {x, } and {wy} with the g powt T Gakien: ()
same starting point The sequence {x,} X1 =2 6.665

The sequence {w;,} wy =2t 7.430
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14 : , . :

7o RN .......... .......... .......... ‘ .......... 1

08} . .......... .......... .......... , .......... .......... .......... \ ........ -

Error

0.4

0.2}

15 20 25
Number of iterations

10 40

Fig. 4 Comparison of the sequences {x,} and {w,} withx{ = 2t and w) = 2¢

6 Conclusion

1. Table 1 and Figure 1 show that {x,}and {w,} converge to (2,2), where (2,2) €
F(M") QA VI(C. B;), for all i = 1,2. The convergence of {x,} and {w,} of Example
3 can be guaranteed by Theorem 4.

2. Table 2 and Figure 2 show that {x,} converges to (2, 2), where (2.2) € F(M') N
VI(C. Bj). The convergence of {x;} of Example 4 can be guaranteed by Theorem 4.

3. From these Examples, we obtain that the sequence {x,} in Example 3 converges faster
than the sequence {x,} in Example 4 because the iterative sequence {x,} and {w,}
converges dependently.

4. Table 3 and Figure 3 show that the iterative sequence {x, } and {w,} converge to (4. 2),
where (4.2) € F(M) N VI(C, B;). for all i = 1,2. The conyergence of {x,} and
{w,} of Example 5 can be guaranteed by Theorem 4.

5. The convergence of {x,} and {w,} of Example 6 can be guaranteed by Theorem 4.
Furthermore, The Table 4 and Fig. 4 show that the sequence {x, } converge faster than
the sequence {w,} with the same starting point.
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Abstract

We introduce a new subgradientextragradient algorithm utilizing the concept of the
set.of solutions of the splitmodified system of variational inequality problems
(SMSVIP); Our main theorem is weak convergence theorem for such an algorithm for
approximating the fixed point problem in a real Hilbert space. We also apply these
results to.approximate the split-minimization problem. In-the last section, we provide
an example to illustrate the potential of our main theorem.
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1 Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H. The mapping T :
C — Cis called nonexpansive if || Tx — Ty|| < ||x — y|| for all x,y € C. An element x € C is
said to be a fixed point of T if Tx = x and F(T) = {x € C: Tx = x} denotes the set of fixed
points of 7. Fixed point problem has been widely studied and developed in the literature;
see [5, 11, 26, 27, 29] and the references therein.

We now recall some well-known concepts and results in a real Hilbert space H.

The variational inequality problem (VIP) is to find a point x* € C such that

(Ax*,y-x")>0

forall y € C. The set of all solutions of the variational inequality is denoted by VI(C,A).
Since its inception by Stampacchia [24] in 1964, the variational inequality problem has
become interesting in several topics arising in structural analysis, physic, economics, op-
timization, and applied sciences; see [1, 3, 6, 8,11-13, 15, 18, 20, 30, 32] and the references
therein.

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made, The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds th will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http:/creativ es/by/4.0/,
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Several algorithms for solving the VIP are projection algorithms that employ projections
onto the feasible set C of the VIP, or onto some related set, in order to iteratively reach a so-
lution. In 1976, Korpelevich [19] proposed an algorithm for solving the VIP in a Euclidean
space, known as the extragradient method. In each iteration of her algorithm, in order to
get the next iterate x**!, two orthogonal projections onto C are calculated, according to
the following iterative step. Given the current iterate x*, calculate

¥ = Pl = 1f (&), )
=P - of () @

forall k € N, where 7 is some positive number and P denotes the Euclidean least distance
projection onto C.

The convergence was proved in [19] under the assumptions of Lipschitz continuity and
pseudo-monotonicity. However, there is still the need to calculate two projections onto C.
If the set C'is simple enough so that projections onto it can be easily computed, butif Cisa
general closed and convex set, a minimal distance problem has to be solved twice in order
to obtain the next iterate. This might seriously affect the efficiency of the extragradient
method. Korpelevich’s extragradient method has been widely studied in the literature; see
[2,4,7,9, 14, 16, 17, 22, 28, 31] and the references therein.

In the past decade years, Censor et al. [10] developed the subgradient extragradient al-
gorithm in a Euclidean space, in which they replaced the (second) projection (2) onto C
by a projection onto a specific constructible half-space as follows:

Algorithm 1 (The subgradient extragradient algorithm)

Step 0: Select a starting point x° € H and © > 0, and set k = 0.
Step 1: Given the current iterate x*, compute

o= Pe (e - tf (1)),
construct the half-space Ty, the bounding hyperplane of which supports C at ¥,
oo fw e HI( - of (R -2 ) <), ®
and calculate the next iterate
1 = pr (& = o F)):
Step 2: If x* = y* then stop. Otherwise, set k < (k + 1) and return to step 1.
Furthermore, under some control conditions, they proved weak convergence theorems
for their algorithms.

Very recently, Sripattanet and Kangtunyakarn [23] introduced the following split
modified system of variational inequality problems (SMSVIP), which involves finding
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(x*,5%,2%) € C x C x C such that

x* = -¢Dy)(ax* + (1 -a)y*),x-x*) >0, VxeC,
(0" =(I-¢Dy)(ax* + (1 -a)z*),x-y*) >0, VxeC, (4)
(2" -(I-¢D3)x*,x-2")>0, VxeC(C,

and finding (x* = Ax*,y* =Ay*,2* = Az*) € Q x Q x Q such that

(¥ = - IDy)(ax* + (1 -a)y*),x-*") =0, V¥eQ
(y* = I - tDy)(ax*+ (1'-a)2}) i~ 5°) 2 0, VieQ, (5)
(z* == ¢D3)x%%~2%) > 0/ Vx€Q,

where Dy, Dy, Dy : C — Hy, Dy, D,D3 : Q — Hy are six different mappings, £,¢ >0, and
a € [0,1]. The sets of all solutions of (4) and (5) are denoted by Wp, p,n, and W, 5, 5.,
respectively. The set of all solutions of the SMSVIP is denoted by \llgl"gjgf. that is,

WS,‘,‘;’;‘,?; ={(*"5".2%) € Wpipans : (8,97, 2°) € W5, 5, 53 )+

If we put @ = 0in (4) and (5), we have

xX*=(-¢D))yx-x*Y>20, VxeC,
0= (I=¢tDy)et x~y'y 20, Vx€C,
2" - -¢D3)x*x~2") >0,  Vx€C,

and

(8 — (L2 Dy =5*) 20,7 Vi g Q
0 =(I1=EDy2% % - ) 20, Vi€Q
(2 -1 =L D)%~ )= 0, Yz € Q,

which is a modified the split general system of variational inequalities (SVIP) [21].

Based on the above works and observation of a half-space in Algorithm 1 related to the
VIP, we introduce a new half-space related to the SMSVIP and prove weak convergence
theorems of the sequence {x;) generated by our new half-space for approximating the so-
lutions of the SMSVIP. Moreover, using our main result, we obtain the additional results
involving the split minimization problem. Finally, we perform numerical examples to il-
lustrate the computational performance of the proposed algorithms.

2 Preliminaries
We denote the weak convergence and the strong convergence by * —" and "' —", respec-
tively. For every x € H, there exists a unique nearest point Pcx in C such that ||x - Pcx|| <
[lx =yl for all y € C. Pc is called the metric projection of H onto C.

The metric projection Pc is characterized by the following two properties:

1. Pcxe G;
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2. (x=Pcx,Pcx-y)>0,YxeH,yeC,
and if C is a hyperplane, it follows that

llx = 311> > llx = Pcxl|® + ly = Pexl?, (6)
VxeH,yeC.

Definition 2.1 A mapping A : C = H is called a-inversestronglymonotone if there exists
a positive real number & > 0 such that

(Ax - Ay,x= y) = a||Ax - Ay|*
forallx,y e C.
The following lemmas are needed to prove the main theorem.

Lemma 2.2 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of H. Let {x* )32 C H be Fejer-monotone with respect to C, ie., for every u € C,

k< < | K- uf, “vkso.
Then (Pcx* 1550 converges strongly to some z & C.

Lemma 2.3 Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence (x,) C H
with x, — x, the inequality

limint {|x,, — x|} < liminf ||x,, — ||
N H->00

holds for every y € H with y # x.
Lemma 2.4 ([23]) Let Hy and H, be real Hilbert spaces, and let C,Q be nonempty closed
convex subsets of Hy and H,, respectively. Let Dy,D,, D : C = H) be d\,d>,ds-inverse
strongly monotone, respectively, where ¢ € (0,2d*) with d* = min{d;, dy,d3). Let Dy, D5, Dy :
Q— Hj be.dy,d,,d;-inverse strongly monotone, respectively, where & € (0, 2d) with d =
min{d—l,d—z, tig). Let A :H, — H, be a bounded linear operator withadjoint A* and n € (0, %)
with L being the spectral radius of the operator A*A. Define M¢: C — C by

Mc(x) = Pc(I - ¢Dy)(ax + (1= a)Pc(I - ¢ Dy) (ax + (1 - @)Pc(I - L Ds)x)),
Vx € C, and define My : Q — Q by

MQ(&) = PQ(I - Eﬁl)(a& + (1 e a)Pq(l— ED-Q)(afc + (l o a)Pq(l - ED-:;).;C)).

Vx € Q. Define M : C — C by M(x) = Mc(x — nA*(I - Mo)Ax) for all x € C. Then M is a
nonexpansive mapping for all x € C.
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Remark 1 From the study of Lemma 2.4, we have

| (x= A" - M)AX) = (y - nA*( - Mo)Ay) |*

< llx=yI% - n(1 - nL)| (I - MQ)Ax — (I - M) Ay|*
forall x,y € H,.

Lemma 2.5 ([23]) Let Hy and H, be real Hilbert spaces, and let C, Q be nonempty closed
convex subsets of Hy, Hs, respectively. Define the mappings Dy, D, D3, Dy, D2, D3, Mc, and
Mg as in Lemma 2.4, where ¢ € (0,2d*) with d* = min{d,,d3,ds}, le (0,23) with d =
min{d,,d>,ds). Let A+ Hy — Hy be a bounded linear operator with adjoint A* and n € (0, %)
with L being the spectral radius of the operator A* A.

Assume

W = [ 2") € W, oy : (F972) € Y5, 5,5, } # 0.

The following statements are equivalent:
i) &*y*,2%) € \I/g:g:‘[-:’
(i) x* =Mc(x" =nA* (I - Mg)Ax*), where y* = Pe(I - { Dy)(ax™ + (L—-a)z*),
2¢=Pe(l = t Dy)a*, % = Ax* = Po(I =T Dy)(ax* + (1 —a)y*);
y* =Ay* = Po(I -t Ds)(ax’ + (1 a)Z’), and z* = Az = Po = T D3)x>.

Lemma 2.6 ([23]) Let H, and H; be real Hilbert spaces, and let C,Q be nonempty closed
convex subsets of Hy, H,, respectively. Define the mappings Dy, Dy, D3, Dy, Dy, D3; M, and
Mg as in Lemma 2.4 where ¢ € (0,2d*) with d* = min{dy,d>,d5), Z € (0, 23) with d =
min{dy,d»ds) and a € [0,1]. Let A : Hy — Ha be a bounded linear operatorwith adjoint
A* andn € (0, %) with L being the spectral radius of the operator A*A. Let ﬂil ®; # 0 and
®; = {we VI(C,D)|Aw=we VI(Q,D;)} for all i = 1,2,3. Then

(3] ®; = F(Mc(I=nAT(I- M)A)).

i=%

In order to prove our main result, we need to prove the lemmas involving the split vari-
ational inequality problem.

Lemma2.7 Let Hy and H, be real Hilbert spaces, and let C,Q be nonempty closed convex
subsets of H,, H>, respectively. Define the mappings Dy, D,,Ds, D-l ,Dy,D3,Mc,and M, Qasin
Lemma 2.4 where ¢ € (0,2d*) with d* = min{d,,ds,ds}, { € (0,2d) with d = min{d,,d>, d)
and a € [0,1]. Let {x,} be a sequence in H,, and let A : H, — H, be a bounded linear
operator with adjoint A* and n € (0, }_) with L being the spectral radius of the operator
A*A.Foreveryne N, let T, = aW, + (1-a)Pc(I - {Dy)(aW,, + (1 —a)Pc(I - ¢ D3)W,,)) and
W, = (I - nA*(I - MQ)A)xy. If x* € (5., D, then

1T =" < oo =** = 01 = 0L | - Mo)Axa

forallneN.
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Proof Letx* € (7., ®;. From Lemma 2.6, we have
x* € F(Mc(I-nA*(I - Mg)A)).

It implies that x* = M (I - nA*(I - Mg)A)x*, y* = Pc(l - ¢ D,)(ax* + (1 - a)z*), and z* =
Pc(I - ¢D3)x*, where x* = Ax* = Po(I - £ D)) (ax* + (1 - a)y*), y* = Ay* = Po(I - T Ds)(ax* +
(1 -a)z*),and z* = Az* = Po(I - £ D3)x*. From Lemma 2.5, we have (x*,y*,2*) € Qgiﬁgj.
That is, (x*,y*,2%) € 2p, ., n; and (x-‘,f*,z-') € 9151-51153' From (x-‘,}:‘.z.*) € QDI-D.ZDS' we
obtain that

* = Po(I - £Dy)(ax* + (1 - @)y*),

y* = Po(I = Ds)(ax* + (1~ a)z*),

z* = Po(I - ZDs3)x*.
It implies that

Ax" = ¥ = Po(I = Dy)(ax* + (1 - a)Po( = Do) (ax* + (1 - a)Po(l =¢Ds)x*))
= Mox-' = MQAx”.
From the definition of x*, we get x* = Pc(I = £Dy) T}, where T; =aW, + (1 = a)Pc(I -
ED3)@W; + (1 —a)Pc(l - ¢ D3)W7)) and W = (I = nA*(I - Mg)A)x®) = x*.
From Lemma 2.6, we have that Pc(I — ¢ D)), Pe(l — ¢ D;) and Pc(I — ¢ Ds3) are nonexpan-
sive.
By the definition of T},, Lemma 2.4, and Remark 1, we have
T~ = |aWs + (1 - Q)P = £ D3} (aWip + (1 —a)
X Pe(l =L D3)Wy)) — (@Wo + (1 —a)Pe(l = £ D) (a W,
¥ (L= @)Pe(l =¢D3) Wy )| *
= |a(W ~ W) + (1 =@)[Pcll = ¢D,) (aW,, + (1 - )Pl — ED)W,))
= Pe(l = Do) (@Wis + (1 = a)Pe(l - £ D3)Wie)) |
<a||\W, - Wi ll? + (1= a) | Pc(l - ¢Dy) (aWyy + (1 - @)Pell - £ D3) W)
= Pell - tDy)(aWi + (1 = @)Pc(I= ¢ D)W, )P
<al|\Wy, - We |1 + (1 - a) [aWy (1 - @)Pc(l - ¢ D3) W,

~ (aWs + (1 =a)Pel= D)W, )|

=a| Wy - We >+ (1 - a) [a(W,, - W) + (1-a)
x [Pcll - ¢ D)W, - x*]|*

<al|W, - We |I* + a(1-a) | W, - We | + (1 -a)
x |Pctl - ¢ D)W, - x|

= (2a- @)W, = W | + (1 - a)?| Pcll - ¢ D)Wy, — 2° ||
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< |Wa-#*
= |[2n = nA°( - MQ)Ax, - ° ||

< [l =" % = 01 = nD) | (1 - M)Ax, |- )

3 Main results

Theorem 3.1 Let C and Q be nonempty closed convex subsets of real Hilbert spaces H, and
H,, respectively,and let S : C — C be a nonexpansive mapping. Let Dy, D1,D;: C — H, be
dy,d>, ds-inverse strongly monotone, respectively, with d* =min{d,, d>, ds). Let Dy, D,,Ds:
Q—> H, be dy,d,,ds-inverse strongly monotone, respectively, with d= min{d,, dy, d,). Let
A:H, — Hybe a bounded linear operator with adjoint A* and n € (0, %) with L being the
spectral radius of the operator A*A. Define M¢ : Hy — C by

Me(xy=Pcll -t Dy)(ax + (1= a)Pc(l = ¢Dy)(ax + (1— @)Pc(I - £ Dy)x)),
Vx € Hy, where a € [0,1), ¢ € (0,2d"), and define Mg : H» — Q by
Mo(x) = Po(L - £D,)(ak + (1 = a)Po(l - £ D3)(ak + (1 = a@)Po(l - £ D3)i)),

Vi € Hy,wherea € [0,1), ¢ < (0, 2d). Let the sequences |x,} and {y,,) begenerated by x, € H,
and

Yu =MCWn = PC(I r CDI)Tm

where W, = (I - nA* (I = Mg)A)x, and T, =aW,, + (1 - a)Pc(I — {D3)(aW, + (1 —a)Pc(I -
¢D3)Wy)).

Qu = {Z eH.: ((1" {Dl)Tn =Y Yn — Z) = 0}:
X1 = 0 Tyt (Li= OI,.)SPQ"(T,, ul CDI(}’n))
SforallneN.
Assume that the following conditions hold:
() I=FS) NN, i #9, where &, = {w € VI(C, D;)|Aw € VI(Q, D)) forall i =1,2,3.
(i) @, € le,d] € (0,1).
QQI.D:.D]

Then' {x,} converges weakly to %o = Pxx,, which (x0,y0.20) € Q55" 5", yo = Pc(l -
Ds)(axg + (L—a)zo)yand zo = Pc(I - £ D3)xg with Xy = Axg, yo = Ay and zy = Az.

Proof Denote ki, := Pg, (T, — {Di(y,)) forall n > 0. Let x* € 3. From the definition of Pg,,
we have y, = Pg,(I = {Dy)T),. Let M,, = T,, = { Dy(y,,). From C € Q,, and applying (6), we
have
.ll2 )
lken = *[” = [ P, M~ *
< |My - =*|* - 1M, - Po, M, |12

= | Tu=¢D1w) = 2*|* = | T = £ D1 3) - Pou M|
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= | =5 = 2¢(T0 - %", i) + 22| D1 )|
= 1T = Po,Mull? +2¢(Tys = Po, M, D (y)) - 2| D13 |
= | Tu=#*|* = 1T = PouMull® - 22 (Po, My — %*, D1 (). ®)

From the monotonicity of D;, we have

0 < (D1yy —D1x*,y, — ")
= (s yn — %) = (D1x", yu — x7)
< (Diymyu =)
= (DyYusYn=Pg, My} = (Diyus X" < Po, M, ),

which implies that

(Dlymx’ 2 PQ,,MII> < D1y Y= PoiMy): 9)
From (8) and (9), we have
+2 2 2
e =ac* | < | T =" | = 1Ty = Po, Mull® + 26Dy 3 = P, My). (10)

From (10) and Lemma 2.7, we have

Tor— 0 </ 2 2 = 0@ )| < MoYAx, | > - [P, M= Til®

#28 (D1 ~ Po, My)

= Jn =27 - @ = nL) (T = M)A, |* = 1P, My =yl
= 3 = Tl = 24P, M,y = Y Y= Tis)
+ 28 (D1 ymsdn =P, M)

= 5= 2" F=n(1 —nD)| (1 - M)A, | = 1P, M, = ul?
=190 - Tl # 2P, My — T — Yu — { Digia)

= n - |* - 01 - nL) |4 = M)A ) 1P <31
= llyn = Tull*> + 2{U = DV T - y, Py My =)
+2(( D1 T, = D1y, Po, My~ yn)

< Ja—2*|* = 0@ - D) | - M)A | ~ 1Po, M, — yull®
= llyn = Toell* + 22 |Dy Ty = Dy | P, M = 3l

< == |* - 51 - n)| (1 - MQA%,|* - 1Pg, M, - y,lI2
— Iy = Tl + j—l[un = yull? + 1Pg, M, - yall?]

= =2 [ - 01 = n) [ - M)A, |*
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(-t - (N ) g
(1 dl)IIPQ”Mn il (1 5 ))n T, =yl (1)
By the definition of x,,.,, (11), and Lemma 2.7, we have
"x:nl -x" ||2 = "an(Tn _x.) o d (l o Q'n)(Skﬂ _x.)"z
<on|Tu- 2| + (1 - a)| Ske - 2|
=a,,HT,, -J\:’l]2 +(1 -—u,,)“Sk,,—x‘I]2
= (1 = &) | T = Skinll? (12)
=a | T=2t[* + (V- e ey =" |
<a| Lol o -a,.>[nx, "
—n(L— L) | (- Mo)Axy[”
Wi, % 2_( _f_) ” 2]
(1 L )uPQ.M,, - (35 Dz, -l
sa[lx -2 —ean@=nD) | = M)Az |’]
+(1 —a,.)[Hx,. —x* |} =0 - n0)|| ¢ ~Me)Ax,|*
¢ ¢
\ (1 - Z)uPQnM,. RYTE (1 - Z))ulrn —ynnz]
=on =2 = 0@ = L) + i) | (- M)A, |*
—(1 —d,,)(l v. dil)["Tn "}'n"z + [lyn = kn"z]- (13)
So,
Jupt =2 [ =t

Therefore lim,,_, . ||x,,;—x*|| exists, Vx* € J.So, we have {x,}°, and {k,};, are bounded.
From the last relations it follows that

n(1—=nL)(1+ "n)"(’ _MQ)Axn "2 = "xn _x‘llz 5, llxm! —-x* “2
or

[l =a* 12 = iy — x* |12

2
[ - Mo)Ax, | = n(1=nL)(1 +a,)

Thus
Jim || (1 - M)A | = 0. (14)
By using the same method as above, we have

lim |7, - y,| =0. (15)
n—oc
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From (12), we get

e -2 [* <l To= '+ (1 - ) Sk

= aty(1 = )| T = Skall?
2

<o To=2]" + 1 =) 2n -2
= ot (1 = )| T = Skl

sl - 2| - el = @) Fum SE2,

Jln =2 u2 = xnsl ~&° "2
T = Skyl* = .
[0 all® = e

which implies that
lim || T, = Sk, | = 0.
n-+0oQ
Consider
W=y = =nA*(I -Mo)Axy,
and by (14), we have
Tim || W, = x| = 0.
N+>00
From the property of P, we have

|Pe(r - epy) W=

= |Pct=¢ D)W, — P~ Da)x* |

< | (1= D)W= (1 - ¢ Dy)x" |

= | (Wa =) = £(D3W,, = Dax?) |

£ )W - 2 |* - 2¢(W,, - x°, D3 W, - Dsx*)
+ 2Dy 2D5x|?

< | W= a* ¥ =26 da || D3 Wi~ Dax|?
+ 2| DsW, - D3

= | Wa- =*|* - ¢ (2d3 - £)| D3 W, - Do |

< | = 2| - ¢(2d3 - )| Ds W, - D3 |~
By the definition of T}, (7), Remark 1, and (18), we have

[T =2 < all Wy = W |2 + a(1 - )| Wy, = W |2

(16)

(17)

(18)

112
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+(1-aP|Pcli - tD3)W, ~ x*|
< afltn 2| + a1 = @) - 2|
+(1-a?|Pcll - ¢ D)W, - 2|
< (2a-@)|x, - =°||* + (1 - @)?|Pcll - ¢ D)W, - x* |
= (@a-@) |- + A -aP [ -
- 5@ds=0)|DsW, = Dsx’ ']
= |- x| - £(2ds - £)(1 - @) | Ds Wi =D3x%| . (19)

In addition, by the definition of x,,., and (19), we have

{21 —x'H2 <ou|T, —x‘||2 +(1 =) ks —x“Hz
< apffwa—2 [ < c2ds = 0)(1 = @)* | Ds Wi, ~ Dsx*|’]
+(1 --at,,)"k,,—:«r‘"z
= ||y - 27 =~ @, 0 (2ds— £) (Y ~ @) Ds W, - Dyt
+ =)z =2

= Jon 4% | < 22 % )1~ @) | DsWy < Dz |,

so

e et 2 i
@,$(2d3 - 7) (1= a)?

’

|BsW, - Dax =
which implies that
Tim | D3 W~ Dax*| = 0. (20)
From the property of Pc, we have
[Petd - ¢ D)W, - x*
< (I =¢D3)Wou— (I - £ D3)x*, Pc(I - ¢ D) Wiy~ x°)
1
= U= tDIWo = 1 - D) )Pl ~eD) W, - x|
- |t = ¢D3)Wi - (I - £D3)x" — (Pcll - D)W —2*) ]
1
< SUWa=2"* + |Pctt - £DIW, ~°[?
- |U = ¢D3) W, = (I - ¢ D3)x* - (Pcll - D)W, - 2°) ]
1
= 5[Wa =" + [Pctt - eD)W, - =°|

= (W = Pcll - ¢D3)Ws,) - ¢ (Ds W, - Dsx*)|*]
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1
=5[Iwa -2'|* + |Pctt - £D)W, - x° |

~ | W = Pctt - ¢D)W,|* - £2| D3 W, - Dax* |
+2¢(W,, = Pc(I - £ D3)W,,, D3 W, — Dsx*)],

SO

|Pctl - t DIV, — 2 |- < Wiwmast | = | Wiim Rl - D)W, |
+2¢| W, - Pcl - ¢ D)W, | | D5 W, - Dyx* |- 1)

By the definition of T, (7), Remark 1, and (21), we have

| T2
<allW, = Wasll? # a(1 - a)| W, = We |*
+ (L-a) [P = D)W, - x|
<alx,~x" "2 +a(l+a)|lx, —x‘“2
+ (1< | Pt = e D)W, — x° |
4 (1 @?|Pcti- D)Wy == |

< (2a = a¥)|xu-2"
2 (24 = )2 - 2>+ O =@ | Wa - 7| = Wi < Pc
X (I 2LD)W, | 4.2 | Wiy = PElt = (D)W, | |23 W< Dt ]
=(2a —az"’)[[::,,—::‘ﬂ2 r(T=afx, =21
= (1=aP|W, = Pl - ¢ D)W, |*
+2¢(1 - a)* [ Wy, = Pc(T = ¢ D)W, || D3 Wi, = Dax”|
2 [ =] P @ | Wa- Pl ~e DY
+2¢(1 = @) | W, — Pc(l - ¢ D)W, 1D W, = Dax*||. (22)

In addition, by the definition of x,,.1, (11), and (22), we have

Vomer — 2|2 S T — | + (U= ) o <25
sl - *" | - (1 - )| War=Pc =t D)W, |
+ (V=) | Wy =PI - (D)W, || D3 W, - Dax*]
+ (1 =a) ks = 2*|*
< ay||tn 2| - au(1 - )| W, - Pcll - £ D)W, |
+ 20,8 (1= @) | Wy = Pc(l = ¢ D3) W, ||| D3 W, = D3|
+ (1= a) s —::‘||2

= "xn -a* ||2 'an(l "'a)z" Wn _PC(I" (D3)‘Vn||2
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+ 20,8 (1 - a)*| Wy, = Pc(l = £ D3) W]l | D3 Wi, — Daa*|.
From (20) and (23), we get
Jim W, — Pc(l - ¢Ds)W, | = 0.
Let G, = aW,, + (1 — a)Pc(I - A3D3)W,,. From the property of Pc, we have

|Pct=1 DG =+

= |Pcll - £Dy)Gy ~ Pcll + 2Do)2° ||

< -tPG~ (- zD)x' |

= [(G.=") - £(D:6, - D) |

= |Gr—%*|* -2 (Gi~ . D2G, = Dax")
+ ;'zllDzG,.—Dgx""2

< |lxn 2] 220 5| D16, ~ Dox* )P
+ 3| D36, - Do

= 5, - | —2@dy - )| D36, ~Dox' |

By the definition of T, and (25), we have

10— 21" S alWo= Wee 2 + (1 @) | Pct - £ DG, - 57
< alxy -2 [P + (1 @) [xn =31
~t(2d; - O)|D16G, - Dx*|]
= |mn=%"] =2@= 2)(2d1=2) | P3G, - D"

In addition, by the definition of x,.,; and (26), we have

s = ¥ s T P (1= o) Pl =t”|
<[5 - #|* - (1~ a)(2d> - )| D26y - D" |]
+(1= )| % —-x‘ﬂ2

= 2 =P =tan1=4,)2d, =0)| D:G, - Dox*|,

SO

"xn =% "2 - ”xm»l =% "2

Cay(l-a,)(2dy - %)

ID2G, - D' |* <
It implies that

lim [ D,G,, - Dyx*| = 0.
n—oC

115

Page 13 of 22

(23)

(24)

(25)

(26)

(27)
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From the property of Pc, we have

|Pctt - ¢D2)G, -2 |*
= (I =¢D»)G, = (I = ¢ D2)x", Pl - £ D) Gy — x°)
B, %[|| (I =£D)Gy - (I - D) |* + |Pell - £D2)Go - 5° |
- |4 ~£D)G, = - ¢ D)+ ~ (1 =¢ DG, - ) | ]
< UG~ | + [Pctt ~£D:)G -
— | 1= ED2)Gu = (1~ £ D) (U= 2D)G, - 2°) ]
= %[Il Gy - 2|+ {Pcll - ¢ DGy =2
— |(Gu = Pcll = £D2)G,) - £ (D3Gy = Dox”) ]
L %[]] Gu PP =D G = %]
~ |Gy Pt ~¢D) Gl
+2£(G, = Pc(I= £ D3) Gy, DGy = Dax?)
~02[D2Gy D[]

It implies that

[Pit ~£D)G =%
< |Gu=2*|* - |Gy — Pcti £ DG, ||
+2¢(G, = Pc(l = ¢ D3)Gy, D> Gy ~ Dax®)
9|Ga- =6, <PEU= ¢ D2)Ga

+2¢ |G, = Pell - £ Dy)G,, ||| D2G, — D). (28)

By the definition of T}, and (28), we haye

T = |5 @l W, - Wi I? + (1 ~) | Bell =5D)G - 2

<alx, -x‘||2 +(1=a)[| G, —x‘llz |G, -Pc

%= D2)Gal” + 20| Gu=Pc(l - ¢ D3)G ||| D2G. - D2x*[]
<afau-x"]" + (1= @) |xa - "

-(1-a)| Gy - Pcll - EDy)Gy |

+2¢[G, - Pcll - ¢D2)G, | | D2Gy - D2x*|]
= |0 - 2*|* - 1 - @) | G, - Pcll - ¢ D,)G, |

+ 2( ]l Gu = PC(I = CDZ)Gn || ||D2Gn -sz. "] (29)
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In addition, by the definition of x,,,; and (29), we have

Jenr =2 [* < e | T = 2| + (1 - @) [ by =2
<an[|n=2"|* = 1= a)|Gu = Pcll - ¢ DG
+2¢ |Gy = Pc(l = ¢ D2)Gy|| | D2G, - Dax" ]
+ (1—a,,)||x,,-x‘"2
=|%, -2 |* - a,(1 - @) G, =Pell ~¥D,)G, |
+2¢a,(1-a)| Gy - Poll - £ D2)G, || | D3G, —Dax* |,

by (30) and (27), we get
Jim G, —Pcll =¢D,)G,|| = 0.

Since

Ta oW 7 (I a)(PC(I ' & (Dz)(a“'/n +(1-a)Pcl= §D3)Wu) = ‘Vn)

From the property of norm, we have

[Poll = ¢Dy) (W, + (1= @)Pell = ¢ DYW,) = W,
<Pl - £D)(aWi, + (1= @)Pe(l - ¢ Ds) W)
~ (@Wy, + (0 ~a)Pcll - £ DY W,,) |
+@W, + (1 VPt D)W, - Wi |
=|Pell - £D2)G = G| + (1 - @) | Pl = £ D3) Wi~ W, .

Then we have

1T, =Wl < A= a)[|Peld - ¢ D3)G, = G
+#(1-a)|Pell =g D)W, =W, [].

From (24) and (31), it implies that
lim [ 7= W, =0.
n—>oC
From (15), (17), (33), and
".}'n _xn“ 5 "}'n o= Tn” * ” Tn S Wn" + “Wn _xnlly
we have

lim ||y, = %y = 0.
Nn-—>oC
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(30)

(31)

(32)

(33)

(39)
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q

Moreover, from (16), (15), (34), and
le,, = Skn“ = "xn _yn" + “yn = Tn” + " Tn = Skn"'
we have
lim lln — Skn” =0. (35)
n—+>oc
Since {x,} %, is bounded, it has a subsequence {x,, }i<, which weakly converges to some
xeC.
Assume ¥ ¢ F(S). By the nonexpansiveness of S and Opial’s property and (35), we have
lim inf||x,, —x| < lim inf||x,, —S%|
k—oc k0
< Jim inf{ 1, = Sk |+ 1Sk, = 5%(]
< Jim inf] s, — Shone i+ g = %11]
= kl_1.n; inf{i&,, — x|
=< klin;inf"xn‘ =x|.
This is a contradiction, then we have

x € F(S).

Assume X & ﬂil ®,. From Lemma 2.6, we have X é F(M¢(I -nA*(I-Mg)A)). By Opial's
condition, (34), and Remark 1, we have

Jim inf 12, =& < lim inf||x,,, — Mc(I=nA*(I - M@)A)z|
<< kl_i"linf“xu‘ —yuk ﬁ ot kl—iona]o inf"MC(xnk - ”A‘

x (I~ M)Ay, ) =Mc(I=nA*(I - Mg)A)%|

IA

kl-l.n:lc inf([lx,,‘ = I+ "xnk _i")

Jim in | = %), (36)
This is a contradiction, then we have
x € F(Mc(I-nA*(I - Mg)A)).

It implies that
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Hence
x€el.

In order to show that the entire sequence {x,} weakly converges to ¥, assume (x},, — %
as k — 00, with X # X and & € 3. By Opial’s condition, we have

lim [|x, — X[l = lim inf ||x,, — ||
n—0 k=00

< lim inf |x,, — &
k—og

- 2, — &
N0

lim inf Jjx,, - X||
n—00

A

lim inf x,,, — |
n--+00

lim [lx, — x|
n—soc
This is a contradiction, thus
T
It implies that the sequence {x,};= weakly converges to X € 3.
From (34), we have {y,},5, weakly convergesto x € 3.
Finally, if we take
Uy = Pxxm (37)
by Lemma 2.2, we see that {P.x, ], converges strongly to some z € 3. From (37), we get
(x- Uy U,—x,)=0, Yxe.
Take n — 00, we also have
(x-2z,2-x)>0,
and hence x = z. Therefore U, converges strongly to ¥ € 3, this completes the proof. [J
4 Application
Let C be aclosed convex subset of H. The standard constrained convex optimization prob-
lem is to find x* € C such that

J(x*) = I'Illg A(x), (38)

where 3 : C — R is a convex, Frechet differentiable function. The set of all solution of (38)
is denoted by ®.
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Lemma 4.1 ([25] Optimality condition) A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (38) is that x* solves the variational
inequality

(V?\(x'),x—x’)zo (39)
for all x € C. Equivalently, x* € C solves the fixed point equation
x* = Pc(l - L VR)x*

Sfor every { > 0. If, in addition, 3 is convex, then the optimality condition (39) is also suffi-
cient.

By using the concept of the split modified system of variational inequalities problem
(SMSVIP), we consider the problem for finding (x*,5*,z*) € C x C x C such that

(" -(I = ¢V ) (ax* +(1 - a)y*)x-x") >0, VxeC,
(¥ =@=2V3I)ax* + (1 -a)z*)x—y*) >0, VxeC, (40)
(= =¢V33)x%,x-2") >0, VxeC,

and finding (x* = Ax",y* = Ay*,z* = Az") € Q x Q x Q such that

(@ = (I =ZV3p(ar* + (1~ a)y),x~4") =0, VxeQ,
= U =TVS)ax* +(1-a)z"), X ~y") 2 0, VieQ, (41)
(2= =TVI3)x*, ¥~ 2") >0, VxeQ

where 31, 33,33 : € — R with V3, V33, V33 are the gradients of 33, 3, 33, respectively,
and 34, 35,33: Q = R with V3, V3,, V35 are the gradients of 3, 3,, 33, respectively,
¢, >0and a € [0,1]. The sets of all solution of (40) and (41) are denoted by Wya,53,.v3,

V3L VaV;

ational inequalities (SMSVIP) is denoted by \l’vi, e that is,
VAV, V8 & % % 2 W &
A {(%30°:2") € Yo, wagway+ (,00,2°) € Yogywagos, |

Lemma 4.2 ([23]) Let C and Q be nonempty closed convex subsets of real Hilbert spaces H,

and H,, respectively. Let 31, 33,33: C — R be real-valued convex functions with the gradi-

ents V31, V3, V33 being Z%" ;f—, %—inverse strongly monotone and continuous, respec-
3’ Ly La, et

¢ L%) with ﬁ = min{ ﬁ. ﬁ. ﬁ }. Let 31,3,,3; : Q= R be real-valued

convex functions with the gradients V3, V3,, V33 being ﬁ, L%, %—inverse strongly
RN B

tively, where ¢ € (0

tone and contii s, respectively, where E € (0, li) with ,_l‘ = min{ ,#, L~1T2, ﬁ ). Let
A:H, — H, be a bounded linear operator with adjoint A* and n € (0, 1) with L being the
spectral radius of the operator A*A. Define M¢ : Hy — C by Mc(x) = Pc(l = ¢ V) (ax +
(1 = a)Pc(l = V) (ax + (1 - a)Pc(l - £ VI3)x)), Vx € Hy, and define Mg : H, — Q by
Mq(R) = Po(I = (V)@ + (1 - @)Po(l - £VI,)(ax + (1 — a)Poll - {VI;3)R)), Vi € Ho.
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Let ﬂ?,, Dy, # 9 and 3, = {Ji(x) = mingeec Jix*) Ji(Ax) = mingyeeQ Ji(Ax%)) Sfor all
i=1,2,3. Then

3
(@3, = F(Mc(I-nA*(I- Mg)A)).

i=1

Theorem 4.3 Let C and Q be nonempty closed convex subsets of real Hilbert spaces H,
and H,, respectively,and let S : C — C be a nonexpansive mapping. Let 31,3,,33:C — R
be real-valued convex functions with the gradients V34,V3,, V33 being zi—, ’t' t
inverse strongly monotone and continuous, respectively, where ¢ € (0, %) with Ll\ =
min{ Z"T' if:;' —'—3) Let 31,32,33: Q = R be real-valued convex Sunctions with the gra-
dients V3,,V3,, V33 being L-%'n' L—:,:. Lt-inverse strongly monotone and continuous, re-
spectively, where Z € (0, 22;) with El: = min{L—;:. ;_—:;, ,_—';} Let A : Hy — Hj be a bounded
linear operator with adjoint A* and n € (0, %) with L being the spectral radius of the opera-
tor A*A. Define Mc : Hy — C by Mc(x) = Pe(I - (V3 )(ax + (1 - a)Pe(l — £ VIs)(ax + (1 -
a)Pc(I = ¢ V33)x)), Vx € Hy, and define Mg : Hy — Q by Mo(R) = Po(I = tV3)(ak + (1 -
a)Pq(l - IVI)ax+ (1~ a)Po(l ~ TV33)3)), Vi € Hs. Let the sequences {x,) and {y,) be
generated by xy € Hy and

n =McW, = PC(I -EV«\I)T,,,

where W, = (I - nA*(I = Mg)A)x, and T, = aW,, + (1 =a)Pc(I - V) (aWy, + (1-a)Pcll -
TVI)Wh)):

Qn - {z EH:((’—{V‘;S])T,, =Ym¥n -Z) et 0}.
xpar =0, T, # (L= @,)SPq, (T - £V, 00,)),  VneN.

Assume that the following conditions hold:
(i) 3= F©S)NMin @3, #9, where
@3, = {3i(x) = ming o Ni(x*) : TAx) = ming o 3,(Ax")) for alli =1,2,3.
(ii) oy, €fe,d]C(0,1).
Then {x,} converges weakly to xo = Psx,, which (xo, yo,z0) € Q‘;}:t;;-:: :;
Yo =Pl - LV, axg + (1 - a)zg) and zy = Pc(l - tVI3)x, with % = Axg, yo = Ay,
and Zy = Az.

, where

Proof By using Theorem 3.1 and Lemma 4.2, we obtain the conclusion. 0

5 Example and numerical results
In this section, we give the following example to support our main theorem.

Example 5.1 Let R be the set of real numbers, C:= {x € H|1 <2x; +x, <7}, Q:={x €
H|-10<3x)-x,<20},H, =H; = R2, Let Dy,D3,D3:C — 22 be defined byD,(xl,xz) =
(x1=2,x3+1), Da(x1,2x2) = (x; = 3,x0 = '%’).and D3(xy,x2) = (x1 +2,x, - 6) forall (x,x;) € C.
Let Dy, D3, D3 : Q — R? be defined by Dy (), %) = (¥1 — 4,5 + 8), Dy(¥), %) = (¥ = 12,4, —
8), and D3(¥1,%) = (£1 + 16,4 — 30) for all (¥1,%) € Q. Let A : R* — R? be defined by
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A(x1,%7) = (2x1,2x;) and A* : R> — R be defined by A*(x1,x2) = (2x1,2x5). Define Mc :
Hy — CbyMc(x) = Pl - 3D1)(3x+ 5Pc(l - 5D2) (3% + 3Pc(l - 3 D3)x)), Vx = (x1,%2) € Hy,
define Mg : Hy — Q by Mq(®) = Po(l - 1Dy)(3% + 1Po( - 1D,)(3% + 1PoU - LD3))),
V& = (#1,%,) € Hy, and define S: C — C by S(x1,x2) = (3 + 1,%). Let the sequences {x,}
and {y,} be generated by x; € H; and

j |
Yn=McW, =Pc(1 - E(xl -2,%+ 1)) T,

where W, = (I - gA*(I- Mg)A)x, and T, = Wi, + 1Pel - 3(x1—3,x2 - 2) A W, + 1Pc(1 -
(1 + 2,x0 - 6) W),

Q= lzeH:((l—%(xl —2,x2+1))T,,—y,,.y,,—z)30l,

and

1 1 1
AL R, (1 " "5" )qun(r,, - Si-2m 1)(y,,)), vneN,

5n i
where
(@1,2) - BRTICY L i 9y 4357,
Pcx = { (x1,%5) if 1< 2% +4, < 7,

(x1,7) = Bty 4 s <1,
for every x = (x1,x,) € Hy and

(x1,%2) = M;TNIM if 3x; — x5 > 20,

Poi= 1 (x1,x5) if =10 <3x; - x, <20,
(x1,%3) = &u;;ow](&_—ll if 3%, = x, < -10,

for every % = (x1,x,) € H,. By the definition of S, D;,D;i,Mc, Mg foreveryi = 1,2,3, we have
(2,0) € F(Mc(I- %A‘(l —Mpg)A)). From Theorem 3.1, we can conclude that the sequences
{x,} and {y,} converge strongly to (2,0).

Table 1 and Fig. 1 show the numerical results of sequences {x,} and {y,} where x, =
(-5,5)and n = N = 30.

Table 1. The values of {x,}and {y,} with initial values.x; =(-5,5)anda= N =30

n X = 061, %2) Yo =Wn.y2)
1 (~5.000000, 5.000000) (0.034028, 1.404266)
2 (-0.457465, 2.305332) (1.309813, 0.647460)
3 (1.223540, 1.203392) (1.781929, 0.337977)
15 (2.000000, 0.000000) (2.000000, 0.000000)
28 (2.000000, 0.000000) (2.000000, 0.0000000)
29 (2.000000, 0.000000) (2.000000, 0.000000)

30 (2.000000, 0.000000) (2.000000, 0.000000)
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—n?

4 ___yn'

2

x andyn

Figure 1 The convergence ofi{x»}and {y»} withinitial valGes X = (-5,5) and n= N =30
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