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Abstract

In this research, we present a mathematical model of the glucose in the body
that depends on the insulin produced in the pancreas, which allows us to study the
biological causes of diabetes mellitus. This study is focused on glucose absorption due
to direct intravenous of insulin. Glucose is absorbed by tissue cells such as the brain and
neurons and the increasing glucose level is contemplated from food intake and oral
glucose intake. From the foregoing, it can be summarized as a mathematical model of
the glucose-insulin system by linear mathematical analysis; Lyapunov’s method with
local stable conditional cases. Finally, conclusive analysis of insulin function was
performed using numerical with graph presentation to confirm the results in glycemic

control processes in humans.
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Notation/Symbols

is glucose concentration in the body at time t respectively.

is insulin concentration in the body at time t respectively.

is represented by insulin independent with glucose disappearance, the rate of

constant.
is represented by insulin dependent on glucose disappearance
is the glucose infusion rate after meal

is represented by intravenous insulin injection when glucose concentration is high,

the rate of constant.

is represented by insulin. production due to slucose stimulation, the rate of

constant.

is represented by insulin degradation, the rate of constant.



Chapter 1

Introduction

In this section, the background is mentioned in relation to researching mathematical
models for the human glucose regulatory system, the significance of the glucose-insulin regulatory
system and the objectives we hope to achieve. We would like to point out the benefits of this
study.

1.1  Research Motivation

Currently, one of the five deadliest diseases that kill Thai people the most is diabetes. (5
serious diseases are cancer, heart disease, diabetes, high blood pressure, and kidney disease) In
2018, the survey found that 425 million people had diabetes worldwide, which was projected to
increase to 642 million people worldwide within 2040 and may be increased the number every

year. In 2012, estimated 1.5 million deaths were attributed primarily to diabetes as reported by

WHO [1].
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Figure 1.1 Basic information on the number of people with diabetes [1].



1.1.1 Types of diabetes

Diabetes is a chronic disease caused by the metabolism of blood sugar levels. The
normal blood glucose concentration level in humans is in a narrow range (70-110 mg / dU). If
the concentration is higher than the specified, it indicates diabetes. There are three main types
of diabetes. The most common types of diabetes are:

Type 1 diabetes mellitus or TIDM is a chronic decease in which the pancreas produces
little or no insulin by itself. Approximately 5-10% of the patients belong to TIDM. Symptoms of
T1DM usually develops rapidly. It’s usually diagnosed in all ages. Patient is going to need to take
insulin every day to survive.

type 2 diabetes mellitus or T2DM, usually in adults rise when the body be able to oppose
to insulin or doesn't produce enough insulin. About 90-95% of people with diabetes have type 2.
T2DM can be hindered or delayed by redirecting healthcare, such as eating clean food, and
exercise.

Type 3 diabetes mellitus or T3DM, Gestational diabetes develops in pregnant who have
never had diabetes. Gestational diabetes usually goes away after giving birth but increases risk for
T2DM later in life. Baby is liable to have overweight as a child or teen, and more likely to develop

type 2 diabetes later in life too [2].

Normal Risk of diabetes. Diahetes

For those younger  For thoseaged  For those older
than 50 years. 50-60 years than 60 years.

® 8

Before meals Before bed.
Or after waking up

Figure 1.2: Testing blood sugar levels with a meter [3].



1.1.2 Complications

External factors that affect the blood slucose concentration level include meal intake,
the rate of digestion, activity, reproductive conditions. Complications such as kidney failure, leg
amputation, vision loss and nerve damage. An extremely high risk of a heart attack and stroke in
adults with diabetes. In pregnancy, if diabetes is poorly controlled, it increases the risk of fetal

death and other problems [4].

DIABETES

COMPLICATIONS

GLAUCOMA

Figure 1.3: Complications of Diabetes Mellitus [4]

1.1.3 Intra Venous Glucose Tolerance Test (IVGTT)

Many scientists are interested in mathematical models to realize and forecast the
biological behavior of the glucose-insulin metabolic control system. The experimental model
used to study diabetes was the intravenous glucose tolerance test (IVGTT). The IVGTT consists in

rapidly injecting a bolus of glucose intravenously. The IVGTT allows [15].
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Figure 1.4: Intra Venous Glucose Tolerance Test (IVGTT) [15]

1.1.4 Mathematical Model of Glucose - Insulin System
The investigator to clearly distinguished the first-phase insulin secretion, for these
reasons Gaetano and Arino presented a simple model. The simple form of the glucose-insulin

regulatory system to be studied is as follows [8].

O - _ble A b4Ibi + b7, (11)
0 = _bZIb + b6Gb (12)

When (Gyp, ) is assumed to be an equilibrium point [8]. It has been analyzed, edited

and further worked in order to understand the system by Hussain J [14].

X = —a;X — a,xy + as, (1.3)

5/ = blx - bzy (14)



1.2

1.3

1.4

1.5

Objectives of the study

1.
2.

To study a mathematical model for glucose-Insulin interaction

To modify a new model for glucose-insulin interaction under the Insulin injection
directly into a vein.

To create the stability theorem for this new model using a technique of Lyapunov’s

function

Scope of the study

1.
2.

a.
5.

For normal cases in human, study principle of model for glucose-insulin interaction.
Modify a new glucose - insulin interaction model under the insulin injection directly
into a vein.

Lyapunov function is used to check stability of the model.

Numerical methods are used to analyze the behavior of models.

Finally, set a new theorem for stability case in this model.

Research methodology

1.

N

R

6.
7.

Study the incidence of diabetes and related research.

Study the mathematical model of diabetes and the true origins of the human body.
Study the behavior of blood sugar - insulin with normal people.

Modified the model by increasing the injected insulin constant.

Numerical simulations are used to analyze the modified model.

Use graphs to analyze the new model.

Conclusions - reviews and suggestions

Benefits of the study

1.
2.

To know the factors and symptoms of diabetes.

Conceptual understanding of a system of linear differential equations and

can be applied to the diabetic system

A new model was obtained for the glucose-insulin interaction analysis for use in the

future



Chapter 2
Basic knowledge and Literature Reviews

In this chapter, it is some basis about the blood glucose-insulin, some mathematical model
of the glucose - insulin metabolic regulatory system, some of the numerical analyzes are used in

models and reviews of literature related to the model.

2.1 Basic knowledge about blood glucose-insulin

2.1.1 Blood Glucose Regulation

The concentration of glucose is regulated by the interaction of the pancreatic endocrine
hormone’s insulin and glucagon, which is roughly described as ﬁ—cells and Q-cells, which are
both activated by some factors causing insulin and glucagon to be secreted respectively. Both

cells are scattered in the pancreas called Islets of Langerhans [11].
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Figure 2.1 Physiological glucose-insulin regulatory system [11].

There are 2 cases to explain, 1°* when blood sugar levels are raised, and another low
plasma glucose level has occurred. When blood sugar levels are raised, pancreas in human body
will use B cells and B cells are stimulated to secrete insulin. This insulin shall be regulated for

resulting in higher than normal blood sugar concentrations level. After the process, normal plasma



glucose level, the liver and other cells (e.g., muscle) can be excessive absorption. The second

case, a low sugar levels is taken. Pancreas will use Ol-cells to stimulate the releasing glucagon
hormone by acting in the liver cells and causing glucose to spread into a vein. The blood of
normal people range is 70-110 mg/dl. Normally, a person has a problem with the level of glucose
that can occur for 2 reasons, namely hyperglycemia or hypoglycemia. Diabetes is a disease of the
glucose-insulin regulating system, which is called hyperglycemia (See Figure 2.1 for plasma

glucose-insulin interaction loops.) [11]

2.1.2 Nonlinear systems and Linearization

We will be only interested in nonlinear systems, for example:

dx i
— = sinx

dt
(2.1)

x
—€ 0.5 0.5
T y + 0.5xy
are nonlinear systems.

We are always able to find an explicit solution of the linear system for the form given the

general autonomous linear system of two first-order equations.

2.1.3 Equilibrium Points
An equilibrium of a dynamical system is a value of the state variables where the state
variables do not change. In other words, an equilibrium is a solution that does not change with
time. This means if the systems start at an equilibrium, the state will remain at the equilibrium
forever. In a discrete dynamical system, such as
Xne1 = () (2.2)
(in function iteration form) or
Xnt1 — Xn = g(Xn) (2.3)
(in difference form), one can fine the equilibria by substituting in the same quantity for x,, and
Xn+1, SUch as substituting x,.1 = x, = E. One must then solve the equation
E=f(E) (2.49)

or



0= g(E) (2.5)
to determine the values E such that x,, = E is an equilibrium of the dynamical system. In a

continuous dynamical system, such as
dx

prl f(x), (2.6)
one can fine the equilibrium by setting % = 0. One must then solve the equation
0 = f(E) (2.7)

to determine values E such that x(t) = E is an equilibrium of the dynamical system.

2.1.4 Linearization
If fis a function of a single variable x and differentiable at x4, then an equation of the

tangent line to the graph at (xl,f(xl)) is

y = £ + £ () (x —x1), (2.8)
The tangent line, which we write as
L(x) = f(x1) + f'(x)(x — x1) (2.9)

is said to be a linearization of f and x;. When x is close to x; and the tangent line is close to the
graph of f, we can approximate the functional value f(x) using the corresponding y coordinate
on the tangent line. We say that f(x) = L(x) is a local linear approximation of f(x). Similarly, if is
a function of two variables x and y that has continuous first partial derivatives in a neighborhood

of (x1,¥y1), then using an equations of the tangent plane at (x4, y1, f, (x1,¥1)). the linearization of

fat (xq,¥1) is

L(x,y) = fe, 1) + fr (e, y1) (x —x1) + f5,(xp, y1) (v — y1) (2.10)
Where f, and f,, denote the first partial derivatives. Thus when (x,y) is close to (xq,y1).
f,y) = L(x,y) (2.11)

is a local linear approximation of f(x,y)
Definition: Assume that f,,(x,y) and f,(x,y) are functions of the independent variables x and y

we got Jacobian matrix J(x,y) followed by:



on oh
dx 0y
dx 0y

2.1.5 Lyapunov’s Function
A Lyapunov’s function is commonly used to prove the stability of the equilibrium point,
which is a scalar function defined on the phase space. The Lyapunov method was applied to
study the stability of differential equations and systems. Below, we restrict ourselves to the
autonomous systems
X = f(x) or % = O LY L= 1,2, N0 (2.13)
With the equilibrium X =0
We assume that we can get the differential function continuously.
VX =V & X (2.14)
Example V(xy,y,) = ax? + bxy ,a,b >0 (2.15)

We fine the total derivative of the function V(x) with respect to time t:
‘;—:=;—;%+:—;%+---+%% (2.16)
Given V(x) is smooth function in a neighborhood U of the origin. When V(x) is called
Lyapunov’s function for an autonomous system
X\ ), (2.17)
If according to statements, then;
1. V(X) >0 forall X € U{0};
2. V(0) =0;

%SOforallX evV.

3.
2.1.6 Stability Theorems
Stability theorem in terms of Lyapunov. If in a neigshborhood U of a zero solution X =0
of an autonomous system there is a Lyapunov function V(x), then the equilibrium points X =0
of the system is Lyapunov stable.

Theorem on asymptotic stability.
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If in a neighborhood U of a zero solution X = 0 of an autonomous system, there is a
Lyapunov function V(x) with a negative definite derivative i—: < 0 forall X € U{0}, then the
equilibrium point X = 0 of the system is asymptotically stable.

As it can be seen, the total derivative ‘Z—: must be strictly negative (negative definite) in a

neighborhood of the origin for the asymptotic stability of a zero solution.

2.2 Literature Reviews

In 1939, Himsworth and Ker studied the type of diabetes. There are two types of diabetes:
insulin-sensitive and non-insulin-sensitive. A mathematical model was created to study and
simulate glucose-insulin for the first time

In 1965, Ackerman and Gatewood discovered a mathematical model. It's a simple linear
model. That was developed for the blood sugar control system, the test was performed by the
oral glucose tolerance test and Intravenous glucose tolerance test. The model presents a large
physiological control system. Which has been used in a variety of applications and has been
successfully developed into a simulate dynamics with more complexity.

In 2000, Gaetano and Arino created a mathematical model of the glucose-insulin
interaction. Based on the intravenous glucose tolerance test (IVGTT) in normal people without
disease.

In 2014, Hussain and Zadeng, A mathematical model of the glucose-insulin interaction was
tested for stability by Lyapunov’s function and the results were analyzed by numerical
methodology.

In this study, the mathematical model of the glucose-insulin system was modified by
adding a new variable to the equation: the rate constant of insulin injection when glucose
concentration is high in the case that the patient is a normal person without disease. The meal is

consumed which is described as shown in Figure 2.2. When we consume food through digestive
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Glucose intake

Brain does not
require insulin

y
& -

Liver requires small 0o X
amounts of insulin 24

be Fat tissue requires large

amounts of insulin
§a, 7

Muscle requires large
amounts of insulin

Figure 2.2: Biological behavior of the glucose-insulin metabolism in the body system[11].

The description of the biological behavior of the glucose - insulin.metabolism in the body is
starting to take glucose in the body while we consume food through the digestive system. It is
digested into glucose at the rate of as, the brain can absorb glucose to use without insulin as an
intermediary, resulting in a;x rate. The pancreas is stimulated to produce insulin by the remaining
glucose at the rate of byx. Fat cells and muscle cells use insulin as a intermediary for glucose
uptake at the a,xy rate. Residual insulin is eliminated by the liver at the rate of b,y. Finally, a
simulation of intravenous insulin at the rate of a,y was performed. The model describes in
Figure 2.2.
We get the system equation as follows.
X =—ax —axy +az + a,y, (2.18)
y = bix —byy (2.19)
When x and y is slucose and insulin concentration in the body at time t respectively.
a4 is represented by insulin independent with glucose disappearance, the rate of constant.
a, is represented by insulin dependent on glucose disappearance
a; is the glucose infusion rate after meal
a, is represented by intravenous insulin injection when glucose concentration is high, the
rate of constant.

b; is represented by insulin production due to glucose stimulation, the rate of constant.
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b, is represented by insulin degradation, the rate of constant.

A new mathematical system model of human glucose regulation is (2.18) and (2.19).
Mathematical methods are used to find the equilibrium point of the model. After that finding the
stability of the model by differential equation system technique, we can get a new theorem. The
simulation was done by constructing the Lyapunov’s function to prove the condition. Stability is

described in the next chapter.
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Chapter 3

Research Methodology

The research operation has the following steps: finding the equilibrium point of our

model and the model's stability analysis are detailed below.
3.1 Equilibrium points

Find the equilibrium point from equations (2.18) and (2.19). Performing the nonlinear
differential equations of the mathematical model equal to zero, x = 0.and y = 0. The glucose
and insulin concentrations are obtained as follows:

Consider

X=0->—a;x —axy+as;+a,y=0, (3.1)
y=0-bix—byy i AY (3.2)

The equilibrium point (x*,y*) exists for the above model. In equation (3.1),(3.2) is solved
by following :

Finding x* from (3.2) we will get: y = b;—zx

Replace y backin (3.1) we will get;

0=—a1x —ax (b;—zx) +az+ay (l;l—zx),
= —a;byx — a,byx% + azh, + azbx, (3.3)

= _azblxz 4 (_albz =} a4b1)x + a3b2

—b+Vb2%—4ac

finding solutions from x* = ——,— wegot:
x* = —a1by+asbi+y(a1by—asb1)?+4(azbiaszby) (3.4)
2a2b1
Finding y* from (3.2) we will get: x = b;—y
1

Replace x backin (3.1) we will get:

by by
0= -0, (%) - azy () + a5 + ay,

= _albzy - a2b2y2 + a3b1 + a4b1y, (35)



= —ayb,y? + (—a;by + ashy)y + azby

.. . " —b+Vb2—
finding solutions from y* = TW we got:
- —aiby+asby+y/(a1b;—asb,)?+4(azbrazby) (3.6)
y 2a2b2 ’

The interior-equilibrium point (x*, ¥*) exists unconditionally as x* and y* are always

positive as all the parameters are considered positive.
3.2 Linearization

Consider the Jacobian matrix of (3.18),(3.19) given by

C[Far—azy —azx+ta,
A=l WAl (3.7)
At (x*,y*) following :
[ay —ayy” —a;x*+ay
a2 e\ (3.8)

Let x =X +x%,y =Y + y" be the transformation and then derive linear system.
Therefore, we get the following linear equation:
X =-a,X —ay*X —ax"Y +a,Y, (3.9)
Y = b X —b,Y (3.10)

3.3 Stability Analysis

Theorem1: The interior-equilibrium point (x*, ¥*) is locally asymptotically stable of

(3.9), (3.10) if

(by + ay — ayx*)? < 4b,(a; + ayy*) (3.11)
Proof: Consider the Lyapunov’s function

V=2@?+y?) (3.12)

14



Let (x*,¥") be the internal equilibrium point. We found the total derivative of the function

V(x,y)

V=V +V, (3.13)
we will have
h=(2)- =0 f() =-aX —ayX —axXY+aXy, (3.14)
and
bh=(2) L= o) = bAY by (3.15)
thus,
V= —(a+ay)X + (b +a,—ax)XY —bY"
= —%AX2+BXY—%CY2 (3.16)

while A =2(a; +a,y*), B=Dby +a,—a,x*, C =2b,

15

According to the asymptomatic local stability theorem, if the function V(x,y) is always positive

and V(x,y) is always negative. From Equation (3.14) we get that :

B?—AC <0
then
B? < AC
thus,
(b, +a,—ax*)* < 4b,(a, +a,y") (3.17)

If such conditions are met, the internal equilibrium point (x*,¥™) is locally asymptotically

stable. The glucose-insulin interaction model was concluded to have intrinsic stability of

equilibrium point. This corresponds to the definition of the Lyapunov’s function. Numerical

the

methods are used to check stability conditions, resulting in a graph which is described in the next

chapter.



Chapter 4

Simulations and Discussion

16

According to the analysis, it was found that the stability of the glucose - insulin interaction

model was subject to conditions (3.17).

4.1 Numerical Simulation

Parameters were summarized in the following tablel. The parameters for those who can show
that dynamic models create solutions are consistent with the data collected by their experiment. We fit the information

based on table 1 and found that it is well compatible with the conditions for existence and stability of the intemal

balance [8].

Table 1 : Dynamical results [8].

Subject Sex Age Height BW LBM FM bas. bas. by by b, by by bs be by R?
(years) (cm) (kg) (kg) (kg) gluc. insul. (mg/dl) (min~!) (min~!) pM/  (minT') (min) min~!'pM/ (mg/dl)
(mg/dl) (pM) (mg/dl) pM~! (mg/dl) min~!

1 m 35 172 72 56 16 69 71.3 170 0.0226 0.0437 2.57 3.80E-08 20 0.045 1.56 0.865
2 f 28 155 45 36.2 8.8 79 51.7 241 0.0509 0.2062 3.55 1.29E-07 14 0.135 4.02 0.955
3 f 25 162 61 484 12.6 74 294 208 0.0309 0.1817 2.96 6.99E-07 12 0.072 229 0.931
4 m 32 169 68 535 145 80 56.6 355 0.0084  0.1039 425 7.55E-05 8 0.073 1.01 0.985
5 m 23 179 65 55 10 74 45 216 0.0273 0.0275 277 1.10E-07 5 0.017 202 0.869
6 f 27 162 65 445 20:5 88 68.6 209 0.0002 0.0422 1.64 1.09E-04 23 0.033 0.68 0.953
7 m 25 170 66 53 13 87 379 311 0.0001 0.2196 0.64 3.73E-04 23 0.096 1.24 0.957
8 f 34 158 64 424 21.6 78 55.8 217 0.0565 0.0438 4.39 5.70E-06 19 0.031 443 0.99
9 m 42 172 78 61.2 16.8 70 43.8 156 0.0135 0.2972 592 3.51E-08 11 0.186 0.94 0.93
10 f 55 169 67 474 19.6 67 37.7 184 0.0159 0.0965 2.51 8.72E-08 14 0.054 1.07 0.862
Mean 326 166.8  65.1 49.8 15.3 76.6 49.8 226.7 0.0226  0.1262 312 5.64E-05 149 0.074 1.93 0.93
s.d. 9.8 73 85 74 44 7.2 13.6 62.1  0.0194 0.0938 1.49 1.18E-04 6.2 0.052 1.31 0.048
s.e. 31 23 27 23 14 23 43 19.6  0.0061 0.0297 0.47 3.73E-05 2 0.017 0.41 0.015
c.v. (%) 9.5 14 4.1 4.7 9 3 8.6 8.7 271 23.5 15.1 66.1 131 224 215 1.6

Taking the data of their first subject:

Table 2 : Parameter setting

Parameters a, a, as ay b, b,

Value 0.0226 3.80e - 08 3.842 - 0.065 0.0022 0.0437

Considering equation (3.4) and (3.6) we get equilibriums point (x*,y*), in which value.

*

X

—ayby + aghy ++/(a1b, — ashy)? + 4(aybyash,)

2a,by

= 148.4969
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and

—a.b, + asb; ++/(a1b, — asb;)? + 4(a,b,a:b
yr = ZGabat @ubi 4 V(@b — aib)? +4azbaaaby) _ e
2a,b,

Therefore, x* = 148.4969 and y* = 7.4758

From theorem 1, it can be seen that ; (b; + a4 — ayx*)? < 4b,(a; + a,y*)

0.0039 < 0.0040

Since, the values are reversed, the condition is fulfilled according to theoreml, the
equilibrium point (x*,y*) is locally asymptotically stable. The glucose-insulin interaction which
follows this new dynamic model can be done. In the body of a normal person when food enters
the body processes in the body take carbohydrates to digest 1-2 hours after eating. This causes
the sugar level in the body to rise after eating for at least 2 hours. The post-meal glucose
concentration curve was simulated by Table 1, showing that after 1-2 hours of eating, the glucose

concentration rose to 170 meg/dl as shown in Figure 4.1.

Table 3: Showing of increased glucose concentrations after meals at different times (step 30).

Time (x) mins. 0 30 60 90 120 150 200 230 260

Glucose (y) mg/dL. 0 86 128 149 160 165 170 ~170 | =170

180

Glucose (mg/dl)
Insulin (1U)

Concentration

0 50 100 150 200 250 300 350 400 450 500

Time (min)

Figure 4.1: Simulation of glucose — insulin function after meal with parameters in Table 2.
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Time axis in Figure 4.1, Table3 is shown step 30 up for the values of glucose concentration
after eating foods. This confirms the reasons after eating at least an hour, high glucose
concentration level occurs.

Also, graphs are generated for two different values of a4 is a constant rate, which
represents an intravenous of insulin. Considered at a, = - 0.065 the curve for glucose
concentration was shown to peak to 148.4969 meg/dl shown in Figure 4.2 and glucose
concentration was reduced to 69.43 mg/dl when ay4 = - 0.6567 shown in Figure 4.3. This indicated
that insulin is important for the metabolism of the regulatory process of glucose level in the

human.

Table 4: Glucose concentrations with insulin injections at a, = -0.065.

Time (x) mins. 0 30 60 90 120 150 200 230 260

Glucose (y) mg/dl 0 86 120 | 137 144 147 148 | =148.50 | =148.50

150

100

Glucose (mg/d\)
,,,,,,,,,, Insulin (1U)

50

Concentration

Time (min)

Figure 4.2: Simulation of Glucose - Insulin function after receiving meal with a, = - 0.065.



Table 5: Glucose concentrations with insulin injections at a, = -0.6567.
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0 50

100

150 200, 250

Time (min)

300 350 400

Time (x) mins. 0 30 60 90 120 150 200 230 260
Glucose (y) mg/dl 0 72 79 72 68 69 69.4 ~69.43 | =69.43
70 e
.S 60 Glucose (mg/dl) |
g e Insulin (IU) |
@ I
30

Figure 4.3: Simulation of glucose — insulin function after receiving meal with a4 = - 0.6567.
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Chapter 5

Conclusions

The content of this chapter is a summary of research findings and recommendations,

which has the following details.
5.1 Conclusions

Dynamic modeling of the slucose-insulin interaction was developed based on research by
Hussain J [14], adding the insulin injection factor to the original equation. Therefore, the equation
is nonlinear a new equation system model is (2.18) and (2.19). We converted (2.18) and (2.19) to
a linear equation based on equations (3.7) and (3.8). Then, we used the Lyapunov function for
analyzing the stability with the conditions with having Theorem 1, and used numerical simulations
to test the conditions in Theorem 1 results in conditions hypothesized in the theorem are
accurate. Therefore, the glucose-insulin reaction equation is stable.

The model constructed using a linear differential equation showing the importance of
insulin to glucose breakdown is represented by simulated curves of two different a, values,
where a, is the insulin infusion constant at a, = -0.065, the slucose concentration was as high
as 148 mg/d|, and at a4 = -0.6567, we found that it reduced the glucose level to 69 mg/dl. Insulin
plays a role in normalizing the concentration of glucose in the body. The study concluded that
this new glucose-insulin model is physiolosically consistent. Finally, this study could be helpful
for further diabetes research. In the body of a normal person when food enters the body
processes in the body take carbohydrates to digest 1-2 hours after eating. This causes the sugar

level in the body to rise after eating for nearly 2 hours.

5.2 Suggestion

In this work we shown a solution using the Lyapunov function V =%(x2+y2) to
determine the stability condition and use all three numerical cases to simulate solution of the

glucose-insulin equation system model. Its other researchers are interested, you can improve
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other models, adding effective terms of co-glucose-insulin or taking time delay. Or using another

numerical method to simulate and comparison
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Abstract - In this research, we present a h ical model of diak mellitus showing how glucose metabolism in the body is
related to pancreatic insulin. We looked at the breakdown of glucose due to direct injection of insulin into the vein, and the
breakdown of glucose due to the uptake of tissues such as the brain and neurons, and also considered the increased glucose level
coming from consuming food and eating glucose directly. From this behavior, we can izeitas a h ical model of the
system of glucose. Then, we used linear and nonli th ical theorem analysis by Lyapunov’s method with conditional and
local stability and global stability cases respectively. Finally, a numerical approach along with a graph presentation was used to
confirm the conclusive analysis of the role that insulin works in the process of regulating the blood sugar level in the human body.

Keywords - Diabertes mellitus, Gl insulin, stability, Lyp

L INTRODUCTION methods for using insulin. Several models were presented
by Makroglon et aland reviewed by Boutayeb and
Diabetes mellitus is a disorder associated with the  Chetouni. Most of models can be found in conventional
metabolism of the body. It is caused by genetics and = experiments.
environment. The patient is unable to produce the insulin
enough. Thus a condition that results in abnormally high IL PRELIMINARY
blood sugar levels is called “hyperglycemia™. The normal
blood glucose concentration range is followed an overnight A, The Ghicose-Insulin Interaction
fast (70 - 110 mg/dl) . For a normal subject, after an
overnight fast, the basal plasma insulin is in the range of 5 - Normal blood gl ion level in | is
10 pU/ml and as large as 30 - 150 puU/ml during meal in a narrow range (70-110 mg / dl). Exogenous factors that
consumption while the glucose concentration level is high affect the blood glucose concentration level include food
(Ahren and Taborsky.2002). The blood glucose level is intake, rate of digestion, and exercise. The pancreatic
regulated by the interaction of the glucagon and insulin in ~ endocrine hormones insulin and glucagon are responsible
the pancreas. for keeping the glucose concentration level in check and
Besides, the Diabetics may have complications such as secreted from B -cells and a -cells respectively, which are
retinopathy. nephropathy, peripheral, neuropathy and contained in the so-called Langerhans islets sc d in the
blindness [1]. There is an increasing number of people with  pancreas. When the blood glucose concentration level is
diabetes every year. It is estimated that 592 million people high, the B -cells release insulin which results in lowering
will be affected by 2035, according to the web site. the blood glucose concentration level by inducing the
(hup:/idf.org) .For theses reasons, many researchers are uptake of the excess glucose by the liver and other cells and
interested in mathematical models to understand and to by inhibiting hepatic glucose production. When the blood
predict the biological behavior of the glucose-insulin glucose level is low, the « -cells release glucagon, which
endocrine metabolic regulatory system. An experimental results in increasing the blood glucose level by acting on

model used to study diabetes was the intravenous glucose liver cells and causing them to release glucose into the
tolerance test (IVGTT). Gaetano and Arino proposed a blood (seeFigurel)
simpler model called the dynamic model. According to Andrea De Gaetano's research [4] The

Modeling Glucose-insulin has become an exciting topic  dynamical model of the glucose-insulin system to be studied
and there are many models. Each model aims to better  is therefore:
understand glucose and insulin interaction. It also can
examine the possibility of diabetes as well as find better i 0= —b,Gy, + bylpGy + by
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= —byly + beGp

In fact, assuming the subject is at equilibrium at [4].
From the above equation It has been analyzed, edited and
further studied in order to further understand the system by
Hussain J [11].

i latory system, Msk
(2006) [7]

B. Mathematical Model of the Ghicose-Insulin Interaction

In this paper, we propose the following general model
for the interaction of glucose and insulin:

x| w=—gx=axy +ay+ay, 2]
) = bx =by (2.2)

Wherex =0,y =0
X represents glucose concentration
y represents insulin concentration

a1 is the rate constant which rep insulin independ
glucose disappearance
@ is the rate constant which rep insulin depend:
glucose disappearance

as is the glucose infusion rate after meal

ay is the rate constant of insulin injection when glucose
concentration is high levels

by is the rate constant which rep ts insulin prod
due to glucose stimulation

b is the rate constant which rep ts insulin degradation
C. Egquilibrium Points
Consider
X =m0 = =ax=axy+tatagy=0 (2.3)
y =0 = bx=by=0 24)

The equilibrium point (x*, y*) exists for the above model.
Equation (3).(4) is solved by following:

DOI 10.5013/1JSSST.a.21.04.17
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_ =aib: +aibr + / (@ba=aiby)? +4{azbiash:
2azh 2.5)

— —aibs +asbi + V (@ba-ash)2+4(ashsash,
2ash:

(2.6)

The interior-equilibrium  point (x+, y*) exists

unconditionally as x= and y= are always positive as all the
parameters are considered positive.

D. Linearization

Consider the Jacobian matrix of (2.1), (2.2) given by:

-

T = -agy Caxva
by =b:
At (x#, y#) following:
= [ ~a-a o +au
b ~by

We now use the transformation X = X + x«, y = Y + y=
and then linearize the system.

We get the linearized system:

X =<aiX - asy" X —aa5"Y + ai¥ @7
Y =hX'~hY 23)
E. Stability Analysis

Theorem 1: The interior-equilibrium point (x+, y+ is
locaily asympitotically stable if:

(bl # a4 —a2x#+)2 <4b2(al + aly=)

Proof: Consider The Lyapunov function:
Liyapy2
V= i(X +Y*)

Hence,
V= —(ap+a39*)X? + (b + ag — az*) XY = b¥?

= _Lay2 _loy2
= 2AX + BXY 2CY

Where A =2(a;+ay*), B=b; +as=ax, C=2b;
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The sufficient condition for V' to be negative definite is
that:

B*<AC
ie. (b1 +as — @) < dby@ + azy)
which is the condition that the parameters must satisfy so

that the critical point (x+, y*) is locally asymptotically
stable.

Lemma 1: The set Q = {(x,y) : 0 < x+y < a3 +*
ce™ § = min(al = bl, b2 = ad), ad), c is a constant, is a
region of artraction for all solutions initiating in the posifive
quadrant
Proof: From our model we have:

dx

E= =X = @yt + ae

ay
ai=bﬂ—b‘.y
Therefore,
dix +y)
g T T MX T ARy £ as Ay +bix — by
< =X+ @s + auy+ bix = bay
= —(ay — byx + as ~ (by — ady
<—min{(as—=by), (b2 = a) Hx, Y) + ax
Let 6 = min {(al = bl), (b2 = ad)}

a
Thus x+y <T3+ce“‘

Theorem 2: The interior-equilibrium point (x% y+ is
globally asymptotically stable if:

(0, —a,x" + by)° <4b,(a,¥) where )"=§(?)+u“‘

Proof: Consider the Ly fi

"¢

_l — ') l =\
V=5G@-2' +30-v)

Then
V=(z-2c+y—-y")
= (—ay —agy)(z — 2°)* + (ag — apz”
+by)(z -2 )y —v") —baly - ")}

DOI 10.5013/1JSSST.a.21.04.17

= —3Au(e = 2" + Aunler - 2°)

w-v")- %An(ll -y')?

Where All =2(al +a2y), Al2= (ad —a2x++bl), A22=
2b2

The condition for 7" to be negative definite is that:

A%g <A11Aﬁ
iel /(@ = ax* + byy*< abyar + any)

Thus, the interior-equilibrium point is globally
asymptotically stable.

1. MAIN RESULTS

A. Numerical Simulation

In a clinical experiment ducted and reported in
Gaetano et al [4]. Ten healthy volunteers 5 males and 5
females participated. All subjects had negative family and
personal histories for diabetes mellitus and other endocrine
diseases.

The parameters values for the able to show that the
dynamic madel does produce solutions that fit well with the
data collected from their experiment. We fit the data from
Table 1 [4] and found that it fit well with the conditions for
existence and the stability of the interior-equilibrium.

Taking the data of their first subject:

@, = 0.0226, 0, = 3.80¢ = 08, a3 = 3.842, 0, = =0.065,
by = 0.0022, bs = 0.0437

We getx* = [48.4969 and y* = 7.4758

The condition for local stability for (x=, y#*) is also
satisfied as:

(by + @y = axx*)* = 0.0039 < 4by(a, + a;y*) = 0.0040

We consider the particular case:

We see that the interior equilibrium point (x*, y*)

Also, graphs are generated for two different values of
a4, the rate constant which rep- resents insulin injection. We
see that when a4 = -0.065 the curve for glucose
concentration show that peak to 1484969 mg/dl and
glucose concentration is lower as 69.43 mg/dl when a4 = -
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0.6567 .This shown that insulin an important role in the 180
regulation process of the level of glucose in the human

body.

160

150
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Figure 3: Glucose-insulin equilibeinm after consumption with original

L dynamical model, Hussain J (2014) [10].

nmz;nmw.:u--amma Blnelme).glucoae
concentration as a4 = 0,656 7(model: red line) and insulin contentration
(model: dashed lines)
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Figure 4. Glucose-insulin equilibrium after consumption with dynamical
model when adding less ad (-0.6567)

IV. CONCLUSION

In this study, a mathematical model has been proposed
and analyzed to study the dynamics of glucose and insulin
in the buman. The model was formulated by a system of
ordinary differential equation. Linear and non-linear cases
were considered. Both cases are validated by numerical
simulations and the importance of the role of insulin in the
disappearance of glucose has been shown by graph which
depicts the situation for two different value of a4, the rate
c which  rep insulin injection when gl
concentration is high level(afier meal). When a4 value was
higher(<0.065).glucose level was significantly high (148
units approx.) and when a4 was lower (-0.6567).glucose
level was lower (69 units approx.) which indicates that
msulin plays a visit role in regularizing - glucose

DOI 10.5013/1JSSST.a.21.04.17

concentration in the human body We conclude that
Lyapunov’s direct method is phy ically consi: and
may be a useful tool for further research on diabetes. This
study is especially supportive for the proper injection of
insulin with expert supervision for the treatment of people
with insulin resistance or type 2 diabetes mellitus to lower
blood sugar levels. We sincerely hope that this study will be
of great benefit to the medical profession and those
interested in it.
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