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Abstract 

In this research, we present a mathematical model of the glucose in the body 

that depends on the insulin produced in the pancreas, which allows us to study the 

biological causes of diabetes mellitus. This study is focused on glucose absorption due 

to direct intravenous of insulin. Glucose is absorbed by tissue cells such as the brain and 

neurons and the increasing glucose level is contemplated from food intake and oral 

glucose intake. From the foregoing, it can be summarized as a mathematical model of 

the glucose-insulin system by linear mathematical analysis; Lyapunov’s method with 

local stable conditional cases. Finally, conclusive analysis of insulin function was 

performed using numerical with graph presentation to confirm the results in glycemic 

control processes in humans. 
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Notation/Symbols 

𝑥̇  is glucose concentration in the body at time t respectively. 

  𝑦̇  is insulin concentration in the body at time t respectively. 

𝑎1 is represented by insulin independent with glucose disappearance, the rate of 

constant.  

𝑎2  is represented by insulin dependent on glucose disappearance  

𝑎3  is the glucose infusion rate after meal 

𝑎4  is represented by intravenous insulin injection when glucose concentration is high, 

the rate of constant. 

𝑏1  is represented by insulin production due to glucose stimulation, the rate of 

constant. 

𝑏2  is represented by insulin degradation, the rate of constant. 
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Chapter 1 

Introduction 

In this section, the background is mentioned in relation to researching mathematical 

models for the human glucose regulatory system, the significance of the glucose-insulin regulatory 

system and the objectives we hope to achieve. We would like to point out the benefits of this 

study. 

1.1 Research Motivation 

Currently, one of the five deadliest diseases that kill Thai people the most is diabetes. (5 

serious diseases are cancer, heart disease, diabetes, high blood pressure, and kidney disease) In 

2018, the survey found that 425 million people had diabetes worldwide, which was projected to 

increase to 642 million people worldwide within 2040 and may be increased the number every 

year. In 2012, estimated 1.5 million deaths were attributed primarily to diabetes as reported by 

WHO [1]. 

 

 

 

 

 

 

 

 

 

 

 

     Figure 1.1  Basic information on the number of people with diabetes [1]. 
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1.1.1  Types of diabetes 

Diabetes is a chronic disease caused by the metabolism of blood sugar levels. The 

normal blood glucose concentration level in humans is in a narrow range (70–110 mg / dl). If 

the concentration is higher than the specified, it indicates diabetes. There are three main types 

of diabetes. The most common types of diabetes are: 

Type 1 diabetes mellitus or T1DM is a chronic decease in which the pancreas produces 

little or no insulin by itself. Approximately 5-10% of the patients belong to T1DM. Symptoms of 

T1DM usually develops rapidly. It’s usually diagnosed in all ages. Patient is going to need to take 

insulin every day to survive. 

type 2 diabetes mellitus or T2DM, usually in adults rise when the body be able to oppose 

to insulin or doesn't produce enough insulin. About 90-95% of people with diabetes have type 2. 

T2DM can be hindered or delayed by redirecting healthcare, such as eating clean food, and 

exercise. 

Type 3 diabetes mellitus or T3DM, Gestational diabetes develops in pregnant who have 

never had diabetes. Gestational diabetes usually goes away after giving birth but increases risk for 

T2DM later in life. Baby is liable to have overweight as a child or teen, and more likely to develop 

type 2 diabetes later in life too [2].  

Figure 1.2:  Testing blood sugar levels with a meter [3]. 
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1.1.2  Complications 

External factors that affect the blood glucose concentration level include meal intake,  

the rate of digestion, activity, reproductive conditions. Complications such as kidney failure, leg 

amputation, vision loss and nerve damage. An extremely high risk of a heart attack and stroke in 

adults with diabetes. In pregnancy, if diabetes is poorly controlled, it increases the risk of fetal 

death and other problems [4]. 

 

 

Figure 1.3:  Complications of Diabetes Mellitus [4] 

 

1.1.3  Intra Venous Glucose Tolerance Test (IVGTT) 

Many scientists are interested in mathematical models to realize and forecast the 

biological behavior of the glucose–insulin metabolic control system. The experimental model 

used to study diabetes was the intravenous glucose tolerance test (IVGTT). The IVGTT consists in 

rapidly injecting a bolus of glucose intravenously. The IVGTT allows [15]. 
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Figure 1.4:  Intra Venous Glucose Tolerance Test (IVGTT) [15] 

 
1.1.4  Mathematical Model of Glucose - Insulin System 

The investigator to clearly distinguished the first-phase insulin secretion, for these 

reasons Gaetano and Arino presented a simple model. The simple form of the glucose-insulin 

regulatory system to be studied is as follows [8]. 

 

                               0 = −𝑏1𝐺𝑏 + 𝑏4𝐼𝑏𝐺𝑏 + 𝑏7 ,                                                       (1.1) 

                               0 = −𝑏2𝐼𝑏 + 𝑏6𝐺𝑏                                                       (1.2) 

 

When (𝐺𝑏, 𝐼𝑏)   is assumed to be an equilibrium point [8]. It has been analyzed, edited 

and further worked in order to understand the system by Hussain J [14]. 

 

                                   𝑥̇ =  −𝑎1𝑥 − 𝑎2𝑥𝑦 + 𝑎3,                                             (1.3) 

                                       𝑦̇ =  𝑏1𝑥 − 𝑏2𝑦.                                                         (1.4) 
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1.2 Objectives of the study 

1. To study a mathematical model for glucose-Insulin interaction  

2. To modify a new model for glucose-insulin interaction under the Insulin injection 

directly into a vein. 

3. To create the stability theorem for this new model using a technique of Lyapunov’s 

function 

1.3 Scope of the study 

1. For normal cases in human, study principle of model for glucose-insulin interaction. 

2. Modify a new glucose – insulin interaction model under the insulin injection directly 

into a vein. 

3. Lyapunov function is used to check stability of the model. 

4. Numerical methods are used to analyze the behavior of models. 

5. Finally, get a new theorem for stability case in this model. 

1.4 Research methodology 

1. Study the incidence of diabetes and related research. 

2. Study the mathematical model of diabetes and the true origins of the human body. 

3. Study the behavior of blood sugar - insulin with normal people. 

4. Modified the model by increasing the injected insulin constant. 

5. Numerical simulations are used to analyze the modified model. 

6. Use graphs to analyze the new model. 

7. Conclusions - reviews and suggestions 

1.5 Benefits of the study 

1. To know the factors and symptoms of diabetes. 

2. Conceptual understanding of a system of linear differential equations and 

can be applied to the diabetic system 

3. A new model was obtained for the glucose-insulin interaction analysis for use in the 

future 
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Chapter 2 

Basic knowledge and Literature Reviews 

        In this chapter, it is some basis about the blood glucose-insulin, some mathematical model 

of the glucose - insulin metabolic regulatory system, some of the numerical analyzes are used in 

models and reviews of literature related to the model. 

2.1 Basic knowledge about blood glucose-insulin 

2.1.1 Blood Glucose Regulation 

 The concentration of glucose is regulated by the interaction of the pancreatic endocrine 

hormone’s insulin and glucagon, which is roughly described as β-cells and α-cells, which are 

both activated by some factors causing insulin and glucagon to be secreted respectively. Both 

cells are scattered in the pancreas called Islets of Langerhans [11].  

 

 

 

 

 

 

 

 

 

Figure 2.1 Physiological glucose-insulin regulatory system [11]. 

 There are 2 cases to explain, 1st when blood sugar levels are raised, and another low 

plasma glucose level has occurred. When blood sugar levels are raised, pancreas in human body 

will use β cells and β cells are stimulated to secrete insulin. This insulin shall be regulated for 

resulting in higher than normal blood sugar concentrations level. After the process, normal plasma 
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glucose level, the liver and other cells (e.g., muscle) can be excessive absorption. The second 

case, a low sugar levels is taken. Pancreas will use α-cells to stimulate the releasing glucagon 

hormone by acting in the liver cells and causing glucose to spread into a vein. The blood of 

normal people range is 70–110 mg/dl. Normally, a person has a problem with the level of glucose 

that can occur for 2 reasons, namely hyperglycemia or hypoglycemia. Diabetes is a disease of the 

glucose-insulin regulating system, which is called hyperglycemia (See Figure 2.1 for plasma 

glucose-insulin interaction loops.) [11] 

 2.1.2 Nonlinear systems and Linearization 

We will be only interested in nonlinear systems, for example: 
𝑑𝑥
𝑑𝑡

= sin 𝑥 

                                                         (2.1) 
𝑑𝑥
𝑑𝑡

= −0.15𝑦 + 0.5𝑥𝑦 

are nonlinear systems. 

We are always able to find an explicit solution of the linear system for the form given the  

general autonomous linear system of two first-order equations. 

2.1.3 Equilibrium Points 

An equilibrium of a dynamical system is a value of the state variables where the state 

variables do not change. In other words, an equilibrium is a solution that does not change with 

time. This means if the systems start at an equilibrium, the state will remain at the equilibrium 

forever. In a discrete dynamical system, such as 

                                             𝑥𝑛+1 = 𝑓(𝑥𝑛)                                         (2.2) 

(in function iteration form) or 

                                               𝑥𝑛+1 − 𝑥𝑛 = 𝑔(𝑥𝑛)                                     (2.3) 

(in difference form), one can fine the equilibria by substituting in the same quantity for 𝑥𝑛 and 

𝑥𝑛+1, such as substituting 𝑥𝑛+1 = 𝑥𝑛 = 𝐸. One must then solve the equation 

                                                              𝐸 = 𝑓(𝐸)                                            (2.4) 

or 
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                                                                    0 = 𝑔(𝐸)                                   (2.5) 

to determine the values 𝐸 such that 𝑥𝑛 = 𝐸 is an equilibrium of the dynamical system. In a 

continuous dynamical system, such as 

                                                        𝑑𝑥
𝑑𝑡

= 𝑓(𝑥),                                                 (2.6) 

one can fine the equilibrium by setting 𝑑𝑥
𝑑𝑡

= 0. One must then solve the equation 

                                                                 0 = 𝑓(𝐸)                                                           (2.7) 

to determine values 𝐸 such that 𝑥(𝑡) = 𝐸 is an equilibrium of the dynamical system. 

 

2.1.4 Linearization 

If  𝑓 is a function of a single variable 𝑥 and differentiable at 𝑥1, then an equation of the 

tangent line to the graph at (𝑥1, 𝑓(𝑥1)) is 

                                            𝑦 = 𝑓(𝑥1) + 𝑓′(𝑥1)(𝑥 − 𝑥1),                                                 (2.8) 

The tangent line, which we write as 

                                                         𝐿(𝑥) = 𝑓(𝑥1) + 𝑓′(𝑥1)(𝑥 − 𝑥1)                                              (2.9) 

is said to be a linearization of 𝑓 and 𝑥1. When 𝑥 is close to 𝑥1 and the tangent line is close to the 

graph of 𝑓, we can approximate the functional value 𝑓(𝑥) using the corresponding 𝑦 coordinate 

on the tangent line. We say that 𝑓(𝑥) ≈ 𝐿(𝑥) is a local linear approximation of 𝑓(𝑥). Similarly, if is 

a function of two variables 𝑥 and 𝑦 that has continuous first partial derivatives in a neighborhood 

of (𝑥1, 𝑦1), then using an equations of the tangent plane at (𝑥1, 𝑦1, 𝑓, (𝑥1, 𝑦1)), the linearization of 

𝑓 at (𝑥1, 𝑦1) is 

                          𝐿(𝑥, 𝑦) = 𝑓(𝑥1, 𝑦1) + 𝑓𝑥(𝑥1, 𝑦1)(𝑥 − 𝑥1) + 𝑓𝑦(𝑥1, 𝑦1)(𝑦 − 𝑦1)                         (2.10) 

Where 𝑓𝑥 and  𝑓𝑦 denote the first partial derivatives. Thus when  (𝑥, 𝑦) is close to  (𝑥1, 𝑦1), 

                                                                     𝑓(𝑥, 𝑦) ≈ 𝐿(𝑥, 𝑦)                                                            (2.11) 

is a local linear approximation of 𝑓(𝑥, 𝑦) 

Definition: Assume that 𝑓𝑦(𝑥, 𝑦) and 𝑓2(𝑥, 𝑦) are functions of the independent variables 𝑥 and 𝑦 

we got Jacobian matrix 𝐽(𝑥, 𝑦) followed by: 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



9 
 

 
 

                                                             [

𝜕𝑓1
𝜕𝑥

𝜕𝑓1
𝜕𝑦

𝜕𝑓2
𝜕𝑥

𝜕𝑓2
𝜕𝑦

]                                                          (2.12) 

2.1.5 Lyapunov’s Function 

 A Lyapunov’s function is commonly used to prove the stability of the equilibrium point, 

which is a scalar function defined on the phase space. The Lyapunov method was applied to 

study the stability of differential equations and systems. Below, we restrict ourselves to the 

autonomous systems 

                                     𝑋̇ = 𝑓(𝑥) 𝑜𝑟 𝑑𝑥𝑖
𝑑𝑡

= 𝑓𝑖(𝑥1, 𝑥2, … , 𝑥𝑛),       𝑖 = 1,2, … , 𝑛;                                (2.13) 

With the equilibrium 𝑋 ≡ 0 

We assume that we can get the differential function continuously.  

                                                              𝑉(𝑥) = 𝑉(𝑥1, 𝑥2, … , 𝑥𝑛),                                                        (2.14) 

Example                              𝑉(𝑥1, 𝑦2) = 𝑎𝑥1
2 + 𝑏𝑥2

4  , 𝑎, 𝑏 > 0                                                    (2.15) 

We fine the total derivative of the function 𝑉(𝑥) with respect to time 𝑡: 

                                                  
𝑑𝑉
𝑑𝑡

= 𝜕𝑉
𝜕𝑥1

𝑑𝑥1
𝑑𝑡

+ 𝜕𝑉
𝜕𝑥2

𝑑𝑥2
𝑑𝑡

+ ⋯ + 𝜕𝑉
𝜕𝑥𝑛

𝑑𝑥𝑛
𝑑𝑡

                               (2.16) 

Given 𝑉(𝑥) is smooth function in a neighborhood U of the origin. When 𝑉(𝑥) is called 

Lyapunov’s function for an autonomous system 

                                                                          𝑋̇ = 𝑓(𝑥),                                                                       (2.17) 

If according to statements, then; 

1. 𝑉(𝑋) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑋 ∈ 𝑈{0}; 

2. 𝑉(0) = 0; 

3. 𝑑𝑣
𝑑𝑡

≤ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑋 ∈ 𝑈. 

 

2.1.6 Stability Theorems 

Stability theorem in terms of Lyapunov. If in a neighborhood 𝑈 of a zero solution 𝑋 = 0 

of an autonomous system there is a Lyapunov function 𝑉(𝑥), then the equilibrium points 𝑋 = 0 

of the system is Lyapunov stable. 

Theorem on asymptotic stability. 
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 If in a neighborhood  𝑈 of a zero solution 𝑋 = 0 of an autonomous system, there is a 

Lyapunov function 𝑉(𝑥) with a negative definite derivative  𝑑𝑉
𝑑𝑡

< 0  for all 𝑋 ∈ 𝑈{0}, then the 

equilibrium point 𝑋 = 0 of the system is asymptotically stable. 

As it can be seen, the total derivative  𝑑𝑉
𝑑𝑡

  must be strictly negative (negative definite) in a 

neighborhood of the origin for the asymptotic stability of a zero solution. 

 

2.2 Literature Reviews 

 In 1939, Himsworth and Ker studied the type of diabetes. There are two types of diabetes: 

insulin-sensitive and non-insulin-sensitive. A mathematical model was created to study and 

simulate glucose-insulin for the first time 

 In 1965, Ackerman and Gatewood discovered a mathematical model. It's a simple linear 

model. That was developed for the blood sugar control system, the test was performed by the 

oral glucose tolerance test and Intravenous glucose tolerance test. The model presents a large 

physiological control system. Which has been used in a variety of applications and has been 

successfully developed into a simulate dynamics with more complexity. 

 In 2000, Gaetano and Arino created a mathematical model of the glucose-insulin 

interaction. Based on the intravenous glucose tolerance test (IVGTT) in normal people without 

disease. 

 In 2014, Hussain and Zadeng, A mathematical model of the glucose-insulin interaction was 

tested for stability by Lyapunov’s function and the results were analyzed by numerical 

methodology. 

 In this study, the mathematical model of the glucose-insulin system was modified by 

adding a new variable to the equation: the rate constant of insulin injection when glucose 

concentration is high in the case that the patient is a normal person without disease. The meal is 

consumed which is described as shown in Figure 2.2. When we consume food through digestive 
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Figure 2.2: Biological behavior of the glucose–insulin metabolism in the body system[11].  

The description of the biological behavior of the glucose – insulin metabolism in the body is 

starting to take glucose in the body while we consume food through the digestive system. It is 

digested into glucose at the rate of 𝑎3, the brain can absorb glucose to use without insulin as an 

intermediary, resulting in 𝑎1𝑥 rate. The pancreas is stimulated to produce insulin by the remaining 

glucose at the rate of 𝑏1𝑥. Fat cells and muscle cells use insulin as a intermediary for glucose 

uptake at the 𝑎2𝑥𝑦 rate. Residual insulin is eliminated by the liver at the rate of 𝑏2𝑦. Finally, a 

simulation of intravenous insulin at the rate of  𝑎4𝑦  was performed. The model describes in 

Figure 2.2. 

We get the system equation as follows. 

                                   𝑥̇ = −𝑎1𝑥 − 𝑎2𝑥𝑦 + 𝑎3 + 𝑎4𝑦,                                        (2.18) 

                                   𝑦̇ = 𝑏1𝑥 − 𝑏2𝑦                                                                                   (2.19) 

When 𝑥̇  and  𝑦̇  is glucose and insulin concentration in the body at time t respectively. 

 𝑎1 is represented by insulin independent with glucose disappearance, the rate of constant.  

𝑎2 is represented by insulin dependent on glucose disappearance  

𝑎3 is the glucose infusion rate after meal 

𝑎4 is represented by intravenous insulin injection when glucose concentration is high, the  

     rate of constant. 

𝑏1 is represented by insulin production due to glucose stimulation, the rate of constant. 
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𝑏2 is represented by insulin degradation, the rate of constant. 

 A new mathematical system model of human glucose regulation is (2.18) and (2.19). 

Mathematical methods are used to find the equilibrium point of the model. After that finding the 

stability of the model by differential equation system technique, we can get a new theorem. The 

simulation was done by constructing the Lyapunov’s function to prove the condition. Stability is 

described in the next chapter. 
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Chapter 3 

Research Methodology 

 The research operation has the following steps: finding the equilibrium point of our 

model and the model's stability analysis are detailed below. 

3.1 Equilibrium points 

 Find the equilibrium point from equations (2.18) and (2.19). Performing the nonlinear 

differential equations of the mathematical model equal to zero, 𝑥 = 0 and 𝑦 = 0. The glucose 

and insulin concentrations are obtained as follows:  

Consider 

                     𝑥̇ = 0 → −𝑎1𝑥 − 𝑎2𝑥𝑦 + 𝑎3 + 𝑎4𝑦 = 0,                                  (3.1) 

                     𝑦̇ = 0 → 𝑏1𝑥 − 𝑏2𝑦                             = 0                                (3.2) 

The equilibrium point (𝑥∗, 𝑦∗) exists for the above model. In equation (3.1),(3.2) is solved 

by following : 

Finding  𝑥∗  from (3.2) we will get: 𝑦 = 𝑏1𝑥
𝑏2

 

Replace  𝑦  back in (3.1) we will get; 

0 = −𝑎1𝑥 − 𝑎2𝑥 (𝑏1𝑥
𝑏2

) + 𝑎3 + 𝑎4 (𝑏1𝑥
𝑏2

), 

                                                = −𝑎1𝑏2𝑥 − 𝑎2𝑏1𝑥2 + 𝑎3𝑏2 + 𝑎4𝑏1𝑥,                         (3.3) 

                    = −𝑎2𝑏1𝑥2 + (−𝑎1𝑏2 + 𝑎4𝑏1)𝑥 + 𝑎3𝑏2 

 

finding solutions from  𝑥∗ = −𝑏±√𝑏2−4𝑎𝑐
2𝑎

   we got: 

 

                       𝑥∗ =  −𝑎1𝑏2+𝑎4𝑏1+√(𝑎1𝑏2−𝑎4𝑏1)2+4(𝑎2𝑏1𝑎3𝑏2)
2𝑎2𝑏1

                             (3.4) 

Finding  𝑦∗  from (3.2) we will get: 𝑥 = 𝑏2𝑦
𝑏1

 

Replace  𝑥  back in (3.1) we will get: 

0 = −𝑎1 (𝑏2𝑦
𝑏1

) − 𝑎2𝑦 (𝑏2𝑦
𝑏1

) + 𝑎3 + 𝑎4𝑦, 

                                                        = −𝑎1𝑏2𝑦 − 𝑎2𝑏2𝑦2 + 𝑎3𝑏1 + 𝑎4𝑏1𝑦,                                        (3.5) 
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        = −𝑎2𝑏2𝑦2 + (−𝑎1𝑏2 + 𝑎4𝑏1)𝑦 + 𝑎3𝑏1 

 

finding solutions from  𝑦∗ = −𝑏±√𝑏2−4𝑎𝑐
2𝑎

   we got: 

 

                      𝑦∗ =  −𝑎1𝑏2+𝑎4𝑏1+√(𝑎1𝑏2−𝑎4𝑏1)2+4(𝑎2𝑏2𝑎3𝑏1)
2𝑎2𝑏2

                             (3.6)  

The interior-equilibrium point (𝑥∗, 𝑦∗) exists unconditionally as  𝑥∗  and 𝑦∗ are always 

positive as all the parameters are considered positive. 

3.2 Linearization 

Consider the Jacobian matrix of (3.18),(3.19) given by 

                                𝐽 = [
−𝑎1 − 𝑎2𝑦 −𝑎2𝑥+𝑎4

𝑏1 −𝑏2
],                                        (3.7) 

 
At (𝑥∗, 𝑦∗)  following :  

                               𝐽 = [−𝑎1 − 𝑎2𝑦∗ −𝑎2𝑥∗+𝑎4
𝑏1 −𝑏2

]                                       (3.8) 

Let  𝑥 = 𝑋 + 𝑥∗, 𝑦 = 𝑌 + 𝑦∗ be the transformation and then derive linear system. 

Therefore, we get the following linear equation: 

                                   𝑋̇ = −𝑎1𝑋 − 𝑎2𝑦∗𝑋 − 𝑎2𝑥∗𝑌 + 𝑎4𝑌,                                       (3.9)       

                                     𝑌̇ = 𝑏1𝑋 − 𝑏2𝑌                                                                   (3.10) 

 

3.3 Stability Analysis 

Theorem1: The interior-equilibrium point (𝑥∗, 𝑦∗) is locally asymptotically stable of 

(3.9) , (3.10) if 

                                            (𝑏1 + 𝑎4 − 𝑎2𝑥∗)2 < 4𝑏2(𝑎1 + 𝑎2𝑦∗)                                           (3.11) 

Proof: Consider the Lyapunov’s function 

                                                                          𝑉 = 1
2

(𝑥2 + 𝑦2)                                                               (3.12)  
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Let (𝑥∗, 𝑦∗) be the internal equilibrium point. We found the total derivative of the function 

𝑉(𝑥, 𝑦) 

                                                             𝑉̇ = 𝑉𝑥 + 𝑉𝑦                                                                    (3.13) 

  we will have 

                      𝑉𝑥 = (𝜕𝑣
𝜕𝑥

) ∙ 𝑑𝑥
𝑑𝑡

= 𝛻𝑉 ∙ 𝑓(𝑥)  = −𝑎1𝑋2 − 𝑎2𝑦∗𝑋2 − 𝑎2𝑥∗𝑋𝑌 + 𝑎4𝑋𝑌,                         (3.14) 

  and 

                                          𝑉𝑦 = (𝜕𝑣
𝜕𝑦

) ∙ 𝑑𝑦
𝑑𝑡

= 𝛻𝑉 ∙ 𝑓(𝑦)     =     𝑏1𝑋𝑌 − 𝑏2𝑦2,                                          (3.15) 

  thus, 
  𝑉̇ =  − (𝑎1 + 𝑎2𝑦∗)𝑋2 + (𝑏1 + 𝑎4 − 𝑎2𝑥∗)𝑋𝑌 − 𝑏2𝑌2, 

                                                           =  − 1
2

𝐴𝑋2 + 𝐵𝑋𝑌 − 1
2

𝐶𝑌2                                                     (3.16) 

while   𝐴 = 2(𝑎1 + 𝑎2𝑦∗),  𝐵 = 𝑏1 + 𝑎4 − 𝑎2𝑥∗,  𝐶 = 2𝑏2 

According to the asymptomatic local stability theorem, if the function 𝑉(𝑥, 𝑦) is always positive 

and 𝑉̇(𝑥, 𝑦) is always negative. From Equation (3.14) we get that : 

𝐵2 − 𝐴𝐶 < 0 

 then 
𝐵2 < 𝐴𝐶 

 thus, 

                                  (𝑏1 + 𝑎4 − 𝑎2𝑥∗)2 < 4𝑏2(𝑎1 + 𝑎2𝑦∗)                                   (3.17) 

If such conditions are met, the internal equilibrium point (𝑥∗, 𝑦∗) is locally asymptotically 

stable. The glucose-insulin interaction model was concluded to have intrinsic stability of the 

equilibrium point. This corresponds to the definition of the Lyapunov’s function. Numerical 

methods are used to check stability conditions, resulting in a graph which is described in the next 

chapter. 
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Chapter 4 

Simulations and Discussion 

 According to the analysis, it was found that the stability of the glucose – insulin interaction 

model was subject to conditions (3.17). 

4.1 Numerical Simulation 

Parameters were summarized in the following table1. The parameters for those who can show 

that dynamic models create solutions are consistent with the data collected by their experiment. We fit the information 

based on table 1 and found that it is well compatible with the conditions for existence and stability of the internal 

balance [8].  

  Table 1 : Dynamical results [8].  

 
 Taking the data of their first subject: 

 Table 2 : Parameter setting 

 
Considering equation (3.4) and (3.6) we get equilibriums point (𝑥∗, 𝑦∗), in which value. 

𝑥∗ =  
−𝑎1𝑏2 + 𝑎4𝑏1 + √(𝑎1𝑏2 − 𝑎4𝑏1)2 + 4(𝑎2𝑏1𝑎3𝑏2)

2𝑎2𝑏1
= 148.4969 

Parameters 𝑎1 𝑎2 𝑎3 𝑎4 𝑏1 𝑏2 

Value 0.0226 3.80e – 08 3.842 - 0.065 0.0022 0.0437 
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and  

𝑦∗ =  
−𝑎1𝑏2 + 𝑎4𝑏1 + √(𝑎1𝑏2 − 𝑎4𝑏1)2 + 4(𝑎2𝑏2𝑎3𝑏1)

2𝑎2𝑏2
 =  7.4758 

Therefore,  𝑥∗ = 148.4969  and  𝑦∗ = 7.4758 

From theorem 1, it can be seen that ; (𝑏1 + 𝑎4 − 𝑎2𝑥∗)2  <   4𝑏2(𝑎1 + 𝑎2𝑦∗) 

0.0039  <  0.0040 

          Since, the values are reversed, the condition is fulfilled according to theorem1, the 

equilibrium point (𝑥∗, 𝑦∗) is locally asymptotically stable. The glucose-insulin interaction which 

follows this new dynamic model can be done. In the body of a normal person when food enters 

the body processes in the body take carbohydrates to digest 1 -2  hours after eating. This causes 

the sugar level in the body to rise after eating for at least 2  hours. The post-meal glucose 

concentration curve was simulated by Table 1, showing that after 1-2 hours of eating, the glucose 

concentration rose to 170 mg/dl as shown in Figure 4.1. 

Table 3: Showing of increased glucose concentrations after meals at different times (step 30). 

 

 

 

 

 

 

 

 

 

Figure 4.1: Simulation of glucose – insulin function after meal with parameters in Table 2. 

Time (x) mins. 0 30 60 90 120 150 200 230 260 

Glucose (y) mg/dl. 0 86 128 149 160 165 170 ≈170 ≈170 

                   Glucose (mg/dl) 

            Insulin (IU) 

 

Co
nc

en
tra

tio
n 

Time (min) 
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 Time axis in Figure 4.1, Table3 is shown step 30 up for the values of glucose concentration 

after eating foods. This confirms the reasons after eating at least an hour, high glucose 

concentration level occurs. 

Also, graphs are generated for two different values of 𝑎4 is a constant rate, which 

represents an intravenous of insulin. Considered at 𝑎4  = - 0.065 the curve for glucose 

concentration was shown to peak to 148.4969 mg/dl shown in Figure 4.2 and glucose 

concentration was reduced to 69.43 mg/dl when 𝑎4 = - 0.6567 shown in Figure 4.3. This indicated 

that insulin is important for the metabolism of the regulatory process of glucose level in the 

human. 
 

Table 4: Glucose concentrations with insulin injections at 𝑎4 = -0.065. 

Time (x) mins. 0 30 60 90 120 150 200 230 260 

Glucose (y) mg/dl 0 86 120 137 144 147 148 ≈148.50 ≈148.50 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 4.2: Simulation of Glucose – Insulin function after receiving meal with 𝑎4 = - 0.065. 
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            Insulin (IU) 
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Table 5: Glucose concentrations with insulin injections at 𝑎4 = -0.6567. 

 

 

 

Figure 4.3: Simulation of glucose – insulin function after receiving meal with  𝑎4 = - 0.6567. 

 

 

 

 

 

 

 

 

 

 

Time (x) mins. 0 30 60 90 120 150 200 230 260 

Glucose (y) mg/dl 0 72 79 72 68 69 69.4 ≈69.43 ≈69.43 

Co
nc

en
tra

tio
n 

Time (min) 

                   Glucose (mg/dl) 

            Insulin (IU) 
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Chapter 5 

Conclusions  
 The content of this chapter is a summary of research findings and recommendations, 

which has the following details. 

5.1 Conclusions 

 Dynamic modeling of the glucose-insulin interaction was developed based on research by 

Hussain J [14], adding the insulin injection factor to the original equation.  Therefore, the equation 

is nonlinear a new equation system model is (2.18) and (2.19). We converted (2.18) and (2.19) to 

a linear equation based on equations (3.7) and (3.8). Then, we used the Lyapunov function for 

analyzing the stability with the conditions with having Theorem 1, and used numerical simulations 

to test the conditions in Theorem 1 results in conditions hypothesized in the theorem are 

accurate.  Therefore, the glucose-insulin reaction equation is stable. 

  The model constructed using a linear differential equation showing the importance of 

insulin to glucose breakdown is represented by simulated curves of two different 𝑎4 values, 

where 𝑎4 is the insulin infusion constant at 𝑎4  = -0.065, the glucose concentration was as high 

as 148 mg/dl, and at 𝑎4 = -0.6567, we found that it reduced the glucose level to 69 mg/dl. Insulin 

plays a role in normalizing the concentration of glucose in the body.  The study concluded that 

this new glucose-insulin model is physiologically consistent. Finally, this study could be helpful 

for further diabetes research. In the body of a normal person when food enters the body 

processes in the body take carbohydrates to digest 1-2 hours after eating. This causes the sugar 

level in the body to rise after eating for nearly 2 hours. 

5.2 Suggestion 

 In this work we shown a solution using the Lyapunov function 𝑉 = 1
2

(𝑥2 + 𝑦2)  to 

determine the stability condition and use all three numerical cases to simulate solution of the 

glucose-insulin equation system model. Its other researchers are interested, you can improve 
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other models, adding effective terms of co-glucose-insulin or taking time delay. Or using another 

numerical method to simulate and comparison  

 

_____________________________ 
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