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Abstract

In this dissertation, there are two different parts, the first part is about a divided­
difference characterization of polynomials over a finite field of characteristic two, the
second part is about the distribution of r­free integers in Beatty sequences.

In the first part, let F be a finite field of characteristic 2 and let n be an integer
≥ 3. For a function f : F → F, if there is a function h : F → F such that the divided
difference f [x1, . . . , xn] on any n distinct elements of F satisfies f [x1, . . . , xn] = h(x1 +

· · ·+ xn), then f is a polynomial of degree at most n over F. This result complements
an earlier work of Davies and Rousseau.

In the second part, let r ≥ 2 be a fixed integer. A positive integer n is called
r­free if in its canonical representation into prime powers each exponent is < r. The
integer 1 is considered to be r­free. We consider Qr(x;α, β), the number of r­free
integers lying in a Beatty sequence bαn + βc, 1 ≤ n ≤ x, for an irrational α > 1 with
bounded partial quotients, and β ∈ [0, α). We prove that, as x → ∞, Qr(x;α, β) =

x
ζ(r) +O(x(r+1)/2r log3 x), which improves Victorovich’s result in the case of square­free
integers. Moreover, we also prove there exist infinitely many consecutive square­free
numbers of the forms bαn+ βc, bαn+ βc+1, which improves Dimitrov’s result in 2019.

Keywords : Divided­difference, Finite field, Characteristic 2, Polynomial, Beatty se­
quence, r­free number, Square­free number.
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Notations
Throughout this thesis, the following symbols is adopted.

Symbol Meaning
R the set of real numbers
N the set of positive integers
Z the set of integers
Q the set of rational numbers
C the set of complex numbers
F the field F

|F| the cardinality of F
Fq the finite field of order q
F2ℓ , GF (2

ℓ) the finite field of oder 2ℓ with charateristic 2 or Galois field of oder 2ℓ
ch(F) the characteristic of F
Z/pZ the integer modulo p

F[x] the set of polynomial in x with coefficients in F

[F]=n the set of n distinct elements x1, . . . , xn in F

f : K → K the function f over K
f(x) the polynomial f in x

f(a) the value of f at the point a
deg f the degree of the polynomial f∑
S the sum of all elements in the set S

x(m; i1 : im) the elements in F2ℓ such that x(m; ij : im) := αi1 + αi2 + · · · + αim for
m ∈ {1, 2, . . . , ℓ}, 0 ≤ i1 ≤ i2 ≤ · · · ≤ im ≤ ℓ− 1

f [x1, . . . , xn] the n­th order divided­difference on n distict elemnts x1, . . . , xn
f [X] the divided­defference f [X] = f [x1, . . . , xn] where X = {x1, . . . , xn} ∈

[F]=n

[a0; a1, . . . , aj ] the simple form of continued fraction
P the finite set of prime numbers
[x] the greatest integer function on real number x which is the greatest

integer less than or equal x
bf(n)c the series of integers such that each n­th term is the greatest integers

less than or equal f(n)
Nc the Piateske­Shapiro sequence Nc = {bncc : n ∈ N, c ∈ R, c > 1}

[a, b) [a, b) = {x ∈ R : a ≤ x < b}

ζ(s) Riemann zeta function
µ(n) Möbius function
σα(n), σ(n), d(n) divisor function
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φ(n) Euler phi function
ωα(x) Characteristic function
gcd(a, b), (a, b) the greatest comon divisor of a and b

x̄ the modulo residul class x
S(N,α) the number of positive integers n ≤ N such that bαnc and bαnc + 1

are square­free
A2

c(x) the number of quadruples d, t, u, v of positive integers satisfying the
conditions t2v − d2u = 1, d2u ≤ xc, xc/2 < dt ≤ x2c/3

A3
c(x) the number of quadruples d, t, u, v of positive integers satisfying the

conditions t2v − d2u = 1, d2u ≤ xc, dt > x2c/3

Aα,β(x) the number of quadruples d, t, u, v of positive integers satisfying the
conditions t2v − d2u = 1, d2u ≤ αx+ β, x1/4 < dt ≤ x2/3

Bα,β(x) the number of quadruples d, t, u, v of positive integers satisfying the
conditions t2v − d2u = 1, d2u ≤ αx+ β, dt > x2/3

f(x) = O(g(x)) f(x) is big oh of g(x).
f(x) � g(x) f(x) is big oh of g(x).
f(x) ∼ g(x) f(x) is asymptotic to g(x) as x→ ∞.
Qr(x;α, β) the number of r­free of Beatty sequence bαn+ βc, 1 ≤ n ≤ x

Tα,β(x) the number of positive integers n ≤ x such that bαn+βc and bαn+βc+1

are square­free
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Chapter 1
Introduction

This chapter consists of five sections: research motivation, objectives of the
study, scope of the study, benefits of the study and research methodology.

1.1 Research motivation
There are two different works in this dissertation, the first is about divided­

differences characterization of polynomials over a finite field of characteristic two and
the second is about r­free integers in Beatty sequences.

In the first part of this dissertation, let F be a field. Then the divided­differences
[1] on distinct points x1, x2, x3, . . . in F of a function f : F → F are defined by

f [x1] = f(x1), f [x1, x2] =
f(x1)− f(x2)

x1 − x2
,

and inductively for k > 2 by

f [x1, . . . , xk] =
f [x1, . . . , xk−1]− f [x2, . . . , xk]

x1 − xk
;

keeping in mind that the divided differences are well­defined so long as there are
enough distinct elements to do so. It is not difficult, using [2, Lemma 1], to see that
if f(x) := anx

n + · · ·+ a1x+ a0 ∈ F[x] is a polynomial of degree n ∈ N, then

f [x1, . . . , xn] = an(x1 + · · ·+ xn) + an−1, (1.1)

i.e., the divided­differences on n distinct points x1, . . . , xn of a polynomial of degree n

can be expressed as function in x1 + · · ·+ xn. There then arises the question whether
the converse of this result is true, i.e., if there exists a function h : F → F satisfying

f [x1, . . . , xn] = h(x1 + · · ·+ xn) (1.2)

for any n distinct points x1, . . . , xn in F, is f necessarily a polynomial of degree at most n
over F ? We refer to this question as the DDCP (divided­differences characterization
of polynomials problem). There are many authors have studied about this problem
as describe below.

The case where n = 2 and F is a field of characteristic 6= 2 was solved by Acźel
[3] in a more general form. Bailey [4] solved the DDCP in the case where f is a dif­
ferentiable function, F = R, n = 3. In 1994, Schwaiger [2] solved the DDCP when n ≥ 2

with F any field of characteristic 6= 2 having cardinality ≥ 8(n − 2) + 2; at the end of
his paper, he mentioned that the bound can be reduced to 6(n− 2) + 2. Andersen [5]
solved the DDCP when F = R and n ≥ 2. Finally, Davies and Rousseau [6] resolved theThis material is reserved for educational use only, not allowed for commercial use. 
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DDCP for n ≥ 2 with F any field of characteristic 6= 2. In the appendix of their paper,
Davies and Rousseau proved also that the DDCP holds for F = GF (2) and GF (4), finite
fields of order 2, respectively 4, but fails for fields of characteristic 2 with cardinality
> 4. The case of GF (2) is easily disposed of because every function is a linear poly­
nomial. For the case GF (4), since every function is a polynomial of degree ≤ 3, they
show that no polynomial of degree 3 satisfies (1.2) for n = 2. As to the case where F

is of characteristic 2 with cardinality > 4, they constructed a counter­example to the
DDCP when n = 2. Thus our work in this part is to show that the result of Davies and
Rousseau also true for the field of characteristic two with n ≥ 3 that will make their
work complete.

In the second part of this dissertation, we will study about r­free integer in
Beatty sequences. In this part, let r be a fixed integer ≥ 2. A positive integer n is called
r­free if in the canonical representation of n into prime powers each exponent is < r.

By convention, a 2­free integer is called square­free. The problem for the existence
of square ­free numbers in the Beatty sequences arose in 2008. Güloğlu and Nevans
[7] proved that ∑

n≤x
⌊αn⌋is square­free

1 =
x

ζ(2)
+O

(x log logx
logx

)
,

where α > 1 is irrational number of finite type. In 2009 Abercrombie and Banks [8]
showed that ∑

n≤x
⌊αn⌋is square­free

1 =
x

ζ(2)
+O

(
x2/3 logN

)
,

for almost all α > 1. Recently in 2013 Victorovich [9] showed that∑
n≤x

⌊αn⌋is square­free

1 =
x

ζ(2)
+O

(
Ax5/6 log5N

)
, (1.3)

where α > 1 is irrational number with bounded partial quotient or irrational algebraic
number. Here A = max{τ(m), 1 ≤ m ≤ x2}.

The consecutive square­free numbers is an attractive problem. The distribu­
tion of the consecutive square­free is studied by many authors (see [10, 11, 12]). In
particular, the existence of infinitely many consecutive square­free numbers of the
form bf(n)c, bf(n)c+ 1 is also studied. In 2018 Dimitrov [13] proved that for any fixed
1 < c < 7/6, there exist infinitely many consecutive square­free integers of the form
bncc, bncc+ 1 by showing that∑

x/2<n≤x
⌊nc⌋, ⌊nc⌋+1 are square­free

1 =
1

2

∏
p

(
1− 2

p2

)
x+O

(
x

6c+1
8 +ε

)
, for 1 < c <

7

6
. (1.4)

This material is reserved for educational use only, not allowed for commercial use. 
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Very recently, Tangsupphathawat, Srichan and Laohakosol [14] improved the range of
c and the error term in Dimitrov’s work in (1.4) and showed that, for 1 < c < 3/2, and
sufficiently small ε > 0, we have∑

n≤x
⌊nc⌋, ⌊nc⌋+1 are square­free

1 =
∏
p

(
1− 2

p2

)
x+O

(
x

2c+1
4 +ε

)
(x→ ∞).

On the other hand in [15] Dimitrov used the method of Victorovich in [9] to
showed that for α > 1 be irrational number with bounded partial quotient or irrational
algebraic number, ∑

n≤x
⌊αn⌋, ⌊αn⌋+1 are square­free

1 =
∏
p

(
1− 2

p2

)
x+O

(
x

5
6+ε
)
. (1.5)

Hence in this part, we will give other asymptotic formula for r­free numbers
in Beatty sequence by using the result on the number of values of Beatty sequence
bαn + βc, in an arithmetic progression in [16] and then improve the formula (1.5) by
using the similar idea as in [14].

1.2 Objectives of the study
1) To show that the counter­example of Davies­Rousseau is exceptional in the sense

that for all n ≥ 3, the DDCP holds for any finite field of characteristic 2 with
cardinality ≥ max(n, 22).

2) To prove an asymptotic formula for r­free numbers in a Beatty sequence by using
results on the number of elements in Beatty sequence bαn+βc, belonging to an
arithmetic progression in [16].

3) To extend the formula of consecutive square­free numbers (1.5) from bαnc, bαnc+

1 to bαn+ βc, bαn+ βc+ 1, by using ideas from [14].

1.3 Scope of the study
Our main objects are arithmetic properties of two structures where the domain

of the first work is on the finite field of characteristic two and the domain of the second
work is the set of real numbers and whose range is the set of natural numbers. Aspects
of these structures to be investigated are

1) divided­differences on n distinct points of polynomial over field of characteristic
two,

2) generalized Möbius function, divisor function and their basic properties,

3) r­free numbers, sqare­free numbers, Beatty sequence.
This material is reserved for educational use only, not allowed for commercial use. 
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1.4 Benefits of the study
1) Characterization of divided differences of polynomial over finite field of charac­

teristic two and making the result of Davies­Rousseau complete.

2) Asymptotical formula for r­free numbers and square­free numbers in Beatty se­
quence bαn+ βc are obtained.

3) Counting formulae from the problems of consecutive sqare­free numbers in
Beatty sequence bαn+ βc, bαn+ βc+ 1 is obtained.

1.5 Research methodology
1) Study basic properties of the finite field, the properties of divided differences of

polynomial over finite field [6], properties of Möbius function, Beatty sequences
and their properties [16].

2) Study some advanced topics in algebra, abstract algebra, linear algebra, analytic
number theory.

3) Characterize the result of Davies and Rousseau in a finite field of characteristic
two.

4) Apply the methods of Dimitrove [13] and Tangsupphawat et al [14] to solve the
problems of the r­free integer in Beatty sequences bαn+ βc, bαn+ βc+ 1.

5) Summarize all the results so obtained and write a thesis.

Table 1.1: The research schedule

Time frame
Activity 2019 2020 2021 2022

Aug.­Dec. Jan.­Jun. Jul.­Dec. Jan.­Jun. Jul.­Dec. Jan.­Aug.
Step 1 −−−−−−−−−−−−→

Step 2 −−−−−−−−−−−−→

Step 3 −−−−−−−−−−−−→

Step 4 −−−−−−−−−−−−→

Step 5 −−−−−→

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2
Preliminaries

In this chapter, we will recall some definitions, properties, theorems and ex­
amples that will be used throughout our study.

2.1 Background in algebra
Definition 2.1. [17] A field is a set F together with two binary operations +,× on F

such that:

• (F,+) is an abelian group (called its identity 0)

• (F \ {0},×) is also an abelian group and

• the following distributive law hold:

a× (b+ c) = (a× b) + (a× c), for all a, b, c ∈ F.

Definition 2.2. [18] Let F be any field. If the number of elements in F is infinite, F is
called an infinite field. If the number of elements in F is finite, F is called a finite
field.
Definition 2.3. [17] The characteristic of a field F is defined to the smallest positive
integer p such that

p · 1F = 1F + · · ·+ 1F︸ ︷︷ ︸
p times

= 0,

where 1F is the identity of F, if such a p exists and is defined to be 0 otherwise. Then
the characteristic of F , ch(F), is either 0 or a prime p. If ch(F) = p then for any α ∈ F,

p · α = α+ · · ·+ α︸ ︷︷ ︸
p times

= 0.

Example 2.1. 1. The field Q, R and the integral domain Z have characteristic 0:
ch(Q) = ch(R) = ch(Z) = 0.

2. The (finite) field Fp = Z/pZ has characteristic p for any prime p.

3. The integral domain Fp[x] of polynomials in the variable x with coefficients in the
field Fp has characteristic p.

Note. GF(2) = F2 = {0, 1} is the Galois field of order 2 and GF(4) = F22 is the Galois
field of order 4 which

GF(4) =
{
a1α+a0

∣∣∣a1, a0 ∈ GF(2) and α is a root of an irreducible polynomial overGF(2)
}
.

This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.1. [18] Let F be a field of characteristic p, p 6= 0, and a1, a2, . . . , am be any
m elements of F, then

(a1 + a2 + · · ·+ am)p = ap1 + ap1 + · · ·+ apm.

Theorem 2.2. [18] Let Fq be a finite field with q elements. Then aq−1 = 1 for all a ∈ F∗
q .

Corollary 2.3. [18] Let Fq be a finite field with q elements and E be a field which
contains Fq as a subfield. Then aq = a for all a ∈ Fq and, moreover, for any α ∈ E,
αq = α implies α ∈ Fq.

Theorem 2.4. [18] The multiplicative group of any finite field is cyclic.
Definition 2.4. [18] Let Fq be a finite field with q elements. The generators of the
cyclic group F∗

q are called primitive elements or primitive roots Fq. The number of
primitive elements of Fq is φ(q − 1).
More generally, if α is an element of order n in F∗

q , then n|(q − 1) and α is called a
primitive n­th root of unity.
Example 2.2. Consider the field F16, which is obtained from F2[x] modulo the irre­
ducible polymial x4 + x+ 1. That is,

F16 = F[x]/(x4 + x+ 1)

= {a3α3 + a2α
2 + a1α+ a0 | a3, a2, a1, a0 ∈ F2},

where α = x̄ is the residule class of x modulo x4 + x + 1. We have α4 = α + 1, α5 =

α2 + α, α6 = α3 + α2, and the multiplication rule in F16

(a3α
3 + a2α

2 + a1α+ a0)(b3α
3 + b2α

2 + b1α+ b0)

= (a3b3 + a3b0 + a2b1 + a1b2 + a0b3)α
3

+ (a3b3 + a3b2 + a2b3 + a2b0a1b1 + a0b2)α
2

+ (a3b2 + a2b3 + a3b1 + a2b2 + a1b3 + a1b0 + a0b1)α

+ (a3b1 + a2b2 + a1b3 + a0b0).

We use the 4­tuple (a4a3a2a1) to represent the element a3α3 + a2α
2 + a1α+ a0 of F16.

It is easy to show that α is a primitive element.

Theorem 2.5. [18] Let F be a finite field of characteristic p. Then the number of
elements of F must be a power of p.

Theorem 2.6. [18] Let F be a finite field which contains a subfield Fq with q elements.
Then the number of elements of F must be a power of q.

Theorem 2.7. Let p be any prime number and n be any positive integer. Then there
exists a finite field which contains exactly pn elements.This material is reserved for educational use only, not allowed for commercial use. 
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2.2 Divided differences
Let x1, x2, . . . , xn be n distinct points and form the n independent Newton

polynomials

1, x− x1, (x− x1)(x− x2), . . . , (x− x0)(x− x1) · · · (x− xn−1).

For given values w1, w2, . . . , wn there is a unique polynomial f(x) for which

f(xi) = wi, i = 1, 2, . . . , n.

Let us see if we can represent it in the form (Newton’s form of f(x))

f(x) = a0 + a1(x− x1) + a2(x− x1)(x− x2) + · · ·+ an(x− x1)(x− x2) · · · (x− xn).

To determine the constants ai, set x = x1, x = x2, x = x3, . . . , successively, and solve
the resulting linear equation:

a0 = w1 = f(x1) = f [x1]

a1 =
w2 − w1

x2 − x1
=
f(x2)− f(x1)

x2 − x1
= f [x1, x2]

a2 =
1

x3 − x2

(
w3 − w1

x3 − x1
− w2 − w1

x2 − x1

)
=
f [x2, x3]− f [x1, x2]

x3 − x1
= f [x1, x2, x3].

...

Definition 2.5. For a field F, the divided­differences [1] on distinct points x1, x2, x3, . . .
in F of a function f : F → F are defined by

f [x1] = f(x1), f [x1, x2] =
f [x1]− f [x2]

x1 − x2
,

and inductively for k > 2 by

f [x1, . . . , xk] =
f [x1, . . . , xk−1]− f [x2, . . . , xk]

x1 − xk
=

k∑
i=1

f(xi)

p′k(xi)
;

where pk(x) = (x− x1)(x− x2) · · · (x− xk) and p′k(x) =
∑k

i=1

∏k
j=1
j ̸=i

(x− xj).

Example 2.3. Let

F = {0, 1, α, α+ 1, α2, α2 + 1, α2 + α, α2 + α+ 1}

be a field of characteristic two where α is the root of the irreducible polynomial
x3 + x+ 1 over {0, 1}.
Let g be a function over the field F. From the definition above, we get:

g[α] = g(α);

g[1, α2 + α] =
g(1)

1− (α2 + α)
+

g(α2 + α)

(α2 + α)− 1
;
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g[α, α+ 1, α2] =
g(α)

α− α2
+

g(α+ 1)

α+ 1− α2
+

g(α2)

(α2 − α)(α2 − α− 1)
;

g[0, 1, α, α2] =
g(0)

α · α2
+

g(1)

(1− α)(1− α2)
+

g(α)

α(α+ 1)(α− α2)
+

g(α2)

α2(α2 + 1)(α2 + α)

and so on. In here, if we let g(x) = αx2 + 1 ∈ F[x]. The we can calculate the value of
divided differences of g and so from above we get:

g[α] = α · α2 + 1 = α;

g[1, α2 + α] =
α+ 1

1− (α2 + α)
+
α(α2 + α)2 + 1

(α2 + α)− 1
= α2 + 1;

g[α, α+ 1, α2] =
α · α2 + 1

α− α2
+
α(α+ 1)2 + 1

α+ 1− α2
+

α(α2)2 + 1

(α2 − α)(α2 − α− 1)
= 1;

g[0, 1, α, α2] =
1

α · α2
+

α+ 1

(1− α)(1− α2)
+

α(α)2 + 1

α(α+ 1)(α− α2)
+

α(α2)2 + 1

α2(α2 + 1)(α2 + α)
= α2 + 1

and so on.

2.3 Lagrange interpolation polynomials
Let a = (a1, a2, . . . , an) ∈ Rn and I = (i1, i2, . . . , in) ∈ Rn where i1 < i2 < · · · < in.

By [22], the Lagrange interpolation polynomial La,I(x),

La,I(x) =
n∑

j=1

aj

n∏
m=1,m̸=j

x− im
ij − im

= a1
(x− i2)(x− i3)(x− i4) · · · (x− in)

(i1 − i2)(i1 − i3)(i1 − i4) · · · (i1 − in)
+ a2

(x− i1)(x− i3)(x− i4) · · · (x− in)

(i2 − i1)(i2 − i3)(i2 − i4) · · · (i−in)

+ · · ·+ an
(x− i1)(x− i2)(x− i3) · · · (x− in−1)

(in − i1)(in − i2)(in − i3) · · · (in − in−1)
,

is the polynomial of degree ≤ n− 1 that passes through n points (ij , aj) for 1 ≤ j ≤ n.
That is, La,I(ij) = aj for all 1 ≤ j ≤ n.

2.4 Identity connecting divided differences with Lagrange
interpolation polynomials

Proposition 2.8. [6] It is easy to verify that

f [x1, . . . , xn] =
f(x1)∏n

i=1
i̸=1

(x1 + xi)
+

f(x2)∏n
i=1
i̸=2

(x2 + xi)
+ · · ·+ f(xn)∏n

i=1
i̸=n

(xn + xi)
, (2.1)

for distinct x1, . . . , xn in F2ℓ .

Lemma 2.9. [2, Lemma 1] Let F2ℓ be a finite field of characteristic 2 with 2ℓ ≥ n and
let f : F2ℓ → F2ℓ defined by function f(x) = xk (k = 0, 1, . . . , 2ℓ − 1). Then

f [x1, x2, . . . , xn] =
n∑

i=1

f(xi)∏n
j=1
j ̸=i

(xi + xj)
=

n∑
i=1

xki∏n
j=1
j ̸=i

(xi + xj)
(2.2)
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for all distinct x1, . . . , xn in F2ℓ .
In particular

n∑
i=1

xki∏n
j=1
j ̸=i

(xi + xj)
=



0 if k ≤ n− 2

1 if k = n− 1

x1 + x2 + · · ·+ xn if k = n∑
i1+···+in=k+1−n

xi11 · xi22 · · ·xinn if k > n.

Example 2.4. Let F be a field of characteristic 2 and let f(x) = xk ∈ F[x]. For 3 distinct
elements x1, x2, x3 ∈ F, we get the order 3 divided­differences of f as follow:

1. For k = 1, then

f [x1, x2, x3] =
x1

(x1 + x2)(x1 + x3)
+

x2
(x2 + x1)(x2 + x3)

+
x3

(x3 + x1)(x3 + x2)

=
x1(x2 + x3) + x2(x1 + x3) + x3(x1 + x2)

(x1 + x2)(x1 + x3)(x2 + x3)
= 0.

2. For k = 2, then

f [x1, x2, x3] =
x21

(x1 + x2)(x1 + x3)
+

x22
(x2 + x1)(x2 + x3)

+
x23

(x3 + x1)(x3 + x2)

=
x21(x2 + x3) + x22(x1 + x3) + x23(x1 + x2)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x21x

2
2 + x1x

2
2 + x1x2x3 + x22x3) + (x21x3 + x1x2x3 + x1x

2
3 + x2x

2
3)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x21 + x1x2 + x1x3 + x2x3)(x2 + x3)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x1 + x2)(x1 + x3)(x2 + x3)

(x1 + x2)(x1 + x3)(x2 + x3)
= 1.

3. For k = 3, then

f [x1, x2, x3] =
x31

(x1 + x2)(x1 + x3)
+

x32
(x2 + x1)(x2 + x3)

+
x33

(x3 + x1)(x3 + x2)

=
x31(x2 + x3) + x32(x1 + x3) + x33(x1 + x2)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x31x2 + x31x3 + x22x

2
1 + x22x1x3 + x23x

2
1 + x23x− 2x1)

(x1 + x2)(x1 + x3)(x2 + x3)

+
(x21x

2
2 + x21x2x3 + x32x1 + x32x3 + x23x1x2 + x23x

2
2)

(x1 + x2)(x1 + x3)(x2 + x3)

+
(x21x2x3 + x21x

2
3 + x22x1x3 + x22x

2
3 + x33x1 + x33x2)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x21x2 + x21x3 + x1x

2
2 + x22x3 + x23x1 + x23x2)(x1 + x2 + x3)

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x1 + x2)(x1 + x3)(x2 + x3)(x1 + x2 + x3)

(x1 + x2)(x1 + x3)(x2 + x3)

= x1 + x2 + x3.
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4. For k = 4, then

f [x1, x2, x3] =
x41

(x1 + x2)(x1 + x3)
+

x42
(x2 + x1)(x2 + x3)

+
x43

(x3 + x1)(x3 + x2)

=
x41(x2 + x3) + x42(x1 + x3) + x43(x1 + x2)

(x1 + x2)(x1 + x3)(x2 + x3)

=
x41x2 + x41x3 + x42x1 + x42x3 + x43x1 + x43x2

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x1 + x2)(x1 + x3)(x2 + x3)(x

2
1 + x22 + x23 + x1x2 + x1x3 + x2x3)

(x1 + x2)(x1 + x3)(x2 + x3)

= x21 + x22 + x23 + x1x2 + x1x3 + x2x3.

From this example, we see that it is easier if we use Lemma 2.9 above.

2.5 Some basic results in Number Theory
In this section, we will say about definitions and theorems of arithmetic.

Definition 2.6. ([19]) A positive integer n > 1 with unique prime factorization

n = pa1
1 p

a2
2 . . . pas

s

where p1, . . . , ps are distinct primes and a1, . . . , as ∈ N, is r­free whenever ai < r for all
i = 1, 2, ..., s.
In case r = 2, we call n, a square­free.
Example 2.5. 1. Let r = 3. Then we see that 102 = 3 ·5 ·7 and 60 = 22 ·3 ·5 are 3­free

integers but 200 = 23 · 52 and 162 = 34 · 2 are not.

2. Let r = 2. Then we see that 102 = 3 ·5 ·7 and 165 = 3 ·5 ·11 are square­free integers
but 100 = 22 · 52 and 162 = 34 · 2 are not.

Definition 2.7. ([19]) Given a, b,m ∈ Z with m > 0. We say that a is congruent to b

modulo m, if m|(a− b) and write

a ≡ b (mod m).

Definition 2.8. ([19]) A congruence of the form

ax ≡ b (mod m)

where x is an unknown integer is called a linear congruence in one variable.

Theorem 2.10. ([19], Theorem 5.12, 5.13, 5.14 on p.111­112) Given a, b,m ∈ Z with
m > 0.

1) If gcd(a,m) = 1, then the linear congruence ax ≡ b (mod m) has exactly one
solution modulo m.
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2) If gcd(a,m) = d, then the linear congruence ax ≡ b (mod m) has solutions if and
only if d|b.

3) Assume that gcd(a,m) = d and suppose that d|b. Then the linear congruence
ax ≡ b (mod m) has exactly d solutions modulo m. These are given by

t, t+
m

d
, t+ 2m/d, . . . , t+ (d− 1)

m

d
,

where t is the solution, unique modulo m/d, of the linear congruence
a

d
x ≡ b

d

(
mod m

d

)
.

2.6 Arithmetic functions
Definition 2.9. [19, 23] A complex ­ valued function defined on the positive integers
is called an arithmetic function. Denote by A the set of all arithmetic functions.
Examples of arithmetic functions are:

1. The greatest integer function [20], denoted [x], is defined on the reals and is
the largest integer less than or equal to x. In the other words, it is that integer n
such that

n ≤ x < n+ 1.

2. The Möbius function, µ(n), defined by, [19],

µ(n) :=


(−1)s if n = p1p2 · · · ps for distinct primes p1, . . . , ps
1 if n = 1

0 otherwise.

3. For α ∈ R, the divisor function, σα(n), is defined to be the sum of the αth power
of divisors of n, [19],

σα(n) :=
∑
d|n

dα;

when α = 0, σ0 is the number of divisors of n denoted by d(n);
when α = 1, σ1 is the sum of divisors of n denoted by σ(n).

4. The Euler phi function, φ(n), is defined to be the number of positive integers
not exceeding n that are relatively prime to n, i.e.,

φ(n) :=
∑
x≤n

gcd(x,n)=1

1.

The Euler phi function satisfies, [23],

φ(n) =
∑
d|n

µ(d)
(n
d

)
,

where the sum is extended over divisors d of n.This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.11 (Properties of Greatest Integer Function [20]). Let x and y be reals.
Then we have

1. [x] ≤ x < [x] + 1, x− 1 < [x] ≤ x, 0 ≤ x− [x] < 1;

2. if n is an integer, then [x+ n] = [x] + n;

3. if x ≥ 0, then
[x] =

∑
1≤n≤x

1;

4. [x] + [y] ≤ [x+ y] ≤ [x] + [y] + 1;

5. [x] + [−x] =

0 if x is an integer
−1 otherwise.

.

6. if m and n are integers, with m positive, then

[
n+ x

m
] = [

n+ [x]

m
];

and

7. if x ≥ 0 and a is a positive integer, then [x/a] is the number of positive integers
≤ x that are divisible by a.

Definition 2.10. ([19]) An arithmetic function f is called multiplicative if f is not
identically zero, f(1) = 1, and

f(mn) = f(m)f(n) (gcd(m,n) = 1,m, n ∈,N).

Denote M be the set of multiplicative functions. Clearly, if f ∈ A with f(1) = 1 then
f ∈ M if and only if

f(pa1
1 . . . pas

s ) = f(pa1
1 ) · · · f(pas

s )

for all prime pi’s and positive integer ai’s. Note that µ(n), σα(n), U(n), φ(n) and λ(n)

are multiplicative on n (see also [19, 23]).

2.7 Continued fractions
Definition 2.11. [20] Let u0/u1 be a rational number with u1 > 0 and (u0, u1) = 1. If
we apply the Euclidean algorithm we get a sequence of the following sort continued
fractions

u0 = u1a0 + u2 0 < u2 < u1

u1 = u2a1 + u3 0 < u3 < u2

...
uj−1 = ujaj−1 + uj+1 0 < uj+1 < ujThis material is reserved for educational use only, not allowed for commercial use. 
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uj = uj+1aj .

If we write ξi = ui/ui+1, 0 ≤ i ≤ j, then all the equations above states thatξi = ai + 1/ξi+1, 0 ≤ i ≤ j − 1

ξj = aj

.

Thus

ξ0 = a0 +
1

a1 + 1/ξ2
= a0 +

1

a1 +
1

a2+1/ξ3

and so on. Thus
u0
u1

= ξ0 = a0 +
1

a1 +
1

a2+

. . .
+

1

aj−1 +
1
aj

and it is called the continued fraction expansion of the rational number u0/u1. The
integers ai are called the partial quotients and the numbers ξi are called complete
quotients of u0/u1. We usually write the continued fraction exspansion of u0/u1 in
the more condensed form [a0; a1, . . . , aj ]

u0/u1 = [a0; a1, . . . , aj ].

Note that a0 can be positive, negative or zero, but all further partial quotients must
be strictly positive. Note also that if j > 1, then aj = [uj/uj+1] and so 0 < uj+1 < uj

imply that aj > 1.
One may generalize the notation of the form [a0; a1, . . . , aj ]. If x0, x1, . . . , xj are

any real numbers,with x1, . . . , xj all positive, then we define

[x0;x1, . . . , xj ] = x0 +
1

x1 +
1
x2

. . .
+

1

xj−1 +
1
xj

.

If the xi are all integers, then the continued fraction is said to be simple. The following
obvious formulas will be useful in what follows:

[x0;x1, . . . , xj ] = x0 +
1

[x1;x2, . . . , xj ]

= [x0;x1, . . . , xj−2 + 1/xj ].

Example 2.6. Find the finite simple continued fraction expansions of the rational
number 6/7, 15/11 and −31/17.This material is reserved for educational use only, not allowed for commercial use. 
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Solution. We have

6 = 7 · 0 + 6

7 = 6 · 1 + 1

6 = 1 · 6,

so that 6/7 = [0; 1, 6]. We have

15 = 11 · 1 + 4

11 = 4 · 2 + 3

4 = 3 · 1 + 1

3 = 1 · 3

so that 15/11 = [1; 2, 1, 3]. We have

−31 = 17(−2) + 3

17 = 3 · 5 + 2

3 = 2 · 1 + 1

2 = 1 · 2

so that −31/17 = [−2; 5, 1, 2].

2.8 The big oh notation and asymptotic equality
Definition 2.12. [19] If g(x) > 0 for all x ≥ a, we write

f(x) = O(g(x)) or f(x) � g(x) (read: “f(x) is big oh of g(x)”)

to mean that the quotient f(x)/g(x) is bounded for x ≥ a; that is there exist a constant
M > 0 such that

| f(x) |≤Mg(x) for all x ≥ a.

An equation of the form
f(x) = h(x) +O(g(x))

means that f(x) − h(x) = O(g(x)). We note that f(t) = O(g(t)) for t ≥ a implies∫ x

a
f(t)dt = O(

∫ x

a
g(t)dt) for x ≥ a.

Example 2.7. 1. Let f(x) = x2 + 2x − 1. Then we can write f(x) = x2 + O(x). The
symbol O(x) represents an unspecified function of x which grows no faster than
some constant time x2.

2. Let E(x) = (2C − 1)x+O(
√
x) where C = lim

n→∞

(
1 +

1

2
+

1

3
+ · · ·+ 1

n
− logn

)
. Then

we can write E(x) = O(x).
This material is reserved for educational use only, not allowed for commercial use. 
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Definition 2.13. [19] If
lim
x→∞

f(x)

g(x)
= 1

we say that f(x) is asymptotic to g(x) as x→ ∞, and we write

f(x) ∼ g(x) as x→ ∞.

Example 2.8. 1. ∑
n≤x

d(n) ∼ x logx as x→ ∞.

Since ∑
n≤x

d(n) = x logx+ (2C − 1)x+O(
√
x), we get

lim
x→∞


∑
n≤x

d(n)

x logx

 = 1 + lim
x→∞

(
(2C − 1)x+O(

√
x)

x logx
)

= 1.

2. From Example 2.7 (2.), we see that E(x) ∼ (2C − 1)x.
Since E(x) = (2C − 1)x+O(

√
x), we get

lim
x→∞

(
E(x)

(2C − 1)x

)
= 1 + lim

x→∞

(
O(

√
x)

(2C − 1)x

)
= 1.

Definition 2.14. [19] The Riemann zeta function ζ(s) defined by

ζ(s) =
∞∑

n=1

1

ns
if s > 1,

and by
ζ(s) = lim

x→∞

∑
n≤x

1

ns
− x1−s

1− s

 if 0 < s < 1.

Theorem 2.12. [19] If x ≥ 1 we have:

1. ∑
n≤x

1

n
= logx+ C +O

(
1

x

)
.

2. ∑
n≤x

1

ns
=
x1−s

1− s
+ ζ(s) +O(x−s) if s > 0, s 6= 1.

3. ∑
n>x

1

ns
= O(x1−s) if s > 1.

4. ∑
n≤x

nα =
xα+1

α+ 1
+O(xα) if α ≥ 0.

2.9 Averages of arithmetic functions
Theorem 2.13. [19] For all x ≥ 1 we have∑

n≤x

d(n) = x logx+ (2C − 1)x+O(
√
x),

where C is Euler’s constant.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



16

Theorem 2.14. [19] For all x ≥ 1 we have∣∣∣∑
n≤x

µ(n)

n

∣∣∣ ≤ 1,

with equality holding only if x < 2.

Theorem 2.15. [19] Let f be a multiplicative arithmetical function such that the series∑
f(n) is absolutely convergent. Then the sum of the series can be expressed as an

absolutely convergent infinite product,
∞∑

n=1

f(n) =
∏
p

{1 + f(p) + f(p2) + · · · }

extended over all primes. If f is completely multiplicative, the product simplifies and
we have

∞∑
n=1

f(n) =
∏
p

1

1− f(p)
.

Note. In each case the product is called the Euler product of the series.
Theorem 2.16. [19] Assume ∑ f(n)n−s converges absolutely for σ > σa. If f is multi­
plicative we have

∞∑
n=1

f(n)

ns
=
∏
p

{1 + f(p)

ps
+
f(p2)

p2s
+ · · · } if σ > σa,

and if f is completely multiplicative we have
∞∑

n=1

f(n)

ns
=
∏
p

1

1− f(p)p−s
, if σ > σa.

Lemma 2.17. [13] For α > 1 irrational and with bounded partial quotients, β ∈ [0;α)

and positive integer d ≥ 2, 0 ≤ a < d, we have∑
n≤x

⌊αn+β⌋≡a( mod d)

1 =
x

d
+O(d log3 x) as x→ ∞.

For growing difference d the result is non­trivial provided d�
√
x log−3/2−ε

x, for ε > 0.

Example 2.9. Let α =
√
2 ∼ 1.4142 and β = 0.4142 ∈ [0, 1.4142). Then we have

bαn+ βcn≤21 := {1, 3, 4, 6, 7, 8, 10, 11, 13, 14, 15, 17, 18, 20, 21, 23, 24, 25, 27, 28, 30};

bαn+ βcn≤21 ≡ 1( mod 3) := {1, 4, 7, 10, 13, 25, 28}.

So, we see that ∑
n≤21

⌊αn+β⌋≡1( mod 3)

1 = 7 ∼ 21

3
+O(3 log3 21).
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2.10 Beatty sequences
Theorem 2.18 (Beatty Theorem). [24] Let X be any positive irrational number and Y

its reciprocal i.e., Y = X
X−1 or 1

X + 1
Y = 1. Then the two sequences

1 +X, 2(1 +X), 3(1 +X), . . . ,

1 + Y, 2(1 + Y ), 3(1 + Y ), . . .

together contain exactly one number from each of the intervals (n, n + 1) between
consecutive positive integers (n = 1, 2, 3, . . . ).

Corollary 2.19. [24] The sequences bn(1 +X)c, bn(1 + Y )c, called Beatty Sequences
corresponding to the irrational number X , together contain each natural number ex­
actly once.

Example 2.10. Let X =
√
2 ≈ 1.4142 is irrational number. Then we get Y = X/(X−1) =

3.4143 and for n = 1, 2, 3, . . . , we get the sequences

n(1 +X) := {2.4142, 4.8284, 7.2426, 9.6568, . . . };

n(1 + Y ) := {4.4143, 8.8286, 13.2429, 17.6572, . . . }.

Then we get the Beatty sequences

bn(1 +X)cn≥1 := {2, 4, 7, 9, . . . };

bn(1 + Y )cn≥1 := {4, 8, 13, 17, . . . }.

2.11 Chinese remainder theorem
Theorem 2.20 (Chines remainder theorem, [19]). Assume m1, . . . ,mr are positive
integers, relatively prime in pairs:

(mi,mk) = 1 if i 6= k.

Let b1, . . . , br be arbitrary integers. Then the system of congruences

x ≡ b1( mod m1)

...
x ≡ br( mod mr)

has exactly one solution modulo the product m1 · · ·mr.

Theorem 2.21. [19] Assume m1, . . . ,mr are relatively prime in pairs. Let b1, . . . , br be
arbitrary integer and let a1, . . . , ar satisfy

(ak,mk) = 1 if k = 1, 2, . . . , r.This material is reserved for educational use only, not allowed for commercial use. 
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Then the linear system of system of congruences

a1x ≡ b1( mod m1)

...
arx ≡ br( mod mr)

has exactly one solution modulo the product m1 · · ·mr.
Theorem 2.22. [19] Let f be a polynomial with integer coefficients, let m1,m2, . . . ,mr

be positive integers relative prime in pairs, and let m = m1m2 · · ·mr. Then the congru­
ence

f(x) ≡ 0( mod m)

has a solution if and only if each of congruences

f(x) ≡ 0( mod mi) (i = 1, 2, . . . , r)

has a solution. Moreover, if v(m) and v(mi) denote the number of solutions of two
equations above respectively, then

v(m) = v(m1)v(m2) · · · v(mr).

2.12 Literature reviews
In this section, we will review some preliminaries and results in [6], [14] and

[15] that are strong basic for our work.

2.12.1 The work of Davies and Rousseau
In this work of Davies and Rousseau [6], they considered any field not of char­

acteristic 2 and used some auxiliary results to prove the divided differences character­
ization of polynomials problem.
Lemma 2.23 (Interpolation Theorem). [25, Sect. 5.6, pp. 86­89] If x1, . . . , xm+1 are
distinct elements in a field (of any characteristic), then for any c1, . . . , cm+1 in this field,
there exists a unique polynomial f over the same field of degree at most m such that
f(xj) = cj for j = 1, . . . ,m+ 1.
Corollary 2.24. Let F be a finite field with order n. Then every function f : F → F is
equal to a polynomial of degree at most n− 1.
Theorem 2.25 (Davies­Rousseau’s main work). [6] Let n be an integer, n ≥ 2, and let
K be a field not of characteristic 2. Suppose that functions f : K → K and h : K → K

satisfy (1.2) where x1, . . . , xn are distinct of K. Then f is equal to a polynomial of
degree at most n over K:

f(x) ≡ anx
n + an−1x

n−1 + · · ·+ a0.This material is reserved for educational use only, not allowed for commercial use. 
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In their appendix, they shown that for the case ch(K) 6= 2 and n = 2, the result
holds if |K| ≤ 4, but it does not hold if |K| > 4 (where |K| denote the cardinality of
the field Kand ch(K) denote the characteristic of a field K).
Example 2.11. Let F7 = {0̄, 1̄, 2̄, 3̄, 4̄, 5̄, 6̄}. Let f, h := F7 → F7 such that

f [x1, x2, x3] = h(x1 + x2 + x3)

for any 3 distinct x1, x2, x3 ∈ F7.
Now we will show that f is a polynomial of degree at most 3.
Choose 4 distinct elements of the form

S := {0̄, 1̄, 6̄, 2̄}

from F7. Then there exist a unique polynomial f1(x) of degree at most 3 over F7 such
that

f1(u) = f(u) ∀u ∈ S.

Let h1(x) ∈ F7[x] such that f1[x1, x2, x3] = h1(x1 + x2 + x3) for any 3 distinct elements
x1, x2, x3 ∈ F7. Set F (x) = f(x)− f1(x) and H(x) = h(x)− h1(x) such that

F (u) = 0 ∀u ∈ S

and
F [x1, x2, x3] = H(x1 + x2 + x3)

for any 3 distinct elements x1, x2, x3 ∈ F7.

Substituting x1, x2, x3 by

1̄, 6̄, 2̄, 0̄, 6̄, 2̄,

1̄, 0̄, 2̄, 1̄, 6̄, 0̄,

and applying the 3­rd order divided­differences of F (x), we get

F [1̄, 6̄, 2̄] = H(2̄) = 0̄, F [0̄, 6̄, 2̄] = H(1̄) = 0̄,

F [1̄, 0̄, 2̄] = H(3̄) = 0̄, F [1̄, 6̄, 0̄] = H(0̄) = 0̄.

Next, we will show that F (x) = 0 for all x ∈ F7.
Substituting x1, x2, x3 by 0̄, 2̄, 5̄ and applying 3­rd order divided­differences of F (x), we
get

F [0̄, 2̄, 5̄] =
F (5̄)

5̄ · (5̄− 2̄)
= H(0̄) = 0̄.

So, F (5̄) = 0 and consequency H(5̄) = 0̄.
Substituting x1, x2, x3 by 0̄, 3̄, 4̄ and applying the 3­rd order divided­differences of F (x),
we get

F [0̄, 3̄, 4̄] =
F (3̄)

3̄ · (3̄− 4̄)
+

F (4̄)

4̄ · (4̄− 3̄)
= H(0̄) = 0̄.
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So, we have
F (3̄) + F (4̄) = 0̄. (2.3)

Substituting x1, x2, x3 by 1̄, 3̄, 4̄ and applying the 3­rd order divided­differences of F (x),
we get

F [1̄, 3̄, 4̄] =
F (3̄)

(3̄− 1̄)(3̄− 4̄)
+

F (4̄)

(4̄− 1̄)(4̄− 3̄)
= H(1̄) = 0̄.

So, we have
3̄F (3̄) + 5̄F (4̄) = 0̄. (2.4)

Solving system equations (2.3) and (2.4), we get

F (3̄) = F (4̄) = 0̄.

Therefore, F (x) = 0 for all x ∈ F7 and so f(x) is a polynomial of degree at most 3 over
F7.

2.12.2 The work of Dimitrov
In paper [15], let N be a sufficient large positive integer. Let ε denote an

arbitrary small positive number, not necessarily the same in different occurrences.
Then, they denote by µ(n) the Möbius function and by τ(n) the number of positive
divisors of n. Let ‖t‖ be the distance from t to the nearest integer and let

ψ(t) = {t} − 1

2

where {t} is the fraction part of t. Let α > 1 be irrational number with bounded partial
quotient or irrational algebraic number. Denote

σ =
∏
p

(
1− 2

p2

)
.

They defined the characteristic function ωα(x) in the interval (0, 1] as follows

ωα(x) =


1, if i− 1

α < x < 1;

1
2 , if x = 1− 1

α or x = 1;

0, otherwise.
Then, they got some results as following.
Lemma 2.26. The formula

ωα(x) =
1

α
+ ψ(x)− ψ

(
x+

1

α

)
holds.
Lemma 2.27. For every J ≥ 2, then

ψ(t) =
∑

1≤|k|≤J

a(k)e(kt) +O

∑
|k|≤J

b(k)e(kt)

 , a(k) � 1/|k|, b(k) � 1/J.
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Note: a(k) � 1/J means that a(k) is an big oh of 1/J .
Lemma 2.28. If X ≥ 1, then

|
∑
n≤X

e(αn) |≤ min
(
X,

1

2 ‖ α ‖

)
.

Lemma 2.29. Suppose that X,Y ≥ 1, λ = a
q + θ

q2 , q ≥ 1, (a, q) = 1, | θ |≤ 1. Then∑
n≤X

min
(
Y,

1

‖ λn ‖

)
� XY

q
+ (X + q) log 2q.

Theorem 2.30 (Main Theorem). Let α > 1 be irrational number with bounded partial
quotient or irrational algebraic number. Then

S(N,α) =
∑
n≤N

µ2(bαnc)µ2(bαnc+ 1) = σN +O(N
5
6+ε).

Example 2.12. Let N = 20, α =
√
2 ∼ 1.4142, ϵ = 0.0001. Then for integers n ≤ N we

have
bαnc := {1, 2, 4, 5, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 21, 22, 24, 25, 26, 28},

bαnc+ 1 := {2, 3, 5, 6, 8, 9, 10, 12, 13, 15, 16, 17, 19, 20, 22, 23, 25, 26, 27, 29}.

From here, we see that
S(N,α) =

∑
n≤N

µ2(bαnc)µ2(bαnc+ 1)

= 1 + 1 + 0 + 1 + 0 + 0 + 0 + 0 = 0 + 1 + 0 + 0 + 0 + 0 + 1 + 1 + 0 + 0 + 0 + 0

= 6

∼ σN +O(N
5
6+ϵ) =

∏
p

(
1− 2

p2

)
· 20 +O(20

5
6+0.0001)

= 20(1− 2

22
)(1− 2

32
)(1− 2

52
)(1− 2

72
)(1− 2

112
)(1− 2

132
)(1− 2

172
)(1− 2

192
) +O(20

5
6+0.0001)

∼ 6.58731.

Lemma 2.31 (Main Lemma). Let α > 1 be irrational number with bounded partial
quotient or irrational algebraic number. Then for the sum

Σ =
∑

1≤k≤J

1

k

∣∣∣ ∑
m≤αN

µ2(m)µ2(m+ 1)e(λkm)
∣∣∣ .

where λ = 1
α , the estimation

Σ � N
5
6+ε

holds.

2.12.3 The work of Tangsupphathawat, Srichan, and Laohakosol
In the work of Tangsupphathawat et al [14], they used the similar method due

to Rieger to prove that the Piateske­Shapiro sequence defined by
Nc = {bncc : n ∈ N, c ∈ R, c > 1}This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



22

contains infinitely many consecutive square­free integers whenever 1 < c < 3/2. To do
this, they let ε be arbitrary small positive number, not necessarily the same in different
occurrences and then they got some lemmas as following:

Lemma 2.32. For 1 < c < 2, let x be a positive real number and let q and a be two
integers such that 0 ≤ a < q ≤ xc. Then

∑
n≤x

⌊nc⌋≡a(mod q)

1 =
x

q
+


O
(

x(c+4)/7

q1/7

)
for q < xc−5/4,

O
(

x(c+1)/3

q1/3

)
for xc−5/4 ≤ q < xc−1/2,

O
(

xc

q

)
for xc−1/2 ≤ q < xc.

Lemma 2.33. ([26, Exercise 9, p. 50]) For each ε > 0, there exists a constant Cε > 0

such that for all n ≥ 1 we have

d(n) ≤ Cεn
ε.

Lemma 2.34. For a fixed real y > 1,∑
d,t

gcd(d,t)=1
dt≤y

µ(d)µ(t)

d2t2
=

∏
p prime

(
1− 2

p2

)
+O

(
y−1+ε

)
.

Lemma 2.35. Let 1 < c < 2 and let x be a positive real number.

(I) If A2
c(x) denotes the number of quadruples d, t, u, v of positive integers satisfying

the conditions

t2v − d2u = 1, d2u ≤ xc, xc/2 < dt ≤ x2c/3,

then
A2

c(x) � x2c/3+ε.

(II) If A3
c(x) denotes the number of quadruples d, t, u, v of positive integers satisfying

the conditions

t2v − d2u = 1, d2u ≤ xc, dt > x2c/3,

then
A3

c(x) � x2c/3+ε.

Theorem 2.36 (Main Theorem). For 1 < c < 3/2 and sufficiently small ε > 0,∑
n≤x

⌊nc⌋,⌊nc⌋+1 are square­free

1 =
∏
p

(
1− 2

p2

)
x+O

(
x(2c+1)/4+ε

)
as x→ ∞.

Example 2.13. Let n ∈ N, c = 1.4142, ϵ = 0.0001 and x = 20. Then we have

bncc = {1, 2, 4, 7, 9, 12, 15, 18, 22, 25, 29, 33, 37, 41, 46, 50, 54, 59, 64, 69};
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bncc+ 1 = {2, 3, 5, 8, 10, 13, 16, 19, 21, 26, 30, 34, 38, 42, 47, 51, 55, 60, 65, 70}.

So we get∑
n≤x

⌊nc⌋,⌊nc⌋+1 are square­free

1 = 1 + 1 + 0 + 0 + 0 + 0 + 0 + 0 + 1 + 0 + 1 + 1 + 1 + 1 + 1 + 0 + 0 + 0 + 0 + 1

= 9

∼ 20(1− 2

22
)(1− 2

32
)(1− 2

52
)(1− 2

72
)(1− 2

112
)(1− 2

132
)(1− 2

172
)(1− 2

192
) +O(20(2·1.4142+1)/4+0.0001)

= 6.58 +O(20(2·1.4142+1)/4+0.0001) ∼ 6.58 + 2.67.
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Chapter 3
A divided­differences characterization of

polynomials over a finite field of characteristic two
In this chapter, we will characterize the divided­defferences of polynomials

over a finite field of characteristic two with n ≥ 3.

3.1 Important properties
Throughout the rest of the paper, let n ∈ N with n ≥ 3, and let F2ℓ be a finite

field of characteristic 2 with cardinality |F2ℓ | = 2ℓ ≥ n, ℓ ∈ N, ℓ ≥ 2. For definiteness,
we represent the elements of F2ℓ by

a0 + a1α+ · · ·+ aℓ−1α
ℓ−1, ai ∈ {0, 1} (0 ≤ i ≤ ℓ− 1), (3.1)

where α is a root of an irreducible polynomial of degree ℓ over GF (2) = {0, 1}. The
divided difference on n distinct points of a function f : F2ℓ → F2ℓ may be defined
inductively as follows:

f [x1] = f(x1), f [x1, x2] =
f(x1) + f(x2)

x1 + x2
,

and for n > 2

f [x1, . . . , xn] =
f [x1, . . . , xn−1] + f [x2, . . . , xn]

x1 + xn
,

for n distinct x1, . . . , xn in F2ℓ . To reach our main result, we could study some Lemma
of the polynomials in a finite field and Properties of divided differences as follow.

Lemma 3.1. If x1, . . . , xn+1 are distinct elements of a field F2ℓ then for any c1, . . . , cn+1

in F2ℓ there exists a unique polynomial f over F2ℓ , of degree at most n, such that
f(xj) = cj for j = 1, . . . , n+ 1.

Proof. Let x1, x2, . . . , xn+1 in F2ℓ be distinct elements. Then for any c1, c2, . . . , cn+1 ∈ F2ℓ

there exists the Lagrange’s interpolation,

L(x) =
n+1∑
j=1

cj

n+1∏
m=1
m̸=j

x+ xm
xj + xm

with degree at most n with coefficients in F2ℓ , pass through n+ 1 points such that

L(xj) = cj (1 ≤ j ≤ n+ 1).

Suppose that there exists another r(x) of degree at most n over F2ℓ such that

r(xj) = cjThis material is reserved for educational use only, not allowed for commercial use. 
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for all 1 ≤ j ≤ n+ 1.
Let g(x) = L(x) + r(x). Since L(x) = r(x) for 1 ≤ j ≤ n+ 1, then

g(xj) = L(xj) + r(xj) = 0.

Hence,
n+1∏
j=0

(x+ xj) | g(x).

Since g(x) is a polynomial of degree at most n, g(x) = 0.

Thus,
L(x) = r(x).

Therefore, L(x) is the unique polynomial of degree less than n+ 1 over F2ℓ such that

L(xj) = cj for all 1 ≤ j ≤ n+ 1.

Corollary 3.2. Every function f : F2ℓ → F2ℓ is equal to a polynomial of degree at most
2ℓ − 1.
Proof. Let f : F2ℓ → F2ℓ be a function such that xi 7→ ci for distinct xi ∈ F2ℓ (i =

1, 2, 3, . . . , 2ℓ) and ci ∈ F2ℓ (i = 1, 2, 3, . . . , 2ℓ) not necessary distinct. By Lemma 3.1, there
exists p(x) over F2ℓ of degree at most 2ℓ − 1 such that

p(xi) = ci for all xi ∈ F2ℓ .

Therefore,
p ≡ f.

Proposition 3.3. It is known that if f is a polynomial of degree n ≥ 1 with coefficients
in F2ℓ ,

f(x) ≡ anx
n + an−1x

n−1 + · · ·+ a0,

then
f [x1, . . . , xn] = an(x1 + · · ·+ xn) + an−1,

for distinct x1, . . . , xn in F2ℓ .
Proof. Let f be a polynomial of degree n ≥ 1,

f(x) ≡ anx
n + an−1x

n−1 + · · ·+ a0

where ai ∈ F2ℓ for all i = 0, 1, . . . , n. Then for n distinct elements, x1, . . . , xn of F2ℓ , we
have

f [x1, . . . , xn] =
anx

n
1 + an−1x

n−1
1 + · · ·+ a1x1 + a0∏n

i=1
i̸=1

(x1 + xi)
+
anx

n
2 + an−1x

n−1
2 + · · ·+ a1x2 + a0∏n

i=1
i̸=2

(x2 + xi)
+ · · ·
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+
anx

n
n−1 + an−1x

n−1
n−1 + · · ·+ a1xn−1 + a0∏n

i=1
i̸=n−1

(xn−1 + xi)
+
anx

n
n + an−1x

n−1
n + · · ·+ a1xn + a0∏n

i=1
i̸=n

(xn + xi)

=an

(
xn1∏n

i=1
i̸=1

(x1 + xi)
+

xn2∏n
i=1
i̸=2

(x2 + xi)
+ · · ·+ xnn∏n

i=1
i̸=n

(xn + xi)

)

+ an−1

(
xn−1
1∏n

i=1
i ̸=1

(x1 + xi)
+

xn−1
2∏n

i=1
i ̸=2

(x2 + xi)
+ · · ·+ xn−1

n∏n
i=1
i ̸=n

(xn + xi)

)
+ · · ·

+ a1

(
x1∏n

i=1
i̸=1

(x1 + xi)
+

x2∏n
i=1
i̸=2

(x2 + xi)
+ · · ·+ xn∏n

i=1
i̸=n

(xn + xi)

)

+ a0

(
1∏n

i=1
i ̸=1

(x1 + xi)
+

1∏n
i=1
i ̸=2

(x2 + xi)
+ · · ·+ 1∏n

i=1
i ̸=n

(xn + xi)

)
.

By Lemma 2.9, we get the form of coefficient of ak for k = 0, 1, . . . , n :

xk1∏n
i=1
i̸=1

(x1 + xi)
+

xk2∏n
i=1
i̸=2

(x2 + xi)
+ · · ·+ xkn∏n

i=1
i̸=n

(xn + xi)
=


0 if 0 ≤ k ≤ n− 2

1 if k = n− 1

x1 + · · ·+ xn if k = n.

Thus, f [x1, . . . , xn] = an(x1 + · · ·+ xn) + an−1 as required.

Lemma 3.4. If g(x) = anx
n+an−1x

n−1+ · · ·+a0 ∈ F2ℓ [x] is a polynomial of degree n with
1 ≤ n ≤ 2ℓ − 1, then for any n distinct elements x1, . . . , xn in F2ℓ , the linear polynomial
hg(x) := anx+ an−1 satisfies

g[x1, . . . , xn] = hg(x1 + · · ·+ xn).

(The polynomial hg is henceforth referred as the n­th order divided­differences of g.)

Proof. The proof follows immediately form Proposition 3.3.

Example 3.1. Let F24 := {a0 + a1α+ a2α
2 + a3α

3 | ai ∈ {0, 1}} where α is the root of the
irreducible polynomial x4+x+1. Let g(x) = x3+1 ∈ F24 [x]. By Lemma 3.4, there exists
a polynomial hg(x) = x ∈ F24 [x] such that for 3 distinct elements x1, x2, x3 ∈ F24 ,

g[x1, x2, x3] =
g(x1)

(x1 + x2)(x1 + x3)
+

g(x2)

(x2 + x1)(x2 + x3)
+

g(x3)

(x3 + x1)(x3 + x2)

=
(x31 + 1)(x2 + x3) + (x32 + 1)(x1 + x3) + (x33 + 1)(x1 + x2)

(x1 + x2)(x1 + x3)(x2 + x3)

=
x31x2 + x1x

3
2 + x31x3 + x32x3 + x1x

3
3 + x2x

3
3

(x1 + x2)(x1 + x3)(x2 + x3)

=
(x1 + x2 + x3)(x1 + x2)(x1 + x3)(x2 + x3)

(x1 + x2)(x1 + x3)(x2 + x3)

= x1 + x2 + x3

= hg(x1 + x2 + x3).
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3.2 Main theorem
Now we will work on our main results in the case of a finite field of characteristic

2. Davies and Rousseau [6] have been shown for n = 2 the theorem holds if F2ℓ has
cardinality at most 4 and fails if its number of elements is greater than 4. Thus here
we could begin with n = 3.

Theorem 3.5. Let n, ℓ ∈ N with n ≥ 3, ℓ ≥ 2 and let F2ℓ be a finite field of characteristic
2 with cardinality |F2ℓ | = 2ℓ ≥ n. Let f and h be functions over F2ℓ . Then for any n

distinct elements x1, . . . , xn ∈ F2ℓ , f and h satisfy

f [x1, . . . , xn] = h(x1 + · · ·+ xn), (3.2)

if and only if f is equal to a polynomial of degree at most n over F2ℓ :

f(x) ≡ anx
n + an−1x

n−1 + · · ·+ a0.

Proof. The inverse is sufficiancy part holds by Lemma 3.4.
So now we just prove the necessarily part. Here we could divide it in to two cases.

Case 1: n ≥ ℓ;
Write n = ℓ+ r ≤ 2ℓ with 0 ≤ r ≤ 2ℓ − ℓ. If n = 2ℓ, by Corollary 3.2 the result of Theorem
3.5 holds trivially without any restriction. Henceforth, we assume that ℓ ≤ n < 2ℓ.
Referring to the shapes of the elements of F2ℓ displayed in (2.2), we consider the
following set of n+ 1 distinct elements in F2ℓ of the form

S1 :=
{
0, 1, α, α2, . . . , αℓ−1, b1, . . . , br

}
; (3.3)

by choosing b1 /∈ {0, 1, α, . . . , αℓ−1}, b2 /∈ {0, 1, α, . . . , αℓ−1, b1}, b3 /∈ {0, 1, α, . . . , αℓ−1, b1, b2}

and so on. Throughout as a convention if n = ℓ, we simply the presence of the bi’s
in the corresponding expressions. By Lemma 3.1 there exist a unique polynomial
f1(x) ∈ F2ℓ [x] of degree at most n such that

f1(u) = f(u) for all u ∈ S1. (3.4)

Since deg f1 ≤ n, by Lemma 3.4, for any n distinct elements x1, . . . , xn ∈ F2ℓ , there is a
(linear) polynomial h1 such that

f1[x1, . . . , xn] = h1(x1 + · · ·+ xn); (3.5)

we note in passing that if deg f1 = n − 1, the polynomial h1 is a constant, while if
deg f1 < n− 1, the polynomial h1 vanishes identically. Let

F1(x) = f(x)− f1(x), H1(x) = h(x)− h1(x). (3.6)
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



28

Observe from Lemma 2.8 that the divided difference of a function over n distinct
points depend only on the points and the functional values at these points. Using
the hypothesis (3.2), (3.4) and (3.5), we get

F1[x1, . . . , xn] = H1(x1 + · · ·+ xn) (3.7)

and
F1(u) = 0 for all u ∈ S1. (3.8)

We substitute the n points x1, . . . , xn in (3.7) by the following sets of points

• 1, α, . . . , αℓ−1, b1, . . . , br,

• 0, α, α2, . . . , αℓ−1, b1, . . . , br,

• 1, α, . . . , αi−1, 0, αi+1, . . . , αℓ−1, b1, . . . , br for 1 ≤ i ≤ ℓ− 2,

• 1, α, . . . , αℓ−2, 0, b1, . . . , br,

• 1, α, . . . , αℓ−1, b1, . . . , bi−1, 0, bi+1, . . . , br for i = 1, . . . , r,

by using Lemma 2.8 and (3.8), we get

0 = F1[1, α, . . . , α
ℓ−1, b1, . . . , br] = H1(1 + α+ · · ·+ αℓ−1 + b1 + · · ·+ br), (3.9)

0 = F1[0, α, α
2, . . . , αℓ−1, b1, . . . , br] = H1

 ℓ−1∑
j=0, j ̸=1

αj +
r∑

j=1

bj

 , (3.10)

0 = F1[1, α, . . . , α
i−1, 0, αi+1, . . . , αℓ−1, b1, . . . , br] = H1

 ℓ−1∑
j=0, j ̸=i

αj +
r∑

j=1

bj

 = 0, (3.11)

0 = F1[1, α, . . . , α
ℓ−2, 0, b1, . . . , br] = H1

 ℓ−1∑
j=0, j ̸=ℓ−1

αj +
r∑

j=1

bj

 , (3.12)

0 = F1[1, α, . . . , α
ℓ−1, b1, . . . , bi−1, 0, bi+1, . . . , br] = H1

ℓ−1∑
j=0

αj +
r∑

j=1, j ̸=i

bj

 . (3.13)

To prove the desired result, we aim to show that f ≡ f1, i.e., F ≡ 0. From (3.1), each
element in F2ℓ can be uniquely written as x(0; i) = 0, or for m ∈ {1, 2. . . . , ℓ}

x(m; i1 : im) := αi1 + αi2 + · · ·+ αim , 0 ≤ i1 < i2 < · · · < im ≤ ℓ− 1.

We proceed to show by induction on m that F (x(m; i1 : im)) = 0 for all x(m; i1 :

im).
Using (3.4), this clearly holds when m = 0 and 1. We work out the next two values of
m to explicitly illustrate the lines of proof.

When m = 2, the field elements are of the form

x(2; i1 : i2) = αi1 + αi2 , 0 ≤ i1 < i2 ≤ ℓ− 1,
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and because of (3.8) we need only consider these elements for which x(2; i1 : i2) 6=

bs (s = 1, 2, . . . , r). We substitute for the n points x1, . . . , xn in (3.7) by

1, α, . . . , αi1−1, x(2; i1 : i2), α
i1+1, . . . , αℓ−1, b1, . . . , br,

and by using (3.10) or (3.11) or (3.12), with i = i2, we get

F1[1, α, . . . , α
i1−1, x(2; i1 : i2), α

i1+1, . . . , αℓ−1, b1, . . . , br] = H1

 ℓ−1∑
j=0, j ̸=i2

αj +
r∑

j=1

bj

 = 0.

Expanding the left­hand expression by Lemma 2.8 and using (3.8), we get
F1(x(2; i1 : i2))

D(x)
= 0,

where

D(x) := (x(2; i1 : i2) + 1) · · · (x(2; i1 : i2) + αi1−1)(x(2; i1 : i2) + αi1+1)× · · ·

× (x(2; i1 : i2) + αℓ−1)(x(2; i1 : i2) + b1) · · · (x(2; i1 : i2) + br) 6= 0,

which clearly implies that F1(x(2; i1 : i2)) = 0.
When m = 3, the field elements are of the form

x(3; i1 : i3) = αi1 + αi2 + αi3 , 0 ≤ i1 < i2 < i3 ≤ ℓ− 1,

and because of (3.8) we need consider only those x(3; i1 : i3) 6= bs (s = 1, . . . , r). We
need to analyze two possibilities depending on whether any sum of two elements in
x(3; i1 : i3) coincides with one of the elements bs (s = 1, . . . , r).

Possibility 1: none of the elements ∑3
j=1, j ̸=t α

ij (t = 1, 2, 3) is equal to some
bs (s = 1, 2, . . . , r). Substituting x1, . . . , xn in (3.7) by

1, α, . . . , αi1−1, x(3; i1 : i3), α
i1+1, . . . , αi2−1, x(2; i2 : i3), α

i2+1, . . . , αℓ−1, b1, . . . , br,

where x(2; i2 : i3) = αi2 +αi3 satisfies, from the case m = 2, F (x(2; i2 : i3)) = 0, and using
(3.11) with i = i2 for the vanishing of the right­hand expression, we get

F1[1, α, . . . , α
i1−1, x(3; i1 : i3), α

i1+1, . . . , αi2−1, x(2; i2 : i3), α
i2+1, . . . , αℓ−1, b1, . . . , br]

= H1

 ℓ−1∑
j=0, j ̸=i2

αj +
r∑

j=1

bj

 = 0.

Expanding the left­hand expression by Lemma 2.8, using (3.8) and the case m = 2, we
deduce that F1(x(3; i1 : i3)) = 0.

Possibility 2: there exists t ∈ {1, 2, 3} such that ∑3
j=1, j ̸=t α

ij = bs for some
s ∈ {1, 2, . . . , r}, which implies x(3; i1 : i3) = αit + bs. Substituting x1, . . . , xn in (3.7) by

1, α, . . . , αit−1, x(3; i1 : i3), α
it+1, . . . , αℓ−1, b1, . . . , br,
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and using (3.13) with i = s, we get

F1[1, α, . . . , α
it−1, x(3; i1 : i3), α

it+1, . . . , αℓ−1, b1, . . . , br] = H1

ℓ−1∑
j=0

αj +
r∑

j=1, j ̸=s

bj

 = 0,

and as before, we deduce that F (x(3; i1 : i3)) = 0.
Proceeding with the induction, assume this is true up to m = k−1, i.e., F1(x(k−

1; i1 : ik−1)) = 0, where

x(k − 1; i1 : ik−1) = αi1 + · · ·+ αik−1 , 0 ≤ i1 < · · · < ik−1 ≤ ℓ− 1,

with x(k − 1; i1 : ik−1) 6= bs (s = 1, . . . , r). As in the case m = 3, two possibilities
depending on whether any sum of k − 1 elements in x(k; i1 : ik) coincides with one of
the bs need to be analyzed.

Possibility 1: none of the elements ∑k
j=1, j ̸=t α

ij (t = 1, . . . , k) is equal to
some bs. Substituting x1, . . . , xn in (3.7) by

1, α, . . . , αi1−1, x(k; i1 : ik), α
i1+1, . . . , αi2−1, x(k − 1; i2 : ik), α

i2+1 . . . , αℓ−1, b1, . . . , br,

where x(k − 1; i2 : ik) = αi2 + · · ·+ αik satisfies, by induction hypothesis, F1(x(k − 1; i2 :

ik)) = 0, and using (3.10) or (3.11) or (3.12) for the vanishing of the right­hand expression,
we get

F1[x1, . . . , xn] = H1

 ℓ−1∑
j=0, j ̸=i2

αj +
r∑

j=1

bj

 = 0.

Expanding the left­hand expression by Lemma 2.8, using (3.8) and the induction hy­
pothesis, we get F1(x(k; i1 : ik)) = 0.

Possibility 2: there exists t ∈ {1, . . . , k} such that ∑k
j=1, j ̸=t α

ij = bs for some
s ∈ {1, 2, . . . , r}, so that x(k; i1 : ik) = αit + bs. Substituting x1, . . . , xn in(3.7) by

1, α, . . . , αit−1, x(k; i1 : ik), α
it+1, . . . , αℓ−1, b1, . . . , br,

and using (3.13) with i = s for the vanishing of the right­hand expression, we get

F1[1, α, . . . , α
it−1, x(k; i1 : ik), α

it+1, . . . , αl−1, b1, . . . , br] = H1

ℓ−1∑
j=0

αj +
r∑

j=1, j ̸=s

bj

 = 0.

As before, expanding the left­hand expression by Lemma 2.8, using (3.8), we deduce
that F1(x(k; i1 : ik)) = 0, which completes the induction, and the theorem is proved in
this case.

Case 2: 3 ≤ n ≤ ℓ− 1;
Though the steps of proof are much the same as in case 1, the analysis is somewhat
more involved, so we give most of the details. We consider the set of n + 1 distinct
elements in F2ℓ of the form

S2 := {0, 1, α, . . . , αn−2, 1 + α+ · · ·+ αn−2}. (3.14)This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



31

Note: The sum of non­zero n distinct elements in S are zero. So, this choice of
distinct elements are possible only when n ≥ 3, which explains why the counter­
example of Davies­Rousseau only works for n = 2.
By Lemma 3.1, there is a unique polynomial f2(x) ∈ F2ℓ [x], deg f2 ≤ n, such that

f2(u) = f(u) for all u ∈ S2.

By Lemma 3.4, for any n distinct elements x1, . . . , xn ∈ F2ℓ , there is a (linear) polynomial
h2(x) ∈ F2ℓ [x] such that

f2[x1, . . . , xn] = h2(x1 + · · ·+ xn). (3.15)

Let

F2(x) = f(x)− f2(x), H(x) = h(x)− h2(x). (3.16)

Since the divided difference on n points depends only on the points (Lemma 2.8),
using the main hypothesis (3.2), (3.15) and (3.16), for distinct x1, . . . , xn in F2ℓ , we have

F2[x1, . . . , xn] = H2(x1 + · · ·+ xn) (3.17)

and
F2(u) = 0 for all u ∈ S2. (3.18)

Substituting the n distinct points x1, . . . , xn in (3.17) by the following sets of points

• 1, α, . . . , αn−2, 1 + α+ · · ·+ αn−2,

• 0, α, . . . , αn−2, 1 + α+ · · ·+ αn−2,

• 1, α, . . . , αi−1, 0, αi+1, . . . , αn−2, 1 + α+ · · ·+ αn−2 for i = 1, 2, . . . , n− 3,

• 1, α, . . . , αn−3, 0, 1 + α+ · · ·+ αn−2,

• 1, α, . . . , αn−2, 0,

using Lemma 2.8 and (3.18) for the vanishing of the left­hand side, we get

0 = F2[1, α, . . . , α
n−2, 1 + α+ · · ·+ αn−2] = H2(0), (3.19)

0 = F2[0, α, . . . , α
n−2, 1 + α+ · · ·+ αn−2] = H2(1), (3.20)

0 = F2[1, α, . . . , α
i−1, 0, αi+1, . . . , αn−2, 1 + α+ · · ·+ αn−2] = H2(α

i) (1 ≤ i ≤ n− 3),

(3.21)
0 = F2[1, α, . . . , α

n−3, 0, 1 + α+ · · ·+ αn−2] = H2(α
n−2), (3.22)

0 = F2[1, α, . . . , α
n−2, 0] = H2(1 + α+ · · ·+ αn−2). (3.23)

As in case 1, our objective is to prove that f ≡ f2 by showing the polynomial F2 := f−f2
vanishes at every point in F2ℓ . To do so, we subdivide our analysis into three stepsThis material is reserved for educational use only, not allowed for commercial use. 
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depending on the shapes of the field elements.

Step 1. We show that F2(z) = 0 at the points

z(m; i1 : im) := αi1+αi2+· · ·+αim , 0 ≤ i1 < i2 < · · · < im ≤ n−2, m ∈ {1, 2, . . . , n−1},

where we may assume, without loss of generality, that these numbers are not in S2.
This assertion clearly holds when m = 1 by (3.18). For the remaining values of m, we
proceed by induction on m (≥ 2). Starting with m = 2, substituting x1, . . . , xn in (3.17)
by

1, α, . . . , αi1−1, z(2; i1 : i2), α
i1+1, . . . , αn−2, 1 + α+ · · ·+ αn−2,

and using (3.21) or (3.22) for the vanishing of the right­hand expression, we get

F2[1, α, . . . , α
i1−1, z(2; i1 : i2), α

i1+1, . . . , αn−2, 1 + α+ · · ·+ αn−2] = H2(α
i2) = 0.

Expanding the left expression by Lemma 2.8, using (3.18), we deduce that F2(z(2; i1 :

i2)) = 0. Assume now that the assertion holds for m = 2, 3, . . . , k − 1. Substituting
x1, . . . , xn in (3.17) by

1, α, . . . , αi1−1, z(k; i1 : ik), α
i1+1, . . . , αi2−1, z(k− 1; i2 : ik), α

i2+1, . . . , αn−2, 1+α+ · · ·+αn−2

where

z(k; i1 : ik) = αi1 + αi2 + αi3 + · · ·+ αik 6∈ S2, z(k − 1; i2 : ik) = αi2 + αi3 + · · ·+ αik 6∈ S2

(0 ≤ i1 < i2 < · · · < ik ≤ n− 2),

and using (3.21) or (3.22) for the vanishing of the right­hand expression, we get

F2[x1, . . . , xn] = H2(α
i2) = 0.

Expanding the left­hand expression by Lemma 2.8, using (3.18) and F2(z(k−1; i2 : ik) = 0

from the induction hypothesis, we deduce that

0 =
F2(z(k; i1 : ik)

D2

where

D2 := (z(k; i1 : ik)+z(k−1; i2 : ik))(z(k; i1 : ik)+1+α+· · ·+αn−2)
n−2∏

j=0, j ̸=i1,i2

(z(k; i1 : ik)+α
j) 6= 0,

yielding F2(z(k; i1 : ik)) = 0, and the induction is complete.
Remark. As an immediate consequence, substituting x1, . . . , xn in (3.17) by

z(m; i1 : ik), 1 + α, α2, . . . , αn−2, 1 + α+ · · ·+ αn−2,

using the results in Lemma 2.8 and Step 1, we have

0 = F2[z(m; i1 : im), 1 + α, α2, . . . , αn−2, 1 + α+ · · ·+ αn−2] = H2(z(m; i1 : im)).This material is reserved for educational use only, not allowed for commercial use. 
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Step 2. We will show that F (αj) = 0 for j ∈ {n− 1, n, . . . , ℓ− 1}.
When n = 3, we take S2 := {1, α, α+ 1}. We substitute x1, x2, x3 in (3.17) by

αj , αj + α+ 1, 0;

now H2(α+ 1) = 0 and F2(0) = 0, so as before

0 = H2(α+ 1) = F2[α
j , αj + 1, 0] =

F2(α
j)

αj(α+ 1)
+

F2(α
j + α+ 1)

(αj + α+ 1)(α+ 1)
. (3.24)

Then we substitute x1, x2, x3 by

αj , αj + α+ 1, α+ 1,

so again

0 = H2(0) = F2[α
j , αj + α+ 1, α+ 1] =

F2(α
j)

(α+ 1)(αj + α+ 1)
+
F2(α

j + α+ 1)

αj(α+ 1)
. (3.25)

From (3.24) and (3.25), we get the system

(αj + α+ 1)F2(α
j) + αjF2(α

j + α+ 1) = 0

αjF2(α
j) + (αj + α+ 1)F2(α

j + α+ 1) = 0.

From above system, we have F2(α
j) = F2(α

i + α+ 1) = 0.
When n ≥ 4, we substitute x1, . . . , xn in (3.17) by

αj , αj + 1 + α, 0, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2,

using (3.2), Lemma 2.8, the results from Step 1 and (3.21), we get

0 = H2(α
2) = F [αj , αj + 1 + α, 0, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2]

=
F2(α

j)

αj(1 + α)(αj + α3) · · · (αj + αn−2)(αj + 1 + · · ·+ αn−2)

+
F2(α

j + 1 + α)

(αj + 1 + α)(1 + α)(αj + 1 + α+ α3) · · · (αj + 1 + α+ αn−2)(αj + α2 + · · ·+ αn−2)
.

Simplifying, we get

(αj + 1 + α)B · F2(α
j) + αjA · F2(α

j + 1 + α) = 0 (3.26)

where A = (1 + α)(αj + α3) · · · (αj + αn−2)(αj + 1 + · · ·+ αn−2) 6= 0,

B = (1 + α)(αj + 1 + α+ α3) · · · (αj + 1 + α+ αn−2)(αj + α2 + · · ·+ αn−2) 6= 0.

Substituting x1, . . . , xn in (3.17) by

αj , αj + 1 + α, α2, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2,

using (3.19), the results from Step 1 and Lemma 2.8, we get

0 = H2(0) = F2[α
j , αj + 1 + α, α2, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2]This material is reserved for educational use only, not allowed for commercial use. 
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=
F2(α

j)

(αj + α2)(1 + α)(αj + α3) · · · (αj + αn−2)(αj + 1 + · · ·+ αn−2)

+
F2(α

j + 1 + α)

(αj + 1 + α+ α2)(1 + α)(αj + 1 + α+ α3) · · · (αj + 1 + α+ αn−2)(αj + α2 + · · ·+ αn−2)
.

Simplifying, we get

(αj + 1 + α+ α2)B · F2(α
j) + (αj + α2)A · F2(α

j + 1 + α) = 0. (3.27)

Solving (3.26) and (3.27), we obtain

0 = F2(α
j) = F2(α

j + 1 + α) = 0 for all j ∈ {n− 1, n, . . . , ℓ− 1}, (3.28)

which completes the proof of Step 2.
Remark. Substituting x1, . . . , xn in (3.17) by

αj , 1 + α, α2, . . . , αn−2, 1 + · · ·+ αn−2 (j = n− 1, n− 2, . . . , ℓ− 1),

using the results in Lemma 2.8, Steps 1 and 2, we have

0 = F2[α
j , 1 + α, α2, . . . , αn−2, 1 + · · ·+ αn−2] = H2(α

j) for all j ∈ {n− 1, n, . . . , ℓ− 1}.

Step 3. We show by induction on j that F2(yj) = 0 for all j ∈ {n−1, n, . . . , ℓ−1}, where

yj = αj + aj−1α
j−1 + aj−2α

j−2 + · · ·+ a0 ∈ F2[α], yj 6= αj .

For j = n− 1, since

yn−1 = αn−1 + an−2α
n−2 + · · ·+ a0 ∈ F2[α], yn−1 6= αn−1,

we need to consider two subcases depending on the shape of Tn−1 := an−2α
n−2+ · · ·+

a0.
Subcase 1: Tn−1 6∈ S2.

Substituting x1, . . . , xn in (3.17) by

yn−1, α
n−1, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ α2 + · · ·+ αn−2,

using the result in Step 1 and its remark for the vanishing of the H­value, Lemma 2.8,
the result in Step 2 and (3.18), we obtain

0 = H2(Tn−1) = F2[yn−1, α
n−1, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ α2 + · · ·+ αn−2]

=
F2(yn−1)

(yn−1 + αn−1)(yn−1 + 1 + α+ α2)(yn−1 + α3) · · · (yn−1 + αn−2)(yn−1 + 1 + α+ · · ·+ αn−2)
,

which yields F2(yn−1) = 0.
Subcase 2: Tn−1 ∈ S2.

Substituting x1, . . . , xn in (3.17) by

yn−1, α
n−1, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ α2 + · · ·+ αn−2,This material is reserved for educational use only, not allowed for commercial use. 
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we see that the divided difference F2[yn−1, α
n−1, 1+α+α2, α3, . . . , αn−2, 1+α+· · ·+αn−2]

is equal to H(0), or H(αi) for some i ∈ {0, 1, . . . , n − 2}, or H(1 + α + · · · + αn−2)}; all
three of these last H­values are 0 because of (3.19), or (3.20), or (3.21), or (3.22), or
(3.23). Expanding the divided difference via Lemma 2.8, using the results in Steps 1­2
and (3.18), we obtain F2(yn−1) = 0.
Remark. Substituting x1, . . . , xn in (3.17) by

yn−1, 1 + α, α2, . . . , αn−2, 1 + α+ · · ·+ αn−2,

using (3.18), the results in Steps 1­2, the last Subcase 2 and Lemma 2.8 for the vanishing
of the left­hand divided difference, we get

0 = F2[yn−1, 1 + α, α2, . . . , αn−2, 1 + α+ · · ·+ αn−2] = H2(yn−1).

Returning to the induction process, from the case j = n− 1 above and the last
remark, we slightly modify our pending induction hypothesis to be that both F2(yj)

and H2(yj) vanish for j = n − 1, n, . . . , k − 1, and proceed now to verify that it holds
when j = k. Recall that

yk = αk + ak−1α
k−1 + ak−2α

k−2 + · · ·+ a0 ∈ F2[α], yk 6= αk.

As before, we need to consider two subcases depending on the shape of Tk :=

ak−1α
k−1 + ak−2α

k−2 + · · ·+ a0.
Subcase 2.1: Tk 6∈ S2.

When n ≥ 4, substituting x1, . . . , xn in (3.17) by

yk, α
k, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2,

and using the induction hypothesis for the vanishing H­value, we get

F2[yk, α
k, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2] = H2(ak−1α

k−1 + · · ·+ a0) = 0.

Expanding the divided difference using Lemma 2.8, using the results in Steps 1­2 and
(3.18), we get F2(yk) = 0.
When n = 3, substituting x1, x2, x3 by yk, αk, 0 again

0 = H2(Tk) = F2[yk, α
k, 0] =

F2(yk)

ykαk
.

Subcase 2.2: Tk ∈ S2.
Substituting x1, . . . , xn in (3.17) by

yk, α
k, 1 + α+ α2, α3, . . . , αn−2, 1 + α+ · · ·+ αn−2,

we see that the divided differences F2[yk, α
k, 1+α+α2, α3, . . . , αn−2, 1+α+ · · ·+αn−2] is

equal to H2(0), or H2(α
i) for some i ∈ {0, 1, . . . , n− 2}, or H2(1 + · · ·+ αn−2), and these

H­values vanish because of (3.19), or (3.20), or (3.21), or (3.22), or (3.23). ExpandingThis material is reserved for educational use only, not allowed for commercial use. 
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the divided difference using Lemma 2.8, using the results in Steps 1­2 and (3.18), we
deduce that F2(yk) = 0, which completes the induction.

The results of Steps 1­3 show that F (x) = 0 for all x ∈ F2ℓ , and Theorem 3.5 is
proved.

Remark 3.6. In here, we will discuss on the problem when n = 2.

1. For F2 = {0, 1}, the theorem holds by Lemma 3.2.

2. For F22 = {0, 1, α, α + 1} where α is a root of irreducible polynomial of degree 2,
x2 + x+ 1, our theorem holds and we can prove it by using the same method of
the Case n ≥ ℓ in the proof of Theorem 3.5 or using the method in appendex of
Davies­Rousseau [6].

3. For | F2ℓ |> 4 (The counter­example of Davies­Rousseau [6].), the theorem does
not hold. By our method, it is in the Case of n ≤ ℓ−1 and we cannot choose any
two distinct elements x1, x2 ∈ F2ℓ \ {0} such that

x1 + x2 = 0.

Example 3.2. For n ≥ ℓ, we set n = 3 and ℓ = 3. Let β be the root of irreducible
polynomial of degree 3, x3 + x+ 1 ∈ F2[x]. Then we get

F23 := {0, 1, β, β + 1, β2, β2 + 1, β2 + β, β2 + β + 1}

and | F23 |= 23 = 8. Suppose f, h : F23 → F23 satisfy

f [x1, x2, x3] = h(x1 + x2 + x3)

for any 3 distinct points x1, x2, x3 ∈ F23 . Now we will use the same method as in the
case n ≥ ℓ of Theorem 3.5’s proof to show that f is a polynomial of degree at most 3
over F23 [x] as following.
We shoose 4 distincts elements in S := {0, 1, β, β2} ⊆ F23 . By Lemma 3.1, there exists a
polynomial f1(x) of degree at most 3 such that f(u) = f1(u) ∀u ∈ S and by Lemma
3.4, there exist a polynomial h1(x) such that f1[x1, x2, x3] = h1(x1 + x2 + x3) for any 3

distinct points x1, x2, x3 ∈ F23 . We set F (x) = f(x)−f1(x) and H(x) = h(x)−h1(x). Then

F [x1, x2, x3] = H(x1 + x2 + x3)

for distinct elements x1, x2, x3 ∈ F23 and F (u) = 0 for all u ∈ S.
Substituting x1, x2, x3 by

1, β, β2,
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1, 0, β2,

1, β, 0,

and applying 3­rd order divided­differences of F , we get

F [1, β, β2] = H(1 + β + β2) = 0,

F [0, β, β2] = H(β + β2) = 0,

F [1, 0, β2] = H(1 + β2) = 0,

F [1, β, 0] = H(1 + β) = 0.

Next we will show that F (x) = 0 for all x ∈ F23 . Substituting x1, x2, x3 by

1, β + 1, β2,

1, β, β2 + β,

1, β + β2, β2,

and applying 3­rd order divided­differences of F , we get

F [1, β + 1, β2] =
β + 1

β(β2 + β + 1)
= H(β2 + β) = 0,

F [1, β, β2 + β] =
β2 + β

(β2 + β + 1)β2
= H(β2 + 1) = 0,

F [1, β + β2, β2] =
β2 + β

β(β2 + β + 1)
= H(β + 1) = 0.

So we get F (β + 1) = F (β2 + 1) = F (β2 + β) = 0.

Substituting x1, x2, x3 by 1, β + 1, β2 + β + 1 and applying 3­rd order divided­differences
of F , we get

F [1, β + 1, β2 + β + 1] =
F (β2 + β + 1)

(β2 + β)β2
= H(β2 + 1) = 0.

Hence, F (β2 + β + 1) = 0. Therefore, F (x) = 0 for all x ∈ F23 .

Example 3.3. For n ≤ ℓ− 1, we set n = 3 and ℓ = 4. Let α be the root of an irreducible
polynomial of degree 4, x4 + x+ 1 ∈ F2[x]. Then we get

F24 := {0, 1, α, α+ 1, α2, α2 + 1, α2 + α, α2 + α+ 1, α3, α3 + 1, α3 + α, α3 + α+ 1,

α3 + α2, α3 + α2 + 1, α3 + α2 + α, α3 + α2 + α+ 1}

and | F24 |= 24 = 16. Now let f, h : F24 → F24 satisfy

f [x1, x2, x3] = h(x1 + x2 + x3)

for any distinct x1, x2, x3 in F24 . We will use the same method as in the case 3 ≤ n ≤ ℓ−1

of the proof of Theorem 3.5 to show that f is a polynomial of degree at most 3 over
F24 as following.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



38

We choose 4 distinct elements in the form S := {0, 1, α, α + 1} ⊆ F23 . By Lemma 2.9,
there exists a polynomial f1(x) of degree at most 3 such that f(u) = f1(u) ∀u ∈ S and
by Lemma 3.4, there exists a polynomial h1(x) such that f1[x1, x2, x3] = h1(x1+x2+x3)

for any 3 distinct x1, x2, x3 ∈ F24 .
We set F (x) = f(x)− f1(x) and H(x) = h(x)− h1(x). Then

F [x1, x2, x3] = H(x1 + x2 + x3)

for distinct elements x1, x2, x3 ∈ F24 and F (u) = 0 for all u ∈ S.
Substituting 3 distinct points x1, x2, x3 by

1, α, α+ 1,

0, α, α+ 1,

1, 0, α+ 1,

1, α, 0,

and applying 3­rd order divided­differences of F , we get

F [1, α, α+ 1] = H(1 + α+ α+ 1) = H(0) = 0,

F [0, α, α+ 1] = H(0 + α+ α+ 1) = H(1) = 0,

F [1, 0, α+ 1] = H(1 + 0 + α+ 1) = H(α) = 0,

F [1, α, 0] = H(1 + α+ 0) = H(α+ 1) = 0.

Next we will show that F (x) = 0 for all x ∈ F23 . Substituting x1, x2, x3 by α2 + 1, 1, α2

and applying 3­rd order divided­diferences of F , we get

F [α2 + 1, 1, α2] =
F (α2 + 1)

α2
+
F (α2)

α2 + 1
= H(0) = 0. (3.29)

Substituting x1, x2, x3 by α2 + 1, 0, α2 and applying 3­rd order divided­differences of F ,
we get

F [α2 + 1, 0, α2] =
F (α1 + 1)

α2 + 1
+
F (α2)

α2
= H(1) = 0. (3.30)

Solving the system equations (3.29) and (3.30), we get

F (α2) = F (α2 + 1) = 0

and consequencely we get

H(α2) = H(α2 + 1) = 0

when we substitute x1, x2, x3 by 0, 1, α2 + 1 and 0, 1, α2 respectively.
Similarly for F (α3) = F (α3 + 1) = 0 and H(α3) = H(α3 + 1) = 0.
Substituting x1, x2, x3 by
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α2, α2 + α3, α3,

α, α3 + α, α3,

and applying 3­rd order divided­differences of F , we get

F [α, α2 + α, α2] =
F (α2 + α)

α · α2
= H(0) = 0,

F [α2, α2 + α3, α3] =
F (α3 + α2)

α3 · α2
= H(0) = 0,

F [α, α3 + α, α3] =
F (α3 + α)

α3 · α
= H(0) = 0.

So F (α2 +α) = F (α3 +α) = F (α3 +α2) = 0 and consequencely H(α2 +α) = H(α3 +α) =

H(α3 + α2) = 0.
Next substituting x1, x2, x3 by

α2 + α+ 1, α+ 1, α2,

α3 + α+ 1, α+ 1, α3,

α3 + α2 + 1, α2 + 1, α3,

α3 + α2 + α, α2 + α, α3,

and applying 3­rd order divided­differences of F , we get

F [α2 + α+ 1, α+ 1, α2] =
F (α2 + α+ 1)

α2(α+ 1)
= H(0) = 0,

F [α3 + α+ 1, α+ 1, α3] =
F (α3 + α+ 1)

α3(α+ 1)
= H(0) = 0,

F [α3 + α2 + 1, α2 + 1, α3] =
F (α3 + α2 + 1)

α3(α2 + 1)
= H(0) = 0,

F [α3 + α2 + α, α2 + α, α3] =
F (α3 + α2 + α)

α3(α2 + α)
= H(0) = 0.

So we get F (α2 + α+ 1) = F (α3 + α+ 1) = F (α3 + α2 + 1) = F (α3 + α2 + α) = 0.
Last, substituting x1, x2, x3 by α3 + α2 + α + 1, α2 + α + 1, α3 and applying 3­rd order
divided­differences of F , we get

F [α3 + α2 + α+ 1, α2 + α+ 1, α3] =
F (α3 + α2 + α+ 1)

α3(α2 + α+ 1)
= H(0) = 0.

So F (α3 + α2 + α+ 1) = 0 and therefore F (x) = 0 for all x ∈ F24 .
Hence, f is a polynomial of degree at most 3 over F24 .

From the examples, we see that it is so easy if we use Theorem 3.5 with the
problem of divided­differences characterization polynomials.
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Chapter 4
On r­free integers in Beatty sequences

In this chapter, we prove an asymptotic formula for the existence of r­free
numbers by using the result on the number of values in the Beatty sequences bαn+

βc, bαn+βc+1, in an arithmetic progression in [16]. On such values of Beatty sequences,
we improve the equation (1.5) by using the ideas as in [14].

4.1 Auxilary lemmas
We need some lemmas here to prove our Theorems.

Lemma 4.1. For a fixed real y > 1, we have∑
d, t

gcd(d,t)=1
dt≤y

µ(d)µ(t)

d2t2
=

∏
p prime

(
1− 2

p2

)
+O(y−1+ε).

Proof. We have

A =
∑
d, t

gcd(d,t)=1
dt≤y

µ(d)µ(t)

d2t2
=

∑
d, t

gcd(d,t)=1

µ(d)µ(t)

d2t2
−

∑
dt>y

gcd(d,t)=1

µ(d)µ(t)

d2t2
.

Let m = dt for gcd(d, t) = 1. By the properties of Möbius function in [19, p. 61], we
have

−
∑
dt>y

gcd(d,t)=1

µ(d)µ(t)

d2t2
= −

∑
m>y

µ(m)d(m)

m2
= O

(∣∣∣ ∑
m>y

d(m)

m2

∣∣∣).
So, we get

A =
∞∑

m=1

µ(m)d(m)

m2
+O

(∣∣∣ ∑
m>y

d(m)

m2

∣∣∣).
In view of Lemma 2.33, for ε > 0, there exist a constant cε = 1 > 0 such that

d(m) ≤ cεm
ε = mε.

Thus, ∑
m>y

d(m)

m2
≤
∑
m>y

m−2+ε.

Since ∣∣∣ ∑
m>y

m−2+ε
∣∣∣ = ∣∣∣ ∫ ∞

y

t−2+ε dt
∣∣∣� t−1+ε

∣∣∣∞
y

= y−1+ε,

the error term of A can be replaced by

O
(∣∣∣ ∑

m>y

m−2+ε
∣∣∣) = O

(
y−1+ε

)
,
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and so, using also [19, Theorem 11.7, p. 231], we get

A =
∞∑

m=1

µ(m)d(m)

m2
+O

(
y−1+ε

)
=
∏
p

{
1 +

µ(p)d(p)

p2
+
µ(p2)d(p2)

p4
+
µ(p3)d(p3)

p6
+ · · ·+ µ(pn)d(pn)

p2n
+ · · ·

}
+O

(
y−1+ε

)
=
∏
p

{
1 +

(−1) · 2
p2

+
0 · 3
p4

+
0 · 4
p6

+ · · ·+ 0 · (n+ 1)

p2n
+ · · ·

}
+O

(
y−1+ε

)
=
∏
p

(
1− 2

p2

)
+O

(
y−1+ε

)
.

Lemma 4.2. Let α > 1 be an irrational and with bounded partial quotients, β ∈ [0, α),

let x be a positive real number.
(I) If Aα,β(x) denotes the number of quadruples d, t, u, v of positive integers satisfying

the conditions

t2v − d2u = 1, d2u ≤ αx+ β, x1/4 < dt ≤ x2/3, (4.1)

then

Aα,β(x) � αx3/4+ε.

(II) If Bα,β(x) denotes the number of quadruples d, t, u, v satisfying the conditions

t2v − d2u = 1, d2u ≤ αx+ β, dt > x2/3, (4.2)

then

Bα,β(x) � α2x2/3+ε.

Proof. (I) For any fixed choice of positive integers d and t satisfying (4.1), the con­
dition d2u ≡ −1(mod t2) fixes the value of u modulo t2. Thus, by conditions in
(4.1), the total number of possibilities for u is O(1 + (αx + β)/d2t2). By (4.1), the
value of v is fixed, for any given d, t, u. Then

Aα,β(x) �
∑

x1/4<dt≤x2/3

(1 + (αx+ β)/d2t2)

=
∑

x
1
4 <dt≤αx+β

1 +
∑

x
1
4 <dt≤αx+β

(αx+ β)/d2t2

=
( ∑

x
1
4 <dt≤x

2
3

+
∑

x
2
3 <dt≤x

3
4

+
∑

x
3
4 <dt≤αx+β

)
1

+
( ∑

x
1
4 <dt≤x

2
3

+
∑

x
2
3 <dt≤x

3
4

+
∑

x
3
4 <dt≤αx+β

)αx+ β

d2t2

=
( ∑

dt≤x
2
3

−
∑

dt≤x
1
4

+
∑

dt≤x
3
4

−
∑

dt≤x
2
3

+
∑

dt≤αx+β

−
∑

dt≤x
3
4

)
1
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+
( ∑

dt≤x
2
3

−
∑

dt≤x
1
4

+
∑

dt≤x
3
4

−
∑

dt≤x
2
3

+
∑

dt≤αx+β

−
∑

dt≤x
3
4

)αx+ β

d2t2
.

In view of properties in [19],

•
∑

n≤x T (n) =
∑

n≤x

∑
d|n 1 =

∑
n≤x 1 � x logx;

•
∑

n≤x
d(n)
n2 � 1

x2

∑
n≤x d(n) � (x logx)/x2 � x−1 logx;

we have

Aα,β(x) �
(3
4
x

3
4 logx+

1

4
x

1
4 logx+

2

3
x

2
3 logx+

3

4
x

3
4 logx+ (αx+ β) log(αx+ β)

+
2

3
x

2
3 logx

)
+
( (αx+ β) logx

x3/4
+

(αx+ β) logx
x1/4

+
(αx+ β) logx

x2/3

+
log(αx+ β)

x3/4
+

(αx+ β) log(αx+ β)

αx+ β
+

(αx+ β) logx
x2/3

)
�
(
x2/3 logx

)
+
(
αx1/4 logx+ αx3/4 logx+ αx1/3 logx+ logx

)
�
(
x2/3 logx

)
+
(
αx3/4 logx

)
� x2/3+ε + αx3/4+ε; (Taking xε ≥ logx.)
� αx3/4+ε.

(II) From (4.2), we have

uvd2t2 ≤ (αx+ β) + (d2u)2

≤ (αx+ β) + (αx+ β)2

= (αx+ β)(αx+ β + 1),

whence

uv ≤ (αx+ β)(αx+ β + 1)/d2t2

≤ (αx+ β)(αx+ β + 1)x−4/3

=
(
α2x2 + (2αβ + α)x+ β2 + β

)
x−4/3

= α2x2/3 + (2αβ + α)x−1/3 + (β2 + β)x−4/3

� α2x2/3,

for any quadruple counted by Bα,β(x). Therefore, the total number of choices
for u, v is

#
{
(u, v)

∣∣∣uv < α2x
2
3

}
=

∑
n≤α2x

2
3

T (n) = α2x
2
3 log(α2x

2
3 ) � α2x

2
3+ε.

For any such choice of u, v, the number of solutions in d, t of the equation t2v −

d2u = 1 is O(xε), see e.g. [27].
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4.2 Main results
Theorem 4.3. Let α > 1 be an irrational number and with bounded partial quotients,
β ∈ [0, α). As x→ ∞, we have

Qr(x;α, β) =
x

ζ(r)
+O(x(r+1)/2r log3 x).

Proof. Let x > 1, we write

Qr(x;α, β) =
∑
n≤x

⌊αn+β⌋is r­free

1 =
∑
n≤x

µr
(
bαn+ βc

)
.

Since, [26, p. 290], µr(n) =
∑

dr|n µ(d), we get

Qr(x;α, β) =
∑
n≤x

∑
dr|⌊αn+β⌋

µ(d)

=
∑

d≤(αx+β)1/r

µ(d)
∑
n≤x

⌊αn+β⌋≡0( mod dr)

1

=
∑

d≤x1/(2r)

µ(d)
∑
n≤x

⌊αn+β⌋≡0( mod dr)

1 +
∑

x1/(2r)<d≤(αx+β)1/r

µ(d)
∑
n≤x

⌊αn+β⌋≡0( mod dr)

1.

In view of Lemma 2.17, we have∑
d≤x1/(2r)

µ(d)
∑
n≤x

⌊αn+β⌋≡0( mod dr)

1 =
∑

d≤x1/(2r)

µ(d)
( x
dr

+O(dr log3 x)
)

=
∑

d≤x1/(2r)

xµ(d)

dr
+O

(
log3 x ∑

d≤x1/(2r)

drµ(d)
)

= x
∑

d≤x1/(2r)

µ(d)

dr
+O

(
log3 x

∣∣∣ ∑
d≤x1/(2r)

dr
∣∣∣)

=
x

ζ(r)
+O(x(r+1)/2r logx) +O(x(r+1)/2r log3 x).

We note that ∑
x1/(2r)<d≤(αx+β)1/r

µ(d)
∑
n≤x

⌊αn+β⌋≡0( mod dr)

1 �
∑

x1/(2r)<d≤(αx+β)1/r

µ(d)
(x logx

dr

)

� logx
∣∣∣ ∑
x1/(2r)<d≤(αx+β)1/r

x

dr

∣∣∣
� x(x

1
2r )

1
r−1 logx

� x(r+1)/2r logx.

This proves Theorem 4.3.

Example 4.1. Let x = 20, α = 1.4142, β = 0.4142 and r = 3. Then we have

bαn+ βc = {1,3,4,6,7, 8,10,11,13,14,15,17,18,20,21,23, 24,25, 27,28}.
So the number of 3­free integers in values of Beatty sequence bαn+ βcn≤20 is

Q3(20;α, β) = 17 ≈ 20

ζ(3)
= 16.6381.
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In the case of r = 2, we obtain the improvement of (1.3) in following corollary.

Corollary 4.4. Let α > 1 be an irrational number and with bounded partial quotients,
β ∈ [0, α). As x→ ∞, we have

Q2(x;α, β) =
x

ζ(2)
+O(x3/4 log3 x).

Example 4.2. Let x = 20, α = 1.4142, β = 0.4142 and r = 3. Then we have

bαn+ βcn≤20 = {1,3, 4,6,7, 8,10,11,13,14,15,17, 18, 20,21,23, 24, 25, 27, 28}.

So the number of square­free integers in values of Beatty sequence bαn+ βcn≤20 is

Q2(20;α, β) = 12 ≈ 20

ζ(2)
= 12.1585.

Theorem 4.5. For α > 1 irrational and with bounded partial quotients, β ∈ [0, α) and
sufficiently small ε > 0, as x→ ∞ we have∑

n≤x
⌊αn+β⌋, ⌊αn+β⌋+1 are square­free

1 =
∏
p

(
1− 2

p2

)
x+O

(
αx

3
4+ε log3 x

)
.

Proof. For x ≥ 1, let

Tα,β(x) :=
∑
n≤x

⌊αn+β⌋, ⌊αn+β⌋+1 are square­free

1.

Since, [26, p. 290],

∑
d2|n

µ(d) = µ2(n) =

1 if n is square­free
0 otherwise

is the characteristic function of the set of square­free numbers. We get

Tα,β(x) =
∑
n≤x

∑
d2|⌊αn+β⌋

µ(d)
∑

t2|⌊αn+β⌋+1

µ(t)

=
∑

d, t≤
√
αx+β

gcd(d,t)=1

µ(d)µ(t)
∑
n≤x

⌊αn+β⌋≡ 0 (mod d2)

⌊αn+β⌋+1≡ 0 (mod t2)

1

=
( ∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

+
∑

d, t≤
√
αx+β

gcd(d,t)=1

x1/4<dt≤x2/3

+
∑

d, t≤
√
αx+β

gcd(d,t)=1

dt>x2/3

)
µ(d)µ(t)

∑
n≤x

⌊αn+β⌋≡ 0 (mod d2)

⌊αn+β⌋+1≡ 0 (mod t2)

1.

In view of Lemma 4.2, we have

Tα,β(x) =
∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)
∑
n≤x

⌊nc⌋≡ 0 (mod d2)

⌊nc⌋+1≡ 0 (mod t2)

1 +O(αx3/4+ε) +O(α2x2/3+ε). (4.3)
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By the Chinese remainder theorem, there is a positive integer λ, unique modulo d2t2,
satisfying the congruence system λ ≡ 0 (mod d2) and λ+ 1 ≡ 0 (mod t2). Thus,∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)
∑
n≤x

⌊nc⌋≡ 0 (mod d2)

⌊nc⌋+1≡ 0 (mod t2)

1 =
∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)
∑
n≤x

⌊nc⌋≡ α ( mod d2t2)

1. (4.4)

Next we use Lemma 2.17, so that the right­hand side of (4.4) becomes∑
d, t≤

√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)
( x

d2t2
+O(d2t2 log3 x)

)
. (4.5)

In view of Lemma 4.1, we have

x
∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)
1

d2t2
=
∏
p

(
1− 2

p2

)
x+O

(
αx

3
4+ε
)
. (4.6)

Using Lemma 2.33 to bound the error term in (4.5), we have∣∣∣ ∑
d, t≤

√
αx+β

gcd(d,t)=1

dt≤x1/4

µ(d)µ(t)d2t2 log3 x
∣∣∣� ∑

d, t≤
√
αx+β

gcd(d,t)=1

dt≤x1/4

d2t2 log3 x (4.7)

� log3 x ∑
m≤x1/4

m2d(m) (4.8)

� x
3
4+ε log3 x. (4.9)

Theorem 4.5 follows from (4.4)­(4.9).

Example 4.3. Let x = 20, α = 1.4142, β = 0.4142 and r = 3. Then we have

bαn+ βcn≤20 = {1, 3, 4, 6, 7, 8, 10, 11, 13, 14, 15, 17, 18, 20, 21, 23, 24, 25, 27, 28};

bαn+ βcn≤20 + 1 = {2, 4, 5, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 21, 22, 24, 25, 26, 28, 29}.

In here, we see that the number of n for which the values of Beatty sequences bαn+

βcn≤20 and bαn+ βcn≤20 + 1 are square­free integers, is

6 ≈
∏
p

(1− 2

p2
) · 20 = 6.58731.
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Chapter 5
Conclusion

In this chapter, we will summary the results in this dissertation that consists of
two parts, the first part is about the characterization of divided­differences polynomial
over finite fields of characteristic two and the second one is about r­free integer on
Beatty sequences.

In the first part, let n ∈ N with n ≥ 3, and let F2ℓ be a finite field of characteristic
2 with cardinality 2ℓ ≥ n, ℓ ∈ N, ℓ ≥ 2. For definiteness, we represent the elements of
F2ℓ by

a0 + a1α+ · · ·+ aℓ−1α
ℓ−1, ai ∈ {0, 1} (0 ≤ i ≤ ℓ− 1),

where α is a root of an irreducible polynomial of degree ℓ over GF (2) = {0, 1}. The
divided difference on n distinct points of a function f : F2ℓ → F2ℓ may be defined
inductively as follows:

f [x1] = f(x1), f [x1, x2] =
f(x1) + f(x2)

x1 + x2
,

and for n > 2

f [x1, . . . , xn] =
f [x1, . . . , xn−1] + f [x2, . . . , xn]

x1 + xn
,

for n distinct x1, . . . , xn in F2ℓ . Then we get:

1. If x1, . . . , xn+1 are distinct elements of a field F2ℓ then for any c1, . . . , cn+1 in F2ℓ

there exists a unique polynomial f over F2ℓ , of degree at most n, such that
f(xj) = cj for j = 1, . . . , n+ 1.

2. Every function f : F2ℓ → F2ℓ is equal to a polynomial of degree at most 2ℓ − 1.

3. It is easy to verify that

f [x1, . . . , xn] =
f(x1)∏n

i=1
i̸=1

(x1 + xi)
+

f(x2)∏n
i=1
i̸=2

(x2 + xi)
+ · · ·+ f(xn)∏n

i=1
i̸=n

(xn + xi)
,

for distinct x1, . . . , xn in F2ℓ .

4. Let F2ℓ be a finite field of characteristic 2 with 2ℓ ≥ n and let f : F2ℓ → F2ℓ defined
by function f(x) = xk (k = 0, 1, . . . , 2ℓ − 1). Then

f [x1, x2, . . . , xn] =
n∑

i=1

f(xi)∏n
j=1
j ̸=i

(xi + xj)
=

n∑
i=1

xki∏n
j=1
j ̸=i

(xi + xj)
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for all distinct x1, . . . , xn in F2ℓ .
In particular

n∑
i=1

xki∏n
j=1
j ̸=i

(xi + xj)
=



0 if k ≤ n− 2

1 if k = n− 1

x1 + x2 + · · ·+ xn if k = n∑
i1+···+in=k+1−n

xi11 · xi22 · · ·xinn if k > n.

5. It is known that if f is a polynomial of degree n ≥ 1 with coefficients in F2ℓ ,
f(x) ≡ anx

n + an−1x
n−1 + · · ·+ a0,

then
f [x1, . . . , xn] = an(x1 + · · ·+ xn) + an−1,

for distinct x1, . . . , xn in F2ℓ .
6. If g(x) = anx

n + an−1x
n−1 + · · · + a0 ∈ F2ℓ [x] is a polynomial of degree n with

1 ≤ n ≤ 2ℓ − 1, then for any n distinct elements x1, . . . , xn in F2ℓ , there is a linear
polynomial hg(x) := anx+ an−1 such that

g[x1, . . . , xn] = hg(x1 + · · ·+ xn).

7. (Main result.) Let n be an integer, n ≥ 3, and let F2ℓ be a finite field of char­
acteristic 2 with |F2ℓ | ≥ n. Let f and h be functions over F2ℓ . Then f and h

satisfy
f [x1, . . . , xn] = h(x1 + · · ·+ xn) (5.1)

whenever x1, . . . , xn are distinct elements of F2ℓ if and only if f is equal to a
polynomial of degree at most n over F2ℓ :

f(x) ≡ anx
n + an−1x

n−1 + · · ·+ a0.

So we have fulfilled our first objective that make the whole picture of the divided­
differences characterization of polynomials problem complete.

In the second part, let r be a fixed integer ≥ 2. A positive integer n is called
r­free if in the canonical representation of n into prime powers each exponent is < r.

By convention, a 2­free integer is called square­free. Let Qr(x;α, β) be the number of
r­free integers of Beatty sequence bαn + βc, 1 ≤ n ≤ x, for α > 1 irrational and with
bounded partial quotients, β ∈ [0, α). Then we have:

1. For α > 1 irrational and with bounded partial quotients, β ∈ [0, α), and positive
integer d ≥ 2, 0 ≤ a < d, we have∑

n≤x
⌊αn+β⌋≡a( mod d)

1 =
x

d
+O(d log3 x) as x→ ∞.
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For growing difference d the result is non­trivial provided d �
√
x log−3/2−ε

x, for
ε > 0.

2. For each ε > 0, there exists a constant Cε > 0 such that for all n ≥ 1 we have

d(n) ≤ Cεn
ε.

3. For a fixed real y > 1, we have∑
d, t

gcd(d,t)=1
dt≤y

µ(d)µ(t)

d2t2
=

∏
p prime

(
1− 2

p2

)
+O(y−1+ε).

4. Let α > 1 be an irrational and with bounded partial quotients, β ∈ [0, α), let x be
a positive real number.

• If Aα,β(x) denotes the number of quadruples d, t, u, v of positive integers
satisfying the conditions

t2v − d2u = 1, d2u ≤ αx+ β, x1/4 < dt ≤ x2/3,

then

Aα,β(x) � αx3/4+ε.

• If Bα,β(x) denotes the number of quadruples d, t, u, v satisfying the conditions

t2v − d2u = 1, d2u ≤ αx+ β, dt > x2/3,

then

Bα,β(x) � α2x2/3+ε.

5. Let α > 1 be an irrational number and with bounded partial quotients, β ∈ [0, α).

As x→ ∞, we have

Qr(x;α, β) =
x

ζ(r)
+O(x(r+1)/2r log3 x).

6. Let α > 1 be an irrational number and with bounded partial quotients, β ∈ [0, α).

As x→ ∞, we have

Q2(x;α, β) =
x

ζ(2)
+O(x3/4 log3 x).

7. For α > 1 irrational and with bounded partial quotients, β ∈ [0, α) and sufficiently
small ε > 0, as x→ ∞ we have∑

n≤x
⌊αn+β⌋, ⌊αn+β⌋+1 are square­free

1 =
∏
p

(
1− 2

p2

)
x+O

(
αx

3
4+ε log3 x

)
.
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Abstract. For a finite field F of characteristic 2, an integer n ≥ 3, and for a function f : F → F,
if there is a function h : F → F such that the divided difference f [x1, . . . , xn] on any n distinct
elements of F satisfies f [x1, . . . , xn] = h(x1 + · · · + xn), then f is a polynomial of degree at
most n over F. This makes earlier work of Davies and Rousseau complete.
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1. Introduction

For a field F, the divided differences [5] on distinct points x1, x2, x3, . . . in F

of a function f : F → F are defined by

f [x1] = f(x1), f [x1, x2] =
f(x1) − f(x2)

x1 − x2
,

and inductively for k > 2 by

f [x1, . . . , xk] =
f [x1, . . . , xk−1] − f [x2, . . . , xk]

x1 − xk
,

keeping in mind that the divided differences are well-defined so long as there
are enough distinct elements to do so. It is not difficult, using [6, Lemma 1],
to see that if f(x) := anxn + · · · + a1x + a0 ∈ F[x] is a polynomial of degree
n ∈ N, then

f [x1, . . . , xn] = an(x1 + · · · + xn) + an−1, (1.1)

i.e., the divided difference on n distinct points x1, . . . , xn of a polynomial of
degree n can be expressed as a function in x1 + · · · + xn. Then there arises
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the question whether the converse of this result is true, i.e., if there exists a
function h : F → F satisfying

f [x1, . . . , xn] = h(x1 + · · · + xn) (f-h)

for any n distinct points x1, . . . , xn in F, is f necessarily a polynomial of degree
at most n over F ? We refer to this question as the DDCP (divided-difference
characterization of polynomials problem).

The case where n = 2 and F is a field of characteristic �= 2 was solved by
Acźel [1] in a more general form. Bailey [3] solved the DDCP in the case where
f is a differentiable function, F = R, n = 3. In 1994, Schwaiger [6] solved
the DDCP when n ≥ 2, F is any field of characteristic �= 2 with cardinality
≥ 8(n − 2) + 2; at the end of his paper, he mentioned that the bound can
be reduced to 6(n − 2) + 2. Andersen [2] solved the DDCP when F = R and
n ≥ 2. Finally, Davies and Rousseau [4] resolved the DDCP for n ≥ 2 with
F any field of characteristic �= 2. In the appendix of their paper, Davies and
Rousseau also proved that the DDCP holds for F = GF (2) and GF (4), finite
fields of order 2 and 4, respectively, but fails for fields of characteristic 2 with
cardinality > 4. The case of GF (2) is easily disposed of because every function
is a linear polynomial (see e.g. Corollary 2.2 below). For the case GF (4), since
every function is a polynomial of degree ≤ 3, they show that no polynomial of
degree 3 satisfies (f-h) for n = 2. As to the case where F is of characteristic 2
with cardinality > 4, they constructed a counter-example to the DDCP when
n = 2.

The objective here is to show that the counter-example of Davies-Rousseau
is exceptional in the sense that for all n ≥ 3, the DDCP holds for any finite
field of characteristic 2 with cardinality ≥ max(n, 22). This makes the whole
picture of the DDCP complete.

Our main result is:

Theorem 1.1. Let n, � ∈ N with n ≥ 3 and � ≥ 2, and let F be a finite field
of characteristic 2 with cardinality 2� ≥ n. Suppose that functions f, h : F →
F satisfy (f-h) for any distinct points x1, . . . , xn in F. Then f is equal to a
polynomial of degree at most n over F.

2. Lemmas

Throughout the rest of the paper, let n ∈ N with n ≥ 3, and let F be a finite
field of characteristic 2 with cardinality 2� ≥ n, � ∈ N, � ≥ 2. For definiteness,
we represent the elements of F by

a0 + a1α + · · · + a�−1α
�−1, ai ∈ {0, 1} (0 ≤ i ≤ � − 1), (2.1)

where α is a root of an irreducible polynomial of degree � over GF (2) = {0, 1}.
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We collect now some auxiliary results, the first of which is the well-known
interpolation theorem.

Lemma 2.1. [7, Section 5.3, pp. 86-89] If x1, . . . , xm+1 are distinct elements in
a field, then for any c1, . . . , cm+1 in this field, there exists a unique polynomial
f over the same field of degree at most m such that f(xj) = cj for j =
1, . . . ,m + 1.

Lemma 2.1 immediately yields:

Corollary 2.2. Every function f : F → F is equal to a polynomial of degree at
most 2� − 1.

The next lemma is a well-known identity connecting divided differences
with Lagrange interpolation polynomials.

Lemma 2.3. [6, Lemma 1] Let x1, . . . , xn be distinct elements in F, and let
f : F → F. Then

f [x1, . . . , xn] =
n∑

j=1

f(xj)∏
k �=j(xj − xk)

, (id)

where the product
∏

k �=j is taken over k ∈ {1, . . . , n} with k �= j.
In particular, taking f(X) = Xt (t = 0, 1, . . . , 2� − 1), we have

Xt[x1, x2, . . . , xn] =

⎧
⎪⎨

⎪⎩

0 if t ≤ n − 2,

1 if t = n − 1,

x1 + x2 + · · · + xn if t = n.

Our last lemma is a formal statement of the remark following (1.1).

Lemma 2.4. If g(x) = anxn + an−1x
n−1 + · · · + a0 ∈ F[x] is a polynomial of

degree n with 1 ≤ n ≤ 2� − 1, then for any n distinct elements x1, . . . , xn in
F, the linear polynomial hg(x) := anx + an−1 satifies

g[x1, . . . , xn] = hg(x1 + · · · + xn).

(The polynomial hg is henceforth referred to as the n-th order divided-difference
of g.)

3. Proof of Theorem 1.1

We fix n and � and the field F. The candidate polynomial is constructed ex-
plicitly by Lagrange interpolation using data at n + 1 specific points, the
data points including 0 and the first � generators αi when n ≥ �, supple-
mented as necessary, and otherwise using 0 and the first n−1 generators when
3 ≤ n ≤ �−1 (the harder case) with a single supplement. The role of generators
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is unsurprising, but the choice of the sum of the generators 1 + α + · · · + αn−2

as the supplementary point in the harder case is key to allowing certain sums
to vanish thanks to the characteristic being 2.

For notational convenience, we write
∑

S =
∑

s∈S

s for S ⊆ F

and denote by [F]=n the set of all the distinct n-tuples in F.

3.1. First case: n ≥ �

Let n = �+ r (≤ 2�) with 0 ≤ r ≤ 2� − �. Choose b1, . . . , br distinct from 0 and
from the powers αi for i = 0, 1, . . . , �− 1, omitting this step if r = 0. Put B :=
{b1, . . . , br} (unless r = 0 in which case B = ∅), G := {αi : i = 0, 1, . . . , � − 1}
and S = G ∪ B, which has n members. Define a polynomial f1 of degree n by
setting

f1(s) = f(s) for s ∈ S, f1(0) = f(0),

whose existence is guaranteed by Lemma 2.1.
Let h1 be the n-th order divided difference of f1. Take

F1 := f − f1 and H1 := h − h1.

Then

F1[X] = H1 (x1 + · · · + xn) = H1

(∑
X

)
(X := {x1, . . . , xn} ∈ [F]=n),

F1(s) = 0 (s ∈ S ∪ {0}). (3.1)

We show that this last equation extends to the span of G and hence to all of
F in this case.

Proposition 3.1. Suppose � ≤ n ≤ 2�. Then for all 1 ≤ k ≤ � − 1 and 0 ≤ i1 <
· · · < ik ≤ � − 1, we have

F1(αi1 + · · · + αik) = 0,

and so f = f1.

Proof By induction. The case k = 1 is immediate from (3.1). Suppose the
result is true for k−1 summands. Consider the sum αi1+· · ·+αik . As F1(b) = 0
for b ∈ B, without loss of generality, we may assume that αi1 + · · · + αik /∈ B.
Suppose first that αi2 + · · · + αik /∈ B. Then

X := S \ {αi1 , αi2} ∪ {αi1 + · · · + αik , αi2 + · · · + αik}
has cardinality n. Since the characteristic is 2, we have

(αi1 + · · · + αik) + (αi2 + · · · + αik) = αi1 ,
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from which it follows that

F1[X] = H1

(∑
X

)
= H1

(
0 +

∑
S \ {αi2}

)

= F1[{0} ∪ S \ {αi2}] = 0,

by the interpolation formula (id), since F1(s) = 0 for s ∈ S ∪ {0}. But by
Lagrange’s interpolation Lemma 2.3, for some non-zero λ, μ, λs, we have

F1[X] = λF1(αi1 + · · · + αik) + μF1(αi2 + · · · + αik) +
∑

S\{αi1 ,αi2}
λsF1(s)

= λF1(αi1 + · · · + αik), (3.2)

since F1(s) = 0 for s ∈ S and by the inductive hypothesis F1(αi2 + · · ·+αik) =
0. So by (3.2), F1(αi1 + · · · + αik) = 0, in this case.

Now suppose that b := αi2 + · · · + αik ∈ B. Then

αi1 + · · · + αik = αi1 + b.

Take

X := S \ {αi1} ∪ {αi1 + · · · + αik} = S \ {αi1} ∪ {αi1 + b}.

Then X has cardinality n, since αi1 + · · · + αik /∈ B. Then again since the
characteristic is 2, we have

∑
X =

∑
S \ {b},

and so

F1[X] = H1

(∑
X

)
= H1

(
0 +

∑
S \ {b}

)
= F1[{0} ∪ S \ {b}] = 0,

again by the interpolation formula of Lemma 2.3, since F1(s) = 0 for s ∈
S ∪ {0}. This completes the induction. �

3.2. Second case: 3 ≤ n ≤ �− 1

An argument similar to that of Proposition 3.1 can be repeated by taking
G := {αi : i = 0, 1, . . . , n − 2} and S = G ∪ B with B := {b} where b :=
1 + α + · · · + αn−2, so that S has n members. With these choices, define a
polynomial f2 of degree n by setting

f2(s) = f(s) for s ∈ S, f2(0) = f(0).

Let h2 be the n-th order divided-difference of the polynomial f2. As before
take

F2 := f − f2 and H2 := h − h2.
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Then again

F2[X] = H2

(∑
X

)
(X ∈ [F]=n),

F2(s) = 0 (s ∈ S ∪ {0}).

This only yields F2 = 0 on the the span of G. Note that
∑

S = 0.

Proposition 3.2. Suppose 3 ≤ n ≤ � − 1. Then for all 1 ≤ k ≤ n − 2 and
0 ≤ i1 < · · · < ik ≤ n − 2, we have

F2(αi1 + · · · + αik) = 0.

Proof By induction. As before, the case k = 1 is clear. Consider αi1 + · · ·+αik

with k ≥ 2. The set

X := S \ {αi1 , αi2} ∪ {αi1 + · · · + αik , αi2 + · · · + αik}
has cardinality n. As before

(αi1 + · · · + αik) + (αi2 + · · · + αik) = αi1 ,

but now
∑

S = 0 and so
∑

X =
∑

S \ {αi2} = αi2 ,

from which it follows that

F2[X] = H2(αi2) = 0,

provided i2 ≤ n − 2. Again for non-zero coefficients λ, μ, λs by Lagrange’s
interpolation Lemma 2.3, we have

F2[X] = λF2(αi1 + · · · + αik) + μF2(αi2 + · · · + αik) +
∑

s∈S\{αi1 ,αi2}
λsF2(s),

and so again by induction F2(αi1 + · · · + αik) = 0. �

As a first step in extending Proposition 3.2 to all of F we show the following:

Proposition 3.3. We have F2(αj) = 0 for n − 1 ≤ j ≤ � − 1.

Proof. For n ≥ 4, H2(α2) = 0, by Proposition 3.2. In this case take

X := {αj , αj + 1 + α, 0} ∪ S \ {1, α, α2},

which has cardinality n, and so

0 = H2(α2) = F2[X] = λF2[αj ] + μF2[αj + 1 + α].

Here, by the formula (id), λ = 1/(αjA), μ = 1/((αi + 1 + α)B) with

A = (1 + α)(αj + α3) · · · (αj + αn−2)(αj + b) �= 0,

B = (1 + α)(αj + 1 + α + α3) · · · (αj + 1 + α + αn−2)(αj + 1 + α + b) �= 0,
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the other terms vanishing as before. The set

X ′ := {αj , αj + 1 + α} ∪ S \ {1, α}
has cardinality n, so a second equation connects F2[αj ] and F2[αj + 1 + α]:

0 = H2(0) = F2[X ′] = λ′F2[αj ] + μF2[αj + 1 + α]

where λ′ = 1/((αj + α2)A), μ′ = 1/((αj + 1 + α + α2)B). It is readily verified
that λμ′ − λ′μ �= 0, since α2 + α3 �= 0, and so F2[αj ] = F2[αj + 1 + α] = 0.

When n = 3, S = {1, α, b} and b = 1 + α. Take

X := {αj , αj + b, 0};

now H2(b) = 0 and F2(0) = 0, so as before

0 = H2(b) = F2[X] = λF2[αj ] + μF2[αj + b],

where λ = 1/(αjb), μ = 1/((αj + b)b). Take

X ′ = {αj , αj + b, b},

so again

0 = H2(0) = F2[X ′] = λ′F2[αj ] + μ′F2[αj + b]

where λ′ = 1/(b(αj + b)), μ′ = 1/(αjb). It is easily verified that λμ′ − λ′μ �= 0
and so F2[αj ] = F2[αj + b] = 0. �

Proposition 3.4. For n − 2 ≤ j ≤ � − 1 and any ai ∈ {0, 1} for 0 ≤ i ≤ j − 1,
we have

F2(αj + aj−1α
j−1 + · · · + a0) = 0.

Proof By induction. Write yj := αj + aj−1α
j−1 + · · · + a0. The result holds

for j = n − 2 by Proposition 3.2. We make the strong inductive hypothesis
that for n − 2 ≤ j ≤ k − 1, we have F2(yj) = H2(yj) = 0. We put Tj :=
aj−1α

j−1 + · · · + a0.
We are to show that F2(yk) = H2(yk) = 0. As ak ∈ {0, 1}, the strong

inductive hypothesis gives H2(Tk) = 0. Assume that n > 3 and suppose first
that Tk /∈ S ∪ {0}. Here take

X := S \ {1, α, α2} ∪ {yk, αk, 1 + α + α2},

which has cardinality n. Since yk + αk = Tk, we have

0 = H2(Tk) = F2[X] = λF2(yk),

the latter since F2(αk) = 0 (Proposition 3.3) and since F2(s) = 0 for s ∈ S,
whereas F2(1 + α + α2) = 0, by construction.

Now suppose that Tk ∈ S∪{0}. Then as F2(s) = H2(s) = 0 for s ∈ S∪{0},
again F2[X] = 0, and so by the interpolation Lemma 2.3, F2(yk) = 0, since
F2(yk−1) = 0.
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If n = 3, take X := {yk, αk, 0}, and again

0 = H2(Tk) = F2[X] = λF2(yk).

Finally, since

X ′ := S \ {1, α, α2} ∪ {yk, 0, 1 + α + α2}
has cardinality n and F2[X ′] = 0, by the interpolation Lemma 2.3, we have

0 = F2[X ′] = H2

(∑
X ′

)
= H2(yk).

This completes the induction up to j = � − 1. �
Taking Propositions 3.2 and 3.4 together, it follows that F2(x) = 0 for all

x ∈ F.
Final remark. The proof given above also works when n = 2 and F has

cardinality ≤ 4 (considering the case n ≥ �) which offers another proof of a
Davies-Rousseau type result.
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Abstract
Let r� 2 be a fixed integer. A positive integer n is called r-free if in the canonical

representation of n into prime powers each exponent is \r: The integer 1 is con-

sidered to be r-free. In this paper, we consider Qrðx; a; bÞ, which is the number of r-
free integers of Beatty sequence banþ bc, 1� n� x, for a[ 1 irrational and with

bounded partial quotients, b 2 ½0; aÞ: We prove that, as x ! 1

Qrðx; a; bÞ ¼
x

fðrÞ þ Oðxðrþ1Þ=2r log3 xÞ;

which improves Victorovich’s result in the case of square-free integers. Moreover,

we also prove there exist infinitely many consecutive square-free numbers of the

forms banþ bc, banþ bc þ 1, which improves Dimitrov’s result in 2019.
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1 Introduction and results

Let r be a fixed integer � 2: A positive integer n is called r-free if in the canonical

representation of n into prime powers each exponent is \r: By convention, a 2-free

integer is called square-free. The problem for the existence of square-free numbers

in the Beatty sequences arose in 2008. G}uloğlu and Nevans [8] proved that

X

n� x

bancis square�free

1 ¼ x

fð2Þ þ O
� x log log x

log x

�
;

where a[ 1 is irrational number of finite type. In 2009 Abercrombie and Banks [1]

showed that

X

n� x

bancis square�free

1 ¼ x

fð2Þ þ O
�
x2=3 logN

�
;

for almost all a[ 1: Recently in 2013 Victorovich [9] showed that

X

n� x

bancis square�free

1 ¼ x

fð2Þ þ O
�
Ax5=6 log5 N

�
;

ð1Þ

where a[ 1 is irrational number with bounded partial quotient or irrational alge-

braic number. Here A ¼ maxfsðmÞ; 1�m� x2g.
In this paper, we give other asymptotic formula for this problem by using the

result on the number of values of Beatty sequence banþ bc, in an arithmetic

progression in [3]. We obtain the following results.

Theorem 1 Let a[ 1 be an irrational number and with bounded partial quotients,
b 2 ½0; aÞ: As x ! 1; we have

Qrðx; a; bÞ ¼
x

fðrÞ þ Oðxðrþ1Þ=2r log3 xÞ:

In the case of r ¼ 2, we obtain the improvement of (1) in following corollary.

Corollary 1 Let a[ 1 be an irrational number and with bounded partial quotients,
b 2 ½0; aÞ: As x ! 1; we have

Q2ðx; a; bÞ ¼
x

fð2Þ þ Oðx3=4 log3 xÞ:

   28 Page 2 of 10 V. Kim et al.
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The consecutive square-free numbers is an attractive problem. The distribution of

the consecutive square-free is studied by many authors (see [4, 10, 11]). In

particular, the existence of infinitely many consecutive square-free numbers of the

form bf ðnÞc; bf ðnÞc þ 1 is also studied. In 2018 Dimitrov [5] proved that for any

fixed 1\c\7=6, there exist infinitely many consecutive square-free integers of the

form bncc; bncc þ 1 by showing that

X

x=2\n� x

bncc; bncc þ 1 are square�free

1 ¼ 1

2

Y

p

�
1� 2

p2

�
xþ O

�
x
6cþ1
8
þe
�
; for 1\c\

7

6
:

ð2Þ

Very recently, Tangsupphathawat, Srichan and Laohakosol [13] improved the range

of c and the error term in Dimitrov’s work in (2) and showed that, for 1\c\3=2;
and sufficiently small e[ 0, we have

X

n� x

bncc; bncc þ 1 are square�free

1 ¼
Y

p

�
1� 2

p2

�
xþ O

�
x
2cþ1
4
þe
�

ðx ! 1Þ:

On the other hand in [6] Dimitrov used the method of Victorovich [9] to showed that

for a[ 1 be irrational number with bounded partial quotient or irrational algebraic

number,

X

n� x

banc; banc þ 1 are square�free

1 ¼
Y

p

�
1� 2

p2

�
xþ O

�
x
5
6
þe
�
:

ð3Þ

To improve (3), we use the similar idea as in [13] and we obtain the following

theorem.

Theorem 2 For a[ 1 irrational and with bounded partial quotients, b 2 ½0; aÞ and
sufficiently small e[ 0, as x ! 1 we have

X

n� x

banþ bc; banþ bc þ 1 are square�free

1 ¼
Y

p

�
1� 2

p2

�
xþ O

�
ax

3
4
þe log3 x

�
:

2 Lemmas

The following lemma is the result of Vladimirovich and Victorovich [3], which is

the main ingradient of our proof.

Lemma 1 For a[ 1 irrational and with bounded partial quotients, b 2 ½0; aÞ; and
positive integer d� 2; 0� a\d; we have

On r-free integers in Beatty sequences Page 3 of 10    28 
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X

n� x

banþ bc � aðmod dÞ

1 ¼ x

d
þ Oðd log3 xÞ as x ! 1:

For growing difference d the result is non-trivial provided d �
ffiffiffi
x

p
log�3=2�e x; for

e[ 0:

We will use the following upper bound.

Lemma 2 ([12, Exercise 9, p. 50]) For each e[ 0, there exists a constant Ce [ 0

such that for all n� 1 we have

dðnÞ�Cen
e:

Lemma 3 For a fixed real y[ 1, we have

X

d; t

gcdðd; tÞ ¼ 1

dt� y

lðdÞlðtÞ
d2t2

¼
Y

p prime

�
1� 2

p2

�
þ Oðy�1þeÞ:

Proof We have

X

d; t

gcdðd; tÞ ¼ 1

dt� y

lðdÞlðtÞ
d2t2

¼
X

d; t

gcdðd; tÞ ¼ 1

lðdÞlðtÞ
d2t2

�
X

dt[ y

gcdðd; tÞ ¼ 1

lðdÞlðtÞ
d2t2

¼
X

d; t

gcdðd; tÞ ¼ 1

lðdÞlðtÞ
d2t2

þ O
����

X

m[ y

dðmÞ
m2

���
�
:

In view of Lemma 2, the error term can be replaced by

O
����

X

m[ y

m�2þe
���
�
¼ O

�
y�1þe

�
;

and so, using also [2, Theorem 11.7, p. 231], we get
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X

d; t

gcdðd; tÞ ¼ 1

dt� y

lðdÞlðtÞ
d2t2

¼
X1

m¼1

lðmÞdðmÞ
m2

þ O
�
y�1þe

�
¼

Y

p

�
1� 2

p2

�
þ O

�
y�1þe

�
:

h

Lemma 4 Let a[ 1 be an irrational and with bounded partial quotients, b 2 ½0; aÞ;
let x be a positive real number.

(I) If Aa;bðxÞ denotes the number of quadruples d, t, u, v of positive integers

satisfying the conditions

t2v� d2u ¼ 1; d2u� axþ b; x1=4\dt� x2=3; ð4Þ

then

Aa;bðxÞ � ax3=4þe:

(II) If Ba;bðxÞ denotes the number of quadruples d, t, u, v satisfying the

conditions

t2v� d2u ¼ 1; d2u� axþ b; dt[ x2=3; ð5Þ

then

Ba;bðxÞ � a2x2=3þe:

Proof (I) For any fixed choice of positive integers d and t satisfying (4), the

condition d2u � �1ðmod t2Þ fixes the value of u modulo t2. Thus, by conditions in

(4), the total number of possibilities for u is Oð1þ ðaxþ bÞ=d2t2Þ. By (4), the value

of v is fixed, for any given d, t, u. Then

Aa;bðxÞ �
X

x1=4\dt� x2=3

ð1þ ðaxþ bÞ=d2t2Þ � x2=3þe þ ax3=4þe � ax3=4þe:

(II) From (5), we have uvd2t2 �ðaxþ bÞðaxþ bþ 1Þ, whence uv�ðaxþ bÞðaxþ
bþ 1Þx�4=3 for any quadruple counted by Ba;bðxÞ. The total number of choices for

u, v is therefore bounded by Oða2x2=3þeÞ, by a divisor argument. For any such

choice of u, v, the number of solutions in d, t of the equation t2v� d2u ¼ 1 is OðxeÞ,
see e.g. [7]. h

3 Proofs

Proof of Theorem 1 Let x[ 1, we write
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Qrðx; a; bÞ ¼
X

n� x

banþ bcis r�free

1 ¼
X

n� x

lr
�
banþ bc

�
:

Since, [12, p. 290], lrðnÞ ¼
P

dr jn lðdÞ, we get

Qrðx; a; bÞ ¼
X

n� x

X

dr jbanþbc
lðdÞ

¼
X

d�ðaxþbÞ1=r
lðdÞ

X

n� x

banþ bc � 0ðmod drÞ

1

¼
X

d� x1=ð2rÞ

lðdÞ
X

n� x

banþ bc � 0ðmod drÞ

1

þ
X

x1=ð2rÞ\d�ðaxþbÞ1=r
lðdÞ

X

n� x

banþ bc � 0ðmod drÞ

1:

In view of Lemma 1, we have

X

d�x1=ð2rÞ

lðdÞ
X

n� x

banþ bc � 0ðmoddrÞ

1¼
X

d�x1=ð2rÞ

lðdÞ
� x

dr
þOðdr log3 xÞ

�

¼ x
X

d� x1=ð2rÞ

lðdÞ
dr

þO
�
log3 x

���
X

d�x1=ð2rÞ

dr
���
�

¼ x

fðrÞ þOðxðrþ1Þ=2r log xÞ þOðxðrþ1Þ=2r log3 xÞ:

We note that
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X

x1=ð2rÞ\d�ðaxþbÞ1=r
lðdÞ

X

n� x

banþ bc � 0ðmod drÞ

1

� log x
���

X

x1=ð2rÞ\d�ðaxþbÞ1=r

x

dr

��� � xðrþ1Þ=2r log x:

This proves Theorem 1. h

Proof of Theorem 2 For x� 1, let

Ta;bðxÞ :¼
X

n� x

banþ bc; banþ bc þ 1 are square�free

1:

Since, [12, p. 290],

X

d2jn
lðdÞ ¼ l2ðnÞ ¼

1 if n is square-ree

0 otherwise

�

is the characteristic function of the set of square-free numbers, we get

Ta;bðxÞ ¼
X

n� x

X

d2jbanþbc
lðdÞ

X

t2jbanþbcþ1

lðtÞ

¼
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

lðdÞlðtÞ
X

n� x

banþ bc � 0ðmod d2Þ
banþ bc þ 1 � 0ðmod t2Þ

1

¼
� X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

þ
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

x1=4\dt� x2=3

þ
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt[ x2=3

�
lðdÞlðtÞ

X

n� x

banþ bc � 0ðmod d2Þ
banþ bc þ 1 � 0ðmod t2Þ

1:

In view of Lemma 4, we have
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Ta;bðxÞ ¼
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

lðdÞlðtÞ
X

n� x

bncc � 0ðmod d2Þ
bncc þ 1 � 0ðmod t2Þ

1þ Oðax3=4þeÞ þ Oða2x2=3þeÞ:

ð6Þ

By the Chinese remainder theorem, there is a positive integer k, unique modulo d2t2,

satisfying the congruence system k � 0ðmod d2Þ and kþ 1 � 0ðmod t2Þ. Thus,
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

lðdÞlðtÞ
X

n� x

bncc � 0ðmod d2Þ
bncc þ 1 � 0ðmod t2Þ

1

¼
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

lðdÞlðtÞ
X

n� x

bncc � a ðmod d2t2Þ

1:

ð7Þ

Next we use Lemma 1, so that the right-hand side of (7) becomes

X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

lðdÞlðtÞ
� x

d2t2
þ Oðd2t2 log3 xÞ

�
:

ð8Þ

In view of Lemma 3, we have

x
X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

lðdÞlðtÞ 1

d2t2
¼

Y

p

�
1� 2

p2

�
xþ O

�
ax

3
4
þe
�
:

ð9Þ

Using Lemma 2 to bound the error term in (8), we have

X

d; t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axþ b

p

gcdðd; tÞ ¼ 1

dt� x1=4

d2t2 log3 x �
X

m� x1=4

m2 log3 x � x
3
4
þe log3 x:

ð10Þ

Theorem 2 follows from (7)–(10). h
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4 Final remarks

Following the referee’s report, since Dimitrov [5] proved in 2020 that there exist

infinitely many consecutive square-free numbers of the form apb c; apb c þ 1, where

p is a prime and a[ 0 is an irrational algebraic number, the referee asks, following

the spirit of the above work, whether there exist infinitely many consecutive square-

free numbers of the form apþ bb c; apþ bb c þ 1, where p is a prime, a[ 0 is an

irrational algebraic number and b 2 ½0; aÞ. In a preliminary attempt, the authors

proceed with the same approach as above by considering the sum
X

p� x

l2ð apþ bb cÞl2ð apþ bb c þ 1Þ ¼
X

p� x

X

d2j apþbb c
lðdÞ

X

t2j apþbb cþ1

lðtÞ

¼
X

d; t� axþ b

ðd; tÞ ¼ 1

lðdÞlðtÞ
X

p� x

apþ bb c � 0ðmod d2Þ
apþ bb c þ 1 � 0ðmod t2Þ

1:

Using the Chinese remainder theorem, the last sum reduces to

X

p� x

apþ bb c � aðmod d2t2Þ

1:

It is this sum that the authors have not yet been able to obtain an asymptotic formula

which will allow us to make a suitable sub-division of the range of dt so that

Lemma 4 is applicable. However, this attempt positively suggests the following:

Conjecture there exist infinitely many consecutive square-free numbers of the form
apþ bb c; apþ bb c þ 1, where p is a prime, a[ 0 is an irrational algebraic

number and b 2 ½0; aÞ.

We wish to thank the referee for his/her careful reading of the original

manuscript, his suggestion and advice.

References

1. Abercrombie, A.G., Banks, W.D., Shparlinski, I.E.: Arithmetic functions on Beatty sequences. Acta

Arith. 136, 81–89 (2009)

2. Apostol, T.M.: Introduction to Analytic Number Theory. Springer, New York (1976)

3. Begunts, A.V., Goryashin, D.V.: On the values of Beatty sequence in an arithmetic progression.

Chebyshevskii Sb. 21(1), 343–346 (2020)

4. Carlitz, L.: On a problem in additive arithmetic. II. Q. J. Math. Oxf. 3, 273–290 (1932)

5. Dimitrov, S.I.: Consecutive square-free numbers of a special form (2018). arXiv:1702.03983v3

[math.NT]

6. Dimitrov, S.I.: On the distribution of consecutive square-free numbers of the form banc; banc þ 1;
Proc. Jangjeon Math. Soc. 22, 463–470 (2019)

On r-free integers in Beatty sequences Page 9 of 10    28 

69

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



7. Estermann, T.: On the representation of a number as the sum of two numbers not divisible by k th

powers. J. Lond. Math. Soc. 6, 37–40 (1931)
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