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Abstract

In this dissertation, there are two different parts, the first part is about a divided-
difference characterization of polynomials over a finite field of characteristic two, the
second part is about the distribution of r-free integers in Beatty sequences.

In the first part, let F be a finite field of characteristic 2 and let n be an integer
> 3. For a function f : F — F, if there is a function h : F — F such that the divided
difference flx1,...,2,] on any n distinct elements of F satisfies f[z1,...,2,] = h(z1 +
-+~ +x,), then fis a polynomial of degree at most n over F. This result complements
an earlier work of Davies and Rousseau.

In the second part, let » > 2 be a fixed integer. A positive integer n is called
r-free if in its canonical representation into prime powers each exponent is < r. The
integer 1 is considered to be r-free. We consider Q. (z;a,3), the number of r-free
integers lying in a Beatty sequence |an + 3,1 < n < z, for an irrational a > 1 with
bounded partial quotients, and 38 € [0,«a). We prove that, as = — oo, Q,(z;a,8) =
Gy + O ther log® z), which improves Victorovich’s result in the case of square-free
integers. Moreover, we also prove there exist infinitely many consecutive square-free

numbers of the forms [an + 3], |lan+ 3] + 1, which improves Dimitrov’s result in 2019.

Keywords : Divided-difference, Finite field, Characteristic 2, Polynomial, Beatty se-

quence, r-free number, Square-free number.



Acknowledgements

| would like to express my heartfelt gratitude to my advisor, Assistant Profes-
sor Dr. Sukrawan Mavecha and my co-advisors Professor Dr. Vichian Laohakosol and
Associate Professor Dr. Teerapat Srichan, respectively from King Mongkut’s Institute of
Technology Ladkrabang, Kasetsart University and Kasetsart University, for ancillaries of
my PhD study and associated research, for their endurance, kind-hearted, enthusiasm
and immense knowledge. Their supervisions helped me in all time of research and
writing of this dissertation. Their kinding care always make me feel so warm and com-
fortable in my PhD life. | could not have fantasized having the amazing advisors and
mentors for my PhD study like my Lecturers.

In addition, | would like to thank Associate Professor Dr. Boonrod Yuttanan,
the thesis chairman from Prince of Songkla University and Assistant Professor Dr. Puttha
Sakkaplangkul, Associate Professor Dr. Puntani Pongsumpun and Assistant Professor
Dr. Thawachai Khumprapussorn, from King Mongkut’s Institute of Technology Ladkra-
bang, for their precious time out of busy schedule to be my thesis commitee.

Moreover, | would like to express my honorable sincerity and appreciation
to King Mongkut’s Institute of Technology Ladkrabang for financial support during my
PhD study and research.

Afterwards, | would like to acknowledge to Ministry of Education, Youth and
Sport (Cambodia) which allowed me to pursue postgraduate studies as a state frame-
work teacher.

Subsequently, | would like to thank Associate Professor Dr. Suppawadee
Prugsapitak from Prince of Songkla University for her help and encouragement before
my PhD study.

Before the last, | would like to thank to all my lecturers of the mathematics
department, school of science, KMITL for teaching me along my study. I also would
like to thank to all friends for their supports.

First and foremost, | wish to thank to my family, my beloved wife Rachna
Neang and my little baby daughter Narasana for always giving a helping hand, sup-

porting, encouraging me in my study and research.

Veasna Kim,



Table of Contents

Page

ADSEIACE TN ENGUISN oottt [
ACKNOWLEAGEMENTS ...ttt i
TADLE Of CONTENTS w.oii bbb iii
LIST Of TADLES ...ttt Vv
INOTATIONS <.ttt b bbbt \
Chapter 1. INtrodUCHION ..o 1
1.1 Research MOtiVatioN ... 1

1.2 Objectives of the StUAY ..o 3

1.3 SCOPE Of the StUAY ... 3

1.4 Benefits of the STUAY .. 4

1.5 Research methodolOgy ... 4

Chapter 2. PrelimiNari@s ... 5
2.1 Background in alg@ebra...... s 5

2.2 Divided dIffEr@NCES ... sen 7

2.3 Lagrange interpolation polynomials ... 8

2.4 |dentity connecting divided differences with Lagrange interpola-

THON POLYNOMIALS .o 8
2.5 Some basic results in Number TheOrY ... 10
2.6 ArthmMEtiC fFUNCHIONS ... 11
2.7 ContiNUEd fraCtiONS ...t ses 12
2.8 The big oh notation and asymptotic equality ......cccovevrrevrininireinnee, 14
2.9 Averages of arithmetic fuNCHIONS. ..o 15
2.10BEATLY SEQUENCES. ...ttt ettt 17
2.11Chinese remainder thEOTEM ... s 17
2.1 2LITEIATUINE TEVIEWS ...ttt saes 18

2.12.1 The work of Davies and ROUSSEAU ........ccceruererririenreneieierennieienes 18

2.12.2 The WOrk of DIMITIOV ... 20

2.12.3 The work of Tangsupphathawat, Srichan, and Laohakosol ... 21
Chapter 3. A divided-differences characterization of polynomials over a

finite field of characteristic TWO ... 24
3.1 IMPOrtant PrOPEITIES.. ..ot 24
3.2 MaIN thEOTEIM ..o 27
Chapter 4. On r-free integers in Beatty sequences.........cconrnncnencnncnecsnen 40
A1 AUXILANY LEMIMAS oottt ees 40

B2 IMAIN TESULES et e e e e e eeseneeaen 43



Chapter 5. CONCLUSION. ... 46

REFEIENCES ..ottt 49
AADIPENIX ettt 51
AUTNOT BIOGIAPNY ..ot 71



List of Tables

Table

1.1 The research schedule



Notations

Throughout this thesis, the following symbols is adopted.

Symbol Meaning

R the set of real numbers

N the set of positive integers

Z the set of integers

Q the set of rational numbers

C the set of complex numbers

F the field F

|F| the cardinality of F

F, the finite field of order ¢

Foe, GF(29) the finite field of oder 2¢ with charateristic 2 or Galois field of oder 2¢
ch(F) the characteristic of F

Z/pZ the integer modulo p

Flz] the set of polynomial in z with coefficients in F
[F]=" the set of n distinct elements z,...,z, IN F
f:K—K the function f over K

f(x) the polynomial f in

f(a) the value of f at the point a

deg f the degree of the polynomial f

S the sum of all elements in the set S

x(m;iy @ im)

the elements in Fye such that z(m;i; : ip,) := @™ 4+ a2 + -+ + a'm for
me{l,2,... 0},0<iy<ig < <ip<l—1

flet, - @] the n-th order divided-difference on n distict elemnts z1,...,z,

f1X) the divided-defference f[X] = flx1,...,2,]) Where X = {z1,...,2,} €
[F)="

lag; a1, ..., a; the simple form of continued fraction

P the finite set of prime numbers

[7] the greatest integer function on real number z which is the greatest
integer less than or equal

Lf(n)] the series of integers such that each n-th term is the greatest integers
less than or equal f(n)

N¢ the Piateske-Shapiro sequence N¢ = {|n¢] :n € N,c € R,c > 1}

[a,b) [a,b) ={x eR:a <z <b}

¢(s) Riemann zeta function

w(n) Mobius function

da(n),o(n),d(n)

divisor function

Vi




p(n)

Euler phi function

Wa ()

Characteristic function

gcd(a, b), (a,b)

the greatest comon divisor of a and b

the modulo residul class z

x

S(N,«) the number of positive integers n < N such that |an| and |an] + 1
are square-free

A%(x) the number of quadruples d,t,u,v of positive integers satisfying the
conditions t2v — d?u =1, d%u <z, 22 <dt < 22/3

Ad(z) the number of quadruples d,t,u,v of positive integers satisfying the
conditions t2v — d?u =1, d*u<z¢,  dt > 22/3

Aa () the number of quadruples d,t,u,v of positive integers satisfying the
conditions t?v — d?u =1, d*u < ax + 5, o/t < dt < 223

Ba s() the number of quadruples d,t,u,v of positive integers satisfying the
conditions t?v — d?u =1, d*u < ax + B, dt > x2/3

f@)=O0(g(x)) | f(x)is big oh of g(x).

flz) < g(x) f(x) is big oh of g(x).

f(z) ~ g(x) f(z) is asymptotic to g(z) as z — cc.

Qr(z;, B) the number of r-free of Beatty sequence |an+ 8], 1 <n <=

T p(z) the number of positive integers n < x such that [an+3] and |an+8]+1

are square-free

Vii




Chapter 1
Introduction

This chapter consists of five sections: research motivation, objectives of the

study, scope of the study, benefits of the study and research methodology.

1.1 Research motivation

There are two different works in this dissertation, the first is about divided-
differences characterization of polynomials over a finite field of characteristic two and

the second is about r-free integers in Beatty sequences.

In the first part of this dissertation, let F be a field. Then the divided-differences
[1] on distinct points x1,x2,z3,... in F of a function f: F — F are defined by

fln) = f(e), floras) = LEN = T(@2)

Tr1 — T2
and inductively for k& > 2 by

flz1, ...,z = f[l‘l,...7$k;11]_—x£[$2,...7xk];

keeping in mind that the divided differences are well-defined so long as there are
enough distinct elements to do so. It is not difficult, using [2, Lemma 1], to see that

if f(z):=anz™ + -+ a1+ ao € Flx] is a polynomial of degree n € N, then
f[ﬂ:l,...,lﬂn}:an(I1+~~~+In)+CLn_1, (11)

i.e., the divided-differences on n distinct points z1,...,z, of a polynomial of degree n
can be expressed as function in x; + --- + x,,. There then arises the question whether

the converse of this result is true, i.e., if there exists a function h : F — F satisfying
flz, . yxn] = h(zy + -+ 2y) (1.2)

for any n distinct points z1, ..., x, In F, is f necessarily a polynomial of degree at most n
over F ? We refer to this question as the DDCP (divided-differences characterization
of polynomials problem). There are many authors have studied about this problem
as describe below.

The case where n =2 and F is a field of characteristic # 2 was solved by AcZel
[3] in @ more general form. Bailey [4] solved the DDCP in the case where f is a dif-
ferentiable function, F =R, n = 3. In 1994, Schwaiger [2] solved the DDCP when n > 2
with F any field of characteristic # 2 having cardinality > 8(n — 2) + 2; at the end of
his paper, he mentioned that the bound can be reduced to 6(n —2) + 2. Andersen [5]

solved the DDCP when F = R and n > 2. Finally, Davies and Rousseau [6] resolved the



DDCP for n > 2 with F any field of characteristic # 2. In the appendix of their paper,
Davies and Rousseau proved also that the DDCP holds for F = GF(2) and GF(4), finite
fields of order 2, respectively 4, but fails for fields of characteristic 2 with cardinality
> 4. The case of GF(2) is easily disposed of because every function is a linear poly-
nomial. For the case GF(4), since every function is a polynomial of degree < 3, they
show that no polynomial of degree 3 satisfies (1.2) for n = 2. As to the case where F
is of characteristic 2 with cardinality > 4, they constructed a counter-example to the
DDCP when n = 2. Thus our work in this part is to show that the result of Davies and
Rousseau also true for the field of characteristic two with n > 3 that will make their

work complete.

In the second part of this dissertation, we will study about r-free integer in
Beatty sequences. In this part, let r be a fixed integer > 2. A positive integer n is called
r-free if in the canonical representation of n into prime powers each exponent is < r.
By convention, a 2-free integer is called square-free. The problem for the existence
of square -free numbers in the Beatty sequences arose in 2008. Gulo8lu and Nevans
[7] proved that

oz zloglogz
Z 1_g‘(2)+0( logz )’

n<x
Lan]is square-free

where o > 1 is irrational number of finite type. In 2009 Abercrombie and Banks [8]
showed that

> 1:%2)+O(z2/3log]\7),

n<x
Lan Jis square-free

for almost all a > 1. Recently in 2013 Victorovich [9] showed that

> 12%—&-0(143:5/6 Log5N), (1.3)
lan] iglsitj—;are—free

where a > 1 is irrational number with bounded partial quotient or irrational algebraic
number. Here A = max{r(m),1 < m < z?}.

The consecutive square-free numbers is an attractive problem. The distribu-
tion of the consecutive square-free is studied by many authors (see [10, 11, 12]). In
particular, the existence of infinitely many consecutive square-free numbers of the
form | f(n)], [f(n)] + 1 is also studied. In 2018 Dimitrov [13] proved that for any fixed
1 < ¢ < 7/6, there exist infinitely many consecutive square-free integers of the form

[n¢|, [n¢] +1 by showing that

> -

z/2<n<xz
[n¢], [n®]+1are square-free

1;[(1])22)93+0($608+1+5>, forl<e< % (1.4)

DO =



Very recently, Tangsupphathawat, Srichan and Laohakosol [14] improved the range of
c and the error term in Dimitrov’s work in (1.4) and showed that, for 1 < ¢ < 3/2, and
sufficiently small e > 0, we have

Z 1:H(1—1%>x+0<:c2631+5) (x — 00).

n<zx
[n€], |n]+1are square-free

On the other hand in [15] Dimitrov used the method of Victorovich in [9] to
showed that for a > 1 be irrational number with bounded partial quotient or irrational
algebraic number,

3 1:1;[(1_;2)x+o(x2+e). (1.5)

n<x
lan], lan]+1are square-free

Hence in this part, we will give other asymptotic formula for r-free numbers
in Beatty sequence by using the result on the number of values of Beatty sequence
lan + 3], in an arithmetic progression in [16] and then improve the formula (1.5) by

using the similar idea as in [14].

1.2 Objectives of the study

1) To show that the counter-example of Davies-Rousseau is exceptional in the sense
that for all n > 3, the DDCP holds for any finite field of characteristic 2 with

cardinality > max(n, 22).

2) To prove an asymptotic formula for r-free numbers in a Beatty sequence by using
results on the number of elements in Beatty sequence |an + 3], belonging to an

arithmetic progression in [16].
3) To extend the formula of consecutive square-free numbers (1.5) from [an|, [an|+

1to [an + 8], lan + B8] + 1, by using ideas from [14].

1.3 Scope of the study

Our main objects are arithmetic properties of two structures where the domain
of the first work is on the finite field of characteristic two and the domain of the second
work is the set of real numbers and whose range is the set of natural numbers. Aspects

of these structures to be investigated are

1) divided-differences on n distinct points of polynomial over field of characteristic

two,
2) generalized Mobius function, divisor function and their basic properties,

3) r-free numbers, sqgare-free numbers, Beatty sequence.



1.4  Benefits of the study

1) Characterization of divided differences of polynomial over finite field of charac-

teristic two and making the result of Davies-Rousseau complete.

2) Asymptotical formula for r-free numbers and square-free numbers in Beatty se-

quence |an + 3] are obtained.

3) Counting formulae from the problems of consecutive sgare-free numbers in

Beatty sequence |an + 8], |an+ 3] + 1 is obtained.

1.5 Research methodology

1) Study basic properties of the finite field, the properties of divided differences of
polynomial over finite field [6], properties of Mdbius function, Beatty sequences

and their properties [16].

2) Study some advanced topics in algebra, abstract algebra, linear algebra, analytic

number theory.

3) Characterize the result of Davies and Rousseau in a finite field of characteristic

two.

4) Apply the methods of Dimitrove [13] and Tangsupphawat et al [14] to solve the
problems of the r-free integer in Beatty sequences |an + 8], [an + 3] + 1.

5) Summarize all the results so obtained and write a thesis.

Table 1.1: The research schedule

Time frame
Activity 2019 2020 2021 2022
Aug.-Dec. Jan.-Jun. Jul.-Dec. Jan.-Jun. Jul.-Dec. Jan.-Aug.
Step 1 _
Step 2 s
Step 3 ey
Step 4 e
Step 5 R




Chapter 2
Preliminaries

In this chapter, we will recall some definitions, properties, theorems and ex-

amples that will be used throughout our study.

2.1  Background in algebra

Definition 2.1. [17] A field is a set F together with two binary operations +, x on F
such that:

e (F,+) is an abelian group (called its identity 0)
e (F\ {0}, x) is also an abelian group and

e the following distributive law hold:

ax (b+c)=(axb)+ (axc), forall a,b,c € F.

Definition 2.2. [18] Let F be any field. If the number of elements in F is infinite, F is
called an infinite field. If the number of elements in F is finite, F is called a finite
field.

Definition 2.3. [17] The characteristic of a field F is defined to the smallest positive
integer p such that
p-lg=1p+ -+ 1p =0,
—————
p times
where 1y is the identity of F, if such a p exists and is defined to be 0 otherwise. Then

the characteristic of F, ch(F), is either 0 or a prime p. If ch(F) = p then for any « € F,

pra=a+---+a=0.
—_———

p times

Example 2.1. 1. The field Q, R and the integral domain Z have characteristic 0:
ch(Q) = ch(R) = ch(zZ) = 0.

2. The (finite) field F, = Z/pZ has characteristic p for any prime p.

3. The integral domain F,[z] of polynomials in the variable = with coefficients in the

field F,, has characteristic p.

Note. GF(2) = F, = {0,1} is the Galois field of order 2 and GF(4) = F,: is the Galois
field of order 4 which

GF(4) = {a1a+a0’a1,ao € GF(2) and « is a root of an irreducible polynomial overGF(2)}.



Theorem 2.1. [18] Let F be a field of characteristic p,p # 0, and a4, as, ..., a,, be any
m elements of F, then

(a1 +ag+-+ap)? =ad) +dl +---+db,.
Theorem 2.2. [18] Let I, be a finite field with ¢ elements. Then a?~! =1 for all a € F;.

Corollary 2.3. [18] Let F, be a finite field with ¢ elements and E be a field which
contains F, as a subfield. Then a? = a for all a € F, and, moreover, for any a € E,

a? = a implies a € F,.
Theorem 2.4. [18] The multiplicative group of any finite field is cyclic.

Definition 2.4. [18] Let F, be a finite field with ¢ elements. The generators of the
cyclic group F; are called primitive elements or primitive roots F,. The number of
primitive elements of F, is ¢(q — 1).

More generally, if o is an element of order n in F;, then n|(¢g — 1) and « is called a
primitive n-th root of unity.

Example 2.2. Consider the field Fy6, which is obtained from Fy[z] modulo the irre-

ducible polymial z* +z + 1. That is,

Fig = Flz]/(z* + 2 4+ 1)

3 2
:{aga + asa” + a1+ ag | a3,a2,a1,ao€F2}7

where a = z is the residule class of 2 modulo z* + 2+ 1. We have o* = a+1,0° =

a® +a,a8 = a® + o2, and the multiplication rule in Fi6

(aza® + aga® 4+ aya + ag)(bsa® + bya® + bia + by)

= (asbs + asby + azby + a1bs + agbz)a®

+ (asgbs + agbs + asbs + asbgai by + a0b2)a2

+ (asba + agbs + azby + agby + a1bs + a1by + aobr )
+(

asb; + asby + a1bs + aobo).

We use the 4-tuple (ajazazar) to represent the element aza® + aza? + aja + ag of Fig.

It is easy to show that « is a primitive element.

Theorem 2.5. [18] Let F be a finite field of characteristic p. Then the number of
elements of F must be a power of p.

Theorem 2.6. [18] Let F be a finite field which contains a subfield F, with ¢ elements.

Then the number of elements of F must be a power of ¢.

Theorem 2.7. Let p be any prime number and n be any positive integer. Then there

exists a finite field which contains exactly p" elements.



2.2 Divided differences

Let z1,29,...,2, be n distinct points and form the n independent Newton

polynomials
Lz—z,(x—z1)(z—x2),...,(x —20)(x — 1) - (T — Tp—1).
For given values wy,ws, ..., w, there is a unique polynomial f(z) for which
fzs) = wy, i=1,2,...,n.
Let us see if we can represent it in the form (Newton’s form of f(z))
fx)=ao+ai(z—x1) +ag(x —21)(x —22) + -+ an(x —z1)(x —20) - (T — 20).

To determine the constants a;, set 2 = 21,2 = x5, 7 = z3,..., successively, and solve

the resulting linear equation:

ap = w1 = f(x1) = flr1]

W2 — Wi f(z2) — f(21)

a = = = flz1, x2]
To — I T2 — T
1 wy —wy  wy—wy\ _ flre,w3] — flor,xa]
a2 = - = —f[xl,ivz,l‘s-
€T3 — T2 \ T3 —T1 T2 — I xr3 — I

Definition 2.5. For a field F, the divided-differences [1] on distinct points 1, 22, z3, . . .
in F of a function f: F — F are defined by

flo] = fleo]

Ty — T2

flza] = f(z1), flzy,22] =
and inductively for k£ > 2 by

flza, -y xp—1] = flxa, ..., zk) :Z

€Tl — Tk

f[:l?l,...,l‘k] =

f(xi) |
— (i)’

where pi(x) = (v = 21)(& = 22) -+ (¢ — ) and pi(a) = =, [T (@ — ).
Example 2.3. Let
F={0,1,a,a+1,0%a®>+1,0* +a,a®> +a+1}

be a field of characteristic two where « is the root of the irreducible polynomial
3+ 2+ 1 over {0,1}.
Let g be a function over the field F. From the definition above, we get:

g(1) gla®+a)
1—(a?2+a) (a2+a)—1’




_ 9@ gla+1) g(a?) .
g[a’a+1’a2]_a—a2 a+1—a? (042—04)(042—04—1)’
gl0,1,a,0% = 9(0) g(1) g(a) g(a?)

a-a? (1—a)(l-a?) + ala+1)(a—a?) + a?(a? 4+ 1)(a? + )
and so on. In here, if we let g(x) = az? + 1 € F[z]. The we can calculate the value of
divided differences of g and so from above we get:

gla) =a-a?+1=q;

a+1 al@® +a)?+1
1. a2 — —a?+1:
glL, 0"+ 1— (a2 +a) (a2 +a)—1 @ +h
a-a?+1 ala+1)2+1 a(a?)? +1
1,a% = =1;
gl 41,07 a—a? + a+1l-—a? +(a2fa)(a270z71) ’
1 a+1 ala)*+1 ala?)? +1 0
0,1,a,0% = = 1
90,1, a0 a-aQ+(1—@)(1—&2)+a(a+1)(a—a2)+a2(a2+1)(oz2+oz) ot
and so on.

2.3 Lagrange interpolation polynomials

Let @ = (a1, a9,...,a,) € R™ and I = (iy,i2,...,i,) € R® where iy <iy < -+ < i,.
By [22], the Lagrange interpolation polynomial L, ;(z),

Los@) =30 [[ +=
j=1 m=1,m#j J m
(@ —ip)@ —ds)(x —ia) (@ —in) (@ i) (@ — i) (& — ) o (@ i)
(i1 —i2)(ix —i3) (i1 — 4a) -~ (i1 — in) (12 — i1)(iz — i3)(i2 — da) - - (i—in)
g Emi)(@ i) (@ —dg) - (2 — i)
O G i) im — i) (i — i3) (i — 1)

is the polynomial of degree < n — 1 that passes through n points (i;,a;) for 1 < j <n.
That is, La 1(i;) = a; forall 1 < j <n.

2.4 Identity connecting divided differences with Lagrange

interpolation polynomials

Proposition 2.8. [6] It is easy to verify that

f(x1) f(x2) f(zn)
] = = _ I A — 2.1
for distinct z1,..., 2, in Fye.

Lemma 2.9. [2, Lemma 1] Let Fy be a finite field of characteristic 2 with 2¢ > n and
let f:Fye — Fye defined by function f(z) =2* (k=0,1,...,2° - 1). Then

RN f () RN z (2.2)




for all distinct =1, ..., 2z, IN Fae.

In particular

0 ifk<n—2

n a:f B 1 ifk:n—l
P H?;}(%JFIJ) Ty +To+ -+, if k=n
Z zit gk gin if k> n.

i1t tin=k+1-n

Example 2.4. Let F be a field of characteristic 2 and let f(z) = 2* € F[xz]. For 3 distinct
elements z1, 29,73 € F, we get the order 3 divided-differences of f as follow:

1. For k =1, then

X1 + To + I3
1+ x2)(x1 +x3)  (xo+x1)(xo+23) (23 + 1) (23 + 22)
x1(x2 + 3) + x2(21 + 23) + x3(21 + 2)

- (x1 + 22)(21 + 23) (22 + 73) =0

f[iﬁ,xz,x:s] = (

2. For k=2, then

x? n x3 . x3
x1+x2)(x1 +23) (22 +x1)(xa+23) (23 + 1) (23 + 22)
ai(wo + @) + 23 (@1 + a3) + 23(@1 + 22)

B (71 + x2) (21 + x3) (72 + 23)

(2323 + 2123 4 vwows + 2das) + (@ws + vi@ows + 312F + 2223)
B (z1 + x2) (21 + 23) (72 + 23)

(@} + wixe 4 w1w3 + 2023) (02 + T3)

(z1 + @2) (21 + 23) (22 + 23)

(21 Fa2) (21 + 23) (22 + 23)
(w1 + o) (w1 + @) (w2 + 3)

f[xl,l‘mxa] = (

=1

3. For k =3, then

3 3 3
7 T5 x5

x1 + z2) (21 + x3) + (o + 1) (22 + 23) + (x3 + 1) (x3 + 22)
2 (za + x3) + ad(21 + x3) + 23 (21 + 22)
(z1 + @2) (21 + 23) (22 + 23)
B (2329 + 2323 + 2323 + 237123 + 2327 + 237 — 227)
B (x1 + 22)(z1 + x3) (22 + 3)
(2323 + 23 x0w3 + 2321 + 2373 + 2iT120 + 2323)
(z1 + z2) (21 + 23) (T2 + 23)
(23wo73 + 2303 + 2311703 + 2303 + 1311 + T370)
(z1 + @2) (21 + @3) (22 + 23)
B (2379 + 2323 + 1123 + 2323 + 2321 + 2320) (21 + 22 + 23)
N (x1 + x2)(z1 + 23) (22 + T3)
. (1‘1 + xg)(x‘l + Ig)(.’EQ + .1‘3)(.%'1 + 22 + .Ig)
B (w1 + 22) (21 + 73) (22 + 73)

flz1, T2, 73] =1

=21+ X2 + x3.
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4. For k =4, then

4 4 4
T ) T3

ot 1) (@1 w) | (et @) (@s +7) | (w5 + 21) (25 + 72)
B i (za + x3) + 253 (21 + 23) + T3 (21 + 22)
B (w1 + 22) (21 + 3) (22 + 73)
x‘llxg + x‘fxg + x%m + JJ%JB + x§x1 + $%$2
(21 + @2) (21 + 23) (22 + 23)
(w1 4 w2) (21 + 23) (22 + x3) (2?2 + 23 + 23 + 2122 + 173 + T2713)
a (z1 + @2) (21 + 23) (22 + 23)

f[$1,3327963] = (

2 2 2
=x]+ 25+ 23+ 21202 + 21203 + X223

From this example, we see that it is easier if we use Lemma 2.9 above.

2.5 Some basic results in Number Theory
In this section, we will say about definitions and theorems of arithmetic.
Definition 2.6. ([19]) A positive integer n > 1 with unique prime factorization
n=pyi'py*...p¢

where py, ..., p, are distinct primes and ay,...,as € N, is r-free whenever a; < r for all
i=1,2,..,5.

In case r = 2, we call n, a square-free.

Example 2.5. 1. Letr = 3. Then we see that 102 =3-5-7 and 60 = 22-3.5 are 3-free
integers but 200 = 23 - 52 and 162 = 3* - 2 are not.

2. Letr =2. Then we see that 102 = 3-5-7 and 165 = 3-5-11 are square-free integers
but 100 = 22 - 52 and 162 = 3* - 2 are not.

Definition 2.7. ([19]) Given a,b,m € Z with m > 0. We say that a is congruent to b

modulo m, if m|(a — b) and write
a=b (mod m).
Definition 2.8. ([19]) A congruence of the form
ar=b (mod m)
where x is an unknown integer is called a linear congruence in one variable.

Theorem 2.10. ([19], Theorem 5.12, 5.13, 5.14 on p.111-112) Given a,b,m € Z with

m > 0.

1) If ecd(a,m) = 1, then the linear congruence ax = b (mod m) has exactly one

solution modulo m.
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2) If gcd(a,m) = d, then the linear congruence ax = b (mod m) has solutions if and
only if d|b.

3) Assume that gcd(a,m) = d and suppose that djb. Then the linear congruence
ar =b (Mod m) has exactly d solutions modulo m. These are given by

m

t,t
T

,t+2m/d, ...7t+(d—1)%,

where t is the solution, unique modulo m/d, of the linear congruence

L= (moa).

2.6 Arithmetic functions

Definition 2.9. [19, 23] A complex - valued function defined on the positive integers

is called an arithmetic function. Denote by A the set of all arithmetic functions.
Examples of arithmetic functions are:

1. The greatest integer function [20], denoted [z], is defined on the reals and is
the largest integer less than or equal to z. In the other words, it is that integer n
such that

n<zr<n+4+l1.
2. The Mébius function, u(n), defined by, [19],

(—=1)* if n =pips---ps for distinct primes py, ..., ps
p(n) =41 ifn=1

0 otherwise.

3. For a € R, the divisor function, o,(n), is defined to be the sum of the ath power

of divisors of n, [19],
oa(n) = Zda;
d|n

when a = 0, aq is the number of divisors of n denoted by d(n);

when a =1, oy is the sum of divisors of n denoted by o(n).

4. The Euler phi function, ¢(n), is defined to be the number of positive integers

not exceeding n that are relatively prime to n, i.e.,

p(n) = Z 1.

z<n

ng(I_,n):l
The Euler phi function satisfies, [23],

en) = (@) (5).
din

where the sum is extended over divisors d of n.
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Theorem 2.11 (Properties of Greatest Integer Function [20]). Let = and y be reals.
Then we have

L z]<z<[z]+1l, z—-1<[z]<z, 0<z—[z]<1;
2. if n is an integer, then [z + n] = [z] + n;

3. if >0, then

A 2]+ [yl < [z +y] < [2] + [y + 1;

0 if x is an integer
5. [z]+ [—z2] =
-1 otherwise.

6. if m and n are integers, with m positive, then

n-+x

Tyl

[ I;

and

7. if x > 0 and a is a positive integer, then [z/a] is the number of positive integers
< z that are divisible by a.

Definition 2.10. ([19]) An arithmetic function f is called multiplicative if f is not
identically zero, f(1) =1, and

f(mn) = f(m)f(n) (¢cd(m,n) = 1,m,n €,N).

Denote M be the set of multiplicative functions. Clearly, if f € A with f(1) =1 then
feMifand only if

oy pe) = FO5) - ()
for all prime p;’s and positive integer a;’s. Note that u(n), o4(n), U(n), ¢(n) and A(n)
are multiplicative on n (see also [19, 23]).

2.7 Continued fractions

Definition 2.11. [20] Let ug/u; be a rational number with u; > 0 and (ug,u;) = 1. If
we apply the Euclidean algorithm we get a sequence of the following sort continued

fractions

Uy = U109 + Uz 0<us <wuq

U] = Uga1 + usz 0 <ug < us

Uj—1 = UjQj—1 + Ujr1 0< Ujp1 < Uj
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Uj = Uj4105.
If we write & = u;/u;11, 0 <i<j, then all the equations above states that

Si=a;+1/64, 0<i<j—1

§ =aj
Thus
€0 =ag + !
0 aop = Qg
a1+1/62 a1+a2+11/§3
and so on. Thus
U 1
= = 50 =ao+ 1
U1 a1 + as+
1
aj—1+ i

and it is called the continued fraction expansion of the rational number ug/u;. The
integers a; are called the partial quotients and the numbers ¢; are called complete
quotients of ug/u;. We usually write the continued fraction exspansion of wg/u; in

the more condensed form [ag; a1, ..., a;]
uo/u1 = [ag; aq, ... ,a;].

Note that ao can be positive, negative or zero, but all further partial quotients must
be strictly positive. Note also that if j > 1, then a; = [u;j/u;j41] and s0 0 < w41 < u;

imply that a; > 1.

One may generalize the notation of the form [ag; a1, ..., a;]. If zo,z1,...,2; are
any real numbers,with z1,...,z; all positive, then we define
To;T1,...,Lj] = g+
[ 0,1 j] 0 le’»%
1
Tj—1 + % '

If the z; are all integers, then the continued fraction is said to be simple. The following

obvious formulas will be useful in what follows:

1

To; X1y, Lj| =To+ ———
[ ’ ’ ’ j] [:cl;:vQ,...,xj]

= [zo;21,..., x50 + 1/xj].

Example 2.6. Find the finite simple continued fraction expansions of the rational
number 6/7,15/11 and —31/17.
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Solution. We have

6=7-046
7T=6-1+1
6=1-6,
so that 6/7 = [0;1,6]. We have
15=11-1+4
11=4-243
4=3-1+1
3=1-3

so that 15/11 = [1;2,1, 3]. We have

—31=17(-2)+3

17=3-5+2
3=2.1+41
29-=1.2
so that —31/17 = [-2;5,1,2]. []

2.8 The big oh notation and asymptotic equality
Definition 2.12. [19] If g(z) > 0 for all = > a, we write
f(x) =0(g(x)) or f(z) < g(z) (read: “f(z) is big oh of g(z)”)

to mean that the quotient f(x)/g(z) is bounded for z > a; that is there exist a constant
M > 0 such that
| f(z)|< Mg(x) for all z > a.

An equation of the form
f(@) = h(z) + O(g(x))

means that f(z) — h(z) = O(g(x)). We note that f(t) = O(g(t)) for t > a implies
[ frydt = O(f7 g(t)dt) for > a.

Example 2.7. 1. Let f(z) = 2? + 22 — 1. Then we can write f(x) = 22+ O(z). The
symbol O(z) represents an unspecified function of z which grows no faster than

some constant time z2.

2. Let E(z) = (2C — 1)z + O(y/z) where C = li_r>n (1+;+?1)+---+Tll—logn>. Then

we can write E(x) = O(z).



Definition 2.13. [19] If
- f(x)

im &= =1
a0 g(x)

we say that f(x) is asymptotic to g(z) as z — oo, and we write
f(z) ~ g(z) as z — oo.

Example 2.8. 1. Y d(n) ~zlogx as x — oo.

n<zx
Since Y " d(n) = zlogx + (2C — 1)z + O(v/x), we get

n<z

> d(n)
lim
T—00 €T lOgI T—00

:z:Lng

2. From Example 2.7 (2.), we see that E(x) ~ (2C — 1)a.
Since E(z) = (2C — 1)z + O(y/z), we get

lim ((E(x)> =1+ lim (M) =1

z—o0 \ (2C — 1)z z—o0 \ (2C — 1)z
Definition 2.14. [19] The Riemann zeta function ((s) defined by

C(s):Z% if s> 1,
n=1

and by

. 1 xl—s .
C(S)—JI_EQO( ns_l—s) if0<s<1.
n<z
Theorem 2.12. [19] If x > 1 we have:
1 1
1. n;ﬁ _Logx+C+O<x>.

1 rl=s s .
2. E:1_8—|—C(s)—|—0(ar; ) if s>0,s# 1.

3. Z 1 O(x' ™) if s> 1.

n>w
N xa+1 o .
4. ;n :a+1+0(x) if a>0.

2.9  Averages of arithmetic functions
Theorem 2.13. [19] For all z > 1 we have

Z d(n) =zlogz + (2C — 1)z + O(Vx),

n<z

where C is Euler’s constant.

n<z — 14 lim <(2C 1)1’+0(\/5)) -1

15



16

Theorem 2.14. [19] For all z > 1 we have

PR

n<x

with equality holding only if z < 2.

Theorem 2.15. [19] Let f be a multiplicative arithmetical function such that the series
> f(n) is absolutely convergent. Then the sum of the series can be expressed as an
absolutely convergent infinite product,

Do) =110+ )+ F0*) +---3
n=1 P

extended over all primes. If f is completely multiplicative, the product simplifies and
we have

> 1
Zf(n)zHl—f(p)'

n=1

Note. In each case the product is called the Euler product of the series.

Theorem 2.16. [19] Assume > f(n)n=* converges absolutely for o > a,. If f is multi-

plicative we have

if(?):H{1+«);(§)+J%+.-.} if 0> 04,

n p25

and if f is completely multiplicative we have

= f(n) _ 1 o
25 s foro

Lemma 2.17. [13] For a > 1 irrational and with bounded partial quotients, 3 € [0;«a)

and positive integer d > 2,0 < a < d, we have

> 1:§+O(dlog3x) as x — oo.

n<x

lantB]=a( mod d)
For growing difference d the result is non-trivial provided d <« Vzlog 327 ¢ for e > 0.

Example 2.9. Let a = V2 ~ 1.4142 and 8 = 0.4142 € [0,1.4142). Then we have

lan + B n<or :={1,3,4,6,7,8,10,11,13,14, 15,17, 18,20, 21, 23, 24, 25, 27, 28, 30};

lan + Bln<o1 =1( mod 3) :={1,4,7,10, 13,25, 28}.

So, we see that
Z 1:7~%+O(3log321).

n<21
lan+B]=1( mod 3)
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Theorem 2.18 (Beatty Theorem). [24] Let X be any positive irrational number and Y

its reciprocal i.e., Y = <& or + + & = 1. Then the two sequences

14 X,21+ X),3(1+ X),...,

14+Y,2(1+Y),31+Y),...

together contain exactly one number from each of the intervals (n,n + 1) between

consecutive positive integers (n =1,2,3,...).

Corollary 2.19. [24] The sequences |n(1 + X)], [n(1+Y)], called Beatty Sequences

corresponding to the irrational number X, together contain each natural number ex-

actly once.

Example 2.10. Let X = /2 ~ 1.4142 is irrational number. Thenwe get Y = X /(X —1) =

3.4143 and for n =1,2,3,..., we get the sequences

n(l+ X) := {2.4142,4.8284, 7.2426,9.6568, ... };

n(1+Y) := {4.4143,8.8286,13.2429,17.6572,... }.
Then we get the Beatty sequences
In(1+ X)|n>1:=12,4,7,9,... };

In(1+Y)|p>1 = {4,8,13,17,... }.

2.11 Chinese remainder theorem

Theorem 2.20 (Chines remainder theorem, [19]). Assume my,...,m, are positive

integers, relatively prime in pairs:
(myi,my) =1 if i # k.
Let by,...,b,. be arbitrary integers. Then the system of congruences

r=b( mod my)

r=b.( mod m,)

has exactly one solution modulo the product m - --m,..

Theorem 2.21. [19] Assume my,...,m, are relatively prime in pairs. Let by,...

arbitrary integer and let ay, ..., a, satisfy

(ag,mp) =1 ifk=1,2,...,r

, b, be
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Then the linear system of system of congruences

ar = bl( mod ml)

a,x =b.( mod m,)
has exactly one solution modulo the product my - --m,..

Theorem 2.22. [19] Let f be a polynomial with integer coefficients, let my,ma, ..., m,
be positive integers relative prime in pairs, and let m = myms - - - m,.. Then the congru-
ence

f(x)y=0( mod m)

has a solution if and only if each of congruences
f(x)=0( mod m;) (i=1,2,...,7)

has a solution. Moreover, if v(m) and v(m;) denote the number of solutions of two

equations above respectively, then

v(m) = v(my)v(ms) - - - v(m,).

2.12 Literature reviews

In this section, we will review some preliminaries and results in [6], [14] and

[15] that are strong basic for our work.

2.12.1 The work of Davies and Rousseau

In this work of Davies and Rousseau [6], they considered any field not of char-
acteristic 2 and used some auxiliary results to prove the divided differences character-

ization of polynomials problem.

Lemma 2.23 (Interpolation Theorem). [25, Sect. 5.6, pp. 86-89] If zy,...,2msy are
distinct elements in a field (of any characteristic), then for any ¢y, ..., 11 in this field,
there exists a unique polynomial f over the same field of degree at most m such that
flzj)=cjforj=1,....m+1

Corollary 2.24. Let F be a finite field with order n. Then every function f : F — F is

equal to a polynomial of degree at most n — 1.

Theorem 2.25 (Davies-Rousseau’s main work). [6] Let n be an integer, n > 2, and let
K be a field not of characteristic 2. Suppose that functions f: K - K and h: K — K
satisfy (1.2) where x4,...,z, are distinct of K. Then f is equal to a polynomial of

degree at most n over K:

flx) =ana™ + 12" L+ 4 ag.
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In their appendix, they shown that for the case ch(K) # 2 and n = 2, the result
holds if |K| < 4, but it does not hold if |[K| > 4 (where |K| denote the cardinality of
the field Kand ch(K) denote the characteristic of a field K).

f[xl,.TQ,J?g] = h(xl + 29 + .’I}3)

for any 3 distinct x1, z2, 23 € Fr.
Now we will show that f is a polynomial of degree at most 3.
Choose 4 distinct elements of the form

S :=1{0,1,6,2}

from F;. Then there exist a unique polynomial f;(x) of degree at most 3 over F; such
that
filu) = f(u) VYues.

Let hy(x) € F7[z] such that fi[z1, xe, 23] = hi(z1 + 22 + x3) for any 3 distinct elements
21, 32,23 € Fr. Set F(x) = f(z) — fi(x) and H(z) = h(z) — hi(x) such that

Fluy=0 VYuelS

and

Flz1,z0,x3) = H(x1 + 22 + x3)

for any 3 distinct elements 1,22, 23 € Fr.

Substituting xq, xs, x3 by

(o]
(=]
[\o]}
\.CD\
u@\
JM\

3 ) )

1,

O\
l\.’)\
=i
(=]
=]

and applying the 3-rd order divided-differences of F(z), we get

=
(@]
)
I
[\]]
[es]]

F H(

Il
k=l
[=2]}
)
Il
=
=
—
Il
pl

)
H(3)

) F[

) b

—i
ol
™)
Il
I
k=l
=

Y ’67

F

kS)
I

=
[en]]

S
I
[an]

] F

Next, we will show that F(z) = 0 for all = € F.
Substituting z1, 22,23 by 0,2,5 and applying 3-rd order divided-differences of F(z), we

get
o FG)
F[0,2,5] = 5G9 H(0) =0.

So, F(5) =0 and consequency H(5) = 0.
Substituting 1, 22, 23 by 0, 3,4 and applying the 3-rd order divided-differences of F(z),

we get
F(3
3:(3

A ye) =0,

F[0,3,4) = gy

| \_/
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So, we have
F(3) 4+ F(4) = 0. (2.3)

Substituting z1, 22, 23 by 1, 3,4 and applying the 3-rd order divided-differences of F(z),
we get

F[1,3,4] =
So, we have
3F(3) +5F(4) = 0. (2.4)

Solving system equations (2.3) and (2.4), we get

F(3) = F(d) = 0.

Therefore, F(z) = 0 for all z € F; and so f(x) is a polynomial of degree at most 3 over
.

2.12.2 The work of Dimitrov

In paper [15], let N be a sufficient large positive integer. Let ¢ denote an
arbitrary small positive number, not necessarily the same in different occurrences.
Then, they denote by u(n) the Mdbius function and by 7(n) the number of positive
divisors of n. Let ||| be the distance from ¢ to the nearest integer and let

where {t} is the fraction part of t. Let a > 1 be irrational number with bounded partial
quotient or irrational algebraic number. Denote
2
= 1-—=< ).
7 1;[ ( p2)

They defined the characteristic function w,(z) in the interval (0,1] as follows

1, ifi—1l<z<i
wa () = %7 ifx:l—iorle;
0, otherwise.

Then, they got some results as following.

Lemma 2.26. The formula

holds.

Lemma 2.27. For every J > 2, then

vt)y= Y alk)e(kt) + O ( 3 b(k:)e(kt)) alk) < 1/]k|,b(k) < 1/.J.

1<kl |k|<J
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Note: a(k) < 1/J means that a(k) is an big oh of 1/.J.

Lemma 2.28. If X > 1, then

'Y e(an) < min (X, M) .

n<X

Lemma 2.29. Suppose that X,Y > 1,A =%+ 5, ¢>1,(a,q) = 1,[ 6 |[< 1. Then
1 XY
me( Tom ”><<q+(X+q)log2q.

Theorem 2.30 (Main Theorem). Let o > 1 be irrational number with bounded partial

quotient or irrational algebraic number. Then

= 3 i2(lan))uX(lan] +1) = oN + O(NF+).
n<N

Example 2.12. Let N = 20, = v/2 ~ 1.4142,¢ = 0.0001. Then for integers n < N we
have
lan| :={1,2,4,5,7,8,9,11,12,14, 15,16, 18,19, 21, 22, 24, 25, 26, 28},

lan] +1:={2,3,5,6,8,9,10,12,13,15,16, 17, 19, 20, 22, 23, 25, 26, 27, 29}
From here, we see that

Z p?(lan|)p?(lan] + 1)

n<N

=1414+0+14+0+0+04+0=0+14+04+0+04+0+1+14+0+04+040

=6
N0N+O N6+€ H( ) 20+O(206+00001)
P
2 2 2 2 2 2 2 2 5
=2001—-—=)1—-—=>)1—-—=3)1——3)1——7)(1——7)(1——7—)(1-— 540.0001
001 = )1 = 5)(1 = )1 = )1 = 733)(1 = 735) (1 = 773)(1 = 1g5) + O(208+0°%)
~ 6.58731.

Lemma 2.31 (Main Lemma). Let o > 1 be irrational number with bounded partial

quotient or irrational algebraic number. Then for the sum

-3y - ‘ S w2 m)p (m + e(Akem)

1<k<J m<alN
where X = 1, the estimation
Y« Nete

holds.

2.12.3 The work of Tangsupphathawat, Srichan, and Laohakosol

In the work of Tangsupphathawat et al [14], they used the similar method due
to Rieger to prove that the Piateske-Shapiro sequence defined by

Ne={[n°|:neN,ceR,c>1}
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contains infinitely many consecutive square-free integers whenever 1 < ¢ < 3/2. To do
this, they let e be arbitrary small positive number, not necessarily the same in different

occurrences and then they got some lemmas as following:

Lemma 2.32. For 1 < ¢ < 2, let = be a positive real number and let ¢ and a be two

integers such that 0 < a < ¢ < z¢. Then

0 (7z(c+4)/7) for ¢ < x¢=%/4,

g7
x (e+1)/8
> =77 O(%) for ze=?/* < g < a2,
n<x
[n¢]=a(mod q) 0 (%L) for ge—1/2 <g <zt

Lemma 2.33. ([26, Exercise 9, p. 50]) For each ¢ > 0, there exists a constant C. > 0

such that for all n > 1 we have
d(n) < Ccnf.

Lemma 2.34. For a fixed real y > 1,

d 2 .
Z: M£§”=ZH O—ﬁ)+0@_+%

p prime

gcd(d:t,/):l
dt<y

Lemma 2.35. Let 1 < ¢ < 2 and let z be a positive real number.

(I) If A%2(z) denotes the number of quadruples d,t,u,v of positive integers satisfying
the conditions

20 — d?u =1, d*u < z°, 2% < dt < 223,

then
AE (.13) < $2c/3+6.

(I If A3(z) denotes the number of quadruples d,t,u,v of positive integers satisfying
the conditions

tPo—d*u=1, d*u<a®  dt> >3,

then
A3 () < g?/3Fe,

Theorem 2.36 (Main Theorem). For 1 < ¢ < 3/2 and sufficiently small € > 0,

£ e gele) s
p

n<x
[n€],[n€]+1 are square-free

Example 2.13. Let n € N,c = 1.4142,¢ = 0.0001 and x = 20. Then we have

In¢| = {1,2,4,7,9,12,15, 18,22, 25,29, 33,37, 41, 46, 50, 54, 59, 64, 69 };
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In°| +1={2,3,5,8,10,13,16, 19, 21, 26, 30, 34, 38, 42, 47, 51,55, 60, 65, 70}

So we get
Z 1=14+140404+04+04+0+04+14+0+14+1+14+14+14+04+0+04+0+1
Ln€],[nc] ilS:re square-free
=9
2 2 2 2 2 2 2 2
~201— )1 - =)0 - S)(1— )1 — —=)(1 — —=)(1 — —=5)(1 — —=) + O(20(21-4142+1)/4+0.0001

= 6.58 + O (202 1-4142+1)/440.0001y 6 58 4 2 67.



Chapter 3

A divided-differences characterization of

polynomials over a finite field of characteristic two

In this chapter, we will characterize the divided-defferences of polynomials

over a finite field of characteristic two with n > 3.

3.1 Important properties

Throughout the rest of the paper, let n € N with n > 3, and let Fy. be a finite
field of characteristic 2 with cardinality |Fy:| = 2¢ > n, £ € N, ¢ > 2. For definiteness,

we represent the elements of Fy. by
ap +ara+ -+ ap_1a’ L, a; €{0,1} (0<i<l-1), (3.1)

where « is a root of an irreducible polynomial of degree ¢ over GF(2) = {0,1}. The
divided difference on n distinct points of a function f : Fy: — Fye may be defined

inductively as follows:

1) +
flosd = fen), Sl = LT,
and forn > 2
~ flr, e F flre, . 2]
flza, . . zn]) = T ,
for n distinct zy, ..., 2, in Fy. To reach our main result, we could study some Lemma

of the polynomials in a finite field and Properties of divided differences as follow.

Lemma 3.1. If z1,..., 2,1 are distinct elements of a field Fy then for any ¢y, ..., cni1
in Fy. there exists a unique polynomial f over Fy, of degree at most n, such that

f(.’l?j)ZCj fij:l,...,n+1.

Proof. Let z1,za,...,2,11 IN Fy be distinct elements. Then for any ¢1, ¢, ..., chi1 € For

there exists the Lagrange’s interpolation,

n+1 n+1
T+ Ty

Liz)=> ¢ [1
j=1 m=1 Zj+ Tm

m£j

with degree at most n with coefficients in Fy, pass through n + 1 points such that
L(zj) = ¢; (1<j<n+1).
Suppose that there exists another r(z) of degree at most n over Fy. such that

r(x;) = ¢
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forall1<j<n+1.
Let g(x) = L(z) + r(z). Since L(z) = r(x) for 1 <j <n+1, then

g(x;) = L(z;) +r(z;) = 0.

Hence,
n+1

[[@+a) 1 g(@).

=0
Since g(z) is a polynomial of degree at most n, g(z) = 0.
Thus,

Therefore, L(x) is the unique polynomial of degree less than n + 1 over Fy. such that
L(z;)=c¢; forall 1 <j<n+1.
[]

Corollary 3.2. Every function f : Fye — Fye is equal to a polynomial of degree at most
2¢ —1.

Proof. Let f : Fye — Fy be a function such that z; — ¢; for distinct z; € Fy (i =
1,2,3,...,25 and ¢; € Foe (i = 1,2,3,...,2% not necessary distinct. By Lemma 3.1, there

exists p(z) over Fy. of degree at most 2¢ — 1 such that

p(x;) = ¢; for all z; € Fy.

Therefore,
p=T.
[]
Proposition 3.3. It is known that if f is a polynomial of degree n > 1 with coefficients
iN Foe,
f(x) = anz™ + ap_12""t + - +ao,
then

f[xlv“-»xn] :an($1+"'+xn)+an71;
for distinct z1,...,z, in Fy.

Proof. Let f be a polynomial of degree n > 1,
f(il’) =apz” + an,1$n71 + - +ag

where a; € Fo for alli = 0,1,...,n. Then for n distinct elements, x4, ...,z, of Fy, we

have

flx )] o} Fan 2] o am a0 | anah +an 12y + -+ a1z + ag
Lyc-estin H?:1 (1 + z;) H?:l (72 + ;)
i1 1#£2
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n—1 _
anZpy_1 +p1®,_1+ -+ a12y—1 +ag nTy + Qp_1T) Lot aiz, +ao

[T =1 (zn-1+ i) H?;}L (zn + )

i#n—1

l + 3 4ot “n
=a, 7 - . —_
H;;; (1 + ;) H;;; (z2 + ;) Hf:i (Tn + ;)

n—1 n—1 n—1
+ an—1 1 —+ an ++nmn— 4+ ...
[T @+ @) T (22 + 2) [T% (2 + 20)

+ a + e +oot n
a RPN N —
P\ (i) T (o + ) [T (@ + 1)

1 1 1
+a 7 + == +ort = | -
’ (H;#; (1) T (@2 +20) IT%; (o +xi>>

i#n

By Lemma 2.9, we get the form of coefficient of a;, for k=0,1,...,n:

0 fo<k<n-—2
R S SR R
T G o) T Ty (o + 20) [T (on +2) nhen
44z, fk=n.
Thus, flz1,...,2s] = an(z1 + -+ 2,) + a,—1 as required.

[]

Lemma 3.4. If g(z) = apa™ +a,—12" 1+ -+ag € Fyoe[z] is @ polynomial of degree n with
1 <n <2°—1, then for any n distinct elements z,...,z, in Fy, the linear polynomial
hy(z) := apz + a,—1 satisfies

glz, ..., xn] = hglx1 + -+ x4).
(The polynomial h, is henceforth referred as the n-th order divided-differences of g.)
Proof. The proof follows immediately form Proposition 3.3. []

Example 3.1. Let Fos := {ag + a1 + a2a® + aza® | a; € {0,1}} where « is the root of the
irreducible polynomial 24 +x +1. Let g(x) = 23 + 1 € Fau[z]. By Lemma 3.4, there exists

a polynomial h,(z) = € Fas[z] such that for 3 distinct elements z1, 22, 23 € Fou,

g(z1) n g(x2) n g(x3)
X1 —l—.TQ)(.’El +$3> ($2+$1)($2 —l—l‘g) (3’534—3?1)(.1’34—1‘2)
_ @+ (@2 +23) + (23 + D(1 +3) + (25 + 1) (21 + 72)
B (71 + 22) (21 + 23) (22 + 73)
. x?aﬁg + a:lx% + 37?5(}3 + x%xg + mlxg + xgmg
B (w1 + 22) (21 + 23) (22 + 73)
(@1 422+ 23) (21 4 22) (21 + 23) (T2 + 23)
B (1 + 22) (21 + 23) (22 + 23)

9[-T179327$3] = (

:$1+I2+I3

= hg(xl + 2o + 33‘3).
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3.2 Main theorem

Now we will work on our main results in the case of a finite field of characteristic
2. Davies and Rousseau [6] have been shown for n = 2 the theorem holds if Fye has
cardinality at most 4 and fails if its number of elements is greater than 4. Thus here

we could begin with n = 3.

Theorem 3.5. Let n,/ € Nwith n > 3,/ > 2 and let F5 be a finite field of characteristic
2 with cardinality |Fy| = 2¢ > n. Let f and h be functions over Fy.. Then for any n

distinct elements zy,...,x, € Fy, f and h satisfy
flzt, . an] = bz + -+ 20), (3.2)
if and only if fis equal to a polynomial of degree at most n over Fy.:
f@) = ana™ +an_12" + -+ ag.
Proof. The inverse is sufficiancy part holds by Lemma 3.4.

So now we just prove the necessarily part. Here we could divide it in to two cases.

Case 1: n>¢;

Write n = £+ < 2 with 0 <r <2/ — 1. If n = 2¢, by Corollary 3.2 the result of Theorem
3.5 holds trivially without any restriction. Henceforth, we assume that ¢ < n < 2°.
Referring to the shapes of the elements of F,. displayed in (2.2), we consider the

following set of n + 1 distinct elements in Fy. of the form
Sy = {0,17a,a27...,aé_l,bl,...7b,«}; (3.3)

by choosing by ¢ {0,1,c,...,a 1}, b ¢ {0,1,c,...,a"7 1 b1},b3 ¢ {0,1,c,...,a" L by, bo}
and so on. Throughout as a convention if n = ¢, we simply the presence of the b;’s
in the corresponding expressions. By Lemma 3.1 there exist a unique polynomial

fi(x) € Fye[z] of degree at most n such that
fiu) = f(u) forallue S;. (3.4)

Since deg fi < n, by Lemma 3.4, for any n distinct elements z1,...,z, € Fy, there is a

(linear) polynomial h; such that
filz1, - xn) = hi(zr + -+ 2p); (3.5)

we note in passing that if deg fi = n — 1, the polynomial k; is a constant, while if

deg f1 < n — 1, the polynomial h; vanishes identically. Let

Fi(x) = f(z) — fi(z), Hi(z) =h(x)— hi(z). (3.6)
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Observe from Lemma 2.8 that the divided difference of a function over n distinct

points depend only on the points and the functional values at these points. Using

the hypothesis (3.2), (3.4) and (3.5), we get
Fl[Il, . ,In] = Hl(xl + .. +xn)

and
Fi(u)=0 for all uw € S;.

We substitute the n points z1,...,z, in (3.7) by the following sets of points

e l.a,....,a 1 by,... by,

e 0,a,02,...,a" 1 by,.... by,

o la,....,a" 10, ... af" by, b for1<i<i—2,
e l.a,...,a"2,0,b1,....,b,,

o La,...,a" by,...,bi—1,0,bi41,...,b. fOri=1,...r,

by using Lemma 2.8 and (3.8), we get

0=F[l,a,...,a" L by,....b) ] =Hi(l+a+ - +a" L +b+--+b,),

/-1 r
0=F[0,0,02, ..., " by,....b)] = Hy ( > aj+ij> ,
j=1

J=0, j#1

=0, j#i

(3.7)

(3.8)

(3.9)

(3.10)

-1 T
o:Fl[l,a,...,ai—1,07ai+17...,af—l,bl,...,br]=H1( > aj+2bj) =0, (3.11)
j=1

-1 r
0=F[lLa,...,a"20,b,...,b)] = Hy ( > ozj—I—ij) ,
j=1

J=0, j#L—1

{—1 r
0:Fl[l,oz,...,a€_17b1,...,bi,l,O,biH,...,br]:H1 (Zaj+ Z bj> .
7=0

=1, j#i

(3.12)

(3.13)

To prove the desired result, we aim to show that f = £, i.e., F = 0. From (3.1), each

element in Fy: can be uniquely written as z(0;i) = 0, or for m € {1,2....,¢}

z(myiy 2 i) 1= ™ + ' - Falm, 0<ig <ig < vve <y <€ —1.

We proceed to show by induction on m that F(x(m;iy : 4,,)) = 0 for all x(m;i; :

im).

Using (3.4), this clearly holds when m = 0 and 1. We work out the next two values of

m to explicitly illustrate the lines of proof.

When m = 2, the field elements are of the form

x(2;11 @ dp) = o't + a2, 0<i; <ip<l—1,
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and because of (3.8) we need only consider these elements for which z(2;i; : iy) #
bs (s=1,2,...,7). We substitute for the n points z1,...,z, in (3.7) by

i1—1 i i1+1 -1
Lo, ..., 7 x(254y s d9), @™ T by, by

and by using (3.10) or (3.11) or (3.12), with i = i5, we get

£—1 r
Fl[].,()é,...,()éilil,.’ﬂ(Q;’L.l Ii2),&i1+1,...,aéiabl,...,br} :Hl ( Z Oéj +ij) = 0.
Jj=1

J=0, j#iz
Expanding the left-hand expression by Lemma 2.8 and using (3.8), we get

F1 (.13(2, i1 : ’LQ))

D(z) =0,

where

D(x) := (2(2;1 :d2) + 1) -+ (x(2;41 = d2) + a1 (@(2;4y 1 dn) + ) x - -
X (x(2;41 :d9) + ) (22541 d9) 4 by) - (@(2;41 :in) + by) #0,

which clearly implies that Fy(z(2;i; : i2)) = 0.

When m = 3, the field elements are of the form
x(3;4y 1 ig) = & + o' + o', 0<ii<ig<izg<l-—1,

and because of (3.8) we need consider only those z(3;iy :i3) #b, (s=1,...,7). We
need to analyze two possibilities depending on whether any sum of two elements in
x(3;41 : i3) coincides with one of the elements b,  (s=1,...,7).

Possibility 1: none of the elements Z?:Lj# ali (t =1,2,3) is equal to some
bs  (s=1,2,...,r). Substituting zy,...,x, in (3.7) by

i1 i+1 in—1 ia+1 -1
Loy, 5 w(354y tdg), a7 o T x (2500 1 d3), T o, by, ., by

where z(2;i3 : i3) = a2 + o satisfies, from the case m = 2, F(x(2;iz : i3)) = 0, and using

(3.11) with i = iy for the vanishing of the right-hand expression, we get

i1—1 i1+1 in—1 i1 -1
Fi[lyo,. .., 2(3y ig), T o a2 (250 s d3), 0T L ot T by by
£—1 r
:H1 E OZJ+E bj :0
j=0, j#i2 j=1

Expanding the left-hand expression by Lemma 2.8, using (3.8) and the case m = 2, we
deduce that Fy(z(3;4; : 43)) = 0.

Possibility 2: there exists ¢t € {1,2,3} such that Z;’:L#t ali = b, for some
s€{1,2,...,7}, which implies z(3;4; : i3) = a® + b,. Substituting x,,...,z, in (3.7) by

ip—1 i i+l -1
Loy ..., x(35dy 1 d3), @, .., byl by
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and using (3.13) with i = s, we get

-1 r
Fill,a,..., 0" (30 1 i3), 0t o a7 by, b = Hy Zozj + Z bj | =0,
j=0 §=1, j#s
and as before, we deduce that F(z(3;i; : i3)) = 0.
Proceeding with the induction, assume this is true uptom =k —1, i.e,, Fi(z(k—

;i1 2 ik_1)) = 0, where
w(k— 150y ig_1) = o’ 4+ -+ a1, 0<iy < <ip_g <l—1,

with z(k — 1;41 : ig—1) # bs (s = 1,...,7). As in the case m = 3, two possibilities
depending on whether any sum of k — 1 elements in z(k;4; : i) coincides with one of
the bs need to be analyzed.

Possibility 1: none of the elements Z;?:Lj# ali (t =1,...,k) is equal to

some b,. Substituting x4, ..., z, in (3.7) by
Lo, ...,a" Va(kyiip), o™ oo a2 a(k — 10y 2 i), a2 a7 by, by,

where z(k — 1;ig : i) = a2 + - - + o' satisfies, by induction hypothesis, Fy(z(k — 1;iz :
ix)) = 0, and using (3.10) or (3.11) or (3.12) for the vanishing of the right-hand expression,

we get

—1 T
Fl[l‘lwnaxn]:Hl( Z Oéj‘f'Zb]):O
j=1

=0, jis
Expanding the left-hand expression by Lemma 2.8, using (3.8) and the induction hy-
pothesis, we get Fy(z(k;iy : i) = 0.
Possibility 2: there exists t € {1,...,k} such that E;?:L#t ali = by for some
s€{1,2,...,7}, so that z(k;i; : i) = o’ + b,. Substituting xy,...,x, in(3.7) by

ie—1 i G+l -1
Lia,...;a" a(kyiy cig), a0 by, by

and using (3.13) with i = s for the vanishing of the right-hand expression, we get

-1 r
Fi[l,a,...,a"  x(k;dy :ik),aiﬁl,...,al*l,blw..,br] = H, (Zaj+ Z bj) =0.

3=0 J=1, j#s
As before, expanding the left-hand expression by Lemma 2.8, using (3.8), we deduce
that Fy(z(k;i1 : ix)) = 0, which completes the induction, and the theorem is proved in

this case.

Case 2. 3<n</¢—-1;
Thousgh the steps of proof are much the same as in case 1, the analysis is somewhat
more involved, so we give most of the details. We consider the set of n + 1 distinct

elements in Fye of the form

So:={0,1,,...,a" 2 1 +a+--+a" 2} (3.14)
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Note: The sum of non-zero n distinct elements in S are zero. So, this choice of
distinct elements are possible only when n > 3, which explains why the counter-
example of Davies-Rousseau only works for n = 2.

By Lemma 3.1, there is a unique polynomial fa(z) € Fyc[z], deg fo < n, such that
fo(u) = f(u) forall ue S,.

By Lemma 3.4, for any n distinct elements x4, ..., z, € Fy, there is a (linear) polynomial
ha(x) € Fye[z] such that

falzi, .. xn] = ho(xy + - + 24). (3.15)
Let
Fy(x) = f(x) = fa(x),  H) = h(x) — ha(z). (3.16)

Since the divided difference on n points depends only on the points (Lemma 2.8),

using the main hypothesis (3.2), (3.15) and (3.16), for distinct zy, ..., z, in Fy, we have
Fg[xl,...,xn]:H2($1+~--+wn) (317)

and
Fy(u)=0 forallueS,. (3.18)

Substituting the n distinct points xy, ..., z, in (3.17) by the following sets of points
e La,...,a" 2 1+a+--+a" 2
e 0,0,...,a" 2 1+a+ - +a" 2

cnaml 0t a2 T tat o+ a2 fori=1,2,...,n -3,
e La,...,a" 30 1+a+---+a"2
o La,...,a" 20,

using Lemma 2.8 and (3.18) for the vanishing of the left-hand side, we get
0=FKla,...,a" 2 1+a+ -+ a" 2] = Hy(0), (3.19)
0=[0,a,....,a" 2 1+a+- - +a" 2] = Hy(l), (3.20)

0=Mla,...,a" 0,0 .. a" 2 14+a+ - +a"?]=Hy(a') (1<i<n-—3),

(3.21)
0=Kla,...,a" 3 0,1+a+- - +a" % = Hy(a"?), (3.22)
0=Kla,...,a" 20 =Hy(1+a+---+a"?). (3.23)

As in case 1, our objective is to prove that f = f, by showing the polynomial £, := f—f>

vanishes at every point in Fy.. To do so, we subdivide our analysis into three steps
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depending on the shapes of the field elements.

Step 1. We show that F»(z) = 0 at the points
2(myiy i) = @t a2 4ot 0<i1 <ig <+ <ip <n—2, me {1,2,...,n—1},

where we may assume, without loss of generality, that these numbers are not in S,.
This assertion clearly holds when m = 1 by (3.18). For the remaining values of m, we
proceed by induction on m (> 2). Starting with m = 2, substituting z1,..., 2, in (3.17)
by

i1—1 o i +1 -2 —2
La,...,a" 1t 2(24) tdg), 0™ a2 1+ at a2

and using (3.21) or (3.22) for the vanishing of the right-hand expression, we get
Bl ..., (2501 tdp), 0T L a" 2 14 a4 -+ a" 2] = Ha(a™) = 0.

Expanding the left expression by Lemma 2.8, using (3.18), we deduce that Fy(z(2;i; :
iz)) = 0. Assume now that the assertion holds for m = 2,3,...,k — 1. Substituting
T1,...,1, in (3.17) by

i — o j in—1 o in+1 -2 -2
La,...,a 7 z(kyiy i), T 000 a2 2(k =150y cdg), 02T a2 14a+ -+ a”

where
z(k;iq : k) =at4+a2+a® - 4a* g8, z(k —1yig @ ig) =a24+a® 4. 4a* g8,
0<ii<ig<- - <i <n—2),
and using (3.21) or (3.22) for the vanishing of the right-hand expression, we get
Fylzy,. .., 2] = Hy(a') = 0.

Expanding the left-hand expression by Lemma 2.8, using (3.18) and Fa(z(k—1;i2 : i) = 0
from the induction hypothesis, we deduce that

0= FQ(Z(k;il : Zk)

Dy
where
n—2 )
Dy = (z(kyiy :ig)+2(k—15dg « i) (2(ks iy« i)+ 14+ad - 4a™2) H (z(k;iy @ ig)+a?) #£0,
§=0, j#ir,iz

yielding Fy(z(k;i1 : ix)) = 0, and the induction is complete.
Remark. As an immediate consequence, substituting x4, ...,z, in (3.17) by
z(myiy tig), 1+ a0, 0" 2 1 Fat - a2

using the results in Lemma 2.8 and Step 1, we have

0= Fplz(myiy 2 im), 1 +a,0?, ..., a" 2 1+ a+ -+ a" 2] = Ha(z(m;iy : i)
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Step 2. We will show that F(a/) =0forje{n—1,n,...,0—1}.
When n = 3, we take Sy := {1,a,a + 1}. We substitute 1, s, z3 in (3.17) by

al,ad +a+1,0;

now Ha(a + 1) = 0 and F»(0) = 0, so as before

C Fy(a?) Fy(ad +a+1)
_ — i of =
0= Hy(a+1) = Frlo?, o +1,0] oD  @Wrar Dot (3.24)
Then we substitute z, x5, 23 by
ool Fa+1,a+1,
SO again
o Fy(ad) F(ad +a+1)
— — J J —
0= Hy(0) = F[o?, « +a+1’a+1]_(a+l)(aj+a+l) et (3.25)

From (3.24) and (3.25), we get the system
(@ +a+1)F(ad) +a?Fay(ad +a+1)=0
A Ey () + (o +a+ 1) Fy(ad +a+1)=0.

From above system, we have Fy(a?) = Fy(ai + a+1) = 0.
When n > 4, we substitute z1,...,z, in (3.17) by

ool +14a,0,0,...,a" 2 14+a+ - +a" 2
using (3.2), Lemma 2.8, the results from Step 1 and (3.21), we get

0=Hy(a?)=F[?,0f +14+,0,0%,...,a" 2 14+ a+---+a"?
- Fg(aj)
Cad(l+a)(ad +ad) - (ad +ar2)(ad + 1+ -+ an—2)
N F(ad +1+ )
(W +1+a)(l+a)ad+14+a+a?) (e +1+a+ar2)(ad +a2+ - +an2)

Simplifying, we get
(@ +14+a)B - F(ad)+a?A-Fylad +14+a)=0 (3.26)

where A=(1+a)a?+a®) - (af +a"2) (@l + 1+ +a"2) £0,

B=(1+a) (o’ +1+a+a®)---( +1+a+a" ) (o +a?+---+a" %) #0.

Substituting x4, ..., 2, in (3.17) by
ol +1+a,02,a3,. . a" 2 1+a+-+a" 2,
using (3.19), the results from Step 1 and Lemma 2.8, we get

0= Hy(0) = Fylad, 0 + 1+ a,0? a0, ...,a" 3 1+a+--+a" 7
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FQ(O[j)
(@ +a?)(1+a)ad+a3) - (af +am2)(ad +1+---+an2)
F(a? +1+a)
+ (i +1+a+a?)l+a)(ad +1+a+ad) - (al+1+a+a*2)(ad + a2+ +an"2)

Simplifying, we get
(& +1+a+a®)B-F(a?) + (& +a®)A- Fy(a? +1+a) =0. (3.27)
Solving (3.26) and (3.27), we obtain
0=F(ad)=Fa +1+a)=0 forallje{n—1,n,...,0—1}, (3.28)

which completes the proof of Step 2.
Remark. Substituting zi,...,z, in (3.17) by

o 1+a,d?. . a" 214 +a"? (j=n—-1,n-2,...,0-1),
using the results in Lemma 2.8, Steps 1 and 2, we have

0=FRlad,1+a,0?...,a" 21+ +a" % = Hy(al) foralje{n—1,n,....0—1}.

Step 3. We show by induction on j that Fy(y;) =0forall j € {n—1,n,...,£—1}, where
yi=al +a;_ 107 a0 2+ +ag €Faa],  y; #£ .

For j =n—1, since
Yno1 =" a, 00" 24+ ag € Fyla], Yn1 # a1,

we need to consider two subcases depending on the shape of T,,_1 := a2 2+ -+
ag.

Subcase 1: T,,_1 &€ Ss.
Substituting 1, ...,x, in (3.17) by

-1 2 3 -2 2 -2
Yn_1,0" L 1+at+a’,a’,.. ., a1 +a+at+ -+ a" e

using the result in Step 1 and its remark for the vanishing of the H-value, Lemma 2.8,
the result in Step 2 and (3.18), we obtain

0=Hy(Tp 1) = Folyn_1,0" L 1+a+a?a® ... ,a" 2 1+a+a’+ - +a"?

_ F>(yn-1)
Wn—1+a" V(yn1+1+a+a?)(yn-1+3) - (Yn—1 + " 2)(Yp-1 + 1+ a4+ a7 2)’

which yields Fy(y,_1) = 0.
Subcase 2: T,,_1 € S,.
Substituting 1, ...,, in (3.17) by

Yno, 0" L l+a+a2,a?, . 0" 2 l+a+a’ 4+ a2,
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we see that the divided difference Fy[y,—1,a" 1 1+a+a?,a3,...,a" 2 1+a+---+a" 2]
is equal to H(0), or H(a?) for some i € {0,1,...,n =2}, 0or Hl+a+ - +a"?)}; all
three of these last H-values are 0 because of (3.19), or (3.20), or (3.21), or (3.22), or
(3.23). Expanding the divided difference via Lemma 2.8, using the results in Steps 1-2
and (3.18), we obtain Fy(y,_1) = 0.

Remark. Substituting z1,...,z, in (3.17) by

y”_hl+O‘70127'"aan72,1+01+"'+05n727

using (3.18), the results in Steps 1-2, the last Subcase 2 and Lemma 2.8 for the vanishing
of the left-hand divided difference, we get

0= Folyn—1,1+ a0, a2 14a+ -+ a"iQ] = Hy(Yn—1)-

Returning to the induction process, from the case j = n — 1 above and the last
remark, we slightly modify our pending induction hypothesis to be that both Fy(y;)
and Hs(y;) vanish for j = n—1,n,...,k — 1, and proceed now to verify that it holds
when j = k. Recall that

yr = o 4 ap_ 10" g0 2+ ag € Fola], yr # oF.

As before, we need to consider two subcases depending on the shape of T, :=
ak,1ak_1 + ak,gak_Q + -4+ ag.

Subcase 2.1: Ty, & 9.
When n > 4, substituting z1,...,x, in (3.17) by

y, o 1+a+a?a® . 0" 1+a+--+a" 2
and using the induction hypothesis for the vanishing H-value, we get
By, o 1+a+aa? ... ,a" 2 1+a+---+a" 2] = Hy(ap_10" "+ - +ag) = 0.

Expanding the divided difference using Lemma 2.8, using the results in Steps 1-2 and
(3.18), we get Fy(y;) = 0.

When n = 3, substituting z;, zo, x3 by i, o, 0 again

F (yx)
0= Hy(T}) = Falyy, a*,0] = .
2(Th) = Falyk ] ey
Subcase 2.2: Ty, € S,.
Substituting 4, ...z, in (3.17) by
y, o 1+ a+a?a® . 0" 1+a+--+a" 2

we see that the divided differences Fyfyi, o*, 1+a+a?,a?,...,a" 2 1+a+---+a" 2] is
equal to H,(0), or Hy(at) for some i € {0,1,...,n— 2}, or Hy(1+---+ o™ ?2), and these
H-values vanish because of (3.19), or (3.20), or (3.21), or (3.22), or (3.23). Expanding
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the divided difference using Lemma 2.8, using the results in Steps 1-2 and (3.18), we
deduce that Fy(yx) = 0, which completes the induction.
The results of Steps 1-3 show that F(z) = 0 for all z € Fy, and Theorem 3.5 is

proved.

[]

Remark 3.6. In here, we will discuss on the problem when n = 2.
1. For Fy = {0, 1}, the theorem holds by Lemma 3.2.

2. For Fy: = {0,1,a,a + 1} where « is a root of irreducible polynomial of degree 2,
z? +x + 1, our theorem holds and we can prove it by using the same method of
the Case n > ¢ in the proof of Theorem 3.5 or using the method in appendex of

Davies-Rousseau [6].

3. For | Fye |> 4 (The counter-example of Davies-Rousseau [6].), the theorem does
not hold. By our method, it is in the Case of n < £—1 and we cannot choose any

two distinct elements z;, x5 € Fy \ {0} such that

SU1+(E2:0.

Example 3.2. Forn > ¢, we set n = 3 and ¢ = 3. Let B be the root of irreducible

polynomial of degree 3, 2% + x + 1 € Fy[z]. Then we get
Fos :={0,1,8,8+1,6% 8%+ 1,8> + 8, 8> + B+ 1}
and | Fos |= 2% = 8. Suppose f,h : Fos — Fos satisfy
flz1, 2, x3] = h(x1 + 2 + x3)

for any 3 distinct points 1, 22,73 € Fas. Now we will use the same method as in the
case n > ¢ of Theorem 3.5’s proof to show that f is a polynomial of degree at most 3
over Fysx] as following.

We shoose 4 distincts elements in S := {0, 1, 3, 3%} C Fas. By Lemma 3.1, there exists a
polynomial fi(z) of degree at most 3 such that f(u) = fi(u) Vvu € S and by Lemma
3.4, there exist a polynomial hy(x) such that fi[z1,z2,23] = hi(x1 + 22 + 23) for any 3
distinct points z1, 22,23 € Fos. We set F(x) = f(z) — fi(z) and H(z) = h(xz) — hi(z). Then

Fla1,z0,23) = H(x1 + 22 + 23)

for distinct elements z;, 22,23 € Fys and F(u) =0 for all u € S.

Substituting xq, x2, x3 by

17/87/62’
07/87/82)
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1707 /627
17ﬁ7 07
and applying 3-rd order divided-differences of F, we get
F[175762] = H(]' +ﬁ+62) - 07
F[0,5,8%] = H(B+ 5*) =0,
F[1,0,8%] = H1+ §%) =0,

F[1,8,00 = H(1+ B) = 0.
Next we will show that F(z) =0 for all z € Fqs. Substituting z1, 22, 23 by

175—’_1?/325
1,8,8% + B,
1,6+ 8% 5%

and applying 3-rd order divided-differences of F, we get

271 /B—"_l _ 2 _
2 g BB e
2 21 _ B>+ B B .

Sowe get F(B+1)=F(32+1)=F(82+8) = 0.
Substituting @1, 2, 3 by 1,8+ 1,32 4+ 8+ 1 and applying 3-rd order divided-differences
of F, we get

F(B2+p+1)
(B2 + B) B>

Hence, F(3% + 3+ 1) = 0. Therefore, F(z) = 0 for all z € Fys.

F[LB+1,82+B+1] = =H(B>+1)=0.

Example 3.3. Forn </—1, we set n =3 and ¢ = 4. Let a be the root of an irreducible

polynomial of degree 4, z* + z + 1 € Fy[z]. Then we get

Faa := {0,1,a,a+1,a2,a2—|—1,a2+a,042+a+1,a3,a3+1,a3+a,a3+a+1,

Aot + 1,08+l o, +a+a+ 1}
and | Fyu |= 2% = 16. Now let f,h : Fys — Fyu satisfy
floy, w2, 23] = h(z1 + 22 + 23)

for any distinct o1, x5, 23 in Foa. We will use the same method asinthe case 3 <n < /-1
of the proof of Theorem 3.5 to show that f is a polynomial of degree at most 3 over

Fy4 as following.
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We choose 4 distinct elements in the form S := {0,1,a,a + 1} C Fos. By Lemma 2.9,
there exists a polynomial f(z) of degree at most 3 such that f(u) = fi(u) Vu € Sand
by Lemma 3.4, there exists a polynomial hy(z) such that fi[x1, 22, 23] = hi(z1 + 22 + 23)
for any 3 distinct x1, z2, 23 € Fau.

We set F(z) = f(z) — fi(z) and H(z) = h(x) — hi(z). Then

F[.’El,x27$3] = H(xl +.’E2 +.’E3)

for distinct elements z, 29, 23 € Fos and F(u) =0 for all u € S.
Substituting 3 distinct points 1, 22, z3 by

l,a,a+1,

0,a,a+ 1,

1,0, + 1,

1,0,0,

and applying 3-rd order divided-differences of F, we get

Fll,aq,a+1)=H(l4+a+a+1)=H(0)

0,
Fl0,o,a+1]=H0O0+a+a+1)=H(1) =0,
F[1,0,a+1]=H(14+0+a+1)=H(a)=0,

F1,0,0] =H(l14+a+0)=H(a+1)=0.

Next we will show that F(z) = 0 for all 2 € Fys. Substituting z;, z9, 23 by o? + 1,1, a2

and applying 3-rd order divided-diferences of F, we get

F(a®?+1)  F(a?)
a2 a2 +1

Flo® +1,1,0%] = H(0) = 0. (3.29)

Substituting x1, za, 23 by o +1,0,a? and applying 3-rd order divided-differences of F,

we get

1 2
Flo? +1,0,0°] = FEXO; ++11) + FE;‘ ) _ H(1) = 0. (3.30)

Solving the system equations (3.29) and (3.30), we get
F@*)=F(@®+1)=0

and consequencely we get

when we substitute x1, 22,23 by 0,1,0% + 1 and 0,1, o? respectively.
Similarly for F(a?) = F(a®+1) =0 and H(a®) = H(a? + 1) = 0.
Substituting xq, xo, x3 by

a,a2 +a,o¢2,
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aQ,a2+a3,a3,
oz,oz3+oz,oz3,

and applying 3-rd order divided-differences of F, we get

F 2
F[a,a2+a,a2]:(a7+2a):H(0):0,
(60t
F(a® +a?)
2 2 3 31 _ _ —
F 3
F[a,a?’—ka,a?’}:M:H(O):O.
a” -

SO F(a?+a)=F(a®+a) = F(a®+a?) =0 and consequencely H(a?+a) = H(a® +a) =
H(a® +a?) =0.
Next substituting z1, x5, z3 by

a2—|—a+17a—|—1,a2,

A +a+1l,a+1,0°,

4+ a?+1,02+1,05,

a3+a2+o¢,o¢2+a,a3,

and applying 3-rd order divided-differences of F, we get

Fla?+a+1)

2 21 = = =

Flo*+a+1l,a+ 1,0 = (a1 1) H(0) =0,

f Fla®+a+1)

Flo? 1 La*l=—————= =H(0) =

[Oé +a+ 705+ ,Oé] 043((Jé+1) (0) Oa
Fa®+a?+1

F[a3+a2+1,a2+1,a3]=MZH(O)ZO’
F 3 2

F[a3+a2+a,a2+a,a3}:W:H(O):O.

Soweget Fla’+a+1)=F@®+a+1)=F(a®+a?+1)=F(a®+a%+a)=0.
Last, substituting x1, 22,23 by o + o> + a + 1,0% + a + 1,o* and applying 3-rd order
divided-differences of F, we get

Fla®+a?+a+1)
ad(a?4+a+1)

Fla*+a*+a+1,0® +a+1,0% = =H(0)=0.

So F(a® +a? + a+ 1) = 0 and therefore F(z) =0 for all z € Fu.

Hence, f is a polynomial of degree at most 3 over Fa..

From the examples, we see that it is so easy if we use Theorem 3.5 with the
problem of divided-differences characterization polynomials.



Chapter 4
On r-free integers in Beatty sequences

In this chapter, we prove an asymptotic formula for the existence of r-free
numbers by using the result on the number of values in the Beatty sequences |an +
B], lan+B]+1, in an arithmetic progression in [16]. On such values of Beatty sequences,

we improve the equation (1.5) by using the ideas as in [14].

4.1 Auxilary lemmas

We need some lemmas here to prove our Theorems.

Lemma 4.1. For a fixed real y > 1, we have

pd)u(t) 2 “lte
; 2212 pg[me(lpg)+0(y *).

gcd(d,t)=1
dt<y

Proof. We have

A=y MO _ s~ p ) s pldalt)

d,t d*t? d,t d*t? dt> d?t?
; ) Y
gcdd(;i%t):l gcd(d,t)=1 gcd(d,t)=1

t<y

Let m = dt for gcd(d,t) = 1. By the properties of Mdbius function in [19, p. 61], we

have
pdp(t) _ - plm)d(m) _ d(m)
- d152>: d?t2 __mz;y m?2 _an; m?2 D
gcd(d,tgzl ‘ Y
So, we get

)

In view of Lemma 2.33, for € > 0, there exist a constant ¢. = 1 > 0 such that

Aiﬂ(’%(m+o(’§ dgr;)

m=1

Thus,

Since

— ., 14e
- y 9

’ E m72+5

m>y

— ‘/OO t2+e dt‘ < it
Yy

Yy
the error term of A can be replaced by

O(‘ Z m—2+e

m>y

)-o(+)
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and so, using also [19, Theorem 11.7, p. 231], we get

A= i p(m)d(m) —I—O(y_H'E)

m2

e
TR
SIS ]%) +o(y)

[]

Lemma 4.2. Let a > 1 be an irrational and with bounded partial quotients, 3 € [0, @),

let = be a positive real number.

(1) If A, g(z) denotes the number of quadruples d, ¢, u, v of positive integers satisfying

the conditions
v —d*u=1, d*u < az + 3, p/t < dt < 2?3, (a.1)
then

Ag p(z) < ax®/ie,

(I If By, g(z) denotes the number of quadruples d, ¢, u, v satisfying the conditions
20— d*u =1, d*u < azx+ B, dt > z2/3, (4.2)
then

Ba () < o?z?/3te,

Proof.  (I) For any fixed choice of positive integers d and t satisfying (4.1), the con-
dition d?u = —1(mod #?) fixes the value of v modulo #2. Thus, by conditions in
(4.1), the total number of possibilities for u is O(1 + (ax + 8)/d?*t?). By (4.1), the

value of v is fixed, for any given d,t,u. Then

Aaplz) < > (14 (az+B)/d*t)

zl/d<dt<az2/3
= Z 1+ Z (ax + B)/d*t?
wi <dt<az+p xi<dt§o¢x+ﬁ

> o)

I

N
.

g
-
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In view of properties in [19],

® anz T(n) = ana: Zd|n 1= anx 1<z log T,

¢ Ve W € 5 X, d(n) < (zloga)/a? < 27t loga;

n<x n?

we have

Ay plz) < (%x% logz + ix% logz + gx% logz + %x% logz + (az + B) log(ax + B)

N gCU% logm) N ((ax—i—ﬁ) logx N (az + B)logx N (ax + B)logx

23/4 rl/4 x2/3
log(ax + B)  (az + B)log(ax +B)  (az+ B)logx
+ x3/4 + ax + 3 x2/3 )

< (m2/3 log x) + (ax1/4 logz + az®/* logz + az'/? logz + log a:)
< (332/3 log x) + <0za:3/4 log x)
< 223 4 apd/iE (Taking z¢ > logz.)

< az®/ite,

(I) From (4.2), we have

wvd*t? < (ax + B) + (d*u)?
< (az +B) + (az + B)”

= (az + B)(ax + B+ 1),
whence

w < (az + B)(ax + B+ 1)/d*t?
< (azx + B)(ax + B+ 1)z 4/3
- (a2x2 + (208 +a)x + B2 + B)m_4/3
= a’2?? + (208 + a)z /P + (B + B)z~/?
< a?z?3,

for any quadruple counted by B, s(x). Therefore, the total number of choices

for u,vis
#{(ua v)‘uv < 01255%} = Z T(n) = o2zd Log(azx%) < olrite,
ngazm%
For any such choice of u,v, the number of solutions in d,¢ of the equation #2v —

d*>u =11is O(z7), see e.g. [27].

[]
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4.2 Main results

Theorem 4.3. Let o > 1 be an irrational number and with bounded partial quotients,
B €0,a). As x — oo, we have
. _ i (r+1)/2r
QT(xvaaﬂ) - C(T) + O( Log I‘)

Proof. Let x > 1, we write

Qr(w; 0, B) = Z IZZurQan—FBJ).

n<z
Lan4B]is r-free

Since, [26, p. 290], u"(n) = 324, 1(d), we get

r@a,B) =" Y u(d)

n<w dr|[an+p)

= Y uad > 1

1/r n<x
dg(aw-‘rﬂ) lan+B]=0( mod d7)

= > u(d) > 1+ > pu(d) > 1.

dgml/(QT') n<xz x1/(2r) <d S ﬁ) /r

n<x
Lan+B)=0( mod d") lan+B]=0( mod d")

In view of Lemma 2.17, we have

oud Y 1= Y (5 +0 og )

del/(Zr) n<x déxl/@r)

Lan+B8]=0( mod d")
- ¥ x’;(TdHo(Log% 3 dm(d))

d<z1/(2) d<z1/(2r)
w(d) 3 ’ ”
Z a + O(Log x Z d )
d<z1/(2r) d<z1/(2r)
= %T) +O(z" /2 logx) + O(x"+V/?" log® z).

We note that

DR D DU SN (ot

11/(2T><d§(az+ﬁ)1/T zl/(zr)<d§(az+ﬂ)1/r

< Logx‘ > %

xl/(27) <d<(()¢3¢+/3)1/’”

n<x
lan+B]=0( mod dT)

< z(z7)7 oga

< g/ og .
This proves Theorem 4.3. []
Example 4.1. Let 2 = 20,a = 1.4142, 3 = 0.4142 and r = 3. Then we have
lan+ 8] = {1,3,4,6,7,8,10,11,13, 14, 15,17, 18,20, 21, 23, 24, 25, 27, 28}.
So the number of 3-free integers in values of Beatty sequence |an + 3],<20 is

Q3(20; 0, 8) =17 = % = 16.6381.
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In the case of r = 2, we obtain the improvement of (1.3) in following corollary.

Corollary 4.4. Let o > 1 be an irrational number and with bounded partial quotients,

B €0,a). As x — oo, we have

Qa(x;0,B) = ﬁ +0(2**log’ z).

Example 4.2. Let z = 20, = 1.4142, 8 = 0.4142 and r = 3. Then we have
lan + Bln<20 = {1,3,4,6,7,8,10,11,13,14,15,17, 18,20, 21, 23,24, 25,27, 28}.

So the number of square-free integers in values of Beatty sequence |an + 3],<20 iS

20
Q2(20;,8) = 12 ~ —— = 12.1585.

¢(2)
Theorem 4.5. For o > 1 irrational and with bounded partial quotients, 8 € [0,a) and
sufficiently small e > 0, as # — oo we have

Z 1:H(1—]%)x+0(ozx%+slog3x).
P

n<z
lan+B], lan+B8]+1are square-free
Proof. For z > 1, let

Ty p(x) := Z 1.

n<z
lan+B], lan+8]+1are square-free

Since, [26, p. 290],

) 1 if nis square-free
> u(d) = p*(n) =

&2|n 0 otherwise

is the characteristic function of the set of square-free numbers. We get

Tas(@)=3 > wld Y w)

n<z d2||an+f] t?|lan+3]+1
= Y ) 3 1
d, t</az+p n<z )
gcd(d,t)=1 lan+B]=0 (mod d?)

lan+B]+1=0 (mod t?)

(X o+ X+ X > L

d, t<v/az+p d, t</az+p d, t<v/az+p n<lx
gcd(d,t)=1 gcd(d,t)=1 gcd(d,t)=1 lan+B8|=0 (mod d?)
dt<z'/* o'/t <dt<a?/? dt>ax?/3 lan+B]+1=0 (mod t?)

In view of Lemma 4.2, we have

Tapl@)= D wuldu() > 1+ O(az® %) + O(a?a?/3t9).  (4.3)
d,t</az+pB n<z
gcd(d,t)=1 [n¢]=0 (mod d?)

dt<z'/* [n°]4+1=0 (mod t?)
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By the Chinese remainder theorem, there is a positive integer ), unique modulo d?t?,
satisfying the congruence system A= 0 (mod d?) and A+ 1= 0 (mod #?). Thus,

> uldult) > 1= Y u(d)u(t) > L (44

d,t</az+pB n<z d, t</az+p8 n<z
gcd(d,t)=1 [n°]=0 (mod d?) gcd(d,t)=1 [n°]= o (mod d2t?)
dt<z'/4 [n¢]+1=0 (mod t?) dt<az'/*

Next we use Lemma 2.17, so that the right-hand side of (4.4) becomes

ST udyu() (% +O(d*#? log® m)). (4.5)

d, t<Vaz+p
gcd(d,t)=1
dt<z'/*

In view of Lemma 4.1, we have

r Y u(d)u(t)dTth “TI(i - 2)z+0(art+). (4.6)
d, t<az+p P p
gcd(d,t)=1
dt<z'/*

Using Lemma 2.33 to bound the error term in (4.5), we have

‘ S udu(t)d*? log® ;z:‘ < Y @rlog’s (4.7)

d,t</az+pB d,t</az+B

gcd(d,t)=1 gcd(d,t)=1

dt§11/4 dt§I1/4
< log?’ x Z m2d(m) (4.8)
m<gl/4

< zitelog’ z. (@.9)
Theorem 4.5 follows from (4.4)-(4.9). []

Example 4.3. Let z = 20, = 1.4142, 3 = 0.4142 and r = 3. Then we have

lan + B n<o0 = {1,3,4,6,7,8,10,11,13, 14, 15,17, 18, 20, 21, 23, 24, 25, 27, 28};

lan + Bln<ao +1 = {2,4,5,7,8,9,11,12,14, 15, 16, 18,19, 21, 22, 24, 25, 26, 28, 29}

In here, we see that the number of n for which the values of Beatty sequences |an +

Bln<20 and [an + Ba<20 + 1 are square-free integers, is

2
6~ ] - ?) .20 = 6.58731.
p



Chapter 5
Conclusion

In this chapter, we will summary the results in this dissertation that consists of
two parts, the first part is about the characterization of divided-differences polynomial
over finite fields of characteristic two and the second one is about r-free integer on

Beatty sequences.

In the first part, let n € N with n > 3, and let Fy. be a finite field of characteristic
2 with cardinality 2¢ > n, £ € N, ¢ > 2. For definiteness, we represent the elements of
FQ[ by
ap+ara+ -+ a1, a; € {0,1} (0<i</l-1),
where « is a root of an irreducible polynomial of degree ¢ over GF(2) = {0,1}. The

divided difference on n distinct points of a function f : Fye — Fy may be defined

inductively as follows:

floa) = f(ar),  flon, @] = W
and forn > 2
flza, . zn] = f[xl’ - ’$”$*11}+';7{[x27 e 7$n]7

for n distinct zy,...,z, in Fy. Then we get:

1. If x1,..., 2,41 are distinct elements of a field Fye then for any cq,...,cni1 iN Fo
there exists a unique polynomial f over F,, of degree at most n, such that

flzj)=cjforj=1,....,n+1.
2. Every function f : Fye — Fy is equal to a polynomial of degree at most 2¢ — 1.

3. It is easy to verify that

71‘”] B H?:l (1‘1 + l‘l) + H?:l ($2 + in) + + HTiL:1 (l‘n + l‘i)’

i#1 i#2 i#n

f[l’h...

for distinct z1,..., 2, in Fye.

4. Let Fye be a finite field of characteristic 2 with 2¢ > n and let f : Fye — Fyr defined
by function f(z) =2 (k=0,1,...,2° —1). Then

vy )
oveneod =Y e s = i o
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for all distinct =1, ..., 2z, IN Fae.

In particular

0 ifk<n-2

n 1 fk=n—-1
anlxz—kx])_ 1+ 29+, fk=n
Z it xlxle if k>

i1 tin=k+1—n

5. It is known that if f is a polynomial of degree n > 1 with coefficients in Fy,
f(@) = apa™ + ap_12" 4+ ag,

then
f[xlw'wmn] :an(m1+-~-+xn)+an,1,

for distinct z1,..., 2, in Fye.

6. If g(z) = anz™ + an_12" "t + -+ +ap € Fylx] is @ polynomial of degree n with
1 <n < 2Y—1, then for any n distinct elements z,...,z, in Fy, there is a linear

polynomial hy(x) := anz + a,—1 such that
gler,. . xn] = hg(er + - + ).

7. (Main result.) Let n be an integer, n > 3, and let Fy be a finite field of char-
acteristic 2 with |Fy| > n. Let f and h be functions over Fy. Then f and h
satisfy

flz1,. o zn] =h(zy + -+ ) (5.1)
whenever z,...,z, are distinct elements of F,. if and only if f is equal to a

polynomial of degree at most n over Fy::
f(SC) =a,z" + an_lo:”ﬂ + -+ ap.

So we have fulfilled our first objective that make the whole picture of the divided-

differences characterization of polynomials problem complete.

In the second part, let r be a fixed integer > 2. A positive integer n is called
r-free if in the canonical representation of n into prime powers each exponent is < r.
By convention, a 2-free integer is called square-free. Let Q,.(x;a, 8) be the number of
r-free integers of Beatty sequence |an + 3,1 < n < z, for a > 1 irrational and with

bounded partial quotients, 8 € [0, ). Then we have:

1. For a > 1 irrational and with bounded partial quotients, 3 € [0,«), and positive
integer d > 2,0 < a < d, we have

> 1:§+O(dl0g3x) as z — oco.

n<wx

Llan4B]=a( mod d)
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For growing difference d the result is non-trivial provided d < /z log xz, for

e > 0.

2. For each ¢ > 0, there exists a constant C. > 0 such that for all n > 1 we have

d(n) < C.nf.

3. For a fixed real y > 1, we have

p(d)p(t) 2 “lte
Z v e H (1—E>+O(y 1+),

d,t p prime
gcd(d,t)=1
dt<y

4. Let a > 1 be an irrational and with bounded partial quotients, g € [0,«), let z be

a positive real number.

o If A, 3(x) denotes the number of quadruples d,t,u,v of positive integers

satisfying the conditions
t?y — d?u = 1, dPu < ax + 8, 24 < dt < 932/37

then

A p(z) < az®/*te,
e If B, g(z) denotes the number of quadruples d, ¢, u, v satisfying the conditions
20 — d?u = 1, d2u <ax+ 5, dt > zz/s’

then

B p(z) < a?a?/3+=,

5. Let @ > 1 be an irrational number and with bounded partial quotients, 8 € [0, «).

As x — oo, we have

T

¢(r)

6. Let a > 1 be an irrational number and with bounded partial quotients, 2 € [0, «).

Qu(w; 0, B) = —— + O/ log 1),

As x — oo, we have

Qa(w;0,8) = ﬁ + 0¥ log x).

7. For a > 1 irrational and with bounded partial quotients, 3 € [0, «) and sufficiently
small e > 0, as = — oo we have

Z 1:H(1—§>:€+0(aaj%+€l0g3x>.
P

n<z
lan+8], lan+B]+1are square-free
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A divided-difference characterization of polynomials over finite
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Abstract. For a finite field F of characteristic 2, an integer n > 3, and for a function f : F — F,
if there is a function h : F — F such that the divided difference f[z1,...,2z»] on any n distinct
elements of F satisfies f[z1,...,2n] = h(z1 + -+ xy), then f is a polynomial of degree at
most n over F. This makes earlier work of Davies and Rousseau complete.
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1. Introduction

For a field F, the divided differences [5] on distinct points z1,z2,x3,... in F
of a function f :F — [F are defined by

flar] = F@1),  flan ) = L) =S @2),

T — T2
and inductively for £ > 2 by
flons. o] = fle, - Te—1] —f[ac2,...,ack]’
Tr1 — Xk

keeping in mind that the divided differences are well-defined so long as there
are enough distinct elements to do so. It is not difficult, using [6, Lemma 1],
to see that if f(x) := a,2™ + -+ + a1z + ap € F[z] is a polynomial of degree
n € N, then

flz, -y xn] = an(zy + -+ ) + an-1, (1.1)
i.e., the divided difference on n distinct points x1,...,z, of a polynomial of

degree n can be expressed as a function in x; + --- + x,. Then there arises
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the question whether the converse of this result is true, i.e., if there exists a
function h : F — F satisfying

flor, . mn] = h(z + -+ 2n) (-h)

for any n distinct points x1,...,z, in F, is f necessarily a polynomial of degree
at most n over ' 7 We refer to this question as the DDCP (divided-difference
characterization of polynomials problem).

The case where n = 2 and F is a field of characteristic # 2 was solved by
Aczel [1] in a more general form. Bailey [3] solved the DDCP in the case where
f is a differentiable function, F =R, n = 3. In 1994, Schwaiger [6] solved
the DDCP when n > 2, F is any field of characteristic # 2 with cardinality
> 8(n — 2) + 2; at the end of his paper, he mentioned that the bound can
be reduced to 6(n — 2) + 2. Andersen [2] solved the DDCP when F = R and
n > 2. Finally, Davies and Rousseau [4] resolved the DDCP for n > 2 with
F any field of characteristic # 2. In the appendix of their paper, Davies and
Rousseau also proved that the DDCP holds for F = GF(2) and GF(4), finite
fields of order 2 and 4, respectively, but fails for fields of characteristic 2 with
cardinality > 4. The case of GF(2) is easily disposed of because every function
is a linear polynomial (see e.g. Corollary 2.2 below). For the case GF'(4), since
every function is a polynomial of degree < 3, they show that no polynomial of
degree 3 satisfies (f-h) for n = 2. As to the case where F is of characteristic 2
with cardinality > 4, they constructed a counter-example to the DDCP when
n=2.

The objective here is to show that the counter-example of Davies-Rousseau
is exceptional in the sense that for all n > 3, the DDCP holds for any finite
field of characteristic 2 with cardinality > max(n,2?). This makes the whole
picture of the DDCP complete.

Our main result is:

Theorem 1.1. Let n,{ € N with n > 3 and £ > 2, and let F be a finite field
of characteristic 2 with cardinality 2¢ > n. Suppose that functions f,h : F —
F satisfy (f-h) for any distinct points xy,...,x, in F. Then f is equal to a
polynomial of degree at most n over F.

2. Lemmas

Throughout the rest of the paper, let n € N with n > 3, and let F be a finite
field of characteristic 2 with cardinality 2¢ > n, £ € N, ¢ > 2. For definiteness,
we represent the elements of F by

ap Fara+---+arat a;€{0,1} (0<i<r-1), (2.1

where « is a root of an irreducible polynomial of degree ¢ over GF'(2) = {0, 1}.
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We collect now some auxiliary results, the first of which is the well-known
interpolation theorem.

Lemma 2.1. [7, Section 5.3, pp. 86-89] Ifz1,...,Zm+1 are distinct elements in
a field, then for any cq, ..., cm+1 @0 this field, there exists a unique polynomial
f over the same field of degree at most m such that f(z;) = c¢; for j =
1,....m+1.

Lemma 2.1 immediately yields:

Corollary 2.2. Every function f : F — F is equal to a polynomial of degree at
most 2¢ — 1.

The next lemma is a well-known identity connecting divided differences
with Lagrange interpolation polynomials.

Lemma 2.3. [6, Lemma 1] Let xy,...,x, be distinct elements in F, and let
f:F—TF. Then

flz, -y xn] = Hfé;%,
=1 Lk \ "7 k
where the product [, is taken over k € {1,...,n} with k # j.
In particular, taking f(X) =Xt (t=0,1,...,2° — 1), we have
0 ift<mn-—2,
X'z, 29, 2] =1 1 ift=n—1,
r1+xo+ - +x,m ift=n.

(id)

Our last lemma is a formal statement of the remark following (1.1).

Lemma 2.4. If g(z) = a,z" + ap—12" ' + .-+ + ag € Flz] is a polynomial of
degree n with 1 < n < 2¢ — 1, then for any n distinct elements 1, ..., %, in
IF, the linear polynomial hy(x) := apx + an—_1 satifies

glzr, .. xn] = hg(z + -+ z0).

(The polynomial hy is henceforth referred to as the n-th order divided-difference
of g.)

3. Proof of Theorem 1.1

We fix n and ¢ and the field F. The candidate polynomial is constructed ex-
plicitly by Lagrange interpolation using data at m 4 1 specific points, the
data points including 0 and the first ¢ generators o’ when n > £, supple-
mented as necessary, and otherwise using 0 and the first n — 1 generators when
3 < n < {—1 (the harder case) with a single supplement. The role of generators
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is unsurprising, but the choice of the sum of the generators 1+ a + - - - + a2

as the supplementary point in the harder case is key to allowing certain sums
to vanish thanks to the characteristic being 2.
For notational convenience, we write

Z S = Z sfor SCF
seS
and denote by [F]=" the set of all the distinct n-tuples in F.

3.1. First case:n > ¢

Let n =041 (< 26) with 0 < r < 2¢ — /. Choose by, ..., b, distinct from 0 and
from the powers o for i = 0,1,...,¢ — 1, omitting this step if r = 0. Put B :=
{b1,...,b.} (unless r = 0 in which case B =0), G :={a’:i=0,1,...,0—1}
and S = G U B, which has n members. Define a polynomial f; of degree n by
setting

fis) = [f(s) for s € S, f1(0) = f(0),

whose existence is guaranteed by Lemma 2.1.
Let hy be the n-th order divided difference of f;. Take

Fl Z:f—fl andH1 I:h—hl.

Then
Fl[X] = H, ($1 +"'+$n) = H, (ZX) (X = {xl,...,a}n} S [F]:”)a
Fi(s)=0 (seSu{0}). (3.1)

We show that this last equation extends to the span of G and hence to all of
[F in this case.

Proposition 3.1. Suppose £ < n < 2t Then foralll <k<fl—1and0<iy <
s <y < 0 — 1, we have

and so f = fi.

Proof By induction. The case k = 1 is immediate from (3.1). Suppose the
result is true for k—1 summands. Consider the sum a® +- - -+a®. As F; (b) = 0
for b € B, without loss of generality, we may assume that o’ + .-+ a'* ¢ B.
Suppose first that a® + -+ + o' ¢ B. Then

X =8\ {a", a2} u{a™ 4+ - - +a'* a4 - +a'*}
has cardinality n. Since the characteristic is 2, we have

(@ 4+ +a™) + (a2 4 4 a'*) = o,
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from which it follows that
AX) = (3 X) = (0+ 35\ {a"))
= A[{0} U S\ {a”}] =0,

by the interpolation formula (id), since Fi(s) = 0 for s € S U {0}. But by
Lagrange’s interpolation Lemma 2.3, for some non-zero A, i, As, we have

RX]=AF(@" +- 4 a*) + pFi(a” +-+a™ )+ > AFi(s)
S\{ai1,ai2}
= AFy (o + - F ar), (3.2)

since Fy(s) = 0 for s € S and by the inductive hypothesis F; (a2 +- - +a'F) =
0. So by (3.2), Fi(a™ + -+ +a’) =0, in this case.
Now suppose that b := o’ + --- + a'* € B. Then

't 4+ a’ =a" b
Take
X = S\{a“}u {ail +~-+aik} =S\ {a"}U {of1 +b}.
Then X has cardinality n, since a®* + --- + o' ¢ B. Then again since the

characteristic is 2, we have
DX =) S\{b,

and so
Bx] = H (3 X) = (0+ 38\ {5}) = R[{0}us\ {b}] =0,

again by the interpolation formula of Lemma 2.3, since Fi(s) = 0 for s €
S U{0}. This completes the induction. O

3.2. Second case: 3 < n < /f—1

An argument similar to that of Proposition 3.1 can be repeated by taking
G:={a':i=0,1,....,n—2} and S = G U B with B := {b} where b :=
1+ a+--+a" 2 sothat S has n members. With these choices, define a
polynomial fo of degree n by setting

fa(s) = f(s) for s € S, f2(0) = £(0).

Let ho be the n-th order divided-difference of the polynomial f5. As before
take

F2 ZZf—fg anng 2:h—h2.
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Then again
F|X] = Ho (Z X) (X e [F]="),
Fy(s)=0 (s e SU{0}).

This only yields F5 = 0 on the the span of G. Note that Y .S = 0.

Proposition 3.2. Suppose 3 < n < € —1. Then for alll < k < n—2 and
0<iy <+ <ip <n—2, we have

Fy(a™ + -+ a') =0.
Proof By induction. As before, the case k = 1 is clear. Consider ot 4 - - - +a'*
with k& > 2. The set
X =8\ {a", a2} u{a" 4+ -+ a* a2 +---+a'}
has cardinality n. As before
(@ 4 4 a™) + (@ 4+ +a') =a",
but now > S =0 and so
d X =) 5\{a"?} =a",
from which it follows that
Fy[X] = Hy(a™) =0,

provided is < n — 2. Again for non-zero coefficients A, u, \s by Lagrange’s
interpolation Lemma 2.3, we have

BX] = Ay (™ + - 4 o) + pFa(a® + -+ a') + > AF(s),
seS\{a’l,ai2}

and so again by induction Fy(a't + -+ + ') = 0. O

As a first step in extending Proposition 3.2 to all of IF we show the following:

Proposition 3.3. We have Fy(a?) =0 forn—1<j </ —1.
Proof. For n > 4, Hy(a?) = 0, by Proposition 3.2. In this case take
X:={a?, 0 +1+0a,00US\ {1,a,a%},
which has cardinality n, and so
0 = Ho(a?) = B[X] = AR [od] + uFslod + 1+ al.
Here, by the formula (id), A = 1/(a?A), un = 1/((a’ + 1 + «)B) with
A=(1+a)(a +a%)--(af +a"?)(a? +b) #0,
B=(1+a) (! +1+a+a®) (o +1+a+a" (! +1+a+b)#0,
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the other terms vanishing as before. The set
X ={, 0 +1+a}US\{1,a}
has cardinality n, so a second equation connects Fh[a’] and Fyla? + 1 + af:
0= Hy(0) = Fp[X'] = N Fa[o?] + uFsla? + 1+ a]
where ' =1/((a? + a?)A), 1/ =1/((a? + 14+ a + a?)B). It is readily verified
that A/ — N p # 0, since o? + o # 0, and so Fy[o?] = Fy[a? +1+a] = 0.
When n =3, 5 ={1,a,b} and b =1 4 «. Take
X :={al,a? +b,0};
now Hs(b) = 0 and F5(0) = 0, so as before
0= Hy(b) = F5[X] = AF2[o] + pFalo + ],
where A = 1/(a’b), u = 1/((a? + b)b). Take
X' ={a?,a’ +b,b},
so again
0= Hy(0) = K[X'] = NF[al] + i/ Fala? + 1]
where X' = 1/(b(a/ 4 b)), ' = 1/(a’b). It is easily verified that A’ — N # 0
and so Fy[a?] = Fyla? +b] = 0. O

Proposition 3.4. Forn—2<j </{—1 and any a; € {0,1} for0 <i<j—1,
we have

Fy(a? + a0’ -+ ag) = 0.

Proof By induction. Write y; := o/ + aj_1a771 + -+ + ag. The result holds
for j = n — 2 by Proposition 3.2. We make the strong inductive hypothesis
that for n —2 < j < k — 1, we have Fy(y;) = Ha(y;) = 0. We put T; :=
aj,laj_l + -+ ap.

We are to show that Fy(yx) = Ha(yx) = 0. As ap € {0,1}, the strong
inductive hypothesis gives Ho(T}) = 0. Assume that n > 3 and suppose first
that T}, ¢ S U {0}. Here take

X:=5 \ {1,0&,0&2} U {y/w@ka I+a+ 042}>
which has cardinality n. Since yi, + a* = T}, we have
0= Hx(Ty) = F2[X] = AF2(yk),

the latter since Fy(a®) = 0 (Proposition 3.3) and since Fy(s) = 0 for s € S,
whereas F5(1 + a + a?) = 0, by construction.

Now suppose that T, € SU{0}. Then as Fy(s) = Ha(s) =0 for s € SU{0},
again F5[X] = 0, and so by the interpolation Lemma 2.3, F5(yx) = 0, since
F>(yx—1) = 0.
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If n = 3, take X := {yy, a*,0}, and again
0= Hy(Ty) = F2[X] = AFa(yk).
Finally, since
X' =S\ {l,a,0®} U{y,0,1+ a+ a?}
has cardinality n and F5[X'] = 0, by the interpolation Lemma 2.3, we have

0= F[X'] = Hy (Z X’) = Ho(yp).

This completes the induction up to j = ¢ — 1. O

Taking Propositions 3.2 and 3.4 together, it follows that Fy(z) = 0 for all
rz el

Final remark. The proof given above also works when n = 2 and F has
cardinality < 4 (considering the case n > ¢) which offers another proof of a
Davies-Rousseau type result.
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Abstract
Let r > 2 be a fixed integer. A positive integer n is called r-free if in the canonical
representation of n into prime powers each exponent is <r. The integer 1 is con-
sidered to be r-free. In this paper, we consider Q,(x; «, §), which is the number of r-
free integers of Beatty sequence |an + ff], 1 <n<x, for o > 1 irrational and with
bounded partial quotients, 5 € [0, ). We prove that, as x — oo

0,2, p) = =

£(r)

which improves Victorovich’s result in the case of square-free integers. Moreover,
we also prove there exist infinitely many consecutive square-free numbers of the
forms |on + B], |an + B + 1, which improves Dimitrov’s result in 2019.
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1 Introduction and results

Let r be a fixed integer > 2. A positive integer n is called r-free if in the canonical
representation of » into prime powers each exponent is <r. By convention, a 2-free
integer is called square-free. The problem for the existence of square-free numbers
in the Beatty sequences arose in 2008. Gtiloglu and Nevans [8] proved that

X xloglog x
=gy ol(ke).
2 1@ O\ loga

n<x
|om |is square—free

where o > 1 is irrational number of finite type. In 2009 Abercrombie and Banks [1]
showed that

Z 1 :ﬁ—l—O(szlogN),

n<x

|on]is square—free

for almost all o > 1. Recently in 2013 Victorovich [9] showed that

Z I:L%-O Axs/élogsN ,
by i Ol ) .

|om |is square—free

where o > 1 is irrational number with bounded partial quotient or irrational alge-
braic number. Here A = max{t(m), 1 <m <x?}.

In this paper, we give other asymptotic formula for this problem by using the
result on the number of values of Beatty sequence |an+ |, in an arithmetic
progression in [3]. We obtain the following results.

Theorem 1 Let o > 1 be an irrational number and with bounded partial quotients,

B €0;0). As x — oo, we have

O,(x;a, ) = % + O™/ log? x).

In the case of r = 2, we obtain the improvement of (1) in following corollary.
Corollary 1 Let oo > 1 be an irrational number and with bounded partial quotients,
B €0;0). As x — oo, we have

X
O (x;0,B) =—=+0 /4 1log? x).
(5. ) = 35 + 0L g

T Birkhduser
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The consecutive square-free numbers is an attractive problem. The distribution of
the consecutive square-free is studied by many authors (see [4, 10, 11]). In
particular, the existence of infinitely many consecutive square-free numbers of the
form |f(n)|, |f(n)] + 1 is also studied. In 2018 Dimitrov [5] proved that for any
fixed 1 <c<7/6, there exist infinitely many consecutive square-free integers of the
form |n°], |n°] + 1 by showing that

! 2 o, 7
Z IZEIH)(I—I?>X+0(XX £>7 f0r1<C<g.

x/2<n<x

[n¢], [n¢]| + 1are square—free

(2)

Very recently, Tangsupphathawat, Srichan and Laohakosol [13] improved the range
of ¢ and the error term in Dimitrov’s work in (2) and showed that, for 1 <c<3/2,
and sufficiently small ¢ > 0, we have

Z 1= H (1 —p%)x—l— O(xhzl*s) (x — o0).

n<x p

[n¢], |n¢] + 1are square—free

On the other hand in [6] Dimitrov used the method of Victorovich [9] to showed that
for o > 1 be irrational number with bounded partial quotient or irrational algebraic
number,

Z I:H(l—]%>x+0(x%+8).

n<x p

(3)

lon|, |on] + 1are square—free

To improve (3), we use the similar idea as in [13] and we obtain the following
theorem.

Theorem 2 For o > 1 irrational and with bounded partial quotients, f € [0; ) and
sufficiently small ¢ > 0, as x — 0o we have

2 3

Z 1:H(17—2)x+0(ocx3”10g3x).
P

n<x I3

lon + B], on + B] + 1 are square—free

2 Lemmas

The following lemma is the result of Vladimirovich and Victorovich [3], which is
the main ingradient of our proof.

Lemma 1 For o > 1 irrational and with bounded partial quotients, f§ € [0; ), and
positive integer d >2,0<a<d, we have
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Z 1:2+0(d10g3x) as x — 00.
n<x

lon + B] = a(mod d)

For growing difference d the result is non-trivial provided d < /xlog™3/?7¢

e>0.

x, for

We will use the following upper bound.

Lemma 2 ([12, Exercise 9, p. 50]) For each ¢ > 0, there exists a constant C, > (0
such that for all n>1 we have

d(n) < Cgn.

Lemma 3 For a fixed real y > 1, we have
pu(d)p(t) 2 -
Z 22 H (1 __2) +0(71").
d7 t p prime p
ged(d,t) =1
dt<y

Proof We have

) udu(r) T u(d)p(r) 3 pu(d)u(t)
d

d*r? d’r? d’r?
d,t ot dt >y
ged(d,t) =1 ged(d,t) = 1 ged(d, 1) =1
dt<y

- E ()

t
ged(d 1) =1

In view of Lemma 2, the error term can be replaced by
o(| Som )=o),
m>y

and so, using also [2, Theorem 11.7, p. 231], we get
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dZ, #(ZQZ(’) _ iu("%(m) N O(yfm) _ 1;[ (1 71%) n 0<y71+s>.
ged(d,t) =1
dt<y

O

Lemma 4 Let o > 1 be an irrational and with bounded partial quotients, 5 € [0; o),
let x be a positive real number.

(I) If A,p(x) denotes the number of quadruples d, t, u, v of positive integers
satisfying the conditions

v —du=1, Pu<ax+p,  M<di <3P, (4)
then

Aoc,ﬂ (x) < m3/4+£.

(@M If B,p(x) denotes the number of quadruples d,f, u, v satisfying the
conditions

v —diu=1, du<ox+p, dr > 13, (5)
then

B%/j (x) < a2x2/3+s.

Proof (I) For any fixed choice of positive integers d and ¢ satisfying (4), the
condition d’u = —1(mod #*) fixes the value of ¥ modulo 7>. Thus, by conditions in
(4), the total number of possibilities for u is O(1 + (ox + B)/d*t*). By (4), the value
of v is fixed, for any given d, ¢, u. Then

Aup(r) < ) (1 (o + B)/d*) < P30 oA ol

x4 <dt < x2/3

(I) From (5), we have uvd®t* < (ax + B)(ox + B + 1), whence uv < (ox + f8) (ox +
B+ 1)x~*/3 for any quadruple counted by B, 4(x). The total number of choices for
u, v is therefore bounded by O(«2x*3+%), by a divisor argument. For any such

choice of u, v, the number of solutions in d, ¢ of the equation 2y —d*u=1is o(x%),
see e.g. [7]. O

3 Proofs

Proof of Theorem 1 Let x > 1, we write
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Or(x; 0, B) = Z 1=Z,u’<[ocn+ﬁj>.

n<x n<x

lon + f]is r—free

Since, [12, p. 2901, ' (n) = >_ 4, 1(d), we get

Qr(xo,p)=>_ > u(d)

n<xdr||an+p)

= Y ud) > 1

d < (ox+p)'" n<x
lon 4+ f| = 0(modd")

= > wd > 1

d<x@) n<x
lon + f| = 0(modd")

+ u(d) Z 1.

x1/@) <d < (ax+p)" n<x
lon + ] = 0(modd")

In view of Lemma 1, we have

> wa) > 1= Y w@)(5+0(d log'v)

del/(Zr) n<x dgxl/(z’)

lon + S| =0(modd")

d < x1/@) d<x!/@n)

= 4 O(x(r+l)/2rlogx) + O(x(r+l)/2r 10g3x).

We note that
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u(d) > 1
X/ <d < (ax+p)"" n<x
[on + 8] = 0(modd")
X
< logx‘ Z 7 < XD/ og x.

X0 <d < (ax+p)V"
This proves Theorem 1.

Proof of Theorem 2 For x> 1, let

T,p(x) == > 1.

n<x
lon + B], [on + ] + 1 are square—free

Since, [12, p. 290],

> uld) = (n) =

d?|n

1 if n is square-ree
0 otherwise

is the characteristic function of the set of square-free numbers, we get

Tp) =Y > wd Y )

n<x d?||oan+] 2| |an+p]+1
S ) 3 1
d, t<+oax+pf n<x
ged(d, 1) =1 lan + B] = O(mod d?)

lon+ B] +1 = 0(mod t?)

(x + ¥
dt<Vox+f dt<ox+p
ged(d,t) =1 ged(d,t) =1

dt§x1/4 )61/4<dt§)cz/3
> @) > L
d, t<\ox+f n<x
ged(d,t) =1 lan + B] = 0(mod d?)
dt > x*/3 lon+ B + 1= 0(mod t?)

In view of Lemma 4, we have
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Tuplx) = > u(d)u(z) > L+ O(?/*+) 4 0(o227 7).
d, t<+yox+f n<x
ged(d, 1) =1 |n¢] = 0(mod d?)
dr <x'/* [n¢] +1 = 0(mod t?)
(6)
By the Chinese remainder theorem, there is a positive integer 4, unique modulo d?#?,
satisfying the congruence system 4 = 0O(mod d?) and 4+ 1 = 0(mod t*). Thus,
S w@u) ) 1
d, t<+ox+f n<x
ged(d,t) =1 |n¢] = 0(mod d?)
dr <x'/* |n°] +1= 0(mod t?)
(7)
= > wdp) > 1.
d, 1< Jox+p n<x
ged(d, 1) =1 |n¢] = o (modd*s)
dr < xl/4

Next we use Lemma 1, so that the right-hand side of (7) becomes

Z u(d)pu(t) (# + O(d*#* 1og’ x)) .
d, 1 <\/ax+p
ged(d 1) =1
dt §x1/4

In view of Lemma 3, we have

ged(d,t) =1
dr < x'/*

Using Lemma 2 to bound the error term in (8), we have

Z d*Plogdx < Z m? log® x < i log’ x.
d, 1<\ox+p mS e
ged(d, 1) =1
dr <x!/4

Theorem 2 follows from (7)—(10). (|

T Birkhduser



On r-free integers in Beatty sequences Page 9 of 10 28

4 Final remarks

Following the referee’s report, since Dimitrov [5] proved in 2020 that there exist
infinitely many consecutive square-free numbers of the form |ap|, |ap]| + 1, where
p is a prime and o > 0 is an irrational algebraic number, the referee asks, following
the spirit of the above work, whether there exist infinitely many consecutive square-
free numbers of the form |op + S|, |ap + ] + 1, where p is a prime, « > 0 is an
irrational algebraic number and f € [0,). In a preliminary attempt, the authors
proceed with the same approach as above by considering the sum

Yo lp+BNE(op+ I+ =" Y wld) Y )

psx PEX & op+p) 2| Lop+Bl+1
=Y s > L
dit<oax+ f p<x
d,r)=1 loap + B] = 0(mod d?)

lop + B +1 = 0(mod t?)

Using the Chinese remainder theorem, the last sum reduces to

> 1.

p<x
lop + B] = o(mod d*t?)

It is this sum that the authors have not yet been able to obtain an asymptotic formula
which will allow us to make a suitable sub-division of the range of df so that
Lemma 4 is applicable. However, this attempt positively suggests the following:

Conjecture there exist infinitely many consecutive square-free numbers of the form
lop+ B, |oap + B] + 1, where p is a prime, o> 0 is an irrational algebraic
number and f§ € [0, o).

We wish to thank the referee for his/her careful reading of the original
manuscript, his suggestion and advice.
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