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Abstract

Hypercube (HO) networks (N = 27) provide efficient communication for parallel and
distributed computing but the HC-based multi—processor (MP) system is costly and not
scalable, while hierarchical hypercube (HHC) networks (N = 27, n = 2" + m) are less
expensive and more scalable for the MP systems but the HHC-routing easily conflicts.
Recently, one effective solution for the conflict on the HHC-MPs was the node-disjoint
path routing between (S, D) nodes but that solution was available for reliable routing with
S (source) = 0. However, the realistic HHC-MP systems require the arbitrary-S routing
without conflicts for the efficient parallel processing. Later 2013, parallel reliable N2N
(node-to-node) routing was proposed for k <[ (m+1)/2 nodes, while the HHC-MPs should
support k > [(m+1)/2]. Thus, the first innovation-and-contribution of this study is a new
generalized node-to-node (N2N) shortest-path routing from source nodes S to destination
nodes D as well as the original parallel N2N SP-routing, proposed with forward and
backward reordering algorithms in O(uf?) for embedding on the HHC-MPs, where |u] is
Hamming-distance between S-and-D. Next contribution is the optimal ATAPE (all-to-all
personalized exchange) communication, which is embedded for parallel N2N-SP functions
(k) on the HHC-MPs, where k < 27/2"! where n = 2™+m and M = 2™ Next contribution,
GCD (Grouping of Cross Dual-cube) partitioning and GCS (Grouping of Cross Sub-cube)
combining are presented for multiple-task mapping without conflicts on 2" independent
groups in order to achieve the triple-right assignment (right task, right partition, right time).
Finally, a reconfigurable tree-structure to recognize the GCD and GCS patterns
systematically for efficient processor allocation and deallocation on the HHC-MPs. The
experiment was conducted to evaluate our conflict solution by applying the ATAPE
communication. The result confirmed that there were no conflicts on the GCD-and-GCS
mapping for the 100% HHC-utilization.

Keywords: Generalized parallel shortest-path routing; Optimal ATAPE (All-to-All personalized
exchange); Reconfigurable Binary Tree for task scheduling on HHC; Hierarchical hypercube
networks (HHC).
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ANNANNATIUAEY BnNedaivuinvatduruANdNaInATeUNY waglnuaAnNS TNz aY
A [ A 1 £ A (% d‘ ! 1
ApluisnsluanniaTedne HC undn luvaeiisessuanuaruisalunisiweudeniiy

Uszaranaladnwiuun fadidneiotny HHC avdunenauaudimuveslaasfaulilauin



wazaisldlusaiignnd udedesne HHC ddeddnandamnisvuiuvesdeya (Data
Collision) TuszninsmsansedeansiieuaniudsuteyaszninemeUsziana lnslanz
og9e Yeymaziintules LﬁaéfamaﬂLﬂﬁauﬁaaﬂaizijmmm NUIYUTZUIAHANTOU
fu e TusmAdedasden “nmsvuiurestoya” 1 “nsaudsiu” (Conflict)
nndamnistaudsiiinduldie vliaietne HHC fitnauslifeduduwuu Tud
a.el. 1994 liansnsodiunldauld fafulud aa. 2007 WdinsAnuifeuazonnuuy
Wunsnsieansaetomne andunianils S (Source) g8nanemiawidls D (Destination)
dWoiuanuindedelunisuanidsudeyasenitamiieUssaianavuiaietiny HHC wa
nsAnwlunsdu anunsoudtymdnudstananld uiiBnisivuauedildauysal wsed
FodriafifeFuiivunig 5= 0 witu dewlud a.a. 2013 TlinsAnwuazeonuuuduma
15013 (S, D) WUUBLIL (W30 (S, D) a8g) 91U k Wdumadiumnsinsfuiilofiuaa
UnFefiolumsfoasdoyauuuvuiu Buguain k fums WU k Yaremauvuruu Taed
k <[(m+1/2] agaelshmulumsufuf w3etie HHC azauisaldaulaass drawise
uityministaudesneg fenaiatuldlussndnisiodedearsuaniudsudeyauuuuny
warAsTRsiUTTULgssuaTvaltuls fie k> [(mr1)/2] Taglifinnsdaudstu saudanns
Bonldidunsitduiian ionisinsedearsiitussansnmilandas
muATeluinerinugadull SuhauensinuniteusTyminstauduuniodne

Y Aa

HHC ialvaruasauasedte HHC unldldassluszuu MPs laafinnshnsadodnsiiie

uaniasuteyaazsesannsadonldidumeiiduiian wezuszgndldldaidunisduiunis
nandsudeyauuvesa-y-seameasdulialad (Alto-All Personalized Exchange : ATAPE)
Fuduilsidunisindedemsiinseunquiteulivatnvans Maunsadszyndldifionadeunis
Aoansuvuruuitlidaudsluineinusatioll feddu ATAPE Aondldlunsduiunisuuy
yuuiiszansaniigalunisdeasuaniasudeya uazgninuszendldegraniiawng
Tunuuuvruwiagey Tng ATAPE Wunisinsiofioansszwinemiieuszanana (V) 7inn9
nhgUseiang mmsadvﬁammﬁLLmﬂsmﬁ’u”LUé’mﬂmeizmamaﬁm TomFouiu 1lu
$1uru N souU wenwdiatuitannsauseyndld ATAPE Tilanss 1y msmswdlnamsing
LUUVUIU (Parallel Matrix Transposition) maLLﬂamﬁLsﬁaﬂNL%’JLLUWmu (Parallel Fast
Fourier Transformation) tdugiu

o
LYY [ [y v o

AILULNBIANITAUNITUIEUNINISRANDEDEITWUY ATAPE MIgnsadinilizdy Lag

Y

" Y (%
[y

I3 Y A A a a A a a s o o = o
LﬂULﬁUV]’]\TVlaUV]q@ WQ%QﬂmﬂﬁﬂUu%ﬂm@ﬂLﬂi@‘ﬂqﬂ HHC INgIUNUSAUUU WUNAUDNANT

= v v

ANY1ILAIL



1. MIIdUNIINsaeansseninamisUssuianawuunilevilanduiian a1nau
14 S guanene D 1o Wagldnisidnguuunsd-1an (Gray-code Mapping) kagn133nafy

U6 (Bit-Reordering) UutATav18) HHC

A
1Y

2. mstlsilardu ATAPE wuurunuasuudufedumaiiduiian waglifinsdouds uu
w3918 HHC Inglaflandu ch,. = dj = S¢ o AmTumieUszaaNg k < 27/2' o m = 2
Wz n = 2"+m

3. n1snnsAdulaIedie HHC Tagld357158n41 n1sdnngueda-Arvuuuled
(Grouping of Cross Dual-cube : GCD) Fanusandnideanisdands lunusdoanssening
Uszananauuuvu Bslundidumeldinisnnifidudaeis 6D usagnduees (Cross Dual-
cube : Cross) Milniguszatanasiuil k = 2! aansasuiunis ATAPE uuLaTetng
HHC Tndouifufanun Tnglaifinisdnudsiu

4. METINNguveIhgUTTnanaiTvun 27 < k < 2772 TagliAsiizendn ms

a 4

sunguAgeswuulyd (Grouping of Cross Sub-cube : GCS) WBABANTLUUIUIUAMIENULEY

£
]

Uszaananiluunlngau

5. nsdnasTundlslssananaasvulaseaieduldanusuiudouls (Reconfigurable

Tree-structure)

1.2 IngUszaIAYa9IUIY

¥
fa a o

Ineniinusil fHnguszasdifiofnuilazeenuuuidunisnisansedeasszuinamig
Usganana vuAetieg HHC Tidoansldlaglsifinisdaudaiu (n3elifinsvuiuvestoya)
wazdudumaiiduiian Inedseanden fil

1) Lﬁaaaﬂqumsﬁamie’hmé’umﬂﬁﬁguﬁqm (Shortest Path Routing) s¢winanuleg
Uszaranaainaums S ldswanenna D wuudangu fie fa1 S Uulvualadle (Arbitrary
Source)

2) LﬁaaaﬂLLUUmiﬁamiﬁaEJLé’um@ﬁéy’uﬁqmwwmu (Parallel Shortest Path
Routing) AlaifinsTaudstusyrintamheUszanana (S, D) aNge YA k = 27

3) Lﬁaaaﬂqumi{]’@mjmamﬂ’mﬂisma (Group of Partitioning) ﬁﬁmmmimﬁu
fio k < 2™ iflelddmiunisuaniasudoyauuy ATAPE Taglaifinsdaudeiu

4) \ipeenuuuiladdudiviunisuaniudsudoyanuy ATAPE uaziliasuuiuves
\W38U1e HHC

5) WiednassvineUszunanaasuulaseadsduliifiuiudsuls (Reconfisurable

Tree Structure)



1.3 YBULYAVDIGIUIY

1) Anwiladduniseansseninameussinana vua3etne HHC Téud fedduns
1 k Wudiumnsnaiu 91nuilafuniauazatenia (Node Disjoint Paths), nsvduna k
duiinafuveamilafunisgratsuaienis (Node-to-set Disjoint Paths) Wag nsykdumg
k @uiiseruresmanasiunsguaneuananis (Set-to-Set Disjoint Paths) unifusiuuuy

2) PNKUUNTITIANGUVBINUIBUTLUIATIUIY Kk = 27! MIIgUTTUIANA WALN1S
samngu 27 < k < 2772 dwidumsuanidsudona ATAPE wuvwuu Ailsifnistaudsdu
TnevieUszanana (k) fieglungu (Group) WWearfu fesSuuszuiananionsu wazmie

Uszanarafiegauazngy anunsasuussananalaegedasy (Wisessunsauri)

&a L3

3) Anwilendu ATAPE wuuilauudivasaniaangnieg laun wnieviglaiesaad,
LAT018AI1NDUNT1Y (Dragonfly Networks) kag LATOIIENITLTDUADUUULARALAD
(Multistage Interconnection Networks : MINs) titetdudusuulun1seaniuuy ATAPE wuu

Tmiuszenaldlaasaunaiatiy HHC

1.4 UYseleminaininazlasu

£
Y v

Uselemifiarninagldsuannuidediised

1) ¥iEnstoasiowaniisudeyassvimeyssnanaiiiduduniiduiian
wuukuunilsdenils uuaIette HHC TnganuanimunvitigUszananadumis uagming
Uszananatanenslaegiadase

2) Thnsdeanssevitomineyssnanafiduiignuuuuiy aune k < 27 vuaiete
HHC ilaifinnsTaudsdu e 0 < S, D < N-1

3) gfileitudmunsuaniasudeyauuy ATAPE fianunsailiasuuduveanedng
HHC loagnaiudszansainuazlufinastaudanu Tnednnguussniislszuiana
T k < 272" viheUszanana uagyoUszinanalunguifefudeusuUszanana
w¥ouiu vauzfiviheUsvinananuazngy annsaduuszananaldegnidasy

a) ledunvuvesszuuasuiamesuvuruulueuian senisilaileddu ATAPE 7

a1unsaviNsdeanssEnItisUssuiana muldunienduian uasluiinsdaudaiu
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=b.

Un

= av aa v
NS LasIUIINNYIVD

Tuuniagnanimguiiliiendosiusinvennietenindeusodmiuaeuianes
wuvvu Taglutiagduanunsouwvsesnidu 2 viia Ae wTetnensidoudeuuuaunin
(Static Interconnection Networks) wazia3 o 1801548 susawuulauida Dynamic
Interconnection Networks) Ingia3ev1sn1sideusauuuaunin fe insevisfiilasasng
0173 Bearldannsauiuisuduidonsswironiteussanald Qudnedinusaduiey
SonmhgUszananadn “ua”) fefunisdeudeuuvaunin asidunulunisairuaiete
ﬁ'ﬂ'auéﬁngﬂ wardlasiasefinainuats 1wy laseasnuuLdunse (Linear Structure),
TAssasuuuunsng (Matrix Structure), las9as19luU194w1nU (Ring Structure), 1s9asng
wuulawedfal (Hypercube Structure) wae Tassas1anuudulsl (Tree Structure) luvaued
\n3evngnisideudeuvulaunia fe inietiofidaudangu idesanaunsauiudsy
sUnuvreslassadaslunisiadedomsld dduindodisuuulaunia asfiduyunsaineigs

o

wazdanududou freg1adu wnSaunefildiduniwmuuAana (Disital Bus Networks) waz
Lﬂ'%'asdﬂamil,%amfaLLUUﬁaaaLm (Multistage Interconnection Networks) Tuanefinus
atull YaueaseTen s eusonuaLARNYEaie FefEoiEeTnEnsdeusoLuUty Tay
vausluiidednt 2.1 war luhdedl 2.2 agnaniduneuisnisdeansiterasunuumnes

Futlaladona-y-00a (All-to-All Personalized Exchange : ATAPE)

1 v
2.1 AT9UNUNITLVDUABKUUYY (Hierarchical Interconnection Networks: HINs)
38U HINs Fnaglulssianniswensdenuuaunin deldsuninuaulaaintnidy
Juegaunnludagtu gawuvenniatie HiNs As nisassunulunisasislignasiaenis

PONLUUIATEYIENaRTIMILETaNAY Wardindlnnuimgauiunisinayseyndldlunis

<

A = 2 A 1 a o ] S ! [d
Foasuuuruu WWesanlaseds1aeaaseuny HINs uaﬂwmsmmuq IWSVISUU@WQQQQSLUU

msdeanssening “Tnuatulu” (nternal Nodes) vausiituuuanasdunisdanguues “Tuun
Fuuen” (External Nodes) iiveiiousteluuntulud1ismeiu Ingldnisvingr Replication)
vodlnunuasduden seluaniuieuitaggnldluinerinusatuil

feudl 1 7n599952UU (Network Degree) mngiia S1uruduiionisnniigasendsluun
dlefiguiuyng usluszuu

N 2 duriuguednaiveszuy (Network Diameter) Mgl seoen1eiiduiigasening

aoslvunla Nlssezvinslnadiuuniiantussuy



nsoenuuULASeTs HINs Taennsldudnnisvhen (Replication Techniques) QN
daueludedeludlutde 2.1.1 - 2.1.5
2.1.1 1A39%18 deBruijn-Cube (DeBruijn-Cube Networks : dBCube)

dBCubelc, d) e nseenuuulAsiadaaietieiidunsvua (Compound Graph)
Fausznousaonsml deBruijn '1‘7iLLsiazIwumgﬂLmué’aﬂimﬂa%ﬁaﬂ (6] Tnan1sil ¢ AU fe 1

a

AdaLme3 (Cluster) urazfiUasdl d U7 UM 2.1 uans dBCube(8, 2) Nusavinungnasneie

54

[%

2 AU 139 d = 2 warazdldnuuAIUNavun 8 AU e AAALMBS Y150 ¢ = 8 huveh

dBCube(c, d) fifin3vedsyuy Ao d + 1 wagldurugudna1wesssuy A 1 + log(c)

<’

SU 2.1 Freehantatienisidausia dBCube (8, 2)

2.1.2 Lﬂ%mj’]‘c’JQﬂUﬂﬂﬁLwU%ﬂ (Hierarchical Cubic Networks :HCN)

m%“asdwqﬂmmﬁuw%u w30 HCN(n, n) [7] Ao wnSotnauuududivsznousie 27
Adanes TunavnsamesUsznausie n ARvedlawesiiv wiasluunuwaiotis HON 9sd
ANsuaeIEUy Ao n + 1 wavliduriuaudnanavedsyuy fe n + Ln+1)/3]+ 1 dunnd1 HON
sxiliduioudosniniounsmilwaslamasaad mmzﬁ'ﬁmmmaaLé’umu@uéﬂmqﬁﬁmfh
Feen9v0s HON( 2, 2) uanslugud 2.2 Tngusaglvunazgnunusng n On uaz gnénsislag
N5l Dnvesndanasaumedavedlnunfisesn1senne Ly 10, 00 axvaneiduuadiily
U 2.2

Node number within Cluster

luster number

Global node number : 10,00

Diameter links

5UN 2.2 fegnaATaviensiausia HCN ( 2, 2)



213 aSevnelnanAltiuudy (Hierarchical Folded Cube : HFCube)

HFCube f in3atnemadousdeuuuiuililianlawesitidundanos uazgnumu
felassadrilanisnadmils HFCube(n, n) gniauelay Y.Shi wazane [19] Tud 2000
1A59a319909 HFCube Usenausme 2" adawnes uiasaadnosazUssneumelnanlaiasain
(Folded Hypercube : FHC) %30 FHC(n) waaglvunlu HFCube(n, n) S31uiufn3uesseuy
fon+2 mmzﬁﬁumu@uéﬂmwmizw Ao n + 1 fI9819983 HFCube(3, 3) uandlmdiuluy

SUT 2.3

Y

\ a Global number (101, 011)
~ 100

gih?i 2.3 fagransadiensideuse HFCube (3, 3)

2.1.4 SevnevsUla-laLUUTY (Triple-based HINs :THIN)

\A38%18 THIN gaiauelag B. Qiao wazamey [15] 1wl 2007 gﬂﬁ 2.4 u@nafI9ENe
vouAseYIy THIN Tussiusagg Tnsfi n) wanaseauil 0 THIN, ¥) uandsesudl 1 THIN, @)
LAPITEAUT 2 THIN wag ) uansszsud 3 THIN Taglussdufl 1 THIN fa dhutszneuiiugu

'
v

fannsnhinadaduszausun delu watu THIN @snsaversvunalaieg Inethszud 1
T Sududsznounesseaud k-1 Wielavasiaduszauil k nUaniiulalasiasnes
THIN Wulassadreilddnnududou ieswind Anseossyuy Ao Aeeil, auauunns way
fmnudanguiln Ingfnsuaziduinugudnarsuesszuy THIN fe 3 wag 2°5" audidu e

N A8 INUIUIAUANINUALUSZUU

@)
f) ) M) N))

UM 2.4 lasea¥1evaun3ading THIN n) s8AUfl 0, ¥) S2AUN 1 84 1) T8AUN 3



2.1.5 nasev1elaesAaiuuuty (Hierarchical Hypercube Networks : HHCs)

139918 HHC gniauauasawsnlul 1994 lag Malluhi wag Bayoumi [11] lnegn
4‘( dl ¥/ ¥ A 1 o ¥ d‘

ueuniverdmanglunisandunu (Cost) lun1sadranietie lnenmsaninuiuduiie
1% A v o = 9 - Y 3 v
Y9338UU 1A59a519%04AT0%18 HHC Usenausme 2 56U Faseruuuan vivendames avld
lasasevadlaosing wazazunuiilvuaszauuuaamelasiasiwedlawosdidnasmil
AaliuAIeYIY HHC wanainazgnesniuulveansuulun1sas e Sdunennaaud
Ay qveunieriuletUainal (Hypercube Network : HO) 1tu Usgansnwlunisdeans
LAEALANNINTVRNATOUNY LIl lATEslagranNTYIuYeRA3eN1y HHC 113
asuremeluasiiuniseluieieiuvenaievis HC uay w3eu1gHHC Tudewn 3 uas 4

ANUAINU

fienadi 3 wedetne n-lawashay (Hypercube : HO) wio Q, [17] avUsznaudie 27 Tnua (N

[

mﬁ (bpy byy ... by by) e

i [

b, € {0, 1} uag 0 <7 < n — 1 LagAvunlraedinunlag azogfniuinellionsaeslrunilin

Y

= 2") kazuiazlnuAITYNUNUAIELaTFINERdYUIA n U

A a N A a . . i =

NN 1 US 198 UTTYENILEFNNS (Hamming Distance) SYINEDdl RN AD 1
lummguiudlsvaniamlunisdeaisaeyaisuegrmilsnd1fyvensadig

laweiAav wekilodin1svengauinvauaieiglidaunlngu (Larger Multi-Processors :

U

MPs) agiilniivadnfaiagu wu Lilinnuiangy uavdaunulunisaiias dadue ety

L]

HHC (N = 2", n = 2™+m) A9 Ntaned lnadspsnmantmnfvenasovig HC 1T vuendl

anunsoanfunulun1sase kagsesdupiugavgulunsvetsunliegaliusydnsnim

N sonniss

Qo Q Q, Qs

UM 2.5 Taseadneveaniadie HC w3a Q, Wan=0-3

a4 ww5evelaasmukuutu (n-HHO) Aivwia N = 27 Wi n = 2™+m [11] azi5udu

laseasne lnensasieadanes (Clusters) Aaglaseainaves 27-lalUasAay (Qum) wazazgn

=

58031 LASeU1enan (Main—-Network) Tumnousoluy N Isunui kaagluuned Qum Aae

m-lawasAiU Tneasiseniasav1esed (Sub-Network) Aaiug1LIUNUL8UsEUIaNaYD4

m

& 1 & Zm 2m+m 1 v a o I
W3y HHC Ao 2° x2™=2" " Inua lasudazlnunazgnunusie n davldgiy

(Unique) 118U n On azUsznoume 27 0n U94A3918%aN Way m Un 1091A30718509



6-HHC (m=2)
UM 2.6 Tnseai1eveasadiy 6-HHC (N = 2" = 64, n = 2™+m = 6 Uag m = 2)

L= ] o ) [
INLATBVIYNEN Q,m LLASLAIAVIYTIY Qpy

W9 (a, B) | & = by by o by B = bt brs o bk 4518 B,EL0, 13,0 < i < n-1,
n=2"+m kag m > 2

U7l 2.6 uandlasaaisvesia3etne 6-HHC e m = 2 aazlddn N = 64, n = 6 9
sUdnndn Inseasaveaasetievan Usenaumie Qum 138 Q. uazlATIaTNUeLATEYTo
Ao Q, ¥io Q, Wiotuasevesoadiluunuiiutaslnunuuniotendn asvililalaseadng
Y04UAI0V1E HHC

Tunsdeasszninsdesluunlaquuiadotng HHC sxgriSonitlnundumia s
(Source) warluunuaenia D (Destination) Tnarmuali S = (as, B9 war D = (ap, fo) \ile
as WAy B Mot SRS a1endn wazAeUNETeeIUAS NI S AUAIRU Fedniu
Uangn1e D e anwaetngIny 1y undan 1u3ﬂﬁ 2.6 9z81909lAY (a, f) = (1111, 00)
uannil sewinalnue S uaw 0 laquutaiedis HHC axiidudonsswindnunfseilo h
Soulaladeulaviisannassdoulaiivzosunesioll

[Soulodt 1+ as = ap wazsyeEn1awends (Hamming Distance) ¥84 fs waz B, Ao 1
1y Aggni3endn dudeunslu (nteral Edge)

ﬁauZ?Iﬁ'Z S0s=0ap @ 2Ps wae Bs = Po Lﬁa ® MUY NIALTEUNTT XOR Imngﬂ
Sonin @udeunieuen (External Edge)

Frogradudonnielu wu Wnun S = (g, f) = (0000, 11) wazlwun D = (ap, fo)
= (0000, 01) audeniumedudonniely Wesn as = ap = 0000 LAYSYHEN LTI D1
11 uaz 01 A 1

Fregradudeunisuen wu lnum S = (as, B5) = (0000, 11) wazlnun D = (ap, By

= (1000, 11) zpunulaglduLlaNN18UDN
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flosn a; = 0000 = 1000 @ 2"
= 1000 @ 8y
= 1000 @ 1000,
et ac = 0000

e fs = fp =11

i 5 Avuali m U9—nsdlan (m-bit Gray Code) A YATBIFILAUTIUADINUAREAT By

1 Y [y aa L ]

UsznNounIy m wdn wazdedailae Negainuiniuaziiinasiuineamidsdn loy 1 dn-1nse

Y

[y

18a A9 Gy = (0, 1) waz G, ZRIINNITIE@IPTURVUATIAUTINVDS Gy LAeT G, @1u1sala

[y

INMIVINTIVBIFUMUU (0G,, 4, 1G,, ) Weiiagiaudninaiulindnaiies 1 Un

fetiadu G, =(0Gy, 1G,) = (00, 01, 11, 10)
G; =(0G,, 162) = (000, 001, 011, 010, 110, 111, 100)

UBNINY [11] IALEAUDNISWUFUNIILUUNT 96079 ATLEASIUTUABUITA 2.1 7
Susunalnuatagdu C (Current Node) L aluuntatenis D (Destination Node) lngld

¥ A a 1 ] v v a 65 6V BEY av v 1 v Al I
NIINEUNALT8NIT Scube FaUAUAY m Un—1nsElan LLmaumwlm%Vmmium%ﬂu

a

Wunengunan wazdailuldlunismidumaensvdeteyanseniuuuuruuluruinnud
an 1wy k< 27 @aansaadumsialaglafinsdouds unlonudlvualnag@uidu k > 27

LAANUTALEILNRUU

JUABUIT 2.1 VUABUNITUFUNIUUNTABVTIULLASDYY HHC

Node-to-node Routing
1. if (C # D) then

2 if (ac = ap) then

3 Scube-routing(Bc, Bo);

4. else

5. T=Co® D;

6 | = {indeces of 1’s in as};

7 if (B- € 1) then

8 Routing on external edge;
9. else

10. Scube-routing(Bc, Bp);

11. end
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2.1.5.1 Msmidunisivesudloyauuiaiayig HHC
Tudaguivanedunauds (Algorithms) [3, 4, 5, 22] gniauaiiveyiinisvidunisly
a oA ' ' a ' i 1Y) ) ¢
N13ANFDHARAITIENINMUIBUTTIIANAUWATEYIY HHC lagasuanad1eiunuingussasd
YBUFAUNI LU NISPUFUNITIUIN K LEU 1nAUN19 A Tudauarenie B (Node-disjoint
Paths) A9gU#l 2.7 n), MINUEUNI K LFUNAUNI A ludwareUatena Bdle 1 < i<k
(Node-to-set Disjoint Paths) #93U7 2.7 %) WAZAITNUAUNIL K LHUNIAIN Kk AUNIIUAY
Uanen1a (k-Pairwise Disjoint Paths) asiandluguin 2.7 a) lngsieazidenavadilonazgn

wandlumdasalul

P, Py OB a0~ N7 0s,
Ny ol e T SN

\\ d ,f ST L A : o
- 1 ’
L PN A @8 AT N T @,
Py ~- ~—
Py
Node-disjoint Paths Node-to-set Disjoint Paths k-Pairwise Disjoint Paths
n) ) A)

JU#1 2.7 sUnuuvesmsdeassgninalsyszananalusmidenaunii

2.1.5.1.1 MINUEUN NI K LU 310eUn19 A gUanenna B (The Node-disjoint Paths)

14T 2007 Wu wazeay [22] htauensnidunis k dunisfiunnsaduuueserie
n-HHC (N = 2" wag n = 2+m) éﬁ’agﬂﬁ 2.7 1) WEMINUAUNIINAUNT A = (4., A;) T
Uanens B = (B.,, B,) avUsznousay 2 sumou Tagduusn Ao msmﬁumaﬁg’uﬁqmﬁm
UDN (Shortest External-Path) LLazﬁﬂgumauﬁ'am Ao ﬂ1iﬂ’wmaé’wéﬁié’mﬂﬁifmaumﬂm
f91501970 4 056l 1ieRiarlduadng K ldunsiuandsiudle k < m+1 eddunouniy
SuneUAEA 2.2

TURDUTE 2.2 LaRURILANTIEUNIITIUIL K 1Y 91ndunns A TUSsanens B
é”miwzmqﬁlﬂLﬁumﬁmmﬁqmwﬁq 2" 2mel uar 27 4 m+8 Fadume k Ui
Igazldfinmstouriuidunietu wie lifensiiluniadontu Wesndesnisiidunisdu

Winsassulunsaindunaduldanunsaldaule

e 6 Avualit 1uun A Lay B Ao d@odlnunlng ALANANAUULLATEUNY HHC Ly
mMuualiaIRuLdUaNAULeN (External Edge Sequence : EES) D L@UNIATUUON 50

¥ A ! v =} 1
LEUNINUULATRVIENANVDAATDUY HHC
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YUABUAT 2.2 FTNITUFUNIG K LEUNWANFAIALAINTNUA A WAL B UULASBUY HHC

Node-Disjoint Paths
1. Assume A = (0° ,2™)
2. Collect indices i of B, (External bits of B) with b; = 1;
3. Construct a set « or EES by arranging all indices i into an m-bit Gray-Code;
4. Construction 2 of m+1 paths, depending on four cases;
5. Case 1: A, € mand B, €«
6. P, =mc
7. P2 = mf+nmodr;
8. Case 2: A, € rand B, €
9. Py = (0", OM)
10. P2 = nC(z+1)modr;
11. Case 3: A, € mand By, & n
12. Py = (6%, B;,);
13. P, = m¢;
14. Case d: A, € rand B, € m
15. Py =(0", =, 0™);
16. PZ = (98‘“, Bin);
17. Other m-1 paths are obtained according to the first m-1 unused EES of
18. mC, m,..., w&;

U 2.8 UansfIet 1 dUNIUULAT 0918 6-HHC 1le N = 27 = 64 uaw n = 27+m
= 6U4ay m=231AUN A = 0 %38 (A, A, = (0000, 00) TugaUanenng B = 49 438
(Boy, Bin) = (1100, 01)
MAUALA  —— AB LEUNIAIUUDN WIDIEUNNULLASOUIYEN (External Edge)
—5 A9 @uneenulu 99 WunIUUATeD18584 (Internal Edge)
LaZIINAUNIS UaTUAIENITINa 1D AMTRIEUNIIR 28T unaudsT 2.2 avld
FES = (11, 10) a931n B,, = 1100 fida 1 ludumngd 2 uas 3 wazazlaidunimilsain

Viavun k LEunns lagldidunng P, Maneglunsilil 4 (Case 4) Beaglidunisdasaluil

A: (0000, 00) — (0001, 00) —— (0001, 01)
—— (0001, 11) — (1001, 11)
—— (1001, 10) —> (1101, 10)
— (1101, 00) — (1100, 00) —— (1100, 01): B

Fadlszagnaniu 9 (Lengths) wazrnulyuanavan 10 lnun dauandiiuguin 2.8
agalsfinny Tunewdsn 2.2 THnuldfsede dune A = 0 windu Faldmunzauly

s luas1Aseen sl
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A:0000,00(0)

B:1100,01(49)

JUT 2.8 fead1eran LU A28TUABUAS 2.2 9INAUNIN A = 0000,00 §

Ua1en1e B = 1100,01 VLAY 6-HHC

2.1.51.2 nsundunisiiuansasiunuundsduna e k Yarenas (Node-to-set Disjoint
Paths)

Tut 2011 Tne Bossard wagme [5] HauaIdnIsMIEUnNIe k @uanaun1s A luds
WaneUanenIe B UULA3e%8 HHC Wie 1 < i < k nio3undnag19i1 n1snsyangludslnun
g08 (Subset Broadcasting) Tunauiifivssansnmanfunoudsi Ao msanvuinvesiam
nunilslnualud k Yanemeuesszermeionn ldmssesdgmliianas Inevinlddu
Jymssduniornetos (V = 27) neduneuds 2.3 oSueduneuisndn ivszneudie 4
Funeuiiendumg k dune nefiudasdunesdianuenliiiu m2 27 2m+4 nely

1281 O(km2™) o1 <i<kuayk <m+l

YUABUAT 2.3 FTAITUMFUNIG K LEUNWANFAINALAININUA A KA B UULASBUNY HHC

HHC-N2S

1. if (|DNQ,(so)| = k — 1) then
Solving the N2S routing in a Q,, by Cube-N2S;
else
Stepl. “Preprocessing” distribute all D to distinct subcubes;
Step2. “Hypercube routing” apply Cube-N2S onto Hypercube;
Step3. “Path discarding” remove the unnecessary paths from Step2;
Stepd. “Subcube routing” convert cube-level paths back to
HHC -level paths;

NI R WD
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2.1.5.1.3 MR NEUNNTUANAIRY k WEUNIT 990 K Funie wazUatenig (Node-to-set
Disjoint Paths)

Tul 2011 Bossard wagamg [3] lAlauan1snudunis k ldun1931nAunie S ¢
Uanevne D, UAet1e HHC Wie 0 </ < k uay k < [(m+1)2] LLamﬂﬁLﬁuiugﬂﬁ 2.7 @)
Tneduneds 2.4 a3ungRstunoundnlumsmidunig k 1du anduna S, guanenns D, lng
SrgEneveILsazidun1ezgnAIunigly 02 wazdnnuedldiiu 27 +m@2™ 1+ 1)+4
ognslsfmalunasidunisuuurnuusiay k dunsensaglinmiuiindudundidudian
Lasldune 1w k 1y Salduutesiiuludiethuaianiotie
FUNBURT 2.4 T3NS AUMTUANATSAY K LEUNIE 970 Kk FUNI9 wazUanenIe Uy

W398 HHC

k-pairewise

1. For all external nodes with |T{g)| > 2 do
2 Spreading all nodes of T,

3. P = Generates disjoint-paths in Qum;
4. Forallp € Pdo

5 R = Generates disjoint-paths in HHC;
6. return the path R;

22 prsuanild sudeyanuuinesdulalay a9a-n-20a (All-to-All

Personalized Exchange)

TUSLUUADUN ILADS LUUYUIY LAZULUUNSLa1e (Parallel and Distributed
Computers) ﬁgﬂLLuumaaﬂﬂﬁamﬁiaﬁamsLﬁaLLaﬂLU?{au%’ayjaiwfhwﬁwﬂizmama‘wma
FULUU 19U N1SARRDAREISWUUNTIReNTS (One—to-One), ﬂ?i@@ﬁi@ﬁ@ﬂﬂiLLUUﬁﬁﬂﬁi@ﬂﬁju
(One-to-Many) LagnN15AARBKUUNANUIBUSEUIANAN UNNMIIBUTLUIANG N30 908-9)-
288 (All-to-AlD) ?fﬂu?wmﬁwuﬁ‘aﬁ’uﬁf\]ﬂ%’miﬁmm'aLL‘uuaaa—‘mu—aaa LﬁaLLamU?{am’J’aga
JEMINNUILUIZIIANG

NIAARBLUUDDA-1-00a ansaudsmudnuazmsdeaiseendu 2 Useinn fe
miﬂizma‘ﬂ’agaquaaa—‘w—aaa (All—to-All Broadcast : ATAB) wazn1shaniUa suuwuy

Y

wasduialad eea-1)-00a (All-to-All Personalized Exchange : ATAPE) lngl ATAB fig 113

'
=

Ansiedeansingdidenunfgiiussnitamulsyseatana N vigUszanana Yagi ATAPE
Ao N iheUsvitanaditonnunwanaaiu N doanuludmmiieyseuianadu 1 N
sou galutagtuiinsu ATAPE luussendldiunisinsavenanifsutoya wu n1swlas

WTHTUUUIWIY kaNINTIEINERUASNBLULIUNY AanIFUN 2.9
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D. Scott latauan1sinnodaaIshuy XOR-ATAPE Tul 1991 [18] sawandluaunng
2.1 lnorduni1sinmed oa1558173199uN1e S (Source) 311U N e Tudavarenia D
(Destination) 913U N 1118 UuLATeY1Y HC lAgusazsaulz)nAIuauaigfIniIuau C

(Control Units)

D=SeC (2.1)

JUN 2.9 uanewnegaveansindedeansiuy ATAPE niauvauwaninisuseynaleiu
NINTUANAUASNDTUUUILIY VATeY1e HC Mglunian ON+log,V) 3 ngummualvisii
NS =0, 1, ..., 7 dazidlaldaunisn (2.1) luudazseuvasiiniuay (O agvililanisnsaniu
= a A < < a 14 ! v o
FIN1319ARU Ao ANTRTANUYaIEN1e (D) vesnshinsiadeansluudazsau anndums S TUds
Uaneya D Wiy e C = 7 agiinsianideuved S wag D assielul Pp— P, PL— Py,

Py—— Ps, Ps—— Py, Py > Ps, Ps > Py, Pe—— Py, Pr— Py

000 001

010 C =000 011
S:[01234567]
D:[01234567]

000 001

010 C=100 011
$:[01234567]
D:[45670123]

Matrix A : Pg sends Ag to Pp

@, AodBo) Aoz Pos Ao Ags Ao fBGH S 01234567 (9 AodBigAagAsoAus Asy As
(P (AigAri As Ars Ay A Bl A 01234567 |5 (P BogAss Ag Ay Ay As By
() éz,ofiz,lf\z‘\zf\zef\zz D: p ® AozAwAzz.AuAez 12
(P, A30A31.A33A35A36A37 23016745 |2
e AAA A ’ |{::| 32107654 |3

74077417742 4A AP 46T 4T 45670123 4
As ””5”37”75757557@A57 54761032 |5
(Po) | Aedl6)As2 o2 s Aos Aadlsy b: S

A ALA A LA LA DA '

rmeTsT e 7 i ATAPE Communication

3U# 2.9 A10819 ATAPE lagldaunis D = S @ C dmiuwnsndnsiualng vuiaTatig
lawasAau Nilvuu 8 witeuszulana



undl 3
Y S A a ¢ &
nsuLHUMIdungaNanisilewendy ATAPE

WUUIUIUUULATDUIY HHC

\osnmsmidunsnisdeasifeudsdoyaseninamheUszananareanuise
Aeunth [22] Idiauensyuiunsdeansifiefinanuuniede wazarnsauidymdauds
1o usiSmsitiauedsliauysel wszddediniideaduilvuaduma s = 0 windu Sevi
Tlunsainlruagumaldsuluduluunsuy wu S = 1, 2, 3, .., N-1 azlalausaniduned]
gndasld dafuluidoiiuaues memdunisdeasiiduiignssvieduna s lusatems
D uvuBanguuiaierts HHC fiasaueluiade 3.1 wasnmandunsiiduiianuuusuuuy
\A3eU1e HHC wle k = 271 Tuiade 3.2 wasmsifisvunnvaamiagussaiana 27 < k <
2772 lufadlof 3.3 wazaaviieluate 3.4 dnauensdnassauiafiandelasaaiis

aulduuuninia (Binary Tree) UwiA3na18 HHC

3.1 mandunsdeasiiduiigauuunilsrenilsumaiatiis HHC
Gﬁy’umuﬁgﬂ’mtﬁﬂmmﬂﬁmLﬁumwamiﬁaaﬁitﬁ@%’udﬁmﬂaiwjﬂwu"asJiJizmama
WUUNTReNTaseninadunI (Source) S la9duatenns (Destination) D laq agdsznausme
2 Suneunan Usenaudisduneulsn Ae nswidunaniguen (External-Path) w3 1 tite
Humstmuadunadesiudmiunmsdeas Tneidunenisi 2.1 wag 2.2 wdszyndidn
fefunezgninaueluiiten 3.1.1 funouiiaesgninausluiaded 3.1.2 Ao n1sda

dunanglu (nternal-Path) fiduiigaiio.Junsfiuiuduniinisuen Taeusulsstunay

Y '
=

Mndunewds 2.2 uasiausIsnmsdndiudnlm (Reordering) wlalrldldumaiiduiian
3.1.1 Msvduneniguaniiquiigauuedatiendn

Mvualvialavednuadunie S = (as, fs) Wasuauaienie D = (ap, fp) As Inun
UuASeen1s@eNse HHC (N = 27 n = 274m) wazwsalnungnunuiie n n fiusznou
Luae 2 daulpgduusnddiuau 27 9a Usenaunie o = by, ..., by, by, Ha¥QNEENTY
w3etandn duftdesdisiuan m On Usznoudie B = by, .., by, by LazgNIsENINATEUY

5849 fausznaulugui 3.1

a (2™ bits) B (m bits)
n-bit Address | b,y b, ... b1 B by - b1 by
Main-net Sub-net

JUT 3.1 maszyBuandssauln vawmiieyszuianauaiatne HHC
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[
o

TunouiEi 3.1 LLﬁﬂ\‘imiM’]Lﬁu%’NﬂﬁEJUE]ﬂﬁ%UﬁEjﬂUULﬂ%@?j’]Eméjﬂ SENINNUAGY
N9 S = (as, B) WazUanena D = (ap, Bp) 09 Wmensldnisidnguuunsdldn (Gray-code
Mapping) Lﬁa‘lm’”lé’l,é’umqmauaﬂﬁ‘é?uﬁ'qmLLazﬁLé’umqﬁgﬂé{aq Funewisi 3.1 13u
sniunislae nsmdadsansiuuundetiendnseninslaun S was D laginuals o
= G ® ap = Byt Domary 5 oy by} 18 @ MUAEAS N30 LTUAS XOR (Exclusive OR
operation)

Fumpusionn fie nsmOn 1 IneFesananiieludeielunadwives o Wievnly
Wiguguniduniavuaiedienan laen1sldnsitiguuuinsd-lan diegragu nsl
m =2 2gla11 2-0a 1n98-1An = {00, 01, 11, 10} Az WA N5 VDY a* = 1101 2zlAn

AwNUIe90n 1 Inessesanunilsludneila Aofunudd 0, 2 kag 3 AUANeU

JUABUITN 3.1 IUADUNISUEUNIIUULATBY8NAN HHC Tagnislananiunis XOR

(Exclusive-OR Operation) LLﬁSﬂ’]‘JL‘i}'ﬁ@:LLUULﬂSﬁﬁﬂ (Gray-code Mapping)

GetExPath

index = @; u =@

a* = as @ ap = {bamim1, Oomimg 5 ooy Ok

for a* with b, = 1 do
index = index U i;

end for

for index; do // Gray-code mapping for a shortest ex-path
U = U GClindex];

end for

return u;

|y

2O L0 O it S

'gﬂﬁ 3.2 LARINITUILEUNIULLATRUENEN (1) VoAU 6-HHC (N = 64, n = 6
waz m = 2) Inuianuali 6unie S = (as, B = (0000,11) = 3 uazluualarenie D = (ap,
Bo) = (1111,01) = 61 FUNOULSA A N9 o* = s © ap LI o = ac B o = 0000 @
1111 = 1111 Sunouseld Ao msmdn 1 Tunadwdves o* azldindumiwes 9 1 1ne
Sosnvnileludeiio Ao duvis (ndex) 7 0, 1, 2 uag 3 MuAIFU Tumpusioly Ao A
Wiguisuiumisitld Aunsidaginsdlda 18 m = 2 (2-bit Gray-code) axlinadns
u =1{00,01, 11, 10} :nmsidSeuisunu 2-Un 1nsg-1am = {00, 01, 11, 10} WALINNKAGNG
fildanlnunsduns S = 3 guanes O = 61 sgfiidumsnisdoansuuedoriendn faans

Tugy 3.2
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External Paths of HHC (N=64,m=2)

gﬂﬁ‘/’i 3.2 f9g1 AU A0S ULATYIWAN (U) LRGN S = (0000,11)
= 3 gUaneve D = (1111,01) = 61 idle p = { 00, 01, 11, 10}

¥ 1
v A

3.1.2 NMsantduNIenNIsaeasniglundunaauupsatne HHC

nadunisnisdeansiieudsdoyafiduiian uuuvilsdenis (Node to Node) ag
Hunnsesnuuuiunesisfisediewinade 3.1.1 Tagldan u awinnsRasaniienidumnis
nMeluuuAIadnesee (Sub-Network) Ing mﬁ‘mLé’umqmi?zfamiﬁﬁguﬁqmzwmﬁumq S
udaneme D axgauvadu 2 nadl fie nsdlusnie asalfisunie s wazUatonns D oglu
TAUALR 2T UTOUASOINENEN W3D a. = ap NIEITIADIRD AU S WazUaneyg D gl

TRUALRYINUVRIUATBYILNAN 138 as # ap

€ a

AUTUNTEILSA s = ap NIMUEUNI9AETEID lawlosAau-Unlad (Hypercube-bitwise

Routing) FNAB AMSMUUALEUNIINTANLANASTY 31N TAVNEAANIT1UERA TenINe S Lag

q q

a

D faxUn W vwiA3ew1e 11-HHC Wle m = 3 feduasdtaves a s1uau 27 = 2° = 8 Jn
wazUnee A 971U m = 3 Ua MRUA AUNIN S = (as, Bs) = (00000000, 010) = 2 uag
Uaen13 D = (ap, Bp) = (00000000, 101) = 5 Fauneiwilrundunie S waglanemns D dien
as = ap = 00000000 Tufe Padume S wazUansnis D Ay UNLMUALREINUUULATEY VAN
é’qﬁ?ul,é’umﬂmi?%ami%L“ﬂuLé’umﬂﬁaQM 3 lawostay wamilelds lawesiad-dalad ax
I umafiBaguann S = (00000000, 010) = (00000000, 011) = (00000000, 001) = (00000000,

101) = D Ndlszoznawinduinnulafiunnsieiuues S way D J9ife 3 Awandluguil 3.3

000 001

010 o = 00000000 011

5UN 3.3 sivagnmanidunededslawesAau-talad an S TUds D uu 3-HC vae 11-HHC



19

nstifaes Ao NINAUMIG S wagUatens D laldeglulnunifeatuvewnIaviendn
= ad Naa o Y | = = o 1
w30 a5 # op nslilidunsalndaududeuniinsalusn msizaziinigien fsuag By 1

frsaniielildidunienisdeansiigndeswaziludunisiduiian lneazdien b = {c, ¢,

'
=

oy Crg} AAAINTUABUTTA 3.1 WIRITUMRFUN NN TUT AR Bs waz B Toglu u lne

q

aa v ° I ada
F0NITMLEUN AT UN Lau@lumum@u’)ﬁm 3.2

YURBUITA 3.2 YunaunisInarnulning (Reordering) YaatdunIsuLLAIaUIBUEAN (1)

GetSP-PathHHC

1. P=Q; u = GetExPath (Algorithm 3.1)

2. if (as = ap) then

3. set P, (HC internal-path routing);
4. else (as # ap)

5. Case 1: fs € u and Bs = By

6. P = Pu {fs, SPordering (u - { s D
7. Case 2: fis, Bp € uand Bs # By

8. P=Pu { fs, SPordering (u - { Bs, fo}), Pok
9. Case 3: fs € wand By & u

10. P=Pu{ps, SPordering (u - { fs D};
11. Case 4: fc & pand fip € u

17 P = P u { SPordering (u - {Bs 1), Bn};
13. Case 5: fis & pand fp &

14, P = P U { SPordering (u)};

15. return P;

SPordering in O(|u|d, |u| = r (Hamming distance between main-nets of S & D)

1. temp =pfsr=r
2. while(|p|) < r do

3. for (i =0;i<r;i++) do

a. find ul i ] that is closest to temp;
5. temp = uli];

6. p=puulil;

7. update pli]- 1;

8. ro=r-1,

9. break;

10. end for

11. end while

T Y ' ' o
) = [ (%

Jupauisi 3.2 uansduneunisridumaiieudseyanidunganuiuladunauisn

q

Qe =

aa k4 v

AMNTUNBUITN 2.2 Inensilil as = ap dzwladunsalges 5 ngil wWiaumledunauisyay

Y '
al

SPordering teiaglmdumaidunan aelu O( )
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F98191TU ULLATEYY 6-HHC 1o N =27 = 64, n = 2"+m = 6 wag m = 2 AAUA
AUN S = (as, fs) = (0101, 11) = 23 wazUaren13 D = (ap, fo) = (1010, 11) = 43 A1517
umnsfiduiigniiosudsdoya Feduneuisi 3.2 wduiuil nmamidunisuwaietiondn
wio ulnelddunouisi 3.1 G99vld o = ac @ap = 0101 @ 1010 = 1111 waziile
Wiguiis Uil si e funisidginsdld@n 14 m = 2 (2-bit Gray-code) azldnadns
1= 100,01, 11, 10} Tunousionn §unain ac = 0101 = 1010 = oy FIAILAATIN THAFUMS
s wagdaens D llldeglulmuaidvaiuveuaietiendn Safesiiansaninile g = 11 way
Bo = 11 anaglunsalla nvaLa 5 n5dl Wofiansanann u=1{00,01, 11, 10} agla3nlu
nsdldl avddoulunsdifi 1 (Case 1) F3fAe Bs € uwaz B = By waziduvnenisdedns (P)

azl@anauns

o
|

{ Bs , SPordering (u - { S5 D}
{ 11, SPordering (u - {11})}
{ 11, SPordering ( 00, 01, 10)}

Funoussluidunisanidunsisedrfudaluddaeilad Ty SPordering Ine3an1sves
SPordering 3ufiufin1swSausiaua temp = B Auduingd 0 u u ﬁﬁﬁmiﬂé’ﬁ’umﬂﬁqm
(wansnafutesiian) LLaSVT’lﬂ’liﬁ”b“g’]f\]Uﬂ’i’]Vlﬂﬁﬂu u \Juafignissediduanusnsing
mmxamﬁqm g SPordering ( 00, 01, 10) a3la31 temp = 11 Wag MUsNv89 1 (B
And 0) fle 00 wduldd 11 uay 00 Tanur1eda 2 On FefulilatnTiaen desnieu 11
waz 01 uiulgdn Tannaising 1 On sy sgldrusnves SPordering Ao 01 wagsoun ey
01 1 00 9eldrdiauie 00 wavanerfiey 00 Fu 10 lddnaariefe 10 iy nadws
voaileridu SPordering(00, 01, 10) = 01, 00, 10 kazagldidumasiiduiian (P) fail
P = {ps,SPordering (- { fs D}
{11, SPordering ( 00, 01, 10)}

{ 11,01, 00, 10}

wazihefiganadnsvondumiandunis S = 23 Wgtatevs D = 43 Taglddunoudsi 3.2
Ao P ={11,01, 00, 10} kazazladunie@e S = 23 = (0101, 11) — (1101, 11)——
(1101, 01) —— (1111, 01) —— (1111, 00) —— (1110, 00) — (1110, 10) ——
(1010, 10) ——> (1010, 11) = 43 = D fiflszayne 8 Usznaudie 4 dunsneuen anUNY

e —— uwaz 31 4 dunanelu gnunusing —— Awansliiulugui 3.4

JUN 3.5 uansinegensnidunianduiian Ingldiuneulsn 3.2 Avunaaisudude
S = (as, fs) = (0000, 11) = 3 LagUa19NN D = (ap, fp) = (1111, 01) = 61 AISUUAUNII

aa

FuNgaazsuAunNIInILdUNIUuLAsaY1evan vie plaglddunaudsn 3.1 Feavla
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a* = as ®op=0000 @ 1111 = 1111 LLazLﬁaL‘U‘%EJ‘ULﬁauﬁWLLwﬂﬂﬁlﬁﬁumiL%ﬁjLﬂisﬁ,ﬁ”@ 7
1 m = 2 (2-bit Gray-code) aglamnaans = {00, 01, 11, 10} Funsunoul Fannin
s = 0000 # 1111 = oy FaviunanIIRUNS S wazUanema D Lileeglulnunirediuuu
w3evenan Sadesiansanindie fs = 11 wag B, = 01 Glﬂ@&ﬂUﬂiiﬁI@ﬁ]’]ﬂ‘ﬁQﬁM@ 5 Ave
dleRe1sanan = {00, 01, 11, 10} axldilunsdid avdnSeoulunsdifl 2 (Case 2) FafAe

fs € L WAz fp € u WaBLEUNINITERETT (P) aglaanannis

P

{ﬂS ) SPordering (,U - {IBSr ﬁD})’ ﬂD}
{ 11, SPordering (u - { 11, 01}), 01}
{11, SPordering (00, 10), 01}

(%
9

TJupounsllidunisaudunmsisesarrudnlmise feidu SPordering aglaan temp = 11
La% Ausnuas L (Buiing 0) Ao 00 sewiulen 11 waz 00 faussldn 2 9 dailileOn
fiffian dewnieu 11 way 10 anfulédn finusine 1 G fefuarldausnues SPordering
#9 10 uagsen ey 10 U 00 AeldAgniede 00 Falu nadwsvosfleddu SPordering
(00, 10) =10, 00 uaxAElFLAUINSTRUTIn (P) Feil

P { Bs , SPordering (u - { fs, Bob), Po}
{ 11 , SPordering (00, 10), 01}
{11, 10, 00, 01}

LazynefiganadnsyeaduN1sINgLNg S = 3 Tuguaremna D = 61 Tasldduneudsi 3.2
Ao P ={11, 10, 00, 01} uazazlatdunisde S = 23 = (0000, 11 ) —— (1000, 11)——>
(1000, 10) — (1100, 10) —— (1100, 00) — (1101, 00) — (1101, 01) —>
(1111, 01) = 43 = D Fiszenne 7 Usznaude 4 @unienmeuen tasd 3 @unmemelu o
wandliifiulugun 3.5
o= g D = (1111)
u={cy, ¢, Cy, C3} ={00,01,11,10}
Case 1: P = {fs, SPorderingt(u-{fs})}

= {11, SPordering(u-{11}H}
SPordering(p-{11})=SPordering(00,01,4,10)

={01,00,10}

then P =4{11,01,00,10}
HHC routing-path from S to D

Main-Net Sub-Net

0101 S: 0101, 11

1101, 11

1101 110101

111,01

ni 111100

1110,00

1110 111010

HHC Routing (N=64, m=2) 1010 b- %8%8. ﬁ)

Froms =(as, f) =0101,11 =23 ‘ 4 steps 4+4 s&eps
To D=(ap, fo)=1010,11 = 43

'
[ Y =)

sUTl 3.4 feghadumsnsiesns fumns S = 23 uaztanemne D = 43 Yy 6-HHC
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o= o5 Do = (1111)
u={cy, ¢y, C,, ¢35} = {00,01,11,10}
Case 2: P = {B;, SPordering(1-{Bs,fo}): o}
= {11, SPordering(x-{11,01}), 01}
SPordering(u-{11,01})=SPordering{00,64,1%,10}
= {10,00}
then P ={11,10,00,01}
HHC routing-path from Sto D

Main-Net Sub-Net

0000 S: 0000, 11

1000, 11

o

1100 1100.00

1101, 00

i =64, m= 1101 1101,01

HHC Routing (N=64, m=2) T oLl
From S = (og, fs) =0000,11 = 3 - =

To D=(op, Bp)=1111,01 =61 steps steps

JUT 3.5 fag1udun1ansieans dunie S = 3 uagdanenie D = 61 Uy 6-HHC

b '
v

3.2 MIAUININAUNEALUUTUN VasmLeUseanana k = 2™ uuasatne HHC

w1 Tunoudsn 3.2 Tunrsuausluivaneiund [Wudunaunfuasinuyay

o '
a

dwsumsmidumsiduiiaauvuvirontssymineiung S uagdanema D usiilothin
Uszgndldiilanisilafladidu ATAPE asuuiaIov1g HHC Tudnuwasuainisdoasuuuuu
(Parallel Communication) Tunouisd 3.2 Seliivmizau iosndsdinsdondsiures
Funenisdoasvasudedona dremailuideifuiauelifufsnsdoudeiunes
N 19NIHRANIUULYLIY 91FUNNS S gUanens D wagtiausismsudlulasnsuiuuss
fumeudsii 3.2 endnidssnstaudstudedomauuurniu fargninausluside 3.2.1
uwazmeunAenisilafiandy ATAPE aun k = 271 yuip3evre HHC lagnistdinafian1sdn
nguveIsUszanana AflTein “nguveinsa-Artuuuled” (Grouping of Cross Dual-

Cubes : GCD) waggniauslurinde 3.2.2 mudnu
3.2.1 MM5U5uUeTunaUISINa s UNTHRRI T UL

rouniflaziniaueTBnasvidunsiiduiiaauuuruuuwedotte HHC lusfdetiay
wansliiufetlymnstaugeiurazdomsuuvrunuiesudsteyaseninsiunis S uas
Uaneya D, ifleldtuneudsi 3.2 lassedrsfiuandiifiudsnistaudauandusui 3.6 9n
suunsmidumanisdeansuuurunuseinsaeaduns viesotne HHC e m = 2 Tng
UM 130910 §UNe S, = (0000, 00) = 0 guanenna D; = (0110, 00) = 24 Uagkdunnd

fiaoe 15udua1n dunis S, = (0000, 11) = 3 guanens D, = (0110, 11) = 27 Tunsaifild

¥
P

YUABDUITN 3.2 VLLARITUNDUNITHEUNIING
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S, = (0000, 00) = 0; D, = (0110,00) = 24
S, =(0000,@d) = 3; D, = (0110,11) = 27
o*= og oy = 0110; Thus p = {01, 10}
Case 5: P = {SPordering()}
2-bit-GC = {00, 01,12, 10}
SPordering compares fs; = 00 with p
then (path S, > D,) P, = {01, 10}
SPordering compares Sy, = 11 with 1
then (path S, = D,) P, = {01, 10}

Y

5UTl 3.6 $99819984N13HDEUUUIUIY 55W919 S; = 0000,00 = 0 § D, = 0110,00
- 24 uaz S, = 0000,11 = 3 § D, = 0110,11 = 27 Tneldvunaudsi 3.2

Euvnadl 1) AUNN - Sp = (a5, Brs) = (0000, 00) = 0
Uaegn Dy = (ayp, fip) = (0110, 00) = 24
o* = os ®op=00006 0110 = 0110
dlaieurtu 2-0 1nselaa (00, 01, 11, 10)
azla u =101, 10}
270 Pis = 00 WAz By = 00
waneglu NSl 5 Aa fs & u ey By & U
wudunalaain P = { SPordering (L)}
MuuAlA  temp = fis = 00
Feti dloth 00 WeuRy Sudindusnues u Ao 01
agld Buindusn vee P, Ae 01
o Wi 01 Wisuiu Sudindseumes L Ao 10
a3le Buhndaavine 98 Py Ao 10
S ayunadwsladn Py = {01, 10}
Eunnadl 2 (P,) AUNN S, = (as, frs) = (0000, 11) = 3
Uaneng D, = (agp, fop) = (0110, 11) = 27
a* = o ® ap = 0000 @ 0110 = 0110
dloflsuiu 2-9 1n5818a (00, 01, 11, 10)
azla p =101, 10}
N fos = 11 Wy fop = 11
aganaglu N3l 5 Ae s & L waz fp &

wudunelaan P = { SPordering ()}
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MUUALA temp = fps = 11
Faiiu Weth 11 Weudu Bufindusnues U A 01
Awld BuAndusn vee P, Ae 01
soun Wi 01 Wieuiu Sudindseunves u Ao 10
a3la Buindgaving ves P, Aa 10
Sty ayunadnsladn P, = {01, 10}
uazanguil 3.6 axiiulddn Wunsnsdeansves P, = (01, 10} uas P, = {01, 10} 3]
Gumaereluil
S, = 0 = (0000, 00) ——s (0000, 01) ——s (0010, 01) —— (0010, 00) ——s (0010, 10)
—— (0110, 10) — (0110, 00) = 24 = D,
S, =3 =(0000, 11) —— (0000, 01) — (0010, 01) —— (0010, 00) —— (0010, 10)
—— (0110, 10) —— (0110, 11) = 27 = D,
auittuldn ierisaaandunis Busudsdeyandouunuuruy ssfinsdaudsiuuy
e = (u, v) ile u = (0000, 01) ; v = (0010, 01) ludaayiuRng (Clock) 7 2
Freigil Tupeuisi 3.2 Sdlimanziesinnussandldiuitetiu ATAPE uuuwuy
”ﬂﬁ?ul,ﬁauf’fﬁzgmmiﬁﬁ’mLLé’J’aﬁuLﬁ'aﬁﬁLﬁumsl,musuu'moﬁ’mén Inendnusatuiizuhduney
35 3.2 u§uuss ennsanduiuioulunsdias (Case-reduction) tleanaududou uas
UauaWandunisanain vl aluduuunain (Dynamic Reordering) t5 8031w an G
dSPordering iilftanssnandudaludnmin (Forward) uazaosnduuuiusey (Backward)

\enazvdnieanisyulagnisldidunsiauannsiu dagnaduelutuneuisn 3.3

g At:ld' 35 17 d' (4 1Y t!l'
VunauIsn 3.3 AunsumsuduniaineSudsdayauuuuu lnen1sanauly (Case-
Reduction) wazn1sianainuinludwuunadn (Dynamic Reordering)

GetParallelSPathHHC

1. P = @; u = GetkxPath (Algorithm 3.1)

2. if (as = ap) then

3. set P, (HC internal-path routing);
4. else (as # ap)

5 if (ﬂs € ,U) then

6. P=PuU{pfs,dSPordering (L - {Bs D };
7. else

8. P = P u { dSPordering (u) };

9. return P;

dSPordering(u) // F: Forward

1. temp = fs;r' =r;
2. d = (next index of fsinu) % r,
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3. while (p)) < r do

4 for (i =0;i<r;i++) do

5. id=3G+d) %r;

6 find ul id ] that is closest to temp;
7 temp = plid ];

8. p=puulid];

9. update |u| - 1;

10. r=r-1,

11. d=>G{d+1)%r; break;
12. end for

13. end while

14. return p

dSPordering(u) // B: Backward

].. femp = ﬂs’ r’ —
2. d = (back index of s in u+r) % r;
3. while (Jp|) < r do

a. for (i =0;i<r;i++) do

5. id=(-i+r)%r,;

6. find ul id ] that is closest to temp;
7 temp = ulid ];

8. p=puulid];

N update |u| - 1;

10. e A= 13

11. d=(d-14+r)%r; break;
12. end for

13. end while

14. return p

Tupouis 3.3 Aedumeuislunismdumadinzauiian dwsunisileilaidy
ATAPE WuUIuL asuweiatne HHC Fagniszyndinanndunaudsi 3.2 Tneflavanidonls
nsdlas wazldusslovdanauautanfanulanusgiwisveaiotns HHC Ao A
411193 (Symmetrical) Wilen1swan@sintsdaudsiunasitliminanuadenndosluszning
msdeanswuvvuu Tneldilendy dSPordering (Forward) was dSPordering (Backward) &4
wansilsiduduiinissaasudaluuuunatndefieniansaiudnu Ae Wunisdagisula
TIpdludramdwuuiuseu (Forward) wag iWunisdnainvinlvdnssnduluuiuseu
(Backward)

Fouleliduneudsi 3.3 uag dsPordering (Forward) daduflaridusudu (Default
function) Tunswndunaniseansuuuruiuseninsaesdunmaiuildesunesedunoud
3.2 LLazgiJﬁ 3.6 YULASET1Y HHC o m = 2 Tneidunieusn B3uann dumne S, = (0000, 00)
= 0 gUanena D, = (0110, 00) = 24 LazLdUN1Ti @09 13UFUIN FUNIS S, = (0000, 11)

= 3 gUanenne D, = (0110, 11) = 27 UAAITUABUNITNNAUNGATI
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Eumsdl 1 (P) fume S, = (ays, Bis) = (0000, 00) = 0

yaneng D = (ayp, frp) = (0110, 00) = 24
a* = 0 ® ap = 0000 @ 0110 = 0110

dlofieuiiu 2- O 1n3E1Em (00, 01, 11, 10)
wld  p ={01,10}
210 PSis = 00
awaneglu Ntl fs &
WLEUN19lAaIn P = {dSPordering ()}
mMuualA temp = Bis = 00
srathu ilewn 00 Wisuiu Busindusnuuuludrent aee u o 01
Al dundusn vee P, fp 01
o Wit 01 Wieuiu duiindseunves u fo 10
95la Buindaarine 483 P; Ao 10
ey ayunaansledn Py = {01, 103

Wi 2 (B) §uma S, = (ous, fas) = (0000, 11) = 3
Uanane D, = (ayp, fop) = (0110, 11) = 27

o = ac ® ap= 0000 @ 0110 = 0110

dewfloutu 2 - Om wnsslan (00, 01, 11, 10)
9zla p =101, 10}
0 Pos= 11
aganagly N3l fs & wand By & L
Wdunalaan P = { SPordering (L)}
MUUALA temp = fos = 11
otk iler 11 Wieudu Busdindusnuuuludronth vee u fie 10
2wld SuAndusn vee P, fAa 10
foun et 10 Wisuiu duiindreves u Ao 01
awle Buindanving 183 P, Ao 01
Sty ayunadnsladn P, = {10, 01}

LLasmﬂg‘Uﬁ 3.7 9zuiulddn @unansdeansves P, = {01, 10} wag P, = {10, 01} &

dumasastoluil

P,:S, =0 = (0000,00) —— (0000, 01) —— (0010, 01) ——»
(0010, 00) —— (0010, 10) —> (0110, 10) ——
(0110, 00) = 24 = D,
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P,:S, = 3 = (0000, 11) —— (0000, 10) —> (0010, 10) ——
(0010, 11) — (0010, 01) — (0110, 01) ——
(0110, 11) =27 =D,

313U denndnnsldileddu dSpordering (Forward) @aulunisdnadudnlu 1y

WPAUUUIUTOU @150V IALEUNIIIADUEUN19D9 Py (Fun19ddy) way P, (&unnad

(%
a

o I o Aa Y} o I v Ay A =
UIL9U) L‘lJuLa‘IJ‘I/I’N‘I/lJJﬂ’muaiJaJ’WI‘JﬂULLazEJ\‘imL‘LJuLauV]N‘VIaU‘VIEj@ I@ﬂ{\]glﬁgﬂgﬂqﬂ (Length)

b

Ao 6 Wiy waglainstaudeiuseninanisudadeya

S;=(0000, 00) = 0; D, = (0110,00) = 24
S, = (0000 ,@) = 3; D, = (0110,11) = 27
o*= og @ap =0110; Thus p = {01, 10}
Case fsep: P ={dSPordering()}
2-bit-GC = {00, 01,@D, 10}
dSPordering compares fs,= 00 with 01
then path (S, = D;) P, = {01, 10}
dSPordering compares fs,=11 with 10
then path (S, > D,) P, = {10, 01}

HHC routing-path from S, to D; HHC routing-path from S, to D,

’ Main-NetH Sub-Net ‘ Main-Net Sub-Net
S;1:0000,00 S,:0000, 11

0000 0000’01 0000 1™ 5000’ 10
0010,01 0100, 10

0010 0010, 00 0100 0100, 11
0010, 10 0100, 01

0110, 10 0110,01

0110 1Ip, :0110.00 0110 lIp,:0110.11

2 steps H 2+4 steps 2 steps 2+4 steps

SUTl 3.7 §79819994n1370ESULUUIUIY 52914 S; = 0000,00 = 0 § D; = 0110,00 =
24 uag S, = 0000,11 = 3 g D, = 0110,11 = 27 Tneldtunauisi 3.3

A
(Y]

3.2.2 nsieflentu ATAPE wuusunudleidunisnduingauuaiatie HHC

luhdeilagiauenishinsiedearsiiowaniudeudayameflandu ATAPE wuuvwiu 9
ansawaniUisuleyanizdmivusdasmheUssananaigninlvieglunduineiuiieiay

faredeasmedunisiiduiigauuaiodis HHC Fausaznquagdsiuiumizeyszanana
Yum k < 27 wagarlitunoudsi 3.3 Wudumeuislunsmidumanisdoasidiotuds
Yoy dunnin lunsdlfl & < 2" MmsdanguvemeUszinanailmnzaufigauuiaiove
HHC Ae MsdalyimiigUszanana k agluaTetiosesiifivuin 27 viedalvieglulawesaan

(Hypercube) Astiun1ssudstoyaliiafinsodoalsuuy ATAPE atldinisdedoyasanain
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WAIDVUNYTOY TUNTMN k = 2™ N1SAAGDFEBANTWUU ATAPE 2uiimnudutauuInTy 1ie9a1n

giinstaundsiuluvasdoanssenitmiedsvinanangninngulvieglulyun tuueniied

Y

Annu (Adjacent External Node) Aatiuni1sdanguludnvasdazliaiuisamiunisuuy

ATAPE 1§ fasognsiuandluguil 3.8 )

5U7 3.8 n) nsdaudaivvesdaadumenaglulnuaduueninaiu uag v) n1siangy

vasgda-Aruwuulvinlisinnsdauds vwa3avte 6-HHC

d' % Y o A 1 PN o/ 1 I
UM 3.8 n) uaminstakdaiuvusdealsvemiiglszinana ngndanduedlulnun

'

D.

FUUDNTBYAAAUUUATEUY 6-HHC AMAUALALEUNIILTA BBUAUTA AUNIe S, = 1 = (0000,

Y

01) dedeyaludsvaremis D, = 5 = (0001, 01) (Munddu) uazidumafians dums s, = 2

= (0000, 10) dafayaludsdaenie D, = 6 = (0001, 10) (srundiiaiiu) ngUaziulain 1

nstandafuuudu (edge) e = (u, V) 1ilo u = 0000, 00 way v = 0001, 00

o Y o oAa X o vy S aa 1Y van o !

nndaymveinstangsiuniaty Mvetdsaueisnisu oy leeld3sn1sdnngy
irgUszananawuulvivemiigUsyaianadiuiu k = 2™ (AagUi 3.8 @) Wivelildnguves
mhegUszinanansnvaslunisandunisuaniUigudeyauy ATAPE mewdunieiiduian

= ) ) oA v v ° Y ' '

waglafinstaudaiusenindeans lneviade 3.2.2.1 dausnisinnguuamiiglssuiang
Aanand lagiiendn n13annaueenda-Atduuuled (Grouping of Cross Dual-Cube : GCD)
waziide 3.2.2.2 dauen1s@inemnseandu (Latin Square) a1nmaiflunisiongesa (XOR
Operation : XOR) taA1munaIfulun1sdeansuuu ATAPE §alleld GCD waztunouisi
3.3 wiourmen13ANTIUN1TUUY XOR (XOR Operation) vilvin1sdeansiiieuaniufsudeya

WUU ATAPE vaavithigUsedianavunn k < 2™ yuiasedng HHC aglauselenigen
3.2.2.1 Msianguvaenda-Auuuuled (Grouping of Cross Dual-Cubes)

wiatlunisdnmssunguussniieyssinanaiimunzanlunisdearsndauiuiuy

[

ATAPE laglidiin1sdanganuluseninenisdoans luidelliaueisnsinnguvesnda-aAtd

v a L3

v 1 1 14 [ m-1_ 1
wuuled lngluusiaznguaziinda-Arduuuled (Cross of Dual-Cubes : Cross) $1u7u 2° ' @
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wazluudazeaziiduiumiieyszuiana 311U k < 27 dauansluguin 3.9 uazuaninig

figaflunguiun 71 3.1 - 3.3

JUT 3.9 nsianguvasgda-Arduuuled ievidnidesnissuiu e k = 2™ uu 6-HHC

nguun 3.1 Tunsuusnga (Partitioning) YwtATaYY HHC (N =2", n = 2™+m) YU1A
vaanguillaniiganazdosmiautuuuy ATAPE Taghidinsdaudadrevuieyssunana
yua k= 2™ fg N =27 1ile n' = 2™ 4m wazsIuIuYe Cross lundazngu Ae
22m'1-1

g9t 91nlAseasawenATeR e HHC Sruiuveamheyszmianandvuiadniianlunsias

naw fio 2™ e M = 271 FsuvuiaTets HHC-MP 7 m > 2 agdieh M ogtefio 27!

freghatu frduumiheyszananalungu fie 2 ile M= 272 way m = 2 azlen

M =1 hag 27 = 2 9 uAnm Y ane Aa3UN 3.8 AeudnIaud IuIRVRIVLIY

a

Ussiianadfivunadniiantungu fie 27 e M = 2™ Aaguil 3.9 wavd1uau Cross luws
avnau fe 27/2mt = 22" 1 O

nauiun 3.2 meldnnsudanguuuu GCD S1uruvesnguilaunsndassiuldodnsdass
UuLAT a4y HHC (N =2°, n = 2™+m) Aa N/27 1ila n' = 2™+m uasudasnguas |
Usznaudaelnunidudu (Starting Node) fiuananafusiuau N= 2" Tuua waziiviuali
GCD, A nguvasTyuaEudunguil 7 e 1 < i < N/2” wazawisnaiialdainaunis 3.1

aeluan 0(1)
GCD, = O

WAz GCD, = GCD, +27 *m (3.1)

Wt NNQUYN 3.1 VWIATBINFUUULATEUY HHC Fio N = 27, J1utuvenay fe N/27

221 flidu anel@innsuusngunwuu GCD 9xdl

wazlsaznay d91uiu Cross Ag 27/ 2™+ =
Inual3 udu (Starting Nodes) ¥e9d8s GCD fiegdatuaiunsanilalag Inuausnves

GCD, = unanvinevas GCD;y + 1 dlorvuals GCD, = 0
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Group Cross Cube
nbits |Pni bom-14m | bym-1ym_q. by | by ... by by
GCD, = GCD; 1111..11 111..11 | +1
v m—1 .
fratiu GCD;, = GCDu+ )2, ™2 +1
- 6D, + 2% Moty
- GCD, + 27 *m
o m1 . | -
e 2o 2 Ao laugu 10 989 by, . byb, = 111,11 (Awnndian)

Y89 GCD;; WILUNMWNA 27 4m Tpr O

WasaINT1eASNTI GCD; 9neEunISh 3.1 sumousialy Ao MsynluaLEudy (Sp) i
agluusiay GCD, dei=0 1, .22 "1 1 az D40, T, )il 20=1 Tnalddunouisd 3.4
Fefemamgda-mtitegnelu Cross, Tosnguiunfewdususuuen dmsu Cross, vsngy
L3NAgUsENounle dCubel = GCD, = 0 way dCube2 = GCD, + 1UAAAYIN8YBINAY -

Cube| =27 *M— 2™ = 16 ~ 4 = 12 Fauanslugui 3.12 )

TUABUTT 3.4 VURBUNMIMIMUALTUAY (Start Nodes) Tagluusag GCD;

GetSourceOfSubSystem

1. dCubel = GCD; dCube2 = GCD; + 22 ™M= 2™

2. for( crossj = 0; j< #crosses; j++) do // 2 cubes per cross
3. for ( processor p=0; p < 2"; p++) do // 2 x 2™ nodes

a4 S[p1=dCubel +p; // S on dual cube 1 (of cross)

5. S[p+ 2™ = dCube2 + p; // S on dual cube 2 (of cross))
6. end for

7 dCubel = dCubel + 2'™;

8 dCube?2 = dCube2 - 2';

9. end for

Fa98 19015 nuas ufu (S) UL 6-HHC (N =2°, n = 2™+m) \il o m = 2 uay
k =271 = 8 91naun1sh 3.1 aglaa1 GCDy = 0 way GCD;(1 < i< 4) = 16, 32 uay 48
AINERU EMTU GCD, = 0 9T Cross Ao 227 1 = 2 §aUsznausae Cross, bay
Cross; 4 unousdaluAon1smlvuaiudu ogluusar Cross 9nduneuisi 3.4 e
ATUNITINTOUBY j Uy ¢ AxlANaansaas Cross, = {0, 1, 2, 3, 12, 13, 14, 15} (dCubel
=0, dCube2 = 12) wag Cross; = {4, 5, 6,7, 8,9, 10, 11} (dCubel = 4, dCube?2 = 8)
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JUM 3.10 LARININTINNTUUINGUVBY GCD, = 0, GCD; = 16, GCD, = 32 Uag GCD;
= 48 18 M = 2 WSBULAAIINUIU Cross kay IumsUAUYRILRas Cross Wwelaion1sasuie
11V19A UNINUA LLazQﬂ%’miﬁagﬂuLLmLLiﬂﬁuaamiNmﬁu F95199LLDYAVDINTAS 1A

anAuIzgnasuIsluiite 3.2.2.2

gﬂﬁ 3.11 UanINI5IANANVDY GCD; e 0 << 16 uay m = 3 FsUsznausg GCD,
= 0, GCD, = 128, GCD, = 256, GCD; = 384, GCD, = 512, GCDs = 640, GCDg = 768, GCD,
= 896, GCDg = 1024, GCDy = 1152, GCD,, = 1280, GCD;; = 1408, GCD;, = 1536, GCDys
= 1664, GCDyq = 1792 way GCDy5 = 1920 anfegagu GCD, = 0 avUsznausiy Cross, —
Cross, wazluusay Cross azisTnulnumSuEUs UL 16 Tun 1@ Cross, = {0, 1, 2, 3, 4,
5,6,7,120, 121,122, 123,124, 125, 126, 127}, Cross, =1{8, 9, 10, 11, 12,13, 14, 15, 112,
113, 114, 115, 116, 117, 118, 119}, ..., Cross7 = {56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69, 70, 71}

GCD (Group of Cross Dual-Cube) Latin square for ATAPE on 6-HHC (k= 8)

Partitioning Group 03 GCD,=0
|
\ Cross0 Crossl ‘
bybyby
@1 2 312131415|[J-000 | 4 5 6 7 8 9 1011
1 03 213121514 |p§=001 54 7 6 9 81110
AR 0 IS =010 6 7 4 51011 8 9
3 2 1 015141312|F]-011 7 6 5 411109 8
121314150 1 2 3 |E}=100 8 910114 56 7
131215141 0 3 2 (g=101 9 811105 4 7 6
14151213 2 3 0 1 (fg=110 | 1011 8 9 6 7 4 5
151413123 2 1 0 =111 111109 8 7 6 5 4

N 0 1 2 3 12 131415

(917181928 293031
1716 1918 29 28 31 30
1819 16 17 30 31 28 29
191817 16 31 30 29 28
282930311617 1819
292831301716 1918
3031282918191617
3130292819181716

Cross0

2021222324 252627
2120232225242726
22 23202126 27 24 25
2322212027 262524
24 2526 27 20 21 22 23
2524 27 26 21 20 23 22
2627242522232021

27 262524 23222120

Crossl

J

@33 34 3544 45 46 47
33323534454447 46
3435323346474445
35343332474645 44
44454647 32333435
45444746 33 3235 34
46 47 44 4534 3532 33
49 46 4544 35 34 33 32

3637383940414243
37 363938414043 42
3839363742434041
3938373643424140
404142433637 3839
4140434237 363938
4243404138 393637
4342414039383736

Cross0

Crossl

¥

Group 1: GCD, =16

@49 505160616263
49 48 51 5061 60 63 62
5051484962636061
5150494863 626160
6061626348495051
616063624948 5150

52 53 54 55 56 57 58 59
5352 5554 57 56 59 58
54 5552 53 59 58 57 56
5554 5352 5958 57 56
56 57 58 59 52 53 54 55
57 56 59 58 53 52 55 54

6263 606150514849 5859 56 57 54 5552 53
6362 61 60 51 50 49 48 59 58 57 56 55 54 53 52
. Cross0 Crossl

¥

Group 2: GCD, =32

T

Group 3: GCD;=48

Ul 3.10 #19819n153AngY GCD UUA3EY18 6-HHC (n = 6, m = 2) Az k = 2™ = 8



32

GCDy=0 Crossl
CrossD ([0 DU 2_ 20 2 0506 D202t 122 1281248 126000, —> 012213 iz imm i ueiy
Crossl 8 9 10 11 12 13 14 15 112113114115116117118119 22/0LLE TS 5122 201 2001 21126 2274124125
32107654123122121 120 127 126 125124
Cross2 |16 17 18 19 20 21 22 23 104105106107108109110111 45670123 124125126 127 120 121 122123
24 25 26 27 28 29 30 31 96 97 98 99 100101102103 $7 452301 12127 150 128 122 129 120420
32 33 34 35 36 37 38 39 88 89 90 91 92 93 94 95 125051;131";;32132:2142]?2152152162;2?,23 i?;f‘;g
40 41 42 43 44 45 46 47 80 81 82 83 84 85 86 87 :g;ggﬁggfiii;gg;ggiggzg
48 49 50 51 52 53 54 55 72 73 74 75 76 77 78 79 123122121120127126 125124 3210765 4
Cross7 '56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 ig}ﬁiﬁiziﬁi%igig;fg:?;gg
126 127 124 125122123120121 6745230 1)
GCD] - 128 N 127 126 125 124123122121 1207654321 0|
Cross0 [128129130131 132133134 135248249 250251252253254255| =1 Cross?
Cross [136 137138139 140 141 142 143 240 241 242 243 244 245 246 247 B2 5758 b 2 s a3 e 7 e e o
Cross2 (144145146147 148149150151 232233 234235 236 237 238239 15659 56 57 62 63 60 61 66 67 64 65 70 716369
1595857 56 63 62 61 60 67 66 65 64 71 7069 68
152 153 154 155 156 157 158 159 224 225 226 227 228 229 230 231 e L L n B
160 161 162 163 164 165 166 167 216 217 218219 220 221 222223 1616063 297 56 99 38 69 0 1 1 c0 64 676
168169170171172173174175208209210211212213214215 kﬁzusuwsswsanvuwsswseﬁsﬁ
176 177178179 180 181 182 183200 201 202 203 204 205 206 207 165 64 67 66 €9 66 71,70 57 56 59 5 61 60 63 &3
Cross7 [184 185186 187 188 189190191192 193 194 195 196197 1981199 e e = T

1686970 71 64 65 66 67 60 €1 62 63 56 5753 59!
169 68 71 70 65 64 67 66 61 60 63 62 57 565953:
:70 7168 69 66 67 64 65 62 63 60 61 S8 5956 57

GCD,; = 1920

CrossO 119201921 192219231924 19251926 1927 2040 2041 2042 2043 2044 2045 2046 4247
Cross] |1928192919301931193219331934193520322033 2034 203520362037 20382039
Cross2 |19361937193819391940194119421943 2024 20252026 202720282029 20302031
1944 194519461947 1948194919501951 2016 2017 20182019 20202021 2022 2023
19521953195419551956 195719581959 2008 2009 2010201120122013 2014 2015
19601961 19621963 1964 1965 1966 1967 2000 2001 2002 2003 2004 20052006 2007
1968196919701971 197219731974 197519921993 1994 199519961997 19981999
Cross7 [1976197719781979 19801981 19821983 1984 198519861987 1588198919901991

Ul 3.1 fa819m53Angu GCD uuATe1e 11-HHC (n = 11, m = 3) uaz k = 16

ngufun 3.3 a1eldnsdanguuuy GCD AT urungu As 227 azil Cross ianunsa
ﬁ%ﬁum'su,anLﬂﬁlawﬁagmwu ATAPE #28uu28Useananadnuu k = 2™ lansaunu
Tnelifinnudaudesznindonns Lﬁa“lﬁii’wé'nmﬂ%ﬁa%@j (Even Cross) uaznisiadiava
(0dd Cross) lae Arsludiavg Aa nrsundunisludrantdruuuiusey (Forward

Routing) wazn1slaitadn As NsuILEUNINARENaULUUIUTEU (Backward Routing)

g JUN 3.12 n) uanalaseadng Laznnsseyduandszaudnues GCD (GCD Addressing)

v Y
&

Tnefiduuvesngude 22 wagduau Cross luusiagngu fis 22 71 nrsundunisfidudian

'
ada

LUUTLIUYRINTTlUTlave ansnsanidunislagldiunaudsi 3.3 wagflaidu SPordering

wuuluTainuse Faduilanduisudu (Default function) @ wmsunisiviiavd aglafesdu

a ]

SPordering wuuaBENdUIUTaU Tnesaasilestudoflarduiiozrelaunsandnidsanis
Toudafurnzdudedayauuy ATAPE Losnnsassilsriduazsudstoyalufianisfinsetu
dnaif (Symmetrical Path) fstunne Cross Tunsiagngal ansnsnfoansuuy ATAPE léndey
fu Tneitlsifinisdaudetu 5Uil 3.12 9) uanagues Cross Alfiamensadudiu e m = 2 Ao
Cross, Way Cross; 33Ul 3.12 A) 18l m = 3 aziigues Cross Afifiananssiudiuiu Ae
Crossg bae Crosss, Cross, kay Cross;, Cross, oy Crossy, Crossg baty Crosss Imﬁnﬂ‘]ﬁi%

anunsaldussleniannnssudeyauuuaesiamsldegauinyssdvanm O
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GCD Address Main-net (2™ bits)  Sub-net (m bits)

n=2"+m
n=2vm || by b,
= M+m

By oo by | Dy ... by by

Group Cross Cube
#groups=2M , #crosses per group=2M-1

n)
N=64,n=6,m=2 [#groups=4] N=2048,n=11,m=3 [#groups=16]
|b5b4| b; b, blb0| “ byg b by b | beb5b4b3l b, by by |

Even Crosses Odd Crosses
Even Cross r?‘id_gr_"_ss_l First-Half : Flip_~1"Cross1: 001 "
7. Crossl: 1, _Lrosses %g. Cross3: 011 !
________ N | Cross5: 101 !
(F-reordering) (B-reordering) Seﬁé’ﬂcd i Cross7: 111 1
Crosses M --=7

100 101

—— F (forward)

L s ---- B (backward)
=) fes) KT9559'  reordering & routing
1 o ‘e

) A)

JUN 3.12 ) lassaineszaulnues GCD uag v) fee1ens Cross Wla m = 2 Wag A) m = 3

3.2.2.2 N15a39AITNATRURoNSHaE1SWUY ATAPE (A Latin-Square for ATAPE)

Tudetlaziniausnisadnem1san@u (Latin-Square : LS) 1ngm131981A Uz LaRAS

35155 esduildsunmdululsvednualalenis (Destination Node : D) F99nA1U0411370

Y

IuASHAY 913U & = 27! ndunaulsn 3.4 lngn1sneaiiuaziilaswaingeiguin 3.13

Sources of Dual Cubes (2x2™) For examBle, N=64,
by GCD mapping m=2, GCDy=0, k=8
SNS<En S: N sk-1|c S;lo0123 12131415|C.
oo dos oo v dogs] O f0123 1213141570
IO o, 2.3 gl 1032 13121514 |1
5 - o Wi\ |1 2301 14151213 |2
1| 20 dox oz ot | 3 [> D/l 3210 15141312 | 3
SR . 12131415 0123 | 4
o : - 13121514 1032 |5
20 Aezx o Gezher | k-2 14151213 2301 |6
| dk1,0 Fern oo Gies e | k-1 | 15141312 3210 | 7

]
=1

a C;
U7 3.13 Tassadrevasmsisaniuvasivundanenie o)’

AN NAIRUALLANINITLS BT ULA U L B LY LASaUNISAAMBE 8@15WUU ATAPE
! ¥ C; | o . aa
sgninslnundune S uagluundatenie o Tuudagseudaiugu (Control Unit : C) #idl

MU k50U (0 </ < k-1) M9 UMISI9AIAUVDINTS ATAPE UULAS 818 HHC agdaun
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1 (% d’ 1 C; J 14 4:1' =
WU k x k e k = 2™ uagAlnuauatene 0 = dj; Arwaldinaunisi 3.3 Jadu
aunsignuuusananileddu D = S @ € Ngniaweslilu [18]

Ci

Ml d; f® Wuaua1ene (Destination Node) fiuay e (0<i,j< k1)
S, e lmundiums (Source Node) 71 i

G Ao fMmuAN i

GE @ A AN XOR (XOR Operation)

1 9997NASIEHINTU XOR La8m S99 g aununISaea1suunLAI a8 HC Azl
A111901NLAS 19T ANPUEINSUNTS ATAPE vuASe18 HHC 1@ Wasannesedng HHC
TAS9A5 19N TANUTUTDUNINNIT AIHUNTSES19R5 e AU EualuiInednus atull Ty
SunIHATY XOR-LS N8UANG (7, ) Soaunisi 3.3 avaiuisalanisdeanswuy ATAPE 4
TuurnvemureUssulana k = 2™ yuAseny HHC laegannmdaswazliiinnsdmwdaiuy

YULLNTEDANTVDINUIYUTTUIANA

Fa819 ANUUALA GCDy = 0 UWIASBU 6-HHC (N = 64, n = 6 Lag m = 2) gl
SrunumheUssanana k = 8 feiiu nuadunis S gnasidlaslddunauisi 3.4 Gaarldnga
YoIMUARUNIS S = {0, 1, 2, 3, 12, 13, 14, 15} 110 G = 0 azleInuaUatenimaIusnues
A1519877 Y é’fﬂgﬂﬁ 3,14 fumousesnldaunsi 3.3 mawedlvuauanenng wu lunsdl G,
W30 3 V09PN ATU e d; =12, 3,0,1,14,15,12, 13} 198 dy, = 14 QAN
a8 i =2,j =4 udg G = 2 98 A9 dyg = Spmay = S¢ = 18 dmsuA1BUY Tuusiazund

aunsam Il tluaNYuLLRgINUY

Source of Dual Cubes (2x2™) For example, N = 64
By GCD mapping m=2, GCDy=0
S,-|so Sy Sz .. sk-1| S,-|0123 12 13 14 15
C.
_ - C _ - i
dop s oz dons] G [9123 213141 0
dio di1 dio... dis
5 d“’ dl'l d1'2 dl'“ ; 5 2301 @ 151213 |2
;| 920 921 92,2 G2k $ 7] 3210 15141312 |3
A : 12131415 0123 | 4
13121514 1032 |5
Ai-2,0 A2,z oo diezpet k-2 14151213 2301 | 6
| dk-1,0 dics,1 o Dicezper ] K-1 [ 15141312 3210 ] 7

sUTl 3.14 asreanAudwmsunsaesnsuuy ATAPE Uuia3a918 HHC e m = 2
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gﬂ‘ﬁ 3.10 uanInTaAUYesNsSesduABuidulUld vuedetie 6-HHC Ll
m =2 uaz k = 8 §unndio GCD, = 0 9zd%uau Cross Aa 2 Usznausae Cross, waw
Cross, a8 Cross, Uizﬂ@uﬁ’;aiwu@‘f?uuaﬂ (External Node) A® 0000 way 0011 ﬁdﬁjﬁu%ﬁ
Tnua U (Starting Node) Usznausae 0, 1, 2, 3, 12, 13, 14 uaz 15 auasu d1msu
Cross; UsznouseTuuatuuen Ao 0001 wag 0010 faruasilnunsudulssnausie 4, 5,

6,7,8,9, 10 kay 11 Anua1au

1997 3.1 uazguTt 3.15 wanadunanisiomsuuy ATAPE Tnenislidunouisd
3.3 Larn13i5 e ulUT ML UUILTeU UASeTY 6-HHC e m = 2, k = 8 waz GCD,
=0 Immﬂﬂﬂuw’fuwwﬁ'aﬂu Cross LauA Fefifo Cross, Aeuardlnums udy
Usenaumie 0, 1, 2,3, 12, 13, 14 wag 15 1y Wuaaunie S = 150011, 11) wazuaignng

D = 3(0000,11) Yl C = 4 Aglidunnndungamuiuneuisn 3.3 awsluil

S =15 = (0011, 11) —— (0011, 01) — (0001, 01) —— (0001, 00) ——>
(0000, 00) — (0000, 01) —— (0000, 11) =3 =D

M19197 3.1 LuNI9NI5FEISUUY ATAPE luusiaziniuau (€) e Cross, U GCDy=0

C=0 | 5=D | 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11
=1 3 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11
- D 1:0000,01 0:0000,00 3:0000,11 2:0000,10 13:0011,01 | 12:0011,00 | 15:0011,11 | 14:0011,10
C=2 S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11
- D 2:0000,10 3:0000,11 0:0000,00 1:0000,01 14:0011,10 | 15:0011,11 | 12:0011,00 | 13:0011,01
§ 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11

=3 0000,01(in) | 0000,00(in) | 0000,11(in) | 0000,10(in) | 0011,01(in) | 0011,00(in) | 0011,11(in) | 0011,10(in)

D 3:0000,11 2:0000,10 1:0000,01 0:0000,00 15:004s651 14:0011,10 13:0011,01 12:0011,00

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
0000,00(in) | 0000,01(in) 0011,00(in) | 0011,01(in)

0001,00(ex) | 0010,01(ex) | 0001,00(ex) | 0010,01(ex) | 0010,00(ex) | 0001,01(ex) | 0010,00(ex) | 0001,01(ex)

1C=4 0001,01(in) | 0010,00(in) { 0001,01(in) | 0010,00(in) | 0010,01(in) | 0001,00(n) | 0010,01(in) | 0001,00(in)
0011,01(ex) | 0011,00(ex) | 0011,01(ex) | 0011,00(ex) | 0000,01(ex) | 0000,00(ex) | 0000,01(ex) | 0000,00(ex)

0011,00(n) | 0011,01(in) 0000,00(in) | 0000,01(in)

D 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11 | 0:0000,00 1:0000,01 2:0000,10 3:0000,11

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11

0000,00(in) | 0000,01(in) 0011,00(in) | 0011,01(in)
Cc=5 0001,00(ex) | 0010,01(ex) | 0001,00(ex) | 0010,01(ex) | 0010,00(ex) | 0001,01(ex) | 0010,00(ex) | 0001,01(ex)
0001,01(in) | 0010,00(in) | 0001,01(in) | 0010,00(in) | 0010,01(in) | 0001,00(in) | 0010,01(in) | 0001,00(in)

0011,01(ex) | 0011,00(ex) 0000,01(ex) | 0000,00(ex)

D 13:0011,01 | 12:0011,00 | 15:0011,11 | 14:0011,10 | 1:0000,01 0:0000,00 3:0000,11 2:0000,10

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11

0001,00(ex) | 0010,01(ex) | 0000,00(in) | 0000,01(in) | 0010,00(ex) | 0001,01(ex) | 0011,00(in) | 0011,01(in)
0001,01(in) | 0010,00(in) | 0001,00(ex) | 0010,01(ex) | 0010,01(in) | 0001,00(in) | 0010,00(ex) | 0001,01(ex)
0011,01(ex) | 0011,00(ex) | 0001,01(in) | 0010,00(in) | 0000,01(ex) | 0000,00(ex) | 0010,01(in) | 0001,00(in)
0011,00(in) | 0011,01(in) | 0011,01(ex) | 0011,00(ex) | 0000,00(in) | 0000,01(in) | 0000,01(ex) | 0000,00(ex)

=6

D 14:0011,10 | 15:0011,11 | 12:0011,00 | 13:0011,01 | 2:0000,10 3:0000,11 0:0000,00 1:0000,01

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 | 13:0011,01 | 14:0011,10 | 15:0011,11

0001,00(ex) | 0010,01(ex) | 0000,00(in) | 0000,01(in) | 0010,00(ex) | 0001,01(ex) | 0011,00(in) | 0011,01(in)
c=7 0001,01(in) | 0010,00(in) | 0001,00(ex) | 0010,01(ex) | 0010,01(in) | 0001,00(in) | 0010,00(ex) | 0001,01(ex)
0011,01(ex) | 0011,00(ex) | 0001,01(in) | 0010,00(in) | 0000,01(ex) | 0000,00(ex) | 0010,01(in) | 0001,00(in)

D’ 15:0011,11 | 14:0011,10 | 13:0011,01 | 12:0011,00 | 3:0000,11 2:0000,10 1:0000,01 0:0000,00
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nsdanaunuy 6D liiesuddgmanutauddurugdoarsszvitamine
Uszanana uidsanansavagliviieuszanana vune k Heglulsas Cross vasusay GCD
anunsndeanslimieniusiaenndes taglindnnisildesunsluneunth fio Cross laugld
N5 LEUNIUTIMWUUILS U way Cross Lamﬁlsé’fmimLé’ummaaﬂé’mmmuiau lag

VlﬂﬁENLﬂUVlNVIbLWﬂ’]ﬂ“UU(ﬂEJ‘L!'Jﬁ‘Vl 3.3 3% LIJ‘IJLﬁ‘IJ‘VI']\‘iLLUUﬁEJ\WIﬁVl’N mamumammm

5U 3.16 Wanafa0819n15 ATAPE ULLAS0Y18 6-HHC (N = 64, n = 6 uay m = 2)
o5l 5 91 (Tasks) gy GCD, InssruusnUszneufieniisUsyalanaidvuin
k = 271 uagdn 4 uUszneumemheUsEaNaTA k = 27 ULINNUMURIY T, 9
Qmawmﬂﬂmmﬁa@u Cross, Usenause Lvum 0 — 3 way 12 - 15 (nunddugsu) lng
wldminunu € = 0— 7 dmuauil 2 wag 3 gnunusng T, wag T, 39vunn k = 4 xgn
wauvinglviluua 4 - 7 Anuedided) uae 8 ~ 11 (nuadi) audinu uazazldfmaiuay
C = 0 - 3 ¥§997n T, wae T, Usearanaasa vheUssananatiuayinsdmduanud ¢ way 5
Tnegnumudie T, wag T, 9l k = 4 Ssazgnuoumnelilvun 4 = 7 (nuafuniu) way 8 -
11 (vunddanda) mug i faeshauay C = 0 - 3 dunednfudideuiouean T, - T,
ilvnaesiieUszanana k sy uhansndoasiuy ATAPE niouduuuuruule

Tnglydfinistaueariu

312 1514

s

15141312

0 1 2 312131415
-3 21

5 6 7|(8 91014:S;
6 5 4)t1109 8|:D?

2131415 0
=

5

7

D O | =
[
S}
=
-

it o

gﬂﬁ 3.16 WAUNNINSABESUUU ATAPE 1ul,wiaz€f'amuqu (C) v9997U T, - Ts UU GCDy=0
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3.3 NSUUINGULUY GCD waz GCS MUSuasuld uuaIaYie HHC Ademniiae

Uszulanavuna k = 2™

Tusdediniauenisutsnguiianunsausudsuld vueIedns HHC deisnns
WUINAUKBUY GCD wagnssaunguAugeewuuled (Grouping of Cross Sub-cube : GCS)
dusunuosyszudana k > 27 Inua Tuiideges 3.3.1 - 3.3.3 dnaus Jnlid-GCD
(Bitwise-GCD) d@wsuniiguseuianavuin k = 2, Jnlad-GCS (Bitwise GCS) dmsumiag
UZINARATWIN k = 2™ uag 9ias-GCS (Super-GCS) dwsumeuszananauin k = 27+

k=22 o n=2"+m wag M = 2m1

3.3.1 NSuUINgUUUUTN1IE-GCD dmSunigussutanavuin k = 2m+!

e 3.2.2.1 leesutenisdnnauvesmiisyszunanauuy GCD Fadunsdnnguves

=~ [ a"

mhgUszananasegduuunliannsausudeula svaun1si 3.1 uaguansiieguile

aaaa 2

m = 2 lugu# 3.10 Fsluidell azdaueisniinnudanguanndu lagle3snisenin ms

wusnauwuudnlid-GCD Nideaiilnuntuuenidvineguilsuun vun 27 NiSenii Aldey

1 a ¢

(Sub-cube: sc) wWaryINITIANDa-AIU (Dual-cube : dc) YuI9 27 Y89 sc Wialiilanule

VAR T)

Uszananavianue k = 27 Tnua wieusenauidu Cross sanudalid-GeD azilunisdnngy

[y di

seAuTniaIE U Cross M9BaN158819aN 818 9LaMu (Runtime) Uuip3aU1e HHC

nte 3.1.1 szyhiluuala vueIetiy HHC awgnenedeeig 27 In ves a kae

m Om 99 AW 0001,10 A Tnusaduinn Uy 6-HHC udluiitetiazue a On senlu 2

= o

druivesnatianisedlu Group (Ud) uaz Cross (Tnddy) vadlnuanisyy Aagun 3.17

9 Y

Main-net a (2”bits) : e Sub-net £ (m bits)
i Group Cross | Cube

n= 21H+m bi’]—l - bzm—1+m me_1+m—1"' bm bm vee b] b()

UM 3.17 nMessyBunndnulinuanieusanete §e a = a; a, wuetuwen (Mainnet)

a [ s [y a =

g‘d‘ﬁ 3.17 93U18NT52UBUANGsZAUTRTDY Group (2™ Tn, @W1) waz Cross (2™

]

U, ddw) vosmheUssinanafiaguuaIatty n-HHC lag
Mvual a, e g ugesnldanatianiseglu Group FeUsenause 2 dn

a, Ag wuguaesnldestianiseglu Cross Feusznause 27 dn
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W 1Aun 7 UuA3eU1y 6-HHC aggnununde (0001,11) Aely duindvesivun
Fuuen Av @ = aya, = 0001 We ay = 00 Wag a, = 01 WarA1SIT dc VWA 27 fensiy

sc U9 2™ aUsEnauldu Cross YUm k = 27 Ui GCD a@1unsaulaainaunisn 3.4

e =a,ay,
d =a;a, (3.4)
e e o AvdonSudy (Input Sub-cube or External node)
d f® Hadnsnda-Adu (Output Dual-cube)

I a 6 a
a, Ao ABUNAIUATUN (Complement) 89 a,

PMNFUNITN 3.4 92Le37 TWumued sc Av (e, xx.x) = (&, @y, XX..X) LAY MuAved dc
AD (d, xx..x) = (@ @y, xx..x) b8 xx.x MUEAY g Iuaesseiuinvadlnuatuly wu
xx = {00, 01, 10, 11} L8 m = 2 AU RUIBUTEIIANAI NI kK = 2T IUSENDUARY SC

wag dc aEunsadeasiesudweyanulagusimainnisdaueariu

FE1IU VULATEUIY 6-HHC (N = 64, m = 2) Tuusias Group a; wUsznaume 2
Cross A Crossy kg Cross; lagfiusiag Cross wQnasneaIndnued Cross Ao a, Uag @, (g

NHI5N 3.2 Usenou)

A1519% 3.2 PMsaiiunts Onlad-GCD dwmisSu k= 2™ =8 lWa N =64, m = 2

Group o, Cross a, a | a, g 2*1= 8 Processors

ot od crossQ 00 | 11 00,01,10,11 0,1,2,3, 12,13,14,15
crossl 01 | 10 00,01,10,11 4,5,6,7, 8,9,10,11

(N cross0 00 | 11 00,01,10,11 16,17,18,19, 28,29,30,31
crossl 01 | 10 00,01,10,11 20,21,22,23, 24,25,26,27

5:10 cross0 00 | 11 00,01,10,11 32,33,34,35, 44,45,46,47
cross|1 01 | 10 00,01,10,11 36,37,38,39, 40,41,42,43

311 cross0 00 | 11 00,01,10,11 48,49,50,51, 60,61,62,63
crossl 0l | 10 00,01,10,11 52,53,54,55, 56,57,58,59

#1519 3.2 wanansuUInguvesinUszInanauuutelad-GCD iefiazadiangy
98 Cross Yu1A k = 2™ Taendie m = 2 9¢ld Group i = a; (= 00, 01, 10, 11) Tuusias
Group i Usgnaun 18 Cross, 138 a, = 00 Wag Cross; 138 a, = 01 kazlu Cross, A%
Usenausie sc = (@,00, xx) way de = (@11, x9) f 9y Group a; = 00 9z Us¥NaUAY
Crossy = {sc, dc} = { (@100, xx), (@111, xX) } = {0000, xx), (0011, xx)} #30Ldl ounNuAELaY
guaesazla {0, 1, 2, 3), (12, 13, 14, 15)} wag Cross; = {sc, dc} = {(@,01, xx), (@10, xx) }
= {(0001, xx), (0010, xx)} = {(4, 5, 6, 7), (8, 9, 10, 11)}
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a cross of 2™ = 8 nodes
Case 1: e = 0 => Group0,Cross0 (blue color)
a s-cube (sc) in
main-net 0000 P=0,1,2,3
ED:I 0000(00,01,10,11)

Groupl Group0

Its dual-cube (dc) in
main-net 0011 P =12,13,14,15
0011(00,01,10,11)

Case 2: Group2,Cross1 (Orange color)
a s-cube (sc) in
main-net 1001 P = 36,37,38,39
ED:' 1001(00,01,10,11)

Its dual-cube (dc) in
main-net 1010 P =40,41,42,43

Group3 1010(00,01,10,11)

U7l 3.18 F19E19UBINTUUINGURUU GCD VU9 K = 8 UUA38Y18 6-HHC (N = 64, m = 2)

JUN 3.18 wam 2 Megalunisuuinguwuy Unlid-GeD aglusiagnausn dniiluun

uuan (Main-net) 11988 Aa sc = 0000 WUAD Group a; = 00 kay Cross a, = 00 AILUA

Y

Ree

9a-AU (de) vas sc = 0000 AB a; @, = 0011 (Mg aENFULAEITU @) = 00 UAFAIYDS 2

) e

v A

Tauds Ao = 11) Fatfy vusUsyananastavainued Cross, Tusaeg19usn G988 nie
Uszuiana Usenaunae 4 Bu18USsNIanNanIneee a axx = 0000, xx = {(0000,00),
(0000,01), (0000,10), (0000,11)} = {0, 1, 2, 3} Uay 4 NUIUTLUIANAGAVIYVDY @; Ty XX =
0011, xx = {(0011,00), (0011,01), (0011,10), (0011,11)} = {12, 13, 14, 15} ﬁﬂﬁu Cross,

{0,1,2 3 12, 13, 14, 15} (gih’?i 3.18 Tnupdi) dmsulughetaed 2 5wimum%’uuaﬂﬁ’ma§
Ao sc = 1001 a¥lA dc = a, @, = 1010 wazazlantieUseanana Cross, Iavun A {36, 37,

38, 39, 40, 41,42, 43} (U7 3.18 Tnupdde) mud

3.3.2 M359uNgUkUUTnlad-GCS drusuniteuszuianavim k = 2m+2
' a s = d' o v ' o
ns5unguuuudnlid-GCS gniausluniiesesunuiidesnisiieUssaianand
WA k = 272 lagagyinnsidenngufignied iz aud msununfents dunndt 6197
YA k = 2™ MsuUanguveATety HHC szdnassiueglunduietlu GCD ey w3e

= A o | a = A ! oA

@, A9 ANAEINY LU @; = 00 A GCD, kazazliinsdaaiseonuenngy wAlavuInves
nieUsEUIaNa Ao k = 2™ ez lviin1siudeteyatiu GCD WU k = 2™2 = 16 Uy
130918 6-HHC wae m = 2 9zl 2 nau GCD Nogiinfiu (Adjacent Group) N@1U15AINHTT

Y

U 16 miedssananald lngasisunni1ssiunguussnnildn GCS aeuy GCS vun

a o

k = 2™2 agUsenaume 2 Cross w1 2™ uageglu 2 GCD Naginfiu
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fnuald Tnuaduuen (Main-net) e fivun 27 0a Ao a,a, Faduuday a 93
Usznousie 271 O way @, mnefe ngu wie GCD Ailvuatiuey uay @, el nautoy
%58 Cross ﬁimmﬁ?uagj (gﬂﬁ 3.17) WU e = aya, = 1101 vy 6-HHC nnedis nun e ogluy
GCDs (a; = 11) wag Cross; (a; = 01)

%umauusnmaamﬁmmjmLLUU GCS fia NM3v3UkuuYeINIs Cross (Cross-Pattern)

¥

p = a,® a, Mntnuaduuen e Fududayaid (nput) iesanneuniilieduiedn GCS

YUIA 22 9EUsENaUMIE 2 Cross WA 2™ fatju Junausaly Aa N1 Cross wsn (First
Sub-cube: fs) PMNAUATUUBN e WAy dUNISA 3.4 ABUA1NSU Cross Navd (Second Sub-

cube: ss) YNNIV GCD Megfiniiu GCD 11 e fisumisey) Inensldaunsi 3.5 wag 3.6

Y

adj-groupi = aP2°;0<a< Ml (3.5)
crossj = i@p ;01j< 2" dlo M = 271 (3.6)
%39 crossj /= \h@p. ﬂiﬂjguﬂ

AIBEN UUATBYIY 6-HHC (N = 64, m = 2) arfmuslidoyaiin A9 Tnuadamen
e = 0000 (130 aya, = 0000) iy e aguunay GCD a; = 00 uay Cross a, = 00 d 3y
MFIINGUVBINUIUIN k = 2712 9IN@UAITA 3.5 WAz 3.6 dzanunInaine 6CS 1a 21 = 2
sUMUY (Patterns) iilasannivunduneniiiniiu (Adjacent Groups) fu e = 0000 (W3 GCDy)
fio adj-eroup i = a,@® 2% = 01 waz 10 lo a = 0 way 1 AuAA é’ummﬂugﬂﬁ 3.19 uay
597l 3.3 dwsunsaaadu (Default) 9914 a = 0 M%@Jmﬂ'gﬂﬁ 3.19 fafu 1ile e = 0000
(139 i@, = 0000 91991 @y = 00 g a, = 00) Lag p = ;@ a, = 0000 = 0 NFNNT

Y @ a

71 3.4 a¢liigda-AaUves e Ao d = a,@, = 0011 AsliuagliinmiIeUseutananmunves fs

A a,a,, xx = 0000, (00,01,10,11) = 0, 1, 2, 3 WAL a;@, xx = 0011, (00,01,10,11) = 12,

13, 14, 15 U198 USELNIANAIUUATDY ss YLAINFUNT 3.5 way 3.6 axlan

adj-groupi = a;@2%; dea=0
= 00601 = 01
5H Cross j = i@p
= 01600 = 01

231A71 WMUATUUBNINUALSNUDY ss A a,a, = 0101 (U39 a; = adj-group i = 01
Wag @, = cross j =01) AI U UUIUTTUIANATIINUAVBY 5SS AD aya,, xx = 0101, (00, 01,
10, 11) = 20, 21, 22, 23 WAy a,&, ,xx = 0101, (00,01,10,11) = 24, 25, 26, 27
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dwsunsdlil a = 1 w3ega Uil 3.19 Feazidunsdilluuatuuen e a = 0 1l
annsoldle sty 1ile e = 0000 (39 a,a, = 0000) AledmuleUsEIIANATDS fs AB SC
— @, xx = 0000, (00, 01, 10, 11) = 0, 1, 2, 3 waAY dc = @&, xx = 0011, (00, 01, 10, 11)

= 12, 13, 14, 15 AoUMUIBUTEUIINATNUAVBY s ULAAINEUNTT 3.5 kae 3.6 LA

adj-groupi = a;P2%; dloa=1
= 00610 = 10
(Wb crossj = i@p
= 10900 = o1

Azlaa1 TnuaguuenlnuALINUes ss A8 aa, = 1001 (139 a; = adj-group i = 10
Way a, = cross j =01) A9UU NUIBUTZUIANAVIINUAVDL sS AB SC = a,@,, xx = 1001, (00,

01, 10, 11) = 36, 37, 38, 39 Wag dc = a;a@,, xx = 1010,(00,01,10,11) = 40, 41, 42, 43

A15197 3.3 Talad-GCS d1sU k = 272 UuATeYE 6-HHC (m = 2 uag e = 0000)

Default sub-system of input group 0 and its adjacent group 1

Group a; Cross a; a, | a, yij 2m*2 = 16 Processors
0:00 cross0 00 | 11 |00,01,10,11 0,1,2,3,12,13,14,15
1:01 cross1 01 {10 |00,01,10,11 20,21,22,23,24,25,26,27

Reconfigured sub-system of input group 0 and its adjacent group 2

Group a, Cross a, a, | a, Yed 22 = 16 Processors
0:00 cross0 00 | 11 {00,01,10,11 0,1,2,3,12,13,14,15
2:10 crossl 01 |10 ]00,01,10,11 36,37,38,39,40,41,42,43

First sub-system (fs)

Group0 i i
a sub-cube in main-net
0000 (Group0:Cross0)  p..Q, 1,2, 3
and dual-cube in 0000(00,01,10,11)
main-net 0011 P: 12,13, 14, 15
(Group0:Cross0) 0011(00,01,10,11)

Second sub-system (ss)
an adj-group in main-net
0101 (Groupl:Crossl) P;: 20, 21, 22, 23

and dual-cube in 0101(00,01,10,11)
main-net 0110 P: 24, 25, 26 27
(Group1:Cross1) 0110(00,01,10,11)

Another Second sub-system (ss)
next adj-group in main-net
1001 (Group2:Cross1) P:: 36,37, 38, 39
*and dual-cube in 1001(00,01,10,11)
Group3 Gr in-
P L roup? n&am ngltcmlol P: 40, 41, 42, 43
6-HHC (m=2) (Group2:Cross1) 1010(00,01,10,11)

U 3.19 F8819w8INMIUUNGULUY GCS UuATaYe 6-HHC (N = 64, m = 2) iila e = 0000
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desnluinerinudatuilfhnsiasedoanfiouanidsudoyauuy ATAPE
dienaaeuntsdearsvesmieUssutanaiignuuingy dafunisadamsnsaifudieaunisi
3.3 Lflenns ATAPE e k = 272 uag e = 0000 LLamﬂugﬂﬁ 3.20 uay 3.21 deUszneuse
ASFIAGUUUY GCS $8 2 JULUU A JULUU a = 0 uaw a = 1 Tnegudl 3.20 uanan1se
A1AUYBIN1S ATAPE (1umunn 16 reUszanana Wie a = 0 (ASudu) wazagldmioe

dszaana (S) ﬁgwm Aafs=0,1,2 3, 12 13, 14, 15 way ss = 20, 21, 22, 23, 24, 25, 26,

d! = a C/ U o o U a tﬂ'
27 F99¢1n1519819 UYL uAUa18Ng (Dj ) UDAAAEAIAIVAL (C) EINTUAITNARUY LUD
a = 1 aglanuleUsesulana (S) Navus e fs = 0, 1, 2, 3, 12, 13, 14, 15 wag ss = 36, 37,
38,39, 40, 41, 42, 43 uansnsraAUlugUdl 3.21

GCS Mapping
5¢:0000, de:0011 {50101, dc0101
St IO 1, 23\ 10 A3 148\ I5120 2122 Teanea 25 2b Zﬂ

Lain Square for ATAPE Comumunication

DE Group0, Cross0 § Groupl. Crossl
: AN %273 19418 #a{@h00 2T 22 2% 24)75
1\O\ 362 43 Y2 15-1%72T 2097 29O54

2 [N K44 15 122810000071 26727

3 2 NLN0 18/14, 13 12i23 22 21 20 27426

12 13 14N5%0 T a25) 3.i24 25 26927 20 21
13 12 15 14N10, 3" 2& 5] 24127626 21 20

24 25 12 13 2 ™8y, O%wil,i26 27 24 25.22%93
15 14 13 12 3 2 T™=0m2/ 26 05 24=28%7)
2021 22 2324 25 26 27{0 1 2 3 1213
21 20/23 22/ 2524 27 261 0 3 2 13 12
2222382032182 6897824225 112 B3 SN OB 48115
23 22 21 20 27 26 25 24;3 2 1 0 15 14
242258268275200 21822823 :12 5135145 158081
25 24 27 26 21 20 23 2213 12 15 14 1
261270243255 22523520 2111 14AS15812 51389 883
3

27 26 25 24 23 22 21 20i15 14 13 12
AWl 0 1 2 3 4 12 13 14 20 21 22 23 24 25

3UN 3.20 A79819M1919AAUVUIN 1616 LiNN15TBAITLUY ATAPE va3n1suuengy

WUU GCS UuA38Ue 6-HHC (N = 64, m = 2) la e = 0000 uaz a = 0
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WNHO]

sc:0000, dc:0011 @

GCS Mapping

sc:1001, dc:1010
8

43

Lain Square for ATAPE Communication

DS Group0, Cross0 g Group2, Crossl

0 1 2, 3 1213 14 15{36 37 38 39 40 41 4243
1 0 3 2 1312 15 1437 36 39 38 41 40 43 42
240800 \W/ Nyl SRTPITES (QERAS fraliiiia 42940 41
22828 20 NT=1% /14 (312 | 338 B 12361 8] MW\ gl &0
12131415 0 1 2 3:40 41 42 43 36 37 38 39
$3=t2-15d 14 Y/ QL3R AIN\I0 43742-37-36) 39 38
24251213 2 3 0 1i42 43 40 41 38 39 36 37
1514 13 12 3 2 1 0i43 42 41 40 39 38 37 36
36 3738 39 40 41 42 43{0 1 2 3 12 13 1415
37 36 39 38 41 40 43 421 0 3 2 13 12 15 14
38 89) 36437 42((48 407410253 0 $044 15 12713
39 388/37 \3BYA\¥ @ 40 /85 2, /1 Q15 14435 1
40 41 42 43 36 37 38 39i12 13 1415 0 1 2 3
41 40 43 42 37 36 39 38{13 12 1514 1 0 3 2
42 43 40 41 38 39 36 37!14 1512 13 2 3 0 1
43 42 41 40 39 38 37 36/15 14 1312 3 2 1 0

S: il 2 3 4 12 13 14 36 37 38 39 40 41 42 43

©ON o u s wNn ~ o RN

Ul 3.21 §7961991519A1AUIUIA 16x16 Lilan13HBANSILUY ATAPE Y9smsutiangy
WUU GCS UA3a%18 6-HHC (N = 64, m = 2) iila e = 0000 uas g = 1

A51971 3.4 WaRIFI0E19BUY YBINTTINGULUY GCS YU k = 272 larivuals

Tayailn Ao Tuaduuen e = 0001 (38 a,a, = 0001) azld Group a; = 00, Cross a;

= 01 Uaz p = a:® a, = 01 @ wsunsdl a = 0 aglaimueUseananaues fs Ao sc = aya,

xx = 0001, (00,01,10,11) = 4, 5, 6, 7 @y dc = a,a, ,xx = 0010, (00,01,10,11) = 8, 9, 10,

11 #OUYNANSIMLNBUIEINAHATNUATDS S5 AD SC = a,a,, xx = 0100, (00, 01, 10, 11)
=16, 17, 18, 19 wag dc = a,@, xx = 0111, (00,01,10,11) = 28, 29, 30, 31 MIUGWU
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A15197 3.4 Talad-GCS dmTu k = 272 YwASeT18 6-HHC (m = 2 uag e = 0001)

Default sub-system of input group 0 and its adjacent group 1

Group a; Cross a, a;, @, Yij 2"*2 = 16 Processors
0:00 cross1 01 10 | 00,01,10,11 4,5,6,7,8,9,10,11
1:01 cross0 00 11 |00,01,10,11 16,17,18,19, 28,29,30,31

Reconfigured sub-system of input group 0 and its adjacent group 2

Group o, Cross a, ay a, Yij 2"*2 =16 Processors
0:00 crossl 01 10 | 00,01,10,11 4,5,6,7,8,9,10,11
2:10 cross0 00 11 ]00,01,10,11 32,33,34,35, 44,45,46,47

JUT 3.22 wanen15USuUREugULUUYeINI SHUINENWUY GCS Navun 8 ULUU 77g
MIUsEIIaNg k = 272 Uuip3e1e 6-HHC Wa N = 64 uag m = 2 lnsusavsuiuuilveya
W1 nselruatuden e Nuansiianu lnggluuurimungniauaniiesessudmsunsaln

sULUUAY (Default) ldanunsasassuruiasinisla (Not Available)

Reconfigured set 1 of 2 GCS patterns (k=2m2)

Reconfigured set 3 of 2 GCS patterns (k=2™2) Reconfigured set 4 of 2 GCS patterns (k=2™2)
3UN 3.22 A7eg1en15UTUUABUULUUVBINITUUINGULUY GCS 719miain 8 JULUU U

158918 6-HHC (N = 64, m = 2) fislvineUszutanavuln k = 22
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3.3.3 N1359UNGUUUUYDI-GCS drusuniiguszutanasunn k > 27+
miiwmjmwusgwa%—ecs (Super-Grouping of Cross Sub-cube) Qmauaﬁuu%ﬁa
sesfunuiidesnsheyszanailodoansiuluy ATAPE fifluuinsening 279 k < 2721
o n = 274m uag M = 2™ fegaitu deansviagyszanana UulA3euny 6-HHC (N
= 64 uay m = 2) dmsuanuiidaua k = 27 = 32 lnegiUes-GCS amnsagnasaaInnis
$NGHYB GCD F1au 2° naal o S = 2, 3, ., M Bsusiazngy GCD 9ziid1uruves Cross
flaggnaaung uiuLUUgIUDS-GCS famun 4 Cross wagusag Cross AgUsEnaudaslvun
Funen (sc uay do) vun 27 1w 272" = 8 Tnua TaenssunguuuugiUes-Ges

A11190@519b AL ABNSIEUNTST 3.7 - 3.9 WEuUAIE aun157 3.6 NesunglUlurdai 3.3.2

fvualdl @ = a,a, Fe lavgiuasswasinundunen (External Node) uuLa3ats
n-HHC Fiflawan 27 On GeUszneusie a, was a, filaun
27 gy 27 On galdeiy
xx.x Ag tvguaesidululd 910 00,0 89 11..1
\fu xx = {00, 01, 10, 11}

b, 1 b b xxoy dmsU k =277 (aviim 22 = 4 Group()  (3.7)

by b poxay @15 k = 27 (Vv 2° = 8 Group()) (3.8)

ey XXX XU AU k = 272" (avam 2 Group())  (3.9)
LAY Cross j (ﬁua\‘mejmﬁ' N o=@ p;aj< 2™ dlo M = 2mt

i @ p; DU ¥i30 gNASIRILENNITN 3.6

=

an

©
il

U7l 3.23 LaneineEg s sTINnguLuUgUes-GCS dmsumieyszanana 27+ vy
308 6-HHC (N = 64 Waw. m = 2) Aatfuagldin k = 273 = 32 Tuun frimualvideyaud
Ao Tyuadauuen e = 0000 (W30 aa, = 0000) %“Lé"gﬂl,wuﬁ p=a,® a, = 0000 = 0 &9
HugUnuududu (Default) Fguil 3.22 1) 90 @ = a,a, = 0000 91890 uaduusnyes
Yoyaitn e aglundu GCD 71 a; = 00 uaw Cross @, = 00 uazaNANNST 3.9 azlei1ng
FINFULUUYDF-GCS dmsu k = 27/2"" = 32 Tnun %agﬂumjuﬁ xxaty = {00a,;, 0lay,

10a,, 11ay } e ay An Cross j vausiaenguil i iaunsomlasisaunisn 3.6 Wuas

ngudl i = 00 2¢lén Cross j = i @ p = 00800 = 00
Nl i = 01 2gléin Cross j =1 @ p = 0100 = 01
nqui i = 10 aladn Crossj =i @ p = 1000 = 01
nauy i = 11 2zl Crossj =i @ p = 1100 = 00
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alddmadnsInunduuond Inuausn (so) fa1unsasauna uuuugLUes-6Cs
Usgnausny 0000, 0101, 1001, 1100 wagieaunsi 3.4 wyililddnda-A (do) vesus
avlsum @o 0011, 0110, 1010, 1111 Fetfunadnslyuadunenvesnisrmnguuuugles-
GCS @@ {(0000, 0011), (0101, 0110), (1001, 1010) (1100, 1111)} Gz'faﬁmmzﬂﬁsﬂauﬁm
nueUszurana S = {0000,00), (0000,01), (0000,10), (0000,11), (0011,00), (0011,01),
(0011,10), (0011,11), (0101,00), (0101,01), (0101,10), (0101,11), (0110,00), (0110,01),
(0110,10), (0110,11), (1001,00), (1001,01), (1001,10), (1001,11), (1010,00), (1010,01),
(1010,10), (1010,11), (1100,00), (1100,01), (1100,10), (1100,11), (1111,00), (1111,01),
(1111,10), (1111,11)} = {0 - 3, 12 - 15, 20 - 23, 24 - 27, 36 - 39, 40 - 43, 48 - 51, 60 — 63}
JUYBUAYIU 2 AuEeTy

SUT 3.23 ) wansinegnadiotosaitn fie e = 0001 viveglusuuuuil p = @@ a,
= 00601 = 1 Feazansaldguuvuidrzuiuvuiudu (o = 0) anunsnsesunae
Ussmnanavunnaiisensld Taslunsdiluuntuuenvesdeyaidn e oglundu 6CD 7
a; = 00 uag Cross @, = 01 Wazanaunisil 3.9 azldinssunguuuugies-Ges dmsu
k = 2/2" = 32 Inun azeglunguil xxay = {00y, 01az;, 10, 11y } uaw Cross j U89

(Y]

1 1 d‘ : 14 dy
wsaznaum / aglanall

nawd i = 00 awled1 Cross j = i @ p = 0001 =01

a
ngdl i = 01 91én Cross j =/ @ p = 0101 = 00
Nl j = 10 a¥lén Cross j =7 @ p = 1001 = 00
naudl i = 11 2gléd Cross j= 7@ p = 1101 = 01

aldTmadnsivund uuondluuausn (so) a1m130595ng uuUUgLUe%-GCS
Usenouse 0001, 0100, 1000, 1101 uazmeaunsh 3.4 avlnlagnda-Aau (dc) vaaus
alsnum #o 0010, 0111, 1011, 1110 FetfuradnslyuatunonvosnissunguuuugiUes-
GCS @ {(0001, 0010), (0100, 0111), (1000, 1011) (1101, 1110)} %Qﬁx‘i%ﬂ@ﬁ]%ﬂi%ﬂ@ijﬁ’m
MigUsyiiang S = {4 - 7,8 - 11, 16 - 19, 28 - 31, 32 - 35, 44 - 47, 52 - 55, 56 — 59} Ty
FUTBUAUFIU 2 AUA9Y

Sfusioly azuandliiiun1ssunguuuy GCD war GCS 1833UkUUT svnadfl Ld
osungluiade 3.3.1 - 3.3.3 vweTetng 11-HHC (N = 2048 way m = 3) wlelifuuimnssy
LagNAIIU (Innovation and Contribution) fi3nenfinusatuitiauedaiaud iy Taggui
3.27 - 3.28 WaAINTUTUIUABLFULUUTBINTIINNGLUBIMEUTEINANAT UL ALANGS

AU WU k = 2m 2m+2 oM gpuungUseinanananua N = 2048 MulgUseulana
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k =2™3 nodes from e = 0000 k =2™3 nodes from e = 0001

default pattern (p=0) from main-net 0000 reconfigured pattern (p=1) from main-net 0001
n) )
;:;‘U‘Vi 3.23 él"zaemnﬁﬂ%'uwﬁﬂugﬂwaaamiLuJ'aﬂzijwsguJa%—GCS Vanun 2

SULUU U ati8 6-HHC (N = 64, m = 2) Mifiviaguszananawnn k = 272

SYN 3.24 waARINISHUINANLUY GCD 928 Cross NiYuIn k = 2™ = 16 78

Y 9

Uszanana lagdlnuadeuaidn e = a,a, = 00000000 ety sc = a0, xxx = (00000000,

Ly

xxx) Waggda-AtU de = a;ay, xxx = (00001111, xxx) wasiimpUszananasiavan 16 e
Useananadil 0,1,2,3,4,56,7,120,121, 122,123, 124, 125, 126, 127) Waznii0819
21nA1319% 3.5 1agn1519 3.5 1UanIn133LNA NUUU GCD YOI NUAT Y ALY
e = 00000000, 00000001, ..., 11111111

gﬂﬁ 3,25 ULaLA15 7 3.6 WARANIIIINGULUY GCS VBanugUssaIana k = 27+
- 32 ywAFetny 11-HHC (N = 2048 uay m = 3) fiUszneusieses Cross Tiogfntu fiy
wiay Cross azdinulelszaiana 16 wulrsUszuiana 01 e = 0 (a;= 0000 ,a, = 0000,
p = a;@® a, = 00000000 = 0 arl A unuMheUsTInanaTanin 32 saeUszananaddl
(0-7,120 -127,136 - 143, 240 — 247)

SUT 3.26 Lanei19819115590N G LUV UYLUDT-GCS dmunileUszananauuna
k = 23 = 64 ULASETY 11-HHC TiUsynousied Cross i suaqmjmﬁ idloi=0 1,2 3dm
UM 3.27 ) LaRIN15TINGN 8 nau e k = 27 = 128 (91971 3.7) uay ) k = 27

= 256%U28UTEUIANE
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AN5197 3.5 NMIUUINGULUU GCD &WFU k = 27! yuiAFating 11-HHC (N = 2048, m = 3)

Group @ | Cross @, a, a, B 2m1=16 Ps
cross0 0000 1111 000 - 111 0-7, 120 -127
cross1 0001 1110 000 - 111 8-15, 112-119
cross2 0010 1101 000 - 111 16-23,104- 111

0 0000 cross3 0011 1100 000 - 111 24 -31, 96-103

’ cross4 0100 1011 000 - 111 32-39, 88-95

crossS 0101 1010 000 - 111 40 -47, 80 -87
cross6 0110 1001 000 - 111 48 - 55, 72-79
cross’7 0111 1000 000 - 111 56- 63, 64-71

1:0001 | crossO 0000 1111 000 - 111 128 - 135, 248 - 255
cross1 0001 1110 000 - 111 136 - 143, 240-247
cross2 0010 1101 000 - 111 144 - 151,232-239
cross7 0111 1000 000 - 111 184 -191, 192-199
cross( 0000 1111 000 -111 1920-1927, 2040-2047

15 1111 cross| 0001 1110 000-111 1928-1935, 2032-2039
cross7 0111 1000 000 - 111 1976-1983, 1984-1991

M13799 3.6 NTFNGUUUU GCS §M3U k = 272 yuiATavng 11-HHC

Group @, | Cross a, ay | a, | B | 2"2=32Ps (16x2)
e=0

0:0000 | cross0 0000 1111 000 - 111 0-7,120 - 127
1:0001 | crossl 0001 1110 000 - 111 136 - 143,240 - 247
e=1

0:0000 | crossl 0001 1110 000 - 111 8-15,112 - 119
1:0001 | crossO 0000 1111 000 - 111 128 - 135, 248 - 255
e=2

0:0000 | cross2 0010 1101 000 - 111 16-23,104 - 111
1:0001 | cross3 0011 1100 000 - 111 152 - 259, 224 - 231
e=17

0:0000 | cross7 0111 1000 000 - 111 56 - 63,64 - 71
1:0001 | cross6 0110 1001 000 - 111 176 - 183,200 - 207

M131991 3.7 N3IUNFURUUYUBS-GCS dmTu k = 2™ yuiA3arig 11-HHC

Group a; | Cross a, | a, ‘ a, ‘ Yij ‘ 2m4= 128 Ps (16x8)
e=1

0:0000 cross( 0000 1111 000 - 111 0-7,120 -127
1:0001 cross1 0001 1110 000 - 111 136 - 143, 240 - 247
2:0010 cross2 0010 1101 000 - 111 272 - 279, 360 - 367
3:0011 cross3 0011 1100 000 - 111 408 - 415, 480 - 487
7:0111 cross7 0111 1000 000 - 111 952 - 959, 960 - 967
e=1

0:0000 cross7 0111 1000 000 - 111 56-63,64 -71
7:0111 cross0 0000 1111 000 - 111 896 -903, 1016 - 1023
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Cross0 : 000
Uses F-protocol

Uses B-protocol

©
o
o]
2
=]
o
o
=
0
]
3
=

Crossl : 001

b
=)
—
wn
[
@
=]
=
o

Cross4 : 100
Uses F-protocol
Cross2 : 010
Uses F-protocol
Cross7 : 111
Uses B-protocol

Cross3 : 011

14-

Uses B-protocol
Cross6 : 110

Uses F-protocol

o/

k=2m™'=16

= 3) die

m

2048 ey

11-HHC (N

bl

A29LNNITIINNAUUY

sUf 3.24

Y
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]
=1

2m+2 — 32

k=

=3) die

m

2048 wag

11-HHC (N

9

9 3.25 A29819N155IUNANUY

U
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Group 0000

Group 0001

Group 0010

Group 0011

= 3) k = 2m+3

m

2048 iay

11-HHC (N

9

3.26 A29819N155UNANUY

SUN

Y
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SUT 3.27 §28819M559NgaUL 11-HHC (N = 2048 uas m = 3) n) k = 274; ) k = 2™

3.4 nMsdnnsIUTiATgaUULATaY1Y n-HHC

Tuadadliniauanisdam ey (Task-scheduling) Affian AianunsnUsegneld
m&NNN5UD Cross LavgLAIAYA (Even/Odd Protocol) #a3suiaietng n-HHC degniaue
Tuade 3.4.1 wazluiade 3.4.2 dravesuliuuuniniafivsuldsuls (Reconfigurable
Binary Tree) iil93833UMsuUnguuuU GCD wag GCS uagihtoanvinetiausisnisdnass

WALUNLANINATINUIBUSTLAaNABE 190U AN N daualusiite? 3.4.3

3.4.1 wénn15 Cross 1AVALAIAYA FMTUN15InaTsUTIATER

INNITUNAUDNITIINNGUUUU GCD Uag GCS Aoty n-HHC aglednnng 2
NRUIUY GCD anssndeansiiioudadoyasesnuiiiluuim k = 27+ ldwdendu Tngliwils
susiontlngu Tuvihweudeadu yng 24! ngunuugiUes-GCs annsadeansiiioudstoya
YeaTumnatE L iuuaa k = 272 e ndeudu waveeilestulluuuiiSes 9 aufiinis
usnguvesswdisivng 27724 fsanansngldainsned 3.8

LAZ9INNNSUNAUDNNTUYS Cross AUTENBURIY Cross 1aTguazLaTA Ll an1511
duniesienisisesannudnlydaminuazaesndunuuiIuseu (Forward/Backward
Reordering and Routing) #aedumeudan 3.3 viliusias Cross mmaaﬁaamﬁa%’udq%’aga
AeianuAu (Control) Wenfulansauqiu (Synchronized) lnglaifin1sdnudeiusening
doans Aeiulunsnunguiuuges-6cs fenslFgunuunisuauuuiang uaziavAds
YUAR k = 2L M2 onyohtl mmiaﬁamiLﬁa%’udq%’agaﬁ’;aﬁamuvqulﬁa’;ﬁulﬁw%fauS]
flagliifimsdaudsfuszingieans uarlumenduiu Mufifwdeluuasnduanunsoldidie

$995UUIUN k < 2™ lope9dasy



54

A15199 3.8 IIUIUNTIANGUVBMUILUTLUIANALUUAINY WIa m = 2, 3 uag 4

k PEs per task MUY
Under (F, B) protocol i 2 p Tasks (max)
= G (i) 2l =g 2ml =g 2x4=8
2 crosses p,eT: group N/A 2 = 16 2x2=4
N/A 2m? = 3) 2x1=2
2™ = 16 2= 16 8x16 = 128
e 20T o) N/A M2 = 3) 8x8 =64
8 crosses pernéroup N/A 270 = 64 8x4 =32
N/A 2m4 ~ 128 8x2=16
N/A 27 = 256 8x1=8
2ml = 3p Ml = 3) 128 x 256 = 32,768
N/A 22 = 64 128 x 128 = 16,384
N = 1,048,576 (m=4) N/A 27 Z 128 128 x 64 = 8,192
128 crosses per group N/A 24 = 256 128 x 32 = 4,096
N/A : :
N/A 27 ='8,192 128 x 1 =128

3.4.2 dulduvuniniafiviudeulddmiunisdaasseruuuadayie HHC
Hteinaneduliuuuniniaiivsudeuls (Reconfisurable Binary Tree) dmsu
MISRAsINULAT AN AEsTUTIWINZEY UieseT8 n-HHC ngluan ON)
el usiaslnuauudulduouninig gnunudas 27 9o vesd dydnuaided
> =10, 1,% c} 1ag x..x NG ‘vlﬂﬂ'wﬁmaaLaﬂgﬁuaaqﬁLﬂulﬂiﬁ%mdu GCD 19U xx
= (00, 01, 10, 11) 4a¥ c..c MUY vlﬂﬂ'ﬂﬁmsuaqLamgwuaaaﬁl,ﬁulﬁiﬁsuaa Cross L9u cc

o
Y

- 00 ua cc = 11 Tudusulnuasinyesduldl (Root Node) Bvazatau (level : ()7 0 (( = 0)

wnuNuFe x xcc. ¢ fusznavdelnuatuuand iy 27 Tnun soandidud 1 (= 1)
wduduresgn (Child) vestvualuduil 0 Fwgusenouduaesinun fe ganisde (Left-
child : L) waggnn19¥21 (Right-child : R) Wa¥QALNUAIE OX..XC...C WAE 1X..XC...C MUAIGU
uaranusag3UTl 3.28 Usenou (N = 64 uag m = 2) e lassainvesiuliuuuninialy

-&J d‘ =2 g ! G = :5 ‘;J ! ! aa
sUsuuilluBen 9 aufstuvengu se group-level ( = M) Fdlutuiludaznquasiidasese
fu wazneluudaznguazUsenoume 21 Cross (1 2™ miiedssuiana) Nlidasysier
v & oA = = - YA > aao v
Aatiuagiliieanila Cross Mianansndeansuuy ATAPE ldegeBase eniulunsdiimvuali
Cross wualdindiuinludnmi uag Cross lavAldanaduinaeenduiuuiusey vl

a1u130linn Cross Tungu aunsadeasuuu ATAPE lanseudunianuaniglafiniuay

ey seunlutuues cross-level ( = 27-1) agUsgneumuaeinda-Add Ae c uag ¢ Fdlu

& g

Huilmilassaisfiunnisanlassadeiuliivuulsnd

Uil 3.28 uansiegalassadisdulifiiuuniae uaznisdnassanu vuedede
6-HHC (N = 64, m = 2) é’ﬁu‘lmmwﬂsuaqé\’ulﬁﬁ]zgﬂl,muﬁw sxce soun ludu group-level
fifl (= M = 2 Feusznavdsnguitenun 2V = 4 ngu fe 00cc, Olcc, 10cc uay 11cc Hu

' = = - A =, ! ' = =
#au Aa cross-level f Cross Maglungu aatutuilagiilnuariows (Parents) Ae Tnunilog

Y
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U group-level wWu nuaauype 00cc awdl 2 nungnaglutu Cross fin CO war C1 @3 CO

1889 Cross, = (0000, 0011) way C1 wunede Cross, = (0001, 0010)

0
11
Nl

01
.@. .'.'.

|/ D, ©

)}
Indepiéndent
Partitjoning

]

Group > T4 T5
1’:114:2’”'1 T_4£

1101,
1110
s

Cross 3 00000 [y 10001 100 Fe 10101 [ |1000 [ 711001 &g 71100
- Ly 12 T3l0011 L€ |0010|SO Igm |C1 |0110 Oio1 1010 1111
2

U = = 4 - 2 —

8/ 8/ \16/ \16/ \le/
— N Zloon e=0100,p=1 e=0101,p=0 | | I
1 1L B-protocol F-protocol : patternp=0 (16) : F protocol

U U —

pattern p=1 (16) : B protocol

%)
U 3.28 N) feEeungnInassul 6-HHC v) laswasnsrulduuuniniaiign

ANEI59U 4 97U T cross-level waz cube-level

dmsunuvuaanidown k = 27 azgninassiieguu m-lawesAay e cube-
level (( = 2™, 2™ ., n) A9TUNITHUING XYY HC wuudsnAaiunsaussgndlududle
Inenss mnewe) Wielidgsianisesuie dmsusdasinunlutu cube-level aziinsiuds

m-0nvaslnuatuly saving 2" Sauadlnuntuuen
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[

g‘dﬁ' 3.28 LAMINITIAATIIUVULAT VY 6-HHC (N = 64, m = 2) Fanselfl auufiin
ssuumuadlaifimineysznanalan grldeueglussuy uarlinuiidhdssuundeutusuou
59U AT, =4,T,=8T,=8T,=16 Wag T5 = 16 Tawits 5 NUILYNIAATINUA AU (YU 7
level = 2 vaslaseasedulal agdl T, §ninass Aae cross-node CO = (1000, 1011) oy
Group2 Wag cross-node C1 = (1101, 1110) 8¢ty Group3 7l level 4 938l T, QNINATT 9128
Tyum 0000 JUT 3.29 wansiograiinfudmiunisdnassveanuiingszuy vuaiole

6-HHC Ineauy@in Jagtuseuudl 5 9w Ao Ty - Ts NHwUA 4, 16, 4, 4 Uag 4 auaau

Former period

finished tasks

Y

Observed period

EEERL)
4 4 4 16 4

allocated tasks

Group 283 T

l:MZZM—I e ——
0000471 0001
Cross 3 0011t--4 0010 4
1001 1100
B 1010 1111
F2ro 4l T1 T3 T4 TS % e=1001, & &
c;l;e g 0010 1011 p=0(16) 1101 1110

)
5UN 3.29 A29819MIAINETTNU VAT 6-HHC, m=2 n) MIINFTINY 5 91U

9) M3INETTNULUIATIES g Ul uuUnInIa
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Fanailuguit 3.29 2) luwsaslvuauulasadeduliivuuniniaasiidagiu 10
FaazgniFunin Arsamazan (Accumulated Sum : sum) TaBAn sum Ao NTUARINATINYDS
Swheusznanavesinuagnitgnlfnuegomn uazgnuandilulvuaus iy un 10cc
Tu ( = 2 9¢ild1 sum = 8 \flesnlnungnisdnenazyn fnhoussnanadnsas 4 mie
Ussananasndagnldamey sum = 4) Fadleliiimstasiilinsdaassauldneiudosnn
wnsuhusasivunansasesunuligssuulivield

wonaninverdinugatuiauensld ensdaad (Array-lists) Feunluldlunsdnass

a

warenANInasTIURgNTUTEANS AN e sgaafaziAiuaAIdne (Limited Value : limit)

(%
1Y

fianansadnassiuadluniazduvedlassadiesulsl uaziivatlvuaEudy e uaggUuuy p
vowusazuiigninass JatashlinsuilunudugUssnaudeinuneslsdrdlulassadng
fulsl FaduanBuiing (Index) i vosonseaaRaziAua limit = 27y o [ vde 7= 0 4y
fun 260 = 26 = 64 FetfunueFetne 6-HHC A limit Tuusias | aveglut 64, 32, ., 2,
1 uasu e 0 </, L < nuay n = log,N

gﬂﬁ 3.29 ) LARIRI9819989N15 0L TREAUDY 5 muﬁgn%’maiﬁ (Ty-T)fi=2
il limit = 16 wazagiivaaduesnuiigndnass Ae T, 71 e = 1001 uag p = 0 Lilednsds
cross-node C1 = (1001, 1010) fio¢/lu GCD; uag €O = (1000, 1111) fivg GCD; Aoty
T, T ,TaWaz Ts axgndnadluduingd / = 4 dad timit = 4 lulwuad 0010, 1101, 1110
wag 1011 AUaIAY

mngﬂﬁl 3.29 ) T group-level Funainfianuusnsnsfulnunduquulassassiuls
i Taun 10cc way 1lcc Aildgydnwainisudon (Blocking Status) 6‘§QﬁaﬂWiU§aﬂ%’agaLﬁﬁWLﬁa
vanidssnstaudaiu lunsdiidiiusnuiigndnassngngsl (GCD) 715 Cross drnumilaga
Uszananaegnoumin FelungaiuaediiufidwmivdnasmineUssinanad ns1uaumils uasdn
SYUUSRATSBN Cross TiTiaeUszinanauung k = 27 e j = 1 wiiieussuaanansyiiliinns
%’@LLE’I@ﬁ’wuﬁﬁ’]é’wiwaamaagjdawﬁw U M§99n T, AslvuiaviieUssanana k = 27
- 16 gnanass faiu group-node i 10cc waw 11ce Wgnudonlilyimiseyssananaiidun
k= 2 grdeasadingszuu onfunsdifl vuavesmiieyszanaa k < 27 azannsngninassidn

dazuulal

3.4.3 N1SANATTHATYNLANINATTNUBUSTUIANAUULASDUNY HHC

£
Y A

Tusia N dUDNITINATTHALINANINATIVBIIUINNAITINIUUUAT B HHC @9

3

'
Y

USENaUMIEY TURBUIST 3.5 AB NISINETTNULUULIASERR (First-fit Allocation), TUmBUITN
3.6 N13INATINURVULUAT S (Efficient Best-fit Allocation) d1mSUudng sz UU wae

o 41 a Y} ° o a - o aa
?j@ﬁ’]"lﬂ A9 N1FUNLANNITINATTAIVIUNUNUTLUIANALETAIAU A8VUNBUIGN 3.7
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dmsutunoulunsdaasse auuAvayaiIvLIN k MefedIuIunIsUsENIaNE
fisaensldsyuu idle k < 2721 iy k < 2772 61 m = 2 (N = 64) wazdlussuuaunse
sesfusumIn k Adasnadigssuuld dadulidnassnudigssuy uasvhnisuiudge
(Update) Asnaqiiiiendesunlassadredulsl wu sum withszuuldanunsasesumuuuig

k Mdgdszuule ivihnsidinuwwn k dugiinsedmiudszanana (Waiting Queue)

JUABUATN 3.5 IUNBUNITAINETTNUIBUTEUIANARUUNSENRN vuLASBY18 N-HHC

Stepl. Form the root node (P), if the root P cannot satisfy the request
(input) k (if sum+k > limit), put the request in the waiting queue.
Step2. Regular cube, cross GCD, or combined GCS (k < 27/2M1),
Casel: k <2™"! (cross and cube nodes) in Section 3.1.
Apply DFS: depth first search (while sum+k < (imit)
for the first available cross-node (k = 2™*) or cube-node
(k < 2™ to allocate for the request k. If there is a free
sub-system, then go to step 3. Otherwise, put the request
in the waiting queue (for k < 27)

Case2: 2™ < k < 27/2" (combined nodes) in Section 3.2 - 3.3.
Apply DFS (while sum+k < limit) for the first GCS pattern
(main-net e and pattern p) to allocate for the request task k.
If there is a free sub-system, go to step 3. Otherwise, put the
request in the waiting queue.

Step3. Add the allocated task (with main-net e and pattern p)
in the pointer-list at index i in the array-list at level (.
Update the corresponding sum in each of all involved nodes
in the tree.

U 3.30 wansdupeunsdnassnuuuuiiaiin faedagada T, Aidoenismiae
Usgananavum 4 nuguszanana (k = 27 = 4) vATev1Y 6-HHC Tnamuualiuusyuuiing
Lﬁuﬁlgﬂﬂizmamaagj Usenoaunig T, 4 8 nireUssunana uuluue (0010, 1011), T, I 16
Uszanana vulviua C1 (1001, 10m)ELuﬂaq'm'71‘ 2 way CO (1100, 1111) 1umjm'7i 3, T5 8 4 e
Uszaiana vulnun 1101, T, 8 4 nidigUszudana uulvue 1110 wagdmsudayaidn T, i
fiosmantieUszanana 4 ineUszanana lnen1sliduneudsi 3.5 Wodnassaudngssu
Suneud 1 Ao ndayaringssuuneluunsn (Root Node) xxcc Faein sum 189 STUUTIIALA
vizauasliun xxcc Ap 32 FeiusrUUIzanInTaTesiuNy Ts I 1an sum-+k = 32+4 < 64
= limit vodlutu { = 0 Yuroudl 2 193%msvieans muwdn (Depth First Search : DFS) uuguls
Wion1sdamiiey (Accommodate) flwmangauliiu Ts Insazkmuluun Oxce flogdu ( = 1

(sum+k = 4+4 = 8 < limit = 32) > wiun 00cc ﬁagj%’u [ =2 (sum+k = 4+4 = 8 < limit = 16)
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—> Cross Ium CO: 0000, 0011 Iusi’?u [ = 3 (sum+k = 4+4 = 8 < limit = 8) --> cube-level Tu
1 ( = & uadludud vl imit = 4 FaawramedFue T, Aideens 4 wieUsyanana et
n1u Ts avannsagninassastudutl uasgndnadulvun 0000.xx Fsillnuafigndnassiavmn
A (0000,00), (0000,01), (0000,10) WAz (0000,11) wasNlElMuATiaNNTOTOITUIU Ts LHa

Jusslufie Tunoud 4 Aen1siiuaiu Ts way e = 0000 ilueusdadlutuinlnug 0000,xx ¢

wAEgAYIEYININTUTUUTIRN sum = sum + k VeIlMUATIVIBIR WL TIavIde AUASLATIN

Input Ty: k=4

Array-List

2/36] XxXcC
4L

/Bcforc/Aftcr T
Oxce

1574710000471 0001 00 0101 {757
:_0/4_-00ut-4.J00m ol oo 4 on
___ } 1001 1100
TI T3 T 1010 1111
[— — —
EN 15 T, 1001,
0000,xx 0010 1011 p=0(16) 1101 1110
0,1,2,3)

JUN 3.30 A28 1M IANATINU Te = 4 Wium asuy 6-HHC uazlassaiedulil dae3sisailn
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YUADUAGN 3.6 VUMBUNITINETINUBUTTUIANALUULUAN AR VLRSI n-HHC

Stepl. Form the root node (P), if the root P cannot satisfy the request k

(sum+k > limit), put the request in the waiting queue.

Step2. Regular cube, cross GCD, or combined GCS (k < 27/2"1) and

Step3. Extra combined GCS (2™ < k < 27/2"1). Similar to Algorithm 3.5, except
replace DFS with DBS (depth best search). For DBS, compute L and R factors
of child nodes at the parent node, where LF or RF = climit — (csum + k) and
then go to the best node with min(LF, RF) > 0.

Stepd. Add the allocated task (with main-net e and pattern p) in the pointer-list at
index i in the array-list at level (. Update the corresponding sum in each of all
involved nodes in the tree.

(%

FTunaUIRA 3.6 uanstumeulunsinassiBYszIRaNaLUULIUElR UASeTe
n-HHC Bsazumnsinefiuduneudsi 3.5 lnsnsiFeuiioudn sum vestvuagnnsdieiie
(Left Factor : LF) wagynile (Right Factor : RF) wsdlvuaweus d1gnildladien LF w3e RF
198171 (Min(LF,RF) > 0) ﬁ]”ﬁ’nﬁu‘i%mwiaaﬂﬁ%lﬁﬁam (Depth best search : DBS) a4l
Iuiﬂiaaiwqmulmaaaﬂﬁhuuma LF ua% RF = limit - (sum + &) @ensl933dlunsdnass
wihgUszanana ssviliszunsesunisinassuieyssinanaldegiediussans amanniu
Hosn Tiadondaassuheyszananalundu 6D Alndasisuroudududunn

U7 3.31 LANIFIBE19YBINTIAATINUNBUTTIANAUULLIUAY TR ULIAS DY 1Y
6-HHC Tpanlyl T, AdesnisvheUssinana k = 27 = & Jupoud 3.6 Buduiluunsn
xxce eanunsosessuntheysyinana ¢ miieUsyananald Wesan sumik = 32 + 4 = 36
< 64 = limit s dumeudl 2 Vinsmiafidesfianatn LF way RETududl (= 11as
LF = Umit = (sum + k) =32 = (4 + 4 ) = 24 uag RF = limit - (sum + k) =32 - (28 +4)
- 0 fatiu min(LF, RF) = min(24, 0) = 0 iy Sesudunis DBS Lulugnni19vn (Right
Child) A Triua 1xce logtu ( = 1 (sum+k = 28 +4 = 8 = limit = 32) > ntua 10cc Tiog)
Fu (=2 (um + k=12 + & =16 = imit) => Cross Iiug C0: 1000, 1011 Tud'y (=3

(sum+k = 4+4 = 8 = (imit) —> cube-level Tutu ( = 4 warludutl azdl imit = 4 Fadlvun
WoARUIY Ts AFBINT 4 MihoUszanana S Ts %mmaagﬂ%’ﬂaﬁiaﬂu%uﬁ wazgn
Jnadluluun 1000, xx (5U 3.29 Wuadide?) G?Qﬁimmﬁqﬂ%’maﬁﬁwm A9 (1000, 00),
(1000, 01), (1000, 10) waz (1000, 11) nasa1nlalnuad@aunsasessuay Ts 1ouaa sely
Tupaui 4 Aomaifiveny Ts wag e = 1000 Aluensdaanludufilyun 1000, xx 9¢ way
anTeyn1sUSuUTIA sum = sum + k vasluuaiiviossinusiueauiduunsin ieass
WiBuIisuaIngUT 3.30 waz 3.31 ziiuinmsdnasimheUssianaveauaiiln vl
sl uiivesszuuldod1adiuseansam Wy auu@ineu T, vuluua 0010 way 1011

s

Uszananad3aviliuungudl 1 vise GCD1 98319919vun vausTiowisniinliddnavisnue
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Array-List
Level /=0 =2ml
1
Group > P 12 lce
I=“M=2wrl —_—
3710001 0100[T7] 0101 i77331000
ggf? 3 0011t-azd 0010 otitl=do110 L2225 1011
sy \ 1001 1100
T1 T3 T4 1010 1111
e A
Fa 4 g TS T & e=1001,
cube 1 5 B3 0010 1011
I=n 6

1011 p=0(18) 1101 1110

Array-List
Level /=0 =n-d

[
¥

Grouwp > T 12 17
sroup 2 I 12 T

Cross

3
J=2m_1 n
—_—— e=0000, p=0 (16
LT3 T e
2 4l T8 6
cube - 5 ) 0010
e Lonm

e=1001,
1011

1011 p=0(16)

1101 1110
JUN 3.32 A7989MIANATINU T, = 16 83Ul 6-HHC uazlassad1eiuld AaedSiuainn
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SUN 3.32 WARAIAI9819909N153AATINUILUTEUIARNARLUULUANI AR UULASBTNY

6-HHC Tnediaulysl T Anesnismiioussanana k = 272 = 16 wilgUssuiana laglanis
FIUNGUUUU GCS LFUAUTURBUIINIU Ty 191 58UUNMEINUATIN xxcC UAgATIAAUAN

min(LF,RF) = min(12, -16) k@A min 7 le#H 898103115 810U 0 Mt uannlnunsInds

a

anfiunisviedluludulad Whddun (= 1 Adeg DBS lunis LF nTelnun Oxce uwagludusely
[ = 2 (group-level) aziduduil limit = k = 16 Lavazas1s GCS F1M5UTAATINU Tg N4
JULUU p = 0 way e = 0000 VUTUT wazazUsenaunleded cross-node Tuty ( = 3 fio

€0:(0000,0011) Tunguil 0 wag C1:0101, 0110) Tunguit 1 (nuadil) delufuneudl 4 fe

N5V T, waz e = 0000 waz p = 0 Mlussddadludui ( = 2 uazgainaviinis
USUU9AN sum = sum + k vaalviupiviesiuiviamuasuaduunsn wazdunainlulyuai

v ¢

00cc hay 01cc AFUANEWAUNITUADN +1B991NLANISTALIINY D1HNUNTYUIN k = 27

o

(%
| [ R 2

o) > 1 Wngszuu fuiufsdesiinsuansdydnvaiifioUfiasudsndn

lunsdifissuudenfivszananavieldaumheUszananauussuuiaiaiu azdownh
msenianNn13dnass (Deallocation) Tnsnsausufiasaduainonssand wiouseen e way
p @i FrensliTuneulsa 3.7 1y JUA 3.33 LansmseniAndnasssu T, fidwiae
Usgananauun 8 Ao (0010, kay (1011,x9 TuRDULINILIINTTAY T, TIHaAT e uay
sUuu p TuesdandluBuidinddl i = n - logk = 3 Wagsialy Ae shnnsusuueen sum ves

TAUATLN 82T DINUAIUDAUATINYBITEUY

JUNDUAST 3.7 VUABUNISENEANNITINETTVUREUSZUANAI B ULES AU UU n-HHCs

Stepl. For a finished task (of k processors), search in the array list at level [ = n-log,k
to free the corresponding nodes in the tree.

Step2. Delete that finished task from the array list and combine free nodes up to the
cross-level.

Step3. Update the sum in all corresponding node up to the root and update the

blocking status (if any) at the group-level.

Array-List
Level /=0 4 =2""

Group > I T2 17
I=M=2r1 —_
""" 11101
Cross 3 0011¢---4 0010 in 10 todtoll 2o
=0000, p=0 (16 1001 1100
e do 1010 1111
T3 415 TS T B @

1011 1011 PO 1101 1110

5UM 3.33 A2egamseniinmsanessanu T, 18 4 vieuszanana




UNN 4

4 14

miﬂgwmmanmaa LazUsLANSATNVIIVUNBUAS

LT

ludaidninauenisiigadarugnies uaznsussdiulszansnmuosiunoudsi
thiausluunnountind fsuseneudae nadunsitduiigauuunisdenis vuatetng
HHC agtnausluiide 4.1 mi‘mLé’uw’lﬁﬁu’uﬁqmqusumuﬁm%%ma%mmwu ATAPE ¥
thiausluiidedl 4.2 nisiigatiniugndedlunisdeansnieuiuves Cross Laug wag Cross
lavA lute 4.3 msfigadanugndesveinisinassauuulasaiefulsituuninig fe
MFTWNGULUY GCD uag GCS luadedl 4.4, nmsTiasevianududounsiiunaives
Funeunisinass/endndaassan Tukded 4.5 uavaaineiite 4.6 dravenisuszili

UszAnSan wagnisilSeueuna

4.1 AsigataANgNAaIvaInIILduNIsuNgauUUnilaianils vuATane
HHC

nsndunRgungn wazlifanudaudinuungdoans vasetny HHC 9edins

Wanen sigatdunaumnge dalull

1Y ' ' [
= =) 1 (4 = = o % U ad a

1) MIMEUNTAUNAAYRAATEYILAULEN Y38 1 BININLEINAITUABTS 731
2) miﬁmLaumwauwammmumq s T anemna D Fronslidunoudsd 3.2
LLasmSLsaammwﬂmLwa‘LﬁlmLawwaqmmamﬂsﬁﬁaﬂw SPordering
Tutuneuit 1 n159 w108 1 = { ¢y c1, 1 ¢y} Beazifudunounsnluniswidums

ndunan Ingnalaanszeeniakauila (Hamming Distance) ¥84tAT0Y189AN (Main-

v

Network) 3ga19lAUARUNIG S = (as, B9) tazianend D = (ap, fp) 993 nlassas1sved
svavmawmmazmmﬁa%} afuivingty 1 On sarutadildanntuneud awdudunadivine
Fuegatioy 1 Tadumy SumingaInidunI9senIadumig S wag D azduduniaiidy

=
60

'
a

dwsutuneun 2 Tunsuidunisiiduign 91nTuneudsi 3.2 asdunisiansan

N aAa a & Yo ] aa a = v [
nsel 713 5 el wWulagauaudlunsaln as = ap ¥iToMNERe AUNY S waganenis D aglu
w3eenanfeiy duidansisdunisnidunsiieglulawesfay (Hypercube Routing)

=~ v fa & & P A9 A v & = A P |
mLaumﬂmﬂasm‘u%LUuLaumwauwamama A NUUNMIUABUUAINAUNI S FgUaeng

=

D vag 1 Un mm‘ummm Os # Op NIONUIBAY AUNN S wagUarenie D aaﬂua LATOUE

ndn azindnnisddglunslindadunsiiduiian fo nismsaaeunsdiiis 5 nsdl Taests 5

nsdlasilunissesddudniifnan Ao duilaauazninidsanisvuvmuzdeaisuuuvuiy

9

v ° v o Ql' v SO A a = d'
q@‘W]']EJa']‘Vﬁ‘UGUUWQUVI 3 IUﬂqiquﬁqu\TWﬁuwaﬂ QSQﬂW'sﬁ"UiﬂUWQU{]UWW 4.1

9 Y
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NOBAUNT 4.1 YULATDYY n-HHC LdUNIS P = {pg, Py, -y Pra} TENININRUARUN

S = (as, fs) wazUa1ena D = (ap, fp) 109 AoLdunenaungn 61 |P| = r < | as @ ap |oin
a 1a_ o v Yy dAa o v v P o . =

AL NN p; Maqmﬂnu’[,ul,auma P @8lUANANNNUUDENEA WD 0</<r-1,|P|AD
Fuududangd (Index) Tusn P waz | P |y Ao 31udude 1 fegluien P

Wwgau dmsunisdearsuuunianenis vadlnuadunie S wavUaienie D vwAsevIy
n-HHC Aiflduniensdeansiduiian aunsanidunisanduneuisn 3.2 Feaziulddnid
81 S waz D eglwmTeunendnifedInu (as = ap) 3z1dun15d 0an39sMINeAUNIS S way
Uanenie D MiSenin nsdearstulawesaay (Hypercube Routing) Faagtuidunnaniau
NaaLaue dmsunsdlil S uay D liedluaavrenaniiednu (o # ap) NIMIEUNIAINGAY
N9 S A 09HN158 0A15UINTEUINNLAT DUIINANLAZIATOUIL T899 AR UAULT B8 9 IUDI
UYatens D satiilunsaliddumeuusnienisy b ={ g, ¢y -, Gop ) BaNAD WAYDI0A 1 970
MIALEUNIT as @ ap haztisutalanu m-Ua 1nsdlAn (m-bit Gray Code) TusauABns

v Ao A v = o v a < oA Y] 4:4'

widunanduige (P) lnanistinisisesanuduandlu p tva iielilamdunisimngay
Ingluduneuilaguvadu 5 n3dl AuanAeiunIUNITImes (Parameter) fs way By Tu
melunsaznsdlvedinisldfleidu SPordering dmsunisSesdisududindly  iefiazily
Susindnanfuiiinfuandnsiuleeiian Weliasanudaznsdazuvadungug lnonguusn
zdunseif fs € %qazgmmaq’lumm 1 - 3 Tunsdivent avsudulaensld 4. Sudu
& a & ¢ ' ° ) aal Y o = o oA ° v v
Judwindusnlu P sieundmsunsdin B, € u agldvannisifeadiu Ao asil B, Livinean
Yosdunngd Tu P Faznulunsalfl 2 waz 4 leglunnnsdaslanadns P Musazduiindazgn

Y

Jasastvslinellaiduniigunan Iaeldwlsidu SPorderfing fe O(uf?)

4.2 miﬂaaﬁmmanﬁawaamﬁmte’i’umeﬁé’uﬁqﬂmem'm

Qdd

deswndunewdsi 3.2 Tdenunsauitaymnisvuiudlesudaayansouiuiuuruiu

(%

16 fauandluguit 3.6 Fetufiowrtapnil Suneudsi 3.3 Jsgniausuniileuddamil Jside
#aridu dSPordering . 0W3sn 1513898 uANg NflAuBangunITUAaUIEN 3.2 Tngazii
n1snunUd d iiesurussuiieudniegly p arenmsldisideuludrmiuuuiungy

aa a

(Forward) §udu3gi3udu (Default) wazn15l433 a0 ndsuuuIundu (Backward) §3aoq
A X2 aa Y A a ) a Y a ) Vo Y]
wadatldudsnsmidunaniaesnissuiy Tngazsidend@unisauansiu wadimelaidunig

Ndunan faanslugun 3.7 FedlidndusesiudiudSoudisundnwsnues p vise d = 0
s adal o =~ = a o o
UBNINUUTURDUITN 3.3 Seausaannsal (Case) Nvlun1snsiadounsisesaIfu
dudndly y Fsannulutuneuisy 3.2 azUsenoumie 5 N3l WATUABUITN 3.3 anavie
2 A5l AReNTEN fs € p visoliwintu fwluBsnsilanasinls azvilvanududeou wavnis

YUTUYDITBYLA ARAYINI
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Ingun@nal Junaudsy 3.3 agldisnssesanuduindludlnenisldnisiSesaau
Lutamihwuuaundud agyililadunisidungn wenaniduauanisisesadunognds
WUUIUNAU Bagniaueniivenfiam1afinseiudnuiy (Bidirectional-Routing) tlaiin155uds

1%

Toyauuy ATAPE lngagiiulatnintunawisi 3.3 awnsaussendldlilaglifinaiudauds

AUFIMSUNITULAUNIINTEDENTVDINUIUTEUIANAUUIUIUAIBVUIA k = 27! Tagaedl

a ¢ v o aa
ﬂ’]iwqf\]uﬂaﬁﬂﬂumqwgﬂ a1

4.3 AINFIUAIUYNABIVIINITUUINGUUUY GCD Wazn15nIdunisuuy

f047iAN19fa8 Cross LaYe UAZLAYA

NTWUINEULUY GCD 7 nnelunsagnquusznaudae Cross 31w 27 uay
k = 27! Fausiaz Cross Tu GCD anwsadeansiiteSudsteyauuusuuiilsifanudaudsty
Taogniigaillumauiunil 3.1 - 3.3

nsfigaimiugndewesntsdeansiuu ATAPE Ingldnamidumafeduneuisd
3.3 WA¥NIWUINGULUY GCD dlTnunmbeyszadana k = 27 Tagnsldaunisil 3.3
D= di; =S, & Liteanavililfidunisnisdeansifianumusnas (Symmetrical-path)
uidspseunauitouluvestuaiationdn Taensldfaaiuau (Control Unit : ©) §1uau k ¢
$0i=012 . k1luay CAo 0,12 . k1 safuusas C Aon1SMITE B NLaNdie
(Hamming Distance) UB4AUNIY S; Wag D; ﬁag”lul,wiag Cross

i 4.2 iwusnugndesesiusznausie 3 et Ae Mufigndes (Right Task),
nauigndas (Right Partition), anfigndad (Right Time) uas nawii 4.3 tiaueniiugn

A04UB9 Cross AVALALIAYATENANIINSERANTINTINUUINNY

mgwﬁuwﬁ 4.2 NSRIEUNINI5E 0815 ATAPE WUUTUIU A2839uunteUsEa7am8
e k = 2 gransadearsiaglifinastonds vuaIevie n-HHC e n = 27+m Tae
n1sldnisudenguuuy GCD s?fw‘l"ﬂ,ﬁ’lﬁ'ﬂ'a'mgné’aaﬁﬂiznaué"w 3 8819 (Triple Right
Assignment) s 1ufignées (Right task), nguiigndas (Right Partition), 12a17igndas
(Right time)

Wgal Tuduneudadl 3.3 dsPordering fifinsisesdrsuluiamthuuuIundy (Forward) uas
DOUMAIULIUNGY (Backward) anansavilileidunienisdeansiilifinnudaud et dmsu
mMsdanguuuy GCD azgnldifionsmaumaiianzasdmivam k s uagldilaidu XOR
9INEUNITT 3.3 Ll en k Yarenefiinunzanlunisd easaiefianief danuauuins

(Symmetrical-path) Wiuladni1n 15 unowidsa 3.3 wazngquldl 3.1 - 3.3 aw1savili
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MAelilasumugnees 3 Usens tavanunsnseuauiignees (Right Task) wixngau dn1s
wusnguillmanzay (Right Partition) nglunianlmunzay (Right Time) dunsuaula Al

I k = 2™ Tagldnisuuanguuuu GCD wavn1sisesandudnlua (Reordering) vinlwila

Y '
a

Wunnisdearsnglunar O(uP) Teardudunsiduign, ludinssuduvazdeas uay

doanslaneuiulunaniediu (Time Multiplexing) Tuusiagngy O

NOuAUNA 4.3 N9 Cross LAvALAZIAYA N1 lANITUUINGULUY GCD ULLATaUNY n-HHC

=

W n = 2™+m annsageasiveudedayaniauiunuuvuiu laglitanudaudaiu

a

wgad nsliuszleviives Cross Aeglulsiay GCD wuy 100% Tnedilidnsdaudsiuuny
doans annsavhldlaenslévannisvesnisdeansiuy Cross tavguaziavd (Evan and Odd
Crosses) Wneinunly Cross tavg lin1si5esdrnudwa ndludranduuuiundu way
fvualit Cross 19 TinsBesaduduindluirmdsiuuiundu Fasledinsmidumanis

a

08150287

[ |

§A9Na12 %é’qLﬂmléf’j']Lé’umqf?q@azLfJmé’umqﬁﬁﬁﬁmqﬁmqﬁ’u%’mf"fu R
TneusnAudrnismitdumeluinatnuuuiunsy Wedsmeraslduszansnamesadud oy
seiemiieuszananadiegluudazngulfifiod 50% wazdunaldiasmdefiuiidingy
unanuudiounds (Backward) 8n 50% Aislallaldusslony uazanunsaldeuls daandly
SUTl 4.1 110 k= 27" m = 2 wag C = 5 YuA3 0918 6-HHC lnegudi 4.1 n) uansliiiuds
A1 NEUNIINISE DASUUY ATAPE 183 Cross, Tneldidunasludramitwuuiungu
(Forward) FaluisBudulunsuidunisdeduneudsd 3.3 g‘uﬁ 4.1 V) WARULEUNINIT
4015 UU ATAPE 989 Cross; fiiifian1studnuaiznsatudusy Cross, uivisaes Cross
anunsodaansiuy ATAPE Tendausulunanivafusasldfmnudnudetu dle k = 8 wazgy
71 4.2 o k = 16 waz 32 ey O

(%

dmsulunsaifipdesne HHC fyunalveyUu WU m = 3, N = 2048 agil Cross Lave
Laziav ﬁmi%’uda%’a%auuu ATAPE A5ifiannanseiud iy fa (Crossy, Crosss), (Cross,,
Cross,), (Crosss, Crossy), wae (Crosss, Cross;) MUa19Y ﬁ’QLLamﬂugﬂﬁ 4.3 1) AIIN1TM
Wunawuuasaiuduiu lagld Cross v In1snndunisludaniuuuiundy waz
Cross L@UA LN 1sMIEUNII0DENAILULIUNGU 2za1u150d 0a15uuy ATAPE Taglufiaanuy
Tnudaiu dwuiegeiifienududousntunanddusuil 4.3 2) nsdii m = 4
IumﬁmaaqLﬁaﬂizLﬁuﬂﬁsﬁw%mwmaamﬁaammnLﬂﬁiauﬁﬁ’aaﬂmwu ATAPE gn
nageulagN1sIREUlUTUNTUAIEAI1¥19191 (JAVA Programming Language) WazQnnagey
freeuiitliunn k = 271 Tunssasaederis HHC Smualinisdeanssewindnun A 1US4
Wiun 8191381 1 dyayrauuniind (Clock) wagnnaavadlyun A uay 8 ausnaddoyaniu

dueudeniuld dldldeglunandyaauninifeaiu wie Wuiiemadinsaiudiuiu
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10 \ p 10 N
/ 6 /90 . ‘5_,@ 11 II .\\5‘00 ) 2 ) 11\:
77 0001 7T 5Ty 0 I 0001 1\.'.::-3- 75, 0000 3
e N : !‘5" == T :
5 Py I, S 1
(S NSO L Mot o \ml}iOl '
:E T 0%% ‘!:; ! ;:! fOJ, i .Il: :
01“l o Oljsil: HI]:I T 7 Olhl !
R 00 &) ! :j\\ 00 RN :
L N N NN 2 52
OO AD e85 010 A1 5] o1 N N0 @ |
11 ™o 111 TSRS |
\_ O ) =Sy N, e
Tfs; 0 12 312131415) . o [ S: 1456 7 8 91011
I D: |131215141 0 3 2 20D ]9 811105 4 7 6
ATAPE (k=28) Cc=i ATAPE (k= 8) Cc=i
byb;b, b;bjby
D:y 0o 1 2 312131415|[d= 000 D:| 4 56 7 8 9 1011 |- 000
1 0 3 213121514k - 001 5476 9 81110 - oot
2 3 0 114151213|PF1-010 6 7 4 51011 8 9 |Fl=010
321 015141312(E)=o011 7 6 5 411109 8 |El=o011
121314150 1 2 3 {E=100 8 910114 5 6 7 |B= 100
[13121514 1 0 3 2]/ =(101 [9 811105 4 7 6]|H=(101
141512132 3 0 1 |[J=110 101189 6 7 4 5 =110
15141312 3 2 1 0 |gd=111 11109 8 76 5 4 (=111
AN 0 1 2 312131415 A 4 5 6 7 8 91011
n) )

3UM 4.1 fegaiuniemsaessuuuruILYes Cross, (1) Wag Cross, (3)

ULIATDY18 6-HHC dio k = 8

even pattern (F), odd pattern (B)

TI[S: 0

1 2 3 12 13 14 15
2021 2223 24 25 26 27

g

4 5 6 7 8 910 11
1617 1819 28 29 30 31

s

L

0 1 2 3 12 13 14 15
20 21 22 23 24 25 26 27
36 37 38 39 40 41 42 43
48 49 50 51 60 61 62 63
4 5 6 7 8 9 10 11
16 17 18 19 28 29 30 31
32 33 34 35 44 45 46 47
52 53 54 55 56 57 58 59

53U 4.2 798 19anguvaImMIFEsUUUTLIUYY Cross Lavg Wasiavd

UWIATDY8 6-HHC id k = 16 uaz 32

67
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101
Cross3

101 101

Cross0 ~ =~ Cross4

4 of 8 inversed (even, odd) crosses Other 4 of 8 inversed (even , odd) crosses
(cross 0, cross 5), (cross 6, cross 3) (cross 2, cross 7), ( cross 4, cross 1)
n)
2 Flipped [+ = = -
bM+m-2 bM+m-3 bm+1 bm Bits bM+m—2 bM+m—3 bm+1 b m

An example, m = 4 (N=2%) : M-1 =7, #Crosses = 21 = 128

f Cross0  : 0000000
Cross2 : 0000010

Crossl : 000000 1

Flip Cross3 : 0000011

S as W
Cross65 l_()_O_Oz)_O—l_ 11
Cross67 : 100001 1

CI'O‘SSGZ ;0111110

Cross64 : 1000000
Cross66 : 1000010

\Cro;sl%: 1111:119/.

)

5U% 4.3 A79819N51YINIHBFSUUUVLUIUVES Cross Lave Wasiavd

) am=3uaz ) Wem=4

A5 4.1 WaRIRBE VAUV KaTNITIANSANUAITeINITRRANTLUU ATAPE
VAT Y8 HHC o m = 2 wag C = 5 M‘%@l@’mamLﬁumqmiﬁamﬂugﬂﬁ 4.1 lagnis
amﬁiaﬁamsﬁ'mmﬂ nﬂé’uma S=101,2 3 12, 13, 14, 15] ﬁmﬂﬂmww D =113, 12, 15,
14, 1, 0, 3] MNANS9LI Tudyaraunind 1 - 5 Widunieen u o v e Aifldu
ymaagUaemaniioutu dniistandumsfigadiluiasiamunu (O aglifinsauds

fusenindeansivenaniudeudayanuu ATAPE
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A13197 4.1 W FUN19NIEDEIIIINTIN S waz D ki 5 deyaurauunidna (Clock) wae C=5 va9

2 Cross Lfia k=8

Clock 1 2 3 q 5

S =0:0000,00 |—> | 0001,00 | = |0001,01 | —> | 13:0011,01=D

S§=1:000001 |—>| 0010,01 | — |0010,00 | —> | 12:0011,00=D

S=2:0000,10 | —> | 0000,00 | = |0001,00| —> | 0001,01 |—>|0011,01|—> |15:0011,11=D
ol S = 3000011 — | 000001 | = |0010,01 | = | 0010,00 | —> |0011,00| —> | 14:0011,10=D

$=12:0011,00 | — | 0010,00 | = | 0010,01 | = | 1:0000,01=D

$=13:0011,01 | —> | 0001,01 | —> | 0001,00 | — | 0:0000,00=D

S=14:0011,10 | —> | 0011,00 | = | 0010,00 | —> | 0010,01 | —> |0000,01 | —> | 3:0000,11=D

S=150011,11 | —> | 0011,001 | — | 0001,01 | = | 0001,00 | —> |0000,00 | —> | 2:0000,10= D

Clock 1 2 3 q 5

5=4:0001,00 —> | 0000,00 | => | 0000,01 | —> | 9:0010,01=D

$=5:0001,01 — | 0011,01 | —> [0011,00 | = | 8:0010,00=D

S =6:0001,10 — | 0001,00 | =>|0000,00| = | 000001 | —> |0010,01 | — | 11:0010,11=D
ol S =T:000L,11 —> | 0001,01 | —> |0011,01 | = | 0011,00 | —> [ 0010,00 | —> | 10:0010,10=D

S =8:0010,00 —> | 0011,00 | —> | 0011,01 | = | 5:0001,01=D

$=9:0010,01 —> | 0000,01 | —> | 0000,00 | —> | 4:0001,00=D

§=10:0010,10 | = | 0010,00 | — | 0011,00 | —> | 0011,01 | —> |0001,01 | = | 7:0001,11=D

§=11:0010,11 | —> | 0010,01 | — | 0000,01 | = | ~0000,00 | —> |0001,00 | —> | 6:0001,10=D

a ¢ Y [ b % % 4 a 14
4.4 miwqaummgnmwmmsaﬂaismuuuiﬂiaas'm dulduuuninia aae

ﬂ']ﬁ'i'l?Jﬂ%jﬁJLL‘U‘U GCD uas GCS
ludetiaziigatanugndedlunisdnassiuanmssuasuulasaiesulivuy
nina IneviheUssatanafigninassazaunsautals 3 sUuuy mudy (level) vasuldin

migUszatanafigninass Usenausiy

1. U cross-node NANNNSAINATTVUIUSTLIANATUN k = 27!
2. U cube-node NEUNTOINATINUILUSEUIANAIUA k = 27

3. U processor-node NELNTOIAATINUIEUTEIIANAVUIN k = 1

\Wesannlassasisweamionite HHC WWulassadanilasadaiugiuaianesedis
HC f9tiu N193AATTIIUAVULATEYE HHC 98AR18AUN1TIRATIUULATOY1E HC tag
lassasesuldhuuniniadmsuinIayig HHC Agi5uflnunsIn gwnuemieg xx...xcc...c IURS

1 group-level azilunsuuinguuulassasisiulinuuysni fe gnnisdie (Left-child: L)



70

= 0 wargNM19I (Right-child : R) = 1 1y @aslnunludugnvedduunsin (= 1) azdgn
NEY QAUNIUATY OX...XCC...C HATGNNNVIIQNUNUAIY 1X...XCC...C
ANNYNABIVBINITINATINUNYNTINNGUUWATEUY HHC aunsafigadlalaenis

wuadu 2 nealsiail

ASEI 1: NM3TRETTNUaIULATY LaznITwAIY vuaSeTie HC (N = 27)
nMsuUBuindseiy n-Saveaadetne HC wanslusudl 4.4 n) wagguil 4.4 %) uang
NMIWUBUANGsEAU 27-0nn8uanUeLAIed1y HHC Meagnautu Ul HC (N = 64, n = 6) A
Tvun1n Ao x00000 38QNIULTL (0X00K, 13000xK) Tuduft (= 1, .., (000000 - 111111) lu
Fudl ( = 6 vauzfiuy n-HHC axfinsuUBudndsesudnuuuientu HC daumlnunsinisud
[ = 0 qufistu (= M Ta 27 Ta azdsenoumeodudindvasnguiiuau 2 9a gaunude
xx..x wazdn 2m On Ao BuAnduas Cross gNInNuURae cc..c gﬂ‘f/’f 4.5 n) LanlaTIasne

suldhuuninianiglan1snassuniieUssulanauulA3adny HC Advuia N = 27 = 8 wiae

Y '
a v A

Uszanana Tngluunangnunudae Good A4uil (= 0, Tua (Oxx, 109 Tududl ( = 1, (00,
01x, 10x, 11x) Tududi { = 2 uge (000, 001, 010, 011, 100, 101, 110, 111) Tuduft ( = 3 uas
Ty Oxx gnanassauiifivinn 4 mheuszinana U 4.5 %) uaniied19n135mAves
2 At Ae (0%, 1) Teanansoaunausuldlasassluduliludud (= 1 woed 8 mie
Uszananaiigninass dmsuuuiaiatig 6-HHC azldlnunsingnunudie xxee Tngaggn
wUadu (Oxce, 1xco) Iu“fjguﬁ { =1, (00cc, Olcc, 10cc, 11cc) Iuﬁﬁgjuﬁ (=2 un30lu group-
level uarlutuilurasnguzdoasiuenedasglufinisinudsiuszmingy lurasnduaed
Cross 1uau 21 cross (2 AtifaCross) bazazgninassasui cross-level JUT 4.7 n) uang

ke Cross Misuuan CO: (0000, 0011) Ineldaunisd 3.4 AdalnunSUEuAEUDN e = 0000

N3 2: MITAATINIUAIULNFTINNGLBVLILUTTINAHAWUY GCS U1AToU18 HHC

nssmnguuuy GCS Tngldaunsil 3.5 - 3.9 aeldnsdnassaugmiseysyananaly
Fu cross-level w3p (= 27-1 Tngfivuiaves GCS fo 272« k < 27/2"1 Froghadu JUTl 4.6
Y) LAAINNITINNGUUUY GCS Aifuuna k = 272 lagUsznausieasd Cross 91nM15LUING
WUy GCD @®9ngul Am GCD, (00cc) wag GCD; (01cc) Tneldaunisi 3.5 AfelvunEuduie
e = 0000 Fatiuagli GCS FUsznousiae Cross 7l 1 e CO(0000, 0011) Ty GCD, waE Cross
i 2 fle C1(0101, 0110) Tu GCD,

:
ada

JUT 4.6 A) KAAINITTINNFURUULLUDT-GCS AeTunduIsh 3.9 Nllvun k = 27+

Y

“30UsEN0UAIY 4 Cross 310 4 NAY (GCD-GCDs) A® 00cc, Olcc, 10cc kaw 1lcc Aifian

TAUASURL A9 e = 0000 wars1uIu Cross findlsAe CO(0000, 0011) lunau GCDy, Cross i
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@p3fa C1(0101, 0110) Tunau GCD,, Cross figwfo C1(1010, 1001) lunqu GCD, wag
Cross fidfe CO(1100, 1111) Tunga GCD; augddu

n-bit tree-partitioning on HC

(N=27)
| HAXXXKXKXKXXX ... XXXX|
MSb: x=0/1 (L/R) childs LSb

independent partitioning (n bits)
n)
2"-bit (main-nef) tree-partitioning
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4.5 N15AATIZRAMNTULDUNI9ATULIAN (Time Complexity Analysis)
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puting (PDC) but the HC-based multi-processor (MP) system is costly and not scalable, while hierar-
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1. Introduction

In the past ten years, a number of research studies in the mod-
ern interconnection networks [1,14,18] and the efficient reliable
routing [2,8,20,22] were proposed in literature. Recently, each of
the parallel and distributed systems (PDSs) and high performance
computing (HPC) machines contains massive processors, such
as the research CM (Connection Machine) [6] with more than
216 processors and the commercial GPU-machines with million
or more processors. For the next generation of scalable sys-
tems, the designing of the efficient network topologies [10,18]
along with the powerful reliable-routing [7,9,15] is the crucial
research because the interconnection topology and its effective
self-routing, incorporated with the reliability, have extremely
influenced the implementation-cost and performance of the PDS
and HPC systems.

In fact, there exist two key factors in the interconnection
networks required for implementing on the parallel computing
machines [10,19]. The first one is the scalability, where this char-
acteristic has directly affected the system cost. The second factor

* Corresponding author.
E-mail addresses: 56605012@kmitl.ac.th (N. Phisutthangkoon),
jeeraporn.we@kmitl.ac.th (J. Werapun).

1 Research grant CW-012-2/2562.

https://doi.org/10.1016/j.jpdc.2021.01.004
0743-7315/© 2021 Elsevier Inc. All rights reserved.

is the efficient self-routing (for the effective communication) as
well as the reliability or fault tolerance [22]. In the past, the hy-
percube (HC) network (with the high node-degree) was the most
efficient communication but its construction cost was expensive,
and hence it was not scalable. In contrast, the mesh network
was the most scalable network and inexpensive but its com-
munication was not efficient (because of the low node-degree).
Thus, in order to design the efficient interconnection network for
the scalable multi-processor (MP) systems, we need to balance
between the communication and the construction-cost, such as
the node degree should be high for the efficient communication
(like the hypercube network) and the construction-cost should be
inexpensive for the scalability (like the mesh network) as much
as possible.

One of the interesting interconnection networks that has the
low-cost of high-degree as well as a good diameter is the hier-
archical network [10,18,19]. The hierarchical network of static
interconnection networks consists of many levels, where each
level is composed of a basic topology including the hypercube
network, the mesh network, or the ring network. Currently, the
hierarchical topologies dominate the PDS and HPC systems as
well as the recent commercial data-center machines with a vari-
ation of level-based communications, designed for many high
performance applications, such as the Al (artificial intelligent)
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Fig. 1. An example of N permutations of ATAPE communication (D = S@& C) for a matrix A" on a hypercube network (N = 8).

computing, the quantum-computing, and the data-science appli-
cations in the big-data era. However, some of the hierarchical
networks cannot perform the flexible self-routing, and hence
their routing may easily conflict.

Therefore, in this research we are interested to fulfill the self-
routing of a popular hierarchical network, namely the hierarchical
hypercube (HHC) network (N= 2", n= 2"+m, m>2), especially
to solve the HHC conflict, for a new track of the upcoming scalable
MP-systems.

The hypercube (HC) network (N= 2") [16] is one of the most
efficient communication networks for parallel algorithms and
HPC applications. However, the HC network is not scalable for
implementing the multi-processor (MP) systems because of its
expensive cost for large N.

The hierarchical hypercube (HHC) network (N= 2", n= 2"+
m, m>2) [10] was proposed to achieve the advantages in the ef-
ficient communication and the symmetrical topology like the HC
network, while being able to connect many significant numbers of
nodes with the lower connection cost. That interesting HHC net-
work is more suitable for the scalable MPs than the HC network.
However, the traditional HHC routing [10] easily conflicts, espe-
cially when executing multiple tasks (k > 2™ nodes per task). The
HHC will be one of valuable networks for the scalable MP systems
if the HHC-conflict is solved properly. In 2007, the node-disjoint-
path routing [20] from S (source) to D (destination) was proposed
for reliable routing (S = 0) and it could be used to avoid the HHC
conflict. Later in 2013, the k-pairwise disjoint-path routing [4]
was presented for reliable parallel-routing on the HHCs but it
limited at most [(m + 1)/2] pairs of nodes. However, the HHC
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conflict should be solved systematically for the parallel (S, D) self-
routing before adding the reliability and basically it must work for
the ATAPE (all-to-all personalized exchange) communication.

The ATAPE is one of the important parallel tasks that is the
most solid operation and repeatedly applied in many applications
(such as parallel FFT (fast-Fourier-transformation), parallel AT
(matrix-transposition), etc.). The ATAPE is an efficient commu-
nication for sending distinct messages to other processors in N
rounds on the MP system (N = 2"). For example, Fig. 1 shows
the optimal ATAPE communication (D = S&é C) [17] for the
optimal matrix AT in O(N+log,N) on the HC networks. In 2016, the
research of embedding the ATAPE on-chip [11] was proposed for
the optimal communication on multi-stage networks. However,
the existing ATAPE functions [11-13,17] cannot work directly on
the HHC-MP systems.

While the HHC network is scalable, the basic HHC-routing
easily conflicts since the cost reduction of the HHC (via the
hierarchical reduction of edges) causes the limitation of routing
paths, especially when k > 2™ nodes. Thus, the HHC networks
will be perfect for the scalable MP-systems if the HHC conflict
is solved properly.

In this study, first we propose the arbitrary S shortest-path
(SP) routing form S (source) to D (destination) and the paral-
lel shortest-path (S, D)-routing on the HHC networks, based on
our hypothesis “the shortest-path routing and the proper HHC-
partitioning can reduce the conflict on the HHC-MPs directly”.
Our key contribution is the grouping of cross dual-cube (GCD)
partitioning, proposed to support multi-tasks with k = 2™+!
nodes (per task). In our GCD solution, the system conflict is
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Q. (main-net)

Fig. 2. A structure of the 6-HHC network (N

reduced to solve in any group (2¥~! crosses per group, where M
= 2™~1). Under GCD partitioning, all (even, odd) crosses (in any
group) are allowed, incorporated with the (forward, backward)
protocol for full bidirectional-routing. In our analysis, the correct-
ness of the shortest paths is proven. In our experiment, the ATAPE
communication is used to evaluate our HHC-conflict solution. The
ATAPE results must confirm that the GCD mapping could make all
tasks (k < 2™*! nodes per task) in any group, synchronized with
the same control, working without the conflict.

The rest of this paper is organized as follows: Section 2
demonstrates the structure and important features of the HHC
networks, the disjoint paths for reliable routing on the HHCs, and
the existing ATAPE (all-to-all personalized exchange) functions.
Section 3 proposes the generalized N2N shortest-path routing
(arbitrary S) for the reliable routing on the HHC systems. Section 4
presents the efficient parallel N2N SP-routing, incorporated with
the proper GCD partitioning, and the shortest-path ATAPE embed-
ding for k < 2™*! nodes (per task) on the HHC-MPs. In Section 5,
the correctness of the parallel N2N SP-routing is proven and in
experiment the ATAPE application is used to verify our conflict
solution. Finally, Section 6 discusses the conclusion and our future
study.

2. Related work

The structures and features of the hierarchical hypercube
(HHC) networks were reviewed in Section 2.1. The node-disjoint-
path reliable-routing (to avoid the conflict) on the HHC networks
was addressed in Section 2.2. Finally, the existing ATAPE (all-
to-all personalized exchange) functions were demonstrated in
Section 2.3.

2.1. Hierarchical hypercube (HHC) networks

Malluhi and Bayoumi [10] primarily proposed the hierarchical
hypercube (HHC) networks in 1994. In that research, the new
HHC topology could connect a significant number of nodes, while
maintaining a low cost and a small diameter. In order to utilize
the HHC networks efficiently, key properties of the HC and HHC
networks were explored in Definitions 1-3.

Definition 1. The n-hypercube (HC) or Q, network [16] consists
of 2" nodes (N = 2") and each node is represented by a binary
sequence of n bits (b,_1 b,_3 ... by bg). Any two nodes in the Q,
network are adjacent if and only if they differ in exactly one bit
position or the Hamming distance (HD) between their positions
is equal to 1.

Q

(sub-Zet)
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HHC (N=64, m=2)

2" =64, m=2,n=2"+m = 6) from the main-net Qn and the sub-net Q.

The efficient communication is the key advantage of the HC
network but it is expensive when n increases, and hence it is
not scalable for the large multi-processor (MP) systems. The HHC
network (N = 2", n = 2™+m) was introduced to preserve the key
properties of the HC with the lower cost that would be suitable
for the MP systems.

Definition 2. The (2™+m)-hierarchical hypercube (HHC) networks
(N = 2", n = 2"+m) [10] can be constructed by starting with
a 2™M-hypercube (Qum), called the main-net, and then replaces
each node of Q,m with an m-hypercube (Q;,), called the sub-net.
Therefore, the total number of nodes of the HHC are equal to
22"x2m = 22"+m podes. Each node (or processor) has a unique
n-bit address of a pair of 2" bits (in the main-net) and m bits
(in the sub-net), represented by {(«, 8) | @« = by_1bn_2 ... by,
B =bmn_1bm_y ... b}, where b; €{0,1},0 <i <n—1,n=2" +m,
and m > 2.

Fig. 2 depicts a structure of the 6-HHC network (N = 64, n =
6, and m = 2) [20]. In (S, D) self-routing on the HHC, addresses of
nodes from S (source) to D (destination) can be identified by S =
(as, Bs) and D = (ap, Bp), where as and Ss denote the main-net
ID and the sub-net ID of S, and «p and Bp are those IDs of D. In
addition, there is an edge (A, B) between nodes A and B, if and only
if they fall into either one of the following two conditions [10]:

e The first condition, called the internal edge, is as=ap and
the Hamming distance of s and fp is equal to 1.

e The second condition, called the external edge, is as
ap®2fs and B Bp, where & represents the bitwise
exclusive-or (XOR) operation.

Definition 3. An m-bit Gray-code [10] is a binary representation,
where two adjacent node-numbers differ by only one bit. The 1-
bit Gray-code is G; = (0, 1) and G}, is defined as reverse ordering
of Gp,. Thus, G, can be obtained by using the iteration in terms
of Gu_1 as (0Gp—1, 1G},_,). For instance, G, = (0Gy, 1G}) = (00,
01, 11, 10) and G3 = (0G,, 1G5) = (000, 001, 011, 010, 110, 111,
101, 100).

The HHC network was presented with the node-to-node self-
routing [10], Algorithm 1. That routing starts from the current
node C to the destination node D by using the Scube-routing (in
any sub-net) and the m-bit Gray-code mapping for the shortest
external-path routing (across the main-nets). However, for paral-
lel tasks (such as ATAPE) that basic routing may conflict, espe-
cially for executing the ATAPE on the sub-system (k > 2™ nodes).
Note: The routing conflict means the data collision (i.e., transfer-
ring messages through the same edge at a time).
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Fig. 3. The disjoint-path (DP) methods: (a) the node-disjoint paths, (b) the
node-to-set DPs, and (c) the k -pairwise DPs.

A:0000,00(0)

B:1100,01(49)

Fig. 4. An example of the HHC routing (Algorithm 2) from a source A = 0000,00
(0) to a destination B = 1100,01 (49).

Algorithm 1: Node—to—node self-routing on HHC networks.

Node-to—node Routing
1. if (C= D) then
2. if (ac = ap) then
3. Scube-routing(fc, fin);
4. else
5. T=C®D;
6. I ={indices of 1’s in a7};
7. if (5c € 1) then
8. routing on external edge;
9. else
10. Scube-routing (B¢, Ap);
11. end

2.2. Node-Disjoint Paths on HHC Networks

For reliable HHC-routing, many algorithms [3-5,20] were in-
troduced to find the disjoint paths that could be used to avoid
the conflict on the HHC networks. The original node-disjoint path
routing on the HHCs was proposed in 2007, focusing on the
reliable node-to-node (N2N) routing. Later in 2011, the reliable
one-to-many (or node to set) disjoint-path routing was presented
for routing and broadcasting on the HHCs. Lastly in 2013, the
k-pairwise disjoint-path routing was introduced for the reliable
routing of parallel communication on the HHCs.

2.2.1. The node-disjoint paths

In 2007, Wu et al. [20] introduced the node-disjoint paths for
reliable routing on the HHCs, see Fig. 3(a). The idea of that N2N
routing, a conflict solution, from the source node A = (Aex, Ain) to
the destination B = (B, Bi) is composed of two main steps. The
first step finds a shortest external-path and second step uses that
path to construct the corresponding node-disjoint paths (for m+1
paths).

Definition 4. Suppose that A and B are two distinct nodes of the
HHC network. An external edge sequence (EES) [20] is a main-
net path in the HHC network, represented by a sequence of the
external edges from A to B.
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Algorithm 2 shows the computing of the node-disjoint paths
on the HHC networks. The advantage of that work is to find m+1
paths for reliable routing from A to B with a maximum length is
less than or equal to {2™+1+2m+1, 2™+1+m+4}, where those paths
could be used to avoid the routing conflict on the HHC networks.

Algorithm 2: Node—disjoint paths of HHC routing.

Node—disjointPath

Assume A = (02", 0™);

Finding external edge sequences (EES);

Collect indices i of Bey (external bits of B) with b; = 1;

Construct a set by arranging all indices iinto an m-bit

Gray-code;

Construction 2 of m+1 paths, depending on four cases:

Case1: Aperand B,en

P1 = T[CO, P2 = 7-[C(z+1)m0dr;

Ain ¢ mand Bje

P = (Om7 T ,Om) , Py = n—c(zﬂ)modr;

Anemand Bpgm

Py = (QBin, B,‘n) , Po= TL'CD;

Aipegmand Bpg

Py =(0"m,0"), Po= (6%n, B);

. Other m-1 paths are obtained according to the first m-1 un-
used EES of € , ¢, ...,

. Return m +1 paths;

PN~

Case 2:
Case 3:

Case 4:

Cr—1-
Ter-1;

Fig. 4 shows an example of routing on the HHC (N = 64, n
=2"+m = 6, m = 2) from a source node A = 0 or (Aex, Ain) =
(0000,00) to the destination B = 49 (1100,01).

Let — denote the external edge and
— denote the internal edge(s).

In that case, the external edge sequence (EES) = (11, 10) since
there exist 1s in Bex at position 2 and position 3. Clearly, one of
the k paths with length = 9 (passing 10 nodes) is P; (in Case 4),
derived as follows:

A(0000,00)—>(0001,00)—>(0001,01) —>  (0001,11)
(1001,11) - (1001,10) —> (1101,10) —>(1101,00)
(1100,00) —> B(1100,01).

However, Algorithm 2 works for a source A = 0 only.

*
—

—

2.2.2. The node-to-set disjoint paths

In 2011, Bossard et al. [5] introduced the node-to-set disjoint-
path routing on the HHCs (see Fig. 3(b)) for a subset broadcasting.
One efficient step of that work focused on reducing the node-to-
set problem to the local node-to-set on a sub-cube (2™). Algo-
rithm 3 briefly describes the main process of four steps to find the
node-to-set disjoint paths, where the results are k paths from a
source S to k destinations (D;) and each path length is not greater
than m2™+2"+2m+4 in O(km2™), where 1 <i < k and k < m+1.

Algorithm 3: Node—to—set disjoint path on HHC networks.
HHC-N2S

if (|DNQm(so)| = k-1) then
Solving the N2S routing in a Qnby Cube-N2S;
else

Step1 “Preprocessing”
Distribute all D to distinct subcubes;
Step2 “Hypercube routing”
Apply Cube-N2S onto Hypercube;
Step3 “Path discarding”
Remove the unnecessary paths created in Step2;
0. Step4 “Sub-cube routing”
1 Convert cube-level paths back to HHC-level paths;

SoS0oNoORrwO

2.2.3. The k-pairwise disjoint paths

In 2013, Bossard et al. [4] proposed the k-pairwise disjoint
paths for reliable routing (see Fig. 3(c)) on the HHCs. Algorithm
4 describes the main functions of finding the k-pairwise (S, D)
paths (0 < S,D <N — 1) for k = [(m 4+ 1)/2] pairs of nodes,
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where the length of each path is computed in 0(2°™) and is not
greater than 2™+ + m(2™*+1+1) + 4 but that reliable routing allows
k <[(m 4+ 1)/27] nodes only.

Algorithm 4: k—pairwise disjoint paths on HHC networks.

k—pairewise

for all external-nodes with | T{o)| > 2 do
2 Spreading all nodes of T;

3. P = Generates disjoint—paths in Q,m;

4. forallpe Pdo
5.

6

—_.

R = Generates disjoint—paths in HHC;
return the path R;

However, without the proper HHC partitioning, such reliable
routing methods [4,5,20] and their conflict solutions might not
work properly on the HHC systems.

2.3. All-to-All Personalized Exchange (ATAPE)

All-to-all personalized exchange (ATAPE) is an efficient com-
munication that is constantly applied in many parallel appli-
cations (i.e., parallel matrix AT, etc.) on the MP-systems (N
2™) and can be used to verify the conflict on the HHC-MPs. In
ATAPE processing, every processor must send N personalized
messages to others within N rounds. Sections 2.3.1-2.3.3 describe
the existing ATAPE functions on the popular networks [11-13,17].

2.3.1. ATAPE on hypercube networks

D. Scott [17] proposed the XOR-based ATAPE communication,
see Eq. (2.1), for the efficient parallel (S, D) routing on the hy-
percube (HC) networks from N sources (S) to N destinations (D),
where 0 < S,D <N — 1 and N rounds of controls C =0, 1, 2, ...,
N —1.

D=S®C (2.1)

For example, Fig. 1 illustrates the ATAPE communication and its
application for a parallel AT (matrix transposition) on the HC
network (N 8) in O(N+logzN). The main idea of that ATAPE
with the Gray-code mapping for the AT on the HC is performed
in N iterations. In each iteration, every node (P;) exchanges the
message with each of other nodes (i.e., in the last step (C = N—1),
P0—>P7, P1—>P5, P2—>P5, P3—>P4, P4—>P3, P5—>P2, P6—>P], P7—>P0,
etc.).

2.3.2. Hierarchical ATAPE on dragonfly networks

In 2013, B. Prisacari [13] presented a hierarchical ATAPE on
the hierarchical dragonfly networks of I-levels, defined generally
in Eq. (2.2).

hP = (h° + K" )%N' (2.2)

For example, Fig. 5 shows the 3-level dragonfly network, where
the first level (or bottom level) is composed of processors P;, the
second level (or local level) connects to the other routers R; in
the same group, and the third level (or global level) connects to
each group G; for routing to other groups. The ATAPE in Eq. (2.2)
was claimed as the generalized ATAPE communication on the
dragonfly network, according to its flexible connection.

2.3.3. Embedding ATAPE on multistage networks

In 2000, the ATAPE [21] was introduced on multistage in-
terconnection networks (MINs) in optimal O(N+log,N) by using
switch-pattern routing. However, the pattern-routing cannot be
embedded on chip. Later in 2016, two efficient ATAPE func-
tions [11] were proposed for embedding on MINs™ in O(N+log,N).
The first ATAPE function was presented in Eq. (2.3) with controls
C 0 to N — 1 to provide N permutations of Latin squares,
specified by the arbitrary order between 0 and N.

D =S & (C + order)%N

(2.3)
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Table 1
Advantages and limitations of three popular networks.
Advantages Limitations
Networks
1. Hypercube (HC) - efficient - not scalable

communication
- efficient ATAPE

- scalable
- inexpensive

- expensive cost

2. Hierarchical
Hypercube (HHC) [10]

3. Dragonfly [13]

- easily conflict
- not easy for ATAPE

- flexible communication - expensive cost
- flexible ATAPE (additional switches)

HHC-Routing
Basic HHC - simple N2N-routing - not guarantee SP
Routing [10] (regular GC mapping) - conflict for parallel

routing, k > 2™ nodes

Node-disjoint-Path
HHC-Routing [20]
k-pairwise disjoint-path
HHC-routing [4]

- reliable N2N routing - for N2N routing

- work for S = 0 only

- reliable parallel routing - conflict when k >
for k <[(m+ 1)/2] [(m + 1)/2] nodes

nodes
Parallel SP-HHC routing - parallel N2N - conflict when k >
(proposed in Sections 3 SP-routing 2™+ nodes
and 4) - partitioning for k

<pmtl

- SP-ATAPE embedding

Next, in general the f-in-1 dynamic function was presented
in Eq. (2.4) to allow a number of flexible f initial permutations,
specified by users (p[i], i = 0, 1, 2, ..., N — 1) for other fN
Latin-squares of the proper permutations.

D = p[(S + C + order)%N] (2.4)

In 2017, the flexible ATAPE partitioning and embedding were pro-
posed on the x xx crossbar of partitionable MINs™* [12], presented
in Eq. (2.5). That partitionable ATAPE was embedded for multiple
tasks with super-pipelining, where y represents section 0, 1, ...,
x — 1 and [ refers to the control (I =0, 1, 2, ..., N/2%).

D'=S¥ @ (yN/x + %N (2.5)

However, those ATAPE functions (in Egs. (2.1)-(2.5)) could not
work directly on the HHC networks.

Therefore, this study focuses on solving the HHC conflict di-
rectly by the parallel shortest-path routing for ATAPE embedding
on the HHCs. Table 1 compares three popular networks. The HC
network is efficient in ATAPE communication but not scalable and
costly. The HHC is inexpensive and scalable but easily conflicts,
especially when executing k > 2™ nodes. The dragonfly is the
most flexible ATAPE communication but the most expensive.
Thus, solving the HHC conflict is a crucial research. In 2007,
the node-disjoint-path routing [20] could be used to avoid the
HHC conflict but it limited S = 0. In 2013, the reliable parallel-
routing [4] could be used to avoid the conflict (in parallel) but
supporting k <[(m + 1)/2] nodes only. Therefore, this study
proposes to solve the HHC-conflict directly: the arbitrary N2N
shortest-path routing (in Section 3), the parallel N2N SP-routing
(in Section 4.1), and the proper HHC partitioning (in Section 4.2)
before embedding the shortest-path ATAPE communication.

3. Shortest-path routing on HHC networks

First, we introduce the N2N shortest-path routing on the HHC
networks from any source S = (s, Bs) to any destination D =
(ap, Bp), 0 < S, D <N — 1, for not only the efficient (S, D)-routing
but also the conflict solution. Later, in Section 4 we propose the
efficient parallel SP-routing, the proper HHC partitioning, and the
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Fig. 5. The structure of the dragonfly network with N = 64 and the 2nd level sub-system (N’ = 8).
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Fig. 6. The proposed parallel N2N SP-routing and ATAPE embedding on HHC networks, compared to the GC routing on HC networks.

ATAPE embedding on the HHCs, see Fig. 6 (our innovation and
contribution).

Formally, let an n-bit address of any node on the HHC network
(N =2"n=2"+m, m > 2) be divided into two partitions («,
B) for the proper routing: 1. the external 2™ bits of the main-net
(¢ = bp_1...bpmy1by) and 2. the internal m bits of the sub-net

(B = bm-1...bib).
a (2™ bits) S (m bits)
n-bit Address [ 5,1 b, ... byys D] by .. by by
Main-net Sub-net

The contribution of our shortest-path (SP) routing (from S
to D) focuses on two main functions: 1. the generalized EES
(external edge sequence) with arbitrary S for the shortest external
path across the main-nets (Algorithm 5 in Section 3.1), extended
from the EES (S = 0) [20] and 2. the complete SP (Algorithm
6 in Section 3.2) by reordering the generalized EES for the SP-
routing on the HHC networks, according to the arbitrary S (=
0,1,2,...,N—=1).
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3.1. Shortest external-path (1) across main-nets

Algorithm 5 was designed by combining Algorithm 1 (arbitrary
S) and Algorithm 2 (EES: S = 0) for the generalized EES from
the external nodes («s and «p) on the main-nets of the arbitrary
(S, D), where the source node S = («s, Bs) and the destination
node D = («p, Bp). First, the Hamming distance (HD) between o
and «p is determined by «* = as®ap = {{b;i} | bie {bamim—1,
bymyim_2, ..., bn}}, where & denotes the bitwise-XOR operation
to realize the HD («s, ap) for routing across the particular main-
nets. From the binary «*, we include an index i into the index set
if b; = 1 and create the generalized EES (;+) by mapping indices i
with the m -bit Gray-code.

For example, Fig. 7 displays the generalized EES for the SP-
routing from S to D on the 6-HHC (N = 64, n = 6,and m = 2). Let
S: (as, Bs) = 3: (0000, 11), D: (ap, Bp) = 61: (1111, 01), and the
Hamming distance (as, ap) a*=asdap = 000041111 = 1111.
Next, construct the index i, corresponding to b; = 1 in «*, which
is the index set = {3, 2, 1, 0}. Then, map the index set with the
m-bit Gray-code (m = 2, GC = {00, 01, 11, 10}) to obtain u = {00,
01, 11, 10} for the shortest external path across the main-nets.
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Fig. 7. An example of the generalized EES (u) from S = (0000, 11) to D = (1111, 01), where u = (00, 01, 11, 10).

Algorithm 5: Get shortest external path for routing from an arbitrary S.

GetExPath
1. index=O; u=;
2. a" =a®ap={bymim_1, bamim_z,--, by};
3. for a” with bi=1 do
4, index = index U i
5. end for
6. for indexido // GC mapping for a shortest external-path
7. U= pu GClindex];
8. end for
9. return yu;

3.2. N2N shortest path by reordering

Algorithm 6 (GetSPathHHC) was designed to fulfill the shortest
path (SP) P from the generalized EES (u) in Algorithm 5 for the
N2N SP-routing from S to D. This function is composed of two
main policies: 1. the basic SP (s = ap) and 2. the complex SP
(as#ap). In case as = «ap, the SP-routing is located within the
same main-net, where the path between S and D is the HC routing
on the cube of 2™ nodes. In case as7#ap, S and D are not located
within the same main-net, and hence reordering some elements
in u = (co, €1, ..., ;1) for the SP-routing (arbitrary S) is the
significant process of Algorithm 6. According to the internal nodes
(Bs, Bp), and the shortest external-path (u), there are five cases
like Algorithm 2 (S 0) [20], except the reordering in u for
the complete shortest-path P (with any S). The SPordering is our
key contribution, computed in O(|«|?) based on the m-bit GC for
the shortest sub-paths of successive nodes in . Then, the full
shortest-path P is built from the best ordering of all elements in
u, where |u| =r.

For example, Fig. 8 demonstrates the construction of the short-
est paths (P) on the 6-HHC (N = 64, m = 2, and n = 2™+m = 6),
such as the SP-routing of Case 1: (S, D) = (23, 43) in Fig. 8(a) and
the SP-routing of Case 2: (S, D) = (3, 61) in Fig. 8(b). In particular,
our focus is the SPordering (in Algorithm 6) for reordering all
elements of u (based on the m -bit Gray-code to find the shortest
path P), where every of two successive nodes in P has a minimum
number of different bits. Fig. 8(a) displays the SP-routing from
S = (as, Bs) = (0101,11) = 23 to D = (ap, Bp) = (1010,11) =
43, First, apply Algorithm 5, the operation as®ap = 1111 and
w = {00, 01, 11, 10}. Then, apply Algorithm 6, the construction
of the shortest path P in Case 1, where the successive nodes
in P are rearranged by the path P = {8s, SPordering(i - Bs})}
= {11, SPordering(u - {11})}. Hence, the SPordering(u - {11}) =
SPordering(00, 01, 10) is reordered from temp = Bs = 11 by
starting at index O in u to find the closest bit to temp, then
update new temp and repeat the process until all elements of u
are reordered. Finally, the SPordering(00, 01, 10) = (01, 00, 10)
and the shortest path P = {11, SPordering(ix - {11})} = (11, 01,
00, 10) with length = 8, which traverses from S to D across 4
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Table 2
Key contributions of proposed algorithms in Sections 3-4.

SP-routing Algorithms  Key Contributions Limitations

Algorithm 5: Hamming
Distance (S,D)&GC
mapping

Algorithms 5 and 6: SP

- (arbitrary S) external
SP (shortest path)
(0<S,D<N-1)

- N2N SP-routing

- not complete SP

- not cover parallel

reordering and routing (0 < S,D < N-—1) SP-routing
Algorithms 5 and 7: - parallel N2N - may conflict for k >
Dynamic SP (F/B) SP-routing 2™ nodes
reordering (0<S,D<N-1)
Algorithms 5, 7, and 8: - parallel N2N - may conflict for k >
GCD partitioning & SP SP-routing 2™+ nodes
(F/B) reordering and - proper
routing HHC-partitioning

- full (k = 2™

utilization

internal edges and 4 external edges alternately. See the proof of
correctness (the N2N SP-routing by Algorithm 6) in Section 5.1.

Algorithm 6: Reordering the external path for N2N SP-routing.

GetSPathHHC
1. P=@; u= GetExPath (Algorithm 5)
2. if (as = ap) then
3. set Pj, (HC internal—path routing);
4. else (as # ap)
5. Case1: g, epand B = By
6. P=Pu {pBs, SPordering (u-{Bs})};
7. Case 2: B,, Bp Epand Bs # By
8. P'= P { g5, SPordering (1 {5, Bo}). Bok;
9. Case 3: B, e pand Breu
10. P = P U {Bs, SPordering (u-{B:})};
11. Case 4: f;epand B, € p
12. P = Pu { SPordering (u-{B8y}), Bp};
13. Case 5: fS;gpand Byz u
14. P = Pu { SPordering (u)};
15. return P;
SPordering in O(|u|?), |u|=r (HD between main-nets of S & D)
1. temp= Bs;r=r;
2. while( |p| <) do
3. for(i=0;i<r;i++) do
4. find u[/] that is closest to temp;
5. temp = u[il; p = p U p[i; update |u|-1; r' = r-1; break;
6. end for
7. end while

Note: for reliable routing, Algorithm 6 can be extended di-
rectly from p to find other paths (P;). Table 2 illustrates contribu-
tions vs. limitations of Algorithms 5-6 and our new solution for
parallel SP-routing (in Section 4).

4. ATAPE embedding and HHC partitioning
First, we propose the efficient parallel N2N shortest-path rout-

ing (0 <S,D <N —1)in Section 4.1. Second, we propose the GCD
(grouping of cross dual-cube) partitioning to avoid the conflict on
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o= ag@ap = (1111)
1= {cy €. €5, ¢3} =1{00,01,11,10}
Case 1: P = {f;, SPorderingt(u-{fs})}
= {11, SPordering(u-{11})}
SPordering(u-{11})=SPordering(00,01,4+,10)
={01,00,10}

then P={11,01,00,10}

HHC routing-path from S to D
Main-Net Sub-Net
0101 S: 0101, 11
1101, 11
101 1101201
1111, 01
1 1111..00
1110, 00
1o 1110, 10
HHC Routing (N=64, m=2) 1010 D {g}g }‘1)
l:‘}r:mS = (@, ffs) = 010L.11 =23 4 steps 4+4 steps

D=(ay, ) =1010,11 =43

(@) (S, D) = (28, 43) : Case 1 in Algorithm 6
o= ag@ap = (1111)
1= 1{cp ¢, 65, ¢33 ={00,01,11,10}
Case 2: P = {f, SPordering(u-{fs.p}). Bp}
= {11, SPordering(z-{11,01}), 01}
SPordering(z-{ 11,01 })=SPordering { 00,604,441
= (10,00}
then P ={11,10,00,01}
HHC routing-path from S to D
Main-Net Sub-Net
0000 S: 0000, 11
1000

1100
1101

1111
4 steps

1101, 00
1101, 01

D: 1111,01
4+3 steps

HHC Routing (N=64, m=2)
From § = (ay, fs) =0000,11 =3

To D= (ap fp) =1111,01 =61

(b) (S, D) = (8, 61) : Case 2 in Algorithm 6

Fig. 8. An example of the SP construction (P) on the HHC (N = 64).

the HHCs and the shortest-path ATAPE embedding in Section 4.2.
Lastly, all crosses (k = 2™*! nodes per cross) in any group are al-
lowed for multiple tasks by the F (forward)/B (backward) protocol
(for full bidirectional-routing on the HHCs).

4.1. Parallel shortest-paths by dynamic reordering

Algorithm 7 was designed for parallel N2N SP-routing on the
HHCs. This algorithm focuses on two functional keys: 1. dynamic
SP-reordering (from fSs, find the next dynamic d) for symmetrical
shortest-path routing and 2. case reduction (1. Bs€p and 2. Bs¢ 1)
for the efficient bidirectional-routing. The (forward/backward)
dSPordering is our significant key to maintain the parallel shortest
paths and the full bidirectional-routing on the HHCs. The (default)
forward dSPordering is the circular right-shift reordering and
the backward dSPordering is the circular left-shift reordering (to
utilize the opposite directions).

Algorithm 7: Dynamic reordering the external path for parallel routing.
GetParallelSPathHHC
P = & u = GetExPath (Algorithm 5)
if (as = ap) then
set Py, (HC internal—-path routing);
else (as = ap)
if (B; € u) then P= P U { B;,dSPordering (u-{B:})};
else P = P u {dSPordering (u)};
return P,
dSPordering (Forward)

Nookrwnp~

dSPordering (Backward)

temp=fg; r=r;
d:=(next index of B¢ in u) %r;
while( |p| < r) do
for(/=0;i<r;i++) do
id=(i+d %7,
find u[id] closest to temp;
temp = plid]; p = p U plid];
update |u|-1; r'=r-1;
d = (id+1)%r’;  break;
end for
end while

temp=fg; r=r;
d:=(back index of in pu+nN%r;
while( |p| < r) do
for(/=0;/<r; i++) do
id=(d-i+r)%r;
find u[id] closest to temp;
temp = ulid); p = p U ulid];
update |u|-1; r'=r-1;
d =(id-1+r)%r’; break;
end for
end while
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S, =(0000,00)=0; D, =(0110,00) = 24
S, =(0000,@) = 3; D,=(0110,11) =27
o= og@ay, = 0110; Thus ¢ = {01, 10}
Case 5: P = {SPordering(u)}
2-bit-GC = {00, 01,(1]), 10}
SPordering compares S, = 00 with u
then (path S, > D)) P, = {01, 10}
SPordering compares S, = 11 with u
then (path S, > D,) P, = {01, 10}

S, =(0000, 00) =0; D, = (0110,00) = 24
S, = (0000 @) = 3; D, = (0110,11) =27
o*= og@ay = 0110; Thus x4 = {01, 10}
Case fggu: P = {dSPordering(u)}
2-bit-GC = {00, 01,()), 10}
dSPordering compares S, = 00 with 01
then path (S, > D)) P, = {01, 10}
dSPordering compares f,= 11 with 10
then path (S, > D,) P, = {10, 01}

HHC routing-path from S, to D,

HHC routing-path from S, to D,

Main-Net Sub-Net Main-Net Sub-Net
S, :0000, 00 S, :0000, 11

0000 0000, 01 0000 1™ "6000; 10
0010, 01 0100, 10

0010 0010, 00 0100 0100, 11
0010, 10 0100, 01

0110, 10 0110, 01

0119 11p 0110, 00 0110 JIp, 011011

2 steps 2+4 steps 2 steps H 2+4 steps

(b)

Fig. 9. An example of parallel SP-routing on the HHC: (a) regular SPordering
(conflict) and (b) dynamic dSPordering (no conflict).

For example, Fig. 9(a) shows a congestion of two paths on the
HHC (N = 64, m = 2) from S; = (0000, 00) to D; = (0110, 00)
and S, = (0000, 11) to D, = (0110, 11). By applying Algorithm
6 (as®ap = 0110 and pu; = uy = {01, 10}), both paths are in
Case 5 (Bs ¢ w and Bp ¢ w), where P; = SPordering(uq) = {01,
10} and P, = SPordering(1t,) = {01, 10}. These two paths conflict
at the edge e = (u, v), u = (0000, 01) and v = (0010, 01), in the
routing from S;—D; and S,— D, (in the second step) since S; and
S, reside in the same main-net.

Applying Algorithm 7 can avoid the conflict by the dynamic
dSPordering for the shortest-path routing. Fig. 9(b) shows the
(forward) reordering and routing of both paths with no conflict.
In this solution, these paths are in case S; ¢ w (of Algorithm
7) with u = {01, 10}, where each path starts at the next index
(d) from its Bs (for the symmetrical-path routing). For instance,
P; starts at d = 01 (from Bs; = 00) and P, starts at d = 10
(from Bs, = 11) for P; = {01, 10} and P, = {10, 01}. Clearly, the
proper right-shift of dynamic index d in the (forward) dSPordering
generates the symmetrical paths that can avoid the conflict. Next
(in Section 4.2), both of (forward/backward) reordering functions
will be applied in the ATAPE application.

4.2. HHC partitioning and SP-ATAPE embedding

Under traditional HHC-partitioning, the parallel N2N SP-
routing (Algorithm 7) can process on the HHC-MPs without the
conflict (0 < S,D < N — 1) for k < 2™ nodes only.

Fig. 10(a) shows the regular HHC-partitioning for k = 2™m+!
nodes from two adjacent cubes (2x2™ nodes). In this case, there
is a routing conflict of two paths from S; = (0000, 01) to D
(0001, 01) and S, = (0000, 10) to D, = (0001, 10) at the edge e =
(u, v), where u = (0000, 00) and v = (0001, 00). Fig. 10(b) displays
our proper HHC-partitioning (for k = 2™*! nodes) from a cross of
two dual cubes for the symmetrical-path routing (i.e., S; = (0000,
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R | S [

Fig. 10. A proper sub-system (2™*') on the HHC (N = 64, m = 2): (a) adjacent
cubes (conflict) and (b) a cross of dual cubes (no conflict).

01) to D; = (0011, 10) and S, = (0000, 10) to D, = (0011, 01),
and so on for others that can use shared edges in different clocks).

In Section 4.2.1, we propose the grouping of cross dual-cube
(GCD) partitioning to work with Algorithm 7 (parallel SP-routing)
for k = 2™ nodes per cross. In Section 4.2.2, we present the
shortest-path ATAPE communication (k < 2™*! nodes), which
will be used to evaluate our conflict solution in the experiment
(in Section 5.4).

4.2.1. GCD (Grouping of Cross Dual-Cube) Partitioning

The objective of our GCD partitioning is to find the right cross
of dual cubes (k = 2™ nodes) in the right group that can avoid
the conflict for the parallel N2N SP-routing (across the symmet-
rical paths), proven in Theorems 4.1-4.3. See a corresponding
example in Fig. 11 (N = 64).

Theorem 4.1. On partitionable HHCs (N = 2", n = 2™ + m), the
minimum size of the independent group (in the GCD partitioning)
for k = 2™ nodes without the conflict is N' = 2V, n’ = M +m,
M = 2™ and a number of crosses (two cubes (2x2™) per cross) in
each group are equal to 2",

Proof. According to GCD partitioning (to avoid the conflict), the
minimum size of a group is 2M*™ nodes (or 2 main-nets) and
the minimum M = 2™ ! since on the HHC (m > 2) the value
M cannot be less than 2™~!. For instance, if |group| = 2M+m
and M = 2™2, then 2M+™= 2™*! which causes the conflict in
communication among k = 2™*! nodes (m = 2), see Fig. 10(a).
Thus, the minimum |group| must be 2M*™ and M = 2™, see
Fig. 10(b). Then, #crosses per group are 2"[2™+t1 = 2M~1 where
O<crossj<?2M-1_-1. O

Theorem 4.2. Under GCD partitioning, a number of independent
groups on the HHC-MP systems (N = 2", n = 2™+m) is N/2V
2M where n’ = M+m and M = 2™, In each group (N’ = 2" nodes
or processors), GCD; (a starting node of a group i) can be computed
from GCD;_, by Eq. (4.1)in O(1), where 1 <i < 2" — 1.

GCD; = GCD;_; + 2M*™ and GCDy = 0 (4.1)
Proof. From Theorem 4.1, the group size is N’ = 2", and hence
a number of groups = N2 = 22"+m /22"~ 1+m — 22" _ oM
each group, a number of crosses = 2M~1, Under GCD partitioning,
the starting nodes (or processors) of two successive GCDs can
be defined as follows: the first node of GCD; = the last node of
GCD;_1+1, where GCDq 0, see the corresponding example in
Fig. 11.
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Group Cross Cube
#bits [Brr - Buter | Bters - b | by o byby |
s
GCD;=[ GCD,; [ 11t [ a4+

From the above figure, a decimal number of the M+m-bit
address is by4m—1...b1bp = 111...11 (maximum) = ngm_l 24
M+m—1

Therefore, GCD; = GCD;_; + Z 2'+1
i=0
= GCDj_1 + (2MTm=1+1 _ 1) 41

= GCD;_; +2M*™ O

In each group, all 2"~ crosses (crossj, 0 < j < 2M~1) are defined
by Algorithm 8 (for 2™*! source (S) nodes per cross) from GCD;,
which finds dual cubes in crossy of group i first (i.e., the first
cube and the last cube) for symmetrical-path routing. For group 0,
crossy contains dCube1 = GCDy = 0 and dCube2 = GCDy +| group|
~| cube| = 0+ 2M+™M _ 2™ = 16 - 4 = 12. Then for cross;;1, next
dCubel = dCubel + 2™ = 0 4+ 4 = 4 and next dCube2 = dCube2
-2"M=12-4=38.

Algorithm 8: Pre-processing for 2™ sources (S) of crosses by GCD;.

GetSourceOfSubSystem (GCD))
dCubel=GCDj; dCube2=GCD;+|group|-2™; // |group|=2"*™
for (cross j=0; j < #crosses; j++) do /I 2cubes per cross
for (processor p=0; p < 2"; p++) do // 2x2™ nodes
S[p] = dCubel+p; /I'S on dual Cube 1 (of cross))
Slp+2™ = dCube2+p; // S on dual Cube 2 (of cross))
end for
dCubel = dCube1+2™; dCube2 = dCube2-2",
end for

ONOALWN =

For example, for k = 2™*! nodes on the HHC (N = 64, n =
6, m 2), all GCDs (GCD;, 0 < i < 4) are 0, 16, 32, 48 (the
starting nodes of all groups), defined by Eq. (4.1). For GCDy = 0,
a number of crosses are equal to 2¥~! = 2 (in case of m = 2),
which are crossg and cross;. Then, all sources in crossy and cross;
are determined by Algorithm 8, where all sources of crossy =
{0,1,2,3,12, 13,14, 15} from dCubel = 0, dCube2 = 12, and
all sources of cross; = {4,5,6,7,8,9,10, 11} from dCubel =
4, dCube2 = 8 (see Fig. 11 for 2™*! sources in each cross; of all
groups). Fig. 12 shows all GCDs (GCD;, 0 <i < 15) on N = 2048
(m = 3) of all groups, which are 0, 128, 256, 384, 512, 640, 768,
896, 1024, 1152, 1280, 1408, 1536, 1664, 1792 and 1920.

Theorem 4.3. Under GCD partitioning, all independent groups can
be processed at the same time. In each group, even crosses apply the
forward (F) reordering (for k = 2™+1 nodes per cross). At the same
time, odd crosses apply the backward (B) reordering by using the
same control.

Proof. Fig. 13(a) displays the GCD address and #crosses (per
group) = 2M~1 where M = 2™, Fig. 13(b) shows the GCD
address of N = 64 (m = 2), two crosses per group. Usually,
only crossy with the forward (F) reordering is allowed for the
symmetrical-path routing between nodes of dual cubes, except
routing in the opposite directions by the backward (B) reordering
on crossy. Fig. 13(c) displays the GCD address of N = 2048 (m =
3), eight crosses per group. In any group, all (even, odd) crosses
can work with the (F, B) protocol, where the flipped crosses ((0
: 000,5 : 101), (2 : 010,7 : 111),(4 : 100,1 : 001), (6 :
110, 3 : 011)) cannot use the same rule of reordering. Thus, the
even crosses (50%) can apply the forward dSPordering (Algorithm
7).
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Fig. 11. An example of the GCD partitioning for the shortest-path Latin squares on a 6-HHC (N = 64, n = 6, m = 2) with k = 2"+ =8,

CrossO
Cross1
Cross2
Cross3
Cross4
Cross5
Cross6
Cross7

CrossO
Crossl1
Cross2
Cross3
Cross4
Cross5
Cross6

GCD (Grouping of Cross Dual-cube)
Partitioning

Group 0
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Latin square for ATAPE (k = 8)
Group 0: GCD, =0
|

Group 1: GCD, = 16
I\

f CrossO (A Crossl
S ————————— g rm————————— -
©® 1 2 312131415|f] '4 5 6 7 8 9 10111
103 213121514(f '5 4 7 6 9 8 1110!
230114151213:6745101189:
3210151413121 [ 7 6 5411109 8,
121314150 1 2 3| |8 910114 5 6 7,
131215141 0 3 2| 19 811105 4 7 6
141512132 3 0 1 |[§ 110118 9 6 7 4 51
151413123 2 1 0 |4 L1110987654:
R 0 1 2 312131415 ]
——————————— "
62 33343544 454647 136373839404142431
333235344544 4746 !3736393841404342!
34 35323346474445 1 3839363742434041!
35 34333247464544 13938373643424140,
44 45464732333435 14041424336373839,
45 4447 4633323534 14140434237 363938,
46 47 444534353233 142434041383936 1
49 4645443534 3332 Y4 424140 9 8 6!

. CrossO

f CrossO Crossl
fm———mmm -
16 17181928293031 |2021222324252627:
17 16191829 28 31 30 12120232225242726
18 191617 30312829 12223202126272425 1
19 18171631302928| ! 2322212027262524 1
28 29303116171819 : 2425262720212223 !
29 28313017161918| | 2524 272621202322 :
30 31282918191617| | 2627242522232021
1

31 302928191817 16

2726252423222120

1
@49505160616263 1 525354 5556575859 |
49 48515061 606362 1 5352555457565958 1
5051484962636061 | 5455525358595657 !
51 504948636261 60 ! 5554535259585756 !
60 61626348495051 ! 5657585952535455I
6160636249485150 | 57565958 53525554
62 636061 50514849 | 5859565754 555253
63 626160515049 48 1 5958575655545352 1
. Cross0 Crossl )

Group 0: GCD, =0

T
Group 2: GCD, =32

CrossO

T
Group 3: GCD; =48

Cross7

0o 1 2
8 9 10
17 18
25 26
33 34
41 42
49 50
57 58

3 4 5 6 7 120121122123124125126127
11 12 13 14 15 112113114115116117118119|
19 20 21 22 23 104105106107108109110111
27 28 29 30 31 96 97 98 99 100101102103
35 36 37 38 39 88 89 90 91 92 93 94 95
43 44 45 46 47 80 81 82 83 84 85 86 87
51 52 (53454 8B 72 |73 7475 764 777879
59 60 61 62 63 64 65 66

=

67 6869 70 71|

Group 1: GCD, = 128

128129130131132133134135248249250251 252253254255
136137138139140141142143240241242243244245246 247
144145146147148149150151232233 234235236237 238 239
152153154155156157 158159 224225226227228229230 231
160161162163164165166167216217218219220221222 223
168169170171172173174175208209210211212213214215)
176177178179180181 182183200201 202 203 204205206 207

[@©1234567120 121 122 123 124 125 126 127
10325476 121 120 123 122 125 124 127 126
23016745122 123 120121126 127 124 125
32107654 123122 121120127 126 125 124
45670123124 125126 127 120 121 122 123
54761032125124 127 126 121 120 123 122
67452301 126 127 124 125 122 123 120 121
76543210127 126 125124 123 122 121 120
120 121 122 123 124 125126 12701234567
1217020 123 1224125\124'127,126 10,312 5 4476
122 123 120 121 126 127 124 12523016745
123122121 120 127 126 1251243210765 4
124 125126 127 120 121 1221234567012 3
125124 127 126 121 120 1231225476103 2
126 127 124 125122 123 1201216745230 1

156 57 56 50 60 61 62 63 64 65 66 67 68 69 70 71,

157 56 59 58 61 60 63 62 65 64 67 66 69 68 71 70)
158 59 56 57 62 63 60 61 66 67 64 65 70 71 68 69!
159 58 57 56 63 62 61 60 67 66 65 64 71 70 69 68!
160 61 62 63 56 57 58 59 68 69 70 71 64 65 66 67,
161 60 63 62 57 56 59 58 69 68 71 70 65 64 67 66|
162 63 60 61 58 59 56 57 70 71 68 69 66 67 64 65!
:63 62 61 60 59 58 57 56 71 70 69 68 67 66 65 64:
164 65 66 67 68 69 70 71 56 57 58 59 60 61 62 63,
165 64 67 66 69 68 71 70 57 56 59 58 61 60 63 62|
166 67 64 65 70 71 68 69 58 59 56 57 62 63 60 61!
:67 66 65 64 71 70 69 68 59 58 57 56 63 62 61 60:
168 69 70 71 64 65 66 67 60 61 62 63 56 57 58 59,
169 68 71 70 65 64 67 66 61 60 63 62 57 56 59 581
170 71 68 69 66 67 64 65 62 63 60 61 58 59 56 57!

A5

Cross7 |184185186187188189190191192 193194 195196197198 199

127126 125 124 123 122 121 12076543210

171 70 69 68.67 66.65 6463 6261 60_59 58 57 56!

Group 2: GCD, =256 DR )

Group 15: GCD,5 = 1920

Fig. 12. An example of GCDs, Latin squares, and cross sub-systems on an 11-HHC (N = 2048, n = 11, m = 3) with k = 2™*! = 16.

GCD Address Main-net (2™ bits) Sub-net (m bits)
—om
n e 6wt By | By bu| Bt by
=M+m Group Cross Cube
#groups=2", #crosses per group=2"1
(a)
N=2048,n=11,m=3 [#groups=16]
Neb b2  [Haroupsed] iy bsby by by bsby by | £:b:5;]
Even Crosses 0Odd Crosses
[ b5 by | by b, | by by | First-HBiE. Giossa"odD " L 552\
Even C 0dd Cross _?"_Ofs_e_s_ Cross2: 010 | Cross3: 011 !
ven Cross Second- | Cross4: 100 B
Half | Cross6: 110
Crosses .

(B-reordering
100 101

(F-reordering)

—— F(forward)
---- B (backward)
reordering & routing

s,

£, {Cross!
c1}y

\
5
5

Fig. 13. A GCD-address format and (F, B) protocol for (even, odd) crosses: (a)
GCD address; (b) N =64 (m = 2); and (c) N = 2048 (m = 3).

The odd crosses (another 50%) can apply the backward
dSPordering to routing in the opposite directions across the sym-
metrical paths. In general, all crosses (with the (F, B) protocol)
can be utilized at the same time, by synchronized with the same
control, proven in Section 5.3. [
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4.2.2. ATAPE (All-to-All Personalized Exchange)

This section presents the shortest-path ATAPE, an application
of parallel N2N SP-routing (k < 2™*1), on the HHC networks by
the indirect XOR operation in Eq. (4.2).

Sources of Dual Cubes (2x2™) For example, N=64,

y GCD mapping m=2, GCDy=0, k=8
S; 185 SNFSS sk,1|C_ S;[0123 12131415|C_
oo do: os .. doss] O 0123 1213141570
N L o s k2 1032 13121514 |1
WS o AR 2301 14151213 |2
| oo dox 2 a3 B M| 3210 15141312 | 3
: rap . 12131415 0123 | 4
' g ; 13121514 1032 |5
G20 G2z - izt | k-2 14151213 2301 | 6
Ai1,0 iz oo Gregpes | k-1 15141312 3210 ] 7

Df' = dij = Siciai) (4.2)

For the SP-ATAPE communication, a Latin square (LS) of des-
tinations (D) is computed in k iterations of controls (C) from the
proper sources (S) defined by Algorithm 8 and the indirect XOR
in Eq. (4.2). For example (N = 64, m = 2, k = 2™ = 8), all
S (source) nodes are computed by Algorithm 8 (using GCDg = 0
on group 0), which is S = {0, 1, 2, 3, 12, 13, 14, 15}. Next, the LS
of ATAPE is defined, according to the controls G; =i (=0, 1, ...,
k — 1), see Fig. 11 (all possible (shortest-path) LSs of the ATAPE
communication). The global addresses of each LS are generated
to work with Algorithm 7 (parallel N2N SP-routing). In each GCD;
(i.e., GCDy = 0 in group 0 on N = 64, m = 2), there exist two
crosses (crossy, crossy). The crossg (on main-nets 0000 and 0011) is
composed of k = 8 processors S = {0, 1, 2, 3, 12, 13, 14, 15}. The
cross; (on main-nets 0001 and 0010) is composed of 8 processors
§$=1{4,5,6,7,8,9, 10, 11}.
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Table 3
Forward reordering-and-routing paths of shortest-path ATAPE in each control (C), where GCDy = 0 (on Crossp).

c=0 S=D 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
C=1 S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
D 1:0000,01 0:0000,00 3:0000,11 2:0000,10 13:0011,01 12:0011,00 15:0011,11 14:0011,10

C=2 S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
D 2:0000,10 3:0000,11 0:0000,00 1:0000,01 14:0011,10 15:0011,11 12:0011,00 13:0011,01

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
=3 0000,01(in) 0000,00(in) 0000,11(in) 0000,10(in) 0011,01(in) 0011,00(in) 0011,11(in) 0011,10(in)
D 3:0000,11 2:0000,10 1:0000,01 0:0000,00 15:0011,11 14:0011,10 13:0011,01 12:0011,00

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
0001,00(ex) 0010,01(ex) 0000,00(in) 0000,01(in) 0010,00(ex) 0001,01(ex) 0011,00(in) 0011,01(in)
C=4 0001,01(in) 0010,00(in) 0001,00(ex) 0010,01(ex) 0010,01(in) 0001,00(in) 0010,00(ex) 0001,01(ex)
0011,01(ex) 0011,00(ex) 0001,01(in) 0010,00(in) 0000,01(ex) 0000,00(ex) 0010,01(in) 0001,00(in)
0011,01(ex) 0011,00(ex) 0000,01(ex) 0000,00(ex)
0011,00(in) 0011,01(in) 0000,00(in) 0000,01(in)

12:0011,00 13:0011,01 14:0011,10 15:0011,11 0:0000,00 1:0000,01 2:0000,10 3:0000,11

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
0001,00(ex) 0010,01(ex) 0000,00(in) 0000,01(in) 0010,00(ex) 0001,01(ex) 0011,00(in) 0011,01(in)
c—s 0001,01(in) 0010,00(in) 0001,00(ex) 0010,01(ex) 0010,01(in) 0001,00(in) 0010,00(ex) 0001,01(ex)
- 0001,01(in) 0010,00(in) 0010,01(in) 0001,00(in)
0011,01(ex) 0011,00(ex) 0000,01(ex) 0000,00(ex)

D 13:0011,01 12:0011,00 15:0011,11 14:0011,10 1:0000,01 0:0000,00 3:0000,11 2:0000,10

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
0001,00(ex) 0010,01(ex) 0000,00(in) 0000,01(in) 0010,00(ex) 0001,01(ex) 0011,00(in) 0011,01(in)
c—56 0001,01(in) 0010,00(in) 0001,00(ex) 0010,01(ex) 0010,01(in) 0001,00(in) 0010,00(ex) 0001,01(ex)
- 0011,01(ex) 0011,00(ex) 0001,01(in) 0010,00(in) 0000,01(ex) 0000,00(ex) 0010,01(in) 0001,00(in)
0011,00(in) 0011,01(in) 0011,01(ex) 0011,00(ex) 0000,00(in) 0000,01(in) 0000,01(ex) 0000,00(ex)

14:0011,10 15:0011,11 12:0011,00 13:0011,01 2:0000,10 3:0000,11 0:0000,00 1:0000,01

S 0:0000,00 1:0000,01 2:0000,10 3:0000,11 12:0011,00 13:0011,01 14:0011,10 15:0011,11
0001,00(ex) 0010,01(ex) 0000,00(in) 0000,01(in) 0010,00(ex) 0001,01(ex) 0011,00(in) 0011,01(in)
Ce7 0001,01(in) 0010,00(in) 0001,00(ex) 0010,01(ex) 0010,01(in) 0001,00(in) 0010,00(ex) 0001,01(ex)
- 0011,01(ex) 0011,00(ex) 0001,01(in) 0010,00(in) 0000,01(ex) 0000,00(ex) 0010,01(in) 0001,00(in)

D 15:0011,11 14:0011,10 13:0011,01 12:0011,00 3:0000,11 2:0000,10 1:0000,01 0:0000,00

For parallel shortest-path routing (N = 64), Table 3 and Fig. 14
show the symmetrical routing paths of the ATAPE communication
(C=0,1,2,...,7) by GCDy (on crossy). For instance, with C = 4
in case of S = 15(0011, 11) and D = 3(0000, 11) the SP-routing
is derived as follows:

S(15): 0011,11 => 0011,01(in) — 0001,01(ex) — 0001,00(in)
— 0000,00(ex) —> 0000,01(in) = D(3): 0000,11.

The symmetrical paths of the SP-ATAPE communication (be-
tween two dual cubes (k = 8) in any group) can work with
no conflict, including C > k/2 (densely bidirectional routing with
time multiplex) such as C = 7 (111). Under this time multiplex,
shared edges are allowed in different clocks, where the 2-cross
bits (bsb,) of the main-net and the 2 bits (b1bg) of the sub-net (in
k pairs) may be fully utilized. See C = 7 (Table 3) for parallel
SP-routing from S = {0, 1, 2, 3, 12, 13, 14, 15} to D = {15, 14, 13,
12, 3,2, 1, 0}.

-S =0,D = 15 : clkq(0, 4), clky(4, 5), clks(5, 13), clky(13, 15)
-S=1,D=14:clkq(1, 9), clky(9, 8), clks(8, 12), clk4(12, 14)
-S =2,D =13 : clkq{(2, 0), clky(0, 4), clk3(4, 5), clkq(5, 13).
-S =3,D=12:clkq(3, 1), clky(1,9), clks(9, 8), clky4(8, 12).
-S =12,D = 3 : clkq(12, 8), clky(8, 9), clks(9, 1), clky(1, 3).
-S =13,D = 2 : clkq(13, 5), clky(5, 4), clks(4, 0), clk4(0, 2).
-S=14,D = 1: clkq(14, 12), clk, 8), clks(8, 9), clky(9, 1).

12,
13

—

-S =15,D = 0: clkq(15, 13), clky(13, 5), clk3(5, 4), clk4(4, 0).

Fig. 14 displays the big picture of the HHC routing (N = 64,
m = 2) for the ATAPE communication (k 8) with controls
C = 0 to 7 on crossy (nodes 0-3 & 12-15) of group 0, where the

149

parallel shortest paths are determined by the forward reordering
and routing. Note that in each of C = 4 to 7, there are some
shared edges but used in different clocks (with no conflict). Fig. 15
shows another example of the HHC routing of five ATAPE-tasks
(one of 2™*! nodes and four of 4x2™ nodes). The first task (Tj,
k = 8) with GCDg = 0 can assign on nodes 0-3 & 12-15 (crossy)
with controls C = 0 to 7. At the same time, two smaller tasks
(T,&T3, k = 4) can assign to nodes 4-7 & 8-11 (cross;) withC = 0
to 3 by using the regular cube-routing (on sub-nets). After T, and
Ts finished, tasks (T4&Ts, k = 4, C = 0 to 3) can process on nodes
4-7 & 8-11 (crossy).

5. Correctness and experiment

To confirm our hypothesis “the shortest-path routing and the
proper HHC-partitioning can avoid the conflict”, the correctness
of the shortest paths of the N2N SP-routing and the parallel N2N
SP-routing (0 < S,D < N — 1) were conducted in Sections 5.1-
5.2. Then, the correctness of the GCD partitioning for k = 2m!
nodes per cross was proven in Section 5.3. Finally, the experiment
was performed in Section 5.4 to confirm no conflict by using the
ATAPE communication on the HHCs, especially under the (F, B)
protocol on all (even, odd) crosses in any group.

5.1. Correctness of N2N shortest-path routing

The N2N SP-routing on the HHCs was achieved by

1. Algorithm 5: Generalized EES (u) by Gray-code (GC
mapping for the shortest external path (S to D) and

)_
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Fig. 14. An example of ATAPE (k = 2™*!) routing paths with time multiplex in each of k controls (C) with GCDo = 0 (on crossy), where S = source processors and
D€ = destination processors on the HHC (N = 64, m = 2, k = 8).

0 10 1Q
ﬂ
0001 @ 00 @ 0000 @Ef@ 00 0000 @11 1@ 0001 @ 00 @ 0000 @ 00 0 0000
01
s A

wn (@ 00 . 0010 0011‘\@ 00 oow @ 0011/@ 00 ‘ 0010 0011 @ 00 010 @
@ (D @ hod

1 10 10

o

=
=}
=

“@
5@

®=20 @H

T=1: C=0 C= C=2 C=3

SI: 012 312131415 1: 012 3 12131415 S:Jo1z23 2131415 s]: 0'1/2.3 12131415
DO; 0123 12131415 Dl; 1032 13121514 p:x12301 14151213 Dz: 321 015141312
[S2:|4567M891011|S3J S:[a 5 6 7)o 1011]:8) [S:J4 5 6 7|8 9 101]:S; 52:456789101 S
D’:]4 5 6 718 9101:D° (D)5 4 7 6)los 1110]:DY (D:|6 7 4 5/10118 9f:D* (D)7 6 5 4/1110 9 8|: D

C=1 C=2

|
.
RN
N (RN
= ATTIEEAN WA S
® @Oy
S
2, NS
“® ©°
- .
= =
= =
= s
«®
Q)
&N
S
O, @
N 25
ERRE RN
; RN
0
N
aN ™
= = . '\
5 O
2 S
7
N
=
/ = — \
© Q,
O %,
\\‘s
eyb\\: 2 ®)
= oy SERETIINY, =
W XEEEERN
2NN

C=5 C=

12131415} [sl. 0123 12131415} [sl: | 01
150 1 2 3 Ds: |13121514 1 0 3 2 s |141512
891011|:S5 Si:]4 5 6 7|(8 9 1011):S5 S4:|4 567
89 1011:DY (D:l5 4 7 6)98 11101:DY (p&l6 7 4 5
Cc=1 C

Fig. 15. An example of routing paths of ATAPE (k = 2™*') with GCDy = 0 (on crossp) and others 4 tasks (k = 2™), where S; = source processors for task T and
D€ = destination processors under k controls (C) on the HHC (N =64, m =2, k < 8).

2. Algorithm 6: Five cases of the complete (S, D) SP-routing and GC-mapping in O(|u|) are used to go through each main-
through the GC-reordering of nodes in . net in p only once to confirm the shortest external path. Then,

The generalized EES (1 = {Co, C1.., Cr_q}) is the initial process the complete shortest path (P) is handled in five cases (of Bs,

of the shortest path, which is the Hamming distance (HD) of the Pp, and p) plus the proper ordering of elements in x, proven in
main-nets of S = (as, Bs) and D = (ap, Bp). The HD o* = as®ap Theorem 5.1.
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Theorem 5.1. On the n-HHC (N = 2", n = 2™+m), the path P =
{po, p1, ..., Dr—1} between any two nodes S = (as, Bs) and D =
(ap, Bp), starting from Bs, is a shortest path if and only if |P| = r
<|as@aplvic=1 and every of two successive p; and p; in P are closest
(or minimum different bits), where 0 < i,j <r — 1and |P| = a
number of elements in P.

Proof. For the N2N routing from S to D (0 <S,D < N — 1) on
the n-HHC (N = 2", n = 2™+m), the shortest path (P) from S
to D can be obtained by Algorithm 6. If S and D reside in the
same main-net (as = ap), then applying the HC routing will be
shortest. Otherwise (as#ap), the HHC routing must go through
the main-net and sub-net alternately. In this case, the generalized
EES u = {co, €1, ..., ¢r_1} with GC-mapping provides the shortest
external-path. Then, five cases of (s, Bp, and ) combination are
determined (from Bs) before applying the SPordering function. In
order to go through s and gp only once in the shortest path
P, if Bseu (the major condition) then the next main-net (in P)
must be connected from fSs in the main-net of S (in cases 1-3). In
the minor condition, if Speu and Bp#pBs then the main-net of D
(in P) must be connected from fp (cases 2 and 4). Finally, other
elements in u must be reordered by the SPordering function to
make two successive p; and p; in the path P be closest in efficient
O(|w|?) time, according to the initial GC-mapping in . Thus, the
path P is shortest since each element of w is utilized only once
and two successive p; and p; in path P are closest (Algorithm 6)
plus the shortest HC routing in each sub-net. O

5.2. Correctness of parallel N2N SP-routing

For the parallel N2N SP-routing, Algorithm 7 provides the
symmetrical-path routing to avoid the conflict by the dSPordering
(dynamic SP-reordering) to find the next position d (in ) by the
circular right-shift operation. This solution works (with no con-
flict) for any sub-system of k < 2™ nodes, verified (in experiment)
by random S and D in range [0 — (N — 1)]. In Algorithm 7, we
focus on the common condition (either Bseu or Bs¢ ) and the
proper bidirectional SP-routing to avoid the conflict. We provide
the F (forward)/B (backward) reordering and routing to avoid the
conflict and maintain the shortest paths, and hence achieve the
optimal ATAPE communication. The F-reordering is the (default)
parallel SP-routing and the B-reordering is used to routing in
the opposite directions (for full bidirectional-routing) at the same
time.

5.3. Correctness of GCD partitioning and bidirectional routing of all
crosses with (F, B) protocol

To solve the HHC conflict, we proposed not only the SP-routing
but also the GCD (grouping of cross dual-cubes) partitioning
(to handle the conflict locally in groups). In each group, any
cross (k = 2™ nodes) can work with no conflict, proven in
Theorems 4.1-4.3. Next, the parallel (S, D) SP-routing (Algorithm
7) and GCD mapping (Algorithm 8) were verified by the ATAPE
communication (chi = S(¢;@j)) for the symmetrical-path routing of
k controls. Each control C; is a Hamming distance between main-
nets of S and D, where m+1 bits of C; are 0..00(0), 0..01(1), 0..10(2),
..., and 1.11(k — 1). Theorem 5.2 verified the GCD partitioning
and ATAPE mapping. Theorem 5.3 proved the (F, B) protocol for
all (even, odd) crosses.

Theorem 5.2. The parallel N2N SP-routing of XOR-based ATAPE
communication (k = 2™ nodes) can be performed without the con-
flict on the n-HHC (N = 2", n = 2™+m) by the GCD partitioning and
mapping with the triple-right assignment (right task, right partition,
and right time).
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Proof. For parallel N2N SP-routing, the dynamic index d in the
(forward/backward) dSPordering of Algorithm 7 can support the
shortest paths (proven in Section 5.2). To avoid the conflict for
k = 2™*1 nodes, we use the GCD partitioning to find the proper
k sources and the XOR-operation to map them to k destinations
for the symmetrical-path routing. Applying Algorithm 7 (parallel
N2N SP-routing) and Theorems 4.1-4.3 (GCD partitioning) for
the ATAPE mapping could achieve the triple-right assignment.
In particular, the GCD partitioning could map the right task to
the right partition (for k = 2™*! nodes) and the GC-mapping
and reordering could find the shortest paths in efficient O(|x|?)
for routing without the conflict, confirmed by the experiment in
Section 5.4. O

Our GCD partitioning allows all independent groups process
the different tasks (each of k = 2™! nodes) at the same time
since they use the different high-order group-bits for their local-
path routing. Then, the HHC conflict can be solved locally in each
group, proven in Theorem 5.3. Note that small tasks (k < 2™
nodes) can be processed independently anywhere (in sub-nets) at
any time.

Theorem 5.3. For GCD partitioning, all (even, odd) crosses (in any
group) under the (F, B) protocol can execute at the same time by
synchronized with the same control C.

Proof. Under GCD partitioning, one cross (per group) can be
used independently for k = 2™*! nodes with group utilization =
100/2M~1% (see Table 4), proven in Theorem 4.1.

M—1 _

For 50% group-utilization, even crosses (0, 2, 4, ..., 2
2) with the F-protocol are allowed by synchronized with the
same control (C) since the symmetrical paths of adjacent crosses
(ie. (0, 1), (2, 3), ..., or (even, odd) crosses) may conflict and
cannot use the same F-protocol.

For 100% group utilization, we introduce the backward (B)
reordering and routing to fulfill the opposite directions. Thus, we
propose the (F, B) protocol (in Algorithm 7) to work with (even,
odd) crosses to avoid the conflict, according to the following
conditions:

- Flipped crosses cannot use the same F-protocol, Fig. 16.
- Adjacent crosses cannot use the same F-protocol, Fig. 17.
- Cross classification is made equally under cases 1 and 2.

The flipped crosses (in any group) must use the opposite rule
of reordering and routing to avoid the conflict. For example (N =
64), Fig. 16 (left) shows the ATAPE (C = 5) on crossy (F-protocol).
At the same time, cross; in Fig. 16 (right) can execute another
ATAPE (C = 5) in the opposite directions (B-protocol) across
their symmetrical paths. In this particular example, there is no
conflict since it meets all key conditions, see confirmed results in
Section 5.4.

In general, Fig. 17 (N = 2048 and N = 2%°), to work with
the (F, B) protocol all crosses (per group) are classified into
(even, odd) crosses. Fig. 17(a) displays flipped crosses in any
group of N = 2048 (m = 3), which are (0:000, 5:101), (2:010,
7:111), (4:100, 1:001), and (6:110, 3:011)). Under symmetrical-
path routing (between dual cubes in any cross), cross 0:000
conflicts with its adjacent cross 1:001 and its flipped cross 5:101,
and hence they cannot use the same F-protocol. Similarly, cross
2:010 conflicts with crosses 3:011 and 7:111; cross 4:100 con-
flicts with crosses 5:101 and 1:001; and cross 6:110 conflicts with
crosses 7:111 and 3:011. To avoid the conflict, if the even crosses
apply the F-protocol, the odd crosses must use the B-protocol by
synchronized with the same control C. Finally, for the massive N
= 220 (m = 4) in Fig. 17(b), all (even, odd) flipped crosses with
the (F, B) protocol, synchronized with the same control C, can be
used practically. This general example meets all key conditions,
confirmed (no conflict) in our experiment (in Section 5.4). O
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Table 4
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Group utilization of our three successive solutions by GCD partitioning and mapping with the (forward, backward) protocol.

Three cross-solutions and proper F/B protocol (in any group) #Tasks (of Group utilization and System utilization
k=2m+1 nodes)
per group
1. One (independent) cross (per group) with F (forward) 1 m=2 50%
reordering and routing (or protocol)
m 12.5%
m 0.78%
2. Even crosses (with F protocol) 2M=12 m=2 3,4 50%
(0, 2, 4,.., 2Y=1.2), M = 2m-1
3. All even crosses (F protocol) and odd crosses (B protocol) 2M-1 m=2,3,4,.. 100%
IO __________ 1 6__"\\ Table 5
@ 00 2) 44 \| Routing table (N = 64) for ATAPE-T, (k = 8, C = 5) on crossy (F).
\@,—4_—_—_—5 0000 73 ! Clocks 1 2 3 4 5
o '_ﬁ'fo\\“‘“ : §=0:0000,00 | —> [0001.00] = [0001.01| = | 13:0011,01=D
o o1 3$i:‘: = §=1:0000,01 | = 001001 — |0010,00| — | 12:0011,00=D
1 Cross, (B) 4il|:2 : §=2:0000,10 [ — [0000,00 —> [0001,00] —> 0001,01 —> [0011,01| — | 15:0011,11=D
H 1
4\ 01 s : S =3:0000,11 —> [0000,01f — 0010,01| —> 0010,00 —> [0011,00 — | 14:0011,10=D
NN Uy , . Nao : § =12:0011.00 | — [0010,00] —> |0010,01| —> | 1:0000,01=D
3\3&2_._.__;3; P:)fb‘ D §.=13:0011.01 | = |0001.01] — |0001.00{ —> | 0:0000,00=D
00 @ ,I S =14:0011,10 | — [0011,00 —> [0010,00] —> 0010,01 —> 0000,01f = | 3:0000,11=D
_ bl ) e ) = L 5=15:0011,11 | —> Joorro1| = Joooror| > | 000100 | = |ooooo| = | 2:0000,10=D
Fig. 16. A routing example of crosses in group 0 (m = 2): by forward (F)
protocol on crossy, and backward (B) protocol on cross;. Table 6
Routing table (N = 64) for ATAPE-T,(k =8, C =5) on cross; (B).
Clocks 1 2 3 4 5
) ! ) $=4:0001,00 | —> [0000,00[ —> [0000,01| —> | 9:0010,01=D
5.4. Experiment to confirm no conflict on HHCs 5=5:0001.01 | —> [oo11.01| = [0011.00] — | 8:0010.00=D
5 =6:0001,10 | —> |0001,00] = 0000,00] — 0000,01 — |001001] — | 11:0010,11=D
The experiment was conducted to evaluate our conflict so- S=7:0001.11 | —> |o0or01] — |ooriol] = | 01100 | = |oo10.00] —> | 10:0010,10=D
lution by implementing the following pseudo-code (using java 5 =8:0010.00 | — Joor1.00] — loo11.01] — | 5:0001.01=D
programming language) for parallel (S, D) SP-routing of the AT- §=9:0010,01 | — [0000,01| —> {0000,00] —> | 4:0001,00=D
APE communication (k = 2™*! nodes per task) on the HHCs (N = 5=10:0010,10| — [0010,00{ = [0011,00[ — 0011,01 — [0001,01] = | 7:0001,11=D
64 (m = 2), N = 2048 (m = 3), etc.). 8 =11:0010,11 | — [0010,01| —> |0000,01| —> 0000,00 —> [0001.00 — | 6:0001,10=D
ATAPE Communication (k=2""!, C: iteration control (0, li k-1)) Table 7
group i=0; compute GCD; by eq. (4.1) for i=0,1,2,. or2 1 M= ane [ . . .
call Algorithm 8 to define all sources (S) in each of 2M1 crosses: Performance comparison of four routing-conflict solutions.
for all sources (S) in each of all crosses (0.1....,2**1-1) pardo Routing Features 1994 [10] 2007 [20] 2013 [4] This study
compute D; = Scg; by eq. (4.2); // for j=0 to k-1 in each cross : 3
if (cross%2=0) direction="F’ else direction="B’; II;IZN”(SI, Iegl\ll‘outm.g any § $=0 any S any S
call Algorithm 7 parallelShortestPaths (P: S—D, direction: F/B); a“‘ﬂ? 1 Jougne s > v v/
do HHC-Routing (S, D) and update RoutlngTable (RT qock. edEe) Conflict solution - 4 4 v
end for all; // see an Example in Fig. 18 (N=64 (m=2), C=5) Reliable routing - v v v ;
for each clock in RT, report “no-conflict” if all edges are different; Maximum task-sizes k =2" 2 k=[(m+1)/2] k=2""
end ATAPE. GCD partitioning - = - v
HHC-Routing (P: Shortest Path from S to D) Parallel application - - - SP-ATAPE

for element i inpath P (i=0, 1,2, ..., |P|-1)
p=P[i]; mNet=mainNet[p]; sNet=subNet[p];
mainNet&subNet-routing (mNet, sNet) and local HC-routing;
// according to the definition of the HHC network
end for i
end SP-Routing // see an Example in Fig. 9(b) and Table 3 (N=64).

After assigning a group i, all source (S) nodes in each cross
were defined (by Algorithm 8). Then, all S-nodes route to their
destinations (D = Scg;) by Algorithm 7 and (S, D) paths were
recorded in a routing table. We used that table to evaluate the
ATAPE communication (to ensure that each group could execute
(even, odd) crosses by the (F, B) protocol at the same time). Let a
communication time utilize one clock. Under time multiplex, at
any clock there is no conflict if all pairs of nodes A and B transfer
messages through different edges. For instance, Table 5 displays
T-routing (F-protocol) on crossy of group 0 (N = 64 (m = 2),
k = 8) for ATAPE (C = 5). Routing from S = [0, 1, 2, 3, 12, 13, 14,
15] to D = [13, 12, 15, 14, 1, 0, 3, 2] was confirmed (no conflict
or no shared edge(s) at any clock). At the same time, T,-routing
(B-protocol) on crossy of group 0 (Table 6, C = 5) from S = [4, 5,
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6,7,8,9,10,11]to D =
(no conflict).

Routing by other controls (C < k — 1) was made without the
conflict. Then, the (even, odd) crosses with the (F, B) protocol
were confirmed with no conflict (see Fig. 18, parallel routing of
two ATAPE tasks with C = 5 working on cross, (F) and cross; (B)).
Note: to handle some critical I/O ports (i.e., 2-inputs — 2-outputs
by passing the same node), we use either FCFS or one delay (A7)
with the minlID first (if they come at the same time), such as on
intermediate nodes 0, 1, 4, 5, 8, 9, 12, and 13 (at the end of clocks
1,2, 3).

Table 7 presents our conflict solution on the HHCs, compared
to the existing methods [4,10,20]. For parallel N2N routing, we
can support multiple tasks (k < 2™*! nodes per task), while the
existing routing [ 10] worked for k < 2™ nodes per task. Moreover,
under GCD partitioning and mapping, our SP-ATAPE (k < 2™+!
nodes per task) can be applied on the HHCs without the conflict.

[9, 8,11, 10, 5, 4, 7, 6] was also confirmed
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Cross4 <= 2"d_Half Crosses
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Cross1 : 0000001 "1

Cross 3 : 000001 1 :

Cross63: 0111111 !
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Fig. 17. (F, B) protocol for (even, odd) crosses: (a) m = 3 and (b) m = 4.

clock, clocky P, D clock, clocks P, D

Cross,
(T)

EB000506DEO0DY
Fooee0eg6e0d8ee

@®

———— Forward Reordering & Routing (Cross,)
fffffff + Backward Reordering & Routing (Cross,)

Fig. 18. Parallel routing of all nodes in crossy (0-3, 12-15) and cross; (4-7,
8-11) with C =5 in ATAPE communication (T;&T,) in group 0.

6. Conclusion and future study

The HHC conflict-solution is one of the crucial researches for
the scalable MP systems. In this study, we propose the par-
allel N2N shortest-path routing, based on our hypothesis “the
shortest-path routing and the proper HHC-partitioning can re-
duce the conflict on the HHCs directly”. Therefore, our key contri-
bution is the GCD (grouping of cross dual-cube) partitioning (for
k = 2™+1 nodes per task), where the global conflict is reduced to
handle locally in each group. Within any group, the HHC conflict
is solved by mapping the (F: forward, B: backward) protocol
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on all (even, odd) crosses (by synchronized with the same con-
trol). This is the best conflict-solution, improved over our initial
conflict-solution (allowing even crosses per group only). Finally,
the experiment was conducted to evaluate our conflict solution.
In this experiment, the ATAPE results confirmed that the GCD
mapping could make all crosses working for k = 2™*! nodes
per task (in any group) at the same time. Moreover, all groups
allowed different tasks (k < 2™*! nodes per task) with different
operations at the same time. Furthermore, the shortest-path AT-
APE can be embedded on-chip for the optimal communication of
many parallel applications (such as parallel FFT, parallel matrix
transposition, etc.). In our future study, we will research “the
cross-based combining” on the HHC networks for k > 2™*2 nodes
(per task).
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ABSTRACT

The hierarchical hypercube (HHC) network (N=2", n=2"+m, m>2) is one of scalable networks for the large-scale
parallel-computing systems since its implementation cost is lower than the popular hypercube (HC) network.
However, the complicated HHC-routing may conflict (due to the reduction-of-edges in the hierarchical con-
struction) and cannot be reconfigured simply for k > 2™ nodes-per-task. Thus, a crucial research to fulfill the
HHC-network is the conflict-free routing since the conflict is not handled easily during runtime. Recently, the
HHC-conflict was solved by the shortest-path routing and the special HHC-partitioning, called the grouping-of-
cross dual-cube (GCD) partitioning, for k=2™"1 nodes-per-task. In this study, we propose the reconfigurable-and-
partitionable HHC (RP-HHC) network for P2 <k< Ny2M1 nodes-per-task (M:Zm‘l) by the grouping-of-cross
sub-system (GCS) combining (the optimal reconfiguring). Moreover, we present the efficient task-scheduling and
processor-allocation, incorporated with the reconfigured binary-tree. Since the first-fit policy is fast but returns
low-performance while the best-fit policy yields high-performance but is time-consuming, we propose the effi-
cient best-fit driven-policy to work as fast as the first-fit policy while maintaining the high-performance. The
correctness of new reconfiguring and time-complexity of task-allocation were analyzed. In experiments, all-to-all

personalized exchange (ATAPE) communication was assessed to confirm no-conflict on the RP-HHC systems.

1. Introduction

In recent years, interconnection networks are playing a significant
role in parallel computing systems. The efficient interconnection
network provides the fast data-communication among processors and
other storage-devices in high-performance computing machines. For
implementing the parallel computer systems, applying either the static
interconnection network or the dynamic interconnection network must
be efficient. The static network affords less implementation-cost than
the dynamic network by the fixed connection among processors. In the
past, the static interconnection networks and corresponding routing
were proposed in the literature [1,2,8-10,16,17,20,22-24] for connect-
ing massive processors with the effective cost and communication. One
of the popular static networks is the hypercube (HC) network [18]
because of its attractive properties such as low diameter, efficient
communication, regularity, symmetry, etc. However, the traditional HC
network may not be suitable for the scalable multi-processor systems,
according to its expensive cost for large N. For the scalable parallel
system, the hierarchical hypercube (HHC) network (N = 2", n = 2™+m,

* Corresponding author.

m > 2) [12] with the lower cost is more suitable for million or more
processors, while retaining most of the attractive HC-properties. In
practice, the hierarchical topologies dominate the parallel computing
machines with a variation of level-based communications, especially for
the modern high-performance computing such as Al and data-science
applications in the big-data era [15].

The HHC network is one of inspiring hierarchical networks for the
large-scale parallel systems. However, the complicated HHC routing
may conflict due to the reduced edges in the hierarchical construction,
where the conflict refers to the data collision of transferring messages
through the same edge at a time. Therefore, one of the crucial researches
on the HHC is to solve the routing conflict since it cannot be handled
easily during runtime.

In 2007, the node-disjoint-path routing was proposed for reliable
routing on the HHCs [23] and could be used to avoid the conflict for S
(source) = 0. In 2011, the node-to-set disjoint-path routing [3,5] was
introduced to broadcast on the HHCs and later (2013) the k-pairwise
disjoint-path routing [4] was introduced for reliable parallel-routing for
k < (m+1)/2 nodes. In early 2021, the parallel shortest-path routing and
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https://doi.org/10.1016/j.parco.2022.102923

Received 2 March 2021; Received in revised form 10 December 2021; Accepted 27 March 2022

Available online 1 April 2022

0167-8191/© 2022 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nec-nd/4.0/).


mailto:56605012@kmitl.ac.th
mailto:jeeraporn.we@kmitl.ac.th
www.sciencedirect.com/science/journal/01678191
https://www.elsevier.com/locate/parco
https://doi.org/10.1016/j.parco.2022.102923
https://doi.org/10.1016/j.parco.2022.102923
https://doi.org/10.1016/j.parco.2022.102923
http://crossmark.crossref.org/dialog/?doi=10.1016/j.parco.2022.102923&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

N. Phisutthangkoon and J. Werapun Parallel Computing 111 (2022) 102923

Latin Square (LS) of ATAPE (k = 2"+1=8)
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Fig. 1. An example of grouping of cross dual-cube (GCD) partitioning (k = 2™ nodes per cross) on the HHC (N = 64, m = 2, k = 8), where GCDj refers the first node

of each group (g=0, 1, ..., 2M.1; M = 2™1) and in a cross each LS of ATAPE maps sources (S) to destinations (D).
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Fig. 2. a) The HHC construction (N=64, m=2) plus a proper conflict solution, b) an example of SP-routing (S = 3, D = 61), and c) the forward/backward protocol for

(S, D) routing on even/odd crosses.
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Fig. 3. An example of GCD partitioning (N = 64, m = 2, k = 8).

Table 1
Bitwise GCD mapping for k = 2™ = 8 (N = 64, m = 2).

Group a; Cross ay a as p 8 global processors

0: 00 crossO 00 11 00,01,10,11 0,1,2,3,12,13,14,15
cross1 01 10 00,01,10,11 4,5,6,7,8,9,10, 11

1: 01 cross0 00 11 00,01,10,11 16,17,18,19, 28,29,30,31
cross1 01 10 00,01,10,11 20,21,22,23, 24,25,26,27

2:10 crossO 00 11 00,01,10,11 32,33,34,35, 44,45,46,47
cross1 01 10 00,01,10,11 36,37,38,39, 40,41,42,43

3:11 cross0 00 11 00,01,10,11 48,49,50,51, 60,61,62,63
cross1 01 10 00,01,10,11 52,53,54,55, 56,57,58,59

the grouping of cross dual-cube (GCD) partitioning [ 15] were proposed
to solve the HHC conflict directly for k < 2™*! nodes per task. In theory,
a challenging research on the HHC networks is to solve the HHC conflict
absolutely for 2™ < k < N nodes per task.

In practice, the parallel computing machines should also support the
effective task scheduling as well as the processor allocation (PA) for
efficiently mapping the incoming tasks to the proper sets of processors
with no conflict. For instance, on the popular HC networks the set of
chosen processors are usually a direct sub-cube to maintain the efficient
system utilization by minimizing the internal and external fragmenta-
tion. In addition, beside the efficient PA and task scheduling, the
reconfigured partitions must be realized in efficient time.

In the past, many PA strategies were proposed in the literatures by
employing the useful data structures (i.e., lists, trees, etc.) for the
particular networks [6,7,11,21,25]. On the HC networks, the binary tree
was frequently used to build the efficient PA-recognition and
task-scheduling since the binary tree structure could maintain the

relation of the direct sub-cubes as well as the indirect sub-cubes sys-
tematically. According to the hierarchical manner of the tree, it is effi-
cient to handle the allocation of parallel tasks on particular sub-systems.
It is also efficient to handle the deallocation of finished tasks and gather
them with other free nodes (back to the root) to maintain the maximum
free space. On the HHC networks, the PA and task scheduling (with no
routing conflict) cannot be handled easily, especially for the large tasks
(k > 2™ nodes per task). Thus, the efficient PA and task scheduling on the
HHCs (with conflict-free routing) is a crucial research.

In practice, a well-known all-to-all personalized exchange (ATAPE)
communication can be used to verify the HHC conflict since the ATAPE
process requires k iterations (k < N) and at least k/2 iterations involve
the dense communications among k pairs of (S, D) processors.

The optimal ATAPE [13,14,19] is one of the most solid communi-
cations in parallel computing because of its important role in many
applications (i.e., all-to-all broadcasting, the matrix transposition, the
fast Fourier transformation, etc.). In the ATAPE communication, every
of k (< N) processors sends a distinct message to every other processors
within k rounds (or iterations). The XOR-based ATAPE works system-
atically along n-dimensional routing on the HC networks but it cannot
work properly on the HHC networks when k > 2™ Recently, the
shortest-path ATAPE [15], incorporated with the grouping of cross
dual-cube (GCD) partitioning, was proposed to solve the conflict on the
partitionable HHCs for k = 2™ nodes per task, see Fig. 1 (N = 64 (m =
2), k = 8) and see more detail of the GCD partitioning in Section 2.2.
However, when k is scaling up (more than 2™+ nodes), the requested
partition (k > 2™ nodes) cannot work on the HHCs.

In this study, we propose the reconfigurable and partitionable HHC
(RP-HHC) networks in order to support the large tasks (for k up to N/2™
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a sub-cube in :
main-net 0000 gr.c:)uzO.ZCrsosso
(01,= 00, 01;= 00) 0000(06,01,10,11)

and dual-cube in
P:12,13,14,15

main-net 0011
(ot,= 00, 00,= 11) 0011(00,01,10,11)

IJ—L\

LT
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GCD-to-GCS Combining

e e e e e e e e m o
1
1

k=16 processors (per sub-system)

1
1
___________________________ P

P: 24, 25, 26 27
0110(00,01,10,11)

Fig. 4. An example of GCD-GCS combining (N = 64, m = 2, k = 16).

I nodes per task; M = 2™ 1y without the conflict (such as k up to N/2
nodes for m = 2 (N = 64) and k up to N/8 nodes for m = 3 (N = 2048),
etc.). Our innovation is the efficient embedding of the bitwise GCD
(grouping of cross dual-cube) partitioning and GCS (grouping of cross
sub-system) combining to fulfill the RP-HHC for k < N/2""! nodes per
task. Moreover, our additional contribution is the efficient task-
scheduling and processor allocation by employing the reconfigured
binary-tree structure. In particular, two effective allocation strategies
are studied: 1. the first-fit driven-policy (is fast but low-performance)
and 2. the best-fit driven-policy (with high-performance but is time
consuming). Then, the efficient best-fit strategy (with the accumulated
sum of utilized processors in each of tree nodes) is presented in O(N), as
fast as the first-fit strategy, while maintaining the high-performance. In
theory, the time complexity (O(N)) of the proposed best-fit strategy is
analyzed and the correctness of the GCD-to-GCS reconfiguring for a
variety of task sizes (k < N/2™! nodes per task) is proven. In experi-
ments, the solid ATAPE communication is assessed to verify the parallel
(S, D) routing on the HHC partitions (< N/2M71 nodes) and results must
confirm no conflict.

The rest of this paper is organized as follows: Section 2 addresses the
related work in parallel shortest-path routing (to avoid the conflict) on
the HHCs and the proper HHC partitioning (for k < 2™*! nodes per task).
Section 3 proposes the reconfigurable and partitionable HHCs (RP-
HHCs) for a variety of reconfigured partitions (2’”+1 <k< N/2Y1 nodes
per task). Section 4 presents the ATAPE communication on the RP-HHCs
and the reconfigured binary-tree for the efficient task scheduling. Sec-
tion 5 performs the experiments to verify the conflict-free routing on the
HHC partitions by applying the ATAPE communication. Section 6 dis-
cusses the conclusion of this study.

2. Previous work

For solving the conflict on the HHC networks, the parallel shortest-
path routing and the proper HHC partitioning were reviewed in Sec-
tions 2.1 and 2.2.

Definition 1. The hierarchical hypercube (HHC) networks (N = 2", n
= 2™tm, m > 2) [12] can be built by starting with a 2™-hypercube
(Qyn), called the main-net, and then replaces each node of Q,» with an
m-hypercube (Q,,), called the sub-net for total 22" +™ nodes, see Fig. 2(a)
(N = 64, n = 6, m = 2). Each processor has a unique n-bit address of 2™
bits (in the main-net) and m bits (in the sub—net).

2.1. Parallel shortest-path routing on HHCs

The advantage of the HHC network is the lower construction-cost
than the HC network but its complicated routing may conflict (i.e.,
data collision of transferring messages (in parallel) through the same
edge at the same time). For example, Fig. 2(a) shows a routing conflict
among processors in a regular partition of two (adjacent) cubes (k =
2™+ — 8 (nodes 0 — 7)), where a parallel communication of two paths
(S1 =1toD; =5and Sy = 2 to Dy = 6) have a conflict at the edge e = (1,
v), u = (0000,00) and v = (0001,00).

In early 2021, N. Pisutthangkoon et al. [15] proposed the parallel
shortest paths (Algorithm 1) and the proper HHC partitioning (Section
2.2) to avoid the routing conflict on the HHC networks. In that study,
Algorithm 1 creates the shortest external-path first from the main-nets
() of any source (S = (as, fs)) to any destination (D = (ap, fip)), ac-
cording to the Humming distance between them (a*= as®ap= (by.1, bn-2,
..., bp)). If b; = 1 the index i is included to the external edge sequence
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2 GCSs (k=16): e =(0, 3, 5 or 6) in groups 0 &1
and e = (9,10,12 or 15) in groups 2 & 3 with p=0
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Super-group 0
(groups 0 & 1)

Group 1 (01)

Group 3 (11)

Super-group 1
(groups 2 &3)

e=0 (0000)
(o,= 00, oL,= 00)

Group 0 (00)

Group 2 (10)

e=9 (1001)
(o,= 10, a,= 01)

y1 1 F (forward) for even p

C2250 B (backward) for odd p

2 GCSs (k=16):e=(1,2,4 or 7) in groups 0 & 1

Super-group 0
(groups 0 & 1)

Group 1 (01)

Group 3 (11)

Super-group 1
(groups 2 &3)

and e = (8,11,13 or 14) in groups 2 & 3 with p=1

e=1 (0001)
(o,= 00, at,= 01)
N Group 0 (00)
i ‘W Group 2 (10)
N\
'% e =8 (1000)
01 % (0t4= 10, o1,= 00)
(] 0%
00 @. 11 =3 F (forward) for even p

B (backward) for odd p

Fig. 5. Four reconfigured sub-systems with k = 2™"2 (N = 64, m = 2).

Table 2
Bitwise GCS mapping for k=2""2 (N = 64, m = 2, e = 0,1).

(EES) u = (gco, gc1, ---, &€r-1) by mapping to the m-bit Gray code. Finally,
the best order of the shortest path P (returned from Algorithm 1) is

obtained by reordering all elements of g in o) r =|u|, see Fig. 2(b) for
the SP routing (from S = 3 to D = 61). The key contribution of that study
is the forward (F) / backward (B) reordering for the conflict-free

SP-routing and the cross-based partitioning for full bidirectional rout-
ing on all even/odd crosses (in Section 2.2).

Group o Cross as ay 2y p 16 global processors
e=0

0: 00 crossO 00 11 00,01,10,11 0,1,2,3,12,13,14,15

1: 01 cross1 01 10 00,01,10,11 20,21,22,23, 24,25,26,27
e=1

0: 00 cross1 01 10 00,01,10,11 4,5,6,7,8,9,10,11

1: 01 crossO 00 11 00,01,10,11 16,17,18,19, 28,29,30,31

Definition 2. An m-bit Gray-code G, [12] is a binary code G, =
(0Gy,-1, 1G;, ), where two adjacent node-numbers differ by only one

Table 3
Bitwise GCS mapping for k=2""2 (N =64, m =2, e =8,9).

bit and G;, is the reverse order of G,. For instance, G, = (0, 1), Go= (0G4,
1G;) = (00, 01, 11, 10) and Gs= (0G2, 1G3) = (000, 001, 011, 010, 110,
111, 101, 100).

2.2. Proper partitioning on partitionable HHCs

For arbitrary 0 < S, D < N-1, Algorithm 1 can support the conflict-

free routing in any set of 2™ nodes. For a request 2™, the regular
nodes (0 to 2™1-1) on two cubes of the regular partitioning caused a

conflict (see Fig. 2(a)). To solve that conflict, the grouping of cross dual-

Group a; Cross as ay as p 16 global processors
e=8

2:10 crossO 00 11 00,01,10,11 32,33,34,35, 44,45,46,47
3:11 cross1 01 10 00,01,10,11 52,53,54,55, 56,57,58,59
e=9

2:10 cross1 01 10 00,01,10,11 36,37,38,39, 40,41,42,43
3:11 crossO 00 11 00,01,10,11 48,49,50,51, 60,61,62,63

cube (GCD) partitioning [15] was proposed (see Theorem 1). That new
partitioning can avoid the conflict by reforming 2™ independent groups

™M = 2™ for SP-routing (in each group).

Theorem 1. Under GCD partitioning, the minimum size of each in-
dependent group must be equal to 2M+™ nodes to reform 24! dependent
crosses (per group). A cross (2’n+1 nodes) consists of two dual-cubes
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Super-GCS (k=32): groups 0-3, pattern p = 0
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Super-GCS (k=32): groups 0-3, pattern p = 1

e=0(ore=3,56,9,10,12, or 15)

e=1(ore=2,4,7,8,11,13,0r 14)

Fig. 6. An example of two reconfigured patterns (k = N/2, N = 64).

Table 4
Super-GCS mapping for k = 2™ = 32 (N = 64, m = 2).

Group a; Cross as ay as p 32 global processors
e=0

0: 00 crossO 00 11 00,01,10,11 0,1,2,3,12,13,14,15

1: 01 cross1 01 10 00,01,10,11 20,21,22,23, 24,25,26,27
2:10 cross1 01 10 00,01,10,11 36,37,38,39, 40,41,42,43
3:11 crossO 00 11 00,01,10,11 48,49,50,51, 60,61,62,63
e=1

0: 00 crossl 01 10 00,01,10,11 4,5,6,7,8,910,11

1: 01 crossO 00 11 00,01,10,11 16,17,18,19, 28,29,30,31
2:10 crossO 00 11 00,01,10,11 32,33,34,35, 44,45,46,47
3:11 cross1 01 10 00,01,10,11 52,53,54,55, 56,57,58,59

(each of 2™ adjacent nodes) that can communicate without the conflict.

In any group (of the HHC), the global processors in each of all crosses
can be pre-defined by Algorithm 2. For each of all groups (g), the starting
node GCD, was derived by Eq. (2.1) to be used in Algorithm 2.

GCD, = GCD,_, +2"*" and GCDy = 0;g = 1,2, .., 2" 2.1)

For example, Fig. 1 shows all GCD, (0 < g < 4) =0, 16, 32, 48 (the
starting node of group g) to define the global processors for k = 8 (to
work for local nodes 0-7 in the user program) on the HHC (N = 64). In
each group, cross ¢ and its sources (S) are created by Algorithm 2. For
GCDy = 0, a number of crosses is equal to 2! = 2. In group 0, all

sources of cross 0 are (0, 1, 2, 3, 12, 13, 14, 15) with dCubel = GCDg =

0 and dCube2 = 16 — 4 = 12 and those of cross 1 are (4, 5, 6,7, 8, 9, 10,

11) with dCubel =4 and dCube2 = 12 - 4 = 8. In that study, the ATAPE
communication was used to map k sources (So, S, .., Sj, .., Sk-1) of any
cross (Algorithm 2) to the right destinations (Do, D1, .., Dj, .., Dx.1), by
Eq. (2.2), in k rounds of dimensional controls (C = 000, 001, 010, ...,
111), see all (S, D) mappings in Fig. 1.

Dj = S(izj); where C =iand i,j=0,1,2, ..,k —1 (2.2)

In each group, if even crosses use F-protocol, odd crosses can use B-
protocol (with the same C), proven in [15]. See an example in Fig. 2(c)
forC=5 (: 101) and Dj = S(Saj)-

3. Reconfigurable and partitionable HHC networks by GCD-to-
GCS reconfiguring

In this study, we propose the reconfigurable and partitionable HHC
(RP-HHC) networks by embedding the proper HHC-partitioning and
combining for k < N/2”! nodes per task. Sections 3.1 — 3.3 present the
bitwise GCD (grouping of cross dual-cube) partitioning (k = 2'"“),
bitwise GGS (grouping of cross sub-system) combining (k = 2™+2), and
super-GCS combining (k = 283, ... N/2M1,

3.1. Bitwise GCD partitioning

In GCD partitioning [15], the HHC network was partitioned into 2M
independent groups. In each group, two dual-cubes (2 x 2™ nodes) were
formed in a cross structure to avoid the routing conflict. In GCD
pre-processing, Algorithm 2 defined 2™*! sources in each of 2M!

Cross3 (- B = 101
A 4 @ Py Crosso p!

— —
o ) o
(Cross2, D Sub-Cube

o

hiad e orwar
Group 0

(even crosses)
(8 Crosses per Group) --- B: backward

(odd crosses)

Fig. 7. Group-based partitioning (2" groups, 2¥! crosses per group, k = 2™*! nodes per cross): a) N = 64, m = 2 and b) N = 2048, m = 3.



N. Phisutthangkoon and J. Werapun

Table 5
Bitwise GCD mapping for k = 2™*! (N = 2048, m = 3).

Group o Cross oy a 1723 p 16 global processors
0: 0000 crossO 0000 1111 000 - 111 0-7,120-127
cross1 0001 1110 000 - 111 8-15,112-119
cross2 0010 1101 000 - 111 16 - 23,104 - 111
cross3 0011 1100 000 - 111 24-31,96 - 103
cross4 0100 1011 000 - 111 32-39,88-95
cross5 0101 1010 000 - 111 40 - 47, 80 - 87
cross6 0110 1001 000 - 111 48 -55,72-79
cross7 0111 1000 000 - 111 56 - 63, 64 - 71
15:1111 crossO 0000 1111 000 - 111 1920-1927, 2040-2047
cross7 0111 1000 000 - 111 1976-1983, 1984-1991

dependent crosses (per group) for all 2™ groups before working with the
parallel SP-routing (Algorithm 1). However, that GCD pre-processing
consumes computing time and space.

In this study, we redesign the efficient GCD partitioning (k =
before applying in the proper GCS combining for k > 2™"! nodes (in
Sections 3.2 — 3.3). The bitwise-GCD partitioning is proposed in O(1) to
recognize any specific cross (k = 2™"1) at runtime, defined in Definition
3. See a practical example (N = 64, k = 2™*1 = 8) in Fig. 3.

2m+1)

Definition 3. A cross of two dual cubes (in a group) on the HHC (N =
2™ n = 2™4+m) can be defined from an external-node e (in one cube) on
the main-net a, Fig. 2(a). The input node e can be represented by a =
ajay bits (a3 = the group bits, a, = the cross bits), Fig. 3(a). Then,
another cube (of that cross) can be determined directly in Eq. (3.1).

From an input, sub — cube (s¢) e = a,a,, the output dual — cube (dc) d
= a0
3.1

Fig. 3(b) displays the GCD partitioning (k = 2™"! = 8) from an
external-node e = 0 in main-net @ = a; a2 = 00 00 (group a; = 00, cross
az= 00). The dual cube d is in main-net a;a@; = 00 11 (the same group a;
= 00 but a;= 11). In this cross, all processors are ;a2 xx = 00 00 (00,
01,10,11)=(0, 1, 2, 3) and a;a, xx = 00 11 (00, 01, 10, 11) = (12, 13,
14, 15). In addition, Table 1 shows the GCD mapping for k = 2™ = 8
nodes by a given e = a = ay a3 of groupi=a; (=0, 1, 2, 3) for cross 0 and
cross 1 on the RP-HHC (N = 64, m = 2).

The correctness of the cross in Eq. (3.1) is similar to the cross
structure [15], defined in Theorem 1 (to avoid the conflict). In this
study, term o (2™ bits) refers to the group address. Terms az (2™ bits)
and @, (2™ bits) refer to the cross addresses of two dual cubes. For each
cross, two cubes (sc, dc) are defined by two main-nets a; a3 and ajaz. The
dual cube d is in the same group a; and invert @, for the shortest path
(SP) routing in that group. All processors of the sub cube (sc) and dual
cube (dc) are @y a2 xx..x and ;@2 xx..X, where xx..x denotes all binary
addresses of the sub-net (i.e., xx = 00, 01, 10, 11). In the cross structure,
2™+1 nodes can communicate with no conflict.

3.2. Bitwise GCD-to-GCS combining

The GCD-to-GCS combining is proposed to formulate the cross-based
sub-system (for k = 2™2 nodes) from two adjacent groups, residing in a
super-group (s-group), in order to work with the parallel SP-routing
(Algorithm 1).

Our GCD-to-GCS reconfiguring (Definition 4) is composed of two
crosses of the adjacent groups, see Fig. 4 (N = 64, k = 2™2 = 16). Each
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combined sub-system (k) can work without the conflict due to the
reconfigured pattern p (Definition 5) of the right crosses in the right
groups.

Definition 4. A combined sub-system (of two crosses) is formulated
from an input e = a = ajay (in group ay, cross as), Fig. 4(a). First, the
(nearest) adj-group (in the least significant bit) of group «a; is defined in
Eq. (3.2) in order to retain the shortest path in the HHC routing. Each
cross (j) in each of two groups is defined in Eq. (3.3).

The(nearest)adj — group (of group a;) = a; & 0..01 3.2)

The cross j (of group i) =i @ p;if j <21, M =2""!

otherwise, the cross j (of group i) =i®p 3.3)

Definition 5. The initial pattern (p) isp = a1 @® a2 and if p > oMl
then adjustp =p (< 2M1 for 0 < p< 2M1.1 . In this study, the dynamic
function (p) can be determined systematically to avoid the routing
conflict on the RP-HHCs by mapping to the proper crosses (in each
group) or mapping to the combined sub-systems (in each s-group).

For example (N = 64, m = 2), Fig. 4(b) displays the reconfigured sub-
system (k = 2™+2 = 16 nodes) from an input e = a = a1 az= 00 00 (group
a; = 00, cross az= 00). After applying the GCS combining in Egs. (3.2) —
(3.3) to determine the first sub-system (fs) of group 0 and the second
sub-system (ss) of the adj-group i, all processors in fs (in the main-net
0000) are a;as xx = 00 00 (00, 01, 10, 11) = (0, 1, 2, 3) and a; @ xx = 00
11 (00, 01, 10, 11) = (12, 13, 14, 15). All processors of ss in the adj-
group (i=a;801 =00801 =01,p =1 & a2 = 00400 = 00, and cross j
=iep = 01400 = 01 (in the main-net 0101)) are a; @2 xx = 01 01 (00, 01,
10, 11) = (20, 21, 22, 23) and a; @2 xx = 01 10 (00, 01, 10, 11) = (24, 25,
26, 27). Fig. 5 shows all of four reconfigured sub-systems (N = 64) for k
= 16 nodes from 2! = 2 independent s-groups (i.e., s-group 0 (0-1), s-
group 1 (2-3)).

Table 2 and Fig. 5 show the GCS combining (k =16) of e=0and e =
1 (from groups 0 and 1). From a given e = 0 (@ = a; a2 = 0000, group a; =
00, cross az= 00), the adj-group iisi=a; 01 = 00401 =01 (p =1 &
as = 00600 = 0, cross j = idp = 01). For e = 1, the reconfigured sub-
system is constructed from e = 1 (or @ = @y = 0001, group 00, cross
01, p = 00001 = 01 for fs) and the computed ss is in the adj-group i =
00401 = 01, cross j = i®p = 01901 = 00.

Table 3 and Fig. 5 show the GCS combining (k = 16) of e=8 and e =
9 (from groups 2 and 3). For e = 8 (main-net 1000 (group 10, cross 00), p
= a;®ay = 10 = 01 for fs), its corresponding ss is in the adj-group i =
10201 =11 and crossj =i® p = 10 = 01. Therefore, all processors (k =
16) are fs (1000xx, 1011xx) = (32, 33, 34, 35, 44, 45, 46, 47) and ss
(1101xx, 1110xx) = (52, 53, 54, 55, 56, 57, 58, 59). Similarly, for e = 9
(main-net 1001, p = a1Pay = 11 = 00) in group 10, its adj-group i =
10001 =11 and cross j =i @ p = 11 = 00. Thus, all processors (k = 16)
are fs (1001xx, 1010xx) = (36 - 39, 40 - 43) and ss (1100xx, 1111xx) =
(48 - 51, 60 - 63).

3.3. Bitwise super-GCS combining

In order to fulfill the GCS combining (our innovation), we propose
the super-GCS combining (for omt3 < k< N/2M1 nodes) from the
collaborating (k/2™1) crosses of the right groups (one cross per group),
defined in Definition 6. First, the reconfigured sub-system (k = 2™*3
nodes) is formulated from k/2™! crosses with two cubes (sc, dc) per
cross (or 4 crosses (32 processors) on N = 64 (m = 2)), see Fig. 6 (two
patterns (p = 0, 1) for k = 32 processors).
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uses B-protocol
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1% 110 Ti0 160 50, 110

Cross1 : 001

uses B-protocol

Cross4 : 100

uses F-protocol

Cross2 : 010
uses F-protocol

Cross7 : 111
uses B-protocol

Cross3 : 011

uses B-protocol

Cross6 : 110
uses F-protocol

Fig. 8. An example of GCD partitioning (k = 16 nodes per cross) on N = 2048, m = 3 to work with (F, B) protocol (in Algorithm 1).
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Fig. 9. An example of GCS combining of k = 2™2 = 32 nodes (N = 2048, m = 3) with e = 0 - 2 (for p = 0 - 2, three of eight patterns).

Definition 6. The super-GCS combining is reconfigured from k/|
cross|= 2° groups in the s-group (one cross per group; s =2, 3, ..., M =
2™1) From an input e (or a main-net « = a3 a2, group a;, Cross az, pattern
P = a1 @ ag), all main-nets (in the s-group) are defined as follows:

by_1..by1byxx ay; for k = 2" (in 22groups (t)) (3.4)
by_i..by1xxx ay; for k = 2"+ (in 2> groups (i)) (3.5)
s eey XXX..X @y for k =N /27" (in 2" groups (i)) (3.6)

where x..x reforms binary strings (i.e., xx = 00, 01, 10, 11) from the least
significant bit of the partial bits of group a; (to create all groups (i)) and
ag; is cross j (of group i) = i @p if j < 27 from Eq. (3.3) or crossj =i & p
if j > 2M1,

For example, Fig. 6 and Table 4 illustrate the super-GCS combining
(k = 2™ = N/2 = 32 on N = 64) for e = 0 (the first reconfigured sub-
system) and e = 1 (another sub-system). For e = 0 (main-net a = a;a2=
0000, group a;= 00, cross az= 00, p = a1 @ az= 0), the s-group is
composed of four groups (00 — 11) by Eq. (3.6), where xxa; means
(00asz;, 0lay;, 10ay;, 11lay;)) and ay; means each cross j (of group i),
computed by Eq. (3.3). Then, eight main-nets from (group 0, cross 0 (00:
11)), (group 1, cross 1 (01: 10)), (group 2, cross 1 (01: 10)), and (group
3, cross 0 (00: 11)) are (00(00, 11), 01(01, 10), 10(01, 10), 11(00, 11))
forS=(0-3,12-15,20-23,24-27,36 -39,40-43,48 - 51, 60 - 63).
For e = 1 (main-net a = aja3= 0001, p = a1 @ az = 1), eight main-nets
are (00as;, 01as;, 10as;, 11ay;) = (00(01, 10), 01(00, 11), 10(00, 11), 11
(01,10))forS=(4-7,8-11,16-19,28-31,32- 35,44 -47,52-55, 56
- 59).

In addition, we present the complex GCD-to-GCS mapping on N =
2048 (m = 3). Fig. 7 displays the GCD partitioning (2% groups, 241
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Table 6

Bitwise GCS mapping for k = 2™2 (N = 2048, m = 3).
Group o Cross oz az 2y B 32 global processors
e=0
0: 0000 crossO 0000 1111 000 - 111 0-7,120-127
1: 0001 crossl 0001 1110 000 - 111 136 - 143, 240 - 247
e=1
0: 0000 crossl 0001 1110 000 - 111 8-15,112-119
1: 0001 crossO 0000 1111 000 - 111 128 - 135, 248 - 255
e=2
0: 0000 cross2 0010 1101 000 - 111 16 - 23,104 - 111
1: 0001 cross3 0011 1100 000 - 111 152 - 159, 224 - 231
e=
0: 0000 cross7 0111 1000 000 - 111 56 - 63, 64 - 71
1: 0001 cross6 0110 1001 000 -111 176 - 183, 200 - 207

crosses per group, 2™ nodes per cross) on the basis N = 64 (m = 2),
compared to the complex N = 2048 (m = 3). Table 5 demonstrates the
GCD mapping (N = 2048 (m = 3)) of groups 0 - 15 (e = 0 (group 0, cross
0)), where sc = 0000 0000 xxx (O - 7), dc = 0000 1111 xxx (120 - 127),
and xxx = (000, 001, 010,..., 111).

Fig. 8 displays an obvious example (N = 2048 (m = 3)) of the GCD
partitioning (8 crosses per group), where the (even, odd) crosses can
apply the (F, B) protocol (in Algorithm 1). Fig. 9 and Table 6 show the
GCS combining of two crosses (k = 2™2 = 32) in adjacent groups, first
sub-system (fs) and second sub-system (ss) from e = 0 - 7 (in group a; =
0) and its adjacent groupi =a; @ az = 1. Fore =0 (a;= 0000, ay =
0000, p = a3 ©ap = 0), all 32 processors are (0 - 7, 120 - 127, 136 -
143, 240 - 247). Fig. 10(a) and Table 7 display the results of k = 4
64 nodes from 4 groups (one cross per group) fore=0-7 in group 0 (p =
0-7).Fore =0 (a;= 0000, ay =0000,p =a; @& ax =0),four groups
(in the s-group) are 00xx ag; = (0000 ay;, 0001 ay;, 0010 ay;, 0011 ay;).
Fig. 10(b) and Table 8 show the results of k = 2m+4 — 128 nodes from 8
groups (one cross per group) and k = 2M+5 — N/8 = 256 nodes from 16
groups.

4. All-to-all personalized exchange (ATAPE) and task scheduling
on RP-HHCs

After reconfiguring the sub-system for k < N/2Y71 source (S) nodes
(in Section 3), the proper destinations (D) is another key to avoid the
routing conflict. In Section 4.1, the ATAPE communication of parallel (S,
D) routing is used to clarify no routing conflict. In Section 4.2, the
optimal (ideal) task-scheduling is addressed. In Sections 4.3 and 4.4, the
practical task-scheduling and processor allocation (incorporated with
the special binary tree) are presented.

4.1. ATAPE communication on RP-HHC networks

In this study, the ATAPE communication is utilized to clarify the
proper SP-routing on the RP-HHCs. The XOR-based ATAPE (k rounds of
dim-controls C = (000..00, 000..01, 000..10, 000..11, ..., 111..11)) can
anolid the routing conflict on the reconfigured partitions @m2 <k <N/
2% H).

First, a reconfigured partition is formed by Egs. (3.1) - (3.6) for k
sources (S). Next, the corresponding destinations (D) in that partition are
identified by Eq. (2.2) Dj = S in k dim-controls C =i (0 < i, j < k-1).
For example, Fig. 11 displays a reconfigured partition (k = 16) on the

10

Parallel Computing 111 (2022) 102923

RP-HHC (N = 64) with e = 0 (in group 0, cross 0), where 16 sources are
defined by Definition 4 (S=(01231213 1415 20 21 22 23 24 25 26
27)), see detail in Fig. 4 and Table 2. For this ATAPE (k = 16), the
destinations (D) in each of k rounds are recognized in the Latin square of
k permutations, such as for C =0001,D=(103213121514 21 2023
22 25 24 27 26).

4.2. Optimal ATAPE task scheduling by (even, odd) reconfigured patterns
with the (F, B) protocol

By GCD partitioning, 2™ groups can work independently. In a group,
oM-1 dependent crosses 2™ nodes per cross) can work at a time with
the proper (S, D)-connections. In the past, all (even, odd) crosses with
the (F, B) protocol are allowed if (S, D) connections are set by the same
dim-control [15]. In this study, the optimal GCS combining (Theorem 2)
and ideal task scheduling (Theorem 3) can be achieved by the (F, B)
protocol on all (even, odd) patterns.

Theorem 2. (Even-odd patterns of GCS combining): For GCD-to-
GCS combining, all 2¥ super-groups (s-groups) can work for larger
tasks (k = 2™*2 nodes (2 crosses) per task). For super-GCS combining, all
2M2 5 groups can work for bigger tasks (k = 2™ nodes (4 crosses) per
task), and so on until there is only one s-group for the biggest tasks (k =
N/2M1 nodes (2M crosses) per task). In any s-group, all (even, odd)
patterns (k = 2m+2, ..., OF N/2M1y can apply the (F, B) protocol (k < N/
2M1 hodes per task) for full bidirectional-routing, proven in Section 5.2.

Theorem 3. (Ideal (ATAPE) task scheduling): The optimal (ideal)
task scheduling (or packing) can be achieved on all oM-1 (even, odd)
reconfigured patterns (in any s-group) under the (F, B) protocol since we
can pack the maximum numbers of ATAPE tasks (for the same k nodes
per task).

For example, Table 9 presents the maximum reconfigured partitions
(k < N/2MY for the optimal task-scheduling on the RP-HHCs (N = 64
(m = 2, #crosses (per group) = oM 1 2), N = 2048 (m = 3, #crosses
(per group) = 8), etc.). In each group/s-group, all crosses (2™! nodes
per cross) or all partitions (< N/2M71 nodes per partition) are classified
into (even, odd) patterns to use the (F, B) protocol at the same time. For
instance, if there are two incoming tasks T; and Ty (k = 16 nodes per
task), then two reconfigured partitions (p = 0, 1 (see detail in Table 2
and Fig. 22 (b)). In the s-group (groups 0 — 1), all nodes (0 — 31) are
assigned to Ty (p =0, S = (0-312-1520-23 24-27)) and To (p=1,S =4-7
8-11 16-19 28-31) at the same time, where the (F, B) protocol can work
for the (even, odd) patterns (p) in parallel (S, D)s with the same dim-
control (C).

4.3. Reconfigured binary-tree structure for RP-HHCs

For the dynamic environment (one task coming at a time), the pro-
posed data structure for the RP-HHC is the reconfigured binary-tree to
support the efficient processor allocation (for incoming tasks) and
deallocation (for finished tasks). Each node (of this special tree) is rep-
resented by a 2™-bit string (for the main-net) of four symbols 3" = {0, 1,
x, c}. The notation x..x denotes all possible binary strings (i.e., xx = (00,
01, 10, 11), etc.) and c..c represents the dual cross-bit strings (i.e., (cc:
¢c) = (00: 11) and (01: 10), etc.).

At the beginning, the initial string xx..x cc..c (in the root) represents
the system (N = 2"), containing 22" main-nets. At level I = 1 (after par-
titioning), the left-child (L) and the right-child (R) of the root are
reformed by two strings 0x..xcc..c and 1x..xcc..c, see Fig. 12(a-b) for N =
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Fig. 10. An example of super-GCS combining (N = 2048): a) k = 2™> = 64 (one of eight patterns) and b) k = 2™* = 128, k = 2™*> = 256,
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Table 7

Super-GCS mapping for k = 2™ (N = 2048, m = 3).
Group a; Cross ay a as p 64 global processors
e=0
0: 0000 crossO 0000 1111 000 - 111 0-7,120-127
1: 0001 crossl 0001 1110 000 - 111 136 - 143, 240 - 247
2: 0010 cross2 0010 1101 000 - 111 272 - 279, 360 - 367
3: 0011 cross3 0011 1100 000 - 111 408 - 415, 480 - 487
e=1
0: 0000 crossl 0001 1110 000 - 111 8-15,112-119
1: 0001 crossO 0000 1111 000 - 111 128 - 135, 248 - 255
2: 0010 cross3 0011 1100 000 - 111 280 - 287, 352 - 359
3: 0011 cross2 0010 1101 000 - 111 400 - 407, 488 - 495
e =
0: 0000 cross2 0010 1101 000 - 111 16 - 23,104 - 111
1: 0001 cross3 0011 1100 000 - 111 152 - 159, 224 - 231
2: 0010 cross0 0000 1111 000 - 111 256 - 263, 376 - 383
3: 0011 cross1 0001 1110 000 - 111 392 - 399, 496 - 503
e=7
0: 0000 cross7 0111 1000 000 - 111 56 - 63,64 -71
1: 0001 cross6 0110 1001 000 - 111 176 - 183, 200 - 207
2: 0010 €ross5 0101 1010 000 - 111 296 - 303, 336 - 343
3: 0011 cross4 0100 1011 000 - 111 416 - 423, 472 - 479

Table 8

Super-GCS mapping for k = 2™"* (N = 2048, m = 3).
Group o Cross az as a B 128 global processors
e=0
0: 0000 crossO 0000 1111 000 - 111 0-7,120-127
1: 0001 crossl 0001 1110 000 - 111 136 - 143, 240 - 247
2: 0010 cross2 0010 1101 000 - 111 272 - 279, 360 - 367
3: 0011 cross3 0011 1100 000 - 111 408 - 415, 480 - 487
4: 0100 cross4 0100 1011 000 - 111 544 - 551, 600 - 607
5: 0101 cross5 0101 1010 000 - 111 680 - 687, 720 - 727
6: 0110 cross6 0110 1001 000 - 111 816 - 823, 840 - 847
7: 0111 cross7 0111 1000 000 - 111 952 - 959, 960 - 967
e=7
0: 0000 cross7 0111 1000 000 - 111 56 - 63,64 -71
7: 0111 crossO 0000 1111 000 - 111 896 - 903, 1016-1023

64 (m = 2). This binary partitioning is repeated until reaching the group-
level (1 = M = 2™1), where 2¥ groups can work independently. In each
group, the GDC partitioning creates 2Y"! dependent crosses (2™ nodes
per cross).

At the cross-level (I = 2™-1), each cross-node (k = sl processors) is
composed of two dual cubes (¢ and c), according to the GCD partitioning,
see Fig. 12(c-d) for N = 64 (m = 2) and Fig. 14 for N = 2048 (m = 3). For
each cube-node (2™ processors), the additional m-bit string (xx..x) is
appended to refer to all internal processors in the sub-net.

Lastly, for small tasks on the m-hypercube (or HC with k < 2™) at the
cube-level (I = 2™, 2™+1, ..., n), the existing HC partitioning can be
applied directly (i.e., L = 0, R = 1 of the corresponding sub-net (m bits)).
Therefore, the smaller tasks (k < 2™) can be executed independently on
the RP-HHC at anywhere (in the sub-nets) in any time.

During runtime, for the task-allocation (on the PR-HHC), the full
binary sub-tree (from the root to the cross-level) is created, where the
cross-nodes can be allocated directly for oMl <k < Ny2M processors
per task. For example, see Fig. 12(c-d) N = 64 (m = 2), there were five
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incoming tasks (T (k1 = 4), Ty (ko = 8), T3 (k3 = 8), T4 (kg4 = 16), Ts (ks
=16)) and the allocations were task T; on a cube-node (0000), tasks (To,
T3) on cross-nodes Cp (0100, 0111) with e = 0100 (p = 1 (B-protocol))
and C; (0101, 0110) with e = 0101 (p = 0 (F-protocol)) of group 1, and
tasks (T4, Ts) on two combined sub-systems of groups 2 and 3 (i.e., T4
(with e = 1000, p = 1 (B)) and Ts (with e = 1001, p = 0 (F))).

Moreover, in order to retain time complexity and to handle the high
system utilization for the dynamic environment, the accumulated sum of
utilized processors (inside each of tree nodes) is incorporated. For
example, Fig. 13 shows the reconfigured binary-tree of the current
system status. Assume at the observed period, there are four tasks (T; —
T,4), allocated on 28 working processors, according to the allocation/
deallocation (in the former period). In Fig. 13(b), the node 10cc at level
2 of the tree has the accumulated sum = 8 because in the left child (sum
= 0), no processor allocated, and in the right child (sum = 8) since eight
processors are working.

In addition, for the efficient deallocation, the array-lists of the
limited (maximum) processors (per node at level [ of the tree) plus the
linked lists of the allocated tasks are incorporated in each level (I =0, 1,
...,n). For N = 64 (n = 6), the limited processors (at level [) = ol (=64,
32, ..., 2,1), where 0 <[ < nand n = logyN. Each task (in the allocated
list) contains e (main-net) and p (pattern) to refer to the corresponding
nodes in the reconfigured tree.

In particular, Fig. 13 includes the array-lists of four allocated tasks
(T1-Ty4). Atindex I = 2 of the array (or level [ = 2 of the tree), the limited
processors (LP) = 16 plus a list of the allocated task Ty (e = 1001, p =
0 to refer to two cross-nodes C; = (1001, 1010) of group 2 and Cy =
(1100, 1111) of group 3). Atindex I =4 (LP = 4), tasks T, T3, and T4 are
allocated on nodes 0010, 1101, and 1110.

In the practical system, the reconfigured binary-tree plus the array-
lists are necessary for the efficient allocation / deallocation on the RP-
HHCs, especially for the scheduler of the operating system (OS).
Fig. 14 depicts a complex example of the reconfigured tree for N = 2048
m=23),2M=16 groups, and 2M1 — 8 crosses per group.

Note that in the dynamic environment, if only some crosses in any
group/s-group have been allocated for the same k = 2™ processors per
task (j > 1), the remaining processors of these groups can be used with
limitation (allowing k < 2™ nodes per task only). Table 10 addresses the
proper blocking-condition, which will be concerned to avoid the
(possible) runtime conflict. This blocking can be handled directly on the
corresponding nodes of the reconfigured tree. For example, Fig. 13(b)
shows a blocking on the RP-HHC (N = 64, m = 2) after the task Ty (2m+2
= 16) was allocated, the group-nodes 10cc and 11cc must be blocked,
which will not allow for k > 2™ nodes per task.

4.4. Efficient processor allocation/deallocation

Under dynamic environment, two popular strategies for new
incoming tasks are presented, which are the (simple) first-fit allocation
(Algorithm 3) and the (efficient) best-fit allocation (Algorithm 4) plus
the deallocation (Algorithm 5). The efficient allocation/deallocation can
be performed in O(N) by employing the reconfigured binary-tree (in
Section 4.3), incorporated with the accumulated sum plus the array-lists.
For an incoming task, if there is the available sub-system, then that task
is allocated and the corresponding nodes (in the tree) are updated.
Otherwise, that task is added in the waiting queue. Assume the input k
denotes a number of input processors for the new incoming task, where k
< Ny2M1 processors per task. Each of tree nodes (at level I) contains an
accumulated sum (< 2”’1), while the array-lists at an index [ specify the
limited size (= 2™ max processors) and the linked list of the working
tasks to refer to the utilized nodes in the tree.

For example, Fig. 15(a) shows the first-fit allocation for a new task
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Fig. 11. An example of ATAPE communication on a reconfigured partition (k = 16, N = 64, m = 2) by GCD-to-GCS combining (e = 0).

(Ts) that requests 4 processors (k = 2™ = 4) on the RP-HHC (N = 64).
From the current allocation (Fig. 13), assume there are four tasks allo-
cated (T; (k; = 4) on (0010), Ty (ka = 16) on C; (1001, 1010) of group 2
and Cp (1100, 1111) of group 3, T3 (ks = 4) on 1101, and T4 (k4 = 4) on
1110). Then, the allocation for Ts (k = 4) starts searching from the root
node (xxcc), where the current sum (= 28) satisfies the condition sum + k
(=28 + 4 = 32) < limit (= 64). Next, the DFS process goes through node
Oxcc (sum + k = 4 + 4 = 8 < limit = 32) — node 00cc (sum + k = 8) <
limit = 16) — cross node Co: 0000, 0011 (sum+k = 4 < limit = 8) for the
first available cube node 0000 (k = 4) that can allocate for the requested
task Ts at the level [ = 2™ = 4, a new circle node, for 0000,xx processors
(or 0000,00 (0), 0000,01 (1), 0000,10 (2), and 0000,11 (3)) on the RP-
HHC. Then, the allocated task Ts is appended in the (array) list at the
index [ = 4 with the main-net e = 0000 to refer to the utilized node in the
tree. Finally, the accumulated sums of the corresponding nodes are
updated from the allocated node 0000 up to the root (where sum before/
after Ts = 28/32).

Usually the first-fit allocation is simple and fast but yields the low
system-utilization (or high fragmentation), while the best-fit allocation
yields the high system-utilization (or low fragmentation) but is time
consuming. Therefore, we propose the efficient best-fit allocation (in
Algorithm 4), incorporated with the accumulated sum that can be pro-
cessed in O(N) time as the first-fit allocation, while maintaining the high
performance.

Algorithm 4 presents the efficient best-fit allocation in O(N),
analyzed in Section 5.3, according to the accumulated sum for the DBS
policy (the min(LF, RF) best-fitting). Fig. 15(b) displays an example of
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the best-fit allocation for a new task (Ts) that requests k = 2™ = 4 nodes.
The allocation starts from the root node (xxcc) that satisfies the condi-
tion sum + k (= 28 + 4 = 32) < limit (= 64). Next, the best-fit factor of L/
R-child nodes are computed before applying DBS through node 1xcc
(sum+k = 24 + 4 = 28 < limit = 32) —» node 10cc (sum + k=8 +4 =12
< limit = 16) — cross node Co: 1000, 1011 (sum + k = 4 < limit = 8) for
the best available cube node 1000 (k = 4) that can allocate for the
requested task Ts at the level [ = 4, a new circle node, for 1000,xx
processors (32 - 35) (or 1000,00 (32), 1000,01 (33), 1000,10 (34),
1000,11 (35)) on the RP-HHC. Then, the allocated task Ts is appended in
the (array) list at the index [ = 4 with main-net e = 1000 to refer to the
utilized node in the tree and update the accumulated sums of the cor-
responding nodes up to the root. Fig. 15 also displays the effect of the
system fragmentation from the first-fit and best-fit allocations, after
assuming T; (on 0010) was finished. In the best fit, the whole group 1 is
free (Fig. 15(b-1)), but in the first fit the whole group 1 is not free
(Fig. 15(a-2)).

Fig. 16 shows another example (the GCS combining) for the new task
Te (k = 16). With the best-fit policy, from the root (xxcc), apply DBS to
the best-bit node Oxcc at level [ = 1, containing two adjacent groups
(00cc, Olcc) at level I = 2 for the best available GCS pattern (e = 0) of
two cross nodes (Co: 0000, 0011 (in group 0) and C;: 0101, 0110 (in
group 1) at level I = 3). Then, the allocated task T¢ is appended in the
(array) list at the index I = 2 (e = 0) and update the accumulated sums of
the corresponding nodes to the root. In this case, the blocking status
must be set at the group-level on nodes 00cc and 01cc. Note that this task
Te (k = 16) cannot be allocated by the first-fit policy.



N. Phisutthangkoon and J. Werapun

Table 9
Ideal scheduling on (even, odd) patterns + (F, B) protocol.
#crosses(per k nodes per task #groups #s- #Tasks =
group)= 2M1 This Previous in s-group groups #crosses x
study work[15] (in HHC) #s-groups
N=64(m=2) 2™ omtl_g 1 oM _ 4 2x4=8
=8
#crosses = om+2 - 2 M1 — 9 2x2=4
2 =16
om+3 - 4 2M2_1  2x1=2
=32
N = 2,048 om+1 omtl—16 1 2M—-16 8 x 16=128
(m=3) =16
#crosses =  2M*2 - 2 oMl_8 8x8=64
8 =32
om+3 - 4 oM2_ 4  8x4=32
=64
om+4 - 8 oM3_2  8x2=16
=128
2m+S 16 oM4_1  8x1=8
=256
N= om+1 omtl—_33 1 oM _256 128 x 256
1,048,576 =32
(m=4) om+2 - 2 oM 128 x 128
#crosses = =64 128
128 om+3 - 4 2M2_ 64 128 x 64
=128
omt4 - 8 oM3_-32 128 x 32
= 256
2m+9 256 ol = 1 128 x 1
8192

Note: For other static environments, assume there are a number of tasks (k < N/
2M1 nodes per task) waiting for scheduling. First, all tasks are sorted in
decreasing order of sizes (k) to execute the set of the largest tasks first. All tasks
are packed (according to the order) in each s-group of the same requested size (k)
as much as possible.

When any task is finished, Algorithm 5 is called to deallocate that
task and combine the corresponding free nodes. For example, Fig. 17
illustrates the tree after free the finished task Ty (k = 4). First, T; is
deleted from the (array) list (at index [ = n —logak = 4). After the tree-
node (0010) is free, the corresponding free-nodes are combined to the
cross-level and the accumulated sums of the associated nodes are upda-
ted. Then, if the waiting queue is not empty, either Algorithin 3 (the
first-fit allocation) or Algorithm 4 (the best-fit allocation) will be called
to allocate the waiting tasks with FCFS (first-come, first-serve).

5. Correctness analysis and experiments

In this section, we aim to validate the dynamic RP-HHC reconfi-
guring for k < N/2M ! nodes per task (our innovation in Section 3) and
confirm with the ATAPE application (our contribution in Section 4).
First, Section 5.1 reviews the correctness idea of the bitwise GCD-to-GCS
reconfiguring. Section 5.2 presents the correctness of all (even, odd)
patterns with the (F, B) protocol. Section 5.3 addresses the efficient time-
complexity of the best-fit allocation/deallocation. Lastly, the experi-
ments are conducted (in Section 5.4) to confirm no conflict when
executing the ATAPE communication (k < N/2M1y on the RP-HHCs.

5.1. Correctness of GCD-to-GCS reconfiguring

The innovation of the GCD-to-GCS reconfiguring on the RP-HHCs for
k = 2™2 up to N/2M nodes per task (in Section 3) was achieved on top
of the GCD partitioning, our previous work [15]. That partitioning for-
mulates the cross structure (for k = 2™ nodes) to avoid the routing
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conflict by working with the parallel SP-routing (Algorithm 1).

The correctness of the cross (2'"“) and the combined crosses (2’"+2 <
k< N/2M1Yin Egs. (3.1) — (3.6) can be analyzed naturally on the binary-
tree partitioning (by the most significant bit first), like the HC parti-
tioning, from the root to the group level. For the RP-HHC, three node
types are involved: 1. cross nodes (k = 2’"“), 2. cube nodes (k < 2™), and
3. processor nodes (k = 1). The partitioning (from the root (xx...xcc...c)
to the group-level (I = 2™1)) is the regular binary partitioning (L (left-
child) = 0, R (right-child) = 1). In our dynamic reconfiguring, all 2M
groups can be assigned to tasks (k = 2™ nodes per cross) independently
(one cross per group). In each group, the routing conflict can be solved
locally by the GCD partitioning with the cross structure (k = 2™*1) from
level | = M+1 to the cross-level (I = 2™-1). We can achieve the GCD-to-
GCS combining for 2™2 < k < N/2M! (from levels I = 2™-1 up to [ = 0),
like the HC combining (CASE I), where the correctness of the HHC
combining was proven in CASEs II-IIIL

CASE I: Cube and combined cube on HCs (N = 2™).

Under HC partitioning, Fig. 18(a) displays the binary tree of the HC
(N = 8, n = 3), partitioned from the root (xxx) at level 0 to (0xx, 1xx) at
level 1, (00x, 01x, 10x, 11x) at level 2, and (000, 001, 010, ..., 111) at
level 3. Fig. 18(b) shows an example of the combined nodes (0xx, 1xx) in
the binary tree. In general (N = 2™, Fig. 19 illustrates the n-bit parti-
tioning on the HC networks (Fig. 19(a)) from MSb (the most significant
bit bp1) and the 2™-bit main-net partitioning on the HHC networks
(Fig. 19(b).

CASE II: GCD partitioning on RP-HHCs (N=2", n=2"4m).

The HHC partitioning from the root (levels [ = 0 - M) is 0/1 parti-
tioning (like the HC) on the high-order 2™!-bit group (of the 2™-bit
main-net), see Fig. 20. For example (N = 64), the root (xxcc) is parti-
tioned to (Oxcc, 1xcc) at level 1 and (00cc, Olcc, 10cc, 11cc) at level 2,
where 2 groups can work independently. In each group, the GCD
partitioning (on the low-order 2™!-bit cross) for 21 dependent crosses
(two dual-cubes per cross) is performed at the cross-level. Fig. 20(a)
shows a cross Cq (k = 2™ on (0000, 0011)), defined by Eq. (3.1), where
all k processors (in each cross) can communicate without the conflict
[15]. Then, to avoid the routing conflict with other crosses (in the same
group), the (F, B) protocol (Algorithm 1) is used for the (even (F), odd
(B)) crosses, see Fig. 8 (N = 2048), since the opposite crosses ((0:000,
5:101), (1:001, 4:100), (2:010, 7:111), (3:011, 6:110)) cannot use the
same F/B protocol.

CASE III: GCS combining on RP-HHCs (N=2", n=2""+m).

From level I = 2™1 (the cross-level), the GCS combining (k > 2™2 by
Egs. (3.2)—(3.6)) can be reconfigured from the proper cross-nodes (of
adjacent groups) up to the root (for k = N/2M1 processors), according to
the binary (group) partitioning (like the HC partitioning). For example,
Fig. 20(b) shows a set of two crosses (k = 2™2) from two adjacent
groups (00cc, Olcc) by Eg. (3.2), Cp (0000, 0011) in group 0 and C;
(0101, 0110) in group 1. Fig. 20(c) displays a set of four crosses (in a
super-group) from four groups (00cc, Olce, 10cc, 11cc) by Eq. (3.6), Co
(group 0), C; (group 1), C; (group 2), Cy (group 3). All k processors can
communicate with no conflict, under the cross-based SP-routing of the
GCD partitioning.

5.2. Correctness of (even, odd) patterns with (F, B) protocol for full
(group/super-group) utilization

The objective of this study is to solve the HHC conflict completely
and achieve the full (group) utilization plus the maximum task-packing
(or optimal task-scheduling). Our reconfiguring relies on the cross
structure of GCD partitioning (k = 2™"! nodes per cross) and the GCS
combining @m2 < k < N/2M1 nodes), which can be performed
dynamically during runtime. Each s-group (super-group) combines the



N. Phisutthangkoon and J. Werapun Parallel Computing 111 (2022) 102923
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Fig. 12. An example (N = 64, m = 2): a-b) optimal task-scheduling (T; (k; = 32), Ty (ko = 32)) and c-d) 5 task-scheduling (T; — Ts).
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1001 1100
1010 1111
e=1001,
r=0(16) 1101 1110

Fig. 13. An example of an intermediate result of task scheduling (N = 64, m = 2): a) four allocated tasks and b) the reconfigured tree.

right crosses of adjacent groups with the reconfigured pattern p (Defi-
nition 5). All s-groups can work independently for one task (k < N/. M1y
per s-group. Note: In each group, the proper parallel (S, D) functions
must be used to avoid the conflict of some (shared) edges with other
dependent crosses, where the right (S, D) connections can be realized by
the XOR operation D; = Sg;.

Next, for the optimal task-scheduling (in Section 4.2), all M1
reconfigured partitions (in each s-group) are allowed for multi-tasks
(2"'+1 <k< N/2M1 nodes per task). In particular, all (even, odd) pat-
terns can execute at the same time under the (F, B) protocol (Algorithm 1
(F: forward, B: backward)) for full bidirectional routing if all parallel (S,
D) connections are performed with the same dim-control (i.e., XOR
operations). See examples (N = 64) in Fig. 21 (ATAPE: k = 8) and Fig. 22
(k = 8, 16, 32).

See also Section 5.4 (the experiments) to evaluate the conflict-free
routing (in practice) on all reconfigured partitions @™ <k < N/2M
1y by using the frequency used ATAPE communication with k dim-
controls on the RP-HHCs (i.e., N = 64 (m = 2), N = 2048 (m = 3), etc.).

16

5.3. Time complexity of the best-fit allocation

Under GCD partitioning, a full binary sub-tree was created from the
root to 21 cross nodes (at level L = 2™-1) in O(2M). Table 11 presents
the time complexity (O(N)) of the best-fit allocation/deallocation, see
the following details:

In the sub-system allocation (with the best-fit policy),

1 DBS (depth best search) for an input k in the best case is 0o(2™ for a
cross-node (k = 2™1) and the worst case is O(2™+m) = O(n) for a
cube-node (k < 2™) by using the best-fit min(LF, RF) to reach the best-
fit node directly.

2 Allocate nodes in tree is O(2™) in the best case (for the cross-node)
and 0(2Y) in the worst case for the super-GCS combining for k = (N/
oMLy jom o oM. pp = o™,

3 Update the accumulated sum is O(2™) in the best case and oM in
the worst case since updating from the cross-nodes to the root ~ 2M +
oML 42l 20— oM+l g,
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Array-List

XXXXccce

Group
=2

Cross
[=2m-1

cube

Cross0 1% Half Crosses 2nd Half Crosses Croses
C0-3 —» (C0-1, C2-3) — (C0,C1), (C2,C3) C4-7 — (C4-5, C6-7) — (C4,C5), (C6,CT7)

(b)

Fig. 14. a) A complex reconfigured-tree (N = 2048, m = 3) and b) the GCD partitioning and mapping in each group of the RP-HHC.

5.4. Experiments to confirm no conflict on RP-HHCs when executing

2 M-1
Table 10 ATAPE communication (k < N/2%)

Blocking condition for k = om+ (j > 1) on RP-HHCs.

The experiments were conducted to evaluate not only the reconfi-

For ideal task-scheduling, 2¥! tasks (k = 2™*/) can be allocated at the same time by . M-1 . .
g rin, < N/2 ny b Iso the ATAPE SP-routing by imple-
the (F, B) protocol (even patterns (F) & odd patterns (B)). Note: see F/B (forward/ gu g L . odes) but also the SP-routing by pie
menting the following pseudo-code.

backward) dSPreordering (in Algorithm 1).

Otherwise, if not all crosses are allocated for k = 2™, the corresponding groups must ATAPE Communication (e: external node, k PEs, C: k dim-controls)
be blocked (not allowing k > 2™ per task) to avoid the conflict. Under blocking, only for input e, configure a sub-system (k PEs) by Eqs. (3.1) - (3.6);
task sizes k < 2™ (on cube-nodes) are allowed. for all sources S (in each of reconfigured sub-systems) pardo

compute Dj = Sj.j for ATAPE comm. by Eq. (2.2); // see Fig. 21
if(cross%2=0) direction="F" else direction="B’; // Forward/Backward
In the sub_system deallocation, call Algorithm 1: parallelShortestPaths (P: S—D, direction: F/B);

do HHC-Routing (S, D); update RoutingTable (RT); //see Table 12
end for all; // see k = 8, 16, 32 (on N = 64, m = 2) in Fig. 22

1 Search in the array-hst (at index i = n—logzk) for the Tinish is O(1) in report “no-conflict” if in each ¢t (time) all edges (in RT) are different;

the best case (if T is the first node of list i) and O(N) in the worst case end ATAPE.
(if T is the last node of list n). HHC-Routing (P: Shortest Path from S to D) // see Fig. 2(b)
2 Free cross-nodes (from Tin;sh (e, p)) is O(1) in the best case and oM for element i in path P (i =0, 1, 2, ..., |P|-1)

. A . —=P[i]; mNet=mainNet[p]; sNet=subNet[p];
in the wor < (k = N/2M1) /2™ ~ 2M combined cross-n . p
the worst case (< (k / % co ed cross-nodes) mainNet-subNet-routing (mNet, sNet) and local HC-routing;

3 Update the accumulated sum is O(2™) in the best case and O(2") in end for i
the worst case since updating from the cross-nodes to the root ~ oM 4 end SP-Routing // see Fig. 21, the (F, B)-protocol on (even, odd) patterns
oMl ol 90 _oMtl g

17
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Fig. 15. An example of allocation with input k = 2™ = 4 by two policies: a) simple first-fit allocation and b) efficient best-fit allocation
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Array-List Input k=16 (T,)

=0

=1
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Group I T, 7,
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4 \\
c’ ey \._
To/81 0000 41 0001 0100 {g/et0101 711000 ~T\ 1001 <75 1100 7777 1101
Cross L8 0011 L‘_I oor0 L% Jorrt oo LAion & o0 S Lo
‘ 2=0000, p=0 (16)
e=1001, p=0 (16)
= T T Ty
Cube 0010 1000 1101 1110
Fig. 16. An example of best-fit allocation with input k = 2™*2 = 16 (T).
Array-List
=0
=1
Group
0001 T 1000 ~T21001 Ty 1100 7577 1101
Cross 0010 S TVl ST By A TN et RTYTY
AWIWIA
N ~ £=0000, p=0 (16) e=1001, p=0 (16)
=4 T; T, Ty
Cube 1000 1101 1110

Fig. 17. An example of deallocation of task Ty (k = 4) from Fig. 16.

Combined two 2-cubes

Oxx n-1

Fig. 18. An example (N = 8, n = 3) of the n-bit HC partitioning and combining: a) one node (0xx); b) two combined nodes (0xx, 1xx).

Then, all (S, D)-routing paths were defined by Algorithm 1. For the
conflict-free evaluation, a routing table (k x T) or a 2D-array (k x N) is
used to record all edges = (u, v)s of each path Pineach timet(=1,2, ...,
T (< N)) for k parallel (S, D)-routing paths. Lastly, there is no conflict if
ineacht (=1, 2, ..., T) all edges are different.

For each test (with a pattern p =0, 1, .., 2M-1.1 (Definition 5)), a
partition (k) was reconfigured from e = a; a2 (group a;, cross az), related
to the pattern p. First, k sources (S) were formulated by the proper Eqs.
(3.1) - (3.6), implemented directly in functions. Next, k destinations (D;
= Sigj) were set by Eq. (2.2) for the ATAPE communication (in k rounds).
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2™-bit (main-net) partitioning on HHC
(N=2" n=2"+m)

XXXX. . .XX|[CCCC..CCIX..X
2m-1_pit 2m-1_hit m-bit
11\\/[51) Grou;l) Cross Cube

x=0/1 (L/R) childs
independent partitioning (7 bits) independent partitioning (2! bits)

(@ (b)

Fig. 19. The n-bit format: a) HC-partitioning and b) HHC-partitioning.

%=0/1 (L/R) childs

10 10, i ‘ 0
00 11 | 00
101 1 1 000
1 £ e 70 2" (N=64, n=6)
0 01 i °'°‘3° k=2m+1
oo 202 0130
00 H 00
10 10 10
10, 10 10 0
1 1103 0000 1000 4 fy 7CH003 P ot s
01 01 01 01
oy, o %0 o % %;32? col|ct||co||e1||co]|ct
1 QUBO=GANGO 114 QOB cubes) 0000 0001 0100 0101 1001 1100 1101
10 10 10 10 00IT 0010 01IT 0110 10_1' 1010 1111 1110
(@)
k=2m+2
10, 10 10 0
00
111101 1 i1l 11100 o0 i i1
01 01 01 01 GCS | I | | | | | |
0 01 0 00 01 combined CO Cl CO Cl
11011 1011+ 1 1RO~ Co1gyy 1 sub-system 0000 0001 0100 0101 1000 1001 1100 1101
& d % o (2 crosses) 00II 0010 011I OLI0 101L 1010 1111 1110
000 """""""
13/0000J0 8 2" (N=64, n=6)
é Cross0 ) k=2m+3
i 0 H
: 00 11) ;
5 o\l T N e e e o
A oS T —1 0
. 100!
i 0 11 -
. 01010331 01 Super GCS -
§ o 0 01 ; combined Co| g&
§1 L1901 | 410001 01 1 sub- -system 0000 0001 0100 0101 1000 1001
1 . & - (4 crosses) 00IT 0010 OIIT 0110 10II 1010

()

Fig. 20. An example of k > 2™+ nodes per task (N = 64, m = 2): a) GCD (k = 2™1); b) GCS (k = 2™2); and ¢) super-GCS (k = 2™+3).
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: 14 56 7 8 91011
«19 811105 4 7 6
ATAPE (k=8)  C=i

= 5 6 7 5 51011
(b) odd cross (B-protocol)

S:
(a) even cross (F-protocol)

Fig. 21. An example (N = 64, m = 2, k = 2™ = 8) of full bidirectional-routing of T; & T2 (ATAPE (D; = S;s;), C = 5) with (F, B) protocol.

10

even pattern (F), odd pattern (B 0 1 2 3 12 13 14 15
even cross (F), odd cross (B) p (F), odd p (B) ot 23 s
TS'012312131415 36 37 38 39 40 41 42 43
T1[3=|012312 13 14 15] 11 9% 20212223 24 25 26 27
0
4 56 7 8 910 11 0
@l 4567 8 91011] T2.16171819 28293031] 8

(@)k=8 (b) k=16

Fig. 22. An example (N = 64, m = 2, k = 8, 16, 32) of full group/s-group utilization on (even, odd) patterns with (F, B) protocol.

21



N. Phisutthangkoon and J. Werapun

10, 10 0 10
00 11 00
11/@0101] 100 11 /@001 000

00
01 01 01 01
0 01 0 01
00 11| 00 11
111 1101 0011 01
00 00
10 10 10 10
10, 10 10
1101 0 1100 1001 0
11 0 11 |11 00
01 01 01
0 01 0
0
11 @111 § 1110011 ;@011
10 10 10

HHC (N=64 (m=2))

The multi-HHC

Parallel Computing 111 (2022) 102923

Networks

N’=1984 (64x31)

Fig. 23. The model of multi-HHC networks (N° = NxI, N=64 (m=2)).

B) protocol were observed to confirm no conflict (when using the same

Table 11 dim-control (for all k (S, D)s)). Fig. 21 shows an example (N = 64, k = 8,
Time complexity of sub-system allocation/deallocation. C = 5) of parallel SP routing from S = (0-3, 12-15) to D = (13, 12, 15, 14,
(Best-fit) Allocation Best Case Worst Case 1, 0, 3, 2) on crossy (F-protocol) plus the routing from S = (4-7, 8-11) to
1. DBS for the request k oM 0™ 1m) — 0(n) D=(98,11,10,5, 4, 7,. 6) on cross; (B-prot(l)col) at the s}\a;;rPe time. See
2. allocate tree nodes o™ oM Table 13 for other experimental results (2™ < k < N/2M1). Note: the
3. update accumulated sum 0(2™ o™ dynamic environment (applying Algorithms 3 - 5) will be experimented
M- 4 - .
Total 0(2™) 02™) (by a simulation study) in our future work.
Deallocation Best Case Worst Case In addition, Table 14 compares the contributions of our study
1. search in list for Tamgen o) ow) (ﬂexil?le 'k up to N/ 2”:1 nodes per task) and the existing solutions [4,12,
2. free nodes in tree o(1) oM 15] (limited k < 2™"! nodes per task).
3. update accumulated sum 0(2™ 02"
Total 0(2™) o)
Table 13
Experimental results of ATAPE SP-routing on RP-HHCs.
ATAPE on sub-systems k < N/2"* Partitions SP-Routing
Table 12 shows a routing table (RT) for the ATAPE communication N=64(m=2)
(k = 8, C = 5) on crossy (group 0) of the RP-HHC (N = 64). The parallel k=8: pattern 0 / cross 0 (F), pattern 1 (B) in 4 groups no conflict
SP-routing on cross, from k sources S = (0, 1, 2, 3, 12, 13, 14, 15) to k k=16: pattern 0 (F), pattern 1 (B) in 2 s-groups no conflict
destinations D = (13, 12, 15, 14, 1, 0, 3, 2) was performed with no k=32: pattern O (F), pattern 1 (B) in 1 s-group no conflict
conflict since in each time t = 1, 2, 3, 4, 5 all messages are transferred N = 2048 (m = 3)
through the different edges (i.e., at t = 1 all different edges .are o,4,(Qa, k—16: even patterns (F), odd-patterns (B) in 16 groups o conflict
9),(2,0),(3,1),(12, 8), (13, 5), (14, 12), (15,13), etc.). This test (C = 5) k=32: even patterns (F), odd patterns (B) in 8 s-groups no conflict
reported “no-conflict” since in each of all times (t = 1 - 5) all edges are k=64: even patterns (F), odd patterns (B) in 4 s-groups no conflict
different. k=128: even patterns(F), odd patterns(B) in 2 s-groups no conflict
For other k (> 2m+1), we did the same evaluation for each of all k=256 even patterns(F), odd patterns(B) in 1 s-group no conflict
patterns (p =0, 1, .., 2M1.1). Next, all (even, odd) patterns with the (F,
Table 12
Routing table for ATAPE (N = 64, k = 8, C = 5) on crosso.
Clock/Time 1 2 3 4 5
$=0:0000,00 — 0001,00 — 0001,01 — 13:0011,01=D
$=1:0000,01 — 0010,01 — 0010,00 — 12:0011,00=D
S =2:0000,10 — 0000,00 — 0001,00 - 0001,01 — 0011,01 — 15:0011,11=D
S§ =3:0000,11 — 0000,01 — 0010,01 — 0010,00 — 0011,00 — 14:0011,10=D
S =12:0011,00 — 0010,00 — 0010,01 — 1:0000,01=D
$ =13:0011,01 - 0001,01 — 0001,00 — 0:0000,00=D
S =14:0011,10 - 0011,00 — 0010,00 — 0010,01 - 0000,01 — 3:0000,11=D
S =15:0011,11 — 0011,01 — 0001,01 — 0001,00 — 0000,00 — 2:0000,10=D
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Table 14
Comparison of our contribution and existing methods.

Parallel Computing 111 (2022) 102923

Year Routing Technique Maximum task sizes
N=2" (n=2"" +m) N=64 (m=2) N=2048 (m=3)
1994 Basic N2N routing [12]. k=2" k=4 k=38
2013 k-pairwise disjoint path routing [4]. k=(m+1)/2 k=2 k=2
2021 Parallel N2N-SP routing and GCD partitioning [15]. k=2mt! k=8 k=16
This study GCS reconfiguring (k < N /2Y1) and optimal task-scheduling & efficient processor allocation. k=N /2M1 k=N/2 k=N/8
=32 =256
Table 15 Algorithm 2
Features of HHC (of size N) and multi-HHC (of size NxI). Pre-processing for global sources (in 2M-1 crosses).

N=2" m  Maximum task |Cross| #Groups #Crosses per
size =N /2M1 = omi! =2oM group = 2M1
64 = 2° 2 32 8 4 2
64x1 2 32 8 4x1 2
(128,192,
...,1984)
2048 = 2! 3 256 16 16 8
2048 x 1 3 256 16 16 x 1 8
(4096, ..., < 2°%)
1048576 = 2%° 4 8192 32 256 128
220 x1 4 8192 32 256 x I 128
@2x2%,..,<2%)
128G = 2%7 5 2%2 64 ole k>
2% x1 5 022 64 216 x1 g5

2x2%,3x2%,..)

Moreover, our RP-HHCs are suitable for the scalable multiprocessor systems for
the regular N = 2" (n = 2™+m, m > 2) and the expandable N x I for the multi-
HHC (a pooling of HHCs (N processors per HHC) for a total of N x I pro-
cessors), see the model in Fig. 23 and the features in Table 15 (i.e., N = 64 and
N’ =128, 192, 256, ..., 1984, etc.).

Algorithm 1
Parallel shortest path for SP-routing on HHCs.

GetParallelSPathHHC
1 P=@;a" =as®ap = {by1, bpo, ..., b}, n = 2"4m, m > 2;
2 u = GC mapping (index i of a* if b; = 1) = {gco, &1, .., &r1};
3 if (as = ap) then set Py, (HC internal-path routing);
4 else (as # ap)
5 if ( f; € p) then P = P U { fig,dSPordering (u — — {fs}D};
6 else P = P U {dSPordering (1)};
7 return P; // the best shortest-path (SP) order for SP-routing
dSPordering (u) // F: forward dSPordering (u) // B: backward
temp = f;r' =13 temp = f;r’ =1,
d = (index next to f in p) %r; d=((index back from fin y)+r)%r;
while(|p| < r) do while(|p| < r) do
for(i=0;i<r’;i++) do for(i=0;i<r’;it++) do
id=0+d %r; id=(d-i+r)%r’;
find pu[id] closest to temp; find pu[id] closest to temp;
temp = plid]; p = p Uulidl; temp = ulid]; p = p Uulid];
update |u|-1, 7" =r-1; update |u|-1, r’ =r’-1;
d = (id+1)%r’; break; d =(id-1+r’)%r’; break;
end for end for
end while (return p) end while (return p)

The forward dSPreordering works with the circular right-shift and the backward
dSPreordering works with the circular left-shift (for routing in the opposite
directions).
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GetSourceOfSubSystem (input: GCDy)

dCubel = GCDy; dCube2 = GCDg + 2M7™-2™;
for (cross ¢ = 0; ¢ < 2Y%; c4++) do

for (processor p = 0; p < 2™; p++) do
S[p] = dCubel+p;

1 // for crossg
2

3

4

5 S[p+2™] = dCube2-tp;

6

7

8

// 2 cubes per cross
// 2 x 2™ processors
// S on dual Cube 1
// S on dual Cube 2
end for
dCubel = dCubel+2™; dCube2 = dCube2-2™; // for next cross ¢
end for

Algorithm 3
(Simple) first-fit allocation on RP-HHCs.

Form the root, apply DFS (depth first search) for the request k of the incoming task.
Stepl. Find regular cube, cross GCD, or combined GCS (k < N/2M 1),
Casel: k < 2™ (cube nodes).

Apply DFS (while sum-+k < limit) for the first free cube-node (k < 2™). If there is a
free cube, then go to step 2. Otherwise, put the request in the waiting queue.
Case2: k = 2™+ (cross nodes (Section 3.1)).

Apply DFS (while sum-+k < limit) for the first free cross-node (k = 2™*1). If there is
a free cross, then go to step 2. Otherwise, put the request in the waiting queue.
Case3: 2"+2 < k < N/2M (combined nodes (Sections 3.2 - 3.3)).

Apply DFS (while sum+k < limit) for the first free GCS pattern (main-net e and
pattern p). If there is a free sub-system, go to step 2. Otherwise, put the request in the
waiting queue.

Step2. Add the allocated task (main-net e and pattern p) in the list at index [ of the
array-lists. Update the corresponding sum in each of the involved nodes in the tree
and set blocking (if any).

Algorithm 4
(Efficient) best-fit allocation on RP-HHCs.

Form the root, apply DBS (depth best search) for the request k of the incoming task.

Stepl. Find regular cube, cross GCD, or combined GCS (k < N/2M 1,

Steps 1-3 are similar to Algorithm 3, except replace DFS (depth first search) with DBS
(depth best search). For DBS, compute L and R factors (LF, RF) of child nodes, where
LF or RF = limit - (sum-+k), before go to the best-fit node (min(LF, RF) > 0) directly.

Step2. Add the allocated task (main-net e and pattern p) in the list at index [ of the
array-lists. Update the corresponding sum in each of the involved nodes in the tree
and set blocking (if any).

Algorithm 5
Sub-system deallocation on RP-HHCs.

Stepl. For a finished task (of k processors), search in the array-lists at index I (level I)
= n-logok to free the particular nodes in the tree.

Step2. Delete that finished task from the lists (at index i) and deallocate node (in tree)
and combine free nodes up to the cross-level.

Step3. Update sum of all corresponding nodes up to the root and also update the
blocking status (if any) at the group-level.




N. Phisutthangkoon and J. Werapun

6. Conclusion

In this study, we proposed the reconfigurable and partitionable HHC
(RP-HHC) networks (N = 2%, n = 2™ + m) to support 2™ < k < N/2M1
processors (per task) that can avoid the routing conflict. For the RP-HHC
network, the conflict-free routing is very important since the HHC
conflict cannot be handled easily during runtime. Thus, the innovation
of this research is the optimal GCD-to-GCS reconfiguring @™ <k <N/
2M'1), such as the maximum k = N/2 (for N = 64). Under GCD-to-GCS
reconfiguring, all (even, odd) reconfigured patterns can be utilized at
the same time by the (F, B) protocol if all (S, D)-connections are per-
formed with the same dim-control (for full bidirectional-routing),
observed by the ATAPE communication. In addition, the reconfigured
binary-tree is incorporated to recognize the GCD and GCS patterns
efficiently in the task scheduling and processor allocation (with the best-
fit driven policy in O(IN)). Finally, the experiments (N > 64) were con-
ducted to confirm no routing conflict when performing the XOR-based
ATAPE routing on the reconfigured partitions. In our future study, we
will focus on evaluating the best-fit strategy (the dynamic environment)
by a simulation study to observe the RP-HHC performance (i.e., system
utilization and fragmentation, etc.).
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