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Abstract

The groundwater measurement is obliged to take care of the issue of need water
assets in numerous dry season ranges for agricultural use. In this study, we propose a
groundwater stream model demonstrate that gives the pumping rates and the
infusion rates individually. The objective are to propose a simply and flexible
groundwater simulation using the implicit and explicit traditional finite difference
methods and alternating direction methods. The groundwater model is giving the
water driven head that gives the groundwater level. The understood limited
distinction technique is utilized to surmise the groundwater flow. The complex
geometry in the model is considered by variable grid sizes aquifer parameters, sinks
and source terms. The proposed alternating direction methods are shown that they
are able to use in groundwater simulation for the real-world cases.
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CHAPTER ]
Preliminary

Ground water simulation models are widely topics in the analysis and
management of groundwater systems. The important of the utilization of
groundwater resources continues to grow due to the increasing require of
water for irrigation as well as drinking, agricultural, commercial and
industrial purposes. Although, the amount.of groundwater resources have
been decaying due to population growth, uncontrolled and unplanned
urbanization, industrialization, and agricultural activities. Hence, the
sustainable management planning must be developed for the groundwater
systems. The management planning has to limit in the case of legal well
drilling and limited-pumping. The groundwater model can be use to
simulate the scenarios for the management planning.

The groundwater model is described by partial differential equations. The
governing equation can be solved by analytical and numerical solution
techniques. The simple and ideal cases with regularity shaped aquifers
and homogeneous hydraulic properties can be solved by analytical
methods. Most of groundwater modeling has the aquifer systems with the
heterogeneous structure. On the other hand, numerical solutions have to
be used if the aquifer system has complicated geometry or heterogeneous
material properties.

In the case of steady-state groundwater model solutions can be obtained
by many simply basic techniques. On the other hand, the case of transient
groundwater model is solved by the advanced techniques due to the
difficult in terms of time dimension in the governing equations. The finite
difference [1,2,3] and finite elements methods [5,6] are most popular
numerical solution techniques. The case of free surface flows can be
considered into two groups: adaptive mesh methods and fixed mesh
methods. The adaptive mesh method needs a large number of
calculations and they also require some convergence conditions [4]. It
follows that the fixed mesh techniques are more popular than adaptive
mesh techniques. If the variation of geometry and material in the third
dimension is constant, the two-dimensional modeling can be used. If the
material properties and/or geometry vary along the third dimension, then



the three-dimensional modeling may return better solutions than the two-
dimensional modeling. A useful spreadsheet for one-, two- and three-
dimensional steady-state and transient ground water numerical simulation
is introduced in [10, 11].

It follows that the fixed mesh techniques are more popular than adaptive
mesh techniques. If the variation of geometry and material in the third
dimension is constant, then the two dimensional modeling can be used.
Although, If the material properties and/or geometry vary any the third
dimension, then the three-dimension modeling may return better
solutions than the two-dimension modeling.

In this research, the objectives is to propose a simply and flexible
groundwater numerical simulation by using implicit and explicit finite
difference methods. The complex geometries in the model are considered
by variable grid sizes aquifer parameters, sink and source terms. In the
simulation process, the finite difference methods for models such as the
alternating direction explicit method (ADEM), the alternating direction
implicit method (ADIM), the forward time central space method (FTCS)
and the backward time central space method (BTCS) are proposed.
Finally, the numerical simulations results are compared with
comprehensive solutions of MODFLOW.



- CHAPTER 11
Groundwater Measurement Model

2.1 The governing equation

The governing equation of vertically integrated Darcy’s flow in a two-
dimensional confined, compressible, isotropic, heterogeneous aquifer is

[11]

Sa—Hzi(Ka—H)+i(Ka—HjiW, 2.1)
or ox\ ox) oy\ oy

where H hydraulic head (meter), K hydraulic conductivity (meter/day),
W sinks and/or source (1/day) and Smatrix of specific storage (1/meter).
We assume the hydraulic conductivity is constant. It is obtain that

2 2
Sf’?&:K[—a——};Iﬁ——a I;I)+W., 2.2)
ot ox" oy

2.2The initial condition

The initial conditions at ¢t=0, 0<x<L and 0<y<M where L,M are
constant being specified,

& L5 ' (2.3)



2.3The boundary condition

The boundary condition for ¢>0 are specified,

%:BN at0<x<L and y=M,
Z—};=BS at0<x<L and y=0,

%I:—=BW atx=0 and 0 y<M,
%:BB atx=0and0<y<M,

2.7

and given pumping well point each,
Q(x,y)=0, forall i=1,23,..,q

in order to solve (2.2) in Qx[0,T] where Qe[0,L]x[0,M].

(2.4)
2.5)

(2.6)

2.8)

10
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Figure 1: Boundary conditions of a transient groundwater flow model

From figure 1 the lengths of domain areLxM, B,, By, B, and B are
boundary conditions of model and Q,Q, are source and sinks term
respectively.



CHAPTER III
Numerical Techniques

Numerical Techniques

We now discretize (2.2) by dividing the interval [0,L]in x-direction into
I subintervals such that JAx=L, the interval [0,M]in y-direction into J
subintervals such that JAy=M and the interval [0,7] in time into K
subintervals such that KAr=T. We can then approximate H(x,y,)by
Hyy
y=jAy and t=NAt, where 0<i<], 0<j<Jand 0<n<Nwhich 7,/ and
N are positive integers. In this paper, we used the finite difference
methods for models such as the alternating direction explicit method
(ADEM), the alternating direction implicit method (ADIM), the forward
time central space method (FTCS) and the backward time central space
method (BTCS).

value of the difference approximation of H(x,y,t) at point x=iAx,

3.1Alternating direction explicit method (ADEM)

ADEM equation can be written as [11]

" H" ANy o H™
S;,j Hl,j H:,/ =K i H:+1.j f{r.j +K._l . Hx—l.j - iJ
s )T e Ty e ()
+K H, o~ H, +K Hi':;ll“H:;l +W, >
- 2 ij
NNt ot YA ’
Hn+l _Hn Hn ) __Hn H.”+l _Hn+1
Si‘j i,/ i,/ = 1(_l . i-l,j - i,/ +K. l i1,/ . ij
s )y ) e ()

o —H H™ g™
+K. l H,,]—l ZI{l,j +K . i,j+! : i,j +VV1,/
il () (W)

G.1)

(3.2)
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We consider (3.1) and letting that

M
ij Sl.’j (Ax)z Hlj’
_ At
Y S, (Ax)z e
_ At
iJ Si_j (Ay)z 1J+%’
At
du = S (A 2 Ki.j—,
i.]( y)
At
e,j =?,

(3.3)

fori=1and j=1at ¢>0, substituting the approximate unknown value of
the bottom boundary and left boundary by

Hfgl = H,’f,*' —-(Ay) By anngj‘ = H{,',” —(Ax) B,

respectively, and by rearranging, we obtain

H{Tl =4a,, (H:';x —Hj ) -b, (Ax)BW *ta, (Hl’:z —Hl':l)—dl.l (Ay)Bs +H +e W,
3.4)

-~

fori=1and 1< j<J-1at (>0, substituting the approximate unknown value
of the left boundary by H;;' = H/'l' ~(Ax) B, and by rearranging, we obtain

+ a, n n C'. n n
H} = m(Hz.f ~Hy;)-b,,(4x) B, +(1—+l;:5(ﬂl.f+l ~H))
e T (3.5)

A ,
(1+du) bt (1+du) b (1+du) b

forl<i<I-land j=1at ¢ >0, substituting the approximate unknown value

of the bottom boundary by Hi;' = H}' —(Ay) B; and by rearranging, we

obtain
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a;,

(1+8,)

b, . .
(Hi':~l.l _H:])-F(_IIEI]),.—,)_HS']I +ﬁ(lﬁz —Hi'.ll)

LT 1 e,
(1 +b1,1) (89) s + (l +b,._]) Hi+ (1+bu) Wi (3.6)

for 1<i<I-land 1< j<J-1at £>0, and by rearranging, we obtain

n+l _
Hi.l -

b c

=" — (H g~ :1) + > H )+ > (H o —H i'.'j)
(1+b,,+d,)) (1+5,,+d,,) (1+5,,+d,))
d. . 1 e
+—— ¥ H; ", .
(148, +d,;) " (1+b,+d,,) " +(l+b,,j +d, ;) "
(3.7)
In similary,we consider (3.2) and letting that,
aa,j = 2L A )
Su (Ax) =y
At
bb,, = 5 ;
S, (Ax) 3/
At
¢, =————K ,,
1j Si‘j (Ax)Z i,j——;-
At
ad, , =
¥ SI.J' (Ax)z b
At
ee,.‘j = S—,
i
(3.8)

fori=I-land j=J-1at ¢ >0, substituting the approximate unknown
values of the top boundary and right boundary
by H, = H +(&y)Byand Hyy = HY . +(Ax) B, respectively, and by
rearranging, we obtain

Hl’:t!—l =04, (Hln—Z,J—l -H ., ) +bbi_y 5, (Ax) B +cep (Hln—l,J-Z —-H{,,, )

+dd_;., (Ay ) By+HL,, +ee ;Wi
(3.9)

fori=I-1and 1< j<J-1at >0, substituting the approximate unknown
value of the right boundary by H;}' = H;", +(Ax) B,and by rearranging, we
obtain
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1+ aa -1, n n Cc =1, n n
= W(Hl-z_ ,—H ) +bb,, (Ax) B, +m(H,_,_ a—HL)
'dd,_l.,j nel 1 " €8,

(1 * dd‘-l,f) ot (1 +dd 1-1./) o (I"'dde) HJ’

(3.10)
for 1<i<I-land j=J-lat ¢t>0, substituting the approximate unknown

value of the top boundary by H,' = /!, +(Ay) B, and by rearranging, we
obtain
bb

wi . Wiga " _gn -1 n+l €650 A _pgn
Hiy = (1 +bb,,, ) (Hl—l,J—l Hy )"' (1+bb,_,_l) Hija+ (1 Thh,, ) (Hi,.l Hl.]-l)

€€ 11

+dd,,_ (Ay) By + L H\ +

(1+0b,,) (1+85,8,} ¢
(3.11)
forl<i</-land 1< j<J-l1at >0, and by rearranging, we obtain
nl _ aa, (Hn _H" )+ €, (Hln —H" )+ bb, e
Yo (1ebbwdd, )t T Y (1bh vdd, )T Y (1bb, 4 dd, )
ddi,j n+l 1 # ~at
+(1+bb,,j+dd,.'j) i"”+(1+bb,.’j+dd,.'j)H"’/+(l+bb,.,j+dd,.,j)m'j'
(3.12)

We will approximate (3.1) by calculation from left into right and from
bottom into top, and approximate (3.2) by calculation from right into left
and from top into bottom.
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3.2Alternating direction implicit method (ADIM)

This method will divide into two parts. First, we using the central

difference method with space and using forward difference method with
time, we have

1

1 med mis
azH Hl—lj _ZHI,j 2 +Hi+1,}
ot (&)
O*H H,’"j_l —2H”‘ +H,"'j+1
o’ (Ay)

1
Q‘_ . Hi’j 5 —H,""j
ot At
Wy =, .
4 AxAyH,
(3.13)

Substituting (3.13) into (2 2), we get

l l

s H *—H" . H,_,j ~2H, 2 +H,,? N R Y | D
At (Ax)’ (&y)* AxAyHY,
(3.14)
Divide through by~S~, we will have
1 1
H, ?=HI = K(At){ LA =2H,, H,Hfj SG) C(Hp —2H + HIL )+ (At)—Q'-’—T,
' 7 S(Ax) S(Ay) S AxAyH,

(3.15)
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Letting that

(3.16)
fori=1and 1< j<J-1at ¢ >0, substituting the approximate unknown value

1 1
of the left boundary by H, ? = H, ;> ~(Ax) B, and by rearranging, we
obtain

o

AxAyH" j

1
m=
2

i
(1+a)H,,* ~aH, * = BH"

1,71

+(1=28)H] + BH],. +7 ~a(Ax)B,,

3.17
forl<i<I-land 1< j<J-1at ¢t >0, and by rearranging, we obtain \"”
95
AxAyH!",’
(3.18)
fori=I-1and 1< j<J-lat >0, substituting the approximate unknown

. m 1 m-f-l
—aH] 2 +(1420) Hy 2 —aH 2 = BHI +(=2B)HT,+ BH ., +7

i-l,j

1 1
value of the right boundary by &, ? = H,2 +(Ax) B, and by rearranging,

we obtain
1

m~|»l m+— Q”: j
—aH, 2 +(1+a)H, 2 = BHP,  + (=2 H!, +BH! .+ "XxAL;I—J(iU +a(Ax)B,,

(3.19)
from (3.17) — (3.19), we write in matrix form, we will have

.



M+a -a |
—a l+2a -a :jz
-a 1+2a -« met
H,%
L -a 1+a_ ;
:ov
BH, . +(1-28)H]" + BH,,, + G ————a(Ax)B,
- o AxAyH
pHy  +(1=2p)H; + SH] . + Gy~
B 5 AxAyH;j,
BH, .+ (1=2B)H,  + BH], .\ + 400 —
9 o/ WJt AXA Hl I
m Ql—l.]
_ﬂHI_“_, +(1=2p)H" ,+ BH", ., yAxAyH,’"_u +a(AX)BE-

for j=1,2,3,.:-,J-1

18

(3.20)

Next, we using the central difference method with space and using

forward difference method with time, we have

1

'"+'1' m-*‘l m+—
OH 220, W, 2

i+, j
o’ ( Ax)2 {
62 V4 H,’"j"‘l] zHi’,nH Hlm;rll
2 b
% (&)
1
oH _ Hi-mfl —H,°
ot At ’
W”jﬁ:;- = i— ____Ql”n_j.__r s
AxAyH. 2

(3.21)
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Substituting (3.21) into (2.2), we get

! 1

l o m+3 + m+ m+ m
o AL H ||| B -2 HL +[ H —2H + H" le Lo
2 2 ’
At (Ax) (&) AxtyH,)?
(3.22)

Divide through byft-, we will have

1 1 1 1 m
HM -H, K& (A’)z H 2=2H *+H,? |+ K(At)z (Hp -2H +H,.’";;',)+——(A N_ 9 =,
’ ' S(Ax) ' , , S(AJ’) : ' ' AxAyHmE
L
(3.23)

for1<i</-land j=1at ¢ >0, substituting the approximate unknown value
of the bottom boundary by A" = H;" ~(Ay) B, and by rearranging, we
obtain

A il md ¢
(1'*'16)1{;.';“ “ﬂH;."z+1 =aH, _} +(1-20)H,, * +aH ] +7'—QL1—ﬁ(Ay)BS’
AxAYH, 2
(3.24)
forl<i<I-land 1<j<J-lat >0, and by rearranging, we obtain
= m+l m+l m4—1 Qm
—BHN +(L+28)H - BH = aH, 2 +(1-2a)H, ;> +aH 2+ y——L—,
AxAyH,
(3.25)

forl<i</-land j=J-1at ¢>0, substituting the approximate unknown
value of the top boundary by #;"y' = H, +(Ay) B, and by rearranging, we
obtain

. m+ m+ m-O-l m+l mt= Qm _
- Hi.J—lz +,(1 + ﬂ) Hi,J—ll = aHi-],3-1 + (1 = za)Hi,J-zl + aHm}-l + 7_% + ﬂ(Ay)BN:
2

AxAyH, iJ-1

(3.26)
from (3.24) — (3.25), we write in matrix form, we will have



[1+8  -p
-B 1+28 -8

—'ﬂ 1+.2,B -B
i - 1+p]

m+% m+% m+%
aH 1+ (1- Za)Hi_, + osz_I

1
m

m+% 3 +E
ozHi_,'2 +(1 —20{)H,._2 +a

m+% m+—;-
aH, 3, +(1~- 20‘)H1,J-z +a

¥

fori=1,2,3,-.-,I-1

]
H;:x;l
Hm+l
iJ-2
LHG
Qim
cr—p(ay)5,
AxAyH,, ?
1 i
H,3+7 %‘l‘
AxAyH,, ?
s on
Hol,+y —_l‘”?
AxAyH, | %

]
AxAyH, 1,1—21

1 1 1 m
aH,_ % +(1-20)H, % +aH, 5, + y——gét'—— +B(Ay) B,

(3.27)

|

20
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3.3 Forward time central space explicit method (FTCS)

Using the central difference method with space and using forward
difference method with time on equation (2.2), we have '
OH _H, -2H,+H

i+l,j

T B
O*H N H,':’j_l —ZH;f’j +H;'."j+1
o’ ’ (Ay)2 ’
oH Hi-H

ot Ay,
T

K AxAyH, ,

(3.28)
Substituting (3.28) into (2.2), we get

S Ht”;” —Hi',nj =K HZIJ —2H1"n/ +Hi':l,j + Hi’:,j—l _2Hfm/ +Hl:nj+l + Qi',n/
At (Ax)’ (&) AxAyH?,’

(3.29)
letting
Pl (an)K
(&x)'s’
At)K
77 == ( )2 b
(ay)s
PEL
T
(3.30)
Divide through byA% , we will have
] m K At m m m K At m m m At
Hi,j l "Hi,j =#A)C)-)§-(Hi—l.j _2Hi,j +Hl+1.j)+ S((Ay))z (Hi,j~1 _2Hi.j +Hl,j+l)+( )
(3.31)

forl<i<I-land 1< j<J-1at >0, and by rearranging, we obtain

m+ m m m m m m m Q':I
=Y -_~Hi,j+§(HMJ—2Hi‘j+H1_l'j)+77(H,,j+,—ZH,J+H,J_1)+co —=L |
AxAy o

(3.32)

S AxtyH]
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3.4 Backward time central space implicit method (BTCS)

Using the central difference method with space and using forward
difference method with time on equation (2.2), we can obtain

2 m+] m+] m+]
0°H - Hi-—l,j—ZHl,j +Hi+l,j

2 2 ?
O (4x)
OH _ HW =2H + H)
6}12 (Ay)Z ?
?EzH"T"H:f
ot At/
PVikj =% Qi'j m ?
: AxAyH”,
(3.33)
Substituting (3.33) into (2.2), we get
| B HE | _ || By 2R v HE | [ HL = 2HE A HE Y O
Ar (8] (@) Ay
(3.34)
Divide through by—g; , we will have
K (At K (At At Y
iy -, = S o1 gt )+ ) (ot o ()
T \\ By, © s () : S AxbyH],
L (3.35) ~
etting -
At)K
TS
(Ax)"s
A
LS
(ay)'s
&
P s’
(3.36)

fori<i</-land 1< j<J~l1at >0, and by rearranging, we obtain

-H -c ——AXA;;{ —=aH"}, +aH +bH""\ +bH" —(1+2a+2c)H"}',
(3.37)



CHAPTER 1V
Numerical Experiment

4.1Numerical Experiment

A transient groundwater flow model provide hydraulic head profile. The
application of the numerical simulations of a transient groundwater flow
model is tested using the hypothetical examples. The hypothetical example
has homogeneous aquifer parameters as grid spacing, Ax=Ay = 50m., number
of grid spacing, I=J=49, hydraulic conductivity, K =15m/day, storage
capacity, S=1m"and time step, Ar=1day

Examplel. We consider pump wells which pump water up from the
groundwater only. Given boundary conditions and pumping well as;

Table 1:Boundary conditions and pumping well of Example 1

By B B, By O 9, 0, Q4

—0.005 | 0.005 | —0.005 | 0.005 | —216m’/ day ~324m’ I day | —432m® / day | —-540m® / day




&

&

oH

2400m. — =8,
én

2400m.

7471

&n

Figure2: Domain and boundary of Example 1

Table 2: Hydraulic Head (metre) H(x,y) of FTCS techniqﬁe, Ax = Ay =50m. and

24

At =1 day

x\y 400 600 800 1000 1200 1400 1600 1800 2000 2200

400 | 14.7417 | 14.7728 | 14.8365 | 14.8790 | 14.8884 | 14.8692 | 14.8054 | 14.7187 | 14.7105 | 14.5694
600 | 14.7728 | 14.3846 | 14.8676 | 14.9452 | 14.9591 | 14.9314 | 14.8137 | 14.0848 | 14.7187 | 14.6313
800 | 14.8364 | 14.8674 | 14.9311 | 14.9737 | 14.9831 | 14.9639 | 14.9002 | 14.8135 | 14.8053 | 14.6642
1000 | 14.8780 | 14.9440 | 14.9728 | 14.9889 | 14.9930 | 14.9851 | 14.9631 | 14.9302 | 14.8682 | 14.6860
1200 | 14.8831 | 14.9523 | 14.9779 | 14.9908 | 14.9949.| 14.9908 | 14.9781 | 14.9525 | 14.8833 | 14.6920
1400 | 14.8475 | 14.9010 | 14.9424 | 14.9764 | 14.9886 | 14.9804 | 14.9529 | 14.9159 | 14.8581 | 14.6816
1600 | 14.7395 | 14.6989 | 14.8345 | 14.9416 | 14.9729 | 14.9520 | 14.8679 | 14.7574 | 14.7731 | 14.6529
1800 | 14.6037 | 13.4422 | 14.6988 | 14.8999 | 14.9457 | 14.9147 | 14.7573 | 13.7712 | 14.6624 | 14.6155
2000 | 14.6443 | 14.6037 | 14.7393 | 14.8466 | 14.8781 | 14.8571 | 14.7729 | 14.6624 | 14.6781 | 14.5581
2200 | 14.5463 | 14.5991 | 14.6412 | 14.6765 | 14.6894 | 14.6811 | 14.6529 | 14.6155 | 14.5581 | 14.3822
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i X drection

Figure3: The surface grap'h of hydraulic head (FTCS technique)

Figured4: The contour graph of Hydraulic Head (FTCS technique)
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Figure7: The contour graph of Hydraulic Head (FTCS technique)

The approximation of the hydraulic head from the FTCS technique is shown
in Tables 4. Three-dimensional representation of hydraulic head can be seen
in Fig.6. This figure shows the level of hydraulic heads over the solution
domain. Each contour of Fig.7 indicates the various levels of hydraulic
heads. The contours of FTCS numerical model can be seen in Fig.6-7.



Figurel0: The contour graph of Hydraulic Head (FTCS technique)
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The approximation of the hydraulic head from the FTCS technique is shown
in Tables 6. Three-dimensional representation of hydraulic head can be seen
in Fig.9. This- figure shows the level of hydraulic heads over the solution
domain. Each contour of Fig.10 indicates the various levels of hydraulic
heads. The contours of FTCS numerical model can be seen in Fig.9-10.

Table 7: Hydraulic Head (meter) H(x,y) of BTCS technique, Ax =Ay =50m.and

At =1 day

x\y 400 600 800 1000 1200 1400 1?00 1800 2000 22007
400 | 14.7417 | 14.7730 | 14.8373 | 14.8807 | 14.8905 | 14.8709 | 14.8063 | 14.7189 | 14.7105 | 14.5693
600 | 14.7730 | 14.3860 | 14.8719 | 14.9544 | 14.9711 | 14.9406 | 14.8180 | 14.0861 | 14.7189 | 14.6312
800 | 14.8372 | 14.8717 | 14.9465 | 15.0105 | 15.0346 | 15.0008 | 14.9156 | 14.8179 | 14.8061 | 14.6642
1000 | 14.8797 | 14.9532 1'5.0097 15.0982 | 15.1820 | 15.0944 | 15.0000 | 14.9394 | 14.8699 | 14.6861
1200 | 14.8853 | 14.9643 | 15.0294 | 15.1797 | 15.5399 | 15.1798 | 15.0296 | 14.9645 | 14.8854 | 14.6923
1400 | 14.8492 | 14.9103 | 14.9793 | 15.0857 | 15.1776 | 15.0897 | 14.9898 | 14.9251 | 14.8598 | 14.6817
1600 | 14.7403 | 14.7033 | 14.8499 | 14.9785 | 15.0244 | 14.9889 | 14.8833 | 14.7618 | 14.7739 | 14.6530 |
1800 | 14.6039 | 13.4436 | 14.7031 | 14.9091 | 14.9577 | 14.9239 | 14.7616 | 13.7727 | 14.6627 | 14.6154
2000 | 14.6443 | 14.6039 | 14.7402 | 14.8483 | 14.8802 | 14.8588 | 14.7738 | 14.6626 | 14.6781 | 14.5579
2200 | 14.5462 | 14.5990 | 14.6412 | 14.6766 | 14.6896 | 14.6812 | 14.6529 | 14.6154 | 14.5579 | 14.3821
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Figurel2: The contour graph of Hydraulic Head (BTCS technique)

The approximation of the hydraulic head from the BTCS technique is shown
in Tables 7. Three-dimensional representation of hydraulic head can be seen
in Fig.11. This figure shows the level of hydraulic heads over the solution
domain. Each contour of Fig.12 indicates the various levels of hydraulic
heads. The contours of BTCS numerical model can be seen in Fig.11-12,



Table 8: Hydraulic Head (metre) H(x,y) of ADEM technique, Ax = Ay =50m.and

34

At =1 day
x\y 400 600 800 1000 1200 1400 1600 1800 2000 2200
400 | 14.3603 | 14.4655 | 14.5900 | 14.6701 | 14.6884 | 14.6476 | 14.5355 | 14.3827 | 14.3031 | 14.1040
600 | 14.4649 | 14.1472 | 14.7060 | 14.8319 | 14.8595 | 14.8042 | 14.6262 | 13.8101 | 14.3821 | 14.2378
800 | 14.5875 | 14.7038 | 14.8517 | 14.9656 | 15.0042 14.9444‘ 14.7997 | 14.6241 | 14.5331 | 14.3295
« 1000 | 14.6617 | 14.8230 | 14.9593 | 15.1055 | 15.2085 | 15.0956 | 14.9384 14.7958 14.6396 | 14.3879
: 1200 | 14.6651 | 14.8333 | 14.9829 | 15.1973 | 15.4841 15.1.978 14,9838 | 14.8344 | 14.6661 | 14.4032
1400 | 14.5908 | 14.7354 | 14.8902 | 15.0660 | 15.1866 | 15.0771 | 14.9137 | 14.7662 | 14.6158 | 14.3728
| 1600 | 14.4156 | 14.4508 | 14.6831 | 14.8842 | 14.9625 | 14.9075 | 14.7405 | 14.5391 | 14.4757 | 14.2988
; 1800 | 14.2035 | 13.0772 | 14.4486 | 14.7270 | 14.8082 | 14.7574 | 14.5369 1 13.4534 | 14.2950 | 14.1985
© 2000 | 14.1798 | 14.2030 | 14.4132 | 14.5828 | 14.6428 1‘4.6075 14.4732 | 14.2945 | 14.2428 | 14.0709
2200 | 14.0361 | 14.1567 | 14.2644 | 14.3502 | 14.3858 | 14.3660 | 14.2966 | 14.1979 | 14.0708 | 13.8381

S oa Sl

,;’,
47
IPrgt

y - direction

Il,

P
&S

SRS
5SS I K55
2 avsdosoley 22

SSSAA LSS

direction

Figurel3: The surface graph of hydraulic head (ADEM technique)




Figureld: The contour graph of Hydraulic Head (ADEM technique)
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The approximation of the hydraulic head from the ADEM technique is
shown in Tables 8. Three-dimensional representation of hydraulic head can
be seen in Fig.13. This figure shows the level of hydraulic heads over the
solution domain. Each contour of Fig.14 indicates the various levels of
hydraulic heads. The contours of ADEM numerical model can be seen in
Fig.13-14.

Table 9: Hydraulic Head (meter) H(x, y) of ADIM technique, Ax = Ay =50m.and

At =1 day
x\y 400 600 800 1000 1200 1400 1600 1800 | 2000 2200
400 | 14.7417 | 14.7735 | 14.8379 | 14.8812 | 14.8911 | 14.8715 | 14.8068 | 14.7194 | 14,7105 | 14.5682
600 | 14.7726 | 14.3860 | 14.8720 | 14.9545 | 14.9713 | 14.9408 | 14.8181 | 14.0861 | 14.7185 | 14.6298
800 | 14.8367 | 14.8716 | 14.9465 | 15.0106 | 15.0346 | 15.0009 | 14.9156 | 14.8178 | 14.8056 | 14.6626
1000 | 14.8792 | 14.9531 | 15.0096 | 15.0982 | 15.1820 | 15.0944 | 15.0000 | 14.9393 | 14.8694 | 14.6845
1200 | 14.8848 | 14.9642 | 15.0294 | 15.1797 | 15.5392 | 15.1798 | 15.0296 | 14.9644 | 14.8849 | 14.6906
1400 | 14.8487 | 14.9101 | 14.9793 | 15.0857 | 15.1776 | 15.0897 | 14.9898 | 14.9250 | 14.8593 | 14.6801
1600 | 14.7398 | 14.7031 | 14.8499 | 14.9785 | 15.0244 | 14.9889 | 14.8833 | 14.7617 | 14.7734 | 14.6514
1800 | 14.6035 | 13.4436 | 14.7032 | 14.9092 | 14.9578 | 14.9241 | 14.7617 | 13.7727 | 14.6623 | 14.6139
2000 | 14.6443 | 14,6043 | 14.7407 | 14.8489 | 14.8808 | 14.8594 | 14.7743 | 14.6631 | 14.6781 | 14.5569
2200 | 14.5473 | 14.6006 | 14.6429 | 14.6784 | 14.6914 | 14.6829 | 14.6546 | 14.6170 | 14.5591 | 14.3822
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Figurel6: The contour graph of Hydraulic Head (ADIM technique)

The approximation of the hydraulic head from the ADIM technique is shown
in Tables 8. Three-dimensional representation of hydraulic head can be seen
in Fig.15. This figure shows the level of hydraulic heads over the solution
domain. Each contour of Fig.16 indicates the various levels of hydraulic
heads. The contours of ADIM numerical model can be seen in Fig.15-16.
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Figure 19: The variation of hydraulic head at x=1800m.and y = 600‘m. (FTCS
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Variation of groundwater table at any node becomes steady-state as the time
increases. Fig.17-21. Show the variation of groundwater table where the time
indicator is changed from 1t03600.
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Figure 23: The cross-sectional line of hydraulic head at y =600m. if derivatives of
boundary conditions are varied.
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Figure 25: The cross-sectional line of hydraulic head at y =1800m. if derivatives of

boundary conditions are varied.
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Table 10: The stability of solution that obtained by FTCS, BTCS, ADEM and ADIM
scheme.

Ax | Ay | At FTCS | BTCS | ADEM | ADIM
150 | stable | stable | stable | stable
155 | stable | stable | stable | stable
160 | stable | stable | stable | stable
100 | 100 | 165 | unstable | stable | stable | stable
170 | unstable | stable | stable | stable
175 | unstable | stable | stable | stable
180 | unstable | stable | stable | stable




CHAPTERYV
Discussion and Conclusion

In this research, the applications are divided into three case. The case 1, we
consider pump wells which pump water up from the groundwater only. The
case 2, we consider pump wells which pump water up from the groundwater
and pump water down the groundwater simultaneously. The case 3, we
consider same the case 2 but pump water down the groundwater six month
and stop pump down the groundwater six month every year. We can see in
the case 3, it is corresponding with real-world problem.

The groundwater model is used in the problem. The FTCS, BTCS, ADEM
and ADIM technique are used to approximate model. The calculated results
give the hydraulic head profile. The easiest technique to calculate are FTCS
and ADEM respectively. The most error result is result from ADEM
technique.

The approximation of the hydraulic head from the FTCS, BTCS, ADEM and
ADIM technique are shown in Table 3-6.respectively. It can be conclude
that stability requirements is one of the disadvantage of the technique. The
real-world problem require a small amount of time interval in obtaining
accurate solutions. In Table 7, we can see that the FTCS scheme is not good
agreement for real application. The BTCS, ADEM and ADIM have an
advantage over compare FTCS. It is unconditionally stable.



10.

11.

12.

REFERENCES ’

. J. Holden, Water Resources An integrate approach, Routledge, 2 Park Square,

Milton Park, Abingdon, Oxon, OX14 4RN.

Trescott PC, Larson SP .Solution of three-dimensional groundwater flow
equations using the strongly implicit procedure. J Hydrol 1977;35:49-60.
McDonald MG, Harbough AW. A modular three-dimensional finite difference
groundwaterflow model. US GeolSurv Tech Water Resour Invest
1988;Book6(Chapter A1):586.

Wang PP, Chunmaio Z. An efficient approach for successively perturbated
groundwater models.Adv Water Resour 1988;21(6):499-508.

Bakker M. Simulating groundwater flow in multi-aquifer systems with
analytical and numerical Dupuit-models. J Hydrol 1999;222(1-4);55-64.
France PW. Finite element analysis of three-dimensional groundwater flow
problems. J Hydrol 1974;21:381-389.

Grupta SK, Cole CR, Pinder GF. A finite element three-dimensional
groundwater (FE3DGW) model for a multiaquifer system. Water Resour Res
1984;20(5):553-63.

Li H, Yang QA. Least-squares penalty method algorithm for inverse problems
of stedy-state aquifer models.Adv Water Res 2000;23(8):867-80.

Mazzia A, Putti M. Mixed-finite element and finite volume discretization for
heavy brine simulations in groundwater. J Comp App! Math 2002;147(1):191-
213.

Anderson MP, Bair ES. The power of spreadsheet models MODFLOW 2001
and other modeling odysseys proceedings, international ground water
modeling center, Colorado School of Mines 2001 p.815-822.

Karahan H, Ayavaz MT. Transient groundwater modeling using spreadsheets.
Advances in Engineering Software 2005;(36):374-384.

A.R. Mitchell, Computational Methods in Partial Differential Equations, John
Wiley & Sons, London, UK, 1969.



unANIBNlASunIsRaUTULasinIAsal sTndng
N1559a9ANNA



ICMSA2015

aUTNAIARARS
P ICMSA2015 00 (2009) 000-000

www.icmsa2015 kmitl.ac.th

Thé 11th IMT-GT International Conference on Mathematics, Statistics and Its Applications 2015
Mathematical Simulation of a Groundwater Management in a
Drought Area Using an Implicit Finite Difference Method

Nattawoot Pongnoo®°*, Nopparat Pochai*>*
g

*Department of Mathematics, Faculty of Science, King Mongkut's Institute of TechnologyLadkrabang, Bangkok 10520, Thailand
Centre of Excellence in Mathematics, CHE Si Ayutthaya Rd. Bangkok 10400, Thailand

[3

Abstract

Ther groundwater management is required to solve the problem of lack water resources in many drought areas for agricuitural
usage. In this study, we propose a groundwater flow model and a groundwater management model that provide the pumping rates
and the injection rates respectively. The groundwater model is providing the hydraulic head that gives the groundwater level. The
implicit finite difference method is used to approximate the groundwater flow directions. The objective of groundwater flow
management model is the minimum cost of injection rates. These are then subjected to optimal management of the water
injection stations to achieve minimum cost. The numerical experiments are also given.

Keywords: groundwater management; groundwater model; implicit method

B

1. Introduction

Groundwater modeling is a powerful tool for water resources management, groundwater protection and
remediation. The models are decided by maker to predict the behavior of a groundwater system prior to
im}nlementation of a remediation plan. The significance of the utilization of water resources continues to grow due to
the increasing require of water for irrigation as well as drinking, agriculture, commercial and industrial proposes.
Although, the amount of groundwater resources have been decaying due population growth, uncontrolled and
unplanned urbanization, industrialization, and agricultural activities. Hence, the sustainable management planning
myst be developed for the groundwater systems. The management planning have to limited in the case of legal well
drilling and limited-pumpings. On the other hand, the partial differential equations governing the system is solved
by. model. The groundwater medel are solved by analytical and numerical solution techniques. Analytical methods is
not suitable application to require much data and their application is limited to simple problem. Numerical methods
can solve more complex problem than analytical solutions. Now, rapid development of computer processors and
increasing speed, numerical modeling has become tools more effective an easy to use. The finite difference method

v
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]
and the finite element are most tools used numerical modeling approaches. Each method has its advantages and
limitations. Selecting numerical modeling approach depend on the problem of concern and the objectives of
modeling. Most of groundwater modeling has the aquifer systems with the heterogeneous structure. In the case of
the steady-state groundwater model solutions can be obtained by the simply basic techniques. On the other hand, the
case of transient ground water model is solved by the advanced techniques due to the difficult in terms of time
diménsion in the governing equations. Theoretical solution of the governing equation of groundwater model need
general assumptions such as ideal solution domains and homogeneous geometries.

3

I

Groundwater models can be simple, analytical solutions of one-dimensional is like solutions of spreadsheet
models [1], for very complicated three-dimensional models. It is always introduced to start with a simple model, as
long as the model concept satisfies modeling objectives, and then the model complex can be increased [2]. The finite
difference [3-5] and finite elements [6-8] methods are the most popular numerical solution techniques. A
simulation/optimization model is proposed for the identification of unknown groundwater well locations and
pumping rates for two-dimensions and model is combined with genetic algorithm based optimization model [9].. A
useful spreadsheet for two and three dimensional steady-state and transient groundwater numerical simulation is
proposed in [10].

In this research, the objective of groundwater flow management model is the minimum cost of injection rates.
These are then subjected to optimal management of the water injection stations to achieve minimum cost. The
nutherical experiments are also given.

2. The governing equation of groundwater steady-flow model

Mathematical model are all based on the water balance principle. Combine the mass balance equation and Darcy’s
law produce the governing equation for groundwater flow. The general equation that governs two-dimensional
groundwater steady-flow in isotropic, homogeneous porous media is [11],

’°H O'H

P + P =0. (1)
where H is hydraulic head (metre). We will consider source and sink term, from equation (1), we obtain,
2 2
a}21+612{+W=O, )
Ox oy

where W is sinks and/or source (1/day). The boundary condition are specified, 0<x <L and 0<y< M where
L, M are constant,

o _

5 B, at0<x<L and y=M, (3)
n

OoH

—=2B; at0<x<L and y=0, (4)

on

H=B, atx=0 and 0 y< M, ()
¥

H=B, atx=0 and 0<y< M . (6)

and given pumping well point each,

o 0(ny)=0 for i=1,2,3,.... . (7)
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in order to solve (2) in domain [0, L] X [0, M] .

3. Nlimerical technique implicit finite difference method

The groundwater steady-flow not depend on time, then the implicit finite difference method is used to solve
groundwater model, including it is appropriate with problem in form linear system and it’s easy to combine with
groundwater management model.

Taking the central difference scheme in space into each terms of equation (2), then
OH H._;-2H +H
o ()
OH H,, ,-2H  +H,

i+l,j (8)

ij+l
~ ©)
o’ (Ay)2 .
W, =t 9 (10)
o AxAyH,
Substituting Eq.(8) - (10) into Eq.(2), forl<i</-land 1< j<J -1,
—(2a+2b)H,,+aH,_,  +aH,,  +bH, +bH,  =-W, . (11)
B
i
where g = —1; and g = ~.For i=1and j=1, substituting the approximate unknown value of the bottom
(4x) (&)
boundary by H,, = H,;,
~(2a+b)H,, +aH,, +bH,, = -W,, —aB,. . (12)

Fot 1<i<I-1 and j=1, substituting the approximate unknown value of the bottom boundary by H,, = H,,,

~(2a+b)H,, +aH,_,, +aH,

i+l,1

+bH,, =W, . (13)

For i=1I-1 and j=1, substituting the approximate unknown value of the bottom boundary by H, ,, = H,_,,,

3

~(2a+b)H,_,, +aH, , +bH,  , = -W,  ~aB,. (14)

Fori=land 1<j<J-1,

—(2a+2b)H, , +aH, ; +bH,, +bH, ;,, = -W,  ~aB,. (15)
Fori=I-1and l<j<J-1,
—(2a+2b)H,,,+aH, , ;+bH,  , ,+bH,_ ., =-W,_, ~aB;. (16)

For i=1 and j=J -1, substituting the approximate unknown value of the top boundary by H, , = H, , ,,
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~(2a+b)H,,_, +aH,,  +bH, , ,=-W,,_ —aB,. (17)
For 1<i<I-1 and j=J~1, substituting the approximate unknown value of the top boundary by H, , = H,,_,,
—(2a + b) HI,.I—I + aHl-—I,./—l + aHi+l,J-l + bHi,J—Z = _VVi,J—l' (18)
For i=I-1 and j=J -1, substituting the approximate unknown value of the top boundary by H,_, , = H,_, , ,,
~(2a+ bYH, o +aH o, +bH, =W, —aB,. (19)

The equations (11) — (19) can be written in matrix form as follow,

AH = B. (20)
where
(4, 4 ] [-(2a+b) a 1
A A, A4 a —(2a+b) a
A= , A= - h
A, A, 4 a —(2a+b) a
i 4, A4 | i a -(2a+ b)_
——(2a+ 2b) a 1 (b )
a —(2a + 2b) a b
A4 = \ y/ - ,
a —(2a + 2b) a b
i a —(2a+ 2b) i b
| "Wl,l 2 an -
‘Wz_l
_Wl-z,l
~W, ., —aBy
i Hl,l | '"Wl,z iy aBW
i Hy, :
H=| i |, B=| W,
1-2,J-1 . '
Hi W) 12— 0B
"Wl,J-l —aB,
—WZ,J—I
"Wl-z.J-x
__Wl—l,.l-l —aB; J

-~
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4. Groundwater management model

The objective function C is cost of pumping wells in the systems, so
¥

c=3wo. 1)

where m is the number of pumping wells point, W, is cost of pumping wells each point (Bath/ m) and Q, is injection
rate (m*/day). The constraint are

H <Hg, (22)

where H,is monitoring point for measuring water requirement and Hg.is the standard water requirement each
point. The upper bound of injection rate is

' 020 (23)

the lower bound of injection rate is

Q2O (24)
and!the monitoring point and injection rate are non-negative, that is

H,0 =20. (25)

whére O and O are the lower and upper bounds respectively of the injection rate each point. The optimal
control problem is solved by the simplex method.

S. Numerical experiment

We consider the land area width 2400 m and length 2400 m which is between two rivers. The area is meshed by 100
grids points with grid space is 240 m. The boundary conditions of the area is specified Eqs.(3)-(6) where B, =0,
B, =0, B, =20and B; =19. The four pumping wells is pumping the water from the ground. The pumping wells

have the lower injection rates, upper injection rates and the cost of pumping wells as table 1. There are eight
monitoring point for measuring water requirement. The monitoring point have the standard water requirement each
point as table 2.

Table 1. The injection rates and the cost of each pumping wells.

! Q1440 m480 m) Q480 m,720m) Q(1680m,1440m) Q(720 m,1680 m)

Lower 165 m*/day 175 m*/day 180 m*/day 190 m*/day
Upper 250 m*/day 230 m%/day 300 m*/day 270 m®/day
Cost 1.5 Bath/ m® 1.9 Bath/ m® 1.8 Bath/ m? 1.6 Bath/ m®
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Table 2. The standard water requirement (SWR) each monitoring point.

Positions  (240,240)  (960,480)  (1920,720) (720,1200) (1200,1200) (240,1440) (1200,1920) (1920,1920)
SWR 22 metre 23 metre 24 metre 24 metre 25 metre 23 metre 25 metre 24 metre
P
3
og
[ J:3
oH,
og, o5,
L ¥ e,
oG
oH,
o0
o5, ®op,
Fig. 1. Simulation of groundwater management .

!

Fig. 2. The surface graph before optimal control of cost.

Y-

Fig. 3. The contour graph and direction flow before optimal control of cost.
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Table 3. Table of the hydraulic head before optimal control of cost.

y\x 0 240 480 720 960 1200 1440 1680 1920 2160 2400
0 200000 19.9000 19.8000 19,7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
240 20,0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
480 20,0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
720 200000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000 19.0000
960 200000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
1200 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
1440 20,0000 19.9000 19.8000 19,7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
1680  20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
1920 20,0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
2160 20,0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000 19.3000 19.2000 19.1000  19.0000
2400 20.0000 19.9000 19.8000 19.7000 19.6000 19.5000 19.4000  19.3000 19.2000 19.1000  19.0000

Fig. 5. The contour graph and direction flow after optimal control of cost.
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Table 4. Table of the hydraulic head after optimal control of cost.

T 0 240 480 720 960 1200 1440 1680 1920 2160 2400

U0 000000 224668 246064 259931 269362 275723 277052 259609 237603 214090 190000
240 200000 224668 24.6064 259931 269362 27.5723 277052 25.9609 237603 21.4090  19.0000
480 200000 227940 253593 264366 27.2432 28.0755 295824 264172 239110 214667  19.0000
720 200000 233498 27.6001 271510 27.5245 27.9041 27.8818 262143 24.0000 21.5467 19.0000
960 50,0000 23.0050 257905 27.0426 27.7999 28.1345 27.8265 26.5582 243280 21.7200  19.0000
1200 550000 22.8798 255142 27.4202 284979 29.0074 28.7315 27.8639 25.0340 22.0051 19,0000
1440 20,0000 23.0000 259574 28.6619 297552 30.6658 302281 31.1318 259390 222665 19.0000
1680 500000 23.1628 26.6534 315058 31.1952 33.6724 303834 28.5222 253236 22.1220  19.0000
1920 500000 229979 259875 287726 29.8473 304711 291111 27.2499 247114 21.8977  19.0000
2160 500000 228414 25.5262 277496 289502 202537 283398 26,6547 243745 217574  19.0000
2400

‘ 20.0000 22.8414 25.5262 27.7496 28.9502 29.2537 28.3398 26.6547 24.3745 21.7574 19.0000

Table 5. The optimal injection rates of minimum cost in the systems,

Q1440 m480m) Q480 m,720 m)  Q(1680 m,1440 m)  Q(720 m,1680 m)
Injection rate 165 m*/day 175 m*/day 239.48 m¥/day 214.81 m¥/day

6. Conclusion

We have established the groundwater management model, the first, we will measure hydraulic head from the
groindwater steady-flow model by using implicit finite difference method. it can be obtain the system of linear
equation. We bring the system of linear equation to construct groundwater management model for investigate the
optimal least cost of the water injection in system which it is under condition. Although the water requirement and
the injection cost of each monitoring point are unequal for difference struction, we will obtain the amount of
groundwater follow water requirement of each monitoring point.
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