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ABSTRACT 

  

          The research project aims to make a further development on operator theory 

concerning various kinds of products and sums of bounded linear operators on a Hilbert space. 

We investigate properties of the Tracy-Singh product of the operators involving various kinds of 

geometric means. We consider properties of the Khatri-Rao product of the operators in terms of 

analysis and relations to selection operators. We extend the notions of the Tracy-Singh sum and 

the Khatri-Rao sum for matrices to the Tracy-Singh sum and the Khatri-Rao sum for the 

operators. Moreover, we investigate algebraic, order, and analytic properties of the Tracy-Singh 

sum and the Khatri-Rao sum. The results in this project show that the products and the sums of 

operators are compatible with algebraic operations, order relations, and topologies for 

operators. 
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CHAPTER 1

Introduction

1.1 Research motivation

Motivated from computer science and statistics, a rectangular matrix is a two-

dimensional array for collecting data. To produce a new data, we can use a

variety of matrix products, e.g. ordinary product, Hadamard product, Kronecker

product, Tracy-Singh product, and Khatri-Rao product. Each type of product is

suitable for particular problems occured in science, engineering, economics, etc.

One of the most important products is the Kronecker product, which has a

rich and very pleasing algebra that supports a wide range of applications. These

applications include signal processing, image processing, semidefinite program-

ming, quantum computing, system identification, and other special fields. The

Tracy-Singh product is a generalization of the Kronecker product in a block form.

From mathematical point of view, the concept of the Kronecker product of ma-

trices can be extended to the tensor product of bounded linear operators on a

Hilbert space. Tensor products were investigated by many mathematicians from

algebraic, order, structure, and analytical point of views.

Recently, the notions of Tracy-Singh product and Khatri-Rao product for ma-

trices are extended to those for bounded linear operators on a complex Hilbert

space. Algebraic, order, and analytic properties for Tracy-Singh products and

Khatri-Rao products are also investigated.

This research is devoted to sustaining the theory of Tracy-Singh products and

Khatri-Rao products. We investigate further properties of these products con-

cerning inequalities, convexity, and geometric means. Then, we propose a natural

definition of the Tracy-Singh sum and the Khatri-Rao sum for bounded linear op-

erators acting on Hilbert spaces. We investigate algebraic, order, structure, and

analytical properties of this kind of operator sum. Certain operator inequalities

concerning the Tracy-Singh sum and the Khatri-Rao sum are also established.
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1.2 Objectives

In this research, we develop further theory of Hilbert space operators as follows.

1. Investigate further properties of Tracy-Singh products and Khatri-Rao prod-

ucts concerning inequalities, convexity, and Moore-Penrose inverses.

2. Investigate relationship between Tracy-Singh products and Khatri-Rao prod-

ucts concerning various kinds of geometric means.

3. Provide a natural definition of the Tracy-Singh sum for Hilbert space oper-

ators and investigate its algebraic, order, structure, and analytic properties.

4. Provide a natural definition of the Khatri-Rao sum for Hilbert space opera-

tors and investigate its algebraic, order, structure, and analytic properties.

5. Establish operator inequalities concerning Tracy-Singh sums and Khatri-

Rao sums.

1.3 Scopes

• All Hilbert spaces are over the complex numbers, assumed to be separable,

and of finite or infinite dimensional.

• All operators are assumed to be linear and bounded.

• Geometric means considered here are the metric geometric mean, the spec-

tral geometric mean, the Sagae-Tanabe metric geometric mean, and their

weighted versions.

• Operator inequalities considered here are in the sense of positive-semidefinite

ordering for Hermitian operators.

1.4 Research methodology

Step 1. Study advanced topics in operator theory, operator algebra, operator

inequalities, and operator means from textbooks.

Step 2. Review literature results about Tracy-Singh product and Khatri-Rao

product for matrices in the following details:

This material is reserved for educational use only, not allowed for commercial use. 
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• algebraic properties

• order properties

• operator inequalities

• relations between Tracy-Singh product and Khatri-Rao product.

Step 3. Review literature results about Tracy-Singh product and Khatri-Rao

product for operators acting on a Hilbert space in the following details:

• algebraic properties

• order properties

• analytic properties

• operator inequalities

• relations between Tracy-Singh product and Khatri-Rao product.

Step 4. Investigate relations between the Tracy-Singh product of operators and

the following geometric means:

• weighted metric geometric means

• weighted spectral geometric means

• Sagae-Tanabe metric geometric mean.

Then introduce Sagae-Tanabe spectral geometric mean and investigate its rela-

tions with the Tracy- Singh product.

Step 5. Establish operator inequalities involving Tracy-Singh products, Khatri-

Rao products, and weighted Pythagorean means:

• weighted arithmetic means

• weighted harmonic means

• weighted (metric) geometric means.

Step 6. Introduce the Tracy-Singh sum for operators on a Hilbert space, and

investigate the following properties:
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• relations with algebraic operations for operators, such as, the addition, the

scalar multiplication, the usual multiplication, the adjoint, and the direct

sum

• relations with operator orderings, including monotonicity, positivity, and

strict positivity

• analytic properties, including norm bounds, continuity, and convergence.

Step 7. Introduce the Khatri-Rao sum for operators on a Hilbert space, and

investigate the following properties:

• relations with algebraic operations for operators, such as, the addition, the

scalar multiplication, the usual multiplication, the adjoint, and the direct

sum

• relations with operator orderings, including monotonicity, positivity, and

strict positivity

• analytic properties, including norm bounds, continuity, and convergence.

Step 8. Establish certain operator inequalities involving Khatri-Rao sums and

Moore-Penrose inverses.

In Step 4- Step 8, we use the software Mathematica for computing Tracy-Singh

products, Khatri-Rao products, Tracy-Singh sums, Khatri-Rao sums, norms, Moore-

Penrose inverses, matrix decompositions, and functions of matrices. To write

research papers, we use mathematical typesetting software called Latex.
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CHAPTER 2

Tracy-Singh Products and Geometric

Means for Operators

In this chapter, we investigate relationship between metric/spectral/Sagae-Tanabe

geometric means for several positive operators and Tracy-Singh products in terms

of identities and inequalities. In particular, we obtain various generalizations

of arithmetic-geometric-harmonic means inequality and its reverse. Moreover, we

introduce the weighted Sagae-Tanabe spectral geometric mean for several positive

operators and deduce its properties related to Tracy-Singh products.

2.1 Introduction

It is well known that the tensor product (or Kronecker product) plays a funda-

mental role in linear algebra, functional analysis and related fields. Nowadays,

theory of tensor products of operators is still developing, see [49] for instance.

Recently, the authors of [31] introduced the Tracy-Singh product of operators

which generalizes both tensor products of operators and Tracy-Singh products of

complex matrices [40].

On the other hand, geometric means of positive definite matrices arise natu-

rally in several areas of pure and applied mathematics. There are at least two

types of geometric means. The first one is the metric geometric mean, introduced

by Ando [3]. Recall that the set of n-by-n positive definite matrices is a Rieman-

nian manifold, in which the Riemannian metric between two matrices A and B is

given by

δ(A,B) = ∥logA− 1
2BA− 1

2∥2,

here, ∥·∥2 denotes the Frobenius norm. The metric geometric mean A#B is indeed

the unique metric midpoint of the geodesic line containing A and B (see, e.g., [21]).

The second one is the spectral geometric mean ♮, introduced by Fiedler and Pták

[16]. In fact, the square of A♮B is similar to the product AB, and in particular,This material is reserved for educational use only, not allowed for commercial use. 
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its eigenvalues coincide with the positive square roots of the eigenvalues of AB.

See more information about metric/spectral geometric means in [4, 22] and [10,

Chapters 4 and 6].

These two kinds of geometric means can be extended to multiple matrices by

iterative processes, see e.g. [5]). Another such iterative geometric mean is the

Sagae-Tanabe geometric mean, introduced in [37]. One of the most interesting

properties of geometric means is the arithmetic-geometric-harmonic means (AM-

GM-HM) inequalities. Indeed, the AM-GM-HM inequality concerning the metric

geometric mean was established in [4]. Another version concerning the Sagae-

Tanabe geometric mean were discussed in [37, 1].

The Kronecker product of matrices turns out to be compatible with the metric

geometric mean in the sense that

(A#B)⊗ (C#D) = (A⊗ C)#(B ⊗D) (2.1)

for positive semidefinite matrices A,B,C,D of appropriate sizes (see [4]). Of

course, the similar result for the spectral geometric mean is also true ([5]). Moore-

over, Kilicman and Al Zhour [5] discussed relations between Tracy-Singh products

and metric geometric means, spectral geometric means, and Sagae-Tanabe geo-

metric means of several positive definite matrices.

In this paper, we develop further theory for geometric means of Hilbert space

operators. We investigate relationship between metric/spectral/Sagae-Tanabe ge-

ometric means and Tracy-Singh products in terms of operator identities and in-

equalities. In particular, we obtain various generalizations of the property (2.1)

and the AM-GM-HM inequality and its reverse. Moreover, we introduce the

weighted Sagae-Tanabe spectral geometric mean for several positive operators

and deduce its properties related to Tracy-Singh products.

This chapter is organized as follows. Section 2.2 consists of prerequisites on

Tracy-Singh and Khatri-Rao products for Hilbert space operators. In Section 2.3,

we establish certain identities and inequalities between metric geometric means

and Tracy-Singh products of several positive operators. Sections 2.4 and 2.5

deal with spectral geometric means and Sagae-Tanabe metric geometric means,

respectively. In Section 2.6, we define the weighted Sagae-Tanabe spectral ge-

ometric mean for several positive operators and prove certain results related to

Tracy-Singh products.
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2.2 Preliminaries

Throughout this paper, let H and K be complex separable Hilbert spaces. When

X and Y are Hilbert spaces, denote by B(X,Y ) the Banach space of bounded

linear operators from X into Y , and abbreviate B(X,X) to B(X). For Hermitian

operators A,B ∈ B(H), the notation A > B means that A − B is a positive

operator, while A > 0 indicates that A is positive and invertible.

The projection theorem for Hilbert spaces allows us to decompose

H =
m⊕
i=1

Hi, K =
n⊕

l=1

Kk

where all Hi and Kk are Hilbert spaces. Each operator A ∈ B(H) and B ∈ B(K)

thus can be expressed uniquely as operator matrices

A = [Aij]
m,m
i,j=1 and B = [Bkl]

n,n
k,l=1

where Aij ∈ B(Hj,Hi) and Bkl ∈ B(Kl,Kk) for each i, j = 1, . . . ,m and k, l =

1, . . . , n.

Definition 2.1. Let A = [Aij]
m,m
i,j=1 ∈ B(H) and B = [Bkl]

n,n
k,l=1 ∈ B(K) be operator

matrices defined as above. The Tracy-Singh product of A and B is defined to be

the operator matrix

A⊠B =
[
[Aij ⊗Bkl]kl

]
ij
, (2.2)

which is a bounded linear operator from
⊕m,n

i,k=1Hi ⊗Kk into itself.

Note that if m = n = 1, the Tracy-Singh product A⊠B reduces to the tensor

product A⊗B.

Lemma 2.2 ([31, 32]). Let A,C ∈ B(H) and B,D ∈ B(K) be compatible operator

matrices.

(i) The Tracy-Singh product is compatible with the usual product in the sense

that

(A⊠B)(C ⊠D) = AC ⊠BD.

(ii) If A,B > 0, then (A⊠B)α = Aα ⊠Bα for any real number α.

(iii) If A,B > 0, then A⊠B > 0.This material is reserved for educational use only, not allowed for commercial use. 
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(iv) If A,B > 0, then A⊠B > 0.

(v) If A > C > 0 and B > D > 0, then A⊠B > C ⊠D.

The notion of Khstri-Rao product for operators was introduced in [33].

Definition 2.3. Let A = [Aij]
m,m
i,j=1 ∈ B(H) and B = [Bij]

m,m
i,j=1 ∈ B(K) be operator

matrices. The Khatri-Rao product of A and B is defined to be

A � B = [Aij ⊗Bij]
m,m
i,j=1 (2.3)

as a bounded linear operator from
⊕m

i=1Hi ⊗Ki into itself.

Note that if m = 1, then A � B = A⊗ B. We set ⊠1
i=1Ai = A1 = �1

i=1Ai.

For r ∈ N−{1} and a finite number of operator matrices Ai ∈ B(Hi) (i = 1, . . . , r),

denote
r

⊠
i=1

Ai = ((A1 ⊠ A2)⊠ · · ·⊠ Ar−1)⊠ Ar,

r�
i=1

Ai = ((A1 � A2) � · · · � Ar−1) � Ar.

Lemma 2.4 ([33]). Let r ∈ N− {1}. There exists an isometry Z such that

r�
i=1

Ai = Z∗

(
r

⊠
i=1

Ai

)
Z (2.4)

for any Ai ∈ B(Hi), i = 1, . . . , r.

2.3 Metric geometric mean

In this section, we establish certain operator identities and inequalities involving

metric geometric means and Tracy-Singh products. First of all, we recall some

background about metric geometric means.

The metric geometric mean for matrices/operators was firstly defined by Ando

[3]:

A#B = A1/2(A−1/2BA−1/2)1/2A1/2, A,B > 0. (2.5)

This formula comes from two natural requirements. First, it should coincide with

the usual geometric mean for positive real numbers: A#B = (AB)1/2 provided

that AB = BA. The second condition is the congruent invariance

T ∗(A#B)T = (T ∗AT )# (T ∗BT )This material is reserved for educational use only, not allowed for commercial use. 
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for any invertible T ∈ B(H). Now, consider positive invertible operators A and B

in B(H) and let w ∈ [0, 1]. The w-weighted geometric mean of A and B is defined

by

A#wB = A1/2(A−1/2BA−1/2)wA1/2.

For arbitrary positive operators A and B, we define the w-weighted geometric

mean of A and B to be

A#wB = lim
ε→0+

(A+ εI)#w(B + εI).

Here, the limit is taken in the strong-operator topology. For briefly, we write

A#B for A#1/2B.

Theorem 2.1. Let A1, A2, B1 and B2 be positive operators in B(H) and w ∈ [0, 1].

Then

(A1#wA2)⊠ (B1#wB2) = (A1 ⊠B1)#w(A2 ⊠B2), (2.6)

(A1#wA2) � (B1#wB2) 6 (A1 � B1)#w(A2 � B2). (2.7)

Proof. First, consider the case A1, A2, B1, B2 > 0. By using Lemma 2.2, we get

(A1 ⊠B1)#w(A2 ⊠B2)

= (A1 ⊠B1)
1/2
[
(A1 ⊠B1)

−1/2(A2 ⊠B2)(A1 ⊠B1)
−1/2

]w
(A1 ⊠B1)

1/2

=
(
A

1/2
1 ⊠B

1/2
1

) [(
A

−1/2
1 ⊠B

−1/2
1

)
(A2 ⊠B2)

(
A

−1/2
1 ⊠B

−1/2
1

)]w (
A

1/2
1 ⊠B

1/2
1

)
=
(
A

1/2
1 ⊠B

1/2
1

) [(
A

−1/2
1 A2A

−1/2
1

)
⊠
(
B

−1/2
1 B2B

−1/2
1

)]w (
A

1/2
1 ⊠B

1/2
1

)
=
(
A

1/2
1 ⊠B

1/2
1

) [(
A

−1/2
1 A2A

−1/2
1

)w
⊠
(
B

−1/2
1 B2B

−1/2
1

)w] (
A

1/2
1 ⊠B

1/2
1

)
=
[
A

1/2
1

(
A

−1/2
1 A2A

−1/2
1

)w
A

1/2
1

]
⊠
[
B1/2

(
B

−1/2
1 B2B

−1/2
1

)w
B

1/2
1

]
= (A1#wA2)⊠ (B1#wB2).

Ando’s result [4] states that if Φ is a positive linear map, then for all A,B > 0,

Φ(A#wB) 6 Φ(A)#wΦ(B). (2.8)

By applying Lemma 2.4 and inequality (2.8), we have

(A1#wA2) � (B1#wB2) = Z∗ [(A1#wA2)⊠ (B1#wB2)]Z

= Z∗ [(A1 ⊠ A2)#w(A2 ⊠B2)]Z

6 [Z∗(A1 ⊠B1)Z]#w[Z
∗(A2 ⊠B2)Z]

= (A1 � B1)#w(A2 � B2).This material is reserved for educational use only, not allowed for commercial use. 
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For arbitrary A1, A2, B1, B2 > 0, perturb each of them with εI and then take limit

as ε → 0+.

Corollary 2.5. Let r ∈ N and w ∈ [0, 1]. For each 1 6 i 6 r, let Ai, Bi ∈ B(H)

be positive operators. Then

r

⊠
i=1

(Ai#wBi) =

(
r

⊠
i=1

Ai

)
#w

(
r

⊠
i=1

Bi

)
. (2.9)

Proof. The proof is by induction on r.

In [5], Kilicman and Al Zhour invesigated weighted metric geometric means of

any finite number of positive definite matrices. Now, we will extend this geometric

mean to the case of finite number of positive operators.

Definition 2.6. Let r ∈ N−{1}. For each 1 6 i 6 r, let Ai ∈ B(H) be a positive

operator. Let αi ∈ [0, 1] for each 1 6 i 6 r − 1 and denote α = (α1, . . . , αr−1).

We define

Gα1(A1, A2) = A2 #α1 A1.

Now continue recurrently, setting

Gα(A1, . . . , Ar) = Gαr−1(Gα̃(A1, . . . , Ar−1), Ar)

where α̃ = (α1, . . . , αr−2). We call Gα(A1, . . . , Ar) the iterative α-weighted metric

geometric mean of A1, . . . , Ar.

The next two results asserts the compatibility between Tracy-Singh products

and iterative weighted metric geometric means.

Theorem 2.2. Let r ∈ N−{1}. For each 1 6 i 6 r, let Ai, Bi ∈ B(H) be positive

operators. Let αi ∈ [0, 1] for each 1 6 i 6 r − 1. Then

Gα(A1 ⊠B1, . . . , Ar ⊠Br) = Gα(A1, . . . , Ar)⊠ Gα(B1, . . . , Br) (2.10)

Proof. We use induction on r. By continuity, we may assume that Ai, Bi > 0 for

all i = 1, . . . , r. When r = 2, we have by Proposition 2.1 that

Gα(A1 ⊠B1, A2 ⊠B2) = (A2 ⊠B2)#α(A1 ⊠B1)

= (A2#αA1)⊠ (B2#αB1)

= Gα(A1, A2)⊠ Gα(B1, B2)This material is reserved for educational use only, not allowed for commercial use. 
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where α ∈ [0, 1]. This gives the claim when r = 2. Suppose that the property

(2.10) holds for r − 1 (r > 3). Let α = (α1, . . . , αr−1) and α̃ = (α1, . . . , αr−2)

where αi ∈ [0, 1] for any 1 6 i 6 r − 1. Using Theorem 2.1, we have

Gα(A1 ⊠B1, . . . , Ar ⊠Br)

= Gαr−1 (Gα̃(A1 ⊠B1, . . . , Ar−1 ⊠Br−1), Ar ⊠Br)

= Gαr−1 (Gα̃(A1, . . . , Ar−1)⊠ Gα̃(B1, . . . , Br−1), Ar ⊠Br)

= Gαr−1 (Gα̃(A1, . . . , Ar−1), Ar)⊠ Gαr−1 (Gα̃(B1, . . . , Br−1), Br)

= Gα(A1, . . . , Ar)⊠ Gα(B1, . . . , Br).

Corollary 2.7. Let r ∈ N − {1} and s ∈ N. For each 1 6 i 6 r, 1 6 j 6 s, let

Aij ∈ B(H) be a positive operator. Let αi ∈ [0, 1] for each 1 6 i 6 r − 1. Then

Gα

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)
=

s

⊠
j=1

Gα(A1j, . . . , Arj). (2.11)

The Thompson metric [41] on the open convex cone of positive invertible

operators is defined for each A,B > 0 by

d(A,B) = max{logM(A/B), logM(B/A)},

where M(A/B) = inf{λ > 0 : A 6 λB}. The diameter of {A1, . . . , Ar} with

respect to the Thompson metric d is defined by

△(A1, . . . , Ar) = max{d(Ai, Aj) : 1 6 i, j 6 r}.

Lemma 2.8. Let r ∈ N − {1}. Let Ai for each 1 6 i 6 r and B be positive

invertible operators on H. Let αi ∈ [0, 1] for each 1 6 i 6 r − 1. Then

d(Gα(A1, . . . , Ar), B) 6 △(A1, . . . , Ar, B). (2.12)

Proof. See [1, Proposition 3.1].

The next result is a generalization of inequality (2.12).

Proposition 2.9. Let r ∈ N − {1} and s ∈ N. For each 1 6 i 6 r, 1 6 j 6 s,

let Aij, Bj ∈ B(H) be positive invertible operators. Let αi ∈ [0, 1] for each 1 6 i 6
r − 1. Then

d

(
s

⊠
j=1

Gα(A1j, . . . , Arj),
s

⊠
j=1

Bj

)
6 △

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj,
s

⊠
j=1

Bj

)
. (2.13)

Proof. This proposition follows from Lemma 2.8 and Corollary 2.7.This material is reserved for educational use only, not allowed for commercial use. 
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2.4 Spectral geometric mean

Recall that for positive definite matrices A and B of the same size, its spectral

geometric mean [16] is defined by

A♮B = (A−1#B)
1
2A(A−1#B)

1
2 .

Now, let A and B be positive invertible operators in B(H) and w ∈ [0, 1]. The

w-weighted spectral geometric mean of A and B is defined by

A♮wB = (A−1#B)wA(A−1#B)w.

For arbitrary positive operators A and B, we define the w-weighted spectral geo-

metric mean of A and B to be

A♮wB = lim
ε→0+

(A+ εI)♮w(B + εI).

Theorem 2.3. Let A1, A2, B1 and B2 be positive operators in B(H). Then

(A1 ⊠B1)♮w(A2 ⊠B2) = (A1♮wA2)⊠ (B1♮wB2). (2.14)

Proof. By continuity, we may assume that A1, A2, B1, B2 > 0. It follows from

Lemma 2.2 and Proposition 2.1 that

(A1⊠B1)♮w(A2 ⊠B2)

=
[
(A1 ⊠B1)

−1#(A2 ⊠B2)
]w

(A1 ⊠B1)
[
(A1 ⊠B1)

−1#(A2 ⊠B2)
]w

=
[
(A−1

1 ⊠B−1
1 )#(A2 ⊠B2)

]w
(A1 ⊠B1)

[
(A−1

1 ⊠B−1
1 )#(A2 ⊠B2)

]w
=
[
(A−1

1 #A2)⊠ (B−1
1 #B2)

]w
(A1 ⊠B1)

[
(A−1

1 #A2)⊠ (B−1
1 #B2)

]w
=
[
(A−1

1 #A2)
w ⊠ (B−1

1 #B2)
w
]
(A1 ⊠B1)

[
(A−1

1 #A2)
w ⊠ (B−1

1 #B2)
w
]

=
[
(A−1

1 #A2)
wA1(A

−1
1 #A2)

w
]
⊠
[
(B−1

1 #B2)
wB1(B

−1
1 #B2)

w
]

= (A1♮wA2)⊠ (B1♮wB2).

Corollary 2.10. Let r ∈ N − {1} and w ∈ [0, 1]. For each 1 6 i 6 r, let

Ai, Bi ∈ B(H) be positive operators. Then(
r

⊠
i=1

Ai

)
♮w

(
r

⊠
i=1

Bi

)
=

r

⊠
i=1

(Ai♮wBi). (2.15)

This material is reserved for educational use only, not allowed for commercial use. 
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Proof. The proof is by induction on r. We have that the property (2.15) holds for

r = 2 by Lemma 2.3. Suppose that the property (2.15) holds for r − 1 (r > 3).

By using Lemma 2.3, we get(
r

⊠
i=1

Ai

)
♮w

(
r

⊠
i=1

Bi

)
=

[(
r−1

⊠
i=1

Ai

)
⊠ Ar

]
♮w

[(
r−1

⊠
i=1

Bi

)
⊠Br

]

=

[(
r−1

⊠
i=1

Ai

)
♮w

(
r−1

⊠
i=1

Bi

)]
⊠ (Ar♮wBr)

=

(
r−1

⊠
i=1

(Ai♮wBi)

)
⊠ (Ar♮wBr)

=
r

⊠
i=1

(Ai♮wBi).

In [5], Kilicman and Al Zhour studied weighted spectral geometric means

of any finite number of positive definite matrices and proved several properties

related to Tracy-Singh products. Now, we will extend this geometric mean to the

case of any finite number of positive operators.

Definition 2.11. Let r ∈ N−{1}. For each 1 6 i 6 r, let Ai ∈ B(H) be positive

operators. Let αi ∈ [0, 1] for each 1 6 i 6 r − 1. We define

Gsp
α1
(A1, A2) = A1♮α1A2.

Now continue recurrently, setting for each r > 3,

Gsp
α (A1, . . . , Ar) = Gsp

αr−1
(Gsp

α̃ (A1, . . . , Ar−1), Ar)

where α̃ = (α1, . . . , αr−2). We call Gsp
α (A1, . . . , Ar) the iterated α-weighted spectral

geometric mean of A1, . . . , Ar.

From Definition 2.11, we can rewrite (2.15) in Corollary 2.10 to be

Gsp
α

(
r

⊠
i=1

Ai,
r

⊠
i=1

Bi

)
=

r

⊠
i=1

Gsp
α (Ai, Bi)

where α = w.

Corollary 2.12. Let r ∈ N−{1}. Let Ai and Bi be compatible positive operators

in B(H) for each i = 1, . . . , r. Then

Gsp
α (A1 ⊠B1, . . . , Ar ⊠Br) = Gsp

α (A1, . . . , Ar)⊠ Gsp
α (B1, . . . , Br). (2.16)This material is reserved for educational use only, not allowed for commercial use. 
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Proof. The proof is by induction on r. By Theorem 2.3, we have that the property

(2.16) is true for r = 2. Suppose that the property (2.16) is true for r − 1. By

Theorem 2.3, we obtain

Gsp
α (A1 ⊠B1, . . . , Ar ⊠Br)

= Gsp
αr−1

(Gsp
α̃ (A1 ⊠B1, . . . , Ar−1 ⊠Br−1), Ar ⊠Br)

= Gsp
αr−1

(Gsp
α̃ (A1, . . . , Ar−1)⊠ Gsp

α̃ (B1, . . . , Br−1), Ar ⊠Br)

= Gsp
αr−1

(Gsp
α̃ (A1, . . . , Ar−1), Ar)⊠ Gsp

αr−1
(Gsp

α̃ (B1, . . . , Br−1), Br)

= Gsp
α (A1, . . . , Ar)⊠ Gsp

α (B1, . . . , Br).

Corollary 2.13. Let r ∈ N − {1} and s ∈ N. Let Aij ∈ B(H) be a positive

invertible operator for each i = 1, . . . , r, j = 1, . . . , s. Then

Gsp
α

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
=

s

⊠
j=1

Gsp
α (A1j, . . . , Arj). (2.17)

Proof. The proof is by induction on s.

2.5 Sagae-Tanabe metric geometric mean

Let r ∈ N − {1}. For each 1 6 i 6 r, let Ai ∈ B(H) be a positive invertible

operator. Let t = (t1, . . . , tr) where ti ∈ [0, 1] for each 1 6 i 6 r and
∑r

i=1 ti = 1.

The weighted arithmetic and harmonic means of A1, . . . , Ar are defined by

At(A1, . . . .Ar) =
r∑

i=1

tiAi,

Ht(A1, . . . .Ar) =

(
r∑

i=1

tiA
−1
i

)−1

.

Sagae and Tanabe [37] proposed weighted geometric means of severable positive

definite matrices as follows.

Definition 2.14. Let A and B be positive invertible operators in B(H) and let

v = (v1, v2) where v1, v2 ∈ [0, 1] and v1 + v2 = 1. We define

Gv(A,B) = A#αB

where α = 1−v2. Let r ∈ N−{1}. For each 1 6 i 6 r, let Ai ∈ B(H) be a positive

invertible operator. Let t = (t1, . . . , tr) where ti ∈ [0, 1] for each 1 6 i 6 r andThis material is reserved for educational use only, not allowed for commercial use. 
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∑r
i=1 ti = 1. For each 1 6 i 6 r − 1, let

αi = 1− (ti+1/

i+1∑
j=1

tj).

The Sagae-Tanabe weighted geometric mean of A1, . . . , Ar is defined by

Gt(A1, . . . .Ar) = Gαr−1(Gt̃(A1, . . . , Ar−1), Ar)

where Gt̃(A1, . . . , Ar−1) is the Sagae-Tanabe weighted geometric mean ofA1, . . . , Ar−1

with weighted t̃ = (t̃1, . . . , t̃r−1) where t̃i = ti/
∑r−1

j=1 tj for each 1 6 i 6 r − 1.

Note that

Gt(A1, . . . , Ar) = Gα(A1, . . . , Ar)

where Gα(A1, . . . , Ar) is the weighted metric geometric mean of A1, . . . , Ar in

Definition 2.6 with weight α = (α1, . . . , αr−1).

Theorem 2.4. Let r ∈ N − {1} and s ∈ N. For each 1 6 i 6 r, 1 6 j 6 s, let

Aij ∈ B(H) be a positive invertible operator. Let t = (t1, . . . , tr) where ti ∈ [0, 1]

for each 1 6 i 6 r and
∑r

i=1 ti = 1. Then

Gt

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
=

s

⊠
j=1

Gt(A1j, . . . , Arj). (2.18)

Proof. Let αi = 1 − (ti+1/
∑i+1

j=1 tj) for each 1 6 i 6 r − 1 and denote α =

(α1, . . . , αr−1). By Definition 2.14, we have

Gt(A11 ⊠ A12, . . . , Ar1 ⊠ Ar2) = Gα(A11 ⊠ A12, . . . , Arj ⊠Brj).

Applying Theorem 2.2, we obtain

Gα(A11 ⊠ A12, . . . , Arj ⊠Brj) = Gα(A11, . . . , Ar1)⊠ Gα(A12, . . . , Ar2).

This implies that

Gt(A11 ⊠ A12, . . . , Ar1 ⊠ Ar2) = Gt(A11, . . . , Ar1)⊠ Gt(A12, . . . , Ar2).

We get the result by using induction on s.

Lemma 2.15. Let r ∈ N− {1}. For each 1 6 i 6 r, let Ai ∈ B(H) be a positive

invertible operator and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i = 1, . . . , r and∑r
i=1 ti = 1. Then

Ht(A1, . . . .Ar) 6 Gt(A1, . . . .Ar) 6 At(A1, . . . , Ar). (2.19)This material is reserved for educational use only, not allowed for commercial use. 
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Proof. See [1, Proposition 2.4].

We extend [5, Theorem 4.6] to AM-GM-HM inequalities involving Tracy-Singh

product of positive invertible operators as in the next two results.

Corollary 2.16. Let r ∈ N − {1} and s ∈ N. For each 1 6 i 6 r, 1 6 j 6 s,

let Aij ∈ B(H) be a positive invertible operator and let t = (t1, . . . , tr) where

ti ∈ [0, 1] for i = 1, . . . , r and
∑r

i=1 ti = 1. Then

s

⊠
j=1

Ht(A1j, . . . , Arj) 6 Gt

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
6

s

⊠
j=1

At(A1j, . . . , Arj).

(2.20)

Proof. Lemma 2.15 tells us that

Ht(A1j, . . . , Arj) 6 Gt (A1j, . . . , Arj) 6 At(A1j, . . . , Arj)

for each 1 6 j 6 s. By using Lemma 2.2, we get

s

⊠
j=1

Ht(A1j, . . . , Arj) 6
s

⊠
j=1

Gt (A1j, . . . , Arj) 6
s

⊠
j=1

At(A1j, . . . , Arj).

Applying Theorem 2.4, we obtain

s

⊠
j=1

Gt(A1j, . . . , Arj) = Gt

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)

and the inequality (2.20) follows.

Corollary 2.17. Let r ∈ N − {1} and s ∈ N. For each 1 6 i 6 r, 1 6 j 6 s,

let Aij ∈ B(H) be a positive invertible operator and let t = (t1, . . . , tr) where

ti ∈ [0, 1] for i = 1, . . . , r and
∑r

i=1 ti = 1. Then

Ht

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)
6

s

⊠
j=1

Gt(A1j, . . . , Arj) 6 At

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)
.

(2.21)

Proof. It follows directly from the AM-GM-HM inequality (2.19) and Theorem

2.4.

We now turn to the AM-GM-HM inequality involving Khatri-Rao products.

This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 2.18. Let Aij ∈ B(H) (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i = 1, . . . , r

and
∑r

i=1 ti = 1. Then

s�
j=1

Ht(A1j, . . . , Arj) 6
s�

j=1

Gt(A1j, . . . , Arj) 6 At

(
s�

j=1

A1j, . . . ,
s�

j=1

Arj

)
.

(2.22)

Proof. We have by Lemmas 2.4 and 2.15 that

s�
j=1

Ht(A1j, . . . , Arj) = Z∗

(
s

⊠
j=1

Ht(A1j, . . . , Arj)

)
Z

6 Z∗

(
s

⊠
j=1

Gt(A1j, . . . , Arj)

)
Z

=
s�

j=1

Gt(A1j, . . . , Arj).

Using Lemma 2.4, we get

Z∗

[
At

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)]
Z

= Z∗

[
r∑

i=1

ti

(
s

⊠
j=1

Aij

)]
Z =

r∑
i=1

ti

[
Z∗

(
s

⊠
j=1

Aij

)
Z

]

=
r∑

i=1

ti

(
s�

j=1

Aij

)
= At

(
s�

j=1

A1j, . . . ,

s�
j=1

Arj

)
.

Applying Lemma 2.4 and Corollary 2.17, we obtain

s�
j=1

Gt(A1j, . . . , Arj) = Z∗

(
s

⊠
j=1

Gt(A1j, . . . , Arj)

)
Z

6 Z∗

[
At

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)]
Z

= At

(
s�

j=1

A1j, . . . ,

s�
j=1

Arj

)
.

The next result is a generalization of Lemma 2.8.

Proposition 2.19. Let Aij and Bj (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i = 1, . . . , rThis material is reserved for educational use only, not allowed for commercial use. 
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and
∑r

i=1 ti = 1. Then

d

(
s

⊠
j=1

Gt(A1j, . . . , Arj),
s

⊠
j=1

Bj

)
6 △

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj,

s

⊠
j=1

Bj

)
. (2.23)

Proof. The desire result follows from Lemma 2.8 and Corollary 2.7.

For h, x > 1, the (generalized) Specht ratio is defined by

Sh(x) =
(hx − 1)hx(hx−1)−1

e log hx
for h ̸= 1 and S1(x) = 1.

We denote Sh(1) by Sh. See [1, 17] for more information. The next result is

a reverse version of AM-GM-HM inequality involving Tracy-Singh products via

Specht ratio.

Proposition 2.20. Let Aij (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible positive

invertible operators and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i = 1, . . . , r and∑r
i=1 ti = 1. Then

At

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
6 Sr−1

h ·

(
s

⊠
j=1

Gt(A1j, . . . , Arj)

)
(2.24)

where h = e△(⊠
s
j=1A1j ,...,⊠s

j=1Arj).

Proof. By using Lemma 2.8 and Corollary 2.7, we get the result.

Lemma 2.21. Let Ai ∈ B(H) (1 6 i 6 r, r > 2) be positive invertible operators

and ti (1 6 i 6 r) be real numbers such that t1 > 0, ti < 0 (2 6 i 6 r) and∑r
i=1 ti = 1. Then

At(A1, . . . , Ar) 6 Gt(A1, . . . , Ar). (2.25)

If
∑r

i=1 tiA
−1
i > 0, then

Gt(A1, . . . , Ar) 6 Ht(A1, . . . , Ar). (2.26)

Proof. The proof is similar to the case of matrices, given in [2, Theorem 2.1].

We now obtain reverse AM-GM-HM inequalities involving Tracy-Singh prod-

ucts as follows.
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Theorem 2.5. Let Aij ∈ B(H) (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and ti (1 6 i 6 r) be real numbers such that t1 >

0, ti < 0 (2 6 i 6 r) and
∑r

i=1 ti = 1. Then

s

⊠
j=1

At(A1j, . . . , Arj) 6 Gt

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)
. (2.27)

If Ht(A1j, . . . , Arj) > 0 for all j = 1, . . . , s, then

Gt

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
6

s

⊠
j=1

Ht(A1j, . . . , Arj). (2.28)

Proof. It follows from Lemma 2.21 that

At(A1j, . . . , Arj) 6 Gt (A1j, . . . , Arj) 6 Ht(A1j, . . . , Arj)

for each j = 1, . . . , s. Since At(A1j, . . . , Arj) > 0 for all j = 1, . . . , s, we have by

Lemmas 2.2 and 2.21 that

Gt

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
=

s

⊠
j=1

Gt (A1j, . . . , Arj) >
s

⊠
j=1

At(A1j, . . . , Arj).

Since Ht(A1j, . . . , Arj) > 0 for all j = 1, . . . , s, we obtain by Lemma 2.2 that

s

⊠
j=1

Ht(A1j, . . . , Arj) > 0.

The proof is complete by applying Lemma 2.21 and Corollary 2.4.

Theorem 2.6. Let Aij ∈ B(H) (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and ti (1 6 i 6 r) be real numbers such that t1 >

0, ti < 0 (2 6 i 6 r) and
∑r

i=1 ti = 1. Then

At

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
6

s

⊠
j=1

Gt(A1j, . . . , Ars). (2.29)

If Ht

(
⊠s

j=1 A1j, . . . ,⊠s
j=1Arj

)
> 0, then

s

⊠
j=1

Gt(A1j, . . . , Ars) 6 Ht

(
s

⊠
j=1

A1j, . . . ,
s

⊠
j=1

Arj

)
. (2.30)

Proof. By applying Lemma 2.21 and Corollary 2.4, we get the results.This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 2.22. Let Aij ∈ B(H) (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and ti (1 6 i 6 r) be real numbers such that t1 >

0, ti < 0 (2 6 i 6 r) and
∑r

i=1 ti = 1. Then

At

(
s�

j=1

A1j, . . . ,
s�

j=1

Arj

)
6

s�
j=1

Gt(A1j, . . . , Arj) 6
s�

j=1

Ht(A1j, . . . , Arj).

(2.31)

Proof. This result is a direct consequence of Theorem 2.6 and Lemmas 2.4 and

2.15.

2.6 Sagae-Tanabe spectral geometric mean

We introduce the following definition:

Definition 2.23. Let r ∈ N−{1}. For each 1 6 i 6 r, let Ai ∈ B(H) be a positive

invertible operator. Let t = (t1, . . . , tr) where ti ∈ [0, 1] for each 1 6 i 6 r and∑r
i=1 ti = 1. Let αi = 1−(ti+1/

∑i+1
j=1 tj) for each 1 6 i 6 r−1. The Sagae-Tanabe

spectral geometric mean of A1, . . . , Ar is defined by

Gsp
t (A1, . . . , Ar) = Gsp

α (A1, . . . , Ar)

where α = (α1, . . . , αr−1).

Proposition 2.24. Let Ai and Bi (1 6 i 6 r, r > 2) be compatible positive

operators in B(H) and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i = 1, . . . , r− 1 and∑r
i=1 ti = 1. Then

Gsp
t (A1 ⊠B1, . . . , Ar ⊠Br) = Gsp

t (A1, . . . , Ar)⊠ Gsp
t (B1, . . . , Br) (2.32)

Gsp
t

(
r

⊠
i=1

Ai,
r

⊠
i=1

Bi

)
=

r

⊠
i=1

Gsp
t (Ai, Bi). (2.33)

Proof. Let αi = 1 − (ti+1/
∑i+1

j=1 tj) for each 1 6 i 6 r − 1 and denote α =

(α1, . . . , αr−1). By Definition 2.23, we have

Gsp
t (A1 ⊠B1, . . . , Ar ⊠Br) = Gsp

α (A1 ⊠B1, . . . , Ar ⊠Br)

Gsp
t

(
r

⊠
i=1

Ai,

r

⊠
i=1

Bi

)
= Gsp

α

(
r

⊠
i=1

Ai,

r

⊠
i=1

Bi

)
.

By Corollary 2.12, we get (2.32). Applying Corollary 2.10, we obtain (2.33).This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 2.25. Let Aij ∈ B(H) (1 6 i 6 r, 1 6 j 6 s, r > 2) be compatible

positive invertible operators and let t = (t1, . . . , tr) where ti ∈ [0, 1] for i =

1, . . . , r − 1 and
∑r

i=1 ti = 1. Then

Gsp
t

(
s

⊠
j=1

A1j, . . . ,

s

⊠
j=1

Arj

)
=

s

⊠
j=1

Gsp
t (A1j, . . . , Arj). (2.34)

Proof. From (2.32), we have

Gsp
t (A11 ⊠ A12, . . . , Ar1 ⊠ Ar2) = Gsp

t (A11, . . . , Ar1)⊠ Gsp
t (A(12), . . . , Ar2).

We obtain (2.34) by induction on s.

2.7 Conclusion

Several relations between metric/spectral/Sagae-Tanabe geometric means for sev-

eral positive operators and Tracy-Singh products are established in terms of

identities and inequalities. In particular, we obtain noncommutative arithmetic-

geometric-harmonic means inequalities and their reverses. Moreover, we define the

weighted Sagae-Tanabe spectral geometric mean for several positive operators and

deduce its properties related to Tracy-Singh products.
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CHAPTER 3

Khatri-Rao Products for Hilbert Space

Operators

In this chapter, we introduce the notion of Khatri-Rao product for operator matri-

ces acting on the direct sum of Hilbert spaces. This notion generalizes both tensor

product for operators and Tracy-Singh product for complex matrices. We inves-

tigate algebraic and order properties of this kind of operator product. Moreover,

Khatri-Rao product is related to Tracy-Singh product via an isometry.

3.1 Introduction

In matrix theory, there are many kinds of matrix products which are of interest

in both theory and applications, such as Kronecker product, Hadamard product,

and Khatri-Rao product. Denote by Mm,n(C) the set of m-by-n complex matrices

and abbreviate Mn,n(C) to Mn(C). Recall that for A = [aij] ∈ Mm,n(C) and

B = [bij] ∈ Mm,n(C), the Hadamard product of A and B is defined by the

entrywise product

A⊙B = [aijbij] ∈ Mm,n(C).

The Kronecker product of A = [aij] ∈ Mm,n(C) and B ∈ Mp,q(C) is given by

A⊗K B = [aijB]ij ∈ Mmp,nq(C). (3.1)

One of the most attractive properties of this product is the mixed product prop-

erty:

(A⊗B)(C ⊗D) = AC ⊗BD (3.2)

for all A ∈ Mm,n(C), B ∈ Mp,q(C), C ∈ Mn,r(C) and D ∈ Mq,s(C). Khatri and

Rao [19] defined the Khatri-Rao product of partitioned matrices as follows. Let

A and B be complex matrices partitioned so that their (i, j)th block are given byThis material is reserved for educational use only, not allowed for commercial use. 
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Aij and Bij for each i = 1, 2, . . . ,m and j = 1, 2, . . . , n (the sizes of Aij and Bij

may be different). Then the Khatri-Rao product of A and B is defined by

A �K B = [Aij ⊗K Bij]ij . (3.3)

Note that if A and B are non-partitioned (that is, each of only one block), then

their Khatri-Rao product is just their Kronecker product. If A and B are en-

trywise partitioned (that is, each block is a 1 × 1 matrix), then their Khatri-

Rao product is just their Hadamard product. Interesting algebraic, order and

topological properties of this product were studied in the literature; see, e.g.,

[13, 15, 18, 24, 25, 45, 47]. Their applications go to statistics, computer science

and related fields, e.g., [23, 36].

The tensor product of Hilbert space operators can be viewed as a natural

extension of the Kronecker product to infinite-dimensional setting. Let H,H′,K
and K′ are complex Hilbert spaces. Recall that the tensor product of A ∈ B(H,H′)

and B ∈ B(K,K′) is the unique bounded linear operator from H⊗K into H′⊗K′

such that

(A⊗B)(x⊗ y) = Ax⊗By (3.4)

for all x ∈ H and y ∈ K.

In this chapter, we generalize the tensor product for operators to the Khatri-

Rao product of operator matrices acting on the direct sum of Hilbert space in a

natural way. It turns out that this operator product is compatible with algebraic

operations and order relations for operators. Our results generalize the results

known so far in the literature for both Khatri-Rao products of matrices and tensor

products of operators.

This paper is organized as follows. In the next section, we provide some pre-

liminaries results about Tracy-Singh products for operator matrices. Then, in

Section 3.3, we introduce the Khatri-Rao product for operator matrices and de-

duce its algebraic. Section 3.4 discusses positivity and order properties of Khatri-

Rao product. In the last section, we investigate relationship between Khatri-Rao

product and Tracy-Singh product.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



24

3.2 Preliminaries on Tracy-Singh products for operator

matrices

Throughout, let H, H′, K and K′ be complex separable Hilbert spaces. When X
and Y are Hilbert spaces, denote by B(X ,Y) the Banach space of bounded linear

operators from X into Y , and abbreviate B(X ,X ) to B(X ). Let

H =
n⊕

j=1

Hj, H′ =
m⊕
i=1

H′
i, K =

q⊕
l=1

Kl, K′ =

p⊕
k=1

K′
k

where each Hj,H′
i,Kl,K′

k are Hilbert spaces. For each j = 1, . . . , n, let Mj be

the canonical embedding from Hj into H. Similarly, let Nl be the canonical

embedding from Kl into K for each l = 1, . . . , q. For each i = 1, . . . ,m, let Pi be

the orthogonal projection from H′ onto H′
i. Similarly, let Qk be the orthogonal

projection from K′ onto K′
k for k = 1, . . . , p. Each operator A ∈ B(H,H′) thus

can be represented uniquely as an operator matrix

A = [Aij]
m,n
i,j=1

where Aij = PiAMj ∈ B(Hj,H′
i) for each i = 1, . . . ,m and j = 1, . . . , n. Similarly,

an operator B in B(K,K′) can be written uniquely as

B = [Bkl]
p,q
k,l=1

where Bkl = QkBNl ∈ B(Kl,K′
k) for each k = 1, . . . , p and l = 1, . . . , q.

Definition 3.1. Let A = [Aij]
m,n
i,j=1 ∈ B(H,H′) and B = [Bkl]

p,q
k,l=1 ∈ B(K,K′)

be operator matrices. We define the Tracy-Singh product of A and B to be the

operator matrix

A⊠B =
[
[Aij ⊗Bkl]kl

]
ij

(3.5)

which is a bounded linear operator from
⊕n,q

j,l=1Hj ⊗Kl to
⊕m,p

i,k=1H′
i ⊗K′

k.

Lemma 3.2 ([31]). Let A ∈ B(H,H′) and B,C ∈ B(K,K′) be operator matrices.

Then

(A⊠B)∗ = A∗ ⊠B∗, (3.6)

A⊠ (B + C) = A⊠B + A⊠ C, (3.7)

(B + C)⊠ A = B ⊠ A+ C ⊠ A. (3.8)This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 3.3 ([31]). Let H,H′,H′′,K,K′ and K′′ be complex Hilbert spaces. Let

A = [Aij]
m,n
i,j=1 ∈ B(H′,H′′), B = [Bkl]

p,q
k,l=1 ∈ B(K′,K′′), C = [Cij]

n,r
i,j=1 ∈ B(H,H′)

and D = [Dkl]
q,s
k,l=1 ∈ B(K,K′). Then

(A⊠B)(C ⊠D) = AC ⊠BD. (3.9)

We call (3.9) the mixed product property.

Lemma 3.4 ([31]). If A ∈ B(H) and B ∈ B(K) are invertible, then A ⊠ B is

invertible and

(A⊠B)−1 = A−1 ⊠B−1. (3.10)

Lemma 3.5 ([31]). Let A ∈ B(H) and B ∈ B(K). If A,B > 0, then A⊠B > 0.

3.3 Compatibility of Khatri-Rao products to operator op-

erations

From now on, the following orthogonal decompositions of Hilbert spaces are fixed:

H =
n⊕

j=1

Hj, H′ =
m⊕
i=1

H′
i, K =

n⊕
j=1

Kj, K′ =
m⊕
i=1

K′
i. (3.11)

That is, we fix how to partition any operator matrix in B(H,H′) and B(K,K′).

Definition 3.6. Let A = [Aij]
m,n
i,j=1 ∈ B(H,H′) and B = [Bij]

m,n
i,j=1 ∈ B(K,K′) be

operators matrices partitioned according to the decomposition (4.3). The Khatri-

Rao product of A and B is defined to be the operator matrix

A � B = [Aij ⊗Bij]
m,n
i,j=1 (3.12)

as a bounded linear operator from
⊕n

j=1Hj ⊗Kj to
⊕m

i=1H′
i ⊗K′

i.

Note that

(i) if both A and B are 1× 1 block operator matrices, their A � B is A⊗B.

(ii) if Hi = Ki = C and H′
j = K′

j = C for all i, j, then their Khatri-Rao product

is the Hadamard product of complex matrices.
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For each A ∈ Mm,n(C) and B ∈ Mp,q(C), the induced maps

LA : Cn → Cm, x 7→ Ax and LB : Cq → Cp, x 7→ Bx

are bounded linear operators. We identify Cn ⊗ Cq with Cnq together with the

canonical bilinear map (x, y) 7→ x⊗K y for each (x, y) ∈ Cn × Cq.

Lemma 3.7. For any A ∈ Mm,n(C) and B ∈ Mp,q(C), we have

LA ⊗ LB = LA⊗KB. (3.13)

Proof. By using the mixed product property of the Kronecker product (3.2), we

have

(LA ⊗ LB)(x⊗ y) = LA(x)⊗ LB(y) = LA(x)⊗K LB(y)

= Ax⊗K By = (A⊗K B)(x⊗K y)

= (A⊗K B)(x⊗ y) = LA⊗KB(x⊗ y).

for any x⊗y ∈ Cn⊗Cq. The uniqueness of tensor product implies that LA⊗LB =

LA⊗KB.

Proposition 3.8. The Khatri-Rao product of two linear maps induced by matrices

is just the linear map induced by the Khatri-Rao product of these matrices. More

precisely, for any complex matrices A = [Aij] and B = [Bij] partitioned in block-

matrix forms, we have

LA � LB = LA�KB. (3.14)

Proof. Recall that the (i, j)th block of the matrix representation of LA is LAij
. By

Lemma 3.7, we obtain LA � LB =
[
LAij

⊗ LBij

]
ij
=
[
LAij⊗KBij

]
ij
= LA�KB.

Proposition 3.9. Let A ∈ B(H,H′) and B,C ∈ B(K,K′) be operator matrices.

Then

(A � B)∗ = A∗ � B∗ (3.15)

A � (B + C) = A � B + A � C (3.16)

(B + C) � A = B � A+ C � A (3.17)

(αA) � B = α(A � B) = A � (αB) (3.18)

for any α ∈ C.This material is reserved for educational use only, not allowed for commercial use. 
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Proof. Since A∗ =
[
A∗

ji

]
ij
and B∗ =

[
B∗

ji

]
ij
for all i, j, we obtain

(A � B)∗ = [(Aij ⊗Bij)
∗]ij =

[
A∗

ji ⊗B∗
ji

]
ij

= A∗ ⊠B∗.

By using the fact that (B + C)ij = Bij + Cij for all i, j together with the left

distributivity of the tensor product over the addition, we have

A � (B + C) = [Aij ⊗ (Bij + Cij)]ij

= [(Aij ⊗Bij) + (Aij ⊗ Cij)]ij

= A � B + A � C.

Similarly, we obtain the property (3.17). Since (αA)ij = αAij for all i, j, we get

(αA) � B = [(αAij)⊗Bij]ij = [α (Aij � Bij)]ij = α(A � B).

Similarly, A � (αB) = α(A � B).

Proposition 3.10. Let A = [Aij]
m,n
i,j=1 ∈ B(H,H′) and B = [Bij]

m,n
i,j=1 ∈ B(K,K′)

and let r, s ∈ N be such that r 6 m and s 6 n. We partition A to be A = [Akl]
r,s
k,l=1

where Akl is mk × nl block operator matrix such that (g, h)th of Akl is (u, v)th

of A and partition B to be B = [Bkl]
r,s
k,l=1 where Bkl is mk × nl block operator

matrix such that (g, h)th of Bkl is (u, v)th of B where u = (k − 1)mk + g, v =

(l − 1)nl + h,
∑r

k=1mk = m and
∑s

l=1 nl = n. Then

A � B = [Akl � Bkl]kl =


A11 � B11 · · · A1s � B1s

...
. . . · · ·

Ar1 � Br1 · · · Ars � Brs

 . (3.19)

That is, the (k, l)th block of A � B is just Akl � Bkl.

Proof. It follows from the definition of the Khatri-Rao product.

Let Ai ∈ B(Hi,Ki) foe each i = 1, . . . , n, the operator A ∈ B(H,K) such that

A =


A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...

0 0 · · · An


is the direct sum of A1, . . . , An, denoted by A1 ⊕ . . .⊕ An. The next result gives

a relation between the direct sum and the Khatri-Rao product.This material is reserved for educational use only, not allowed for commercial use. 
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Proposition 3.11. Let A,C ∈ B(H,H′) and B,D ∈ B(K,K′) be compatible

operator matrices. Then

(A⊕B) � (C ⊕D) = (A � C)⊕ (B � D). (3.20)

Proof. Since 0 � 0 = 0, we have by Proposition 3.10 that

(A⊕B) � (C ⊕D) =

[
A � C 0

0 B � D

]
= (A � C)⊕ (B � D).

3.4 Khatri-Rao products and positivity

Lemma 3.12 (Albert’s Theorem). Let

S =

[
S11 S12

S∗
12 S22

]
(3.21)

be operator in B(H1⊕H2) where S11 and S22 are self-adjoint and S11 has a closed

range. Then S > 0 if and only if

(i) S11 > 0,

(ii) S12 = S11S
†
11S12,

(iii) S22 > S∗
12S

†
11S12.

Proof. See [44].

Lemma 3.13. Let S be operator in (3.21) where S11 and S22 are self-adjoint.

Then S > 0 if and only if

(i) S11 > 0,

(ii) S22 > 0,

(iii) S11 > S12S
−1
22 S

∗
12,

(iv) S22 > S∗
12S

−1
11 S12.
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Proof. Sufficiency. Since S > 0, for any ξ ∈ H1 we have

⟨S11ξ, ξ⟩ = ⟨S(ξ ⊕ 0), ξ ⊕ 0⟩ > 0,

which means S11 > 0. Similarly S22 > 0. We know, by [9], that

S−1 =

[(
S11 − S12S

−1
22 S

∗
12

)−1 ∗
∗

(
S22 − S∗

12S
−1
11 S12

)−1

]
.

Since S−1 > 0, we get
(
S11 − S12S

−1
22 S

∗
12

)−1
> 0 and

(
S22 − S∗

12S
−1
11 S12

)−1
> 0.

This implies that S11 − S12S
−1
22 S

∗
12 > 0 and S22 − S∗

12S
−1
11 S12 > 0.

Necessity. By Lemma 6.17, we have S > 0. Let

A =
(
S11 − S12S

−1
22 S

∗
12

)−1
,

B = −S−1
11 S12

(
S22 − S∗

12S
−1
11 S12

)−1
,

C =
(
S22 − S∗

12S
−1
11 S12

)−1
.

By [9], we obtain

S

[
A B

B∗ C

]
=

[
A B

B∗ C

]
S = I

i.e. S is invertible. Hence S > 0.

Now, we will extend [20, Theorem 6] to the case of Khatri-Rao product of

operator matrices.

Theorem 3.1. Let A = [Aij] ∈ B(H1 ⊕ H2) and B = [Bij] ∈ B(K1 ⊕ K2). If

A > 0, A11 > 0, A22 > 0 and B > 0, then A � B > 0.

Proof. Consider

A � B =

[
A11 ⊗B11 A12 ⊗B12

A∗
12 ⊗B∗

12 A22 ⊗B22

]
.

We have A11⊗B11 > 0 and A22⊗B22 > 0 since A11, A22, B11, B22 > 0. Applying

Lemma 6.17 and Lemma 3.13, we get

A11 ⊗B11 − (A12 ⊗B12)(A22 ⊗B22)
−1(A12 ⊗B12)

∗

= A11 ⊗B11 − A12A
−1
22 A

∗
12 ⊗B12B

−1
22 B

∗
12

> (A11 − A12A
−1
22 A

∗
12)⊗B12B

−1
22 B

∗
12

> 0.This material is reserved for educational use only, not allowed for commercial use. 
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Similarly, we obtain

A22 ⊗B22 − (A12 ⊗B12)
∗(A11 ⊗B11)

−1(A12 ⊗B12) > 0.

Then, we have from Lemma 3.13, A � B > 0.

Corollary 3.14. Let A = [Aij] ∈ B(H1 ⊕ H2) and B = [Bij] ∈ B(K1 ⊕ K2) be

strictly positive operators. Then A � B is also strictly positive.

The next result provides the monotonicity of Khatri-Rao product.

Theorem 3.2. Let A1, A2 ∈ B(H) and B1, B2 ∈ B(K). If A1 > A2 > 0 and

B1 > B2 with B1 > 0, then

A1 � B1 > A2 � B2 > 0. (3.22)

Proof. By using the mixed product property and Lemma 3.5, we obtain

(A1 ⊠B1)− (A2 ⊠B2) = (A1 − A2)⊠B1 + A2 ⊠ (B1 −B2) > 0.

Applying Theorem 4.5, we get the result.

3.5 Relationship between Khatri-Rao products and Tracy-

Singh products

Liu [25] defined the two selection matrices Z1 and Z2 to show that the Khatri-Rao

and Tracy-Singh products of matrices are related. Now, we extend the relationship

between Khatri-Rao and Tracy-Singh products of matrices to relationship between

Khatri-Rao and Tracy-Singh products of operators.

Consider the following operator matrix

Z1 =


E1

...

Em

 (3.23)

where Er =
[
E

(r)
gh

]m,m

g,h=1
is a bounded linear operator from

⊕m
i=1 H′

i ⊗ K′
i to⊕m

i=1H′
r ⊗ K′

i for r = 1, ...,m, with E
(r)
gh is an identity operator if g = h = r

and the others are zero operators. We also define

Z2 =


F1

...

Fn

 (3.24)
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where Fs =
[
F

(s)
gh

]n
g,h=1

is a bounded linear operator from
⊕n

j=1 Hj ⊗ Kj to⊕n
j=1Hs ⊗ Kj for s = 1, ..., n, with F

(s)
gh is an identity operator if g = h = s

and the others are zero operators. In the case of H = H′ and K = K′, we have

Z1 = Z2 = Z. (3.25)

For example, consider B(H1 ⊕H2,H′
1 ⊕H′

2) and B(K1 ⊕K2,K′
1 ⊕K′

2). We have

Z1 =


I11 0

011 0

021 0

0 I21

 , Z2 =


I12 0

012 0

022 0

0 I22


where I11 ∈ B(H′

1 ⊗ K′
1), I21 ∈ B(H′

2 ⊗ K′
2), I12 ∈ B(H1 ⊗ K1), I22 ∈ B(H2 ⊗

K2), 011 ∈ B(H′
1 ⊗ K′

1,H′
1 ⊗ K′

2), 021 ∈ B(H′
1 ⊗ K′

1,H′
2 ⊗ K′

1), 012 ∈ B(H1 ⊗
K1,H1 ⊗ K2) and 022 ∈ B(H1 ⊗ K1,H2 ⊗ K1). Next, we give the relationship

between Khatri-Rao and Tracy-Singh products of operators which can be viewed

as an operator extension of [20, Theorem 3].

Lemma 3.15. Let Z1 and Z2 are the selection operator matrices in (3.23) and

(3.24), respectively. Then for i = 1, 2,

1. Z∗
i Zi = I,

2. 0 6 ZiZ
∗
i 6 I.

Proof. A direct computation shows that Z∗
1Z1 = I and Z∗

2Z2 = I. We know that

EiE
∗
i is m × m block operator matrix such that consist only zero and identity

operators which has an entry of identity operator in the (i, i)th block and EiE
∗
j = 0

if i ̸= j for i, j = 1, . . . ,m. Then

Z1Z
∗
1 =


E1E

∗
1 E1E

∗
2 · · · E1E

∗
1m

E2E
∗
1 E2E

∗
2 · · · E2E

∗
m

...
...

. . .
...

EmE
∗
1 EmE

∗
2 · · · EmE

∗
m

 =


E1E

∗
1 0 · · · 0

0 E2E
∗
2 · · · 0

...
...

. . .
...

0 0 · · · EmE
∗
m

 .

Since EiE
∗
i 6 I for all i = 1, . . . ,m, we have Z1Z

∗
1 6 I. Similarly, Z2Z

∗
2 6 I.

Theorem 3.3. For any operator matrices A ∈ B(H,H′) and B ∈ B(K,K′), we

have

A � B = Z∗
1(A⊠B)Z2, (3.26)This material is reserved for educational use only, not allowed for commercial use. 
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where Z1 and Z2 are the selection operator matrices in (3.23) and (3.24), respec-

tively. In the case of A ∈ B(H) and B ∈ B(K), we have

A � B = Z∗(A⊠B)Z, (3.27)

where Z is the selection operator matrix in (3.25).

Proof. Let B(i) denote the ith column of B for i = 1, . . . , n. Then we have

Z∗
1(A⊠B)Z2 =

[
E∗

1 · · · E∗
m

]
A11 ⊠B · · · A1n ⊠B

...
. . .

...

Am1 ⊠B · · · Amn ⊠B



F1

...

Fn



=
[
E∗

1 · · · E∗
m

]
(A11 ⊠B)F1 + . . .+ (A1n ⊠B)Fn

...

(Am1 ⊠B)F1 + . . .+ (Amn ⊠B)Fn



=
[
E∗

1 · · · E∗
m

]
A11 ⊠B(1) · · · A1n ⊠B(n)

...

Am1 ⊠B(1) · · · Amn ⊠B(n)



=


A11 ⊠B11 · · · A1n ⊠B1n

...
. . .

...

Am1 ⊠Bm1 · · · Amn ⊠Bmn


= A � B.

Remark 3.16. If we partition A and B into row operator matrices, then A�B =

(A⊠B)Z2. If both A and B are column operator matrices, A � B = Z∗
1(A⊠B).

Next, we extend the Khatri-Rao product inequality of matrices in [20, Theorem

4] to the Khatri-Rao product inequality of operators.

Corollary 3.17. Let A and B be operators in B(H,H′) and B(K,K′), respectively.

Then

A∗A � B∗B > (A∗ � B∗)(A � B). (3.28)

Proof. Since ZZ∗ 6 I, we have

(A∗ � B∗)(A � B) = Z∗(A∗ ⊠B∗)ZZ∗(A⊠B)Z

6 Z∗(A∗ ⊠B∗)I(A⊠B)Z

= Z∗(A∗A⊠B∗B)Z

= A∗A � B∗B.This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 3.18. Let A = A1 ⊕ . . .⊕ An and B = B1 ⊕ . . .⊕ Bn be operators in

B(H) and B(K), respectively. Then

Z∗(A⊠B) = (A � B)Z∗ and (A⊠B)Z = Z(A � B). (3.29)

Proof. Using the fact that EiE
∗
i X = Xi = XEiE

∗
i and EiE

∗
jX = 0 = XEiE

∗
j if

i ̸= j where X = X1 ⊕ . . .⊕Xn, we have

ZZ∗(A⊠B) =


E1E

∗
1 · · · 0

...
. . .

...

0 · · · EnE
∗
n



A1 ⊠B · · · 0

...
. . .

...

0 · · · An ⊠B



=


E1E

∗
1(A1 ⊠B) · · · 0

...
. . .

...

0 · · · EnE
∗
n(An ⊠B)



=


(A1 ⊠B)E1E

∗
1 · · · 0

...
. . .

...

0 · · · (An ⊠B)EnE
∗
n



=


A1 ⊠B · · · 0

...
. . .

...

0 · · · An ⊠B



E1E

∗
1 · · · 0

...
. . .

...

0 · · · EnE
∗
n


= (A⊠B)ZZ∗.

By applying Theorem 4.5, we get

Z∗(A⊠B) = Z∗ZZ∗(A⊠B) = Z∗(A⊠B)ZZ∗ = (A � B)Z∗.

Similarly, (A⊠B)Z = Z(A � B).

Theorem 3.4. Let A ∈ B
(⊕n

i=1H,
⊕m

j=1H′
)

and B ∈ B
(⊕n

i=1K,
⊕m

j=1K′
)
.

Let Z1 and Z2 be selection operator matrices such that A � B = Z∗
1(A ⊠ B)Z2.

Then there exist operators Q1 ∈ B
(⊕m−1

i=1

⊕m
j=1H′ ⊗K′,

⊕m
i=1

⊕m
j=1H′ ⊗K′

)
and Q2 ∈ B

(⊕n−1
i=1

⊕n
j=1H⊗K,

⊕n
i=1

⊕n
j=1H⊗K

)
such that

Z∗
i Qi = 0, Q∗

iQi = I, ZiZ
∗
i +QiQ

∗
i = I, (3.30)
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Forbidden to modify the content, and cite the document when use. 



34

Proof. Let

Q1 =


E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 and Q2 =


F2 F3 · · · Fn

F3 F4 · · · F1

...
...

. . .
...

F1 F2 · · · Fn−1

 . (3.31)

Then calculations show that

Z∗
1Q1 =

[
E∗

1 E∗
2 · · · E∗

m

]

E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 =
[
0 0 · · · 0

]

Q∗
1Q1 =


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1




E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1



=


∑

E∗
i Ei 0 · · · 0

0
∑

E∗
i Ei · · · 0

...
...

. . .
...

0 0 · · ·
∑

E∗
i Ei


= I.
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Q∗
1Q1 + Z1Z

∗
1

=


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1




E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

+


E1

E2

...

Em


[
E∗

1 E∗
2 · · · E∗

m

]

=


∑

i̸=1EiE
∗
j 0 · · · 0

0
∑

i̸=2 EiE
∗
j · · · 0

...
...

. . .
...

0 0 · · ·
∑

i̸=m EiE
∗
j

+


E1E

∗
1 0 · · · 0

0 E2E
∗
2 · · · 0

...
...

. . .
...

0 0 · · · EmE
∗
m



=


∑

EiE
∗
i 0 · · · 0

0
∑

EiE
∗
i · · · 0

...
...

. . .
...

0 0 · · ·
∑

EiE
∗
i


= I.

Similarly, we have Z∗
2Q2 = 0, Q∗

2Q2 = I, and Z2Z
∗
2 +Q2Q

∗
2 = I.

Remark 3.19. Operator matrices Q1 and Q2 are not unique. Consider

R1 =


Em Em−1 · · · E2

E1 Em · · · E3

...
...

. . .
...

Em−1 Em−2 · · · E1

 , R2 =


Fm Fm−1 · · · F2

F1 Fm · · · F3

...
...

. . .
...

Fm−1 Fm−2 · · · F1

 ,

Then we have Z∗
i = 0, R∗

iRi = I, and ZiZ
∗
i +RiR

∗
i = I for i = 1, 2.

Corollary 3.20. Let A ∈ B
(⊕n

i=1 H,
⊕m

j=1H′
)
and B ∈ B

(⊕n
i=1K,

⊕m
j=1K′

)
.

Then

AA∗ � BB∗ = (A � B)(A � B)∗ + Z∗
1(A⊠B)Q2Q

∗
2(A⊠B)∗Z1. (3.32)

Proof.

AA∗ � BB∗ = Z∗
1 (AA

∗ ⊠BB∗)Z1

= Z∗
1(A⊠B)(A⊠B)∗Z1

= Z∗
1(A⊠B) (Z2Z

∗
2 +Q2Q

∗
2) (A⊠B)∗Z1

= Z∗
1(A⊠B)Z2Z

∗
2(A⊠B)∗Z1 + Z∗

1(A⊠B)Q2Q
∗
2(A⊠B)∗Z1

= (Z∗
1(A⊠B)Z2) (Z

∗
1(A⊠B)Z2)

∗ + Z∗
1(A⊠B)Q2Q

∗
2(A⊠B)∗Z1

= (A � B)(A � B)∗ + Z∗
1(A⊠B)Q2Q

∗
2(A⊠B)∗Z1.This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 3.21. Let A ∈ B
(⊕n

i=1 H,
⊕m

j=1H′
)
and B ∈ B

(⊕n
i=1K,

⊕m
j=1K′

)
.

Then

AA∗ � BB∗ > (A � B)(A � B)∗. (3.33)

Theorem 3.5. Let A ∈ B(H,H′) and B ∈ B(K,K′). Let Z1 and Z2 be selection

operator matrices such that A � B = Z∗
1(A ⊠ B)Z2. Then there exist operator

matrices

V ∈ B

(
m−1⊕
i=1

m⊕
j=1

H′
i ⊗K′

j,
m⊕
i=1

m⊕
j=1

H′
i ⊗K′

j

)

and W ∈ B
(⊕n−1

i=1

⊕n
j=1Hi ⊗Kj,

⊕n
i=1

⊕n
j=1Hi ⊗Kj

)
such that

Z∗
1V = 0, Z∗

2W = 0, Z1Z
∗
1 + V V ∗ = I, Z2Z

∗
2 +WW ∗ = I.

Proof. Let

V =


V1

...

Vm

 (3.34)

where

V (r) =
[
V

(r)
kl

]m,m2−1

k,l=1
:

m⊕
i=1

m⊕
j=1

i+j<m2

H′
i ⊗K′

i →
m⊕
i=1

H′
r ⊗K′

i

for r = 1, ...,m, with V
(r)
kl is an identity operator if k ̸= r and l = m(r − 1) + k

and the other are zero operators. Consider

E∗
1V1 =


I 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0




0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

· · ·

0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


= 0.

For each r, we have

VrV
∗
r =


0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 .
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Then we have

Z∗
1V =

[
E∗

1 E∗
2 · · · E∗

m

]

V1

V2

...

Vm

 = E∗
1V1 + E∗

2V2 + . . .+ E∗
mVm = 0,

Z1Z
∗
1 + V V ∗ =


E1E

∗
1 E1E

∗
2 · · · E1E

∗
m

E2E
∗
1 E2E

∗
2 · · · E2E

∗
m

...
...

. . .
...

EmE
∗
1 EmE

∗
2 · · · EmE

∗
m

+


V1V

∗
1 V1V

∗
2 · · · V1V

∗
m

V2V
∗
1 V2V

∗
2 · · · V2V

∗
m

...
...

. . .
...

VmEV ∗
1 VmV

∗
2 · · · VmV

∗
m



=


I 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

+


0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 =


I 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 .

Let

W =


W1

...

Wm

 (3.35)

where

W (s) =
[
W

(s)
kl

]n,n2−1

k,l=1
:

n⊕
i=1

n⊕
j=1

i+j<n2

Hi ⊗Ki →
n⊕

i=1

Hs ⊗Ki

for s = 1, ..., n, with W
(s)
kl is an identity operator if k ̸= s and l = n(s − 1) + k

and the other are zero operators. A direct computation shows that Z∗
2W = 0 and

Z2Z
∗
2 +WW ∗ = I.

Remark 3.22. Operator matrices V and W are not unique. For example, con-

sider B (H1 ⊕H2,H′
1 ⊕H′

2) and B (K1 ⊕K2,K′
1 ⊕K′

2). By Theorem 4.1, we have

V =



0 0 0

0 I 0

−−−−
0 0 I

0 0 0


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Consider

Ṽ =



0 0 I

0 0 0

−−−−
0 0 0

0 I 0


Then Z∗

1 Ṽ = 0 and Z1Z
∗
1 + Ṽ

(
Ṽ
)∗

= I.

Corollary 3.23. Let A ∈ B(H,H′) and B ∈ B(K,K′). Then

AA∗ � BB∗ = (A � B)(A � B)∗ + Z∗
1(A⊠B)WW ∗(A⊠B)∗Z1. (3.36)

Proof. The proof is similar with Corollary 3.20.

Corollary 3.24. Let A ∈ B(H,H′) and B ∈ B(K,K′). Then

AA∗ � BB∗ > (A � B)(A � B)∗. (3.37)

3.6 Norm bounds, continuity, and compactness of Khatri-

Rao products in the operator-norm topology

In this section, we establish some attractive properties of the Khatri-Rao prod-

uct from analytical point of view. These properties involve certain continuity,

convergence and norm estimates.

Recall the following bounds for the operator norm of operator matrices.

Lemma 3.25 ([11]). Let A = [Aij]
n,n
i,j=1 be an operator matrix in B(H). Then

n−2

n∑
i,j=1

∥Aij∥2∞ 6 ∥A∥2∞ 6
n∑

i,j=1

∥Aij∥2∞. (3.38)

Theorem 3.26. For any operator matrices A = [Aij]
n,n
i,j=1 ∈ B(H) and B =

[Bij]
n,n
i,j=1 ∈ B(K), we have

∥A � B∥∞ 6 n2∥A∥∞∥B∥∞. (3.39)
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Proof. It follows from Lemma 3.25 that

∥A � B∥2∞ 6
∑
i,j

∥Aij ⊗Bij∥2∞ =
∑
i,j

∥Aij∥2∞∥Bij∥2∞

6
(∑

i,j

∥Aij∥2∞

)(∑
i,j

∥Bij∥2∞

)
6 n4∥A∥2∞∥B∥2∞.

Hence, we obtain the (5.12).

Theorem 3.27. Let A = [Aij] ∈ B(H) and B = [Bij] ∈ B(K) be operator matrices

and let (Ar)
∞
r=1 and (Br)

∞
r=1 be sequences in B(H) and B(K), respectively. If

Ar → A and Br → B, then Ar �Br → A�B. That is, the map (A,B) 7→ A�B

is continuous with respect to the topology induced by the operator norm.

Proof. Suppose that Ar → A and Br → B. By using Lemma ?? and Theorem

3.26, we have

∥Ar � Br − A � B∥∞ = ∥Ar � Br − A � Br + A � Br − A � B∥∞
6 ∥(Ar − A) � Br∥∞ + ∥A � (Br −B)∥∞
6 n2∥Ar − A∥∞∥Br∥∞ + n2∥A∥∞∥Br −B∥∞.

It follows that Ar � Br → A � B in the operator-norm topology.

Lemma 3.28 ([26]). Let A ∈ B(H) and B ∈ B(K) be nonzero operators. Then

A⊗B is compact if and only if both A and B are compact.

Theorem 3.29. Let A ∈ B(H) and B ∈ B(K) be nonzero operator matrices with

n = q. Then A � B is compact if and only if both A and B are compact.

Proof. Write A = [Aij] and B = [Bij]. For sufficiency, suppose that A and B

are compact. By Lemma 3.30, we deduce that Aij and Bij are compact for all

i, j. It follows from Lemma 3.28 that Aij ⊗ Bij is compact for all i, j. Lemma

3.30 ensures the compactness of A � B. For necessity part, reverse the previous

procedure.

3.7 Khatri-Rao products on norm ideals of compact oper-

ators

In this section, we investigate the Khatri-Rao product on norm ideals of B(H).
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For any compact operator A ∈ B(H), let (si(A))
∞
i=1 be the sequence of decreasingly

ordered singular values of A (i.e. eigenvalues of |A|). For each 1 6 p < ∞, the

Schatten p-norm of A is defined by

∥A∥p =

(
∞∑
i=1

spi (A)

)1/p

.

If ∥A∥p < ∞, then we say that A is a Schatten p-class operator. The Schatten

∞-norm is just the operator norm. For each 1 6 p 6 ∞, let Sp be the Schatten

p-class operators . In particular, S1 and S2 are the trace class and the Hilbert-

Schmidt class, respectively. Each Schatten p-norm induces a norm ideal of B(H)

and this ideal is closed under the topology generated by such norm.

Lemma 3.30. Let A = [Aij] ∈ B(H) be an operator matrix. Then A is compact

if and only if Aij is compact for all i, j.

Proof. If A is compact, then Aij = P ′
iAEj is also compact for each i, j due to the

fact that S∞ is an ideal of B(H). Conversely, suppose that Aij is compact for all

i, j. Recall that a bounded linear operator is compact if and only if it maps a

bounded sequence into a sequence having a convergent subsequence. Consider a

bounded sequence (xr)
∞
r=1 in H =

⊕n
i=1 Hi. Write xr = [x

(1)
r x

(2)
r . . . x

(n)
r ]T ∈ H

for each r ∈ N. Consider

Axr =


A11 · · · A1n

...
. . .

...

An1 · · · Ann



x
(1)
r

...

x
(n)
r

 =


A11x

(1)
r + · · ·+ A1nx

(n)
r

...

An1x
(1)
r + · · ·+ Annx

(n)
r

 .

For each l = 1, 2, . . . , n, since (x
(l)
r )∞r=1 is bounded, the sequence (Aijx

(l)
r )∞r=1 has a

convergent subsequence, namely, (Aijx
(l)
rk )

∞
k=1. Hence,

A11x
(1)
rk + · · ·+ A1nx

(n)
rk

...

An1x
(1)
rk + · · ·+ Annx

(n)
rk


is a desired convergent subsequence of (Axr)

∞
r=1.

Lemma 3.31 ([11]). Let A = [Aij]
n,n
i,j=1 be an operator matrix in the Schatten

p-class.

(i) For 1 6 p 6 2, we have

n∑
i,j=1

∥Aij∥2p 6 ∥A∥2p 6 n4/p−2

n∑
i,j=1

∥Aij∥2p. (3.40)
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(ii) For 2 6 p < ∞, we have

n4/p−2

n∑
i,j=1

∥Aij∥2p 6 ∥A∥2p 6
n∑

i,j=1

∥Aij∥2p. (3.41)

Lemma 3.32. Let 1 6 p < ∞. An operator matrix A = [Aij] ∈ B(H) is a

Schatten p-class operator if and only if Aij is a Schatten p-class operator for all

i, j.

Proof. This is a direct consequence of the norm estimations in Lemma 3.31.

Lemma 3.33. Let 1 6 p 6 ∞. Let A = [Aij]
n,n
i,j=1 be an operator matrix in the

class Sp and let (Ar)
∞
r=1 be a sequence in Sp where Ar =

[
A

(r)
ij

]n,n
i,j=1

for each r ∈ N.

Then Ar → A in Sp if and only if A
(r)
ij → Aij in Sp for all i, j = 1, . . . , n.

Proof. Lemma 3.32 assures that Aij and A
(r)
ij belong to Sp for any i, j = 1, . . . , n

and r ∈ N. Consider the case 1 6 p 6 2. Suppose that Ar → A in Sp. For any

fixed i, j ∈ {1, . . . , n}, we have from the estimation (3.40) that

∥A(r)
ij − Aij∥2p 6

n∑
i,j=1

∥A(r)
ij − Aij∥2p 6 ∥Ar − A∥2p.

Hence, A
(r)
ij → Aij in Scp.

Conversely, suppose that A
(r)
ij → Aij in Sp for each i, j. Lemma 3.31 implies

that

∥Ar − A∥2p 6 n4/p−2

n∑
i,j=1

∥A(r)
ij − Aij∥2p.

Hence, Ar → A in Sp.

The case 2 < p < ∞ and the case p = ∞ are done by using the norm

estimations (3.41) and (3.38), respectively.

Theorem 3.34. The Khatri-Rao product is continuous with respect to the topology

induced by the operator norm. More precisely, if a sequence (Ar)
∞
r=1 converges to

A and a sequence (Br)
∞
r=1 converges to B in the ideal of compact operator S∞,

then Ar � Br converges to A � B in S∞.
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Proof. Write A = [Aij] and B = [Bij]. Since Ar → A and Br → B in Sp, we have

by Lemma 3.33 that A
(r)
ij → Aij and B

(r)
ij → Bij for all i, j. It follows that

∥A(r)
ij ⊗B

(r)
ij − Aij ⊗Bij∥∞

= ∥A(r)
ij ⊗B

(r)
ij − A

(r)
ij ⊗Bij + A

(r)
ij ⊗Bij − Aij ⊗Bij∥∞

6 ∥A(r)
ij ⊗ (B

(r)
ij −Bij)∥∞ + ∥(A(r)

ij − Aij)⊗Bij∥∞
= ∥A(r)

ij ∥p ∥B
(r)
ij −Bij∥∞ + ∥A(r)

ij − Aij∥∞ ∥Bij∥∞
→ ∥Aij∥∞ · 0 + 0 · ∥Bij∥∞ = 0.

Hence, A
(r)
ij ⊗ B

(r)
ij → Aij ⊗ Bij in S∞ for all i, j. By using the fact that S∞ is

closed set, we have Ar � Br → A � B in S∞.

The following theorem supplies bounds for Schatten 1-norm of the Khatri-Rao

product of operators.

Theorem 3.35. For any nonzero compact operator matrices A = [Aij]
n,n
i,j=1 ∈

B(H) and B = [Bij]
n,n
i,j=1 ∈ B(K), we have

∥A � B∥1 6 n∥A∥1∥B∥1. (3.42)

Hence, A � B is trace-class if and only if both A and B are trace-class.

Proof. Suppose that both A and B are nonzero and compact. Then the operator

A � B is compact by Theorem 3.29. It follows from the norm bound (3.40) that

∥A � B∥21 6 n2
∑
i,j

∥Aij ⊗Bij∥21 = n2
∑
i,j

∥Aij∥21∥Bij∥21

6 n2

(∑
i,j

∥Aij∥21

)(∑
i,j

∥Bij∥21

)
6 n2∥A∥21∥B∥21.

Hence, we obtain the bound (3.42).

Theorem 3.36. For any nonzero compact operator matrices A ∈ B(H) and B ∈
B(K) with n = q, we have

∥A � B∥2 6 ∥A∥2 ∥B∥2. (3.43)

Hence, A � B is a Hilbert-Schmidt operator if and only if both A and B are

Hilbert-Schmidt operators.
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Proof. Since both A and B are nonzero and compact, the operator A � B is

compact by Theorem 3.29. Write A = [Aij]
n,n
i,j=1 and B = [Bij]

n,n
i,j=1. Then by

Lemma 3.31(ii), we have

∥A � B∥22 =
∑
i,j

∥Aij ⊗Bij∥22 =
∑
i,j

∥Aij∥22 ∥Bij∥22

6
(∑

i,j

∥Aij∥22

)(∑
i,j

∥Bij∥22

)
= ∥A∥22 ∥B∥22.

Hence, we obtain the bound (3.43).

Theorem 3.37. For any p ∈ {1, 2}, the Khatri-Rao product is continuous with

respect to the topology induced by the Schatten p-norm. More precisely, if a se-

quence (Ar)
∞
r=1 converges to A and a sequence (Br)

∞
r=1 converges to B in the norm

ideal Sp, then Ar � Br converges to A � B in Sp.

Proof. Suppose that the sequences (Ar)
∞
r=1 and (Br)

∞
r=1 converge to A and B,

respectively, in S2. By applying Lemma ?? and the bound (3.43), we get

∥Ar � Br − A � B∥2 = ∥Ar � Br − A � Br + A � Br − A � B∥2
6 ∥(Ar − A) � Br∥2 + ∥A � (Br −B)∥2
6 ∥Ar − A∥2∥Br∥2 + ∥A∥2∥Br −B∥2
→ 0 · ∥B∥2 + ∥A∥2 · 0 = 0.

Hence, Ar � Br → A � B in S2. Similarly, we obtain, by using the bound (3.42),

Ar � Br → A � B in S1.
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CHAPTER 4

Khatri-Rao Products and Selection

Operators

We develop further theory for Khatri-Rao products of Hilbert space operators in

connections with selection operators. We provide two constructions related to se-

lection operators. Then we establish certain identities and inequalities involving

Khatri-Rao and Tracy-Singh products. As consequences, we obtain some charac-

terizations for the mixed product property concerning the Khatri-Rao product of

operators.

4.1 Introduction

This paper concerns operator extensions of certain matrix products, namely,

the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao

product. Fundamental theory for these matrix products are collected, for in-

stance, in [7, 8, 20, 30, 42, 43, 46] and references therein. Denote by Mm,n(C)
the algebra of m-by-n complex matrices. Recall that the Kronecker product of

A = [aij] ∈ Mm,n(C) and B ∈ Mp,q(C) is given by

A ⊗̂B = [aijB]ij .

Consider partitioned matrices A and B such that the (i, j)th block of A is Aij and

the (k, l)th block of B is Bkl. The Tracy-Singh product [40] of A and B is defined

by

A ⊠̂B =
[[
Aij⊗̂Bkl

]
kl

]
ij
. (4.1)

The Khatri-Rao product [19] is defined for two partitioned matrices A = [Aij] and

B = [Bij] as follows

A�̂B =
[
Aij⊗̂Bij

]
ij
. (4.2)
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The tensor product of Hilbert space operators can be viewed as an extension

of the Kronecker product of complex matrices. Recall that the tensor product

of A ∈ B(H,H′) and B ∈ B(K,K′) is the unique bounded linear operator from

H⊗K into H′⊗K′ such that (A⊗B)(x⊗ y) = Ax⊗By for all x ∈ H and y ∈ K.

Recently, the Tracy-Singh product and the Khatri-Rao product for matrices were

generalized to those for operators acting on the direct sum of Hilbert spaces, see

[31, 32, 33]. Fundamental algebraic and order properties of operator Khatri-Rao

products are investigated in [33]. That paper also provides a construction of a

unital positive linear map taking the Tracy-Singh product of two operators to

their Khatri-Rao product. Such a linear map appears in the form X 7→ Z∗AZ

where Z is an isometry, called a selection operator. See details in Section 2.

The present chapter contains further development on operator Khatri-Rao

products in relations with Tracy-Singh products and selection operators. First,

we provide two constructions related to selection operators. Consequently, we es-

tablish some operator identities and inequalities involving Khatri-Rao and Tracy-

Singh products. Finally, we obtain some characterizations for the mixed product

property concerning the Khatri-Rao product of operators.

4.2 Tracy-Singh products and Khatri-Rao products for

operators

Throughout this paper, let H, H′, K and K′ be complex separable Hilbert spaces.

When X and Y are Hilbert spaces, let us denote by B(X ,Y) the space of all

bounded linear operators from X into Y and abbreviate B(X ,X ) to B(X ). Capital

letters always denote a Hilbert space operator. In particular, I and O stand for

the identity and the zero operator, respectively.

In order to define Tracy-Singh products of operators, we fix the following

decompositions

H =
n⊕

j=1

Hj, H′ =
m⊕
i=1

H′
i, K =

q⊕
j=1

Kj, K′ =

p⊕
i=1

K′
i. (4.3)

where all of Hj,H′
i,Kl,K′

k are Hilbert spaces. For each j and l, let Mj : Hj → H
and Nl : Kl → K be the canonical injections. For each i and k, let Pi : H′ → H′

i

and Qk : K′ → K′
k be the canonical projections. Given A ∈ B(H,H′), put Aij =

PiAMj ∈ B(Hj,H′
i) for each i, j. Thus we can write A in the operator-matrix

form A = [Aij]
m,n
i,j=1. Similarly, given B ∈ B(K,K′), let Bkl = QkBNl ∈ B(Kl,K′
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for each k = 1, . . . , p and l = 1, . . . , q. We can identify B with the operator matrix

B = [Bkl]
p,q
k,l=1.

Definition 4.1. The Tracy-Singh product of A and B is defined to be the bounded

linear operator from
⊕n,q

j,l=1Hj ⊗Kl to
⊕m,p

i,k=1H′
i ⊗K′

k represented by

A⊠B =
[
[Aij ⊗Bkl]kl

]
ij
. (4.4)

If both factor A and B consist of only one block, then A⊠B = A⊗B.

Lemma 4.2 ([31]). The following properties of the Tracy-Singh product for oper-

ators hold (provided that each term is well-defined):

1. Compatibility with adjoints: (A⊠B)∗ = A∗ ⊠B∗.

2. Mixed-product property: (A⊠B)(C ⊠D) = AC ⊠BD.

3. Monotonicity: if A > B > 0 and C > D > 0, then A⊠B > C ⊠D > 0.

From now on, we fix the decomposition (4.3), and assume n = q and m = p.

Definition 4.3. The Khatri-Rao product of A = [Aij]
m,n
i,j=1 and B = [Bij]

m,n
i,j=1 is

defined to be a bounded linear operator from
⊕n

j=1Hj ⊗ Kj to
⊕m

i=1 H′
i ⊗ K′

i

represented by the operator matrix

A � B = [Aij ⊗Bij]
m,n
i,j=1 . (4.5)

Lemma 4.4 ([33]). For A ∈ B(H,H′) and B ∈ B(K,K′), we have (A � B)∗ =

A∗ � B∗.

Fix an ordered tuple (H,H′,K,K′) of Hilbert spaces. Define the ordered pair

(Z1, Z2) of selection operators associated with (H,H′,K,K′) by [33]:

Z1 =


E1

...

Em

 and Z2 =


F1

...

Fn

 . (4.6)

Here, for each r = 1, ...,m

Er =
[
E

(r)
gh

]m,m

g,h=1
:

m⊕
k=1

H′
k ⊗K′

k →
m⊕
l=1

H′
r ⊗K′

l
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with E
(r)
gh is an identity operator if g = h = r and the others are zero operators.

For each s = 1, ..., n, the operator Fs is defined by

Fs =
[
F

(s)
gh

]n,n
g,h=1

:
n⊕

i=1

Hi ⊗Ki →
n⊕

j=1

Hs ⊗Kj

with F
(s)
gh is an identity operator if g = h = s and the others are zero operators.

From the construction, the operator Zi is an isometry and ZiZ
∗
i 6 I for i = 1, 2.

When H = H′ and K = K′, we have Z1 = Z2.

Lemma 4.5 ([33]). Let (Z1, Z2) be the ordered pair of selection operators associ-

ated with the ordered tuple (H,H′,K,K′). For any operator matrices A ∈ B(H,H′)

and B ∈ B(K,K′), we have

A � B = Z∗
1(A⊠B)Z2. (4.7)

For the case H = H′ and K = K′, we have Z1 = Z2 := Z and hence for any

A ∈ B(H) and B ∈ B(K),

A � B = Z∗(A⊠B)Z. (4.8)

4.3 Two constructions related to selection operators

In this section, we construct certain operators related to selection operators.

Theorem 4.1. Let (Z1, Z2) be the ordered pair of selection operators associated

with an ordered tuple (H,H′,K,K′). Then there exist operators

V :
m−1⊕
i=1

m⊕
j=1

H′
i ⊗K′

j →
m⊕
i=1

m⊕
j=1

H′
i ⊗K′

j,

W :
n−1⊕
i=1

n⊕
j=1

Hi ⊗Kj →
n⊕

i=1

n⊕
j=1

Hi ⊗Kj

such that Z∗
1V = 0, Z∗

2W = 0, Z1Z
∗
1 + V V ∗ = I and Z2Z

∗
2 + WW ∗ = I. If, in

addition, H = H′ and K = K′, we have V = W .

Proof. Let

V =


V1

...

Vm

 (4.9)
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where

V (r) =
[
V

(r)
kl

]m,m2−1

k,l=1
:

m⊕
i=1

m⊕
j=1

i+j<m2

H′
i ⊗K′

i →
m⊕
i=1

H′
r ⊗K′

i

for r = 1, ...,m, with V
(r)
kl is an identity operator if k ̸= r and l = m(r − 1) + k

and the others are zero operators. Note that

E∗
1V1

=


I 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0




0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

· · ·

0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


= 0.

For each r, we have

VrV
∗
r =


0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 .

Then we obtain

Z∗
1V =

[
E∗

1 E∗
2 · · · E∗

m

]

V1

V2

...

Vm

 = E∗
1V1 + E∗

2V2 + . . .+ E∗
mVm = 0,

Z1Z
∗
1 + V V ∗

=


E1E

∗
1 E1E

∗
2 · · · E1E

∗
m

E2E
∗
1 E2E

∗
2 · · · E2E

∗
m

...
...

. . .
...

EmE
∗
1 EmE

∗
2 · · · EmE

∗
m

+


V1V

∗
1 V1V

∗
2 · · · V1V

∗
m

V2V
∗
1 V2V

∗
2 · · · V2V

∗
m

...
...

. . .
...

VmEV ∗
1 VmV

∗
2 · · · VmV

∗
m



=


I 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

+


0 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 =


I 0 · · · 0

0 I · · · 0
...

...
. . .

...

0 0 · · · I

 .
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Now, let

W =


W1

...

Wm

 (4.10)

where

W (s) =
[
W

(s)
kl

]n,n2−1

k,l=1
:

n⊕
i=1

n⊕
j=1

i+j<n2

Hi ⊗Ki →
n⊕

i=1

Hs ⊗Ki

for s = 1, ..., n, with W
(s)
kl is an identity operator if k ̸= s and l = n(s − 1) + k

and others are zero operators. A direct computation shows that Z∗
2W = 0 and

Z2Z
∗
2 + WW ∗ = I. When H = H′ and K = K′, we have Vi = Wi for all

i = 1, . . . ,m, i.e. V = W .

Theorem 4.2. Fix the decomposition (4.3) with n = q and m = p. Suppose

further that Hi = X , Ki = Y, H′
j = X ′ and K′

j = Y ′ for all i = 1, . . . , n and

j = 1, . . . ,m. Let (Z1, Z2) be the ordered pair of associated selection operators.

Then there exist operators

Q1 :
m−1⊕
i=1

m⊕
j=1

X ′ ⊗ Y ′ →
m⊕
i=1

m⊕
j=1

X ′ ⊗ Y ′,

Q2 :
n−1⊕
i=1

n⊕
j=1

X ⊗ Y →
n⊕

i=1

n⊕
j=1

X ⊗ Y

such that Z∗
i Qi = 0, Q∗

iQi = I and ZiZ
∗
i +QiQ

∗
i = I for i = 1, 2. If, in addition,

H = H′ and K = K′, we have Q1 = Q2.

Proof. Consider

Q1 =


E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 , Q2 =


F2 F3 · · · Fn

F3 F4 · · · F1

...
...

. . .
...

F1 F2 · · · Fn−1

 . (4.11)

Then calculations reveal that

Z∗
1Q1 =

[
E∗

1 E∗
2 · · · E∗

m

]

E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 =
[
0 0 · · · 0

]
,
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Q∗
1Q1 =


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1




E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1



=


∑

E∗
i Ei 0 · · · 0

0
∑

E∗
i Ei · · · 0

...
...

. . .
...

0 0 · · ·
∑

E∗
i Ei

 = I,

Q∗
1Q1 + Z1Z

∗
1

=


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1




E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

+


E1

E2

...

Em


[
E∗

1 E∗
2 · · · E∗

m

]

=


∑

i̸=1EiE
∗
j 0 · · · 0

0
∑

i̸=2 EiE
∗
j · · · 0

...
...

. . .
...

0 0 · · ·
∑

i̸=mEiE
∗
j

+


E1E

∗
1 0 · · · 0

0 E2E
∗
2 · · · 0

...
...

. . .
...

0 0 · · · EmE
∗
m



=


∑

EiE
∗
i 0 · · · 0

0
∑

EiE
∗
i · · · 0

...
...

. . .
...

0 0 · · ·
∑

EiE
∗
i

 = I.

Similarly, we have Z∗
2Q2 = 0, Q∗

2Q2 = I and Z2Z
∗
2 + Q2Q

∗
2 = I. When H = H′

and K = K′, we have Ei = Fi for all i = 1, . . . ,m, i.e. Q1 = Q2.

4.4 Operator identities and inequalities concerning Khatri-

Rao products, Tracy-Singh products, and selection op-

erators

In this section, we apply the construction in Section 3 to establish certain operator

identities and inequalities concerning Khatri-Rao products, Tracy-Singh products,

and selection operators.
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Theorem 4.3. Let (Z1, Z2) be the ordered pair of selection operators associated

with an ordered tuple (H,H′,K,K′). Let V and W be operator matrices defined

by (4.9) and (5.20). For any operator matrices A ∈ B(H,H′) and B ∈ B(K,K′),

we have

AA∗ � BB∗ = (A � B)(A∗ � B∗) + Z∗
1(A⊠B)WW ∗(A∗ ⊠B∗)Z1, (4.12)

A∗A � B∗B = (A∗ � B∗)(A � B) + Z∗
2(A

∗ ⊠B∗)V V ∗(A⊠B)Z2. (4.13)

Proof. Since AA∗ ∈ B(H′) and BB∗ ∈ B(K′), the ordered pair of selection oper-

ators associated with (H′,H′,K′,K′) is given by (Z1, Z1). By using Lemmas 4.2

and 4.5, and Theorem 4.1, we get

AA∗ � BB∗ = Z∗
1 (AA

∗ ⊠BB∗)Z1

= Z∗
1(A⊠B)(A⊠B)∗Z1

= Z∗
1(A⊠B) (Z2Z

∗
2 +WW ∗) (A⊠B)∗Z1

= Z∗
1(A⊠B)Z2Z

∗
2(A⊠B)∗Z1 + Z∗

1(A⊠B)WW ∗(A⊠B)∗Z1

= (A � B)(A � B)∗ + Z∗
1(A⊠B)WW ∗(A⊠B)∗Z1.

Now, for inequality (4.13), note that A∗A ∈ B(H) and B∗B ∈ B(K). In this case,

the pair of associated selection operators is (Z2, Z2). It follows that

A∗A � B∗B = Z∗
2 (A

∗A⊠B∗B)Z2

= Z∗
2(A⊠B)∗(A⊠B)Z2

= Z∗
2(A⊠B)∗ (Z1Z

∗
1 + V V ∗) (A⊠B)Z2

= Z∗
2(A⊠B)∗Z1Z

∗
1(A⊠B)Z2 + Z∗

2(A⊠B)∗V V ∗(A⊠B)Z2

= (A∗ � B∗)(A � B) + Z∗
2(A

∗ ⊠B∗)V V ∗(A⊠B)Z2.

Corollary 4.6. Let A ∈ B(H,H′) and B ∈ B(K,K′) be operator matrices. Then

AA∗ � BB∗ > (A � B)(A∗ � B∗). (4.14)

Proof. It follows immediately from Theorem 4.3.

Theorem 4.4. Assume the hypothesis of Theorem 4.2. For any A ∈ B(H,H′)

and B ∈ B(K,K′), we have

AA∗ � BB∗ = (A � B)(A∗ � B∗) + Z∗
1(A⊠B)Q2Q

∗
2(A

∗ ⊠B∗)Z1, (4.15)

A∗A � B∗B = (A∗ � B∗)(A � B) + Z∗
2(A

∗ ⊠B∗)Q1Q
∗
1(A⊠B)Z2, (4.16)

where Q1 and Q2 are operator matrices in (4.11).This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



52

Proof. The proof is similar to that of Theorem 4.3. Instead of Theorem 4.1, we

apply Theorem 4.2.

4.5 Characterizations of the mixed product property for

Khatri-Rao products

In general, the mixed product property

(A � B)(C � D) = AC � BD

does not hold for compatible operator matrices A,B,C,D. It is interesting to find

necessary and sufficient conditions for which this property holds. Indeed, we have

the following assertions.

Theorem 4.5. Assume the notations in Theorem 4.3. For any operator matrices

A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) AC � BD = (A � B)(C � D) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) AA∗ � BB∗ = (A � B)(A∗ � B∗),

(iii) Z∗
1(A⊠B)W = 0.

Proof. It is clear that (i)⇒(ii). To prove (ii)⇒(iii), suppose (ii). By Theorem 4.3,

(ii) holds only if

[Z∗
1(A⊠B)W ] [W ∗(A∗ ⊠B∗)Z1] = 0,

i.e., Z∗
1(A⊠B)W = 0.

(iii)⇒(i): Assume the condition (iii) holds. Note that by Theorem 4.1 we have

Z∗
1(A⊠B)(I − Z2Z

∗
2) = Z∗

1(A⊠B)WW ∗ = 0,

and hence Z∗
1(A⊠B) = Z∗

1(A⊠B)Z2Z
∗
2 . For any C ∈ B(H′,H) and D ∈ B(K′,K),

we have by Lemmas 4.2 and 4.5 that

AC � BD = Z∗
1(AC ⊠BD)Z1

= Z∗
1(A⊠B)(C ⊠D)Z1

= Z∗
1(A⊠B)Z2Z

∗
2(C ⊠D)Z1

= (A � B(C � D).

Thus we arrive at (i).This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 4.6. Assume the notations in Theorem 4.3. For any operator matrices

A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) CA � DB = (C � D)(A � B) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) A∗A � B∗B = (A∗ � B∗)(A � B),

(iii) V ∗(A⊠B)Z2 = 0.

Proof. Clearly,(i)⇒(ii). The assertion (ii)⇒(iii) follows from Theorem 4.3. Now,

suppose that (iii) holds. Then V V ∗(A⊠B)Z2 = 0. Using Theorem 4.1, we get

(I − Z1Z
∗
1)(A⊠B)Z1 = V V ∗(A⊠B)Z1 = 0

which implies (A ⊠ B)Z1 = Z1Z
∗
1(A ⊠ B)Z1. For any C ∈ B(H′,H) and D ∈

B(K′,K), we have by Lemmas 4.2 and 4.5 that

CA � DB = Z∗
2(CA⊠DB)Z2

= Z∗
2(C ⊠D)(A⊠B)Z2

= Z∗
2(C ⊠D)Z1Z

∗
1(A⊠B)Z2

= (C � D)(A � B).

Theorem 4.7. Assume the hypothesis of Theorem 4.2. For any operator matrices

A ∈ B(H,H′) and B ∈ B(K,K′), the following conditions are equivalent:

(i) AC � BD = (A � B)(C � D) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) AA∗ � BB∗ = (A � B)(A∗ � B∗),

(iii) Z∗
1(A⊠B)Q2 = 0.

Proof. The proof is similar to that of Theorem 4.5.

Theorem 4.8. Assume the hypothesis of Theorem 4.2. For any operator matrices

A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) CA � DB = (C � D)(A � B) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) A∗A � B∗B = (A∗ � B∗)(A � B),

(iii) Q∗
1(A⊠B)Z2 = 0.

Proof. The proof is similar to that of Theorem 4.6.
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CHAPTER 5

Tracy-Singh Sums for Hilbert space

operators

In this paper, we define the Tracy-Singh sum for operator matrices and establish

some properties involving this sum.

5.1 Introduction

In the areas of linear algebra, the Kronecker product is very important. LetMn(C)
denote the set of n-by-n complex matrices. For any A ∈ Mm(C) and B ∈ Mn(C),
the Kronecker product of A and B is given by

A⊗̂B = [aijB]ij . (5.1)

This matrix product is generalized to the Tracy-Singh product of partitioned

matrices by Tracy and Singh [40]. Let A = [Aij] be partitioned with Aij of order

mi × mj as the (i, j)th submatrix and let B = [Bkl] be a partitioned matrix

with Bkl of order nk × nl as the (k, l)th submatrix, where
∑r

i=1mi = m and∑s
k=1 nk = n. The Tracy-Singh product of A and B is defined by

A⊠̂B =
[[
Aij⊗̂Bkl

]
kl

]
ij
. (5.2)

From Tracy-Singh products of matrices, Al Zhour and Kilicman [8] defined

Tracy-Singh sum of matrices and gave some result of this sum. The Tracy-Singh

sum is defined to be

A⊞̂B = A⊠̂In + Im⊠̂B. (5.3)

where Im and In are block identity matrices of order m×m and n×n, respectively.

In this paper, we define the Tracy-Singh sum for operator matrices and derive

some results involving this sum. We establish equalities and inequalities by using

basic properties of Tracy-Singh products [31, 32]. Some results in [8] are extended

to the case of Tracy-Singh sum of operator matrices in this paper.This material is reserved for educational use only, not allowed for commercial use. 
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This chapter is organized as follows. In Section 5.2, we introduce the defini-

tion of the Tracy-Singh product and basic results. In Section 5.3, we investigate

algebraic and order properties of Tracy-Singh sums for operators. In Section 5.4,

we establish some results involving binomial theorem and Tracy-Singh sums. An-

alytic properties of Tracy-Singh sums is presented in Section 5.5.

5.2 Preliminaries

Throughout this chapter, letH and K be complex separable Hilbert spaces. When

X and Y are Hilbert spaces, denote by B(X ,Y) the Banach space of bounded linear

operators from X into Y , and abbreviate B(X ,X ) to B(X ). Unless otherwise

stated, capital letters mean operators on a Hilbert space.

The projection theorem for Hilbert spaces allows us to decompose

H =
m⊕
i=1

Hi, K =
n⊕

k=1

Kk,

where Hi’s and Kk’s are Hilbert spaces. Thus any operator A ∈ B(H) can be

expressed uniquely as an operator matrix

A = [Aij]
m,m
i,j=1

where Aij ∈ B(Hj,Hi) for each i, j = 1, . . . ,m. Similarly, an operator B in B(K)

can be written uniquely as

B = [Bkl]
n,n
k,l=1

where Bkl ∈ B(Kl,Kk) for each k, l = 1, . . . , n.

Recall that the tensor product of A ∈ B(H) and B ∈ B(K) is the unique

bounded linear operator from H⊗K into itself such that

(A⊗B)(x⊗ y) = Ax⊗By (5.4)

for all x ∈ H and y ∈ K.

Definition 5.1 ([31]). Let A = [Aij]
m,m
i,j=1 ∈ B(H) and B = [Bkl]

n,n
k,l=1 ∈ B(K) be

operator matrices defined as above. The Tracy-Singh product of A and B We

define the Tracy-Singh product of A and B to be the operator matrix

A⊠B =
[
[Aij ⊗Bkl]kl

]
ij

(5.5)

which is a bounded linear operator from
⊕m,n

i,k=1Hi ⊗Kk into itself.This material is reserved for educational use only, not allowed for commercial use. 
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Recall that for each A ∈ Mm(C) and B ∈ Mn(C), the induced maps

LA : Cm → Cm, x 7→ Ax and LB : Cn → Cn, x 7→ Bx

are bounded linear operators.

Lemma 5.2 ([31]). For each complex matrices A ∈ Mm(C) and B ∈ Mn(C), we
have

LA ⊠ LB = LA⊠̂B. (5.6)

Proposition 5.3. Let A = [Aij] ∈ B(H) and let B ∈ B(K) be operator matrices.

Then

A⊠B = [Aij ⊠B]ij =


A11 ⊠B · · · A1m ⊠B

...
. . .

...

Am1 ⊠B · · · Amm ⊠B

 .

Fundamental algebraic properties of Tracy-Singh products are listed below.

Lemma 5.4 ([31]). The following properties hold, provided that all operators are

compatible.

(A⊠B)∗ = A∗ ⊠B∗, (5.7)

(αA)⊠B = α(A⊠B) = A⊠ (αB), (5.8)

A⊠ (B + C) = A⊠B + A⊠ C, (5.9)

(B + C)⊠ A = B ⊠ A+ C ⊠ A. (5.10)

(A⊠B)(C ⊠D) = AC ⊠BD. (5.11)

Lemma 5.5 ([31]). Let A ∈ B(H) and B ∈ B(K).

(i) If A,B > 0, then A⊠B > 0.

(ii) If A,B > 0, then A⊠B > 0.

Lemma 5.6 ([32]). Let A ∈ B(H) and B ∈ B(K) be operator matrices, and let

(Ar)
∞
r=1 and (Br)

∞
r=1 be sequences in B(H) and B(K), respectively. If Ar → A and

Br → B, then Ar ⊠Br → A⊠B.

Lemma 5.7 ([32]). For any operator matrices A = [Aij]
m,m
i,j=1 ∈ B(H) and B =

[Bkl]
n,n
k,l=1 ∈ B(K), we have

1

mn
∥A∥∥B∥ 6 ∥A⊠B∥ 6 mn∥A∥∥B∥. (5.12)This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 5.8. Let A ∈ B(H) and B ∈ B(K). Then A⊠B = 0 if and only if A = 0

or B = 0.

Proof. It follows directly from Lemma 5.7.

Lemma 5.9 ([32]). Let A ∈ B(H).

(i) If f is an analytic function on a region containing the spectra of A and

I ⊠ A, then

f(I ⊠ A) = I ⊠ f(A).

(ii) If f is an analytic function on a region containing the spectra of A and

A⊠ I, then

f(A⊠ I) = f(A)⊠ I.

From now on, fix the following decompositions of Hilbert spaces:

H =
n⊕

i=1

Hi, K =
n⊕

i=1

Ki.

are fix.

Definition 5.10. Let A = [Aij]
n,n
i,j=1 ∈ B(H) and B = [Bij]

n,n
i,j=1 ∈ B(K) be

operators matrices. We define the Khatri-Rao product of A and B to be the

operator matrix

A � B = [Aij ⊗Bij]
n,n
i,j=1 (5.13)

which is a bounded linear operator from
⊕n

i=1Hi ⊗Ki into itself.

Recall that for each A ∈ Mn(C), the induced map

LA : Cm → Cm, x 7→ Ax

is bounded linear operator.

Lemma 5.11 ([33]). For any complex matrices A = [Aij] and B = [Bij] parti-

tioned in block-matrix forms, we have

LA � LB = LA �̂B. (5.14)This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 5.12 ([33]). Let A ∈ B(H) and B,C ∈ B(K) be operator matrices, and

let α ∈ C. Then

(A � B)∗ = A∗ � B∗, (5.15)

(αA) � B = α(A � B) = A � (αB), (5.16)

A � (B + C) = A � B + A � C, (5.17)

(B + C) � A = B � A+ C � A. (5.18)

Lemma 5.13 ([33]). There is an isometry Z such that Z∗Z = I and

A � B = Z∗(A⊠B)Z (5.19)

for any A ∈ B(H) and B ∈ B(K). We call Z the selection operator associated

with {H,K}.

Lemma 5.14 ([34]). Let Z be the selection operator associated with {H,K}. Then
there exists an operator

W :
n−1⊕
i=1

n⊕
j=1

Hi ⊗Kj →
n⊕

i=1

n⊕
j=1

Hi ⊗Kj

such that Z∗W = 0 and ZZ∗ + WW ∗ = I. We call W the operator associated

with Z.

In [34], an operator W is defined as

W =


W1

...

Wn

 (5.20)

where

W (s) =
[
W

(s)
kl

]n,n2−1

k,l=1
:

n⊕
i=1

n⊕
j=1

i+j<n2

Hi ⊗Ki →
n⊕

i=1

Hs ⊗Ki

for s = 1, ..., n, with W
(s)
kl is an identity operator if k ̸= s and l = n(s − 1) + k

and others are zero operators

Lemma 5.15 ([33]). Let A ∈ B(H) and B ∈ B(K) be operator matrices.
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(ii) If A > 0 and B > 0, then A � B > 0.

Lemma 5.16 ([35]). Let A ∈ B(H) and B ∈ B(K) be operator matrices and let

(Ar)
∞
r=1 and (Br)

∞
r=1 be sequences in B(H) and B(K), respectively. If Ar → A and

Br → B, then Ar � Br → A � B.

Lemma 5.17 ([35]). For any operator matrices A = [Aij]
n,n
i,j=1 ∈ B(H) and B =

[Bij]
n,n
i,j=1 ∈ B(K), we have

∥A � B∥ 6 n2∥A∥∥B∥. (5.21)

5.3 Algebraic and order properties of Tracy-Singh sums

for operators

Definition 5.18. Let A = [Aij]
m,m
i,j=1 ∈ B(H) and B = [Bkl]

n,n
k,l=1 ∈ B(K). We

define the Tracy-Singh sum of A and B as follows:

A⊞B = A⊠ IK + IH ⊠B, (5.22)

which belongs to B
(⊕m,n

i,j=1Hi ⊗Kj

)
.

Note that if both A and B are 1× 1 block operator matrices i.e. m = n = 1,

their Tracy-Singh sum A⊞B is known as the tensor sum [28]

A⊕B = A⊗ IK + IH ⊗B.

We now consider the Tracy-Singh sum of two bounded linear operators induced

by matrices.

Proposition 5.19. Let A = [Aij] and B = [Bkl] be complex partitioned matrices.

Then

LA ⊞ LB = LA⊞̂B. (5.23)

Proof. We know that the linear map induced by the identity matrix is the identity

operator. By applying Lemma 5.2, we get

LA ⊞ LB = LA ⊠ I + I ⊠ LB = LA ⊠ LI + LI ⊠ LB

= LA⊠̂I + LI⊠̂B = LA⊠̂I+I⊠̂B

= LA⊞̂B.
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Proposition 5.20. Let α and β be scalars. Then for any A,C ∈ B(H) and

B,D ∈ B(K),

(A⊞B)∗ = A∗ ⊞B∗, (5.24)

α(A⊞B) = αA⊞ αB, (5.25)

(α + β)(A⊞B) = αA⊞ βB + βA⊞ αB, (5.26)

(A+ C)⊞ (B +D) = A⊞B + C ⊞D. (5.27)

We call (5.27) the mixed sum property.

Proof. Applying property (5.7) of Lemma 5.4, we obtain

(A⊞B)∗ = (A⊠ I + I ⊠B)∗

= (A⊠ I)∗ + (I ⊠B)∗

= A∗ ⊠ I + I ⊠B∗

= A∗ ⊞B∗.

By using property 5.8 of Lemma 5.4, we get

α(A⊞B) = α(A⊠ I + I ⊠B)

= α(A⊠ I) + α(I ⊠B)

= (αA)⊠ I + I ⊠ (αB)

= αA⊞ αB.

Similarly, we have property (5.26). By applying properties (5.9) and (5.10) Lemma

5.4, we get

(A+ C)⊞ (B +D) = (A+ C)⊠ I + I ⊠ (B +D)

= A⊠ I + C ⊠ I + I ⊠B + I ⊠D

= (A⊠ I + I ⊠B) + (C ⊠ I + I ⊠D)

= A⊞B + C ⊞D.

It follows from (5.24) that if A and B are Hermitian (skew-Hermitian), then

so is A ⊞ B. The mixed sum property (5.27) implies that if A1 = X1 + iY1 and

A2 = X2 + iY2 are the Cartesian decompositions of A1 and A2, respectively, then

A1 ⊞ A2 = X1 ⊞X2 + i(Y1 ⊞ Y2) is the Cartesian decomposition of A1 ⊞ A2.
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Lemma 5.21. Let A1, A2 ∈ B(H) and B1, B2 ∈ B(K) be nonzero operators. Then

A1 ⊗ B1 = A2 ⊗ B2 if and only if there exists α ∈ C r {0} such that A1 = αA2

and B1 = α−1B2.

Proof. See [39, Proposition 2.1].

Theorem 5.1. Let A ∈ B(H) and B ∈ B(K). Then A ⊞ B = 0 if and only if

there exists α ∈ Cr {0} such that A = αI and B = −αI.

Proof. If A = αI and B = −αI, then A ⊞ B = 0 by Lemma 5.4. Now, suppose

that A⊞B = 0. Then, by Lemma 5.3,

0 = A⊞B = A⊠ I + I ⊠B =


A11 ⊞B A12 ⊠ I · · · A1m ⊠ I

A21 ⊠ I A22 ⊞B · · · A2m ⊠ I
...

...
. . .

...

Am1 ⊠ I Am2 ⊠ I · · · Amm ⊞B

 .

For i, j ∈ {1, . . . ,m} such that i ̸= j, since Aij ⊠ I = 0, by Lemma 5.8 we can

deduce Aij = 0. Let i ∈ {1, . . . ,m} and consider
Aii ⊕B11 I ⊗B12 · · · I ⊗B1n

I ⊗B21 Aii ⊕B22 · · · I ⊗B2n

...
...

. . .
...

I ⊗Bn1 I ⊗Bn2 · · · Aii ⊕Bnn

 = 0

Lemma 5.8 implies that Bkl = 0 for any k ̸= l. For k ∈ {1, . . . , n}, we have

Aii ⊕ Bkk = 0 if and only if Aii ⊗ (−I) = I ⊗ Bkk. If Aii = 0, then I ⊗ Bkk = 0

and hence Bkk = 0 for all k = 1, . . . , n by Lemma 5.8. It follows that B = 0

and A ⊠ I = A ⊞ B = 0. Thus A = 0 by Lemma 5.8. Assume that Aii ̸= 0

for all i = 1, . . . ,m. By Lemma 5.21, there exists αik ∈ C r {0} such that

Aii = αikI and −I = α−1
ik Bkk. For any fix i ∈ {1, . . . ,m}, we have Aii = αikI for

all k = 1, . . . , n. Hence, αi1 = αi2 = . . . = αin = αi. For any fix k ∈ {1, . . . , n}, we
have Bkk = −αiI for all i = 1, . . . ,m. This implies that α1 = α2 = . . . = αm = α.

Thus Aii = αI for all i = 1, . . . ,m and Bkk = −αI for all k = 1, . . . , n. Therefore

A = αI and B = −αI.

The next result is an operator extension of [?, Theorem 3.3].

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



62

Proposition 5.22. Let A ∈ B(H) and B ∈ B(K) be invertible operators. If A⊞B

and A−1 ⊞B−1 are invertible, then

(A⊞B)−1 =
(
A−1 ⊠ I

) (
A−1 ⊞B−1

)−1 (
I ⊠B−1

)
(5.28)

(A⊞B)−1 =
(
I ⊠B−1

) (
A−1 ⊞B−1

)−1 (
A−1 ⊠ I

)
(5.29)

(A⊞B)−1 =
(
A−1 ⊞B−1

)−1 (
A−1 ⊠B−1

)
. (5.30)

Proof. Applying Lemma 5.4, we have

(A⊞B)−1 = (A⊠ I + I ⊠B)−1

=
(
A−1 ⊠ I

) [
(I ⊠B + A⊠ I)

(
A−1 ⊠ I

)]−1

=
(
A−1 ⊠ I

) [
A−1 ⊠B + I ⊠ I

]−1

=
(
A−1 ⊠ I

) [(
I ⊠B−1

) (
A−1 ⊠B + I ⊠ I

)]−1 (
I ⊠B−1

)
=
(
A−1 ⊠ I

) [
A−1 ⊠ I + I ⊠B−1

]−1 (
I ⊠B−1

)
=
(
A−1 ⊠ I

) (
A−1 ⊞B−1

)−1 (
I ⊠B−1

)
.

Similarly, we obtain the properties (5.29) and (5.30).

Recall that the commutator of A,B ∈ B(H) is defined by

[A,B] = AB −BA.

The anticommutator of A and B is defined by

[A,B]+ = AB +BA.

Proposition 5.23. Let A,C ∈ B(H) and B,D ∈ B(K). Then

[A⊞B,C ⊞D] = [A,C]⊞ [B,D]. (5.31)

Proof. By using Lemma 5.4, we have

[A⊞B,C ⊞D] = (A⊞B)(C ⊞D)− (C ⊞D)(A⊞B)

= AC ⊠ I + I ⊠BD − CA⊠ I − I ⊠DB

= (AC − CA)⊠ I + I ⊠ (BD −DB)

= (AC − CA)⊞ (BD −DB)

= [A,C]⊞ [B,D].
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Recall that an operator A ∈ B(H) is said to be normal if [A∗, A] = 0. It follows

from Propositions 5.20 and 5.23 that if A ∈ B(H) and B ∈ B(K) are normal, then

so is A⊞B.

Proposition 5.24. Let A,A1, A2 ∈ B(H) and B,B1, B2 ∈ B(K).

(i) If A > 0 and B > 0, then A⊞B > 0.

(ii) If A > 0 and B > 0, then A⊞B > 0.

(iii) If A1 > A2 and B1 > B2, then A1 ⊞B1 > A2 ⊞B2.

(iv) If A1 > A2 and B1 > B2, then A1 ⊞B1 > A2 ⊞B2.

Proof. By applying Lemma 5.5 and Proposition 5.20, we get the results.

Proposition 5.25. Let A,C ∈ B(H) and B,D ∈ B(K) be positive operators.

Then

(A⊞B)(C ⊞D) > AC ⊞BD. (5.32)

Proof. Applying Lemma 5.4, we have

(A⊞B)(C ⊞D) = (A⊠ I + I ⊠B)(C ⊠ I + I ⊠D)

= AC ⊠ I + A⊠D + C ⊠B + I ⊠BD

= AC ⊞BD + A⊠D + C ⊠B.

Since A⊠D + C ⊠B is positive, we get the result.

Corollary 5.26. Let A,C ∈ B(H) and B,D ∈ B(K) be positive operator matrices.

Then

[A⊞B,C ⊞D]+ > [A,C]+ ⊞ [B,D]+. (5.33)

Proof. By using Proposition 5.20 and 5.25, we obtain

[A⊞B,C ⊞D]+ = (A⊞B)(C ⊞D) + (C ⊞D)(A⊞B)

> AC ⊞BD + CA⊞DB

= (AC + CA)⊞ (BD +DB)

= [A,C]+ ⊞ [B,D]+.
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5.4 Binomial theorem involving Tracy-Singh sums and its

consequences

In this section, we prove an operator version of the binomial theorem in which

the sum and the product are replaced by the Tracy-Singh sum and the Tracy-

Singh product, respectively. Consequently, we obtain certain operator inequalities,

including a Bernoulli-type inequality. Binomial theorem is also used to treat the

nilpotency of the Tracy-Singh sum of two operators.

Theorem 5.2. Let A ∈ B(H) and B ∈ B(K) be compatibly operator matrices.

Then

(A⊞B)r = Ar ⊞Br +
r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk

)
(5.34)

for any integer r > 2.

Proof. By using Lemma 5.4, we have

(A⊞B)2 = (A⊠ I + I ⊠B)(A⊠ I + I ⊠B)

= A2 ⊠ I + 2A⊠B + I ⊠B2

= A2 ⊞B2 + 2A⊠B.

This show that (5.34) is true for r = 2. Suppose that (5.34) holds for an integer
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r > 2. Then, by Lemma 5.4,

(A⊞B)r+1 = (A⊞B)r(A⊞B)

=

(
Ar ⊞Br +

r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk

))
(A⊞B)

= (Ar ⊞Br)(A⊞B) +

(
r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk

))
(A⊞B)

= (Ar ⊠ I)(A⊠ I) + (Ar ⊠ I)(I ⊠B) + (I ⊠Br)(A⊠ I)

+ (I ⊠Br)(I ⊠B) +
r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk

)
(A⊠ I)

+
r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk

)
(I ⊠B)

= Ar+1 ⊠ I + Ar ⊠B + A⊠Br + I ⊠Br+1

+
r−1∑
k=1

(
r

k

)(
Ar−k+1 ⊠Bk

)
+

r−1∑
k=1

(
r

k

)(
Ar−k ⊠Bk+1

)
= Ar+1 ⊞Br+1 +

r∑
k=1

(
r

k

)(
A(r+1)−k ⊠Bk

)
+

r∑
k=1

(
r

k − 1

)(
A(r+1)−k ⊠Bk

)
= Ar+1 ⊞Br+1 +

r∑
k=1

(
r + 1

k

)(
A(r+1)−k ⊠Bk

)
.

Corollary 5.27. Let A > 0 and B > 0 be compatibly operator matrices, then

(A⊞B)r > Ar ⊞Br (5.35)

for any r ∈ N.

Proof. It follows immediately from Theorem 5.2 and Lemma 5.5.

Proposition 5.25, Theorem 5.2 and Corollary 5.27 are a generalization of a

matrix version given in [?, Theorem 3.1]. The next result is a Bernoulli type

inequality concerning Tracy-Singh sums.

Corollary 5.28. Let A be a positive operator. Then

(I ⊞ A)r > I ⊞ (rA) (5.36)
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Proof. Since A > 0 we have I ⊞ Ar > I ⊠ I. By Theorem 5.27, we obtain

(I ⊞ A)r = I ⊞ Ar +
r−1∑
k=1

(
r

k

)(
I ⊠ Ak

)
= I ⊞ Ar + r(I ⊠ A) +

r−1∑
k=2

(
r

k

)(
I ⊠ Ak

)
> I ⊞ Ar + r(I ⊠ A)

> I ⊠ I + I ⊠ (rA)

= I ⊞ (rA).

Corollary 5.29. Let A ∈ B(H) and B ∈ B(K). If A and B are nilpotent, then

A⊞B is also nilpotent.

Proof. Suppose Ar = 0 and Bs = 0 for some r, s ∈ N. From Theorem 5.2, we get

(A⊞B)r+s =
r+s∑
k=0

(
r + s

k

)(
Ar+s−k ⊠Bk

)
=

s−1∑
k=0

(
r + s

k

)(
Ar+s−k ⊠Bk

)
+

r+s∑
k=s

(
r + s

k

)(
Ar+s−k ⊠Bk

)
.

If k > s, then Bk = 0. If k < s, then r + s − k > r and hence Ak = 0. Since

A⊠ 0 = 0 and 0⊠B = 0, we have

(A⊞B)r+s =
s−1∑
k=0

(
r + s

k

)(
0⊠Bk

)
+

r+s∑
k=s

(
r + s

k

)(
Ar+s−k ⊠ 0

)
=

s−1∑
k=0

(
r + s

k

)
(0⊠B)k +

r+s∑
k=s

(
r + s

k

)
(A⊠ 0)r+s−k

= 0.

This means that A⊞B is nilpotent.

5.5 Analytic properties of Tracy-Singh sums

Proposition 5.30. Let A ∈ B(H) and B ∈ B(B(K) be operator matrices, and let

(Ar)
∞
r=1 and (Br)

∞
r=1 be sequences in B(H) and B(K), respectively. If Ar → A and
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Proof. By Lemma 5.6, we have Ar ⊠ I → A ⊠ I and I ⊠ Br → I ⊠ B. Then

Ar ⊠ I + I ⊠Br → A⊠ I + I ⊠B, i.e. Ar ⊞Br → A⊞B.

We obtain a triangle-like inequality for Tracy-Singh sums as follows.

Proposition 5.31. For any operators A ∈ B(H) and B ∈ B(K), we have

1

mn
∥A⊞B∥ 6 ∥A∥+ ∥B∥. (5.37)

Proof. It follows from the norm estimation in Lemma 5.7.

For any an operator T ∈ B(H), we define

eT =
∞∑
k=0

1

k!
T k, (5.38)

sin(T ) =
∞∑
k=0

(−1)k

(2k + 1)!
T 2k+1, (5.39)

cos(T ) =
∞∑
k=0

(−1)k

(2k)!
T 2k, (5.40)

sinh(T ) =
∞∑
k=0

1

(2k + 1)!
T 2k+1, (5.41)

cosh(T ) =
∞∑
k=0

1

(2k)!
T 2k. (5.42)

The series on the right hand side of (5.38)-(5.42) convergence in B(H). If T > 0,

we define the logarithm of T to be an operator X such that eX = T and write

X = log T . The following facts are well-known.

Lemma 5.32. For any S, T ∈ B(H) satisfying ST = TS, we have

eS+T = eSeT ,

sin (S + T ) = sinS cosT + cosS sinT,

cos (S + T ) = cosS cosT − sinS sinT,

sinh (S + T ) = sinhS coshT + coshS sinhT,

cosh (S + T ) = coshS coshT − sinhS sinhT.

If S, T > 0 and ST = TS, we have

logST = log S + log T.
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Theorem 5.3. Let A ∈ B(H) and B ∈ B(K). Then

eA⊞B = eA ⊠ eB, (5.43)

sin (A⊞B) = sinA⊠ cosB + cosA⊠ sinB, (5.44)

cos (A⊞B) = cosA⊠ cosB − sinA⊠ sinB, (5.45)

sinh (A⊞B) = sinhA⊠ coshB + coshA⊠ sinhB, (5.46)

cosh (A⊞B) = coshA⊠ coshB − sinhA⊠ sinhB. (5.47)

If A,B > 0, then

logA⊠B = logA⊞ logB. (5.48)

Proof. Since A⊠ I and I ⊠B commute, we have by Lemmas 5.9 and 5.32 that

eA⊞B = eA⊠I+I⊠B

= eA⊠IeI⊠B

= (eA ⊠ I)(I ⊠ eB)

= eA ⊠ eB.

Similarly, by using Lemma 5.9, we get the identities (5.44)-(5.48).
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CHAPTER 6

Khatri-Rao Sums for Hilbert Space

Operators

In this chapter, we generalize the notions of Khatri-Rao sums for matrices and

tensor sums for Hilbert space operators to Khatri- Rao sums for Hilbert space

operators. This kind of operator sum is compatible with algebraic operations

and order relations. We investigate its analytic properties, including continuity,

convergence, and norm bounds. We also discuss the role of selection operator that

relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products. Binomial

theorem involving Khatri-Rao sums and its consequences are then established.

6.1 Algebraic and order properties of Khatri-Rao sums for

operators

Definition 6.1. Let A ∈ B(H) and B ∈ B(K). We define the Khatri-Rao sum of

A and B as follows:

A � B = A � IK + IH � B (6.1)

which belongs to B(
⊕n

i=1Hi ⊗Ki).

Note that

(i) If both A and B are 1 × 1 block operator matrices, their Khatri-Rao sum

A � B is the tensor sum [28] A⊕B := A⊗ IK + IH ⊗B.

(ii) If Hi = Ki = C, their the Khatri-Rao sum A�B is known as the Hadamard

sum of complex matrices (see e.g. [?]).

Proposition 6.2. Let A = [Aij] and B = [Bij] be compatible partitioned matrices

of order m×m and n× n, respectively. Then

LA � LB = LA�̂B. (6.2)
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Proof. We know that the linear map induced by the identity matrix is the identity

operator. By applying Lemma 5.11, we get

LA � LB = LA � LI + LI � LB = LA�̂I + LI�̂B = LA�̂B.

Proposition 6.3. Let A,C ∈ B(H) and B,D ∈ B(K) be operator matrices, and

let α, β ∈ C. Then

(A � B)∗ = A∗ � B∗, (6.3)

α(A � B) = αA � αB, (6.4)

(α + β)(A � B) = αA � βB + βA � αB, (6.5)

(A+ C) � (B +D) = A � B + C � D. (6.6)

We call property (6.6) mixed sum property.

Proof. Applying property (5.15) of Lemma 5.12, we obtain

(A � B)∗ = (A � I + I � B)∗

= (A � I)∗ + (I � B)∗

= A∗ � I + I � B∗

= A∗ � B∗.

By using property 5.16 of Lemma 5.12, we get

α(A � B) = α(A � I + I � B)

= α(A � I) + α(I � B)

= (αA) � I + I � (αB)

= αA � αB.

Similarly, we have property (6.5). By applying properties (5.17) and (5.18) Lemma

5.12, we get

(A+ C) � (B +D) = (A+ C) � I + I � (B +D)

= A � I + C � I + I � B + I � D

= (A � I + I � B) + (C � I + I � D)

= A � B + C � D.
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Corollary 6.4. Let A ∈ B(H) and B ∈ B(K). If A and B are Hermitian (skew-

Hermitian), then A � B is also Hermitian (skew-Hermitian).

Corollary 6.5. Let A1 ∈ B(H) and A2 ∈ B(K). If A1 = X1+ iY1 and A2 = X2+

iY2 are the Cartesian decompositions of A1 and A2, respectively, then A1 � A2 =

X1 � X2 + i(Y1 � Y2) is the Cartesian decomposition of A1 � A2.

Proposition 6.6. Let A ∈ B(H) and B ∈ B(K) be operator matrices.

(i) If A > 0 and B > 0, then

A � B > 0. (6.7)

(ii) If A > 0 and B > 0, then

A � B > 0. (6.8)

Proof. It follows from Lemma 5.15.

Corollary 6.7. Let A1, A2 ∈ B(H) and B1, B2 ∈ B(K) be operator matrices.

(i) If A1 > A2 and B1 > B2, then

A1 � B1 > A2 � B2. (6.9)

(ii) If A1 > A2 and B1 > B2, then

A1 � B1 > A2 � B2. (6.10)

Proof. (i) By Propositions 6.3 and 6.6, we obtain

A1 � B1 − A2 � B2 = (A1 − A2) � (B1 −B2) > 0.

This implies that A1 � B1 > A2 � B2

(ii) The proof is similarly with (i).

6.2 Analytic properties of Khatri-Rao sums for operators

Proposition 6.8. Let A ∈ B(H) and B ∈ B(K) be operators matrices,and let

(Ar)
∞
r=1 and (Br)

∞
r=1 be sequences in B(H) and B(K), respectively. If Ar → A and

Br → B, then Ar � Br → A � B.This material is reserved for educational use only, not allowed for commercial use. 
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Proof. By Lemma 5.16, we have Ar � I → A � I and I � Br → I � B. Then

Ar � I + I � Br → A � I + I � B, i.e. Ar � Br → A � B.

Proposition 6.9. For any operator matrices A = [Aij]
n,n
i,j=1 ∈ B(H) and B [Bij]

n,n
i,j=1 ∈

B(K), we have

1

n2
∥A � B∥ 6 ∥A∥+ ∥B∥. (6.11)

Proof. By using Lemma 5.17, we have

∥A � B∥ = ∥A � I + I � B∥

6 ∥A � I∥+ ∥I � B∥

6 n2∥A∥∥I∥+ n2∥I∥B∥

= n2(∥A∥+ ∥B∥).

6.3 Khatri-Rao sums and selection operators

In this section, we investigate the role of selection operators that relates Khatri-

Rao sums to Tracy-Singh sums and Khatri-Rao products.

Proposition 6.10. There is an isometry Z such that Z∗Z = I and

A � B = Z∗(A⊞B)Z (6.12)

for any A ∈ B(H) and B ∈ B(K).

Proof. By Lemma 5.13, there is an isometry Z such that Z∗Z = I and

A � B = A � I + I � B = Z∗(A⊠ I + I ⊠B)Z = Z∗(A⊞B)Z.

Proposition 6.11. Let A ∈ B(H), B ∈ B(K) and Z be the selection operator

associated with {H,K}. Then

A � B∗ + A∗ � B 6 (A � B)(A � B)∗ + Z∗(A⊞B)WW ∗(A⊞B)∗Z. (6.13)

where W is the operator associated with Z.
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Proof. By Lemma 5.4, 5.14 and 5.13, and Theorem 6.10, we have

(A � B)(A � B)∗ = Z∗(A⊞B)ZZ∗(A∗ ⊞B∗)Z

= Z∗(A⊞B)(I −WW ∗)(A∗ ⊞B∗)Z

= Z∗(A⊞B)(A∗ ⊞B∗)Z − Z∗(A⊞B)WW ∗(A∗ ⊞B∗)Z

= Z∗(AA∗ ⊞BB∗ + A⊠B∗ + A∗ ⊠B)Z

− Z∗(A⊞B)WW ∗(A∗ ⊞B∗)Z

= AA∗ � BB∗ + A � B∗ + A∗ � B

− Z∗(A⊞B)WW ∗(A⊞B)∗Z.

By Proposition 6.6, we have AA∗ � BB∗ > 0 and hence

(A � B)(A � B)∗ + Z∗(A⊞B)WW ∗(A⊞B)∗Z − (A � B∗ + A∗ � B) > 0.

Proposition 6.12. Let A,C ∈ B(H) and B,D ∈ B(K) be positive operators.

Then

AC � BD 6 (A � B)(C � D) + Z∗(A⊞B)WW ∗(C ⊞D)Z. (6.14)

Proof. By replacing A∗ = C and B∗ = D in the proof of Proposition 6.11, we

have

(A � B)(C � D) + Z∗(A⊞B)WW ∗(C ⊞D)Z − AC � BD = A � D + C � B.

Since A � D + C � B is positive, we get the result.

6.4 Binomial theorem involving Khatri-Rao sums and its

consequences

In this section, we prove an operator version of binomial theorem concerning

Khatri-Rao sums. As consequences, we obtain two operator inequalities, including

Bernoulli type inequality.

Lemma 6.13. Let A ∈ B(H) and B ∈ B(K). We have W ∗(A ⊞ B)Z = 0 if and

only if A = A1⊕ . . .⊕An and B = B1⊕ . . .⊕Bn where Z is the selection operator

associated with {H,K} and W is an operator associated with Z in (5.20).This material is reserved for educational use only, not allowed for commercial use. 
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Proof. Consider A ∈ B(H1 ⊕ H2) and B ∈ B(K1 ⊕ K2). By a computation, we

have

W ∗(A⊞B)Z

=


0 0 0

0 I 0

0 0 I

0 0 0


∗ 

A11 ⊕B11 I ⊗B12 A12 ⊗ I 0

I ⊗B21 A11 ⊕B21 0 A12 ⊗ I

A21 ⊗ I 0 A22 ⊕B11 I ⊗B12

0 A21 ⊗ I I ⊗B21 A22 ⊕B22



I 0

0 0

0 0

0 I



=


0 0 0 0

0 I 0 0

0 0 I 0



A11 ⊕B11 0

I ⊗B21 A12 ⊗ I

A21 ⊗ I I ⊗B21

0 A22 ⊕B22



=


0 0

I ⊗B21 A12 ⊗ I

A21 ⊗ I I ⊗B12

 .

By Lemma 5.8, we obtain

W ∗(A⊞B)Z = 0 ⇔ A12 ⊗ I, A21 ⊗ I, I ⊗B12 and I ⊗B21 are zeros

⇔ A12, A21, B12 and B21 are zeros

⇔ A = A1 ⊕ A2 and B = B1 ⊕B2.

By a direct computation, we can show that Lemma 6.13 holds for the case A =

[Aij]
n,n
i,j=1 and B = [Bij]

n,n
i,j=1 for any integer n > 2.

Theorem 6.1. Let A = A1 ⊕ . . .⊕An ∈ B(H) and B = B1 ⊕ . . .⊕Bn ∈ B(K) be

compatible operator matrices, then

(A � B)r = Ar � Br +
r−1∑
k=1

(
r

k

)(
Ar−k � Bk

)
(6.15)

for any integer r > 2.

Proof. By the proof of Proposition 6.11, we have

(A � B)2 = A2 � B2 + 2A � B − Z∗(A⊞B)WW ∗(A⊞B)Z.

Since W ∗(A⊞B)Z = 0, by Lemma 6.13, we get

(A � B)2 = A2 � B2 + 2A � B.This material is reserved for educational use only, not allowed for commercial use. 
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This show that Theorem 6.1 is true for r = 2. Suppose that (6.15) hold for r > 2.

Then, by Lemma 5.4,

(A � B)r+1 = (A � B)r(A � B)

=

(
Ar � Br +

r−1∑
k=1

(
r

k

)(
Ar−k � Bk

))
(A � B)

= (Ar � Br)(A � B) +

(
r−1∑
k=1

(
r

k

)(
Ar−k � Bk

))
(A � B)

= Ar+1 � Br+1 + Ar � B + A � Br − Z∗(Ar ⊞Br)WW ∗(A⊞B)Z

+
r−1∑
k=1

(
r

k

)(
Ar−k+1 � Bk − Z∗(Ar−k ⊠Br)WW ∗(A⊠ I)Z

)
+

r−1∑
k=1

(
r

k

)(
Ar−k � Bk+1 − Z∗(Ar−k ⊠Br)WW ∗(I ⊠B)Z

)
= Ar+1 � Br+1 + Ar � B + A � Br − Z∗(Ar ⊞Br)WW ∗(A⊞B)Z

+
r∑

k=1

(
r

k

)(
A(r+1)−k � Bk

)
+

r−1∑
k=0

(
r

k

)(
Ar−k � Bk+1

)
−

r−1∑
k=1

(
r

k

)
Z∗(Ar−k ⊠Br)WW ∗(A⊞B)Z

= Ar+1 � Br+1 + Ar � B + A � Br − Z∗(Ar ⊞Br)WW ∗(A⊞B)Z

+
r∑

k=1

(
r

k

)(
A(r+1)−k � Bk

)
−

r−1∑
k=1

(
r

k

)
Z∗(Ar−k ⊠Br)WW ∗(A⊞B)Z.

By Lemma 6.13, we have W ∗(A⊞B)Z = 0. Then

(A � B)r+1 = Ar+1 � Br+1 +
r∑

k=1

(
r + 1

k

)(
A(r+1)−k � Bk

)
.

Corollary 6.14. Let A = A1 ⊕ . . .⊕An ∈ B(H) and B = B1 ⊕ . . .⊕Bn ∈ B(K)

be positive operators, then

(A � B)r > Ar � Br (6.16)

for any r ∈ N.

Proof. Inequality (6.16) is obviously true for r = 1. Let r > 2. Since A,B > 0,

we have by Lemma 5.15 that
∑r

k=1

(
r
k

) (
Ar−k � Bk

)
> 0. By Theorem 6.1, we

obtain (A � B)r > Ar � Br.This material is reserved for educational use only, not allowed for commercial use. 
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Corollary 6.15. Let ALet A = A1 ⊕ . . . ⊕ An ∈ B(H) be a positive operator.

Then

(I � A)r > I � (rA) (6.17)

for r ∈ N.

Proof. Since A > 0 we have I � Ar > I � I. By Theorem 6.14, we obtain

(I � A)r = I � Ar +
r−1∑
k=1

(
r

k

)(
I � Ak

)
= I � Ar + r(I � A) +

r−1∑
k=2

(
r

k

)(
I � Ak

)
> I � Ar + r(I � A)

> I � I + I � (rA)

= I � (rA).

6.5 Inequalities for Khatri-Rao sums involving Moore-Penrose

inverses

In this section, we establish certain inequalities for Khatri-Rao sums involving

a kind of operator inverse, namely, the Moore-Penrose inverse. Recall that a

Moore-Penrose inverse of A ∈ B(H,K) is an operator A† ∈ B(K,H) satisfying

the following Penrose conditions

(i) A† is an inner inverse of A ;

(ii) A† is an outer inverse of A ;

(iii) AA† is Hermitian ;

(iv) A†A is Hermitian.

It is well known that the following statements are equivalent for A ∈ B(H,K):

(1) a Moore-Penrose inverse of A exists ;

(2) a Moore-Penrose inverse of A is unique ;This material is reserved for educational use only, not allowed for commercial use. 
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(3) the range of A is closed.

Lemma 6.16. Let A ∈ B(H,H′) and B ∈ B(K,K′). If A and B have closed

ranges, then

1. the range of A⊠B is closed ;

2. (A⊠B)† = A† ⊠B†.

Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses A† and

B† exist and are unique.It is straightforward to verify that A† ⊠ B† satisfies the

following Penrose equations:

(i) (A⊠B)(A† ⊠B†)(A⊠B) = A⊠B

(ii) (A† ⊠B†)(A⊠B)(A† ⊠B†) = A† ⊠B†

(iii)
(
(A⊠B)(A† ⊠B†)

)∗
= (A⊠B)(A† ⊠B†)

(iv)
(
(A† ⊠B†)(A⊠B)

)∗
= (A† ⊠B†)(A⊠B).

Hence, a Moore-Penrose inverse of A⊠B exists and it is uniquely determined by

A† ⊠B†. It follows that A⊠B has a closed range.

Lemma 6.17 (see e.g. [44]). Let

T =

[
T11 T12

T ∗
12 T22

]

be an operator in B(H1 ⊕ H2) such that T11 has a closed range. Then T > 0 if

and only if

(i) T11 > 0,

(ii) T12 = T11T
†
11T12,

(iii) T ∗
22 = T22 > T ∗

12T
†
11T12.

Theorem 6.2. Let A ∈ B(H) and B ∈ B(K) be positive invertible operators.

Then

(A � B)(A � B)−1(A � B) 6 A � B−1 + A−1 � B + 2I. (6.18)
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Proof. Denote

S =
[
A1/2 ⊠B1/2 A1/2 ⊠B−1/2 + A−1/2 ⊠B1/2

]
and X =

[
Z 0

0 Z

]

where Z is the selection operator associated with {H,K}. Using Lemma 5.4, we

get

0 6 S∗S =

[
A⊠B A⊞B

A⊞B A⊠B−1 + A−1 ⊠B + 2I ⊠ I

]
.

Pre- and post-multiplying S∗S by X and X∗, respectively, we obtain

0 6 X∗S∗SX =

[
A � B A � B

A � B A � B−1 + A−1 � B + 2I � I

]
.

By Proposition 6.6, we have A � B > 0 and then A � B is invertible. It follows

that (A � B)† = (A � B)−1. Applying Lemma 6.17, we get the result.

The next Theorem extends the result of [?, Corollary 3.8] to the case of oper-

ator matrices.

Theorem 6.3. Let A ∈ B(H) be a positive operator matrix such that A and A�I

have closed ranges, and A⊠ I = I ⊠ A. Then(
A � AA†) (A � I)†

(
A � AA†) 6 A � A† + 2AA† � I. (6.19)

Proof. Denote

S =
[
A1/2 ⊠ I A1/2 ⊠ I + (A†)1/2 ⊠ I

]
and X =

[
Z 0

0 Z

]

where Z is the selection operator. Applying Lemmas 5.4and 6.16, we get

0 6 S∗S =

[
A⊠ I A⊞ AA†

A⊞ AA† A⊞ A† + 2AA† ⊠ I

]
.

Pre- and post-multiplying by X∗ and X, respectively, we obtain

0 6 X∗S∗SX =

[
A � I A � AA†

A � AA† A � A† + 2AA† � I

]
.

The proof is complete by using Lemma 6.17.
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6.6 Kantorovich type inequalities for Khatri-Rao sums

Lemma 6.18. Let S be positive invertible operator in B(K) with 0 < mI 6 S 6
MI and let X ∈ B(H,K) be such that X∗X = I, then

(X∗SX)−1 6 X∗S−1X 6 (M +m)2

4Mm
(X∗SX)−1, (6.20)

(X∗SX)2 6 X∗S2X 6 (M +m)2

4Mm
(X∗SX)2. (6.21)

Proof. The proof is similar to the case of matrices, given in [29].

Proposition 6.19. Let A ∈ B(H) and B ∈ B(K) be positive invertible operators.

Then

(A � B)−1 6 A−1 � B−1 6 (M +m)2

Mm
(A � B)−1, (6.22)

(A � B)2 6 A2 � B2 6 (M +m)2

Mm
(A � B)2. (6.23)

where 0 < mI 6 A⊠ I ⊕ I ⊠B 6 MI.

Proof. Denote S =

[
A⊠ I 0

0 I ⊠B

]
and X =

1√
2

[
Z

Z

]
where Z is the selection

operator associated with {H,K}. Then X∗X = I. Using Lemmas ?? and 5.13,

we have

X∗SX =
1

2

[
Z∗ Z∗

] [A⊠ I 0

0 I ⊠B

][
Z

Z

]
=

1

2
(A � B)

X∗S−1X =
1

2

[
Z∗ Z∗

] [A−1 ⊠ I 0

0 I ⊠B−1

][
Z

Z

]
=

1

2
(A−1 � B−1)

X∗S2X =
1

2

[
Z∗ Z∗

] [A2 ⊠ I 0

0 I ⊠B2

][
Z

Z

]
=

1

2
(A2 � B2).

Substitution in (6.20) and (6.21) of Lemma 6.18 lead to the results.

Lemma 6.20. Let S be positive invertible operator in B(K) with 0 < mI 6 S 6
MI and let X ∈ B(H,K) be such that X∗X = I, then

X∗SX − (X∗S−1X)−1 6 (
√
M −

√
m)2I, (6.24)

X∗S2X − (X∗SX)2 6 1

4
(M −m)2I, (6.25)

(X∗S2X)1/2 −X∗SX 6 (M −m)2

4(M +m)
I. (6.26)
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Proof. The proof is similar to the case of matrices, given in [29].

Proposition 6.21. Let A ∈ B(H) and B ∈ B(K) be positive invertible operators.

Then

1

2
(A � B)− 2

(
A−1 � B−1

)−1 6 (
√
M −

√
m)2I, (6.27)

2
(
A2 � B2

)
− (A � B)2 6 (M −m)2I, (6.28)

(A2 � B2)1/2 − 1√
2
(A � B) 6 (M −m)2

2
√
2

I, (6.29)

where 0 < mI 6 A⊠ I ⊕ I ⊠B 6 MI.

Proof. The proof is similar with Proposition 6.19.

Proposition 6.22. Let A ∈ B(H) be a positive operator matrix such that A has

a closed range and A† � I = I � A†. Then

A � A† > 2AA† � I. (6.30)

Proof. Denote S = A ⊠ I > 0. By virtue of S + S† > 2SS†, we have, by using

Lemmas 5.4 and 6.16,

A⊞ A† = A⊠ I + A† ⊠ I = A⊠ I + (A⊠ I)†

> 2(A⊠ I)(A⊠ I)† = 2AA† ⊠ I.

Pre- and post-multiplying by Z∗ and Z, respectively, we get the result.

We mention that Proposition 6.22 is an extension of [?, Corollary 3.6].
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Abstract 
 
We generalize the notions of Khatri-Rao sums for matrices and tensor sums for Hilbert space operators to Khatri-

Rao sums for Hilbert space operators. This kind of operator sum is compatible with algebraic operations and order relations. 
We investigate its analytic properties, including continuity, convergence, and norm bounds. We also discuss the role of 
selection operator that relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products. Binomial theorem involving 
Khatri-Rao sums and its consequences are then established. 

  
Keywords: tensor product, Khatri-Rao product (sum), Tracy-Singh product (sum)

 
 

1. Introduction 
 

In matrix and operator theory, there are many kinds of products which are of interest from both theory and application 
points of views. These products include the Kronecker (tensor) product, the Tracy-Singh product and the Khatri-Rao product. Let 

( )nM   denote the set of n -by- n  complex matrices. Recall that for any ( )mA M   and ( )nB M  , the Kronecker 
product of A  and B  is given by  

ˆ = .ij ij
A B a B                              (1) 

The Tracy-Singh product of partitioned matrices, as a generalized Kronecker product, was introduced by Tracy and Singh (1972). 
Let = ijA A    be partitioned with ijA  of order i jm m  as the ( , )i j th submatrix and let  = klB B  be a partitioned matrix 

with klB  of order k ln n  as the ( , )k l th submatrix where 
=1 =1

= , = .r s
i ki k

m m n n   The Tracy-Singh product of A  and 

B  is defined by  
ˆ ˆ= .ij kl kl ij

A B A B                              (2) 

If r  and s  are equal, the Khatri-Rao product of A  and B  can be defined to be (Khatri and Rao, 1968) 

 ˆ ˆ= .ij ij ij
A B A B                            (3) 

See more information about the development of this theory in Al Zhour (2012), Al Zhour and Kilicman (2006b), Cao, Zhang and 
Yang (2002), Liu and Trenkler (2008), Shuangzhe (1999), Van Loan (2000). 

From Tracy-Singh and Khatri-Rao products of matrices, Al Zhour and Kilicman (2006a) defined Tracy-Singh sums and 
Khatri-Rao sums of matrices and established certain properties for these sums. Indeed, the Tracy-Singh and Khatri-Rao sums are 
respectively defined to be 
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 ˆ ˆ ˆ ˆ ˆˆ= , =n m n mA B A I I B A B A I I B                                (4) 
where mI  and nI  are block identity matrices of order m m  and n n , respectively. 

The theory of Kronecker products of matrices was extended to tensor products   of bounded linear operators on a 
Hilbert space. The notion of tensor sum for operators was investigated in Kubrusly and Levan (2011). Indeed, the tensor sum of 

( )A   and ( )B   is defined to be ,A I I B    here   denotes the tensor product. Recently, the Tracy-Singh 
product and the Khatri-Rao product for operators were investigated by the authors (Ploymukda & Chansangiam, 2016).   From the discussion above, it is natural to generalize the Khatri-Rao sum for matrices  and the tensor sum of operators 
to the Khatri-Rao sum for operators. We will show in this paper that the Khatri-Rao sum is compatible with algebraic operations 
and order relations. We discuss analytic properties of this sum, including continuity, convergence, norm bounds. We investigate 
the role of selection operator that relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products.  Binomial theorem 
involving Khatri-Rao sums and its consequences are then established.   

This paper is organized as follows. Section 2 supplies preliminary results on Tracy-Singh products and Khatri-Rao 
products for Hilbert space operators.  In Section 3, we introduce Khatri-Rao sums for operators and investigate its algebraic, 
order, and analytic properties. Section 4 discusses relationship between Khatri-Rao sums and selection operators. In Section 5, 
we prove an operator version of binomial theorem and deduce some consequences inequalities. 
 
2. Preliminaries  
 

In what follows,   and   are complex separable Hilbert spaces. When   and   are Hilbert spaces, denote by 
( , )    the Banach space of bounded linear operators from   into , and abbreviate ( , )    to ( )  . For Hermitian 

operators , ( ),A B   the partial order A B indicates that A B  is a positive operator, while 0A   means that 
, 0Ax x    for all nonzero vectors x  in .  

 
2.1 Tracy-Singh products for operators 

 
Recall that the tensor product of ( )A   and ( )B   is the unique bounded linear operator from    into 

itself such that  
( )( ) =A B x y Ax By  

   
                   (5) 

for all x  and y . To define the Tracy-Sing product of operators, we first use projection theorem for Hilbert spaces to 
decompose  

=1 =1
= , =

m n

i k
i k
      

where each i  and k  are Hilbert spaces. Thus any operator ( )A   and ( )B   can be uniquely represented by 

operator matrices 
,

, =1
=

m m

ij i j
A A      

and     ,

, =1= n n
kl k lB B  where ( , )ij j iA     and ( , )kl l kB     for each , , , .i j k l .  

 

Definition 1. According to the previous discussion, the Tracy-Singh product of A  and B  is defined to be the bounded linear 

operator from ,

, =1

m n
i ki k     into itself represented by the operator matrix 

= .ij kl kl ij
A B A B                                 (6) 

Lemma 2 (Ploymukda & Chansangiam, 2016).  The following properties hold, provided that all operators are compatible.  
 * * *( ) = ,A B A B                               (7) 
 ( ) = ( ) = ( ),A B A B A B                                 (8) 
 ( ) = ,A B C A B A C                                (9) 
 ( ) = ,B C A B A C A                           (10) 
 ( )( ) = .A B C D AC BD                                   (11) 
Lemma 3 Let ( )A   and ( )B  .Then = 0A B  if and only if = 0A  or = 0.B  

Proof. Write 
,

, 1[ ]m m
ij i jA A   and 

,
, 1[ ]n n

kl k lB B  . We have the following norm bounds (Ploymukda & Chasangiam, 2016)   

1 .A B A B mn A B
mn

   

Now, the claim follows. 
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Definition 4. Let 
,

, =1
= ( )

m m

ij i j
A A       and   ,

, =1 ( )n n
kl k lB B   . We define the Tracy-Singh sum of A  and B  as 

follows:  
 =A B A I I B                            (12) 

which belongs to  ,

, =1

m n
i ji j    .  

 
2.2 Khatri-Rao products for operators 
 

From now on, fix the following decompositions of Hilbert spaces:  

 
=1 =1

= , = .
n n

i i
i i
    

  

Definition 5. Let 
,

, =1
= ( )

n n

ij i j
A A       and 

,

, =1
= ( )

n n

ij i j
B B       be operator matrices. We define the Khatri-Rao product 

of A  and B  to be the operator matrix  

 
,

, =1
=

n n

ij ij i j
A B A B                           (13) 

which is a bounded linear operator from 
=1

n
i ii
     into itself.  

Recall that for each ( )nA  , the induced map : ,m m
AL x Ax    is a bounded linear operator. 

Lemma 6 (Ploymukda & Chansangiam, 2016).  For any complex matrices = [ ]ijA A  and = [ ]ijB B  partitioned in block-
matrix forms, we have  

ˆ= .A B A B
L L L


                       (14) 

Lemma 7 (Ploymukda & Chansangiam, 2016).  Let ( )A   and , ( )B C    be operator matrices, and let   . Then  

 * * *( ) = ,A B A B                       (15) 
 ( ) = ( ) = ( ),A B A B A B                         (16) 
 ( ) = ,A B C A B A C                        (17) 
 ( ) = .B C A B A C A                        (18) 

Lemma 8 (Ploymukda & Chansangiam, 2016).  There is an isometry Z  such that *ZZ I  and  

  *=A B Z A B Z                       (19) 

for any ( )A   and ( )B  . We call Z  the selection operator associated with the ordered tuple  ,  .  

Lemma 9 (Ploymukda & Chansangiam, 2016).  Let Z  be the selection operator associated with  ,  . Then there exists an 
operator  

 
1

=1 =1 =1 =1
:

n n n n

i j i j
i j i j

W


        

such that * = 0Z W  and * * =ZZ WW I . Indeed, W  is defined as  

 
1

=

n

W
W

W

 
 
 
  

                       (20) 

where  
2, 1( ) ( )

, =1 =1=1 =1
2<

= :
n n nn ns s

kl i i s ik l ji i
i j n

W W




             for = 1,...,s n , with ( )s
klW  is an identity operator if k s  and 

= ( 1)l n s k   and others are zero operators. 
Lemma 10 (Ploymukda & Chansangiam, 2016).  Let ( )A   and ( )B   be operator matrices.   

(i) If 0A  and 0B , then 0A B  .  

(ii) If > 0A  and > 0B , then > 0A B .  
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Lemma 11 (Ploymukda & Chansangiam, 2016).  Let ( )A   and ( )B   be operator matrices and let   =1r r
A   and 

  =1r r
B   be sequences in ( )   and ( )  , respectively. If rA A  and rB B , then r rA B A B  . 

Lemma 12 (Ploymukda & Chansangiam, 2016).  For any operator matrices 
,

, =1
=

n n

ij i j
A A   ( )   and 

,

, =1
= ( )

n n

ij i j
B B      , we have  

 2 .A B n A B                          (21) 
 
3. Algebraic, Order, and Analytic Properties of Khatri-Rao Sums for Operators  
 

In this section, we generalize the Khatri-Rao sum for matrices and the tensor sum for operators to the Khatri-Rao sum 
for operators. This kind of operator sum turns out to be compatible with algebraic operations and order relations for operators. 
Binomial theorem involving Tracy-Singh sums and its consequences are also established. We investigate continuity, conver-
gence, norm bounds for Tracy-Singh sums of operators.   

 

Definition 13.  Let ( )A   and ( )B  . We define the Khatri-Rao sum of A  and B  as follows:  

=A B A I I B                          (22) 

which belongs to 
=1

( )n
i ii
   .  

Note that if both A  and B  are 1 1  block operator matrices, their Khatri-Rao sum A B  becomes the tensor sum (Kubrusly 
& Levan, 2011)  

A I I B    . 

If = = ,i i    the Khatri-Rao sum A B  reduces to the Hadamard sum of complex matrices (Al Zhour & Kilicman, 2006a).  

Proposition 14.  Let = ijA A    and = ijB B    be compatible partitioned matrices of order m m  and n n , respectively. 

Then  
ˆ= .A B A BL L L                        (23) 

Proof. We know that the linear map induced by the identity matrix is the identity operator. By applying Lemma 6, we get  
 ˆ ˆ ˆ= = = .A B A I I B A BA I I BL L L L L L L L L   

    

Proposition 15.  Let   and   be scalars. The following properties hold, provided that all operators are compatible.  

  * * *= ,A B A B                       (24) 

   = ,A B A B                         (25) 

     = ,A B A B A B                            (26) 

    1 2 1 2 1 1 2 2= ,A A B B A B A B                        (27) 

        1 2 1 2 1 1 2 2= .A A B B A B A B                       (28) 

Here the symbol   denotes the direct sum for operators.  We call property (27) mixed sum property.  
Proof. Using Lemma 7, we get (24)-(26). By applying properties (17) and (18) Lemma 7, we get  
    A C B D 

  
   = A C I I B D     

 = A I C I I B I D       

    = A I I B C I I D       
 = .A B C D   
 By the definition of Khatri-Rao sum, we have  

 1 1 2 2( ) ( )A B A B      1 1

2 2

0
=

0
A I I B

A I I B
 

  

 
 

 

 1 1

2 2

0 0
=

0 0
A I I B

A I I B
   

   
   

 
 

 

 1 1

2 2

0 00 0
=

0 00 0
A BI I

A BI I
      

      
      

   
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 1 2 1 2= ( ) ( ).A A B B   
Corollary 16.  Let ( )A   and ( )B  . If A  and B  are Hermitian (skew-Hermitian), then A B  is also Hermitian 
(skew-Hermitian).  
Corollary 17.  Let 1 ( )A    and 2 ( )A   . If 1 1 1=A X iY  and 2 2 2=A X iY  are the Cartesian decompositions of 

1A  and 2A , respectively, then 1 2A A 1 2= X X 1 2( )i Y Y   is the Cartesian decomposition of 1 2A A .  

Proposition 18.  Let 1 2, , ( )A A A    and 1 2, , ( )B B B    be operator matrices.    
(i) If 0A  and 0B , then 0A B  .  
(ii) If > 0A  and > 0B , then > 0A B .  

(iii) If 1 2A A  and 1 2B B , then 1 1 2 2A B A B  .  

(iv) If 1 2>A A  and 1 2>B B , then 1 1 2 2>A B A B  .  
Proof. It follows from Lemma 10 and Proposition 15.  

The next proposition asserts that the Khatri-Rao sum is (jointly) continuous with respect to the operator-norm topology. 
Proposition 19.  Let ( )A   and ( )B   be operators matrices, and let   =1r r

A   and   =1r r
B   be sequences in ( )   

and ( )  , respectively. If rA A  and rB B , then r rA B A B  .  

Proof. By Lemma 11, we have rA I A I   and rI B I B  . Then r rA I I B   A I I B  , i.e. 

r rA B A B  .  
The next result is a triangle-like inequality involving Khatri-Rao sums. 

Proposition 20. For any operator matrices 
,

, =1
= ( )

n n

ij i j
A A       and B 

,

, =1
( )

n n

ij i j
B      , we have  

 
2

1 .A B A B
n

                            (29) 

Proof. By using Lemma 12, we have  
 A B    = A I I B A I I B           

    
2 2 2= ( ).n A I n I B n A B             

 
4. Khatri-Rao Sums and Selection Operators  
 
 In this section, we investigate the role of selection operators that relates Khatri-Rao sums to Tracy-Singh sums and 
Khatri-Rao products. 
 

Proposition 21.  There is an isometry Z  such that *ZZ I  and  

  *=A B Z A B Z                       (30) 

for any ( )A   and ( )B  .  

Proof. By Lemma 8, there is an isometry Z  such that *ZZ I  and  

 * *= = ( ) = ( ) .A B A I I B Z A I I B Z Z A B Z        
Proposition 22.  Let ( )A  , ( ),B   and let Z  be the selection operator associated with ( , )  . Then  

 * * * * * *( )( ) ( ) ( ) .A B A B A B A B Z A B WW A B Z                       (31) 
where W  is the operator defined in Lemma 9.  
Proof. By Lemmas 2, 8 and 9, and Theorem 21, we have  
 *( )( )A B A B     

* * * *= ( ) ( )Z A B ZZ A B Z   

  * * * *= ( )( )( )Z A B I WW A B Z   

  
* * * * * * *= ( )( ) ( ) ( )Z A B A B Z Z A B WW A B Z     

  * * * * *= ( )Z AA BB A B A B Z    * * * *( ) ( )Z A B WW A B Z    

  * * * *= AA BB A B A B    * * *( ) ( ) .Z A B WW A B Z    

By Proposition 18, we have * * 0AA BB   and hence  

 
* * * * * *( )( ) ( ) ( ) ( ) 0.A B A B Z A B WW A B Z A B A B          
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Proposition 23. Let , ( )A C    and , ( )B D   be positive operators. Then  

 * *( )( ) ( ) ( ) .AC BD A B C D Z A B WW C D Z                      (32) 

Proof. By replacing * =A C  and * =B D  in the proof of Proposition 22, we have  
 * *( )( ) ( ) ( ) = .A B C D Z A B WW C D Z AC BD A D C B          
Since A D C B   is positive, we get the result. 
 
5. Binomial Theorem Involving Khatri-Rao Sums and its Consequences  
 
 In this section, we prove an operator version of binomial theorem concerning Khatri-Rao sums. As consequences, we 
obtain two operator inequalities, including Bernoulli type inequality. 
 

Lemma 24 Let ( )A   and ( )B  . We have *( ) = 0W A B Z  if and only if 1= nA A A   and 

1= nB B B   where Z  is the selection operator associated with ( , )   and W  is the operator defined by (20).  

Proof. Consider 1 2( )A     and 1 2( )B    . By a computation, we have  

 * ( )W A B Z

*
11 11 12 12

21 11 21 12

21 22 12

21 21 22 22

00 0 0 0
00 0 0 0

=
0 110 0 0 0

00 0 0 0

A B I B A I I
I B A B A II
A I A B I BI

A I I B A B I

      
          
      
          

 

 

11 11

21 12
21 12

21
21 12

22

0
0 0 0 0 0 0

= 0 0 0 = .
21

0 0 0
0 22

A B
I B A I

I I B A I
A I I B

I A I I B
A B

 
                
         

 

By Lemma 3, we obtain  

 
* ( ) = 0W A B Z 12 21 12, ,A I A I I B     and 21I B  are zeros. 

    12 21 12, ,A A B  and  21B  are zeros. 

                   1 2 1 2= and = .A A A B B B    

A direct computation shows that Lemma 24 holds for the case ,
, =1= [ ]n n

ij i jA A  and ,
, =1= [ ]n n

ij i jB B  for any integer > 2n .  

Theorem 25. Let 1= ( )nA A A      and 1= ( )nB B B      be compatible operator matrices, then for any 
integer 2r , 

    
1

=1
= .

r
r r r r k k

k

r
A B A B A B

k


 

  
 

                                                           (33) 

Proof. By the proof of Proposition 22, we have  

     2 2 2 * *= 2 .A B A B A B Z A B WW A B Z       

Since *( ) = 0W A B Z , by Lemma 24, we get  

 2 2 2= 2 .A B A B A B    

This show that Theorem 25 is true for = 2r . Suppose that (33) hold for 2r . Then, by Lemma 2,  

 1( ) = ( ) ( )r rA B AB AB  

  
1

=1
= ( )

r
r r r k k

k

r
A B A B AB

k


  

  
  

   

  
1

=1
= ( )( ) ( )

r
r r r k k

k

r
A B AB A B AB

k


  

   
  

   

   1 1 * *= ( ) ( )r r r r r rA B A B A B Z A B WW A B Z         
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  
1

1 * *

=1
( ) ( )

r
r k k r k r

k

r
A B Z A B WW A I Z

k


   

  
 

     

  
1

1 * *

=1
( ) ( )

r
r k k r k r

k

r
A B Z A B WW I B Z

k


   

  
 

      

 1 1 * *= ( ) ( )r r r r r rA B A B A B Z A B WW A B Z         

    
1

( 1) 1

=1 =0

r r
r k k r k k

k k

r r
A B A B

k k


      

    
   

    

 
1

* *

=1
( ) ( )

r
r k r

k

r
Z A B WW A B Z

k


 

  
 

    

 1 1 * *= ( ) ( )r r r r r rA B A B A B Z A B WW A B Z         

  
1

( 1) * *

=1 =1
( ) ( ) .

r r
r k k r k r

k k

r r
A B Z A B WW A B Z

k k


     

    
   

     

Since  * = 0W A B Z  (by Lemma 24),  we arrive at (33).  

Corollary 26.  Let 1= ( )nA A A      and 1= ( )nB B B      be positive operators, then  for any ,r  

 
  .r r rA B A B                    (34) 

 Proof. Inequality (34) is obviously true for = 1r . Let 2r . Since , 0A B , we have by Lemma 10 that 

 =1
0r r k k

k

r
A B

k
 

 
 

   . By Theorem 25, we obtain  rA B  r rA B .  

Corollary 27. Let 1= ( )nA A A      be a positive operator. Then for any r , 

( ) ( ).rI A I rA                    (35) 

Proof. Since 0A  we have rI A I I  . By Theorem 26, we obtain  

( )rI A
 

 
1

=1
=

r
r k

k

r
I A I A

k

  
  

 
   

1

=2
= ( )

r
r k

k

r
I A r I A I A

k

  
   

 
    

  
( )rI A r I A     ( )I I I rA     = ( ).I rA  
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Abstract 

We provide estimations for the operator norm, the trace norm, and the Hilbert-Schmidt norm for Khatri-
Rao products of Hilbert space operators. It follows that the Khatri-Rao product is continuous on norm 
ideals of compact operators equipped with the topologies induced by such norms. Moreover, if two 
operators are represented by block matrices in which each block is nonzero, then their Khatri-Rao 
product is compact if and only if both operators are compact. The Khatri-Rao product of two operators 
are trace-class (Hilbert-Schmidt class) if and only if each operator is trace-class (Hilbert-Schmidt class, 
respectively). 

Keywords: Khatri-Rao product, compact operator, Schatten p -class operator, trace-class operator, 
Hilbert-Schmidt class operator. 
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INTRODUCTION 

Matrices and operators are fundamental tools in mathematics and 

related fields from viewpoints of theory, computations, and 

applications. A variety of ways to multiply matrices has been 

investigated in the literature. For instance, the Kronecker product and 

the Khatri-Rao product. Denote by the set of  m-by-n 

complex matrices and abbreviate to . Recall that the 

Kronecker product of and is given 

by   

ˆ = .ij ij
A B a B   

The notion of Kronecker product was generalized to the Khatri-Rao 

product as follows. Consider two complex matrices A and B

partitioned so that their ( , )i j th block are given by 
ijA and 

ijB for each 

,i j (the sizes of 
ijA and 

ijB may be different). Then the Khatri-Rao 

product [1] of A and B is defined by  

                                   
ˆ ˆ= . (1)ij ij

ij
A B A B 

 
*

   

When A and B are of only one block, their Khatri-Rao product is just 

their Kronecker product. See more information in [2-6] and references 

therein.
 The notion of Kronecker product of matrices is extended to the 

tensor product of operators on a Hilbert space. Certain algebraic, order, 

and analytic properties of tensor product of operators have been 

established, see [7-9]. In [10-11], the authors study the notion of tensor 

product for operators to the Tracy-Singh product of operators. Recently 

in [12-13], the authors introduced the Khatri-Rao product and the 

Khatri-Rao sum for operators acting on the direct sum of Hilbert spaces. 

This construction provides a natural extension for both the Khatri-Rao 

product/sum for matrices, and the tensor product/sum of operators (see 

Section 2 for details). Fundamental algebraic, order, and structure 

properties of the Khatri-Rao product were investigated in [12].
 In this paper, we continue developing this theory by discussing 

analytic properties of Khatri-Rao products for bounded linear operators

acting on a Hilbert space. Under the assumption that two operators are 

represented by block matrices whose each block is nonzero, we will 

show that their Khatri-Rao product is compact if and only if both factors 

are compact. We provide norm bounds for the operator-norm, and the 

Schatten p -norms for = 1,2,p  . Then we show that the Khatri-Rao 

product is (jointly) continuous with respect to the topologies induced 

by such norms. The norm bounds imply that the Khatri-Rao product of 

two operators are trace-class (Hilbert-Schmidt class) if and only if each 

operator is trace-class (Hilbert-Schmidt class, respectively). 

This paper is organized as follows. In Section 2, we explain the 

notion of Khatri-Rao product for operators. In Section 3, we establish 

analytic properties involving norm bounds, continuity, convergence, 

and compactness of the Khatri-Rao product of operators in the operator-

norm topology. The last section discusses the same properties of the 

Khatri-Rao product on norm ideals of compact operators. 

PRELIMINARIES ON KHATRI-RAO PRODUCTS FOR 
OPERATORS 

Throughout this paper, let H , H , K and K be complex Hilbert 

spaces. When X and Y are Hilbert spaces, let  ,B X Y stand for the 

Banach space of all bounded linear operators from X into Y , 

equipped with the operator norm .


. We abbreviate  ,B X X to 

 B X . 

RESEARCH ARTICLE 

, ( )m nM

, ( )n nM ( )nM

,= ( )ij m nA a M   , ( )p qB M
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Recall that the tensor product of  ,A B H H and  ,B B K K

is a unique bounded linear operator A B in  ,   B H K H K

such that 

( )( ) =A B x y Ax By  

for all xH and .yK The tensor product is bilinear and continuous 

with respect to the topology induced by the operator norm. 

From now on, fix the following orthogonal decompositions:  

=1=1 =1 =1

= , = , = , = ,

n m mn

j i j i
jj i i


    H H H H K K K K

where all , , ,j i j i
 H H K K are Hilbert spaces. For each =1, , ,j n let 

:j jE H H and :j jF K K be the canonical embeddings defined 
by  

: (0,...,0, ,0,...,0) ( is in the -th position),

: (0,...,0, ,0,...,0) ( is in the -th position).

j

j

E x x x j

F y y y j

For each =1, , ,i m let :i iP  H H and :i iQ  K K be the 

orthogonal projections. Hence any operator  ,A B H H
and 

 ,B B K K can be represented uniquely as operator matrices  

                       

,

, =1
=

m n

ij i j
A A     and   

,

, =1
=

m n

ij i j
B B  

           (2) 

where  = ,ij i j j iA PAE B H H and  = ,ij i j j iB Q BF B K K for each 

, .i j We can perform the addition, the scalar multiplication, the 

adjointation, and the usual multiplication of operator matrices in a 

similar way to those of matrices. 

We define the Khatri-Rao product of A and B to be a bounded 

linear operator from 
=1

n

j jj
 H K   to 

=1

m

j ji
 H K represented by an 

operator matrix  

                                   

,

, =1
= .

m n

ij ij i j
A B A B  *             (3) 

When = =1m n , the Khatri-Rao product A B* is reduced to the 

tensor product A B . 

Lemma 1 ([12]).  The Khatri-Rao product of operators is bilinear. More 

precisely, 

( ) ,

( ) ,

( ) ( ) ( )

A B C A B A C

B C A B A C A

A B A B A B  

  

  

 

* * *

* * *

* * *

for any compatible operators A,B,C and for any scalar .

NORM BOUNDS, CONTINUITY, CONVERGENCE AND 
COMPACTNESS OF KHATRI-RAO PRODUCTS IN THE 
OPERATOR-NORM TOPOLOGY  

In this section, we discuss norm estimation, continuity, 

convergence, and compactness of the Khatri-Rao product of operators 

with respect to the topology induced by the operator norm. 

Recall the following bounds for the operator norm of operator 

matrices. 

Lemma 2 ([14]).  Let 
,

, =1
=

n n

ij i j
A A     be an operator matrix in  B H . 

Then  

                  

2 222

, =1 , =1

.
n n

ij ij

i j i j

n A A A

 
 „ „             (4) 

The next theorem provides an upper estimate for the operator norm 

of Khatri-Rao product. Such bound depends on the number of blocks 

in the representation (2). 

Theorem 3. For any operator matrices  
,

, =1
=

n n

ij i j
A A    B H and 

 
,

, =1
=

n n

ij i j
B B    B K , we have  

                               
2 .A B n A B

  
„*                (5) 

Proof. Since each (i, j)-th block of A B* is given by ,ij ijA B    it 

follows from Lemma 2 and the Cauchy-Schwarz inequality that  

                        

22

,

ij ij

i j

A B A B
 

„*

                       

2 2

,

ij ij

i j

A B
 

 

   

2 2

, ,

ij ij

i j i j

A B
 

  
  
  
 „

2 24 .n A B
 

„

Hence, we obtain the bound (5).  

The next result asserts that the map ( , )A B A B* is (sequentially) 

continuous with respect to the operator-norm topology. 

Theorem 4.  Let  
,

, =1
=

n n

ij i j
A A    B H and  

,

, =1
=

n n

ij i j
B B    B K   be 

operator matrices and let  
=1r r

A


and  
=1r r

B


be sequences in  B H

and  B K , respectively. If 
rA A   and 

rB B (in operator norm), 

then 
r rA B A B* * .  

Proof. Suppose that 
rA A and 

rB B in operator norm. By the 

continuity of the operator norm, we have 
rB B

 
 as .r  By 

using Lemma 1 and Theorem 3, we have  

                    r rA B A B


* *

    
                      

= r r r rA B A B A B A B


  * * * *

             ( ) ( )r r rA A B A B B
 

  „ * *

             2 2

r r rn A A B n A B B
   

  „

            
2 20 0 = 0.n B n A

 
     

It follows that 
r rA B A B* * in the operator-norm topology.  

Next, we consider the compactness of the Khatri-Rao product of two 

operators. Recall that a linear operator :T H H is said to be compact 

if and only if it can be written in the form 

1

,n n n

n

T x y



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where { }n nx 
and { }n ny 

are orthonormal sets in H , and ( )n n 
is 

a sequence of positive real numbers with limit zero, called the singular 

values of T.  The zero operator is an example of a compact operator. 

Every finite rank operator (between infinite/finite dimensional spaces) 

is compact. Every compact operator is always bounded and continuous 

with respect to the operator-norm topology. 

Lemma 5 ([7]).  Let  ijA A    B H and  ijB B    B K be 

operators such that 
ijA and 

ijB are nonzero for all ,i j .  Then the tensor 

product A B   is compact if and only if both A and B are compact. 

Lemma 6 ([11]).  Let  = ijA A   B H be an operator matrix. Then

A is compact if and only if 
ijA is compact for all , .i j

The next result provides a necessary and sufficient condition for A B*

to be compact. 

Theorem 7.  Let  ijA A    B H and  ijB B    B K be 

operators such that 
ijA and 

ijB are nonzero for all ,i j .  Then the Khtri-

Rao product A B* is compact if and only if both A and B are 

compact.  

Proof. First, suppose that A and B are compact. By Lemma 6, we 

deduce that 
ijA and 

ijB are compact for all ,i j . It follows from Lemma 

5 that 
ij ijA B is compact for all ,i j . Lemma 6 ensures the 

compactness of A B* . For necessity part, reverse the previous 

procedure.  

KHATRI-RAO PRODUCTS ON NORM IDEALS OF COMPACT 
OPERATORS 

In this section, we investigate the Khatri-Rao product on several 

norm ideals of  B H . Recall that any proper ideal of the algebra 

 B H is contained in the ideal of compact operators. For any compact 

operator  AB H , let  
=1

( )i i
s A


be the sequence of decreasingly 

ordered singular values of A . For each 1 p  „ , the Schatten p -

norm of A is defined by  

1/

=1

= ( ) ,

p

p

ip
i

A s A
 

 
 


or equivalently,  

 
1/

tr| |
p

p

p
A A

where | |pA is defined by the functional calculus. If 
p

A is a 

nonnegative real number, then A is called a Schatten p -class 

operator. The Schatten  -norm is just the operator norm. For each 

1 p „ „ , denote by 
pS the Schatten p -class operators. In 

particular, 
1S and 

2S are known as the trace class and the Hilbert-

Schmidt class, respectively. Each Schatten p -norm induces a norm 

ideal of  B H and this ideal is closed under the topology generated by 

such norm.  

In order to proceed, some auxiliary results are needed. 

Lemma 8. ([14]).  Let 
,

, =1
=

n n

ij i j
A A     be an operator matrix in 

pS .  

(i)  For 1 2p„ „ , we have  

                  

2 22 4/ 2

, =1 , =1

.
n n

p

ij ijpp p
i j i j

A A n A „ „         (6) 

(ii) For 2 p „ „ , we have  

          
2 224/ 2

, =1 , =1

.
n n

p

ij ijpp p
i j i j

n A A A  „ „             (7) 

Lemma 9.  Let  1 p „ „ . An operator matrix  = ijA A   B H is 

a Schatten p -class operator if and only if 
ijA is a Schatten p -class 

operator for all ,i j . 

Proof. This is a direct consequence of the norm estimations in Lemma 

8.  

Lemma 10.  Let 1 p „ „ . Let = ijA A   be an operator matrix in 

the class 
pS and let  

=1r r
A


be a sequence in 

pS where 

,
( )

, =1
=

n n
r

r ij i j
A A  

for each r . Then 
rA A in 

pS if and only if  

( )r

ij ijA A in 
pS for all , = 1, ,i j n .  

Proof.  Lemma 9 assures that 
ijA and ( )r

ijA belong to 
pS for any 

, = 1, ,i j n and r . Consider the case 1 2p„ „ and suppose that 

rA A in 
pS . For any fixed , {1, , }i j n , we have from the 

estimation (6) that 

2 2 2( ) ( )

, =1

.
n

r r

ij ij ij ij r pp p
i j

A A A A A A  „ „

Hence, ( )r

ij ijA A in .pS Conversely, suppose that ( )r

ij ijA A in 
pS

for each ,i j . Lemma 8 implies that  

22 4/ 2 ( )

, =1

.
n

p r

r ij ijp p
i j

A A n A A „

Hence, 
rA A in pS .  

Consider the case 2 p   and suppose that 
rA A in 

pS
. 

Using the norm estimations (7), we obtain 

2 2 2( ) ( ) 2 4/

, =1

.
n

r r p

ij ij ij ij r pp p
i j

A A A A n A A  „ „

for any , {1, , }i j n .  Since 
rA A in 

pS , we have ( )r

ij ijA A
in 

pS
. Conversely, suppose that ( )r

ij ijA A in 
pS for each ,i j . Applying 

Lemma 8, we get 

22 ( )

, =1

.
n

r

r ij ijp p
i j

A A A A „

Hence, 
rA A in pS .  

Consider the case p   . Let 
rA A in 

S . For any fixed 

, {1, , }i j n , we have from Lemma 2 that 

2 2 2( ) ( ) 2

, =1

.
n

r r

ij ij ij ij r

i j

A A A A n A A
 

  „ „
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Hence, ( )r

ij ijA A in 
S . Conversely, suppose that ( )r

ij ijA A in 
S

for each ,i j . The estimation (4) implies that  

22 ( )

, =1

.
n

r

r ij ij

i j

A A A A
 

 „

Thus 
rA A in S . 

The following result asserts that the Khatri-Rao product is continuous 

on the ideal of compact operators 
S . 

Theorem 11. If a sequence  
=1r r

A


converges to A and a sequence 

 
=1r r

B


converges to B in 
S , then 

r rA B* converges to A B* in 

S .  

Proof. It follows from Theorem 4, Theorem 7, and the fact that 
S is 

a closed set.  

The following theorem supplies an upper bound for the Schatten 1-

norm of the Khatri-Rao product of operators. 

Theorem 12. Let  A HB and  ,

, 1= [ ] .n n

ij i jB B   KB If A and B are 

compact, then we have the following bound: 

                                   1 1 1
.A B n A B„*             (8) 

Hence, A B* is trace-class if and only if both A and B are trace-

class. 

Proof. Suppose that Aij and Bij are nonzero operators for all i, j. Then 

the Khatri-Rao product A B* is also compact by Theorem 7. It 

follows from the norm bound (6) and the Cauchy-Schwarz inequality 

that  
22 2

1 1
,

ij ij

i j

A B n A B„*

                          

2 2
2

1 1
,

ij ij

i j

n A B 

                         

2 2
2

1 1
, ,

ij ij

i j i j

n A B
  
  
  
 „

                         

2 22

1 1
.n A B„

Hence, we obtain the bound (8). If there is a zero block of Aij or Bij, then 

0ij ijA B  is  compact, and we can apply the above procedure. 

    

Theorem 13. Let  A HB and  ,

, 1= [ ] .n n

ij i jB B   KB If A and B are 

compact, then  

                                         2 2 2
.A B A B„*                       (9) 

Hence, A B* is a Hilbert-Schmidt operator if and only if both A and 

B are Hilbert-Schmidt operators.  

Proof. We may suppose that Aij and Bij are nonzero for all i, j. Then the 

operator A B* is compact by Theorem 7. Then by Lemma 8(ii) and 

the Cauchy-Schwarz inequality, we have  

22

2 2
,

= ij ij

i j

A B A B*

                            

2 2

2 2
,

= ij ij

i j

A B

          

2 2

2 2
, ,

ij ij

i j i j

A B
  
  
  
 „

                            

2 2

2 2
.A B„

Hence, we obtain the bound (9).  

The final result states that the Khatri-Rao product is sequentially 

continuous on the norm ideal of trace-class operators and the norm ideal 

of Hilbert-Schmidt class operators. 

Theorem 14. Let {1,2}p . If a sequence  
=1r r

A


converges to A and 

a sequence  
=1r r

B


converges to B in the norm ideal ,pS then 

r rA B* converges to A B* in 
pS .  

Proof. Suppose that the sequences  
=1r r

A


and  
=1r r

B


converge to A

and ,B respectively, in 
1S . By applying Lemma 1 and the bound (8), 

we get  

1 1r r r r r rA B A B A B A B A B A B    * * * * * *

                                        1 1
( ) ( )r r rA A B A B B  „ * *

                                        1 1 1 1
( ) ( )r r rn A A B n A B B  „

                                        2 2
0 0 = 0.n B n A   

Hence, 
r rA B A B* * in 

1S .  

Let the sequences  
=1r r

A


and  
=1r r

B


converge to A and ,B

respectively, in 
2S . By using Lemma 1 and the bound (9), we have 

2 2r r r r r rA B A B A B A B A B A B    * * * * * *

2 2
( ) ( )r r rA A B A B B  „ * *

2 2 2 2
( ) ( )r r rA A B A B B  „

2 2
0 0 = 0.B A   

Hence, 
r rA B A B* * in 

2S . 

CONCLUSION 

We have provided a necessary and sufficient condition for the 

Khatri-Rao product of operators
 

to be compact. Indeed, for two 

operators in which every block is nonzero, their Khatri-Rao product is 

compact if and only if both factors are compact. We establish 

estimations for the operator norm, the trace norm, and the Hilbert-

Schmidt norm for Khatri-Rao products of Hilbert space operators. The 

Khatri-Rao product is continuous with respect to the topologies induced 

by such norms. It follows that the Khatri-Rao product of two operators 

are trace-class (Hilbert-Schmidt class) if and only if each operator is 

trace-class (Hilbert-Schmidt class, respectively). 
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Abstract 

We establish relations between the Khatri-Rao sum of Hilbert space operators and ordinary products, 
powers, ordinary inverses, and Moore-Penrose inverses in terms of inequalities, including arithmetic-
geometric mean inequality and Kantorovich type inequalities. In particular, such relations hold for the 
tensor sum of operators and the Khatri-Rao sum of complex matrices. 
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INTRODUCTION 

In mathematics, there are many kinds of matrix products/sums 

which have rich theory and numerous applications. Such matrix 

products include the Kronecker (tensor) product, the Tracy-Singh 

product, and the Khatri-Rao product. Recall that the Kronecker 

product of two complex matrices A  and B  is defined by 

ˆ = ,ij ij
A B a B                (1) 

that is, the (i,j)th block of ˆA B is given by aijB. The Kronecker sum 

of an n x n matrix A and an m x m matrix B is defined as 

      ˆ .n mA B A I I B                 (2) 

Here, Ik denotes the identity matrix of size k x k for any natural

number k. The Tracy-Singh product, introduced in [1], is a 

generalization of the Kronecker product. Indeed, partition A = [Aij] 

and B = [Bkl], where the submatrices Aij and Bkl can be of arbitrary 

sizes.  Then the Tracy-Singh product of A and B is defined as  

ˆ ˆ= .ij kl
kl ij

A B A B  
  

                          

If A and B have the same form of partitioning, we can define their 

Khatri-Rao product by [2] 

ˆ ˆ= .ij ij
ij

A B A B 
 

See more information about theory of matrix products in [3-6]. 

The notions of Tracy-Singh sum and Khatri-Rao sum for matrices

are respectively defined by (see [7]) 

ˆ ˆ ˆ= ,n mA B A I I B                          (3) 

ˆ ˆˆ = .n mA B A I I B                 (4) 

Here, we partition mI and nI so that their diagonal blocks are identity 

matrices. If A and B are of only one block, then the Tracy-Singh sum 

(3) and the Khatri-Rao sum (4) are reduced to the Kronecker sum (2). 

A significant development in operator theory is to introduce the 

tensor product of Hilbert space operators, generalizing the Kronecker

product of matrices. From now on, let  and  be complex 

separable Hilbert spaces. When  and  are Hilbert spaces, denote 

by ( , ) the algebra of bounded linear operators from  into , 

and abbreviate ( , ) to
 

( ). The identity operator on the space 

is denoted by IX or I if the underlying space is clear from the 

context.   Using the universal mapping property, the tensor product of 

( )A and ( )B is the unique bounded linear operator from 

the tensor space  into itself satisfying  

( )( )=A B x y Ax By  

             

for all x and
 

y . The tensor sum of ( )A and 

( )B is defined to be (see [8]) 

      
.A B A I I B                 (5) 

Recently, the Tracy-Singh product, the Khatri-Rao product, and the 

Khatri-Rao sum for Hilbert space operators were investigated by the 

authors [9-13]. The notion of Khatri-Rao sum of operators includes 

the tensor sum of operators and the Khatri-Rao sum of complex 

matrices as special cases. 

In this paper, we develop further theory of operator products/sums 

by establishing certain inequalities for Khatri-Rao sums of operators. 

These inequalities involve ordinary products and powers, ordinary and 
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Moore-Penrose inverses. We also deduce Kantorovich type 

inequalities concerning Khatri-Rao sums. Our results generalize some 

matrix inequalities in [7]. In operator case, we require some mild 

assumptions such as the closeness of their ranges. Moreover, new 

operator inequalities are established by means of block partitioning 

technique.  

The paper is organized as follows. The next section supplies 

preliminaries on Tracy-Singh products/sums and Khatri-Rao 

products/sums for Hilbert space operators.  The third section deals 

with certain operator inequalities concerning Khatri-Rao sums and 

Moore-Penrose inverses. In the final section, we establish 

Kantorovich type operator inequalities involving Khatri-Rao sums. 

PRELIMINARIES 

For Hermitian operators , ( ),A B the partial order A B

means that A B is a positive operator. 

Tracy-Singh products/sums for operators 
To define the Tracy-Sing product of operators, we first fix the 

decompositions of Hilbert spaces (this can be done by using the

projection theorem):  

=1 =1

= , =
m n

i k
i k
 

where  i and k are Hilbert spaces for all i, k. It follows that any 

operator ( )A and ( )B can be uniquely represented as 

operator matrices  

,

, =1
=

m m

ij i j
A A   and  

,

, =1
=

n n

kl k l
B B

where
 

( , )ij j iA  and ( , )kl l kB  for each , , , .i j k l Basic 

algebraic operations for operator matrices, such as, the addition, the 

scalar multiplication, the usual multiplication, and the adjoints can be 

performed in the same way as those of block matrices. 

Definition 1. According to the previous setup, the Tracy-Singh 

product of A and B is defined to be the bounded linear operator 

from 
,

, =1

m n

i ki k
 into itself, represented by the operator matrix

= .ij kl kl ij
A B A B    

            (6) 

Recall that a Moore-Penrose inverse of ( , )A is an 

operator † ( , )A  satisfying the following conditions (see [14]): 

† † † † † * † † * †= , , ( ) , ( ) .AA A A A AA A AA AA A A A A  

The existence of †A is equivalent to the closeness of the range of A, 

and in this case  the operator †A is unique (see, e.g., [15]). 

Lemma 2 ([9]).  The Tracy-Singh product fulfills the following 

properties, assuming that all operators are compatible:  

* * *( ) = ,A B A B                          (7) 

( ) = ( )= ( ),A B A B A B                           (8) 

( ) = ,A B C A B A C                           (9) 

( ) = ,B C A B A C A                       (10) 

( )( ) = ,A B C D AC BD                      (11) 

† † †( ) = .A B A B                    (12) 

Lemma 3 ([9]).  Let ( )A and ( )B be operator matrices. 

If 0A and 0,B then 0A B .  

Definition 4. Let 
,

, =1
= ( )

m m

ij i j
A A    and  

,

, =1
( )

n n

kl k l
B B  . We 

define the Tracy-Singh sum of A and B as follows:  

=A B A I I B           (13) 

which belongs to  ,

, =1

m n

i ji j
 .  

Khatri-Rao Products/Sums for Operators  
From now on, fix the following Hilbert space direct sums:  

=1 =1

= , = .
n n

i i
i i
 

Definition 5.  Let 
,

, =1
= ( )

n n

ij i j
A A    and 

,

, =1
= ( )

n n

ij i j
B B    be 

operator matrices. We define the Khatri-Rao product of A and B to 

be the bounded linear operator from 
=1

n

i ii
   into itself, 

represented as follows:   

,

, =1
= .

n n

ij ij i j
A B A B             (14) 

Lemma 6 ([11]). There is an isometry Z such that *ZZ I and 

 *=A B Z A B Z           (15) 

for any ( )A and ( )B . We call Z the selection operator 

associated with the ordered tuple  , . 

Definition 7.  Let ( )A and ( )B . We define the Khatri-

Rao sum of A and B as follows:  

=A B A I I B                          (16) 

which belongs to  =1

n

i ii
 .  

Note that if both A and B are 1 1 block operator matrices, their 

Khatri-Rao sum A B becomes the tensor sum. If = = ,i i the 

Khatri-Rao sum A B reduces to the Hadamard sum of complex 

matrices (see e.g. [7]).  

Lemma 8 ([13]). There is an isometry Z such that *ZZ I and  

 *=A B Z A B Z                                           (17) 

for any ( )A and ( )B .  

OPERATOR INEQUALITIES INVOLVING KHATRI-RAO 
SUMS  AND MOORE-PENROSE INVERSES  

In this section, we derive certain operator inequalities involving 

Khatri-Rao sums and Moore-Penrose inverses. Roughly speaking, we 

may consider the Khatri-Rao sum and the Khatri-Rao product as the 

“sum” and the “product”, respectively. The Moore-Penrose inverse 

plays a role like the “inverse” for operators. To ensure the existence of 
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the Moore-Penrose inverse of an operator, we must impose the 

closeness of its range. The  results in this section include those for the 

tensor sum of operators and the Khatri-Rao sum of complex matrices

as special cases. 

To derive operator inequalities in this section, we apply a block-

partitioning technique, which is explained in the next lemma.  

Lemma 9 (see e.g. [16])  Let 
11 12

*

12 22

=
T T

T
T T

 
 
 

be an operator in 

1 2( ) such that 11T has a closed range. Then 0T if and only 

if   

(i) 11 0T ,   

(ii) †

12 11 11 12=T T T T ,  

(iii) * * †

22 22 12 11 12=T T T T T .  

      Recall that for any positive real numbers a and b, we have 

2( )
2

a b a b

ab b a


  

(indeed, both sides are equal). Let us generalize this fact to operators 

in which we consider the Khatri-Rao sum as the “sum” and the 

Moore-Penrose inverse as the “inverse”. 

Theorem 10. Let ( )A and ( )B be positive invertible 

operators such that A B has a closed range. Then  

    
† 1 1 2 .A B A B A B A B A B I               (18) 

Proof. Denote  

1/2 1/2 1/2 1/2 1/2 1/2=S A B A B A B   

and 
0

=
0

Z
X

Z

 
 
 

where Z is the selection operator associated with 

( , ) . Using Lemma 2, we get  

*0 S S

1 1
=

2

A B A I I B

A I I B A B A B I I 

 
 

    

1 1
= .

2

A B A B

A B A B A B I I 

 
 

   

Pre- and post-multiplying *S S by *X and X , respectively, we obtain  

* *0 X S SX

   

   

* *

* * 1 1
=

2

Z A B Z Z A B Z

Z A B Z Z A B A B I I Z 

 
 
  
 

1 1
= .

2

A B A B

A B A B A B I I 

 
 

   

Applying Lemma 9, we get the inequality (18). 

       

Recall that for any positive real numbers a and b, we have 

2( 1) 1
2

a
a

a a


  

(indeed, both sides are equal). The next theorem generalize this fact to 

operators; it is also an extension of [7, Corollary 3.8]. 

Theorem 11. Let ( )A be a positive operator such that A
and A I have closed ranges, and =A I I A . Then  

    
†† † † †2 .A AA A I A AA A A AA I           (19) 

Proof. Note first that †A and  
†

A I exist due to the assumption 

that A and A I have closed ranges. Now, denote  

1/2 1/2 † 1/2= ( )S A I A I A I   and 
0

=
0

Z
X

Z

 
 
 

where Z is the selection operator. Since = ,A I I A we have, by   

Lemma 2, † †=A I I A and † †= .AA I I AA Then  

*0 S S

†

† † †
=

2

A I A I AA I

A I AA I A I A I AA I

 
 

   

†

† † †
=

2

A I A I I AA

A I I AA A I I A AA I

 
 

   

†

† † †
= .

2

A I A AA

A AA A A AA I

 
 

 

Pre- and post-multiplying by *X and ,X respectively, we obtain  

* *0 X S SX

   

   

* * †

* † * † †
=

2

Z A I Z Z A AA Z

Z A AA Z Z A A AA I Z

 
 
 
 

†

† † †
= .

2

A I A AA

A AA A A AA I

 
 

 

The proof is complete by using Lemma 9.  
      An equivalent form the arithmetic-geometric mean inequality is 

that for any real number 0a  we have  

1
2.a

a
 

The next theorem is a generalization of this fact; it is also an operator 

extension of [7, Corollary 3.6]. 

Theorem 12.  Let ( )A be a positive operator such that A has a 

closed range and † †=A I I A . Then  

† †2 .A A AA I                                                                 

Proof. The Moore-Penrose inverse of A exists since its range is 

closed. Now, denote = 0S A I . The spectral theorem implies 

that † †2 .S S SS We have by using Lemma 2 that  

† †=A A A I A I

†= ( )A I A I

†2( )( )A I A I

†= 2 .AA I
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We get the desire result by pre- and post-multiplying by *Z and ,Z

respectively.  

KANTOROVICH TYPE INEQUALITIES INVOLVING KHATRI-
RAO SUMS 

In this section, Kantorovich type inequalities involving Khatri-

Rao sums are established. We begin with an auxilliary lemma. 

Lemma 13.  Let S be a positive invertible operator in ( ) with 

mI S MI where ,m M are positive constants.  The following 

inequalities hold: 

1( ) ,S m M I mMS                                                            (20) 

2 ( ) .S m M S mMI                                                             (21) 

Proof. Since ,mI S MI we have    0MI S mI S  and 

hence 

     1 1/2 1/2 0MI S mI S S S MI S mI S S      

Now, the desired inequalities follow easily. 

     The next lemma provides certain operator inequalities, 

generalizing matrix results in [17].  

Lemma 14.  Let S be a positive invertible operator in ( ) with 

mI S MI where ,m M are positive constants.  For any 

( , )X  such that * =X X I , we have 

 
 

 
2

2 2
* * 2 * ,

4

M m
X SX X S X X SX

Mm


                           (22) 

 
 

 
2

1 1
* * 1 * .

4

M m
X SX X S X X SX

Mm

 



                        (23) 

Proof. Since * ,X X I we have † *.X X Since †XX is Hermitian 

and idempotent, it is a projection and thus † .XX I Then 

         
2 * ** * * 2 .X SX SX XX SX SX I SX X S X 

It follows from (21) in Lemma 13 that 

* 2 * *( )X S X m M X SX mMXX 

 
 

2 2
2

* *

4 2

m M m M
X SX X SX mM I

mM mM

  
   

 

 
 

2
2

* .
4

m M
X SX

mM



Since  
1

1/2 * *S X X SX X S


is Hermitian and idempotent, it is a 

projection and thus  
1

1/2 * * .S X X SX X S I


It follows from (20) 

that 

* 1 * *( )m M
X S X XX mMXSX

mM

 


 
 

2
1

*

4

m M
X SX

mM




           
2

1/2 1/2
* *1

2

m M
X SX X SX

mM mM

 
  
 

 
 

2
1

* .
4

m M
X SX

mM



      

The next theorem establishs Kantorovich type inequalities 

concerning ordinary powers and inverses of operators. 

Theorem 15.  Let ( )A and ( )B be positive invertible 

operators and mI A I I B MI where ,m M are positive 

constants. Then  

 
 

 
2

2 22 2 .
M m

A B A B A B
Mm


                          (24) 

If  
A B is invertible, then 

 
 

 
2

1 11 1 .
M m

A B A B A B
Mm

  


                     (25) 

Proof. Denote  

0
=

0

A I
S

I B

 
 
 

and 
1

=
2

Z
X

Z

 
 
 

where 

Z is the selection operator associated with ( , ).

Then 

* =X X I . By Lemma 3, 0A I   and 0.I B We have 

0S

by Lemma 14. Since A and B are invertible, we conclude that 

S is 

invertible. Using Lemma 8, we have  

* * *
01

=
02

A I Z
X SX Z Z

I B Z

   
      

   

 *1
=

2
Z A I I B Z  

 *1
=

2
Z A B Z  

 
1

= ,
2

A B

1

* 1 * *

1

01
=

2 0

ZA I
X S X Z Z

ZI B







   
      

  

 * 1 11
=

2
Z A I I B Z  
 

 * 1 11
=

2
Z A B Z  
 

 1 11
= ,

2
A B 

2

* 2 * *

2

01
=

2 0

ZA I
X S X Z Z

ZI B

   
      

  

 * 2 21
=

2
Z A I I B Z 
 

 * 2 21
=

2
Z A B Z 
 

 2 21
= .

2
A B

Substitution in (22) and (23) of Lemma 14 leads to the results. 
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Lemma 16.  Let S be a positive invertible operator in ( ) with 

mI S MI where ,m M are positive constants. For any 

( , )X  such that * =X X I , we have 

* * 1 1 2( ) ( ) ,X SX X S X M m I  
                                   

(26) 

* 2 * 2 21
( ) ( ) ,

4
X S X X SX M m I                                         (27) 

2
* 2 1 / 2 * ( )

( ) .
4( )

M m
X S X X SX I

M m





     

                                  (28) 

Proof. Using (20), we obtain 

* * 1 1( )X SX X S X 

 
1

* 1 * 1( )m M I mMX S X X S X


   

     
22 1 / 2 1 / 2

* 1 * 1M m I mM X S X X S X


     
  

 
2

.M m I

It follows from (21) that 

* 2 * 2( )X S X X SX

 
2

* *( )m M X SX mMI X SX  

   
2

2 *1 1

4 2
M m I X SX m M I

 
     

 

 
21

.
4

M m I

On the other hand, we have from (21) that 

 
1 / 2

* 2 *X S X X SX

 
1 / 2

* 2 21 mM
X S X S I

m M m M
 

 

 
 

22
1 / 2

* 21

4( ) 2

M m m M
I X S X I

m M mM

  
   

   

 
2

.
4 ( )

M m
I

m M





      Our last theorem provides another forms of Kantorovich 

inequality concerning ordinary powers and inverses. 

Theorem 17.  Let ( )A and ( )B be positive invertible 

operators and ( ) ( )mI A I I B MI where ,m M are 

positive constants.  Then  

     
2 22 22 ,A B A B M m I                                      (29) 

   
 

2
1 / 2

2 2 1
.

2 2 2

M m
A B A B I




                               

(30) 

In addition, if  1 1A B  is invertible, then 

     
21

1 11
2 .

2
A B A B M m I


                           (31) 

Proof. The proof can be omiited since it is similar to that of Theorem 

15. Instead of Lemma 14, we apply Lemma 16. 

CONCLUSION 

We provide relations between the Khatri-Rao sum of operators 

and various kinds of operator operations, namely, ordinary products 

and powers, ordinary and Moore-Penrose inverses. These relations 

appear in terms of inequalities, including arithmetic-geometric mean 

inequality and Kantorovich type inequalities. The results involving 

Moore-Penrose inverses are valid under the assumption of closedness 

of certain operators. Our results show that the Khatri-Rao sum and the 

Khatri-Rao product can be regarded as the “sum” and the “product” of 

operators, respectively. 
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Abstract 

We introduce the Tracy-Singh sum for operators on a Hilbert space, generalizing 

both the Tracy-Singh sum for matrices and the tensor sum for operators. The Tracy-

Singh sum is shown to be compatible with algebraic operations and order relations. 

Then we establish binomial theorem involving Tracy-Singh sums and its consequences. 

We also investigate continuity, convergence, and norm bounds for Tracy-Singh sums. 

Moreover, we derive operator identities involving Tracy-Singh sums and certain 

operator functions defined by power series.   

 

Keywords: operator matrix, tensor product, Tracy-Singh product, Tracy-Singh sum, 

analytic functions of operators. 

 

1. Introduction  

It is well known that the Kronecker product and the Tracy-Singh product for 

matrices possess pleasing properties in algebraic, order, and analytic viewpoints. Such 

matrix products have applications in various fields, including quantum physics, 
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thermodynamics, control and system theory, signal processing, image compression, 

computer science, statistics.  See, e.g., Steeb and Hardy (2011) for an excellent source 

on this subject. 

Let nM  denote the set of n-by-n complex matrices for each natural number n.  

For any mA M∈  and nB M∈ , the Kronecker product of  A and B is given by 

 ˆ
ij ij

A B a B ⊗ =    .  (1) 

This matrix product was generalized to the Tracy-Singh product of partitioned matrices 

in Tracy and Singh (1972). Let ijA A =    be partitioned with ijA  of order i jm m×  as the 

( , )i j th submatrix and let [ ]klB B=  be a partitioned matrix with klB  of order k ln n×  as 

the ( , )k l th submatrix, where 
1

r

ii
m m

=
=∑  and 

1

s

kk
n n

=
=∑ . The Tracy-Singh product of 

A  and B  is defined by 

 ˆ ˆ
ij kl kl ij

A B A B  = ⊗   .  (2) 

Tracy-Singh products for matrices have been developed by many authors in both theory 

and applications, see e.g., Tracy and Singh (1972), Tracy and Jinadasa (1989), 

Shuangzhe (1999). The Tracy-Singh sum, introduced by Al Zhour and Kilicman (2006), 

is defined for each nA M∈  and mB M∈  by 

 
ˆ ˆ ˆ

n mA B A I I B= +   ,  (3) 

where mI  and nI  are block identity matrices of order m m×  and n n× ,  respectively. If 

both A  and B  consist of only one block, then (3) reduces to the Kronecker sum. 

 The notion of Kronecker product (sum) for matrices was then generalized to 

tensor product (sum) of bounded linear operators on a Hilbert space. Let   and   be 
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Hilbert spaces. The tensor product of two bounded linear operators :A →   and 

:B →   is the unique bounded linear operator from ⊗   into itself such that 

 
( )( ) =A B x y Ax By⊗ ⊗ ⊗   (4) 

for all x∈  and y∈ . The theory of tensor product for operators was focused by 

many authors from the past until nowadays, see e.g. Zanni and Kubrusly (2015), 

Kubrusly and Levan (2011). The tensor sum for operators was investigated in Kubrusly 

and Levan (2011). 

 Recently, the notion of Tracy-Singh product for matrices was generalized to 

Tracy-Singh product for Hilbert space operators;  see Ploymukda, Chansangiam, and 

Lewkeeratiyutkul (2018a). To define the Tracy-Singh product, we apply the projection 

theorem for Hilbert spaces to decompose 

               
=1

=
m

i
i
⊕ 

   
and   

=1
=

n

l
k
⊕   

where all i ’s and k ’s are Hilbert spaces. Thus every bounded linear operator 

( )A∈   and ( )B∈  can be expressed uniquely as operator matrices 

 
,

, =1
=

m m

ij i j
A A     and  [ ] ,

, =1
= n n

kl k l
B B  

where ( ),ij j iA ∈    and ( ),kl l kB ∈    for each , , , .i j k l   

 
Definition 1. According to the above notations, the Tracy-Singh product of A  and B  is 

defined to be the operator matrix 

 ij kl kl ij
A B A B  = ⊗   ,  (5) 

which is a bounded linear operator from ,

, =1

m n
i ki k ⊗⊕  

 
 into itself.  
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Note that when 1,m n= =  the Tracy-Singh product A B  reduces to the tensor product 

.A B⊗  Algebraic, order, and analytic properties of the Tracy-Singh product of operators 

were investigated in Ploymukda, Chansangiam, and Lewkeeratiyutkul (2018a) and 

(2018b). 

In this paper, we generalize the notions of Tracy-Singh sum for matrices and the 

tensor sum of operators to the Tracy-Singh sum for operators. This kind of operator sum 

turns out to be compatible with certain algebraic operations and operator orderings. 

Binomial theorem involving Tracy-Singh sums and its consequences are then 

established. Moreover, we investigate continuity, convergence, norm bounds for Tracy-

Singh sums of operators. Finally, we derive operator identities concerning Tracy-Singh 

sums and certain operator functions defined by power series. 

This paper is organized as follows. In Section 2, we provide preliminaries on the 

Tracy-Singh product for operators. We introduce the Tracy-Singh sum for operators in 

Section 3 and then investigate its algebraic and order properties. In Section 4, we prove 

the binomial theorem involving Tracy-Singh sums and deduce some consequences.  

Analytic properties of Tracy-Singh sums are presented in Section 5. 

 
2. Preliminaries on Tracy-Singh products for operators 

Throughout this paper, let   and   be complex Hilbert spaces. When   and 

  are Hilbert spaces, denote by ( ),    the Banach space of bounded linear 

operators from   into  , and  abbreviate ( ),    to ( )  . Unless otherwise stated, 

capital letters mean operators on a Hilbert space. In particular, I  stands for the identity 

operator. The positive-semidefinite ordering between two Hermitian operators A  and 

B  in ( )   is defined as follows: A B≤  means that B A−  is a positive operator. 
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 Fundamental properties of the Tracy-Singh product for operators are provided 

here; see Ploymukda, Chansangiam, and Lewkeeratiyutkul (2018a) and (2018b).  Recall 

that each mA M∈  corresponds to a bounded linear operator : m m
AL →  , .x Ax    

Lemma 2. For complex matrices mA M∈  and nB M∈ , we have 

 ˆA B A B
L L L=


 .  (6) 

Proposition 3. Let ( )ijA A = ∈     and ( )B∈   be operator matrices. Then 

 
11 1

1

n

ij ij

n nn

A B A B
A B A B

A B A B

 
  = =   
  


  



 
 

 
. 

 
Lemma 4. The following properties hold, provided that all operators are compatible. 

 ( )* * *A B A B=  ,  (7) 

 ( ) ( ) ( )A B A B A Bα = α = α   ,  (8) 

 ( )A B C A B A C+ = +   ,  (9) 

 ( )B C A B A C A+ = +   ,  (10) 

 ( )( )A B C D AC BD=   .  (11) 

Lemma 5. Let ( )A∈   and ( )B∈  . If , 0A B ≥ , then 0A B ≥ . 

The next lemma asserts the continuity of the map ( , ) .A B A B    

Lemma 6. Let ( )A∈    and  ( )B∈   be operator matrices, and let ( ) 1r r
A ∞

=   and 

( ) 1r r
B ∞

=
 be sequences in ( )   and ( )  , respectively. If rA A→  and rB B→ , then 

r rA B A B→  . 
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Lemma 7. For any operator ( ),

, 1

m m

ij i j
A A

=
 = ∈     and 

 [ ] ( ),

, 1

n n

kl k l
B B

=
= ∈  , we have 

 1 A B A B mn A B
mn

≤ ≤ .  (12) 

The next lemma is a direct consequence of Lemma 7. 

Lemma 8. Let ( )A∈   and ( ).B∈   Then 0A B =  if and only if 0A = or 

0.B =   

Lemma 9. Let ( )A∈  . 

(i) If f  is an analytic function on a region containing the spectra of A  and I A , 

then ( ) ( )f I A I f A=  . 

(ii) If f  is an analytic function on a region containing the spectra of A  and A I , 

then ( ) ( )f A I f A I=  . 

 

3. Algebraic and order properties of Tracy-Singh sums for operators  

In this section, we define the Tracy-Singh sum for Hilbert space operators and 

investigate its algebraic and order properties. It turns out that the Tracy-Singh sum is 

compatible with the adjoint operation, the scalar multiplication, the ordinary sum and 

commutators. Moreover, positivity and positive-semidefinite ordering of operators are 

preserved by Tracy-Singh sums. 

Definition 10. Let ( ),

, =1
=

m m

ij i j
A A  ∈     and [ ] ( ),

, =1
= n n

kl k l
B B ∈  . We define the 

Tracy-Singh sum of A  and B  as follows: 

 A B A I I B= +    ,  (13) 
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which belongs to
 ( ),

, =1

m n

i ji j ⊗⊕   . 

Note that if both A  and B  are 1 1×  block operator matrices i.e. 1m n= = , their Tracy-

Singh sum A B
  
is known as the tensor sum (Kubrusly and Levan, 2011) 

 .A B A I I B⊕ = ⊗ + ⊗    

The next result asserts that the Tracy-Singh sum of two linear maps induced by 

matrices is just the linear map induced by the Tracy-Singh sum of those matrices. 

Proposition 11. Let ( )ij nA A M = ∈    and let [ ] ( )kl mB B M= ∈   be complex 

partitioned matrices. Then 

ˆA B A B
L L L=


  .  (14) 

It follows that if   is a standard ordered basis of mnM , then   

               ˆ[ ] .A BL L A B=      

Proof. We know that the linear map induced by the identity matrix is the identity 

operator. By applying Lemma 2, we get 

 A BL L   A B A I I BL I I L L L L L= + = +      

     ˆ ˆ ˆ ˆA I I B A I I B
L L L

+
= + =

   
 ˆA B

L=


.  

Proposition 11 says that the matrix representation of the Tracy-Singh sum of linear 

maps induced by two matrices with respect to the standard ordered basis is just  the 

Tracy-Singh sum of these matrices. 

 
Proposition 12. Let α  and β  be complex scalars. Then for any ( ),A C∈   and 

( ),B D∈  , we have 
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 ( )* * *A B A B=  ,  (15) 

 ( ) ( ) ( )A B A Bα α α=  ,  (16) 

 ( )( ) A B A B A Bα β α β β α+ = +   ,  (17) 

 ( ) ( )A C B D A B C D+ + = +   .  (18) 

We call (18) the mixed sum property. 

Proof. Using Lemma 4, we obtain (15)-(17). By applying properties (9) and (10) of  

Lemma 4, we get 

 ( ) ( )A C B D+ +     ( ) ( )= A C I I B D+ + +    

 = A I C I I B I D+ + +      

 ( ) ( )= A I I B C I I D+ + +      

 = .A B C D+    

 
It follows from (15) that if A  and B  are Hermitian (skew-Hermitian), then so is 

A B . The mixed sum property (18) implies that if 1 1 1A X iY= +  and 2 2 2A X iY= +   are          

the Cartesian decompositions of 1A  and 2A , respectively, then 1 2A A =  

( )1 2 1 2X X i Y Y+    is the Cartesian decomposition of 1 2.A A   

Lemma 13. Let ( )1 2,A A ∈   and ( )1 2,B B ∈   be nonzero operators. Then 

1 1 2 2A B A B⊗ = ⊗  if and only if there exists \{0}α ∈  such that 1 2A Aα=  and 

1
1 2B Bα −= . 

Proof.  See Proposition 2.1 of Stochel (1996). 
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Theorem 14. Let ( )A∈   and ( )B∈  . Then 0A B =  if and only if there exists 

\{0}α ∈  such that A Iα=  and B Iα= − . 

Proof.  If =A Iα  and =B Iα− , then = 0A B  by Lemma 4. Now, suppose 

that = 0A B . Then by Lemma 3,  

 

11 12 1

21 22 2

1 2

0 = = .

m

m

m m mm

A B A I A I
A I A B A I

A B

A I A I A B

 
 
 
 
 
 




   


  
  



  

  

For any , {1, , }i j m∈   such that ,i j≠  since = 0ijA I , by Lemma 8 we can 

deduce = 0ijA . Let {1, , }i m∈   and consider 

 

11 12 1

21 22 2

1 2

= 0.

ii n

ii n

n n ii nn

A B I B I B
I B A B I B

I B I B A B

⊕ ⊗ ⊗ 
 ⊗ ⊕ ⊗ 
 
 ⊗ ⊗ ⊕ 




   


  

Lemma 8 implies that = 0klB  for any k l≠ . For {1, , }k n∈  , we have = 0ii kkA B⊕  if 

and only if ( ) =ii kkA I I B⊗ − ⊗ . If ( ) =ii kkA I I B⊗ − ⊗ , then = 0kkI B⊗  and hence 

= 0kkB  for all = 1, ,k n  by Lemma 8. It follows that = 0B  and = = 0A I A B  . 

Thus = 0A  by Lemma 8. Assume that 0iiA ≠  for all = 1, ,i m . By Lemma 13, there 

exists \{0}ikα ∈  such that =ii ikA Iα  and 1= ik kkI Bα −− . For any fixed i , we have 

=ii ikA Iα  for all = 1, ,k n . Hence, 1 2= = = =i i in iα α α α . For any 

fixed {1, , }k n∈  , we have =kk iB Iα−  for all = 1, ,i m . This implies 

that 1 2= = = =mα α α α . Thus =iiA Iα  for all = 1, ,i m  and =kkB Iα−  for 

all = 1, ,k n . Therefore =A Iα  and =B Iα− .  
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The next result provides formulas for the inverses of A B  in terms of Tracy-

Singh products. 

Proposition 15. Let ( )A∈   and ( )B∈   be invertible operators. If A B  and 

1 1A B− −  are invertible, then 

 ( )( ) ( )11 1 1 1 1( ) =A B A I A B I B
−− − − − −    ,  (19) 

 ( )( ) ( )11 1 1 1 1( ) =A B I B A B A I
−− − − − −    ,  (20) 

 ( ) ( )11 1 1 1 1( ) = .A B A B A B
−− − − − −      (21) 

Proof. Applying Lemma 4, we have 

 ( ) 1A B −    ( ) 1= A I I B −
+    

 ( ) ( )( ) 11 1= A I I B A I A I
−

− − +       

 ( ) 11 1= A I A B I I
−− − +       

 ( ) ( )( ) ( )11 1 1 1= A I I B A B I I I B
−

− − − − +        

 ( ) ( )11 1 1 1= A I A I I B I B
−− − − −+        

 ( )( ) ( )11 1 1 1= .A I A B I B
−− − − −     

Similarly, we obtain the properties (20) and (21). 

Recall that the commutator and the anticommutator of ( ),A B∈   are defined 

respectively by 

 [ ], ,A B AB BA= −   

[ ],A B AB BA
+
= + . 
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Proposition 16. Let ( ),A C∈    and ( ),B D∈  . Then 

 [ ] [ ] [ ], , ,A B C D A C B D=   .  (22) 

Proof. It follows directly from Lemma 4.  

Recall that an operator ( )A∈   is said to be normal if * , 0A A =   . It follows 

from Propositions 12 and 16 that if ( )A∈   and ( )B∈   are normal, then so 

is A B . The next result shows that the Tracy-Singh sum preserves positivity and 

order. 

Proposition 17. Let ( )1 2, ,A A A ∈   and ( )1 2, ,B B B ∈  . 

(i) If 0A ≥  and 0B ≥ , then 0A B ≥ . 

(ii) If 1 2A A≥  and 1 2B B≥ , then 1 1 2 2A B A B≥  . 

Proof. It follows directly from Lemma 5 and Proposition 12. 

Proposition 18. Let ( ),A C∈   and ( ),B D∈   be positive operators. Then 

 ( )( )A B C D AC BD≥   .  (23) 

Proof. Applying Lemma 4, we have 

 ( )( )A B C D   = .AC BD A D C B+ +      

Since A D C B+   is positive, we get the result. 

Corollary 19. Let ( ),A C∈   and ( ),B D∈   be positive operators. Then 

 [ ] [ ] [ ], , ,A B C D A C B D
+ + +

≥   .  (24) 

Proof. It follows directly from Propositions 12 and 18. 
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4. Binomial theorem involving Tracy-Singh sums and its consequences 

  In this section, we prove an operator version of the binomial theorem in which 

the sum and the product are replaced by the Tracy-Singh sum and the Tracy-Singh 

product, respectively. Consequently, we obtain certain operator inequalities, including a 

Bernoulli-type inequality. Binomial theorem is also used to treat the nilpotency of the 

Tracy-Singh sum of two operators.   

Theorem 20. Let ( )A∈   and ( )B∈   be compatible operator matrices. Then for 

any integer 2,r ≥  

 ( ) ( )
1

=1
=

r
r r r r k k

k

r
A B A B A B

k

−
− 

+  
 

∑   .  (25) 

Proof. By using Lemma 4, we have  

 ( )2A B  ( )( )= A I I B A I I B+ +      

 2 2= 2A I A B I B+ +    2 2= 2 .A B A B+      

This show that (25) is true for = 2r . Suppose that (25) holds for an integer 2r ≥ . Then, 

by Lemma 4,  

( ) 1rA B +  ( ) ( )= rA B A B    

 
( ) ( )

1

=1

=
r

r r r k k

k

r
A B A B A B

k

−
−+

  
  

  
∑  

  

 
( )( ) ( ) ( )

1

=1

=
r

r r r k k

k

r
A B A B A B A B

k

−
−+

  
  

  
∑   

  

 
( )( ) ( )( ) ( )( )= r r rA I A I A I I B I B A I+ +     

  

     
( )( ) ( )( )

1

=1

r
r r k k

k

r
I B I B A B A I

k

−
−+ +

 
 
 

∑   
 

( )( )
1

=1

r
r k k

k

r
A B I B

k

−
−+

 
 
 

∑  
  

     

1 1= r r r rA I A B A B I B+ ++ + +       
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     ( ) ( )
1 1

1 1

=1 =1

r r
r k k r k k

k k

r r
A B A B

k k

− −
− + − ++ +

   
   
   

∑ ∑ 
  

 
( )1 1 ( 1)

=1

=
r

r r r k k

k

r
A B A B

k
+ + + −+

 
 
 

∑ 
 

( )( 1)

=1 1

r
r k k

k

r
A B

k
+ −+

−
 
 
 

∑ 
  

 
( )1 1 ( 1)

=1

1
= .

r
r r r k k

k

r
A B A B

k
+ + + −+

+
 
 
 

∑ 
 

 
Corollary 21. Let 0A ≥  and 0B ≥  be compatibly operator matrices. Then 

 ( )r r rA B A B≥     (26) 

for any r∈ . 

Proof. It follows immediately from Theorem 20 and Lemma 5. 

The next result is a Bernoulli type inequality concerning Tracy-Singh sums. 

Corollary 22. Let A  be a positive operator. Then for any r∈ , 

 ( ) ( )rI A I rA≥  .  (27) 

Proof. Since 0A ≥ , we have rI A I I≥  . By Theorem 21, we obtain  

( )rI A   ( )
1

=1
=

r
r k

k

r
I A I A

k

−  
+  

 
∑    ( ) ( )

1

=2
=

r
r k

k

r
I A r I A I A

k

−  
+ +  

 
∑     

    ( )rI A r I A≥ +    ( )I I I rA≥ +    ( )= .I rA   

 
Corollary 23. Let ( )A∈   and ( )B∈  . If A  and B  are nilpotent, then A B  is 

also nilpotent. 

Proof. Suppose = 0rA  and = 0sB  for some ,r s∈ . From Theorem 20, we get  
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 ( )r sA B +     ( )
=0

=
r s

r s k k

k

r s
A B

k

+
+ −+ 

 
 

∑    

          ( ) ( )
1

=0 =
= .

s r s
r s k k r s k k

k k s

r s r s
A B A B

k k

− +
+ − + −+ +   

+   
   

∑ ∑    

 If k s≥ , then = 0kB . If <k s , then >r s k r+ −  and hence = 0kA . Now, 

 ( )r sA B +     ( ) ( )
1

=0 =
= 0 0

s r s
k r s k

k k s

r s r s
B A

k k

− +
+ −+ +   

+   
   

∑ ∑    

 ( ) ( )
1

=0 =
= 0 0

s r s
k r s k

k k s

r s r s
B A

k k

− +
+ −+ +   

+   
   

∑ ∑    

 = 0. 

 This means that A B  is nilpotent. 

 
5. Analytic properties of Tracy-Singh sums 
 
In this section, we investigate continuity, convergence, norm bounds for Tracy-Singh 

sums of operators. We also discuss the relationship between Tracy-Singh sums and 

certain functions of operators defined by power series. 

 
Proposition 24.  Let ( )A∈   and ( )B∈   be operator matrices, and let ( ) =1r r

A ∞  and 

( ) =1r rB ∞  be sequences in ( )  and ( ) , respectively. If rA A→  and rB B→ , then 

r rA B A B→  . 

Proof. By Lemma 6, we have rA I A I→   and rI B I B→  . Thus 

r rA I I B A I I B+ → +    , i.e. r rA B A B→  .  
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Proposition 24 asserts that the Tracy-Singh sum is (jointly) continuous with respect to 

the operator-norm topology. The next result is a triangle-like inequality for Tracy-Singh 

sums. 

Proposition 25. For any ( ),

, 1

m m

ij i j
A A

=
 = ∈     and

 [ ] ( ),

, 1
,n n

kl k l
B B

=
= ∈   we have  

 1 .A B A B
mn

≤ +         (28) 

Proof. It follows from the norm estimation in Lemma 7.  

In the rest of paper, we shall establish operator identities involving Tracy-Singh 

sums and functions of operators defined by power series. Recall that for any ( )T ∈  , 

we define  

        
=0

1= ,
!

T k

k
e T

k

∞

∑     (29) 

 ( ) ( )
( )

2 1

=0

1
sin = ,

2 1 !

k
k

k
T T

k

∞
+−

+∑     (30) 

 ( ) ( )
( )

2

=0

1
cos = ,

2 !

k
k

k
T T

k

∞ −
∑     (31) 

 ( ) ( )
2 1

=0

1sinh = ,
2 1 !

k

k
T T

k

∞
+

+∑     (32) 

 ( ) ( )
2

=0

1cosh = .
2 !

k

k
T T

k

∞

∑     (33) 

The series on the right hand side of (29)-(33) converges in the norm topology of ( )  . 

If T  is positive and invertible, we define logT  to be the operator X  such that = .Xe T  

The following facts are well-known. 
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Lemma 26.  For any , ( )S T ∈   satisfying =ST TS , we have  

 = ,S T S Te e e+   

 ( )sin = sin cos cos sin ,S T S T S T+ +   

 ( )cos = cos cos sin sin ,S T S T S T+ −   

 ( )sinh = sinh cosh cosh sinh ,S T S T S T+ +   

 ( )cosh = cosh cosh sinh sinh .S T S T S T+ −   

 If S  and T  are invertible positive operators such that =ST TS , then  

 log = log log .ST S T+                                                                                                                      

Theorem 27.  Let ( )A∈   and ( )B∈  . Then  

 = ,A B A Be e e      (34) 

 ( )sin = sin cos cos sin ,A B A B A B+       (35) 

 ( )cos = cos cos sin sin ,A B A B A B−       (36) 

 ( )sinh = sinh cosh cosh sinh ,A B A B A B+       (37) 

 ( )cosh = cosh cosh sinh sinh .A B A B A B−       (38) 

If A  and B  are invertible positive operators, then  

 ( )log = log log .A B A B      (39) 

Proof. By property (11) in Lemma 4, we have ( )( ) ( )( ).A I I B I B A I=     It 

follows that  

 A Be      = A I I Be +     = A I I Be e 

    (by Lemma 26) 

                      
  ( )( )= A Be I I e             (by Lemma 9) 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



                        = A Be e                            (by Lemma 4, property (11)). 

 Similarly, we get the identities (35)-(39).  

Our results in this paper suggest that the Tracy-Singh sum is a “sum”, while the Tracy-

Singh product is a “product” for operators. 
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Abstract

We develop further theory for Khatri-Rao products of Hilbert space
operators in connections with selection operators. We provide two con-
structions related to selection operators. Then we establish certain iden-
tities and inequalities involving Khatri-Rao and Tracy-Singh products.
As consequences, we obtain some characterizations for the mixed product
property concerning the Khatri-Rao product of operators.

Keywords: tensor product, Khatri-Rao product, Tracy-Singh product, opera-
tor matrix
Mathematics Subject Classifications 2010: 47A80, 15A69, 47A05.

1 Introduction

This paper concerns operator extensions of certain matrix products, namely,
the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao
product. Fundamental theory for these matrix products are collected, for in-
stance, in [1, 2, 4, 5, 10, 11, 12] and references therein. Denote by Mm,n(C)
the algebra of m-by-n complex matrices. Recall that the Kronecker product of
A = [aij ] ∈Mm,n(C) and B ∈Mp,q(C) is given by

A ⊗̂B = [aijB]ij .

Consider partitioned matrices A and B such that the (i, j)th block of A is Aij

and the (k, l)th block of B is Bkl. The Tracy-Singh product [9] of A and B is
defined by

A �̂B =
[[
Aij⊗̂Bkl

]
kl

]
ij
. (1)

The Khatri-Rao product [3] is defined for two partitioned matrices A = [Aij ]
and B = [Bij ] as follows

A�̂B =
[
Aij⊗̂Bij

]
ij
. (2)

∗Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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Khatri-Rao Products and Selection Operators

The tensor product of Hilbert space operators can be viewed as an extension
of the Kronecker product of complex matrices. Recall that the tensor product
of A ∈ B(H,H′) and B ∈ B(K,K′) is the unique bounded linear operator from
H ⊗ K into H′ ⊗ K′ such that (A ⊗ B)(x ⊗ y) = Ax ⊗ By for all x ∈ H and
y ∈ K. Recently, the Tracy-Singh product and the Khatri-Rao product for
matrices were generalized to those for operators acting on the direct sum of
Hilbert spaces, see [6, 7, 8]. Fundamental algebraic and order properties of
operator Khatri-Rao products are investigated in [8]. That paper also provides
a construction of a unital positive linear map taking the Tracy-Singh product
of two operators to their Khatri-Rao product. Such a linear map appears in
the form X 7→ Z∗AZ where Z is an isometry, called a selection operator. See
details in Section 2.

The present paper contains further development on operator Khatri-Rao
products in relations with Tracy-Singh products and selection operators. First,
we provide two constructions related to selection operators (see Section 3).
Consequently, we establish some operator identities and inequalities involving
Khatri-Rao and Tracy-Singh products (see Section 4). Finally, we obtain some
characterizations for the mixed product property concerning the Khatri-Rao
product of operators (see Section 5).

2 Tracy-Singh products and Khatri-Rao prod-
ucts for operators

Throughout this paper, let H, H′, K and K′ be complex separable Hilbert
spaces. When X and Y are Hilbert spaces, let us denote by B(X ,Y) the space
of all bounded linear operators from X into Y and abbreviate B(X ,X ) to B(X ).
Capital letters always denote a Hilbert space operator. In particular, I and O
stand for the identity and the zero operator, respectively.

In order to define Tracy-Singh products of operators, we fix the following
decompositions

H =

n⊕
j=1

Hj , H′ =

m⊕
i=1

H′
i, K =

q⊕
j=1

Kj , K′ =

p⊕
i=1

K′
i. (3)

where all of Hj ,H′
i,Kl,K′

k are Hilbert spaces. For each j and l, letMj : Hj → H
and Nl : Kl → K be the canonical injections. For each i and k, let Pi : H′ → H′

i

and Qk : K′ → K′
k be the canonical projections. Given A ∈ B(H,H′), put

Aij = PiAMj ∈ B(Hj ,H′
i) for each i, j. Thus we can write A in the operator-

matrix form A = [Aij ]
m,n
i,j=1. Similarly, given B ∈ B(K,K′), let Bkl = QkBNl ∈

B(Kl,K′
k) for each k = 1, . . . , p and l = 1, . . . , q. We can identify B with the

operator matrix B = [Bkl]
p,q
k,l=1.

Definition 1. The Tracy-Singh product of A and B is defined to be the bounded
linear operator from

⊕n,q
j,l=1 Hj ⊗Kl to

⊕m,p
i,k=1 H′

i ⊗K′
k represented by

A�B =
[
[Aij ⊗Bkl]kl

]
ij
. (4)
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A. Ploymukda and P. Chansangiam

If both factor A and B consist of only one block, then A�B = A⊗B.

Lemma 2 ([6]). The following properties of the Tracy-Singh product for oper-
ators hold (provided that each term is well-defined):

1. Compatibility with adjoints: (A�B)∗ = A∗ �B∗.

2. Mixed-product property: (A�B)(C �D) = AC �BD.

3. Monotonicity: if A > B > 0 and C > D > 0, then A�B > C �D > 0.

From now on, we fix the decomposition (3), and assume n = q and m = p.

Definition 3. The Khatri-Rao product of A = [Aij ]
m,n
i,j=1 and B = [Bij ]

m,n
i,j=1 is

defined to be a bounded linear operator from
⊕n

j=1 Hj ⊗ Kj to
⊕m

i=1 H′
i ⊗ K′

i

represented by the operator matrix

A�B = [Aij ⊗Bij ]
m,n
i,j=1 . (5)

Lemma 4 ([8]). For A ∈ B(H,H′) and B ∈ B(K,K′), we have (A � B)∗ =
A∗ �B∗.

Fix an ordered tuple (H,H′,K,K′) of Hilbert spaces. Define the ordered
pair (Z1, Z2) of selection operators associated with (H,H′,K,K′) by [8]:

Z1 =

E1

...
Em

 and Z2 =

F1

...
Fn

 . (6)

Here, for each r = 1, ...,m

Er =
[
E

(r)
gh

]m,m

g,h=1
:

m⊕
k=1

H′
k ⊗K′

k →
m⊕
l=1

H′
r ⊗K′

l

with E
(r)
gh is an identity operator if g = h = r and the others are zero operators.

For each s = 1, ..., n, the operator Fs is defined by

Fs =
[
F

(s)
gh

]n,n
g,h=1

:

n⊕
i=1

Hi ⊗Ki →
n⊕

j=1

Hs ⊗Kj

with F
(s)
gh is an identity operator if g = h = s and the others are zero operators.

From the construction, the operator Zi is an isometry and ZiZ
∗
i 6 I for i = 1, 2.

When H = H′ and K = K′, we have Z1 = Z2.

Lemma 5 ([8]). Let (Z1, Z2) be the ordered pair of selection operators associated
with the ordered tuple (H,H′,K,K′). For any operator matrices A ∈ B(H,H′)
and B ∈ B(K,K′), we have

A�B = Z∗
1 (A�B)Z2. (7)

For the case H = H′ and K = K′, we have Z1 = Z2 := Z and hence for any
A ∈ B(H) and B ∈ B(K),

A�B = Z∗(A�B)Z. (8)
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Khatri-Rao Products and Selection Operators

3 Two constructions related to selection opera-
tors

In this section, we construct certain operators related to selection operators.

Theorem 6. Let (Z1, Z2) be the ordered pair of selection operators associated
with an ordered tuple (H,H′,K,K′). Then there exist operators

V :
m−1⊕
i=1

m⊕
j=1

H′
i ⊗K′

j →
m⊕
i=1

m⊕
j=1

H′
i ⊗K′

j ,

W :

n−1⊕
i=1

n⊕
j=1

Hi ⊗Kj →
n⊕

i=1

n⊕
j=1

Hi ⊗Kj

such that Z∗
1V = 0, Z∗

2W = 0, Z1Z
∗
1 + V V ∗ = I and Z2Z

∗
2 +WW ∗ = I. If, in

addition, H = H′ and K = K′, we have V =W .

Proof. Let

V =

V1...
Vm

 (9)

where

V (r) =
[
V

(r)
kl

]m,m2−1

k,l=1
:

m⊕
i=1

m⊕
j=1

i+j<m2

H′
i ⊗K′

i →
m⊕
i=1

H′
r ⊗K′

i

for r = 1, ...,m, with V
(r)
kl is an identity operator if k ̸= r and l = m(r − 1) + k

and the others are zero operators. Note that

E∗
1V1

=


I 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0




0 0 · · · 0
0 I · · · 0
...

...
. . .

...
0 0 · · · I

0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

· · ·

0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0


= 0.

For each r, we have

VrV
∗
r =


0 0 · · · 0
0 I · · · 0
...

...
. . .

...
0 0 · · · I

 .
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Then we obtain

Z∗
1V =

[
E∗

1 E∗
2 · · · E∗

m

]

V1
V2
...
Vm

 = E∗
1V1 + E∗

2V2 + . . .+ E∗
mVm = 0,

Z1Z
∗
1 + V V ∗

=


E1E

∗
1 E1E

∗
2 · · · E1E

∗
m

E2E
∗
1 E2E

∗
2 · · · E2E

∗
m

...
...

. . .
...

EmE
∗
1 EmE

∗
2 · · · EmE

∗
m

+


V1V

∗
1 V1V

∗
2 · · · V1V

∗
m

V2V
∗
1 V2V

∗
2 · · · V2V

∗
m

...
...

. . .
...

VmEV
∗
1 VmV

∗
2 · · · VmV

∗
m



=


I 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

+


0 0 · · · 0
0 I · · · 0
...

...
. . .

...
0 0 · · · I

 =


I 0 · · · 0
0 I · · · 0
...

...
. . .

...
0 0 · · · I

 .
Now, let

W =

W1

...
Wm

 (10)

where

W (s) =
[
W

(s)
kl

]n,n2−1

k,l=1
:

n⊕
i=1

n⊕
j=1

i+j<n2

Hi ⊗Ki →
n⊕

i=1

Hs ⊗Ki

for s = 1, ..., n, with W
(s)
kl is an identity operator if k ̸= s and l = n(s− 1) + k

and others are zero operators. A direct computation shows that Z∗
2W = 0 and

Z2Z
∗
2 + WW ∗ = I. When H = H′ and K = K′, we have Vi = Wi for all

i = 1, . . . ,m, i.e. V =W .

Theorem 7. Fix the decomposition (3) with n = q and m = p. Suppose
further that Hi = X , Ki = Y, H′

j = X ′ and K′
j = Y ′ for all i = 1, . . . , n and

j = 1, . . . ,m. Let (Z1, Z2) be the ordered pair of associated selection operators.
Then there exist operators

Q1 :

m−1⊕
i=1

m⊕
j=1

X ′ ⊗ Y ′ →
m⊕
i=1

m⊕
j=1

X ′ ⊗ Y ′,

Q2 :
n−1⊕
i=1

n⊕
j=1

X ⊗ Y →
n⊕

i=1

n⊕
j=1

X ⊗ Y
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such that Z∗
i Qi = 0, Q∗

iQi = I and ZiZ
∗
i +QiQ

∗
i = I for i = 1, 2. If, in addition,

H = H′ and K = K′, we have Q1 = Q2.

Proof. Consider

Q1 =


E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 , Q2 =


F2 F3 · · · Fn

F3 F4 · · · F1

...
...

. . .
...

F1 F2 · · · Fn−1

 . (11)

Then calculations reveal that

Z∗
1Q1 =

[
E∗

1 E∗
2 · · · E∗

m

]

E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

 =
[
0 0 · · · 0

]
,

Q∗
1Q1 =


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1



E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1



=


∑
E∗

i Ei 0 · · · 0
0

∑
E∗

i Ei · · · 0
...

...
. . .

...
0 0 · · ·

∑
E∗

i Ei

 = I,

Q∗
1Q1 + Z1Z

∗
1

=


E∗

2 E∗
3 · · · E∗

1

E∗
3 E∗

4 · · · E∗
2

...
...

. . .
...

E∗
m E∗

1 · · · E∗
m−1



E2 E3 · · · Em

E3 E4 · · · E1

...
...

. . .
...

E1 E2 · · · Em−1

+


E1

E2

...
Em

 [E∗
1 E∗

2 · · · E∗
m

]

=


∑

i̸=1EiE
∗
j 0 · · · 0

0
∑

i̸=2EiE
∗
j · · · 0

...
...

. . .
...

0 0 · · ·
∑

i̸=mEiE
∗
j

+


E1E

∗
1 0 · · · 0

0 E2E
∗
2 · · · 0

...
...

. . .
...

0 0 · · · EmE
∗
m



=


∑
EiE

∗
i 0 · · · 0

0
∑
EiE

∗
i · · · 0

...
...

. . .
...

0 0 · · ·
∑
EiE

∗
i

 = I.

Similarly, we have Z∗
2Q2 = 0, Q∗

2Q2 = I and Z2Z
∗
2 +Q2Q

∗
2 = I. When H = H′

and K = K′, we have Ei = Fi for all i = 1, . . . ,m, i.e. Q1 = Q2.
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4 Operator identities and inequalities concern-
ing Khatri-Rao products, Tracy-Singh prod-
ucts, and selection operators

In this section, we apply the construction in Section 3 to establish certain op-
erator identities and inequalities concerning Khatri-Rao products, Tracy-Singh
products, and selection operators.

Theorem 8. Let (Z1, Z2) be the ordered pair of selection operators associated
with an ordered tuple (H,H′,K,K′). Let V and W be operator matrices defined
by (9) and (10). For any operator matrices A ∈ B(H,H′) and B ∈ B(K,K′),
we have

AA∗ �BB∗ = (A�B)(A∗ �B∗) + Z∗
1 (A�B)WW ∗(A∗ �B∗)Z1, (12)

A∗A�B∗B = (A∗ �B∗)(A�B) + Z∗
2 (A

∗ �B∗)V V ∗(A�B)Z2. (13)

Proof. Since AA∗ ∈ B(H′) and BB∗ ∈ B(K′), the ordered pair of selection
operators associated with (H′,H′,K′,K′) is given by (Z1, Z1). By using Lemmas
2 and 5, and Theorem 6, we get

AA∗ �BB∗ = Z∗
1 (AA

∗ �BB∗)Z1

= Z∗
1 (A�B)(A�B)∗Z1

= Z∗
1 (A�B) (Z2Z

∗
2 +WW ∗) (A�B)∗Z1

= Z∗
1 (A�B)Z2Z

∗
2 (A�B)∗Z1 + Z∗

1 (A�B)WW ∗(A�B)∗Z1

= (A�B)(A�B)∗ + Z∗
1 (A�B)WW ∗(A�B)∗Z1.

Now, for inequality (13), note that A∗A ∈ B(H) and B∗B ∈ B(K). In this case,
the pair of associated selection operators is (Z2, Z2). It follows that

A∗A�B∗B = Z∗
2 (A

∗A�B∗B)Z2

= Z∗
2 (A�B)∗(A�B)Z2

= Z∗
2 (A�B)∗ (Z1Z

∗
1 + V V ∗) (A�B)Z2

= Z∗
2 (A�B)∗Z1Z

∗
1 (A�B)Z2 + Z∗

2 (A�B)∗V V ∗(A�B)Z2

= (A∗ �B∗)(A�B) + Z∗
2 (A

∗ �B∗)V V ∗(A�B)Z2.

Corollary 9. Let A ∈ B(H,H′) and B ∈ B(K,K′) be operator matrices. Then

AA∗ �BB∗ > (A�B)(A∗ �B∗). (14)

Proof. It follows immediately from Theorem 8.

Theorem 10. Assume the hypothesis of Theorem 7. For any A ∈ B(H,H′)
and B ∈ B(K,K′), we have

AA∗ �BB∗ = (A�B)(A∗ �B∗) + Z∗
1 (A�B)Q2Q

∗
2(A

∗ �B∗)Z1, (15)

A∗A�B∗B = (A∗ �B∗)(A�B) + Z∗
2 (A

∗ �B∗)Q1Q
∗
1(A�B)Z2, (16)

where Q1 and Q2 are operator matrices in (11).
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Proof. The proof is similar to that of Theorem 8. Instead of Theorem 6, we
apply Theorem 7.

5 Characterizations of the mixed product prop-
erty for Khatri-Rao products

In general, the mixed product property

(A�B)(C �D) = AC �BD

does not hold for compatible operator matrices A,B,C,D. It is interesting to
find necessary and sufficient conditions for which this property holds. Indeed,
we have the following assertions.

Theorem 11. Assume the notations in Theorem 8. For any operator matrices
A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) AC �BD = (A�B)(C �D) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) AA∗ �BB∗ = (A�B)(A∗ �B∗),

(iii) Z∗
1 (A�B)W = 0.

Proof. It is clear that (i)⇒(ii). To prove (ii)⇒(iii), suppose (ii). By Theorem
8, (ii) holds only if

[Z∗
1 (A�B)W ] [W ∗(A∗ �B∗)Z1] = 0,

i.e., Z∗
1 (A�B)W = 0.

(iii)⇒(i): Assume the condition (iii) holds. Note that by Theorem 6 we have

Z∗
1 (A�B)(I − Z2Z

∗
2 ) = Z∗

1 (A�B)WW ∗ = 0,

and hence Z∗
1 (A � B) = Z∗

1 (A � B)Z2Z
∗
2 . For any C ∈ B(H′,H) and D ∈

B(K′,K), we have by Lemmas 2 and 5 that

AC �BD = Z∗
1 (AC �BD)Z1

= Z∗
1 (A�B)(C �D)Z1

= Z∗
1 (A�B)Z2Z

∗
2 (C �D)Z1

= (A�B(C �D).

Thus we arrive at (i).

Theorem 12. Assume the notations in Theorem 8. For any operator matrices
A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) CA�DB = (C �D)(A�B) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) A∗A�B∗B = (A∗ �B∗)(A�B),
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(iii) V ∗(A�B)Z2 = 0.

Proof. Clearly,(i)⇒(ii). The assertion (ii)⇒(iii) follows from Theorem 8. Now,
suppose that (iii) holds. Then V V ∗(A�B)Z2 = 0. Using Theorem 6, we get

(I − Z1Z
∗
1 )(A�B)Z1 = V V ∗(A�B)Z1 = 0

which implies (A � B)Z1 = Z1Z
∗
1 (A � B)Z1. For any C ∈ B(H′,H) and D ∈

B(K′,K), we have by Lemmas 2 and 5 that

CA�DB = Z∗
2 (CA�DB)Z2

= Z∗
2 (C �D)(A�B)Z2

= Z∗
2 (C �D)Z1Z

∗
1 (A�B)Z2

= (C �D)(A�B).

Theorem 13. Assume the hypothesis of Theorem 7. For any operator matrices
A ∈ B(H,H′) and B ∈ B(K,K′), the following conditions are equivalent:

(i) AC �BD = (A�B)(C �D) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) AA∗ �BB∗ = (A�B)(A∗ �B∗),

(iii) Z∗
1 (A�B)Q2 = 0.

Proof. The proof is similar to that of Theorem 11.

Theorem 14. Assume the hypothesis of Theorem 7. For any operator matrices
A ∈ B(H,H′) and B ∈ B(K,K′), the following statements are equivalent:

(i) CA�DB = (C �D)(A�B) for all C ∈ B(H′,H) and D ∈ B(K′,K),

(ii) A∗A�B∗B = (A∗ �B∗)(A�B),

(iii) Q∗
1(A�B)Z2 = 0.

Proof. The proof is similar to that of Theorem 12.
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แบบรายงานการใชจายเงินโครงการวิจัย 

สถาบันเทคโนโลยีพระจอมเกลาเจาคุณทหารลาดกระบัง 

รายงานความกาวหนา ครั้งท่ี    1   รอบ  12    เดือน ประจําปงบประมาณ  2561     

 แหลงงบประมาณแผนดิน  )แบบปกติ(       แหลงเงินรายได     

ชื่อโครงการ )ภาษาไทย(     ผลคณูเทรซ-ีซิงห ผลบวกเทรซ-ีซิงห ผลคูณคาทร-ีราวและผลบวกคาทร-ีราวสําหรับตัวดําเนินการ

บนปริภูมฮิิลเบิรต 

(ภาษาอังกฤษ) Tracy-Singh Products, Tracy-Singh Sums, Khatri-Rao Products, and Khatri-Rao Sums for 

Hilbert Space Operators 
ชื่อ-สกลุหัวหนาโครงการวิจัยผูรับทุน/ผูวิจัย   ผศ.ดร. ภัทราวุธ  จันทรเสง่ียม   

รายงานในชวงต้ังแตวันท่ี   22 มกราคม 2561 ถึง 21 มกราคม 2562 

ระยะเวลาดําเนินการ  1 ป - เดือน 22 มกราคม 2561 ถึง 21 มกราคม 2562 

ขอมูลการรายงานคาใชจายงบประมาณโครงการวิจัย   

1. การเบิกจายงบประมาณ (กรณีการจายเงินถาจายงวดเดียวใหลบขอท่ีไมเกี่ยวของออก) 

งวดท่ี 1  300,400 บาท     % วันท่ีไดรับอนุมัติใหเบิกจายเงิน )ว/ด/ป(   2561/03/07   

งวดท่ี 2  56,600 บาท     % วันท่ีไดรับอนุมัติใหเบิกจายเงิน )ว/ด/ป(       

 

  

รหัสโครงการ/รหัสสัญญา   KREF046101  
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2.  สรุปงบประมาณคาใชจายท่ีใชนับต้ังแตเร่ิมทําการวิจัยถึงปจจุบัน (จําแนกตามหมวดคาใชจาย) 

 

รายการ 

จํานวนเงินท่ีใช 

ปท่ี 1 รวม 
งบประมาณ

ท่ีต้ังไว 

คงเหลือ  

(หรือเกิน) 

    1. คาตอบแทน  50,400 50,400 107,000 เหลือ 56,600 

1.1 คาตอบแทนนักวิจัย - - 56,600 เหลือ 56,600 

1.2 คาจางผูชวยวิจัย   50,400 50,400 50,400 - 

    2. คาใชสอย 40,000   40,000 40,000  - 

2.1 คาจางพิมพรายงานตาง ๆ   5,500 5,500 5,000 เกิน 500 

2.2 คาจางพิมพบทความวิจัยดานคณิตศาสตร 5 บทความ 

โดยใชซอฟแวร Latex   

10,000 10,000 10,000  - 

2.3 คาเดินทาง / คาท่ีพัก / คาพาหนะ / คานํ้ามัน

เช้ือเพลิง (สําหรับหัวหนาโครงการและผูชวยวิจัย) 

18,000 18,000 18,000 - 

2.4 คาบริการพิมพงานจากเครื่องพิมพและคาสแกน

เอกสาร 

6,000 6,000 6,000 - 

2.5 คาเขาเลมรายงานโครงการวิจัย 500 500 1,000 เหลือ 500 

    3. คาวัสดุ 190,000 190,000 190,000 - 

3.1 คาวัสดุสํานักงาน (รวมคากระดาษ) 42,000 42,000 40,000 เกิน 2,000 

3.2 คาวัสดุคอมพิวเตอร (หมึกพิมพ, CD/DVD, Flash 

drive, อุปกรณอะไหลของคอมพิวเตอร, แบตเตอรี่, 

adapter, mouse, external hard disk) 

76,000 76,000 70,000 เกิน 6,000 

3.3 คาเอกสารงานวิจัยทางดานคณิตศาสตรท่ีเก่ียวของ  

(ไมมีในสํานักหอสมุดกลาง) 

72,000 72,000 80,000 เหลือ 8,000 

    4. คาสาธารณูปโภค 20,000  20,000  20,000 - 

4.1 คาไปรษณีย ท้ังภายในประเทศและตางประเทศ  5,900 5,900 6,000 เหลือ 100 

4.2 คาธรรมเนียมในการโอนเงิน (ในประเทศ/

ตางประเทศ) 

5,500 5,500 6,000 เหลือ 500 

4.3 คาบริการโทรศัพทและอินเตอรเน็ต 8,600 8,600 8,000 เกิน 600 
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(    ) 

    ลงนามหัวหนาโครงการวิจัยผูรบัทุน 

              /    /                     

                                                                                  

                                                                                                (                                    ) 

                                                                                              ลงนามเจาหนาท่ีการเงิน/เจาหนาท่ีท่ีเก่ียวของ 

          /      /         
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