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We investigate properties of the Tracy-Singh product of the operators involving various kinds of
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CHAPTER 1

Introduction

1.1 Research motivation

Motivated from computer science and statistics, a rectangular matrix is a two-
dimensional array for collecting data. To produce a new data, we can use a
variety of matrix products, e.g. ordinary product, Hadamard product, Kronecker
product, Tracy-Singh product, and Khatri-Rao product. Each type of product is
suitable for particular problems occured in science, engineering, economics, etc.

One of the most important products is the Kronecker product, which has a
rich and very pleasing algebra that supports a wide range of applications. These
applications include signal processing, image processing, semidefinite program-
ming, quantum computing, system identification, and other special fields. The
Tracy-Singh product is a generalization of the Kronecker product in a block form.
From mathematical point of view, the concept of the Kronecker product of ma-
trices can be extended to the tensor product of bounded linear operators on a
Hilbert space. Tensor products were investigated by many mathematicians from
algebraic, order, structure, and analytical point of views.

Recently, the notions of Tracy-Singh product and Khatri-Rao product for ma-
trices are extended to those for bounded linear operators on a complex Hilbert
space. Algebraic, order, and analytic properties for Tracy-Singh products and
Khatri-Rao products are also investigated.

This research is devoted to sustaining the theory of Tracy-Singh products and
Khatri-Rao products. We investigate further properties of these products con-
cerning inequalities, convexity, and geometric means. Then, we propose a natural
definition of the Tracy-Singh sum and the Khatri-Rao sum for bounded linear op-
erators acting on Hilbert spaces. We investigate algebraic, order, structure, and
analytical properties of this kind of operator sum. Certain operator inequalities

concerning the Tracy-Singh sum and the Khatri-Rao sum are also established.



1.2

Objectives

In this research, we develop further theory of Hilbert space operators as follows.

1.

1.3

Investigate further properties of Tracy-Singh products and Khatri-Rao prod-

ucts concerning inequalities, convexity, and Moore-Penrose inverses.

Investigate relationship between Tracy-Singh products and Khatri-Rao prod-

ucts concerning various kinds of geometric means.

Provide a natural definition of the Tracy-Singh sum for Hilbert space oper-

ators and investigate its algebraic, order, structure, and analytic properties.

Provide a natural definition of the Khatri-Rao sum for Hilbert space opera-

tors and investigate its algebraic, order, structure, and analytic properties.

Establish operator inequalities concerning Tracy-Singh sums and Khatri-

Rao sums.

Scopes

All Hilbert spaces are over the complex numbers, assumed to be separable,

and of finite or infinite dimensional.
All operators are assumed to be linear and bounded.

Geometric means considered here are the metric geometric mean, the spec-
tral geometric mean, the Sagae-Tanabe metric geometric mean, and their

weighted versions.

Operator inequalities considered here are in the sense of positive-semidefinite

ordering for Hermitian operators.

1.4 Research methodology

Step 1. Study advanced topics in operator theory, operator algebra, operator

inequalities, and operator means from textbooks.

Step 2. Review literature results about Tracy-Singh product and Khatri-Rao

product for matrices in the following details:



e algebraic properties

e order properties

e operator inequalities

e relations between Tracy-Singh product and Khatri-Rao product.

Step 3. Review literature results about Tracy-Singh product and Khatri-Rao

product for operators acting on a Hilbert space in the following details:
e algebraic properties
e order properties
e analytic properties
e operator inequalities
e relations between Tracy-Singh product and Khatri-Rao product.

Step 4. Investigate relations between the Tracy-Singh product of operators and

the following geometric means:
e weighted metric geometric means
e weighted spectral geometric means
e Sagae-Tanabe metric geometric mean.

Then introduce Sagae-Tanabe spectral geometric mean and investigate its rela-
tions with the Tracy- Singh product.
Step 5. Establish operator inequalities involving Tracy-Singh products, Khatri-

Rao products, and weighted Pythagorean means:
e weighted arithmetic means
e weighted harmonic means
e weighted (metric) geometric means.

Step 6. Introduce the Tracy-Singh sum for operators on a Hilbert space, and

investigate the following properties:



e relations with algebraic operations for operators, such as, the addition, the
scalar multiplication, the usual multiplication, the adjoint, and the direct

Su1n

e relations with operator orderings, including monotonicity, positivity, and

strict positivity
e analytic properties, including norm bounds, continuity, and convergence.

Step 7. Introduce the Khatri-Rao sum for operators on a Hilbert space, and

investigate the following properties:

e relations with algebraic operations for operators, such as, the addition, the
scalar multiplication, the usual multiplication, the adjoint, and the direct

suim

e relations with operator orderings, including monotonicity, positivity, and

strict positivity
e analytic properties, including norm bounds, continuity, and convergence.

Step 8. Establish certain operator inequalities involving Khatri-Rao sums and
Moore-Penrose inverses.

In Step 4- Step 8, we use the software Mathematica for computing Tracy-Singh
products, Khatri-Rao products, Tracy-Singh sums, Khatri-Rao sums, norms, Moore-
Penrose inverses, matrix decompositions, and functions of matrices. To write

research papers, we use mathematical typesetting software called Latex.



CHAPTER 2
Tracy-Singh Products and Geometric

Means for Operators

In this chapter, we investigate relationship between metric/spectral /Sagae-Tanabe
geometric means for several positive operators and Tracy-Singh products in terms
of identities and inequalities. In particular, we obtain various generalizations
of arithmetic-geometric-harmonic means inequality and its reverse. Moreover, we
introduce the weighted Sagae-Tanabe spectral geometric mean for several positive

operators and deduce its properties related to Tracy-Singh products.

2.1 Introduction

It is well known that the tensor product (or Kronecker product) plays a funda-
mental role in linear algebra, functional analysis and related fields. Nowadays,
theory of tensor products of operators is still developing, see [49] for instance.
Recently, the authors of [31] introduced the Tracy-Singh product of operators
which generalizes both tensor products of operators and Tracy-Singh products of
complex matrices [40].

On the other hand, geometric means of positive definite matrices arise natu-
rally in several areas of pure and applied mathematics. There are at least two
types of geometric means. The first one is the metric geometric mean, introduced
by Ando [3]. Recall that the set of n-by-n positive definite matrices is a Rieman-
nian manifold, in which the Riemannian metric between two matrices A and B is

given by
5(A,B) = |log A2 BA ||,

here, ||-||2 denotes the Frobenius norm. The metric geometric mean A# B is indeed
the unique metric midpoint of the geodesic line containing A and B (see, e.g., [21]).
The second one is the spectral geometric mean g, introduced by Fiedler and Ptak

[16]. In fact, the square of AjB is similar to the product AB, and in particular,



its eigenvalues coincide with the positive square roots of the eigenvalues of AB.
See more information about metric/spectral geometric means in [4, 22] and [10,
Chapters 4 and 6.

These two kinds of geometric means can be extended to multiple matrices by
iterative processes, see e.g. [5]). Another such iterative geometric mean is the
Sagae-Tanabe geometric mean, introduced in [37]. One of the most interesting
properties of geometric means is the arithmetic-geometric-harmonic means (AM-
GM-HM) inequalities. Indeed, the AM-GM-HM inequality concerning the metric
geometric mean was established in [4]. Another version concerning the Sagae-
Tanabe geometric mean were discussed in [37, 1].

The Kronecker product of matrices turns out to be compatible with the metric

geometric mean in the sense that
(A#B) @ (C#D) = (A C)#(B® D) (2.1)

for positive semidefinite matrices A, B, C, D of appropriate sizes (see [4]). Of
course, the similar result for the spectral geometric mean is also true ([5]). Moore-
over, Kilicman and Al Zhour [5] discussed relations between Tracy-Singh products
and metric geometric means, spectral geometric means, and Sagae-Tanabe geo-
metric means of several positive definite matrices.

In this paper, we develop further theory for geometric means of Hilbert space
operators. We investigate relationship between metric/spectral/Sagae-Tanabe ge-
ometric means and Tracy-Singh products in terms of operator identities and in-
equalities. In particular, we obtain various generalizations of the property (2.1)
and the AM-GM-HM inequality and its reverse. Moreover, we introduce the
weighted Sagae-Tanabe spectral geometric mean for several positive operators
and deduce its properties related to Tracy-Singh products.

This chapter is organized as follows. Section 2.2 consists of prerequisites on
Tracy-Singh and Khatri-Rao products for Hilbert space operators. In Section 2.3,
we establish certain identities and inequalities between metric geometric means
and Tracy-Singh products of several positive operators. Sections 2.4 and 2.5
deal with spectral geometric means and Sagae-Tanabe metric geometric means,
respectively. In Section 2.6, we define the weighted Sagae-Tanabe spectral ge-
ometric mean for several positive operators and prove certain results related to

Tracy-Singh products.



2.2 Preliminaries

Throughout this paper, let ‘H and K be complex separable Hilbert spaces. When
X and Y are Hilbert spaces, denote by B(X,Y) the Banach space of bounded
linear operators from X into Y, and abbreviate B(X, X) to B(X). For Hermitian
operators A, B € B(H), the notation A > B means that A — B is a positive
operator, while A > 0 indicates that A is positive and invertible.

The projection theorem for Hilbert spaces allows us to decompose

n=@PHn K= é/ck
i =1

where all H; and C;, are Hilbert spaces. Each operator A € B(H) and B € B(K)

thus can be expressed uniquely as operator matrices

AN [Aij]m,m and B = [Bkl]Z:lnzl

1,J=1

where A;; € B(H;,H;) and By € B(K;, Kx) for each 4,5 = 1,...,m and k,[ =

1,. § fns

Definition 2.1. Let A = [4;;};"; € B(H) and B = [By];;-; € B(K) be operator
matrices defined as above. The Tracy-Singh product of A and B is defined to be

the operator matrix
ARB = [[A; ®Buly],; (2.2)
which is a bounded linear operator from @:nkil H; ® K into itself.

Note that if m =mn =1, the Tracy-Singh product AKX B reduces to the tensor
product A ® B.

Lemma 2.2 ([31, 32]). Let A,C € B(H) and B, D € B(K) be compatible operator

matrices.

(i) The Tracy-Singh product is compatible with the usual product in the sense
that

(AR B)(CR D) = ACK BD.

(ii) If A, B >0, then (AK B)* = AKX B® for any real number c.

(iii) If A, B >0, then AKX B > 0.



(w) If A,B >0, then AK B > 0.
(v) fA>C>0and B>D >0, then AXKB > CKD.

The notion of Khstri-Rao product for operators was introduced in [33].

Definition 2.3. Let A = [A4;;];%", € B(H) and B = [B;;];2", € B(K) be operator

i,j=1 h,j=

matrices. The Khatri-Rao product of A and B is defined to be

ABB = [A; ® By]" (2.3)

ij=1
as a bounded linear operator from ;" H; ® I; into itself.
Note that if m = 1, then AD B = A®@ B. Weset X,_; A = A, = [_, A

For r € N—{1} and a finite number of operator matrices A; € B(H;) (i =1,...,r),

denote

X4 = (AR A) K. KA, 1) KA,
i=1

[(]JA = (A BA) B -BA)BA,.
L=l

Lemma 2.4 ([33]). Let r € N —{1}. There exists an isometry Z such that

|§| A=z (& Ai> Z (2.4)

for any A; € B(H,;), i=1,...,r.

2.3 Metric geometric mean

In this section, we establish certain operator identities and inequalities involving
metric geometric means and Tracy-Singh products. First of all, we recall some
background about metric geometric means.

The metric geometric mean for matrices/operators was firstly defined by Ando

[3]:
A# B = AV ATVPBAYH2A2 A B > 0. (2.5)

This formula comes from two natural requirements. First, it should coincide with
the usual geometric mean for positive real numbers: A# B = (AB)'/? provided

that AB = BA. The second condition is the congruent invariance

T*(A# B)T = (T*AT) # (I*BT)



for any invertible 7' € B(H). Now, consider positive invertible operators A and B
in B(#) and let w € [0, 1]. The w-weighted geometric mean of A and B is defined
by

A#wB — A1/2(A71/ZBA71/2)11}A1/2.

For arbitrary positive operators A and B, we define the w-weighted geometric
mean of A and B to be

A#,B = lim (A+el)#,(B+¢l).

e—=0t
Here, the limit is taken in the strong-operator topology. For briefly, we write
A#B for A#l/QB

Theorem 2.1. Let Ay, Ay, By and By be positive operators in B(H) and w € [0, 1].
Then

(A1#wA2) W (Bi#4,Bs) = (A1 B B1)#w(A2 X By), (2.6)
(A1#wA2) B (Bi#fwB2) < (A1 8 Bi)#w(A2 3 By). (2.7)
Proof. First, consider the case Ay, Ay, By, By > 0. By using Lemma 2.2, we get

(A1 B Byt (Ay X By)
= (A, X B)2 (AR B) YAy K By) (A1 W By) 21" (A, R By )/
(A”Q X 31/2) _(A_I/Q X B_I/Q) (A5 B) <A1_1/2 X B;”Q)]w (A}/Q R B}”)
_ (AW X 31/2) _(A V2 A AT 1/2> X (B;”QBQB;WHW (A}/Q X Bi/z)
(4
4

A2 % Bl/2> <A~1/2A A;l/Q)w X (B;1/2B2Bl-1/2)“’] (Ai/z X B11/2>
A2 (A—1/2A A—1/2> AI/Q} X |:Bl/2 <B—1/QB B—1/2>“’Bl/2]
1 1 2D, 1
- (Al#wAQ) (Bl#wBQ>'
Ando’s result [4] states that if ® is a positive linear map, then for all A, B > 0,
P(A#,B) < O(A)#.,P(B). (2.8)

By applying Lemma 2.4 and inequality (2.8), we have
(Ar1#0A2) B (Bi#wB2) = Z" [(Ai#fwA2) W (Bi#wB2)| Z

= 7" [(A1 R A))#,(A2 X By)| Z

< [Z°(AL B By) 2|40 [ 2% (As B By)Z]

= (A1 8 B1)#w(42 8 By).
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For arbitrary Ay, As, By, B > 0, perturb each of them with I and then take limit

ase — 07 . O

Corollary 2.5. Let r € N and w € [0,1]. For each 1 <i <, let A;, B; € B(H)

be positive operators. Then

lXI(Ai#wBi) = (IXI Ai) #o (IXI Bi) : (2.9)

i=1

Proof. The proof is by induction on . ]

In [5], Kilicman and Al Zhour invesigated weighted metric geometric means of
any finite number of positive definite matrices. Now, we will extend this geometric

mean to the case of finite number of positive operators.

Definition 2.6. Let r € N— {1}. For each 1 < i < r, let A; € B(H) be a positive
operator. Let a; € [0,1] for each 1 < ¢ < r — 1 and denote a = (..., 7).
We define

gcn (A17A2> Y AZ #041 Al-
Now continue recurrently, setting
goz(Ala B 7Ar) ' gar_l(g&(Ala s 7A7"—1)7 Ar)

where & = (@, . .., a,—2). We call G,(Ay, ..., A,) the iterative a-weighted metric

geometric mean of Aq,. .., A,.

The next two results asserts the compatibility between Tracy-Singh products

and iterative weighted metric geometric means.

Theorem 2.2. Letr € N—{1}. For each 1 <i <r, let A;, B; € B(H) be positive
operators. Let a; € [0,1] for each 1 < i <r—1. Then

ga<A1 Xl Bl, “ e ,Ar & Br> - ga(Ah ce. ,AT> Xl ga(Bl, ce. ,Br> (210)

Proof. We use induction on r. By continuity, we may assume that A;, B; > 0 for

alli =1,...,r. When r = 2, we have by Proposition 2.1 that

Go(A1X By, Ay R By) = (A2 X By)#fa (A1 X By)
= (AQ#QAl) D (BZ#QB].>
= ga(Al7A2) Iggoc(BbBQ)
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where a € [0,1]. This gives the claim when r = 2. Suppose that the property
(2.10) holds for r — 1 (r > 3). Let a = (ay,...,ap—1) and & = (v, ..., Q—2)

where «; € [0,1] for any 1 < i < r — 1. Using Theorem 2.1, we have

G (AR Bi,...,A K B,)
- gar (Ga(A1®B,...,A,_ KB, 1), A KB,
= G (GalAr, ... A 1)®ga(Bl,...,BT,1),AT&Br)
= Gor s (Ga(Ar ooy A1), A) B Ga,, (Ga(Brs..., B,o1), By)
= Gl T)&ga(Bl,...,Br).D

Corollary 2.7. Let r € N— {1} and s € N. For each 1 <i<r, 1 <j<s, let
A;j € B(H) be a positive operator. Let oy € [0,1] for each 1 <i < r—1. Then

Ga (&Alj,...,g%) &ga (A, ..., Any). (2.11)
ki j=1

The Thompson metric [41] on the open convex cone of positive invertible

operators is defined for each A, B > 0 by
d(A,B) = max{log M(A/B),log M(B/A)},

where M(A/B) = inf{\ > 0 : A < AB}. The diameter of {A,,..., A} with
respect to the Thompson metric d is defined by

A(Aq, .. A) = max{d(4;,4;):1 <4, <r}

Lemma 2.8. Let r € N = {1}. Let A; for each 1 < i@ < r and B be positive
invertible operators on H. Let a; € [0,1] for each 1 <i<r—1. Then

d(Ga(As, .y A),B) < A(Ay, ..., A B). (2.12)
Proof. See [1, Proposition 3.1]. O
The next result is a generalization of inequality (2.12).

Proposition 2.9. Let r € N— {1} and s € N. Foreach1 <i<r, 1 <j
let A;;, Bj € B(H) be positive invertible operators. Let c; € [0, 1] for each 1 < 1 <
r—1. Then

d(&ga<A1],,Ar]),&B]) S A(&Alj, &AT]’&B> 213
J=1 j=1 j=1

Proof. This proposition follows from Lemma 2.8 and Corollary 2.7. [

N
»

~
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2.4 Spectral geometric mean

Recall that for positive definite matrices A and B of the same size, its spectral

geometric mean [16] is defined by
AB = (A7'#B): A(A"'#B):.

Now, let A and B be positive invertible operators in B(#) and w € [0,1]. The

w-weighted spectral geometric mean of A and B is defined by
Ab,B = (A '#B)"A(A™'4B)v.

For arbitrary positive operators A and B, we define the w-weighted spectral geo-

metric mean of A and B to be

AfyB = lim (A4 el)t, (B +el).

e—07t

Theorem 2.3. Let Ay, Ay, By and By be positive operators in B(H). Then
(Al IX Bl)hw(AQ IE BQ) e (AlthZ) g (Blthg). (214)

Proof. By continuity, we may assume that A;, As, By, Bs > 0. It follows from
Lemma 2.2 and Proposition 2.1 that

(A1RBy )y, (Ay X Bs)

(A{ X By) 1# Ay X Bs)] " (A1 B By) [(A1 K By) " '#(A; K By)]
(AT' R By ")#(A K Bs)]“ (A1 K By) [(AT! R BT )#(A4; X By)]”
(Ar ' #A2) B (B #Bo)| ™ (AL BBy [(AT'#A) W (B '#B,) ]

(
(

w

AT 1#142 ( 1#B2)w] (A1 X Bl) [(Afl#Ag)w X (Bfl#Bg)w}
AT HA) AL (AT # AL | W [(By '#B2)" Bi(By '#B3)" ]
A18,As) X (B, Bs).O

|
[
=
[
[
(

Corollary 2.10. Let r € N — {1} and w € [0,1]. For each 1 < i < r, let
A;, B; € B(H) be positive operators. Then

O NCHR- T —
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Proof. The proof is by induction on r. We have that the property (2.15) holds for
r = 2 by Lemma 2.3. Suppose that the property (2.15) holds for r — 1 (r > 3).
By using Lemma 2.3, we get

(@ Ai> B (@ Bi> — (g Ai> X A, (g Bi> X B,

(802 (500)

r—1

- &(Aiuwgg)> X (Afw B)

= [X](4iB:).0

i=1

X (A b, B,)

In [5], Kilicman and Al Zhour studied weighted spectral geometric means
of any finite number of positive definite matrices and proved several properties
related to Tracy-Singh products. Now, we will extend this geometric mean to the

case of any finite number of positive operators.

Definition 2.11. Let 7 € N — {1}. For each 1 <7 < r, let A; € B(H) be positive
operators. Let a; € [0,1] for each 1 < ¢ <7 — 1. We define

GorlA1,4z) = Ao, As.
Now continue recurrently, setting for each r > 3,
GP(Ay, ... A) =GP (GHAy, ... ; A1), A)

where & = (aq,...,a,_3). Wecall GFP(Ay, ..., A,) the iterated a-weighted spectral

geometric mean of Ay, ..., A;.

From Definition 2.11, we can rewrite (2.15) in Corollary 2.10 to be

G (& A X Bz) = X 67(Ai, B))
=1 =1

=1

where o = w.

Corollary 2.12. Let r € N—{1}. Let A; and B; be compatible positive operators
in B(H) for eachi=1,...,r. Then

GP(AKB,,..., A KB,) = GPA,,....,A,)RG?(B,...,B,).  (2.16)
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Proof. The proof is by induction on r. By Theorem 2.3, we have that the property
(2.16) is true for » = 2. Suppose that the property (2.16) is true for r — 1. By

Theorem 2.3, we obtain

GP(A R B,...,A. R B,)
= G (GF(A1RDBy,...,A_ 1K B,1),A KB,)
=GP (GF(Ai,..., A )XGPB,...,B,1), A K B,)
= GF (G (Asy e Apa), A RGP (GF(By,..., Bi1), By)
= GP(4r,...,A) RGP (By,...;B,).O

Corollary 2.13. Let r € N— {1} and s € N. Let A;; € B(H) be a positive

wnvertible operator for each i =1,...,r, j=1,...,s8. Then
G» ([E Ay, X Arj> = XIGP(AL, e, Arj). (2.17)
j=1 j=1 j=1
Proof. The proof is by induction on s. m

2.5 Sagae-Tanabe metric geometric mean

Let » € N—{1}. For each 1 < ¢ < r, let A; € B(H) be a positive invertible
operator. Let t = (t1,...,t,) where ¢; € [0,1] foreach 1 <i<rand ),  t; =1

The weighted arithmetic and harmonic means of Ay, ..., A, are defined by

At(Al, . e A,«) = thAz,
i=1

. o
(Z tl-A;1> .
=1

Sagae and Tanabe [37] proposed weighted geometric means of severable positive

Ho( Ay ey

definite matrices as follows.

Definition 2.14. Let A and B be positive invertible operators in B(#H) and let

v = (v1,v2) where vy, vy € [0,1] and v; + v = 1. We define
G,(A,B) = A#.B

where a« = 1—wy. Let r € N—{1}. Foreach 1 <i < r,let A; € B(H) be a positive
invertible operator. Let ¢ = (¢1,...,t,) where t; € [0,1] for each 1 < ¢ < r and
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Yoy ti=1 Foreach1<i<r—1,let

i+1

Q; = 1-— (ti—l—l/ztj)-
j=1
The Sagae-Tanabe weighted geometric mean of Ay, ..., A, is defined by

Gi(Ar, ..o A) = Ga,  (Gi(Ar, ..o  Ara), Ar)

where G;(Aq, ..., A,_1) is the Sagae-Tanabe weighted geometric mean of Ay, ..., A,_;
with weighted ¢ = ({1,...,t,_1) where t; = t;/ Z;;} tj foreach 1 < i < r— 1.
Note that

gt(Ala e 7A7") 77 ga(A17 s 7A7‘)

where G, (A, ..., A,) is the weighted metric geometric mean of A;,..., A, in

Definition 2.6 with weight o = (o, ..., ap_1).

Theorem 2.4. Let r € N— {1} and s € N. For each 1 <i <r, 1 <j <s, let
A;; € B(H) be a positive invertible operator. Let t = (t1,...,t,) where t; € [0,1]
for each 1 <i<r andy,,_ t; =1. Then

Gy (& Alj,...,@AM> = X Gi(Aij, ..., Ary)- (2.18)
j=1 j=1 j=1

Proof. Let a; = 1 — (t1+1/23111 tj) for each 1 < ¢ < r — 1 and denote o =

(v, ..., ap_1). By Definition 2.14, we have
Gi(An WA, ..., A KAL) = Gu(A11 KAy, A X B,y).
Applying Theorem 2.2, we obtain
Ga(A 1 W Ay, .. A W B,) = Go(Arr, .., An) KGo(Ara, ..., Ar).
This implies that
Gi(An X Ay, .. A K A) = Gi(Arg, . An) KG(Aga, .o, Aro).
We get the result by using induction on s. O

Lemma 2.15. Let r € N—{1}. For each 1 <i <, let A; € B(H) be a positive
invertible operator and let t = (ty,...,t.) where t; € [0,1] fori=1,...,r and
Yo ti=1. Then

Ho(Ar, o A) < GlAn. o A) < A(Ar,.. . A, (2.19)
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Proof. See [1, Proposition 2.4]. O

We extend [5, Theorem 4.6] to AM-GM-HM inequalities involving Tracy-Singh

product of positive invertible operators as in the next two results.

Corollary 2.16. Let r € N— {1} and s € N. For each 1 < i <r,1<j <s,
let A;; € B(H) be a positive invertible operator and let t = (ti,...,t.) where
t;€[0,1] fori=1,....r and Y ;_ t;=1. Then

»

X Hi(Ay, ... Ay) < G (&Alj,...,&fxrj) < DXJAAy, ... A,
J=1 J=1 j=1 j=1

(2.20)

Proof. Lemma 2.15 tells us that
Ht(Aljv B0 7A7“j) < gt (Alja L 7A'r'j) g At(Alja s 7Arj)

for each 1 < j < s. By using Lemma 2.2, we get

X He(Ay - Ay) < X G (A A < X A(Ays ., Ar).
j=1 JAk

j=1

Applying Theorem 2.4, we obtain

X Ge(Avs, .  Arj) = G (&Au,...,&mﬁ)
j=1 j=1 Jj=1

and the inequality (2.20) follows. O

Corollary 2.17. Letr € N— {1} and s € N. Foreach 1 <i <r,1<j<s,
let A;; € B(H) be a positive invertible operator and let t = (t1,...,t,) where
t; €[0,1] fori=1,....r and Y ;_ t;=1. Then

H, (g/xu,...,x&j) < X G(Ay, .., Ay) < A (gAU,...,&AM)
j=1 J=1 J=1 Jj=1 Jj=1
(2.21)

Proof. 1t follows directly from the AM-GM-HM inequality (2.19) and Theorem
2.4. O

We now turn to the AM-GM-HM inequality involving Khatri-Rao products.
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Corollary 2.18. Let A;; e B(H) (1 <i<r, 1 <j<s, r>2) be compatible
positive invertible operators and let t = (t1,...,t,) where t; € [0,1] fori=1,.
and Y. t;=1. Then

[] He(Asj, - Ay) < [0] Gi(Ayj, ... A (EI Alj,...,EArj> .
j=1 j=1 j=1
(2.22)

Proof. We have by Lemmas 2.4 and 2.15 that
[ He(Asj, .. Ay) = 27 (@ Ho(Argra s ,Arj)) Z
Jj=1 j=
< (& gt Alj?"' T’j))

= B gt<A1j, we B 7Arj)'
=1

Using Lemma 2.4, we get

Ay <|X|A1j,...,®Arj>
7=1 ok
zr:ti <® AU) = iti 40 (g AZ]) Z

i=1 Il =1 j=1
== Ztl <EAU> —= At (BAlj""7IZIATj>'
=1 j=1 7=1 j=1

Applying Lemma 2.4 and Corollary 2.17, we obtain

B Qt(Alj, e 7A7‘j) = Z* (& gt(Alja ce ,Arj)> A
j=1 Jj=1
iR (&Alja-“v&Aﬁ)
j=1 J=1
- At (IZIAlj7""E|ATj> .0
j=1 i=1

The next result is a generalization of Lemma 2.8.

Proposition 2.19. Let A;; and B; (1 <i<r, 1 <j<s, r=2) be compatible

positive invertible operators and let t = (tq,...,t.) where t; € [0,1] fori =1,...,r



18

and Y. t; =1. Then

d (g Gi(Aj, ... Ay), X B]) < A (& A, XA XK Bj) . (2.23)
j=1 J=1 J=1 J=1 J=1

Proof. The desire result follows from Lemma 2.8 and Corollary 2.7. [
For h,x > 1, the (generalized) Specht ratio is defined by

(hx _ 1)hx(hz—1)’1

Sn(w) = e log h*

for h #1 and Si(x) = 1.

We denote Sp,(1) by S,. See [1, 17] for more information. The next result is
a reverse version of AM-GM-HM inequality involving Tracy-Singh products via

Specht ratio.

Proposition 2.20. Let A;; (1 <i<r, 1<j<s, r> 2) be compatible positive
invertible operators and let t = (t1,...,t,) where t; € [0,1] fori =1,...,r and
Y 4t =1 Then

Ay <® Alj,...,@Arj> gty \ (g gt(Alj,...,Arj)) (2.24)
=1 =1 j=1

where b = e*®=rAL B A
Proof. By using Lemma 2.8 and Corollary 2.7, we get the result. [

Lemma 2.21. Let A; € B(H) (1 <@ < r,r > 2) be positive invertible operators
and t; (1 < @ < r) be real numbers such that t; > 0,t; < 0 (2 < i < r) and
Yoiyti=1. Then

Ai(Ary .o AY) < G(Ar, .. A, (2.25)
IfFS_ AT >0, then
Gi(Ay, ... A) < Hy(Ar,. .o A, (2.26)

Proof. The proof is similar to the case of matrices, given in [2, Theorem 2.1]. [

We now obtain reverse AM-GM-HM inequalities involving Tracy-Singh prod-

ucts as follows.
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Theorem 2.5. Let Aj; e B(H) (1 <i<r 1< j<s, r>2) be compatible
1

positive invertible operators and t; (1 < i < r) be real numbers such that t; >

X A(Ay, ... Ay) < G, (& Alj,...,gArj>. (2.27)
=1 ‘

If He(Ayj,...,A) >0 forallj=1,...,s, then

G, <|X|A1j,...7|X|Arj> < DX He(Avy - Ay). (2.28)
i=1 i=1

Proof. 1t follows from Lemma 2.21 that
Ai(Asjy 05 Arg) TG (Al L5 AG) < HielAug, - - 5405)

for each j =1,...,s. Since Ay(Ay;,..., A;;) > 0forall j =1,... s, we have by
Lemmas 2.2 and 2.21 that

Qt (&AU)a&Ar]> — &gt (A1j7"'7A7“j) > &At(Aljw--;Arj)-
7=1 7j=1 =1 7=1

Since Hi(Avj, ..., Anj) > 0forall j =1,...,s, we obtain by Lemma 2.2 that
& Ht(Alja o 7A7"j) > 0.
=1

The proof is complete by applying Lemma 2.21 and Corollary 2.4. [

Theorem 2.6. Let A;; e B(H) (1 <i<r, 1< j<s, r>2) be compatible
1

< i < 1) be real numbers such that t; >

s

A (gAU,...,gAM) < X Gi(Ayj, ... A (2.29)
=1 j=1

J=1

If H, (szl Ay R, Arj) >0, then

X Gi(Ay, .., Ar) < Hy <& Alj,...,|X|Am->. (2.30)
j=1 j=1 j=1

Proof. By applying Lemma 2.21 and Corollary 2.4, we get the results. O]
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Corollary 2.22. Let Aj; e B(H) (1 <i<r, 1 <j<s, r>2) be compatible
positive invertible operators and t; (1 < r) be real numbers such that t; >
0,t; <0(2<i<r)and ), t;=1. Then

At (IZIAljv"'aElArj> < Bgt(Alja---vArj) < EHt(Alja"'aArj)'
=1 j=1 j=1 j=1
(2.31)

Proof. This result is a direct consequence of Theorem 2.6 and Lemmas 2.4 and
2.15. O

2.6 Sagae-Tanabe spectral geometric mean

We introduce the following definition:

Definition 2.23. Let r € N—{1}. Foreach 1 < i < r, let A; € B(H) be a positive

invertible operator. Let ¢ = (¢1,...,t,) where t; € [0,1] for each 1 < ¢ < r and
SRR =t Letei= 1 (G A ZZH t;) for each 1 < i < r—1. The Sagae-Tanabe
spectral geometric mean of Ay, ..., A, is defined by

L (Uosotasescadn, | (7],

where oo = (o, ..., 1).

Proposition 2.24. Let A; and B; (1 < @ < r,r > 2) be compatible positive
operators in B(H) and let t = (ty,...,t.) where t; € [0,1] fori=1,...,r—1 and
Yoiyti=1. Then

tSp<A1 & Bl, e ,Ar & BT) — Sp(Al, a ,A )‘Z gfp(Bl, . .,BT) (232)
i <&Ai,&&) = &g (A, By). (2.33)
1=1 =1

Proof. Let a; = 1 — (¢ ZH/Z?’H tj) for each 1 < ¢ < r — 1 and denote o =
(v, ..., ,_1). By Definition 2.23, we have

fp(AlﬁBl,...,Ar&Br)
i (Iil Aialile') = G¥ (Iil Ai’lilBl) .
-1 =l -1 =l

By Corollary 2.12, we get (2.32). Applying Corollary 2.10, we obtain (2.33). [

GP(ARBy,..., A, KB,
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Corollary 2.25. Let A;; e B(H) (1 <i<r, 1<j<s, r>2) be compatible
positive invertible operators and let t = (ty,...,t.) where t; € [0,1] for i =
L...,r—1and Y, _,t;=1. Then

R (& AU,...,@AM> = X G7(Ay, ..., Ay). (2.34)
j=1 j=1 j=1
Proof. From (2.32), we have
g:p(All IX Alg, [ 7A7‘1 IE AT‘Q) — gfp(AH, Lo ,Ar1> & gfp(A(12), e 7Ar2)'

We obtain (2.34) by induction on s. O

2.7 Conclusion

Several relations between metric/spectral /Sagae-Tanabe geometric means for sev-
eral positive operators and Tracy-Singh products are established in terms of
identities and inequalities. In particular, we obtain noncommutative arithmetic-
geometric-harmonic means inequalities and their reverses. Moreover, we define the
weighted Sagae-Tanabe spectral geometric mean for several positive operators and

deduce its properties related to Tracy-Singh products.



CHAPTER 3
Khatri-Rao Products for Hilbert Space

Operators

In this chapter, we introduce the notion of Khatri-Rao product for operator matri-
ces acting on the direct sum of Hilbert spaces. This notion generalizes both tensor
product for operators and Tracy-Singh product for complex matrices. We inves-
tigate algebraic and order properties of this kind of operator product. Moreover,

Khatri-Rao product is related to Tracy-Singh product via an isometry.

3.1 Introduction

In matrix theory, there are many kinds of matrix products which are of interest
in both theory and applications, such as Kronecker product, Hadamard product,
and Khatri-Rao product. Denote by M,, ,,(C) the set of m-by-n complex matrices
and abbreviate M, ,(C) to M, (C). Recall that for A = [a;;] € M,,,(C) and
B = [b;] € M,,,(C), the Hadamard product of A and B is defined by the

entrywise product
A® B = [aijbi;] € Mpn(C).
The Kronecker product of A = [a;;] € M,,,,(C) and B € M, ,(C) is given by
A®g B = |a;Bl;; € Mypng(C). (3.1)

One of the most attractive properties of this product is the mixed product prop-

erty:
(A® B)(C ® D) = AC @ BD (3.2)

for all A € M,,,(C),B € M,,(C),C € M,,(C) and D € M,,(C). Khatri and
Rao [19] defined the Khatri-Rao product of partitioned matrices as follows. Let
A and B be complex matrices partitioned so that their (i, j)th block are given by
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A;j and B;; for each i = 1,2,...,m and j = 1,2,...,n (the sizes of A;; and B;;
may be different). Then the Khatri-Rao product of A and B is defined by

Al B = [AU QK Bij]ij . (33)

Note that if A and B are non-partitioned (that is, each of only one block), then
their Khatri-Rao product is just their Kronecker product. If A and B are en-
trywise partitioned (that is, each block is a 1 x 1 matrix), then their Khatri-
Rao product is just their Hadamard product. Interesting algebraic, order and
topological properties of this product were studied in the literature; see, e.g.,
(13, 15, 18, 24, 25, 45, 47]. Their applications go to statistics, computer science
and related fields, e.g., [23, 36].

The tensor product of Hilbert space operators can be viewed as a natural
extension of the Kronecker product to infinite-dimensional setting. Let H, H', K
and K’ are complex Hilbert spaces. Recall that the tensor product of A € B(H, H')
and B € B(/C,K') is the unique bounded linear operator from H ® K into H' @ K’
such that

(A B)(z®y) = Az Q By (3.4)

for all x € H and y € K.

In this chapter, we generalize the tensor product for operators to the Khatri-
Rao product of operator matrices acting on the direct sum of Hilbert space in a
natural way. It turns out that this operator product is compatible with algebraic
operations and order relations for operators. Our results generalize the results
known so far in the literature for both Khatri-Rao products of matrices and tensor
products of operators.

This paper is organized as follows. In the next section, we provide some pre-
liminaries results about Tracy-Singh products for operator matrices. Then, in
Section 3.3, we introduce the Khatri-Rao product for operator matrices and de-
duce its algebraic. Section 3.4 discusses positivity and order properties of Khatri-
Rao product. In the last section, we investigate relationship between Khatri-Rao

product and Tracy-Singh product.
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3.2 Preliminaries on Tracy-Singh products for operator

matrices

Throughout, let H, H’, K and K’ be complex separable Hilbert spaces. When X
and ) are Hilbert spaces, denote by B(X', )) the Banach space of bounded linear
operators from X into ), and abbreviate B(X, X) to B(X). Let

n m q P
n=Ppn, H=pH L=kK K=K
j=1 i=1 =1 k=1

where each H;, H;, K;, K), are Hilbert spaces. For each j = 1,...,n, let M; be
the canonical embedding from #H; into H. Similarly, let IN; be the canonical
embedding from /C; into K for each [ =1,...,q. For each i =1,...,m, let P, be
the orthogonal projection from #H’' onto H.. Similarly, let Q) be the orthogonal
projection from K’ onto K} for k = 1,...,p. Each operator A € B(#,H') thus

can be represented uniquely as an operator matrix

Al= AR

i.j=1

where A;; = PAM; € B(H,,H;) foreachi=1,...,mand j =1,...,n. Similarly,

an operator B in B(IC, K') can be written uniquely as

where By, = QpxBN, € B(K;,K}) foreach k=1,...,pandl=1,...,q.

Definition 3.1. Let A = [A;];%2, € B(H,H') and B = [Bulyi_, € B(K,K')
be operator matrices. We define the Tracy-Singh product of A and B to be the

operator matrix
which is a bounded linear operator from 7", H; @ K; to @72, Hi ® K.

Lemma 3.2 ([31]). Let A € B(H,H') and B,C € B(K,K') be operator matrices.
Then

(AR B)* = A*K B*, (3.6)
AR (B+C) = AKB+ AKC, (3.7)
(B+C)XKA =BXA+CKX A (3.8)



25

Lemma 3.3 ([31]). Let H,H,H",K,K' and K" be complex Hilbert spaces. Let
A= [AZJ]ZL]’zl S B(H,,HH), B = [Bkl]i’,?=1 € BUC/JCH)? C= I:OZ]]Z_’]Ll S B(HaHl)
and D = [Dyi7_, € B(K,K'). Then

(AR B)(CK D) = ACK BD. (3.9)

We call (3.9) the mixed product property.

Lemma 3.4 ([31]). If A € B(H) and B € B(K) are invertible, then AX B is

vertible and
(ARB)™' = A'R B (3.10)

Lemma 3.5 ([31]). Let A € B(H) and B € B(K). If A,B >0, then AKX B > 0.

3.3 Compatibility of Khatri-Rao products to operator op-

erations

From now on, the following orthogonal decompositions of Hilbert spaces are fixed:

n=@FPn, H=pH kK=K K =K. (3.11)
=1 iy J=1 i=1
That is, we fix how to partition any operator matrix in B(#,H’) and B(IC,K').

Definition 3.6. Let A = [A;]"" € B(H,H') and B = [By]|", € B(K,K') be

ig=1
operators matrices partitioned according to the decomposition (4.3). The Khatri-

Rao product of A and B is defined to be the operator matrix

ABB=[A5® B~ (3.12)
as a bounded linear operator from @’_, H; ® K; to @;~, H; @ K.
Note that
(i) if both A and B are 1 x 1 block operator matrices, their A@ B is A ® B.

(ii) if H; = K = C and H); = K} = C for all i, j, then their Khatri-Rao product

is the Hadamard product of complex matrices.
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For each A € M,, ,(C) and B € M, ,(C), the induced maps
Ly:C"—-C", x+— Axr and Lp:C?— CP, z+— Bux

are bounded linear operators. We identify C" @ C? with C"? together with the

canonical bilinear map (z,y) — = ®k y for each (z,y) € C" x C4,

Lemma 3.7. For any A € M, ,(C) and B € M, ,(C), we have
oo . (3.13)

Proof. By using the mixed product property of the Kronecker product (3.2), we

have

(La® L) ®y) = La(r) ® Lp(y) = La(r) ®x Lp(y)
= Az ®x By = (A Qk B)(z ®x V)
(A®k B)(x®y) = Lagyr(r ®y).

for any x®y € C"®CY. The uniqueness of tensor product implies that Lo ® Lg =

LagyB- O

Proposition 3.8. The Khatri-Rao product of two linear maps induced by matrices
1s just the linear map induced by the Khatri-Rao product of these matrices. More
precisely, for any complexr matrices A = [A;j] and B = [B;;] partitioned in block-

matrix forms, we have
Li®Lg = Lag.s- (3.14)

Proof. Recall that the (7, j)th block of the matrix representation of L4 is Ly,,. By
Lemma 3.7, we obtain Ly 0 Ly =[La; ® Ly, ], = [Layewny,]; = Lanes. O

Proposition 3.9. Let A € B(H,H') and B,C € B(K,K') be operator matrices.

Then
(Am B)* = A*@m B* (3.15)
A (B+C)=AmnB+AnC (3.16)
(B+C)mA=BuOA+CmA (3.17)
(aA)Em B = a(A@B) = AB (aB) (3.18)

for any a € C.
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Proof. Since A* = [A;Z]” and B* = [Bj*l]w for all 4, j, we obtain
By using the fact that (B + C);; = B;; + Cy; for all ¢, j together with the left
distributivity of the tensor product over the addition, we have

= [(4ij ® Byj) + (4i; ® Cyj)],;

= A B+ ABC.
Similarly, we obtain the property (3.17). Since (aA);; = ad;; for all 7, j, we get

(OéA) -] B = [(OéAU) ® Bij]ij = [Oé (A“ [] B”)]” = Oé(A -] B)

Similarly, A @ (aB) = a(AE B). O

Proposition 3.10. Let A = [Ay]2, € B(H,H') and B = [By]]")"; € B(K,K)
and let r,s € N be such that r < m and s < n. We partition A to be A = [Akl]};’j:l
where Ay, is my X ny block operator matrix such that (g, h)th of Ay is (u,v)th
of A and partition B to be B = [Bkl];’jzl where By is my X ng block operator
matriz such that (g, h)th of By is (u,v)th of B where uw = (k— 1)my + g, v =
(=1 +h, Y ymp=mand ;_n =n. Then

A @ By - A By
AB B = [Ay B Buly, = : : (3.19)
Arl L] Brl it Ars [ Brs

That is, the (k,1)th block of AQ B is just Ay & Byy.
Proof. 1t follows from the definition of the Khatri-Rao product. m

Let A; € B(H;, K;) foe each i = 1,...,n, the operator A € B(H, K) such that

_A1 0o --- 0_
a_ () A2 0
0o 0 --- A,

is the direct sum of Ay,..., A,, denoted by A; @ ... & A,. The next result gives

a relation between the direct sum and the Khatri-Rao product.
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Proposition 3.11. Let A,C € B(H,H') and B,D € B(K,K') be compatible

operator matrices. Then
(A B)B(Ce® D) = (AnC)® (Ba D). (3.20)

Proof. Since 0 @ 0 = 0, we have by Proposition 3.10 that

AnC 0
(AeB)m(Ce D) = = (AnC)e(Br D).
0 B@D
O
3.4 Khatri-Rao products and positivity
Lemma 3.12 (Albert’s Theorem). Let
Sy -9
SR (3.21)
Sty S22

be operator in B(Hy @ Hs) where S11 and Ssy are self-adjoint and S1y has a closed
range. Then S > 0 if and only if

(i) 811> 0,
(ii) S12 = S11S1, S84,
(iii) Sz > 81,5112
Proof. See [44]. =

Lemma 3.13. Let S be operator in (3.21) where S1; and Sy are self-adjoint.
Then S > 0 if and only if

(Z) 511 > 0,
(ZZ) 522 > 0,
(iii) Si1 > S1255, Sy,

(Z’U) Sog > STQSESU.
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Proof. Sufficiency. Since S > 0, for any ¢ € H; we have

(S11€,8) = (5(€®0),£®0) >0,

which means Sj; > 0. Similarly Ssy > 0. We know, by [9], that

1

(SH — 5125272153‘(2)_ *

St = R
* (522 - STQSl—l 812)

Since S7 > 0, we get (S5 — S1955'55) " > 0 and (Say — 55571 S12) " > 0.
This implies that S;; — S19955 Sty > 0 and Sy — S5.5;,'S12 > 0.
Necessity. By Lemma 6.17, we have S > 0. Let

1

A = (5'11 —5125521ST2)_ ]
B = —5581 (Sn2' = S12S5"S12)

CA BT ST A8 N 7

By [9], we obtain

A B A\l B
B* C B* C
l.e. S is invertible. Hence S > 0. O

Now, we will extend [20, Theorem 6] to the case of Khatri-Rao product of

operator matrices.

Theorem 3.1. Let A = [A;;] € B(H1 @ Hs) and B = [Byj] € B(K, & Ky). If
AZO, A11>O, A22>0 andB>O, then A@ B > 0.

Proof. Consider

A1 ® Byn A2 ® By

A@EB = .
A7, ® By, Ay ® By

We have A1 @ By; > 0 and Ay ® Bog > 0 since Ayq, Agae, Bii, By > 0. Applying
Lemma 6.17 and Lemma 3.13, we get
A1 ® By — (A2 ® Bi2)(Ag ® Bag) 1 (Ajp ® Bya)*

A ® By — A12A2_21AT2 ® Bl2B2_213T2
(A1 — A12A5) AY,) ® Bia By, B,
0.

VoV
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Similarly, we obtain
Asy ® Boy — (A12 ® B1a)* (A1 @ Bi1) (A2 ® Byo) > 0.
Then, we have from Lemma 3.13, Am B > 0. O

Corollary 3.14. Let A = [A;j] € B(H1 @ Hz) and B = [B;;] € B(Ky & K2) be

strictly positive operators. Then AR B is also strictly positive.
The next result provides the monotonicity of Khatri-Rao product.

Theorem 3.2. Let A;; Ay € B(H) and By, By € B(K). If Ay > Ay > 0 and
Bl 2 B2 with Bl 2 O, then

Al B 2 A @B, >0. (3.22)
Proof. By using the mixed product property and Lemma 3.5, we obtain
(AL X By) — (A3 X By) = (A1 — Ay) X By + Ay X (B = Bs) > 0.

Applying Theorem 4.5, we get the result. O

3.5 Relationship between Khatri-Rao products and Tracy-
Singh products

Liu [25] defined the two selection matrices Z; and Z; to show that the Khatri-Rao
and Tracy-Singh products of matrices are related. Now, we extend the relationship
between Khatri-Rao and Tracy-Singh products of matrices to relationship between
Khatri-Rao and Tracy-Singh products of operators.

Consider the following operator matrix
Ey
Zy= | : (3.23)
Em

where E, = [E;Z)] " is a bounded linear operator from @7, H; ® K, to
g,h=1

B H. ® K for r = 1,...,m, with E;Z) is an identity operator if ¢ = h = r
and the others are zero operators. We also define

F

F,
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n

where F; = [Fg(i)] is a bounded linear operator from P_, H; ® K; to

g,h=1
@) Hs @ Kj for s = 1,...,n, with Fg(,i) is an identity operator if g = h = s

and the others are zero operators. In the case of H = H' and K = K’, we have

For example, consider B(H, & Ho, H) & HY) and B(K; & Ky, K] & K). We have

ILi;y O Li; 0O
0 0 0 0
Z]_ = il : Z2 - 12
021 0 Oy 0
0 ]21 O ]22

where I1; € B(H;® KY), 1o € B(H, @ K), Lz € B(H, @ Kq), oo € B(Hs ®
K2), Ou € B(H; ® K1, Hy ® K), 021 € B(H; ® K, Hy ® KY), 012 € B(H1 ®
Ki,Hi ® Ks) and 05y € B(H; ® Ky, He ® Ky). Next, we give the relationship
between Khatri-Rao and Tracy-Singh products of operators which can be viewed

as an operator extension of [20, Theorem 3.

Lemma 3.15. Let Zy and Z5 are the selection operator matrices in (3.23) and
(3.24), respectively. Then fori=1,2,

1. 7% 7, =1,
2. 0L 2.2 < I.

Proof. A direct computation shows that Z77; = I and Z5Z, = I. We know that
E;E? is m x m block operator matrix such that consist only zero and identity
operators which has an entry of identity operator in the (i,7)th block and E;EY = 0
ifi# g5 fori,j=1,...,m. Then

p B BE - BEm|  |BE 0 .. 0
i | P RR e
EnEf EnE; - B, Er 0 0 - BB

Since B, EF < [foralli=1,...,m, we have Z1Z] < I. Similarly, Z,Z; < I. [

Theorem 3.3. For any operator matrices A € B(H,H') and B € B(K,K'), we

have

AB B = Z: (AKX B)Z,, (3.26)
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where Zy and Zy are the selection operator matrices in (3.23) and (3.24), respec-
tively. In the case of A € B(H) and B € B(K), we have

AEB = Z* (AR B)Z, (3.27)
where Z is the selection operator matriz in (3.25).

Proof. Let B(i) denote the ith column of B for ¢ = 1,...,n. Then we have

(AWXB - A,RB]|[R
ZiAWB)Z = |Bf - Epl| i :
Am ®B o ARB| |F,
[ (A{ R B)F, +...+ (A, R B)F,
- {Eik E;] :
_(AmlﬁB)F1+...+(Amn&B)Fn
[ AR B(1) < A, ®B(n)
e [Eik E;] !
| AR B(L) o A, RB(n)
AnXBy - Al K By,
A, NS A p O
— AEB.

]

Remark 3.16. If we partition A and B into row operator matrices, then AL B =
(AX B)Z,. If both A and B are column operator matrices, A= B = Z7(AX B).

Next, we extend the Khatri-Rao product inequality of matrices in [20, Theorem

4] to the Khatri-Rao product inequality of operators.

Corollary 3.17. Let A and B be operators in B(H, H') and B(KC, K'), respectively.
Then

A*AE BB > (A"@ BY)(A@ B). (3.28)
Proof. Since ZZ* < I, we have

(A*mB")(AmB) = Z"(A"XB*)ZZ* (AKX B)Z
< 7*(A*R B) (AR B)Z

Z*(A*AR B*B)Z
A"A@ B*B.
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]

Corollary 3.18. Let A=A, d...® A, and B= B @ ... ® B, be operators in
B(H) and B(K), respectively. Then

Z*(ARB) = (AmB)Z* and (ARB)Z = Z(A® B). (3.29)

Proof. Using the fact that E,Ef X = X; = XE;E] and B, E; X = 0= XEEY if
1 # j where X = X1 @& ...® X, we have

(BEr - 0 | [ARB - 0
272* 458 = | o \\\|[/// NN

RONRRZ 7 0 -« A,®B

[E\Ef(A, R B). - 0 \

: 0 - B,Ei(A,& B)]

RN BFE - e 0 ]

] 0 ' (AR B)E,E}|

(ARB e 0 ALE . =

00 (o ARB| |0 - EE;

— (AR B)ZZ".

By applying Theorem 4.5, we get
Z'(AXB) = Z"ZZ* (AR B) = Z*(AXB)ZZ* = (AT B)Z".
Similarly, (AX B)Z = Z(A®@ B). O

Theorem 3.4. Let A € B (@?:1 H, D, H') and B € B <@?:1 K, @i, IC’).
Let Zy and Zy be selection operator matrices such that A@ B = Z;(A X B)Zs.
Then there exist operators Q1 € B (@::11 QL HK, DL DL H lC’)

and Q2 € B (@?:_11 O HOK DL D HE IC) such that

Z;Q; = 0, Q;Q, =1, Z;Z; +Q:,Q; = I, (3.30)

fori=1,2.



Proof. Let
B, E, E, |
0 - |® " B @,
B E, Bt
Then calculations show that
[y
By B,
Zion = BB - g |
E B
E: 1% B
&b, ETLROND st
(5, 7 St
X 2 S
\ 0l S EE
IAY 0

34

(3.31)
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QI+ 2177

(E: E3 e | B E E.| [E]
E; Ej E; E;s E, E Es
_ . . + B B
E: Ef E | |E1 Es E,_1 E,
S BE 0 1 [eE 0
0 Z#Q EE; 0 EZE;
= : . + .
i 0 0 Z#m EZ-E;-‘_ I 0 0
S EE} 0
0 S, EE? 0
0 0 S EiE;
v U
Similarly, we have Z5Qs =0, Q5Qs = I, and ZoZ5 + Q2Q% = 1. O
Remark 3.19. Operator matrices @, and Qs are not unique. Consider
72| B ST AR S [ F:
Ry = ?l Em 3 ?3 , Ry = }?1 Fm / ]?3 >
Em—l Em—2 L5 El Fm—l Fm—Z - Fl

Then we have _ZZ* =0, R’R, =1, and-ZiZi* + RiR_;‘ =1 fori=1,2.
Corollary 3.20. Let A € B (@?:1 H, D, ’H’) and B € B (@:L:l K, @D, IC’).
Then
AA*E BB" = (AGB)(AE B)" + Z{(AX B)(Q2Q5(AX B)*Z;. (3.32)
Proof.
AA*@ BB* = Z] (AA*X BB*) Z;

= Z{(AX B)(AX B)"Z,

= Zi(AR B) (2225 + Q2Q3) (AN B)*Z,

= Z{(AXR B)Z,Z;(AR B)*Z) + Z{ (AX B)Q2Q5(AX B)* Z;

— (Z{ARB)Z) (Zi(AR B)Z)" + Zi(AR B)Q:Q3(AR B)'Z,
(AE B)(AB B)" + Z7(AX B)Q2Q5(AX B)* Z,.

E.E

m
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]

Corollary 3.21. Let A € B (@, H, D], ') and B ¢ B (DL, K, B, ).
Then

AA*@ BB* > (Am B)(Am B)". (3.33)

Theorem 3.5. Let A € B(H,H') and B € B(K,K'). Let Z; and Zs be selection
operator matrices such that A B = Z{(AX B)Z,. Then there exist operator

matrices

m—1 m m..m
VeB <@@%;®K;,@@H;®K;>

i=1 j=1 i=1 j=1

and W € B (@;ﬁ;l P Hi@ K, B D) Hi® ch) such that

ZV =0, Z3W =0, ‘225 +VV* = I, ZoZ; + WWr = I.

Proof. Let
Vi
YN |\ (3.34)
Vin
where
mIRe Ly m m m
VL v : H oK DH K,
Kl k=1 @ @ z® % @ r® %
i+j<m?

for r = 1,...,m, with Vk(lr) is an identity operator if k # r and [ = m(r — 1) + k

and the other are zero operators. Consider

_ \y 2 3 .
0 0 0
EfV, =
0 0 0 0 0 I 00 0 0 0 0
= 0.
For each r, we have
V.V =
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Then we have

Vi
Vs
2V = \Ey By - En| | = BEVitEVat+ .+ ELV, =0,
Vin
(BB EE - EES] [ wve v oo vy
EyEY  ESES  --o BB 729 7 V% VAR 79 Vi
ZIZf—f—VV* _ 2. 1 2. 2 . 2. m o 2.1 2‘2 2.m
-_[ B - O- -0 O - O- -] AN 0-
— + —
0 0 0 0 0 I 0 0 I
Let
W
M8 Sacdes: (3.35)
W
where
n,n2~1 n ™ 7%
i+j<n?

for s = 1,...,n, with W,gls) is an identity operator if k # s and | = n(s — 1) + k
and the other are zero operators. A direct computation shows that Z;W = 0 and
ZoZy +WW+* = 1. [

Remark 3.22. Operator matrices V- and W are not unique. For example, con-

sider B (H1 ® Ha, Hy @ Hy) and B (Ky @ Ko, K @ KY). By Theorem 4.1, we have

(0 0 0]
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Consider

Then Z:V =0 and Z,Z; + V (f/) gl
Corollary 3.23. Let A € B(H,H') and B € B(K,K'). Then

AA* B BB* = (AEBB)(ABB) + Z;(ARBYWW* (AR B)" Z,.  (3.36)
Proof. The proof is similar with Corollary 3.20. ]
Corollary 3.24. Let A € B(H,H') and B € B(K,K"). Then

AA*E BB* > (AE B)(A@ B)". (3.37)

3.6 Norm bounds, continuity, and compactness of Khatri-

Rao products in the operator-norm topology

In this section, we establish some attractive properties of the Khatri-Rao prod-
uct from analytical point of view. These properties involve certain continuity,
convergence and norm estimates.

Recall the following bounds for the operator norm of operator matrices.
Lemma 3.25 ([11]). Let A = [Ayl L, be an operator matriz in B(H). Then

n Y Al < AR < Y0 14yl (3.38)

i,j=1 i,j=1

Theorem 3.26. For any operator matrices A = [AU]?JHZI € B(H) and B =
[Bijli e, € B(K), we have

IAE Blleo < n°[|Allso]| Bllso- (3.39)



39

Proof. Tt follows from Lemma 3.25 that

IAE BIZ < D 145 @ Byjllk = Y I1A;11% 1Bl

< (ZH%H&) (anUuzo)
1,7 1,J
< n'|| A% B2

Hence, we obtain the (5.12). O

Theorem 3.27. Let A = [A;j] € B(H) and B = [B;;] € B(K) be operator matrices
and let (A,))2, and (B,))", be sequences in B(H) and B(K), respectively. If
A, — A and B, — B, then A, @ B, — A@ B. That is, the map (A, B) — AGQ B

18 continuous with respect to the topology induced by the operator norm.

Proof. Suppose that A, — A and B, — B. By using Lemma ?? and Theorem
3.26, we have
|A, B B, —AE Bl = |A-B B, —AEB B, +AE B, — A0 B
< H(Ar o A) D Br”oo ia “A K (Br = B)“oo
< n2||A,. = Allso|| Brifeo + n2HA||OOHBr — Bl

It follows that A, @ B, — A B in the operator-norm topology. m

Lemma 3.28 ([26]). Let A € B(H) and B € B(K) be nonzero operators. Then
A ® B is compact if and only if both A and B are compact.

Theorem 3.29. Let A € B(H) and B € B(K) be nonzero operator matrices with
n=gq. Then AE B is compact if and only if both A and B are compact.

Proof. Write A = [A;;] and B = [By;]. For sufficiency, suppose that A and B
are compact. By Lemma 3.30, we deduce that A;; and B;; are compact for all
i,7. It follows from Lemma 3.28 that A;; ® B;; is compact for all ¢, j. Lemma
3.30 ensures the compactness of A @ B. For necessity part, reverse the previous

procedure. O
3.7 Khatri-Rao products on norm ideals of compact oper-
ators

In this section, we investigate the Khatri-Rao product on norm ideals of B(H).

Recall that any proper ideal of B(#) is contained in the ideal of compact operators.
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For any compact operator A € B(H), let (s;(A))32, be the sequence of decreasingly
ordered singular values of A (i.e. eigenvalues of |A]). For each 1 < p < oo, the

Schatten p-norm of A is defined by

o 1/p
[All, = (Zﬁ(A)) :

i=1
If ||A]|, < oo, then we say that A is a Schatten p-class operator. The Schatten
oo-norm is just the operator norm. For each 1 < p < oo, let S, be the Schatten
p-class operators . In particular, S; and S, are the trace class and the Hilbert-
Schmidt class, respectively. Each Schatten p-norm induces a norm ideal of B(H)

and this ideal is closed under the topology generated by such norm.

Lemma 3.30. Let A = [A;;] € B(H) be an operator matriz. Then A is compact
if and only if Ajis compact for all i, j.

Proof. If A is compact, then A;; = P/AFE; is also compact for each ¢, j due to the
fact that S is an ideal of B(#). Conversely, suppose that A;; is compact for all
7,7. Recall that a bounded linear operator is compact if and only if it maps a
bounded sequence into a sequence having a convergent subsequence. Consider a
bounded sequence ()% in H = @, H;. Write z, = [V T e |
for each r» € N. Consider

A b A &l ApEDI 1 Ay P
Az, = | : | /= :
For each [ = 1,2,.. ., n, since (xq(nl));’,’;l is bounded, the sequence (Aijx,(nl))fil has a

I
convergent subsequence, namely, (Aijgsﬁ,})g;l. Hence,

is a desired convergent subsequence of (Ax, ). O

Lemma 3.31 ([11]). Let A = [A;]""

p-class.

ii=1 be an operator matriz in the Schatten

(i) For1 < p <2, we have

Z 14515 < Al < n*P2 Z 143511, (3.40)

1,y=1 =1
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(i1) For 2 < p < oo, we have

WS Al < AR <D A2 (3.41)

i,j=1 i,j=1

Lemma 3.32. Let 1 < p < oco. An operator matric A = [A;;] € B(H) is a
Schatten p-class operator if and only if A;; is a Schatten p-class operator for all
1,].

Proof. This is a direct consequence of the norm estimations in Lemma 3.31. O

Lemma 3.33. Let 1 < p < oo. Let A = [A];52, be an operator matriz in the

class S, and let (A,))" | be a sequence in S, where A, = [Ag)] \ for each r € N.
ij=1

Then A, = A in S, if and only if Agf) — A inS, forall 1,7=1,...,n.

Proof. Lemma 3.32 assures that A;; and AZ(-;) belong to S, for any 7,7 =1,...,n
and r € N. Consider the case 1 < p < 2. Suppose that A, — A in §,. For any
fixed i,j € {1,...,n}, we have from the estimation (3.40) that

n
AR = 50D 5 NAS 5 Al <A 5~ A7,
ij=1
Hence, AZ(-;) — A;; in Se,.
Conversely, suppose that Ag) — A;; in S, for each 7,j. Lemma 3.31 implies
that

14, — Ally < 0772 37 |IA = Ayl
ij=1
Hence, A, =+ Ain S,.
The case 2 < p < oo and the case p = oo are done by using the norm
estimations (3.41) and (3.38), respectively. O

Theorem 3.34. The Khatri-Rao product is continuous with respect to the topology
induced by the operator norm. More precisely, if a sequence (A,)2, converges to
A and a sequence (B,)2, converges to B in the ideal of compact operator S,

then A, @ B, converges to AE B in S,.
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Proof. Write A = [A;;] and B = [Byj]. Since A, - A and B, — B in S,,, we have
by Lemma 3.33 that AZ(;) — A;j and Bi(;) — By; for all 4, 5. It follows that
|45 @ Bf = Aij @ Bijll
= A} ® BY — A ® Bij + AY ® Bjj — Ai; ® Byl
< [|AG ® (B = Bij)lloo + I(A] = Aij) ® Bijllsc
= |41, 1B = Bijlloo + 145 — Asjllos | Bislloo
= | Aijlloo =040 - | Bijlloo. = 0.
Hence, Ag) ® Bi(;) — A;j ® Byj in Sy for all i, j. By using the fact that Sy is
closed set, we have A, @ B, - A& B in S.. O

The following theorem supplies bounds for Schatten 1-norm of the Khatri-Rao

product of operators.

n,n

Theorem 3.35. For any nonzero compact operator matrices A = [Aij]iyjzl €
B(H) and B = [By]i; € B(K), we have

AT Blli < nllAl]|Blh- (3.42)
Hence, A@ B is trace-class if and only if both A and B are trace-class.

Proof. Suppose that both A and B are nonzero and compact. Then the operator
A @ B is compact by Theorem 3.29. It follows from the norm bound (3.40) that

1A B[ < n* Y 1A @Byl =n° ) || AullEIByI;
,J %,

< (ZHAUH%) (ZHBUH%) < n2||A|2)|B|2
1,5 i.j

Hence, we obtain the bound (3.42). O

Theorem 3.36. For any nonzero compact operator matrices A € B(H) and B €
B(K) with n = q, we have

[AE B2 < [|All2[[Bll2- (3.43)

Hence, A @ B is a Hilbert-Schmidt operator if and only if both A and B are
Hilbert-Schmidt operators.
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Proof. Since both A and B are nonzero and compact, the operator A @ B is
compact by Theorem 3.29. Write A = [A4;]", and B = [Bj];j~,. Then by
Lemma 3.31(ii), we have

lABBl; = D14y ® Bylls = Y 114515 1Bl
1,J %,J

< (Z HAin%) (ZIIBmH%) = [lAIZ1IB]3-
1] 1]

Hence, we obtain the bound (3.43). O

Theorem 3.37. For any p € {1,2}, the Khatri-Rao product is continuous with
respect to the topology induced by the Schatten p-norm. More precisely, if a se-

o0
r=1

ideal Sp, then A, @ B, converges to A& B in S,.

00
=]

quence (A,)2, converges to A and a sequence (B,)2, converges to B in the norm

Proof. Suppose that the sequences (4,) 2, and (B,) -, converge to A and B,
respectively, in Sy. By applying Lemma ?? and the bound (3.43), we get

|A, @B, ~A@B|, = |A, 8B, — AR B, + AB B, — A@ B,
< (A4 =A) BB +[[AB (B, — B)ll
< [[An = Alll|Brll2 + [ All2l1B- — Bll
= 0182 + |4l 0 = 0.

Hence, A, @ B, — AE B in S,. Similarly, we obtain, by using the bound (3.42),
A. BB, —AQBin ;.
O



CHAPTER 4
Khatri-Rao Products and Selection

Operators

We develop further theory for Khatri-Rao products of Hilbert space operators in
connections with selection operators. We provide two constructions related to se-
lection operators. Then we establish certain identities and inequalities involving
Khatri-Rao and Tracy-Singh products. As consequences, we obtain some charac-
terizations for the mixed product property concerning the Khatri-Rao product of

operators.

4.1 Introduction

This paper concerns operator extensions of certain matrix products, namely,
the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao
product. Fundamental theory for these matrix products are collected, for in-
stance, in [7, 8, 20, 30, 42, 43, 46] and references therein. Denote by M, ,(C)
the algebra of m-by-n complex matrices. Recall that the Kronecker product of
A = [ai;] € My, »(C) and B € M, ,(C) is given by

A® B = [a;B]

i7"

Consider partitioned matrices A and B such that the (7, j)th block of A is A;; and
the (k,1)th block of B is By;. The Tracy-Singh product [40] of A and B is defined
by

ARB = [[A;®Bu],], - (4.1)

The Khatri-Rao product [19] is defined for two partitioned matrices A = [A;;] and
B = [By;] as follows
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The tensor product of Hilbert space operators can be viewed as an extension
of the Kronecker product of complex matrices. Recall that the tensor product
of A€ B(H,H') and B € B(K,K') is the unique bounded linear operator from
H @K into H' ® K’ such that (A® B)(z®y) = Az ® By for all x € H and y € K.
Recently, the Tracy-Singh product and the Khatri-Rao product for matrices were
generalized to those for operators acting on the direct sum of Hilbert spaces, see
(31, 32, 33]. Fundamental algebraic and order properties of operator Khatri-Rao
products are investigated in [33]. That paper also provides a construction of a
unital positive linear map taking the Tracy-Singh product of two operators to
their Khatri-Rao product. Such a linear map appears in the form X — Z*AZ
where Z is an isometry, called a selection operator. See details in Section 2.

The present chapter contains further development on operator Khatri-Rao
products in relations with Tracy-Singh products and selection operators. First,
we provide two constructions related to selection operators. Consequently, we es-
tablish some operator identities and inequalities involving Khatri-Rao and Tracy-
Singh products. Finally, we obtain some characterizations for the mixed product

property concerning the Khatri-Rao product of operators.

4.2 Tracy-Singh products and Khatri-Rao products for

operators

Throughout this paper, let H, H', K and K’ be complex separable Hilbert spaces.
When X and ) are Hilbert spaces, let us denote by B(X,)) the space of all
bounded linear operators from X" into ) and abbreviate B(X, X') to B(X'). Capital
letters always denote a Hilbert space operator. In particular, I and O stand for
the identity and the zero operator, respectively.

In order to define Tracy-Singh products of operators, we fix the following

decompositions

n m q p
n=PH, H=PH K=K K =K. 13
j=1 =1 J=1 =1

where all of H;, H}, K;, K}, are Hilbert spaces. For each j and [, let M; : H; = H
and N; : K; — K be the canonical injections. For each i and k, let P; : H' — H.
and Q : K' — K}, be the canonical projections. Given A € B(H,H'), put A;; =
P,AM; € B(H;,H;) for each 4,j. Thus we can write A in the operator-matrix
form A = [Ay]",. Similarly, given B € B(KC,K'), let By = Q1.BN; € B(K;, Ky)
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foreachk=1,...,pandl =1,...,q. We can identify B with the operator matrix
B = [Bul)l_,-

Definition 4.1. The Tracy-Singh product of A and B is defined to be the bounded

linear operator from @71, H; @ K; to P2, H; ® K}, represented by

AR B = [[A; ® Bul,,] (4.4)

ij
If both factor A and B consist of only one block, then AKX B = A ® B.

Lemma 4.2 ([31]). The following properties of the Tracy-Singh product for oper-
ators hold (provided that each term is well-defined):

1. Compatibility with adjoints: (AX B)* = A*X B*.

2. Mized-product property: (AX B)(C K D)= ACK BD.

3. Monotonicity: if A2 B >0and C > D >0, then AXB>CXD > 0.
From now on, we fix the decomposition (4.3), and assume n = ¢ and m = p.

Definition 4.3. The Khatri-Rao product of A = [Aj]i5") and B = [By[i’}", is

inj=1
defined to be a bounded linear operator from B)_, H; @ K; to P, H; @ K

represented by the operator matrix

A@ B =[A; ® By]"Z (4.5)

ij=1"
Lemma 4.4 ([33]). For A € B(H,H') and B € B(KC,K"), we have (A B)* =
A*@ B*.
Fix an ordered tuple (H,H', K, K') of Hilbert spaces. Define the ordered pair
(Z1, Zs) of selection operators associated with (H,H', IC, K') by [33]:
Fy F
Z1 = and ZQ = . (46)
Em F,

Here, for each r =1,...,m

g,h=1

B = |ES]""  @PHiek - PH ek
- k=1 =1
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with EE(IZ) is an identity operator if ¢ = h = r and the others are zero operators.

For each s = 1, ..., n, the operator Fy is defined by

n,n

_ [ T T
F, = [th]ghl Prok - PH. oK,
’ i=1 j=1

with F g(z) is an identity operator if ¢ = h = s and the others are zero operators.
From the construction, the operator Z; is an isometry and Z;Z < [ for i = 1,2.
When H = H' and K = K', we have Z, = Z,.

Lemma 4.5 ([33]). Let (Z1, Zs) be the ordered pair of selection operators associ-
ated with the ordered tuple (H,H',IC,K'). For any operator matrices A € B(H,H')
and B € B(K,K'), we have

ABB = Z(AR B)Z,. (4.7)

For the case H = H' and K = K', we have Zy = Zy := Z and hence for any
A€ B(H) and B € B(K),

ABB = 7'(AX B)Z. (4.8)

4.3 Two constructions related to selection operators

In this section, we construct certain operators related to selection operators.

Theorem 4.1. Let (Z1,Z5) be the ordered pair of selection operators associated
with an ordered tuple (H,H',IC,K"). Then there exist operators

m—1 m m

v PPr ek, - P ek,

=1 j=1 =1 j=1
n—1 n n n
W DDk - HHuek,
i=1 j=1 i=1 j=1
such that ZtV = 0, Z3W = 0, Z,Z: + VV* = I and ZoZ5 + WW* = I. If, in
addition, H =H' and K =K', we have V =W

Proof. Let
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where
mm2—1 m m m
v — vl : H ok - PH. K,
kl kl=1 @ / i ® 7 @ r ® )

=1 j=
i+j<m?
for r = 1,...,m, with V,flT) is an identity operator if & # r and [ = m(r — 1) + k

and the others are zero operators. Note that

EVy

For each r, we have

Y=
00y I
Then we obtain
_Vl_
Vs
ZyV = \Et oE; - B = EiVi+ EsVo't A+ ELV,, = 0,
Vin
AVAR A%
EE: EE; - EE, W My o WV
EyE*  FyE; - E,E% N ) 1 O L1
E.E: E,Ei --- E,E Vi EVE Vi Vg oo Vo VE
70 ... 0l Joo ... 0] (10 ... 0
00 --- 0
= —+ ==
0 0 0 0 0 I 0 0 {
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Now, let
Wy
W = : (4.10)
Wi
where
n,n2—1 " " n
(5) — ()| . . . ,
wo = Wl P P meki P oK
’ i=1  j=1 i=1
i+j<n?

for s = 1,...,n, with W,ils) is an identity operator if k # s and | = n(s — 1) + k
and others are zero operators. A direct computation shows that Z;W = 0 and
ZoZs + WW* = I. When H = H' and £ = K', we have V; = W; for all
1=1,....m,ie. V. =W. O

Theorem 4.2. Fiz the decomposition (4.3) with n = q and m = p. Suppose
further that H; = X, K; =Y, H; = X' and K =Y foralli =1,...,n and
Jj=1,....m. Let (Zy,Zs) be the ordered pair of associated selection operators.

Then there exist operators

m—=1 m m. m
PP rey - @EB XV,
7=d el ==
n—1 n n n

Q0 PPHrey - PPHrey
i=1 j=1 ) isl

such that Z;Q; = 0,Q7Q; =1 and Z;Z7 + Q,Q; =1 fori=1,2. If, in addition,
H==H and K =K', we have Q1 = Q>.

Proof. Consider

E2 E3 Em F’2 F3 Fn
Ey Ei - B Fs Fi - R

Q=1 . | s Q= o (4.11)
Ey By - Epo Fi Fy - Fo

Then calculations reveal that

ZiQ1 = |Ef E3 - EX|| . . ' = [() 0 --- 0]7




E5  Ej
E: E;
QiQ co
E' E
S EE;
0
0
Q1O+ 217
E5 Ej Ef
_ B E By
By Ef L 35 INR)
S BB 0
| 0 S EE
E 0 0
Y EE!
0. S EE:
0

e | B E E, |
B | |B E B
Er Ey Ey Epq
0
S EE 0
. . = I,
0 S EE,
B, E 1 TE]
Es Ey By Es
. | | BT EBs
E,F, I E.
Y lee o
0 [ EsEs
. T :
i BiE: 0 0
0
D) 1
S EE

20

E.E

m

Similarly, we have Z;Qs = 0, Q3Q2 = I and Zy75 + Q2Q%5 = I. When ‘H = H'
and L =K', we have E; = F; forallt=1,...,m, i.e. Q1 = Qs.

]

4.4 Operator identities and inequalities concerning Khatri-

Rao products, Tracy-Singh products, and selection op-

erators

In this section, we apply the construction in Section 3 to establish certain operator

identities and inequalities concerning Khatri-Rao products, Tracy-Singh products,

and selection operators.
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Theorem 4.3. Let (Z1,Z3) be the ordered pair of selection operators associated
with an ordered tuple (H,H',IC,K"). Let V. and W be operator matrices defined
by (4.9) and (5.20). For any operator matrices A € B(H,H') and B € B(K,K'),

we have

AA B BB* = (A B)(A* @ BY) + Z: (AR B)WW*(A* K B Z,,  (4.12)

A"AE BB = (A*@BY)(AEB)+ Z;(A* X B )WV (AKX B)Z,. (4.13)
Proof. Since AA* € B(H') and BB* € B(K'), the ordered pair of selection oper-
ators associated with (H',H', X', K') is given by (Z;, Z;). By using Lemmas 4.2
and 4.5, and Theorem 4.1, we get

AA* G BB* = Z*(AA*R BB Z,
— ZHARB)(AR B)*Z
= Z{(AR B) (Z2Z; + WW*) (AKX B)*Z;
= ZARB)Z:Z;(AR B)Zy + ZHAR BYWW*(AK B)*Z,
— (AEB)(AG B) + Z/(AR BYWW* (AR B)*Z,.

Now, for inequality (4.13), note that A*A € B(H) and B*B € B(K). In this case,

the pair of associated selection operators is (Zy, Z5). It follows that
A*A BB = Z; (A*AR B*B) Z,

= Z;(AX B)"(AX B)Z,

= Z; (AR B)* (2,27 +VV*) (AR B)Z,

= Z3(AX B) Z1Z{(AX B)Zy + Z3; (AR B)*'VV* (AKX B)Z,

= (A" @ B")(AEB)+ Z;(A"X B )VV*(AX B)Z,.00
Corollary 4.6. Let A € B(H,H') and B € B(K,K') be operator matrices. Then

AA*@ BB* > (A@ B)(A" @ BY). (4.14)

Proof. 1t follows immediately from Theorem 4.3. O]

Theorem 4.4. Assume the hypothesis of Theorem 4.2. For any A € B(H,H')
and B € B(K,K'), we have

AA* @ BB* = (A@ B)(A* @ BY) + ZHAK B)Q.Q5(A* R BY)Z,,  (4.15)
A"AB BB = (A0 B)(A® B) + Z}(A* R B)Q,Q(AK B)Z,,  (4.16)

where Q1 and Q5 are operator matrices in (4.11).
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Proof. The proof is similar to that of Theorem 4.3. Instead of Theorem 4.1, we
apply Theorem 4.2. O

4.5 Characterizations of the mixed product property for

Khatri-Rao products

In general, the mixed product property
(Am B)(CmD) = AC@EBD

does not hold for compatible operator matrices A, B, C', D. It is interesting to find
necessary and sufficient conditions for which this property holds. Indeed, we have

the following assertions.

Theorem 4.5. Assume the notations in Theorem 4.8. For any operator matrices

AeB(H,H) and B € B(K,K'), the following statements are equivalent:
(i) ACEBD = (AR B)(G® D) for ali C-€ B(H',H) and D € B(K',K),
(i1) AA* @ BB* = (A@ B)(A* @ BY),

(i1i) ZT(AK B)W = 0.

Proof. Tt is clear that (i)=-(ii). To prove (ii)=-(iii), suppose (ii). By Theorem 4.3,
(ii) holds only if
[ZT (AR BYW] [W*(A* K B*)Z,| =0,
ile., Z{(AX B)IW = 0.
(ili)=-(i): Assume the condition (iii) holds. Note that by Theorem 4.1 we have
ZHARB)I — 2,23y = Z/ (AR B)WW* = 0,

and hence Z7 (AR B) = Z{(AXB)ZyZ;. For any C € B(H',H) and D € B(K', K),
we have by Lemmas 4.2 and 4.5 that

AC @ BD = Z{(ACXRBD)Z
= Z{ (AR B)(C R D)Z,
= 71 (AR B)Z,2;(C R D)7,
= (Am B(C @ D).

Thus we arrive at (i). O
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Theorem 4.6. Assume the notations in Theorem 4.3. For any operator matrices
AeB(H,H) and B € B(K,K'), the following statements are equivalent:
(i) CAm DB = (CED)(A@B) forall C € B(H',H) and D € B(K',K),
(ii)) A*AAm B*B = (A*@ B*)(A@ B),
(i1i) V(AR B)Zy = 0.

Proof. Clearly,(i)=(ii). The assertion (ii)=-(iii) follows from Theorem 4.3. Now,
suppose that (iii) holds. Then VV*(AX B)Zy = 0. Using Theorem 4.1, we get

(I - 2.7 (AR B)Z, = VV* (AR B)%Z, = 0

which implies (A X B)Z, = Z1Z;(AX B)Z;. For any C € B(H',H) and D €
B(K', ), we have by Lemmas 4.2 and 4.5 that

CAR DB = Z(CAR DB)Z,
= Z}(CXR D)(AX B)Z;
= Z¥CR D)2, Z{ (AR B)Z,
= (CaD)(AmB)O

Theorem 4.7. Assume the hypothesis of Theorem 4.2. For any operator matrices
AeB(H,H) and B € B(K,K"), the following conditions are equivalent:

(i) ACmBD = (A@B)(C @ D) forall C € B(H',H) and D € B(K', K),
(1)) AA*m BB* = (A@ B)(A*@ BY),

(iii) Z:(AK B)Qy = 0.

Proof. The proof is similar to that of Theorem 4.5. m

Theorem 4.8. Assume the hypothesis of Theorem 4.2. For any operator matrices
A€eB(H,H) and B € B(K,K'), the following statements are equivalent:

(i) CAm DB = (CED)(ArE B) forallC € B(H',H) and D € B(K',K),
(ii)) A*AAE B*B = (A*@ B*)(AE B),
(iii) Q5(AR B)Z, = 0.

Proof. The proof is similar to that of Theorem 4.6. m



CHAPTER 5
Tracy-Singh Sums for Hilbert space

operators

In this paper, we define the Tracy-Singh sum for operator matrices and establish

some properties involving this sum.

5.1 Introduction

In the areas of linear algebra, the Kronecker product is very important. Let M, (C)
denote the set of n-by-n complex matrices. For any A € M,,(C) and B € M, (C),
the Kronecker product of A and B is given by

A®B = [a;B);;- (5.1)

)

This matrix product is generalized to the Tracy-Singh product of partitioned
matrices by Tracy and Singh [40]. Let A = [A;;] be partitioned with A;; of order
m; X my; as the (7, j)th submatrix and let B = [By] be a partitioned matrix
with By, of order ny x n; as the (k,l)th submatrix, where >/, m; = m and
> 71 i = n. The Tracy-Singh product of A and B is defined by

ARB = [[Ay® Byl (5.2)

From Tracy-Singh products of matrices, Al Zhour and Kilicman [8] defined
Tracy-Singh sum of matrices and gave some result of this sum. The Tracy-Singh

sum is defined to be
ABB = AXI, + I,,XB. (5.3)

where [, and I, are block identity matrices of order m x m and n X n, respectively.

In this paper, we define the Tracy-Singh sum for operator matrices and derive
some results involving this sum. We establish equalities and inequalities by using
basic properties of Tracy-Singh products [31, 32]. Some results in [8] are extended

to the case of Tracy-Singh sum of operator matrices in this paper.
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This chapter is organized as follows. In Section 5.2, we introduce the defini-
tion of the Tracy-Singh product and basic results. In Section 5.3, we investigate
algebraic and order properties of Tracy-Singh sums for operators. In Section 5.4,
we establish some results involving binomial theorem and Tracy-Singh sums. An-

alytic properties of Tracy-Singh sums is presented in Section 5.5.

5.2 Preliminaries

Throughout this chapter, let H and K be complex separable Hilbert spaces. When
X and ) are Hilbert spaces, denote by B(X',))) the Banach space of bounded linear
operators from X into ), and abbreviate B(X,X") to B(X). Unless otherwise
stated, capital letters mean operators on a Hilbert space.

The projection theorem for Hilbert spaces allows us to decompose

"=PH, K= é/ck,
. k=1

where #H,’s and KC’s are Hilbert spaces. Thus any operator A € B(#) can be

expressed uniquely as an operator matrix

A= (AL

ij=1
where A;; € B(H;,H;) for each i,j = 1,...,m. Similarly, an operator B in B(K)

can be written uniquely as
B = [Bklm:znzl

where By, € B(K,, Ky) for each k,l =1,... n.
Recall that the tensor product of A € B(H) and B € B(K) is the unique
bounded linear operator from H ® /C into itself such that

(A® B)(x®y) = Ar ® By (5.4)
for all z € H and y € K.

Definition 5.1 ([31]) Let A = [AZ]]ZL]?ZLl € B(H) and B = [Bkl]Z:lnzl € B(IC) be
operator matrices defined as above. The Tracy-Singh product of A and B We
define the Tracy-Singh product of A and B to be the operator matrix

AR B = [[Ai; ® Bul,] (5.5)

ij

which is a bounded linear operator from ;7" H; ® K) into itself.
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Recall that for each A € M,,,(C) and B € M,,(C), the induced maps
Ly:C"—=C" z+— Ar and Lp:C"—=C", z+— Bx
are bounded linear operators.

Lemma 5.2 ([31]). For each complex matrices A € M,,(C) and B € M,,(C), we
have

LiRLp = Lgp. (5.6)
Proposition 5.3. Let A= [A;;] € B(H) and let B € B(K) be operator matrices.
Then
Auy®RB - A,KB
AmXRB -+ A,.XB

Fundamental algebraic properties of Tracy-Singh products are listed below.

Lemma 5.4 ([31]). The following properties hold, provided that all operators are

compatible.
(AR B)* = A*K B”, (5.7)
(A)R B = o(AX B) = AX (aB), (5.8)
AR (B+C(C) = AXB+AXC, (5.9)
(B+CO)XA = BRA+CKA. (5.10)
(AKX B)(CX D) = ACX BD. (5.11)

Lemma 5.5 ([31]). Let A € B(H) and B € B(K).
(i) If A,B >0, then AR B > 0.
(ii) If A,B>0, then AR B > 0.

Lemma 5.6 ([32]). Let A € B(H) and B € B(K) be operator matrices, and let
(A,) 2, and (B,)2, be sequences in B(H) and B(K), respectively. If A, — A and
B, — B, then A, K B, — AR B.

Lemma 5.7 ([32]). For any operator matrices A = [Ay];Z, € B(H) and B =
[Buliiz, € B(K), we have

1
—|AJlIB] < |AR B| < mn|/All||B]. 5.12
—IAllIBI < | I < mn| Al Bl (5.12)
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Lemma 5.8. Let A € B(H) and B € B(K). Then AKB =0 if and only if A= 0
or B=0.

Proof. 1t follows directly from Lemma 5.7. O
Lemma 5.9 ([32]). Let A € B(H).

(i) If f is an analytic function on a region containing the spectra of A and
IX A, then

FURA) = THf(A).

(i) If f is an analytic function on a region containing the spectra of A and
AN, then

FIART) = f(ART.

From now on, fix the following decompositions of Hilbert spaces:

9 EEH ONE @/c

are fix.

Definition 5.10. Let A = [A;;]"", € B(H) and B = [By]"", € B(K) be

ij=1 ij=1
operators matrices. We define the Khatri-Rao product of A and B to be the

operator matrix

ABB=[A;® Byl (5.13)

which is a bounded linear operator from @} | H; ® KC; into itself.

Recall that for each A € M, (C), the induced map
Ly:C"—=C", z+— Ax
is bounded linear operator.

Lemma 5.11 ([33]). For any complex matrices A = [A;;] and B = [By;] parti-

tioned in block-matriz forms, we have

LyEBLg = LAE!B' (514)



o8

Lemma 5.12 ([33]). Let A € B(H) and B,C € B(K) be operator matrices, and
let c € C. Then

(Am B)" = A" B, (

(@A) BB = a(AE B) = AE (aB), (5.16
AB(B+C) = A B+ Ar=C, (
(B+C)mA = BoA+C@mA. (

Lemma 5.13 ([33]). There is an isometry Z such that Z*Z = I and
ABB = Z(AR B)Z (5.19)

for any A € B(H) and B € B(K). We call Z the selection operator associated
with {H, K} .

Lemma 5.14 ([34)). Let Z be the selection operator associated with {H,K}. Then

there exists an operator

h—L \7 n

i=1 j=1 iI=1"P=1

such that Z°W = 0 and ZZ* + WW* = I. We call W the operator associated
with Z.

In [34], an operator W is defined as

Wi
W = : (5.20)
W
where
@ _ T ™ D D 2ok s |
W _|:Wkl:|kl:1 xS Hoki—PH. K
' i=1  j=1 i=1
i+j<n?

for s = 1,...,n, with W,gf) is an identity operator if k # s and | = n(s — 1) + k

and others are zero operators
Lemma 5.15 ([33]). Let A € B(H) and B € B(K) be operator matrices.

(i) If A>0 and B> 0, then A B > 0.
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(i1) If A>0 and B > 0, then A@ B > 0.

Lemma 5.16 ([35]). Let A € B(H) and B € B(K) be operator matrices and let
(A,)2, and (By)2, be sequences in B(H) and B(K), respectively. If A, — A and
B, — B, then A, @ B, - AQ B.

Lemma 5.17 ([35]). For any operator matrices A = [AyliL, € B(H) and B =
[By;]i, € B(K), we have

ig=

lA®E Bl < n*|lAll[|B]] (5.21)

5.3 Algebraic and order properties of Tracy-Singh sums

for operators

Definition 5.18. Let A = [4;]"", € B(H#) and B = [Bul;_, € B(K). We

i j=1

define the Tracy-Singh sum of A and B as follows:
ABB = AKX [+ Iy X B, (5.22)
which belongs to B (@lel Hi ® ICj>.
Note that if both A and B are 1 x 1 block operator matrices i.e. m =n = 1,
their Tracy-Singh sum A H B is known as the tensor sum [28§]

A®B E AR I+ 1y ® B

We now consider the Tracy-Singh sum of two bounded linear operators induced

by matrices.

Proposition 5.19. Let A = [A;;] and B = [By] be complex partitioned matrices.
Then

LaBLp = Lgp. (5.23)

Proof. We know that the linear map induced by the identity matrix is the identity
operator. By applying Lemma 5.2, we get

L .BLg = LyWRI+IXLg = LAXL;+L;XLg
= LA®I+LI®B = LA®I+I®B

= LAEEB-
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Proposition 5.20. Let « and  be scalars. Then for any A,C € B(H) and
B,D € B(K),

(ABB)* = A*H B, (5.24)
a(ABB) = aABaB, (5.25)
(a+B)(ABB) = aAB BB+ BAB aB, (5.26)
(A+C)B(B+D) = ABB+CHD. (5.27)

We call (5.27) the mized sum property.

Proof. Applying property (5.7) of Lemma 5.4, we obtain

(ABB)* = (ARI+IRB)
= (ARD + (IR B)*
- A*RI+I1K B
£iAx HyBY)

By using property 5.8 of Lemma 5.4, we get

W(ABB) = a(ART + X B)
= a(AXI)+ a(I X B)
= (@A) X1+ X (aB)
= cAHabB.

Similarly, we have property (5.26). By applying properties (5.9) and (5.10) Lemma
5.4, we get

(A+C)B(B+D) = (A+CO)XI+IX(B+ D)
= AXI+CXRI+IXB+IXD
= (ARI+IXB)+ (CRI+IXD)
= ABB+CHDO

It follows from (5.24) that if A and B are Hermitian (skew-Hermitian), then
so is AH B. The mixed sum property (5.27) implies that if A; = X; +4Y; and

Ay = X5 +1Y5 are the Cartesian decompositions of A; and As, respectively, then
A1 B Ay = X1 B X, + (Y, BY?,) is the Cartesian decomposition of A; B As.



61

Lemma 5.21. Let Ay, Ay € B(H) and By, By € B(K) be nonzero operators. Then
Ay ® By = Ay ® By if and only if there exists « € C \ {0} such that Ay = aA,y
and By = o' B;.

Proof. See [39, Proposition 2.1]. O

Theorem 5.1. Let A € B(H) and B € B(K). Then AB B = 0 if and only if
there ezists o € C~ {0} such that A = al and B = —al.

Proof. f A =al and B = —al, then AH B = 0 by Lemma 5.4. Now, suppose
that AH B = 0. Then, by Lemma 5.3,

(A BB ApRIw A, KT |

ApRI Ay@B - Ay R
0= ABB = ARI+IXNB - . . . |

AARL AR e A, @B

For 4,5 € {1,...,m} such that ¢ # j, since A;; ¥ I = 0, by Lemma 5.8 we can
deduce A;; =0. Let 2 € {1,...,m} and consider

Aii@Bll I®B12 ]®Bln
I ®Bs | Ay ® By -+ 1@ By, L

Lemma 5.8 implies that By, = 0 for any & # [. For k € {1,...,n}, we have
Aiji @ B = 0if and only if A;; @ (—1) = 1 ® Byg. If Aj; =0, then I ® By, =0
and hence By, = 0 for all k = 1,...,n by Lemma 5.8. It follows that B = 0
and AKX = ABH B = 0. Thus A = 0 by Lemma 5.8. Assume that A; # 0
for all ¢ = 1,...,m. By Lemma 5.21, there exists oy € C ~ {0} such that

A = ol and —1 = ozl._lekk. For any fix i € {1,...,m}, we have A; = ay.[ for

all k =1,...,n. Hence, aj; = o = ... = a4, = . Forany fix k € {1,...,n}, we
have By, = —q;I for all e = 1,...,m. This implies that a1 = an = ... = a,,, = av.
Thus A; = ol foralli =1,...,m and By, = —al for all kK =1,...,n. Therefore
A=al and B = —al. O

The next result is an operator extension of [?, Theorem 3.3].
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Proposition 5.22. Let A € B(H) and B € B(K) be invertible operators. If AEBB
and A~*H B~ are invertible, then

(ABB)™ = (A7'RI) (A'®BB) " (IKB™) (5.28)
(ABB)™ = (IRBY) (A'BB ™Y (A'KI) (5.29)
(ABB)™' = (A'BBY) ' (A'®RBY). (5.30)

Proof. Applying Lemma 5.4, we have

(ABB)! = (ARI+IXB)™

(AR [IRB+ART) (A RI)]
(AR [A'RB+ IR

= (A'R) [IRB Y (ATRB+IRD] T (IKRB™Y)
(A 'R AR+ IRB]TH(IRBY)
(A"'RI) (A 8B (IRBY).

-1

Similarly, we obtain the properties (5.29) and (5.30). O

Recall that the commutator of A, B € B(H) is defined by
[A,B] = AB — BA.
The anticommutator of A and B is defined by
[A,B], = AB+ BA.
Proposition 5.23. Let A,C € B(H) and B, D € B(K). Then
[ABB,CHD] = [A,C|H[B,D]. (5.31)
Proof. By using Lemma 5.4, we have

[ABB,CEBD] = (ABB)(CBD)— (CBD)ABB)
= ACRI+IXBD-CARI—-IKDB
= (AC —CA)R I+ IR (BD — DB)

— (AC — CA)B (BD — DB)
= [A,C]8B B, D].
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Recall that an operator A € B(H) is said to be normal if [A*, A] = 0. It follows
from Propositions 5.20 and 5.23 that if A € B(#H) and B € B(K) are normal, then
sois AH B.

Proposition 5.24. Let A, Ay, As € B(H) and B, By, By € B(K).
(i) If A>0 and B >0, then ABB > 0.
(i) If A >0 and B >0, then AEBB > 0.
(11i) If Ay > As and By > By, then A By > Ay B Bs.
(iv) If Ay > Ay and By > By, then A B By > Ay, H Bs.
Proof. By applying Lemma 5.5 and Proposition 5.20, we get the results. O]

Proposition 5.25. Let A,C € B(H) and B,D € B(K) be positive operators.
Then

(A® B)(CED) > AC @ BD. (5.32)

Proof. Applying Lemma 5.4, we have

(ABBYCHEBD) = (ARI+IXB)(CKRI+IRD)
= ACRI+ARD+CRB+IKBD
= ACHBD+AXD + CKX B.

Since AX D + C'K B is positive, we get the result. H

Corollary 5.26. Let A,C € B(H) and B, D € B(K) be positive operator matrices.
Then

[ABB,CED|, > [A,C],B[B,D],. (5.33)

Proof. By using Proposition 5.20 and 5.25, we obtain

[ABB,CEHD], = (ABB)(CEBD)+ (CHBD)ABB)
> ACHBD+ CABDB
= (AC+CA)B (BD+ DB)

= [A,C], B[B,D,.
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5.4 Binomial theorem involving Tracy-Singh sums and its

consequences

In this section, we prove an operator version of the binomial theorem in which
the sum and the product are replaced by the Tracy-Singh sum and the Tracy-
Singh product, respectively. Consequently, we obtain certain operator inequalities,
including a Bernoulli-type inequality. Binomial theorem is also used to treat the

nilpotency of the Tracy-Singh sum of two operators.

Theorem 5.2. Let A € B(H) and B € B(K) be compatibly operator matrices.
Then

(ABB) = A BB + i (;) (A K B¥) (5.34)

k=1

for any integer r > 2.
Proof. By using Lemma 5.4, we have

(ABB) = (ARI+IXB)(ARI+ K B)
= A’KI[+2AX B+ X B?
- A’HB?+2AX B,

This show that (5.34) is true for » = 2. Suppose that (5.34) holds for an integer
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r > 2. Then, by Lemma 5.4,

(ABB)* = (ABB)"(ABB)
_ (Ar @B+ i <£) (AR B’f)) (AB B)
_ <Z) (AR B’“)) (AHE B)

= ARNARID+ (A RNIRB)+(IKB)ARI)

<
[ary

— (B B)(AEB)+ <

k‘

r—1
+(IXB")(I K B) +Z(T> (A 7F R B*) (AR )

=]

+ g (;) (A X BY) (1K B)

= AR+ AKNB+ARB +IK B
4 S (;) (Ar*kJrl X Bk) N S (;) (Arfk X Bk+1)
k=1 k=1
— A m Bty Z (;) (A(r+1)—k X B*)
+ kz: (k i 1) (A(r+1)—k X Bk)

AT @Ept g zr: (7" + 1) (A(r+1)—k X Bk) ;

k
O
Corollary 5.27. Let A > 0 and B > 0 be compatibly operator matrices, then
(AHB)" > A"THB" (5.35)
for any r € N.
Proof. 1t follows immediately from Theorem 5.2 and Lemma 5.5. [

Proposition 5.25, Theorem 5.2 and Corollary 5.27 are a generalization of a
matrix version given in [?, Theorem 3.1]. The next result is a Bernoulli type

inequality concerning Tracy-Singh sums.
Corollary 5.28. Let A be a positive operator. Then
(IBA)" > IH(rA) (5.36)

forr eN.
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Proof. Since A > 0 we have I HA"” > [ X I. By Theorem 5.27, we obtain

(I8 A)" = 1@AT+Z( ) IR AY)
r—1 r
- ]lEAT—i-T([@A)—F;(k) (IR AY)
TBA" +r(IX A)
IR+ K (rA)
I8 (rA).

VoWV

]

Corollary 5.29. Let A € B(H) and B € B(K). If A and B are nilpotent, then
AH B is also nilpotent.

Proof. Suppose A" =0 and B® = 0 for some r, s € N. From Theorem 5.2, we get

r+s

AEBH—SZZ( ) AH—s k@Bk)

k=0
» & r+s
r4+s—k k r+s—k k
)(A X B*) +§(k)(A X B*).

Ll

5T

(7"
k=0
If K > s, then B¥ = 0. If k < s, then r +s — k > r and hence A¥ = 0. Since
AXO0O=0and 0X B =0, we have

>+

s—1 r+s
(AB B = (T J]g 8) (0= BY) +> (T ‘l: S) (AT F0)

k=0 k=s
i < /r+s

- Z( - ) (o&B)’%Z( L > (AR Q)T F
k=0 k=s

= 0.

This means that A H B is nilpotent. n

5.5 Analytic properties of Tracy-Singh sums

Proposition 5.30. Let A € B(H) and B € B(B(K) be operator matrices, and let
(A,)02, and (By)~, be sequences in B(H) and B(K), respectively. If A, — A and
B, — B, then A, B B, — AB B.
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Proof. By Lemma 5.6, we have A, X[ — AKX and I X B, — [ X B. Then
ARTI+IXB, - AXI+IXB,ie. A,HB, - AHB. O

We obtain a triangle-like inequality for Tracy-Singh sums as follows.

Proposition 5.31. For any operators A € B(H) and B € B(K), we have
1
—ABB| < Al +B. (5.37)
Proof. 1t follows from the norm estimation in Lemma 5.7. O]

For any an operator 7" € B(H), we define

&= i%T’“ (5.38)
e\ R~
sin(T) = ;WT Ak (5.39)
cos(T) = > ((;]1;' i/ (5.40)
k=0 2
. = 1 2k+-1
sinh(T) = ZEWT : (5.41)
cosh(T) = Z@T%. (5.42)

o~
I

0

The series on the right hand side of (5.38)-(5.42) convergence in B(H). If 7' > 0,
we define the logarithm of 7' to be an operator X such that eX = T and write

X =logT. The following facts are well-known.

Lemma 5.32. For any S, T € B(H) satisfying ST =TS, we have

eSHT — ST,

sin(S+T

( ) = sinScosT + cosSsinT,
cos (S+T) = cosScosT —sinSsinT,

( )

( )

sinh (S +7T) = sinh S coshT + cosh Ssinh T
cosh (S +7T) = coshScoshT — sinh S'sinh T

If S, T >0 and ST =TS, we have

log ST = logS +logT.
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Theorem 5.3. Let A € B(H) and B € B(K). Then

BB — AR B, (5.43)
sin(AH B) = sin AX cos B + cos A X sin B, (5.44)
cos(AH B) = cos AX cos B —sin A X sin B, (5.45)
sinh (AB B) = sinh A X cosh B + cosh A K sinh B, (5.46)
cosh (AH B) = cosh AKX cosh B — sinh A X sinh B. (5.47)
If A,B >0, then
logAX B = log AHlogB. (5.48)

Proof. Since AKX I and I X B commute, we have by Lemmas 5.9 and 5.32 that

CABB- . ARI+IRB

6A®I€I®B

= (AR KeP)

= et Reb,

Similarly, by using Lemma 5.9, we get the identities (5.44)-(5.48). O



CHAPTER 6
Khatri-Rao Sums for Hilbert Space

Operators

In this chapter, we generalize the notions of Khatri-Rao sums for matrices and
tensor sums for Hilbert space operators to Khatri- Rao sums for Hilbert space
operators. This kind of operator sum is compatible with algebraic operations
and order relations. We investigate its analytic properties, including continuity,
convergence, and norm bounds. We also discuss the role of selection operator that
relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products. Binomial

theorem involving Khatri-Rao sums and its consequences are then established.

6.1 Algebraic and order properties of Khatri-Rao sums for

operators

Definition 6.1. Let A € B(#) and B € B(K). We define the Khatri-Rao sum of
A and B as follows:

AEB = ABlc+1y 0B (6.1)

which belongs to B(D]_, H; ® k).
Note that

(i) If both A and B are 1 x 1 block operator matrices, their Khatri-Rao sum
A® B is the tensor sum [28] A® B := A® I + [y ® B.

(i) If H; = K; = C, their the Khatri-Rao sum A B is known as the Hadamard

sum of complex matrices (see e.g. [?]).

Proposition 6.2. Let A = [A;;| and B = [B;;] be compatible partitioned matrices

of order m x m and n X n, respectively. Then

Ly,®Lg = LAB' (62)
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Proof. We know that the linear map induced by the identity matrix is the identity
operator. By applying Lemma 5.11, we get

La®Lg = LB L;+L;mLg = LA@I+LIE|B = LAB-
O

Proposition 6.3. Let A,C € B(H) and B, D € B(K) be operator matrices, and
let a, 8 € C. Then

(Am B)* = A*®m B, (6.3)
a(A® B) = aA®EaB, (6.4)
(a+B)A®B) = aA® B+ A aB, (6.5)
(A+C)m(B+D) = AWB+CH®HD. (6.6)

We call property (6.6) mized sum property.

Proof. Applying property (5.15) of Lemma 5.12, we obtain

(A B)" = (ARl+I1@B)"
= (A@)"+(I = B)*
= A"ml+18B"
= A*® B".

By using property 5.16 of Lemma 5.12, we get

a(AEB) = a(ABI+11B)
= a(Ax!)+a(laB)
= (cA) @I+ I3 (aB)
= adA®WaB.

Similarly, we have property (6.5). By applying properties (5.17) and (5.18) Lemma
5.12, we get

(A+C)®m(B+D) = (A+C)ml+1@(B+D)
= Apl+Cml+ImB+1@D
= (Apl+IeB)+(Cral+1mD)
= AR B+C®D.
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Corollary 6.4. Let A € B(H) and B € B(K). If A and B are Hermitian (skew-
Hermitian), then A® B is also Hermitian (skew-Hermitian).

Corollary 6.5. Let Ay € B(H) and As € B(K). If Ay = X1 +1iY] and Ay = Xo+
1Yy are the Cartesian decompositions of Ay and As, respectively, then Ay B Ay =
X; B Xy +i(Y) ®Ys) is the Cartesian decomposition of Ay B As.

Proposition 6.6. Let A € B(H) and B € B(K) be operator matrices.

(i) If A>0 and B > 0, then

Am B > 0. (6.7)

(i) If A>0 and B >0, then
AR B > 0. (6.8)
Proof. 1t follows from Lemma 5.15. O]

Corollary 6.7. Let Ay, Ay € B(H) and By, By € B(K) be operator matrices.
(i) If A1 > Ay and By > Bs, then

A1 Bl > A2 BQ. (69)

(ZZ) [fAl > A2 and By > BQ, then

Al By > AQ Bz. (610)

Proof. (i) By Propositions 6.3 and 6.6, we obtain
AlBl—AgBQ = (Al—A2)<Bl_BQ) 2 O
This implies that A; ® By > Ay ® By
(ii) The proof is similarly with (i). O
6.2 Analytic properties of Khatri-Rao sums for operators

Proposition 6.8. Let A € B(H) and B € B(K) be operators matrices,and let
(A,)02, and (B,) 2, be sequences in B(H) and B(K), respectively. If A, — A and
B, — B, then A, ® B, - A® B.
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Proof. By Lemma 5.16, we have A, @[ — A@ I and I @ B, — [ @ B. Then
A BI+1E0B - Anl+ImB,ie. A, ®B, - AR B. O

Proposition 6.9. For any operator matrices A = [AU]:Z]”:l € B(H) and B [BZJ]?J”:1 €
B(K), we have

1
SlAB Bl < |lAl+ Bl (6.11)
Proof. By using Lemma 5.17, we have

|A® B |AB I+ 10 B
|AE L]+ 1= B
P A + n?|| 1) B

= n*(14l =+ I1BID-

NN

6.3 Khatri-Rao sums and selection operators

In this section, we investigate the role of selection operators that relates Khatri-

Rao sums to Tracy-Singh sums and Khatri-Rao products.

Proposition 6.10. There is an isometry Z such that Z*Z =1 and
AWB = Z*(ABB)Z (6.12)
for any A € B(H) and B € B(K).
Proof. By Lemma 5.13, there is an isometry Z such that Z*Z = [ and
AWB = Apl+180B = Z"(AXRI+IXB)Z = Z*(AHB B)Z.
O

Proposition 6.11. Let A € B(H), B € B(K) and Z be the selection operator
associated with {H,IC}. Then

ABB +A*"BB < (AEB)(AEB)* + Z"(ABB)WW*(AB B)*Z. (6.13)

where W is the operator associated with Z .
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Proof. By Lemma 5.4, 5.14 and 5.13, and Theorem 6.10, we have
(AW B)(A® B)" = Z*(ABB)ZZ*(A*®B B")Z
= Z*(ABB)(I —-WW")(A*"EH B")Z
= Z"(ABB)(A"BB")Z - Z*(ABB)WW*(A*"®B B")Z
= 7" (AA*BBB*+ AR B*+ A*X B)Z
— Z"(ABB)WW*(A*®B B")Z
= A AA®BB*"+ABB" "+ A"O B
— Z"(AB B)WW*(AH B)* Z.
By Proposition 6.6, we have AA* ® BB* > 0 and hence
(AR B)(A® B) + Z*(ABB)WW*(ABB)'Z — (AEGB*+ A*E& B) > 0.
O

Proposition 6.12. Let A,C" € B(H) and B, D € B(K) be positive operators.
Then

AC®BD < (A®B)(CED)+ Z(ABB)WW*(C B D)Z. (6.14)

Proof. By replacing A* = C' and B* = D in the proof of Proposition 6.11, we

have
(AR B)(CBD)+ Z*(ABBWW* (CBD)Z - AC®EBD = A D+ C@EB.

Since AE D + C'@ B is positive, we get the result. n

6.4 Binomial theorem involving Khatri-Rao sums and its

consequernces

In this section, we prove an operator version of binomial theorem concerning
Khatri-Rao sums. As consequences, we obtain two operator inequalities, including

Bernoulli type inequality.

Lemma 6.13. Let A € B(H) and B € B(K). We have W*(AB B)Z =0 if and
onlyif A=A1®...®A, and B= B, ®...® B, where Z is the selection operator
associated with {H, K} and W is an operator associated with Z in (5.20).
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Proof. Consider A € B(H; @ Hs) and B € B(K; @ K3). By a computation, we

have

W*(AB B)Z
0 0 0] [Au@® By I[®Bp Apsl 0 [0
B 0 I 0 I ® By Ay @ By 0 Ap® 1 00
0 0 I Ay ® 1 0 Ay @ Bll I ® By 0 0
000 | o Ay @I  I®@By Ap®Byl| |0 1
- 1 |A11© B 0
00 070 11 11
- I ® By Ap® 1
Ay @1 I ® B21
00 I 0
= = 0 Age & B22
[ 0 0
= | I®By A®I1
An® T 1R By

By Lemma 5.8, we obtain

W (ABHB)Z =0 & Aip®1, A9 ®1,1® By and [ ® By are zeros
=4 Au,AQl,BlQ and By are zeros

=4 A:A1®A2 and B:Bl@BQ

By a direct computation, we can show that Lemma 6.13 holds for the case A =
[Ay]i2, and B = [Byl;;Z, for any integer n > 2. O

Theorem 6.1. Let A=A;&... A, € B(H) and B=B,®...® B, € B(K) be
compatible operator matrices, then

r—1

(ABB) = /BB +) (;) (A" @ B (6.15)
k=1

for any integer r = 2.
Proof. By the proof of Proposition 6.11, we have

(AmB)? = A>’®B*+2A0 B~ Z*(ABB)WW*(AB B)Z.
Since W*(AH B)Z = 0, by Lemma 6.13, we get

(AmB)? = A>®m B>+ 2A0 B.
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This show that Theorem 6.1 is true for 7 = 2. Suppose that (6.15) hold for r > 2.
Then, by Lemma 5.4,

(A B)"™ = (AEB)" (A® B)

— (AT B" + TZ_E (;) (A @ B’“)) (A® B)

= (A"®B)(A®B) + (i (D (A g B’“)) (A® B)

k=1
_ Ar—H Br—l—l  ANOE R Z*(ATHHB7)WW*(AEE|B)Z

r—1
r r— * r— T *
+ <k> (A~ @ B~ Z4 (A * R BYWW* (AR 1)Z)
k=1

=1
+0 </:) (A" a B = Z* (A * R B)WW*(IX B)Z)
k=1
= AN BT LA QB+ AR B - Z(A"BBYWW*(ABB)Z
A r—1
r (r+1)—k k r r—k k+1
+Z<k)(A 3 B4+ (A e B
k=1 k=0
r—1 r
-3 (k) Z*(A™* R BYWW*(AB B)Z
k=1

_ AT+1 BT+I+ATBB+AE,BT—Z*<ATBHBT)WW*(ABHB)Z
71

" Z (;) (A=K g By §7 <;) Z(A"F R BYWW*(AHB B)Z.

k=1

By Lemma 6.13, we have W*(AH B)Z = 0. Then

- 1
(A B)r—l—l = AT g B Z (T—I: ) (A(r+1)—/<: o Bk) .
k=1

]

Corollary 6.14. Let A=A & ... A, €B(H) and B=DB, & ... B, € B(K)

be positive operators, then
(AmB)” > A"® B" (6.16)
for any r € N.

Proof. Inequality (6.16) is obviously true for r = 1. Let r > 2. Since A, B > 0,
we have by Lemma 5.15 that > ;_, (;) (A" @ B¥) > 0. By Theorem 6.1, we
obtain (Am® B)" > A" ® B". O
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Corollary 6.15. Let ALet A = A1 @ ... d A, € B(H) be a positive operator.
Then

(I@A) > [@(rA) (6.17)

forr € N.

Proof. Since A > 0 we have I ® A" > I @ I. By Theorem 6.14, we obtain

(ImA) = IAT+§:(;) (1= A"

]AT+r(IE1A)+§:(]:) (1= A")

k=2
IT@A" + (I3 A)

[OT+ 1@ (A
I & (rA).

VoWV

6.5 Inequalities for Khatri-Rao sums involving Moore-Penrose

inverses

In this section, we establish certain inequalities for Khatri-Rao sums involving
a kind of operator inverse, namely, the Moore-Penrose inverse. Recall that a
Moore-Penrose inverse of A € B(H,K) is an operator Al € B(K,H) satisfying

the following Penrose conditions
(i) A" is an inner inverse of A ;
(ii) AT is an outer inverse of A ;
(iii) AAT is Hermitian ;
(iv) ATA is Hermitian.
It is well known that the following statements are equivalent for A € B(H, K):
(1) a Moore-Penrose inverse of A exists ;

(2) a Moore-Penrose inverse of A is unique ;
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(3) the range of A is closed.

Lemma 6.16. Let A € B(H,H') and B € B(K,K'). If A and B have closed

ranges, then
1. the range of AR B is closed ;
2. (AKX B)' = ATX BT,

Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses Af and
BT exist and are unique.It is straightforward to verify that AT X BT satisfies the

following Penrose equations:
(i) (ARB)(A'RBN(AKB) = AR B
(i) (ATX B (AR B)(A' K Bf) = AT K Bt
(ii) ((AX B)(A! K BY))" = (AR B)(Af K BY)
(iv) (ATRBY(AKXB))" = (A'X B") (AKX B).

Hence, a Moore-Penrose inverse of AX B exists and it is uniquely determined by
AT BT, 1t follows that AX B has a closed range. O

Lemma 6.17 (see e.g. [44]). Let

T]. | T]. 2
175 T

T —

be an operator in B(Hy @ Ha) such that Tyy has a closed range. Then T = 0 if
and only if

(i) Ty, =0,
(i1) Tio = T11T1T1T12;
(iii) Ty = Toy = T T Tho.

Theorem 6.2. Let A € B(H) and B € B(K) be positive invertible operators.
Then

(ABB)(AGB) Y (A®B) < A@B'+A'mB+2I (6.18)
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Proof. Denote

Z 0

S = [AW&BU? A1/2&3*1/2+A*1/2®Bl/2} and X = |0

where Z is the selection operator associated with {H,K}. Using Lemma 5.4, we

get

AX B AHBB

0 < 5§ =
ABB AXRB'4+ A 'XB+2IKI

Pre- and post-multiplying 5*S by X and X*, respectively, we obtain

0 £ X*§*'8X =

A@B A®mB
A®EB AEBl+A'mB+2@I|

By Proposition 6.6, we have A B > 0 and then A @ B is invertible. It follows
that (A@ B)' = (A @ B)~!. Applying Lemma 6.17, we get the result. O

The next Theorem extends the result of [?, Corollary 3.8] to the case of oper-

ator matrices.

Theorem 6.3. Let A € B(H) be a positive operator matriz such that A and A=
have closed ranges, and AR I = 1X A. Then

(AmAAN (AR D (ABAAT) < AmAT+244T B 1. (6.19)

Proof. Denote

Z 0

S = |APRIAPRI£(A)PRI] and X = o

where Z is the selection operator. Applying Lemmas 5.4and 6.16, we get

AX T A AAT
ABAAT ABAT+24ATRT

Pre- and post-multiplying by X* and X, respectively, we obtain

Aml AR AAT

0 < X*S*SX =
AR AAT Am At +24AT@T

The proof is complete by using Lemma 6.17. O]
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6.6 Kantorovich type inequalities for Khatri-Rao sums

Lemma 6.18. Let S be positive invertible operator in B(K) with 0 < mI < S <
MI and let X € B(H,K) be such that X*X = I, then

_ B M +m)? _
X*SX)™h < X*57IX < T m)” e gy 6.20
(X*5X) S (620
M +m)?
X*SX)? < X*5?°X < T m)” gy, 6.21
(X*5X) ol (xes) (6.21)
Proof. The proof is similar to the case of matrices, given in [29]. [

Proposition 6.19. Let A € B(#H) and B € B(K) be positive invertible operators.

Then
2
(AEB)l < A'm B! < %(A B, (6.22)
2
(AmB? < Amp < My mipe, (6.23)
m

where 0 <mlI < AXITPIXB << MI.

ANX T 0 1
and X\ &' =

0 IXKB V2
operator associated with {#,K}. Then X*X = I. Using Lemmas ?? and 5.13,

we have

Proof. Denote S =

] where Z is the selection

i larr o ][z] 1

X'SX = (70 2 = 5(A® B)
21 11 o amB| |z 2
LT RURY/ e > /7

x*5'X. = J|z 7 = (A7 @B™)
21 11 0 IRB'Y|Z 2
1 HAa2xr o ]fz] 1

X'S2X = |70 7 = (A8 B%).
2 Moo 1mp |z 2

Substitution in (6.20) and (6.21) of Lemma 6.18 lead to the results. O

Lemma 6.20. Let S be positive invertible operator in B(KC) with 0 < mI < S <
MI and let X € B(H,K) be such that X*X =1, then

X*SX — (X*S7'X)t < (WM — vm), (6.24)

1

X*S2X — (X*SX)* < (M —m)*I, (6.25)

4
2
(X*S2X)V2 - X*SX < iM m)

mz. (6.26)
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Proof. The proof is similar to the case of matrices, given in [29]. ]

Proposition 6.21. Let A € B(H) and B € B(K) be positive invertible operators.

Then
%(A B)—2(A'mB ) < (VM —ym)I, (6.27)
2(A°®mB*) — (A® B)* < (M —m)’I, (6.28)
(A*m B?)'/? — %(A B) < %1, (6.29)
where 0 <ml < AXITDIXB << MI.
Proof. The proof is similar with Proposition 6.19. O]

Proposition 6.22. Let A € B(H) be a positive operator matriz such that A has
a closed range and A' @ I = I @ Af. Then

AB AT > 2AATE 1. (6.30)

Proof. Denote S = AX I > 0. By virtue of S + St > 2557, we have, by using
Lemmas 5.4 and 6.16,

ABA = ART+ AR = AR+ (AR
> 2ARDARI) = 2AATR .

Pre- and post-multiplying by Z* and Z, respectively, we get the result. O

We mention that Proposition 6.22 is an extension of [?, Corollary 3.6].
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Abstract

We generalize the notions of Khatri-Rao sums for matrices and tensor sums for Hilbert space operators to Khatri-
Rao sums for Hilbert space operators. This kind of operator sum is compatible with algebraic operations and order relations.
We investigate its analytic properties, including continuity, convergence, and norm bounds. We also discuss the role of
selection operator that relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products. Binomial theorem involving
Khatri-Rao sums and its consequences are then established.

Keywords: tensor product, Khatri-Rao product (sum), Tracy-Singh product (sum)

1. Introduction

In matrix and operator theory, there are many kinds of products which are of interest from both theory and application
points of views. These products include the Kronecker (tensor) product, the Tracy-Singh product and the Khatri-Rao product. Let

M (C) denote the set of n-by-n complex matrices. Recall that for any A€M, (C) andB e M, (C), the Kronecker
product of 4 and B is given by

A®B=[a,B] . ()

i
The Tracy-Singh product of partitioned matrices, as a generalized Kronecker product, was introduced by Tracy and Singh (1972).

Let 4= [Az‘;} be partitioned with 4, of order m, xm, as the (i, j) th submatrix and let B = [Bkl] be a partitioned matrix
with B,, of order n, xn, as the (k,/)th submatrix where Z::lmi =m, Zzzlnk = n. The Tracy-Singh product of 4 and
B is defined by

AR B = HA@., &8, Llf @
If » and s are equal, the Khatri-Rao product of 4 and B can be defined to be (Khatri and Rao, 1968)
ATIB=| 4,®B, | . 3)

vl
See more information about the development of this theory in Al Zhour (2012), Al Zhour and Kilicman (2006b), Cao, Zhang and
Yang (2002), Liu and Trenkler (2008), Shuangzhe (1999), Van Loan (2000).
From Tracy-Singh and Khatri-Rao products of matrices, Al Zhour and Kilicman (2006a) defined Tracy-Singh sums and
Khatri-Rao sums of matrices and established certain properties for these sums. Indeed, the Tracy-Singh and Khatri-Rao sums are
respectively defined to be

*Corresponding author
Email address: pattrawut.ch@kmitl.ac.th
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ABB=ARI, +1, KB, A®B=ACI, +1,[1B (4)
where [, and I, are block identity matrices of order mxm and nx n , respectively.

The theory of Kronecker products of matrices was extended to tensor products of bounded linear operators on a
Hilbert space. The notion of tensor sum for operators was investigated in Kubrusly and Levan (2011). Indeed, the tensor sum of

AeB(H) and BeB(K) is definedtobe A® . +1,, ® B, here @ denotes the tensor product. Recently, the Tracy-Singh

product and the Khatri-Rao product for operators were investigated by the authors (Ploymukda & Chansangiam, 2016).

From the discussion above, it is natural to generalize the Khatri-Rao sum for matrices and the tensor sum of operators
to the Khatri-Rao sum for operators. We will show in this paper that the Khatri-Rao sum is compatible with algebraic operations
and order relations. We discuss analytic properties of this sum, including continuity, convergence, norm bounds. We investigate
the role of selection operator that relates Khatri-Rao sums to Tracy-Singh sums and Khatri-Rao products. Binomial theorem
involving Khatri-Rao sums and its consequences are then established.

This paper is organized as follows. Section 2 supplies preliminary results on Tracy-Singh products and Khatri-Rao
products for Hilbert space operators. In Section 3, we introduce Khatri-Rao sums for operators and investigate its algebraic,
order, and analytic properties. Section 4 discusses relationship between Khatri-Rao sums and selection operators. In Section 5,
we prove an operator version of binomial theorem and deduce some consequences inequalities.

2. Preliminaries

In what follows, H and K are complex separable Hilbert spaces. When X and ) are Hilbert spaces, denote by
B(X,)) the Banach space of bounded linear operators from X into), and abbreviate B(X,X) toB(X). For Hermitian
operators A, B € B(H), the partial order 4> B indicates that 4— B is a positive operator, while 4 >0 means that

(Ax,x) >0 for all nonzero vectors x inH.

2.1 Tracy-Singh products for operators

Recall that the tensor product of 4 € B(H) and B € B(K) is the unique bounded linear operator from H & /C into
itself such that

(A® B)(x® y)= Ax ® By (5)
for all xeH and y € K. To define the Tracy-Sing product of operators, we first use projection theorem for Hilbert spaces to
decompose

H=PH., K=EK,
i1 =1
where each H, and K are Hilbert spaces. Thus any operator 4 € B(H) and B € B(K) can be uniquely represented by

operator matrices 4=| A “" and B=[B,]"" where 4, eB(H,,H,) and B, € B(C,K,) foreachi, j,k,I..
ki ij i i ki 1 k

i i,j=1 k,1=1

Definition 1. According to the previous discussion, the Tracy-Singh product of A and B is defined to be the bounded linear

m,n

operator from " 'H. ® K into itself represented by the operator matrix
iy ikt % P! y P

AWB = [[4,®B, Ll,' 6)
Lemma 2 (Ploymukda & Chansangiam, 2016). The following properties hold, provided that all operators are compatible.
(AXB) = 4'XB’, %)
(cA)RB=a(ARB)=AX (aB), ®)
AR(B+C)= AR B+ AXC, )
(B+C)XA=BXRXA+CK 4, (10)
(AR B)YCX D)= ACKXBD. an

Lemma 3 Let 4 B(H) and B e B(K) .Then AKB =0 ifand onlyif 4=0 or B=0.
Proof. Write 4 = [Az'/' ]zmzzl and B =[By]ii. . We have the following norm bounds (Ploymukda & Chasangiam, 2016)
1
—]4ll18] < 4% 8] < mn|4]5]}

Now, the claim follows.
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n,n

Definition 4. Let 4= [A.]m’ml eB(H) and B = [B] e B(K). We define the Tracy-Singh sum of A and B as

i j= K dk,1=1
follows:

ABB = AXI,. +1,,XB (12)
which belongs to B ((‘B,m;le KL, ) .

2.2 Khatri-Rao products for operators

From now on, fix the following decompositions of Hilbert spaces:

H=@H, K=@FK.
i=1

i= i-1
Definition 5. Let 4= [Ai/]{I”_z (€ B(H) and B = [B;,- ]nn =G B(K) be operator matrices. We define the Khatri-Rao product
SHL= L=
of A and B to be the operator matrix
AGB = [AU. ® B, l,,-:l (13)

which is a bounded linear operator from P l”: H ® LK into itself.

Recall that for each 4 € M[ (C), the induced map L, : C" — C", x+> Ax is a bounded linear operator.
Lemma 6 (Ploymukda & Chansangiam, 2016). For any complex matrices 4 =[4,] and B =[B,] partitioned in block-

matrix forms, we have

LUL,=L.. (14)
Lemma 7 (Ploymukda & Chansangiam, 2016). Let 4 € B(H) and B,C € B(K) be operator matrices, and let @ € C . Then

(AQB)Y =4"LOF, (15)

(aA)EIB=a(ALB)= ALl (aB), (16)

AB(B+C)= AFIB+ AIC, a7

(B+C)[JA=BLA+C[IA. (18)
Lemma 8 (Ploymukda & Chansangiam, 2016). There is an isometry Z such that ZZ "< T and

ACLB=7 (ARB)Z (19)

forany 4 € B(H) and B € B(K) . Wecall Z the selection operator associated with the ordered tuple ( H, /C) .
Lemma 9 (Ploymukda & Chansangiam, 2016). Let Z be the selection operator associated with (H,/C) . Then there exists an

operator

n=1 n non

W @@H © K, >DDH OK,

i=1 j=1 i=1 j=1
suchthat Z'W =0 and ZZ + WW" = I .Indeed, W is defined as
W,
w=|: (20)
w

n
n,r/2 -1

where W® = [Wk(fq

k=1

n n n

P P HIK >PH K, for s=1,..,n, with WS is an identity operator if k #s and

=1 j=1 i=1
i+j<l72

[ =n(s —1)+k and others are zero operators.
Lemma 10 (Ploymukda & Chansangiam, 2016). Let 4 € B(H) and B € B(K) be operator matrices.

i) If A>0 and B>0,then ALIB>0.
(ii)) If A>0 and B>0,then ALIB>0.
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Lemma 11 (Ploymukda & Chansangiam, 2016). Let 4 € B(H) and B € B(K) be operator matrices and let (Ar ): and
(Br ): be sequences in B(H) and B(K), respectively. If 4. — 4 and B, — B, then 4, [JB, — ALIB.

i

Lemma 12 (Ploymukda & Chansangiam, 2016). For any operator matrices A=|:A. ]Ml eB(H) and
L]=

BZ[B,-]- l_’j:l € B(K) , we have
[ATB| < n* || 4] B]|. @n

3. Algebraic, Order, and Analytic Properties of Khatri-Rao Sums for Operators

In this section, we generalize the Khatri-Rao sum for matrices and the tensor sum for operators to the Khatri-Rao sum
for operators. This kind of operator sum turns out to be compatible with algebraic operations and order relations for operators.
Binomial theorem involving Tracy-Singh sums and its consequences are also established. We investigate continuity, conver-
gence, norm bounds for Tracy-Singh sums of operators.

Definition 13. Let 4 € B(H) and B € B(K) . We define the Khatri-Rao sum of A and B as follows:
A®B = AU +1, B (22)
which belongs to B(EP :;IHI ®K).

Note that if both 4 and B are 1x1 block operator matrices, their Khatri-Rao sum A ® B becomes the tensor sum (Kubrusly
& Levan, 2011)
AR . +1,, ®B.

If H, =G =C, the Khatri-Rao sum A ® B reduces to the Hadamard sum of complex matrices (Al Zhour & Kilicman, 2006a).

Proposition 14. Let A=| 4. | and B =| B, | be compatible partitioned matrices of order mxm and nxn , respectively.
p 1 y

Then
Ly®Ly=L,.,. (23)

Proof. We know that the linear map induced by the identity matrix is the identity operator. By applying Lemma 6, we get
L@l = LEAL+LBL = L +L.- = L.

Proposition 15. Let ¢ and S be scalars. The following properties hold, provided that all operators are compatible.
(A®B) =4 @8, (24)
a(A®B)=ad®aB, (25)
(a+B)(A®B)=aAd® fB+BA®aB, (26)
(A4 +4,)®(B +B,)=A4®B, + 4, ®B,, (27)
(4, ®4,)®(B ®B,)=(4 ®B,)®(4,®B,). (28)

Here the symbol © denotes the direct sum for operators. We call property (27) mixed sum property.
Proof. Using Lemma 7, we get (24)-(26). By applying properties (17) and (18) Lemma 7, we get
(A+C)®(B+D) = (A+C)LDI+IL(B+D)

= AQI+COEI+IEB+IED
= (AQI+IEB)+(CLI+IBD)
= A®B+C®D.
By the definition of Khatri-Rao sum, we have
(4 ©BYO(A,®B,) - [4BDI+I1EB, 0 }
i 0 A,OI+IEB,
_[401 0 }{IDBI 0 }
| 0 4,01 0 I0B,
4 0} {1 0} {1 0} {Bl 0}
= ] + ]
|0 4, 0 7| |0 I 0 B,
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= (494,)®(B ®B,).

Corollary 16. Let 4 B(H) and Be B(K).If 4 and B are Hermitian (skew-Hermitian), then 4 ® B is also Hermitian
(skew-Hermitian).
Corollary 17. Let 4 € B(H) and 4, e B(K). If 4 =X, +iY] and 4, = X, +iY, are the Cartesian decompositions of
A and A, respectively, then 4 ® 4, = X, ® X, +i(¥, ®Y,) is the Cartesian decomposition of 4 ® 4, .
Proposition 18. Let 4, 4,4, € B(H) and B, B,,B, € B(K) be operator matrices.

() If A0 and B>0,then A®B >0.

(ii)) If A>0 and B>0,then A®B>0.

(ii) If A>A4, and B>B,, then 4 ®B, > A, ® B,.

(iv) If 4 > A, and B,> B, ,then 4 ®B, > A4, ® B, .

Proof. It follows from Lemma 10 and Proposition 15.
The next proposition asserts that the Khatri-Rao sum is (jointly) continuous with respect to the operator-norm topology.

Proposition 19. Let 4 € B(H) and B € B(K) be operators matrices, and let (A,, )il and (B,, )i] be sequences in B(H)
and B(K), respectively. If A4 — A and B, - B ,then 4 ® B, - A®B.
Proof. By Lemma 11, we have A [J/ — ALJ] and [EB, —I[B. Then A LI+IHB — ABI+IEB, ie.
A®B > A®B.

The next result is a triangle-like inequality involving Khatri-Rao sums.

], eB(H)and B=[B, ] eB(K), wehave

Proposition 20. For any operator matrices 4 = |:A. v .
L=

i

1
SlAawB] < I8, 9
Proof. By using Lemma 12, we have
|A®B| = ||ARI+IEB]|| < |[|AQI||+|[IEB]
< A+ LB = m(l 4l + ] BID.

4. Khatri-Rao Sums and Selection Operators

In this section, we investigate the role of selection operators that relates Khatri-Rao sums to Tracy-Singh sums and
Khatri-Rao products.

Proposition 21. There is an isometry Z such that ZZ < I and

A®B = Z (ABB)Z (30)
forany 4 € B(H) and B e B(K).
Proof. By Lemma 8, there is an isometry Z such that ZZ "< I and

A®B = AQI+IEB = Z (ARI+IXB)Z = Z (ABB)Z.
Proposition 22. Let 4 € B(H), B e B(K), andlet Z be the selection operator associated with (7, ) . Then

AGOB + A OB < (A®B)A®B) +Z (ABBWW (AHBB) Z. (31)
where W is the operator defined in Lemma 9.
Proof. By Lemmas 2, 8 and 9, and Theorem 21, we have

(A®B)YA®B) = Z(ABB)ZZ (A BB)Z
= Z'(ABB)YI-WW YA BB)Z
= Z'(ABB)YA BBYZ-Z (ABBWW (4 BB)Z
= Z' (A4 BBB + AXB + A KB)Z —Z (ABBWW (4 BB")Z
= AA ®BB +AQB + A" EOB -Z (ABBWW (ABB) Z.
By Proposition 18, we have 44" ® BB" >0 and hence
(A®B)YA®B) +Z (ABBWW (ABB) Z—(ALDB + 4 EOB) > 0.
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Proposition 23. Let 4,C € B(H) and B, D € B(K) be positive operators. Then
AC®BD < (A®B)(C®D)+Z (ABBWW (CEBD)Z. (32)
Proof. By replacing A" = C and B" = D in the proof of Proposition 22, we have
(A®B(C®D)+Z (ABBWW (CEBD)Z - AC®BD = ALD+CLB.
Since ALID+ C[B is positive, we get the result.

5. Binomial Theorem Involving Khatri-Rao Sums and its Consequences

In this section, we prove an operator version of binomial theorem concerning Khatri-Rao sums. As consequences, we
obtain two operator inequalities, including Bernoulli type inequality.

Lemma 24 Let AcB(H) and BeB(K). We have W (ABB)Z=0 if and only if A=A ®..®A and
B=B®...®B, where Z is the selection operator associated with (7,/C) and W is the operator defined by (20).
Proof. Consider 4 € B(H, ®H,) and B € B( @ K,) . By a computation, we have

0 0 0][4,®B, I®B, A4,®I 0 I 0
. I 0|| I®B, A,®B, 0 A,®1 [0 0
W (ABB)Z =
00 || 4,®1 0 A, ®BIl I®B, |0 0
000 0 4, ®1 I®B,  A4,®B,|0 I
AII@BII 0
00 0 0
[®B, A4,®I
=101 00 = |I®B, A4,®1I|
4, ®1 I®B21
00 I 0 4, ®1 I®B,

0\ JA;®B2

By Lemma 3, we obtain
W (ABB)Z = 0 & A4,Q1,4, ®I1,IQB,, and I ® B,, are zeros.
< A,,4,,B, and B, are zeros.
< A=A @4, and B=B D B,.
A direct computation shows that Lemma 24 holds for the case 4 =[4, [, and B=[B,]"., for any integer n>2.
Theorem 25. Let A=A, ®...® 4, € B(H) and B=B ®...® B, € B(K) be compatible operator matrices, then for any
integer r>2,

(4®B) = ArBr+;Zl;(;j(A"‘kElB"’). (33)
Proof. By the proof of Proposition 22, we have

(A@B)2 = AA®B*+240B-7" (AEEB)WW* (AEEB)Z.
Since W' (ABB)Z =0, by Lemma 24, we get

(A®B) = A*®B* +240B.
This show that Theorem 25 is true for 7 = 2 . Suppose that (33) hold for »>2 . Then, by Lemma 2,

(A® B)™" = (AB) (A4B)

{ArBr +§(;J(Af-k [ B* )j(AB)

(A" B")(AB) + {ZU{J(A” [ B* )j(AB)

k=1

= A"'B" + A LOB+ALDB ~-Z (A BB WW (ABB)Z
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y—

7

+2| (4 DB -2 (4 "B WW (ARDZ)
k=1
S r r—k k+1 * r—k r *

+2| (4 OB -Z' (4 "B YWW (IKB)Z)
k=1

= A"'B" + A LOB+ALDB ~-Z (A BB WW (ABB)Z

r r—1

+,§‘k

7

(A(r+l)—k DBk)+Z[rj(Ark DBkH)
o\ k

r—1
-y B Z' (A" RBYWW (ABB)Z
k=1

= A"B"+ A OB+AQB -Z (A BB )WW (ABB)Z

+;(ZJ(A(M” DBk)—i[,:JZ*(A"’ X B YW (ABB)Z.

k=1

Since W~ (A H B)Z =0 (by Lemma 24), we arrive at (33).

Corollary 26. Let A=A @...® 4, €B(H) and B=B ®...® B, € B(K) be positive operators, then for any » € N,

(A®B) > A ®B'.

Proof. Inequality (34) is obviously true for r=1. Let

7

(34)
r>=2. Since A,B>0, we have by Lemma 10 that

Z;l(kj(/lrk J Bk) > 0. By Theorem 25, we obtain (A @B)r > A" ®B".

Corollary 27.Let A=A ®---@ A, € B(H) be a positive operator. Then for any » € N,

I ®AY > 1 (rA).

(3%)

Proof. Since A>0 we have I ® A"~ > I[11 . By Theorem 26, we obtain
r—1 r=1
U®A) = 104 +Z(ZJ(IDA"’) = I®A +r(IE|A)+Z(]:j(IDA")
= —

> @A +r(IB8A4) > IHI+IE@A) = I®(rA).
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INTRODUCTION

Matrices and operators are fundamental tools in mathematics and
related fields from viewpoints of theory, computations, and
applications. A variety of ways to multiply matrices has been
investigated in the literature. For instance, the Kronecker product and
the Khatri-Rao product. Denote by M, .(C) the set of m-by-n

complex matrices and abbreviate M| (C) to M (C) . Recall that the
Kronecker product of A = [aﬁ} eM,,(C) andBeM,,(C) isgiven
by

A®B = [a;B]..

The notion of Kronecker product was generalized to the Khatri-Rao

product as follows. Consider two complex matrices A and B
partitioned so that their (i, j) th block are given by A; and B; for each

i, (the sizes of A; and B; may be different). Then the Khatri-Rao
product [1] of A and B is defined by

A% B = [A®B;] )

i

When A and B are of only one block, their Khatri-Rao product is just
their Kronecker product. See more information in [2-6] and references
therein.

The notion of Kronecker product of matrices is extended to the
tensor product of operators on a Hilbert space. Certain algebraic, order,
and analytic properties of tensor product of operators have been
established, see [7-9]. In [10-11], the authors study the notion of tensor
product for operators to the Tracy-Singh product of operators. Recently
in [12-13], the authors introduced the Khatri-Rao product and the

Khatri-Rao sum for operators acting on the direct sum of Hilbert spaces.
This construction provides a natural extension for both the Khatri-Rao
product/sum for matrices, and the tensor product/sum of operators (see
Section 2 for details). Fundamental algebraic, order, and structure
properties of the Khatri-Rao product were investigated in [12].

In this paper, we continue developing this theory by discussing
analytic properties of Khatri-Rao products for bounded linear operators
acting on a Hilbert space. Under the assumption that two operators are
represented by block matrices whose each block is nonzero, we will
show that their Khatri-Rao product is compact if and only if both factors
are compact. We provide norm bounds for the operator-norm, and the
Schatten p -norms for p = 1,2, . Then we show that the Khatri-Rao

product is (jointly) continuous with respect to the topologies induced
by such norms. The norm bounds imply that the Khatri-Rao product of
two operators are trace-class (Hilbert-Schmidt class) if and only if each
operator is trace-class (Hilbert-Schmidt class, respectively).

This paper is organized as follows. In Section 2, we explain the
notion of Khatri-Rao product for operators. In Section 3, we establish
analytic properties involving norm bounds, continuity, convergence,
and compactness of the Khatri-Rao product of operators in the operator-
norm topology. The last section discusses the same properties of the
Khatri-Rao product on norm ideals of compact operators.

PRELIMINARIES ON KHATRI-RAO PRODUCTS FOR
OPERATORS

Throughout this paper, let H , H", K and K' be complex Hilbert
spaces. When X and Y are Hilbert spaces, let B(X,Y) stand for the
Banach space of all bounded linear operators from X into Y,
equipped with the operator norm |.| . We abbreviate B(X,X) to

B(X).
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Recall that the tensor product of Ae B(H,H') and B e B(K,K')
is a unique bounded linear operator A®B in B(H ® K,H'®K’)
such that

(A®B)(x®y) = AX® By

forall xeH and y e K. The tensor product is bilinear and continuous

with respect to the topology induced by the operator norm.
From now on, fix the following orthogonal decompositions:

m n m
H' = @H/, K= @K; K = DK,
j=1 i=1 =1 i=1
where all H, H/, K, K/ are Hilbert spaces. For each j=1,...,n, let

E;: H, >H and F K —>K be the canonical embeddings defined
by

E x> (O,...,0,x,0,...,0) (xis in thej-th position),
F:y~(,..0,y,0,.,0) (y isin thej-th positon).

For each i=1,...m, let P:H' > H/ and Q: K — K/’ be the

orthogonal projections. Hence any operator AeB(H,H') and
B e B(K,K') can be represented uniquely as operator matrices
A= [Aj]i,jzl and B I:Bii:|i,;=l (2)

where A; = PAE; e B(H,H/) and B; = QBF, e B(K; K/) for each
i, j.We can perform the addition, the scalar multiplication, the

adjointation, and the usual multiplication of operator matrices in a
similar way to those of matrices.
We define the Khatri-Rao product of A and B to be a bounded

linear operator from @,.H; ®K; to @, H; ®K; represented by an
operator matrix

A*B=[A®B " ©)

ij=1"

When m=n=1, the Khatri-Rao product A* B is reduced to the
tensor product A®B .

Lemma 1 ([12]). The Khatri-Rao product of operators is bilinear. More
precisely,

A* (B+C)=A* B+A* C,
(B+C)* A=B* A+C* A,
A* (aB) = a(A* B) = (aA)* B

for any compatible operators A,B,C and for any scalar ¢.

NORM BOUNDS, CONTINUITY, CONVERGENCE AND

COMPACTNESS OF KHATRI-RAO PRODUCTS IN THE
OPERATOR-NORM TOPOLOGY
In this section, we discuss norm estimation, continuity,

convergence, and compactness of the Khatri-Rao product of operators
with respect to the topology induced by the operator norm.

Recall the following bounds for the operator norm of operator
matrices.

Lemma 2 ([14]). Let A= [AJ}
Then

nn
ij=

. be an operator matrix in B(H) .

Al - AL AL @

The next theorem provides an upper estimate for the operator norm
of Khatri-Rao product. Such bound depends on the number of blocks
in the representation (2).

Theorem 3. For any operator matrices A = [A,-].n'.nleB(H) and
i,j=
B= I:Bij:I:‘anzl c B(K) , we have
|A* B[, . n*[AL[B], (%)

Proof. Since each (i, j)-th block of A* Bis given by A ®B;, it
follows from Lemma 2 and the Cauchy-Schwarz inequality that

|a= Bl

2
o

M

;HAI' ®B;
lal.
(L

- AL lBL

2
o

B

B,

]

Hence, we obtain the bound (5).

The next result asserts that the map (A, B) — A* B is (sequentially)
continuous with respect to the operator-norm topology.

Theorem4. Let A = [Ai]i;j:l eB(H) and B = [Bii]i,v,-:l €B(K) be
operator matrices and let (A)”_ and (B,)", be sequencesin B(H)

and B(K), respectively. If A-— A and B, — B (in operator norm),
then A * B, > A* B.

Proof. Suppose that A. — A and B, — B in operator norm. By the
continuity of the operator norm, we have I8, —|B| & I —>x By

using Lemma 1 and Theorem 3, we have

* B —A* B
A’ r 0
H H
s A=A B, +[A* (B -B),
s WA = ALB L +n*AL B -8,
— n?.0|B| +n*-|AL-0 = 0.

It follows that A * B, — A* B in the operator-norm topology.

Next, we consider the compactness of the Khatri-Rao product of two
operators. Recall that a linear operator T : H — H is said to be compact
if and only if it can be written in the form

T=>2,(%0Y,
n=1
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where {x.}.. and {y.},. are orthonormal sets in H , and (A),. is

a sequence of positive real numbers with limit zero, called the singular
values of T. The zero operator is an example of a compact operator.
Every finite rank operator (between infinite/finite dimensional spaces)
is compact. Every compact operator is always bounded and continuous
with respect to the operator-norm topology.

Lemma 5 ([7]). Let A=[A ]eB(H) and B =[B; |eB(K) be
operators such that A, and B, are nonzero forall i, j . Then the tensor
product A®B is compact if and only if both A and B are compact.

Lemma 6 ([11]). Let A=[A, |eB(H) be an operator matrix. Then
A is compact if and only if 4, is compact for all i, j.

The next result provides a necessary and sufficient condition for A* B
to be compact.

Theorem 7. Let A=[A]eB(H) and B =[B;|eB(K) be
operators suchthat A, and B, are nonzero forall i, j . Then the Khtri-

Rao product A* Bis compact if and only if both A and B are
compact.

Proof. First, suppose that A and B are compact. By Lemma 6, we
deduce that A, and B, are compact for all i, j . It follows from Lemma

5 that A ®B; is compact for all i, j. Lemma 6 ensures the

compactness of A* B. For necessity part, reverse the previous
procedure.

KHATRI-RAO PRODUCTS ON NORM IDEALS OF COMPACT
OPERATORS

In this section, we investigate the Khatri-Rao product on several
norm ideals of B(H). Recall that any proper ideal of the algebra

B(H) is contained in the ideal of compact operators. For any compact

operator AeB(H), let (si(A))‘;”‘:1 be the sequence of decreasingly
ordered singular values of A. Foreach 1, p <o, the Schatten p -
norm of A is defined by

= 1/p
W, = [Tam) -
i=1
or equivalently,
/
|Al, = (trlAr)”

where |A]" is defined by the functional calculus. If [[A] is a

nonnegative real number, then A is called a Schatten p -class

operator. The Schatten oo-norm is just the operator norm. For each
1, p, o, denote by S, the Schatten p -class operators. In

particular, S, and S, are known as the trace class and the Hilbert-
Schmidt class, respectively. Each Schatten p -norm induces a norm
ideal of B(H) and this ideal is closed under the topology generated by
such norm.

In order to proceed, some auxiliary results are needed.

Lemma 8. ([14]). Let A=[A]"

n, + -
. bean operator matrixin S, .
1, )=

(i) For1,, p,, 2,we have

. n
ZIAL o I AL @

(i) For 2,, p,, «,wehave
4/p-2 . 2 2 n 2
AL A AL o

Lemma9. Let 1, p,, oo.An operator matrix Az[AJeB(H) is

a Schatten p -class operator if and only if A; is a Schatten p -class
operator for all i, j .

Proof. This is a direct consequence of the norm estimations in Lemma
8.

Lemma10. Let 1, p., o.Let A = [AJ] be an operator matrix in

©

the class S, and let (Ar),:1 be a sequence in S, where
K/ [A(;r)]:’;ﬂ foreach red . Then A — A in s ifand only if

Aﬁr)%A,’ in S, foralli,j=1,...,n.

Proof. Lemma 9 assures that A and AE') belong to S, for any
i,j=1,...,n and r e . Considerthecase 1,, p,, 2 andsuppose that
A — A in s . For any fixed i, je{1,...,n}, we have from the
estimation (6) that

AL SIATEAL - 1A

(r) i (r) i
Hence, A" — A, in s . Conversely, suppose that A — A, in s
for each i, j . Lemma 8 implies that

n
LE N 3 IR ¢
i,j=1
Hence, A, — A in S, -

Consider the case 2 < p <o and suppose that A — A in sp'
Using the norm estimations (7), we obtain

n
..Aﬁr) — Aj Hz » I;HAP — Aj Hi s nZ4p “A — A"fj

in
forany i,je{1,...,n}. Since A — A in S, we have Ag') - A

* . Conversely, suppose that A" — A, in s, foreach i, j . Applying
Lemma 8, we get

n
A=A - XA - Al
Hence, A, — A in S,

Consider the case p=ow. Let A — A in S_. For any fixed
i,je{1,...,n}, we have from Lemma 2 that

n
[A”-AL » D[A7-Al . rla-AL
ij=1
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(r) i (1) i
Hence, A" — A, in S, . Conversely, suppose that A®” — A, in S,
for each i, j . The estimation (4) implies that

In-AL . SIA7 AL

Thus A, > A inS_.

The following result asserts that the Khatri-Rao product is continuous
on the ideal of compact operators S_ .

Theorem 11. If a sequence (A,)", convergesto A and a sequence

(B,),, convergesto B in S, then A * B convergesto A* B in
S

o "

Proof. It follows from Theorem 4, Theorem 7, and the fact that S_ is
a closed set.

The following theorem supplies an upper bound for the Schatten 1-
norm of the Khatri-Rao product of operators.

Theorem 12. Let AcB(H) and B =[B,]}

=1

eB(K). IfAand B are
compact, then we have the following bound:

[A* B, .. n|AL[B].- ®)

Hence, A* B is trace-class if and only if both A and B are trace-
class.

Proof. Suppose that Ajjand Bij are nonzero operators for all i, j. Then
the Khatri-Rao product A* B is also compact by Theorem 7. It

follows from the norm bound (6) and the Cauchy-Schwarz inequality
that

|a* B[ ., ”2;”%@&1“;
L ”ngAij”BuNf
ENADYY o

S AT

2y

Hence, we obtain the bound (8). If there is a zero block of Ajjor Bij, then
A; ®B; =0 js compact, and we can apply the above procedure.

Theorem 13. Let AcB(H) and B =[B;]"}, e B(K). IfAand B are
compact, then

|A* B, . [ALlB]- ©)

Hence, A* B is a Hilbert-Schmidt operator if and only if both A and
B are Hilbert-Schmidt operators.

Proof. We may suppose that Ajjand Bij are nonzero for all i, j. Then the

operator A* B is compact by Theorem 7. Then by Lemma 8(ii) and
the Cauchy-Schwarz inequality, we have

2
|a* B[, = ZHAj@BUZ
L)

- SIalle

2
2

B,

)

- (B E

2 2
s |ALIBI-

Hence, we obtain the bound (9).

The final result states that the Khatri-Rao product is sequentially
continuous on the norm ideal of trace-class operators and the norm ideal
of Hilbert-Schmidt class operators.

Theorem 14. Let p e{1,2}. Ifasequence (A )" convergesto A and

a sequence (B,)",

A * B, convergesto A* B in s .

converges to B in the norm ideal S, then

Proof. Suppose that the sequences (A )" and (B)" convergeto A
and B, respectively, in S, . By applying Lemma 1 and the bound (8),
we get

|A*B -A*B|, = [[A*B —A*B +A* B -A*B|
o (A =A* B, +[|A* (B, -B)|,
» NI(A = A [B[, +n[|Al]l(B, —B)],
—> 0-n|B|,+n|Al,-0 = o

Hence, A * B, > A* B in S,.

Let the sequences (A )/, and (B,)", converge to A and B,
respectively, in S, . By using Lemma 1 and the bound (9), we have

HA'* B"_A* B“Z ”Ar* Br__A* Br+A* Br_A* BHZ
» (A -A* B, +|A* (B -B),
> H(A - A)Hz HBer +HN‘2 H(Br - B)Hz

- 0:[B|,+[A,-0 = o

Hence, A * B, > A* B in S,.

CONCLUSION

We have provided a necessary and sufficient condition for the
Khatri-Rao product of operators to be compact. Indeed, for two
operators in which every block is nonzero, their Khatri-Rao product is
compact if and only if both factors are compact. We establish
estimations for the operator norm, the trace norm, and the Hilbert-
Schmidt norm for Khatri-Rao products of Hilbert space operators. The
Khatri-Rao product is continuous with respect to the topologies induced
by such norms. It follows that the Khatri-Rao product of two operators
are trace-class (Hilbert-Schmidt class) if and only if each operator is
trace-class (Hilbert-Schmidt class, respectively).
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INTRODUCTION

In mathematics, there are many kinds of matrix products/sums
which have rich theory and numerous applications. Such matrix
products include the Kronecker (tensor) product, the Tracy-Singh
product, and the Khatri-Rao product. Recall that the Kronecker
product of two complex matrices A and B is defined by

A®B=[a;B] . @

that is, the (i,j)th block of A® B is given by a;;B. The Kronecker sum
of an n x n matrix A and an m x m matrix B is defined as

A®B=A®I +1 ®B. @

Here, I denotes the identity matrix of size k x k for any natural
number k. The Tracy-Singh product, introduced in [1], is a
generalization of the Kronecker product. Indeed, partition A = [A;]
and B = [By], where the submatrices A;; and By can be of arbitrary
sizes. Then the Tracy-Singh product of A and B is defined as

AB?B:HAJ ®Bklld .

i
If A and B have the same form of partitioning, we can define their
Khatri-Rao product by [2]
ACIB =[ A/GB, | .

See more information about theory of matrix products in [3-6].
The notions of Tracy-Singh sum and Khatri-Rao sum for matrices
are respectively defined by (see [7])

AHEB = AKX+ XB, ®3)
A$B=AL +1,08. )

Here, we partition |, and 1 so that their diagonal blocks are identity

matrices. If A and B are of only one block, then the Tracy-Singh sum
(3) and the Khatri-Rao sum (4) are reduced to the Kronecker sum (2).

A significant development in operator theory is to introduce the
tensor product of Hilbert space operators, generalizing the Kronecker
product of matrices. From now on, let® and K be complex
separable Hilbert spaces. When & and ) are Hilbert spaces, denote
by B(x,y) the algebra of bounded linear operators from X into),
and abbreviate B(x,x) to B(x). The identity operator on the space
X is denoted by Iy or | if the underlying space is clear from the
context.  Using the universal mapping property, the tensor product of
AeB(H) and B eB(K) is the unique bounded linear operator from
the tensor space ‘H ® K into itself satisfying

(A®B)(x®y)=AXx® By

for all xeH® and yek. The tensor sum of AeB(#) and
B e B(K) is defined to be (see [8])

A®B=A®I +1, ®B. ®)

Recently, the Tracy-Singh product, the Khatri-Rao product, and the
Khatri-Rao sum for Hilbert space operators were investigated by the
authors [9-13]. The notion of Khatri-Rao sum of operators includes
the tensor sum of operators and the Khatri-Rao sum of complex
matrices as special cases.

In this paper, we develop further theory of operator products/sums
by establishing certain inequalities for Khatri-Rao sums of operators.
These inequalities involve ordinary products and powers, ordinary and
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Moore-Penrose inverses. We also deduce Kantorovich type
inequalities concerning Khatri-Rao sums. Our results generalize some
matrix inequalities in [7]. In operator case, we require some mild
assumptions such as the closeness of their ranges. Moreover, new
operator inequalities are established by means of block partitioning
technique.

The paper is organized as follows. The next section supplies
preliminaries on Tracy-Singh products/sums and Kbhatri-Rao
products/sums for Hilbert space operators. The third section deals
with certain operator inequalities concerning Khatri-Rao sums and
Moore-Penrose inverses. In the final section, we establish
Kantorovich type operator inequalities involving Khatri-Rao sums.

PRELIMINARIES

For Hermitian operators A, B <B(7¢), the partial order A>B
means that A— B is a positive operator.

Tracy-Singh products/sums for operators

To define the Tracy-Sing product of operators, we first fix the
decompositions of Hilbert spaces (this can be done by using the
projection theorem):

H=@H, K=@Kk

where H, and K, are Hilbert spaces for all i, k. It follows that any

operator AeB(7/) and BeB(K) can be uniquely represented as
operator matrices

m,m n,n

k,1=1

A:[AJ and B=[B,]

ij=1
where A, eB(H,,7) and B, e B(K,K,) for each i, jk,I.Basic

algebraic operations for operator matrices, such as, the addition, the
scalar multiplication, the usual multiplication, and the adjoints can be
performed in the same way as those of block matrices.

Definition 1. According to the previous setup, the Tracy-Singh
product of A and B is defined to be the bounded linear operator

from @:"L":ﬂ ® K, into itself, represented by the operator matrix

AXB = [[AJ@)BKI kl]ij. (6)

Recall that a Moore-Penrose inverse of AeB(}, K) is an
operator A" e B(K,74) satisfying the following conditions (see [14]):

AATA= A, ATAAT = AT, (AAT) = AAT, (ATA) = ATA

The existence of A’ is equivalent to the closeness of the range of A,
and in this case the operator A" is unique (see, e.g., [15]).

Lemma 2 ([9]). The Tracy-Singh product fulfills the following
properties, assuming that all operators are compatible:

(AXB) = A'K B, (N
(aA) X B = o(AX B)= AKX (aB), )
AX(B+C)=AXB+AKXC, 9

(B+C)KA=BXA+CKA, (10)

(AKX B)(C ¥ D) = AC X BD, (11)

(AXB)' = ATRB'. (12)

Lemma 3 ([9]). Let AeB(?) and B eB(K) be operator matrices.
If A 0 and B>0, then AXKB>0.

Definition 4. Let A=[ A" eB(H) and B=[B,] [, cB(K). We
define the Tracy-Singh sum of A and B as follows:
AHB = AXI +1,,XB (13)

which belongs to B(@T;"ﬂﬂ ®IC].).

Khatri-Rao Products/Sums for Operators
From now on, fix the following Hilbert space direct sums:

H:Q}?n, /c:_g}?/q.

n,n
ij

Definition 5. Let A=A ]~ eB(H) and B=[Bij]'jlleIB§(IC) be

operator matrices. We define the Khatri-Rao product of A and B to

be the bounded linear operator from @i”:ﬂ ®K; into itself,
represented as follows:
ACIB = [A ®B; Y (14)

Lemma 6 ([11]). There is an isometry Z such that ZZ"< 1 and

AEB=Z"(AXB)Z (15)
forany AeB(#) and B eB(K). We call Z the selection operator
associated with the ordered tuple (#,K).

Definition 7. Let AcB(7) and B e B(K) . We define the Khatri-
Rao sum of A and B as follows:

A@®B = ALl +1,,0B (16)

which belongs to ]BS((-Di":lH,. ®IC,) .

Note that if both A and B are 1x1 block operator matrices, their
Khatri-Rao sum A@® B becomes the tensor sum. If H, =K =C, the

Khatri-Rao sum A®B reduces to the Hadamard sum of complex
matrices (see e.g. [7]).

Lemma 8 ([13]). There is an isometry Z such that ZZ"< | and

A®B = Z'(ABB)Z (17

forany AeB(H) and B e B(K).

OPERATOR INEQUALITIES INVOLVING KHATRI-RAO
SUMS AND MOORE-PENROSE INVERSES

In this section, we derive certain operator inequalities involving
Khatri-Rao sums and Moore-Penrose inverses. Roughly speaking, we
may consider the Khatri-Rao sum and the Khatri-Rao product as the
“sum” and the “product”, respectively. The Moore-Penrose inverse
plays a role like the “inverse” for operators. To ensure the existence of

OPEN a ACCESS Freely available online 743


http://www.foxitsoftware.com/shopping

Ploymukda and Chansangiam. / Malaysian Journal of Fundamental and Applied Sciences Vol. 13, No. 4 (2017) 742-746

the Moore-Penrose inverse of an operator, we must impose the
closeness of its range. The results in this section include those for the
tensor sum of operators and the Khatri-Rao sum of complex matrices
as special cases.

To derive operator inequalities in this section, we apply a block-
partitioning technique, which is explained in the next lemma.

12 22

T, T
Lemma 9 (see e.g. [16]) Let T = {Tl*l 12} be an operator in

B(H, ©H,) such that T, has a closed range. Then T>0 if and only
if

@ T,=0,
(i) T, =T,TT,,
(iii) Tzz =T, > TQTJTQ .

Recall that for any positive real numbers a and b, we have

2
M < g+9+2
ab b a

(indeed, both sides are equal). Let us generalize this fact to operators
in which we consider the Khatri-Rao sum as the “sum” and the
Moore-Penrose inverse as the “inverse”.

Theorem 10. Let AeB(7) and BeB(K) be positive invertible
operators such that ALJB has a closed range. Then

(A®B)(ALB) (A®B) < ALIB +A™B+2l. (18)

Proof. Denote

S = |:A1/2 X Bl/z A1/2 X B—1/2 + A71/2 X B1/2:|
Z 0 ; . . >
and X = 0 z where Z is the selection operator associated with

(H,K) . Using Lemma 2, we get

0<SS
AX B AR +1XB
) {A@IH@B A&BI+AIB+2I®IZI
_[AmB AEB
) l:ABHB A@BHAMBQ@J'

Pre- and post-multiplying s*s by X"and X , respectively, we obtain

0 < X'S™SX
Z'(AXB)Z Z'(A®B)Z
) [Z*(AEHB)Z Z*(A®81+A1®B+2I&I)Z}
A®B :l

A®B1+ATEB+21 I

ALIB
A®B

Applying Lemma 9, we get the inequality (18).
Recall that for any positive real numbers a and b, we have

2
M < a+2+1
a a

(indeed, both sides are equal). The next theorem generalize this fact to
operators; it is also an extension of [7, Corollary 3.8].

Theorem 11. Let A<B(7) be a positive operator such that A
ALJ1 have closed ranges, and AKXl =1 X A. Then and

(A@AAT)(Aml)*(A@)AA*) < A®A +2AA I, (19)

Proof. Note first that A" and (ALl I)T exist due to the assumption
that A and ACJ1 have closed ranges. Now, denote

. z
s=[A’KRI A”XI+(A)’XI]and X = 0
0z

where Z is the selection operator. Since AX | =1 X A, we have, by
Lemma2, A1 =1XA"and AA'X | = | X AA". Then

0 <SS
[ AXI AKX+ AAT X |

7 AKX+ AATK Ax|+A*®|+2AA*x|}

[ AXI AKX + 1 X AAT

| AR |+ 1 KAAT A®I+I®A++2AAT®I}

[ AR A AAT
| AHAAT A A" +2AA' X |

Pre- and post-multiplying by X* and X, respectively, we obtain

0 < X'S"SX
Z'(AK1)Z
Z'(AHAA)Z Z'(ABA +2AA'K1)Z

A® AA' }

A® A" +2AA 1 |

z*(AEEAA*)z

AQI
A® AAT

The proof is complete by using Lemma 9.
An equivalent form the arithmetic-geometric mean inequality is
that for any real number a > 0 we have

a+l > 2.
a

The next theorem is a generalization of this fact; it is also an operator
extension of [7, Corollary 3.6].

Theorem 12. Let AeB(7) be a positive operator such that A hasa
closed range and A'[11 =1 A", Then

A@ A" > 2AATDI.

Proof. The Moore-Penrose inverse of A exists since its range is
closed. Now, denote S=AKX1 >0. The spectral theorem implies

that S+S" > 2SS’. We have by using Lemma 2 that

AHA = AN+ AKX
AR+ (AR
2(AR AR

2AAT 1.

WV
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We get the desire result by pre- and post-multiplying by z* and z,
respectively.

KANTOROVICH TYPE INEQUALITIES INVOLVING KHATRI-
RAO SUMS

In this section, Kantorovich type inequalities involving Khatri-
Rao sums are established. We begin with an auxilliary lemma.

Lemma 13. Let S be a positive invertible operator in B(K) with
ml<S<MI where m,M are positive constants. The following

inequalities hold:
—mMSY,

S < (m+M)l (20)

2 < (M+M)S—mMI. (21)

Proof. Since ml <S <MI, we have (MI-S)(ml-S)<0 and
hence

(MI=S)(ml=S)S™ = S¥*(MI=S)(ml -S)S™ < 0

Now, the desired inequalities follow easily.

The next lemma provides certain

generalizing matrix results in [17].

operator  inequalities,

Lemma 14. Let S be a positive invertible operator in B(/<) with

ml<S<MI where m,M are positive constants. For any
X e B(H,K) suchthat X"X =1, we have
o \2 . (M +m)2 N
(X7SX) < X'$?X < (X SX ), (22)
4Mm
- . M+m), . .
(X'sX)" < X'sX < u(x sX) . (23)
4Mm
Proof. Since X"X =1, we have X'=X". Since XX is Hermitian

and idempotent, it is a projection and thus XX "<'I. Then

(X'SX)" = (SX) XX"(SX) < (SX)1(SX) = X'S?X.

It follows from (21) in Lemma 13 that

X*S2X < (M+M)XSX — mMXX
(M+M) . (m+M . jz
= — 2 (X'SX) - X'SX —mM |
4mM ( ) Za\/mM
(m+M)2 . 2
< W(X SX).

Since SY2X(X'SX) X'S is Hermitian and idempotent, it is a

projection and thus s”zx(x*sx)’lx*s < 1. 1t follows from (20)
that

x5 < MMy mmxsx”
2
_ (m+M) (X*SX)A
4mM

OPEN a ACCESS Freely available online

m+M 12 1 . v
[2 — (X"sx) == (X7sx) }
< (m+M) (X*SX)—l.
4mM

The next theorem establishs Kantorovich type inequalities
concerning ordinary powers and inverses of operators.

Theorem 15. Let AeB(X) and BeB(K) be positive invertible
operators and ml < AX1 @1 XB<MI where m,M are positive
constants. Then

M +m)
(A®BY < A®B < %(A@ B)'. (24)
If
A® B is invertible, then
. M +m) _
(A®B) < A'®B” <%(A®B)l. (25)
Proof. Denote
_[ARI 0 _ 1]z
_{ 0 IB} \ X_ﬁ{z}
where Then

Z is the selection operator associated with (#,kK).S >0
XX =1.ByLemma3, AXI >0 and IKB>0. Wehave S is

by Lemma 14. Since A and B are invertible, we conclude that
invertible. Using Lemma 8, we have

e Ll
= %[Z*(A&I +1%8)Z ]
2 %[Z*(AE B)Z]
= %(A@ B),

X'SIX < %[z z]{A =l |®081Mﬂ
- %[z AR +1KBY)Z]
= %[z (A*mB™)Z]
= %(A-l@)a-l)

X's2X = L

I R

= %[z*(Ale +1 @BZ)ZJ
= %[Z*(AZEEBZ)ZJ
= J(We),

Substitution in (22) and (23) of Lemma 14 leads to the results.
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Lemma 16. Let S be a positive invertible operator in B(X) with
mI< S< Ml where m,M are positive constants. For any

X e B(H,K )such that X*X =1, we have

X'SX-(X $"¥'< (f M (26)

X"S2X—( X"SN?2K %( M 27
*Q 2y 1/2 (M —m)?

(X'$X)MEX SX < 4(M+m)|. (28)

Proof. Using (20), we obtain
XSX — (XS X)
< M+ M) -mMX’S7X —(X 57 X)
(7 [V x5 R w8 ]
(VM —m) 1

-1

N

It follows from (21) that

X'S2X — (X 5X)
< (M+M)XSX —mMI - (X SX )’

= %(M -m)’l —[x*sx —;(m+M)IT
< %(M -m) 1

On the other hand, we have from (21) that

1/2

(x*szx) — X" Sx
< (xsx)"- A\ M
= m+M m+M
2 2
_(M-m) | 1 O - A M
Am+M) | mMm 2
< MI.
4Mm+M)

Our last theorem provides another forms of Kantorovich
inequality concerning ordinary powers and inverses.

Theorem 17. Let AeB(#) and BeB(K) be positive invertible

operators and mI<(AX N® (X B< N where mM are
positive constants. Then
2(A®B*)-(A®B) < (M-m)l, (29)
1 (M —m)’
A @B?) - (A®B) < =L 1. 30
(W8] - (reB) < S (30)
In addition, if A™* @ B™ is invertible, then
%(A@ B)-2(A'®B) < (W—ﬁ)z I (31)

Proof. The proof can be omiited since it is similar to that of Theorem
15. Instead of Lemma 14, we apply Lemma 16.

CONCLUSION

We provide relations between the Khatri-Rao sum of operators
and various kinds of operator operations, namely, ordinary products
and powers, ordinary and Moore-Penrose inverses. These relations
appear in terms of inequalities, including arithmetic-geometric mean
inequality and Kantorovich type inequalities. The results involving
Moore-Penrose inverses are valid under the assumption of closedness
of certain operators. Our results show that the Khatri-Rao sum and the
Khatri-Rao product can be regarded as the “sum” and the “product” of
operators, respectively.
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Abstract

We introduce the Tracy-Singh sum for operators on a Hilbert space, generalizing
both the Tracy-Singh sum for matrices and the tensor sum for operators. The Tracy-
Singh sum is shown to be compatible with algebraic operations and order relations.
Then we establish binomial theorem involving Tracy-Singh sums and its consequences.
We also investigate continuity, convergence, and norm bounds for Tracy-Singh sums.
Moreover, we derive operator identities involving Tracy-Singh sums and certain

operator functions defined by power series.

Keywords: operator matrix, tensor product, Tracy-Singh product, Tracy-Singh sum,

analytic functions of operators.

1. Introduction
It is well known that the Kronecker product and the Tracy-Singh product for
matrices possess pleasing properties in algebraic, order, and analytic viewpoints. Such

matrix products have applications in various fields, including quantum physics,



thermodynamics, control and system theory, signal processing, image compression,
computer science, statistics. See, e.g., Steeb and Hardy (2011) for an excellent source
on this subject.

Let M_ denote the set of n-by-n complex matrices for each natural number n.

Forany AeM_ and Be M, the Kronecker product of A and B is given by
A®B = [aijB]ij . (1)
This matrix product was generalized to the Tracy-Singh product of partitioned matrices

in Tracy and Singh (1972). Let A= A, | be partitioned with A; of order m, xm; as the
(i, j) th submatrix and let B=[B, ] be a partitioned matrix with B, of order n, xn, as

the (k,l)th submatrix, where Z:ﬂmi =m and Zi:lnk =n. The Tracy-Singh product of

A and B is defined by

AXB = HAJ,&)BHH : 2)

ij
Tracy-Singh products for matrices have been developed by many authors in both theory
and applications, see e.g., Tracy and Singh (1972), Tracy and Jinadasa (1989),
Shuangzhe (1999). The Tracy-Singh sum, introduced by Al Zhour and Kilicman (2006),

Is defined for each Ae M, and Be M, by
AEHB = AXI +1 XB, (3)
where |_and | are block identity matrices of order mxm and nxn, respectively. If

both A and B consist of only one block, then (3) reduces to the Kronecker sum.
The notion of Kronecker product (sum) for matrices was then generalized to

tensor product (sum) of bounded linear operators on a Hilbert space. Let H and X be



Hilbert spaces. The tensor product of two bounded linear operators A:H — H and

B: K — K is the unique bounded linear operator from H ® K into itself such that
(A®B)(x®Yy) = Ax®By 4)

for all xe’H and ye K. The theory of tensor product for operators was focused by

many authors from the past until nowadays, see e.g. Zanni and Kubrusly (2015),
Kubrusly and Levan (2011). The tensor sum for operators was investigated in Kubrusly

and Levan (2011).

Recently, the notion of Tracy-Singh product for matrices was generalized to
Tracy-Singh product for Hilbert space operators; see Ploymukda, Chansangiam, and
Lewkeeratiyutkul (2018a). To define the Tracy-Singh product, we apply the projection

theorem for Hilbert spaces to decompose
H=@H and K= PK
i=1 k=1

where all H ’s and K ’s are Hilbert spaces. Thus every bounded linear operator

AeB(H) and BeB(K)can be expressed uniquely as operator matrices

A = [Aj]i,le and B = [Bkl]:jlnﬂ

where A eB(H,, M) and B, e B(K,,K) for each i, j, k1.

Definition 1. According to the above notations, the Tracy-Singh product of A and B is

defined to be the operator matrix

AXB = [[Aj ®B, ]kul,-’ (5)

which is a bounded linear operator from @;ﬂl;ilHi ® K, into itself.



Note that when m=n=1, the Tracy-Singh product AKX B reduces to the tensor product

A® B. Algebraic, order, and analytic properties of the Tracy-Singh product of operators
were investigated in Ploymukda, Chansangiam, and Lewkeeratiyutkul (2018a) and
(2018b).

In this paper, we generalize the notions of Tracy-Singh sum for matrices and the
tensor sum of operators to the Tracy-Singh sum for operators. This kind of operator sum
turns out to be compatible with certain algebraic operations and operator orderings.
Binomial theorem involving Tracy-Singh sums and its consequences are then
established. Moreover, we investigate continuity, convergence, norm bounds for Tracy-
Singh sums of operators. Finally, we derive operator identities concerning Tracy-Singh
sums and certain operator functions defined by power series.

This paper is organized as follows. In Section 2, we provide preliminaries on the
Tracy-Singh product for operators. We introduce the Tracy-Singh sum for operators in
Section 3 and then investigate its algebraic and order properties. In Section 4, we prove
the binomial theorem involving Tracy-Singh sums and deduce some consequences.

Analytic properties of Tracy-Singh sums are presented in Section 5.

2. Preliminaries on Tracy-Singh products for operators

Throughout this paper, let H and I be complex Hilbert spaces. When X and

Y are Hilbert spaces, denote by ]B%(X,y) the Banach space of bounded linear

operators from X' into ), and abbreviate B(.X,X’) to B(X'). Unless otherwise stated,

capital letters mean operators on a Hilbert space. In particular, | stands for the identity

operator. The positive-semidefinite ordering between two Hermitian operators A and

B in B(7) is defined as follows: A<B means that B— A is a positive operator.



Fundamental properties of the Tracy-Singh product for operators are provided

here; see Ploymukda, Chansangiam, and Lewkeeratiyutkul (2018a) and (2018b). Recall

that each Ae M corresponds to a bounded linear operatorL, : C" — C", x> Ax.
Lemma 2. For complex matrices Ae M _ and BeM_, we have

L XL, = L

ARB

Proposition 3. Let A= [A ] eB(H) and B eB(K) be operator matrices. Then

j

A

LXB - A KB
AKB = [AKB]| = 11 :

A XB --- A XB

Lemma 4. The following properties hold, provided that all operators are compatible.

(AKB) = AXB,

(0A)RB = o(AXB) = AX(aB),
AR(B+C) = ANB+AKC,
(B+C)XA = BRA+C KA,
(ARB)(CXD) = AC KBD.

Lemmab5. Let AeB(H) and BeB(K). If A B>0,then AKB>0.

The next lemma asserts the continuity of the map (A, B) — AKX B.

Lemma 6. Let AeB(H) and BeB(K) be operator matrices, and let (A )"

(B,) ", be sequences in B(7{) and B(K), respectively. If A — A and B, —» B, then

A KB — AKXB.



n,n

Lemma 7. For any operator A:[Aj]m’m eB(H) and B=[B,]

ij=1

e B(K), we have

k=1

1
Al < JamB] < mnjAfjg]. (12)

The next lemma is a direct consequence of Lemma 7.

Lemma 8. Let AeB(H) and BeB(K). Then AKB=0 if and only if A=0or

B=0.

Lemma 9. Let Ac B(H).

(i) If f is an analytic function on a region containing the spectra of A and | XA,
then f (1 @A) = | Kf(A).

(i) If f is an analytic function on a region containing the spectra of A and AXI,

then f(ARI) = f(A)XI.

3. Algebraic and order properties of Tracy-Singh sums for operators

In this section, we define the Tracy-Singh sum for Hilbert space operators and
investigate its algebraic and order properties. It turns out that the Tracy-Singh sum is
compatible with the adjoint operation, the scalar multiplication, the ordinary sum and
commutators. Moreover, positivity and positive-semidefinite ordering of operators are

preserved by Tracy-Singh sums.
Definition 10. Let A = [A ] eB(H) andB = [B,]") e B(K). We define the

1 i, j=1 k,1=1

Tracy-Singh sum of A and B as follows:

AEB = AR, _+1, KB, (13)



which belongs to IB%((-BT‘.” H, ®K, )

j=1" Yi

Note that if both A and B are 1x1 block operator matrices i.e.m =n=1, their Tracy-

Singh sum A HB is known as the tensor sum (Kubrusly and Levan, 2011)
A®B = A®I, +1, ®B.

The next result asserts that the Tracy-Singh sum of two linear maps induced by

matrices is just the linear map induced by the Tracy-Singh sum of those matrices.

Proposition 11. Let A:[Aj]eMn(C) and let B=[B,]eM,_(C) be complex

partitioned matrices. Then

LB, =L (14)

It follows that if £ is a standard ordered basis of M , then
[L, L], = AHB.

Proof. We know that the linear map induced by the identity matrix is the identity

operator. By applying Lemma 2, we get

L, BL,

LXI+IXL, = L XL +L XL,
- LAE@I - LIE@B o LAB%ME@B = LAE%B'
Proposition 11 says that the matrix representation of the Tracy-Singh sum of linear

maps induced by two matrices with respect to the standard ordered basis is just the

Tracy-Singh sum of these matrices.

Proposition 12. Let « and £ be complex scalars. Then for any A,C eIB%(H) and

B,D e B(K), we have



(AEB) = A'EB, (15)

a(A®BB) = (aA)B(aB), (16)
(@+B)(ABB) = aABSB+SABAB, (17)
(A+C)B(B+D) = ABB+CBD. (18)

We call (18) the mixed sum property.

Proof. Using Lemma 4, we obtain (15)-(17). By applying properties (9) and (10) of
Lemma 4, we get

(A+C)HB(B+D)

(A+C)X1+I1X(B+D)

AXT+CXI+IXB+IXD

(AX1+IXB)+(CRI1+IXD)

AHB+CHD.

It follows from (15) that if A and B are Hermitian (skew-Hermitian), then so is
A HB. The mixed sum property (18) implies that if A = X, +iY, and A = X, +iY, are
the Cartesian decompositions of A and A, respectively, then A HA =

X, B X, +i(Y, BY,) is the Cartesian decomposition of A HA,.

Lemma 13. Let A,A €B(H) and B,B,eB(K) be nonzero operators. Then

A®B =A®B, if and only if there exists € C\{0} such that A =aA, and

B =a"B,.

Proof. See Proposition 2.1 of Stochel (1996).



Theorem 14. Let AeB(H) and BeB(K). Then AEHB =0 if and only if there exists

a € C\{0} suchthat A=l and B=-al.

Proof. If A=al and B=-al, then AEHB=0 by Lemma 4. Now, suppose

that AEHB = 0. Then by Lemma 3,

ABB ARl - A I
0= ame = BB AEE o AEI
ALK ALRI o A BB

For any i,je{l,...,m} such that i=j, since A XI=0, by Lemma 8 we can

deduce A, = 0. Let i e{1,...,m} and consider

A\i@Bn I®Blz I®Bln
|®821 Ai®BZZ I®an 0
I®Bnl I®Bn2 Ai®Bnn

Lemma 8 implies that B, =0 for anyk =1. For ke{1,...,n}, we have A @B, =0 if

and only if A®(-1)=1®B,. If A®(I)=1®B,, then I®B, =0 and hence

&
B, =0 for all k=1,...,n by Lemma 8. It follows that B=0 and AX | = AEHB =0.
Thus A=0 by Lemma 8. Assume that A =0 for alli=1,...,m. By Lemma 13, there
exists «, € C\{0} such that A, =¢,l and-1=¢,'B,. For any fixed i, we have

A=a]l for al k=1..n. Hence, ¢,=a,=...=¢q,=¢,. For any

fixedk e{1,...,n}, we have B, =—¢l for alli=1,...,m. This implies

thate, =, =...=a, =a. Thus A, =«al for all i=1,....m and B, =-«l for

allk =1,...,n. Therefore A=«l and B = —-al .



The next result provides formulas for the inverses of AHB in terms of Tracy-

Singh products.

Proposition 15. Let AeB(#) and BeB(K) be invertible operators. If AHB and

A'HB™ are invertible, then

(ABB)* = (A'XI)(A*EB*) (1KB?), (19)
(ABB)* = (I1KB*)(A'EB™) (A'XI), (20)
(ABB)* = (A*BB*) (A'XKBY). (21)

Proof. Applying Lemma 4, we have

(AHB)" = (AXI+IXB)"

(A*R1)[(1KB+ARI)(A*KI)]

= (AMRIN[A®B+IRI]

(A'®1)[(I1RB*)(ARB+IKI )T(I XB™*)

(A'RI)[A*RI+1 KB ] (1KB?)

(A'X1)(A*EBY) (IKB?).

Similarly, we obtain the properties (20) and (21).

Recall that the commutator and the anticommutator of A,BeIB%(H) are defined
respectively by
[A,B] = AB-BA,

[AB] = AB+BA.



Proposition 16. Let A,C e B(H) andB,D eB(K). Then

[ABHB,C EHD] = [A,C]HH[B,D]. (22)
Proof. It follows directly from Lemma 4.

Recall that an operator Ae IB%(H) is said to be normal if [A*, A] =0. It follows

from Propositions 12 and 16 that if AeB(*) and BeB(K) are normal, then so

iISAHB. The next result shows that the Tracy-Singh sum preserves positivity and

order.

Proposition 17. Let A, A, A € B(H) andB,B,,B, e B(K).
(i) If A 0andB>0,thenAHB>0.
(i) If A>A andB, >B,, then A BB > A HB,.

Proof. It follows directly from Lemma 5 and Proposition 12.

Proposition 18. Let A,C e B(H) and B,D e B(K) be positive operators. Then

(ABB)(C D) > AC HBD. (23)

Proof. Applying Lemma 4, we have

(AEB)(CHED) = ACHBD+AXD+CKXB,

Since AXID+C X B is positive, we get the result.

Corollary 19. Let A,C e B(H) and B,D € B(K) be positive operators. Then

[A®B,CED] > [AC] B[B,D] (24)

i

Proof. It follows directly from Propositions 12 and 18.



4. Binomial theorem involving Tracy-Singh sums and its consequences

In this section, we prove an operator version of the binomial theorem in which
the sum and the product are replaced by the Tracy-Singh sum and the Tracy-Singh
product, respectively. Consequently, we obtain certain operator inequalities, including a
Bernoulli-type inequality. Binomial theorem is also used to treat the nilpotency of the

Tracy-Singh sum of two operators.

Theorem 20. Let Ae B(H) and B eB(K) be compatible operator matrices. Then for

any integer r > 2,
r-1
(AEB)" = A“HﬂBr+Z(lij(Ar‘k®Bk). (25)
k=1

Proof. By using Lemma 4, we have

(ABB)" = (AKRI+IXB)(AXI +1XB)

A°X|+2AKB+IXB? = A’HB?*+2AKB.

This show that (25) is true forr = 2. Suppose that (25) holds for an integerr > 2. Then,

by Lemma 4,

(ABB)" = (A®BB) (ABB)

[A’ BB +§[U(A” X Bk)J(AEE B)

k=1

(A'EB")(AM B)+[§(LJ(A” X Bk))(AEH B)

(A1) (ARI)+(ARI)(1XB)+(1KB)(AXI)

r-1

+(1=B") (19 B)+Z(U(A’k XB*)(AXRI) +§(U(A” XB")(1XB)

k=1

A"XIl+A'XB+AXB" + I XB™



r

= rj(Ar-k %4 Bk+1)
1\ K

+i(n(Ar"‘”®Bk)+
k=1

- r r+1)— - r r+l1)—
= A”EEB”+Z(k](A( " RBY) +Z(k_1j(A< I RBY)

k=1 k=1

r+l r+l : r+ 1 (r+1)-k k
A XB").
A @B +§( ) j( )

k=1

Corollary 21. Let A>0 and B >0 be compatibly operator matrices. Then

(AEB) > A" @B’ (26)
forany reN.
Proof. It follows immediately from Theorem 20 and Lemma 5.
The next result is a Bernoulli type inequality concerning Tracy-Singh sums.
Corollary 22. Let A be a positive operator. Then for anyr e N,
(27)

(1 EBA) > I B(rA).

Proof. Since A>0, we have IEHA" > 1 X | . By Theorem 21, we obtain

(1B A) |BﬂAf+§(LJ(|&Ak) = IBHAr+r(IXIA)+;Il:J(I&A“)

> IBA +r(1KA) > IKI+IR(rA) = 18(rA).

Corollary 23. Let AcB(H) andBeB(K). If A and B are nilpotent, then AHB is

also nilpotent.

Proof. Suppose A" =0 and B®* =0 for some r,s € N. From Theorem 20, we get



(AEE‘ B)r+s _ HS(I’:S](AHs—k X Bk)

r+s

- z(rsz(Amk R Bk)+z(r:SJ(A”5k B").

k=s

If k>s,then B*=0.1f k<s,then r+s—k >r and hence A =0. Now,

(AEB)™ = Szl:[rzsj(m Bk)+f[r:SJ(A”S-k <0)

k=0 k=s

S1ir+s “Sr+S S
O&B + " (A&O)

k=0 k=s

= 0.

This means that AH B is nilpotent.

5. Analytic properties of Tracy-Singh sums
In this section, we investigate continuity, convergence, norm bounds for Tracy-Singh
sums of operators. We also discuss the relationship between Tracy-Singh sums and

certain functions of operators defined by power series.

Proposition 24. Let Ae B(H) and B e B(K) be operator matrices, and let (A )" and

r=1
(B,),., be sequences in B(#) and B(K), respectively. If A-— A and B, — B, then
A BB, — AHEB.

Proof. By Lemma 6, we have AXI—>AXI and IXB, —»I1XB. Thus

AKI+IKB —»ARI+IKB,ie A BB, - AFB.



Proposition 24 asserts that the Tracy-Singh sum is (jointly) continuous with respect to
the operator-norm topology. The next result is a triangle-like inequality for Tracy-Singh

sums.

Proposition 25. For any A=[A/ ]

i j=1

n,n

k,I=1

eB(H) and B=[B,] |, €B(K), we have

1

— [ ABB < [Afl+][B]. (28)
mn

Proof. It follows from the norm estimation in Lemma 7.

In the rest of paper, we shall establish operator identities involving Tracy-Singh

sums and functions of operators defined by power series. Recall that for any T € B(H),

we define

Y o ¥

el & kz(;ET ; (29)
: S _1k 2Kk+1
sin(T) = ;(ékgl)!T ! (30)
cos(T) = Z(;—i))!ﬂ", (31)
sinh(T) = g(zkil)!TM’ (32)
cosh(T) = gﬁﬂk. (33)

The series on the right hand side of (29)-(33) converges in the norm topology of B(H) .

If T is positive and invertible, we define logT to be the operator X such that e* =T.

The following facts are well-known.



Lemma 26. Forany S,T € B(H) satisfying ST =TS, we have

S+T SAT

€ = €€,

sin(S+T) sinScosT +cosSsinT,
cos(S+T) = cosScosT —sinSsinT,

sinh(S+T) = sinhScoshT +coshSsinhT,

cosh(S+T) = coshScoshT —sinhSsinhT.

If S and T are invertible positive operators such that ST =TS, then

logST = logS+1logT.

Theorem 27. Let Ae B(H) and B e B(K). Then

e’® = e"Xe°®, (34)

sin(AEB) = sin AKcosB+cos AKsin B, (35)

cos(AHB) = cos AXcosB-sin AXsin B, (36)

sinh(AEBB) = sinh AR cosh B +cosh AKsinh B, (37)

cosh(AHEB) = cosh AKcosh B —sinh AKsinh B. (38)
If A and B are invertible positive operators, then

log(AXB) = log AHlogB. (39)

Proof. By property (11) in Lemma 4, we have (AXI)(IXB)=(IXB)(AXI). It
follows that

ABB  _ AARI4IKB AR, IRB
e = €

= ee (by Lemma 26)

(e"X1)(1=e°) (by Lemma 9)



= e¢"Ke° (by Lemma 4, property (11)).

Similarly, we get the identities (35)-(39).

Our results in this paper suggest that the Tracy-Singh sum is a “sum”, while the Tracy-

Singh product is a “product” for operators.
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Abstract
We develop further theory for Khatri-Rao products of Hilbert space
operators in connections with selection operators. We provide two con-
structions related to selection operators. Then we establish certain iden-
tities and inequalities involving Khatri-Rao and Tracy-Singh products.
As consequences, we obtain some characterizations for the mixed product
property concerning the Khatri-Rao product of operators.

Keywords: tensor product, Khatri-Rao product, Tracy-Singh product, opera-
tor matrix
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1 Introduction

This paper concerns operator extensions of certain matrix products, namely,
the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao
product. Fundamental theory for these matrix products are collected, for in-
stance, in [1, 2, 4, 5, 10, 11, 12] and references therein. Denote by M,, ,(C)
the algebra of m-by-n complex matrices. Recall that the Kronecker product of
A = [a;;] € Mp, »(C) and B € M, 4(C) is given by

A® B = [aijB]ij .
Consider partitioned matrices A and B such that the (¢, j)th block of A is A;;
and the (k,1)th block of B is Byj;. The Tracy-Singh product [9] of A and B is
defined by

AXB = [[Ai®Bu],],;- (1)

The Khatri-Rao product [3] is defined for two partitioned matrices A = [A;;]
and B = [B;;] as follows
AGB = [A;&By] (2)

ij "

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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The tensor product of Hilbert space operators can be viewed as an extension
of the Kronecker product of complex matrices. Recall that the tensor product
of A€ B(H,H') and B € B(K,K’) is the unique bounded linear operator from
H ® K into H' ® K’ such that (A ® B)(z ® y) = Az ® By for all x € H and
y € K. Recently, the Tracy-Singh product and the Khatri-Rao product for
matrices were generalized to those for operators acting on the direct sum of
Hilbert spaces, see [6, 7, 8]. Fundamental algebraic and order properties of
operator Khatri-Rao products are investigated in [8]. That paper also provides
a construction of a unital positive linear map taking the Tracy-Singh product
of two operators to their Khatri-Rao product. Such a linear map appears in
the form X +— Z*AZ where Z is an isometry, called a selection operator. See
details in Section 2.

The present paper contains further development on operator Khatri-Rao
products in relations with Tracy-Singh products and selection operators. First,
we provide two constructions related to selection operators (see Section 3).
Consequently, we establish some operator identities and inequalities involving
Khatri-Rao and Tracy-Singh products (see Section 4). Finally, we obtain some
characterizations for the mixed product property concerning the Khatri-Rao
product of operators (see Section 5).

2 Tracy-Singh products and Khatri-Rao prod-
ucts for operators

Throughout this paper, let H, H', K and K’ be complex separable Hilbert
spaces. When X and ) are Hilbert spaces, let us denote by B(X,)) the space
of all bounded linear operators from X into ) and abbreviate B(X, X) to B(X).
Capital letters always denote a Hilbert space operator. In particular, I and O
stand for the identity and the zero operator, respectively.

In order to define Tracy-Singh products of operators, we fix the following
decompositions

m

n q P
H=0PH, H=PH, K=K, K =K. (3)
Jj=1 =1 Jj=1 i=1

where all of #;, H}, Ky, K}, are Hilbert spaces. For each jand [, let M, : H; — H
and N; : K; = K be the canonical injections. For each i and k, let P, : H' — H,,
and Qr : K’ — Kj, be the canonical projections. Given A € B(#H,H’), put
A;; = P,AM; € B(M;, H]) for each 4,j. Thus we can write A in the operator-

matrix form A = [A”]:”Jil Similarly, given B € B(KC,K’), let By, = QpBN, €

B(K;,K},) for each k =1,...,pand | = 1,...,¢q. We can identify B with the
operator matrix B = [By Y.

Definition 1. The Tracy-Singh product of A and B is defined to be the bounded
linear operator from @7, H; @ Ky to @;7", Hi ® K}, represented by

AX B = [[A” X Bkl]kl] i (4)
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If both factor A and B consist of only one block, then AX B =A® B.

Lemma 2 ([6]). The following properties of the Tracy-Singh product for oper-
ators hold (provided that each term is well-defined):

1. Compatibility with adjoints: (AKX B)* = A*X B*.

2. Mized-product property: (AKX B)(C X D) = ACX BD.

3. Monotonicity: if A>B>0and C>D >0, then AXB>CXD > 0.
From now on, we fix the decomposition (3), and assume n = ¢ and m = p.

Definition 3. The Khatri-Rao product of A = [Ai;]; %y and B = [By;][, is

defined to be a bounded linear operator from EB;LZI H; @K, to @ir, Hi @ K]

i=
represented by the operator matriz

AEB=[Ay; @ Byl - (5)
Lemma 4 ([8]). For A € B(H,H') and B € B(K,K’), we have (AL B)* =

A* [ B*.
Fix an ordered tuple (H,H’,KC,K") of Hilbert spaces. Define the ordered
pair (Z1, Z5) of selection operators associated with (H,H', K, K’) by [8]:

E; Fy
w == |\ Fndedsss (P! (6)
Fm k,
Here, for each r = 1,...,m

m,m

E, 4 [E;ﬂ gém@/c; — PH. 2K
=1

=1
L md

with E!(J;l) is an identity operator if ¢ = h = r and the others are zero operators.
For each s =1, ..., n, the operator Fy is defined by

n,n 4 I
K€ {F;}z)} : ZE:BIH“X”C@' N J_EPIHS@’CJ‘

g,h=1

with Fé;? is an identity operator if ¢ = h = s and the others are zero operators.
From the construction, the operator Z; is an isometry and Z, 2 < I fori =1, 2.
When H = H' and K = K’, we have Z; = Z5.

Lemma 5 ([8]). Let (Z1, Z3) be the ordered pair of selection operators associated
with the ordered tuple (H,H',K,K"). For any operator matrices A € B(H,H')
and B € B(K,K'), we have

ABB = Z{ (AKX B)Z,. (7)

For the case H = H' and K = K', we have Z1 = Z5 := Z and hence for any
A € B(H) and B € B(K),

ABB = Z*(AX B)Z. (8)
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3 Two constructions related to selection opera-
tors

In this section, we construct certain operators related to selection operators.

Theorem 6. Let (Z1,Z5) be the ordered pair of selection operators associated
with an ordered tuple (H,H',K,K"). Then there exist operators

m—1 m m m

v Ppriek;, - PP ek,
= i=1 j=1
n—1 n n n

W PpPHek, - GEPHieK;
=Nyl i=1 j=1

such that ZyV =0, ZZW =0, Z1Z{ +VV* =1 and ZZ5 + WW* = 1. If, in
addition, H = H' and K =K', we have V = W.

Proof. Let
Vi
i A/ (9)
Vin
where
mm2_1 m m m
(r) _ (rYNs ) / / ’ /
v = [VM L,lzl @ @ Hi®/cia@ﬂ,>®/ci
1=1 = =1
i+j<m?

for r = 1,...,m, with Vk(;") is an identity operator if k £ r and [ =m(r — 1) + k
and the others are zero operators. Note that

EiV;
1 0 0 00 - 0 0 0 0 0 0 0
00 0 0 I 0 0 0 0 0 0 0
0 0 0 0 0 I 0 0 0 0 0 0
= 0.
For each r, we have
0 0 0
0 I 0
V.V = )
0 0 I
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Then we obtain

Vi
Vs
7V = [Ef Ej EBpl| | = BiVi+ BsVat . 4 BV = 0,
Vin
W ZE+VV*
[E\Ef  E\E} E\EZ, WYy Wy ViV
E2Ef  EyE3 EsE* VWi Voll A%
7 0 - 0 00 -+ 0 i g
00 --- 0 KTL&= ¢ 0O I - 0
=4 - HHNM1 ) S~V — &
00 -~ 0 O O o=/ kF 00 ... I
Now, let
Wi
i H |4 (10)
Win
where
n,n?—1 n n n
W(S)Z[W(S)} 3 i i s i
N/ @ EB H, @ K —>§BH @K
=N i=1 i=1
itj<n?®

for s =1,...,n, with Wk(ls) is an identity operator if k # s and [ = n(s — 1) + k
and others are zero operators. A direct computation shows that Z3W =0 and
7975 + WW* = I. When H = H and K = K’, we have V; = W, for all

i=1,...,m,ie. V=W, O
Theorem 7. Fiz the decomposition (3) with n = q and m = p. Suppose
further that H; = X, K; =Y, Hj = &' and Kj =)' foralli=1,...,n and

j=1,....m. Let (Z1,Z5) be the ordered pair of associated selection operators.
Then there exist operators

m—1 m m m
- PPpaey - PHPpaey,
i=1 j=1 i=1 j=1
n—1 n n n
Q: PPHroy - HGPrey
i=1 j=1 i=1 j=1
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such that Z7Q; = 0,Q;Q; = I and Z; Z +Q;Q; = I fori =1,2. If, in addition,
H=H and K =K', we have Q1 = Q5.

Proof. Consider

Ey E5 --- Eom Fy Fy - F,
Es E; -- E; Fy Fy - )2
Ql = : : - : 5 QQ - : : - : . (]‘]‘)
Ey Ey - Ey, I Fy - Fhy
Then calculations reveal that
Ey E5 -+ E,,
Es E; -- E;
ZiQr = By By - Epl| o o o= 1[00 - 0],
El E2 = Em—l
r E} E§‘ E; Ey By B
" Py EINT\ C &5 E; By .-- Ey
O R ; . : : : :
N E, @0 )T &) Fud
SOELE; 0 0
0 MNEfE; [ 0
=5 ) . 3 I7
L0 0 Y BLE;
Q10 + 2,77
(B3B3 e 2 EY Ey B3 7 B E;
E;—E} - E} Es Ei - Fq FEo
#l . ! ’ (Y |+ B B3 - ER]
_E'r*n Eik Ny E:n—l El E2 e Em—l Em
> is1 Bl 0 0 E\E; 0 0
0 Ei# E,E; - 0 0 EsEy - 0
= | : > + . . . .
I 0 0 N BiEY 0 0 o EnEX
[>T E,E} 0 0
0 S EEf - 0
= . . . . = 1.
| 0 0 <o S EE}
Similarly, we have Z5Q2 =0, Q5Q2 = I and Z275 + Q2Q5 = 1. When H =H’
and K =K', we have E; = F; for all i = 1,...,m, i.e. Q1 = Qs. O
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4 Operator identities and inequalities concern-
ing Khatri-Rao products, Tracy-Singh prod-
ucts, and selection operators

In this section, we apply the construction in Section 3 to establish certain op-
erator identities and inequalities concerning Khatri-Rao products, Tracy-Singh
products, and selection operators.

Theorem 8. Let (Z1,Z5) be the ordered pair of selection operators associated
with an ordered tuple (H,H',K,K'). Let V _and W be operator matrices defined
by (9) and (10). For any operator matrices A € B(H,H') and B € B(K,K’),
we have
AA* L BB* (AOB)(A*EB*)+ Z] (AR B)WW*(A* XK B")Z;, (12)
A*AOB*B = (A*OB*)(ADB) + Z;(A*R B )VV*ARB)Z,. - (13)
Proof. Since AA* € B(H') and BB* € B(K’), the ordered pair of selection
operators associated with (H', H', K, K') is given by (Z1, Z1). By using Lemmas
2 and 5, and Theorem 6, we get
AA*EO BB* = Z{ (AA" X BB*) Z;

= Z} (AR B)(AX B)* Z;

= Z7 (AR B) (Z:Z; + WW*) (AKX B)*Z;

= Z{(ARB)Z2Z5 (AR B)*Zy + Z7 (AR B)WW* (AKX B)* Z,

= (AOB)(AUB)" + Z; (AR B)WW*(AX B)" Z;.
Now, for inequality (13), note that A*A € B(H) and B*B € B(K). In this case,
the pair of associated selection operators is (Z3, Z5). It follows that

A*AEOB*B = Z; (A"AX B*B) Zs

= Z;(ARB)*(AX B)Z,

= Z3(ARBY (Z1Z7 + VV*) (AKX B)Z,

= ZJ(ARB)*Z1Z{ (AX B)Zo + Z; (AR B)*"VV* (AKX B)Z,

= (A"EB")(ALB)+ Z;(A* X B)VV* (AKX B) Z,. O

Corollary 9. Let A € B(H,H') and B € B(K,K') be operator matrices. Then
AA* O BB* > (AGB)(A* B BY). (14)

Proof. Tt follows immediately from Theorem 8. O

Theorem 10. Assume the hypothesis of Theorem 7. For any A € B(H,H')
and B € B(K,K'), we have

AA*EOBB* = (AQB)(A*EB*) + Z} (AR B)Q2Q5(A* K B*)Z,,  (15)
A*ADB*B = (A*EOB*)(AQB) + Z;(A* R B)Q1Q1(AK B)Z,,  (16)

where Q1 and Qo are operator matrices in (11).
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Proof. The proof is similar to that of Theorem 8. Instead of Theorem 6, we
apply Theorem 7. O

5 Characterizations of the mixed product prop-
erty for Khatri-Rao products

In general, the mixed product property
(AL B)(CWD) = ACEOBD

does not hold for compatible operator matrices A, B,C, D. It is interesting to
find necessary and sufficient conditions for which this property holds. Indeed,
we have the following assertions.

Theorem 11. Assume the notations in Theorem 8. For any operator matrices
AeB(H,H) and B € B(K,K'), the following statements are equivalent:

(i) ACLOBD = (AW B)(CLED) forall C € B(H',H) and D € B(K',K),
(ii) AA*EBB* = (AQ B)(A* [ BY),
(iii) Z; (AR B)W. = 0.

Proof. 1t is clear that (i)=-(ii). To prove (ii)=-(iii), suppose (ii). By Theorem
8, (ii) holds only if

[ZH (AR B)W] [W* (AR B*)Zy] = 0,

ie., Z{ (AR B)W = 0.
(iii)=-(i): Assume the condition (iii) holds. Note that by Theorem 6 we have

ZHARB)(I =257}) = Z{(ARBYWW* =0,

and hence Z7(AX B) = Z{(AX B)ZyZ5. For any C € B(H',H) and D €
B(K',K), we have by Lemmas 2 and 5 that

ACBOBD = Z](ACX BD)Z,
= Z}(AR B)(C R .D)Z
= Z{ (AR B)ZyZ5(C K D)Z;
= (ABQB(COD).
Thus we arrive at (i). O

Theorem 12. Assume the notations in Theorem 8. For any operator matrices
A e€eB(H,H') and B € B(K,K'), the following statements are equivalent:

(i) CADDB = (CED)(AQB) for all C € B(H',H) and D € B(K',K),
(ii) A*AQB*B = (A*EB*)(AQB),
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(iii) V(AR B)Zy = 0.

Proof. Clearly,(i)=(ii). The assertion (ii)=-(iii) follows from Theorem 8. Now,
suppose that (iii) holds. Then VV*(AKX B)Z; = 0. Using Theorem 6, we get

(I-2,Z)(ARB)Z, = VV*(ARB)Z; = 0

which implies (AX B)Z; = Z1Z{(AX B)Z,. For any C € B(H',H) and D €
B(K’,K), we have by Lemmas 2 and 5 that

CAEDB = Zj(CAR DB)Z,
= 7} (CRD)(AR B)Z,
= Z;(CRD)Z,Z} (AR B)Z
— (CED)(AOB). O

Theorem 13. Assume the hypothesis of Theorem 7. For any operator matrices
A eB(H,H') and B € B(K,K'), the following conditions are equivalent:

(i) ACEBD = (AQB)(CUED) for all C € B(H',H) and D € B(K',K),
(ii) AA* 0 BB* = (AL B)(A* & B*),

(iii) Zf (AKX B)Q2 = 0.

Proof. The proof is similar to that of Theorem 11. O

Theorem 14. Assume the hypothesis of Theorem 7. For any operator matrices
A eB(H,H) and B € B(K,K"), the following statements are equivalent:

(i) CAUDB = (CED)(AEB) for all C € B(H',H) and D € B(K',K),
(ii) AXALB*B = (A*Q B*)(AEB),

(iii) Qi (AX B)Zy = 0.

Proof. The proof is similar to that of Theorem 12. O
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