drlnvedayanan nsgavNINAIAIANTS

auv s d
NENUMIIBYAVUATULUIY

w

a v dou o J Ad'da d
aemmiwaﬂ%wuﬁauﬂmﬂumuﬂmu aa

Impulsive fractional integral inequalities

TRl

WYy Inentnusfian

aroVy

mnzidiou 0778 8%—:
s dou il 2 (.6 2009

.. 12806577

.
1

TeSupuaivayuanddnn  Susdldaee - dszdithuilszing 2556
=) d
AZINANIAAS

aotiunalulagwizeoundudgammsaInnszii



o ¢

Folnsenis sauMIBINuTsuALIANEIRAT B uNAE

UYA9RY NUEIRINNNIY wtszinouwiungle
Uszdiilentlszina 2556 Stwaudud IRSumseivayy 41,000 U
sseznaninsise 11 awa 1 Aanny 2555 9 30 AULIBY 2556
wamhlasins  wedde Inefesada anadiasand asginoemand

aoniuma TuTatnszvenndudigunmisainns2aia

unfAge

muASeiAnneaumBalSWuSs UG AE UATBuWa S mmfuﬂs:qn@fwaé’wﬁﬁ‘lﬁn”uﬂ?ym
msmuqumm:auﬁqmamumw‘z‘magvi’ufé’uﬂ"mﬂuﬁauﬁﬁﬁuw’aéﬁﬁmmﬁwrﬁmm
wananitlumsiansold s_mﬂ"’zazhmumsmms’auﬁﬁd‘:muquLta:'l'z?wamanuﬁ HugunIine
WwagvamIMInIUauMINERIRigaianday

s ¢

o, 0 o a o fv e s daa o Y -
ALY : afmmiwaﬂswuﬁ'auﬂuLﬂumunﬁauwaa, msmuqummzaquﬂ, RUNITANUIAU, FUNIILDI

v o o ’ daa o ¢
a%wuﬁﬂuﬂUlﬂHﬁquﬂNauwaa



II

Research Title: Impulsive fractional integral inequalities
Researcher: Mr. Wichai Witayakiattilerd

Faculty: Science Department: Mathematics

ABSTRACT

In this research, the impulsive fractional integral inequalities was studied. The results was applied
to the optimize problem of the impulsive fractional differential equation with time delay. Furthermore, the
optimize problem of the generalized heat equation with time delay was riased as an example that support our

results.
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CHAPTER 1
INTRODUCTION

The mathematical models of many real world problems can be described by impulsive differential
equations. They have been studied quite extensively [4,8,9,14] because they have advantage over the
traditional initial value problems. They can be used to model other phenomena that cannot be modeled by
the traditional initial value, such as the dynamics of the systemic arterial pressure, the dynamics of
populations subjected to abrupt changes (harvesting, diseases, etc.). Some phenomena in physics or in the
other fields, some time they cannot be described or characterized by the differential equations of integer
order but they can efficiently be described by the fractional order.

Among the previous research, little is concerned with integro-differential equations with fractional
order and impulse.

In 2006, Chonwerayuth [2] proved the existence and uniqueness of a classical solution of an

integro-differential equation;
x7 (1) Ax (1) = f (6, 2(2),x" )+ [h(1,5) g (5, Kx(s))ds+Bu(z), t € [0,T],

x(t)=o(t) ,te[-r,0]

e ' (9)=x(t+9) ,—r—1<0<0

(1

In the same year 2006, Wei.W [14] has done a portion of work on the nonlinear impulsive integro-

differential equation;

x'(t)+Ax(t) = F(t,x(t),Gx(t);8x(¢), t=t,,t[0,T]

Ax(t,) = J,(x(t,) ;i=1L2,...,n

x(0)=x, @
where G and S are nonlinear integral operators given by

Gx(f) = jo k(t,7)g(z,x())dr and Sx(f)= jOT h(t,7)s(z,x(z))dr .
In 2008, Gastao S.F.Frederico [3] has studied on the fractional optimal control in the sense of

Caputo and the fractional Neether's theorem.



In 2009 , Gisele M.Mophou [4] proved existence and uniqueness of mild solution to impulsive
fractional differential equations
D7 x(t) = Ax(®) + f(t,x(1)), t #¢,,t €[0,T]
Ax(t)=J,(x(@), t=t,i=12,.,n; 3)
x(0) =x,
where 0 <& <1 and D] denote the Caputo fractional derivative.
These researches motivate our research. In this research, we consider some implusive fractional
integral inequalities on a Banach space X .
1.1 The purpose of the research project
1.1.1 To study the definitions and theories associated with the fractional integral inequalities.
1.1.2 To‘ study and find the necessary and sufficient conditions for the inequality of fractional
integrals.
1.1.3 To solve the integral inequality of fractions order.
1.1.4 Applied to the problem described by equations of fractional integro-differential with
impulse.
1.2 The scope of the research project
1.2.1 Study definitions and theories associated with the fractional integral inequality.
1.2.2 Examined and the necessary and sufficient conditions for the inequality of fractional
integrals,
1.2.3 Solve the fractional integral inequality and give somes examples to support the theory.

1.2.4 Apply the main results to the fractional differential equations.



CHAPTERII
PRELIMINARIES

In this chapter, we will state the definitions and theories that use in the research such as some

definitions and theories on Banach space, fixed-point theory and fractional calculus theory etc.

2.1 Some definitions and theorems on Banach space

Functional analysis plays a central role in this reseach. In this section, Some of definitions and
theories those are required in subsequent chapters, with appropriate references given wherever necessary.

Let X be a Banach space with norm||-||. Let ¥ be another Banach space with norm ||-||,.A
linear transformation from X into ¥ is bounded on a domain of T, D(T) if there exist a constant ¢
such that || Tx ||, < ¢ || x || for all x € D(T).The linear space of all bounded linear operators from X into

Y ,denoted by £(X,Y) and denote L(X,X) by L(X).

Definition 2.1 A sequence x, in X is said to be a strongly convergent to an element x in X if

|| x, —x||—>0 as n—> 0. We denote by x, —>° x.

Theorem 2.2(Uniform Boundedness Principle). Let {7, |z € A} be a family of operators from L(X,Y) .
If for each x € X there is a constant ¢, such thatsup{|| 7, |a € A||}<c,, then the operator {T,} are

uniformly bounded.

Let X beaBanachand X  is its dual. Element of X can be used to generate a new topology
for X called weak topology. Note that the norm topology on X was called strong topology. So the new
topology is weaker than the strong (norm) topology. Particularly, the linear functional on X that are
continues in the weak topology are precisely the functional in X" . The concept of open (closed) sets,
compactness, convergence, etc., are topological, hence they must be qualified by referring to the topology
involved. In the case of norm linear spaces, when one speaks of open (closed) sets, compactness,
convergence, etc., one refer to strong (norm) topology, while, with reference to its weak topology, they are
called weakly open (weakly closed) sets, weak compactness, weak convergence, etc. Thus a sequence

{x,} in X is said to converge weakly to an element X in X if, foreveryx € X , x (x,) = x (x),



written by x, —" x . Every weakly convergent sequence is bound. Every strongly convergent sequence is

weakly convergent, but the converse is not true.

2.2 Extremal Set and Extremmal Points
Definition 2.3 A subset C of a real or complex vector space X is said to be a convex if, for & €[0,1],

ax, +(1-a)x, e C forevery x,x,€ X .

Definition 2.4 Let K be a subset of a real or complex vector space X . A nonempty subset E of K is
said to be an extremal subset of K if a proper convex combination ax, +(1—-a)x,, 0<a <1, of two
point x,, X, of K linein E only ifboth x, and x, in E.An extremal subset of K consisting of just one

point is called an extremal point of K .

Definition 2.4 A real value function f defined on a topological vector space X is said to be convex
(strictly) if for every x;,x, € X ;
flex+(-a)x,,)<(Qaf(x)+(1-a)f(x,), forall 0<a <1

This is a classical result from the theory of extremals.

Theorem 2.5Let C be a weakly compact subset of a Banach space X and f a weakly lower

semicontinuous function on C, that is, f(x,)<lim f(x,) whenever x, — x,. Then f attains its

n—w

minimum on C . Furthermore, if C is also convex and f strictly convex, then it has a unique minimum

inC.

2.3 Fixed-point Theorems

Fixed-point theorem on Banach spaces or contraction mapping is an advantage tool that is not
difficult applying proving the existence and the uniqueness of equations.

Consider a function @ : R — R and suppose that we require solving the equation @(x) = 0. This
is equivalent to solving the equation (x) = x where w(x) = @(x)+x forallx e R.

Thus Xx is a zero of ¢ if and only if X is a fixed point of ¢, i.e. a point which is left unaltered
after the application of . More generally, many problems are equivalent to solving Af = f where

A :D(A) — R(A) is an operator (not necessarily linear), acting in some normed vector spaces , D(A)



and R(A) are domain and range of 4 in X respectively i.e. we seek a fixed point f € D(A) of the
operator A (for simplicity, we write Af rather than A(f)).
There are many fixed-point theorems, which guarantee existence and/or uniqueness of fixed

points. We state here what is used in this thesis.

Definition 2.6 Let X be a normed vector space and let A:D(A) — R(A) be an operator (not
necessarily linear). Then
1) A is a contraction if there exists a constant ¢ with 0 < ¢ <1 such that

| 4fi = AL Il A = £ |l forall £, f, € D(4) ¢y

2) A is strictly contraction if there exists a constant ¢ with 0 < ¢ <1 such that (1) holds.
Theorem 2.7 (The contraction mapping theorem; Banach fixed point theorem) Let X be a Banach space
and let A: X — X be a strictly contraction. Then the equation Af = f has a unique solution in X .i.e.
A has a unique fixed point f .

The result of this theorem can easily generalize as follows:

Theorem 2.8 Let X, be a closed subset of the Banach space X and assume that the operator A map

X, into itself and a strictly contraction on X, . Then the equation Af = f has a unique solution f € X,

Theorem 2.9(Leray-Schauder theorem) Let T be a continuous and compact mapping of a Banach space
X into itself such that the set {x € X |x=ATx for some 0 <A <1} is bounded. Then T has a fixed

point.

2.4 Semigroup of linear operators

Consider a dynamic system, the state of which is evolving with time according to some
law. For example, we may be interested in the temperature distribution along a rod which is being heated at
one end. Suppose the initial state of the system isx,; in this case x,(z) would measure the initial
temperature at the point z of the rod. At a subsequent time? > 0, the state of the system will be given by
x(z,t); this state would measure the temperature at the point X at time #. Since, for each? > 0, the state

x(z,t) is an element of a Banach space X .We shall use the symbol u(f) to indicate such a state, i.c.



x(t)(z) = x(z,1) . The state x(t) will be related to the original state x, by some transition operator T'(¢)

so that
x(t)=T(")x,, forallt20

We shall thus obtain a family {T'(¢)},,, of such operators. It is natural to ask what properties this
family should have.

Firstly, each operator T'(f) acts in a set of "state x,", where the states can typically represented
by functions. Hence the domain of 7'(¢) will be a subspaces of function.

Next, it is clear that 7°(0) must bel, the identity operator on X since at £ =0 there is no
transition. Further, for any 5,7 20 we should require that T'(s +#)x, = T'(s)T(t)x, . Indeed, the left hand
side describes the evolution over a time interval of length s +¢. The right hand side effectively say that the
system evolves from X, to T(#)x, in ¢ units of time and then continues to evolve from T'(¢)x, to
T(s)[T(t)x,] in a subsequent time interval of length 5, from ¢ to s+¢. The net effect should be the
same as going nonstop from 0 to s+ ¢, without taking a snapshot at time?.

Thus, we led to the two conditions
TO)=1, T(s)T(t)=T(s+¢t) forall 5,120

Finally, it is natural to expect that if § is close to, and then T'(s)x, should be close to T'(¢)x, in
some sense. This is concept to define a family of transition operator say “semigroup of operators”. We are

now ready to make the following formal definition. Throughout this section X" be a Banach space.

Definition 2.10 A one-parameter family {T'(f)},,, of bounded linear operators from X into X is a

semigroup of bounded linear operators on X if
1) T(0)=.1, (I is the identity operator on X ) ;
2) T(t+s)=T()T(s) forevery t,5 >0 (the semigroup property).

A semigroup of bounded linear operators {T'(#)}, is uniformly continuous if

']_lg} Wr@ -1 ”L(X)= 0.



The linear operator A defined by

D(4)={xe X | lim TOx=x ists)
and
dx = lim T(’);‘"x=d ng’)x oo forall x e D(A)

is called the infinitesimal generator of semigroup {7'(¢t)}59, D(4) is the domain of 4.

From definition 2.10, we have a semigroup {T'(f)},, with a unique infinitesimal generator. If
T(¢) is uniformly continuous, its infinitesimal generator is a bounded operator. On the other hand, every
bounded linear operator A is the infinitesimal generator of a uniformly continuous semigroup {7'(#)} .,

and this semigroup is unique.

Definition 2.11 A semigroup {I'(#)},., of a bounded linear operator on X is a strongly continuous

semigroup of bounded linear operators if im7'(¢)x =x forallxe X .
1—0*

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of a

C, — semigroup.
Theorem 2.12 Let —A4 be an infinitesimal generator of the C, — semigroup {T'(t)},,.-Then
a)forall xe X, lim lIHh T(s)xds=T(t)x;
h->0* pp 9t
b) forall x e on T(s)xds € D(A) and A[ T(s)xds =x~T()x ;
c) forall x e D(A4) ,T(t)x € D(A) and %T Ox=—AT(t)x=-T()Ax ;

1 1

d) forall xe D(4), T(s)x—T(E)x= j T(1) Axdr = j AT (v)xdr .
s 5

Theorem 2.12 has some simple consequences that we now state.

Theorem 2.13 If—4 is the infinitesimal generator of a C, —semigroup {T(t)},,, then D(4) is dense in

X and A is a closed linear operator.



2.5 Description of Fractional calculus

Definition 2.14 Let f € C(R,R) and > 0. Define the fractional derivative of function f by

D) = s [ =9 as

for positive, D? f(t)=D"(D*" f(¢)) which O<n—a <1, D" denote the ordinary derivative of

order integer 7 and I'(-) denote the Gamma function.

Theorem 2.15 [Jumarie, G.] Given O<a <1.Letf,g and ¥ be the @ —th differentiable functions.

Then theses equalities hold;

1) D*LF()g®)] = F()D g(t) + £ ()D& (0),
2) D f(u(t)) = D:f(ux%)” .



CHAPTER 111
IMPULSIVE FRACTIONAL INTEGRAL INEQUALITIES

In this chapter, we will discuss some impulsive fractional integral inequalities. Throughout this
chapter, the family of all functions map from R* to R such that their derivatives of order & exist on
R* —{t,} and left continuous at ¢, , k €{1,2,...,n} for 0 <1, <t,,, is represented by PC*(R*,R) .
Theorem 3.1 Given 0 < <1.Let y € PC*(R",R) which respect to,
YO < y(@)pt)+q(0),t %1 1)
() S ay(4,),y(0) =a, &)
where a, , k =1,2,... are non-negative constants and p,q € C(R*,R) . Then

,N#.,_ (=) p(s)ds o - '¢¢_ (s=r)p(r)dr
y0< 3 (Mlae” =™ (" b=t o™ ds) 3)
0SSt 1Syt ¥
ta
where ¢ (1) = ————.
P I'la+1)
Proof. Let # €[0,#,]. Then, we get from inequality (1),
1
~[ e (=5)p(s)ds ~[ b (=5 pls)ds
DeLy@)e WP ¢ gy
By integrating of order & from 0 to 7,
\begin{align*}
o (1=5) p(s)d5 ‘ =] fums (s=r)p(r)ar
YO MG (= s)g()e T )
'a_ —5)p(s)ds la_ —s)p(s)ds pt —,¢a(‘)()d
=a0ej°¢ {-5)p(s) +eI°¢ 1(t=5)p(5) Jo¢a_‘(t—S)q(S)e [ bauss=r)ptr e

On the interval[f,,1,]. By inequality (1), we get

[ o (=5 Pl 5)ds ~f! fra(t=5)p(5)ds
a e 4

D%[y()e
by integrating of order & from 7, to £,

1=4()

[ s (s=rY p(r)dr
6,1 -S)a(s)e T g

'bpa1=5)p()ds [ fpi(t=5)p(s)ds o1
Y0 < 36N +eh® [
1

and from inequality (2), we get

ds.

Ul ] s
o teati=IpOs ae [, o (hms)p(5)s I: )e—jo $ens(s=r) p(r)dr

Pt —5)g(s

.V(t1+) <ay(h)<aq

Hence, we obtain fort €[1,,1,],



L:I $.(n —:)p(s)ds'ej.l: B (1=5) p(5)ds

y(t) < aae
n 4 3
Buy (1 ~35) p(5)ds L¢u—|("’)P(‘)d’ '1 =} e (s=r)p(r)dr
+alej° ' e L 8, (t, —5)q(s)e X ds
" (1-5)p(5)ds ot [ aa(s=r) p(r)ar
seh* [ $o1t=9)g(s)e bt ds.
1
Assume that inequality (3) holds for ¢ € [0,,] some integer K >1. Then for ¢ €[¢,,2,,,], the result of
inequality (1) that
[ as =5 p5)ds [ tps (1= pA )5
DLyt ™ 1< g ™ :
Therefore,
" beal=-)p(s)ds [ Gui(t=5)pls)ds (1 [ bea(s=r) plr)dr
H0) < el L IO (e W s
k

Using inequality (2), we obtain, for t €[1,,7,,;],

[ o (s=P)p(r)dr
j‘lk ds

(= 9)q(s)e

[ brtt=52p()s [ oa(r=5)p(s)ds i
Y28, )e" re J, 8-

By the induction hypothesis, this can reduced to

y(@) < Z (H ae

0s1y St 1,S1,<1

7 bucs e =s)p () =[] bra(s-r)ptr)etr
1y *

W fosti =5)a(5)e ds)

which on simplification give the estimate (1), for £ €[0,2,,,]. ]

Theorem 3.2 Let y € PC*(R*,RN), 0 < <1 which satisfies,

YOy <a+ 3 [ b0t ~9pONDds+ Y eyt

Ot <1 O<ty <t
tﬂ
where @ and ¢, >0 are constants and @, (f) =————. Then,
I'la+1)
Tk
Bt (yay ~5) p(s)m(s)ds
yO < [ a+e)e™ ¢

0ty <t
where ¢, =a—1.
Proof. Setting the right hand side equal to (f) . Then we have,

{u" O =pO)y(@); 11,

H(E) = pt)+e, ), p0)=a.

Since y(t) < u(t),

{ﬂ“a) = p(Out); t £1,
B =+ c)u(t), p0)=a=c, +1.

10

@

(%)
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Applying theorem 3.1, we obtain
5! ot (ha=5) pls)els

yO s ] +c)e™ ) N

0st, <t

Theorem 3.3 If x € PC*([-r,T],X), O<a <1, such that

”x(t)”<a+ Z _[M Bt (t — $)b(5) [l x(s) [l ds+ Z J.M A S)C(S)“x ” ds
o< 0 <t
3 + Z d N x(x )l tel
O<t <t
X(t) = (D(t), IE[—F,O]
\ b(tu—4)"
Then [|x(@)ll<(a+llpll) [T Q+d)e @ foralizel,

0<s <r

a

where ¢,(1) = and b =sup[b(s)+c(s)].

F(a + 1) sel
Proof. Note that || x(t)”S“ X, " forall el .So

Ix®ll<a+b z J‘M b (=9 x1l; ds.

0s1, <t "

Setting g(f)= Z JM ¢a_,(1k+, s) “x || ds forall ! el

0<r <t

Then g(t) is monotonous increasing. Indeed, for t, <7 <t <t,,,, k=1,2,... , we have
! T
g0)-8@) =[ ut-9)lx Ny ds[ 4., @=9)lx, 1, ds

Y 150\ b
—_[” a ,_,,ll du—f x|, du

T, -,
= [l =1l Je o [, 1 .
Since || X, I 5 is monotonous increasing, It ¥ad ” =1l bl ” >0.Hence g(t)> g(7). We know that
4 +1
Ix, <l @llc + sup [ x()lls(a+llpll)+5 D] f Gt =) x, |l ds.
1€{0,7] 0st st

Therefore by using theorem 3.2,

bty —1)"

Ix@)lldlx, ;< (@+llolc) [ a+d)e @, forallrer. N

O<r, st



CHAPTER1V
IMPULSIVE FRACTIONAL INTEGRAL INEQUALITIES

For this chapter, we discuss the nonlinear-retarded functional impulsive fractional differential

equations
DEx(t) = Ax(t) + f(t, x(£),x(t = 1),..., x(t - mD) + B()u(t), t € I\ D
Ax(tl) = Ji (x(t,'))s t, e D . 1)
x(0)=x,, x(t)=@(t), t €[-ml,0)

for some positive integer m and positive real [ where I =[0,T], D ={t,,1,,...,¢,}, A is a generator
of a semigroup {S(¢)},5, on Banach space (B-space) X' with some conditions, Ax(?,) = x(#] )~ x(z,)
denote the incitement of state X at time #, with the magnitude of incitement J,, i =1,2,...,n. Then, we
study a minimizing regulation problem of the system with the objective functional P, that is, to search %,
an element of a family of admissible regulators .4, which
Pu,) <P(u), forall ueh,. (2)

In this case, define the objective functional by P(u) = jOT r(t,x(t),x,,u(t))dt + g(x(T)) for all
u € A, with a given running function 7 and a given terminal function g and X is a solution of the
system consistent with a regulatoru € A ,.

The extent of this chapter starts with the generalized of the Ascoli-Arzela Theorem (AAT). The
investigation of existence of solution for the system is then presented in Subsection 4.1. Furthermore, the
optimization regulation problem is solved and written in section 4.2. In the last section (Section 4.3), we

solve the minimization regulation problem of nonlinear fractional heat by using our main result.

.

4.1 Existence of solution
Theorem 4.1 (The generalized of the Ascoli-Arzela Theorem) Let @ € C([—r,0], X'). Suppose that
Gc{xe PC([-r, T}, X) |x(t) = @(t) for te[-r,0]}.If these conditions hold;

1) G is a uniformly bounded subset of PC(I, X))

2)G is equicontinuous in (0,¢)), (4,4,) ,..., ,,T)

3) Its t —section, G(#) ={x(t) |x € G,t €[-r,TI\{0,1,,...,1,,T}}, Gt")={x(t")|x e G}
and G(t7) ={x(¢") |x € G} are relatively compact (RCP) subsets of X" .}
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Then G is a RCP subset of PC([-r,T],X).}
Proof. Let {x,,} be any sequence of G. We have {x l[0.'.]} c C([0,1,], X) . Applying the AAT on
interval[0,7,], there is a subsequence of {x_}, labeled by {x,} again,s.t.
X hoy=* 0 C([0,4],X) as m—>co.
See {x,, Iy, .1} € C([1;,1,], &) and let x,,(1,) = x,,(&).
By using the AAT on interval[t;,1,], {x,, |, ,.,} is a RCP subset of C([£,,1,],X).
So, there is a subsequence s.t.
X b2 % in C([t,1,],X) as m > .

Continue this process until time interval[£,,,T]. Then there exists a subsequence{x,, } , s.t.

X b ;y=> X" in C([1,,T], X) as m—> 0.
Definex(¢) = x' (), t €[t,,,¢,] foreach i €{l,...,n+1}. We obtain x € PC([-r,T],X) and

X, Iy > x in PC([-r,T],X) as m—> 0.

Therefore G is RCP. |

Let us consider system (1) with assumptions A1 — A5 ;
Al) f:IxX™ — X isuniformly continuous in ¢ and locally Lipchitz in X)5eees Xy, that is,
for any & > 0, there is some positive a(J) s.t.

”f(t:xp-'-’xm+])—f(s:yp---symH)”S a(a)[”xl —yl ”+'°'+”xm+l _ym+l ” +|t—'Sl]

provided || x, =¥ |l,- 5|l %, = Vs IS 6 and forall 5, te 1.

+1

A?2) there is some constant ¢ s.t.
S Ep s %) S €I el i 1D ©)
forall (x,,...,x,,,) € X"
A3) Y is another separable reflexive B-space that regulator & take the value, that is,
B(s)e L(L,(1,Y),L,(I,X)) forall sel.
Ad) J,: X — X is an operator s.t. J, (X)) is a bounded subset of X’ which there are ¢, >0,
i=1L2,...,nst
1, ()= J () IS € | %, (1) —x, (D], ()

forall x,, x, e X andfel.
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AS5) A is the infinitesimal generator of a compact semigroup {S()},,, such there exist M 21,
@ >0 that || S(?) ||< Me™ forall t>0.

Definition 4.2 For any u € A_,, a function x € PC([-ml,T],X) iscalled a PC — mild solution

corresponding to a regulator u if it satisfies,
X(t) S(¢(t))¢(0)+m Jk (e =) S@E) ~ NS (5, %(), (5= 1), .., x(s ~ml))
+B(s)u(s)lds + Y S@O) gt x(t), tel

O<rp <t

x(t) = (1), t €[-ml, 0]

A

\

)

With assumptions 41— A5, the existence of solution of system (1) is proved by using the LSFPT

and the compactness of semigroup {S(£)},5, - From the definition 6, define the operator F' by
Fx(t) S(cé(r))co(O)+m 31 j e =SB~ JENLL (8, 5(5), 5(5=I),..., x(s —mI)
+B()u(s)lds + Y @)= d@)Jx(t,), tel

0<ty <t

A

FJC(t) = ¢(t)= re [_ml:O]

(6
forall x € PC([-ml,T], X)) .Then F is well defined.

Letx € PC([-ml,T], X). By using the continuity of || x(¢)|| and || x(¢ —m/)|| and assumption

A2 , there is some positive constant N s.t.

| £ (s, x(8), x(s =1),...,x(s k) IS N forall sel. )
Therefore,
| Fx(0) lI< Me™* || p . + lf(o:;') ZJ (s =)™ S (5, X(8), X(5 =D),...., x(s = mD)) | + || B(s)u(s) |}
+Me™O " || Jx(@,) |
o s

< Me™" el + r( ) Z _“,“(tkﬂ 5)*"'ds
o< <t *

wp(t)
S [ (= | Blou(s) [ ds+Me™ Y e, [1x(8,) |

r(a ) 0<r, <t G O<ry <t
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pla-l)  p-l

MV(n+l)e"’¢"’T” Me™ K X pha -

< Me®*®" + t,,—s5) ° ds]”® B(s)u(s "ds”

el glle + = o t 2l a9 7 as) [ Beu 1P ds)

+MNe®*" Z e,
0<ty <t
pa-t
aspa Me™(p—1)(n+DT 77 || BOull, o x n
< Me”" || 9|, +M\’e T + p-IX | ey +1\4]\/’e""’(')2e,r <.
ol () (pa-DI'(x)

Therefore, the operator F' is bounded. [ |

Lemma 4.3 Assume that assumption 41— A5 holds. Then the bounded operator F' is continuous.
Proof Suppose that x, is a sequence in PC([-ml,T], X) convergingto x in PC([-ml,T],X). Then
there is Ny >0 and forevery n> N, || x, =x||pc<1. Then |} x, ||[< 1+|| x||= o . By using 41, for
s€(0,T) thereis b(p) >0 s.t.

175, %, (5 %, (5= Dy %y (5= 1) = £ (5,550, (5 =Dy (5= ) [ BRI 3, — %

Therefore, we have

| Fi, (1)~ Fx(2) '<ﬁ 2 e =9 1S@@O) - D)

I S (8, %,(8), %, (s = D)., X, (s = mD)) = [ (5, %(5), (s = ]),..., x(s —mD)) || ds
+ 2, 1S@@O =g D J,x, 0 =T @)l

O<ty <t
M d (&2} a-1 oT
B x, =% le X [ G =) ds +Me Y &, |1 %, ()= x(0) |
r( ) 0sry <t O<ity <t
Me‘”T k=
b(P) 1%, = xllpe (P+DT* + D €, | %, — % [lpc -
" al(@) k=0
Since || x, = x ||, —> 0 as n —>+00 , s0 || Fx, ~ Fx||—> 0 as n — +0. This implies that F is
continuous on PC([-ml,T],X). [ |

Corollary 4.4 Assume that assumption A1 — A5 holds. The operator F' maps bounded set into itself.
Proof The proof'is followed from the proof of Lemma 4.3. For each7 > 0, there is some & > 0 s.t. for

everyx € By ={x € PC([-r,T],X) | || x||pc < 8} , we have || Fx|[,.< 6.

Lemma 4.5 Suppose assumptions A1— A5 holds. Then F is operator compact.
Proof Given a bounded subset B of PC([-ml,T], X). By Corollary 8, F(B) is bounded. Define
Q=F(B) and Q(t)={Fx(t) |x e B}. (®
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Clearly, for t € [-ml,0], O(t) ={@(?)} is compact.

We only necessary consider for  >0. Given £ >0. For 0 <& <t <T , for short we denote
f(s,x(8),x(s = 1),...,x(s —ml)) + B(s)u(s)) by 7(s x(s)) where x =(x,,...,X,,,;) which
%(8)=x(s=1),..., x,(s)=x(s—ml) and x,,,,(s) = x(s). Define

0,(0) = F.(B)?)

= SHENSHO~IHENy + 7D [ =5 S(Pl0) e T, (5D
Sﬁé“?} [ =910~ 4(6) = HsNTolo Hsds + SBEN Y, S6(t,) = 4(6)— s, (2,
)]

By continuity of ¢(f) and compactness of S(t),set {Q.(¢)| x € B} isRCPin X forevery &

sufficiently small, # €[g,T]. For ¢ € (0,#,] the equation (9) reduce to

0,(0)= FL(BYO = SWENSH(0 42Ny + 3L 2L [ (1= 5)™'5(010) He)~ o) T (o x(50els

Furthermore, the continuity of || x(#) || and || x(¢t —ml)|| on (0,#,) forall m =1,...,k imply that there is
apositive N s.t.
Hx@ I, | x(t—mi) |l N. (10)
By assumption 42 and assumption A4, there exist a positive constant ¢ such that
17, (s, x(sD IS e+ @m+ D %l )+ I BOu Iy ¢y =L, - (an

Then for t €[g,1,],

supl| Fx(1) - F.x(1) ||= 1 supl| [ (t =) S(@(0) = #($) F (s, x(s))ds
xeB F(O-’) xeB 0 -

—S(¢(e)) j (= )TIS(B(1) - (2) - () Fu (5 x(s))ds |

r(a) veb “S(g(t) = J() £, (5, x(s))ds |
)a—l ds = MLu{;‘ -
F( ) Iz T(a+1)

Hence, there exist RCP sets arbitrary close to the set O(f) for ¢ €[0,,]. Therefore, O(f) itself is RCP
in A on the interval [0,7]. On the interval (¢,,1,], we define

O(7) = O(7) +J,(Q()) = O(1) +J,(Q(0,) a2
By the condition 43, we get J,(Q(t,)) is RCP and this implies Q(,") is also RCP.

Let x(#,") = x,. Then for € (1,,1,] , the equation (9) reduce to
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Q. ()= F.(B)1)
- S(¢(€)) Mg — 5t
= S(A(ENS(P() - (1) —P(Dx +——= J (t, = $)7'S((1,) — $(2) ~ $(5)) £, (5, x(s))ds

+56()
r( )

Furthermore, for t €[t, +&,1,],

f (1 =)™ S(B(1) — ()~ $(s)) f, (5, x(5))dls + S(F(e)S($(8,) - $() — (), (x(1,))

supd{| Fx(t)— Fx(@) |y < 22"
xeB (a+1)

Therefore Q(t) is RCP on [#,,1,].

(13)
Generally, given any 7, € D={t, =0,¢,,1,,...,¢

ot =T}, define x(¢,) = x, and
0@t = 00+ J, (06 ) = 0+ J,.(Q(t,)) for 1, €D. (14)

Similarly, for t € (t,,1,,,] the equation (9) reduce to

Q.= F.(B)®)

= SEENSPO~9) =45+ 2D 3 [ (=" S0~ 4(E) =7, (5, (5N
OSI <t
Sgﬁ(‘g)»j (=) S@O)~9() ~HNT, (5, X()ds+SB(E) T S@(t)—9(&) - H(sNI, (x(2,)

Furthermore, for [¢, +&,¢,,,],

ML e
i‘:g{ll Fx()=Fx@ ||} < ETON

By repeating these process till the time interval which expanded, Q(¢) is RCP for # € [-ml,T]\ D and

15)

1) is RCP for ¢, € D. Next, we will show that Q is equicontinuous on (¢,,#,.;), k=0,1,...,n
k k kolen

Since B is bounded and follow from the inequality (11), there isan L, > 0 such that

I £ (s x(s) IS L, (16)
Let A>0 andfor 0 <t <t+h<t andfor x € B. Then
| Fx(t +h)— Fx(B)]|

|| S(p( +m)e(0)— S(¢(t))<0(0)ll+llﬁ-5f (1 +h=5)"S(P(t + B) = §(s)) ], (5, %(s))dis

T )I( ~ )™ S(P) =~ (N, (s, x(s)ds ||

IS@EN I Sem) -1l ¢ llc +ﬁ_)j (t+h=s)"" || S(P(e +B) = (Nl £, (s, x(s)) || ds

F( )IIIS(¢(f) PN M ¢ =+ B S(P()— (¢ =)™ Tl £, (s, x(s)) |} ds

077883



18

o§(T) wg(T)
Me LA+ Me
al’(a) I'(a)
Since lhirr01|| (t-s+h)* 'SP~ -5)*"1||=0 and ng” S(@(h)-1]=0,so

<Me™ V| p|lcll S(@h)~ 1|+ Lfll(t ~s+h)* ' S(h)~(t-s)""I|| ds

|| Fx(t+h)— Fx(t)||> 0 as #—> 0 . Hence F is equicontinuous on (0,7,).

In general, for (2,,¢,,,), £=0,1,2,..,n, fort, <t <t+h<t,,

| Fx(t + k) — Fx(@) |I<| S(6O) Il S(@(A) - I || x, |

I‘( )I (t+h=95)"" || S(@e+h) - g(sHIll £, (s, x(s)) |l ds
_[ [1S(B@) — NI (¢ — 5+ B)* S(B(R) = (¢ —5)*" T |II| £, (s,x(s) || ds

Mew¢(T)

al’'(a)
Luj;u(t—s+h)""S(h)—(t—s)“-'1||ds.

1"()

< Me*™® || x, Il S(¢(h) ~ 11| + LK

Mew¢(7')
[(e)

Using the same idea, we can show that Q is equicontinuous on (f,,t,,;) where k =0,1,2,...,n

4

Therefore, Theorem 4.1 implies that F'(B) is a RCP subset of PC([-ml,T’], X). Further, F isa

compact operator. |

Lemma 4.6 The set Q ={x € PC([-ml,T],X) |x= 0o Fx,0 €[0,1]} is bounded on PC([-ml,T],X)
Proof Letx € £). Since @ is continuous, there exist M, >0

| x@ =l o Fx@) Il Fx(@) 1=l (@) lI< M, for all £ €[--r,0]. (17
By using assumptions 42, there are N,, N, >0 such that for t € ]

| £ %@, x@=1),...,x(t —mD) IS Ny + N, || x() || (18)

Using assumption 43 and assumption 44 , we get,
| x(@) Il o Fx(2) 1< Fx(t) I
SNl @lle +=— 2 J Yt =) N S@O = FN NI F (5, %(8), %, (s =D, X(s —mD) |

r( ) 0 <t
+{| B(s)yu(s) |[1ds + Z INCGOK ¢(tk))””‘] x|l
MN e e’ MN, ™)

<Me™ P | gl + Z _rm (g =) s + —2— " j.M e =) I x(s) || ds

r( ) s, <t F( ) 0si <t

Mem’(T) UN a1 wd(T)
m 2 |t — ) I Bus) s+ Me™ D 3 e, (1))
(@) os e 0<1, <t
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MN e MN,e”*D
< Me®*™ T+ )+ —2— =8 x(s) || ds
ol +=2 T a0+ == 3 [ = 1)1

p-l

o¥T)Y n pla-1) l
+A/;( é())k olijlm (e =5) 7 ds} [J.M B(s)u(s)|I” ds] +Me™ D 3 e, || x(2) I

O<ty <t
pa-l
« T 7 (p=1)n+1{| BOu||
< Mo o, + ML Cr+D T = o IO
ol (@) (pa—-DI(e)
MN. e“’"(r) (B a— »
e 3 [ (1 =) () ds+ M Y e | x(0,) -

r(a) [ O<g <t
Using Theorem 3.3 , there is M, >0 s.t. || x(¢)||< M, forall x € ). Hence Q is a bounded subset of
PC([-ml,T1,X). |

Theorem 4.7 Assume that assumptions Al — A5 hold, then the system (1) has at least one PC — mild
solution corresponding to a regulator u € A, on [-ml,T].

Proof Define the operator F' as (6). Then by Lemma 4.3 and Lemma 4.5, we have F' is continuous on
PC([-ml,T],X) and compact. Set Q={xe PC([-ml,T],X) | x=0cFx,0 €[0,1]}. The Lemma
4.6 implies € is a bounded subset of PC([-ml,T],X). Then, the LSFPT to implies that F' has a fixed
point in PC([-ml,T], X). Therefore, system (1) has at least PC —mild solution corresponding to the
regulator u€ A, on PC([-ml,T],X). n

4.2 Existence of Optimal Regulation

Let A, be the admissible regulator set. Note that the result in Section 4.1 implies that for each
regulatoru € A_,, there exists a PC-mild solution x corresponding to .S the regulatoru .

Let us consider the minimization problem (P) corresponding to system(1); Find a regulator
weAd, st

P’,x°) < P(u,x) forall ue A, (19)

which  P(u,x)= j Tr(t, x(@),x(@=1),....,x(t —mD),u(®))dt + g(x(T)) and x is a mild solution of
system (1) corresponding to a regulator # € A ,, the order pair (u,x) is called the admissible pair. For
convenience, P(u,x) is short written by P(u) .

We solve the optimizing regulation problem in this paper under the following assumptions, label by

A6—A10;
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A6) r:IxX™ xY > (—c0,0] is Borel measurable
A7) r(t,-,-,-) is sequentially lower semicontinuous on X’ ™1 %Y forae.on I.
A8) r(t,£,”) is convex on Y forall £ € X™" and forae. tel.

A9) There exist constants a,, b>0 forall i=1,..,m+1 and 7€ L,(I,R) s.t.

m+l

r@t,&w)2n@)+ Y a 11& |+l (20)

where &=(&,...&,,)eX™.

Al10) g:X — R is nonnegative continuous function.

Theorem 4.8 Suppose that assumption A1 — 410 hold. Then the problem (P) corresponding to system

(1) has at least one solution, that is, there is an admissible pair (#°,x°) such that
P, x°)<P(u,x) forall ue A,.
Proof If inf{P(u)|u € A, } =+, itis well done. Suppose thatinf{P(u) |u e A ,} = w < +x. By

assumption A9, there are constantsa,, b >0 forall i=0,...,m and 77 € £,(1,R) such that
r(t,x(@),x(t = 1),..., x(t~ml),w) 2 n(0)+ Y. a, | x( = il) || +b | ]} .
i=0
Since 77 is non-negative, we get
T i T ) T
P(u)> jo n(r)dt +,Z=0:“'jo || x(t=iD)| dt +bjo u(@)||2 dt 2 -0 > —o.
forsome o >0, forall ue A,,.
Hence w2 —¢ > —o0. By definition of minimum, there exists a minimizing sequence {u,} of P, thatis
limP(u,) =w and
n—yw
T . T y T
P(u,) = [ n@di+Y a, [ 1lx,@-i)ldr+b[ 1lu, @) d.
i=0
So, there exists N, > 0 such that

ww 2P 2e| [[u,)If dr, forall nxN,,

w,+w
for some w;, >0 and hence || u, ||‘;q(,,,)s ]c .

Thus %, is a bounded sequence containing in the reflexive B-space £, (/,Y) . Therefore, u, hasa
convergence subsequence, relabeled as #, and u, —> u, for someu, € 4, = £ (1,Y). Let
x, € PC([-ml,T],X) be a sequence of PC-mild solutions of system (1) corresponding to the regulators

sequence U, ;
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-

x,(0) = S(¢(t))¢(°)+ﬁ_) zj Nty =S @O~ HL (5,%,(5), %, (5 =D),..... %, (s —ml))

B(s)u,(ds+ Y, S@O) g )Tx, () tel

O<s <t

Xn (l) = ¢(t)> te [—ml’ O]

A

.

@n

The a priori estimate implies there is some positive constant p s.t.
Il x, lpcqernS @ forall n=0,1,2,...

Let x° be a PC-mild solution of system (1) corresponding to regulator 2, i
()= S(“’(’))"’(O)*T) PN RE D B CORY0) I CETOR L S )
I iBan( s+ S S@0-ge)ste), rel

O<ty <t

(1) = (1), t € [-ml, 0]

(22)
Given p > 0. By using assumption A1, there exist 5(p) > 0 such that for s € (0,7),
| (s, %,(5), %, (s~ D),....o%, (s = mD)) = £ (5,%°(5), x° (s =1),...., x° (s = mD)) [I< B(p) || x, = %° || . -
“ (23)
We use the fact that x, ()~ x°(s) = 0 for s €[-r,0] , so we have

op(T)
Hx"(s)—x°(s)llsb—(p-)f%;— " j:"(r,,+, -5 x,(s)—~x°(s) || ds

p-l \
Mea’¢(7') k=n —

"T@) £ ,[I G = )p”_'dS] [I:"IIB(s)u"(s)—B(s)u"(s)”p ds]p

+Me”* ™ Z € ”xn(tk)_xo(tk)”

O<ty <t
. M (p=1)(n + 1T 7 || B, ~BOW [
s (pa—DI(@)
og(T)
O S [ =9 12,0 =) s + M 3 e 13, 6) =)

I-‘(a) 0L <t O<r <t

Applying theorem 5, there exist M, >0 independenton u, 1 and ¢ such that
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I x"(t)—xo(t) li< M, || B(u, - B’ ”cq(l,}') . (24)

The strongly continuous of B(-) implies|| B(-)u, — B(-)u’ || L —0.

Consequently, || x, —x° || =0 in PC([-ml,T],X).
Letus setr, (1) = r(t,x, (), x,(t =1),...,x(t =ml),u,(t)) forall te].
Then by assumption A6 and assumption A9, {r, ()} is a sequence of non-negative measurable functions.

So, by applying Fatou 's Lemma,
. T T -
hmj0 r(0)dt > jo limr (£)dk. 25)
n—o n—w

By assumption A7

m=limP(,) 2 im([ 7, ()dt + Cx, (T))]

> [ mr(t, %, (1), (5, ()l + 2G5 2 (1,320,302 ()t + g (2 (T)) = Pt

n—w

Therefore, P(u°)=m . n

4.3 Optimal regulation of Nonlinear Fractional Heat Equation
In this section, we apply the results of the reseach to the generalize heat eqution. Let us consider

the boundary value problem with delay and regulation;

TAED o) 1051, 0,55 =Dy 5 = D)+ [ B EE, (30) €QxI\D
(26)
Ay(x, ) = J, (¥(x, 1)), 4, €D (27
y(xst) =¢(x:t): (x:t) ef_lx[—ml,O] (28)
y(x,t)=0, (x,t)e0Qx1 29)

where D ={{,,1,,...,,}, Q is boundary domain of R", p € C(Qx[-ml,0]), u e L(Qx1),
heC([-ml,T],R) and B:QxQ — R is continuous. Suppose that these conditions hold;

HHYf) f:S_)xIxiniRN — R and thereare L, L, 20 s.t.

| (66, Em IS LA+ S+ 0D, (30)
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and

lf(x,t,f,ﬂ)—f(x,s,fpm)lsLz(lt—sl+|§_§1 l+l77_771 |) (31)

HHD) J,:R—>R, k=12,...,n and thereexist ¢, >0, k=1,2,...,n st

| S (&)~ T (&) ISe | £-6 1. (32)

In this system, y(x,!) represents the temperature at the point x € (2 at time?, the condition (28)
represents the temperature at the histories time ¢ € [=m/,0] . The condition (29) represents the temperature
on the boundary 0Q that is equal to zero. The input function / means an external heat sources. In this
case, the function f depend on the histories data y(x,t —1),..., y(x,t — ml) , which is impacted from the
initial delay function @(x,t) for t € [-ml,0] in the condition (28). Furthermore, the system is regulated

by the regulator # with the sensor mapping '[Q B(x,&)u(&,t)d& . Given an admissible regulator set

A, = L,(Qx I). We solve the optimization regulation problem (£,) with the objective functional;

a

P@) =, [ MEDE+IPEr =D+ || &t ~mD)|P dédr+ [, [ (&0 dédr+g(yT))
(33)
where g € C(R,R"). Thatis, find u, € A, that minimize the objective functional. Let X = L,(Q).
For t €[-ml,T], define y(£): Q —> X by

y()(x)=y(x,t) forall xeQ, (34)
and

D,"’y(t)x=%,forall yeX,xeQ. (35)

We define
Sy, yt=D,...,y(¢ =mD)(x) = f(x,8, y(x,8), y(xX,8 = D)., y(x,t = ml)), (36)
BOu(r)x) = [ B(x,u(&,ndé (37)

and
Sy (YO)(x) = J, (¥(x,1)). (38)
Define an operator A: X — X as

Ay =Ay forall y e D(A) 39)

which D(A) contains all C*>(Q) function vanishing on 0.
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Now we introduce the eigenvalue problem for the negative Laplacian;

Ay = Ay forall y e D(A). (40)
Using the standard definition of the inner product, we define that forany y,, ¥, € D(4);
<A,y >= | 180y = | nA,dy =<y, 4y, >. (41)
Therefore, A is symmetric and its eigenvalues must be real. Furthermore, for any y € D(A4), we have
<Ay,y>=<Ay,y>= Jﬂ YAydy = J'Q lgrady |* dy > 0. (42)

The right hand side vanishes only if y is constant but the only constant in D(4) is the zero constant.
Thus, we obtain

A yIP=<Ay,y >=< Ay, y >> 0,for ally #0 in D(4). (43)
This is precisely the definition of a positive operator, A is actually strongly positive. Because of

equation(43), the eigenvalues of A must be positive and we obtain a following lemma.

Lemma 4.9 The operator 4 is a infinitesimal generator of a compact C,-semigroup on X .

Applying Lemma 4.9 , so the system (26)-(29) can transform to the abstract form;
D y(t) = Ay(t) + f(t, y(t),y(t =D),...,y(t —ml))+ B(u(t), te I\D
Ay(t)=J,(¥(,)), t, €D (44)
() =o(t), te[-ml,0].
Theorem 4.10 Suppose that the assumptions (HHf) and (HHJ) are satisfied. Then the problem (F,)
for the nonlinear fractional heat equation with delay in RY | (26)-(29) has at least one solution.
Proof We solve the regulation problem (F,) for system (26)-(29) pass the abstract form, (44). The
definitions of f', J, (k =1,2,...,n) and the objective functional P and the assumptions (HHf),
(HHJ) imply the assumptions of Theorem 4.7 and Theorem 4.8.

Therefore, the problem (F,) with system (26)-(29) has at least one solution.



CHAPTER V
CONCLUSION

In this reseach, we considered the fractional integral inequalities and the fractional nonlinear
differential system (1) with time lag, when A is the infinitesimal generator of a compact semigroup
{S(1)},,, that satisfies the exponential stability. We proved some properties ofthe fractional integral
inequalities, the existence solution and solved the optimal regulation problem. We proposed a method for
proving existence whose main component is the use of the Leray-Schauder Fixed Point Theorem (LSFPT).
More precisely, we assume that the input function, f and operator J, ,ke{l,2,...,n} satisfy the
condition 41— AS5. We successfully applied this method and use these assumptions to prove the existence
of PC-mild solution. For studying the optimization regulation problem, we win to prove that system (1) has
at least one optimal regulator with conditions A1 — A10. Beside the study of the solution and the
optimization regulation problem, we give some examples (model of problem in the real world), we give
example of f and J,, k €{],2,...,n} such that satisfying the conditions (FHf) and (HHJ). Then we
transform them to the abstract form and use our main results to conclude that these systems have at least
one optimal regulator.

Finally yet importantly, we should be interested in developing this method and use weakly
assumptions to prove the existence and uniqueness of PC-mild solution a little further. Moreover, we
should be interested in studying the others the solution behaviors for example; the stable property. Even
though it seems likely that efforts in this direction can be successful, there no guarantee for that. Therefore,

we can only hope for the best, but have to expect the worst.
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