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Preface

This book contains the materials that I have used in teaching the course 2102-505 Intro-
duction to Optimization Techniques at the Department of Electrical Engineering, Faculty of

Engineeing, Chulalongkorn University since 1998.

The course considers unconstrained and constrained optimization problems that are de-
fined in an n-dimensional Euclidean space where the associated functions are either linear
or nonlinear. The main objective of this course is to provide basic knowledge of optimiza-
tion theory and basic numerical methods so that students will be able to solve optimization

problems of medium size by using computers.

In this course, students are assumed to have backgrounds in elementary linear algebra and
calculus of several variables, which are usually taught in the second year undergraduate level.
Chapter 2 gives a recap of the mathematical backgrounds that will be required in subsequent
chapters. Students who are acquainted with the backgrounds may skip this chapter and go
straight to Chapter 3, whereas those who are not acquainted with the backgrounds may read

Chapter 2 and, if needed, find more details in the references mentioned in each topic.

Chapter 3 considers the solution of nonlinear algebraic equations by iterative algorithms,
which begin with an initial guess and then generate a sequence of points (called iterates)
until the algorithms hopefully terminate at a soluition. Also, the concept of convergence
of an iterative method is explained where attention is focused on linear, superlinear and

quadratic rates of convergence, which are usually found in practical algorithms.

Chapter 4 considers the first order and the second order conditions for optimality for
unconstrained optimization problems. These conditions provide basic tools for solving the

problems analytically and numerically.

Chapter 5 explains numerical methods for solving unconstrained optimization problems.
First we consider how to solve one-dimensional problems, where focus is given to quadratic
interpolation, cubic interpolation and golden section methods. Then we consider how to solve

multi-dimensional problems, where we focus only descent methods (i.e., search methods that

vi



require derivative infofrmation). In this regard, steepest descent, Newton, quasi-Newton and
conjugate gradient methods are explained. Moreover, implementation of inexact line search

using Armijo’s rule together with Wolfe’s condition is discussed.

Chapter 6 considers the first order and the second order conditions for optimality for (gen-
eral) constrained optimization problems, in which Lagrange’s and Karush-Kuhn—Tucker’s
theorems are covered. The conditions provide basic tools for solving optimization problems

with linear and nonlinear constraints analytically and numerically.

Chapter 7 examines a simple and useful way of representing linear constraints in which
the constraints are expressed in a form that makes it easy for a search algorithm to move

from one feasible point to another.

Chapter 8 examines linear programming problems, in which the objective function and
the constraint functions are linear. Attention is focused on Simplex method (due to George
Dantzig), which is used to solve linear programs considered in this course. Since the Simplex
method needs to start from a basic feasible solution, a systematic approach to find a basic
feasible solution for linear programs is to use artificial variables. In this connection, a two

phase method and big M method are explained at the end of the chapter.

Chapter 9 examines convex quadratic programing problems, in which the objective func-
tion is quadratic and the constraints are linear. The active set method is considere and

explained in details.

Finally, T would like to give special thanks to my former research student Tadchanon
Chuman for being a teaching assistance in last few years and assisting me to prepare the
book.

Suchin Arunsawatwong
1st February 2023

Vil



Chapter 1

Introduction

This chapter give a brief introduction of optimization and a scope of optimization problems

that are treated in this course.

What is optimization? To optimize means to use something in the best possible way.

In mathematics, optimization is a procedure of determining the best possible value (either

minimum or maximum) of a function, which is often called an objective function or a cost

function.

Why do we study optimization? Optimization problems arise in various situations,

especially when one needs to make a decision. Such problems are found in engineering,

economics and finance where people want to have the best solution. Apart from this, nature

optimizes. Examples of optimization are as follows.

Engineers adjust parameters to optimize the performance of their designs.
Airline companies schedule crews and aircraft to minimize cost.

Investors seek to create portfolios that avoid excessive risks while achieving a high rate

of return.

Manufacturers aim for maximum efficiency in the design and operation of their pro-

duction processes.
Rays of light follow paths that minimize their travel time.

Physical systems tend to a state of minimum energy.

In making use of optimization in decision making, we have to clearly define an appropriate

objective, which is represented by a quantitative measure of the performance of the system

under consideration. For example, the objective could be profit, time, potential energy,

transmission loss in an electric power system, etc.



The objective depends on certain variables/parameters of the system. Our goal is to
find variables/parameters that optimize the objective. Often, variables of the system have
constraints/limitations in some way. For example, quantities such as electron density in
a molecule and the interest rate on a loan cannot be negative. The process of identifying
objective, variables and constraints for a given problem is known as mathematical modelling.
Once the model has been formulated, an optimization algorithm can be used to find a

solution, usually with the use of computer.
Similarly, engineering design is a decision making problem. It involves the following steps.

e Formulate a mathematical model of the system under study.

e Identify an objective function and choose design variables. (The objective function

depends on design variables.)

e Employ optimization algorithms to find a solution to the problem.

The main objective of this course is to provide basic knowledge of optimization theory
and numerical methods so that students can solve simple optimization problems found in
practice. For examples of optimization problems arising in engineering applications, readers

are referred to, for example, [3, 2, 35].

In this course, we consider 2 types of optimization problem in R", where R™ denotes the

n-dimensional Euclidean space.

(I) Unconstrained optimization:

min f(x),  where f:R" — R.

xeR”

(IT) Constrained optimization: _
min f(x)
Xe

where S C R" is the set of all points x € R" satisfying

hi(x) =
g;(x) <

0, 2=1,2,....,my where h; : R" — R
0, j=1,2,...,my  where g; : R" = R.

In practice, there are a great many applications that can be cast as continuous optimization

stated above. Some examples are as follows.

Example Rosenbrock’s test function in 50 variables:

25

min f(x) = Z [100(37% - xgi_1)2 +(1— x%i_l)] :

(x1,%2,...,250) -
=1



Example A constrained optimization problem:

1

min —||Az — b||?
($17$2:--~7xn 2

where A € R™" b € R™, m < n and the variables xy, 2o, ..., z, satisfy the following

constraints

r1+22+...+x,=1 and xz; >0V



Chapter 2
Mathematical Review

This chapter provides mathematical backgrounds for the topics to be explained in subsequent

chapters. Many of the materials in this chapter can be found in [8].

2.1 Methods of Proof

This section briefly explains procedures that will be used for proving mathematical state-
ments found in this course. More details on methods of proof can be found in Appendices
B and C of reference [27].

2.1.1 Conditional Statement

Let A a statement and let ~A denote the negation of A. When statement A implies
statement B, A is the hypothesis and B the conclusion of the implication. We write A = B,

which is read as one of the following.
e A implies B.
e if A, then B.
e A is sufficient for B.

e B is necessary for A.

In proving A = B, we may use by one of the following three methods.

e Direct method [A = B].

Assume that A is true. Then try to deduce consequences to show that B is true.



e Proof by contraposition [A = B is equivalent to ~ B = ~ A].

Assume that ~ B is true. Then try to deduce consequences to show that ~ A is true.

e Proof by contradiction [A = B is equivalent to ~ (A and ~ B)].
Assume that A holds. Assume by contradiction that ~ B is true. Then try to deduce

consequences to show a contradiction.

Example Prove that if n + 1 pigeons are placed in n holes, then some hole contains at least

2 pigeons.

Solution: Let A be the statement “n + 1 pigeons are placed in n holes”. And let B denote

the statement “some hole contains at least 2 pigeons”.

Assume, by contradiction, that ~ B holds, that is, every hole contains at most one pigeon.
Since there are n holes (from statement A), there must be at most n pigeons (from statement

~ B). Hence, this shows a contradiction. |

Exercise By using contradiction, prove that if r = v/2, then r is an irrational number.

2.1.2 Biconditional Statement

When statements A and B are logically equivalent, we write A < B, which is read as one

of the following.

e A if and only if B.

e A is necessary and sufficient for B.

By using the fact that A < B = (A = B)A (B = A), it readily follows that establishing
the statement A < B comprises 2 steps:

e Step 1: show A = B,
e Step 2: show B = A.

2.1.3 Mathematical induction

Apart from conditional and biconditional statements, we occasionally have to prove a
statement of the form
A(n) is true for n > Ny (2.1)

where A(n) denote a statement depending on an integer n.



According to the principle of mathematical induction, proving statement (2.1) comprises

2 steps.

e Establish that A(n) is true for n = Nj.
e Establish that if A(k) is true, then A(k + 1) is true.

Exercise Use the mathematical induction to prove that

n

. nn+1 N, nn+1D@2n+1
SRR Z;Z:( )2+ 1)

2 6

=1

2.2 Vectors in R"

2.2.1 Norms

For a vector x € R™, a norm of x (denoted by || x ||) is a real-valued function on R™ which

has the following properties.
|x] >0 and |x]|=0<x=0.

| ax || = |a]| x| for any scalar a.
Ix+yl <lx[+I[yl  forallxyeR" (2.2)

Property (2.2) is called triangle inequality.

For p € R, the p-norm of a vector x (denoted by [[x||,) is defined as

n 1/p
Ixl, - {zw} |
=1

The three most common vector norms are as follows:

n

1-norm Ixll, = > |zl (2.3)
i=1
n 1/2
Euclidean or 2-norm || x|, = {ZMZ ]2} (2.4)
i=1
co-norm x|, = max |4 (2.5)



2.2.2 Angle between two vectors

The angle 6 between two nonzero vectors x, y is given by
xy

Ix1lly Il

The vectors x and y are said to be orthogonal if

x'y = ixiyi =0.
i=1

cosf =

2.2.3 Upper bound of }XTy‘

For vectors x, y € R", an upper bound of |XTy| can be given as follows:

11
[y [ <l Iy, where —+ — =1, (2.6)

Inequality (2.6) is known as the Holder inequality. For n = m = 2, inequality (2.6) is known

as the Cauchy-Schwarz inequality, which is

<y [ < %l [y lly: 2.7)

2.2.4 Linear independence

For a set of vectors, the definitions of linear independence and dependence are given as

follows.
Definition 2.2.1. Let xq,Xs,...,X; be vectors in R™ where k < n. A set of vectors
{xX1,X2,...,Xg} is said to be linearly independent if
a1X] tagXs+ ... +tyXx, =0 = a1 =---=q, =0.
Otherwise, it is said to be linearly dependent. N

It should be noted that the equation a1x; + asxs + ... + apXp = 0 leads to a system of

homogeneous equations with the unknowns aq, ..., ag.

2.3 Matrix

For the details of the materials on matrices , students are referred to well-known books
on matrices such as [19, 20, 28, 38|.



2.3.1 Rank

The rank of a matrix is defined as follows.

Definition 2.3.1. For a matriv A € R™ ", the rank of A — denoted by rank(A) — is the

mazximum number of linearly independent columns (or rows) in A. |

Given A € R™*" the rank of A is obtained by the following procedure.

e Perform elementary row operations to carry A to an echelon matrix Aj.

e The rank of A is equal to the number of the non-zero rows of A;.

2.3.2 Eigenvalues and eigenvectors

The definitions of the eigenvalues and the eigenvectors of a square matrix are given

below.

Definition 2.3.2. For a matriz A € R™", if the scalar A and a vector x satisfy
Ax = Mx

then X is an eigenvalue and x is an eigenvector of A. Hence, the eigenvalues of A are the

solutions of

det[]A\] — A] =0,

where I s the identity matrix. |

For a matrix A € R™™" it can be verified that

trace(A) = zn: aj; = 2": Ai(A),
i=1 i=1

where \;(A) is an eigenvalue of A.

2.3.3 Positive and negative definite matrices

In studying optmization, we often have to deal with positive (or negative) definite ma-

trices.



Definition 2.3.3. A symmetric matriz A € R"*" is said to be positive definite (or pdf) if
x'Ax >0 for all x # 0
A symmetric matric A € R™" is said to be positive semi-definite (or psdf) if
xT'Ax >0 for all x. |
Definition 2.3.4. A symmetric matriz A € R™*" is said to be negative definite (or ndf) if
xT'Ax < 0 for all x # 0.
A symmetric matriz A € R™" is said to be negative semi-definite (or nsdf) if

xT'Ax <0 for all x. N

Definition 2.3.5. A symmetric matriz A € R™" is said to be indefinite if x Ax can take

positive and negative values. |

Proposition 2.3.6. If A € R"*" is symmetric, then all the eigenvalues of A are real. |

Sometimes, it is not convenient to determine whether a square matrix is pdf (or psdf)
by using the above definition. The following propositions provide a necessary and sufficient
condition for a matrix to be pdf (or psdf), and hence a practical method for determining

whether the matrix is pdf (or psdf).

Proposition 2.3.7. A matriz A is positive definite if, and only if, all its eigenvalues of A

are real and strictly positive. |

Proposition 2.3.8. A matriz A is positive semidefinite if, and only if, all its eigenvalues

of A are real and nonnegative. |

2.4 System of linear equations

For useful references on the numerical solution of a system of linear equations, students

are referred to well-known books such as [19, 7].

Let us consider a system of linear equations
Ax=Db (2.8)

where x are the unknown vector, A is a square matrix and b is a known vector.



Theorem 2.4.1. For equation (2.8), only one of the following three possibilities must hold:

1. rank[A | b] > rank(A), and no solution exists to Ax = b.

2. rank[A|b] = rank(A) < dim(x), and the system Ax = b has infinitely many solutions.

3. rank[A | b] = rank(A) = dim(x), and the system Ax =b has ezactly one solution. Il

It may noted that Theorem 2.4.1 also holds when A is a non-square matrix.

2.4.1 Gaussian elimination & LU Factorization

A solution of the linear system (2.8) is often obtained by Gaussian elimination or LU
factorization method. In many cases, both methods are equivalent in terms of the number
of flops. However, when we have to solve the system (2.8) consecutively for a fixed A and

different b’s, LU factorization method can be more efficient.

Consider the system

2.0xy —4.009 —1.0x5 = 2.0
0.4x1 + 2229+ 1823 = 24 (2.9)
0.8r; —0.1x9g — 1423 = 5.8

Performing Gaussian elimination of (2.9) yields an equivalent triangular system

2.0x1 —4.0xy —1.023 = 2.0 (2.10)
3.0z9 4+ 2.0x3 = 2.0
20x3 = 4.0

Thus, x can readily be determined by performing backward substitutions on the system (2.11).

In connection with the above, consider a matrix A € R™*™ and let A be factorized such
that

11 Ai2 -+ Qip 1 @) U1p U2 -+ Uin
@21 A22 A2p, loy 1 U22 U2n
Ap1 Gp2 - dpp lnl ln2 e 1 o Unn

10



Then equation (2.8) becomes

L({Ux)=b (2.11)
By letting Ux = z, it follows that
solve Lz=Db  forz (forward substitution)
solve Ux=z forx (backward substitution)

The cost of solving Ax = b by LU factorization is as follows. (See, e.g., [28] for the details.)

cost (as m — 00) multiplications | additions
computing the factors L, U n3/3 n®/3
solving Ax = b by substitution n? n?

Now consider another system of linear equations

0.01‘1 — 401’2 - 10ZE‘3 = 2.0
04x; +2229+ 1823 = 24
0.8$1 — 011’2 - 14ZE‘3 = 5.8

Can we still solve the above system using Gaussian elimination? The answer is YES.
Interchange the first equation with the third one. Then proceed as before and we can obtain
the solution. The process of permuting the orders of the rows of the matrix is known as

pivoting.

Usually Gaussian elimination method is implemented with partial pivoting scheme, in
which the method selects the pivot row to be the one with the maximum pivot entry in

absolute value from those in the leading column of the reduced submatrix.

It is known (see, for example, [19, 7]) that Gaussian elimination process with partial
pivoting is equivalent to

PA=LU (2.12)

where P is a permutation matrix (and also orthogonal) that records the interchange of

equations used during the elimination. In fact, the columns of P are a permutation of the

columns of the identity matrix.

With the factorization in (2.12), the solution of 2.8 is obtained by the following three-step

procedure.

11



e Form b = Pb by permuting the elements of b.
e Solve Lz = b for z by performing forward substitution.

e Solve Ux = z for x by performing backward substitution.

2.5 Calculus of Several Variables

An important tool for deriving optimality conditions (see Chapter 4) is calculus of several

variables. A standard reference on this topic is, for example, Kaplan’s book [22].

The definition of a continuously differentiable function is given as follows.

Definition 2.5.1. A function f : R® — R is said to be continuously differentiable at the

point x € R"™ if the partial derivatives %g) exists and be continuous for all1 <i<n. N

In connection with the above, we say f € C' if f is continuously differentiable at every
x € R™. For f € O, we define the gradient of f as follows.

o [0f(x) 0f(x)  Ofx)]"

Vfx) = ) y T
f(x) 0x, 0xy ox,,
In a similar fashion to the above definition, a function f : R™ — R is said to be twice
continuously differentiable at x € R™ if % exists and continuous for all 1 < ¢,7 < n.
10T

And we say f € C?if f is twice continuously differentiable at every x € R™.

For f € C?, the Hessian (matriz) of f is defined as

V2],

J (9:61 8xj ’ -

Recall that for functions with continuous second derivatives,

Pf(x) _ Pf(x)
Qxi(?:vj B 8[E]@$Z

Thus, the Hessian is always symmetric as long as f € C?.

2.6 Taylor Series

Taylor series and the mean value theorem are useful tools in mathematical analysis. As

will be seen later, they will be used to establish many important results.

12



2.6.1 One-dimensional case

For f: R — R, the mean value theorem is stated as follows.

Theorem 2.6.1. If f is continuous on [a,b] and differentiable on (a,b), then there is a

number \ € (a,b) such that

f() = fla) + f{(M{b - a}. H

By using Theorem 2.6.1, the Taylor’s series of f is given by the following theorem.

Theorem 2.6.2. [Taylor| Assume that f has n+ 1 continuous derivatives. It follows that

Sn+1

(n+1)!

Flaot5) = Fa0) + 5/ (m0) + -+ = fO ) 4 s fO(E)

for some & € (xg, 20 + ). |
Equivalently, the variable & € (xg, 2o + s) in the above thoerem can also be expressed as
E=xo+As, INe(0,1). (2.13)

Note that the expression (2.13) can be easily extended to the multivariable case and will be

used next.

2.6.2 Multi-dimensional case

For f:R"™ — R, the mean value thoerem is stated below.
Theorem 2.6.3. Let f be continuously differentiable in R™. Then it follows that
f(xo+s)=f(x0) +8"Vf(xo+As), Ae(0,1).

Alternatively, the above can be expressed as

f(x0+8) = f(xo) + / s"V f(xq + ts) dt. H

0
For f € C?, it follows from theorem 2.6.3 that

f(xo+58) = f(x0) +s'Vf(xo)+ % s"V?f(xo+As)s, A€ (0,1).

13



Notice that xo + As for A € (0,1) is a point lying on the straight line connection between

the points x¢ and xg + s.

A Taylor’s series for f is given by
1
f(x0+8) = f(x0) +s"Vf(x0) + 3 sTV2f(xq)s+ -+ . (2.14)

Using summations rather than vector-matrix notation, the expression in (2.14) can be

rewritten as

Floa+9) = fls) + 3020 55 S TIE
J

i=1 j=1

The higher-order terms of the Taylor series can also be written down, but the notation will

be more complex and they will not be required in this course.

14



Chapter 3

Solution of Nonlinear Equations

15



This chapter describes numerical methods for solving nonlinear algebraic equations. As will
become clear in Chapter 4, the problem of solving nonlinear equations is closely related to

the optimization problem.

3.1 Scalar Case

Consider a nonlinear algebraic equation

where f : R — R is continuous. For example,
flx)y=2>+52 -1 or f(r)=e"—e ™

In practice, an iterative method is often employed to compute a numerical solution of such an
equation. In this section, attention will be focused mainly on bisection and Newton-Raphson
methods.

3.1.1 Bisection method

Figure 3.1: Illustration of the bisection method

The bisection method exploits the fact that a continuous function cannot change the sign of

its value immediately.

Proposition 3.1.1. Let f be a continuous function. For a given interval [a,b], if f(a) and
f(b) have different signs, then there exists a root of f(x) =0 in |a,b]. [ |

16



Consider the above figure. With the initial interval [ag, bo], compute the mid-point
and f(xg). Because f(xo) and f(by) are the same, the solution is in [a, b;] where a; = ag

and b; = zo.

Next compute the midpoint 1 = (a; +b1)/2 and f(z1). Because f(a;) and f(x;) are the

same, the solution is in [ag, by] where ay = 1 and by = b;.

In this example, if we keep doing like this, then [ay, bg] will eventually converge to the
solution as £ — oo. And the obtained midpoint x; may be considered as an approximate

soliution.

From the above, we can establish the following algorithm.

Algorithm Given ag, by such that f(ag)f(by) < 0,
1=0
repeat
x; = (a; +b;)/2
if f(z;)f(a;) <O then
i1 = a; ; biy1 =x; ;
else
i1 =T; ; biy1 =0;
endif
1=14+1;

until [a, b] is small enough.

Example Compute /2 by the bisection method.
Solution Let
flz)=2>—2=0.

Then it follows that the positive root o* of f(x) = 0 is /2.
Since V1 =1 and v4 = 2, we have

1<vV2<2.

So we choose ag = 1 and by = 2. Then we have

flag) = =1,  f(bo) =2 (f(a)f(b) <0).

For k =0,1,2, 3, we have the following computational results.
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k=0 xoza;b:1.5 F(xo) = 0.25
ap =1 by =1.5
flar) = —1, F(br) = 0.25
k=12 =125 F(x1) = —0.4375
ay = 1.25 by =15
Flas) = —0.4375 | f(by) = 0.25
k=22, =1.375 F(xs) = —0.109375
as = 1.375 by = 1.5
Flag) = —0.109375 | f(bs) = 0.25
k=3 | x5 = 1.4375 F(3) = 0.06640625
ay = 1.375 by = 1.4375
Flas) = —0.109375 | f(bs) = 0.06640625

We do the iteration further until |a, — by| is small enough. Ans.

3.1.2 Newton-Raphson Method

Suppose that x* is a root of f(x) = 0. Consider the Taylor series of f at the point z.

Then we have
[y +s) = fzr) + sf'(wr)

If x; + s is an good estimate of x* so that

f@*) =~ f(ag) + sf'(zg) =0

and if f'(z) # 0, then one can obtain
s = —f(zx)/f'(zx).

Hence, the new estimate of the solution is

Th+1 = Tk — f(xk)/f/(-??k)- (3.2)

Formula (3.2) is known as Newton-Raphson method.
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next iterate ry41 = T + Sk

correction term sy

current iterate x;

Figure 3.2: Newton—Raphson iteration moves from iterate z; to xj.;.

Example Compute v2 by Newton-Raphson method:
Solution Let
fl@) =22 —2=0.

Then 2* = /2 is the positive root of f(x) = 0. Since

f(x) =2z,
Newton—Raphson formula becomes
2
— 7 3.3
Tg+1 = Tk 2 2k (3.3)
Rearranging (3.3) yields
1 2
T+l = = (ﬂfk + —) . (34)
2 T

Although the formulae (3.3) and (3.4) are equivalent, the latter one is preferred from the
computational point of view. (Why?)

With the initial point zy = 1, we have the computational results as follows:

k=0 | z; = 150000000 | f(x1)=0.2

k=1 = 141666667 | f(x3) = 0.00694
k=2|x3=1.41421569 | f(x3) = 6.007 x 1075
k=3|z4s=141421356 | f(z4) = 4.51 x 10712
k=4 | x5 =141421356

Since |r5 — z4| < 1078, we terminate the iteration and obtain z* ~ x5 = 1.41421356  Ans.
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Geometric interpretation of Newton-Raphson method To get a good understanding
of how Newton-Raphson works, let us look at the graphical interpretation of the formula

(3.2). Figure 3.3 illustrates how Newton-Raphson method converges.

A

geometric interpretation of f(x)

Newton-Raphson formula

Figure 3.3: Geometric interpretation of Newton—Raphson formula

If one draws a tangent line to f(x) at the given point xz, then the tangent line intersects

the x axis at the point x;, 1, which is expected to get closer to the root x*.

Exercise Consider f(x) = 0 where f(z) = tanh(z). In this case, does the Newton-Raphson

iteration converges for any initial point zo? (You may try considering the graph of f(z).) B

Exercise For the equation f(x) = tanh(x) = 0, determine the maximum value of a > 0
such that the Newton—Raphson iteration always converges to the root whenever z, € (0, a).
You may use the identities: 1 — tanh(z)? = 1/ cosh(x)? and sinh(2z) = 2sinh(z) cosh(z). W

3.1.3 Secant Method!

Here we consider a variation of Newton-Raphson method, in which the calculation of the
derivative is avoided. The new method approximates the first derivative in the formula by

using two previous points.

Recall that Newton-Raphson formula is

f(xx)

T+1 = Tk — f’(:ck)

LA secant means a line that intersects a curve.
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Then we approximate f'(zy) with f(xy) and f(xg_1). That is,

f’(l'k) ~ f(xk> - f(Ik—l)_

T — Tk—1

Hence, we obtain the formula of the secant method as follows:

f(ﬂﬂk)[xk - xkq]

f(o) = flar—1)

The difference between Newton-Raphson and the secant methods are shown in Figure 3.4.

T+l = T — (35)

A

Figure 3.4: Newton-Raphson method versus secant method

3.1.4 Convergence Properties

In this subsection, we analyze the convergence properties of iterative methods given by
Th+1 :¢($k), ]{3:0,1,2,....

Usually we hope that eventually the sequence {zg,z1,..., 2k, ...} generated will converge to
a solution x* of the problem.
When discussing an iterative method, two questions are often asked:

e Does it converge?

e If it does, how fast does it converge?

Definition 3.1.2. [rate of convergence| Assume that a sequence {xy} converges to a point

*

x*. The sequence {xy} is said to converge to x* with rate r and rate constant C' if

_ *
e

—=(C < .
koo || — a* |

If r=1 with 0 < C < 1, then the convergence is called linear.

If r =2, then the convergence is called quadratic. [ |
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The convergence is said to be superlinear if r = 1 and C' = 0. Superlinear convergence

includes all cases where » > 1. This is because if

Nk — |

lim

—=(C< o forr>1
i e —a |

then

i =) ok — 2t
*

lim HTH | zper — 2 ||F = 0.

e Jax—ar | ko [zx—a

Problem 1: The equation f(z) =0 can always be written as

r = g(x).

In this connection, we call the iterative method given by

Tr41 = g(xk)

the fixed-point iteration. For Newton-Raphson method, we readily have

_ ., f@)
g(z) = )

o T@FE) - (@) _ @)
glz)=1 IOk PP (36)

Now consider the equation x = g(x), a root of which (say 2*) can be obtained from the
iteration:
Ty = g(xg), k=0,1,2,.... (3.7)

From (3.7), it follows that

g(x) :gix*)(
T T

Ty —at = g(xy) —g(27) = Ty — 7). (3.8)

If g(z) and ¢'(x) are continuous on the interval from z* to xj, then by the mean-value

theorem we have
9(zx) = g(z") + ¢'(€) (v — 27) (3.9)
where ¢ lies between x* and x.

From (3.8) and (3.9) it follows that

Tre1 — 2" = g'(€) (wr — 7). (3.10)
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By defining e, = x5 — 2, (3.10) becomes

€kr1 = g/(f) €.

Thus, one can see that if |¢'(z)| < K < 1 for all z € [¢* — h,2* + h], then the iteration (3.7)

always converges to the root z* provided that xy € [x* — h, x* + h].

It is important to note that the above is only a sufficient condition, since for some
equations convergence is still secured although the condition is not satisfied. Hence, from
the above and from (3.6), one can conclude that if

‘f (z)f" ()
2
[f'(x)]

on an interval about the root x*, then Newton-Raphson will converge for any z in the

<1 and f'(z)#0 (3.11)

interval.

Problem 2: Now suppose that Newton-Raphson converges. Then we will show that the

method converges with a quadratic rate.

First expand f(z*) in a Taylor series about the point x.

F) = Fla) + S @)@ = a) + 51O =) =0, (312)

where ¢ is an unknown point between z* and zy. If f'(x;) # 0, then dividing (3.12) by

f'(x)) and rearranging it yields

(x f(ka)) R (9 (2" — )2, (3.13)

. f'(zy) a 21" (xk)
From Newton-Raphson iteration, (3.13) can be written as
f'(€) 2
= *_ , 3.14
Tp41 — T 2f’(Ik)(x Ty ( )
That is to say,
&) s
Cgt+1 = m €L- (315)
If the iteration converges, then
et f'(x7)
1 =(C = . 3.16
koo |ex]? 21 () (3.16)

Hence, one can easily see that Newton-Raphson method has a quadratic rate of convergence

provided that f’(z*) # 0.

Note in passing that it can be shown that the secant method has a superlinear rate of
convergence with 7 = (14 /5)/2 ~ 1.618.
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3.2 Multivariable Case

In this section, we study Newton-Raphson method for solving a system of nonlinear

equations. This will be the basis for developing Newton method for optimization.

Consider a system of nonlinear equations:

filx) = 0
f(x)=0 or : , (3.17)
fn(x) =0

where f; : R" - R (i =1,2,...,n) is continuous.

Let x*) be the current point. Define the next point x*+1 2 x® 45 As before, write
the Taylor series of f in (3.17) about the point x*) € R".

T
flx® +5) w2 fi(x ) 4 2B
T
fo(x®) +8) ~ fo(x®) 4 _ale(;k))
(3.18)
(k) k)Y o Ofalx®DT
fax™ +8) & fo(xV) + =5 — s J
Using the vector-matrix notation, one can rewrite (3.18) as follows:
f(x®) +5) ~ f(x®) + J(x*)s (3.19)
where the Jacobian matriz J(x) of f is defined by
e A
0fs(x)  Ofa(x) . 0fax) Vi (%)
Jx)=| o o | = fQF " (3.20)
Ofn(x Ofn(x Ofn(x

Next assume that x(**1) is sufficiently close to the root x* so that f(x**1) ~ 0. Conse-

quently, by using (3.19), one obtains Newton-Raphson formula.

X(k+1) — X(k) + S, Where J(X(k)) S = —f(X(k)) (321)

It should be noted that in computing s, one should try to avoid inverting the matrix .J(x®*)).

24



In practice, when it is not convenient to use analytical expressions of the partial deriva-

Ofi(x)
Ox;

forward difference approximation is given by

afZ(X) - fz(X + he]’) — fl(X>
ax]’ - h

tives, can usually be approximated by finite differences. For example, the first-order

(forward difference) (3.22)

whereas the second-order contral difference approximation is given by

Afi(x) _ filz + he;j) — fi(x — he;)
(9acj - 2h

(central difference) (3.23)

where e; is the jth column of the identity matrix I € R™". Further details on numerical

differentiation can be found in, for example, [7].

Example By using Newton-Raphson method, solve the equations:

2
fo(x)

Solution: First determine the Jacobian matrix J(x).

T1Ty — X5 — 1] _

l’%xg + o — 5

J(x) =

R R
2331332 x% +1

Choose x(© = [2, 3]”. Then we have

f(xO) =[-22,10" and J(x©)= [132 _525].

Using (3.21), one obtains the following results.
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1.5555 5555 6
k=0 |xW= | f(xD) ], = 6.92784
2.0666 6666 7

1547205413
k=1|x® = | f(x®) ], = 1.94092
1.47779333 5

1.7805 35029
k=2 |x® = | f(x®)]], = 0.520498
1.1588 6481 1

1.9528 4300 1
k=3 |xW= | f(x®) ], = 0.093554
1.0284 4268 8

1.9977 6297 3
k=4 |x® = | f(x®)) ], = 4.4405 x 1073
1.001240409

1.9999 9523 6
k=5 |x© = | f(x9) ]|, =9.5346 x 1076
1.0000 02599

2.0000 0000 0
k=6 | x( = | f(xD) ||, =4.2274 x 1071
1.0000 0000 0

It can seen that with the chosen starting point x(*, the Newton-Raphson iteration con-

verges rapidly to a solution x* = [2, 1]T. |

Exercise Try the above problem with different initial points. [
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3.3 Exercises

3.1

3.2

3.3

Apply Newton’s method to solve f(z) = 2 — a = 0 where a > 0. Prove that your
iteration converges to a root if the initial point xqg # 0. When does the iteration
converge to the positive root and when does it converge to the negative root? Provide

explanation to justify your answer.

Let a be some positive constant. It is possible to use Newton’s method to calculate
1/a to any desired accuracy without doing division. Determine a function f such that
f(1/a) = 0, and for which the formula for Newton’s method only uses the arithmetic
operations of addition, subtraction, and multiplication. Determine all values of the
initial point xy for which the method converges. (Hint. You may consider the graph

of the function you choose.)

A function f has a root of multiplicity m > 1 at the point z* if

f@) = f(z)=---= f V¥ =0.

Assume that Newton’s method with initial guess zy converges to such a root. Prove
that Newton’s method converges linearly but not quadratically. Assume that the

iteration
Tpt1 = T — mf(xk)/f/($k>

converges to z*. If f™(z* 0, prove that this sequence converges quadratically.
g
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Chapter 4

Optimality Conditions for

Unconstrained Optimization
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In this chapter, we consider an unconstrained optimization described by

min f(x) or min{f(x):x € R"} (4.1)

xeR”

where f : R” — R is a smooth nonlinear function. Specifically, we will derive several

optimality conditions for the problem (4.1).

strict local
IUIDIMUM - gt rict local o e e
minimum (nonstrict) local

minimum

Figure 4.1: Strict and nonstrict local minima

4.1 Local and Global minima

Definition 4.1.1. [local minimizer| Consider a function f : R™ — R. Then a point x* € R"

is said to be a local minimizer of f if
f(x*) < f(x) for all x such that || x —x"|| <€ (4.2)

where € > 0 is a (typically small) real number whose value may depend on x*. Similarly, a

point x* € R™ is said to be a strict local minimizer of f if
f(x*) < f(x) for all x such that || x —x"| <e (4.3)

Definition 4.1.2. [global minimizer] A point x* € R" is said to be a global minimizer of f
of
f(x") < f(x) forall x e R" (4.4)

A point x* € R" is said to be a strict global minimizer of f if

f(x*) < f(x) for all x € R" such that x # x* (4.5)
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4.1.1 Convex & Concave Functions

When the objective function f has a convex property, the associated optimization prob-
lem is called a convex optimization problem, which is easier to solve both in theory and in

practice.

Figure 4.2: A convex function

Definition 4.1.3. [convex set] A set S C R™ is said to be convex if, for any x,y € S,

ax+(l—a)ye S forall0<a <1 (4.6)

In other words, the set S is convex if the line segment connecting any two points x,y € S is

also in S. Notice that |
ax+(l—a)y =y +ax—y).

Definition 4.1.4. [convex function] Let S C R"™ be a convez set. Then a function f : S — R

is said to be convex (or strictly convex) if, for any x,y € S,

flax+ (1 —a)y) < (or <) af(x)+(1-a)f(y) (4.7)

forall0<a<1(or 0<a<l). |

In a similar fashion, we define a concave function as follows.

Definition 4.1.5. [concave function] Let S C R™ be a convez set. Then a function f : S — R

is said to be concave (or strictly concave) if, for any x,y € S,

flax+ (1 —a)y) > (or>) af(x)+(1-a)f(y)

forall0 <a<1 (or 0<a<l) |
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4.1.2 Directional derivatives

Consider a function f: R™ — R. Let x = Xy + As, where x(,s € R" are given and A € R

is a parameter. The directional derivative of f in the direction s is defined by

D.f(xo) 2 lﬁ% fxo+ )\i\) — f(Xo)‘

Using Taylor series, one can verify that
1
f(xo+ As) = f(x0) + As"V f(xq) + §AQSTV2f(£)s,

where £ € R” is a point lying between x, and xy + As. From the above, it readily follows
that

lim f(xo + As) — f(x0)
A—0 A

= STVf(X()).
Hence, we have

Def(x0) = 8" Vf(x0).

When x is written as x = xg + As where xq and s are given, one can see that f(xg+ \s)

becomes a function of a single variable A. In this connection, define
o(\) = f(x0+ As). (4.8)

By applying the chain rule, one can easily see that

T

4.2 Optimality Conditions

Now we are ready to establish three important theorems.
Theorem 4.2.1. [Ist order necessary condition| Suppose that f : R" — R is continuously

differentiable. If x* is a local minimizer of f, then V f(x*) = 0. |

Proof Let x* be a local minimizer of f, and let x be given by
X = X"+ s,

where A € R and s € R". By the definition of a local minimizer and by the continuity of f,

one can see that
df

=0 R™.
il , Vse
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e — T *) Rn
| s'Vf(x*)=0, Vse

Hence, V f(x*) = 0 and the theorem is proved. Q.E.D.

Theorem 4.2.2. [2nd order necessary condition| Suppose that f : R" — R is twice contin-

uously differentiable. If x* is a local minimizer of f, then V2 f(x*) is positive semi-definite.

Proof Suppose f is twice continuously differentiable. Consequently, V2f is continuous.

Let x* be a local minimizer of f. Assume, by contradiction, that V2 f(x*) is not positive

semi-definite. Then, we can choose a vector s such that
sV f(x*)s < 0.
Because V2f is continuous near x*, there is a scalar 7' > 0 such that
sTV2f(x* +ts)s < 0 Vtel0,T).

By doing a Taylor series expansion of f around x*, we have for all ¢ € (0,7] and for some
t € (0,t) that

f(x*+1s) = f(x*)+ts"Vf(x*) + = 2T VEf(x* +ts)s

N | —

We have found direction from x* along which f is decreasing; therefore, x* is not a local

minimizer and we have a contradiction. So we can conclude that V?f(x*) is positive semi-
definite. Q.E.D.

Theorem 4.2.3. [2nd order sufficient condition| Suppose that f : R™ — R is twice contin-
uously differentiable. If V f(x*) = 0 and if V2f(x*) is positive definite, then x* is a strict
(and isolated) local minimizer of f. |

Proof Because V?f(x) is continuous and positive definite at x = x*, we can choose a radius

r > 0 so that V2 f(x) remains positive definite for all x in the open ball

D= {x: |x—x' <7}
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Taking any nonzero vector s with ||s|| < r, we have x* 4+ s € D and therefore

F4s) = SO +STV) + 5 STV ()

where z = x* + ts for some ¢ € (0,1). Since z € D, we have s"V2f(z)s > 0. Hence, it is

easy to see that

f(x*+8)> f(x*) VseD

and the theorem is proved. Q.E.D.
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4.3 Exercises

4.1

4.2

4.3

4.4

4.5

Let f be a real-valued function of n variables.

(a) Assume that f is continuously differentiable. Then prove that f is convex on the

convex set S if and only if
fiy)> f(x)+Vfx)(y —x) forallx,yeS.

(b) Assume that f is twice continuously differentiable. Then prove that f is convex
on the convex set S if V2 f(x) is positive semi-definite for all x € S, by using the

result obtained from part (a).
Prove that if f is convex, then any stationary point is also a global minimizer.

Let f: R? — R be defined by
f(X) = ($1—$2)4+$%—$§—2x1+2x2+1

where x = [z, 75]7. Suppose that we wish to minimize f over R% Find all points
satisfying the first-order necessary condition. Do these points satisfy the second-order

necessary condition?

Let
f(x) =227 + 23 — 23120 + 22% + 7}

T

where x = [z1,23]". Determine the minimizers/maximizers of f and indicate what

kind of minima or maxima (local, global, strict, etc.) they are.

Consider “Rosenbrock’s function”: f(x) = 100(zy —22)*+ (1 —z1)? where x = [z, 25]T
(know to be a “nasty” function-often used as a benchmark for testing algorithms).
Determine all the local minimizers by using the second-order conditions. What is the

global minimum of f7.
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Chapter 5

Numerical Methods for

Unconstrained Optimization
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Many optimization algorithms, especially those that we are interested in for this course,

takes a general form:

Specify an initial guess x(* € R™ and kpax.
For k=0,1,... knax {

If x*) is optimal, then stop.

Determine a new point: x**+1 = x(*) 1 \; s }

where s®) € R™ is called a search direction and the scalar ) is called a step length.

Obviously, the above algorithm model suggests that we need to solve the two problems:

viz., testing the optimality and determining x®*+1.

The optimality test are carried out using the conditions introduced in Chapter 4. Fur-
thermore, the information obtained from the optimal test is often the basis for computing

X(k+1).

For the minimization algorithms to be described subsequently, the search direction s®*)
is computed so that f(x® + \;s®) decreases for sufficiently small )\, > 0. Once s is
obtained, the step length A needs to be calculated by solving a one-dimensional search
problem. Ideally, it is required that oy, minimizes f(x® + \;s®)). However, with some
good minimization algorithms, ay is often chosen so that f(x® + \;s®) < f(x*)) with a

sufficient degree.

5.1 Omne-Dimensional Optimization

Definition 5.1.1. [unimodal function] A function f:R — R is said to be unimodal in the

interval a < x < b if it has only one extremum ' within the interval. |

Note that a convex (or concave) function is always unimodal. But the converse is not

necessary true.

One important aspect of the single variable minimization problem is that several of mul-
tivariable algorithms implement a sequence of single variable minimizations along carefully

chosen lines (or directions) in the higher dimensional space R™.

During the process of minimizing a function f : R® — R, once a point x*) and a search
direction s®) are chosen such that x = x®) 4- \s(*)  then the problem of minimizing f in R™
becomes that of f(zy + Asy) in R.

LAn extremum is either a minimum or a maximum
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A
gY
g8y

Figure 5.1: Unimodal functions

For convenience, define f(x®* + As®) £ ¢(\). Then

o' (\) = sPTV f(x® 4 As™).

The following proposition is useful for determining an optimal step length \*, for which

¢(A*) is minimal.

Proposition 5.1.2. Suppose that a function f : R — R is unimodal. Then f has a minimum
in the interval |a, c| if one of the following holds:

o f'(a) <0< fe);

e there exists b € (a,c) such that f(b) < f(a) and f(b) < f(c). |

5.1.1 Quadratic Interpolation Method

This method was first suggested by Powell [31] for function minimization without using

derivatives.

Figure 5.2: Quadratic interpolation method
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Suppose that three points A = A, A = B, A = C are given such that A < B < C,
f(B) < f(A) and f(B) < f(C). If f is approximated by a quadratic function

h(\) = a + bA + c)?

within [A, C], then an estimate of the minimum of f (denoted by \*) is given by the minimum
of h. Hence,

5o _ JUD(B? = C?) & F(B)(C? = A%} + (C){A* ~ B
2[/(A){B —CY+ [(BIC— A} + [C{A-BY |

(5.1)

In addition, the coefficients a, b, ¢ are given by

F(A)BC{C — BY + f(B)CA{A — C} + f(C)AB{B — A}
(A—B)(B-C)(C— A) ‘

a =

b— F(A{B? - C?*} + f(B){C? — A%} + f(C){A% — B?}
(A—B)(B-C)(C - 4) '

CcC =

_SANB - Cy + f(BIC — A} + f(O){A — B}
(A—B)(B-C)(C - A) '

See, for example, [36] for further details.

After the estimate \* is obtained, there are now four points bracketing the minimum of
finamely, A\= A, A=B, A=C and \ = M*. Out of these four points, one can choose the

best three points that bracket the minimum. In doing so, there are four possibilities.

IF THEN

Case 1 | A< X < B, f(A*) < f(B) | Apew — A, Buew — A, Coew < B
Case 2 | A< XN < B, f(\) > f(B) | Apew < \*, Boew — B, Coew < C
Case 3 | B< A < C,f(N) < f(B) | Anew < B, Buew < N, Coew < C
Case d | B< XA < C,f(X\) > f(B) | Apew < A, Bueyw + B, Coey < \*

*

With such new points, refit the quadratic again to get a better approximation.
A criterion for stopping the quadratic refitting is, for example,

h(N) — F(V)

o) <e when f(\*) #0. (5.2)
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Figure 5.3: Cubic interpolation method

5.1.2 Cubic Interpolation Method

This method was introduced by Davidon [10, 11] in conjunction with minimization by

using variable metric methods.

Suppose that two points A = A, A = B are given such that A < B, f'(A) < 0 and
f/(B) > 0. If fis approximated by a cubic function

R(A) = a4 bA + cA? +dX\?

within [A, B], then an estimate of the minimum of f (denoted by A\*) is given by the minimum

of h. Hence,
8 fA+72+0Q

A*:A+f,(A)+f,(B)+QZ(B—A) (5.3)

where

3{f(A) - f(B)}
Z= B—A

Q=1{2"- (A (B)}
For the details on cubic interpolation, see [17] and [36].

+f/(A) + f(B),

1/2

After the estimate \* is obtained, there are now three points bracketing the minimum of
fi;namely, A=A, A = M* and A = B. Out of these three points, one can choose two points
that bracket the minimum by looking at the slope of f.

A criterion one may use to terminate the iteration is, for example,

)| <e or [Ny =X <e

where € > 0 is specified. If the criterion is not satisfied, refit the cubic function again.

39



5.1.3 Golden Section Method

The golden section method arranges the size of the interval containing the minimum such
that it is decreased by a constant factor 7 at each step. In each iteration, only one function

evaluation is required.

|

|

|

|

|

|

|

:

$ &
a’L ;l,:’L1 $7§ b’L

Lo

Figure 5.4: Golden section method

Let the current interval be (a, b') and let 2% and % be the points at which the function is

evaluated where ' < x} < z%, < b’. Then these points must satisfy

xy—a b —a

4 I = A4
bt — at bt — qf 7 (5 )
from which it follows that
7t —a="b— b (5.5)
Assume that f(z%) > f(z}), so that we have
bt =25 and o™ =d' and oLt =2t

This is sufficient to specify the procedure precisely and therefore

i+l

st —adt 2t —d 2 —a
. — = — - = — = 5.6
xhH —at rh—at b —a ’ (56)
and by (5.5)
i —a =0 —d — (25 —a) (5.7)
so that . . .
e (5.8)
Ty — a T
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Hence, one obtains

~ 0.618 and 1-—7~0.382.

?+7r-1=0 = 7=

V5 —1
2

The implementation of this algorithm is as follows:

If f(zb) > f(x!) then

bt = i At = -

!

o =gt 4 (1 — 1) (b — ad);
else

@t = i B+l — b

7 =

5t = b — (1 —7)(b — a'tt);
end

5.2 Methods for Unconstrained Optimization

There are two types of methods for optimization:

e methods that do not require derivative (or direct search methods)

e methods that require derivatives (or descent methods): steepest descent method, New-

ton methods, conjugate gradient methods, quasi Newton (or variable metric) methods.

In our course, we focus attention only to descent methods.

Algorithm model: Suppose that a function f : R® — R and a starting point x(¥ ¢ R”
are given. Let £ = 0.

Determine a search direction s(.

Find ;. to minimize f(x*)+As®)) with respect to A (or at least to reduce f sufficiently).
Set x* D = x(*k) 4 )\, s(k)

If the termination criterion is not satisfied, then set K = k+1 and goto step 1; otherwise

terminate with x* = x(*)

sl S
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In step 1, different methods correspond to different ways of choosing the search direction

s*) depending on information available in the problem.

Step 2 is called the line search subprogram and is carried out by repeatedly sampling f(x)

and possibly its derivatives for different points x = x*) + \s®) along the direction s®).

Ideally, the exact minimizing value of A (an ezact line search) would be required and this
cannot be implemented in practice with a finite number of operations. Nevertheless, the

idea is conceptually useful and occurs in some idealized proofs of convergence.

One can easily deduce that for an exact line search, the optimal step length A, must

satisfy
d
o) = sPTY f(x®) 1+ \es®)) = 0.

To terminate the iterations, one may use the following criteria.

e - x| < e

or [ —x® || < e x|,
or  [f(xED) - f(x®)| < e,
or |FxT) — FE®) < e[ F(x®)].

Consider a function f € C! and let x = x*) + \s®¥). Then a search direction s is said

to satisfy the descent property if
sWTY f(x™) < 0.

This guarantees that the function f can be reduced in the line search for some A\, > 0. In
certain cases, by a suitable choice of line search conditions, it is possible to incorporate the

descent property into a convergence proof.

Quadratic functions A quadratic function is written as

1
f(x) = ixTQX + pTx +7r

where () € R™*" is symmetric, p € R™ and r € R. It can be easily verified that
Y

Vi) =Qx+p and Vf(x)=Q.

Accordingly, one can deduce that the minimizer of f is given by



Note also that the quadratic function, though simple, arises in many applications. Therefore,

it is often used as a model in the analysis and design of optimization methods.

5.2.1 Steepest Descent Method

The steepest descent is the simplest descent method and was invented by Cauchy in the
19th century. The method has theoretical uses in proving the convergence of other methods
and in providing lower bounds on the performance of better algorithms. Therefore, it is
well known and has been widely used although, for most practical problems, the method is

hopelessly inefficient.

The steepest descent method computes the search direction from
s = —v f(x) (5.9)
and then uses a line search to determine x**t1 = x®) 4 ), s(®.

Proposition 5.2.1. In minimizing a function f : R™ — R, every search direction generated

by the steepest descent method has a descent property. |

Proof It is easily verified that

do df (k) (k) _ (T (k)
990y = Lx® 4\ - v \V 0.
d)\( ) d)\(x S ))\:0 fE) VW) <

Hence, one can conclude that there always exist some A > 0 such that
F(x® 4+ Ast®)) < f(x®). Q.E.D.

Furthermore, it should be noted that at the point x*), the search direction s =

—V f(x®) gives the maximal rate of decrease of the function f (assuming ||s®®|| = 1).

To prove this statement, recall that the directional derivative of f along a line s® is
given by

Dy f(x®) = ¢/(0) = sBTV f(x®)).

Since sV f(x®) = ||s®) ||| Vf(x®) || cosf, one can see that |¢/(0)| has the maximal

value when s®) and V f(x(®)) have either the same or opposite direction.

Example Consider a quadratic function f(x) = 1x’Qx + p’x, where @ is positive
definite. If the steepest descent method is used with an exact line search, determine the

optimal step length A} at each step k.
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Solution Let x = x®) 4 As(®) and define ¢(\) £ f(x* + A\s*)). Then it readily follows that

d(\) = = [xPTRx® + 2XsWTQx® 4+ N2sWTQxH)] 4 pTx®) - \pTs®)

N | —

and
o' (\) = sPTQx® 4 A\sWTQs®) 4 pTx(k),

Determine A; using the fact that ¢'(A;) = 0. Consequently,

. _S(k)T(QX(k) +p) —s(k)TVf(X(k)> (5.10)
k= S(k)TQS(k) - S(k)TQS(k) . .

It should be noted here that (5.10) provides a formula for computing the optimal step length
Aj for general methods minimizing the quadratic function. For the steepest descent method,
st = —V f(x*) and hence

. VIEW)TVIED)
A=

" IOV ) Avs

Next we will show the steepest descent method with an exact line search generates the
iterates x®) that zigzag towards the solution.

Proposition 5.2.2. If a sequence {x™} is obtained from minimizing a function f : R™ —
R using the steepest descent method with an exact line search, then for each k the vector

xE+D — x(%) s orthogonal to the vector xF+2) — x(k+1) |

Proof From the steepest descent method (5.9), it follows that
(X(k+1) . X(k))T (X(k+2) . X(k+1)) _ )\k)\k+1vf(x(k))va(x(k—i-l)).
When an exact line search is used, one determines \; that satisfies
¢'(\) = 0 = V(x)TVf(xE).
Hence the proof is completed. Q.E.D.
It is worth noting the rate of convergence of the steepest descent method in the ideal case

(that is, when f is a quadratic function and the line searches are exact). The result is

obtained by considering f(x) — f(x*) instead of ||x — x*|| because the analysis is simpler.

Theorem 5.2.3 ([26]). Assume that {x®)} is the sequence of approzimate solution obtained
when the steepest descent method is applied to the quadratic function f(x) = %XTQX +
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p’x (Q > 0), and when an eract line search is used. Then, for any x0) the method

converges to the unique minimizer x* of f, and furthermore

A—al?
k * k *
) = ) < [55] () - )
where A and a are, respectively, the largest and smallest eigenvalues of the matriz (). |
Proof See [24]. Q.E.D.

For general nonlinear functions, it is possible to show that the steepest descent method

(with an exact line search) also converges linearly, with a rate constant that is bounded by
A—al’
A+a

where A and a are the largest and smallest eigenvalues of V2 f(x*).

5.2.2 Newton’s Method

From Chapter 3, one can see that Newton’s (or Newton-Raphson) method is an efficient

algorithm for determining a solution of nonlinear equations.

In solving optimization problem, Newton’s method is used to find a solution of the first-

order necessary conditions for a local minimizer, which is in fact a set of nonlinear equations.

Consider a function f : R® — R where f € C?. To derive Newton’s method for mini-

mization, we apply Newton-Raphson method to the first order necessary conditions
Vf(x)=0.

Since the Jacobian of V f(x) is V2 f(x), the update formula of Newton’s method for mini-
mization is given by

x(HD = x®) _ [72 f(x*))] v (x®).

Instead of the above form, we prefer writing Newton’s formula as
x* D) = x®) 1 s®) where  [V2f(x®)] s®) = —v f(x®). (5.11)

Formula (5.11) is sometimes called classical Newton method.

Next we will look at another interpretation of Newton’s method; the details of which can

be found in [26] or [14]. The second-order Taylor series approximant of the function f about
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the point x*) is given by
1
Q(d) ~ f(x(k)) + dva(X(k)) + §6TV2f(x(’“))6
where & = x — x*). Then one obtains

Vq(8) = Vf(xM) + V2 f(x)s.

If V2f(x*)) > 0, then the function ¢ has the minimum at

§ = xMHD — x®) — _ [v2f(x)] T v f(x®). (5.12)

Obviously, (5.12) leads to the formula (5.11).

Now one can see that at every iteration, Newton’s method approximates f(x) by the

quadratic model ¢(8); minimizes ¢ with respect to §; and then sets x*+1) = x®) 1§,

How efficiently does Newton’s method perform when minimizing a quadratic function?

The answer is as follows.

Proposition 5.2.4. When Newton’s method is used to minimize a quadratic function f(z) =

%XTQX + pTx where Q > 0, it takes only one step, regardless the staring point. |

Because this is quite easy, the proof is left as an exercise for students.

Newton’s method has a quadratic rate of convergence except in degenerate cases. This

property is stated rigorously as follows.

Theorem 5.2.5. Suppose that f € C? and that the Hessian matrixz satisfies a Lipschitz
condition || V?f(x) — V2f(y) || < L||x —y | in a neighbourhood of a local minimizer x*. If
x®) s sufficiently close to x* for some k and if V?f(x*) is pdf, then Newton’s method is

well-defined for all k and converges to x* at a quadratic rate. |

Proof The detail of the proof can be found in [29]. Here only a sketch of the proof is given.

Students should work out the details themselves.

From (5.11) and V f(x*) = 0, it follows that

= V2 f(x) 71 [V — ] = [V () = V)]
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Using the fact that

VIx) — Vi) = / V2f (x 4+ ty — x]) [x — v db,

we have

V2 — 5] — [V £(x) = 71 ()|

2
)

< -

2/1Ltdt = 1L Hx(k) —x"
0 2

where L is the Lipschitz constant of V2 f(x) for x near x*. From the above, we can deduce

that

(k+1) _ yox 2

< L]V e

I

Using this inequality inductively, we deduce that if x(*) is sufficiently near x*, then {x*}

converges to x* and the rate of convergence is quadratic. Q.E.D.

Newton’s method is rarely used in the classical form (5.11). It does not always converge;

even if it does, it might not converge to a minimizer.

By introducing an additional variable A € R in (5.11), we have modified Newton’s method
as follows:
xFHD) = x(®) 4 N, ) [VQf(x(k))} st = —v f(x™) (5.13)

where ), is chosen so that f(x*+Y) < f(x(®) (or ideally to minimize f along the search

direction). Indeed, the formula (5.13) is Newton’s method used in practice for minimization.

It is interesting to know if Newton’s method always generates a descent search direction.

The answer is as follows.

Proposition 5.2.6. Consider a function f : R* — R where f € C' and let x = x®) 4+ \;s).
For any positive definite matriz H, € R™™, a search direction s*) = —H,V f(x*)) always

has a descent property. N

Proof Let ¢(\) = f(x® + As®). Then it can be verified that
¢'(0) = sV f(xW) = =V f(x") T HV f(x) (5.14)

Since Hy > 0, ¢'(0) < 0 and therefore f(x®* 4+ A\s®)) < f(x®)) for A > 0 sufficiently small.
Hence, the proposition is proved. Q.E.D.

Now one can readily deduce that at each step of Newton’s method (5.13) if the matrix
V2f(x™®)) is pdf, then the search direction s*) has a descent property. That is, a local

minimum exists for A > 0.

There are three types of costs in implementing Newton’s method:

47



e computation of derivatives,
e computation of s*),

e storage.

In its classical form, Newton’s method requires second derivatives, the solution of a linear
equation and the storage of a matrix. For an n-variable problem, there are n(n+1)/2 entries
in the Hessian matrix. Once the Hessian matrix has been found, it costs O(n?) arithmetic
operations to solve the linear equation in (5.13). And normally, the Hessian matrix will
have to be stored at a cost of n(n + 1)/2 storage locations. As n increases, these costs grow

rapidly.

Calculation of the Hessian When analytical expressions of the Hessian matrix V2 f(x)
are not available, one may compute V2 f(x*)) by the following means. If the gradient V f(x)
can be determined analytically, then an approximation to the ith column of V2 f(x®) is given

by
1

h;
1
- 2h,

where e; is the ¢th column of the identity matrix.

Y = (Vf(x(k) + h;e;) — Vf(x(k))) forward difference

or (Vf(x(k) + hie;) — Vf(x® — he;)) central difference

Alternatively, it may be possible to approximate V2f(x*)) by

w2, O e ) — S+ i) = SOt hyey) + S )
ity

If the approximant matrix Y obtained from the above is not symmetric, then the matrix H

used to approximate the Hessian is given by

1
Hzﬁw+yﬂ

One should, however, bear in mind that the use of finite difference approximation may be

unsatisfactory especially if f(x) is noisy.

LDL" factorization If A € R™" is pdf, then A can always be written as A = LDLT,
where L is a lower triangular matrix and D = diag(dy, . ..,d,), d; > 0. Notice that this is in
fact a variation of LU factorization. More importantly, in this case, one is able to compute

the factors L and D without having to perform partial pivoting.

To find a formula for the factorization, consider a matrix A € R***
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a11 Q91 Q31 QA4 1 0 0 1 O O
Q21 Q22 (32 A42 _ l21 0 0 D loy 1 0
31 a3z 33 Aa43 l31 Iz 1 0 l31 32 0
(41 Qg2 Q43 Qaq lag lip lyg 1 lyg lag lyg 1
From the above, one can deduce that
for j =1: di = a,
loy, = G21/d1,
31 = a31/d1,
ln = a41/d1;
for j =2: d2 = Q92 — dllglp
l3o = asy — dylails; /dz,
lig = ag2 — dilogly /dz;
for j =3: d3 = Q33 — d1l§1 - dgl§2,
lis = <a43 — dylz1ly — d2l32l42) /d3;
for j =4: d4 = Q44 — dllil — dQliQ — dgli?).

Hence, the algorithm for LDL” factorization is deduced as follows.

Algorithm: Given a pdf matrix A € R"*",
forj=1:n
j—1
dj = Q55 — del?k
k=1
Ljj=1
fori=7+1:n
j—1
Lz’j = (aij — del]kl1k> /dj
k=1
end
end

In Newton’s method, the computation of search direction involves the solution of

V2f(X(k))S(k) — —Vf(x(k)).
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If V2f(x(®) is pdf, then the factorization
V2if(x®) = LDLT

can be used, where the diagonal matrix D has positive diagonal entries. If V2f (x(k)) is not
pdf, then at some point during the computation of the factorization some diagonal entry of
D will satisty

di < 0.

In which case, d;; should be replaced by some positive entry; e.g. |d;;| or some small positive

number.

Modifying the entries of D is equivalent to replacing V2 f(x*) by
Vif(x®) = V20 + B
where F is a diagonal matrix and then factoring this matrix
Vif(x®)4+ E=LDL”

so the modified Hessian matrix is pdf. The factors L, D are then used to compute the search
direction

(LDLT)s®) = —v f(x™).

The following example shows that the processes of both checking the positive definiteness

of the Hessian matrix and finding F can be carried out together.

Example ([26]) Suppose that

—1 2 4
Vifx)=1] 2 -3 6
4 6 22

At the first stage of the factorization, d;; = —1. Clearly, the matrix is not pdf. Therefore,
choose e1; = 5 so that d;; =4 > 0. Then, it follows that [;; =1, [ = %, I3 = 1.

At the next stage, dos = —4; choose eys = 12 so that dyy = 8 > 0. Then [y = 1 and
l32 = %

At the final stage, d33 = 16, so no modification is needed. The overall factorization is

-1 2 4 5 0 0
Vifx)+E=| 2 -3 6 |+]|0 12 0|,
4 6 22 0 0 0
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where

00

1 0|, D =diag(4,8, 16). Ans
1

2

= NI =

An alternative approach which is due to Levenberg and Marquardt ([23, 25]) is to modify
Newton search direction (5.11) by giving it a bias towards the steepest descent direction
—V f(x®). This is most conveniently achieved by adding a multiple of the identity matrix
to V2f(x®) and solving the system

[V2f(x®) + s s = —v f(x*), B> 0. (5.15)

From equation (5.15), one can see that for a small 3, s*) is close to Newton direction whereas

for a large 3, s*) becomes parallel to the steepest descent direction.

5.2.3 Conjugate Directions

Definition 5.2.7. Let () be a real symmetric n X n matriz. The vectors dq,ds,...,d,, € R"

are said to be ()-conjugate if
d7Qd; =0, for all i # j. N

Clearly, when the m vectors are orthogonal, they are conjugate with respect to the

identity matrix. Hence, orthogonality is a special case of ()-conjugacy.

Proposition 5.2.8. Let () € R™™" be positive definite. If, for k < n, the vectorsdy,ds, ..., dy €

R"™ are nonzero and Q-conjugate, then they are linearly independent. |
Proof Let aq, s, ..., a; be scalars such that
Oéldl + O./ng + ...+ O./kdk =0. (516)

Premultiplying (5.16) by d;[Q for 1 < j <k yields
a;dfQd; =0, 1<j<k

This is because, by @)-conjugacy, the terms d?Qdi =0 for ¢ # j. Since @) > 0 and d; # 0O,
it follows that a; = 0 for j = 1,2,..., k. Therefore, the vectors d;,ds, ..., d; are linearly
independent. Q.E.D.

There is an important class of methods for minimizing a quadratic function called con-

jugate direction methods.
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Definition 5.2.9. [Conjugate direction method| Consider a method for minimizing a quadratic
function f(x) = ixTQx + p'x (Q is pdf) where

X(k+1) — X(k) _I_ Aks(k)

, k=0,1,2,.... 5.17
N = arg min{f(x® + As®): \ € R} } (5.17)

The method is called a conjugate direction method if all the search directions s, s s®)
are conjugate to Q). |

Theorem 5.2.10. For any starting point x0, the conjugate direction method (5.17) con-
verges to the minimum of f(x) = %XTQX + plx in n steps; that is to say, the method

terminates with x™ = x* = —Q~ 'p. N

Proof First note that the vectors s®*) are linearly independent. Thus, by the conjugacy of

the vectors s¥), an arbitrary vector v can be written in the form
BT Qv
_ (k) L A
V= E ags'™,  where oy = ST Qs (5.18)

Then it is easy to verify that
n—1
© 4 Z Aps®).
k=0
Since \; is obtained by minimizing f(x®* + A\;s*)) in the direction s, it follows that

S(k)TVf(X(k))
S(k)TQs(k)

s F(x® 4 sty =0 = N =
Furthermore, by ()-conjugacy,
SOTY F(x®) = sWT {Qx® 4 pl
_ g {Q x©) | i s
= s®T {Qx© 4 p}i.:O

Hence,

n-1 (07 C
ZS U+ p)st (5.19)

— S(k TQS(k

Using (5.18), one can verify that

niSk)TQX sP o
X

Girmmis (5.20)

=0
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and

n—1 n—1 _
sTQs® — s®TQs® ¢ P '
k=0

k=0

From (5.19)-(5.21), it readily follows that

Hence, the theorem is proved. Q.E.D.

5.2.4 Quasi-Newton (Variable Metric) Methods

There are many different quasi-Newton methods but they are all based on approximating
the Hessian V2 f(x*)) by another matrix B, which is available at low cost. Then the search

direction is obtained by solving

Bis® = —v f(x).

There are several advantages to this approach.

e The approximant By can be found using only first derivatives.

e The vector s*) can be computed using O(n?) operations.

There are also disadvantages but they are minor. The methods do not converge quadratically
but they can converge superlinearly. In practice, there is not much difference between these

two rates of convergence.

Quasi-Newton methods are generalizations of the secant method. For the case of a single
variable, the idea is explained as follows. The secant method uses the approximation

f'@®) = f(=®Y)

xk) — p(k=1)

(= ®)

Q

in Newton’s formula for minimization
x(k+1) _ :L‘(k) . f/(l’(k))/f”(l'(k)).

This leads to
28 _ g (k=1)

Pa®) = Fat)

In the multidimensional case, the approximation can be written as

LD — )

f1(@").

V2 f(xM) [x(k) _ X(H)} ~ VF(x®) — ¥ f(xD).
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From this, the condition used to define the quasi-Newton approximation By is as follows:

By [XW - x<k—1>] =V (x®M) - Vf(xkD), (5.22)

This is known as the secant condition.

For an n-dimensional problem, this condition must be satisfied by B,. However, the
matrix By, has n? entries (or n(n+1)/2 for a symmetric By), so this condition by itself is not
sufficient to define By uniquely. Additional conditions must be imposed to specify a specific

quasi-Newton method.

For the sake of convenience, the following notations are defined.

g® = v f(x®), Agh) £ glbtl) _ g(k) (5.23)
Ax®) £ x(E+1) _ (k) B! 2 H, ’ ’
From the above, the secant condition (5.22) can be rewritten as
Bii Ax® = Ag®  or  HAg® = Ax®). (5.24)
Quasi-Newton methods have the update formula of the form
Byi1 = B + [ something ] (5.25)
For example, the symmetric rank-1 update formula is
Ag® — B Ax®)(Ag®) — B Ax*)T
Boy = By + 28 kAX ) (Ag kOXT) (5.26)

(Ag®) — BLAxM)TAx®)

One can verify that (5.26) satisfies (5.24) and, furthermore, it preserves symmetry.

The algorithmic model of quasi-Newton methods is as follows:

Quasi-Newton model: A function f : R” — R, a starting point x(*) € R™ and a positive
definite matrix By € R™ " are given. Let k = 0.

1. If the termination criterion is satisfied, then stop; otherwise compute s(k) using

Bks(k) _ _g(k) or s — _Hkg(k)_

2. Compute A\ such that fy.q < fi; or ideally compute
A = arg min{ f(x® + Xs®) : A > 0}.
3. Update x*+D = x(® 4 \;s®) and By, = By, + [ something }

4. Set k =k + 1 and goto Step 1.
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Better-known quasi-Newton methods are DFP (Davidon-Fletcher-Powell) method, whose

formula is given by

AxIAXMT i AgP AT H,

Hiy = Hy + AxHTAg®) —  AgWTH, Aghk) (5.27)
and BFGS (Broyden-Fletcher-Goldfarb-Shanno) method, whose formula is given by
AP AcHT B AxFE AxFT B
By =B, + -8 28 ROX DX Dk (5.28)

AgWTAx® —  Ax®T By Ax(*)

To compute the inverse matrix of Hyyy in (5.27) or By in (5.28) analytically, the

following lemma is useful.

Lemma 5.2.11. [Sherman-Morrison| Consider a nonsingular matriv A € R™ "™ and the
vectors u, v € R" such that 1 + vIA='u # 0. Then it follows that the matriz A + uv?l is

nonsingular and

(A’lu) (VTAil) ' .

™~ _ 4-1
(A+uv) =A T TvTATn

Quasi-Newton methods generate { By : By is given} such that By is an approximant to
V2f(x®). The methods that maintain the positive definiteness of the matrix By, (or Hy)

are sometimes called variable metric methods.

In general, a rank-1 formula has the form
Byy1 = B + auu’
while a rank-2 formula takes the form
Bji1 = By + auu” + bvvT,

where u,v € R” and a,b € R are to be chosen. It is of interest to note that a rank-1
update formula can preserve the symmetry of the matrix By, but cannot preserve the positive

definiteness; on the other hand, a rank-2 formula can preserve the positive definiteness of
By.

DFP Method The method was originally developed by Davidon [10] and later was mod-
ified by Fletcher and Powell [15]. Hence, the name DFP method was given.

Consider a rank-2 update formula

Hy.y = Hp + auu® + bvvT.
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From the secant (or quasi-Newton) condition, it follows that
Ax® = H Ag® + auu? Ag® + bvvT Agh), (5.29)
An obvious choice in (5.29) is to try
u=Ax® and v=H,Ag®. (5.30)
From (5.29) and (5.30), it follows that
au’Ag® =1 and bvTAg® = —1,

which are used to determine a and b. Hence, the DFP formula is obtained.

AxPAXET  H Ag® AgWT [,

Hyy1 = Hi + AxWTAg®) —  Ag®T H, Agk)

Using Sherman-Morrison Lemma, one can verify that

AxPT B AxF) N Agh) Agk)T
BT = B;?F”+<1+

Ag(k)TAXl(ck) Ag®T Ax (k)

AgWAxKT B, + B Ax® Ag®T
B AgMT Ax®)

The DFP method has a useful property when an exact line search is used. The following

theorem was given in [15].

Theorem 5.2.12. For the DFP method (with an ezxact line search), if the matriz Hy, is
positive definite, then so is Hyy1. |

Proof Consider the quantity x? Hj . x for x # 0.

(xT Ax(#))? (x" H,Ag®)?

T —xT -
X' Hppix =x" Hypx + AxTAgk)  Ag®T H, Agk)

(5.31)
Since Hj, is positive definite, one can easily verify that
H, = HY?HY? (recall H, = LDL")
where H'/? is the square root of Hj. Therefore, define
a= H'/?x, b= HY?Ag®

Substituting a and b into equation (5.31) yields

(XTAX(k))Q (aTb)2
AxMTAgk®) — pTh

x ' Hyx =ala+
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Hence,
lal*[Ib[* = (a"b)* (x"Ax®)?
bTh AxRTAg®)

xT Hyy1X = (5.32)

From the Cauchy-Schwarz inequality (2.7), one can easily see that the first term of the
right hand side of (5.32) is nonnegative. Since Hj, is positive definite, one can easily deduce
that Ax®TAg¥) > 0 and hence the second term is also nonnegative. (WHY?).

Now one can show that if Hp > 0, then both terms cannot be zero at the same time.
(WHY?) Therefore, x* Hyy1x > 0 for all x # 0 and the result is established. Q.E.D.

By using the same technique, the above theorem can be easily extended to the following

useful proposition. For more details, see, for example, [14].

Proposition 5.2.13. The DFP formula (5.27) preserves positive definite matrices Hy, if
AxPTAgk) > 0, (5.33)

In fact, the condition (5.33) is also necessary for the DFP formula to preserve the positive
definiteness of Hj. See [26] for the details.

It is important to note that the condition (5.33) is realistic and can always be achieved

in practice. This can be seen as follows. Note that
AxBTAgH — ), As®T [g<k+1> _ g(k)} _

For an line exact line search, s®)7g(*+1) = (; hence (5.33) is satisfied. For an inexact line
search, if
s®WTgk+D| <y s Tg®)| - wwhere 0 < < 1

then (5.33) is satisfied.

The DFP was found to work well in practice and has been used widely. It proved to
be much more efficient than the steepest descent and also somewhat more efficient than the
conjugate gradient methods. Early implementation attempted to carry out fairly accurate

line searches.

However, the coming of low accuracy line searches in 1970 showed the DFP formula in a
less satisfactory light than other formulae which were being introduced. Currently, the DFP

method is no longer preferred.

However, the method has a number of important properties as follows:
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e For f(x) = ix'Qx + p’x, x € R (with exact line searches),

1. terminates in at most n iterations with H,, = Q~!;

2. generate conjugate directions and, when Hy = I, conjugate gradient;
e For general functions,

1. preserve positive definite Hy matrices—hence the descent property holds;
2. requires 3n? + O(n) multiplications per iteration;
3. superlinear order of convergence (see [5] and also [12]);

4. global convergence for strictly convex functions with exact line searches (see [32]).

It is interesting to note that Powell [32] shows that for strictly convex functions, the DFP
method with exact line searches converges globally, with superlinear convergence if V2 f(x*)

is positive definite.

BFGS method The method was developed independently by Broyden [4], Fletcher [13],
Goldfarb [18] and Shanno[37] around 1970. The method has been found to work well in

practice and, especially when implemented with inexact line searches, performs better than
the DFP method.

As to the theoretical side, the above properties of the DFP method also hold for the
BFGS method. Moreover, global convergence of the BFGS method with inexact line searches
satisfying certain conditions (see below) has been proved by Powell [33], a result which has
not yet been shown for the DFP method.

To this end, it is interesting to note the convergence property of the Broyden class, whose

update formulae are given by

AgPAg®T B AxE AxFIT B,
Byi1 = Bp+ Ag(k)TAX(k)_ Ax®ET B, Ax(F)

+ 6 ( AxHT B, Ax<k>> kW7

(5.34)
Agh) B Ax®)

AgWTAx® — Ax®T B Ax(k)

u® =

where ¢ is a scalar parameter. Note that the class (5.34) contains the DFP (¢ = 1) and the
BFGS (¢ = 0) methods.

The Broyden class for 0 < ¢ < 1, which excludes the DFP method, have the following

convergence property, which is a generalization of Powell’s (1976) result. See [26] for details.
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Theorem 5.2.14 ([6]). Consider a function f : R® — R. Let x(©) € R™ be a starting point
and let {x®Y be defined by x**+V = x®) 1+ \is®) where s® € R™ and A\, > 0 is a scalar.

Assume that
(i) the set S = {x: f(x) < f(xO)} is bounded;
(ii) f, Vf and V2f are continuous for all x € S;
(iii) V2 f(x) is positive definite for all x;

(iv) the search directions {s™®} are computed using
Bys®™ = —Vf(x(k)>

where By = I and the matriz By, are updated using a formula from the Broyden class
(5.34) with the parameter 0 < ¢ < 1;

(v) the step length {\} satisfy
S+ Ns®) < F(xP) 4 phes®TV f(x®)) (5.35)

BTV f(x® + \s®)) > sy f(x ) (5.36)

with 0 < p < n < 1, and the line search algorithm uses the step length A\, = 1 whenever

possible.

Then it follows that

lim x®*) = x*
k—o0

where x* is the unique global minimizer of f on S, and the rate of convergence of x*) is

superlinear. |

Implementation with inexact line search The above theorem gives rise to imple-
menting the BFGS method in such a way that the line search algorithm uses the step length

At = 1 whenever possible.

Near the solution, one would expect that a unity step length would be acceptable and
lead to a superlinear rate of convergence. Note that when )\, = 1 is accepted, one needs
to compute f and V f only once during line search at that iteration. Similarly, Newton’s
method quadratically converges to the solution with A\, = 1. (See the theorem on page 46.)

This also leads to the implementation with inexact line search.

The step length Ay = 1 is tried first and accepted if it satisfies conditions (5.35) and
(5.36), where (5.35) is called Armijo condition and (5.36) is called Wolfe-Powell (or Wolfe)

condition.
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The restriction pu < n ensures that acceptable points exists and can be located in a finite

number of steps. Note that in practice, a more stringent two-sided test on the slope
|sETY F(x®) + Aps®)| < —ps®TV F(x®) (5.37)
is preferred in place of (5.36). Therefore, in practice BEGS method and Newton’s method

are often implemented with line searches satisfying (5.35) and (5.36).

Values of n = 0.9 for a weak line search or n = 0.1 for a fairly accurate line search have
both been used satisfactorily in different circumstances. See [14] for details. Smaller values
of n require substantially more effort to find an acceptable with very little return, so are

rarely used, except in testing hypotheses about an exact line search.

As for i, a value of u = 0.01 (or = 10~* according to [13]) would be typical, although
this choice is not very significant because it is usually (5.37) which limits the range of

acceptable points.

One way to guarantee convergence is to make additional assumptions, two on the search
directions s and two on the step lengths \,. The assumptions on the step lengths A\, are
that

e it produces a sufficient decrease in the function f

e it is not too small

whereas the assumptions on the search directions s®*) are that

e it is gradient related (i.e. || s(F) H > m” V f(x™) || for all k where m > 0 is a constant)

e it produces sufficient descent so as to prevent s*) being closely orthogonal to V f(x*))
(When s is closely orthogonal to V f(x*)) while still remaining a descent direction,

the algorithm would make little progress towards a solution.)

The Armijo stepsize condition and the Wolfe conditions are illustrated on the next page.

Clearly, the set of step size accepted by strong Wolfe’s condition is a subset of that
accepted by weak Wolfe’s condition. That is,

{NeR:sPTV f(z® 4+ As®))]| < —ps®Tgk)]
C (A eR:sOTVS(®) 4 2s) > ps®Tg®)}
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K k
AFx®D+2s) Armijo's condition

F(x® + xst) < F(x®) 4+ prs®Tg®

0 A"

X accepted by Armijo's condition

Figure 5.5: Armijo’s step size rule

5.2.5 Conjugate Gradient Methods

Motivation Consider a conjugate direction method for minimizing a quadratic function
f(x) = ix"Qx + px, where @ > 0 and x € R", with an exact line search. Note the this

minimization problem is closely related to that of solving a system of linear equations.

Given a starting point x(© and the vectors s, s, .. s~ that are Q-conjugate.

KT o(k
A = —gWTs® , fork=0,1,2,....
s(HTQg(k)

In this regard, an interesting question is how one can generate the search directions
s sM . s® that are (mutually) @Q-conjugate. This is accomplished by choosing the

following update formula:

S(k"’l) = —Vf(x(k:"—l)) + ﬁk_s(k)
V f(xFD)TQs®) (5.38)
P = sMT Qs

Formula (5.38) is called a (linear) conjugate gradient method.

In proving that the formula (5.38) generates the search directions that are (Q-conjugate,

the following proposition is useful.
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Fx®1 A s®) (Weak) Wolfe's condition
\ SBTY F(x® 4 As®) = pshTg

Strong Wolfe's condition

BT TF(xBr As®)| < —pshTgh

_ ] Tk
slope = nsMTg® slope = —nsPTg®

Y
>

0 A"

A

ccepted by strong Wolfe's condition

>
Y

A
Y

A accepted by weak Wolfe's condition

Figure 5.6: Wolfe conditions

(3)
x'9) ((2) @)

s

ey

X(O) S(O) — —Vf(x(o))

Figure 5.7: A conjugate direction method with s = —V f(x(©

Proposition 5.2.15. Consider a method for minimizing a quadratic function
1
f(x) = §XTQX +p'x, @Q>0,

where x®) are generated by x*+D = x®) + \;s®) (& = 0,1,2,...). Assume that an evact

line search is used. If the vectors (0, s ... s are Q-conjugate, then
gl — 0 for 1 =0,1,2,....k u
Proof First recall that since g¥) = Qx®) + p, we have
Q(x<k+1> _ X(k)) — gk D) _ o),
and hence

g(k+1) =g® 4+ \.Qs™, (5.39)
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Then prove the proposition by induction. For k£ = 0, it is obvious that

g7 — ¢,
Now assume that the proposition holds for k = j; in other words,
g7 =0 fori=0,1,...,5—1. (5.40)

Then we will prove that gl+)7s) =0 for i = 0,1,..., 4. From (5.39), one can see that for
i=0,1,....7,
gUH TG _ giITgi) 4 \ gUIT (gl

By virtue of exact line searches, one can conclude that
gUHITg0) —
and from (5.40) one can deduce that
gl — g0 4 N sUTQs) =0 fori=0,1,...,5— 1. (5.41)
Hence, the result is proved. Q.E.D.

We are now ready to prove the required result as follows.

Proposition 5.2.16. Consider the minimization of a quadratic function f(x) = %XTQX +
p'x, Q > 0 with an exact line search. The directions s sM) s . given by the formula
(5.38) are mutually Q-conjugate. |

Proof The proposition will be proved by induction and only the sketch of the proof is given
as follows:
1. Tt is easy to prove that the proposition is true for £ = 0.

2. Assume that the proposition is true for k = j; that is, assume that the directions

s s . sU) are mutually Q-conjugate.
3. Prove that gv™)7g®) =0 for i = 0,1,...,5.

4. Using the result from Step (3) to prove that sU+Y) and s are Q-conjugate for i =
0,1,...,7. (This is equivalent to proving that s(® s ...  sU*) are mutually Q-
conjugate. WHY?)

5. From Steps (1), (2) and (4), one can conclude that the proposition is true.  Q.E.D.
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The details of the proof is left to students as an exercise. It is important that students try

to prove the above proposition themselves.

From the above proposition and the properties of conjugate direction methods, one can
immediately see that the conjugate gradient methods (5.38) with an exact line search min-
imizes a quadratic function f(x) = $x”Qx + p’x, x € R" within n-steps regardless of the

starting point x(©.

Nonlinear Conjugate Gradient Methods It is clear from (5.38) that [ is expressed
in terms of . When applying to nonlinear objective functions, the formula (5.38) is com-
putationally expensive. This motivates one to employ conjugate gradient methods without

having to know @ explicitly.

In the following, three update formulae are derived. They are equivalent to (5.38) for the

case of minimizing a quadratic function with an exact line search.

Since V f(x*+1)) = Q{X(k) + /\ks(k)} + p, one can easily verify that
Vi) = 008 + v (x )

Hence, we have the Hestenes and Stiefel (HS) update formula:

g(k+)T [g(k—&-l) _ g(k)}

HS: sk — _gkth) 4 g ) g , (5.42)
s(B)T [g(km _ guﬂ

where g denotes V f(x®). In fact, the formula (5.42) is originally proposed by [21] in

connection with the solution of a linear system ()x = —p by an iterative method.

Now it is ready to derive another formula. By considering the denominator of the ex-
pression for 3 in (5.42) and using the fact that s®®Tg*+1) = 0, it readily follows that

T —
sWTgk) — _o®)Tgk) 1 g oWTgk-1) — _ok)T (k) (5.43)
Using (5.43) and (5.42), one can now arrive at the Polak-Ribiére [30] formula:

g (BT [g(kJrl) _ g(k)}

PR: sttD) = gkt o g6 where g, = (5.44)

g (DT g ()

By starting from the Polak-Ribiére formula (5.44), one can arrive at another formula as
follows. It is not difficult to verify that (using g*+)7s®) = ()

g+ 0T (k) _ ()
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In other words, g*t1 is orthogonal to g*). Accordingly, the formula (5.44) becomes

g+ )T (k+1)

g

. (k+1) — _ (k+1) (k) -5 oS
FR: S =—g + Brs'™,  where [ T g®

(5.45)

which is known as the Fletcher-Reeves [16] formula.

An algorithmic model of conjugate gradient methods for minimizing a nonlinear function
f:R™ — R is as follows.

Conjugate Gradient Algorithm: Suppose that a starting point x(*) € R™ are given. Let
k=0.
1. Compute s¥) = —V f(x®).
2. Perform the line search to obtain the step length A.
3. Set x(F+D) = x(®B) 4 )\, sk,
4. If the termination criterion is satisfied, then terminate with x* = x®*); else compute
sttl) = —V f(x**+D) + Bs®) | set k = k + 1 and goto step 2.

Although the HS, PR and FR update formulae for conjugate gradients methods are
equivalent in the minimization of quadratic functions with exact line searches, numerous
practical experiences show that the PR method seems to work somewhat better than the

FR method in minimizing general nonlinear functions.

When applied to a quadratic function with an exact line search, the conjugate gradient
methods (FR, PR and HS) are equivalent to the Broyden method (including DFP and BFGS

methods) with exact line searches where Hy = By = I. See [14] for details.

Advantage of CG Methods In the implementation of CG methods, only vectors of
dimension n are used. Thus, the methods require much less storage than quasi-Newton
methods and Newton’s method. This is a great advantage in solving very large-scale opti-
mization problems (say, dim(x) > 1,000) such as in solving discrete linear optimal control

problems or linear pde’s.

Question How many vectors are needed in implementing the HS, PR and FR conjugate

gradient methods?

Inexact Line Search Generally, conjugate gradient methods are more sensitive to accu-

racy in line search process than quasi-Newton methods. However, if the inexact line searches
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are implemented with careful consideration, then the conjugate gradient methods can still

provide satisfactory results.

In practice, step lengths Ay are often chosen to satisfy the strong Wolfe conditions:

O+ 2s0) < F(x) 4 AusBT f(x0) }

<
SOTT £(x® + As®)| < —psMTY f(x0) (5.46)

The first practical global convergence result for conjugate gradient methods is due to

Al-Baali [1] and applies to the Fletcher-Reeves method. The results are as follows.

Lemma 5.2.17 ([1]). Suppose that the Fletcher-Reeves method (5.45) is implemented with

an inexact line search satisfying
sSBTVF(x® + At < —ps®TV F(x®), 5 € (0, 3].

It follows that the method has a descent property (that is, g*®7s®) < 0) for all k. |

Proof Recall Fletcher-Reeves CG formula:

So = —9o
T
Skg+1 — —gk+1+ (M> Sk, k= 1,2,3,...

9t gk

The method of proof is to show by induction that

k k

T
_Znﬂ‘gz’;j}’;g—ﬂznﬂ' fork=0,1,2,. .. (5.47)
j=0 k j=0

For k = 0, we have sy = —go. Therefore, z‘izg = —1. Clearly, (5.47) are satisfied.
0

Next we assume that (5.47) hold for any k£ > 0. It can be verified that

T
Jk+15k+1

T
Gi+15k

T —_.
Ik r19k+1

=1+
g,fgk

Since |gi.,sk| > —nsi g, and since si g, < 0, it follows that

T T T
s
_1+n91%8k Sgi;ﬂ k+1 S—l—ngl%Sk‘ (5.48)
9 9k Gpy19k+1 9k 9k
By using (5.47) again, it follows from (5.48) that
k+1 k gTS
N i =—1-p> 9 < —14+nE=
=0 =0 95 9k
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k+1

T k
S . .
1% < 149 nJ:—2+1+n§ 7 =—2+n§ .
§=0

91 9k
Then it follows that

k+1 k+1
_Z J < 9k+1 k-+1 < _2+Z77j
9k+19k+1 iy

The induction is thus complete. Next we note that

k 00
S e
=0 =0

Evidently, the right hand side of (5.47) remains negative for any n € (0,0.5]. Hence, the
proof is complete. Q.E.D.

Lemma 5.2.17 shows that the FR conjugate gradient method preserves descent property

when inexact line search is implemented with the strong Wolfe condition for n < 0.5.

The following theorem reveals the global convergence of the FR conjugate gradient

method in minimizing a nonlinear function with inexact line search.

Theorem 5.2.18 ([1]). Consider the Fletcher-Reeves method (5.45) for minimizing function
f:R" = R. Assume that the set {x : f(x) < f(x9)} is bounded and that f(x) is twice
continuously differentiable. If the step length \p (k = 0,1,...) is any value satisfying the
strong Wolfe conditions (5.46) with 0 < p <n < 3, then

lim inf || V£ (x®) || = 0. |
k—ro00

The implication of the above lemma and theorem is that the Fletcher-Reeves method
with inexact line searches generates descent directions and the sequence {x} converging
globally to a stationary point, provided the step lengths satisfy the Wolfe condition (5.46)
with 0 < p <7 < 3.

This result is very attractive because it applies to the algorithm as implemented in
practice and because the assumptions on the function f are not restrictive. Notice that in

practice the choice of 7 € (0, 3) is not restrictive at all.

Restart In many implementations of CG methods, the iterations (5.44) and (5.45) are
restarted every n (or more) steps by setting f, = 0; that is, taking a steepest descent
direction. Alternatively, when the direction s is no longer descent or the search direction

k)

s®) is nearly orthogonal to Vf(x®), one may reset the direction s*) = —V f(x*) and

67



continue the iteration. Restarting ensures global convergence and avoids the inefficiency

that can occur in the methods.

Powell [34] demonstrates that in some cases, the Polak-Ribiére method is somehow able to
reset its search direction s to the steepest descent direction whereas the Fletcher-Reeves
method is not. More specifically, he considers a case where the search direction s® is
nearly orthogonal to the vector —V f (x(k)) so that a tiny step is taken. As a consequence,
xF 1) ~ x*) and hence

V(x®W) = Vf(xED),
The Fletcher-Reeves method gives £, =~ 1. By using this approximation together with

IVFEED = (VD) << [Is®]],

we conclude that s*+1) ~ g(k)

one. This shows the inefficient behaviour of the FR method and suggests that the method

should not be implemented without some kind of restart strategy.

, so the new search direction will improve little on the previous

By contrast, the Polak-Ribiére method gives £, &~ 0 and thereby
S(/C-f-l) ~ _vf(x(k‘-i-l))

Obviously, the PR method essentially performs a restart after it encounters a bad direction.

Rate of Convergence Intuitively, since the conjugate gradient method accomplishes in
n steps what Newton’s method does in a single step, one might similarly expect from the
local quadratic convergence rate of Newton’s method that the n-step conjugate gradient
method converges quadratically. It has been shown (Cohen [9]; see also Polak 1971) that,
for a general objective function f, the rate of convergence of the conjugate gradient method

with exact line searches is n-step quadratic, i.e.
[ —x || < O x® x|

k)

if the sequence x*) converges to x* and if the function f is three times continuously differ-

entiable in some neighbourhood of x* with V2 f(x*) > 0.

An algorithm for finding a step length A\; which satisfies both Armijo’s and strong Wolfe’s

conditions is given below.
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Algorithm for finding )\, satisfying Armijo’s and strong Wolfe’s conditions:
Let x*¥) € R™ and s®) € R™ be given. Let 0 < pt < 1) < o, 0 < S < 1 and o > 1 be
specified. Define g} = V f(x*)).

1. Set A = Ag.

2. If f(x® + Xs®)) < f(x®) 4 us®Tg®) )\ then goto step 5.

3. Set A = (A,

4. 0f f(x® + As®)) > f(x®)) + us®Tg®) )\ then goto step 3.

5. 1f [sWTV f(x® + As®))| < —ns®Tgk), then set A, = A and goto step 9.

6. If sSKTV f(x* 4 X\s®)) > 0, then goto step 8.

7. Set A = a\ and goto step 5.

8. By using golden section method with the intial interval [0, A], determine )\ satisfying

STV £(x®) + As®)| < —ys®Tg®.
9. Exit.
Remarks:

e For the BFGS method, \y = 1 and 7,4, = 1.
e For the Fletcher-Reeves conjugate gradient method, 1. = 0.5.

e For relatively small n (say, n < 0.1), the obtained )\ is close to the optimal step-length
Af
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5.3 Exercises

5.1

5.2

5.3

5.4

Let f : R® — R be given by f(x) = 3x’Qx —x"b where b € R” and Q is a real

symmetric positive definite n x n matrix. Consider the algorithm
<+ = 50 _ o, o)

where g®) = Qx*) — b, ap, = g®Tgk /gWTQg®) and B € R is a given constant.
(Note that the above reduces to the steepest descent algorithm if 5 = 1.) Show that
{x(®} converges to x* = Q~'b for any initial condition x(*) if and only if 0 < 8 < 2.

Consider the problem
minimize f(x) = 22 + 223
where x = |21, z5)7
(a) If the starting point is x(® = [2,1]”, use mathematical induction to show that

the sequence of points generated by the steepest-descent algorithm with an exact

line search is given by

(b) Show that f(x*+V) = f(x®))/9.

(¢) Compare the results in (b) to the bounds on the convergence rate of the steepest
descent method when minimizing a quadratic function. What conclusions can

you draw regarding this method?
Consider the modified Newton’s algorithm

where

ap = arg mgglf(x(k) — ap F(x®)71g®).

Suppose that we apply the algorithm to a quadratic function f(x) = %XTQX —x'b,
where Q@ = QT > 0. Recall that the standard Newton’s method reaches the point x*
such that Vf(x*) = 0 in just one step starting from any initial point x(*). Does the

above modified Newton’s algorithm possess the same property? Justify your answer.

A vector d is a direction of negative curvature for the function f at the point x if
dTV?f(x)d < 0. Prove that such a direction exists if and only if at least one of the

eigenvalues of V2 f(x) is negative. Also prove that, if a direction of negative curvature
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5.9

5.6

2.7

5.8

5.9

exists, then there also exists a direction of negative curvature that is also a descent

direction.

Let @ € R™™ be a positive definite symmetric matrix. Given an arbitrary set of
linearly independent vectors {p®,...,p™ Y} in R", the Gram-Schmidt procedure

generates a set of vectors {d(®, ..., d" 1} as follows:

k-‘rlTQd
d*+D = plkrD) Zp k=0.1.2 ...
'lT 7 ) b )
£~ q0TQdw

Show that the vectors d@, ... d™ Y are Q-conjugate.
Let @ be an n x n real symmetric matrix.

(a) Show that there exists a Q-conjugate set {d™),... d™} such that each d® (i =

1,2,...,n) is an eigenvector of Q.

(b) Suppose that @ is positive definite. Show that if {d®), ... d™} is a Q-conjugate
set that is also orthogonal (i.e., d97d") =0 for all 4,j = 1,2,...,n where i # j)
and if d¥ #£ 0,4 =1,2,...,n, then each d® (i = 1,2,...,n) is an eigenvector of
Q.

Consider a quadratic function f(x) = %XTQx—i—pTx, where () is positive definite. Prove

that when DFP method with an exact line search is used to minimize f, it follows that
Hi Ag® = Az® fori=0,1,..., k.

Note that the above result is used to prove that the DFP method with an exact line

search generates the search directions {s*) : k = 0,1,2,...,n—1} that are Q-conjugate.

Proof that in minimizing a quadratic function
1
f(x) = §$TQ$ +plr  (Qis pdf and Q € R™™),

the DFP method with an exact line search is a conjugate direction method. That is

to say, all the generated search vector s, s1,...,S,_1 are (J-conjugate.

Proof that when Fletcher-Reeves conjugate gradient is used to minimize a quadratic

function f(x) given by

f(x) = %XTQX +p'x (Q >0and Q € R™™),
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5.10

5.11

5.12

with an exact line search, all the search directions s;,i = 0,1,...,k (k < n) are Q-
conjugate. Hence, the method converges to the minimum of f within n steps for any

starting point.

Proof that when minimizing f(x) = ix"Qx + p’x (Q is positive definite) with an

exact line search, the conjugate gradient method whose search vector is given by

T
g, (Sk—1
—gr+ | —=———|sk-1, >0
S = . (Sg_lQSk—1> hl

— 80, k=0
is a conjugate direction method.

Consider a conjugate gradient method whose search direction s is of the form

Sk+1 = —8rt1 + LSk k=019
SO — _go b ) ) b

where the [y is any real number satisfying

T
8k 118k+1
’ Bk‘ < k—l—% + ‘
g1 8k
Notice that this is not Fletcher-Reeves method but a family of conjugate gradient

methods that includes Fletcher-Reeves method. Suppose that, for each k, the method

chooses a step length «ay, satisfying the strong Wolfe condition:

18kl < — g s

Prove that the method generates descent directions s; that satisfies

T —
1 < gkskZSZn 1
L—n = llgll> = 1—9
for all k. What is the maximum value of 1 which ensures that the method always

generates search directions with descent preperty.

Use the Fletcher-Reeves conjugate gradient method with exact line search to minimize

the following objective function.

5
f(x) =522 + 2120 + 71 — T2 + 59&3

Use exact arithmetic (without rounding). Explain all the formulae that you use in the

computation. You must provide the result for every iteration.
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5.13 Use the DFP method with exact line search to minimize the following objective func-
tion.

5
f(z) =527 + 21209 + 31 — 9 + 535%

Use exact arithmetic (without rounding). Explain all the formulae that you use in the

computation. You must provide the result for every iteration.
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Chapter 6

Optimality Conditions for

Constrained Optimization
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Here, we pay attention to constrained optimization problems of the form

min f(x)

xER™

subject to h;i(x) =0, i=1,2,..., (6.1)
gj(x>§0a j_1727 D

Problem (6.1) can be written as
min {f(x): x € Q CR"},
where € is called a feasible set and defined as
Q={xeR": h(x)=0,1<i<m; gj(x)<0,1<j<p}.

Example

$2‘
f(x) = constant

x* = minimizer

Figure 6.1: xxx

min f(x)=(z; —1)*+ (23 — 1)?
subject to ¢1(x) = —x1 <0 (x1 >0)
go(x) = —22 <0 (z2 > 0)
(

@B(x) =22+ 15— 1<0.
In vector notation, Problem (6.1) can be represented by the following standard form:

min f(x)

xeR™
subject to h(x) =0 and g(x) <0,

where h : R” — R™ and g : R" — RP. Ans
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6.1 Equality-Constrained Problems

Before considering optimization with equality and inequality constraints, we will consider

the case of equality constraints:

min flx
x€R™ () (6.2)
subject to h(x) =0
where h; is assumed to be continuously differentiable.
Consider the following example.
min f(x) = —x1x973
subject to hy(x) = z1+ a2+ 23— 1=0.

Eliminating x3 with the help of h;(x) = 0, we get an unconstrained optimization problem:

min _ x1 29 (1 —x1 — x3).
(z1,22)€ER?

Notice that this method is applicable as long as the equality constraints can be solved

explicitly for a given set of independent variables x.

In the presence of several equality constraints, the elimination process may become un-
wieldy. Moreover, in certain situation, it may not be possible to solve the constraints explic-

itly to eliminate a variable. For example,

sl
hq(x) :x%xg—l—xgxg—l—x—:&
2

In problem involving several complex equality constraints, it is better to use the method of

Lagrange multipliers, which is systematic, for handling the constraints

Definition 6.1.1. A point x* satisfying the constraints h(x) = 0 is said to be a regular point
of the constraints if the vectors Vhy(x*), Vhy(x*), ..., Vhmy(x*) are linearly independent

In connection with the above definition, let Vh(x) be the Jacobian matrix of h, given by

Vh(x)"
Vh(x) = :
YV, (x)T

One can now see that the point x is regular if and only if

rank [Vh(x)} =m.
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Notice that the set of equality constraints h(x) = 0 describes a surface S given by
S={x€R": h(x)=0}.
When all the points in S are regular, the dimension of S is n — m.

Example Let n = 3 and m = 1. If all points in S are regular, then the set S is a

two-dimensional surface. For example, let
hi(x) = 2o — 23 = 0.
Note that Vhy(x) = [0, 1, —2x3]7. Hence, for any x € R3,
Vhi(x) # 0.

In this case,
dim S = dim{x € R* : h;(x) =0} =n —m = 2.

Example In connection with the previous example, assume that n = 3 and m = 2. Let
hl(X) = T,
ho(x) = g — 22

In this case, Vh;(x) = [1, 0, 0]7 and Vhy(x) = [0, 1, —2x3]7. Hence, the vectors Vh;(x)
and Vhy(x) are linearly independent in R?. Therefore,

dim S = dim{x € R : hy(x) =0, hy(x) =0} = 1.

6.1.1 Tangent plane

In the following, we consider a representation of the tangent plane at a regular point on

the surface S defined by the equality constraints h(x) = 0.

Definition 6.1.2. A curve C on a surface S is a set of points {x(t) € S : t € (a,b)},
continuously parameterized by t € (a,b). |

The definition of a curve implies that all the points on the curve satisfy the equation
describing the surface. The curve C' passes through a point x* is there exists t* € (a, b) such
that x(t*) = x*. Intuitively, we can think of a curve C' = {x(t) : t € (a,b)} as the path

traversed by a point x travelling on the surface S.

At regular points, it is possible to characterize the tangent plane in terms of the gradients

of the constraint functions.
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Theorem 6.1.3. At a reqular point x* of the surface S defined by h(x) = 0, the tangent
plane is equal to H
M={y :Vh(x)y=0,i=1,2,...,m}.

It is important to recognize that the condition of being a regular point is not a condition
on the constraint surface S itself but on its representation in terms of an h. The tangent

plane is defined independently of the representation, while M is not.

First-Order Necessary Conditions Once the representation of the tangent plane is
known, it is fairly simple to derive a necessary condition for a point to be a local minimum

point subject to the equality constraints.

Lemma 6.1.4. Let x* be a regular point of h(x) = 0 and be a local extremum of f subject

to these constraints. Then all y € R™ satisfying
Vhi(x")y=0, i=12,...,m

must also satisfy o N
Vix)y=0.

The lemma simply says that V f(x*) is orthogonal to the tangent plane. And it will be
used next to conclude that V f(x*) is a linear combination of Vh;(x*) at a local minimizer

*

X",

Theorem 6.1.5. [Lagrange multiplier] Let x* be a local extremum point of f subject to the
constraint h(x) = 0. Assume that x* is a regular point of these constraints. Then there is a
A € R™ such that

f(x*) + Xm: \iVhi(x*) = 0. |

The conditions V f(x*) + >, \;Vh;(x*) = 0, together with the constraints h(x*) = 0,
give a total of n+m equations in the n+m variables comprising (x*, A). Thus, the conditions

are a complete set since they determine a unique solution.

In connection with the first-order necessary conditions, define the Lagrangian £ associ-
ated with the constrained problem as follows.
L6, X) = f(x) + D Nihi(x). (6.3)
i=1

From (6.3), one can easily see that the necessary conditions can be expressed as

Vil(x,A) =0 and V,L(x,A)=0. (6.4)
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The condition VyL£(x,A) = 0 is simply a restatement of h(x) = 0.

By means of Lagrange multiplier, Problem (6.2), which is

min - f(x),
subject to h(x) =0,

can be transformed into an equivalent problem:

min_ L(x,A) = f(x) + ATh(x) (6.5)

x€ER”?, AeR™

The first order necessary conditions for optimality of (6.5) are

oL of I Oh;
w0 = a_erZ_:lAia_x:O’
oL 0 h 0

a_A— — (X) = 0.

Example Find the dimensions of a cylindrical tin (with top and bottom) made up of sheet

metal to maximize its volume such that the total surface area is equal to Ag = 24r.

(5

Z2

.

Figure 6.2: A Cylindrical tin with radius x; and height

Solution: It is easy to obtain

Volume = maix,.

Total area = 27m% + 2w 19 = 247,
The desired solution is determined by solving the following problem.

max f(x1, x0) = Ta2s,

subject to h(x) = 27x? + 27w 29 — 247 = 0.
Define the Lagrangian as follows.

L(x,)) = f(x)+ M(x)

= maixy + N(27mx? + 27w 3y — 247).
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The necessary conditions for the maximum of f are

oL

e = 2nmxixo +4Amdry 4+ 27wy = O;

T1

oL )

87 = 7TLU1+27T)\371 = 0;
2

oL

N = 2#1:% 4+ 2mxix9 — 247 = 0.

Therefore,
] =2, wxy=4, N'=-1 f"=16« Ans

Second-Order Conditions When considering second-order conditions, we assume as
usual that f and h are twice continuously differentiable (that is, f, h; € C?).

Define L(x,A) as the Hessian matrix of the Lagrangian £(x,A) with respect to x; that
is,

L(x,A) = V2f(x) + Z A V2h;(x).

A necessary and a sufficient conditions for optimization problem (6.2) are given in the fol-

lowing.

Theorem 6.1.6 (necessary condition). Let x* be a local minimum of f subject to h(x) = 0.

Suppose that x* is a reqular point of these constraints. Then there is a A € R™ such that
V() + Y AVhi(x") = 0.
i=1

Furthermore, yT L(x*,N)y > 0 for all'y € M, where the tangent plane M = {y € R" :
Vhi(x*)Ty =0, i=1,2,...,m}. |

Observe that L(x, ) plays a similar role as the Hessian V2 f(x) of the objective function
f did in the case of unconstrained minimization. However, we now require that L(x*, A) > 0

only on the tangent subspace rather than in R”.

It is clear that if L > 0 in R”, then L > 0 in any subset of R" including M. If, on the
other hand, L is not psdf in R™, then it may or may not be psdf on M.
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Example Let M ={y € R?:y; +ys +y3 = 0}, and let

h

I
— = O
—_ O
[ R SR

One can easily find that L is indefinite. (HOW?)
On the subspace M we note that
Y Ly = yi(y2 +ys) +y2(yr + y3) + (v +y2) = — (4§ + 3 +3).
As a consequence, L is nsdf on M. Ans

Theorem 6.1.7 (sufficient condition). Suppose there is a point x* satisfying h(x*) = 0 and
a X € R™ such that

V) + ) AiVhi(x") =0
=1

Suppose also that the matriz
L(x*) = V2 f(x") + Y \iV7hy(x")
i=1

is pdf on M = {y : Vhi(x*)Ty =0, i = 1,2,...,m}. Then x* is a strict local minimum of
f subject to h(x) = 0. N

6.2 Inequality-Constrained Problems

In the previous section, we analysed constrained optimization problems involving only

equality constraints. Here, we discuss extremum problems involving inequality constraints.

Consider an optimization problem having only inequality constraints given by

min - flx) | (6.6)
subject to ¢;(x) <0, i=1,2,...,m

The inequality constraints can be transformed to equality constraints by adding nonnegative

slack variables y? as follows:
g(X)+y? =0, i=1,2,...,m,

where the values of the slack variables are yet unknown.
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Hence, Problem (6.6) becomes

min f(x)

subject to g;(x)+y? =0, i=1,2,...,m.

Using Lagrange multiplier techniques, one can verify that the necessary conditions for the

optimality are

oL oL oL
0, =0,

where

oL of = g

= - = =12

o 0 = ag[:l(x) ;/\] 8%()() 0, 1 J2,...,m
oL

g— 0 = Ny;=0, j=12 ,m

oL 0 2=0, =12

8_}\_ = gl(x)+yz_ ) t=1,4,....,M

From the above, we have the following observations at the optimum point.

o If g;(x) is active, then y; = 0 and hence \; # 0.
e If g;(x) is inactive, then y; # 0 and hence \; = 0.
e If \;, =0 and y; = 0 = ¢;(x) is weakly active.

In connection with the observations, the following definition is given.

Definition 6.2.1. An inequality constraint g; < 0 is said to be active at a feasible point
x € R™ if g;(x) = 0. It is inactive at x if gj(x) < 0. By convention, we consider an equality

constraint h;(x) = 0 to be always active. |

We are now ready to consider more general optimization problems of the form

min f(x)
subject to h(x)=0 (h:R" - R™) (6.7)
g(x) <0 (g:R"—RP).

Assume as before that f, h and g are smooth.
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strongly active

@ f(x) = constant
gi(x*) =0

A >0 9i(x) <0

Figure 6.3: Strongly-active inequality constraint

weakly active f(x) = constant

0

9i(x") =
\i=0 gl(X) <0

Figure 6.4: Weakly-active inequality constraint

*

inactive g; (x) <0 X

gi(x*) <0 @

= tant
f(x) = constan 4i(x) = 0

Figure 6.5: Inactive inequality constraint

Definition 6.2.2. Let x* be a point satisfying the constraints
(6.8)

and let J be the set of indices j for which g;(x*) = 0. Then X* is said to be a regular point
of the constraints (6.8) if the vectors Vh;(x*) (1 <i <m) and the vectors Vg;(x*) (j € J)
are linearly independent. |

6.2.1 First-Order Necessary Condition

A first order necessary condition for optimization (6.7) are given below, which is known
as Karush-Kuhn-Tacker (KKT) condition.

Theorem 6.2.3. [Karush-Kuhn—Tucker| Let x* be a relative minimum point for the problem

min f(x)
subject to h(x) =0, g(x) <0.



Suppose x* is a reqular point for the constraints. Then there is a vector X € R™ and a vector
pn € RP with p > 0 such that

V) + D> NVhi(x)+ Y 1 Vgi(xT) =0
i=1 jeJ

nTg(x*) =0. .

In the above theorem, we refer A as the Lagrange multiplier vector and p as the Karush—
Kuhn-Tucker (KKT) multiplier vector. Observe that g > 0 and g;(x*) < 0. Therefore, the

condition
Bl g(x) = p1g1(X") + p2ga(x) + .+ ppgp(x7) =0
implies that if g;(x*) < 0, then p; = 0.

Let J be the index set of active inequality constraints at x*. From the above, it follows
that
pj =0 foralljé¢.J

In other words, the KKT multipliers p; corresponding to inactive constraints are zero.

Example Consider the problem

min 223 + 22109 + 13 — 1021 — 1024
subject to x? + 13 <5
3x1 + x2 < 6.

The first order necessary conditions are

dxy + 229 — 10 4+ 2121 + 30 = 0,
211 + 229 — 10 4 2129 + o = 0,
p1 20, p2 >0,

p (23 + 22 —5) =0,
p2(3x1 + 29 — 6) = 0.

To find the solution, we assume various combinations of active constraints and then check
the signs of the resulting multipliers. Here, we can try setting none, one, or two constraints

active.

By assuming the 1st constraint is active and the 2nd one inactive, we have

4LL’1 + 2.7}2 — 10+ 2#11’1 = O,
2ZL’1 + 2.7}2 — 10+ 2#11’2 = O,

x3+ 23 = 5.
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which has the solution

33'1:1, 1'2:2, /“:1

This yields 3z; + x5 = 5 and hence the second constraint is satisfied. Since p; > 0, we
conclude that the solution satisfies the KK'T conditions. Ans

6.2.2 Second-Order Conditions

Let M denote the tangent subspace of the active constraints at x*, i.e.,

M={y e R": Vhi(x)Ty =0 Vi, Vg;(x)Ty=0 VjeJ}

Second order conditions for optimization problem (6.7) are given below.

Theorem 6.2.4. [necessary conditions| Suppose the functions f,g;, h; € C* and that x* is
a reqular point of the constraints (6.8). If X* is a relative minimum point for the problem
(6.7), then there is a A € R™, p € RP, pu > 0 such that

m p
L(x*) = V2 f(X) + > NVhi(x™) + ) i V2gi(x")
=1 =1
1s psdf on M. |

Notice that L(x*) is the Hessian of the Lagrangian £ which involves equality constraints

and inequality constraints that are active at x* where
L(x") = f(x") + ATh(x") + p"g(x").

Theorem 6.2.5. [sufficient conditions| Let f, g;,h; € C®. A point x* € R" satisfying (6.8)
is a strict local minimum point of problem (6.7) if there exist X € R™, p € RP, such that

p>0, plgx*)=0,

m p
Vf(x*)+ Z NiVhi(x*) + Z wiVgi(x*) =0,
i1 i=1

and the Hessian matrix
m p
L(x") = V2(x) + Y NV2hi(x) + > 1V2gi(x7)
i=1 i=1

1s pdf on the subspace M. |
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6.3 Convex Programs

In practice, many optimizations called convex programs can be found. A convex opti-

mization problem is defined as
min f(x)
subject to x € 2

where (2 is a convex set and f is convex function on 2.

An example of convex programs is

min f(x)
subject to g¢;(x) >0, i=1,2,....m

where f is convex and g; is concave.
Proposition 6.3.1. f is concave if, and only if, —f is convexz. |

Theorem 6.3.2. [global solutions of convex programs| Let x* be a local minimizer of a
convex programming problem. Then xX* is also a global minimizer. If the objective function

18 strictly convex, then x* is the unique global minimizer. |
Proof See [26], Chapter 2, p. 22. Q.E.D.
Proposition 6.3.3. A feasible set

Q= {x:Ax <b, x € R", Ac R™"}
18 a conver set. |

Proposition 6.3.4. Let g1, o, . .., gm be concave functions on R™. Then the set Q = {x:
9i(x) >0, i=1,2,...,m} is conver. |

Exercise Prove Propositions 6.3.3 and 6.3.4.
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6.4 Exercises

6.1 Solve the following optimization problems using the second-order sufficient conditions:

min x? + 12
subject to 4 — a1 — a3 <
31‘2 — X1 S
—3ry —x; <
6.2 Consider the linear program
min c’'x

subject to Ax > b.

(a) Write the first- and second-order necessary conditions for a local solution.

(b) Show that the second-order sufficient conditions do not hold anywhere, but that

any point x* satisfying the first-order necessary conditions is a global minimizer.
6.3 Let @ be an n X n symmetric matrix.

(a) Compute all stationary points of the problem

max xT'Qx

T

subject to x"x = 1.

(b) Determine which of the stationary points are global maximizers.

(c) How do your results in part (a) change if the constraint is replaced by x? Ax < 1

where A is positive definite.
6.4 Consider the problem
min c’'x
subject to Ax < 0.
where A € R™*" is of full rank and m < n. Use the KKT theorem to show that if

there exists a solution, then the optimal objective function value is zero.

6.5 Consider the optimization problem
min %XTQX
subject to Ax=Db

where Q € R™" is positive definite, A € R™*" and rank(A) = m. Find all points
satisfying the Lagrange condition for the problem in terms of ), A and b. Are they

global minimizers for the problem?
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Chapter 7

Representation of Linear Constraints
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Many optimization problems found in practice have only linear constraints. In this chapter,

we examine ways of representing linear constraints. The goal is to write the constraints in a

form that makes it easy to move from one feasible point to another.

Consider the problem
min f(x)
zTX = bi7 1€E&

aZTX > bi, 1€X1.

subject to a
where £, Z are the index set for equality and inequality constraints.

Example Consider the problem

min f(x) =af+ x5 + 23
subject to x1 + 2x9 4+ 323 =06

T1, T2, T3 Z 0.

From the above we have

T T
a, = [1 2 3}T, a, — [1 0 O]T,
a3:[010}, a4:[001],
£ = {1}, T = {2,3,4)
Q

Figure 7.1: A feasible direction s at x where € is a feasible set.

Let Q) denote a feasible set. Then we define a feasible direction vector.

Ans

Definition 7.1. A vector s € R" is called a feasible direction at the point X if there exists

some € > 0 such that
yAN

x=X+as €} VO0<a<e

In other words, s is a feasible direction at x if any small step taken along s leads to a feasible

point in €.
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In many applications, it is useful to maintain feasibility at every iteration. This idea

motivates a class of methods called feasible point methods.

Algorithmic model of feasible point methods
1. Specify an initial guess of the solution, x(© € Q.

2. For k=0,1,2,... { Determine a feasible direction of descent s(*) at the point x*).
If none exists, then terminate.

Otherwise, determine a new feasible point x**1) £ x®*) 4+ o, s such that

FMD) < f(x®).

7.1 Equality Constraints

Let us begin by considering the following example.

Example min f(xq, z2)

subject to x1 + x5 = 1.

Let x = [0, 1]7 so that x satisfies the constraint. One can easily deduce that x + as will

be a feasible point if and only if

81+82:O Ans

Next we move on to consider a general optimization problem with linear equality con-

straints.
min f(x)

subject to Ax = b. (A is the constraint matrix)

It follows that a vector s is a feasible direction Feasible direction!linear equality constraints

for the linear equality constraint if and only if
As = 0.

Thus, a direction s is feasible for the linear equality constraint if and only if it lies in the

null space of A.

Recall that the null space of A is defined as the set of all vector satisfying As = 0.

Moreover, the null space of A is a subspace of R"™.
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7.2 Inequality Constraints

Let us consider the following simple example.

Example min flxy, z0)
subject to x; + x5 > 1.

Let x = [0, 2]7. Then x is feasible and the constraint is inactive at X. As a result, any

s € R? is a feasible direction.

Now consider the point X = [0, 1]. Then X + as will be a feasible point if and only if

s1+8,>0 Ans

Next we consider a general optimization problem with linear inequality constraints.

min f(x)
subject to Ax >Db

Let x be a feasible point for this problem and let A be the submatrix of A corresponding to
the rows of the active constraints at X. Then, a direction s is a feasible direction for Ax > b
at X if and only if

As > 0.

In summary, the feasible directions at a point X are determined by the equality constraints

and the active inequalities at that point. |

7.3 Mixed Equality-Inequality Constraints

Let Z denote the index set of active inequalities constraints at x. Then s is a feasible

direction with respect to the feasible set at x if and only if
al's =0, i€é&

and als >0, iel.

Once a feasible direction s is determined, the new estimate of the solution is given by
X =X+ as, a > 0. Since the new point x must be feasible, in general there is an upper

limit on how large o can be.
For an equality constraint, (al's =0)

a]x=aj] (X+as)=0b; foralla>0.
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For an active inequality constraint, (al's > 0)
a?x = a;fp(f( + as) > a?f( >b; for all > 0.

Therefore, only the inactive constraints are relevant when determining an upper bound of
a. Now we consider the constraints that are inactive at X. These can be divided into two

cases:

e Ifalx > b, and if a]'s > 0, then the constraint al x > b; remains satisfied for all & > 0.

As « increases, the movement is away from the boundary of the constraint.
e If al'x > b; and if al's < 0, then the inequality will remain valid for

(af x — b;)

<
= —aT

;S

A positive step along s is a move towards the boundary and any step larger than «

will violate the constraint.

Hence, it readily follows from the above that the maximum step length & that maintain

feasibility is obtained from

anc—b,
d:min{!:a?s<0}.

—a; s

Definition 7.2. A subspace of a vector space is a nonempty subset that satisfies 2 require-

ments:

1. If we add any vectors x,y in the subspace, then their sum is still in the subspace.

2. If we multiply any vector x in the subspace by any scalar ¢, then the multiple cx is still

i the subspace. N

Null Spaces Let A € R™" m < n. Let N(A) be defined as the null space of 4; i.e.
N(A) ={s e R": As = 0}.

Notice that he null space of A is the set of vectors orthogonal to the rows of the matrix A.
It is easy to see that any linear combination of two vectors in N (A) is also in N (A) and

therefore the null space is a subspace of R".
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It can be shown that the dimension of this subspace is n — rank(A). Further, if A has
full rank (i.e. rank(A) = m), then

dim[N(A)] = n —m.

Range Spaces The range space of a matrix is the set of vectors spanned by the columns of

the matrix. In particular, we are interested in the range space of AT, defined by
R(AT) ={qeR":q= A"\ for some A € R™}.
It is important to note that
N(A) is orthogonal to R(A”).

That is to say, any vector in one subspace is orthogonal to any vector in the other.

How to Represent Vectors in N(A)

Define Z as a null space matrix of A if any vector in N'(A) can be expressed as a linear

combination of the columns of Z.

The representation of a null space matrix is not unique. If A has full row rank m, any
matrix Z of dimension n X v and rank n — m that satisfies AZ = 0 is a null space matrix.

The column dimension r must be at least (n —m).

In the special case where r = n —m, the columns of Z are linearly independent; in which

case, Z is called a basis matrix for the null space of A.

If Z is an n x v null space matrix, the null space can be represented as
N(A) ={p:p=2v for some v €R"},

and hence

This representation of the null space gives us a practical way to generate feasible points.

If x is any point satisfying Ax = b, then all other feasible points can be written as

X=X+2Zv for some wv.

Example A=

1 -100
0 0 1 1|
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N(A) is the set of all vectors p € R* such that

P1— P2
P3 + P4

Ap =

. [g]

That is, the vector p must satisfy

pP1 = P2 and P3 = —Pa.

Thus, any null-space vector must have the form

T
P=|uv1 v1 v —U2]
for some scalar vy, vs.

A possible basis matrix for N'(A) is

o O ==
—_

and N(A) ={p:p=Zv for some v e R?}.
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7.4 Exercises

7.1 Consider the set defined by the constraints x1 + x5 = 1, 1 > 0 and x5 > 0. Determine
the set of feasible directions at each of the following points z: (a) z = (0, 1)T; (b)
z=(1,0)7; (¢c) = (0.5, 0.5)T.

7.2 Let S = {z : Az < b}. Derive the conditions that must be satisfied by a feasible

direction at a point = € S.
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Chapter 8

Linear Programming
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In this chapter, we examine linear programming problems, which are optimization problems
where the objective function and all the constraint functions are linear. Many problems

found in practical applications can be cast as linear programs.

In solving such problems, we will concentrate our attention here only to the simplex
method, due to George B. Dantzig. As will be seen later, the solution of a linear program
can be found by searching through a finite number of feasible points, known as basic feasible

solutions.
Formally, a linear program is expressed as

T

: _ e

min- f(x) X
subject to alx = b, i €&
aZTX > bl‘, 1€l

where £ and Z are, respectively, the index sets for equality and inequality constraints.

Next we show that a two dimensional linear problem can be solved graphically. Consider

the problem

min Z=—x1 — 2%9
subject to —2x1 + o
(8.1)

—T1 + 22

X1

IV CIAIA A
S W w W

X1, T2

A —21’1 + X9 = 3

—$1+$2=3
(3,6)

I/ t 0 t } t t t t t t
T . cz=—4

Figure 8.1: Geometric solution of a linear program in R2.
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8.1 Standard Form

There are many different ways to represent a linear program. It is sometimes more
convenient to use one instead of another, at times to make a property of the linear program

more apparent, at other times to simplify the description of an algorithm.

One such representation, called standard form, will be used in connection with the simplex
method. As will be seen later, rules for converting linear programs to standard form are

simple and can be performed automatically by computer.

In vector-matrix notation, a linear program in standard form will be written as

min z=cl'x
subject to Ax=b », (8.2)
x>0

where b > 0, x € R", c € R", b € R™. A € R™*" is called the constraint matrix.
It is important to note the following.

1. The LP (8.2) is a minimization problem;
2. All the variables (x;) are constrained to be non-negative;
3. All the other constraints are represented as equations;

4. All b; are nonnegative.

This will be the form of a linear program used within the simplex method. In other

settings, other forms of a linear program may be more convenient.

The following is an example of linear program in standard form.

min 4r1 — drg + 313
subject to 3xy — 2xo + Tx3 =7
8x1 4+ 6x9 + 613 = H
x>0
To >0
x3 > 0.

All linear programs can be converted to the standard form. In the following examples,

we show how to do this.
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max clx — min —c¢’x

(The optimal values of the variables are the same for both objective functions.)

J;b; <0 —  multiply the constraint by —1.

(alx<b; — —ajx>-—0b)
x1>5 — xp=x1—5
x’l >0

free variable (unrestricted variable)

If x5 is unrestricted, then it is replaced by

and xh >0, x5 >0
inequality constraint with <
21’1 + 71’2 — 3[L’3 S 10

21’1 + 71’2 - 31’3 + 81 = 10
and s1 >0

s1 is called a slack variable.

inequality constraint with >

61’1 — 2I’2 + 4ZE3 Z 15

6.1}1 — 2[E2 + 4[[‘3 — €9 = 15
-
and es >0

ey is called an excess variable.

8.2 Extreme Points & Basic Feasible Solu-

tions

An extreme point (or a vertex) is defined geometrically using convexity.

Definition 8.2.1. A point x € S, where S is a convex set, is called an extreme point (or a

vertex) of S if it cannot be expressed in the form

x=ay+ (1 - a)z,

withy,z € S, a € (0,1) and y,z # x. |
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That is to say, x cannot be expressed as a convex combination of other feasible points

Y, 2.

Basic Solutions A basic solution is defined algebraically using the standard form of the
constraints.
Definition 8.2.2. A point x is called a basic solution (of Ax =b) if

e X satisfies Ax =b

e the columns of the matriz A corresponding to the nonzero components of x are linearly
independent. N

As A has full row rank (= m), we can separate x into two subvectors xp and x, where
xy consists of n — m nonbasic variables (all of which are zero) and xp consists of m basic

variables. The constraint coefficients of xp correspond to an invertible m x m basis matrix
B.

Definition 8.2.3. A point x is a basic feasible solution (bfs) if it is a basic solution and
also satisfies the constraint x > 0. |

Consider LP on page 97 again.

min Z=—x1 — 229
subject to —2x1 4+ x5, < 2
—r1+z2 < 3 (8.3)
r < 3
r,22 > 0. )
In standard form, LP (8.3) can be rewritten as
min Zz=—x1 — 229 )
subject to —2x; 4wz +5 = 2
—x1 +I3 +59 = 3 (8.4)
T +s3 = 3
ri, To, S1, 82, Sz > 0.

Notice that in the standard form, the problem has 5 variables. In (8.4), the basis
{z2, 51, 83} produce the basic solution

T T
Try T2 S1 S22 83i|:|:03—].03 5
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where x5, s1, s3 are basic variables.

The basis {s1, s9, s3} produces the basic feasible solution

T T
|:l'1 Ty S1 So 83} :[O 0 2 3 3]

Similarly, if the basis {x1, z2, s1} is chosen, then we obtain the basic feasible solution

|:l’1 To S1 So 33}T=[3 6 2 0 O]T,

which is the optimal basic feasible solution of this problem.

Let x be any basic feasible solution. Once a set of basic variables has been selected, it is

possible to reorder the variables so that the basic variables are listed first.

[xB] } m components
X =

Xy | }m—m components

The constraint matrix can then be written as
A= [B N] ,

where B and N are the coefficient matrix for xg and x,, respectively.

For a basic solution, we have x = 0, so that the set of constraints Ax = b simplifies to

Bxp = b; that is to say,
Ax = |B N| [XB]
XN
= BXB = b.

Hence, xp is determined by B and b.

The number of basic feasible solution is finite, and is bounded by the number of ways
that the m variables xg can be selected from among the n variables x. This number, which

is the number of all basic solutions, is

( m ) - m!(n —m)l
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where nl =n(n—-1)(n —2)---3-2- 1.
The concept of an extreme point is equivalent to that of a basic feasible solution. This

is stated as follows.

Theorem 8.2.4. A point x is an extreme point of the set
{x: Ax =Db, x>0}

if and only if it is a basic feasible solution. |

Proof  See [26], pp. 80-81. N

It is possible that one or more of the basic variables in a basic feasible solution will be
zero. In which case, the point is called a degenerate vertex (basic feasible solution) and the

linear program is said to be degenerate.

At a degenerate vertex, several different bases may correspond to the same basic feasible

solution. Degeneracy can arise when a linear program contains a redundant constraint. For

example,
2[E1 S 67
3r; < 13,

The first and third constraints are equivalent, so either of them could be moved from the

problem without changing the solution.

Geometrically, two extreme points (vertices) are adjacent if they are connected by and

edge of the feasible region.

It is important to note that for a linear program in standard form with m equality

constraints, two bases will be adjacent if they have m — 1 variables in common.

We now arrive at a fundamental result in LP, which is based on the representation
theorem'. See [26] for further details.

Theorem 8.2.5. If a linear programme in standard form (8.2) has a finite optimal solution,

then it has an optimal basic feasible solution. |

Proof See [26], pp. 90-91. H

LAny feasible point can be represented as a convex combination of extreme points plus, possibly, a
y p p p plus, p Y,

direction of unboundedness.
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The above theorem implies that a solution to a linear program (if one exists) can always be

chosen from among the vertices of the feasible region.

8.3 Simplex Method

The simplex method is a feasible direction method for solving a linear programming

problem written in standard form.

It moves from one extreme point (or basic feasible solution) to another. At each iteration,
the method tests to see if the current basis is optimal. If not, it selects a feasible direction
along which the objective function improves and moves to an adjacent basic feasible solution

along that direction.

Simplex Tableau The tableaus are merely notational devices that help us explain the

simplex method.
T

min c'x ;
basic | 1 z9 ... x, | rhs
subject to Ax=Db
>0 s
X
- Ty A b
L5
—z c’ 0
Example Consider the following LP.
min Z=—T1 — 2%9
subject to —2x; +xy a3 = 2
—x1 +2x9 +x4 =
T +r5 = 3

Ty, T2, T3, T4, T35 Z 0.

Step 1 Choose {x3, x4, x5} as the basis (set of basic variables).

basic | 1 | 2 | 3 | x4 | x5 | Ths ratio
leaving variable = | x3 | -2 110|072 2/1=2
g |-1| 21010 7 |7/2=35
x5 1 0|01/ 3
—z |-1]-2]10[0]0] 0
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1t entering variable

T
basic feasible solution= |0 0 2 7 3 and z=0.

Choose x5 as the entering variable (i.e. use x5 as a basic var. in step 2).
Choose 3 as the leaving variable (i.e. let 23 be a non-basic var. in the next step).
Step 2 choose {x2, x4, x5} as the basis. Then perform row operations to the tableau

T
in step 1 so that the column of x5 becomes [1 0 0 O} .

basic | €1 | 22 | x3 | x4 | x5 | ths | ratio
Ty | —2 | 1 1 ]0 0] 2
leaving variable = | x4 3 10|—-211,01] 3 |3/3=1
T 0 0| 1|3 |3/1=3
—z | =510 0] 0| 4
1 entering variable
T
basic feasible solution =10 2 0 3 3 and z = —4.
Choose z7 as the entering variable and x4 as the leaving variable.
Step 3 Choose {z3, x1, x5} as the basis.
basic | 1 | 22 T3 T4 x5 | rhs | ratio
T 0|1 |-1/3]2/3 |0 4
1 110]-2/31/3 0] 1
2
leaving variable = | z; |0 | 0| 2/3 | —1/3| 1 | 2 373
—z | 0] 0]|—-4/3|5/3 0] 9

1 entering variable

T
basic feasible solution= |1 4 0 0 2 and z = —9.

Choose 3 as the entering variable and x5 as the leaving variable.

Step 4 Choose {x2, z1, x3} as the basis.
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basic | To | 3 Ty s | rhs
T 0 1 0 1/2 [ 1/2
1 1 0 0 0 1
x3 0 0 1 | -1/213/2
—z 0 0 0 1 2 | 13

Tt +T 1+t 1

All the coefficients are non-negative. Therefore, this step yields the optimal solution.
T

.. optimal basic feasible solution = [3 5 3 0 O} and z* = —13. Ans

8.4 Artificial Variables

The simplex method moves from one basic feasible solution to another until either a

solution is found or until it is determined that the problem is unbounded.

How to find a basic feasible solution? The previous example clearly shows that if
there are only the constraints a’x < b; and x > 0, then it is very easy to obtain a basic

feasible solution.

Unfortunately, general problems will not have this property, raising the question of how

to find a basic feasible solution in a systematic fashion.

Two standard approaches used in connection with the simplex method are Two-Phase
and Big-M methods. Both use the device of artificial variables, i.e., extra variables that

are temporarily added to the problem.

To illustrate the idea of artificial variables, consider the folowing LP.

min z =211 4 329

subject to 3x + 2x5 = 14,
21 — 4xy > 2, (8.5)
dx1 4 3z9 < 19,
T1,x9 > 0.

Arranging (8.5) to standard form and adding an artificial variable a; to every constraint
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that does not have a slack variable, we have

min z =211 4 329

subject to 3xy + 215 + a; = 14,
2rq — 4y — 13 +ay =2, (8.6)
4x1 + 32 + x4 =19,

X1,T2,T3, T4, 01,02 Z 0.
Clearly, it is now possible to initialize the simplex method with xp = [a1, as, x4]7, where
a1 = 14, a9 = 27 Ty = 19.

Since the a;’s are not part of the original problem, this choice of basis does not correspond
to a basic feasible solution to the LP (8.5).

To obtain a basic feasible solution to (8.5), we need to move to a basic feasible solution
that does not include any a; as a basic variable. Such a basic feasible solution indeed
corresponds to a basic feasible solution of (8.5). If the a;’s cannot be driven to zero, then

the constraints for the original problem (8.5) are infeasible and the problem has no solution.

8.4.1 Two-phase method

The artificial variables a;’s are used to create an auxiliary LP, called the phase I problem,
whose only purpose is to compute a basic feasible solution of the original problem. Now

the objective function to be minimized is
S
i

If the original LP is feasible, then the phase I problem will have optimal value 2z, = 0.
Otherwise, z, > 0. This leads to a basis that does not contain all the a;’s and hence a basic

feasible solution to the original LP.

Then the basic feasible solution that is obtained from solving the phase I problem can
be used as an initial basic feasible solution for the original LP. This is called the phase II

problem.

Example Consider the problem (8.6). The phase I problem is as follows.

Step 1 Choose {aj, as, x4} as the basis.
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basic | 1 | ©9 | X3 | x4 | a1 | ag | Ths
a; 3| 2 0Ol 0|10 14
as 2| —4|-110 0] 1] 2
Ty 4 1100119
-2 10 O 11110

Notice that the top row entries of a; and as are not zero, so that 2’ is not expressed only

in terms of the nonbasic variables. These entries must be removed by elimination:

basic | 1 | 2 | x3 | x4 | a1 | ag | rhs
a, 3 2 0O |01 ]0] 14
leaving variable = | a» 2 | —-4]-110,0]1 2
x4 4 3 O | 11007} 19
-z | =5 00| 0/|—-16

1 entering variable
Elimination must be applied to the top row of a tableau whenever the entries for the initial

basic variables are not zero.

The reduced cost of z; is negative so this basis is not optimal. The ratio test indicates
that ay is the leaving variable. We would like to remove ay from the problem completely.
The artificial variables were added to constraints where there was no obvious choice for a
basic variable. In the current basis x; serves that function for the second constraint, and

as is no longer required. For this reason as (or any other artificial variable that has left the

basis) can be removed from the problem.

Step 2 Choose {ai, x1, 24} as the basis.

basic | 1 | x9 | 3 | x4 | a1 | rhs

ap [0 8] 201 |11

1 1| -2|-2]0|0]| 1

leaving variable = | x4 011 ] 2 110] 15
-2 | 0| =8|-210]0]-11

1 entering variable

The reduced costs for x5 and z3 are negative, so this basis is not optimal. Since the

coefficient of x4 is larger in magnitude, x5 will be selected as the entering variable. Then x4

is the leaving variable.

Step 3 Choose {a;, =1, z2} as the basis.
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basic | x1 | T2 | x3 T4 | ap | rhs
. . 1 8 1
leaving variable = ay 010 5 | —11 | 1 T
3 2 41
1 110 =51 7 [0] f
2 1 15
L2 01 i1 7 |0 &

/ 1 B 1

—< 010 -5 7 19]-1%

1 entering variable

The reduced cost for x3 is negative so this basis is not optimal and x3 is the entering

variable. The ratio test shows that a; is the leaving variable.

Step 4 Choose {x3, x1, x2} as the basis.

basic | 1 | o | 3 | x4 | rhs
T3 0|01 |-16| 2
1 1{10]0] =214
T 0] 110 1
-2 0]01]0 0

The current basis does involve any artificial variables and the objective value is zero, so this
is a feasible point for the constraints of the original problem.

The solution of the phase I problem only gives a basic feasible solution for the original
problem; it is not optimal. It can be used as an initial basic feasible solution for the original

problem with objective z = 2y + 3x5. In the tableau:

basic | 1 | 9 | 3 | x4 | rhs
x3 010 |1 |-16] 2
1 110]0] =21 4
Ty 0110 1
-z | 2]131]0 0

If the simplex method is implemented without a tableau, then all that is necessary is to

retain the final basis from the phase I problem as the initial basis of the phase II problem.

The reduced costs for the basic variables x1 and x5 are not zero, and must be eliminated

before the simplex method can be used:
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basic | x1 | 2o | 3 | 24 rhs
x3 0O/0 |1 |—-16| 2
1 1101]0] =2 4
X 01110 3 1
—z |00} 0] =5 |—-11

The reduced cost for z, is negative so this basis is not optimal. Only z, is a candidate for

the ratio test, so it is the leaving variable.

Pivoting gives

All the coefficients are non-negative. Therefore, this step yields the optimal solution.
T

.. optimal basic feasible solution = [14/3 0 22/3 1/3
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basic | x1 | 2 | 3 | ©4 | rhs
xy |0 || 1]0] 2
xm |1 2]0]0] %
Ty 0 % 01 %
-z |0 % 00— %
I A N

and z* = 28/3.
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8.4.2 Big-M Method

In contrast to the two-phase method, penalty terms are added to the objective function

that are designed to push the a;’s out of the basis. To this end, the objective function is

changed to
min 2’ = c'x + MZCM',
i
where M denotes a large positive number.

If M is large, then any basis that contains an a; > 0 will lead to a large positive value
of 2/. If there is any basic feasible solution to the original LP, then the corresponding basis

will not include any a;; hence the value of 2’ gets smaller.

Any basic feasible solution to the penalized problem in which all the a;’s are nonbasic is
also a basic feasible solution to the original problem. The corresponding basis can be used

as an initial basis for the original problem.

Example Consider the problem (8.5) again.

Step 1  The initial tableau for the penalized problem with artificial variables is

basic | 1 | ©9 | 3 | x4 | a1 | a9 | ths
ay 3| 2 0Ol 0]1]0]|14
as 2| —=4|—-1[0 |0 1] 2
Ty 4 170019
-z 2 O\ M| M| O

As before, the reduced costs for the artificial variables must be zeroed via elimination:

basic T To T3 | T4 | a1 | a9 rhs
ay 3 2 0[]0 11]0 14
leaving
} Qs 2 —4 —1101]0]1 2
variable
Ta 4 3 0 110]0 19
-2 | -bM+2|2M+3 | M | 0| 0|0 |—-16M

1} entering variable

At the first iteration, z; is the entering variable and as is the leaving variable. As in
the two-phase method, once an artificial leaves the basis it becomes irrelevant and can be

removed from the problem.
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Step 2 Choose {aj, x1, x4} as the basis.

leaving

variable

basic | x1 To T3 Ta | aq rhs
ap | 0 8 3 01 11
x| 1 —2 -3 010 1
Ty 0 11 2 110 15
—2 |0 | 8M+T7|—2M+1|0 |0 |—11M—2

1 entering variable

Choose z5 as the entering variable and x4 as the leaving variable.

Step 3 Choose {ai, x1, 22} as the basis.

leaving variable =

basic | 21 | x9 T3 T4 ay rhs
1 _ 8 1
ax 010 22 T i1
_3 2 41
1 110 22 11 0 11
2 1 15
T2 01 11 i1 0 11
Y, — M16 | SM—7  M+127
<z 010 22 11 0 11

1 entering variable

Choose 3 as the entering variable and a; as the leaving variable.

Step 4 Choose {z3, x1, x2} as the basis.

leaving variable =

The current basis does not involve any artificial variables, so this is a feasible point for the

original problem. With the artificial variables gone, the objective function is now that of the

basic | x1 | o | 3 | T4 rhs
T3 0] 0|1 |-16| 2
T 1100 =2 4
To 01110 3
-2 1 0]0]0| =5]-11

original linear program.
Choose x4 as the entering variable and x5 as the leaving variable.

1 entering variable

Step 5 Choose {x3, x1, x4} as the basis.

111




All the coefficients are non-negative. Therefore, this step yields the optimal solution.

7
.. optimal basic feasible solution = {14/3 0 22/3 1/3| and z* =28/3.

basic | x1 | 22 | 3 | T4 | rhs
3 0 13—6 110 23—2
xn |1 2]0]0] ¥
xg |0 3]0 1] 3
—2 | 0 g 010 |- %
Y N |

Ans

As expected, it is the same as the optimal basis obtained using the two-phase method.
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8.5 Exercises

8.1

8.2

8.3

8.4

8.5

Consider a linear program with the constraints in standard form
Ax=b and x>0.

Prove that if d # 0 satisfies
Ad=0 and d>0

then d is a direction of unboundedness.
Prove that the set S = {x: Ax < b} does not contain any extreme points.

Solve the problem
min z = —4x1 — 229 — 813
subject to 2xy — 29 + 3z3 < 30
r1 + 229 + 423 = 40

Z1,T2,T3 Z 07

using the two-phase method.

Solve the problem
min z = —4x; — 2x9
subject to 3xy — 219 >4
=201+ 29 =2
1,72 > 0,

using the two-phase method.

Consider the linear programming problem
min z=clx
subject to Ax >Db
x>0

where b > 0. It is possible to use a single artificial variable to obtain an initial basic
feasible solution to this problem. Let s be the vector of surplus variables, e = [1,..., 1]T

and a be an artificial variable. Consider the phase I problem

min 2 =a
subject to Ax —s+ae=Db
x,8 > 0,a > 0.
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(a) Assume for simplicity that by = max{b;}. Prove that {a, s2, s3, ..., s,} is a feasible

basis for the new problem.

(b) Prove that if the original problem is feasible, then the phase I problem will have
optimal objective value z, = 0, and if the original problem is infeasible it will

have optimal objective value 2. > 0.
8.6 Use the two-phase method to check whether the following linear program:

minimize 2z =z + 2x9 — 8x3
subject to —2x1 + 29 +4x3 = -5,
1+ 21’2 + 433’3 = 20,

—X1 — T2+ T3 )

IV IA

T1,T2,T3

has a bounded optimal solution. If so, find the solution. Provide the detail of your

calculation.
8.7 Use the big M method to check whether the following linear program:

minimize 2z =z + 2x9 — 8x3

subject to —2x1 + 19 + 423 -5,
r1+ 229 +4x3 = 20,

—X1 — X2+ T3 )

AVARIVAN

T1,T2,T3

has a bounded optimal solution. If so, find the solution. Provide the detail of your

calculation.
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Chapter 9

Quadratic Programming
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Like linear programming problems, a number of practical optimization problems are posed
as quadratic programming problems, where the objective function is quadratic and the con-
straints are linear. It is worth noting that convex quadratic programming problems can be

solved in a finite number of steps.

The general quadratic program can be expressed as

1
min §XTQX +cT'x
subject to alx = b, ieé& (9.1)

alx <, 1€l
where £ and T are, respectively, index sets for equality and inequality constraints, Q = Q7.

In this course, we focus our attention only to problem (9.1) with > 0. In this case,
problem (9.1) is convex and it can be shown that a local minimizer x* is a global one.
Furthermore, if () > 0, then it follows that x* is a unique global solution. For the case where
@ is indefinite, it follows that (9.1) is difficult and will not be covered here.

9.1 Problems with Equality Constraints

Consider the following quadratic program

min 3 xTQx +c'x

subject to Ax=Db (Ax — b =0)

(9.2)

where A € R™" m <n, @ > 0.

In this case, it is clear that a unique solution exists if A is of full rank and @ is pdf on
the subspace M 2 {x: Ax = 0}. (Note that if ) were only positive semidefinite on M, the

solution would not be unique.)

The Lagrangian for (9.2) is

L(x, ) = % x'Qx + c'x + AT (Ax — b) (9.3)
The stationary point (or KKT point) of (9.3) satisfies the following equations:
VeL(x,A)=0 = Qx+ATA+c=0 } 0.4)
VaL(x,A)=0 = Ax =Db
Q AT

A 0

1=l
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Proposition 9.1.1. Let QQ and A be n X n and m X n matrices, respectively. Suppose that
A has rank m and that Q is pdf on the subspace M = {x € R": Ax = 0}. Then the matriz
Q A" N
A

s nonsingular.

Proof See [14], pp. 236-237), or [24]. Q.E.D.

From the first equation in (9.4) we have
x=—-Q TATA - Qe
Substituting this into the second equation yields

A=—(AQ'AT) 1 [AQ e+ D],

and also

= QAT(AQT'AT) T [AQ e +b] ~ Qe
_Q—l [I _ AT(AQ—lAT)—lAQ—l} c
_‘_QflAT(AQflAT)flb

9.2 Active Set Method

Most QP problems involve inequality constraints and can be expressed as
1

min 3 x'Qx + c'x
subject to alx = b, 1€&
aZTX < bi, 1€1.

They are almost always solved by an active set method.

The idea underlying active set methods is to partition inequality constraints into two
groups:

e those that are to be treated as active and

e those that are to be treated as inactive.

And the constraints treated as inactive are essentially ignored.

The index set W always includes the equality constraints £ and possibly some of the

inequality constraints Z.
At iteration k, let the iterate x*) be a point that is feasible for all constraints and that

satisfies all the equality constraints in the current working set Wj.
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By translating to the point x(*), the quadratic program corresponding to the working set

is then defined in the form

1
min 2 ABTOA® 4 oWT k)
d e & (9.5)
subject to ald® =0, 1€ Wi

where g® £ ¢ + Qx®.

The program in (9.5) has only equality constraints and therefore can be solved for d®)

by the previous method or by other numerically efficient methods.

o If d® = 0, then the current point x(*) is optimal with respect to the current working
set W,.

o If d® = 0 and x* + d® is feasible for all constraints, then x*) + d® becomes the

new x(*+1),

o If x*) +d™®) is not feasible, then a search of the form x*+1) = x®*) 4 o, d* is made and
ay, s selected as large as possible to maintain feasibility. At this point, a new inequality
constraint is satisfied by equality, and this constraint is adjoined to the working set

Wit1. The general move is therefore given by x*+1 = x®) 4 o, d® where
11 . b; — a,;TX(k)
G = T l ’z‘:i(;éW;f,n;?d(k)>O{ al'd®) H .

The process may proceed in this fashion (repeatedly adjoining constraints to the working
set), but eventually a point is obtained that is a minimum over the current working set (since

there are only a finite number of constraints).

At this point, the corresponding multipliers \; for the constraints in W, are examined.

e If they are nonnegative for all members of Z, the current point is optimal.

e If at least one \; is negative for i € Z, the one such ¢ (usually the most negative) is

dropped from the working set.

From the above, an algorithm for solving QP with inequality constraints can be stated

as follows.
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Algorithm Start with a feasible point x(*) and a working set ;. Set k = 0.

1. Solve the equality constrained quadratic program

1
min L qwroq® o ghrg®)
(k) 2 © & (9.6)
subject to a’d® =0, i€ W,
2. 1fd®) =0, go to step 6.
3. Set x* D = x*) 4 4, d*), where
. . b; — aZ-TX(k) .
aj = min [1,mi1n {W i ¢ Wy, ald® > O} : (9.7)

If ap < 1, then adjoin the minimizing index in (9.7) to W}, to form W ;.
Set k = k + 1 and return to step 1.

Compute the Lagrange multipliers of (9.6).

N o ok

Set \, = min \;.
i€EZNWy,

8. If A, > 0, then stop and x(¥) is optimal. Otherwise, drop ¢ from W), to define W ;.

9. Set k =k + 1 and return to step 1.

Example Solve the following quadratic programming problem using the active set method.

min 222 + 119 + 22 — 1221 — 10249
subject to T+ 10 <4 (9.8)
—X1 S 0
—X9 S 0

Solution

Let f(x) £ 22% + x1my + 23 — 1227 — 102, where x £ [21, 25]7. Then Problem (9.8) is

rewritten as

min f(x) =3x"Qx +cx
subject to alx < (9.9)
aQTx S bg
agx S bg

where

a; = [1a ]-]T? ag = [_1a O]Tv az = [07 _1]T7 bl = 47 bQ = 07 b3 = 07
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f(x) = constant

arg min f(x) = —Q 'c = [2] .

x€R2

Choose an initial point x(® = [0,0]”, which satisfies all the constraints in (9.8). Conse-
quently, the second and third constraints are both active while the first one is not. Hence,
the initial working index set is Wy = {2, 3}.

[teration 0 (k = 0).
Let d(O) = [dl, dQ]T.
Solve min %d(O)TQd(O) + g@Tq©

d)
di| |0 : (9.10)
dy| 10

-1 0
subject to [ ]
The minimizer [dy, ds]” of Problem (9.10) and the associated Lagrange multipliers (Ag, A3)”

0 -1

are obtained by solving the following equations.

4 1 -1 0| |d 12
1 2 0 —1||d| |10
1 0 0 0 [x] 1o
0 -1 0 0[N\ 0
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Therefore, d; =0, dy =0, A =-12, and X3 = —10. Ans

It is clear that d®) = [0,0]” is optimal for Problem (9.10). That is to say, x(® = [0, 0]”

is optimal for

mxin %XTQX +c’x
subject to  alx = by
alx = b3
However, Ay = —12 < 0 and A3 = —10 < 0. Since )\, is most negative, the second constraint

(i.e. index 2) is dropped from the working set and hence W, = {3}.

Set x(1) = x(0),

Iteration 1 (k= 1).
Let d(l) — [dl,dg]T. Set g(l) — g(o) and Wl — {3}

Solve min 1dWTQAW + gWTql)
d®
' d, : (9.11)
subject to [0 —1] =0
2

The minimizer [dy,ds]” of Problem (9.11) and the associated Lagrange multiplier A3 are

obtained by solving the following equations.

4 1 0 dy 12
1 2 -1 doy| = |10
0 -1 O A3 0
Therefore, d; =3, dy =0, and M3=—T7. Ans

Since x(V + dM = [3,0]” is feasible, we update x? = x) +d® = [3,0]7 and set
W2 == Wl.

[teration 2 (k = 2).
Let d® = [dy,dy]". Set g® =c+ Qx® =1[0,-7]T and W, = {3}.

Solve min %d(Q)TQd(Q) +g@Td®
d®2
_ d, : (9.12)
subject to [0 —1] =0
2

The minimizer [dy,ds]” of Problem (9.12) and the associated Lagrange multiplier A3 are

obtained by solving the following equations.
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Therefore, d; =0, dy =0, and X3=—T7. Ans

Now it is clear that x® = [3,0]7 is optimal for

mxin %XTQX +cl'x
subject to  alx=0.
Since \3 = —7 < 0 and since A3 is the multiplier for the third inequality in the original

problem, the third constraint (i.e. index 3) is dropped from the working set. Hence, W5 = { }.
Set x® = x® = [3,0]7.

Iteration 3 (k = 3).
Set g® = g® = [0, —7]T. Note that W3 = { } if and only if there is no constraint.

Solve r(ril(gl 1d®TQA® 4 g®Tq®) (9.13)

Therefore, d® = —-Q 'g® =[—1,4]".

Since x® +d® = [3 — 1,0+ 4]" = [2,4]” is not feasible for the original constraints in
(9.8), x is updated by x¥ = x®) + a3d® (so that the first constraint becomes active at

x@®) where

by —alfx® 4-3 1 N
as = = =-. ns
° alfd®) 3 3 =
Therefore, x® = [3,0]" + £[—1,4]" = [8/3, 4/3]". Ans
Furthermore, Wy = {1}.
Iteration 4 (k = 4).
Let d¥ = [dy, dy]". Set g® = c+ QxW =[0,—14/3]" and W, = {1}.
Solve min 1dWTQAW + g®WTq
d@
. d, . (9.14)
subject to [1 1] =0
2

The minimizer [dy,ds]” of Problem (9.14) and the associated Lagrange multiplier \; are

obtained by solving the following equations.

4 1 1| [dy 0
12 1| |do| = |14/3
11 0] |M 0
Therefore, dy = —7/6, dy=7/6, and X\ =7/2. Ans



Since x +d® = [8/3 — 7/6,4/3 + 7/6]" = [3/2, 5/2]" is feasible, update x(® =
x@ +d@W = [3/2, 5/2]" and set W5 = W),

Iteration 5 (k =5).
Let d® = [dy,dy]". Set g® = ¢+ Qx® = [-7/2,~7/2]" and W; = {1}.

Solve min 1d®TQA® + g®Tqe)
d®)
d, (9.15)

subject to [1 1} [ = 0.

2

The minimizer [dy, ds]” of Problem (9.15) and the associated Lagrange multiplier \; are

obtained by solving the following equations.

4 1 1| |dy 7/2
1 2 1| |do| = |7/2
11 0] |\ 0
Therefore, dy =0, dy =0, and X =7/2. Ans
Hence, x©®) = x4 = [3/2,5/2]".
It is clear that x® is optimal for
min %XTQX +cTx

subject to  alx = b;.

Since \; is now positive, it follows that x® = [3/2, 5/2]7 and p1 = A\, = 7/2, i = 0, p3 = 0
are the KKT points of the original problem.

From the above, we have x® = [3/2, 5/2]7 is the minimizer of the original QP (9.8).
Ans
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9.3 Exercises

9.1 Solve the following quadratic programming problem using the active set method.

min x% + Qx% — 2x1 — 619 — 22179
subject to —x1 4+ 229 < 2
T+ x9 <2
1 >0
To >0

Choose the starting point at x; = 0 and x5 = 0.
9.2 Solve the following convex quadratic program by the active set method.

minimize Zx% + 129 + x% — 1221 — 10z9
subject to 2xy + zo < 4,
—11 <0, —x2<0.

Start at the initial point zo = [0, 1]7.
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