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Letr > 2 be afixed integer. A positive integer n is called r-free if in the canonical
representation of n into prime powers each exponent is less than r. The integer 1 is
considered to be r-free. As usual, 2-free and 3-free integers are called square-free
and cube-free, respectively. In this thesis, we investigate the asymptotic estimates of
r-free integers under certain restrictions. First we use an elementary method to give
an asymtotical ratio of odd to even r-free integers. Next, for the finite set of prime
number P, we prove the proportion of all r-free numbers which are divisible by at
least one element in P and coprime to all of primes in P.

Furthermore, we let « > 1 be an irrational number and with bounded partial

quotients, 8 € [0, «). The Beatty sequence of parameters o and g is defined by

{lan + B8]} nen;

where |z| is the integer part of z € R. We generalize the previous result on the

distribution of consecutive r-free integers in Beatty sequences.
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Notations

Throughout this thesis, the following symbols is adopted.

Symbol Meaning

R the set of real numbers
N the set of positive integers
Z the set of integers
Q the set of rational numbers
C the set of complex numbers
P the finite set of prime numbers
N, the set of r-free integers
N, the set of odd r-free integers
N, the set of even r-free integers

Coid the set of odd square-free integers

Covdl the set of even square-free integers

Cp the set of r-free integers not divisible by any p € P
al the set of r-free integers divisible by some p € P

f(x) is big oh of g(z).

f(x) is big oh of g(z).

f(z) ~g(x) f(z) is asymptotic to g(z) as ¢ — cc.
Qkr(7;0,8) | the number of (k,r)-integers of Beatty sequence (an+ 8], 1 <n<u
Ty () the number of positive integers n < z such that |an+3] and |an+8] +1

are (k,r)-integers

Vii




Chapter 1
Introduction

This chapter consists of five sections: Research motivation, objective of the
study, scopes of the study, benefit of the study and research methodology.

1.1 Research Motivation

In this thesis, we divide works into three parts. The first part is about the odd/
even dichotomy for the set of r-free integers. The second is about the proportion of
all r-free integers which are divisible by at least one element in P and coprime to all
of primes in P, where P denote the finite set of prime numbers. The third is about
consecutive generalized r-free integers in Beatty sequences.

Let » > 1 be a fixed integer. A positive integer n is said to be an r-free integer
if each of its prime factors appears to the power at most » — 1. The integer 1 is
considered to be r-free. For r = 2,3, these numbers are called square-free and cube-
free respectively. On the other hands, a positive integer n is said to be an r-full integer
if each of its prime factors appears to the power at least r. As usual, 2-full and 3-full
numbers are called square-full and cube-full, respectively.

In the first part, let N,(z) be the number of r-free integers not greater than z.
It well know that for r fixed

No(w) = %x—kO(xl/r), (1.1)

where ¢ is the Riemann zeta function. The Riemann zeta function ¢(s) is defined by
T ;
C(S):;E if s> 1,

and by

1—s
C(s) = lim (nq%« f_s) ifo<s<l.
For a study of these asymptotic formulae, we refer to [1, Equation 14.24 1.

The motivation follows from work of Scott [2] and Jameson [3], where it was
shown that the ratio of odd to even square-free numbers is asymptotically 2 : 1. In
2020, Srichan [4] used an elementary method to prove the odd/even dichotomy for
the set of square-full. In 2021, Puttasontiphot and Srichan [5] extended the method
in [4] to the case of cube-full numbers. Later, Jameson [6] used this to gave a new
proof for his paper in [3]. Thus, it would be interesting to generalize these results to
the odd/even dichotomy for the set of r-free integers by using the method in [4].

In the second part, we consider the natural density of the set of square-free
integer which is studied first by Gegenbauer. In 1979, Hardy and Wright [7] proved



that the natural density of the set of square-free integer is 6/72. Later, in [2] Scott
gave a conjecture on the natural density of the set of odd square-free integers is 4 /x>
and it was proven by Jameson in [3]. In 2021, authors [8] generalized this problem
to the case of r-free integers by using an elementary method and showed that the
asymptotical ratio of odd to even r-free numbers is asymptotically 27 : 2" — 2. In the
same year, Brown [9] reproved Jameson’s result and generalized it. Brown proved
that the proportion of all numbers which are square-free and divisible by all of the
primes in T and by none of the primes in P is

6 1 P

W21g1+ppepl+p’ (1.2
where P and T are disjoint sets of prime numbers with T finite. Now we use the
elementary method in [4] to prove a similar result as in [9] and generalize it to r-free
integers.

In the third part, let a > 1 be irrational and with bounded partial quotients,

B € [0,a). The Beatty sequence of parameter a and 3 is defined by

{lan + B]}nen

where |z] is the integer part of z € R. The problem for the existence of square -free
numbers in the Beatty sequences arose in 2008. Gulolu and Nevans [10] proved that

VAN rloglogx
Z 1_g‘(2)+0( logz )’

n<z
Lan]is square-free

where a > 1 is an irrational number of finite type. In 2009, Abercrombie and Banks
[11] showed that

Y& 1:ﬁ+0<z2/3logx),

n<wx
[ an ]is square-free

for almost all « > 1. In 2013, Victorovich [20] showed that

Z o ﬁ + O(Ax5/6 Log5 .7;), (1.3)

lan] is s?quare—free

where o > 1 is an irrational number with bounded partial quotient or an irrational
algebraic number. Here A = max{r(m),1 < m < 2?}. In 2021, Veasna et al. [12]
showed that,

_ T (1/2r+1/2) [ 53
>oo1= 0 + O(x log” z), (1.4)

n<x

[an+ﬁ] is r-free

where a > 1 be an irrational number and with bounded partial quotients, 8 € [0, «),
as x — oco. In the case of r = 2, their result in (1.4) improves Victorovich’s result in

(1.3). Moreover, they used the technique of Tangsupphathawat et al. [13] to improve



the previous result on the distribution of consecutive square-free integers in Beatty
sequences and showed that, for a > 1 irrational and with bounded partial quotients,
B € [0,«) and sufficiently small e > 0, as 2 — oo we have

3 1=T] (1~ )+ 0(ast 0g'). (1.5)

n<z

lan+8], lan+B]+1 are square-free

It would be interesting to generalize (1.5) to a larger class of integers.
In this part, we shall use the technique of Tangsupphathawat et al. [13] to
generalize the previous result on the distribution of consecutive square-free integers

in Beatty sequences.

1.2  Objectives of the study

1) To show an asymptotical ratio of odd to even r-free integers by using an elemen-
tary method.

2) To derive asymptotic formulae for the number of all r-free integers which are
divisible by at least one element in P and coprime to all of primes in P and

generalize Brown'’s result to r-free integers.

3) To generalize the result on the distribution of consecutive r-free integers in Beatty

seqguences.

1.3  Scopes of the study

Our main objects are r-free integers, i.e., the integers whose the canonical
representation of them into prime powers each exponent is less than r. Aspects of

these integers to be investigated are
1) the odd/even dichotomy for the set of r-free integers,

2) the proportion of all r free integers which are divisible by at least one element

in P and coprime to all of primes in P,

3) the elementary method and generalization for r-free and (k, r)-integers.

1.4  Benefits of the study

1) An asymptotical ratio of odd to even r-free integers are obtained.

2) Asymtotic formulae from the problems of counting r-free integers which are divis-

ible by at least one element in P and coprime to all of primes in P are obtained.

3) Generalization for the result on the distribution of consecutive r-free integers in

Beatty sequences are shown.



1.5 Research Methodology

1) Study the fundamental theorem of arithmetic, arithmetic functions, asymtotic

equality of function and the unique factorization theorem.

2) Study works of Scott [2], Jameson [3, 6], Srichan [4], Brown [9], Veasna et al. [12]
and Tangsupphathawat et al. [13].

3) Apply the methods of Srichan [4] to show an asymptotical ratio of odd to even

r-free integers.

4) Apply the elementary method to prove a similar result as in [9] and generalize

it to r-free integers.

5) Apply the technique of Tangsupphathawat et al. [13] to generalize the previous

result on the distribution of consecutive squree-free integers in Beatty sequences.

6) Summarize all the results so obtained and write a thesis.

Table 1.1: The research schedule

Time frame

Activity 2019 2020 2021 2022

Agu.-Dec. Jan.-Jun. Jul-Dec. Jan.-Jun. Jul-Dec. Jan.-Jun.

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6 s




Chapter 2
Preliminaries

In this chapter, we will recall some definitions, properties, theorems and ex-

amples that we will be used throughout our study.

2.1 Some basic of arithmetic

In this section, we will review some definitions, theorems and some examples

of arithmetic.

Definition 2.1. ([14]) A divisor of n is an integer d that divides n and write d|n whenever

d = nc for some integer c. If d does not divide n, write d { n.

Theorem 2.1. ([14], Theorem 1.3 on p.15) Given integers a and b, there is one and

only one number d with the following properites:
1) d>0,
2) d|a and d|b,
3) if there is a number ¢ such that cla and ¢|b then cld.

Definition 2.2. ([14]) The number d of Theorem 2.1 is called the greatest common

divisor of a and b which is denoted by gcd(a, b).
Definition 2.3. ([14]) The integers a« and b are said to be relatively prime if gcd(a,b) = 1.
Theorem 2.2. ([14], Theorem 1.5 on p.16) If albe and gcd(a,b) = 1, then alc.

Definition 2.4. ([14]). An integer n(> 1) is called a prime if the only positive divisors

of n are 1 and n. If n(> 1) is not prime, then n is called a composite.
Example 2.1. The prime numbers less than 100 are 2,3,5,7,11,13,17,19.23,29, 31, 37, 41,

43,47,53,59,61,67,71,73,79,83,89 and 97.

2.2 The unique factorization theorem

Theorem 2.3. ([14], Theorem 1.6 on p.16) Every integer n > 1 is either a prime number

or product of prime numbers.
Theorem 2.4. ([14], Theorem 1.7 on p.16) There are infinitely many prime numbers.

Theorem 2.5. ([14], Theorem 1.8 on p.17) If a prime p does not divide a, then
gcd(p,a) = 1.



Theorem 2.6. ([14], Theorem 1.9 on p.17) If a prime p divides ab, then p|a or p|b. More
generally, if a prime p divides a product a; ...a,, then p divides at least one of the

factors.

Theorem 2.7. ([14], Theorem 1.10 on p.17, The unique factorization theorem) Every
integer n > 1 can be represented as a product of prime factors in only one way, apart
from the order of the factors.

Theorem 2.8. ([14], Theorem 1.12 on p.18) If two positive integers a and b have the

factorizations
o0 o0
i _ b;
a=[w  b=]]#"
1=1 =1

then their gcd has the factorization
gcd(a,b) = pr
i=1
where each ¢; = min{a;,b;}, the smaller of a; and b;.
Definition 2.5. ([14]) A positive integer n > 1 with unique prime factorization

01,02 Qs
n/=pi'ps’ < P

where py,...,ps are distinct primes and ay,...,as € N, is r-free whenever a; < r for all
i=1,2,..s.

In case r = 2, we call n, a squarefree.
Example 2.2. Consider
1) Ifr=2,then ny =110 =2-5:11, ng = 42 = 2 - 3. 7 are squarefree numbers,
2) If r=3,then ny =98 =272, ny, = 100 = 22 52 are 3-free (or cube-free) numbers,

3) If r =5, then ny = 1224 = 23 .32 .17, ny = 30800 = 2%-52.7.11 are 5-free numbers.

2.3 Some basic properties of congruences

Definition 2.6. ([14]) Given a,b,m € Z with m > 0. We say that a is congruent to b

modulo m, if m|(a — b) and write
a=b (mod m).
Theorem 2.9. ([14], Theorem 5.3 on p. 108, Theorem 5.4 on p. 109) Let a,b,c € Z.

1) If ¢>0then a=0b (mod m) if and only if ac = be (mod mc).

2) If ac = be (mod m) and d = gcd(m, ¢), then a =b (mod m/d).



Definition 2.7. ([14]) A congruence of the form
ar=b (mod m)
where x is an unknown integer is called a linear congruence in one variable.

Theorem 2.10. ([14], Theorem 5.12, 5.13, 5.14 on pp.111-112) Given a,b,m € Z with

m > 0.

1) If gcd(a,m) = 1, then the linear congruence ax = b (mod m) has exactly one

solution modulo m.

2) If gcd(a,m) = d, then the linear congruence ax = b (mod m) has solutions if and
only if d|b.

3) Assume that gcd(a,m) = d and suppose that d|b. Then the linear congruence

ar =b (mod m) has exactly d solutions modulo m. These are given by

m m
R

m
b~ — Pt LG (d— [
0 = bt A==

t+2
d7+

where t is the solution, unique modulo m/d, of the linear congruence

%xz g (mod %)

2.4 Properties of arithmetic function

Definition 2.8. ([14, 15]) A complex - valued function defined on the positive integers

is called an arithmetic function. Denote by A the set of all arithmetic functions.

Examples of arithmetic functions are:
1) The Mobius function, u(n), is defined by, [19],

(=1)* if n = pips---p, for distinct primes p1,...,ps,
p(n) =<1 ifn=1,

0 otherwise.

2) For a € R, the divisor function, o,(n), is defined to be the sum of the ath power

of divisors of n, [14],

oa(n) = Zda;

dfn
when a = 0, oq is the number of divisors of n denoted by d(n);

when a =1, oy is the sum of divisors of n denoted by o(n).

3) The Euler phi function, ¢(n), is defined to be the number of positive integers not
exceeding n that are relatively prime to n, i.e,,

p(n) = Z 1.

z<n

gcd(z,n)=1



The Euler phi function satisfies, [19],
W =2 u(d) (%)
where the sum is extended over divisors d of n.
4) The Liouville’s function, \(n), is defined by, [14], A\(1) = 1 and if the prime factor-
ization of n is p{* - - p2, then
An) = (—1)ttas,
5) The unit function, U(n), is defined by, [14],
U(n) = 1.
Definition 2.9. ([14]) For every integer n > 1 we define Mangoldt’s function A by

logp if n=p™ for some prime p and some m > 1,
NF—

0 otherwise.

Definition 2.10. ([14]) For z > 0 we define Chebychev’s ¥-function by the formula

z) =" An)

n<w
Definition 2.11. ([14]) Let k € N. An arithmetic function f is said to be periodic with
period k if
f(n+Ek)= f(n) (n eN).
Definition 2.12. ([14]) An arithmetic function f is called multiplicative if f is not
identically zero, f(1) =1, and
f(mn) = f(m)f(n) (scd(m, n) = 1,m,n €,N).

Denote M be the set of multiplicative functions. Clearly, if f € A with f(1) =1 then
feMifand only if

v ) =FO5) - ()
for all prime p;’s and positive integer a;’s. Note that u(n), o.(n), ¢(n), U(n) and A(n)

are multiplicative on n (see also [14, 19]).

Definition 2.13. ([14]) If f,g € A, the Dirichlet convolution of f and g is defined by
n) =Y fldg (%)
d|n
It is well-known that (A, +, ) is an integral domain. Note that ¢;(n) = n.

Example 2.3. Let n =20. Then we get

(G *U)(20) = > ¢i(d)U(20/d)

d|20
=G (LU(20) + G(2U(10) + (U (B) + G (B)U(4) + G(10)U(2) + ¢ (20)U(1)
=1+24+4+4+5+10+ 20 = 42.



Theorem 2.11. ([14], Theorem 2.14 on p.35) For f,g € A, the Dirichlet convolution of
multiplicative functions f, ¢ is also multiplicative.

Theorem 2.12. ([14], Theorem 2.9 on p.30) The identity function with respect to

Dirichlet convolution is the arithmetic function

1 ifn=1
I(n) =
0 ifn>1.

Theorem 2.13. ([14], Theorem 2.8 on p.30) For f € A with f(1) # 0, its Dirichlet inverse
f~1* exists and is given by

—1x _ 1 —1=x — n —1x
I = gt (n)—%f(d)f (@ (n>).

d>1

2.5 The big oh notation and asymtotic equality
Definition 2.14. [14] If g(x) > 0 for all z > a, we write
f(z) =0(g(x)) (read: “f(x) is big oh of g(x)”)

to mean that the quotient f(z)/g(x) is bounded for z > q; that is there exists a con-
stanct M > 0 such that

| f(z) |< Mg(x) for all 2> a.

For the convenient, we write f(z) < g(z) instead of f(z) = O(g(z)). An equation of the

form
f(x) = h(z) + O(g(z))
means that f(z) — h(z) = O(g(z)). We note that f(t) = O(g(t)) for t > a implies
[T f@ydt = O(f; g(t)dt) for z > a.
Example 2.4. 1) Let f(z) = 2* — 823 + 52% — 52 + 6. Then we can write

fx)=z*+0(=?).

The symbol O(2?) represents an unspecified function of = which grows no faster than

some constant time 3.

2) For all z > 1, (see [14], Theorem 3.2)

Z d(n) =zlogz + (2C — 1)z + O(Vx),

n

where C is Euler’s constant (C' = lim (Z% —logn)).

n—00
k=1



Definition 2.15. [14] If

lim =% =1
200 g(x)

we say that f(x) is asymptotic to g(z) as z — oo, and we write
f(x) ~ g(x) as ¢ — oo.

Example 2.5. 1) Let f(x) =2z + 1 and g(z) = 2z +5, we have lim 295 i;

Thus f(x) ~ g(z) as z — oo.

2) Y d(n) ~xlogz  as z — oc. (see [14], Theorem 3.3)

n<x

Since Y " d(n) = zlogz + (2C — 1)z + O(v/x), we have

Z d(n)

n<z

lim =1+ lim

T—>00 X logl' r—r00

((20 — 1)z + O(ﬁ))

rlogz
Definition 2.16. [14] The Riemann zeta function ¢(s) defined by
o1 i
s) = ; i if s >1,

and by

. 1 gl 4 )
C(s):hm( IS ) ifo<s<1.
T—00 n<zn& 1—s

Theorem 2.14. ([14], Theorem 3.2 on p.55) If z > 1 we have:

1. Z ogx+0+0( )

n<:c

1 1—s

2. 7L<IE;:1_S+C(S)+O(JJ_S) if s >0,s#1.
1 &, .
3. — =0(z ) if s >1.
n>wx n
4. Z n® (z) if a>0.
n<xz

2.6  Average of arithmetic functions
Theorem 2.15. ([14], Theorem 3.3 on p.57) For all > 1 we have

> d(n) = zlogz + (2C — 1)z + O(Vx),

n<x

where C is Euler’s constant.

Theorem 2.16. ([14], Theorem 3.4 on p.60) For all z > 1 we have

Zal )z? + O(x log z).

nlx

1.

10
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Theorem 2.17. ([14], Theorem 3.5 on p.60) If z > 1 and a > 0,a # 1, we have

;le(n) = CEXL_:_ll)xaH + 0(z)
where g = max{1,a}. i

Theorem 2.18. ([14], Theorem 3.6 on p.61) If 3> 0 let § = max{0,1—B}. Thenifz > 1
we have

Yo sn)=CB+De+0)  ifB£L

n<x
=((2)z + O(logz) if B=1.
Theorem 2.19. ([14], Theorem 3.7 on p.62) For = > 1 we have

Z é(n) = %xQ + O(zlogx),

n<x

so the average order of ¢(n) is 3n/72.

2.7 Beatty sequences

Definition 2.17. ([16]) Let o > 1 be an irrational number and with bounded partial

quotients, g € [0,«). The Beatty Sequences of parameter a and g is defined by
{lan + B]}nens

where |z] is the integer part of z e R.

Theorem 2.20 (Beatty Theorem, [16], Theorem 12.2 on p.94). Let X be any positive
irrational number and Y its reciprocal. Then the two sequences
1+X,2(14+X),3(1+ X),.. .,
14Y,20+Y),3(1+Y), ..
together contain exactly one number from each of the intervals (n,n + 1) between
consecutive positive integers (n =1,2,3,...).

Corollary 2.21. ([16], Corollary 12.5 on p.94) The sequences [n(1 + X)|, [n(1 + Y)],
called Beatty Sequences corresponding to the irrational number X, together contain
each natural number exactly once.

Example 2.6. Let X = /2 ~ 1.4142 is irrational number. Then Y = X /(X — 1) = 3.4143
and forn =1,2,3,..., we get the sequences

n(1+ X) = {2.4142,4.8284, 7.2426,9.6568, . . . };
n(l+Y):= {4.4143,8.8286,13.2429, 17.6572, ... }.
Thus we have the Beatty sequences
In(1+X)|n>1:=12,4,7,9,... };

(1 +Y) st = {4,8,13,17, ... }.
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2.8 Chinese remainder theorem

Theorem 2.22 (Chinese remainder theorem, [14], Theorem 5.26 on p.117). Assume

mi,...,m, are positive integers, relatively prime in pairs:
(miy,mg) =1 ifi#k.
Let by,...,b,. be arbitray integers. Then the system of congruences

x=b; (mod my)

z=b. (mod m,)
has exactly one solution modulo the product m; - --m,..

Theorem 2.23. ([14], Theorem 5.27 on p.118) Assume my, ..., m, are relatively prime

in pairs. Let b1,...,b,. be arbitray integers and let ay, ..., a, satisfy
Wx, lge SR MG R 1, % - - =
Then the linear system of system of congruences

a1r = by (mOd ml)

arx=b, (mod m,)
has exactly one solution modulo the product m; - - -m,.

Theorem 2.24. ([14], Theorem 5.28 on p.118) Let f be a polynomial with integer
coefficients, let my,ma, ..., m, be positive integers relative prime in pairs, and let m =

mams - --m,. Then the congruence
f() =0 (mod m)
has a solution if and only if each of congruences
f(x)=0 (mod m;) (i=1,2,...,7)

has a solution. Moreover, if v(m) and v(m;) denote the number of solutions of two

equations above respectively, then

v(m) = v(my)v(mse) - - - v(m,).
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2.9 Literature review

2.9.1 The work of Scott [2]

In 2008, Scott [2] consider the ‘odd/even dichotomy’ for the set S of square-
free positive integers. First, he calculated the asymptotic density of the square-free
integers.

Asymptotic density for S
For any prime p, the fraction of positive integers divisible by p? is 1/p?, so the

asymptotic density for S is given by the following infinite product over the primes:

(- 3) (= 8HeR) (-8 ()

He next introduced the well-known infinite series

Q71+1+1+1+1+1+ 5
- 22 132042 52 42 6

Multiplying @ by 1 —1/22 clearly removes all even terms from the series. Indeed, He
got that multiplication of the series @ by each subsequent term of P systematically
removes the remaining odd fractional terms from the series for @, whence PQ =1 or
P =6/7%
Parity within S

By the formulae

1 15 (ENP S
PR e M o Pl e T

nes nes

He got O + E = 15/#? and O — E = 9/x%, where O and E denote the number of odd
and even square-free positive integers, respectively, leading to the estimate O/F = 4
for his postulated asymptotic ‘odd/even’ ratio p. Note in passing that this estimate is
clearly weighted in favour of the early terms where there is marked irregularity.

Next consider the following asymptotic sums:

n<N n<N (_1)n+1 9

1 6
ZﬁwﬁlogN and > —— ~ 5 logN.

nes nes

In this case, he got O + E ~ (6/7%)logN and O — E ~ (2/x?)logN and the more
trustworthy estimate p= O/F ~ 2.

2.9.2 The work of Jameson [3, 6]

In 2010, Jameson [3] proved that the ratio of odd to even square-free numbers
is asymptotically 2:1. His proof is most efficiently presented in the language of Dirichlet

series and convolutions. .
For any arithmetic function a(n), there is a corresponding Dirichlet series Z %,
n=1

defining a function F,(s) where it converges. He multiplied two Dirichlet series and
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collect the terms in the obvious way (which is valid provided that both series converge

absolutely),
Fa(s)Fy(s) = Fas(s), (2.1)

where the Dirichlet convolution a b is defined by

(axb)(n) =Y a()b(k) =Y a(j)b(n/j).

Jk=n jln

Let e; be the sequence having 1 in place 1 and 0 elsewhere. Then axe; = a for any arith-
metic function a, so e; is the identity for convolution. Recall that the M&bius function p
takes the value 1 at 1 and (—1)* at a square-free integer with k& prime factors. The unit

function u is defined by u(n) = 1 for all n.

Lemma 2.25. We have u * = e;. Hence for all n.> 1, Z“(j) =0.
jln

1
T ((s)
tively, this |dent|ty, together with the definition of u(n) |tseLf can be derived directly

Since Z s) for s > 1, it follows from (2.1) that Z M (Alterna-

from the Euler product.) In particular,
Y > X Ve Y/
Y
It will help to introduce the following notation:

1 formn odd,
vin) =
0 forn even.

Clearly,

i”(")71+i+ ) o=
n2 3252 T g

n=1
Let A(z) be the number of odd square-free numbers not greater than .

Clearly,

@)=y lum)v(n)

n<z

8

—-

Lemma 2.26. We have uv * v = e;, hence Z W =
v

n=1

Lemma 2.27. For all n, we have |u(n)|v(n) = Z u(m)v(m)v(n/m).

m2|n

Theorem 2.28. A(z) = 4x + q(z), where |¢(z)| < 3z%/2.

In 2021, Jameson [6] used an elementary method to give a new proof in [3]
and showed that, asymptotically, two thirds of the square free numbers are odd and

one third even.
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2.9.3 The work of Srichan [4]

In the work of Srichan [4], he considered the asymptotical ratio of odd to even
square-full numbers.

A positive integer n is called square-full if p?|n for every prime factor p of n. Let
N(z), No(z) and N.(z) be the number of members of set of all square-full numbers,

odd square-full numbers and even square-full in the interval [1, z], respectively.

Theorem 2.29. As z — oo, we have

No(z)

N () ~2- V2.

Remark: The result in this theorem indicates that the ratio of odd to even square-full
numbers is asymptotically 1: 1+ @

2.9.4 The work of Brown [9]

In 2021, Brown [9] use the classical result for all square-free numbers to reprove

Jameson’s result [3] and indeed to generalize it.

Theorem 2.30. Let P and T be disjoint sets of prime numbers with T finite. Then the
proportion of all numbers which are square-free and divisible by all the primes in T

and by none of the primes in P is

/P TN
7r2pl;IT1-|—pp1€_£1+p.

2.9.5 The work of Tangsupphathawat, Srichan and Laohakosol [13]

In the work of Tangsupphathawat et al. [13], they used the similar method
due to Rieger to prove that the Piateske-Shapiro sequence defined by

Ne={[n‘|:neNceRc>1}

contains infinitely many consecutive square-free integers whenever 1 < ¢ < 3/2. To do
this, they let e be arbitrary small positive number, not necessarily the same in different

occurrences and then they got some lemmas as following:

Lemma 2.31. For 1 < ¢ < 2, let = be a positive real number and let ¢ and a be two

integers such that 0 < a < ¢ < z¢. Then

(ct+4)/7 _5/4
O (%) for q < € / 5

:L, c
S =24 0(H) forae g g e

n<x
[n€|=a(mod q)

o) (%) for zc=1/2 < ¢ < z°.

Lemma 2.32. For each ¢ > 0, there exists a constant C. > 0 such that for all n > 1,

d(n) < Cen®.
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Lemma 2.33. For a fixed real y > 1,

Z M(;lgég(t) _ H <1 _ 2) +0 (y ).

2
p prime p

gcd(d:t):l
dt<y

Lemma 2.34. Let 1 < ¢ < 2 and let z be a positive real number.

(I) If A%(x) denotes the number of quadruples d,t,u,v of positive integers satifying

the conditions
20 — d?u =1, d*u < z°, 2% < dt < 223,

then
A%(z) < w23t

(I If B2(z) denotes the number of quadruples d,t,u,v of positive integers satifying
the conditions

t2o—=d2u=1, d*u < 2%, dt > z%/3,

then
Bg (l‘) < x2c/3+s_

Theorem 2.35. For 1 < ¢ < 3/2 and sufficiently small e > 0,

LT M e N pean ¢

n<wx P
Ln€ |, nC|+1 are square-free

2.9.6 The work of Veasna, Srichan and Mavecha [12]

In the work of Veasna et al. [12], they gave asymptotic formula for the problem
about the existence of square -free numbers in the Beatty sequences arose in 2008 by
using the result on the number of values of Beatty sequence |an+ 8], in an arithmetic
progression in [17].

Theorem 2.36. Let a > 1 be an irrational number and with bounded partial quotients,
B €0,a). As x — oo, then

)

where Q. (z; a, B) is the number of r-free integers of Beatty sequence |an + 3],

Qr(z;,B8) = + O(zr+1)/2r Log3 x),

1<n<zx.
In the case of r = 2, they gave the improvement of (1.3) in following corollary.

Corollary 2.37. Let a > 1 be an irrational number and with bounded partial quotients,

B €0,a). As z — oo, then

Qz2(z; 0, B) = ﬁ + O0(2**log’ 2).
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Moreover, they also proved there exist infinitely many consecutive square-free

numbers of the forms |an + 3], [an+ 3] + 1, which improves Dimitrov’s result in 2019.

Theorem 2.38. For a > 1 irrational and with bounded partial quotients, 3 € [0, «) and
sufficiently small e > 0, as = — oo, then

Z 1:H(17%>x+0(ax%+€log3x).
P

n<lz
lan+8], lan+B]+1are square-free



Chapter 3
Odd/even r-free numbers

Let » > 1 be a fixed integer. A positive integer n is r-free if each of its prime
factors appears to the power at most » — 1. The integer 1 is considered to be r-free.
As usual, 2-free and 3-free integers are called square-free and cube-free, respectively.
In this chapter, we study the odd/even dichotomy for the set of r-free numbers.
Moreover, we use an elementary method to give an asymtotical ratio of odd to even

r-free integers.

3.1 Main Results

Let A C N. Let A(z) denote the number of elements in 4 not greater than z.

Theorem 3.1. As z — oo, we have

N,(x) 2"
Ne(IE) Y ﬂ, (31)

where N,(x) and N.(z) denote the number of odd and even r-free positive integers

not greater than z, respectively.

Proof of Theorem 3.1. Let N. and N, be the set of all even and odd r-free integers,

respectively. We assume that,
N,(z) ~ar and N () ~ bz, for some a,b € RT. (3.2)

Denote
A ={neN.:44n}, A ={neN.:4|n},

for2a<k<r-—2
Ap={nc¢ A;C_l : oktL tn}, A;c ={ne A;f_l ; oktl [ n}.

We note that A, = Ajy1 U A, 4. Thus,

r—2
N, = ( U Ak) UA . (3.3)
k=1
For1 <k <r—2, A,’s are disjoint set. Thus, from (3.3), we have
r—2
N.(z) = (Z Ak(x)) T A (2) (3.4)
k=1

Now, we note that the element n € A, is the form n = 2k+1m 2% for some m € NU{0}.
Thus, 7 is odd and r-free. This implies that, for 1 <k <r -2,

Ap(z) = N(Qﬁk) (3.5)
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Similary, the element h € A, is the form h = 2"m; + 271, for some m; € N U {0}.

Thus, 52 is odd and r-free. This implies that,

A (@) = No( 5 )- (3.6)

Inserting (3.5) and (3.6) in (3.4), we have

r—2 T
N.(z) = I;N(;k) + N(;—_l) - ZN(%) (3.7)

In view of (3.2) and (3.7), we have

r—1

bx = Za% = aac(l — 21_7').

k=1
This proves (3.1).
Now it remains to prove the existence of a and b.

In view of (3.7), we write

N, (z) = N,(z) + No(z) = ZNG(%). (3.8)
k=0
We replace z in (3.8) by x/2 and subtract this with (3.8). We have
Ny (z) —NT(§> = N,(z) —N(Qﬁ) (3.9)

Replace = in (3.9) by /27, we have

) ) - 510
In view of (3.9) and (3.10), we have
i 2 () v () = - ()

Repeating this, we have

k k
) W) - S E) ) 6

The asymptotic formula (1.1) implies N, (x) ~ cz, where ¢ = 1/¢(r). Then, for e > 0, we

take zy such that
(c—€)x < N.(z) < (c+€)z, fora > . (3.12)

To apply inequality (3.12) with (3.11), we take k such that st < o < 5. Then,

we have
T T T
(C_€)2T'i+1 éNr(QTi-l—l) S (C+6)W, (313)
and
T T
(c—e)ﬁ SNT(E) < (c—&—e)ZM, (3.14)



for 0 <i < k. In view of (3.11), (3.13) and (3.14), we have

k k
No(x) — N(%) <D (et 6)% =D (e~ 6>%
0 =0

= 1=

k

_ (c n 36) i
T\2 2/ Lagri
1=0

¢ 3y e 1
w(3+3) 25
_ (E+%) 2
UYL

From the choosing k such that s < 20 < 5,

IA

we have N(,(wfi,ﬂ)) < N,(2x¢) < 2x9. Then, we have

r—1 r—1 27'+1
No(z) < x(c+3e> ey \ T 2x9 < x(c+ 36)27i—1 T 5%
Thus, for z > 20,
r—1 gr—1 r—1
No(z) < x(c+ 36)’27_—1 + m%ﬁe = x(c—i— 76) 5 1\

20

By the similar proof we deal with the lower bound. In view of (3.11), (3.13) and

(3.14), we have

k k

N @M (o) 2 e 20 e T e Oty

i=0 =0
k
-3¢ I
Sans s W
(c 36) or (c 36) 9k
=p(l-—Z )" (==
2 2/2" -1 2 2/72T—1

\ ( 3) IV cr
F SPNVSA 1 Jogert (or T0)

We note that 2"z¢ > 5#&+. Then, we have

2r71 or
— CI .
o —1 P21

No(z) > Ny(z) — NO(Q%) > 1‘(0 = 36)

Thus, for z > 2o,

r—1

No(z) > No(z) 70(%> > x(cf?)ef 206) ; —

This proves the existence of a and consequently b also exists, in fact b = ¢ — a.

Corollary 3.2. As 2 — oo, we have

Codd(z) ~9
Ceven (-73) ,

[]

(3.15)

where C,gq(z) and Cepen(x) denote the number of odd and even square-free positive

integers not greater than z, respectively.



Example 3.1. Let N, (z) be the set of r-free integers not greater than x, we have

N2 (60) = {1,2,3,5,6,7,10,11,13,14, 15,17, 19, 21, 22, 23, 26, 29, 30,
31,33,34,35,37,38,39, 41,42, 43, 46,47, 51, 53,55, 57, 58,59},

N3(60) = {1,2,3,4,5,6,7,9,10,11, 12, 13, 14, 15,17, 18, 19, 20, 21,
22,23, 25,26, 28,29, 30, 31,33, 34, 35, 36, 37, 38, 39, 41, 42,

43,44, 45,46, 47,49, 50,51, 52, 53,55, 57, 58, 59, 60}

Thus we get the following:

x 5 [ 10| 20 | 30 40 60
Coda(®)/Ceven(x) | 3/1.4 4/3 | 9/4 | 13/7 | 17/9 | 25/12
N, (2)/Ne(z) 3/2 | 5/4 | 10/8 | 14/12 | 19/15 | 29/22

As & — oo, we can see that Ze® 2 and

No(w) - 2° _ 4
even (Z) N, () 252 — 3°

21



Chapter 4
On the natural density of »-free numbers

The density of a finite set of distinct positive integers, 6[A], is the ratio of the
number of its elements to its largest element. The natural density of an infinite
increasing sequence of positive integers, a,, is

s[4 = lim .

n—00 Uy,

In this chapter, we use the elementary method in [4] to prove a similar result as in [9]

and generalize it to r-free integers.

4.1  Auxilary Lemma

Let A be a given set, for z > 1, we denote A(x) be the number of elements
in An[l,z]. Let P = {p1,pa,....,px} be a finite set of prime numbers. For any integer
r > 2, let N, be the set of all r-free numbers. Let Cp = {n € N,|(n,P) = 1} and
Ch ={n € N,|(n, P) # 1}. Here (n, P) denotes the greatest common divisor of n and
all prime inP. For 0 < a; <r —1,1<i <k, we define by

Y YOO £ {n € C};‘n = pitpe? - petm, m€ Cp}

and .Ao,... 0= Cp.
The following Lemma will be used in our proof.

Lemma 4.1. Let p be a given prime number and P = {p}. As z — oo, we have

CP(.’L‘) -~ pr7 r—1
Crtm) ™ iTs

Proof. The proof is similar to the proof of Theorem 3.1.

First we assume that,
Cp(z) ~ ax and Ch(z) ~ b, for some a,b € RT. (4.1)
First, we wish to show that,

1

a p"—p
b= T (4.2)
For1<i<r—1, we denote by

A;={neCp:n=p'm, meCp}.

We note that, for 1 <i <r —1, A4; are disjoint sets. Thus,

r—1
i=1
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For 1 < i < r —1, we note that, each element n € 4; is the form n = p'm such that
(p,m) = 1 for some m € Cp. Thus, = is an element in Cp. This implies that, for
1<i<r—1,

Ai(z) = cp(g). (4.4)

In view of (4.3) and (4.4), we have

r—1

X
=N"Cp(=). (4.5)

; P(p’)

From (4.1) and (4.5), we get
r—1 r—1
_ T P 1
br = ;api = am(pr _pr—l)'

This proves (4.2). Now it remains to prove the existence of a and b.

In view of (4.5), we write
N, () = Cp(x) + Clp(x Z cp( ) (4.6)
We replace z in (4.6) by x/p and substract this with (4.6). We have
N (@)= N(%) — Cp(a) - cp(ﬁ). (a.7)
Replace z in (4.7) by «/p", we have

Nr(§> 4 N,.(]f—”’;f) = Cp(g) = Cp(]%). (4.8)

In view of (4.7) and (4.8), we have

T

N, (x) < Nr(g) +Nr(§) = Nr(;m) = Cp(z) - cp(]%).

Repeating this, we have

Cp(x)—Cp< k+1)) Ek:NT( m) zk:Nr< m+1) for some k € N. (4.9)

i=0 i=
It is well known that, N,.(z) ~ cx, where ¢ = 1/¢(r). Then, for ¢ > 0, we take zy such
that

(c—e€)x < N.(z) < (c+€)z, for x> . (4.10)

To apply inequality (4.10) with (4.9), we take k such that St < %o < and from
(4.9) and (4.10), we have

B (c+e)—(c—e¢) 1
=(* P );p”
Sx(p(c+6)]; (0—6))prp_1_
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From the choosing k£ such that ST < o < Zﬁ we have

Cp(p,.wgfﬁ) < N, (pxo) < pzo. Then, we have

r—1

Cp(z) < x(p(che) —(c— 6))p€ 1
r—1 r+1

gx(p(chG)*(C*e))ij_l+p]:—1

+ pxo

Zo.

Thus, for z > 2o,

r—1 r—1
— (pex)
r—1

pr—1

Cpla) <a(ple+e) = (c= )

pT‘_l p?"_l

= :L'(p(c+e) — pe— che)
By a similar proof we deal with the lower bound. In view of (4.9) and (4.10), for the
integer k such that ST < %o < T, We have

k

&
Cp(x)—Cp (ﬁ) > Z(c - e)% - Z(CJr e)ﬁl—

i=0 i=0
_(BrcX9),= (4} 6 5 _1_
7 m( D ) ; p'r'i
L YAl (@45 &) o el
Al APE A AV S
SL, Wp(ede) <dcke) \ 7 Iy Ldplc ~e)'— (EHe)y pr7F
—a?( P )(pr—l) m( p )pr—l
x(p(c —€)—(c+ 6)) (ZNP prrh
E o prvl _Cx(pr_l)'
We note that p+lay > ™ Then, we have
Cp(@) > Cpla) — cp(ér(—jm)
X z(plc—e€) —(c+e)(p"™h) cxop®t!
= pr -1 pr —1 :

Thus, for z > 2o,

z(plc—€) = (c+e)(p ") B cxep? L x(plc—e)—(c+e) —cep™?) (p"") .

C > =
r(z) 2 Pl 1 pr—1 pr—1

This proves the existence of a. The existence of b follows from the existence of aq,

since N,.(z) = Cp(z) + Cp(z). A second proof of the same sort is not needed. [

4.2 Main Results

Theorem 4.2. Let P = {p1,pa,...,pr} be a finite set of prime numbers. For any r > 2
be integers, let N, be the set of all r-free numbers. As x — oo, we have

-1

)

Cp(z) H pr—1
CP(CL') b pr _ prfl
where Cp = {n € N,|(n, P) =1} and Cp = {n € N,|(n, P) # 1}. Here (n, P) denotes the

greatest common divisor of n and all prime in P.
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Proof of Theorem 4.2. The proof is similar to the proof of Lemma 4.1 but much more

complex. First, we assume that
Cp(x) ~ 6z and Cp(x) ~ B, for some 4,3 € R™. (4.11)

Now, we note that each element n € A,, ... o, is the form n = p{p3? -+ p*m, m € Cp,

0<a;<r—1landforsomeq; #0,1<i<k. Thus W is an element in Cp. This
1 2 k

implies that, for0 < a; <r—1,1<i <k,

X

Aayo ap (z) = cp(m). (4.12)

From (4.12), we sum A, ... o, (z) for all 0 < a; <r —1 but not all zero, 1 <i <k, and
get

Ch@)= 3 Cr(=)

k o
0<a;<r—1 IIi:lI%Z

a; are not all zero
i T
SRS X Coy T R e
P 1<iy<io<k 1<y, ayy <r—1 i i

1<i<k 1<az<r—1
XD
Y- cp(—Q—a ARl ) (4.13)
b P e

1<an, - ap<r—1

In view of (4.11), we have

A e (p;)ﬂsx W x ($>

1<i<k 1<a;<r—1 i 1<i <is<k1<as,, as, <r—1 \Pii Piy

1
S

1<an, - ap<r—1

T 1
zax(gjbf—_;ﬁq). (4.14)

Now, it remains to show the existence of § and 3. To do this, we use the mathematical
induction on k, where k is the number of primes in P. For the convenient, we let
Peo1={p1, - ,pr—1}and Cp, = {n € N;|(n, P,) = 1}.

We assume that, for 1 < j < k, the exists §; such that Cp,(z) ~ d;z. From

Lemma 4.1, §; exists. Let ¢ be a prime number with ¢ ¢ P._;. Note that
OP’“*I (l‘) = OPk—lU{Q} (l‘) + O;;k—1U{Q} (33)7 (415)

where C}, 1,y = {n € N;|(n, Py—1) = 1 and ¢ | n}. From the same reason in (4.12), we

have

Pe_1ufq} (@) = Z Cp,_, (qg:;) : (4.16)
1<a<r—1
In view of (4.15) and (4.16), we have
Cp,_,(z) =Cp_,ug@)+ > Cp_, <x> : (a.17)

(6%
1<a<r-1 q
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Since Cp,_, (x) ~ d_1z, we have

Cp_yugy (@) ~ (1 - > (;) )5k,1x.

1<a<r—1
This shows that 4, exists. By the mathematical induction, the proof is completed. []

Remark 4.3. From

Chp(x) _ N, (z) — Cp(x) _ N, () ~1
Cr(@) Cp() Cpl@)

we have, as = — oo,

r—1

Cp(x) yrP —P
o T (4.18)

el

In the case T = (), we can see that, the equation (4.18) covers Brown’s result in (B).

Example 4.1. 1) Setting P = {2} and r = 3 we have, as = — oo,

@) DA\ WA\ R 3
Cpt) . 2322 “ 4 4’

We can see that the asymptotic ratio C(z)/Cp(x) is similar to N,(z)/Ne(z) in Example
3.1.

2) Setting P ={2,3,5} and » = 3 we have, as z — oo,

e AG N N B T B < TR H

3) Setting P = {2,3,11,17} and r = 4 we have, as = — oo,

Clh(x) 24 —1 ) 3t -1 . 1% -1 ) 174 -1 .
Cp(z) 243 3433 114 — 113 174 — 173
N L8y 4012
"(g)(i?)(1331)(78608)
3715621
1412467848




Chapter 5

Consecutive generalized r-free integers in Beatty

sequences

Let & > 1 be anirrational number and with bounded partial quotients, 8 € [0, «).

The Beatty sequence of parameter a and 3 is defined by

{lan + ] }nen,

where |z] is the integer part of z € R.

Let k£ and r be fixed positive integers with 1 < » < k. A positive integer n is
called a (k,r)-integer if n is of the form n = a*b, where a,b € N and b is r-free. In 1966,
Subbarao and Harris [21] remarked that in the limiting case when k — o, a (k,r)-integer
becomes an r-free integer. Thus, the (k,r)-integer is a generalized r-free integer. A
positive integer n is called semi r-free if in the canonical factorization of n no exponent

is equal to r. The (k,r)-integers also include the semi r-free integers when k =r + 1.
Example 5.1. Let &k =5, r = 3, then
ni = 288.= 23 - 3%
ny = 38880 = 67 - 52 - 2
are (5, 3)- integers.

Let A\x,-(n) be the multiplicative function defined by

1, if a =0 (mod k);
Aer(0®)=9q =1, ifa=r (mod k);
0, otherwise.
Then
o derlm) _ Glks) 1 (5.1)
ms C(rs) r

m=1

In this chapter, we shall use the technique of Tangsupphathawat et al. [13] to
generalize the previous result on the distribution of consecutive square-free integers

in Beatty sequences.

5.1  Auxilary Lemmas

We now denote f(z) < g(x) means f(z) = O(g(z)) and collect some lemmas
needed later.
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Lemma 5.1. [22, Lemma 2.6] Let ¢, ,.(n) denote the characteristic function of the set

of (k,r)-integers. Then

ri Z)\k:r = Z /”'(b)

akb"c=n

Let d(r, k,n) denote the number of ways of writing an integer n in the form n = njn4,

and put

D(r,k,x) Zdrkn

n<x

In the proof of our main result, we need the following estimate for the function

D(r, k,z) whose proof can be found in [1, Section 14.3].

Lemma 5.2. ([1]) For a sufficiently large = € R, we have
D(r,k,z) < z*/".

Lemma 5.3. For =z > 1, we have

j{: Akr << I

m<x

Proof. In view of Lemmas 5.1 and 5.2, we have

DIDM) £ YT\ g Tl

m<x akbr<z akbr<z

The following lemma is a technique of Tangsupphathawat et al.[13] that is

used to study the consecutive square-free in Piatetski-Shapiro sequences.

Lemma 5.4. Let A, s(z;k,r) and B, s(z; k,r) denote the number of 6-tuples (dy, t1, da, ta, u, v)

satisfying the conditions
d5tho — d¥ttu = 1, dMTu < az + 8. (5.2)
) If 21/2 < dkeydbty < 2%/271/27 then
Ag p(x; k1) < axt/? 12 og .
1) If x3/2=1/2r < qherdbes, then
B g(z; k1) < axt/? 12 og .

Proof. ) For a fixed choice of di,t1,ds and t, satisfying (5.2), we have d¥tju = —1 (mod

dktr), which fixes the value of v modulo d§t5. From (5.2), the total number of pos-

(az+8)
dktrdkﬂ

sibilities for u is O(1 + L). By (5.2), the value of v is fixed for a given choice of
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di,t1,da, ta,u. Then by Lemma 5.1, we have

A g k,r) < 3 (1+L+6)

dktrdkty
11/2<d’fd§t;t5§x3/2*1/2T 11%2%2

< Z T(m)d(k,r, m)(l +

21/2<m<g3/2-1/2r

p
axn—ll— )

ax+

< Z d(k,r,m) ( logm +

z1/2<m<g3/2-1/2r

< (x3/2—1/27~)1/r logz + (Oz])-F,@)(J?l/z)l/r_l logx

log m)

< x3/27»_1/2r2 Lng + (Oé.’l?‘f’ ﬁ)(xl/Zr—l/Q) logl’
< g¥/2r=1/2* logz + az'/? /2 logx

< ax/? 12\ ogy.

) From (5.2), we have wvditidsts < (ax + B)(az + B+ 1), whence wv < (ax +
B)(ax+ B+ 1)z~ 3/2F1/2" for every 6-tuple counted by B, s(x). From a divisor argument,
the total number of choices for u,v is therefore O(a?z'/2"+1/2 logg). For every such
choice u, v, the number of solutions in dy,t;,ds,t2 of the equation d5tiv — ditiu = 1 is
O(logz). []

Lemma 5.5. ([17]) For a > 1 irrational and with bounded partial quotients, 3 € [0, a),

and positive integer d > 2,0 < a < d, we have

Z 1:-§+O(dlog3w) as z — 00.

lan+B]=a( mod d)

—3/2—¢

For growing difference d the result is non-trivial provided d < /z log x, for e > 0.

5.2  Main Results

Theorem 5.6. Let o > 1 be an irrational number and with bounded partial quotients,
B €0,a). As x — oo, we have
Qrr(T70,8) = x@ + 0z /2r+1/2) |og® 1),
' ¢(r)
where Qg -(x; a, B) is the number of (k,r)-integers of Beatty sequence |an + 3],

1<n<uz.
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Proof of Theorem 5.6. Let z > 1, we write

Qrr(z;0,8) = > 1
n<z
Llan+B] is (k, r)-integer

=Y agrr(lon+B8])

n<z

(Y

n<z d|lan+S]

(@)
IR C) > 1

d< n<x
Saztf lan+B]=0( mod d)

=D DR T ()N SRS S D VIR () N S ¥

n<w n<z
asvz lan+B]=0( mod d) Va<d<oz+f lan+B]=0( mod d)

In view of Lemma 5.5, we get

> we@ Y 1= Y M@ +o(dlog’a))

d<\/z n<w d<\/z

lan+B]=0( mod d)
=T Z )\k,;(d) —|—O(LO§3$‘ Z )\k,r(d)d’)

d<\/z A<z
)\k,r(d) 3 r
=28 ) TJrO(log zhpl/2r+1/2)]
d<\/z

We note that

Yooy BT AT T @) ()

n<z
VEZASAERS len+B]=0( mod d) VE<dZomp
>\k r(d)
<z Y ;
Vr<d<az+f

< :L‘(.CL‘I/2)1/T_1

< pM2r1/2
This proves Theorem 5.6. []
In the case of k =r + 1, we obtain the following corollary.

Corollary 5.7. Let a > 1 be an irrational number and with bounded partial quotients,

B €0,a). As x — oo, we have

Quir (a0, 8) = o 5 1 O log o),

where Q,+1.-(z; a, B) is the number of semi r-free integers of Beatty sequence |an+ ],
1<n<z.

Theorem 5.8. For a large = € R, let T} .(z) denote the number of positive integers

n < x such that |an + 3] and |an + 3] + 1 are (k,r)-integers. We have, as x — oo,

Tk’r(l‘> =X Z W + O(ax(1/2T+1/2)+e Log3 ,’I,‘),
m=1

where 7(n) denote the number of divisors of n.
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Proof of Theorem 5.8. Let k,r be integers with 1 < r < k. For a large z € R, let

Tos(aik,r) =) arr(lan+ B (lan + 5] + 1)

n<z

=S (Y w@)( T o)
n<z “d||lan+3] t|lant-B]+1
= ( oo+ Y )Ak,r(d)xk,(t) > 1.
d,t d,t n<x
gcd(d,t)=1 gcd(d,t)=1 lan+B]=0 (mod d)
dt<az+B dt>/az+B lan+B]+1=0 (modt)
In view of Lemma 5.4, we have
T gz k) = Z N () Mg, () Z 1+ O(az'/? /2 ogx).
d,t n<x
gcd(d,t)=1 lan+B]=0 (mod d)
dt<\/az+pB lan+B]+1=0 (mod t)

By the Chinese remainder theorem, there is a positive integer w, unique modulo dt,

satisfying the congruence system w= 0 (mod d) and w+ 1= 0 (mod t). Thus,

>0 Al () 'y L= Ak @)X () > 1.

d,t n<x d,t n<N

gcd(d,t)=1 lan+B]=0 (mod d) gcd(dyt)=1 lan+B]=w (mod dt)
dt<~s/az+p lan+B]+1=0 (modt) dt</az+

In view of lemma 5.5, we have

S N () e i~z 3] Md_d)t&ff@+o(tog3x S dt)\k,r(d))\k,r(t))

d,t n<x d,t d,t
gcd(d,t)=1 lan+B]=0 (mod d) gcd(d,t)=1 gcd(d,t)=1
dt<\/az+pB lan+B]+1=0 (modt) dt< /az+pB dt< /az+p

In view of Lemma 5.3, we have

Yo dth (e B = D mr(m) Ak (m)

d,t m<+y/azx+B
gcd(d,t)=1
dt<~v/azx+pB

< Z m' TN, - (m)
m<yaz+pL

< (a:r—i—ﬂ)lﬂ/%“,

and
)\k:,r(d)/\k,r(t) _ )\k,r(d))\k,r(t) )\k,r<d>)\k,r(t)
2 dt = 2 dt DY dt
dt dt dt
gcd(d,t)=1 gcd(d,t)=1 gcd(d,t)=1
dt<v/az+p8 dt>+v/az+3
B A () A (1) T(m)Ag,r(m)
= 2 T tol X
dit m>+/az B
gcd(d,t)=1
_ ¥ Ak,r(d()l;\k,r(t) +0<(ax+ﬂ)(1/2)(1/’”‘”+6>. (5.3)
dt
gcd(d,t)=1
Since 1 —1 <0, the infinite series on the right side of (5.3) converges when r > 2. Then

[]

the proof of Theorem 5.8 completes.
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Corollary 5.9. For a large = € R, let T, ,.(z) denote the number of positive integers

n < x such that |an+ 3] and |an + 3] +1 are semi r-free integers. We have, as z — oo,

7‘+1 r =T Z TT—M + O(Oé.%'(l/27'+1/2)+€ Log?’ .’L')

m=1

Remark 5.10. For a fixed large z, every positive integer a, and a positive r-free integer
b, the inequality al®Jb < 2z holds only when a = 1. Thus, in the interval [1,z], every
(lz],r)-integer is an r-free integer. Thus, as = — oo, the function T|,, ,(z) counts the
number of positive integers n < x such that |an+ 3] and |an+ 3] +1 are r-free integers.
In view of (5.1), we have

— Aa)r(m) — ¢(|w)s)
Z ms  ((rs) 7 r

m=1

When z — oo, since ¢(|z]s) = 1, we have,

i) . 7,.(m) 1 s m
Z : ,Jrns D) C(TS) /- Z Mrrflrs)'

m=1 m=1

Remark 5.10 indicates that Theorem 5.6 is a generalized result of (1.4). More-
over, in the case r = 2, Theorem 5.8 covers the result (1.5) of Veasna al et. as the
following corollary.

Corollary 5.11. For a large z € R, we have, as x — o0,

Z o xH (1 L 2)2;) + O(az V2124 o’ z).
P

n<zc

lan+8], lan+B|+1are rfree

Example 5.2. For irrational & = v/2 ~ 1.4142136 > 1 and 8 = 0.4142 € [0, @), we have the
Beatty sequence of the form |an + 8] and |an + 3| + 1 as following:

n 1|2(3]4]5[6| 7|8 ]9]10
lan + 6] 1|314|6|7]8[10[11[13 |14
lan+ B8] +1 12| 4|57 (8|9 |11]12]|14 |15

1. The elements 1,3,4,6,7,10,11,13 and 14 are 3-free integers. Thus Q3(10;, 3) = 9.

2. Theelements 1,3,6,7,8,10,11,13 and 14 are (3, 2)-integeres. Thus Q3 2(10; «, ) = 9.
On the other side, from Theorem 5.6 we have

Qs2(10;, B) = (10) £ + O(104/41/2) log” 10) = (10)(+23298) + O(10°7%) = 7.30767.

3. From the table we can see that T3 »(10) = 6.

On the other side, from Theorem 5.8 we have

T52(10) = (10) > W + O(V 22/ 4+1/2)+¢ 0g” 10) = 5.12015.

m=1
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Conclusion

The thesis consists of three main parts. In the first part, we establish an asym-
totical ratio of odd to even r-free integers. In the second part, for the finite set of
prime number P, we prove the proportion of all r free numbers which are divisible
by at least one element in P and coprime to all of primes in P. In the third part,
we generalize a result on the distribution of consecutive square-free integers in Beatty
sequences.

Main results of the first part are now described.

1. For any r > 2 be integers. As z — oo, we have

No) |2
No(z) 20 =2’

(6.1)

where N,(x) and N.(z) denote the number of odd and even r-free positive integers
not greater than z, respectively.

2. As z — oo, we have

Coad()
Ceven (J;)

where C,ga(r) and Ceyen(x) denote the number of odd and even square-free positive

[, (6.2)

integers not greater than =, respectively. Note that the asymptotical ratio (6.1) covers
the result (6.2) of Scott [2] and Jameson [3].

Main results of the second part are now described.
For any r > 2 be integers, let N, be the set of all r-free numbers.
1. Let p be a given prime number and P = {p}. As z — oo, we have

=

Cp(x) P —=p
Cplx) prt—1°

2. Let P = {p1,p2,...,pr} be a finite set of prime numbers. As z — oo, we have

Cp(a) gt
~ _— - 17
CP(I’) H pr _ p'r’fl

peP
where Cp = {n € N,|(n,P) =1} and C}% = {n € N,|(n, P) # 1}. Here (n, P) denotes the

greatest common divisor of n and all prime in P.

Main results of the third part are now described.
Let k£ and r be fixed positive integers with 1 < r < £.
1. Let @ > 1 be an irrational number and with bounded partial quotients, 3 € [0, «). As

x — 0o, we have

Qrr(z;0, B) = Igig + O(z(1/2r+1/2) |og® 1),
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where Qg -(x; a, B) is the number of (k,r)-integers of Beatty sequence |an + 3],
1<n<uz.

2. For a large z € R, let T} .(x) denote the number of positive integers n < z such that
lan+ ] and |an+ B8] + 1 are (k,r)-integers. We have, as z — oo,

Tk,r(ﬂf) =z Z w + O(ax(1/2r+1/2)+€ Log3 x),

m
m=1

where 7(n) denote the number of divisors of n.
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Abstract
In this paper we use an elementary method to give an asymptotical ratio of odd to even r-free numbers
and show that it is asymptotically 2" : 2" — 2.

1 Introduction and results

Let 7 > 1 be a fixed integer. A positive integer n is r-free if each of its prime factors appears to the power
at most r — 1. A positive integer n is r-full if each of its prime factors appears to the power at least r. As
usual, 2-full and 3-full numbers are called square-full and cube-full, respectively.

Let N,(z) be the number of r-free integers < x. It well know that for r fixed

B 1 1/r
Ny(z) = C(’")x + O(z/7): (1)
For a study of these asymptotic formulae, we refer to [2, Equation 14.24 |.

In this paper, we study the odd/even dichotomy for the set of r-free numbers. The motivation follows
from work of Scott [5] and Jameson [3], where it was shown that the ratio of odd to even square-free numbers
is asymptotically 2 : 1. In 2020, the second author [6] used an elementary method to prove the odd/even
dichotomy for the set of square-full numbers. In 2021, Tippawan Puttasontiphot and Teerapat Srichan [7]
extended the method in [6] to the case of cube-full numbers. Very recently, Jameson [4] used this to give a
new proof in [3]. Thus, it would be interesting to generalize these results to the odd/even dichotomy for the
set of r-free numbers by using the method in [6].

Here we prove the following results.

Theorem 1 As x — oo, we have

O(x) )
E(x) . 2r—2’ )

where O(x) and E(x) denote the number of odd and even r-free positive integers not greater than x, respec-
tively.

Corollary 2 As x — oo, we have

Coad(z)
Ceven (CL’)

where Cogqa(x) and Ceypen(x) denote the number of odd and even square-free positive integers not greater than
x, respectively.

o525 (3)

*This work was financially supported by Office of the Permanent Secretary, Ministry of Higher Education, Science, Research
and Innovation, Grant No. RGNS 63-40

TDepartment of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520,
Thailand

iDepartment of Mathematics, Faculty of Science, Kasetsart University, Bangkok 10900, Thailand

SCorresponding Author

IDepartment of Mathematics, Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520,
Thailand

38



S. Srisopha, T. Srichan and S. Mavecha 2

Notations

Let A be a given set, for # > 1, we denote A(z) be the number of elements in A. f(z) ~ g(z) means

lim £ = 1 and we say that f(z) is asymptotic to g(x) as z — oo.
Z00 9(2)
2 Proofs

Proof of Theorem 1. Let £ and O be the set of all even and odd r-free integers, respectively. We assume
that,

O(z) ~ ax and E(z) ~ bz, for some a,b € RT. (4)
Denote /
Air={neE:44n}, A ={neFE:4|n},

for2<k<r-—2, ; : p
Ap={neA, 2"y}, (A, ={ned,, 2 n}

‘We note that A;c = Ag1 U A;c+1‘ Thus,

T —2

E:(UAOU&Q. (5)

k=1

For 1 <k <r—2, set Ay are disjoint set. Thus, from (5), we have
r—2
E@) = (Y Ax@) + 47 _s(a). (6)
k=1

Now, we note that the element n € Ay is the form n = 2F+1m + 2%, for some m € NU{0}. Thus, 5 is odd
and r-free. This implies that, for 1 <k < r — 2,

AMm%zO(%). (7

Similary, the element h € A, _, is the form h = 2"m + 21, for some m; € NU{0}. Thus, WL—I is odd and
r-free. This implies that,

Aoy = 0(551) (8)
Inserting (7) and (8) in (6), we have
r— ) r—1
HrSo(5) vo(si) - Lolg) 0
= | =1
In view of (4) and (9), we have
r—1
b = as =az(1-27).
D

This proves (2).
Now it remains to prove the existence of a and b.
In view of (9), we write
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We replace x in (10) by «/2 and subtract this with (10). We have

No(z) — N(g) = 0(z) - 0(2‘%).

Replace z in (11) by 2/2", we have

V() ~ N (gm) =0(5) ~o()

In view of (11) and (12), we have

W 2) () < (55 =0~

Repeating this, we have

7 k g k
0te) = 0 emr) = 2 (57) = 250 ()

40

(11)

(13)

The asymptotic formula (1) implies N, (z) ~ cz, where ¢ = 1/((r). Then, for € > 0, we take z( such that

(c—e)x < Np.(z) < (c+ €)x, for x> zg.
To apply inequality (14) with (13), we take k such that 5fmr < To < srpr. Then, we have

T " T
(C_G)WSN(W-H) (c+€)2m+17

and
fi x
(c— f)ﬁ < Nr(ﬁ) <(ct f)ﬁ7
for 0 < i < k. In view of (13), (15) and (16), we have
- k k
Ofz) ~ O(W) < Floy ©) A3 Y (o e)d
i=0 i=0
c  3e 1
=2(5+ 5) .3

1
21
)2T71

From the choosing k such that 5 < 20 < 5y, we have O(%)

w

(5
S

2r71 27‘71 2r+1
O(z) §x<c+3e>2r_1 + 2xg §x<c+3€>2T_1 + 27“—1%

Thus, for z > %2,

r—1

2r —1°

27—1 zr—l

O(z) < x(c—Q—Se)ﬁ + ﬁélxe = x(c-i— 75)

(14)

(15)

(16)

< O(2z9) < 2x0. Then, we have
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By the similar proof we deal with the lower bound. In view of (13), (15) and (16), we have

k k
O(x) — 0(7?(;”“)) =Y (e—agm =Y e+ gy
i=0 i=0
k

_ ¢ 3e 1
=o(3-3) 25
= c 3¢ 2 ¢ 3e\ 277k
_x(§*5)ﬁ*x(§75>2r—1

o 5 or—1 cx
= :L(C v 6) 9 — 1 2rkHi(2r — 1)

We note that 2"zg > 5. Then, we have

06 %06 - 0(atsy) 24(e~ 9=y ~ oy

Thus, for z > 0,

=Ll

2r—1'

O(z) > O(z) — O(ﬁ) > x(c —3e— 266)

This proves the existence of a and consequently b also exists, in fact b=c—a. m
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1 Introduction and results

Let r > 1 be a fixed integer. A positive integer n is r-free if each of its prime factors appears
to the power at most  — 1. As usual, 2-free and 3-free numbers are called square-free and
cube-free, respectively. The density of a finite set of distinct positive integers, 0[A], is the
ratio of the number of its elements to its largest element. The natural density of an infinite

increasing sequence of positive integers, a,, is
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The natural density of the set of square-free integer is studied first by Gegenbauer. He
proved that the natural density of the set of square-free integer is 6/72 [2]. Later, in [5]
Scott gave a conjecture on the natural density of the set of odd square-free integers is 4 /72
and it was proven by Jameson in [3]. Very recently, authors [7] generalized this problem to
the case of r-free integers by using an elementary method and showed that the asymptotical
ratio of odd to even r-free numbers is asymptotically 2" : 2" — 2. In the same year, Brown
[1] reproved Jameson’s result and generalized it. Brown proved that the proportion of all
numbers which are square-free and divisible by all of the primes in 7" and by none of the

primes in P is
=1l I e M
i pET pEP 1 + p

where P and T are disjoint sets of prime numbers with 7" finite. In this paper, we use
the elementary method in [6] to prove a similar result as in [1] and generalize it to r-free
integers. We prove the following Theorem.

Theorem 1.1. Let P = {p1,pa, ..., px} be a finite set of prime numbers. For any integer
r > 2, let @ be the set of all r-free numbers. As x — oo, we have

() ph—+1
(J _>Hp i
peP

where Cp = {n € Q|(n, P) = 1} and Cp = {n € Q|(n, P) # 1}. Here (n, P) denotes the
greatest common divisor of pips - - - pr and n.

Remark 1.2. From
Cp(z) Q) —Cp(z) Q)

CP(I) \ Cp(.L’) 7 CP(I) £ 17
we have, as x — o0,
Cp(z) o HITR
a5t )

In the case T = @), we can see that, the equation (2) covers Brown’s result in (1).

2 Notations and Lemmas

Let A be a given set, for # > 1, we denote A(z) be the number of elements in A N [, z].

f(z) ~ g(x) means Ilggo% = 1 and we say that f(z) is asymptotic to g(z) as x — oo.

Let P = {p1, p2, ,pk} be a finite set of prime numbers. For r > 2 be integers, let @ be

the set of all r-free numbers. Let Cp = {n € Q|(n, P) =1} and Cp = {n € Q|(n, P) # 1}.

Here (n, P) denotes the greatest common divisor of pips - - pr and n. For 0 < o; < r — 1,

1 < i<k, we denote Aah...m::{n € Chln =pi'ps?---pitm, m € Cp} and Ay.... o = Cp.
The following Lemma will be used in our proof.

2



Lemma 2.1. Let p be a given prime number and P = {p}. As z — oo, we have

Cp(z) pr—p *
Ch@) 7 T

-1

Proof. The proof is very similar of the proof of Theorem 1 in [7].
First we assume that,

Cp(z) ~ ax and Ch(z) ~ bz, for some a,b € R, (3)
First, we wish to show that,

T r—1

Lo Dmmelne., (4)

i

For 1 <i <r —1, we denote by
Ay ={n € Cp:n=pm, mecCp}.

We note that, for 1 <i <r — 1, A; are disjoint sets. Thus,

r—1
AP (5)
s 1

For 1 <4 < r — 1, we note that, each element n € A; is the form n = p'm such that

n

(p,m) = 1 for some m € Cp. Thus, > 18 an element in Cp. This implies that, for
1<i<r—1,

x
In view of (5) and (6), we have
r—1
T
20 () ™)
From (3) and (7), we get
b = Z 0z = w? oL
p _pr Iré

This proves (4). Now it remains to prove the existence of a and b.
In view of (7), we write

Q(z) = Cp(x) + Cp(x Zcp( ) 8)
We replace x in (8) by z/p and subtract this with (8). We have

Q) - (1) = Crw) = Cr( 7). (9)

aq



Replace z in (9) by z/p", we have

o(2) -l %) -e) -en(2) "

In view of (9) and (10), we have
Q) — Q(%) + Q(%) - Q(ﬁ) = Cpla) - Cp(%).
Repeating this, we have
Cp(z)—C ( T(Hl ) ZQ( ”) —i@(prirl), for some k € N. (11)
=0

It is well known that, Q(z) ~ cz, where ¢ = 1/((r). Then, for € > 0, we take x¢ such that

(c—e)x < Q(z) < (c+e€)x, for x> x. (12)

To apply inequality (12) with (11), we take k such that ST < Zo < rr and from (11)
and (12), we have

k k
i=0
Jorplete) =(c—e R 1
= ( );pm
plct+e)—(c—e) p
=% ( )p L=k,

From the choosing k such that W% < xp < ]ﬁ, we have Np(ﬁ) < Qp(pzo) < po.
Then, we have

r—1
Cp(x) < x(p(c +e€)—(c— e)) v + pxo
r—1 741
<z(plc+e)— (C_f))p]:,l p]:fl 0.

Thus, for z > 2,
r—1 r—1

Cp(e) < w(plet o) = =) 7 — (Per) T

pr—1

—x(p(c+e)—p26—c+e>

By a similar proof we deal with the lower bound. In view of (11) and (12), for the integer

a5



k such that W <z < zﬁ’ we have

k k
Cpl(z) — Cp (]%) > ZO:(C - e)l% - Zo:(c+ e)}%
_ ple—¢€)—(c+e) b 1
_ (ple—¢)—(cte)y p —p
_(Ple—€) =(c+e)N, p ple—€¢) —(ct+e)y ™
—x( P )(p’"—l) l( P )(p’—l
£ x(p(( —e) —(c+ e)) (1) Pk
> N fcx(pr_l).
We note that p" 'z > p% Then, we have
Crle) 2 Cle) = Cr( Gy
- x(p(c —€)—(c+ e)) (pr_l) ¢ cxop®
o pEEE iz ek [N

Thus, for z > %,

(ol 5= (et )Y et | eole S~ e+ = ear?) )
O B pr=1 '

OP(II}) 2

This proves the existence of a. The existence of b follows from the existence of a, since
Q(z) = Cp(z) + Cp(z). A second proof of the same sort is not needed. O

3  Proof of Theorem 1.1

Proof of Theorem 1.1. The proof is similar to the proof of Lemma 2.1 but much more
complex. First, we assume that

Cp(x) ~ 0z and Ch(x) ~ Bz, for some 4,3 € R, (13)

Now, we note that each element n € Ay, ... o, is the form n = p{"ps*---p*m, m € Cp,

0 <a; <r—1and for some a; # 0, 1 <i < k. Thus W is an element in Cp. This
1 P2 P

implies that, for 0 < o; <r—1,1<1i <k,

T

Aay e () = CP(ﬁ)'
1 k p11p22...pk’c

(14)



From (14), we sum Ay, ... o, (z) for all 0 < o; <7 — 1 but not all zero, 1 < i <k, and get

Cp(x) = Z Cp(ﬁ)

0<a;<r—1 i=1Fi

[ )t XY o)

a; are not all zero
1<iy <ia<k 1<as, , y <r—1 Diy Py,

x

1<ai,,ap<r—1 Py P

-> ¥ o

1<i<k 1<a; <r—1

In view of (13), we have

Br =6z Y > (a?)mx > > (p“l“>

1<i<k 1<a; <r—1 1<y <ip<k 1<aiy, ajy <r—1 i

+-F 0z Z (mazlak>

1<ag,,oap<r—1 p1 p2 pk

-y (H p_p7 1-1) (16)

pEP

Now, it remains to show the existence of § and 5. To do this, we use the mathematical
induction on k, where k is the number of primes in P. For the convenient, we let P, =

{pla ¥ A apkfl} and (jl—";C 0 {n 9 Q|(n~Pk) ‘e 1}
We assume that, for 1 < j <k, the exists d; such that Cp (2) ~ d;z. From Lemma 2.1,
91 exists. Let ¢ be a prime number with ¢ ¢ P,_;. Note that
Cp,_(z) = Cp_,0(3(7) + Cp, 41 (), (17)
gy = 1 € Q|(n, Pi-1) = 1 and ¢ | n}. From the same reason in (14), we have

CPk 1U{f1} Z CPk 1 (a)' (18)

1<a<lr-1

where C*

In view of (17) and (18), we have

Crr NN T o DS () | (19)

1<a<r—1
Since Cp,_, () ~ dp—1z, we have
1
Cp, yufgy (T) ~ (1 -0)Y (a) )51671%-
1<a<r—1 q

This shows that § exists. By the mathematical induction, the proof is completed. O
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