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Abstract 
 

 Humans breathe air into the respiratory system through the trachea, but with 
all the pollutants around them, the air they breathe may not be clean. When this is 
happened, the respiratory system secretes mucus to trap the debris that is inhaled 
through the nostrils. The respiratory tract contains hair-like structures on the epithelial 
tissue, called cilia. They wave back and forth to expel particles of dust, mucus, and 
contaminants from the body. The layer containing cilia is called Periciliary Layer (PCL). 
The fluid in this layer is named PCL fluid. Usually, fluids move due to pressure changes, 
but in this study, the velocity of solids or cilia moves the PCL fluid. The moving of cilia 
results in two different domains in the PCL: porous-medium and free-fluid regions.  
When cilia are perpendicular to the horizontal plane ( 90  ), the PCL, containing 
only cilia, is c on s i de r ed  a porous-medium domain. When cilia make an angle   (

90  ) with the horizontal plane the PCL consists of two different domains: the 
porous medium and a free-fluid domain overlying the cilia. The objective of this work 
is to study the consistency of the Beaver-Joseph boundary condition with this problem 
and to determine the appropriate boundary conditions between those two regions. 
The asymptotic expansion method is applied to the Stokes–Brinkman equations in a 
macroscopic scale to determine the velocity of the PCL fluid with the Beaver-Joseph 
boundary condition. Moreover, a matching condition is employed to find the 
applicable boundary condition at the free-fluid/porous-medium interface. Two 
boundary conditions of the PCL velocity are obtained, which are the relationship 
between the two solutions and the derivative of those in the two domains.  

Keywords: Periciliary Layer, Moving Solid phases, Asymptotic expansion method, 
Stokes-Brinkman equations 
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Chapter 1 
Introduction 

 
1.1  The Velocity of PCL Fluids in Human Lungs 

Breathing is one of the most important bodily functions that keep us alive. 
When we breathe air in through the nose it is not just oxygen but also small substances 
containing particles and pathogens that pass through lungs. However, the respiratory 
system has filters to trap and remove the strange pathogens, thus allowing us to 
breathe without irritation. The filters lining the bronchus within the respiratory system 
are called cilia, hair-like structure, scattered throughout the ciliated cells, which are 
vital components of the immune system. Beside cilia, there are goblet cells scattering 
among the ciliated cells in the respiratory system. One of the primary functions of the 
goblet cells is to secrete mucus to trap the particles or microorganisms that pass 
through our respiratory system. Then mucus forms a layer at the tips of cilia. The cilia 
aid in transporting these foreign particles out of the body by sweeping the mucus 
upwards towards the throat. The tips of the cilia make contact with the mucus layer 
on the forward stroke and bend sideways and backwards on the reverse stroke. 
Essentially, this causes the mucus to be propelled only in the forward direction on the 
forward stroke [1]. The excreted mucus is ejected through the vocal cords and into the 
pharynx. The primary innate defense mechanism is called mucociliary clearance [2]. 
Under optimal lung conditions, cilia beat at 12 to 15 Hz in coordinated waves 
propelling mucus at 4 to 20 mm/min [1].  

The left of Figure 1.1 shows the respiratory system. In the middle of the picture 
shows the cross section of the trachea and the right of the picture shows the inside of 
the cross section: there exists three main layers, air, mucus and the periciliary layers 
(PCL). The PCL is a moist layer composed of cilia covering the ciliated cells. The fluid 
in this layer is called PCL fluid. Below the PCL is epithelial cells.  
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Figure 1.1 The respiratory system and the layers in the respiratory tracts 

 
Cilia are found in the PCL layer. The function of the cilia is to filter out dust 

and other inhaled foreign particles. Cilia work as a part of the immune system 
protecting the body against pathogens in the air. Goblet cells among the ciliated cells 
(vital component cells of the immune system) secrete mucus to trap the inhaled 
particles and cilia help to transport these particles out of the body by cilia-generated 
flow.  

We consider that the movement of cilia results in two different patterns in the 
PCL as shown in Figure 1.2. The left of Figure 1.2 shows the cilia perpendicular to the 
horizontal plane. In this case, the PCL has only one domain, which contains only cilia. 
When the cilia move forward and form an angle , 90    with the horizontal plane, 
the PCL can be divided into two domains, the layer containing cilia and the layer above 
the cilia as shown on the right of Figure 1.2. Since the PCL layer consists of the PCL 
fluid, assisting to treat the cilia to operate normally, and the solid phases, cilia, this 
part in PCL is considered as a porous medium. The layer above the cilia in the PCL is 
called free-fluid domain, as shown on the right of Figure 1.2. The PCL domain is 
denoted by 

1 2   where 
1  is the free-fluid region above the porous layer 

2  
when the cilia form an angle , 90    with the horizontal plane. With the 
perpendicular case, we have only 

2 . The variable 
Stokey  is the height of the domain 

2 . It changes according to the angle .  In this thesis, we study the fluid flow in the 
periciliary layer (PCL) of the respiratory tract. For the equation applied in the free-fluid 
region was described by the Stokes equation or Navier–Stokes equations, while flow 
in the porous-medium region was usually modelled by using Darcy’s Law or Brinkman 
equations [3-9]. In general, the Brinkman model is used for the porous media with high 
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porosity [10]. In this study, the Stokes equation is employed in the free-fluid domain 
and the Brinkman equation is applied in the porous medium. The Beavers-Joseph (BJ) 
boundary condition is employed at the interface between the porous medium and 
the free-fluid region. The asymptotic expansion method is used to determine the 
velocity of PCL fluid in order to let us know the velocity of the fluid in the PCL layer 
to drive mucus out to the patient. For the second goal, we develope the boundary 
condition at the porous medium/ free-fluid interface that is proper to the problem by 
using the method of matched asymptotic expansion related to the velocity of the cilia 
in the model.  

 
 
 
 

 

Figure 1.2 From left to right, the cilia are perpendicular and from an angle , 90    

with the horizontal plane, respectively 

 

1.2  Literature review  
A considerable amount of literature has been published on the PCL and mucus 

layers both numerical and experimental studies [11-20]. In terms of numerical 
methods, Jayathilake et al. [21] developed a three-dimensional numerical model to 
simulate human pulmonary cilia motion in the PCL using the immersed boundary 
method combined with the projection method. The numerical results indicated that 
the phase differences of cilia in both stream wise and span wise directions resulted in 
the maximum PCL velocity in the stream wise direction. In terms of experimental 
studies, Matsui et al. [22] studied the movements of mucus and PCL liquid in airway 
surfaces, using conventional and confocal microscopy of fluorescent microspheres 
photoactivated fluorescent dyes and well-differentiated human tracheobronchial 
epithelial cell cultures that exhibitited spontaneous, radial mucociliary transport. The 
findings showed that the entire PCL liquid was transported at approximately the same 
rate as mucus, 39.2 4.7 and 39.8 4.2 micrometer/sec.  

For the mathematical model used in a porous medium and a free-fluid region, 
for example, Valdes-Parada and Lasseux [23] provided a new approach for modeling 
flow in porous and free-fluid domains that based on Beaver and Joseph configuration 
by using Darcy’s Law and Navier-Stokes equation. Carraro et al [24] figured out a high-
precision simulation of the slow viscous flow over a porous bed by applying a finite 
element method to Stokes equation in flow domain and Darcy’s Law in porous bed. 

Cilia 

Free-fluid 
Domain 

 

Porous mediumc 

PCL 

 

Porous medium 
 

 

 

Porous medium 
PCL 
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Naqvi and Bottaro [25] studied boundary conditions between an isotropic porous 
medium and a free fluid region by using the Stokes-like equation and homogenization 
theory. Du and Zu [26] proposed a local and parallel finite element method to the 
mixed Navier-Stokes/Darcy model with the Beaver-Joseph interface condition for an 
incompressible fluid flow. Wuttanachamsri [6] used one-dimensional Stokes-Brinkman 
equations to find the shape of free interface between a porous medium and a free-
fluid region. In this thesis, we use the Stokes equation in the free-fluid region and the 
Brinkman equation in the porous medium in order to analytical study the Stokes-
Brinkman equations. 

The two-layer configuration that use different equations in different domains 
requires proper boundary conditions at the interface between the free-fluid and 
porous-medium regions. The difficulty in determining boundary conditions results from 
the fact that the orders of the corresponding differential operators are often different 
[10]. The boundary conditions at the interface between the porous-medium and the 
free-fluid regions had been studied by several authors [27-30, 31, 23]. For example, 
Beavers and Joseph [30] proposed a slip boundary condition based on repeated 
experiments with a Poiseuille flow over a permeable porous block. Sahraoui and 
Kaviany [31] determined an appropriate hydrodynamic boundary condition at the 
interface between a porous medium and a plain domain using the pressure correction 
method. Valdes-Parada and Lasseux [23] studied three different boundary conditions; 
creeping flow under no-slip conditions, inertial flow no-slip conditions and creeping 
flow with slip conditions with Navier-Stokes-Darcy equations. The solutions were 
calculated by using Direct Numerical Simulation (DNS).  

The asymptotic expansion method has been widely used to solve a system of 
equations in a number of studies [23, 32, 3]. Chandesris and Jamet [3] find the 
boundary condition at the interface between the porous medium and the free fluid 
based on the Poiseuille flow over a permeable block the used matched asymptotic 
expansion method. The domains were described using volume averaged transport 
equation. With the assumption this equation still held in the heterogeneous transition 
zone by considering variable porosity and permeability. It should be noted that, in this 
study, the solid phases in the porous domain are self-propelled motion and we provide 
proper boundary conditions for the problem.  On the contrary, in previous studies, 
solid phases are stationary. Although, they are moved but available literatures have 
not provided appropriate boundary conditions for the fluid flow in PCL. 
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1.3  Objectives of the thesis 

1). To determine the velocity of PCL fluid due to the movement of cilia where 
the Beaver-Joseph boundary condition is employed at the free-fluid/porous medium 
interface by using the asymptotic expansion method.  

2). To determine the boundary conditions at the porous medium/ free-fluid 
interface due to the movement of the cilia by using asymptotic expansion method.  

 
1.4  Scopes of the thesis 

1). Consider the problem in a one-dimensional domain. 
2). The velocity of the PCL fluid can be expanded in the form of asymptotic 

expansion. 
3). The maximum velocity of motile cilia value is assumed to occure at the tips 

of cilia and cilia stop beating when the angle between cilia and horizontal plane is 40

[36]. 
4). The velocity of the solid phase is a linear function. 
5). The maximum velocity of motile is assumed to occure at the angle 90 .   
6). The velocity v of PCL fluid must be continuous enough so that 
 

  
,

lim lim , .



   





 
 


Stoke Stokey y y y

df y d
f y

dy dy
 

7). The considered fluid is a Newtonian fluid. 
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1.5  Plan of the thesis 
  

Plan of the thesis  

Aug. 
2016 

Aug. 
2017 

Aug. 
2018 

Aug. 
2019 

Aug. 
2020 

Aug. 
2021 

Aug. 
2022 

1. Study the basic knowledge about 
the governing equations: the n-
dimensional Stokes–Brinkman 
equations and the boundary conditions 
at the porous/ free-fluid interface. 

       

2. Study and review the literatures and 
related researches. 

       

3. Normalize the Stokes–Brinkman 
equations and the boundary conditions 
at the free-fluid/ porous medium 
interface used in our domain. 

       

4. Determine the velocity of PCL fluid 
due to the movement of cilia where 
the Beaver-Joseph boundary condition 
is employed at the free-fluid/porous 
medium interface. 

       

5. Publish the first research paper.         

6. Study the method of matched 
asymptotic expansion. 

       

7. Find the boundary conditions at the 
porous medium/ free-fluid interface 
that proper to our problem 

       

8. Publish the second research paper.         

9. Write a complete research report.        
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1.6  Expected results 
1). Obtain the velocity of PCL fluid due to the movement of cilia. 

2). Obtain the proper boundary conditions at the interface between the free-fluid and 
the porous medium with the moving solid phases. 

3). Comparison the velocity of PCL fluid in the free-fluid region with our boundary 
condition at the interface with an experimental study data to confirm that the solution 
we get tends to be consistent with the experimental results, when the velocity of the 
solid phases are set to be zero. 

4). Comparison the velocity of PCL fluid with our boundary condition at the free-fluid/ 
porous-medium interface  with the velocity of the PCL fluid using the Beaver-Joseph 
boundary condition at the free-fluid/ porous-medium interface, in order to study the 
results obtained our boundary condition at the free-fluid/ porous-medium interface 
and the result using the Beaver-Joseph boundary condition at the free-fluid/ porous-
medium interface that are similar or different, when the velocity of the solid phases 
are moving. 

 
.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



 
 

 

Chapter 2 
Asymptotic Expansion Method 

 

        Differential equations have been widely used in mathematical models for 
finding problem solutions.  However, some solutions of partial differential equations 
such as diffusion equations, mass/heat transfer equations, cannot be solved for exact 
solutions. These problems, then, need approximation methods for finding approximate 
solution such as finite difference, finite element, and asymptotic expansion 
approaches. In this thesis we use asymptotic expansion method to determine the 
velocity of PCL fluid and match asymptotic expansion method to define the boundary 
at the interface between the porous medium and free fluid region by using Stokes-
Brinkman equation.  
 
2.1 Asymptotic expansion method 
 The asymptotic expansion method is the tool for finding analytical approximate 
solutions to complicated practical problem, for example, the problem in ordinary 
differential equations in term of regular perturbation and singular perturbation. We 
construct different asymptotic solutions inside and outside the region of rapid change 
and match term together to determine a global solution. Other methods used for 
finding exact and approximate solutions for linear and nonlinear partial differential 
equations is the homotopy perturbation method which is only a special case of the 
homotopy analysis method. The basic ideas of the homotopy perturbation method is 
a coupling of the traditional perturbation method and homotopy in topology 
deforming continuously the problem to a simple one which can be easily solved. The 
advantage of this method is that it can be applied to various nonlinear problems, and 
the disadvantage is that we should suitably choose an initial guess, or infinite iterations 
are required. The asymptotic expansion method and the homotopy perturbation 
method are principally based on a Taylor series with respect to an embedding 
parameter. While the asymptotic expansion method can be used to study the interface 
between the porous media region and the free fluid region, the homotopy perturbation 
method and the fractal derivative model are only adopted for the porous media 
domain. These three approaches are the tools for finding analytical approximate 
solutions to the problem in ordinary differential equations or partial differential 
equations. Another difference is that the asymptotic expansion method can be applied 
to solve linear ordinary differential equations and perturbation equations. On the other 
hand, the homotopy perturbation method and the fractal derivative model are used 
to derive the solutions to nonlinear ordinary differential equations or partial differential 
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equations. Asymptotic analysis is a powerful tool for deriving approximate solutions to 
problems, allowing us to determine concise and precise estimates of quantities of 
interest when analyzing problems.  Its rigorous foundation was established by Poincare 
and Stieltjes in 1886 [37].  In their work, the motion of a fluid or gas with small viscosity 
along a body was examined. In the case of an airfoil moving through air, such problem 
is described by the Navier – Stokes equations with large Reynolds number. The method 
of singular perturbation was proposed.  

Definition of Big-O and little-o 
Big-O and little-o notations have very similar definitions, and their difference 

lies in how strict they are regarding the upper bound they represent [41]. 
      2.1.1 Big-o  

    For a given function     ,g n O g n  is defined as:     g n O f n : there 
exist positive constants c and 

0n  such that    0  f n cg n  for all 0 .n n  So 
  O g n  is a set of functions that are, after 

0 ,n  smaller than or equal to  .g n  The 
function's behavior before 

0 ,n is unimportant since big-O notation (also little-o 
notation) analyzes the function for huge numbers. As an example, let's have a look at 
the following figure [42]: 
 
 
 
 
 
 

 
  
 
 
 
 

 
Here,  f n  is only one of the possible functions that belong to   .O g n   Before 

 f n   is not always smaller than or equal to   ,g n  but after
0 ,n  it never goes above 

 .g n   
    The equal sign in the definition represents the concept of asymptotical 

tightness, meaning that when n  gets very large,  f n  and  g n  grow at the same 
rate. For instance,  3 33 n O n  satisfies the equal sign, hence it is asymptotically tight, 

while  33 n O n  is not.  

 

 

 
 

 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



10 

 

        2.1.2 Little-o  
   Little-o notation is used to denote an upper-bound that is not 
asymptotically tight. It is formally defined as:     g n :o f n  for any positive 
constant ,c  there exists positive constant 

0n  such that    0  f n cg n  for all 
0 .n n Note that in this definition, the set of functions  f n  are strictly smaller than 

  ,cg n  meaning that little-o notation is a stronger upper bound than big-O notation. 
In other words, the little-o notation does not allow the function  f n  to have the 
same growth rate as  .g n  Intuitively, this means that as the n  approaches infinity, 
 f n  becomes insignificant compared to  .g n  In mathematical terms: 

 

 
lim 0.



n

f n

g n
 

In addition, the inequality in the definition of little-o should hold for any constant ,c  
whereas for big-O, it is enough to find some c  that satisfies the inequality.  
If we drew an analogy between asymptotic comparison of  f n  and  g n  and the 
comparison of real numbers a  and ,b  we would have       f n O g n a b  while 
     .  f n o g n a b  For example, let   33 2 10.  d n n n  Suppose we need to 

prove that    3 .d n O n  This means we need to find two positive integers, c  and 

1n  such that   30  d n cn  for all 
1.n n  We know that 

  3 3 3 3 33 2 10 3 2 10 15      d n n n n n x n  for 1.n  So   315 .d n n  
If we set 

1 1n  and 15,c then we have that for any   3

1, 0 .  n n d n cn So 
   3 .d n O n  We can have other values for 

1n  and c which satisfy the above 

condition. Therefore, there exist 
1x  and c which satisfy the condition [41]. 

 
 2.2 Basic Definition of Asymptotic Expansion Method  

In this section, the basic definitions of the asymptotic expansion method are 
presented as well as some notations for this study. Define  dD R  with d  be an 
open subset in dR . Let ,f g  and h : D R   are real continuous functions. We denote 
a small quantity by   [40]. 

Definition 2.2.1 Asymptotic Sequence 
 A sequence   n x  of gauge functions, a device used to make measurements 
or in order to display certain dimensional information. when 0,1,2,...n is said to be 
an asymptotic sequence as 

0x x , if  
    1  n nx O x  
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Definition 2.2.2 Asymptotic Expansion 
If  n x  is an asymptotic sequence of gauge functions as 

0 ,x x  we say 
that  

       
1

, 


 
N

n n N

n

f x a x O x  

is an asymptotic expansion and 
na  is a constant [40].  

 
2.3 Solution of asymptotic expansion 
With the ordinary differential equation   
                                                          0 1 0 1,   L u L u f f  in ,D                              (2.3.1) 
when 

0L  and 
1L  are known as the operators, 

0f  and 
1f  are the body forces 

in the case that 0  , we have  
 0 .L u f  in .D                            (2.3.2) 

The coefficient of  ,  1L u  and 
1f , are called perturbations. 

 Let 
E  denotes the problem (2.3.1), and 

0E  denotes the problem 
(2.3.2). The solution of problems (2.3.1) and (2.3.2) are denoted by u  and 0 ,u

respectively [40].  
 

2.4 Perturbation Method 

       A perturbation method is a method that has a dimensionless small parameter in 
the problem. This method is used to find an approximate solution of a problem.The 
perturbation methods are divided into regular perturbation and singularperturbation. 
Mathematical equations arising from physical sciences contain parameters. 
Perturbation theory examines parameter dependence of solutions locally. To present 
basic ideas simply, consider a one-parameter family of functions: For each in a set and 
real parameter in a punctured neighborhood of the values of the functions are in a 
metric space. The range is a metric space so that convergence of as can be discussed. 
Is to be regarded as a solution of some set of equations containing as a paremeter. 
The equations are called a regular perturbed problem if all solutions converge 
uniformly on as If there is a solution which does not converge uniformly, the problem 
is called singular perturbed. Notice that the category, regular or singular, is formulated 
in terms of the solutions, and not the equations [38]. To construct an asymptotic 
expansion, we define the following formula:  

        0 1 2

0 1 2 ... ,
        x x x x           (2.4.1) 

where ( 0,1,2,...) i i are constant to be determined, and it is assumed without the 
loss of generality that 

  
0x  and 

1 0x , and 
1 20 ...     and                   (2.4.2) 
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0 is needed to be determined, and there are three cases that should be taken into 
account. That is  

Case I) 
0 0    

Case II) 
0 0   

Case III) 
0 0   

Next, we show that only the case III) is possible to get an asymptotic expansion. 
Substituting (2.4.1) into (2.4.8), we have  

 0 10 0 1 0 0 1
22 22 2

0 0 1 1 0 12 1 ... 0.
          

 
      x x x x x x         (2.4.3) 

For the case I), 
0 0  , it becomes that the coefficient of 0  is zero. Then 

0 0.x  This 
is in the contradiction to the assumption that 

0 0x . For case II), 
0 0  , from (2.4.4), 

we have 
0 0 0 12 .      Then the coefficient of 02 is equal to zero from (2.4.5). 

Thus 2

0 0.x  Therefore 
0 0.x  This is also in contradiction to the assumption that 

0 0x . Therefore, it is asserted that only the case III), 
0 0,  is possible, so (2.4.6) 

becomes 
      1 2

0 1 2 ....
      x x x x           (2.4.7) 

2.4.1 Regular Perturbation 
  A regular perturbation is one of the perturbed problems depending on a small, 
nonzero parameter .  The solution of the regular perturbation problem is the same 
as the unperturbed problem for 0  [40]. 
An example of regular perturbation is as follows. Let  

                             2 1 0.  x x                         (2.4.8) 
Then (2.3.1) becomes 

                              2 1 0. x             (2.4.9) 
From (2.4.8), the solutions are  

                            
2

1

4

2

   
x    and  

2

2

4

2

   
x        (2.4.10) 

From (2.4.9), the solutions are 
               0

1 1x   and 0

2 1. x                 (2.4.11) 
Then, it is seen that 

ix  converge to 0

ix  when 0  , 1,2.i Then  
                     1

0

1

 x x    and 2

0

2 . x x                   (2.4.12) 
Therefore, (2.4.8) is called a regular perturbation of (2.4.9). It should be taken some 
note that x  depends on  . Next, we find the solution of (2.4.8) using the asymptotic 
expansion method. 

       1 2

0 1 2 ....     x x x x                             (2.4.13) 
Substituting (2.4.13) into (2.4.8), we have  

   
2

2

0 1 2 0 1... ... 1 0.          x x x x x   
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Collecting the same orders of ,  we obtain 
                                                     0 2

0: 1 0  x                                        (2.4.14) 
                                                  1

0 1 0: 2 0  x x x                                      (2.4.15) 
                                              2 2

0 2 1 1: 2 0.   x x x x                                   (2.4.16) 

The solutions of (2.4.14) are 
0 1x  or 

0 1 x . In case of 
0 1x , we have 

1

1

2
x  and 

2

1

8
x  respectively. The solution up to the second order of   is  

                                         
2

1 .
2 8

  
  x                                                 (2.4.17) 

In case of 
0 1x , we have 

1

1

2
x  and 

2

1

8
 x  Therefore, we expand x  as 

follows. 

                                        
2

1 .
2 8

  
  x                                                 (2.4.18) 

An example ordinary differential equation with regular perturbation is  

                                         ,


  
du

u x
dx

                                                 (2.4.19) 

                                             0 1. u                                                     (2.4.20) 

If 0,   Eqs. (2.4.19) – (2.4.20) become 
                                             0, 

du
u

dx
                                                  (2.4.21) 

                                                 0 1.u                              (2.4.22) 

Then the solutions of (2.4.19) – (2.4.20) and (2.4.21)– (2.4.22) are 
                                         1 1 ,     xu x e x                                    (2.4.23) 

and 

                                               0  xu x e ,                                                (2.4.24) 

respectively. The asymptotic expansion of u  is defined in the form  
                                            2

0 1 2 ...     u x u x u x u x            (2.4.25) 

Substituting (2.4.25) into (2.4.19) and collecting the same orders of ,  we obtain 
                                                0

0 0: 0   u u                                           (2.4.26) 

                                                 1

1 1:   u u x           (2.4.27) 

                                                2

2 2: 0.   u u              (2.4.28) 

From (2.4.20) and (2.4.25), we have 

                                               2

0 1 21 0 0 0 0 ...      u u u u                  (2.4.29) 
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                                                 2

1 20 0 0 ...   u u                   (2.4.30) 

Therefore  
                              1 20 0 0 ...  u u                                    (2.4.31) 

If 0  , then  1 0 0.u   According to the same condition, we obtain 
                        0 0 1,u                                               (2.4.32) 

                                                    1 0 0,u                             (2.4.33) 

                                                    2 0 0.u                    (2.4.34) 

Finding the solutions of (2.4.26) - (2.4.28) with the boundary conditions (2.4.32) 
- (2.4.34), we have   
                                                 0

 xu x e                                               (2.4.35) 

                  1 1    xu x x e                              (2.4.36) 

              2 0.u x                      (2.4.37) 

Therefore, from (2.4.25), The solution up to the second order of   is the 
approximate solution of (2.4.19) is  
           1 1 .     xu x e x          (2.4.38) 

2.4.2 Singular Perturbation 
A singular perturbation is one of the perturbed problem, where the solution of 

the singular problem is different from the unperturbed problem when 0  . An 
example of ordinary differential equation with singular perturbation is as follows [40]. 
Let 

                                            


  
du

u x
dx

                   (2.4.39) 

            0 1. u                                                  (2.4.40) 

The solution of the associated one 0   is  
                u x x                                        (2.4.41) 

Therefore  

                    0 .u D                      (2.4.42) 

Note that (2.4.42) and (2.4.40) are different. Then (2.4.39) and (2.4.40) are singular 
perturbation. 
 
2.5 The Method of Matched Asymptotic Expansion 
 Since some problems have transition zones between two adjacent and  
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different regions, the transition zone is called inner region and the others are named 
outer region. From Figure 2.1, the outer regions of the problem are the free-fluid 
domain and the porous medium. The inner zone of the problem is the area at the 
interface between the free fluid/porous-medium domain. Then the solutions obtained 
from these different regions are matched by a condition, which is enable us to establish 
a solution which is valid uniformly in the whole domain. Next, we show how to find 
the outer and inner solutions and provide a matching condition used in this work [40]. 
 
 
 
 
 
 
 
 
   
 

Figure 2.1 Shows the outer and inner regions [3] 
 

Figure 2.1 shows the outer regions: the free-fluid region (
1y -

2y ) and the porous 
medium domain (

0y -
1y ), and the inner region which is the domain between the free-

fluid region and the porous medium domain called transition zone. 
2.5.1 Outer Expansion 
We expand the outer solution in the asymptotic form. That is 

                                           2

0 1 2, ...,      u x u x u x u x           (2.5.1) 

Substituting (2.5.1) into (2.4.39) and collecting the same orders of ,  we have 
         0

0: , u x x           (2.5.2)     

                       1 '

1 0: 0,  u x u x           (2.5.3)     

               2 '

2 1: 0.  u x u x           (2.5.4)     

Solving the problems (2.5.2) - (2.5.4), the outcomes yield 
            0 ,u x x            (2.5.5)       

          1 1, u x                (2.5.6)     

          2 0,u x            (2.5.7)       

Substituting (2.5.5) - (2.5.7) into (2.5.1), The solution up to the second order of   is we 
obtain the outer solution 

outer 
region 

 

 

 

 

free - fluid region 

porous medium 

tranzition zone 
 (inner region) 

outer 
region 
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                                                     . u x x                                            (2.5.8) 

Note that from (2.5.5), then we have  which is different from the given 
condition (2.4.40). Then      2

0 1 20 0 0 ... 1.    u u u     
  
2.5.2 Inner Expansion 

   To construct the inner expansions, we introduce the variable.  
        .




x                      (2.5.9)     

For a beginner, it may not be easy to understand why   is defined in this form, and 
the power of   which is shown above. From the previous section, one may assume a 
more general form of 







x  with .   Then, repeating all the above procedure 

again, it is proved that   must be equaled to 1 in order to get an asymptotic 
expansion. Moreover, it already has that a boundary layer occurs at 0.x  Therefore, 
if the assumption is incorrect, the procedure will break down when the inner and outer 
expansions are being matched in the intermediate region. At this point, it can be 
assumed that there exists a boundary layer near a point 

0x x  [40].  
If an inner expansion is an expansion in terms of  , it can be assumed that:  
                        2

1 2, ...          oU U U U            (2.5.10)   

From (2.5.10), we obtain 

                                         1
, 0,1,2,...

 

 
 

i idU dU
i

dx d
                             (2.5.11)   

Substituting (2.5.11) into (2.4.39), and collecting the coefficient of , 1,0,1,2,...  i i , 
then we have  
                1

0 0: 0,    U U           (2.5.12)   

                0

1 1: ,   U U                       (2.5.13)   

               1

2 2: 0.   U U                       (2.5.14)   

Therefore 
                   0 0 , U C e                      (2.5.15)   

                                1 1 1,   U C e             (2.5.16)   

                 2 2 . U C e                        (2.5.17)   

From ,x  and  0 0 1,U  then we obtain  
                                            0 10 0 ... 1.  U U                                      (2.5.18)   

Therefore       0 1 20 1, 0 0, 0 0.  U U U  Then 
0 11, 1, C C  and 

2 0.C  
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Therefore, The solution up to the second order of   is we obtain an inner expansion 
as follows.  
                    1 1 .      U e                    (2.5.19)   

 2.5.3 Matched Asymptotic Expansion of Solutions 

             In this section, we discuss an approach used to combine the inner and outer 
solutions. The matching condition is Van Dyke’s rule [40], then  
                                      

0
lim , lim , . 


  

 


x
U u x                            (2.5.20) 

With the outer and inner varaibles, 
                                       2 3

0 1 2,       u x u x u x u x O                      (2.5.21) 

                                    2 3

1 2, ,           oU U U U O                    (2.5.22) 

we find the matching condition of 
0u   by substituting (2.5.21) and (2.5.22) into (2.5.20), 

we obtain  
               2 3 2 3

1 2 0 1 2
0

lim lim .


        
 

         
   o

x
U U U O u x u x u x O

  
                                                                                                              (2.5.23) 

Suppose that  
0

lim


i
x

u x   and  lim





iU  exist, 0,1,2,...i  Then, considering the  

zeroth order term of ,  we have 
                                              

0
lim lim ,



 

i i
x

U u x                                      (2.5.24) 

for all 0,1,2,...i Next, we find another matching condition by applying the Tayloy’s 
series expansion to each

iu   in (2.5.21) around the point 0,  and we assume that
  , 0,1,2,3,...iu x i   are continuous so that 

                                          
0

0 lim , 1,2,3,...


 i i
x

u u x i            (2.5.25) 

Therefore,  
                                   2 3

0 1 2
0

, lim    


    
 x

u x u x u x u x O                  (2.5.26) 

 
 

       
 

 
   

   

2 2
30 0

0

0 21 2

1

0 0
0

1! 2!, lim
0

0
1!

 

 


  
    

 
   

      
  

x

x du x x d u x
u x O x

dx dxu x
x du x

u x O x O
dx                  (2.5.27) 

   
       

 

 
   

   

2 2
30 0

0
0 0 0 0

21 2

1
0 0 0

0 0
, lim lim lim lim 0

1! 2!

0
lim lim lim 0 .

1!

 

 

   

  

  
     
  
  

     
 

x x x x

x x x

x du x x d u x
u x u x O x

dx dx

x du x
u x O x O

dx  
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From ,x   then we have 

   
     

 

   
 

   

2 2
30 0

0
0 0 0

21 2

1
0 0

, lim lim lim
2!

lim lim .

 
  

   

  

 

 
    
  
 

    
 

x x x

x x

du x d u x
u x u x O

dx dx

du x
u x O O

dx  
                                      (2.5.29) 

Diferrentiating (2.5.29) with respect to ,   taking 0x  on both sides and ommiting  
the big O, then we obtain 

              2

0 0 12 2

0 0 0 0

,
lim lim lim lim .

 
   

   
  

x x x x

du x du x d u x du x

d dx dx dx
        (2.5.30) 

To find the matching condition for the first derivative of  , ,  U  we differentiating  
(2.5.22) with respect to   and taking limit    on both sides, we obtain  

                        2

1 22
,

lim lim .



 

    
 

    

 
   

 

odU dU dU d U

d d d d
        (2.5.31) 

Since we assume that the velocity of PCL fluid is continuous enough to the 
differentiation can be switched with the limit,   from (2.5.20), we have  

                                            
0

, ,
lim lim .

 



  

  


x

du x dU

d d
                           (2.5.32) 

Note that (2.5.30) and (2.5.31) are equal. Then we get 
           2 2

0 0 1 1 22 2 2

0 0 0
lim lim lim lim .



  
     

     

 
     

 

o

x x x

du x d u x du x dU dU d U

dx dx dx d d d

                (2.5.33) 

Collecting the same order of   in (2.5.33), we obtain 

                                           0 : lim 0,








odU

d
                                        (2.5.34) 

                                1 01

0
: lim lim ,





 


x

dU du x

d dx
                                  (2.5.35) 

                   2 2

2 0 12

0 0
: lim lim lim .



 

  
 

x x

d U d u x du x

d dx dx
                (2.5.36) 

The solution up to the second order of   is next, we will work on the matching 
condition (2.5.34) - (2.5.36) to match the solution of both the outer zone and inner 
zone in Chapter 3. 
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Chapter 3 
One dimensional problem of  
Stokes – Brinkman equations  

 In this chapter, we provide the Stokes-Brinkman equations and 
boundary conditions used in this study including their dimensionless forms. The 
governing equations and boundary conditions are provided in Sections 3.1 and 3.2, 
respectively. The dimensionalization of the governing equation and boundary 
conditions are presented in Section 3.3.  

 
3.1  Stokes – Brinkman equations 

In this section, we introduce our governing equations, the Stokes–Brinkman 
equations, for n  dimension derived by using an upscaling method of changing a 
microscale equation to be a macroscale equation where the variables are arranged 
quantities. The Stokes–Brinkman equations in the macroscopic scale are [33] 

   1 1 ,
 

     
 

         l l l l l s

l l
k v p v g k v f  (3.1) 

                            v , l l f  (3.2) 

where the function 
 

v ;
1







  



l
l s

l
f   is a dynamic viscosity; 1k  is the inverse of 

the permeability tensor; l  is the porosity; lv  and Sv  are the velocities of the liquid 
and solid phases, respectively; p  is the pressure;   is the fluid density; g  is gravity; 
and l   is the material time derivative of the porosity with respect to the solid phase, 

v
l

l s l

t


  

  


. The equation (3.1) is derived from the conservation of momentum, 

while the equation (3.2) derived from the continuty equation [39]. The equation (3.1) 
is the Brinkman equation. Without the first and fifth terms in the equation, it is the 
Stokes equation. Thus, in general, the equation (3.1) is called Stokes-Brinkman 
equations.  
 The left of Figure 3.1 shows the cilia in PCL layer in 3-dimensianal domain. The 
right of the picture shows the cilia move forward and form an angle , 90    with the 
horizontal plane. The blue arrow shows the direction of fluid flow. 
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Figure 3.1 illustrates the direction of fluid flow over the porous medium 

  
In this study, we assume that the solid velocity depends on only the y  

direction; the fluid flows along the x -axis; and the pressure depends on the x  direction 
as shown in Figure 3.1. We assume that the pressure gradient is a constant along x  

direction. The velocity of the PCL fluid depends on the movement of cilia, where the 
velocity of cilia depends only on y direction. From Figure 3.1(a), when simplify into 
one-dimension, it is shown in Figure 3.1(c) and from Figure 3.1(b), when simplify into 
one-dimension, it is shown in Figure 3.1(d). As in Figure 3.1, (3.1) becomes 

                                         
 

   
2

-1 -1

11 112

2
g .   

l l

l l l s

l

d v dp
k v k v

dy dx


    


                  (3.3) 

The Stokes equation is the equation (3.3) without the terms consisting of the 
permeability 

11k  and 1. l  That is  

                                                             
 2

2
2 .


  

l ld v dp
g

dy dx
                                      (3.4) 

The continuity equation applied in the free-fluid region is 

                                                                          
 

0.





l lv

y


  (3.5) 

PCL 

 
 

(d) 

cilia 

Free-fluid 
Domain 

 

 

(b) 
 

  

cilia 

PCL 

  
  

  

  
  

  
  

cilia 

PCL 

(a) 
 

  

fluid flow  
direction 

 
PCL 

  

(c) 

 

cilia 

fluid flow  
direction 
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Let . l lu v  
Therefore (3.1) and (3.2) becomes  
      

2
-1 -1

11 112

2
g ,


   


    l s

l

d u dp
k u k v

dy dx
                       (3.6) 

                                                                       .
du

f
dy

                                                    (3.7) 

In this thesis, we use (3.6) and (3.7) in the asymptotic solution with the velocity to be 
a function of G   and (3.4) and (3.5) becomes                                  

                                                                
2

2
2 ,  

d u dp
g

dy dx
    (3.8) 

                                                         0.
du

dy
 (3.9) 

In this thesis, we use (3.8) and (3.9) in the asymptotic solution with the other 
velocity.  

Notice that we have two different and adjacent domains. Therefore, boundary 
used at the interface is special. In this work we first applied the Beavers-Joseph 
boundary condition at the interface between the free-fluid region and the porous 
medium domain in the next section 

 

3.2  Boundary conditions 
 No free-fluid region exists in the PCL when the cilia is perpendicular to the 
horizontal plane. Figure 3.1(a) shows that the PCL has only domain 

2 . Figure 3.1(b) 
shows both domains 

1 and 
2  ; the boundary condition between

1  and 
2   is at 

 ,Stokey the tips of the cilia. Note that 
Stokey  depends on the angle   
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Figure 3.2 Cartoon picture of cilia; (a) cilia are perpendicular to the horizontal plane; 
(b) cilia making angle , 40 90 ,    with the horizontal plane 

 
Because the cilia are immobilized at the bottom of the domain, we assume that the 
PCL fluid has a no-slip condition at 0y , that is 
                                         0u   at 0y                                                  (3.10) 
At the top boundary condition of the domain, we assume that the velocity is bounded 
by a constant and we use Beaver-Joseph boundary condition [30] at the free-fluid/ 
porous medium interface, 
                                             u G   at y h                                              (3.11) 

11

1 

 



 

 
stoke

stoke stoke

l y y

y y y y

du du
u

dy dy k
  at , Stokey y  (3.12) 

where  is a dimensionless parameter of the order of one,  l  is porosity of the 

homogeneous porous medium, 
11k is a permeability tensor, and G is a function 

depending on the angle .  
  
3.3  Dimensionless Stokes–Brinkman Equations 
 In this section, we normalize the Stokes–Brinkman equations by introducing the 
following new variables, 

 
y

y
h

 
y

y
h

, 
0

 
l lv

U
U

, 11

0 0 0

, , ,


      
s kv x h

v x K p p
U h K U

  and 
0

 
g

g
g

. 

  (3.13) 
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where
 

h   is the characteristic length; 
0U  is volumetric average velocity in the porous 

medium; 
0K  is characteristic permeability; and 

0g  is characteristic gravity.   
    3.3.1  Dimensionless of Brinkman equation 
     We normalize the Brinkman equation by substituting (3.13) into (3.6). We then 
have 

   
 

0

2
00 0

02

0 0

2
.



 






 


 

 
 
 

   

l

l

p U
d

v Uhd U U U U
g g

K K K Kd x hd y h
 (3.14) 

Dividing    both sides, we have 

       
   

 
0

2
00 0 0

2

0 0

2 

 



  

 

 
 
 

  

l

l

p U
d

v Uhd U U U U g g

K K K Kd x hd y h
 (3.15) 

Dividing  
0U  both sides, we have 

     
   

 2

0

2

0 0 0

2 

 



 

 

 
 
 

   

l

l

p
d

vhg gd U U

K K U K Kd x hd y h
. (3.16) 

Multiplying 2h  both sides, we have 

   
2 +2 2 2

0

2

0 0 0

g g2  

 

  


   
   

l

l

hd U h dp h v
U

dy K K U dx K K
  . (3.17) 

Let 
2 +2

0
1 2 3

0 0

g g1
, ,



 
  

l

hh
M M M

K K U
 are constants and  

2

0

 





lh v
H y

K K
             (3.18) 

is a function of .y  Then (3.17) can be rewritten as  

         
2

1 2 32
2 .

 
 

 
   

d U dp
M M U M H y

dy dx
   (3.19) 

    3.3.2  Dimensionless Stokes equation 
    We normalize the Stokes equation (3.8) by substituting (3.13) into (3.8). We 
then obtain 

                                                
 

   

0
2

0

02
2 .



 









 
 
 

 

p U
d

d U U h
g g

d x hd y h
   (3.20) 

Dividing     both sides, we have  
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 

   

0
2

0 0

2
2 .

p U
d

d U U hg g

d x hd y h







 



 
 
    (3.21) 

Dividing 
0U   both sides, we have 

                                                        
 

   

2

0

2

0

2 .

p
d

d U hg g

U d x hd y h







 



 
 
                                   (3.22) 

Multiplying 2h  both sides, we have 

                                                           
 2 2

0

2

0

2 .
d U h g g d p

dy U dx





  

 
                                  (3.23) 

Then we have 

                               
 

2 2

0

2

0

2 .
d U dp h g g

dx Ud y





  


   (3.24) 

Then (3.24) can be rewritten as  
                                       

2

32
2

d U dp
M

dy dx

 

 
   (3.25) 

where 
3M  are constants defined in (3.18). 

    3.3.3  Dimensionless boundary conditions by using Beaver-Joseph boundary  
condition at the free-fluid/ porous medium interface  
    In this section we normalize the Beaver-Joseph boundary conditions at the 
free-fluid/ porous medium interface used in our domain. 
Substituting (3.13) into (3.12), we have  

 
 

 
 

 
0 0

0
.

0

1 

 
 

 

 



   

 

 
stoke

stoke stoke

yl y
y y h

y y
h h

d U U d U U
U U

d y h d y h K K
 (3.26) 

Dividing 
0U   both sides, we have 

 
 

 
 

 
.

0

1 

 
 

 

 



   

 

 
stoke

stoke stoke

yl y
y y h

y y
h h

d U d U
U

d y h d y h K K
 (3.27) 

Multiplying h   both sides, we have 

  
.

0

1 


 

 

 


  
 

  stoke

stoke stoke

y
l yy y

hy y
h h

dU dU h
U

dy dy K K
 (3.28) 

Next, we normalize the bottom and top boundary conditions by substituting (3.13) into 
(3.10), Therefore 
                                                              

0 0 U U       at   0. y h                                 (3.29) 
Then, we have 
                                                              0 U         at 0 y                                  (3.30) 
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Substituting (3.13) into (3.11), we obtain 

                                 
0

 
G

U
U

      at   1. y  (3.31) 

    3.3.4 Dimensionless other boundary conditions  
For the case of finding the proper boundary condition at the free-fluid/porous 

medium interface, we have the bottom boundary condition is 0U    at 0 y  and 
the top boundary condition is  

                                               0
0

1
0

lim ,


 


 

y

C
U y D

U
                                      (3.32) 

 
where 

0D  is a constant as illustrated in Figure 3.2. 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.3 The cilia forming angle   with the horizontal plane and boundary 
conditions
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Chapter 4 

The Zero-Order Solution of the Stokes-Brinkman 
Equations 

In this chapter, we employ the method of asymptotic expansion to find the 
solutions in both domains 

1  and 
2 . Because there exists a transition layer at the 

free-fluid/porous-medium interface, the approximation of this part of the domain is 
called inner solution. The approximation of other parts of the domain 

1 2   is 
named outer solution. Then the solutions are combined through matching conditions 
provided in Section 4.3. The outer and inner solutions are provided in Sections 4.1 and 
4.2, respectively. The zeroth-order results after applying the matching conditions are 
provided in Section 4.4. We compare our solution with an experimental data where 
the velocity of the solid phases in our solution is set to be zero in Section 4.5. 

 
4.1 Outer Solution 
 As mentioned in Section 3.2, we have two different domains where the domain 

1 is the region that  Stokey y and the region 
2  is the layer that  Stokey y . In this 

section, we find the analytical solution of the governing equations with the asymptotic 
expansion method. Section 4.1.1 shows the result of the Brinkman equation and 
Section 4.1.2 and 4.1.3 shows the result of the Stokes equation. 
   4.1.1 Asymptotic expansion method of the Brinkman equation 
 Using the method of asymptotic expansion, we assume that 

                                                       0 1 22 3 .  
      U U U U O     (4.1) 

Therefor.                       0 1 22 3 .  
         U y U y U y U y O                   (4.2) 

Substituting (3.30) into (4.2), we have 

                                        0 1 22 30 0 0 0 .  
      U U U U O                       (4.3) 

                                       0 1 22 30 0 0 0 .  
  

   U U U O                            (4.4) 

Then we have        0 1
0 0, 0 0

 
 U U and    2

0 0


U .     (4.5) 

Therefore, the bottom boundary condition (3.30) becomes  

                                                      0
0


U         at 0 y      (4.6) 

                                                     1
0


U          at 0 y      (4.7) 

In the case   Stokey
y

h
, substituting (4.2) into (3.19) we have 
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              
0 12 2

0 1 2

1 2 32

(
2 .

  
  

 


  

 

 
     

d U U dp
M M U U M H y

dy dx

 (4.8) 

Considering the zeroth order of 0 , we obtain  

                                            
 

   
02

0

1 2 32
2

 
 

 
   

d U dp
M M U M H y

dy dx
. (4.9) 

Since  H y  is a known source term, in this work we assume that it is a linear function. 

That is  

                                                              
2

1 0

11

  
lh

H y c y c
k

,  (4.10) 

where 
0c  and 

1c  are constants. Thus, the equation (4.9) becomes 

      
 

   
02 2

0

1 2 3 1 02

11

2 .


 
 

 
     

ld U dp h
M M U M c y c

dy dx k
    (4.11) 

To find the general solution of the homogeneous equation (4.11), we first solve the 
homogeneous part of the ordinary differential equation (4.11) 

                                                           
 

 
02

0

1 22
2 0





 

d U
M M U

dy
.                                   (4.12) 

Therefore, we obtain 
2

1 22 0 M r M  
     2

1 22 M r M  

          
2 2

12


M
r

M
 

                                                 2

12
 

M
r

M
.                                      (4.13) 

Then, the general solution  
2 2

1 12 20

1 2

 


 

M M
y y

M M

cU w e w e , where 
2

2

1 11

0.
2 2

 
lM h

M k

  To 

find the particular solution of (4.11), we use the undetermined coefficient method. 
Since 

     0 0 0  
 c pU U U  

                    
   

2 2

1 12 20 0

1 2 ,

 
 

  

M M
y y

M M

pU w e w e U     (4.14) 

we show how to find of the solution  0

pU by using the method of differential 
equation. We start with the particular solution. Let 
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                                                                   0

1 0

  pU a y a                                           (4.15) 

Differentiating (4.15) with respect to y , we have 

                                                         0

1pU a
 

  and   0
0pU

 
 .                               (4.16) 

Substituting (4.15) and (4.16) into (4.11), we obtain 

                                        
2 2

2 1 2 0 3 1 0

11 11

 
 


      

l ldp h h
M a y M a M c y c

dx k k
   (4.17) 

Using the method of comparing coefficients, we have 
2

2 1 1

11


  

lh
M a c

k
 and 

2

2 0 3 0

11




    

ldp h
M a M c

dx k
. 

Then we have  

                                                                  
2

1 1

2 11

1 


lh
a c

M k
    and (4.18) 

                           
2

3
0 0

2 2 2 11

1 1
.




  

lM dp h
a c

M M dx M k
      (4.19) 

Substituting (4.18) and (4.19) into (4.15) and then substituting (4.15) into (4.14), we 
obtain the general solution  

 
2 2

1 1

2 2
2 20 3

1 2 1 0

2 11 2 2 2 11

1 1 1 
  

 


     

M M l ly y
M M Mh dp h

U w e w e c y c
M k M M dx M k

  

 (4.20) 

Applying the boundary condition (4.6) to (4.20), we have 

                                                  
2

3
1 2 0

2 2 2 11

1 1
0 .




    

lM dp h
w w c

M M dx M k
                     (4.21) 

Then we obtain 

                                                    
2

3
2 1 0

2 2 2 11

1 1
.




    

lM dp h
w w c

M M dx M k
                       (4.22) 

Substituting (4.22) into (4.20), we obtain the general solution in 
2  is 

    

 
2 2

1 1

2
2 20 3

1 1 0

2 2 2 11
2 2

3
1 0

2 11 2 2 2 11

1 1

1 1 1
.



 

  









 
      

 

   

M Mly y
M M

l l

M dp h
U w e w c e

M M dx M k

Mh dp h
c y c

M k M M dx M k

   (4.23) 
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Let  
2

32
1 2 3 4 5

1 2 2 11 2 1

1 1 1
, , , , ,

2

 

 
    

l MM dp h dp
J J J J J

M M dx M k M M dx
 and  3

6

1


M

J
M

 

 (4.24) 

all of which are constants. Therefore (4.23) can be rewritten as                                   

              1 1 1
0

1 1 4 2 3 0 3 1 4 2 3 0 .
              

J y J y J y
U w e w e J J J c e J c y J J J c         (4.25) 

Considering the first-order term of  of (4.6), we have  

                                                        
 

 
12

1

1 22
2 0.





 

d U
M M U

dy
                                    (4.26) 

Therefore, we obtain 

2

1 22 0 M r M  

            2

1 22 M r M  

                    
2 2

12


M
r

M
 

                                                        2

1

,
2

 
M

r
M

      (4.27) 

where 
2

2

1 11

0.
2 2

 
lM h

M k

  We obtain the general solution  

                                                          
2 2

1 12 21

3 4 .

 


 

M M
y y

M M
U w e w e     (4.28) 

Applying the boundary condition (4.7) into (4.28), we have 

3 40 . w w  

Then we obtain 

                                                                      
4 3.w w        (4.29) 

Substituting (4.29) into (4.28), we obtain the first-order solution in 
2  is 

 
2 2

1 12 21

3 3 ,

 


 

M M
y y

M M
U w e w e  

or                                          1 1
1

3 3 ,
  

 
J y J y

U w e w e     (4.30) 

where 
1 2 3, ,w w w , and 

4w  are constants. 

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



30 

 

   4.1.2 Asymptotic expansion method of Stokes equation with the velocity to be a 
function of G 
 Similarly to the previous section, we calculate the velocity of the PCL fluid in 
domain 

1  using the asymptotic expansion method with the Stokes equation (3.25). 
We assume that 

                          0 1 22 3 .U U U U O  
        (4.31) 

Therefore                       0 1 22 3 .  
         U y U y U y U y O                         

(4.32) 

Substituting (3.31) into (4.32), we have 

                                          0 1 22 31 1 1 1 .  
      U U U U O                      (4.33) 

                                        0 1 22 3

0

0 0 0 .  
  

   
G

U U U O
U

                       

(4.34) 

Then we have                0 1

0

1 , 1 0
 

 
G

U U
U

  and    2
1 0


U .     (4.35) 

Therefore, the top boundary condition (3.31) and (3.32) becomes  

                                                          
 0

0




G
U

U
       at 1 y                                     

(4.36) 

                                                             1
0


U         at 1 y        (4.37) 

                                                         
 0

0


U D         at 1 y           (4.38) 

                                                            1
0


U          at 1 y      (4.39) 

In the case   Stokey
y

h
, we substitute (4.31) into (3.25). Therefore 

                                             

      0 12 2

1 32
2 .

 
 



 

 
 

d U U O dp
M M

dy dx
                    (4.40) 

Considering the zeroth order term of  , 0 , we obtain 

                                                           
 02

3

2

1 1

1
.

2 2

 

 
 

Md U dp

dy M dx M
                                 (4.41) 

Since we assume that dp

dx




 is a constant, integrating (4.41) twice, we have 

                                               
 

2
0 3

5 6

1 1

1
,

2 2 2

 
 



 
    
 

Mdp y
U w y w

M dx M
                     (4.42) 
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Where 
5w  and 

6w  are constants. Applying the boundary condition (4.36) to (4.42), we 
have 

                                                   3
5 6

0 1 1

1 1
.

2 2 2





 
    

 

MG dp
w w

U M dx M
                           (4.43) 

Hence,                                      3
6 5

0 1 1

1 1
.

2 2 2





 
    

 

MG dp
w w

U M dx M
   (4.44) 

Substituting (4.44) into (4.42), we obtain the general solution in 
1  is 

   
2

0 3 3
5

1 1 0 1 1

1 1 1
1 ,

2 2 2 2 2 2

dp M y G dp M
U w y

M dx M U M dx M

  
 

 

   
         

   
    

or 

        
   

2
0

5 2 6 5 6

0

1 1 1 1 1
1 .

2 2 2 2 2 2


     

         
   

y G
U w y J J J J

U
   (4.45) 

Considering the first-order term of   of (4.40), we have 

                                                                  
 12

1 2
2 0.






d U
M

dy
    (4.46) 

Integrating (4.46) twice, we have 

                                                                   
 1

7 8 ,
  U w y w                                         (4.47) 

where
7w and 

8w  are constants. Applying the boundary condition (4.37) to  

(4.47), we have  

7 80 . w w  

Then we have 

                                            
8 7.w w    (4.48) 

Substituting (4.48) into (4.47), we obtain the first-order solution in 
1  is 

                                      
 1

7 7 .
  U w y w    (4.49) 

Next, we determine the relation of the constants 
1w  in the solution of 

Brinkman equation and 
5w  in the solution of Stokes equation by using Beavers-Joseph 

boundary condition. Differentiating the solution  0
U  (4.25) in domain 

2  with respect 
to y  both sides, we have 

 

 
1 1

0

1 1 1 1 4 2 3 0 3.









      
stoke stoke

stoke

y y
J J

h h

y
y

h

dU
w J e J w J J J c e J

dy
 (4.50)  
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Differentiating the solution  0
U  (4.45) in domain 

1  with respect to y  both sides, we 
have 

                                             
 0

5 5 6

1 1
,

2 2








 
   

 stoke

stoke

y
y

h

ydU
w J J

dy h
 (4.51) 

where . 
stokey

y
h

 Substituting (4.50) and (4.51) into (3.28), we obtain 

   

1

1

5 5 6

1 1

0

1 1 4 2 3 0
.

03

1 1

2 2

1 

 




 

 
  
 
 
 
 

       
 
 
  

stoke

stoke

stoke

stoke

y
J

h

y
J

h
yl

y
h

y
w J J

h

w J e

h
J w J J J c e U

K KJ

 (4.52) 

where  0






stokey

y
h

U  (on the right-hand side of (4.50) can be obtained from the PCL 

velocity in 
1 or 2 , or both. However, the velocity  0

0






 
stokey

y
h

h
U

K K
 is a slip 

velocity [13, 16]. Therefore, in this work, we considers the case that 
   0 0

 

 

 

 


stoke stokey y
y y

h h

U U . Substituting (4.45) into the right hand side of (4.52) we 

have 

 
1 1

5 5 6 1 1 1 1 4 2 3 0 3

2

5 2 6 5 6

00

1 1 1

2 2

1 1 1 1 1 1
1 .

2 2 2 2 2 2









  
          
    

       
             

        

stoke stokey y
J Jstoke h h

l

stoke stoke

y
w J J w J e J w J J J c e J

h

y yh G
w J J J J

h h UK K

 

 (4.53) 

1 1 1

1 1

1 1 1 1 1 4
5 5 6

1 2 1 3 0 3
2

5 5 2 6 5 6

00

1 1 1

2 2

1 1 1 1 1 1

2 2 2 2 2 2





 

 



 
          

    
     
          

     

stoke stoke stoke

stoke stoke

y y y
J J J

h h h
stoke

y yl
J J

h h

stoke stoke

y w J e J e w J J e
w J J

h
J J e J J c e J

y yh G
w w J J J J

h h UK K
.


 

 (4.54) 
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1 1

1 1 1

5 5 6 1 1 1 1

1 4 1 2 1 3 0 3

5 5

0 0
2

2 6

00

1 1 1 1

2 2

1 1 1 1

1 1 1 1 1

2 2 2 2 2

 

   
 





  

 



 
    
 

   

 

  
     

   

stoke stoke

stoke stoke stoke

y y
J Jstoke h h

l l

y y y
J J J

h h h
l l l l

stoke

stoke

y
w J J w J e J w e

h

J J e J J e J J c e J

yh h
w w

hK K K K

yh G
J J J

h UK K
5 6

1
.

2

  
  

   

J

 

 (4.55) 

1 1

1 1

5 5 5

0 0
2

2 6 5 6

00

5 6 1 1 1 1

1 4 1 2 1

1 1 1 1 1 1

2 2 2 2 2 2

1 1 1 1

2 2

1 1 1

 



 

  

 





 

 

     
         
      

 
    
 

  

stoke stoke

stoke stoke

stoke

stoke

y y
J Jstoke h h

l l

y y
J J

h h
l l l

yh h
w w w

hK K K K

yh G
J J J J

h UK K

y
J J w J e J w e

h

J J e J J e J J
1

3 0 3

1
.






stokey

J
h

l
c e J

 

(4.56) 

Then we have 

1 1 1

1 1

5

0 0

1 1 1 5 6 1 4

1 2 1 3 0 3

2 6

0

1

1 1 1 1 1

2 2

1 1 1

1 1 1

2 2 2

 

  

  



 

 

 



 
  
 
 

   
           

  

  
   

   

stoke stoke stoke

stoke stoke

stoke

y y y
J J Jstokeh h h

l l l

y y
J J

h h
l l l

stoke

yh h
w

hK K K K

y
w J e J e J J J J e

h

J J e J J c e J

y
J J

h h

K K

2

5 6

0

.
1 1 1

2 2 2

 
 
 
  
    

  

G
J J

U

 

(4.57) 

We obtain 
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1 1

1 1
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0 0 2 6
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h
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h
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y
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 
 
 
 
 
 
 
 
 

  
  
  
   
        

G
J J

U

 (4.58) 

We now have the relation of the constants 
1w  and 

5w . Inserting (4.54) into (4.45), 
we have the solution of the Stokes equation depending on

1w . That is 
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   
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 
J J

 (4.59) 

 The solutions (4.59) of Stokes-Brinkman equations. The solution (4.25) and 
(4.45) are plotted in Figure 4.1.  In the graph, we assume that the angles   between 
the cilia and the horizontal plane are 40 ,50 ,60 ,70 ,80 ,90  where the cilia have the 
highest velocity at 90   during the forword stoke and stop beating at 40  [36]. 
So at 40   we do not need to calculate the velocity of the PCL fluid. The variables 
used in equations (4.25) and (4.45) are given in Table 4.1. The values of 

Stokey and 

pK

are obtained from [21], and sv  is the velocities of the solid, cilia, where the maximum 
velocity of motile cilia value is assumed to occure at 90  and sv  decreases and is 
terminated at 40  , h  is the cilium height, 

0U  is one cycle of ciliary beat, and  l  
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and   were obtained from [13]. We assume that the rate of pressure changes dp

dx




 

equals 1. The variable G  at the top of the free-fluid domain equals 1 .  The variable 
1w  in the equation (4.25) and (4.45) equals 0 because we aim to verify the solution if 

the solid velocities applied to the equation effect the results. 
 

Table 4.1 Values of the variables in the solution of the Stokes-Brinkman equations 
Variable Value Unit 

h  7.5  m  
  ( 15)992.2 10   3/   g m  
  63 10   /  g m s  
g  (6)9.81 10  2/  m s  

0U  1.00  /m s  
  1  1  
v  1  1  




dp

dx
 1  1  

1w  0  1  
G  1  1  

 
Table 4.2 Values of variables used in (4.59) used to plot Figure 4.1 for each  

angle    
 50  60  70  80  90  

Stokey  0.7672 0.8638 0.9353 0.9818 1.0000 
K  0.0012 0.0015 0.0016 0.0017 0.0018 

 l  0.6717 0.7099 0.7331 0.7439 0.7487 
sv  0.0023 0.0024 0.0044 0.0049 0.0050 
 
The asymptotic solution (0)U   (4.25) and (4.45) of the Stokes-Brinkman equation 

are shown in Figure 4.1. It can be noted that the velocities decrease with decreasing 
angles and the graph bends sharply in the porous medium region.  
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Figure 4.1 The asymptotic solution (0)U  of the Stokes-Brinkman equations from 

(4.25) and (4.45) with Beaver-Joseph boundary condition 
 

   4.1.3  Asymptotic expansion method of Stokes equation with boundary conditions 
illustrated in Figure 3.2  
Applying the boundary condition (4.38) into (4.42), we have 

                                                  3
0 5 6

1 1

1 1
.

2 2 2





 
    

 

Mdp
D w w

M dx M
                           (4.60) 

Then we have 

                      3
6 0 5

1 1

1 1
.

2 2 2

dp M
w D w

M dx M





 
    

 
   (4.61) 

Substituting (4.61) into (4.42), we obtain the first-order solution in 
1  is 

                      
 

2
0 3 3

5 0 5

1 1 1 1

1 1 1
,

2 2 2 2 2 2

  
 

 

   
         
   

M Mdp y dp
U w y D w

M dx M M dx M
   (4.62) 

or                          
2

0

5 6 5 0 5 6 5

1 1 1 1 1
.

2 2 2 2 2 2


    

         
   

y
U J J w y D J J w      (4.63) 

Now, we have another outer solution obtained from boundary condition (4.63) in the 
free-fluid domain which will be used in the Section 4.3. 
 
4.2 Inner Solution 
 In this section, we find the solution in the inner region of the problem by using 
the asymptotic expansion. In the inner region for any variable ,f  we use f  instead 
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of a physical variable .f   For example, .y  is written as y  and U   is written as U . 
Let 

                                                                     .



 
 Stokey y

y                                          (4.64) 

Then 

                                .



    

  
 

Stokey y
U y U      (4.65) 

Therefore, 

                                              
1

.







dy

dy
   (4.66) 

Thus, 

                                     
2 2

2 2 2

1



 

 


d U d U

dy dy
     (4.67) 

Substituting (4.64) into (4.10), we have 

                   
2 2 2

1 1 0

11 11 11

.
  

   
l l l

Stoke

h h h
H y c y c y c

k k k
    (4.68) 

To solve the problem in the transition zone, the asymptotic expansion of (4.5) is 

                          

            
0 12 2

0 1 2

1 2 32 2

2 2 2

1 1 0

11 11 11
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  
  


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

 

 








 
   

   
l l l

Stoke

d U U
M M U U M

dy
dp h h h

c y c y c
dx k k k

     

(4.69) 

Considering the order terms of  , we have 

                                                           2 : O  
 02

1 2
2 0.






d U
M

dy
                                    (4.70) 

Since 
1

1
,




l
M  then we have  

 02

2
0.






d U

dy
 

Therefore 

                                                             
 0

1 2 ,
  U m y m                                             (4.71) 

where
1m  and 

2m  are constants 
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                                                             1 : O  
 12

1 2
2 0






d U
M

dy
                                   (4.72) 

Similarly for the case of  2 , O  we obtain 

                                      
 1

3 4 ,
  U m y m    (4.73) 

where 
3m and 

4m  are constant. 

                         0 :O   
 

 
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 

 
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 
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l l
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d U dp h h
M M U M c y c
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Substituting (4.71) into (4.74), we have 
 

 
22 2 2

1 2 1 2 3 1 02

11 11

2 .
 

 


 
     

l l

Stoke

d U dp h h
M M m y m M c y c

dy dx k k
   (4.75) 

Then we have 
 22 2 2

31 2 2 2
1 02

1 1 1 1 1 11 1 11

1 1 1
.

2 2 2 2 2 2

 
 



 
     

l l

Stoke

Mm M m Md U dp h h
y c y c

dy M M M M dx M k M k
 

  (4.76) 

Therefor we obtain the second-order analytical solution 

 
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2 3 32 2 2
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1 1 1 1 1 11 1 11

5 6

1

12 2 2 2 2 2 2

,

  
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 
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 
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l l
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MM M m dp h h y
U m y c y c

M M M M dx M k M k

m y m

 

(4.77) 

where 
5m  and 

6m  are constants. Hence, the zeroth, first and second-order analytical 
solutions can be expressed as 

                                                                     
 0

1 2 ,
  U m y m     (4.78) 

                                        
 1

3 4 ,
  U m y m     (4.79) 

 
2 2 2

2 3 32 2 2
1 1 0

1 1 1 1 1 11 1 11

5 6

1

12 2 2 2 2 2 2

,

  
 





 
      

 
 

l l

Stoke

MM M m dp h h y
U m y c y c

M M M M dx M k M k

m y m

 

(4.80) 

We now have the analytic solution of the inner region. The outer and inner 
solutions will be matched by using the matching conditions provide in the next section. 
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4.3 Matching condition 
 

In this section, we match the outer and inner solutions by using Van Dyke’s rule. 
Because at the interface between the two outer domains, the speed of the PCL fluid 
changes rapidly, the transition zone is occure between these two regions. This zone is 
called inner zone as shown in Figure 4.2. The transition zone occure at .Stokey y   
 
 
 

  
 
 
 
 
 
 

Figure 4.2 PCL fluid flow in outer and inner zones 
 

We derive matching conditions to match the variables in the solutions of the 
outer and inner regions. The matching condition used in this work are developed from 
Van Dyke’s rule [3, 34],  

                                                             lim lim .
  

 

 


Stokey y y
f y f y                              (4.81) 

With the outer and inner variables, 

                                                           0 1 2,       f y f y f y    (4.82) 

                                                         0 1 2, ,       f y f y f y                         (4.83) 

we find the matching condition of  0
f  by substituting (4.68) and (4.69) into (4.67). 

Therefore, 

           (0) (1) 2 (0) (1) 2lim lim .   
  

   

 

       
   

Stokey y y
f y f y O f y f y O  

(4.84) 

We suppose that  ( )lim
 



 Stoke

i

y y
f y   and  ( )lim







i

y
f y  exist, 0,1,2,...i  Then,  

considering the zeroth order term of  , we have 

                                                         (0) (0)lim lim .
  

 

 


Stokey y y
f y f y                             (4.85) 

 

 

 

outer 
zone 

 

outer 
zone 

inner zone 
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Next, we find another matching condition by applying the Tayloy’s series expansion to 
each ( )if  in (4.82) around the point 

Stoke
y  or 

Stoke
y , where the superscript plus and 

minus signs mean the right and left sides of 
Stokey  and we assume that 

 ( ) , 0,1,2,3,... if y i are continuous at  Stokey y   so that 

                                               ( ) ( )lim , 0,1,2,3,...
 

 


 

Stoke

i i

Stoke
y y

f y f y i                         (4.86) 

Therefore, 
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 (4.87) 
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(4.88) 

Then, we have 
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     (4.89) 

Substituting (4.64) into (4.89), we have 
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(4.90) 

Differentiating (4.90) with respect to y , taking   Stokey y   both sides and omitting 
the big O, then, we obtain 
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(4.91) 

where in this work we assume that the function f  is continuous enough so that the 
differentiation can be switched with the limit. To find the matching condition for the 
first derivative of the function f and ,f  we differentiate (4.83) with respect to y  and 
taking limit  y  on both sides, we obtain   
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

 
 

   

   
 

 
   
  

y y

d f y d f y d f y d f y
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 (4.92) 

Since we assume that the differentiation can be switched with the limit, from (4.81), 
we have 
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From (4.81), it demonstrates that (4.91) and (4.92) are equal. Then, we get 
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    (4.93) 

Collecting the same order of  in (4.93), we obtain 
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
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                                   (4.94) 
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                          (4.95) 

           2 0 12

2 : lim lim lim .
Stoke Stokey y y y y

d f y d f y df y
y

d y dy dy


    

  



  
  

     (4.96) 

We now have matching conditions at the free-fluid/ porous-medium interface. The 
zeroth-order solution for the Stokes-Brinkman equations are provided in the next 
section. 
 
4.4 The Zeroth-Order Solution 
 In this section, we couple the zeroth-order solutions of the governing equations 
(3.19) and (3.25) by using the matching conditions provided in Section 4.3. Before using 
the matching conditions, we differentiate the zeroth-order and first-order inner 
solutions (4.78) and (4.79) with respect to y  and taking the limit  y   on both 
sides, we obtain       
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                                          (4.97) 

and 
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
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
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dU
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     (4.98) 

respectively. According to the matching condition (4.94), we have 
1 0.m  Then, from 

(4.78), we obtain 

                                                                      
 0

2 .


U m                                                 (4.99) 

Next, we provide the matching process of the outer solutions in domain 
2 and 

1 . 
Differentiating the zeroth-order outer solutions (4.23) and (4.62) for the outer regions 

2  and 
1  respectively, with respect to ,y  and taking the limit   Stokey y   on both 

sides, we obtain 
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respectively. Substituting (4.98) and (4.100) into (4.95), we obtain  
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in region 
2 . Similarly, substituting (4.98) and (4.101) into (4.95), we have 
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in region
1 . Since equation (4.102) is equal to (4.103), we then have 
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                                   (4.105) 

which are known constants. Applying (4.105) to (4.104) and (4.23), this yields 

 1 1 1

3 2 1 1 1 1 4 5.
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and 
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respectively, where  (0)  
p

U   means the zeroth-order solution in the porous-

medium domain 
2 . Substituting (4.105) and (4.106) into (4.62), we have 
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(4.108) 
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Where  (0)  
f

U   means the zeroth-order solution in the free-fluid domain. Now, we 

obtain  (0)  
p

U   and  (0)  
f

U   in term of
1w . 

To illustrate our results, the solution (4.107) and (4.108) are plotted in Figure 
4.3, where the angles between the cilia and the horizontal plane considered in this 
work are 40 ,50 ,60 , 70 ,80 and 90 , respectively. In this research, we assume that the 
cilia have the highest velocity at 90  and stop beating at 40  . The values of the 
variables used in (4.107) and (4.108) are presented in Tables 4.3 and 4.4. The values in 
Table 4.3 are used for all angles   and the values of the variables in Table 4.4 are 
different for each angle     which are obtained from [7, 35], where they have obtained 
the data from an biological experiment [36]. 

 
Table 4.3 Values of the variables applied to the solution (4.107) to plot Figure 4.2.  

Variable Value Unit Variable Value Unit 

0c  0  1  0U  1  /m s  

h  7.5  m  0K  1 2  m  

  15992.2 10  3/   g m  



dp

dx
 1  1  

  63 10   /  g m s  1w  0  1  
g  69.81 10  2/  m s  

 
Since the solid phases in the experimental are static, we have to find set sv  to be 
zero inour solution and choose a value of 

1w   so that our solutions are matched with 
the experimental data. So we choose 

1 0.w  
 
Table 4.4 Values of the variables used to plot Figure 4.2 for each angle  .  

Variable 50  60  70  80  90  

Stokey  0.7672 0.8638 0.9353 0.9818 1.0000 

K  0.0012 0.0015 0.0016 0.0017 0.0018 

 l  0.6717 0.7099 0.7331 0.7439 0.7487 

1c  1.2 1.4 1.6 1.8 2 
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Figure 4.3 The asymptotic solution (0) ,U   equations (4.107), outer solution in the 
porous medium domain and (4.108), outer solution in the free-fluid region and inner 

solution (4.99) 
 
Figure 4.3 shows the velocity of the PCL fluid with different angles   in domain 

2 . 
The highest velocity is occurred at 90  as expected. This is because, in this study, 
we assume that the maximum velocity of cilia occurs at 90  . Notice that the 
velocities decrease when the angles between the cilia and the horizontal plane 
decreases. The star is the solution in the inner zone, the interface between the free-
fluid/ porous-medium domain. The oblique line represents the solution in the porous 
medium domain, the horizontal line is the line that lies between the free-fluid domain 
and the porous medium domain, and the vertical line represent the solution in the 
free-fluid domain. Note that, the solution in the porous medium is small and rapidly 
large in the free-fluid domain. The star is the solution in the inner zone. 

 
 4.5 Comparison with an Experimental Study 

In this section, we compare the mass flow rate   of our result with the study of 
Beavers and Joseph [30], where 

                                                                       ,


 
f p

p

M M

M
 (4.109) 

where fM  is the mass flow rate in the free-fluid region and pM  is the mass flow rate 
in the porous medium. In this study fM  is the zeroth-order solution in the free-fluid 
domain when the velocity of solid phases is zero 
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where unit of fM  and pM  are mass per time and unit of   is 1. In the BJ study, they 
have carried out the experiment to measure the flow rate of a long porous block and 
a small uniform gap immediately above the block, while in this study, we analytically 
find the mass flow rate of the fluid flow in the PCL in human lung by using the 
asymptotic expansion method. The porous medium in the experimental study are 
stationary porous blocks, while the porous medium in this study is the ciliary layer, 
which is a motion medium. Therefore, we compare our solution with the experimental 
data at only one porosity and the solid velocity is set to be zero. Since Beavers and 
Joseph provide the data, the mass flow rate, only on the free-fluid domain, as the 
result, only the solution on the free-fluid domain is compared. 
 Applying the zeroth-order solutions (4.107) - (4.108) provided in Section 4.4 to 
(4.109), the mass flow rate obtained from both equations is 
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  (4.110) 

where 
0





y

K
 and 1 Stokey y . To compare the result with the experimental data, 

we use the same values of the variables as in the experiment. The dynamic viscosity 
and the density of water are  4

8.9 10


   Pa s  and 997  3/  kg m , respectively [20]. 

The gravity +

0g g  is 9.8 2[ / ]m s . The length of the free-fluid domain ranges from This material is reserved for educational use only, not allowed for commercial use. 
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43.37046 10  to 1, where 
Stokey is assumed to be 43.37046 10 . The porosity is 0.78   

and the characteristic permeability 
0K  is 97.1 10 . The values of other variables used 

in (4.110) are 11

0

, 
k

K
K

 
11 0.4,k 1 2.5, w 0 1,U   

0 1D  and h = 7.5, and   is 

normalized by 410 . 

  

Figure 4.4 The mass flow rate in this study and the experimental data [30] 
 
Figure 4.4 shows the comparison of the mass flow rate in this study (solid line), 

when the velocity of the solid phases are set to be zero, through the free-fluid domains 
as a function of ,  and the mass flow rate in the experimental study of Beavers and 
Joseph [30]. Beaver-Joseph experiment determined the mass flow rate in the free-fluid 
domain and the solid in the porous medium domain is a non-movable solid. However, 
the solids in this work are moving solids. Therefore, in order to be able to compare 
the results we have to set the velocity of solids to be zero. Since the experiment 
provide the flow only the free-fluid region, we compare the results only in this zone. 
Because the resulting solution still has the variable 1w  attached, in order to confirm 
that the solution we get tend to be consistent with the experimental results. We can 
find a value of 1w  that make the mass flow rate curve more likely to be close to the 
experimental results. It can be seen that the solution obtained in this work has an 
edge value placed at the junction area. As can be seen from Figure 4.4, the solution 
of our study (solid line) is in a good agreement with the experimental data of Beavers 
and Joseph literature [30]. 
         In Chapter 5, we will use the solution found in this chapter to find the boundary 
condition at the free-fluid/ porous-medium interface.
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Chapter 5 
Boundary conditions at the Free-Fluid/Porous 

Medium interface 
 

The boundary condition at the free-fluid/ porous-medium interface with the 
Beaver-Joseph boundary condition may not appropriated for our research problem. In 
this chapter we find the boundary condition at the free-fluid/ porous-medium interface 
by solving the two solutions (4.107) and (4.108) in the two domains. Based on solution 
(4.107) we obtain  
                             

 
  1

1 1

(0)

1 4 5 4

1
.



 

 


     



p
z y

z y z y
w U z e z y z

e e
             (5.1) 

Substituting (5.1) in (4.108), then we have the boundary condition at the free-fluid/ 
porous-medium interface is 

 

 
 

 
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    
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(0) 2 2
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2 2
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f
z y

Stoke

p

z y z yz y

z y z y

z y z
U D z y z z e z y

U

z e z e z e y
e e

z y

 

(5.2) 

The equation (5.2) is the new boundary condition at the interface that represents the 
different of  (0)  

f

U  and  (0)  
p

U  but this is the form of velocity profile. 

Next we provide another boundary condition at the free-fluid/ porous-medium 
interface. Differentiating the zeroth-order solutions (4.107) and (4.108) both sides, we 
have 

                           
 

1 1 1

(0)

1 1 1 1 1 1 2z ,
  



 



  
   
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J y J y z y
d U

w J e w J e z J e
dy

,                  (5.3) 

    
 

 1 1 1

(0)
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2 3 4z z ,
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f

J y J y J y
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w J e J e J z e
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    (5.4) 

respectively, from (5.3), we obtain 

                      
 
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1

1 1

(0)

1 1 1 2

1 1

1
z .


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
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Substituting (5.5) in (5.4), therefore we obtain another boundary condition at the free- 

fluid/ porous-medium interface, which is  
   

 

 

 
1 1

11

1 1

(0) (0)

1 4 5 2 1 4 5 ,
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 
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  

 

             
 
 

Stoke Stoke

Stoke

f Pz y z y

z yz y

Stoke
z y z y

e ed U d U
z z e z z y y z z e z

dy dye e

 (5.6) 

Thus, we obtain two boundary conditions at the free-fluid/ porous-medium interface, 
which are proper for the fluid flow in the PCL due to the movement of cilia. 
 Next, we compare the obtained solutions with the boundary conditions (5.2) 
and (5.6) with the results with the Beaver-Joseph boundary condition. 
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Figure 4.5 Comparison between the velocity of PCL fluid with Beaver-Joseph 
boundary condition at the interface and the velocity of the PCL fluid with our 

boundary condition at the interface 
 

Figure 4.5 shows the velocities of the PCL fluid in different angle   that the 
cilia make with the horizontal plane. The red line graph shows the velocity of the PCL 
fluid using the Beaver-Joseph boundary condition at the free-fluid/ porous-medium 
interface. The blue line is the velocity of the PCL fluid with the boundary conditions 
(5.2) and (5.6). It notes that the graphs of the velocities of the PCL fluid are similar. 
Although they are not completely overlap, but they are not very different, which is 
demonstrated in each degree.  In the porous-medium domain the velocity of the PCL 
fluid due to the movement of cilia with Beaver-Joseph boundary condition and the 
velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) are small 
difference. At the angle 50 ,  the velocity with boundary conditions (5.2) and (5.6) is 
greater than the one using Beaver-Joseph boundary condition. The curve overlaps 
completely at the angle 60 ,  and notice that at the angle greater than 60  the 
velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) is less than the 
velocity of the PCL fluid with Beaver-Joseph boundary condition. In the free-fluid 
domain the velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) is 
larger than the velocity in the PCL fluid with Beaver-Joseph boundary condition at 
every angle   that the cilia make with the horizontal plane accept at  90   the 
solution is overlap. 

 

Our BC. 
Beaver-Joseph BC. 
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Chapter 6 
Conclusion 

 

The movement of the cilia in the PCL layer plays an important role in the 
clearance of mucus and in preventing foreign materials from entering the lower 
respiratory tract.  Determining the velocity of the PCL fluid flow in motile cilia is 
necessary for a better understanding of the clearance mechanism. The velocity of PCL 
fluid can be determined using an ordinary differential equation (ODE), which requires 
boundary conditions. This research quantifies the boundary conditions at the interface 
between the porous-medium and free-fluid regions 

We divided our work into two parts. In the first part, the velocity in the PCL 
fluid due to the movement of cilia with Beaver-Joseph boundary condition is 
determined. Because of the movement of cilia, the first part is separated into two 
details depending on the angle .  The cilia perpendicular to the horizontal plane and 
the cilia move forward and form an angle , 90    with the horizontal plane. When 
the cilia move forward and form an angle , 90    with the horizontal plane, the PCL 
can be divided into two domains, while the PCL has only one domain when 90 .   
The layer containing cilia is called a porous medium domain and the layer above the 
cilia is called a free-fluid domain. The governing equation used in the work is the 
Stokes-Brinkman equation. In the free-fluid domain  1 , we use the Stokes equation 
and in the porous medium domain  2 , we use the Brinkman equation. The boundary 
condition at the bottom of the domain is 0u at 0,y the top of the domain is u G   
at ,y h  and the Beaver-Joseph boundary condition is applied at the interface 
between the free-fluid/porous medium domain. The velocity of the PCL fluid due to 
the movement of cilia are obtained by using the matched asymptotic expansion The 
solutions are the velocity of PCL fluid in the layer containing cilia with different angle 
   50 ,60 ,70 ,80 ,90 ,  respectively. The asymptotic solution of the Stokes-Brinkman 

equations (4.25) and (4.45) is shown in Figure 4.1. The second part is to determine the 
boundary condition at the free-fluid/ porous medium interface is suitable for this 
problem. To find the boundary condition at the interface suitable for the problem, we 
divide domains into inner and outer zones and find the solutions for these two regions 
and then use Van Dyke's conditions to match these two solutions. We derive matching 
conditions to match the solutions of the outer and inner regions. The outer zone are 
the free-fluid domain and porous medium domain, and the inner zone is the transition 
zone at interface between the free-fluid/porous medium domain. The results are 
illustrated in Figure 4.3 with different angles, 40 ,50 ,60 ,70 ,80 ,90 ,   that the cilia 
make with the horizontal plane. The variables employed to plot the graph of the 
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solutions are shown in Tables 4.3 and 4.4. The velocity of the PCL fluid reaches its 
maximum value when 90   and decreases when   decreases, which satisfies our 
assumption that the highest velocity of cilia occurs when the cilia are perpendicular 
to the horizontal plane and the cilia velocities decrease with decreasing angle .  The 
first boundary condition is the relationship between the two zeroth-ordered solutions 
in the two domains while the second boundary condition is the derivative of those 
two solutions. The limitation of this study is that the asymptotic expansion method 
applied in this study is good for a linear equation, but it is not easy to find the solutions 
for nonlinear equations. The disadvantage of this study is that we calculate the zeroth-
order approximation solution, where the other orders are cut off. We compare our 
solution with the experimental data of Beaver-Joseph by observing the mass flow rate. 
The solution in domain 

1  of our study is in good agreement with the experimental 
data in the Beaver-Joseph literature when the solid phase are set to be zero. After 
that, we find the boundary condition at the free-fluid/ porous-medium interface 
appropriate for our research problem. Then we compare the solution that uses the 
Beaver-Joseph condition at the interface between the free-fluid/ porous-medium 
domain and the solution with our boundary conditions (5.2) in Figure 4.5 the graphs of 
the velocities of the PCL fluid are similar which is demonstrated in each degree. We 
conclude the work in this thesis in the flowchart below 
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We match the outer and inner zone by using conditions (4.94) - (4.96), then we 
obtain the zero-order solution (4.107) and (4.108) in the porous medium domain 
and the free-fluid domain, respectively. 

 

We use the normalized of the Stokes–Brinkman equations: Brinkman equation 
(3.19) and Stokes equation (3.25) to determine the velocity of PCL fluid. The 
normalized boundary conditions used at the bottom of the domain  is (3.30), 
the top boundary condition is (3.31), and the Beaver-Joseph boundary condition 
(3.28) is employed at the porous medium/free-fluid interface. 

 

We obtain the velocity of PCL fluid: the zero-order solutions (4.25) and (4.45) of 
the porous medium domain in the outer zone and the free-fluid domain, 
respectively. Then, we apply the Beaver-Joseph boundary condition (3.28) at the 
porous medium/free-fluid interface and obtain the zero-order solution (4.59) in 
the whole domain. 

 

We use the normalization of the Stokes–Brinkman equations: Brinkman equation 
(3.19) and Stokes equation (3.25) with the bottom boundary condition (3.30), and 
the top boundary condition (3.32).  

 

We obtain the velocity of PCL fluid, the zero-order solutions (4.25) and (4.63) in 
the porous medium domain and the free-fluid domain, respectively. We obtain 
the velocity of PCL fluid, the zero-order solution (4.78) in the inner zone. 

 

We match the outer and inner zone by using conditions (4.94) - (4.96), then we 
obtain the zero-order solution (4.107) and (4.108) in the porous medium domain 
and the free-fluid domain, respectively. 
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Comparison of the zero-order solution with the experimental of Beaver-Joseph in 
the pattern of mass flow rate , the mass flow rate in our study is the equation 
(4.110) (shown in Figure 4.4).  

 

Compare our matched solutions with the results that use the Beaver-Joseph 
condition at the interface between the free-fluid/ porous-medium domain as 
shown 
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Nomenclature 
 

variable definition unit equation 

0a  a constant  (4.15) 

1a  a constant  (4.15) 

0c  a constant  (4.10) 
1c  a constant  (4.10) 
 H y  a function of  y   (3.18)  

0D  a constant  (3.32) 

dp

dx
 the pressure gradient 

2 2

dp M

dx L T

 
 

 
 (3.3) 

g  the gravity   2

L
g

T
  (3.1) 

0g  characteristic gravity  0 2

L
g

T
  (3.13) 

h  the characteristic length   h L  Fig 3.1 

0K  characteristic permeability   2

0 K L  (3.13) 
K  dimensionless permeability  1   K  (3.13) 

1

11k   the inverse of the permeability tensor 1

11 2

1   k
L

 (3.3) 

11k  a permeability tensor    2

11 k L  (3.13) 

1M  a constant  (3.18) 

2M  a constant  (3.18) 

3M  a constant  (3.18) 

1m  a constant  (4.71) 

2m  a constant  (4.71) 

3m  a constant  (4.73) 

4m  a constant  (4.73) 

fM  the mass flow rate in the free-fluid region 
f

M
M

T
   

 (4.109) 

pM  the mass flow rate in the porous medium                             
p

M
M

T
   

 (4.109) 

p  pressure   2


M
p

LT
 (3.1) 

0U  a volumetric average velocity in a porous 
medium 

 0

L
U

T
  (2.5.12) 

U 

 
U    

dimensionless average velocity 
dimensionless velocity in the inner region 

 (3.13) 
(4.65) 

 
 
 
 
 
 
 This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



56 

 

 
variable definition unit Equation 

 0
U

  dimensionless the zeroth-order solution of 
the outer region 

 (4.1) 

 1
U

  dimensionless the first-order solution of 
the outer region 

 (4.1) 

lv  the velocity of the liquid phase l L
v

T
   

 (3.1) 

Sv  the velocity of the solid phases S L
v

T
   

 (3.1) 

1w  a constant  (4.14) 

3w  a constant  (4.28) 

5w  a constant  (4.42) 
7w  a constant  (4.47) 
y  dimensionless y   (3.13) 

 
y  dimensionless y  in the inner region   (4.64) 

 
Stokey  The height of the porous medium domain   Stokey L  Fig 1.2 


Stoke
y  Stokey  in free-fluid region 

Stoke
y L     (3.12) 



Stoke
y  Stokey  in porous medium region 

Stoke
y L     (3.12) 

1z  a constant  (4.105) 

2z  a constant  (4.105) 

3z  a constant  (4.105) 

4z  a function depending on  l  and 
11k   (4.105) 

5z  a function depending on  l  and 
11k   (4.105) 

  periciliary layer (PCL)   2  L  Fig 1.2 

1  free-fluid domain   2

1  L  Fig 1.2 

2  porous medium   2

2  L  Fig 1.2 
l  a porosity 1   

l  (3.1) 

  the fluid density   3

M

L
   (3.1) 

  a dynamic viscosity  
M

LT
   (3.1) 

  the mass flow rate in the total domain   1   (4.109) 

where ,L T  and M  represent length, time and mass, respectively.  
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