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Abstract

Humans breathe air into the respiratory system through the trachea, but with
all the pollutants around them, the air they breathe may not be clean. When this is
happened, the respiratory system secretes mucus to trap the debris that is inhaled
through the nostrils. The respiratory tract contains hair-like structures on the epithelial
tissue, called cilia. They wave back and forth to expel particles of dust, mucus, and
contaminants from the body. The layer containing cilia is called Periciliary Layer (PCL).
The fluid in this layeris named PCL fluid. Usually, fluids move due to pressure changes,
but in this study, the velocity of solids or cilia moves the PCL fluid. The moving of cilia
results in two different domains in the PCL: porous-medium and free-fluid regions.
When cilia are perpendicular to the horizontal plane (8=90"), the PCL, containing
only cilia, is considered a porous-medium domain. When cilia make an angle @ (
6 <90°) with the horizontal plane the PCL consists of two different domains: the
porous medium and a free-fluid domain overlying the cilia. The objective of this work
is to study the consistency of the Beaver-Joseph boundary condition with this problem
and to determine the appropriate boundary conditions between those two regions.
The asymptotic expansion method is applied to the Stokes—Brinkman equations in a
macroscopic scale to determine the velocity of the PCL fluid with the Beaver-Joseph
boundary condition. Moreover, a matching condition is employed to find the
applicable boundary condition at the free-fluid/porous-medium interface. Two
boundary conditions of the PCL velocity are obtained, which are the relationship
between the two solutions and the derivative of those in the two domains.

Keywords: Periciliary Layer, Moving Solid phases, Asymptotic expansion method,

Stokes-Brinkman equations
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Chapter 1

Introduction

1.1 The Velocity of PCL Fluids in Human Lungs

Breathing is one of the most important bodily functions that keep us alive.
When we breathe air in through the nose it is not just oxygen but also small substances
containing particles and pathogens that pass through lungs. However, the respiratory
system has filters to trap and remove the strange pathogens, thus allowing us to
breathe without irritation. The filters lining the bronchus within the respiratory system
are called cilia, hair-like structure, scattered throughout the ciliated cells, which are
vital components of the immune system. Beside cilia, there are goblet cells scattering
among the ciliated cells in the respiratory system. One of the primary functions of the
goblet cells is to secrete mucus to trap the particles or microorganisms that pass
through our respiratory system. Then mucus forms a layer at the tips of cilia. The cilia
aid in transporting these foreign particles out of the body by sweeping the mucus
upwards towards the throat. The tips of the cilia make contact with the mucus layer
on the forward stroke and bend sideways and backwards on the reverse stroke.
Essentially, this causes the mucus to be propelled only in the forward direction on the
forward stroke [1]. The excreted mucus is ejected through the vocal cords and into the
pharynx. The primary innate defense mechanism is called mucociliary clearance [2].
Under optimal lung conditions, cilia beat at 12 to 15 Hz in coordinated waves
propelling mucus at 4 to 20 mm/min [1].

The left of Figure 1.1 shows the respiratory system. In the middle of the picture
shows the cross section of the trachea and the right of the picture shows the inside of
the cross section: there exists three main layers, air, mucus and the periciliary layers
(PCL). The PCL is a moist layer composed of cilia covering the ciliated cells. The fluid
in this layer is called PCL fluid. Below the PCL is epithelial cells.
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Figure 1.1 The respiratory system and the layers in the respiratory tracts

Cilia are found in the PCL layer. The function of the cilia is to filter out dust
and other inhaled foreign particles. Cilia work as a part of the immune system
protecting the body against pathogens in the air. Goblet cells among the ciliated cells
(vital component cells of the immune system) secrete mucus to trap the inhaled
particles and cilia help to transport these particles out of the body by cilia-generated
flow.

We consider that the movement of cilia results in two different patterns in the
PCL as shown in Figure 1.2. The left of Figure 1.2 shows the cilia perpendicular to the
horizontal plane. In this case, the PCL has only one domain, which contains only cilia.
When the cilia move forward and form an angle @,8<90" with the horizontal plane,
the PCL can be divided into two domains, the layer containing cilia and the layer above
the cilia as shown on the right of Figure 1.2. Since the PCL layer consists of the PCL
fluid, assisting to treat the cilia to operate normally, and the solid phases, cilia, this
part in PCL is considered as a porous medium. The layer above the cilia in the PCL is
called free-fluid domain, as shown on the right of Figure 1.2. The PCL domain is
denoted by Q=0 uQ, where () is the free-fluid region above the porous layer Q,
when the cilia form an angle 8,0<90 with the horizontal plane. With the
perpendicular case, we have only ,. The variable yg,. is the height of the domain
Q,. It changes according to the angle . In this thesis, we study the fluid flow in the
periciliary layer (PCL) of the respiratory tract. For the equation applied in the free-fluid
region was described by the Stokes equation or Navier-Stokes equations, while flow
in the porous-medium region was usually modelled by using Darcy’s Law or Brinkman

equations [3-9]. In general, the Brinkman model is used for the porous media with high



porosity [10]. In this study, the Stokes equation is employed in the free-fluid domain

and the Brinkman equation is applied in the porous medium. The Beavers-Joseph (BJ)

boundary condition is employed at the interface between the porous medium and

the free-fluid region. The asymptotic expansion method is used to determine the

velocity of PCL fluid in order to let us know the velocity of the fluid in the PCL layer

to drive mucus out to the patient. For the second goal, we develope the boundary

condition at the porous medium/ free-fluid interface that is proper to the problem by

using the method of matched asymptotic expansion related to the velocity of the cilia

in the model.
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Figure 1.2 From left to right, the cilia are perpendicular and from an angle 6,6 <90

with the horizontal plane, respectively

1.2 Literature review

A considerable amount of literature has been published on the PCL and mucus

layers both numerical and experimental studies [11-20]. In terms of numerical

methods, Jayathilake et al. [21] developed a three-dimensional numerical model to

simulate human pulmonary cilia motion in the PCL using the immersed boundary

method combined with the projection method. The numerical results indicated that

the phase differences of cilia in both stream wise and span wise directions resulted in

the maximum PCL velocity in the stream wise direction. In terms of experimental

studies, Matsui et al. [22] studied the movements of mucus and PCL liquid in airway

surfaces, using conventional and confocal microscopy of fluorescent microspheres

photoactivated fluorescent dyes and well-differentiated human tracheobronchial

epithelial cell cultures that exhibitited spontaneous, radial mucociliary transport. The

findings showed that the entire PCL liquid was transported at approximately the same
rate as mucus, 39.2 + 4.7 and 39.8 + 4.2 micrometer/sec.

For the mathematical model used in a porous medium and a free-fluid region,

for example, Valdes-Parada and Lasseux [23] provided a new approach for modeling

flow in porous and free-fluid domains that based on Beaver and Joseph configuration

by using Darcy’s Law and Navier-Stokes equation. Carraro et al [24] figured out a high-

precision simulation of the slow viscous flow over a porous bed by applying a finite

element method to Stokes equation in flow domain and Darcy’s Law in porous bed.



Naqgvi and Bottaro [25] studied boundary conditions between an isotropic porous
medium and a free fluid region by using the Stokes-like equation and homogenization
theory. Du and Zu [26] proposed a local and parallel finite element method to the
mixed Navier-Stokes/Darcy model with the Beaver-Joseph interface condition for an
incompressible fluid flow. Wuttanachamsri [6] used one-dimensional Stokes-Brinkman
equations to find the shape of free interface between a porous medium and a free-
fluid region. In this thesis, we use the Stokes equation in the free-fluid region and the
Brinkman equation in the porous medium in order to analytical study the Stokes-
Brinkman equations.

The two-layer configuration that use different equations in different domains
requires proper boundary conditions at the interface between the free-fluid and
porous-medium regions. The difficulty in determining boundary conditions results from
the fact that the orders of the corresponding differential operators are often different
[10]. The boundary conditions at the interface between the porous-medium and the
free-fluid regions had been studied by several authors [27-30, 31, 23]. For example,
Beavers and Joseph [30] proposed a slip boundary condition based on repeated
experiments with a Poiseuille flow over a permeable porous block. Sahraoui and
Kaviany [31] determined an appropriate hydrodynamic boundary condition at the
interface between a porous medium and a plain domain using the pressure correction
method. Valdes-Parada and Lasseux [23] studied three different boundary conditions;
creeping flow under no-slip conditions, inertial flow no-slip conditions and creeping
flow with slip conditions with Navier-Stokes-Darcy equations. The solutions were
calculated by using Direct Numerical Simulation (DNS).

The asymptotic expansion method has been widely used to solve a system of
equations in a number of studies [23, 32, 3]. Chandesris and Jamet [3] find the
boundary condition at the interface between the porous medium and the free fluid
based on the Poiseuille flow over a permeable block the used matched asymptotic
expansion method. The domains were described using volume averaged transport
equation. With the assumption this equation still held in the heterogeneous transition
zone by considering variable porosity and permeability. It should be noted that, in this
study, the solid phases in the porous domain are self-propelled motion and we provide
proper boundary conditions for the problem. On the contrary, in previous studies,
solid phases are stationary. Although, they are moved but available literatures have

not provided appropriate boundary conditions for the fluid flow in PCL.



1.3 Objectives of the thesis

1). To determine the velocity of PCL fluid due to the movement of cilia where
the Beaver-Joseph boundary condition is employed at the free-fluid/porous medium
interface by using the asymptotic expansion method.

2). To determine the boundary conditions at the porous medium/ free-fluid

interface due to the movement of the cilia by using asymptotic expansion method.

1.4 Scopes of the thesis

1). Consider the problem in a one-dimensional domain.

2). The velocity of the PCL fluid can be expanded in the form of asymptotic
expansion.

3). The maximum velocity of motile cilia value is assumed to occure at the tips
of cilia and cilia stop beating when the angle between cilia and horizontal plane is 40
[36].

4). The velocity of the solid phase is a linear function.

5). The maximum velocity of motile is assumed to occure at the angle 90

6). The velocity v of PCL fluid must be continuous enough so that

lim diy) lim (f(y".)).

Y Y S0k dyJr d7+ Y =Y stoke

7). The considered fluid is a Newtonian fluid.




1.5 Plan of the thesis

Plan of the thesis

Aug. | Aug. | Aug. | Aug. | Aug. | Aug. | Aus.
2016 | 2017 | 2018 | 2019 | 2020 | 2021 | 2022

1. Study the basic knowledge about

the governing equations: the n-

dimensional Stokes-Brinkman >

equations and the boundary conditions

at the porous/ free-fluid interface.

2. Study and review the literatures and > -

related researches.

3. Normalize the Stokes—-Brinkman
equations and the boundary conditions
at the free-fluid/ porous medium

interface used in our domain.

A 4

4. Determine the velocity of PCL fluid
due to the movement of cilia where
the Beaver-Joseph boundary condition
is employed at the free-fluid/porous

medium interface.

A

\ 4

5. Publish the first research paper.

A

\ 4

6. Study the method of matched

asymptotic expansion.

v

7. Find the boundary conditions at the
porous medium/ free-fluid interface

that proper to our problem

A

v

8. Publish the second research paper.

v

9. Write a complete research report.

v




1.6 Expected results
1). Obtain the velocity of PCL fluid due to the movement of cilia.

2). Obtain the proper boundary conditions at the interface between the free-fluid and

the porous medium with the moving solid phases.

3). Comparison the velocity of PCL fluid in the free-fluid region with our boundary
condition at the interface with an experimental study data to confirm that the solution
we get tends to be consistent with the experimental results, when the velocity of the

solid phases are set to be zero.

4). Comparison the velocity of PCL fluid with our boundary condition at the free-fluid/
porous-medium interface with the velocity of the PCL fluid using the Beaver-Joseph
boundary condition at the free-fluid/ porous-medium interface, in order to study the
results obtained our boundary condition at the free-fluid/ porous-medium interface
and the result using the Beaver-Joseph boundary condition at the free-fluid/ porous-
medium interface that are similar or different, when the velocity of the solid phases

are moving.



Chapter 2
Asymptotic Expansion Method

Differential equations have been widely used in mathematical models for
finding problem solutions. However, some solutions of partial differential equations
such as diffusion equations, mass/heat transfer equations, cannot be solved for exact
solutions. These problems, then, need approximation methods for finding approximate
solution such as finite difference, finite element, and asymptotic expansion
approaches. In this thesis we use asymptotic expansion method to determine the
velocity of PCL fluid and match asymptotic expansion method to define the boundary
at the interface between the porous medium and free fluid region by using Stokes-

Brinkman equation.

2.1 Asymptotic expansion method

The asymptotic expansion method is the tool for finding analytical approximate
solutions to complicated practical problem, for example, the problem in ordinary
differential equations in term of regular perturbation and singular perturbation. We
construct different asymptotic solutions inside and outside the region of rapid change
and match term together to determine a global solution. Other methods used for
finding exact and approximate solutions for linear and nonlinear partial differential
equations is the homotopy perturbation method which is only a special case of the
homotopy analysis method. The basic ideas of the homotopy perturbation method is
a coupling of the traditional perturbation method and homotopy in topology
deforming continuously the problem to a simple one which can be easily solved. The
advantage of this method is that it can be applied to various nonlinear problems, and
the disadvantage is that we should suitably choose an initial guess, or infinite iterations
are required. The asymptotic expansion method and the homotopy perturbation
method are principally based on a Taylor series with respect to an embedding
parameter. While the asymptotic expansion method can be used to study the interface
between the porous media region and the free fluid region, the homotopy perturbation
method and the fractal derivative model are only adopted for the porous media
domain. These three approaches are the tools for finding analytical approximate
solutions to the problem in ordinary differential equations or partial differential
equations. Another difference is that the asymptotic expansion method can be applied
to solve linear ordinary differential equations and perturbation equations. On the other
hand, the homotopy perturbation method and the fractal derivative model are used

to derive the solutions to nonlinear ordinary differential equations or partial differential



equations. Asymptotic analysis is a powerful tool for deriving approximate solutions to
problems, allowing us to determine concise and precise estimates of quantities of
interest when analyzing problems. Its rigorous foundation was established by Poincare
and Stieltjes in 1886 [37]. In their work, the motion of a fluid or gas with small viscosity
along a body was examined. In the case of an airfoil moving through air, such problem
is described by the Navier — Stokes equations with large Reynolds number. The method
of singular perturbation was proposed.
Definition of Big-O and little-o

Big-O and little-o notations have very similar definitions, and their difference
lies in how strict they are regarding the upper bound they represent [41].
2.1.1 Big-o
For a given function g(n),0(g(n)) is defined as: O(g(n))={f(n): there
exist positive constants € and n, such that 0<f(n)<cg(n) for all n=ny}. So
O(g(n)) is a set of functions that are, after ny, smaller than or equal to g(n). The
function's behavior before n, is unimportant since big-O notation (also little-o

notation) analyzes the function for huge numbers. As an example, let's have a look at
the following figure [42]:

Il e

Here, f(n) is only one of the possible functions that belong to O(g(n)). Before
f(n) is not always smaller than or equal to g(n), but aftern,, it never goes above
g(n).

The equal sign in the definition represents the concept of asymptotical

tightness, meaning that when N gets very large, f(n) and g(n) grow at the same
rate. For instance, 3n® =O(n3) satisfies the equal sign, hence it is asymptotically tight,

while 3n:0(n3) is not.
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2.1.2 Little-o

Little-o notation is used to denote an upper-bound that is not
asymptotically tight. It is formally defined as: o(g(n)):{f(n): for any positive
constant C, there exists positive constant n, such that 0<f(n)<cg(n) for all
n>n,}.Note that in this definition, the set of functions f(n) are strictly smaller than
cg(n), meaning that little-o notation is a stronger upper bound than big-O notation.
In other words, the little-o notation does not allow the function f(n) to have the
same growth rate as g(n). Intuitively, this means that as the N approaches infinity,

f (n) becomes insignificant compared to g(n). In mathematical terms:

In addition, the inequality in the definition of little-o should hold for any constant C,
whereas for big-O, it is enough to find some C that satisfies the inequality.

If we drew an analogy between asymptotic comparison of f(n) and g(n) and the
comparison of real numbers & and b, we would have f(n)=0(g(n))~a<b while
f(n)=0(g(n))~a<b. For example, let d(n)=3n"+2n+10. Suppose we need to
prove that d (n)=O(n3). This means we need to find two positive integers, C and

n, such that 0<d(n)<cn® for all n>n,. We know that
d(n)=3n’+2n+10<3n’+2n° +10x° =15n° for n>1. So d(n)<15n°.

If we set n,=1 and c=15 then we have that for any n>n;,0<d(n)<cn’. So

d(n)=0(n3). We can have other values for n, and C which satisfy the above

condition. Therefore, there exist x, and C which satisfy the condition [41].

2.2 Basic Definition of Asymptotic Expansion Method
In this section, the basic definitions of the asymptotic expansion method are
presented as well as some notations for this study. Define D < R? with d e N be an
open subset in R®. Let f,g and h:D—=R are real continuous functions. We denote
a small quantity by ¢ [40].
Definition 2.2.1 Asymptotic Sequence

A sequence {gon (x)} of gauge functions, a device used to make measurements

or in order to display certain dimensional information. whenn=0,1,2,...is said to be
an asymptotic sequence as x — X,, if
(pn+1 (X) = O(wn (X))
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Definition 2.2.2 Asymptotic Expansion
If (pn(x) is an asymptotic sequence of gauge functions as x —x,, we say

that
f (X) znzzllanq)n (X)+O(¢N (X))’

is an asymptotic expansion and a, is a constant [40].

2.3 Solution of asymptotic expansion
With the ordinary differential equation
Lo [u]+eLu]=fy+&f, in D, (2.3.1)
when L, and L, are known as the operators, f, and f, are the body forces
in the case that ¢ — 0, we have
Lo[u]=f.in D. (2.3.2)
The coefficient of ¢, Ll[u] and f,, are called perturbations.

Let E, denotes the problem (2.3.1), and E, denotes the problem
(2.3.2). The solution of problems (2.3.1) and (2.3.2) are denoted by u® and u®,
respectively [40].

2.4 Perturbation Method

A perturbation method is a method that has a dimensionless small parameter € in
the problem. This method is used to find an approximate solution of a problem.The
perturbation methods are divided into regular perturbation and singularperturbation.
Mathematical equations arising  from physical sciences contain parameters.
Perturbation theory examines parameter dependence of solutions locally. To present
basic ideas simply, consider a one-parameter family of functions: For each in a set and
real parameter in a punctured neighborhood of the values of the functions are in a
metric space. The range is a metric space so that convergence of as can be discussed.
Is to be regarded as a solution of some set of equations containing as a paremeter.
The equations are called a regular perturbed problem if all solutions converge
uniformly on as If there is a solution which does not converge uniformly, the problem
is called singular perturbed. Notice that the category, regular or singular, is formulated
in terms of the solutions, and not the equations [38]. To construct an asymptotic
expansion, we define the following formula:

X =% (X +8% +E7%, +...), (2.4.1)

where ¢ (i=0,1,2,...) are constant to be determined, and it is assumed without the
loss of generality that

X, and x =0, and O<¢ <a, <... and (2.4.2)
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a,is needed to be determined, and there are three cases that should be taken into
account. That is

Case ) ¢, >0

Case ll) &, <0

Case lll) &, =0
Next, we show that only the case Ill) is possible to get an asymptotic expansion.
Substituting (2.4.1) into (2.4.8), we have
2e0tany x, + 20T AYE gy —gPhy —14..=0. (2.4.3)

For the case 1), &, >0, it becomes that the coefficient of ¢* is zero. Then x, =0. This

g% +2¢

is in the contradiction to the assumption that x, #0. For case ll), ¢, <0, from (2.4.4),
we have 2a, <a, <a,+a,. Then the coefficient of &*is equal to zero from (2.4.5).
Thus xZ =0. Therefore x,=0. This is also in contradiction to the assumption that
X, #0. Therefore, it is asserted that only the case lll), ¢, =0,is possible, so (2.4.6)
becomes
KP=piret £/ N e Tk g+ D (2.4.7)
2.4.1 Regular Perturbation
A regular perturbation is one of the perturbed problems depending on a small,
nonzero parameter &£. The solution of the regular perturbation problem is the same

as the unperturbed problem for & — 0[40].

An example of regular perturbation is as follows. Let

x? ~ex—1=0. (2.4.8)
Then (2.3.1) becomes

X' =1=0. (2.4.9)

From (2.4.8), the solutions are

s EtN T4 g—\&’+4

= and x5 7 4 (2.4.10)
From (2.4.9), the solutions are
Xo=1—and=% ==1" (2.4.11)
Then, it is seen that x? converge to x° when ¢ -0, i=12.Then
X —>x  and X —X. (2.4.12)

Therefore, (2.4.8) is called a regular perturbation of (2.4.9). It should be taken some
note that x* depends on ¢ . Next, we find the solution of (2.4.8) using the asymptotic
expansion method.

X5 =X, + &%+ EXXy ... (2.4.13)
Substituting (2.4.13) into (2.4.8), we have

(% +&% +£°%, +...)2 —&(% +eX +..)—1=0.



13

Collecting the same orders of &, we obtain

£2:x2—1=0 (2.4.14)
g1 12X % — %, =0 (2.4.15)
£212%,%, + X2 —x =0. (2.4.16)

The solutions of (2.4.14) are x,=1 or x,=-1. In case of x,=1, we have x1=% and

X, :% respectively. The solution up to the second order of ¢ is
: =1+§+_, (2.4.17)

In case of x,=1, we have x1=% and x, =—% Therefore, we expand x° as

follows.
2
e\l g
Xf=1l+=——. 2.4.18
/78 ( )

An example ordinary differential equation with regular perturbation is
1 \y =Y

+U° = ¢X, (2.4.19)
dx
u’ (0) ) (2.4.20)
If ¢ >0, Egs. (2.4.19) — (2.4.20) become
OIS, (2.4.21)
dx
u(0)=1. (2.4.22)
Then the solutions of (2.4.19) — (2.4.20) and (2.4.21)- (2.4.22) are
us(x)=(1+¢)e™ +&(x-1), (2.4.23)
and
u’(x)=e™, (2.4.24)

respectively. The asymptotic expansion of u® is defined in the form
U” (X) =t (X)+&u, (X) + £, (X) +... (2.4.25)

Substituting (2.4.25) into (2.4.19) and collecting the same orders of &, we obtain

g%:uy) +u, =0 (2.4.26)
ghu +u =x (2.4.27)
g”:u, +u, =0. (2.4.28)

From (2.4.20) and (2.4.25), we have
1=u®(0)=u,(0)+e&u,(0)+&u,(0)+... (2.4.29)

Then, U,(0)=1 and
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0=e¢u,(0)+&%u,(0)+... (2.4.30)

Therefore
0=u,(0)+eu,(0)+... (2.4.31)

If ¢ >0, then ul(O) =0. According to the same condition, we obtain

U, (0)=1, (2.4.32)
u,(0)=0, (2.4.33)
u,(0)=0, (2.4.34)

Finding the solutions of (2.4.26) - (2.4.28) with the boundary conditions (2.4.32)
-(2.4.34), we have

Uy (x)=e"" (2.4.35)
U (x)=x-1+e™ (2.4.36)
u,(x)=0. (2.4.37)

Therefore, from (2.4.25), The solution up to the second order of ¢ is the
approximate solution of (2.4.19) is
u*(x)=(1+e)e™ +e(x-1). (2.4.38)

2.4.2 Singular Perturbation
A singular perturbation is one of the perturbed problem, where the solution of
the singular problem is different from the unperturbed problem when & —0. An

example of ordinary differential equation with singular perturbation is as follows [40].

Let
&£ +U° =X (2.4.39)
dx
U (0)=1. (2.0.40)
The solution of the associated one ¢ —=0 is
u(x)=x (2.4.41)
Therefore
u(0)=D. (2.4.42)

Note that (2.4.42) and (2.4.40) are different. Then (2.4.39) and (2.4.40) are singular

perturbation.

2.5 The Method of Matched Asymptotic Expansion

Since some problems have transition zones between two adjacent and
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different regions, the transition zone is called inner region and the others are named
outer region. From Figure 2.1, the outer regions of the problem are the free-fluid
domain and the porous medium. The inner zone of the problem is the area at the
interface between the free fluid/porous-medium domain. Then the solutions obtained
from these different regions are matched by a condition, which is enable us to establish
a solution which is valid uniformly in the whole domain. Next, we show how to find

the outer and inner solutions and provide a matching condition used in this work [40].
Y

Y2 T

free - fluid region
outer

region

~ tranzition zone

(inner region)

Y
outer

region
Yo

Figure 2.1 Shows the outer and inner regions [3]

Figure 2.1 shows the outer regions: the free-fluid region (y;-y,) and the porous
medium domain (y,-y,), and the inner region which is the domain between the free-
fluid region and the porous medium domain called transition zone.

2.5.1 Outer Expansion

We expand the outer solution in the asymptotic form. That is

U7 (X, &) =Uy (X)+ &, (X)+ £°U, (X) +. (2.5.1)

Substituting (2.5.1) into (2.4.39) and collecting the same orders of &, we have
21Uy (x)=x, (2.5.2)
e iU (x)+uy(x)=0, (2.5.3)
e U, (X)+u,(x)=0. (2.5.4)

Solving the problems (2.5.2) - (2.5.4), the outcomes yield

Uy (X) =X, (2.5.5)
u (x)=-1, (2.5.6)
u,(x)=0, (2.5.7)

Substituting (2.5.5) - (2.5.7) into (2.5.1), The solution up to the second order of ¢ is we

obtain the outer solution
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u(x)=x-e. (2.5.8)

Note that from (2.5.5), then we have which is different from the given
condition (2.4.40). Then U, (0)# &u, (0)+ &%, (0)+...=1.

2.5.2 Inner Expansion

To construct the inner expansions, we introduce the variable.

=X (2.5.9)
&

For a beginner, it may not be easy to understand why ¢ is defined in this form, and

the power of & which is shown above. From the previous section, one may assume a

more general form of {f:i with a € R. Then, repeating all the above procedure

a

again, it is proved that @ must be equaled to 1 in order to get an asymptotic
expansion. Moreover, it already has that a boundary layer occurs at X=0. Therefore,
if the assumption is incorrect, the procedure will break down when the inner and outer
expansions are being matched in the intermediate region. At this point, it can be
assumed that there exists a boundary layer near a point x=x, [40].

If an inner expansion is an expansion in terms of ¢, it can be assumed that:
U? (& g)=U,(&)+eU,(E)+eU,(&)+.. (2.5.10)

From (2.5.10), we obtain

du, (£) 14U, (&)

i=012.. 2511
ST 23 dE2)G (23.40

Substituting (2.5.11) into (2.4.39), and collecting the coefficient of &',i=-1,0,12,...,

then we have

¢ LK 90~1, (2.5.12)
£%:U)+U, =¢, (2.5.13)
U +U, =0. (2.5.14)
Therefore
Uy (£)=Cpe, (2.5.15)
U, (&)=Ce~+¢&-1, (2.5.16)
U,(£)=Ce*. (2.5.17)

From x=¢, and Uy(0)=1, then we obtain
U, (0)+&U, (0)+...=1. (2.5.18)

Therefore U,(0)=1U,(0)=0,U,(0)=0. Then C,=1C, =1, and C, =0.
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Therefore, The solution up to the second order of & is we obtain an inner expansion

as follows.
U(f):(1+g)e’§+g(¢f—1). (2.5.19)

2.5.3 Matched Asymptotic Expansion of Solutions
In this section, we discuss an approach used to combine the inner and outer
solutions. The matching condition is Van Dyke’s rule [40], then
limU® (& e)=limu’(x,é). (2.5.20)

oo x—0

With the outer and inner varaibles,
u* (X,8) = Uy (X) + &y (X) + £7u, (x) +O(£°) (2.5.21)

U?(&6)=U,(&)+eU,(&)+&°U, (&) +0(&), (2.5.22)

we find the matching condition of u, by substituting (2.5.21) and (2.5.22) into (2.5.20),

we obtain
lim[ U, (&) +6U, () + 670, () +0(&°) | =lim] uy (x) +6u; (x)+ &°u, (x) +O(&°) ]
(2.5.23)
Suppose that LiLT(]Ui(X) and gmui(g) exist, 1=0,1,2,... Then, considering the
zeroth order term of ¢, we have
limU; (&) =limy, (x), (2.5.24)

£ x—0

for all 1=0,12,...Next, we find another matching condition by applying the Tayloy’s
series expansion to eachu, in (2.5.21) around the point 0, and we assume that

u;(x),i=0,1,2,3,... are continuous so that
u (0)= IXi_r)rgui (x),i=123,... (2.5.25)

Therefore,
u* (x,8) = lim[ uy (x) + 2u (x) + &0, (x) + O(°) | (2.5.26)

x—0

UO(X)+(X]:0) du;)((x)Jr(x;!O) dZL:jO(X)+O(X—O)3

u'f(x,g)zlxigg

(2.5.27)

u(x,¢)= Iimuo(x)+lim(x 0) duo(x)+"m(x 0) d UO(X)+|imo(x—o)3}
x—0 x=0 1l dx x—0 21 dx x—0

+{|Xiggul(x)+ jim =0 (), IimO(x—0)2}+O(52).

x-0 1l dx x—0

(2.5.28)
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Fromx=¢&&, then we have

x>0 dx 21 x>0 dx

u’ (X,g):{lxiﬂguo(XHgélim du, (¥) + () lim 470, (%) +O(8§)31

x>0 dx

+g[|xiggul(x)+(g§)limdul—(x)+O(g§)2}+0(52).

(2.5.29)

Diferrentiating (2.5.29) with respect to &, taking X —0 on both sides and ommiting
the big O, then we obtain

¢ 2
IimM:glimduo_()()+52§|im d UO(X) e lim dul(x).

x—0 d éf x-0  dx x=0 dx x>0 gx

(2.5.30)

To find the matching condition for the first derivative of U*(&,¢), we differentiating
(2.5.22) with respect to & and taking limit & — o0 on both sides, we obtain

Iimwzlim dU°(§)+gdU1(§)+52d Ua (¢) \ (2.5.31)

e dEl— sos| e dé d

Since we assume that the velocity of PCL fluid is continuous enough to the

differentiation can be switched with the limit, ~ from (2.5.20), we have
du®(x,e) . dU’(&e)

Iim—————==lim——=——=. (2.5.32)
x—0 dé‘ Eow dé‘f

Note that (2.5.30) and (2.5.31) are equal. Then we get

2 2
stim et ¢ oZim Ll B A ds(B) @UeY 70V (5) |
x=0  dX x—0 dx x—0  dXx £ dé‘f d(f df
(2.5.33)
Collecting the same order of & in (2.5.33), we obtain
g% IimdU"—(g) =0, (2.5.34)
Eom dg
ol e8] iy Qs 00, (2.5.35)
£ df x>0 dx
2] 2
o 11im S92 (8) _ oy o (¥) () (2.5.36)
£ dg x—0 dx x>0 0x

The solution up to the second order of & is next, we will work on the matching
condition (2.5.34) - (2.5.36) to match the solution of both the outer zone and inner

zone in Chapter 3.



Chapter 3
One dimensional problem of

Stokes - Brinkman equations

In this chapter, we provide the Stokes-Brinkman equations and
boundary conditions used in this study including their dimensionless forms. The
governing equations and boundary conditions are provided in Sections 3.1 and 3.2,
respectively. The dimensionalization of the governing equation and boundary

conditions are presented in Section 3.3.

3.1 Stokes - Brinkman equations

In this section, we introduce our governing equations, the Stokes-Brinkman
equations, for n dimension derived by using an upscaling method of changing a
microscale equation to be a macroscale equation where the variables are arranged

quantities. The Stokes-Brinkman equations in the macroscopic scale are [33]

k™ -(g'v' ) +Vp —ﬁIA(e'V' ) =00 JRK e ﬁlVf : (3.1)
& &
V-(e'V)=1, (3.2)
— L
where the function f =—2— +V.g'v®: 4 is a dynamic viscosity; ks the inverse of

(1-¢)
the permeability tensor; &' is the porosity; v! and v® are the velocities of the liquid
and solid phases, respectively; p is the pressure; p is the fluid density; g is gravity,

and &' is the material time derivative of the porosity with respect to the solid phase,

|
g :aéit+vs -Ve&'. The equation (3.1) is derived from the conservation of momentum,

while the equation (3.2) derived from the continuty equation [39]. The equation (3.1)
is the Brinkman equation. Without the first and fifth terms in the equation, it is the
Stokes equation. Thus, in general, the equation (3.1) is called Stokes-Brinkman
equations.

The left of Figure 3.1 shows the cilia in PCL layer in 3-dimensianal domain. The
right of the picture shows the cilia move forward and form an angle 9,9 <90  with the

horizontal plane. The blue arrow shows the direction of fluid flow.
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Figure 3.1 illustrates the direction of fluid flow over the porous medium

In this study, we assume that the solid velocity depends on only the y
direction; the fluid flows along the x-axis; and the pressure depends on the x direction
as shown in Figure 3.1. We assume that the pressure gradient is a constant along X
direction. The velocity of the PCL fluid depends on the movement of cilia, where the
velocity of cilia depends only on y direction. From Figure 3.1(a), when simplify into
one-dimension, it is shown in Figure 3.1(c) and from Figure 3.1(b), when simplify into
one-dimension, it is shown in Figure 3.1(d). As in Figure 3.1, (3.1) becomes

20 9% (V')

PR —ukii(s'V')+pg=3p ukii (&'v°): (3.3)

o
The Stokes equation is the equation (3.3) without the terms consisting of the

permeability k,, and &' =1. That is

d*(&'V') dp
2u———=+pg=—. 3.4
H ay? P9 i (3.4)
The continuity equation applied in the free-fluid region is
o(e'V'
u =0. (3.5)

oy
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Let u=¢'Vv'.
Therefore (3.1) and (3.2) becomes
2[[ dzu 1 dp -1 I\,s
?d—f—ﬂMU*‘Pg:&—ﬂlﬁl(‘gV ) (3.6)
3_; _f. (3.7)

In this thesis, we use (3.6) and (3.7) in the asymptotic solution with the velocity to be

a function of G and (3.4) and (3.5) becomes

d’u dp
2 l— =—, 3.8
y Y + 09 -~ (3.8)
du
w4 39
ay (3.9)

In this thesis, we use (3.8) and (3.9) in the asymptotic solution with the other

velocity.

Notice that we have two different and adjacent domains. Therefore, boundary
used at the interface is special. In this work we first applied the Beavers-Joseph
boundary condition at the interface between the free-fluid region and the porous

medium domain in the next section

3.2 Boundary conditions

No free-fluid region exists in the PCL when the cilia is perpendicular to the
horizontal plane. Figure 3.1(a) shows that the PCL has only domain Q,. Figure 3.1(b)
shows both domains ©,and q, ; the boundary condition betweenq, and Q, is at

the tips of the cilia. Note that y,,,. depends on the angle &

yStoke !



22

y Y
A A
u(h)=G
h
Ql
QZ
» Beaver-Joseph BC
p b y=0 6 »
u(0)=0 u(0)=0
(a (b)

Figure 3.2 Cartoon picture of cilia; (a) cilia are perpendicular to the horizontal plane;

(b) cilia making angle @, 40" < @ <90, with the horizontal plane

Because the cilia are immobilized at the bottom of the domain, we assume that the
PCL fluid has a no-slip condition at y =0, that is

u=0 aty=0 (3.10)
At the top boundary condition of the domain, we assume that the velocity is bounded
by a constant and we use Beaver-Joseph boundary condition [30] at the free-fluid/

porous medium interface,

N CW- (3.11)
du 1 du B
= _—— =——U gy at y:y0e7 (312)
dy y=y+smke gl dy V=Y qe \/E |y’ystoke Stoke

where g is a dimensionless parameter of the order of one, &' is porosity of the
homogeneous porous medium, k;,is a permeability tensor, and G is a function

depending on the angle 6.

3.3 Dimensionless Stokes-Brinkman Equations
In this section, we normalize the Stokes—Brinkman equations by introducing the
following new variables,
I, s
y+:1 y+:X’ U+:ﬂ,v+:—,x+:—’ K+:&, p+:p h and g+:£.
h h U, U, h K, U,u d,

(3.13)
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where h is the characteristic length; U, is volumetric average velocity in the porous
medium; K, is characteristic permeability; and g, is characteristic gravity.
3.3.1 Dimensionless of Brinkman equation

We normalize the Brinkman equation by substituting (3.13) into (3.6). We then

d[wj |
2pud V'Y, W'y, +p9°g, = " _/“(€V UO)- (3.14)

g d(y+h)2 K*K, d(xh) K*K,

have

Dividing x both sides, we have

PU, |
2dUU, UU,pg'g, | h ) (V) (3.15)
& d(y*h)2 KKy u d(x'h) KK, '
Dividing U, both sides, we have
d E I ,+
24U U’ pe'g, (V)
~d eiex/ 5 3 2NN (3.16)
d(yh) KKy g d(x'h) K'K,
Multiplying h? both sides, we have
21 1+ 2 2 b + 2l ,+
O XV HGICTITON B iR (3.17)
g dy KoK HJ, dx* KK
2 2 + 2.0\ ,+
Let Mlzil,M2 __h M, = 89, are constants and H(y*): L4/ (3.18)
€ K K* A, KK
is a function of y*. Then (3.17) can be rewritten as
21+ +
2M d—U—M2U++M3=dp ~H(y"). (3.19)

' dy*? dx*

3.3.2 Dimensionless Stokes equation
We normalize the Stokes equation (3.8) by substituting (3.13) into (3.8). We

then obtain
d p+UO/u
d’(U'y,) | h

ng %= d(x'h)

Dividing 4 both sides, we have

24 (3.20)
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2 + d( p+UO]
2d (U U°)+pg+go _ h

. (3.21)
d(yh) u  d(xh)
Dividing U, both sides, we have
p+
d
o) e L0
) pre L (3.22)

dyn) A d(xh)
Multiplying h? both sides, we have

d2 u* 2 + +
2 (2)+hpg G _dp° (3.23)
dy” Wy o dx?

Then we have
2 d2u+ :dp+_h2pg+gOI
d(y* )2 dx” :UUo

(3.24)

Then (3.24) can be rewritten as
o GO MY (3.25)

dy?  dx* ¢

where M, are constants defined in (3.18).
3.3.3 Dimensionless boundary conditions by using Beaver-Joseph boundary
condition at the free-fluid/ porous medium interface
In this section we normalize the Beaver-Joseph boundary conditions at the
free-fluid/ porous medium interface used in our domain.
Substituting (3.13) into (3.12), we have

d(U+Uo) _id(U+UO) - p (U+U )‘ y (3.26)
N e | R il S
h h
Dividing U, both sides, we have
d(u*) G s
S = ut
d(y+h)y+=y:ﬂ - d(y+h)y+=y’mke K+K0( )y=ythk (3.27)

h h

Multiplying h both sides, we have

du* 1 du* hg .
o 2 - Ly . (3.28)
Yy y*:y s;loke Yy y*:y 5;:)ke [K KO h

Next, we normalize the bottom and top boundary conditions by substituting (3.13) into
(3.10), Therefore

U'U,=0 at y'h=0. (3.29)
Then, we have

U =0 at y*'=0 (3.30)



Substituting (3.13) into (3.11), we obtain

U+:U_ at y+:l
0

3.3.4 Dimensionless other boundary conditions

25

(3.31)

For the case of finding the proper boundary condition at the free-fluid/porous

medium interface, we have the bottom boundary condition is U*=0 at y* =0 and

the top boundary condition is
limu*(y*)= Co _ D,,

!
y o1 U,

where D, is a constant as illustrated in Figure 3.2.

limU* (" )=D,
.\‘!TIU (y ) 4
1 A
Q,
ysmke —
Q,
y'= J
U'(()):O

(3.32)

Figure 3.3 The cilia forming angle @ with the horizontal plane and boundary

conditions



Chapter 4
The Zero-Order Solution of the Stokes-Brinkman

Equations

In this chapter, we employ the method of asymptotic expansion to find the
solutions in both domains € and Q,. Because there exists a transition layer at the
free-fluid/porous-medium interface, the approximation of this part of the domain is
called inner solution. The approximation of other parts of the domain Q uwQ, is
named outer solution. Then the solutions are combined through matching conditions
provided in Section 4.3. The outer and inner solutions are provided in Sections 4.1 and
4.2, respectively. The zeroth-order results after applying the matching conditions are
provided in Section 4.4. We compare our solution with an experimental data where

the velocity of the solid phases in our solution is set to be zero in Section 4.5.

4.1 Outer Solution
As mentioned in Section 3.2, we have two different domains where the domain
Q,is the region thaty>y.,.and the region Q, is the layer that y<yg,.. In this
section, we find the analytical solution of the governing equations with the asymptotic
expansion method. Section 4.1.1 shows the result of the Brinkman equation and
Section 4.1.2 and 4.1.3 shows the result of the Stokes equation.
4.1.1 Asymptotic expansion method of the Brinkman equation

Using the method of asymptotic expansion, we assume that

Ut =U" +a0"® + 220" 1 0(&°). (4.1)
Therefor. u" (y*) =y*0 (y+)+gU+(1) (y+)+82U ) (y+)+0(53). (4.2)

Substituting (3.30) into (4.2), we have

U*(0)=U"(0)+2U"(0)+£U"*(0)+0(°). (4.3)
0=U""(0)+a0"?(0)+£U""(0)+0(&"). (4.9)
Then we have U"®(0)=0,U""(0)=0and U"®(0)=0. 4.5)

Therefore, the bottom boundary condition (3.30) becomes
u©@=o0 at y" =0 (4.6)

u®=0 at y* =0 4.7)

In the case y* <%, substituting (4.2) into (3.19) we have
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d?U 0+ U 4 0(52)

H0) | 0 2 _dp .
2M, v ~M, (U + a0 10(s ))+M3_dx+—H(y ).
(4.8)
Considering the zeroth order of £°, we obtain
dZU +(0) +(0) dp+ .
2M1V—Mzu +M3=dx+—H(y ). (4.9)

Since H (y+) is a known source term, in this work we assume that it is a linear function.
That is

H (y*)z hkzgl (cly+ +c0), (4.10)

11

where ¢, and ¢ are constants. Thus, the equation (4.9) becomes

+ hzgl

d ZU +(0)

Y

. dp
MU =M, +

2M,
dx* kg,

(cy’ +6). (4.11)
To find the general solution of the homogeneous equation (4.11), we first solve the
homogeneous part of the ordinary differential equation (4.11)

d 2U +(0)

2Mldy7—M2U+(°)=O. (4.12)

Therefore, we obtain

(4.13)

M M
. B 22y g M hZ |
Then, the general solution U, (O)zwle\/; + W,e J; , Where 2|\/I2 = 21: >0. To
1 1

find the particular solution of (4.11), we use the undetermined coefficient method.

Since

RS- UC+(0) +U p+(°)
MZ + M2 +
2y oy
U= wle‘/; +W,e ‘/; +U,", (4.10)

we show how to find of the solution Up*(O) by using the method of differential

equation. We start with the particular solution. Let
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U, =ay" +a, (4.15)

Differentiating (4.15) with respect to y*, we have

"

(U, @) =4, and (U, ) =0, (a.16)

Substituting (4.15) and (4.16) into (4.11), we obtain
dp* h%' . h%

-M,a,y" —M,a, =—-M, + - -—¢, a.17
2a1y 2a0 3 dX+ k11 Cly kﬂ 0 ( )
Using the method of comparing coefficients, we have
h’g! dp+ h%g'
-M,a ==——¢, and -M, a3y =-M; + ——-——¢,.
; kll ’ d kll ’
Then we have
2
aizih . and (4.18)
MZ kll

%_1dp -1 h%

o5l 4.19
M, M, dx* M 1 e (419

Substituting (4.18) and (4.19) into (4.15) and then substituting (4.15) into (4.14), we

obtain the general solution

M M
2 2yt 2l 2.1
We\IZM1 Lwe \Ile hk Y+ M3 1 dp 1 h%e .
M, ky M, M dx” Mz Ky
(4.20)

Applying the boundary condition (4.6) to (4.20), we have

M + 2 d
O=w, +W, +——idlo +ih 4 C,. (4.21)
M, M,dx* M, k,
Then we obtain
M, 1 dp° 1 h%
W, =-W, ——2 —d%—— id 0 (4.22)
M, M,d< M, k,
Substituting (4.22) into (4.20), we obtain the general solution in Q, is
My o+ + My
U0 =gl _Wl_%+idi+_iﬁ%]e
M, M, dx M, k; (4.23)

1 h%' . M, 1 dp* 1 h%
+——CYy +—————+ Co-
MZ kll MZ MZ dX MZ k11
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all of which are constants. Therefore (4.23) can be rewritten as
U =we™ —we ™ +(=J, +J, =36, )e " + 3.0y +J, -, + I, (4.25)

Considering the first-order term of ¢ of (4.6), we have

21 1+(1)
2M1%— M,U ™ =0, (4.26)
y
Therefore, we obtain
2M,r2 =M, =0
2M,r’ =M,
r.2 ) MZ
2M,
M
r=+ |—=, (4.27)
2M,
2y i
where bt = A >0. We obtain the general solution
2M, 2k,

U= waemw I Wﬁﬁw . (4.28)
Applying the boundary condition (4.7) into (4.28), we have
O=w, +Ww,.
Then we obtain
W, =—w,. (4.29)

Substituting (4.29) into (4.28), we obtain the first-order solution in €, is
M, - V.
u*@ :Wae‘/;y —w,e ‘/;y :

or U —we™ —we™, (4.30)

where W, W, , W, and w, are constants.
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4.1.2 Asymptotic expansion method of Stokes equation with the velocity to be a
function of G
Similarly to the previous section, we calculate the velocity of the PCL fluid in

domain Q, using the asymptotic expansion method with the Stokes equation (3.25).

We assume that

U =U"+a0" 40" 10(). (4.31)
Therefore U™ (y")=U"(y")+20" (y7)+ 2202 (y")+0(&%).
(4.32)
Substituting (3.31) into (4.32), we have
U (1)=U""(1)+0" (1)+£0" @ (1)+0(&°). (4.33)
U%:u“")(o)mu W(0)+£0"2(0)+0(%).
(4.34)

+ G +
Then we have U™ (1)=U—O,U W(1)=0 and U (1)=0. (4.35)

Therefore, the top boundary condition (3.31) and (3.32) becomes
G

4yl at y"=1
U, X
(4.36)
u®=o at y* =1 (4.37)
w9 - at y" =1 (4.38)
u®=o0 at y =1 (4.39)

In the case y* > % we substitute (4.31) into (3.25). Therefore

dz(U+(O) +SU+(1) +O(82)) dp+

2M M.. (4.40)
! dy*2 dx* $
Considering the zeroth order term of ¢ ,&°, we obtain
21 1+(0) + M
Lo Y (4.41)

dy?  2M, dx* 2M,

+

dp+ is a constant, integrating (4.41) twice, we have

Since we assume that ]
X

N 1 dp* My, \y? N
U@ - p+ 3 y—+W5y +W,, (4.42)
2M, dx' 2M, ) 2
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Where w, and w, are constants. Applying the boundary condition (4.36) to (4.42), we

have
G 1( 1 dp* M
= _- p+ —— 4w + W, (4.43)
U, 2(2M,dx" 2Mm,
G 1( 1 dp* WM
Hence, Wy =——— p+ —— l—w,. (4.44)
U, 2(2M,dx" 2M,

Substituting (4.44) into (4.42), we obtain the general solution in €3 is

+ +2
U*(O):ws(y*—1)+( : di_&]y_ﬂa 1(

2M, dx*  2M, u, 2

L dp M,
2 U, 2 ’

2M, dx* 2M,

or

11326 NN 1
U@ —w (v =1 +(_J 83 j +———(—J -=J j 4.45
5(y)22262u022526 (4.65)

Considering the first-order term of ¢ of (4.40), we have

21 1+(1)
oML oy (a.46)
dy
Integrating (4.46) twice, we have
U =wy +w, (4.47)

wherew,and w, are constants. Applying the boundary condition (4.37) to

(4.47), we have

Then we have
W, = —W,. (4.48)
Substituting (4.48) into (4.47), we obtain the first-order solution in ¢ is
U =wy* —w. (4.49)

Next, we determine the relation of the constants w, in the solution of
Brinkman equation and wy in the solution of Stokes equation by using Beavers-Joseph
boundary condition. Differentiating the solution U*® (4.25) in domain Q, with respect

to y* both sides, we have

dU +(0) 3 Ystoke - Ystoke
& =wJle " -J(-w-J,+J,-J)e " +J; (4.50)
+ Ystoke
yr="2

h
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Differentiating the solution U*® (4.45) in domain ¢ with respect to y* both sides, we

have
dU +(0) 1 1 ystoke
=W, +|=J.—= , 451
dy+ + ystoke ® (2 ° 2 ej h ( )
TTho
where y* = Yarore . Substituting (4.50) and (4.51) into (3.28), we obtain
1 1 ySO e
w5+£535—536j ‘hk _
wle "
. 1Y1 | Yo hp (4.52)
T _J1(_W1_‘]4+‘]2_‘]3C0)e h = ~ U . Vstoke
€1 +J; K™K, Yo

where U (on the right-hand side of (4.50) can be obtained from the PCL

- Ystoke
h

hﬂ U+(0) + Ystoke
JKTKg W

velocity [13, 16]. Therefore, in this work, we considers the case that

velocity in Q,or €, or both. However, the velocity is a slip

U Ve =Y +(°)‘ v - Substituting (4.45) into the right hand side of (4.52) we
§-= T
have
1 1 Ystoke 1 1M 7']1&
W5+(EJ5_EJGJ h & wde " =J (w4000 )e "+,
2
¥ hﬂ W5 ystoke —l +(1J2—1J6)l ystoke +£_1£1‘]5_l‘]6j )
K*K, h 2 2 20 h U, 2\2 2

(4.53)

Ystoke Ystoke Ystoke
1 -1
- 1 1 Yoke 1lwde " +Je " w+JJe "
5 h g| J Ystoke 3 Ystoke

1

~JJe M o4+3dce M o+,

2
_ hﬂ W5 ystoke _W5+[1J2_£J6J1 ystoke +£_E(EJS_1JBJ ]
/K*K h 2 2 2 h U, 2\2 2
0
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Ystoke Ystoke
W, +| = 5_1 ystoke leJl h —illee = h
2 &

l _J Ystoke Ystoke _J Ystoke 1

1

g‘” o 1JJ lh_iJngcoe B RE

h ﬁ ystoke h ﬂ

(4.55)
W5 _ hﬂ W5 ystoke + hﬁ W5
JKK, KK,
_ hp (gj _1JJ; Yaoke :EJGJ _gjj
K KA\ /20 U, 2l27° 2°°
1 1 yS R 1 lesthe 1 Yy ke Ystoke
_(EJS EJGJ thk +—wde P £ dwe h
 Ystoke ., Ystoke _ Ystoke
+il‘]1‘]4e g _il‘]r-]ze AV, +5‘]1‘]300e o +?‘]3-
(4.56)

Then we have

W hﬂ ystoke hﬂ
JK K, «/K K,

1 3 Ystoke 1 _J Ystoke 1 1 y 1 _3] Ystoke
=W del I wsde S0 A2 R+ S0 T
& & h g

2 2

1 =3 Ystoke D), Ystoke

A 1
~53de RN ST

PO &
2
( ) 1 ystoke
6 h .
J

J,
g
U ~2\2 2

+

(4.57)

We obtain
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1 1 1 -J 1 1 Ystoke
Wl[;\]le n ?Jle h J—(EJS—EJGJ ;]
Ystoke _ yleke
NERE PR R P
1 & y &
1 7J1 stoke 1
W, = +=Jd1356e 0 "+,
hﬂ ystoke hﬂ ] ¢ 1 2
1 1 ystoke
,/K K, ,/K K 1y 2150 Yeoee
L_NB (22 26j2 hj
K|S0
U, 212 2
(4.58)

We now have the relation of the constants w, and w;

we have the solution of the Stokes equation depending onw; . That is

. Inserting (4.54) into (4.45),

i 1 ) Ystoke =) Ystoke 1 1 ys ke 1 ) Ystoke 1
Wl[?Jle ; +?Jle b ]—(5J5—§Jej ‘h +?J1J4e h
. Ystoke Ystoke
U= ! —ﬁuze o glJJcO S +i,J3 y*
hﬁ ystoke hﬂ 2
[ \/K K \/K K j [1 lJ j Yistoke +£_1(1~]5—£JGJ
h vy 2iak\2
ytoke 1 Ystoke . Ystoke
D ORI
1 =3 Ystoke 1 2 Ystoke 1
— -] -] h +—|\]1\]3coe f +—|\]3
hﬂ ystoke hﬁ g 2 ¢
{ \/K K \/K K EJ _1‘] jl ystoke
A\ W=t 2 2 bl Ch
KBRS0
D))
L © B
+(ljz_136 Ly < _l(ljs_l\]e)'
2 2 2 U, 2\2 2
(4.59)

The solutions (4.59) of Stokes-Brinkman equations. The solution (4.25) and
(4.45) are plotted in Figure 4.1. In the graph, we assume that the angles @ between
the cilia and the horizontal plane are 40,50,60,70,80,90 where the cilia have the
90 during the forword stoke and stop beating at =40 [36].
So at #=40" we do not need to calculate the velocity of the PCL fluid. The variables

highest velocity at 8=

used in equations (4.25) and (4.45) are given in Table 4.1. The values of yg,.and K

are obtained from [21], and Vv® is the velocities of the solid, cilia, where the maximum

velocity of motile cilia value is assumed to occure at =90 and v* decreases and is

terminated at @=40", h is the cilium height, U, is one cycle of ciliary beat, and &'

0
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and B were obtained from [13]. We assume that the rate of pressure changes 3p+
X

equals 1. The variable G at the top of the free-fluid domain equals 1. The variable
w, in the equation (4.25) and (4.45) equals 0 because we aim to verify the solution if

the solid velocities applied to the equation effect the results.

Table 4.1 Values of the variables in the solution of the Stokes-Brinkman equations

Variable Value Unit
h 75 [um]
P 992.2 %1001 [g/um®]
# 3x10° [g/ pm-s]
g 9.81x10® [pm/s®
U, 1.00 [#em/s]
B 1 [1]
v’ 1 [1]
- 1 1]
W, 0 [1]
G 1 [1]

Table 4.2 Values of variables used in (4.59) used to plot Figure 4.1 for each

angle @
50 60 70 80 90
Ystoke 0.7672 0.8638 0.9353 0.9818 1.0000
K” 0.0012 0.0015 0.0016 0.0017 0.0018
¢ 0.6717 0.7099 0.7331 0.7439 0.7487
v? 0.0023 0.0024 0.0044 0.0049 0.0050

The asymptotic solution U*® (4.25) and (4.45) of the Stokes-Brinkman equation
are shown in Figure 4.1. It can be noted that the velocities decrease with decreasing

angles and the graph bends sharply in the porous medium region.
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0 50 100 150 200 250 300 350 400

Ut

+(0)

Figure 4.1 The asymptaotic solution U
(4.25) and (4.45) with Beaver-Joseph boundary condition

of the Stokes-Brinkman equations from

4.1.3 Asymptotic expansion method of Stokes equation with boundary conditions
illustrated in Figure 3.2
Applying the boundary condition (4.38) into (4.42), we have

PDLOW M
R L I (4.60)
2(2M, dx*  2M,
Then we have
1 1 dpt M
w, =D, = -2 -w. 4.61
Y 2(2M1wc 2M1] ; (@61

Substituting (4.61) into (4.42), we obtain the first-order solutionin ¢ is

+ +2 +
U+(0):{ 1 dp = M3 jy_+w5y++DO_£[ 1 dp _ M3 ]_WS' (462)

2M, dx* 2M, ) 2 2\ 2M, dx*  2M,
N 1 1 2 . 11 1
or U (0):(5\]5_5‘]6])’7+W5y +DO—E(EJ5—EJ6J—W5. (4.63)

Now, we have another outer solution obtained from boundary condition (4.63) in the

free-fluid domain which will be used in the Section 4.3.

4.2 Inner Solution
In this section, we find the solution in the inner region of the problem by using

the asymptotic expansion. In the inner region for any variable f, we use f instead



37

of a physical variable f. For example, y*. is written as y* and U™ is written as U™,

Let
7+ — y B yStoke )
£
Then
T+ o+ T+ y+ ~ Ysioke
] =yU*| 2k |
(v') [ - J
Therefore,
dy" 1
dy" ¢
Thus,
du* _1dU"
dy+2 82 dy+2
Substituting (4.64) into (4.10), we have
h?¢' h%¢! h?¢!

H(V") ===V +——G¥sge + ——Cp-

Ky Ky sy

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

To solve the problem in the transition zone, the asymptotic expansion of (4.5) is

14200 + 00 & 0(82)

1 82 d7+2

2M
dp” ez _qa OY I

=— CY '€ ~——CVYgue — ——FCo-
1 k 1 J Stoke k 0

i
dX kll 11

Considering the order terms of &, we have

O(e): le@:o.

y

Since M, :il, then we have
&

d2g+@
F = 0

Therefore

U@ =my* +m,,

wherem, and m, are constants

-M, (LT(O) +e070 4 0(52 )) +M,

(4.69)

(4.70)

(a.71)
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g

0(8_1): 2M1F—O (472)
Yy
Similarly for the case of 0(5‘2), we obtain
U =m,y* +m,, (4.73)
where myand m, are constant.
d20+(2) _ dp+ hzgl h2€|
o(¢°): aM,———— M0V 4Mm, =" -""¢ -—“¢ (@.74)
(8 ) 1 d7+2 2 3 dX+ kll lyStoke kll 0
Substituting (4.71) into (4.74), we have
d26+(2) - dp+ thI thI
2M1F—M2(mly +m2)+ M3=dx+ _k_llcl Stoke—k—llCO. (4.75)
Then we have
d0® mM, , mM, M 1 dp* 1 h% 1 h%
=12 y + 2= 2 o 2 I+ . CYsioke =5 7 Co-
dy*? 2M, 2M, 2M; 2M, dx" 2M, Kk, 2M, ky,

(4.76)

Therefor we obtain the second-order analytical solution

7+2)

o L2 TN, Y/ M=, iy [his' h%g' v

o my -+ i ke w C Ystoke — Co
12M, 2M, 2M, 2M,dx" 2Mk, 2M k.,

+M Y +mg,

a.77)

where m; and m, are constants. Hence, the zeroth, first and second-order analytical

solutions can be expressed as

U@ =my*+m,, (4.78)
U =my*+m,, (4.79)
+ 2 1 2 —+2
U+(2): M2 m17+3+ M2m2 - M3 + : dp - e C1 Ysioke — e Co J
12M, 2M;,  2M; 2M, dx" 2Mk;, 2M k,, 2
+my" +m;,
(4.80)

We now have the analytic solution of the inner region. The outer and inner

solutions will be matched by using the matching conditions provide in the next section.
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4.3 Matching condition

In this section, we match the outer and inner solutions by using Van Dyke’s rule.
Because at the interface between the two outer domains, the speed of the PCL fluid
changes rapidly, the transition zone is occure between these two regions. This zone is

called inner zone as shown in Figure 4.2. The transition zone occure at y =y, .

);:1

outer

Y= Ysioke ) /
\

} inner zone

QE
outer

y=0 & 3

Figure 4.2 PCL fluid flow in outer and inner zones

We derive matching conditions to match the variables in the solutions of the
outer and inner regions. The matching condition used in this work are developed from
Van Dyke’s rule [3, 34],

lim f(y" )= lim f(y"). (4.81)

-~ Y
e Y =Y stoke

With the outer and inner variables,

()= 10y )+ 21 (y )+ 0(e) (a582)
f(y'.e)=T0(y)+eTO(y")+o(e?), (4.83)
we find the matching condition of f by substituting (4.68) and (4.69) into (4.67).
Therefore,
yﬂgniswke[f(0)(y*)+gf(l)(y*)+o(gzﬂ:y!i_r)rlw[f_‘o)(7*)+gf_‘1)(7*)+0(52)].
(4.84)
We suppose that lim @ (y*) and lim f@(y")exist, i=0,12,... Then,
Y Y st0ke V' >t
considering the zeroth order term of ¢, we have
lim FO(y")= 1lim {O(y"). (4.85)

o + +
Yy >+ Y Y stoke
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Next, we find another matching condition by applying the Tayloy’s series expansion to
each f® in (4.82) around the point y: or y_ , where the superscript plus and
minus signs mean the right and left sides of vy, and we assume that
fo (y*),i =0,1,2,3,...are continuous at y =y, . so that

lim f<i>(y+),i=o,1,2,3,... (4.86)

PNy
Y Y stoke

f ® (y;rtoke )

Therefore,

f(y*,g):ngnim[f(O)(y*)+gf(1)(y*)+o(52)]
(y+ _y;()ke) df(o)(y+)+(y+ _y:tOKE)Z dzf(O)(y+)
1 dy* 2! dy”

3

£O(y*)+

f(y'e)= lim [ +O(y" - Vine)
- (y+ 7, y;_rtoke) df i (y+)
1 dy”

— f(l)(y+)+ +O(y+_y§toke)2 +O(82)

(4.87)

(y+ Y ) ysitoke) df u (y+)

L.

dim £9(y")+ lim
f (y+,8)= Y Y sk V'Y ok 1 dy
- (y+_y§toke) dzf(O)(y+) . Y + 3
-4 y+1:)l:2mke 2' dyJr y+1>l)rl15tnke O(y } yStoke)
lim £%(y")+ lim (9 = Yau) (')
+&| Y=o sk y_—’yi;mke 1 dyJr +0 (82 )
+ lim O(y*—ysﬁoke)

+ +
Y =Y stoke

(4.88)

Then, we have

df @ (y*
lim 1O (y7) (Y Voo ) Nim )

li
v ﬁyistoke Y Y stoke dy

+(y* _ysi“’ke)z lim de(())+(y+)+0(

2 y* ‘)ytswke dy

g

y+ - y;_rtoke )3

. +O(y+ ~ Ve )2 (4.89)

+& ngnismke £ (y+)+(y+ - y-sttoke)wﬂ)l;psme dy

+O(82).

Substituting (4.64) into (4.89), we have
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() (y+
f(ye)= lim fO(y)+ey" lim df—(y)

y yiS;ke Y =Y stoke dy
—+ 2£(0)(,+
() )

+ 2 e Ty +0 (8y+ )3

+e| lim f9(y)+ey* lim
Y Y soe Y Y stoke dy

+O(52).
(4.90)

Differentiating (4.90) with respect to y*, takingy* — y*,. both sides and omitting
the big O, then, we obtain
df (y*,s)

lim — "~ lim
y+ =Y stoke dy y+ =Y stoke

(")

+

df ¥ (y")

+ g

dzf(o)(y+)

+

+&°y" lim
Y=Y stoke dy

+&% lim

Y Y sk dy
(4.91)

where in this work we assume that the function f is continuous enough so that the

differentiation can be switched with the limit. To find the matching condition for the

first derivative of the function f and f, we differentiate (4.83) with respect to y* and
taking limit y* — +o00 on both sides, we obtain
df(y.e dfO(y*) dfl(y* 8 @ (y+
(G PR aNEGE TV SN ST T )|
R RS O b dy* ay”
(4.92)

Since we assume that the differentiation can be switched with the limit, from (4.81),

we have

e 0d) L SHE)
Y =Y stk d)_/+ Yoo dy”

From (4.81), it demonstrates that (4.91) and (4.92) are equal. Then, we get

() (y+ 2600+ @) [+
¢ lim df—(+y)+£27+ lim df—(y)+52 lim df (+y )
V' oYsme  dy V" Y stoke o y_+ —),E;yi_s‘ike y o 1.93)
= lim af _(y )+gdf _(y )+82df _(y),
VAR d yJr d y+ d y+

Collecting the same order of ¢ in (4.93), we obtain
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700 (o+
£ lim df—_(y)=o, (4.94)
yore  dy”
T (o (0) +
g lim d—_(y): lim df—(y) (4.95)
VA d y+ Y Y sioke dy+
2) (a+ 2£(0)(,+ @) (,+
g% lim af _(y ):7+ lim L(y)+ lim df—(y) (4.96)
DA d y+ Y'Y stoke dy+ Y'Y soke dy

We now have matching conditions at the free-fluid/ porous-medium interface. The
zeroth-order solution for the Stokes-Brinkman equations are provided in the next

section.

4.4 The Zeroth-Order Solution
In this section, we couple the zeroth-order solutions of the governing equations
(3.19) and (3.25) by using the matching conditions provided in Section 4.3. Before using
the matching conditions, we differentiate the zeroth-order and first-order inner
olutions (4.78) and (4.79) with respect toy* and taking the limity* —»+00 on both

sides, we obtain

7+0)
im d:JT =m,, (4.97)
y —+x
and
T+
lim dU_+ =m,, (4.98)
VARSI y

respectively. According to the matching condition (4.94), we have m, =0. Then, from
(4.78), we obtain

0 =m,. (4.99)

Next, we provide the matching process of the outer solutions in domain Q,and Q.
Differentiating the zeroth-order outer solutions (4.23) and (4.62) for the outer regions
Q, and Q, respectively, with respect to y*, and taking the limity* —y*g . onboth

sides, we obtain

FY Stoke Fy Stoke
Y =Y stoke dy
+ | _
M, 1dp h2 . e\[;ywe
2|v| M, M, dx* Mk,

h2
+
MZkll

C,.

(4.100)
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+(0)
lim du _(1 M, ijtoke—i_WS’ (4.101)

Y =Y soke dy 2 2

respectively. Substituting (4.98) and (4.100) into (4.95), we obtain

\ ’ ¥ stoke = ’ ¥ stoke
m, =w,

+ 2' —ﬁ)ﬁswke
™, Ldi_ih_co o @102
2|\/|1 M, M,dx M, k,

1 h3'
+——¢,
MZ kll

in region q,. Similarly, substituting (4.98) and (4.101) into (4.95), we have

1 M,

m, _(E_ 2 jy stoke T Wa, (4.103)

in region Q. Since equation (4.102) is equal to (4.103), we then have

W3 = (E a M_ y Stoke + W, [\/7 Fy ) \/7 fy StOke]
h°e

M, (M, 1.dpt 1 h% ) AfEres 1 b
e of, e +— q.
oM | M, M, dx M, k;, Lk,
(4.104)
Define
A + 20§ 2.1
po Mo M ot My My 1 e g 1
M 272 2 oM, dx" 2M, M, M,dx M, k, M, k,
(4.105)
which are known constants. Applying (4.105) to (4.104) and (4.23), this yields
Wy =—2,Y gore + Wi (zlezly%wke + g7 o ) Nz, 875 1 7, (4.106)
and
|:U+(0):|(p) :WleZly+ _Wlefh)’+ _'_248721)/+ +25y+_z4; 0<y+ < Vere: (4107)

respectively, where [U *(0)]@) means the zeroth-order solution in the porous-

medium domain @,. Substituting (4.105) and (4.106) into (4.62), we have

+2
[U*(O)](f) _LY X —2—22

+ |:2_22 y+$toke + Wl ( ZleZly e+ Zleizly e ) - 21249*213’ e + 25:|(y+ _1)1 yStoke < y+ < 1'

(4.108)
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Where [U +(0) ](f) means the zeroth-order solution in the free-fluid domain. Now, we
obtain[U ](p) and [U*© ](f) in term of w; .

To illustrate our results, the solution (4.107) and (4.108) are plotted in Figure
4.3, where the angles between the cilia and the horizontal plane considered in this
work are 40,50,60, 70,80 and 90, respectively. In this research, we assume that the
cilia have the highest velocity at 8 =90 and stop beating at 8 =40 . The values of the
variables used in (4.107) and (4.108) are presented in Tables 4.3 and 4.4. The values in
Table 4.3 are used for all angles @ and the values of the variables in Table 4.4 are
different for each angle @ which are obtained from [7, 35], where they have obtained

the data from an biological experiment [36].

Table 4.3 Values of the variables applied to the solution (4.107) to plot Figure 4.2.

Variable | Value Unit | Variable | Value Unit
G 0 ] 5|4 [um1s]
h 75 [um] Ko~ |1 [ ]
P Vog2oxio® | [g/um®] | dp” |1 [4]
dx”
a 3x10¢ |/ [gfpm-s] | W g [1]
d 9.81x10° | [pm/s’ ]

Since the solid phases in the experimental are static, we have to find set V° to be
zero inour solution and choose a value of w, so that our solutions are matched with

the experimental data. So we choose w, =0.

Table 4.4 Values of the variables used to plot Figure 4.2 for each angle 6.

Variable 50 60° 70 80 90
Yoore | 0-7672 0.8638 0.9353 0.9818 1.0000
K+ 0.0012 0.0015 0.0016 0.0017 0.0018
&' 0.6717 0.7099 0.7331 0.7439 0.7487
c, 1.2 14 1.6 1.8 2
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Figure 4.3 The asymptotic solution U*®, equations (4.107), outer solution in the
porous medium domain and (4.108), outer solution in the free-fluid region and inner
solution (4.99)

Figure 4.3 shows the velocity of the PCL fluid with different angles @ in domain ©,.
The highest velocity is occurred at =90 as expected. This is because, in this study,
we assume that the maximum velocity of cilia occurs at =90 . Notice that the
velocities decrease when the angles between the cilia and the horizontal plane
decreases. The star is the solution in the inner zone, the interface between the free-
fluid/ porous-medium domain. The oblique line represents the solution in the porous
medium domain, the horizontal line is the line that lies between the free-fluid domain
and the porous medium domain, and the vertical line represent the solution in the
free-fluid domain. Note that, the solution in the porous medium is small and rapidly

large in the free-fluid domain. The star is the solution in the inner zone.

4.5 Comparison with an Experimental Study

In this section, we compare the mass flow rate ® of our result with the study of

Beavers and Joseph [30], where

O=——27" (4.109)

where M is the mass flow rate in the free-fluid region and M is the mass flow rate
in the porous medium. In this study M is the zeroth-order solution in the free-fluid

domain when the velocity of solid phases is zero
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M, :[U (O)J A = _(2 24U, ij SIoke+W1[ \/: F J Ars Ysoe <Y <L
+

y—l
g [_KKpgg0 de} Fys[k )

M, o dx’

and

dh o, ¢h N &'h "
we \f%y { KoK*pg'g, | K” dp ]e" Z
1

M,=[U@]"A, = g o dx’

p p

¥ A;O<y+<y50ke’

+K0K+,Dg 9 _K_+£ ’ t
uJ, o dx*

where unit of M and M are mass per time and unit of @ is 1. In the BJ study, they

have carried out the experiment to measure the flow rate of a long porous block and
a small uniform gap immediately above the block, while in this study, we analytically
find the mass flow rate of the fluid flow in the PCL in human lung by using the
asymptotic expansion method. The porous medium in the experimental study are
stationary porous blocks, while the porous medium in this study is the ciliary layer,
which is a motion medium. Therefore, we compare our solution with the experimental
data at only one porosity and the solid velocity is set to be zero. Since Beavers and
Joseph provide the data, the mass flow rate, only on the free-fluid domain, as the
result, only the solution on the free-fluid domain is compared.

Applying the zeroth-order solutions (4.107) - (4.108) provided in Section 4.4 to

(4.109), the mass flow rate obtained from both equations is

NG Mo RPN HM
202 2uU,

1 O' Kopg gO F Y stoke ‘0'\/7 Y Stoke
2 2,UU y Stoke +W1 2K+ Af
. 0 2 (/Ko -1)
o ’ £979,K,K = h ew\/;y stoke
2K”* HJ, o’K,
2 [€'Kq 2 [£'Kq + + 2 |&'Ko + +
Weg\/;—wefg‘/;— P9 GoKoK + h* efa\/;+pg 9, KoK + h* A
1 1 U, 2K, p

1, o’K,

D =

(4.110)

+

where o = y
\/KO

we use the same values of the variables as in the experiment. The dynamic viscosity
and the density of water are 8.9x107 [Pa-s] and 997 [kg/m3], respectively [20].

and yg.,. <y" <1. To compare the result with the experimental data,

The gravity g'g, is 9.8[m/s’]. The length of the free-fluid domain ranges from
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3.37046x10™* to 1, where y,.is assumed to be 3.37046x10™*. The porosity is0.78

and the characteristic permeability K, is 7.1x107°. The values of other variables used

.k
in (4.110) are K :%, k,=04,w=-25U;=1 D,=1and h= 75, and @ is
0

normalized by10*.

1.4

This study
12 ® Experimental study | |
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Figure 4.4 The mass flow rate in this study and the experimental data [30]

Figure 4.4 shows the comparison of the mass flow rate in this study (solid line),
when the velocity of the solid phases are set to be zero, through the free-fluid domains
as a function of &, and the mass flow rate in the experimental study of Beavers and
Joseph [30]. Beaver-Joseph experiment determined the mass flow rate in the free-fluid
domain and the solid in the porous medium domain is a non-movable solid. However,
the solids in this work are moving solids. Therefore, in order to be able to compare
the results we have to set the velocity of solids to be zero. Since the experiment
provide the flow only the free-fluid region, we compare the results only in this zone.
Because the resulting solution still has the variable w, attached, in order to confirm
that the solution we get tend to be consistent with the experimental results. We can
find a value of w, that make the mass flow rate curve more likely to be close to the
experimental results. It can be seen that the solution obtained in this work has an
edge value placed at the junction area. As can be seen from Figure 4.4, the solution
of our study (solid line) is in a good agreement with the experimental data of Beavers
and Joseph literature [30].

In Chapter 5, we will use the solution found in this chapter to find the boundary

condition at the free-fluid/ porous-medium interface.



Chapter 5
Boundary conditions at the Free-Fluid/Porous

Medium interface

The boundary condition at the free-fluid/ porous-medium interface with the
Beaver-Joseph boundary condition may not appropriated for our research problem. In
this chapter we find the boundary condition at the free-fluid/ porous-medium interface
by solving the two solutions (4.107) and (4.108) in the two domains. Based on solution
(4.107) we obtain

Wﬁ{[u]” “zy 2 51

Substituting (5.1) in (4.108), then we have the boundary condition at the free-fluid/

porous-medium interface is

OO o i y - )
I:U (0):| =2—+ Do_?2+|:_zzy Stoke_zlz4e Y Oke+25:|(y _1)

[UHO)J(D)
1 2§ = A W W
it e —z4(e : —1) (zlel we 487 m)(y -1).

(ezlw —e‘ZM) Lo
(5.2)

The equation (5.2) is the new boundary. condition at the interface that represents the

different of [U @ ](f) and [U *(O)J(p) but this is the form of velocity profile.

Next we provide another boundary condition at the free-fluid/ porous-medium

interface. Differentiating the zeroth-order solutions (4.107) and (4.108) both sides, we

have
d[u-@]” : . +
! =wJ.e™ +wJde™ -zJe ™ +z,,, (5.3)
dy*
d[u©]"
dy+ — W]_ (Jle‘lly Stoke + Jlef‘lly Stoke ) _ lelef‘]ly Stoke (54)

+ +
+Z,=Z3 Y soe T24Y

respectively, from (5.3), we obtain

+0)7(P)
1 dlu (0) o
w, = - - [ +] +zJe -z, (5.5)
(Jlele +Je ) dy
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Substituting (5.5) in (5.4), therefore we obtain another boundary condition at the free-
fluid/ porous-medium interface, which is

d [U +(0) :l(f) (ezly*smke 4 A soe ) d [U +(0) J(P)
dy” (ehy* +e’zly+) dy”

-ny" — + + 7Y S0ke
tz2,6 ™ 4 _Zz(y -y Stoke)zlz4e U+ g,

(5.6)

Thus, we obtain two boundary conditions at the free-fluid/ porous-medium interface,
which are proper for the fluid flow in the PCL due to the movement of cilia.
Next, we compare the obtained solutions with the boundary conditions (5.2)

and (5.6) with the results with the Beaver-Joseph boundary condition.
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Figure 4.5 Comparison between the velocity of PCL fluid with Beaver-Joseph
boundary condition at the interface and the velocity of the PCL fluid with our

boundary condition at the interface

Figure 4.5 shows the velocities of the PCL fluid in different angle 6 that the
cilia make with the horizontal plane. The red line graph shows the velocity of the PCL
fluid using the Beaver-Joseph boundary condition at the free-fluid/ porous-medium
interface. The blue line is the velocity of the PCL fluid with the boundary conditions
(5.2) and (5.6). It notes that the graphs of the velocities of the PCL fluid are similar.
Although they are not completely overlap, but they are not very different, which is
demonstrated in each degree. In the porous-medium domain the velocity of the PCL
fluid due to the movement of cilia with Beaver-Joseph boundary condition and the
velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) are small
difference. At the angle 50 , the velocity with boundary conditions (5.2) and (5.6) is

greater than the one using Beaver-Joseph boundary condition. The curve overlaps

completely at the angle 60 , and notice that at the angle greater than 60" the
velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) is less than the
velocity of the PCL fluid with Beaver-Joseph boundary condition. In the free-fluid
domain the velocity of the PCL fluid with the boundary conditions (5.2) and (5.6) is
larger than the velocity in the PCL fluid with Beaver-Joseph boundary condition at
every angle @ that the cilia make with the horizontal plane accept at =90 the

solution is overlap.



Chapter 6

Conclusion

The movement of the cilia in the PCL layer plays an important role in the
clearance of mucus and in preventing foreign materials from entering the lower
respiratory tract. Determining the velocity of the PCL fluid flow in motile cilia is
necessary for a better understanding of the clearance mechanism. The velocity of PCL
fluid can be determined using an ordinary differential equation (ODE), which requires
boundary conditions. This research quantifies the boundary conditions at the interface
between the porous-medium and free-fluid regions

We divided our work into two parts. In the first part, the velocity in the PCL
fluid due to the movement of cilia with Beaver-Joseph boundary condition is
determined. Because of the movement of cilia, the first part is separated into two
details depending on the angle 6. The cilia perpendicular to the horizontal plane and
the cilia move forward and form an angle 6,0 <90 with the horizontal plane. When
the cilia move forward and form an angle 6,6 <90 with the horizontal plane, the PCL
can be divided into two domains, while the PCL has only one domain when =90
The layer containing cilia is called a porous medium domain and the layer above the
cilia is called a free-fluid domain. The governing equation used in the work is the
Stokes-Brinkman equation. In the free-fluid domain (), we use the Stokes equation
and in the porous medium domain (Klz),vve use the Brinkman equation. The boundary
condition at the bottom of the domainis U=0aty=0,the top of the domainis u=G
at y=h, and the Beaver-Joseph boundary condition is applied at the interface
between the free-fluid/porous medium domain. The velocity of the PCL fluid due to
the movement of cilia are obtained by using the matched asymptotic expansion The
solutions are the velocity of PCL fluid in the layer containing cilia with different angle
0 (50’ ,60",70,80 ,90‘), respectively. The asymptotic solution of the Stokes-Brinkman

equations (4.25) and (4.45) is shown in Figure 4.1. The second part is to determine the
boundary condition at the free-fluid/ porous medium interface is suitable for this
problem. To find the boundary condition at the interface suitable for the problem, we
divide domains into inner and outer zones and find the solutions for these two regions
and then use Van Dyke's conditions to match these two solutions. We derive matching
conditions to match the solutions of the outer and inner regions. The outer zone are
the free-fluid domain and porous medium domain, and the inner zone is the transition
zone at interface between the free-fluid/porous medium domain. The results are
illustrated in Figure 4.3 with different angles, =40",50,60,70,80,90", that the cilia
make with the horizontal plane. The variables employed to plot the graph of the
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solutions are shown in Tables 4.3 and 4.4. The velocity of the PCL fluid reaches its
maximum value when =90 and decreases when 6 decreases, which satisfies our
assumption that the highest velocity of cilia occurs when the cilia are perpendicular
to the horizontal plane and the cilia velocities decrease with decreasing angle 8. The
first boundary condition is the relationship between the two zeroth-ordered solutions
in the two domains while the second boundary condition is the derivative of those
two solutions. The limitation of this study is that the asymptotic expansion method
applied in this study is good for a linear equation, but it is not easy to find the solutions
for nonlinear equations. The disadvantage of this study is that we calculate the zeroth-
order approximation solution, where the other orders are cut off. We compare our
solution with the experimental data of Beaver-Joseph by observing the mass flow rate.
The solution in domain € of our study is in good agreement with the experimental
data in the Beaver-Joseph literature when the solid phase are set to be zero. After
that, we find the boundary condition at the free-fluid/ porous-medium interface
appropriate for our research problem. Then we compare the solution that uses the
Beaver-Joseph condition at the interface between the free-fluid/ porous-medium
domain and the solution with our boundary conditions (5.2) in Figure 4.5 the graphs of
the velocities of the PCL fluid are similar which is demonstrated in each degree. We

conclude the work in this thesis in the flowchart below
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We use the normalized of the Stokes-Brinkman equations: Brinkman equation
(3.19) and Stokes equation (3.25) to determine the velocity of PCL fluid. The
normalized boundary conditions used at the bottom of the domain €, is (3.30),
the top boundary condition is (3.31), and the Beaver-Joseph boundary condition

(3.28) is employed at the porous medium/free-fluid interface.

We obtain the velocity of PCL fluid: the zero-order solutions (4.25) and (4.45) of
the porous medium domain in the outer zone and the free-fluid domain,
respectively. Then, we apply the Beaver-Joseph boundary condition (3.28) at the
porous medium/free-fluid interface and obtain the zero-order solution (4.59) in
the whole domain.

—— — AR R e P— _——

We use the normalization of the Stokes—Brinkman equations: Brinkman equation
(3.19) and Stokes equation (3.25) with the bottom boundary condition (3.30), and
the top boundary condition (3.32).

— = TPy

R ———Ty T —

We obtain the velocity of PCL fluid, the zero-order solutions (4.25) and (4.63) in
the porous medium domain and the free-fluid domain, respectively. We obtain
the velocity of PCL fluid, the zero-order solution (4.78) in the inner zone.

We match the outer and inner zone by using conditions (4.94) - (4.96), then we
obtain the zero-order solution (4.107) and (4.108) in the porous medium domain

and the free-fluid domain, respectively.

We match the outer and inner zone by using conditions (4.94) - (4.96), then we
obtain the zero-order solution (4.107) and (4.108) in the porous medium domain

and the free-fluid domain, respectively.
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Comparison of the zero-order solution with the experimental of Beaver-Joseph in
the pattern of mass flow rate @, the mass flow rate in our study is the equation
(4.110) (shown in Figure 4.4).

Compare our matched solutions with the results that use the Beaver-Joseph
condition at the interface between the free-fluid/ porous-medium domain as

shown
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Nomenclature

variable definition unit equation

Y a constant (4.15)
= a constant (4.15)
Co a constant (4.10)
G a constant (4.10)
H (y*) a function of y* (3.18)
D, a constant (3.32)
dp the pressure gradient {d_p}: M (3.3)
dx dx L°T?

: L
g the gravity [g]:F (3.1)
9 characteristic gravity [go]:TLz (3.13)
h the characteristic length [h] =L Fig 3.1
Ko characteristic permeability [Ko]=L7 (3.13)
K* dimensionless permeability [K+ =l (3.13)
Ky the inverse of the permeability tensor [k —1] Awd (3.3)
11 ] L2
Ky a permeability tensor [ky,]=L? (3.13)
M, a constant (3.18)
M, a constant (3.18)
M, a constant (3.18)
m, a constant (4.71)
m, a constant (4.71)
m, a constant (4.73)
m, a constant (4.73)
M the mass flow rate in the free-fluid region [M fj:% (4.109)
M, the mass flow rate in the porous medium [MJ:% (4.109)
p ressure - M (3.1)
p [Pl=17=
U, a volumetric average velocity in a porous [UO]:TE (2.5.12)
medium

u- dimensionless average velocity 3.13)
u- dimensionless velocity in the inner region (4.65)
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variable definition unit Equation
U@ dimensionless the zeroth-order solution of (4.1)
the outer region
u® dimensionless the first-order solution of (4.1)
the outer region
V! the velocity of the liquid phase V] :TL (3.1)
Ve the velocity of the solid phases [v*] :TL (3.1)
W a constant (4.14)
W; a constant (4.28)
Wy a constant (4.42)
W, a constant (4.47)
y* dimensionless 'y (3.13)
y* dimensionless Y in the inner region (4.64)
Ystoke The height of the porous medium domain [yswke] =L Fig 1.2
Yo Yoo IN free-fluid region [y* ]: L (3.12)
Stoke
Y e Yeure INPOrous medium region [y‘ }: L (3.12)
Stoke
Z a constant (4.105)
Z, a constant (4.105)
Z3 a constant (4.105)
Z, a function depending on &' and k,, (4.105)
Zg a function depending on ¢' and k,, (4.105)
Q periciliary layer (PCL) [@]=L° Fig 1.2
Q free-fluid domain [ ]=L° Fig 1.2
(O3 porous medium [, ]=L1° Fig 1.2
&' a porosity [e' ] ! (3.1)
r the fluid density [p]:% (3.1)
H a dynamic viscosit _M 3.1
y y [K]=17 (3.1)
D the mass flow rate in the total domain [®]=1 (4.109)

where L, T and M represent length, time and mass, respectively.
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Abstract: Humans breathe air into the respiratory system through the trachea, but with all the
pollutants in our environment (both outside and inside), the air we breathe may not be clean. When
that is so, the respiratory system secretes mucus to trap dirt that is inhaled through the nostrils, The
respiratory tract contains hair-like structures in the epithelial tissue, called cilia: These wave back
and forth to help expel particles of dust, dirt, mucus, and contaminants from the body. Cilia are
found in this layer {a porous medium} and the fluid in this layer is called the periciliary layer (PCL).
This study aims to determine the velocity of the PCL fluid flow in maotile cilia, Usually, fluids move
due to pressure changes, but in this study, the velocity of solids or of the cilia moves the PCL fluid.
Stokes-Brinkman equations are used to determine the velocity of PCL fluid flow when cilia form an
angle with the horizontal plane. The Beavers and Joseph boundary condition is applied in this study.
The asymptotic expansion method is adapted in order to determine the velocity of PCL from the
movement of the cilia,

Keywords: periciliary  layer; moving solid phases; asymptotic expansion method;
Stokes-Brinkman equations

1. Introduction

The human body contains numerous cilia, which are omnipresent inside and outside of the body.
Cilia are hair-like organelles that provide locomotion to liquids throughout the body. This study
focuses on cilia inside the body, particularly in the respiratory system. The human respiratory system
is illustrated in Figure 1, with labeling of the nose, trachea, and lungs. We breathe in and out all the
time, and as we inhale, some dust and pathogens will enter the body. However, the human bady has a
defense mechanism to protect against these foreign particles. In a closer look at the immune system,
a diagram representing a cross-section of the trachea is displayed in Figure 2, and Figure 3 shows a
close-up view of the trachea.

Figure 3 shows the platform of the innate immune system of the throat cells, which consists of
three layers: The air layer, the mucus layer, and the periciliary layer (PCL). Cilia are found in the PCL
layer. The function of the cilia is to filter out dust and other inhaled foreign particles. Cilia work as
a part of the immune system, protecting the body against pathogens in the air. Goblet cells (vital
component cells of the immune system) secrete mucus to trap the inhaled particles and cilia help to
transport these particles out of the body by cilia-generated flow. To calculate the mucus velocity, the
velocity of PCL fluid is measured to determine the bottom boundary of the mucus layer.
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Figure 1. The human respiratory system.

epithelium

Mucus

Figure 3. Platform of the innate immune system.

Numerical studies on the PCL and mucus layers have been carried out by several researchers.
For example, Machemer [1] observed the ciliary system and found that frequency of peristomal cilia
decreases with increasing viscosity, which leads to an increase of the average wavelength from 10.7 at
1 cPto14.3 at 40 cP. Smith et al. [2] developed a new model for the nodal flow, utilizing the regularized
stokeslet method. Fulford and Blake [3] studied a two-layer Newtonian fluid model for muco-ciliary
transportation in the lung, and discovered that the viscosity of the upper mucous layer is much greater
than the viscosity of the lower periciliary layer. Jayathilake et al. [4] developed a three-dimensional
numerical model to simulate human pulmonary cilia motion in the PCL using the immersed boundary
method combined with the projection method. Their numerical results indicated that the phase
differences of cilia—in both stream-wise and span-wise directions—resulted in the maximum PCL
velocity in the stream-wise direction.

Another approach on the study of the PCL and mucus layers is experimental study, which has
been examined by a number of researchers. For example, Serafini and Michaelson [5] determined ciliary
length and the percentage of ciliated cells from six mongrel dogs and ten humans. Matsui et al. [6]
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studied the movements of mucus and PCL liquid in airway surfaces, using conventional and confocal
microscopy of fluorescent microspheres photoactivated fluorescent dyes and well-differentiated human
tracheobronchial epithelial cell cultures that exhibited spontaneous, radial mucociliary transport. Their
findings showed that the entire PCL liquid was transported at approximately the same rate as mucus,
39+ 247 and 39.8 £ 4.2 pm/s. Moreover, they found that the removal of the mucus layer reduced PCL
transport by =80%, 4.8 + 0.6 um/s, which is close to the value predicted by theoretical analyses of the
ciliary beat cycle. Therefore, it has been suggested that the movement of PCL liquid depends on the
transport of mucus.

Although the study of PCL and mucus layers, both numerical and experimental studies, has
been investigated extensively, these studies covered only movement, length, and direction of cilia; the
research on velocity of cilia in the PCL layer is limited. In general, the asymptotic expansion method is
used to examine the PCL fluid flow order to determine the velocity of PCL fluid, Cilia in the PCL layer
are shown in Figure 4; cilia making a 90 angle with the horizontal plane are displayed in Figure 4a,
while cilia at an angle of less than 907 are illustrated in Figure 4b. The domain €1y is the PCL with an
absence of cilia. The second domain, (1; is the PCL containing cilia.

Air

Mucuis M

ki £

€ )
ta) i)

Figure 4. Cartoon picture of cilia (a) cilia are perpendicular to the horizontal plane; (b) cilia make angle
, < 90" with the horizontal plane.

As the domain £, contains both liquid and solid phases, it is considered tobe a porous medium.
For the mathematical model used in the free fluid and the porous medium domains, some studies have
used Navier-Stokes in the free fluid layer and Darcy in the porous medium [7], or Stokes equation
in the free fluid layer and the Brinkman equation in the porous medium [8,9]. The Beavers-Joseph
condition has been widely used in many numerical studies as well as to compare solutions, especially
belween a porous medium and a free fluid domain. For example, Francisco et al. [10] derived boundary
conditions that complete the statement of a two-domain approach for a one-dimensional momentum
transport ina system containing a porous medium and [ree fluid under a constant pressure gradient.
These boundary conditions involve a jump in both the velocity and the viscous stress and are thus
expressed in terms of jump coefficients.

In this paper, we use the Stokes equation in the free fluid region and the Brinkman equation
in the porous medium in order to analytical study the Stoke-Brinkman equations. The asymptotic
expansion method has been widely used in a number of studies [11-13]. Chandesris and Jamet [14]
found the boundary condition at the interface between the porous medium and the free fluid
based on the Poiseuille flow over a permeable block. The problem was solved using the matched
asymptotic expansion method, therefore, both a heterogeneous transition zone and a homogeneous
zone between the two homogeneous regions (porous medium and free fluid) were considered. The two
homogeneous regions were described using volume averaged transport equation, with the assumption
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that this equation still holds in the heterogeneous transition zone by considering variable porosity
and permeability.

However, to the authors’ knowledge, no study to date has used asymptotic expansion related to
the velocity of the cilia in the model. The model used in the present study involves the velocity of
solid helping to move the PCL fluid. In this study, we provide the velocity of the PCL fluid by using
asymptotic expansion due to the movement of cilia where the Beaver-Joseph boundary condition is
employed at the free fluid/porous medium interface.

In Section 2, we write n-dimensional Stokes-Brinkman equations in one dimension by using
the indicial notation. The dimensionization of the governing equations is derived in Section 3, The
solutions of the Stokes-Brinkman equations are computed with the asymptotic expansion method in
Section 4. In Section 5, we determine the relation of the constants. We describe result and discussion in
Section 6, and in Section 7 we draw our conclusions.,

2. Mathematical Model and Boundary Conditions

In this section, we introduce our governing equations: the n-dimensional Stokes-Brinkman
equations and the boundary conditions used in the PCL,
2.1. Stokes—Brinkman Equations

The n-dimensional Stokes=Brinkman equations were derived using an upscaling method, which
is a method that helps to change the equations from a microscopic scale to a macroscopic scale.
Then, we simplified the equations to one dimension by using an indicial notation. The macroscale
Stokes-Brinkman equations [12] and the continuity equation [12] in n dimension are

= 1 e -1, g5y He
pk! -(t‘vf)+Vp—£—rﬂ(1r\fI]= pg +puk T ey +F'v.f, 1
V() = £, (2)
respectively, where the function f = [1%’:,} + W' is a dynamic viscosity; k71 is the inverse of

the permeability tensor; &' is the porosity; o' and ©° are the velocities of the liquid and solid phases,
respectively; pis the pressure; p is the fluid density; g is gravity; and ¢ is the material time derivative of
the porpsity with respect to the solid phase, e ‘?a—‘: 4wl Equation (1) is the Brinkman equation.
Without the first and fifth terms in the equation, it is a Stokes equation. Thus, in general, Equation (1) is
called a Stokes—Brinkman equations. Applying the indicial notation to the Stokes-Brinkman equations
we obtain

k() +pi = 5(*"!%’},-,- = pg; +piky el + 5)‘.[-, 1=1,2,3,..n 6}

gl = Fi=1,2,3..n ()
where the repeat index indicates the summation. Substituting Equation (4) into the last term of

Equation (3), for the one-dimensional domain, we have

Iukl'l] &“'?,'1! + - %(zfv]f)-11 =g, + pk{f[s’al"} + %(tlwuf)ﬂ (5)

v
Naote that [r"'u]_]')ll = (r"'zr]") 1 Simplifying Equation (3) yields

(o), Skl (e} + s = py =ikl (©)
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In this study, we assume that the solid velocity depends on only the Y direction; the fluid flow
along the x-axis; and the pressure depends on the X direction, As a result, Equation (6) becomes

(o
& % - ki) (¢or) + pey = T2 - ki) @

Equation (7) is a Brinkman equation, which is used in the domain containing cilia.
In region (1, we use a Stokes equation,

2 Felon) W o
?T‘F g]=a—iik”(ft']) {S}
The continuity equation applied in this region is
o)

ay

=0 6]

For the free fluid region, we use a Stokes equation in domain (3. The equation is actually the
Brinkman equation, without the permeability term.

Notice that we have two different and adjacent domains. Therefore, a boundary used at the
interface is special. In this work we applied the Beavers—Joseph boundary condition at the interface
between the free fluid region and the porous medium domain.

2.2, Boundary Conditions

Mo free fluid exists in the PCL when the cilia are perpendicular to the horizontal plane. Figure 5a
shows that the PCL has only domain (2;. Figure 5h shows our domains () and ();; the boundary
condition between £33 and £0; is at ysy, at the tips of the cilia. Note that ysp., depends on the angle £
We used 3 boundary conditions in this study i = 0 at y = 0, u = G at y = h and yg;, Beavers-Joseph
boundary condition at 175,z

¥
uhl =6
1)
0
0 Y o “=» Beaver ~ Joseph BC
// /
P
> U yil > U
) =10 "01=10
(a) (b)

Figure 5. Cilia making the angle &, 40 £ & £ 907, with the horizontal plane, (a) cilia are perpendicular
to the horizontal plane; (b) cilia make angle with the horizonlal plane.

Letu = &'v!. We now have the system of equations with the unknown it and boundary conditions;
w=0aty=0 (10}

u=Gaty=h (11)
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du 1 du B
du _ddu Aty = v (12)
R ] P/ Y= Yot
where f is a dimensionless parameter of the order of one; ¢ is porosity of the porous medium; g, is
length of porous medium; and G is a function depending on X and the angle 6.

3. Dimensionless Stokes-Brinkman Equations

In this section, we normalize the Stokes-Brinkman equations by introducing the following
new variables.
P Y g % x _kn

" b _ X g
h [T K

h
=1 —p——andg* =2 13
u'’t T K P MY T 1

where h is the characteristic length; Uy is volumetric average velocity in the porous medium; K is
characteristic permeability; and g is characteristic gravity.

3.1. Dimensionless of Brinkman Equation

We normalize the Brinkman equation, of Equation (7) by substituting Equation (13) for Equation {7).

We then have » . X 4 )
+{0) 3 T ot
2afutt h U,{[,]_'_hpggu_di“ el (14)

& dyt? T Kokt plly A KKt

Equation (14) can be rewritten as

Sy Loy dP* e
IF_Mzu..-+M3=F—H(y ] (15)
where My = 1, Mz = KI’__'%,M3 = %‘lam constants and
2
H(!f'_} = hK:Ker is a function of y*. (16)

3.2, Dimensionless Stokes Equation

We normalize the Stokes Equation (8) by substituting Equation (13) for Equation (8). We thenobtain

242Ut gpt Wpgtgo

Tatynr it
Equation (17) can be rewritten as
AUt apt
¥ b o as)

where My and M3 are the constants defined in Equation (16).

3.3, Dimensionless Boundary Conditions

In this section we normalize the boundary conditions at the free fluid/porous medium interface
used in our domain.
Substituting Equation (13) for Equation (12) we have

AL 1 AU

E . = 1+
dy~ g ke op dyt i

Heke K, Kg

e 19)
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Next, we normalize the bottom and top boundary conditions by substituting Equation (13) for
Equation (10) and Equation (11), giving us
ut® =gaty* =0. (20)
G
+(0). — + —
u 0 aty L (21)

respectively.

We have now normalized the Stokes-Brinkman equations and the boundary conditions.

Consequently, the system of equations used in the next sections and the boundary conditions are

dut dap- \

1y " MU 4 My = e H(y")in (22)

2Uut dpt ?
ZM’W = F —M; le (23)
Ut = oaty* =o. 24
w0\ L g (25)

U~
du=( 1 du+® g Ystoke

= —— U”‘“-‘[ o Vo atyT =
s e

4. Asymptotic Expansion Method of the Stokes-Brinkman Equations

7 (26)

Ayt o gy g

As mentioned in Section 2, we have two different domains where the domain (), is the region
where ¥ > vk, and the region €2, is the layer where 1 < yg;.,. In this section, we find the analytical
solution of the governing equations with the asymptotic expansion. Section 4.1 shows the result of the
Brinkman equation and Section 4.2 shows the result of the Stokes equation.

4.1. Asymptotic Expansion Method of the Brinkman Equation

Using the method of asymptotic expansion, we assume that
UL O eyt 22 @7)
In the casey™ < "—"{—’, we substitute Equation (27) for Equation (22), giving us

(O 4 et (Nof2?)

dy*2

2M, —MZ(LI”O) $eut ) 4 u(zz)) +M;3 = Lol H(y*) (28)

dx+

Considering the zeroth-order of ¢”; we obtain

A2 o) . 4ap!

0 -(0) vy _ +

1 d_l/"z MU +M;z= et H(y ) (29)

Since H(y" ), the velocity of cilia, is a known source term in this work, we assume that it is a linear
function. That is

v
Aly) e +)
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where ¢y and ¢ are constants. Thus, Equation (29) becomes

dpt R,
d‘f_"' - H{cly +CL}) (30}

g2 i

MU = My

1
First, we find the general solution of the homogeneous Equation (30). Solving the homogeneous
part of the ordinary differential equation

At (0}

s ML+ =, (31)

1

We obtain the general solution U = u.rlf-"llur‘m)r T 4ame YRR To find the particular
solution of Equation (30), we use the method of undetermined coefficients. Therefore, the solution of
the differential equation is

— —
Let
+ 2.0 t
1= N 2 i = b = S = e and s = 2 (9
all of which are constants. Therefore Equation (32) can be rewritten as
U =gneh?” i o 1Y eay ™ok - 2 + Tk, 34
Applying Equation (24) to Equation (34), we have
wy = Ja = Js = Jacg—my (35)
which yields
U S e e R % (T2 = Ja - Tacole Y o+ Tacwy” Ty =Tz +Jacos 37)

We now have the solution of the Brinkman equation.

4.2. Asymptotic Expansion Method of Stokes Equation

Similar te the previous section, we calculate the velocity of the PCL fluid in domain ¥ using the
asymptotic expansion methoed with the Stokes Equation (23). We assume that

Ut =t g gt et (37)

Vatoke

In the case y* > ==, we substitute Equation (37) for Equation (23). Therefore

PUHOF Ut o(e2)  gpi

= M. 38
1 FE T 3 (38)
Considering the zeroth-order term of ¢, EG, we obtain
#uHnT T gpt M
+2 T DMy dat M
el (39)

1 1
or 5 =zl -zl

70



Mathewnatics 2009, 7, 567 9of15

As we assume that ﬁ% is a constant, by integrating Equation (39) twice, we have

1 1 +2
zls—2ls)y
ute = % +wsyt 4wy (40

Applying the boundary condition (25) to Equation (40}, we obtain

¢ _ (Hs-4le) ¢ _ k-1
i

1 = ~7— + w3 + vy Hence wy = — 3. (41)
1y._1 +2 11e-1
Then L+ — (&5 12fﬁ]_'<' + sy + LLH,Q _ (ir—zfm — 3.

We can find the solutions at and 02z, yet the constants 10 and w3 of the Stokes-Brinkman equation
are unknown.

5. The Relation between the Constants

In this section, we determine the relation of the constants wy and w3 with Beavers-Joseph boundary
condition. Substituting Equation (36) and Equation (41) for Equation {26), we obtain

1 T 4 Wanekr : 1_I "‘“"_1.. iy Yt 1 i _[‘_\:ﬁ 1 = R
{E.rs-ik_T—!H—Eduhf]"*‘_ ;wlhe 1 +WJ|U:—J=-I.M]( L _‘V_.-rm JEUl Y (42)

where L”'l". ~ s (on the right-hand side of Equation (42)) can be obtained from the PCL velocity in

1,013, or both. However, the velocity \Il—k,’_‘r— ! t vaue 15 A slip velocity [13,14]. Therefore, in this
KKy *

=
work, we consider the case that U+I 4% o fecEs U+| -
LA B oy =l

Substituting Equation (41) for the right-hand side of Equation (42) and simplifying, we have

;.l_q(%hujlﬁﬂ“"+$;Il.—h!5i"'."]+ L [h’_ih]{"%f*_ L

=g g

Z V& Ko J KR < (43)

; ; o (He=dk) L DMk e

L [ e e ——— —(Hﬁ- Is;l—,r‘——h[.’z—h—l.lﬁu}" L + o l301
1 + z 2 y
[ g7 ol = ?W} i J &

We now have the relation between the constants wy and ws.  Inserting Equation (42) into
Equation (41), we have the solution of the Stokes equation depending on zy, That is

e o s e (R e o
proin) —dbfimdelr? | 1 al{""h SRRl ) = e h
) I"-zf—“ - %‘—"T:,pi : __\.':*--—_\ “'_1“ RIEICRE TS iy (1R Y R = ha )
g Ly (MR w ] {
g - Lt . wilwh e M % Sk 1
it 1 7 = (4h-blo - L e
|_|--\;,ﬁ#~-m]l -—,"ﬁ_‘_'—h';,—]-(y;—yﬁ}“—‘.—-ﬁf.[b-a-mw HEEE 4 Ly

We now obtain the general solution of the Stokes-Brinkman equations, depending only the constant
iy with the asymptotic expansion method, in which the Beavers-Joseph condition is employed at the
free fluid/ porous medium interface.

6. Results and Discussion

The solutions of Stokes-Brinkman equations, Equation (36) and Equation (44), calculated in
Sections 4 and 5 are plotted on a graph and discussed in this section, To plot the graph, we assume that
the graphs & between the cilia and the horizontal plane are 407,507, 60%, 707, 80°, 90° where the cilia
have the highest velocity at & = 90° during the forward stroke and stop beating at & = 40°. So, at
& = 40° we do not need to calculate the velocity of the PCL. The variables used in Equation (44) are
given in Tables 1 and 2. The values of yg;. and K™ are obtained from [4], and v° is the velocities of
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the solid, cilia, where the maximum velocity of motile cilia value is assumed at 8 = 90 in descending
order of degree, terminating at & = 407, h is the cilium height, Ly is one cycle of ciliary beat, and ¢,
and f were obtained from [2]. We assume that the rate of pressure changes ‘LL: equals 1. The boundary
condition at the top of the free fluid domain equals 1. The variable w, in Equation (44} equals () because
in this study we aim to verify if the solid velocities applied to the equation are valid, the solutions
correlate with the variable velocity employed, where the maximum velocity is assumed at @ = 907 and

decreases with decreasing angles.

Table 1. Variable of the experimental data in the solution of the Stoke-Brinkman equations.

Variable Value Unit
h 7.5 [pomn]
o 9922 x 10713 [M/m?)
u 3% 10 [me-1r2
g 9.81 % 107 [ o]
U 1.00 [pem]
f 1 (1]
ot 1 (1]
w) a []
G 1 1]

Table 2. Values of variables used in Equation (44) used to plot Figure for each angle .

Variable 50° an® 70° 807 a0°
Wstike 0.7672 0.8638 0.9353 (19518 1.0000
Kp+ 0.0M2 0,0015 0.0016 00017 0.0018
o 06717 0.7099 0.7331 L7439 0.7487
[ 0.0023 0.0024 0.0044 (L0049 0.0050

These solutions are the velocity of PCL fluid in the layer containing cilia with different angle 8
(507, 60°,70°, 80°,90°), respectively. It can be noted that the velocity decrease with decreasing angles
and bends sharply at the seam of the porous medium and the free fluid region. The asymptotic solution
) of the Stoke-Brinkman Equation (44)1s shown in Figure 6 (the code is given in Appendix A here).

Figure 6. The asymptotic solution U of the Stoke-Brinkman equations,

The asymptotic expansion method is the tool for finding analytical approximate solutions to
complicated practical problems, for example, the problem in ordinary differential equations in terms of
regular perturbation and singular perturbation. We construct different asymptotic solutions inside and
outside the region of rapid change and match them together to determine a global solution. Other
methods used for finding exact and approximate solutions for linear and nonlinear partial differential
equations is the homotopy perturbation method which is only a special case of the homotopy analysis
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method. The basic ideas of the homotopy perturbation method is a coupling of the traditional
perturbation method and homotopy in topology deforms continuously the problem in hand to a simple
one which can be easily solved. The advantage of this method is that it can be applied to various
nonlinear problems, and the disadvantage is that we should suitably choose an initial guess, or infinite
iterations are required [15]. The asymptotic expansion method and the homotopy perturbation method
are principally based on a Taylor series with respect to an embedding parameter.

Another method used to describe the samples with porous media, is the fractal derivative model,

This method is developed from fractal calculus for calculating the solution of problem phenomena in

porous media or hierarchical structures [16]. For instance, in a study by Wang, Shi, He, and Li [17],

to find an optimal hair length of a polar bear for thermal protection, which helps maintain a normal
body temperature, by using a fractal derivative model of one-dimensional heat conduction along the
hair. The basic ideas of the fractal calculus begin from Fourier’s law of thermal conduction, which
can be expressed as g = k_ﬁ?\r, where g is the heat flux, k is the material’s conductivity, and 9,‘% is the
temperature gradient, but the asymptotic expansion method is adopted to determine the velocity of
ciliary motion that moves foreign particles out of the body.

While the asymptotic expansion method can be used to study the interface between the porous
media region and the free fluid region, the homotopy perturbation method and the fractal derivative
model are only adopted for the porous media domain. These three approaches are the tools for
finding analytical approximate solutions to the problem in ordinary differential equations or partial
differential equations, Another difference is that the asymptotic expansion method can be applied
to solve linear ordinary differential equations and perturbation equations. On the other hand, the
homotopy perturbation method and the fractal derivative model are used to derive the solutions to
nonlinear ordinary differential equations or partial differential equations.

7. Conclusions

In this article, we studied the fluid flow in the periciliary laver (PCL) of the respiratory tract using
the of asymptotic expansion method to determine the velocity of PCL fluid. The PCL is divided into
two domains: the free fluid and the porous medium domains. The free fluid domain is the upper
layer of the PCL from cilia are absent. The porous medium domain is the lower layer of PCL and
contains cilia, The Stokes equation is employed in the free fluid domain and the Brinkman equation is
applied in the porous medium, The Beavers—Joseph boundary condition is employved at the interface
between the porous medium and the free fluid region. We assume that the velocity of the PCL fluid at
the bottem of the porous medium domain (at ¥ = 0) is zero and the velocity of the PCL fluid in the
porous medium depends on angle 8. The boundary condition at the top of the free fluid domain is
assumed to be a function of G, where G depends on X and the angle &, The explicit formula of velocity
of PCL fluid U+ ') is obtained by applying asymptotic expansion to the Stokes-Brinkman equations.
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Nomenclature
Variable Meaning Unit
i a dynamic viscosity [I‘T]
the inverse of the permeability [—lr]
tensor L
€ a porosity 1]
v the velocities of the liquid %‘-
o8 the velocities of the solid h‘i
P pressure [f¥€J
the material time derivative of the
I porosity with respect to the solid [H
phase
h the characteristic length [ 5—]
Uy avolume t'ri‘.f average velocity ina [H
porous medium
Kq characteristic permeability it
o characteristic gravity )11:—
gravity .J!—

where L = length, T = time and M = mass.

Appendix A

clear all;
cle;
format long;
%% Set Value
y5toke = [®.7672 @.8638 8.9353 0.9818 1.6];
K1l = [6.0612 6.0015 8.0016 9.0817 4.0818];
Eps = [8.6716 6.7839 8.7331 8.7439 &.7487];

c = [0 0.0023; 0 0.0024;0 0.6044; 0 0.6849; 0 6.0050];
c = c*167(5);
h =7.5;

Rho = 992.2%18°(-15);

Hu = 3*power(18,-6);

g = 9.81%18°(6);

uf = 0.65;

Beta = 1;

h =7.5;

Kp = K11;

wPlus = 108;

dPplus = 16;

wl'= 8;

G =1

gram = [0 -0.65 0.86 §.16 -0.3];

% phiP = 1-6.*gram;

phiP = Eps;

angle = 50:10:96;

% Left and Right Boundary of Part 1 and 2

% Step Size of ¥

no¥ = 58;

yyl = [linspace(,yStoke(1),no¥); linspace(®,yStoke(2),no¥);...

linspace(l,yStoke(3) ,noY); linspace(®,yStoke(d) ,no¥); ...

linspace (®, yStoke(5) ,no¥)];

¥1 = linspace(®,yStoke(5), no¥+noY)

yy2 = [linspace(yStoke(1)+0.81,1,n0T}; linspace(yStoke(2)+6.01,1,n0¥);...
linspace(yStoke(3)+0.081,1,n0Y); linspace(yStoke(4)+8.81,1,no¥)];

]
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y = [yyl(1:4,:) yy2; y1l;

nbata = length(yStoke);

% Color and Style Orders of line in each figure
Col = {'z'; 'g: 'b'; 'y'; 'm'}:

Style = {'-"; -5 '=7; -7 -'h
% Parameter of part 1

Nl = 1./Eps;:

M2 = (h™(2))./(K11};

K3 = ((h™(2))*Rho*g)/ (Mu*ud);

11 = sqre(M2./(2*M1));

12 = dPplus. /M2;

13 = (h™(2).*Eps)./(M2.*K11):

J4 = M3./M2;

%% Define and Compute the solutions
for i = 1 : nData
% Part 1
tl = J20i3-J4(i)-0I30) % cd, 1)
t2 = J3(i)%e(i,2);
% Computation of part 1
=1
if i ~= nData
for ylp = 1 : no¥
wulii,j) = wl*expCI1(i)*yy1{i,y1lpd)-wl®exp(-J1(i)*yy1{i,y¥1pld. ..
+tl%exp (- I101)%yyl (i, y1p) p+e2%yy 101, yip) -t
i= 3+l
end
else
for ylp = 1 : noY
uul(i, ) = wl®exp(I1Ci)*yyil (i, ylpd)-wl®exp(-11(i)*yy1(i,y¥1pl]. ..
+tl%exp(-210A0 %yl (i, ¥v1p) y+t2%yy1(1i,¥1p) -tl;
i =3+
end
= 13
for ylp = 1 : 2%no¥
ul(l,j) = wl®exp(11{i)*y1(1,¥1p)d-wl*exp(-21(i)*¥1(1,¥1p}}...
+t1%exp (- 11010 *y1(1,y1p))+t2%y1(1, y1pd-t1;

J o= j+1;

end
arid
% Part 2
£1 = exp(J1(i)*(yStoke (i)/h));
£2 = exp(-J1(i}*(ySvake (id/h));
£3 = yStoke (i)/h:
£4 = G/ull;
£5 = ((1/2)*12(1)-(1/2)*J4(11);
f6 = 1/phiP(i);
£7 = (h*Beta)/sqrelEp(id);
if i -= nData

i=1;

% Computation of part 2 : Case 3 eq 4.23
for y2p = 1 : no¥
s401,1) = (A Q-F7 E3+£700* ((wl=(FE* D1 (10* F1+£6511 () *F2)). ..
+{CETEES%£3"2) /20 +E75£4- ((£7%£50/2) ...
—E5*F3- (£G4 J LA *e ¥ £2)+ (£6* 13 Ci0 *c (1,200
uud (i, j3 = CCE5/2)* (yy2 (i,y2p)) " 2Iw(s4(L, II*yy2Ci,y2p)). ..
+£4-(£5/2)-5401,3);

i = j=l;
end
nPlot2{i, 1} = [num2str{{10%i)+44), "\circ'];
end
nPlotl{i,1} = [num2str({16%i)+48),  "\circ'];

end

VU2 = cat{2,uulil:4,:),un2(l:4,:31);
UU3 = cat(Z,uul(l:4,:),u3(l:4,:3);
UU4 = cat(2,uul(l:4, ) und(l:4,:3);
U2 = cat(1,UU2,ull;

U3 = cat(1,U03,ul);
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u4

= cat(l,UU4,ul);

%% Plot Graph

%
%
fi
pl

Plot Graph of each part
part 1
gure(};
ot(uul(l, 3, yy1(1, ), "r’uul (2, ), yy1(2, ), "g" uul(3,:),yy1(3,:}, 'b". ..
Ll 3, yylCa, 0, "y ual(s, i), yyl(s, 1, 'm' )y
% case 3
figure();
plotuu4 (1, 1), yy2 (1, :0,'r" juud (2, 0, yy2(2, 10, "g" ,und (3, ), yyw2(3,:),"'b" ...
oaudd,:0,vy204,:3, 'y
xlabel('u)
ylabel("y')
title('The solution of u and y when y {+} » y_{stoke}l : case 3')
legend(nPFlot2,-1);
% Plot Graph of all degree
1 = lengthiy);
% case 3
figure();
plot{U4(1, :3, 900,10, 0" T4 (2, 1), v (2,10, 70", U4(3, 13, ¥(3, 10,7 ..
404,20 ,y04,:0, "y, U045, ,v(5,:0,'m")
xlabel{ u")
ylabel('y")
% title(['The relation between u and ¥ when ¥ {+} = v_ {stoke}
* ‘and ¥y {+} > y_{stoke} : case 3'1)
legend(nPFlotl,4);
saveas(gcf, "CompareSolStokeCased. fig')
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The purpese of this study is to study the movement of the periciliary (PCL) fluid due to the ciliary locomotion, In this research,
because the bundle of cilia is considered instead of a single cilium, 5tokes-Brinkman equations in a macrescopic scale are
employed to find the velocity of the PCL fluid. When the cilia are perpendicular to the horizontal plane, the PCL consists of only
the cilia. The inclination of cilia (eilia make an angle #16 < 90° b to the horizontal plane) results in two different domains in the PCL,
the regions compnising and not comprising cilia. The main objective of this study is to determine the appropriate boundary
conditions of the velocity between these two regions where the PCL fluid is moved by self-propelled cilia rather than the pressure
gradient. A matched asymptotic expansion method is applied to the Stokes—Brinkman equations to determine the constraints.
Twa boundary conditions at the interface are obtained and the velogity of the PCL fluid at the top of PCL can be used to be the
boundary conditions at the bottom of the mueus layer to determine the velocity of mueus. This model can help engineers to build
devices to treat patients who have problem with the respiratory system. Applications include modeling fluid flow through filters

such as engine filler and rice fields.

1. Introduction

Breathing is one of the most important bodily functions that
keep us alive. When we breathe air in through the nose it is
not just oxygen but also small substances containing par-
ticles and pathogens that pass through lungs. However, the
respiratory system has filters to trap and remove the strange
pathogens, thus allowing us to breathe without irritation.
The filters lining the bronchus within the respiratory system
are called cilia, hair-like structure, scattered throughout the
ciliated cells, which are vital components of the immune
system. Beside cilia, there are goblet cells scattering among
the ciliated cells in the respiratory system. One of the pri-
mary functions of the goblet cells is to secrete mucus to trap
the particles or microorganisms that pass through our re-
spiratory system. Then mucus forms a layer at the tips of
cilia. The cilia aid in transporting these foreign particles out

of the body by sweeping the mucus upwards towards the
throat. The tips of the cilia make contact with the mucus
layer on the forward stroke and bend sideways and back-
wards on the reverse stroke. Essentially, this causes the
mucus to be propelled only in the forward direction on the
forward stroke [1]. The excreted mucus is ejected through
the vocal cords and into the pharynx, The primary innate
defense mechanism is called mucociliary clearance [2].
Under optimal lung conditions, cilia beat at 12 to 15Hz in
coordinated waves propelling mucus at 4 to 20 mm/min [1].

Figure 1 shows a small portion of the trachea cross
section. Inside the segment there exist three main layers, air,
mucus, and the periciliary layers (PCL). The PCL is a moist
layer compased of cilia covering the ciliated cells, The fluid
in this layer is called PCL fluid. Below the PCL is epithelial
cells. Goblet cells secret mucus to trap the strange particles
entering the body to protect the lungs from contaminants
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found in the epithelium. Among the goblet cells, there exist
ciliated cells, where cilia are found on the top and wave ina
rhythmic or pulsating motion and use that motion to keep
passage ways free of mucus or foreign particles.

In this work, we determine the velocity of the PCL fluid
due to the movement of cilia We consider that the
movement of cilia results in two different patterns in the PCL
as shown in Figure 2. The left of Figure 2 shows the cilia
perpendicular to the horizontal plane. The PCL has only one
domain, which contains only cilia. When the cilia move
forward and form an angle 8, 6 <90° with the horizontal
plane, the PCL can be divided into two domains, the layer
containing cilia and the ]a}'er above the cilia as shown on the
right of Figure 2. Since the PCL layer consists of the PCL
fluid, assisting to treat the cilia to operate normally, and the
solid phases, cilia, this part in PCL is considered as a porous
medium. The layer above the cilia in the PCL is called free-
fluid domain, as shown on the right of Figure 2. The PCL
domain is denoted by @ = w, Uw, where w, is the free-fluid
region above the porous layer w, when the cilia form an
angle 8,8 <90° with the horizontal plane. With the per-
pendicular case, we have only w,. The variable y;, is the
height of the domain w,. Notice that y,,. changes
accordlng to the angle & In this stud}r, the first aim iz to
figure out the velocity of the PCL fluid in both domains to
determine the boundary conditions between the domains e,
and sy,

Mathematical models used to calculate the velociy in the
free-fluid region and the porous medium are numerous
[3-8]. The equation applied in the free-fluid region was
described by the Stokes equation or Navier-5Stokes equa-
tions, while flow in the porous-medium region was usually
modeled by using Darcy's Law or Brinkman equations
[6, 8=13]. In general, the Brinkman model is used for the
porous media with high porosity [14]. Examples of flow in
free-fluid region are diverse. For instanice, Abbas et al. [15]
studied the effect of the flow for an incompressible liquid
with nonlinear differential equations. For flow in a porous
medium, Ado-Elkhair et al. [16] presented the influence of
the magnetic field and Darcy medium on oscillatory wavy
walled (Peristalsis) flow due to the cilia motion by using a
Adomian decomposition method {ADM)] with a system of
nonlinear partial differential equations. Zaher et al. [17]
studied the effect of the ciliated walls in the uterine tube to
strengthen the sperm to reach the egg. They used Darcy
model with an oscillating wall and non-Newtonian mag-
netized fluid, An Adomian analysis method was employed to
solve the equation. The illustrations of simultaneous flow in
both free-fluid and perous regions are various; for example,
Valdes-Parada and Lasseux [10] provided a new approach
for madeling flow in porous and free-fluid domains based on
Beaver and Joseph (BJ) configuration by using Darcy's Law
and Navier-5tokes equation, Carraro et al. [12] figured outa
high-precision simulation of the slow viscous flow over a
porous bed by applying a finite element method to Stokes
equation in free-fluid domain and Darcy’s Law in porous
bed. MNaqui and Bottaro [13] studied boundary conditions
between an isotropic porous-medium and a free-fluid region
by using the Stokes-like equation and homogenization
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theory. Du and Zu [18] proposed a local and parallel finite
element method to the mixed Navier-Stokes/Darcy model
with the Beaver-Joseph interface condition for an incom-
pressible fluid flow, Wuttanachamsri [6] used one-dimen-
sional Stokes-Brinkman equations to find the shape of free
interface between a porous-medium and a free-fluid region.

The two-layer configuration that uses different equations
in different domains requires proper boundary conditions at
the interface between the free-fluid and porous-medium
regions. The difficulty in determining boundary conditions
results from the fact that the orders of the corresponding
differential operators are often different [14]. The boundary
conditions at the interface between the porous-medium and
the free-fluid regions had been studied by several authors
[10, 15-23]. For example, Beavers and Joseph [22] proposed
a slip boundary condition based on repeated experiments
with a Poiseuille flow over a permeable porous block
Sahraoui and Kaviany [23] determined an appropriate hy-
drodynamic boundary condition at the interface between a
porous-medium and a plain domain using the pressure
correction method, Valdes-Farada and Lasseux [10] studied
three different boundary conditions: creeping flow under
no-slip conditions, inertial flow no-slip conditions, and
creeping  Hlow with slip conditions with Navier-Sto-
kes-Darcy equations. The solutions were calculated by using
Direct Numerical Simulation (DNS).

Although the boundary conditions had been investigated
extensively by many researchers, the studies of boundary
conditions at the interface between the free-fluid region and
the porous medium in the human lungs are limited. This
study aims to determine the boundary conditions at the
interface between the free-fluid region and the porous
medium in PCL by using the method of matched asymptotic
expansion, which has been used widely by considerable
researchers. For example, Chandesris and Jamet [9] studied
the Poiseuille flow aver a permeable block by using the
method of matched asymplotic expansion and determined
the boundary conditions at the top of the permeable block.
Poopra and Wuttanachamsri [11] calculated the velocity of
the PCL fluid with the BJ boundary condition when cilia
formed angles with the horizental plane by using the as-
ymptotic expansion method.

The results in the reviewed literature, however, are not
appropriated for our research problem. In most of the
studies, solid phases in the porous domain are stationary. In
our study, on the contrary, cilia in the porous domain are
maobile. Although Poopra and Wuttanachamsri [11] studied
the PCL with self-propelled solid phases, they did not seek
for matching conditions to match the solutions at the
transition zone at the free-fluid/porous-medium interface
and l;'he:,r did not pmvide a proper boundar}r condition at the
interface, which was practical to the problem. Thus, this
research has been conducted to figure out the boundary
conditions suiting for the problem.

We first provide our mathematical model and boundary
conditions at the top and bottom of our domain in di-
mensionless forms in Section 2. Second, the velocity of the
PCL fluid iz calculated by using the asymptotic expansion
methed in Sections 3.1 and 3.2, Third, because unknown
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constants occurred during finding the asymptotic solutions,
miatching conditions presented in Section 3.3 are needed to
match the outer and inner results presented in Sections 3.1
and 3.2. Fourth, the zeroth-order solution after applying the
matching conditions to the inner and outer results is shown in
Section 3.4, Next, to verify our solutions, comparisons of our
results with experimental data are described in Section 4.
Then, the houndary conditions at the free-fluid/porous-me-
dium interface for this problem are illustrated in Section 5.
Finally, the conclusion is drawn in the last section.

2. Mathematical Model and
Boundary Conditions

We provide the governing equations, the Stokes-Brinkman
equations, and their normalized models; in a2 one-di-
mensional domain and boundary conditions in this sec-
tion. Because we consider the movement of the carpet of
cilia {not just the movement of a single cilium), the
equations used are in a macroscopic scale obtained from
the Hybrid Mixture Theory (HMT}), which is an upscaling
method of changing a microscale equation to be a mac-
roscale equation [24].

2.1. Stokes=Brinkman Equations. In this section, we provide
the Stokes-Brinkman equations derived in [7] in a mac-
roscopic scale in the one-dimensional domain w. That is,

2w d)(srvr)
ddt

- e vt
— piki ervf)+pg=a—yk,,l{zrv), (1)

where u is the dynamic viscosity, k;| is the inverse of the
permeability tensor, ¢ is the porosity, v and +* are the
velocities of the liguid and solid phases, respectively, p is
pressure, g is gravity, and p is the fluid density. We assume
that the fluid flows along the x-axis. With the macroscopic
scale, we project the average variables on the y-axis. That is,
other variables depend on only the y-direction and in the
yedirection the pressure gradient is zero and dP/dx is a
constant, The Stokes equation is equation (1) without the
terms consisting of the permeability k,, and £ = 1. That is,
d'(v) dr

Y 4 LTy 2

2p

and the Brinkman equation is equation (1). Therefore (1) is
called Stokes—Brinkman equations. The Brinkman equation
used in &, has been normalized in [11], which is



4
+ dp+
+ +
Eeld}.” - &,U +33=F—B{y I (3)
and the normalized Stokes equation is
U’ ar*
2 c|y_42+ = F’ (4)

where £, = 1/, 8, = WK, K", £, = WpgTg,/uU,, h is the
characteristic length, Uy is a volumetric average velocity in
the porous medium, K, is characteristic permeability, g, is
characteristic gravity, and B(y*) = h*'v*/K,K* where the
normalized variables

v _ Yo _EV J-a-_l"_ +=£
y n L"‘IJ‘ Uulx W
(5)
k h
K=" ptopandgt =2
Ky Uy )

For the Stokes equation, the variable U = +//U, because
J - Te e i P i {6
£ =1, In this study, we assume that the velocity of cilia is
linear, that is,
, he ,
B(y )=k_(“1}' +ay), (6)
1

where @, and a, are constants. Next, we provide the
boundary conditions at the top and the bottom of the do-
mains used in this research.

2.2. Boundary Conditions, Because cilia are immobilized at
the bottom of the domain, we assume that the PCL fluid has
a no-slip condition at y = 0. That is,

U =paty” =0 (7}

For the boundary condition at the top of the domain, we
assume that the velocity is bounded by a constant. That is,

Jim U (37) = Dy, (8)

where Dy is a constant as illustrated in Figure 3.
For the special eases of the boundary condition, Vanaki
et al. [25] used

Ul =0aty' =0,
v {9)
T

a{’_=aa1y* =1,

ay

and U" is periodic on the left and right sides of the
boundaries for the study of the movement of the PCL fluid in
case of diseased and healthy conditions, Liron and Meyer
[26] studied the PCL flow at y* = 1 by using the boundary
condition dU*dy =0. In this study, we use bounded
boundary at y* = 1 so that one may apply this study to other
related problems,

We now have the normalized Stokes-Brinkman equa-
tions and boundary conditions. Next, we find the solution
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' lim [7'(y'} = Dy
vl

ly

Forake

LHny=0

Fisure 3: Boundary conditiens used in this study.

L by using the method of matched asymptotic expansion in
Section 3.

3, Asymptotic Solutions

In this section we employ the method of asymptotic ex-
pansion to find the solutions in both domains w, and w,.
Because there exists a transition layer at the free-fluid/po-
rous-medium interface, the approximation of this part of the
domain is called inner solution. The approximation of other
parts of the domain w is named outer selution. Then the
solutions are combined through matching conditions pro-
vided in Section 3.3. The inner and outer solutions, derived
in [11], are briefly introduced in Sections 3.1 and 3.2. The
zeroth-order results after applying the matching conditions
are provided in Section 3.4.

3.1, Outer Solutions. In this section, we briefly provide the
outer solutions found in [11] in twe different domains, e,
and w,, by using the method of asymptotic expansion. The
solutions in demain w, and w; are obtained by substituting

Ut= Ut L S of ), (10
into (3) and (4), respectively. Thus, we have the zeroth-order

and first-order solutions for the outer region @, with the
boundary condition (7) are

n forr = .
L _ wieV Byt e ATy

+(ﬁ 1dP° B )E_m)_,

LG A Gy (1)
[ B anN dF"+ We .
Gy T LA Gk T
Uﬂ“ = wge 2yt wse' AfE e, ¥ . “2]

respectively, where w, and w; are constants, and the zeroth-
order and first-order solutions for the outer region w, with
the boundary condition (8) are
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. (1/2 - &502)y" (12— &02)
2 2

+
Fwyy Iy -

wsy,

(13)

U = w4 Dy - wy, (14)

respectively, where w; and w, are constants. Next, we
provide the solution in the inner region.

3.2 Inner Solutions. In this section, we provide the inner
solutions in the transition zone between the porous medium
and the free-fluid domain. In the inner region, for any
variable f, we use f instead of a physical variable f. For
example, y* in the inner region is ¥ and U* in the inner
region is U . Define

7= hs _eyswkc and T F) = [_..—(y _;}"Smkr)_ (15)

Applying (15) to (3) with the properties, obtained from
5),
1 dU 14T

=—and —=—5——, 16
Pl e (16

and using the same process of finding the outer solution, we
have the zeroth-, first-, and second-order solutions as
follows:

E":M = mI?_ + M, {17)
T = 3+ my (18)

26, 26, 2t av
hie W )y” (19)

— L (f;mz £ 1 dF”

+ MEF o+ g

where my, my,my, and my are constants, The outer and inner
solutions will be matched by using the matching conditions
provided in the next section.

d
-

" Mariee

PISI0A / !
f59) [ dim  fO0) () i
¥ ! X TR

ol 7O )t
¥ g ke Y

¥

df[l](y‘r}
dy’

3.3. Matching Conditions. In this section, we derive
matching conditions to match the variables defined in the
outer and inner regions. The matching condition used in this
work is developed from Van Dyke's rule [9, 27]. With the
outer and inner variables,

f[y*.f}=_f[m[y+}+£fm{}'+}+ﬂ(fz}' (20)

700 =T" )+ 7" (7 o(e). 1)
and applying Van Dyke's rule matching principle, we have
Slim FF)= lim o f(y'). (22)

¥ —tea Yok
We find the matching condition of f!" by substituting
(20) and (21} into (22). Therefore,
lim [fw"{y*} +ef" M) +0(£2)]
i Yoy ’

(23)
N ey i E—cll 0],
=_lim [7G) + 7" 5 +0(e)]

We  suppose  that  lim,. . f") and

limge i,,\,_f”-'{J,"J exist, 1 =0,1,2,... Then, considering

the zeroth-order term of £, we have

im F7) = lmo 700
¥t P
Next, we find another matching condition by applying
Taylor’s series expansion to (20) around the point y;, . or
Yaroner Where the superscript plus and minus signs mean
the right and left sides of y;,, and we assume that
FU oy hi= 01,230 are continuous at-y = Yo, 50
that

SV = i Py )i =0123, 0 1 (25)
X = ¥iraes
Then, we have
(TP 7 _ sl 2 00 )
SO K g S O g Ly
2 Yo, dy '

+0 (3 =) | +O().

(26)
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Substituting (15) into {26), we obtain
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o)+ —t\2 2yt
fiyhel= lim Y%+ lim o 0 E}" }+—(EJrI ) lim_ af o) .,UI )+0(6?')"
7= K y—re Ay 2y Ay
(27)
df(:IJ [y+} .,
+&|  lim Wi 47 lim =—2 20 07 ) | + 0[().
Gm fOG) e tm S (&) | +o()
Differentiating  (27) with respect to 7', taking Collecting the same order of € in (31), we obtain
¥' — ¥iu. on both sides, and omitting the big O, then, we i
obtain & lim d—fd_(‘}' ) =0, (32)
- {0y + o to0 7
lim d—j éi,' 2 =& lim —dfd l;} }+£2T4 .
P e ¥ P K ¥ T et e +
e lim df _{I}" }: lim df {,J ) (33)
dzf““]{y)') 5 F—iw o dy e, dy
lim —0 +E (28)
¥ ¥ =12, 2 e00) 4
& am O 0
(o PV Sy P e lim o
i dfd Ey ) 7t 5 T r”y+ (34)
By W 4
s r +  lim ) ('y ).
P dy

where in this work we assume that the function f is con-
tinupus enough so that the differentiation can be switched
with the limit. To find the matching condition for the first
derivative of the functions f and f, we differentiate (21) with
respect to ' and taking limit 7* —  +oco on both sides, we
obtain

lim m: lim

F— e Ay

el 1)
77 )
F—xewm d_]._-f*

(29)

=0+ i
LI 0 e T v
o kay .
Since we assume that the differentiation can be switched
with the limit, from (22), we have

lim M =_lim

(30)
¥ — Yo y

df (7'
F—zica e

This fact demonstrates that (28) and (29) are equal. Then,
we get

) d (e +
& lim ITW

SR

e 5 ) g}, )

L& Ay

lim_
¥ _‘%IW

4o

E]
+ o

lim
o Ko

= lim [d?‘”’ (), 47 ) H_zdf“‘(?)]l

5Ty, T

T — o

(31

Mext, we determine the zeroth-order matching solutions
for the couple Stokes-Brinkman equations.

3.4 The Zeroth-Order Solution. Inthis section, we couple the
zeroth-order solutions of the governing equations (3), (4) by
using the matching conditions provided in Section 3.3
Betore using the matching conditions, we differentiate the
zeroth-order and first-order inner solutions (17) and (18]
with respect to 7 and taking the limit 7 — +00 on both
sides, we obtain

T
im P — = m,, (35)
T —eo0 l.|)-'
1
lim = — =1y, (36)
¥ —to d?

respectively. According to the matching condition (32), we
have m; = 0, Then, from {17}, we obtain

T = my (37)

Next, we provide the matching process of the
outer solutions in domains w, and w,. Differentiating
the zeroth-order outer solutions (11} and (13) for
the outer regions @, and w,, respectively, with respect to
3", and taking the limit p* — y&  on both sides, we
obtain
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H)
lim U _ wl \.ua e 4 0, f_zg-,.fe:.'zr,y-w
P Kk 26
J;.{

- ‘.l'z.lza Kook +ﬁa],
(ikll

Ldr ne e
zz dxt k,,
(38)

dpr® (1 £,

lim —— ) ' 39
J"_I'm‘.i.*. " 373 ke T W5 (39)

respectively. Substituting (36) and (38} into {33), we obtain

—
& ey [ SR vl
My = w, g e VA T g VO Yo,
i ‘\Ize,E "Jze,s
[( 4, 14p ne

B AN A T

ET y! e
- VT T
o)e F bk !
(40)

in region wy. Similarly, substituting (36} and {39) into (33),
we have

1 #
1y = (2. Z)y\lokﬁw;. (41)

in region w,. Since (40) is equal to {41), we then have

1 ¢ £ off Ty
= —(E—E}))':.m + “"1( w‘%e R
Iﬁe' VEE ¥ )

"\,
o 6L dP e ey, e
\Pf( CArTaN ) 87T
(42)
Define
¢ 14 1 dr' g
SRR Yt S Rty e TR
43)
S dPt i ) e
= —agand z; = —ua,,
g e dx gk £k

which are known constants. Applying (43) to (42) and (11},
this yields

Wy = 22, Ve + Wy(21€" 5 2 )

2.4 (44)
s T T T

[U+[DJJEPJ _ w-,es"" _wie-:

+ +
UETS T ES S L

W sy
+ 2,8 )

respectively, where [U*'™"]'”) means the zeroth-order so-
lution in the porous-medium domain w,. Substituting (43)
and (44} into (13), we have

oy L zsz'-'2
(U] ==+ D,

1 !
5 -3t [~22V%1ake

ot I
+w|(z|¢,-.y_\.m+z1£ f.n.m}
(46)

— gz Y zs]

(7 = 1)y <y <1

where [U]Y) means the zeroth-order solution in the
free-fluid domain w,. Mow, we obtain [UF]'" and
(U in terms of wy.

To illustrate our results, the solution (45} is plotted in
Figure 4, where the angles between the cilia and the hori-
zontal plane considered in this work are 40°, 50°, 60°, 70¢, 807,
and 90°, respectively. In this research, we assume that the
cilia have the highest velogity at & = 907 and stop beating at
= 40°_The values of the variables used in (45) are presented
in Tables 1 and 2. The values in Table 1 are used for all angles
# and the values of the variables in Table 2 are different for
each angle B, which are obtained from [8, 28], where they
have obtained the data from a biological experiment [29].
We concentrate on only one viscosity because we intend to
find the solutions that are close to the real problem and the
solutions do not change with the different viscosities. The
results for the different angles are interesting because we
determine the PCL velocities due to the movement of cilia,
which means the angle changes. The Earth gravity, solid
velocity, and permeability variables in (5) are fixed according
to our designed problem. Pressure can be modified but for
this problem the most effect on the velocity of the PCL fluid
is the solid phases, rather than pressure gradient. The var-
iables x and y in (5) are independent variables, which give
the position of the fluid velocity on the domain.

Figut'e 4 shows the velm:'ity of the PCL fluid with dif-
ferent angles & in demain @,. The highest velocity occurred
at 8= 90° as expected. This is because, in this study, we
assume that the maximum velocity of cilia occurs at 8 = 90°.
Maotice that the velocities decrease when the angles between
the cilia and the horizontal plane decrease.

In the next section, we compare our solution with an
experimental data where the velocity of the solid phases in
our solution is set to be zero.

4. Comparison with an Experimental Study

Iin this section, we compare the mass low rate @ of our result
with the study of Beavers and Joseph [22], where
M- M
= M. (47)

M,

where M is the mass flow rate in the free-fluid region and
M, is the mass flow rate in the porous medium, In their
study, BJ earried out the experiment to measure the flow rate
of a long porous block and a small uniform gap immediately
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Fioure 4: The asymptotic solution U*'", equation (45)
Tasik 1: Values of the variables applied to the solution (45) to-plot Figure 4.
Variable Value Unit Variahle Value Unit
ay (1] 1] U, 1 [gimis)
7.5 (] K, 1 [perm®]
P 992, % 10715 Lol dP* iyt 1 n
I 3w 10°° [fm + 5] wy 0 M
g 9.81 % 10° [umys*]
TaBre 2: Values of the variables used to plot Figure 4 for each angle 6.
Variable 50° 60" 70 807 £
Ve i) 18638 0.9353 0.9818 10000
Y 00012 00015 0016 00017 00018
é 06717 70949 17331 0.7439 0.7487
) L2 14 1.6 1.8 2

abave the block, while in this study, we analytically find the
mass flow rate of the fluid flow in the PCL in human lung by
using the asymptotic expansion methaod, The porous me-
dium in the experimental study is stationary porous blocks,
while the porous medinum in this study is the ciliary layer,
which is a motion medium. Therefore, we compare our
solution with the experimental data at only one porosity and

V2102 - o K g 2 | Ky # Dy — LA 1 — o K g U, ) +

+ o LK (g gk, K

the solid velocity is set to be zero. Since Beavers and Joseph
provide the data, the mass flow rate, only on the free-fluid
domain, as the result, nnly the solution on the free-fluid
domain is compared.

By applying the zeroth-order selutions {45}, (46) pro-
vided in Section 3.4 to {47), the mass flow rate obtained from
both equations is

= (U2 =0 Ko B 200 i # w.{a'."h'!h";"' M Iy !im}

(04T -1)

o+ TR R, o T ridae

=

e VIR Vg g ) + ()

r— -1,
KV (g K Y 4 (WK )

(48)
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where 7 = y*/+/K} and yg.. < " < L. To compare the result
with the experimental data, we use the same values of the
variables as in the experiment. The dynamic viscosity and the
density of water are 89 % 10" [Pa-s] and 997 [kg/nr’],
respectively [27]. The gravity g'g, is 9.8 [m/s*]. The length of
the free-fluid domain ranges from 337046 %107 to 1,
where yg, is assumed to be 3.37046 x 107*, The porosity is
0.78 and the characteristic permeability K is 7.1 x 1077, The
values of other variables used in (48) are K" = k,, /K, k,, =
04wy ==25U,=1, Dy=1and h =75, and & is nor-
malized by 10%

Figure 5 shows the comparison of the mass flow rate in this
study (solid line) through the free-fluid domains as a function
of o, with the mass flow rate in the experimental study of
Beavers and Joseph [22]. As can be seen from Figure 5, the
solution of our study (solid line) is in a good agreement with
the experimental data of Beavers and Joseph [22].

5. Boundary Conditions at the Free-Fluid/
Porous-Medium Interface

In this section we find the boundary condition at the free-
fluid/porous-medium interface by using the two solutions in
the two demains w, and w,. Based on solutions (45) and
(46), we can now obtain the boundary condition at the free-
fluid/porous-medium interface, which is

.
[U‘W}UJ = ~2§ + Dy - % + [_z:J';wke

= 21349_:"\""" b1 zs](}" =1

VA AWONAN] }](;.fu-*i--u 27y

(y" =1
(49)

Next, we provide another boundary condition at the
free-fluid/porous-medium interface.

Differentiating the zeroth-order solutions (45) and (46)
with respect to b both sides, we have

a7
NRD, 2 e )l
T:wlz,?"’ +w g =gz e T 4z
(50)
Ll
d[U ) . —J 0
T =2 = 2 Vake * w](zl"."‘.“m e 'y‘“")

=iz, 7y il 1zl
(51)

respectively. Therefore we obtain another boundary con-
dition at the free-fluid/porous-mediom interface, which is

—— This study
&  Experimental study

Frgure 5: The mass flow rate in this study and the experimental
data [22].

d [U": 0} l ifl
d}—" = 2,007 = Voiake)

(7Bme 4 o7 [d [U+cn:-]”"

- - (52
(sz"‘* FehL) L dy

=+

iz VY - 25] Sz VT bz

Thus, we obtain two boundary conditions at the free-
fluid/porous-medium interface, which are proper for the
fluid flow in the PCL due to the movement of cilia.

6. Summary and Conclusions

The movement of the cilia in the PCL layer plays an im-
portant role in the clearance of mucus and in preventing
foreign materials from entering the lower respiratory tract.
Determining the velocity of the PCL fluid flow in maotile cilia
Is necessary for a better understanding of the clearance
mechanism. The velocity of PCL fluid can be determined
using an ordinary differential equation (ODE), which re-
quires boundary conditions. This research guantifies the
boundary conditions at the interface between the porous-
medium and free-fluid regions using Stokes-Brinkman
equations. To achieve our aim:

(i) We apply the Stokes equation to the free-fluid
domain and the Brinkman equation to the porous-
medium region.

(i) We also assumed two boundary conditions: The first
boundary condition is no-slip boundary condition,
applied at the bottom of the porous-medium do-
main; the second boundary condition is that the
velocity of the PCL fluid is bounded when y tends to
a constant, applied at the top of the free-fluid region.
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(iii) The velocity of the PCL fluid due to the movement
of cilia is obtained by using the matched asymptotic
expansion,

(iv) The results are illustrated in Figure 4 with different
angles, @ =40°,50°, 60, 70°, 80°,90°, that the cilia
make with the horizontal plane. The variables
employed to plot the graph of the solutions are
shown in Tables 1 and 2.

{v) We find that the velocity of the PCL fluid reaches
its maximum value when = 90" and decreases
when @ decreases, which satisfies our assumption
that the highest velocity of cilia occurs when the
cilia are perpendicular to the horizontal plane
and the cilia velocities decrease with decreasing
angle &

(vi) We also found that the solution in this study
is consistent with the experimental data studi-
ed by Beavers and Joseph, which is shown in
Figure 5.

As mentioned above, not only are there two domains,
porous domain and free-fluid domain, but also there is the
interface between the free-fluid domain and porous
medium. The boundary conditions at the interface be-
tween the porous-medium and the free-fluid regions are
determined from the zeroth-order solutions provided in
Section 3.4,

(i) The first boundary condition is the relationship
between the two zeroth-ordered solutions in the two
domains while the second boundary condition is the
derivative of those two solutions.

(i) It should be noted that, in_this study, the solid
phases in the porous domain arc self-propelled
motion and we provide proper boundary conditions
for the preblem. On the contrary, in previous
studies, they are siationary. Although they are
moved, available literature has not provided ap-
propriate boundary conditions for the fluid flow m
PCL.

{iii} The limitation of this study is that the asymptotic
expansion method applied in this study is good fora
linear equation, but it is not easy to find the solu-
tions for nonlinear equations.

(iv) The disadvantage of this study is that we caleulate
the zeroth-order approximation selution, where the
other orders are cut off.

{v) In future work, the more realistic solution such as
every angle is considered in one caleulation rather
than one angle. Applications of the boundary
conditions to some other problems are, for example,
flows in rice field [30-34].

Nomenclature

ag: A constant (6]
A constant (6)

ay
B{y*): A function of y* (3)
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Dy A constant (8)

dPidx: The pressure gradient [dP/dx] = M/L*T? (1)

g The gravity [g] = LiT? (1)

G Characteristic gravity [g,] = L/T?* (5}

h: The characteristic length [h] =L (5)

K Characteristic permeability [K,] = L* (5)

K': Dimensionless permeability [K'] = 1 (5)

kit Theinverse of the permeability tensor [k = /L2 (1)

kit A permeability tensor [k, ] = L? (1}

£ A constant (3)

£ A constant (3)

£y A constant (3)

iy A constant (17)

FH,: A constant (17)

iy A constant (18)

ny: A constant (18)

Mz The mass flow rate in the free-fluid region [Mj] =

2 MIT {3.35)

Mg The mass flow rate in the porous medium [M ] =
MIT (3.35)

P Pressure [P] = M/LT? (1)

Ug A volumetric average velocity in a porous medium
[U,] =LIT (5)

Ut Dimensionless average velocity (5)

U Dimensionless velocity in the inner region (15)

U9 Dimensionless zeroth-order solution of the outer
region (10}

U*™:  Dimensionless first-order solution of the outer
region (10)

W The velocity of the liquid phase [v'] = LT (1)

v The velocity of the solid phases [v'] = L/T (1}

s A constant (11)

Wy A constant (13)

Wsi A constant (12)

W A constant (14)

¥ Dimensionless y (5)

¥ Dimensionless v in inner region (15)

¥sake! ~ The height of the porous-medium domain [ yg..] =
L in Figure 2.

Yheke  Ysoxe in free-fluid region [v2,, ] = L (22}

Fawke' Vatoke 0 porous-medium region [yg . ] = L (22)

i A constant (43)

2y A constant (43)

£ a constant {(43)

Y A function depending on ¢ and k,, (43)

£ A function depending on ¢ and &, (43)

w: Periciliary layer (PCL) [w] = L* Figure 2.

[T Free-fluid domain [w,] = L* Figure 2,

was Porous medium [w,] = L* Figure 2.

£ A porosity 1#] =111}

P The fluid density [p] = M/L (1)

IS A dynamic viscosity [p] = M/LT (1)

a: The mass flow rate in the total domain [] = 1 (48).
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