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Abstract

Dengue fever is caused by four serotypes of the dengue virus: DEN-1, DEN-2, DEN-3, and
DEN-4. The chimeric yellow fever dengue tetravalent dengue vaccine (CYD-TDV) is a
vaccine currently used in Thailand. This research investigates what the optimal control is
when individuals having documented past dengue infection history are vaccinated and
before the initial infection. Our mathematical model is the Susceptible-Infected-Recovered
(SIR) and Susceptible-Exposed-Infected-Recovered (SEIR) model in series configuration for
the human population and the Susceptible-Infected (SI) model for the vector population.
Both dynamical models for the two populations were recast as optimal control problems
with two optimal control parameters. The analysis showed that the equilibrium states
were locally and globally asymptotically stable. The conditions for locally and globally
asymptotically stability are established. The numerical solutions of the control systems

and conclusions are presented.
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Chapter 1

Introduction

1.1 Research Motivation

Dengue is a mosquito-borne viral infection, found in tropical and sub-tropical
climates worldwide, mostly in urban and semi-urban areas. The dengue viruses are
transmitted by two species of Aedes mosquitoes, the Aedes aegypti, and the Aedes
albopictus. The virus responsible for causing dengue is called dengue virus (DENV). There
are four DENV serotypes are labeled as DEN-1, DEN-2, DEN-3, and DEN-4, meaning that it
is possible to be infected four times [1]. In 2012, dengue ranks as the most important
mosquito-borne viral disease in the world. Outbreaks exert a huge burden on populations,
health systems, and economies in most tropical countries of the world. The emergence
and spread of all four dengue viruses (serotypes) from Asia to the Americas, Africa, and
the Eastern Mediterranean regions represent a global pandemic threat. Although the full
global burden of the disease is still uncertain, the patterns are alarming for both human
health and the economy [2].

Thailand has reported outbreaks of dengue fever for more than 60 years. At
present, dengue fever has spread throughout the country, every province, and district. The
distribution of the disease is constantly changing depending on the area. Disease
surveillance data from the Ministry of Public Health in 2020 found 71,292 cases from 77
provinces, representing a morbidity rate of 107.34 per 100,000 population, 51 deaths,
representing a mortality rate of 0.08 per 100,000 population, male-female ratio 1: 0.90,
age groups found. The top three are 15-24 years (25.87%), 10-14 years (21.24 %), and 25-
34 years (14.09%), respectively. The top five provinces with the highest morbidity rates per
100,000 population are Mae Hong Son (566.59 per 100,000 population), Rayong (325.86
per 100,000 population), Nakhon Ratchasima (234.36 per 100,000 population), Chaiyaphum
(219.18 per 100,000 population) Chainat (215.99 per 100,000 population) is shown as Figure
1.1
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Figure 1.1 Dengue fever rate in Thailand in 2020 per 100,000 population [3].

The regions with the highest morbidity rates were Northeastern region 127.53 per 100,000
population, Northern region 122.05 per 100,000 population, Central region 98.46/100,000
population, Southern region 62.97/100,000 population, respectivelyis shown as Figure 1.2.

Number of cases by weekly by region in 2020

2000

1500

1000

, B nlllﬂhln.-....:;&

135 7,9 1113151719212325272931333853739414345474951

Number of cases

week

= North - Central — Northeast - South

Figure 1.2 Number of cases by weekly by region in 2020 [3].

The effects of vaccination on a model in which the human population is divided into
children and adults were studied by Singh et al. [4] and Tasman et al. [5]. They also thought
there were two kinds of dengue infections: primary and secondary. People who had a
secondary infection were thought to be more vulnerable. Adults were split into three
groups in this research, resulting in a human population of three age groups: under 9 years,
9 to 45 years, and 45 to 65 years [6,7]. Chanprasopchai, et al. [8] studied dengue fever and



the effect of vaccination analyze the behavior condition for Routh-Hurwitz criteria of
model. Khan and Fatmawati [9] described changes in dengue infection from basic
reproductive values which defines a model with hospitalization and presents the changes
in detail. The results suggest that spraying insecticides on mosquitoes can significantly
reduce dengue infection. Pongsumpun et al. [10] studied a mathematical model of the
dengue model with a vertical transmission control mechanism based on the dengue
model. The two policy control models were insecticide and vaccinations which simulated
the parameters affecting this model control.

This thesis focuses on the dynamic spread of the dengue virus. This is an important
factor that determines the spread of vector-borne disease. Vaccines are effective in
preventing dengue fever, reduce the rate of hospitalization, and reduce the severity of the
disease and serious complications including death. Analyze the report data of the Bureau
of Epidemiology, Ministry of Public Health between 2003 and 2020. A mathematical model
was developed to analyze and design appropriate optimal controls for dengue

transmission with vaccination to reduce the spread of dengue disease.

1.2 Objectives of the study
The mathematical model is developed to analyze dengue fever transmission with
vaccination. The used mathematical analysis is the standard dynamical modeling method
in order to investigate the dynamical behaviors. The objectives of the study are:
1) To study the dynamical of dengue transmission by using a mathematical model.
2) To formulate a mathematical model of dengue transmission with vaccination for
analyzing the epidemic of dengue disease.
3) To develop a mathematical model of dengue transmission with and without
optimal control.
4) To develop and design a mathematical model of dengue transmission influenced
by vaccination for observing the epidemic of dengue disease as follows:
1. A simple mathematical model for low-infected endemic areas.
2. The mathematical model for the outbreak area focuses on regions to
reduce the severity of the second infection and is controlled by vaccination.
3. The mathematical model for outbreak areas focused on provinces with high
outbreaks and at risk of re-infection more than 2 serotypes to reduce the

severity of re-infection and control it through vaccination.



1.3 Scopes of the study

1)

The scopes of study are as follows:

The data used is from the reported cases and annual reports from the Bureau of
Epidemiology, Ministry of Public Health during 2003 — 2020 in order to analyze and
study the behaviors of dengue fever.

The mathematical model is developed based on the data to analyze the dynamical
transmission of dengue disease transmission with vaccination, assuming constant
population of each class.

The mathematical model is developed to analyze the dynamical transmission of
dengue fever with and without optimal control, assuming constant population of
each class.

The standard dynamical modeling method is applied in order to investigate and
analyze the dynamical behaviors of the dengue fever mathematical model.

The Pontryagin Minimum Principle (PMP) theory is used to solve problems in

optimal control.

1.4 Process of the study

1)

The process of the study is as follows:

Study the data from the report of Bureau of Epidemiology, Ministry of Public
Health, Thailand during 2003-2020.

Study the definition and theoretical background and review the described pieces
of literature.

Formulate the mathematical models.

Analyze the mathematical models.

Develop the mathematical models.

Compare and discuss the results.

1.5 Benefits of the study

1)

This study will be beneficial to related parties as follows:

The mathematical model will explain the behaviors in order to understand in detail
the dengue dynamical transmission.

This study will support a better understanding of dengue transmission with and
without optimal control.

This study will help to better understand the spread of dengue with the

effectiveness of vaccination.



4) This study will be used as a guideline to reduce the spread of dengue disease by

using the appropriate controls of the mathematical model.



Chapter 2

Literature Reviews

This chapter will describe the background of dengue disease in order to understand
the types of dengue disease, dengue virus, caused of disease, symptoms, and the efficacy
of vaccination. The analyze of the dynamical transmission of dengue disease will explain
the dengue infectious disease with vaccination. The theoretical backeround and literature
reviews are used in this study which discusses the previous modeling related to the

purpose of this study.

2.1 Background of dengue disease

Dengue disease is an infectious disease caused by the dengue virus (DEN or DENV)
classified as arbovirus which is a type of virus a single-stranded RNA belonging to the family
Flaviviridae and genus Flavivirus. It consists of four serotypes, namely DEN-1, DEN-2, DEN-
3, and DEN-4, and can cause disease in humans. The mosquito Aedes aegypti and Aedes
albopictus are important disease carriers. The infection has an incubation period of 4-10
days after being bitten by an Aedes mosquito. The body temperature is a high fever
between 38 °C and 40 °C [1,2,11-15].

2.1.1 Undifferentiated fever (UF)

Undifferentiated fever is often seen in infants or young children and adults who
have been infected with the dengue virus, especially for the first time (i.e. primary dengue
infection). There will be simply a fever for 2-3 days, and it may be a simple fever that is
indistinguishable from other viral infections. There may also be a rash-like maculopapular
rash with symptoms that are comparable to other viral infections that cannot be

recognized based on clinical symptoms [1,2,11-15].

2.1.2 Dengue fever (DF)

Dengue fever (DF) is more common in teenagers and adults. It is usually an acute
febrile sickness with severe headache, myalgias, arthralgias, rashes, leucopenia, and
thrombocytopenia. Although DF appears to be harmless, it can be a debilitating illness
that causes severe headaches, muscle and joint pains, and bone pains (break-bone fever),
especially in adults. Unusual hemorrhages, such as gastrointestinal bleeding,
hypermenorrhea, and major epistaxis, might happen on occasion. Dengue fever epidemics

are rare among locals in dengue endemic locations [1,2,11-15].



2.1.3 Dengue hemorrhagic fever (DHF)

Dengue hemorrhagic fever (DHF) is a 2-7 day acute illness that is more common in
children under the age of 15 in hyperendemic areas and is linked to repeated dengue
infections. Abnormal bleeding, an enlarged liver, and soreness when pressed, abdominal
pain or vomiting are all clinical symptoms. DHF is becoming more common in adults, and
it is defined by an immediate start of high fever, as well as signs and symptoms that are
comparable to DF in the early febrile phase. Petechiae, easy bruising, a positive tourniquet
test (TT), and/or gastrointestinal hemorrhage are all common hemorrhagic diatheses. DHF
is particularly common in children who have contracted dengue fever as a result of a
secondary infection. Dengue shock syndrome (DSS) arises when plasma leakage becomes
highly acute, and symptoms include a weak pulse, a decrease in blood pressure, cold
hands/feet, and restlessness [1,2,11-15].

2.1.4 Expanded dengue syndrome (EDS)

Expanded dengue syndrome (EDS) or Unusual dengue symptoms there have been
reported of additional cases of unusual symptoms, which are still a minority, about 3-5
percent of all dengue  infected cases. The symptoms found are
encephalopathy/encephalitis, hepatic failure, dual infection, renal failure, and DHF
patients with underlying conditions e.g. thalassemia, liver, kidney, heart, diabetes,
hypertension disease [1,2,11-15]. The diagram of the dengue virus infection is shown in

Figure 2.1.
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Figure 2.1 Diagram of the dengue virus infection [12].

2.2 Vector of dengue

The two most important common dengue vectors are Aedes aegypti and Aedes
albopictus. All mosquito species g¢o through four distinct stages during their life cycle
shown in Figure 2.2. The life cycle of mosquitoes has four stages: egg, larva, pupa, and
adult [16-18].

Eggs: Mosquito eggs are very small, only about 1 millimeter. But still can be seen with the
naked eye. Aedes mosquito eggs cling to the walls of water storage containers, such as
water bowls, by clinging to the edges slightly above the water level. The incubation period
is about 2 days, it will come out as larvae.

Larva: First when the larva hatches from the egg. It is very small as stage 1 larvae, then
the larvae will eat, esrow and molt, change to stage 2 larvae, which have grown in size but
have the same shape. The larvae will feed and continue to grow into larvae stages 3 and
4. Each change of stage is always molted, when larvae stage 4 matures, the final molt
turns into pupae stage. The larval stage lasts about 6 days.

Pupa: The distinctive shape is the large head. Usually floating at the surface of the water,
the pupa stops feeding and is the last stage of life in the water. The pupa stage takes
about 2 days for the larvae to mature before molting into adult mosquitoes. In a tropical
country such as Thailand, it only takes about 10 days, depending on the mosquito species.
Adult: Mosquitoes eventually emerge from the chrysalis after two days to a week in the

chrysalis stage. The life cycle usually lasts two weeks. But it can range from 4 days to as



long as a month. An adult mosquito emerges to the surface and flies away, ready to begin

its life cycle.

Figure 2.2 Mosquito life cycle [16].

2.2.1 Aedes aegypti

The virus that causes dengue fever can be transmitted by the Aedes aegypti
mosquito. The female mosquito lays her eggs near the house in containers with water and
plants. It bites both humans and animals. This species may live in tropical and subtropical
areas all year.

Figure 2.3 Aedes aegypti mosquito [17].
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General information: Aedes aegypti mosquito likes to live in the house or around the
house breeding sites include water-filled containers such as water blisters, cement tanks
for water, concrete pits in bathrooms, cabinet legs, old tires, cans, vases, rain gutters,
coconut shells, and leaf sheaths. Aedes aegypti eggs can remain dry for years to wait for
the optimum humidity and temperature then the eggs then hatch into larvae. The
incubation period for the eggs is about 2.5 - 3.5 days. Aedes larvae take about 7-10 days
to grow when they enter the adult stage. Aedes mosquitoes can mate at about 24 hours
of age. Female mosquitoes mate only once but can lay eggs several times. Male Aedes
aegypti can mate dozens of times in an hour. Aedes mosquitoes like to feed on human
blood and make a living in the daytime. But it can bite people at night as well. The resting
place for Aedes mosquitoes after blood sucking includes dark areas in the bathroom,
hanging things in the house such as clothes, mosquito nets, curtains, etc. Aedes aegypti
mosquitoes do not like smelly water. The difference between Aedes aegypti and Aedes
albopictus mosquito is that there are two pairs of white scales on the back of the chest

while the Aedes aegypti has a single line [16-18].

2.2.2 Aedes albopictus

The Aedes albopictus mosquito, also called the Asian tiger mosquito, is a mosquito
that can transmit the virus that causes dengue fever, native to Asia. Living habits are similar
to domesticated mosquitoes but are often found in rural areas, orchards, rubber
plantations, parks, and breeding water sources are often natural water sources such as
hollow trees, bamboo tubes, etc. However, Aedes albopictus mosquitoes can breed in
man-made sources such as clay jars, plant pots, etc. The Aedes albopictus mosquitoes fly
farther than the Aedes aegypti mosquitoes and are carriers of dengue fever. This species

can survive year-round in tropical and subtropical climates [16-18].

Figure 2.4 Aedes albopictus mosquito [18].
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2.3 Vaccination of dengue fever

Dengvaxia® is a live recombinant tetravalent dengue vaccine or chimeric yellow
fever dengue virus tetravalent dengue vaccine (CYD-TDV) developed by Sanofi Pasteur
covers 4 serotypes of dengue. The Dengue vaccination program requires a total of 3 in-
jections, 6 months apart are 0, 6, and 12 months [19]. The World Health Organization
(WHO) recommends it as a safe vaccine for children and adults aged 9 to 45. However,
according to published research reports from the phase 3 study in general, the vaccine's
efficacy is not perfect, independent of pre-injection serostatus because most pre-injection
blood tests are not available. The vaccine efficacy of the dengue vaccine was moderate
56.5%, meaning it could prevent more than half the number of dengue infections. The
dengue vaccine reduces the severity of the disease by 88.5% and hospitalization by 67.2%
[19-22]. In December 2017, the WHO [23] issued a new recommendation that states that
the WHO recommends vaccination (with Dengvaxia) only in individuals with a documented
past dengue infection. This should be taken into consideration in any models used.
Dengvaxia has the potential to lower the burden of dengue disease in areas where the
disease is prevalent moderate to high {24]. A cautionary note should be mentioned, there
is an increased risk of hospitalization of the vaccinated individual among groups without
prior infections. Mass vaccination with the CYD-TDV vaccine should not be done in
countries that do not have a history of dengue infections by most of the strains of the
DENV. This is why the vaccination programs involving this vaccine have been stopped in
countries such as Thailand, where there is a prior history of infections by multiple strains
of the DENV’s [20-24].

2.4 Dengue fever and vaccine in Thailand

Thailand has long reported outbreaks of dengue fever. The outbreak has spread
throughout the country, with cases found in every province and region. Report from the
department of disease control the ministry of public health in 2020 found 71292 cases
and 51 deaths. The dengue vaccine used in Thailand is Dengvaxia and WHO is
recommended for use in children and adults aged 9-45 years as a safe vaccine. Map from
the centers for disease control and prevention (CDC) in 2020 shown dengue around the
world we can see that Thailand has frequent or continuous risk means that either frequent

outbreaks occur or transmission is ongoing are shown in Figures 2.5-2.6 [25,26].
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Figure 2.6 Map dengue risk in Asia and Oceania [26].

2.5 Theorem and definition background
The following are the theoretical concepts that this thesis has defined and

applied to research:

This material is reserved for educational use only, not allowed for commercial use.

Forbidden to modify the content, and cite the document when use.
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Definition 2.1 (Equilibrium point [27,28]) The point X e R" is an equilibrium point for the
differential equation %: f(t,X) if f(t,x~):O for all t.

From van den Driessche and Watmough [27] the vector-host model described by

equation:

ds e
£ b-bS+rT-4SV
pm B,

dl P~ -
— =4SV —(b+r)l
a P (b+r)
dM — e
—=Cc-CcM - p,cM
ot P,
N/
—=4,MIl-cV
pra
With the conditions N, =S+1, and N, =M +V . From Equation (2.1), normalizing the

system equation by introducing the following normalized variables:

s:i,|=L,M=M,V=i. (2.2)
Nh Nh Nv Nv
The mathematical model of Equation (2.1) is now normalized to the following equation:
ds b
— =——bS+rl - BSVN
at N, BSUN,
dl
Py = BSVN, —(b+ r) |
(2.3)
dM ¢
—=—-CcM - S,cMIN
dt Nv 182 \
dv
— = fB,cMIN, =cV
dt ﬂz \Y

The equilibrium points are obtained by setting the right-hang side of Equation (2.3) to zero.
This system model now admits two equilibrium points, namely the disease-free
equilibrium and the endemic equilibrium point.
The disease-free equilibrium point E, is:

E,=(L0.0)
The endemic equilibrium point E, is:

E :[(b+r)(c+ﬂ2) ﬂlﬂz_(b+r)c C(b+r+ﬂ1) ﬂlﬂz—(b+r)CJ
*Lo+r+p)B,  (o+r+8)B, " B(c+p,) " Blc+p) )
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Definition 2.2 (The basic reproductive number [27]) the basic reproductive number (R, )

is defined as the average number of secondary infections when a single infective enters

an entirely susceptible population (we compute R, by next-generation matrix method).

Definition 2.3 (Next generation matrix [27]) Let X be vector of infected classes, such as
carrier, infectious, exposed, etc. Let Y be vector of uninfected classes, such as recovered

and susceptible. Then

%:ﬁ(x,v)—V(x,Y).

If(X,Y): Vector of new infection rates (flows from Y to X ).

\7(X ,Y): Vector of all other rates (not new infection).

These rates include flows from X to Y (for instance, recovery rates), flows within X and
flows leaving from the system (for instance, death rates). For each compartment in-flow

in V is negative and out-flow in Vs positive. The vector-valued function F (X,Y)and

V (X,Y)of XandY given by:

(2] (2]
oX oX

at the disease-free equilibrium point and then, FV is called the next generation matrix.
The spectral radius (p) of FV™is equal to the basic reproductive number(R;). The
spectral radius of FVis equal to the dominant eigenvalue of FV *that is the maximum
eigenvalue of FV . Therefore, R, equal to the maximum eigenvalue of FV ™.

From van den Driessche and Watmough [27] the dynamics system of the multistrain model

equation is described:

Dsre— = - O
E:b+7/lll+72|2_bs_ﬂlSIl—ﬁZSIZ

9l ST viT —y T —bT.

at 191y =7 1 _ (2.0)

dl - —— — =
d—t2=,825|2—V|1|2—;/2|2—b|2

N=S+1,+1,
From Equation (2.4), normalizing the system equation by introducing the following

normalized variables:



15

(2.5)

We also have S =1—1, —1I,. The mathematical model of Equation (2.4) is now reduced to

the following equation:

%:ﬁlsw +VIL1L,N = 7,1, —bl,

di '
= ASLN VLN -1, bl

« z[ll] v=[s]. £ {ﬂlsllN }’V:{—VIIIZN +7/1I1+bll]

1, S,SILN vl I, N +y,1, +Dbl,
At the disease free equilibrium point (S, I, |2):(;L 0, o) we get:

We have

O(ASIN)  A(ASIN) ]
ol ) ol :[ﬁlN o},
S(BSIN) 3(BSLN) |7 0 AN
Al (&) ol Pp
[ O(—vlI,N + 1, +bl)  o(=vI,I,N +1, +bl,)]
V2 al, al, {bﬂl 0 }
OVl I, N +p,1,+bl,) 8(vL 1, N +7,l,+bl,) 0~ b,
i ol al, )
and
1
N\ b+r,
0 1
b+r,
Then
L 0 AN
Fvlz{’glN O}b+r1 _[ by,
0 AN, L BN
b+r, b+r,
Therefore

ﬁl_Nﬂz_N}

R, = max ,
b+r b+r,
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Theorem 2.1 (Stability [28]) The equilibrium points E, of the system C:j—)t(z f(t,X) is

locally asymptotically stable if the Jacobian matrix J =§(Ei) has all its eigenvalue with

negative real parts. The equilibrium point E, is unstable if at least one of the eigenvalues

of the matrix J has a positive real part. From Equation (2.6) the Jacobian matrix is defined
as:

SSN +VI,N -1, —Db vI,N

= . 2.7

" ~VI,N B,SN —VLLN -1, ~b 21

Assumed that 4 and /4, be eigenvalues of the Jacobian matrix J .

For real eigenvalues, the behavior of the solution can be classified into one of the three
possible categories.

Case 1: If both eigenvalues are positive 4, > 0,4, >0, then we have an unstable node.

y X

A

V2 ' vy

v

Figure 2.7 Sketches of the eigenvalues and solution curve of both positive are unstable
node [28].

Case 2: If eigenvalues are of opposite sign 4, >0,4, <0 or4, <0,4, >0, then we have a
saddle point.
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— <
.

¥2 v

7

v Y

Figure 2.8 Sketches of the eigenvalues and solution curve of opposite signs are saddle

point [28].

Case 3: If both eigenvalues are negative 4, <0, 4, <0, then we have a stable node.
y Y

V2 + vi 4

Figure 2.9 Sketches of the eigenvalues and solution curve of both negative are stable

node [28].

For complex eigenvalues A =a+bi, we make a distinction between the following
scenarios. The solution's behavior can be classified into one of three groups.

Case 1: If eigenvalues have a positive real parta >0, then we have a unstable spiral.
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Figure 2.10 Solution curve when eigenvalues are complex with positive are a unstable
spiral [28].

Case 2: If eigenvalues are pure imaginary a =0, then we have a neutral center.

Figure 2.11 Solution curve when eigenvalues are complex with zero are a neutral center
[28].

Case 3: If eigenvalues have a negative real parta <0, then we have a stable spiral.
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Figure 2.12 Solution curve when eigenvalues are complex with negative are a stable
spiral [28].

Theorem 2.2 (Routh-Hurwitz [28]) Considering the general equation and vector notation

are given:
%:Wi(xlvxzv)(s’“"xn)
d);[ (2.8)
— =W (X
o= W(X)

Where X = (X, X5, Xgyees X)), and W = (W, W, W;,..,W, ). The equilibrium point can
be setting the right-hand side of the equation above to zero yields:

W ( X ) =0.
Then we get equilibrium points X =(X., X,, X;,..., X, ), and satisfyingW (Y) =0. The

obtained Jacobian matrix of W (X )is:

W =
oX, 0oX, oX, . (2.9)
J=| : s :

ow, ow, oW,

| OX,  OX, X, I
Where J is matrix dimensionnNxn, | is NXN identity matrix, and eigenvalues A4 of this
now satisfy:

det(J —A1)=0. (2.10)

The characteristic equation is polynomial of degree n:
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A"+ AT AT AL+ A, =0 (2.11)

The coefficients of characteristic polynomial of Equation (2. 11), defined N matrices as

follows:
H, =[A],
A1
e
‘A, 1 0
Ho=| A, A, A |-
Ay A, A
A, 1 0 0 0
Ve A, A, A, 1 0
ol AL TA A4 0"
_AZifl A2i72 A2i73 A2i74 Ai
Ay 1) ON-0 0
I e o) st B\ T
0.0 0 10 - A
where the (r,m) term in the matrix H; is
A, . for0<2r-m<n,
1 for 2r =m,
0] for 2r<m, or 2r>n+m.

Then all eigenvalues have negative real parts. The equilibrium point X is stable if and

only if the determinants of all Hurwitz matrices are positive:

detH, >0 (i=123,...,n).
Routh-Hurwitz Criteria for example n=1,2,3,4
n=1: A >0.
n=2: A >0,4,>0.
n=3: A, >0,A;>0,AA,—A,>0.
n=4: A, >0,A,>0,A,>0, AAA, —A’A, - A% >0.

Theorem 2.3 (Lyapunov [28]) Letx=0

be an equilibrium point X=f(x) and

f(x):¢<R". Let V(x):¢ >R be a continuously differentiable function such that:

i)V (0)=0,

i)V (x)>0in@, except at x=0,
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i)V (0) =0,
iV)V (x)<0 ing, except at x=0.
If V(x)<0in@—{0}, then x=0 is globally asymptotically stable.

Theorem 2.4 (LaSalle’s [28]) Let f :D < R" be a compact invariant set with respect to
X=f(x). Let V(X) be a continuously differentiable function defined over R" such that

% (X) <0in D.
Let P be a set of all points in D where V (X) =0 and E be the largest invariant

set in P. Then every solution stating in D approaches E as t — 0. Moreover, if the set

P contains only one point X=0, then X=0 this point is asymptotically stable in D.

Definition 2.5 (Optimal control [29]) Our basic optimal control problem consists of finding

a piecewise continuous control U(t) and associated state variable X(t) to minimize the

given objective functional,

max [ £ (t, x(t),u(t))dt.

u Jt

Subject to

X'(t)=g(tx(t).u(t),
X(t,) =% and x(t,) free.

Such a maximizing control is called an optimal control. By the term X(tl) , free

(2.12)

refers to the fact that the value of X(tl) is unrestricted. In all three arguments, f and g

will always be continuously differentiable functions for our purposes. As a result, the
associated states will always be piecewise differentiable, because the control will always

be piecewise continuous.

Definition 2.6 (Hamiltonian [29]) If u*(t) and X*(t) are optimal for problem Equation
(2.12), then there exists a piecewise differentiable adjoint variable A(t) such that

H (6 (0).0(t), 2(1) < H (X (0,7 (1), A(1)),
for all control u(t), where the Hamiltonian H s

H = f (t,x(t),u(t))+2(t) g (t x(t),u(t)),
and

da  OH(tX(),u"(t),A(t))

dt X

)
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A(t)=0.
We have already shown with this adjoint and Hamiltonian, H, =0 at u” (t) Namely, the

Hamiltonian has a critical point, in the U variable, at u*(t).

Theorem 2.7 [29] Suppose that f(t,x,u) and g(t,x,u)are both continuously

differentiable functions in their three arguments and concave inU. Suppose U is an
optimal control for problem Equation (2.12), with associated state X,and 2 a piecewise
differentiable function with 2(t) >0 for allt. Suppose for all t, <t <t

H, (67 (1).u"(t), A(1))=0.

Then for all controls U and each t, <t <t , we have

H (X" (t),u(t), A(t)) < H (X7 (t),u" (1), A(t)).

2.6 Mathematical modeling studies

This section reviews the work of other researchers related to the objectives of this
thesis. Some of the related works are as follows,
In 2015, Phaijoo and Gurung [30] studied the SIR model of dengue disease transmission
with a fraction of susceptible host and infected host population aware. This model
supposed that the populations do not interact with the mosquitoes. The diagram of a

mathematical model of dengue fever with and without awareness is shown in Figure 2.13.

} hﬁb P
h,h, ) h, i hh, /i
SELGTNN - > /lr
} J
h,u hs ]7 7 lh}_
- ) m
A m 7 -~ ml
-  » Ny gl
mﬂms mymz

Figure 2.13 The diagram of a mathematical model of dengue fever with and without
awareness [30].
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The systems of differential equations that describe the present model are for the human

and vector population are as follows:

ddrls =hh —(1- p)hhinb h,m; —h,h,

% =(1- p)hhinb hm,—h,h —hh

drlr —hh—hh . (2.13)
dgt]s = A—(l—q)mh—/;bmshi —m,m,

%z(l—q)mh—ﬂbmshi -m,m,

n

The description of state variables and parameters are defined as Table 2.1.

Table 2.1 The definition of the parameters and variables used in Equation (2.13).

Parameters
Definition
& Variables
h, The number of susceptibles in the host population
h, The number of infectives in the host population
h, The number of removals in the host population
m The number of susceptibles in the vector population
m; The number of infectives in the vector population
h, The constant host (human) population size
m, The constant vector (mosquito) population size
p The fraction of susceptible host population aware of dengue transmission
q The fraction of infected host population aware of dengue transmission
h, The birth/death rate in the host population
m, The death rate in the vector population
h, The transmission probability from vector to host
My The transmission probability from host to vector
b The biting rate
h, The recovery rate in the host population

The recruitment rate

>
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The influence of awareness factors on dengue fever transmission dynamics was
investigated using a dengue model. The transmission of the disease was studied with and
without the existence of disease awareness in the host population. Only a small
percentage of the vulnerable host population is meant to be exposed to mosquitos. The
community is expected to be aware of disease transmission and to take all reasonable
precautions, such as using insect repellent, mosquito nets, and other similar measures, to
avoid mosquito bites. Furthermore, because the population is segregated owing to
knowledge, a portion of the diseased host population is not expected to spread the
disease. Because of increased awareness, the disease is thought to impact fewer humans
and mosquitoes. When the host population is unaware of the disease, a significant number
of people are seen to be affected. As a result, the current study implies that by raising
host population knowledge, a large number of susceptible hosts can be rescued from
infection. As a result, raising public awareness about the disease's transmission is critical to
halting the spread of dengue fever.

In 2015, Hossain et al. [31] investigated and extensively assessed a mathematical
model to determine effective control techniques for the transmission dynamics of a
vector-borne disease. The basic reproduction number is shown to be totally responsible
for the disease's global dynamics. The model's numerical simulations show that
preventative actions taken at the aquatic and adult phases reduce the number of new
dengue virus cases. The numerical simulations show that taking preventative measures
carefully is more successful than treating diseased people.

In 2018, Chanprasopchai et al. [8] studied the mathematical model of dengue
disease for the effect of dengue vaccination to analyze the behaviors of transmission of
dengue fever with the Dengvaxia vaccination. Only one strain of the DF virus was
considered, and there was no assumption of age structure in human populations. The
population is divided into two groups are the human and vector population. The diagram
described the transmission of dengue disease with the effect of vaccination is shown in

Figure 2.14. The variables and parameters are defined in Table 2.2.
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Figure 2.14 Dynamical transmission in the human and mosquitoes with the effect of

vaccination incorporated [8].

Table 2.2 The definition of the parameters and variables used in Equation (2.14).

Parameters \_ 2.

2 va R Definition

§ The number of the susceptible human without vaccinated at time t
ﬂ The number of the susceptible human with vaccinated at time t
§ The number of the susceptible vector at time t

E The number of the infected human without vaccinated at time t
m The number of the infected human with vaccinated at time t

E The number of the infected vector at time t

E The number of the recovered human at time t

p The fraction of newborns vaccinated

a The vaccine efficacy

By The transmission rate of dengue virus from human to vector

By The transmission rate of dengue virus from vector to human

A The constant recruitment rate of vector

N, The total number of vector

Ny, The total number of human

O
I

The birth rate of humans
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Parameters
Definition
& Variables
d, The death rate of humans
d, The death rate of vectors

The nonlinear system of the differential equation describing the dynamics is given by:

8 (1PN, A5 0,5,

U g ST (rea)i,

(T )R

%: pby Ny, —(1-@) By Sy by =0, Spy ¢ (2.14)
%=(1—a)ﬂH§U—(7+dH)E
d;_V:A—ﬂvg(EJrE)—dvg

SRS, (T )4 Ty

The result from the analysis, the simulation numerical find that the influence of dengue
vaccination with the infected human without vaccination there is a significant reduction in
the total hospitalization time needed to treat the illness. This means that vaccines can
help reduce the severity of the disease.

In 2019, Pongsumpun et al. [10] studied the SEIR mathematical model of dengue
transmission with vertical transmission and optimal control. This model, considered a
control mechanism of two policies, Policy 1 is insecticide administration and vaccination,
and Policy 2 is insecticide administration and isolation. The normalized system of

differential equations are defined as following:
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dth " (1_sH)_b|\lﬂ: S, Iy N,

= bNﬁ Sl Ny —(6y + 1) E,
‘ﬂ_tH:gHEH_(,,HWH)uH . (2.15)
E_bgs (e ),

ddL::N&V-'_ngV e

The variables and parameters of Equation (2.15) are defined in Table 2.3.

Table 2.3 The definition of the parameters and variables used in Equation (2.15).

Parameters {4
& Varidifes Definition
Sy The number of susceptible human individual at timet
E, The number of exposed human individual at timet
Iy The number of infected human individual at timet
The number of exposed vector individual at time t
Iy The number of infected vector individual at time t
N, The total number of human population
Ny The total number of vector population
Hy The death rate of human population
Hy The death rate of vector population
P The transmission probability from the vector to human population
By The transmission probability from the human to vector population
b The biting rate of the human population
&y The intrinsic incubation rate
&y The extrinsic incubation rate
v The recovery rate of the human population
M The number of mosquitoes transovarially infected

Two control inputs can be attributed, namely u, for the human population and u, for the
mosquito population.

Policy 1: Insecticide administration and vaccination.
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Because vaccination has a limited effect on the exposed and infected populations, it is

assumed that u; will have no effect on E, and I,. As a result of the insecticide
administration, it is believed that u, will act on both E, and]l, . The following equations

represent the control model for Policy 1:

ds b

d—tHZﬂH (l_SH)_NL:SHIVNV_ul(t)SH

de, Db

dtH = Nﬂ: SyIy Ny —(&y + 4 ) Ey

di

d—::gHEH _(/LIH-'_}/H)IH . (216)
d

b - (5 k) E U (DE,

dl M

d—,\[/ZN_V"‘ngv_:uvlv_uz(t)Ev_uz(t)IV

Policy 2: Insecticide administration and isolation.

The isolation control U, anticipates the removal of diseased human persons from the

system in this case. However, because isolation has a small impact on vulnerable and

exposed populations, it is believed that u; will have no impact on S, and E,, . Because
the insecticide administration has comparable effects to Policy 1, it is believed that u, will

act on both E, and |, once more. The following is the control model for Policy 2:

Be_y, (1—sH)—%sHIVNV

T bNﬁ: Sy Ny = (6 + a4 ) En

St B = (st +7) e~ (01 - 2.17)
e _bA S (et )E U (E,

di, M

Bl (DB e O,

The optimal control problems of system Equations (2.16) and Equation (2.17), require a

definition of the objective function as follows:

.
J(u,u,)= min_[(BolH (t)+% B,u’ +% Bzuzzjdt, (2.18)
0
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where By, B, and B, are weight associated with the human infective population, the
control variables U,, and U, respectively. Although the administration of Policy 2 resulted

in a faster reduction of the infected human population, this came at a higher cost in the
initial effort; whereas the necessary vaccination effort of Policy 1 is substantially lower,
while producing enhanced all-round epidemic management. The behavior of the control

system when the weight functions By, B, and B, were changed was also investigated.
Both parameters f,, and A, control methods are numerically demonstrated to be

resistant to changes in transmission probabilities. As a result, in addition to insecticides,
immunizations and isolation can also aid in the effective and optimal control of dengue
fever.

In 2020, Ullah et al. [32] constructed an epidemic model with a nonlinear saturation
incidence rate and saturated treatment function to investigate the transmission dynamics
of vector-borne illnesses. The saturated treatment function, as well as this form of
incidence rate, describe the effect of delayed therapy. They begin by formulating a
mathematical model, after which they give the model's fundamental analysis, which
includes the solution's positivity and boundedness. The variables and parameters of
Equation (2.19) are defined as Table 2.4.

Table 2.4 The definition of the parameters and variables used in Equation (2.19).

Parameters

2 val b @ Definition

Sy (t) The number of susceptible human individual at time t
E, (t) The number of exposed human individual at time t
L, (1) The number of infected human individual at time t
Ry (t) The number of recovered human individual at time t
Sy (t) The number of susceptible vector individual at time t
E, (t) The number of exposed vector individual at time t

Iy (t) The number of infected vector individual at time t
Ay The recruitment rate of hosts

Ay The recruitment rate of vectors

B, The host constant rate

B The vectors constant rate

=y The transmission from E,, to I, class

Sh The transmission from E, to |, class
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Parameters .

& Variables Definition
Ny (t) The total number of human population

N, (t) The total number of vector population

o, The saturation in hosts

a, The saturation in vectors

d, The natural mortality rate in host population
d, The natural mortality rate in vectors

Oy The disease-induced death in infected host class
4 The treatment rate

b The delay in treatment

The transmission diagram of both host and vector population is depicted in Figure 2.15.
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Figure 2.15 Flowchart describing the transmission of the vector-host disease [32].

The following system of differential equations can be used to numerically represent the
suggested vector-host epidemic model:



dSH (t)_ _ﬁlSHIV_
— Ay dHSH
dt 1+,
dEH(t) IBlSHIV
= -¢ E,—-d,E
dt  1+al, “nEn ~uEy
di, () |
Y p—a
d é:H H H H 1+b|H
R
d H(t): rly —d,R,
dt 1+bl,
dSv (t)_ = :stle =
-t dVSV
dt 1+a,l,
dEV(t) ﬂZSVIH
= —&E, —d
tt—— , T3 35k “B -0k
dl
() é:VEV dVIV
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(2.19)

They concentrated their efforts on developing a control problem in order to reduce the

spread of infection in a community. In the newly proposed vector-host model, take into

account the sensitivity results from the previous section and incorporate three time-

dependent control variables to design an optimal control problem Equation (2.20).

(1-u,(t))-d,S,

AiSuly (1= u(t))- &/Eq ~d, Eq

ds,, (t) U PiSuly
dt A A
G, (1)
dt 1+0¢llV
dl
d( ) =SBy —dyly
dR,, (t) _ Y (t) Iy
dt 1+bl,
ds, (t) _ ﬂZSVIH
dt Y 1t a,l,
dEv (t) — PS5y 1y (1_
dt 1+a,l,
dl ( ) é:VEV dVIV

. PP

7uz(t)|H
1+Dbl,

L2VH (1, (t))-d, S, —u,(t)S,

ul(t))_‘fVEV _dva _u3(t)Ev

Us (1)1

(2.20)

These time-dependent control methods are denoted by u, (t),u,(t), and u,(t)where

u, (t)indicates bed-net or mosquito repellent preventative control. The second control
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function, u,(t) is used to improve infected human therapy (raise R), while the third
control function, u,(t)is utilized to spray insecticide against vector populations. The

corresponding objective function for the purposed model to minimize the infection is given
as follows:

Te

1
J(uy,u,,uy) = I{CllH +C,N, +E(L1u12 +L,us + Lgusz)}dt. (2.21)

0
The constants C,,C,,L,,L,, and L,represent the balancing cost factors and T, denotes
the final time level. They developed four distinct strategies by combining different control
factors. The following is a graphical representation of the influence of each strategy on
disease dynamics and eradication.

Strategy 1: treatment and insecticides spray controls (u, = 0,u, =0,u, =0).

Strategy 2: prevention and insecticides spraying controls (u, =0,u, #0,u, =0).

Strategy 3: prevention and treatment controls (u, = 0,u, = 0,u, =0).

Strategy 4: prevention, treatment and insecticides spraying controls (u1 #0,u, #0,u, # O).

The impact of each strategy on the disease dynamics is analyzed graphically and discussed
in detail. From the graphical interpretations, it is found that strategies 1, 3, and 4 except
strategy 2 are useful and can be used for disease minimization. But, from the simulation
of strategy 4, we conclude that the implementation of all control interventions at the
same time is the most useful strategy acainst disease eradication.

In 2021, Khan and Fatmawati [33] investigated the dynamics of dengue fever
transmission during hospitalization using a mathematical model. For the year 2018, they
assessed the basic reproduction number for infected cases in East Java Province to be
R, =1.1138. The parameters of the dengue model were calculated using confirmed
notified cases from East Java province, Indonesia, in 2018. They developed a model for
dengue fever with hospitalization and described its dynamics in depth. The optimal control
problem is numerically solved, with the solutions consisting of a control system for several
techniques. The goal of this case study is to reduce the number of dengue-infected hosts

and vectors while minimizing the costs of applying the controls u, and u,, namely,
prevention U, and insecticides U, efforts as control variables in the model. The following

objective function can be used to express this goal:

ts
J(ul,uz):minj[EVJrlv+Eh+lh+%uf+%u§)dt, (2.22)
0
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where E, and E, are the numbers of exposed hosts and vector, 1, and |, are the
numbers of infected hosts and vector, t, is the final time, and ¢, and c,are positive

weights. The optimal control problem is numerically solved, with the solutions consisting
of a control system for several techniques. Controls such as preventive and insecticides
may play the most important role in disease eradication in the community. The results
imply that preventing humans from being bitten by mosquitos and spraying mosquitos
with insecticides can greatly reduce dengue fever illness and the spread of the disease in
the community.

In this research, we developed a mathematical model of dengue disease from
[8,30,31] and applied an optimal control from [10,32,33]. We formulate the transmission
models for dengue disease considering vaccinations before the first infection (primary) and
after infection (secondary). Initially, we create a mathematical model and dynamics system
equation to describe the model. In all mathematical models, found the equilibrium points
and the basic reproductive number by the next generation. We study the local stability of
equilibrium points by using Routh-Hurwitz, the global stability of equilibrium points by
using Lyapunov function. The optimal control, formulate an optimal control problem with

control functions, and obtain the optimal control characterization.



Chapter 3

Research methodology

This chapter presents data preparation, data analysis, and the outline of this thesis.

Data on dengue fever (DF) and dengue hemorrhagic fever (DHF) each year from 2003 to

2020 by the actual data from the Bureau of Epidemiology, Department of Disease Control,
Ministry of public health, Thailand.

3.1 Data preparation

All actual data related to dengue disease are collected and analyzed to get the thesis

results. The historical numbers of dengue disease in Thailand during 2003-2020 are shown

in Table 3.1-3.3 which is including reported cases, death cases, morbidity rate per 100,000

population, and mortality rate per 100,000 population [3,34,35].

Table 3.1 Number of monthly cases of dengue fever (DF) for each year from 2003-2020

[34].

Jan Feb Mar Apr May June July Aug Sept Oct Nov Dec Total
2003 | 928 816 961 1,202 | 1,906 | 2,644 2,956 2,277 1,364 1,106 911 421 17,492
2004 | 354 302 410 508 1,014 | 1,602 1,889 1,528 1,298 1,020 | 760 496 11,181
2005 | 684 591 500 649 1,800 | 2,453 | 2,254 | 2,119 1,632 1,122 | 860 406 15,070
2006 | 572 429 570 745 1,848 | 3,075 | 3,183 | 2,360 1,486 1,073 978 743 17,062
2007 | 678 506 843 1,078 | 2,655 | 5,080 | 3,965 | 3,249 | 2,622 | 2,022 1,679 1,069 | 25,446
2008 | 1,247 | 1,210 | 1,450 | 1,694 | 3,622 | 6,023 | 6,003 | 5216 | 3,438 | 3,213 | 2,325 1,204 | 36,645
2009 | 1,049 | 876 1,037 | 1,349 | 2,988 | 4,060 | 3,473 | 3,351 2,164 1,898 1,817 1,132 | 25,194
2010 | 1,496 | 1,528 | 2,020 | 1,868 | 3,666 | 6,631 10,037 | 11,299 | 7,463 | 3,630 | 2,229 1,282 | 53,149
2011 1,125 | 956 973 1,315 | 3,501 | 5,337 5,203 4,352 2,741 1,696 1,615 945 29,759
2012 | 857 938 1,106 | 1,338 | 2,412 | 4,372 5,377 5,080 4,645 4,683 4,938 3,575 | 39,321
2013 | 3,781 | 2,918 | 3,783 | 4,723 | 8,784 | 16,663 | 18,947 | 13,555 | 6,972 3,653 2,574 1,149 | 87,502
2014 | 887 856 1,010 | 770 1,436 | 2,637 3,552 3,365 2,697 2,292 2,237 1,431 | 23,170
2015 | 1,367 | 1,160 | 1,511 | 1,939 | 4,645 | 7,937 11,068 | 13,461 | 12,922 | 10,660 | 13,731 | 6,252 | 86,653
2016 | 4,057 | 2,505 | 2,347 | 1,307 | 1,230 | 2,503 4,991 6,676 5,012 3,498 2,627 1,713 | 38,466
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Jan Feb Mar Apr May June July Aug Sept Oct Nov Total
2017 | 1,598 | 1,229 | 1,104 | 1,174 | 2,230 | 4,411 5,368 4,812 3,179 2,484 2,512 1,742 | 31,843
2018 | 1,272 | 1,183 | 1,544 | 1,790 | 4,532 | 8,765 9,257 7,976 5,936 4,712 4,493 3,616 | 55,076
2019 | 3,250 | 3,127 | 3,466 | 3,159 | 5,491 | 12,811 | 15,493 | 12,469 | 9,731 8,345 6,785 2,910 | 87,037

Table 3.2 Number

of monthly deaths of dengue fever (DF) for each year from 2003-2020

[34].
Jan Feb Mar Apr May | June | July Aug Sept Oct Nov Dec Total
2003 | O 0 0 0 0 0 0 1 1 0 0 0 2
2004 | O 0 0 0 1 0 0 0 0 0 0 0 1
2005 | O 0 0 0 0 0 1 0 0 0 0 0 1
2006 | O 0 0 0 0 0 0 0 0 0 0 0 0
2007 | O 0 0 0 0 0 0 2 0 0 0 0 2
2008 | O 0 0 0 0 1 0 0 0 0 0 0 1
2009 | O 0 0 0 0 0 1 0 0 0 0 1 2
2010 | O 0 0 0 0 0 0 0 T 0 0 0 1
2011 | O 0 0 0 0 0 0 0 0 0 0 0 0
2012 | O 0 0 0 0 0 0 0 0 0 0 0 0
2013 | O 1 0 0 4 0 0 1 0 0 0 0 6
2014 | O 0 0 0 0 0 0 0 0 0 0 0 0
2015 | O 0 0 0 0 1 2 2 0 2 1 1 9
2016 | 2 0 0 0 0 0 2 0 1 0 0 0 5
2017 | O 0 0 0 0 2 1 0 0 0 0 1 4
2018 | O 0 0 0 0 1 1 2 1 1 0 0 6
2019 | O 0 0 1 1 1 2 2 0 0 0 1 8
2020 | O 0 0 0 0 3 1 1 1 0 0 0 6
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Table 3.3 Number of Morbidity and Mortality rate per 100,000 by year from 2003-2020
of dengue hemorrhagic fever (DHF) [35].

Cases Morbidity rate per Deaths CFR (%) Mortality rate per Total number

100000 pop. pop. 100000 pop. pop.
Year
2003 63,657 101.14 75 0.12 0.12 62,939,819
2004 39,135 62.59 48 0.12 0.08 62,526,710
2005 45,893 73.79 71 0.15 0.11 62,195,878
2006 46,829 74.78 59 0.13 0.09 62,623,416
2007 65,581 104.21 95 0.14 0.15 62,933,515
2008 89,626 141.78 102 0.11 0.16 63,214,022
2009 56,651 89.27 50 0.09 0.08 63,457,439
2010 116,947 183.59 139 0.12 0.22 63,701,703
2011 69,800 109.1 63 0.09 0.1 63,977,185
2012 78,337 122.26 81 0.1 0.13 64,075,986
2013 154,444 241.03 136 0.09 0.21 64,076,033
2014 41,082 63.25 49 0.12 0.08 64,955,313
2015 144,952 222.58 148 0.1 0.23 65,124,716
2016 63,931 97.71 64 0.1 0.1 65,426,907
2017 53,961 81.68 71 0.13 0.11 66,060,027
2018 86,922 131.58 114 0.13 0.17 66,060,027
2019 131,157 197.27 142 0.11 0.21 66,486,458
2020 72,130 108.79 51 0.07 0.08 66,301,242

3.2 Data analysis

All raw data, including dengue fever and dengue hemorrhagic fever, were collected
for data analysis. To obtain the results of the thesis such as the number of cases and
deaths monthly of dengue fever (DF) and the number of morbidity and mortality rate per
100,000 of dengue hemorrhagic fever (DHF) by year from 2003-2020.

3.3 Research outline
This thesis is organized as follows: Chapter 1 explains the research motivation,

objectives of the thesis, scope of this thesis, benefits of the thesis, and outline of the
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thesis. Theory and literature review are explained in Chapter 2 which is introduced the
background of dengue disease with vaccination. Research methodology is presented in
Chapter 3. Chapter 4 presents analyze of SEIR dengue infectious transmission model with
vaccination (Paper 1 for the conference). Optimal control of dengue transmission with
vaccination (Paper 2) and local and global stability analysis of dengue disease with
vaccination and optimal control (Paper 3) are presented in Chapter 5 and 6 respectively.
The conclusion and suggestion are summarized in Chapter 7. All research papers for this
thesis title, Local and global stability analyses of mathematical models of dengue disease

with vaccination in Thailand and their optimal control, are shown in Figure 3.1.

Figure 3.1 Research papers for thesis.



Chapter 4
Analyze of SEIR Dengue Infectious Transmission

Model with Vaccination

In this chapter, we focus on the mathematical model of dengue disease with
vaccination before the first serotypes infectious of the dengue virus and consider the
recurrent infection and death from infection. We will be using the Susceptible-Exposed-
Infected-Recovered (SEIR) model for the human population and SI for vector population
is used to examine the dynamics of the disease. We will be analyzing the stability of the
model using dynamic analysis. The equilibrium states. The reproductive number. The

numerical simulation, result, and conclusion are presented.

4.1 Introduction

The dengue virus is disease-causing dengue fever. Which the virus will live in the
Aedes mosquitoes most are found in Aedes aegypti more than the Aedes albopictus [36].
Dengue fever (DF) is caused by the dengue virus has four serotypes are DEN-1, DEN-2, DEN-
3, and DEN-4 [36,37]. However, severe diseases, along with dengue hemorrhagic fever (DHF)
and dengue shock syndrome (DSS) [38,39]. The disease is transmitted from the mosquito
bites through the mosquito's saliva. The primary symptoms of dengue fever are high fever,
headache, eye socket, muscle pain, and bone pain [3]. Dengue fever is not transmitted
from human to human. Can be contagious with Aedes mosquitoes contact takes time in
patients and mosquitoes. The patients with a high fever around 2-4 days will have a lot of
virus in the blood. This period is the period of contact from people to mosquitoes. In
addition, the period of increasing the number of viruses in mosquitoes is enough for about
8-10 days, therefore, is the period from mosquito to human [40]. WHO reported vaccination
against dengue fever is one of the preventions of dengue fever. For vaccines that have
been approved by the Food and Drug Administration of Thailand called Dengvaxia
(Chimeric Yellow fever Dengue Tetravalent Dengue Vaccine: CYD-TDV) that covers all 4
serotypes of dengue virus which has been approved for use in people aged 9-45 years by
the vaccine in a total of 3 needles, every 6 months [41]. Capeding et al. reported that the
vaccine is effective against all dengue serotypes and reduces hospitalization from dengue
fever and reduces illness type DHF [19]. Sungchasit et al. proposed the SEIR model for the
human and SEI model for mosquitoes of dengue virus with primary and secondary infection
[42] and proposed SIR transmission model of dengue virus two age classes in human and

two types of mosquitoes (Aedes Aegypti and Aedes Albopictus) [43]. Massawe et al. [44]
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reported that the treatment will have control of dengue fever disease. Analyzed the
transmission model of dengue fever with a variable human population size and prove the
global asymptotically stability of equilibrium states and consider the relation between two
serotypes find that coexistence of both serotypes is possible for a large range of
parameters [45,46]. Hossain et al. proposed effects of transient population the transmission
dynamics and control the dengue virus effectively and to find the effects of transient
population and analyzed a non-linear ODE model [47]. Chanprasopchai et al. [8] proposed
the effect of a dengue vaccination model divided into two groups are with vaccine and
without vaccine for the human population and SI for vector population. In Thailand, three
serotypes are circulating, so the use of the vaccine does not impose additional risks.

In this chapter, we focus on the mathematical model of dengue disease with
vaccination before the first serotypes infectious of the dengue virus and considered the
recurrent infection and death from infection. We will be using the Susceptible-Exposed-
Infected-Recovered (SEIR) model for the human population and SI for vector population
is used to examine the dynamics of the disease. We will be analyzing the stability of the
model using dynamic analysis. The equilibrium states. The reproductive number. The

numerical simulation, result, and conclusion are presented.

4.2 Materials and Methods

4.2.1 Mathematical Model

In this model, we study the Susceptible-Exposed-Infected-Recovered (SEIR) model
for the human population and Susceptible-Infected (SI) model for vector population to
describe the dynamical transmission of dengue disease with vaccination in Thailand. We
assume that the human population has been vaccinated before being infected. The
human population is classified into four sub-classes: the number of susceptible individuals
(ﬁ), exposed individual (E_H), infected individual (E), and recovered individual (R_H)
The vector population is classified into two sub-classes: the number of susceptible

individuals (§), and infected individual (E) The other parameters are defined list in

Table 4.1 as follows. The transmission model is shown in Figure 4.1.
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Figure 4.1 Flow chart of transmission model of human and vector population.

Table 4.1 The definition of the parameters.

Parameters

Definition
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The vaccine efficiency

The total human population

The total vector population

The birth rate

The natural death rate of human population

The natural death rate of vector population

The death rate from infection of human population

The death rate from infection of vector population

The incubation rate

The recovery rate

The biting rate of vector population

The constant recruitment rate of vector population

The transmission rate of dengue virus from vector to human
The transmission rate of dengue virus from human to vector
The recurrent infection rate

The risk of dengue infection in the second round

40
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This model with vaccination, the dynamics of the human and vector population are given
by:

ds,

=@ PbN, + R, —af Sy 1, ~dy Sy, (@.1)
s 0,51, —¢E, —d,E, @2
ItH =¢E, —(d, +ds +7)1,,, (4.3)
T - (R, A
AT, 45, 45)
dl, — -
E:A/SVIH_(dV +dk)IV' (46)
We have assumed that:
N, =S, +E, +1, +R,, 4.7)
N, =S, +1,. (4.8)

The assumption of our model is the total human and vector populations are constant.

This leads to the rate of change for human and vector population being zero, i.e.:

dg g, 4 de

ESH+thH+dtIH+aRH:0’ (4.9)
d+— d—

From the above equations, we can obtain the following with conditions that:

— N, (- P)b, —d
—_ N d)H i) @11)
d

— A-d,N
ly =——. (4.12)
dk

Normalizing the equations by introducing the following normalized variables:

S E, Ry
§, =—H E =—H , R, =—, 4.1
H NH H N H N (4.13)
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S, 1,
S, =— |, =—. 4.14
VIN, VN, (4.14)
We also have:
S, +E, +1,+R, =1, (4.15)
S, +1, =1L (4.16)
The mathematical model of Equations (4.1)-(4.7) is now reduced to the following 4
Equations:
ds,
" =(1-P)b, + uoR, —af, Sy, N, —=d,;S,,, (4.17)
dE
dtH =af,S N, —¢E, —d,E,, (4.18)
dl,
TzeEH—(detdery)lH, (4.19)
dl,
E:A/SVIHNH_(dV""dk)Iv- (4.20)

4.2.2 Mathematical Model
The equilibrium points are obtained by setting the right hand side of Equations
(4.17)-(4.20) to zero. In addition, we get two equilibrium points given by:

The disease-free equilibrium point:

ou+b, —Pb

E = (5 —000) (@.21)
H

The endemic equilibrium point:
E, = (Su, En I RE),

with
. l//ll//z((75+‘//7+7dH+(5+W3)W4)V/5+5(5ﬂ_V/6)NHﬂv)
Sy = : (4.22)
eNy (Wl‘/’2‘/’3 +Ol(}/8+l//7 +ydy +(€+l//3)l//4) Ny By )ﬂv
E" — ¥, (V/1V/2V/3V/5+a€(5:u_l//6)NHNvﬁHA/) (4.23)
"eN, (‘//1%',”3"‘05(75"'%4‘7% +(5+V/3)‘//4)NVIBH),BV .
1" = ag(é:u_‘//e)NHNvﬂHﬂv BASEE
H = (4.24)

Ny (v +a(re +y, +rdy + (e +y3)w NGB ) B,
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1" = ag(é‘ﬂ_l//e)NHNvﬂHﬂv BN EE (1.25)
v ’ .
aN, By (72 +w, +7dy +(e+w)ws )W+ (u-ws)NW A, )

where
w,=(e+dy), v, =(y+dy +dd), Vs =(ou+dy), w,=(dy +dd)1
ws =(d, +d,), o =(P-Dby, y; =6(r + &)

4.2.3 The Basic Reproductive Number
The basic reproduction number (R,) of this model is calculated by using next

generation matrix method [27]. The disease-free equilibrium point

E = (W,0,0,0). From our model, we have considering
A+ Uy
0 0 aB.,SyN., e+d, 0 0
F=|0 0 0 | \V=| —¢ d,+d,+y 0 |,
0 AQ-I)N, =AI1,N, 0 0 d, +d,
_ ! A
0 0
(e+dy)
=i e(d, +d,) 1 0
(e+dy)(dy +dg+7)(d, +d,) (dy +dy+7)
1
0 0 =
i (dy +dk)_
Then we have R=FV?,
i \ . a(Su+b, —Pb, )N, 3, |
(Su+dy)(d, +d,)
R= 0 0 0
e(d, +d )N, 4, N, 4, 0
(e+dy)(dy +dy +7)(dy +d,) dy +dy+y ]

R, is the dominant eigenvalue of the matrix R=FV ™. Then we have

. :\/ asNN, B, f, (6u—(P-1)b,,)
(e+d,)(dy, +dy +7)(d, +d,)(Su+d,)

(4.26)

4.2.4 Local stability of equilibrium points

The local stability of each equilibrium point states within this model is determined

from the Jacobian matrix at that equilibrium point of the system of Equations (4.17)-(4.20).
The Jacobian matrix as:



aq

—u6 —ap, Ny —dy —Ho — o —afy SNy
) ap, I N, —(e+dy) 0 0
& 0 & —(dy +dg +7) 0
0 0 RA-1,)N, —AI,N, —(d, +dy)

Theorem 4.1 If R; <1, then the disease-free equilibrium point (E,)is locally asymptotically
stable. If R, >1, the disease-free equilibrium point (E,) is unstable.

Proof. From Jacobian matrix above Jg (Sy,Ep 1,1y ), we set

det(J. —21)=0. (4.27)
The eigenvalues (A)are obtained by solving the eigenvalue matrix Equation (4.27) where

| is identity matrix dimension 4x4 to find the eigenvalues, then we obtain:

A ==(e+d,),

Ay =—(du+dy),
Ay =—(d, +d, +7),
Ay =—(d, +d,).

Hence, the eigenvalue are have all negative real part. The disease-free equilibrium point

(E,) is locally asymptotically stable. [ ]

Theorem 4.2 If R, >1, the endemic equilibrium point (E,) is locally asymptotically stable
if it conditions satisfies the Routh-Hurwitz criteria.

Proof. From Jacobian matrix above J¢ (S; AR I\:) we set

det(Je, —41)=0. (4.28)
The eigenvalues (A) are obtained by solving the eigenvalue matrix Equation (4.28) where

I is identity matrix dimension 4x4 to find the eigenvalues, we have characteristic

equation is considered in the form of

(~4-d, —dy =N, I} B, )(2° +a4® +a,4+a;) =0, (4.29)
where
a=y+e+du+d, +3d, +aN,1, B,
a,=ye+ou(y+e)+(2(y+e+0u)+3dy, )+a(y+e+dou+2d, )N, 1y 3,
+d, (8+5/J+2dH +aNVI\’;ﬂH),
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a, =yeou+(ye +ou(y+&)+dy (y+&+ou+d, ))(dH +aNVI\7ﬂH)
+d, (55,u+(7/+g+5,u)(dH +aN, 1, B, ))
+a’eNyN, S (1,7 =1) 1y B2, -

By using Routh-Hurwitz criteria for n=3, the endemic equilibrium point is stable if

(i)a>0,
(i) a, >0,
(iii)a,a, —a, >0.

All parameter spaces of endemic equilibrium  E, are satisfied with the Routh-Hurwitz

criteria (i)—(iii) conditions shown as Figure 4.2. The parameter value is defined in Table

q4.2. ]
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Figure 4.2 The endemic equilibrium are satisfied with the Routh-Hurwitz criteria.
4.2.5 Global stability of equilibrium points

Theorem 4.3 Let E; =(S;,E; A5, |;)=(W,o,o,o]. If R, <1 then, the disease-
M+ By

free E, is globally asymptotically stable on Q, where

— * * * y ‘ = b - A
Ql_{(SH'EH’IH'IV)ER*’NH _dH:dd 'Nv_dv*'dK .




Proof. We consider a Lyapunov function
@ (S Bl by ) =(Sy =S5 IS, )+ Eyy + 1, + 1y,

The derivative with respect to time yields:

day _(dS, S dS, ), dE, dl, dl, @50
dt | dt S, dt ) dt dt dt

_(y_Si)ds,  dE, dI, dl
S, ) dt dt dt dt’

*

w|m

:(1— j[(l— P)b, +u6R, —af, S\ N, —d, Sy ]
H

+[a:8HSH I, Ny, —&E, _dHEH]+[‘9EH —(d, +d, +7/)IH]

+[A/Sv IH NH _(dv +dk)|v]-
Substituting the relation in the disease-free E;

S*
=|1- SH_J((1— P)b, —dHSH)—dHEH —(dt Oz Xl S &=(d, +dD L,
H

H H

Substituting with condition (1—-P)b, =d,,, we get
. (1— P)bH ((1_%')"‘[1“ 2‘: JJ:|‘dHEH _(dH +dd +7/)|H _(dv +dk)|V;

H H

s, 'S
=|@=P)b, | 2= _2H
( )H( ARG

*
H H

H_dHEH —(dy +dg + 7)1, —(d, +d )1y,

2SS, — S, —S>
S-S,

:(1_P)bH[ J_dHEH_(dH+dd+7)|H_(dV+dk)|V’

eg, 5 e
S's,

=—(1-P)b, ]—dHEH—(dH+dd+7/)IH—(dv+dk)lv,

* 2
(51 -5.)
=—ﬂ—PmH-—??g——-—dHEH—mH+dd+nh4—mv+dQN.
HYH

Simplification yields:

dao, H

. 2
F=— (1-P)b, [%}+dHEH+(dH+dd+y)IH+(dV+dk)IV . (a.31)
HYH

= a-man(L-%i}+stH(1—§ﬂ}}—dHEH—(dH+dd+ynH-{dV+dknv
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It is obvious that all the term appearing in Equation (4.31) are always nonpositive. Now,

. . d
using the Laselle’s extension to Lyapunov’s theorem, we have d—C:lSO and so the

function is to be negative definite. The limit set of each solution is contained in the largest
invariant set for which S, =S,,,E, =0,1,, =0, and I, =0 which is the singLeton{El*}.
Then the Laselle’s invariant principle implies that the disease-free equilibrium point E;
is globally asymptotically stable on €. []

Next, we consider the global property of the endemic equilibrium point of
Equations (4.17)-(4.20).

Theorem 4.4 If R, >1 then, the endemic equilibrium point E, is globally asymptotically
stable on Q, if and only if

b, —d
p:u,
b,
5 :dv+dk
A s W)
A :dH+dd+}/.
X I, N,

Proof. The Lyapunov function is in the form:
£ (S B duidy )= (S, =S InSy )+ Eyy + 1, + 1,
The derivative with respect to time yields:

dg, (9SS, dS, | dE, di, dI,
dt dt S, dt LS i i

(4.32)

_ 1_i ds, , dg,  d, di,
S, ) dt  dt dt dt
S,

= 1—8— [@-P)b, + u6R, —af, S, \,N, —d,;S,, ]

H

+[a:8HSH Iy Ny —¢Ey _dHEH]+[‘9EH - (d, +d, +7/)IH]
+[A/SVIHNH —(d, +dk)|v]1
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S, S
:(1_S_Hj(1— P)b,, +(1—S—HJ;15(1—5H ~E,-1y)

H H

—(1—2—“}0{[)’,48,4 I,N, —(1—2—deHsH

H H
+afySylyNy —d, By —(dy +dg + 7)1, + & Sy 1y Ny = (dy +d )1,
Substituting with condition P, B, £,, and simplification yields:

(s S
—d [ [1=28 |4 1=20 | |—d E.,.
H_( SHJ ( SHJ:| e

S 2
* 2_ *2
:dH ZSHSHS SS*H SH ]_dHEH’
H 2 H
2 * *2
/A S“_ZS”S*“S“J—dHEH,
S8
=l
9. I8
= —d, (S *”) N
SO
d (S S*)Z
§1 H T “YH
=2 =_ld (= d Bt
at H 5,5" HEH (4.35)

Therefore, the derivative Equation (4.35) is % <0 and so the function is to be negative

definite. The limit set of each solution is contained in the largest invariant set for which

S, =S,.,1,=0,E, =0, and I, =0 which is the singleton{E;}. Then the Laselle’s
invariant principle implies that the endemic equilibrium  point E, is clobally

asymptotically stable on €. [']

4.3 Numerical Results
The numerical analysis in this study considers the transmission of dengue disease
with vaccination in the model where the values of the parameter value are listed in Table

4.2. The numerical results are shown in Figures 4.3-4.4.



Table 4.2 Parameters used in the numerical simulation.

Parameter The disease-free The endemic References
a 1/7 1/7 [3,8,40-43]
€ 1/10 1/10 [3,8,40-43]
N, 10,000 10,000 assume
N, 10,000 10,000 assume
By 0.00005 0.08 assume
By 0.00003 0.04 assume
S 1/(30%6) 1/(30%6) [3,8,40-43]
y7i 1/2 1/2 assume
P 0.35 0.35 [3,8,40-43]
by 1/(365%70) 1/(365*70) [3,8,40-43]
d, 1/(365*70) 1/(365*70) [3,8,40-43]
dy 1/14 1/14 [3,8,40-43]
d, 1/7 /7 [3,8,40-43]
dy 1/5 1/5 [3,8,40-43]
7 1/14 1/14 [3,8,40-43]

a9
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Figure 4.3 The time series of each population group for disease-free.

Figure 4.3 we will see that (a) the time rate of change for the susceptible human
population, (b) the time rate of change for the exposed human population, (c) the time
rate of change for the infected human population, and (d) the time rate of change for the

infected vector population.
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Figure 4.4 The time series of each population group for endemic.

Figure 4.4 we will see that (a) the time rate of change for the susceptible human
population, (b) the time rate of change for the exposed human population, (c) the time
rate of change for the infected human population, and (d) the time rate of change for the

infected vector population.

4.4 Discussion and Conclusions

In this chapter, we analyzed the SEIR model for human populations and the SI model
for the vector population. In addition, we considered vaccination against dengue fever
before the first infection of serotypes. The equilibrium point of all two states is the disease-
free and endemic equilibrium point. The reproductive number R,using the next
generation matrix method. If R, less than one the disease-free E, =(1,0,0,0) is locally

asymptotically stable R, =0.711, and unstable if more than one. Similarly, if R, more
than one the endemic is locally asymptotically stable R, =90. We found that the factors
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that converge this system of equations are the transmission rate of dengue virus from
vector to human and the vaccine efficiency. The numerical solution compares parameters

are shown in Figures 4.5-4.6.
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Figure 4.5 The time series of each population group compares parameters the

transmission rate of dengue virus from vector to human for endemic.
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Figure 4.6 The time series of each population group compares parameters the vaccine

efficiency for endemic.

From Figure 4.5 we will see that if parameters the transmission rate of dengue virus from
vector to human p,,, the more valuable than the time series of each population
convergence into the stability, Similarly, if B, the small value then will make the
convergence slow. In addition, from Figure 4.6 we will see that if parameters the vaccine
efficiency P, the minimize valuable then the time series of each population convergence
into the stability because of the vaccine efficiency form (1—P).

However, there are many ways to prevent dengue fever. Including mosquito bites
prevention, restricting mosquito breeding sites, as well as vaccinations, Dengvaxia still not
able to completely preventable disease. World Health Organization recommends

vaccination of dengue fever in people aged 9-45 years. In the case of never being infected
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with dengue before, there is a risk of subsequent severe dengue fever if there is later

infection.
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Chapter 5
Optimal Control of the Dengue Transmission with

Vaccination

This chapter research investigates what the optimal control is when only individuals
having documented past dengue infection history are vaccinated. This is the present
practice in Thailand and is the latest recommendation of the WHO. The model used is the
Susceptible-Infected-Recovered (SIR) model in series configuration for the human
population and the Susceptible-Infected (SI) model for the vector population. Both
dynamical models for the two populations were recast as optimal control problems with
two optimal control parameters. The analysis showed that the equilibrium states were
locally asymptotically stable. The numerical solution of the control systems and

conclusions are presented.

5.1 Introduction

The dengue epidemic first occurred in the Philippines in 1954. It reached Thailand
in 1958. The disease is caused by an infection by any one of the four serotypes of dengue
virus, which are labeled as DEN-1, DEN-2, DEN-3, and DEN-4. The dengue viruses are
transmitted by two species of the Aedes mosquitoes, the Aedes aegypti and Aedes
albopictus. All four serotypes have a common antigen, resulting in cross-reaction and
cross-protection of the four serotypes. The cross protection is not permanent. A person
infected by one of the serotypes will have permanent immunity to that serotype, but only
partial immunity to the other three. Some of the immunity will last for a short period,
approximately 6-12 months. Those people might be re-infected if they happen to meet a
different serotype of dengue virus. This second infection is different from the initial
infection and is labeled as a secondary dengue infection [1,46,48,49] since the symptoms
and outcomes of the primary and secondary dengue infections can be quite different. In
some individuals (infants or young children), infection by the dengue virus may lead to
undifferentiated fever (uf). The individuals are said to have the viral syndrome of dengue
fever, which can only be detected through laboratory tests. In older children and adults,
infection by the dengue viruses leads to what is usually labeled as dengue fever (DF).
People with DF exhibit symptoms such a mild fever, headaches, pain around the eyes,
muscular pain, and pain in the bones. If an individual experiences the clinical symptoms
of high fever accompanied by bleeding, enlarged liver, and severe shock, he is said to have

dengue hemorrhagic fever (DHF). During the fever, there will also be a low platelet count
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and plasma leakage. If large amounts of plasma leak out, the patient will have a shock
condition called dengue shock syndrome (DSS) [51,52]. The last two (DHF and DSS) are the
symptoms that the individuals in the secondary dengue infection group experience. These
symptoms can be viewed as an allergic reaction.

Since millions of people can be infected by the dengue virus, there is an economic
cost to these people becoming sick, and vaccines have been developed. Chimeric yellow
fever dengue tetravalent dengue vaccine (CYD-TDV) is one of these vaccines. It was first
registered as a dengue vaccine in Mexico. It is now registered in 13 countries around the
world, including Thailand, which had a role in its development. This dengue vaccine is the
first and only vaccine in the world at the moment to cover all four strains of the dengue
virus and is called Dengvaxia®, which is developed by Sanofi Pasteur to help protect
against the dengue disease. The vaccine has an overall effectiveness of 56.5%, which is
74% more effective in older children, 12-14 years old, and 75% effective for DEN-3 and
DEN-4 [19,53]. It is reported that the efficacy of the vaccine is higher in children who have
previously been infected with dengue fever. The dengue vaccine reduces the severity of
the disease by 88.5% and hospitalization by 67.2% [20,22,54]. In December 2017, the WHO
[23] issued a new recommendation that states that the WHO recommends vaccination
(with Dengvaxia) only in individuals with a documented past dengue infection. This should
be taken into consideration in any models used.

Esteva and Vargas [45,46] were among the first to study the transmission of dengue
disease. They developed a mathematical model in which there were compartmental
models for both the human and mosquito populations. The human population was de-
scribed by a Susceptible-Infected-Recovered (SIR) model while the mosquito population
was described by an Sl (no recovered) model. Pongsumpun et al. [37,55,56] have also
studied the transmission of dengue virus. Most of Pongsumpun’s work has been centered
on the situation in Thailand since the dengue fever is of major concern to Thai-land. She
has included an exposed class (E) to the model, making the Susceptible-Infected-Exposed-
Recovered (SEIR) model, to describe the dynamics of the human population. In Ref. [56],
the author used the SIR model to simulate the possible out-comes of vertical transmission
of the virus among mosquitos. She and her coworkers [37] included vertical transmission
in a SEIR model. Syafruddin and Noorani [57] studied the mathematical model for dengue
transmission and applied it to the situations in Indonesia and Malaysia. Yaacob [58] studied
the mathematical model of the dengue disease in people who have no immunity.

Singh [4] and Tasman [5] considered the effects of vaccination on a model in which
the human population is divided into children and adults. They also considered that there

were two types of infections, primary and secondary dengue infection. It was assumed
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that individuals experiencing a secondary infection were at a higher risk. In these studies,
the adults were further divided in two groups, so the human population consisted to three
groups: less than 9 years, between 9 and 45 years, and between 45 and 65 years [6,7].
Using a similar model to study the transmission of another disease, melioidosis, Tavaen
and Viriyapong [59] studied the local and global stability analyses and optimal control for
this disease. There are many studies about the effects of the dengue vaccination on the
spread of the dengue disease [60-63]. They have introduced various models to simulate
the dynamic of the programs when there is complete vaccination, random mass
vaccination, imperfect random mass vaccination, and random mass vaccination with
waning immunity levels. They have used optimal control strategies to simulate the results
of the programs.

The number of cases and deaths by month and the number of cases and deaths
each year in Thailand from 2003-2020 data from the Bureau of Epidemiology at the
Ministry of Health is shown in Figure 5.1 (a) The number of cases by month; (b) The
number of cases and deaths by year. It can be seen in the figure that the dengue fever is
prevalent in the rainy season from June to September. The incidence is the highest in July.
The number of cases, which fluctuated month to month, tended to increase yearly from
2003 to 2020. The same is true for the number of deaths. When the number of cases is
high, there will be more deaths. The percentage of deaths is very small. Using the sources
that gave these results, we were interested in the outcome of a vaccination program in
which only individuals with a documented past dengue infection (i.e., an individual who
would have a secondary dengue infection if bitten by a mosquito infected with a different
serotype of the virus) are vaccinated. We used the double Susceptible-Infected-Recovered
(SIR) model for the human population and the Susceptible-Infected (SI) model for the
vector population. The analysis of the stability of the model was carried out by using
dynamic analysis. The Routh—Hurwitz criteria were applied to analyze the system model
for stability. The reproductive number was calculated. The optimal control theory was
applied in the transmission model in order to minimize the number of infected humans
with primary and secondary infections. Numerical simulation was performed. Results and

conclusion are presented in this chapter.
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Figure 5.1 The number of cases by month and the number of cases and deaths each year
from 2003-2020 [64].

5.2 Materials and Methods

5.2.1 Mathematical Model

The basic mathematical model was the SEIR model presented in ref. [55]. The
equations in that model describe the dynamics of the spread of dengue fever when there
is only one serotype of the virus present. In this work, the basic SEIR model of [55] was
extended to include secondary infection of a different serotype, whereby the members of
the recovered population become the susceptible members in the second SIR, effectively
providing a framework for describing a vaccination program in which only people who have
been infected are considered. In Thailand, the medical status of each Thai citizen is kept
at the District Office in each province in the country. It is easy to determine from the past
medical histories anyone who was infected with the dengue virus. Dengue fever is one of
the five diseases that must be reported to the Thai Ministry of Health. The susceptible
human population in the second SIR model used here are the not sick humans who have
been infected by the serotype A virus, since they will be the only ones given the vaccine.
A person who has no prior history of any dengue infection is not considered to be a
candidate for the vaccination. The vector population was divided into two compartments:
susceptible and infected (SI). The infected mosquito was the subset of infected
mosquitoes transmitting virus B. The human population was subdivided into six population
groups. It should be remembered that all of the recovered individuals have the antibodies
to a particular serotype of the dengue virus at the end of primary infection. Susceptible
people of this kind are not born into this group; they emerge after several months of being
infected by a serotype virus. The vector population was classified into two subclasses. The

variables are defined in Table 5.1.
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Table 5.1 The variables definition of the differential system equation.

Variables Definition

Sup The number of susceptible human population of primary infection
S The number of infected human population of primary infection

Rp The number of recovered human population of primary infection
Sus The number of susceptible human population of secondary infection
T The number of infected human population of secondary infection
Ris The number of recovered human population of secondary infection
S, The number of susceptible vector population

<

The number of infected vector population

The dynamic transmission of dengue disease with the vaccination model is shown in Figure
5.2.
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Figure 5.2 Diagram of the transmission model of dengue disease with the vaccination

model of human and vector populations.

The dynamics of human and vector populations and the system of differential equations

are given by:

dS,p
dt
dl,p

R
dt

dSys
dt

dlys

=bN,, —af, S, I, =bS,,,, (5.1)
= B Sup \y = 7o lp = (0 0y) o, (5.2)
= 7o lyp —(L=¥)0R, —bR,, (5.3)
= (L=y)ORyp — B Sy Iy —bS s, (5.4)

=S ly = 7o s —bls, (55)
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dRys

ot =74 lys —bRys, (5.6)
ds,

m =A- ,BVSV(IHPJrIHS) d SV, (5.7)
d,  —— — _

H:A/SV(IHP—I—IHS)_(dV—I—dk)IV' (5.8)

With the conditions

S.p+ 1y +Ryp +S,s + Iy + Ry =N, (5.9)
S+l (5.10)

The parameters of Equations (5.1)(5.10) are defined as Table 5.2.

Table 5.2 The parameters definition of the differential system.

Parameters Definition

a The biting rate of vector population

7 The vaccine efficiency

o The recurrent infection rate

Ny The total number of the human population

Ny The total number of the vector population

By The transmission rate of dengue virus from vector to the human
B The transmission rate of dengue virus from the human to vector
b The birth and natural mortality rate of the human population
d, The natural mortality rate of the vector population

dy The mortality rate from infection of the human population

d, The mortality rate from infection of the vector population

e The recovery rate of primary infected

s The recovery rate of secondary infected

The rate of change of both the total population of human and vector is zero given by:

S ,dly Ry 05, 4T, R,

=0, (5.11)
dt dt dt dt dt dt
a8 + dly _ (5.12)
dt dt

With conditions, we get
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d 1, =0, (5.13)

d 1, +d,N, = A (5.14)

Normalizing the equations by introducing the following normalized variables:

S I R S I R
S :NL:’ e :NLHP’RHP = NH: +Shs :N_F:j’ lps = NH: +Rys = NH: ; (5.15)
S, I,
S, = | =V (5.16)
Vv NV \% NV
With the additional condition:
Sip +lip +Rip + S5+ s +Rys =1, (5.17)
S, +1, =1. (5.18)
The mathematical model of Equations (5.1)-(5.8) is now reduced to the following
equation:
dSHP
sz_aﬂHSHPIV NV _bSHP’ (519)
dIHP
at =af, SNy —7ple —(b+d )1, (5.20)
dR
d;"j =7plye —A=y)OR, bR, (5.21)
dSy
N\ =(1-¥)ORye —af, S;s Iy N, —bS, (5.22)
dlsg
at =af,SyslyNy —7slys —blis, (5.23)
dl,
E:A/(l—lv)(lHP+IHS)NH—(dv+dk)|v. (5.24)

5.2.2 The Equilibrium Points

Definition 5.1 [57] The point X € R" is an equilibrium point for the differential equation

dX . :
5= FEX)if (6 X)=0 forall t

Since epidemiological models are inherently dynamical systems, the knowledge of
the equilibrium points is vital for determining the behavior of long-term dynamics. Towards
this goal, the most important parameter for determining whether an outbreak will occur

or not is the basic reproductive number R,. The equilibrium points are obtained by setting
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the right-hand side of Equations (5.19)-(5.24) to zero. This system model now admits two

equilibrium points, namely the disease-free point and an endemic equilibrium point. The

disease-free equilibrium point E, is:
E, =(10,0,0,0,0).

The endemic equilibrium point E, :(S,:P, I Rip s Sris s s » I\j) is:

~ Tl(b(ZQ(l//—l)yp)—Tz)—r7 +\/1-3 (z, +T5)+z'72
Hp = ,
T

2

v br,z, +1, —\/13(74 + ) ¥ 2y

HP = ’
Ts

2
- bryz, +1, +\/T3(T4+T5)+T7
HP = ’
T

o T +(73—125+r26)\/13(r4+r5)+r72 + 1),

HS ,
T187197207 21

I* A T7 +(73_T25 +T26)\/T3(T4+T5)+'[72 _T22

HS ,
T18T19%20% 21

2

o \/1'3(2'4+T5)+T7 —Ty, =T,

vV = 1
Ty T 7

where

7, =baN, N, B, B, . 7, =(b+0—0y)(b+ys), &, =b’a®N,N,* 8.4, ,
7, =40(v —1)(d, +d,)(b+aN, B, ) (b+dy + 75 ) 7e7,,

7, =N, A br,, 75 =2a0(y —1)N, N, B, (b+aN, B, ) B 7. (b+dy+ 75 ),
7, =aN, B, (0(w 1)y )+ 1, 7, =2(b+dy + 74 )75,

7, = 20°aO(y —1)(d, +d, )N, B, ¥+

T1o = 2ba"60" (W_l)z(dv +dk) NVZIBHZVP (dd +7/P)7/S1

7, =0-0y+d, +aN,b, +r.+7s,

7, =0(w—1)(y, +dy)—aN, B, —7s.,

Tys =(0(l//—l)—;/P —¥s )(aNV,BH +1),

7, =a0(y 1N, B, (dy +75), 75 =dy (O(w —1)—aN, B, ),

716 = (20aN, B, (60— 6w )y +(b+0—0w ) (b+71:))

7, =b? (292 (v —1Y 7> —20(y —1) ypr, +722),

(5.25)

(5.26)



7,5 = 40%2%0(y ~1)(b+ 0 -0y )N N, B2 (b+aN, B, ), 7 = Bre (b4, +7),
o =7, (d (b+dg +75)—dy (b+dy + 7, )+1), 7,, =bN,, &, (60— 0y) 7,
7, =baN, f,7;(d, +d,)+N, 4 br;,
T3 =T (b3 +b*z, —br,, - 2'14115) Ty T T3 T 0 TeT07,
T =b? (gl//_anﬁH +7s)+ba0NvﬁH (l//_l)1

T 2‘9(‘//"‘1)(2[)975 +aN, S,7e +b7/s)1
T = Ny B 7s (Oy —ba — a0)+b* (1+b),

7, = 20N, B, (dv +dk)781 76 =Ny 4, (49_6"//)74D T

5.2.3 The Basic Reproductive Number
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Definition 5.2 [60] Basic reproductive number (R, ) is defined as the average

number of secondary infections when a single infective enters an entirely susceptible

population.

The basic reproductive number (R, ) is obtained using the next-generation matrix

method [65-68]. We pick out | ;,l,s,and |, to be the classes to construct the F and Vv

matrices used in the which are important to this method. For our system, the matrices F

and V contain new infection terms and transition terms. Evaluating the Jacobian matrices
F and V at the disease-free equilibrium point E, =(1,0,0,0,0,0) , where F is non-negative

and V is a non-singular. The F (Gains) and V (Losess) matrices are:

where

- of, of of
ESAAE 3\ 2 ¢k
aal( Y 6IHS( Y a|v( Y
of, of of
E 2 (E,) —2(E
aal( 1) ale( 1) alv( 1)
of, of of
E i(E) =*(E
_aal( ) 6IHS( ! a|v( )
- aff i Spply Ny
fo|=| aBuSushNy | V=
f3 ﬂ\/(IHP—i—IHS)NHJ
0 0 aB,N,]
0 0 0o |,v=
BNy BNy 0

ov, ov
E L(E
6IHP( ) aIHs( )
oV. ov.
s 2 (E 2 (E
aIHp( 1) 8|H5( l)
A oV
E *(E
4 _aIHP( % aIHS( )
Vi (7P+b+dd)|HP
V, = (75 +b) s
Vs (d, +d, )1,
Ve +b+d, 0 0
0 ys +b 0
0 0 d, +d,
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1 0 0
Ve +h+d,
and V71'= 0 ! 0
7s +b
0 0 !
i d, +d, |
SinceR=FV ™ we have
0 0 aNVﬂH
d, +d,
R= 0 0 0
NA NuB g
_b+dd+7/P b+ ]

R, is the dominant eigenvalue of the matrix Rthen, the value of the basic reproductive

number is given by

RJ= aNy N, B, 5,
“A\(d, (b+dy)+d, (b+d, )+ 7p (dy +d,)

(5.27)

5.2.4 Local stability of equilibrium points

Definition 5.3 [45] The equilibrium point E, of the system X =f(X) is locally
f

asymptotically stable if the matrix J = S_X(EO) has all its eigenvalues with negative real

part. The equilibrium point E; is not stable if at least one of the eigenvalues of the matrix

J has a positive real part.

The local stability of each equilibrium point states of this model is determined
from the Jacobian matrix at that equilibrium point of the system of Equations (5.19)-(5.25).
The Jacobian matrix is

[—ap, 1N, —b 0 0 0 0 —of3, SNy
afy I, N, —7p—dy—b 0 0 0 of, SN,
3 - 0 Ve —(1-w)6-b 0 0 0 . (5.28)
& 0 0 Q-v)o  —af,\ N, -b 0 -af,S,sN :
0 0 0 af, I N —ys—b af3, SN
L 0 IBVNH(]-_IV) 0 0 ﬁ/NH(l_Iv) _ﬂvNH(IHP+IHs)_(dv+dk)_

Theorem 5.1 The equilibrium pointE;, the disease-free state is locally asymptotically
stable when R, <1.
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Proof. The eigenvalues of Jacobian at equilibrium point of the disease-free state are

obtained by first evaluating the matrix equation at the disease-free state E, = (1,0,0,0,0,0)
, we setting

det(Jg, — 1) =0, (5.29)
where | is 6x6 identity matrix. Solving this equation, we obtain the characteristic

equation, a six order polynomial equation. The eigenvalues are the solutions of the

equations are:
A=2=-b, 4 =—(b+0Q+y)), 4, =—(b+ys),

As =—(%gl+MJ,AG =—(%gl— gl —4e, —53j,
where
& =(b+d, +d +d, +5,), 5 =b(d, +d,)+d, (d, +d, ), and
g =aNyN, B, B +rs(d.+d,)-
As we see, all the eigenvalue are have negative real part, the disease-free equilibrium

point (E, ) is locally asymptotically stable. []

Theorem 5.2 The equilibrium point E, , is locally asymptotically stable when R, >1.
Proof. The Jacobian for this case is obtained when the endemic state E, defined by
Equation (5.26) is substituted in the Jacobian matrix Equation (5.28)

Je, =(Siw I rpaRip . Sigi liss IV ) Where Sip 100, R, S, Iy and 1y, defined by

equation of the endemic equilibrium point ( o ), we setting

det(JE2 —Al)=0. (5.30)
For the first eigenvalue we have 2 =—(b+y)<0 and A, =—(b+d, +y)<0. The
characteristic equation is:
A*+a+a,A*+ad+a, =0, (5.31)
where
8, =30+0(1-y)+d, +d, +2aN, Bl + Ny (1 = 1 +aN, (Sip =S5 ) (1) =1) B4 ) A,
a, =(b+aN, 8,1y )(3b-20(v —1)+aN, B, )+d, (30+0 -0y +2aN, 5,1,

*

+Ny (@Ny (Sgp =S5 ) (10 =1)(3b+ 0= Oy + 2aN, By 1y ) (B + 15 — 11 ) ) B,
+d, (3b+0 -0y +2aN, 8,1y ),
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a, =b?(b+6—0y)+2baN, B, 17 (b+6-0y)+a’N, B, (b+6—0y)
+(b+aN, 8,1, )(30+20-20p +aN, B,1;)(d, +d,)
2bl, —2b-2b01, +2aN, B, —aN, B, 1, +aN,wl,
+aON, +2aN, B, 1, +a’N, B, 1 +a?0uN, B, I, ]
3b+2b6— 2by —3b% = 2b1;, + 2by 1 +2aN, B, I,
—ayN, I, =3aN, B, 1 +ayN, B, ]
+baNy Ny By B, 1 (61 + 20 +aNy B,y 1y ) +baN N, B, B, 11y (6+ 2y —aNy B, ),
a, =(b+0-0y)(b+aN, B, 1) (d+d,)+ Ny, (b+0-0y)(b+aN, 5,1 ) (15— 1)
+haN, (17 1) B4 ((b+49—91//)(s,’;P ~Sis )(b+aNy By )+ b (v -1) stgpljﬁHyp),

where S/, 1 Shs» Ing, and 1, are defined in section 5.2.2 (The equilibrium point) and

+haN,, NVﬁHﬂvs’;{

+haN, N, B, 5, Sps {

all parameter values are defined in Table 5.3. Using Routh-Hurwitz criteria [29] forn =4,

the endemic equilibrium point is stable if conditions (i)—(iv)below are satisfied. Since
symbolic computation may be difficult to illustrate whether conditions (i)—(iv)are

indeed satisfied due to the algebraic numerical complexities, numerical simulations of

conditions (i) —(iv) are instead given. It is seen from Figure 5.3 that conditions(i)—(iv)

are indeed satisfied. This means that the polynomial of Equation (5.31) is Hurwitz.

(i) a, >0,
(ii) a, >0,
(iii ) a, >0,

(iv) aaa, —a,° —aa, >0.

Hence, the endemic equilibrium point will be locally asymptotically stable. []
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Figure 5.3 All parameter spaces of endemic equilibrium are satisfied with the Routh-

Hurwitz criteria.

5.2.5 Global stability of equilibrium points

*

Theorem 5.3 Let E; =(S;P, b RS G I;):(l,0,0,0,0,0). If R, <1 then, the disease-

free E; is globally asymptotically stable on Q, where

* * *

« N\ : b r
QZ:{(SHP’IHP’RHP’SHS’IHS’IV)ERivNHzm’Nv=d +d }
d v K

Proof. We consider a Lyapunov function
a)Z(SHP’ lip: Rip s Sps T IV):(SHP ~Sip InSHP)+ lip +Ryp +(SHS —Shs InSHS)+ ls + 1y

The derivative with respect to time yields:

do, (S _Sip GSup |, Al Ry (S Sis S ), dly dly
dt (dt S, dt ) dt dt dt S, dt ) dt dt

v (5.32)

_ 1_3;P dSyp Al , ARy 1_8;5 ds,45+d|,45+d|V
S, dt  dt dt S



69

S*
=(1_Sij[b_aﬂHSHP|va_bSHP]+[aﬂHSHPIVN —7plyp —(b+dy )IHP]
HP

*

S
+Hyplp —A-y)OR,, — RP]+(1—SL5][(1—W)0RHP—aﬁHsHslvNV—bsHs]
HS

+[a:BHSHSIV Ny =75l _bIHS]+[ﬂV @=1)(Ne + 1Ny = (dy, +d )1, ]
Substituting the relation in the disease-free E;

g’ g*
(b bSHP)[ ] (b+dy)le - _bSHS[ SHSJ (7/s+b) us — (dy +d )1y,
HP HS
57
|: P S j:|_(b+dd)|HP_bRHP_(7S+b)IHS_(dV+dk)|V’
HP

_ Hl SHP]+[1 SEPH—(berd)IHP—bRHP—(;/S+b)IH5—(dv+dk)lv.
Sip Sp

Simplification yields:

| g3 )
(Sa=iv)
F 0| " (b+d )IHP _(7S+b)IHS—(dV+dk)IV'
SHPSHP
(St =Swe )’
dd&:_ bl—IP—*HP"‘(b""dd)IHP"'bRHP"'(%+b)|Hs+(dv+dk)|v - (5.33)
t SpSnp

It is obvious that all the term appearing in Equation (5.33) are always nonpositive. Now,

d
using the Laselle’s extension to Lyapunov’s theorem, we have ;:2 <0 and so the

function is to be negative definite. The limit set of each solution is contained in the largest

invariant set for which S, = S;p,Sis = St lp =0, R =0, 1,5 =0, and |, =0 which is
the smgteton{E } Then the Laselle’s invariant principle implies that the disease-free
equilibrium point E, is globally asymptotically stable onQ,. [ ]

Next, we consider the global property of the endemic equilibrium point of
Equations (5.19)-(5.24).

Theorem 5.4 If R, >1 then, the endemic equilibrium point E, is globally asymptotically
A/NH (IHP + IHS)(IV _1)
ﬂH IV NV (SHP + SHS)
Proof. The Lyapunov function is in the form:
42( wpo L s Rup s Spis s s IV):(SHP _S;P In SHP)+ I +Rip +(SHS _S;s InSHS)+ lys +1y-

stable on Q,if and only if o =
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The derivative with respect to time yields:

dé/Z — dSHP _S_I:PdSHP +dIHF’+dRHP + dSHS _%dSHS +dIHS +di
dt ( dt S, dt ) dt dt dt S, dt | dt dt

’ (5.34)

—1- S:u: dSHP+dIHP+dRHP+ 1— S;s dSys +dIHS+dIV
S,.) dt  dt dt S,.) dt  dt dt

S*
:(1_S_Wj[b_aﬂHSHPIVNV =0S, |+ [ Sup U Ny = 7pl e —(0+dy) 15 ]
HP

*

S
+[7P|HP -(1-y)OR _bRHP]+(1_SﬂJ[(1_‘//)9RHP —afySysly Ny _bSHS]

+[05:B|-|S'Hs|vl\|v _75|Hs _bIHs]'i'[A/(l_ IV)(IHP + IHS)NH _(dv +dk)lv]-

Substituting with condition a and simplification yields:

*

# 70 M —(b+d)le _((1_W)9+b)RHP _(75 +b)IHS =(dy +d)ly,

SHP HP

*

2
S, =S
da4d, - b(HS'°—*”P)+(b+dd)|HP+((1—.//)49+b)RHP_

dt HPSHp
+(73 +b) I +(d, +d)1,

d
Hence, the derivative Equation (5.35) is %SO and so the function is to be negative

(5.35)

definite. The limit set of each solution is contained in the largest invariant set for which
Sup = SripsSus = S lip =0,Rip =0,1,4 =0, ‘and I, =0 which is the singleton{E;}.
Then the Laselle’s invariant principle implies that the endemic equilibrium point E, is

globally asymptotically stable on €, . ]

5.3 Numerical simulation

In this section, the numerical analysis of the transmission of dengue disease with
the vaccination will only consider individuals who have a documented history of past
dengue infection or have died from the infection. The parameter values within this model
are listed in Table 5.3. Note that though most of the parameters are taken from the
literature, some of the values have to be assumed for the purpose of this investigation.
The use of N,; and N, of 10,000 for both cases reflects a small rural town, for example,
Mae Hong Son, with lower socio-economic status, which would be very good to investigate

the efficiency of the vaccination program. Note that we also assume a constant vector
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population, which is appropriate for this case since the town is small, and far away from

larger cities such as Bangkok. The value of d, will be assumed to be 1/180 for both the

disease-free and endemic equilibrium cases. This value is close to the reported values of

500 deaths per population of 100,000 [69]. The value of d, is assumed to be the same as

the reported natural mortality rate. The model is then simulated with the use of the

Runge-Kutta differential equation. The numerical results are shown in Figures 5.4-5.7.

Table 5.3 The parameters used in the numerical simulation.

Parameters The disease-free The endemic References

a 1/7 /7 [1,37,53,56,571,[65-69]
v 1/2 1/2 [1,37,53,56,571,[65-69]
o 1/(30%6) 1/(30%6)  [1,46,48,49]

A\ 10,000 10,000 assumed

N, 10,000 10,000 assumed

B 0.0000080 0.0050  assumed

A 0.0000065 0.0030  assumed

b 1/(365*70) 1/(365*70)  [1,37,53,56,571,[65-69]
d, 1/14 1/14 [1,37,53,56,571,65-69]
d, 1/180 1/180 assumed

d, 1/14 1/14 assumed

Ve 1/10 1/10 [1,37,53,56,571,[65-69]
Vs 1/14 1/14 [1,37,53,56,571,[65-69]

For the case of larger cities such as Chiang Mai, Khon Kaen, etc., we assume that

Case 1: the number of the population human N, =500,000and the number of the
population vector N,, =100, 000 while for
Case 2: the number of the population human N,, =500,000and the number of the

(~114)t

population vector N,, =100,000e to investigate their implications.

Note that case 2 simulates the situation where the number of vector population is
not constant, but is rather a function of time. The exponential power of -1/14 is also used
to reflect the natural death rate of the vector population. It is seen from Figures 5.8-5.9,
(@) Susceptible of primary infection (b) Infected population with primary infection (c)
Recovered human of primary infection (d) Susceptibles of secondary infection (e) Infected

human of secondary infection (f) Infected vector,
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that even though there is a small change in trajectory from case 1 to case 2, which is to
be expected since the total vector population slowly decays.
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5.4 The Optimal Control Problem

In this section, the solution of the optimal control problem is discussed. The
Pontryagin Minimum Principle (PMP) theory is used to solve this problem. Equations (5.19)-
(5.24) will be recast as a control problem. The purpose of this is to recast the problem as
one of minimizing the number of infected human populations to achieve an optimal
outcome. Since, the system consists of two dynamics, one for the humans and the other

for the vectors, two control parameters will be needed, u, for the human population and

u, for the vector population. U, is the vaccination rate and U, is the rate at which breeding



81

of the Aegypti mosquitoes is destroyed. This model can be written as the system of the

equation as follows:

ds
THP:b_aﬂHSHPIV N, —bS,, (5.36)
dle

at =af, SNy =7l —(b+dy)l e, (5.37)
drR

d,:'P Vel —(L=y)OR, bR, (5.38)
dS,
at 1-¥)ORyp — a3 Sy Iy Ny =bSys = U, (D15, (5.39)
dl

at =af,Sishy Ny —75lys =blys, (5.40)
dR

d?S =¥slus —bRys, (5.41)
ds,
T:N_V_A/SV(IHP s )Ny —d, S, —u,(1)S,, (5.42)
di,

H =BSy (e + 1 )N = (dy +d )b, —u, (O BS, (Fe +1is)N,. (5.43)

In terms of the normalized compartments, the differential equations become:

ds
THP:b_aﬂHSHPIV N, —bS;p, (5.44)
dlye
T:aﬂHSHPIV = o=+ d. ) o (5.45)
drR

d't-|P Volpe —(L=y)OR,, —bRy, (5.46)
dS,
“at =[1-y)ORp — B, Sps |y N, —bS,s —u; ()15, (5.47)
diy

at = afySps W Ny —75lys =Bl (5.48)
dl:ﬂ\/SV(IHP + 1 )Ny —(dy +d )1, —u, (O S, (e + s )N, (5.49)

dt

All parameters have the same definitions as before. The optimal control problems of

Equations (5.44) — (5.49), require a definition of the objective function given as:

- 1
J(u;,u,) =min J‘[XlIHP + Xl +E(X3u12(t) + X4u22 (t)):|dt1 (5.50)
0
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with initial condition S, =0, 1, >0, R >0, S, =0, 1, =0, R, =0,S, >0, and
I, >0. The constants X, X,, X5, and X, are weight constants and the term X, u,?(t)
and X,u,’(t) represent the costs associated with the control variablesu, and u,

respectively. We can assign an optimal solution of this model optimal control problem by
the Lagrangian and the Hamiltonian of the problems. The Lagrangian of the optimal control

problem is given by

1
Lo by Uy ) = Xyl e + X g +E(X3u12(t)+ X4u22(t))- (5.51)

Theorem 5.5 We consider the objective function J given by Equation (5.50) with
(u;,u,) €U subjecting to the control system of Equations (5.44)(5.49) with initial
condition. There exists u”(t) ={u; (t),u, (t)} €U such that

J (U7, uy) = min{J (U, u,) (U, u,) € U3

Proof. We apply the existence of an optimal control problem from [8,71]

The control set U is closed and convex by its definition above and the integrand of the
function Equations (5.44)-(5.49) is also convex in U . It is obvious that these states and
control variable are nonnegative. Since, the solution to the systems given by Equations
(5.44)-(5.49) are bounded, the control function will be convex in U. Let g, and @, be

two positive constants and & > 1. If we now set @, =min(l,,(t), 1, (),

g, =min(X,, X,), and ¢ =2 , the Lagrangian function L can be rewritten as

1
L('HP’ |HS1u1'u2) S XllHP + XZIHS +§(X3Ulz(t) + X4u22(t))’

> 0, (L + ) + G| +|u,]), (5.52)

2 2
:q2+Q1(|u1| +|U2| ).

The optimal control of this model is obtained by applying Pontryagin’s Minimum

Principle [29]. [

Theorem 5.6 There exists the adjoint variables 4, 4,, 4;,4,, A;, and A, under the control
that satisfy the following:

d4

at = ﬂ‘l(t)(aﬂH Iy N, +b)_/12(t)(aﬂ|-| Iy N, )'

d . .

d_jt? = _Xl +ﬂ~2(t)(7p +dd +b)_/13(t)7p _ﬂs(t)(ﬂvNH (1_ Iv —U; (t)+ Ivuz (t)))’(5'53)

% _ ,73(0((1—1//)49+b)—ﬂ,4(t)((1—‘//)‘9)’



dA
dt

B X+ 2O )+ O +5)= A0 (AN, (11, —6 O+ LUy ©)),

=4 (aBy I N, +b)- 2,0 (af, | N, ),

dd_/iﬁ = ﬂl(t)(aﬂHSHP Ny )_iz(t)(aﬂH SkeNy )+/14 (t)(aﬂHSHS Ny )
~® (@ SysNy )+ A6 () (B, Nyy (=1, () (1o + 15) + (0, +d,) ).

With the boundary conditions

A (1) = 4, (t) = A4, (t) = 2,(t) = 4,(t) = 4,(t) = 0. (5.54)
Also, the optimal control variables are given by
) _(a1¢-.¢
u; (t) = max| min e 01, (5.55)
3
. 12 I+ 1IN
y (t):max[mm[%( e ) M o
4
Proof. The Hamiltonian for the optimal control of this model is defined as given by
H=L('HP"HS’ ) 11 HP""AZ ﬂsdIZth
(5.57)
dS d| dl
_'_/1 HS + HS +l Vv ]
Ta T a

H =X+ X, +%(X3u12 (t)+ X u,° (1))

+A4[b— By Syply Ny —bS 5 ]
+2,[ afyS levN ~7elup —(b+0dy) Lo |
+25[ 7o) e —(1=¥)OR > —bR, (5.58)
+2,[(1-y) HRHP—aﬂH us VNG =BS =, (1) 16 |
+25[aﬂHSHSIVNV _7SIHS _bIHS]
s (1=, (1) B, (1= 1, ) (1o + s )Ny —(dly +d )1, .

The adjoint associated system is obtained as follows:

(L_il:,il(t)(aﬁH 1N, +b) =24, (t)(aB I N, ),

83
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B XA 1) 7+, +0) e ()70 (D AN 11, s ()4 5 1))

£ 4 (0)(-w)0+b)-2()((1-)e). 059
E = 2 (@Bl Ny +0) A ()N, ),

Y et A0 )+ A0 +0) A OB (-1, 0185 (0),
B (1) (@B SN )~ (1) (B SNy )+ (1) (B SNy )

s (8) (@B SNy ) + 2 (D) BNy (105 (1)) (1 + 115 ) +(dy + 0, )).

Using the optimal conditions, we find that

oH oH

—=——0 atu, =u; and u, =u,
Therefore,
OH
= X gl =24,
1
(5.61)
UI . /14IHS ’
X3
oH
E: XU, _/16(1_ Iv)ﬂv (IHP + IHS)NH =0,
2
(5.62)
* 16(1_ IV)A/ (IHP+IHS)NH
u, = .
X4
Using the property of the control set, we can say that
0 if Zalus <0,
3
u, = Al g if Ailus <u,™,
X, X3 (5.63)
u™ if Zales >y, ™,
3
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0 if ﬂ‘e(l_lv)ﬂ/(lHP+le)NH <0
X, 7
u*_ Aa(l_lv):B\/(IHP‘HHS)NH f le(l_lv)ﬂv(lHP"'le)NH <y, mex
2 2 '
X, X, (5.64)
g, max if ﬂ’G(l_IV)A/(IHP_{_IHS)NH > . max
2 X4 =t

The simulation results for the optimal states are presented in Figures 5.10-5.14 and the

optimal controls are shown in Figure 5.15. [

The simulation results for the optimal states are presented in Figures 5.10-5.14 and
the optimal controls are shown in Figure 5.15 and parameter values according to Table
5.3.

Figures 5.10-5.14, (a) Susceptible of primary infection (b) Infected population with
primary infection (c) Recovered human of primary infection (d) Susceptible of secondary
infection (e) Infected human of secondary infection (f) Infected vector, shows the
simulation results of system of Equations (5.44)-(5.49) with and without controls of

Sip i lp s Rip s Spg o Tis» and |, . The plot of Figure 5.10 is obtained by setting the weight
X, to be equal to X, . Figure 5.11 presents the case in which the weight X, less than X,
. Figure 5.12 presents the case where X, is at least 10 times greater than X, . Figure 5.13
presents the case in which the weight X, greater than X, . Figure 5.14 presents the case
where X, is at least 10 times greater than X, . Note that the main goal of the control is
to minimize the number of infected human population with primary infection |, , as well
as the secondary infection |, ;. The main emphasis, however, is on the secondary

infectious individuals. For each of these scenarios, a comparison is also made with the

case where no control is applied. If X, = X,, the convergence time to equilibrium is
significantly faster than X, less than X, X; much less than X,, X, greater than X, and X,
much greater than X, , respectively. Moreover, as the weight X, increases, the steady state
infected individuals of the secondary population l,,s gradually decreases to zero. The
trajectory of the infected vectors gradually deviates from the no-control case. No
significant change seems to occur to the trajectories as the weight X, is increased, except
for the infected vectors, which appears to be flooring to zero for a large weight of 100.

With no control measures, it will take longer for equilibrium to be reached.
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Figure 5.14 Simulation results of system of Equations (5.44)—(5.49) with and without
controls of S.p,lp,RypSpsslus,and |, . Using X, =100, X, =0.00001.

Figure 5.15 (a) The vaccination rate U, (t) and (b) The Aegypti breeding destroying rate
u, (t) Figure 5.15(a) shows that to maintain the optimal control of the infected
population, U, (t) would have to be at 50%, 70%, and 90% for the first 25 days, after

which the control required will show an exponential decline to zero. Figure 5.15(b) shows

the values required to maintain optimal control when u, (t) is used as the controlling
factor. The application of 50%, 70%, and 90% of u, (t) for achieving optimal control

should be maintained for the first 47 days, after which the amount of control steadily

decreases to zero.
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30

Figures 5.16-5.17, (a) Susceptible of primary infection (b) Infected population with
primary infection (c) Recovered human of primary infection (d) Susceptible of secondary
infection (e) Infected human of secondary infection (f) Infected vector, now plot the cases

of N, =500,000and N, =100,000 and of N, =500,000and N, =100,000e**". The

later values which again were chosen to investigate the case where the total vector

population is not constant. Both figures show a significant decay of both the primary and
secondary infective populations to zero in the controlled population compared to the
uncontrolled population, which peaks at around 0.25 before decaying to about zero. Note

that there is again a small change across the trajectories from Figure 5.16 to Figure 5.17,

which is to be expected since the total number of vector population is slowly decayed as
a function of time.



95

With Control
— —— Without Control

50

e,
40 45

35

- ]
o«
s
w
==
O
E 0=
4]
£
=
- o
o
- w
- o
(=)
r w
- [=]
v @
) o
o
uonaajul Alewind Jo UBLINY pajasu|
T T T T T T T 3
g
S E
- 0
MNe o S
S
© o
=g =
= = - b
== —
|
L ! 1w
| o™
- 40
o«
i
w
==
©
E loz=
@
£
=
- 490
o
- 4 w0
2]
- 40
L A5
Vi
el — ——— 1 o
w =t o = w0 w == o™ o
X% = = (=] =] = (= =
o o o o o o o

uoiaau Alewnd jo uewny sajgidassng

(b)

(a)

= T T T T T ] ]
_ 2 |
m _
i .m% 1 Q
L=
o 32 |
< < |
L = o
=2 s
| 1
| (I
i | [ ki)
|
I o
r [ )
|
\
- d %
L
4
L il m
|
|
L i w
§
§
L Yo
|
|
L 1
& w
\\
siall —t — e 1 =}
w b ™ e w w = o™ o
-, = = o e = (=) ]
o o o o o o o
uoNaaul Alepuodas Jo uewny sajqudassng
rom o T T T T T T T m
8
5 8
HE 3 19
O
Q-3
£ = Ja
== ~
|
Lot 4w
| o)
T
L 18
|
|
L Fﬂ L%
|
L & Jo
\ o™
L
N & i
) 8
- // lm
N
25
+ // 4w
iR
~
s
S~
1 1 1 1 1 g 1 o
L =t Lo o™ w o™ uwn - w o
= (=} (3] =} N (=} = o =
o o o o o

uoiaajul Aewnd Jo uewny palaaoday

Time {days)

Time (days)

(d)

(@)



Infected hurman of secondary infection

Susceptibles human of primary infection

0.35 T T T T T T T T T
— With Control
0alk — — = Without Control
%
025 1

0 5 10 15 20 25 30 35 40 45 50
Time (days)

(e)

Infected vector

09

2
=]

o
~

=
(]

96

— With Control
— — — Without Control []

Figure 5.16 Simulation results of system with and without controls of S, 1., Rip Sk |

and|, . Using X, =100, X, =100, N,, =500000, N,, =100000.

0.16 T T T T T T T T T
— With Contral
014 — ——Without Cantral ||
|
|
012 .
I
|
01k i
|
|
0.08 <

o
=]
53]

o
]
=

0.02

. i ki

20 25 30 35 40 45 50
Time (days)

(a)

Infected hurnan of primary infection

0.25

4 —]
20 25 30 35 40 45 50
Time (days)
f
HP 19 HS 1 T HS 1
— With Control

— — — Without Control

20

25 30 35 40 45 50
Time (days)

(b)



971

0.45 : . . : . . . . . 018 - - -
] —— With Control — With Control
041 //-’;_F — —— Without Control { o 014f — — — Without Control |J
T =] |
g e B |
508 ; 1 £ 012 1
E 4 =
03f 7 1 o}
) / 2 o1 .
£ il o
:r} 025 ¢ . &
5 // 5 008 1
©
g 02F s B g
2 / 2 006 ]
@ 015} N @
S @
g 2 oo —
2 0.1 i § 4
@
0.05F B 0.02 ]
0 g ; 7 ; ; 3 g ; 7 = e e f ] )
0 5 10 15 20 25 30 35 40 45 50 10 15 20 25 30 35 40 45 50
Time {days) Time (days)
(o) (d)
025 e T T T T T T T T 1 T T T T T T T T T
% ——With Control 4 —— Wiith Control
! \ — — —Without Control 0.3 i — — = Without Control ]
{ y y
& 02 5 4 k=) g
T ! Y b
£ \
= i
= = o -
2 3
[\ =
@ = -
Pt 2
c 2
: - £ :
3
€=
= -
2
(53 ~
2 -
£ pi Rt 1 i
" L L N il
0 5 10 15 20 22 G AL 85 40 45 50 25 30 35 40 45 50
Time (days) Tirme (days)
(e) (f)
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and|, . Using X, =100, X, =100, N,, =500000, N, =100000e" ",

5.5 Discussion and Conclusions

In this chapter, we have analyzed the effects of different vaccination strategies to
prevent secondary dengue infection in order to reduce the severity of the disease. The
dynamic of the dengue fever transmission model assumes that the human and vector
population are constant. The analysis is based on the use of the Routh-Hurwitz criteria to
establish the local asymptotically stability. The equilibrium point that we found are
disease-free converge to E,; =(1,0,0,0,0,0) and endemic equilibrium point. The basic
reproductive number is defined as R, . If R, is less than one then the disease-free state

exits and is local asymptotically stable and unstable when R is greater than one. We
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simulate the numerical solution of the parameters with different values which is shown in
Figure 5.6 We can see that if the transmission rate of dengue virus from vector to the
human g, is large, the slower the convergence to an equilibrium point of susceptible
human of primary and secondary infection becomes. The recovered human of primary
infection, infected human of primary and secondary infection, and infected vector will
converge to an equilibrium point more rapidly. Likewise, in Figure 5.7, we see if the
transmission rate of the dengue virus from human to vector £, is large, the slower the
convergence to an equilibrium point of the susceptible humans becomes. Similarly,
recovered human of primary infection, infected human of primary and secondary infection,
and infected human will converge to an equilibrium point more quickly, i.e,
E, (S,» =0.00003, 1, =0.00022, R, =0.00810,S,,; =0.00002, I,,; =0.00031).

However, the infected vector will converges to a different equilibrium point. In addition,
this will also make the basic reproductive number R, greater than one. Changing N,, to
a different value which affects the convergence time for reaching the equilibrium point as
shown in Figures 5.8-5.9. To investigate whether there is a limitation on the model when
there is a non-constant total vector population N,, two further cases were also considered.
The first case had the largest total human population N, at 500,000, and a larges N, of
100,000. The second case kept N, the same, whilst the N, being treated as an
exponential function of time. Results show that although having a non-constant N,, does
have some effect on the trajectories, such change will be quite small compared to the
constant vector population case.

We have adopted an optimal control approach using the vaccination rate and a
rate for destroying the breeding of the Aegypti mosquito in order to minimize the number
of the infected human population of primary and secondary infection to the cost of
controlling the epidemic. To do this, we used the Pontryagin Minimum Principle (PMP)
method to solve the optimal control problem with conditions X, equal X,, X, less
than X,, X;much less than X,, X; greater than X,, and X, much greater than X,.
We can see that, if there are no controls, the number of infected human population of
primary and secondary infection will increase. This will cause the solution to converge to
the equilibrium point over a longer time. With the controls in place, the number of
mosquitoes in the infected vector population and the number of people who need to be

vaccinated will decrease over time as shown in Figures 5.10-5.17.



Chapter 6
Stability Analysis of Dengue Disease with

Vaccination and Optimal Control

This chapter research presents optimal control which studies the vaccination only
in individuals with a documented past dengue infection (seropositive), regardless of the
serotypes of infection causing the initial infection by the disease. The analysis of dengue
transmission model is used to establish the local asymptotically stabilities. The property
of symmetry in the Lyapunov function an import role in achieving this global
asymptotically stabilities. The optimal control systems are shown in numerical solutions
and conclusions. The result shows that the control resulted in a significant reduction in

the number of infected humans and infected vectors.

6.1 Introduction

Mosquito-borne dengue fever viral disease infects hundreds of millions of people
in tropical and subtropical areas every year [72]. Thailand has reported outbreaks of
dengue fever for more than 60 years. At present, dengue fever has spread throughout the
country, every province, and every districts [73]. Dengue hemorrhagic fever is contagious
with the Aedes aegypti mosquito being an important disease-carrying insect in many rural
areas. The Aedes albopictus is a second disease-carrying mosquito. The four virus
serotypes that cause dengue virus (DENV) are DENV-1, DENV-2, DENV-3, and DENV-4
[1,74,75]. In Thailand, the Aedes aegypti mosquito is considered to be the primary vector
of the dengue virus. Infection with dengue serotype provides lifelong immunity to that
serotype and will have cross-protection against other species heterotypic immunity for a
short period of time [23,76]. The clinical symptoms of dengue virus infection range from
being asymptomatic to severe illness that can lead to death if not properly treated. In
most cases involving young children, there is a mild fever with a red rash and the child is
said to be suffering from blood fever. In older children teenagers and adults, the symptoms
may be worse, i.e., they may come down with high fevers, thrombocytopenia, leukopenia,
rashes, myalgia, and arthralgia. Dengue fever (DF) is more common in children under 15
years of age. In areas in which hyperemia is also occurring, there may be recurrent dengue
infections during which the more severe symptoms are occurring and the patients may be
suffering from Dengue Hemorrhagic Fever (DHF). If the plasma leakage becomes extremely
severe, the illness develops into Dengue Shock Syndrome (DSS) [12,13,50] and the patient
might die.
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The incidence of dengue fever infection appears to be age dependent.
Pongsumpun and Tang [77] reported that in one province in Thailand in 1998, mentioned
that most of the cases occurred in children below the age of 15. Sriprom et al. [78]
mentioned that this did not change much. What changed over time was the dengue strain
responsible for the infection, very few of the dengue infections were due to DENV-4. In
the last few years, the greatest number of infections is caused by the DENV-4 strain. We
have not taken this change into account. Most infections caused by the dengue virus and
other viruses lead are either asymptomatic or minimally symptomatic with no way to tell
whether the patients were infected or not. Burke et al. [79] reported that 87 % of the
tested infected children in Bangkok Thailand in 1980-1981 belong to these two groups. We
do not expect much had changed over the years except for the strain of the dengue virus.

A vaccine to prevent dengue fever has recently being developed. The vaccine
efficacy of the dengue vaccine was moderate 56.5%, meaning it could prevent more than
half the number of dengue infections. The dengue vaccine reductions in hospital
admissions by 80.3% [22], and 67.2% [20]. The CYD-TDV vaccine is highly effective among
children with serolosical evidence of prior DENV infection. A phase 3 study of dengue
vaccine found that dengue vaccine was able to reduce the severity of the disease by
88.5% and prevent dengue by 90.0% [80]. A cautionary note should be mentioned, there
is an increased risk of hospitalization of the vaccinated individual among groups without
prior infections. Mass vaccination with the CYD-TDV vaccine should not be done in
countries that do not have a history of dengue infections by most of the strains of the
DENV. This is why the vaccination programs involving this vaccine have been stopped in
countries such as Thailand, where there is a prior history of infections by multiple strains
of the DENV’s.

The chimeric yellow fever dengue virus tetravalent dengue vaccine (CYD-TDV)
covers 4 serotypes of dengue. The Dengue vaccination program requires a total of 3
injections, 6 months apart are 0, 6, and 12 months. The optimal age for injection is over 9
years [41]. A single dose of dengue vaccination is as effective as the three-dose vaccination
program. This may be due to the fact that 79% of the cohort in the study had dengue
seropositivity at baseline in countries with dengue-endemic areas [81]. The immunization
obtained from vaccination gradually loses as time goes on. Once infected with any
serotypes, the body will always be immune to that serotypes. However, they are
temporarily immune to other serotypes, thus there is a chance of re-infecting dengue in
other serotypes until all are complete.

The World Health Organization (WHO) aims to reduce the mortality and morbidity
of dengue by at least 50% and 25%, respectively, by 2020 [82]. Esteva and Vargus [83]
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studied local stability and global stability of models with the Susceptible-Infected-
Recovery (SIR) model of dengue transmission and assumed that the human population
and the vector population are constant. Chanprasopchai et al. [8] studied dengue fever
and the effect of vaccination with analyzed of stable conditions of an equilibrium point of
the model using Routh-Hurwitz criteria. A mathematical model of dengue with and without
awareness in the host population [30] assumes that some hosts do not interact with
infected mosquitoes. This is because they take different preventive measures due to their
perception of the disease. Wu and Wong [66] studied the mathematical model with two
delays to reflect the extrinsic and intrinsic incubation periods of virus in the dengue disease
transmission model. The stability analysis of two equilibrium points is carried out and a
simulation is given for different parameter settings and to simulate the succession of two
epidemics with variable human populations [84]. Khan and Fatmawati [9] described
changes in densue infection from basic reproductive values which defines a model with
hospitalization and presents the changes in detail. The results suggest that spraying
insecticides on mosquitoes can significantly reduce dengue infection. Pongsumpun et al.
[10] studied a mathematical model of the dengue model with a vertical transmission
control mechanism based on the dengue model. The two policy control models were
insecticide and vaccinations which simulated the parameters affecting this model control.
The authors [85] study a dynamic basic mathematical model for dengue transmission in
Thailand, by including infection of different serotypes to analyze the effects of different
vaccination strategies. With an interest in the optimal control between primary and
secondary infection. There are many studies about applying to solve the optimal control
problem of dengue fever [63,71,86-88].

In Thailand, data dengue hemorrhagic fever (DHF) from the department of disease
control the ministry of health. It is seen that dengue hemorrhagic fever is prevalent in 2013
per 100,000 which is the highest and the number of morbidities will trend fluctuated each
year from 2003 to 2020. Likewise, when the number of mortality direct variation with the
number of morbidities, but this is a very small percentage compared to the infected as

shown in Figure 6.1.
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Figure 6.1 The number of morbidity and mortality rate per 100,000 by year from 2003-
2020 [64].

In this chapter, we study the vaccination only in individuals with a documented
past dengue infection (seropositive), regardless of the serotypes of infection, with a
simplified model. This model focused on the population of Thailand for the provinces
with high morbidity rates, such as Mae Hong Son, Rayong, Nakhon Ratchasima,
Chaiyaphum, Chainat, and the regions with the highest morbidity rates were the Northeast,
North, Central, Southern regions, respectively, where there were outbreaks of dengue
hemorrhagic fever, resulting in people who have been infected with dengue fever being
re-infected. The human population is modeled through the SEIRS framework, and the
vector population is modeled using the SI model. Local and global stability analyses are
given with the basic reproduction number being the bifurcation point. The property of
symmetry in the Lyapunov function an important role in achieving this global
asymptotically stabilities. The optimal control is applied in the spreading model to
minimize the number of infected human and infected vector populations. The results are

then given numerically to demonstrate the analyses.

6.2 Materials and Methods

6.2.1 Mathematical Model

The mathematical model of the dengue transmission is for the vector population
and the human population. The Susceptible-Infected (SI) and Susceptible-Exposed-
Infected-Recovered (SEIRS) model for vector and human population respectively. In
Thailand, some regions are densely populated with a high prevalence of Aedes
mosquitoes. This model of dengue outbreak considers vaccination only in previously
infected populations as it reduces the severity of the disease and reduces the rate of

hospitalization for the next infection. Note that dengue fever has four different serotypes,
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and we can get infected up to four times. Vaccination should be administered after each
injection to minimize the risk of hospitalization and the severity of the disease in following
infections. Once infected with any dengue serotype, the person is immune to that serotype
for life and only has a short period of time of cross-protection against other species, as
advised by the World Health Organization. In this model, the transmission of the dengue
virus when vaccinated after each infection is described. The human and vector population
is divided into four and two individuals respectively. The variables and parameters are de-
fined listed in Table 6.1. The dynamic dengue fever model with vaccination after each

infectious is shown in Figure 6.2.
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Figure 6.2 Schematic diagram representation compartments vector and human

population after each infectious dengue fever.

The dynamics behavior model of human and vector population is encapsulated in the

following systems of differential equations:

ds,

dt =b,y Ny, +(1_P)9E_aﬂH§E_dH§’ (6.1)
I o
ddtH =apf,S,l, —¢E, —d,E,, (6.2)
dr. — — —

dtH =¢E, —yl, -, +d)I,, (6.3)
dR,

=71, -(1-P)6R, —d,R,, (6.4)
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B A-451,-4,5, 6.5
dt
dl, _, —— -
ot =4S, 1, -, +d)lI,. (6.6)
With the conditions
S, +1, =N,. 6.8)

Table 6.1 The parameters used in the numerical simulation.

Variables and
Biological meaning

parameters
§ The number of susceptible human population
§ The number of susceptible vector population
E_H The number of exposed human population
E The number of infected human population
E The number of infected vector population
E The number of recovered vector population
o) The vaccine efficiency
By The transmission rate of dengue virus from vector to the human
A The transmission rate of dengue virus from the human to vector
o The biting rate of vector population
o The recurrent infection rate
E The incubation rate
4 The recovery rate
A The constant recruitment rate
d, The natural mortality rate of the human population
dy The mortality rate from infection of the human population
d, The natural mortality rate of the vector population
d, The mortality rate from infection of the vector population
b,, The birth rate
Ny The total number of the human population
Ny The total number of the vector population

The rate of change of the total population of human and vector are:
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5, dE, i, R, _

=0, (6.9)
dt dt dt dt
ds, db _, (6.10)
dt  dt
The conditions of Equations (6.7) and (6.8) employ:
— (b, —d,)N
H Z(Hd#- (6.11)
d
— A-d,N
by =—g (6.12)
k

Normalizing the equations with assuming the proportion number of the individual

following as:

4 E) | R
S,=—"* E,=—%,1,=—"*- R, =—%, .
H NH H NH H NH H NH (6.13)
S, Ig
sf427] o e _
v N, v N, (6.14)
We also have
81 orl, W HRLED (6.15)
S, +1,=1 (6.16)
The normalized system of equations are:
dS
dtH = bt (1- PR S < Bt )0 2a8)5] | /N, —dS,
dE
dtH =afySylyN, —¢E, —d,E,
dl (6.17)
d—:=gEH =yl —(dy +dy)ly
dl,
Ezﬁ/(l_ I )1g Ny =(d, +d)ly,

Proposition 6.1 [89] Let (S (t),Ey (t), 1, (t), R, (t),S, (t). 1, (t)) be the solution of

Equations (6.1)-(6.6) with positive initial conditions

S,,(0),E,(0),1,,(0),R,(0),S, (0),1, (0) . Denoting also invariant set

¢={(SH Bl Ry Sy 1y ) e RSN, SS—H, N, Sdi} then the closed set ¢ is positive
H v

invariant that attracts all solutions in the space Ri.



Proof. We begin by setting
Ny (£)=(Ny (), N (1)) =(Sy +Eyy +1 +Ry. S, +1y).
The differentiation yields:

dN, (t):[dNH(t) dN, (t)}

dt dt ' dt
:(bH _dHSH _dHEH _dHIH _ddIH _dHRH’A_dVS\/ _dv Iv _dklv)’
=(b, —d,,N,, —d,1,,, A—d,N, —d,1, ),

<(by —dyN,,, A—dy N, ).

Hence, dNy (1) =b, —d, N, <0 for N, (t)= b—“ and N, (¢) =A-d,N, <0
dt d, dt
for N, (t)zi. Then dNT—(t)SO wherever N, (t) Zb—H, and N, (t) > A
dy dy dy,
: o dN, (t)
Integrating the above equation, it follows that YN <0 on

0< NH (t), NV (t)S(S_H+ NH (O)e—dHt,dA_'_ NV (O)e—dvtj.

H Vv

A
As t—o,e ™" -0, —0,and thenO< N, (t), N, (t) S[S_H,d_j
H Vv
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Since the epidemiological parameters are assumed to be positive, it follows that the region

of all solutions of ¢ will be in Ri. Thus ¢ is a positively invariant set. Note that all

equations described by Equations (6.1)-(6.6) in the non-negative octant R® are positively

invariant [67,89,90]. [ |

6.2.2 The Equilibrium Points

Let us find equilibrium points of system Equations (6.17) that describe the model.

Note that by setting the right-hand side of system Equations (6.17) to zero yields two

equilibrium points, namely:
The disease-free equilibrium point:
E =(0,0,0).

The endemic equilibrium point:

E; =(S5.Enn 15 1y),
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with
(7[17[2 ((}/8—72'39+}/dH +(e+my) 7 )dy —(re—m0+yd, +(e+7,) 75 )d, —gﬂ'SNH,BV))
" eN,, ((72'7—dH)7Z'17Z'2—a(2/8—72'39+}/dH +(e+7,) 5 )Ny By )ﬁv
Ty (”1”2”4”6_0‘8(”7_bH)NHNvﬂH:Bv)
eN, (7[17[27T4 +a(ye—m,0+yd, +(e+7,) 75 )N, By ),BV 6.18)

_ T 05704 e —ag(;z7 —b, ) Ny Ny B By
N, (7[172'272'4 +a(ye—m0+ydy +(e+7,) 7 )N, By )ﬁv

*_ (777 —dy )771772776 +aemg NN, S, by
aN, B, ((7/8—7t3¢9+de +(e+7,)7m5) 7, +g7z'8NHﬂv)

where
m=(e+d,), m, =(y+dy+dy), 7, =(P-1)(y+¢), m, =(6-PO+d, ),

m =(dy +dg), 75 =(dy +d, ), 7, =(P-1)6, 7, =(6—-PO+b,).

6.2.3 The Basic Reproductive Number
The next-generation matrix method of the works in [91,92] is used to compute the

basic reproductive number (RO) for the dengue model of system Equation (6.17). The

classes E,, I,,,and |, are identified as influencing the new infections. The Fand Vv

matrices are obtained as follows:

0 0 af, S, Ny d, +¢ 0 0
F=|0 0 0 V= - dy+d,+y 0 /
0 A,S,N, 0 0 0 d, +d,
L 0 0
(dy +¢)
N gd, +¢&d, 1 0
(e+dy)(y+dy+dy)d, +d,) (y+dy +d;)
0 1
(dy +dy) |

The basic reproductive number is obtained through the spectral radius of the matrix

R, = oFV is called the reproductive number and given by

_ az((P-1)0-b, )N, N, 8.4,
i _\/((P—l)é’—dH )(7/+dH +dy)(s+d,)(d, +d,) (6.19)
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6.2.4 Local stability of equilibrium points

In this section, we are going to analyze the stability condition of two equilibrium
points, namely the disease-free E; and the endemic E, equilibrium points. The outcome of
stability condition analysis of these equilibria is shown in the following Theorem 6.1 and

Theorem 6.2. The obtained Jacobian matrix is:

(P-1)0-d,, —ap, I\ N, (P-18 (P-1)0 —af, SN,
af,IyN -&—d 0 0
‘]Ei: Sl Ny H .(6.20)
0 £ —y—d, —d, 0
0 0 BNy = BNy I, _ﬂVNHIH_dV_dk

Theorem 6.1 If R, <1, then the disease-free equilibrium point E; of system Equation (6.17)

is locally asymptotically stable and unstable otherwise
Proof. The characteristic polynomial of the Jacobian matrix of Equation (6.20) evaluated

at the disease-free equilibrium is:
det(Jg, —41)=0. (6.21)
The eigenvalues (4 )are obtained from the roots of Equation (6.21) where I is identity

matrix(4>< 4)the matrix is:

A =~(e+dy),

A =—((P+1)8+d,),
Ay ==(dy +dy+7),
Ay =—(d, +d,)

It is obvious that all the eigenvalues have negative real part. So, E; is locally asymptotically

stable [92]. [}

Theorem 6.2 The endemic equilibrium point E, is locally asymptotically stable if Ry >1
and unstable otherwise.
Proof. The characteristic equation of the Jacobian matrix evaluated at the endemic
equilibrium is:

det(Jg, —41)=0. (6.22)
One eigenvalue of the above matrix isA=—(d, +dy+y)<0. The rest of the

characteristic equation is considered in the form of

A +ai®+a,d+a, =0, (6.23)
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where
a=c+0+P0+2d,+d, +d, +aN 1,5, +N,1. 43,
a,=d% +(1-P)ed+d, (¢ +0—PO)+a, (ac+abd+Pab+acd+Pacd+ad,)
+d, (3,,) + Ny Iy (8,) B, +dy, (3, +2(d, +dy + Ny 15 4,)),
a3:dk(agl—oc(g+(P—1)(g—1)<9+dH)a21)+dV (8 —ay)
Ny (@?eNJS] (1 =) 108 + 1 (3 -2 ) B,
a, =N, Iy B8, =6 +0—-PO+a, 3, =((P-1)0-d,, )(c+d,),
a, =a(e+(P-1)(¢-1)0+dy)a,, S).I;,and Ijare defined Equation (6.18).
By using Routh-Hurwitz criteria [89,91,92] for n=3, then E, is stable if conditions

(i)—(iv)are satisfied. Since algebraic proofs may be a little difficult to verify these

conditions, we then resort to numerical simulations. We plot the values of the conditions

against the changes in £, , which is shown in Figure 6.3. It is seen that these conditions are

indeed satisfied

(i) a >0,
(i )a2 >0,
(iii )a3 >0,

(iv)a,a, —a, >0.
It then follows that the polynomial of Equation (6.23) will indeed be Hurwitz, which thus
implies the stability of the endemic equilibrium E,. [
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Figure 6.3 The Routh-Hurwitz criteria conditions satisfied for the endemic equilibrium

point.

6.2.5 Global stability of equilibrium points
The global stability of each equilibrium point of the model in system Equation

(6.17) is investigated in this section. To serve this purpose, we hereby derive two theorems.

Theorem 6.3 LetE; =(S,,E,, 15,55, 1,)=(0,0,0) the disease-free E, is globally
asymptotically stable on @ if and only if R, <1 where @ are defined as Proposition 6.1.
Proof. Consider the following Lyapunov function candidate [93-96]:

@5(Sy1 By a1, ) = (S =S InS, )+ Eyy + 1+ Iy
This function satisfies the positive definiteness condition as required for a Lyapunov
function since the positive invariances. It should provide ease in the proving of the negative
definiteness in its time derivative, as compared to say a quadratic candidate, which is more
prominently used as one such candidate.
The derivative with respect to time yields:

da)sz(l_s,:deHerEH di, dl,

—H + + ,
dt S, )dt  dt dt dt
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*

:[1—§—HJ(bH +(L-P)(L-S, —E, —1,)0-aB,S, I N, -d,,S,,)

H

+(aBy Sy I N, —¢E, —d,E, ) +(eEy — 21, —(dy +d)1,,)
+(A/(1_IV)IHNH _(dv +dk)|v)’

:(1—§—Hj(bH +(1-P)1-S, —E, —1,)0-aB,S, I, N, —d,;S,,)

H
-d,E, —(d, +d,)I, +(ﬂv(1— [, )1,N, —(d, +dk)lv).
Substituting the relation of disease-free E; = (1,0,0,0) , we get

*

= 1_§_H](bH—dHSH)_dHEH—(dH+dd)|H_(dV+dk)|V7
H
I S,, S,
=|d,|1-22 |+b, | 1=K | |=d,,E, —(d, +d )1, —(d, +d,)I,.
I S, S,,

From Equation (6.11) at the disease-free, we get b, =d,, thus

~|d, (1_5_5}% [1_S_HH—dHEH —(d,, +d )1, =(d, +d,)1,,
| S, S,
S S
14, [2——5——HJ—dHEH —(d, +d ), —(d, +d)1,,
5T 4

. 2

(8% —S:)

=—0y |~ |-dyEy —(dy, +dy)1,, —(d, +d )1y,
894

d o,
dt

- 2
S, —S
=—|d, (”—“) +d, E, +(d, +d,)1, +(dy+d ), |- (6.24)
S;,S,,

As can be seen, all of the terms in Equation (6.24) are always negative. Now, using LaSalle's

s s,

invariance principle [93], we have <0 and so the function is to be negative

definite. Each solution's limit set is included in the biggest invariant set for which
S, =S,,,E, =0,1,=0,and 1, =0 which is the singleton {E;}. The disease-free
equilibrium point E; is then globally asymptotically stable on ¢ according to LaSalle's

invariant principle. []
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Theorem 6.4 When R, >1 , the endemic equilibrium point E, is defined as Equation
(6.18). Then Equation (6.18) is globally asymptotically stable on @ if and only if
b, =d,S,,

— A/ IH NH ]
Y BN, +d, +d,
Proof. The Lyapunov function is in the form:

(6.25)

&Sy Byl 1) =(Sy =S, InS,)+E, +1, +1,.
The derivative with respect to time yields:

%:(1_s;jdsH dE, , di,  dl,

— + = :
dt S, ) dt dt dt dt

:( —:—”j(bH +(1-P)1-S, ~E, —1,)0-apSuIuN, -d,;S,)

H

~d, Ey = (dy, + )1+ (A Q1) Ny ~(dy +d)1,),

_(bH a8 z—H—stH +d, S, +(@1-P)1-S, —-E, —1.)0=(1-P)A-S, —E, - |H)95—Hj

H

_dHEH _(dH +dd)|H +(Igv(]'_lv)lHNH _(dV +dk)|V)’

S,, i WY&R NSO SN ¢ &
=(bH(1—§J+dHSH(1 S;]Jr(l P)1-S, —E, IH)Q[l : D

_dHEH _(dH +dd)|H +(ﬂv(1_ IV)IHNH _(dv +dk)|v)-

Substituting the expressions ford,, and |, , we get:

=h, ((1—S_H]+(l— S';' D—dHEH (@ pdiH
S, S
. 2
S, —S
=-b, [(HS,:—SHH)J_dHEH —(d,, +dy)ly,

. 2
d S,-S
déf {bH (HS;—SHH)”'HEH +(dy +dd)|H}.

Hence, the condition of Equation (6.26) shows that %s 0 for (Sy,Ey. 1y, 1y ) €9, and

H

(6.26)

the strict quality holds only for S, =S;,,E,, =0,1,, =0, and I, =0. Then the endemic
equilibrium point E; is globally asymptotically stable in ¢ . [ ]
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Note that the exact solution of the system may also be revived by using the

powerful tool of Lie algebra. For further information, see the works of Shang [97,98]

6.3 Numerical simulation

In this section, we investigate the impact of the transmission of dengue consider
only re-infectious, regardless of individual serotypes each time they were infected. The
initial values for the parameter are listed in Table 5.2. The parameter values of dengue
cases in Thailand are estimated. The information was gathered from the Ministry of Public
Health's Department of Disease Control. Note that although most parameter's initial values
are taken from the source literature. However, certain values must be estimated and
assumed for the purposes of this model. There are four parameters to be estimated:
N,,N,,dy,and d, and two parameters to be assumed: f,, and £, . The model of system
Equation (6.17) is then simulated with the use of a differential equation. The results of our
present numerical simulation are shown in Figures 6.4-6.7, (@) Susceptible human (b)
Exposed human (c) Infected human and (d) Infected vector.

The model of Equation (6.17) is solved using the differential solver oded5. This
solver employs the fourth-order Runge-Kutta method with adjustable step size to solve

the system of differential equations.

Table 6.2. The initial value for the parameters.

Parameters The disease-free The endemic Source

a VA 1/7 [6,99-103]
£ 1/10 1/10 [6,99-103]
p 0.5 0.5 [6,99-103]
P 1/(30%6) 1/(30%6) [6,99-103]
Ny, 250,000 250,000 estimated
Ny 200,000 200,000 estimated

By 0.00000025 0.005 assumed

By 0.00000012 0.003 assumed

b,, 1/(365*70) 1/(365*70)  [6,99-103]

d, 1/(365%70) 1/(365*70)  [6,99-103]

d, 1/14 1/14 [6,99-103]

d, 1/14 1/14 estimated
d, 1/7 /7 estimated
4 1/14 1/14 [6,99-103]
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Figure 6.4 shows the numerical solution of the disease-free equilibrium where
R, <1 after about 500, 60, 65, and 30 days for the susceptible human, exposed human,
infected human, and infected vector it converges to E; =(l, 0,0,0), respectively. Figure 6.5
shows the numerical solution of the endemic equilibrium where R, >1after about 6500,
4000, 5000, and 7000 days for the susceptible human, exposed human, infected human,
and infected vector it converges to E, = (0.00005,0.02689,0.0188L 0.73048), respectively.
Figures 6.6-6.7 show the numerical solution of the endemic equilibrium with compares
parameters the dengue virus transmission rate from vector to human
B, = 0.01,0.03,0.05,0.07,0.09 and the dengue virus transmission rate from human to
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vector A, =0.002,0.004,0.006,0.008,0.010 for the susceptible human, exposed human,
infected human, and infected vector. We can observe that the higher the dengue virus
transmission rate from vector to human f,, and the dengue virus transmission rate from
human to vector f,, the slower the convergence to a susceptible human equilibrium
point. The exposed human, infected human, and infected vector all rapidly reach a point

of equilibrium, respectively.

6.4 The Optimal Control Problem

In this section, we apply the Pontryagin’s Maximum Principle (PMP) to derive the
necessary conditions for the solution for the existence of optimal control. Equations (6.17)
can be rewritten as an optimal control problem with the goal of reducing the number of
infected human populations. Two control inputs may be assigned to the system since they
include the dynamics of both human and vector populations, namely U, where this
control input represents an effort to reduce the number of infected humans by giving
vaccinations to humans, and U, for the vector population represents the administration
of repellents to mosquitoes and destroying mosquito breeding sites. The system of

equations with control is written as:

ditH:bH PRI A eapie NG SSoTmoTT | (6.27)
diﬂ —af,S N, —¢E, —d.E,, (6.28)
d(:: _ S NS\ OB (6.29)
d(F:tH — 1, ~(L-P)dR, —d,R,,, (6.30)
‘Litva_‘i_ﬂvsleNH ~d,S, U, (1S, (6.31)
OLILtv:ﬂvsv|HNH_(olv+o|k)|v—uz(t)[;vsleluH. (6.32)

In normalized compartments Equations (6.27)(6.32) are:
ds,
dt

dE,,
dt

:bH +(1_ P)(l_SH _EH - IH)g_aﬂHSH Iv I\lv _dHSH _ul(t)IH ) (6.33)

=af,S,IUN, —(¢+d,)E,, (6.34)
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dolltH — 6E, —(d,, +d, + )., (6.35)
di
= w4 1Ny G- 1)~ (0, +)1,. (6.36)

AWl parameter definitions retain their meanings from the uncontrolled system. For non-
negative bounded initial conditions, this system has non-negative bounded solution (Lukes

1982 [70]). The objective function to be minimized is written:

. 1
Ju)= J.|:C1| h Gl +E( Dlulz t)+ Dzuz2 (t))}dt- (6.37)
0

With initial condition S, E,;, I, 20, and 1, >0 . The weight constants are C, and C, for
the number of infected humans and the infected vector populations. The weights D, and
D, are measures of the costs associated with the control variables u, and u,
respectively. The Hamiltonian for the Lagrangian problem of the optimal control problem

and the optimal control problem by Lagrangian was defined as follows:

1
L=C|l, +G,l, JFE(Dlul2 (t)+ D,u3 (t)). (6.38)

Theorem 6.5. There exists an optimal control u,(t) and u,(t) such that
3 (ug,uz) =min{J(uy,u, )| (upu, ) €U)}.
Proof. The existence of the optimal control problem Equations (6.33)-(6.36) we apply
results from [101,102] to prove the analyzed existence results of the optimal control
problem.
The existence of the system in Equations (6.33)-(6.36) is given which is non-empty and
bounded, according to Theorem 9.2.1 from Lukes [70]. The control set U is closed and
convex. The right side of the control system Equations (6.33)-(6.36) is linear in u,and u,.
The integrand L is convex on U. To prove the bound on L, let
m, = min(lH (t).1, (t)),ml (L )il = 2 . Then the Lagrangian function L
defined as:
1
L(IH ! IV’ul’UZ) = CllH +C2|V +E(Dlu12(t)+ D2u22(t))’
2 2
>m, (1 o+ 1)+ m(u [ +u, ), (6.59)

=m, + ml(|ul|2 + |u2|2),
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where m,m,,C,,C,,D,,D, >0, and ¥ >1. Therefore, there exists an optimal control for

the system of Equations (6.33)-(6.36) satisfying the Pontryagin’s Minimum Principle
[29,70,71,86]. []

Theorem 6.6 Let u, and u; be optimal controls, and let S, ,E,,I,, and |, be the
solutions of the optimal control problem Equations (6.33)-(6.36) that minimize
J (ul,uz)e U. Then there are adjoint variables 4, = Ay , 4, =4¢ A4 =4, , and 4, =4,

satisfying the adjoint system of equations:

dﬂl =-A4t)((P-)0-apf\,N, —d, )- 4, (aB,I,N,),

‘“2 A (P10 4, (~z—d,) = (&),
‘“3 — A O((P-DO—u; ()~ A=ty ~0, —1)~ 4 (L=u;0) & Ny (1-1,))~C,

6.40
d A (6.40)

= A0 (~0BySuNy ) = A (@BySuN, ) = A (<A1 Ny +U; 1,4 Ny, —d, —d, )-C,.

Where S, ,E,,,1,,and |, are the adjoint variables, and the controls uI and u; obey the

optimality conditions

u (t)= max(min(ﬂll'* ,ulmaxj,o} (6.41)
Dl
. 1-1,) 8,1, N
uj (t) = max min[( AN, ,u;"ax}o . (6.42)
D,
Proof. The corresponding Hamiltonian is defined as:
dI
H=L(1,1,u,u,)+ ’11 ﬂ’z ﬂs d:' (6.43)
H=Cl, +C,l, +%(Dluf(t)+ Dzuzz(t))
+ 4 [by +(1-P)1-S, —E, —1,)0-ap,S,I,N, —d,S,, —u,(t)1,] (6.44)

+2’2[aﬂHSH Iy Ny _(8+dH)EH]+%[8EH —(dy, +d, +7)|H]
+/14[(1_u2(t))A/IHNH(1_ Iv)_(dv +dk)|v]'

The associated adjoint system is as follows:



%:_(j; =2 ((P-D0-aB I N, —dy, )= A (B I, ),
& j: — 4 O(P-D0- A (-s—d,)
‘L_‘ta:_$:_Al(t)((P—1)9—u;(t))—ﬂg(—dH ~d,-7)
—24((1—u;(t))ﬂ, N, (1-1, ))—Cl,
%:_%:_zi(t)(—aﬁHsHNV)—/lz(aﬂHSHNv)

2 (<Al Ny +U;O1, BN, —d, —d, )-C,.

With the boundary conditions

4(6)=0.4, (1) =04, (1) =0.4 (1) =0

Using the properties of optimal set optimality conditions, we find that

oH oH A 3
é_ulza_uzzo at u, =u; and u, =u,.
Therefore,

oH
E:Dlul_ﬂllH =0,

1
AT

D

oH
8_uZ: Dzuz_(l_lv)ﬂleNH =0,
us = (l_lv):&/IHNH
2_ .
D,

The optimal controls u; and u, are then given by:

0 ;ﬂ1IH <0,
Dl
. | | o
1 1
ulmax ’ﬂllH Zulmax
Dl
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(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)
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0 A=IDANN,
2
U;= (1_IV)ﬁVIHNH ’(1_IV)ﬂ\/IHNH <u;nax’
D2 D2
_ (6.51)
u;nax ,(1 IV)ﬂVIHNH Zugnax
DZ
]

The fourth-order Runge-Kutta method, in conjunction with the forward-backward
method, is used to solve the optimal control problem numerically. The solution results
for optimal strategies control are shown in Figures 6.8-6.13 the initial values parameter

according to listed in Table 6.2.

Figures 6.8-6.12 show the results of Equation (6.17) with and without control of
Sy, Ey, 1y, and |, . We have divided the weight simulations into 5 cases as follows: Case
1 represents the case of C; being much less thanC,; Case 2 represents the case of C,
being less than C,; Case 3 represents the case where both C, andC,are equal; Case 4 is
where C, is greater than C,and Case 5 is where C, is much greater than C,. The results

of these cases are plotted in Figures 6.8-6.12, for case 1-5 respectively.

Figures 6.8-6.12, (a) Susceptible human (b) Exposed human (c) Infected human
and (d) Infected vector, shows that after effective control such as for the human
population is an effort to reduce the number of infected humans by giving vaccinations to
humans and for the vector population is control by siving repellent to mosquitoes and
destroying mosquito breeding sites. The number of the susceptible human S, , exposed
human E,, , infected human I, , and infected vector |, is significantly reduced compared
with that without control. The results of numerical simulation show that vaccination and
the elimination of disease-carrying mosquitoes have a positive effect. The control, in
particular, resulted in a significant reduction in the number of infected humans and

vectors.
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Figure 6.13(a) illustrates maintaining optimal control of vaccination rates in the
human population” u,(t) at initial value differences as follows: 40%, 60%, and 80% in
approximately the first 4 days control is maintained, then the control gradually decreases
to zero. Figure 6.13(b) shows the control values of the second control effort u, (t) at 40%,
60%, and 80% initiation to achieve control. It is seen that the optimal level of control is
maintained in the first 4 days, then gradually increases and reaches the plateau on Day
22, after which the control dosage is reduced to zero.

6.5 Discussion and Conclusions

In this article, we analyzed the impact of post-reinfection vaccination strategies for
the 2,3, and 4" times, without regarding the serotype sequence during infection, for
regions with high dengue outbreaks, in order to reduce the hospitalization rates and
disease severity in the subsequent infections. This model is optimal for densely populated
areas and abundant Aedes mosquitoes, which are carriers of dengue fever and there is a
chance of re-infection with dengue fever multiple times. According to the 2020 report in
Thailand, the region with the highest morbidity rate is the Northeastern region, with 127.53
per 100,000 inhabitants. The Routh-Hurwitz criterion for determining local asymptotically
stability and the Lyapunov function for determining global asymptotically stability are used
in the study. The equilibrium point that we found two states are disease-free converge to
E =(0,0,0) and endemic equilibrium point converge to
E, =(S,, =0.00005, E,, =0.02689, |,, =0.01881, I, =0.73048).

40
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The basic reproductive number is defined as R, . The disease-free equilibrium point there
exists locally asymptotically stable if R is less than one and locally asymptotically stable
when R, greater than one for the endemic equilibrium point. Similarly, the disease-free

and endemic equilibrium point exists locally and globally asymptotically stable if and only
if according to conditions of Theorem 6.1 to Theorem 6.4. We simulated the numerical
results solution of the compare two parameters with different values that affect the basic
reproductive number value of this model as shown in Figures 6.6 and 6.7, where we can

observe that the higher the dengue virus transmission rate from vector to human f,, and
the dengue virus transmission rate from human to vector 4, , the slower the convergence

to a susceptible human equilibrium point. The exposed human, infected human, and
infected vector all rapidly reach a point of equilibrium.

We developed the optimal control strategies using the elimination of mosquitoes
that carry diseases rate and the vaccination rate to minimize the number of infected
human population and -infected vector population to cost controlling effort. The
Pontryagin Minimum Principle (PMP) approach is used to solve the optimum control issue
in this situation. We can see that effective measures such as vaccinations to humans and
the annihilation of mosquito breeding sites represent powerful measures that effectively
controlled the spread of the dengue virus. In comparison to those without control, the
number of susceptible humans exposed, infected humans, and infected vectors are
significantly reduced. The numerical simulation results show that the number of infections
decreases over time. Figures 6.8-6.12 show that the control resulted in a significant
reduction in the number of infected humans and infected vectors. Finally, the effective
control and prevention of dengue fever rely on three components: Improved vector

control, improved case management, and effective vaccine development.



Chapter 7
Conclusions and Suggestions

7.1 Conclusions

Dengue fever is a disease that has spread all over the world, including Thailand.
Dengue is caused by a virus and there are four distinct serotypes of the virus that cause
dengue DENV-1, DENV-2, DENV-3, and DENV-4. The dengue viruses are transmitted by two
species of Aedes mosquitoes, Aedes aegypti, and the Aedes albopictus. Currently, the
dengue vaccine used in Thailand is chimeric yellow tetravalent dengue (CYD-TDV). In
Thailand, there are different outbreaks of dengue fever in different areas. In this research,
the mathematical model has been developed and designed to cover all 3 models:
Model 1: A simple mathematical model for low-infected endemic areas.

Model 2: The mathematical model for the outbreak area focuses on regions to reduce the
severity of the second infection and is controlled by vaccination.

Model 3: The mathematical model for outbreak areas focused on provinces with high
outbreaks and at risk of re-infection more than 2 serotypes to reduce the severity of re-
infection and control it through vaccination.

In each model, the stability analysis of the dengue transmission model is used to
establish the local asymptotically stabilities by Routh-Hurwitz. The property of symmetry
in the Lyapunov function an important role in achieving this global asymptotically
stabilities. The optimal control is applied in the spreading model to minimize the number
of infected human and infected vector populations. The results are then given numerically
to demonstrate the analyses. The results of the study showed that the three models
reduced the number of dengue cases and were able to reduce the severity of the disease
when the vaccine provided immunity and the control resulted in a significant reduction in

the number of infected humans and infected vectors.

7.2 Suggestions

We suggest that future guidelines for this thesis should consider the serotypes of
infection and provide a more complete age range for vaccination. However, there are many
ways to prevent dengue fever. Including mosquito bites prevention, restricting mosquito
breeding sites, as well as vaccinations, Dengvaxia is still not able to completely
preventable a disease. World Health Organization recommends vaccination of dengue

fever in people aged 9- 45 years for individuals with a documented past dengue infection
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(seropositive). In the case of never being infected with dengue before, there is a risk of

subsequent severe dengue fever if there is a later infection.
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ABSTRACT

Dengue infection is caused by dengue virus. The virus live in the
Aedes mosquitoes. Dengue fever (DF) is caused by the dengue virus.
They have four serotypes such that DEN-1, DEN-2, DEN-3, and
DEN-4. The disease is transmitted from the biting of mosquito
through the mosquito’s saliva. We focus on the mathematical model
of dengue disease with vaccination before the first serotypes infec-
tions of the dengue virus and considered the recurrent infection and
death from infection. We used SEIR model (Susceptible-Exposed-
Infected-Recovered) for the human population and SI for vector
population. This is used to examine the dynamics of the disease.
We analyzed the stability of the model by using dynamic analy-
sis. The equilibrium states and the reproductive number of our
model are found. The numerical simulations are used for compare
the parameters that affect this model, result, and conclusion are
presented.
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1 INTRODUCTION

The dengue virus is the disease-causing dengue fever. The virus live
in the Aedes mosquitoes most are found in Aedes aegypti more than
the Aedes albopictus [1]. Dengue fever (DF) is caused by the dengue
virus has four serotypes are DEN-1, DEN-2, DEN-3, and DEN-4
[1, 2]. However, severe diseases, along with dengue hemorrhagic
fever (DHF) and dengue shock syndrome (DSS) [3, 4]. The disease is
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Thailand.

The primary symptoms of dengue fever are high fever, headache,
eye socket, muscle pain, and bone pain [5]. Dengue fever is not
transmitted from human to human. It can be contagious with Aedes
mosquitoes contact takes time in patients and mosquitoes. The
patients with a high fever around 2-4 days will have a lot of virus
in the blood. This period is the period of contact from people to
mosquitoes. In addition, the period of increasing the number of
viruses in mesquitoes is enough for about 8-10 days [6]. WHO
reported vaccination against dengue fever is one of the preven-
tions of dengue fever. For vaccines that have been approved by
the Food and Drug Administration of Thailand called Dengvaxia
(Chimeric Yellow fever Dengue Tetravalent Dengue Vaccine: CYD-
TDV) that covers all 4 serotypes of dengue virus which has been
approved for use in people aged 9-45 years by the vaccine in a
total of 3 needles, every 6 months [7]. Capeding et al. reported
that the vaccine is effective against all dengue serotypes and re-
duces hospitalization from dengue fever and reduces illness type
DHEF [8]. Sungchasit et al. proposed the SEIR model for the human
and SEI model for mosquitoes of dengue virus with primary and
secondary infection [9] and proposed SIR transmission model of
dengue virus two age classes in human and two types of mosquitoes
(Aedes Aegypti and Aedes Albopictus) [10]. Massawe et al. reported
that the treatment will have control of dengue fever disease [11].
Analyzed the transmission model of dengue fever with a variable
human population size and prove the global asymptotically sta-
bility of equilibrium states and consider the relation between two
serotypes find that coexistence of both serotypes is possible for a
large range of [12-13]). Hossain et al. proposed effects
of transient population the transmission dynamics and control the
dengue virus effectively and to find the effects of transient popula-
tion and analyzed a non-linear ODE model [14]. Chanprasopchai
et al. proposed the effect of a dengue vaccination model divided
into two groups are with vaccine and without vaccine for the hu-
man population and SI for vector population. In Thailand, three
serotypes are circulating, so the use of the vaccine does not im-
pose additional risks [15]. In Bangkok, Thailand, the number of
people infected with dengue fever is high during the rainy season
from July to September and the highest in the year 2019 as Figure
1. In this paper, we focus on the mathematical model of dengue
disease with vaccination before the first serotypes infectious of the
dengue virus and considered the recurrent infection and death from
infection.

2 MATHEMATICAL MODEL

In this model, we study the Susceptible-Exposed-Infected-
Recovered (SEIR) model for the human population and Susceptible-
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Figure 1: The number of people infected with dengue each month from 2009 to 2020 [5] and flow chart of transmission model

1 Torw
of and vector pop ion

Infected (SI) model for vector population to describe the dynami-
cal transmission of dengue disease with vaccination in Thailand.
We assume that the human population has been vaccinated be-
fore being infected. The human population is classified into four
sub-classes: the number of susceptible individuals g, exposed in-
dividual E , infected individual m , and recovered individual
Ryz. The vector population is classified into two sub-classes: the
number of susceptible individuals Sy , and infected individual Ty;.
The other parameters are defined as follows: P is the vaccine ef-
ficiency, Ny and Ny are the total human and vector population,
by is the birth rate, df; and dy are the natural death rate of human
and vector population, d; and dj are the death rate from infection
of human and vector population, € is the incubation rate, y is the
recovery rate, a is the biting rate of vector population, A is the
constant recruitment rate of vector population Sy, and py are the
transmission rate of dengue virus from vector to human and human
to vector, & is the recurrent infection rate and 1 is the risk of dengue
infection in the second round. The diagram of our model is shown in
Figure 1

This model with vaccination, the dynamics of the human and
vector population are given by:

=(1=P)by Ny + #ORy —apuSulv ~ duSi.
EH_ aﬂHSHIv —¢Eq - dyEn,
1y =By ~(dy +dg + )i ()]
R;, yIi —(ud +dy) Ry, Sv.=A-PySyly —dySy. Ty
= ﬁvSle —(dy + dk)lv<

We have assumed that: Ny = Sp+ Epy + I + H, and Ny =
E + E . The assumption of our model is the total human and
vector populations are constant. This leads to the rate of change for
human and vector population being zero, i.e.: Sy’ + Eg’ + Iy’ +
Ry’ = 0and Sy’ + IT = 0. From the above equations, we can
obtain the followmg thh conditions that: Sy = SH/NH, Ey =
EH/Nn- Iy =Ty /Nu. Ry = RH/NH- Sy = Sy/Ny, and Iy =
TIv /Ny . Nor g the eq by introducing the foll
normalized variables:
Iy = (by — dy)Np/dg and Iy = A — dyNy /dj. The mathemat-
ical model of Equation (1) is now reduced to the following four
equations:

Sy =(1=P) by + pdRy = aPuSulyNy —dySy, Ey
= afySyly Ny — €Ey — dyEgy, l,'.,

=€Ey —(dy + dg + y)lu, I",
=PySvIuNy - (dv+d)ly (2
The equilibrium points are obtained by setting the right hand
side of Equation (2) to zero. In addition, we get two equilib-
rium points given by: The disease-free equilibrium point E; =
((0p+ by = Pb)/(Sp + by). 0,0, 0).
The endemic equilibrium point E; = (S;,. e IH, I7,) with
AR m[g(&thﬂﬁzdn"(”zx)h st (Sp—Y) Ny v
H tNm A 3+H(YE*V7+ du*(ﬂ%)v‘ INH B )fv’
By =— v-y vwm'r;( MJ%(LEN )'z'f";x T
G lewvﬂa(yﬂ +y du +(e+ys)s)Nu fr) v °
= (3p—Ye)Nu Nv v 1)'#8 Yays
H ™ eNpljh wz%w(w*ﬁ 2 +(c+wvn-ﬂ~ v’
I = v Py —vVa s s
\4 anﬂu((yH‘hwdH+(E¢%M)Vs+r(5u-vnNuﬁv)'
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where ¥y = (e +dy), Vo= (y+dy +dy), V3= (Op+dy)y =
(dy +dg), Y5 = (dy+de) Y6 = (P=1by and Yy =
8(y + e)p The basic reproduction number of this model is cal-
culated by using next generation matrix method [16] Ry =

aeNg Ny Py v (Sp—(P=1)by)
(e+dp)dp +da+yNdv+di NS p+dp)

3 NUMERICAL RESULTS

The numerical analysis in this study considers the transmission
of dengue disease with vaccination in the model where the values
of the parameter value are: « = 1/7, € = 1/10,Ny = Ny =
10,000, § = 1/(30 = 6), p = 1/2, by = dy = 1/(365 % 70),dg =
y = 1/14,dy = 1/7.d;. = 1/5,P = 0.35 for the disease-free fyy =
0.00005 and endemic fy; = 0.08 [5-7, 9, 10, 15]. The numerical
results are shown in Figure 2 and Figure 3

We will see that the solution converge to the disease-free equilib-
rium point for Ry < 1 as show in figure 2 and the solution oscillate
to the endemic point for Ry > 1 as show in figure 3

4 DISCUSSION AND CONCLUSIONS

In this paper, we analyzed the SEIR model for human populations
and the SI'model for the vector population. In addition, we consid-
ered vaccination against dengue fever before the first infection of
serotypes. The equilibrium point of all two states is the disease-free
and endemic equilibrium point. The reproductive number Ry is
found by using the next generation matrix method. If Ry less than

one the disease-free state is locally asymptotically stable. Similarly,
if Ry more than one the endemic equilibrium point is locally asymp-
totically stable. We found that the factors that converge this system
of equations are the t rate of dengue virus from vector
to human and the vaccine efficiency. The numerical solutions com-
pare parameters as shown in Figure 4 and Figure 5. From Figure
4, we will see that if the transmission rate of dengue virus from
vector to human (fy) is large, the slower of the convergence to
an equilibrium point of susceptible human. Exposed human, in-
fectious human and infectious vector converge to an equilibrium
point quickly. In addition, from figure 5, we will see that if the
vaccine efficiency (P) has a very small value, then the slower of the
convergence of susceptible population to an equilibrium point. The
faster of the convergence of exposed human, infectious human and
infectious vector to an equilibrium point. However, there are many
ways to prevent dengue fever. Including quito bites pr i
restricting mosquito breeding sites, as well as vaccinations, Deng-
vaxia still not able to completely preventable disease. World Health
Organization recommends vaccination of dengue fever in people
aged 9-45 years. In the case of never being infected with dengue
virus before, there is a risk of subsequent severe dengue fever if
there is later infection.
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Abstract: Dengue disease is caused by four serotypes of the dengue virus: DEN-1, DEN-2, DEN-3,
and DEN-4. The chimeric yellow fever dengue tetravalent dengue vaccine (CYD-TDV) is a vaccine
currently used in Thailand. This research investigates what the optimal control is when only individ-
uals having documented past dengue infection history are vaccinated. This is the present practice in
Thailand and is the latest recommendation of the WHO. The model used is the Susceptible-Infected-
Recovered (SIR) model in series configuration for the human population and the Susceptible-Infected
(SI) model for the vector population. Both dynamical models for the two populations were recast
as optimal control problems with two optimal control parameters. The analysis showed that the
equilibrium states were locally asymptotically stable. The numerical solution of the control systems
and conclusions are presented.

Keywords: dengue disease; optimal control; vaccination

1. Introduction

The dengue epidemic first occurred in the Philippines in 1954. It reached Thailand in
1958. The disease is caused by an infection by any one of the four serotypes of dengue virus,
which are labeled as DEN-1, DEN-2, DEN-3, and DEN-4. The dengue viruses are trans-
mitted by two species of the Aedes mosquitoes, the Aedes aegypti and the Aedes albopictus.
All four serotypes have a common antigen, resulting in cross-reaction and cross-protection
of the four serotypes. The cross protection is not permanent. A person infected by one
of the serotypes will have permanent immunity to that serotype, but only partial immu-
nity to the other three. Some of the immunity will last for a short period, approximately
6-12 months. Those people might be re-infected if they happen to meet a different serotype
of dengue virus. This second infection is different from the initial infection and is labeled
as a secondary dengue infection [1-4] since the symptoms and outcomes of the primary
and secondary dengue infections can be quite different. In some individuals (infants or
young children), infection by the dengue virus may lead to undifferentiated fever (uf).
The individuals are said to have the viral syndrome of dengue fever, which can only be
detected through laboratory tests. In older children and adults, infection by the dengue
viruses leads to what is usually labeled as dengue fever (DF). People with DF exhibit
symptoms such a mild fever, headaches, pain around the eyes, muscular pain, and pain in
the bones. If an individual experiences the clinical symptoms of high fever accompanied
by bleeding, enlarged liver, and severe shock, he is said to have dengue hemorrhagic fever
(DHF). During the fever, there will also be a low platelet count and plasma leakage. If large
amounts of plasma leak out, the patient will have a shock condition called dengue shock
syndrome (DSS) [5-7]. The last two (DHF and DSS) are the symptoms that the individuals
in the secondary dengue infection group experience. These symptoms can be viewed as an
allergic reaction.
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Since millions of people can be infected by the dengue virus, there is an economic
cost to these people becoming sick, and vaccines have been developed. Chimeric yellow
fever dengue tetravalent dengue vaccine (CYD-TDV) is one of these vaccines. It was first
registered as a dengue vaccine in Mexico. It is now registered in 13 countries around the
world, including Thailand, which had a role in its development. This dengue vaccine is the
first and only vaccine in the world at the moment to cover all four strains of the dengue
virus and is called Dengvaxia®, which is developed by Sanofi Pasteur to help protect
against the dengue disease. The vaccine has an overall effectiveness of 56.5%, which is
74% more effective in older children, 12-14 years old, and 75% effective for DEN-3 and
DEN-4 [8,9]. It is reported that the efficacy of the vaccine is higher in children who have
previously been infected with dengue fever. The dengue vaccine reduces the severity of the
disease by 88.5% and hospitalization by 67.2% [10-12]. In December 2017, the WHO [13]
issued a new recommendation that states that the WHO recommends vaccination (with
Dengvaxia) only in individuals with a documented past dengue infection. This should be
taken into consideration in any models used.

Esteva and Vargas [4,14] were among the first to study the transmission of dengue
disease. They developed a mathematical model in which there were compartmental models
for both the human and mosquito populations. The human population was described
by a Susceptible-Infected-Recovered (SIR) model while the mosquito population was
described by an SI (no recovered) model. Pongsumpun et al. [15-17] have also studied
the transmission of dengue virus. Most of Pongsumpun’s work has been centered on
the situation in Thailand since the dengue fever is of major concern to Thailand. She has
included an exposed class (E) to the model, making the Susceptible-Infected-Exposed-
Recovered (SEIR) model, to describe the dynamics of the human population. In Ref. [16],
the author used the SIR model to simulate the possible outcomes of vertical transmission
of the virus among mosquitos. She and her coworkers [17] included vertical transmission
in a SEIR model. Syafruddin and Noorani [18] studied the mathematical model for dengue
transmission and applied it to the situations in Indonesia and Malaysia. Yaacob [19] studied
the mathematical model of the dengue disease in people who have no immunity.

Singh et al. [20] and Tasman et al. [21] considered the effects of vaccination on a
model in which the human population is divided into children and adults. They also
considered that there were two types of infections, primary and secondary dengue infection.
It was assumed that individuals experiencing a secondary infection were at a higher
risk. In these studies, the adults were further divided in two groups, so the human
population consisted to three groups: less than 9 years, between 9 and 45 years, and
between 45 and 65 years [22,23]. Using a similar model to study the transmission of
another disease, melioidosis, Tavaen and Viriyapong [24] studied the local and global
stability analyses and optimal control for this disease. There are many studies about the
effects of the dengue vaccination on the spread of the dengue disease. [25-28]. They have
introduced various models to simulate the dynamic of the programs when there is complete
vaccination, random mass vaccination, imperfect random mass vaccination, and random
mass vaccination with waning immunity levels. They have used optimal control strategies
to simulate the results of the programs.

The number of cases and deaths by month and the number of cases and deaths each
year in Thailand from 2003-2020 data from the Bureau of Epidemiology at the Ministry of
Health is shown in Figure 1. It can be seen in the figure that the dengue fever is prevalent
in the rainy season from June to September. The incidence is the highest in July. The
number of cases, which fluctuated month to month, tended to increase yearly from 2003
to 2020. The same is true for the number of deaths. When the number of cases is high,
there will be more deaths. The percentage of deaths is very small. Using the sources
that gave these results, we were interested in the outcome of a vaccination program in
which only individuals with a documented past dengue infection (i.e., an individual who
would have a secondary dengue infection if bitten by a mosquito infected with a different
serotype of the virus) are vaccinated. We used the double Susceptible-Infected-Recovered
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for stability. The reproductive number was calculated. The optimal control theory was
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with primary and secondary infections. Numerical simulation was performed. Results and
conclusion are presented in this paper.
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Figure 1. The number of cases by month and the number of cases and deaths each year from 2003-2020 [29]: (a) the number
of cases by month; (b) the number of cases and deaths by year.

2. Materials and Methods
2.1. Mathematical Model

The basic mathematical model was the SEIR model presented in ref. [15]. The equa-
tions in that model describe the dynamics of the spread of dengue fever when there is
only one serotype of the virus present. In this work, the basic SEIR model of [15] was
extended to include secondary infection of a different serotype, whereby the members of
the recovered population become the susceptible members in the second SIR, effectively
providing a framework for describing a vaccination program in which only people who
have been infected are considered. In Thailand, the medical status of each Thai citizen is
kept at the District Office in each province in the country. Itis easy to determine from the
past medical histories anyone who was infected with the dengue virus. Dengue fever is one
of the five diseases that must be reported to the Thai Ministry of Health. The susceptible
human population in the second SIR model used here are the not sick humans who have
been infected by the serotype A virus, since they will be the only ones given the vaccine. A
person who has no prior history of any dengue infection is not considered to be a candidate
for the vaccination. The vector population was divided into two compartments: susceptible
and infected (SI). The infected mosquito was the subset of infected mosquitoes transmitting
virus B. The human population was subdivided into six population groups. It should
be remembered that all of the recovered individuals have the antibodies to a particular
serotype of the dengue virus at the end of primary infection. Susceptible people of this
kind are not born into this group; they emerge after several months of being infected by a
serotype virus. The vector population was classified into two subclasses. The variables are
defined in Table 1.
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Table 1. The definition of the variables used in the differential system of Equations (1)-(10).

Variables Definition
Sup The number of humans susceptible to primary infection
Tup The number of humans with a primary infection
Rup The number of humans who have recovered from a primary infection
Shs The number of humans susceptible to secondary infection
Tus The number of humans with a secondary infection
Rys The number of humans who have recovered from a secondary infection
Sy The number of susceptible vectors
Iy The number of infected vectors

The dynamic transmission of dengue disease with the vaccination model is shown in
Figure 2.

bSg (b+d)I; bRy,

9@ 5O

(1-w)6R,

bR bl bSys

A B ¥ Ts) ?

ds, (d,+d)I,

Figure 2. Diagram of the tr. ission model of dengue disease with the vaccination model of human
and vector populations.

The dynamics of human and vector populations and the system of differential equa-
tions are given by:

%T_P = bNi — aBuSnplv = bSup &
d;@ = apuSuply — plip = (b +ds)Iup @
@ = yplap= (L=9)6Rup — bRpp W
O (- )6Rezs — aSrsTy — 575 @
dlys _ «PuSpsly = vplus — blus -

dt
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dRys -

THS = 7slus —bRys (6)

dSy e — —
d—tv = A —BvSy(Inp + Ins) —dvSy )

dly T =
T BvSv (Inp + Ins) — (dv + di) Iy ®)

with the conditions:

Sup + Inp + Rup + Shs + Ins + Rus = Ny )
Sy+1Iy=Ny (10)

where the parameters of Equations (1)=(10) are defined in Table 2.

Table 2. The definition of the parameters of the differential system of Equations (1)-(10).

Parameters Definition

& The biting rate of the vector population

] The vaccine efficiency

0 The recurrent infection rate
Ny The total number of humans in the study population
Ny The total number of vectors in the study population
Bu The transmission rate of dengue virus from vector to human
Bv The transmission rate of dengue virus from human to vector

The birth and natural mortality rate of the human population

dy The natural mortality rate of the vector population

dg The mortality rate from infection of the human population
dj The mortality rate from infection of the vector population
TP The recovery rate of those with a primary infection

s The recovery rate of those with a secondary infection

The rate of change of both the total population of humans and vectors is zero and

given by: YAV '8 s — »
dSpp | dlyp  dRyp  dSys  dlps  dRps _ 0 a1
dt dt dt dt dt dt
dSy  dly
@ T 2
with conditions, we get: o
dglyp =0 (13)
dily 4 dyNy = A (14)

Normalizing the equations by introducing the following normalized variables:

SHp Inp Rup SHs Iys Rpys
SER=—ErA] o B TN o = 2H5 (e AEY g — ZHS 15
Ap=ye e Sy Bap SogiSes = g S Tisi=g s Bus = (15)
4. T
Sv = Mo S (16)
with the additional condition:
Sup + Iyp+ Rup +Sus + Iys + Rpys =1 17)

Sy+ly=1 (18)
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The mathematical model of Equations (1)~(8) is now reduced to the following equation:

dSup

T =b- lXﬁHSlevNV — bSHp (19)
dlyp
= *BuSuplyNy = yplup — (b+da) Ip (20)
dR
= relup = (1= $)0Rup — bRup 21)
dSys
T (1 —y)0Ryp — aBuSuslyNy — bSys (22)
it = *BuSuslvNy — vslus —blys (23)
dly
i1 = Bv(1 — Iy)(Iup + Ius)Ny — (dy + di) Iy (24)

2.2. The Equilibrium Points

Definition 1 ([17]). The point X € R" is an equilibrium point for the differential equation
X — (¢, X) iff(t,i() =0 forall .

Since epidemiological models are inherently dynamical systems, the knowledge of the
equilibrium points is vital for determining the behavior of long-term dynamics. Towards
this goal, the most important parameter for determining whether an outbreak will occur or
not is the basic reproductive number Ry. The equilibrium points are obtained by setting
the right-hand side of Equations (19)~24) to zero. This system model now admits two
equilibrium points, namely the disease-free point and an endemic equilibrium point. The
disease-free equilibrium point Ey is:

Ey'=(1,0,0,0,0,0) (25)
The endemic equilibrium point E> = (S};p, Ij;ps Riyp, Shiss I5jss 1) is:

S n(b20p-Drr)=n) Tt/ B(u 1)+

To

¥ _br,rz+r7—lfr3(q+'rs)+r£2
HP —

T

B bn13+r7+3£13(r4+75)+r%

HP T

S = T (m—mste) Va(uts)+ g+
HS:™

T1sTi9 2021

™ (BTt 06) VT (Tt 5) + T~ Ty
H3y

1719720721

I = VBt Ts)+T -1

T7+T28

(26)
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where:

7 = baNyNyBuByv, T = (b+0—09)(b+7s), 175 =b*a®NyN}p}Bv,
7y =40(p — 1)(dy +dx) (b +aNyBp) (b +dg +vp)ypT2,
75 = Nupybty, T =2a60(p — 1)NyNy By (b+aNyBu)Bvyp(b+ds+vp),
77 =aNyBu(0(p —1)yp) + 12, T =2(b+ds+7p)2,
Ty = 2b%a0(yp — 1)(dy + dx) Ny Brrp,
T10 = 200202 (p — 1)*(dy + de)NZB2vp(da + 1p)7s,
™ =0—0p+dyg+aNyBy+yp +7s,
T =0(p—1)(vp +dy) —aNyBu — s,
Ti3 = (0(¥=1) — yp= 7s)(aNyBu + 1),
Tig = a0(y — 1)NyBu(dy +vp), s =da(0(p — 1) — aNyBp),
Tig = (2baNyBy (0.~ 0y)7p + (b +6— 8y) (b +75))°,
11y = (262(p = 1293 - 2009 — V1o +.3),

715 = 4b2026(ip 1) (b + 60 = 0Y)NuN2B% (b + aNyBu)®, Ti9.= Bryp(b+ds+p),
120 = T(di(b + da+ yp) —dv (b +da +p) +1), Ta1 = bNuBv (0 — 09)vp,
Ty = baNyButs(dy + di) + Nypybty,

T3 = 19 (b3 + b2111 — bTip = TiTis) = Tio F T3+ T sz,

Ty = b2(94) —aNy By +7s) +ba@Nypu(p —1),

25 = 0(p +1)(2b87s + aNyBuyp +brs)s
s = NyBrys(x0yp —ba — af) +b2(1+b),

Ty = 202N B} (dy +dy)ts, Tos = bNgPy (0 =09)7p + T

2.3. The Basic Reproductive Number

Definition 2 ([24]). Basic reproductive number (Ry) is defined as the average number of secondary
infections when a single infective enters an entirely susceptible population.

The basic reproductive number (Ry) is obtained using the next-generation matrix
method [30-32]. We selected Ijp, Iyys, and Iy to be the classes to construct the F and V
matrices, which are important to this method. For our system, the matrices F and V contain
new infection terms and transition terms. We evaluated the Jacobian matrices F and V at
the disease-free equilibrium point E; = (1,0,0,0,0,0), where F is non-negative and V is
non-singular. The F (gains) and V (losses) matrices are:

s (E1) () | (B ] P (E) S (Ey) A (Er)
R | o) 2 () | () [, V= |2 e B ) B
S (EN) a,,;s(ﬂ) gé(fl)j Ao (B GRE (Bl) 57 (E)

where:

hf aBuSuplyNy ] v (yp+b+dg)lup
f=1fl= afuaSuslyNy s o= nd = (7s +b)Ius
B Bv(Iup + Ius)Ny | v3 (dy +di) Iy
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The required matrices are:
0 0 aﬁHNv yp+b+d; 0 0
F= 0 0 0 » V= 0 rs+b 0
BvNu pvNu 0 0 0 dy+dy
1
w00
v1l= 0 Te¥b (1]
0 0 dy+dy
Since R = FV~!, we have:
aNyp,
0 0 P
R = 0 0 0
Nupv_ Nupy
o+dg+7p +7s 9
Ry is the dominant eigenvalue of the matrix R; then, the value of the basic reproductive
number is given by:
aNuNvpHpv
Ro= 2
a \/dk(b+dd)+dv(b+dd)+'yp(dv ) @)
2.4. Local Stability of Equilibrium Points
Definition 3 ([14]). The equilibrium point Eq of the system X = f(X) is locally asymptotically
stable if the matrix | = 55 (Eo) has all its eigenvalues with negative real parts. The equilibrium
point E is not stable if at least one of the eigenvalues of the matrix | has a positive real part.
The local stability of each equilibrium point states of this model is determined from
the Jacobian matrix at that equilibrium point of the system of Equations (19)-(24). The
Jacobian matrix is:
—aBulyNy = b 0 0 0 0 —afySupNy
«Buly Ny ~Yp—da—b 0 0 0 aBiSrpNy
E 0 ™ ~(1=¢)0—b 0 0 0
Ie = 0 0 (1-y)o —aBilyNy = b 0 —~apuSnsNu 8)
0 0 0 apulyN ~¥s — b P SusNy
0 PvNu(1=Iv) 0 0 ByNu(1 = Iv) =Py Nullup+1us) —(dy + di)

Theorem 1. At the equilibrium point Ey, the disease-free state is locally asymptotically stable when
Rp < 1.

Proof. See the proof of Theorem Al in Appendix A.[]
Theorem 2. The equilibrium point E; is locally asymptotically stable when Ry > 1.

Proof. See the proof of Theorem A2 in Appendix A. [J

3. Numerical Simulation

In this section, the numerical analysis of the transmission of dengue disease with the
vaccination will only consider individuals who have a documented history of past dengue
infection or have died from the infection. The parameter values within this model are
listed in Table 3. Note that though most of the parameters are taken from the literature,
some of the values need to be assumed for the purpose of this investigation. The use of Ny
and Ny values of 10,000 for both cases reflects a small rural town, for example, one like
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Mae Hong Son, with a lower socio-economic status, which is very useful for investigating
the efficiency of the vaccination program. Note that we also assume a constant vector
population, which is appropriate for this case since the town is small, and far away from
larger cities such as Bangkok. The value of d; will be assumed to be 1/180 for both the
disease-free and endemic equilibrium cases. This value is close to the reported values
of 500 deaths per population of 100,000 [33]. The value of dj is assumed to be the same
as the reported natural mortality rate. The model is then simulated with the use of the
Runge-Kutta differential equation solver in MATLAB. The numerical results are shown in
Figures 3-6.

Table 3. The parameters used in the numerical simulation.

Parameters Disease-Free Endemic References

« 1/7 1/7 [1,9], [15-17], [29,33]
"} 1/2 1/2 [1,9], [15-17], [29,33]
0 1/(30 x 6) 1/(30 x 6) [1-4]
Ny 10.000 10.000 assumed
Ny 10.000 10.000 assumed
Bu 0.0000080 0.0050 assumed

Bv 0.0000065 0.0030 assumed

b 1/(365 x 70) 1/(365 x 70) [1,9], [15-17], [29,33
dy 1/14 1/14 1,9, [15-17], [29,33
dgq 1/180 1/180 assumed

dy. 1/14 1/14 assumed

e 1/10 1/10 [1,9], [15=17], [29,33]
s 1/14 1/14 [1,9], [15-17], [29,33]

For the case of larger cities such as Chiang Mai or Khon Kaen, etc., we assume that:
Case 1: the number humans Ny = 500,000 and the number of vectors Ny = 100, 000,
while for
Case 2: thenumber of humans Ny; = 500,000 and the number of vectors Ny = 100, 000e!~1/14)t
to investigate their implications.

Note that Case 2 simulates the situation where the size of the vector population is not
constant but is rather a function of time. The exponential power of —1/14 is also used to
reflect the natural death rate of the vector population. It can be seen from Figures 7 and 8
that there is a small change in trajectory from Case 1 to Case 2, which is to be expected
since the total vector population slowly decays.
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Figure 6. The trajectory of Syp, Iyp, Ryp, Sus, Ins and Iy toward the endemic equilibrium point for Ry > 1 with a
comparison of the transmission rate of the dengue virus from human to vector, 8y = 0.0010, 0.0030, 0.0050, 0.0070, 0.0090,
and parameter values according to Table 3. (a) Susceptibles of primary infection (b) Infected population with primary
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infection (f) Infected vector.
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Figure 8. The trajectory of Syp, Iyp, Rup, Sus, Ius and Iy toward the endemic equilibrium point for Ry > 1 with
parameter values according to Table 3; changes Nj; = 500,000, and Ny = 100,000¢! /™. (a) Susceptibles of primary
infection (b) Infected population with primary infection (¢) Recovered human of primary infection (d) Susceptibles of
secondary infection (e) Infected human of secondary infection (f) Infected vector.
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Sensitivity Analysis of Parameters

The index tells us which parameters have a high impact on the basic reproductive
number, Ry, and should be targeted by intervention strategies. In addition, the sensitivity
index allows us to measure relative changes in variables as parameters change. The
normalized forward sensitivity index of a variable related to a parameter is the ratio of the
relative change in the variable to the relative change in the parameter [34].

Definition 4 (Chitnis, Hyman, and Cushing [34]). The normalized forward sensitivity index of
Rg, which depends differentiably on a parameter p, is defined by:

Ry _9Ro p
= —Six 29
P9 R =)
Given an expression for Ry in Equation (27), the sensitivity index of Equation (29)
can now be used to evaluate the index of each parameter. Note that the sensitivity index

could be a function of some parameters, or a number, signifying its independence of any
parameter. Table 4 shows the sensitivity index of Ry to all the parameters of Table 3.

Table 4. Sensitivity indices :,(“ evaluated at the baseline parameter values of Table 1.

Parameters Sensitivity
14 0.5
Ny 0.5
Ny 05
Bu 0.5
By 0.5
b —0.0001141
dy —0.1666667
dg —~0.20825858
dy ~0.3333333
TP -0.2916001

Figure 9 plots a comparison of the Ry values against the changes in d; and yp. It can
be seen that as the d; and yp values change, the increment of Ry in d; is more pronounced
than that of «yp. This is reflected in the ,’f" index, where !f;‘ is significantly larger than s;’,.
Note that a similar definition to Equation (29) with regards to the sensitivity of Ij, with
respect to the parameters could also be given. However, due to the algebraic complexities
of I, in Equation (26), a numerical plot is instead given. It is apparent in Figure 10 that as
Bv changes, the endemic equilibrium [}, also changes somewhat linearly.
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4. The Optimal Control Problem

In this section, the solution of the optimal control problem is discussed. The Pontryagin
Minimum Principle (PMP) theory is used to solve this problem. Equations (19)-(24) will
be recast as a control problem. The purpose of this is to recast the problem as one of
minimizing the number of infected humans to achieve an optimal outcome. Since, the
system consists of two dynamics, one for the humans and the other for the vectors, two
control parameters will be needed, u; for the human population and u; for the vector
population. u is the vaccination rate and u; is the rate at which the breeding of the
Aegypti mosquitoes is annihilated. This model can be written as the system of the equation
as follows:

LHL _ p — apyySaply Ny = bSp (30
dI,
“HE = apySuplyNy — vplup — (b+dg) Inup (@1)
dR
HP — yplup — (1 - 9)0Rpp — bRyp (32)

dt
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dSys
it = A= 9)0Rup — apuSuslyNv — bSus — (1) Ius (33)
dlys
= “PuSuslyNv —slys —blys (34)
dR
= rslus —bRus (35)
ds A
=Y = = BySy(Iyp + Ins)Ny — dySy — uz(t)Sy (36)
dt Ny
dl
d_tv = BvSv(Iup + Ius)Ny — (dv +dy) Iy — uz()By Sy (Iup + Ius)Nu (37)
In terms of the normalized compartments, the differential equations become:
ds
_d}t”) =b—aBuSuplyNy — bSup (38)
dly,
# = aBuSuplvNv = yplup — (b+dy)Iup (39)
dR},
ai = 1elip = (1= 9)0Ryp — bRysp (40
dSns
~ar = (1= 9)0Rup ~aBSuslyNy — bSus —ur(t)Ius (41)
dlyg
R R aBySpslvNy —slys —blys (42)

dl

-ﬁ = BvSy (Iup + Ins) Ny — (dy + di) Iy = ua(H)BySv (Iup + Ius)Nu (43)
All parameters retain same definitions as before. The optimal control problems of

Equations (38)-(43), require a definition of the objective function given as:

A
J(wy, ug) = min/ [XIIHP + Xalys + % (Xauf(f) - Xu‘%(f))]d' (44)
0
with initial condition Syp > 0, Igp >0, Ryp >0, Sys >0, Iys >0, Rys=>0,Sy >0,
and Iy > 0. The constants X;, X5, X3, and Xy are weight constants and the terms X3u%(t)
and X4u7i(t) represent the costs associated with the control variables u; and u, respectively.
We can assign an optimal solution of this model optimal control problem by using the
Lagrangian and the Hamiltonian of the problems. The Lagrangian of the optimal control
problem is given by:

1
L(g, Ivyus, o) = Xilap + Xaligs + 5 (Xaud (1) + Xai3 (1)) 45)
Theorem 3. We consider the objective function | given by Equation (44) with (uy,uz) € U
subjecting to the control system of Equations (38)~(43) with initial condition. There exists u*(t) =
{uf(t),u3(t)} € U such that J (u3,u3) = min{] (uy,uz)|(uy, uz) € U'}.
Proof. See the proof of Theorem A3 in Appendix A.

Theorem 4. There exists the adjoint variables Ay, Ay, A3, Ay, As,and Ag under the control that
satisfies the following:
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4L = M (1) (@BulvNy +b) = Aa(t) (P lvNy),

B2 = — X + Aa(t) (vp +dg +b) — As(£)7p — Ae(t) (BvNu(1 — Iy — u3(t) + Iyu3 (1)),
B = A3(1)((1 - 9)8 +b) — As(1)((1 - )6),

Wy — \y(t)(@BrlyNy +b) — As(t) (B lyNy), (46)

U5 = =X+ Aa(1) (4] (D) + As(t) (s +b) — Ae(D)(BvNH(1 = Iy — u3 (£) + Ivu3 (1)),
% = M(t)(aBuSupNy) — A2(t) («BrSupNy) + A4(t) («frSHsNy)
=As(t)(@BruSHsNy) + Ae(t) (ByNu (1 — u3(t)) (Inp + Ins) + (dv +dy)).
with the boundary conditions:

A1(F) = Aa(t) = Az(t) = Ag(t) = As(t) = Ag(t) =0 (47)

In addition, the optimal control variables are given by:

Aglj,
uj(t) = max (min( *X”S,u;"“*),o) (48)
3
Ao (1= I} If; Iiis)N
us(t) =max<min( o V)ﬁv)(( izp + Jizs) ”,1:5““),0) (49)
4

Proof. See the proof of Theorem A4 in Appendix A. [J

The simulation results for the optimal states are presented in Figures 11-15 and the
optimal controls are shown in Figure 14 using parameter values according to Table 1.

Figures 11-15 show the simulation results of the system of Equations (38)-(43) with
and without controls of Syp, I11p, Ryp, Sus, Ius, and Iy. The plot of Figure 11 is obtained
by setting the weight X; to be equal to X». Figure 12 presents the case in which the weight
Xj less than X;. Figure 13 presents the case where X is at least 10 times greater than X5.
Figure 14 presents the case in which the weight Xj is greater than Xj. Figure 15 presents
the case where X is at least 10 times greater than X;. Note that the main goal of the control
is to minimize the number of infected humans with primary infection I;;p, as well as the
secondary infection Ijjs. The main emphasis, however, is on the secondary infectious
individuals. For each of these scenarios, a comparison is also made with the case where
no control is applied. If X; = X;, the convergence time to equilibrium is significantly
faster than if X is less than X», Xj is much less than X3, Xj is greater than X2, and X;
much greater than X,. Moreover, as the weight of X; increases, the steady state of infected
individuals of the secondary population Ij;¢ gradually decreases to zero. The trajectory
of the infected vectors gradually deviates from the no-control case. No significant change
seems to occur to the trajectories as the weight Xj is increased, except for the infected
vectors, which appear to approach zero for a large weight of 100. With no control measures,
it will take longer for equilibrium to be reached.
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Figure 11. Simulation results of system of Equations (38)-(43) with and without controls of Syp, Inp, Rup, Sus, Ius
and Iy for X; = 100, X = 100. (a) Susceptibles of primary infection (b) Infected population with primary infection
(c) Recovered human of primary infection (d) Susceptibles of secondary infection (e) Infected human of secondary infection

(f) Infected vector.
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Figure 12. Simulation results of system of Equations (38)~(43) with and without controls of Syp, Irp, Ryp, Shs, Ius
and Iy with X; = 50, X2 = 100. (a) Susceptibles of primary infection (b) Infected population with primary infection
(c) Recovered human of primary infection (d) Susceptibles of secondary infection (e) Infected human of secondary infection
(f) Infected vector.
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170



Mathematics 2021, 9, 1833

24 of 33

Susceptibles human of primary infection

‘With Control
‘Without Control

Infected human of primary infection

o
8

01

o
8

o
8

002

034

15

Time (days)

30

3B 40 45 50

20 .25 3 35 40 45 80
Time (days)

(b)

032
03 7

028 /

026 /

024 1

Recovered human of primary infection

Susceptibles human of secondary infection

02 / \

Infected human of secondary infection

Infected vector

" L L N " " s 4 . n FE— - . L "
OD 5 10 5 2 2 0 B 40 45 80 nﬂ 10 15 20 25 0. 3% 40 45 9D
Time (days) Time (days)

(e) ()

Figure 15. Simulation results of system of Equations (38)-(43) with and without controls of S;p, Iyp, Rup, Sus, Ins and
Iy when X; = 100, X2 = 0.00001. (a) Susceptibles of primary infection (b) Infected population with primary infection
(¢) Recovered human of primary infection (d) Susceptibles of secondary infection (e) Infected human of secondary infection

(f) Infected vector.

Figure 16a shows that to maintain the optimal control of the infected population,

uy(t) would have to be at 50%, 70%, and 90% for the first 25 days, after which the control
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required will show an exponential decline to zero. Figure 16b shows the values required
to maintain optimal control when u(t) is used as the controlling factor. The application
of 50%, 70%, and 90% of u,(t) for achieving optimal control should be maintained for the
first 47 days, after which the amount of control steadily decreases to zero.

09 03
———ul=05
08 ——=ul=07 08 -
vl =09
[ e ————— ¢ L ]
| }
06 \ . 06 \
\ I
— \ = I
e L] y o T e &
3 \ \‘\ 3 \
\ =y !
03 g g 03 s |
XA -—-w2=07(%
D w=09] {
02 \ S 1 02 1
X i
~
01 I 01 [
SR
0 i 1 " i i " L N & a . 0 i 1 1 i i i i " i
0 5 10 15 20 25 -3 % 4 K 0 WS~ @ 15— =% 0 FH W & 0
Time (days) Time (days)
(a) (b)

Figure 16. Simulation results of the control: (a) The vaccination rate 11 (t) and (b) the Aegypti breeding destroying rate ua(t)

when X; = 100, X; = 100.

Figures 17 and 18 plot the cases of Ny = 500,000 and Ny = 100,000, and of Ny = 500,000

and Ny = 100,000¢(~"/14)!, respectively. The later values were chosen to investigate the
case where the total vector population is not constant. Both figures show a significant
decay of both the primary and secondary infective populations to zero in the controlled
population compared to the uncontrolled population, which peaks at around 0.25 before
decaying to about zero. Note that there is again a small change across the trajectories from

Figure 17 to Figure 18, which is to be expected since the total number of vectors is slowly
decayed as a function of time.
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Figure 17. Simulation results of system of Equations (38)-(43) with and without controls of Sgp, Irzp, Rup, Sus, Ins and
Iy with X7 =100, X2 = 100, Ny = 500,000, Ny = 100,000 . (a) Susceptibles of primary infection (b) Infected population with
primary infection (c) Recovered human of primary infection (d) Susceptibles of secondary infection (e) Infected human of

secondary infection (f) Infected vector.
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5. Discussion and Concl

In this paper, we analyzed the effects of different vaccination strategies to prevent
secondary dengue infection in order to reduce the severity of the disease. The dynamic
of the dengue fever transmission model assumes that the human and vector population
are constant. The analysis was based on the use of the Routh-Hurwitz criteria to establish
local asymptotic stability. The equilibrium points that we found were disease-free conver-
gence to E; = (1,0,0,0,0,0) and the endemic equilibrium point. The basic reproductive
number was defined as Ry. If Ry is less than one, then the disease-free state exits and is
locally asymptotically stable; it is unstable when Ry is greater than one. We simulated the
numerical solution of the parameters with different values, as shown in Figure 5. We can
see that if the transmission rate of dengue virus from vector to human fy; is large, then the
convergence to an equilibrium point becomes slower for susceptible humans to primary
and secondary infection. The number of humans recovered from primary infection, the
number of humans with primary or secondary infection, and the number of infected vectors
will converge to an equilibrium point more rapidly. Likewise, in Figure 6, we see that if
the transmission rate of the dengue virus from human to vector By is large, then there is a
slower convergence to an equilibrium point of the susceptible humans. Similarly, humans
who recovered from a primary infection, humans infected with a primary or secondary
infection, and infected humans will converge to an equilibrium point more quickly, i.e.,
E»(Spp = 0.00008, It;p = 0.00022, Rizp = 0.00810, Sgys = 0.00002, I1ys = 0.00031). However,
the infected vector will converge to a different equilibrium point. In addition, this will also
make the basic reproductive number Ry greater than one. Changing Sy to a different value
affects the convergence time for reaching the equilibrium point, as shown in Figure 8. To
investigate whether there is a limitation on the model when there is a non-constant total
vector population Ny, two further cases were also considered. The first case had the largest
total human population N at 500,000, and a large Ny of 100,000. The second case kept N
the same, whilst the Ny was treated as an exponential function of time. Results showed
that although having a non-constant Ny does have some effect on the trajectories, such a
change is quite small compared to that of the constant vector population case.

We adopted an optimal control approach using the vaccination rate and a rate for
destroying the breeding of the Aegypti mosquito in order to minimize the number of humans
with primary or secondary infections. To do this, we used the Pontryagin Minimum
Principle (PMP) method to solve the optimal control problem with conditions X; equal
X3, Xjless than X5, X; much less than X5, Xj greater than X3, and X; much greater
than X,. We can see that, if there are no controls, the number of humans with primary or
secondary infections increases. This will cause the solution to converge to the equilibrium
point over a longer time. With the controls in place, the number of mosquitoes in the
infected vector population and the number of people who need to be vaccinated will
decrease over time, as shown in Figures 11-18.
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Appendix A

Theorem Al. At the equilibrium point Ey, the disease-free state is locally asymptotically stable
when Ry < 1.

Proof. The eigenvalues of the Jacobian at the equilibrium point of the disease-free state are
obtained by first evaluating the matrix equation at the disease-free state E; = (1,0,0,0,0,0).

det(Jg, — AI) =0 (A1)

where I'is a 6 x 6 identity matrix. Solving this equation, we obtain the characteristic equa-
tion, a six-order polynomial equation. The eigenvalues are the solutions of the equations:

M=dy==b/As = =(b+0(1+¢)), Ay =—(b+7s),
As = —(%€1+ Ezl —4e; —23),and A= —(%El = y/E% —4¢y —83).

wheree = (b +dy+dy +dy+vp), 2= b(dk +dy) +dd(dk +dy),andez = aNyNyBupy
“+p(d; +dy). As we see, all the eigenvalues have a negative real part and the disease-free
equilibrium point (Ey) is locally asymptotically stable. (3

Theorem A2. The equilibrium point E; is locally asymptotically stable when Ry > 1.

Proof. The Jacobian for this case is obtained when the endemic state E; defined by Equation
(26) is substituted in the Jacobian matrix of Equation (28) Jg, = (S,‘,p, Iip, Rigps Stise lise l",)
where Sj;p, Ifip, Rijp, Siyss Ijzs, and Iy, are defined by the equation of the endemic equilib-
rium point (Ep), we set:

det(Jg, —AI) = 0 (A2)
For the first eigenvalue we have Ay = —(b+s) < 0O0and Ay = —(b+d;+vs) < 0.

The characteristic equation is:
MeaBya 2t i +a=0 (A3)

where:
@ =3b+6(1— KP) Ady+dy+ ZRNvﬂHI:, & NH(I;”; + ’;~IS * anV(SI,,, N S;,S)(I:/ < 1)BH)ﬁv,
az =(b o anﬁHl"',) (3b =20(p —~1) + (YNVﬁHI“,) + d‘-(3b +6 -0y + 20‘Nvﬁnl\‘/)
+Np (aNy(S3yp — Siis) (5= 1) (30 + 0 — 09 +2aNy ply) (B +1ip — Iys) ) By
+dy (3[7 +60—-0y+ ZIxNvﬁHI{,),
ay = B2 (b+ 0 — 0p) +2baNy B 12* (b + 6. — 0) + a2 N2 B3 152 (b + 6 — 04p)
+(b+ aNyBuly) (30420 — 209+ xNy i ly) (dp+ dv)
b1y —=2b ~ 2601, 4 2Ny By —aNyBuly +aNy Iy,
+baNuNvBuPVSHp | | aoNy + 20Ny BiiTy, + a2Ny Byl + o209 Ny Byl
+abNy +2aNy Byl + a*Nypyly, + a0y Nypyly,
3b + 2b0 — 2by — 3b% — 2015, +209 1, + 20Ny Bul}
+beNg NvBupvSis ( “apNyly = 3aNy By Y+ apNyBuly
+bl¥NHNvﬁHﬁvTﬁP(61{/ +29+ anﬁHl{/) < baNHNvﬂHﬁvl;’sl\'/(6 + 2([) - L‘(NvﬁH),
as = (b+ 60— 09) (b + aNyBu Ty ) (@ +dy) + Nupy(b+0 — 09) (b -+ aNyBuly)* (Iip — i)
+baNy (I = 1) B (b + 0 — 09) (Sj;p — Shis) (b + aNyBuly) +ab(y — )Ny SiplyBuyp)-

where Sj;p, If;p, 5715' 11‘45, and [, are defined in Section 2.2 (The Equilibrium Point) and
all parameter values are defined in Table 3. Using Routh-Hurwitz criteria [35,36] for
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n = 4, the endemic equilibrium point is stable if conditions (i) — (iv) below are satisfied.
Since symbolic computation may be difficult, to illustrate whether conditions (i) — (iv)
are indeed satisfied due to the algebraic numerical complexities, numerical simulations of
conditions (i) — (iv) are instead given. It is seen from Figure 1A that conditions (i) — (iv)
are indeed satisfied. This means that the polynomial of Equation (A3) is Hurwitz.

(i) ay > 0(ii) a3 > O(iii) ay > 0(iv) ayazaz — a3 —alay >0

Hence, the endemic equilibrium point will be locally asymptotically stable. (]

2
E

»
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3xg0® )

2x0*

g & 8 8
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Figure A1. All parameter spaces of endemic equilibrium are satisfied with the Routh-Hurwitz criteria.

Theorem A3. We consider the objective function | given by Equation (44) with (uy, u3) € U
subjecting to the control system of Equations (38)~(43) with initial condition. There exists u*(t) =
{ui(t),u5(t)} € U such that | (u;, u3) = min{] (uy, uz)|(uy, up) € U}.

Proof. We apply the existence of an optimal control problem from [37,38]. O

The control set U is closed and convex by its definition above and the integrand of the
function Equation (38) is also convex in U. It is obvious that these states and the control
variable are nonnegative. Since the solution to the systems given by Equations (38)-(43) are
bounded, the control function will be convexin U. Let q; and g, be two positive constants

and { > 1. If we now set g2 = min(Iyp(t), Ius(t)), g1 = min(X3,Xy), and { = 2, the
Lagrangian function L can be rewritten as:

L(Iyp, Ins, wru2) = Xalup + Xalys + % (Xaud (1) + Xqu3(t))
2 q2(Iup + lus)+q1(l"1|2+ 1"212) (A9
=q+q (!“1 |2 + |uz|2)

The optimal control of this model is obtained by applying Pontryagin’s Minimum
Principle [38].
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Theorem A4. There exists the adjoint variables Ay, A2, A3, Ay, Asand Ag under the control that
satisfies the following:

41 = Ay (1) (aBrlvNy +b) — A (t) (apulvNy),

$2 = — Xy + Ma(t) (vp +da +b) — As(t)yp — As(t) (BvNu(1 — Iy — u3(t) + Iy (1)),
B2 = A3(H)((1 - )0 +b) — As()((1 - 9)e),

94 = Ay(1) (@BulvNy +b) — As(t) (aPplyNy), (A5)
s = X, +A4( )("‘(')) + As(t)(vs +b) = Ae(t) (BvNu(1 — Iy — u3(t) + Iyus(t))),
s = My (1) (aBrSupNy) — Aa(t) (@BrSpNy) + As(t) (@BrSnsNy)

—As(t )(“ﬁHSHSNV) + Ae(E) (BvNu (Y =u3(t)) (Inp + Ius) + (dv + d)).

with the boundary conditions:
AL(t) = Aa(t) = A3(t) = Au(t) = As(t) = Ag(t) = 0 (A6)

In addition, the optimal control variables are given by:

Aql
u () = max(min( }HS,II;““),O) (A7)
3
A —dy 15 I7c )N,
u;(!):max(min( s(1 IV)ﬁV)(( ipt HS) H,ué““"),O) (A8)
4

Proof. The Hamiltonian for the optimal control of this model is defined as given by:

ds dl dR ds dl dl
H.='L(Lpi Id, 1, 2) i Ay % + /\z% W il 4 d’:" d;'s 475 +4¢ d;’

H'=XyIpp + Xolus + 3 (Xauj(t) + Xqus(t))
+Aq{b — aBuSuplv Ny = bSpp]
+A2[aBuSuply Ny — vplup = (b+dy)inp)
+As[vplup ~ (1 —4)0Rpp —bRyp] (A10)
+A4{(1 = 9)ORyp — aPyuSuslyNy —bSys — ur(t)Ius)
+As(aBuSuslvNy = vslis — blps)
+Ag((1 = ua () By (1= Iv)(Iup + Ins)Nu =(dv + di) Iy
The adjoint associated system is obtained as follows:

4 = Ay (B)(aBrly Ny + b) — X (H)(afrlyNy),

W2 — X, + Az(f)(’)’p g+ b) = A3(E)¥p— A6 () (BYNH(1 ~ Iy — uj(t) + Iyui(t))),
@3 = Na(H((L=4)0 +b) = A1 - 9)8),

B = Ny () (aBrly Ny +b) = As(F) (@BulvNy), (A11)

U =—Xot M(t )( 1(5) +As(t) (s + b) =Ag(t) (ByNu(1 = Iv — w3 (t) + Iyus (1)),
das = A (8) (@B SupNv) — Ao (D) (aBrSupNy) + As(t)(@prSnsNy)
—As(t)(@BrSHsNv) + As(H)(BvNu(1 = u5 (1)) (Inp+ Iys) + (dv +dy)).
Using the optimal conditions, we find that:

+ Ag +As (A9)

oH  oH i —
By By Oatuy = uj(t) and uy = uy(t) (A12)
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Therefore: -
oy = X3u1 = A4IHS =0 A13
* () = Mlus (A13)
uj (f) = =4t
M = Xyuz — A6(1— Iv)Bv(Inp + Ins)Nu = 0 A19)

“3([) — A¢ 1—111}E¥X:142+1E!§ Ny
Using the property of the control set, we can say that:
0if s <o,
Nlys: ¢ Ayl
uj(t) = SiSif “HHE < uP™, (A15)
i S > ypax,
0 if As(1=1Iy)p :(Zuc“uslNu <0,

s = f\a(l"’v)lsv)(éu_r*'us)NH,f ’\6(]"’V).BV)((£HI'+’H§)NH < uliox (A16)

ntax i As(1=Iv)By (Inp+11s)Nu max
uy if ] > uf

The simulation results for the optimal states are presented in Figures 11-15 and the
optimal controls are shown in Figure 16. []
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Abstract: Dengue fever is a disease that has spread all over the world, including Thailand. Dengue
is caused by a virus and there are four distinct serotypes of the virus that cause dengue DENV-1,
DENV-2, DENV-3, and DENV-4. The dengue viruses are transmitted by two species of the Aedes
mosquitoes, the Aedes aegypti, and the Aedes albopictus. Currently, the dengue vaccine used in Thailand
is chimeric yellow tetravalent dengue (CYD-TDV). This research presents optimal control which
studies the vaccination only in individuals with a documented past dengue infection (seropositive),
regardless of the serotypes of infection causing the initial infection by the disease. The analysis of
dengue transmission model is used to establish the local asymptotically stabilities. The property of
symmetry in the Lyapunoy function an import role in achieving this global asymptotically stabilities.
The optimal control systems are shown in numerical solutions and conclusions. The result shows that
the control resulted in a significant reduction in the number of infected humans and infected vectors.

Keywords: dengue fever; global asymptotically stabilities; local asymptotically stabilities; optimal
control; vaccination

1. Introduction

Mosquito-borne dengue fever viral disease infects hundreds of millions of people in
tropical and subtropical areas every year [1]. Thailand has reported outbreaks of dengue
fever for more than 60 years. At present, dengue fever has spread throughout the country,
every province, and every district [2]. Dengue hemorrhagic fever is contagious with the
Aedes aegypti mosquito being an important disease-carrying insect in many rural areas. The
Aedes albopictus is a second disease-carrying mosquito. The four virus serotypes that cause
dengue virus (DENV) are DENV-1, DENV-2, DENV-3, and DENV-4 [3-5]. In Thailand,
the Aedes aegypti mosquito is considered to be the primary vector of the dengue virus.
Infection with dengue serotype provides lifelong immunity to that serotype and will have
cross-protection against other species heterotypic immunity for a short period of time [6,7].
The clinical symptoms of dengue virus infection range from being asymptomatic to severe
illness that can lead to death if not properly treated. In most cases involving young children,
there is a mild fever with a red rash and the child is said to be suffering from blood fever.
In older children teenagers and adults, the symptoms may be worse, i.e., they may come
down with high fevers, thrombocytopenia, leukopenia, rashes, myalgia, and arthralgia.
Dengue fever (DF) is more common in children under 15 years of age. In areas in which
hyperemia is also occurring, there may be recurrent dengue infections during which the
more severe symptoms are occurring, and the patients may be suffering from dengue
hemorrhagic fever (DHF). If the plasma leakage becomes extremely severe, the illness
develops into dengue shock syndrome (DSS) [8-10] and the patient might die.
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The incidence of dengue fever infection appears to be age dependent. Pongsumpun
and Tang [11] reported that in one province in Thailand in 1998, mentioned that most of
the cases occurred in children below the age of 15. Sriprom et al. [12] mentioned that this
did not change much. What changed over time was the dengue strain responsible for the
infection, very few of the dengue infections were due to DENV-4. In the last few years,
the greatest number of infections is caused by the DENV-4 strain. We have not taken this
change into account. Most infections caused by the dengue virus and other viruses lead are
either asymptomatic or minimally symptomatic with no way to tell whether the patients
were infected or not. Burke et al. [13] reported that 87% of the tested infected children in
Bangkok Thailand in 1980-1981 belong to these two groups. We do not expect much had
changed over the years except for the strain of the dengue virus.

A vaccine to prevent dengue fever has recently been developed. The vaccine efficacy
of the dengue vaccine was moderate at 56.5%, meaning it could prevent more than half the
number of dengue infections. The dengue vaccine reductions in hospital admissions by
80.3% [14], and 67.2% [15]. The CYD-TDV vaccine is highly effective among children with
serological evidence of prior DENV infection. A Phase 3 study of dengue vaccine found
that dengue vaccine was able to reduce the severity of the disease by 88.5% and prevent
dengue by 90.0% [16]. A cautionary note should be mentioned, there is an increased risk of
hospitalization of the vaccinated individual among groups without prior infections. Mass
vaccination with the CYD-TDV vaccine should not be undertaken in countries that do
not have a history of dengue infections by most of the strains of the DENV. This is why
the vaccination programs involving this vaccine have been stopped in countries such as
Thailand, where there is a prior history of infections by multiple strains of the DENV’s.

The chimeric yellow fever dengue virus tetravalent dengue vaccine (CYD-TDV) cov-
ers four serotypes of dengue. The Dengue vaccination program requires a total of three
injections, 6 months apart at 0, 6, and 12 months. The optimal age for injection is over
9 years [17]. A single dose of dengue vaccination is as effective as the three-dose vacci-
nation program. This may be due to the fact that 79% of the cohort in the study had
dengue seropositivity at baseline in countries with dengue-endemic areas [18]. The immu-
nization obtained from vaccination gradually loses as time goes on. Once infected with
any serotypes, the body will always be immune to those serotypes. However, they are
temporarily immune to other serotypes, thus there is a chance of re-infecting dengue in
other serotypes until all are complete.

The World Health Organization (WHO) aims to reduce the mortality and morbidity of
dengue by at least 50% and 25%, respectively, by 2020 [19]. Esteva and Vargus [20] studied
local stability and global stability of models with the susceptible-infected-recovery (SIR)
model of dengue transmission and assumed that the human population and the vector
population are constant. Chanprasopchai et al. [21] studied dengue fever and the effect of
vaccination with analyzed of stable conditions of an equilibrium point of the model using
Routh-Hurwitz criteria. A mathematical model of dengue with and without awareness in
the host population [22] assumes that some hosts do not interact with infected mosquitoes.
This is because they take different preventive measures due to their perception of the
disease. Wu and Wong [23] studied the mathematical model with two delays to reflect
the extrinsic and intrinsic incubation periods of virus in the dengue disease transmission
model. The stability analysis of two equilibrium points is carried out and a simulation is
given for different parameter settings and to simulate the succession of two epidemics with
variable human populations [24]. Khan and Fatmawati [25] described changes in dengue
infection from basic reproductive values which defines a model with hospitalization and
presents the changes in detail. The results suggest that spraying insecticides on mosquitoes
can significantly reduce dengue infection. Pongsumpun et al. [26] studied a mathematical
model of the dengue model with a vertical transmission control mechanism based on the
dengue model. The two policy control models were insecticide and vaccinations which
simulated the parameters affecting this model control. The authors [27] study a dynamic
basic mathematical model for dengue transmission in Thailand, by including infection of
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different serotypes to analyze the effects of different vaccination strategies. With an interest
in the optimal control between primary and secondary infection. There are many studies
about applying to solve the optimal control problem of dengue fever [28-32].

In Thailand, data on dengue hemorrhagic fever (DHF) comes from the Department
of Disease Control, the Ministry of Health. It is seen that dengue hemorrhagic fever is
prevalent in 2013 per 100,000 which is the highest and the number of morbidities will trend
fluctuated each year from 2003 to 2020. Likewise, when the number of mortality direct
variation with the number of morbidities, but this is a very small percentage compared to
the infected as shown in Figure 1.

Number of morbidity and mortality rate per 100,000 by year
300 025
230 02

200

Morbidity rate
8

2015 EEpEEEE—
2016 wmE——
2017 me——
2018 T—
o offaf o
5 & B
= o
Mortality rate

2019
2020

= Morbidity rate per 100,000 pop. = Mortality rate per 100,000 pop.

Figure 1. The number of morbidity and mortality rate per 100,000 by year from 2003-2020 [33].

In this paper, we study the vaccination only in individuals with a documented past
dengue infection (seropositive), regardless of the serotypes of infection, with a simpli-
fied model. This model focused on the population of Thailand for the provinces with
high morbidity rates, such as Mae Hong Son, Rayong, Nakhon Ratchasima, Chaiyaphum,
Chainat, and the regions with the highest morbidity rates were the Northeast, North,
Central, Southern regions, respectively, where there were outbreaks of dengue hemorrhagic
fever, resulting in people who have been infected with dengue fever being re-infected. The
human population is modeled through the SEIRS framework, and the vector population is
modeled using the SI model. Local and global stability analyses are given with the basic re-
production number being the bifurcation point. The property of symmetry in the Lyapunov
function an important role in achieving this global asymptotically stabilities. The optimal
control is applied in the spreading model to minimizes the number of infected human
and infected vector populations. The results are then given numerically to demonstrate
the analyses.

2. Materials and Methods

The mathematical model of the dengue transmission is for the vector population and
the human population. The susceptible-infected (SI) and susceptible-exposed-infected—
recovered (SEIRS) model for vector and human population, respectively. In Thailand, some
regions are densely populated with a high prevalence of Aedes mosquitoes. This model
of dengue outbreak considers vaccination only in previously infected populations as it
reduces the severity of the disease and reduces the rate of hospitalization for the next
infection. Note that dengue fever has four different serotypes, and we can get infected up
to four times. Vaccination should be administered after each injection to minimize the risk
of hospitalization and the severity of the disease in following infections. Once infected
with any dengue serotype, the person is immune to that serotype for life and only has
a short period of time of cross-protection against other species, as advised by the World
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Health Organization. In this model, the transmission of the dengue virus when vaccinated
after each infection is described. The human and vector populations are divided into
four and two individuals, respectively. The variables and parameters are defined listed in
Table 1. The dynamic dengue fever model with vaccination after each infectious is shown

in Figure 2.

Table 1. The parameters used in the numerical simulation.

Variables and Parameters

Biological Meaning

The number of susceptible human population
The number of susceptible vector population
The number of exposed human population
The number of infected human population
The number of infected vector population
The number of recovered vector population
The vaccine efficiency
The transmission rate of dengue virus from vector to the human
The transmission rate of dengue virus from the human to vector
The biting rate of vector population
The recurrent infection rate
The incubation rate
The recovery rate
The constant recruitment rate
The natural mortality rate of the human population
The mortality rate from infection of the human population
The natural mortality rate of the vector population
The mortality rate from infection of the vector population
The birth rate
The total number of the human population
The total number of the vector population

(1-P)6R,

d:'s—r

(dy *d4)l_l; dﬁf;

Human population

Vector population

A’SX"”

(d, +d)I,

Figure 2. Schematic diagram representation compartments vector and human population after each

infectious dengue fever.

The dynamics behavior model of human and vector population is encapsulated in the
following systems of differential equations:

B
dar

byNy + (1 — P)0Ry — apuSuly —dySh (6]

dEy s s B
d—,H =apuSyly —€Ey —dyEy ()
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.. s o -
ar = B =T = (dy +d)Ty @
Ry _ — =
="~ (1~ P)Ry — dyRyy @
dsy s
Sr = A-BvSvIn —dvSy )
I pp— »
S = PvSvIn = (dv +dg)Ty ©)
with the conditions S
Su+En+1Iy+ Ry = Ny 7)
Syt Iy =Ny ®)

The rate of change of the total population of human and vector are as follows:

i dFi Ty iRy

o Tl T ©
dSy. dly _
at + —— 0 (10)
The conditions of Equations (7) and (8) employ:

jp L L) an

dq
Ty = A-dvNy (12)

dy

Normalizing the equations with assuming the proportion number of the individual
following as:

Su Ey In Ry

SRySH i £ 38 Ipmmptigupmpe "N 13
£l (o 7 Lyl e (13)

A\S¢ LM
Sy = NV:IV N (14)

we also have

Su+ Eg+ Iy+Ry=1 (15)
Sy+1Iy=1 (16)

The normalized system of equations is:

494 = by + (1— P)(1~SH ~ Eir —11)0 — &BuSulvNy — duSh
Pu = aBySylyNy —eEy ~ diEy

Uit = ¢Eyp— ylyy — (dp +dg)ly

4 = By (1~ 1) IyNy ~(dv +di) Iy

(17)

3. Analysis of the Model
3.1. Positivity Invariant Sets of the Model

Proposition 1. From [34], let (Sy(t), Ex(t), I1i(#), Ri(t), Sy (t), Iy (t)) be the solution of Equa-

tions (1)~(6) with positive initial conditions S (0), E;(0), I (0), Ry (0), Sy (0), Iy (0). Denoting
also the invariant set ¢ = {(Sy,Sv, En, I, ly,Ry) € IR‘; :Ny < %%,NV < a’—‘\;} then the

closed set ¢ is positive invariant that attracts all solutions in the space RS..
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Proof. We begin by setting Nt (t) = (Np(t), Ny(t)) = (Su + Ey + In + Ry, Sv + Iy).
The differentiation yields:
ANg(H) _ (dN“(t) dNV(!))
dE = N\Tde g
= (by —duSy — dyEy —dyly —dgly —dyRy, A —dySy —dvly — dily)
= (by —dyNy —dgly, A — dyNy — dily)
< (bw —duNu, A —dyNy)

Hence, ﬂzﬁl = by —dyNy < 0 for Ny(t) > gﬁ and d—NaV'ﬂl = A—-dyNy <0
for Ny (t) > ﬁ Then ‘i—I‘:,T,iQ < 0 wherever Ny (t) > f—,’ﬁ and Ny(t) > ﬁ Integrating

the above equation, it follows that wf;(ﬂ <0on0 < Ny(t),Ny(t) < (gﬁ + Ny (0)e~nt,
£+ Ny(0)e™!). As t — oo, et — 0,6~ 5.0, and then 0 < Np(t), Ny (t) < (f—;ﬁ, H/:‘)
Since the epidemiological parameters are assumed to be positive, it follows that the re-
gion of all solutions of ¢ will be in RS. Thus ¢ is a positively invariant set. Note that
all equations described by Equations (1)-(6) in the non-negative octant RS are positively
invariant [34-36]. OJ

3.2. Equilibrium Points of the Model

Let us find equilibrium points of system Equation (17) that describe the model. Note
that by setting the right-hand side of system Equation (17) to zero yields two equilibrium
points, namely:

The disease-free equilibrium point:

Ey=(1,0,0,0)

The endemic equilibrium point:
Ey = (St Efp Afy Iyy) with

gr — (mma((vemmab rydy+(e+my) ms)dy —(ye—rab+ydy+ (et mi)rs)dy —emsNipv))
H eNy (7= dy)mmy—a(ye =m0y +(e+7,)75) Ny B ) By

Ej = 7 (my Mo 7y tg - e (77— by )NuNy pri )

T eNp(mm g +alye—mz0+ydy +(e+mg)ms) Ny BBy @a8)
TN 7y 7y —ae(7—bp ) Ny Ny By By
H 7 Ny(mmm+a(ye—m0+qdy+(e+74) 15)Ny B )Py
| (77 =dy) 7y oy g +aemg Ny Ny By By

hes aNyBu((ye=m30+ydu+{e+m3)m5) 6 +e s Nupv)
where

m = (e+du), ma = (y +du+dg), 73 = (P =1)(y+¢), my = (0— PO +dy),
5 = (dp+dg), 76 = (dy +dy), mp= (P — 1), mg = (0 — PO + by).

3.3. Basic Reproductive Number

The next-generation matrix method of the works in [37,38] is used to compute the
basic reproductive number (Ry) for the dengue model of system Equation (17). The classes
Ey, Iy, and Iy are identified as influencing the new infections. The F and V matrices are
obtained as follows:

0 0 «BSuNy dy + ¢ 0 0
=1 0 0 = —€ dy+da+ 7 0
0 BvSyNy 0 0 0 dy + dy
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1
(du+e) 0 0
V_1 . edy +edy 1 0
(e+dy)(v+dy+dg)(dy+dy)  (y+dp+dy)
1
9 0 (dy+d)

The basic reproductive number is obtained through the spectral radius of the matrix
Ry = pFV~!is called the reproductive number and given by:

e ae((P —1)0 — by )NyNyBupv %
((P=1)8 —du)(y +dy +dg)(e +du)(dy +dy)

3.4. Local Stability Analysis

In this section, we are going to analyze the stability condition of two equilibrium
points, namely the disease-free E; and the endemic E; equilibrium points. The outcome of
stability condition analysis of these equilibria is shown in the following—Theorems 1 and 2.
The obtained Jacobian matrix is:

(P-1)0=dy —apylyNy (P —-1)0 (P=1)6 —aBuSuNy
o aBply Ny —e—dy 0 0
Je = 0 € —y =dy—dy 0 @0
0 0 ByNu — ByNuly  ~ByNuly —dy = di

Theorem 1. If Ry < 1, then the disease-free equilibrium point Ey of Equations (17)~(20) is locally
asymptotically stable and unstable otherwise.

Proof. The characteristic polynomial of the Jacobian matrix of Equation (20) evaluated at
the disease-free equilibrium is:
det(Jg, —AI) =0 (21)

The eigenvalues (1) are obtained from the roots of Equation (21) where [ is identity
matrix (4 x 4) the matrix is:

—(e+dg),
/\2= —((P+1)8+dpy),
A3 = —(dn +da+7),
Ay = =(dy + dx)-

It is obvious that all the eigenvalues have negative real part. Therefore, E; is locally
asymptotically stable [38]. (]

Theorem 2. The endemic equilibrium point Ej is locally asymptotically stable if Ry > 1 and
unstable otherwise.

Proof. The characteristic equation of the Jacobian matrix evaluated at the endemic equilib-
rium is:
det(Jg, — AI) =0 (22)
One eigenvalue of the above matrix is A = —(dy +d; +9) < 0. The rest of the
characteristic equation is considered in the form of

A +aA? + A+ a3 =0 (23)
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where

1 = £+ 0+ PO+ 2dy + dy + dy + aNy I} By + NuljBy
ay = d% + (1 — P)ed +dy (e + 0 — PO) + az (ae + af + Pad + aed + Pach + ady)
+di(ax) + Nuljj(a2)By + du (a2 + 2(dy +dv + Nulj;Bv))
a3 = dy(az —a(e+ (P —1)(e = 1)0 + dy)ax) +dv(az —azx)
+Np (a%eNG S}y (I = 1) I B + Iy (az1 — az2)) B

where a3 = Nvl;,ﬁu, ap = €¢+0—P0+aay, a3 = ((P —1)0 —dy)(e + dH),
azp = a(e + (P —1)(e — 1)0 + dy)az; and Sy, If;, and I, are defined Equation (21).

By using Routh-Hurwitz criteria [37,38] for n = 3, then E3 is stable if conditions (i)-(iv)
are satisfied. Since algebraic proofs may be a little difficult to verify these conditions, we
then resort to numerical simulations. We plot the values of the conditions against the
changes in By, which is shown in Figure 3. It is seen that these conditions are indeed
satisfied (i) a; > 0, (i) a > 0, (iii) a3 > 0, and (iv) ayap — a3 > 0.
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Figure 3. The Routh-Hurwitz criteria conditions satisfied (i)-(iv) for the endemic equilibrium point.

It then follows that the polynomial of Equation (23) will indeed be Hurwitz, which
thus implies the stability of the endemic equilibrium E3. [

3.5. Global Stability Analysis

The global stability of each equilibrium point of the model in system Equation (17) is
investigated in this section. To serve this purpose, we hereby derive two theorems.

Definition 1. (Lyapunov) Let x = 0 be an equilibrium point x = f(x) and f(x) : ¢ C R". Let
V(x) : ¢ — R be a continuously differentiable function such that:
) V(0)=0
(i) V(x)>0in¢,exceptatx =0
(i) V(0)=0
(iv) V(x) <O0in¢,exceptatx =0
If V(x) < 0in ¢ — {0}, then x = 0 is globally asymptotically stable.
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Theorem 3. Let E{ = (S}, Efy, If;, Siy, Iyy) = (1,0,0,0) the disease-free Ejis globally asymptoti-
cally stable on ¢ if and only if Ry < 1 where ¢ are defined as Proposition 1.

Proof. Consider the following Lyapunov function candidate [39-42]:
@(Sn, En, In, Iv) = (Su — SpInSp) + En + Iy + Iy

This function satisfies the positive definiteness condition as required for a Lyapunov
function since the positive invariances have been proven in Proposition 1. Furthermore, it
should provide ease in the proving of the negative definiteness in its time derivative, as com-
pared to say a quadratic candidate, which is more prominently used as one such candidate.

The derivative with respect to time yields:

do _(\ Sii\dSu, dEy  dly  dlv
dt Sy) At g gt ' dt

= (1 - ;%)(by + (1 — P)(l ~Sy=Ey— 1;.1)9 —aﬁp;sl,llva - d”SH)
+(@fuSulyNy ~ €Ey — dyEp) + (¢Ey — yly — (du + dg)In)
+(By (1= Iy)IyNy = (dy + di)ly)

= (1-8%) by + (1= P)(A — Sy —En = I)0 — Py Syly Ny ~dysSn)
~dnEp = (dn +dg)ln+ (By (1 — Iv)IuNg — (dv + dy)Iv)
Substituting the relation of disease-free E; = (1,0,0,0), we obtain:

S'
B (1 4 S—g)(bﬁ 45 LM L 0 & (dy + a1}

S S3
= [du (1 = §£i) + by (1 > gﬂ)} —dyEy ~ (dy +dg) Iy~ (dy +di)ly.
H H

From Equation (11) at the disease-free, we obtain by = dj; thus

S S}
= [dH (1 = s—f—'-) +dH(l- S—H)] -—dHEH —'(dH +dd)lH + (dv +dk)IV
H H
S Si
= du(2— G S0 L = ) =+ )T
H

St — 55Y?
elay (‘—"—H“)-) % dipff— (453000 T — (dy + 901

;S

d cr _[dc¥

W) Nl 1 g )+ (s + ) gy Fidl 29)
dt SHSH

As can be seen, all of the terms in Equation (24) are always negative. Now, using
LaSalle’s invariance principle [39], we have % < 0 and so the function % is to be
negative definite. Each solution’s limit set is included in the biggest invariant set for which
Sy =S}, En = Ejy, Iy = Ij;, and Iy = I}, which is the singleton { Ej }. The disease-free
equilibrium point E; is then globally asymptotically stable on ¢ according to LaSalle’s
invariant principle. [J
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Theorem 4. When Rq > 1, the endemic equilibrium point E; is defined as Equation (18). Then
Equation (21) is globally asymptotically stable on ¢ if and only if

{ by =dySy;

Iy = — BvluNy (25)
v vIgNy+dy+dg

Proof. The Lyapunov function is in the form:
&(Su, En, I, Iv) = (Su — SyInSy) + Ey + Iy + Iy
The derivative with respect to time yields:
4 _ () Sir\dSu., dEu  dly dly
dt Sy ) dt dt dt  dt
R
= (1 = gﬂ)(bu +(1 = P)(1= Sy = Ey — I1)0 —apuSulyNy — dnSn)
—duEp = (dy +dg) I+ (Bv(1 = Iv)IyNp — (dv +dy)Iv)

- ( by = byt~ dySp +dSiy + (1~ P)(1— Sy = En— In)0

—(1~PY1 = Su—E+ )05t
+(Bv(1 =1v) 1INy = (dv +di)1v)

) ~dpEy — (dy +dg)ln

= (bH(l - %) +dHS;-l(1 = g—ﬁ) o (l = P)(l =Sy —Ey — IH)O(I | ;:H"))
—dyEy — (dn +dg) I+ (Bv (1 = Iv)IuNp = (dy + dy)ly)

Substituting the expressions for dy; and Iy, we obtain:

St
=bH(( S5i) (1- 5—”)) S\ )1t
St Sh

Sh— Su)>
= —bH(-——-—( ’;* X ) ) —dyEy — (dy +dg) Ty
H2H
T T AT
96— (o ST by (an d i 26)
dt ShSn
Hence, the condition of Equation (26) shows that ‘;1,% < 0 for (Sy, Ep,In, Iv) € ¢,
and the strict quality holds only for Sy = Sj;, Ey = Ej, Iy = Ijj, and Iy = I},. Then the
endemic equilibrium point E; is globally asymptotically stable in ¢. (]

Note that the exact solution of the system may also be revived by using the powerful
tool of Lie algebra. For further information, see the works of Shang [43,44].

4. Numerical Simulation

In'this section, we investigate the impact of the transmission of dengue consider only
re-infectious, regardless of individual serotypes each time they were infected. The initial
values for the parameter are listed in Table 2. The parameter values of dengue cases in
Thailand are estimated. The information was gathered from the Ministry of Public Health’s
Department of Disease Control. Note that although most parameter’s initial values are
taken from the source literature. However, certain values must be estimated and assumed
for the purposes of this model. There are four parameters to be estimated: Ny, Ny, d4, and
dy and two parameters to be assumed: B and By. The model of system Equation (17) is
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then simulated with the use of a differential equation solver in MATLAB. The results of
our present numerical simulation are shown in Figures 4-7.
Table 2. The initial value for the parameters.
Parameters The Disease-Free The Endemic Source
« 1/7 1/7 [45-50]
€ 1/10 1/10 [45-50]
P 05 05 [45-50]
0 1/(30 x 6) 1/(30 x 6) [45-50]
Ny 250,000 250,000 estimated
Ny 200,000 200,000 estimated
Bu 0.00000025 0.005 assumed
Bv 0.00000012 0.003 assumed
by 1/(365 x 70) 1/(365 x 70) [45-50]
dy 1/(365 x 70) 1/(365 x 70) [45-50]
dy 1/14 1/14 [45-50]
dy 1/14 1/14 estimated
dy 1/7 1/7 estimated
u 1/14 1/14 [45-50]
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Figure 4. Graphs of system Equation (17) at the disease-free equilibrium point of Sy, Ey, Iy, and Iy for Ry < 1.
(a) Susceptible human, (b) exposed human, (c) infected human, and (d) infected vector.
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Figure 5. Graphs of system Equation (17) at the endemic equilibrium point of Sy, Eyy, Iy, and Iy for Ry > 1. (a) Susceptible
human, (b) exposed human, (c) infected human, and (d) infected vector.

The model of Equation (17) is solved using the differential solver ode45 in MATLAB.
This solver employs the fourth-order Runge-Kutta method with adjustable step size to
solve the system of differential equations.

Figure 4 shows the numerical solution of the disease-free equilibrium where Ry < 1
after about 500, 60, 65, and 30 days for the susceptible human, exposed human, infected hu-
man, and infected vector it converges to Ey = (1,0,0,0), respectively. Figure 5shows the nu-
merical solution of the endemic equilibrium where Ry > 1 after about 6500, 4000, 5000, and
7000 days for the susceptible human, exposed human, infected human, and infected vector
it converges to E; = (0.00005, 0.02689,0.01881,0.73048), respectively. Figures 6 and 7 show
the numerical solution of the endemic equilibrium with compares parameters the dengue
virus transmission rate from vector to human gy = 0.01,0.03,0.05,0.07,0.09 and the dengue
virus transmission rate from human to vector gy = 0.002,0.004,0.006,0.008,0.010 for the
susceptible human, exposed human, infected human, and infected vector. We can observe
that the higher the dengue virus transmission rate from vector to human gy and the
dengue virus transmission rate from human to vector fy, the slower the convergence to a
susceptible human equilibrium point. The exposed human, infected human, and infected
vector all rapidly reach a point of equilibrium, respectively.
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Figure 6. Graphs of system Equation (17) at the endemic equilibrium point of Sy, Ey, Iy, and Iy for Rp > 1 with
compares parameter S = 0.01,0.03, 0.05,0.07, 0.09. (a) Susceptible human, (b) exposed human, (¢) infected human, and
(d) infected vector.
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Figure 7. Graphs of system Equation (17) at the endemic equilibrium point of Sy, Eyj, Iy, and Iy for Ry > 1 with compares
parameter By = 0.002,0.004,0.006,0.008,0.010. (a) Susceptible human, (b) exposed human, (c) infected human, and

(d) infected vector.

5. Optimal Control Strategies

In this section, we apply the Pontryagin’s maximum principle (PMP) to derive the
necessary conditions for the solution for the existence of optimal control. Equations (17)
can be rewritten as an optimal control problem with the goal of reducing the number of
infected human populations. Two control inputs may be assigned to the system since they
include the dynamics of both human and vector populations, namely #; where this control
input represents an effort to reduce the number of infected humans by giving vaccinations
to humans, and u; for the vector population represents the administration of repellents to
mosquitoes and destroying mosquito breeding sites. The system of equations with control

is written as:

dSy

= = by 4 (1 - P)Ry6 —aBuSulyNy —dySy — uy (1) Iy

dt

dE
d—’H = aPuSulyNy — ¢Ey —dyEn

dl
d—:’ =¢Ey — Iy — (dy +dg)In

(27)

(28)

(29)
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dR
i = 7ln = (1= P)0Ry —dyRy (30)
ds A
d_‘v T BvSvIgNy — dySy — ua(t)Sy (31)
dly
ar = PvSvIuNu - (dy +dp) Iy — ua(t)BvSyIuNu (32)

In normalized compartments Equations (27)-(32) are:

ds
ZH 4+ (1= P)(1 = Sp— Ey — In)0 — aBuSulyNy —duSu —ui(Dly - (33)

dt
dE
d—fH = aBuSulyNy — (¢ +dyu)Ey (34)
dly
St~ €En— (dn +da+7)ln (35)
dl
d_;/ = (1= ua())BviuNu(1 - Iy) — (dy +dy) 1y (36)

All parameter definitions retain their meanings from the uncontrolled system. For
non-negative bounded initial conditions, this system has non-negative bounded solution
(Lukes 1982 [51]). The objective function to be minimized is written:

T
J(u) = /[c, Ig+GCly + %(Dluf(t) + Dzu%(t))] dt (37)
0

with initial condition Sy, Epy, Iy > 0,and I > 0. The weight constants are C; and C; for
the number of infected humans and the infected vector populations. The weights D; and
D, are measures of the costs associated with the control variables u; and u; respectively.
The Hamiltonian for the Lagrangian problem of the optimal control problem and the
optimal control problem by Lagrangian was defined as follows:

1
L=Cily +Caly + 5 (Dud() + Dzu%(l)) (38)

Theorem 5. There exists an  optimal control " uj(t) and us(t) such that
J(uy,u3) = min{ (11, u2)|(u1,u2) € U)}.

Proof. The existence of the optimal control problem Equations (33)-(36) we apply results
from [48,49] to prove the analyzed existence results of the optimal control problem.

The existence of the system in Equations (33)—(36) is given which is non-empty and
bounded, according to Theorem 9.2.1 from Lukes [51]. The control set U is closed and
convex. The right side of the control system Equations (33)-(36) is linear in #; and u5.
The integrand L is convex on U. To prove the bound on L, let my = min(Iy(t), Iy (t)),
my = (Dj,D;), and = 2. Then the Lagrangian function L defined as:

L(Iy, Iy, uy, ) = Cily + Caly + YD1 () + Dau3(t))
> (I + Iy) # my (fuy [+ [uaf?) (39)
= my + 1y (Jug >+ |uzf?)
where 11y, m3, Cy, Cz, Dy, D2 > 0, and ¢ > 1. Therefore, there exists an optimal control

for the system of Equations (33)-(36) satisfying the Pontryagin’s minimum
principle [25-29,51,52]. O
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Theorem 6. Let uj and uy be optimal controls, and let Sy, Eyy, Iy, and Iy be the solutions of
the optimal control problem Equations (33)~(36) that minimize J(uy, u2) € U. Then there are
adjoint variables Ay = Ag,,, A2 = A, A3 = Ay, and Ay = Ay, satisfying the adjoint system
of equations:
4 = A (1)((P—1)0 — apulvNy — dy) — Ax(apulyNy)
B2 = ()P = 1)8 = Aa(~¢ — d) — As3(e)
s — A (1) ((P—1)8 — uf (1)) — As(—dp — dg — ) — As((1 = u3(1)) ByNu(1 - Iy)) — Gy

s — N1 (1)(—apuSuNy) — Aa(aBuSuNy) — As(—By 1Ny + u3(H)Ipy Ny — dy — dy) — Gy
where Sy, Ey, Iy, and ly are the adjoint variables, and the controls uj and us obey the
optimality conditions

(40)

() = max(nun(’\g”,u',““),o), (41)
1
1-1Iy IGN,
u3(t) = max (min(%,u’{“") ,0). (42)
2

Proof. The corresponding Hamiltonian is defined as:

dS dE dl dl
H =L(Iy, lv,lll,uz) & /\l_ﬁ + +A2d_fH -I-A3—d-tﬂ e /\4—dTv (43)

H = Gyl +Cyly + 3(Dyud(t) + Dau3(t))
+/\1[bH +(1—P)(1 —Syg—En — In)o — aBaSulyNy = dSy— ll](t)IH]

(44)
+A2[aBuSulvNy — (¢ + di) En) + Ag[eEp ~ (dy +dy +7) In]
FA4[(1 = u2(8))ByIgNp (1 = Iv) — (dy +di)1y)
The associated adjoint system is as follows:
G = <3 = _Xy(1) (P~ 1)8 — aulvNy ~dn) — Az(aBrlyNv)
Voo LGB = L0 () (P=1)8— Ag(—¢ —dn)
= = B (P <D= ui () ~Aa(=dii —da ~7) -
=Ay((1=15(1)) By Nu(1 - Iv)) = €
B = L — M (8)(~aBuSHNY) — A2 («BuSHNy)
—A4(—BvIgNp w3 (1) luPy Ny — dy —dy) — G
with the boundary conditions
A1(t) = 0,Ax(t) =0,A3(t) = 0,A4(t) =0 (46)
Using the properties of optimal set optimality conditions, we find that
OH 9H . .
E_E—Oatul—ul and 1 =113 (47)
Therefore, a
3#; = D|lll _’\IIH =0 48)
uy = lb—’lﬂ
$i=Dauy — (1~ Iv)pyIuNp = 0
o _ (-l)BylyN @)

uy = D
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The optimal controls u] and u; are then given by:
Ml
0 ; -f,-;u <0,
Al Ml
wy =< KB <up, (50)
max . Ayl
uj A -b-l‘i > ulmax.
0 ; (‘—’1z)gzc’uNu <0,
1-1Iy)ByIyN, 1-Iy)ByIyN,
u = ( v)gzv N1 ;( v)gzv uNi o ymax, (51)
ulz-nax ; 1-1 2VIHNH » uanax.

[}

The fourth-order Runge-Kutta method, in conjunction with the forward-backward
method, is used to solve the optimal control problem numerically. The solution results for

optimal strategies control are shown in Figures 813 the initial values parameter according
to listed in Table 2.
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Figure 8. Comparison of behaviors with and without of system of Equations (33)(36) of Sy, Ey, Iy, and Iy when using
C; = 0.000005, C; = 50. (a) Susceptible human (b) exposed human (c) infected human and (d) infected vector.
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Figure 9. Comparison of behaviors with and without of system of Equations (33)-(36) of Sy, Ey, Iy, and Iyy when using
C; = 5,Cy = 50. (a) Susceptible human, (b) exposed human, (¢) infected human, and (d) infected vector.

Figures 8-12 show the results of Equation (17) with and without control of Sy, Ex, Iy,
and Iy,. We have divided the weight simulations into five cases as follows: Case 1 represents
the case of C; being much less than Cy; Case 2 represents the case of Cy being less than Cy;
Case 3 represents the case where both C; and C; are equal; Case 4 is where C, is greater
than C; and Case 5 is where C; is much greater than C;. The results of these cases are
plotted in Figures 8-12, for Cases 1-5 respectively.

Figures 8-12 shows that after effective control such as for the human population is an
effort to reduce the number of infected humans by giving vaccinations to humans and for
the vector population is control by giving repellent to mosquitoes and destroying mosquito
breeding sites. The number of the susceptible human Sy, exposed human Eyy, infected
human I, and infected vector Iy is significantly reduced compared with that without
control. The results of numerical simulation show that vaccination and the elimination of
disease-carrying mosquitoes have a positive effect. The control, in particular, resulted in a
significant reduction in the number of infected humans and vectors.

Figure 13a illustrates maintaining optimal control of vaccination rates in the human
population u; (#) at initial value differences as follows: 40%, 60%, and 80% in approxi-
mately the first 4 days control is maintained, then the control gradually decreases to zero.
Figure 13b shows the control values of the second control effort ua(t) at 40%, 60%, and 80%
initiation to achieve control. It is seen that the optimal level of control is maintained in the
first 4 days, then gradually increases and reaches the plateau on Day 22, after which the
control dosage is reduced to zero.
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6. Conclusions

In this article, we analyzed the impact of post-reinfection vaccination strategies for
the second, third and fourth times, without regarding the serotype sequence during in-
fection, for regions with high dengue outbreaks, in order to reduce the hospitalization
rates and disease severity in the subsequent infections. This model is optimal for densely
populated areas and abundant Aedes mosquitoes, which are carriers of dengue fever and
there is a chance of re-infection with dengue fever multiple times. According to the
2020 report in Thailand, the region with the highest morbidity rate is the Northeastern
region, with 127.53 per 100,000 inhabitants. The Routh-Hurwitz criterion for determining
local asymptotically stability and the Lyapunov function for determining global asymp-
totically stability are used in the study. The equilibrium point that we found two states
are disease-free converge to E; = (1,0,0,0) and endemic equilibrium point converge to
E; = (Sy = 0.00005, Ey = 0.02689, Iy = 0.01881, Iy = 0.73048). The basic reproductive
number is defined as Ry. The disease-free equilibrium point there exists locally asymp-
totically stable if Ry is less than one and locally asymptotically stable when R, greater
than one for the endemic equilibrium point is. Similarly, the disease-free and endemic
equilibrium point exists globally asymptotically stable if and only if according to conditions
of Theorems 3 and 4. We simulated the numerical results solution of the compare two
parameters with different values that affect the basic reproductive number value of this
model as shown in Figures 6 and 7, where we can observe that the higher the dengue
virus transmission rate from vector to human B and the dengue virus transmission rate
from human to vector By, the slower the convergence to a susceptible human equilibrium
point. The exposed human, infected human, and infected vector all rapidly reach a point
of equilibrium.

We developed the optimal control strategies using the elimination of mosquitoes that
carry diseases rate and the vaccination rate to minimize the number of infected human
population and infected vector population to cost controlling effort. The Pontryagin mini-
mum principle (PMP) approach is used to solve the optimum control issue in this situation.
We can see that effective measures such as vaccinations to humans and the annihilation
of mosquito breeding sites represent powerful measures that effectively controlled the
spread of the dengue virus. In comparison to those without control, the number of sus-
ceptible humans exposed, infected humans, and infected vectors are significantly reduced.
The numerical simulation results show that the number of infections decreases over time.
Figures 8-12 show that the control resulted in a significant reduction in the number of in-
fected humans and infected vectors. Finally, the effective control and prevention of dengue
fever rely on three components: improved vector control, improved case management, and
effective vaccine development.

We suggest that future guidelines for this model should consider the serotypes of
infection and provide a more complete age range for vaccination.

Author Contributions: Conceptualization, A.C., PP. and N.W.; methodology, A.C.; software, N.W.;
validation, A.C., PP, I-M.T. and N.W.; writing—original draft preparation, A.C.; writing—review and
edil'ing, A.C., PP, 1-M.T. and N.W.; supervision, P.P, L-M.T. and N.W.; project administration, P.P;
funding acquisition, P.P. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by RA-TA graduate scholarship from the School of Science, King
Mongkut’s Institute of Technology Ladkrabang, Grant Number RA /TA-2562-D-035.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Data are available from the corresponding author upon reasonable request.

Acknowledgments: This work is supported by the School of Science, King Mongkut’s Institute of
Technology Ladkrabang, Grant Number (2563-02-05-02).

Contflicts of Interest: The authors declare no conflict of interest.

203



Symmetry 2021, 13,1917 23 0f 24

References

1. Remy, M.M. Dengue fever: Theories of immunopathogenesis and challenges for vaccination. Inflamm. Allergy Drug Targets
2014, 13, 262-274. [CrossRef]

2. Ministry of Public Health, Thailand. Dengue Fever. Available online: https://ddc.moph.go.th/disease_detail php?d=44 (accessed
on 20 June 2021).

3. World Health Organization. Dengue and Severe Dengue. Available online: https://www.who.int/news-room/fact-sheets /
detail /dengue-and-severe-dengue (accessed on 22 January 2021).

4. World Health Organization (WHO). Dengue: Guidelines for Diagnosis, Treatment, Prevention and Control: New Edition.
Available online: https:/ /apps.who.int/iris /handle/10665/ 44188 (accessed on 15 September 2020).

5: Scott, T.W.; Amerasinghe, PH.; Morrison, A.C.; Lorenz, L.H.; Clark, G.G.; Strickman, D.; Kittayapong, P.; Edman, ].D. Lon-
gitudinal studies of aedes aegypti (Diptera: Culicidae) in Thailand and Puerto Rico: Blood feeding frequency. J. Med. Entomol.
2000, 37, 89-101. [CrossRef]

6. Medlock, ].M.; Avenell, D.; Barrass, I.; Leach, S. Analysis of the potential for survival and seasonal activity of aedes albopictus
(Diptera: Culicidae) in the United Kingdom. J. Vector Ecol. 2006, 31, 292-304. [CrossRef]

7. World Health Organization. Updated Questions and Answers Related to the Dengue Vaccine Dengvaxia® and its Use.
Available online: https://www.who.int/immunization /diseases /dengue/QA_dengue_vaccine_22Dec2017.pdf (accessed on
15 August 2021).

8. World Health Organization. Comprehensive Guideline for Prevention and Control of Dengue and Dengue Haemorrhagic Fever.
Revised and Expanded Edition. Available online: hitps:/ /apps.who.int/iris/handle/10665/ 204894 (accessed on 15 August 2021).

9. Kalayanarooj, S. Clinical Manifestations and Management of Denguc/ DHE/DSS. Trop. Med. Health 2011, 39, S83-S87. [CrossRef]
[PubMed]

10. Gubler, D.J. Dengue and Dengue Hemorrhagic Fever. Clin. Microbiol. Rev. 1998, 11, 480-496. [CrossRef] [PubMed]

11.  Pongsumpun, P; Tang, 1. Transmission of Dengue Hemorrhagic Fever in an Age Structured Population. Math. Comput. Model.
2003, 37, 949-961. [CrossRef]

12.  Sriprom, M.; Pongsumpun, P.; Yoksan, S.; Barbazan, P.; Gonzalez, ].P.; Tang, .M. Dengue haemorrhagic fever in Thailand,
1998-2003: Primary or Secondary Infection. Dengue Bull. 2003, 27, 39-45.

13.  Burke, D.S.; Scott, R.M;; Johnson, D.E.; Nisalak, A. A Prospective Study of Dengue Infections in Bangkok. Am. J. Trop. Med. Hyg.
1988, 38, 172-180. [CrossRef] [PubMed]

14. Villar, L; Dayan, G.H.; Arredondo-Garcia, J.L.; Rivera, D.M.; Cunha, R.; Deseda, C.; Reynales, H.; Costa, M.S;; Morales-
Ramirez, J.O.; Carrasquilla, G.; et al. Efficacy of a Tetravalent Dengue Vaccine in Children in Latin America. N. Engl. |. Med.
2015, 372, 113-123. [CrossRef]

15.  Sabchareon, A.; Wallace, D.; Sirivichayakul, C.; Limkittikul, K.; Chanthavanich, P.; Suvannadabba, S.; Jiwariyavej, V.; Dulyachai,
W.; Pengsaa, K.; Wartel, T.A; et al. Protective efficacy of the recombinant, live-attenuated, CYD tetravalent dengue vaccine in
Thai schoolchildren: A randomised, controlled phase 2b trial. Lancet 2012, 380, 1559-1567. [CrossRef]

16.  World Health Organization. Fact Sheet: Questions and Answers on Dengue Vaccines: Phase 111 Study of CYD-TDV in Latin
America.-Available online: http://www.who.int/immunization/research/development/QA_Déngue_vaccine_LA _phllistudy
final.pdf (accessed on 15 August 2021).

17. Hadinegoro, S.R.; Arredondo-Garcia, J.L.; Capeding, M.R.; Deseda, C.; Chotpitayasunondh, T.; Dietze, R.; Ismail, HH.M.;
Reynales, H.; Limkittikul, K; Rivera-Medina, D.M.; et al. Efficacy and Long-Term Safety of a Dengue Vaccine in Regions of
Endemic Disease. N. Engl. J. Med. 2015, 373, 1195-1206. [CrossRef]

18. Wilder-Smith, A. Dengue Vaccines: Dawning at last? Lancet 2014, 384, 1327-1329. [CrossRef]

19. World Health Organization. Fact Sheet: Global Strategy for Dengue Prevention and Control 2012-2020. Available online:
hitp:/ /www.who.int/immunization/sage/ meetings/2013/april /5_Dengue_SAGE_Apr2013_Global Strategy.pdf (accessed on
5 January 2021).

20. Esteva, L; Vargas, C. Analysis of a dengue disease transmission model. Math. Biosci. 1998, 150, 131-151. [CrossRef]

21. Chanprasopchai, P; Tang, LM;; Pongsumpun, P. SIR Model for Dengue Disease with Effect of Dengue Vaccination. Comput. Math.
Methods Med. 2018, 2018, 1-14. [CrossRef] [PubMed]

22.  Phaijoo, G.R.; Gurung, D.B. Mathematical model of dengue fever with and without awareness in host population. Int. J. Adv. Eng.
Res. Appl. 2015, 1, 239-245.

23.  Wu, C; Wong, PJ.Y. Dengue transmission: Mathematical model with discrete time delays and estimation of the reproduction
number. J. Biol. Dyn. 2019, 13, 1-25. [CrossRef]

24. Derouich, M.; Boutayeb, A. Dengue fever: Mathematical modelling and computer simulation. Appl. Math. Comput.
2006, 177, 528-544. [CrossRef]

25.  Khan, M.A. Dengue infection modeling and its optimal control analysis in East Java, Indonesia. Heliyon 2021, 7, 06023. [CrossRef]

26. Pongsumpun, P; Tang, .M.; Wongvanich, N. Optimal control of the dengue dynamical transmission with vertical transmission.
Adv. Differ. Equ. 2019, 176, 1-25. [CrossRef]

27. Chamnan, A.; Pongsumpun, P; Tang, [.-M.; Wongvanich, N. Optimal Control of Dengue Transmission with Vaccination.

Mathematics 2021, 9, 1833. [CrossRef]

204



Symmetry 2021, 13,1917 24 of 24

28.  Xue, L.; Ren, X.; Magpantay, F.; Sun, W.; Zhu, H. Optimal Control of Mitigation Strategies for Dengue Virus Transmission. Bull.
Math. Biol. 2021, 83, 1-28. [CrossRef] [PubMed]

29. Ndairou, F; Torres, D. Pontryagin Maximum Principle for Distributed-Order Fractional Systems. Mathematics 2021, 9, 1883.
[CrossRef]

30. Liu, G; Chen, J.; Liang, Z.; Peng, Z.; Li, ]. Dynamical Analysis and Optimal Control for a SEIR Model Based on Virus Mutation in
WSNs. Mathematics 2021, 9, 929. [CrossRef]

31. Ndii, M.Z; Mage, A.R.; Messakh, ].].; Djahi, B.S. Optimal vaccination strategy for dengue transmission in Kupang city, Indonesia.
Heliyon 2020, 6, €05345. [CrossRef] [PubMed]

32. Momoh, A.A,; Bala, Y.; Washachi, D.J.; Déthié, D. Mathematical analysis and optimal control interventions for sex structured
syphilis model with three stages of infection and loss of immunity. Adv. Differ. Equ. 2021, 2021, 1-26. [CrossRef]

33. Ministry of Public Health Thailand. Dengue Fever. Available online: http://www.boe.moph.go.th/boedb/surdata/disease.php?
deontent=o0ld&ds=66 (accessed on 5 January 2021).

34. Lamwong, J.; Wongvanich, N.; Tang, LM.; Changpuek, T.; Pongsumpun, P. Global stability of the transmission of hand-foot-mouth
disease according to the age structure of the population. Curr. Appl. Sci. Technol, 2021, 21, 351-369.

35. Prathumwan, D.; Trachoo, K.; Chaiya, I. Mathematical Modeling for Prediction Dynamics of the Coronavirus Disease 2019
(COVID-19) Pandemic, Quarantine Control Measures. Symmetry 2020, 12, 1404. [CrossRef]

36. Ajbar, A.; Alqahtani, R.; Boumaza, M. Dynamics of a COVID-19 Model with a Nonlinear Incidence Rate, Quarantine, Media
Effects, and Number of Hospital Beds. Symmetry 2021, 13, 947. [CrossRef]

37. Edelstein-Keshet, L. Mathematical Models in Biology; SIAM: New York, NY, USA, 2005.

38. Basti, B.;, Hammami, N.; Berrabah, I.; Nouioua, F.; Djemiat, R.; Benhamidouche, N. Stability Analysis and Existence of Solutions
for a Modified SIRD Model of COVID-19 with Fractional Derivatives. Symmetry 2021, 13, 1431. [CrossRef]

39. LaSalle,]; Lefschetz, S. Stability by Liapunev’s Direct Method with Applications; Academic Press: Cambridge, MA, USA, 1961.

40. Rouche, N.; Habets, P.; Laloy, M. Stability Theory by Liapunov’s Direct Method; Springer: New York, NY, USA, 1977.

41.  Sanusi, W.; Badwi, N.; Zaki, A ; Sidjara, S.; Sari, N.; Pratama, M.L; Side, S. Analysis and Simulation of SIRS Model for Dengue
Fever Transmission in South Sulawesi, Indonesia. ]. Appl. Math. 2021, 2021, 1-8. [CrossRef]

42.  Chien, F; Shateyi, S. Volterra-Lyapunov Stability Analysis of the Solutions of Babesiosis Disease Model. Symmetry 2021, 13, 1272.
[CrossRef]

43. Shang, Y. A lie algebra approach to susceptible-infected-susceptible epidemics. Electron. J. Differ. Equ. 2012, 2012, 1-7.

44. Shang, Y. Analytical Solution for an In-host Viral Infection Model with Time-inhomogeneous Rates. Acta Phys. Pol. B 2015, 46.
[CrossRef]

45. = Aguiar, M.; Stollenwerk, N.; Halstead, S.B. The Impact of the Newly Licensed Dengue Vaccine in Endemic Countries. PLoS Negl.
Trop. Dis. 2016, 10, €0005179. [CrossRef]

46. Matheus, S.; Deparis, X.; Labeau, B.; Lelarge, ].; Morvan, J.; Dussart, P. Discrimination between primary and secondary dengue
virus infection by an immunoglobuling avidity test using a single acute-phase serum sample. J. Clin. Microbiol. 2005, 46, 2793-2797.
[CrossRef] [PubMed]

47.  Shim, E. Optimal dengue vaccination strategies of seropositive individuals. Math. Biosci. Eng. 2019, 16, 1171=1189. [CrossRef]
[PubMed]

48. Ndii, M.Z,; Allingham, D.; Hickson, R.; Glass, K. The effect of Wolbachia on dengue outbreaks when dengue is repeatedly
introduced. Theor. Popul. Biol. 2016, 111, 9-15. [CrossRef]

49. Ndii, M.Z;; Allingham, D_; Hickson, R.L; Glass, K. The effect of Wolbachia on dengue dynamics in the presence of two serotypes
of dengue: Symmetric and asymmetric epidemiological characteristics. Epidemiol. Infect. 2016, 144, 2874-2882. [CrossRef]

50. Yang, H.M.; Macoris, M.L.G.; Galvani, K.C.; Andrighetti, M.T.M.; Wanderley, D.M.V. Assessing the effects of temperature on the
population of Aedes aegypti, the vector of dengue. Epidemiol. Infect. 2009, 137, 1188-1202. [CrossRef]

51.  Lukes, D.L. Differential Equations Electronics Resource: Classical to Controlled; Academic Press: London, UK, 1982.

52.  Lenhart, S.; Workman, J.T. Optimal Control Applied to Biological Models; Chapman and Hall/CRC: Boca Raton, FL, USA, 2007.

205



Name
Date of Birth
Address

Education

Scholarship

Publications

206

Author Biography

Mr. Anusit Chamnan

3 January 1995

Moo 6, Ban Don Subdistrict, Phu Khiao District, Chaiyaphum
Province, 36110, Thailand

(2017) Bachelor of Science in Applied Mathematics GPA 3.25
(Second Class Honors), King Mongkut’s Institute of Technology
Ladkrabang (KMITL)

(2019) Master of Science in Applied Mathematics GPA 3.88 King
Mongkut’s Institute of Technology Ladkrabang (KMITL)

(2022) Doctor of Philosophy in Applied Mathematics GPA 4.00 King
Mongkut’s Institute of Technology Ladkrabang (KMITL)

RA-TA graduate scholarship from the School of Science, King
Mongkut's Institute of Technology Ladkrabang (KMITL). Grant
number RA/TA-2562-D-035.

1. Chamnan, A. and Pongsumpun, P. 2020. “Analyze of SEIR
Dengue Infectious Transmission Model with Vaccination.” 1-5. In
2020 7th International Conference on Bioinformatics Research
and Applications (ICBRA 2020). September 13-15, 2020, Berlin,
Germany. ACM, New York, NY, USA.
https://doi.org/10.1145/3440067.3440068

2. Chamnan, A. Pongsumpun, P. Tang, |.-M. and Wongvanich, N.

2021. “Optimal Control of Dengue Transmission with Vaccination.”
Mathematics. 9:1833. https://doi.org/10.3390/math9151833

3. Chamnan, A. Pongsumpun, P. Tang, |.-M. and Wongvanich, N.
2021. “Local and Global Stability Analysis of Dengue Disease with
Vaccination and Optimal Control.” Symmetry. 13: 1917.
https://doi.org/10.3390/sym13101917



https://doi.org/10.3390/math9151833
https://doi.org/10.3390/sym13101917



