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Abstract

In this research, we introduce a new iterative algorithm for solving a gener-

alized Sylvester-transpose matrix equation > 1_; 4 XB, + > 1, C,X"D, = E and its

special cases. The objective of the algorithm is to minimize an error at each iteration

by the idea of gradient-descent. The algorithm is widely suitable for any problems

as long as the associated matrix has full column-rank. The convergence analysis in-

cludes the convergence rate and error estimates which point out that our algorithm

converges fast for the small condition number of the associated matrix. Numerical

simulations illustrate the capability and effectiveness of the proposed algorithm com-

pared to well-known and recent methods. Furthermore, we apply our algorithm to

the discretizations of the heat, and Poisson equations.
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Chapter 1
Introduction

In applied mathematics and control engineering, there have been attention in

the following linear matrix equations:

e AXB =C,

AX + X AT = B : the Lyapunov equation,

AX + XB = C : the Sylvester equation,

AXB+ CXD = E : the generalized Sylvester equation,

AXB+ CXTD = E : the generalized Sylvester-transpose equation,
e X + AXB = C : the Kalman-Yakubovich equation,
e X + AXTB = C : the T-Stein equation.

All of the above equations are special cases of the generalized Sylvester-transpose

matrix equation:

vy q
S AXBi+> C.X"D, = E.

t=1 s=1
These equations play important roles in control and system theory, robust simulation,
neural network, and statistics; see, e.c. [1, 2, 3, 4].

A traditional method of finding their exact solutions is to use the Kronecker
product of a matrix and the vectorization to reduce the matrix equation to a linear
system. However, the dimension of the linear system can be very large due to the
Kronecker multiplication, so that the step of finding the inversion of the associated
matrix will result in excessive computer storage memory. For that reason, iterative
approaches have received much attention and are very famous in matrix analysis and
numerical linear algebra. Sometimes, solving the equations by using direct methods
can be waste of our time. Although, the direct method is a way of finding the exact
solution, it is suitable only for small systems because solving large systems will end
up with excess time-consuming. Another weakness is that in real applications, the
coefficient matrix could be sparse, meaning that most of its elements are zero. In this
case, to keep track of the whole matrix is wasteful.

lterative methods are numerical methods. They create a sequence of approxi-
mated solution which converges to the exact solution. To develop the iterative meth-
ods, we utilize the knowledge from linear algebra together with matrix analysis such

as norms of vector and matrix, convergence of sequence of vectors and matrices, etc.



The iterative methods have few steps of computation but the result gets closer and
closer to the exact solution. The iterative methods are suit for large systems. The
iteration can be stopped at any time whenever desired accuracy is obtained. All of
these processes take significant shorter computation time than the direct methods
would require. There are several ideas to formulate an iterative procedure, namely,
one can use matrix sign function [5], block recursion [6, 7], Krylov subspace [8, 9], Her-
mitian and skew-Hermitian splitting [10, 11]. In addition, the conjugate gradient (CG)
is an interesting idea to formulate finite-step iterative procedures to obtain the exact
solution at the final step. There are variants of CG method for solving linear matrix
equations, namely, the generalized conjugate direction method (GCD) [12], the con-
jugated gradient least-squares method (CGLs) [13], generalized product-type methods
based on a bi-conjugate gradient (GPBICG) [14]. For more related research works; see,
e.g, [15, 16, 17, 18].

In the recent decade, the ideas of gradients, hierarchical identification and mini-
mization of associated norm-error functions have encouraged and brought about many
researches. In this way, we decompose an equation into some subsystems, and then
the unknown parameters of each subsystem are identified successively. Here, we
regard the unknown matrix X as the parameters (parameter matrix) of a system to
be identified, and propose ways of decomposing the system equations, leading to
gradient based iterative methods for solutions of the matrix equations involved. For

example, we recall the Sylvester matrix equation
AX+XB = C, (1.1)

where A € M,,, B € M, and C € M,,,, are given constant matrices, X € M,, , is the
unknown matrix to be solved. According to the hierarchical identification principle, the

equation (1.1) is decomposed into two subsystems as follows. Define two matrices
by =C—XB and by :=C—AX.
Then, we obtain two fictitious subsystems
AX =b, and XB =b,.

Based on least squares optimization, we form two criterion functions and the param-

eters of each subsystems are identified, respectively.
Ji(X):=[AX —bi|[7:  and  Jo(X):= | XB b %

where || - ||r is the Frobenius norm. Minimizing J;(X) and J,(X) leads to the following

recursive equations, for which we called the gradient based iterative method:

X141 = X1+ pAT (b1 — AXq )

Xopy1 = Xog, + p(by — X2, B)BT.



Here, u is called the iterative step-size or convergence factor. For the criterion of the
convergence factor and more details about the gradient based iterative method see,
e.g. [19, 20, 21]. The gradient based iterative method has been developed and played

a role in many pieces of research in a few decades, for instances,
e the least-squares based iterative method [20, 21, 22],
o the relaxed gradient based iterative method [23],
¢ the modified gradient based iterative method [24],
e the Jacobi-gradient based iterative method [25],
e the accelerated gradient based iterative method [26].

See more related methods in [27, 28, 29, 30, 31, 32, 33, 34]. The developed iterative
methods can be applied to state-space models [35], controlled autoregressive systems
[36], and parameter estimation in signal processing [37]. Every method has something
in common, that is the criterion to choose the convergence factor. It comes in the
form of an interval. It is proved that if we choose the convergence factor in that
interval, then the algorithm will converge to the exact solution or the least-squares
solution. Unfortunately, choosing the g¢ood convergence factor becomes one of the
problems because some values of the convergence factor effects the performance of
algorithm to converge slowly. Recently, there have been some researches that work
on finding the optimal convergence factor. Consequently, the algorithm will result
in the fastest performance of convergence compared with all of the convergence
factors in the siven interval, see e.g., [33, 34]. In this work, we generate the optimal
convergence factor for each iteration. The result will cause the algorithm to take
slightly more computation time but the performance of convergence is far faster than
those of other algorithms.

Furthermore, the activity in this field involves exploiting the underlying math-
ematical or physical problem that sives rise to the linear system in order to design
better iterative methods. The underlying problems are often finite difference or finite
element models of physical systems, usually involving a differential equation. There
are many kinds of physical systems, differential equations, and finite difference and
finite element models, and so many methods. We cannot hope to cover all or even
most interesting situations, so we will limit ourselves to a model problem, the stan-
dard finite difference approximation to heat and Poisson equations on a rectangular
domain [38]. The heat equation is of fundamental importance in diverse scientific
fields. In mathematics, it is the prototypical parabolic partial differential equation. In
statistics, the heat equation is connected with the study of Brownian motion via the
Fokker-Planck equation. The diffusion equation, a more general version of the heat

equation, arises in connection with the study of chemical diffusion and other related



processes [39]. Moreover, Engineering, fluid mechanics, atmospheric science, climate
physics, weather forecasting, option pricing, geophysics, solar physics, all use the heat
equation to solve their problems. Poisson equation and its close relation, Laplace
equation, arise in many applications, including electromagnetics, fluid mechanics, heat
flow, diffusion, and quantum mechanics, see, e.¢. [40, 41].

The organization of this thesis is as follows. In Chapter 2, famous and recent
iterative methods for solving the linear matrix equations are presented. In addition, the
auxiliary tools to solve the linear matrix equations and to make a convergence analysis
of an iterative method are supplied. In Chapter 3, a new iterative algorithm based on
the techniques of gradient-descent is proposed. The direct method to find the exact
or least-squares solution of the generalized Sylvester-transpose matrix equation is
shown in details. Also, we make the convergence analysis of the proposed algorithm.
In Chapter 4, we present numerical simulations to illustrate the effectiveness and
capability of the proposed algorithm. In Chapter 5, the proposed algorithm is applied
to the discretization of the certain differential equations, i.e., the one-dimensional heat
equation and the two-dimensional Poisson’s equation. Finally, we make a conclusion

and suggestion for further study in Chapter 6.



Chapter 2

Preliminaries on iterative methods for solving linear

matrix equations

In this chapter, we present famous and recent iterative methods for solving
the linear matrix equations. All of the mentioned iterative methods will be used to
compare with our proposed algorithm afterwards. In addition, we supply auxiliary tools
to solve linear matrix equations and to make a convergence analysis of an iterative
method for solving such equations. Throughout this thesis, all matrices considered
here are real. Let us denote the set of m xn matrices by M,,,,. When m = n we write
M, instead of M,, ,,. The (i, j)-th entry of a matrix A is denoted by A(i,j) or a;;.

2.1 Ilterative methods for the matrix equation AXB =C

Consider the matrix equation
AXB =C (2.1)
where A € M, is full column-rank, B € M,,, is full row-rank, C € M, , is a known
constant matrix, and X € M,, ,, is an unknown matrix.
2.1.1 Gradient based iterative (GI) method

In 2008, Ding, Liu, and Ding [20] proposed the following iterative method for Eq.
(2.1).

Proposition 2.1. [20] If Eg. (2.1) has a unique solution X*, then the gradient based
iterative (GI) method,

Xy = Xy +pAT(C - AX,B)BY,
2 o 2
A (AAT ) \nax (BTB) S TTAP[BI?

0<p <

yields X — X*.

2.1.2 Least-squares based iterative (LS) method

In 2008, Ding, Liu, and Ding [20] proposed the following iterative method for Eq.
(2.1).

Proposition 2.2. [20] If Eq. (2.1) has a unique solution X*, then the least squares (LS)
iterative method,

Xps1 = X +p(ATA) AT (C - AX,.B)BT(BBT)™!, O0<p<?

yields X — X*.



2.2 Iterative methods for the Sylvester matrix equation

Consider the Sylvester matrix equation
AX+XB =C (2.2)

where 4 € M, is full column-rank, B € M,,, is full row-rank, C' € M, is a known

constant matrix, and X € M, is an unknown matrix.

2.2.1 Gradient based iterative (GI) method
In 2005, Ding and Chen [19] proposed the following method for solving (2.2).
Method 2.3. [19] The GI method

Step 1 Input matrices 4, B,C € M,, give any small positive number e. Choose
the initial matrices X3 0 and X5 . Compute Xy = (X1,0 + Xa,0)/2. Set k= 1.

Step 2 If 6, := ||[AXr + Xk B — C||/||C]| < ¢, stop; otherwise, go to Step 3.

Step 3 Update the sequences

X1 g1 = X A TAT(C —AXy, — XiB),

Xopsa = Xy +7(C = AX) = X B)B”,

X1 k41 4+ Xo 1
B ‘e o

Step 4 Set k:=k + 1, return to Step 2.

If we choose the convergence factor 7 in (0

X1 =

the iterative

i Amax(AAT)"!Z‘)\max(BTB))’
solutions X will converge to the exact solution of Eq. (2.2).

2.2.2 Relaxed gradient based iterative (RGI) method

In 2011, Niu, Wang, and Lu [23] proposed a relaxed gradient based iterative
method for solving Eq. (2.2). The RGI method has been showed to be convergent when

)) W'th 0<w< 1, )\1 = )\max(AAT), )\2 = AmaX(BTB),

. . 5
7 is chosen in (0, EEmcTET v

)\3 = O'max(BAT).

Method 2.4. [23] The RGI method
Step 1 Input matrices A, B,C € M,,, given any small positive numbere ¢ and ap-
propriative positive number w < 1. Choose the initial matrices X o and X, . Compute
Xo=wXi10+ (1 —w)Xasp. Set k:=1.
Step 2 If &, := ||AX) + X B — C||/||C]| < ¢, stop; otherwise, go to Step 3.
Step 3 Update the sequences
Xipr1 = Xp+ (1 —w)rAT(C — AX), — X B),
Xops1 = Xp +wr(C — AXy + X;.B)B7,

Xit1 = wXipp1 + (1 —w)Xo gt1-

Step 4 Set k :=k + 1, return to Step 2.



2.2.3 Modified gradient based iterative (MGI) method

In 2012, Wang, Dai, and Liao [24] presented a modified gradient based iterative
(MGI) method for solving Eq. (2.2). It is a half-step-update modification of the Gl
method.

Method 2.5. [24] The MGI method

Step 1 Input matrices 4, B, C € M,, given any small positive number e. Choose
the initial matrices X; 0 and X5 . Compute Xy = (X1,0 + X2,0)/2. Set k= 1.

Step 2 If 6, := ||[AX, + Xx B — C||/||C]| < ¢, stop; otherwise, go to Step 3.

Step 3 Update the sequence

Xypi1 = Xp+TAN(C — AXy — X1.B).

Step 4 Compute

Xi g1 +Xog

Xpt1 = 5

Step 5 Update the sequence
Xops1 = Xpy1 +7(C — AXp 1 — X1 B)BT.

Step 6 Compute

X1+ Xo g1

M e 5

Step 7 Set k:=k + 1, return to Step 2.

Here, 7 is chosen in 0 <7 < MiN{—ry» 3575 )

2.2.4  Jacobi-gradient based iterative (JGI) method

In 2017, Tian et al. [25] presented three algorithms for solving the Sylvester
matrix equation (2.2). The first method is developed from the Gl method and called
the Jacobi-gradient based iterative (JGI) method. Furthermore, they introduced re-
laxation factors for accelerate the speed of convergence and called the accelerated
Jacobi-gradient based iterative (AJGI) method.

Method 2.6. [25] The JGI method

Step 1: Given any two initial approximate solution block vectors X, X,
and then Xy = (X1,0 + X2,0) /2.

Step 2: For k=1,2,..., until converges, do:

Step 3: Xy 441 = Xp+uD; (C— AXy — XiB).

Step 4: X541 = Xi+ pu(C — AXy — XiB) Ds.

Step 5: Xpp1 = (Xipg1 + Xopg1) /2.

Step 6: End.



Here, D; and D, are the diagonal parts of 4 and B respectively.

Method 2.7. [25] The AJGI1 method
Step 1: Given two initial approximate solution block vectors X; o and X» .
Step 2: For k=1,2,..., until converges, do:
Step 3: X;, = (X1, + Xog) /2.
Step 4: X141 = X+ (1 —wi)uDy (C — AX), — Xi,B).
Step 5: X;, = (1 — w2) Xy 4+ woX1 k41
Step 6: Xopi1 = Xi+wip (c _AX — XkB) Ds.
Step 7: End.

Based on the technique of half-step-update, the authors also provided the
second version of the AJGI method as follows:

Method 2.8. [25] The AJGI2 method
Step 1: Given two initial approximate solution block vectors X; o and X 0.
Step 2: For k= 1,2,..., until converges, do:
Step 3: X =wi X1k + (1 —wi)Xok.
Step 4: X541 = X+ (1 —w)pAT(C — AXy — X1.B).
Step 5: X = (1 —ws)Xp + w2 X7 ppi.
Step 6: Xy 1 = Xp 4 wiu(C = AX), — X,B)BT.
Step 7: End.

The convergence criteria to select the convergence factor, u, for the JGI and

the AJGI methods are given as follows:

Proposition 2.9. If Eq. (2.2) is consistent and has a unique solution X*, then the
iterative sequence X, generated by the JGI method converge to X*, i.e., limy_ o Xi =

X; or the error X;, — X converge to zero for any initial value X, when p satisfies
[T — D1 Allg + ||[I — pBDslla + umios + pmeor < 2,
where T = HD1||2, T = ||D2H2, o1 = ||AH2, and o9 = HB”Q

Proposition 2.10. If Eqg. (2.2) is consistent and has a unique solution X*, then the
iterative sequence X, generated by the AJGI method converge to X*, i.e., limy_ o X5 =

X; or the error X, — X converge to zero for any initial value X, when p satisfies
I — (1 —wi)uDiAll2 + (1 —wi)prio2 + T||I — wipuBDs||2 + wiprma01 < 2,

where 7 = ||I — pwa(1 — w1) D1 Al|2 + pw2(1 — wi)m09 and 0 < wy < 1, we > 0.

2.2.5 Least-squares iterative (LSIA) method for Lyapunov matrix equation

Recently, Sun, Wang, and Liu [22] proposed two modified least-squares iterative
methods called LSIA1 and LSIA2 for the Lyapunov matrix equation:

AX + XAT = B.



Method 2.11. [22] The LSIA1 method
X1 = X+ u(ATA)TTAT (B — AX;, — X, AT,
Xopy1 = Xi + 1 (B — AX), — X AT) A(ATA)
Xir1 = (X g1 + Xog1)/2,  O<p<4.
Method 2.12. [22] The LSIA2 method
Xpp1 = X — p(Xp — (ATA)1AT(B - X, AT)).

Here the convergence factor u satisfies

2+ 2Amin(A® A1)
1+ Ahax(A® A7Y) + 2Amin(A® A1)

0O<p<

2.3  Iterative methods for the generalized Sylvester matrix equation

In this section, we present the iterative method for solving a more general linear
matrix equation

P
Z A X By =0, (2.3)

t=1

where A, € M,,(R), B; € M,(R), and C € M, ,(R) are given constant matrices, and

X € M, »(R) is the unknown matrix to be solved.

2.3.1 Gradient based iterative (GI) method

In 2005, Ding and Chen [19] proposed the following gradient based iterative (Gl)
method for solving Eq. (2.3).

Proposition 2.13. [19] If the matrix equation in (2.3) has a unique solution X*, then

the iterative solution X given by the Gl method:

t=1

p
X pi1 =X AT (c =3 AthBt> BT
Xit1 = (X1 o1 + Xopp1+ o+ Xp 1) /D
where
L ,

P P

1
= =3 M AAD A (B By) of — = 3 A3 [1Bu%
L — -

converges to the exact solution X*.

2.3.2 Least-squares based iterative (LSI) method

In 2008, Ding, Liu, and Ding [20] proposed the following Least-squares based
iterative (LSI) method for solving Eq. (2.3).

Method 2.14. [20] The LSI method

p P
X1 = Xp + MZ(AiTAi)‘lAiT (c — ZAthBt> BIB;BIY™',  0<pu<2p.

i=1 t=1
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2.3.3 Gradient iterative method with optimal convergence factor (GIO)

In 2020, Boonruangkan and Chansangiam [33] proposed the following gradient
iterative method with optimal convergence factor (GIO) for solving Eq. (2.3).

Method 2.15. [33] The GIO method

p
E,=C— ZAijBj,
j=1
1 P
Xpq1 = 5 Z(Xk +7ATE,BY).

i=1
The optimal value of 7 > 0 for which Method 2.15 has the fastest asymptotic conver-

gence rate is determined by

2
To =< )
* /\max(PTP) + /\min(PTP)

where P =" (BT @ A;).

2.3.4  Gradient based iterative (Gl (6,,:)) method

In 2021, AK., Chansangiam, and Lewkeeratiyutkul [34] proposed the gradient
based iterative method with the optimal convergence factor for solving Eq. (2.3) in

case that p =2.
Method 2.16. [34] GI 6, method
Fp=C - A1 X;By — Ay X}, By,
Xpi1 = Xp + 0(A] Fy,Bf + AT FBY).

Let P = BT ® A1 + BT ® As. The optimal convergence factor is defined by

2
Amm(PTP) + Amax(PTP)'

eopt =

2.4 Iterative methods for the generalized Sylvester-transpose matrix

equation

In this section, we consider the generalized Sylvester-transpose matrix equation

p q
> AXBi+> CX'D, = E, (2.4)

t=1 s=1
where for each t = 1,...,p, Ay € My, By € M,,,, for each s = 1,...,q, Cs € M,
Ds; € My, , E € M, are known matrices and X € M,, ,, is the matrix to be determined.
2.4.1 Gradient based iterative (GlI) method

In 2009, Xie, Ding and Ding [21] proposed the GI method for solving Eq. (2.4).
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Method 2.17. [21] The Gl method
1 p q
Xy = —— X, X
k+1 Py J; j,k+; p+ik | »

P q
Xjha1 = X+ pAT (E - Z A; X B; — Z C’iXkTDi> BT,
=1 =1

T
p q
Xp+l’k+1 = X + uD; (E — ZAszBz — Z CZX]?DZ> .
=1 =1

A conservative choice of the convergence factor u is

P q
0<p<?2 (Z Amax (A3 AT ) Amax (B} Bj) + ) Amax(qcf)xmax(pfpl)) .

j=1 =1

2.4.2 Least-squares based iterative (LSI) method
In 2009, Xie, Ding and Ding [21] proposed the LSI method for solving Eq. (2.4).

Method 2.18. [21] The LSI method

p g
Rpsh = E ) AXBi - ) CiX;Di,

H=1 =1
Xjer = Xi + (A Aj) AT Ri.1 BT (B;B] )7,

Xptihe1 = Xi + w(DiDE) ' DiRp 1 CL(CEC) Y,

1 P q
Xk+1 = T ZXj,kJrl + ZXP+17]€+1 . 0< < 2(p+ Q).
ey I\ % 1=1

2.4.3 The accelerated gradient based iterative (AGBI) method

In 2016, Xie and Ma [26] constructed an accelerated gradient based iterative
(AGBI) method for solving the generalized Sylvester-transpose matrix equation (2.4)
where p,¢ = 1. The method is based on the ideas of the GI (Method 2.3), the RGl
(Method 2.4) and the MGI (Method 2.5).

Method 2.19. [26] The AGBI method

Step 1: Input matrices A4, B,C, D, E € M,(R), given any small positive number
e and appropriate positive number w < 1. Choose the initial matrices X; o and Xa.
Compute Xy = (1 —w) Xy, +wXsp. Set k:=1.

Step 2: If 6, := |AX), B+ CX]'D — E||r < ¢, stop; otherwise, go to Step 3.

Step 3: Update the sequence

X1 = X +wrAT(E - AXyB - CX['D)B”.
Step 4: Compute

X = (1 — w)Xl’kJ’,l —‘y_UJXQ’k.
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Step 5: Update the sequence
Xopy1 = X+ (1 —w)TD(E - AX,B - CXI'D)TC.
Step 6: Compute
Xit1 = (1 —w) Xy g1 +wXa pt1-
Step 7: Set k :=k + 1, return to Step 2.

Proposition 2.20. [26] Assume that AXB + CXD = E is consistent and has a unique

solution X*, if the parameter 7 is chosen in

. 2 2
0<7<min ; )
{wHAH%IIBII% (1 —w)CIHIDI% }
then the iterative sequences {X,} generated by Method 2.19 converge to X*, i.e,

liMg 0o X = X* or the matrix X — X* converges to zero for any initial value X,.

2.5 Auxiliary tools for analysis

Definition 2.21. Let A € M,, . A is said to be full-row rank if the rank of A is equal
to the number of rows of A4, i.e., rank(A) = m. And A is said to be full-column rank if

the rank of A is equal to the number of columns of 4, i.e., rank(A) =n.
Lemma 2.22. Let A € M,,, .. Then the followings are equivalent:

1) A is of full-row rank,

2) AAT is invertible.
Lemma 2.23. Let A € M,,, ,. Then the followings are equivalent:

1) A'is of full-column rank.

2) AT Ais invertible.

Definition 2.24. Let A € M,,. The trace of A is denoted by tr(A) and defined by

tr(A) = i Qi+
=1

Lemma 2.25. [42] Let A, B be compatible constant matrices, X be a variable matrix

and ¢ € R. The properties and derivatives of trace of matrix are given as follows:
1) tr(A+ B) = tr(A) +tr(B),
2) tr(cA) = ctr(A),
3) tr(AT) = tr(A),

4) tr(AB) = tr(BA),
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5) L tr(AX) = L tr(XTAT) = AT,
6) A tr(XAXTB) = BXA+ BTXAT.

Definition 2.26. Let A = [a;5] € M,,,, and B = [b;;] € M, ,. The Kronecker product of
A and B is denoted by 4 ® B and defined to be the block matrix

auB alnB
A®B = : : € Myp ng-

amiB ... amnB

One of many uses of the Kronecker product is to solve or determine properties
of solutions to linear matrix equations. These matrix equations can be converted into
an equivalent system of equations where the coefficient matrix involves the Kronecker
product. In this transition, matrices are also converted into vectors. The function that

implements this conversion is the subject of the next definition.

Definition 2.27. For each matrix A = [a;;] € My, », the associated vector operator is
defined by

Vec(A); = lair & ami @1z \ -4 Gmg vk > @il ™ amn]T

The vector operator creates a column vector from a matrix A by stacking column

vectors of A below one another for example:

&2 8
4 5 6

Example 2.28. Let A =

] . Then

Vec(A4) =

S WOt N =

It is clear that the mapping Vec: M,, ,, — R™" is a linear transformation and an
isomorphism. The next lemma shows the properties of the Kronecker product and

the vector operator.

Lemma 2.29. For compatible matrices A, B, and C, we have the following properties

of the Kronecker product and the vector operator.
1) (Ae B)T = AT ® BT,

2) Vec(ABC) = (CT @ A)Vec(B).
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Consider the generalized Sylvester-transpose matrix equation, the equation
contains the transpose of the unknown matrix i.e., X7. So, we need some tools to
transform Vec(XT) into Vec(X). For that reason, we are introducing the permutation
matrix. A permutation matrix P € M,, is so named because the matrix is created by
permuting the rows of an n x n identity matrix according to some permutation of the
numbers 1,...,n. Thus, each column and row contains exactly one 1 and zeros else-
where. Using the usual matrix multiplication, the product of a square matrix A of the
same dimensions as the permutation matrix, PA, creates a matrix B = PA such that B
is a permutation of rows of A matching the same rearrangement as the permutation

matrix.

Lemma 2.30. Let P € M,, be a matrix with exactly one 1 in each row and column and

zeros elsewhere. Then, P is a permutation matrix.

Lemma 2.31. Let m,n be given positive integers. There exists a unique matrix P(m,n) €
M, such that for all X € M, ,

Vec(XT) = P(m,n)Vec(X).

The matrix P(m,n) depends only on the dimensions m and n and is given by

where each E;; € M,,, contains 1 in the i, entry and every other entry is zero.

Moreover, P(m,n) is a permutation matrix and
P(m,n) = P(n,m)".

Next, we will introduce the tools we use to perform convergence analysis

namely, the condition number, the Frobenius norm and the Spectral norm.

Definition 2.32. The condition number of an m x n matrix A is the ratio between its

largest and smallest singular values:

) = (TN

Definition 2.33. The Frobenius norm is a norm of an m x n matrix A defined as the

square root of the matrix trace of AA™:

[Allr = 4/tr(AAT).

Definition 2.34. The Spectral norm is a norm of an m x n matrix 4 defined as the

square root of the largest singular value of A:

142 = \/Amax(AT4).
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Lemma 2.35. [42] For any compatible matrices A and B, we have
1) AT All2 = [|AlI3,
2) A" ]l2 = [|All2,
3) |AB|r < || All2]lB] .
Definition 2.36. Let A € M,, be symmetric. Then A4 is called
¢ Positive definite if 27 Ax > 0 for all z € R™ — {0},
e Positive semidefinite if 27 Az > 0 for all z € R™.

To show that our proposed algorithm converges, the analysis will hold for
strongly convex functions. So, we will first recall its definition and then provide some

important properties.

Definition 2.37. A twice-differentiable convex funtion f: R™ — R is said to be strongly

convex if there exist constant 0 < m < M such that for all 2 € R™,
ml < V2f(z) < ML

Indeed, m (M, resp.) is a lower (upper, resp.) bound on the smallest (largest, resp.)
eigenvalue of V2f(z) for all = € R™.

Lemma 2.38. [43] If f is strongly convex on R™, then for x,y € R" we have

F@) > f @)+ V@ (y = ) v ly el (2.5)

£) < S@ VI (5-2) b7 =zl (2.6)



Chapter 3

Gradient-descent iterative algorithm for solving the

generalized Sylvester-transpose matrix equation

In this chapter, we apply the idea of gradient-descent to derive an iterative
method for solving the generalized Sylvester-transpose matrix equation. We have
divided this chapter into three sections: first, we describe about the direct method
that is used to find the exact or least-squares solution of the matrix equation. Second,
according to the techniques of gradient-descent, we find the search direction vector
and the optimal convergence factor. Then we sum up things altogether to obtain
the iterative algorithm. Finally, we make convergence analysis to guarantee that our

algorithm converge to a unique solution for any given initial matrix.

3.1 Exact and least-squares solutions of the generalized

Sylvester-transpose matrix equation by the Kronecker linearization

In this section, we explain how to solve the generalized Sylvester-transpose
matrix equation directly using the Kronecker linearization. Recall the generalized

Sylvester-transpose matrix equation

P q
ZAtXBt St ZCSXTDS = E, (3.1)

t=1 s=1
where for each t = 1,...,p, Ay € Myn, B, € M, .., for each s = 1,...,q, Cs € M,
Dy € My,,, E € M;, are known matrices whereas X € M,,, is the matrix to be
determined. We can transform Eq. (3.1) to an equivalent linear system by applying

the vector operator and utilizing Lemmas 2.29 and 2.31. It follows from Eq. (3.1) that

P q
Vec (Z AXB+ ) C’SXTDS)

t=1 s=1

Vec(FE)

p
ZVec (A X By) +Z\/ec X" D,) = Vec(E)

s=1

i(B,;T ® Ay) Vec(X) + i(DST ® C5)Vec(XT) = Vec(E)

Zp: Bl' @ Ay)Vec(X) + > (D! @ C,)P(m,n)Vec(X) = Vec(E)

t=1 s=1
zp:(B;f ® A) + zq:(Dg‘ ® C,)P(m, n)> Vec(X) = Vec(E).
t=1 s=1

Thus,

QVec(X) = Vec(E) (3.2)
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where

Q = > (Bf ® A)+ ) (DF ® Co)P(m,n) € My - (3.3)

p q
=1 s=1

t

Hence, Eq. (3.1) has a (unique) solution if and only if Eq. (3.2) does. To make the
algorithm widely useful, we impose an assumption that @ is of full column-rank, or
equivalently, QTQ is invertible, or equivalently, ker @ = {0}.

If Eq. (3.1) has no solution, then we can seek for a least-squares solution
according to the following definition

Definition 3.1. [44] A least-squares solution to a linear system of equations
Az = b
is a vector z* € R" that minimizes the squared Euclidean norm || Az — b2
Note that the Euclidean norm is sometimes called the Frobenius norm.

Theorem 3.2. [44] Assume that ker A = {0}. Then the least-squares solution to the
linear system Az = b under the Euclidean norm is the unique solution z* to the normal

equations
(AT A)x = ATb, namely — z* = (AT A)71ATs.
The least-squares error is
lAz* = b2 = ||b||® — bT A(ATA) 1A b,

If Eg. (3.1) has a solution, then it is automatically the least-squares solution.

Thus, we obtain the exact (vector) solution to be
Vec(X*) = (QTQ)'Q" Vec(E). (3.4)
Otherwise, we will find a matrix X* that minimizes the squared Frobenius norm
IQVec(x) = Vec(®)[3

The assumption on @ implies that the least-squares solution for Eqg. (3.1) is uniquely
determined by the solution of the associated normal equation, and it is also given by

Eq. (3.4). In this case, the least-squares error is given by

IQVec(X*) - Vec(E)|} = || Vec(E)|} - Vec” (E)Q Vec(X*)

= | B3 — Vec" (B)Q(QTQ)'QT Vec(E). (3.5)

We denote both the exact and the least-squares solutions of Eq. (3.1) by X*.
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3.2 Proposing the gradient-descent iterative algorithm for the

generalized Sylvester-transpose matrix equation

In this section, we intent to propose the gradient-descent iterative algorithm
for creating a sequence of approximated solutions {X;} of Eq. (3.1). The sequence
converges to the exact solution X* and the proof will be shown in the next section.
The proposed algorithm is applicable to any problems as long as the matrix @ is of
full column-rank, no matter Eq. (3.1) has a solution or not.

Let us consider the Frobenius-norm error

p q
1Y AXB,+Y CX"D,— E|p.
t=1 s=1

By using Lemmas 2.29 and 2.31, the above norm can be transformed into
1Qz — Vec(E)l|F,
where z = Vec(X). We define the quadratic norm-error function f: R™ — R by
Y7~ %HQQ: —Vec(E)|%. (3.6)

Since we assume that @ is of full-column rank, the system (3.2) has a unique (exact
or least-squares) solution, i.e., an optimal vector z* of f exists. Hence, the gradient-

descent iterative method can be shown as the following recursive equation:
Thyr = Tk — Thr1 V. (T),

where —V f(z;) € R™" is the search direction vector and 41 € [0, 00) is the step size.

3.2.1 The search direction

We shall find the derivative of f by applying Lemma 2.25. For convenience, we
let € = Vec(E).

V(@) = S fa) = 5 (@ =) (@ )

2l
%% tr
— (QQr+Q"Qr -~ Q"e - Q7o)

= Q" Qr - Q"¢

=Q"(Qz —¢) (3.7)

(Qra’ QT — éx" Q" — Que + eeh)

Thus, our new iterative equation is in the form

Tpp1 = T + Te1QT (€ — Quy).
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We would like to write our iterative (vector) equation in the form of iterative (matrix)

equation. First we will show that é — Q) = Vec(Ry) where
b q
R, = E— Z A X, By — Z C. XTI D,.
t=1 s=1

By Lemma 2.29, we have

q
¢ — Quy, = Vec(E (B ® Ay)Vec(Xy) + Y (DI @ C,)P(m,n) Vec(Xk)>
s=1

t

=Vec(F (
;

=Vec(E — ) AiX;By— ZCX,{D)

t=jli s=1

= Vec(Ry).

Il
_

M@

Il
-

s=1

Vec(A; X B;) +ZVec C.XI'D, ))

Second, we will show that Q7' (é — Qz) = Vec(W,) where

p q
=Y AT R B + ) (CTR.DY)T.

t=1L s=1

By Lemma 2.29, we have

QT (¢ — Qi) = QT Vec(Ry)
(BI @ A" Vec(Ry,) + zq: PT(m,n)(DL ® ;)T Vec(Ry,)
(B: ® AT)Vec(Ry,) + Y P(n,m)(Ds ® CT) Vec(Ry)

s=1

[
DY)

o~
Il
-

I
=

~~
Il
1N

P(n,m)Vec(CT R, DT)

M=

Vec(AT R, BI) +

I
M-
Il

S

(CTR, D)™

[
M=
N

Vec(AT R, BF) +

~
Il

1
p

=Vec(d AfR.B +

t=1

= Vec(Wy).

—=

(CT Ry DY)

»
Il Q%
- Il

Then, our (vector form) iterative equation is transformed into a matrix form via Lemma

2.29 and the linearity of the vector operator as follows:

Vec(Xgy1) = Vec(Xy) + mey1 Vec(Wy)

= Vec(Xk + Tk_,_ka).

Since the vector operator is injective, we have our iterative equation in a matrix form

as follows

X1 = X+ 11 W
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3.2.2 The step size
To choose a step size, we minimize an error which occurs at the step k+1. We
define ¢x.1 : [0,00) — R by for each k € NU {0},
Br1(r) = fonn) = 51Qress — Vec(B)
= 2 17QQ! (@~ Qui) + Qi — el
For convenience, we let b = QQ'(¢ — Q) and é = —(Qxy — &). Then
Sunn(r) = 37—l

We differentiate ¢, by using Lemma 2.25 and obtain

%¢k+1(7) = %d%tr ((TB —&)(tb— é)T)

- %d%tr (7brb” — rbe” — erb” + ")
- % (diiT?tr(EéT) ~ dilTTtr(BaT) - dilTTtr(ez}T) + d%tr(gﬁ))
& % (QTtr(EJST) 2 ztr(BeT))
— rtr(bb?) — tr(b").
Hence,
Lok (7) = 71QQ7 (@ - Quil3 ~ Q7 (@ ~ Qa3

It is obvious that the second-order derivative of ¢, is

2
4 ben(r) = 10Q7 (€~ Qry)lE > 0
2

So when L, 4(r) =0, we get the minimizer of ¢, as follows

o 197 = Qa7
QAT (E - Qu) |3

To avoid duplicate manipulations, the denominator of 7,41 is described more precisely

via Lemma 2.29 as follows.

QQ" (¢ - Quy) = QVec(Wy)
(B ® Ay)Vec(Wi) + > (DI @ Cy)P(m,n) Vec(Wy)
1 s=1

|
M=

~
I

q
Vec(A,Wy,By) + Z Vec(C,W[I'D,)
s=1

I
M=

&
Il
A

p q
Vec(d " AWiB, + Y CWI'Dy).

t=1 s=1

Hence, we have another form of the optimal convergence factor as follows.

e Wil |
[ AWiB.+ 1 CWI DT
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3.2.3 The algorithm

An implementation of the gradient-descent iterative algorithm for solving Eq.
(3.1) is given by the following algorithm where the search direction and the step size are
taken into account. To terminate the algorithm, one can alternatively set the stopping
rule to be ||Ri||r — 6 < e where € > 0 is a small number and § is the least-squares error
described in Eq. (3.5).

Algorithm 1: The gradient-descent iterative algorithm for Eq. (3.1)

Ay, By, Cs, Dy, B, X
fork=0,...,ndo
Ry =E—-Y"_ AXyB, - Y% C,XID;;
Wi =30 Al BBl + 320_, (CT Ry D)™,
Tt = (Wil B/ 2272y AW Be + 32511 CsWiEDsll%s
X1 = Xp + T W
end

3.2.4 lterative algorithms for special cases of the generalized

Sylvester-transpose matrix equation

In this section, we describe how to use Algorithm 1 to solve the interesting

special cases of the generalized Sylvester-transpose equation.

e The matrix equation AXB = E

We recall the following matrix equation
AXB ='E (3.8)

where A € My, B € My, E € M, and X € M, ,,. For this equation, the optimal
step size 7 is described by

Wi (
R 3.9)
T AW Bl
where Wy, = ATR, BT and R, = F — AX.B.
e The Lyapunov equation
We recall the Lyapunov equation
AX+XxAT = F (3.10)

where A, F and X are square matrices of equal dimension. For this equation,
the optimal step size 7 is described by

o w
T AW + W AT

(3.11)

where W, = ATR; + R,A and R, = E — AX;, — X, AT,
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e The Sylvester equation

3.3

We recall the Sylvester equation
AX+XB = E (3.12)

where A, B, E, and X are square matrices of equal dimension. For this equation,

the optimal step size 7 is described by

i = VAl (3.13)
[AWy, + Wi B3
where W;, = ATR;, + R, BT and R;, = E — AX;, — X, B.
The Kulman-Yakubovich equation
We recall the Kulman-Yakubovich equation
X -/AXB = E (3.14)

where A € M,,,, B€ M,,, E € M,, ., and X € M,, . For this equation, the optimal

step size 7 is described by

) A [Well%
W — AW B|%

where W), = Ry, — ATRkBT and R, = E — X, + AX..B.

The T-Stein equation
We recall the 7-Stein equation

X+AXT™B = E (3.15)

where A, B, E, and X are square matrices of equal dimension. For this equation,

the optimal step size 7 is described by

Wil
Wy + AWTB|%

Tk+1 =

where Wy, = Ry, + (AT R, BT)T and R, = E — X, — AX] B.

Convergence analysis

In this section, we will prove that Algorithm 1 does converge to the exact

solution. In addition, we give convergence rates and error estimates of the algorithm.

First of all, we define an extension of the Frobenius norm. This following norm will

be used in the convergence analysis.

Definition 3.3. Given a full-column-rank matrix P € M, ,, we define the P-weighted

Frobenius norm of A € M,,., by

|Allp := ||PA||p = \/tr(ATPTPA). (3.16)
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Theorem 3.4. Consider Eq. (3.1). Assume that @ is of full column-rank.

() Suppose Eqg. (3.1) has a solution (and thus, the solution is unique). Then for
any initial matrix X,, the sequence X; of approximated solutions generated by

Algorithm 1 converges to the exact solution X*.

(i) Suppose Eq. (3.1) has no solution (and thus, it has the unique least-squares
solution X*). Then, || Xx|o — [ X*|lq for any initial matrix X,. Here, || - g is the
Q-weighted Frobenius norm defined by Eq. (3.16).

Proof. Since z* = Vec(X*) is the optimal solution of min,erm» f(z), we denote the
minimum value, inf,cgmn f(z) = f(x*) as 6. Note that § is equal to the least-squares
error determined by Eq. (3.5) and is zero if X* is the unique exact solution. If there
exists k € N such that Vf(z;) = 0, then X, = X* and the result holds. To investigate
the convergence of the algorithm, we assume that Vf(z;) # 0 for all k. Consider the
strong convexity of f, we have from Eq. (3.7) that V2f(z1) = QT Q. Let Amin (Amax) be
a minimum (maximum) eigenvalue of QT Q, respectively. Since QTQ is symmetric, we

have
Amind: <2 (@r) < M|
Thus, f is strongly convex. From (2.5), substituting y = @541 and = = 5, yields
£ > F o) = TV @l + 20 )

We minimize the RHS by taking 7 = 1/Amin, SO that

fy) = flaw) = 1V.f (2)[-

2)\m|

Since the above equation is true for all y € R™”, we have

5= f(xy) = IV f (2x) [ (3.17)

2>\m|
Similarly, from (2.6), we have

)\maxT

F@rrn) < flon) = 7|V f (@) |+ IV.f () |-
Minimizing the RHS by taking 7 = 1/Amax yields
f(@pgr) < flae) - IIVf(xk)IIF (3.18)

2)\

Subtracting each side of (3.18) by ¢ and combining V(@)% = 22min(f(xx) — ) (from
(3.17)), we get

f@rgr) =0 < flaw) — 0 — 7||Vf(xk)“F

>‘m|n
A (f(an) )

< (1= 2 (o) - )

/\max

< (f(zp) —6) —
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Putting a := 1 — Amin/Amax, We have

f@rg1) =0 < alf(zr) —9). (3.19)
By induction, we obtain

f(zp) =6 < o*(f(xo) —9). (3.20)

Since QTQ is assumed to be invertible, QTQ > 0, it follows that A\, > 0 and hence
0 <a< 1. Thus, f(zx) —d — 0, or equivalently, f(zx) — d as k — oo.

Consider the case of X* is the unique exact solution, i.e., § = 0. We have
f(xr) — 0, or equivalently Qzy —Vec(E) — 0 as k — oco. Now, the assumption that Q is

of full column-rank implies that
e — (QTQ)™'Q* Vec(E).

Therefore, X;, = Vec () — X* as k — oo.
The other case is X* is the unique least-squares solution, i.e., § > 0. We have

from f(x) — 6, then
Qi — el = e = 7 @t
L t(Qui T (Que — )]  4r(e7e) - & Qut
& Ltr(Quiaf Q) — tr(enf Q") ~ tr(Quee”) + tr(eeh)] = tr(E"e) — T Qu"
& %tr(kafoT) L trEetQz*) + %tr(ééT) — tr(eTe) - é'Qa*
o2 tr(QuerfQT) S £ trlee)
S NQurlE— 2

& lQuxlF — lQz™ %

& Nawllyy — Il 13-
Therefore, || Xkl — | X*|lg as k& — oo. []

We denote the condition number of @ by x = k(Q). Observe that a =1 — k2.
Making use of Lemma 2.29 (2), a relation between the quadratic norm-error f(x;,) and

the norm of residual error ||R|| is given by
1
flak) = §||RkH%“~ (3.21)
From the relation (3.21) and the inequality (3.19), we obtain
1 1
SIRKIE =6 < (1 Rial - )
1
I1RllE < 20(G ] Reallf = 0) + 20
= of|Rp_1||% — 206 + 26
= af|Re-1]% — 26(a - 1)

= af| Ry_1]|% + 26572,
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Similarly, from the inequality (3.20), we obtain

N

1 1
§||Rk||%‘_6 ak(§\|Ro|\%—5)

1
IRl < 2(0* (G Roll} = 6) +6)

N

= o"||Ry||% +26(1 — o).
Hence, the inequalities (3.19) and (3.20) become the following estimation respectively:
IRk} < ollRi—1]|F +20K2 (3.22)
IBRIIF < o[ Roll +25(1 — ). (3.23)

In case of Eq. (3.1) has a unique exact solution (§ = 0), then the error estimation (3.22)
and (3.23) reduce to (3.24) and (3.25), respectively.

|Rellr < 0% | Risllp, (3.24)
IRkllz < || Rol|p- (3.25)
Since 0 < a < 1, it follows that if ||Rx_1 ]| are nonzero, then
1Rkl < 1 Re—1le- (3.26)
The above discussion is summarized to the following theorem.
Theorem 3.5. Assume that @ is of full column-rank.

(i) Suppose Eqg. (3.1) has a unique solution. The error estimation ||Rx|r compared
with || Ry._1 || (the preceding iteration) and || Ry || » (the initial iteration) are given by
(3.24) and (3.25), respectively. Particularly, the relative error |Ri||r gets smaller

than the preceding (nonzero) error, as in (3.26).

(i) When Eq. (3.1) has a unique least-squares solution, the error estimation (3.22)
and (3.23) hold.

In both cases, the convergence rate of Algorithm 1 (regarding the error ||Ry| ) is gov-

erned by v1 — k2.

Remark 3.6. The relative errors (3.22) and (3.23) do not seem to decrease every step
of iteration since the terms 2§x~2 and 2§(1 — o*) are positive. However, the inequality

(3.18) implies that {|| R r}32, is a strictly decreasing sequence converging to 4.

Theorem 3.7. Suppose that @ is of full column-rank and Eq. (3.1) has a unique exact
solution. We have the error estimation || X, — X*||r compared with the preceding

iteration and the initial iteration of Algorithm 1 are provided by:

||Xk—X*||F < R\ Hz—lHXk,l—X*HF, (327)
1X, — X*||lr < k21— k23| Xo — X*| . (3.28)

Particularly, the convergence rate of the algorithm is governed by v/1 — k2.
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Proof. Utilizing (3.25) and Lemma 2.35, we have

X5 — X*||p = lzx — «*r
= Q") M QTQ)zx — (QTQ)HQTQ)a"||r
< IQTQ) MI2)Q7 [l2| Qux — Qa7
< (1= D5QTQ) T 2QT l2l|Qwo — €]

<(L=r)2Q"Q) Q" 2l Q2 Xo — X~

=2 g)\max(QTQ)
(1 : ) /\min(QTQ)

ok %
=r?(1— K22 Xo — X*||F.

[ Xo — X F

As the limiting behaviour of || X, — X*||» depends on (1 — x~2), the convergence rate
for Algorithm 1 is governed by /1 — k2. Similarly, using (3.24), it follows that

Xk — X"l < (1= 6722 [QTQ) 2 Q7 |2l Qur—1 —éllw
<1 =622 (QTQ) QT 2@l Xk-1 — X*||r
= k(1= 5_2)% 1 Xk—1 — X" £,

and hence (3.28) is reached. L]

Theorem 3.8. Suppose @ is of full column-rank and Eqg. (3.1) has a unique least-
squares solution. We have the error estimation ||.X;, — X *||% compared to the preceding

iteration and the initial iteration of Algorithm 1 are provided by:

(3.29)
(3.30)

Xk = X% < o[ X1 — X[ + 200,

min?

[ X = X*||% < afrt|| Xo— X2 +20k2(1 = oF)A\ 7L

min®

Proof. The proof is similar to that of Theorem 3.7 and carried out by (3.22) and (3.23).
We, therefore, omit the proof. []



Chapter 4
Numerical simulations

In this chapter, we illustrate the effectiveness and capability of our proposed
algorithm. We make the comparison reports as tables and figures of our algorithm (de-
noted by TauOpt) with the famous algorithms we have presented in Chapter 2. The
tables in each example provide the (relative) errors at the terminal iteration and the
computational time, CT (in seconds). The CT is measured by tic and toc in MATLAB.
In addition, the figure in each example displays the error plot graphic which combine
all algorithms from ours and others. All iterations have been carried out by MAT-
LAB r2020b, Intel(R) Core(TM) i7-6700HQ CPU @ 2.60 GHz 2.60 GHz, RAM 8.00 GB. PC

environment. At step kth of the iteration we consider the following error:
1X (k) = X*[|

where X (k) is the kth approximated solution of the corresponding system. In case of

unawareness of the exact solution, we will consider the relative error ||Rg||» instead.

Example 4.1. Suppose that the generalized Sylvester-transpose matrix equations are
S AXBi+ Y2, C.XTD, = E with

0.491 0.064 0.394 0.886 0.258 0.503

A= 10.071 0.436| ;A2 =10.613 0.931|,A43 = 10.897 0.612] .
0.887 0.826 0.818 0.190 0.593 0.819
5 0.531  0.453 0.966 0.695 0.346  0.556 . 0.562 0.426 0.731
1= el D S5 ) = 9
0.202  0.427 0.620 0.720  0.517 0.156 0.694 0.836 0.360
0.454 0.734 0.945 0.109
0.459 0.228 0.015
C1=10.386 0.430| .Co= |0.784 0.389|,D1 = ;
0.050 0.834 0.863

0.775  0.693 0.705  0.590

0.671 0.056 0.435
] and E= 0599 0.152 0.832
0.056 0.019 0.617

o =

0.078 0.500 0.571
0.669 0.218 0.122

We find that 4 = rank @ # rank[Q Vec(E)] = 5, i.e., the matrix equation does not have
an exact solution. However, the size of Q is 9x 4, i.e., Q is of full-column rank. Hence,
according to Theorem 3.4, Algorithm 1 will converge to the least-squares solution
in which the least-squares error (3.5) is equal to 0.0231. We choose an initial matrix
Xo = zero(2), where zero(n) is an n x n zero matrix. Algorithm 1 is compared with the

list of algorithms as follows:

o the gradient based iterative (Gl, Method 2.17),
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o the least-squares based iterative (LS|, Method 2.18),
e the direct method Eq. (3.4).

In this case, we consider the error || X* — X ||r where X* is the least-squares solution.
Figure 4.1 displays the error plot. Table 4.1 shows the errors and CTs for TauOpt, Gl,
LSI and the direct method which can be implied that our algorithm gives the fastest

convergence to the least-squares solution as well as the fastest time.

Table 4.1: Errors and CTs at 100th iteration for Example 4.1

Method Error cT
TauOpt | 7.3178e-04 | 0.0015
Gl 0.6164 0.0025
LSI 0.8453 0.0076
direct 0.0020
14 T T T T T T T T T
— == -TauOpt
£ Gl
127 =L Lsl
100 " 3y
#* b
| IS
) o8 |
5 |
Mo o /4
04 r
0271
0

0 10 20 30 40 50 60 70 80 90 100
[teration number k

Figure 4.1: Errors for Example 4.1
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Example 4.2. We consider the equation AXB = E with

And

106 —155 104 215 112 125 —14 127 65 -30
186 —168 54 222 126 174 =174 228 120 126
—143 83 5 -9 -63 -—-112 202 178 97 177
—72 =23 70 173 98 27 258 —107 —123 —228
£32 7 2 107 70 29 118 —-63 -8 -84
123 =25 —67 -8 7 66  —252 128 99 237
—-32 —66 88 246 140 74 238 —60 —106 —216
103 =186 139 303 161 155 58 117 38 -99

We choose the initial matrix X, = 10=%ones(3,3) where ones(m,n) denotes the m -by
n matrix with contains 1 at every position. After running Algorithm 1 (with the optimal

step size 7 described by Eq. (3.9)), the numerical solutions converge to the exact

solution
1 5 =9
X*=16 5 4
le 228

In this example, we compare the Algorithm 1 with the list of algorithms as
follows:

e the gradient based iterative (Gl, Proposition 2.1),
e the least-squares based iterative (LS, Proposition 2.2),
e the direct method Eq. (3.4).

AUl reports are presented after running 100 iterations. Table 4.2 shows the errors at
the final iteration as well as the computational time. Figure 4.2 displays the error
plot. Table 4.2 implies that our algorithm takes significantly less computational time
than the direct method. For comparison to other two algorithms, it seems that our
algorithm takes a little more time but both Table 4.2 and Figure 4.2 indicate that our

algorithm obtains a highly satisfactory approximated solution.



Table 4.2: Error and CT for Example 4.2

Method Error cT
TauOpt | 7.2231e-14 | 0.0057
Gl 12.1879 | 0.0004
LS 13.8387 | 0.0027
direct 0.3051

15
H— — —¥— -TauOpt
[ > Gl
I g LS
10 f

Errors

0 10 20 30

40 50
lteration number k

60 70

Figure 4.2: Errors for Example 4.2
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Example 4.3. We consider the Lyapunov equation Eq. (3.10) with medium-scale co-

efficient matrices

A = —triu(rand(n), 1) + diag(8 — diag(rand(n))),

C =rand(n).

Choose n = 20 and set X, = zero(20). In this example, we run Algorithm 1 (with the
step size 7 described by Eq. (3.11)) for 50 iterations. We compare our algorithm with

the list of algorithms as follows:

e the gradient based iterative (G, Method 2.3),

o the relaxed gradient based iterative (RGI, Method 2.4),

¢ the modified gradient based iterative (MGI, Method 2.5),

o the Jacobi-gradient based iterative (JGI, Method 2.6),
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e the accelerated Jacobi-gradient based iterative (AJGI, Method 2.7),

e the 15 version modified least-squares iterative (LSIA1, Method 2.11),
e the 2™ version modified least-squares iterative (LSIA2, Method 2.12),
o the accelerated gradient based iterative (AGBI, Method 2.19),

e the direct method Eq. (3.4).

We report the result in Figure 4.3 and Table 4.3. In conclusion, our algorithm takes a
slightly more CT than some other algorithms but still outperforms most of the algo-

rithms in performance of convergence.

Table 4.3: Relative errors and CTs at 50th iteration for Example 4.3

Method | Relative error cT
TauOpt | 1.0525e-05 | 8.3420e-04
Gl 9.2192 0.0016
RGI 7.2664 0.0010
MGI 2.9296 9.8290e-04

AGBI 10.1582 0.0014
JGI 7.4067 5.2160e-04
AJGI 0.7471 6.9470e-04
LSIA 1 5.2781 0.0024
LSIA 2 5.2853 0.0014
direct 0.4636

Example 4.4. Suppose that the Sylvester equation (3.12) has large-scales tridiagonal

coefficient matrices, i.e.,
A = tridiag(10, —2,9), B = tridiag(—1,2, —5), and C = tridiag(—45, 13, —20)

where A, B,C € Myqo. We choose an initial matrix X, = zero(100). Here, the symmetric
exact solution is given by X* = tridiag(1, —5,1) so that AGBl method can be applicable.
In this example, Algorithm 1 (with the step size  described by Eq. (3.13)) is compared

with the list of algorithms as follows:
e the gradient based iterative (G, Method 2.3),
e the relaxed gradient based iterative (RGI, Method 2.4),
¢ the modified gradient based iterative (MGI, Method 2.5),

e the Jacobi-gradient based iterative (JGI, Method 2.6),
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Figure 4.3: Relative errors for Example 4.3

e the accelerated Jacobi-gradient based iterative (AJGI, Method 2.7),
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e the gradient iterative method with optimal convergence factor (GIO, Method

2.15),

e the gradient based iterative (Gl 6,,:, Method 2.16),

e the accelerated gradient based iterative (AGBI, Method 2.19),

e the direct method Eq. (3.4).

The results of running every algorithm for 100 iterations are shown in Table 4.4 and Fig-

ure 4.4. Although Table 4.4 tells us that our algorithm takes a slightly more time than

some other algorithms, Figure 4.4 illustrates that our algorithm reaches the fastest con-

vergence. Note that the computational time of GIO and Gl 6,,; algorithms is extremely

too much compared to the others. It is because according to Method 2.15 and Method

2.16, both methods need to evaluate the maximum and minimum eigenvalues of the

matrix PTP € Moo Which causes a large amount of time.
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Table 4.4: Relative errors and CTs at 100th iteration for Example 4.4

Method | Relative error cT
TauOpt 0.1457 0.0681
Gl 183.4122 0.0731
RGlI 330116 0.0661
MGl 115.7206 0.0640
AGBI 57.8981 0.0839
JGl 515.9767 0.0385
AJGI 469.0704 0.0547
GIO 1.5718 148.1816
Gl O ppe 0.1646 120.2540
direct 5.4606e+03
BOD T T T T T T T T T
— #¥—-TauOpt
) Gl
o Gavhata\R Wition A/ 4) Ren
B Th AcBl |
] - [TR2T S Gl
400 \_\.\ AJGI T
NBY GIO
| KA R GI(Opt)
300 i W L .
.I.. I.III \ -, ]
LH \““xxx =
200 -1\ T -
R S _
L N b 7 S
100 %\\\‘ - i

40 50
lteration number k

60 70 80 90

Figure 4.4: Relative errors for Example 4.4
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Chapter 5
Applications to heat and Poisson’s equations

In this chapter, we apply our algorithm to the discretization of a differential
equation. Indeed, there are many kinds of the differential equations. Since we cannot
cover all of them, we limit our study to two interesting model problems, i.e., the
one-dimensional heat equation and the two-dimensional Poisson’s equation. First,
we apply finite difference methods to the differential equations and transform them
into the linear system. Then, we make two new gradient-descent algorithms for each
of the equations specifically. Furthermore, the numerical examples for each equation

are also provided in their own sections.

5.1 An application to a discretization of one-dimensional heat

equation

In this section, we apply our proposed algorithm to a discretization of one-

dimensional heat equation in the following form

Ju ,0%u

E = C @ on [O,Bt] X [aﬁﬂm] (51)

subject to the boundary conditions
’U/(O/m, t) = glvu(ﬁwvt) = gT7u(x7 O) = Ja

where g, gr, g4 are given functions.

5.1.1 Discretization of the heat equation

We make discretization at the grid points in the rectangle which are at (z;,¢;)

with z; = a, + ih, and t; = jh; where

o ﬂw_ax = _ﬁi
h, = v— and h; = N, (5.2)

We denote u;; = u(wz;,t;). By Forward Time Central Space (FTCS) method, we obtain

2
Ou _ Uigp1 — Uiy pUimlg — 2Uij Uiy 207U

at hy h2 7 02

or equivalently
ujj+1 = F (Uifl,j + ’U/i+17j) +(1- ZF)’LL”',

where F = h;c®/h2 for 1 <i < N,,1 < j < N;. We transform Eq. (5.1) into a linear

system of N,N; equations in N, N; unknowns wuys, ..., un, N,

Ty Vec(U) =V, (5.3)
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where U = [u;j], Ty € Mn,n, has Ni-by-N; blocks of the form Iy, on its diagonal and
tridiag(—F, —(1 — 2F), —F) under its diagonal. Here is the example of Ty where N, = 3
and N, =2

1
1
—(1-2F) -F 1
Ty =
—F —(1-2F) 1
—(1-2F) —F 1
—F —(1-2F) 1
T
The vector V is partitioned in N, periods as [VlT |75 vjﬂ where
[ Fai(as,i—1)]
Fga(ag,0) + (1 = 2F)gq(21,0) + Fga(z2,0) 0
Fgq(r1,0)+ (1 — 2F)gq(x2,0) + Fgq(rs,0
v )+ (2= 2F)gul @30 o
Fga( 0) + (1 — 2F)gq( 0) + Fga(N,,0) !
9gd(Tn,—2,0) + (1 — 9a(TN,—1,0) + L ga(Ne, _
_Fg'r'(/B;caZ - 1)_

fori=2,..., N

Consequently, Eq. (5.3) is formed AXB = E where A =Ty, X =Vec(U), B=1
and E = V. According to Algorithm 1 (with the optimal step size + described in Subsect.
3.2.4), we obtain an algorithm for Eq. (5.3) as follows:

Algorithm 2: The gradient-descent iterative algorithm for Eq. (5.1)

Ty, V, Vec(Uy);
for k=0,...,ndo
Ry =V — Ty Vec(Uy);
Wy, = T% Ry;
o1 = [WillB/ N T WellE;
Vec(Uy41) = Vec(Uy) + Tr1 Wi
end

5.1.2 Numerical simulation for the heat equation

To obtain the approximate solutions, we need to partition the rectangular do-
main. The accuracy of the solutions depends on the size of the grid partitioned. The
better accuracy must be from the finer grid system and it causes the sizes of the

associated matrix Ty to be larger.
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Example 5.1. Consider the heat equation (5.1) on {(z,t) : 0 < < 1, t > 0} with the

boundary conditions and the initial condition:
u(0,t) = u(1,t) = 0and u(z,0) = sinrz.

Given c=1, N, =4, hy = 0.01. We have h, = 0.2 and F = 0.25. In this case, we consider
N; = 10 so the size of the matrix Ty is of 40 x 40. We run the Algorithm 2 with the
initial vector Vec(Up) = 107%[1 ... 1]T and the approximate solutions converge to the

exact solution
w(z,t) = e ™ tsin(mz).
This example we compare our algorithm to the following algorithms:
e the gradient based iterative algorithm (Gl, Proposition 2.1),
e the least-squares based iterative algorithm (LSI, Proposition 2.2),
e the relaxed gradient based iterative algorithm (RGI, Method 2.4),
e the modified gradient based iterative algorithm (MGI, Method 2.5),
e the Jacobi-gradient based iterative algorithm (JGI, Method 2.6),
e the accelerated Jacobi-gradient based iterative algorithm (AJGI, Method 2.7).

The results after running 500 iterations are shown in Figure 5.1, Figure 5.2, Table 5.1,
and Table 5.2.

Table 5.1: Comparison of approximate and analytical results for Example 5.1

u(x, t)
z=0.2 r=04 z=0.6 x =038

t approx. | exact | approx. | exact | approx. | exact | approx. | exact
0.01 | 0.5317 | 0.5325 | 0.8602 | 0.8617 | 0.8602 | 0.8617 | 0.5317 | 0.5325
0.02 | 0.4809 | 0.4825 | 0.7781 | 0.7807 | 0.7781 | 0.7807 | 0.4809 | 0.4825
0.03 | 0.4350 | 0.4371 | 0.7038 | 0.7073 | 0.7038 | 0.7073 | 0.4350 | 0.4371
0.04 | 0.3934 | 0.3961 | 0.6366 | 0.6408 | 0.6366 | 0.6408 | 0.3934 | 0.3961
0.05 | 0.3559 | 0.3588 | 0.5758 | 0.5806 | 0.5758 | 0.5806 | 0.3559 | 0.3588
0.06 | 0.3219 | 0.3251 | 0.5208 | 0.5261 | 0.5208 | 0.5261 | 0.3219 | 0.3251
0.07 | 0.2911 | 0.2946 | 0.4711 | 0.4766 | 0.4711 | 0.4766 | 0.2911 | 0.2946
0.08 | 0.2633 | 0.2669 | 0.4261 | 0.4318 | 0.4261 | 0.4318 | 0.2633 | 0.2669
0.09 | 0.2382 | 0.2418 | 0.3854 | 0.3912 | 0.3854 | 0.3912 | 0.2382 | 0.2418
0.10 | 0.2154 | 0.2191 | 0.3486 | 0.3545 | 0.3486 | 0.3545 | 0.2151 | 0.2191
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Table 5.2: Error and CT for Example 5.1

Method | Error cT

TauOpt | 0.0445 | 0.0368
Gl | 20528 | 0.0072
RGI | 25198 | 0.0076
MGl | 1.6413 | 0.0078
LSl | 3.0821 | 0.1155
JGI | 2.1186 | 0.0072
AJGI | 2.6405 | 0.0090

— —%— -TauOpt
Gl

RGI
MGI
LSl =
B el i
AJGI

—

0 50 100 150 200 250 300 350 400 450 500
lteration number k

Figure 5.1: Errors for Example 5.1



38

0.8 0.8

0.6 0.6

Figure 5.2: The 3D-plot of the analytical solution (left) and the approximate solution (right) for
Example 5.1

According to Table 5.1, it is seen that the approximate solutions are close to
the exact solutions with two decimals accuracy. However, these results can be more
accurate since the error occurs from two reasons. Firstly, the error comes from the
discretization. To reduce this error, we can adjust the size of the step size h, and h;
to be smaller. Secondly, the error comes from the algorithm. To reduce this error, we
can set the algorithm to run with more iteration numbers. All of these will improve

the accuracy of the approximate solutions.

5.2  An application to a discretization of two-dimensional Poisson’s
equation
In this section, we give an application of the proposed algorithm to a discretiza-
tion of two-dimensional Poisson’s equation in the following form:

Pu(z,y) N Ou(x,y)
Ox? Oy?

= f(xay) on [amvﬂz] X [aya/By} (54)

with the boundary conditions

u(xaﬂy) = guau(:r'a ay) = 9d,

w(ag,y) = g1, u(Bz, y) = gr
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where g., g4, g1, g are given functions. Notice that the two-dimensional Laplace’s equa-
tion is a homogeneous case of the Poisson’s equation when the RHS function is zero,
ie., f(z,y) =0.

5.2.1 Discretization with rectangular grid

We make discretization at the grid points in the rectangle which are at (z;,y;)

with z; = a, + ih, and y; = oy, + jh, Where

_ /Bw_aw

R N and h, = By =y (5.5)

Ny+1°

We denote w;; = u(z;,y;), fij = f(xi,y;) as well as gy, ga, g1, g- . By the standard finite
difference approximation, we obtain

O?u(x,y) 2 Pu(myy)  wi—1j — 2Uij + Uit Wig—1 — 2Uij + Ui 1

= 5.6
B2 By? 12 * B2 (5.6)
or equivalently
hz (2ui5 — Wim1,j — Uit1) + 2 (2uij — Uijp1 — Uiji1) = —hihzfij,

for 1 <i < N,,1 <34 < N,. Now, we can convert the differential equation (5.4) to a

linear system of N,N, equations in NN, unknowns i1, ...,un,n,:

Ty Vec(U) = E, (5.7)
where
U =[], Tn = (h2Ty + h3To), E = <hZh2 Vec|fi;] +h3 (gu +9a) + b, (G0 +97) -

Here, T} has N,-by-N,, blocks of the form tridiag(—1,2, —1) of N,-by-N, on its diagonal
and T3 also has N,-by-N, blocks of the form 21y, on its diagonal and —1I, blocks on
its off-diagonals. The boundary conditions produce constant vectors g., 34, 91, g at the
RHS of Eq. (5.7) as follows:

r T
Gy = -guwlﬁy Gy, -+ Juay gy (g, 0} )

T
gq — [O ... 0 gdml,ay gdwz,ay gdle.w@y} )

r T
g = _glﬂmwz\zy 0...0 gl@z«yNy71 0 ... glam1y1 0 ... 0} 5

- T
gr = _O ... 0 Iros ., 0...0 960 uny 0 ... grﬁzvi’!1:| .
In case of the Laplace’s equation, the matrix E in Eqg. (5.7) will be reduced to
E = 13 (gu+9a) + by (9 + ) -

Consequently, Eq. (5.7) is formed AXB = E where A = Ty, X = Vec(U), and
B = I. According to Algorithm 1 (with the optimal step size 7 described in Subsect.

3.2.4), we obtain an algorithm for the rectangular-grid case as follows:
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Algorithm 3: The gradient-descent iterative algorithm for Eq. (5.4)

TN, E, Vec(Uy);
fork=0,...,ndo

Ry = E — Ty Vec(Uy);

Wi = TERy;

Tt = (Wil B/ 1T Wil E

Vec(Ug+1) = Vec(U) + me+1 W
end

Since, the coefficient matrix T is a sparse matrix, the error norm can be de-

scribed more precisely:

1 — Tn Vec(Up)llE = I1E|F — 2tr(B" Ty Vec(Uy)) + Ty Vec(Us) |7
N(E Ny

= |7 —2h2h2 > by fii(—uio1; + 2 — uig1 ;)
=1L

+ h?@fij(_ui,j—{—l +2u; = Ui j—1) + | Tn Vec(Uy)| 3.
5.2.2  Discretization with square grid

Now, we consider the Poisson’s equation (5.4) on the square [a, 3] x [a, 8] with
the boundary condition u = 0 on the boundary of the square. In this case, h := h, = hy,
and N := N, = N, and hence

Ty = INQT, +T, ®IN
where T, = tridiag(—1,2, —1) € My. Thereby, (5.7) can be transformed into
Ty Vec(U) = —h>Vec([fi;]) + ga+ ga + i + 9r, (5.8)

or equivalently T.U + UT, = G where G = —h?Vec([f;]) + Gu+ ga + 7 + G- Thus (5.8)
can be solved by Algorithm 1 (with the optimal step size 7 described in Subsect. 3.13)
where A,B=T,, X =U and E =G.

To have the condition number of Ty, we consider the smallest and the largest

eigenvalues of T, which are given respectively by (see e.g. [38])

2
T T N
A = 2(1-cos =~ Ay = 2(1—cos ~ 4.
! < N+1> (N+1> ’ N ( N+1)

Since Ty = In®T, + T, ® Iy, the eigenvalue of Ty is \; + \; where \;, A\; € o(T5.). Thus,

the condition number of Ty for large N is

AN + AN 4 2
= —— ~ —(N+1)°. .
Ry A1+ A1 7'('2( + ) (5 9)

Corollary 5.2. The discretization (5.8) of the Poisson’s equation (5.4) can be solved by
using Algorithm 3 in which E = —h?Vec|fi;] + u + ga + i + g- SO that the approximated
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solution U;, converges to the exact solution U* for any initial vector U,. The convergent

rate of the algorithm is governed by /1 — k7.2, where 1, is given by (5.9). Moreover,
error estimates are given as follows:

* —2\41 *
Uk = U*llr < iy (1= 670) % 1Uk—1 = U* | F,

k
2

U = U*|lp < kry (1= 672)% 10U — U*| .

5.2.3 Numerical Simulations for the Poisson’s equation

Example 5.3. We consider an application of our algorithm to the two-dimensional
Poisson’s equation (5.4) with

f(z,y) = =27 sin(zx)sin(ry), O0<z<1,0<y<I,

and the boundary condition « = 0 on the boundary of the rectangle. It is called Dirich-
let problem. We choose an initial vector Vec(Up) =1075[1 ... 1]7. We run Algorithm 3
with the rectangular grid of 10 x 20 which causes the sizes of the matrix Ty to be of
200 x 200. The analytical solution is

u*(xz,y) = sin(rx) sin(my).

In this example, we provide only the comparison of approximate solution and analyt-
ical solution in Table 5.3, and the 3D-plot of both solutions in Figure 5.3.

Table 5.3: Comparison of approximate and analytical results for Example 5.3

u(z,y)
x = 0.3636 @ = 0.5454 z = 0.7272 = 0.9090

y approx. | exact | approx. | exact | approx. | exact | approx. | exact
0.1904 | 0.5136 | 0.5124 | 0.5588 | 0.5576 | 0.4267 | 0.4257 | 0.1587 | 0.1591
0.3808 | 0.8488 | 0.8468 | 0.9236 | 0.9214 | 0.7052 | 0.7035 | 0.2629 | 0.2623
0.5712 | 0.8889 | 0.8868 | 0.9673 | 0.9650 | 0.7386 | 0.7368 | 0.2753 | 0.2747
0.7616 | 0.6202 | 0.6187 | 0.6749 | 0.6732 | 0.5153 | 0.5140 | 0.1921 | 0.1916
0.9520 | 0.1359 | 0.1356 | 0.1479 | 0.1475 | 0.1129 | 0.1126 | 0.0423 | 0.0420

Example 5.4. Consider the two-dimensional Laplace’s equation on [0,1] x [0, 7] with
the boundary conditions:

u(0,y) = siny, u(l,y) = esiny, u(x,0) =0, u(z,7) =0.

We run the Algorithm 3 with the initial vector Vec(Uy) = [1 ... 1]1. We choose two
types of grid partitions: one is h, = 0.25, h, = /4 and the another one is h, = 0.0625,
h, = w/32. So the sizes of the matrix T are 9 x 9 and 465 x 465, respectively. The
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Figure 5.3: The 3D-plot of the analytical solution (left) and the approximate solution (right) for
Example 5.3

comparison of approximate and analytical results is shown in the Table 5.4. The Figure

5.4 displays the 3D-plot of the approximate and the analytical results for the latter
grid partition. Note that the analytical solution is

u(z,y) = e’ siny.

Table 5.4: Comparison of approximate and analytical results for Example 5.4

he = 0.25, hy, = /4

hy = 0.0625, h, = /32
exact | approx. | error (%)

approx. | error (%)
u(0.25,7/4) | 0.9079 | 0.9131 0.57 0.9080 0.01
u(0.50,7/2) | 1.6487 | 1.6593 0.64 1.6489 0.01

w(0.75,3mw/4) | 1.4969 | 1.5031 0.41 1.4971 0.01
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Chapter 6
Concluding remarks and suggestion for further study

In this work, a new algorithm, i.e., the gradient-descent iterative algorithm, is
well established for solving the generalized Sylvester-transpose matrix equation. This

equation can be reduced to many of the linear matrix equations for examples:
e AXB=C,
e AX + XAT = B : the Lyapunov equation,
e AX + XB = C : the Sylvester equation,
e AXB+CXD = E: the generalized Sylvester equation,
e AXB+CXTD = E : the generalized Sylvester-transpose equation,
e X + AXB = C : the Kalman-Yakubovich equation,
e X + AXTB = C : the T-Stein equation.

By utilizing knowledge in gradient-descent, and convex optimization, we hence obtain
the effective algorithm with the optimal step size that can be applicable for any linear
matrix equations as long as the certain matrix @, defined by Eq. (3.3), is full column-

rank. The convergence of our algorithm is divided into the following two cases, i.e.,

1) If the problem has the unique exact solution, then the approximate solutions

converge to the exact solution.

2) If the problem has no solution, then || X|o — || X*|lo where X* is the unique

least-squares solution.

The asymptotic rate of convergence is governed by /1 — k=2, where « is the condition
number of Q. As applications, our algorithm can be adapted to the discretization
of the one-dimensional heat equation and the two-dimensional Poisson’s equation.
The numerical simulations are provided to illustrate the efficiency and capability. We
also reveal the competency of our algorithm comparing to well-known and recent
methods. All of the examples including the heat and the Poisson’s equations verify
our theoretical findings and indicate that our algorithm can be a good choice for solving
a class of linear matrix equations.

As far as further study is concerned, the techniques of gradient-descent and
convex optimization could be useful but require additional research to extend to

nonlinear matrix equations, for examples:
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e the continuous time algebraic Riccati equation

ATX + XA - XBR'BT'X+Q =0,

e the discrete time algebraic Riccati equation

X =ATXA - (A"XB)(R+B"XB)"Y(BTXA) + Q.

Furthermore, the proposed gradient-descent iterative algorithm can be adapted to the

discretization of the other types of differential equations, for examples:

e the wave equation

8%u  O%u

0u
927 T gy7 )

o O

e the convection-diffusion equation

or 9T ) F . Q
ot 0z 'om cp’

o the Korteweg-De Vries (KdV) equation

96 B

aqs_
et

W cqs% T Oa
e the 2D space-time fractional diffusion equation

CDtBu(xvzht) —RE Dglu(ma:%t) — AL D(y”u(x,y,t) 2 f(l‘7y,t)

Here, “D? and RLD are the p-order Caputo’s derivative and the a-order Riemann-
Liouville derivative, respectively. The discretization of fractional derivatives is often

done by finite difference schemes based on Griinwald-Letnikov type (see e.g. [45, 46]).
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In this paper, we introduce a new iterative algorithm for sclving a generalized
Sylvester matrix equation of the form Z?:w AcXBr = C which includes a class of linear
matrix equations. The objective of the algorithm s to minimize an error at each
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1 Introduction

Linear matrix equations have played a crucial role in control theory and differential equa-
tions; see, e.g., [1-4]. There was much attention given to the following matrix equations:
the equation AXB = C, the Sylvester equation AX + XB = C, the Kalman—Yakubovich equa-
tion AXB + X = C, and, more generally, the equation AXB + CXD = F. Using the notions
of the matrix Kronecker product and the vector operatot, we can obtain their exact so-
lutions. However, matrices with high dimensions {e.g., A, B of size 10> x 10%) cause their
Kronecker product dimension to be very high (10* x 10%, in that case). The dimension
problem leads to a computational difficulty due to exceeding computer memory when
computing an inverse of the large matrix.

In practical applications, we solve the linear matrix equations of large dimensions by
effective iterative methods. There are several ideas to formulate an iterative procedure,
namely, one can use matrix sign function [5], block recursion [6, 7], Krylov subspace [8,9],
Hermitian and skew-Hermitian splitting [10, 11], and other related research works; see,
e.g.,, [12-15]. In the recent decade, the ideas of gradients, hierarchical identification and
@ The Author(s) 2020, This atticle is licensed under a Creative Comnmoans Attribution 4.0 International License, which permits use,
shating, adaptation, distribution and reproduction in any medium or farmat, as long as you give appropriate credit to the original
authar(s) and the source, pravide a link to the Creative Commans licence, and indicate if changes wete made. The images or other
third party material in this article are included in the article’s Creative Commens licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

statutory regu lation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http.//creativecommons.org/licen ses/by/4.0/.
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minimization of associated norm-error functions have encouraged and brought about
many researches; see, e.g., [16-28]. Such iterative schemes turn out to have wide appli-
cations in many engineering problems, especially in systems identification for parameter
estimation; see, e.g., [29-31].

In 2005, Ding and Chen applied the hierarchical identification principle to develop the
gradient-based iterative (GI) algorithms for solving the equation Z;”:lAjXBj = C, which
includes the Sylvester equation, as follows.

Proposition 1.1 ([32]) Ifthe matrix equation Z}F’ZIA;XB‘ = C has a unique solution X,
then the iterative solution X(k) obtained from the gradient-based iterative (GI) algorithm
given by

X(K) = (X2 (R + Xo () + -+ + X, () s

i
Xilk) = X(k=1) + pAT (c = AX (k- 1)Bj) BY,

1
é 4 T T 1 4 2 2
= = 3 Al AT Ama (BT B) \or = =D AP Byl
H =1 w =)

comnverges to the solution X.

In 2008, Ding, Liu, and Ding derived the following three iterative methods for the equa-

tion AXB = C, and the equation 3°7 | A;XB; = F.

Proposition 1.2 ([33]) If the equation AXB = C has a unique solution X*, then the
gradient-based iterative (GI) algorithm,

X(k + 1) =X (k) + pAT(C - AX(K)B)BT,
3

O<pps —m8m —————
Amax(AAT A pax (BT B)

55 vpw g o
AP (1B

is such that X (k) — X*.

Proposition 1.3 ([33]) If the equation AXB = C has a unique solution X*, then the least
squares (LS) iterative algorithim,

X(k+ 1) =X(0) + u(ATA) ' AT(C - AX(W)B)BT(BBT) ', 0<u<2
is such that X(k)— X*.

Proposition 1.4 ([33]) If the matrix equation Z}": 1A XB; = F has a unique solution X,

then the iterative solution X(k) obtained from the least-squares-iterative (LSI) algorithm
given by

P P
X(R) =Xtk —1)+ Yy (Af AT AT (F =3 AX G- 1)13;)13?(3;3?)‘1,

1 =1

where O < < 2p, converges to the solution X.
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There are many variations and modifications of the GI algorithm [32], namely the RGI
algorithm [34], the MGI algorithm [35], the JGI algorithm [36], and the AJGI algorithm
[36].

Inthis paper, we introduce a gradient-descent iterative algorithm for solving the gener-
alized Sylvester equation that takes the form

P
> AXB=C. (1)
t=1

Note that this equation includes all mentioned matrix equations as special cases. The ob-
tained algorithm is based on the vector representation and the variants of the previous
works in [32, 33]. The algorithm aims to minimize an error at each iteration by the idea of
gradient-descent. We show that the proposed algorithm can be applied to any problems
with any initial matrices as long as such problem has a unique solution. The convergence
rate and error estimates are given in terms of the condition number of the associated it-
eration matrix. Numerical simulations reveal that our propesed algorithm performs well
compared to the mentioned iterative methods. Moreover, our algorithm can be employed
to a discretization of famous partial differential equations namely, the one-dimensional
heat equation and the two-dimensional Poisson’s equation. Both equations are widelyused
in many areas of theoretical physics, electrostatic and mechanical engineering; see, e.g.,
[37] and [38]. According to our numerical results, the algorithm is applicable to both heat
and Poisson’s equations comparing to their analytical solutions.

The outline of this paper is as follows. In Sect. 2, we supply auxiliary tools to selve linear
matrix equations and to make a convergence analysis of an iterative method for solving
such equations. We propose new algorithms for the equations AXB = C and > %, A.XB,
in Sects. 3 and 4, respectively. In Sect. 5, we presented numerical simulations for various
kinds of the linear matrix equations. [n Sects. 6 and 7, we apply our algorithm to the one-
dimensional heat equation and the two-dimensional Poisson’s equation, respectively. The
numerical simulations for heat and Poisson’s equations are provided in their own sections.
Finally, we present a conclusion in Sect. 8.

2 Preliminaries on matrix analysis
Throughout this paper, all considered matrices are real. Denote the set of 1 x n matricesby
My, .. When m = u, we write M, instead of M, ,,. Let I be an identity matrix of compatible
dimension, The (7,j)th entry of a matrix A is denoted by A(i, ) or a;.

Recall the Léwner partial order < for real symmetric matrices:

A=B < B-Aispositivedefinite < sTAx<aTBy, forallxcR”
The Kronecker (tensor) product of A = [a] € My, and B € M,,, is defined by
A®B= [ngB],J € Mmp,nq-
The vector operator is defined for each A = [a;] € M,,,, by
T
Vec(4) = [ﬂn @ Gyt Gpn o Al ﬂmn] .

It is clear that the vector operator is linear and injective.
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Lemma 2.1 ([39]) The Kronecker product and the vector operator posses the following
properties provided that all matrices are compatible:
O 4B’ -ATe B,
(i) (AeB)(CeD)-AC®BD,
{iii) Vec(ABC)=(CT @ A) Vec(B).

To perform convergence analysis, the spectral norm, the Frobenius norm, and the con-
dition number of A € M,,,,, are used and respectively defined by

e (ATA)\ 12
Ty = AT, WA AT, ) (R

We recall the following properties:

Lemma 2.2 ([40]) For any compatible matrices A and B, we have
(i) NATAl]p — A3,
(i) |AT 2 = Al
i) [ABllr < [|All2]|Blle-

3 The equation AXB=C
Consider the matrix equation

AXB-=C, 2

where A = M, ,, has full column-rank, B € M, has full row-rank, C € M, is a known
constant matrix, and X € M,,, is unknown. The hypotheses imply the invertibility of ATA
and BBT, and thus we obtain the unique solution to be

Xt (ATAY ' ATCBT (BBTY 3)

However, to compute (47 A)~' and (BBT) ! requires a large amount of data storage if the
sizes of matrices are large. Thus, in this section, we shall propose a new iterative method
to solve (2) based on gradients and the steepest descend which provides an appropriate
sequence of convergent factors for minimizing an error at each iteration. Moreover, the
discussion in this section leads to a treatment for a general matrix equation in Sect. 4.

3.1 Proposed algorithm

We consider the Frobenius norm-error ||AXB — C|[r which can be equally transform into
(BT @ A) Vee(X) — Vec(C)||r via Lemma 2.1(iii}. So, we define the quadratic norm-error
function f : R™ — R by

S = % |(BT @ A)x — Vee(C)|2

We know that a norm function is a convex function, so f is convex. We assume that the
exact solution X* of (2) is uniquely determined, hence an optimal matrix X* of f exists.
We start by having an arbitrary initial matrix X(0) and then at every step k > 0 we itera-
tively move to the next matrix X(k + 1) along an appropriate direction, i.e., the negative
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gradient of f, together with a suitable step size. In the kth step, the step size 7,3 is changed
appropriately in orderto incur the minimum error. The gradient-descent iterative method
thus can be described through the following recursive rule:

Xk + 1) = X(k) — 31 V(Veo(X(K)))-

In order to do that, we recall the following gradient formula:

d d
— tr(AX) = —tr(XTAT) = AT,
7x A= gp (AT

Now, we find the gradient of function f and deduce its derivatives in detail. Letting § =
BT @ A, x = Vec(X), and T = Vec(C), we have

T 104
> k. w((Sx—B7(Sx 1)

Vi) =
1 dtrS R N R
=", {(Sxa’ ST —ex’ ST —Sac” +ET")
- ST (Sx—2). @
Thus, our new iterative equation is in the form
Veo(X(k + 1)) = Veo(X(K)) + 751 (BY ® A)T(Vec(C) — (BT ® 4) Veo(X)).
Using Lemma 2.1, we have
X(k+1) =X(k) + me (AT (C - AX(K)B) BT).

Next, we choose a step size. To generate the best step size at each iteration, we minimize
an error which occurs at the next iteration, X(k + 1). Then, for each k < N U 0, we define
¢pe1 1 [0,00) = R by

Bt (2) = f (Veo(X(k + 1))

- % | (BE @ A) Vec(X (k) + i1 (AT(C ~ AX(K)B)BT)) - Vee(C) |7

Now, we shall minimize the function ¢,1(7) by applying the properties of matrix trace.
Before that, we may transform ¢x,1(r) into a convenient form by letting ¢ =7 — Sx and
# = SST¢, so that

1
Bralr) = 5 SR+ eaaST @ = Swik1)y =21
1 -
o 241887 (& Sy + Sathe) 2|2
1 %
= Eurmb—a\%

Differentiating both sides, we have

dalr) 14
dr  2dr

((zb-D7(xb-7))
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ld . ;= T L
Ed—tr(rbrbT— thc’ —crb? +oc’)

Note that the second derivative of ¢.1(7) is the constant tr(657), which is positive, Setting
dpre1(7)/d7 = 0 and using Lemma 2. 1(iii), we obtain the minimizer of ¢.1(7) as follows:

_ BT @ A)T(Vee(C) - (B @ A) Vee(X(K)) I

“ BT @ ABT © A (Vee(C) — (BT © A) VecX(K)) I
__IAT(C - AX(KB)BT ||

| AAT(C— AX(K)B)BTB|}E

Tkl

Summarizing the direction and the step size altogether, we get:

Algorithm 3.1 The gradient-descent iterative algorithm for solving (2).
Initialization step. Given any smalil evror ¢ > 0, choose an initial matrix X(0). Set k := 0.
Compute A - AAT, and B= BTB.
Stopping rule. Compute E(k) = C— AX(K)B.If |[E(k)||r < €, stop. Otherwise, go to the next
step.
Updating step. Compute

D2yl Z;lzl(zgzl( g:lAT(ix“)E(a:/S))BT(ﬁ:f))Z
Y A (kL A, 0)E (o, BYBB )

Xk +1) = X(k) + e ATE(RO BT,

T+l =

Set k =k + 1 and return to Stopping rule.

Remark 3.2 In Algorithm 3.1, we introduce the matricesz, ﬁ, and £(k) to avoid duplicate
manipulations. The term E(k) or E(e, 8) in the denominator of the formula of 74, does
not cause a severe propagation of errors when X (k) is close to the exact solution. This is
because the Stopping rule prevents E(c, ) from being a very small number, and there is
also the term E(w, ) in the numerator. A similar comment is applied to any developed

algorithms in this paper.

3.2 Convergence of the algorithm

Here, we will prove that Algorithm 3.1 converges to the exact solution. The following
analysis will hold for strongly convex functions. Recall that a twice-differentiable convex
function f: R” — R is said to be strougly convex if there exist w1, M < [0,00) such that
ml = V2 (x) = MI for all x € R”.

Lemma 3.3 ([41]) Iff is strongly convex on R", then for any 2,y € R"
m
fO =f6)+ Ve o —2)+ Ty ==l )

FO) < f) + VF@ (y—a) + %Hy ~#l% )
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Theorem 3.4 If (2) is consistent and has a unique solution X*, then the iterative sequence
{X(k)} generated by Algorithm 3.1 converges to X* for any initial matrix X(0), i.e., X(k) —
Xt ask— oo,

Proof TV (Vec(X(k))) = 0 for some &, then X (k) = X* and the result holds. So assume that
Vf(Vec(X(k))) # 0 for all k. To investigate its convexity, let us find the second derivative.
Indeed, we have from (4 and Lemma 2.1 that

VY (Vee(X)) = (BT @ 4)" (BY ® A) = BBT @ ATA.

For convenience, we write Apin and Apay instead of A pin(BBT @ ATA) and Ay, (BBT @ ATA),
respectively. Since BBY @ AT A is symmetric, we have

Amind = V7f (VeelX)) = Amaxd,

meaning that f is strongly convex. Considering ¢, 1(7) = f(Vec(X (k+1))) and applying (6)
in Lemma 3.3, we obtain

i T a

i1 (o) < f(Vec(X(R))) - 7 [ (vec (X)) H} ‘v J(vee(t(1) |
Theright-hand sldeis minimized by, = L/Aug, ard
F(Vee((X(h + 1)) - e (rica)
< (Vee (X(KY) ~ 5| VF(Vec(rt) - g

It follows from (5) that

S(Vee(X(k + DY) = f(Vee (X)) — 7 | VF(Vec (X)) |2
)\m'ln"72

X B [ (Vee (X)) |- ®)

We find that = 1/Am minimizes the RHS of (8), Le.,
0 (Veo(XW) - 3= o (Vo) [
Hence,
[ (Vee () [ = 2 (Veo (X (K))- ©)
Substituting (9} into (7) and then putting ¢ := 1 — Amin/Amax, we have
f(Vec(X(k+ 1)) = of (Vec(X(k))).
We obtain inductively that

F(Veo(X(K)}) = ¢*f (Veo(X(0))).
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Since A has full column-rank and B has full row-rank, BRT @ AT A is invertible. It follows
that BB ® ATA is positive definite, which implies Amn > O and thus 0 < ¢ < 1. Hence,
S(Vec(X(k))) — Oas k — o0. O

4 The equation }b_, A.XB,
In this section, we consider the generalized Sylvester equation

P
ZAtXBt o (10}
t=1

where for each £ = 1,...,p Ay € My, is a full column-rank matrix, By € M, is a full row-
rank matrix, C € My, is a known constant matrix, and X € M, is an unknown matrix.
An equivalent condition for (10) to have a unique solution is that P = Y% | BY @ A, is
invertible. Its unique solution is given by

Veo(X*) = (PTP)JPT Vee(C). (11)
We shall introduce a new iterative method for solving (10) based on gradients and the
steepest descend which provides an appropriate sequence of convergent factors for mini-

mizing an error at each iteration.

4.1 Proposed algorithm
We define the quadratic norm-error function f : R — R by

5 1 5

Flx) = 3 | Ps— Vee(C) | .
It is obvious that £ is convex. For convenience, we let P = 3% ; BT @ A. We assume that P is
invertible, then the exact solution exists. The gradient-descent iterative method therefore
can be described through the following recursive rule:

Xk + 1) = X(R) — e V (Vee (X (K)) ).

To search for the direction, we use the same techniques as in the previous section and then
obtain

Vf(Vec(X)) = PT(P Vec(X) - Vee(C)).
Thus, our new iterative equation is in the form
Vec(X(k + 1)) = Vec(X(K)) + Fre1 PT (P Vec(X) — Vec(C)).

Using Lemma 2.1, we obtain

I 14
Xk+ D) =X(ky+ 23" (A{ (c - ZA;X(k)Bl)BtT ) ;
t=1

=1
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Next, we choose a step size. With the same technique as in the previous section, we mini-
mize ¢ : [0,00) — Rbyforeach k=0,1,..., ¢z () = fF(X(k+1)). Similarly, the minimizer
of function ¢, (%) is

| 320, (A (C = 300 A XU By BT |17
137,37 (AAT(C 38 AX(K)B)BI B2

Tpa1 =

Summarizing the direction and the step size altogether, we get:

Algorithm 4.1 The gradient-descent iterative algorithm for solving (10).
Initialization step. Given any smeall error € >0, choose an initial matrix X(0). Set k = 0.
Cormpute Ayg = AyAY, and B, s — BLBg forall o, = 1,...,p.
Stopping rule. Compute E(k) = C ~ 34| AX(K)B,. If |E(K)||F < ¢, stop. Otherwise, go to
the next step.
Updating step. Comprte

2 Z;il( f:l 22:1 ZgzlAtT(i, “)E(a:ﬁ)BiT(ﬁ:]'))z
O Y Yy ey Avili ), B) B B,1))

Thel =

3
X+ 1) =X (k) + ey ATERBT.

t=1

Set k =k + 1 and return to the Stopping rule.

4.2 Convergence analysis of the algorithm

In this subsection, we shall show that Algorithm 4.1 is applicable for any choice of the ini-
tial matrix X(0) as long as equation (10) has a unique solution. After that, we shall discuss
error estimates and the asymptotic convergence rate of the algorithm.

Theorem 4.2 If (10) is consistent and has a unique solution X*, or equivalently, P is in-
vertible, then the iterative sequence {X(k)} generated by Algorithm 4.1 converges to X* for
any initial matrix X(0), i.e., X(k) — X* as k— co.

Proof Convergence of Algorithm 4.1 can be proved similarly as in Theorem 3.4. In this

case, we have

A (PEPYM < V2 (Vee(X(K))) = PTP < e (PEP)L.
which implies the strong convexity of f. In a similar manner, we get

J(Veo(X(k + 1)}) < & (Vec(X(K))), {12)
where & = 1 — Apin(PT P)/dma: (PT P). By induction, we obtain

J(Veo(X(k))) = EF (Vec(X(0)). {13)

The uniqueness of the solution implies that P is positive definite, and thus 0 < ¢ < 1. Hence,

Ff(Vee(X(k))) — 0as k— oo. 0
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From now on, we denote x =« (P), the condition number of P. Observe that ¢ =1 — x>,
According to Lemma 2.1(iif), the bounds (12) and (13) give rise to the following estimates:

2 P
S AXKE-C| =(1-x2)? |3 AXtk-DB-C] , (14)
=1 F t=1 F

P i P
3 AX(WB-C| =1k AX(0)B, - C {15)
t=1 E t=1 Vi

Since 0< ¢ < 1, it follows that if | 3% ; A:X(k — 1)B; - C||r are nonzero, then

2 P
3 AXKB-C| < |3 AXtk- 1B ~C (16}
=1 F t=1 E

We can summarize the above discussion as follows:

Theorem 4.3 Suppose the hypothesis of Theorem 4.2 holds. The convergence rate of Algo-
rithm 4.1 (with respect to the certain error || 3 b, A X(Kk)B; — C||g) is governed by e
Moreover, the error estimates || Y 5, A X(k)B; — C||p compared to the previous iteration
and the first iteration are provided by (14) and (15), respectively. In particular, the relative
error at each iteration gets smaller than the previous (nonzero) error, as in (16).

Theorem 4.4 Suppose the hypothesis of Theorem 4.2 holds. Then the error estimates
| X(k) — X* ||r compared to the previous iteration and the first iteration of Algorithm 4.1
are given as follows:

| Xty — X+ | =i v - L Xek - 1) - X7 . (17)
i X, <2 (1—c2) ¥ [X00) X7 (18)

I particular, the convergence rate of the algorithm is governed by ~/1 — k=2,

Proof Utilizing equation (15) and Lemma 2.2, we have
| X = X | = | Vee(X(K)) — Vee(X™) |
= [(P72)™ (PP Vee (x(k) — (P2) (P Y Vee (X) |,

<[P, 1P| P Vec () - PVee(x7)]
< (L. |F7B) |7, [P VecX(0)) - Veo(C)

k =
< (=21 (PTR) 7, 1P [ 0PI X(0) - X1

_ (l 7}(72)% )Lmax(pr)
Jmin(PTP)

le

o) - x*

I

&

= Kz(l 71(2)7 |x(0) - x* HF

61
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Since the asymptotic behavior of the above error depends on the term (1 — K’Z)é, the
asymptotic convergence rate for the algorithm is governed by +/1 — k2. In a similar man-

ner but making use of (14) instead of (15), we obtain

[tk - = (1| PT2Y |, | | | P Voo @k~ 1) - Veo(O)]

1 g
< (L= @TR) |y |27 |, 1Pl X (k— 1) - X

SR XD X

|
and hence (17) is reached. O

Thus, the condition number x determines the asymptotic convergence rate, as well as
how far our initial matrix was from the exact solution. The ¢loser x gets to 1, the faster

the algorithm converges to the required result.

5 Numerical simulations for a class of the generalized Sylvester matrix
equations

In this section, we present applications of our proposed algorithms to the certain linear
matrix equations. To show the effectiveness and capability of our algorithms, we compare
our proposed algorithms to the mentioned existing algorithms as well as the direct meth-
ods (3) and (11). For convenience, we abbreviate TauOpt to represent our algorithms. To
measure the computational time taken for each program, we apply the tic and toc func-
tions in MATLARB and abbreviate CT for it. The readers are recommended to consider
all reported results, such as errors, CTs, figures, while comparing the performance of any
algorithms. To measure the error at the kth step ofthe iteration, we consider the following

error:
Yy HX(k) —-X* HF

All iterations have been carried out by MATLAB R2018a, Intel(R) Core(TM) i7-6700HQ
CPU @ 2.60 GHz, 8.00 GB RAM, PC environment.

Example 5.1 We consider the equation AXE = C with

74
{1 el 2 8% WkL g 2"
A=|2 N ) s s and

31 1 -1 -3 -2 -13

w

12 5975 1 0 -6 3
B=|2 -7 8 3 01 2 3 5 -6
6 5 2 1 03 -9 8 7 6

We choose the initial matrix X(0) = 107 ones(3,3) where ones(m,#n) denotes the m x un
matrix with contains 1 at every position. After running Algorithm 3.1, the numerical so-
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Table 1 Error and CT for Example 5.1

Method Error cT

TauOpt 72231e-14 0.0057
Gl 121879 0.0004
LS 138387 0.0027
direct 0.3051

20 LT
Itaration number k

Figure 1 Errors for Example 5.1

lutions converge to the exact solution

1 5 k5SS
SEP) T N
L 2GS

In this example, we compare Algorithm 3.1 with GI (Proposition 1.2) and LS (Proposi-
tion 1.3), All reports are presented after running 100 iterations. Table 1 shows the errors
at the final iteration as well as the computational time. Figure 1 displays the error plot.
Table 1 implies that our algorithm takes significantly less computational time than the di-
rect method. For comparison to other two algorithms, it seems that our algorithm takes a
little more time but both Table 1 and Fig. 1 indicate that ours obtains a highly satisfactory
approximated solution.

Example 5.2 In this example we consider the Sylvester equation with

A =tridiag(3,-9,1) € My and B =tridiag(—1,-2,5) € M.
After running Algorithm 4.1 with an initial matrix X(0) = 1076 ones(100, 100}, the numer-
ical solution converges to the exact solution X* = tridiag(1,2,3) € M.

We compare Algorithm 4.1 with the following algorithms: GI [32], RGI [34], MGI [35],
JGI (Algorithm 4, [36]) and AJGI (Algorithm 5, [36]). The results after running for 100
iterations are shown in Fig. 2 and Table 2. According to the error and CT in Table 2 and

63
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40 T
—9— Tauopt
Gl

0 10 20 30 40 50 60 70 80 90 100
Iteration number k

Figure 2 Errors for Example 5.2

Table 2 Error and CT for Example 5.2

Method Error CT

TauOpt 0.0891 00568
€] 27.9847 00341
RGlw=02 32,9285 00300
RGl =04 165017 00288
RGlw=07 176606 00261
MGl 351852 0.0415
Jal 23.1308 00292
AJGI 363178 00423
direct 712048

Table 3 Errorsand CT for Example 5.3

Method Error cT

TauOpt 20180e-16 0.0496
Gl 03227 00124
LS 13.1666 00242
direct 03867

Fig. 2, we find that despite a little longer computational time, our final error outperforms

the other algorithms.

Example 5.3 In this example we consider equation (10) when p = 3 with

1 2 37 3 6 5] -2 0 5]
-1 3 1 6 9 -4 6 9 —4
2 -2 1 3 2 -1 9 5 —4
4y 3 2 -1 Ay 1 2 -3 A 0 1 6 ’
1 2 -3 -3 1 -2 9 -2 0
-3 1 -2 3 3 -1 3 3 -1
3 3 -1 6 -1 -7 2 0
12 3 3] 12 3 3] -8 8 1]
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2 % o

s
U”"’””‘mm,

B THY: e

““'mm 5 v s . ““'u,”"’i‘ﬂl‘ﬂ!

0 10 20 30 40 50 60 70 8 9 100

Iteration number k

Figure 3 Errors for Example 53

1 o s N N DL (36 67"
Ab-A L5 2 L2 5 2 L2 6
15\%2 % NN (37, 1 0 3
—hr Y 7 i Ta T
A Z Y KRy \Re o ILLLLLLE 9 b 2
59/ k 1\ 3 al ™
1 2 9 Oy 3 Fy 0 3
0 3 8 et/ ) o 9 9 .5
W’ B R T3 L9 ) W Sy
|3 -6 6] 37267 1 | b3 61 |

We choose an initial matrix X(0) = 107° ones(3, 3). After running Algorithm 4.1, the nu-
merical solutions converge to the exact solution

"62 0"‘
X=|-9 4 =2|.

3 6 0

In this example, we compare Algorithm 4.1 with GI (Proposition 1.1) and LSI (Proposi-
tion 1.4). The results after 100 iterations are shown in Fig. 3 and Table 3. We find that
Algorithm 4.1 gives the fastest convergence.

6 An application to a discretization of one-dimensional heat equation

In this section, we apply our proposed algorithm to a discretization of one-dimensional
heat equation:

%=6282u

9t 3_962 on [0, B¢] X [a Bi] (19)
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subject to the boundary conditions u(c, £) = g1, (B, £) = g, 1%, 0) = gz where g, gy, gz are
given functions.

6.1 Discretization of the heat equation

We make discretization at the grid points in the rectangle which are at (x;, ) with x; =
o + il and t; = jh, where

B

7/‘33:*0‘3: —
h,ﬁNerl and hti]\_ft‘ (20}

We denote ; = 1(x;, ;). By the Forward Time Central Space (FTCS) method, we obtain

Uy Pt 2uy gy 0282_u
at My K2 a2

or equivalently,
Uil = F(%‘fu + Mﬁ+1,j) +(L—2F)uy,

where F = hicz/hg for 1 <i < N, 1 <j < Np. We transform equation (19) into a linear
system of NNy equations in NN unknowns 11, ..., Un,

Ty Vec(Ul) =V, (21}

where U = [u;], T € My,n, has Ny x Ny blocks of the form Iy, on its diagonal and
tridiag(—F,—(1 — 2F),—F) under its diagonal. Here is an example of Ty where N; = 3 and
N, =2:

HI - BT 1
o ey (D) 1
—(1-2F) Az Jl1
L I | (AL 1J

Ty =

The vector V is partitioned in N periodsas [V{ V7 --- VA%]T where

Fylo,i—1
Fgalore, 0) + (1 — 2F)gal1,0) + Fga(w2, 0) il )

0
Fa(x1,0) + (1= 2F)ga(%2, 0) + Fga(x5,0)
Ving . and V=
| Pt 370) e 2E) gl OV Fir 2, 0 | 0
! ! Fg(Besi—1)
ford = s

Equation (21) is formed as AXB = C where A = Ty, X = Vec(l]), B=Tand C = V. Ac-
cording to Algorithm 3.1, we obtain an algorithm for (21) as follows:

Algorithm 6.1 The gradient-descent iterative algorithm for solving one-dimensional heat
equation.
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Input step. Input N, Ny € N as numbers of partition.

Initialization step. Let k. and h; be as in (20) and, foreachi=1,...,.Neandj=1,...,Ny,
X; = 0 + ihe and t; = jhy, compute s = TyV, S = Tf{,?: Tys, and§ = TuS. Choose
1(0) € RN gnd set k= 0.

Updating step. Compute

g Zﬁ.jffjt (8p — nyffiﬁ Spqtty(K))?
il = o 5
Zﬁ[ﬁ\[tG* Zf/ile Spqtig k)

wlfe + 1) = (k) + 71 (s — S(K)).

Set k= k+ 1 and repeat the Up dating step.

Here, we denote s, the pth entry of a vector s and S, the (p, g)-entry of S. To stop the
algorithm, an appropriate stopping rule is |V — Tyu(k)|| < ¢ where ¢ is a small positive
numbet.

6.2 Numerical simulation for the heat equation

To obtain the numerical solutions, we need to partition the rectangular domain, The ac-
curacy of the solution depends on the size of the partition grid. A better accuracy must be
from a finer grid system and it causes the size of the associated matrix Ty to be larger.

Example 6.2 Consider the heat equation (19) on {{x,£) : 0 <& < 1,¢ > 0} with the boundary
and initial conditions given as:

w(0,8) =u(l,t) =0 and  u(x,0) = sinma.

Let ¢ = 1, N, = 4, by = 0.01. We have fi, = 0.2 and F = 0.25. In this case, we consider N; =
10, so the size of the matrix 77 is 40 x 40. We run Algorithm 6.1 with the initial vector
#(0) = 107°[1 --- 1]¥ and the numerical solutions converge to the exact solution

wh ) = e singra).

In this example we compare our algorithm to the following algorithms: GI (Proposi-
tion 1.2), RGI [34], MGI [35], LS (Proposition 1.3), JGI (Algorithm 4, [36]) and AJGI (Al-
gorithm 5, [36]). The results after running 500 iterations are shown in Figs. 4 and 5, as well
as Tables 4 and 5.

7 Anapplication to a discretization of two-dimensional Poisson's equation
In this section, we give an application of the proposed algorithm to a discretization of
two-dimensional Poisson’s equation:

Pulxy)  ulxy)
il
a2 232

:f(x:y) on [O‘xr ﬁx] X [O‘y: ﬁy] (22)

with the boundary conditions u(x, 8,) = g, ulw, o) = gz, {4, 9) = g, and u(B,,y) = g
where g, g4, &1, g are given functions. Notice that the two-dimensional Laplace’s equa-
tion is a homogeneous case of the Poisson’s equation when the RHS function is zero, i.e.,

Jlay) =0.
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TauOpt
Gl

. . . n
0 50 100 150 200 250 300 350 400 450 500
Iteration number k

Figure 4 Errors for Example 6.2

)
Figure 5 The 3D-plot of the analytical solution (left) and the numerical solution (right) for Example 6.2
7.1 Discretization with rectangular grid
We make discretization at the grid points in the rectangle which are at (x;,5;) with &; =
ay +ih, and y; = o, + jl, where
-, —
Pl SRR ] (23)

N, +1 N, +1°
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Table 4 Comparison of nurnerical and analytical results for Exarmnple 6.2

t ul, o

x=02 x=04 x=06 x=08

Numer Exact Numer Bxact Numer Exact Numer Exact
0.01 05317 05325 08602 08617 08602 08617 05317 05325
0.02 04809 04825 07781 07807 07781 07807 04809 04825
0.03 04350 04371 07038 07073 07038 07073 04350 04371
0.04 03924 0.3961 06366 06408 06366 06408 0.3934 03961
0.05 0.3559 0.3588 05758 05806 05758 05806 0.3559 03588
0.06 03219 03251 05208 05261 0.5208 05261 03219 0.3251
0.07 02911 02946 04711 04766 04711 04766 02911 02946
0.08 02633 02669 04261 04318 04261 04318 02633 02669
0.09 02382 02418 03854 03912 03354 03912 02382 02418
0.10 02154 02191 03486 03545 03486 03545 02151 02191

Table 5 Errors and computational time for Example 6.2

Methed Error CT

TauOpt 00445 0.0368
Gl 20528 0.0072
RGI 25198 0.0076
MGl 16413 0.0078
LSI 30821 0.1155
JGl 21186 0.0072
AJGI 26405 0.0050

Wedenote uy = ulay, y), fiy = f (%, 7), aswell as g, €4, &1, 2-- By the standard finite difference
approximation, we obtain

2 2
%ulx,y) 3 uly) w1y 2ty + s o — Qg + U1

5 24
0a2 2y 2 72 @

or equivalently,
ety — 1y — i) + 220y — g — i) = =20,

for 1 < i< N, 1 <j=N,. Now, we can convert the differential equation (22) to a linear
system of NN, equations in NN, unknowns zy,..., Un

(hng + 12 To) Vee(U) = —h§h§ Veelfy] + 12 (g, +72) + h§@+g_,), (25)

where U/ = [uz], T1 has N, x N, blocks of the form tridiag(-1,2,-1) of N, x N, on its
diagonal and T5 also has N, x N, blocks of the form 2/, on its diagonal and —/x, blocks
on its off-diagonals. The boundary conditions produce constant vectors gz, 27, @, Z- at the
RHS of (25) as follows:

T
L= [g“xlvﬂy Bunypy ngNx By 0 - 0] E
— /4
&= [0 O, 8., gdm,ay] ,
_ T
&= [gkxx,yNy 0 - 0 glomyNy,l o - Ll (N 0] *

T
:[0 0 g’ﬂx:yNy o -0 g’ﬂx,yNy71 (UNE g’ﬁxm] .

=
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Note that, for the Laplace’s equation, equation (25) will be reduced to
(2T + 12 Ty) Veo(ll) = B2 + Z0) + 2T + ).

Equation (25) is formed as AXB = C where A = hﬁTl + 2T, X = Vec(U), B=1 and
C =~k Vee(lfy]) + B2(@ + Z2) + M)(@ + T). According to Algorithm 3.1, we obtain an
algorithm for the rectangular-grid case as follows:

Algorithm 7.1 The gradient-descent iterative algorithm for solving two-dimensional Pois-
Sou’s equation.
Input step. InputN,, N, € N as numbers of partition.
Initialization step. Let b, and h, be as in (23} and foreachi=1,..., N, andj=1,...,N,,
Ji =flayy;) wherex; = o, + il and y; = o, + jh,. Compute ¢ = —h§h§ Veo[fy] + g, +
T+ HEG +T) s = Tne, S = T t = Tys, and T = TyS where To = 2Ty + 2T,
Choose 14(0) € RN and set k= 0.
Updating step. Compuite

NN, NN,
. " (sp - bZ,)4! " Spttg(K))

+1.= TR N, ,
1 (b= 301 Togtag(K))?

welle+ 1) = (k) + rer(s — Su(k)).
Set k =k + 1 and repeat the Updating step.

Here, we denote by s, the pth entry of a vector s and by S, the (p, g)-entryof S. In case of
solving the two-dimensional Laplace’s equation, initially compute ¢ = B2(Z; + Zz) + hﬁ(gj +
). To stop the algorithm, a reasonable stopping rule is [|c — Twe(k)|% < € where € is a
small positive number. Since the coefficient matrix T is sparse, the error norm can be

described more precisely:

o= Tyeeth|[ 1 = flel2 =2 te(c¥ Tnau(k)) + | Toveelh) | 7

Ne B

= HCH% = 2h§h§ Z Zh%,f,;(—ui,u + Zug 2 LLHIJ)

=1 =1
+ hﬁﬁj(—u,;jﬂ + Zug = ui,j—l) + H TNM(k) Hi.
7.2 Discretization with square grid
Now, we consider the Poisson’s equation (22) on the square [«, 8] x [«, 8] with the bound-

ary condition z = 0 on the boundary of the square. In this case, /1 := b, = i, and N := N, =

N, and hence
Ta=Ine T+ T, &Iy,
where T, = tridiag(—1,2,—1) € My. Thereby, (25) can be transformed into

Ty Vec(U) = —1* Vee([f) + T + T+ T+ {26)
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or equivalently, T,U + UT, = G where G = —k? Veo([f3]) + Z; + Zz + & + & Thus (26) can be
solved by Algorithm 4.1 where P = T.
To have the condition number of Ty, we consider the smallest and largest eigenvalues
of T, which are given respectively by (see, e.g., [42])
1) =4,

a=2(1 T Vol Y, ap-2(1 N
te B R S N v

Since Ty = Iy & T, + T, & Iy, the eigenvalue of T is 4; + A; where 4, 4; € o (T}). Thus, the

condition number of Ty for large N is

)\N+)‘4N 4 2
= o — (N 1), DT
rth JT?'( X ) ( )

KTN

Corollary 7.2 The discretization (26) of the Poisson’s equation (22) can be solved by using
Algorithm 7.1 in which ¢ = -2 Vec[fy] + Ty + Zz + Z + T so that the approximate solution
u(k) converges to the exact solution u* for any initial vector u(Q). The convergence rate of the
algorithm is governed by /1 — Kf]%[, where k1, is given by (27). Moreover, the error estimates
are given as jollows:

otk = o2 | = e 0 2 sk~ 1)

-
k
leh) =2t | ey (1 - #72) 7 [00) — 9
7.3 Numerical simulations for the Poisson’s equation
Example 7.3 We consider an application of our algorithm to the two-dimensional Pois-
son’s equation (22) with
flay) = —2x?sin(za)sin(ry), O<x<1,0<y<l,
and the boundary condition z = 0 on the boundary of the rectangle. It is called a Dirichlet
problem. We choose an initial vector 2(0) = 107°[1 -~ 1]%. We run Algorithm 7.1 with the
rectangular grid of 10 x 20 which causes the size of the matrix T to be 200 x 200. The
analytical solution is

1" o, y) = sin(x) sin(zy),

In this example, we provide only a comparison of numerical and analytical solutions in
Table 6, and a 3D-plot of both solutions in Fig. 6.

Example 7.4 Consider the two-dimensional Laplace’s equation on [0,1] x [0,7] with the
boundary conditions:

1(0,y) = siny, u(1,y) = esiny, ulx,0) =0, u(x,7) =0.

We run Algorithm 7.1 with the initial vector #(0) = [1 - - 1]7. We choose two grid par-
titions: one has k, = 0.25, hy, = w/4 and the other has k, = 0.0625, k, = 7/32. So the sizes
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Table 6 Cormparison of nurnerical and analytical results for Exarmnple 7.3

y ulx.y)
x=03636 x=05454 x=07272 x=09090
MNumer Exact Nurmer Exact Numer Exact Numer Exact
0.1904 05136 05124 0.5588 05576 04267 04257 0.1587 01591
0.3808 08483 08463 09236 09214 07052 0.7035 0.2629 02623
05712 08889 088638 0.9673 09650 07386 07368 02753 02747
0.7616 06202 06187 0.6749 06732 05153 05140 01921 01916
0.9520 01359 0.1356 0.1479 01475 01129 01126 0.0423 0.0420
g 1
08 08
06 08
04 04

Figure 6 The 3D-plot of the analytical solution (left) and the nurmerical solution (right) for Example 7.3

Table 7 comparison of numetical and analytical results for Exarnple 7.4

Exact hy =025 hy =m/4 hy = 00625, hy = /32
Nurerical Error (96) Nurmerical Error (%)
w025, /) 0.8079 08131 057 0.9080 001
w(050,7/2) 1.6487 1.6593 064 1.6489 0.01
w075, 3 /4) 1.4969 1.5031 041 14671 0.01

of the matrix Ty are 9 x 9 and 465 x 465, respectively. A comparison of numerical and
analytical results is shown in Table 7. Figure 7 displays a 3D-plot of the numerical and the
analytical results for the latter grid partition. Note that the analytical solution is

15 (o, ) = € sin y.

8 Conclusion

The proposed gradient-descent based iterative algorithm is well suited for solving the
generalized Sylvester matrix equation, Y4, A;XB; = C. Such matrix equation can be re-

duced to a class of well-known linear matrix equations such as the Sylvester equation,

the Kalman-Yakubovich equation, and so on. The proposed algorithm is applicable for

any problems as long as A; and B; have full column-rank and full row-rank, respectively,
for all ¢. The convergence rate of the algorithm is governed by /1 —x -2 where x is the
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3 3
25 25
2 2

Figure 7 The 3D-plot of the analytical solution (left) and the numerical solution (right) for Example 7.4

condition number of } %, B ® A;. As applications, our algorithm can be adapted to the
discretization of the one-dimensional heat equation and the two-dimensional Poisson’s
equation. According to numerical simulations, our algorithms converge fast to the exact
solution in spite of a little more computational time compared to other methods. The nu-
merical examples for heat and Poisson’s equations in Sects. 6 and 7 guarantee the capability
and adaptability of our proposed algorithins.
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Abstract

This paper proposes an effective gradient-descent iterative algorithm for solving a
generalized Sylvester-transpose equation with rectangular matrix coefficients. The
algorithm is applicable for the equation and its interesting special cases when the
associated matrix has full column-rank. The main idea of the algorithm is to have a
minimum error at each iteration. The algorithm produces a sequence of
approximated selutions converging to either the unigue solution, or the unique
least-squares solution when the problem has no sclution, The convergence analysis
points eut that the algorithm converges fast for a small condition number of the
associated matrix. Numerical examples demonstrate the efficiency and effectiveness
of the algorithm compared to renowned and recent iterative methods.
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1 Introduction

In differential equations and control engineering, there has been much attention for the

following linear matrix equations:

AXB=C,

AX + XAT = B:  Lyapunov equation,

AX + XB=C: Sylvester equation,

AXB+CXD=E: ageneralized Sylvester equation,
AXB+CXTD=E: ageneralized Sylvester-transpose equation,
X+AXB=C: Steinequation,

X+AXTB=C: Stein-transpose equation.

(]
@
)
)
)
®)
@)
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These equations are special cases of a generalized Sylvester-transpose matrix equation:

pP q
ZAtXBt + Z CXTD,=E, 8)

t=1 s=1

where, foreacht=1,...,p,4; € R B, e R foreachs=1,. . q,Cs€ R, D, e R,
E e R are known matrices whereas X = R™*% is the matrix to be determined. These
equations play important roles in control and system theory, robust simulation, neural
network, and statistics; see e.g. [1-4].

A traditional method of finding their exact solutions is to use the Kronecker product of
amatrix and the vectorization to reduce the matrix equation to a linear system; see e.g. [5,
Ch. 4]. However, the dimension of the linear system can be very large due to the Kronecker
multiplication, so that the step of finding the inversion of the associated matrix will result
in excessive computer storage memory. Forthat reason, iterative approaches have received
much attention. The conjugate gradient (CG) isan interesting idea to formulate finite-step
iterative procedures to obtain the exact solution at the final step. There are variants of CG
method for solving linear matrix equations, namely, the generalized conjugate direction
method (GCD) [6], the conjugated gradient least-squares method (CGLs) [7], generalized
product-type methods based on a bi-conjugate gradient (GPBi) [8]. Another interesting
idea to create an fterative method isto use Hermitian and skew-Hermitian splitting (HSS);
see e.g. [9].

A group of methods, called gradient-based iterative methods, aim to construct a se-
quence of approximated solutions that converges to the exact solution for any given initial
matrices. These methods are derived from the minimization of associated norm-error
functions using gradients, and the hierarchical identification. Such techniques have stim-
ulated and have played a role in many pieces of research in a few decades. In 2005, Ding
and Chen [10] proposed a gradient-based iterative (GI) method for solving Egs. (3), (4),
and (6). Ding et al. [11] proposed the GI and the least-squares iterative (LSI) methods for
solving Zj':l A;XB; = F which includes Eqs, (1) and (4). Niuet al. [12] developed a relaxed
gradient-based iterative (RGI) method for solving Eq. (3) by introducing a weighted fac-
tor. The MGI method, developed by Wang et al. [13], is a half-step-update modification
of the GI method. Zhaolu et al. [14] presented two methods for solving Eq. (3). The first
method is based on the GI method and called the Jacobi gradient iterative (JGI) method.
Furthermore, they introduced relaxation factors to accelerate the speed of convergence
and called the accelerated Jacobi gradient iterative (AJGI) method. Recently, Sun et al.
(2019, [15]) proposed two modified least-squares iterative algorithms namely, LSIA1 [15,
Theorem 2.3] and LSIA2 [15, Theorem 3.1] for the Lyapunov equation (2). See more algo-
rithms in [16-24]. The developed iterative methods can be applied to state-space models
[25], controlled autoregressive systems [26], and parameter estimation in signal process-
ing [27].

Let us focus on gradient-based iterative methods for solving Eqs. (5) and (8). A recent
gradient iterative method for Eq. (5) is AGBI method, developed in [28]. The following two
methods were proposed to produce the sequence X (k) of approximated solutions converg-
ing to the exact solution X* of Eq. (8).
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Method 1.1 {[29]) Gradient iterative (GI) method.
1 r q
X(k) = — (Z X;(k) + mel(k)),
2+d j=1 =1

4 q
Xyky =Xk~ 1) + AT (E =3 AX(k- DB -y CXT(k - l)Di) B

i, =1

P q &
Xpa(K) = X(k = 1) + Dy (E = AX(Kk-DB= Y CX Tk - l)Di) C.
i =)

i=1

A conservative choice of the convergence factor g is

14 4q
Ocp<? (Z Amas (AT hmas (B B) + Z,\mx(clc{ Y b (DfD,)) .
j=1 el

Method 1.2 ([29]) Least-squares iterative (LSI) method.

2 q
Rik)-E - Z AX(k-1)B;— Z C:X(k-1)D;,

i=ds =1
X;lhy =X (k - 1) + (AT A)) AT R()BE (BBT)

Xpulk) = X(k=1) + (DT DRI CCEC) ™,
2 q
Xi{k) = = _ (ZX,-(k) + wa(k)), Ocp<2p+q).
L J=1 =1

In this work, we introduce a new iterative algorithm based on gradient-descent for solv-
ing Eq. (8). The techniques of gradient and steepest descent let us obtain the search direc-
tion and the step sizes. Indeed, our varied step sizes are the optimal convergence factors
that guarantee the algorithm to have a minimum error at each iteration. Our convergence
analysis proves that, when Eq. (8) has a unique solution, the algorithm constructs a se-
quence of approximated solutions converging to the exact solution, On the other hand,
when Eq. (8) has no solution, the generated sequence converges to the unique least-squares
solution. We provide the convergence rate to show that the speed of convergence depends
on the condition number of the associated certain matrix. In addition, we have an error
analysis that gives an error estimation comparing the current iteration with the preced-
ing and the initial iterations. Finally, we provide numerical simulations to guarantee the
efficiency and effectiveness of our algorithm. The illustrative examples show that our al-
gorithm is applicable to both Eq. (8) and its certain interesting special cases.

The organization of this paper is as follows. In Sect. 2, we recall the criterion for the
matrix equation (8) to have a unique solution or a unique least-squares solution, via the
Kronecker linearization. We propose the gradient-descent algorithm to solve Eq. (8) in
Sect. 3. The proof of convergence criteria, convergence rates, and error estimation for the
proposed algorithm are provided in Sect. 4. In Sect, 5, we present the comparison of the
efficiency of our proposed algorithm to well-known and recent iterative algorithms.

In the remainder of this paper, all vectors and matrices are real. Denote the set of #
columns vectors by R” and the set of m x n matrices by R™*#, The (i, j)th entry of a matrix
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A is denoted by A(i,j) or a;. To perform a convergence analysis, we use the Frobenius
norm, the spectral norm, and the (spectral) condition number of A € R™**, which are,
respectively, defined by

T 12
1Allr = tr(ATA), Al = Amax (ATA), K(A>:(%).

2 Exact and least-squares solutions of the matrix equation by the Kronecker
linearization
In this section, we explain how to solve the generalized Sylvester-transpose matrix equa-
tion (8) directly using the Kronecker linearization.
Recall that the Kronecker product of A = [g4] € R™*” and B € RF*4 is defined by A ©
B=[agB] € R™"™ . The vector operator Vec() turns each matrix A4 = [a;] € R™** to the

vector
L i
Vec(A):[an...uml ATl S AN am...umﬂ] c s,

Lemma 2.1 (e.g. [5]) Forcompatible matrices A, B, and C, we have the following properties
of the Kronecker product and the vector operator.

W (A® BT = AT © BT,

(iiy Vec(ABC) = (CT @ A) Vec(B).

Recall also that there is a permutation matrix P(#1, #) € R™™ such that
Veo(XT) = P(sm,n) Vec(X) forall X  R™*". 9)

This matrix depends only on the dimensions # and # and is given by

m iz
Plmm =y > E;@EL,

=1 j=1

where E; has entry 1 in (7, f)th position and all other entries are 0.
Now, we can transform Eq. (8) to an equivalent linear system by applying the vector
operator and utilizing Lemma 2.1(if) and the property (9). Indeed, we get the linear system

QVec(X) = Vec(E), (10}
where
r q
Q=Y (Bl @A)+ (DF © C)P(m.u) < BT, (11)
t=1 s=1

Thus Eq. (8) has a (unique) solution if and only if Eq. (10) does. We impose the assumption
that @ is of full column-rank, or equivalently, Q7 Q is invertible.
If Eq. (8) has a solution, then we obtain the exact (vector) solution to be

Veo(X*) = (QTQ)’IQTVec(E). (12)
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If Eq. (8) has no solution, then we can seek for a least-squares solution, i.e. a matrix X*
that minimizes the squared Frobenius norm ||Q Vec(X} — Vec(E)||%. The assumption on Q
implies that the least-squares solution for Eq. (8) is uniquely determined by the solution
of the associated normal equation, and it is also given by Eq. (12). In this case, the least-
squares error is given by

[| @ Vee(X") - Vec(E) Hi = || Vec(E) Hi — VecT(E)Q Vec(X*)

- |EI: — Ve (E)Q(QT Q)@ Veo(E). (13)
We denote both the exact and the least-squares solutions of Eq. (8) by X*.

3 Gradient-descent iterative solutions for the matrix equation
This section is intended to propose a new iterative algorithm for creating a sequence {X;}
of well-approximated solutions of Eq. (8) that converges to the exact or least-squares solu-
tion X*. This algorithm will be applicable if the matrix Q is of full column-rank, no matter
Eq. (8) has a solution or not.

Our aim is to generate a sequence {xy}, starting from an initial vector xy, using the re-
currence

Kl =X+ Tpady, k=0,1,...,

where ay is the kth approximation, tz,1 > 0 is the step size, and dx is the search direc-
tion. To obtain the search direction, we consider the Frobenius-norm error || 3% ; A:XB; +

4, CXT Dg— E||r which is then transformed into || Qx — Vec(E) ||z via Lemma 2.1(ii} and
= Vec(X). Let f: R — R be the norm-error function defined by

Fla) = % | Q= Vec(E) -

It is easily seen that f is convex. Hence, the gradient-descent iterative method can be
shown as the following recursive equation:

K1 = X — T V().

To find the gradient of the function f, the following properties of the matrix trace will be
used:

d
— tr(AX) = AT,
7y Tax)

i tr(XAXTB) = BXA + BTXAT.
aX
By letting & = Vec(E), we compute the derivative of f as follows:
1d T .
VA = 5 tr((Qx - 87 (Qx - 8)

_1la s B RS, SR
-2dxtr(Qm QF —ex QT — Que” + 28")
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Page 50f 18



82

Kittisopaporn and Chansangiam Advances in Difference Equations (2021) 2021:266 Page 6of 18

1 < .
-5 (@7 e+ Q- Q- Q"9)
=Q'(Qv-8) (1)
Thus, we have the new form of the iterative equation as follows:
wrin = + T Q7 (€= Qup).

The above equation can be transformed into matrix form via Lemma 2.1(ii), i.e.,

=1, s=1

14 q
Niewt =Xi + Trnn (ZAtTRkBtT + ZDSRJfC,)

where Ry = E — ZleAthBi - 3:1 CSXEDS.
To choose a step size, we define ¢, : [0,00) = R by for each k< N U {0},

1 1
Pr1(7) =) =5 1Qxk — €l
1 T L2
-5 17QQ" @ Qu) + Qa8
We differentiate ¢y, by using the properties of a matrix trace and obtain
d e 2 "y 2
Z- 0k (@) = mra |QQT(E— Quy); — | QT (& - Qul |7

It is obvious that the second-order derivative of ¢.1 is [|Q QY (8~ Qax)||% whichis a positive
constant. So when %d),m(r) =0, we get the minimizer of ¢pzq, Le.

IQ (& - Qwi)IE

“17 Q0T - QxlIE
. || Veol Wi I7
| Vec(3 7 ArWiBs + > L CWI DI
| Wl

) 120 AWiBe + 5 CWED,IE

Here Wy =>4 | ATRBT + 30, CIRDY.

An implementation of the gradient-descent iterative algorithm for solving Eq. (8) is
given by the following algorithm where the search direction and the step size are taken
into account. To terminate the algorithm, one can alternatively set the stopping rule to
be |Re|lr — & < € where ¢ > 0 is a small error and § is the least-squares error described in
Eq. (13).

4 Convergence analysis of the proposed algorithm
In this section, Algorithm 1 will be proved to converge to the exact solution or the unique
least-squares solution. Recall the next lemma.
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Algorithm 1: The gradient-descent iterative algorithm for Eq. (8)
Az, By, Cg, Dy, E, Xo;
fork=1,...,ndo
Re=E-31 AXiB -3 E CXIDg
Wi =201 A RGBT + 375, CIRiDS
Teet = | Wil 2/ 250 A WaBe + 120, CW Dl 25
Nt = X+ i 7 AT RGBT + 30 DIREC)
end

Lemma 4.1 ([30]) Let f: R" — R be a strongly convex function, i.e. there exist two non-
negative constants yr, ¥ such that w1 < V2f(x) < I for all x € R, Then, forany x,y < R,

v

SO =f6) + V& =)+ 5 ly =2 (15)

163 = 0 § Ve = ¢ Sy -l 16)

The following definition is an extension of the Frobenius norm and will be used in the
convergence analysis.

Definition 4.2 Given a full-column-rank matrix P e R¥*", we define the P-weighted
Frobenius norm of 4 € R™** hy

lAllp i= || PAllr = o/ tr(ATPT PA). (17)

Theorem 4.3 Consider Eq. (8). Assumie that Q is of full column-rank.

(i) Suppose Eq. (8) has a solution (and thus, the solution is unique). Then, for any initial
matrix Xo, the sequence X of approximated solutions generated by Algorithm 1
converges to the exact solution X*.

(ii) Suppose Eq. (8) has no solution (and thus, it has the unique least-squares solution
X*). Then || Xillo — || X*|| g forany initial matrix Xo. Here, || - || is the Q-weighted
Frobenius normt defined by Eq. (17).

Proof Since a* = Vec(X*) isthe optimal solution of min, pm» f(x), we denote the minimum
value, infe-pen f{x) = f(2*) as 5. Note that § is equal to the least-squares error determined
by Eq. (13) and is zero if X* is the unique exact solution. If there exists k € IV such that
Vf(xe) = 0, then X = X* and the result holds. To investigate the convergence of the algo-
rithm, we assume that Vf(xy) # 0 for all k. Consideringthe strong convexity of f, we have
from Eq. (14) V?f{xr) = QF Q. Let Amin (Amax) be the minimum (maximum) eigenvalue of
QT Q, respectively. Since QT Q is symmetric, we have

Amind = V2 (01) < Amaxl.

Thus, f is strongly convex. From (15), substituting y = xy,1 and x = a; yields

Am

_ e
L]

S0 = f) 7| Vfe|; + =5

83
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We minimize the RHS by taking v = 1/Amn, s0 that
1 2
fO) = flawe - o [V [
2)\4m'm
Since the above equation is true for all y € R, we have
1 2
5 = flo) = =— | Vf ) - (18)
ZAm'm
Similarly, from (16), we have

2
St <o) =< er .+ 22

Minimizing the RHS by taking = 1/An yields
¢ 2
Fxin) = F0) = = | VG - (19)

Subtracting each side of (19) by 8 and combining with || V(%) |[% = 2hmin{f () - 3) (from
(18)), we get
1 2
Slara)—8<flag) -8 - EY I/ =
max

= () - 5) ~ 2 (o) )

< (1 A i““"“)(f(xk) —5).

max

Putting o := 1 — hpin/Amax, We have

Flnet)— 8 < o(fla) — 9). 20)
By induction, we obtain

Slo) =8 < o (i) - 5). 21)

Since Q7 Q isassumed to be invertible, Q7 Q > 0, it follows that Ay, > Oand hence 0 < or < 1.
Thus, f{az) — 38 — 0, or equivalently, flag) — § as k— oo.

Consider the case of X* is the unique exact solution, i.e., § = 0. We have f(xx) — 0, or
equivalently Qux — Vec(E) — 0 as k — co. Now, the assumption that Q is of full column-
rank implies that

X — (QTQ)leT Vec(E).
Therefore, Xz = Vee ! (az) — X* as k — co.

The other case isthat X* isthe unique least-squares solution, i.e.,§ > 0. We have f{xx) —
8 or 3 [|Qax — Veo(E) |3 — || Vec(E)||2 — Vec(E)” Qx*. Then

% te((Qug — Vec(E))T(ka = Veo(E))) — tr(Veo(E)T Veo(E)) — Veo(E)TQs”.
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We omit some algebraic operations and hence immediately write
2
kaHl’Q = tr(foTka) — tr(Vec(E)TVec(E)) = Hx* HQ
Therefore, | X¢l|g — [|X*| o as k — co. O

We denote the condition numberof @by = x(Q). Observe that o = 1 —x 2. The relation
between the quadratic norm-error f(x;) and the norm of residual error || Rg|| is given by

Flo) = %\\Rku?

Making use of Lemma 2.1(ii), the inequalities (20) and (21) become the following estima-

tion:

IRelIZ < e llRes I + 2872, 22)

Rl % < o[ Roll% + 25 (1 - o). 23)

In the case of Eq. (8) having a unique exact solution (5 = 0), the error estimations (22) and
(23) reduce to (24) and (25), respectively.

1
1 Bellr < 1R [Igs (24)

1Rl < o2 | Roll (25)
Since 0 < « < 1, it follows that, if || Ry_1]|z are nonzero, then

|1 Relle < | Re-1 | (26)
The above discussion is summarized in the following theorem.

Theorem 4.4 Assume that Q is of full colummn-rank.
(i) Suppose Eq.(8) has a unique solution. The error estimation || Ry||p compared with
|| Ri_1 || e (the preceding iteration) and ||Ry||p (the initial iteration) are given by (24)
and (25), respectively. Particularly, the relative error | Ry|| g gets smaller than the
preceding (nonzero) ervor, as in (26).
(ily When Eq. (8) has a unigue least-squares solution, the ervor estimation (22) and (23)
hold.
In both cases, the convergence rate of Algorithm 1 (regarding the error || R| ) is governed

by /1 — k2,
Remark 4.5 The relative errors (22) and (23) do not seem to decrease every step of itera-
tion since the terms 282 and 25{1 — &%) are positive. However, the inequality (19) implies

that {[| Rkl £}32, is a strictly decreasing sequence converging to 8.

We recall the following properties.
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Lemma 4.6 (e.g. [5]) For any compatible matrices A and B, we have
0 1ATAll2 = 1413,
() 14Tl = [[A .
i) ||ABllg = |4l 1IB]|e-

Theorem 4.7 Suppose that Q is of full column-rank and Eq. (8) has a unique exact solu-

tion. We have the error estimation || Xy — X* | compared with the preceding iteration and
the initial iteration of Algorithm 1 are provided by

=X < e A

| 27

k
=3 2= ) o8
Particularly, the convergence rate of the algorithm is governed by v1 — k2.

Proof Utilizing (25) and Lemma 4.6, we have

o= X = e~
- (@97 (@ Y=~ (@ Q" Q]
= (@Q) " [,]Q7 [, | e~ @
Q) T i< e
/

£ i
RN RIS ol

D g)\max(QTQ)
) FemlQTQ)

(1) Ko - Xt

I A

IA

Ry
(ur
(i o),

As the limiting behavior of || X — X* ||z depends on (1 —K’Z)é, the convergence rate for
Algorithm 1 is governed by +/1 — =2, Similarly, using (24), it follows that

5
e x* = (=) 2UQPQ Q7 s ~ e
L =
= (=@ QT ek i~ 7
e X
and hence (28) is obtained. 0
Theorem 4.8 Suppose Q is of full column-rank and Eq. (8) has a unique least-squares

solution. The error estimation | X — X*||% compared to the preceding iteration and the
initial iteration of Algorithm 1 are provided by

+285 )

2= [ < et ey~ [ 2805, 9

1 =X |2 < ofic | Xo - X* |3 + 2662 (1 — ) Ak (30)
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Proof The proof is similar to that of Theorem 4.7 and carried out by (22) and (23). We,
therefore, omit the proof. O

Consequently, our convergence analysis indicates that the proposed algorithm always
converges to the unique (exact or least-squares) solution for any initial matrices and small
condition numbers. Moreover, the algorithm will converge fast when the condition num-
ber is close to 1.

5 Numerical experiments for the generalized Sylvester-transpose matrix
equation and its special cases

In this section, we provide numerical results to show the efficiency and effectiveness of
Algorithm 1. We perform the experiments in the following cases:

o alarge-scaled square generalized Sylvester-transpose equation,

o asmall-scaled rectangular generalized Sylvester-transpose equation,

e a small-scaled square Sylvester-transpose equation,

e alarge-scaled square Sylvester equation,

¢ a moderate-scaled square Lyapunov equation,
Each example contains some comparisons of the proposed algorithm (denoted by TauOpt)
with the mentioned existing algorithms as well as the direct method Eq. (12), CT stands for
the computational time (in seconds) and is measured by the tic toc function in MATLAB,
The relative error || Ry ||¢ is used to measure error at the kth step of the iteration. All itera-
tions have been evaluated by MATLARB R2020b, on a PC (2.60-GHz intel(R) Core(TM) i7
processor, § Gbyte RAM).

Example 5.1 Consider a generalized Sylvester-transpose matrix equation
2 3
ZAtXBt + Z Tl = B

t=1 s=1

with 100 x 100 coefficient matrices:

A = tridiag(-0.242,0.217,0.109), A,y = tridiag(0.539,0.253,-0.835),

By = tridiag(0.098, -0.793,0.561), By = tridiag(0.001,0,533,0.212),
Cy = tridiag(0.586,0.462, —0.688), C, = tridiag(—0.245, - 0.937,0.687),
Cj = tridiag(—0.930,0.471,-0.813), Dy = tridiag(0.440,-0.762,0.008),
D, = tridiag(0.995,0.075,0.169), D3 = tridiag(0.514,~0.779,0.358),

and E = septdiag(—0.427,-0.158,-1.181,1.182,-0.452,-0.014, —0.158).

We choose an initial matrix Xo = zero{100), where zero(s) is the # x 1 zero matrix. In fact,
this equation has the unique solution

X* = tridiag(0.293,0.152,0.905).

Table 1 shows that the direct method consumes a big amount of time to get the exact
solution, while Algorithm 1 produces a small-error solution in a small time (0.1726 sec-
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Table 1 Relative errors and CTs for Ex. 5.1

Method  Iterations  Relative error  CT

TauOpt 100 00014 01726
Gl 100 40260 0.3252
Ls! 100 17.8265 2.0425
direct = 0 5.4274e+03
18 & T
|‘.\ — —¥— -TauOpt
16 4; \ SOl
Y — 1Sl
14 4
|
| \
12 \ J
®
= |
5 10 3 ,
2 |
T 8T ,
s |1 N
© | ! &
e - P 4
y T
i NCLLL
4F % =4 |
%
) M _
0 T 4__‘.{ .
0 10 20 30 40 50 60 70 80 90 100
Iteration number k
Figure 1 Relative errors for Bx. 5.1

onds after 100 iterations). We compare the efficiency of Algorithm 1 with another existing
gradient-based iterative algorithms, namely, GI (Method 1.1) and LSI (Method 1.2). Fig-
ure 1 displays the error plot which supports the theoretical results ie., the sequence of
errors generated by Algorithm 1 is monotone decreasing. Table 1 indicates that our algo-
rithm performs well in computational time.

Example 52 Consider the equation
3 2
> AXB 4+ Y CXTD=E
t=1 =1
with the rectangular coefficient matrices as follows:
{0.491 0.064'| {0.394 0.886-‘ ’70.258 0.503"
Ap=10071 04361, Ay = 10613 0931 |, A3=10897 0612 |,
0.887 0.826 0.818 0.190 0593 0.819

[o531 0453 0966 p | 0695 0346 0556
"“lo202 0427 0620 “|o720 0517 0156]°
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Table 2 Errors and CTsfor Ex. 52

Method  lterations  Error T

TauOpt 100 7.3178e-04 00015
Gl 100 06164 00025
LsI 100 0.8453 0.0076
direct 0 00020

r 0.454 0.734
0562 0426 0731
By = 7 Cy=10386 04301,
0694 0836 0360
- 0.775 0.693
0945 0.109
0459 0228 0015
G =10784 0389, Dy )
0.050 0.834 0.863
0705 0.590
r 0671 0056 0435
0.078 0500 0571
Dy = and E=|0.59 0152 0.832
0.669 0218 0122

0.056 0019 0617

We find that 4 = rank Q + rank[Q Vec(E)] = 5, i.e., the matrix equation does not have an
exact solution. However, the size of Q is 9 x 4, i.e., Q is of full-column rank. Hence, ac-
cording to Theorem 4.3, Algorithm 1 will converge to the least-squares solution in which
the least-squares error (13) is equal to 0.0231. We choose an initial matrix Xy = zero(2).
Algorithm 1 is compared with GI (Method 1.1), LSI (Method 1.2) and the direct method
Eq. (12). In this case, we consider the error | X* — Xi||z where X* is the least-squares solu-
tion. Figure 2 displays the error plot, and Table 2 shows the errors and CTs for TauOpt, GI,
LST and the direct method, We see that the errors converge monotonically to zero, i.e., the
approximate solutions Xj generated by Algorithm 1 converge to X*. Moreover, Algorithm
1 consumes less computational time than other methods.

Next, we will consider the Sylvester-transpose equation (5) which is a special case of the
generalized Sylvester-transpose equation (8). From Algorithm 1, the optimal step size 7 is
described by

Wil
T TR L,
|AWB + CW/[ D||%
where Wi = ATRBT + CTR.DY and Ry = £ — AX: B — CX](TD.

Example 53 Let us consider the Sylvester-transpose equation (5) with

6 -4 =7 -8 6 -5 4 -2
Ao 9 -4 5 2 : B 9 -7 -5 6 ’
-9 6 -5 6 2 -8 2
|8 -3 3 9] 7 3 -1 -1
[-8 -5 -4 77 3 -5 1 2
2 7 -4 6 6 6 3 1
C= 5 D= and
4 8 -9 -7 4 -8 -5 4
|3 1 5 6] 3 -5 -1 9J
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Figure 2 [rrors for Ex. 5.2

Table 3 Relative errors and CTs for Ex.5.3

Method  Iterations  Relative error — CT

TauOpt 100 0.3368 0.0011
Gl 100 3023879 0.0021
LS| 100 562.8838 0.0034
AGBI 100 80.7919 0.0015
direct < 0 0.0051

—284, ».13 74 ~93
248 —47 -103 109
B4 R 4y El
326N\ 994127 104

Choosing Xy = zero(4), then the sequence of numerical solutions generated by Algo-
rithm 1 converges to the exact solution,

0.3342 03443 0.4843 0.7574
0.9568 0.7485 0.4250 0.2941
0.0177  0.8061 0.6380 0.6972
04516 0.1859 0.7069 0.6669

We report the comparison of Algorithm 1 with GI (Method 1.1), LSI (Method 1.2), AGBI
([28]) and the direct method Eq. (12) by Fig. 3 and Table 3. Both of them imply that Algo-
rithm 1 outperforms other algorithms.

Next, we will consider the Sylvester equation (3) which is also a special case of Eq. (8).
For this equation, the optimal step size t is described by

| Wil

Tyl = ——————,
M AW + WiBI
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Figure 3 Relative errors for Ex. 5.3
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Table 4 Relative errors and CTs for Fx. 5.4

Method  Iterations  Relative error  CT

TauOpt 100 0.1457 00681

al 100 1834122 0.0731

RGI 100, 330116 00661

MGl 100 115.7206 0.0640
AGBI 100 57.8981 0.0839

JGl 100 5159767 0.0385
AJGI 100 4690704 0.0547
direct F 0 54606e+03

where Wy = ATR; + RgBT and Ry = C — AXy — X;B.

Example 5.4 Suppose that the Sylvester equation (3) has large-scaled tridiagonal coeffi-

cient matrices, i.e.,

A = tridiag(10,-2,9),

where 4, B, C € R'%%1% e choose an initial matrix Xy = zero(100). Here, the symmetric
exact solution is given by X* = tridiag(1, -5, 1), so that AGBI algorithm can be applicable.
We compare Algorithm 1 with GI (Method 1.1), AGBI([28]), RGI [12], MGI [13], JGI [14],
and AJGI [14]. Although Table 4 tells us that our algorithm takes a slightly more time than
some other algorithms, Fig. 4 illustrates that Algorithm 1 reaches the fastest convergence.

The last example presents another special case of Eq. (8) that is the Lyapunov equation
(2). The optimal step size 7 is described by

Wil

Tl = ——————————,
M AW - WiAT I

B = tridiag(~1,2,-5),

and C = tridiag(-45, 13, -20),
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Figure 4 Relative errors for Ex. 54

Table 5 Relative errors and CTs for Fx. 5.5

Method - Iterations  Relative error ~— CT

TauOpt 50 24121e-06 0.0056
al 50 89274 0.0056
RGI 50 6.8604 0.0063
MGI 50 2.5820 0.0061
AGBI 50 100789 0.0072
Jal 50 83219 0.0056
Alal 50 05565 0.0058
LSIA 1 50 5.1063 0.0080
LSIA2 50 51708 0.0041
direct - 0 04636

where Wi = ATR; + RiA and Ry = B — AX; — X3 AT,

Example 5.5 We consider the Lyapunov equation (2) with medium-scale coefficient ma-
trices

A = —riu(rand(n), 1) + diag(8 — diag(rand(n))), B =rand(n).
We choose 7 = 20 and set Xo = zero(20). Algorithm 1 is compared with GI, RGL, MG,
AGBI JGI, AJGI, LSIA1, and LSIA2 methods. We report the results in Fig. 5 and Table 5.

In conclusion, Algorithm 1 takes a slightly more computational time than some other al-
gorithms but still outperforms distinctly in performance of convergence.

6 Concluding remarks

We properly establish a gradient-descent iterative algorithm for solving the generalized
Sylvester-transpose matrix equation (8). We show that the proposed algorithm is useful
and applicable for wide range of problems, even though the problem has no solution, as
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Figure 5 Relative errars for Ex. 5.5

long as the associated matrix Q, defined by Eq. (11), is of full column-rank. If the prob-
lem has the unique exact solution, then the approximate solutions converge to the exact
solution. In the case of a no-solution problem, we have || X|lg — || X*[lq where X* is the
unique least-squares solution. The convergence rate is described in terms of «, the matrix
condition number of Q, that is, +/1 — k-2, Moreover, the analysis shows that the sequence
of errors generated by our algorithm is monotone decreasing. Numerical examples are
provided to verify our theoretical findings.
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