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Chapter 1

Introduction

1.1 Research Motivation

Currently, there are many studies and inventions about the method for solving
problems, creation or development of new technologies to apply and solve many
problems efficiently in various disciplines such as optimization, economy, engineering,
computer science and etc. The basis of invention of technologies are science and
mathematical. Sometime, if we solve problems by the direct method, we will find
that it is harder and more complicated to solve than converted these problems into a
mathematical model. Moreover, many problems in science are usually converted into
a mathematical. model. The-one of an effective mathematical tool for solving these
problems is fixed point theory, which it can be applied to solve problems in various
disciplines as mention-previously. Over the past decade, many-mathematicians have
been widely studied and developed the fixed point theory for nonlinear mapping such
as nonexpansive, quasi-nonexpansive, nonspreading and etc., see [28, 45].

In this section, we suggest basic knowledge about the definition of mappings,
operator, iterative method and. important theorems to give motivation for our main
result.

Throughout inthis section, let & be a real Hilbert space with inner product (.,.)
and norm [l.-||. Let € be a nonempty closed and convex subset of H . The notation
of weak and.strong convergence are denoted by “ = ” and “ -, respectively.

Let T"be a mapping of C into. itself. The fixed point of a mapping T is to
find z € C such that z = Tz. The set of fixed point-of 7" is denoted by F(T), i.e.,
FT)={zeC:a =Tz}

A mapping 7 : C = C is called contraction on C if there exists a € (0,1) such
that

1Tz~ Tyl < a|lz -yl (1.1)
for all z,y € C. If the inequality (1.1) holds and a = 1, then T is called nonexpansive
mapping.

A mapping A : H — H is called strongly positive operator if there exists a

constant A > 0 such that
(Az,z) > Allz||?, (1.2)

forall z € H.
A mapping A: C — H is called v- inverse strongly monotone if there exists a



positive real number v > 0 such that
(@ —y, Az — Ay) > 7|4z — Ay])%, (1.3)

forall z,y e C.

After all this time, many author have introduced several types of iterative
method find the fixed point of nonlinear mappings.

In 1953, Mann (29] introduced the Mann iteration to find a fixed point of non-
expansive mapping T: C — C as follow:

Tpt1 = (1 — an)2n + Ty, (1.4)

for each n > 0 and zo € C where {a,} c (0,1). The Mann iteration obtain only weak
convergence. Later, many authors have studied and modified Mann iteration to obtain
new iterative methods and strong convergence theorems.

In 1967, Halpern [16] introduced the Halpern iteration te find a fixed point of
nonexpansive mapping 7: C — ¢ as follow:

Tp1= Onu + (L= an) T2y, (1,5)

for each n'> 0 and x5 = u € C where {a,} C (0,1); He proved that the sequence {z,}
converges strongly to a fixed point-of T. In 1992, Wittmann [49] proved that sequence
{an} converges strongly to Prryu, where {a,} satisfies .li_*rgc e ="{ § a, = oc and

=1
f lom41 — am| < 00, Where Ppr) is & metric projection onte F(T).
- In 1974, Ishikawa [18] introduced the Ishikawa iteration, by modification of
Mann iteration, to find a fixed point of nonexpansive mapping T : € — C' as follow:

Yn = vBﬂIn E (1 = ﬁn}Tﬂ:nw

Tntl = OnZn + (1 = an)Tyna

(1.6)

for each n > 0 and @y € C where {a,},{B+} < (0.1). The Ishikawa iteration obtain
strong convergence theorem. It easy to see that if we put 5, =1, then the Ishikawa
iteration reduces to Mann iteration.

In 2000, Moudafi.[33] introduced the viscosity approximation method for non-
expansive mapping. The viscosity approximation method has been used and studied
in several references, which formally generates the sequence {z,} by the following
iteration formula:

Tnt1 = (1 — an)TTpn + o f(2n), (1.7)
for each n > 0, where {an}  (0,1) and f: C — C is a contraction mapping. He proved
that the sequence {z,} converges strongly to z* € F(T), where z* = Priry f(z*).

In 2006, Marino and Xu [30] introduced the general iterative method, by using
the concept of the viscosity approximation method, to find a fixed point of nonex-

pansive mapping 7 as follow:

Tny1 = ([ — anA)Tz, + apyf(z,), (1.8)
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for each n > 0, where {a,} € (0,1), v € (0,7/a), f : C — C is a a-contraction mapping
and A: H — H is a strongly positive bounded linear operator with 7 > 0. They proved
that the sequence {z,} converges strongly to z* € F(T) which solves the following
variational inequality:

(A =vf)z", 2" — z} < 0,2 € F(T). (1.9)

1.1.1  Variational inequality problems

In 1964, Lions and Stampacchia [26] first introduced the following variational
inequality problem: find a point u € C such that

(Au,v —u) >0, (1.10)

for all v € C. The set of the'solutions of (1.10) is denoted-by VI(C, A).

The variational inequality problem had been extended and widely studied in
several literature; see (15,20, 53, 54]. Itis well known that variationalinequalities cover
as various disciplines such as optimization; finance, mechanic and etc., see [7, 15, 53.

In 2008, Ceng et al. {6] introduced the general system of variational inequali-
ties to find (z*,y*) € C x/C such that

(AAY G ot =yt e —z*) > 0] Ve e,
(pBx* +y* —z*,2 ~y*) >0, Vz e,

(1.11)

where A, > 0.are 4, B : ¢ — H two constants and be two different mappings. In

particular, if-A = B, then problem (1.11) reduces to finding (2*, y*) € C x C such that
(AMy* +z* —y*,z —2*) >0, VreC,
{pAz* +y* =", 2=y} 20, VzeC,

(1,12)

which is called the new system of variational inequalities introduced by Verma [47),
in 1999. Moreover, if we put z* =y*, then problem (1:12) reduces to the variational
inequality.

In order to find.the common element of the solutions of the general system of
variational inequalities problem and the fixed point of a nenexpansive mapping, Ceng
et.al [6] proved the following strong convergence theorem by a relaxed extragradient
method:

Theorem 1.1. Let the mappings A, B : C — H be a, § inverse strongly monotone map-
pings, respectively. Let §: C — C be a nonexpansive mapping such that F(S)nF(G) #
0, where a mapping G : C — C'is defined by G(z) = P [P (2 — uBz) — AMPo(z — uBz)],
Va € C. Suppose that z; = u € C and {z,} is generated by

yn = Po(zn — pBzy), (1.13)
Tn+1 = Qpti+ Bpay, + ’}'nSPc(yn = /\Ayn)u

where A € (0,2a), u € (0,28) and {an}, {B8.}, {7} are three sequences in [0, 1] such that



(|) iy, +;6n + Yo = 1;
(ii) nlerauo a, =0and TEI a, = 00;

(iii) 0 < iminf,e0fa < limsup,_,_ Ba < L.

Then {«,} converges strongly to some point z* € ¢ and (x*,y*) is a solution of the
general system of variational inequalities (1.13), where y* = Po(I — uB)z*.

1.1.2  Split feasibility and split variational inequality problem

Let Hy, H, be two real Hilbert spaces and let ¢, Q be nonempty closed convex
subsets of H, and H,, respectively. Let D : H, — H, be bounded linear operator with
adjoint D~ .

In 1994, Censor.and Elfving [8] introduced the split feasibility problem (in short
SFP) in the finite dimensional Hilbert spaces, whichis to find a point x such that

zeCand Dz e @. (1.14)

The set of all solutions of (1.14) is denoted by I, The split feasibility problem has been
widely studied by many authors, see (3, 4, 9, 511. Moreaver, this problem is useful
in various disciplines-such as signal processing, image reconstruction and computer
tomograph, see [4, 9, 11],

Assume that the split feasibility problem (SFP) is consistent, i.e. (1.14) has a
solution. It'easy to see that z € € solves (1.14) if and only if it solves the following
fixed point equation

z:= Po(l.=9D*(I = Po)D)z ¥z €6, (1.15)

where v is any positive constant; see [52]:
A popular algorithm that solves (1.15)is the CQ algorithm of Byrne [3], in 2002,
which generates a sequence {xz,} by

Tny1=Po(l —+D*(I — Pg)D)z,, ¥ € N, (1.16)

where vy € (0, 1) with A being the spectral radius of the-operator D*D.
In 2012, Censor et al. [10] introduced the split variational inequality problem
(in short SVIP) which is to find € C such that

(fZ,z—T) >0,Vz € C, (1.17)
and find 7 = DT € Q such that
(9%, y-7) 20,Vy € Q, (1.18)

where f: C'— H, and g : C — H, are nonlinear mappings. The set of solution of (1.18)
is denoted by @ = {z € VI(C. f):§ € VI(C,g)}. The split variational inequality prob-
lem is reduced to the split feasibility problem if we put f = g = 0. Many researchers
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have been studied, used and extended the SVIP in various literature; see [46, 55, 56].

In this thesis, we propose new problems of the general system of variational
inequalities and prove strong convergence theorems to solve proposed problems and
the fixed point problem of nonexpansive mapping under the suitable conditions in
Hilbert space. By applying our main results, strong convergence theorems of the con-
strained minimization, the split feasibility problem and the split variational inequality
are obtained. Moreover, we give some numerical examples to support our main the-
orems in R and R? spaces.

1.2 Objectives of the study

1) To propose new problems of the general system of variational inequalities that
can solve complicated problems more than the original problem.

2) To establish new iterative methods for findinga common element of the solution
set of proposed. problems and the set of fixed point problem of nonexpansive
mapping and prove strong convergence thearems for fixed point problem, system
of variational inequality problem and propoesed problems in Hilbert space.

3) To apply our main theorems to solve other problems such as the constrained
minimization, the split feasibility problem and the split variational ineguality

problem.

4) To give numerical examples to support our main results.

1.3 Scopes of the study

1) Study and give basic knowledge about the fixed point problem, variational in-
equality problem, the strong convergence theorems of nonlinear mappings and
other, which we can use in our research.

2) Create new problems of the general system of variational inequalities in Hilbert

space.

3) Our main theorems are proved in framework of Hilbert space for solving proposed
problems and fixed point problems of nonexpansive mapping.

4) Give numerical examples to support our main results in R and R? spaces.

1.4  Research methodology

1) Study theorems, definitions, lemmas and other knowledge about fixed point the-
ory, nonlinear mappings and techniques from textbooks and related researches.

2) Study suitable conditions and properties for our research.



3) Study and establish new problems and iterative method in Hilbert space.

4) Establish and prove strong convergence theorems of the proposed problems and
the fixed point problem of nonexpansive mappineg.

5) Apply our main theorems to prove strong convergence theorems of the con-
strained minimization, the split feasibility problem and the split variational in-
equality problem.

6) Create and give numerical examples to support our main results in R and R3

spaces.

7) Write the thesis.

1.5 Benefits of the study

1) Obtain new.problems of the general system of variational inequalities.

2) Obtain strong convergence theorems for finding a common element of the so-
lution of proposed problems and the fixed point set of nonexpansive mapping.

3) Obtain strong convergence theorems of the constrained minimization, the split
feasibility problem and the split variational inequality problem, by applying our
main theorems.

4) Our strong convergence theorems can be applied to solve various problems
in the real world such as the optimization problem, computer and economic
problem.

5) Obtain new mathematical tools forsolving the solution of fixed point problem
of nonexpansive mapping in Hilbert space.

This thesis'is divided into 5 chapters

In chapter 1, we review the background of this thesis whether it be definitions
of mappings, operators, iterative-methods and related theorems for inspiration in our
research.

In chapter 2, we give definitions, lemmas, properties and basic knowledge of
fixed point theory, variational inequality problem and other to prove our main theorem
in chapters 3.

In chapter 3, we introduce new problems of the general system of variational
inequalities. Some Lemmas for these problems are obtained. Then, we prove strong
convergence theorems for finding the common element of a solution of the proposed
problem and the fixed point of nonexpansive mapping in Hilbert space.

In chapter 4, we apply our main results to obtain strong convergence theorems



of the constrained minimization, the split feasibility problem and the split variational
inequality problem and give numerical examples to support our main results.

In chapter 5, we give the conclusion of this thesis.

In chapter 6, we describe the conclusion of the thesis.



Chapter 2
Preliminaries

In this chapter, we will look into fundamental knowledge involving Hilbert
spaces. Furthermore, we give several useful definitions, lemmas, remarks and proper-
ties that will be needed for our thesis in the next sections.

2.1 Fundamental knowledge

Before we can talk about the important mathematical tools and properties for
solving fixed point problems in Hilbert spaces in-our thesis, we need to know and study
the basic knowledge such as the definitions, lemmas and remarks of linear, Banach
and Hilbert spaces. After that, we will study about the fixed point theory, fundamental
properties and some useful temmas and definitions in-Hilbert spaces.

2.1.1  Linear spaces

In this section, we will first deal with linear spaces. We present the definitions
and basic facts of linear spaces.

Definition 2.1. [1] A linear space or vector space X over the field F (the real field R or
the complex field C)is a set X together with an internal binary operation ” + ” called
addition and a scalar multiplication carrying (e, z) in Fx X to az in X satisfying the
following forall z,y, z € X and a, 8 € F:

(L) z +y= yat 2,
(L2) (z+ W)t z=a+ (v + 2),

(L3) there exists an element 0 € E called the zero element such that z+ 0 = z for all

TEE,

(L4) for every element & € E there exists an element -z € B and called the additive
inverse or the negative of »,;such that z + (—z)=0.

(L5) a(z +y) = az + ay,
(L6) (e + B)z = az + Bz,
(L7) a(Bz) = (af) 2,
(L8) 1.z ==

The element of a vector space X are called vector, and the element of K are
called scalars. In the sequel, unless otherwise stated, X denotes a linear space over
field R.



Example 2.1, [1]
(1) X ={z=(a1,a2,..) : a; € R} is a linear space.
(2) With the usual addition and multiplication, R and C are linear space over R

Remark 2.2. [44] Since we admit the real numbers as scalars, a linear space is also
called a real linear space.

Definition 2.2. [1] Let C be a subset of a linear space X. Then ¢ is said to be convex
if (1-a)z+ayeCforall z,y € € and all scalar a € [0, 1].
2.1.2 Banach and Hilbert spaces

In this section, we give the definition of Banach.and Hilbert spaces. Moreover,
we also give some fundamental properties that are useful for these two spaces. It
is well known that'a Hilbert space is always a Banach space, the converse need not
hold.

Definition 2.3. [12] Let X be a linear space. A norm isa function ||| : X — [0, +-c0)
which satisfies the following properties: For every .y in X

(N1) Jlz|| > 0and |z = 0if and only if z = 0;
(N2) [lcz|| = |c| ||z]| for every scalar ¢
(N3) flae+ gl < Nl o+ -
The ordered pair (X, ||-{|).is called a normed space. |n this case, we write X.

Definition 2.4. [12] Let X be a normed space and let {z,} be a sequence of element
of X.

(i) A sequence {z,} converges stronely to z € X if nlLrtJo |z =[*= B¢

In this case , we write lim z, =z or z,, - z.
n—oo

(i) A sequence {z,} is.Cauchy if for every e > 0, there exists an N € N such that for
all n,m > N,

[lzm — za] < e.

Remark 2.3. [57] Every convergent sequence in a normed linear space is Cauchy

seguence.

Definition 2.5. [57] A normed space X is complete if every Cauchy sequence in X

converges in X.
Definition 2.6. [48] A complete normed linear space is called a Banach space.

Example 2.4, [48, 44]
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(1) R is a Banach space with the norm |[|z| = |z|.
(2) Cis also a Banach space.

(3) The space 1= of all bounded sequences = = (z1, 2, 23, ..., Zn, ...) Of real numbers
is a Banach space with the norm defined by ||z = sup |z,].

Now, we give the definition of inner product and Hilbert spaces.

Definition 2.7. [1] Let X be a linear space over field C. An inner product on X is a
function (.,+) : X x X — C with the following properties:

(I1) (z,z) > 0 and (z,z) = 0 if and only if z = 0;
(12) (z,y) = (y,z) where the bar denotes complex conjugation;
(13) (az + By, 2) = adfz,2)+ B (y, z) forall z,; 7 € X and a, B C.

The ordered pair (X, {~)).is called an innner product space.and (z,v) is called
inner product of two elements z,y € X.

Theorem 2.5. [36] For an-inner-product space X, =,y,z € K and a € C. Then, the
following properties hold:

(i) (x,y +2) =2, 9) + (2,2);
(i) (z,ay)=a(z y);
(iii) (2,0) = (0,2) = 0;
(iv) (z,2) =0 if and only if & = 0;
(V) if {x.y) =z, z), theny ==z

Remark 2.6. [44] An inner product space is-called a real inner product space for the
case when the scalars are the real numbers and (x,) is a real number. For the case,

(12) means

(,y) = (y,2) (21
Remark 2.7. [44] Let X be an.inner-product space, For each z € X, we define its
norm ||z|| by

lzll = /e, 2).
Theorem 2.8 (The Cauchy-Schwarz inequality [44]). Let X be an inner product space,

then
[z )| < llzl| - [lyll forall z,y € X.

Definition 2.8 (Strong convergence [13)). A sequence {z,} of vectors in an inner prod-
uct space X is called strongly convergent to a vector z in X if

lzn — x| = 0 as n — co.



il

Definition 2.9 (Weak convergence [13]). A sequence {z,} of vectors in an inner product
space X is called weakly convergent to a vector z in X if

(xm y) % (“’T:s y) asn— 0o,

for every y € X.

Remark 2.9. Throughout this thesis, strong and weak convergence are denoted by

& n o

- ", " =7 respectively.

Theorem 2.10. [13] A strongly convergence sequence is weakly convergence (to the

same limit), that is, z, — = implies z, — z.
Remark 2.11. [44] If z, — 2 and z,, = w, then @ = y.

Lemma 2.12. [44] Let {z,} be a Cauchy sequence of an inner product space X such

that z,, — z. Thenz, — .
Definition 2.10. [44] A complete inner product space is called a Hilbert space.
Example 2.13. [57] R,R™, (2, L*(a,b) are Hilbert spaces.

Remark 2.14. [44] Let H be an inner product space. Then we know that the following
(i) and (ji) are equivalent;

i) His complete,
ii) each bounded sequence {z,} of H has a weakly convergence subsequence {z,, }

of {z.}.

2.2 Fundamental properties in Hilbert spaces

After we studied the fundamental knowledge about various spaces especially
Hilbert space. Next, we give some important properties in Hilbert space that be used
in many of the proof in our thesis.

Lemma 2.15. [44, 35] Let H be a real Hilbert space. Then the following properties
hold for all z,y € H and a € [0,1]:

W) llz £ ul* = el + Iyl £ 2z, ).
(@) (& +y,2—y) = ll2|* - [lyl*.
(i) o+ yl* < ll2l1® +2 (v, = + v).
(V) floz + (1 = a)y|* = allzl|* + (1 — ) ly[1* - a(1 - @)z - y|I*

M) lllzll = il < N+ yll < Nl + iyl
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Theorem 2.16. [44] Let {a,} be a bounded sequence of real numbers. Then, there
exists subsequence {an,} of {a,} such that
& = limsup as =lim gy, .
n—o0 100
Similarly, there exists a subsequence {an, } of {as} such that
B =liminfa, = lim By
n—roo oo

Theorem 2.17. [44] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Suppose that {z,} c C and z,, = z. Then z € C.

Definition 2.11. [44] Let C be a nonempty closed convex subset of a Hilbert space
H. Let f be a function of C into (=ec, ca], Where (=oo,00] = RU {co}. Then, f is called

i) lower semicontinuous if for any a € R, the set
{z € C: f(z) <a}
is closed:
ii) upper semicontinueus if for any @ € R, the set
{z € C: f(z) 20}
is closed.
iii) convex if for any @,y € € and ¢ € (0,1),
flte (1 = 8y) < tf(x) + (1~ 1) f(y)-
iv) concave.if for any.a,y € C and ¢ € (0,1),
flte+ (L= ty) 2.t/ (@) + (1= 1) f(y)-

Theorem 2.18. [44] Let H be a Hilbert space, let ¢ be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of ¢ into
(—00,00]. Let {z,} be a bounded sequence in'€ such that «,, = z,. Then

[ (zo) < lil’rlinff(mn).

Lemma 2.19. [34] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {u,} ¢ H with u, — v, the inequality

Urninf ffun — ull < Um inf|ju, — v
holds for every v € H with v # u.

Theorem 2.20. [13] Weakly convergent sequence in a Hilbert space H are bounded,
that is, if {x,} is a weakly convergent sequence, then there exists a number M > 0
such that ||z, || < M for all n e N.
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Theorem 2.21. (Double extract subsequence principle [32]) Let {z,} be a sequence
in a Hilbert space H and z € H. If every subsequence {z,,} of {z,} has a further
subsequence {xnn} such that imio.e0 Zn,, = &, then limy, e 2, = 2.

Next, we recall the definition of the metric projection operator.

Definition 2.12 (Metric projection [44]). Let C be a nonempty closed convex subset
of a real Hilbert space H. For every z € H, there exists a unique nearest point Poz € C
such that

lz — Pez| = L llx = yll.

Pc is called metric projection of H onto C.

Lemma 2.22 ([43]). Let C be a nonempty closed-convex subset of a real Hilbert space
H. Let Pc : H - C.be the metric projection. For a given z.€ H and y € C, then
y = Pcx if and only.if the following inequality holds:

(N £) > 6, e d
It is well-known that Pe is a firmly nonexpansive mapping of H onto C and satisfies
| Pez ~ Peyl\* < (Pex ~ Poy iz = ) \Vx,y € H.
Obviously, it implies that
@ vy = (Pox— Poy)lI” < ffv ~yl* ~ | Pox— Poyl® Vo, y € 1.

Lemma 2.23. [43] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let A be a mapping of € into H. Let we C. Then for A >0,

u=Po(l - MueueVI(C, A),

where P¢ is the metric projection of H onto C.

2.3 Fixed point of nonexpansive mapping with some properties

In this section, we study about the existence and properties of fixed points of
nonexpansive mapping. First, we recall the definition of the fixed points set.

Let K be a nonempty set and T be a mapping from K into itself. We denote
F(T) by the set of all fixed points of a mapping 7', that is,

F(T)= |z & K is#=Tz},
Example 2.24, Let K =R,

i) If Tz = £, then F(T) = {1}.

i) If Tz = 22522 then F(T) = {0, 2}.
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i) If Ta = z, then F(T) =R.
iv) If Tz = x + 1, then F(T) = 0.
Definition 2.13. Let C be a nonempty subset of H. A mapping T': C — C is called
1) a nonexpansive mapping if
1Tz = Tyll < [l - yll

for all z,y € €, which is equivalent to

(Ty = Ta,(I = T)a — (1~ T)y) < ST~ Tz~ (I - T,

for all o,y € C.

2) a a-contractive mapping if there exists a'e(0, 1) such that
1Tz — Tyl < aflz—yi

for all z,y e €

It is obvious.that if T is contractive, then T is nonexpansive. That is, the class of
nonexpansive mappings includes the class of contractive mappings.

Example 2.25. Let R be the set of real numbers and let 7, f be mappings from R to R
defined by Tw = 22zl and fz = 22, for all = € R, respectively. Then T is nonexpansive
mapping and f is-2-contractive mapping.

Solution. Let =,y e R.

Consider,
22— 1 /229 =1
RN N (5 (7
=254
<lz -yl

Then, we have T is nonexpansive mapping.

Next, we consider

3z 3y
[fz — fy| = p 7
= Zlz-y

Then, we have f is -contractive mapping.

Theorem 2.26. [44] Let C be a nonempty bounded closed convex subset of a Hilbert
space H. Let T be a nonexpansive mapping of C into itself. Then T has a fixed point
in C.
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Theorem 2.27. [44] Let C be a nonempty bounded closed convex subset of a Hilbert
space H. Let T be a nonexpansive mapping of C into itself. Then F(T) is closed and
convex.

Lemma 2.28 (Demiclosedness principle [23]). Let T be a nonexpansive self-mapping
of closed convex subset C of a Hilbert space H. If T has a fixed point, then I - T is
demiclosed. That is, whenever {z,} is a sequence in C weakly converging to some
v € C and the sequence {(I —T)z,} strongly converges to some y it follows that
(I = T)x =y, where I is the identity mapping of H.

2.4 Properties of strongly positive bounded linear operators in
Hilbert spaces

Next, we present some basic definitions and properties of linear operators, An
adjoint operator, self adjoint operator, strongly positive, inverse strongly monotone,
spectral radius and ete. are discussed in this section.

Definition 2.14. [1] Let X and ¥ be linear spaces with the same scalars, and let T be
a mapping of X into ¥. Then T is called linear if

() T is additive; T(x + ) = T(z) +T(y) for all =,y € X;
(i) T is homogeneous: T(az) = of'(z) for all = € X and scalar a € R.
The linear operator 7is called a linear functional if ¥ =R.

Definition 2.15..[44] Let X and Y be two normed linear spaces and let T be a linear
mapping of X into Y. Then T'is said to be bounded if there exists a M > 0 such that

T ()< M ||z,

forall z € X.

Let T be a bounded linear mapping of X into ¥. Then there exists M > 0 such
that
1T (@)l <M f|,

for all z € X. So, we have that for 2 € X with ||z| < 1,
IT()]| < M,

where T(z) is denoted by Tz.
For a bounded linear mapping T': X — Y, we define its norm by

I7l = sup [|Tx].
o<1

For such ||T||, we have the following results
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Theorem 2.29. [44] Let X and Y be normed linear spaces and let T be a bounded
linear mapping of X into ¥. Then the following hold:
) | Tz| < IT||lz)l for all z € X,
i) I = SUpypyy T2

Definition 2.16. [14] Let A be a bounded operator on a Hilbert space H. The operator
A*: H — H defined by
(Az,y) = (z, A"y), (2.2)

forall z,y € H, is called the adjoint operator of A.

Definition 2.17. [14] Let A be a bounded operator.on a Hilbert space H. If (Az,y) =
(2, Ay) for all 2 € H, then A iscalled the self-adjoint operator,

Theorem 2.30. [13) The adjoint operator A* of a bounded operator A is bounded.
Moreover, we have || A| = |4*| and [[A*A| = [|4]|%
Remark 2.31. [13].f A is a bounded operator on a Hilbert space H, then 4*A is self-

adjoint operator.

Theorem 2.32. [14] Let T be a bounded linear self-adjoint operator on aHilbert space
H. Then
(Tl = sup [Tz, 2)|.

llzlf=1
Definition 2.18. (Normal Operator [13]} A bounded 7 is called a normal operator if
TT* =WR7T!

Theorem 2.33. [13] A bounded operator T'is normalif and only if |Tz| = [|T*z| for
all z € H.

Definition 2.19. [19]) The spectrum of the operator T is defined as
o(T)={) €C: (T - 1)) (z) = 0, for some'0 #£z€ X}

Definition 2.20. [19] Let # be a Hilbert space. For-every bounded operator T on H.
The spectral radius of T, denoted by r,(TY, is the number defined by

re(T) =sup {|A|: A € a(T)},

Theorem 2.34. [19] Let T be a normal bounded linear operator on a Hilbert space
H. Then T is is self-adjoint operator if and only if o(T) C R.

Definition 2.21. [14] An operator A is called positive if it is self-adjoint and (Az,z) > 0
forall z € H.
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Definition 2.22. [31] A self-adjoint operator A is a strongly positive operator on H if
there is a constant 4 > 0 with property

(Az,z) 2 7 ||zl|*,
forall 2 € H.
Definition 2.23. [17] Let A be an operator of C into H. Then, 4 is called

i) an a-strongly monotone if there exists a positive real number a > 0 such that
(€ -y Az - Ay) > a|lz — %,
forall z,y € C.

ii) an a-inverse strongly monotone if there exists a positive real number a > 0 such
that
(& =y, Av = Ay) 2 a| Az — Ay},

for allzyy € C.

Lemma 2,35. [30] Let A be a strongly positive linear bounded self-adjoint operator
on a Hilbert space # with coefficient /> 0 and 0-< d'< [[4[|=%. Then |7 — 64| < 1 - da.

Definition 2.24. [44] Let H be a Hilbert space andlet f: H — (~oc,00] be a proper
convex function. Then, we define the subdifferential af of J by

Af(2) = {z e H i f{y) = (y ==, 2) +f(2)},
foa all o,y € H. If f(2) = o0, then &f(z) = 0.

Remark 2.36. [2] Let A be a Hilbert space and let f : H — R be a function. If f
is a convex and differentiable at z, then.df(x) = {Vf(z)}, i.e, its gradient is its only
subgradient.

Remark 2.37. Let ¢ and @ be nonempty subset of real Hilbert spaces H, and H,,
respectively and let A : H; — Hy be'a bounded linear operator with adjoint A*.
Let f: Hi — R be a convex, continuous. differentiable function defined by f(z) =
3llAz — PoAz||?, for all z € Hy. Then, A*(I — Pg)Az = V§(z).

Proof. Let z,y € H;.
Consider,

1
Sy — Poay| - %]JA:: — Pglo|f® — (A% Az ~ Py Aw, 5 —a)
1 *
= 5 (I4v = PoAyl* - 142 - Podal® - 2¢4" Az — PoAz,y — 2
1
=5 (Il4y - Poayll® - Az - Po Az ?

=2((I — Pg)Az, Ay — PyAx + PgoAz — Ax))
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1
= 5 (I4y = PoAy|® - | Az ~ PoAall® - 2((1 — Py) Az, PoAs — Ag)
~2((I - Pg)Az, Ay — PgAz))

(I 4y — PoAy|® + (| Az — PoAx||® - 2{(I - Py)Az, Ay — PoAg))

LA -

(14y - PoAy|® + || Az ~ PoAa?
=2((I = Pg)Az, Ay — PoAy + PgAy — PgAx))

1
5 (I14y = Poayll® + | Az ~ PoAz|® - 2((1 - Po)As, Ay — PoAy)

=2((I — Pg)Az, P Ay — PgAz))

1
2 (149 ~ PoAy - (Az — PoAz)|P +2((I - Po)Az, PoAz — PoAy))
>0

From Definition 2.24 and Remark 2.36, we have A*(I — Pp)Aw € af (z) = {Vf(x)}.
Hence A*(I — Pg)At = V f(x). L]

2.5 Some useful lemmas

In this final section of this chapter, we give some lemmas that are useful to

prove our main theorems.

Lemma 2.38. (50] Let (5.} be a sequence of nonnegative real numbers satisfying
Snti S(L = e )sn + Gnfn,¥n 20,
where {a,},{8,} and {v,} satisfy the conditions :
() {enhc [0,1), 53 \an =00,

(i) imsup,,_, . Bn < 0or f |ctnBn | = 00

n=»
Then, M, ssh = 0
Lemma 2.39. [41] Let {zn} and {z,} be bounded sequences in a Banach space X, and
let {an} be a sequencein [0,1] with 0. < liminfyssar < limsup,_,_an < 1. Suppose
that

Tntl = QpTpn + (1 - O’n) Zn
for all integers n > 1 and

im SUp (lzns1 — 2ull = lenss — @all) < 0.

n—oo

Then, Umn—wo Hzn i "Ln” = 0.

Lemma 2.40. [40] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Forevery i =1,2,.., N, let 4; be a strongly positive linear bounded operator
on a Hilbert space H with coefficient v > 0 and 7 = min;—1 2. v%. Let {a;}Y, € (0,1),
with $>¥ | a; = 1. Then the following properties hold:
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(i “I—pzf‘il aiA‘-[ <1-py and T-p3N, a4 is a nonexpansive mapping for

every 0 < p < |47 (i =1,2,..,N).

(i) VI(C, TN, aidi) = N, VI(C, A).

Lemma 2.41. [6] For given z*,y* € C, (2*,y*) is a solution of problem (1.11) if and only
if z* is a fixed point of the mapping G : C — ¢ defined by

G(z) = Pc[Pc(z — pBx) — AAPg(z — uBz)], Yz € C,
where y* = Po(x* — uBz*).
Lemma 2.42. [50] Let {s,} be a sequence of nonnegative real numbers satisfying
sni1 S (1= an)sn + fBn, V2,
where {a,}. {8,} satisfy the conditions
(@ {on} < f0A1], 3525 =00,
(i)) Umsup,_,.. 2 < 0'or i Bl < o0

Then liMp—oe 85, = 0.



Chapter 3
Main results

In this chapter, we introduce new problems of the general system of variational
inequalities problem and prove strong convergence theorems for finding the common
element of the set of fixed point of nonexpansive mapping and the solution set of
the proposed problems. We divided all content in this chapter into 3 parts as follow:

3.1 The split general system of variational inequalities problem

In this section, inspired and-motivated-by.Ceng et al.[6] and the concept of
the split feasibility problem, we introduce the split general system of variational in-
equalities problem (SGSV) which'is to find (z*,4*) € € x C suchthat

AAY oty - 1) 3.0 Nr-eCf

(3.1)
(uBz* 4 y* —z*/z —~y*y >0, Yo € C,
and find (z¥ = Dz*, 9" = Dy*)e @ xQ-such that
(A + 27— y5T—2*) >0, VZ € Q, (3.2)
(yBa* + y* - =7 T~y*) >0, VT €Q, '

where 4,B:.C - Hy and A,B : Q — H; are four different mappings, A,u,a,v > 0
and D : Hy — H, Is a bounded linear operator. The set of all solutions of (3.1) and
(3.2) are denoted by. Q4 5 and Q5 5, respectively. The set of all solutions of the split
general system of variational inequalities problem (SGSV) s denoted by 042, that is,

A B’
Q%:g = {{:r*,y"‘) € Qa,p=Az7, v e QE,E}’ where z* = Dz* and y* = Dy".

Now, we give the following example to support the SGSV.

Example 3.1. Let R be the set of real numbers and ‘4, B be mappings from [-20, 20]
to R defined by Az = % .and.Bz = z - 3, respectively: Let 4, B be mappings from
(~10,10] to R defined by Az =  —1and. Bz = 223, fespectively. Let D be a mapping
from R to R defined by Dz = . We choose A = 3.1 =1a=1y= 1 Then, we have

A B
(2,3) QZ‘E.

Lemma 3.2. Let C,Q be nonempty subsets of Hj, Hs, respectively. Let A,B: C — H,
be a,b-inverse strongly monotone with A, u € (0,2d) where d = min{a,b}. Let 4,8 :
Q — Hy be a,b-inverse strongly monotone with a,v € (0,2d) where d = min {a,b}.
Let D : H, — H, be a bounded linear operator with adjoint D* and 5 € (0, 1) with L
being the spectral radius of the operator D*D. Define G¢ : C —= C by Ge(z) = Po(I -
AA)Pc(I - pB)z, forall x € C and define Gg : Q = Q by Go(&) = Po(I-ad)Po(I—~B)#,
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for all € Q. Assume Q;i:g = {(m‘,y*) €Qup (Z57) ¢ QZ.E} # 0. Then the following
are equivalent;

() (=*,9") € O2E,

() * = Go(a* - nD*(I — Gg)Dz*),
where y* = Po(I — uB)z* and y* = Po(I — vB)z* with z= = Dz* and ¥ = Dy".

Proof. Let conditions hold.
(¢) = (i1) Let (z",y") € Q4'Z, we have (2*,y*) € 4. and (z7,7F) € Q3 5, with ¥ = Dz*
and y* = Dy*.
Since (z*,y*) € Q4 5, We abtain

(MY + 2" —y*, z—2") >0, Vzel,

(uBz* Fy*—a®x —y*) > 0, Yz € C,
Then, we have #* = Po(I — XA)y* and y* = Po(l = uB)z*,
that is,

2" = Pe(I = M) Po(I —uB)z* = Gz, (3.3)

Since (z¥%,y*) € Q4 5, We obtain

Then, we have 7% = P, (I —aA) y* and §* = Pg (I~ ¥B) 7,
that is,

z%= Py (I — oA) Py (I =+4B) & =Gqz' = GoDz. (3.4)
It implies that @* = Gc(z* —nD* (I = Gg) Da*).
(it) = (i) Let * = Ge(a* — nD* (I — Go)Dz*) and (w, w*) € ng:g., that is, (w,w*) € Qap
and (w,w*) € Q3 5, where w* = Pe(I - uB)w, W= Dw and " = Dw* = Py (I — vB) w.
Since A is a-inverse strongly monotone mapping, we' have

I(Z = AA)z — (I - AAYy|* = e =y=A(Ae="1y)|’
= |lz - ylI* — 22 (z — y, Ax — Ay) + A%[| Az — Ay
< e - yl* - 27al| Az — Ay|® + 32| Az — Ay)
= |z - yl* — A(2a — A)[| Az — Ay]®
< Jlz = yl)* — A2d - N[ Az — Ay|f?

2
< llz - 4ll°

It implie that
I = Ad)z — (I = Ayl < [l —y]. (3.5)
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Hence (I — AA) is a nonexpansive mapping.

By using the same method as (3.5), we have (I — uB), (I — aA) and (I — vB) are non-
expansive mappings. Then, we obtain that Po(I — AA), Po(I — uB), Po(I — oA) and
Pq(I — vB) are nonexpansive mappings.

Since Po(I - AA) and Pg(I — puB) are nonexpansive mappings, we obtain G¢ is a non-
expansive mapping. Since Po(I — ad) and Pg(I —vB) are nonexpansive mappings, we
obtain Gg is nonexpansive mapping.

From (w,w*) € Q% and (i) = (ii), we have w = Go(w - nD*(I — Go)Dw).

By using the same method as (3.4), we have Dw = Gy Dw.
Then, we have
llz* = w|?® = |Ge(a* — nDI= Gg)De*)=Calr=uD* (I - Gg) Dw)||?
< |(z*=9D*(I - Gq)DaT) - (w ~ nD* (I — Cg)Dw)|*
=lz* — w —a(D*(L ~ Go) D" = D*(I= Go)Dw)||”
= [|l2* = w = n(D*(I ~Gg)Da*)|/?
=lla*=w|[* - 2 ("~ w, D! (I - Gg)Dz’) + n*||D*(F— Gq) Dz’ |?
={lz* —w|* = 2n(D(z* - w), (I - Gg)Da*) +n?|D* (I = Gq) Da||*
=z =w|® + 2{Dw = GoDz* +/GoDa* — Dz*,(I = Go)Dz")
+0?| DI — Go) Dz |*
= et — |+ 2n ((Dw = GgDa*, (I ~ Gg)Dz*)
+(GoDz*=Dz* (I = Gg)Da*) ¥ n*| DI = Co)Dz*|?
= lla” = wll* 20 ((Dw = GaDa*, (I~ Go)Dw") = (1= Go)Da" )
+ 07 (DI = Go)Dz*, D* (= Go)Pa")
<~ wlf b2 (511~ Gal2a'IP 27 <60 0s" )

+nL{i{( — Gg)Dz"f?
=lla*= wl® Sml(I - Go)Da*|* + nL||(L ~Co)Dz??
= le* —w|*=n(1 - pL)|(L ~ Gg)Dz*|*. (3.6)
From (3.6), we have
Dz* € F(Gg), (3.7)
that is, ¥ = Go=¥ = P (I — ad) Py (I - 4B) 7*.
It implies that = = Pg (I — aA) y*, where y* = Py (I — vB) 7.
By the preperty of P, we obtain
(QAy* +27 -y, T—2*) >0, VT € Q,
(YBT* +y* ~T"T— ") 20, VZ€Q,
that is,
@, 7) € 013 (3.8)
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From the definition of z* and (3.7), we have
2* = Gg(a* — nD*(I - Gg)Dz*) = Golz*).

That is, a* € F(Ge).

Then, we have z* = Goz* = Pc (I — M) Pe (I — uB) 2™

It implies that z* = P (I — AA) y*, where y* = Po (I — uB) z*.
By property of P., we obtain

(AMy* +2* —y*z—2") >0, VzeC,
(pBzx* +y* —z*,z —y*) >0, Vz € C,

that is,
(z*,y*) € Qa,5. (3.9)

From (3.8) and (3.9), we have (a*,y*) € Q4'2. i
Now, we give the following example to support Lemma 3.2

Example 3.3. Let-R be the set of real number and 4, B be mappings from [—20, 20]
to R defined by Az = %22 and Bz = £:2 for all z € [-20,20], respectively. Let 4, B be
mappings from [=10,10] to R defined by Az = 2zL.and Bz'= 251 for all z € 10, 10],
respectively. Let D be a mapping from R to R defined by Dz = § forallz e R. It
s easy to see that A,B, 4, B are l-inverse strongly monotone with A, i, a,~ € (0,2).
Then, we choose A = 1,4 =1.5,a = 05,4 = 1. Since Dr = Z,wehave D*z = % is an
adjoint of D. From Dand D*, we obtain L = 1, L is the spectral radius of the operator
D*D. Then;we can choose n.= 2, Define G(_zy,29) * [-20,20] < [-20,20] by

G[-gu_go] (.’l) = P[_gg'gg]([ < A) (PE_QO,QU}(:L' > l,SBIL)) ) Yo € {‘—‘20, 20],
and deﬁne GI_]O‘H)I . {*]U, IU] . [—10, 10} by
Gl-10101@) = Pi=10,10(f = 0.54) (P=10,10)(2 — Bi)); V2 € [~10, 10].

It is easy to see that (3,3) € Q42 By Lermma 3.2, we have 3= Gl-20,20)(3 — 2D*(I —
G[_m‘m])D(:})), Whel’e y* — }3[_20'20](3 o 1.53(3)) and 'y_* = P[—lO,lD](:ET = B(F)) Wlth
z* = D(3) and y* = D(3).

Next, we prove a strong convergence theorem for finding a common element
of the set of fixed points of mapping G define as in 3.2, which is the solution of the
split general system of variational inequalities problem (SGSV), and the set of fixed
points of nonexpansive mapping.

Theorem 3.4, Let C and Q be nonempty closed convex subsets of real Hilbert spaces
H and Hy, respectively. Let 4, B : C — H; be a, b-inverse strongly monotone mappings
with d = min{a, b}, respectively. Let 4, B : Q — H, be &, b-inverse strongly monotone
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mappings with d = min{a,b}, respectively. Let D : H; - H, be a bounded linear
operator with adjoint D*. Define the mapping G¢ : € — C by Ge(z) = Po(I—-MNA)Po (I -
uB)z, for all z € C and define the mapping Gg : Q@ = Q by Go(7) = Po(I — aA)Po(I -
1B)Z, for all Z € Q. Define G : C - C by G(z) = Ge(z — nD*(I - Gg)Dz) forall z € €.
Let T': C — C be a nonexpansive mapping. Assume § = F(G) N F(T) # 0. For given
u,z; € C and let the sequence {z,,} be generated by

Yn = Go(zn —nD*(I — Gg)Dz,),

Tpp1 = apt+ (1 — apn)Tyn,

(3.10)

where {an} € [0,1], A, € (0,2d), o, € (0,2d), 7 € (0, +) with L is the spectral radius
of the operator D*D. Suppose the following conditions hold:

(i) lim a, =0and § &, =00,

n—oo = 1
- o0
(i) 3 Jans1 —trpl'< co.
i=1

Then, the sequence {z,} converges strongly to 2 = Pgu Which (zq,70) € ngg, where

yo = Po(l —uB)zo and Jo =Py (I'= vB) 75 with 75 = Dz, and 75 = Dyo.
Proof. Let € . Then, we have z = G(z) = Ge(z = nD*(F.~ Gg)Dz).
By Lemma 3.2, we have (z,20) € Q4'2, where zo = Po(l — uB)z and 55 = Po(I — 7B)z
with zZ = Dz and z5 = Daz,.
Since (z,29).€ Q42, we have (z, z0) € Q45 and (Dz, Dz) € O3
Since (Dz, Dzy) € Q0 5, We obtain
(aADz + Dz~ Dz, T — Dz) >0, Yz e Q,
{'yEDz + Dzg = D2, T= Dz0> >0, VT eqQ,
Then, we have Dz = Po (I = o) Dzy and Dz = Py (I ~~B) D=.
It implies that
Dz= Pq (I'= aA)Pg (F=4B) Dz = G Dz (3.11)

Step 1. Show that {z,} is bounded.
Applying (3.6) and the definition-of y,, we have
lyn — 2| < llzn - 2||. (3.12)

From definition of x,, and (3.12), we have

Iens1 = 2l = ot + (1 = an)Tyn — 2|
< anflu— 2]l + (1 - an) [ Tyn — 2]
< o |u = 2] + (1 = an) Iy — 2]
< o [l = 2| + (1 = o) flan — 2]

< max {|u -z, |lz1 — 2|} .
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By induction, we get that ||z, — z|| < max {|u - z||, 1 — ||}, for all n € N.
It implies that the sequence {z,} is bounded and 50 is {yx}.

Step 2. Show that im, e |[2ns1 — 2| = 0.

From the definition of y,, we have

lgn = g1 = lIGc (za = nD* (I = Gq) Dza) — G (wn—1 — D" (I — G Dzn_y)) |
< [l(zn = nD* (I - Gq) Dan) — (#n—1 — nD* (I — Gq) Dzy_)|?
= |l(&n = 2n-1) = nD* (I = Gq) Dzn + nD* (I — Gq) Dan_y|®
= [|Zn = Tn-1ll* = 20 {zn — 2n-1, D* (I — Gg) Dz — (I — Gq) Dzn_1)
+12|D* (I - Gq) Dan — (I — Gg) Daa—i)|?
< |12 = T 2= {Dan=GoDan FG@Dx, — GoDn-,
+ GoDan_1 — Dxp_y, (I - Gg) Dxp — (I — Go)Day_q)
7 L|(I = Gg) Dz~ (I = Gg) Dan—y ||
= ||za= Zamdl 20U - 6¢) Din ~ (I =Gq) Dan-1, (2Go)
xDzy= (I —1Gq) Dan1) - (GoPr, 4y &~ Go D, (F— Go)Day,
= (1 = Go) Dra=a)]+ 7 LI} = G@) Dy = (I = o) Dayy|[?
< [ = nea [P+ 20 [< (1= Go)Dan'= (I + Go) Dy |
+#(GoD2, L)\~ Cq Dz, (1 ~GQ) Dzy + (1= Cy) Dzpey)]
+ 0Ll ~ Go) Dan (I = Gg) Dag - |°
<o = nill® + 20 [-||(1r ARORGA Cop” 2 Yy, (1°
#3012 Ge) Do ~ (7 - Go) Da ]

+ n* LT - Co) Dzs — (F=Gg) D, 4|
= Jlan — zu-1ll* =0l - GQ) Dz, = (I = Gg) Dany 2
+ 7L — Gg) Dan— (I = Gg) Dzni®
=lzn = zn-3l% = 0(1 = nL)I( = Gq) Dzn = (I ~ Gg) Dey_1||?
< [[@n 251,
This implies that
ln = yn-1ll < lzn — Za-1]l. (3.13)

From the definition of z, and (3.13), we obtain

lZnt1 — zall = lanu + (1= an)Tyn — (@n_1u+ (1- on-1)Tn_1)|l
< |c‘ﬂ — Qn-1 I “U” + (L = an) | Tyn — Tyn-1]l + |en — an—ll ”Tyn—l“
< |Q'n — apa] [Jull + (1 = an) ”yn ~ Yn-1|l + |on — an—1| [|[Tyn-1

< lom = an-alflull + (1 = an) llzn = zn-1]l + lon = an-a| | Tya-all . (3.14)



26

From Lemma 2.42, conditions (i), (i) and (3.14), we have
Um Jlensr — 2l = 0. {3.15)
Applying (3.6) and the definition of y,, we have
lyn = 2lI* < llen — 2[1* = n(1 = nL)|(I = Gg) Daa|*.
From the definition of z,,,
a1 = 21 = [lanu + (1 = o) Ty — 2|

< omflu— 2l + (1 — @) | Tym - 2|°

< anflu—2|* + (1 - an)lyn — 2/

< anllu = 2| +1 = am)jon =2l = (1 = an)y(1 - nL)||(I — Gg) Dz
It implies that

(1 = an)n(1 —aL)(I ~GQ) Danfl* S ainliu 2> + = 2)* ~fjznsr =27
S onllu = 2*  (llen = 2] Hilwns — 2l N[Ens1 — znll.

By (3.15) and condition (i), we obtain

i )(7/~ Gg) Dy | =0 (3.16)

Step 3. Show that lim,—yes [[2n = ynll =0 and limule | Tyn — ga] = 0.
From the definition of ,, we have
Dby =Ty = @t (1= o) Ty~ T,

= aﬂ(u I~ IH-) =y (1 \ ¢+ an)(Tyn ro xn) (317)
Then, by (3.15), (3.17) and condition (i), we obtain
nlijgo | Tyn = zal =0 (3.18)

Put hn = Pe(I — pBY(an —=nD*(I — Go)Dxy) and h* = Poll = uB)(z < nD*(I — Gg)Dz),
we can rewrite y,, by

Yn = Pe(l = AA)hn ;¥ > 1,

and z = Po(I — AA)R*.

By the definition of z,,, we have
[Znt1 = 21° = lomu + (1 — an)Tys — 2|
< omllu = 2l* + (1 - an)|Tyn — 2|
< anllu— 2| + (1 — an)llgn - 2II°
= anllu— 2| + (1 = an)|Po(I = AA)hy — Po(I — AA)R"||?
( )

< anllu— 2z + (1 — an)lI = M)A, — (I — AAR*|
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= amflu = 2)|* + (1 = an)l|(hn = h*) = A(Ahy — AR")|?
= anllu — 2]® + (1 = an) [th — B*|I® = 2) (hn — h*, ARy — AR®)
+22)|Ahy — Ah*||2]
< anllu—2lI* + (1 - &) [llhn = A|12 ~ 20a]| Aby — AR |2 432 ARy, — AR|1?]
= anllu = 2l + (1~ @) [llhn = b I* =A@d = 2| Ak, = Ak ]

S anllu = 2 + (1~ an) [lan - 20 = AQ2d - N)l| Ak — 48]
It implies that

Al = an)(2d = )| ARy — AR*|)? < allu — 2| + [|2n — 2% = |20 — 2|

<t~ 2* F (New= 2+ [2nss — 2]) lEns1 — 20l
From (3.15) and condition (i), we have
tim [ Ak, — AR* || =0, (3.19)
n—ed
Put k. = @~ nD*(I — Gq) Dz, and k* = z/=nD*(I < Gq)Dz, we can rewrite y,, by
Yn = Poll = AA)Pe(l — uB)ky; W2 1,

and z/= Po(I — AA)Po (I — uB)k*.
From the definition of =, we have

et — 2[* =Homuw+ (L~ an)Tyn— 2|
Sanllw=2l? (1= @) Ty ~ 2
< anlfi— 212 + (o) g 22
= anlle = 2I? 4 (1'= aw) | P (I = AAYPe( — uB)k,
> Po(I'= NA) Pe(I = B)k*|I?
< anllu= 2| + (1 - an)|Pe( — pB)ky —Pe (T — uB)k*||?
<o fluzl* (1= 0n) (= uB)ka ~(I —uB)K|?
= anlu— 2|° + (1 =om)|(kn=k") —u(Bk, — BE")|?
= anllu—z|* + (1 — o) []Jkn — k"% = 24 (kn — k*, Bk, — BE")

+142 Bk - BR"?]

IA

anllu = zI° + (1= an) [Ilen = K7 - 20b|| Bk, — Bi* |
+14%| Bk, — BK"|I

2 ® (12 *(12
=anllu—z|" + (1 - ay) [||Icﬂ —k*||* — p(2d — p)|| Bk, — BE*|| ]

< anllu = 2l + (1= ) [llen = 217 = u(2d - )| Bl — BR|?]



28

It implies that
(1 = an)(2d = )| Bkn — BE*|* < anllu = 2)1* + ||zn = 21| — lznss — 2]
< anllu—=2|* + (2 = 2l + 2041 = 2II) |@ns1 — 2al .
From (3.15) and condition (i), we have
le | Bk, — BE*|| = 0. (3.20)
By the definition of v, we have
lyn = 2I1* = | Pe(I = AA)hn — Po(I — AA)R*||?
< {(hn = AAhy) — (R* — AAR®), Y — 2)
1
= 5 [ = MAR)=h = AR |2 4 =z
— W AARAE NN L 2)”2]
L
£ 5 W =1+ o & 20 1) W= (8 — AAR*) g — )]
1
2

[ 81 4 W = 212~ o Sl = (5 = ) = Ao = 40) ]
=W = 8 = 2 = ko ) - )
HEX ((Br =) < (h* = 2), Ahy — AR*) 22| Ay = Ah'”?]
<5 [ = P N~ 2 A - i) = =
2N ) = (8° = D A = A~ N2{[ARn = AR°P]
This implies that
Iy = 2% < Yz — 2=l = gn) = (B — @) £ 2A ][R £ ) = (B — 2)|([[ARa = AR°]).
(3.21)
From (3.21) and the definition of x,, we have
lzn+1 —2A= Nogw+ (1 — 0n)Tyn = 2|2
Sanfiu — 2 *441 = on) [Ty 2
< anllu =22 + (1 =an)lgw—2|
< anllu— 2> + (1 = o) [llew = 2l1° = (k0 — ) = (h° — 2)|
+2A[[(hn = ya) — (A" = 2)|| | Ahn — AB7]| ]
< anflu = 2] + l2n — 2)1* = (1 = an) | (hn = ya) = (A" = 2)|I?
+2A(1 = an) [[(An — yn) = (h* = 2)|| || Ahy — AR7[]
It implies that
(1= an)ll(hn = yn) = (h* = 2)|* < anllu — 2]* + |20 — 2]|* = ||z0s1 — 2]

+2M(1 = an) [[(hn = yn) = (b" = 2)[| | Ahn — AR™|
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< anflu = 2[* + (|&n = 2ll = lzns1 = 2I1) [Zn — Zns ]| + 201 = an) [I(ha — yn)
—(h* = 2)|[ | Ahy — AR¥||
From (3.15), (3.19) and condition (i), we have

Um [[(hn = ya) = (h* = 2)|| = 0. (3.22)

n—co

From (3.11), we have
(2 = &%) = (2 ~ ka)I* = ||z = (z = nD*(I - Gq) D2)
—(@n = (za —nD*(I = Gq)Dzy))|?
=1*|D*(I - Gq) D,
<HPL|(I=Gq)Dz.|*.
From (3.16), we have
m (2= k)~ (@5~ k)= 0. (3.23)
Consider,
I{@n — ha) A Ah* = 2)||> = |Haw = Po(l 4 iB)ka) + (Po(l = 1Bk’ =2)|
= lwn = pBw = (I = uB)nD*(I - Go) Da,
+ (1= pBD*(I = Gg) Dy 4 pBan = Pl = uB)kn
+Po(l = uB)k* = uBz + (I — uBYnD*(I = Go) D
~(I'= 4BWnD*(I'=Gq)Dx + pBz — z||”
= —uB)ky~ (I = uB)k* = [Pe(l = uB)ky = Po(I = uB)k*]
+ u(Bky = BE*)+nD*(I — Gg) Dy — nD*(I — Go)Dz||*
= (I — uBYkn~ (I = uB)k” = [Pc (I = uB)kn~ Po(I~ uB)k*|
+ u( Bk = Bh*)4nD* (I ~Ca) Dz,
S = pB)kn= (I — uB)k™ = [Po(I — pB)kn ~ Po(I = uB)k*|
+p( Bk =BEN)|°4 20 (T = GQ) Dan, Dl(@n =ha) + (h* - 2)))
S [(F=pB)kn— (I — puBYk* — [Pa(l = uBYkn = Po(I — uB)k*|
Hu(Bhn= BE)|*+ 21[(] — G@)Dzall [ D [(&n — ha) + (h* — 2)]|
ST = uB)kn = (F=pBYE* — [Po(I — pB)ka — Po(l — pB)k*]||?
+ 24 (Bkn — BE*, (I — uB)ky — (I — pB)k*
= [Pe(I — uB)kn — Po(I — pB)k*] + p(Bky — Bk*))
+2n||(I = G@)Dzn|l || D [(zn — hn) + (™ = 2)]||
SN = uB)kn — (I = uB)K*|* = |Pe(I = pB)kn — Po(I — pB)k*|®
+ 24 || Bk — BE*|| |( — pB)kn — (I — pB)k"
—[Pe(l = uB)kn — Po(I — uB)k*] + p(Bkn — Bk*)|
+201I(1 = GQ) Dzl | D [(zn — ha) + (h* — 2)]|
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= |[( = uB)kn ~ (I — pBYK*||* = [|hn — h*||* + 2 | Bky, — BE"|
X |(I = pB)kn — (I = uB)k* — [Po(I — uB)kn — Pe(I — pB)k"]
+u(Bkn — BE*)|| + 20 ||(I = G@) Daa| | D [(za — ha) + (h* = 2)]|
ST = uB)kn = (I = uB)E*||* = || Po(I = AA)hy — Po(I — AA)R*||?
+2u || Bk — BR[| (T = uB)ky = (I = pB)k* — [Pe(I — uB)ky — Pe(I - uB)k*]
+1(Bkn = BE*)|| + 20 |(T = GQ) Dl 1D [(xn ~ hn) + (h* = 2)]|
= (I = uB)kn — (I = uB)K*|* = |lyn — 2||* + 2 | Bky, — BK"||
X (I = uB)kn — (I = uB)k* = [Po(I = uB)kn — Po(I - uB)k*]
+u(Bkn = BE*)|| + 20 [|(1 = GQ) Dan|| [|D [(zn — ha) + (h* = 2)]|
SN = uB)kn — (I = pB)k*|> = (T = T2|* +2p|Bky=.Bk" |
X |(I = pB)kn =AL=puB)k* ~{Po(l'= pB)kn ~ Po(I — uBYk']
+i(Bhn — BE)|| + 21 [[(I'=G@) Dan| | D [(zn — Ha)+ (A" — 2)]||
ST — pB)kn — (F=uBYk* = (Tyn —2)|| (| (I = uBYkn = (T L ABYE*|| 4| Tym — 211)
+ 20 Bkn — BE|[ || (I~ peBYkn = (I = pB)b* = [Pe{I ~ pB)kn — Po(I — pB)k*]
+ul Bl =BEN + 20 (1 = Co)Dws | | D(zn~hn) # (0" = 2)]|
= llkn — pBkn —k" + pBE" = %5+ 2n — Tyn'+ 2| (I = pBYkn ~ (I'= uBYE"|
+ 1T yn— 2l1)+ 20| Bl = BR[| | (T ~ pBYky, — (I = puB)k*
= [Pol — uB)ku—=Po(I = uB)k| +iu(Bkn = BE*)[ + 25 (I = Go)Da, |
X (1D (2, — B (h" = 2|
= [l{wn — Tyn) =+ (2= k") = (@ = ka) = 4(Bhn = BRI (11 = 4Bk =(I £ uB)Kk|
+ [Ty <201) + 2u [ Bhn = BE* | [(Z— pB)kr = (I - pB)k* = [Po(I — 1B)kn
—Pe(l = pB)k") +pu(Bkn ~ B+ 20 (L — G@) Dyl |D [(zn — ha)+ (h* = 2)]|
< (len = Tyall + W0z =&*) = (20 =ka)|| + 0l Bhn = BEYI|) ([( — Bk (I — uB)k"|
+ 1 Tyn — 2ll)t2u | Bka = BE*|| [|(I = uB)kn — (I —uB)k™ > [Po(f < uB)k,
—Po(l — pB)k*] +u(Bkyn — BET)|| £ 20|(1 < GQ) Dl | Di(za= hn) + (h* — 2)]|
From (3.16), (3.18), (3.20) and (3.23), we obtain

Um [|(zn = hy) + (h* = 2)]| = 0 (3.24)

From (3.18), (3.22), (3.24) and
ITYn = Ynll = 1TUn — Tn + Tn = bn + b — A" + A" — 24 2 — o ||
SITyn = @nll + (0 = hn) + (b = 2)[| + [|(hr — yn) — (A" = 2)],

we get

nll_i:n 1Tyn = ynll = 0. (3.25)
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From (3.18), (3.25) and
[Zn = ¥nll < |20 = Tyall + 1Ty — nll
we have
M lzn =yl = 0. (3.26)

Step 4. Show that limsup (u - zg, z,, — 2¢) < 0 Where zy = Pyu.

To show this inequatitrgf_,’?éke a subsequence {an,} of {z,} such that
Um sup (u — 2o, zn — zo) = lim (u — z, Tp, — Zo) . (3.27)
n—oo J—reo

Since {z,} is bounded, without loss of generality, we can assume that Tn; — ¢ @S
Jj — 20, Where g € C.

From (3.27) and z,,, — ¢q as5 — 0, We have
lim sup (w— 2,2, ~ @g) = (v —zg,q — )" (3.28)

From (3.26), 2, ~ q as j=»o0, We have y,, — ¢ as j —o. From (3.25) and Lemma
2.28, we obtain
g€ F(T). (3.29)

Assume that ¢ # F(G): By Opial’s condition and (3.26), we have
i o, ~ gl < int 2, < Gla)|
= “J'-"G,;',[,‘fﬂ% = Yn; T ¥n; =Gelg —nD" (I = Gq)Dq)||
4 lij_rn(i)gf”:c“j =Yy £ Golan; =D (I ~Gg)Dxy,)
=Gelg —nD*(I -~ Gg)Dg)||
£ Uimyint (e, ~vigl % Jfzn, )
= anlmf\i:cnj —ql|-

This is a contradiction. Then, we have

g€ PG (3.30)
From (3.29) and (3.30), we have
g€, (3.31)
From (3.28) and (3.31), we obtain
lim sup (u — zq, 2z, — z0) < 0. (3.32)

n—od

Step 5. Finally, we show that LLm llzn — zo|| = 0, where zy = Pyu.
From the definition of z,,, we have
1 = 2ol|* = lon + (1 = )Ty — o
= [lan(u~ xo) + {1 — o) (T ~ 1'0)”2

< (1= an)ITyn — 20l1* + 20 (u — 2o, Tnt1 — 20)
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< (1= an)llyn — zoll* + 20n (u — To, Zns1 — 20)

= (1 = an)”mn - xﬂ”z + 20, (U — g, Tugy — ICﬁ) .

From (3.32), condition (i) and Lemma 2.38, we can conclude that the sequence {z,}
converges strongly to 29 = Pyu. From Lemma 3.2, we get that (z0,10) € 22, where
Yo = Pe(I — AB)xog and 75 = Po(I — vB)7g with 75 = Dzg and 75 = Dyg. This completes

the proof, L]
The following corollary is consequence which is applied by Theorem 3.4.

Corollary 3.5. Let C and @ be nonempty closed convex subsets of real Hilbert spaces
Hy and I, respectively. Let A, B : C — Hy bea, b-inverse strongly monotone mappings
with d = min{a, b}, respectively.-Let 4, B : Q — H, be.a,b-inverse strongly monotone
mappings with d = min{a, b}, respectively. Let D : H, — H, be a bounded linear
operator with adjoint D*. Define the mapping G¢ {0 — C'by Ge(x) = Pe (I - AA)Po(I -
uB)z, for all # € C and define the mapping Go 1@ ='Q by Go(3) = Po(l — aA)Po(I -
1B)z, for allZ € Q. Define-G: € — C'by Gla) = Gelz — 1D (I — Gg)Dzx) for all z € C.
Assume & = F(G) # 0. For given w,z; € C and let the sequence {z,} be generated by

¥n =Gelzn — D7 (I = Go)Dwy,),

Ty 1 = @att + (1= @ ) Yns

(3.33)

where {an} C [0,1], A i € (0,2d), a,~. € (0,2d), 5 € (0, +) with L is the spectral radius
of the operator D*D. Suppose the following conditions-hold:

(i) T}i_r;gocvn =0and § o =60,

n=l
5 o0
(i) 3 Jany1 =an| < o0.
i=1

Then, the sequence {z,} converges strongly to 25 = Py which (s, o) € 043, where

yo = Po(I — pB)zgand 7= Py {I - ’yf}) Ty With 75 = Dz and Yo = Dig.

Proof. Put T = I. Then, by Theorem 3.4, we obtain the desired conclusion. L]

3.2 The general system of variational inequalities improvement

In this section, we present about the improvement of the general system of
variational inequalities, Ceng et al. [6]. In the first part, we prove a strong convergence
theorem for the general system of variational inequalities problem and nonexpansive
mapping. The other part, we introduce a new problem which motivated by Ceng et
al. [6] and prove a strong convergence for the proposed problem.
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3.2.1  Convergence analysis for relaxed extragradient method and variational
inequality problem with numerical example

Now, we introduce the iterative scheme with the inverse strongly monotone
mapping and prove a strong convergence for finding the common element of the
solution of the general system of variational inequalities and the set of the solution
of variational inequality problem in a real Hilbert space.

Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let D, Dy, Dy : C — H be d,dy, dy-inverse strongly monotone mappings, respectively.
Define the mapping G : € — C by G(z) = Po (I = \\D1) Po (I - AaDy)z, forall z € C and

€ [0,1). Let f be an a-contraction mappingon-H, For k = 1,2,..., N, define A: H — H
by Az = Y0, cxAxz, forall € H, where 4, is a strongly positive bounded linear
operator on I with-'coefficient 4> 0,5 = MiNg=1.3... yvx and O< v < s-. Suppose
that @ = F(G) nVI(C, D) # 0--Let {2;) be a sequence generated by z; € C and

Lnyl = (] A ﬁn)rn T ,lgnPG([ - /\D)yn,
Yn = an")’.}r(-’*’:n) 7 (1 T Q’nZ) Gﬂ’,‘n.

(3.34)

where {an}-c [0,1], X € (0,2d), A1, X2 € (0,2d) with @ =/ min {dy.d). Suppose the
following conditions hold:

M) fifh = PR

n—oo 021

(il 0<b<hr<e<

N
(IH) 0<e<1and ECk:l;
k==

(i\/) §1 fan_i.] — O’ni < 00, i—%l fﬁn-{-l 3 ﬁn[ < o0.

Then, {z,} convergence strongly to xo = Po(I — A + 7). and (zovyo) is @ solution of
(1.11) where yo.=\Pc(do— A2 D2z6)s

Proof. Since a,, — 0.as.n — oo, without loss of generality, we may assume that a,, <
m, VneNandi=12.,N Let 2,y € C. Since D is d-inverse strongly monotone
mapping with A € (0, 2d), we obtain

(7 = AD)z — (I = AD)y|* = ||z — y — M(Dz — Dy)|®
= |lz = yll* — 2\ (z — y, Dz — Dy) — A*| Dz — Dy|?
< llz - y||* - 2Ad|| Dz — Dyl|* — 3?|| Dz — Dy|®
< llz = ylI* = A(2d — A)|| Dz — Dy|®
< Jlz -yl

This implie that
I = AD)z — (I = AD)y|| < ||z -y, (3.35)
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thatis, (/-AD) is a nonexpansive mapping. Then, we have Po(I-AD) is a nonexpansive
mapping. By using the same method as (3.35), we have Pe(I—A,D;) and P (I — Az Dz)
are nonexpansive mappings. Then G is a nonexpansive mapping.

The proof will be divided into five steps.
Step 1. We will show that {z,} is bounded.
Let z* € §. From the definition of =,, we have

[@nt1 = 2| = |(1 = Bn)zn + BuPo(I — AD)y, — z*||
< (1= Bn) llzn = 2%l + Bu | Pc(I = AD)y, — z*|
S (1= 8n) llen — 2*|| + Bn llyn — 2*||
= (1= Bn) lzn — g+ Br e ¥ F (@Yol — 0 A) Gz, — 2|
< (1= Ba)flaw= a*|| + Buan ||7f (2a) — Az" | Ball] — anA| |Gy — 2|
S (X =Bn) llzn =2+ Buoa 1 f(@n) = F@*)]| + Buow[|9f (z*) — Az
+ Bn (1 ~ an¥)l|Gzg —2*||
< (1= Bnlllen =" |+ Buomya ' = 2% | 4 Broa || vf () — A
+ B (1= and) [|lan = 27|
= (L =B+ 8n (anyart1l - and)) (|zn = & + Buain |7/ (@*) — Az
= (L =1Bn +8n (V= o (7 —ya))) |z = 2" + B I/ (2*) = Az" |

= (1 Wi ﬁnan (:) 11 ’YO.')) "'Ln — -L*“ 4 .Bno’n ”'Vf(l*) T jl*“

* _/‘I *
<max{”m_$*”,m.l_r}l
3=

By induction, we have |a, — z*|| < max{ Iz — 2%, M} ¥n e N.
Hence {z,} is bounded and so is {,}.
Step 2. We will show that le lmacs — zn] ="0.

From the definition of v, we have

lyn+1 — wnll = ”(1n+17f(-’~5n+1) He (I . a,,HX) G2ty Gy F(Ta)= ([ - anzj Gﬂ?n”
< an 1Y [[F@ng 1) = (@n) [ +7 [0nt1 — anbllf (@)
+ |17 - an1A| ||Grnt1 = G2\ ¥ (I — ans14) Gzy, — (I — anA) G|
< anp1val[Znir = Zall + v lansr — anl [1f(@n) ]| + (1 = n1¥) [2ns1 — 2]
+ |tnt1 — an| || AGz, |
= (1 = ant1 (F = 712)) [2n+1 = Zall + ¥ lansr — ol [|f (@)
+ |@n+1 = an| [|[AGz . (3.36)

From the definition of z,, and (3.36), we have

"5511-0-1 == ln“ = ”(1 = «Bn)l'n + ﬁnPC(I - AJD).QV":‘L = (1 - ﬁn—l)i‘n—l . .B‘n—lPC(I - /\D)yan
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= (1 = Bn)an + BuPo(l = AD)yn = (1 = Ba)zn—1 + (1 = Bn)Tn_1
= (1= Bn-1)n-1 = BaPc(I = AD)yn—1 + BuPc(I = AD)yn—1
=Bn-1Pc(I = AD)yn-1|
S (1= Bn) 2n = @n-1ll + Bn | Po(I = AD)yn — Po(I = AD)yy_|
+18n = Bu-1l lxn-1ll + 18n = Bu-1| IPe(I = AD)yn—.||
< (1= Bn) l&n = 2n-1ll + Ba llyn = Yn—1ll + |Bn = Bu=1] llzn-1|l
+|Bn = Bu-1l|Pc(I = AD)yn_1||
S (1= Bn) llen — @n-1ll + Bn (1 = (¥ — 1)) lzn — 2|
+7 len = an-1| [/ (@n-1)|| + lan = an-1] [ AGzn_1]|)
+1Bn = Butll|Za=tlF 1Bn — Bu-111PeAL =AD)yn_1||
= (1 —B)lzn — 2negf+8u(1 — (¥ =70)) lzn —mn ]
tBny an — o=y Il f (Tna)ll + Balay =an_1| || AGz. 1|
+ |Bn = Bn=iMl#n-1lk+ B ~Bn=1l Pe(T = XD)yn 1|
= (1= Br + Bnlt = a3 = ya))) 120 = ana]l ¥ Brrlom — cn—i]
X (=il + Bn lom —ana] | AGzn || + |Bs = Br—1ll|zn =1l
+Bn = Bra| 1P = AD)yn~i||
S Pran(y = qa))[#n/— 5l + Vo= tm 2l f{zaz )l
+ |am = G- | AGE_1 || +|8n = B 21 |z =1]]
+18n = Bu=1/1Pe (L = AD)yn 1l
This together with conditions (i),(iii) and Lemma 2,42, we get that
i [[zz1= za|| = 0. {3.57)
From conditions (i),(ii), (3.36), and (3.37), we obtain ﬂli_r;go [yt — yll'= 0
From the definition of y,,, we have
' 2] = flnrs (@a) + (I - and) Gan ~ @t
= [(Gzy — %)+ (@ Fln) — andCGa)|
< |Gz =22 by (Er) — AGxp,yn — 2*)
< e — 2> + 20 |7 (2n) — AGz0 | lyn — 2| . (3.38)
From nonexpansiveness of Pe and (3.38), we have
lens1 = 2** < (1 = Ba)llzn = 2"I° + Ball Pe(I = AD)yn — 2"
< (1= Ba)llzn = = I* + Bull(I = AD)yn — (I = AD)a* |
= (1= Ba)llan = 2"|I* + Bullyn — 2" = N(Dyy — Da*)||”
= (1= Bn)llzn — 2"lI" + Ballyn — ="
{

= 2ABn (yn — 2*, Dy — Dz*) + B 2| Dyy, — Dz*||?
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S (1= Ba)llzn = 2*I + Ballzn — 2°|1* + 2Bnan |7 (2n) — AGz,||
X llyn = 2"l = 2AdBul| Dyn — D2*||* + A% Dy — Da*||?

= (1= Bu)llwn = 2" + Ballzn — &*|* + 2Bncwn | ¥£(20) — AGz,||
X llyn = 2| = ABw(2d — X[ Dyn ~ Da*|]

= llzn = 2° I + 28na |1 (@) ~ AGz |1y - 2°|

- /\.Bn(Qd . /\)HDy" = Da"‘“:z'
It implies that
ABn(2d = N[ Dyn - Dz*|1? < |25 — %1% — |zngs — 2*|?
[¥F@n).— AGz, ||l — =*|

< (12n = 270 + lZnsr =@ |20 41 — 2|

+ 28n H’Yf(:rn) =2 AG:CTI” My 5.2 (3.39)

+ 28n 0

Form conditions (i), (i), (3.37) and (3.39), we have
T}fﬂ; lDya= Dz¥\= 0 (3.40)

Step 3. 'Show that- lim |7, = Tanl = 0, Aim_jlzn = Gaa)| = 0, lim flyn — Tyall = 0,
m llgn — Gynl =0 and lim ||z ~yal =< 0.
From the definition of z,, and (3.38), we obtain
lzns1 = 2 =@ — Bu)n + BuPo(l = AD)gn = 2%
= (L=hn)l[2n — 2" + Bull Pe(F = ADYyn — 2* |
= Ba(l = Ba)llzn = Poll —AD)yxl?
< (1 = Biliwn — @ I? 4 Bullym = @* P = Bl ~ Ballitn — Pe(I —~AD)ya||*
S (=Pl =" |2+ Ballzn — 2°|I* - 2Bnam |97 (@n) = AGE | llyn — 2|
= BnX= f)zn =P (L = AD)y, |
= llzn—a"|* + 2Bnan |7/ (2n) — AGzal| gn =2 |
— Bna(1 = Ba)lTn= Po(I = AD)ya|>.

It implies that

Ba(l = Bn)llzn — Po(I = AD)yull® < |12 — 2°|% = ||&nsr — a*||
+ 2Bnan ”'Yf(wn) - AG.’L‘"” llyn — 27|
< (llzn = 2*|l + [|Znt1 — 2° ) [|Zng1 — 2al]

+ 200 ||[7f (%) — AGan| llyn —2*(|.  (3.41)
Form conditions (i), (i), (3.37) and (3.41), we have

M Jlzn = Po(I = AD)ya| = 0. (3.42)
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By Lemma 2.22 and (3.38), we obtain

|Po(I = AD)yn = &I < (I = AD)ys — (I = AD)a*, Po(I — AD)yn — '
= 5 (I = AD)y ~ (1 = AD)a" 4 |1 Pe(T = ADYy — 2
=lI(T = AD)yn ~ (I = AD)a" — (Pe(I = AD)yn — 2*)|%)
< 5 (I =271+ I1Po(z — ADYy, - o
~llgn = Po(I = AD)yn = A (Dyn - Da*)|?)
< 5 (I = 217 + 200 |l () = 4Gz | lyn - 2°|
+IPe(I = AD)yn = 2*|* ~ ||y — Po(I = AD)ya?
+2X (yn="Po(I = XD)yry Dy = Da*) — X2|| Dy, — Dx"||2)
< 5 (law= 2" 20|y (@) — ACa[ Yy — 2°I
+Pol = Ay = 2P~ g = Pe(I - XDYga

+2A Hyn v, PC(I T /\D)yﬂ H ”Dyn = DIL‘*H) 3
It follow that

| Pe(Z ~ AD)y = 3-'*”2 < |lzn — x*”2 + 20, H'Yf(ﬁf"n} ¥ | zGﬁ"'u” 9n = 2™
—llvn = Pell = AD)gall* + 22 llya = Po(I= AD)ya|

x| Dy — Dx|| . (3.43)

From (3.43), we have
I|$n+1 ¥ 1'*”2 < (1 a ﬁn)”-'rn = -Tm”2 3 ﬁnHPC‘(I - /\D)yn | :L'*Hz
< (1= Bu)llan <222 B (llan — 214 2000 v en) — AG|

X Jlyn = 2" b= llyn = Pa(I — ADYyall® + 2A |9 — Pa(I — AD)y,||
x | Dym — Dz*|))

< (1= Ba)l2n = 32+ Byl — 2|2 + Zim S () < AGaa

X llyn = 2% =Bnllyn — Pc (I — AD)ynll*+ 2X][yn — Po(I — AD)ya||
% || Dyn — Dz*|

= ||z — 2°|° + 20 || V£ (2n) — AGzn]| llyn — |

= Ballyn = Po(I = AD)yn|1* + 2 |lyn — Po(I = AD)ynl| | Dys — Dz
It implies that

Brllyn — PC(I - AD)yHHZ < ”-’En = 33‘”2 — ||Zn41 — -1'*”2 + 20, ”'Yf(-rn) = AG:L‘,—,,“

X ”yn _‘7"*” + 2A ”yn - PC(I_ /\D)yn" ”Dyn - D'r*”

< ([l#n = 2| + lzns1 — 2*]) [lzn+1 — 2l
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+2an [|[7f(@n) = AGza|| llyn — 2*|| + 2\ llyn — Po(I — AD)yal| || Dyn — Da*||.  (3.44)
From conditions (i), (ii), (3.37), (3.40) and (3.44), we get that
m Jlyn = Po(I = AD)ya || = 0. (3.45)
Consider,
lzn = yall < ll2n = Po(I = AD)ynl| + | Pe(I = AD)yn — yul| -
From (3.42) and (3.45), we obtain
Uim [z, — ya]| = 0. (3.46)
From definition of 3, and condition (i), we have

lgn — Gz |[=|@nyf(xn) + (F < ey Az, — Grn”
2oy ||'yf(:-:n) - AGzn|| = 0_asn — oo. (3.47)

Consider,
”xn = Gmn“ S ”xn 'al yﬂ“ 1 “yﬂ Yy G‘E‘ﬂ“ =

By (3.46) and (3.47), we have
T}Lngo l£s' = Ga, |[\=,0. (3.48)
From (3.46), (3.48) and

lyn— Gyn” < “yn Sl Hln T( G-Tn” +1Gzn ~ G'.Un“

Sllyn= 2l + 20 = Ganl + Jlan = Ynll s

we get that
U flyn ~Gyal = 0. (3.49)

Step 4. We will show that lim sup (v/(zo) — Azo, yn ~z0)< 0, Where zo = Py(l — A +
vf)zo.
To show this, choose a subsequence {ya, } of {y.} such that

lim sup (v f(z0) — Azo, yn — To) = lerEo (vf(zo) — Az, yn, — o) . (3.50)
Without loss of generality, we can assume that ,, — ¢ as k — oo, where ¢ € C. Then,
from (3.46) and =,,, — ¢, we obtain y,, — g as k — oo.
From (3.50) and yn, — g as k — oo, we have

lim sup (vf(zo) — Azo, yn — o) = (vf(x0) — Azo,q — z0) . (3.51)

n—oo

In order to show (vyf(xo) — Azo,q — z0) < 0, we need to show that ¢ € & = F(G)N
VI(C,D). Assume that q ¢ F(G). It implies that ¢ # Gg. From Lemma 2.19 and (3.49),
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we have
U inf |1y, — gll < Uminf [y, — Gl
< Umigf(\lym = Gun || + |Gyn, — Gall)
< Uminf (lym, = Gy, | + llymy — gl
< Uminfilyn, —q|.
n—o0
This is a contraction, that is,
g € F(G). (3.52)
Next, we will show that ¢ € VI(C, D).
Assume that ¢ ¢ VI(C, D). Since VI(C, D) = F(Pe(i— AD)), we have g # Pc(I — AD)q.
From Lemma 2.19 and (3.45), we obtain
Um}igf”yﬂk = QH < lim,jgf“y”* =~ PC(I N\ /\D)QH
< Ur[‘gicgf(“ym = Pe{d = AD)yn, || + | Be (I = AD)yn, — Po(l — AD)q|)
<Aiminf (lya, = Pl ~ ADYyyl & s, — gl
< Uminf = al-
This is'a contraction, that is,
q € VI(C, D). (3.53)

From (3.52) and (3.53), we have ¢ € § = F(G) N VI(C, D).
By (3.51) and Lemma 2.22, we have

lrvsup {4 (z6) — Ao, — o) = (vf(zo) — Adp,q~ ) < O,

n—od

Step 5. Finally, We will show that {z.} converges strongly to z,, where zo = Pq(I —
A+ 5f)xg.
From the definition of &, and zy = Pg(l — A + yf)zo, We have
2041 — 2ol M= WL < BrJen + BuPe(l — AD)yn — zif)?
< (L =Bu)llan — 2ol *+ Ball Pl = AD)ya= zo®
(1-Bn)
(1= Bu)llen = zoll* + Baljanyf (xn) + (I — anA) Gan — zol|”
(1= Bn)llzn = zoll® + Bo (|| (1 — awA) (G2 — 20)
+200, (7f (@) — Ao, Yo — 7))
< (1= Bu)llen = @oll® + Bu (1 = an¥)?llzn — 2ol ?

2 2
llz, — zall* + Brllyn — x|

A

IA

207 (f(wn) — f(zo) yn — 590) + 2a, <'Yf($0) = 4‘13:0: Yn — I0))
< (1= Ba)llzn — zol* + Ba (1 = an$)’ 20 = 20

+2o0 Y [1f(zn) = f(@o)ll llyn — 2ol + 2em (7 (x0) — Azo,yn — 20))
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< (1= Badllzn — zoll® + Ba(l = 0n¥)?||zn — ol|?
+ 2anyaBy |20 — zol| llyn — zoll + 2anBy (vf (x0) — Azg, Yn — 20)
< (1= Bo)llzn — 2ol® + Bu(l = an¥)?||zn — o])?
+ 20mYeBn [|on = zoll (an |7 (zn) — Azo|| + (1 — an¥) |G2n — 2ol|)
+ 200 Bn (7f(%0) — Ao, Yn — T0)
< (1= Ba)llzn — ol® + Ba(1 — an)? |20 — zol®
+ 2anyaph |2n — 2ol (anya |lzn — 2ol + an ||vf(zo) — Awo|
+ (1 = an¥) llzn — 2oll) + 2anfn (v (20) — Az, yn — x0)
= (1 = Ba)llzn = zol|® + Bu(1 — an¥)?llzn — 20l + 2024%a?Ba | 2n — xo|®
+ 202 ya B, “')-f(:ro) — Axg|[ 120 — 20| ¥ 203085 (1 — an?) |lan — ol?
+ 200 Bn (¥ f (#0) — Ao, yn —0)
< (1 =BaMllen — zol*+By (1 = %) |20 = zal® +2a23° 8, |2 —o |
+ 2003 {|7f (0) =~ Azol| llrn — zol| + 20570y flzn L 5l
+ 20080 (7 f (o) — Ao, Y = 7o)
= (LB o+ B = Brnon¥ + 20mya8n) | 2n —oll* + 202928, | 20 — o))
+20478n || 7F (o) = Azo|| |2 — Dl + 20mBn (] (m6) = Azl Yo — ()
=1~ onfin (5= 290)) 20 = 20>+ o B (20037 |2 = a0l
F2amF [[¥f(@o) = Axo|| Jlzn ~ 2ol +2(7f (20) — Azg;ym — o))

2‘0fn'72”3-'n = 559”2

=1 — anfBn (7 — 2’70‘)) ”ln _ 3';0”2 + o fin ('—Y —2ya) ( (’7 = 20)

20,5 “’Yf(-’»"o) - fi,ac@” llzn = zol|._ 2 <’Yf($0) — Awg, yn — It))
+ = + - :
(7 5 27a) (7 = 2ya)
By step 4, condition (i) and Lernma 2.38, we can conclude that {z,} converges strongly
to zg = Pa(I = A+ vf)zo. Then, from-Lemma 2.41, we have (zq,y0) isa solution of the
problem (1.11) where yo'= Pg (0 — A2Dsap). This completes the proof. ]

The following corollary is directed result from Theorem 3.6

Corollary 3.7. Let C be a nonempty closed convex subset of a real Hilbert space .
Let D, D, : C — H be d,d,-inverse strongly monotone mappings, respectively. Define
the mapping G : C — C by G(z) = Pe (I - \D1) Pe (I — \2Dy) x, for all z € C and
a € [0,1). Let f be an a-contraction mapping on H. Fork =1,2,...N,define A: H - H
by Az = Y\ | ckAsz, for all z € H, where 4, is a strongly positive bounded linear
operator on H with coefficient v > 0,5 = ming=y1,..~% and 0 < ¥ < L. Suppose
that & = F(G) N VI(C, D) # 0. Let {x,} be a sequence generated by z, € C and

Tnt1 = (1= Bu)n + BuPo(l — AD)yn,
Yn = anVf(Z0) + (I — anA) Gz,

(3.54)
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where {a,} € [0,1], A € (0,2d), A1, A2 € (0,2d). Suppose the following conditions hold:

o0

() Um a, =0 and tp = 0C;

n=

(”)U(bS.BHSC(].;

N
(iD0<er<1and e =1;
k=1

(l\«’) il a1 — o | < 00, §1 J.Bn-i-l = ﬁnl < 00.

Then, {z,} convergence strongly to zo = Po(I — 4 + vf)zo and (z0,w0) is a solution of
(112), where Yo = PC{.’L‘O = /\QDI.IQ).

Proof. If we put D, = Dy, in Theorem 3.6, we have the desired conclusion. i

3.2.2  The modified generalized system of variational inequalities

Motivated by the general system of variational inequalities problem, Ceng et al.
(6], we introduce a new problem involving the general system of variational inequalities
in a real Hilbert space as follow:

Let Dy, Dy, Dy : €= H be three mappings. We consider the problem for finding
(z*,y*, 2*) €% C'x Clsuch that

(z* = (=AM Di)(ez* +(1=a)y*),z —a*) >0, Vz €C,
(y* =L =2XaDg)(az’ +(15'a)z"), <9y >0, Vo e, (3.55)
(= (T=2aD3) 0", & 2220, Ve le'C)

where Aj, A2, A3 > 0.2nd a € [0, 1], which is called the modified generalized system of

variational inequalities.
The following example is given for supporting the proposed problem.

Example 3.8. Let R be the set of real numbers and Dy, D;, Ds be mappings from
[—20,20] to R defined by Dya = 1%, Doy =427 and Dye = z = 2, respectively. We
choose a = 3, M = 3,2 = 2 and A; = 2. Then, we have (3,2,1) is the solution of the

modified generalized system of variational inequalities proviem:.

Now, we prove lemma and remark that will-be useful for proving the next

theorem.

Lemma 3.9. Let C be a nonempty closed convex subset of a real Hilbert space H
and let Dy, Dy, D3 : C — H are three mappings. For every A, s, Az > 0 and a € [0,1].
The following statement are equivalent

(i) (2*,y*,2%) € C x C x C'is a solution of problem (3.55)

(ii) 2= is a fixed point of the mapping G, i.e. 2* € F(G), define the mapping G: ¢ — ¢
by

G(z) = Pc(I-MD1)(az + (1 — a)Pc(I — A2Ds) (az + (1 — a)Po (I — A\3D3)z)) ,Vz € C,
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where y* = Po(I — A2 D) (az* + (1 — a)2*) and z* = Pg(I — A3D3)z™.
Proof. Let conditions hold.
(i) = (id) Suppose that (z*,y*,2*) € C x C x C is a solution of (3.55). For every z € C,
we have
(z* — (I = MDy)(az" + (1 — a)y*), z — %) > 0,
(¥" = (I — Aa Do) (az™ + (1 — a)2*),z — y*) 2 0,
(2" = (I = \gD3)z*, z — z*) > 0.
From properties of P., we have
" = Po(l — A\ Dy) (az* + (1 — a)y*),
y* = Po(I'= \;D;) (az* ¥ (1= a)2?),
z* = Po(d =~ \D3)z".
It implies that
a* =Pe(I - M D) (az* +(1 = @)Pe(l ~ \a D) (az* +{1-+a)Pc(l — AgDs)z*))
=G(z*).
It follow that z* € F(G), where y* = Py(I ~ X2D3) (az* %+ (1 = a)z*) and
2* = Be (I A3 D3)z*.
(if) = (i) Let 2* € B(G), y* = Pa(l ~ A\ Do) (az* + (1 = a)z*) and z* = Po(I =\ D3)z".
Since z* € F(G), we have
o = Po(I — M Di) (az* + (1 < a)Po(l = A3 D) (az” + (1= a)Po(d — A3Da)z*))
= Po(I — M\ Dy)(az* + (1 —a)y’). (3.56)
From (3.56), y*.= Pc(I = \aDs) (az* + (L=a)z*) and z* = Pc(I — 3 Ds)z*, wé have
(@ — (I'=ADy)(ez™ 4 (1 — a)y" )z = 2> 0, Vz €C,
@ =1 — NaDy)(az” +(L=a)2"),z=9*) >0, ¥z € C,
(2% = (I — A3D3)3*, z ~ 2%) 20, V& eC.

It follow that (z*,y*, 2*) € @ x C'x-C_is a solution of (3.55). ]

The following example is given for supporting Lemma 3.9.

Example 3.10. Let R be the set of real numbers and D, D, D; be mappings from
[0.20] to R defined by Diz = 2 — 1,Dpz = 2 + 2 and D3z = z — 22, for all z € [0,20],
respectively. Let mapping G : [0, 20] — [0,20] be defined by

1 1, 1
G(Z‘) = P[Qgggi([ = —Z-Di) (05I + 0-513[0‘20}(.[ o= EDQ) (05.'17 + O.SP[ngQ](I == ED';)I‘)) s

where Ay = 3,02 = §,A3 = } and a = 0.5. Then, we have 2 € F(G), where z* =
Ppo2o) (I = 3 D3) z*. and y* = P2 (I = 1D3) (0.5(z%) + 0.5(z*)) . Hence (=4t =124, 12)

is solution of (3.55), by Lemma 3.9.
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Remark 3.11. If Dy, D,, D3, in Lemma 3.9, are di,ds, dg-inverse strongly monotone,
respectively, then G is nonexpansive mapping, where A, s, \s € (0,2d) with d =
min {dl,dz,d;;}.

Proof. Since D, is dy-inverse strongly monotone mapping, we have

I = MDy)z = (I = MDuyl* = ||z — y — M (Dyx — Dyy)?
= ll& -y - 2\ (& — y, D1z — D1y) + M?|| D1z — Dyy?
< llz = ylI* = 2211 [| Dz — Dryl® + M| Diz — Dyyl?
= |lz = yl* - M(2dy — A1)|| D1z — Dyyl|?
< llz - yl* - M(2d - \1)|[ D1z — Duyl)?
< Jla—yl*

It implie that
(I =A1Dr)z = (I = MDYyl < lle=y| . (3.57)

Hence (I — A1 D) is nonexpansive.
By using the same-method as (3.57), we have (I~3D,) and (I—A; D3) are nenexpansive.
Then, we obtain that Po(l —A1D1), Po(l ~ A2 D2) and Pe(I - A3 D3)-are nonexpansive.
From Po(I — M Dy), Po(I = XoDy) and Po(I - A3 D;) are nonexpansive, we have
Gz = Gyll = IPe(d = M D) (ax+ (1 = a)Po(I - AsDa) (azx + (1 = a)Po(d ~ A3 D3)z))
~Fell = MDi)(ay+ (1 = a)Pe(I = \oD2) (ay + (1 = a)Pe (I — XsD3)y)) |
< |[(aa 4(1 = a) Pe (I — A2 Ds) {az + (1 = a)Pc (I — N3y D3)z))
<(ay + (1 ~a)Pe (I = A Do) (ay + (1 = a) Pe(d = AsDs)y)) |
sallz =yl 4 (1 —a)|[Pe(I — A\2Dy) (ax + (1 —a) Pe(I — A3 Dy)x)
= FPo(l —XaD3) (ay+ (1 —a)Po(I - AsDs)y)||
<allz =yl + (1=a) |(ax +(1 = a)Po(l = X3D3)x)
—(ay + (1 =a)Pc(I — X Da)y)||
< allz =yl +( -a){allz -yl +(1 —aM|Pc(l - X3D3)a'— Pc(I - AsDs)yl))
Safz -yl + (T=a)(aflz=y| + (1 —a)le— y)

= [z -yl
Therefore G is a nonexpansive mapping. L]

Next, we prove a strong convergence theorem for finding a common element
of the set of fixed points of nonexpansive mapping, the set of fixed points of mapping
G define as in Lemma 3.9, which is the solution of the modified generalized system
of variational inequalities, and the solution set of the variational inequality.

Theorem 3.12, Let C be a nonempty closed convex subset of a real Hilbert space
H and let D,Dy,D;, D3 : C - H be d,dy,ds,ds-inverse strongly monotone mappings,
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respectively. Define the mapping G as in Lemma 3.9 and a € [0,1). For k = 1,2,..., N,
defne 4: H — H by Az = ):,11 ek Aer, for all z € H, where A, is a strongly positive

.....

7 Let T: C — C be a nonexpansive mapping with Q = F(T) N F(G) N VI(C,D) # 0.
Let {z,} be a sequence generated by z; € C and
Intl = ﬁrl:‘rﬂ T ﬁ?zT-’""n + .%%PC(I = AD)yn, (358)
Un = a’n'}'f(xn) + (I = Oan} G:L'na
where f is a-contraction mapping on €, {a,} C [0,1],A € (0,2d), A1, Az, As € (0.2d) with
d =min{dy,dy,ds} and B + B2 + 8% = 1. Suppose the following conditions hold:

(i Um o, =0and i Oy = 00;

8BS0 n=1

(i) 0<b< Bl <c<1foralli=1,23;

N
(|||) 0<Ck<1and zckzl;
k=1

o0 o0 :
(iv) 37 |ty = an| <00y - [Aher = Bi] <o, forall 5=1,2,3,
n=1 n=1

Then, {2} convergence strongly to zg = Po(l = A+ vfzq and-(zq, yo, z0) is a solution
of (3.55) where yy'= Pe(I = MaDs) (azy + (1=a)z) and 2= Poll.—A3D3)zp.
Proof. Since a, - 0.as n — oo, without loss of generality, we may assume that a, <
g Yn€Nandi=1,2,.,N. By Lemma 240, we have ||I - a 4| <1 - a:7.
Since D is d-inverse strongly monotone mapping with X e {0, 2d) by using the same
methed as (3.57), we can conclude that (I = AD) Is a nonexpansive mapping. Then,
we obtain Pg(I'=AD) is a-nonexpansive mapping.
From Remark 3.11, we get that G is a nonexpansive mappine.
Step 1. We show that {ay,} is bounded.
Let z* € .
From the definition of z,;, we have
len+1 = 2*|| = YBatn + BAT®n+ B3 Po(l — AD)yn — 27
S B llen =@ =85 [ T2n = 2| + B} | Pold = MDYy — Po(I — AD)z"|
< B llen — 27| + B 1Fn=a{f=+BEyn — 2*|
= Bullzn = 2*|| + B2 llzn — 2”I| + B} lanyf () + (I = anA) Gzn — 2|
< Ballzn = 2*(| + B l|2n — 2*|| + Bl ||7£ (2n) — Az”||
+ By |1 - and|| |Gzn — =*|
< Bullzn = 2%\l + B3 llzn — 2*|| + Bieny [ f(2n) — £(z*)|

+ B (1= an?) |Gan — 2|

% 20% ”'Yf('r*) - ZI‘
< 111 lzn — 2" + 721. lzn — 2% + fﬁia’nq’a |z — 2|

+ B3 (1= o) |2 — 2" || + B ||7f(2*) — Az”||
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= (Bn + B2 + Bhanya + B3 (1 — o)) 2w — 2*(| + Blay H’Yf (z*) - Az*||
= (1= 8% + 82 (awya + 1 = an¥)) len — @™l + B0 [|7£(2*) — Aa”||
= (1= 83+ 83 (1 —an (7 - 7a))) ||z — z* Il+ﬁ3an va(r‘)ﬁzx‘ll
= (1= B (7 = 70) l2n — 3°1| + B |7 (2*) - Az
< max {Hml W—Amu}
¥ -1

By induction, we get that ||z, — z*|| < max {||.1:1 -z, ”"’L(;_),;—L”} Vn € N,
Hence {z,} is bounded and so is {y,}.

Step 2. We show that im |[zns1 = 2all = 0.

From the definition of ;n,o:ve have

lyn+1 = ynll = [|ens17 i @ns1) + (I = @ni14) Grnsr — cny[lan)= (I - an A) G|
=Manr17f (Trw1) = anr19f(@n) A dn iV f (20) — any f(@n)
+ (E=tad) Ganid = (15 ang|A) G2, + (f —an+14) Gz
=T
S 1Y | (@ni1) = F@n) | + v ane io=am| |/ (20)]]
AT s A 1683 - Gzl ] (F 508G 1~ ) G|
S ang1ye |z = Zall + v e — anl 1 f(z0)l
1 (L=an1¥) |wng1 —Zall + lansr = @n| [AGz,|
= (T=tn1 (7 = v0)) || @nsr = Zalt + 3 |ans 1= ol |1/ (20
+lan 1~ onl{{AGE |
S [Znt1 =l £ lowzt = anlfif (@) lHF lowds <ol || AGz.|. (3.59)
Let
i1 = (1 = Ba) zn+ Brn, (3.60)

where z, = f—ﬁ‘_—lﬁi’—
Since an41 — Blan = BiT2n+ B2 Po (I —AD)yn and (3.60), we have

1 1
Tn42 — .87;+11an Tn+1 — »8“7371

Zn4+l — 2p = 1—ﬂ1+1 = 1*,‘8,%
n
_ ﬁvc+1TIn+l +}Gn+1PC(I — AD)yn+1 _ ﬁﬁTEu +ﬂ2PC(I — AD)yn
1= an+1 L= '61%&
2 3
= ’B?H-l T$n+1 ’6 1 T.’Ln + PBn-H. PC(I /\D)yn+1
L= rH-l B n+1
3
- 22 Por - D),
2 2 2
n+1 n+1 an+1 'B
= Tx Tz, + Tz, — Tx
1— n+1 n+l — 1— an+1 n 1_ 1},+1 n 1— ﬁ]‘ n

3
4P b Dy - e po(r - AD).
1= r1+1 _ﬁn+1
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+ Prsa Pe(I - AD) B Pao(I
- Un = g c(I — AD)yn,

1- B - B
5n+1 B2 s
T n+1 _ n
l = n+1 ( ‘T'ﬂ-+1 T‘zﬂ) + (l _ ﬁ,li.’_‘l 1 . ﬁ,lz) T‘In
ik
+ Ll (PC(I - )‘D)yn-i-l - PC'(I - AD)]}“)

'BnJrl ,63

Then, we obtain

82 5 2 :
w1 = 2all € T2 [T = Tl + | Lot - B Ny P,
n+1 n+I k= ﬁ
.33;+1 133
X | Pc(f = AD)yns1 —Po(l=AD)yn + - HPC( = AD)ya||
n+1
2 3
Bt
,81 ”:Ln—H xn“ + ,61 ”yn+1 yn“
+' 1'21+1 _ .82 % ﬂn v ﬂ2
L — 71;+1 e n+1 — n+1 =
‘83+l .B 33 d
+ n - n + n N L3 L I— /\D yn'
‘1_ n+1 Lo 111+l VA :}L+1 1 | ( ) r
an+ | 183-}-1 'Bn+1 ﬁ
< x g AL Y1 =Unll + Tx
T a2l 5 o =il | R Pl
ﬁl -BI-H ﬁs 3 3
+ 25 4 ITznl +| =A== iPa(1 < AD)yall
J (1 0 n+l) ( 'Bn+l) \ S n+1 p
£ Bul = P IPo(d = AD)yn |l
I (U ) (14 825)
St (lof by 0l et Cig A
=7C n+1 n+1 n ! Ipnt1 n +'Y!0’n+1 O’nl ”f(xn)”
i ﬁr-{-I '6 ,B 1
+ o1 —anl || AGz, |[) + —l— |72 + o 1Tz, ||
% s “ ”) 73 'n+1 (1 _’BTI+1) ( T]t+1)
B3 fa F-2n
+ ““ | Pe(l = AD)yn]| + 2t 1P~ AD)ya|
ﬁn+1 " ( Bn+1) ( :]’.H-l)
o ,Bn+ ng-H ﬁgﬁ—l
ST |Znt £+ @nl + -4, lzn+1 —Zall+ ' ﬁﬁﬂianu = an| [|f(za)]|
1831+1 il +1 B — Bii1
+ fcv 1= |AGz, || + b .
! % ” "“ 'Bl {1 - :1a+1) (1 _ﬁvlwl)
By B =B
X |ITza | + —1’3—*4——“ 1Pe(Z = AD)yall + | I1Pe(T = AD)ya
n+1 (1 - 11+1) (]‘ - n+1)
8, gn )
= “xn+l Tn” + ,61 'Ylﬂ’n+1 anl “f(zﬂ)” + +1 Jan-i—l Q’nJ “AG‘ITL”
ﬂn+1 ﬂz 161 - B, 1
+ 1Tzl + n ot I Tzn |
1= n+1 K (1 - n+1) (]‘ - n+1) !
4| 3” ﬁ = |Pe({ = AD)ya | + Gl 1P (I = AD)ynll -
[y (1 - n+1) (1 - n+1)

From conditions (ii), (iv), we have lim sup (|lzns1 — znll = |Zns1 — aal]) < 0
n—eo
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By Lemma 2.39 and (3.60), we get that im Jlzn — 2l = 0.
5INCe ny1 — zn = (1= BL) (20 — z,), We have

nli@c |Tnt1 — zal = 0. (3.61)

From (3.59), (3.61) and condition (iv), we obtain le (1¥n+1 — yull = 0.
By the definition of y,,, we have

I = &*I* = [lanyf (2a) + (I = and) Gy — a*||”
= [(Gzn — ") + (@nyf(2n) — anﬁGwn}Hz
< |Gz - 1'*”2 + 20, <’Yf(-1n) — AGap, yn — -1"*>

< lzn = ;B‘Hz + 2a, II'Tf(En) = len” llyn — 2% . {3.62)
From nonexpansiveness of Pz and (3.62), we have

lznts = 2° ¥ Bl llen= 2>+ B2 Ten ~ )24 BHPL(L =AD)yn = 22°

< Bullew'— 1% # Ballun — ot 11>+ B2 = AD)gn — (1 — AR)2*|)?

= Ballza 2|24 B2l\Ex < a5+ B2 ym — & S A(Dyn — D)

=Bl e =r" |2+ Ballan ~ ) F B2y = <2
— 2XB% (yn 3", Dyn = D2*) + BN\ Dy, — Dz*|?

S Ballza=z | B2 len <12 + B lym e ati® = 20dB3 | Dy = Da®))?
+ BN Dy — D™ |[?

< Brllan a4 Bz = 2P+ B =2
+ 26000 || 7/ (@n) = ACzn | |lyn = 22 — ABI(2d = N)|| Dy, — Dz*|f?

= llzn ==%||* +2830 [/ (@) — AGZ, | #n — 2%

=83 (2d = A)| Dy, + D%
It implies that

AL (2d = 2)| Dyn = Dz* | € 288 o ||v £ (@n) = ACTA || llyw= 2*] + |70 — z*|)?
~ Nt = 2|
< 2,320511 ”'Yf(mn) = ZGCEHH ”yn = I*H

+ (lzn = 2*|| + |Za41 — 2*||) |Znr1 — 2a]| - (3.63)
Form conditions (i), (i), (3.61) and (3.63), we have
Aim || Dy, ~ Da*|| = 0. (3.64)

Step 3. We show that lim |jan — Tz,|| = 0, im |z, — Gz,|| = 0, lET;D lyn — Tyn|| =

0, im [lyn — Gunll =0 and lim |lz, — ya| = 0.
n—o0 n—ro0



48

From the definition of z, and (3.62), we obtain
lznsr = *|* = ||Bazn + B2T 20 + B3Po(I = AD)yn — o°||*
< Billwn — 2|? + B2||Txn — 2*||* + B2 Pe(I — AD)y, — z*|®
= BabBallzn — Tan|® - BLBE|l2n — Po(I — AD)ya|?
< Ballen = 2°* + B2llzn — 2> + B2l — 2*|1% = BLB2[l@n — Tnl?
— BLB3||zn — Po(I — AD)yall?
< .5111”33-1 - :r'||2 + 3121”73" = Z*HZ T ﬁg l|zn — 59*”2 o+ 21@3071 “'Yf(xn) - EGI,,”
X llyn — 2|l = BrBEN|Tn — Tal® — BLBE|2n — Pe(I — AD)yn|?
= |lzn — I*HQ e Qﬂgﬂ’n H"Yf(mn) e ZGIﬂ” lyn — 2| - ﬁ}LBﬁHIn . Trﬂ”z
= BrB3 | zw="Bo(@=XD)yn|.
It follow that
BiBallzn — Tan|* < 2B |vf (2n) — AGTn|| v = 27l [l2n =272
— llzhe1 = 7P~ BB ~ Poll =Dy, |2
< 2.33&1; ”'Yf(frn) = ZGIR” [lyn = Ix“
s (”m‘n * ) IC*“ £ ”:Cn+1 Fi .‘L‘*H) ”mn-kl ‘N -1'11“ . (365)
Form conditions (i), (i), (3.61) and (3.65), we have
li_r’ﬂ |zn = Tzq|| = 0. (3.66)
By using the-same method as (3.66), we get that
l'ﬂl‘o [ = Pe(T = AD)yn|| = 0. (3.67)
From property of Pe and (3.62), we have
|Pe(I — AD)yn—a* |2 £ (I — AD)y —(I=AD)a*, Pe(I — AD)yn = z*)
1
=5 (10 9Dy - (1 - 3Dt %% |1 Pe (T MDYy — o
W= MDYy = (I ~ AD)a*=(Polf ~ AD)yn — 2°)|1?)
1
3 (Ivm =" IP+ 1P = ADYyn - 2°|1?
~llg = Pe(I = AD)yn = A (Dya - Da*)|?)
1
< 5 (I = 2" I+ 1Pe( = AD)yn = 2°I1® = lyn = Pe(T ~ AD)ya

+2X (yn ~ Po(I = AD)y, Dy — D"} = X| Dy — Dz"|1)

IA

I * A *
5 (len = @I + 200 [|1£(20) - AGea||llgn — 2°|
+I1Pc(I = AD)yn — &*||* = |lyn — Po(I = AD)y,||?
+2X lyn. = Po(I = AD)y.| | Dyn — Dz*||).
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It implies that
|1Pe(I = AD)yn — z*||* < ||lzn — 2*||* + 2an [¥f(@n) = AGzn | lyn — =*||
= llyn = Po(I = ADYyal|? + 2\ [lyn — Po(I = AD)ya||
x || Dyn — Dz*||. (3.68)
From definition of z,, and (3.68), we get that
lznsr = 2*|* < Bhllzn — 2% + B2 Tn — z*|)? + BallPe(l = AD)y, — z*|?
< Bhllzn = 2"I1* + Bllan - a*|I* + B3 (Jlzm — 2|
+ 20 |7/ (2n) = AGzal| llyn — =*|| = llyn — Po( — AD)ya||?
+ 2X [y =P (I = AD)ynl| || Dy =Dz*|)
< Ballza= z* | + Blllzn — &* )1 + B2 |l on = R
+ 2a ”'Vf(zn) " XG‘-"En“ “yn = ﬁg“yn — Rgi~ )\D)ynug
+ 2A [[yn = Pe(I = AD)yn [ Dy, — Da*||
= e = @1 + 2an v/ (20) = AGza [ flyn — <"
= Ballyn— Pe(I = ADYyo |* + 2 llyn = Pe(I — AD)yn|
x || Dy, — Dz*||.
It implies that
fﬁg“yu ERcld Y )\D)ynﬂz <2a, ”'V.f(wn) A ZGI‘H” 1Ya = 2 H 20 = m‘“?
~ ll#ars = 2|2+ 2X lyn = Po(I'~ AD)yn | || Dy — D" |
< 2ap ”7f(1'n) = EGmn“ llyn — 27|
+ (| 2w — o | e 22V |lzas = Ty |
+22 “'Un s PC(I - )\D)‘yn“ HDyn ~1 Dl'*“ . (369)
Form condition (i), (i), (3.61), (3.64) and (3.69), we have
i Iy~ Po (L= AD)ynl| = 0. (3.70)
Consider,
&0 = ynll < ll2n = Pe(I = AD)ynll + |Pe(I = AD)yn — yul|.
By (3.67) and (3.70), we have
im f|zn - yall = 0. (3.71)
From definition of y, and condition (i), we obtain

lyn — Gzn| = Hﬂ‘n'Yf(l'n) + (I — 0p A)Gz,, — G-i':n“
= an ||7f(zn) — AGzy|| = 0 asn — co. (3.72)
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Since
zn — Gzall < |2 — Ynll + llyn — Gzal|,

(3.71) and (3.72), we get that
nli_r;!go |zn = Gz, = 0. (3731
Moreover, from (3.66), (3.71) and

lyn = Tynll < llyn — zall + lzn — Tzl + | T2zn — Tyl

< lyn = Tall + |24 - Tzl + l|lzn — ynll

we have
nll_l;QQ ”yn = Tyn” =0. (374)

Again, from (3.71), (3.73) and

lyn = Gyall < llgm = 2all + 20 = Ganl +11Gzy, — Gyal|

<Vl Tnll + |20 = Gzp|| + fzw — Yall

we have
UM llyn — Gynl| = 0. (3.75)

Step 4. We show that lim sup (y7(#) — Az, yu — 20) < 0, Where x5 = Po(F= A+ f)zo.
To show this inequality, take a subsequence {y,,} of {y.} such that

lim sup (vf(z0) = Azo yn — To) = ll_ll’l;)o (2f (20) — Ay Yny — 20) + (3.76)
Since {zn} is-bounded, without loss of generality, we can assume that z, — ¢ as
i — 0o, where.q e C. Fromy(3.71) and z,, —q as i = oo, We get'that y,/= g'as i - cc.
From (3.76) and g, — ¢ as i — 00, we have

tim sup (7 (zo) =~ Az, yn — @) ={(vf(20) — Azarg = zo). (3.77)

In order to show (v () = Arg.q = zy).< 0, we need toshow thatq e 0 = F(T)nF(G)n
VI(C, D).

First, we show that ¢ € F(T).

Assume that g ¢ F(T). Then, we have g # Tq. From (3.74) and Opial’s condition, we
obtain

Uminflya, - gl < liminflly,, — Tq||
n—oo n—o0
< minf(llyn, = Tyn, |l + [|Tyn, — Tql|)
n—oo
<Uminf(llyn, — Tyn, Il + lyn, —qll)
n—roo

< iminflyn, — qll.
n—oc
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This is a contraction, that is ,
q € F(T). (3.78)

Show that g € F(G).
Assume that ¢ ¢ F(G). Then, we have q # Gq. From (3.75) and Opial’s condition, we
obtain

Um inf{ly., — qll < Uf‘ﬂ@gﬂlym - Gq||
< lmgfﬂlym = Gyn, |l + |Gyn, — Gall)
< ll,mlclgf(“y”* = Gyn |l + lym, — all)
< iminflyn, - q .
This is a contraction, that is,
q € F(G). (3.79)
Show that q € Vi(€, D).
Assume thatq ¢ VI(C, D). Since VI(C, D)= F(Pe(I — AD)), we have g Pc(I — AD)q.
By nonexpansiveness of Po(I'— AD), (3.70) and Opial’s condition, we obtain
lmﬂ;‘fllyn. —gll-< lmiof_jflfyn, =FPc({ —/AD)q||
¥ Lm';gf(”yn. = Poll — AD)yn || + | Pc( = AD)yn, — Po(I— AD)ql|)
< UMinf (llyn, = Po(I = AD)yn, |l + lyn, —all)
= legngyn. = QH .
This is a cantraction, that:is ,
g€ VI(C,D). (3.80)
From (3.78), (3.79) and (3.80), we obtain ¢ € £ = F(T) 0 F(G)YNVI(C, D).
From (3.77) and.property of Pz, we have

lim sup(yf(zo) — Azp, yn — zo) ={1f(zo) = Azo, g —10) <0,

o,
Step 5. We show that {z,,} convergence strongly to z,, where g = Pa(l — A+~f)x.
From the definition of @, and z¢ = "Po(l < 4 +4f)ze, We have
21 = @ol|* = ||BLen + 2T 20 + B3PI = AD)yw=75 "

< Bullzn = 2oll® + B2 Tn — zol* + B3I Po(I — AD)yn — o]

< Bullen = zol® + B2l|zn — zoll* + A lyn — zol®

= Ballen = zoll® + Billzn — 2oll® + B3| anyf (@) + (I = and) Gy — 2o

< Bhllen = zoll® + B2z — 2ol + B3 (||(f ~ @nd) (G — 20)

+2an (v/(2n) = Azo, yn — o))
< Bullen = zol* + B2 lwn = oll® + 3 (1 = an)’llzn — 2o

+20n7 (f(2n) — f(20), yn — To) + 20, <'Yf(5'30) — Azo, yn — 3:0))
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< Bullen = 2ol + BRllzn = 2ol + 82 ((1 - aw?)llzn - 20
+2an [|f(zn) = f(@o)ll lyn — 2oll + 2an (vf(z0) — Azo, yn — x0))

< Bullzn = zoll® + B2llen — @oll® + B3(1 — an)? |2 — w0
+ 20m1af;, |20 — 2ol lyn — zoll + 2083 (7 (z0) — Ao, yn — 20)

< Bullwn = zol® + B2llen — zoll® + B3(1 — @)z — 2o||?
+ 20,7085 ||lzn — zol| (o |[7£(2n) — Azol| + (1 = an?) |Gz — 20]|)
+ 20 B85 (7 (20) — Azo, yn — 20)

< Bullen = @ol® + B2llen — zoll® + B3(1 — @) [l 2n — ao||?
+ 2anvaB3 ||z, — 20| (an’m- lzn — zoll + an ||vF(z0) — /I.’L'D”
+ (1 - an?) an=%o|[) #2085 (7 (wo) =Agg, Y~ 20)

= (1= Ba)llen="0l” + Byl < dn¥)’ll#4 # mo|)” + 2027202831z — o ?
+ 200708 ||vf (x0) = Ao law ~ ol + 20myaB (1 — anF)llzn — zol)?
+ 2085 (7f (w0) = Az, yn —0)

<1 = Blllzn = zoll® + Bl = and) (2 = woli® + 2023265 |2 — ao[?
+20030;, ||vf(z0) = Azo|| e/~ 2ol +2anvaBl||zs = 2o
+ 20 B (1S (@0) — Ao, Y — zg)

=(1 =83 + 85 = BlanF + 2007084 |z ~ ol
+ 2005 Billzn = ol + 262982 |31 () ~ Ao || ffan = ol
¥ 20,837 f(m0) = Azodfn = zq)

= (-0l (7~ 298)) llea = 0ll” + anB (2057° = 2o
+20,7% |7/ (30) — Amo|| [2n = zoll+2 (vfl20), < Az, — o))

2‘-’41!:72”-En r— 3-'0”2
(7= 27a)

. 207 {[7f(20) — Aol llzn — o] L2 (v/(z0) — Azg, ya — =)
(7 —2va) (7~ 2v0) i

=(1— anfy (Y =27a)) llza = 2o|* + anfd (5 & 20) (

From step 4, condition(i). and.Lemma 2.38, we can conclude that {z,} converges
strongly to wg = Po(I - A+~ f)ae and-by Lemma 3.9, We have (zg, o, 2) is a solution of
(3.55) where yo = Po(I-23Ds) (axo + (1 — a)z) and 2 = Po(I-X3D3)zy. This completes
the proof. L]

The following corollary is consequence which is applied by Theorem 3.12.

Corollary 3.13. Let C be a nonempty closed convex subset of a real Hilbert space
H and let D, Dy, Ds,: C — H be d,dy, do-inverse strongly monotone mappings, respec-
tively. Define the mapping G : C — C by G(z) = Po(I — A1 D1) (Po(I — A Da)z) , for all
r € CA,A >0 Fork=12.,N,defned: H > H by 4z = Eilckflka;, for all
x € H, where Ay is a strongly positive bounded linear operator on H with coefficient



53
e > 05 =min_,,  ww and 0 <y < L. Let T be a nonexpansive mapping with
Q=FT)NF(G)NVI(C,D)#0. Let {z,,} be a sequence generated by z; € ¢ and

Tntl1 = .Bimn + .BTZLT-'L'n + !BipC(I . )‘D)ym
Yn = anYf(Zn) + (I = an) Gzp,

(3.81)

where f is a-contraction mapping on H, {an} € [0,1],A € (0,2d), A1, s € (0, 2d) with
d =min{dy,d2} and B + B2 + 3 = 1. Suppose the following conditions hold:
(i) Um e, =0 and f Oy = 00;
n—o0 n=1

(io<b<pi<e<iforalli=1,23;
e W
(i) 0<er <land 3 e = 1

k=1

o0 oo P s
(V) 3 lansr — awl’<o, 3 |8i3 ~Bi| < oo/ for alli'=1,2,3.
n=1

n=l
Then, {z.} convergence strongly to g = Po(f = A ++/)zo and (o, yoy20) is a solution
of (1.11) where yy = Po(l —X3D5) (z5):

Proof. From Theorem 3.12, If we put a =0 and Dy = 0, we have the desired conclusion.

]



Chapter 4
Applications

In this chapter, we apply the results of previous chapter for solving the con-
strained minimization, the split feasibility and the split variational inequality problems
in a real Hilbert space.

4.1  The split feasibility problem

Throughout this section, assume that the split feasibility problem (SFP) is con-
sistent, that is, I" is nonempty. It is easy to see that 2* € C solves SFP if and only if it
solves the fixed point equation

z*=Pe(z*—=nD*(I = Pg)Dz*), (4.1)

where 5 >0, Po and Py are the orthogonal projection-onto ¢ and Q, respectively,
and A* is the adjoint of A: The most popular method for solving (4.1) is Byrne’s CQ
algorithm [3], which generates a sequence {x,} by

Zng1 = Po(2np1 = nA* (I = Po)Az,ny), Y eN, (4.2)

where 5 €0, 2) with v being the spectral radius of the operatcr A* 4.

4.1.1  Application of the split general system of variational inequalities
problem

In this section, we utilize Theorem 3.4 to prove Theorem 4.1 for finding the
common element of the solution set of the split feasibility problem and the fixed

point of nonexpansive mapping.

Theorem 4.1. Let C.and @ be nonempty closed convex subsets of real Hilbert spaces
Hy and Hy, respectively. Let D : Hy — Hp be a bounded linear operator with adjoint
D*. Let T: C — C be a nonexpansive mapping.-Assume S = I' N F(T) # 0. For given
u,z; € C and let the sequence {z,} be generated by

¥n = Pz, — WD*U - PQ)DIn)s

Tpy1 = apu+ (1 - O‘n)Tym

(4.3)

where {an} C [0,1], n € (0,%) with L is the spectral radius of the operator D*D.
Suppose the following conditions hold:

M lman, =0 and § on = 00,

n=1

.. co
(i) 3 |ans1 — an| < .
=1
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Then, the sequence {,} converges strongly to o = Pyu which (zq, Dug) is the solution
of the split feasibility problem (SFP).

Proof, Ifwe put A=B=A=B=0, 2* =y* and z* = 5, in Theorem 3.4, we obtain
the desired conclusion. U]

Remark 4.2. If we take T = I, in Theorem 4.1, then we obtain

R, = (e D*(I - D nts

¥ = Po(en — nD*(1 - Po) Day) i
Tpil = Qpu + (]- o Qn)yn-

From Theorem 4.1, we have {z,} generated by (4.4) converges strongly to z, = Pyu

which is a solution of the split feasibility problem (SFP). Moreover, we have Corollary

3.7 of Xu [51] is a special case of our main theorem, Theorem 3.4,

4.1.2  Application of the modified generalized system of variational
inequalities

In this section, we utilize Theorem 3.12 to prove Theorem 4.4 for finding the
common element.of the set of fixed points of nonexpansive mapping and the solution
set of the split feasibility, the modified generalized system of variational inequalities
problem.

To prove Theorem 4.4, we need the following proposition which is introduced
by Ceng et al. [5]

Proposition 4.3. [5] Given z* € Hj, the following statements are equivalent.
(i) z" e Ty
(i) z* solves the equation (4.1).
(iii) 2~ solvesthe variational inequality problem (VIP) of finding z* € € such that
(A(I < Po)Aa’, z—a*y >0, Va & C,

where A* is the adjoint of A.

Theorem 4.4, Let C and @ be nonempty closed convex subsets of real Hilbert space
Hy, Hy, respectively and let A : H; — H, be a bounded linear operator with adjoint A*.
Let Dy, Dy, D3 : C — Hy be dy, dy, d3- inverse strongly monotone mapping, respectively.
Define the mapping G as in Lemma 3.9 and a € [0,1). For k = 1,2,..., N, define A :
Hy — H, by Az = Ef:l aArz, for all z € H, where A, is a strongly positive bounded
T :C — C be a nonexpansive mapping with Q@ = F(T) N F(G)NT # 0. Let {z,} be a
sequence generated by z; € C and

Tn4l = .Brlza'n oo nsrle:Ln F ﬁgPC(I = /\A‘(I - PQ)A)yna

Yn = anyf(zn) + (1 - afﬂZ) Gz,,

(4.5)
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where f is a-contraction mapping on Hi, {a,} C [0,1],A € (0, %) with L being the
spectral radius of the operator A*A, Ay, A, As € (0,2d) with d = min {dy,ds,ds} and
Br + B2 + 83 = 1. Suppose the following conditions hold:

oQ
(i nLLrgo a, =0and ¥ a, = oo;

n=1

(Mo<b<pBi<e<iforali=1,2,3;

N
(i) 0<ee<land ¥ e = 1;
k=1

(V) ¥ lonsr — an| <00, 3 |84 — BE| < o0, forall i =1,2,3.

n=1 n=1
Then, {z,} convergence strongly to zg = Pa(l — A + vf)zo and (zo, yo, 20) is a solution
of (355) where Yo = Pc(f — /\ng) (a:L‘(] + (1 - a)Zn) and 2p = Pc(f — )\;;Dg)&,"g.

Proof. Let z,y € Hy.
We will show that A*(I = Py)A'is +-inverse strongly monotone.
By the definition of the spectral radius L, we have

14* (I = Po) Az — A1 — Pg) Ay|l® = (A1 ~Po)az ~ A* (= Pq) Ay, A*(1.~ Pg)
KAz~ A*(I = Pg)Ay)
={(I = Pp)Az— (I - Fo)Ay, AA™(I — PQ)A:L'
CAAN(T - PoYAy)
< LI - Po) Az —(I = Py)Ay|)*.

Consider,

(1 = Po)Aw (I — Po)Ay|* = (I + Po)Az = (I = Pq) Ay, (I~ Pg)Az (I — Py)Ay)
=((1 = Po)Az — (I = Pg)Ay, Az — Ay)
={(I'— Pg)Az = (I = Po) Ay, PoAn.~ P4 Ay)
= (A*(I —Po)AT - A* (L~ Po)Ay,z =)
—{(I'— Po)Az= (I - Pq) Ay, PoAz — PoAy)
= (A" (I =Po)Ax—=A*(IL=Py) Ay, z — y)
—{(I - Pg)Ax, Pg Az — PpAy)
+((I — Pg)Ay, PgAz — Py Ay)
S{A™(I - Pq)Az — A*(I — Pg)Ay,z —y).

It implies that
1
(A°(I - Po)Az — A*(I = P)Ay,z —y) 2 || A*(I - P)Az — A*(I - Po)Ay|”.

Hence, A*(I — Pq)A is }- inverse strongly monotone.
From Theorem 3.12 and Proposition 4.3, we obtain the desired conclusion. ]
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4.2  The minimization problem

Let € and Q be a closed convex subset of a real Hilbert space H; and H,,
respectively. Let D : H, — H, be a bounded linear operator. The constrained mini-
mization problem is to find z* € € such that

f(=") = min /(@) (4.6)

where f : Hy — R is a convex, continuous differentiable function. The set of all
solutions of (4.6) is denoted by T';.

It is obvious that z* € ' if and only if 2* € C and Dz* — PyDz* = 0. Define the
proximity function f by

Hay="51Dz = PyDai" (@7)

forall z € H;. Note that 1 is continuously differentiable function:
Consider the constrained minimization problem, we obtain

fe") = mint(e) = min %HDr < PoDzl|- (4.8)

Then, we have z* ¢ IMif and only if o> solves the minimization problem (4.8) with the
minimization equal to 0. Furthermore, by the definition of the proximity function f,

we have
Vf(zx) = DI - Pg)Da;

where Vfis a gradient of f.
4.2.1  Application of the split general system of variational inequalities
problem

In"this section, we prove Theorem 4.7 for approximation the solutions of the
minimization problem and the fixed points of nonexpansive mapping, by applying
Theorem 4.1.

To prove Thearem 4.7, we need the following proposition.

Proposition 4.5. [5] Given.z* e H;, the following statements are equivalent.
(i) z* eIy
(i) z* solves the equation (4.1);
(iii) == solves the variational inequality problem (VIP) of finding z* € ¢ such that
(Vf(z"),z —2*) >0, Vz € C,

where V f(z) = D*(I — Pg)Dz. and D* is the adjoint of D.

Remark 4.6. Moreover, z* € T if and only if z* € T';.
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Proof. "Necessity”. Suppose z € T, that is, z € C and Dz € Q.
Consider,
1
f(2) = 51Dz ~ PuDz|?
=0
< f(z),

forall z € C. Hence z e I'y.
"Sufficiency”. Suppose z € I'y, we have

f(2) < f(2), (4.9)

forallz e C.
Since I # @, there exists e € and Dz € Q.
From (4.9), we obtain

] . . P
%HDz ~ RoDAP < 51Dz = PyDifP, vz €.C. (4.10)
Since ¥ € C, we have
%HDZ - PoDal¥< %um _ oDzl (4.11)

Since D € Q, we get that Dz = P, D7.
From (4.11), we have
2Dz~ oDz < 0.

This implies that Dz = Py Dz, that is Dz € Q.
Hence z € T, []

Theorem 4.7. Let C and Q be nonempty closed convex subsets of real Hilbert spaces
H, and H,, respectively. Let f : Hy = R be'a continuous differentiable function defined
by (4.7), with the gradient V. Let D H;y — H, be a bounded linear operator with
adjoint D*. Let T: € — C be a nonexpansive mapping. Assume ¥'=Tn F(T) # 0. For
given u,z; € C and let the sequence {z;,} be generated by

s PC(-'L'n = T]Vf.’t,’n),

Tn+1 = apti+ (1 = an)Tyn,

(4.12)

where {an} C [0,1], 7 € (0,1) with L is the spectral radius of the operator D*D.
Suppose the following conditions hold:

(i Um a, =0and fun=oo,

n—+o0 o |
e o
(i) 3 |ants — anl < oo.
i=1

Then, the sequence {x,} converges strongly to @y = Pyu which zq is the solution of
the minimization problem (4.8), that is, o € I';.
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Proof. Let z,y € H;.
First, we show that V£ is 1-inverse strongly monotone.
Consider,
IV f(z) = V®)I* = |D*(I - Pg)Dx — D*(I - Pg)Dyl*
= (D*(I = Pg)Dz — D*(I - Pq)Dy, D*(I — Po)Dz —D*(I — Pg)Dy)
={({ - PQ)D:L' — (I — Pg)Dy, DD*(I — Po)Dxz —DD*(I - Pg)Dy)
< L||(I - Pg)Dz — (I - Po)Dy|*.

From the property of Pg, we have

I(T = Po) Dz — (I - Pa)Dy|* = {(I — Pe)Da.~(I.— Po)Dy, (I — Pg)Da —(I — Pg)Dy)
=A{(I'- Pq) Dz — (I — Pq)Dy, Dz~ Dy)
— (I = Pg)Dz ~(I = Pg) Dy, PaDa ~ Py Dy)
= (DI = Pg)Dz'=D*({ = Pq)Dy;z — y)
=A(I = Pg)Dz —(I = Pq)Dy, PaDx — Py Dy)
=AD" (I = FPg)Dx ~.D*(I — Fo) Dy~ y)
~((I = Pg)Dz; PqDz ~ PaDyy + ((I = Po)Dy, PoDx — PoDy)
< (D*(I = Pg)Dz ~ D*(I = Po)Dy, 2~ y)-

Since Vf(z)= D*(I — Pg)Dx, we obtain
(V= 9S24 2 LIV (=) = VI

Thus, V[ is"1- inverse strongly monotone.
From Proposition 4.5, Theorem 4.1 and Remark 4.6, we have the desired conclusion.

il

Remark 4.8. If we take T =1, in Theorem 4.7, then we obtain

Yn = PC(xn - ??Vfl“n),

Togl = @ath +(1— o)y

(4.13)

From Theorem 4.7, we have the sequence {a«} generated by (4.13) converges strongly
to 2o = Pyu which is a solution of the minimization problem (4.8). Moreover, we have
Theorem 5.2 of Lopez et al. [27] is a special case of our main theorem, Theorem 3.4.

4.2.2  Application of the modified generalized system of variational
inequalities

In this section, we prove Theorem 4.10 for approximation the solution of the
standard constrained convex optimization problem and the split feasibility problem,
by applying our main result Theorem 3.12.

To prove Theorem 4.10, we need the following lemma.
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Lemma 4.9. [39] (Optimality condition) A necessary condition of Optimality for a point
z* € C to be a solution of the minimization problem (4.8) is that z* solves the varia-
tional inequality

(Vf(z*),z —2*) >0, (4.14)

forall z € C. Equivalently, a* € C solves the fixed point equation
" = Po(I — AV f)z*,

for every A > 0. If, in addition, f is convex, then the optimality condition (4.14) is also

sufficient.

Theorem 4.10. Let C be a nonempty closed convex subset of a real Hilbert space H
and let Dy, Dy, Dy : C — H-be dy,ds, ds- inverse strongly monotone mapping, respec-
tively. Let f:C — R be a real-valued convex function with the gradient V7 is El;
inverse strongly monotone and continuous with Lt >.0. Define the mapping G as in
Lemma 3.9 and'a € [0,1), For k=1,2,..., N, define A H — H by Az =3, cx Agz, for
allz € H, where Ay is a strongly positive bounded linear operator on i with coefficient

with Q = F(T) N F(G)N Ty #0. Let {z,} be a sequerice generated by z, € ¢ and

Tny1 = ﬂ}.zn + ISE_TJ:n N ﬁzPC(I - 4 /\V?)yna
I = an’}'f(rn) =} (I X CY»,,,Z) GIm

(4.15)

where f is a-contraction mapping on H, {a,} < [0;1], X € (0, .iT)‘ A1y Az, Az €(0,2d) with
d=min{di,dy,ds} and 81 + 82 + 33 = 1. Suppose the following conditions hold:

oo
(i) im @n'=0 and El oy =00,
(i) 0<b< Bl <e<1forall i=1,23;
T W
(i) 0 < e <tand Sex = 1;
k=1

o0

(=] 3 i
(V) 3 |ansr — on] <00, |8 4 = BY| < ooy for all =1, 2,3
n=1 s

Then, {z,} convergence stronglyto-ap.= Po(l —A++f)z0 and (zo, yo, 20) is a solution
of (355) where Yo = Pc(f - /\QDQ) (al'o + (1 - a)zg) and zZp = P(;-(I — )\3D3)E0.

Proof. By using Lernma 4.9 and Theorem 3.12, we obtain the desired conclusion. [

4.3  The split variational inequality
The split variational inequality problem (SVIP) is to find % € € such that

(iZ,z—%) >0, ¥z € C, (4.16)
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and find § = D% € @ such that
(f2§!w—§) 203 Vye Qv (41?)

where f; : C — Hy and f, : Q — H, are nonlinear mappings and D : H, — Hs is
a bounded linear operator. The set of all solution of the split variational inequality
problem (SVIP) is denoted by & = {# € VI(C, f1) : § € VI(C, f1)}. The split variational
inequality problem (SVIP) is reduced to the split feasibility problem (SFP) if f; = f, = 0.

4.3.1  Application of the split general system of variational inequalities
problem

In this section, we utilize Theorem 3.4 to prove Theorem 4.11 for finding the
common element of the solution set of the split variational inequality problem and
the fixed point of nonexpansive mapping.

Theorem 4.11, Let C and @ be nonempty closed convex subsets of real Hilbert
spaces Hy and Hy, respectively. Let A ; C — H, be a-inverse strongly monotone
mapping. Let A: Q@ — Hj be a-inverse strongly monotone mapping. Let D+ H, — H,
be a bounded linear operator with adjoint D*. Define the mapping G : ¢ — C
by Galx) = Po(l — AA)z, for all = '€ ¢ and define the mapping Gg+Q = Q by
Gq(%) = Pa(I —aA)Z, for all 7 € Q. Define G:.C - C by G(z) = Gela <nD*(I — Ggq)Dx)
forall z € C. Let T: C - C be a nonexpansive mapping. Assume S = & N F(T) # 0.
For given u, z; € C and let the sequence {x,} be generated by

Yn= Golzn —nD*(I = Gg)Dxzy),

Tny1 =t + (1= 0y)Tyn,

(4.18)

where {an} C [0,1], n € (0; 1) with L is the spectral radius of the operator D*D.

Suppose the following conditions hold:
@ lim a, =0and § ty = 00,
n—o0 hi=1
(ii) i |atns1 — | < o0,

1=1

Then, the sequence {z,} converges strongly to zo = Pyu.

Proof. Putting B=0, B=0, 2* = y* and z* = 7, in Theorem 3.4, then we obtain the
desired conclusion. L]



Chapter 5
Numerical example

In this chapter, we give numerical examples for supporting our main theorems
and some applications.

5.1 Numerical examples of the split general system of variational
inequalities problem and applications

The following four examples are given for supporting Theorem 3.4 in Chapter
3 and Theorem 4.1, Theorem 4.7, Theorem 4.11 in Chapter 4, respectively.

Example 5.1. Let R be the set-of real numbers.and let < ., > R? x R — R be an
inner product defined by (X, Yy=X:y =z 9 25y + 343, for allx = (z1,z9,23) €
R%, Y = (y1%iys) €RE)-Let Hy = Hy =R, C = {=50,50] x [=50, 50]\x {50, 50] and
@ = [-60,60] x [—60,60] x [-60,60]. Let A, B be mappings.from C to R3 defined by

$1—2 2.’172*4 5.."3—2
X = A
a ( ¥~/ 8 4

)weo

and

Ty =2 ,7.',‘3—2
IAEUN G

Bx: (1‘1—2, )ivxeci

and let A, B be mappings from @ to R* defined by

- _ (T1 @3 23y o e %1 T2 T3
AX*(S,Q,3),VXEQande---(S,5,7),\7’)(6(2.

It is easy to see that A, B, B are I-inverse strongly monotone with X, u, v € (0, 2).
Then, we can'choose A =05y = 1,a.= 1,7 =05, Letthe mapping D' : R — R3 be
defined by

DX = (2r1— x3 = 23,71 — 223 + T3, 217 + 23 — 223), VX € R®,
and D* : R* — R? be defined by
DX = (2:1:‘1 + 22 + 23, —2) — 223 + T3, —1] + T3 — 23’3) \ VX € R®.

Then, the spectral radius of the operator D*D is 9 and also we can choose 7 = 0.1.
Define G¢ : C — C by

Geo(X) = Pc(I = 0.5A)Po(I — B)X, ¥x € C,
and define G : Q — Q by

Gq(x) = Po(I — A)Py(I - 0.5B)x, ¥x € Q.
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Let the mapping G : C — C be defined by

G(z) = Ge(zn — 0.11D*(I — Gg)Day), VX € C.

Let T be a mapping from C into itself defined by Tx = (212, 22t 32342) yx ¢ ¢ Let
X1 = (2}, 2},2}) € C and x, = (z},22,23) be generated by (3.10), where a, = &, for
every n € N. Put u = 5, where 5 = (5,5,5). By the definition of 4,B,4,B,D and T,
we have 2 € F(G) N F(T), where 2 = (2,2,2). From Theorem 3.4, we can conclude
that the sequence x, = (z},22,23) converges strongly to 2. For every n € N, we can

ny

rewrite (3.10) as follow:

Yo =Go (Xn — 0.1D* (I — Gg) DX,,),
st + (%) Tyn.

(5.0

Xn 1=

By using the algorithm (5.1), the following table and figure show the values of

sequences x,, and y,, where x; =10 = (10, 10,10) and n.= N = 20,

Table 5.1: The values of x,, and y,, with x; = 10 and N = 20 of the iterative (5.1).

n Xn = (@7, 13, Th) Yn = (v 43)

1 (10.000000, 10.000000, 10.000000)  (2.000000, 6.266667, 7.600000)
2 (2.375000, 3.619444, 2.375000) (2.000000, 3.429975, 3.141172)
3 (2.187500,2.634367, 2,187500) (2.000000, 2.406361, 2.416339)
1 (2.125000,2.254810, 2.125000) {2.000000, 2.172967, 2.174208)
10 (2.041667,2.054015, 2.041667) (2.000000, 2.033119, 2,037592)
17 (2.023438,2.029874,2.023438) (2.000000, 2.018215, 2.020806)
18 (2:022059, 2.028086, 2.022059) (2.000000,2.017118, 2.019561)
19 (2.020833, 2.026500, 2.020833) (2.000000, 2.016145, 2.018457)
20 (2.019737,2.025083, 2.019737) (2.000000,2.015278, 2.017471)
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¥n

x_and
n
o

Figure 5.1: The convergence of x, and vy, with x; = 10 and N = 20.

Example 5.2. In thisexample, we use the same mappings and parameters as in Exam-
ple 5.1 except the following-mapping Ge and'Gqt Define Ge by Ga(r) = Po(z), Ve € C
and define Gg by Go(T)/= Po(@), Vi € Q. By the definition of D 'and T, we have
2 e I'n F(T),/where 2 =(2,2,2). From' Theorem. 4.1, we can conclude that the se-
guence x, = (z}, z2 a3 ) converges strongly to 2. For every n < N, we €an rewrite (4.3)
as follow;

Y= P (X~ 01D (I'= Pg) DX.. ),

Xnii= gl LEGENTY

(5.2)

By using the algorithm (5.2), the following table and figure show-the values of
sequences X, andwyy,, where xi =10 = (10,10, 10) and N =40.

Table 5.2: The'values of x,, andy, withx, = 10-and N = 40 of the iterative (5.2).

n Xy = (1111159:2::33?1) Yn= (yfli.’y'lgl’y;)

(10.000000, 10.000000, 10.000000) (10.000000, 10.000000, 10.000000)

sk

Lo

(5.875000, 4.708333,5.875000)

(5.875000,4.708333, 7.625000)

3 (4.003906, 3.033854,4.003906) (4.003906,3.033854, 6.142578)
4 (3.085205, 2.455259, 3.085205) (3.085205, 2.455259, 5.102478)
20 (2.041668, 2.030369, 2.041668) (2.041668, 2.030369, 2.119598)
37 (2.021386,2.015826, 2.021386) (2.021386,2.015826, 2.045701)
38 (2.020792, 2.015393, 2.020792) (2.020792, 2.015393, 2.044295)
39 (2.020230, 2.014982, 2.020230) (2.020230, 2.014982, 2.042981)
40 (2.019698, 2.014594, 2.019698) (2.019698, 2.014594, 2.041747)
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Figure 5.2: The convergence-of x-and.y, With.x; = 10 and N = 40.

Example 5.3. In this'example, we use the same mappings and parameters as in Exam-
ple 5.2 except the following mapping . Let f be a mapping from R? into R defined by
f(@) = 3||Dz # Py Da|?, Vo' & R3, With ¥ f(x) = D*(I = Pg)DPa;, Va € R3. By:the definition
of {,Vf,D and T, we have 2 € T N F(T), where .2 = (2,2,2).~From Theorem 4.7, we
can conclude that the sequence x, = (a},22\ x} ). converges strongly to 2. For every
n € N, we canrewrite (4.12) as follow:

Yn.= Po (X =0:1V\fX,) ,

Xng1 = g+ (B4=L) Ty

87

(5.3)

By using.the algorithmi(5.3), the following table-and figure show the values of
sequences X, and y,, where x; = 10:= (10,10, 10y and v = 40.

107
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Figure 5.3: The convergence of x,, and y,, with x; = 10 and N = 40.



Table 5.3: The values of x,, and y,, with x, = 10 and N = 40 of the iterative (5.3).

2

Yo =yt u2,93)

n X, = (]2 o)

1 (10.000000, 10.000000, 10.000000)  (10.000000, 10.000000, 10.000000)
2 (5.875000, 4.708333, 5.875000) (5.875000,4.708333, 7.625000)
3 (4.003906, 3.033854, 4.003906) (4.003906, 3.033854, 6.142578)
4 (3.085205, 2.455259, 3.085205) (3.085205, 2.455259, 5.102478)
20 (2.041668, 2.030369, 2.041668) (2.041668, 2.030369, 2.119598)
37 (2.021386,2.015826, 2.021386) (2021386, 2.015826, 2.045701)
38 (2.020792, 2.015393, 2.020792) (2.020792, 2.015393, 2.044295)
39 (2.020230, 2:014982, 2.020230) (2.020230,2.014982, 2.042981)
40 (2.019698,2.014594, 2.019698) (2.019698, 2.014594, 2.041747)

Example 5.4. In this example, we use the same mappings and parameters as in
Example 5.1 except the following mapping Gc and Gy, Define Ge by Gelz) =
Po(I - 054)z, Vo €1C and define Gg by Go(F) = Po(l =A)z, Vi Q. By the defi-
nition of D'and T, /we have 2 € & F(T), where 2 = (2,2,2). From Theorem 4.11, we
can conclude that the sequence X, = (#};22, 2%) converges'strongly to 2. For every
n € N, we can rewrite (4.18) as follow:

Yo)= G (Xn =0.1D* (I - Gg) Dx3) |,

1 Bn—1
Xty = gatshs (55) Ty

(5.4)

By using the algorithm (5.4), the following table and fisure show the values of
sequences X, and Y4, where x; = 10 = (10,10,10) and & =40,

x andy_
o

Figure 5.4: The convergence of x,, and y, with x; = 10 and N = 40.
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Table 5.4: The values of x, and y. with x, = 10 and N = 40 of the iterative (5.4).

Xn = (25,23, 23) Yn = (n, Y3, ¥5)
(10.000000, 10.000000, 10.000000) ~ (8.666667, 8.400000, 9.000000)
(5.291667,4.241667,5.201667)  (5.533027, 4.974856, 4.225897)
(3.843606,3.117142, 3.843606)  (3.641449, 3.197288, 3.091111)
(2.911528,2.507467,2.911528)  (2.835120, 2.504672, 2.509903)

=W =3

20 (2.037771,2.029968, 2.037771) (2.034291, 2.029198, 2.027707)

37 (2.019482,2.015585, 2.019482)
38 (2.018943,2.015157, 2.018943)
39 (2.018434,2.014753, 2:018434)
40 (2:017951,2:014369. 2.017951)

(2.017676,2.015117,2.014384)
(2.017187,2.014701, 2.013989)
(2:016724, 2.014307, 2.013615)
(2.016286,2.013933, 2.013260)

5.2 Numerical example of Convergence analysis for relaxed
extragradient method and variational inequality problem

The following example is given for supporting Theorem 3.6.in Chapter 3.

Example 5.5. Let R be the set of real numbers. ‘Let D, D;, D, be a mapping from
[-50,50] to. R-defined by Dz = 22710, Do = 238 and Dya = 2255 for all z-€ [-50, 50
Let mapping / : R— R be defined by fz = 5 for every = € R. For k= 1,2,..., N,
let ex = g + 5w and let the mapping A : R - R be defined by A,z = kx for every
z €R. Leta;€R and {2,} be generated by (3.34) where A = 1.5, A, = 0.5, A = 0.5, =
and g, = 5=1. By the definition of D, Dy, Dy, 4 and f, we have

In *

1y =008 %, = 5%

5 € F(G)nVI(C, D). Then, from Theorem 3.6, the sequence {z,}and {y,} converges
strongly to 5. We can. rewritten (3.34) as follow;

D N (%) X o~ (53;1) .P[_50,50](I = (1-5)D)ym
Un = Suf (@) (I - () 4) Gz,

(5.5)

The following table and figure shows the values of the sequence {x,} and {y»}
of iterative (5.5), where z; = =10, z; = 10 and n = N = 40,
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Table 5.5: The values of {z,,} and {y.} with different initial value z,

z; =-10 x, =10

n Tn Un T, Yn

1 —10.000000  0.988839  10.000000 6.573611
2 —3.333333  1.156481 T.7TTTT8  5.967168
3 0.833333 2928086  6.388889  5.448663
4 2.993827 3.946134  5.668724  5.169807

20 4.999993 4.972774  5.000002  4.972779

37 5.000000 1.985285 5000000  4.985285
38 5.000000 4.985673  5.000000. 4.985673
39 5.000000 4.986040 - 5.000000  4.986040
40 5.000000 4986389 5.000000 4.986389

20 30 40 0 10 20 30 40
n n

(@) = =-10 (b) x, =10

Figure 5.5: The convergence of the'sequence {z,} and.{y.} with different initial value =, and
n =N = 40.

5.3 Numerical examples of the modified generalized system of

variational inequalities and application

The following two examples are given for supporting Theorem 3.12 in Chapter
3 and Theorem 4.10 in Chapter 4, respectively.
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Example 5.6. Let R be the set of real numbers and D, Dy, D», D3 be a mapping from
[0,20] to R defined by D = 271, D) = 221 D, = 221 and Dy = z=1 respectively. Let T
be a mapping from [0, 20] |nto itself deﬁned by Tz = 2 vz € [0,20]. For k =1,2,.., N,
let ¢p = & + ~ev and let the mapping A : R — R be defined by 4, = bz for every
z € R. Let mapping f: R — R be defined by fz = 32, for every z € R. Let z; € R and
{£a} generated by (3.58) where a = 0.5,A = 1,A; = 0.5,A; = 1, A3 = 1.5, = 1, = 0.095,
an = 5, 0% = 351,82 = 511 and g3 = 4n42 By the definition of D, Dy, Dy, Ds, A, f,
and T, we have 1 € F(T) N F(G) N VI(C,D). From Theorem 3.12, we can conclude

that the sequence {z,} and {y.} converges strongly to 1. We can rewritten (3.58) as

follow:
s = (5) o+ (St Lt

2
Y= J f(f‘"n ( (%) )G-In-

Example 5.7. In this example, we use the same mappings and parameters as in Ex-

n42) Po(I — D)y,
12n) C( )y (56)

ample 5.6 except a following mapping f. Let the mapping 7 : [0, 20)— R be defined by
Tz) =2 ‘2’. with Vfz = (0, 20]. By the definition-of Vf,Dy, Dy, D3, A, f,
and T, we have 1L e F(T) N F(G)N Iz From Theorem 4.10, we can-conclude that the

sequence {z,} and {y.} converges strongly to 1.-We can rewritten (4.15) as follow:

Tart1 ( 1271. ) (SILQ:LI)T'T“ ( 12n )PC(I vf)yns
S L)+ (1= (37) 4) G,

The following table and figure shows the values of the sequence {z,} and {y..}
of iterative (5.6) and (5.7), where z; =8 and n = N = 15.

(5.7)

Table 5.6: The values of {z.} and {y.} with z; = 8 and n = N =V =15 of the iterative (5.6)
and (5.7).

Iterative (5.6) [terative (5.7)

3

Tn Yn Tn Yn
8.000000 5.854781 8?000000 5.854781
4.562705 3.545405  5.025065 = 3.879684
2.894625 2.362649  3.370147 2.709735
2.019907 1.732779 2403852  2.014352

=W D

8 1.086276 1.056126  1.172564 1.119855

12 1.005057 0.998681  1.018323 1.008502
13 1.001615 0.996523  1.009486  1.002352
14 0.999812 0.995521  1.004306 0.998850
15 0.998897 0.995133  1.001300 0.996913
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Chapter 6
Conclusions

In this final chapter, we summarize all main theorems, corollaries and applica-

tions obtained in this thesis.

6.1

Convergence theorems for the split general system of variational
inequalities problem and a nonexpansive mapping

(1) Let € and @ be nonempty closed convex subsets of real Hilbert spaces H; and

i)

H,, respectively. Let-4,B.+C — H, be a,b-inverse strongly monotone map-
pings with d = min{a, b}, respectively. Let 4, B : Q — H, be @,b-inverse strongly
monotone mappings with-d = min{a, b}, respectively. Let-D: H, — H, be a
bounded linear operator with adjoint D*. Definé the mapping G¢ : C — C by
Gelz) = Po(l - AM)Pe(I—uB)z, for all z € C and define the mapping G : Q — @
by Gg(#) = Po(I = aA)Po(I'—4B)z, forall ' e Q; Define G : C.» C by
G(z) =Gc(v— nD*(I - Gq)Dx) forall z € C. Let.T : ¢ — C bea nonexpan-
sive mapping. Assume S = F(G) n F(T) # 0. For given u,z, € € and let the
sequence {z,} be generated by

Yn = GC(-Tn. A ﬂD*(.{ Y GQ)Dxn),

Tpry = Al + (1= 0,)Tyn,

where {a,} € [0,1], A € (0,2d), o,y € (0,2d), n € (0,1)with L is the spectral
radius of the operator D*D. Suppose the following conditions hold:

o0
(i) lim a, =0and oy = 00,
n—00 n=1i

(i) 3 NN AF 600,
i=1

Then, the sequence {z,} converges strongly to =, = Pyu which (x0,40) € Q%’%,
where yy = Po(I - uB)zy and 75 = Py (I - 'yB) Ty with Zg = Dxp and 75 = Dyy.

Let ¢ and @ be nonempty closed convex subsets of real Hilbert spaces H, and
H,, respectively. Let 4,B : C — H; be q,b-inverse strongly monotone map-
pings with d = min{a, b}, respectively. Let 4, B : Q — H, be @,b-inverse strongly
monotone mappings with d = min{a, b}, respectively. Let D : H, — H, be a
bounded linear operator with adjoint D*. Define the mapping G¢ : € — C by
Ge(z) = Pe(I = AA)Po(I - uB)z, for all & € € and define the mapping Gg : Q — Q
by Go(&) = Po(I — aA)Po(I — yB)Z, for all # € Q. Define G : ¢ — C by
G(z) = Ge(z —nD*(I = Gq)Dz) for all z € C. Assume S = F(G) # 0. For given



(3

-

72

u, 21 € C and let the sequence {z,} be generated by

Yn = Ge(an —nD*(I — Go)Dz,),

Tp+1 = opte+ (1 — n)Yn,

where {a,} C [0,1], A\, p € (0,2d), o,y € (0,2d), 7 € (0, 1) with L is the spectral
radius of the operator D*D. Suppose the following conditions hold:

(i) HU_QOQH =0 and 1121 O = 00,
- =2
(i) 3" Jons1 — aal < o0.

i=1
AB
AF
where yo = Po(I — pB)zg.and T = Po (I - 1 B)Fgwith 75 = Dz and 35 = Dy,.

Then, the sequence {z,} converges strongly to zg = Pyu which (zg,y0) € Q

Let ¢ and @ be nonempty closed convex subsets of real Hilbert spaces H, and
H,, respectively. Let D.: Hi — Hs be a bounded linear operator with adjoint D=
Let T': ¢ = C be a nonexpansive mapping; Assume S = I' N F(T) # 0. For given
u,z1 € ¢'and let the sequence {z,} be generated by

Yn = Pe(rn —nD*(I — Pg)Dxry),
Tyt =lont + (1 ~ 0Ty,

where {a,} C 0,1}, n € (0,4) with L is the spectral radius of the operator D* D,
Suppose the following conditions hold:

@ lm a, =04and § Bl = Ok

=00 =1
ks o0
(”) Z IQ'IH-] —&n| < 0.
i=1

Then, the sequence {z.} converges strongly to =y = Pyw which (z0,Dz,) is the

~solution of the split feasibility problem (SFP).

(4) Let € and @ be nonempty closed convex subsets of real Hilbert spaces I, and

H,, respectively. Let f: H; — R be a continuous differentiable function defined
by (4.7), with the gradient Vf. Let D : B, = H, be a bounded linear operator with
adjoint D*. Let T : C — C be a nonexpansive mapping. Assume < = FNF(T) # 0.
For given u,z; € C and let the sequence {z,} be generated by

Yn = Po(zn —nV f2,),

Tnt+l = QpUu + (]- - an,)Tyn1

where {an} C [0,1], 7 € (0, +) with L is the spectral radius of the operator D*D
Suppose the following conditions hold:

o0
() lm a, =0and Q, = 00,
n—=o0 1

n=

. (]
(i) > Jont1 — an| < oo,
i=1
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Then, the sequence {z,,} converges strongly to zo = Pyu which z; is the solution
of the minimization problem (4.8), that is, z € T;.

~

(5) Let € and @ be nonempty closed convex subsets of real Hilbert spaces H, and
Hy, respectively. Let A: C — H; be a-inverse strongly monotone mapping. Let
A Q — Hy be a-inverse strongly monotone mapping. Let D : H, — H, be a
bounded linear operator with adjoint D*. Define the mapping Ge : ¢ — C by
Ge(#) = Po(I-AA)z, forall z € C and define the mapping Gg : Q = Q by Go(F) =
Po(I - aA)z, forall z € Q. Define G: C = C by G(z) = Ge(z —nD*(I - Gg)Dz) for
allz € C. Let T: C - C be a nonexpansive mapping. Assume § = & N F(T) # 0.
For given u,z, € C and let the sequence {z,} be generated by

yn = Ge(zn —nD*(I - Go)Dza),

Tn41 = OpU+ (1 i CE?,)T:U”,

where {an} € [0,1)-% € (0,%) with L is the spectral radius of the operator D*D.
Suppose the following conditions hold:

0
Op = 00y
=T

(i) ango an =0 and

(i) f: |Qtn 1= 0t ] < 00.

i=1

Then, the-sequence {x,} converges strongly to zg = Pgu.

6.2  Convergence theorems for the general system of variational

inequalities problem

(1) Let ¢ be a nonempty closed convex subset of a real Hilbert space H. Let
D,Dy, D, : C — H be dydy,dg-inverse strongly monotone mappings, respectively.
Define the mapping G +:C < € by. G(z)-= Pe(I=MD;) Po(I —XaD2)z, for all
z € Candaeg [0,1). Let f bean e-contraction mappingion H. For k =1,2,..., N,
define 4 : A —H by Az = Y1, cx Az, for alle’e H; where Ay is a strongly
positive bounded linear operator on. A with coefficient 4 > 0,5 = ming=1.»... x 7
and 0 < v < L. Suppose that & = F(G)NVI(C;D) # 0. Let {z,} be a sequence
generated by z; € C and

Tntl = {l - ﬂn)zn +ﬁnPC(-[ - /\D)yn1
Yn = a'n'?’f(wn) + {I = an) Gy,

where {an} € [0,1], A € (0,2d), A1, A2 € (0,2d) with d = min {dy,d,}. Suppose the
following conditions hold:

o0
(i) \im an =0 and ngl Gt = 00;

(il 0<b<f, <ec<1;
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N
(i 0<ecxk<land ¥ e =1;
k=1

(iv) io: |1 — @] < 00, f |Brt1 — Bn| < co.

n=1 n=1
Then, {z.} convergence strongly to zg = Po(I = A+~f)ze and (z0,%0) is a solution
of (111) where Yo = Pc(a','g = )\2D2$D).

Let C be a nonempty closed convex subset of a real Hilbert space H. Let D, D; :
C — H be d,d-inverse strongly monotone mappings, respectively. Define the
mapping G : C — C by G(z) = Pc(I —MD1) Pc(I - MDy)zx, for all z € € and
a € [0,1). Let f be an a-contraction mapping on H. For k = 1,2,..., N, define
A:H - Hby Az = Y8, ex Ara, for all z € H, where A, is a strongly positive
bounded linear operator onH with coefficient 14> 0,5 = MiNk=12. N7 and
0 < v < 5. Suppoese that & = A(G) NVI(C, D) # @.~Let {z,} be a sequence
generated by #; € C and

Ons1 =\(1—=6n)2n +BiPc(l —XD)yr;

Un = f (@n) + (I~ @nd) Gza,

where {an}C [0, 1], A € (0,2d), Xy, A2 € (0, 2d1). Suppose the following conditions
hold:
M lim e,'="0and i Qo = 00}
n—oo =

(il 0 b< B <e< 1

N
(i) 0< ¢, <1 and B =t 1y
k=1

(iv) fu letns1 = @) <0, 3 Bt~ finl < 00;

m=1
Then, {z.} convergence strongly to ag = Pq(I—=A+~f)zg-and (x4, y0) is a solution
of (112), where Yo = Po(ay — Anger).

Convergence theorems for the modified generalized system of

variational inequalities and a nonexpansive mapping

Let C be a nonempty closed convex subset of a real Hilbert space H and let
D, Dy, Dy, D3 : C — H be d, dy, d, d3-inverse strongly monotone mappings, respec-
tively. Define the mapping G as in Lemma 3.9 and a € [0,1). For k = 1,2,..., N,
define 4 : H — H by Az = 2 cx Az, for all z € H, where A, is a strongly
positive bounded linear operator on H with coefficient v, > 0,7 = MiN,_; 5. WYk
and 0 < y < L. Let T: C — C be a nonexpansive mapping with & = F(T)n

F(G)NVI(C,D) # 0. Let {z,} be a sequence generated by z, € C and

Tnt1 = 18;«11551& + ﬂgTIn + rBELPC(I = ’\D)ym
Yn = an'yf(a:n) + (I — anZ) Gzn,
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where f is a-contraction mapping on C, {a,} € [0,1], A € (0,2d), A1, A, Az € (0,2d)
with d = min {dy,d,ds} and B} + 42 + 83 = 1. Suppose the following conditions
hold:

(i nli_)n‘;oan =0 and § O = 00;

n=1

(ilo<b<pBi<ec<iforalli=1,2,3;

N

(i) 0 < e <1 and Y ee=1;
k=1

o0

o0 .
(V) 3 lan+s —an] < oo, 3 |Biyq - Bi| < oo, foralli=1,2,3.
n=1 1

Then, {z.} convergence strongly to zp = Po(I — A& + vf)zo and (zo,¥0,20) is @
solution of (3.55) where yg = Po(I— A2 D,) (azg+(1 — a)zp) and z, = Po(I-A3D3)xq.

Let C be a nonempty closed convex subset of a real Hilbert space H and let
D, Dy, Dy,: € = H be d,di;dp-inverse strongly monotone mappings, respectively.
Define the/mapping G+ € — € by G(z) = Pe(l. = D;) (Po(l = Ao Dy)z), for all
T € CyM, M > 0. Fork=1,2,.;¥, define A: H —-H by Az = 33V, ¢, Az, for
all # € H, where 4 1s a strongly positive bounded linear operator on # with
mapping with @ = F(T) N F(G)NVI(C, D) # 0. Let {«,} be a sequence generated
by z,€ C.and

Inyl = ﬁ};mn + ,Byth-Z'n " ﬁ?LPC(I - )\D)ym
yn = anyf(@n)+ (I = anh) Gap,

where f is a-contraction mapping on H, {am} € [0, 1],A €.(0,2d), \;, \; & (0,2d)
with d ='min {d,,d} and B} +B82 + 82 = 1. Suppose the following conditions hold:

o0
(i) ﬂlé_moa,. =0 and ngl Oty = 00;

(i) 0 < b6 <e< 1 foral i=1}2,3;

N
(i) 0<er <Tand 3 e =1;
nesl

00 oo e
(V) 3 lant1 — on| < oopds, |Bhppm.fi|.<.00pfof alli= 1,2, 3.
n=1 n=1

Then, {z,} convergence strongly to 2o = Pa(I — 4 + vf)zo and (o, yo,z0) is @
solution of (1.11) where yo = Pe(I — A2D3) (20).

Let C and @ be nonempty closed convex subsets of real Hilbert space H;, Ha,
respectively and let A : Hy — H, be a bounded linear operator with adjoint
A*. Let Dy, Dy, D3 : C — Hy be di,dy, ds- inverse strongly monotone mappinsg,
respectively. Define the mapping G as in Lemma 3.9 and a € [0,1). For k =
1,2,..,N, define 4 : B, - H, by Az = Zf:l exArz, for all z € H, where Ay is
a strongly positive bounded linear operator on H, with coefficient v, > 0,7 =
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MiNg_1 5. % @nd 0 <y < L. Let T': C — C be a nonexpansive mapping with
Q=FT)NF(G)NT #0. Let {x,} be a sequence generated by z; € C and

Int+1 = ﬂrlﬁfn + ﬁgT-Tn I ﬁgPC(I - AA*(I - PQ)A)ym
Yn = an¥f(@n) + (I — 0 A) Gy,

where f is a-contraction mapping on Hy, {a,} C [0,1], A € (0, 2) with L being the
spectral radius of the operator A*A4, A1, Ae, Az € (0,2d) with d = min{d,,dy,ds}
and B + B2 + B3 = 1. Suppose the following conditions hold:

o0
(i) Um a,=0and > ap = o00;
n—oo n=1

(o<b<pi<e<iforalli=1,2,3;

N
(i) 0 < ek <1and 3ep="1:
k=1

o0 o0 y A
(V) 3° |an ' 58n| < 0o, 1A N \BE| /£ o forall i = 1,208,
=1

n=1
Then, {4} convergence strongly to zo = Po(l — A+ vf)ze and (zo,y0,20) Is
solution of (3.55)where yp = Pe (=23 D) (azo + (1= a)z0) and-zo = Pe(I-A3D3)xo.

Let € be a nonempty closed convex subset of a real Hilbert space # and let
Dy, Dy, D3 C —~ H be dy, do, d3- inverse strongly monotone mapping, respectively.
Let f:C - R be a real-valued convex function with the gradient Vf is ﬁ
inverse strongly monotene and continuous with L7 > 0. Define the mapping
G asiin:bemma 3.9 and.ae [0,1). For k = 1,2,...N, define 4 :'H - H by
Ax = E,{.":l cxdAre, for all z € H, where A4, is a strongly positive bounded linear
operator on H-with coefficient v > 0,7 = min,_,, Fw and 0 < v < L. Let
T : C —C be a nonexpansive mapping with 2 = F(TYn F(G) N Dp# @ Let {z,}
be a sequence generated by z; € C and

Tnt+l = 15’11;-371 -+ ﬁﬁTﬂfn Y .BgPC(I - Av?)ynx
Yn = an'Yf(w?L) + ([ . Ofnz) Cgm

where f is a-contraction mapping on H, {ax} < [0,1], A€ (0, ,%T), A1, A2, A3 € (0,2d)
with d = min {d, dp,d3} and B 442 + 43 = 1. Suppose the following conditions
hold:

(1 nlt_::\;loan =0and Y a, = oo

n=1

(o<b<pi<e<iforalli=1,23;

w
(i 0<er<land ¥ e = 1;
k=1

[e.e] o0 . .
(V) 3 |ant1 —om| <00, 3 |Bi4, - Bi| < oo, forall i = 1,2,3.
n=1 n=1

Then, {x,} convergence strongly to zo = Po(I — A + vf)zo and (zo, o, 20) is a
solution Of(355) where Yo = Pc(I—AgDQ) (aIg + (1 - a)Z()} and 2 = Pc(fﬁx\;;D;;).?JU.
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6.4 Examples and numerical results

6.4.1 Conclusions for Example 5.1, 5.2, 5.3 and 5.4

(1) Table 5.1 and Figure 5.1 show that the sequence {x, = (ah o2, 28)} and (¥,

(vn. ¥, y3)} converges strongly to 2, where x; = (10,10,10), N = 20 and 2
(2,2,2) € F(G) N F(T).

(2) Table 5.2 and Figure 5.2 show that the sequence {x, = (zh,z2,23)} and {y.

Il

(¥nsvm,vi)} converges strongly to 2, where x; = (10,10,10), N = 40 and 2
(2,2,2) e TN F(T).

(3) Teble 5.3 and Figure 5.3 show- that the sequence {x, = (wh, 22, 231} and {v,

(¥a.un, ¥3)} converges strongly to 2, where x; = (10,10,10), N = 40 and 2
(2,2,2) € ® N B(T):

(4) Table 5.4 and Figure 5.4 show that the sequence {x,, = (z1, 2, %2)} and {y,
(v-vmsup)} converges strongly to 2, where x; = (10,10,10), N =40 and 2
(2, 242)fe T (TE(T),

(5) Theorem 3.4, 4.1, 4.7 and 4.11 guarantee the convergence of sequence {x, =
(@n z3y2%)} and {y, = (y3,92,43)} in Example 5.1, 5.2, 5.3 and 5.4, respectively.

(6) The iteration (5.1), in Example 5.1, converges faster than the iteration (5} (5.3),
and (5.4) in Example 5.2, 5.3 and 5.4, respectively.
6.4.2  Conclusions for Example 5.5

(1) Table 5.5-and Figure 5.5 show that the sequence {z,} and {y,} converges strongly
to 5, where z; = 16-and ~10, N'= 40 and 5 € F(G) N VI(C; D).

(2) Theorem 3.6 guarantees the convergence of sequence {zn}and {y,} in Example
5.
6.4.3 Conclusions for Example 5.6 and 5.7

(1) Table 5.6 and Figure 5.6, (a), show.that the sequence {x,} and {y,} converges
strongly to 1, where z; =8, N =15 and 1 € F(T) n F(G) N VI(C, D).

(2) Table 5.6 and Figure 5.6, (b), show that the sequence {z,} and {y,} converges
strongly to 1, where #; =8, N =15 and 1 € F(T) N F(G) N &;.

(3) Theorem 3.12 and 4.10 guarantee the convergence of sequence {z,} and {y,}
in Example 5.6 and 5.7, respectively.

(4) The iteration (5.6), in Example 5.6, is converging slightly faster than the iteration
(5.7) in Example 5.7.
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1 | INTRODUCTION
Throughout this article, let H be a real Hilbert space with inner product {.,.) and norm || . ||. Let C be a nonempty closed

convex subset of H. Let A . H — H be a strongly positive linear bounded operator if there exists a constant & > 0 with
the property

(Ax, ) > er||x]] %,

forallx € H.
Amapping A : € — His called y-inverse strongly monotone if there exists a positive real number y > 0 such that

(Ax — Ay, x - py> y lAx=Ay|?,

forallx,y € C.

LetT : C — C be a nonlinear mapping. We denote the set of fixed points of a mapping T by F(T), that is, F(T) =
[x € C: Tx = x}. The fixed point problem can be-applied and used in many disciplines such as the neural networks,
engineering, and the vibration of messes attached to strings or nets, see Haykin' and Cheng?

A mapping T : C — Cis called nonexpansive mapping if

I1Tx = Tyll < llx = vl

Math Meth Appl Sci. 2018;1-23, wileyonlinelibrary.com/journal/mma © 2018 John Wiley & Sons, Ltd. I 1



86

2 SIRIYAN AND KANGTUNYAKARN
WILEY

forallx,y € C. Moreover, it is also known that if T is a nonexpansive mapping of H into itself, we have
1
(Ty=Tx,(I-Tx-(I-T)y) S EJIU-T)X—U- T)yll?,

forallx,y € H.
In 1967, Halpern® introduced the following iteration scheme for a nonexpansive mapping T, which is referred as the
Halpern iteration,

Xngr = apth + (1 = @) Ty, 1)
foreachn > landxy = u € Cwhere {a,] C (0,1). Wittmann,* in 1992, proved that sequence {x, | converges strongly to
e e

Preru, where {a, ) satisfies "lim o, =0, Za,, = oo and Z |@ns1 = @n| < 00, where Prr is the metric projection onto F(T).
B n=1 i=1
The equilibrium problem is to find a pointx € C

¢x,y) 20, VyEC, (2)

where ¢ : Cx C — R is bifunction. The set of all solutions of the equilibrium problem is denoted by EP(¢).
The variational inequality problem (VIP) is to find a point u € C such that

(Au,v—u) =0, (3)

forallv € C.Theset of all solutions of the variational inequality is denoted by VI(C, A). In 1964, the variational inequality
was introduced by Lions and Stampacchia.® It is well known that the variational inequality covers various disciplines such
as finance, physic, optimization, and mechanics, see literature
In 2008, Ceng et al® considered the general system of variational inequalities problem, which is to find (x*,y*) € C x C
such that
(AAY" +x* =y x—x*) 20, VxeC,

4
(uBx* + y* =x*,x—y*) 20, ¥x e C, @

where A, B : C — H are two mappings and 4, 4 > 0 are two constants. In particular, if we put A = B, then the problem
(4) reduces to finding (x*,y*) € C x C such that

(AAy* +x* =y x-x*) 20, Yx€C,

(HAX* + y* —x" x— ") 20, ¥xEC, L

which is introduced by Verma,'® in 1999, and is called the new system of variational inequalities. Further, if we add up the
requirement that x* = y*, then the problem (5) reduces to the variational inequality VI(C, A).

In 2009, Kumam and Kumam'! proved strong convergence theorem for finding the common element of the solution of
the general system of variational inequalities problem (4), the fixed point of nonexpansive mapping S, and the solution
of the equilibrium problem. They defined {x,}, (v,), and {u,} in the following way:

Btn )+ L (Y= Uny b = %0) 2 0, Yy EC,

Y= Pollly - uBup),
Xnst = 0 f(Xn) + PuXn +1aSPc(yn ~ AAyn), ¥n €N,

where 1 € (0,2a), 4 € (0,24),and (an), {B4), [r,} are three sequencesin [0, 1], and proved that (x, ) converges strongly
to Z = Prsinanzrig)./ (2) and (z,y) is a solution of problem (4), where y = Pc(z — uBz), under some suitable conditions
on (ax}, {fu). (¥a}. {ra), and bifunction ¢. Furthermore, the general system of variational inequalities problem has been
studied and developed in many literatures, see previous studies.!

Let Hy, H be two real Hilbert spaces. Let C, Q be nonempty closed convex subsets of H, and H,, respectively,

In 1994, Censor and Elfving* introduced the split feasibility problem (SEP) in the finite-dimensional Hilbert spaces,
which is to find a point x such that

x€C and Dx e Q, (6)



87

SIRIYAN AND KANGTUNYAKARN Wl LE Y_L.__:’

where D : H, — Hj is a bounded linear operator, The set of all solutions of (6) is denoted by I. The SFP is useful in
various disciplines such as signal processing, image reconstruction, and computer tomograph, see other works.*? The
SFP has been studied by many researchers, see previous works.?* Later, Byrne®?* proposed the CQ algorithm for
solving the SFP. Recently, in 2009, Censor and Segal®* introduced the split common fixed point problem (SCFP), which
is to find x € Fix(S) such that Dx € Fix(T), whereS : C - Cand T : Q — Q are two operators and D : Hy, — H, is
a bounded linear operator. The SCFP is a generalization of SFP, that is, if we put § = T = I, then the SCFP reduces to
the SFP. Recently, in 2012, Censor et al® proposed the split variational inequality problem (SVIP). Obviously, the SFP is a
special case of the SVIP.

Inspired and motivated by Ceng et al* and the concept of the SFP, we introduced the split general system of variational
inequalities problem (SGSV), which is to find (x*,y*) € C x C such that

(AAy" +x" — " x=x") 20, VxeC, @
(uBx" +y' —=x*x=y*)20, VxeC,
and find (x* = Dx*, y* = Dy*) € Q X Q such that
(ay 47 =7 %=5) 2 0, Wi € Q.
(8)

<y§F+F—F,E—F) >0, FeQ,

whereA,B : C— HyandA, B : Q = H,are four different mappings, 4, y, @,y > 0,andD : H, — H, is a bounded linear
operator. The set of all solutions of (7) and (8) are denoted by £24 5 and Q3 5, respectively. The set of all solutions of the
SGSV is denoted by @22, that s, sz;§ ={®x".y) €Qas i (¥7) €Q 55}, where X* = Dx* and j* = Dy*. Moreover,
ifweputA=B=A=B=0,x" = y*andx* = )* in (7) and (8), we obtain the SGSV is reduced to the SFP,

Now, we give the following example to support the SGSV.

Example 1. Let R be the set of real numbers and 4, B be mappings from [ =20, 20) to R defined by Ax = % and

Bx = x— 3, respectively. LetA, Bbe mappings from [ — 10, 10] to R defined by Ax = x—1 and Bx = 2x—3, respectively.

Let D be a mapping from R to R defined by Dx = £, We choose 4 = % p=1a=1y=1Then wehave(23) € ﬂ;‘g.

In this paper, motivated by Ceng et al® and the medified Halpern iteration, we introduced a method for solving the SGSV.
Then, we prove a strong convergence theorem for finding a common element of the set of fixed points of a nonexpansive
mapping and the set of the solutions of the SGSV under some suitable conditions. Moreover, in application, we apply our
main theorem to prove strong convergence theorems for finding solutions of the SFP, the SVIP, and the minimization

problem. In the last section, we give numerical examples of our main theorem and applications to support our research,
and we get that a numerical example of our main theorem converges faster than another examples.

2 | PRELIMINARIES

Let C be anonempty closed and convex subset of a real Hilbert space H. We will use the notations ’ — and '—’ to denote
the strong and weak convergence, respectively. It is well known that each Hilbert space H satisfies Opial's condition,*
that is, for any sequence {x,} C H with x, = x, the inequality

lim inf |lx, = x|| < liminf ||x, = y||,
n—+co A=

holds for everyy € Hwithx # y.
Recall that the nearest point projection of H onto C is denoted by Pex for all x € H, that is,

lix = Peyll < lx—yll,

forally € C.Such an operator Pc is called the metric projection of H onto C. We know that the metric projection P is
firmly nonexpansive, that is,

[IPcx = Peyll® < {Pox = Pey,x = y),



88

4 SIRIYAN AND KANGTUNYAKARN
WILEY

forallx,y € H. Furthermore, this immediately implies that
(e = ) = (Pex = Pey)ll* < llx = Il * = |Pex = Peyll %,

forallx,y € H.
‘We shall need to use the following lemmas to prove our main theorem.

Lemma 1. (Takahashi")Givenx € Handy € C. Then Pcx = y if and only if there holds the inequality
x-y»y-2)20,
forallz € C.
Lemma 2. (Xu*) Let (s} be a sequence of nonnegative real numbers satisfying
Sns1 S (1= an)sn + B, vn 20,

where {a, ), {,} satisfy the conditions

) (o) S10, 11 Y an = oo,

n=1

B <
(if) hmsup <0or Elﬂ,,|<co.

n=1

Then limy_ 5, =0.

Lemma 3, (Osilike and Isiogugu™) In a real Hilbert spaces H, the following results hold:

() lx + yII° < 1%l + 2(p, x + y)forallx,y € H.
(i) Forallx,y € Handa € [0,1],

llax + (L= all? = a 1)l + (1 - @) Iyl ? = a1 - @) [lx — p %

Lemma 4. (Browder*) Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of E, and
S : € — Cbe a nonexpansive mapping with a fixed point. Then I — § is demiclosed at zero.

Lemma 5. Let C,Q be nonempty subsets of H,, Hy, respectively. Let A,B . C — Hy be a, b-inverse strongly monotone
with 4, M € (0, zd) where d = min (a,b). Let 4,B ; Q — Hj be @, b-inverse strongly monotone with a,y € (0, zd}

where d = min {a b} LetD : H; — Hj be a bounded linear operator with adjoint D* and n € (0, )w!th L being the
speciral radius of the operator D*D. Define G¢ : C = C by Ge(x) = Pc(l = AA)Pe(I - uB)x, for a!fx € C, and define
Go 1 Q = Q by Go@®) = Po(I — aA)PoU = yB)%, for all X € Q. Assume Q’_’_ ={("yEQs (¥))eq 5 a5} £ 8
Then the following are equivalent:

M & etdy

(i) x* = Ge(x* = nD*(I - G)Dx").

Wherey* = Pc(I = uB)x* and y* = Po(I = yB)¥* withx* = Dx*and y* = Dy",

Proof. Let the following conditions hold. (1) = (i) Let (+*,y") € 4. We have (x',5") € Q4 and (¥, ) € Qz3,
with X" = Dx* and * = Dy*, Since (x*, y*) € Q.5 we obtain

(Ady* +x° - y*,x—x')20, VxeC,
(uBx" +y' = x*,x—y") 20, VxeC.
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Then, we have x* = Po(I = AA)y* andy* = Pc(I — uB)x*, that is,
x* = Pe(I — AA)Pc(l — uB)Xx* = Gex*. )
Since (X%, %) € Q4 5, we obtain
(aﬁF+F—F.E—F> 20, VX€Q,
(yﬁﬂ?_;,f_r) 20, ZeQ.
Then, we have x* = Pg (I = aZ) y*and * = Py (I = rﬁ) x*, that is,
F=po(I- aZ) Po(1- 7B) ¥ = Ggi¥* = Gobx". (10)

It implies thatx* = Ge(x* — nD*(I - Go)Dx*).

(i) = (i) Letx* = Ge(x* — nD*(J - Gg)Dx*) and (w, w*) € Q‘f , that is, (w,w*) € Q4 5 and {w, w' € .Q—J—; , where
w* = Po(I — uB)w, W = Dw, and w* = Dw* = Pq (! - rB) w. SmceA is a-inverse strongly monotone mapping, we
have

Il = AW = (I — 2A)y]|* = |lx — y - A(Ax — Ay)|| 2

= 1% = 1% = 244x -y, Ax - Ay) — 22 ||Ax - Ayl|?

< %= ¥l =240 ||l Ax — Ayl|? - 2% || Ax = Ay|| ®

= llx = yI* = 42a - 1) [|ax — Ay ?

< le=yll * = A2d = ) | Ax = Ay||?

lx =il
It implies that

(7 = Ak — (I = AA)l < JIx = ¥l (11)

Hence, (I — 4A4) is a nonexpansive mapping. By using the same method as (11), we have that = uB), (I - uA)
and (I — yB) are nonexpansive mappings. Then, we obtain that Pc(I — 1A4), Pe(I = uB), Po(I — aA), and Po(l — yB)
are nonexpansive mappings. Since Pc(I - AA) and | Pe(I — uB) are nonexpansive mappings, we obtain that G is a
nonexpansive mapping. Since Po(/—aA)and PQ(!—yB) are nonexpansive mappings, we obtain that Gg is nonexpansive
mapping. From (w, w*) € ﬂﬂ’ and () = (ii), we have w = G¢(w — nD*(I — Go)Dw). By using the same method as
(10), we have Dw = GgDw. Then we have

llx* = wil 2= [|Gelx* = nD* (I = Gg)Dx") = Gelw = nD* (I = Gg)Dw)|] *
< || = nD*(I = Gg)Dx*) = (w = nD*( = Go)Dw)|| *
= ||x* = w=n(D*(I = Gg)Dx* = D*(I - Gg)Dw)| *
= ||¥* —w — n(D*(I - Gg)Dx7)||?
=" = wil® = 21 {x* =w,D*(I = Go)Dx*} + 4 || D"
= flx* =wl| 2 = 2n (D(x* = w), (I = Go)Dx*) + n*||D*
= [Ix" ~ Wil * + 2n (Dw — GoDx* + GoDx* = Dx*,(I = Go)Dx* ) + n* | D*(I = Gg)Dx* || 2
= |lx* = wl| 2+ 27 ({Dw = GoDx*, (I = Go)Dx")

+(GoDx" = Dx',(I = Go)Dx*)) + n* || D*(I = Gg)Dx* 2
= Il < wll* + 21 ((Dw - GoDx", (I - Go)Dx*) - || = CoDx|)
+4° (D' — Go)Dx', D*(I - Go)Dx*)
< = wl 2+ 2y (%uu - GoIDx*|[* — ||t - Go)D¥*||) 4 1L T - G)Dx*| 2

= [lx* = wil * = n]| = Go)Dx*||* + #°L|I = Go)Dx* | 2
= IIx* = wil * = n(1 = nL) || = Go)Dx"|| % 12)
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From (12), we have
Dx* € F(Gy), (13)
that is, x* = GoX* = Pq (I — aA) Pq (I - yB) ¥*. It implies that & = P, (I - m?.) ¥*, where y* = P, (1 - ;«E) x*. By
the property of P, we obtain
(WW+F-F,§-:F) >0, VieQ,
(r§F+F—F.E—F> >0, VX€Q,
that is,
G, ) € Q35 (14)
From the definition of x* and (13), we have
x* = Gelx* = 4D"(I - Gg)Dx*) = Ge(x*).
That is, x* € F(Gc). Then, we have x* = Gex* = Po (I — A4) P (I - uB)x*. It implies that x* = Pc (I — 14) y*, where
y* = P (I — uB)x*. By property of Pc, we obtain
(AAy" +x* =y, x-x*) 20, ¥x€C,
(uBx*+ ' =x*x-y") 20, VxeC,
that is,
(x*, ¥") € Qap (15)

From (14) and (15), we have (x*,y*) & Q;;. m

We give the following example to support Lemma 5.

Example 2. Let R be the set of real number and A, B be mappings from [—20,20] to R defined byA.x = "“3 and Bx =
"'3 forallx & [~ 20,20], respectively. Let A, B be mappings from [ - 10, 10] to Rdeﬁned by Ax = 3 1 and Bx = £l for
all X € [-10,10], respectively. Let D be a mapping from R to R defined by Dx = for allx € R. It is easy to see that

A,B,A,B are 1-inverse strung[y monotone with 4, #,a,y € (0,2). Then, we choose A=1pu=15e¢=05y =1
Since Dx = -, we have D*x = £ 7 Is an-adjoint of D. From D and D*, we obtain L = 9- and L is the spectral radius of the
operator D*D Then, we can choosen = 2. Define G_00) : [-20,20] = [ =20, 20] by

Gi-2020(x) = Pi=z020( = A) (Pj_20.20)(x = 1.5Bx)), ¥x &€ [-20,20],
and define G| - 1g10) ¢ [—10,10) = [-10,10] by

Gi-10.10/(8) = Pr-to,i0/(J = 0.54) (P(-1000)(% — B2)), V% € [~10,10],
It is easy to see that (3,3) € ﬂ:‘{g. By Lemma 5, we have 3 = G[_2020(3 = 2D*(] — G- 10,401)D(3)), where y* =
Pl-2020)(3 = 1.5B(3)) and ¥* = Py_10,0/* — B(x")) with X* = D(3) and y* = D(3).

3 | MAIN RESULT

In this section, we prove the strong convergence theorem, by using Lemma 5 as an important tool for finding the solution
of the SGSV and the fixed point of nonexpansive mapping.

Theorem 1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H, and Hy, respectively. Let A,B :
C — H; be a, b-inverse strongly monotone mappings with d = min{a, b), respectively. Let A, B : Q — H, be @, b-inverse
strongly monotone mappings with d= min(a, b}, respectively. Let D : H, = H, be a bounded linear operator with
adjoint D*, Define the mapping Ge + C — Cby Ge(x) = Po(l — AA)Pe(I — uB)x, forallx € C, and define the mapping
Go: Q— QbyGo®) = Po(l - aA)Py(I — yB)R, forall% € Q. DefineG : C — CbyG(x) = Gelx = nD*(I — Gg)Dx)
forallx € C.LetT : C— Cbea nonexpansive mapping. Assume S = F(G)n F(T) # . Forgiven u,x; € C and let the
sequence (x,} be generated by
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yn = Gelxp — nD*(I - Gq)Dxy),
Xnyl = @+ (1 = @n) Ty,

(16)

where (a,} € [0,1], 4, 1 € (0,2d), a,y € (0, Zd), n € (0, )wtth is the spectral radius of the operator D*D. Suppose
the following conditions hold:

(i) ,.]L'?.,“" = Oandnz;a,. = .

() Y lanss = aul < oo,

i=1
Then, the sequence (x,) converges strongly to X, = Pgu, which (xo, yo) € S}}'g, where y, = Pc(I — uB)xo and
¥o = Po (I - yB) X% with % = Dxy and ¥ = Dy

Proof. Letz € 3. Then,we havez = G(z) = Ge(z - nD*(I — Go)Dz). By Lemma 5, we have (z, 7o) € ﬂ"’ g where
= Pe(I = uB)zand g = Pc(l — yB)Z with Z = Dz and 7 = Dzo. Since (z, z0) € aﬁf, we have (z,z,) € .Q“ and
(Dz. Dzp) € Q5. Since (Dz, Dzg) € Q5 5, we obtain
(aADz% + D2 Dz%,®~Dz) 20, Vi€ Q,
(rEDz+Dzu —Dz.:r'—Dz(,) 20, Ve Q.
Then, we have Dz = Pg (I - af_&) Dzy and Dzg =Py (I - rﬁ) Dz. It implies that

Dz =Pq (I~ aA ) Po(I'-yB) Dz =Gobz, an

Step 1. Show that (x,] is bounded. Applying (12) and the definition of {¥n), we have
lI¥n =zl < llxn =2zl (18)
From definition of {x,) and (18), we have
[ne1 = 2ll = Ilantt + (1 = @) Ty, = 2|

Sanllu=zl+ (1—an) |[Ty; =zl

< flu =2l + (1 - an) "yn 3|l

< ay =zl + (1 = ay) [l -2l

< max (JJu =zl [Ix =z} .

By induction, we get that |l — zIl < max (||u -zl [lx = zll), for all n € N. It implies that the sequence (x,) is
bounded and so is (y, }.
Step 2. Show that lim,,_, o, [|Xn41 = X/l = 0. From the definition of (y, }, we have

v = ya-111* = |G (54 ~ 1D (£ = Go) Dxe) = Ge (%a-1 = nD" (1 - GoDxi=)) |
< |[(en = nD* (1 = Go) Dy} = (4 = D" (1= Go) Dxa |2
< || =n-1) = 1D* (T = Go) Dy = D" (1 = Gg) Dt 2
= [ltn = X1 ]| * = 20 (% = X1, D ((I = Go) DX = (I = Gq) Dtamy )
+?|[D*{(1= Gq) Dx = (1 = Go) Dx,-)|2
< [ =%n1 [l 2 = 27 { DXy — GoDxy + GoDxy = GoDx,y_,
+ GoDX-1.= Dxp-1, (I — Gg) Dxw= (I - Gg) Dx_y )
+1°L|(1 = Go) D ~ (1 - Go) D2
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= [l = Xn-1ll* = 20 [{(I - Gg) Dxy = (I = Gq) Dxn_s, (I = Gq)

XD = (I = Go) Dxp1) = {GqDxnt = GoD¥y, (I = Gg) Dy

= (1= Gg) Dx-1)] + 7L | (1 - Go) Dt = (I = Go) Dy &

< I = ot + 20 [~ (1 - Go) D3y = (1 = G) Do

+ (GoDixn-1 = GoDxn, (I = Gg) Dxn = (I = Gq) D1 )]
+ 1L |(1 - Go) D = (I = G) Dy 2

2
= In = 2ueall2 + 21 [ (1 = Go) Dy = (1~ Go) Dt

+ 3| (1~ Go) Dxn - (1= Go) Dx,a[]
+7L |[(I - Go) Dx, - (I~ Go) Dy ?

= lltn =#n-11” = | (1= Go) Dxy — (1= Gg) Dy
#PL (1 - Go) Dxn — (1 - Go) D12

= ll%a = %l = (1 = L) || (= Go) Dxa — (1 = Go) Dy

I H

=l = Xz | 2
This implies that
yn = ya-1ll S ln = 2] (19
From the definition of x, and (19), we obtain

Ixns1 = Xnll = llanié + (1 = @) Typ — (ap-14 +(1 = @n-1)T¥n-1)||
< o = an=a | Jull + (1 = @) 1 Tyn = Tyuoill + |an - et | | Tyl
< Jan = | llull + (1= an) llyn = y-all + lon = @nzi | [|Tyna |
S o = ey | [ul] + (1= ap) o0 = Xna [l + oy = @yt | Ty ]l (20)

From Lemma 2, conditions (i) and (ii), and (20), we have
Jim fner = ,l| = 0. @
Applying (12) and the definition of [y, ), we have
lya =2l * S llxn =21 * = n(1 = 9L) || (I = Go) Doy | .
From the definition of {x,],

IXn41 = 2l > = llankt + (1 = @) Tyn = 2]| 2
Sayllu=z| 24 (L —an) | Ty, -zl g
< apllu =212+ (1 - an) llyn - 202
S oy [[u =2l % (1 = an) [Pn — 2l > = (1 = @u)n(1 = 4L) ||(T = Gg)Dxy| %
It implies that

(1= an)n(1 = nL) [T = G)Dxn||* < an llue = 2I| * + llxw = 2l| % = || Xns1 — 2I| ®
Sonllu=2zl 2 + xn = 2ll = 141 = 21D [|1Xn+1 = Xl -
By (21) and condition (i), we obtain
lim ||(7 — Go)Dxy | = 0. (22)
n-+o0
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Step 3. Show that limy_q [1X, — yall = 0 and lim, || Ty — yull = 0.
From the definition of x,,, we have
Xnt1 = Xn = apll + (1 = an)Tyy — Xy
= an(th = Xp) + (1 = ay)(Tyn — X,). (23)
Then, by (21), (23), and condition (i), we obtain
lim || Ty = x| = 0. (24)
n—oo

Putting hy = Pc(I' = uB)(x, — yD*(I = Gg)Dx,,)and h* = Pc(l — uB)(z — nD*(I — Gg)Dz), we can rewrite y, by
yu = Po(l = AA)h, ¥nz1,
andz = Pe(I — AA)h*. By the definition of x,,, we have
”xn-r] —Z" 1= llanu + (1- an)T)’n = z" 2
Sap|lu =zl + (1= an) | Tyn—2zl| *
Say|lu -2][2 +(1—a) llyn —2l|?
=@ |l =2l * + (1 = aw) | Pell = AA)hy — Pe(l ~ AADK*||2
S ap llu =zl * +(1 = an) |1 = AA)h, = (1= A4)h"|| ?
= an flu = 2l| % + (L= ap) ||(hy = h*) = A(Ah, — AR")]| 2
=an [lu =2l * + (1= an) (e = W*1* =24 (hn = h*, Aly — AR") +2%| AR, — AR° ()
Sanflu=2ll? + Q= an) [llhn ~ bl ~ 24 |4y = AR*)1? +2| ARy - AR |1
£ tp [lu=2)| 2 + (1 = @) [[lAg = B2 =4(2d = DAk, = AR*|]
<o flu= 2zl + (1= ) [l = 2l ~ A2d = )| Ak, — AR® (Y] .
It implies that
AL — an)(2d = 2) [|Ahn = AR* | < an ||t = zl)® + [0 = 2]l 2 = [[¥ne1 — 2| 2
San llu =2l + % = 2ll = Ixnst = ZI) X1 =]l «
From (21) and condition (i), we have
Jlim |4k, — AR®|| = 0. (25)
Puttingky = Xy = nD*(I — Gg)Dxy and k* = z — nD*(I = Gg)Dz, we can rewrite Y by
yn = Pe(l — AAYPc(I — uBky, Yn =1,
and z = Pc(I = AA)Pc(I — uB)k". From the definition of x,, we have
IPner = 2l * = Jlatt + (1 = @) Ty = 2l 2
Sapllu—-z|| 24 (A =a) | Tyn—zll 3
S ap llu=zl* + (1= an) llyn =2l ?
= anllu=2ll* + (1 = andliPc(l = AAPe(l = uB)kn =Pe(l — AAWP(I - uB)K'|?
Sapllu =2zl * + (L=an) |Po — uB)ky —Pe(l — uB)k*|| *
Seanllu—zl®+ (1 - an) (T - uBYky ~( - uB)K*||?
< aylu- Z" 24 (1=ay) “(kn - k*) -F(Bkn -3 Bk.)" g
= anllu - il *+ (1~ an) [[lkn ~ k*lI* = 20 (kn — k*, Bk — BK*) +14*|Bk, - BK*|I*]
< a = 2l 2L = @) [lkn — k7| = 200bliBK, — BK*||> +4%||Bk,, — B[]
= a llu =2zl * + (U =an) [lkn = k"|I* = (2d - )| Bk, - BK"||*]
S an llu =201+ (1 = an) [lIxn - 2l1* - u(2d - w)|Bk, - BE*|I*] .
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It implies that

H(1 = @n)(2d = p) ||Bkn — BK*I|® < @ llu =2l * + [l — 21l 2 = [|xa41 = 2] ?
S an =2zl + (U = 2l = [Xnsr = 21D [Poner = Xall .

From (21) and condition (i), we have

lim ||Bk, — Bk*|| = 0. (26)
s

By the definition of y,, we have
llyn =2l = 1P = Ad)hy = Pe(l = AA)R*|2
< ((hn = AARy) = (h* = 24R*), yn — 2)
1 ‘ I . "
5 [10tn = AAha) = (B* = JAR)IP + llyn = 2l =II(hn = AdRR) = (h* = AAR) = (3 = D)II]

IA

2 (W =1 = =11 — AARY =" = A40) (3 — D]

% [Ian = 1 + llyn =20 =I\Chn = 30 = (h* = 2) = MARy= AR
= 2 W= By = 2 = Gk, = 30 = 4 =232
+24((hy = yu) = (h* = 2), Ay — AR"Y =2%||Ahy, — AR*|?)
< 10— 2l iy =2l = 1055 - ) = (K ~ D2
+ 24y = yn) = (h* = DIl ARy = AR"|| = 22| Ah; — AR* 1]

This implies that

Iy =2l1? 5 fln =2l * <[t = ) = (B = 21 2 + 24 11Ctn — yud = (0" = 2]l AR, —AR°. (27)

From (27) and the definition of x,,, we have

[Ixnsr = 21| = llagk + (1 = @) Ty = 212
Sap flu=2|>+ 1 = an) | Ty, —zll *
Saylu ‘5"2 + (1 —a)llys —zll 7
Sanllu=zll® + (1= an) [lPxn = 2I1 = [[hn = yn) — (B* =2
+2411Cha = yn) = (" = D) ARy — AR°|| |
S an llu=zll® + 1%, = 2l * = (1= @) li(ha = ya) = (h* = 2)|| ?
+24(1 = an) lIthn = yn) = ("~ 2)|| |4k, ~ AR |] .

It implies that

(1= an) llCan = yn) = (0" = 2)1* < @ |l =2l 2+ %0 = 2]l 2 = [|Xnga = 2] 2
+ 2200 = ap) [|(hy — o) = (h* = 2| ||l ARy —AR*|
S an [l =2zl * + (xa =2l = Xs1 = 21D % = Xnsa |
+24(L = ap) |(hn = yu) —(h* = D|| |Ah, — AR*||.

From (21), (25), and condition (i), we have

Jim [[Chy = yn) = (h* = 2)|| = 0. (28)
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From (17), we have
Iz = k*) = (e = k)l * = ||z = (@ = nD*(I = G)D2)
=(Xn = (xn = nD"(I = Gg)Dx))|| *
= i* | D*(I - Gg)Dx,,)|| ®
< ’?zL "U . GQ)DX,.)“ g,

From (22), we have

Jim Iz = k%) = (e, — k)l = 0. (29)

Consider
1Gen = hn) + (h* = 2)11 = [t = Pe(I = uB)ky) + (Pe(l = uB)k* - 2)|| 2
= [l = pBXn = (I = uBYD*(I = Gg)Dxy + (I = uBInD* (I — Gg)Dxy + By
= Pc(l = uBYkyn + Pe(I — uB)k* — uBg + (I — uB)nD*(I - Gg)Dz
~(I = uB)nD*(I = Go)Dz + uBz - z|*
= I~ pB)ka= (I ~ wBK* = [Poll = Bk, = Pc(I — pB)K™] + pe(Bl,, - Bk*)
+nD*(I = Go)Dxn — nD* (I - Go)Dz||*
=l = By~ (= uB)k* = [Pc(I = uB)ky = Po(l = yBK’]
+ p(Bky = BK®) +nD*(I = Go)Dxy|| 2
< NI = uB)kn= (I = yuB)K" = [Petl = uB)len — Pe(l = puB)K*] +u(Bk, = Bk 2
+ 27 {(I'= G)Dxin, D [(xy = hy) + (R = )] )
S~ uB)kn— (I = pB)k* — [Pc(l — pB)kn = Po(I = uB)K"] +4u(Bky — Bk*)|| ?
+20 |1 ~ Go)Dxi| D [0 ~ b + (1 = 2]
<IN = kB = (0 = uBK" = [Pell = uB)ky = el = uB)k] |2
+ 24 (Bky — Bk*, (I = uB)kn — (I — uB)k*
= [Pe(T - uB)k, ~ Pc(l = uB)k*] + (B, = BK*))
#20[(7 — o) D |0 [0 = o) + (1 — 2] i
S = uBkn = (L = pBK*||* = ||PeI — uBYkn — Pe(l — uB)kc*| *
+ 24 || By — BK* || (I = pBYky = (I = pB)k"
= [Pe(Z = kB)ky ~ Pc(l — uB)k"] + (B, — Bk‘)”
+ 20|t - Go)Dxa] D[~ hd # 4" 2]
= ||( = Bk~ (I = uB)k*||* = | = h*|| * + 2u || Bk, ~ BK*|
X = uB)ky ~ (I = uB)k" — [Pe(l = uB)ky = Pe(l - uB)k’|
By ~ BR)|| 420 (1 = G| || (66 = ha) + h" = )] [
< N\ — pB)ky = (I = uB)k* || * = IPcI = AA)hy — Po(I = AR |2
024 1By = BK*|| [0 = uBYen = (U = uBIK" — [Pell ~ uBkn — Pl - uB)K’]
(Bl = B+ 21| = GDxi| |2 (8 — o) 4 €h* = o) |
= [ = uB)kn — (I = uBYK*I1* = |l yn — 2l| * +2p || Bkn — BR*|| || = BYkn — (I — uBk*
= [PctI = uB)kn = Pcll = uB)K*] + u(Bly — BK*)|| + 20 || (I - Go)Dx,|
% [ [Gon = ) + 0 = 2)]|
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ST = uB)ky = (I = uB)K* | = || Tyn = T2l|® + 204 | Bl = BK*|| (I = uB)ky — (I — uB)K*
= [Petr = uB)kn = Pe(l = uB)K] + u(Bkn = BK)| + 21 [[(T = G)Dxa| D [t = o) + h* = 2) [
S = uBYkn = (I = uB)K* = (Tyn = DI (I = pBYkn = (I = uB)K*|| + I Tyn —2)
+ 20 1Bk = B |2 ~ Bk = (1 = uBIK* = [PeCT = uB)ky = PelT = uB)K']
4B = BK)| + 20 I = G)Dxa] |2 (v = o) + (1 = 2]
= llkn = uBkn = K* + uBK" = X + Xp = Ty + 2l (I = BYkn = (T = uB)K*|| + I Ty = 2]}
+ 244 |1Bkn = BK*1| || (I = B)k = (1 = yBIK® = [Pl = uByky = Pl = uB)k?]
+H(Blen = BK + 20 | = Go) Dl [ [ (e = o) + (= 2]
= 11Gon = Tya) + @ = K*) = (n = kn) = 2Bk = B (I[(T = uB)kn — (I = uBYK"|| + | Tym — 2l
+ 24 1Bk = BK*|| I = pBYkn = (I = uB)k* = [Pl = puBYkn = Po(l — uB)k*] +4u(Bky — Bk*)]|
+20 |1 = Go)D| |1 [ = )+ (h* = 2]
S (= Tynll + 12 = k)=t = kn)ll + ¢ 1By = BK* 1Y ONGE = BV ~ (I = wB)K* || + (| T30 = 2]
+ 240 ||Bkn = BEX I ICT = puBkn = (I = uB)K* = [Pell = uBkn — Pcll = uB)k*| +4(Bky — BK")||
+ 20~ G)Da | [ = B + 17 = 2|
From (22), (24), (26), and (29), we obtain

lim 1Gen = )+ (B = )| = 0.

From (24), (28), (30), and

1Ty =yall = NTyn =20+ Xn =y + by = B* + h* = 2+ 2= pul|
< ITyn = Xl + 10k = hn) + (B* = 2] + [l (e = ) — (W* =2,

we get

Jim | Tyn = yull = 0.
From (24), (31), and

[P = yull = 1% = Tyall + 1 Tyn = yall,
we have
fim i, =yl = 0,

Step 4. Show that limsup (u = xp, X, — Xp) < 0 wherexy = Pgu.

H=r00
To show this inequality, take a subsequence [%n,) of (x4} such that

limsup (1 - xo,%n = Xo} =}im (u—20.%, - x0) .

=00

Since {x;, ) is bounded, without loss of generality, we can assume that x, — gasj— co,whereq € C.
From (33) andx, — gasj— oo, we have

limsup (u — Xo,%x - Xo) = (U — X0,q — Xo) .

=00

From (32) and Xn, = qasj — oo, we have ¥n, =>qasj— co. From (31) and Lemma 4, we obtain

g € F(T).

(30)

(31)

(32)

(33)

(34)

(35)
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Assume that g # F(G). By Opial's condition and (32), we have

lim inf |[x,, ~ || < lim inf [}, - G(@)|

X, = o, + yn, = Gelq — nD"(I - Go)Dq)|
= lim nf [, = yo, + Geten, = 1D*(1 = Go)Dx,,) = Gelg = nD*(I - G)Dg)|

= lim inf
J=o

<timint ([, = | + o = 4]
= liﬂLnf”Jt,,, —q" 5
This is a contradiction. Then, we have
q € F(G). (36)
From (35) and (36), we have
geg. (37)
From (34) and (37), we obtain
limsup (u — xg, X, — Xp) <0, (38)
n=o0

Step 5. Finally, we show that llirn [IXn = Xo|l = 0, where xo € Pgu. From the definition of x,, we have
—00

[r = X * = Nlauit + (1 = a) Tyn = X 2

= [lan(u = %0) + (1 = an)(Tyn = Xo)I| 2

= (1= ap) Ty = xol| 24 2ay (U — X, Xpp1 = Xa)

(1= @) 1y = Xoll * + 2 (1 = Xg, X1 — Xo)

S (1 - an) |20 = %1% + 20t {1 = X0, Xns1 - Xo).
From (38), condition (i), and Lemma 2, we can conclude that the sequence {x, ] convergesstrongly to xp = Pgu. From
Lemma 5, we get that (xq, yo) € QAﬁ;. where y, = Pe(l — AB)xg and 5 = Po(l - yB)% with % = D% and g = D7g.
This completes the proof. 0

Corollary 1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy and Ho, respectively. Let A, B :

C = H; bea,b-inverse strongly monotone mappings with d = min{a, b), respectively. Let A,B : Q — H, be @, b-inverse

strongly monotone mappings with d = min(a,b), respectively. Let D : H; — H, be a bounded linear operator with

adjoint D*. Define the mapping Ge : C = Cby Ge(x) = Po(I — AA)Pe(l = uB)x, forallx € C, and define the mapping

Go 1 Q = Qby Go@®) = Po(l - aA)Po(I - yB)R, for all % € Q. Define G : C = CbyG(x) = Ge(x = nD*(I = Gg)Dx)

Jorallx € C. Assume S = F(G) # @. Forgiven u,x, € Cand let the sequence {x,} be generated by
¥n = Gelxn = nD*(I = Gg)Dxy),

(39)
X1 = apld + (1 = ay)yn,

where (a,} € [0,1], 4, p € (0,2d), a,y € (0, 2d), n € (0, %) with L is the spectral radius of the operator D*D. Suppose
the following conditions hold:

(0] HILn; a, =0and Ea, = 0.

n=1

e
() Y lany = an] < co.

i=1
Then, the sequence {x,) converges strongly tox, = Pgu, which (Xg, Yo) € Q‘Ai*g. where y, = Pc(l = uB)xp and
Yo = Pq (I - yB) X with X5 = Dxg and 75 = Dyo.

Proof. Put T = I Then, by Theorem 1, we obtain the desired conclusion. (m]
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Remark 1. As shown in this section, we introduced a modified problem of the general system of variational inequal-
ities problem and prove the strong convergence to solve the proposed problem and the fixed point problem of
nonexpansive mapping. In recent years, many authors have studied, modified, and extended the general system of
variational inequalities problem in many literatures, which are interesting researches and useful in this field, see
literature, 3538

4 | APPLICATION

In this section, we utilize our main theorem to obtain Theorems 2, 3, and 4, which solve the SFP, the split variational
inequality, and the minimization problem, respectively.

Let H, and H, be real Hilbert spaces, and let C, Q be nonempty closed convex subsets of H), Hy, respectively. Let D :
H, = H; be a bounded linear operator with the adjoint D*,

4.1 | The split feasibility problem

Throughout this section, assume that the SFP is consistent, that is, T is nonempty. It is easy to see that x € C solves SFP
if and only if it solves the fixed point equation

x=Po(x—nD*(I = Pg)Dx), (40)

forall x € C, where P and P are the orthogonal projections onto C and Q, respectively, and y > 0; see Xu* for more
details. In fact, various results about the SFP have been widely studied, see other studies.*** To solve (40), in 2002, Byrne?
introduced the CQ algorithm for solving the SFP as follows: Let {xa} bea sequence generated by

Xnp1 = Pe(xy = nD*(I = Po)Dxy), Vn € N, (41)
where € (0, %) with 1 being the spectral radius of the operator D*D,

Theorem 2. Let Cand Q be nonempty closed convex subsets of real Hilbert spaces Hy and H;, respectively. LetD : H; —
H; be a bounded linear operator with adjoint D*. Let T : C - Cbea nonexpansive mapping. Assume I = TN F(T) # @,
For given u,x; € Cand let the sequence {x,} be generated by
= Pelxn — nD*(I = Pg)Dx),
Yn c(xn — nD*( '0)Dxy) (42)
Xp+1 = @l + (1 = @) Typ,
where [a,) C [0,1), n € (0, i) with L Is the spectral radius of the operator D*D. Suppose the following conditions hold:
(D) lim an =0 and Y a, = o.

n=1

@) lans ~ an] <'oo.

=1
Then, the sequence {x; } converges strongly to xo = Pgu, which (xo, Dxo) is the solution of the SFP.

Proof IfweputA=B=A=B=0, x' =", andx" = ), in Theorem 1, we obtain the desired conclusion. B
Remark 2. If we take T = I, in Theorem 2, then we obtain
Yn = Pc(xy = nD*(I = Pg)Dxy),

43
Xny1 = Gnlb+ (1 — an)yn. .

From Theorem 2, we have that (x, ] generated by (43) converges strongly to X, = Pgu, which is a solution of the
SFP. Moreover, we have that corollary 3.7 of Xu* is a special case of our main theorem.

4.2 | The split variational inequality
In 2012, Censor et al*® introduced SVIP, which is to find X € C such that
{Xx-2) >0, vxecC, (44)
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and find ¥ = DX € Q such that
(fx-F)20,VyeQ, (45)

wheref, : C — Hyandf, : Q - H; are nonlinear mappings and D : H, — H is a bounded linear operator. The set of
all solution of the SVIP is denoted by ® = (% € VI(C, ) : § € VI(C, J1)). The SVIP is reduced to the SFPif f; = f, = 0.

Theorem 3. Let C and Q be nonempty closed convex subsets of real Hilbert spaces Hy and Hj, respectively, Let A :
C — Hj be a-inverse strongly monotone mapping. Let A : Q — H, be a-inverse strongly monotone mapping. Let D :
Hj = H; be a bounded linear operator with adjoint D*. Define the mapping Gc : € — C by Ge(x) = Pe(l - AA)x,
forallx € C, and define the mapping Gg : Q » Q by Go@®) = PoU = ad)X, forall ¥ € Q. Define G : C — C by
G(x) = Gelx — nD*(I = Gg)Dx) forallx € C.LetT : C— Chea nonexpansive mapping. Assume § = & N F(T) # @.
For given u,x; € Cand let the sequence (x,) be generated by

yn = Gelxy = nD*(I - GQ}Dxn).

(46)
Xnil = dnll + (1 = an)Tyy,

where (an) C [0,1], n € (0, %) with L is the spectral radius of the operator D*D. Suppose the following conditions hold:

(i) nlinla,. =0and Za,, = ooy

n=1

e
(i) }: [ens1 = @y < co.
i=1

Then, the sequence (x, ) converges strongly to X, = Pgli.
Proof. Putting B=0, B=0, x* = y*and ¥ = *, in Theorem 1, then we obtain the desired conclusion. ()

4.3 | The minimization problem
Let C be a closed convex subset of H,. The constrained minimization problem is to find x* € C such that

S@&) = min f(x), (47)

where f : H, = Ris a continuous differentiable function. The set of all solutions of (47) is denoted by Iy It is obvious
thatx* € Cifandonlyifx* € Cand Dx* - PeDx* = 0, Define the proximity function f by

169 = 3 |[Px = PoD| . 48)

Considering the constrained minimization problem, we obtain
AN, = W - 2
SOy = min f(x) = min 2 ||Dx — PoDx|| 2, (49)
Then, we have x* & I if and only if x* solves the minimization problem (49) with the minimization equal to 0.
Furthermore, by the definition of the proximity function f, we have
Vf(x) = D*(I = Pg)Dx,

where Vfis a gradient of f.
From (40), we get that x* € C solves SFP (6) if and only if it solves the fixed point equation

x* = Pc(I=nD*(I = Pg)D)x* = Pc(I = nV f)x". (50)

Proposition 1. (Ceng et al®) Given x* € H,, the following statements are equivalent.
1, x* el
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2. x* solves Equation 50.
3. x* solves the VIP of finding x* € C such that

(Vf(x*),x=x')20, ¥x € C,
where Vfix) = D*(I = Pq)Dx and D* is the adjoint of D.

Remark 3. Moreover,x* € yifandonlyifx* € ¥y

Proof. “Necessity.” Supposez € y, thatis,z € Cand Dz € Q. Consider

f@)= % |z - PoDz|?

=0
= f(x),
forallx € C. Hence,z € I,
“Sufficiency.” Suppose z € I we have
F@) < (), (51)
forallx € C.
Since I" # @, there exists ¥ € Cand DX € Q.
From (51), we obtain
3 D2 PeDz|* < & |ox = Pobx|?, wx & C. (52)
Since X € C, we have
1 1" e 3
5 1Pz~ PoDz||* < 5 || D% = PoDx]| . (53)

Since DX € Q, we get that DX = PoDX. From (53), we have
1
Loz - pope| =0

This implies that Dz = PyDz, thatis, Dz € Q. Hence,z € T, ]

Theorem 4, Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and Hy, respectively. Let [ : Hy, —
R be a continuous differentiable function defined by (48), with the gradient Vf Let D : H, — H; be a bounded linear
operator with adjoint D*. Let T : C — C be a nonexpansive mapping. Assume § = I' 0 F(T) # @. Forgivenu,x; € C
and let the sequence (x,] be generated by

Yn = Poln— nV fxn),

(54)
X1 = aplb+ (1 = an) Ty,

where [ay} C [0, 1], 5 € (0, %) with L is the spectral radius of the operator D* D. Suppose the following conditions hold:

o
W) .EH.’,”" =0and éaﬂ = oo,
(i) 3 lanss = anl < oo.

=1
Then, the sequence {x,} converges strongly to X, = Pgu, which X, is the solution of the minimization problem (49),
thatis, xo € Ty.
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Proof. Letx,y € H,. First, we show that Vfis %-inverse strongly monotone. Consider

V7)) = V£ (Wl * = ||D*(I - Po)Dx — D*(I = P)Dy| ?
= (D*(I - Po)Dx = D*(I - Pg)Dy, D*(I - Pg)Dx ~D*(I - Pq)Dy)
= (I = P)Dx = (I — Pg)Dy, DD*(I — Pg)Dx —DD*(I - Pg)Dy)
S L||( = Po)Dx — (I - Po)Dy|| %,

From the property of P, we have

(|t = Po)Dx — (I = Po)Dy||* = {(I = Pg)Dx = (I = Pg)Dy, (I - Pq)Dx ~(I — Po)Dy)
= {(I = Pq)Dx — (I - Pg)Dy, Dx - Dy)
= (U = Po)Dx = (I - P)Dy, PoDx — PuDy)
= (DU - Pe)Dx = D*(I - Po)Dy,x ~ y)
- (I - P)Dx — (I — Pg)Dy, PoDx - PoDy)
= (D*(I = Pq)Dx = D*(I = Pg)Dy,x — ¥)
= ((I'- PQ)Dx, PoDx - PoDy) + {(I — Pq)Dy, PoDx - PoDy)
< (DI = Po)Dx ~ D'(I - Po)Dy,x —y) .

Since Vfix) = D*(I - Pq)Dx, we obtain
(V0 ~ V70D, x = 3y 2 2 IVF) = V(I %

Thus, Vfis %-inverse strongly monotone. From Proposition 1, Theorem 2, and Remark 3, we have the desired
conclusion, S

Remark 4. If we take T = I, in Theorem 4, then we obtain

= Polx, — nV [xy),
Yn clxXn — 1V fxy), (s5)
Xnyt = anld + (1 = @) yn.
From Theorem 4, we have that the sequence [x,) generated by (55) converges strongly to xp = Pgu, which isa
solution of the minimization problem (49). Mareover, we have that theorem 5.2 of Lopez et al* is aspecial case of our
main theorem.

5 | EXAMPLE AND NUMERICAL RESULT

Example 3. Let R be the set of real numbers, and let < .,. >; R3>%x R* — R be an inner product defined by (x,y) =
Xy=x-n+x- -yptx oypforalx=0q,xx) € R,y =(,ym € RELetH, = H, = R, C =
(=50, 50] X [-50, 50] X [-50,50), and Q = [ - 60, 60) x [—60,60] X [~ 60,60]. Let A, B be mappings from C to R?
defined by
X —2 2% -4 x3-2
Ay, e i C,
Ax ( T 5 < ) Yx e
and
Xy X3—2
3" 5

Bx:(xl—z, ).VxEC.
and let 4, Bbe mappings from Q to R? defined by

Ax= (5 % 2 E=(2 R X%
Ax—(s.z, 3),\:"xEQ and Bx-(3,5,7),Ver.
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It is easy to see that A,B, A, B are l-inverse strongly monotone with A, u,a,y € (0,2). Then, we can choose
4=05u=1a =1y = 0.5 Let the mapping D : R> — R? be defined by

Dx = (20 — X3 — X3,%1 = 2%+ X3, + X — 2%;3), ¥x € R3,
and D* : R® - R be defined by
D*x = (2 + X3 + X3, =X) = 2X3 + X3, =X +X; — 2x3),Vx € R>.

Then, the spectral radius of the operator D*D is 9, and also, we can choose = 0.1. Define G¢ : C — Cby

Ge(x) = Pe(I = 0.54)Pc(I - B)x, Vx € C,
and define Gy : Q — Qby

Go(x) = Po(I — A)Py(l - 0.5B)x, ¥x € Q.
Let the mapping G : C — C be defined by

G(x) = Ge(xy = 0.11D*(I = Go)Dx,), ¥x € C.
3’ 4

X, = (x},%2,23) be generated by (16), where a, = ﬁ for every n € N. Putu =5, where 5 = (5,5, 5). By the definition

of A, B,A,B,D and T, we have (2} € F(G) n F(T), where 2 = (2,2,2). From Theorem 1, we can conclude that the
sequence X, = (x;,x5, x;) converges strongly to 2. For every n € N, we can rewrite (16) as follows:

Let T be a mapping from C into itself defined by Tx = (ﬁzﬁ s M), vx € C.letx, = (x,x,%) € Cand

Y= Gc (% = 0.1D" (I - Gg) Dx,,) ,

(Sn—l

) Ty, (56)
8n 7

1
Xnyl = ﬁu 4
By using the algorithm (56), the following table and figure show the values of sequences x,, and ¥ wWherex, = 10 =
(10,10,10) and n = N = 20

Example 4. In this example, we use the same mappings and parameters as in Example 3 except the following map-
pings Gc and Gq. Define G by Ge(x) = Pe(x),¥x € C,and define Gg by Go(%) = Po(%), V& € Q. By the definition of D
and T, we have 2 € TNF(T), where 2 = (2,2,2). From Theorem 2, we can conclude that the sequence x, = @ x2,x3)
converges strongly to 2. For every n € N, we can rewrite (42) as follows:

¥a = Po (%, = 0.1D° (T = Po) Dx,),
8n —]) Ty

8n

1 (57)
Knr) = P o (
By using the algorithm (57), the following table and figure show the values of sequences x, and y,,, wherex; = 10 =

(10,10,10) and N = 40.

Example 5. In this example, we use the same mappings and parameters as in Example 3 except the following map-
pings G¢ and Gg. Define G by Ge(x) = Po(I - 0.54)x,Vx € C,and define Go by Go(®) = PoI -A)%, V% € Q. By the
definitionof Dand T, we have 2 € ®nF(T), where 2 = (2,2, 2). From Theorem 3, we can conclude that the sequence
Xy = (%, %7,% ) converges strongly to 2. For every n € N, we can rewrite (46) as follows:

Y. =G¢ (x,, —-0.1D* (f + GQ)DK,.) 3

(8?!—1

___) 1y, (58)
8n =

1
Xp41 = 5“1-
By using the algorithm (58), the following table and figure show the values of sequences x, and y,, wherex; = 10 =

(10,10,10) and N = 40.
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Example 6. In this example, we use the same mappings and parameters as in Example 4 except the following map-
ping f. Let f be a mapping from R? into R defined by f(x) = % |Dx — PoDx|| 2, ¥x € IR3, with Vf(x) = D*(I —
Pg)Dx, Vx € R*. By the definition off, Vf, Dand T, we have 2 € 'NF(T), where 2 = (2,2,2). From Thearem 4, we can
conclude that the sequence x,, = (x,‘,,xﬁ.x,—';} converges strongly to 2. For every n € N, we can rewrite (54) as follows:

Yo =Pc(x, — 0.1V fxy),

1 8n—1 (59)
Xpy1 = ﬁu+ ( sn ) Tyn.

By using the algorithm (59), the following table and figure show the values of sequences x,, and y,,, where x; = 10 =
(10,10,10) and N = 40.

6 | CONCLUSION

1. Table 1 and Figure 1 show that sequences (x,) and {y,} converge to 2 = (2,2,2), where {2} € F(G)n F(T). The
convergence of the sequences (x,) and (y, ) of Example 3 can be guaranteed by Theorem 1.

2. Table 2 and Figure 2 show that sequences [x,} and {y,} converge to 2 = (2,2,2), where (2) € I n F(T). The
convergence of the sequences {x,} and {y, } of Example 4 can be guaranteed by Theorem 2.

3. Table 3 and Figure 3 show that sequences {x,} and {y,} converge to 2 = (2,2,2), where (2} € & n F(T). The
convergence of the sequences (x,} and {y,} of Example 5 can be guaranteed by Theorem 3.

4. Table 4 and Figure 4 show that sequences (x,} and {y, ) converge to 2 =(2,2,2), where (2} € ' n F(T). The
convergence of the sequences (x, ) and {y,] of Example 6 can be guaranteed by Theorem 4.

TABLE1  Thevalues ofx, andy, withx, = 10and N = 200f the iterative (56)

=TI REDT) | | WA — Y
1 (10.000000, 10.000000, 10.000000) (2.000000, 6.266667, 7.600000)
2 (2.375000, 3.619444, 2.375000) (2.000000, 3.429975,3.141172)
3 (2.187500, 2.634367, 2.187500) (2.000000, 2.406361, 2.416339)
4 (2.125000, 2,254810, 2.125000) (2.000000, 2.172967, 2,174208)
10 (2,041667, 2.054015,2.041667) (2.000000, 2.033119, 2.037592)
17 (2.023438, 2.029874, 2,023438) (2.000000, 2,018215, 2.020806)
18 (2.022059, 2,028086, 2.022059) (2.000000,2.017118, 2.019561)
19 (2.020833, 2.026500, 2.020833) (2,000000, 2.016145, 2.018457)
20 (2.019737,2.025083, 2.019737) (2.000000, 2.015278,2.017471)

10
I "x,
9 ) ‘:
8 \ e x:
L Y 1
7H y;
o5 6 ". ==
E sy AR,
e
. 4
3
)
2
1t
nD 5 10 1‘5 20
n

FIGURE1 The convergence of x, and y, withx; = 10 and N = 20 [Colour figure can be viewed at wileyonlinelibrary.com]
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TABLE 2 The values of x, and y, withx, = 10and N = 40 of the iterative (57)

L

37
38
39

Xp = (x:'x:-x‘n)

(10.000000, 10.000000, 10.000000)
(5.875000, 4.708333, 5.875000)
(4.003906, 3.033854, 4.003906)
(3.085205, 2.455259, 3.085205)

(2.041668, 2.030369, 2.041668)

(2.021386, 2.015826, 2.021386)
(2.020792, 2.015393, 2.020792)
{2.020230, 2.014982, 2.020230)
(2.019698, 2.014594, 2,019698)

Yo = e e 0)
(10.000000, 10000000, 10.000000)

(5.875000,4.708333, 7.625000)
(4.003906, 3.033854,6.142578)
(3.085205, 2.455259, 5.102478)

(2.041668, 2,030369,2.119598)

(2.021386, 2.015826,2.045701)
(2.020792, 2.015393. 2.044295)
(2.020230, 2014982, 2.042981)
(2.019698, 2.014594, 2,041747)

FIGURE 2 The convergence of x, and y,, with x, = 10and N = 40 [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 3 The values ofx,. and ¥, with x; = 10 and N =400f the 1tera1we (58)

TR )

(10.000000, 10.000000. 10.000000)

T

Lo

B -

37
38
39

LAY~

(5.291667,4.241667, 5.291667)
(3.843606, 3.117142; 3.843606)
(2.911528,2.507467, 2.911528)

(2.037771,2.029968, 2.037771)

(2.019482, 2.015585, 2.019482)
(2.018943, 2.015157,2.018943)
(2.018434,2.014753,2.018434)
(2.017951, 2.014369, 2,017951)

AAANA

(8.666667, 8.400000, 9. 000000)
(5.533027,4.974856, 4.225897)
(3.641449,3.197288,3.091111)
(2.835120, 2.594672, 2.509903)

(2.034291,2.029198, 2.027707)
(2.017676,2.015117, 2,014384)
(2.017187,2.014701, 2.013989)
(2.016724, 2.014307, 2.013615)
(2.016286,2.013933,2.013260)

5. From these examples in the last section, we obtain that the sequences {x,} and |y, } in Example 3 converge faster
than the sequences (x,} and {y, } in other example.
The SGSV can be reduced to the SFP, the SVIP, and the minimization problem in Section 4. It is well known that the
methods for solving the SFP, SVIP, and minimization problem have been widely studied by many researchers. In this
paper, we introduced the method for solving the SGSV for the first time and that means we can also solve the SFP,
SVIP, and the minimization problem.

6.
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TABLE 4  The values of %, and y, withx, = 10 and N = 40 of the iterative (59)

- oW K A

37
38
39

(10.000000, 10.000000, 10.000000)

(5.875000,4,708333, 5.875000)
(4.003906, 3.033854, 4.003906)
(3.085205,2.455259, 3.085205)

(2.041668,2,030369, 2.041668)
(2.021386, 2.015826, 2.021386)

(2.020792,2.015393, 2.020792)
(2.020230, 2.014982, 2.020230)

(2019698, 2.014594, 2.019698)

(10.000000, 10.000000, 10.000000)

(5.875000, 4.708333, 7.625000)
(4.003906,3.033854, 6.142578)
(3.085205,2.455259, 5.102478)

(2:041668, 2.030369, 2.119598)

(2.021386, 2.015826, 2.045701)
(2.020792, 2,015393, 2.044295)
(2,020230,2.014982,2,042981)
(2.019698, 2.014594, 2.041747)
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Abstract : The purpose of this paper is to introduce an iterative method for find-
ing a common element of fixed point of nonexpansive mapping which is generated
by the general system of variational inequalities with inverse strongly monotone
mappings and the set of the solution of variational inequality. By using our main
result, we obtain the strong convergence theorem of the proposed iterative method
and another corollary in a real Hilbert space.
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1 Introduction

Throughout this paper, let H be a real Hilbert space with the inner product
{«s-) and the norm ||. [l .and let € be a nonempty closed and convex subset of
H. We call A+ H — H a strongly positive bounded linear operator if there is a
constant 5 > 0 with the property

{Az, 7) = 7llz]1%,

for all z,y € C.
A mapping A : C — H is called a-inverse strongly monotone if there exists a

!Corresponding author.

Copyright © 2018 by the Mathematical Association of Thailand,
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positive real number o such that
(@ =y, Az — Ay) 2 al| Az - 4y,

for all z,y € C.

Let T: C — C be a mapping. A point z is called fixed point of T if and only
if Tz = ». We denote the set of solutions of fixed point of T' by Fiz(T). It is
well known that F(T) is always closed convex and also nonempty provided T' has
a bounded trajectory, by Goebel and Kirk [1]. Recall the following mappings:

A mapping f: H — H is called contraction if there exists o € (0, 1) such that

Ifz = fyll < elle =yl

for all z,y € H.
A mapping T : C'— C is called nonezpansive if

1Tz - Tyl < |lo ~wll,

for all z,y € C.

Let A+ C' — H. The variational inequality problem is to find a point © € C'
such that

(Au,v —u) > 0, (1.1)

for all v € C. The set of the solutions of (1.1) is denoted by VI(C, A).

The variational inequality problem, which were introduced by Lions and Stam-
pacchia [2] in 1964. It has been widely studied in the literature, see [3-6].

In 1953, Mann [7] introduced the following iteration to find a fixed point of
nonexpansive mapping T', which referred as the Mann iteration,

Tny1 = BnTan +(1 - Br)an, (12)

foreach n > 1 and z, € C where {#,} in [0,1].
In 2006, Marino and Xu [8] introduced the general iterative method and proved
the following theorem;

Theorem 1.1, Let T : H —+ H be a nonexpansive mapping with Fiz(T) # 0. Let
A H — H be a strongly pesitive bounded linear operator and f : H — H be a
contraction mapping and let {z,} be generated by

o€ H (1.3)
Tntt = —and)Tzq + anyf(zn), n20, /

where {eq} is a sequence in (0,1) satisfying the following conditions:
(i) im0 = 0;
(i) T, = &;

(i) either To3Zg @, = an| < 00 o7 limy o Zptlo= 1,

109
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Then {2} converges strongly to a fived point z* of T.

Let A, B : C = H be two different mappings. In 2008, Ceng et al, [9] intro-
duced the general system of variational inequalities to find (z*,y*) € C x C such

that
(AMy* +2* —y*,z—-3*) >0, YT €C,

(uBz* +y* —2*,z—-y*) 20, Vz€C, (14)

where A, ;1 > 0 are two constants. In particular, if A = B, then problem (1.4)
reduces to finding (z*,y*) € C x C such that

(Ay*+z* —y*,x - 2"} 30, Vz €C, (1.5)

(nAz* +y* —z*,x—y*) 20, Yz €C, '
which is called the new system of variational inequalities introduced by Verma [10],
in 1999. Moreover, if we put =* = y*, then problem (1.5) reduces to the variational
inequality problem.

In order to find the common element of the solutions of the general system
of variational inequalities problem (1.4) and the set of fixed point of a nonexpan-
sive mapping, Ceng et.al [9] proved the strong convergence theorem by a relaxed
extragradient method as follow;

Theorem 1.2. Let the mappings A, B : C — H be o, f inverse strongly mono-
tone mappings, respectively. Let § i C — C be a nonezpansive mapping such
that F(8) N F(G) # 0, where a mapping G : € = C is defined by G(z) =
P |Po(x — uBz) — AAPo(z — pBz)|, Yo € C. Suppose that 7, = u € G and
{zn} is generated by

{ ¥n = Po(zn — pBxy), (1.6)
Tt = G+ Bnn + YnSPe(yn — Ayn),

where A € (0,20),p0 € (0,28) and {en}, {Bu}; {7} are thiee sequences in [0,1]
such that

(1) oF '8 A= 1;

o0
(i) ul'll;xgoan =0 and 3 o, = 00;

n=1
(1) 0 < liminf,_,of, <limsup,s..fn < 1.

Then {z,} converges strongly to some point z* € C and (x*,y") is a solution of
the general system of variational inequalities (1.4), where y* = P (z* — pBz).

In this paper, motivated and inspired by the iterative scheme in Mann [7,
Marino and Xu [8] and Ceng et.al {9], we introduce an iterative scheme for finding
the solution of the problem (1.4). Then, we prove a strong convergence theorem,
that the iterative sequence {z,} converges strongly to some point z* € C and
(z*,y*) is the solution of (1.4) undér some proper conditions in a real Hilbert
space.
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2 Preliminaries

In this section, we collect some lemmas which will be needed to prove our main
theorem in the next section.
Let C' be a nonempty closed convex subset of a real Hilbert space H. Let Po
be the metric projection of H onto C, i.e., for ¢ € I, P satisfies the property
lz = Pez|| < llz - yll,

forally e C.
The following lemmas characterizes the projection Pg.

Lemma 2.1. [11] For a given x € H and 2 € C,
r=Pey & (z—y,2-12)20, Y2€C.
Furthermore, Pe is a firmly nonezpansive mapping of H onte C and satisfies
|Pez—Pey|* < (Pox - Poy,a— y), Vz,y € H.
Lemma 2.2. (12| Let {s,} be a sequence of nonnegative real numbers satisfying
Snp1 S (1 = an)sn + B, Yn20
where {an},{Bn} satisfy the conditions:
oo
(@) {an} < (0,1), Zlan = o0;
n=

o0
() li:ri’sup f{—" <0or Z |Bal < o0.
o0 1

n=1
Then limy o0 8n = 0.

Lemma 2.8. (11] Let H be a Hilbert space, let C be a nonempty closed conves of
H, and let A be a mapping of C into H. Letu € C. Then, for A > 0,

u=Pe(I=A)u <« weVIC, A),
where Po is the metric projection of H onto C.

Lemma 2.4, (13] Bach Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {zy} with {z,} — z, the inequality

U,{I_l‘i.algf lzn —z|| < linnliar;f [lza =y

holds for every y € H with x # 3.
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Lemma 2.5. [14] Let C be a nonempty closed and convez subset of a real Hilbert
space H. For every i = 1,2,..,N, let A; be a strongly positive linear bounded
operator on a Hilbert space H with coefficient ; > 0 and 5 = minj=12,. N7 Let
{ai}, € (0,1), with =X a; = 1. Then the following properties hold:

(i) ”I - pZ?_’__l a;jA; ” <l1-pFand ! “PE.{LI a;A; s a nonezxpansive mapping

Jorevery 0< p < || A7 (6 =1,2,.., N).

(it) VI(C, L, aidi) = MY, VI(C, Ai).
Lemma 2.6, [9] For given z*,y* € C,(z*y*) is a solution of problem (1.4) if
and only if x* is a point of the mapping G : C — C defined by

G(z) = Po(Pc(z — pBx) — NAPg(z— puBz)), Vz € G,

where y* = Po(x — pBz).
Lemma 2.7, [15] In a real Hilbert spaces H, the following inequalities hold: for
all z,y € H and o € [0,1],

(i) floz + (1= a)yl* = alell® + (1 = a)|[y))* = a(l —a)jie - yIf?,

(ii) |z + 9l € lzl® + 20y, 2 + v) for allz;y € H.

3  Main Results

Theorem 8.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let D, Dy, Dy : C = H be d,dy, da-inverse strongly monotone mappings, respec-
tively. Define the mapping G : C — C by G(x) = Po (I — \yD1) Po (I = M\3Dy) =,
forallz € C and a € [0,1). Let f be an a-contraction mapping on H. For
k=1,2,0,N, define A2 H = H by Az = Y0 e, Az, for all x € H, where Ay,
is a strongly positive bounded linear operator on H with coefficient v, > 0,5 =
ming=1,2,.. NYk and 0 <y < L. Suppose that § = F(G)NVI(C,D) # 0. Let
{zn} be a sequence generated by xy € C and

Tn4l = (1 = ﬁu)?«'n +ﬁnPC(I - g /\D)ym (3 1)
Yn = ﬂn?f(xn) P (1 o anz) Gy, ’

where {a,} C [0,1], A € (0,2d), Ay, A5 € (0,2&) with d = min {d;,ds}. Suppose
the following conditions hold:

o0
(i) le ag =0 end Yoweq'= oo;

n=1

(i) 0<bL B Se<l;

N
(i) 0 < ex <1 and. Y cx =1;
k=1
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00 o0
(iv) 21 [on1 = am| < o0, E: [Brt1 = Bl < c0.
n= n=

Then, {z,} convergence strongly to zo = Po(I — A + vf)xo and (zo,y0) is a
solution of (1.4) where yo = Po(zo — A2Dax0).

Proof. Since &, —+ 0 as n — oo, without loss of generality, we may assume that
oy < m, ¥neNandi=1,2,..,N. Let z,y € C. Since D is d-inverse strongly
monotone mapping with A € (0, 2d), we obtain

(7 = AD)z — (I - AD)ylf* = [lz — y — \(Dz ~Dy)|*
= |lz - oI* - 2\ (z - ¥y Dz ~ Dy) — *| Dz - Dy|*
<\llz ol ~ 20dl| Dz — Dy||* =] Dz - Dyl*
Sllz = ll* ~ Xe2d = WDz — Dy|*
S e =yl
This implie that
(1 = AD)a — (I = ADYy|| < ||z =y, (3.2)
that is, (I — AD) is a nonexpansive mapping, Then, we have Po(l — AD) is a
nonexpansive mapping. By using the same method as (3.2), we have Pc (I — A, Dy)
and Po(I—A2D;) are nonexpansive mappings. Then ¢ is a nonexpansive mapping.
The proof will be divided into five steps.
Step 1. We will show that {z,,} is bounded.
Let z* € §. From the definition of z,,, we have
lzntr = 2| = |I(1 = Bn)an + BuPe(l = AD)ys — °||
(L= Bn) llew — 2* )| +Bn |Po(I = AD)yn — 27|
< (1= Bn)llzn 2| + B flum — ¥
= (1= Ba) llzn = 2*|| + Bn lany/f(n) + (I = and) Gug—z*||
< (1= Ba) llon — 2*|| 4 Bnan ”’Yf(mn) 7 AI‘“
+ B |1 = anA|| |Gy — 27|
(1= Ba) |lzn = 2* | + Buctny 1f (za) — fl*)l
+ Bnoin "'Yf(-""") - A-T‘" + Bn (1= and) [|Gzn — 2*||
S (1 =Bu)llzn = 2]l + Buanva|lzn — 2*|| + Buawn ||7£(2*) - Az*|
+8n(1 - n) [[on = z*||
= (1= PatBu (anyor+ L= an)) fon = 2*[[ + Bucn || 7f(2") - Ac”|
= (1= But B (1= an (3 = ) lfww= 2°|| + Budn |7/ (22) - Az* |
= (L= Bron (7 = ya)) lon — 2*|| + Brawn |7/ (") — Aa”||
gk

< maxq [|z) — = -
¥-1a

]
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i i *)+Az*
By induction, we have ||z, — z*|| < max < ||lz; — 2|, UT—I%_’TTT”-} ,Yn €N,

Hence {z,} is bounded and so is {y.}.
Step 2. We will show that li[]olo |Znt+1 = zn|| = 0.
n—

From the definition of {y,,}, we have

lynsr=ynll = lansrvf(@ns1) + (I —ans12) G2ns1 — anyf(n) —(I-and) Gz,
< Qn+l'7’“f(;'"n+1} = f(mﬂ)“ oy Ia’n+1 i in ”f(xﬂ)”
+ 17— ngaAlIC2n 11 = G|+ [[(T=ns1 A) Gan— (I - anA) G|
< ang1Y@ fiZni — Tl + 7 oy — an | [1f (@)l
F (1 T ﬂ'11-*-17) "-rn+l X xn“ & |an+i o a’nl ”EGﬁ,‘“
=(1-an41 (7~ qa)) llzntr = 2]l + Yensr — anl [I£ (=)l
+ [angr — an| ||[AGz, || (3.3)

From the definition of {z,} and (3.3), we have

lzasi = Tnll = [[(1~ Ba)zn + BnPe(l = AD)yn — (1= Ba=1)Tn—

= Bua Po(l = AD)yn—1||

= [I(1 = Bn)an + ﬁnPCU = ADYyn = (1= Bn)Tn=1+ (1 —8n)rny
= (1= Buc1)@n—1 = fuPo(l = AD)yn1 + BuPoll — AD)y,_,
_ﬁn—lPC(] N AD)VH—I"

S (1= Bullizn = @n-sll + Bu | Pe(l = AD Yy = Po(I = AD)yn-1|
+|6n = Bl llzn-all + 18n = Bal "PC'(lr = AD)yn—1]|

< (1=Bn)llen - zn—l“ + B llya = n=1ll + ‘ﬂn — Br=1lllen-i |l
+ 1B = B[ 1Pe (1 = AD)yria ||

S (1 =6n) llza = Tp—ll + B ({1 - an(¥ —ya)) ||t = 20|
+7 lan = an—1| [[f(@n—1)[| + |on - om-1| ““tin—l”)
+[Bn — Bailllzn-1ll + Bn = Bn—1] || Pe(I - AD)yr=1 ||

= (1-8,) [[£n = Zn_1 || +8n(1 = an(¥ —70)) lzn -1
+ Brlan = an— 1 1f (@n-1)ll + Bn lan — oni] | AGz,—, |
+ 1B = Bualllza-ill +18n = Bail |[Pe(] = AD)yn—1|

=(1=fn+Ba(l - an(y - 7a)))lzn — Tn-a
+ Bny len = an—a | [| f(@n- 1) | + Bn fen — an—1| ”AG:U,,-;H
+ |Bn = BrZ1] [lzn=all +18n = Bu-1l1Pc(I - AD)yp 1|

< (b= Baon(F = 70)) lzn = noi|l + 7 |6t —anly] [1f (@)l
+ |oyr = i ”/;G!L‘n_]” + 8= Bu-1l [lzn-1 ]l
+Bn.— Bn-1| |Po(I - AD)yn-1|l.



210 Thai J. Math. 16 (2018)/ K. Siriyan and A. Kangtanyakarn

This together with conditions (i), (ii) and Lemma 2.2 , we get that
Jim s = 2] =0, (3.4

From conditions (i), (#i1), (3.3), and (3.4), we obtain Jim ynsr = yall = 0.
From the definition of y,,, we have

lyn = 2*1? = [|antf (zn) + (I - and) Gzn — 2°||?
=Gz, — z*) + (a1 f(2n) = e AGz,)|*
<G — || + 200 (7/(20) = ACn, yn — 2*)
< llzw =2tI? + 204 |7/ (20) = AGz,|ign =2°.  (3.5)

From nonexpansiveness of P and (3,5), we have

Iz = 2*[* < TU= Ba)llan = 2*|* + BullPell = ADYyn — <*|I?

< (L= Bulllen —z* 17+ Ball(X = AD)yo — (I = AD)z"||?

= (1= Bu)llTn =~ 2" | + Bullyn — 2" —~A(Dy, = Da*)|I?

= (1 = Bullan = 27 1P # Bullve = 2
= 2A8, (yn = @*, Dyw — Dx*) + 8,73 Dy, = Da* |

< (@ =Bu)llen = I + Bullzw — 2412 + 2Bnan 7 () ~ AGzs ]|
%y = z*ll = 2AdBa) Dy = D* | + Bud?|[Dyn — D" |I?

= (1 =Bn)llea = 21+ Bnllzn - 2117+ 2Bnetn ||f (za) = AGz,
* [lyw— "< ABn(2d = 3)| Dyn — Dz*|?

= llen —2*|1* 4 2Bt 7S (2a) ~ AGa | lgw = =]
= AGn (2d = A)[[Dyn ~ Da*|%.

It implies that

ABn(2d = N[ Dyn — D27} < Jatm = )2 = [lznss — 2|2
+28,an, ”'Yf(xn) = AGJ:“” "yn oAl |
£ (lz - =*[| = |Bass = 2°1) [2ns1 — zal
+ 2B,a, H’]’f(wn) = AG:L'"“ [lyn — $'” (3.6)

Form conditions (i), (i), (3.4) and (3.6), we have

lim || Dy, - Dz*|| = 0. (3.7)

Step 3. Show that “lglgg lzn — Tau| = U,nli_.ngq [|lzn = Gz,] =0, ﬂli'rr;0 llym = Tynll
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= 0‘,,1320 H!J'n i Gyu“ =0 and nli_)n;o Hxn = yn" =0.
From the definition of z, and (3.5), we obtain
izt —2* | = [[(1 = Bn)Tn + BaPoll — AD)yn — z* |
< (1= Ba)llwn = 2*|I* + Ball Pe(I = AD)yn — z°||?
= Bu(1 = Bu)llzn — Po(I = AD)y,|*
< (1=Ba)llzn=2*1*+Bullyn —2* 11>~ Ba(1=Bn) |lzn — Po(I- AD)yal*
< (1=Ba)llzn =@ IfF + Ballon =2 + 2Bucvn |1/ () — AGz, |
% |yn =2 = Bu(l = Bn)llxn — Po(I = AD)yal|®
S = 2°|1% + 2Bnen |1/ (zn) = AGznl| lyn — 27|
= Bn(l - ﬂ'n)”zu = PC(I = )‘D)ynHz'
It implies that
Bu(1 = Bu)llzn ~ Pold =ADYall” < llon —2° = 12pss — 2*)?
+ 28nan [[1f(2n) = AC2a|| lyn — 2°|
< (lzn = 2% = llengr = =) a4t = zall
+ 20 |4 f(@0) = AGza| lya=z*||. (3.8)
Form conditions (i), (i¢), (3.4) and (3.8), we have
Jim [lo, — Po(I - AD)yal| = 0. (3.9)
By Lemma 2.1 and (3.5), we obtain
| Be(d=AD)yn=2*|* < (I ~ AD)yn = (I = AD)a*, Pe(l = AD)yn = &%)
1 . .
=5 (1=ADJya ~ (=AD" 1+ | Pod = XDy = 2*]°
~ (I =AD)yn ~ (I=XD)e* ~(Po(T - AD)yw=")]")
1 ;
<5 (lin =21+ 1Pell = ADYys ~ 2*
=llva = Pe(l = AD)yu = A(Dy, = Dz*)[?)
] - .
< E("mn —a*|® + 204, || 7 f(zn) — AGzn|| llyn — 2*||
#lIPe(! = AD)yn = 2*if* = [lyn — P (d ~ AD)yall®
G 2A(yn_PCU")‘D}?x'mDyn_Dx‘) “AzllDyn_Dm‘llz)

1 i .
< 5 (llan = "1 + 200 ||y (2) - AGaa | lyn ="

+ [1Pe(f = AD)yy =a* 1> = |fym — Pe(d = AD)y, |*
+2) [lyn = Pe(I = XD)y|| | Dys= Da”)).
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It follow that

IPo(I = AD)yn = 2*|* < |zn — *|I” + 2an || 7/ (2n) = ACza]| [lyn — "
= llgn = Pe(I = AD)ynll* + 22 llyn — Po (I = AD)yall
x | Dy, — Dz*||. (3.10)
From (3.10), we have
lzns1=2* < (1= Ba)llzn — & || + Bull P = AD)yn — 2°)1°
< (1= Ba)llwa=2*|*+ A, (llwn =" "+ 2an |7/ (zn) — AGza||
% [[ya=2"|| = llyn — P (I = AD)ynl® + 2X ym — Ba(I = AD)y |
x || Dyn ~ Dz*|))
<= Balllzn = 2* |2 + Ballon~ 2°1° + 20 |[1f (2n) — AGay||
%ty =2* | = Ballyn = PolI ~AD)yll* + 2X [l yn ~ Po (I —ADYya |
X || Dyp — Dz*||
= llwa = 2*|I* + 205 || 7£ (xn) = AGwu| llyn — =*|
= Bullyn=Po(I =~ AD)yu|* +2A )y — Pe (I = AD)Yyul| | Dy — D" .
It implies that

Bullyn = PelI=AD)all® <llen —2°|I* — l@nst = 2° | + 2an |7 (za) - AGzy))
X "yn_ .T*” o 24 “yn o -PC'(!"’\D)yRH HDyI'I L D$.|I

< (llzn = 2| = llznsr =@ ) lengs = zy|
+ 200, ”'Vf(zra) = AG:’:"” "Il'n T I‘“
+ 2X |lyn = Po(I — AD)ya]| || Dyn — Da*||. (3.11)
From conditions (1), (i), (3.4), (3.7) and (3.11), we get
i lyn — Pl =~ AD)yu =0 (3:12)

Consider,
lza = ynll < llzn — PelT = AD)ynll + (| Pe(f = AD)yn — nll -
From (3.9) and (3.12), we obtain
Jim i — gl =0 (313)
From definition of y, and condition (i), we have

llyn = Gzall = ||@avf (20) + (I —a A)Gzy, — Ga|
= an || 7f(zn) + AGun| — 0 as n= co. (3.14)
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Consider,

H-Tn = Gz < 2z = yall + llyn — Gyl
By (3.13) and (3.14), we have

nlirr;o |#n = Gzy|| = 0. (3.15)
From (3.13), (3.15) and

llvn = Gynll < lyn = zall + |&n = Gzl + |Gz — Gynll
< Myn = znll + llzn — G|l +llzn —yall,

we get that
Jim (lyn — Gyall =0. (3.16)

Step 4. We will show that limsup (v/(zg) — Axg, yp — @) < 0, where zq =
ST, n—00
Pg(f - A+ ’Yf)xn.
To show this, choose a subsequence {y,} of {9} such that
limsup (vf(z0) = Ao,y = a9) = klim (S (o) = Ao, Yny — o) . (3:17)
n—00 =00

Without loss of generality, we can assume that ,, — ¢ as k — 0o, where geC,
Then, from (8.13) and z,, — g, we obtain y,, — ¢ as k — co. From (3.17) and
Yn, —q 88 k — 00, we have

limsup (7f(x0) = Azg, yn - zp) = {f(zp) — Az, g — ). (3.18)

=00

In order to show (yf(zo) ~ Azo,q ~ o) < 0, we need to show that ¢ € & =
F(G)NVI(C, D). Assume that ¢ ¢ F(G). It implies that ¢ # G¢. From Lemma
2.4 and (3.16), we have
liﬂgflly|lk —qll < ]irf!_li.léf llm,, — G|
< liminf ([lyn, — Gymy | + [|Gyn, — Gall)
= lm{g”"ﬂm = Gyny | + oy — all)
= liminf |y, —ql.
This is a contraction, that is,
g€ F(G), (3.19)

Next, we will show that ¢ € VI(C, D).
Assume that ¢ ¢ VI(C,D). Since VI(C,D) = F(Po(I — AD)), we have q #
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Pg(I — AD)q. From Lemma 2.4 and (3.12), we obtain

lim inf [lyn,~qll < liminf ||y, — Po(f — AD)q|

n=+00 n—oo
S liminf ([lyn,— Pe(I=AD)yn, ||+ | Pe (I = AD)yn,— Pe (I - AD)q]))
S liminf (lyn, = Pe(I = AD)yn, || + lym, — qll)

< liminf{|yn, —qf.
This is a contraction, that is,
geVI(C, D). (3.20)

From (3.19) and (3.20), we have q € § = F(G)NVI(C, D).By (3.18) and Lemma
2.1, we have

lim_'sol.;p {(vf(zo) = Azo,yn = ma) = (S (o) — Azg, g — zp) < 0.
e

Step 5. Finally, We will show that {z,} converges strongly to zg, where =g =
Pyl - A+ 7 f)xo.
From the definition of &, and zq = Py (I — A+ vf)zo, we have
@nsr=zall’ = (1= Bu)n 4 n Pl — AD)yw = 2ol
< (1= Bullen = zol® + Ball Po(d = ADYyn — aoll?
< (1= Bl = zoll® + Ballyn — ol®
< (1= Bu)llzn - zoll* + Ballenvf(2n) + (I = @ndl) Gz, — 2o
ST = Bu)lzn = 2oll* + B ({1 = anA) (G = 20|
+20, (7/(@n) = Ao, yn — 2o))
S (U= Bo)llew = 2ol + B (1= @nd)?llen = 2ol
+200 7 {f(2n) — f(@0), yn — o) + 20 (7f(20) = Ao, yn — o))
< (1=Ba)llzn < oll* + 8 (1~ 00 5) 12 — oll?
+2an [/ (2n) = f (o)l [y — @oll + 2 (47 (20) — Ao, yu — z0))
< (1= Ba)llen = 2oll* + Bu(t = an¥) |20 = zo?
+ 2o v0 B (|20 — zol |y — 2oll + 2008 ('Tf(-’:ﬂ) — Ago, U = 30)
< (1= Bu)llzn — zoli>+ Bull = @) ll2n — zolf?
+ 2anvaf, ||z — 20| (G"”’}’f(I")—jIQ” + (1-en7) HG$n_$DH)
+ 200 Bn (v f (20) — Azo, ya = 20)

119



120

Convergence Analysis for Relaxed Extragradient Method ... 215

< (1 = Ba)llzn = Toll® + Ba(1 = an¥)?llzn — zo||?
+ 270y [|2n = zoll (anrat |2 — 2ol + an ||/ (o) — Azo|
+(1 = an) lzn — zoll) + 2008 (vf(20) — Azg, yn — 7o)
= (1 = Ba)llzn — zoll* + Ba(1 — an)?||zn — oll* + 20272628 |2 — zo®
+ 20070, ||7f (o) — Azo| llzn — zoll + 20w yBn (1 = @n¥) |20 — 20|
+ 20,8, {7 f(z0) — Az, Yn — T0)
< (1= Bu)llzn — zoll® + Bu (L=an@) len.= zo||* + 2025281z — 2ol
+ 20098y, ||1f (o) = Azo ||z — ol + 2anyafllzn — ol
+ 2 (1 (x0) — Awo, yn — 7o)
= (1= + Bn — Buaa T+ 200 fn) l2n < 26]> + 20252 Bl 2n — |
+ 20258y |9 f (z0) = Axol| 2w = zol| 4 2 Ba (7S (wg) = Az, yn = 7o)
= (1= anfn (7= 290)) &0 = 20> + any (23|20 — o]

207 |7 (o) = Awo|| llzn — zoll + 2(7f(x0) = Azg,yn = z0))
2047220 — 2o
(7 = 2va)

, 2007 |[7f (o) = Aol on — 2oll 2/ (xo) ~ Azg,yn = m)
e (7 —2va) (3~ 27a) '

= (1 — anfin (7 — 2va)) ||z, — "50"2 + omfBn (¥ - 2va) (

By step 4, condition (i) and Lemma 2.2, we can conclude that {z,} converges
strongly to &g = Pa(I — A + 7/)z¢. Then, from Lemma 2.6, we have (zoy10) is
a solution of the problem (1.4) where g = Po(2g — A2 Da7o). This completes the
proof. O

Corollary 3.1. Let C be a nonempty closed convez subset of a real Hilbert space
H. Let D, Dy : C = H be d,dy-inverse strongly monotone mappings, respectively,
Define the mapping G: C' = C by G(z) = Po (I = A Dy) Pa (I = XyD3) =, for all
z €C anda €(0,1). Let f be an a-contraction mapping on H, Fork =1,2, ..., N,
define A2 H — H by Az = T codpa, for all o € H, where Ay is a strongly
positive bounded linear operator on H with coefficient v > 0,5 = ming=1,2, . N7k
and 0 <y < g%. Suppose that & = F(G) N VI(C,D) # 0. Let {z,)} be a sequence
generated by =1 € C and

Tny1-= (1= Bn)zn +BuPell = AD)yny (321)
Yn = a1 f(Tn) + (1 - C!,,Z) Gz, 5

where {a,} € [0,1], A € (0,2d), A1, Az € (0,2d)). Suppese the following condi-
tions hold:

o0
(i) “ll)ngc an =0 and El a, =loo;
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(i) 0<b<B<c<];

N
(iii) 0<ep<land 3 ex =1;
k=1

o0 (=)
(iv) Zl lorny1 — o] < 00, Z] [Bni1 — Bn| < oo.
= =

Then, {x,} convergence strongly to zg = Po(I — A + vf)ze and (zo,y0) is a
solution of (1.5) where yo = Pc(zq — A2D)xq).

Proof. If we put Dy = Dy in Theorem 3.1, we have the desired conclusion. [m]

4 Example and Numerical Results

Example 4.1. Let R be the set of real numbers. Let D, Dy, Dy be a mapping
from [-50,50] to R defined by Dz = 22319, Dz = 225 and Doz = 3218 for
all z € [-50,50]. Let mapping f : R ’-> R be deﬁned byl\fz = &2 for every
z € RoFor k = 1,2,. NIetq——%-I--‘,vlawundletthemappmgﬁl R-R
be defined by Az = " , for every & € R. Let 2, € R and {z,} be generated by
(3.1) where A = 1.5, ,\1_0.; A2 =05, =17 =005 ap, = # and §, = 2=1,
By the definition of D, Dj, D3, A and f, we have 5 € F(G)n VI(G D). Then,
from Theorem 3.1, the sequence {z,} and {y,} converges strongly to 5. We can
rewritten (3.1) as follow:

il = fn-1) p I — (1.5)D)yn,
:,.: f{a:r.))+ (1 ((E ”)jl mm( &2 %!

The following table and figure shows the values of the sequence {z,} and {y,}
of iterative (4.1), where z; = =10, zy = 10and n = N =40,

;=10 z1 =10
Tn Yn In Un
—10.000000 0.988889  10.000000 6.573611
—3.333333 1.156481 7.777778 5967168
0.833333 2.928086 6.388880  5.448663

CRN - R B

20 4.999993 4.972774  5.000002  4.972779

38 5000000 4985673 5000000 4985673
39 5000000 4986040 5000000 4986040
40 © 5.000000 4986389 5000000 = 4986389

Table 1: The values of {2} and {y,} with different initial value z,
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5 10+
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Figure 1: The convergence of the sequence {a;,} and {y,} with different
initial value zy and n= N = 40.

From Table 1 and Figure 1 (a) and (b), we can observe’ that {x,} and {y,}
converge to 5, where 5.€ F(G) N VI(C, D). The convergence of {z,,} and {y,} of
Example 4.1 can be guaranteed by Theorem 3.1.
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Abstract In this present paper, we propose a modified form of generalized system
of variational inequalities and introduce an iterative scheme for finding a common
element of the set of fixed peints of nonexpansive mapping and-the solution set of
the proposed-problem in the framework of real Hilbert spaces. We prove a strong
convergence theorem of the proposed iterative scheme. Applying our main result, we
prove strong convergence theorems of the standard constrained convex optimization
problem and the split feasibility problem. In support of our main result, a numerical
example is also presented.

Keywords Fixed point : System of variational inequalities - Nonexpansive
mappings

1 Introduction

Let C"bea nonempty closed convex subsetof a real Hilbert space H with the inner
product {., .) and the norm || . [|. Let T : C —.C bea mapping. Then, T is called
contraction if there exists & € (0, 1) such that

Wex — Tyl <alx — yll+¥x,9%€ C.

If the last inequality holds for e = 1, then T is called nonexpansive. The set of
fixed points of a mapping 7 : C — C is denoted by F(T), thatis F(T) ={x e C:
Tx =x)}.
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A mapping A : C — H is called a-inverse strongly monotone if there exists a
positive real number « such that

(x —y, Ax — Ay) > a||Ax — Ayllz. Vx,yeC.

A bounded linear operator A on H is called strongly positive with coefficient ¥ if
there exists a constant ¥ > 0 such that

(Ax,x) = 7llxII%, Vx € H.
The variational inequality problem is to find a point & € C such that
(Au,v—u)=>0,YvecC. (1.1)

The set of the solutions of the variational inequality is denoted by VI(C, A). It is
well known that numerous problems in optimization, physic, finance, and minimax
problem reduce to find element of (1.1). The variational inequality has been widely
studied in the literature (see [4, 13, 16, 17, 27, 29]).

In 1976, Korpelevich [18] introduced the extragradient method, for solving the
variational inequality problem in the Euclidean space R", as follows:

Xo=x € C,
Yn = Pclxp — AAxy), (1.2)
Xntl = Pc(xn = AAyy),

> 0, where L € (0, Ki and A is a monotone and x- Lipschitz contin-

uous mapping of C into R". It is obvious that if V7 (C, A) is nonempty, then the
sequence (x,} generated by (1.2) converges weakly to an element in VI(C, A).
Later, motivated by Korpelevich [18], Nadezhkina and Takahashi [19] and Zeng
and Yao [30] proposed some iterative schemes for finding the common elements in
F(T)N VI(C, A).In 2007, Yao and Yao [28] introduced a new iterative scheme for
finding an element in F(T) N VI(C, A) under some suitable conditions and they
obtained the strong convergence theorem in a real Hilbert space.

Recently, in 2008, Ceng et al.[11] introduced the following general system of
variational inequalities, which involves finding (x*, y*) € C x € such that

for all n >

(AAYy* +x*=y*"x —x*} =0, ¥x€'C,

(eBx* + y* —x* x— y*) >0, VYxeC, (8]

where A, B : C — H are two different mappings and A, i > 0 are two constants,
The general system of variational inequalities has been studied and developed in
literatures (see [2, 6-10, 12, 14]).

In order to find the common element of the solutions of the general system of vari-
ational inequality problem (1.3), Ceng et al. [11] introduced the following iterative
scheme:

Let the mappings A, B : C — H be a, B inverse strongly monotone map-
pings, respectively. Let S : C — C be a nonexpansive mapping such that
F(8) N F(G) # @, where a mapping G : C — C is defined by G(x) =

@ Springer
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Pc [Po(x — uBx) = AAPc(x — uBx)],¥x € C. Suppose that x; = u € C and (x,}
is generated by

Yn = Pc(xy — uBxp), (1.4)
Xppl = Cplt + Bpxn + YnSPC(,Vn —AAy), '

where & € (0, 2a), u € (0,28), and {ay}, {8}, {¥.) are three sequences in [0, 1]
such that

(i) on+Bn+m= I(;)o
(i) lim oy =0and Y a, = oo;
h— 00 n=1

(i) 0 < liminfys ooy < limsup,_,  Bn < L
Then, they proved that the sequence {x,}, defined by the iterative (1.4), converges
strongly to some point x* € C and (x*, y*) is a solution of the general system of
variational inequalities (1.3), where y* = P (I — uB)x*,

Motivated by the problem (1.3) of Ceng et al. [11], we introduce a new problem
of the system of variational inequalities in a real Hilbert space as follows:

Let Dy, D3, D3 : C — H be three mappings. We consider the problem for finding
(x*, y*, 2%*) € C x C x C such that

x* = (I =21 DP(@x* +(1 —a)y*),x—x*) >0, Vx € C,
(' =W =D)@ax* + (1 —a)z*), x —y*) =0, YxeC, (1.5)
(2* = (I — A3D3)x*, x = z*} > 0, V¥x € C.

where A, A2, A3 > 0 and a € [0, 1], which is called madified generalized system of
variational inequalities.
If putting @ = 0, in (1.5), we have

(x* = (I =M DDy*, x—x*) 20, YxeC,
(y* = =2D)z*, x —y*) >0, ¥VxeC, (1.6)
(25— (I =A3D3)x*, x —=7*) 20, ¥x e C.

which is a generalized system of variational inequalities modified by Ceng et al. [11],
in the sense that if we put Dy = 0 and x* = z*, then the problem (1.6) reduces to
(1.3).

In this paper, motivated by the above related literature, we introduce a new prob-
lem (1.5) and the iterative scheme for finding a common element of the set of fixed
point of a nonexpansive mapping and the set of solution of the problem (1.5) in a real
Hilbert space. Then, we establish and prove the strong convergence theorem under
some proper conditions. Furthermore, we also give a numerical example to support
our main theorem.

2 Preliminaries

In this section, we give some useful lemmas and remarks that will be needed to prove
our main result.
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Let C be a nonempty closed convex subset of a real Hilbert space H. We denote
weak convergence and strong convergence by notations — and —, respectively. For
every x € H, there exists a unique nearest point Pcx in C such that

¥ — Pcx|| < lx —yll, VyeC.

Pc is called metric projection of H onto C.
It is well known that metric projection P¢ has the following properties:

(i) Pc is firmly nonexpansive, i.e.,
I Pcx — Peyli* < (Pex = Pcy,x —y) ,Vx,y € H.
Obviously, it implies that
lex = ») = (Pex = Pey)|? 5 Iy =yI# = | Pex — Byl Va, y € H.
(i) Foreachx € H,
y=Fcx & (x=yy-2 >0,Y¥zrecC.
Lemma 2.1 [26] Let {s,} be a sequence of nennegative real numbers satisfying
Snl S (1 —ap)sy + anfn, Yn =0
where {a, ), {Bn) satisfy the conditions
00
@) (o} C 10,11, D oy =00,
n=1

o0
i) limsu <0or letn Bu| < 0.
( "_mopﬂn Z Bl

n=I

Then, limy— 00 5p = 0.

Lemma 2.2 [20] Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {x,) with {x,} = x, the inequality

liminf |lx, — x|l < liminf|lx, — y||
h—>00 n—oo
holds for every y € H withx # y.

Lemma 2.3 [25] Let H be a Hilbert space, let C be a nonempty closed convex of H,
and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Pc(l-2AAu & ueVI(C,A),

where Pc is the metric projection of H onto C.
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Lemma 2.4 [24] Let {x,) and {z,) be bounded sequence in a Banach space X, Let
{Bn) be a sequence in [0, 1] with 0 < liminfy—, 0By < limsup,,_, .oBn < 1. Suppose
that

Xnt1 = Buxn + (1 = Blzn, YR >0

and

limsup (llza+1 — Zall = llX441 — x4 1) < 0.
n—0oQ

Then, lim ||x, — z,|| = 0.
n= 00

Lemma 2.5 [21] In real Hilbert spaces H, the following well-known results hold:
(i) Forallx,ye€ Handa e[0,1],

lex + (1 =e)yl? = cflxl|® + (1 = @) [y I = (1 = &) f}x-— y|I2,

(i) I+ yli® < IIx 2 4+ 2(y, x + y) for all x, y € H.

Lemma 2.6 [23] Let C be a nonempty closed and convex subset of a real Hilbert
space H. Forevery i = 1,2,.., N, let A; be a strongly positive linear bounded
operator on a Hilbert space H with coefficient y; > 0 and y = min;= 2. NVi.
Let {a,-}f__, < (0,1), with E{il a; = 1. Then, the following properties
hold:

(i) ”1 —p Z,A_f__l aiA; || <l—pyandi—p ElN:; a; A; s a nonexpansive mapping
foreveryO <p < ||[A||7'G =1,2, ..., N).
(i) vIE, TN, a4y =Y, VIC, A).

=]

Lemma 2.7 Let C be a nonempty closed convex subset of a real Hilbert space H
and let Dy, Dy, D3 : C — H be three mappings. For every Ay, A2, A3 > 0 and
a € [0, 1]. The following statements are equivalent

(@) (x* y*,2%) € C % C x C is a solution of problem (1.5)
(b) x™* is a fixed point of the mapping G, i.e. x* € F(G), defined the mapping
G:C—> Cbhy

G(x)=Pc(I—A D) (ax+(1=a) Pc(I —=A2D3) (ax+(1—a) Pc(I —A3D3)x)),

Vx eC, where y* = Pc(l — AaD3) (ax* + (1l — G)Z*) and
¥ = Pc(f — A3D3)x*.
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Proof Let conditions hold.

(a) = (b) Suppose that (x*, y*,z*) € C x C x C is a solution of (1.5). For every
x € C, we have

(x* = (I = aD(ax* + (1 —a)y*), x — x*) = 0,
(V" = U =D (ax* + (1 —a)z*), x — y*) 2 0,
(¢* = (I — A3D3)x*, x — 2*) 2 0.

From properties of Pc, we have

x* =Pc(I = \Dy)(ax* + (1 — a)y*),
y* = Pc(l — A\aDp) (ax* + (I =a)z*),
2 ="Ps(l — A3Dy)x*,

It implies that

x™ = Pc(I=MD1) (ax*+ (1= a) Pc(I~i2 D) (ax* +(1 —a) Pc(I—A3D3)x*))
=G(x"p
It follows that x* € F(G), where y* = Pe(I = A3D3) (ax* + (1 — a)z*) and
¥ = Po(I — X3D3)x*,
(0) = (a) Letx* e F(G), y* = Pc(I = ADj)(ax*+ (1 = a)z*) and z* =
Po(I = 2A3D3)x*,
Since x* € F(G), we have
x* = Pc(I = Dy) (ax*+(L=a) Pc(I = A D2) (ax*+(1=a) Pc (I ~A3 D3)x*))
= Pc(I' =X D) (ax*+(1—a)y*). 2.1
From (2.1), y* = Pc(I = X3D2) (ax* + (1 = a)z*) and z* = Pc(I — A3D3)x*,
we have
(x"' = = MDnlax* +(1 —a)y*), x —x") >0, W e @
{y* — @ =2r2D3)(ax* + (I—a)z*),x —y*) > 0, Vx € C,
(e* = (F=A3D3)x*, x —2*)2 0, vx€C.

It follows that (x*, y*, z*) € C x C xC is a solution of (1.5). O

Example 2.8. Let R be the set of real numbers and Dy, Dy, D3 be mappings from
[0,20] to R defined by Dix = x —1,Dx = x + 2 and Dix = x — 22,
Jor all x € [0,20], respectively. Let mapping G : [0,20] — [0, 20] be defined
by

1 1
G(x) = Po,20 (1 - §D|) (0.5x + 0.5P0,20) (l - ng)

1
X (O.Sx + 0.5 P(0,20) (1 - 503) x)) ,

@ Springer



130

Numer Algor

where L = %,kg = %.13 = % and a = 0.5. Then, we have 2 € F(G), where
2 = Foaoy (I~ 4Ds) " and y* = Pooo (I - $D2) 05() +0.5*)).
Hence, (x*, y*,z%) = (2, 4, 12) is a solution of (1.5), by Lemma 2.6.

Remark 2.9 If Dy, D, D3, in Lemma 2.7, are d, d2, d3-inverse strongly monotone,
respectively, then G is nonexpansive mapping, where A}, A3, A3 € (0, 23) withd =
min {d|, da, d3}.

Proof Since D) is d,-inverse strongly monotone mapping, we have
I =M DDx = =2y DDYI? =[x =y=A1(D1x — Dyy)|?
= |lx — ylI* = 2X14{x =y, D1x — Dyy)
M2 IDyx — Dyl
< llx =y = 2Ady || Dyx = Dyy|?
=A% Dyx = Dyy|?
= |lx = ylI2 = A1 (2d; =Ap)|| D1x — Dy y|?
lx = ylI> =2, @d =A1)|| D1x — Dyy|?

=
< 2 =yl
It implies that
I =2 D))x = (1 — 21Dy < lx =yl (2.2)

Hence, (I — A1 Dy) is nonexpansive.

By using the same method as (2.2), we have (I — A;Dy) and (I — A3D3) is non-
expansive. Then, we obtain that Po(/ — A D)), Pe(I — A3D3), and Po(l — A3D3)
are nonexpansive,

From Pc (I =X Dy), Pc(I —A2D7), and P (I —A3D3) are nonexpansive, we have
IGx = Gyll'= |Pc = AiD1) (ax+ (1 =a)Pc(l —AaDs) (ax + (1 — a)

x Pc(I —A3D3)x))
—Pe(I = M Dy)(ay+ (1 —a)Pc(l — AyD3) (ay + (1 —a)
XPc(l = Xx3D3)y)l

= ll(ax + (1 = a)Pe(I = A2 D3) (ax + (1 —a)Pc(I = A3D3)x))
= (ay+ (1 —a)Pc(I — A2D2) (ay + (1 = a)Pe(I — A3D3)y))|l
< allx —yll + (1=a) | Pc(I —A2D3) (ax + (1 — a) Pc(I — A3D3)x)

— Pe(l —X2D3) (ay + (1L —a)Pc(d — A3D3)y)||
allx —yll + (1 —a)litax + (1 —a) Pc(I — A3D3)x)
= (ay + (1 —a)Pc(I — A3D3)y)|

allx =yll+ 1 —a)@lx -yl

+(1 —a) | Pc(I —A3D3)x — Pc(I — A3D3)y|)
allx—yl+(-a)@lx—yl+ (1 —a)lx — yl)
lx =yl

IA

IA

IA
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Therefore, G is a nonexpansive mapping. O

Remark 2.10 If a = 0, in Lemma 2.7, then the following statements are equivalent

(@ (x* y* z*) € C x C x C is a solution of problem (1.6)

(b) x*is a fixed point of the mapping G, i.e. x* € F(G), defined the mapping
G:C— Cby G(x) = Pc(I—XD\)Pc(I —AyDy)Pe(I—A3D3)x, Vx € C,
where y* = Pc(I — A2D2)z* and z* = Pc(I — A3D3)x*,

Remark 2.11 If x* = y* = z*, in Remark 2.10, then the following statements are
equivalent

(@) x*eVI(C,D)NVI(C,D;)NVI(C, D3)

(b) x*is a fixed point of the mapping G, i.e. x* € F(G), defined the mapping
G:C— Cby G(x) = Pc(d =X\ D1YPc(I = 2D3) Pe(I —A3D3)x, ¥x € ad
where x* = Pe(l — A Da)x* = Pc(I —A3D3)x*.

3 Main result

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H
and let D, Dy, D3, Dy : C = H be d,dy, da, dy-inverse strongly monotone map-
pings, respectively. Defined the mapping G as in Lemma (2.7) and a € [0, 1). For
ki =1,2;..,N, defined A : H — H by Ax = YN i Awx, forall x e H,
where Ay is a strongly positive bounded linear operator on H with coefficient
y,nf>0y—mmft12 ykand0<y<z%l.e.rT C = C be a nonexpansive
mapping with = F(T)ﬂ F(G)NVI(C, D) # @. Let {x,} be a sequence generated
by x) € C and

X1 = By%n + BaT Xn + B3 Pc(I = AD)yy, 3.1)
Yn =any f(xn)+ (1 = C‘nA) Gxn,
where f is a-contraction mapping on C, {oy) C [0,1], 1 € (0,2d), Ay, As, A3 €
(0,2d) with d = min {d}, dz,d3) and B) + B2+ B3 = 1. Suppose the following
conditions hold:
. . w
(i) nl_:)ngoa,, =0and ¥ o, = oo,

n=1

(i) 0<b=<pl <e<lforalli=1,2,3;

N
(i) O<cr<land y ¢ =1;
k=1

m m . .
(iv) X lopgr —aql <00, Y |,B,‘1_H =Bl < o0, foralli =1,2,3.
n=l1 n=1

Then, {xy) converges strongly to xg = Pq(I—A+y f)xo and (g, Yo, z0) is a solution
of (1.5) where yo = Pc(I — A2D2) (axo + (1 — a)zq) and zo = Pc(I — A3D3)xq.
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Proof Since e, — 0 as n — oo, without loss of generality, we may assume that
oy < W, Vn e Nandi = 1,2,...,N. By Lemma 2.6, we have |1 = and] =<
l —ayy.

Since D is d-inverse strongly monotone mapping with A € (0, 2d) by using the
same method as (2.2), we can conclude that (/ — AD) is a nonexpansive mapping,.
Then, we obtain Pc(I — AD) is a nonexpansive mapping.

From Remark 2.9, we get that G is a nonexpansive mapping.

Step 1. 'We show that {x,} is bounded.
Let x* € Q.
From the definition of x,,, we have

lonsr = x*|-={ Baxn + BT + B3 Pc(L =Dy, — x*

< Bu |z~ 2| + B3| Txn = x*| + B3 I Pt = AD)y,
=Pc(l = AD)x*|

S B =" | 4 By = 4+ 83 o = |

= Bulxn = 3" 87 fn =] + B oy )
+(1 = 0y &) G, — ¥

< B ln — 2% B |20 = %* || + Biow [19f (o) + Ax¥|
+ 67 |1 = ] | Gy — 57

< By Jen = 2]+ 83 o = ¥ + By | £ () £ 7|
+h3an |V + A3 + BY (1~ a7 |Gy — x|

< B [3n =3 487w = x* | + Blave [ xa + 3¥|
+83 (1= an?) | xn —x*| + Blan | f (x*) + Ax¥|

= (B4 B2 + Blonya +- B (1= D)) on — x°]
B3 £ (") + Ax*|

= (1= B2+ B3 v + 1 e ) [n |
+B3an |y f (%) + Ax*|

= (1-B+Bi =@ = ye)) |rm - x*|
+Ban |y f(x*) + Ax*|

= (1= Blew 7 = y@) Jn — 2*| + Blew |v£ (5" + Ax*|

. IIVf(x*)+Zx*l|l
Yy —ya

IA

max [ ||x1 - x*"
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YA
By induction, we get that ||x, —x*|| < maX{flxl —x*, ¥f (x*)+Ax ].

Vn € N.

Y-ra

Hence, {x,} is bounded and so is {y,}.
Step 2. 'We show that lirg‘D Xn+1 — x4 || = 0.
n—»

From the definition of {y,}, we have

lynt1r = yull = "an-f-l]/f(xn+]) + (1 = a’n+lz) Gxni1 — anyf(xn) — U = ﬂ’nz) Gxy ”

Let

where z, =

= llant1Vf Gng1) = a1V () + tpg1 v (xn) — oy f(xn)
+ (l i Q-'n+lz) Gapyr — (l - arr-i-lz) Gy + (l = an-i-lz) Gxy
L= e )G ]
gt ¥ ILf (1) — F )|+ ¥ ltnsrr — anl I1F (xn) |l
7+ ”l = ‘In+II" G xni1 — Gxll
+ [ (1 =ans14) Gx, = (I = 0y A) G|
Cnp 1 ¥ Xt = Xp || + ¥ |1 — et L Qo)
+ (1= o1 V) lxvn1 = xnll + lotngr — o "ZGIn "
= (1 —ens1 (¥ = ¥@)) 1 Xng1 = Xull + ¥ lotng1 — o I1f Cxa)l
+ a1 = oyl ”ZGI,, H

1A

IA

S Xt = Xnll ¥ lowgr — anl | fGndll + lotngy — ol “ZGXH Il A\ (3.2)
2t = (L= L) 20 + Bitn, (3.3)
Xn+1 _ﬂf’ Xn
E_.'911 i

Since xp41 — Bixy = PITx, + B2 Pc(I = AD)y, and (3.2), we have

In+l— 2n =

1
42— ﬂn.Hxn-H. Xn+l — ﬁrﬁxﬂ

IS -8,
BraiTanti + By, Pl = AD)ynr1 ~ B2Txn + B3Pe(l — AD)y,
e ﬂr1+1 18
2 2 3
N L-*.]]"Txrﬁl B 1 ;6,, lTxn o ﬁn+|l Pc(I — AD)yny)
1 ‘ﬁn+| ~ B 1 —'Bn+l
= s Pc(l = AD)yn
1- 8}
Brsi - B :
Txpy) — n + Tx, — —2—Tx,
= I =B 1= Ao 1- 4
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'Sn+1 ‘83+l
+ 1 Pc(l — AD)ypy — "_"'_PC(I = AD)yy
ﬁ,.,+| I- 'Bn+1
Bt ﬁ3
+—"H Pe(I — AD)y, — —-2— Pc(I — AD)y,
= JBJ'1+I =B
2
— ﬂn+1 (Tx".’.[ Tx,,) o+ ( ﬁn+l _ ﬁra ') Txn
I~ n+| 18::+1 =B
i
= jj; (Pc(! = AD)yn41 = Pc(I = AD)yy)
n
3 3
+ ﬁn+l _ ﬁn l PC(J’ —A-D))"n
'6n+l it ‘8"
Then, we obtain
2 ﬂz ,B ﬁ:i
A —7 n+1 T, -T _ni_ r - " T % n+1
lznt1 = zull = 8 IT%ng1 = Txall + I 7 Txall + 7550 T=gl
X JI Po(l = AD)yngy =Pc (I =AD)y,ll
‘BJ}-H ﬁn
3 Pe(l —AD)y,
+ T =g Il Pe( Yyull
3
= —Pﬁl— "xn+l = xpll + ﬁ"“l [Iyn+1 = yall
e ﬁf?"”
ﬂ,?“ B B A
4 7, + % 1 17l
‘Bu+t e I8r!+l | 'BJH-I s A
ﬁ:—H ﬂ3 ﬁrr ﬁa
+ Lo =f7 L | Pc(f = AD)y,
‘l_ﬁnﬂ I-ﬁu+l ]—'Brr+l 1_'8"' { "¢
ﬂ" Jl ﬂﬁf ﬁ"
= o 5,;-H a4 = xq Il + H, llynsr = yall + -Hﬁ,:H 17yl
ﬁj! ~\ ﬂ,:.H n+| ﬁn
+h} | e | 1T 4 I Pc( = AD)yall
=800 (1= Bi) L= g
Ba = Biny
+B) | | | Pc(I = AD)y, |
(1 -ﬁf:'+|)(] JB:H)
ﬁZ .83
= ”+] lxn1 = xnll + T xn+1=xnll + ¥ letnt1 — o) IIf Cen)l
1= ﬁn+l ‘8
-Bn+l - 'B ﬂn i ‘Bu+l
+lang1 —anl AGX,, o 17 %11 + 7= al N ol 17 xql
< . “ ") '611-] ( 'BJH—I) ( ﬁ"+|)
'Bn+l ﬁn -Brlr n+]
+ 1Pc(l = AD)yall + | ——F7——| 1 Pc(/ = AD)y, ||
1= ’3:51‘1 ‘ (1 n ﬁ.'i+l) ( lﬂn+|)
'Bﬂ '6" ﬂ:
2 ;ﬂ'“ bt = 5all + 5 ;"'H ot =l + 250 lowis = ol 1/ G
Brin i ﬁ..+| Bs = By
+ lotn 1 = ol |AGx, | + [1Txqll 4+ T al i el
e =R (- )
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X ITxall + ﬂ"“ i f, = [1Pc( = AD)y, |l + = ﬂ‘j‘:)ﬁ’:’f ) IPc(I = A.D)ya|
= lxa41 = *all + 3ﬁly1an+. ol 11f Cen)ll + ﬁ"*ﬁ‘,, letns1 = el | AG, |
* ﬁf'i'p,,f, 7o+ | ﬂiil)(mﬂ,tﬁ) 1T 5l
v ﬁl"ilﬁ.,j" R R fi.)(wﬁ,fﬂ) e -
From conditions (ii) and (iif), we have lil’isc};p("Zn+l — Znll = llxpg1 — xnll) < 0.

n
By Lemma 2.4 and (3.3), we get that lim ||z, — x|l = 0.
R— 00

Since xp+1 — xp = (1= B}) (24 — x,) ; e have

lim |lxp41 = %n]| = 0. (3.4)
n—00

From (3.2) and (3.4) and condition (iii), we obtain ',ingo l¥n+1 — ¥ull = 0.
By the definition of y,, we have

lon=x*[* = oy s ) + (I = 0tn &) Gy = 57|

1(Goxu = x*) + (ny f(xn) — @, AGx,) |

[ Gy — Jc"'||2 + 20 (y f(xn) — AGXp, yu = x*)

fotn =2+ 2, |7 ) = AGx | [yn —5*] . 3.5)

Al

IA

From nonexpansiveness of P¢ and (3.5), we have

lonsr = < Balen = | + B2 Tx0 = 2" P 4 B2 et — 2D)gn — ¥
s Ballon =222+ B2 s =x*2 4 8] 1 = D)y = (1 = AD)x* |
= Bullan = | = x* [ B2 30 = x* = A @y~ Dx)|?
= B lons 5 + B ln = + B3 ow = =
=218 (yu =%, Dy, = Dx*) + B3A? | Dy, = Dx* |
s Bl =P+ B mi =22 48350 — +*|* - 2048} | Dy — Dx*|
+8222|| Dy, - Dx*||*
< Ballen =x** + Blxa = x*|* + B3 | = #*]°
+2B3cn [ v f (k) = AGxa | | yn — x*| = AB2(2d — 2)|| Dy, — Dx*|?
= lon = x*|* + 283w | v/ ) = AGxa | | o — 5*|
—AB(2d — 3)|| Dy, — Dx*|*.
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It implies that

AB3(2d = 0| Dya — Dx*|* < 283an |v.f ) = AGxa | [yn = x* | + [t — 2* |
~ner = x*|?
< 2830 |v.f(xn) = AGxa| | yu — x*|
+ (Ixn = 2 + Jxne1 = x*]) 5041 = xall . 3.6)

From conditions (i) and (ii) and (3.4) and (3.6), we have

lim | Dy, — Dx*||-= 0. 3.7
n—o0
Step 3. We show that lim |x, = Tx,| = 0, lim |lx, — Gxu|| =
N=>00 n—o0

0, Lim Iy, =Ty| =0, Jim [lyn = Gyal = 0.and Jim flxy = yul = 0.
From the definition of x,; and (3.5), we obtain

[ %41 —.\"‘||2 = ",B,lx,. + BT x, + BIPc(I — AD)y, — x"”2

< Bl =~ £ IP+ 81T 2P £ B Pett = 2Dy — x°
~BaBilxa = Txall® = BB — Pe(l = AD)y, |2

< Buon =217 + B~ 5%+ B3l w = | = B8R = Txa P
=BrBilxn = Petl = XDy, |2

S Ballen = 5|2 4 Bl = 571 + B =t |2+ 2830 | £xa) = AGxa |
X |y = %] = BaBrlxn = Txull® = ) B3 1%n = ol — AD)yy 2

— llx" —X*uz +283ay ”Yf(xn) ~AGx, I "y,, Y x*“ < BiB2 1%, — Txgl?
=By B3 1xn = Pe (I =AD)yu 1%

It follows that
ﬁ:EJB;%“xu —Tx, "2 = zﬁ,?an " vf(xp) = ZGI,, ” " Yn — x"‘|| + ||x,, — x*||2
~ [ xmet =#*|* = Bl B2l — P (I = AD) yu 12

2)630% ”yf(xu) — AGx, " "yn "x*”
(= 2+ Lo = 2 0) onsr —2all. 38)

1A

From conditions (i) and (ii) and (3.4) and (3.8), we have

lim [x, — Tx,|| =0. 3.9
n—oc

By using the same method as (3.9), we get that

Jm lx, — Pc(I — AD)yull = 0. (3.10)
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From property of Pc and (3.5), we have

| PeI = AD)y, —x*||2 = (I =AD)ys — (I — AD)x*, Pc(I = AD)y, — x*}

1
3 (10 =200 = (1 = 20)5* P+ | Pett = 2Dy, = |

=1¢ = ADyyu ~ (1 =AD" = (Pt = 2Dy - x*)|)

IA

1
5 (Iyn =P+ [ Pett = 23y — x* |

~l3a = Pett = AD)yn — 1 (Dya - Dx*))

I
< 5 (Ion = x* P+ |Pctt = AD)ya = x*|* = 3w = Bc(l = ADYyu P

+24{yn-= Poll = 2D)yn, Dys—Dx")= 2% Dy, - Ds*|?)

1 —
<5 (I =2+ 200 |97 o) = AGxa] 3 =3

+| Pett = AD)yw = x* |2 = llyn = Pe(l = AD)ya |2
+20 lyn = Pc (I — ADYyy || | Dy — Dx*|]) -

It implies that

|Pett =2D)yn = x* 17 5w = |2+ 20 |y £ Ga) = AGxa] |3 ="
~llyn = Pell — AD)yull* 4 24 ||y = Pc (I — AD)yu |l
x | Dy, — Dx*|. (3.11)

From definition of x,, and (3.11), we get that

Lenet =x*|® < Blln = % [+ B T = P + B3| Pe(1 = AD)y, - x*|?
S N I P Ry A (P
20y |¥f () = AGxn | | ynm x*|| = llyn = Pe(I — D)y, |2
+2X llya — Pc(! = AD)yall | Dyn — Dx*|)
< Bl = [* + BY | xa = 5P £ 8320 — x*|
+20, ||V f ) =AGx, | |lyn — x*| = B2l = Pc(I — AD)y, |12
+2A |lyn = Pc(I — AD)y,|l | Dyn — Dx*|

= [t = x*|* + 200 | £ Ctn) = AGxa | |30 — 57|

~B3llyn — Pc( = AD)ynll + 22 llyn — Pc(I = AD) yu
X "DyJ,l - Dx*" .
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It implies that

A

Billyn = Pc(I = AD)yall® < 20n |y (tn) = AGu || | yn — x*| + [ — x*|)?

= [xat1 = #*|* + 24 llyn = Pc(Z = ADYyall | Dy — Dx*|
2 |y f (xn) = AGxy | [yn — 2|

F (|xn = 2] + Jxns1 = 2*]) lxnsr =l

+24 llyn = Pc(I = AD)yyl | Dyn — Dx*|. (3.12)

IA

From conditions (i) and (ii) and (3.4), (3.7), and (3.12), we have
lim |y, — Pc(I —AD)y,|l = 0. (3.13)
n—co
Consider,
lxn — yull < llxXn = Pc(l = AD)yull-+ 11 Pc(I — AD)yp = yull .
By (3.10) and (3.13), we have
Jim e = yall = 0. (3.14)
From definition of y, and condition (i), we obtain
Iyn = Gxall = |anyfCen) + (U — @y A)Gxy — G, |
= a ||lyf(xn) + AGxy|| = 0 as n — oo. 3.15)

Since,
X0 = Gxpll < W% = Yull + llyn = Gxxll,

(3.14) and (3.15), we get that
Jim ilx, — Gxp |l = 0. (3.16)
Moreover, from (3.9), (3.14), and

lyn = Tyull = lyn —xnll + llxn = Txnll + T xn = T yull
S My =l + llxn = Txull + |lxn — all s

we have
lim |lyn — Ty,ll = 0. (3.17)
n—00

Again, from (3.14), (3.16), and

Iyn = Gynll = Nlyn = xull + lxn — Gxnll + 1Gxy — Gyull
= ”J’n — Xull A lxn = Gxpll + llxy — yall

we have
nl—lpgo [lyn — Gynll =0. (3.18)

Step 4.  We show that lim sup(yf(xo) — Axg, yn — xo) < 0, where xg = Pq(l —
n—oo

A+ vf)xo.
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To show this inequality, take a subsequence {y,,} of {y,} such that
lim sup {y.f (x0) — Ax0, yu — xo) = lim (yf(x0) — Ax0, yn, — %0).  (3.19)
n—00 =00

Since {x,) is bounded, without loss of generality, we can assume that Xp; = g as
i — oo, where g € C. From (3.14) and Xp; = q as i — oo, we get that y,, — g
asi — 00,

From (3.19) and y,, — g as i — oo, we have

lim sup (y f (x0) — Axq, y — xo) = (vf (x0) = Axp, q — x0)- (3.20)

In order to show (y.f (xo) — Axo,q — xp) < 0, we need to show that g € Q =
F(T)NF(G)NVI(C, D).

First, we show thatq € F(T).

Assume that ¢ ¢ F(T). Then, we have g # Tq. From (3.17) and Opial’s
condition, we obtain

liminf |y, =g < liminf|y, = Tqf
< timinf ([yn, = Tym, | + | Tyn, - Tq)

n—00

lérl'ﬂigf(".)’m — Ty, " sk "J’m = ‘I")

liﬂicgf ”}’m ' " |

1A

IA

This is a contradiction, that is,

q € F(T). (3.21)
Show that g € F(G).
Assume that ¢ ¢ F(G). Then, we have ¢ # Gg. From (3.18) and Opial’s
condition , we obtain

liminf |y, ~ g < liminf s, — Gq|

< liminf (| ys, = Gyu, | + |Gy, — Gal)

n=og

liminf("yn, =Gy, " & ")’H.' = q”)

n—=00

1A

IA

imint vy = .
This is a contradiction, that is,

g€ F(G). (3.22)
Show that g € VI(C, D).
Assume thatg ¢ VI(C, D). Since VI(C, D) = F(Pc(I — AD)), we have q #
Pc (I —AD)q. By nonexpansiveness of Pc(I —AD), (3.13) and Opial’s condition,
we obtain
liminf |y, — g < liminf || yn, — Pc(r = AD)q|
Ijm&f(”ym = Pc(l = AD)yn || + | Pc(I = AD)yy, — Pc(l — AD)q|)
timinf (| yw, — Pc( = AD)yu, | + [l yu, — )

IAIA

1A

it =l

a Springer



140

Numer Algor

This is a contradiction, that s,
qeVI(C, D). (3.23)

From (3.21), (3.22), and (3.23), we obtaing € 2 = F(T) N F(G)nVI(C, D).
From (3.20) and property of P¢, we have

limsup (y f (x0) — Axo, yn — xo) = (v (x0) — Axo, g — x0) < 0.
n—» 00

Step 5. We show that (x, } converges strongly o xo, where xg = Po(I —A+y.f)xo.
From the definition of x, and xop = Po(/ — A+ y f)xo, we have
enss = 2ol = | + B3T3 + BEPeCr <Ay = o
< Ballxn — xol> + B2 Txn = xoll® + B2 Peld — AD) yu — xolI2
< Ballxn = x0l% + BR ey = xol2 4+ B3N yn — oIl
< Bullxn =x0l? + Brllxn = xol> + B3 Jany £ x) + (I'= &) Gy = x|
< Byllzn —Xol* + B2Nxn — xoll2 + B3 (][ (I = anA) (Gxy ~x0)|
20, (v f (xa) = Axo, yu = %0))
< Ballon =0l + By — xoll2+ B3 (1 = ) iy =20l
+2ayy (f (n) = [ (x0), Yu — o) + 2a (v (X0) — Axo, yu = x0))
< By lxn = %0l + B0 — 301+ 83 ((1 = 0 P) 2l — w0l
F2ay If (xn) = L0 llyn = xoll + 2a (¥ £ (x0) — Axo, 3 = xo))
< Bullxn — xoll® + Brlixn = xol2 + B2(1 = 7)2llx, — xol2
+2en yap llxn = xoll lyn = xoll + 2083 (£ (x0) = Axo, yn — xq)
< Bullxn = xoll> + BElx = xol® + B2 (1 =@, 7) s — x012
+2a vy k= xoll (e [|[¥f ) — Axol) +(1 = @) 1G5, = xoll)
+2au 5 (v.f (x0) — Axo. yu — x0)
< Balbxn = xoll? + B2 llxn — xoll® + B2 = @72 [1x4 — ol
+20uy @B 1 — xoll (enyellxu — xoll + e ||yfx0) — Axo
+ (1 = 0y V) llxw — ¥oll) F 2083 (£ (x0) — Aoy yn = Xo)
(A= BDlxn = x0l* + B2(1 — 0a7)? 1150 = x0ll® + 202922 B3 1 — oI
+2egvapy | v (x0) — Azo|| haw —xoll + 2eayap? (1 — 4, ¥) [l — xoll?
+200 83 (vf (X0) = Axo, Y — x0)
(1 = BWxn=x0l% + B3 (L= 7) %0 — xolI® + 20272 B3 13 — x02
+2077 B3 || vf (x0) — Axo|| llxn = xoll + 20ny@B2llx, — xol2
+20 B3 (v.f (x0) — Axo, yn — x0)
= (1-8)+ 8] - By + 20,0282 s — ol
+205 7283 Ixn — x0l® + 202783 ||y £ (x0) = Axo || I1xn — xoll
+20 85 (v f (x0) — Axo, yu — X0)

Il

IA
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= (1 - Bl 7 = 2v@)) Ia = x0l12 + 083 (20072151 — 011

+2an7 |y.f (x0) = Axol| s — xoll + 2{yf (x0) — Axo, yn — x0))
zanl;znxu = x0”2
(¥ — 2ya)
2em7 ||y f (x0) = Axo| llxn = xoll | 2{yf(x0) = Axo, yn — xo)
+ - + - ;
(¥ —2ya) (¥ — 2ya)

From step 4, condition (i) and Lemma 2.1, we can conclude that {x,} converges
strongly to xo = Pq(l — A+ yf)xg and by Lemma 2.7, we have (xo, Y0, 20)

is a solution of (1.5) where yo = Pc(I = A2D2) (axo + (1 — a)zo) and zg =
Pc (I — A3D3)x0. This completes the proof. a

= (1-aBi 7 = 290) lon = 20 + 0B} 7 = 2y) (

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space
H and let D, Dy, D2, D3 : C — H be d,dy, ds,ds-inverse strongly mono-
tone mappings, respectively. Defined the mapping G © € — C by G(x) =
Pe(I — M D) (Pc(L = AaD2) (P (I = A3D3)x)), Jorall x € C, A1, 02,03 > 0.
Fork = 1,2,..4'N, defned A’y H — H by Ax = Y ckAix, forallx € H,
where Ay is a strongly positive bounded linear operator on H- with coefficient
Y > V.= mink=j|2‘_“|ﬁ}’k and ) < y < fé- Let T be a nonexpansive mapping
with @ = F(T)N F(G)N VI(C, D) # @. Let {xn} be a sequence generated by

HECAd T ki = B 4 BT %, ¥ B3P~ AD)y, 1.0
Yn =¥ f () + (1 gy aua Guxy, '
where f is a-contraction mapping on H, {a,) . [0,1],4 € (0, 2d), Ay, A3, A3 €
(0,2d) with d = min (d\, da, ds) and BY + B2 + B3 = 1. Suppose the following
conditions hold: ¥
6)) J}_lp&J Qp. = ()cma’ng1 = 00;

iy 0<b<§p! <c<lforali=1,2,73;

N

(i) O<e <land ) cp = 1;
k=1

[ ]

o0 §
(iv) X lomgt — anl <00, 3 (Bl — B <00, foralli=1,2,3.
n=1 1

h=

Then, {x,} converges strongly to xg = Po(I —A+ v)xg and (xq, yo, zo) is a solution
of (1.6) where yo. = Pc(l — A3D2) (20) and zo = Pe(l = A3D3)xg.

Proof From Theorem 3.1, if we put @ = 0, we have the desired conclusion. |
4 Application
In this section, applying our main result Theorem 3.1, we can prove strong conver-

gence theorems for approximating the solution of the standard constrained convex
optimization problem and the split feasibility problem.
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4.1 Minimization problem

Let C be closed convex subset of H. The standard constrained convex optimization
problem is to find x* € C such that

f(x*) = min f(x), 4.1
xeC

where f : C — R is a convex, Fr'echet differentiable function. The set of all
solutions of (4.1) is denoted by Dy,

Lemma 4.1 [22] (Optimality condition) A necessary condition of oprmta!zry for a
point x* € C to be a solution of the minimization problem (4.1) is that x* solves the
variational inequality

(VAG®, x =x*) 20, (4.2)
forallx e C. Equivalently, x* € C solves the fixed point equation
x* = Pc(I ~AVf)x*,

for every A > 0. If, in addition, f is convex, then the optimality condition (4.2) is
also sufficient.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H
and let Dy, D, D3 : C — H be dy, dy, d3- inverse strongly monotone mapping,
respectively. Let f : C = R be a real-valued convex function with the gradient V f
is L—'f- inverse strongly monotone and continuous with L— 7 > 0. Defined the mapping
G as in Lemma 2.7 and a € [0, 1). For k = . N, defined A : H — H by
Ax = Ek— crArx, forall x € H, where Ak isa vtrongly positive bounded linear

operator on H with coefficient y, > 0,7 = min,_ L2 Nreand0 <y < -L Let
T : C — C be a nonexpansive mapping with @ = F(T) N F(G)Nds # A Let {xn}
be a sequence generated by x; € C and

Zu+l = ByXn + BT + B Pc(I ~ AV )y 43)
Y = ¥ f () + (I — axA) Gx,, '

where f is a-contraction mapping on H, {a,) C [0, 1,4 € (0, 7_%{_-). Al A2, A3 €

(0,2d) with d = min (dy, da, d3} and B+ B2+ B2 = 1. Suppose the following
conditions hold:

(i) ]1m ay = 0and Z oy = 00;
n=|

(ii) 0<b_~5,6,’150<1f0raila=1,2,3;

N
(i) O<epr<land 3 cx=1;
k=1

o0 [e.2] . .
(V) X lansr —anl <00, 3 |Bi, —Bi| < oo, foralli=1,2,3,
n=| n=1
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Then, {xn} converges strongly to xo = Po(I —A+y f)xo and (xo, yo, zo) is a solution
of (1.5) where yo = Pc(I — A2D3) (axo + (1 — a)zq) and zo = Pc(I — A3 D3)xo.

Proof By using Lemma 4.1 and Theorem 3.1, we obtain the desired conclusion. [
4.2 The split feasibility problem

Let Hy, H; be real Hilbert spaces and let C, Q be nonempty closed convex subsets
of Hy, Hy, respectively.
The split feasibility problem (SFP) is to find a point x such that

x€C and Ax € (Q, (4.4)

where A : Hy = H, is a bounded linear operator and which is introduced by Censor
and Elfving [15]. The set of solution of the split feasibility problem (SFP) is denoted
by I'. Many authors have studied the SFP (see for more details [1, 5]).

Note that if SFP (4.4) is consistent (that is, I" is nonempty), then x* & I' can solve
the following fixed point equation

x* = Pc (x = nA*( = Pg)Ax), Vx € C, )

where P¢ and Pg are the orthogonal projection onto C and Q, respectively, n > 0
and A* is the adjoint of A, The most popular method for solving (4.5) is Byrne's CQ
algorithm [3], which generates a sequence {x,} by

Xntt = P (xap1 = A — Po)Axu41), ¥n € N, (4.6)

where 1 € (0, %) with y being the spectral radius of the operator A*A.
To prove Theorem 4.4, we need the following proposition which is introduced by
Ceng et al. [5].

Proposition 4.3 [5] Given x* € Hy, the following statements are equivalent.

(N r¥erl;
(ii) x* solves the (4.5).
(iii) ~x*solves the variational inequality problem (VIP) of finding x* € C such that

(A*(I = Po)Ax*sx =x*)> 0, ¥x eC,
where A* is the adjoint of A.

Theorem 4.4 Let C and Q be nonempty closed convex subsets of real Hilbert spaces
H\, Hj, respectively and let A : Hi — Hj be a bounded linear operator with
adjoint A*, Let Dy, Dy, D3 : C — H)| be d|, da, d3- inverse strongly monotone
mapping, respectively. Defined the mapping G as in Lemma 2.7 and a € [0, 1). For
k=1,2,..,N, defined A : Hy — Hy by Ax = Y1, ckAwx, forall x € H, where
Ay is a strongly positive bounded linear operator on Hy with coefficient yy > 0,7 =
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mink=1‘2mﬁyk and0 <y < J;; Let T : C — C be a nonexpansive mapping with
Q=F(T)NF(G)NT #@. Let {x,) be a sequence generated by x| € C and
Xnt1 = Byxn + BETxn + B Pc(I — AA*(I — Pg)A)yn,
Yn = any f(xn) + (1 - Q’nz) Gy,
where [ is a-contraction mapping on Hy, {a,} < [0, 1], A € (0, %) with L being the
spectral radius of the operator A*A, Ay, Ay, A3 € (0, 23) with d = min {d,, d», d3)
and B} + ,63 + ,6,:,’ = L. Suppose the following conditions hold:

4.7)

o0

(i) nl_i’ngoafn=0andn§]a,,=oo;

(ii) 0<b5,6,';50<1foralli=[,2.3;
N

(i) O<cp<land ¥ cp =1;
k=1

=) o0 \ .
(iv) 2 lons1 =otml<-00) 3 lﬁ:m-l —ﬁ,’,| < oo, foralli=1,2,3.
n=1 B=1

Then, {xn) converges strongly to xg = Po(l—A+ v.f)xo and (xo, yo, zo) is a solution
of (1.5) where yo = Pc(I = AaD3) (axo + (1 — a)zg) and z9. = Pc (I — A3D3)xo.

Proof Letx,y € Hj.
We show that A*(I — Pg)A is :,':-inverse strongly monotone.
By the definition of the spectral radius L, we have

[a*( = PoyAx = a*(I = Pg) Ay|® = ||A*(/ ~ Po)Ax — A*(I = Po)ay|?
= (A*(I — Pg)Ax — A*(I'= Pg)Ay, A*(I — Pg)
XAx — A*(I — Pg)Ay)
= ((I — Pg)Ax — (I = Pg)Ay, AA*(I — Pp)Ax
~AA*(I — Pg)Ay)
L|( = PgyAx— (I — Pg)ay|™. (4.8)

IA

Consider,

I( = PoYAx = (I = Pg)Ay|* = (U — Po)Ax — (I =Pg)Ay, (I~ Pg)Ax — (I — Pg)Ay)
=(( = Pg)Ax - (I - Po)Ay, Ax — Ay)
=((I = Pg)Ax — (I=Pg)Ay, PgAx — PgAy)
(A*(I' = Po)Ax — A*(I - Pg)Ay, x — y)
—{( = Pg)Ax — (I — Pg)Ay, PgAx — PoAy)
= (A*(I = Pg)Ax — A*(I — Pg)Ay, x — y)
—(( = Pp)Ax, PgAx — PgAy)
+((I = Pg)Ay, PgAx — PgAy)
< (A™( = Pg)Ax — A*(I - Pg)Ay,x — y).

Il
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It implies that

1
{A*(I — Po)Ax — A*(I — Pg)Ay, x — y) > Z"A*(! — Pg)Ax — A*(I — Po)Ay|*.
(4.9)

Hence, A*(1 — Pg)A is %- inverse strongly monotone.
From Theorem 3.1 and Proposition 4.3, we obtain the desired conclusion. O

5 Example and numerical results

Example 5.1, Let R be the set of real numbers and D, D, Dg, D3 be a mapping
from [0, 20] 10 R defined by D = *51, Dy = 531, Dy = 51, anad Dy = 21,
respectively. Let T be a mapping fmm [0 20] mto tts‘et_’f defi ned byTx =14 22 vy ¢
[0,20]. For k = 1, 2 N, let ¢, = @? 4 = N6N and let the mapping A : R - R
be defined by A = for every x € R. Let mapping f : R — R be defined
by fx= 3?",for every x € R. Let xy € R and {x,} generated by (3.1) where
a=05A=11=052% =11 = ]5a-ly-—0095a,,=4”,8,,—
et ﬁ,? = =l andﬁ3 ¢ By the definition of D, Dy, D3, D3, A, f, and T,

12n 120 2
We’fhave {1} € F(T)N F(G) ﬂ VI(C' D). From Theorem 3.1, we can conclude that

the sequences {xy} and {y,} converge strongly to 1. We can rewrite (3.1 as follows:

Xl 75 (3112;]) Xn t+ (%_]) Txn + ( n+2) Pc(I —D)yn,
= BB ) 4 (1 - (m) a) Gz

5.1)

Table I The values of {x,} and {y,) with x; = 8andn = N = N = 15 of the iteratives (5.1) and (5.2)

Iterative (5.1) Iterative (5.2)

n Xn Yn Xn Yn

1 8.000000 5.854781 8.000000 5.854781
2 4.562705 3.545405 5.025065 3.879684
3 2.894625 2.362649 3.370147 2.709735
4 2.019907 1,732779 2.403852 2.014352
8 1.086276 1.056126 1.172564 1.119855
12 1.005057 0.998681 1.018323 1.008502
13 1.001615 0.996523 1.009486 1.002352
14 0.999812 0.995521 1.004306 0.998850
13 0.998897 0.995133 1.001300 0.996913
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(a) Iterative (5.1). (b)Iterative (5.2).

Fig. 1 The convergence of {x, ) and {y;) with initial value x; =8 andn = N =N = 15

Example 5.2. In this example, we use the same mappings and parameters as in
Example 5.1 except rf:efollowing mapping f. Let the mapping f : [0,20] — R be
defined by f(x) = xhl_f“'. with V fx = "—;i,for all x' & [0, 20]. By the definition of
V., Dy, Di;D3, A, Jyand T, we have {1} € F(T) N F(G) N 7. From Theorem
4.2, we can conclude that the sequences {xy} and {y,} converge strongly to 1. We can
rewrite (4.3) as follows:

s = () +(35L) T (H552) Pet? 29703, e
W = 5 (1= () &) G

The following table and figure show the values of'the sequences {x,} and {y,} of
iteratives (5.1) and (5.2), where x| = 8 and n = N = 15,

6 Conclusion

1. Table 1 and Fig. Ta-show that {x,} and {y,} converge to 1, where {1} € F(T) N
F(G) N VI(C, D). The convergence of {x,} and{y,} of Example 5.1 can be
guaranteed by Theorem 3.1.

2. Table 1 and Fig. 1b show-that {x,} and {v;} converge to 1, where {1} € F(T) N
FGynvic,vic, V?)). The convergence of {x,} and {y,} of Example 5.2
can be guaranteed by Theorem 4.2.

3. From these Examples, we obtain that the sequences {x,} and {yn} in Example
5.1 converge faster than the sequences {x,} and {y,} in Example 5.2.

Funding information This research was supported by Research and Innovation Services of King
Mongkut’s Institute of Tecnology Ladkrabang.
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