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Chapter 1

Introduction

1.1  Background and signification of the research

For the past decade, new technologies have been developed rapidly. Mathe-
matics is one of the important tools for developing new technologies. The original of
new technologies was happened from observing, suspicion and questioning. Normally,
the most problems are nonlinear problems. We transformed the problem into many
mathematical models and used different methods to solve the problem. The fixed
point theory is one of the important-mathematical-tools applied to solve problems
in many branches of science and technology. In the“past few years, many mathe-
maticians have been developed and widely studied-fixed peoint theory. Finding the
answer of the equation by using the fixed peint theory. may have the answer or no
answer. Therefore, fixed-point theory is involved with finding conditions on the set
X and the mapping 7 : X = X to guarantee the existence and uniqueness of fixed
points. Moreover; researchers have been studyingabout the structure of fixed point
set and the approximation of fixed points. Iterative schemes for finding the solution set
of nonlinear mappings such as nonexpansive mappings, guasi-nonexpansive mappings,
nonspreading mappings have been increasingly studied by many mathematicians. They
have introduced various types of iterative methods to approximate fixed points.

Throughout this paper, let H,, H, be real Hilbert spaces.and let C, @ be
nonempty closed convex subsets of H,.and H,, respectively. Let A : H, — H, be
a bounded linear operator.

For a mapping T of C intoitself, we denote #(T) by the set of all fixed points
of Ti.e,

¥ (@) &3 fz8 Gy Ti="2 .

Example 1.1.
1. fT:R—Rand Tz = &L, then F(T) = {1}.
2.IfT:R—Rand Tz = 22, then F(T) = {0,1}.
3.fT:R—-Rand Tz = z + 5, then F(T) = 0.
4. IfT:R - Rand Tz =z, then F(T) =R.

In 1999, the W-mapping was introduced by Atsushiba and Takahashi [1]. They



defined a mapping W : C — C as follows:

Uy =6NUs+(1-5)1,
Uy = ByToUy + (1 — Ba) I,
Us = B3T3Uy + (1 — B3) I,

Unv-1=BN-1Tn-1Un_2+ (1 - Bn_1) 1,
W =Uny=8nTnUn-1+ (1= 8n)1,

where {T;}1Y, is a finite family of nonexpansive mappings of C into itself, I is the identity
mapping and {3}, is a.sequerice in [0, 1.

In 2009, Kangtunyakarn.and. Suantai'[2} introduced. the K-mapping generated
by T1,Ts, ..., Ty'and Ay, e, .. oA They defined a-mapping K +C'— C as follows:

Un=1,

Uy = TrUo/+ (1= M) Uy,
Uy =X Tol (1 = Ao) Uy,
Uz = A3TyUs + (L — A3) Us,

Un-1 S AN T UnZs + (1 — Ano1) Unes,
K =Un = AnTyUn=1 + (T=2AN) Un1;

where {T;}L; isca finite family .of nonexpansive mappings of ‘C' into itself and let
A1, A2, ..., Ay are real numbers such that 0.<-\; < 1 foreveryi=1,2,..., N.

In 2009, Kangtunyakarn and Suantai-{3] introduced the S-mapping generated by
T, Ty....,Tn and arwas,. .. JayaThey defined a.mapping % ¢'— C as follows:

UO - Ia
U, = (}f%Ton + O'éUg + O'éf,
Us = ofThUy + Uy + 21,

Us = ¥ T3Us + a3Us + a3 1,

N-1 N-1 N-1
Unv-1=0) "ITnaUy-gs+a; Uv—s+ay ',

S=Uy = &) Tylya + 08 Uy + 8L 1,

where {7;})L, is a finite family of nonexpansive mappings of C into itself and By
(u{ag,ag) €lxIxI, wherele01]anda} +af+a}=1,foreveryj=1,2,...,N.



Remark 1.2. For the special cases of S-mapping, we have

1. Ifwe put of = 8; and o =0, forall j =1,2,..., N, then the S-mapping is reduced
to the W-mapping.

2. If we put o = Ajand ef =0, forall j=1,2,..., N, then the S-mapping is reduced
to the K-mapping.

Let T be a mapping from C into itself. A mapping T is called nonexpansive if
1Tz - Ty < llz - yll,

forall z,y € C. Goebel and Kirk [4] showed that F(T) is always closed convex, and also
nonempty provided T has a bounded-trajectory. The problem for finding a common
fixed point of a family of nonexpansive mappings has been studied by authors. Many
well known problems are reduced for finding a paint in the intersection of the fixed
point sets of a family of nonexpansive mappings; see [5,6].

A mapping T: C/— C is.said to be nonspreading [7] if

2Tz — Tyl < Yo - Tyl + [Tz = y[I?,

for all z,y € €. lemoto and Takahashi [8] proved that a mapping 7*is nonspreading if
and only if
Bz =T <l -Lyl®+ 206 - P y=—Ty),

forall z,y 6.
A mapping T':.C' — C is said to be quasi-nonexpansive if

1T — pll < ||z=plf;

for all z € € and p'e F(T). Every nonexpansive mapping and nenspreading mapping
with a nonempty-fixed point set is clearly quasi-nenexpansive mapping.
A mapping T :H; = H, is said to be firmly-nonexpansive if

| Tz =" Pylffe=Tz — Ty),
for all «,y € H;. The mapping T is equivalent to
(Tz ~Ty, (I - Tz~ (I - T)y) 20,

for all z,y € Hy; see [9].
A mapping A : C — H, is called a-inverse-strongly monotone if there exists a

positive real number a > 0 such that
(Ax — Ay,z — y) > a| Az — Ay|®,

forall z,y e €. They have been investigated in the following literature; see [10, 11,



Let A: C — H, be a nonlinear mapping. The variational inequality problem is

to find a point « € € such that
(Au,v—u) =0, 4050

for all v e C. The set of solutions of (1.1) is denoted by VI(C, A).
Let F be a bifunction of C x € into R, where R is the set of real numbers. The
equilibrium problem for F: C x C — R is to find z € C such that

F(z,y) >0, Vy e C. (1.2)

The set of solutions of (1.2) is denoted by EP (F). Equilibrium problems were intro-
duced by Blum and Oettli [12] in 1994 and included many well-known problems such
as variational inequality preblem, optimization preblem and fixed point problem; see
[13,14, 15, 16]. Severaliterative methods have been propesed to solve the equilibrium
problem; for instance, see {12, 17, 18] '1n 2005, Combettes and Hirstoaga [17] intro-
duced an iterative scheme-of finding the best approximation to the initial data when
EP(F) is nonempty and also proved a strong convergence theorem:.

Numerous problems:in-physics, optimization, economics, etc are reduced to
find element of (1.1) and (1.2).

The-problem for finding:a common element of EP(F) and the set of all com-
mon fixed -points. of ‘a family of nonexpansive mappings is of wide.interdisciplinary
interest and importance. ‘Many iterative methods are purposed for finding a common
element of the solutions of the equilibrium problem and fixed point problem of non-
expansive mappings; see [2,.19, 20].

In'2007, Takahashiand Takahashi [20] introduced a general iterative method for
finding a common_ element'of EP(#) and E(S). They defined {,,} as follows:

r € C,

E(my) + S5y e £0)2 0, _My€'C, (1.3)

Tni1 = Brfn) F =B} SemVn € N,
where S is a nonexpansive mapping of C into itself, {5,} < [0,1], and proved strong
convergence of the method (1.3) to z = Prsyn epry f(2) in the framework of a Hilbert
space, under suitable conditions on {8,}, {\.} and bifunction F.

Let F be a function of C' x C into R and let f : H; — H, be a mapping. The
generalized equilibrium problem is to find = € C such that

Flz,y) +{f(z)yy —=) 20, (1.4)

for all y € C. The set of solutions of (1.4) is denoted by EP(F, f). When f =0, EP(F, f)
is denoted by EP(F) and F =0, EP(F, f) is denoted by VI(C, f).



In 1994, Censor and Elfving [21] introduced the split feasibility problem (in short,
SFP) which is to find a point z € € such that Az € Q. The set of all solutions of split
feasibility problem is denoted by ¢ = {z € C': Az € Q).
To solve the SFP, Byrne [22] introduced CQ algorithm whose sequence {x,} is
generated by
Tn+1 = Po (#n — vA* (I — Pp) Ax,),

where initial =y € Hy and vy € (0,2/L), L is the spectral radius of the operator A*A and
A* is the adjoint of A. Then CQ algorithm converges to a solution of the SFP, whenever
solutions exist. If there are no solutions of the SFP, the CQ algorithm converges to a
minimizer of the function

ShmPe) Az,

whenever such minimizers exist.
LetU : H, = H, and T.. Hy — H, be two nonlinear operators. The split common
fixed points problem (SCFPPR).[23, 241 is to find!a point z* such that

" € F(U) and Azr* € F(T).

The solution-set of SCFPP.is denctediby ® = {p* e F(U).. Ap* € F(T)}. The split
common fixed peint problem is a generalization of the split feasibility problem.
In 2017, Wang [25] introduced @ new method for solving SCFPP as follows:

Tpe1 =Ty — Pu ((I bA U) i A*(I i T)Azn) )

where p, € (0,00)is chosen such that

N “(I \N U)xﬂ-HQ i “(I 7)) Afn ”2

r SR U)E 1 AT B 2 (1.5)

and U and T are firmly. quasi-nonexpansive mappings. Then the sequence {z,} con-
verges weakly to z, where z = TFli_r’n Pyl

Censor et. aly[23, 26] ingr?oduced the prototypical split inverse problem (SIP)
which is a generalization of the split.common-fixed points problem. In this, there are
given two vector spaces X and Y and a linear operator A : X — Y. In addition, two
inverse problems are involved. The first one, denoted by IPy, is formulated in the space
X and the second one, denoted by IP,, is formulated in the space Y. Given these data,

the split inverse problem is formulated as follows:
find a point z* € X that solves IP;, (1.6)

and such that
find a point y* € ¥ that solves IP,. (1.7)

This problem is used in many modeling arising in sensor networks, radiation therapy

treatment planning, color imaging, etc.



The split equilibrium problem (SEP) [24] is to find # € C such that
Fi(Z,z) > 0,Vz € C, (1.8)

and such that
y= A7 € Q solves Fy(7,y) > 0,Vy € Q, (1.9)

where Fi : C x C = R and Fy : @ x @ — R be nonlinear bifunctions. If we consider only
problem (1.8), it is the equilibrium problem and we denoted its solution set by EP(F,).
The solution set of SEP is denoted by T = {§ € EP(F}) : Ap € EP(F,)}. SEP is reduced
to EP(F), where H, = H,, F; = F; and A = I. EP(F) is an unifying model for several
problems arising in physics, engineering, science, optimization, economics, etc.

The split variational inequality-preblems (in short, SVIP) were introduced and
studied by Cencor et al..[23]:find 7 € C such that

(fi(Z)a = 7) 20,97 €.C, (1.10)

and such that
7=AT € Q solves{f(g), v — 7 >0,% € Q, (1.11)

where f1 : C"— Hy and fo +'@Q ~ Hy aré nonlinear mappings.. The solution set of SVIP
is denoted by U= {p-€ VI(C f1): AP € VI(Q, f>)}.- The split variational inequality
problems have already been studied and used in ‘practice as a model in intensity-
modulated radiation therapy (IMRT) treatment planning; see [27] and the modeling of
many inverse problems arising for phase retrieval, and other real-world problems; for
instance, in sensor networks in'computerized tomography .and data compression; see
[22, 28].

By invitigating SEP and SVIP, we introduce the modifiedsplit generalized equi-
librium problem (MSGEP) which is to find #* € ¢ such that

Fifet, ) + (f1(2*), 2o~ 2*) 20Vz €. (L8
and such that
y* = Az* € Q solves Fy(y*,y) + (fa(y*),y — y*) > 0,Vy € Q, (1.13)

where F1 : Cx C =» Rand F : Q x @ = R be nonlinear bifunctions and f, : ¢ — H,
and f, : @ — H, be nonlinear mappings. The solution set of MSGEP is denoted by
= {‘T)t = EP(F},fl) : AP* = EP(Fz,fg)}.

Remark 1.3, For the special cases of MSGEP, we have
1. If we put f; = f, = 0 in MSGEP then the MSGEP is reduced to SEP.

2. If we put Fy = F, = 0 in MSGEP then the MSGEP is reduced to SVIP.



3. In the case of bifunctions Fy and F, are according to (A1)-(Ad). From (1.12) and
(1.13), we have z* € F(TF: (I — /1)) and Az* € F(TF: (I — sf,)), for all ,s > 0. So,
MSGEP can be viewed as SCFPP.

MSGEP is a generalization of the generalized equilibrium problem, the split equi-
librium problem and the split variational inequality problem. So, this problem can be
used in sensor networks, data compression, practice as a model in intensity-modulated
radiation therapy (IMRT) treatment planning, robustness to marginal changes and equi-
librium stability etc.

Example 1.4. Let H, = [0,6], Ho = [0,18], C = [2,5] and Q = [6,10]. Let A : H, — H>
defined by Az =3z for all z € H;. Let the mapping F, : € x C — R defined by

BV S —(z* — 2) + (2= W,y € C,
and F; : Q x Q@ =R defined by
By 9 == —6)°+H -6,y Q.

Let the mapping f,.;: € — Hydefined by fiz = €2, vz € € and the mapping f; : Q — H,
defined by fz = £28;Va € Q.
Then 2 € Q. Therefore 2.is a solution of MSGEP.

In 2012, Tain and Jin [29}introduceed iterative algorithms involving quasi-nonexpansive

mapping. They generated the iterative as follows;
Tyt '= Q’u’}'f(l'n) + ([ > | Q'rLA)wans

where A is a bounded linear operatoron H,, 7'is a quasi-nonexpansive mapping on Hy,
[ is a contraction with coefficient a under suitable conditions of the parameters a,,,y
and w. By assuming w €_(0, 1), T = (L =w)l + wT and T7is demiclosed on H; that is
the difficult proof in aframework of Hilbert space.

1.2  Objectives of the research

1) To propose new iterative schemes for finding the solutions of variational inequal-
ity problems, equilibrium problems and fixed point problems in a framework of

Hilbert space.

2) To propose new iterative schemes for finding the solutions of modified split gen-
eralized equilibrium problems and fixed point problems of quasi-nonexpansive

mappings and nonspreading mappings in a framework of Hilbert spaces.
3) To propose new mathematical tool for common fixed points problems.

4) To give numerical examples for supporting our main results.



1.3 Scope of the research

1) Study variational inequality problems and equilibrium problems and introduce
modified split generalized equilibrium problems in a Hilbert space.

2) Study the fixed point problems of nonlinear mappings including quasi-nonexpansive
mappings and nonspreading mappings in a Hilbert space.

3) All strong and weak convergence theorems are considered and proved in a Hilbert

spaces.

4) Give numerical examples for supporting our main results in R, R? and £, spaces.

1.4 Expected benefits

1) Obtain weak convergence theorems for finding a common element of the set of
solutions of the equilibrium problem”and the set of solutions of the variational
inequality problem and the set of fixed points-of a nonspreading mapping in a
framework of Hilbert space.

2) Obtain strong convergence theorems for finding a common element of the set of
solutions of variational inequality problems-and the set.of soldtions of the mod-
ified split generalized equilibrium problem’ and the set of common fixed points
of a finite' family of quasi-nonexpansive mappings and in a framework of Hilbert

spaces.

3) Obtain mathematical tools for common fixed poirts problems.

This thesis consists of five chapters as follows:

In chapter 1, we show the background of this thesis, that is; itérative methods for
fixed point theorems and the definitions, properties and the relation of a finite family
of nonlinear mappings.

In chapter 2, we give the fundamental concepts, definitions, lemmas, remarks
and useful results that are necessary to prove our main theorems in the next chapter.

In chapter 3, we prove the following strong convergence theorems:

1) Weak convergence theorems for finding common elements of equilibrium prob-

lems, variational inequality problems and fixed point problems.

2) Strong convergence theorems for finding a common element of the set of solu-
tions of variational inequality problems and the set of common fixed points of
a finite family of quasi-nonexpansive mappings and the set of solutions of the
modified split generalized equilibrium problem.



Moreover, we apply our main results by using the relation between quasi-nonexpansive
mappings and nonspreading mappings.

In chapter 4, we give numerical examples to support our main results in the
previous chapter.

In chapter 5, we describe the conclusion of the thesis.



Chapter 2
Preliminaries

The purpose of this chapter is to explain fundamental concepts and definitions
used throughout this thesis. Moreover, we give some lemmas, remarks and useful
results used in the later chapters. Throughout this chapter, we use the letter R for the
set of all real numbers, C for the set of all complex numbers and F for the set of all
real or complex numbers.

2.1 Linear spaces

Definition 2.1. [30] Let.# be"a nonempty set, and assume that each pair of elements
z and y in E can be combined by a process called additiontowyield an element z in E

denoted by z = z4y. Assume also that this operation-of additioh satisfies the following
conditions (v1) ~ (v4):

(V1) (z +)+ 2 = z U=+ 2),
V2) 2+ y=y+2,

(v3) there exists a unique element in & denoted by © and catled the zero element, or
the origin, suchthat z +0 =z forall z € E,

(v4) to each z € E there corresponds a unique element in E denoted by —z and called
the negative of z such that @+ /(-z) = 0.

We also assume that each scalar a € R and each element z in £ can be combined by
a process called scalar multiplication to yield an element y in E denoted by y = az
satisfying (V1) ~ (V4):

(V1) o(Bz) = (aB)z,
W2) 1. z=ug,

(V3) (o + )z = az + fz,
(V4) a(z +y) = az + ay.

The algebraic system E defined by these operations and axioms is called a linear space.
A linear space is often called a vector space.

Remark 2.1. [30] Since we admit the real numbers as scalars, a linear space is also
called a real linear space.

Definition 2.2. [31] A set E in a vector space is called convex if for any z,y € E and
a € [0,1] , we have az +(1 — a)y € E.
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2.2 Banach spaces and Hilbert spaces

Definition 2.3. [32] Let X be a linear space (or vector space) over the field F. A norm
on X is a real-valued function || - | on X such that the following conditions are satisfied
by all members = and y of X and each scalar a:

(L1) ||lz| = 0 and ||lz|| = 0 if and only if z =0,
(L2) llaz|| = o ||zl
(L3) [z + gl < |zl + |1yl (triangle inequality)

The ordered pair (X, || - ||) is called a normed space or normed vector space or normed
linear space.

Definition 2.4. (Cauchy sequence [31]) A sequence of vectors {x,} in a normed space
X is called a Cauchy sequence if for every ¢ = 0 there exists N'e N such that ||z,, —z.|| <
e forall wm,n > N.

Definition 2.5. [31] A normed space X is called complete if every Cauchy sequence in
X converges to-an element of X

Definition 2.6. [30] A complete normed linear space is called a Banach space.
Example 2.2. [30] Let X = ¢, n> 1 and 1 < p < oo, The sequence space defined by
0= (@ s m= (21,35, ymy) € R
Then ¢ is '@ Banach space with the norm defined by =l = (i, |xilp)%.
Example 2.3. Let X = ¢y, the sequence space defined by
coo = {o ={@a};Z4 € L : {ma}i2, hasronlya finite number of nenzero terms} .
Then coo space is a normed space with norm: |||, but not a‘Banach space.

Theorem 2.4. [31] A subset S of.a.normed.space X is closed if and only if every

sequence of elements of S convergent in X has its limit in S, i.e.,
{zn.} € S and z, — z implies z€ S.

Next, we give the definition and important tools of Hilbert space. First of all,

we introduce the definition of inner product space.

Definition 2.7. [33] An inner product on a vector space K over the field F is a function
() Kx K — F, that assigns a scalar (z,y) for every z,y € K, such that for all z,y,z € K
and a € F:

(1) (= +2,9) = (2.9) + (z,p),
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(12) (az,y) = o (z, 1),
(13) (z,9) = (y,2),
(14) (z,x) >0& z #0,

A vector space K over F with a specific inner product is called an inner product space.
If F = Cis a complex inner product space, and if F = R, K is a real inner product space.

Theorem 2.5, [33] For an inner product space K, z,y,z € K and « € F:
U1 {2,y +2) = (z,y) + (2, 2),

U2) (z,ay) = a(z,y),

(J3) (z,0) = (0,z) =0,

(J4) (z,z) =0 & 2 =0,

U5) If (z,y) = (&,2) forall z € K-theny =%

Remark 2.6. [30] An inner-product space is called a real inner product space for the
case when the scalars are the real numbers and (z,y) is a real number, For the case,
(13) means

(@y) = (v, z).
Remark 2.7.7(30] Using (J1) and (J2), we obtain that for z,y € K.and a5 € C
(o, oy +8z) = @ (zy) o+ fdx, 2) .
Definition 2.:8. [30] A complete inner product space is called a Hilbert space.

Example 2.8. Let X = ¢;,the set of all sequences of complex numbers/(zy, za, ..., 2;, ...)
with 322 |zi|* < o6. Themithe function (-, -) i £y x €, — C'defined by

o0

) 4 Zw;;j,' for all & = {z:} oy, Yl {y:} 21 € X.

i=F

Then ¢, is a Hilbert space:.
Example 2.9. Let X = C[a, b], the linear space of all scalar-valued continuous functions
N [a,b]. Then the function (") : C[a,b] x C[a,b] = C defined by
(f,9) = /bf(t)ﬁdt for all f,g € C[a,b].
Then X = Cla,b] is a inner product space but not a Hilbert space.

Example 2.10. £ is a finite-dimensional Banach space that is not a Hilbert space for
p#2

Theorem 2.11. [30] The inner product in an inner product space K is jointly continuous:

Z, =T and Un =4 = (T, Yn) — (way)



13

Remark 2.12. [30] We of course obtain from Theorem 2.11 that if z,, — =z, then for a
fixed y € K,

(Tn,y) = (z,y) and (y,Zn) = (¥, 2)
Remark 2.13. [30] Let K be an inner product space. For each z in K, we define its

norm ||z| by

llzl| = (z,2)* .

Theorem 2.14. (Schwarz inequality [30]) Let K be an inner product space and let z
and y be elements in K. Then the following holds:

{2, )] < [yl

Definition 2.9. (Strong convergence [31]) Asequence {z,} of vectors in an inner prod-

uct space K is called strongly convergent to z in K if
|lcm=z| =0 asn= .

Definition 2.10. (Weak convergence [31]) A sequence {z,}of vectors in an inner prod-

uct space K is called weakly convergent to x in K if

(Zn y) S z,y) as n 500 forall ye X;
Remark 2.15. We represent weak and strong convergence by “—"” and “-”, respec-
tively.
Theorem 2:16. [31] A strongly convergence sequence is weakly convergence (to the
same limit), ie., z, 'z implies z, — z.
Remark 2.17. [30]} If z,, — = and z, + y, then z = y.

Lemma 2.18. (30] Let {z,} be.a Cauchy sequence of an inner product space K such

that z,, — z. Then'z, — .

Theorem 2.19. [30] Let Ibe aHilbert space and-et ¢be a nonempty closed convex
subset of H with {z,} c C and z, — z,then z € C.

Theorem 2.20. [30] Let {a,} be a bounded of real numbers. Then, there exists subse-
quence {an,} of {a,} such that

o= limsupa, = Um g,

n—o0 00

Similarly, there exists a subsequence {a,, } of {a.} such that

B =liminfa, = lim a,,.
J—ro0

n—00

Remark 2.21. [30] Let H be an inner product space. Then we know that the following

(1)-and (2) are equivalent:
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(1) His complete,

(2) each bounded sequence {x,} of H has a weakly convergence subsequence {z,, }
of {z,}.

Definition 2.11. (Metric projection [30]) The (nearest point) projection P from H onto
C assigns to each z € H the unique point Pcz € C satisfying the property

: — Pozl| = mi -yl
&~ Pozl| = mig flz - y|

Lemma 2.22. [34] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H. Given x € H and y € C, then following holds

Pex=y& (x—yy—2z)>0,VzeC.
Lemma 2.23. [35] Let H bea Hilbert space, let'e-be anonempty closed convex subset
of H. Then the following hods;
(1) || Pox — Pag||< ||z =y, for-all a;y € H,
(2) (y — Pz — Poy) S 4 Pex— Peyl?, foralliz, y e 1

Theorem 2.24. (Opial’s theorem [30]) Let & be a Hilbert space and suppose z, — .
Then

lirg}inf”wn SR L[ﬂlinfl]wn =y
for any y € H with z'# y.

Definition 2.12. (Lower semicontinuous [30]) Let & be a Hilbert space and let ¢ be
a nonempty closed convex subset of H. Let f be a functionof € into (—eo, ], where

(—o0,00] =R Ufec}. Then, fis called lower semicontinuous if for any a € R, the set
{ve C: f(x)< a}is closed.
Moreover, f is called.convex if forany zr,as € C-and ¢ € [0;1],
Ftzr+ (15 as) < tflarn) % (1 - t)f(ze).

Theorem 2.25. [30] Let H be-a Hilbert-space, let'C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of ¢ into

(—oc, 00]. Let {z,} be a bounded sequence in C such that z, — z,. Then
f (o) < Uminf £ (zn).

Theorem 2.26. [31] Weakly convergent sequences in a Hilbert space H are bounded,
e, if {z,} is a weakly convergent sequence, then there exists a number M such that
lzn]| < M for all n e N.

Theorem 2.27. (Double extract subsequence principle [32]) Let {z,,} be a sequence
in a Hilbert space H and z € H. If every subsequence {z,,} of {z.} has a further

subsequence < z,, ¢ such that im; . z,, = z, then My, e zn = .
ki ki
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2.3 Bounded linear operators

Definition 2.13. [31] Let C be a nonempty closed convex subset of a real Hilbert space
H. Then

(1) A'is called a linear operator if
Aoz + By) = aA(z) + BA(y),
for all z,y € H and all scalars «, 3.

(2) Ais called bounded if there is a number K such that
Azl < K ||z,
forall z e H.

Definition 2.14. (Adjoint Operator [31]) Let' A be a bounded operator on a Hilbert
space H. The operator A=+ H — H defined by

(Azl y=>(%, A, Fferall] z, ylewr
is called the adjoint operator of A.

Theorem 2.28. [31] The adjoint operator A* of a bounded operator A4 is bounded.
Moreover, we:have [|4]] = ||A*| and JJA*Al} = |14

Definition 2.15. (Self-Adjoint Operator [31]) Let 4 be a bounded operator on a Hilbert
space H. If (Az,y) = (a, Ay) for all 2 € H, then A'is called the self-adjoint operator.

Remark 2.29. If A is a bounded operator on a Hilbert space H, then A*A is self-adjoint

operator.

Theorem 2.30. [31] Let 7' be.a bounded linear self-adjoint operator on a Hilbert space
H. Then
Tl = sup [(Tz=)].

ll]l=1
Definition 2.16. (Normal Operator [31]) A bounded operator T on a Hilbert space H
is called a normal operator if TT* = T*T.

Theorem 2.31. [31] A bounded operator T on a Hilbert space H is normal if and only
if |Tz|| = |T*z| for all z € H.

Definition 2.17. [31] An operator A is called positive if it is self-adjoint and

(Az,z) >0, forall z e H.
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Definition 2.18. [36] Let T be a bounded linear operator on a Hilbert space H. The
spectral radius of T, denoted by r,(T), is the number defined by

re(T) =sup {|A| : A € o(T)},
where o(T) = {A € C: (T — M)(z) =0, forsome 0#z¢€ 1 s

Theorem 2.32. [36] Let T be a normal bounded linear operator on a Hilbert space H.

Then T is is self-adjoint operator if and only if ¢(T) c R.

Example 2.33. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? - R defined by (u,v) = u-v = uv; + usve and a usual norm
[ -1l : R* = R given by |jul| = v/u2 + 2, for all u = (u1,u2),v = (v1,v2) € R% Let an
operator A : R? — R? be defined by-Ar=-(2a,.— 7oz + 225) for all z = (21,22) € R
Then A is a bounded linear on R2.

Solution. Let o, 8 R and.a =(z1,23),9 = (41, y2) € R2 Thus'we derive

Alazt By) = (2 (azy % Bur) = (02 + B%) s ez +By1) + 2 (aws + Bya))
= (20, —azg + 20y — Bya, az1 + 20i@a + By + 26yz)
= (20m1 = azg azy + 200) + (281 — Bz Byx + 2By-)
= a (22 = zg, 21 +222) + B (2y1 — Yo, y1 + 212)
= aAx 4 SAy.

This implies that 4 is linear. Observe that

[Az]| = || (221 ~ 20,21 + 225)]

¥ \/(231 Ea) - (#H283)°

= \/45-:? —ATvxy St 23 4 23+ 42,15 41
=5 |z

= Mz}

Then A is bounded.

2.4 Variational inequality problems and Equilibrium problems

The variational inequalities were initially studied and introduced by Stampacchia
(37, 38]. This problem is widely used in economics, social sciences and other fields:

see [39, 40]. This is the property of variational inequality problems.

Theorem 2.34. [30] Let H be a real Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let o > 0 and let 4: C — H be a-inverse strongly mono-

tone. Then VI(C, A) # @.
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Lemma 2.35. [35] Let H be a Hilbert space, let € be a nonempty closed convex subset
of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=FPe(l - )ueue VI(C,A),
where P¢ is the metric projection of A onto C.

Equilibrium problems are well-known problem:s, introduced by Blum and Oettli
[12] in 1994. If we give a mapping T : C — Hy, let F(z,y) = (Az,y —z) for all 2,y € C.
Then, z € EP(F) if and only if (Az,y —z) > 0 for all y € € that is z is a solution of the
variational inequality problem.

For solving the equilibrium problem, we assume that the bifunction F: ¢ xC —
R satisfy the following conditions:
(A1) F(z,z) =0 for all zeC,
(A2) F is monotone, k€., F(z,y)+ F(y,r) </0 for all »,y € C,
(A3) for each zy4,2 € C, l.'.i?{? E(tz= (T =%)x, 7)) < F(z, y)s
(Ad) for each'w’e C,y — F(z,y) is-convex and, lower semicontinuous.

Lemma 2.36. [12] Let € be a nonempty closed.convex subset of # and let F be a
bifunction of € x C into R satisfying (A1)-(Ad), Let »> 0'and '« & H. Then, there exists
z € C such that

Flz,y) + ; (y=z2—2)/>0, Yye .

Lemma 2.37. [17] Assume that F:/C % C = R satisfies (A1) =(44). For r > 0, define a
mapping T, +H = ¢ as follows:

T (2R 2 R SR g %(y 52 22 25% vy € €9
for all z € H. Then, the following hold:
(1) 7, is single-valued,
(2) T is irmly nonexpansive, i.e., for any =,y € H,
ITe(2) = Te()I” < (To(z) = To(y) 2 — ),
(3) F(T,) = EP(F),
(4) EP(F) is closed and convex.

Example 2.38. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (u,v) = u-v = ujv; + upve and a usual norm
]I : R* = R given by [lul| = /u +uZ, for all u = (uy,us),v = (v1,v2) € R2 Let
F:R* x R? - R? be defined by

F(z,y) = -2+ 4 Vz,y € R2.



18

Then a bifunction F satisfies the condition (A1)-(A4) and (0,0) € EP(F).
Solution. From the definition of F, we obtain

F(z,y) = —2® +4°
= (z1,22) - (21, 22) + (y1,%2) - (41, %2)
== (21 +23) + (v +13).
Let z,y,z € R2 That is
Fz,z) = — (2} +23) + (2} +22) = 0.
Thus F satisfies (A1). Next, observe that

F(z,y) + F(y,z) = — (af+ud)y+(yi+ty3) — (v7 +13) + (2 +22)

=0.
Then (A2) is trues Let t e [0;1], derive that

im Fez4 (1 —tz/y) = lim (— {tz1 4 (1 <t)wy,tza + (1 — t):.';g)2 + (y1,y2)2)

t—0t =0+

=lim (— (M=) 21) %= (T =)z + t2)° % 42 + yS)

=0+
= ] —23 +g + 0
= (7, )
Therefore (A3) holds. Let t € (0,1), we have

F(#,tz 541 - ty)y= — (ay,22)% F(tzi + (L= 0)yitza+(1 ~thyg)?
= (@} + 23+ ((ter+ (L= 8y1) 2+ 2+ (1 - H)?)
= (B0 =) @ 2d) £ (1 8 26T - )2y +AL- t)y3)
+(r 2 (L — )20y + (1= £)13)
bt (1—1)(FT + 22) + (222 R0~ WEA 12) + (1 — )%2)
+( 23 F {1 21t) (25 F43) + (1 —8)%y3)
=t (= (#7+m3) £ (FF+ 23))+ 1 — 1) (- (a3 +23) + (v} +13))
=tF(z,z) + (1 — t)F(z,y).
This yields that F is convex. Suppose that {y,} c R? with y, = (ym:v2) = (y1,y2) as

n — 0. Thus we get

P @) = Wim, (= +23) + (40)" + (42)°)

=—(z} +23) + (43 +43)
= F(z,y).

Hence F is lower semicontinuous. So the condition (A4) holds.
Because F((0,0),y) = yi+y3 >0, then (0,0) € EP(F).
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2.5 Fixed points of nonexpansive mappings, nonspreading mappings

and guasi-nonexpansive mappings

The fundamental concepts of fixed point theory is used in many fields such as
in economics, a Nash equilibrium of a game is a fixed point of the game’s best response
correspondence. John Nash finished his seminal paper by using fixed point theorem
and won the Nobel prize in economics. In this section, we give the property for fixed

point theory.

Theorem 2.39. [30] Let H be a Hilbert space and let € be a nonempty bounded closed
convex subset of H. Let T be a nonexpansive mapping of C into itself. Then T has a

fixed point in C.

Theorem 2.40. [30] Let A be a Hilbert space and let ¢-be-a nonempty closed convex
subset of H. Let. T be a nonexpansive mapping of C_into itself. Then F(T) is closed

and convex.

Lemma 2,41. (Demiclosedness principle [41]) Assume that T"is a nonexpansive self-
mapping of closed convex subset.C of a Hilbert-space. A. If T has.a fixed point, then
I - T is demiclosed. That is, whenever {z,}is a sequence in.C weakly converging to
some z € Chand the sequence {(I < T)z,} strongly converges to some y it follows that

(I = T)x =y Here, I is the identity mapping of H.

Example 2:42. Let T :[1,100} —[1,100] be defined by Tz = %5 Then 7' is a nonex-
pansive mapping.
Solution.” Let @y € [1,100]. Thus we get

iz — Tyl 3:r:+5_3y+5‘_{3

8 8 gl=m)

< |&=ylt
Hence T is a nonexpansive mapping.

By the concept.of quasi-nonexpansive mapping.and nonexpansive mapping,
we know that a nonexpansive-mapping with at-least one fixed point in C is quasi-
nonexpansive mapping but the inverse may be not true. It implies that the class of
quasi-nonexpansive mapping generalizes the class of nonexpansive mapping. Next is

the property of quasi-nonexpansive mapping.

Theorem 2.43. [42] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a quasi-nonexpansive mapping of C into itself. Then F(T) is a

nonempty closed convex set on which T is continuous.

Example 2.44. Let T : [1,100] — [1,100] be defined by Tz = 325 Then T is a quasi-
nonexpansive mapping.
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Solution. Let z,y € [1,100]. We observe that Fiz(T) = {1}. For every u € [1,100] and
1 € Fiz(T), we have

Tu—T1| = 3u+5

—1‘=§!u—1|<|u—1f.
8
Therefore T is a quasi-nonexpansive mapping.

The fixed point of the nonexpansive mapping T in Example 2.42 is 1 and Ex-
ample 2.44 guarantees that T is quasi-nonexpansive mapping. This ensures that a non-
expansive mapping with at least one fixed point in C is quasi-nonexpansive mapping.
The next example shows that the inverse may be not true.

Example 2.45. Let T:[0,2] — [0,2] be defined by

ut2 i o € (1
Tu = . ( ]

¥ if ue0,1].
Solution. First, show.that 7 is quasi-nonexpansive for-all w€ [0, 2].
Observe that Fiz(F)= {2} if z € (1,2] and Fic(T) ={0} if 1 e [0;1].
For any w € (1, 2], we have

u—2
2

1 ETE) |7 ; 2

_z‘z

1
‘ziiu—Zl <|'U.—2J.
For every w€ [0,1], we obtain
i 1
[Tu —TO0| = '5 - 0’ 3= §|u—0I < |Ju = 0.

Therefore T is a quasi-nonexpansive for all w & [0,2).

Next, we show:that T is not a nonexpansive mappine.

Choose u =8 'and.v = 1, we have
|Tu — T = T(g)—T(%)‘
IRLE)
I
.
=5/-
Thus we get
ju-vl={3 -2
A P

Hence we have
|Tw—Tov| > |u— .

That is, T is not a nonexpansive mapping.
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A mapping T on a closed convex subset C of a Hilbert space H is said to be
nonspreading mapping if

2Tz — Ty|? < llo = Tyll* + | Tz - y||?, (2.1)

for all 2,y € C. In 2009, lemoto and Takahashi [8] proved that (2.1) is equivalent to
(2.2).

Lemma 2.46. Let C be a nonempty closed convex subset of a real Hilbert space H.
Then the mapping T': C — C' is nonspreading if and only if

1Tz — Ty||* < [l — ylI* + 2(z — T2,y — Ty), (2.2)
forall z,y e C.

Lemma 2.47. [7] Let # bea Hilbert space, let C be a nonempty closed convex subset
of H, and let T be a nonspreading mapping of C-inta itself.. Then F(T) is closed and

convex.

Remark 2.48. A nonspreading mapping T with F(T) # @ is guasi-nonexpansive mapping.

But the converse is not true,

Example 2.49. Let 7': [1,100] ~ [1,100) be defined by Tz = 227 “Then T is a non-
spreading mapping.
Solution. Let z,y'e [t,100]- Thus we get

*2,. 2 o _2
|T-T_T'."/F= ng+7—— y;7 o 5(:!:*?}) :%h'—y}z
and
x 47
S Ty CRNALT) (PG (Y7, AT
9 9
g To =7 Ty — 7
= . .
98 _ ;
= SoHLRY -1 2 0/( Since z,y > 1).
Therefore

Jr—y|2+2(m—T:c,y—Ty) > [;-:—y'|2
4 2

> — =
25 |z — yl

|Tz — Ty|*.

Il

Hence T is a nonspreading mapping.
The following example support Remark 2.48.

Example 2.50. Let T : [1,100] — [1,100] be defined by Tz = 22T, Then T is a quasi-

nonexpansive mapping.
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Solution. Let x,y € [1,100]. By Example 2.49, we have T is a nonspreading mapping.
We observe that Fiz(T) = {1}. For every u € [1,100] and 1 € Fiz(T), we have

|Tu—T1| = =—Ju—1] <|u-1].

"9

2u+7_1‘ 2

Therefore T is a quasi-nonexpansive mapping.
The following example shows that the converse of Remark 2.48 does not hold.

Example 2.51. Let T: [0,2] — [0,2] be defined by

wt2 jf 4 e (1,2,
Plii= = 1,2]

z if wel0,1].
Solution. First, show that T is-quasi-nonexpansive-for all « ¢ [0, 2)].
Observe that Fiz(T) =42)f z € (1,2] and Fiz(T) = {O%if we [0, 1].
For any u € (1,2], we'have

U+ 2 w—2 1
Tu="T72|= - -2’: 3 |ﬁ2|uﬁ2<u—2!.
For every we [0,1], we obtain
U 1
|Tu—T0[:|-2~w0J—§|u—0| <= 0]

Therefore T'is a quasi-nonexpansive for-allw & [0,2].
Next, we show that T'is not a nonspreading mapping.
Choose u =3 and v =14, we have

S 1
o NP 4 v X7+ 13
|Tu — T AT(Q) T(Q)
e (5
|
62
P!
1f
<3
Thus we get
5§ ip 3 3N i 1
o — |2 iy Tl s Wy o |5 L A e O N
|u—v|* + 2(u — Tu,v — Tv) 5~ +2<2 T(Q)’Z T(2)>
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Hence we have
ITw — Tv|® > |u—v|? + 2(u — Tu,v — To).

That is, T is not a nonspreading mapping.

2.6  Some useful Lemmas and Theorems

This section is an important section to prove our main results. Let H be a real
Hilbert space with inner product (.,-) and norm |-|. In this thesis, we represent weak

and strong convergence by “ —" and " —”, respectively.

Lemma 2.52. Let H be a real Hilbert space. Then there holds the following well-known

results:

(1) flz £ yl|* = |2 + 2w Z+1E1",

(2) ||z +yl* < 2134 (v, 2+,

(3) llaz + By ¥zl “=a el $ B9l + pll1* = B lo—yl>— avln22)? - By v — 2%
for all o, yyz/€ H and o/8,v€ [0, 1} with e+ B ¥ ¢ =1.

Lemma 2.53. [43] Let H be a real Hibert space. If {z,,} is.a sequence in H weakly

convergent to z, then

lim sup [en — yl* = tmsup lze — 212+ |2 = y))?, (2.8

=00 n—>o0

forall y € H.

Lemma 2.54. [44] Let {sx} be a sequence of nennegative real numbers satisfying
Sl SV — @n) s/ #0590 >0,

where {a,} is.a sequence in (0;1)and {d.} Isa sequence such that

o0

(1) Zun = 00,
n=1

(2) limsu n <0or 3 h)

P D> 16x] <o

"
n—occ n=1

Then, lim s, = 0.

n—0C

The next important result is used for proving our main result.

Lemma 2.55. Let C be a nonempty closed convex subset of a real Hilbert space H. Let

N
{T:}Y, be a finite family of quasi-nonexpansive mappings of C into H with ﬂ F(T)#0
i=1
N

and let  "a; =1, where a; > 0 for all i = 1,2, ..., N. Then

i=1

N N
(F(@)=VI (C’,Zai (I—T?;)) :

=1 g=rik
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N N N
Proof. In this Lemma, we show that () F (T3) = ﬂ VI(C I-T;) and ﬂ VIC,I-T;)=

1=1 f=1 i=1

N
Vi (C‘, Za'i £l = Ti)) . Lastly, we have

i=1

F) =VI (C > ag( I—T))

i=1 i=1

N N
In the beginning, it is easy to see that (| F(Ti) C (| VI(C,I-T;). Next, we

:1 i=1
‘I\F

N
show that (Y VI(C,I-T) € (F(T:). Letu € ﬂw (C.7— T3} 8nd ﬂF(T ) # 0. So,
=1 =1 =1 i=1
wegetueVI(C,I-T;), Vi=1,2,...,N. We may write

(=, (I - T))u) < 0;Wy.C. (2.4)

There exists v* e/C.such thatw* =Tt ¥i'Z 12, N. SiInca&Tais quasi-nonexpansive
mappings, Vi = 1,2, ..., N, it follows that

1T = vl =l = 2%) & (£~ D) |
= [l =0 Aade o (=Tt || (F — Toulf?
< Jlu~24°. (2.5)

By using (2:4) and (2.5), we conclude that

II= Tyl € 2(u =7, (1 = T)u) <0

J\T
It implies thatx € (1) F(%;) . Therefore ﬂ ¥ (d —7)'G ﬂ F(T;). Hence

i=1 1=1 i=A

N N
After that, we show ﬂ VE(G I 5= vI (C’Z“f (1 - T,;)) where a; > 0 and

=1 i=1
N

Zai = 1. Observe that

i=1
N

we [|VI(CI-T)

i=1

&
weVI(CI-T) Yi=1,2..,N
&
({(I-THuw,v-—u)>20,WweCandVvi=1,2,..,N
Ea

ai{({ = T)u,v—u) >0,VveC

Mo

=1
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N
<Za1 (I-T)u,v— u> >0,YWweC

=1

N
ueVl (C,Zai(l ~T.,-)) .

i=1

N N
Therefore ﬂ VICI-T)=VI (C’Z”’i r~ Ti)) :
§=1

i=1

Hence N, F(Ty) = VI (C', YLy ai (I - T,;)) : U

Remark 2.56. From Lemma 2.35 and Lemma 2.55, we have

N N N
() F (@) =VI (C,Za.i (1-21)) =F (Pc (I—A (Zai (I—Ti)))) ,

i=1 i=1

N
where a; > 0 for alli =1, 2, ..., N with Za,; =1and \>0.

1=l



Chapter 3

Convergence theorems in Hilbert space and its

application

3.1  Weak convergence theorems for finding common elements of
equilibrium problems, variational inequality problems and fixed

point problems

In this section, we introduce weak convergence theorems, motivated by Taka-
hashi and Takahashi [20], for finding a common element of the set of solutions of the
equilibrium problem, the set of solutions of the variatienal.inequality problem and the
set of fixed point-problem in-Hitbert spaces. In-addition, our results improve existing
results in [20],

Theorem 3.1. Let-¢-be a nonempty closed convex subset of-a real Hilbert space H.
Let F be bifunction from.c-x € into R satisfying, (A1)~ (A4),\et A4 :.G. — H be a a-
inverse strongly monotone mapping and let/T:'C"— € be a nonspreading mapping
with § = F(T) N EP(FYA\V1(C, A) # 0. Let {z,} and {u.} be sequences generated by
z; € C and

F(’!L“, Tf) <5 %(y Rl Al In.) = 01 V?j S Ca

(3.1)
Tp41"= GpTy ,‘61'1 PC([ N )\A)“n =+ ’}'TITPC([ )‘A):L'na V> 1,

where {ag} C-{asb] C (071), B JoC [epdl=€ (0,1, f4n} €le, /] C (0,1) such that o, +
Bu + v =1, and.ra€ [g, hlC (0, 2a), A €(0, 2a). Then the sequences {z,} and {u,}

converge weakly to an-element of 3.

Proof. First, we showthat Pe (I — AA) is nonexpansive. Let.z,y € C. Since A is a-inverse

strongly monotone and A <-2a, we have

1Pe(I = M)z ~ Pe(I = AA)y|* <T(T =2 A)z — (I - AA)y|?
= [z -y — AMAz — Ay)|?
= |z = ylI* — 2M(z — y, Az — Ay) + || Az — Ay|®
< Jlz — ylI* — 2aA]| Az — Ay|® + A?|| Az — Ay?
= [l = yl* + A(A = 20) | Az — Ay|?
<z -yl
Thus Pe(I — AA) is nonexpansive. We shall show that the sequence {z,,} is bounded.

Since
1
Flun,y) + — (4 — up, un —z,) 20, VyeC.

Tn
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By Lemma 2.37, we have u, = T, z, and EP(F) = F(T,,). Let z € §. By nonexpansive-
ness of Po(I — AA) and T;., , we have
2ns1 = 2lI* =llan(zn = 2) + Bu(Pe(I - A)u, - 2)
+ 1 (TPo(I = M)z, — 2)|?
=0 |[zn — 2||* + Bul Pe(I — AA)u,, — 2]
+ Val|TPe(l — M)z, — z||2 — anfnl|lzn — Pe(l — )\A)u,,”g
— anYnllzn — TPo(l — M)z, ||?
= Buvul|Pe(I = M)uy — TPo(I — AA)z, ||?
<A = Balllzn = 2> + Bal Tr zn — 2|2
= B | T P = XA 5|12 = nyn||zn — TPo(I — AA)z,|
= Buwil Po(I = M), — TPo(I —XAYm|? (3.2)
=zn —2z|[*~anBallts - Po(F=XA)u, |
= omYn|@n = TPo (L~ XA)z, |2
= BuplPell = XA, '~ TP (I £-)\A)z,,||? (5.2
<@ 2]E)
This implies that im,— o fla, = z|| exists for every z € §. Then-we have {xz, } is bounded,
50 is {u,}. By (3.3), we have
anfn e & Po(d =), \? <len = 2|2 = [z — 2|f?
~ o nllitn = T BT A Aanl?
— BagnllPef! 5 A~ TPe (L = AA)z,||
Mlzasz 3ol - =1
Since lim, o [lz e — 2]|ceXists for every z € §; We have
lim flon — Po(I M)t = 0. (3.49)
n—o
By using the same method as(3.4), we-have

Um ||z, = TPo(I — AA)z,| = 0. (3.5)

Next, we will show that lim,, e [l2, — un| = 0. Let z € §. Since u,, = T B Bnel T, 15
firmly nonexpansive, we have
|z — Trnxn”z =T,z — Tr'nxnuz
S(TT,‘Z = Tr”wnu z = wn)
i
:5(”TM'TH = z”2 + H"E‘H - 2“2 - ”Trn Ln — -THHQ)-

Hence

”un = Z”2 =8 ”37n =y 2”2 7 ”un iC -T'nHQ‘ (36)
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By (3.2) and (3.6), we have

Zns1 = 2lI* (1 = Bu)ll@n — 201 + Bullun — 2|2
= 0nBnllzn — Po(I — AA)uy|® — anYnl|lZn — TPe(I — Ad)z,|?
= BnvnllPe(I = AA)un — TPo(I — XA)z, ||
<A = Budllzn — 2)* + Balllen = 211* = llun — z,|[*)

=z - 3“2 = |ty =~ En“g

It implies that

Brllun = znll® < Nz = 21> = |zp41 — 2|

Since lim,o ||z — 2|| exists for every z € §, we have

UM [Jzn — ua =0, (3.7)

n—oo

Since

llzn — Peld = Aoy <l — Po{l < AAYupl|+ |PotF XA u, <P (I — M)z, |

|2y + Pell/ ~AA) || 3+ Jttn = &,
from (3.4) and (3.7), we have
il — Pe(l < A4z, =0, (3.8)
By (3.5) and (3.8), we have

Um || Po(I — Ad)zn — TPe(l = AA)z, | = 0. (3.9)

=00

Next, we will show that w(z,). c § where w(x,) = {2 2,,,/— = for.some subsequence
{nm} of {n}}. Since {z,}is bounded in H, we have w(z) # 0. Letw € w(z,,). Thus, there
is a subsequence {uy,, } of {,} which-converges weakly to . By (3:8), nonexpansive-
ness of Po (I — Xd)andlemma 2.41, we obtain that w € F(£o(I'=AA). By Lemma 2.35,
we have w € VI(C, A)."Sinced|ty, -~ zp,. || — 0 as it co, wehave u,, — w as m — oo.
Since

Flun,y) + rin(y —Un, Un —2y) >0, VyeC,

it follows by (A2) that

1
T_<y = Up, Uy — wn) 2 F(ynun)a VZJ (= C
n

In particular,
<y — Up,,, ri (tn,, — Tn,, )> > Fly, un,,)- (3.10)

n ™

By condition (44), F(y,-) is convex and lower semicontinuous, and thus weakly semi-
continuous. By (3.7) imply that ;2= (uy,, — 2,,,) = 0 in norm. Therefore, letting m — oo

in (3.10), we have
Flyu) < Um F(y,uy,, ) <0,, ¥y € C. (3 11)



29

Replacing y with y, := ty + (1 - t)w, ¢ € (0, 1], we have y, € C and using (A1), (A4), and
(3.11), we obtain

0= F(ys,y) StF(ye,y) + (1 = t)Fye, w) < tF(yp,y).

Hence F(ty + (1 -t)w,y) > 0, vt € (0,1] and Vy € C. Letting ¢ — 0* and using assumption
(A3), we can conclude that

Flw,y) >0, yeC.

Therefore, w € EP(F).
Next, we will show that w e F(T). Assume w # Tw, using Opial’s property and

(3.5), we have

Uiminf |laa s wif< Urrl}iﬂfH:rT,m = Twl|

m—o

<Uminf(l|#,,, = TP (I =AA)z,, ||

+ | T Pell' = Ad)x,,, — Tw||)
=Um INFITPe (]~ AA) @y =Twl. (3.12)
By nonexpansiveness of Pe (I =XA) and w € F(Pe(l ~ AA)), we have
|7 Po (i~ M) 2y L L S FPoAE S XAy, AT Pe =N AN
S| Bo (£ Af)an, = Pe(T= XA
+20Pe (I XA T = TP — Az [rw = Tw)
sl wit
4 2|| Pold— X))y, = PRe(f = VA, |Ilw — Tw||.
It implies from (3.9).that
Urinf || 7 Po(l = XA)zs,, = Twl|.< lim Inf jlzz,, . (3.13)
By (3.12) and (3.13),'we-have
liminfilz,, —=wl< ljn”l@ﬂl-""nm —wl.

M —00

This is a contradiction. Then we have w € F(T). Hence w(z,) C §.

Finally, we show that {z,} and {u,} converge weakly to an element of §. Claim
that w(z,) is a singleton set. Let wy,ws € w(z,) and let {z, } and {zm,} be subsequences
of {z,} such that zy, — w; as i —» oc and Tm, = W aS j — co. Since My |zn — gl
exists for each ¢ € § and wy,w, € §, it follows by Lemma 2.53 that

I fen — 2 = im flam, - s

= le H$mJ = w2H2 + [Jwz — w1 H2
J—00

= lim ||zg, — wall® + ||z — wi]?
11— 00
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= lim [|zg, — w1 + [Jwr — wa|? + [|lwe — wi|]?
1—00

= le ”IT[ - leZ E 2”{*}1 - WQH‘Z'
n—oo

Hence, wi = w,. This shows that w(x,) is a singleton set. Therefore, we can conclude
that z, — w € § as n — oc. It follows from (3.7) that u,, — w € F as n — co. So the proof

is complete. [

Using Theorem 3.1, we obtain the following weakly convergence theorem for
finding a common element of the set of solutions of the variational inequality problem

and the set of fixed points of a nonspreading mapping in a real Hilbert space.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let A:C — H be a a-inverse.strongly.monotone mapping and let T : ¢ — C
be a nonspreading mappirg with § = F(T) \VI(C, A)#0. Let {z,} be a sequence
generated by z; € C'and

Lyl = QnZp + Balbo(f = AA)2, + 97dTPg (I — AAd)zx,, Vn>1,

where {a4, ¥ C [a,bL.c40,1), {8} CEd) € (0,1} & le,.f] €1(0, 1) such that a,, + B, +
v =1, and X € (0, 2a). Then the sequence {z,} converges weakly to an element of .

Proof. From Theorem: 3.1, putting F = 0, we have u, = Poar,. -Since z, € C for all
n > 1, we have x; = Pex,. Then w, =, and the desired resultis directly obtained by
Theorem 3.1, iy

The following result we obtain weakly convergence theorem for finding a com-
mon element of the set of solutions of the equilibrium problem, the set of solutions of
the variational inequality problem and the set of fixed points of a quasi-nonexpansive
mapping in Hilbert spaces. Therefore, we omit the proof.

Corollary 3.3. Let.C.be a nonempty closed convex subset-of a real Hilbert space H.
Let F be bifunctions from G.x C into R satisfying (A1) —(44),let A: C — H be a a-inverse
strongly monotone mapping and.let 71 C —.C-be a quasi-nonexpansive mapping T
such that 7 — T is demiclosed at zero with § = F(T)EP(F)N\VI(C, A) # 0. Let {z,.}
and {u,} be sequences generated by z, € C and

Flun,y) + 2y —tn, un —2,) >0, W eC,
(un,y) + - (y ) y (3.14)

Tn41 = Qny + r@u.PC'(I - AA)un + ’YNTPC'(I = AA)CL'-,L, Vn 2 1
Where {O:”} c [a:b] - (Oal)s {ﬁ‘u} c [Cad] c (D’l)a {ﬁ/ﬂ} c [B,f} c (011) SUCh that G +
Bty =1 and r, €lg, h] C (0, 2a), A € (0, 2a). Then the sequences {zn} and {u,}

converge weakly to an element of 3.
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3.2 Strong convergence theorems for finding a common element of
the set of solutions of variational inequality problems and the set
of common fixed points of a finite family of quasi-nonexpansive
mappings and the set of solutions of the modified split

generalized equilibrium problem

Motivated by SEP, SVIP and [29], we introduce strong convergence theorems for
finding a common element of the set of solutions of variational inequality problems
and the set of common fixed points of a finite family of quasi-nonexpansive mappings
and the set of solutions of the modified split generalized equilibrium problem without
assuming demiclose condition and Tpy+=(l—=w)l +wT, where T is a quasi-noneapansive
mapping and w € (0, 3) that.isthe difficult proof in-a.framework of Hilbert space. First,

we introduce Lemma.3.4 that is the important tool used te prove Theorem 3.5.

Lemma 3.4. Let'C' and @ be nonempty closed convex subsets of a real Hilbert spaces
Hy and H,, respectively. ket A : H; — H,be a bounded linear operator. Let F :
CxC—Rand F, : @ x@Q —R be the bifunctions satisfying(A1)-(Ad). Let f, : H, — H,
be a p-inverse strongly menotone mapping and fy : Ha — Hs be a firmly nonexpansive

mapping. Then
L TH(T = f1) and T (I - s f2) are honexpansive mapping.
2. ||TB (F=rfi) (AT (T2 (L= sfa) = 1) Ap)
= T (=lth) (a kA (T2 — s} 1) o) |

< I="qll® 430 L < 1) HTT3AES s f2)= F) Ap < (TF2 (I ~sf2)4T) Aq|*,

for all p, ¢ € €, where © € (0,2p), 5 € (0;1), v€(0,1/L), L is‘the spectral radius of the
operator A*A and A" is the adjoint of ‘4, 7% : H, - C defined by

TH ()N {2€ C Filz,9)+ %(y—- 2, 2="T)> 0,Yy € C},
forall z € Hy and TF: : H, — Q defined by

T/ () ={z€Q: FK(zy) + %(y~z,z—5> >0,Vy € Q},
for all z € H,.

Proof. Let p,q € C. First, we show 1 is true. Since f; is a p-inverse strongly monotone
mapping and r € (0,2p), we obtain
ITF (= rfop =TI = rfall” < llp = all* = 20 (0 — g, fip = fra) + 72 |l op — frall®
<llp = all* +r(r = 20) | fap = fral®

< p-all?.
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Thus T.7*(I—r f1) is a nonexpansive mapping. Since fs is a firmly nonexpansive mapping
and s € (0,1), we get
[T (I = sf2)p =T (I = sf2)all” <P -3l - 255 — 7. fob — fod) + 5* foB - fodl®

<Ip-7l° - s(2 - s) | foP — fo7]|

for all ,7 € Q. Therefore T* (I — sf,) is a nonexpansive mapping.
Next, we show 2 is true. From Lemma 3.4 (1), we have

|T7 (I =rf1) (p+ A" (T2 (I - sf2) = I) Ap)
= TP (I =rf1) (g +7A" (TP (I - sf5) - I) Ag)||”
<[ - ) + 7 (AATEG=5F) — 1) Ap =~AS(FL: (1 - sf5) - I) Ag) |
<llp— all” #29{Ap = Ag. (T H £2) < 1) Ap — (TE .~ sf5) - I) Aqg)
+ VLT (F—sfa) = 1) Ap — (TE (I = sfo)—=T) Aq||™ (3.15)

From the property-of T2, we get
107 5 sf2) Ap.~ (I — sf2) Aql?
> | T8 (= sifa) Ap= T (I =) Aq = (Ap=Ag)+ (Ap ~ Ag)||”
= || (TR =ss) = 1) Ap £(TF2U ~ $Fa) 1) Aq)
F2UT2 (P~ sfa) - D) Ap~(TFA(T ~6f2) < I AgyAp - Aq)
+ || Ap=Ag|>. (3.16)

Since

I(F s fa) Ap — (R=sfo) Aq|” = || Ap= Aq|l® ~25(Ap — Aq, FAp— f2Aq)
e\ f2Ap — f2Aq|% (3.17)

From (3.16), (3.17) and the-property of firmly nonexpansive mapping, we get

2((T5* (I = sfo) = 1) Ap = (T% (I - sf2) — I) Aq, Ap — Aq)
<= (TP (1 - sf2) = I) Ap— (T2 (I = sf2) - I) Aq”
—25(Ap — Aq, f2Ap — f2Aq) + 5% || f2Ap — f2Aq|”
<= (T (T —sfo) = 1) Ap = (TP (I - s2) = 1) Aq|”.

That is

2y ((T* (I - sf2) = I) Ap — (T2 (I - sf2) — I) Ag, Ap — Ag)
<= y||(TF U - sf2) = 1) Ap— (TP (I - sfo) — I) Aq||”. (3.18)
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Substituting (3.18) in (3.15), we obtain

|77 (I =rf1) (p+ A" (TP (I - sf2) - 1) Ap)
= TR =rfi) (g +vA" (T/2 (I - sf2) - 1) Ag)||
Sllp=all® =y | (TP (I = sf2) = 1) Ap — (TF2 (1 = sfy) - I) Ag]|®

2

+VPL|(TF (1 - sfa) — I) Ap = (T2 (I - sf5) - I) Ag||*
=lp—al® +v(yL = 1) | (T2 (I = sf2) = I) Ap — (TF= (I — s 2) - 1) Aqg]|".

[

Next, we prove a strong convergence theorem for solving the modified split

generalized equilibrium problem (MSGEP).

Theorem 3.5. Let C and-@ be nonempty closed ‘convex subsets of a real Hilbert

spaces H; and Hs, respectively. Let A :/Hy = H, be a-bounded linear operator.

Let Dy, D, : C/=" H, be o;#-inverse strongly monotone mappings, respectively. Let

F:CxC—Rand F : Q xQ =+ R be the bifuhctions-satisfying (A1){Ad). Let {73}, be
N

a finite family of quasi-nonexpansive mappings of C-into itself with [(\F(T) # 0. Let
i=1

fi o Hy = H, be apinverse strongly monotone mapping and fs.: Hy— Ha be a firmly

nonexpansive mapping. Assume § = VI(C, Dy) nVI(C, Do) n L FIT) 0 Q # 0. For

given zy,u € C and let {x, }, {un} @and {y,} be sequences generated by

W S ) (on+ VAT (= sfa)— 1) Aw)s
yn =Pc (I' = diDy)(au, + (1= a) P (I = dy Do) un), 385
Tptl = 0pU + ,anl'n + Pl (I i (Zszl ki (I - TZ))) Yns yn'e N’

N
where d; € (0,2a), d2'€.(0,28), 1 € (0,2p),5 €(0,1),a € [0,1],0< k; < 1 with Zki =1,v€e
=1
(0,1/L), L is the spectral radius of the operator A*A‘and-A*'is'the adjoint of A. Also
{an} {Bn}, {1} are sequences in 0,1] with &y, + B, +9. =1 for all n € N. Suppose the
following conditions hold:
(i) lim a, =0 and Zau = 00,

n— o0
n=1

(i) 0 < e < By <d< 1forsomeec,d>0foralln>1,

oc
(ifi) Z)\n <owand 0 < A, <1,

n=1

oo oo
(V) Y langt — n| <00, [Bns1 = Bal < oo

n=1 n=1

Then {zn}, {un} and {y,} converge strongly to z = Psu.



34

Proof. Letz,y € C and z € §. First, we show that (I — d, D) is a nonexpansive mapping.
Since D is an a-inverse strongly monotone mapping, we obtain

I(I = diDy)z — (I ~ dy Dy)yl?

= llz ~ ylI* - 2di(z ~ y, D1z = D1y) + d} | D1z — Duy®

< lz = yl® + d(dy — 2a) | Dz — Dyl

<llz—yll®.
Thus (I — d1Dy) is a nonexpansive mapping. By using the same method as above,
we see that (I — d,D») is a nonexpansive mapping. Since f; is a p-inverse strongly
monotone mapping and f; is a firmly nonexpansive mapping. From Lemma 3.4 (1), we
have (7,7 (1 - rf1)) and (T (I —sf5)) are nonexpansive mappings.

Since T7; is a finite family of quasi-nonexpansive.mappings, ¥i = 1,2, ..., N, we get

| B~ 2||° =m0\ LT
= IE'Un - 2:” = 9( -z, (_[ T Un) + H(I - ')yn”z

< Hyn &S z“ .
We can conclude that
”([ - )JNH £92 (Un iy &7 (I i JJH.) (320)

From Remark‘2.56-and z € (1 F (), we have z & F (PC (1 - Ay (Zt 18 —T))))
and z YR X = 1,44 I Slnce Pe is nonexpansive mapping and (3.20), we have

2

IA
$
|
N
/'_“\
(Y
3“'
=g
=

i 2
:]y,,z!2~2/\?,< (I =Ty >+/\2 Z i (I =T3) yn
=1
N N
2

< llyn = 2I1° = 20 > ki yn — 2, (T = T yn) + A2 D ki l(Z = T3) I

=1 =1

N

Sllyn = 21% = A Y ki 17 = T3) yall® + A2 Zk I = T3) yul?
i=1

= llyn = 2[|* + An Zk 1(Z = T3) ya I
<|lyn — 2. (3.21)

since z € VI(C, Dy)and z € VI(C, Dy) and using the property of (I -dy D1) and (I —dyDs),
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we get

lyn = 2lI* =1|Pc (I = diD1) (au + (1 = @) Pe (I — dyDs) u) — Pe (I — diDy) 2|
<allun = 2l|* + (1 = a) [|Pc (I = d2D2) uy, — 2| (3.22)
< |lun — 2||*. (3.23)

Since z € O, we have z =T (I —rf)) z and Az = TF2 (I - sf,) Az. From Lemma 3.4 (2)

and y € (0,1/L), we obtain

[tn = 2% = ||TF* (I = 1f1) (2 +yA* (T2 (I = sfo) — 1) Az,)) = TH (I -1 fi) z||2
<lan = 2l® + 9 (Ly = 1) | (T (I = sf2) - 1) Az]|” (3.24)
<llan — 22 (3.25)

Using the definition of ,,,(3.21), (3.23) and (3.25), we get
H'TT:H-I = Z“ = H(.‘r“(u ' Z) \ia .BH;(I'I‘L 73 Z)

N
+ T (PC (1— An (Zkﬁi (I—Tz))) Yn —z)
=1

<agll = 2+ B‘rb“-rn sl ')’n”yﬂ =zl

Sﬂn”u ™ | J3” + ﬁvc“zu | 2” + ’Yltlluﬂ. = -H

o It~ 2| Al e )|zn= 2
Using induction, we can conclude that
lxn =zl < mag{||lu~2]f; ||v1 =z||}

forall n >'1.. This.implies-that the sequence {z,} is-bounded andso are {y,} and {1 }.
From Lemma 3.4 (2) andy &(0,1/L), we obtain

It = v 2
= || (I = rfr) (et vA” (TP2(EL 5f5) =1) AZ,,)
= TP (I =1 1) (2ne1 + YANEET = sloy=A) Az ) |
Sln = @neall® +v(yL = 1) [(TF2 (1 = 52) = 1) Az — (T2 (I~ 5f3) = 1) Azgy|”
< |zn = Zn_1 . (3.26)

Next, we show that lim [z,4+1 — 2, = 0. According to equation (3.26), we have

|Zn+1 — 2zn|

(e {1 $on ) )
o ki g

- (an et B e 1+ Yn- 1Po
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<lom — an—1| ||l + Bn ”Tn — & 1|l F B~ Briesl H-Tf'nfl” + ¥n lyn = -1l
N

ZkITgnZ ) Yn—1

N
+"\n_/\n—l’ Z (I T)'Un 1
i=1
N
ey |"Y-n - 'Y-n—ll Pe (I . (Z k; (I = Ta))) Yn—1
i=1

<(1 = an) H‘rn T $n71” == !a’n = an—l‘ “‘lt“ + |;Bn o ,Bn—ll “"LI'H.—IH

N
+ A Zk I-T) Z ) Yn—1
. =
+’)‘u'_’\u—]i Z (I T)yu 1
=1
+|’Yn W< 1| (I /\n 1<ZA [_ ))yn—l

S(l y a-n) ”Iﬂ - J"‘ﬂ*l“ R |a'n = an—}l M+ ‘ﬁn = ﬁn—l‘ M + MM

ir [f\n = /\n—ll M+ I’Yn "’Yn—li AI-:

N N
where M = TeaNx {H“'s Hxﬂl‘a Z ki (I . Tz) Yn+l — Z ks (I i) Yol s

“E?’::ZU + Ti)th ,”Pc (1;1 An (Zfil ki (I — Ti)))

yn}-

From condition (i), (iii), {iv) and Lemma 2.54, we have
b, (|21 —zall= 0. (3.27)

According to equation (3.21), (3.23) and (3.24), we have

Pc (]_/\n (ZA (fo))) Yn'— 2

2

“In-’rl == 3“2 SCXT,H’LL = ZHZ + Yn

+ Bulln 2ale=Guga |0 — Po (I =An (ZN: ki (I — Ti))) Yn 2
=

<ot = 2] + full#n — 2] + Yallyn — 2]

- B mn.kpc(f (zk o )) 2 (3.28)
Somllu = 2I* + Ballzn — 21 + nllun - 2|

— BuYn ||T0 — Pe (I L (Zk (I-T) )) Yn 2 (3.29)
Sanllu = 212 + (1= an)lzn = 212 + 0y (Ly = 1) || (T (I = sf2) ~ I) Az’

— BuYu ||Tu — Pe (1 A (Zk (I-1Ty) )) Yu 2
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Which implies that

MY (1= L) (T (1 = sf2) = 1) Aza|”

< apllu - ZHE + [|2n — Zna | (llzn = 2| + ”In+l - le) |
By using condition (i) and (3.27), we have

Um (|(T572 (I = sf2) = I) Azy]|| = 0. (3.30)

=300

By using the same method as (3.30), we have

N
zn — Po (1 = A (Z ki (1 - T))) Yn

j=1

n—o0o

Let My, = 2, + A" (T2 (I — sfsy — I)-Awn-Applying-the inequality (3.25), we have
H‘n"ffn 0% ZH S ”In 7 2:” (332)
Using the property of inverse strongly monotone operators and (3.32), we have

rin 211 = |5~ R YV TENELE W 2
S 1) Mo =/ (= )z
== ”]V‘[n B ‘:H‘z R 2?(1\4,,1 'z, .flM?'i & flz) i rg”flp'fn - leHQ

w2 ® 4 (= 2p) 2 My = Frzlf?. (3.33)
Substituting (3.33) in(3:.29), we have

o+ = || Sl 2l Bullzn— dll
o (= R #7GE — 2000 100~ 22

vy [ 2|2 S (1 g ) SN2 A (- — 2p) | S M — fr2].
That is
ur (20 =) 11 Mn = frz]2Samllu = 2]* + Jan="Tnst]l (|20 — 2| + |2nsr = 2]).
According to condition (i) and (3.27), we get
U |lfi My ~ frz] = 0. (3.34)
By the property of firmly nonexpansive mappings, we have

lun — 2 = | TF (I = rfi) My = TP (I = 11) 2|
Sun —2,(I —rfi)M, — (I —rf1)z)
=2 (ln — 2l + 7 = )My = (1 = )2

= (un = 2) = (I = rfi) Mo — (I = f1)2) |?) . (3.35)
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That is
lun = 2l|* SN = rf1)Mn = (I = v f1)2]|? = [[(un — M) + 7 (f1My — f12) |2
SHA{n - 2”2 . (”un - lejnH2 +2r(uy — My, i M, — iz}
+ r?|| AMy — f12]%)
SHAJT' = 2”2 & ““n = IUTIHQ + 27'“”7:. == A/[Tl-””.fan - ,flz”
— 2| f1 My, — frz]%. (3.36)
Substituting (3.36) in (3.29), we get

|Tn41 = 3”2 <am|lu - 2H2 + Bullzn — ZHQ + T (”M'n - z||* - [Jtn — ‘Mnllz
+ 27‘”“7: - ﬂfﬂ“ “fljl/-[n = leH - 7‘2”.]“1}"{:1 - leHQ)
Sl ="z + (1 — o) ||2n — z[P=qiflun — Ma|?

=+ 27‘%‘:””?1 < Mn”“flﬁ/[n re flz”'
It follows that

Yo lltun = A’jn”2 Sa|u= z”2 Aoy, & '7"7:+l“ pik oo by S |EAFER Y zll)

F2r 9 llun = Mo || f2 Moy = fiz]f.
From condition (), {3.27)-and (3.34), we ensure that
i ffu o~ M | =0 (3.37)
From (3.30) and (3.37), we also have
1 Tnll S llthn, ~ Ml [V 7|

=y = Muf # ||z + yAATL (T —512) —L) Ao~ 24|
< fun — MR+ AN (Tf'z (T— sf2). L) Azq )¢
Then, we have
U_r}n [, =7, =0. (3.38)

By using the same method as (3.33), we have
|1Pc (I = daD3) un — z||* < ||lzn — 2I|* + da(d2 — 28)|| Daun — Daz|. (3.39)

Substituting (3.22) and (3.39) in (3.28), we have
lner = 2I? Sanllu = 2 + Bullan = 2 + 30 (allun — 2|
+ 1 —a)iPe U ~d D) ez, — zu2)
Sanllu— 22 + (1 - an)l|lzs — 2|

i (]. - Ct) dz(dg — Qﬁ)HDgun = DQZ”Z.
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We can conclude that
n (1 — a)d2(28 — da)||Daun — Daz||?
< anllw = 2] + llen = zupall (|2 = 2]l + llZnsr — 21) .
According to condition (i) and (3.27), we get
m [ Doty — Daz|| = 0. (3.40)

Since Pc is a firmly nonexpansive mapping and using the same method as (3.35), we

cet
”PC ([ S dZDQ) Uy — ZHZ
1 .
23 (II1Pe (I —daDg)as="2|" F [ (F=dgDs)us, — (I — dy.D3) z|?
= IPeAT — doDa)in <'2 ~ (I/# daDg) up + (I'=.daDs) 2|?) .
That is

|1 Pe (12 Da) un — 2l lun £ 2|2~ Ji(Pe (T 5 daD2) tit u,) + dy (Do — Ds2) ||
Sllzn — 2l ~1Pe (I = daDa)ur, — 2
£ 2da || P T = ds Dg) = i D3, = Doz
— d3\| Doun' = Dz |2 (3.41)
Substituting (3.22) and (3.41) in (3.28), we have
A+ = 2°
<onltn=al? + Bullan < 22 3 (@i — 22+~ VP (1 +daDa)tun — 2|°)
Sanllu's G | = S @l — 2P (=) (2t 2|
~ 1Pe (I'< 43 03) it = un[* + 245 P (T — d.D2) ot 1Dt — D]
— d}|| Daun — Daz|f?))
Sagllu = 2% + (1 — o) [Errm 2l =4 = PeAT - d2D3) i — |2
+ 2dy7a (1 — a)||Pe (I = d2D2) tn — up ||| Datn — Daz]|.

Therefore

7‘”(1 = G‘)HPC (I = d’ﬂDZ)un = u'n.”2
Sanllu — 2| + |20 = 2ol (|20 — 2]l + @41 — 2])

—+ ng’}'n(l ot Q.)HPC ([ — ngg) Up — un||||D2un - DgZ“.
From condition (i), (3.27) and (3.40), we get

Lm |Pc (I = daD3) un — uy| = 0. (3.42)
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Let kn = au, + (1 — a) Pc (I — d2D2) u,,. By using the same method as (3.33), we have
lyn = 21* < llzn — 2[|* + di(dr — 20) || Dykn — Dy 2| (3.43)
Substituting (3.43) in (3.28), we have

|lzn41 ~ 5”2
<allu = 2| + Bullan = 2| + 3o (lm = 212 + ds (d ~ 20| D1k — Dyz]?)

<an[u=z|® + (1 - an)llz, — 2|* + di(d1 — 20) v || Drkw — Di2|*.
Which implies that
d1(2a = di)Ya[| Drkn — Dr2|* < anllu — 2|1% + |20 = zpsr|| (20 — 2] + |T0sr = 2]1) -
According to condition (i} and (3.27), we have
M| Dyky = Dyz]| =0. (3.44)
By using the same method. as (3.35); we have

o 20 =1 Bo(fm dy Dy ) b ~ Por(l + diDy) 2|
S(yn _Z»(I = dlDl)kn T (I il rl"IJD'l) z)
1 .
= (Hym, = 212N = doDy)hp =L =dD)) 2|2

- H(yn 7 kn) v dI(len . Dlz)”g) d
That is

Hyn G 2H2 S”kn < 2”2 = (”yﬂ — anZ + 2d4 (yn < km D1k, & D1Z>
+ di|[Dykn ~ Diz]?)
S“-Tn = 2"IQ - ”yn s 4 ,13””2 47 2d1”?,'u e ku“”le’n i D12

— difBak, — D; 2|2 (3.45)

Substituting (3.45) in (3.28),we-have

|Za+1 = 2]|* Sanllu = 2l + Bullzn — 2lI* + Yn (120 = 2% = lyn — knl?
+ 2di[lyn — knllll D1kn — diz|| — d5|| D1ky — D1 2||?)
Sapllu=zl* + (1 - an)llzn — 21 = Yallyn — knll®
+ 2vnd1 ||y — knlll| D1ks — Di2|. (3.46)

Which implies that

'Yﬂ”y'n - kn“2 SC\:.,L”’U, - 2”2 o+ ”xn | (Hmn = Z“ + ”xn-‘rl = z”)

+ 2’7ndlllyn — k||| D1kr — Dlz”'
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According to condition (i), (3.27) and (3.44), we get
From (3.42) and (3.47)

llyn — Un|l Lllyn — knll + llkn — un |

<llgn - kn” Fifll = ”‘)“PC (I = d'2D2)'”-n — Un||,

we conclude that
UM [|yn — unl| = 0. (3.48)

N—r00

By (3.38) and (3.48), we also conclude that
UM Jlyn — znlI=0. (3.49)

Afterward, we'show that timsup (1 ~ 2,24 =2) < 0, where z = Pzu. To show this,

n—oe

choose a subseguence {z,, } of {z,} such that

limisup{u + 23, ~z) =l {d =2x,, — 2). (3.50)

n—co J=rog

Without'loss of generality, we may assume that Igy = w'as o oo, From (3.49), we
obtain y,, — w as’j = oo. From Lemma 2.35, we have VI(C, D) ="F (Pe(I — dy1Dy)).
Assume thatw ¢ VIO, Dy), we have w'# Pe(I + diDy)w, Using Opial’s condition, (3.47),

we obtain
lim iﬂf”y.nj —w” =4 Um,_)ianyn, = Pl = dlDl)wH
‘:l—'rf)O ¥, o0 2

<Uminf (|| Pell — diDy)ka, = Po(l — diDy)y|

J—c0
+ | Pe(L - dyDyYyny ~ Po (= dy D))
< tminf (=5, 1 1, )

< liminf{|ya, — w“ |
jo%o
This is a contradiction, so we have
@ € VI{C. Dy). (3.51)

From (3.38), we have u,, — w as j — oo. By (3.42) and using the same method as (3.51),
we obtain
weVI(C,D,). (3.52)

Next, we show that w € N, F(T;). From Lemma 2.56, we have

(re=e(rofr-n (Bro-n)))
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Assume that w ¢ NN, F(T}), that in w # P (1 - (z” ki (T — T))) w. Using Opial’s
condition, (3.31) and (3.49), we obtain

lmine e, - wl

N
<Lm_w)mf T —PC( — An; (Zki (I—’R))) W
:N
L”ll,ﬂ‘f( . —FPc (I An (;ki(I_Ti)>> Uny
N
( (Zk R )) Yn, — Pe (1—,\,,3 (Zk,- (I—TL))) x’
I -
Pc (1 (Z )) z.. — P (1_,\", (Z ki (]—Tt))) w )
- N N o
lmmf(rqn ZaAl |+ 2 DR T g, — D BIST) 2,
ree | =i

+ “an —wH == A”J

N
Z —Zki(I—Tt‘)w

< Umigf“;r,b - wis
This is a contradiction, so we have
W ELVE (T). (3.53)
After that, we show that w.€ Q. Assume w ¢ EP(EFy, f1). Since EP(Fy, fy) = B(TH (I -7rf)),
we obtain w # TE (- r f{) w. Using Opial’s condition and (3.37); we get
lijrrllgf||u,,., —w| < limmfuunj — T < rf) W]
<Uminf( NG A=) Mo = TR~ vy w, |
+ [T T =710 1y » TRQR = 504)

< G| ) S |2 s 2 )

<tlm1nf||un ="
This is a contradiction, so we have

w € EP(Fy, f1). (3.54)

Next, we show that Aw € EP(F, f2). Since A is bounded linear operator so that
Azp, = Aw as j — co. Assume Aw ¢ EP(F3, f3). Since EP(Fy, f2) = F(TF: (I — sf2)), w
obtain Aw # TF2 (I - sfs) Aw. Using Opial’s condition and (3.30), so we have

Aw € EP(Fy, f3). (3.55)

We can conclude that w € Q. Therefore w € §. Since (u — z,z, —z) is bounded and
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Ty, — w as j — co, we have
Umsup (u - z,z, — z) = im {u — 2,z,, - 2)
n—00 =0

={u—z,w—2) <0 (32.56)

Finally, we show that the sequence {z,} converges strongly to z = Psu. By (3.21), (3.23)
and (3.25), we get

N
an(u — 2) + Bu(zn — 2) + T ( ( (Z (I - T))) - z)
< ||Balzn — 2) + ¥ (Pc ([* T, (Zk (I =T, ))un—z)

+ 20, ('H. —Z, Lt — 2>

2

i|:r71.+1 = 2”2 =

< (Ballld® z|| + o thn D\210F A7 2o (20 — 7, 7o =22

(17— o {jan — 4||2 + 2000 (U = 2 W] — 2)

According to condition-i), (3.56) and Lemma 2.54, we can conclude that {z,} converges
strongly to/z = Pyu. By (3.38) and(3.49), we have {u,} and {y.} converge strongly to
z = Pyu, S0 the proof is complate. []

From Theorem 3.5, if we take N =1, we have the following corollary:

Corollary 3.6 .Let ¢ and @ be nenempty closed convex subsets-of a real Hilbert
space H; and H,, respectively, Let A : H; — H, be a bounded linear operator. Let
Dy, Dy : G — H, be a,p-inverse strongly monotone mappings, respectively. Let F :
Cx C —Rand+, @ @ Q= Rbe the bifunctions satisfying (A1)-(Ad). Let T be a
quasi-nonexpansive: mapping of ¢"into.itself. Let f, : H; — Hy be a p-inverse strongly
monotone mapping and f; : Hy = H, e a firmly nonexpansive mapping. Assume
§ = VI(C,Di)NWVI(C, D) F (T)NQ £, For given.z, u@C and let {z,}, {un} and {y,}

be sequences generated by

tn = T (I = r i) (oneteyd (PP T — 5f5) — I) Azy,)

Yn = Po (I — d1D1) (aun + (1 — a) Po (I — daD3) un),

Znt1 = 0nl+ Bpzn + WmPo (I = A (I = T)) yn, ¥n €N,
where d; € (0,2a),d; € (0,28),r € (0,2p),5 € (0,1),a € [0,1],v € (0,1/L), L is the spectral
radius of the operator A*A and A~ is the adjoint of A. Also {an}, {8}, {7»} are sequences

in [0, 1] with an, + B, +, = 1 for all n € N. Suppose the conditions (i) — (iv) of Theorem
3.5 holds. Then {z,},{u.} and {y,} converge strongly to z = Psu.

From Theorem 3.5, if we take H, = Hy, Fy = F, f1 = f» and A = I, we have the
following corollary:
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Corollary 3.7. Let C be nonempty closed convex subset of a real Hilbert space H,.

Let Dy, Dy : C — H, be a,B-inverse strongly monotone mappings, respectively. Let

Fy : C x C — R be the bifunction satisfying (A1)-(Ad). Let {7;}Y, be a finite family of
N

quasi-nonexpansive mappings of C into itself with ﬂ F(T;)# 0. Let f1+ Hy = H, bea
=1

p-inverse strongly monotone mapping. Assume § = VI(C, D,)NVI(C, Dg)mﬂf‘;l F{T)n

EP(Fy, f1) # 0. For given 2),u € C and let {z,}, {u,} and {y,} be sequences generated
by

Uy =T (I —rf)) z,,

Yn = Po (I = d1D1) (aun + (1 — @) Po (I — dyD3)uy,),

Tpt1 = apt + Buan + 1 Peo (I e (Zf;l ki (I — Ti))) Yn, Vn € N,

A’
where d; € (0,2a),dy €(0,28),r ¢ (0,2p),a/€ [0,1],0 <wk; < 1 with Zki = 1. Also

i=1
{an}, {8}, {1} Are’sequences.in{0; 1} with @, + B+, = 1 forall n € N, Suppose the
conditions () = (iv) of Theorem-3.5 holds. Then {z}; {ua}and {ys} converge strongly
to 2z = Py
From. Theorem 3.5, if we take fy = f. =0, we have the following corollary:

Corollary 3.8. Let ¢ and Q be nonempty closed convex- subsets of a real Hilbert

space H; and Hs, respectively. Let A+ Hy — Hs be a bounded linear operator. Let

Dy, D5 : C = Hy be a,p-inverse stronely monotone mappings, respectively. Let F :

CxC = Rand F;:Qx Q — R be the bifunctions satisfying (A1)-(Ad): Let {T;}Y, be a
N

finite family of quasi-nonexpansive mappings of € into itself with ﬂ F (T;) # 0. Assume
i=]1

§=VI(C,DyNVI(C, D) r‘lﬂi’il FA{T,)NT # 0. Forgiven zy,u € C and let {z,}, {u,} and
{yn} be sequences generated by

U =Nl (z7 A" (TF: - A2y,

Yn = PC (] s d]Dl) (CL'LLH_ + (1 | U.) PC (I 1 {l‘zDg) ‘U.n) 3

Tyl = QU+ :‘J’SHIIL By '}'TLPC' (I - )‘n (Z:\Ll ki (I - TL))) Yns Vn € N:

N
where d; € (0,2a),ds € (0,28),a € [0,1],0 < k; < 1 with Zk,; =1,y € (0,1/L), L is the

g=1
spectral radius of the operator A*A and A* is the adjoint of A. Also {an}, {8}, {1} are
sequences in [0, 1] with ap + Bn + 7, = 1 for all n € N. Suppose the conditions (i) — (iv)
of Theorem 3.5 holds. Then {z,}, {u.} and {y.} converge strongly to z = Pyu.

Remark 3.9. By using the concept of Picard iteration, Wang [25] defined the iterative
scheme {z,} for solving SCFPP as follows:
Togl = Tn — pu (I = U) zp + A*(I — T)Az,,)
= (I - pu (I = U) + A*(L — T)A)) 2n, (3.57)
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where p, is according to (1.5) and U and T are firmly quasi-nonexpansive mappings.
Then the sequence {z,} converges weakly to z, where z = LLrQO Ppz,. In Theorem
3.5, we use the concept of Halpern iteration and suitable condFtions of the parameters
di,dz,rys,0,7, L {om}, {82} and {m.}, the sequence {x,} defined by (3.19) converges

strongly to z = Psu which is a different method from (3.57).

3.3 Application

In this section, to show the application of section 3.2, the Corollary 3.6 is ap-
plied by using the relation between quasi-nonexpansive mappings and nonspreading
mappings.

3.3.1 Strong convergence theorems for finding a common element of the set
of solutions of variational inequality problems and the set of common
fixed points of a finite family of nonspreading mappings and the set of
solutions of the modified split generalized equilibrium problem

In 2009, Kangtunyakarn and Suantai (3].introduced the S-mapping generated by
T, Ty, Ty, ..., Py and ey, s, ..;an as follows:

Definition 3.1. Let ¢'be a nonempty convex subset of a real Banach space. Let {T;}Y,
be a finite family of (nonexpansive) mappings of € into itself. For each j = 1,2,..., N,
let o; = (of0d ag) e Ix Ix Iywhere L ¢ [0,1] and of +.04 +a, = 1./ Défine the mapping
S:C — C as follows;

Uy =1,
U £ O:iTon i aéUo +()t_%f,
Uy = ﬂ:?TgUl +C\:§U1 + r’k%[,

Uy = a3T3Us + a3l + a3,

N-1 N-1 N-1
Unv-1=07 TnaUn-2+ay Un_a+ay ',

S=Uy= (kiVTNUN_l +C¥-:;VUN_1 + (Lgvf
This mapping is called an S-mapping generated by Ty, T3, ..., Tn and aq, as, ..., an.

Lemma 3.10. [45] Let C' be a nonempty closed convex subset of a real Hilbert space.
Let {T3}/L, be a finite family of nonspreading mappings of € into C with N¥., F(T;) # 0,
and let a; = (of,0d,0) € IxIx1,j=1,2,..,N,where I = [0,1],0d + ol +al =1,0ad,a] €
(0,1)forallj=1,2,...N-1and ol € (0,1],a} €[0,1),0j € [0,1) forall j =1,2,..., N. Let
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S be the mapping generated by 71,75, ..., T and ay, as, ...,an. Then F(S) = NY, F(T))
and S is a quasi-nonexpansive mapping.

By using these results, we obtain the following Theorems.

Theorem 3.11. Let C and @ be nonempty closed convex subsets of a real Hilbert
space Hy and H,, respectively. Let A : Hy — H, be a bounded linear operator. Let
Dy, Dy : C — H, be q,g-inverse strongly monotone mappings, respectively. Let F
CxC —=Rand F; : @ xQ — R be the bifunctions satisfying (A1)-(A4). Let {T}}}V,
be a finite family of nonspreading mappings of C into ¢ with N, F(T;) # 0, and let
By (a‘{,a’%,ag’;) €eIxIxlI j=12,..,N,where I = [0,1],c! +a'é +a§' = 1,&'{',04’,' € (0,1)
forall j = 1,2,..,N-1and o¥ € (0,1],e € [0,1),ed € [0,1) for all § = 1,2,..., N. Let
S be the mapping generatedby Ty ForryFn-and ay, oo, ...,an. Let fi : Hy — H, be
a p-inverse strongly monetone mapping and f, : Hy . Hs be a firmly nonexpansive
mapping. Assume §'= VI(C, D) A VI(C, Do) Ny FAT;) N 0. For given z1,u € C
and let {x,}, fus} and {y,} be sequences generated by

un = TE (= o f) @ A 5AY (T = shh) = 1) Azy),

Yn =PI = diDy) (aun + (1~ a) Pe (I'— dsDa) uy,)

B4 p=0t R BT A YnFPo (1 < (1~ S ke VE N,
where dy € (0, 2a),d3 € (0,253), € (0,2p),5 € (0,1),a € [0,1],5 € (0, 1/L);L is the spectral
radius of the operator A* A and A* is the adjoint of A Also {a.}, {3, ), {7} are sequences

in [0,1] with @, + B+, =1 for all n € N. Suppose the conditions, (i) — (iv) of Theorem
3.5 holds. ' Then {z,}.{un} and {y,} converee strongly to z = Psu.

Proof. By using Corollary 3.6 and Lemma 3.10, we obtain the conclusion. []
From Theorem: 3.11, if we take N =1, we have the following corollary:

Corollary 3.12. Let.Chand @ be nonempty closed convex subsets of a real Hilbert
space H; and H,, respectively.. Let A H, — H,.be a-bounded linear operator. Let
Dy, D, : C — H, be a,p-inverse strongly ' monotone mappings, respectively. Let F, :
CxC —=Rand F, : @ x @ — R be the bifunctions satisfying (A1)-(A4). Let T be a
nonspreading mapping of C into C with F(T) # 0. Let f; : H; — H, be a p-inverse
strongly monotone mapping and f, : H; — H, be a firmly nonexpansive mapping.
Assume § = VI(C,D1)NVI(C,Ds) N F(T)NQ # 0. For given z;,u € C and let {z,}, {ua}
and {y,} be sequences generated by

up =T (I =rf1) (zn +vA* (TP (I - sf2) - I} Azy) s
yn = Po (I - dlDl) (aun + (]. = CL) P (I - ngg)un),

Tnt1 = 0nU+ Bnn + mPo (I = A (I = T))yn, YR EN,
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where d, € (0,2a),d; € (0,28),r € (0,2p),s € (0,1),a € [0,1],7 € (0, 1/L), L is the spectral
radius of the operator A*A and A is the adjoint of A. Also {an}, {Ba}, {1a} are sequences
in [0, 1] with e, 4+ B, + 7. = 1 for all n € N. Suppose the conditions (i) — (iv) of Theorem
3.5 holds. Then {zn}, {u.} and {y,} converge strongly to z = Pju.



Chapter 4
Examples and Numerical Results

In this section, Example 4.1 is given for supporting Theorem 3.1. Example 4.2

and Example 4.3 are given for supporting Theorem 3.5.

Example 4.1. Let R be the set of real numbers and let A be a mapping from [0, 100] to
R defined by Az = 21, [0,100] into itself defined
by Tz = £, va € [0,100]. Let F: [0,100] x [0, 100] — R defined by

F(z,y)=—(z -1+ (y-1)* Va,y e R.
By the definition of F, we-have

1
0< F(Uuu ) +=< ( = Uy U~ xn)

n

. 1
= =) =1y s 12D = sw) (0 )

H,

— (= D* A (g —1)? -y (yun = YTy UGt UnTy)
=4
0< rn( vi (un A\ 1)2 u (,?j ) 1)2) + (?ﬂ-f«u YTy — u"i A unl'n)

= Qi Sy il ot (42n, Hdy L B ) Yo U,

Let G(y) ="rny? +A—2rn = Un = Zn )Y+ 2ntin = U2, /— ratt? + wya, Which fis a quadratic
function of ywith coefficient a = vy, b = <2r, %2 < z,,, and.e= 2r,uy — W F v+ uny,.
Determine the discriminant Aof G as follows:

A =b%'~ dae
=(=2rp U, = .'r:n)2 — dry (27',1 Uy — uz - 7',,,ui + un.acn)

=dr? — dr =82 b, W+ drul + 4203 ol 2, = Ul T — ATty Ty + z2

T

2
=(=2rn + Uy + 21, T, T

We know that G(y) > 0,Vy € [0,100]. If it has most one solution in R, then A < 0. So we

obtain

21, + an (@.1)

142, ’
Tn—3

Let z, € R and {z,} generated by (3.14), where A = 1,7, = %t o, = &l g = 113 5ng
v = =2 for all n € N. By the definition of F, A and T, we have 1 ¢ FITin BP(F)n

VI(C, A). Therefore the sequences {z,} and {w,} converge to 1. They are rewritten as

Tl =

follows:

2rntay,
Un = TiH0 "

T = (50) @+ (552) Poaoo(] = Aun + (5£2) TPojog (1= Az, Y 2 14
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The following table shows the values of sequences {z,} and {u, } when z; = —8

and z, = 10 and n = 40.

Table 4.1: The values of {z,} and {u,} when n = 40.

Ty =—8 1 =10

n I'n Un Tn Un

1 -8.0000 -4.7273 10.0000 6.7273
2 -5.0000 -3.2000 8.4618 6.2233
3 -20000 -1.1724 6.6610 5.0994
4 -0.3333 0.0175 5.1801 4.0800
20 1.0000 1.0000 1.0191. 1.0147
37 1.0000,--1.0000 10001 1.0000
38 1.0000. 1.0000 - '1.0000 — 1.0000
39 1.0000 - 1.0000 . 1.0000 - 1.0000
40 ~~1.0000 - 1:0000 ~ ~1.0000.-1.0000

The figure 4.1 is the values of sequences {z,} and {u,} that.correspond to the

Table 4.1.

Fixed point problem

15 20 25 30 35
n

(G) T = —8

40

Fixed point problem

2
|
o

(b) Tl = 10

Figure 4.1: The convergence comparison of the sequences {x,} and {u.} with different initial

values z;.

The sequences {z,} and {u,} in Table 4.1 and Figure 4.1 converge to 1, where 1 €
F(T)NnEP(F)nVI(C,A). From Table 4.1 and Figure 4.1, so that the convergence of
z, = -8 is faster than z; = 10 because C is the set of real numbers in the interval [0, 100].

Therefore Theorem 3.1 assure the convergence of {z,} and {u,} inthe Example 4.1.
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In Example 4.2, we only instance an example in infinite dimensional Hilbert
space for supporting Theorem 3.5. We omit the computer programming.

Example 4.2, Let H) = H, = C = Q = ¢, be the linear space whose elements consist

of all 2-summable sequences (z;, zs, ., &, ...) Of scalars, i.e.,

fy = {a: 3 B = By ey By ) BT Z ] * = oo} .

j=1

with an inner product () : & x £, — R defined by (z,y) = 3 o5oq 259 where z

o |

{z;}521, = {y;}52, € & and a norm ||| : & — R defined by ||z, = (Z,}’il l-'rjfz)
where x = {;}52, € £,. Let the mapping A : ¢, — ¢, defined by Az = (T, 22, 5,0
for all 2 = {2j}2, € £y and A* ; fp.—»dp.defined by A*z = (3,2,.,%,..) for all
z = {2}, € to. Let DyyDyrty — ¢ defined by-Dy 2= (2,22,.,%,..) and Doz =
(B 8,0 Fyo) Vo= {25122 e 4y, respectively.Let the mapping T; : £, — £, defined by
Tix = (;’:—& dud 4 %,) Vo= {2532, edyand ki = &+ i for every i=1,2,.., N.

Let the mapping Fi, F; 7 ¢s % ¢y — R defined by
Fyay) =<2 4% Vo Lol o= Mo 5206 &2,

and
(1) = 2227 F oy A vl Ve = {:L'j};‘;l,y 14 {yj};";l €Yy,

Let the mapping i+ ¢~ ¢ defined by fre = (%, %,,%, ) Ve ={2;}52, € £ and
the mapping. f2 : fs = 6, defined by foz = (%, 2., 3 0.) Ve = fz;}52, € 2. Let

Il

r=1and s.= 0:5.-5ince’ L= L ‘we choose v = 0.5, Let = = (&, J...,z3,...) and

u = (uy, Up,. %, ) € fg-and let the sequences {z.}, {yn} and {us} are generated by
(3.19) as follows;

un = TAR-% (l, + 064 (T{g oL AW f) Az”) ,
Yn = (I - Dl) (D'5uﬂ +0:5 ([ — D'Z) un) )

A bn—2 N
Zn1 = gt Bt Tt 5852 (un — () (S ) (00— Toaw)))

foralln > 1, where z,, = bl ooy sl = bk Y2, .0yl L) andu, = (Wi, 12, ... ul,...).
It easy to see that Dy, Dy, T, Fy, Fy, fi and f, satisfies Theorem 3.5. Moreover, we have
VI(C,D,)NnVI(C,Dy)N ﬂj\il F(T))nQ = {0}, where p = d; = dy = 1. From Theorem 3.5,

we can conclude that the sequence {z.}, {y.} and {u,} converge strongly to 0.
In Example 4.3, we give computer programming to support Theorem 3.5.

Example 4.3. Let H; = H, = C = Q = R? be the two-dimensional Euclidean space of
the real number with an inner product (-,-) : R? x R? — R defined by (z,3) =z -y =
z1y1 + 2oye Where u = (21,22) € R? and y = (y1,y2) € R? and a usual norm ||| : R2 —» R
defined by |z = /a7 + 123 where 2 = (z1,22) € R?, Let the mapping 4 : R? — R?
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defined by Az = (221 — 22,2 + 225) for all z = (z1,22) € R? and A* : R? - R? defined
by A%z = (221 + 22,222 — 1) for all z = (21, 22) € R2. Let Dy, Dy : R2 — R? defined by
Diz = (%,%) and Doz = (%, 22),Vz = (z1,22) € R?, respectively. Let the mapping

61" 06
T; : R? - R? defined by Tix = (%‘ﬂ ;jiz) Vo = (w1,22) € R? and k; = & + 4w for every

i=1,2,..,N. Let the mapping Fi, F» : R? x R? — R defined by
Fi(z,y) = -2 + 9, Vz = (71,22),y = (y1,12) € R?

and

Fy(z,y) = —22% + 2y + 9%, Vz = (21, 22), 9 = (y1,2) € R%.
Let the mapping f; : R? — R? defined by fiz = (2, 22) Vo = (z1,22) € R? and the

mapping f; : R* — R? defined by foz = (&, 22) Yz = (z1,22) € R2. Let r =1 and s = 0.5,

the sequence z, = (2}, 22)s, =L, 22), up, = (Uivud);r= (y1,y2) € R2. By the definition

n*n

of f1 and f,, we get

1
0<k (Z-m ?)’) F (fl (mu) ) e Zn) B i'_ (y = Anyfn T wn)
2 9l 1
b S (0 58) 1T ) B e ) W )

4 4
= (0 LT ) ns srz AT

4 2
5“71 ) Y2 + 5 Iy 3 =2 (35) )
2).-

+
P <
—
]

| %)
g
[3v]
+
,—\ /““‘\
|
=
(=)
+
N

=G (1) +Ga(y

Let Gi(a) =wn)” + (=dal # 21) wrt dukzd — 2(22)° and Ga (@) = (yo)>+ (—222 + 22) yo +
,f zizd — 2( ),, G1(y1) and Gz(yg) are-quadratic function with coefficient a; = 1, b, =

T + 25, QN A dzllle 2( ) of G1(y:) and coefficient wy =1, by = — 222 + 22,
and cp = §wz3 22 (z2)2 2(12), respectively. Determine the disciiminant A; of G, as
follows:

Ay :bf —daicy
4 . 4
=<—:7n+z ) _4(1) (r’ ‘n 11—2(2 ) )
2 J
: (4$ — 152} ) i
25

We know that G, ( 1) = 0,¥y € R. If it has most one solution in R, then A, < 0, so

we obtain z, = 41 Next, we determine the discriminant A, of G by using the same
5

method as above, we obtain 22 = —r”'. Thatis TH (I —rfi) z, = (“T“;, %&) After that,
I.J

we find the solution of v, = (v},v2) in this inequality 0 < Fy (va,y) + (f2 (zn) 4 — va) +

% {y = vn,vn — ). By using the same method as z, = (2}, 22), we obtain

1 2
w = (uhof) = (S22 @2
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That is TP (1 — afa) s = (?ggm Tgm)
Let z; = (21,27) and u = (u1,us) € R% The sequences {z,},{y.} and {u,} are

generated by (3.19), where ki = & + v, di = 1,dz = La = 05,0 = o2&, B = B2 1, =

-2 and A\, = 5% for all n € N. Since L = 5, we choose v = 0.1. From the definition of

Dy, Dy, T;, Fy, Fy, f1 and fo, we have VI(C, D1) N VI(C,D2) NN, F (T;) N Q = {0}. From
Theorem 3.5, we can conclude that the sequence {z,}, {y.} and {u, } converge strongly
to 0. We can rewrite (3.19) as follows:

un =T (1 = f1) (o +0.14° (T (1 - 0.502) - I) Az,
Yn = (I e Dl) (0-5“1; + 0.5 (I - D?) un) )

o Bn—2 N 3
Tni = gu+ Btan + 222 (v — () (DI + 75%) o = Tiw) ) ) »

for all n > 1, where z,, = (o 2897, = (y5,y2) and s ul, u2).

The following table shows the values of sequences.{=,}, {y.} and {u,} when
u = (5,—5),z1 ={54-5) and n =30.

Table 4.2: The values of {z.}, {y«} and {u,} when u = (5;=5),z, = (5,—5) and n = 30.

N £ =420

n T = (I,ll.:r-:ﬁ) Vi oAV yf,) Up = (uil;u?;) Ty = (-'r},.:rfl) Vn = (y.},,y_!zl) B, A, u,zl)
b} (5.0000, -5.0000) (0.4592, -0.5102) (0.7347,-0.7347) (5.0000, -5.0000) (0.4592, -0.5102) 0.7347, 0.7347)
2 (3.8504, -3,8616) {03536, -0.3940) (0.5658, -0.5674) (38514, -3.8626) (0.3537, -0.3941) (05659, -0.5676)
15 (0.5062,+0.5129) (00465, -0.0523) (0.0744, -0.0754) (0.5062, -0,5129) (0.0465, -0.0523) (Q.0744, -0.0754)
29 (0,2030, -0:2459) {0.0223,=0.0251) (0.0357, -0.0361) (0.2430, -0.2059) (0.0223, -0.0251) (0.0357, -0.0361)
30 (0.2383, -0.2371) (00215, -0.0242) (00348, -0.0348) (0.2343,-0.2371) (0.0215,-0.0282) (0.0384, -0.0348)

%0 15 20 2 30 90 s 20 2 30
n n
(@ N=1 (b) N = 20

Figure 4.2: The convergence comparison with different values N.

Table 4.2 and Figure 4.2-in Example 4.3 show that the sequences {z.}, {y.} and {u,}
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N

converge to 0, where {0} = VI(C,D,) N VI(C, Dy) N ﬂ F(T)nQ. From Table 4.2 and
i=1

Figure 4.2, so that the value of N does not affect the convergence of the iterative

scheme (3.19). Therefore Theorem 3.5 guarantees the convergence of {zn}, {yn} and
{un} in Example 4.2 and Example 4.3,
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Chapter 5
Conclusions and Suggestions

In this chapter, we conclude all theorems and corollaries obtained in this thesis.

Weak convergence theorems for nonspreading mapping in Hilbert

space

Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
bifunctions from C x C into R satisfying (41) — (A4), let A: C — H be a a-inverse
strongly monotone mapping, and let 7'+ ¢ .C be a nonspreading mapping with
§=F(T)NEP(F)AVAHC, A)+# 0. Let {x,} and{u, }be sequences generated by

z; € C and

Fty sy}t ;lf(y = Uy, in —(Dy) =0y ~ Yy-e6

Tnt1 = OnEpt B Pe </ XA) i, ¥ i TP (L =M A) .y, Yn > 1,

where {a.} C [a, b€ A0,1), {8, C [ehdl-C [0,1), {3 e, f] € (0,1) such that
an + Ba+ yu= Li-and ry € (g, A€ (0, 2a), X€/(0, 24).-Then the sequences {z,}
and {u,} converge weakly to an element of §.

Let C be a-nonempty closed convex subset-of a real Hilbert space H. Let A :
C'— H be a a-=inverse strongly monotone mapping,-and let T : ¢ — C be a
nonspreading mapping with § = F(T) \VI(C, A) # 0. Let {&:} be a sequence
generated by z; € C and

Ln+l = QpTy + ﬁrLPC([ == AA)xn +’YnTPC([ - /\A)-'rn: Vn > 1,

where {an} @ [ab] THOL), {Bn} C [e,d] € (0517 () S, f] € (0,1) such that
o + B+ v = 1, and A€ (0, 2¢).-Then the sequence {z,} converges weakly to

an element of 3.

Weak convergence theorems for quasi-nonexpansive mapping in

Hilbert space

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F be
bifunctions from C x C into R satisfying (A1) — (A4), let 4: C — H be a a-inverse
strongly monotone mapping, and let 7' : C — C be a quasi-nonexpansive mapping
with § = F(T)N EP(F)NVI(C, A) # 0. Let {x,} and {u,} be sequences generated
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by z; € C and

Fup, y) + %(y —Un, Un — Ty =0, Vyel,

Tnt1 = Oy + anPC'(I = )\A)“u e '}/uTPC(I = /\A)l'rn Vn 2 1:

where {a,} C [a,b] C (0,1), {Bu} C [c.d] C (0,1), {7} C [e,f] € (0,1) such that
an+ Bn+7vm =1, and r, € [g, h] C (0, 2a), X € (0, 2a). Then the sequences {x,}

and {u,} converge weakly to an element of .

Strong convergence theorems for quasi-nonexpansive mappings

in Hilbert space

Let C'and @ be nonempty closed-convex subsets of a real Hilbert spaces H; and

Ha, respectively. Let'4 : Hy — H, be a bounded lingar operator. Let Dy, D, : C —

H, be a, g-inverse strongly monotone mappings, respectively. Let F; : € x ¢ = R

and F; : Q% @ — R be the bifunctions satisfying (A1)-(A4). ‘Let {73}, be a finite
N

family of quasi-nonexpansive mappings. of C'into itself with ﬂ WNT:) # 0. Let fi:
i=1

Hy =/H, be-a p-inverse strongly monotone mapping and fs+H, - H, be a firmly

nonexpansive mapping. Assume § = VI(C,Dy) N VI(C, Dy) N ﬂ,.’il F(T;) N £ 0.

For given w;,u€ C and let {u, }, {u,} and {y.} be sequences generated by

v S L UNSH T (A AVTAS (Ts-F" NS BTS I) Ai""') J
Un = Pol + di Dy ) (atn + (1 = a) Pg (I - dyDs) un),,
Tp+1 = Qpll + ﬁnmu .y ’YH.PC (I = A"!- (Zj\il ki (I )} T‘))) Yns Vn € N’

N
where d) € (0;20), ds.€ (0, 28),7 € (0,2p), s € (0, 1), a€ [0,1]70 <k < 1 with Zki =
i=1
1,y € (0,1/L), L is the spectral radius of the-operatoriA*A and A* is the adjoint of
A. Also {an }, §8u}, {74} .2re sequences in [0, 1} with e+ 8, +v, = 1 for all n € N.
Suppose the following eenditions hold:
(1) lim a, =0 and Z O = 00,

nN—+c0O
n=1

(i) 0 < ¢ < Buyyn <d < 1for somec,d>0foralln>1,

(iii) Z Ap <ocand 0 < A, <1,

n=1

(IV) Z Ia'n+1 . anl < 090, Z J,B'n+1 = ﬁﬂl < 0.

n=1 n=1

Then {z,}, {un} and {y,} converge strongly to z = Psu.

Let C'and @ be nonempty closed convex subsets of a real Hilbert space H, and Hs,
respectively. Let A: H; — H, be a bounded linear operator. Let Dy, D, : C — H,
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be a, g-inverse strongly monotone mappings, respectively. Let / : CxC = R
and F» : @ x @ — R be the bifunctions satisfying (A1)(A4). Let T be a quasi-
nonexpansive mapping of C into itself. Let f, : Hy — H, be a p-inverse strongly
monotone mapping and f; : Hy — H, be a firmly nonexpansive mapping. Assume
§=VI(C,Di)NVI(C,D)NF (T)NQ # 0. For given z;,u € C and let {z,}, {u.} and
{yn} be sequences generated by

tn = TP (I =13 (20 + 74" (T (I - sf3) = 1) Az,
Yo = Po (I = dy Dy) (atin + (1 — a) P (I — dy Do) uy) |
Tyl = Qplt + Bu-’rf'n T ’Y'H.PC ([ - /\u (I . T)) Yns Vn € N,

where d, € (0,2a),dy € (0,28),r € (0,2p),5 € (0,1),a € [0,1],v € (0,1/L), L is the
spectral radius of the opérator#4* A and A*is the-adjoint of A. Also {a,}, {Ba}, {1n}
are sequences.in [0;1] with a;, 4+, + n = 1 for all'm &N. Suppose the following

conditions hold:

() lim s =0 and Z o) =-00,

n—od
n=1

(i) 0'<'c < B, vwsd < 1 forsome ¢,d >0for albn 31,

o0
(iii) Z An <O Tpdadd M 3o

B="

o0 o
("V) Z lﬂ'n+1 N | nfnl < 00, Z “371-0—1 b ,Bnl b gile oF

7 =zl n=1

Then {a,.}, {u.}and {y,} converge strongly to z = Psu.

Let € be nonempty closed convex subset of a real Hilbert space Hj. Let Dy, D, :

C — H, be q, s-inverse strongly monotone mappings, respectively. Let F : C x

C — R be the bifunction satisfying (A1)-(Ad). Let {T;},_{ be a finite family of
N

quasi-nonexpansive mappings-of C into itself with ﬂ E(T)#0. Let f1: H; — H,

AT

be a p-inverse strongly monotone mapping. Assume F'="VI(C,D;) NVI(C,Ds) N
ﬂf‘;l F(Ti) N EP(Prfi)# 0. For given“z,, v €. 67and let {z,},{u.} and {y.} be
sequences generated by

g = TET =21} T,

Yn = PC (I = dlDl) ((lun =+ (1 — CL) PC (I == dzDg}’ltn) y

Tni = Qnti+ Bun + Y Po (1= A (T ki (1 =T0))) g, VR EN,

N

where d; € (0,2a),dy € (0,28),r € (0,2p),a € [0,1],0 < k; < 1 with Zki = 1. Also
=1

{an} {Bn}, {1} are sequences in [0,1] with ax + B, + v, = 1 for all » € N. Suppose

the following conditions hold:

o0
(i) nlijgo an =0 and Z o, = 00,

nE1
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(i) 0 < c<Bu,yn <d<1forsomeed>0foralln>1,

(iii) Z A <ooand 0 < N, <1,

n=1

oo oo
(iv) Z |@ns1 — nfnJ < 09, Z |Bnt+1 — Bnl| < 00.

n=1 =1

Then {z,}, {u.} and {y,} converge strongly to z = Psu.

Let C'and @ be nonempty closed convex subsets of a real Hilbert space H; and H,,

respectively. Let A: H; — H, be a bounded linear operator. Let Dy, D, : C — H,

be a,g-inverse strongly monotone mappings, respectively. Let F, : ¢ x ¢ — R

and Fy : Q x Q@ — R be the bifunctions satisfying (A1)-(Ad). Let {T;}\Y, be a finite
N

family of quasi-nonexpansive mappings.of C into itself with ﬂ F(T;) # 0. Assume
i=1

§ = VI(C, D)) NVHCD)NNL, F(T;)NT # 0. Forgiven z,,u € C and let {z,}, {un}
and {y,} be seguences-generated by

up = T(gr+yA™ (T I) Az,,),

Un = P (I.=diDy) (o, + (1= a) Pe (I = daDs)u,,) ,

Tt = it foten + 3 Pl L X (DN RIS T)) v VR € N,

N

where-d, ‘€40, 20)ds € (0,268), a & (0,1],0 <k < L'with- >k = 1,7 € (0,1/L),L
is the spectral radius of the operator 4*A and A* is tr:wle adjoint of A. Also
{an}, {Bn}, {7} are sequences in [0; 1] with e, + B+ ¥, =1 for all n € N. Suppose
the following conditions hold:

n—ec

() Um o, =0 and Za-” = 00,
n=1

(i) 0 < <L B, <d <1 for somee,d>0forall n> 1,

(i) Y An <odvand V<, < 1,

n=1

(IV) Z |au+1 - a-nl < o0} Z 16n+1 _‘.BnJ <00,

n=1 n=1

Then {x,}, {un} and {y.} converge strongly to z = Psu.

Strong convergence theorems for nonspreading mappings in

Hilbert space

Let C and @ be nonempty closed convex subsets of a real Hilbert space H; and Hs,
respectively. Let A: H; — H, be a bounded linear operator. Let Dy, D, : C — H;
be «,p-inverse strongly monotone mappings, respectively. Let i, : Cx C —» R
and F; : @ x Q — R be the bifunctions satisfying (A1)-(A4). Let {73}, be a finite
family of nonspreading mappings of C into ¢ with X, F(T;) # 0, and let a; =
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(e],0d,0d) € IxIxI,j=1,2,.,N,where I = [0,1],0{ +od +ad = 1,07, od € (0,1) for
all j=1,2,..,N-1and ol € (0,1],0) € [0,1),a € [0,1) forall j =1,2,..,N. Let §
be the mapping generated by 71,73, ...,Tx and ay, as, ...,an. Let f, : Hy = H, be a
p-inverse strongly monotone mapping and f, : H, — H, be a firmly nonexpansive
mapping. Assume § = VI(C, D1)NVI(C, Da)NNL, F (T;)NQ # 0. For given z,,u € C
and let {z,}, {un} and {y.} be sequences generated by

Up = TrFl (I - Tfl) (.‘1’:“ + WA* (T“FZ {I - SfQ) - I) A.’L'-n) !
yn = Pg (I — dy.D1) (atty + (1 — &) Po (I — d3Dz) tn) ,

Tppl = pti+ Bnzn + 1 Po (I = A (I = 8)) yn, Vn € N,

where d; € (0,2a),d> € (0,28),2-€ (052p),5 € (0,1),a € [0,1],y € (0,1/L), L is the
spectral radius of the'operator A*A and A* is the adjoint of A. Also {an}, {Bn}, {1}
are sequences in 0, 1] with oy, + B, + /=1 for all n'e N, Suppose the following

conditions hold:

o0

(1) im @, =0 and é Ty i==-03Y,
n—00, 1
A=

(i) 0 < c <Bryan <d & 1forsome ed >0.forall w21,

(iii) Zx\n < oo and 0< My <1,

n={_

oo o0
("'V) Z ‘C[n-H - O’nl < 00, Z Iﬁu+1 aYT ;Bn| \<Blo o}

m=1 n=1

Then {z,}, {u,}-and {y,} converge stronely 10 = = Psu.

Let C'and @ be nonempty closed convex subsets of a real Hilbert space H; and Hs,
respectively. Let A+ H, = H; be a bounded linear operator.-Let Dy, D, : C — H,
be a, f-inverse strongly monotone mappings, respectively. Let £, : C x C — R and
Fy : Q x @ — Rbe the bifunctions satisfying (A1)-(Ad). Let T be a nonspreading
mapping of Cuinto Cwith, F(T) # 0. Let fis Hy —Hy be a p-inverse strongly
monotone mappingand-fs.: H; — H, be a firmly nonexpansive mapping. Assume
§=VI(C,Di)NVI(C, D) N F (Tym€r#@:For given z;,u € C and let {z,}, {u.} and

{im} be sequences generated by

up =T (I =1 f1) (2 + 74 (TF2 (I —sfa) = 1) Az,)

yn = Po (I — d1D1) (aun + (1 — a) Pe (I — d2Dy) uy),

Tnt1 = Qntt + Bnn + ¥ Po (I = An (I = T))yn, ¥n €N,
where d; € (0,2a),d> € (0,28),7 € (0,2p),s € (0,1),a € [0,1],7 € (0,1/L), L is the
spectral radius of the operator A*A and A* is the adjoint of A. Also {a,}, {Bn}, {vu}

are sequences in [0,1] with a, + 8, + v, = 1 for all n € N.Suppose the following
conditions hold:
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oo
(1) nlijgo an =0 and Z O, = 00,
n=1

(i) 0 < ¢ < Bnyyn <d < 1forsomec,d>0foralln>1,

o0
(i) Y " A <00 and 0 < Ay <1,

n=1
o0 oo

(JIV) Z ’a?H—l - a’nl < o0, Z I,Bn+1 - ﬁl&‘ < 00.
n=1 n=1

Then {z,}, {u.} and {y,} converge strongly to z = Psu.

5.5  Suggestions

In this thesis, we obtain some results of variational inequality problem, the
modified split generalized.equilibrium problem-and fixed point problem in a Hilbert
space. For those who would like to extend these results, we suggest that proving our
results in a Banach space and investigate the fixed point problem for demicontractive

mappings which is more general than quasi-nonexpansive mappings.
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Abstract In this paper, we introduce an iterative scheme for finding a common element
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denote F(T') by the set of fixed points of T, that is, F(T) = {x € C : Tx = x}. Goebel and
Kirk [1] showed that F(T) is always closed convex, and also nonempty provided 7' has a
bounded trajectory.

A mapping 7 : C — C is said to be nonspreading [2] if

2Tx =Ty < lx = Tyl + 1Tx — y|?
for all x, y € C. Iemoto and Takahashi [3] proved that 7 is nonspreading if and only if
I7x =Ty < llx = yI? +2(x = Tx, y = Ty)

forall x, y € C. A mapping T : C — C is called quasi-nonexpansive it F(T) # # and
I7x —z|| < llx =zl forallx € Candz € F(T). Clearly, every nonspreading mapping with
anonempty fixed point set is quasi-nonexpansive.

Let /0 € x C — Rbe abifunetion. The equilibrium problem for F isto find x € C such
that

X\ [ZA Forall vy e C. (L.1)

The set of solutions of (1. 1) is denoted by £ P(F). Many problems in physics, optimization,
and economies are secking some cléments of E P(F)7see [4,5]. Several iterative methods
have been proposed to solve the equilibrium problem: for-instance, see [4-6]. Tn 2003,
Combettes and Hirstoaga[5]introduced an.iterative scheme of finding the best approximation
(o the initial data when E P(F) is nonempty and also proved a sirong convergence theorem.
Let A 0 C— H be a nonlincar mapping. The variational inequality problem is to find a

point 1t € € such that
(v/i— u, An) >0, “forallveC. (1.2)

The setofsolutions of the variational inequality is denoted by V I (C, A). Numerous problems
in_physics, optimization, variational inequalities, minimax problems, the Nash equilibrium
problem in noncooperative games reduce to find element of (1.1) and (1.2).

A mapping A | C — H is called imverse-strongly monorone [7], if there exists a positive
real number a such that

(x =y, Ax<Ay) > w||Ax = Ay|?. “forall x, vieC.

The problem for finding a common fixed point of a family of nonexpansive mappings has
been studied by many authors. The well known convex feasibility problem reduces to finding
a point in the intersection of the fixed point sets of a family of nonexpansive mappings; see
[8,9].

The problem for finding a common element of £P(F) and the set of all common fixed
points of a family of nonexpansive mappings is of wide interdisciplinary interest and impor-
tance. Many iterative methods are purposed for finding a common element of the solutions
of the equilibrium problem and fixed point problem of nonexpansive mappings; see [10—12].

In 2007, Takahashi and Takahashi [12] introduced a general iterative method for finding
a common element of £ P (F) and F(S). They defined (x,} in the following way:

X1 € C.
Flza. )+ Sv—azp = X)) =0, Vyec, (1.3)

An

Xl = Bu fxn) + (| — B)Sz.¥Yne N,

where § is a nonexpansive mapping of C into isell, {8,} < [0, 1], and proved strong
convergence of the method (1.3) 10 z = Pr gy £p () f(2) in the framework of a Hilbert
space, under some suitable conditions on {8, }. {X,} and bifunction F.
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Motivated by the above result and related literature, we propose an iterative scheme for
finding a common element of the set of solutions of the equilibrium problem, the set of
solutions of the variational inequality problem and the set of fixed points of a nonspreading
mapping in a real Hilbert space. Then we show that the sequence converges weakly to a
common element of three sets,

2 Preliminaries

In this section, we collect and give some useful lemmas that will be used for our main result
in the next section.
Let € be a nonempty closed convex subset of a real Hilbert space H. It is also known that
a Hilbert space H salisfics Opial’s property [13], that is, for any sequence {x,} with x, — x,
the inequality
liminf ||x, = x|l < liminf ||x, =y
n—00 =00

holds for every y-e-H.with y % x. Let P¢ be the metric projectionof H onto C, i.e., for
X € H, Pex satisfies the property

¥~ Pcov|lh= minflx— y|l.
yel

The following characterizes the projection P¢.

Lemma 2.1 ([14]) Let C be anonempty closed convex subset of a real Hilbert space H and
let Pow H-— C be the metric projection. Given x € H and y € C, then y = Pex if and
ouly {f the following holds:

(v =y y=z)=0, forallzeC.
Lemma 2.2 ([15]) Let £ be a uniformly convex Banach space, C be-a nonempty closed

convex subserof E;and S € = C be a nonexpansive mapping. Then 1 — S is demiclosed
al zero.

For solving the equilibrium problem for a bifunction F : C x € — . let us assume that
I satisfies the following conditions;

(A (xS e 0, V=T Oy
(A2) F isimonolone, ie., F(x.y) + F(y,x) £ 00 Yx, v€ C:
(A3)V x .z C!

]irg (L ahalde=FT0 V"< F(x, v},
=it

(A Y x e C, y > F(x,y) is convex and lower semicontinuous.
The following lemmas appear implicitly in [4].

Lemma 2.3 ([4]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let F be a bifunction of C x C into R satisfving (Al)—(A4). Let r > 0 and x € H. Then,
there exists z € C such that

|
F(z.v)+ ;(y—z.:—X) (2.1)

Jorallx € C.
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Lemma 2.4 ([5]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let F be a bifunction of C x C into R satisfying (Al)~A4). Forr > 0 and x € H, define a
mapping T, : H — C as follows:

1
Lx)=1zeC:Fz, )+ —-(y—-z,2-x)=0,¥YyeC}. (2.2)
"

Jorall z € H. Then the following hold:

(1) T, is single-valued.

(2) T, isfirmly nonexpansive, i.e., | T, (x) — 7',.(_‘.‘)||2 SH{T(x) =T (3, x—v), Vx,veH,;
(3) F(I;)y=EP(F),

(4) EP(F) isclosed and convex,

Lemma 2.5 ([16]) Let H be a Hibert space, et C be anonempty closed convex subset of H
and let A be amapping of C into H. Let u € C. Then for X > 0,

e Po(l —xXA)usueVI(C. A),
where P is the metric projection of H onto C.

Lemma 2.6 ([17]) Let H be areal Hibertspace. If (x,) is a sequence in H weakly convergent
to z, then
. 2 " g b
limsuplag — v |7 = limsup'|la, —all"+ llg = (2.3)
=08 =00

forall y € H.

3 Main result

Theorem 3.1 Let € be a nonempty closed convex subset of u real Hilbert space H. Let F
betbifunctions from C-x C into B satisfving (Al)~(Ad), let A+ C = H be a a-inverse
strongly monotone mapping, and let T : C — C be a nonspreading mapping with § =
FATYMVEP(FYAVI(C, A) # 0. Let {x,) and {it,} be sequences generated by x| € C
and

Fug, y)+ ;_‘:(y = = oo 2ol Wy e C. 3.1
Xp4| = Oy Xy + .Bn P((I et )\.A)H,, <= '}/”T.P(‘(lr - A,A)I,,. Y n = |, o

where {a, ). C Tay b] < (0, 1), {By}y Cle.dl C (0. Ddym) C'le, 1 < (0, 1) such that
ay + By +yp =1, andry € [g, h) C (0, 2e), A€ (0, 2a). Then the sequences {x,} and
{uy) converge weakly to an element of §.

Proof First, we show that Pe(/ — L A) is nonexpansive. Let x, y € C. Since A is a-inverse
strongly monotone and A < 2, we have

| Pc(I = AA)x — Pe(l —AA)Y|? < (I — AA)x — (I — LA)y|

= |x — y — A(Ax — Ay)|?

= [lx = y[|% = 2A{x — y. Ax — Ay) + 22| Ax — Ay|?
YI? = 20Al Ax — Av]|2 + A2 Ax — Ay|?
= flx = yII* + Ak = 20)[|Ax — Ay|?

|

=x

< lx = ylI%.
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Thus Pe(f — X A) is nonexpansive. We shall show that the sequence {x,} is bounded.
Since l
Fiuy, ¥+ _(\ — Uy, Hy =Xy) =0, ¥ ¥ E c.

n
By Lemma 2.4, we have u, = T, x,, and EP(F) = F(T,,). Letz € §. By nonexpansiveness
of Pe(I — AA) and 7, we have
lxne = 2lI? = llap (xn = 2) + Bul(Ped — AAduy — 2)
+ Yo (TPl — A)x, — 2|
= &y ll%; — 2l1® + Bull PcI — AA)u, — 22

+yull T Pe(L=AA)xy — zlI* — anBullxn — Pold — AA)u, |?
=, Yl = T P =2A ) X
— Buyull Peld = AA)up — T Pe(F=JA)x, |
(1= Bidllen = 2ll? A Bl Typcn — 212
=0ty Birllic =P (=210, || 2=t v | Xn = Pl — AA)x, |12
= BrinWPctl ~AAJin < TBAT = XA x, |12 (3.2)
= I = 2B~ Bl = PA =2 AV, 2

—oualltn = /TPe (=L A5 12

Bl Pe (I = AA iy = T Pelt = XA, |1
<l all= (3.3)

1A

This implies that lim,— ~ |lx, — z|[‘exists for every z € §. Then we have {x,) is bounded,
5018 {1y ). By (3.3), we have

Bl Vot Pell = Xual® = b = 20> ~ N4 = 2012
—-an il <R < A'AJ-\-H”‘-)
— BuvullPe(d = XAy — T Pe(l = LA)x, I

2 ) 2
< xn 2zl =xier = zl=
Since limy. o [l4y— 2| exists for every z € §, we have

im (lxg = Pe(h=AA)u,| =0: (3.4)
n—=00

By using the same method as (3.4), we have

lim_|lx, — T Petd="LA)x,| = 0. (3.3)
n—oc
Next, we will show that lim,,_, o ||x, — u, ] = 0.

Letz € §. Since w, = 7}, x,, and T, is firmly nonexpansive, we have
T2 P 2
lz— ]r,,»‘»n” = |1,z — Tr,,—‘n [I

= (T;',,Z = T,-”.l'm 7= Ap)

I 2 .
= 3 (ITptn = 2l + Il = 212 — 7o, 200 = 5ull?) .

Hence
9 5 5
N = zll” < Ml — 2ll” = lluy — Xl (3.6)
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By (3.2) and (3.6). we have
%41 = 2l1* < (1= Bw)llxn = 2l + Ballun — 2|
—anBullxn — P = AA)up|* = anynllxn — TPcd — AA)x, |12
= Buvnll Ped — AAYu, — T Pe(l — LA)x, |l
< (1= Bwllxa = 211 + Bu (%0 — 2 = llita — x4 11%)
= [lxw = 2l = Bullun — x11%

It implies that
o) 4 -
Ballty — xnll” = lxn = 2l — llxpsr — zll“.

Since limy— ~ [|x; — z|| exists for every z € §. we have
lim ||x, — tuyll.= 0. (3.7
n—00
Since
lvy = Pold —2A)x, || <lai =Pl =xA, || +Pc(l — AA)uy, — Pe(l — LA)X, ||
= llwn = Pell = XA+ iy — X Il

from (3.4) and (3.7), we have

im | x; — Pell = AA)x; = 0. (3.8)
N—»0oQ
By (3.5) and (3.8), we have
lin;Q | Po(l = xA)x, '— TPl =rA)x| = 0. (3.9)

Next, we will show that w(x,) € § where w(x,) = {x 7x,, — x for some subsequence
{rae} of {m}}-Since {x,} is bounded in H, we have w(x,) # #. Let w € w(x,). Thus, there
is'a subsequence {x,, } of {x, } which converges weakly to w. By (3.8), nonexpansiveness of
Pe(l —3A)and Lemma 2.2, we obtain that w € F(Pe(J) — AA)). By Lemma 2.5, we have
w € VI(C, A Sinee |luy,, —xy, || =0 asm — oo, we have u,, — '@ agm — oco. Since

I
F (ol )G = (W= ulfqn png >0 ¥V vee C,

n
it follows by (A2) that
| g ;
=y =y, tty — xy) = Fy, ). oYy eC.
r”
In particular,
1 .
¥y =y, ="y, —.\'n,,,)> = F(y. itn,). (3.10)
Hm

By condition (A4), F'(y, ) is convex and lower semicontinuous, and thus weakly semicon-
tinuous. By (3.7) imply that %(u”m — Xy, ) — 0 in norm. Therefore, letting m — oo in

(3.10), we have "
F(y,w) < lim F(y,u,,) <0, VveC. (311

mnm—oc
Replacing y with y, := 1y 4+ (1 — . t € (0, 1], we have v, € C and using (A1), (A4), and
(3.11), we obtain

O=Flyy) StFQu. y)+U =D F (v, w) £ tF(yy, y).
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Hence F(ry + (1 —t)w,y) 2 0,Vr € (0. 1] and Vy € C. Letting t — 0T and using
assumption (A3), we can conclude that

Flw,y)=0, veC,.

Therefore, w € EP(F).
Next, we will show that w € F/(T"). To show this, we suppose that w # Tw. Using Opial’s
property and (3.5), we have

liminf|lx,, — ol < liminf ||x,, — Tw||
-} m—oc

m—o0

< liminf(|lxy, — TPc(I — 2A)xp, |
o

mn—

+IT Pc — AA)x,, — Twl)
=diminl [T Pe(/ — +A)xn, — To]. (3.12)
By nonexpansiveness of Pe(/ — A A) and w.€ F(Pe(l =1A)), we have
|7 PelL= hA)xii= Tawl? =T PO~ KA = T Pe (h—aA)w||®
< Pe = KAy, — Po(l — AA)wl?
+ 2(Pell = AA)xy,— T Pc(f — AA)X,,,. 0 — Tw)
=M,
2| Pctd =XA)x,, —TPcI =xd)xy, llo— Tw]|.
It implies from (3.9) that
I’i’:li&f |7 Pe(l = XA)x,,, = To| < !,i,?l,i&f %6, = el (3:13)

By (3:12) and'(3.13), we have
liminf{lx, — ol <liminl|lx,, — o]
ke m-—=oC

This is a.contradiction. Then we have w € F(T'). Hence w(x,) C §.

Finally, we show that {x;,} and {u,} converge weakly to an element of §. Claim that w(x,,)
i a singleton set. Let @y, w> € o (x,) and fet {x; }and {*m;} be subsequences of {x,] such
that xj, = w; asi — ogand Xy — w2 as j = 0. Since lim, . o0 [l X, = ¢/ exists for each
q € § and.w, wy € F, it follows by Lemma 2.6 that

[2

. o il
lim |lx, — wy][* = lim v, ~wll7
n—=00 Ju-—)ag

. 2 2
lim ”-"‘m; — w7t [lwz =@ 17
i+

% 2
im ([xy, — @l lws — w; ||
=G

Il

m xz; — @1 + llo) — o2l + |l — o1 )2
=00
. 2 2
= lim |lx, — o |* +2||lw; — wsy]”.
h=—=>00

Hence, @) = w;. This shows that w(x,) is a singleton set. Therefore, we can conclude that
Xy — w € §Fasn — oo, Itfollows from (3.7) that u, — w € § as n — oo. This completes
the proof. m]

Using Theorem 3.1, we obtain the [ollowing weakly convergence theorem for finding a
common element ol the set of selutions of the variational inequality problem and the set of
fixed points of a nonspreading mapping in a real Hilbert space.
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Corollary 3.2 Ler C be a nonempiy closed convex subset of a real Hilbert space H. Let
A C — H be a a—inverse strongly monotone mapping, and let T : C — C be a
nonspreading mapping with § = F(T) "\ VI(C, A) # W. Let {x,) be a sequence generated
by xy € C and

Kl =@y + By Peld — A, 4+ v T Pe(l — 3 A)x,. Yn=1,

where {a,) C la,b] € (0. 1), {8y} C le,d] € (0, 1), (vy) C le. f1 < (0, 1) such that
Oy + Bu+ye =1, andh € (0, 2a). Then the sequence {x,) converges weakly to an element
of §.

Proof From Theorem 3.1, pulling F = (), we have i, = Pex,,. Since x, € C forall n =1,
we have x, = Pcx,. Then i, = x, and the desired resultis directly obtained by Theorem
3l o

We know that every nonspreading mapping with a nonempty fixed point set is quasi-
nonexpansive. The following result is using the same method as Theorem 3.1, we obtain
weakly convergence theorem ol quasi-nonexpansive mapping without demiclosed condition
of 7" with different from the results of Kim [18]. Therefore, we omit the proof.

Theorem 3.3 Let C be anonempty closed convex subset of a real Hilbert space H. Let F
be bifunctions from € x C into R satisfving (A1) — (Ad), let A . C — H be a a-inverse
strongly monotone mapping, and let T2 C = C bea quasi-nonexpansive mapping with
§ = F@)[VEPEYAY ICTAY W Let {x,)-and {tp) De sequences generated by
xy € C and

Flug, y)+ &()' —MUp Uy —Xp) 20,0 YV ye C,

(3.14)
Xnt| =Xy +By Pall = XA)u, £y, T Pe(F =X A)x,. (¥n = 1,

where {Q'H] i [ff.!)] C (0 1)' {ﬁn} o) [(‘,d] C (0, 1), {y“} > [e‘ Jf] el (U! 1) such that
an + Botyn = Loandr, € [g. R C (0] 2a), & € (0;20). Then'the sequences (x,) and
{ttn} converge wg(,k['\_. to-an element Qf{?,

4 Example and numerical results

In this section, we give an example for supporting Theorem 3.1,

Example 4.1 Let R be the set of real numbers and let A be a mapping from [0, 100] to R
defined by Ax = ‘T" Vx e [0, 100] and T be a mapping from [0, 100] into itself defined
by Tx = % Ya e [0, 100]. Let £ : [0, 100] x [0, 100] — R defined by

Fx,y)=—x~-102+@@-1)2,Vx,yeR.
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Fig. 1 The convergence
comparison of the sequences {x, }
and {u,, } with different initial
values x|

By the definition of F, we have
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Table 1 The values of {x,) and

(4n} whete n = 40 = =t F= 10
Ry “,; Xn Uy
| —8.0000 —4.7273 10,0000 6.7273
2 —5.0000 ~3.2000 8.4618 6.2233
3 ~2.0000 —1.1724 6.6610 5.0994
4 —0.3333 0.0175 5.1801 40800
20 1.0000 1.0000 1.0191 10147
X 1.0000 1.0000 1.0001 1.0000
38 10000 1.0000 10000 1.0000
39 1.0000) 1.0000 1.0000 1.0000
4) 1.0000 1.0000 1.0000 1.0000

2} 2 i . . .
Let Gl ==r, yoI+(=20a it~ XLy 2wt (T h Y oy S Whth is a quadmuu
function ol y with coefficienta = r,,, b = 21,1 —x,, and ¢ = .,:,,u”—u ,,f:,,+rf,,x,,
Determine the discriminant A of & as follows:

A = b2~ duc
o 8- 2P T % 174 4 (2rntty ~ K\ H?, + Upxy)
== 4;—2 — 4ruy, — Srfu,, “+ uﬁ + 41‘,,1; + 47 ”u” +dnx, = 2u,x,{= drpi,x, + ,\'f;
=\=2ny, w2, — ”)2

We know that G(y) = 0. Vy € [0, 100]. If it has most one solution in B, then A < 0. So we

obtain -
2l
U o= \oddl/ 74l 4.1)
IS-21,

Let xy € Rand (x,) generated by (3.14), . where X = 1|, r, = 1.,.?’,1']- By = ”j;I By = 7;*5“"3
and y, = ” 2 for alln e N. By the definition of . Aand 7, we have 1 € F(T)NEP(F)N

VI(C, A). I"hemlme the sequences (x, ) and {1, ] converge weakly to 1. They are rewritten
as follows:

T+
Xpp) = {U"‘""-u).\'” + ( Iin ) P|() ](){)|(I' - Au, + ( H” )TP|() ](m](l - Ax,, Y= 1,

The following table shows the values of sequences {x,} and {u,} where x| = —8 and
x; = 10and n = 40.

The Fig. 1 is the values of sequences {x,} and {u, ) that correspond to the Table 1.
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5 Conclusion

2.

The sequences {x,} and {1,} in Table 1 and Fig. | converge to 1, where 1 € F(T)N
EP(F)NVI(C, A).
Theorem 3.1 assure the convergence of {x,} and {u,} in the Example 4.1.
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Abstract

In this paper, we introduce a new problem, the modified split generalized equilibrium
problen, which extends the generalized-equilibrium problem, the split equilibrium
problem.andthe split variational inequality problem. We introduce a new method of
an iterative scheme{x,} for finding a common element of the set of solutions of
variational inequality problems and the set of common fixed points of a finite family
of quasi-nonexpansive mappings and the set of solutions of the modified split
generalized equilibrium problem without-assuming a demicloseness condition and
T = -w) + wl, where T'is a quasi-nonexpansive mapping and @ & (0, j:_); a
difficult proof in the framework of Hilbert space. In addition, we give a numerical
examplé to support our main result.
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1 Introduction
Let € be anonempty closed convexsubset of a real Hilbert space H. The set of fixed points
of T'is denoted by F(T). The mapping T": C — C is said to be quasi-nonexpansive if

| T% = pll =l pll,

forall xe C and p e F(T).

Definition 1.1 ([1]) Let T': H = H. Then the following are equivalent:
1. Tis firmly nonexpansive,
2. I Tx=TyP <(x=y, Tx - Ty), ¥,y € H,
3. (Te=Iy(~-Tx=(I-T)y)=0,Vx,yeH.

Let A : C — H be a mapping. The variational inequality is to find a point u € C such
that

(Au,v—u) =0, (1:1)

© The Author(s) 2018. This article is distributed under the terms of the Creative Commans Attribution 40 International License
(http//creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made,
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forall v e C. The set of solutions of (1.1) is denoted by VI(C,A). A mapping A: C — H is

called w-inverse strongly monotone if there exists a positive real number ¢ > 0 such that
(Ax - Ay, x — y) = || Ax - Ay|%,

for all x,y € C. They have been investigated in the literature; see, for example, [2, 3]. Let
£ be a bifunction of C x C into R, where R is the set of real numbers. The equilibritm
problem for F: C x C — Risto find x € C such that

Flx,y) =0, ¥yeC. (1.2)

The set of solutions of (1.2) is denoted by £P(F). Equilibrium problems were introduced
by [4]in 1994 and included many well-known problems such as variational inequality,
optimization problem, nenexpansive mapping and fixed point problem; see, for example,
[5-8].

LetFbea function of €% C into 12 and let f : H = H be a mapping. The generalized
equilibrivm problem is to find x € C such that

Fix, )+ (f{x),0 = x) 2 0, (1.3)

for all y & C. The sel of solutions of (1.3) is denoted by EP(£,f): When [ =0, EP(F,f) is
denoted by EP(F) and F = 0, EP(F, /) is denoted by VI(C,f).

Throughout this section, let A, H, be real Hilbert spaces and let C, Q be nonempty
closed convex subsets of real Hilbert spaces H, and Fy, respectively. Let 4 : H, — H, be
a bounded linear operator,

In 1994, Censor and Elfving [9) Introduced the split feasibility problent (in short, SEP)
which is to find a point x € C such that Ax € Q. The set of all solutions of split feasibility
problem is denoted by ¢ = (x € C: Ax € Q).

Tosolve the SFP, Byrne [10] introduced €Q algorithm whase sequence [x,) is generated
by

Xusel = PC| (xn V3 VA*U _PCQ}A‘TH))
where the initial xy € Hy and y € (0,2/L), L is the spectral radius of the operator A*A
and A* is the adjoint of A. Then the CQ algorithm converges to a solution of the SFP,

whenever solutions exist. If there are no solutions of the SFP, the CQ algorithm converges
lo a minimizer of the function

2
E

1
| = Pe;)Ax
whenever such minimizers exist.
Let 4+ Hy — Hy and T': Hy - Hj be two nonlinear operators. The split common fixed

points problem (SCFPP) [11, 12] is to find a point »* such that

x" e F(lI) and Ax"eF(T).
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The solution set of SCFPP is denoted by & = (p* € F(U) : Ap* € F(T)}. The split common
fixed point problem is a generalization of the split feasibility problem.
In 2017, Wang [13] introduced a new method for solving SCFPP as follows:

Xyl = Xp -,Uu{(] =Wxy +A™(I - T}Axn):

where p, C (0,00) is chosen such that

_ N = Wxall + 10 = T)Ax, |2

e 1.4
P = =z, + A*U - DA% 4

and {/ and 7" are firmly quasi-nonexpansive mappings. Then the sequence {x,} converges
weakly toz, where z = lim,,_. .. Pyx,,.

Censor et al. [11, 14] introduced the prototypical split inverse problem (SIP) which is
a generalization of the split common fixed points problem. In this, there are given two
vector spaces X and Y and a linear operator A+X — Y. In addition, two inverse problems
are involved. The first one, denoted IPy, is formulated in the space X and the second one,
denoted [Py, is formulated in the space Y- Given these data, the split inverse problem is

formulated as follows:
find a point x* € X that solves [Py, (1.5)
and such that
find a point y* € Y that solves IP,. (1.6)
This problem is used in many modeling avising in sensor networks, radiation therapy treat-
ment planning, color imaging, ete.
The split equilibrivm problem (SEP) [12] is to find X € C such that
Fi(%x) =0, VYaeC, (L.7)
and such that
J=ATeQ solves Gy 20, Yye(Q, (1.8)
where F1+C x C—'R and £ : Q x Q — R be nonlinear bifunctions. If we consider only
problem (1.7), it is the equilibrium problem and we denoted its solution set by £P(F,). The
solution set of SEP is denoted by I'={j € EP(F)) : Ap € EP(F)). SEP is reduced to FP(F),
where H| = Fy, ¥ = Faand A = [, EP(F) is an unifying model for several problems arising
in physics, engineering, science, optimization, economics, etc.
The split variational inequality problems (in short, SVIP) were introduced and studied

by Cencor et al. [11]: find ¥ € C such that

(fl(f),x—;'\f')g(). YxeC, (1.9)
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and such that
y=Axe@Q solves U‘;(}‘f},ym})ao, VyeQ, (1.10)

where fi : C — Hy and f3 : Q — H, are nonlinear mappings. The solution set of SVIP is
denoted by W = (p e VI(C,fi) : Ap € VI(Q,/2)}. The split variational inequality problems
have already been studied and used in practice as a model in intensity-modulated radia-
tion therapy (IMRT) treatment planning; see, for example, [15] and the modeling of many
inverse problems arising for phase retrieval and other real-world problems; for instance,
in sensor networks in computerized tomography and data compression; see, for example,
(16, 17).

By investigating SEP and SVIP, we introduce the modified split generalized equilibrium
problem (MSGEP) which is to find x* € C such that

Fi(anx) #(0(x7),x = x1) 20/ /¥xeC, 11y
and such that
y=Ax e solvcng(y",y)+{f-}(y*).y—y')2 0, VyeQ, (1.12)

where Fy : € x C— Rand Fy: Q x Q = R arenonlinear bifunctions and f; 1 C — H, and
J2:Q — H, are nonlinear mappings. The solution set of MSGEP is denoted by © = (p* €
EP(F\, i) Apt e EP(Fa /).

Remark 1.1
1. Ifwe put fy= o =0in MSGEP then the MSGEP is reduced to SEP,
2. Ifweput F| = F, =0in MSGEP then the MSGEP is reduced to SVIP
3. Inthe case of bifunctions £ and £ are according to (A1)=(A4). Fram (1.11), (1.12)
and Lemma 2.2, we have x* € F(TL (/- rfy) and Ax* e F(T2(1 ~s/)), for all
r, 8> 0, So, MSGEP can be viewed as SCEPP.

MSGEP is a generalization of the generalized equilibrium problem, the split equilib-
rium problen and the split variational inequality problem. So, this problem can be used
in sensor networks, data compression, practice as a model in intensity-modulated radia-

tion therapy (IMRT) treatment planning, robustness to marginal changes and equilibrium
stahility etc.

Example 1.2 Let Hy = [0,6], H, = [0,18], C=[2,5] and Q = [6,10]. Let A : H; — H, be
defined by Ax = 3x forall x € Hy. Let themapping F : € x C — [ be defined by

Fi(xt,x) = - (a* -‘2)2 +(x-2?% Vryec,
and F2: Q x Q — [ be defined by

BOy) =-("-6)+(y-67% VayeQ.
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Let the mapping f; : C — H; be defined by fix = %2, ¥x & C and the mapping f : Q — H,
be defined by fox = %2, ¥x € Q.
Then 2 € Q. Therefore 2 is a solution of MSGEP.

In2012, Tain and Jin [18] introduced iterative algorithms involving a quasi-nonexpansive
mapping. They generated the iterative as follows:

Xnel = Q’ﬁyf{xn) +( - 0 AT %0,

where 4 is a bounded linear operator on #, T is a quasi-nonexpansive mapping on /, [ is
a contraction with coefficient @ under suitable conditions of the parameters a,,, y and w.
By assuming w € (0, %). To:= (1 -+l and T is demiclosed on H,

Motivated by SFP and SVIP, we introduced.a new problem, the modified split general-
ized equilibrium problem, which extends the generalized equilibrium problem, the split
equilibrium problem and the split variational inequality problem. Many authors proved
strong convergence theorem involving a quasi-nonexpansive mapping 7' by assuming
T, =1 -+l and T'is demiclosed on /;a difficult proof. Motivated by [19], we in-
troduced Remark 2.5and [11, 12] and [18], weintroduce a new method of iterative scheme
{#) for finding a common element of the set of solutions of variational inequality prob-
lems and the set of common fixed points of a finite family of quasi-nonexpansive mappings
and the set of solutions of the modified split generalized equilibrium problem without the
condition above in the framework of a Hilbert space.

2 Preliminaries
Let H be a real Hilbert space with inner product (+,+) and norm || - ||. Throughout this
paper, we use the notations of weak and strong convergence by “— " and “— ', respectively.
Recall that H satisfies Opial’s condition [20], ic., for any sequence [x,) with x, — x, the
inequality limy, o inf |2, = & < lim,—~ inf |2, =], holds for every y & Hwith y # x.

For solving the equilibrium problem, we assume that the bifunction F: C x C — R
satisfy the following conditions:

(A1) F(x,x)=0forallx e C,

(A2)_F is monotone, i.c, F%y) + F(3,x) <0forall x,ye C,

(A3) foreachx,y,z€ C, limgpoF(tz + (1~ D%,y Flx,y),

(A4) for cach x & C, ¥ — F(x,y) is convex and lower semicontinuous.

Lemma 2.1 ([4]) Let C beanonempty closed convex subset of H and let F be a bifunction
of € x C into R satisfying (A1)-(A4). Let r > Qand x € H. Then there exists z € C such that

L
Flz,y)+ —y=2,2-x) 20, V¥yeC,
”

Lemma 2.2 ([21]) Assume that F: C x C — R satisfies (A1)-(A4). For r > 0, define a
mapping T,.: H — C as follows:

Tix)=gze C:F(z,y) + l(y—z.z—x)z(),*:"yeC
i

Sorall x € H. Then the following hold:
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(1) T, is single-valued,
(2) T, is firmly nonexpansive, i.e., for any x,y € H,

I 7o) = T |* < (T %) = Ty 0 = 3

(3) F(T,) = EP(F),
(4) EP(F) is closed and convex.

Lemma 2.3 ([22]) Let H be a real Hilbert space, let C be a nonempty closed convex subset
of H and let A be a mapping of Cinto H. Let u € C. Then, for ). > 0,

u=Pcll =dA)u & uweVI(C,A),
where Pc is the metric projection of H onto C,
Lemma 2.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let (T},

be a finite family of quasi-nonexpansive mappings of C into H with ﬂﬁl F(T)) # ¥ and let
O<a,< L with N a,= 1, Then

N é N
ﬂ (T =Vi (c. Z ai(l - T.-))-
g i=l

Proof Ln this lemma, we show that ¥, £(Z;) = (¥, VI(C.Z - T;) and (VY VI(G, T - T)) =
VIC, YN a(l=T;)). Lastly, we have

N N
(\FtEp=vi (c, Yl - T,-)).
ikl

=l

To-start with, it is easy to see that (¥, F(T) € ¥, VI(C,I - T,). Next, we show that
MVIC, 1= T) SOV F(TY- Yot we (Y, VIEC.T ST and (Y £(T.) #4. So, we get
e VI(C L -"13), i 21,24, No We may-wrile

(== Tu) =0,V e C. 1)

There exists v* € C such that v* = Tjv*, Vi =1,2,.,.,N. Since T; is a quasi-nonexpansive
mapping, ¥ = 1,2,..., N, it follows that

[ P i) 1= Tl
= |u- v"“z - Xu—v", (I~ Tou)+ || (7 - T,)u”1

< Ju-v]?. (2.2)
By using (2.1) and (2.2), we conclude that

| = T < 2{u=v*, (1 - T < 0.
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Itimplies that « € (Y, F(T,). Therefore N, VI(C,1 - T;) € N¥, F(T,). Hence

N N
(F(T) = vI(C.1-T).
f=l i=1
After that, we show ﬂ:\“_'l VI(C,I = Ti) = VIIC, 8 aill = T;)) where 0 < a; <1 and
¥, a, = 1. Observe that

N
we\VIC.I-T)

izl
& ue VICT-T)), Yi=1,2 N
& ((f— T.-)u,v—u) >0, YveCandVi=l, 2., N

N
Zrt,((l =T~ u) =0, NveT
i=1

N
& (Z ai(l - T,)H.I'—-.‘l> =0, YreC
i=1

N
& newt (C,Za,[!— T,)).

i=]

i

Therefore (%, VUC, [~ T1) = VI(C, SN @yl = T Henee 1Y F(T)=VI(C, XY, aull -
1)) O

Remark 2.5 From Lemma 2.3 and Lemma 2.4, we have
N N N
mf(m =W (C. Zfﬁ'(f - Ti)) = F(f’c (" - "(Z a(l - Tf)))).
i=l =1 izl
forall X'> 0 and 0 <a; < 1 with Ef\ll a; {aS
Lemma 2.6 ([23]) Let {s,) be a sequence of nonnegative real munbers satisfying

Supy < (1 — sy + & 020,

where {a,} is a sequence in (0,1) and (84} is a sequence such that

0 00
3y
(1) Za.. =00, (2) limsup—=<0 or Z 18] < 0.

=~ Uy

n=1 n=1

Then liMy— o 8y = 0.

3 Main results
Lemma3.1 Let Cand Q be nonempty closed convex subsets of a real Hilbert spaces Hy and
Hy, respectively. Let A : Hy — Hy be a bounded linear operator. Let F) : C x C — R and
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Fy:Q x Q = R be the bifunctions satisfying (A1)=(A4). Let fy : Hy — H, be a p-inverse
strongly monotone mapping and > : Hy — H, be a firmly nonexpansive mapping. Then
i T i) and TR (1 - sfa) are nonexpansive mapping,
2.
|77 = af) (o + v A (T2 - s£2) - 1)Ap)

- TR - of) (g + yA* (T2 - o) - 1) Ag) |
<y -l + y (L= D (T = sf) - 1) Ap = (T - ) - NAq ",

Jorall p,q e C,wherer e (0,2p),5€(0,1), y € (0,1/L), L is the spectral radius of the oper-
ator A*A and A" is the adjoint of A, T wp & defined by

. 1
T,‘"(x):!ze C:Fhlz,y)+-(y-z,z-x) >0,¥Vy e C].
o
Sor all x e+, and- T . Hs - Q defined by
- 1 .
THE) = [Ee QB 4o (=227 2().VyeQ].

Sforallx e H,.

Progf Let p,q e C. First, we show 1 is true. Since f; is a p-inverse strongly monotone
mapping and r € (0, 20), we obtain
VT =rfp = 1l = rfial’ <\ ~alP = 2ep=ahip=fia) + *Wip - fial?
< Ip=~ql* +rie=2p)ifir - fiall’
< lp=ql’.
Thus 7 (1 - rf1) is a nonexpansive mapping. Since f; is a firmly nonexpansive mapping
and's € (0, 1), we get
I sflp = B0 - 0| < 1B -1 255 - 316 - faid) + 5 WaB — fo 1
<llp=gl* = s2-9)lHp-Lfil’
£ lp=q1*,
for all 5, € Q. Therefore T/2(1 = sfy) is a nonexpansive mapping.
Next, we show 2 is true, From Lemma 3.1(1), we have
|75 = rfi)(p + yA(TEA=SH) - ) Ap)
=TI =) (g + vA* (TR - sfs) - 1) Ag) |
< |- a) + (A (T - sf) - D)Ap - A (T2 - ) - 1) Ag) |
<lp-qll® +2y(Ap - Aq, (T2 - sh) - )Ap - (TF2(1 - s5) - 1) Aq)
+ VLT U - ) - 1)Ap - (TF1 - 1) - 1) Aq])*, (3.1)
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From the property of T2, we get

[0 = sh)Ap - (- sh)aq|’
= |15 = sh)Ap - T (1 - sf2)Aq - (Ap - Ag) + (Ap - Ag)|
= (75U - sh) - 1)Ap - (TF201 - ) - 1) Aq |
+ (T2 = sh) = 1)Ap = (T2 (1 - sf2) - 1)Aq, Ap - Ag)

+1Ap = Aqll®. (3.2)
We have
= sfaap - (1 - sf:)Aq|

= |Ap - Aq|l* - 2s(4p — Aq.frAp~ frAg)
+s*hAp = fHAq)t (33)

From (8.2),(3.3) and the property of firmly nonexpansive mapping, we get
AT - L) - 1)Ap = (T < shy - Ag,Ap —Aq)
= T Pie s - NAp - (1770 = )= 1) Ag)
= 25(Ap = Aq, LAp = fAg) + 8 |LAp - fiAql?
= =T o) Oap < (170 <) < NAql

That is,

(T - sh) = D) Ap = (T = sfs) = 1) AqyAp < Ag)
=y (T2 5h) - DAp - (T2 - s6) = Dag|? (3.4)
Substituting (3.4) in (3.1), we obtain
i - rfi)(p v pd* (T —5f3) = 1)Ap)
STIU - ) g + v AT (TR0 - s5) 1) ) |
Slp - gl <[ (T R0 Ap 2 (TR =)= 1) Aq |
+ V(TP =sfy=)ap=(T" U=5f) - ) Aq|*
=lp=ql* +y(rL - D|(TEU - sh) - 1)Ap - (T - s) - D Aq|”. o

Lemma 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H and let
T C— C be a quasi-nonexpansive mapping with F(T) # 8. Then

|t - Dx|)* <2fx -2, -T)s), VxeC.



86

Cheawchan and Kangtunyakarm Journal of Inequalities and Applications (2018) 2018:122 Page 10 of 28

Proof Let x € Cand z € F(T). Since T is a quasi-nonexpansive mapping, we get

175 -2 = |(x = 2) = (7 = T

=lx=zl* = 2(x - 2,0/ = T)x) + | (Z - T)x||”
<|x-zl*
We can conclude that

[t - 10| < 2fx - 2, (7 - T)a). |

Lemma 3.3 Let C be a nonempty closed convex subset of a real Hiltbert space H. Let | T;)Y
be a finite family of quasi-nonexpansive mappings of Cinto itself with ﬂll F(T;) #%. Then

"
PC(! —}.(Zk,(l— T,)))x—z
i=1

Jorall xeC where <k < Lwith Y% ki=1and 0<h < 1.

2

2
=x =2l

Proof Let x€ Cand z € ﬂ;l‘_',l F(T,). From Remark 2.5 and z'e ﬂ,\l F(Ty), we have z €
F(Pell-n( _‘fi, k(=T andz = 1'z,¥i = 1,2,..., N. Since ¢ is nonexpansive mapping,
0<% <1 and Lemma 3.2, we have

N

P(;(.' —A(Zk;(i 4 T,)))x—z
1el
N N

Pe (1 _I(Z k(- T,)))x—!)((! ;I(Zk,u b 1;)))z
1§32 i=1

N Ny
=zl <20 Y kg, (4 T3a) + 22D taltr= T

=1 i=1

2

2

N ) X
< 18 =2lP = T3 Kl =T P4 00T kil =7
=1 =1

< llx - zlf* (3.6)

Next, we provea strong convergence theorem for solving the modified split generalized
equilibrium problem (MSGEP).

Theorem 3.4 Let C and Q be nonempty closed convex subsets of a real Hilbert spaces H,
and Hy, respectively. Let A : Hy — H, be a bounded linear operator. Let Dy,Dy : C — H,
be a, B-inverse strongly monotone mappings, respectively. Let Fy: C x C — R and F» :
Q x Q — R be the bifunctions satisfying (A1)-(A4). Let {T,)\¥ | be a finite family of quasi-
nonexpansive mappings of C into itself with (X, F(T)) 0. Let fy : Hy — Hy be a p-inverse
strongly monotone mapping and fo . Hy — Hy be a firmly nonexpansive mapping. Assume
F=VI(C,D)NVIC,Di) N ﬂj\:l F(T) N Q #W. For giveit x,u € C and let (x,), (u,] and
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{yu) be sequences generated by

tty = TP = ofi ) + y A* (TS = s) - DAx,),
Yn=Pc(l- di D) (e, + (1= a)Pe(l - dyDr)uy,), (3.6)
Xpgr = gt + By + VPl = Ly (0 kil = Ty, Yn €N,

where dy € (0,2¢), dy € (0,28), r € (0,2p), s € (0,1), a € [0,1), 0 < k; < L with TN k; =1,
v € (0,1/L), L is the spectral radius of the operator A*A and A* is the adjoint of A, Also (w,),
(Bubs {yu) are sequences in [0,1] with a, + By + v, =1 for all n € N. Suppose the following
conditions hold:
(i) limy, oo oty = Qand Y7 o=,

(i) O<e=< B, p<d<] forsonte e,d>0foralin> 1,

(iii) o Ay cocoand0<h, <1,

(iv) 231 [CRRE M. R Z:tl | By 1= Bal < o0,
Then {xy Vi iy} and {y,) converge strongly to z = Pru.

Proof Letx;y € C-and z € F. First, we show that- (= dyDy) is a nonexpansive mapping.
Since Dy isan w-inverse strongly monotone mapping, we obtain
2 4 ) P
[¢2 = arDyw= (=i Dy|" = llx— Y= 2ditv—y, D1x 4 D) + | Dy Dyl
SUE=31%+ dildh = 20| Drx L D1y11° < [l yI1.
Thus (I-d | Dy) isa nonexpansive mapping. By using the same method as above, we see that
(F'=dyD,) is a nonexpansive mapping. Since fi is a p-inverse strongly monotone mapping

and f3 is a firmly nonexpansive mapping. From Lemma 3.1(1), we have T - rfi)) and
(112(1 = sf3)) are nonexpansive mappings, Since z & (MY, #(7}) and Lemma 3.3, we have

N
P(;(f - An (Zk;([ ~ T,)))J’u kv,
i=1

Since z € VI(C, D)) and z € VI(C, D,) and using the property of (I =d, D) and (I - d,D,),
we get

2
<y =22 (37)

Iy = 21> = Lelt = diDy) @ity + A1 =@)Pell - drDo)n) > Peld ~d\ D))z
< alluy 2| + (1 - a)| Pe(! - DY, = 2| (3.8)
< o= 2| (3.9)
Since z € 2, we havez= T/ (i — rfy)zand Az = Th - sf2)Az. From Lemma 3.1(2) and
y € (0,1/L), we obtain
Nty = 2I* = | TP = ofi) (g + v AT (TF2 = sf5) = 1)Ax,) = TR = 1f)z|)?
< Ny —zl® + p(Ly = DT - ) - DAx,|* (3.10)
= Jlxw = zII%, (3.11)



Cheawchan and Kangtunyakarn Journal of Inequalities and Applications (2018) 2018:122

Using the definition of x,,, (3.7), (3.9) and (3.11), we get

llusr =2l = fatn(u - 2) + Bulx, - 2)

N
+ ¥n (PC ([ =Xy (Z ktu . Tn)))}'n - Z)
i=1

< ayllu—z|| + Bullx, - z|| + Yulyn =zl

S aplle =zl + Bullxn — zll + yullesn - 2|

Sayllu-zl + (1 —a,)llx, -zl
Using induction, we can conclude that

Iy =zl max{fu = zll, ey ~ 21}
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forall m = 1. This implies that the sequence %) is bounded and so are {y) and {#,). From

Lemma 3.1 (2) and p € (0,1/L), we obtain

2
" My — Hyoy ”-

= [T - i) + AR (TR (= 5h) - DAx,)

= VR i)+ p A" (TEUL = s6) = DAx,L)))

b ~aaes [I* 4 v (L= D (THU =)= Dz =T @< s13) = DAx |

~ ”xu N xu-lﬂg‘

Next, we show that lim, .~ [%,,1 = %, || = 0. According to Eq. (3.12), we have

"xuﬂ i xn"

N
(a'..u + fnkn o+ Yule (1 =Xy (Z kitd = ‘I}-}))J’..)
i=l

N
w (G’n—lu + Bt + i Pe (f = A1 (Zk,u -1

i=1

< oy =l + Bullxy, = Xpei | + | Bu= Buli %l + 0l —

(z) (St

=l

AT
o)

+ [ ¥ = Vuil

< (L =a)llwn — 2ot + | = ey | llu]] + 184 = Bu-1l1%-1 [

(3.12)
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+ Ay

N N
(Z kil - ?;))y,, - (Z ki(l - 'f'.-))y,.-l N
=1 i=l
N
+ |A.,, =l “ (Z kl(f o Tn)))‘n—l »
i=1

N
P (.r = Aol (Z k(I - T.)))ym {
i=1

(1 =a)lley = xyoall + ey - ap-1|M + | By = B IM + XM

+ Y = Vual

+ d = hpt M 4 [V = Yur IM,

where

N N
M = Tedx [ “tt”, ”X,, H: 'l (Z kl(" 7 ":))}’m 1= (E kt("— TJ))),H
< i=] i=1

[ e )

From condition (i), (iii), (iv) and Lemma 2.6, we have
lim [[x,01 = x| = 0. (3.13)
e G

]

According to Egs. (3.7), (3.9) and (3.10), we have

N
Pe (!—A,, (Zk.u : T,-)))y.. 77

2

2 2
%1 —21° =l <20+ v

i=1
N k-
+ Bullx, = 2“2 = Buyulx,; = Pc ('r =y (Z kil - T-)))J’u
i=1

Zaplli= 2+ Ballw =z vollyn =zl

N 2
= Buyullx, = Pc (4’ Hdn (Z ki(d - ‘rl)) ))’u (3.14)
izl

2 - 2
<a;ifu =zl B llow— 215+ "yl — 21|

N 3
= Butn |¥u = Pc (1 = o (Z kAT~ 7;))) I (3.15)

=1

s llu=zI*+ (1= a,)lx, =2+ v {Ly - V| (TF - sh) - DAz, |

N
= ﬁu Y l|Xn — Pe (1’ - A (Z kJU = Tr)) ))’u
1=]

2

This implies that

vy (U= Ly) | (TP = sf3) - ) Ax, ||

= Un"“ = 2”2 b “xu — sl "{"xn = ZH + ”xu-rl = Z”]
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By using condition (i) and (3.13), we have
lim (7,207 - sf) - 1) Ax, | = 0.

By using the same method as (3.16), we have

N
K = Pc:(f = (Z kil = T,)) )y,,

f=l

lim_ =0,

Let M, = x, + yA*(T{2(I - 53) - DAx,. Applying the inequality (3.11), we have
"jw'll > Z” = Hxn = Z".
Using the property of inverse strongly monotane operators and (3.18), we have

e = 2I1*2 |G =2 )M, - TE @=rf)z|
< |U=rhm, - (= sfpe]’
= | My =2l* = 20(M,, =2, fiM,, ~ h2) + 73 Ifed,, — frz])*
<%0 =2l + (e =20)AM, = fi2)1%,

Substituting (3.19) in (3.15), we have

[[be 1) — z”l = oyl — 2”2 + ﬁu qu _2'"'J
+ ulllvi = 201 # 6 (r = 20) i My = frz])*)

S dull =2+ (=)l < 21 + yrt =200l M, - fizll*.
Thatis,
yur (2 = M= izl Senllee =2l #0% = w0 (10— 200 e zl).
According to condition (i) and (3.13), we get
"|Lm\ Aidd, =fiz] = 0.
By the property of firmly nonexpansive mappings, we have

et = 202 = | T = )M, - TE U - )z
=lun =z (I —ri)M, = (I = 1f; )z)
1 2
= i(uu,, — 2P+ U= oM~ U= rh)z||

[t = 2) = (U = )M = U - 1)2) ).
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(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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That is,

Nt =211® < | = £fdM, = (= rfidz])* = [t = M) + rlfiM - fi2)]
= "Mu i lez - (“”u 5 M“”2 ¥: 27'(“1{ = .l\/f”,_,rlM” _flz)

+ 72 AM, - fizll?)
S Moy =zl = [l = Mull* + 2r|Jat, = M, || M), = fiz]]

- PIAM, - fizl*, (3.22)
Substituting (3.22) in (3.15), we get

1= o0l = 2[1* + Bullxn =2k (WM - 211 = [lety = M, |12
+ 20 lletn = MM = fiz]l = M, = fizl?)
<eanllie=zll? 4 (L~ w) 1%, =2l =yl - Myl

+2ryalin = My lllfiM = fiz]l.
It follows that

yﬂ'““n - A/Iri Hl =a, ”” 2P 2"2 + err ‘xml"(”x;r —Z" + “xll'] Szl Z"]

+ 21y, iy = Myl HflMu _flz”-
From condition (i), (3.13) and (3.20), we ensure that
lim-{je,, = M, || = Q. (3.23)
1=
From (3.16) and (3.23), we also have

ety = aeall < lutw =M, || + 1M, =l
== Mull# |5, + y AUTEM = 565) < 1) Ak, - x|

= Ny =My AN | (T2 (15 5o) 5 1) A |
Then we have
lim |l — x| =0. (3.24)
a0
By using the same method as (3.19), we have
|Pett = da)uty — 2||* < I3 - 211 + da(ddy = 28)| Dassy — Dozl (3.25)

Substituting (3.8) and (3.25) in (3.14), we have

.
In01 = 20> < erullee = zI1* + Bully — 21 + yulall e, - 2|

+(1 -~ a}upc(] = dyDa)uy, - 3”1)
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2
Sapllu—z)? + (1 -a,)|x, - 2|

+ Yull = a)da(dy - 28) | Da1e,, = Doz,
We can conclude that

yull = a)da(28 - dy) || Dauty, — Daz||*

S @l =20 + g = T Il (10 = 20 + 1001 = 21)-
According to condition (i) and (3.13), we get
lim || Dty — Doz =0, (3.26)
=0
Since P isa firmly nonexpansive mapping and using the same method as (3.21), we get
|Pctl - diby)in, ~z|f*
< %(ﬁ Pe(I=dyDs)uty - 2| 4 U= doD)uty - (1 = daDa)z|®

— [Pcli=daD)u, - 2 U = dsDs)it # (I — daD)zi’).

That is,
[Petl - dyDayee, = 2|° £y~ 2|P - | (Peld = D3, - idy) +dy(Date,, =~ Dyz) |
o AT L P o PR T
+ 26, | Pl — dy DaJuy = | | Data = Daz||

~ d3i| Dy, — Daz)?, (3.27)
Substituting (3.8) and (3.27) in (3.14), we have

flaanr -z
< apllu =27 Bullxn = 21* + pufalls =21 ¥+ (1= a) | Pe(l = d2D8)up - 2||°)
2l = 24 Bl - 2l yalalins > 202 41 - a) (|1, - )12
= | Pett=d Dy = vy [* ¥ 25 \ Pl — dyDy)idy = th, | D, — Dz
—d3| Doy — Dyz||?))
<l - 21"+ (1= i)l =20* - yu(L — )| Peld = da Do)ty — |

+2dyyu(l = a) ][PCU = dyD2)u =ty ” 1220, — Dyz|l.
Therefore

2
yn(l _a)”PC(!*dPDZ)un — Uy ”
<ayllu— 2"2 + X0 = X1 H(qu =zl + Xy — Z”)

+2day,(1 - a) ”PCU - drDy)u, - “H” 1220, = Daz].
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From condition (i), (3.13) and (3.26), we get

Jim | Pell - daDy)uy = ] = 0. (3.28)
Let k, = au, + (1 - a)Pc(I = dyDy)u,,. By using the same method as (3.19), we have

v =2 = 12 = 2I1* + i (ch - 20) 1 D1k - Dz (3.29)
Substituting (3.29) in (3.14), we have

[E—
=@ =2 + B,lIx,, - 217 + v (5=l Pea(d, - 20) 1Dk, - DyzI1?)

< ennllue =zl (12l 20 ¥ ey = 200 D Ky~ Dy 2]1%,
This implies that
i — Ayl Bikn = Dzl Senulle=zl? + 1% = gorlh (ot — 2l #l[Ty1 - 211).
According to condition (i) and (3.13), we have
i [ Dk, - Dazll = 0 (3.30)
By using the same method as (3.21), we have

¥ )
v =2l =5 (= 2l | 0 = s Do)k, = (1=, Dy)z ]

= O = k) + Dy = Dy D) ).
That s,

g = 21* = = 211 =y =kl 2+ 2t (K, Dy K,y — Dyz)
+di || Diky - Diz|*)
< N =21 = My = kull® + 2 g = &l K, =D 211

= dy \Dyky ~ Dazl|% (3.31)
Substituting (3.31) in (3.14), we have

1 = 2I* < wallie =z + Bullxw = 21 + yu (%0 = 201% = 1y = Kl
+ 223 lyn = kall D1k = dy 21| = d¥ 1| D1k, = D2]?)
fan”“ _2”2 £ (] “an)”xn ‘Z”.-’ = VH”)’M _kullz

+ 2y,dy ")’u“kn"“ir)lku -Dhz|l. (3.32)
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This implies that

. 112 2 .
VH“J’n = "\u" EQ’,,“M -Z” + ”xu _-’*urlH(”xn "ZH + "xtwl —Z”)

+ 2yudy ||y = kullI1D1 Ky = D2
According to condition (i), (3.13) and (3.30), we get
lim iy, = ke =O0. (3.33)
From (3.28) and (3.33)

”)’u = Unll'= ”_}'u = kn” + |k = 1ty Il

== kall + Q= | PEU= dsDo)iey — s
we conclude that
,,[_EPJ\ [l =21l =10, (3.34)
By (3.24) and (3.34), we also conclude that
il Sosa 1= 0, (3:35)

Afterward, we show that lim SUPpdn (- Z %, ~z) £ 0, where z = Pru,
To show this, choose a subsequence {2} of {x,) such that

limsup (o - z,x, - z) = lim (1 - Zy Xy, = 2. (3.36)
N =00

Without loss of generality, we may assume thatx,,f —wasj— 0o, From (3.35), we obtain
Yuy = w as j — oo, From Lemma 2.3, we have VI(C, D) = F(Pc({—d D). Assume that
w & VI(C,Dy), we have w # Pc (I = d D)), Using Opial's condition, (3.33), we abtain

liminf|ly, = | < lim int'ﬂy,,j = Pell=did))e
J o j=0

< liminf (|| Pe(l= dy Dk Pall <dyDy )y, |
jo
+ [Petl = diDy)yy, - Pett- diD)o )

= |i]'l] iﬂf(Hk», —r II'+ "J'u, > CU")
j=oo

< lim inllyy, - wll.
e

This is a contradiction, so we have

w € VI(C,Dy). (3.37)
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From (3.24), we have w,, — @ as j — oo. By (3.28) and using the same method as (3.37),
we obtain

we VI(C,D,). (3.38)

Next, we show that w € ﬂ;\_', F(T;). From Lemma 2.5, we have

N N
(ET) = F(Pc(! = Ay (Z kil = T.)))).
i=l i=l

Assume that w ¢ ﬂ Jrand that w # Pe(l - 4, Z‘ kil = T)))ew. Using Opial’s con-
dition, (3,17) and (3.3.:} we obt'un

liminf||x,, — ||
Jo i

s (Sa))e

< “Im.:l\’llf( i, ([ An, (Zk (1'%T)) )J’lu

)
(r x,,,(Zku T, )))y,,j~l’c(1 )L,,I(ik;(lw?})))x,,l
(; ,,,(ZA 1-T) ))x,,}— C(r l,,f(ékﬂ—l‘])))zu

(ik(l r) (Zku r))x,.,

i=1
N N
(E'{J(I'—' T’J))xu, . (Zkr(] 7 T:))(U )
=]

iw]

< liminf]
J—r

)

=< llmml (!)’,, =Xl + Ay

+ |2y, —wl + Ay

< liminfx, =l
L
This is a contradiction, so we have
N
we [VET), (3.39)

After that, we show that w € Q. Assume w & EP(F), /,). Since EP(F), f1) = F{ Tl rfi)),
we obtain w # T (/ - rfi)w. Using Opial's condition and (3.23), we get
liminf [y, - el < liminf| s, - T~ e |
o o
.. Fi . Fy .
< l‘,‘";ﬁ"(ﬂ TN = rf)Muy = TR = ifi et |

+ ” Th(I - rf; Yty = TOF - !jfl)w“)
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= Ii;'-ﬂwt(“M"’ =ty || + ety = 0]l

=< liminf ey, - e].
J—no
This is a contradiction, so we have
we EP(F ). (3.40)
Next, we show that Aw € EP(F,, f2). Since A is bounded linear operator so that Ay —
Aw as j — oo, Assume Aw & EP(F3,f2). Since EP(Fy,f5) = E(TH - sf2)), we obtain Aew #
T - sf) Aw. Using Opial’s condition and (3.16), we have
Aw e EP(F, f>). (3.41)

We can conclude that & . Therefore & e F. Since Xp, — was f— o0, we have

lmsuplu = z, 5= z) = lim{u —z,x, -2)
a2 i

=(u-z,w-—2z)=0. (3.42)

Finally, we show that the sequence (x,} converges strongly to z = Pru. By (3.7), (3.9) and
(3.11), we get

N 2
”xml ‘2”3 = an(“ I Z} 2if .B!.‘{xﬂ I~ Z) + Vu (PC (1 T )"u (Z MI b L)) )yn T Z)
=1
N 2
< \[Bul = 2).+ v (P(_‘ (I = (Z kil = Ti)))y.. a Z)
i=1

+ 20000 ~ £, X1 <2)
2 /)
e (ﬂu e =2l + pulles, = Z") + 200 (W= 2,50 - 2)

~ | (-l -—CIH)”X“ _z”:Z 3 2“#(“ BEIETTS! —Z).

According to condition (i), (3.42) and Lemma 2.6, we can conclude that {x,) converges
strongly toz = Pru. By (3.24) and (3.35), we have {u,] and {y,} converge strongly to z =
Py This completes the proof. O

These results are directly proved from Theorem 3.4. Therefore, we omit the proof.

Corollary 3.5 Let C and Q be nonempty closed convex subsets of a real Hilbert space H,
and Hy, respectively. Let A: Hy — Hy be a bounded linear operator. Let Dy, D, : C — H,
bew, B-inverse strongly monotone mappings, respectively. Let Fy : C x C — Rand F, : Q %
Q — R be the bifunctions satisfying (A1)-(A4). Let T be a quasi-nonexpansive mapping of
Cinto itself. Let fi : Hy — Hy be a p-inverse strongly monetone mapping and fo : Hy — H
be a firmly nonexpansive mapping. Assume F = VI(C,Dy) N VI(C,D;) N F(T)N 2 # A, For
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given xy, u € C, and let {x,,), (u,} and [y, be sequences generated by

o = TP (= 1)) + pAY (T = sh) - 1)Ax,,),
yn =Pl =diD\)aw, + (1= a)Pe(l = daD2)u,,),
Xy = Uylt + iBn'xn * VHP(_” = J"H(‘[ o= T)))'nx Vnel,

where dy € (0,2a), da € (0,28),r € (0,2p), s € (0,1), a € [0,1], ¥ € (0,1/L), L is the spectral
radius of the operator A*A and A* is the adjoint of A, Also {a,,), {B,), yn) are sequences
in [0,1] with e, + f, + y, = 1 for all n € N. Suppose the conditions (i)-(iv) of Theorem 3.4
hold. Then (x,}, {u,) and (y,} converge strongly to z = Pru.

Corollary 3.6 Let C be nonempty closed convex subset of a real Hilbert space H,. Lel
Dy, Dy C = H, bew, B-inversestrongly monotone wappings, respectively. Let Fy : C x C —
B bethe bifunction satisfying (A1)=(A4). Let | T,\N| bea finite family of quasi-nonexpansive
mappings of C into itself with ﬂ:\;] FUT) #W.Letf, : Hy — H\ be a p-inverse strongly mono-
tone- mapping. Assume JF = VI(C, D) N VI(C, Dy) 0 ﬂ‘,\il FIT) NEP(F, /i) # W. For given
Xt € Cand let \x, ], (1e,} and (y,,) be sequences generated by

= TR = 1 )i
¥ = Pl =dvDr Yau, + (1 = a)Pe(l = dyDs)u,),
| = @it By + yuPoll - ':-H(Z:'\;| k(I - T}JJ}y,. Yneld,

where dy € (0,2), dy € (0,28), 1€ (0.2p), € [0,1], 0k « Lwith YN ok, = 1. Also {a, ),
(Bu) G} are sequences in [0,1) with w, + B, + v, = 1 for all n.€ N. Suppose the conditions
(i)=(iv) of Theorem 3.4 hold. Then (x,}, {u,) and {y,} converge strongly to z = Pru,

Corollary 3.7 Let C and Q be nonempty closed convex subsets of a real Hilbert space H,
and Fy, respectively, Let A+ Hy — Hy be a bounded lincar operator, Let Dy, Dy : C —
Hy be a, B-inverse strongly monotone inappings, respectively, Let Fy 2 C x C — R and
£y Q% Q = R bethe bifunctions satisfying (A1)~(A%). Let [T}y be a finite family of
quasi-nonexpansive mappings of C into itself with :\;1 F(T)) # 0. Assume F = VI(C,D|)N
VI(C,Da) N ﬂ;l F(TONT £W. Forgiven x\,u € Cand let (x,), (i6;} and {yn| be sequences
generated by

W= TH (x, + A (T - DAx,),
I = Pell =dyDy)(ait, + (1 - a)Pell = daDa)u,),
Xnpl =0yl + ﬂuxu + Vu-lDC{[ = A'"(Z:\il k,(l’ - T,)))}‘,,, Yue N,

where d) € (0,2a), dy € (0,28), a e [0,1], 0 < k; < 1 with Z;\H ki=1,y €(0,1/L), L is the
spectral radius of the operator A*A and A* is the adjoint of A. Also (a,), {Bu), (v} are
sequences in (0,1) with a, + B, + v, = 1 for all n € M. Suppose the conditions (i)-(iv) of
Theoremn 3.4 hold. Then (x,), (u,} and (y,) converge strongly to z = Pru.

Remark 3.8 1f we take N = 1 in Theorem 3.4, we have a strong convergence for finding
a common element of the set of solutions of variational inequality problems and the set
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of fixed points of a quasi-nonexpansive mapping and the set of solutions of the modified
split generalized equilibrium problem. From previous result, we can apply by using the
same method as Theorem 4.5 in [24]. We have a strong convergence for finding a common
element of the set of solutions of variational inequality problems and the set of fixed points
of a finite family of nonspreading mappings and the set of solutions of the modified split
generalized equilibrium problem. By using our main result, Theorem 3.4 reduces to the
Corollary 3.6, the solution of the generalized equilibrium problem and Corollary 3.7, the
split equilibrium problem. All theorems are found as regards the solution of common fixed
points of a finite family of quasi-nonexpansive mappings without assuming 7., := (1-w)! +
wT and T"is demiclosed; a difficult proof in a framework of Hilbert space.

4 Application
The following knowledge is used to prove Theorem 4.4. A mapping T : C — C is called
nonspreading if

2| T = Tyl S Te =yl 4 | Ty =&l Yoy e C. (4.1)

Such a mapping is defined by Kohsaka and Takahashi [25].
In 2009, lemotoe and Takahashi [26] proved that (4.1) is equivalent to

72— Ty)> < lle= yl|* + 20y — Toyp=T), Vx,yeC. (4.2)
Remark 4.1 A nonspreading mapping T with F(T) # 4 is quasi-nonexpansive mapping 7.

Lemma 4.2 ([25]) Let H be a Hilbert space, let C be a nonempty closed convex subset of
H, and let S be a nonspreading mapping of Cinto itself. Then F(S) is closed and convex.

In 2009, Kangtunyakarn and Suantai[27] introduced the S-mapping generated by
Ty T, Ty, Ty and A, Aa, .0 Axas follows.

Definition 4.1 Let C be a nonempty convex subset of a real Banach space. Let {T})¥, be
a finite family of (nonexpansive) mappings of € into itself, For each j=1,2,...,N, let a; =
(), o ) € £ T x I, where [ €10, 1] and u’: + ot +uﬂ = 1. Define the mapping §: C — C
as follows:

Ug = .I,,

Uy = af Tylly + ay Uy + @},

Uy = aiTalh + o3+ adl,

Us = o TsUywei Ll + o,
1 2 3

Un-1 = a‘l\;" Ty Uyn-a+ ﬂ'z\l_LL[;\r 2+ (x‘a\'flf.

S=Uy=al TyUy-y +ad Uy + o1,

This mapping is called an S-mapping generated by T4, Ta,..., Ty and @, a2,. .., ay.
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Lemma 4.3 ([28]) Let C be a nonempty closed convex subset of a real Hilbert space. Let
{T,];!] be a finite family oj’uonspreading mappings of C into C with :Y] F(T)) #9, and let
@ = (u’l,wﬂ,a.’j) elxixl, j= e B N, where I = [0,1), &) + &) + o} = l,cr';,afg €(0,1) for
allj=1,2,...,N-1land o € (0, 1] aff €[0,1), e € [0,1) forallj=1,2,...,N. Let S be the
mapping generated by Ty, Ts,..., Ty and @y, a,...,an. Then F(S) = ﬂ‘:] F(T)and Sisa
quasi-nonexpansive mapping.

By using these results, we obtain the following theorems.

Theorem 4.4 Let C and Q be nonempty closed convex subsets of a real Hilbert space H,
and Hy, respectively. Let A : Hy — Hs be a bounded linear operator. Let Dy, Dy : C — H,
be w, B-inverse strongly monotoric mappings, respectively, Let F : C x C — R and Fy: Q x
Q — [ bethe bifunctions sr:ti?ﬁ'ing(Al) (Ad). Let {T;)Y | be crﬁnifeﬂm;vi!y of nonspreading
mappings of C into C with ﬂ, (ECT) #0,and let ey = (a,.cxz.a';) elxixl, ;- T2y N
where [ = [0,1], &+ &)+ = 1, o], e’y €.(0,1 Vforallj=1,2,..,N~1anda} (0, lI o) e
[0, 1), u_, €10,1) forallj=1,2,..,,N.Let S be the mrzppmggfwerated by T, Ts,..., Ty and
ay ..y Letfy s Hy = Hy be a p-inverse stroigly menotone mapping and fy : Hy — H,
be a firmly nonexpansive mapping. Assume F = VI(C,D,)N W(C,D))ﬁﬂ?‘:l F(TINQ A A,
For given x,,u e C and let |x,), (u,) and (y,) be sequences generated by

iy = TEAT =), 4 yANCE A =50 = DAx),
Vi = Pell=diDi)au, + (1 - a)Pe(l — dyDa)iey),
Xys1 = Wy ll + %, + }’ﬂPC(Jt =, =8) JJ'm YneN,

wheredy € (0, 2a), dy € (0,28),+ € (0,2p),s € (0,1), ae[0,1]; ¥ €(0,1/L), L is the spectral
radius of the operator AA and A* is the adjoint of A. Also (o, )y | Bul, [va) ave sequences
i [0, 1] with &, + B, + yy = 1 for all e M, Suppase the conditions (i)—(iv) of Theorem 3.4
hold. Then (x,,), (u,) and {y,) converge strongly to z = Pru.

Proof By using Corollary 3.5 and Lemma 4.3, we obtain the conclusion, a

5 Example and numerical results

In this section, an example is given for supporting Theorem 3.4, [n Example 5.1, we only
instance an example in infinite dimensianal Hilbert space for supporting Theorem 3.4, We
omit the computer programming.

Example 5.1 Let H| = Hy = C = Q =(; be the linear space whose elements consist of all

2-summable sequences (x, x3, .. -4 %k ) of scalarsgife,,
o
by=1x:x=(x1,4,...,X,...) and Z Ix,‘l‘2 e

with aninner product {-,-): {5 x {, — R defined by (x,y) = L} e r,y, wherex = {x,)7, y =
1 € t2and anorm || - || : €2 — R defined by [lx]|; = (377, |x,| )¥ where x = {%)% € b,
Let the mapping A : (3 — €, be defined by Ax=(F.%F,..., ,.. ) forall x = [x)% € ta
and A™: €2 — €, be defined by A*z = (%, Z,. %....) forall z = {z}[%) € (5. Let D, D; :



100

Cheawchan and Kangtunyakarn Journal of Inequalities and Applications (2018) 2018:122 Page 24 of 28

€3 — €3 be defined by Dyx = (3, %,..,, 6, .y and Dyx = (%.%},.”, Fo0) V= () €
(a, respectively. Let the mappmb Ti: €3 — €, be defined by Tix = (:—,‘&, ‘:i’l,..., ,:,':'l,),
Ya={x) ethand k= 2+ K":'\r for every i = 1,2,...,N. Let the mapping Fy, F; : R? x
E? — R be defined by

Finy)=-2*+y% ¥e={5)%,y= (5% € ta,
and

Fylay) = -2 +ay+3%,  Vas= )20y = s e ta
Let the mapping f; : €= €5 be defined by fix = (3, 2., ,!, ) Va = {x) € 0y and the

mapping f3+ € — £ be defined by fox = (3, %. wb Y = (2} 51 € (2. Letr=1and

l
e
s'= 05, Since L.= f;. we choose y = 0.5, Let x; = (x’,,xf,...,ﬂ,...) and u = (uy, us,...,
#;,...) € £ and let the sequences (x;,); {y,) and (u,} be generated by (3.6) as follows:

=T =W+ 054 (T (T < 05f) =AY,
Yo = (I= D) (050, + 0.5 = D)),

i )
Kuvl = Sﬁ” * 1‘;,, X+ 1"2,, {yn® ((-,” )Q_ \r-y\ Y — Tiya)))),

for all n = 1, where x, = (x,[,a.,,... £ dp, (yﬂ.y,,, Ve oh) angew, & (H”,H”,...,
Uy ). U easy tosee that Dy, Dy, 15, F .,I'p_,_f] and f, satisfy T heorem 3.4. Mareover, we have
VIIC, D)) N VI(C, Dy M ﬂ;\;l E(1y) N R = {0}, where p = dy = dy =1, From Theorem 3.4,
we can conclude that the sequences [x,), {y.) and [u;] converge strongly to 0,

ln Example 5.2, we give computer programming to support our main result,

Example52 LetHy = Hy = C = Q =18* be the two-dimensional Euclidean space of the real
number with an inner product (-, -} : B < #? — [ be defined by (x, 7 =« -y = x93 + X239,
where x = (\hxl) € B and y = (y1,52) € R* and a usual norm || - | 18> — R be defined
by Ilxll = /xT+#3 where x = (x3,x2) € R, Let the mapping A : B* — R? be defined by
Ax = (2x) —#, 30 4 2x)) lorallx = (xy, x2) € R? and 4" : R? — R2bedefined by A*z = (27, -

232z, - zy) for all 2 = (21,73) € R? Let Dy, Dy : R* = R? be defined by Dy x = (3, %) and

Dyx = (3, %), Ya = (x),%;) € B respectively. Let the mapping 7) : B? — B be defined

2'3

by Tiw= (55L, 3%), Va = (x1,%2) € B? and ky= £+ 2k forevery i = 1,2,...,N. Let the

mapping Fi, £y : R? x B? — R be defined by
Fi(x, yy=—x"+ y‘, Ya= (XX = (VL)€ R?,
and
Folx,y) = =2 +ay+ %, ¥a=(x,%),y = (1, 32) € R%

Let the mapping f; : R? — R? be defined by fix = (%, #), V& = (x1,%;) € R? and the map-
ping f5 : B? — R? be defined by fox = (%, %), Yo = (x,x3) € R*, Let r = 1 and s = 0.5, the
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sequences z,, = (z,,25), X, = (¥, x2), 1, = (), 42), ¥ = (y,,2) € R2 By the definition of f;
and f5, we get

1
0= Filzuy) +{filza).y - z4) + 0= 2n 2z~ x)
2 2 1 1
== ()= () + )+ 0 + szt )+ 220(=20 + 32)
tn=z,)(zm-x) + (2 - 22) (22 - 22)
6 11 2
((Yl)2 + (ﬂ',lz + gz,lr)}’i + X2 - ?(Zi)j)

((3‘2) +( X+ gzz)}’z + X%zt lia—l(zf})w)
=G (y1) + Ga(ya).

Let Gi(y1) = () +(—x) + $2h)y1 ¥ alzh = B(zh)2and Ga(ya) = (y2)2 (=22 + ¢ f22)ys + t,,zf
'-51(23)2. Gi(y1) and Gs(y;) are quadratic functions with coefficients ay = 1, b, = —x)+ 2 z,,,
and ¢y = x,2, = $Hz)% of G\ ) and coéfficients a, =1, by = —x2 +\£22, and ¢, = x222 -

n“n "
1l

= (22)* of Gy, ), respectively. Determine the discriminant A, ofGl as follows:

AJ::h?—4a|q

2
e (—x,‘, + -:-zf,) —4(1)( Xz & ls—l(zn) ) 25{5x - 162))°.

We know that Gi(y;) = 0, ¥y € R. If it has most one solution in E, then A, < 0, so we

obtainz} = 2% Next, we determine the discriminant A of Gu by using the same method as
) . n

above, we obtain z2 = %’f Thatis 74 (1 I =ofi)z; =(2a ) %{1) Alter that, we find the solution

of #, = (g}, u2) in this inequality{) < Folt,y) + (Hlug)y~u,) + ;'{y = Uy By — %) By using

the same method as z,, = (2!, 7 ' ) we obtain

n
?\ 7).*
e (uh i) = ( S ) (5.1)

That is, Te2(0= ofsbiy = (2, 1),

Letx) = (x],x 2) and = (i, ua) € R The sequences {x,}, {y,,} and {u,,] are gjeneratt_d by
(3.6), where k; = £ + \- A=Ld1=1,a=050,<3 By = Sy = 22 and A= ﬁj
forall n e N. Slnce L =5, we choose ¥ = 0,1 From the definition of Dy, Dy, T}, Fy, Fy, fi
and fy, we-have VI(C,Dy) 0 VI(C,Ds) N ﬂ:\jl F(T;) v =(0). From Theorem 3.4, we can
conclude that the sequences (x,}, (y,) and {u,) converge strongly to 0. We can rewrite
(3.6) as follows:

ty = T = ) + 0.1AM (T2 - 0.56) - DAx,),
Yu=(- Dl) (0.5u, + 0. 5(1 - Ds)uy,),

Tn-4

Xpel = 5,0+ Tan At 12,, (yu (ﬁ (Z —T" NN (JJH r'yn))));

; \ )
forall n = 1, where x,, = (x},42), v, = (v}, y2) and 1, = (1), 12),
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Table 1 The values of {x), {yn} and {u,} where v = (5,-5), x; = (5,-5) and n = 30

N=1 N=20

0 Xn=(xhx2) Yo = (yhy2) up = (uh, u2) = (), x2) ¥o=yhy3) Up = {uh,u3)

1 (5.0000, -5.0000) (0.5553,-0.6170) (0.8885, -0.8885) (5.0000,-50000) (0.5553,-0.6170) (0.8885, -0,8885)
2 (38715,-3.8850) (0.4300,-04794) (0.6879,-06903) (3.8700,-38833) (0.4298,-04792) (06877, -06901)

15 (0.5189,-0.5274) (0.0576,-0.0651) (0.0922,-0.0937) (0.5189,-0.5274) (0.0576,-0.0651) (0.0922, -0.0937)

29 (0.2485,-0.2522) (0.0276,-00311) (0.0442,-0.0448) t0.2485, -02522) (00276,-0.0311) (00442, -0.0448)
30 (0.2397,-0.2432) (0.0266,-00300) (0.0426,-00432) (0.2397,-0.2432) (0.0266,-0.0300) (0.0426,-0.0432)

2
4
.E — e T T . _a L " L }
B NGO AAY  2p0es |\ e Boqdon, 5. - 200 25] 30
n n
(N=1 (b) N.= 20

L Figure 1_The convergence comparison with different values N

Table 1 shows the values of sequences {x,}, {y,} and {u,} where u = (5,-5), x; = (5,~5)
and # = 30.

6 Conclusion

1. Example 5.1 is an example in-infinite dimensional Hilbert space for supporting
Theorem 3.4

2. Table 1 and Fig. 1 in Example 5.2 show that the sequences {x,}, {y,} and (u,}
converge to 0, where {0} =VI(C, D) N VI(C,Dz) N ﬂﬁl F(TH)NS.

3. Theorem 34 guarantees the convergence of {x,}, (y,} and {%,) in Example 5.1 and
Example 5.2.

4. By using the concept of Picard iteration, Wang [13] defined the iterative scheme
{x} for solving SCFPP as follows:

K1 = %y = ({1 = Uz + A*(I - T)Ax,,)
= (1= pul(I - U) + A*(I = T)A) )y, (6.1)
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where p, is according to (1.4) and (/ and T are firmly quasi-nonexpansive
mappings. Then the sequence {x,,} converges weakly to z, where z = lim, . Pox,,.
In Theorem 3.4, we use the concept of Halpern iteration and suitable conditions of
the parameters dy, dy, r, s, a, v, L, {a,], [Ba) and [y, the sequence {x,) defined by
(3.6) converges strongly to z = Pru, which is a different method from (6.1).
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