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Abstract

In 2004, Benz confirmed the result of Davison by showing that the functional equation

f@) fuf(z) = fz) + Fly) + F(2),

with the three angles z,y, z of a non-degenerate triangle, can be used-to characterize
the tangent function.' In 2014, Hengkrawit et al. generalized this result by solving a
functional eguation, with n parameters representing the ansles of a non-degenerate
convex n-gon, which characterizes the tangent function. In 2016, Hengkrawit et al also
solved a functional equation different from their (2014) work but can also be used to
characterize tangent function. ‘Analyzing the proof in the works of Hengkrawit et al,
we see that this method can be applied to characterize other trigonometric functions.
Our first objective in this thesis is to solve two functional equations, with n parameters
corresponding to points in ahyperplane subject to a condition generalizing the angles of
a non-degenerate convexn-gon, and use the result to characterize major trigonometric
and hyperbolic functions.

In 1962, Popken proved the algebraic dependence of multiplicative arithmetic
functions. In 1984, Reich and Schwaiger proved results about the independence of ad-
ditive and exponentiai functions on C. They found that (i) if the additive functions are
linearly independent, then they are algebraically independent, (i) if the exponential
functions are pairwise distinct, then they are linearly independent, and (iii) the expo-
nential functions are algebraically independent if and only if they are multiplicatively
independent. In 1999 and 2006, Kaczorowski et al. investigated the linear depen-
dence of multiplicative arithmetic functions. They found that if the multiplicative arith-

metic functions I, f1,..., f» are pairwise non-equivalent, then the functions fi,..., fa

iii



are C-linearly independent. In 2011 and 2012, Komatsu et al. established some al-
gebraic independence criteria of arithmetic functions and applied it to test the formal
Fibonacci and Lucas zeta series. They also established criteria for linear independence
of arithmetic functions by using Wronskian. Our second objective in this thesis is to
complement the results of Komatsu et al by investigating the C-linear independence
of arithmetic functions. To this end, we establish general criteria for linear indepen-
dence of arithmetic functions, as well as several other criteria for arithmetic functions
which are solutions of additive, multiplicative, exponential and logarithmic equations.

Keywords : Arithmetic function, Functional equation, Functions with constant sum,
Trigonometric function, Hyperbelic function, Independence.
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Chapter 1

Introduction -

1.1  Research Motivation

Functional equations are equations in which the unknown variables are func-
tions. In this thesis, we investigate two problems of functional equations. Firstly, we
consider the problem of using functional equations to characterize trigonometric func-
tions. In 2014, Hengkrawit et al [1] solved a functional equation with n parameters,
representing the angles of a convex n-gon, and used it to characterize the tangent
function. This functional equation generalizes the one originally considered by Davison
[2] and later proved by Benz [3] where the parameters are the three angles of a trian-
gle. More specifically, the case n= 3 which is Davison-Benz’s theorem states that the
function f: (0,m/2) — (0, 00) satisfying

F&@) (W) f(z) = f(z) + fly) + f(2) (1.1)

with
T T Hpe —\ R (1.2)

is of the form
i

f(z) = tan (k:c AT x;)g) ,
with an arbitrary constant & & [—1/2,1].
In 2016, Hengkrawit et al [4] further-solved a functional equation different gen-
eralization of (1.1) and used it to characterize the tangent function.

Analyzing the proof in.[1], we see the following key steps:

« first, the functional equation, generalization of (1.1), is bijectively transformed into
a new functional equation, henceforth referred to as a constant sum functional
equation or CSFE for'short,.showing that the unknown function possesses a con-
stant sum over a set of n parameters lying in a hyperplane, i.e., points subject to a

condition generalizing (1.2), referred to as a hyperplane condition or HC for short;

o second, by suitable change of variables the CSFE and HC are simplified in order
to determine all the possible solution functions;

« third, the modified CSFE for each possible solution function is strategically trans-
formed into a Cauchy’s additive functional equation over restricted domains, and
its shape is determined.

Mofeover, there are many mathematicians [5, 6, 7, 8, 9] investigated a functional equa-

tion related to the additive formulas of sine, cosine, hyperbolic sine and hyperbolic



cosine under the different assumptions. So then we investigate a functional equation
related to the generaﬁzation additive formulas of trigonometric and hyperbolic func-
tions under some special conditions. ‘

For this problem, we proceed to characterize trigonometric and hyperbolic func-
tions by solving a functional equation involving a function with a constant sum over
points lying in a hyperplane and by solving general CSFE’s for a single unknown function
subject to HC’s extending the work in [1]. Then we characterize hyperbolic functions
by solving general CSFE’s for a finite number of unknown functions subject to HC. This
CSFE generalizes the following result in the book of Kannappan [10, Theorem 1.76, p.
58]: the functions f; : (0,1) — R satisfy the functional equation

Y filpi) =00 p sl (i=1un), Y pi=1, (1.3)
i=1 1

for arbitrary (but fixed) n > 3, if and only if, there exists an additive function A: R - R
such that

fi(z) = A(z) + b, z€/(0,1), (1.4)

where b; (i = 1,...,n) are constants with A(1)y + 3o, b = 0.

Consider next the problem of independence of functions originated from the
following sources. In 1962; Popken [11,12] proved the algebraic dependence of arith-
metic functions and multiplicative arithmetic functions. In 1984, Reich and Schwaiger
[13, 14] dealt the independence of additive and exponential functions sending C into
C. They found that

« if the additive functions are linearly independent, then they are algebraically in-
dependent;

« if the exponential functions are pairwise distinct, then they are linearly indepen-
dent;

« the exponential functions are algebraically independent if and only if they are
multiplicatively independent.

In 1999 and 2006, Kaczorowski et al [15, 16] investicated the linear dependence of
multiplicative arithmetic functions. They found that if the multiplicative arithmetic
functions I, f1,..., f» are pairwise non-equivalent (recall that two multiplicative arith-
metic functions f and g are equivalent if f(p™) = g(p™) for all m € N and all but finitely
many primes p), then fi,..., f, are C-linearly independent. In 2011 and 2012, Komatsu
et al [17, 18] established some algebraic independence criteria of arithmetic functions
and applied it to test the formal Fibonacci and Lucas zeta series. They also established
criteria for linear dependence of arithmetic functions by using Wronskian. For this prob-

lem, general criteria for linear dependence are proved. Then we prove that additive



arithmetic functions are always linearly dependent, while for exponential arithmetic
functions, we show that they are always linearly independent. Next, we establish the
conditions for a finite set of nonzero pairwise distinct multiplicative arithmetic func-
tions to be linearly independent, and prove the conditions for linear independence of
multiplicative functions based on an old method of Popken [12]. Finally, we show a
necessary condition for linear independence of a finite set of nonzero pairwise distinct
logarithmic arithmetic functions. Several examples illustrating the so-obtained criteria
are worked out in order to compare with the existing criteria.

1.2  Objectives of the study

1) To prove theorems that canbe used to characterize trigonometric and hyperbolic
functions by using funetional equations under the constant sum condition over a

hyperplane.

2) To prove theorems about independence of functions satisfying four types of func-
tional equations, namely; additive, multiplicative, exponential and logarithmic
functional equations.

1.3  Scopes of the study

1) For the first objective, we investigate the following two types of the functions

« a function whose domain and range are open intervals,

 functions whose domain is a closed interval and range is the set of real num-
bers.

2) For the second objective, we investieate the functions where domain is the set of

natural numbers and range is the set of comptex numbers.

1.4 Benefits of the study

1) Characterizations of trigonometric sine, trigonometric cosine, hyperbolic sine, hy-

perbolic cosine and hyperbolic tangent functions are obtained.
2) Independence criteria of arithmetic functions satisfying additive, multiplicative,
exponential and logarithmic functional equations are obtained.

1.5 Research Methodology

1) Study the works of Hengrawit et al [1] and related papers.

2) Solve two functional equations exhibiting functions with a constant sum over
points lying in a hyperplane.



3) Apply results in 2) to characterize trigonometric and hyperbolic functions.

4) Study arithmetic functions.

5) Study the works of of Popken [12], Kaczorowski et al [15, 16] and Komatsu et al
[17, 18].

6) Complement the results in [17, 18] by finding general criteria for linear depen-
dence of arithmetic functions as well as several other criteria for arithmetic func-
tions which are solutions of additive equation, multiplicative equation, exponen-
tial equation and logarithmic equation.

7) Summarize obtained results and write a thesis.

Table 1.1: Research schedule

Time frame
Activities | 2015 2016 2017 2018 2019
Jun.-Dec. | Jan-Jun. | Jun.-Dec. | Jan.-Jun. Jun.—Déc. Jan-Jun. | Jun.-Dec. | Jan.-Apr.
Step I | ——=t—1luy
Step 2 _—
Step 3 ———
Step 4 e
Step 5 Vd 7 >
Step 6
Step 7 —




Chapter 2
Preliminaries

In this chapter, we start with some definitions.

Definition 2.1. ([19]). Let A and B be sets. The set A x B := {(a,b)|a € A,b € B} is the
Cartesian product of 4 and B.

Definition 2.2. ([19]). A binary operation o on a nonempty set S is a mapping of the
Cartesian product § x S into S. For each (a,b) € S x S, we will denote the element
o((a, b)) of S by acb.

Definition 2.3. ([20]). A set S with a binary operation o, denoted by (S, o), is said to be
a semigroup if (acb)oe=ao(boc) forall a,b,ceS. If aob=boa foralla,b € S, then §
is called commutative semigroup.

Definition 2.4. ([19]). A set G with a binary operation o, denoted by (G, o), is said to be
a group if the followihg conditions are satisfied:

1) (aob)oc=ao(boc)forall abceC
2) There is element e e G such that forall z € G, oz =z 0e = =.

3) For each @ € G, there is an element o’ & G such that eoa’ =a'ca =e.
Moreover, if acb=boa forall a,b € G, then G is called an abelian group.

Definition 2.5. ([19, 20]). A set R with two binary operations + (addition) and - (mul-
tiplication), denoted by (R, +,-), is said to be a ring if the following conditions are
satisfied:

1) (R, +) is an abelian group.
2) (R,-) is semigroup.

3)Forall a,b,c€ R, the left distributive law a-(b+c) = a-b+a-c and the richt distributive
law (a+b)-c=a-c+b-c hold.

Moreover, if a-b=0b-a for all a,b € R, then R is called a commutative ring. The zero
element of the ring R, denoted by 0, is the additive identity element of abelian group
(R, +). If the semigroup (R,-) has identity element, then R is called a ring with identity.
The identity element of a ring R, denoted by 1, is the multiplicative identity element
of semigroup (R, ) which is called a unity.

Definition 2.6. ([19]). Let R be a ring with unity 1 # 0. An element u € R is a unit of
R if it has a multiplicative inverse. If every nonzero element of R are unit, then R is a
divisor ring (or skew field). A field is a commutative divisor ring. A noncommutative

divisor ring is called a strictly skew field.



Definition 2.7. ([19]). Let R be a commutative ring with unity and let a,b € R.

e If there exists ¢ € R such that a = be, then a divides b (or a is factor of b), denoted
by alb. While a does not divide b denoted by a1t b.

e If @ = bu where w is a unit in R, then a and b are associates in R.

Definition 2.8. ([19]). If a and b are two nonzero elements of a ring R such that ab = 0,

then a and b are zero divisor.,

Definition 2.9. [19] An integral domain D is a commutative ring with unity 1 # 0 and

contain no zero divisor.

Definition 2.10. ([19]). An integral domain D is called a unique factorization domain
(UFD) if the following conditions-are satisfied:

1) Every element of D that is neither.nor 0 or a unit can be factored into a product of
a finite number of irreducibles.

2) If py,...,prand qi,...,qs are two factorizations of the same element of D into

irreducibles, then = = s and ¢; can be renumbered so that p; and ¢; are associates.

Definition 2.11. ([21]). An integer n(> 1) is called a prime if the only positive divisors
of n are 1 and n. If n(> 1) is not prime, then n is called a composite.

Theorem 2.1. ([21, Theorem 1.3 on p. 15]). Given integers a and b, there is one and

only one number d with the following properties:
1) d>0.
2) dja and djb.
3) If there is a number £ such that £a and £|b, then £}d.

Definition 2.12. ([21]). The number ¢ of Theorem 2.1 is called the greatest common
divisor of a and & which is denoted by ¢cd(a,b). If ecd(a,b) = 1, then a and b are said
to be relatively prime.

Definition 2.13. ([22]). (The greatest integer or the floor function, | | : R — Z)

For each = € R, |z] is greatest integer less than or equal to z.

Definition 2.14. ([23]). The function f: R — R is said to be even function if f(—-z) =
f(z) for all z € R and is said to be odd function if f(—z) = —z for all z € R.

Definition 2.15. ([23]). The system of equations
anz +aipTat- -+ 01,2, = b
as1T1 + agaTa+ -+ GonTn = by
(2.1)

m1Z1 + CGm2Za+ -+ GnZn = by,



where a;; and b; (1 <i<mand 1< j<n)arescalarsin a field F and z1,z2,...,2, aren
variables taking values in F, is called a system of m linear equations in n unknowns
over the field F. This system is called homogeneous if b; = 0 for all i = 1,...,m.

Otherwise this system is called nonhomogeneous. The m x n maftrix

a11] a2 - Qi

ad21 Q22 - Qa2n
A=

Am1l Am2 Amn

is called the coefficient matrix of the system (2.1).

Definition 2.16. ([23, 24]). Let A be an nxn matrix. Then A is invertible if there exists
an n x n matrix B such that AB = BA = I,,, where

0 1 0
Iy =
00 1

The matrix B is called the inverse of A and is denoted by A~!. An invertible matrix is

said to be nonsingular,and a square matrix with no inverse is called a singular matrix.

Definition 2.17. ([23, 24]). The n x n-matrix in the form

BYARE LA ARrD
U ze ¢ za[[ PN f27
V —
2 n
i ) oSl &7

is called a Vandermonde matrix. The determinant of a Vandermonde matrix is

gy 2 o gl
Lz~ @9 b1 G
det(V) M ————— = (Zj — Z:).
i : ) 0<i<j<n
Loy g 25

Definition 2.18. ([23])). Let f1,f2..., fo be (n — 1)-differentiable functions. Then its

Wronskian matrix is given by

h fa fa fn

fi ! ! ;L
W(f1,fa, s fn) = '1 2 3

1nh] ;'] ;*1 fr-1



2.1 Some Properties in Functional Equations

Definition 2.19. ([25]) Functional equations are equations in which the unknown vari-
ables are functions.

Definition 2.20. ([10]). A function A: R — R is said to be additive , if
Az +y) = A(z) + Ay)  (z,y €R). (2.2)

Example 2.2. Let f : R = R be a function defined by f(z) = cz forall z € R and ¢ is an
arbitrary constant. Since

flz+y) =clz+y)=cz+ey= flz)+ fy)
for all z,y € R, we have that fis additive.

Definition 2.21. ([26]). Let A be-a set. A function f+ A — R is bounded on a set A if
there exist constants K, and Ky such that K; < f(t) < K, for all t € A.

Corollary 2.3. ([27, Corollary 5 on p. 15]). If f: R = R-satisfies f(z + y) = f(z) + f(y)
and is continuous-at a point or monotonic or bounded from one side on an interval of

positive length, then there exists a constant ¢ such that
1) = cx
forall z € R.

Remark 2.4.([10, Remark 1.73-on p. 571. If £ (=nr) = R satisfies f(z+y) = f(z)+ f(y)
either on H, = {(z,v) &9, ¢ + y € (=r,m)}0or K= {(x,y) +2* + y? <r?}, then there
exists a unique ‘A: R — R satisfying (2.2) such that 4 is an extension of f.

Theorem 2.5. ([10,  Theorerm 1,76, p. 58]). The functions f; = (0,1) = R satisfy the

functional equation
S filp)=0, O<p<li=1,...,n) P =1, (2.3)
i=1 i=1

for arbitrary (but fixed) n > 3, if and only if, there exists an additive function 4: R - R
such that

filz) = A(z) + b, 2€(0,1), (2.4)

where b; (i=1,...,n) are constants with A(1) + 3", b; =0.

2.2 Some Properties of Arithmetic Functions

Definition 2.22. ([21]). A complex-valued function defined on the positive integers is

called an arithmetical function.



Examples of arithmetic functions (see also [21] ).

» The Euler Phi function, ¢(n), is defined to be the number of positive integers not

exceeding n and are relatively prime to n

n

d(n)=> 1,

k=1
where the ’ indicates that the sum is extended over those & relatively prime to n.

¢ The Mdbius function p is defined by
(—l)k if n= P1P2 - Pk for distinct primes P1.P2,++ -+ Pk
p(n) = {1 if n=1

0 otherwise,

Let A be a set of arithmetic functions equipped with the usual addition and the Dirich-
let convolution defined for £, f> € A by (see [21, 22])

(it F2)(n) = A(n) + faln), (% R)(n)i=)  Ai(d)fo(n/d) (neN).

d|n

It is well-known ([28)) that (A, +,#) is a unique factorization domain.

Definition 2.23. ([21]). The identity with respect to * is the arithmetic function

100f =1
I(n) =
DAAIAA R 14

For f e A, its Dirichlet inverse, i.e., the inverse with respect to *, denoted by
f71, exists if and only:if f(1) # 0. The Dirichlet inverse of f.iseiven by (see [21])

1 3y g1 TNVe-1C ) for n
) and. f~(n) f(l)dlznf(d)f (d) for n> 1.

_14‘_
75 =1

d<n

An additive function A € A is a function satisfying (see [10])
Alz+p)= A(z) + Aly)- (2,9 € N). (2.5)
A function M € A\ {0} is said to be multiplicative if (see [21])
M(mn) = M(m)M(n) for all m,n € N with gcd(m,n) = 1. (2.6)
A multiplicative function M is said to be completely multiplicative if
M(mn) = M(m)M(n) for all m,n € N.
An exponential function E € A is a function satisfying (see [10])
E(z+v) = E(x)E(y) (z,y € N). ©27)
A logarithmic function L € A is a function function satisfying

L(zy) = L{z) + L(y) (z,y € N). (2.8)
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Definition 2.24. ([29]). The arithmetic functions g;,..., g, are linearly independent
over C or C-linearly independent if

o191 +angs + -+ Qpgn =0,
holds only when a; = a3 =+ = a, = 0.

Definition 2.25. ([30]). The arithmetic functions g¢i,..., g~ are algebraically indepen-
dent over C if for any

P(X1,onXm)= D Spnpn Xyt ek XoPm € CXy, 0 K] \ {0}
(B1,....6m)ENT

where Ny := N U {0}, we have P(g1,...,9m) Z0.

Theorem 2.6. ([21, Theorem 2.7 on p. 36]). Let f bea multiplicative function. Then f
is completely multiplicative if and only if f71(n) = u(n)f(n) for all n > 1.

2.3 Literature Reviews

2.3.1  The works of Hengkrawit et al. ([1, 4])

In 2014 and 2016, Hengkrawit et al. ([1, 4]) solved a functional equation with n
parameters, representing the angles of a convex n-gon, and used it to characterize the
tangent function. Their main results are:

Theorem 2.7. ([1, Theorem 1. on p. 202)). Let n e N, n >3, I:=(0,x). The functions
f:1— R\ {0} satisfying

s |

Z I(Il) S Z (_1)M+1 Z f(I'il) ) f(Ii2M+1)l (2.9)

M=1 1<) < <igpm41EM

where z; € I (i = 1,...,n) are subject to the two conditions

Tt - on = (i 2 (2.10)
14+ D NS N Bz ® - [y o, (2.11)
M=1 1<) <= <iapm Sn—1
are given by
m
f(@) =tan (kea+{(n-s) - (n =2k} =),

for some fixed k, belonging to the range
S
max{ — ——, —
{ n—2

Theorem 2.8. ([4, Theorem 1.1 on p. 114]). Let n € N, n > 3 such that n is odd. The
functions f: I = R\ {0} where I = (0,n) satisfying

n—s

}gksgmin{g,”—_s} I

n—2

n—1

S Mt S g () r (B =1, (2.12)

M=1 1<i) < <igpm<n
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where z; € I (i=1,...,n) are subject to the two conditions
$1+...+g;ﬂ={n-—2)7r (2.13)

i i(-nM b f(f;—‘)---f(zi—;“‘—) £0, (2.14)

M=1 1<y < <igpr <n—1

B _{n=2)7 s
f(z) =tan (k: (m - + )’
(s =1,3,...,n —2) and for some fixed k belonging to the range
MERA = By et b & & IR s 2
‘ 2" n—2 n—-2" 2 '
Theorem 2.9. ([4, Theorem 1.2 on p. 114]). Let n €N, n > 4 such that n is even. The
functions f: I — R\ {0} where I = (0, ) satisfying

are given by

5 4 &, Bigprea | N
Mzzjo(—n’“‘ lg,ogwgf (o r () =, (2.15)

where z; e I (i =1,...,n) are subject to the two conditions

Ty Ao+ Ty =(n— 2)7 (2.16)

I SEDM NS Rr (B SR (2.17)

M=1 1<) < p<igprSn—1

i) 5588 (k (m— (—n—gf—)z) + %r) ,

(¢=1,2,...,n =1) and for some fixed k belonging to the range

soaxd — b AR < k< min WY (=2t
ine2 i L@ 2 N

are given by

Analyzing the proof in [1], we see the following key steps:

e the first step, the functional equation (2.9) is bijectively transformed into a new
functional equation, henceforth referred to as-a constant sum functional equation
or CSFE for short, showing that the unknown function possesses a constant sum
over a set of n parameters lying in a hyperplane, i.e., points subject to the condition
(2.10), referred to as a hyperplane condition or HC for short;

« the second step, by suitable change of variables the CSFE and HC are simplified
in order to determine all the possible solution functions;

« the third step, the modified CSFE for each possible solution function is strategically
transformed into a Cauchy’s additive functional equation over restricted domains,
and its shape is determined.
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In this thesis, we proceed to characterize the sine and cosine functions. In their works,
the parameters involved are the angles of a convex polygon. Then the possibilities of
n < 3 are investigated to ensure that this condition is essential. Since trigonometric
functions are periodic over R while hyperbolic functions are not, the proofs used in
[1] and [4] are not directly applicable. Then we solve a functional equation exhibiting
functions with constant sums over points lying in a hyperplane, which can be applied
to characterize hyperbolic functions. The approach adopted is a modification of the
proof of Theorem 2.5.

23.2 The work of Popken ([12])

In 1982, Popken investigated the algebraic dependence of multiplicative arith-

metic functions. He introduced the following concept of reduced semigroup.

Definition 2.26. ([12]). Let (S,.) be a commutative semigroup in which a unigue fac-
torization condition holds. Assume that S has an identity-element i and no unit other
than i. A reduced semigroup S, is a set of m € S such that gcd(m, zo) = 1 for some
fixed zo € S.

Popken’s main results are:

Theorem 2.10. ([12, Theorer 4 on p. 290]). Let the multiplicative functions fi, fa,. .., fr
be algebraically dependent over an integral domain R’. Then there exist integers

1. 2. - de not all zero, such that the monomial
RSP R A S

vanishes identically on $ except on a semi-group F in § eenerated by a finite number

of prime elements.

Lemma 2.11. ([12, Lemma on p. 290]).. Let the multiplicative functions wui, a2, ..., us
satisfy a linear relation '

L=ay*p +ag*xport-asxps =0 (s 22)

with coefficient a, from R’ such-that a; # 0. . Then there exists in the sequence
ta, pa, - .., ps at least one function w, such that p; = pp on a suitably chosen reduce

semi-group Sp in S.

In this thesis, we proceed to use a method like Lemma 2.11 to derive criteria
for linear independence of multiplicative functions.
2.3.3 The works of Kaczorowski et al ([15, 16])

In 1999 and 2006, Kaczorowski et al [15, 16] investigated the linear dependence
of multiplicative arithmetic functions. They introduced the following concept of equiv-
alence. Two multiplicative arithmetic functions f and g are equivalent if f(p™) = g(p™)
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for all m € N and all but finitely many primes p. Let f%(n) := (=1)*f(n)log*n where k is
non-negative integer. Their main result is:

Lemma 2.12. ([16, Lemma 1 on p. 2]). Let fi(n),..., fv(n) be multiplicative functions
such that I(n), fi(n),..., fn(n) are pairwise non-equivalent, and let K be a non-negative
integer. Then the functions

Aoy ) F )y M) S0, S ()
are linearly independent over C.

In this thesis, we establish another criterion for linear independence of multi-

plicative functions, and compare it with existing criteria.

2.3.4  The works of Komatsu et al ([17, 18])

In 2011, Komatsu et al [17] established some algebraic independence criteria
of arithmetic functions and they used these results to test algebraic independence of
formal Fibonacci and Lucas zeta series. We next recall the definition of formal Fibonacci
and Lucas zeta series. Let {F»},,,; be the sequence of Fibonacci numbers defined by

Fi=F=1, Fn+2:Fn+1+Fn (ﬂ.EN).

The six formal Fibonacei zeta series are defined as

n=1 —FE n=1 ot = an'“ n=1 %
o0 1 o0 -+ oo _A n—1 oo T,
2 & (17 woy ) ! 7 (n)
HONS V! :Zl 1 ,fo(s>=zl a5kl
n= ” = n= L= n=1

where f*, f+, NI &, € A" Let n e be the seqguence of Lucas numbers
defined by
L =Ny Py = q. Ln+2 = Ln+1 + L, (?’L & N)

The six formal Lucas zeta series are defined as

nE=l f" n=1 n=1 i n=1 n

R Y PV L -V
E:(s):zllé = e R~

n= L n=1 n=1 " n=1
RO - ] e =3y PR N o | el =% 7y )
‘Ce (‘5) - 7;1 Lin - _’;1 ns | Eo (S) - ; Lgn-]_ - nz::l ns

where £+, ¢} ¢t £~ ,¢; 85 € A. Their some results are:
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Lemma 2.13. ({17, Test |, II, Il and IV on pp. 5-6]). Let fi,..., fi be arithmetic functions

and py,...,p, g be distinct primes.
IIf

filp)  filp2)-- filem)
0# : !
fm(®1) Fm(p2)--  frnlDm)
then fi,..., fr are C-algebraically independent.
. If
A®E) filp2) - filed)| |file)  fi(;ap2)
0#2| = -
fe@3)  filpe) oo filpe)| | fe(p)  Felpipa)
fl(pl) fl(Pz} fl(Plpt)
+ Y 4 A
ft(pl} ft(Pz) &r ft(Plpt)

then f1,..., fi are C-aleebraically independent.

filapr) = fulpz) -0 falp)|  |f1(p1) - fr(ape)
04| [ (AR
filgpy) filpa) = felpe)| | fel;)  filapz)

H(pry fi(pa) - filapr)
1 .

flp1) “fulp2) o filape)

then fi,..., fi are C-algebraically independent.

f1(pe)

ft(Pz)

Fi(pe)

ft(Pz)
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V. If
A@]) Al - Al |Ale) AHkIe) - filpe)
0#3| s E [
@) filpa) -+ filp)| |felp1)  felplp2) oo filpe)
Alm) filpe) - filpipe)

+ :
fe()  fe(p2) - fe(pipe)

H®) hlpp2) -+ filee) Hl) A2) - Alepe)
+2| pof e 2] :
fi?)  filpp2) -+ fulpe) fe®3)  filp2) - filpipe)
fil;m) fi(pp2) filpips) - fi(pe)
+ . + .-

felpy)  fulpape) filpips) == fi(pe)
filp1) filp2) | - fi(pe-2)  fi(pape—a)  fa(pap:)

4 5 i 1
fep) fe(pa) o fulpe-2) felpipe—1)  filpapt)
then fi,..., f. are C-algebraically independent.

Proposition 2.14. ([17, Proposition 2.5 and 2.6 on pp. 7-8).

1. Three functions in each of the following sets of arithmetic functions are C-aleebraically
independent:
{IN\X 1) {70 L 7SR, Ml O fA DT fe f_7Y ). 15}
A B WA
{f&, FONRY 5 Fon MGl 1 LRI & S T e Y
{15, 77 IR o) o o } WA TAREAS

(LI ol
{4, 65,0} {27 NN S G OB, 8. 25§, (Ll ot} (81, 07,15},
A

A S IS BT 200 0 IR (OY Y ) SR (AN Y S SR COBT St g &
{E;‘,E‘,f;},{E:,E_,ﬁ;},{ﬂj,fe_,ﬂg};
{6, )

2; We have f* = e+ ol =2y i =0 -t fFFr=r+,6=
el et =20 — -, - =¢F —4F, ¢f =¢~ + 20}, i.e, three functions in each of
the following sets are C-linearly dependent

SR AR R R AP R

T A} A B ) T B T B )
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3. Three functions with at least one from each of the two sets {f*, f, fo. F . fo. £5}
and {¢*,¢f, e, ¢, ¢7,¢5} are C-algebraically independent.

In the following year, they [18] investigated the linear independence of arith-
metic functions by using Wronskian. Their main result is:

Theorem 2.15. ([18, Theorem 3.2 on p. 207)). Let f1,..., f- € A. If the set of positive in-
teger {n; < --- < n.}issuchthat fi(n:) #0but fe(k) =0fork=1,...,n.—1 (t=1,...,7),
then the Wronskian (with respect to the log-derivation, i.e., dr. f(n) := f(n) logn (f € A))

Iy - B
dufi -+ dufr
Wi (Frees i f) 1= L_ 1 L # 0,
dpif - OPeg

and so fi,..., fr are C-linearly independent.

In this thesis, we complement the results of Komatsu et al by investigating
the C-linear dependence of arithmetic functions. To this end, we establish a general
criterion for linear dependence of arithmetic functions which is different from Theorem
2.15, and derive several other criteria for arithmetic functions which are solutions of
additive, multiplicative, exponential and logarithmic equations.



Chapter 3
Auxiliary Lemmas

In this chapter, we generalize the additive formulas of trigonometric and hyper-
bolic functions and use these results to establish a functional equation which can be
employed to characterize trigonometric and hyperbolic functions.

Lemma 3.1. Let n be an integer > 2. If z,,...,z, € R, then

1252
Sin($1+ "‘+In) - Z (—l)M Z Sn(?:l,...,’l:zM+1), (3.1)
M=0 1<) < <igpm4+15M
where
2M+1
5 : sin i,
Sn("“l) AL :'E'ZM-l-l) ] ( J:I;[ CcOS $,k) (H i 3"3)
and
L3] .
CoS(@y ¥ 1+ @) = (1M N Colis Lomaizae ), (3.2)
M=0 1<) < <dap <n
2M Sinx; b
( \ L 365—’;—*;) (H?=1 COSIj) if M #0
where Cn(ll ..... IOM) =

[ cos z; if M =0.

Proof. We prove both(3.1)and (3.2) simultaneously by induction on »; the starting case
n = 2 follows at once from the identities

= 2
SiNnx; 5 A
sin(zy +aa) E Sa(iy) = § (ﬁ) ([ | cos;nj) =SSNz, COSx2 + COSx SIN T4
11 4

1<i; <2 1<, €2 =1

1

and cos(z) + x2) = (fl)M 3 Ca(# 0 4, 9201
=0 1<4) <<l €2
2 o - 2
5|n1’ik

H cosz - 3 (HCOS%) (Hcost)
=1 1<iy<ia<2 \k=1 i=1

= COSx, COS Tz — SiN T SN T5.

Assume that the both (3.1) and (3.2) hold for n. We will show that
&3

SiN(zy + -+ Tn + Tngr) = »_ (-1 > Sns1lits. . doms1)  (3.3)
M=0 1< < Liapp1 Entl
| =42
and cos(zi+ -+ +Tn+Tnp1) = », (-1)M ¥ Cr1lin, .., iam).  (3.0)

M=0 1<) < <igpm Sn+l
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There are two possibilities of n, i.e., n is odd and = is even.
If nis odd, then |n/2] = (n —1)/2, |(n+1)/2] = (n+ 1)/2. First, consider the right-hand

side of (3.3), we have

Z > Sny1(in, ... lam41)

1<) < <igm1En+1

Bge ML nt1
-T2 () (M)

M=0 1€i) < <Cigp41 <n+1 k=1 Jj=1
s AT n
=L — CcoSz; | » COSTnyt
I 1] ooz ) | I cosas nt
M=0 l<11<---<12M+1<n k=1 i=1

2M .
{HCOS:':J—F Z ) (H M) (ﬁ cos;cj)}smzm,l
sy, |

1<i1 < <igp<n \k=1
By induction hypothesis, this last right-hand expression is equal to

SiN(21 + - #9497, ) COSBnps + COS(H F - -+ T YSIN TR 1-=SID(E] + - % R Tp + Tnpy).

Next, consider the right-hand side of (3.4), we have

‘1_\_;—;1
Z(—l)M > Cnti1(ta,. ..y %2m)

M=0 1<t <. <lgpr<n+1
n1 o 2M o | AT
— . — M Ik
= [[cosz; + D (~1) ‘ Z Hcos::,, Hcos:cJ
M=1 1<) < <igpp Snbl - Nk=1 k =

n - 2M
{Hcos:cj—e- Z il (H CSL:]SZ% ) (HCOSIJ)}COS:I,'”+]
ik

=1 1<) < <Ciagppr <n \k=1
A ¥CS sin 4
+ PR kaiis - 4 cosz; | ysinz
( ) _ Z ( H cosx;, H J gl
M=1 1<iy < <dgpr ~1 En \ k=1

ISi)y<- <iapy<n \k=1

2M41 S]n.’l’,'
> I == Hcos z; | SN Tny,
CosSz;,

d= 1<) < <ignr418m k=1

n 2M s n
- {I;[ Cos =5 + Z Z (H ég;?;) (jglcomj) } COS Tyt

o
Tk

where empty sums are defined to be 0. By induction hypothesis, the right-hand ex-

pression is equal to

COS(z1 ++++ + Zp) COSTnyy — SIN(T1 + -+ + Tp) SIN Ty = COS(T1 + -+ + Ty + Tpp).

If n is even, then |n/2] = n/2 = |(n+1)/2]. Consider the right-hand side of (3.3), we
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) (M 3 Sty i2m41)

M=0 1<) < <igpr 1 €n+l
n
3 2M+1 n+l
Sinx;
b ¥ U (H—COS ) [] coss;
25
=0 1<ii < <iapmar Sntl \ k=1 g i=1

M
i Tt ding, ke
=¢ 3 (M 3 II == ) | []cosz; | ; cosznis
cosz;, ) | -

=0 1< < <Clapm 41 <0 k=1

j=1 1<iy < <iapm <

M
= M sing; e .
+ {H cosz; + Z( 1M i (H cos:;;) (H cosz; | §SiNTn4
= Lf(—l)"” >, (mﬁl M) ﬁcow-) cosz
COS T3, i wh

M=0 1€ < <L S Ohe | Yl
o i 2 sin -
M ik H
+ ¢ [J cosz+> " (-1) X\ (H o o N 75 | ¢ sinzag,
i M=1 1< <o <o \k=1 tk j=1

where empty sums are defined to be 0. By induction hypothesis, the right-hand ex-

pression is equal to
SiN(zy 4 -+ - + Tp) COSTuiy +COS(TR+ -1 # Tn)SIN LR SSIN(ZE+5 - + Tn + Zng1).

Next, consider the right-hand side of (3.4), we have

i

Z(*l)M Z SR TN

M=0 1<) < <Clam Snt-1

n+1 1 2M A% - n41
= ) )M T ip .
= [ cosz; + dT(=1) W) (H e ) [ cos =;
i=1 M o F—1

=1 1<) <.~ <Ciap Sntl \k=1

.

3 2M—1
sin .
(-1 > 11 e i Hcos o 1 sinz, 4
L1 £50R¢0

1 M=1 1<4) <o Clppr<n Nk=1
+
M=1 1€ < <Kiapr—1 S0

mn

be L M sin <
= H €OS ;¢ (=1)M Z (H ﬁ) jl;[lcos %, COSZn41
3 2M
=[] cosz; + MZ=1(—1)M b (H sg‘si’;) H COSz; | o COSTnyr

i=1 1<iy < <igm <n \k=1
n—2
En 2M+1
Siﬂxt "
= = bl B COSz; | »SIN Tyl
e L i W All ) -
M=0 1€ <<y 151 k=1

By induction hypothesis, the right-hand expression is equal to

COS(T1 + +++ + Zn) COSTpyy — SIN(T1 + -+ - + Tp) SINTpt1 = COS(T] + + ++ + Ty + Tng1)

[]
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Lemma 3.2. Let n be an integer > 2. If y1,...,y» € R, then

L1=5)

sinh(yy + - +yn) = 3 Faliny - iame1), (3.5)
M=0 1<i1<<igp41<n
where
2M+1 . n
: ; sinhy;
iy oo yvlamr) = ( H Coshz'k) (Hcoshyj)
and
12]
cosh(yr ++++yn)= Y > Culiv, ... i2m), (3.6)
M=0 1<i; < <igm<n
inhys - ;
(Hig 'cs'lon—sﬁyy_;:) (Hj:l cosh yj) if M #0
where %, (41, ... ,i2m) = '

[T}, coshy; : if M.=0.

Proof. We prove both (3.5) and (3.6) simultaneously by induction on n; the starting case
n = 2 follows at once from the identities

sinh
sinh( +y2) =" Y (i) = D (COShyH ) Hcosh Y
1<4, €2 1<i, €2 Yia j=1
= sinhy, coshys + cosh yy sinhys

i
and cosh(y; + ) = Z Z Gali, oo yiam)

M=01<1) < <iapr £2

2 2
~ 1_11 coshy; + Y . (H CS;ZE!;’:) (H cosh yJ)
j:

1<iy3 <ip <2 =1

= coshy, coshys + sinhyy sinh ys.

Assume that the both (3.5) and (3.6) hold for n. We will show that

p—

§2

sinh(yy + -+ Ynt Ynt1) = Z Far1(in, . tama1) (3.7

M =0 1<1; < - iggd s <l
el
and cosh(yi + -+ +yn + 1) = D > Brr1(311- - - G200). (3.8)

M=0 1<i; < <igpr Sn+l

There are two possibilities of n, i.e,, n is odd and n is even.
If nis odd, then |n/2] = (n —1)/2, |(n+1)/2] = (n+ 1)/2. First, consider the right-hand



21

side of (3.7), we have

n—1

1

Z Fnt1(in, - -, 2M+1)

M=01<i; < <igpmp1<n+1
o

et 2M+1 Sinhy{ n+1
-S> x (T ) (T comns
j=

01<i) < <iapm+1 Sn+1 k=1
1

M=
s 2M+1
_ { —EZ—— ( H sinh y:k ) (H COSh yJ) } COShyn+l
+15n

=01<i1 < <dam coshys, Vi

M k=1
{ H coshy; + Z Z (H S‘C'g?z%k) (H cos mj) } Sinh Y41
1k =1

M=11<i; < <igm<n \k=1

By induction hypothesis, this last right-hand expression is equal to

+yn)sinh yner =siNh(yy + - + yn + Ynt1).

Siﬂh(yl g e it yn) cosh Yn41 + COSh(yl A\

Next, consider the right-hand side of (3.8), we have

L—t_;‘
Z Z f€n+1(‘i],...,i2M)

M=01<1; <--<igpp <n+1

n+1 2M Sinhy;k n+1

M=11<y < ~<igpp<n+1

n "_H 2M
{H coshy; + Z Y (H sg]s:@;‘ ) (H cosh yj) } COSN Yn41

M=11<1i; < <igm/'Sn \k=1

Bt 2M =1
sinbry;, X
{ Y) ( 11 closh!; ) (H coshy,) } SINA Yy

2
M=11<i) < <iafg-15n \ k=1

. nT—] M § n
= {H coshiy;+ ., ) (H ES:%%"") (H cosh yj) } COSh yn41
. 1) =1

-

M=11<2) <p-~<igm<n Nk=1

j=1I
n 1 i 2M+1
H sinh y;, ) (H cosh yJ> } SiNN 1,

M 01<i; <+ <11M+1<n ( = COShy Tl

where empty sums are defined to be 0.-By induction hypothesis, the right-hand ex-
pression is equal to

cosh(ys + - + yn) COSh Y41 + SiNN(yy + - -
If n is even, then |n/2| = n/2 = |(n+1)/2]. Consider the right-hand side of (3.7), we

+ 2n) SiNN Y1 = COSh(y1 + -+ + Yn + Yn+1)-
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have

[VE]

Z Fnr1(i1, -y lam+1)

M=01<i; < <iapm41<n+1

2M+1 sinhy; n+1
> ( 1T coshy,Z) H coshy;

Il
sz:

01<i) < - <igm41<n+1 k=1

3 2M+1
sinh

Z ( 11 hm) Hcosh Y | ¢ COShynya
M=01<i; < - 12M+1<n ey COsSN Yz, =1

. = sinhy; =

1-k .
+ 4 [ coshy; + Z > ( COShy [T coshy; | 8 sinhyns

3=1 M=11<i1 < <ianr<n \k=1 Tk j=1

““2_2‘ 2M h
= Z Z ( H CSIC:\Sht: ) HCOSh ya) } COShyn41

M=01<i; < <igpgp1 S0\ k=1 j=1

2M n
H coshy,+ Z N (H é{'}rliz;“ ) [[ coshy; | ¢ sinhyaa,
Tk .

M=11<1) < <iapp <n \k=1 dal

where empty sums are defined to be 0. By induction hypothesis, the right-hand ex-

pression is equal to

sinh(yy + - + Yn) COSN Ynar +COSN(3 4 1<+ + ya) SIND Y1 =SIND (12 + - + Yn + Y1)

Next, consider the right-hand side of (3.4), we have

i_(_l)M Z cgn+1(?:1,...,‘i2M}

1<iy<--(<pr En+1

n+1 2M S-Enhy n+1
= cosx; + W coshy;
=\ ¢ Z ‘ Z (H coshyi,‘) H i
Il M=11<<-<izm<n+l \k=1 Tt
L M sinhiy; £
= ceshy, + “\e ) coshy, cosh
H Y; Z Z (H cosh Vi H Y; Yn+1
i=1 M=11<11 < -<igm<n \Nk=1 J=1

L AL inbyvy 4
£ S ( H COShy:k) Hcoshyj sinh yn41

M=11<i; <~ <igpr —1&n .= =1

]
o

o
coshy; + Z ) (H Csfl)nShZ;;) H coshy; | » COShynis

1 M=11<i; < <igpq <n \k=1

J

n—=2

- i sinh sinny;, )
Z Z H coshys, Hcosh Yj Sinh Y41

M=01<i < <igp 1 €0 k=1

By induction hypothesis, the right-hand expression is equal to

cosh(ys + - -+ + yn) COSN ypi1 + SiNh(y1 + -+ + 25) SiNN Yy = COSh(yy + -+« + Yn + Yns1).

[
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Lemma 3.3. LetneN,n>3, let A;,..., 4,1 € R and let

125 M
hn) =Y 3 (H tanh Aik)

M=1 1<) <isg<<iapr<n—1 k=1

1252) 2M+1
ha(n) = > > (H tanhAik).

M=0 1<i)<iz<-<igp41Sn—1 k=1
If 14 hi(n) # 0, then
ha(n)
tanh(A; + -+ Ap_1) = ————.
anh(A; +---+ 1) T+ ha(n)
Proof. We prove the lemma by induction on n > 3. The case n = 3 follows at once
from the identity

hg(B) tanh A, +tanh Ag

1+ h1(3) Litanh A, tanh Az =tanh(4; + 4,). (3.9)

Assume that the assertion holds for = (= 8) and we aim to show that it is true for n+ 1.

By the hyperbolic tangent-sum formula (3.9) and the induction hypothesis, we get

tanh(dy -+ + A,_1) + tanh 4,
JP AT RS ta(nh(Al e Aj_l)tanh A,
 hg(n) # (14 hi(n))tanh A,
7 14 hi(n)+ ha(n)tanh A,
There are two possibilities of n, i.e., n is odd and n is even.

If nis odd, then [(n —1)/2] = (n.=1)/2, |(n—2)/2] = (n - 3)/2, and so

(3.10)

n—3

2M+1
ha(n) + (1 +hi(n))tanh 4, = Z Z ( H tanhmk)

M=0) 1<iy/<ig < Cigpyaasn—1" k=1

2 2M
+tanh A, + tanh 4, > NS (H tanh Ai.,)

M= 1<, Cia < o<igp Sn=1-\k=1

1<i1<n M=1 1<i3<ia< - <igprpr<n—1 k=1

2zl 2M+1
> tanhdg+ > ) ( ] tanh Au)

n—-3

2M n
+ tanh A, i B (Htanh Ai,‘) + [ ] tanh 44,

M=1 1<iy<is< <isp<n—=1 \k=1 k=1

g 2M+1
Y tanhA, + Y > ( 11 tanhAik) = ha(n+1).

1<, €n M=1 1<i1<ip < <iapr415M k=1

25 oM
1+ hy(n) + ha(n)tanh A, =1+ ) B (HtanhAik)

M=1 1<i) <ipg<--<isp<n—1 \k=1

e M +1
+tanh 4, > >, ( I] tanh Aik)
M=0 1<i;<iz< - <iapr41Sn—1 k=1

n—1

M=1 1<) <ig<--<1apy<n—1 k=1

7 2M ne 2M -1
=1+ Z Z (H tanh Aik) +tanh 4, Z Z ( I] tanh 4,

M=1 1< <1< <igpm—1€n—1 k=1

2zl 2M
=1+ Yy o (HtanhAik) =1+hy(n+1).

M=1 1<i1<iz< ~<izpm<n \k=1

)



24

If n is even, then |(n—1)/2] = (n - 2)/2 = |(n — 2)/2}, and so

=3 2M+1
ha(n) + (1+ha(n)) tanh 4, = > 3 ( I tanh A,—k)
M=0 1<i1<iz< -~ <igprp185n—1 k=1

ne? 2M
+tanh 4, +tanh 4, ) 3 (H tanh Ai,‘)

M=1 1<i) <ig< - <igp <n—1 \k=1

e 2M +1
= 5 tanhA, + > > ( 1l TaﬂhAm)

1< <n M=1 1<i1<iz < <igpp1Sn—1 k=1

2= 2M
ranha Y 3 (HtanhAik)

M=1 1<i1<ig < - <igpr <n—1 \k=1

i 2M+1
- Z tanh A4;, + Z Z ( H tanh Ai,,) = ha(n+ 1).

1<i;<n M=1 1<i) <is<--<igppr1<n \ k=1

gl 2M
1+ hi(n) + ha(n)tanhA, = 14+ > )W (Htanh Aik)
) M=1 1<iy<ia < <ippr En—1 _\k=1

4 2M+1
+tanh 4, 3 X ( I1 tanhA,-k)

M=0 1<i)<iz< <fpprp1<n—1 =1

k=1

p 2M 3z 2M -1
=1+ s (Htanh Ai,c) +tanh 4, S’ ¥ ( I tanh a4,

M=1 1<4) <3< - <taopr<n—1 \k=1 M=1 1<i1<is< - <iap-1<n—1

‘n_z_“g 2M n
=1+ el (HtanhAik)+HtanhA:=1+h1(n+1}.

M=1 1<i1 €iz < - <izgp <n k=1 i=1

)



Chapter 4
Main Results

In this chapter, we start by solving several functional equations involving func-
tions with constant sum over a hyperplane, and apply them to characterize trigono-
metric and hyperbolié functions. Subsequently, we establish some general criteria for
linear independence of arithmetic functions.

Throughout this chapter, the following terminology is adopted.

I; an open interval (a,b) with b > a;

I, an open interval (¢, d) with d > ¢;

0,7/2);

0,1);

I, a closed interval [q, b] with & > g;

I the identity which described in Definition 2.23.

J; an open interval (
(

J, an open interval

4,1  Functions with Constant Sum

In this section, we solve two functional equations exhibiting functions with a
constant sum over points lying in'a hyperplane,

4.1.1  Single function

We first deal with a single unknown function sending an open interval into an
open intenval.

Theorem 4.1. Let n be an'integer = 3. Then the function ¢+ I, — Iz satisfies the CSFE

3 Blas) = U, (4.1)
FEN)
subject to the HC
> @i =Us, (4.2)

iz=]

where Uy, U, are real constants, if and only if,

qb(;t):k(:z:—%)+ﬂ

ki3 n
for some fixed k lying in the range
—i Uy nd-U, & B < nc—Uy, nd—-Uh
nb— Uy na—Us na-U ' nb—U, |~

Proof. Note first that ne < U, < nb, nc < U < nd. We start by making a change of
variables to simplify the HC (4.2). Let

J:=(a—Uz/n,b—Uz/n) # ¢,
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and define 4 : J — I, by
U.
sw=s(v+2)  wen.

The functional equation (4.1) and the HC (4.2) become

Zq’;(yé) =, subject to Zy,- =0 (v € J). (4.3)
1=1

i=1

Taking all y; = 0in (4.3), we have

P(0) = Ur/n. (4.9)

There are three disjoint cases to be considered according to the three possibilities on
the sizes of Uy /n—a and b— Uy /n, i.e.,

Ufn—a>b=Uy/n, Usz/n—a<b-Uy/n and Up/n—a=b-Uy/n.
e Case 1: If Up/n —a > b=Us/n, then
H] = (Uz/n—b,b—~U2/n)CJ

is a non-empty open interval symmetric about the origin, and so (4.3) gives

n-—2
plu) +p(=u) + D P(0) = U, (w e Hy).

=)
Combining this last relation with'(4.4); we get

YW ) Hy) @.5)

Next, substituting u,v & Hy with « + v € Hy.into (4.3) gives

n~3

Y(u) * P(v) + Y(—(u ) + 21&(0) =U1.
Combining this with (4.4) and (4.5), we see that ¢ is almost additive over H,, i.e,
Plu+v) =9(u) +¥(v) —Uh/n (u,v;u +v € Hy). (4.6)
Since (a — Ua/n,Us/n —b) and (0,b — Uz /n) are nonempty open intervals, substituting
we (a—Us/n,Us/n—1b], s € (0,b—Uz/n) C H with w+ s € (Uz/n—1b,0) C Hy,
into (4.3) and using (4.5), we have
P(w +s) = p(w) +¥(s) — Ur/n. (4.7)

The relations (4.6) and (4.7) suggest that the function ¥ can be transformed into an
additive function. To verify this, define 81 : J = (¢ — U1/n,d — Uy /n) by

Bi(y) = ¥(y) = Uh/n (v € J), (4.8)
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so that (4.4) and (4.8) yield

B1(0) =0, (4.9)
while (4.5) and (4.8) yield
Br(~u) = —B1(w) (u € Hy). (4.10)
From (4.6) and (4.8), we get
Br(u+v) = Bi(u) + Bi(v) (u,v,u + v € Hy). (4.11)

Using Remark 2.4, there exists a unique additive function 4; : R — R satisfying (4.11),
which is an extension of 8y, i.e,, 4, |g,= A1. Since the additive function A, is bounded
on H,, by Corollary 2.3, we have ~A;(u) = kyu(u €R), for some constant k,. Thus,

Bi(u)=kiu  (u € H). (4.12)

From (4.7), (4.8) and (4.12), for w € (a = Us/n,Us/n=1bl.c-J;"s € (0,b—Us/n) C Hy with
w+s € (Uz/n—0b,0) C Hy, we get

ﬁl(w):ﬁl(w+s)-ﬁ1(s) = k](’w-l-&‘) —ki1s=kiw (413)

which yields - 8,(y) = kiy (v € J). Since By is the map from J into (¢ — Ui /n,d — Uy /n),

we have
max T!.C—Ul T?.d—Ul i T.'-C‘U]_ ﬂd—U]
nb—Us na' — U, 3 na—"Us nb—Us [’

Reverting back to the definitions of 8; and v, we conclude that

v ~hy+ S el | oo =k (- 2) T e

e Case 2: If Ux/n— a < b="Us/n, then
Hy =(a~Uy/n,Us/n—=0a)C J

is a non-empty openinterval symmetric about the origin, and so (4.3) gives

n-—2
Y(w) F(=u)+ Y ¥(0) = U, (W€ Hy).

=,
Combining this last relation with (4.4), we get
Wow =2y (e H). (@10

Next, substituting v, v € Hy with « 4+ v € H, into (4.3) gives
n—3
B(u) + B(v) + P(—(u+v)) + Y (0) = Us.
i=1

Combining this with (4.4) and (4.14), we see that % is almost additive over Hy, i.e.,

Plu+v)=vu)+v)-Ui/n (u,v,u+v e Hy). (4.15)
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Since (Uy/n — a,b— Uy/n) and (a — Uy /n,0) are nonempty open intervals, substituting
w € [Uz/n—a,b—Ua/n), s€ (a—Usz/n,0) C Hy with w+se (0,Uz/n—a,)C Ha,
into (4.3) and using (4.14), we have
P(w + s) = p(w) +¥(s) — Ur/n. (4.16)

The relations (4.15) and (4.16) suggest that the function ¢ can be transformed into an
additive function. To verify this, define 85 : J — (¢ — U1/n,d — Uy /n) by

B2(y) = ¢¥(y) — Ur/n (y € J). (4.17)

From (4.4) and (4.17), we have

B2(0) =0, (4.18)

while (4.14) and (4.17) yield
Ba(=1) = =B (u) (w€ Hy). (4.19)

From (4.6) and (4.8), we get
Bafu+v) = Ba(u) + Ba(v) (w, v, +v € Hy). (4.20)

Using Remark 2.4, there exists a unique’ additive function 4, R — R satisfying (4.20),
which is an-extension of Bs, i.e:, A2 |g,= Ba. Since the additive function 4, is bounded

on Hs, by Corollary 2.3, we have = As(u) = kau  (u € R), for some constant ky. Thus,
Ba(u) = kou. (u € Hy). (4.21)

From (4.16), (4.17)and (4.21), for w & [Ua/n—a, b= Us/n)C J, 5 € (a~ Uz/n,0) C H, with
w+s e (0,Uz/n=a,) C Hy, we get

Ba(w) = Balw + 5) — Ba(s) = ko(w +8)~ kas =kow (4.22)

which yields B:(y) = kay  (w-€ J).-Since B, is the.map from J into (¢ — Uy/n,d — Uy /n),

. nc—U; nd—-U; - ne—U; nd—U;
nb— U, na — Uy B na—Us' nb—Us |-

Reverting back to the definitions of 8, and 1, we conclude that

we have

Iﬁ(y)=kzy+% (e J), ¢{m)=kg(m~%)+% (s & Gl

e Case 3: If Uy/n —a =b~— Uy/n, then J is a non-empty open interval symmetric about
the origin, and so (4.3) gives

n~—2

d(u) +v(—u)+ > ¥(0) = U, (u e J).

1=1
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Combining this last relation with (4.4), we get

¥l—w) = ?% ) tned) (4.23)

Next, substituting u,v € J with u + v € J into (4.3) gives

n—3

B(u) +P(v) + Y(—(u+v)) + Y $(0) = Uy
=]
Combining this with (4.4) and (4.23), we see that v is almost additive over J, i.e.,
P(u+v) = P(u) + () — Uz /n (w,v,u+v € J). (4.24)

The relation (4.24) suggests that the function ¢ can be transformed into an additive
function. To verify this, define g3 +d = (c — Uy /n,d=U,/n) by

Bs(y) = ¢(y) =~ Uh/n (v € N (4.25)

so that (4.4) and (4.25) yield

Bs(0) =0, (4.26)
while (4.23) and (4.25) yield
Ba (=) = —Ps(u) (ue Hy). (4.27)
From (4.24) and (4.25), we get
Balu +v) = fzlu) + Balv) (u,v,u+veJ). (4.28)

Using Remark 2.4, there exists a uniguie additive function 4; . R — R satisfying (4.28),
which is an extension of g, i.e.," 43 |;= Bs. Since the additive function A3 is bounded

on J, by Corollary 2.3, we have ' Aj(u) =kzu- (u €&R), for some constant ks. Thus,
ﬁg(u} =kiu ('u S ]) (ﬂ29)

Since f; is the map from J.into (¢c= Uy /n,d — Uy /n), we have

— ne—U; nd=U; arm— nce— Uy, nd—-U;
nb— Uy na — U, = na—Uy' nb—Us [~

Reverting back to the definitions of 43 and v, we conclude that

?,b(?,r)=kay+%l (veJ), cpﬁ(a*:)=lfc3(xf%)+ﬂ (z € I).

n mn

Conversely, The solution function is easily verified. This follows from the fol-

lowing arguments.

Zn:qb(rr;) = i (k (sc,-— %) +%> = U,

i=1 i=1
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4.1.2 Multiple functions

We proceed next to a finite number of unknown functions sending a closed
interval into real numbers. The approach adopted is a modification of the proof of
Theorem 2.5.

Theorem 4.2. Let n be an integer > 3. Then the functions ¢; : 1, R (i =1,2,...,n)
satisfy the CSFE

> bil@) =T, el (i=12,...,n), (4.30)
i=1
subject to the HC
v 2=y (4.31)
i=1
where Ty, T, are real constants with
n(2a +b) T, % _n_{_ain_), (4.32)
3 3
if and only if, there exists an additive function 4 : R -+ R such that
¢i(z)=A(z)— A(Ta/n) + v ke e - Y,
where the constants v; satisfy
YOO (4.33)
M
Proof. From{4.32), we see that
a< %t & <'Ty < it <b, and a< el )l < 7N f= ) < b (4.34)

i 2 3
As in the proof.of Theorem 4.1, we begin with simplifying the HC (4.31). Let

J = [a=T2/nsb~Ts/n);

which is not a singleton, and define new unknown functions ¢;: J - R (i =1,...,n)
by

)= [y ) (@.35)
Observe that if y € J, then y + Ty /n € I. Using (4.30), (4.31) and (4.35), we get

> ¥i(w) =Th, subject to a simplified HC > "y =0 (yi € J). (4.36)

1=1 t=]

Again, there are three possibilities, namely,
Ty/n—a>b—Ty/n, Tofn—a<b—Ty/n and Tp/n—a=b-T/n.
eCase 1: If Ty /n—a>b—Ty/n,ie, Ta/n > (a+b)/2 then

El = {Tz/’n* b,b-—Tg/n} cJ
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is a closed interval, which is not a singleton, symmetric about the origin. Let u,v € Hy
be such that u+v € H;. Using (4.36), we have v, (u) +v2(v) +¥3(—u—v) + 3 o, ¥:(0) = Ty,
ie.,

Y1(u) + 2 (v) + Ps(—u — v) = My, (4.37)
where M; =Ty — Y i, ¥:(0). Interchanging » and v, we get
P1(v) + P2 (u) + Ys(—v — u) = M. (4.38)

Subtracting (4.37) from (4.38) leads to 1 (u) — 2(u) = ¥1(v) — ¥2(v), showing that this
expression must be a constant; call it ¢;. Thus,

Pa(v) = P1(v) —er (4.39)
Substituting (4.39) into(4.37), we get
1 (u) + 1 (v) = e +s(—u—v) =M (uyv,u+v€ Hy). (4.40)

Next, let p,q,7 € A, be such that p+ ¢, + rn,g+ n,p+ g+ € Hy. Using (4.40), we have

(@) + di(g +7r)—cr+ Yas(=p—gq—r) =M, (4.41)
Pilp+ @)+ ¥i(r) —er +3(—p—qg—- 1) =M (4.42)
Yi(g) +lp+7) — e+ ¥s(—p —g —r) =M. (4.43)

Subtracting (4.42) and (4.41), we get b (p+q) =1 (p) = ¥1(g-+7) —41(r), which depends
only on g; call it Dy(g). Thus,

Y1 g) = (p)4-Di(g): (4.44)

Similarly, subtracting (4.42) and (4.43) yields ¢, (p+ ) = 1 (q) = 1 (p+7) = ¥1 (r) =: D1(p),
and so

Y1(p+ q) = ¥1(q) + Di(p): (4.45)

Equating (4.44) and (4.45), we arrive at  ¥1(p) — Di(p) = ¥1(q) — D1(g), which must then
be a constant; call it d,. Thus, D;(q) = ¥1(q) — d;. Replacing this last expression into
(4.44), we get

Yi(p+q) = ¥1(p) + 1 (q) — di, (4.46)

Ui(p+q) —di = (¥(p) — d1) + (Y1 (q) — dv) (p,q,p+q € Hy). (4.47)

Using Remark 2.4, we deduce that

Yi(p) = Ai1(p) +dv  (p € Hy), (4.48)
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for some unique additive function 4; : R = R.

We next extend the domain of ¢;. From (4.34), we know that (a — Tz /n, T2 /n—b)
and (273 /n— (b+a),b—Ty/n) are non-empty sets. Let w € [a—Tz/n, T2/n—1b], and choose
s € [2Ty/n — (b+ a),b— Tp/n) C Hy in such a way that w + s € [To/n — b,0) C H;. Since
—w—s € (0,b—Ty/n] C Hy, using (4.36), we have

P1(w) +%2(s) + Pa(—w—s) + > ;i (0) =T,

=4
ie.,

P1(w) + Ya(s) + Ya(—w — s5) = M. (4.49)
Proceeding similarly, we get

Yalo) + a(w) + o= — w) =M (4.50)

Subtractine (4.49).and (4.50), we arrive at | 1 (w) —2(w) = ¥1(s) =1a(s) = £1, a constant,
and so, using also (4.48),

Wa(w) = 1 (w) — 41, (4.51)
Pa2(5) = P1(s) — &y = Au(s) +d1 — 4. (4.52)
Repeating the process again with 4;-in place of 4, we get
Y3(w) + o (s) + ta(~w —~ ) = My, (4.53)
wa(s) + ha(w) + (=5 = w) = M. (4.54)

Subtracting (4.53)-and (4.54), we arrive at ys(w) ~ Ya(w) = ¥a(s) —da(s) ¢}, a constant,

and so,
a(s) = ts(s) = 6. (4.55)
Combining (4.52) and (4.55), we obtain
Pa(8) = Ar(s) + di — (& =141). (4.56)

Substituting (4.56) and (4.51) into (4.54), using (4.48) and the additivity of the function

A, we get
"t,l‘)}(’LU)zAl(W)—2d1+2E]_—e’1+M1 ('l.UE !G-Tg/ﬂ,Tz/ﬂ—b]) (457)

Combining the two expressions in (4.48) and (4.57), the domain of the function v, has
been extended and so

Ui(y) = Ai(y) +dy (y € J). (4.58)

Deriving in the same manner, we deduce that

vi(y) = Aily) + d; (et 1=1,2...,1). (4.59)
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Keeping 4, fixed but varying 1 to be any index 4, (4.39) and (4.51) become
Ya(y) = Yiy) — (veld, i#2) (4.60)
for some constants t;. Using (4.59) and (4.60), we have for all i # 2
Ai(y) + di — ti = ¢2(y),
which shows that for éli i,7, we have
Aily) = A; () + (d; — di) — ( — i) (yeJ). (4.61)

Using (4.59) and (4.61), we deduce that there is an additive function A : R — R such
that

bi(y) =Aly) + v (y e J, i =12, ,n) (4.62)
where ~;'s are constants. Using (4.35) and (4.62), we see
pi(z) = Alz) — A(Toyn) + v (Bel, :=12,...,nk
e Case 22 f Th/n —a <b—Ty/n, e, Tap/n < (a+b)/2, then
Byl (ot T/, T fn ~ @b J

is a closed interval, which is not a sincleton, symmetric about the origin.. Let u,v € H,y
be such that u+v'€ Hs. Using(4.36), we have i (u) + va(v)+va(—u—v)+ >, 5(0) = T,

ie.,

P1(u) + P2(v) +4s(-u—v) = My, (4.63)
Interchanging v and v, we get

V1 (v) + Ya(w) +¥3(=v=u) = M. (4.64)

Subtracting (4.63) frem (4.64) leads to 1 (u) =ab2(u) = Y1 (v) = 1a(v), showing that this

expression must be a constant; call it e;. Thus,
Pa(v) = P (v) — ca. (4.65)
Substituting (4.65) into (4.63), we get
() + 1 (v) — 1 + Pa(~u—v) = My (w,v,u+v € Hy). (4.66)
Next, let p,q,r € Hy be such that p+ ¢, p+r,q+r,p+q+7 € Ha. Using (4.66), we have

U1(p) +¥1(g+7)—ca+vs(-p—g—7) =M (4.67)
Yilp+q) +1(r) —ar +¥a(-p—g—7) =M (4.68)
Pi(g) +rilp+r)—er+ds(-p—gq—7r)= M. (4.69)
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Subtracting (4.68) and (4.67), we get vy (p+q) —¥1(p) = ¥1(g+7) —¥1(r), which depends
only on g; call it Do(g). Thus,

Y1(p+ q) = ¥1(p) + D2(q). (4.70)

Similarly, subtracting (4.68) and (4.69) yields 1 (p+q) —¥1(q) = ¥1(p+7) —91(r) =: D2(p),
and so

¥1(p + q) = ¥1(g) + D2(p). (4.71)

Equating (4.70) and (4.71), we arrive at  41(p) — Da(p) = ¥1(g) — D2(q), which must then
be a constant; call it dj. Thus, D(g) = ¥1(q) — d}. Replacing this last expression into
(4.70), we get

Pi(p + q) = ¥1(p) + 1 (q) — dys (4.72)

Pilp + q) — df ={¥1(P) — di) + (¥ (g) —~d3) (p.q,p+q € Ha). (4.73)

Using Remark 2.4, we deduce that

P1(p) =Bi(p) +dy  (p € Ha), (4.79)

for some unigue additive function By : R - R.

We niext extend the domain of 4. From (4.34), we know that (7%/n —a,b— Tz /n)
and (a= Ty /n, 2T /n —(b+a)) are non-empty sets. Let w € [Ty/n—a,b— T3 /n], and choose
s € (a — Ty/m, 2T, /n —(b+a)] C Hyinsuch'a way that w+s €(0,T2/n~ a] C Ha. Since
—w — 5 € [a— To/n,0) . Hy, using (4:36), we-have

1 (w) 4 (8) + da(—w=s) D :(0) = T,

=4
ie,

Y (W) +3ha(s) + Y3(~w —8) =M, (4.75)
Proceeding similarly, we get

1 (s) + a(w) + P3(—s —w) = M. (4.76)

Subtracting (4.75) and (4.76), we arrive at ¥ (w) — o (w) = ¥1 (s) —¥2(s) = £, a constant,
and so, using also (4.74),

1/)2 (w) = 1})1 (w) — 32, (477)
Yo(s) = ¥1(s) — o = As(s) + dy — {5 (4.78)
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Repeating the process again with 3 in place of 4, we get

Ya(w) + Pa(s) + 1 (—w — ) = My, (4.79)
3(s) + Y2 (w) + Y1(—s — w) = M. (4.80)

Subtracting (4.79) and (4.80), we arrive at ¥s(w) — 2(w) = ¥3(s) — ¥a(s) = £4, a constant,
and so,

Pa(s) = P3(s) — &5 (4.81)
Combining (4.78) and (4.81), we obtain
Pa(s) = Bi(s) +dy — (£2 — £). (4.82)

Substituting (4.82) and (4.77) into (4.80), using (4.74) and the additivity of the function

B;, we get
Y1(w) = Br(w) — 2d) + 20y — &5 + M, (weTs/n—ab—Ty/n]). (4.83)

Combining the two expressions in (4.74) and (4.83), the domain of the function v, has

been extended and so

U (y) = Ba(y) + dy (y e J). (4.84)

Deriving in the same manner, we deduce that

Vi) = Bi(y) 4 d (e 1=, 2419 ), (4.85)
Keeping 42 fixed butvarying 1 to be any index 4, (4.65) and (4.77) become
() =) = ; (yel: i#2) (4.86)
for some constants t.. Using (4.85) and (4.86), we have for all i # 2
Bi(y) + d; — t; = 1ha(y)s

which shows that for all i, 7, we -have

Bi(y) = Bj(y) + (d — di) — (tj — t) (v € J). (4.87)

Using (4.85) and (4.87), we deduce that there is an additive function B : R — R such
that

¥i(y) = B(y) + i (yed, i=1,2...,0) (4.88)
where 4{’s are constants. Using (4.35) and (4.88), we see

#i(z) = B(z) — B(Ta/n) + v (xel;,i=1,2,...,n).
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e Case 3: f Ta/n—a=b—Ty/n,ie, To/n = (a+b)/2, then J is a closed interval, which is
not a singleton, symmetric about the origin. Let v,v € J be such that w+v € J. Using
(4.36), we have 9y (u) +12(v) + s(—u—v) + Yr %:(0) = Th, i€,

Ya(u) + 92(v) + ¥3(—u —v) = My, (4.89)
Interchanging v and v, we get
Yu(v) + P2 () + ¥3(~v —u) = My. (4.90)

Subtracting (4.89) from (4.90) leads to 4, (u) — w2 (u) = %1 (v) — ¥a(v), showing that this
expression must be a constant; call it ¢3. Thus,

Pa(v) = 1 (v) =cs. (4.91)
Substituting (4.91) into (4.89), we get
W1 (w) + 1 (v) — c1 Fha(=u=v) =My (uyv,u 4+ 0.€J). (4.92)

Next, let p,q,n'€ J be such-that p+1¢,p+r, ¢ +rp+qg+7reJ. Using (4.92), we have

Yu(p) + (@ +r)—cy + ds(=p=gq~r)=M (4.93)
Ui(p+q) + 1(r) — 1 +pa(—p — g — ) = M, (4.94)
¥1(q) +¥1(p+7) — 1 + s (~p —g—r)= M. (4.95)

Subtracting (4.:94) and (4.93), we get 4(p+q) = 1 (p) =11 (g +r) — ¥ (r), which depends
only on g; call it Da(q). Thus,

Y1(p 4+ g) =) + Da(q). (4.96)

Similarly, subtracting (4.94) and (4.95) yields. ¢, (p+¢) =%1(q) = 91 (pr) =1 (r) =: D3(p),
and so

Vi(p + q) = ¥1(q) + Ds(p) (4.97)

Equating (4.96) and (4.97), we arrive at 1 (p) — Ds(p)= ¥1(q) — D3(g), which must then
be a constant; call it @{. Thus, Ds(q) =¥1(q) — di. Replacing this last expression into
(4.96), we get

Pi(p + q) = ¥1(p) + ¥ (q) — dY, (4.98)

Y1(p+q) —dY = (¥a(p) — df) + (Pa(q) — @) (p.g.p+geJ). (4.99)

Using Remark 2.4, we deduce that

Pi(p) = Cilp) +df  (peJ), (4.100)
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for some unique additive function C; : R — R. Using (4.35) and (4.100), we see
¢!1(I)=C1($)—"C1 (Tz/n)-i-d’l’ ($Ef1).

Deriving in the same manner, we deduce that

() = Cily) + ds (yel i=1,2,...,n). (4.101)
Keeping v, fixed but varying 1 to be any index i, (4.91) becomes
%bz(y) =i(y) - & (e, i#2) (4.102)
for some constants ¢/, Using (4.101) and (4.102), we have for all i # 2
Ci(y)+df =t =42(y);
which shows that for all ¢, 7, we have
Cily) = Cuy+(df = di) — (&7 = 1) (yeJ). (4.103)

Using (4.101) and (4.103), we-deduce that there is-an additive function € : R — R such
that |

¥ily) =Cly) + v (yeJ, 1=1,2. n) (4.104)
where ~'s are constants. Using (4.35)and (4.104), we see
¢i(z) =C(z) = C(Ta/n) + ! (B¢ 1, i 2 A, n).

Conversely, The shapes of the solution functions and the asscciated condition
(4.33) are easily verified. This follows from the following arguments,

S dil@) =) (Alzs)= A(Ta/n)+ %) = Tr:
i=1 it

O

Remark. The technical condition (4.32)-on the range of T, is needed in the process of
choosing suitable variables in the necessity part of the proof, even though the shape

of solution function works without such restriction.

4.2 Characterizing Trigonometric and Hyperbolic Functions

In this section, we apply Theorems 4.1 and 4.2 to characterize trigonometric
and hyperbolic functions.
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4.2.1 Trigonometric functions
For the sine and cosine functions, we prove:

Theorem 4.3. Let n be an integer > 3.
I. The functions fi,91 : (0,7) — [-1,1] satisfying

L15]
Z (-nM Z Calf1, 91381, .- dong) = (1), (4.105)
M=0. 15i1<---<i2M5n
(Hii‘x ;TE:_Q) (H?:l 91 (Ij)) if M +#£0
where Cn(fi, 01501, .., %2M) =
H?=1 91 (IJ) |f M = O,
subject to the two conditions
sin~!of; =cos Yogy (4.106)
N r, 4 A T (4.107)
are given by
sin(k, (z— 2227) y 57 for nodd
O [l e om)
sin (k’g (a:— ii'lfl’i) ¢ %) for n'even
and
o5y by (o2 B2ENG em) forinjodd
M DI ISR )

cos (kz (:c — (2 ") Gt “;") for (n even
where s € {1,3,..., n— 2} is an odd integer, ¢ € {2,4,...,n = 2} is an even integer, and
k1, ko are constants belonging to the ranges

n—& L/ = i £ n—¢
max{ R 1142}<k1 <m|n{n 51 9 }, max{—i, n—_§}<k2<m|n{ﬁ, ‘2—}

Il. The functions fa, g2 : (0, ) — [~1,1] satisfying

(_1)M Z Sﬂ(f?:gz;ils"'!izM‘fl) =01 (4108)

M=0 1< < <igp41 <0
y ; L aM+1 fa(z,) n .
where S,(f2,92;%1,. .., tapm+1) = =1 o) (]‘[Fl g2 (:cj)), subject to the two con-
ditions
sin"Yofy = cos™tog, (4.109)
Ty + -+ Ty = (n— 2w (4.110)

are given by
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where t € {1,2,3,...,n— 1}, and k belongs to the range

max % ol <k<min{-ﬁt—-» e
2’ n—2 n—-2" 2 '
Proof. |. By (4.106), there exists ¢ : (0,7) — (0,7) such that

fi(z) =sin (¢ (z)) and gi1(z) = cos(é(z)) (z € (0,m)).
Thus, (4.105) becomes
lz]
(-1 =D (1M 5 Cn (SN, COS ¢ 311, ,am).
M=0 1<i1 < <igm <n

Invoking upon (3.2) of Lemma 3.1, we obtain
COS( (1) + et (Ta)) =(=1)". (4.111)

There are two possibilities of n, i.e,, nis odd and = in even.
If n is odd, then (4.111) becomes

¢ (z1) -+ ¢plzn) =sm,
where s € {1,3,...,n=2} is an odd integer. Theorem 4.1 implies then that the solution

of this last functional-equation together with (4.107) is
(n— 2)17) i 55
n

n

d(z) ="k (z—

il

for some fixed k; belonging to the range

oA 2. (RS ASERRE 1 %~ WIS
2% W) : & A [ [N

If n is even, then (4.111) becomes

¢ (21) +ooo ¢ (2a) = 07,

where £ € {2,...,n — 2} is an even integer. Theorem 4.1 implies then that the solution

of this last functional equation together with (4.107) is
B[ s

n

for some fixed k, belonging to the range
max 4 &% ks < mMin et
2 {_2’n—2}< o n-2 2 [
Il. By (4.109), there exists ¢ : (0, 7) — (0,7) such that
fa(z) =sin (¥ (z)) and ga(z) = cos (¥ (z)) (z € (0,7)).

Thus, (4.108) becomes

0= (—1}™ > Sa(Sing, COSY iy, ..., iap41)-

M=0 1< < <igp4r <n
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Using (3.1) of Lemma 3.1, we get
Sin (¥ (z1) + -+ + 9 (za)) =0,

and so

Y(z)+--+ Y (zn) =tm
for some t € {1,2;...,n — 2}. Theorem 4.1 implies then that the solution of this last
functional equation together with (4.110) is

n

for some fixed k belonging to the range

maxd -, E i £ P ¢
P ] 2 2

O

Theorems 4.1 and 4.3 can be madified to solve other functional equations that
can also be used to characterize the sine and cosine functions, with restrictions which
are different from (4.105) and (4.108).

Theorem 4.4. Let n be an integer > 3.
A) Let F(Ny,..., Ny, Ry,...,R,) be a function of 2n variables and let't ¢ I;,T € R.
Suppose that §,C: I, - I, are two bijections satisfying

F (8(e1)r: 258 en) Clan),. 2y Clan)) < 8zt ) (ia:,- e 1,) A a112)
> 1=

Suppose also_thatthe functions U, V: I, — I, satisfy

L6 =} o V (4.113)
F(U(ea), .., Ulan), V(). ..  Vi{an)) =5(1) (4.114)

subject to the condition
ared - Fag =T R\, &, o (4.115)

Then

U(x):S(k(m—g>+%), V(x)zC’(k(:c—%)+%) (z € I),

for some fixed k € R lying in the range

— nc—t nd—t ol T nc—1t nd—t
nb—T na—-T na—-T nb-T1["

B) Let H (Y1,...,Yno1, 21, ..., Ze—1) be a function of 2(n — 1) variables and let W, w € R.
Suppose that S,C : I, — I, are two bijections satisfying

H(S(z1),- -2 S(2n-1),C(z1),...,ClTn1)) =C(z1+ -+ Zpn_1) (iz; € fl) . (4.116),



Suppose also that the functions U,V : I; — I satisfy

S lell=gtal
H({U(ea), ..., Ulen-1),V(e1),...,V(en-1)) =C (w - (S'_l o U) (an)) 3

for some ay,...,a, € I; such that

w— (S7'oU) (an) € Ih

o+t ap =W
Then

U(m):S(f(x—%)+%), V(m):c(f(z—%>+%) (z € Ih),

for some fixed £ € R lying in-the range

' nc—w nd-—w |2 ne—w nd—w
i S~ R % Fa—VEinb — N

Proof. A) By (4.113), there exists ¢ : [1— I; such that
U(z) =5 (b (=) and V(z) = Clg(x)) . (z € D)

Thus, (4.114) becomes

Then
dlar) + - + ¢la,) =t subject toa; +-- -+ o, = T-
By Theorem 4.1, we have
q&(z):k(z—z) o (we),

where k € R lying in the range

s nc—t nd-—t o el IR nc—t nd—t
nb—T na—T na—T nb-T/"

B) By (4.117), there exists ¢ : I, — I, such that
U(z) = S(¢(2)) and V(z) =C (6 (z)) (z€ ).
Thus, (4.118) becomes

H(S(p(ar)), ... S(b(an-1)), C(d(a1))s ..., C(d{an-1))) = C(w — ¢ (an)).
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(4.117)
(4.118)

(4.119)
(4.120)
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By (4.116), we have
Then
subject to

By Theorem 4.1, we have

where £ € R lying in the range

- nc—w nd—w Mo A ne—we nd—w
nb—Wh'na=W na—-W nb=W [’

LJ

Example 4.5. Let n > 3, uv-€ Ji. The trigonometric sine and cosine functions sin, cos :
Ji — Jo are two bijections satisfying

SF (ST , gttt Y €08 ) <RIBS T3
! 5a | M/

= 1M ‘ 2 cos T;
Z S : Z ( H cos:ctk) H J
M=0 1< < <iampr<n k=1

= sing@d Pt Pad) (ine.h) ]
=1

Suppose the functions U,V : J; — J, satisfy
F (U(e)ss o Ulan)rV (o) caV (069) = sin(a)
subject to the two conditions
sin ™Yol = cos~ YoV
(n—2)m

o+t an = 5 (0,...,an € J1).

Then by Theorem 4.4 A), we have

U(z) = sin (m (1:_ (n ;nz)ﬂ) + ;) ,Viz) = cos (m (;r— (—n;Tg)ﬂ) + %) (z € 1),

for some fixed m € R lying in the range

max{_?u, —_(121(?;)::2} <m< min{(ﬂ Eug)w, (. ; u}} .
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Example 4.6. Let n > 3, v € J;. The trigonometric sine and cosine functions sin, cos :

J1 — Jp are two bijections satisfying

G (coszi,...,COS Ty, SiNTY,...,SINT,)

n 131 2 |
= IJICOij + > (-1M > ((HM é’gi‘:) (HCOS:L'J))

M=1 1<i) < <ianr<n k=1
=cos(zy + - + T,) (iz, € Jl) :
i=1
Suppose the functions U,V : J; = J; satisfy
G (V(ea),...,V(an),Ules),...,Ulan)) = cos(v)
subject to the two conditions

sin~lolF = cosT! oV
(n—2)mr

ay + o= (a],...,an€J1).

Then by Theorem 4.4 A), we have

U(z) =sin (c (a: . ;'nz)ﬁ) - D N/ i cos( ( (n ;ng)ﬂ) + E) (z € J1),

for some fixed ¢-€ R lying in the range

max{_—v ﬂ—)—v)}<c<min{ 2 (i_—u)}

7' (n=2)m (ne=2)m g

Example 4.7. Let n > 3, s € R. The triconometric sine and cosine functions sin, cos :

Ji — .J, are two bijections satisfying

H (S, 5 ,SINZp—1,COSTY, ., COSTy1)

n— ln_;)J 2
- rfcomj + 0 (-1 Y ((HM 22“’;‘;) (H COSIJ))

i=1 M=1 1<i1 < <igpEn—1
n—=1
= COS(zy + -+ + Tr1) (ineJl) ]
=7
Suppose the functions U,V : J; — J, satisfy

sin~! ol = cos™ oV

H(U(ar), ..., Ulan-1),V(a1), ..., V(an_1)) = COS (s - (sm"l QU) (an))
for some ay,...,a, € I such that

- (sin_1 oU) (on) € Jy

(n—2)m
2

oy +---+an =
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Then by Theorem 4.4 B), we have

U(z) = sin (y (:c ~n ;nz)ﬁ) + %) ,V(z) = cos (y (:r = (n_—z)w) + %) (z € Jy),

2n

for some fixed y € R lying in the range

max{_—s —m——_Q(n_s)} < y<min{{—n€—3__ M}

m (n—2)m Jm’ o«
Example 4.8. Let n > 3, r € R. The trigonometric sine and cosine functions sin, cos :
J1 — J, are two bijections satisfying

EUCOSTL; o o5 COS By SUNE vy SN Bppecd)
L1252 WML o n-1
= - Ik cosz;
> g (Jl ) (TTeoss
M=0 16 < <igppr <n—1 k=1 i=1

1
T; EJl) .
1

sin~olJ = cos~ YoV

E (V{a1)s.oes Vian1)y Ular), . -y Ulon—p)) = sin (7 = (€os™! oV) ()

n
=Sin(zy++ -+ zp-1) (

i

Suppose the functions U, V-+Jy — J; satisfy

for some af;...,om € I such that

r—(cos™ VoV (an) € Jy
(n = 2)m

Qs an = 2

Then by Theaorem 4.4 B), we have

U(z) = sin (z (a:w %) + %) , V(z)= cos (z (53 { ;ng)ﬁ) + %) (z € Jy),

for some fixed z € R lying in the range

max{%,%%ﬁ?} kR min{(n Erz)w,(i;ﬂ}.

We end this section by investigating the two exceptional cases of Theorem 4.4
when n = 1,2. We illustrate by examples that the (implicit) uniqueness of solution is
lost in the case n = 2, while the existence of solution is lost in the case n = 1.

Proposition 4.9. Let F (N, Ny, R1, Ry) be a function of 4 variables and lett € I, T € R.
Suppose that §,C : I — I, are two bijections satisfying

.F(S(Il),S(l‘z),C(ﬂ?ﬂ,C(xg)) = S(CL‘1 + Z’)_) (Il + x9 € 11). (Q121)
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Suppose the functions U,V : I; — I, satisfy
F(U(aa), U(ez), V(ea), V(ez)) = S(t) (4.122)
subject to the two conditions

FleU=C" VsV (4.123)
o1 +ta=T (al,CEQEIl). (4124)

Then one pair of solutions to (4.122) is given by

U(m}:S(A(:c—%)+%), V{z):C(A(x—§)+%) (zeh),

where A:J — (c—t/2,d — t/2) is an odd function on J := (a — T/2,b - T/2).
Moreover, another pair of solutions to (4.122) is given by

U(J:)=S(k(a:—§)+%), V(z)=0(k(:r—§>+%) (z € L),

for some fixed k€ R lying in the range

T 25— iy d lf AR 2o— T plo=i
26—-T'2a=T 2a-T"20-T]"

Proof. By (4.123), there exists ¢ : I, — I; such that

Uz) =S (¢()), V(z)= C(a(z)) = (z€h).
Thus, (4.122) becomes

F(S(¢(a1)), S(dlaz)), Cldlar)), C(plaz))) = S(t).
By (4.121), we have

S (¢len) +dlaz)) = S5(t).
Then,
.qﬁ(a;} Folez) =1, subjectto m +op =T (4.125)

From the condition (4.124), we have 2a < T < 2b. Let'J := (a — T/2,b — T/2) and define
Y:J—= I by

w=s(v+3) e

Thus, the relation (4.125) becomes
Y(y) +¥(ya) =t subjectto y +y2=0 (w: € J). (4.126)

Let A:J — (c—t/2,d—t/2) be an odd function. We claim that_lp(y) = A(y)+t/2is a
solution of (4.125). Since

v+ 9 = (A + ) + (a0 +5) =
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From the definition of 1, we get

T

¢(m)=A(m—§)+% (z € I).

We show that another pair solutions to (4.122) is given

U($)=S(k(x—g)+%), V($)=C(k(z—%)+%) (z € 1)

Since

F(U(),U(az), V(ea), V(ez))
—F(S (kcﬁ +%) ,S(ka‘g+ %) C (kaa " %) C (ka?g 2 %))
where @; = a; — T/2 (i =1,2), using(4.121) and (4.124), we have
F (S (kcﬁ - %) .S (kdz " %) C (ka‘l 5 %) c (kdg + %))
/5 ((kdl + %) + (mg \ %)) = S(e).
]

Example 4.10. Let p € J;,T € R. The trigonometric sine and cosine functions sin, cos :
J1 — Jo are bijections satisfying

F.(sin(zxy), sin(zz), COS(x1 ), COS(x2)) = sin(z1) COS(z5) + €OS(xzy) sin{z,)

=sin(z) + z4) (z1 x5 € J7).
Suppose the functions U, V. :J; — Jy satisfy
F(U(en), Ufaz)sV(an), Viaz)) = sin(p) (4.127)
subject to the two conditions

sin~!oll = cos~ YoV

oy +ae =T 1 (a,a2€ J1).

Then one pair of solutions to (4.127) is given

U(z) = sin (A (a:— g) -+ g) » Vi(z)=cos (A (;c - %) + g) (z € J1),

where 4:J — (—p/2,1 —p/2) is an odd function on J := (-T/2,7/2 — T/2). Moreover,
another pair of solutions to (4.127) is given by

U(z) = sin (m (ar— g) + g) V(z) = cos (m (:{:— %) +

for some fixed m € R lying in the range

=p (T~ p) v [ B Z—p
max{ﬂT, T }<m<m|n{T, .

8o 1S

) (z € .Jh),
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Example 4.11. Let ¢ € J;,T € R. The trigonometric sine and cosine functions sin, cos :
J1 — J, are bijections satisfying
F(cos(z1), cos(za), Sin(z1), Sin(zs)) := cOS(z1) COS(z2) — sin(z1) sin(z2)
' = COs (21 + z3) (z1 + z2 € J1).
Suppose the functions U,V : J; — J, satisfy
F(V(a1),V(az), U(e1), U{az)) = cos(q) (4.128)
subject to the two conditions
sin~! ol = cos™! oV
o tap=T (eny00 € J1).
Then one pair of solutions to (4.128) is given by

U(z) = sin (A (:c - g) + g) K} 5/£08 (A (:c~ %) + g) (x € J1),

where A : J —(—q/2,1 — ¢/2).is an odd function on J := (~T7/2,7/2 —T/2). Moreover,
another pair of solutions to (4.128) is given by

U(z) = sin (m (;r - %) + %) VY (3= aos (m (3: - g) + %) (z e Jq),

for some fixed m € R lying in the range

e L~ A . gll2=q
T L .
ax{ T }<m<mm{ ;

Regarding the case n = 1, we make the following two remarks.
1) If n = 1, then the equation (4.112) in Theorem 4.4 becomes

F(Slz1), C(z1)) =S (z1),

showing C is constant function, contradicting the fact that C is.a bijection.
II) If n = 1, then there is no valid equation (4.116) in Theorem 4.4, while if n = 2, then
the equation (4.116)in Theorem 4.4 becomes

H(S(x1),Cl=1))=C (21},

yielding C to be a constant function, which again contradicts its being bijective.

4.2.2 Hyperbolic functions
For the hyperbolic sine and cosine functions, we prove:

Theorem 4.12. Let n be an integer > 3.
l. The functions f; : I = Rand g; : I; = [1,00) (j = 1,...,n) satisfying

13
> ¥ Calfir @i iits-- - tom) = 1, (4.129)

M=0 1<i;<--<igm<n
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(Hzfl Jg;:g_:%) (H?=1 9 (Ej)) if M+ 0

where €.(f;,95 $15.--,92m) 1=

[T5=1 95 (=5) if M =0,
subject to the condition
sinh™ of; =cosh™ og; (j=1,...,n) (4.130)
Z.’BJ' :L], {4131)

where L; is a constant belonging to the range

n(2a +b) n(a + 2b)

<L) < 3 5

are given by .

fi(z) = sinh (A1 (z) — Ar(Ly/n) +d;), | g5(z) =Cosh (A (z) — A1 (L /n) + d;),

where 4, is an additive function on R and the constants d; satisfy 57, d; = 0.
Il. The functions f; : I, +Rand g; : [; — [1,00). (7 = 1,...,n) satisfying
ES

6 R Gnlfj. 95 111, 4, fama1) =0, (4.132)

M=0 1< <~<lapma<n

wherel 8, (%, g7} & rignist) = ( ifl” Mz—"l) (]‘[};1 9; (a:j)), subject to the condi-

96, (@11)
tion
Sinhglofj =C05hrlogj Gg2= 1, ¥~ (4.133)
ZIJ‘ = Lg, (a134)
J=1

where L, is a constant belonging to the range

n(2a + b)
3

are given by
fi(z) = sinh (Aa(z) — Aa (La/m) + &;), g;(z) = cosh (As(z) — Az (La/n) + ¢;),
where A4, is an additive function on R and the constants ¢; satisfy 3°7_, £; = 0.
Proof. 1. By (4.130), there exist ¢; : [; = R (j =1,...,n) such that
fi(z) = sinh(¢;(z)), g;(z) =cosh(¢;(z)) (i=1,...,n).
Using (4.129) and (3.6), we get cosh (¢y(z1) + - + ¢n(@s)) = 1. Thus,

d1(z1) + -+ ¢alzn) =0.
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By Theorem 4.2, there exists an additive function 4; : R — R such that

¢i(z) = A1(z) — A1 (L/n) + d; (xel;j=1,...,n),

where the constants d; satisfy 327, d; = 0.
II. By (4.133), there exist ; : 1 = R (j =1,...,n) such that

fe) = Sh Wy(a)), 05(@) =cosh(Wy@) (G =1,...,n)
Using (4.132) and (3.5), we get sinh (1(z1) + - - - + ¥n(za)) = 0. Thus,
Ya(z1) + -+ Palza) =0.
By Theorem 4.2, there exists an additive function 4, : R — R such that
¥;(z) = Ag(z) —As (L/n)+4; (zel;jed{l,....,n}),
where the constants #; satisfy 357, ¢;= 0. ]
Regarding the hyperbolic tangent function, we prove:

Theorem 4.13. Let n € N, n > 3. The functions f; : 1 = (=1,1) (i = 1,...,n) satisfying

L 222 2M+1

Y fif="§ o Bl A M apesh (O T\ (4.135)
=L

M=1 1<ij<-<igpr1Sn k=1

subject to the two conditions

Y=t (4.136)
25 2M
1450 > 0D £ TENYO, (4.137)
M=1 1<iy < <igp<n—1 k=1
where L is a constant belonging to the range
n(2a +b) - nla + 2b),
3 3
are given by
fi(z) =tanh(A(z) — A (L/n) + d;) G=1,...,n),

where A is an additive function on R, and the constants d; satisfy 37, d; =0.
Proof. For a suitable bijection (to be determined) ¢, : [} = R (i=1,...,n), let
filz) = tanh (¢:(z)) (i=1,...,n).

Substituting into (4.135), we get

-

n—1 L2 2M+1

> tanh (¢:(z:)) + tanh (¢n(zn)) = Z > I tanh(¢s,(z:,))

i=1 =1 1< < <igpm+1<n—1 k=1

—2—— 2M
_ Z Z (H tanh (i, (I,k))) tanh (¢n($n}) ’

M=1 1<ij<--<igpm<n—1 \k=1



which yields
Bt Bt o tanh[fuls)

n—1 M
1+ Zhaf_:lj 215-;1<~-<im5n—1 Hthanh (CINETN))

There are two possibilities of n, i.e., n is odd and = is even.
If nis odd, then |(n —1)/2] = (n —1)/2, and so

=tanh (- ¢n(z.)) -

it aM+1
E}\f:o Z;g,q..dzuﬂgn-l Hk=1 tanh (IR
4 T i Z15i1<---<imgn_1 [Tiz; tanh (¢, (z4,))

where empty sums are defined to be 0. By Lemma 3.3, we have

=tanh (- ¢.(z,)),

tanh (¢1(z1) + -+ + Pn-1(Tn-1)) = tanh (= gn(zn)).

Since the real hyperbolic tangent function is injective, we deduce that ¢;(z;) + - -

Gn-1(zn-1) + ¢n(z,) =0, and Theorem 4.2 yields then that
¢=(m)=A(z)—A(L/n)+dl (ﬂ?e.fl;izl,...,ﬂ).

If n is even, then [(n — 1}/2] = (n = 2)/2, and so

nyt 2M+1
> M=o Zlgi1<--.<i21\1+15n—1 [T tanh (¢, (24,)) W
nz2 2M T
15 Y E1sil<---<imgn—1 [Ti=; tanhi (¢, (2., ))

By Lermma 3.3, we have

tanh (- OalTn)) .

tanh (¢1(z1) + - -+ 4 Pnei(Tn=1)) = tanh (= ¢n(za)).

Since the real hyperbolic tangent function is injective, we deduce that ¢1(z;) + - --

hr-1(Tno1) + dulzy) = 0, and Theorem 4.2 yields then that

di(z) = Alx) v.A(L/n) + din @2 DT .. 0).

4.3 Independence of Arithmetic Functions

50

All functions in this section are arithmetic functions. We start with two general

criteria for linear dependence.

Theorem 4.14. Let fi, fo,..., f» De n (> 2) nonzero, pairwise distinct arithmetic func-

tions. Assume that there exists an index J € {1,...,n} such that f,(1) # 0.
I. If there exist distinct my,...,ma—1 € N\ {1} such that

Fl,l FJ—l,l FJ+1,1 Fn,l

#0, (4.138)

Fim-1 v Firctm-r Frigm-1 5 Fam-i
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where Fy; = (fix ') (my) fori = 1,...,nand j = 1,...,n -1, then fi, f, ..., fax ate
C-linearly independent.
I If

T IC N S - A Frea T )
: =0, (4.139)

Fip-a » Frana Frgp-a o Fon-i
for all my,...,mn_1 € N\ {1}, then f1,..., fn are C-linearly dependent.

Proof. I. If fi,f2,...,f, are C-linearly dependent, then there are ¢i,...,e, € C not all
zero such that

crfr et (4.140)

If cr =0, then (4140) becomes anfi+otegafi-1tesrifiypatoos+enfn =0 Since
f1(1) # 0, its Dirichlet inverse exists and operating with this inverse, we get

n

W 6 AN =

i=1, id
Evaluating at distinct integers my,...,m,-1 € N\ {1} satisfying (4.138), we obtain n — 1
homogeneous linear equations

> el fih) m) = > W ) (mal1)=0, (4.141)
=ttt J rwyel,

whose coefficient matrix is, by (4.138), non-=singular, yielding c¢; = 0 for all4 € {1,...,n}\
{J}, which is contradiction. If ¢; # 0, then rewrite (4.140) as

n

fJZ Z __Cifi)

i=1,i#S s

and operating through by f;*, weget

n

Ray

i=1,i#J

;C" gAY (4.142)

Evaluating the functions in (4.142) at distinct integers my,...,m,_; € N\ {1} satisfying
(4.138), we get a systern of homogeneous linear equations as in (4.141) whose coeffi-
cient matrix is non-singular implying that ¢; = 0 for all i € {1,...,n}\ {J}. Thus, (4.140)
becomes c¢;f; =0, and so f; = 0, which is contradiction.

Il. Without loss of generality and for ease of writing, let J = 1, i.e., assume
f1(1) #0. We first treat the case n = 2. From (4.139), we have (fy = f{*) (m) = 0 for all
m > 1. If (faxf7')(1) =0, then f, x f~! = 0 yielding f> = 0, which is a contradiction.
If (f2x f7H(Q) = 1, then fo * f;7! = I, yielding fo = fi, which is a contradiction. If
(fax f71) (1) = c e C\{0,1}, then fo« f{! = eI, yielding the dependence of f; and f,
through f2 = cfi.
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Now, we proceed to the general case. The vanishing of the determinant (4.139)
infers that their columns are dependent, i.e., there are complex constants ¢, . .., c, not
all 0 such that

e (fax fY) (ma) +os (fax fT) (ma) + -+ en (fax fi1) (M) =0
(4.143)
o2 (f2* f71) (Mnc1) + 3 (Fa % fT1) (Mac1) + -+ en (fa % f77) (Mn-1) = 0.

Since not all of ¢,,...,c, are zero, without loss of generality, assume c; # 0. Rewrite
the system (4.143) as

(fox f7*) (ma) = da (f3 = fi) (mu) + -+ do (fa % f77) (ma)
(4.144)
(f2 ¥ fj-l) (mn-1) = d3 (fS *fl.d) (Mpix) 4+ +dn (fn *fl_l) (Mmn-1),

where d; = —ei/ez (i = 3,...,n). Taking another integer m} in place of m, in (4.143), we

get another system

& (Fa¥ J17) (my)+ s (fa* f71) fmy) + =+ e (fax fp 1) (m1) =0
(4.145)
& (fi* 1T fmn=n) oy (fa % £ ) (1) o ot {far £ mnzn) = 0.
If ¢, =0, from the system (4.145) leaving the first row we get another homogeneous

system of one fewer order and we return to the lower order case. Ife; # 0, rewrite
(4.145) as

(fa o f1) (my) = d(fax i) (M) £k dr A fa¥ f71) (M)
(4.146)
(f2 * Fi O (minh) = di (fa * [75) (mnls) + - - + dig(fa'* J7)(mnz1),

where d} = —¢}/cy (i = 3,..yn). Subtracting corresponding equations (except the first)
in the two systems (4.144) and (4.146) leads to the homogeneous system

0=(ds—ds) (fa* f71) (m2) + -+ (dn — dy,) (fn * 1) (m2)
(4.147)
0= (ds —dg) (f3 x [7*) (Mn1) - + (dn = d3) (fa* 1) (M),

If the coefficient matrix of this last system is singular, we return to the lower case. If it
is non-singular, then d; = d: (i = 3,...,n), implying that

(fax f71) (m) =ds (fa = 1) (m) + -+ dn (fux f77) (m)

forallmeN, ie., fo=dafs+ -+ dnfn. ]
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4,3,1 Additive functions

In this subsection, we consider additive functions and start with an auxiliary
result.

Proposition 4.15. If A is a nonzero additive function, then its Dirichlet inverse is given
by !

1o Az—(l)'u A.
Proof. Since A # 0 and A(n) = nA(1), then A(1) # 0 and so its Dirichlet inverse exists
with A=1(1) = 1/A(1). Define G := (1/A(1)) A. It is easily checked that G- = A(1)4~L.
Using A(n) = nA(1), we see that G is completely multiplicative. By Theorem 2.6, we
get G = uG = (1/A(1)) p4, and the result follows. ]

Theorem 4.16. If A;,..., A, are n (> 2) nonzero pairwise distinct additive functions,
then they are C-linearly dependent.

Proof. Each A;/is nonzero, so its Dirichlet inverse exists. Fori # j, m = pf' .- por €
N, with pi,...,p, being distinct primes and ay,...;a, €N, using Proposition 4.15 and
A;i(n) = nA; (1), we have

B - PR P
(A A Tm)'s ST00 Ay a4 (“LE“)

dipy?pr”
- (] B LA Yo eniall [LOAE 0w )
0 Aj(l) 1 AJ‘(].) '» Aj(].)
23 pEA)
= § 9T CHEY — ()
A\ KA
By Theorem 4.14 I, we deduce that 4,, ..., 4, are C-linearly dependent. U]

43,2  Multiplicative functions

In this subsection, we present another condition for linear independence of
multiplicative functions, and show that without such condition, there are examples of

both dependent and independent functions.

Theorem 4.17. Let My, M,,..., M, (n > 2) be nonzero, pairwise distinct multiplicative

functions. If there are distinct primes p;,pa,...,pa-1 such that
Mt’*Mj_l (p1p2 - Pn-1) #0 (4.148)
for all 4,7 € {1,...,n} with i # j, then M;, M», ..., M, are C-linearly independent.

Proof. We prove this theorem by induction on n. For the case n = 2, Suppose on the
contrary that M, M, are C-linearly dependent. Then there are complex constants ¢;, ca
not all zero such that

erMy + coMp = 0. (4.149)
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Operating by M;! through (4.149), we get
al(m)+ey (Mpx M) (m)=0 (mé€N). (4.150)
Replacing m by p,, the prime p; satisfying (4.148), in (4.150), we get
ca (Ma * M) (p1) = 0.

Using (4.148), we deduce ¢, = 0. Putting ¢; = 0 in (4.149), we get ¢; = 0.
Assume now that the theorem holds up to n — 1 functions, we prove its validity
for n functions. Suppose on the contrary that M, Ms,...,M, (n > 3) are C-linearly

dependent. Then there are complex constants ey, es,...,cn, NOt all zero such that
ciMy + coMy o cn My = 0. (4.151)
Operating by M;? through (4.151), we get
c1l(m) + caFs(m) - + cnFa(m)y=0 (meN), (4.152)

where Fj = M; = M7t (= 2,...,n). Let pi,..., pae1 be distinct primes satisfying (4.148)
and let M, _, ={m € N; e8cd(m, pa=1) = 1}. Replacing m by ip,_1, te M, _,,in(4.152),
we get

CoFo(Pno1)Fa(t) ++ 4 cn Fa(pnoi ) En(t) = 0. (4.153)
Forj=2,...,n, define

) Fi(m) ifme Mp._;

0 otherwise.
It is easy to check each Fjis multiplicative and so the relation (4:153) becomes
GFy(m) + -+ G Fp(m) =0 _ (m &Ny, (4.150)

where & = ¢; Fj(pn_1) (j'=2,+..,n). IfF (= 2,...,n) arezero functions, then Fj(m) = 0
for all m € M, _,. Since p; € M., using the multiplicativity of M; « M and (4.148),

we get

0 = Fi(p) = (Mj * M{ ") (p1) # 0,

which is a contradiction. Thus, F“; (j = 2,...,n) are nonzero functions. Since 0 #
(M; * M) (p1) = Mj(p1) — Mi(p1) (j # k), we have

E7‘;(?31) =Fj(p) = (M; * M7 ") (m) = M;(m) — Ma(p1)
# Mi(p1) — My(p1) = (My x MY (1) = Fi(p1) = Frlp1)
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showing that F; (j = 2,...,n) are pairwise distinct. Since

(BB orpan) = (BB ) 00) - (BB (na)
= (B« F") (1) -+ (Fy + ) (pn2)
= (Fj(p1) = Fi(p1)) -« - (Fj(Pn-2) — Fi(pn-2))
= (Mj(p1) — Mi(p1)) - - (M;(pn-2) — Mx(pn—2))
= (Mj+ M) (p1) -+ (Mj + M) (pn-2)
# 0,

forall 5,k € {2,...,n}, j # k, the multiplicative functions F; (j = 2,...,n) satisfy (4.148).
Thus, the induction hypothesis yields that F,... , F, are C-linearly independent, which
in turn implies, from (4.154);that 0= ¢; = ¢; Fj (pn—1)(3.= 2;...,n). Since F; = M; « M;?,
using the multiplicativity and (4.148), we have F;(p.-1) # 0, which shows that ¢; = 0 (j =
2,...,n). Replacing.¢; =0 ( =2,..,n)in (4/151), we get¢, = 0. ]

If the condition (4.148) does not hold, then M, Ms, ..., M, can either be C-
linearly dependent, or independent as seen from the following two examples.

Example 4.18. Consider the four functions Fy, s, F3, £y, defined, respectively, by

Fi(1) =1, Fi(2)=1, Fi(3).= Fi(5)= Fi(6) = F1(10) =2, Fi(15) = F1(30) =4, Fy(n) =0
for positive integers n.#£'1, 2,3, 5,6, 10,15, 30.

Fo(1) = F(3) = 1) F5(2) = Fa(5) = Fa(6) = Fa(15) =2, F5(10) = F5(30) = 4, Fy(n) =0
for positive integersn # 1,2,3,5,6,10, 15, 30.

F3(1) =1, F3(2) = 3, F3(3) = F3(5)= 2, F3(6) =F3(10)= 6, F3(15) = 4;-F3(30) = 12,
F3(n) = 0 for positive integers n # 1,2,3,5, 6,10, 15, 30.

Fy(1) = 1, Fy(2)= Fy(5)= 2, Fy(3)3, Fa(6)= Fa(15) =6, F4(10).= 4, F4(30) = 12,

Fy(n) = 0 for positive integers n # 1,2,3,5, 6,10, 15, 30.
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It is easily checked that F, Fy, F3, Fy are multiplicative functions with inverses, for r € N,

FY1) =1, (@) = (1), FY(e7) = F7A(7) = FH(6") = Fri(u07) = (-2,
FTY(157) = (4), F1(30™) = (—4)", Fy(n) = 0 for positive integers n # 1,27,37,57,67,
107,157, 30", |

s (D=1, F @) =F (57 = (-2), F5'(37) = (-1)", F;(67) = F;'(15") = (2)",
F;7Y(107) = (4)", F;1(307) = (—4)", F;'(n) = 0 for positive integers n # 1,27,37,57,6",
107,157, 307
Fy(1) =1, FH(2N) = (=3)7, F'(37) = Fy'(s7) = (=2)", F3'(67) = F5'(107) = (6)",
Fol(15™) =) FriaeT) = (121", Fi ' {a)=0fer positive‘integers o 128765,
107, 157, 80"
FOY1) =1, FpHeN) =E7(57) = (=27 \Fr Y37 =(=3)", Fri(6n) = Fy'(157) = (6)",
F7H107) = (4)" EF1(307) = (=12)%; F;(n) =0 forpositive integersn # 1,27,37,57,67,
10%,15", 30",

In this case, the condition (4.148) does not hold while we have C-linearly dependent
relation Fy — F + F3 = F; = 0.

Example 4.19. Consider the four functions G1, Gs, Gs, G4, defined, respectively, by

G1(1) = 1,°G1(2) =G1(5) =2, G1(8)=G1(10)'= 4,/G.(6) =G1{15) =8, G,(30) = 16,
G1{n) = 0 for positive integers n # 1,2,3,5,6, 10, 15, 30.

Ga(1) =1,-Go(2) =3,-G2(3) = 9, G2(5) =2, Go(6) = 27, G2(10) = 6, G5(15) =
G»(30) = 54, Ga(n) =0 for positive integers n # 1, 2,3,5, 6, 10, 15, 30.

G3(1) = 1§, G5(2).2'5, Ga(3) =25, G3(5F="2). G5(6) =7125, _G3(10):=10/ @5(15) = 50,

Q

1) =1, G420 %, G1(8) =49, G4(5) =2, ,G4(6) =398, G0y~ 14, G4(15) = 98,
G4(30) = 686, G4(n) = 0.forpositive integers'n # 1,2,3,5,6,10, 15, 30.

(
(
G3(30) = 250, Ga(n) =0 for positive integers n# 1,2, 3, 5, 6,10,15, 30.
a(
(

It is easily checked that G, G, G3, G4 are multiplicative functions with inverses, for
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reN,

Gi'(1) =1, GT'(2") =Gy (8") = (-2)", Gy(37) = (-4)", Gy'(67) = GT}(15") = (3)",
GTY(107) = (4)", GT1(307) = (—16)", GT(n) = 0 for positive integers n # 1,27, 37,57, 67,
107,157, 30".

Gz'(1) =1, G3(2") = (=3)", G3'(3") = (=9)", G3*(57) = (-2)", Gz '(67) = (27)",
G3(107) = (6)", G31(157) = (18)", G5 1(307) = (—54)", G5*(n) = 0 for positive integers
n#1,27,37,57,67,107,157,30".

G3'(1) =1, G5'(2") = (-9)", G3'(3") = (-25)", G3'(57) = (-2)", G5'(6") = (125)",
G31(107) = (10)", G3*(157) = (50)7, G5'(307) = (—250)", G5'(n) = 0 for positive integers
n £1,2,8", 55,6, 000, 157, 307,

Gi'(1) =1, GTH(@") ==, GIM(37) = (+49)7, G (57) = (=2)7,. G; 1 (67) = (343)",
G71(107) = (14)" G (157) =(98)",- G411 (307) = (~686)", G5 (n) = 0 for positive integers
n#1,27,3, 5,5, 10775 | 967

Here, the condition (4.148) does not hold. We show that G, G5, Gz, G4 are C-linearly

independent. Suppose on the contrary that Gy, Gz, G3, G4 are C-linearly dependent.
Then there are complex constants cy, ..., ca nNot all zero such that

chl(n) -+ CQGQ(R) 4 C3G3('n) # C4G4(ﬂ} = (4155)
Putting n = 1,2,3,6, respectively in (4.155), we get

ClGl(l -+ CgGg(l) + C3@3( ) 5 C4G4(1

) Nt
e1G1( 2)+CQG2( +0303( + cqGa( 2)
c1 G, (3) + 6262(3) i C';Gs( ) + C4G4(3)

) )=

4 C]Gl(ﬁ € Cng(B) + 6303(6) + C4G4(6

Using the defining values of Gy, G2, G3, G4, the coefficient matrix of the above system

is non-singular, and this implies that e; = c; =¢3 = ¢4 =0, which is a contradiction.

We proceed now to use a method of Popken [12] to derive criterion for linear
independence of multiplicative functions. Let S(C N) be a commutative semigroup
in which a unique factorization condition holds. We assume that S has an identity-
element 1 and no other unit than 1. By a reduced semigroup S, we mean a set of
m € S such that gcd(m, zp) = 1 for some fixed zo € S.

Theorem 4.20. Let My, M,,..., M, (n > 2) be nonzero, pairwise distinct multiplicative
functions. Suppose that there exists a semigroup S C N with the properties described
above, and there are ¢;(# 0),ca, ..., ¢, € C such that

aMi(t)+- +e Ma(t) =0 (teS). (4.156)
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Then there is at least one suffix h € {2,...,n} such that

Mi(m) = My(n) (m € So) (4.157)

for some reduced semigroup S, C S. Moreover, M; * M, * vanishes on some reduced
semigroup Sp \ {1} contained in S.

Proof. We prove by induction on n. For the case n = 2, there are ¢, (# 0),¢; € C such
that

c1 M, (t) = CzMz(t) =0 (t € S) (4158)

Taking ¢t = 1 in (4.158), we get ¢; = —cy # 0. Thus, (4.158) yields M, (t) = Ma(t) for all
t €S, ie, (4.157) holds with h =2 and.Sp = S. Assume that the theorem holds up to
n — 1 functions, we next prove its validity for n functions:If My (t) = M,(t) forall t € S,
then there is nothing'more to prove. Otherwise, My # M, on.S, and so there exists
z, € S such that M (z,) # M,(z;). By assumption, we have

¢ M, (t} H et CnMn(t) -] (t (S S) (&159)

Let S; = {m € 5;¢cd(m,z1) =1} C 5. Taking t = may, where m € S;, in (4.159) and by
multiplicativity, we get

aMi(z)My(m) + -+ + eaMplz) My (m) = 0+ ((m €.5). (4.160)
Taking t = m, where m € S, in.(4.160) and multiplying by M, (z,), we have

€1 M@ MI(m) 5553 My (21) Mikin) = 0N e S ) (4.161)
Subtracting (4.160) and (4.161), we have

1 (M1 (111) - Mn(:cl}) Ml(m) + % N (Mn_1($1) — Mn(Il)) Mn_l(m) =0 {m € 51)
(4.162)

Since ¢; (Mi(z1) — M,(z1)) #0, the relation (4.162) is similarto the relation (4.156) on
Sy. By the induction hypothesis, there exists a reduced semigroup S; € 51 C 5 such
that M; = M, on S, for some h € {2,...,n— 1} . Define ¢ = M; « M;7*. Clearly

B(m) = (Myx M) (m) = 3 Ma(@M* (5. (4.163)

d
dlm

for all m € Sy \ {1}. Since gcd(m,z) = 1, we have gcd(d, z¢) = 1 and gcd(m/d, zo) = 1,
i.e., d,m/d € Sp. The relation (4.163) becomes

B(m) = (My+ M") (m) = 3 M@ () = 3 Mu@M; (F) = 1(m) = 0
djm dlm

which holds for all m € Sp \ {1} 0]
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Corollary 4.21. Let M1, Ma, ..., M, (n > 2) be nonzero, pairwise distinct multiplicative
functions. For all indices j = 2,...,n, if there exists an « € N such that the relation

(M; = M7 1) (p™) #0, (4.164)
holds for all primes p, then M, Ms, ..., M, are C-linearly independent.

Proof. Suppose on the contrary that M, M,,..., M, are C-linearly dependent. Then
there are complex constants ¢, s, ..., ¢, not all zero such that

LMy () + caMa(t) + - + eaMu(t) =0 (t €N). (4.165)
Since S C N, the relation (4.165) restricts to
eaaMi(m) + coMa(m) + - - - +caMp(m) =0 (me S). (4.166)

Without loss of generality, assume that ¢; # 0. By Theorem #.20, for some j € {2,...,n},
the relation
My(m) = M;(m)

holds for all m in-some reduced semigroup Sy = {m € S; gcd(m,zp) =1} C S, zp € S,
and M; * 1\,/13,.”1 vanishes on Sg\ {1}. Let zg = pi*---pfr € S C N, pi;+..,p- BEINg primes,
and B, ..., 8, € N. Choose another prime g ¢ {p1,..-,p-}. Then for any a € N, we have
gcd(g®, o) =1, i.e., ¢* € Sp. Thus, (My * MJ.‘l) (g®) =0, which is a contradiction. L

We next-exhibit by examples that Theorem 4.17, the result of Kaczorowski et al,
i.e., Lemma 2.12 and Corollary 4.21 are somewhat independent of one another by an-
alyzing the case of two multiplicative functions f and g. In this case, the corresponding
three linearly-independent conditions are:

o A. (Theorem 4.17) fand g are nonzero pairwise distinct with \(f = g=1) (p) # 0 for
some prime p.

e B. (Lemma 2.12) I, f, ¢ are pairwise non-equivalent, i.e., there are infinitely many
primes p such that I(p™) # f(p™).L(p™) # g(p™).and f(p™) # g(p™) for some m € N,

o C,. (Corollary 4.21) f and g-are nonzero pairwise distinct with (f * g72) (p*) # 0 for
all primes p.

Example 4.22. Consider two multiplicative functions f; and ¢, defined by
filn)=n, @(n)=n* (neN).
o Ais true because (f1*g;") (p) = f1(p) — g1(p) = p — p* # 0 for all primes p.
e B is true because
I(p™) =0#p™ = fi(p™), IE™) =0# ™" = (™), LE™) =p" #9"" = n(™)

for all primes p and for all m € N,
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o C; is true because (f1 * g7!) (p) = fi(p) — 91(p) = p — p? # 0 for all primes p.

The functions f1 and g, are C-linearly independent by any one of the three criteria A,
B or C;.

Example 4.23. Consider two multiplicative functions f, and g,, defined by

f2(1) =1, f2(2) =3, fa(n)=0 for positive integers n 5 1,2 and go(1) = 1, g2(2) =5,

g2(n) = 0 for positive integers n # 1, 2.

e A'is true because evaluating at the prime 2, we get (faxg5') (2) = f2(2) — 92(2) =
3-5=-2%£0.

» B does not hold because fa(p™) = g2(p™) = 0 for all primes p # 2 and for all m € N.
o C, does not hold for all a € N because (f; xg; ') (p%) =0 for all primes p # 2.

Thus, f, and g, are C-linearly independent by the criterion A, but not by the other two
criteria.

Example 4.24. Consider two multiplicative functions fs and gz, defined by
fsY=1, f3(p)=0, f3(2™) =0 (m 2 2), f3(p™) =p™ (p# 2,m> 2),
93(1) =1, ga(p) =0, g3(2™) =0 (m > 2); g3 (™) =p’™ (p#2,m > 2).
» A doesnot hold because (f3 » g5) (p) = 0 for all primes p.

e Bis true because

I(p™).2 0™ = f3(o™), Tp™) = 0 # p' T = g5 (p™), - Sa(8™) =P™ # p° = g3(p™)
for all primes p #2 and for alt m e N\ {1},
« C, does nothold for all.a € N because (f3+g3')(3%) = 0.

Thus, f3 and g5 are C-lingarly independent by the criterion B, but not by the other two
criteria.

Example 4.25. Consider two multiplicative functions f; and g4, defined by
fa(1) =1, fa(p) =0, fa(27) =2 (m 22), fulp™) = P (p# 2,m > 2),
94(1) =1, ga(p) =0, 94(2™) =4 (m 2 2), ga(p™) =0 (p#2,m > 2).
« A does not hold because (fi * g7*) (p) = fa(p) — 9a(p) =1~ 1 = 0 for all primes p.
. B‘ does not hold because I(p™) = g4(p™) = 0 for all primes p # 2 and for all m € N.
e C, is true because
(fa*93") () = —94(P®) + 93 (p) + fu(P)9a(p) + fa(p?) =0+ 0—0+p* #0

for all primes p# 2 and (fy*g7') (22) = -4+0-0+2=-2#0.
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Thus, fs and g4 are C-linearly independent by the criterion Cs, but not by the other
two criteria.

Example 4.26. Consider two multiplicative functions fs and gs, defined by
fs(1)=1, fs(2) =2, fs(p) =0(p#2), fs(2")=0(m>2), fs(3™) =p*™ (m >2),
fs(p™) =p™ (p#2,3;m #2),

g5(1) =1, g5(2) =4, gs5(p) =0 (p#2), gs(2™) =0 (m > 2), g5(3™) = p*™ (m > 2),

gs(p™) =p"™ (p # 2,3;m # 2).

 Als true because there is a prime 2 such that (fs x g5 ') (2) = f5(2) —gs(2) =24 =
250,

e B is true because
I(p™) =0#p™ = (™) I(p™) = 0# P = gs(0™), fs(0™) =97 # p™™ = g5(p™)
for all primes p # 2,3 and for all m € N\ {1}.
« C, does not hold for all. o ¢ N-because (fs * g5*) (3%) = 0.
Thus, fs and gs are C-linearly independent by the criteria A and B, but not C,.

Example 4.27. Consider two multiplicative functions fs and g, defined by

fo(1) =1, felp).= 0 (p#2), f6o(2T) =2/(m22), fo(@™) = p"T(p # Zm # 2),
g6(1) =1, gs(p) =0 (p#2), 96(2™) =4 (M= 2), ge(p™) =0 (p #£2,m # 2).

e A s true because the prime 2 yields (fs.* 95 ) (2)= f6(2) —gs(2)=2~4=-2#0.
« B does not hold because I(p™) = gs(p™) = 0 for all primes p 2 and for all m € N.
s C; is true because

(fo=95") (1) ==gs (") + G5 () + fo(0)gs(p) + falp®)=0+0—-0+p* #0

for all primes p # 2 and
(foxgs') (2%) = —4+4*-2(4)+2=6 #0.
Thus, fs and g are C-linearly independent by the criteria A and C, but not by B.
Example 4.28. Consider two multiplicative functions f; and g+, defined by

1) =1, f2(2) =2, f7(p)=0(p#2), [7(2")=2(m 22), f2(p") =p™ (p# 2,m #2),

g7(1) =1, g7(2) =2, g:(p) =0 (P #2), g:(2™) =0 (m > 2), g7(p™) =p*" (P # 2,m # 2).

« A does not hold because (fr = g;*) (p) = 0 for all primes p.
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s B is true because

I(p™) =0 #p™ = f1(p™), I(p™) =0 # p*™ = gz(p™), fr(p™) = p™ # p*™ = g7(p™)
for all primes p # 2 and for all m € N\ {1}.
e C; is true because
(frxg7") @) = f1(0*) — F1(2%)97(p) — F2(p)97(P*) + Fr(p)9%(p) — g7 (P°)
+ 297(p*)g7(p) — 3 (p)
=p°—p° £0
for all primes p#2and (fr*f7') (23)=2-4-0+8-0+0-8=-2#0.

Thus, fr and g7 are C-linearly independent by the criteria B.and C; but not by A.

4.33 Exponential functions

For an exponential function E € A4, it follows at once from the definition (2.7)
that

E(n)y=(B(1))" | ~AnEN),
and so E is a non-zero function if and only if E(1) #0. We write E™(1) for (E(1))".

Theorem 4.29. The non-zero eéxponential functions Ey,..., B, are pairwise distinct if
and only if they are C-linearly independent.

Proof. If By, «i., E, are C-linearly dependent, then there are complex constantscy, ..., ¢,
not all 0 such that

aER(L) 4.+ B (1) =0 (m € N). (4.167)

Taking m = 1,...,n, respectively.in(4.167), we get a system of n homogeneous linear
equations .

B (1) 4+ P Br)=0, ..., aEp@Y "+ c B (1) =0.

Since the E;(1)’s are all distinct, the coefficient matrix having a Vandermonde determi-
nant is non-singular, and so each ¢; vanishes, which is a contradiction.

Conversely, assume that Ei,...,E, are not pairwise distinct, then there are
distinct indices 4,5 € {1,...,n} such that E;(m) = E;(m) (m € N) yielding a linear relation.

[
4.3.4  Logarithmic functions

As for logarithmic functions, we show that subject to an extra condition, they are
C-linearly independent, while without such a condition they are C-linearly dependent.
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Theorem 4.30. Let L,,..., L, be n (> 2) nonzero pairwise distinct logarithmic arithmetic
functions.

. If there exist distinct primes py,...,p, such that

Li(p1) La(p) -+ La(p)
: £ 0, (4.168)
Ll (pn.) LZ(PTL) P Ln(pﬂ)
then L,,..., L, are C-linearly independent.
Il. If the condition
Li(p) La(p) -+ La(p)
: =0 (4.169)
Ll(pn) Lz(pn) Ln(pﬂ)

holds for all distinct primes py, . -+, pn; then Ly, ..+, L, are C-linearly dependent.

Proof. |.If Ly,...,L, are C-linearly dependent, then there are complex constants ¢y, ..., ¢y
not all zero such that

el +colg -+ epLnp= 0. (4170)

Evaluating (4.170) at the distinct primes ps,...,p, satisfying (4.168), we get a system of
n homogeneous linear equations

c1li(p1) +eala(py) - Fenlnl(pi) =0,y crli(pn)+ cala(pn) +- 4 endn(pn) =0,

whose coefficient matrix is non-singutar implying that ¢; = --- = ¢, =0, which is contra-
diction.
Il. We first treat the case n = 2. From (4.169), we have

e1Ly(pr) +eala(p) =0, erLi(pa) +eala(p2) =0 (4.171)

for some complex constants c;,co not all zero. Without loss of generality, assume
c1 # 0, then the system (4.171) becomes

Li(p1) = daLa(p1), Li(p2) = daLa(pa) (4.172)

where d, = —cy/e; € C. Taking another prime p; in place of p; in (4.169), we get another
system

ciL1(p;) + ¢y La(ps) =0, ¢ L1(p2) + c3La(pa) = 0. (4.173)
If ¢; =0, then Ly = 0, which is contradiction. Thus, ¢} # 0, and we rewrite (4.173) as
Li(p;) = d5La(p;), Li(p2) = dyLa(pa2)- (4.174)

Subtracting corresponding equations (except the first) in the two systems (4.172) and
(4.174), we get dy = d). Hence Ly (p) = d2L2(p) for all primes p, implying that L; = da L,.
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Now, we proceed to the general case. Assume that the result holds upton—1
functions, we use induction to show that it holds for n functions. The vanishing of the
determinant (4.169) infers that their columns are dependent, i.e., there are complex
constants e,...,c, not all zero such that

ClLl(pl) ot C2L2(P1) e o C-n.Ln(pl) =0,..., CILI@N) + C2L2(pn) rpenede C'nLn(p'n) =0
(4.175)
Since not all of ¢y, ..., ¢, are zero, without loss of generality, assume ¢; # 0. The system
(4.175) becomes

Ly(py) = daLa(p1) + -+ +dnLn(p1), ..., L1(pn) = daLa(pn) + -+ + dnLn(ps),  (4.176)

where d; = —¢;/c; € C (i =2,...,n). Taking another prime p; in place of p; in (4.175),
we get another system

c?LLl(pj) + C;ZLZ(pj) i C;Ln(pj) =0,... 3 CllLl{pn) =+ CﬁlLE(pn} nith N C:-L-Ln(pn) =0.
| (8.177)

If ¢; = 0, from the system (4.177) leaving the first row we get another homogeneous
system of order n — 1. If the determinant of system is 0, we are done by the induction
hypothesis; otherwise it implies that ¢, = -« = ¢}, = 0, which is a contradiction. If ¢; # 0,
rewrite (4.177) as

Lilpj) = dyLa(ps) + -+ +dnbn(p;); o La(pn) = dylalpn) + o+ dnLalpn), = (4.178)

where d} = —¢l/ci € C (i'=2,...,n). Subtracting corresponding equations (except the
first) in the twa systems (4.176) and (4.178) leads to the homogeneous system

(da = d3)La(pa2) + (ds = d3)La(pa) + -+« 4 (dn — dp)Ln(p2) = 0. .4,
(dQ - d;)LE('Pn) + (dS = dg)L2(Pn) V< (dn i d;)Ln(pﬂ) =
If the coefficient matrix of this last system is singular, we returnto the lower case. If it

is non-singular, then d; = d (i =2,...,n), implying that Li(p) = d2La(p) + -~ + dr La(p)
for all primes p, and so Ly = dslo + -+ -+ dp Ly, []



Chapter 5
Conclusion

The thesis consists of two main parts. In the first part, two functional equa-
tions exhibiting functions with constant sums over points lying in a hyperplane are
solved, and the results are employed to characterize major trigonometric and hyper-
bolic functions. In the second part, we prove several criteria for linear dependence
of arithmetic functions over the complex field, and general independence criteria for
arithmetic functions which are solutions of additive, multiplicative, exponential and
logarithmic equations. The following terminology is adopted.

I, an open interval (a,b) with'b> a

I, an open interval (c,d) with d > ¢

J1 an open interval (0,7/2)

Ja an open interval (0, 1)

I, a closed interval [a, b] with b > a.

I the identity which described in Definition 2.23.

Main results of the first part are now described.

1. A general solution ¢ : I, — I» of the functional equation
3 otz =", (4.1)
1=1

where #; are points lying in a hyperplane, is

o =3 ) O

ke’
for some fixed k lying in the range max{ML ﬂ‘ﬂl} < k-<min {ﬂc—‘gl M}

nb—=Usz ' na—Us na—Us? nb—U,

2. A general solution ¢;: Iy - R (i = 1,...,n) of the functional equation
i pi(zi) =Ty (4.30)
i=1
where «; are points lying in a hyperplane, is
¢i(z) = Az) - A(T2/n) + i,

where 4 : R — R is an additive function and the constants +; satisfy S, v = T1.

3. General solutions f1, f2,01,92 : (0,7) = [~1,1] of the functional equations

LZ]
DM N Calfianin. o) = (-1)" (4.105)

M=0 1<) < <igpy €N
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(HiMl %Z_‘:Z) (H};l 91 (95:')) if M #£0

where Cn(fl,gl;ily x5 ,igM) =

=1 91 (z5) if M =0,
[=54)
> (=M S Salfargiin,...iame1) =0 (4.108)
M=0 15{1(---(‘521\44_1511

where S,(fa, 9231, - -, fam+1) = ( i %i%:%) (H?:}gZ (Tj))

with the parameters z; being all the angles in a non-degenerate convex n-gon, are

« for the functional equation (4.105):

n

sin (k‘g (:c - (—”—",—f”—") -

O sin (k1 (:: — ”) % i“’—') for n odd

E by

) for n even

and
cos (k1 (a: - L":,;@—’i) + f-nﬂ) for n odd
g1lz) =
cos (kg (:c - (“—‘f)l) + %’) for-n even

where s € {1,3,...,n— 2} is an odd integer, £ € {2,4,....,n — 2} is an even
integer, and &, ks are constants belonging to the ranges

§— n—s n—4£
max{—%, — }<k1<mm{n YR }, max{ v 2}<kg<m|n{ s T}

« forthe functional equation (4.108);

f3(2) = sin (k (z*@ﬁ—%@% +%)
g2(z) = cos (k (g—a in_*n?_)l) % %) ,

where t € {1,2,3,...;m ~ 2}, and k belongs tothe range

rax ! — - U < min LA 22
2’ n—2 hrg' sl ’

4. General solutions U, V.; Iy = I of the functional equations

FU(a),...,Ulan), V(a1),...,Vian)) = S(t) (4.114)

where F (Ny,...,Nn, R1,..., R,) is a function of 2n variables and §,C : I, — I, are
two bijections satisfying

F(8(z1),...,8(zn), C@1), .., Clan)) = S (@1 + - + 2n) (Z i € 1]) ,
i=1

H(U(a1),.--, Ulan-1),V(a),...,V(an-1)) = C (w— (S~ o U) () (4.118)
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where H (Y1,...,Yn1,21,...,2Z,-1) is a function of 2(n—1) variables and S,C: I; —
I are two bijections satisfying

H(S(Il},...,S(.’L‘n_l),C(El},... ,C(In_1)) = C(.’L’l i +27n__1) (i T; € I}_)
i=1

with the parameters ; being the points lying in a hyperplane, are

» for the equation (4.114):

o for the equation (4.118):

U(m)=5’(€(w—%)+%), V(.T,)=C(£(x—¥)+%) (z € Ih).

5. General solutions f; : [a,b] - Rand g; : [a,b] = [1,00) (j =1,...,n) of the functional

equations

Z CalfiaGssbag e izn) =1 (4.129)

M=0 1<i) < Liap En
I—IQM fiy %x*kg (Hn 9; (g; )) if M 'r’(' 0
| =1 91 (Zos =192 3

iz gi(z5) if M =0,

where S8, (F3/98 000 2 0 =

Sl

Xl S G ([he8])fi1, P tribrat) =0, (4.132)

M=0 1<i) < <lapp1<n

where' &, (£ g3 i1, ... Jiams1) = ( ke fj"(x—*)) (H?:1 9 (.’.lfj)),

9ig x‘k)

125 IM 41

th'(fi) =— > >, [T fa(as) (4.135)
i=1

M=1 1€ < <lgym1€n k=1

with the parameters z; being the points-lying in a hyperplane, are
« for the functional equation (4.129)
fi(z) = sinh (A1(z) — Ay (Ly/n) + d;), g;(z) = cosh (Ai(z) — A1 (L1 /n) +d;),

where A, is additive function on R and the constants d; satisfy 3°7_, d; = 0,

« for the functional equation (4.132)
fJ(I) = sinh (AQ(.T.) — Ag (Lg/ﬂ) + dj), gj{z) = cosh (AQ(I) — Aq (Lg/n) + 63) 5

where A, is additive function on R and the constants ¢; satisfy 3°7_, ¢, =0,
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» for the functional equation (4.135)
fi(z) = tanh (A(z) — A(L/n) + d;) (i=1,...,m),
where A is an additive function on R, and the constants d; satisfy 37, d; = 0.
Main results of the second part are now described.
1. Two general criteria, one for linear independence and one for linear dependence.
» If there exist distinct m4,...,m,—; € N\ {1} such that

Mg o Frgg Frii1 -+ Fna
: =£ ), (4.138)

Fl,n—l " g FJ—I,n—l FJ+1,T:—1 B Fu,'ﬂ.—-l

where Ff 547 » FR) ) XoR §|£/1, i mand j = NN - 1, then fi,..., fu
are C-linearly independent.

e If
Fiud &) pPel (4 Wk -\ ™~ LI,

=Q, (4.139)
Fromny CiONE 18 L0 E & 200 ) - Pt —1

forallmy,...,m,_y € N\ {1}, then f,,..., f, are C-linearly dependent.

2. Any n(= 2) nonzero pairwise distinct additive arithmetic functions are linearly de-
pendent.

3. Two criteria forlinear independence of n(x 2) nonzero pairwise distinct multiplica-
tive arithmetic functions My, Ms, ..., M,,.

« If there are distinct primes py,p2, - .y pa-1 such that
Mi * Mj_l (plpz ek -pn_1) % 0 (4148)

for all 4,5 e {1, n}with i # 7, then M;, Ms, ..., M, are C-linearly indepen-
dent.

o If there exists an a € N such that the relation
(M; + M;Y) (p°) # 0, (4.164)
holds for all primes p, then M;, My, ..., M, are C-linearly independent.

4. Any n(> 2) nonzero pairwise distinct exponential arithmetic functions are linearly
independent.

5. Two general criteria, one for linear independence and one for linear dependence

of n(> 2) nonzero pairwise distinct logarithmic arithmetic functions.



o If there exist distinct primes py, ..., pa such that

Li(p1) La(p) -+ La(p1)
: _ # 0,
Ly (pn) Lé(pn) T Ln(?n)
then Ly,...,L, are C-linearly independent.
e |f the condition
Li(p1) La(pm) -+ La(p1)
: =0
Ll {pn) LQ (pn) e Ln(pn)
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(4.168)

(4.169)

holds for all distinct primes py, ..., p.;, then Ly,...,L, are C-linearly depen-

dent.
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Abstract

Two functional equations exhibiting functions with a constant sum over points
lying in a hyperplane are solved. These functional equations are employed to
characterize the sine and cosine functions.

1 Introduction

In [2], Benz solved the functional equation

Fl2) () f(z) = flz) + F) + f(&) (zve€ 0,7/2) )

with
T+yfz=7% 2)

obtaining a general solution f: (0,%/2) — (0,00) of the form

fla) = tan (ke (1= k)’-;) (z € (0,7/2)),
with an arbitrary constant k € [—1/2,1]. This confirmed a question posed by Davison
[1]. Such a result can be regarded as a functional equation characterizing the trigono-
metric tangent function over a triangle. In [3] and (4], Hengrawit et al extended this
result by solving a generalized functional equation over a convex pelygon, which can
also be regarded as characterizing the tangent. function. Analyzing the work in (3] and
(4], in-a recent paper [5), the following two functional equations, with a constant pa-
rameter sum over a hyperplane, which can be used to characterize the sine and cosine
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2 Functional equations characterizing

functions, respectively, are solved:

L25t) f(:zg )
e T ( : ) s @
M=o 1S <chpeiSn \ \ k=1 9 (za)

[l + 2( DS (LH i éj‘:)) (ﬂg(z,))) =1, @

F=1 1<iy < <igr <n

with n > 3. I{ is natural to ask whether there are other functional equations that can
be used to characterize the sine and cosine functions which are different from the above
equations (3) and (4). In this work, we affirmatively answer this question by solving
two other functional equations differing from (3) and (4), which also characterize the
cine and cosine functions. In the work of Benz the parameters involved are the three
(corresponding to n = 3) angles in a triangle, while those in [3] and [4] are the angles
of a convex polygon. The restriction n > 3 is still adopted in this work. In the final
section, the possibilities of n < 3 are investigated to ensure that this condition is
essential.

2 Preliminary Results

We start with a theorem and a lemma taken from (5] which are needed.

THEOREM 1. [5, Theorem 1.2] Let n be an integer >3, and let I := (e,b), J2 =
(¢,d) be two non-empty open intervals. Then the function ¢ : Iy — I satisfies the
constant sum functional equation

iib(ﬂii) = Uy, (5)
=1

where U, is a real constant, subject to the hyperplane condition

mn

Z z; = Us, (6)

i=1
where U, is a real constant, if and only if,
U U
&(z):k(z——z)+rl
Tt . n

for some fixed k lying in the range

fne=Uy nd-U;] >\ ne—=Uyp nd— U,
“{M—Ug'na—Ug} (i s A oy
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LEMMA 1. [5, Lemma 4.3] Let n be an integer > 2. If z1,...,2n € (0,7), then

L2 WAL L
sin(zy + -+ 2) = Z (1M 2 (( H mz“:) (H cos::,))

M=0 1<H < <fau 41 SN k=1
(M)
and
hia L?J mslnx b
= . _1\M i
R | D > = S o (11 3 [ B
J=1 M=1 1<iy < <igpr Sn fe=1 =1

®)

3 Main Results

We now prove our main theorem.

THEOREM 2. Let n be an integer > 3 and let I := (a,b), [z := (¢,d) be two
non-empty open intervals.
A) Let F (Ni;evn, Ny R1,. 05 Fin) be a function of 2n variables and let ¢ & nL,TekR
Suppose that S, C : Iy —+ I are two bijections satisfying

F(8(za), 15 58(@n) C(21); - sC(ma)) = S (w1t -+ 7). ©

Suppose also that the functions U,V : Iy — I satisfy

SYey =Gt o (10)
F(U(e1);- .- Ulan), View),. . s Vien)) = S() (11)

subject to the condition
a1+-~-+‘an=‘1’ (Ql,...,aneh}. (12)

Then

- ) T 1
Ux) =8 (k (:c— ~—) —) Yz} = t\ (:: - ;) + ;) (z € I},
for some fixed k € R lyving in the range
ne—t nd-—1 e nc=4 nd-1
N\BLT paT | 0N fra R —T [

B) Let H (Yipe- oy Y1, 21420 Znm1) bea function of 2(n — 1) variables and let W.w €
R. Suppose that S C:hLH— I-; are two bijections satisfying

H(S(z1)y- - -y S (@no1), Cla1)y o5 ClEnan)) = Clzah o+ 2nm1). (13)

Nt

il



4 Functional eguations characterizing

Suppose also that the functions U,V : Iy =+ I satisfy

§tolU=C10oV (14)
H U (), .-, Ulan-1),Vier),-.., V{en-)) = C (w— (S71el)(an), (15)

for some ai,...,an € I3 such that

w— (8 el) (@) e ln | (16)
oy 4 b ag =W (17)

Then

U(z):S(E(:c—B:->+IE), V(x)=¢‘(£(=—%)+%) (zeh),

for some fixed £ € R lying in the range

” nc—w nd-—w <t . nc—w nd-w
& nb—W'na - W <P W b W

PROOE. A) By (10), there exists ¢ : J1 = Iy such that
U(z) = S (#(z)) and V(e) =C(p(@) (@ eh).
Thus, (11) becomes
F(S(#(ea)), -, S(d(an)), C(d(er))s... ., Cle(an))) = S(E)-
By (9); we have
S (plan) + -+ dlon)) = S().
Then
B(e1) + -+ -+ (o) =t subject toay + : -« +an =T.

By Theorem 1 {5, Theorem 1.2, we have
A i t
¢{l‘)=kkz—;)+; (J’EI]_),

where k € R lying in the range

nc—t nd-—t =k > ne—t nd=1
PN E N\ @ (PN T T [

B) By (14), there exists ¢: I — Iy such that

U(z) = 5(#(x)) and V(z)=C(¢(z)) (zeh).
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Thus, (15) becomes
H{S(3(21))s- - - » S (Blon-1)), C((e1));- .., Clblan—1))) = C (w — $(2n)) -
By (13), we have
C($le) + -+ ¢lan)) = C (w — $(an)).

Then
'?5(0‘1) +- 4 ¢lan) =w

subject to
art-cc o =W

By Theorem 1 [5, Theorem 1.2], we have

w w
Hor=tfam ) ¥ % @eh)
where £ € R lying in the range

] R~ nd —w i PO nd —w )
KW )7 ET na.—W’nbfW}'

EXAMPLE 1. Let n > 3, Ij := (0,%/2), T» :=(0,1),u € ;. The trigonometric
sine and cosine functions sin,cos : I =+ I are two bijections satisfying

F (sinmy,--.,sinT,,C08%,...,C08T,) i= (18)

=541 WAL
E =nM Z ( H coszi“) Hcosa:; ) =sin(zy + - +2n).
M=0 1€6, < <z En k=1 i J=1

Suppose the functions U,V : | — Iy satisfy

F (U)o Ulan), Vi(er)ye o, Vian)) = sinfx) (19)
subject to the two conditions
sin el = cos™t oV (20)
(n = -
S iR L BN (@1,..4,@1 Sda)- (21)

Then

U=y =n (m (:r - ("_2‘:_}1) + E) V- ol (m (z A ;f”’) " i) (zle 1),

for some fixed m € R lying in the range

mu{}u,:t%(ij;T?}<m<min{a%’E—;_u)}'
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6 Functional equations characterizing

EXAMPLE 2. Let n > 3, I := (0,%/2), J> := (0,1),v € I;. The trigonometric
sine and cosine functions sin, cos : Iy — I are two bijections satisfying

G (cosxy,...,C08Tn,8inT1,...,5iNZn)

cflmer Ten® T ((ﬁ :2—’;) (f_[cm,-))

F=1 M=1 1<iy <~ <iam En k=1 j=1

= cos(zy + - - + Tn). (22)

Suppose the functions U,V : [; — I, satisfy
G (V(e),...,¥(an),U(e1),...,Ulan)) = cos(v) (23)

subject to the two conditions
sin~1ol/ = cos™ oV (24)
(n—2)m

e RN Y57 (e1,...,0n € Ia). (25)

Then
U (z) = sin (c (z— (i"g—z-)l\ +§) Y (z) =icos (c (z - (—%%)3) i E) (z€ I),

for some fixed ¢ € R lying in the range
ma.x{ﬂ __—Z(n—-u)} <c<min{—~———(n3v ’_(n—-u)}'

7’ (n—2)m il [T

EXAMPLE 3. Letn > 3, I := (0,7/2), I :=(0,1),s € R. The trigonometric
sine and cosine functions sin,cos : I — I» are two bijections satistying

H(sinzy,...,siNT, 1,08 Ty, 0. ;CO8Tn_1)
» ,'11;[l KT iﬁ:l 7 15£;<--—4:Zt'nuSﬂ—! ((‘kzz CORIE AKX = 505:'5:) y
= co8(Ty+ =t Tncl): (26)
Suppose the funetions U, V : Iy — I, satisfy
sin~Vol = cos™! oV (27

H(Ulon), ..., Ulencr), V(e),. . .,V (anli)) = cos(s — {sin™" oU) (an)}  (28)
for some a1, ..., 05 € [1 such that
s— (sin" ! ol) (an) € Iy (29)

(n— 2)1r‘

a4t Gy = 3

(30)
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Then

Ul msiis (y(:-%) +§) V&) =oos(y(:::— L’-‘;TZ}”) +§) (e ),

for some fixed ¥ € R lying in the range
ma.x{_s —2(n—s)}<y<min{ 2s (n—s)}l

T (n—2) n—-2)r’ =

EXAMPLE 4. Let »n > 8, I := (0,n/2), I := (0,1),7 € R. The trigonometric
sine and cosine functions sin, cos : I; — I are two bijections satisfying

£ (coszy,...,CO8Tno1,8INTY,. .60 Tn_1)
l§5 « 2ﬁ1 e rﬁl \
= =ik N ( -——i) cosT;
M=0 1<y € <iam 1 Sn—1 el et Ay =1
=sin(z1 4 -+ Zn1). (31)

Suppose the functions U, V' : I — I, satisfy

sinTYoU = cos™! oV (32)
EV{@r),.oos Vian-1),Ulan), .2, Uenen)) = sin (7 — (eos™ V) (an)) " (23)
for some &1,...,0an € [ such that
r—(cos™ oV (an) € Iy (34)
(n—2)7
AR RS (38)
Then

= _ Uy 2 aalo NLY e ) (8.
U(z) = sin (z (z 7 )+; ¥ {z) = cos k.. (\:r— 5 ) +n) (z€ ),
for some fixed z € R lying in the range

—r =2(n-1)) D4 er (n—r)
max{?,Tn—-_—‘z);—I<z<mm«lm, . }

4 The cases n= 1,2

In this section, we investigate the results of Theorem 2 when n = 1,2. We illustrate
by examples that the (implicit) uniqueness of solution is lost in the case n = 2, while
the existence of solution is Jost in the case n = 1.



8 Functional equations characterizing

PROPOSITION 1. Let F (N, N2, Ry, Ra) be a function of 4 variables, let I; :=
(a,d), I := (c,d) be two non-empty open intervals and let ¢ € [, T € R. Suppose that
S,C : I = I, are two bijections satisfying

F(8(z1),8(z2),C(21),Cz2)) = § (z1 +22)- (36)
Suppose the functions U,V : I —+ I, satisfy
F(U(en),Ulan), View), V(e2)) = S(2) (37)
subject to the two conditions
§-teU=CloV (38)
oy ta=T (1,02 €1h). (39)

Then one pair of solutions to (37) is given by

U(:):S(A(:—%)-{-%), V(m):C(A(m—-g-)+%) (zeh),

where A: J — (c—#/2,d — t/2) is an odd function on J := (a — T/2,b = T/2).
Moreover, another pair of solutions to (37) is given by

oo (i) = es o) o)

for some fixed k € R lying in the range

mu{%,%} <k< miu{%c-z—;;,%:%} :
PROOF, By (38), there exists 4+ [y = I such that
U(z) = S ($ (), Viw) =Cle (=)  (zeli)
Thus, (37) becomes
F{S(d(n)), S(d(a2)), Clglon)), Cld(az))) = S(E)-
By (36), we have
S (plen) + dla)) = S(2).
Then,
(o) + ¢(az) =t subject to a1+ ap =T, (40)

From the condition (39), we have 2a < T'< 2b. Let J:= (a — T/2,b — T/2) and define
Y J— I, by

w)=(ar 1) wen
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Thus, the relation (40) becomes

Y) +d(we) =1 subjectto w1+ =0 (w€J). (41)

Let A:J — (c— t/2,d — t/2) be an odd function. We claim that 4 (v) = A(y) +t/2is
a solution of (40). Since

P(y) + $(-y) = (A(y) + %) + (A(—y) + %) e
From the definition of %, we get
dz)=A (3— g) +% (z € h).

We ghow that another pair solutions to (37) is given

[T(z)=S(k(z—%)+%), V(z)=c(k(z—§)+%) @< I).

F(Ufar), Ulez), Viea), Viaz))
& }'(S (er‘y&» %) ,S(ka’-;-f-%) .C (kd1+%) ,C(kcfg+ %))
where & = ay—Ty2 (i = 1,2), using (36) and (89), we have
(i) it i)
= S((kn‘; + %) + (ko?g+ %)) = 5.

EXAMPLE 5. Let [ := (0,7/2), L := (0,1); p € [;,T € R. The trigonometric
sine and cosine functions sin,cos : ; —+ Iy are bijections satisfying

Since

F (sin(zy), sin(ze), cos(z1),cos(x2)) 1= sin(z1) cos(z2)+cos(z1) sin(zg) = sin (z1+ 72).
Suppose the functions U,V : I; — Ip satisty

F U(ea),Ulaa), V(e), V (a2)) = sin(p) (42)
subject to the two conditions

sin™! oll = cos~ ! oV (48)
a+ar =T (ayo0 € Ih). (44)
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Then one pair of solutions to (42) is given

v =sin (4 (s~ ) +2), Vo) =cos(4(s-F)+5) e,

where 4 : J —+ (—p/2, 1—p/2) is an odd function on J := (-T2, % /2—T/2). Moreover,
another pair of solutions to (42) is given by

U(x)zsin(m(x—g;—)-l-g), V(I)=C°5(m(=—§)+§) (z € ),

for some fixed m € R lying in the range

- -(2-p) . [p 2=p
’m{w-z" T }““““’"‘{T’n-ﬂ"}'

EXAMPLE 6. Let I := (0,7/2), I := (0,1); ¢ € I;,T € R. The trigonometric
sine and cosine functions sin, cos : I — Ip are bijections satisfying

F (cos(z1), cos(z2),sin(z1), sin(z2)) := cos(z1) cos(za) —sin(x1) sin(zz) = cos (z1 + 2).

Suppose the functions U, V : 1 = I, satisfy

F (V{ea), V(az), Ulas), Ufez)) =cos(g) (45)

subject to the two conditions
sin~! ol = cos™t oV (46)
entaz=T (on,00 € 1) (47)

Then one pair of solutions to (45) is given by

Ve < (A (:1:— g-) + g) L INE (A (:-%) + %) (2. e

where A 1 J = (~4¢/2,1—g/2) is an odd function on J := (=172, # /2—-T/2). Moreover,
another pair of solutions to (45) is given by

0 O ( T) g i
U(z) = sin |\m (z - -2-) -+ ‘_i) Vi(z) = cos (m (:c - + 5) (z € L),
for some fixed m2 € R lying in the range

oS ) (=g} | N
ma.x{ﬁ_T, T J<m<mm Fal N

Regarding the case n = 1, we make the following two remarks.
I) If n =1, then the equation (9) in Theorem 2 becomes

F(8(z1), Clm)) = 8(z1),
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showing C is constant function, contradicting the fact that C is a bijection.
II) If n = 1, then there is no valid equation (13) in Theorem 2, while if n = 2, then the
equation (13) in Theorem 2 becomes

H(S(z1),C(z1)) = C (1),

yielding C to be a constant function, which again contradicts its being bijective.
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Abstract. An arithmetic fanction is a complex-valued fimetion definad over the positive integers, The set of arithmetic
fimetions equipped with the vsual addition and Dirichlet convolution forms a unique facterization domain
Camplementing the resulls in the works of Komatsu et al., the problem of linear dependence over the complex field of
arithunetic functions is investigated. Two general eriteria are proved. Bmphases are placed upon arthmetic functions
wlich are solutions of additive equation, multiplicative equation, exponential equation snd logarithmic equation. It is
found that i) additive funetions are always linearly dependent, 1) exponential functions are always linearly
independent, and ii) the situation for Jogarithmic and multiplicative functions are more complex and conditions for their
(an)dependence are derived.

INTRODUCTION

An anthmetic function isa complex-valued function defined over the set of natural numbers N . Let A be a set
of arithmetic functions equipped with the usual addition and the Dirichlet eonvelution defined for S f, €A by

(h+ H)X0 = flm+£ln) (A LX) =Y fd) finid) (neN).
¢

Ttis well-known [2] that (A.+.™) 15 2 unique factorization domain. The identity with respectto. * is the arithmetic
funetion / defined by f(1)=1for n=1 and I(n)=0 for n>1.For { €4, its Disichlet inverse, 1.¢, the

inverse with respeet 1o *, dencted by 7', exists if and only if F(1)# 0. An function 4 €4 is said to be

addiive if  A(m+n) =A(m)+A(n) (mneN). A function M €A is said 10 be mmltiplicative if
M (mn) =AM (m)M (n)Eor all m, n €N withged(m, n) = 1. An exponential function £ €4 is a function
satislying ~ E(m+n)=E(m)E(m) (mn eN). A logarithmic function L €4is a function satisfying
L{mn) =L(m)+L(n) (m,nel). Inthis work, we complement the results in [3] and [4] by investigating the

C -linear dependence of arithmetic functions. Emphases are placed upon arithmetic functions which are solutions of
additive cquation, multiplicative equation, exponential equation and logarithmic equation. We start by finding &
general criterion for linear dependence. For additive functions, we prove that they are always linearly dependent,
while for exponential functions, we show that they are always lincarly independent. In the case of multiplicative

Proceesings of e 130 TG T Inlernationa! Conference on Malheratics, Statisiics and their Applicalivrs (fCMS42017)
AIP Conf. Proc. 1905, 030027-1-030027-6; hitps2//dot.org/ 10.1063/1.5012173
Published by AIP Publishing. 978-0-7354-1595.9/830.00
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function, we show that under an extra condition, a set of two or three nonzero pairwise distinct multiplicative
arithmetic functions are linearly independent, while without such condition, there are examples of dependent
functions. Similar phenomenon 1s shown for logarithmic functions.

RESULTS
First, we prove two general criteria, one for linear independence and one for linear dependence.
Theorvem 1. Let f, f5...., f, be n(=2) nonzero, pairwise distinct arithmetic functions. Assume that there
exists an index J €4,....n} suchthat f,(1)# 0.
1. Tf there exist distinet m1;....,m,_, € N\ {1} such that

AT OB A O TRy CY R TRy LY
; #0, m
AR SR VAR T Al U g ) U I VA
then f}, /..., [, are C -linearly independent.
o If
(AEETm) [t ) (fa*5m) o (42 om)
: =1, )
TRA SRS A URN AR NI AT LW
forall ny,...,m, ; € N\M1}, then f, £+, £, are ©-linearly dependent
Proof.LIf f;, f;,...: [, are C -linearly dependent, then there are ¢;-.., ¢, € T notall zero such that
Gfi +--i+e,1, =0, ®

I e, =0, then (3) becomes, ¢ f, +---+e oyt e, frg+ote f, =0 Since f,(1)= 0, its Dirichlet

‘

inverse exists and operating with inverse, we get g ( f‘“f,l)=0 Evaluating at distinct integers
rall e

my ..o, €N satisfying (17, we obtain 7= homogenzous linear equations

i n

Do it fm)y = 0a X o #% 17 Jim )= 0, @

i=l_iwJ =1 g
whose coeffieient matrix s, by (1), non-singular, vielding ¢, =0 for all i€ {l,..,n} {J}, which is
E)

: = > -G 7 S
contradiction If ¢, 20, thenrewrite (3)as [, = Z —Zf, and operating through by, /", we get

i=l e C‘l
e
I 2 —NEH) Q
iotans G
Gvahuting the functions in (5) at distinct integers 77y, .w., M., € N4 {1} satisfying (1), we get a system of
homogeneous linear equations as in {4) whose coelficient matrix is non-singular ymplying that ¢, =0 for all

ie{l,..,n}MJ} Thus, (3) becomes ¢, f, =0, and so [, = 0, which is contradiction.
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1. Without loss of generality and for ease of writing, let J =1, ie., assume fj(1)# 0. We first treat the case
n=2. From (2), we have (f,_*f;"){m)=0 for all m>1.1f (fz*}:'l)(l}= 0, then (fz *j;’).=_0
vielding f; =0, which is a contradiction. If (f2 # )(l) =1,then f, * f;" =1 yielding f, = f;, whichis a
contradiction 1€ (£, * ;™) (D =c € C\{0,1}, then f;* /™" = ¢l , yiclding the dependence of f;and f; though
1, =¢f; . Now, we proceed o the general case. The vanishing of the determinant (2) infers that their columins are
dependent, i.e., there are complex constants ¢,. ..., ¢, notall zero such that

o (£ 1))+ + e, (£5 57 ) ) =0 e (A2 7))+ Fe (12 £7) ()= 0.6
Since not all of ¢,,....¢, are zero, without loss of generality, assume ¢, # 0 Rewrite the system (6) as
AT COEEAVASl IUARRSEA FAS o) (LY
(VAT R ErAVAT N TR ESS T A A [N
where d, = —¢, /¢, (f=3,...,n) . Taking another integer my in place of 1 in (6), we get another system
& (i Y omyF -+ (% K)o = 0L L £ K)o ) ¥ ¥ (1% 17 )ma) = 0. )

If c; =0, from the system (8) leaving the first row we get another homogeneous system of one fewer order and we

)

* return to the lower order case. If c; #0, rewrite (8) as
(£ o) = A 2 07 ) st (12 fom.
AT [CINETA PSR TUI ESRCR A P A s T 30Y

where d; =<c / c; (i=3,...,n). Subtracting corresponding equations (except the first) in the two systems (7)
and (%) leads to the homogeneous system

0={d,= ) (£ F Yyt (d - ) (7,2 7 Yo
0= (d: ¥ d;)(};*ﬁf:)(m”_i)-l- Xt (d« [ d,,)(f" *fl-‘.)(m”:"

1f the coefficient matnx of this last system is singular, we return to the lower case. If it 15 non-singular, then
d.=d (1=3,...,n), implying that (;‘,*f;i){m) =d, [_f?*j;':)(?ﬂ}ﬁ----#-d ( 2 *f]““)(m} forall me M, ie.

n

dy=dyfy o34, e

©

(10)

Additive Functions
In this subsection, we consider additive functions and start with an suxiliary result

. i : . N o e : 1
Proposition 1. If 4 €A is anonzero additive finetion, then its Dirichlet inverse is given by 4 N A

A
Proof. Since A% 0 and A(n) = A1), then A()) # Oand so its Dirichlet inverse exists with A~ (1)=1/ A(1).
Define, Gi= (14 4(1)) 4 . 1t 15 eusily cheoked that G™ = A1)/ A™. Using A(m)= nd(1), we sce that Gis
completely multiplicative. By [1], Theorem 217, p. 36), we get G ' = 143 =(l i A(l))/.t.‘l ,and the result follows. ©

Theorem 2.1f A,,.....4 are 7 (2 2) nonzero pairwise distinct additiye anthmetic (unctions, then they are -
linearly dependent.

030027-3



Proof. Each 4 is nonzero, so its Dirichlet inverse exists, For i % j, m= p*--- p" e N, with p,...., p, being
distinet primes and & ,..., &, € N, using Proposition 2 and A4, (1) = n4,(1) we have

& 1% & e L R—
(4*4)m= ¥ 4(d)A;l{pl P H;]p P A(D{f)( Dat-pFAQ,

dlpfrp d 4,0 1 A4,
N 1Y p® o p™ I L
+mc W pl P AQ gy A s AW
r A, 4,1
By Theorem 1 part I1, we deduce that 4,,...,4, are (C -linearly dependent. ]

Exponential Functions

The case of exponential functions is also easy to decide.

Theorem 3.1f I...., E are 2 (= 2) nonzero pairwise distinct exponential arithmetic functions, then they are C
-linearly independent.
Proof. Since cach I, is a non-zero exponential arithmetic functions, we get B (m)=E ()= 0 (meN). I
E,.....E, are € -linearly dependent, then there are complex constants ¢;,....¢, not all zero such that

GEN D+ e Bl (D=0 (meN). (11)
Takang m = 1,..., 7, respectively in (11), we get a system of 12 homogeneous linear equations

S B4 0, B (1) 20,0 GEL O+ 4 e, E1 (1) = 0.

Since the £ (1)'s are all distinct, the coefficient matrix having a Vandermonde determinant is non-singular, and so

cach ¢, vanishes, whichis a contradiction. =]

Multiplicative Functions

The case of multiplicative functions 15 more complicated. We treat in detail the cases of two and three functions
and show that subject to an extra condition, they are linearly independent, while without such a condition there are
examples of dependent functions.

Theorem 4. (A) Let ﬂ/!, M , be two nonzero, distinet muitipheative functions. If there is integer N > 1 such that

:\.1'._*_-&{;‘(1\-’)# ey, e y2}L (12)
then A Af, are <C-linearly independent Conversely, if the condition (12) does not hold, then there exist two
nonzero, distinet, multplicative functions whichare ©C -linearly dependent.
(B) Let Af A, M be three monzero, pairwise distinet muluplicative’ [unctions If there are indices
1,/ €11,2.3} and distinet primes p, g such that

M *M ] (pg) # 0 (13)

then M, M, M are C-linearly independent. Conversely. if the condition (13) does not hold, then there exist
three nonzero, pairwise distinet, multiplicative funetions which are © -lincarly dependent.
Proof. (A) Weconsider only the case M, * M1 (N) # 0 as the other case is similar. Suppose on the contrary that

M | M, are linearly dependent over . Then there is-a nonzero complex constants ¢ such that M, = oM, ,ie,

1=(1/c)(M, *M," )Byalisting at N >1, we get 0= 1(N)=(]."c)(_Ml*M;’)(N)th_. which is a
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contradiction. For the converse, consider the following two nonzero, distinct multiplications M, = [, A, =27,
We have M, ¥A N = T#(21y" = (1/2)], M, * M = (21)* 1™ =21, both convoluted functicns vanish at
any N > 1, while we have a (C -linear dependence 20, —Af, = 0.
(B) As the other possibilities are similar, without loss of generality, assume A7, * A" (pg)# O for some distinct
primes p, g satisfying (13). Suppose on the contrary M, M, M, are C-linearly dependent Then there are
complex constants ¢, ¢,, ¢, not all zero such that ¢, +¢,M, +¢,M, = 0, and operating through by M ! we
get

c,]+cz(Mﬁ*M;‘)+c3(M3*M;‘)=0. (14
If ¢, =0, then M, *A M, * M " are C Jinearly dependent and so Af, = M, for some ¢ T4 {0}.
Since 1=AM,(1)= C:MJD = ¢, we get M, =M, whichis a contradiction. Thus, ¢, # 0, (14) becomes

1 =e,(M,*M, Y+ g (M, * M), (15)
where ¢, =—¢, {¢,. 6= —¢y/€,. Evaluating at 7=1 in (15), we get 1=¢, +e,. If &, =1-¢, =0, then
M, =eM,. Sincel=M (1)=eM,(1)= ¢, we get M, =M,, which a conradiction. Thus, 1-¢, 0.
Evaluating (15)at n > 1, we have

M8 Y(n) = l"—e’(_M_, *317 Y): (16)
&y
In(16), taking 77 = pq, with p. g satisfying (13), and using multiplicative properties, we have

%(M:, MW pa) = (M, My ) pg)= (M, $M, Y pY (M, *M; Xg)

_r —& \2 & A - _r & Y a
'L;ZJ M FM X p) M, T M7 (g)= LE} (M, *M )(pg)-

Using (13). we deduce that e,/ (1= &) €{0,~1}.1f e, / (1=} =0, ie. ¢, = Oiend sa that €, = 1), then (15)
give Af, =M., which is a contradiction. The possibility &, f(l — & ):‘ ~11s not temable. As for the converse,

consider the three arithmetic lunctions 7, G, A _ defined for &, ff e TV 10},( arF ,[3] 120, by

1 for m=1
I for m=1 Jl Jor m=1 .
: o+
Fm)=<a for m=2,G(m)= l,(ifor m=2,H(m)= 2‘6 Jor m=2
0 otherwise 0 otherwise 0 Y her ke
It is casily checked that 7, (7, are multiplicative functions with inverses
1 for m=1 1 for m=1 L foprm=1
el ri B mal ) - ireme2’ - (‘_a _ﬁ) for ma=2"
Fmy=4(-a) ;r;m! G my=3(=pY Ef.:!:}. T H Y (m)= —7 o ®
0 otherwise 0 otherwise .
0  otherwise
for which the condition (13) does not hold. Here we haye a C-linear dependence £+ G — 2H =0. c
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Logarithmic Functions

As for logarithmic functions, we show that subject to an extra condition, they are linearly independent, while
without such a condition they are linearly dependent.

Theorem 5 Let L,....[, be #(22) nonzero pairwise distinct logarithmic arithmelic [unctions.

I. If there exist distinet prime p, ..., p, such that

Ll(Pl) L:(Pl) L”(pg)
: #0, an

f"i(pn) Lz(pr) o Ln(pu)

then y,..., L, areC -linearly independent.

I1. If the condition

]—1(P1) Ll(pl) = Ln(Pl)
; =0, (18)

L(p.) Li(p) - Li(p.)
helds for all distinet primes p,-..; P, then [y, .., L, ‘are C -linearly dependent.

Proof. 1. If .Ll,. . ._.L,1 are T -linearly dependent, then there are complex constants &, ¢, ....c,not all zero such
that
el ek, = -+pl, =W (19
Evaluating (19) at the distinct primes py...., p, satisfying (31), we get a system-of 7 homogeneous linear
equations
L (p)FeLy (gt o+ 6L, ()= 056 L (7,) + 6L, (p, )4+, L (p,) = 0,

whose coeffictent matrix is non-singular implying that ¢, = -~ =

-, = 0, which a contradiction.
Tl The proof can be found in [5]. C

CONCLUSION

T'wo general ciiteiia, one for linear independence and one for linear dependence of 72 (= 2)nonzero pairwise
distinet arithmetic functions is established based on the determinant of appropnate functional values. It is also
shown that for 72 (2 2) nonzero. pairwise distinet arithetic functions
(i) 3f they are additive, then they are linearly dependent;

(1) if they are exponential, then they are linearly independent;
(u1)1f they are multiplicative or logarnthmic, they can be ecither linearly dependent or indépendent and several
sullicient conditions of each kind are derived.
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Abstract

General criteria for the linear dependence of arithmetic functions over the
complex field as well as several other criteria for arithmetic functions which are
solutions of additive equation, multiplicative equation, exponential equation and
logarithmic equation are derived.A number of examples are worked out in order to
compare the results so obtained with the existing ones.

2010 Mathematics Subject Classification:39B10, 11A25, 11J99.
Keywords:anthmetic functions, linear dependence.
1.Introduction

An arithmetic function is a complex-valued function defined over the set of
natural numbers . Let A be a set of arithmetic functions equipped with the usual
addition and the Dirichlet convolution defined for f,,f,€ A by

i+ LXn) = i+ A, ([ =Y ) fnld) (ne ).

It is welldknown by Cashwell and Everett (1959)that ( A ,+,#) is a unique faciorization
domain, The identity with respect to = is the arithmetic function / defined by /(n) =1
for n=1and I(n)=0 for n>1. For fe& A, its Dirichlet inverse, ie. the inverse with
respect to *, denoted by /', exists if and only if f(1)=0. A function A€ A is said to
be additive if A(m+n)= A(m)+A(n) (mne ). Afunction M e A issaidiobe
multiplicarive if M (mn)= M (m)M (n) for all m,ne  with ged(m.n)=1.

An exponential function Ee A is a function satisfying - E(m+n) = E(m)E(n)

(m,ne ). A logarithmic function Le A is a function satisfying L(mn)= L(m)+ L(n)
(m,ne ).
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1

2

3

4 In one of our previous works, the  -linear dependence of three types of

5 arithmetic functions, namely, additive, exponential and logarithmic has been

g investigated. It was found that

g (1) two additive functions are always linearly dependent,

10 (ii)  exponential functions are always linearly independent, and

1. (i)  logarithmic functions are linearly dependent if and only if they are

g algebraically dependent.

14 The case of multiplicative functions has previously been investigated by Kaczorowski,
%g Molteni and Perelli (1999, 2006). They found that if the multiplicative functions

17 I, f,,K , f, are pairwise non-equivalent (recall that two multiplicative arithmetic

13 functions f and g are equivalent if f(p")=g(p™) forall me  and all but finitely
20 many primes p), then f),..., f, are -linearly independent.

21

2 Here, we continue our existing investigation. Complementing the results in

gi Komatsu, Lachakosol and Reungsinsub (2011, 2012) we further investigate the -

25 linear dependence of arithmetic functions which are solutions of additive equation,

26 multiplicative equation, exponential equation and logarithmic equation. To this end,
27 general criteria for linear dependence is proved. For additive functions, we extend one
gg of our earlier results to cover the linearly dependence of general n (= 2) functions. An
30 alternative proof that exponential functions are always linearly independent is given.
31 For multiplicative functions, conditions for a finite set of nonzero pairwise distinct

gg multiplicative functions to be linearly independent are established. Conditions for linear
1 independence of multiplicative functions based on an old method of Popken (1962) are
35 proved. Finally, a necessary condition for linear independence of a finite set of nonzero
36 pairwise distinct logarithmic arithmetic functions is derived. Several examples

;; illustrating the so-obtained criteria are worked out in order to compare with the existing
20 criteria.

40

41

= 2.Results

44 : e . '

45 Our first result deals with two general ¢riteria for linear (in)dependence.

46

47 Theorem 1 Let f,. f,..... f, be n(22) nonzero, pairwise distinct arithmetic functions.
P Assume that there exists an index J € (1,...,n} suchthat f, (1)# 0.

50

51 LIf there exist distinet m,,K ,m,_ e \(l} such that

52

53

54

55

56

57

58

59
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‘Fl.l L 'FJ-I.I f“J’#I.I. I" 'F:L]
M #0, (1)
b ey By B K

J+ln=1 An=l

F

La-l

where F,;=(f* f7'}(m,) for i=1K ,n and j=1K ,n-1, then f, f,,....f, are -

linearly independent.

ILIf
F].I L FH.l 'FJH.I L Fn.l
M =0, 2)
Fias L Fram Framm L Foi

forall m,K ,m,_ e \{l}, thenf,f,,....f, are -linearly dependent.

n=l

Proof. The proof can be found in Ponpetch, Laohakosol and Mavecha (2017).

2.1 Additive functions

In this subsection, we consider additive functions and start with an auxiliary
result.

Proposition 2 If Ae A is a nonzero additive function, then its Dirichlet inverse is
given by A™ = (1/ 47 (1) A,

Theorem 31f A,..., A are n (22) nonzero pairwise distinct additive arithmetic

functions, then they are  -linearly dependent.

Proof. The proof can be found in Ponpeich, Laohakosol and Mavecha (2017)-

22 Exponential functions

In this section, we give another proof of the linear independence of exponential
functions.

Theorem 4 The nonzero exponential arithmetic functions E,,..., E

n

(n=z2) are
pairwise distinctif and only if they are = -linearly independent.

Proof. We have proved in Ponpetch, Laohakosol and Mavecha (2017) that E,,..., E,
are linearly independent.

For Proof Read only
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Conversely, assume that E,,..., E, are not pairwise distinct. Then there are distinct

indices i, j€ {1,K ,n} suchthat E,(m)=E (m) (me ) yielding a linear relation.

2.3 Multiplicative functions

In this section, we present another condition for linear independence of
multiplicative functions, and show that without such condition, there are examples of
both dependent and independent functions.

Theorem 5 Let M,.M,,...,M, (n=2) benonzero, pairwise distinct multiplicative

arithmetic functions. If there are distinct primes p, p,.K , p,., such that
(M,.*M;')(plsz Po) %0 3
forall i, je (1,K ,n} with i+ j, then M,:M,,....M are -linearly independent.

Proof. We prove this theorem by induction on n. For the case n=2, suppose on the
contrary that M,,M, are -linearly dependent. Then there are complex constants ¢;,¢,
not all zero such that

oM, +e;M,=0. (4)
Operating by M| through (4), we get

cd(my+c (MM )m)=0 (me ). (5)

Replacing mby p,, the prime p, satisfying (3), in (5), we get c, (M’2 *M,”](p,) =0,

Using (3). we deduce ¢, =0. Putting ¢, =0 in (4), we get ¢, =0.

Assume niow that the theorem holds up to n—1 functions, we prove its validity
for n functions. Suppose on the contrary that M, M,,....M_(n=3) are -linearly

dependent. Then there are complex constants c¢,,¢,.K ¢, not all zero such that
oM oM+l +e M, =0 (6)
Operating by M " through (6), we get

cltm)+c,F,(m)+L +c F,(m)=0 (me ), N

For Proof Read only
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where F,=M,*M;" (j=2K ,n). Let p,...,p,., be distinct primes satisfying (3)
and let

vV, =ime sged(m, p, ) =1).
Replacing mby tp,_,reV, , in(7), we get
oFp )R N+L +¢,F(p, )F (10 =0. ®

For j=2,...,n, define

Fum) ifmeV,
G;(m)= el
0 otherwise.

It is easy to check each G, is multiplicative and so that the relation (8) becomes
d;G,(m)+L +d,G,(m)=0 (me ), )

where d;=c;F(p, ) (j=2.-, n). If G; (j=2,....n) are zero functions, then
F,(m)=0 for meV, . Since p,eV, , using the multiplicativity of M +M ;" and
(3), we get 0= F,(p,)=(M,*M")(p,)# 0. which is a contradiction. Thus

G, (j=2,...,n) are nonzero functions. Since 0#(Mj *M,“)(p,)=MJ(p,)—M,(p,}

for j notequal to k, we have

G,(p)=Fy(py=(M =M )(p)=M,(p)~M,(p)
#M, () =M (p)=(M, =M ) ()= Flp) =G(p)

showing that G, (j=2,...,n) are pairwise distinct. Since

(G,+G™) 1. ) =G G L (G2 G) (pua)
(5B L £ ) )
=(Fp)-FpI)L (Flo)-Filp.s)
=(M,(p) - ML (M, )M, (1))
(MM (L (M M) (p, )20,

forall jke(2,...,n), j#k, the multiplicative functions G, (j=2.....n) satisfying
(3). Thus, the induction hypothesis yields that G,,...,G, are ~ -linearly independent,

For Proof Read only
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which in turn implies, from (9), that 0=d; =¢,;F;(p, ) (j=2,...,n). Since

F,=M, M, using the multiplicativity and (3), we have F,(p, ) # 0, which shows

that ¢; =0 (j=2,...,n). Replacing c¢; =0(j=2,...,n) in (6), we get ¢, =0.

If the condition (3) does not hold, then M,,M,,...,M caneitherbe -

linearly dependent, or independent as seen from the following examples.

Example 6. Consider the four functions F,, F,, F}, F,, defined, respectively. by

FE)=F(@2)=1, F3)=F(5) =F(6)=F(10)=2, F(15)=F(30)=4,
F,(n) =0 for all positive integers n #1,2,3,5,6,10,15,30.

F,()=FE@)=], F,(2)=F,(5) = F,(6) = F,(15) =2, F,(10)= F,(30)=4,
F,(n) =0 for all positive integers n#1,2,3.5,6,10,15,30.

F() =1 F(2)=3. F,3)= F(5)=2. F;(6)= F,(10) =6, F,(15) =4, F,(30)=12.
F;(n)=0 for all positive integers n# 1,2,3,5,6,10,15,30.

F,() =1, F,(2)= F,(5)=2, F,(3)=3, F,(6) = F,(15) = 6. F,(10)=4. F,(30) =12.
F,(n) =0 for all positive integers n #1,2,3,5,6,10,15,30.

It is easily checked that F,, F,, F5, F, arc multiplicative functions with inverses, for

LS ey

F'O=L F'@) ==, E'3)=F'G==2", F(©)=F"(100)=(2),
F'(I157) =), F'(30") = (=4)", F" (n) = 0 for all positive integers n # 1,2,
815" 6L, 107155801

=1 F'@)y=F"(5)=(2), F,'(3)=(=h", ;' (6") =F"(15)=(2),
F'00) =4y, F'(307) =(=4), £ (n) =0 for all positive integers n # 1,2,
3.5, 6108150, 387,

F'() =1, B 2y=8)5FA0G)=F(5) = (-90F (6 F'(10) = (6),
FJ57) = 4), F7H(307) =(=12), F,'(n)=0 for all positive integers n# 1,2',
3R 6,20 W55%05

FP ) =hF (2y=F D=2y, F, '@ )Y=(-3), F,'(6') = F,'(15") = (6)",
F7N107) = (4), F7'(307) =(=12), F,'(n) =0 for all positive integers n # 1,2",
3.,5,6%,107,15,30"
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In this case, the condition (3) does not hold while we have  -linearly dependent
relation F,—F,+ F,—F,=0.

Example 7. Consider the four functions G, G,, G;,G,, defined, respectively, by

G (=1, G(2=G,(5 =2, G(3)=G,(10)=4, G,(6) =G,(15) =8, G,(30)=16,
G,(n)=0 for all positive integers n #1,2,3,5,6,10,15,30.

G,()=1, G,(2)=3, G,(3)=9. G,(5)=2, G,(6) =27. G,(10) =6, G,(15) =18,
G,(30) =54, G,(n) =0 for all positive integers n #1,2,3,5,6,10,15,30.

G,()=1, G,(2) =5, G,(3) =25, G,(5) =2, G,(6) =125, G,(10) = 10, G,(15) =50,
G,(30) = 250, G;(n) =0 for all positive integers n# 1, 2,3,5,6,10,15,30.

G, () =1, G,(2)=1, G,(3) =49, G,(5)=2, G,(6) =343, G,(10) =14, G,(15) =98,
G,(30) =686, G,(n) =0 for all positive integers n+ 1,2,3,5, 6,10,15,30.

It is easily checked that G,,G,.G,,G, are multiplicative functions with inverses, for

2= 4

Gl =1, G2 =G (5 =(=2) G (3 = (~4), G;'(6") =G (15") = (8",
G'(10") = (4)', G'(30") = (=16)’, G;"(n)=0 for all positive integers n #1,2",
3,5,67,107,457.30°%

G (D=1G;'(2)=(=3), G;'(3)=(-9) , G; (") =(=2), G;"(6") = (27)",
G (10 =(6), G;' (15 = (18), G;'(30") = (54, G,"(n) =0 for all positive
integers n #1,2",37,5",6".10",15",30".

G'()=1,G" ) =(=5), G;'(3")=(=25), GN(§)=(=2), G;'(6") = (125)',
G710 =(10), G;'(157) = (50)", G;'(307) = (-250)', G;'(n) =0 forall
positive integers n # 1,2,37,5°,6',10°,15" 30"

G, () =1, G (2) = (=7), G;' ('Y= (=49, G;' (5" )= (-2). G;'(67) = (343)',
G;'(107) = (14Y, G;'(15") = (98, G;'(30") = (-686)", G;'(n) =0 for all
positive integers n # 1,2",3",5",6" 10,157, 30",

Here, the condition (3) does not hold. We show that G, G,,G,,G, are-linearly

independent. Suppose on the contrary that G,,G,,G,.G, are  -linearly dependent.

Then there are complex constants ¢,,K .¢, notall zero such that
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¢,G,(n)+¢,G,(n) + ;G5 (m) + ¢,G, (m) = 0. (10$)
Putting n=1,2,3,6, respectively in (10), we get

¢,G, () +¢,G,(0)+¢G () +c,G,(1)=0
6,G(2) +¢,G,(2)+¢;G,(2) +¢,G,(2)=0
6G,(3)+6,G,3)+6,6,3) +¢,G,(3) =0
¢,G,(6)+ ¢,G,(6)+¢,G,(6) +€,G,(6) =0.

Using the defining values of G,,G,,G,,G,, the coefficient matrix of the above system is

non-singular, and this implies that ¢, =¢, = ¢, =¢, =0, which is a contradiction.

We proceed now to use a method of Popken (1962) to derive criterion for linear
independence of multiplicative functions. Let $(< ) be a commutative semi-group in

which a unique factorization condition holds. We assume that § has an identity-element

BNREEELERREREEORNOwawN,

1 and no other unit than 1. By a reduced semi-group S,,, we meana set of me S such

25 that ged(m, x;)=1 for some fixed x,€ 5.

Theorem 8 Let M,M,,....M, (n=2) be nonzero, pairwise distinct multiplicative
29 arithmetic functions. Suppose that there exists a semi-group S (< ) with the properties

31 described above, and there are c,(#0),c;,...,¢, €  such that

33 oM () +L +e, M (1)=0 (tes). (11
Then there is at least one suffix A €{2,...,n} such that

38 M (m)y=M,(m) (meS§,) (12)

40 for some reduced semi-group S, € §. Moreover, M, *," vanishes on some reduced
42 semi-group S, \{l} contained in S.

Proof. We prove by induction on n. For the case n=2, there are ¢,(# 0),c,;€ such
45 that

47 oM (D+eM (=0 (ref). (13)

49 Taking =1 in (13), we get ¢, =—¢, #0. Thus, (13) yields M,(t) = M,(t) forall 1€ S,
51 i.e., (12) holds with h=2 and §,= 5. Assume that the theorem helds up to n—1

functions, we next prove its validity for n funetions. If M (1)=M (1) forall 1€ S,

60 For Proof Read only
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then there is nothing more to prove. Otherwise, M, =M, on §, and so there exists

x €8 suchthat M,(x)# M (x). By assumption, we have
eM (4L +e,M (D=0 (eS). (14)

Let §, =(me S;ged(m,x,)=1) c §. Taking r = mx,, where me §,, in (14) and by
multiplicitivity, we get

oM, ()M, (m)+L +c, M (x)M, (m)=0 (mes,). (15)
Taking ¢ =m, where me 5,, in (14) and multiplying by M, (x,), we have
oM, ()M (m)+L 4+, M (x)M (m)=0 (meS,). (16)
Subtracting (15) and (16}, we have

¢ (M, (x) =M (x)}M, om+L +e,, (M, (5} =M, ()M, (m)=0 (meS,).(17)

Since ¢, (M, (x,)=M (x,)) #0, the relation (17) is similar to the relation (11) on S,. By
the induction hypothesis, there exists a reduced semi-group 5, < S, € § such that
M,=M, on S, forsome he(2,...,n=1). Define p=M, *M,". Clearly

¢(m)=(M,*M;')(:r;):EM.(d)M;'{%) (18)
ol

for all mre §,\{1]. Since ged(m,x,) =1, we have ged(d,x,)=1 and ged(m/d.x;}=1,
ie., d,m/de S, Therelation (18) becomes

m

pomy=(M +M;" ) (m)y=Y M, ()M, [ﬂ)= Y M, (M} (=) =1(m)=0
i d W d

which holds for all me 5, \{1}.

Corollary 9 Let M|.M,,...,M, (n 22) be nonzero, pairwise distinct multiplicative

arithmetic functions. For all indices j=2,...,n, if there exists an @€~ such that the
relation

(M, +M7)p™)r#0 (1)
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¥

2

3

4 holds for all primes p, then M,,M,,...,M are -linearly independent.

g Proof. Suppose by the contrary M,,M,,...,M are -linearly dependent. Then there

g are complex constants ¢, ¢, ...,c, not all zero such that

- M)+ My (1) +L +e, M, (1)=0 (e ). 20)
11

12 Since § ¢ , the relation (20) restricts to

13

14 e,M,(m)+e,M,(m)+L +¢,M, (m)=0 (meS). (21
15

]i‘:; Without loss of generality, assume that ¢, # 0. By Theorem 8, for some j=2,...,n,the
18 relation M, (m) = M ;(m) holds for all m in some reduced semi-group

19

20 S, ={me §; ged(m,x,)=1}c S, x,€ S, and M, *M ;' vanishes on S, \{1). Let

%% x,=phL pP eSc ., p.....p, being primes,and f,..., € . Choose another

23 prime g&{p,,..., p,}. Then forany @e , wehave ged(g”,x,) =1, i.e., g% € §,. Thus,
24

25 (M, *M;')(g")=0, which is a contradiction.

26

27 We next exhibit by examples that Theorem 5, the result in Kaczorowski, Molteni
%g and Perelli (2006) and Corollary 9 are somewhat independent of one another by

30 analyzing the case of two multiplicative arithmetic functions f and g. In this case, the
31 corresponding three linearly independent conditions are:

32

gz * A. (Theorem 5) f and g are nonzero pairwise distinct with [f *g')(p)#0

35 for some prime p.

gg * B. (Kaczorowski, Molteni and Perelli 2006) , f, g are pairwise non-

38 equivalent, i.e., there are infinitely many primes p such that

39 m ” m m n m

20 1(p™y# f(p"), I(p™) # g(p™) and f(p")# g(p") for some me

4% e . (Corollary 9), f and ‘g-are nenzero pairwisedistimct with (£ g7 J(p¥) = 0
i \

43 for all primes p.

44

45

ig Example 10 Consider two multiplicative functions f,and g defined by

48 filny=n, gn)=n*(ne T

49

gg * A istrue because [f, * g['](p) = p—-p* 0 forall primes p.

gg e B is true because

54 I(pm) :0 P Pm = fj(p!H)’ I(Pm) =0+ pZm - gl(pnl)' fI(Pm) = pm * p2m - gl(Pm)
55 for all primes p and for all ne

56

57

58

59
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o C, istrue because (f; * g;')(p)= p— p* #0 for all primes p.

The functions f, and g, are  -linearly independent by any one of the three criteria A,
B or C,.

Example 11 Consider two multiplicative functions f, and g, defined by
AW =1, £,(2)=3, f,(n=0forn=12 and g,(1) =1, g,(2)=5, g,(n) =0 forn=12.

® A istrue because evaluating at the prime 2, we get
(A*e')@=3-5=-220.
* B does not hold because f,(p")=g,(p™)=0 for all primes p # 2and for all
me .
* C,_ doesnet hold forall @e because [)"1 *g;')(p“}zﬂ for all primes
p#2
Thus, f, and g, are  -linearly independent by the criterion A, butnot by the other
two criteria,

Example 12 Consider two multiplicative functions fyand g,defined by

LM =1 fip)=0. 2 =0(m22), f,(p") = p" (p£2m=2).
&) =1 g,(p)=0,8,(2")=0(m22), g,(p")=p" (p#2.m 22).

* A does not hold because (f, #g;')(p) =0 forall primes p.
® B is true because

[(p™)=0%p" = /(™). I(p") =02 p™ =& (™). £,(p7) = p" % p™" = 8s(p")
for all primes p #2and forall me \({l1).

e €, doesnotholdforall @e  because [ f,*g;' )(2") 20l
Thus. f, and g, are  -linearly independent by the criterion B, but not by the other
two criteria.

Example 13 Consider two multiplicative functions f, and g, defined by
LY=L £ (p)=0, 1@ =2 (m22). [,(p") = p* (p#Zm22),
2.D=Lg,(p)=0,g,2"=4(m22), g,(p")=0(p#2.m=2).

A does not hold because ( f; *g;')(2)=0-0=0 for all primes p.

« B does not hold because I(p™)=g,(p™)=0 for all primes p # Zand forall
me

Far Proof Read anly
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1

2

3

4 e C, is true because

5 " 2

6 (£ 3" )P ==8,(P")+ g2(P) - £,(P)8u(P)+ £i(p*) =0+0-0+ p* %0

I .

8 for all primes p#2 and (f,*g;')(2")=—4+0-0+2=-2#0.

9

%2 Thus, f, and g, are -linearly independent by the criterion C,, but not by the other
12 two criteria.

13 : N -

14 Example 14 Consider two multiplicative functions f;and g, defined by

ig =1, £i(2)=2, fi(p)=0(p#2), £,(2")=0(m=22), f;(3")=0(m=2),

17 f(p")=p" (p#2,33m22),

ig 8s()=1 g5(2) =4, g;(p)=0(p=2), g(2")=0(m22), g,(3") =0 (m22),

20 &P ) S SFE 2.3:m > 2).

21

282 * A is true because there is a prime 2 such that [fs *g_;')(Z)-: 2-4=-2=0.
24 * B is true because

E n m m m m m m m Im m
%6 I(p")=0#p" = f(p"), K(p")=0% p™" = g,(p"), fs(p™)= p7 2 p™" =g,(p")
27 for all primes p #2,3and forall me  \{l}.

%g e C, doesnot hold for all @e ' because (}5 * g;’)(3“) =0.

30

31 Thus, f; and g, are  -linearly independent by the criterion A and B, butnotby C_.
32

gi Example 15 Consider two multiplicative functions fyand g, defined by

gg e =) £ (p) =0 (p#2), £2)=2(m21), fo(p")=p"" (p#2,m22),

37 g =1 g (p)=0(p#2), 8,2 )=d(mz1), gs(p")=0(p#2,m=22).

38

39 * A is true because there is a prime 2 such that (f,S * ggi)(Z) =2-4=-2%(.
40

41 * B does not hold because I(p") = g,(p™) =0 for all primes p # 2and for all
2

a4 e C, 1s true because

45 & 2 2

46 {fe *gsl)(P') =—gq(p }+3:(p)_fs(P)§5(P)'I'fa(pz) =0+0-0+ P4 #0 for
3; all primes p =2 and (f;# g;')(2%) ==4+ 4’ —2(4)+2=6 #0,

49

50 Thus, f; and g, are  -linearly independent by the criterion A and C,, but not by B.
51

52

53

54

55

56

57

58

59

&0 For Proof Read only
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Example 16 Consider two multiplicative functions f; and g, defined by

D=L f(2)=2 f(p)=0(p=#2), [Q2")=2(m22), f(p")}=p" (p#2m22),
&M=L, 8@=2 g (P =0(pz2), g2")=0(m22), & (p")=p™ (p#2Lm22).

® A does not hold because (f, *g;')(p)=0 for all primes p.

e B is true because

1(p™)=0%p" = f,(p™), 1(p™)=0= p" =g,(p"), (p")=p" #p™" = g,(p")

for all pimes p# 2and forall me  \{1}.

*  C, is true because
(£*87' )P = £0P*)- (278, (P) - £1(P)e (PM)+ Fi(P) 83 (P) - 8:(P)
+2g,(p")g,(p)-g3(p)
=p’-p*#0
for all primes p# 2 and (f,*g,")(f)=2—4—0+3—U+G-—3=—‘2#0.

Thus, f; and g, are  -linearly independent by the criterion B and C,, butnot by

2.4 Logarithmic functions

A

As for logarithmic functions, we show that subject to an extra condition, they are
-linearly independent, while without such a condition they are  -linearly dependent.

Theorem 17 Let L,,..., L, be n(22) nonzero pairwise distinct logarithmic arithmetic

functions.

L. 1f there exist distinct primes p,,..., p, such that

Lp) Lip) L Lip)
M %0,

Lip) Lip) L L(p,)
then L,,...,L, are -linearly independent.
I1. If the condition

Lip) Lipy L L(p)
M =0

IS ) N P o 1

For Proof Read only
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1

2

3

4 holds for all distinct primes p,,....p,, then L,...,L_ are -linearly dependent.

5

g Proof. I. The proof can be found in Ponpetch, Laohakosol and Mavecha (2017).

g II. We first treat the case n=2. From (23) we have

10

1 aL(p)+6,L(p)=0, qL(p,)+c,L,(p,) =0 (24)
12

13 for some complex constants c,c, not all zero. Without loss of generality, assume
g ¢, #0. Then the system (24) becomes

16

17 L(p)=d,L,(p), L(p,)=d,L,(p,) (25)
18

%3 where d, =—¢, /¢, & . Taking another prime p; in place of p, in (23), we get another
21 system

22 ’ 4 ’ r

23 abilp)+6L(p) =0, ¢L(p)+cL,(p,)=0. (26)
24

gg If ¢/ =0, then L, =0, which is a contradiction. Thus ¢, #0, and rewrite (26) as

27 ke .

28 Li(p;) =d;L.(p;), L py) = d;L,(p,). @n
29

30 Subtracting corresponding equations (except the first) in the two systems (25) and (27),
g; we get d, =d,. Hence L (p)=d,L,(p) for all prime p, implying that Z, = d,L,. Now,
I3 we proceed to the general case. Assume the result holds up to n—1 functions, we use
34 induction to show that it holds for n functions. The vanishing of the determinant (23)
gg infers that their columns are dependent, i.e.. there are complex constants ¢,...,c, not all
37 zero such that

38

39 aLi(p)+ L, (p)+Ll # ¢, L(p)=0,00qL(p,) +6,L(pY+L +¢,L(p,)=0. (28)
40

3% Since notall of ¢,...,c, are zero, without loss of generality. assume ¢, #0. The system
43 (28) becomes

44

45 Li(p) =d,L(p)+L +d,L,(p)...., L(p,)=d,Ls(p,)+L +d L (p,), (29
46

47 where d;=-c,/¢,€  (i=2,...,n). Taking another prime p.in place of p, in (28). we
48 i i 1 g IJ |

49 get another system

50

51 c,'LL(p}.)+c£[7(pj}+L +elL(p)=0K L (p )+, L (p)+L +c L (p,)=0. (30)
52

gi If ¢/=0, from the system (30) leaving the first row we get another homogeneous
55 system of order n—1. If the determinant of the system is 0, we are done by the
56

57

58

59
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induction hypothesis; otherwise it implies that ¢; =L =¢] =0, which is a contradiction.
If ¢ #0, rewrite (30) as

Lip)=d;L(p))+L +d,L (p)K L(p,)=diL(p)+L +d,L,(p,), (1)

where d/=-c//cje (i=2,...,n). Subtracting corresponding equations (except the
first) in the two systems (29) and (31) leads to the homogeneous system

(dy —d)L,(py) + (dy = dDL, (py) +L +(d, —d))L,(p,) =0.....
(d, —d )DL, (p, ) +(dy—d)L,(p,)+L +(d,-d,)L,(p,)=0.

If the coefficient matrix of this last system is singular, we return to the lower case. If it
is non-singular, then d, =d; (i=2,...,n), implying that L (p)=d,L,(p)+L +d,L (p)
for all prime p, and so I, =d,L, +L +d L.
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