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Chapter 1

Introduction

1.1 Research Motivation

Differential equations play a prominent role in many disciplines including en-
gineering, physics, economics, and biology. Mainly the study of differential equations

consists of the study of the following linear system
2/ (t) = Ax(t), (1.1)

where z(t) is an unknown vector-valued function and A is a given square matrix. To
analyse the stability of an equilibrium point of the system (1.1), it suffices to find a
positive definite matrix L such that AT L + LA is negative definite; see e.g. [1]. So, we

need to solve the so-called Lyapunov equation
AX -XxTA=R (1.2)

for some negative definite matrix R. To discuss the equation (1.2), we investigate more
general form, namely, the generalized Sylvester matrix equation and the generalized

Sylvester-transpose matrix equation. Those are respectively show as:

p
Z A;XB; = F, (1.3)
=1
p q
> AXBi+Y C;X"D;=F, (1.4)

i=1 j=1
where 4;,B;,C;,D; and F are given matrices of conforming dimensions and X is an
unknown matrix to be determined. The equation (1.3) and (1.4) include important

practical problems that are written as the matrix equations

AX + XB =C, (1.5)
AX+X"B =, (1.6)
AXB+CXD =F, (1.7)
AXB+X =C, (1.8)

known as Sylvester, Sylvester-transpose, generalized Sylvester, Kalman-Yakubovich
matrix equations, respectively. The equations (1.2)-(1.8) have important applications
in stability analysis, optimal control, observer design, output regulation problem, and
so on; see e.g. (2, 3,4, 5,6, 7]. Indirect method, a vectorization and the Kronecker
product are used to find the exact solution. Here, recall that the vector operator

vec|-] turns each matrix into a column vector by stacking its columns consecutively.



The Kronecker product of two matrices A = [a;;] and B is defined to be the block

matrix A ® B = [a;; B]. In fact, the equation (1.3) can be reduced to the linear system
Px = b,

where P = >" (BI'®A;), b= vec[F]and z = vec[X]. Similarly, for the commutation

matrix K, the equation (1.4) can be reduced to

where Q = Y27, (B @ 4;)+>21_, (D] ®C))K, b= vec[F]and z = vec[X]. Thus, (1.3) and
(1.4) have a unique solution if and only if P and @ are nonsingular. The exact solution
z=P~'band x = Q~'bare, in fact, computationally difficult due to the large size of the
Kronecker multiplication. This inspires us to investigate certain iterative algorithms to
generate a sequence of approximate solutions which are arbitrarily close to the exact
solution. Efficient iterative algorithms produce a satisfaction approximated solution
in a small iteration number. Many researchers have been developed such iterative
algorithms for solving a class of matrix equations (1.2), (1.5)-(1.8) using many ideas, e.g.
matrix sign function [8, 9], recursive blocked algorithms [10, 11] and Hermitian and
skew-Hermitian splitting algorithms [12, 13, 14, 15]. In 2005, gradient-based iterative
algorithms were firstly introduced by F. Ding and T. Chen for solving (1.5), (1.7) and (1.8);
seee.g. [16, 17, 18]. After that, there are many iterative algorithms for solving (1.2)-(1.8)
based on gradients and hierarchical identification principle, e.g. relaxed gradient based
iterative method (RGI) [19], Jacobi-gradient based iterative method [20, 21], modified
gradient based iterative method (MGI) [22], accelerated Jacobi-gradient based iterative
method (AJGI)[23] and accelerated gradient based iterative algorithm (AGBI) [22]. See
more information in [24, 25, 26, 28]. Convergence analysis of such algorithms are often
relied on the Frobenious norm | - || and the spectral norm | - ||z, defined for each
matrix A by

IAlr = (rATA):  and Ao = (Amax(ATA))%.

A gradient-based iterative algorithm for solving (1.3) and (1.4) were introduced as fol-

lows:

Theorem 1.1 ([16]). Assume that the Sylvester matrix equation (1.3) has a unique

solution X. For each i =1,2,...,p, construct,

14
X;(k) = X(k—1)+7AT[F Z B|BT,

1 P
=5 (;Xi(k)> :

If we choose 7 = [||4:]]3]|B:||3] ', then the sequence {X (k)}32, converges to the exact
solution X for any given initial matrices X;(0), X5(0), ..., X,,(0).



Theorem 1.2 ([28]). Assume that the matrix equation (1.4) has a unique solution X.

Foreachi=1,2,...,pand j=p+1,...,q, construct,

Xi(k) = X(k—1)+7AT[F - zp:ASX(k: - 1)B Z C.XT(k—1)DyBY,
s;l tq 1
Xj(k) = X(k—1)+7D;[F =Y AX(k—1)B, =Y _ CX"(k—1)D,]"C;,
521 t=1
X(k) = o (ZX j;lxj(k)) :
If 0 < 7 < [0V Amax(AiA]) Amax(BiB) + Y27_ 11 Amax(CCF ) Amax(D; D] )], then se-

quence {X(k)}kzo converges to the exact solution X for any given initial matrices

X1(0), ..., X 4(0).

A least-squares based iterative algorithm for solving (1.3) and (1.4) were intro-

duced as follows:

Theorem 1.3. ([16]). Assume that the Sylvester matrix equation (1.3) has a unique
solution X. For each i =1,2,...,p, construct,

Xi(k) = X(k—1)+ Ep:(ATA) LATF — Ep:AjX(k —1)B;|B] (B;B] )"
i=1 j=1

1 P
-3 {(Em).

If we choose 0 < 7 < 2p, then the sequence {X (k)};°, converges to the exact solution

X for any given initial matrices X;(0), X2(0), ..., X,,(0).

Theorem 1.4 ([28]). Assume that the matrix equation (1.4) has a unique solution X.

Foreachi=1,2,...,pand j=p+1,...,q, construct,
—E— ZAX —-1)B ZCtXT —1)Dy,
t=1
Xi(k) = X (k= 1) + p(A] A;)) "' AT R(k) B (B; B ) ™!
X;(k) = X(k— 1) + u(D; D] )" D;R(k)C;(CT Cy) 7

X(k) = —— (ZXi(k)+ Z Xj(k)> .

p+tq

If we choose 0 < 7 < 2(p + q), then the sequence {X(k)}?2, converges to the exact

solution X for any given initial matrices X;(0), X5(0), ..., X,+4(0).

In this research, we propose the gradient based iterative algorithms with an
optimal convergence factor for solving the generalized Sylvester matrix equation (1.3)
and Sylvester-transpose matrix equation (1.4). These algorithms are derived from gra-
dients and least-squares optimization principle. Convergence analysis reveals that the

sequence of approximated solutions converges to the exact solution for any initial



value if and only if the convergence factor is chosen properly. Then we discuss the
convergence rate and error estimates for the proposed algorithms. Moreover, the con-
vergence factor will be determined so that the asymptotic convergence rate is fastest,
or equivalently, the spectral radius of associated iteration matrix is minimized. We
provide numerical experiments to illustrate the efficiency of the proposed algorithms.
Furthermore, we apply our algorithm to the convection-diffusion and the diffusion

equations. Finally, we conclude the overall work.

1.2  Objectives of the study

1) Introduce Gradient based iterative algorithm for solving the generalized Sylvester

and Sylvester-transpose matrix equations.
2) Make convergence analysis for the proposed algorithms as follows:

(a) convergence criteria

(b) convergence rate

(c) error estimates

(d) optimal convergence factor.

3) Provide numerical simulations to illustrate the efficiency for the proposed algo-

rithm based on

(a) iteration number

(b) computational time

(c) relative errors.

4) Apply the proposed algorithms to discretization of convection-diffusion and dif-

fusion equations.

1.3  Scopes of the study

We consider the generalized Sylvester matrix equation

and the generalized Sylvester-transpose matrix equation

p q
> AiXBi+) C;X"D;j=F.

i=1 j=1

All matrices considered are real.



1.4  Benefits of the Study

1) Attain the gradient-based iterative algorithm for solving a generalized Sylvester

and a generalized Sylvester-transpose matrix equations.

2) Obtain the convergence criteria, convergence rate, error estimates and the opti-

mal convergence factor for the proposed algorithm.

1.5 Research methodology

1) Study advanced topics in matrix theory and functional analysis.

2) Study background in applied linear algebra.

3) Study topic of iterative algorithm for solving linear system from research paper.

4) Collect and study research papers and textbooks concerning iterative algorithm

based on gradient for solving Sylvester and Sylvester-transpose matrix equations.

5) Propose a gradient based iterative algorithm together optimal convergence factor.

6) Analysis a convergence of algorithm.

7) Provide numerical simulations.

8) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2
Preliminaries

In this chapter, we provide sufficiently some standard results that will be re-
ferred in the next chapter. First, we study some theorem of matrix and functional
analysis. Then we discuss a Banach contraction principle. Next we consider the linear
iterative systems relative to many important practical matrix equations. Finally we dis-
cuss a discretization of diffusion and convection-diffusion equations. We denote the

set of m-by-n real matrices by M,, ,(R) and M,, for square matrices instead of M,, ,,.

2.1 Elements in matrix and functional analysis

Definition 2.1. Let A = [a;5] € M,,, »(R) and B € M, ,(R), then the Kronecker product
A® B is the mp x ng block matrix,

0,113 o alnB
A®B=| . Co. (2.1)
am1B -+ amnB
Definition 2.2. Foran X = [xl xTo - xn} € M, »(R), vec[X] is an mn-dimensional
vector formed by the columns of X,
T

Theorem 2.3. (see e.g. [27]) Let A € M,, ,(R),X € M, ,(R) and B € M, 4(R),
vec[AX B] = (BT ® A)vec[X].

Definition 2.4. Let A € M,(R). The trace of A, denoted tr(4), is defined to be the

sum of elements on the main diagonal, i.e.,

tr(A) = i [2TR
i=1

Lemma 2.5. (see e.g. [27]) Let A, B,C,D be compatibly constant matrices, X be a
variable matrix and ¢ € R. The properties and derivatives of trace of matrix are as

follows:
1. 2 tr(AX) = L tr(XTAT) = AT,
2. Ltr(XAXTB) = BXA+ BTXAT.
The commutation matrix K,,, is defined by
Kin = |In®@el In@ed I, ® egT} € Rmnxmn

where e is the ith column of the n x n identity matrix I,,. Essential properties of the

commutation matrices are given in the following lemma:



Lemma 2.6. (see e.g. [27, Ch. 4]) For any A € R™*" and B € RP*4, we have

vec(AT) = K, vec(A), (2.2)
nglm = Kg;m = Kum, (2.3)
(B® A) = Kpm(A® B)K,,. (2.4)

Definition 2.7. Let V be a vector space over the field F(F = R or C). A function
|-1I:V—=Risanorm if, forall z,y € V and all ¢ € F,

L. 2] >0,

2. ||lz|| =0 if and only if z =0,
3. ez = felll=[l,

4 lz +yll < ll=ll + [yl

Definition 2.8. Let X and Y be vector spaces. A linear operator or a linear map T'
from X into Y is a function T': X — Y such that

1. T(x+y) =T(z) + T(y) for any z,y € X, and
2. T(cx) = cT'(x) for each z € X and c € F.

Definition 2.9. The Frobenius norm is a norm of an m x n matrix A defined as the

square root of the matrix trace of AT A:

[AllF = \/tr(AT A).

Definition 2.10. The Spectral norm is @ norm of an m x n matrix A defined as the

square root of the largest eigenvalue of AT A:
[All2 = 1/ Amax(AT A).
Lemma 2.11. (see e.g. [27]) For any compatible matrices A and B, we have
1| AT Al = [|A]13,
2. ||AT 2 = [IA]2,
3. |AB|r < [|A]l2]IB] F-

Definition 2.12. Let \y,..., )\, be the (real or complex) eigenvalues of a matrix A €
M, (R). Then its spectral radius p(A) is defined as:

p(A) = max{dl,... [Aal}.
Definition 2.13. Let A € M,,(R) be symmetric. Then A is called

o Negative definite if 27 Az < 0 for all z € R™ — {0},



e Positive definite if 7 Az > 0 for all x € R™ — {0},
e Positive semidefinite if 27 Az > 0 for all z € R™.

Lemma 2.14. (see e.g. [27]) Let A be a symmetric matrix and let us denote Amin (Amax,

resp.) its smallest (largest, resp.) eigenvalue, then
Amin (-TT-%') < 7 Az < )\max(fETl’), r e R™.

Definition 2.15. The condition number of an m x n matrix A is the ratio between its
largest and smallest eigenvalues of AT A:

2.2  Banach contraction principle

Definition 2.16. A metric space (X, d) is a set X and a function d : X x X — R satisfying
forall z,y,z € X,

1. d(z,y) > 0,

2. d(x,y) =0 if and only if z =y,
3. d(z,y) = d(y, z),

4. d(z,2) < d(z,y) + d(y, 2).

Definition 2.17. Suppose (X,d) is a metric space. A sequence {z,}>°, C X is called
a Cauchy sequence if for every positive real number r > 0 there is a positive integer
N such that for all positive integers m,n > N,

ATy ) < 7.

Definition 2.18. A metric space (X, d) is complete if and only if every Cauchy sequence
in X is convergence.

Definition 2.19. Let (X,d) be a non-empty complete metric space. Then a map

T: X — X is called contraction mapping on X if there exist z € (0,1] such that
d(T(x), T(y)) < zd(z,y),
forall z,y in X.

Theorem 2.20. (see e.g. [30]) Let (X, d) be a non-empty complete metric space with

a contraction mapping 7: X — X. Then
() The map T admits a unique fixed-point z* in X i.e. T(z*) = z*.

(i) The fixed-point z* can be found as follows: start with an arbitrary element z in

X and define a sequence {z,} by z,, = T'(x,_1) for n > 1. Then z,, — z*.



(iii) The following inequalities hold and describe the speed of convergence:

Zn

d(z*,x,) < = Zd(asl,xo) (2.5)
d(x*7l’n+1) g :liizd(xn_;’_l,zn) (26)
d(z*, xn1) < zd(z*, x,). (2.7)

Theorem 2.21. (see e.qg. [31]) For a given matrix 4 € M, (R), the following are equiva-

lent:
1. Ais a contraction relative to a norm in C;
2. |A|| < 1 for some induced matrix norm || - |;
3. ||A|| < 1 for some matrix norm || - ||;

4. p(A) < 1.

2.3 Linear Iterative Systems

If an equation can be put into the form f(z) = =, and a solution z is an attractive fixed
point of the function f, then one may begin with a point z; in the basin of attraction
of x, and let z,.1 = f(x,) for n>1, and the sequence {z,}°; will converge to the
solution z. Here z,, is the n-th approximation or iteration of x and z,,41 is the next or

n + 1 iteration of x. We consider the linear system
Az =10 (2.8)

where A € M,(R) is an invertible matrix, b € R™ is a known constant vector, and
z € R™ is an unknown vector to be solved. Indeed the equation has the exact solution
x* = A"1b.

We shall be attempting to solve (2.8) by replacing it with a form of iterative
system

x(k+1)=Txk) +c, x(0) =

in which T is an n x n matrix, and called an iteration matrix, and ¢ is a vector.

2.4 Elements in finite difference method

The main concept behind any finite difference method is related to the definition of
the derivative of a smooth function « at a point z € R:

rn o u(r 4 h) —u(x)
o) - M)

For simplicity, we suppose that u(z,t) is a function of only two independent variables,

t and zx.



10

Theorem 2.22. Let k > 1 be an integer and the function v : R — R be k times

differentiable at the point a € R. The Taylor series expansions become

h? h3 — ht
u(z + h,t) = u(z,t) + hu'(x,t) + §U/I($7t) + yu”’(x,t) +...= Eu’“(:r,t), (2.9)
' : k=0 "
h? h3 . h*
_ / "y, " _ k k
u(x — h,t) = u(z,t) — hu (x,t)Jrau (x,t)fgu (z,t)+--- = g (-1) Y (z,t).
k=0

(2.10)

From above, a first order forward finite difference approximation to u/(x,t) is

u(z + h,t) — u(x,t)
h

' (z,t) = +O(h), (2.11)

where O(h) denotes terms containing i~ and higher power of h. Similarly, a second

order central difference approximation to v”(z,t) is

u(x — h,t) — 2u(z, t) + u(z + h,t)
h2

u'(x,t) = +O(h?), (2.12)

where O(h?) denotes terms containing k? and higher power of 2.
The convection-diffusion equation describes the flow of heat, particles, or
other physical quantities in situations where there is both diffusion and convection.

The general form of the convection-diffusion is

ou ou 0%u
at+“% = az> for e<a2<d and 0<t<L, (2.13)

where p and « are the convection and diffusion coefficients, respectively. The equa-
tion (2.13) must be satisfied initial condition u(z,0) = f(z) and boundary conditions
u(e,t) = g(t),u(d,t) = h(t) where f,g,h are given functions. A particular case u = 0 of
Eq. (2.13) is called the diffusion equation, i.e.,

ou 0%u

5 = Y92 for e<z<d and 0<t<L. (2.14)
To make a discretization of Eq. 2.13, we divide [¢,d] into M subintervals, each of
equal length h = (d—c¢)/M. In the same manner, we define a grid for the N subintervals

I = L/N. Then we make discretization at the ¢rid point v, = u(z,, t,) where
Tm = c+mh and t, = nl (2.15)

for1 <m < M and 1 <n < N. By applying the forward time central space method, we

have

n+1 n n _am n _ n n
(% —Uu um+1 umfl ) Um71 2um + um+1

(Bt (Bl o = ).

Rearranging the above equation leads to

n 1 n n 1 n
um+1 = (p + §r)um—l + (1 - 2p)um + (p - §7ﬁ)um+l

where r = ul/n and p = al/h?* are the convection and diffusion numbers, respectively.



Chapter 3

Gradient-based iterative algorithm with optimal
convergence factor for a generalized Sylvester matrix

equation

In this chapter, we discuss how to solve a generalized Sylvester matrix equa-
tions (1.3) indirectly by using an effective iterative algorithm. Let m,n,p,q € N be such
that mg = np. Consider the matrix equation (1.3) where A; € M,, ,(R), B; € M, ,(R),
F € M,, ,(R) are given constant matrices and X € M,, ,(R) is an unknown matrix to be

solved.

3.1 A direct method for a generalized Sylvester matrix equation

A direct method to solve the matrix equation (1.3) is to take the vector operator
and some properties of Kronecker product. Indeed, we arrive at an equivalent linear

system Px = b where
D
P = ZB? ® A;.
i=1

The linear system P vec[X] = vec[F] has a unique solution if and only if P is invertible,
and in this case vec[X] = P~1vec|[F]. Due to the injectivity of vec|], we obtain the
solution X from vec[X]. Now, we discuss how to solve (1.3) indirectly by using an

effective iterative algorithm.

3.2 Introducing a Gradient-based iterative algorithm for the matrix

equation a generalized Sylvester matrix equation

According to the hierarchical identification principle the system (1.3) is decomposed

into p subsystems. For each i € {1,2,...,p}, set

p
M; == F-) A;XB;. (3.1)
=1
i
Our aim is to approximate the solution of p subsystems:
M; = A XB;, (3.2)

so that the following least-squares error is minimized:

1
Li(X) = ~2—||AiXBi—M1-||2F. (3.3)



12

The gradient of each L; can be computed as follows:

0 10 -
%L’L(X) - 5%“[(141)(31 Mz) (AzXBz Mz)]
= %gzﬂm&XBJW&XBn—AﬁL&XBJ—@&X&VWQ+M?Mm
X
= }—AgiﬂBfXTAprXBA—2jztﬂMprYBJ
2 \ Ox ox

1 1
= §(A?AiXBz‘BlT + AT A XB;B]') + §(QB¢M1'TA1')T

p
= Al(F-> A;XB;)Bf. (3.4)

j=1
Let X;(k) be the estimate or iterative solution at iteration &, associated with the sub-
system (3.2). From the gradient formula (3.4), the iterative scheme for X;(k) is given

by the following equation:

p
<&w):Xw—J%HVH(F—§:&X&)Bﬁ i=1,2,..,p, (3.5)

j=1
where 7, is a convergent factor. According to the hierarchical identification principle,
the unknown parameter X in (3.5) is replaced by its estimate X (k—1). After taking the

arithmetic mean of X;(k), we obtain the following process:

Algorithm 1: GIO algorithm for a generalized Sylvester matrix equation
A; e Rm*™ B, e RPXe, fori=1,2,...,p, and F € R™*q,

initialization;
Set A, = AT and B, = BI. Choose 71 € R and ¢ > 0. Set k := 0. Choose initial
matrix X (0).

while k. =1,2,...,n do
E(k-1) = F-Y" AX(k—1)B,

if |E(k)|r/|F|F < e then

| break;

else
X(k) = X(k—1) +7(X0, AE(k —1)B),
k=k+1;

end

end

Note that the terms E(k), A}, B were introduced in order to eliminate dupli-
cated computations. To stop the process, one may impose a stopping rule such as
the relative error ||[E(k)||r/||F||F is less than a tolerance error e. The convergence prop-
erty of this algorithm depends on the convergent factor r;. A discussion of possible/

optimal values of 7; will be in the next section.
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3.3 Convergence Analysis

In this section, we show that the sequence of approximated solutions derived from
Algorithm 1 converges to the exact solution. First, we transform a recursive equation
of the error of approximated solutions into a first-order linear iterative system (k) =
Txz(k — 1) where z(k) is a vector and T is an iteration matrix. Then we investigate
the iteration matrix T' to obtain the convergence criteria, convergence rate and error
estimations. Finally we discuss the fastest convergence factor and find the number of

iterations corresponding to a given satisfactory error.

Theorem 3.1. Assume that the matrix equation (1.3) has a unique solution X. Let
7 € R. Then the approximate solutions derived from (3.5) converge to the exact
solution for any initial value X (0) if and only if

2
0<7 < ——. (3.6)
LPIB

In this case, the spectral radius of the associated iteration matrix T = I,,, — m PTP is

given by
p[T] = max{|1 — 71 Amax(PT P)|, |1 — 7 Amin (P P)1}. (3.7)

Proof. At each k — th iteration, consider the error matrix X (k) = X (k) — X. We have

XE)=Xk-1)+m Zp:AiTEi(k -1)BI - X

=1

= —1—712/1]3 k—1)BT.

We shall show that {X(k)} — X by showing that {X(k)} — 0 or {vec X(k)} — 0. By

taking the vector operator to the above equation, we get

p
vecX(k) = vecX(k—1)—m» vecAlE(k—1)Bf

1=1
p p

= vecX(k—1)—7 Y (B;®Al)vecd A;X(k—1)B;
=1 1=1

A p p A

= vecX(k-1)—-7n Y (Bl @ 4)"(>_ B ® Aj)vecX(k—1)
i=1 j=1

= TvecX(k—1). (3.8)

We see that (3.8) is a 1st-order linear iterative system in the form z(k) = Tx(k — 1).
Thus, {vec X(k)} — 0 for any initial values X (0) if and only if the iteration matrix T
has spectral radius less than 1. Since T is symmetric, all its eigenvalue are real. Note
that any eigenvalue of T is of the form 1 — 7\ where X is an eigenvalue of PTP. Thus,

its spectral radius is given by (3.7). It follows that p[T] < 1 if and only if

0 < MAmax(PTP) <2 and 0 < miAmin(PTP) < 2. (3.9)
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Since P is invertible, the matrix PT P is positive definite. Thus, Amax(PTP) > 0. The
condition (3.9) now becomes

2 2

0<mn < = .
T Maex(PTP) T |IPII3

Theorem 3.2. Assume the hypothesis of Theorem 3.1, so that the sequence {X(k)}
converges to the exact solution X for any initial value X(0).

(1). We have the following error estimates

IX(k) = X]le < pIT] [ X (k= 1) = X]|r, (3.10)

IX(k) = X][# < pMT] X(0) = X| (3.11)

Moreover, the asymptotic convergence rate of Algorithm 1 is governed by p[T] in
(3.7).

(2). Let e > 0 be a satisfactory error. We have || X (k) — X||r < e after the k-th iteration
for any k € N that satisfies

loge —log [ X(0) - X|[r

k>
log p(T)

(3.12)

Proof. According to (3.8), we have

IX (k) = X[le = IIX(k)||r
= [lvec X (k)| r
= |[TvecX(k—1)||r

< Tl vec X (k = 1|l r.

Since T is symmetric, we have ||T||s = p[T]. Thus for each k € N, the approximation
(3.10) holds. By induction, we obtain the estimation (3.11). The estimate (3.11) implies
that the asymptotic convergence rate of the algorithm depends on p[T]. To prove the

assertion, we have by taking anti-logarithms that the condition (3.12) is equivalent to
PHDIX0) - X[IF < e
Thus if (3.12) holds, then | X (k) — X||r < e. []

The convergence rate exhibits how fast of the sequence of the approximated
solutions converging to the exact solution. Theorem 3.2 reveals that the smaller the
spectral radius p[T7], the faster the approximated solutions go to the exact solution.
Moreover, by taking e = 0.5 x 107" in (3.12), we have that X (k) has an accuracy of n
decimal digit if k satisfies
log0.5 — log | X (0) — X||r —n

k>
log p(T)
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Recall that the condition number of a matrix A (relative to the spectral norm) is defined
by
_ (Ama(ATA)N
= (52r)
Theorem 3.3. Assume the hypothesis of Theorem 3.1. Then the optimal value of

71 > 0 for which Algorithm 1 has the fastest asymptotic convergence rate is determined
by

2
I S PTP) + e (P’ 21
In this case, the spectral radius of the iteration matrix is given by
,O[T] _ /\max(PTP) - /\min(PTP)
_ ®A(P)-1

Proof. The convergence of Algorithm 1 implies that (3.6) holds. Then Algorithm 1 has
the convergence rate as the same to the linear iteration (3.8), and thus, it is governed
by the spectral radius p[T] in (3.7). The fastest convergence rate is equivalent to the

smallest of p[T]. Thus, we make the following minimization:

Minimize p[T] = max{|1 — 71 Amin(PTP)|,|1 — 71 Amax(PT P)|}
2

subject to 0<m < N (PTP)

Thus, the optimal value is reached at (3.13) so that the minimum is given by (3.14).

[]

We see that if the condition number of P is closer to 1 then the approximate
solutions converge faster to the exact solution. Note that the condition number of P
is close to 1 if and only if the maximum eigenvalue of PT P is close to the minimum

eigenvalue of PTP.

3.4 The GIO algorithm for the Sylvester equation

In this section, we discuss the gradient-based iterative algorithm with optimal conver-
gent factor for solving Sylvester matrix equation. Moreover we discover convergence
criteria, convergence rate, error estimate and optimal factor.

Let m,n,p,q € N be such that m = n and p = q. Consider the Sylvester matrix
equation (1.5) where A € M,, ,(R), B € M, ,R), F € M,,,(R) are given constant
matrices and X € M, ,(R) is an unknown matrix to be solved. Suppose that the

matrix equation (1.5) has a unique solution, i.e., P, := I, ® A+ BT ® I,, is invertible.
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Algorithm 2: GIO algorithm for a Sylvester equation
Ae M, ,(R), Be M,,R), FeM,,R).

initialization;

Set A’ = AT and B’ = BT. Choose 7 € R and € > 0. Set k := 0. Choose initial
matrix X (0).

while k =1,2,...,n do

E(k) = F— AX(k) — X(k)B,
if |Ek)||r/|F|F < e then
| break;
else
X(k) = X(k—1)+m (AE(k-1)B),
k=Fk+1;
end

end

Corollary 3.4. Assume that the Sylvester matrix equation (1.5) has a unique solution
X. Let 7, € R. Then the following hold:

(i) The approximate solutions generated by Algorithm 2 converge to the exact so-
lution for any initial value X (0) if and only if

2
0<T < ——. (3.15)
SVATE

In this case, the spectral radius of the associated iteration matrix S = I,,, — . PT Ps

is given by

plS] = Max{|1 — 2 Amax(PTP,)|, |1 — 7o min(PTPy)|}. (3.16)

(i) The asymptotic convergence rate of Method 2 is governed by p[S] in (3.16).

(i) The optimal value of 7 > 0 for which Algorithm 2 has the fastest asymptotic
convergence rate is determined by

2
Amax (P Ps) + Amin(PE Py)’

(3.17)

Topt =

Remark 3.5. Note that P, is the Kronecker sum of A and BT. Thus, if A and B are

positive semidefinite, then
HPsH% = /\maX(PsTPs) = A%ﬁax(PS) = ()\maX(A) + AmaX(B))2v
Amin(PL Ps) = A2in(Ps) = (Amin(A) + Amin(B))*.
3.5 Numerical simulations with discussion

In this section, we show the capability and efficiency of the proposed algorithm by

illustrating some numerical examples. To compare the performance of any algorithms,
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we must use the same PC environment, and consider informed errors together with
iteration numbers (IT) and computational times (CT: in seconds). Our iterations have
been carried out by MATLAB R2013a, Intel(R) Core(TM) i5-760 CPU @ 2.80 GHz, RAM
8.00 GB PC environment. We measure the computational time taken for an iterative
process by the MATLAB functions tic and toc. In Example 3.6, we show that our
algorithm is also efficient although matrices are non-square and we discuss the effect
of changing the convergent factor 7. In Example 3.7, we consider a larger square matrix
system and show that our algorithm is still efficient. In Example 3.8, we compare the
efficiency of our algorithm to another recent iterative algorithms. The matrix equation
considered in this example is the Sylvester equation with square coefficient matrices
since it fits with all of the recent algorithms. In all illustrated examples, we compare
the efficiency of iterative algorithms to the direct method = = P~'b mentioned in

section 3.1.

Example 3.6. Consider the matrix equation A;XB; + A2 X By + A3XBs = F when

Ay, Ay, Az € RIOXC0 By By Bs € R20%30 and F € R40%30 are tridiagonal matrices given by

Ay =tridiag(—2,2,-2), A, = tridiag(2,-2,5), Az = tridiag(2,—1,2),

By = tridiag(4, 3, -1), B, = tridiag(1, -2, 1), Bs = tridiag(3,1,3).

Here, the exact solution is given by X = tridiag(1,—1,1). We apply Algorithm 1 to

compute the sequence X (k) of approximated solutions. Take initial point
X(0) = 107° x tridiag(1, 1, 1).

The optimal convergent factor can be computed as follows:

2
" Nin(PTP) 4 Amax (PTP)
2
4.15 x 1013 4 1009.74

0.0019806.

%

The effect of changing convergent factors 7 is illustrated in Figure 3.1. We see that as
k large enough, the relative error ||E(k)|r/|F|r for 7o, g0es faster to 0 than another
convergent factors. If  does not satisfy the condition (3.6), then the approximated
solutions diverge for the given initial matrices. Moreover, Table 3.1 shows that the
computational time of our algorithm (GIO) is significantly less than the time of the
direct method. Table 3.1 also demonstrates that, when we fix the error |E(k)| r to be
less than 5 x 1073, the GIO algorithm outperforms another Gl algorithms with different

convergent factors in both iteration numbers and computational times.
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Relative error versus k

—HE—topt =0.0019306
t =0.0001

—+—1 =0.00003
—-—--t =0.000004 H
—+—1t=0.00203

———t=-0.000001

errar

Figure 3.1: Relative error for Example 3.6

Table 3.1: Iteration numbers and computational times for Example 3.6

Method T cT
Direct - 3.1380
GIO 161 0.0413

Gl (r =0.0001) | 3061 | 0.2508
Gl (+ = 0.00003) | 10204 | 0.8994

Example 3.7. Consider the matrix equation A; X B; + A2 X By + A3 X B; = F where all

matrices are 100 x 100 tridiagonal matrices given by

Ay = tridiag(1,2,1), Ay = tridiag(—1,-2,-1), Az = tridiag(-1,3,-1),

By = tridiag(2,2,3), By = tridiag(1,2,-2), Bs = tridiag(3,2,—1).

Here, the exact solution is X = tridiag(1,1,1). To apply Algorithm 1, we take initial

matrix
X(0) = 107 x tridiag(0, 2, 0).

We can compute 7,,+ & 0.002553. Figure 3.2 shows that the relative error ||E(k)||r /|| F| r
for m,,: coes faster to 0 than another convergent factors. If + does not satisfy (3.6),
then the approximate solutions diverge for the given initial matrices. From Table 3.2,
we see that the computational time of our algorithm is significantly less than the
time of the direct method. Furthermore, when the satisfactory error ||E(k)| r is less
than e = 0.5, the GIO algorithm has more efficient than another Gl algorithms in both

iteration numbers and computational times.

Example 3.8. Consider the Sylvester equation AX+XB = F, where A, X, B, F € R10x10
are given by A = tridiag(—1,3,1), B = tridiag(-3,2,3), X = tridiag(—3,1,4). We compare
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Figure 3.2: Relative errors for Example 3.7
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Table 3.2: Iteration numbers and computational times for Example 3.7

Method T cT
Direct - 53.4063
GIO 389 0.5439
Gl (r = 0.00005) | 19314 | 28.0245
Gl (r = 0.000001) | 96557 | 148.4039

1000
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the efficiency of our algorithm (GIO) with another iterative algorithms such as GI, LS,
RGI, MGI, JGl and AJGI. We choose the same convergent factor 7 = 0.01836 and the same
initial matrix X (0) = tridiag(0,107%,0). To compare the efficiency of these algorithms,

we fix the iteration number to be 50 and consider the relative errors ||[E(k)||r/||F| F-

The results are displayed in Figure 3.3. The iteration numbers and the computational

times when we fix the error | E(k)||r to be less than 5x 1073 are illustrated in Table 3.3.

We see that our algorithm is outperform to the direct method and another iterative

algorithms with less iteration number and lower computational time. In particular, the

approximated solutions generated from JGI algorithm diverge.

Table 3.3: Iteration numbers and computational times for Example 3.8

Method GIO Gl LS RGl MGl JGI | AJGI Direct
T 18 33 167 70 25 - 51 -
cT 0.000273 | 0.000589 | 0.0114 | 0.0012 | 0.000789 | - | 0.0014 | 0.1704




20

errar

lteration number k

Figure 3.3: Relative errors for Example 3.8

3.6  An Application to discretization of the convection-diffusion

equation

In this section, we apply the GIO algorithm to a discretization of convection-diffusion
equation (2.13). Recall that the convection-diffusion equation (2.13) with initial condi-
tion u(z,0) = f(x) and boundary conditions u(c,t) = g(t),u(d,t) = h(t) where f,g,h are
given functions is applied to the forward time central space method, we have

uerl = (p + ir)um—l + (1 - 2p)um + (p - ir)um—i-l

where r = ul/n and p = al/h? are the convection and diffusion numbers, respectively.

We can transform (2.13) into a linear system of M N unknowns u;, ..., up v in the form
Pcpvec(U) = b, (3.18)

where U = [u], Pop € RMNXMN has N x N blocks of the form I, on its diagonal and

tridiag(—p — 47, —1 + 2p, —p + 3r) under its diagonal. The vector b is partitioned in M
T

periods as [b] b3 ... bL]" where by = |¢(1) ¢(2) --- (;S(m)] and

(p+3m)g(t+ (G — 1))
0

b; = : ., j=2,...,N (3.19)
0

(p— 5m)h(t+ (G — 1))

here ¢(i) = (p+37) f(c+(i—1)h)+(1=2p) f(c+ih)+(p—37) f(c+(i+1)h) fori =1,2,...,m—1
and ¢(m) = h(t+1). Here is an example of Pcp and b; where j = 1,2,...,N when
M=3and N =2:
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1 |
1 l
IR
Pecp=|----"-"-""-"-""-""-"-"-"----- s ,
(=1+2p) (—p+3r) 1
(—p—1ir) (=1+42p) (—p+1ir) 1
I (—p—37) (=1+2p) ! 1|
[ GO+ (=) fle+ )+ (p— L) f(c+2m) ]
(p+ %r)f(c—i— h)+ (1 —=2p)f(c+2h)+ (p— %r)f(c—k 3h)
A I R M+l
by (p+ Sr)g(t+1) '
0
I (p— %r)h(t—!—l) |

We can see that Eq.(3.18) is the generalized Sylvester equation where p = 1,
A= Pcp, X =vec(U), B=1 and F =b. From Algorithm 1, we obtain the following:

Algorithm 3: GIO for a Convection diffusion equation
M, N € N as number of partition.

initialization;
Pl = PL,. Choose u(0) € RMYN and ¢ > 0. For each m =1,2,..., M and
n=1,2,...,N, compute x,, t, as in Eq.(2.15) and

2
)\max(PCTDPCD) + )\min(PgDPCD> )

Topt =

while £ =1,2,...,n do
E(k) = b_PCDu(k)v

if | E(k)|#/|Ibllr < e then
| break;
else
u(k) = u(k — 1) + o PLpE(k — 1),
k=k+1.
end

end

Now, we provide a numerical experiment for a convection-diffusion equation.

Example 3.9. Consider the convection-diffusion equation

ou ou 0?u
2 4012= = 0.01— <z< <t< .
gp T 0150 = 0015 for 0<z<1 and 0<t<10 (3.20)

with the initial and boundary conditions given as:

u(z,0) = 100z and wu(0,t) = u(100,t) = 0.
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Figure 3.4: Relative errors for Example 3.9

Let M =5, N = 10, so that Pcp is of dimension 50 x 50. In this case, we have h =0.2,1 =
1,7 =0.5 and p = 0.25. We choose u(0) = 10~¢ [1 e 1} € R, After compiling Algorithm
3 for 100 iterations, we see from Figure 3.4 that the relative error ||E(k)| r goes faster
to 0 than another algorithms such as Gl, LS, RGI, MGI,JGI and AJGI. Moreover Table
3.4 displays comparison of numerical and direct solutions for the convection-diffusion

equation.

A particular case u = 0 of Eq. (2.13) is called the diffusion equation. In this

case, the formulas of Pop and by,...,bx are reduced as r = 0.

Example 3.10. Consider the diffusion equation

ou 0%u
D et <zr< <t<
5 922 for 0<z<1 and 0<t<10

with the initial and boundary conditions given as:
u(z,0) = 6sin(rz) and wu(0,t) = wu(l,t) = 0. (3.21)

The exact solution is

u*(z,t) = 66_”2tsiﬂ(7m).

Let M = 10,1 = 0.01 In this case, we have h = 0.1, and p = 1. We choose initial matrix
u(0) = 107¢ {1...1} € R0 After compiling Algorithm 3 for 200 iterations (Figure
3.5), we see that our algorithm is outperform to another iterative algorithms with less
iteration number and lower computational time. The 3D-plot in Figure 3.6 shows that

the iterative solution is well approximated to the exact solution.



Table 3.4: Iteration numbers, computational times and errors for Example 3.9

Method | IT cT Error
Direct - 2.085 0
GIO 100 | 0.0113 | 0.0199
Gl 100 | 0.0281 | 0.0648
LS 100 | 0.0469 | 1.6574
RGl 100 | 0.0324 | 0.1417
MGI 100 | 0.0313 | 0.0397
JGl 100 | 0.2813 | 0.7698
AJGI 100 | 0.0938 | 0.0307

error

0 20 40 60

80

Iteration number k

Figure 3.5: Relative errors for Example 3.10
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Figure 3.6: The exact (left) and the iterative (right) solutions for Example 3.10
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Chapter 4

Gradient-based iterative algorithm with optimal
convergence factor for a generalized

Sylvester-transpose matrix equation

In this chapter, we discuss how to solve a generalized Sylvester-transpose ma-
trix equations (1.4) indirectly by using an effective iterative algorithm. Consider a gen-
eralized Sylvester-transpose matrix equation (1.4) where A; € M,, ,(R), B; € M, ,(R),
C; € My, ,(R), D; € M,,R), F € M, ,R) are given coefficient matrices and X €
M, ,(R) is an unknown matrix to be determined. The dimension matching of matrices

is assumed to be mq = np.

4.1 A direct method for the generalized Sylvester-transpose matrix

equation

A direct method to solve the matrix equation (1.4) is to take the vector operator and

utilize Lemma 2.6. Indeed, we arrive at an equivalent linear system Qz = b where
p q
Q =Y (B @A)+ (D] @ Cj) Ky, € R™*™,
i=1 j=1

x = vec[X] and b = vec[F]. From now on, assume that @ is invertible. So, the matrix

equation (1.4) has a unique solution
z = Qb (4.1)

However, if the dimensions of 4;, B;,C;,D; are not small, e.g. 10% x 102, then the
dimension of @ is 10* x 10%. Such a dimension problem leads to computational diffi-
culty for computation and inversion of large matrices. Hence, this approach is only

applicable for small dimensional matrices.

4.2 Introducing a gradient-based iterative algorithm for a generalized

Sylvester-transpose matrix equation

We now propose an effective iterative algorithm to solve (1.4). If p > ¢ then we set
C;=0and D; =0 forany j > q. If ¢ > p then we set A, =0 and B; =0 for any i > p.

For eachi=1,2,...,p, we assume that

M; == F — (Z(ASXBS +C’SXTDS)> . (4.2)

sF#£1
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From the main system (1.4), we would like to solve p subsystems
A;XB;+C;XTD; = M; i=1,2,...,p, (4.3)
so that the following errors are minimized:
Li(X) = |A;XB; + C;XTD; — M;||%, i=1,2,...,p. (4.4)

We can derive the gradient of each L; as follows:

o liX) = e tl(AXBi+ CiX"D; — M) (AiXB; + CX"Di — My)]
0

= 5% tr[(A; X B) T (A; X B;) + (C; X' D) (A; X B;) — M (A; X B;)

+(A; XB)T(C; X" D) + (C; XT D) (C; X" D) — M (C; X T Dy)

—(A; X B)TM; — (C: X" D))" M; + M M;

o)

ﬁ’tr +ﬁtr —ﬁtr
O A (BTXTATC.XT D) + -2 (DT X CTC XT D,

+o% tr(BF XTATC, X" D;) + 5% tr(DI xcT'c; Xx™ D)
o)

= 2[A](A;XB; + C;X"D; — M;)B] + D;(A;XB; + C;X"D; — M;)"C;].  (4.5)

(B XT AT AiX By) (D XCT A; X B;) (M AiX B;)

_ 2 T xTp.
5 (M) CX T D))

(BI X" AT M;) (DY XCF M) (M M;)

Let X;(k) be the approximated solution of the system (4.3) at iteration k. The recursive

formula of X;(k) come from the gradient formula of L;(X) as follows:
0
Xi(k) = Xi(k—1) + MaiXLi(X),

where p is a step size parameter. To avoid duplicated computation, we introduce a

matrix ) .
E=F-— ZAiXB,- - Z C;XTD;.
i=1 j=1

Taking the arithmetic mean of X, (k), ..., X, (k) to get X (k):

1 p /4 q
X(k) = EZXZ»(I{) = X(k—1)+73 (Z ATEBT +ZDjETCj) , (4.6)
i=1 i=1 j=1
where 73 := —2u/p is called a convergence factor. The hierarchical identification prin-

ciple suggests to replace the unknown solution X in (4.6) by its previous estimate

X(k —1). Thus we obtain the following procedure:
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Algorithm 4: GIO algorithm for a generalized Sylvester-transpose equation
A; e R™*n, By e RPX4, C; e R™*P, D; e R™4 fori=1,2,...,p,j=1,2,...,q and
F e R™*4,

initialization;
if p > q then
| ¢;=0and D; =0 forany j>g;
else
| A;=0and B;=0foranyi>p.
end
Set A, = AT and B! = Bl. Choose 1 € R. Set k := 0. Choose initial matrix X(0).
while £ =0,1,2,...,n do
E(k) = F =30 AiX(k)B; = 327, C; X" (k)D;.
if |E(k)|r/|F|Fr < ethen
| break;
else
X(k+1) = X(k) +73 ( T AE(R)B+ Y DjET(k)Cj),
update k.
end

end

For convenience, we write X7 (k) and ET (k) for X(k)T and E(k)T, respectively.

The matrices E(k), A}, B, were introduced to avoid duplicate manipulations.

Remark 4.1. To break the procedure, if | F|| is close to zero, then we should consider
the error ||E(k)||r or | X (k) — X(k — 1)||r instead of the relative error |E(k)||r/||F] F.

The convergent property of the algorithm relies on the convergence factor 3,
which will be discussed in the next section.

4.3 Convergence analysis

In this section, we discuss a convergence criteria for the applicability of Algorithm 4.
Then, we analyse the performance of the algorithm through its convergence rate and
error estimates. The last job is to determine the convergence factor for which the
algorithm fits with the fastest asymptotic behaviour. The main idea for the analysis
starts with transforming a recursive equation of the error of approximated solutions
into a fixed-point iteration x(k) = Sz(k — 1), where S : R — R" is a contraction
mapping. Then, we apply the following Banach fixed-point theorem (Theorem 2.20)
to analysis the proposed algorithm.
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43,1 Convergence criteria

From Algorithm 4, at each k-th iteration, we start with considering the error matrix
X(k) = X(k) — X. Indeed, we have

Xk)=X(k—-1)+m (i ATE(k - 1)B] + iDjET(k - 1)@) - X

7 7j=1

1
. p q
= X(k—1)+73 ATE(k - 1)Bf +Y D;E"(k—1)Cy |, (4.7)
i=1 j=1
and
p R q .
=— | AX(k-1)B;+> CX"(k-1)D; |.
=1 j=1

Thus, Lemma 2.6 implies that

veCE(k—1)=-)Y (Bl @ Aj))vecX(k—1)— > (Df @ C;)vec X (k1)

'M"@
‘MQ

s
Il

_
<
Il

_

(DT @ Cj)Knpvec X (k — 1)

‘MQ

Il
_

(BT @ A;)vec X (k—1) —

“M@

q
Il
_

J

p q
:(ZBT@)A )+ > (D] ® C)K )vecX(k—l)
j=1

i=1

= —QvecX(k—1). (4.8)

Taking the vector operator to the equation (4.7) and utilizing (4.8), we get

j=1

p q
vecX(k) = vecX(k—1)+7s | Y vecAlE(k—1)B} +> vecD;E" (k- 1)Cj)
i=1 j=1
N p q
= vecX(k—1)+73 ZB ® Al)veCE(k —1) + Y (C] ® D;j)Kpqvec E(k — 1)
j=1
A p q A
= vecX(k—1)—r3 Z (Bi @ AT)Qvec X (k—1)+ Y Kpn(D; ® CT)Qvec X (k — 1)

= (I, —71QTQ)vec X (k —1).
Letting S = I,,, — QT Q and z(k) = vec X (k — 1), we get a linear iteration
z(k) = Sz(k —1). (4.9)
Using Theorem 2.20 and [31, Theorem 1], we deduce that the following are equivalent:
(i) the sequence {X(k)} converges to X for any initial value X (0);
(i) Sis a contraction mapping (here, we view S : R"”? — R" as a mapping);

(iii) the spectral norm of S is less than 1.
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Since S is symmetric, all its eigenvalue are real. Note that the eigenvalues of S are
of the form 1 — 73\ where X is any eigenvalue of QTQ. We can compute the spectral

radius of S as follows:

p[S] = max{|1 — 73 Amax (Q" Q)| [1 = T Amin (QT Q)I}- (4.10)
Thus, p[S] < 1 if and only if

0 < Amax(QTQ) <2 and 0 < A (QTQ) < 2. (4.11)

Since Q is invertible, the matrix QT Q is positive definite and hence, |Q|3 = Amax(QTQ) >

0. The condition (4.11) now becomes

0 < m < (412)

2
QI3
We summarize convergence criteria for Algorithm 4 as follows:
Theorem 4.3.1. Consider the matrix equation (1.4) under the assumption that the
matrix @ is invertible (i.e. Eq. (1.4) has a unique solution). Let 73 € R. Then a

necessary and sufficient condition for which Algorithm 4 is applicable for any initial
matrix X(0) is the condition (4.12).

4.3.2 Performance of the algorithm

We now discuss the performance of Algorithm 4 through its convergence rate and
error estimates. Considering Eq. (4.9), we get

IX(k) = X[l = IX(k)||r
= || vec X (k)|
= ||Svec X (k—1)|r

< [IS]2]l vec X (k — 1)|| -
Since S is symmetric, we have ||S||2 = p[S]. Thus the Eqg. (2.7) implies that
[X(F) = Xlr < plS]X(E—1) = X||p. (4.13)
By induction, we obtain
X (k) — X|[r < p"S] 1X(0) — X[|p (4.14)

According to the estimate (4.14), the asymptotic convergence rate of the algorithm
relies on p[S]. Moreover, given an error ¢ > 0, we would like to find the iteration
number k for which

P9 X(0) - X|F < e (4.15)

By taking the 10th-base logarithms, we obtain the following equivalent requirement:

(6ge ~log | X(0) = X||r

k
g [og o(S)

(4.16)




30

Moreover, by Theorem 2.20(iii), we have

p*1S]
[X (k) = X|lp < = i8] 1X(1) = X(0)lF, (4.17)
| X(k+1) - X||p < 1f[‘§%5] | X (k+1) — X (k)| £ (4.18)

The following results are discussed to concluding the convergence rate and several

estimates of the proposed algorithm.

Theorem 4.3.2. Suppose the convergence factor 3 is chosen so that Algorithm 4 is

applicable for any initial matrix X(0).

(i) The spectral radius p[S] in (4.10) governs the asymptotic convergence rate of the

algorithm.

(i) Equations (4.13) and (4.14) show the error estimates || X (k) — X|r compared to
the previous step and the first step, respectively. Meanwhile, the error at each

iteration reduces from the previous one.
(iii) The prior and posterior estimates are presented in (4.17) and (4.18), respectively.

(iv) For each given error ¢ > 0, we have || X (k) — X||r < e after the k-th iteration for
any k € N that satisfies (4.16).

We can see that A;, B;,C;, D; affect the convergence rate of Algorithm 4 but
E is not. However, the matrix E is required for stopping process. Furthermore, If we
take e = 0.5 x 107" in (4.16) and k satisfies
log0.5 — log | X (0) — X||r —n
log p(S) ’
then the approximated X (k) has an accuracy of n decimal digit.

k>

4.3.3 Optimal convergence factor

The fastest convergence factor of Algorithm 4 is discussed intensively. Recall that the
condition number of a matrix A (relative to the spectral norm) is defined by
Amax(ATA) ?
= (i)
Assume that Eq. (4.12) holds. The convergence rate of Algorithm 4 is the same as
that of the linear iteration (4.9), and thus, it is given by the spectral radius (4.10) of the
iteration matrix S. The fastest convergence rate is equivalent to the smallest of p[S].
Thus, we would like to minimize this spectral radius subject to the condition (4.12).

Now, we apply the following lemma:

Lemma 4.2. ([22]) For any real number a,b with b > a > 0, we have

a

. b—
min {max{|1—ax|,|1—bx =
min, {max (|1 —ar|,|1-be }} = 5
2

The minimality is reached at z,,: = P
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Then the minimum value of p[9] is

2
T A QTQ) + A (QT Q) @19
Meanwhile, we can notice that spectral radius of the iteration matrix is
[S] _ Amax(QTQ) — /\min(QTQ)
P )\max(QTQ> + )\min(QTQ)
_ k(Q) -1
= 20T (4.20)

Thus, we obtain the following theorem:

Theorem 4.3.3. Among the convergence factors 73 that meet the criteria of Algo-
rithm 4, the one in Eqg. (4.19) attains the fastest asymptotic convergence rate of the

algorithm, which is governed by the spectral radius (4.20).

The above theorem tells us that if Amax(QTQ) is neighbouring to Amin(QTQ),
or equivalently, the condition number is close to one then Algorithm 4 has a fast

convergence.

4.4 The GIO algorithm for the Sylvester-transpose equation

In this section, we consider an important special case of the matrix equation (1.4),
namely, the Sylvester-transpose matrix equation. We apply GIO algorithm for this
equation, and investigate the convergence property of the algorithm.

Let m,n € N. Consider the Sylvester-transpose matrix equation (1.6) where
A e R™" B e R™m F e R™*™ gre given constant matrices and X € R™*™ is an
unknown matrix to be solved. Suppose that (1.6) has a unique solution, i.e., that

following matrix is invertible:

Qs = ®A)+ (BT @ ) Ky, € R™X7

Algorithm 5: GIO algorithm for a Sylvester-transpose equation

initialization;
Set 4] = AT and B, = B. Choose 7 € R. Set k := 0. Choose initial matrix X (0).
while £ =0,1,2,...,n do
E(k) = F— AX (k) — X7 (k)B.
if |E(k)|r/|F|F < ethen
| break;
else
X(k+1) = X(k)+ 74 (AE(k) + BET (k)),
update k.
end

end
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Corollary 4.3. Consider the matrix equation (1.6) when the matrix Q, is invertible. Let

74 € R. Then the given statements hold:

(i) A equivalent condition for which Algorithm 5 is applicable for any initial matrix

X(0)is
2
0<my < ——. (4.21)
RoNTE
Meanwhile, the spectral radius of the iteration matrix T = I,,, — QT Qs is given
by
p[T] = max{|1 — T Amax(Q% Qs)|, |1 — T4 Amin(QF Q4)[}- (4.22)

(i) The spectral radius p[T] in (4.22) represents the asymptotic convergence rate of
Algorithm 5.

(iii) The fastest asymptotic convergence factor is determined by

2

Tort = 3 {070 + dn QT 0 4.23)

4.5 Numerical simulations with discussion

In this section, we report some numerical results to illustrate the applicability the ef-
fectiveness of Algorithm 4. All simulations have been carried out by MATLAB R2018a,
AMD Ryzen7 3700U with Redeon Vega Mobile Gfx @ 2.30 GHz, RAM 12.00 GB PC envi-
ronment. In Example 4.4, we show that our algorithm is applicable for small-square-
matrices in the case p > ¢. We also show that our algorithm is applicable and efficient
for large-square-matrices and consider the effect of changing the convergence factor r
in Example 4.5. In Example 4.6, we illustrate the efficiency of Algorithm 4 when coef-
ficients are non-square matrices of different moderate sizes. In Examples 4.7 and 4.8,
we do experiments in the cases p > ¢ and ¢ > p with rectangular coefficient matrices.
In Example 4.9, we test Algorithm 5 for the Sylvester-transpose equation with square
coefficient matrices. In all examples, we compare the proposed algorithm to both the
traditional method (Eqg. (4.1)) and recent iterative algorithms. The computational time

is measured in seconds by MATLAB functions tic and toc.

Example 4.4. Consider the matrix equation

A1 XB,+C,XTD, + A, XB, = F,

where
-—0.123 0.002 0.780 —0.563 0.009 ] _0.112 —0.302 —-0.785 0.312
—0.123 —-0.008 0.005 0.097 0.002 0.709 —-0.996 -0.733 0.219
A= | 0.398 0.007 —0.023 0.094 0.001 | ,A42 = [0.261 —0.005 —0.003 0.114
—0.009  0.478  —0.994 0.001 0.005 0.219 ~ 0.005  —0.123 —0.125
i 0.013 —0.003 0.028 0.004 —0.456_ 0.001  0.000 0.018 —0.994

—0.049_

—0.005

—0.111
0.009
0.956




[ 0.667 —0.209 0.346 —0.675 —0.099_ _—0.004 0.056

0.099 -0.218 0.278 —-0.219 0.004 0.579 0.096

By = |-0.002 0.005 0.109  0.678 —0.234| ,B2=|-0.113 —0.119
0.0566 —0.0065 —0.006 0.195  0.009 0.089 0.027

i 0.004  0.065 —0.187 —0.984 0.000 | _—0.001 —0.079
_—0.163 0.021 0.007 —0.152 0.193 ] _—0.002 0.074
—0.474 —-0.098 0.001 0.384  0.193 0.056  0.037
Ci=[-0.085 0.109 0.093 —0.017 0.173 |,D1= | 0.863 —0.072
0.812 —0.742 —0.841 0.941 0.485 0.016 —0.034

0.197 0.934 0.012 0.845 —0.917 0.854  0.003

In fact, the unique solution is given by

[ 1.000 0.010 —-0.224 —-0.111 0.908 ]
0.980 0.765 —0.365 0.482  0.528

X =1-0.649 0.309 0.849 —0.030 0.612
—0.495 0.008 0.862 —0.001 —0.004
0.239 0.937 0.251 0.364  0.062

—0.005
0.114
0.284

—0.009
0.456

0.004
0.485
0.475
0.004
0.927
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0.004
—0.008
—0.003
—0.145
—0.458

—0.072
0.188
0.945
0.001

—0.923

Let us apply Algorithm 4 to compute the sequence {X (k)} of approximated solutions.

Take an initial point X(0) = 0. The optimal convergence factor can be computed

according to Theorem 4.3.3 as follows:
2

Pt T A (QTQ) + A (QTQ)
2

8.3389 x 10~6 + 14.5024
~ 0.1379.

Q

Table 4.1 shows that the direct method consumes 15 ms to get the exact solution,

while GIO algorithm takes 6 ms to perform 10 iterations in order to get an approxi-

mated solution with a small relative error. Figure 4.1 and Table 4.1 illustrate that the

computational time of GIO algorithm is less than that for Gl algorithm with preferable

relative error. Figure 4.1 and Table 4.1 also show that GIO algorithm is outperform

than LS algorithm.
Example 4.5. Consider the matrix equation

2 2
Z A XB; + Z C;X"D; =F

i=1 j=1

where all coefficients are 100 x 100 tridiagonal matrices given by
Ay = tridiag(3,1,-1), Ay = tridiag(1,0,4),
By = tridiag(—1,3,2), By = tridiag(—1, -2, -1),
C, = tridiag(1,0,-2), Cy = tridiag(1, —2,3),
( ) (

D, = tridiag(0,2,—4), Dy = tridiag(1,—1,1).

0.049_
0.112
0.014
0.036
1.000_

0.284 ]
0.485
—0.594
0.855
0.567
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Table 4.1: Numerical results for Example 4.4

Algorithm T CT relative error
Direct - 1 0.0150 -
GIO 10 | 0.0060 0.5088

Gl with 7 =0.127 | 10 | 0.0078 0.7510
Gl with 7 =10.009 | 10 | 0.0069 0.9755
LS 10 | 0.0223 1.0000

Figure 4.1: Relative error for Example 4.4

In fact, the unique solution is given by X = tridiag(0,1,—1). Let us apply Algorithm 4

to compute the sequence {X(k)} of approximated solutions. Take an initial point
X(0) = 107° x tridiag(—1, -1, —1).

The optimal convergence factor can be computed according to Theorem 4.3.3 as
follows:

2

Tort = )\min(QTQ) + )\max(QTQ)
2

4.15 x 10713 4+ 7.15 x 10*
0.000028.

Q

Q

The computing results of changing 7 are listed in Figure 4.2 and Table 4.2. Figure
4.2 shows that, for the given initial point, as k increases, for 7 = 7,1, 7 = 0.00002, 7 =
0.000015, and 7 = 0.00001, we see that the terms ||E(k)||r/| F|r are becoming smaller
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and approaching to zero. Moreover, the relative errors ||E(k)||r/||F||r for 7., g0 faster
to 0 than those for another convergence factors. Furthermore, when 7 = 0.00004
and 7 = —0.00001 which do not satisfy the criteria (4.12), the approximated solutions
diverge. Table 4.2 confirms that the computational time of the proposed algorithm is
significantly less than the time of the traditional method. Thus, in this case, Algorithm
4 is applicable and effective.

Figure 4.2: Relative errors for Example 4.5

Table 4.2: Numerical results for Example 4.5

Algorithm T CcT relative error
Direct - | 15.2058 -

GIO 100 | 0.5467 0.8005

Gl with 7 =0.00002 | 100 | 1.6245 0.8099
Gl with 7 =0.000015 | 100 | 1.7007 0.8512
Gl with 7 =0.00001 | 100 | 2.8129 0.8619
Gl with 7 =0.00004 | 100 | 2.9998 1.0055
Gl with 7 = —0.00001 | 100 | 4.0097 1.3314

Example 4.6. Consider the matrix equation

3 3
Y AXB 4+ Cix"D; = F

i=1 j=1
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when A; € R19X60" B, ¢ R29X30/ ¢ € R10%20 D, € R60x30 gnd F € R*0*30 are tridiagonal

matrices given by

Ay = tridiag(1,-1,1), A, = tridiag(2,0,-3), As = tridiag(-2, -1, —-2),

(

By =tridiag(1,-3,0), B, = tridiag(—1,—-2,—1), Bs = tridiag(0, 1, -3),

C; = tridiag(-3,0,—2), Cy = tridiag(—1,-2,3), Cs = tridiag(2, —1,2),
(

D, = tridiag(0,2, —1), D, = tridiag(1,2,-1), Dj = tridiag(0,1, —1).
Then the unique solution is X = tridiag(0,1, —1) € R%%20. We take the initial matrix
X(0) = 107 x tridiag(1,1, 1).

The computing results of changing 7 are listed in Figure 4.3. As k large enough, the
terms ||[E(k)| p/||F || for Top: ~ 0.000085 are becoming smaller and go faster to zero than
another convergence factors. Moreover, for 7 = 0.0003 and 7 = —0.000001 which do not
satisfy the condition (3.6), we see that the term ||E(k)| /|| F| = do not approach zero, so
the approximated solutions diverge. From Table 4.3, it is clear that the computational
time of GIO algorithm is significantly less than the time of the traditional method and

another Gl with different convergence factors.

Figure 4.3: Relative error for Example 4.6

Example 4.7. Consider the matrix equation

3 2
N AXB 4+ Ci XD =F

a1 Jg=1
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Table 4.3: Numerical results for Example 4.6

Algorithm T CT relative error
Direct - | 4.7478 -
GIO 100 | 0.2350 0.3012

Gl with 7 =0.00006 | 100 | 1.6954 0.3465
Gl with 7 =0.00003 | 100 | 2.7760 0.4802
Gl with 7 =0.00001 | 100 | 3.9008 0.7219
Gl with 7 =0.0003 | 100 | 4.4435 0.7906
Gl with 7 = —0.00001 | 100 | 4.0978 1.0244

when A; € R10x60 B, € R20x30 ¢, € RI0X20) D) € R60%30 and F € R19%30 gre tridiagonal

matrices given by

Ay = tridiag(—2,2,2), Ay =tridiag(3,3,—4), As = tridiag(3,-1,2),
By = tridiag(2,3,5), By = tridiag(—2,-3,1), Bs = tridiag(—1,0,3),
C; = tridiag(—3,4, -2), Oy = tridiag(2,2, —3),

(

D, = tridiag(5,3,—1), Ds = tridiag(1, 2, 3).
Then the unique solution is X = tridiag(1,2, —1) € R%%20. We take the initial matrix
X(0) = 107% x tridiag(—1, -1, —1) € R0x20,

The numerical results in Figure 4.4 show that the direct method consumes around
11 seconds, while GIO algorithm spends 0.047 seconds (50 iterations) with satisfactory
error. Figure 4.4 and Table 4.4 show that the computational time of GIO algorithm is
slightly more than that of Gl algorithm, as the relative error of GIO is significantly less
than that of Gl algorithm. Figure 4.4 and Table 4.4 also show that GIO algorithm is
outperform than LS algorithm in both computational time and relative error.

Table 4.4: Numerical results for Example 4.7

Algorithm T CT relative error
Direct - | 10.8753 -
GIO 50 | 0.0470 0.1163
Gl with 7 =0.00005 | 50 | 0.0411 0.2952
Gl with 7 =0.00003 | 50 | 0.0367 0.4376
LS 50 | 0.2664 1.0000

Example 4.8. Consider the matrix equation

2 3
N AXB 4+ Ci XD =F

a1 Jg=1
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Figure 4.4: Relative error for Example 4.7

where all coefficients are 10 x 10 tridiagonal matrices given by

Ay = tridiag(—1,2,1), Ay = tridiag(2, —4, -3),
By = tridiag(1,3,2), By = tridiag(-2,-3,-1),
C, = tridiag(2,3,1), Cy = tridiag(1,-3,—1), C3 = tridiag(5, 3,4),
(

D, = tridiag(—1,2,—1), Dy = tridiag(4,2,1), D3 = tridiag(2,3,1).

In fact, the unique solution is given by X = tridiag(1,1,1). Let us apply Algorithm 4 to

compute the sequence {X(k)} of approximated solutions using an initial point
X(0) = 107° x tridiag(—1, -1, -1).

Table 4.5 shows that for small size matrices, the difference between the computational
times for the direct method and GIO algorithm (50 iterations) is not much as that
for the moderate sizes in Example 4.7. Figure 4.5 and Table 4.5 illustrate that the
computational time of GIO algorithm is less than that for Gl algorithm with preferable
relative error. Figure 4.5 and Table 4.5 also show that GIO algorithm is outperform
than LS algorithm.

Example 4.9. The Sylvester-transpose equation AX + XTB = F, where A,B,F, X €

R10x10 gre given by
A = tridiag(1,-3,1), B = tridiag(2,2,4), X = tridiag(4,1,4)

is considered by using the initial matrix X (0) = tridiag(10-¢,107%,1075). The objective is
to compare the capability of GIO algorithm to Gl [28], LS [28], and AGBI [29] algorithms.



Table 4.5: Numerical results for Example 4.8

Algorithm IT cT relative error
Direct - |1 0.0266 -
GIO 50 | 0.0112 0.0370
Gl with 7 =0.00005 | 50 | 0.0146 0.2813
Gl with 7 =0.00008 | 50 | 0.0134 0.1526
LS 50 | 0.0621 0.9942

Figure 4.5: Relative error for Example 4.8

39

We fix the iteration number to be 50 and investigate the relative error ||[E(k)|| ¢/ F| F-
Figure 4.6 and Table 4.6 indicate that Algorithm 5 is more efficient than the direct

method and another iterative algorithms in spite of a little more computational time.

Appendix

This appendix contains MATLAB-code of Example 4.4

tic;
7 =0.1379;
Xt=X;

XtT = transpose(Xt);

Et = F - (AT*Xt*B1 + A2*Xt*B2 + AZ*Xt*B3 + CL*XtT*D1 + C2*XtT*D2 + C3*XT*D3);

EtT = transpose(Et);



Table 4.6: Numerical results for Example 4.9

Algorithm | IT CT relative error
Direct - | 0.0303 -
GIO 50 | 0.0056 0.8621
Gl 50 | 0.0070 0.8770
LS 50 | 0.0121 0.9884
AGBI 50 | 0.0105 0.8838

Figure 4.6: Relative error for Example 4.9

et(1) = e(1)/norm(F, fro’);

let(1) = le(1);
kt = 2;
while (kt < 50)

Et = F - (AT*Xt*B1 + A2*Xt*B2 + A3*Xt*B3 + CL*XtT*D1 + C2*XtT*D2 + C3*XT*D3);

40

EtT = transpose(Et); Xt = Xt + 7¥(AIT*Et*B1T+ A2T*Et*B2T + A3T*Et*B3T + D1*EtT*C1
+ D2*EtT*C2 + D3*EtT*C3);
et(kt) = norm(Et,’fro’)/norm(F,’fro’);
let(kt) = log(norm(Et, fro”));

kt = kt+1;
end
tt = tog;



Chapter 5
Conclusions and Suggestions

In this chapter, we describe the conclusion of the overall work and give some
suggestions regarding for this work.

5.1 Conclusions

In this section, First, we conclude the gradient-based iterative algorithm with an op-
timal convergence factor for a generalized Sylvester matrix equation (Algorithm 1).
Second, we summarize the gradient-based iterative algorithm with an optimal conver-
gence factor for a generalized Sylvester-transpose matrix equation (Algorithm 2). We

will simplify by dividing this conclusion into 2 parts.

1 The gradient-based iterative algorithm with an optimal convergence factor is ap-
plicable for a generalized Sylvester matrix equation (1.3) under the assumption
that the matrix P := Y-, Bl ® A, is invertible. The convergence analysis reveals
that the sequence of approximated solutions converge to the exact solution for
any initial value if and only if the convergent factor 7 is satisfied

0<n < L

17113

The convergence rate is the spectral radius of the associated iteration matrix

T = I,,, — 1 PTP in the form p[T]. The error estimates || X (k) — X||» compared to

the previous step and the first step are presented, respectively
[1X(F) = Xlr < p[T] [ X(k—1) = X|[r,

IX (k) = X||p < pFIT](IX(0) = X]|p.
Moreover, we obtain the fastest convergence factor

2
Tort = Amax(PTP) + )\min(PTp)

that make the associated iteration matrix has the smallest spectral radius. Fur-
thermore, Algorithm 1 is applicable for the discretization of the convection-
diffusion and diffusion equations. The numerical experiments illustrate that Algo-
rithm 1 is applicable for any conformable square/rectangular matrices of small/
large sizes. Moreover, they reveal that Algorithm 1 performs well comparing to
recent iterative algorithms.

2 The gradient-based iterative algorithms with an optimal convergence factor is

applicable for a generalized Sylvester-transpose matrix equation (1.4) under the
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assumption that the matrix equation @ = >0, (B} @ A;) + 329_, (D] @ Cj) Ky IS
invertible. The convergence analysis of Algorithm 2 that is considered by Banach
fixed point theorem tells us that a necessary and sufficient condition for which
Algorithm 2 is applicable for any initial matrix is the convergence factor r, is
satisfied

0<m <

2
QI3
The convergence rate is the spectral radius of the associated iteration matrix

S =TI, — 7QTQ. We also have several estimations

IX() = X]lr < oIS |X(k—1) - X[,
IX(h) — X[lr < o[S] [1X(0) — X,
1x) - Xl < 2B 1x) - x)

T =1 pls) "
plS]

00+ 1) - Xle < LB x4+ 1) - X0

known as the error compared to the previous step and the first step, prior and
posterior estimate, respectively. Moreover, we can determine the fastest asymp-

totic convergence rate that is in the form

2
P = X (QTQ) + Amin (QTQ)

The numerical experiments illustrate that Algorithm 2 can be applied for any

matrix problems with conformable coefficient matrices of small/moderate/large
sizes and square/non-square sizes. Moreover, Algorithm 2 has more efficient than

the direct method and another recent gradient-based iterative algorithms.

5.2 Suggestions

For future research, we may investigate an application of Algorithm 1 to certain dis-

cretizations of another ordinary/partial differential equations, e.g.
e heat equation,
e wave equation,
e Laplace equation,
e Poison equation.

Moreover, other researchers can expand the generalized Sylvester or the generalized
Sylvester-transpose matrix equation to the system of generalized Sylvester or the

generalized Sylvester-transpose matrix equations.
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