
SOLVING THE SYLVESTER MATRIX EQUATION WITH RESPECT TO
THE GENERAL LEFT SEMI-TENSOR PRODUCT

SAKUNRAT KITSOMPONG

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENT
FOR THE DEGREE OF MASTER OF SCIENCE IN APPLIED MATHEMATICS

DEPARTMENT OF MATHEMATICS SCHOOL OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG

2021
KMITL-2021-SC-M-001-025

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



COPYRIGHT 2021
SCHOOL OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



Thesis Title Solving The Sylvester Matrix Equation with
respect to the General Left Semi-Tensor Product

Student Name Miss Sakunrat Kitsompong
Student ID 62605024
Degree Master Degree of Science (Applied Mathematics)
Department Mathematics
Year 2021
Thesis Advisor Assoc. Prof Dr. Pattrawut Chansangiam

Abstract

We consider the Sylvester matrix equation A ⋉X +X ⋉ B = C with respect to
the general left semi-tensor product where A,B,C are given real matrices of arbitrary
dimensions and X is unknown. We investigate necessary/sufficient condition(s) for the
Sylvester matrix equation to be solvable and uniquely solvable, concerning ranks and
linear independence. Moreover, we show that the Sylvester equation can be trans-
formed to a linear system with respect to the usual matrix product by means of the
vector operator.

Keywords : Sylvester matrix equation, general left semi-tensor product, vector opera-
tor, linear system

i

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



Acknowledgements

I would like to thank my supervisor, Assoc. Prof Dr. Pattrawut Chansangiam,
for his advice and assistance. The completion of this research would not be complete
without his support.

Thank you to thesis committee members, Prof Dr. Jessada Tariboon and Dr.
Wannaporn Sanprasert, for their comments

I am extremely thankful to my parents for all the support throughout academic
years. I could not come this far without their love and motivation.

Sakunrat Kitsompong

ii

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



Table of Contents
Page

Abstract in English.................................................................................................................................. i
Acknowledgements ............................................................................................................................... ii
Table of Contents .................................................................................................................................. iii
List of Tables............................................................................................................................................ iv
Chapter 1. Introduction ................................................................................................................... 1

1.1 Inception and Significance of Research ........................................................ 1
1.2 Research Objectives............................................................................................. 2
1.3 Scope......................................................................................................................... 3
1.4 Benefits ..................................................................................................................... 3
1.5 Research Methodology ....................................................................................... 3

Chapter 2. Preliminaries .................................................................................................................. 5
2.1 The Kronecker product....................................................................................... 5
2.2 The general left semi-tensor product........................................................... 6
2.3 Solving the matrix equation A⋉X = B ....................................................... 7

2.3.1 Solutions of the matrix-vector equation A⋉X = B .................. 7
2.3.2 Solutions of the matrix equation A⋉X = B ................................ 9

2.4 Solving the equation A⋉X ⋉B = C ............................................................. 10
2.4.1 Solvability of the matrix-vector equation A⋉X ⋉B = C ........ 10
2.4.2 The matrix equation A⋉X ⋉B = C ................................................. 11

Chapter 3. Solving the Sylvester equation when X is a vector................................... 13
3.1 Case m = u............................................................................................................... 13
3.2 The general case m ̸= u ...................................................................................... 18

Chapter 4. Solving the Sylvester equation when X is a matrix .................................. 23
4.1 The case m = u and q | h.................................................................................... 23
4.2 The general case................................................................................................... 32

Chapter 5. Conclusions and suggestions ................................................................................ 42
5.1 Conclusions ............................................................................................................. 42
5.2 Suggestions.............................................................................................................. 42

References ................................................................................................................................................ 43
Appendix/Appendices .......................................................................................................................... 45
Appendix A ............................................................................................................................................... 46
Author Biography.................................................................................................................................... 60

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



List of Tables
Table Page

1.1 The research schedule..................................................................................................... 4

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



Chapter 1
Introduction

1.1 Inception and Significance of Research
Linear matrix equations arise naturally in several branches of pure/applied math-

ematics, e,g, differential equations, control theory, neutral network, and vibration the-
ory; see e.g. [12, 17, 16]. The Sylvester matrix equation

AX +XB = C (1.1.1)

is a famous linear matrix equation that is significantly used in stability analysis and
optimal control. A usual algebraic method to solve linear matrix equations is to trans-
form them into a linear system by means of certain kind of vectorization, namely, the
column/row vector operator; see e.g. [13].

In the usual matrix multiplication, the product of A ∈ Rm×n and B ∈ Rp×q

can be defined if n = p, that is the matrix pair (A,B) satisfies the matching-dimension
condition. For the matrices that do not satisfy matching dimension condition, Cheng
[4] has introduced the semi-tensor product as a tool for multiplication between those
matrices. The left-semi tensor product of A ∈ Rm×n and B ∈ Rp×q can be defined under
the factor-dimension condition namely, n | p or p | n. In the case n = p, the product
of A ⋉ B is equal to the usual matrix product AB. The properties of left-semi tensor
product contain the associative law, the left/right distributive over the matrix addition,
certain identity-like properties, and the compatibility with the scalar multiplication, the
transposition, the inversion and so on (see [6, 7, 8, 11, 2, 3]). The left semi-tensor
product can be applied in several areas such as classical logic [10], fuzzy logic [10],
Boolean networks [4, 9] dynamic system [11] and Morgan’s problem [5]. The general
left semi-tensor product defines product of matrices with arbitrary dimensions (see [4]).
It defines product of A and B as

A⋉B = (A⊗ Iα
n
)(B ⊗ Iα

p
) (1.1.2)

where A ∈ Rm×n and B ∈ Rp×q. The general left semi-tensor product turns out to
possess rich algebraic properties as the usual matrix product. The general left semi-
tensor product was proposed for solving decoupling problems of linear system and the
problems with multi-dimensions data. In 2015, Yao et al. [18] introduced a convenient
way to solve the matrix equation

A⋉X = B (1.1.3)

where A ∈ Rm×n and B ∈ Rh×k. In fact, Eq. (1.1.3) has been importantly used in
Boolean network. If the equation has a solution, then the dimension of X satisfies

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



2

the solvability’s conditions and B must be a block Toeplitz matrix. The number of
solutions depends on the greatest common divisor of n and k. If gcd {n, k} = 1 , then
the solution has only one admissible size. Li et al. [15] have been motivated by the
work of Yao and considered that solving only Eq. (1.1.3) is not sufficient. Therefore,
they investigated the solvability of the system of matrix equation A⋉X = B

X ⋉ C = D
(1.1.4)

with respect to the general left semi-tensor product. In fact, if the solution of (1.1.4)
exists, then B and D must be partitioned matrices so that each partition is a Toplitz
matrix. The matrix equation

A⋉X ⋉B = C (1.1.5)

where A ∈ Rm×n and B ∈ Ra×b and C ∈ Rh×k under the general left semi-tensor prod-
uct, has been extensively used in non-linear programming, power science, parameter
identification, etc. Ji [14] investigated the solvability of Eq. (1.1.5). Indeed, if Eq. (1.1.5)
has solution(s), then X satisfies certain dimension conditions and C must be the block
Toplitz matrix.

The previous discussion motivated us to study the Sylvester matrix equation

A⋉X +X ⋉B = C (1.1.6)

where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, and X ∈ Rp×q is to be solved. The study
includes Eqs. (1.1.3), (1.1.5) and the Lyapunove equation:

A⋉X +X ⋉AT = C

as special cases. We investigate the solvability and the unique solvability for Eq. (1.1.6)
according to the matrix dimensions, ranks and linear independence. Moreover, we show
that Eq. (1.1.6) can be transformed to a linear system, so that we can solve it via an
ordinary method.

1.2 Research Objectives
1 Investigate equivalent condition(s) for the Sylvester matrix equation with respect
to the general left semi-tensor product to be solvable.

2 Investigate equivalent condition(s) for the Sylvester matrix equation with respect
to the general left semi-tensor product to be uniquely solvable.

3 Propose a convenient way of solving the Sylvester matrix equation with respect
to the general left semi-tensor product.This material is reserved for educational use only, not allowed for commercial use. 
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1.3 Scope
We investigate the matrix equation A⋉X +X ⋉B = C, where A,B,C are given

real matrices and X is an unknown real matrix. Here, the product ⋉ is the general left
semi-tensor product.

1.4 Benefits
To obtain criteria and a convenient method for solving the Sylvester matrix

equation with respect to the general left semi-tensor product.

1.5 Research Methodology
1) Study advanced topics in Linear Algebra and Matrix Analysis.

2) Study advanced topics in Multilinear Algebra.

3) Study topics of the left semi-tensor product from research paper.

4) Study topics of the semi-tensor product and its application from research paper.

5) Study topics of solving matrix equations under the semi-tensor product from re-
search paper.

6) Determine the objectives and scope of the research.

7) Investigate condition(s) for solvability of the Sylvester matrix equation with respect
to the general left semi-tensor product.

8) Provide the method for solving the Sylvester matrix equation with respect to the
general left semi-tensor product.

9) Make a conclusion of the outcome, write the thesis and make suggestions for
further studies.
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Table 1.1: The research schedule
Time frame

Activity 2019 2020 2021
Aug. - Sep. Oct. - Dec. Jan. - Mar. Aprl. - Jun. Jul. - Sep. Oct. - Dec. Jan. - Mar.. Aprl. - Jun. Jun. - Jul.

Step 1 ←−−−−−−−−−−−−−−→

Step 2 ←−−−−−−−−−−−−−−→

Step 3 ←−−−−−−−−−−−−−−→

Step 4 ←−−−−−−−−−−−−−−→

Step 5 ←−−−−−−−−−−−−−−→

Step 6 ←−−−−→

Step 7 ←−−−−−−−−−−−−−−→

Step 8 ←−−−−−−−−−−−−−−→

Step 9 ←−−−−→
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Chapter 2
Preliminaries

For any positive integers m,n, we denote the set of m×n real matrices by Rm×n.
When n = 1, we set Rm := Rm×1.

2.1 The Kronecker product
Definition 2.1. The Kronecker product (see e.g. [13]) of A = [aij ] ∈ Rm×n and B ∈ Rh×k,
denoted by A⊗B, is defined as the block matrix

A⊗B =


a11B a12B . . . a1nB

a21B a22B . . . a2nB
... ... . . . ...

am1B am2B . . . amnB

 ∈ Rmh×nk.

Example 2.2. Let A =

0 1

2 −1

 and B =

1 −1 0

3 2 1

. Then

A⊗B =


0

1 −1 0

3 2 1

 1

1 −1 0

3 2 1


2

1 −1 0

3 2 1

 −1

1 −1 0

3 2 1





=


0 0 0 1 −1 0

0 0 0 3 2 1

2 −2 0 −1 1 0

6 4 2 −3 −2 −1

 ∈ R4×6.

Theorem 2.3. (see e.g. [1]) Let A ∈ Rm×n. Then

(i) (αA)⊗B = α(A⊗B) = A⊗ (αB) for all α ∈ R and B ∈ Rp×q

(ii) (A⊗B)T = AT ⊗BT for B ∈ Rp×q

(iii) (A⊗B)⊗ C = A⊗ (B ⊗ C) for B ∈ Rp×q and C ∈ Rr×s

(iv) (A+B)⊗ C = (A⊗ C) + (B ⊗ C) for B ∈ Rm×n and C ∈ Rr×s

(v) A⊗ (B + C) = (A⊗B) + (A⊗ C) for B,C ∈ Rp×q

(vi) A⊗ 0 = 0⊗A

(vii) Im ⊗ In = Imn.This material is reserved for educational use only, not allowed for commercial use. 
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Definition 2.4. The (column) vector operator (see e.g. [1] [13]) vec(·) is a linear operator
that turns any matrix A = [aij ] ∈ Rm×n into the vector

Vc(A) =
[
a11 . . . am1 a12 . . . am2 . . . a1n . . . amn

]T
.

Example 2.5. Let A =


1 1 0

2 −1 1

4 3 5

. Then

Vc(A) =



1

2

4

1

−1

3

0

1

5



.

Theorem 2.6. (see e.g. [1]) Let A ∈ Rm×n and B ∈ Rh×k and X ∈ Rp×q. Then

Vc(AXB) = (BT ⊗A)Vc(X)

2.2 The general left semi-tensor product
Definition 2.7. The general left semi-tensor product (see e.g. [4]) of A ∈ Rm×n and
B ∈ Rh×k, denoted by A⋉B, is defined as

A⋉B = (A⊗ Iα
n
)(B ⊗ Iα

h
) ∈ R

mα
n × kα

h

where α = lcm {n, h}. If n | h or h | n, then A⋉B becomes the left semi-tensor product
(see e.g. [4])

In the case n = h, the product A⋉B reduces to the usual product AB.

This material is reserved for educational use only, not allowed for commercial use. 
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Example 2.8. Let A =


5 7

2 −1

6 2

 ∈ R3×2 and B =


3

2

1

 ∈ R3×1. Then lcm {2, 3} = 6 and

A⋉B = (A⊗ I 6
2
)(B ⊗ I 6

3
)

= (A⊗ I3)(B ⊗ I2)

=



5 7

2 −1

6 2

⊗

1 0 0

0 1 0

0 0 1






3

2

1

⊗
1 0

0 1




=



5 0 0 7 0 0

0 5 0 0 7 0

0 0 5 0 0 7

2 0 0 −1 0 0

0 2 0 0 −1 0

0 0 2 0 0 −1

6 0 0 2 0 0

0 6 0 0 2 0

0 0 6 0 0 2





3 0

0 3

2 0

0 2

1 0

0 1



=



15 14

7 15

10 7

6 −2

−1 6

4 −1

18 4

2 18

12 2



∈ R9×2.

Theorem 2.9. (see e.g. [4]) Let A ∈ Rm×n,B ∈ Rh×k and C ∈ Ru×v. Then
(i) (Distributive Law) A⋉ (αB + βC) = α(A⋉B) + β(A⋉ C)

(αA+ βB)⋉ C = α(A⋉ C) + β(B ⋉ C) α, β ∈ R.

(ii) (Associative Law)
(A⋉B)⋉ C = A⋉ (B ⋉ C).

2.3 Solving the matrix equation A⋉X = B

2.3.1 Solutions of the matrix-vector equation A⋉X = B

Let A ∈ Rm×n, B ∈ Rh×k and X ∈ Rp.

This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 2.10. [18] If matrix-vector equation A⋉X = B has a solution, then matrix B

must be a block Toeplitz matrix.

Theorem 2.11. [18] The solvability of matrix-vector equation A⋉X = B is equivalent
to the solvability of the following matrix-vector equation:[

Ă1 Ăh/m+1 · · · Ă(n/k−1)h/m+1

]
Y1 = B̆1,[

Ă2 Ăh/m+2 · · · Ă(n/k−1)h/m+2

]
Y2 = B̆2,

· · ·[
Ăh/m Ă2h/m · · · Ăp

]
Yh/m = B̆h/m, (2.3.1)

where

A = [

Ă1︷ ︸︸ ︷
Ă1 Ăl11

. . . Ăl11+1 Ăl11+1 . . . Ăl21
Ăl21+1︸ ︷︷ ︸

Ă2

. . .

Ăp︷ ︸︸ ︷
Ăn−l11

Ăn−l11+1 . . . Ăn],

and

B̆ =


b11 b12 . . . b1k b21 b31 . . . bh/m,1

bh/m+1,1 bh/m+1,2 . . . bh/m+1,k bh/m2,1 bh/m+3,1 . . . b2h/m,1

... ... . . . ... ... ... . . . ...
bh−h/m+1,1 bh−h/m+1,2 . . . bh−h/m+1,k bh−h/m2,1 bh−h/m+3,1 . . . bh,1

 ,

B̆j is the j − th column of B̆ .

B̆1 =
[
B̆1 B̆h/m+1 · · · B̆(l11−1)h/m+1 B̆l11h/m+1

]
B̆2 =

[
B̆k+l12

B̆h/m−l12+1 · · · B̆l21−l11−1)h/m−l12+1 B̆l21−l11h/m−l12+1

]
...

B̆h/m =
[
B̆k+h/m−l12

B̆l12+1 · · · B̆(l11−2)h/m+l12+1 B̆k−h/m+1

]
, k = l1h/m+ l2.

If a series of vectors Y1, Y2, . . . , Yh/m denoted by

Ys =
[
ys1 ys2 · · · ys(n/k)

]T
, s = 1, 2, . . . ,

h

m
,

is a solution of Eq. (2.3.1), Then

X =
[
y11 y21 · · · y(h/m)1 . . . y1(n/k) y2(n/k) . . . y(h/m)(n/k)

]T
is a solution of matrix-vector equation.

Corollary 2.12. [18] Matrix-vector equation A ⋉ X = B has a solution if and only if
Ăj , Ăh/m+j , . . . , Ă(n/k−1)h/m+j , and B̆j are linearly dependent, j = 1, 2, . . . , h

m . Moreover, if
Ăj , Ăh/m+j , . . . , Ă(n/k−1)h/m+j are linearly independent, j = 1, 2, . . . , h

m , then the solution
of the equation would be unique.
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Example 2.13. Let A =

1 2 0

0 1 1

 , B =


1 0 2

4 1 0

0 2 1

2 0 2

. Then we have frachm = 2, k = 3,

and k = 1 · 2 + 1, n
k = 1, p = 2. So

Ă1 =

1 2

0 1

 , Ă2 =

2 0

1 1

 , B̆ =

1 0 2 4

0 2 1 2

 , B̆1 =

1 2

0 1

 , B̆2 =

4 2

0 2

 .

Solving Eq. (2.3.1), we have Y1 = 1, Y2 = 2. Thus X =
[
1 2

]T is a solution of the
equation, and by Corollary 2.12 the solution is unique.

2.3.2 Solutions of the matrix equation A⋉X = B

Let A ∈ Rm×n, B ∈ Rh×k and X ∈ Rp×q.

Theorem 2.14. [18] Equation A⋉X = C with m = h is equivalent to the solvability of
the following equation with conventional matrix product:

(Iq ⊗ Ā)Vc(X) = Vc(B), (2.3.2)

where Ā =
[
Vc(Â1) Vc(Â2) . . . Vc(Âp)

]
.

Corollary 2.15. [18] Matrix equation A⋉X = B has a solution if and only if the following
rank condition holds:

rank Ā = rank
[
Ā Vc(B̂1) Vc(B̂2) . . . Vc(B̂q)

]
where B =

[
Vc(B̂1) Vc(B̂2) . . . Vc(B̂q)

]
.

Theorem 2.16. [18] Suppose that matrix equation A ⋉ X = B has a solution in Rp×q.
Split B into blocks of size h

m by k
q , then each block is a block Toeplitz matrix. B is

required to be in the form:

B =


Block11(B) . . . Block1q(B)

. . . . . . . . .

Blockm1(B) . . . Blockmq(B)


obtain the solutions of the equation

A⋉X = B

is equivalent to solve
A⋉Xi = Bi.
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2.4 Solving the equation A⋉X ⋉B = C

2.4.1 Solvability of the matrix-vector equation A⋉X ⋉B = C

Let A ∈ Rm×n, B ∈ Ra×b, C ∈ Rh×k and X ∈ Rp.

Theorem 2.17. [14] If a solution of the equation A ⋉X ⋉ B = C exists, then matrix C

must be a block Toplitz matrix. C has the following from:

C =


Block11(C) Block12(C) . . . Block1b(C)

Block21(C) Block22(C) . . . Block2b(C)
... ... ... ...

Blockm1(C) Blockm2(C) . . . Blockmb(C))


where Block11(C), Block12(C), . . . , Blockmb(C) ∈ R h

m× k
b are Toeplitz blocks of matrix C.

Theorem 2.18. [14] The solvability of the matrix-vector equation A ⋉ X ⋉ B = C is
equivalent to the solvability of the following matrix-vector equations:

[
Ă1 Ăh/m+1 · · · Ă(nb/k−1)h/m+1

]
Y11 = C̆11,[

Ă2 Ăh/m+2 · · · Ă(nb/k−1)h/m+2

]
Y21 = C̆21,

...[
Ăh/m Ă2h/m · · · Ăpa

]
Yh/m,1 = C̆h/m,1,[

Ă1 Ăh/m+1 · · · Ă(nb/k−1)h/m+1

]
Y12 = C̆12,

...[
Ăh/m Ă2h/m · · · Ăpa

]
Yh/m,2 = C̆h/m,2,

...[
Ă1 Ăh/m+1 · · · Ă(nb/k−1)h/m+1

]
Y1b = C̆1b,

...[
Ăh/m Ă2h/m · · · Ăpa

]
Yh/m,b = C̆h/m,b, (2.4.1)

where

A = [

Ă1︷ ︸︸ ︷
Ă1 Ăl11

. . . Ăl11+1 . . . Ăl21
Ăl21+1 . . .

Ăpa︷ ︸︸ ︷
Ăn−l11

Ăn−l11+1 . . . Ăn],
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and

C̆11 =
[
C̃1 C̃h/m+1 . . . C̃(l11−1)h/m+1 C̃l11h/m+1

]
,

C̆21 =
[
C̃k/b+l12

C̃h/m+1 . . . C̃(l11−1)h/m+1 C̃l11h/m+1

]
,

...
C̆h/m,1 =

[
C̃k/b+h/m−l12

C̃l12+1 . . . C̃(l11−2)h/m+l12+1 C̃k/b−h/m+1

]
...

C̆h/m,b =
[
C̃(b−1)h/m+k−b−k/b+2 C̃bh/m+k−b−k/b+2 . . . C̃(b+l11−1)h/m+k−b−k/b+2

]
...

C̆1,b =
[
C̃bh/m+k−b−k/b+1 C̃(b−1)h/m+k−b−k/b+l12+2 . . . C̃(b−3)h/m+k+2 C̃(b−2)h/m+k−b+2

]
If a series of Ysj , s = 1, . . . , h

m ; j = 1, . . . , b, which denoted by

Ysj =
[
ys1j , ys2j , . . . , ysnb

k j

]T
, s = 1, . . . ,

h

m
; j = 1, . . . , b

is a solution of matrix-vector equation, then the column Yg of Y =
[
Y1, Y2, . . . , Yb

]
can be expressed by

Yg =
[
y11g, y21g, . . . , y1nb

k g, y2nb
k g, . . . , y h

m
nb
k g

]T
∈ Rpa

Partition Y as Y =
[
Ŷ T
1 Ŷ T

2 . . . Ŷ T
p

]
, where Ŷ T

f ∈ Ra×b and f = 1, . . . , p Then if the
following system :

x1B = Ŷ1

x2B = Ŷ2

... (2.4.2)
xpB = Ŷp (2.4.3)

has a solution X =
[
x1 x2 . . . xp

]T , it is also the solution of the matrix-vector equa-
tion A⋉X ⋉B = C.

Corollary 2.19. [14] Matrix-vector equation A⋉X ⋉B = C has a solution if and only if
the following conditions could be satisfies simultaneously:

i) Ăi, Ă h
m+i, . . . , Ă(nb

k −1) h
m+i and C̆ij are linearly dependent, for i = 1, . . . , h

m , j = 1, . . . , b

ii) Eq. (2.4.3) has a solution.

Furthermore, if Ăi, Ă h
m+i, . . . , Ă(nb

k −1) h
m+i are linearly independent for i = 1, . . . , h

m , and
Eq. (2.4.3) has a solution, then the solution would be unique.

2.4.2 The matrix equation A⋉X ⋉B = C

Let Let A ∈ Rm×n, B ∈ Ra×b, C ∈ Rh×k and X ∈ Rp×q.
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Theorem 2.20. [14] The solvability of the equation A ⋉ X ⋉ B = C with m = h is
equivalent to the solvability of the following equation with conventional matrix product:

(BT ⊗ I km
b
)(Iq ⊗ À)Vc(X) = Vc(C), (2.4.4)

where À =
[
Vc(Ã1) Vc(Ã2) . . . Vc(Ãp)

]
and Ã1, Ã2, . . . , Ãp are p equal size blocks of

matrix A.

Theorem 2.21. [14] If the solution of matrix equation A ⋉ X ⋉ B = C exists, Then C
must be a block Toplitz matrix. Moreover

C =



Block11(C) Block12(C) . . . Block1b(C)
... ... ... ...

Block h
mβ 1(C) Block h

mβ 2(C) . . . Block h
mβ b(C)

... ... ... ...
Block h

m− h
mβ+1,1(C) Block h

m− h
mβ+1,2(C) . . . Block h

m− h
mβ+1,b(C)

... ... ... ...
Block h

β 1(C) Block h
β 2(C) . . . Block h

β b(C)


where Block11(C), Block12(C), . . . , Block h

β b(C) ∈ Rβ× k
b are Toeplitz matrix.
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Chapter 3
Solving the Sylvester equation when X is a vector

In this chapter, we study on solving the Sylvester equation

A⋉X +X ⋉B = C (3.0.1)

where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, X ∈ Rp is an unknown vector. We first
start from the case m = u, and then discuss the general case.

3.1 Case m = u

In this section, we study on relation between the dimensions of matrices A,B,C,
conditions for solving Eq. (3.0.1) and condition for an existence of a solution. We say
that Eq. (3.0.1) is well defined if

(i) the matrices A⋉X and X ⋉B are well defined,
(ii) the dimensions of A⋉X , X ⋉B and C are the same.

Lemma 3.1. Eq. (3.0.1) is well-defined if and only if
(i) k | n and h | m,
(ii) v = k, and
(iii) p = n

k = m
h .

Proof. The sufficient condition is quite obvious. For the necessity, suppose that Eq.
(3.0.1) is well defined. Let us denote t = lcm {n, p}. By definition of the general left
semi-tensor product, we have that

A⋉X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × t

p and X ⋉B = (X ⊗ Ih)B ∈ Rph×k.

Assume that C ∈ Ru×v and m = u. Then we have u = m = ph , t = n and v = t
p = k.

Furthermore, p = m
h = n

k , m
h and n

k must be a positive integer. Thus, if a solution of
equation (3.1) exists, the solution must belong to Rp where p = n

k = m
h and n

k is required
to be a positive integer.

We obtain from the previous proof that n = pk. That is n is divisible by p. Then we write
X = [x1 x2 . . . xp]

T ∈ Rp. We split A into p2 equal-size blocks Â11, Â12, . . . , Âpp and split
C into p equal-size blocks Ĉ1, Ĉ2, . . . , Ĉp. Now we can write Eq. (3.0.1) as

A⋉X +X ⋉B =


Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

... ... . . . ...
Âp1 Âp2 · · · Âpp




x1

x2

...
xp

+


x1B

x2B
...

xpB

 =


Ĉ1

Ĉ2

...
Ĉp
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where Âij and Ĉi ∈ Rh×k. By considering each i− th row block of the equation, we have

x1Âi1 + x2Âi2 + . . .+ xpÂip + xiB = Ĉi. (3.1.1)

Hence, we can deduce the following theorem.

Theorem 3.2. Assume that Eq. (3.0.1) is well defined.

(i) Then Eq. (3.0.1) has a solution if and only if, for each i = 1, ..., p, the set
{Âi1, Âi2, . . . , Âip, B, Ĉi} is linearly dependent in the vector space Rh×k.

(ii) If Eq. (3.0.1) has a solution, then

rank[Âi B Ĉi] = rank[Âi B] for all i = 1, . . . , p (3.1.2)

where Âi = [Âi1 Âi2 . . . Âip],

(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B} is linearly independent for all i = 1, ..., p,

then the solution X is unique.

Proof. Note that the solvability of Eq. (3.0.1) means that we can write Ĉi in term of
linear combination of Âi1, Âi2, . . . , Âip, and B, with coefficients x1, x2, . . . , xp, xi. Thus the
solvability of Eq.(3.0.1) is equivalent to the linearly dependence of the set
{Âi1, Âi2, . . . , Âip, B, Ĉi} for all i. Now, the assertion (ii) concerning the ranks of augment
matrices holds. The assertion (iii) follows from Eq.(3.1.1).

Example 3.3. Let

A =


0 1 1 1

2 1 0 1

1 2 0 2

1 0 2 1

 , B =

3 0

4 1

 and C =


5 3

6 4

7 6

13 4

 .

The equation has a unique solution

X =

1
2

 .

We split A into 4 equal-size blocks as

Â11 =

0 1

2 1

 , Â12 =

1 1

0 1

 , Â21 =

1 2

1 0

 , Â22 =

0 2

2 1


and split C into 2 equal-size blocks as

Ĉ1 =

5 3

6 4

 , Ĉ2 =

 7 6

13 4

 .
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Then we have

rank[Â1 B Ĉ1] = rank
0 1 1 1 3 0 5 3

2 1 0 1 4 1 6 4

 = 2,

rank[Â1 B] = rank
0 1 1 1 3 0

2 1 0 1 4 1

 = 2,

rank[Â2 B Ĉ2] = rank
1 2 0 2 3 0 7 6

1 0 2 1 4 1 13 4

 = 2,

rank[Â2 B] = rank
1 2 0 2 3 0

1 0 2 1 4 1

 = 2.

Thus,

rank[Â1 B Ĉ1] = rank[Â1 B] = 2 and rank[Â2 B Ĉ2] = rank[Â2 B] = 2.

Example 3.4. Let

A =


0 2 2 0

2 1 1 1

1 3 1 1

1 0 1 0

 , B =

1 1

2 1

 and C =


1 1

0 1

1 0

0 1

 .

We split A into 4 equal-size blocks as

Â11 =

0 2

2 1

 , Â12 =

2 0

1 1

 , Â21 =

1 3

1 0

 , Â22 =

1 1

1 0

 ,

and split C into 2 equal-size blocks as

Ĉ1 =

1 1

0 1

 , Ĉ2 =

1 0

0 1

 .

Then we have

rank[Â1 B Ĉ1] = rank
0 2 2 0 1 1 1 1

2 1 1 1 2 1 0 1

 = 2,

rank[Â1 B] = rank
0 2 2 0 1 1

2 1 1 1 2 1

 = 2,

rank[Â2 B Ĉ2] = rank
1 3 1 1 1 1 1 0

1 0 1 0 2 1 0 1

 = 2,

rank[Â2 B] = rank
1 3 1 1 1 1

1 0 1 0 2 1

 = 2.

Thus,

rank[Â1 B Ĉ1] = rank[Â1 B] = 2 and rank[Â2 B Ĉ2] = rank[Â2 B] = 2.

However, the equation has no solution.
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Next, we apply the vector operator to Eq. (3.1.1) and obtain

x1Vc(Âi1) + x2Vc(Âi2) + . . .+ xpVc(Âip) + xiVc(B) = Vc(Ĉi) ∈ Rhk.

From this equation, we conclude the following:

Theorem 3.5. The matrix-vector equation A⋉X+X⋉B = C with respect to the general
left semi-tensor product is equivalent to the following matrix-vector equation

ÃX = C̃,

where

Ã =


Vc(Â11 +B) Vc(Â12) . . . Vc(Â1p)

Vc(Â21) Vc(Â22 +B) . . . Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) . . . Vc(Âpp +B)

 and C̃ =


Vc(Ĉ1)

Vc(Ĉ2)
...

Vc(Ĉp)

 .

Corollary 3.6. The matrix-vector equation (3.0.1) has a solution if and only if the fol-
lowing rank condition holds:

rank[Ã] = rank[Ã C̃]. (3.1.3)

Example 3.7. Let

A =


0 1 1 1

2 1 0 1

1 2 0 2

1 0 2 1

 , B =

3 0

4 1

 and C =


5 3

6 4

7 6

13 4

 .

By Lemma 3.5, we calculate p = n
k = 4

2 = 2.
Write

X =

x1

x2

 .

We split A into 4 equal-size blocks as

Â11 =

0 1

2 1

 , Â12 =

1 1

0 1

 , Â21 =

1 2

1 0

 , Â22 =

0 2

2 1


and plit C into 2 equal-size blocks as

Ĉ1 =

5 3

6 4

 , Ĉ2 =

 7 6

13 4

 .

By Theorem 3.5, we solve the equationVc(Â11 +B) Vc(Â12)

Vc(Â21) Vc(Â22 +B)

x1

x2

 =

Vc(Ĉ1)

Vc(Ĉ2)

 .
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Then we have 

0 + 3 1

2 + 4 0

1 + 0 1

1 + 1 1

1 0 + 3

1 2 + 0

2 2 + 4

0 1 + 1



x1

x2

 =



5

6

3

4

7

13

6

4



.

That is 

3 1

6 0

1 1

2 1

1 3

1 2

2 6

0 2



x1

x2

 =



5

6

3

4

7

13

6

4



.

Thus, X =

1
2

 is a solution of the equation.

Example 3.8. Let

A =


2 3

1 3

3 2

2 0

 , B =

1
2

 and C =


9

9

9

6

 .

By Lemma 3.5, we calculate p = n
k = 2

1 = 2.
Write

X =

x1

x2

 .

We split A into equal-size blocks as

Â11 =

2
1

 , Â12 =

3
3

 , Â21 =

3
2

 , Â22 =

2
0


and split C into 2 equal-size blocks as

Ĉ1 =

9
9

 , Ĉ2 =

9
6

 .
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By Theorem 3.5, we solve the equationVc(Â11 +B) Vc(Â12)

Vc(Â21) Vc(Â22 +B)

x1

x2

 =

Vc(Ĉ1)

Vc(Ĉ2)

 .

Then we have 
2 + 1 3

1 + 2 3

3 2 + 1

2 0 + 2


x1

x2

 =


9

9

9

6

 .

That is 
3 3

3 3

3 3

2 2


x1

x2

 =


9

9

9

6

 .

Thus, the solutions of the equation are X =

 x1

3− x1

where x1 ∈ R.

3.2 The general case m ̸= u

In this section, we discuss the conditions for the solution of Eq. (3.0.1). Firstly
we consider the relation between the dimensions of matrices A,B,C. Then we find the
condition for dimension of a solution X .

Lemma 3.9. Eq. (3.0.1) is well defined if and only if

(i) m | u and k | n,

(ii) h = u
p ,

(iii) k = v,

(iv) gcd {k, u
m} = 1, and

(v) p = nu
mk .

Proof. Suppose that Eq. (3.0.1) is well defined. Let us denote t = lcm {n, p}. By
definition of the general left semi-tensor product, we have that

A⋉X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × t

p and X ⋉B = (X ⊗ Ih)B ∈ Rph×k.

Assume that C ∈ Ru×v. Then we have

u =
mt

n
= ph and v =

t

p
= k.
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Furthermore, u
m = t

n and t = un
m . Substitute t = un

m in t
p = k. Then we obtain p = nu

mk .
Since un

m = t = lcm {n, p}, we have
un

m
= lcm {n, nu

mk
}.

We see that u
m is a factor of nu

mk . Thus n
k must be a positive integer. Moreover,

un

m
=

n

k
· lcm {k, u

m
}.

Consequently, gcd {k, u
m} = 1.

We obtain from the proof that t
p = k. Then we compute

A⋉X = (A⊗ I t
n
)(X ⊗ Ik) where t = lcm {n, p}

Then we split A⊗ I t
n
into p2 equal-size blocks Â11, Â12, . . . , Âpp, split X⊗ Ik into p equal-

size blocks X̂1, X̂2, . . . , X̂p and split C into p equal-size blocks Ĉ1, Ĉ2, . . . , Ĉp. Now we
can write Eq. (3.0.1) as.

A⋉X =


Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

... ... . . . ...
Âp1 Âp2 · · · Âpp




X̂1

X̂2

...
X̂p

+


x1B

x2B
...

xpB

 =


Ĉ1

Ĉ2

...
Ĉp


where Âij , Ĉi ∈ Rh×k and X̂i ∈ Rk×k. By considering each i−th row block of the equation,
we have

Âi1X̂1 + Âi2X̂2 + . . .+ ÂipX̂p + xiB = Ĉi. (3.2.1)
Since ÂijX̂j = xjÂij × Ik = xjÂij for i, j = 1 . . . p, Then we can write Eq. (3.2.1) as

x1Âi1 + x2Âi2 + . . .+ xpÂip + xiB = Ĉi. (3.2.2)

Hence, we can deduce the following theorem.

Theorem 3.10. Assume that Eq. (3.0.1) is well defined.

(i) Then Eq. (3.0.1) has a solution if and only if, for each i = 1, ..., p, the set
{Âi1, Âi2, . . . , Âip, B, Ĉi} is linearly dependent in the vector space Rh×k.

(ii) If Eq. (3.0.1) has a solution, then

rank[Âi B Ĉi] = rank[Âi B] for all i = 1, . . . , p (3.2.3)

where Âi = [Âi1 Âi2 . . . Âip],

(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B} is linearly independent for all i = 1, ..., p,
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Proof. Note that the solvability of Eq. (3.0.1) means that we can write Ĉi in term of
linear combination of Âi1, Âi2, . . . , Âip, and B, with coefficients x1, x2, . . . , xp, xi. Thus the
solvability of Eq.(3.0.1) is equivalent to the linearly dependence of the set
{Âi1, Âi2, . . . , Âip, B, Ĉi} for all i. Now, the assertion (ii) concerning the ranks of augment
matrices holds, The assertion (iii) follows from Eq.(3.2.2).

Example 3.11. Let Let

A =

1 3 1

2 1 3

 , B =

3 1 2

2 1 1

 and C =


8 5 10

13 4 5

13 12 8

9 7 12

 .

The equation has a solution

X =

2
3

 .

We split A⊗ I2 =


1 0 3 0 1 0

0 1 0 3 0 1

2 0 1 0 3 0

0 2 0 1 0 3

 into 4 equal-size blocks as

Â11 =

1 0 3

0 1 0

 , Â12 =

0 1 0

3 0 1

 , Â21 =

2 0 1

0 2 0

 , Â22 =

0 1 0

1 0 1


and split C into 2 equal-size blocks as

Ĉ1 =

 8 5 10

13 4 5

 , Ĉ2 =

13 12 8

9 7 12

 .

Then
rank[Â1 B Ĉ1] = rank[Â1 B] = 2 and rank[Â2 B Ĉ2] = rank[Â2 B] = 2.

Example 3.12. Let Let

A =

1 3 1

2 1 3

 , B =

3 1 2

2 1 1

 and C =


8 5 10

13 3 5

13 12 8

2 7 12

 .

We split A⊗ I2 =


1 0 3 0 1 0

0 1 0 3 0 1

2 0 1 0 3 0

0 2 0 1 0 3

 into 4 equal-size blocks as

Â11 =

1 0 3

0 1 0

 , Â12 =

0 1 0

3 0 1

 , Â21 =

2 0 1

0 2 0

 , Â22 =

0 1 0

1 0 1
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and split C into 2 equal-size blocks as

Ĉ1 =

 8 5 10

13 3 5

 , Ĉ2 =

13 12 8

2 7 12

 .

Then

rank[Â1 B Ĉ1] = rank[Â1 B] = 2 and rank[Â2 B Ĉ2] = rank[Â2 B] = 2.

However, the equation has no solution.
Next, we apply the vector operator to Eq. (3.1.1) and obtain

x1Vc(Âi1) + x2Vc(Âi2) + . . .+ xpVc(Âip) + xiVc(B) = Vc(Ĉi) ∈ Rhk.

From this equation, we conclude the following:
Theorem 3.13. The matrix-vector equation A ⋉ X + X ⋉ B = C with respect to the
general left semi-tensor product is equivalent to the following matrix-vector equation

ÃX = C̃,

where

Ã =


Vc(Â11 +B) Vc(Â12) . . . Vc(Â1p)

Vc(Â21) Vc(Â22 +B) . . . Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) . . . Vc(Âpp +B)

 and C̃ =


Vc(Ĉ1)

Vc(Ĉ2)
...

Vc(Ĉp)

 .

Example 3.14. Let

A =

1 3 1

2 1 3

 , B =

3 1 2

2 1 1

 and C =


8 5 10

13 4 5

13 12 8

9 7 12

 .

By Lemma 3.9, we calculate p = nu
mk = 3·4

2·3 = 2. Then t = lcm {3, 2} = 6. Write

X =

x1

x2

 .

Compute

A⊗ I 6
3
= A⊗ I2 =


1 0 3 0 1 0

0 1 0 3 0 1

2 0 1 0 1 0

0 2 0 1 0 1

 .

We split A⊗ I2 into 4 equal-size blocks as

Â11 =

1 0 3

0 1 0

 , Â12 =

0 1 0

3 0 1

 , Â21 =

2 0 1

0 2 0

 , Â22 =

0 1 0

1 0 1
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and split C into into 2 equal-size blocks as

Ĉ1 =

 8 5 10

13 4 5

 , Ĉ2 =

13 12 8

9 7 12

 .

By Theorem 3.11, we solve the equationVc(Â11 +B) Vc(Â12)

Vc(Â21) Vc(Â22 +B)

x1

x2

 =

Vc(Ĉ1)

Vc(Ĉ2)

 .

Then we have 

1 + 3 0

0 + 2 3

0 + 1 1

1 + 1 0

3 + 2 0

0 + 1 1

2 0 + 3

0 1 + 2

0 3 + 1

2 0 + 1

1 0 + 2

0 3 + 1



x1

x2

 =



8

13

5

4

10

5

13

9

12

7

8

12



.

That is 

4 0

2 3

1 1

2 0

5 0

1 1

2 3

0 3

0 4

2 1

1 2

0 4



x1

x2

 =



8

13

5

4

10

5

13

9

12

7

8

12



.

Thus, X =

2
3

 is a solution of the equation.
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Chapter 4
Solving the Sylvester equation when X is a matrix

In this chapter, we study on solving the Sylvester equation

A⋉X +X ⋉B = C (4.0.1)

where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, X ∈ Rp×q is an unknown matrix. We first
start from the case m = u and q | h, then discuss the general case.

4.1 The case m = u and q | h

In this subsection, we consider conditions for Eq. (4.0.1) to be solvable and
investigate the conditions for dimensions of a solution matrix X,A,B and C. We have
the following lemma.

Lemma 4.1. Eq. (4.0.1) is well defined if and only if the dimensions of A,B,C, and X

satisfy the following conditions

(i) u = m = ph
q ,

(ii) v = qn
p = k.

Proof. Assume that m = u and q | h. Denote t = lcm {n, p}. By definition of the general
left semi-tensor product, we have that

A⋉X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × qt

p and X ⋉B = (X ⊗ Ih
q
)B ∈ R

ph
q ×k.

Assume that C ∈ Ru×v. Then we have u = mt
n = ph

q and v = qt
p = k. Since u = m,

we have t = n.

Remark 4.2. If Eq. (4.0.1) has a solution, the dimensions of matrices A, B, C and X

must satisfy the conditions

(i) k | v,

(ii) m
n = h

k .

(iii) p = n
α and q = k

α , where α is a common divisor of n and k.

Since n = t, n is divisible by p. Assume that h is divisible by q. Then we split A into
p2 equal-size blocks Â11, Â12, . . . , Âpp, split B into q2 equal-size blocks B̂11, B̂12, . . . , B̂qq
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and split C into pq equal-size blocks Ĉ11, Ĉ12, . . . , Ĉpq. Now we can write Eq. (4.0.1) as

A⋉X +X ⋉B

=


Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

... ... . . . ...
Âp1 Âp2 · · · Âpp


[
X1 X2 . . . Xq

]
+


X1

X2

...
Xp




B̂11 B̂12 · · · B̂1q

B̂21 B̂22 · · · B̂2q

... ... . . . ...
B̂q1 B̂q2 · · · B̂qq



=


Ĉ11 Ĉ12 · · · Ĉ1q

Ĉ21 Ĉ22 · · · Ĉ2q

... ... . . . ...
Ĉp1 Ĉp2 · · · Ĉpq

 (4.1.1)

where Âij , B̂ij and Ĉij are ∈ R
m
p ×n

p . By considering each block of the equation, we
obtain

Ĉij = x1jÂi1 + . . .+ xpjÂip + xi1B̂1j + . . .+ xiqB̂qj (4.1.2)
Let Xi be the ith row of X , Xj be the jth column of X . For each i, j, let us partition

Âi = [Âi1 . . . Âip], B̂j =


B̂1j

...
B̂qj

 .

We can write Eq. (4.0.1) as
Ĉij = ÂiXj +XiB̂j (4.1.3)

for each i = 1, . . . , p, j = 1, . . . , q. Thus, we can derive the following theorem.

Theorem 4.3. Assume that Eq. (4.0.1) is well defined.

(i) Then Eq. (4.0.1) has a solution if and only if, for each i = 1, . . . , p and j = 1, . . . , q,
the set {Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj , Ĉij} is linearly dependent in R

m
p ×n

p .

(ii) If Eq. (4.0.1) has a solution, then

rank[Âi B̃j Ĉij ] = rank[Âi B̃j ] for all i = 1, . . . , p, j = 1, . . . , q (4.1.4)

where Âi = [Âi1 Âi2 . . . Âp] and B̃j = [B̂1j B̂2j . . . B̂qj ].

(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj} is linearly independent for
all i = 1, . . . , p and j = 1, . . . , q, then the solution X is unique.

Proof. We can write Ĉij in terms of a linear combination of Âi1, Âi2, . . . , Âip, and
B̂1j , B̂2j , . . . , B̂qj , with coefficients x1j , x2j , . . . , xpj , xi1, xi2, . . . , xiq. Thus the solvability of
Eq. (4.0.1) is equivalent to the linear dependence of the set
{Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj , Ĉij} for all i, j. Now, the assertion (ii) concerning the
ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.1.2).
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Example 4.4. Let

A =

1 2

2 0

 , B =


1 0 1 1

1 2 0 3

0 3 3 1

1 1 2 5

 and C =

2 8 9 7

5 4 8 13

 .

The equation has a unique solution X =
[
1 2

]
.

We split B into 4 equal-size blocks as

B̂11 =

1 0

1 2

 , B̂12 =

1 1

0 3

 , B̂21 =

0 3

1 1

 , B̂22 =

3 1

2 5


and split C into 2 equal-size blocks as

Ĉ11 =

2 8

5 4

 , Ĉ12 =

9 7

8 13

 .

Then we have

rank[A B̃1 Ĉ11] = rank
1 2 1 0 0 3 2 8

2 0 1 2 1 1 5 4

 = 2,

rank[A B̃1] = rank
1 2 1 0 0 3

2 0 1 2 1 1

 = 2,

rank[A B̃2 Ĉ12] = rank
1 2 1 1 3 1 9 7

2 0 0 3 2 5 8 3

 = 2,

rank[A B̃2] = rank
1 2 1 1 3 1

2 0 0 3 2 5

 = 2.

Thus,

rank[A B̃1 Ĉ11] = rank[A B̃1] = 2 and rank[A B̃2 Ĉ12] = rank[A B̃2] = 2.

Example 4.5. Let

A =

1 1

3 0

 , B =


1 0 2 0

2 1 3 1

1 1 2 3

0 2 1 1

 and C =

0 1 0 2

3 1 1 3

 .

We split B into 4 equal-size blocks as

B̂11 =

1 0

2 1

 , B̂12 =

2 0

3 1

 , B̂21 =

1 1

0 2

 , B̂22 =

2 3

1 1


and split C into 2 equal-size blocks as

Ĉ11 =

0 1

3 1

 , Ĉ12 =

0 2

1 3

 .
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Then we have

rank[A B̃1 Ĉ11] = rank
1 1 1 0 1 1 0 1

3 0 2 1 0 2 3 1

 = 2,

rank[A B̃1] = rank
1 1 1 0 1 1

3 0 2 1 0 2

 = 2,

rank[A B̃2 Ĉ12] = rank
1 1 2 0 2 3 0 2

3 0 3 1 1 1 3 1

 = 2,

rank[A B̃2] = rank
1 1 2 0 2 3

3 0 3 1 1 1

 = 2.

Thus,

rank[A B̃1 Ĉ11] = rank[A B̃1] = 2 and rank[A B̃2 Ĉ12] = rank[A B̃2] = 2.

However, the equation has no solution.
Next, we apply vector operator to Eq. (4.1.2) and obtain the following equation

Vc(Ĉij) = x1jVc(Âi1) + . . .+ xpjVc(Âip) + xi1B̂1j) + . . .+ xiqVc(B̂qj)

Consequently, we write the matrix equation as
Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)

X +X


Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
... ... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)



=


Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
... ... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)

 .

Theorem 4.6. Eq. (4.0.1) is equivalent to the following linear system:

(Iq ⊗ Ă+ B̆T ⊗ Ip)Vc(X) = Vc(C̆) (4.1.5)

where

Ă =


Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)

 , B̆ =


Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
... ... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)

 ,

C̆ =


Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
... ... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)
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From Theorem 4.6, we can solve Eq. (4.0.1) by solving the linear system (4.1.5)
instead.
Example 4.7. Let

A =

1 2

2 0

 , B =


1 0 1 1

1 2 0 3

0 3 3 1

1 1 2 5

 and C =

2 8 9 7

5 4 8 13

 .

By Lemma 4.1 and Remark 4.2 , we take α = 2, then p = n
α = 2

2 = 1 and q = k
α = 4

2 = 2.
Write

X =
[
x1 x2

]
.

We split B into 4 equal-size blocks as

B̂11 =

1 0

1 2

 , B̂12 =

1 1

0 3

 , B̂21 =

0 3

3 1

 , B̂22 =

3 1

2 5


and split C into 2 equal-size blocks as

Ĉ11 =

2 8

5 4

 , Ĉ12 =

9 7

8 13

 .

Then we have

Ă =
[
Vc(A)

]
=


1

2

2

0

 ,

B̆ =

 Vc(B̂11) Vc(B̂12)

Vc(B̂21) Vc(B̂22)

 =



1

1

0

2

1

0

1

3

0

3

3

1

3

2

1

5



,

C̆ =
[
Vc(Ĉ11) Vc(Ĉ12)

]
=


2

5

8

4

1

0

1

3

 .

By Theorem 4.6, we need to solve the following linear system

(I2 ⊗ Ă+ B̆T ⊗ I1)Vc(X) = Vc(C̆).
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Then we have 



1 0

2 0

2 0

0 0

0 1

0 2

0 2

0 0



+



1 0

1 1

0 3

2 1

1 3

0 2

1 1

3 5





x1

x2

 =



2

5

8

4

9

8

7

13



.

That is 

2 0

3 1

2 3

2 1

1 4

0 4

1 3

3 5



x1

x2

 =



2

5

8

4

9

8

7

13



.

Thus, X =
[
1 2

]
is a solution of the equation.

Example 4.8. Let

A =

1 2

1 2

 , B =


1 2 3 4

1 2 3 4

2 4 2 2

2 4 2 2

 and C =

4 8 6 8

4 8 6 8

 .

By Lemma 4.1 and Remark 4.2 , we take α = 2, then p = n
α = 2

2 = 1 and q = k
α = 4

2 = 2.
Write

X =
[
x1 x2

]
.

We split B into 4 equal-size blocks as

B̂11 =

1 2

1 2

 , B̂12 =

3 4

3 4

 , B̂21 =

2 4

2 4

 , B̂22 =

2 2

2 2


and split C into 2 equal-size blocks as

Ĉ11 =

4 8

4 8

 , Ĉ12 =

6 8

6 8

 .
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Then we have

Ă =
[
Vc(A)

]
=


1

1

2

2

 ,

B̆ =

 Vc(B̂11) Vc(B̂12)

Vc(B̂21) Vc(B̂22)

 =



1

1

2

2

3

3

4

4

2

2

4

4

2

2

2

2



,

C̆ =
[
Vc(Ĉ11) Vc(Ĉ12)

]
=


4

4

8

8

6

6

8

8

 .

By Theorem 4.6, we need to solve the following linear system

(I2 ⊗ Ă+ B̆T ⊗ I1)Vc(X) = Vc(C̆).

Then we have 



1 0

1 0

2 0

2 0

0 1

0 1

0 2

0 2



+



1 2

1 2

2 4

2 4

3 2

3 2

4 2

4 2





x1

x2

 =



4

4

8

8

6

6

8

8



.

That is 

2 2

2 2

4 4

4 4

3 3

3 3

4 4

4 4



x1

x2

 =



4

4

8

8

6

6

8

8



.
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Thus, the solutions of the equation are X =
[
x1 2− x1

]
where x1 ∈ R.

Example 4.9. Let

A =


1 2

0 1

2 0

3 1

 , B =



1 1 0

3 2 1

2 0 3

2 1 0

1 3 1

0 1 1


and C =


9 9 15

9 7 4

6 12 7

5 13 7

 .

By Lemma 4.1 and Remark 4.2 , we take α = 1, then p = n
α = 2

1 = 2 and q = k
α = 3

1 = 3.
Write

X =

x1 x3 x5

x2 x4 x6

 .

We split A into 4 equal-size blocks as

 Â11 Â12

Â21 Â22

 =


1

0

2

1

2

3

0

1

 ,

split B into 9 equal-size blocks as


B̂11 B̂12 B̂13

B̂21 B̂22 B̂23

B̂31 B̂32 B̂33

 =



1

3

1

2

0

1

2

2

0

1

3

0

1

0

3

1

1

1


,

and split C into 6 equal-size blocks as

 Ĉ11 Ĉ12 Ĉ13

Ĉ21 Ĉ22 Ĉ23

 =


9

9

9

7

15

4

6

5

12

13

7

7

 .
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Then we have

Ă =

 Vc(Â11) Vc(Â12)

Vc(Â21) Vc(Â22)

 =


1

0

2

1

2

3

0

1

 ,

B̆ =


Vc(B̂11) Vc(B̂12) Vc(B̂13)

Vc(B̂21) Vc(B̂22) Vc(B̂23)

Vc(B̂31) Vc(B̂32) Vc(B̂33)

 =



1

3

1

2

0

1

2

2

0

1

3

0

1

0

3

1

1

1


,

C̆ =

 Vc(Ĉ11) Vc(Ĉ12) Vc(Ĉ13)

Vc(Ĉ21) Vc(Ĉ22) Vc(Ĉ23)

 =


9

9

9

7

15

4

6

5

12

13

7

7

 .

By Theorem 4.6, we need to solve the following linear system

(I3 ⊗ Ă+ B̆T ⊗ I2)Vc(X) = Vc(C̆).

Then we have



1 2 0 0 0 0

0 1 0 0 0 0

2 0 0 0 0 0

3 1 0 0 0 0

0 0 1 2 0 0

0 0 0 1 0 0

0 0 2 0 0 0

0 0 3 1 0 0

0 0 0 0 1 2

0 0 0 0 0 1

0 0 0 0 2 0

0 0 0 0 3 1



+



1 0 2 0 1 0

3 0 2 0 0 0

0 1 0 2 0 1

0 3 0 2 0 0

1 0 0 0 3 0

2 0 1 0 1 0

0 1 0 0 0 3

0 2 0 1 0 1

0 0 3 0 1 0

1 0 0 0 1 0

0 0 0 3 0 1

0 1 0 0 0 1







x1

x2

x3

x4

x5

x6


=



9

9

6

5

9

7

12

13

15

4

7

7



.
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That is 

2 2 2 0 1 0

3 1 2 0 0 0

2 1 0 2 0 1

3 4 0 2 0 0

1 0 1 2 3 0

2 0 1 1 1 0

0 1 2 0 0 3

0 2 3 2 0 1

0 0 3 0 2 2

1 0 0 0 1 1

0 0 0 3 2 1

0 1 0 0 3 2





x1

x2

x3

x4

x5

x6


=



9

9

6

5

9

7

12

13

15

4

7

7



.

Thus, the solution of the equation is X =

1 3 1

0 1 2

.
4.2 The general case

In this subsection, we study the conditions for the dimensions of A ∈ Rm×n, B ∈

Rh×k and C ∈ Ru×v and X ∈ Rp×q. We have the following lemma.

Lemma 4.10. Eq. (4.0.1) is well defined if and only if the dimensions of A, B, C, and
X satisfy the following conditions

(i) u = mt
n = ps

q ,

(ii) v = tq
p = ks

h ,

where t = lcm {n, p} and s = lcm {q, h}.

Proof. Denote t = lcm {n, p} and s = lcm {q, h}. By definition of the general left semi-
tensor product, we have that

A⋉X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × tq

p and X ⋉B = (X ⊗ I s
q
)(B ⊗ I s

h
) ∈ R

ps
q × ks

h .

Assume that C ∈ Ru×v. Then we have u = mt
n = ps

q and v = tq
p = ks

h .

Remark 4.11. If Eq. (4.0.1) has a solution, the dimensions of matrices A, B, and C must
satisfy the conditions

(i) m | u and k | v.

(ii) m
n = h

k .

(iii) p = nu
α and q = mv

α , where α | nu, α | mv,m | α and n | α .
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As we see in the proof that,

A⋉X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × tq

p and X ⋉B = (X ⊗ I s
q
)(B ⊗ I s

h
) ∈ R

ps
q × ks

h .

Then we split A⊗I t
n
into p2 equal-sizes blocks Â11, Â12, . . . , Âpp ∈ R

s
q×

t
p , split X⊗I t

p
into

pq equal-sizes blocks X̂11, X̂12, . . . , X̂pq ∈ R
t
p×

t
p , split X ⊗ I s

q
into pq equal-sizes blocks

X̃11, X̃12, . . . , X̃pq ∈ R
s
q×

s
q ,split B ⊗ I s

h
into q2 equal-sizes blocks B̂11, B̂12, . . . , B̂qq ∈ R

s
q×

t
p

and split C into pq equal-sizes blocks Ĉ11, Ĉ12, . . . , Ĉpq ∈ R
s
q×

t
p . Now we can write Eq.

(4.0.1) as

A⋉X +X ⋉B

=


Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

... ... . . . ...
Âp1 Âp2 · · · Âpp


[
X̂1 X̂2 . . . X̂q

]
+


X̃1

X̃2

...
X̃p




B̂11 B̂12 · · · B̂1q

B̂21 B̂22 · · · B̂2q

... ... . . . ...
B̂q1 B̂q2 · · · B̂qq



=


Ĉ11 Ĉ12 · · · Ĉ1q

Ĉ21 Ĉ22 · · · Ĉ2q

... ... . . . ...
Ĉp1 Ĉp2 · · · Ĉpq

 (4.2.1)

where Âij , B̂ij and Ĉij are ∈ R
s
q×

t
p , X̂j be the jth column block of X ⊗ I t

p
, X̃i be the ith

row block of X ⊗ I s
q
. By considering each block of the equation, we obtain

Ĉij = Âi1X̂1j + . . .+ ÂipX̂pj + B̂1jX̃i1 + . . .+ B̂qjX̃iq (4.2.2)

Consider ÂijX̂ij = xijÂij × I t
p
= xijÂij and X̃ijB̂ij = xijI s

q
× B̂ij = xijB̂ij . We can write

Eq. (4.2.2) as
Ĉij = x1jÂi1 + . . .+ xpjÂip + xi1B̂1j + . . .+ xiqB̂qj (4.2.3)

Thus, we can derive the following theorem.

Theorem 4.12. Assume that Eq. (4.0.1) is well defined.

(i) Then Eq. (4.0.1) has a solution if and only if, for each i = 1, . . . , p and j = 1, . . . , q,
the set {Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj , Ĉij} is linearly dependent in R

s
q×

t
p .

(ii) If Eq. (4.0.1) has a solution, then

rank[Âi B̃j Ĉij ] = rank[Âi B̃j ] for all i = 1, . . . , p, j = 1, . . . , q (4.2.4)

where Âi = [Âi1 Âi2 . . . Âp] and B̃j = [B̂1j B̂2j . . . B̂qj ].

(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj} is linearly independent for
all i = 1, . . . , p and j = 1, . . . , q, then the solution X is unique.This material is reserved for educational use only, not allowed for commercial use. 
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Proof. We can write Ĉij in terms of a linear combination of Âi1, Âi2, . . . , Âip, and
B̂1j , B̂2j , . . . , B̂qj , with coefficients x1j , x2j , . . . , xpj , xi1, xi2, . . . , xiq. Thus the solvability of
Eq. (4.0.1) is equivalent to the linear dependence of the set
{Âi1, Âi2, . . . , Âip, B̂1j , B̂2j , . . . , B̂qj , Ĉij} for all i, j. Now, the assertion (ii) concerning the
ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.2.3).

Example 4.13. Let

A =

1 1 2

1 0 1

 , B =


2 1 1 0 3 0

2 3 0 1 1 1

1 0 0 1 0 1

1 2 1 1 2 1

 and C =


5 3 2 4 5 4

5 8 4 4 7 5

4 2 1 3 4 1

3 6 2 2 5 3

 .

The equation has a solution X =

1 2

1 1

.
We split A⊗ I2 into 4 equal-size blocks as

 Â11 Â12

Â21 Â22

 =


1 0 1

0 1 0

0 2 0

1 0 2

1 0 0

0 1 0

0 1 0

0 0 1

 ,

split B into 4 equal-size blocks as

 B̂11 B̂12

B̂21 B̂22

 =


2 1 1

2 3 0

0 3 0

1 1 1

1 0 0

1 2 1

1 0 1

1 2 1

 ,

and split C into 4 equal-size blocks as

 Ĉ11 Ĉ12

Ĉ21 Ĉ22

 =


5 3 2

5 8 4

4 5 4

4 7 5

4 2 1

3 6 2

3 4 1

2 5 3

 .

Then
rank[Â1 B̃1 Ĉ11] = rank[Â1 B̃1] = 2 and rank[Â1 B̃2 Ĉ12] = rank[Â1 B̃2] = 2,

rank[Â2 B̃1 Ĉ21] = rank[Â2 B̃1] = 2 and rank[Â2 B̃2 Ĉ22] = rank[Â2 B̃2] = 2.

Example 4.14. Let A,B be the same as Example 4.12 and

C =


5 3 2 4 5 4

5 8 4 4 7 5

4 2 4 3 4 1

3 6 2 2 5 3
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We split C into 4 equal-size blocks as

 Ĉ11 Ĉ12

Ĉ21 Ĉ22

 =


5 3 2

5 8 4

4 5 4

4 7 5

4 2 4

3 6 2

3 4 1

2 5 3

 .

Then

rank[Â1 B̃1 Ĉ11] = rank[Â1 B̃1] = 2 and rank[Â1 B̃2 Ĉ12] = rank[Â1 B̃2] = 2.

rank[Â2 B̃1 Ĉ21] = rank[Â2 B̃1] = 2 and rank[Â2 B̃2 Ĉ22] = rank[Â2 B̃2] = 2.

However, the equation has no solution.

Next, we apply vector operator to Eq. (4.2.3) and obtain the following equation

Vc(Ĉij) = x1jVc(Âi1) + . . .+ xpjVc(Âip) + xi1Vc(B̂1j) + . . .+ xiqVc(B̂qj)

Consequently, we write the matrix equation as
Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)

X +X


Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
... ... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)



=


Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
... ... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)

 .

Theorem 4.15. Eq. (4.0.1) is equivalent to the following linear system:

(Iq ⊗ Ă+ B̆T ⊗ Ip)Vc(X) = Vc(C̆) (4.2.5)

where

Ă =


Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
... ... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)

 , B̆ =


Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
... ... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)

 ,

C̆ =


Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
... ... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)

 .

From Theorem (4.15) we can solve Eq. (4.0.1) by solving the linear system (4.2.5)
instead.
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Example 4.16. Let

A =

1 1 2

1 0 1

 , B =


2 1 1 0 3 0

2 3 0 1 1 1

1 0 0 1 0 1

1 2 1 1 2 1

 and C =


5 3 2 4 5 4

5 8 4 4 7 5

4 2 1 3 4 1

3 6 2 2 5 3

 .

By Lemma 4.10 and remark 4.11 , we take α = 6, then p = nu
α = 3·4

6 = 2 and
q = mv

α = 2·6
2 = 2, t = lcm {3, 2} = 6, s = lcm {2, 4} = 4.

Write

X =

x1 x3

x2 x4

 .

Compute

A⊗ I 6
3
= A⊗ I2 =


1 0 1 0 2 0

0 1 0 1 0 2

1 0 0 0 1 0

0 1 0 0 0 1

 and B ⊗ I 4
4
= B ⊗ I1 = B.

We split A⊗ I2 into 4 equal-size blocks as

 Â11 Â12

Â21 Â22

 =


1 0 1

0 1 0

0 2 0

1 0 2

1 0 0

0 1 0

0 1 0

0 0 1

 ,

split B into 4 equal-size blocks as

 B̂11 B̂12

B̂21 B̂22

 =


2 1 1

2 3 0

0 3 0

1 1 1

1 0 0

1 2 1

1 0 1

1 2 1

 ,

and split C into 4 equal-size blocks as

 Ĉ11 Ĉ12

Ĉ21 Ĉ22

 =


5 3 2

5 8 4

4 5 4

4 7 5

4 2 1

3 6 2

3 4 1

2 5 3

 .
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Then we have

Ă =

 Vc(Â11) Vc(Â12)

Vc(Â21) Vc(Â22)

 =



1

0

0

1

1

0

0

1

2

0

0

2

1

0

0

1

0

0

0

0

1

0

0

1



,

B̆ =

 Vc(B̂11) Vc(B̂12)

Vc(B̂21) Vc(B̂22)

 =



2

2

1

3

1

0

0

1

3

1

0

1

1

1

0

2

0

1

1

1

0

2

1

1



,

C̆ =

 Vc(Ĉ11) Vc(Ĉ12)

Vc(Ĉ21) Vc(Ĉ22)

 =



5

5

3

8

2

4

4

4

5

7

4

5

4

3

2

6

1

2

3

2

4

5

1

3



.
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By Theorem 4.15, we need to solve the following linear system

(I2 ⊗ Ă+ B̆T ⊗ I2)Vc(X) = Vc(C̆).

Then we have 



1 0 0 0

0 1 0 0

0 2 0 0

1 0 0 0

1 0 0 0

0 2 0 0

1 0 0 0

0 0 0 0

0 1 0 0

1 0 0 0

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 2

0 0 1 0

0 0 1 0

0 0 0 2

0 0 1 0

0 0 0 0

0 0 0 1

0 0 1 0

0 0 0 0

0 0 0 1



+



2 0 1 0

2 0 1 0

1 0 0 0

3 0 2 0

1 0 0 0

0 0 1 0

0 2 0 1

0 2 0 1

0 1 0 0

0 3 0 2

0 1 0 0

0 0 0 1

0 0 1 0

1 0 1 0

3 0 0 0

1 0 2 0

0 0 1 0

1 0 1 0

0 0 0 1

0 1 0 1

0 3 0 0

0 1 0 2

0 0 0 1

0 1 0 1






x1

x2

x3

x4

 =



5

5

3

8

2

4

4

3

2

6

1

2

4

4

5

7

4

5

3

2

4

5

1

3



.
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That is 

3 0 1 0

2 1 1 0

1 2 0 0

4 0 2 0

2 0 0 0

0 2 1 0

1 2 0 1

0 2 0 1

0 2 0 0

1 3 0 2

0 1 0 0

0 1 0 1

0 0 2 0

1 0 1 1

3 0 0 2

1 0 3 0

0 0 2 0

1 0 1 2

0 0 1 1

0 1 0 1

0 3 0 1

0 1 1 2

0 0 0 1

0 1 0 2




x1

x2

x3

x4

 =



5

5

3

8

2

4

4

3

2

6

1

2

4

4

5

7

4

5

3

2

4

5

1

3



.

Thus, the solution of the equation is X =

1 2

1 1

.
Example 4.17. Let

A =

2
1

 , B =


1 2

2 1

2 2

1 3

 and C =


7 12

6 9

4 6

4 5

 .

By Lemma 4.10 and Remark 4.11 , we take α = 2, then p = nu
α = 4

2 = 2 and q = mv
α =

4
2 = 2, t = lcm {1, 2} = 2, s = lcm {2, 4} = 4.
Write

X =

x1 x3

x2 x4

 .
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Compute

A⊗ I 2
1
= A⊗ I2 =


2 0

0 2

1 0

0 1

 and B ⊗ I 4
4
= B ⊗ I1 = B.

We split A⊗ I2 into 4 equal-size blocks as

 Â11 Â12

Â21 Â22

 =


2

0

0

2

1

0

0

1

 ,

split B into 4 equal-size blocks as

 B̂11 B̂12

B̂21 B̂22

 =


1

2

2

1

2

1

2

3

 ,

and split C into 4 equal-size blocks as

 Ĉ11 Ĉ12

Ĉ21 Ĉ22

 =


7

6

12

9

4

4

6

5

 .

Then we have

Ă =

 Vc(Â11) Vc(Â12)

Vc(Â21) Vc(Â22)

 =


2

0

0

2

1

0

0

1

 ,

B̆ =

 Vc(B̂11) Vc(B̂12)

Vc(B̂21) Vc(B̂22)

 =


1

2

2

1

2

1

2

3

 ,

C̆ =

 Vc(Ĉ11) Vc(Ĉ12)

Vc(Ĉ21) Vc(Ĉ22)

 =


7

6

12

9

4

4

6

5

 .

By Theorem 4.15, we need to solve the following linear system

(I2 ⊗ Ă+ B̆T ⊗ I2)Vc(X) = Vc(C̆).
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Then we have 



2 0 0 0

0 2 0 0

1 0 0 0

0 1 0 0

0 0 2 0

0 0 0 2

0 0 1 0

0 0 0 1



+



1 0 2 0

2 0 1 0

0 1 0 2

0 2 0 1

2 0 2 0

1 0 3 0

0 2 0 2

0 1 0 3






x1

x2

x3

x4

 =



7

6

4

4

12

9

6

5



.

That is 

3 0 2 0

2 2 1 0

1 1 0 2

0 3 0 1

2 0 4 0

1 0 3 2

0 2 1 2

0 1 0 4




x1

x2

x3

x4

 =



7

6

4

4

12

9

6

5



.

Thus, the solution of the equation is X =

1 2

1 1

.
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Chapter 5
Conclusions and suggestions

5.1 Conclusions
We consider the Sylvester matrix equation (4.0.1) with respect to the general

left semi-tensor product where the coefficients A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are
real matrices of arbitrary dimensions. The study includes the equation A ⋉ X = C (
see [18]) , the equation X ⋉ B = C, and the Lyapunov equation. Our results also
contain the Sylvester matrix equation with respect to the left semi-tensor product.
We obtain the conforming dimensions of A,B,C, and the unknown X . We investigate
necessary/sufficient condition(s) for the Sylvester matrix equation to be solvable and
uniquely solvable, concerning ranks and linear independence. For matrices with arbitary
dimensions, we show that the Sylvester equation can be transformed to a linear system
with respect to the usual matrix product by means of the vector operator.

5.2 Suggestions
The method that we use to partition matrices in the general case of this thesis

turns out to have large numbers of linear equations. The further research may work on
finding a new partition’s method to reduce the numbers of linear equations.
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Solving the Sylvester matrix equation with respect to the

general left semi­tensor product
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Abstract

We consider the Sylvester matrix equationA!X+X!B = C

with respect to the general left semi­tensor product where A,B,C are

given real matrices of arbitrary dimensions and X is unknown. We

investigate necessary/sufficient condition(s) for the Sylvester matrix

equation to be solvable and uniquely solvable, concerning ranks and

linear independence. Moreover, we show that the Sylvester equation

can be transformed to a linear system with respect to the usual matrix

product by means of the vector operator.

Mathematics Subject Classification: 15A06, 15A24, 15A69,15B05
Keywords: Sylvester matrix equation, general left semi­tensor product, vector operator, linear sys­
tem

1 Introduction

Linear matrix equations arise naturally in several branches of pure and applied mathe­

matics such as differential equations, control theory, neutral network, and vibration theory; see

e.g. [11, 15, 16]. The Sylvester matrix equation

AX +XB = C (1.1)

is a famous linear matrix equation that is significantly used in stability analysis and optimal

control. A usual algebraic method to solve linear matrix equations is to transform them into a
∗Corresponding author

�S�J kykR
�MMm�H Sm`2 �M/ �TTHB2/

J�i?2K�iB+b *QM72`2M+2 kykR
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linear system by means of certain kind of vectorization, namely, the column/row vector oper­

ator; see e.g. [12].

In the usual matrix multiplication, the product of A ∈ Rm×n and B ∈ Rp×q can be

defined if n = p, that is, the matrix pair (A,B) satisfies the matching­dimension condition.

For thematrices that do not satisfy matching dimension condition, Cheng [3] has introduced the

semi­tensor product as a tool for multiplication between those matrices. The left­semi tensor

product of A ∈ Rm×n and B ∈ Rp×q can be defined under the factor­dimension condition

namely, n | p or p | n. In the case n = p, the product of A ! B is equal to the usual matrix

product AB. The properties of left­semi tensor product contain the associative law, the left/

right distributive over the matrix addition, certain identity­like properties, and the compatibility

with the scalar multiplication, the transposition, the inversion and so on (see [1,2,5–7,10]). The

left semi­tensor product can be applied in several areas such as classical logic [9], fuzzy logic

[9], Boolean networks [3,8], dynamic systems [10] andMorgan’s problem [4]. The general left

semi­tensor product defines product of matrices with arbitrary dimensions (see [3]). It defines

product of A and B as

A! B = (A⊗ Iα
n
)(B ⊗ Iα

p
) (1.2)

where A ∈ Rm×n and B ∈ Rp×q. The general left semi­tensor product turns out to possess

rich algebraic properties like the usual matrix product. The general left semi­tensor product

was proposed for solving decoupling problems of a linear system and the problems with mul­

tidimension data. In 2015, Yao et al. [17] introduced a convenient way to solve the matrix

equation

A!X = C (1.3)

where A ∈ Rm×n and B ∈ Rh×k. In fact, Eq. (1.3) has been importantly used in Boolean

network. If the equation has a solution, then the dimension ofX satisfies the solvability’s con­

ditions andB must be a block Toeplitz matrix. The number of solutions depends on the greatest

common divisor of n and k. If gcd {n, k} = 1 , then the solution has only one admissible size.

Li et al. [14] have been motivated by the work of Yao and considered that solving only Eq.(1.3)

is not sufficient. Therefore, they investigated the solvability of the system of matrix equations





A!X = B

X ! C = D
(1.4)

with respect to the general left semi­tensor product. In fact, if the solution of (1.4) exists, then

B and D must be partitioned matrices so that each partition is a Toplitz matrix. The matrix

�S�J kykR
�MMm�H Sm`2 �M/ �TTHB2/

J�i?2K�iB+b *QM72`2M+2 kykR

( R89 )

48

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



equation

A!X ! B = C (1.5)

where A ∈ Rm×n and B ∈ Ra×b and C ∈ Rh×k under the general left semi­tensor product,

has been extensively used in non­linear programming, power science, parameter identification,

etc. Ji [13] investigated the solvability of Eq. (1.5). Indeed, if Eq. (1.5) has solution(s), then

X satisfies certain dimension conditions and C must be the block Toplitz matrix.

The previous discussion motivated us to study the Sylvester matrix equation

A!X +X ! B = C (1.6)

where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, and X ∈ Rp×q is to be solved. The study

includes Eqs. (1.3), (1.5) and the Lyapunove equation:

A!X +X ! AT = C

as special cases. We investigate the solvability and the unique solvability for Eq. (1.6) ac­

cording to the matrix dimensions, ranks and linear independence. Moreover, we show that Eq.

(1.6) can be transformed to a linear system, so that we can solve it via an ordinary method.

2 Preliminaries

For any positive integersm,n, we denote the set ofm×n real matrices by Rm×n. When

n = 1, we set Rm := Rm×1.

Recall that the Kronecker product (see e.g. [12]) of A = [aij] ∈ Rm×n and B ∈ Rh×k,

denoted by A⊗ B, is defined as the block matrix

A⊗ B =





a11B a12B . . . a1nB

a21B a22B . . . a2nB
...

... . . . ...

am1B am2B . . . amnB




∈ Rmh×nk.

Recall that the general left semi­tensor product (see e.g. [3]) of A ∈ Rm×n and B ∈
Rh×k, denoted by A! B, is defined as

A! B = (A⊗ Iα
n
)(B ⊗ Iα

h
) ∈ Rmα

n × kα
h

�S�J kykR
�MMm�H Sm`2 �M/ �TTHB2/
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( R88 )

49

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



where α = lcm {n, h}. If n | h or h | n, then A!B becomes the left semi­tensor product (see

e.g. [3]) In the case n = h, the product A! B reduces to the usual product AB.

The (column) vector operator (see e.g. [12]) vec(·) is a linear operator that turns any
matrix A = [aij] ∈ Rm×n into the vector

Vc(A) =
[
a11 . . . am1 a12 . . . am2 . . . a1n . . . amn

]T
.

Lemma 2.1. Let A ∈ Rm×n and B ∈ Rh×k and X ∈ Rp×q. Then

Vc(AXB) = (BT ⊗ A)Vc(X).

3 Solving the Sylvester equation when X is a vector

In this section, we study on solving the Sylvester equation

A!X +X ! B = C (3.1)

where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, X ∈ Rp is an unknown matrix. We first

start from the casem = u, and then discuss the general case.

3.1 The casem = u

In this subsection, we study on relation between dimensions of matrix A,B,C, conditions for

solving Eq. (3.1) and condition for an existence of a solution. We say that Eq. (3.1) is well

defined if

(i) the matrices A!X andX ! B are well defined,

(ii) the dimensions of A!X , X ! B and C are the same.

Lemma 3.1. Eq. (3.1) is well­defined if and only if

(i) k | n and h | m,

(ii) v = k, and

(iii) p = n
k = m

h .

�S�J kykR
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Proof. The sufficient condition is quite obvious. For the necessity, suppose that Eq. (3.1)

is well defined. Let us denote t = lcm {n, p}. By definition of the general left semi­tensor
product, we have that

A!X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × t

p and X ! B = (X ⊗ Ih)B ∈ Rph×k.

Assume that C ∈ Ru×v and m = u. Then we have u = m = ph , t = n and v = t
p = k.

Furthermore, p = m
h = n

k ,
m
h and n

k must be a positive integer. Thus, if a solution of equation

(3.1) exists, the solution must belong toRp where p = n
k = m

h and n
k is required to be a positive

integer.

We obtain from the previous proof that n = pk. That is n is divisible by p. Then we

write X = [x1 x2 . . . xp]T ∈ Rp. We split A into p2 equal­size blocks Â11, Â12, . . . , Âpp and

split C into p equal­size blocks C1, C2, . . . , Cp. Now we can write Eq. (3.1) as

A!X +X ! B =





Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

...
... . . . ...

Âp1 Âp2 · · · Âpp









x1

x2

...

xp




+





x1B

x2B
...

xpB




=





C1

C2

...

Cp





where Âij and Ci ∈ Rh×k. By considering each i− th row block of the equation, we have

x1Âi1 + x2Âi2 + . . .+ xpÂip + xiB = Ci. (3.2)

Hence, we can deduce the following theorem.

Theorem 3.2. Assume that Eq. (3.1) is well defined.

(i) Then Eq. (3.1) has a solution if and only if, for each i = 1, ..., p, the set

{Âi1, Âi2, . . . , Âip, B, Ci} is linearly dependent in the vector space Rh×k.

(ii) If Eq. (3.1) has a solution, then

rank[Âi B C] = rank[Âi B] for all i = 1, . . . , p (3.3)

where Âi = [Âi1 Âi2 . . . Âip],
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(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B} is linearly independent for all i = 1, ..., p,

then the solution X is unique.

Proof. Note that the solvability of Eq. (3.1) means that we can write Ci in term of linear com­

bination of Âi1, Âi2, . . . , Âip, and B, with coefficients x1, x2, . . . , xp, xi. Thus the solvability

of Eq.(3.1) is equivalent to the linearly dependence of the set {Âi1, Âi2, . . . , Âip, B, Ci} for all
i. Now, the assertion (ii) concerning the ranks of augment matrices holds, The assetion (iii)

follows from Eq.(3.2).

Next, we apply the vector operator to Eq. (3.1) and obtain

x1Vc(Âi1) + x2Vc(Âi2) + . . .+ xpVc(Âip) + xiVc(B) = Vc(Ci) ∈ Rhk.

From this equation, we conclude the following:

Theorem 3.3. The matrix­vector equation A !X +X ! B = C with respect to the general

left semi­tensor product is equivalent to the following matrix­vector equation

ÃX = C̃,

where

Ã =





Vc(A11 +B) Vc(A12) . . . Vc(A1p)

Vc(A21) Vc(A22 +B) . . . Vc(A2p)
...

... . . . ...

Vc(Ap1) Vc(Ap2) . . . Vc(App +B)




and C̃ =





Vc(C1)

Vc(C2)
...

Vc(Cp)




.

Corollary 3.4. The matrix­vector equation (3.1) has a solution if and only if the following rank

condition holds:

rank[Ã] = rank[Ã C̃]. (3.4)

3.2 The general casem %= u

In this subsection, we discuss the conditions for the solution of Eq. (3.1). Firstly we consider

the relation between dimensions of matricesA,B,C. Then we find the condition for dimension

of a solution X .

Lemma 3.5. Eq. (3.1) is well defined if and only if
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(i) m | u and k | n,

(ii) h = u
p ,

(iii) k = v,

(iv) gcd {k, u
m} = 1, and

(v) p = nu
mk .

Proof. Suppose that Eq. (3.1) is well defined. Let us denote t = lcm {n, p}. By definition of
the general left semi­tensor product, we have that

A!X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × t

p and X ! B = (X ⊗ Ih)B ∈ Rph×k.

Assume that C ∈ Ru×v. Then we have

u =
mt

n
= ph and v =

t

p
= k.

Furthermore, u
m = t

n and t = un
m . Substitute t = un

m in t
p = k. Then we obtain p = nu

mk . Since
un
m = t = lcm {n, p}, we have

un

m
= lcm {n, nu

mk
}.

We see that u
m is a factor of nu

mk . Thus
n
k must be a positive integer. Moreover,

un

m
=

n

k
· lcm {k, u

m
}.

Consequently, gcd {k, u
m} = 1.

In the general case, it is not easy to find suitable partitions of the matricesA!X,X!B,

and C in oder to get a linear system. However, for a particular case B = 0, we can partition

A !X and C to get a linear system. Indeed, if the equation A !X = C has a solution, then

C must be a block Toplitz matrix; see [17].

4 Solving the Sylvester matrix equation when X is a matrix

In this section, we study on solving the Sylvester equation

A!X +X ! B = C (4.1)
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where A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are given, X ∈ Rp×q is an unknown matrix. We first

start from the casem = u and q | h, then discuss the general case.

4.1 The casem = u and q | h

In this subsection, we consider conditions for Eq. (4.1) to be solvable and investigate the

conditions for dimensions of a solution matrixX,A,B and C. We have the following lemma.

Lemma 4.1. Eq. (4.1) is well defined if and only if the dimensions of A,B,C, and X satisfy

the following conditions

(i) u = m = ph
q ,

(ii) v = qn
p = k.

Proof. Assume thatm = u and q | h. Denote t = lcm {n, p}. By definition of the general left
semi­tensor product, we have that

A!X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × qt

p and X ! B = (X ⊗ Ih
q
)B ∈ R

ph
q ×k.

Assume that C ∈ Ru×v. Then we have u = mt
n = ph

q , t = n and v = qt
p = k. Since

u = m, we have t = n.

Remark 4.2. If Eq. (4.1) has a solution, the dimensions of matrices A, B, and C must satisfy

the conditions

(i) k | v,

(ii) m
n = h

k .

(iii) p = n
α and q = k

α , where α is a common divisor of n and k.

Since n = t, n is divisible by p. Assume that h is divisible by q. Then we split A into

p2 equal­size blocks Â11, Â12, . . . , Âpp, splitB into q2 equal­size blocks B̂11, B̂12, . . . , B̂qq and
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split C into pq equal­size blocks Ĉ11, Ĉ12, . . . , Ĉpq. Now we can write Eq. (4.1) as

A!X +X ! B

=





Â11 Â12 · · · Â1p

Â21 Â22 · · · Â2p

...
... . . . ...

Âp1 Âp2 · · · Âpp





[
X1 X2 . . . Xq

]
+





X1

X2

...

Xp









B̂11 B̂12 · · · B̂1q

B̂21 B̂22 · · · B̂2q

...
... . . . ...

B̂q1 B̂q2 · · · B̂qq





=





Ĉ11 Ĉ12 · · · Ĉ1q

Ĉ21 Ĉ22 · · · Ĉ2q

...
... . . . ...

Ĉp1 Ĉp2 · · · Ĉpq




(4.2)

where Âij, B̂ij and Ĉij are ∈ R
m
p̄ ×n

p̄ . By considering each block of the equation, we obtain

Ĉij = x1jÂi1 + . . .+ xpjÂip + xi1B̂1j + . . .+ xiqB̂qj (4.3)

Let X i be the ith column of X , Xj be the jth row of X . For each i, j, let us partition

Âi = [Âi1 . . . Âip], B̂j =





B̂1j

...

B̂qj



 .

We can write Eq. (4.1) as

Ĉij = ÂiXj +X iB̂j (4.4)

for each i = 1, . . . , p, j = 1, . . . , q. Thus, we can derive the following theorem.

Theorem 4.3. Assume that Eq. (4.1) is well defined.

(i) Then Eq. (4.1) has a solution if and only if, for each i = 1, . . . , p and j = 1, . . . , q, the

set {Âi1, Âi2, . . . , Âip, B̂1j, B̂2j, . . . , B̂qj, Ĉij} is linearly dependent in R
m
p ×n

p .

(ii) If Eq. (4.1) has a solution, then

rank[Âi B̃j Ĉij] = rank[Âi B̃j] for all i = 1, . . . , p, j = 1, . . . , q (4.5)

where Âi = [Âi1 Âi2 . . . Âp] and B̃j = [B̂1j B̂2j . . . B̂qj].
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(iii) Moreover, if the set {Âi1, Âi2, . . . , Âip, B̂1j, B̂2j, . . . , B̂qj} is linearly independent for all
i = 1, . . . , p and j = 1, . . . , q, then the solution X is unique.

Proof. We can write Ĉij in terms of a linear combination of Âi1, Âi2, . . . , Âip,

and B̂1j, B̂2j, . . . , B̂qj , with coefficients xi1, xi2, . . . , xip, x1j, x2j, . . . , xqj . Thus

the solvability of Eq. (4.1) is equivalent to the linear dependence of the set

{Âi1, Âi2, . . . , Âip, B̂1j, B̂2j, . . . , B̂qj, Ĉij} for all i, j. Now, the assertion (ii) concerning

the ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.1).

Next, we apply vector operator to Eq. (4.3) and obtain the following equation

Vc(Ĉij) = x1jVc(Âi1) + . . .+ xpjVc(Âip) + xi1B̂1j) + . . .+ xiqVc(B̂qj)

Consequently, we write the matrix equation as





Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
...

... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)




X +X





Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
...

... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)





=





Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
...

... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)




.

Theorem 4.4. Eq. (4.1) is equivalent to the following linear system:

(Iq ⊗ Ă+ B̆T ⊗ Ip)Vc(X) = Vc(C̆) (4.6)
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where

Ă =





Vc(Â11) Vc(Â12) · · · Vc(Â1p)

Vc(Â21) Vc(Â22) · · · Vc(Â2p)
...

... . . . ...

Vc(Âp1) Vc(Âp2) · · · Vc(Âpp)




, B̆ =





Vc(B̂11) Vc(B̂12) · · · Vc(B̂1q)

Vc(B̂21) Vc(B̂22) · · · Vc(B̂2q)
...

... . . . ...

Vc(B̂q1) Vc(B̂q2) · · · Vc(B̂qq)




,

C̆ =





Vc(Ĉ11) Vc(Ĉ12) · · · Vc(Ĉ1q)

Vc(Ĉ21) Vc(Ĉ22) · · · Vc(Ĉ2q)
...

... . . . ...

Vc(Ĉp1) Vc(Ĉp2) · · · Vc(Ĉpq)




.

From Theorem 4.4, we can solve Eq. (4.1) by solving the linear system (4.6) instead.

4.2 The general case

In this subsection, we study the the condition for the dimensions of A ∈ Rm×n, B ∈
Rh×k and C ∈ Ru×v and X ∈ Rp×q. We have the following lemma.

Lemma 4.5. Eq. (4.1) is well defined if and only if the dimensions of A, B, C, and X satisfy

the following conditions

(i) u = mt
n = ps

q ,

(ii) v = tq
p = ks

h ,

where t = lcm {n, p} and s = lcm {q, h}.

Proof. Denote t = lcm {n, p} and s = lcm {q, h}. By definition of the general left semi­tensor
product, we have that

A!X = (A⊗ I t
n
)(X ⊗ I t

p
) ∈ R

mt
n × tq

p and X ! B = (X ⊗ I s
q
)(B ⊗ I s

h
) ∈ R

ps
q × ks

h .

Assume that C ∈ Ru×v. Then we have u = mt
n = ps

q and v = tq
p = ks

h .

Remark 4.6. If Eq. (4.1) has a solution, the dimensions of matrices A, B, and C must satisfy

the conditions

(i) m | u and k | v.
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(ii) m
n = h

k .

(iii) p = nu
α and q = mv

α , where α | nu,α | mv,m | α and n | α .

In the general case, it is not easy to find partitions of the matrices A!X,X !B, and C

in oder to get a linear system. However, for a particular case B = 0, we can partition A !X

and C to get a linear system. Indeed, if the equation A!X = C has a solution, then C must

be a block Toplitz matrix; see [17].

5 Conclusion

We consider the Sylvester matrix equation (4.1) with respect to the general left semi­

tensor product where the coefficients A ∈ Rm×n, B ∈ Rh×k, C ∈ Ru×v are real matrices

of arbitrary dimensions. The study includes the equation A ! X = C ([17]) , the equation

X!B = C, and the Lyapunov equation. Our results also contain the Sylvester matrix equation

with respect to the left semi­tensor product. We obtain the conforming dimensions of A,B,C,

and the unknown X . We investigate necessary/sufficient condition(s) for the Sylvester matrix

equation to be solvable and uniquely solvable, concerning ranks and linear independence. For

certain cases of dimensions, we show that the Sylvester equation can be transformed to a linear

system with respect to the usual matrix product by means of the vector operator.
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