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Chapter 1

Introduction

1.1 Inception and Significance of Research

Linear matrix equations arise naturally in several branches of pure/applied math-
ematics, e,g, differential equations, control theory, neutral network, and vibration the-

ory; see e.g. [12, 17, 16]. The Sylvester matrix equation
AX+XB=C (1.1.1)

is a famous linear matrix equation that is significantly used in stability analysis and
optimal control. A usual algebraic method to solve linear matrix equations is to trans-
form them into a linear system by means of certain kind of vectorization, namely, the
column/row vector operator; see e.g. [13].

In the usual matrix multiplication, the product of A € R™*™ and B € Rr*¢
can be defined if n = p, that is the matrix pair (4, B) satisfies the matching-dimension
condition. For the matrices that do not satisfy matching dimension condition, Cheng
[4] has introduced the semi-tensor product as a tool for multiplication between those
matrices. The left-semi tensor product of A € R™*™ and B € RP*4 can be defined under
the factor-dimension condition namely, n | p or p | n. In the case n = p, the product
of A x B is equal to the usual matrix product AB. The properties of left-semi tensor
product contain the associative law, the left/right distributive over the matrix addition,
certain identity-like properties, and the compatibility with the scalar multiplication, the
transposition, the inversion and so on (see [6, 7, 8, 11, 2, 3]). The left semi-tensor
product can be applied in several areas such as classical logic [10], fuzzy logic [10],
Boolean networks [4, 9] dynamic system [11] and Morgan’s problem [5]. The general
left semi-tensor product defines product of matrices with arbitrary dimensions (see [4]).

It defines product of 4 and B as
AxB=(A®l2)(B® =) (1.1.2)

where A € R™*™ and B € RP*4. The general left semi-tensor product turns out to
possess rich algebraic properties as the usual matrix product. The general left semi-
tensor product was proposed for solving decoupling problems of linear system and the
problems with multi-dimensions data. In 2015, Yao et al. [18] introduced a convenient

way to solve the matrix equation
Ax X =B (1.1.3)

where A € R™*" and B € R"**. In fact, Eq. (1.1.3) has been importantly used in

Boolean network. If the equation has a solution, then the dimension of X satisfies



the solvability’s conditions and B must be a block Toeplitz matrix. The number of
solutions depends on the greatest common divisor of n and k. If gcd {n,k} = 1, then
the solution has only one admissible size. Li et al. [15] have been motivated by the
work of Yao and considered that solving only Eq. (1.1.3) is not sufficient. Therefore,

they investigated the solvability of the system of matrix equation

Ax X =B
(1.1.4)
XxC=D

with respect to the general left semi-tensor product. In fact, if the solution of (1.1.4)
exists, then B and D must be partitioned matrices so that each partition is a Toplitz

matrix. The matrix equation
AxXxB = C (1.1.5)

where A € R™*" and B € R*** and C € R"**¥ under the general left semi-tensor prod-
uct, has been extensively used in non-linear programming, power science, parameter
identification, etc. Ji [14] investigated the solvability of Eq. (1.1.5). Indeed, if Eq. (1.1.5)
has solution(s), then X satisfies certain dimension conditions and C must be the block
Toplitz matrix.

The previous discussion motivated us to study the Sylvester matrix equation
AxX+XxB=C (1.1.6)

where A € R™*" B € Rk C € R**? are given, and X € RP*4 is to be solved. The study

includes Eqgs. (1.1.3), (1.1.5) and the Lyapunove equation:
Ax X+ Xx AT =C

as special cases. We investigate the solvability and the unique solvability for Eq. (1.1.6)
according to the matrix dimensions, ranks and linear independence. Moreover, we show
that Eq. (1.1.6) can be transformed to a linear system, so that we can solve it via an
ordinary method.

1.2 Research Objectives

1 Investigate equivalent condition(s) for the Sylvester matrix equation with respect

to the general left semi-tensor product to be solvable.

2 Investigate equivalent condition(s) for the Sylvester matrix equation with respect

to the general left semi-tensor product to be uniquely solvable.

3 Propose a convenient way of solving the Sylvester matrix equation with respect
to the general left semi-tensor product.



1.3 Scope

We investigate the matrix equation A x X + X x B = C, where A, B,C are given
real matrices and X is an unknown real matrix. Here, the product x is the general left

semi-tensor product.

1.4 Benefits

To obtain criteria and a convenient method for solving the Sylvester matrix

equation with respect to the general left semi-tensor product.

1.5 Research Methodology

1) Study advanced topics in Linear Algebra and Matrix Analysis.

2) Study advanced topics in Multilinear Algebra.

3) Study topics of the left semi-tensor product from research paper.

4) Study topics of the semi-tensor product and its application from research paper.

5) Study topics of solving matrix equations under the semi-tensor product from re-

search paper.
6) Determine the objectives and scope of the research.

7) Investigate condition(s) for solvability of the Sylvester matrix equation with respect

to the general left semi-tensor product.

8) Provide the method for solving the Sylvester matrix equation with respect to the

general left semi-tensor product.

9) Make a conclusion of the outcome, write the thesis and make suggestions for

further studies.
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Chapter 2
Preliminaries

For any positive integers m, n, we denote the set of m x n real matrices by R"™*".
When n =1, we set R™ := R™*1,

2.1 The Kronecker product

Definition 2.1. The Kronecker product (see e.g. [13]) of A = [a;;] € R™*" and B € R"*F,
denoted by A ® B, is defined as the block matrix

anB algB (llnB
a1B  axB ... a,B
AR B = 2.1 2.2 . 2. c RMhxnk
am1 B amaB ... am.B
0 1 1 -1 0
Example 2.2. Let 4 = and B = . Then
2 -1 3 2 1

1 -t 1 —1 0
3 2 1 3 2 1
A®B=
1 -1 0 1 -1 0
2 -1
3 2 1 3 2 1
00 0 1 -1 0
00 0 3 o
2 20 -1 1 0
6 4 2 -3 -2 -1

Theorem 2.3. (see e.g. [1]) Let A € R™*", Then
() (ad)® B = a(A® B) = A® (aB) for all a € R and B € RP*4
(i) (A® B)T = AT @ BT for B € RP*4
(i) (A®B)®C = A® (B® C) for B RP*4 and C € R™**
(V) (A+B)®@C=(A®C)+ (B C) for B R™™ and C € R"™**
(V) A® (B+C)=(A®B)+ (A®C) for B,C € RP*4
(V) A®0=0®A

(Vi) Ty ® Iy = Linia.



Definition 2.4. The (column) vector operator (see e.g. [1] [13]) vec(:) is a linear operator
that turns any matrix A = [a;;] € R™*™ into the vector

‘/(/(A) = |ai1 ... Qmi1 @12 ... AQp2 ... Qlp ... Qmn

1 1 0
Example 2.5. Llet A= |2 —1 1]|. Then

4 3 5

s N =

g = O W

Theorem 2.6. (see e.g. [1]) Let A € R™*" and B € R"** and X € RP*4, Then

V.(AXB) = (BT ® A)V.(X)

2.2 The general left semi-tensor product

Definition 2.7. The general left semi-tensor product (see e.g. [4]) of A € R™*" and
B € R"** denoted by A x B, is defined as

ma %
L

AxB=(A®I:s)(B®Is) €eR™

where a = lcm {n,h}. If n | h or h | n, then A x B becomes the left semi-tensor product
(see e.g. [4])

In the case n = h, the product A x B reduces to the usual product AB.



5 7 3
Example 2.8. Let A= |2 —1| eR¥*? and B = [2| € R¥*L. Then lcm {2,3} =6 and

6 2 1

AxB=(A&Ig)(B®Is)

=(A® L)(B® I1)
5 7 100 3
10
=ll2 -1|®]0o 1 0 2| ®
0 1

6 2 001 1
500 7 0 0
050 0 7 0| 1

30
005 0 0 7

0 3
200 -1 0 0

2 0
=020 0 -1 0

0 2
002 0 0 -1

10
6 00 2 0 0

01
06 0 0 2 0" -
006 0 0 2
15 14
7 15
0 7
6 -2
=|-1 6| €eR”.
4 -1
18 4
2 18
12 2

Theorem 2.9. (see e.g. [4]) Let A € R™*" B € R"** and C € R**?. Then

(i) (Distributive Law)

Ax (aB+pC) = a(Ax B)+p(AxC)
(tA+BB)x C = «a(AxC)+p(BxC) a, B eR.

(i) (Associative Law)
(AxB)x C=Ax (BxC).

2.3  Solving the matrix equation A x X = B

2.3.1  Solutions of the matrix-vector equation A x X = B

Let A € R™*", B € R"* and X € RP.



Theorem 2.10. [18] If matrix-vector equation A x X = B has a solution, then matrix B

must be a block Toeplitz matrix.

Theorem 2.11. [18] The solvability of matrix-vector equation 4 x X = B is equivalent

to the solvability of the following matrix-vector equation:

[1‘11 Apjmir A(n/kq)h/mﬂ} Y1 = By,
[;12 Apjmia o A(n/kq)h/mw} Y> = By,
|:;1h/m AZh/m T fzip:| Y—h/m = Bh/ma (231)
where
Al AP
A=[4 Ali Al}Jrl Al}Jrl Azf Al%+1 : "Anfl} Au*nfl}+1 Ayl
Ay
and
b1 bio b1 ba1 bs1 cor bayma
é . bh/m+1,1 bh/m+1,2 s bh/m+1,k bh/m?,l bh/m,+3,1 s th/m,l
bh—n/my1,1 On—h/ms12 -+ bnonymiik Oh—n/m21 Oh—njmesi oo+ bna
Bj is the j — th column of B .
By = _Bl Bh/erl B(li—l)h/m—&-l El}h/m—&-l]
By = _Bk+l; éh/m—z;H ézf—l}—nh/m—l;ﬂ él%—l%h/m—l§+1]
Bh/m = _Bk-i-h/m—lé Bl%+1 B(li—2)h/m+l%+1 Bk*h/m+1?| 7k:llh/m+l2

If a series of vectors Y1,Ys,...,Y;,, denoted by

T h
}/3: |:ysl Ys2 yg(n/k) ?821?27"'7E7
is a solution of Eqg. (2.3.1), Then
T
X = {yn Y21 0 Yym)l oo+ Ylm/k)  Y2(njk) - y(h/m)(n/k)}

is a solution of matrix-vector equation.

Corollary 2.12. [18] Matrix-vector equation A x X = B has a solution if and only if
Aj, Ap s s Aje_1yn/myj> and B; are linearly dependent, j = 1,2,..., . Moreover, if
Aj Ay Ak —1ynymy; are linearly independent, j = 1,2,..., 2 then the solution

of the equation would be unique.



1 0 2
1 0 4 1
Example 2.13. Let A = ,B = . Then we have frachm = 2,k = 3,
0 1 1 0 2 1
2 0 2

andk=1-2+1,2=1,p=2. SO

1 2 o 2 0 1 0 2 4| . 1 2] . 4 2
Ao = ,B1 = , By = -
0 1 1 1 0 2 1 2 0 1 0 2

Solving Eq. (2.3.1), we have Y; = 1,Y, = 2. Thus X = {1 Q}T is a solution of the

9

Ay = -

)

equation, and by Corollary 2.12 the solution is unique.

2.3.2 Solutions of the matrix equation A x X = B

Let A €e R™*", B € R"* and X e RPx9,

Theorem 2.14. [18] Equation 4 x X = C with m = h is equivalent to the solvability of

the following equation with conventional matrix product:

(Iy © A)Ve(X) = Ve(B), (2.3.2)

where A= |V, (4,) V.(43) ... Vc(/lp)]

Corollary 2.15. [18] Matrix equation Ax X = B has a solution if and only if the following

rank condition holds:
rankﬁ:rank[ﬁ Vo(Bi) Vo(By ... VC(Bq)}

vvhereBz[Vc(Bl) Vo(Ba) ... Vc(l?q)}-

Theorem 2.16. [18] Suppose that matrix equation A x X = B has a solution in RP>4.
Split B into blocks of size £ by g, then each block is a block Toeplitz matrix. B is

required to be in the form:

Block11(B) ... Blockiy(B)
B =
Blocky,1(B) ... Blocky,,(B)

obtain the solutions of the equation
Ax X =B

is equivalent to solve
A X Xi = Bz



2.4 Solving the equation Ax X x B=C

241 Solvability of the matrix-vector equation A x X x B=C

Let A € R™*" B € R**b C € R"* and X € RP.

10

Theorem 2.17. [14] If a solution of the equation A x X x B = C exists, then matrix C

must be a block Toplitz matrix. C has the following from:

Block11(C)  Block12(C) ... Blockyp(C)
c Blockgl(C) BlOCkQQ(C) . Blockzb(C)
Blockp1(C)  Blockma(C) ... Blockm(C))

where Blocky1(C), Blocki5(C), ..., Blockn,,(C) € R#w*% are Toeplitz blocks of matrix C.

Theorem 2.18. [14] The solvability of the matrix-vector equation A x X x B = C is

equivalent to the solvability of the following matrix-vector equations:

|:A1 A’Zih/m—i-l t A(nb/k—l)h/m-&-l} Y= Clla

|:A2 Ah/m—FQ e A(nb/k—l)h/m-&-2:| Yo = 021’
[Ah,/m A2h/m U Apa:| Yh/m,l = Ch/m,h

[Al Ah/m—i—l fzi(nb/k—l)h/m-&-l} Y12 = Ch,
|:Ah/7n A2h/m T A’Zipa} Yh/m,2 = Cv’h/m,27

[1‘11 Ah/m+1 e A(nb/k—l)h/m-&-l} Yip = Cu,
|:Ah/m A2h/m e A’lea:| Yh/m,b = Ch/m,ba

where
A1 Apa

A:[Al Az% Ali+1-~- Al% Al§+1"'An—z} An—l}+1

BN

(2.4.1)
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and
Ci1 = |:él éh/m+1 é(lifl)h/erl él}h/m+1} ’
Cn=Cuppry Crmir - Catmvpmer Ciinme]
Chyma = |:ék/b+h/mflé CN’I%Jrl C'(l%,g)h/m+l§+1 ék/b—h/m—s-l}
Chmp = [é(b_l)h/m+k—b—k/b+2 ébh/m+k—b—k/b+2 C~'(bJrlifl)h/mﬂﬁbfk/l’“}
Chy = |:C~vbh,/m+k—b—k/b+1 é(bfl)h/m+k:7bfk/b+lé+2 C'(b_g)h/m+k+2 C'(b_z)h/m+k—b+2}

If a series of Y,;,s =1,..., &;5 =1,...,b, which denoted by

T h .
Y;j:[yslja Ys25, -+ ys%j ’8:1""’E;‘7:17""b
is a solution of matrix-vector equation, then the column v, of ¥ = |:Y1, Yo, ..., Y,
can be expressed by
T a
Yg = |:y11g7 Y219, -+ ylan’ga yz%bm LERN) y%%”q] eER?
Partition Y as ¥ = [YlT v ... Y|, where Y/ e Re** and f = 1,...,p Then if the
following system :
l‘lB = ?i
J?QB = }A/Q
(2.4.2)
zpB = Yp (2.4.3)
. T . . . .
has a solution X = [:m zy ... x,| ,itisalso the solution of the matrix-vector equa-

tion Ax X x B=C.

Corollary 2.19. [14] Matrix-vector equation A x X x B = C has a solution if and only if
the following conditions could be satisfies simultaneously:
) Ay An . .,/Vl(%,l)iﬂ- and C;; are linearly dependent, fori=1,..., 2 j=1,...,b

i) Eg. (2.4.3) has a solution.

Furthermore, if Zli,fl%ﬂ, . ,A(%fl)%ﬂ are linearly independent for i = 1,..., 2, and

' m)?

Eqg. (2.4.3) has a solution, then the solution would be unique.

2.4.2  The matrix equation Ax X x B=C

Let Let A € R™*", B € R**Y C € R"* and X ¢ RP*4,
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Theorem 2.20. [14] The solvability of the equation A x X x B = C with m = h is
equivalent to the solvability of the following equation with conventional matrix product:

(BT @ L ) (I @ A)Ve(X) = Ve(O), (2.4.4)
where A = |V,(4;) V.(4y) ... Vi(4,)| and Ay, As,..., A, are p equal size blocks of
matrix A.

Theorem 2.21. [14] If the solution of matrix equation A x X x B = C exists, Then C

must be a block Toplitz matrix. Moreover

[ Block:,(C) Blocky5(C) Block,(C) |
Block%l(C’) Blockiﬁz(C) Block‘%b(C)
C =
BlockﬁfmiﬁJrlyl(C) Block;ifm}#ﬂJrLz(C) Blockﬁfm%Jrl’b(C)
i Blockﬁl(C) Block%Q(C’) Block%b(C’) |

where Blocky(C), Blocki2(C), ..., Blockn,(C) € RA*% are Toeplitz matrix.



Chapter 3
Solving the Sylvester equation when X is a vector

In this chapter, we study on solving the Sylvester equation
AxX+XxB=C (3.0.1)

where A € R™*" B € R"* O € R**¥ are given, X € R? is an unknown vector. We first

start from the case m = u, and then discuss the general case.

3.1 Case m=u

In this section, we study on relation between the dimensions of matrices A, B, C,
conditions for solving Eq. (3.0.1) and condition for an existence of a solution. We say
that Eq. (3.0.1) is well defined if

(i) the matrices A x X and X x B are well defined,

(i) the dimensions of A x X, X x B and C are the same.
Lemma 3.1. Eq. (3.0.1) is well-defined if and only if

() k|nand h|m,

(i) v=k, and

(i) p=2 =2
Proof. The sufficient condition is quite obvious. For the necessity, suppose that Eq.
(3.0.1) is well defined. Let us denote t = lcm {n,p}. By definition of the general left

semi-tensor product, we have that

t

Ax X =(ARI)(X®I)eR™ s and X xB=(X®I,)BecR"k

Assume that C € R*** and m = u. Then we haveu:m:ph,t:nandv:%:k.
Furthermore, p = 2 = %, = and % must be a positive integer. Thus, if a solution of
equation (3.1) exists, the solution must belong to R? where p = % = %+ and % is required

to be a positive integer. []

We obtain from the previous proof that n = pk. That is n is divisible by p. Then we write
X =[x 29 ... x,)7 € RP. We split A into p? equal-size blocks A1, Ays,. .., A,, and split

C into p equal-size blocks C1, s, ..., C,. Now we can write Eq. (3.0.1) as

774171”3 Aqo l 1 Ay z1 1B ol
Aoy Az Azp T2 9B 6'2
Ax X+ X x B= PP ol bl Hateiel Al A |t ) =
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where A;; and C; € R"**, By considering each i —th row block of the equation, we have

T A+ xohin ..+ Clip/lip + ;B =C;.
Hence, we can deduce the following theorem.
Theorem 3.2. Assume that Eqg. (3.0.1) is well defined.

(i) Then Eq. (3.0.1) has a solution if and only if, for each i = 1, ..., p, the set
{Ain, Asa, ..., Ay, B,Cy} is linearly dependent in the vector space R,

(i) If Eg. (3.0.1) has a solution, then

rank[4; B C;] = rank[4; B] foralli=1,...,p

where Az = [Aﬂ Ao .. Aip]a

(iii) Moreover, if the set {A;1, A, ..., Aip, B} is linearly independent for all i =

then the solution X is unique.

(3.1.1)

(3.1.2)

1,...,p,

Proof. Note that the solvability of Eq. (3.0.1) means that we can write C; in term of

linear combination of A;1, A, ..., Ay, and B, with coefficients 1, xs, ..., ,, ;. Thus the

solvability of Eq.(3.0.1) is equivalent to the linearly dependence of the set

{Aqn, Asa, ..., Aip, B, Cy} for all i. Now, the assertion (i) concerning the ranks of augment

matrices holds. The assertion (iii) follows from Eq.(3.1.1).

Example 3.3. Let

01 11 5 3
2 1 01 3 0 4
A= , B= and C = .
1 2 0 2 4 1 7 6
1 0 2 1 13 4

The equation has a unique solution

We split A into 4 equal-size blocks as

R 0 1 . 1 1
An = , Arg =
2 1 0 1

and split C into 2 equal-size blocks as

[]



Then we have

rank[A; B C;] = rank

rank[A; B] = rank

rank[A; B (5] = rank

rank[A, B] = rank

Thus,
rank[A; B Cy] =rank[A; B] =2 and rank[4; B C,] = rank|[A; B] = 2.

Example 3.4. Let

02 2 0 1 1

2 1 11 1 1 1
A= , B= and C =

1 3 1 1 2 1 1 0

101 0 0 1

We split A into 4 equal-size blocks as

A 2 0 . 1 3| . 11
7A12: 7A21: 7A22: )
11 10 10

and split C into 2 equal-size blocks as

Ay =
2

« 1 1 «
Ci = , Co =

Then we have

rank[A; B Cy] = rank

rank[A; B] = rank

rank[A; B C,] = rank

rank[A; B] = rank

Thus,
rank[A; B C,] =rank|[4, B] =2 and rank[4; B (5] =rank[A, B] = 2.

However, the equation has no solution.

15
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Next, we apply the vector operator to Eqg. (3.1.1) and obtain
21 Vo(Air) + 22Ve(Ai) + ..+ 2,Ve(Aip) + 2:Ve(B) = Vo(Cy) € R,
From this equation, we conclude the following:

Theorem 3.5. The matrix-vector equation Ax X +X x B = C with respect to the general

left semi-tensor product is equivalent to the following matrix-vector equation

AX =C,
where
VoA + B)  V.(Ap) oo Vi(Ay) V.(Cy)
I vc@m VC<A2? +B) Vc(zfim e | )
Vc(Apl) Vc(Azﬂ) R Vc(App =+ B) Vc(ép)

Corollary 3.6. The matrix-vector equation (3.0.1) has a solution if and only if the fol-

lowing rank condition holds:

rank[A] = rank[4 C]. (3.1.3)
Example 3.7. Let
01 11 5 3
21 01 0 6 4
A= , B= and C =
1 2 0 2 4 1 7 6
1 0 2 1 13 4
By Lemma 3.5, we calculate p= 7 = § =2.
Write
x=|".
T2
We split 4 into 4 equal-size blocks as
N 0 1 N 11 " 1 2 R 0 2
An = , Az = , Aoy = , Agp =
2 1 0 1 1 0 2 1
and plit € into 2 equal-size blocks as
A 5 3 A 7 6
C = , Oy = .
6 4 13 4

By Theorem 3.5, we solve the equation

N
s

Vc(/in +B) ‘/C(A12)
Vo(As) Ve(Azs + B)

>

x1
T2

=
Paw

©

<



Then we have

043
244
140
141

1 043

240

244

141

_— = O

S NN =

That is

I s R

SO N R = N R O W
—
i
8 8
N =

N N W

Thus, X = is a solution of the equation

2

Example 3.8. Let

N W =N
S NWwWw W

By Lemma 3.5, we calculate p= 7 = 2 =2.
Write

We split 4 into equal-size blocks as

2 . 3
, Aip =
1 3

and split C into 2 equal-size blocks as

A=

)

and C =

S © © ©

€
T2 .
N 3 N 2
Ao = , Agp =
2 0

17
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By Theorem 3.5, we solve the equation

=
&

>

V.(Ai1 + B) Vo(A2) Ty
Vc(/im) Vc(/izz + B)

o
—~
DN
~

Then we have

2+1 3 9
142 3 T . 9
3 241 |2 9|
2 0+ 2 6
That is
3 3 9
3 3 T 9
3 3| |2 9]
2 2 6
. . X
Thus, the solutions of the equation are X = ! ] where z; € R.
3 — I

3.2 The general case m # u

In this section, we discuss the conditions for the solution of Eq. (3.0.1). Firstly
we consider the relation between the dimensions of matrices 4, B, C. Then we find the

condition for dimension of a solution X.
Lemma 3.9. Eq. (3.0.1) is well defined if and only if
() m|wand k| n,
(i) h=12,
(iii) k=,
(iv) gcd {k, %} =1, and
(V) p= 1%,

Proof. Suppose that Eqg. (3.0.1) is well defined. Let us denote ¢ = lcm {n,p}. By
definition of the general left semi-tensor product, we have that

mt

Ax X =(ARI)(X®I)eR™ s and X xB=(X®I,)BecRh*k

Assume that C € R**?. Then we have



19

Furthermore, ;- = & and ¢ = %». Substitute ¢t = 4» in © = k. Then we obtain p = ¢.

mk

Since “& = ¢ = lcm {n,p}, we have

un nu
— =lecm{n, —}.
m {n, mk}

We see that % is a factor of 2« Thus % must be a positive integer. Moreover,
un n u
Pl lcm {k, %}.
Consequently, gcd {k, £} = 1. []
We obtain from the proof that £ = k. Then we compute

Ax X =(A®1:)(X®I) where t = lcm {n, p}

Then we split A® 7. into p* equal-size blocks Ay, Avg, ..., Ay, split X @1, into p equal-
size blocks X1, Xs,..., X, and split C into p equal-size blocks C,Cs,...,C,. Now we
can write Eqg. (3.0.1) as.

An A Ay |\ X mBE G
Azy i Aga | /12;7 X, 2B Cy
Ax X = |------- [ Hi o + =1
Apl : AZDQ : | App Xp zpB CA’p

where 4;;,C; € R"** and X; € R¥**, By considering each i—th row block of the equation,
we have

Since Ay X; = xjAij x I, = z;Ay; fori,j = 1...p, Then we can write Eq. (3.2.1) as

xlflil + fL'QAiQ + ...+ (ﬁpAip +x;B = C;. (322)
Hence, we can deduce the following theorem.
Theorem 3.10. Assume that Eq. (3.0.1) is well defined.

(i) Then Eqg. (3.0.1) has a solution if and only if, for each i = 1, ..., p, the set
{Ain, As, ..., Ay, B,Cy} is linearly dependent in the vector space RM*,

(ii) If Eg. (3.0.1) has a solution, then

rank[4; B C;] = rank[4; B] foralli=1,...,p (3.2.3)

where Al = [/Ll Ao ... Aip]’

(i) Moreover, if the set {A;1, Ao, ..., Ay, B} is linearly independent for all i = 1, ..., p,

then the solution X is unique.
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Proof. Note that the solvability of Eq. (3.0.1) means that we can write C; in term of
linear combination of A;1, A, ..., Asy, and B, with coefficients 1, xs, ..., ,, ;. Thus the
solvability of Eq.(3.0.1) is equivalent to the linearly dependence of the set

{Aqn, Asa, ..., Ay, B, C;} for all i. Now, the assertion (i) concerning the ranks of augment
matrices holds, The assertion (iii) follows from Eq.(3.2.2). L]

Example 3.11. Let Let

8 5 10
1 3 1 3 1 2 13 4 5
2 1 3 2 11 13 12 8
9 7 12

The equation has a solution

2
X =
3
10 3 010
01 0 3 01
We split A® I = into 4 equal-size blocks as
2010 30
02010 3
" 1 0 3 . 010 . 2 01 . 010
All = ) A12 = ) A21 = ) A22 =
0 1 0 3 01 0 2 0 1 01

and split C into 2 equal-size blocks as
A 8 5 10 A 13 12 8
Ol = ) CQ = .
13 4 5 9 7 12

rank[A; B Cy] =rank[A; B] =2 and rank[4; B C,] = rank[A, B] = 2.

Then

Example 3.12. Let Let

8§ 5 10
1 3 1 13 3 5
A= , B= and C =

2 1 3 2 11 13 12 8

2 7 12
103 010
01 0 3 01

We split A® I, = into 4 equal-size blocks as

201030
02010 3

:b)
e
-

|
1
[ R
= O
S W
||

:b)
o
S

I
——
w O
S =
= O
L =

:b)
°)
—

Il
1
S N
N O
S =
[ |
>
¥
N

I
| ———
= O
S =
= O
— — 1
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and split C into 2 equal-size blocks as
N 8 5 10 A 13 12 8
Ch = , Oy = .
13 3 5 2 7 12

rank[A; B C,] =rank[A, B] =2 and rank[4; B (5] =rank[A, B] = 2.

Then

However, the equation has no solution.
Next, we apply the vector operator to Eq. (3.1.1) and obtain
1 Vo(Air) + 22Ve(Ai) + ..+ 2,Ve(Aip) + 2:Ve(B) = Vo(Cy) € R,
From this equation, we conclude the following:

Theorem 3.13. The matrix-vector equation A x X + X x B = C with respect to the

general left semi-tensor product is equivalent to the following matrix-vector equation

AX =C,
where
Ve(A11 + B) Vc(/im) VC(Alp) Vc(él)
G| V=) Vo(Ass + B) V(A . ('”z)
VC(Apl) VL(APQ) VC(AI)I) + B) VC( Ap)
Example 3.14. Let
8 5 10
1 3 1 13 4 5
A= , B= and C =
2 1 3 2 1 1 13 12 8
9 7 12

By Lemma 3.9, we calculate p = 2% = 32 = 2. Then ¢t = lcm {3,2} = 6. Write

v H

A®I%:A®I2:

Compute

S N O =
e =)
S = O W
_ o W O
S = O =
= e S )

We split A® I, into 4 equal-size blocks as

. 10 3 A 010 A 201 A 0 10
An = , Aip = , A9 = , Az =
0 10 301 020 1 01



and split C into into 2 equal-size blocks as

By Theorem 3.11, we solve the equation

Then we have

That is

Thus, X =

3

V::(All + B)
V.(A21)

143
042
0+1
141
342
0+1

2

S = N O O

= Ot N =N

S = N O O N

V.(A12)

Ve(Agy + B)

- o O = w o

0+3
142
3+1
0+1
0+2
3+1

= o O = W O

- W W

is a solution of the equation.

13 12

A 8 5 10 A
Cl = 5 02 =
13 4 5 9

7

8
12|

22



Chapter 4
Solving the Sylvester equation when X is a matrix

In this chapter, we study on solving the Sylvester equation
AxX+XxB=C (4.0.1)

where A € R™*" B € Rk C € R*XV are given, X € RP*? is an unknown matrix. We first

start from the case m = and ¢ | h, then discuss the general case.

41 Thecasem=uandq|h

In this subsection, we consider conditions for Eq. (4.0.1) to be solvable and
investigate the conditions for dimensions of a solution matrix X, A, B and C. We have

the following lemma.

Lemma 4.1. Eq. (4.0.1) is well defined if and only if the dimensions of A4, B,C, and X

satisfy the following conditions

(i)u:m:%,

(Il)v:%:k.

Proof. Assume that m =« and ¢ | h. Denote t = lcm {n, p}. By definition of the general

left semi-tensor product, we have that
AxX=(A®I)(X®L) e R % and XxB=(X®I.)BecR%*

Assume that C € R“*¥. Then we have u = ™ = %

andv:%:k. Since u = m,
we have t = n. L]

Remark 4.2. If Eq. (4.0.1) has a solution, the dimensions of matrices A, B, C and X
must satisfy the conditions

() kv,
(i) m =2,
(i) p=2and ¢=£ , where « is a common divisor of n and .

Since n = t, nis divisible by p. Assume that h is divisible by ¢. Then we split 4 into
p? equal-size blocks Ay, Ay, ..., A,,, split B into ¢* equal-size blocks Biy, Bia, ..., By
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and split C into pg equal-size blocks C1y, Ca, . .., Cpy. Now we can write Eq. (4.0.1) as

Ax X+ X x B
An A e Ay XU | BB By
Ag : Agg : : 1212;) X? Bo + Bag : BQq
= |- S PSR, & Xq}+ ”””” e S S
Apl : Ap2 : : App XP Bql : Bq2 : : qu
O iCiie i Gy
Oy | Cao o Cy
= | f”’_’?” (4.1.1)
L CAvpl i CPQ i i Cqu

where A;;, B;; and C;; are € R»*%. By considering each block of the equation, we

obtain

Cij = xleil + ...+ xpjleip + xﬂBlj +...+ xiquj (412)
Let X7 be the it" row of X, X; be the j®" column of X. For each i, j, let us partition

Blj
A=Ay ... Ay),Bj =

We can write Eq. (4.0.1) as
Cij = A'X; + X'B; (4.1.3)

foreachi=1,...,p,5=1,...,q. Thus, we can derive the following theorem.
Theorem 4.3. Assume that Eq. (4.0.1) is well defined.

(i) Then Eq. (4.0.1) has a solution if and only if, for each i = 1,...,pand j =1,...,q,
the set {Aj1, Ais, ..., Ay, B1j, Baj,..., Byj, Cy} is linearly dependent in R% *%.

(i) If Eg. (4.0.1) has a solution, then
rank[A® B; Cy;] = rank[A® B;] foralli=1,....p, j=1,...,q (4.1.4)
where AZ = [/Ll AiQ . Ap} and Bj = [Blj ng Ce qu].

(i) Moreover, if the set {41, Aia, ..., Aip, Bij, Baj, ..., By} is linearly independent for

alli=1,...,pand j =1,...,q, then the solution X is unique.

Proof. We can write Cj; in terms of a linear combination of A;;, A, ..., A;,, and

Bij, Baj, . .., Byj, with coefficients a1, xaj, . .., &pj, Ti1, Tiz, - - -, 14 Thus the solvability of
Eq. (4.0.1) is equivalent to the linear dependence of the set

{Ai, Asa, ..., Aip, Bij, By, ..., By, Ci;} for all i, 5. Now, the assertion (i) concerning the

ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.1.2). []



Example 4.4. Let

[ e
=W N O

1
0
3
2

and C =

[ .

The equation has a unique solution X = [1 2}.

We split B into 4 equal-size blocks as

of . 1
7812 =
2 0

and split C into 2 equal-size blocks as

Bll =

CAvll =

Then we have

rank[A B, C11] = rank

rank[A B;] = rank

rank[A BQ 012] = rank

rank[A B,] = rank

Thus,

rank[A B, C1,] = rank[A B;] = 2 and

Example 4.5. Let

S = N
N = = O

We split B into 4 equal-size blocks as

Bll = 7Bl2 =

and split C into 2 equal-size blocks as

Cll =

nNWw N

= W = O

2 8
5 4

9 7
8 13|

25
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Then we have

rank[A B]_ éll] = rank

rank[A B;] = rank

rank[A B, Ci5] = rank

rank[A B,] = rank

Thus,
rank[A B, C11] =rank[4 B;] =2 and rank[A B, Cy5] = rank[A By = 2.
However, the equation has no solution.
Next, we apply vector operator to Eq. (4.1.2) and obtain the following equation

Vo(Cij) = 21 Ve(Ai) + -+ 2 Ve(Aip) + 2t By) + ..+ 24gVe(Bgj)

V(A1) Ve(Ar) -+ Vi(Ay) Ve(B11) Ve(Bia) --- Vi(Bi,)
Vc(x‘im) Vc(x‘izz) ‘/;;(AQp) X4 x VC(BM) VC(BQQ) Vc(qu)
_V::(Apl) C(APQ) VC(APP) VC(Bql) VC(BqZ) VC(BQQ)
V.(Cu) VelCra) 2(C1y)

el 791) Ve(Ca2) Vo(Cay)
_Vc(épl) Vc(ép2) T Vc(épq)

Theorem 4.6. Eq. (4.0.1) is equivalent to the following linear system:

(I, A+ BT @ I,)V.(X) = V.(C) (4.1.5)
where
Ve(An) Ve(diz) - Ve(dyy) Ve(Bii) Ve(Bio) -+ Ve(Biy)
i Ve(A1)  Ve(Ag Ve(Azp)  B- Ve(Ba1)  Ve(Ba2) Ve(Bagq) 7
Ve(Ap1)  Ve(Apo) o(App) Ve(Bg)  Ve(Bya) Ve(Byg)
[Vo(Ciy) Vi(Cra) o(C1q)
Ve(Ca1)  Ve(Ca2) Ve(Cag)

Q
Il
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From Theorem 4.6, we can solve Eq. (4.0.1) by solving the linear system (4.1.5)

instead.

Example 4.7. Let

and C =

289 7
5 4 8 13|

By Lemma 4.1 and Remark 4.2, we take a =2, thenp=2=2=1landg=£ =% =2.

Write

= W N O
[ B e

1
0
3
2

= o ==

X = [xl @} .

We split B into 4 equal-size blocks as

R R 11 R R 3 1
B11: ) B12: ) B21* 1 ) B22: 9 5
and split C into 2 equal-size blocks as
N 8 A 9 7
Ci = , Cia = .
8 13
Then we have
1
o 2
2
0
101 ]
110
0 i1
s | VeBu)  VeBi) || 213
Vc(le) ‘ ‘/C(BQZ) 0 ‘ 3
3 12
301
115
2 11
} o 510
C=[ vl vy [ = | 1
403

By Theorem 4.6, we need to solve the following linear system

(I; @ A+ BT @ I)V.(X) = V.(O).
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Then we have

1 0 1 0 2
2 0 1 1 5
2 0 0 3 8
0 0 2 1 x1 4
+ fr—
0 1 1 3 X9 9
0 2 0 2 8
0 2 1 1 7
0 0 3 5 13
That is
2 0 2
3 1 5
2 3 8
2 1 T 4
1 4 I9 9
0 4 8
1 3 7
3 5 13
Thus, X = [1 2} is a solution of the equation.
Example 4.8. Let
1 2 3 4
1 2 1 2 3 4 4 8 6 8
A= , B= and C = .
1 2 2 4 2 2 4 8 6 8
2 4 2 2
By Lemma 4.1 and Remark 4.2 , we take a =2, thenp=2=2=1andg=£ =4 =2.
Write
X = [xl xz} .
We split B into 4 equal-size blocks as
. 1 2 A 3 . 2 4 . 2 2
By = , Bia = , Ba1 = , Bog =
1 2 3 2 4 2 2
and split C into 2 equal-size blocks as
R R 8
Cn = , Ci2 = :
4 8




Then we have

A

5o VC(BiU) |
V.(Ba1)
C=|V(Cn) !

NN = =

o 00 B~

B W W

NN N

co oo O O

29

By Theorem 4.6, we need to solve the following linear system

(L® A+ BT @ L)V.(X) = V.(0).

Then we have

o O O O N N o= o=
NN R RO O O O

That is

[ N L VN V)

[ N O B O B L VN V)

L~ VUV VB Ve

NN NN R R NN

o 0 O O 00 00 =

o 0w O O 0o O =




Thus, the solutions of the equation are X = [1;1 2— xl} where z; € R.

Example 4.9. Let

1
12 3
0 1 2

A= , B=
2 0 2
31 1

0

By Lemma 4.1 and Remark 4.2, we take =1, then p =2 = 2

x= |
T2

Write

We split 4 into 4 equal-size blocks as

1
2
0
1
3
1

= = O W = O

T3

T4

and C =

g oY © ©
N

Ts
L6

12
0 i1
rarnk
301
(101 0 ]
3 12 1
2 1110 |
919 15
9 17 4
6 12 i1
5 113 17

15

30



Then we have

112
S | Ven) Veldi) |0 i
VF(A21) ‘ ‘/(:(A22) 2 ‘ 0
3 i1
(101 0 ]
YelBu) | Ve(Bra) | Ve(Bua) |1
B=| Ve(Bo) | VelBoa) | VeBag) | = | 11 |
Ve(Bs1) | Ve(Bsy) | Ve(Bss) | |- T
(Bs1) 1 Ve(Bs2) | Ve(Bss) L is i
1
9 19 15
oo | VelCn)  VelCrp) 1 VelCrg) || 9 1T 14
Vo(Car) : Vi(Ca2) | Ve(Cos) 6 112 ‘ 7
5 113 17
By Theorem 4.6, we need to solve the following linear system
(I A+ BT @ L)V(X) = Vo(O).
Then we have
1 2 0 0 0 O 1 0 2 010 9
01 0 0 0O 302 0 00 9
20 0 0 0O 01 0 2 01 6
3 1.0 0 0 O 03 0 2 0 O T 5
0 01 2 00 1 0 00 3 0 To 9
000100+201010 x3_7
0 0 2 0 0 O 01 0 0 0 3 Ty 12
0 0 31 00 0 2 01 01 5 13
000 0 1 2 003 010 Tg 15
0 00 0 01 1 0 0 010 4
0 0 0 0 2 0 0 0 0 3 01 7
0 00 0 3 1 01 0 0 01 7

31
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That is
2 2 2 0 1 0 9]
312000 9
21020 1 6
34020 0 [x] |5
101 2 3 0| |a 9
20 1 11 0f|as| |7
01 20 0 3| |z |12
023 2 0 1 |zs| |13
0030 2 2|z |15
100011 |4
000321 7
0100 3 2 7]

1 3 1
Thus, the solution of the equation is X = [ ] )

4.2 The general case

In this subsection, we study the conditions for the dimensions of A € R™*" B ¢

R"*F and C € R**¥ and X € RP*4. We have the following lemma.

Lemma 4.10. Eq. (4.0.1) is well defined if and only if the dimensions of 4, B, C, and

X satisfy the following conditions

where t = lcm {n,p} and s = lcm {q, h}.

Proof. Denote t = lcm {n,p} and s = lcm {q, h}. By definition of the general left semi-

tensor product, we have that

Ax X = (AT )(X®I.)eR%*% and X><B:(X®I§)(B®I%)GR%X%
n P q 3
Assume that C € R**¥. Then we have u = ™ = 2 and v = & = £ []

Remark 4.11. If Eq. (4.0.1) has a solution, the dimensions of matrices A, B, and C must

satisfy the conditions
() m|uand k| v.
(i) =12

(i) p =2 and ¢ = ¢, where o | nu,o | mo,m | and n | a .
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As we see in the proof that,

ps ks
7 Xk

AX=(A®L)(X®L)eR*™ % and XxB=(X®IL:)(Bol:)eR

Then we split A@ 1. into p* equal-sizes blocks Ay, Arg,. .. Ay € RE¥5, split X @I, into
pq equal-sizes blocks X11, X1a, ..., Xpy € R5%7, split X I- into pg equal-sizes blocks
Xi1,X12,..., Xpq € Re¥4,5plit B® I into ¢ equal-sizes blocks Biy, Bia, ..., Byq € Ra>%
and split C into pq equal-sizes blocks Cy1,Cha, ..., Cpy € R7¥5. Now we can write Eq.

(4.0.1) as

Ax X+ X x B
A A Ay XU | BuiBui-ri By
Ay ‘ Agy ‘ ‘ Ay, . . . X? B ‘ Bas ‘ | Bag
= X X Xq} S S S S
Apl 3 APQ App Xp Bql BqQ 3 qu
O iCiie i Gy
Co1 't Oy Cy
= | q (4.2.1)
L épl ép? | épq

where A;;, B;; and C;; are € Ri*#%, X; be the j®» column block of X @ I., X' be the it"

row block of X ® I-. By considering each block of the equation, we obtain

CA'ij = Ailej + ...+ /Alipoj + B1in1 + ...+ quf(iq (422)

Consider Ainij = ,CCZJA” X It = ZC”A” and XUBZJ = leI§ X B” = SL'”B” We can write

Eq. (4.2.2) as

éij = ZEleil + ...+ I'pj/lip + xﬂBlj + ...+ xiquj (423)
Thus, we can derive the following theorem.
Theorem 4.12. Assume that Eq. (4.0.1) is well defined.

(i) Then Eq. (4.0.1) has a solution if and only if, for each i =1,...,pand j =1,...,q,
the set {A;1, Aia, ..., Aip, B1j, Boj, ..., By, Cij} is linearly dependent in R * 5.

(ii) If Eg. (4.0.1) has a solution, then
rank[A? B, CA'U] = rank[A’ Bj] foralli=1,...,p, j=1,...,q (4.2.4)
where Al = [Azl Aig .. Ap} and Bj = [Blj sz ... qu].

(i) Moreover, if the set {A;1, A, ..., Aip, Bij, Baj, ..., By} is linearly independent for

alli=1,...,pand j =1,...,q, then the solution X'is unique.
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Proof. We can write C;; in terms of a linear combination of 4;;, A, ..., A, and

Bij, Baj, . .., Byj, with coefficients xy;, a5, . .., &pj, Ti1, Tia, - - ., T4q. THUs the solvability of
Eq. (4.0.1) is equivalent to the linear dependence of the set

{Ai, Aig, ..., Aip, B1j, Baj, ..., By;, Ci;} for all 4, 5. Now, the assertion (ii) concerning the

ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.2.3). []

Example 4.13. Let

21 1.0 3 0 5 3 2 4 5 4
11 2 2 30 1 11 5 8 4 4 75
A= ,B = and C =
1 0 1 1 0 01 01 4 2 1 3 4 1
1 211 2 1 3 6 2 2 5 3
. . 2
The equation has a solution X = :
11
We split A ® I, into 4 equal-size blocks as
1011020
Auy i Ar 01010 2
A21§A22 100%010 ’
010001
split B into 4 equal-size blocks as
2 110 30
Bii ! By 23011 11
352113622 100%101 ,
12111 21
and split C into 4 equal-size blocks as
(53 2 14 5 4
Cu | Cua 58 414 7 5
02136'22 421%341
362 25 3

Then
rank[A! B, Cy1] = rank[A' By] =2 and rank[A® B, (5] = rank[A! B,] =2,
rank[A% B, Cy] = rank[A? B;] = 2 and rank[A? B, Cy,] = rank[A? B,] = 2.
Example 4.14. Let A, B be the same as Example 4.12 and

4

2 )
4 7
4 4
2 3

W = Ut Ut
S N Co W
W = Ut

4
3
2



We split C into 4 equal-size blocks as

Then

532 145 4

CuiCul| |58 4475
Oy O | Wal?772”747"(5”;17;”7
| 362 25 3
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rank[A! By C11] =rank[A! B;] =2 and rank[A' B, (i3] = rank[A! B,] = 2.

rank[A? By Cy] =rank[A? By] = 2 and rank[A? B, (4] = rank[A? B,] = 2.

However, the equation has no solution.

Next, we apply vector operator to Eq. (4.2.3) and obtain the following equation

Vc(éij) = $1j‘/c(1‘ii1) +...+ Jcijc(Aip) + $i1Vc(B1j) ..+ ﬂiquc(qu)

Consequently, we write the matrix equation as

_VC(Cpl)

Theorem 4.15.

where
V.(An)
i vc({le)
L C(A;Dl)
V(i)
o Vo(Cor)
_VC(épl)

Ve(Ar2) ‘/(,'(Alp) Vo(B11) Ve(Bia)
‘/C(A"422) ‘/6(1'421, X+X ‘/;(B21) Vc(‘BQQ)
C(Ap2) VC(App) %(éql) VC(Bq2)
Vo(Ch2) +(C1q)
Ve(Ca2) Ve(Cag)
VC(CPQ) Vc(épq)

Eg. (4.0.1) is equivalent to the following linear system:

V(A1) ‘/c(Alp) Ve(B11) Ve(Bi2)
Ve(As) Veldop)| | VeBr) Ve(Bzo)
C(APQ) ‘/C(APP) VC(Bql) VC(BqQ)
c(ém) c(élq)
Vc( A22) Vc( A2q)
Vc(ép2) Vc(épq)

(4.2.5)

From Theorem (4.15) we can solve Eq. (4.0.1) by solving the linear system (4.2.5)

instead.



Example 4.16. Let

11 2
A= B =
10 1

== NN
N O W =

By Lemma 4.10 and remark 4.11 , we take o = 6, then p = 2

1
0
0
1

1

1
1

N O =W

—_ = = O

and C =

g="2=20=2¢t=Icm{3,2} =6, s =lcm{2,4} = 4.

T3
T4

Write

Compute

A®I%:A®IQZ

S = O =

0
1
0
1

1
0
0
0

S O = O

We split A® I, into 4 equal-size blocks as

Z1

X2

S = O N

0
2
0
1

W = Ot Ot

S N oo W

N = s N

34
6

[CRENUR NN
[S TS B

=2 and

and B@ls=B®I =B.

W = Ot
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37

SN
NN
Il

o~

Then we have

SN
SN
Il

’Q

—~
2 A
|
< <
ST
SN
\\\\\ oo
s
—

e

Q




By Theorem 4.15, we need to solve the following linear system

Then we have

= o O

O O O O O O O O O O O O O O ~H o O = o =

(I, © A+ BT @ L)V.(X) = V.(C).

O O O O O O O O O O O O B O O = O ©O N o o N = o

S O H O O H O H H O O H O O O O O o o o o o o o

_ O O = O O N O O N = O O O O O 0O o 0o oo o o o o

o O O O O O B O H W +H O O O O O O O O = W = NN

— W = NN OO O O o o o

= W = O O O o o o o o

—= O

O O O O O O = = N O = = O O O O O O = O N O = =

= o= N O == OO O O O O O +=H O N O = = O o o o o o

Z1
)
xs3

T4

O N W ke e NN o0 W Ot Ot

[ S B R & S S 2 S~ N N V)
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That is

_ O O = O N

o o o

—
o O = O O = o= N W O = N O O O O O O = ©O N O ==
N~ N = = = NN OO N RO RO N O O ©O OO o o ©

_ O = W = O O O O O O O o oW NN ND D DD oO O N = O

o O O O O O +=H O = W

Thus, the solution of the equation is X =

Example 4.17. Let

NN

W N =N

1

By Lemma 4.10 and Remark 4.11 , we take a = 2, then p = 2

3=2t=lm{1,2} =2, s=Ilcm{2,4} = 4.

Write

€

L2

Z1
T2
T3

Ty

W = Ot R N W Ut e Ot e e RO N W e e D 00 W Ut Ut

and C =

T3

T4

B> O =

12
9
6
)
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Compute

A®I%:A®12: andB®I%=B®IlzB.

— O N
= o N O

We split A® I, into 4 equal-size blocks as

> |
Ay ‘ Ay 0 | 2
Aoy | Asy 1o |
0 1
split B into 4 equal-size blocks as
12
éll i Blg 2 : 1
By | B 2 12 |
13
and split C into 4 equal-size blocks as
T 12
CoiCu| |6 109
021 i 022 4 ! 6
4 5
Then we have
P 10 -
o | Vel PVe(A) |0 i2
Vo(Ag) | Ve(Asz) 10
01
1 i ]
5o | VelBu) i Ve(Bio) | | 2 01
Ve(Bar) | Ve(Ba2) 2 12
113
7 12
g | VelCu) tVelCiay |16 19
Vo(Cor) Vo(Ca2) 4 1 6
4 5

By Theorem 4.15, we need to solve the following linear system

(I, ® A+ BT @ L) V.(X) = V.(O).
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Then we have

—2000_ _1
0 2 0 O 2
1 0 0 0 0
01 00 0
+
00 2 0 2
0 0 0 2 1
00 10 0
_0001_ _O
That is
_3020_
2 2 10
1 1 0 2
0 3 01
2 0 40
1 0 3 2
0 2 1 2
01 0 4

= oN O O N = O O

Thus, the solution of the equation is X =

1
1

SO O W N O O = N

T
)
€3

Tyq

2

w N O O = N O O

. .

T1
Z2
zs3

L4




Chapter 5

Conclusions and suggestions

5.1 Conclusions

We consider the Sylvester matrix equation (4.0.1) with respect to the general
left semi-tensor product where the coefficients 4 € R™*", B € Rk C € R**? are
real matrices of arbitrary dimensions. The study includes the equation 4 x X = C (
see [18]) , the equation X x B = C, and the Lyapunov equation. Our results also
contain the Sylvester matrix equation with respect to the left semi-tensor product.
We obtain the conforming dimensions of 4, B,C, and the unknown X. We investigate
necessary/sufficient condition(s) for the Sylvester matrix equation to be solvable and
uniquely solvable, concerning ranks and linear independence. For matrices with arbitary
dimensions, we show that the Sylvester equation can be transformed to a linear system

with respect to the usual matrix product by means of the vector operator.

5.2  Suggestions

The method that we use to partition matrices in the general case of this thesis
turns out to have large numbers of linear equations. The further research may work on

finding a new partition’s method to reduce the numbers of linear equations.
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Abstract

We consider the Sylvester matrix equation Ax X + X x B = C'
with respect to the general left semi-tensor product where A, B, C' are
given real matrices of arbitrary dimensions and X is unknown. We
investigate necessary/sufficient condition(s) for the Sylvester matrix
equation to be solvable and uniquely solvable, concerning ranks and
linear independence. Moreover, we show that the Sylvester equation
can be transformed to a linear system with respect to the usual matrix

product by means of the vector operator.

Mathematics Subject Classification: 15A06, 15A24, 15A69,15B05
Keywords: Sylvester matrix equation, general left semi-tensor product, vector operator, linear sys-

tem

1 Introduction

Linear matrix equations arise naturally in several branches of pure and applied mathe-
matics such as differential equations, control theory, neutral network, and vibration theory; see

e.g. [11,15,16]. The Sylvester matrix equation
AX+XB=C (1.1)

is a famous linear matrix equation that is significantly used in stability analysis and optimal

control. A usual algebraic method to solve linear matrix equations is to transform them into a

*Corresponding author
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linear system by means of certain kind of vectorization, namely, the column/row vector oper-

ator; see e.g. [12].

In the usual matrix multiplication, the product of A € R™*™ and B € RP*? can be
defined if n = p, that is, the matrix pair (A, B) satisfies the matching-dimension condition.
For the matrices that do not satisfy matching dimension condition, Cheng [3] has introduced the
semi-tensor product as a tool for multiplication between those matrices. The left-semi tensor
product of A € R™ " and B € RP*? can be defined under the factor-dimension condition
namely, n | p or p | n. In the case n = p, the product of A x B is equal to the usual matrix
product AB. The properties of left-semi tensor product contain the associative law, the left/
right distributive over the matrix addition, certain identity-like properties, and the compatibility
with the scalar multiplication, the transposition, the inversion and so on (see [1,2,5-7,10]). The
left semi-tensor product can be applied in several areas such as classical logic [9], fuzzy logic
[9], Boolean networks [3, 8], dynamic systems [10] and Morgan’s problem [4]. The general left
semi-tensor product defines product of matrices with arbitrary dimensions (see [3]). It defines
product of A and B as

A><B:(A®I%)(B®I%) (1.2)

where A € R™*" and B € RP*?. The general left semi-tensor product turns out to possess
rich algebraic properties like the usual matrix product. The general left semi-tensor product
was proposed for solving decoupling problems of a linear system and the problems with mul-
tidimension data. In 2015, Yao et al. [17] introduced a convenient way to solve the matrix
equation

AxX=C (1.3)

where A € R™" and B € R"**_ In fact, Eq. (1.3) has been importantly used in Boolean
network. If the equation has a solution, then the dimension of X satisfies the solvability’s con-
ditions and B must be a block Toeplitz matrix. The number of solutions depends on the greatest
common divisor of n and k. If gcd {n, k} = 1, then the solution has only one admissible size.
Lietal. [14] have been motivated by the work of Yao and considered that solving only Eq.(1.3)

is not sufficient. Therefore, they investigated the solvability of the system of matrix equations

Ax X =B
XxC=D

(1.4)

with respect to the general left semi-tensor product. In fact, if the solution of (1.4) exists, then

B and D must be partitioned matrices so that each partition is a Toplitz matrix. The matrix
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equation
AxXxB = (C (1.5)

where A € R™" and B € R’ and C € R"** under the general left semi-tensor product,
has been extensively used in non-linear programming, power science, parameter identification,
etc. Ji [13] investigated the solvability of Eq. (1.5). Indeed, if Eq. (1.5) has solution(s), then

X satisfies certain dimension conditions and C' must be the block Toplitz matrix.

The previous discussion motivated us to study the Sylvester matrix equation
AxX+XxB=C (1.6)

where A € R™" B € R C € R** are given, and X € RP*9 is to be solved. The study

includes Egs. (1.3), (1.5) and the Lyapunove equation:
Ax X +XxAT =C

as special cases. We investigate the solvability and the unique solvability for Eq. (1.6) ac-
cording to the matrix dimensions, ranks and linear independence. Moreover, we show that Eq.

(1.6) can be transformed to a linear system, so that we can solve it via an ordinary method.

2 Preliminaries

For any positive integers m, n, we denote the set of m x n real matrices by R™*". When

n =1, we set R™ := R™x1,

Recall that the Kronecker product (see e.g. [12]) of A = [a;;] € R™*" and B € R"**,
denoted by A ® B, is defined as the block matrix

(LHB (I,lgB RN alnB
4 ©B— LLQlB CLQZB s a’2nB c Rmhxnk
amlB amgB e amnB

Recall that the general left semi-tensor product (see e.g. [3]) of A € R™*" and B €
R"** denoted by A x B, is defined as

ma , ka

AKBZ(A@I%)(B®I%)€R“ *h

49
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where o =lem {n, h}. If n | hor h | n, then A x B becomes the left semi-tensor product (see

e.g. [3]) In the case n = h, the product A x B reduces to the usual product AB.

The (column) vector operator (see e.g. [12]) vec(:) is a linear operator that turns any

matrix A = [a;;] € R™*" into the vector

T
‘/C(A) = |:a11 B € I 3 R €77 A ¢ amn:| .

Lemma 2.1. Let A € R™ " and B € R"* and X € RP*9. Then

V.(AXB) = (B" ® A)V.(X).

3 Solving the Sylvester equation when X is a vector

In this section, we study on solving the Sylvester equation
AxX+XxB=C 3.1

where A € R™*" B € Rk ¢ ¢ R**" are given, X € RP” is an unknown matrix. We first

start from the case m = wu, and then discuss the general case.

3.1 Thecasem =u

In this subsection, we study on relation between dimensions of matrix A, B, C, conditions for
solving Eq. (3.1) and condition for an existence of a solution. We say that Eq. (3.1) is well
defined if

(1) the matrices A x X andX x B are well defined,

(i1) the dimensions of A x X, X x B and C are the same.
Lemma 3.1. Eq. (3.1) is well-defined if and only if

(i) k|nandh|m,

(ii) v==F, and

(i) p =1 = 2.
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Proof. The sufficient condition is quite obvious. For the necessity, suppose that Eq. (3.1)
is well defined. Let us denote ¢ = lcm {n,p}. By definition of the general left semi-tensor

product, we have that

t

AxX =A@ )(X®I.)eR"  and X x B=(X®I,)B e R
n P

Assume that C' € R**Y and m = u. Then we have u = m = ph ,t = nand v = fo = k.

Furthermore, p = 7* = 7, 7* and 7 must be a positive integer. Thus, if a solution of equation

3.1) exists, the solution must belong to R” where p = % = 2* and 2 is required to be a positive
g kTR % q p
integer. U

We obtain from the previous proof that n = pk. That is n is divisible by p. Then we

write X = [z, 22 ... z,]T € RP. We split A into p? equal-size blocks Ay, As, .. A, and
split C' into p equal-size blocks Cy, Cs, . . ., C,. Now we can write Eq. (3.1) as

Au Al Ay | e Bl G
Agy i Agy - 1A x; 228 C:
AKX+ X ) B= |- m L TR TR
Ap Ay ‘ App | o B Gy

where /Lj and C; € R"**, By considering each i — th row block of the equation, we have
IIAil + ZEQAQ + ...+ szip + IZB = Oz (32)

Hence, we can deduce the following theorem.
Theorem 3.2. Assume that Eq. (3.1) is well defined.
(i) Then Eq. (3.1) has a solution if and only if, for each i = 1,...p, the set
{An, Ap, . .. ,Aip, B, C;} is linearly dependent in the vector space R"**.

(it) If Eq. (3.1) has a solution, then

rank[A; B C] = rank[A; B]  foralli=1,...,p (3.3)

where 1211 = [12111 AiZ RN A

zp};
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(iii) Moreover, if the set {Ail, Ap, .. ,flm B} is linearly independent for all i = 1,...,p,

then the solution X is unique.

Proof. Note that the solvability of Eq. (3.1) means that we can write C; in term of linear com-
bination of Aﬂ, /L-z, e /lip, and B, with coefficients 1, zs, .. ., ,, z;. Thus the solvability
of Eq.(3.1) is equivalent to the linearly dependence of the set {Aa, A, ..., Aip, B, C;} forall
1. Now, the assertion (ii) concerning the ranks of augment matrices holds, The assetion (iii)

follows from Eq.(3.2). O
Next, we apply the vector operator to Eq. (3.1) and obtain
21 Va(Ai) + 2oVo(Ai) + .. 4 2, Va(Ay) + :Vo(B) = V.(C;) € R™.

From this equation, we conclude the following:

Theorem 3.3. The matrix-vector equation A x X + X x B = C with respect to the general

left semi-tensor product is equivalent to the following matrix-vector equation

Ax =,
where
Ve(An+B)  Vi(Awp) ... Ve(4Ay) Ve(Ch)
i Vc(.Am) ‘/C(AQ? + B) . ‘/c(.A?p) and ' — ‘/(‘,(.612)
Ve(Ap) Ve(Ape) o Ve(Ay + B) Ve(Cy)

Corollary 3.4. The matrix-vector equation (3.1) has a solution if and only if the following rank
condition holds:

rank[A] = rank[A C]. 3.4

3.2 The general case m # u

In this subsection, we discuss the conditions for the solution of Eq. (3.1). Firstly we consider
the relation between dimensions of matrices A, B, C. Then we find the condition for dimension

of a solution X.

Lemma 3.5. Eq. (3.1) is well defined if and only if
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(i) m|wandk | n,
(ii) h = %
(iii) k=,

(iv) ged{k, L} =1, and

m
) p= %

Proof. Suppose that Eq. (3.1) is well defined. Let us denote ¢ = lcm {n, p}. By definition of
the general left semi-tensor product, we have that

t

A X =(AQ1)(X®I.) R and X x B= (X ®1I,)B € R"*
Assume that C' € R**", Then we have

mt t
u=-—=ph and v=-=%F.
n p

Furthermore, * = £ and t = ¥2, Substitute t = “* in £ = k. Then we obtain p = -, Since
m n m m

I3
P m.
un

w — ¢ = lem{n,p}, we have

m
un nu
— =lem{n,—}.
m { 7mk}

We see that - is a factor of 7. Thus 7 must be a positive integer. Moreover,

m

un n

u
ol lem {k,%}

Consequently, ged {k, £} = 1. O

In the general case, it is not easy to find suitable partitions of the matrices A x X, X x B,
and C' in oder to get a linear system. However, for a particular case B = 0, we can partition
A x X and C to get a linear system. Indeed, if the equation A x X = ' has a solution, then
C must be a block Toplitz matrix; see [17].

4 Solving the Sylvester matrix equation when X is a matrix

In this section, we study on solving the Sylvester equation

AxX+XxB=C 4.1
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where A € R™" B € R C € R**" are given, X € RP*Y is an unknown matrix. We first

start from the case m = w and ¢ | h, then discuss the general case.

41 Thecasem =uandq|h

In this subsection, we consider conditions for Eq. (4.1) to be solvable and investigate the

conditions for dimensions of a solution matrix X, A, B and C. We have the following lemma.

Lemma 4.1. Eq. (4.1) is well defined if and only if the dimensions of A, B, C, and X satisfy
the following conditions

ph

(i) u=m =",

g
(zz)v—;—k.

Proof. Assume that m = w and ¢ | h. Denote ¢ = lcm {n, p}. By definition of the general left

semi-tensor product, we have that

mt ., gt

A X =(AQ L)X ®L)eR*™ % and X xB=(X®I,)BeRT**
n P q

Assume that C' € R“*". Then we have u = T—f =P ¢ —pandv = q;t = k. Since

u = m, we have t = n. O

Remark 4.2. If Eq. (4.1) has a solution, the dimensions of matrices A, B, and C' must satisfy

the conditions

(i) k| v,

N m o h
(i) == 1.

(i) p= L and g = s , where « is a common divisor of n and k.

Since n = t, n is divisible by p. Assume that & is divisible by g. Then we split A into

p? equal-size blocks 12111, 12112, R A split B into ¢ equal-size blocks BH, 312, ..., By and

Pp>
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split C' into pq equal-size blocks él 1 6’12, ..

Ax X+ X xB

AnfAn Ay
Ay Ag AQp
= [ [X1 X
A
[ CniCui- 10y
| CaiCni Gy
L épl ép?

, Cpq. Now we can write Eq. (4.1) as

————————————————————————————
ffffffffffffffffffffffffffff

4.2)

where Aij, Bij and C“ij are € R% *5. By considering each block of the equation, we obtain

We can write Eq. (4.1) as

foreachi=1,...,p,j=1,...

Theorem 4.3. Assume that Eq. (4.1) is well defined.

(i) Then Eq. (4.1) has a solution if and only if, for eachi =1, ...

(ii) If Eq. (4.1) has a solution, then

C” = .’I,'UA“ +...+ II}p]‘AZ‘p + xilélj +...+ xiquj (43)
Let X" be the i column of X, X be the j** row of X. For each i, j, let us partition
Blj
Ai == [A,l e A'ip]; B]' = .
qu
Ciyj = A'X; + X'B; (4.4)
,q. Thus, we can derive the following theorem.
pandj=1,...,q, the
set { A, Aia, ..., Ay, Bij, Byj, ..., Byj, Cij} is linearly dependent in R .
foralli=1,...,p,j=1,...,q 4.5)

rank[A’ B; C;;] = rank[A’ B;]

where Al = [Ad AiZ ce AP] and Bj = [Blj ng “e Bq]}
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(iii) Moreover, if the set {Aﬂ, Ap, .. A

Proof. We can write C;; in terms of a linear combination of A“,Aﬂ,‘..,A

ips Bm B% cee qu} is linearly independent for all
i=1,...,pand j =1,...,q, then the solution X is unique.

ipy

and Blj7 sz, ey qu, with coefficients Li1, Li2y - -y Lipy 15, L25, « -+, Lygj- Thus
the solvability of Eq. (4.1) is equivalent to the linear dependence of the set
{Aq, A, ..., Aip, Elj, sz, e qu., C’Z]} for all 4,j. Now, the assertion (ii) concerning

the ranks of augment matrices holds. The assertion (iii) follows from Eq. (4.1). ]

Next, we apply vector operator to Eq. (4.3) and obtain the following equation

Vo(Ciy) = a1 Ve(An) + .+ 2 Vel Ay) + 2 Byy) + .+ 23Ve(Byy)

Consequently, we write the matrix equation as

Vi(An) Vi(Aw) - Vi(Ay) Vi(Bi) Vi(Bi) -+ Vi(Buy)
Vi(Aa1)  Vi(Agy Vi(Ag) X4x Vo(Ba1) Vi(Ba) Ve(Bay)
L C( Apl) VC( APZ) VC( App) VC(Bql) Vc(BqZ) Vc(qu)
[V.(Cn) Vi(Cra) Vo(Chy)
Vo(Cor) Vi(Cho) V(Cay)
_VC( Apl) VC( Ap2) VC( qu)

Theorem 4.4. Eq. (4.1) is equivalent to the following linear system:

(I, A+ B"® I,)Vo(X) = V() (4.6)
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where
Ve(An) Ve(A) Vi(Ayy) Vi(Bu) Vi(Bu) Vi(Big)
A [V Vil Velda) | |VelBa) VelB) - VilBay)
VC(}LA) v,g(}im) VC(}im» Vo(Bp) Ve(Bg) vc(éqq)
[VilCu) VilC) -+ VilCao)
G |VelCo) Vil@o) o VilCo)
Ve(Cr) Ve(Cp) Ve(Cha)

From Theorem 4.4, we can solve Eq. (4.1) by solving the linear system (4.6) instead.

4.2 The general case

In this subsection, we study the the condition for the dimensions of A € R™"™ B €

R and C € R**? and X € RP*?, We have the following lemma.

Lemma 4.5. Eq. (4.1) is well defined if and only if the dimensions of A, B, C, and X satisfy

the following conditions

mt

(UUZT

ps
;,

) ks
(i) v = % 2,
where t = lem{n,p} and s = lem{q, h}.

Proof. Denotet = lcm {n, p} and s = lem {¢, h}. By definition of the general left semi-tensor

product, we have that

AxX=(A®L)(X®L)eR™ Y and XxB=(X®I:)(B®l:)ecRT" .
Assume that C' € R**”. Then we have u = " = % and v = %1 = % O

Remark 4.6. If Eq. (4.1) has a solution, the dimensions of matrices A, B, and C' must satisfy

the conditions

(i) m|uand k | v.
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. h
(i) == 1.

nu

(i) p="and g =

muv
a

where a | nu,a | mv,m | candn | « .

In the general case, it is not easy to find partitions of the matrices A x X, X x B, and C'
in oder to get a linear system. However, for a particular case B = 0, we can partition A x X
and C to get a linear system. Indeed, if the equation A x X = C has a solution, then C' must

be a block Toplitz matrix; see [17].

5 Conclusion

We consider the Sylvester matrix equation (4.1) with respect to the general left semi-
tensor product where the coefficients A € R™", B € R"* (' € R**? are real matrices
of arbitrary dimensions. The study includes the equation A x X = C ([17]), the equation
X x B = (, and the Lyapunov equation. Our results also contain the Sylvester matrix equation
with respect to the left semi-tensor product. We obtain the conforming dimensions of A, B, C,
and the unknown X. We investigate necessary/sufficient condition(s) for the Sylvester matrix
equation to be solvable and uniquely solvable, concerning ranks and linear independence. For
certain cases of dimensions, we show that the Sylvester equation can be transformed to a linear

system with respect to the usual matrix product by means of the vector operator.
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