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For the purpose of this thesis is to introduce the new split variational inequality
in three Hilbert spaces. There are important tools which are used to solve classical
problems will be developed. Then, we prove the convergence theorem for finding a
common element of the set of solution of such problems and the sets of fixed-point of
discontinuous mappings. Secondly, we introduce a new type of multi-valued mapping
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Chapter 1
Introduction

1.1 Research motivation

1.1.1 Fixed point theory and the split various variational inequalities problems
Fixed point theory is a fascinating subject, with an enormous number of appli-

cations in various fields of mathematics. Moreover, fixed point techniques have been
applied in such various fields as engineering, physics, economics and game theory. A
fixed point of a mapping T is a point x such that x = Tx, where T : X → X is a nonlin-
ear mapping. The knowledge of the existence of fixed points has relevant applications
in many branches of analysis and topology. Furthermore, many mathematicians have
been studying about the structure of fixed point set.

In [26], Kohsaka and Takahashi introduced the nonspreading mapping in Hilbert
spacesH which is defined by the following inequality 2∥Tx−Ty∥2 ≤ ∥Tx−y∥2+∥x−Ty∥2,

for all x, y ∈ C. Following the terminology of Browder and Petryshyn [6], in [36], Osilike
and Isiogugu introduced the mapping T : C → C, which is called κ-strictly pseudo-
nonspreading mapping if there exists κ ∈ [0, 1) such that

∥Tx− Ty∥2 ≤ ∥x− y∥2 + κ∥(I − T )x− (I − T )y∥2 + 2⟨x− Tx, y − Ty⟩,

for all x, y ∈ C. Clearly every nonspreading mapping is κ-strictly pseudo-nonspreading;
see, for example, [36].

The variational inequality problem (VIP) is to find a point ω∗ ∈ C such that

⟨y − ω∗, Gω∗⟩ ≥ 0, (1.1)

for all y ∈ C, where G : C → H is a mapping. The set of all solutions of 1.1 is denoted by
V IP (C,G). It is well known that numerous problems in physic, finance, optimization,
minimax problem reduce to find element of 1.1. Historically the variational inequality
was introduced by Stampachhia [40] in 1964. After that variational inequalities has
been widely studied in the literature; see [7],[8],[9],[21],[25],[34].

For every i = 1, 2, let Hi be a real Hilbert space and C,Q be nonempty closed
convex subset of H1, and H2, respectively. Recently, Censor [10] has introduced a
new variational problem called the split inequality problem (SIP). It entails finding
a solution of one variational inequality problem (VIP), the image of which, under a
given bounded linear transformation, is a solution of another VIP. The split variational
inequality problem is assigned to the following formula; find a point ω∗ ∈ C such that

⟨f(ω∗), x− ω∗⟩ ≥ 0, for all x ∈ C (1.2)This material is reserved for educational use only, not allowed for commercial use. 
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and a point y∗ = Aω∗ solves

⟨y − y∗, g(y∗)⟩ ≥ 0, for all y ∈ Q, (1.3)

where A : H1 → H2 is a bounded linear operator and f : H1 → H1, g : H2 → H2 are
mappings. The set of all solutions of 2.3 and 2.4 is denoted by

Ω = {x ∈ V IP (C, f) : for all x ∈ V IP (Q, g)}.

The split variational inequality problem (SVIP) is general and should enable split mini-
mization between two spaces so that the image of a solution point of one minimization
problem is a solution point of another minimization problem. Another special case
of the SVIP is the Split Feasibility Problem (SFP) which had already been studied and
used in practice as a model in intensity-modulated radiation therapy (IMRT) treatment
planning.

The split feasibility problem(SFP) is to find a point x ∈ C and Ax ∈ Q. This
problem was introduced by Censor and Elfving [11]. The set of all solution(SFP) is
denoted by Γ = {x ∈ C;Ax ∈ Q}. In fact, it has been extensively investigated in the
literature [13] and [12].

Over the past decades, investigations of fixed points by some iterative schemes
have attracted many mathematicians.

In 2014, Bnouhachem [5] modified a projection process for finding a common
solution of a system of variational inequalities, a split equilibrium problem and a
hierarchical fixed-point problem in the setting of real Hilbert spaces and also proved
the strong convergence theorem of the sequence xn generated by

un = ϑF1
rn

(
xn + γA∗ (TF2

rn − I
)
Axn

)
;

zn = PC [PC [un − α1B2un]− α1B1PC [un − α2B2un]] ;

yn = βnϱxn + (1− βn) zn;

xn+1 = PC [αnρU (xn) + (I − αnµF )ϑ (yn))] , for all n ≥ 0,

where A : H1 → H2 is a bounded linear operator. Assume that F1 : C × C → R and
F2 : Q × Q → R are the bifunctions, Bi : C → H is a θi-inverse strongly monotone
mapping for each i = 1, 2 and S, ϑ : C → C a nonexpansive mappings, F : C → C is
a k-Lipschitzian mapping and be η-strongly monotone U : C → C be a τ -Lipschitzian
mapping and positive paramiters rn, αn, α1, α2, ρ, µ , for all n ∈ N.

Recently, Moudafi [32] introduced the following new split feasibility problem,
which is also called general split equality problem:

Let H1,H2,H3 be real Hilbert spaces, C ⊂ H1, Q ⊂ H2 be two nonempty closed
convex sets, A : H1 → H3, B : H2 → H3 be two bounded linear operators. Moudafi
study of the convergence of a relaxed alternating CQ-algorithm for solving the newThis material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.
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split feasibility problem is to find

ϖ∗ ∈ C, y∗ ∈ Q such that Aϖ∗ = By∗. (1.4)

In order to prove the weak convergence theory to solve general split equality
problem (1.4) Moudafi defined the following iteration process {xk}; xk+1 = PC (xk − γkA

∗ (Axk −Byk)) ,

yk+1 = PQ (yk + γkB
∗ (Axk+1 −Byk)) ,

where A∗, B∗ are adjoint operators of A,B respectively, proper conditions of the pos-
itive paramiter γk, for all k ≥ 1. In order to avoid using the projection, Moudafi [31]
introduced and studied the following problem: Let T : H1 → H1 and S : H2 → H2 be
nonlinear operators such that F (T ) ̸= ∅ and F (S) ̸= ∅, where F (T ) and F (S) denote
the sets of fixed points of T and S, respectively. If C=F (T ) and Q=F (S), then split
equality problem reduces to

to find x ∈ F (T ) and y ∈ F (S) such that Ax = By, (1.5)

which is called a split equality fixed point problem (SEFPP).

Question A. Can we prove a strong convergence theorem of three Hilbert
spaces by different methods from Moudafi [32] ?

1.1.2 Graph theory
Graph theoretical concepts are widely used in many real-world problem. In

biology, graph theory is often used where a vertex represents regions where certain
species exist and the edges represent migration path or movement between the re-
gions. In chemistry, graph theory including study of molecules, construction of bounds
and the study of atoms. In computer science, graph theory is used to represent the
connecting with friends on social media, where each user is a vertex, and when users
connect they create an edge.

The Banach contraction principle is the most important theorem for studying
fixed point theorem. Fixed points is fundamental concepts of mathematics in many
fields. For example, Nash equilibrium in economics, the theory of phase transition,
renormalization group and critical phenomenon in physics. In information Technology
also use fixed point for program analysis, dataflow analysis and optimization.

S.Choudhury, Metiya and Debnath [14], they propose the notation of end point
of multivalued mapping in the setting of metric space endowed with graph and prove
some existence results. The mapping that satisfy generalized multivalued almost G-
contraction type inequalities are assumed.This material is reserved for educational use only, not allowed for commercial use. 
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Hanjing and Suantai [19], they propose a new type G-contraction multivalued
mapping in a metric space endowed with a directed graph. The new theorem show
that there are some fixed points of multivalued mapping will belong to the set of
coincidence points of them.

From now on we will recall some mathematical background which is necessary
basis for the main theorem.

Let (X, d) be a metric space. A mapping T : X → X is called a contraction if
there exists k ∈ [0, 1) such that

d(Tx, Ty) ≤ kd(x, y)

for all x, y ∈ X . If k = 1, then T is a nonexpansive mapping.
The Banach contraction principle is a very importance tool to prove existence

of fixed point theorem it states as follows:

Theorem 1.1. Let X be a complete metric space and let T be a contraction of X to
itself. Then T has a unique fixed point.

The Banach contraction principle theorem plays an important role in studying
the existence of solutions of nonlinear integral equations, system of linear equations,
nonlinear differential equations, and proving the convergence of algorithms in com-
putational mathematics.

Let CB(X) be the set of all nonempty, closed, and bounded subsets of X. A
point x ∈ X is a fixed point of a multi-valued mapping T : X → 2X if x ∈ Tx. Nadler
[33] has proved a multi-valued version of the Banach contraction principle as follows:

Theorem 1.2. Let (X, d) be a complete metric space and T : X → CB (X). Assume
that there exists k ∈ [0, 1) such that H (Tx, Ty) ≤ kd (x, y) for all x, y ∈ X . Then there
exists z ∈ X such that z ∈ Tz.

The theory of multi-valued mappings is an important role in various branches
of pure and applied mathematics to solve many problems such as optimal control
problem.

A partial order in a binary relation ≺ over the set X , that is, for all x,y and z in
X it must satisfies the following conditions:

a) x ≺ x,
b) If x ≺ y and y ≺ x, then x = y,
c) If x ≺ y and y ≺ z, then x ≺ z.
Fixed point theorem for single and multi-valued mapping defined on partially

ordered metric space received attention from many researcher (see, e.g., [39], [1]). Ran
and Reurings [39] was the first to prove a theorem related to a partial ordering. They
proved the following theorem.This material is reserved for educational use only, not allowed for commercial use. 
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Theorem 1.3. Let (X,≺) be a partially ordered set such that every pair x, y ∈ X has
an upper and lower bounded. Let d be a metric on X such that (X, d) is a complete
metric space. Let f : X → X be a continuous monotone (either order preserving or
order reversing) mapping. Suppose that the following conditions hold:

(1) There exists a k ∈ (0, 1) with

d (f (x) , f (y)) ≤ kd (x, y) ,

for all x ≥ y.
(2) There exists an x0 ∈ X such that x0 ≤ f (x0) or x0 ≥ f (x0). Then f is a

Picard operator (PO), that is, f has a unique fixed point x∗ ∈ X and for each x ∈

X, limn→∞ fn (x) = x∗.

Many research in this direction was inspired by such theorem (see, e.g., [20],
[24]).

We now move on some basics and definitions in graph theory. Let G =

(V (G), E(G)) be a directed graph, where V (G) is a set of vertices of graph and E(G)
is a set of its edges. We denote G−1 by the directed graph obtained from G by revers-
ing the direction of edges. That is,

E(G−1) = {(x, y)|(x, y) ∈ E(G)}.

Assume that G has no parallel edges. If x and y are vertices in G, then a path in G
from x to y of length n ∈ N ∪ {0} is a sequence {xi}ni=0 of n + 1 vertices such that
x0 = x, xn = y and (xi−1, xi) ∈ E (G) for all i = 1, 2, . . . , n. A graph G is connected if
there exists a path between any two vertices of G.

In 2007, Jachymski and Jozwik [24] introduced fixed point theory by using graph
strcture on metric space. At many time, many researchers are interested in studying
the such theorem, for example , recently Tiammee and Suantai [44] introduce the
concepts of graph-preserving multi-valued mapping and a new type of multi-valued
weak G-contraction on a metric space endowed with a directed graph G and prove
some coincidence point theorems for this type of multi-valued mapping and a surjec-
tive mapping g : X → X under some conditions. In the same year, Aniruth Phon-on,
Areeyuth Sama-Ae et al., [38] define a new class of Reich type multi-valued contrac-
tions on a complete metric space satisfying the g-graph preserving condition and prove
a fixed point theory for such mappings. See more examples [2], [18], [23].

This material is reserved for educational use only, not allowed for commercial use. 
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1.2 Objectives of the study
1) To answer the question A, we have created a new tool to prove a strong

convergence theorem for three Hilbert spaces to be used for finding the solution of the
problem (3.1) and the fixed points problem of nonspreading and pseudo-nonspreading
mappings.

2) To propose a new split variational inequality in three Hilbert spaces.
3) To define the new iterative methods for approximating the solutions of a

system of variational inequalities in the setting of real Hilbert spaces.
4) To prove a strong convergence theorems for finding a common solution of

a system of variational inequalities in the setting of real Hilbert spaces.
5) To introduce a new type of multi-valued mapping and g-l-graph preserving

to prove a fixed point theorem on complete metric spaces endowed with a directed
graph.

6) To give examples to support our main theorems.

1.3 Scopes of the study
1) Study variational inequality problems in a Hilbert space.
2) Investigate the fixed problems of nonlinear mappings, including nonspread-

ing and pseudo-nonspreading mappings.
3) All strong convergence theorems are considered and proved in Hilbert spaces.

1.4 Research methodology
1) Study advanced topics in fixed point theory for nonspreading and pseudo-

nonspreading mappings.
2) Study background in a real Hilbert space.
3) Study Graph theory.
4) Collect and study research papers concerning fixed point theorem.
5) Determine the objecttives and scope of the research.
6) Produce tools for theorem of fixed point theorem.
7) Prove a strong convergence theorem for finding a common solution of a

system of variational inequalities in the setting of real Hilbert spaces.
8) Prove a fixed point theorem on complete metric spaces endowed with a

directed graph.
9) Provide applications and examples to support our main theorems.
10) Conclude the result, make suggestions for further work and write the thesis.

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



7

1.5 Benefits of the study
1) Obtain new mathematical tools for the properties of a new split variational

inequality in three Hilbert spaces.
2) Obtain the strong convergence theorem for finding a common solution of a

system of variational inequalities in the setting of real Hilbert spaces.
3) Obtain a new type of multi-valued mapping and g-l-graph preserving to prove

a fixed point theorem on complete metric spaces endowed with a directed graph.

This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 2
Preliminaries and Literature Reviews

In this chapter, we collect some definitions and lemmas in Hilbert spaces,
which will be needed in proving our main results.

2.1 Fundamental properties in Banach and Hilbert spaces
Definition 2.1. [37] An inner product on a vector space K over the field F is a function
⟨·, ·⟩ : K×K → F, that assigns a scalar ⟨x, y⟩ for every x, y ∈ K, such that for all x, y, z ∈ K

and α ∈ F:
1) ⟨x+ z, y⟩ = ⟨x, y⟩+ ⟨z, y⟩,
2) ⟨αx, y⟩ = α ⟨x, y⟩,
3) ⟨x, y⟩ = ⟨y, x⟩,
4) ⟨x, x⟩ > 0 ⇔ x ̸= 0, A vector space K over F with a specific inner product is called
an inner product space. If F = C is a complex inner product space, and if F = R, K is
a real inner product space.

Theorem 2.1. [37] For an inner product space K, x, y, z ∈ K and α ∈ F:
1) ⟨x, y + z⟩ = ⟨x, y⟩+ ⟨x, z⟩,
2) ⟨x, αy⟩ = ᾱ ⟨x, y⟩,
3) ⟨x, 0⟩ = ⟨0, x⟩ = 0,
4) ⟨x, x⟩ = 0 ⇔ x = 0,
5) If ⟨x, y⟩ = ⟨x, z⟩ for all x ∈ K then y = z.

Definition 2.2. [42] A complete inner product space is called a Hilbert space.

Example 2.2. Let X = C[a, b], the linear space of all scalar-valued continuous functions
on [a, b]. Then the function ⟨·, ·⟩ : C[a, b]× C[a, b] → C defined by

⟨f, g⟩ =
∫ b

a

f(t)g(t)dt for all f, g ∈ C[a, b].

Then X = C[a, b] is a inner product space but not a Hilbert space.

Example 2.3. Let X = ℓ2, the set of all sequences of complex numbers (x1, x2, ..., xi, ...)

with ∑∞
i=1 |xi|2 < ∞. Then the function ⟨·, ·⟩ : ℓ2 × ℓ2 → C defined by

⟨x, y⟩ =
∞∑
i=1

xiȳi for all x = {xi}∞i=1 , y = {yi}∞i=1 ∈ X.

Then ℓ2 is a Hilbert space.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



9

Example 2.4. ℓnp is a finite-dimensional Banach space that is not a Hilbert space for
p ̸= 2.

Definition 2.3. [30] Let X be a linear space (or vector space) over the field F. A
norm on X is a real-valued function ∥ · ∥ on X such that the following conditions are
satisfied by all members x and y of X and each scalar α:
1) ∥x∥ ≥ 0 and ∥x∥ = 0 if and only if x = 0,
2) ∥αx∥ = |α| ∥x∥,
3) ∥x+ y∥ ≤ ∥x∥+∥y∥ (triangle inequality). The ordered pair (X, ∥ · ∥) is called a normed
space or normed vector space or normed linear space.

Definition 2.4. (Cauchy sequence [15]) A sequence of vectors {xn} in a normed
space X is called a Cauchy sequence if for every ϵ > 0 there exists N ∈ N such that
∥xm − xn∥ < ϵ for all m,n > N.

Definition 2.5. [15] A normed space X is called complete if every Cauchy sequence
in X converges to an element of X .

Definition 2.6. [42] A complete normed linear space is called a Banach space.

Example 2.5. [42] Let X = ℓnp , n > 1 and 1 ≤ p < ∞. The sequence space defined by

ℓnp = {x : x = (x1, x2, ..., xn) ∈ Rn} .

Then ℓnp is a Banach space with the norm defined by ∥x∥p = (
∑n

i=1 |xi|p)
1
p .

Example 2.6. Let X = c00, the sequence space defined by

c00 =
{
x = {xi}∞i=1 ∈ ℓ∞ : {xi}∞i=1 has only a finite number of nonzero terms} .

Then c00 space is a normed space with norm ∥·∥∞ but not a Banach space.

Theorem 2.7. [15] A subset S of a normed space X is closed if and only if every
sequence of elements of S convergent in X has its limit in S, i.e.,

{xn} ⊆ S and xn → x implies x ∈ S.

Theorem 2.8. (Schwarz inequality [42]) Let K be an inner product space and let x

and y be elements in K. Then the following holds:

|⟨x, y⟩| ≤ ∥x∥∥y∥.

Definition 2.7. (Metric projection). The (nearest point) projection PC from H onto C
assigns to each x ∈ H the unique point PCx ∈ C satisfying the property

∥x− PCx∥ = min
y∈C

∥x− y∥.This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 2.9. [41] For a given x ∈ H and y ∈ C. Then PCx = y if and only if there holds
the inequality

⟨y − x, z − y⟩ ≥ 0, for all z ∈ C.

Lemma 2.10. Let H be a real Hilbert space. Then the following identities hold:
1) ∥x± y∥2 = ∥x∥2 ± 2⟨x, y⟩+ ∥y∥2, ∀x, y ∈ H;

2) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H.

Definition 2.8 (Strong convergence [16]). A sequence {xn} of vectors in an inner
product space K is called strongly convergent to a vector x in K if

∥xn − x∥ → 0 as n → ∞.

Definition 2.9 (Weak convergence [16]). A sequence {xn} of vectors in an inner prod-
uct space K is called weakly convergent to a vector x in K if

⟨xn, y⟩ → ⟨x, y⟩ as n → ∞ for every y ∈ K.

Remark 2.11. We represent weak and strong convergence by 88⇀′′ and 88→′′, respec-
tively.

Theorem 2.12. [16] A strongly convergence sequence is weakly convergence (to the
same limit), that is, xn → x implies xn ⇀ x.

Remark 2.13. [42] If xn ⇀ x and xn ⇀ y, then x = y.

Lemma 2.14. [42] Let {xn} be a Cauchy sequence of an inner product space C such
that xn ⇀ x. Then xn → x.

Theorem 2.15. [42] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H . Suppose that {xn} ⊂ C and xn ⇀ x. Then x ∈ C.

Lemma 2.16. [35] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {un} ⊂ H with un ⇀ u, the inequality

lim inf
n→∞

∥un − u∥ < lim inf
n→∞

∥un − v∥

holds for every v ∈ H with v ̸= u.

Theorem 2.17. [42] Let {an} be a bounded of real numbers. Then, there exists sub-
sequence {ani} of {an} such that

α = lim sup
n→∞

an = lim
i→∞

ani .

Similarly, there exists a subsequence {
anj

} of {an} such that

β = lim inf
n→∞

an = lim
j→∞

anj .
This material is reserved for educational use only, not allowed for commercial use. 
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Lemma 2.18. [45] Let {Υn} be a sequence of nonnegative real numbers satisfying

Υn+1 = (1− αn)Υn + δn, for all n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that

1)
∞∑

n=1

αn = +∞,

2) lim sup
n→+∞

δn
αn

≤ 0 or
+∞∑
n=1

|δn| < +∞.

Then limn→+∞ Υn = 0.

Lemma 2.19. [46] Let {Υn} be a sequence of nonnegative real number satisfying

Υn+1 = (1− αn)Υn + αnβn, foralln ≥ 0,

where {αn}, {βn} satisfy the conditions

1) {αn} ⊂ [0, 1],

+∞∑
n=1

αn = +∞;

2) lim sup
n→+∞

βn ≤ 0 or
+∞∑
n=1

|αnβn| < +∞.

Then limn→+∞ Υn = 0.

2.2 Fixed point of nonspreading mappings and κ-strictly
pseudo-nonspreading mappings with some properties

Let X be a nonempty set and T : X → X. We say that x ∈ X is a fixed
point of T if and only if Tx = x and F (T ) represents the set of all fixed points of T ,
i.e.,

F (T ) = {x ∈ C : Tx = x}.

Example 2.20. [4] Let X = R.

1) If T (x) = x, then Fix(T ) = R;
2) If T (x) = x+ 9, then Fix(T ) = ∅;
3) If T (x) = x2 + 5x+ 4, then Fix(T ) = {−2}.
Definition 2.10. Let T : C → C be a mapping. Then T is said to be
1) a nonspreading mapping if

2∥Tx− Ty∥2 ≤ ∥Tx− y∥2 + ∥x− Ty∥2, ∀x, y ∈ C. (2.1)

2) a κ-strictly pseudo-nonspreading mapping if there exists κ ∈ [0, 1) such that

∥Tx− Ty∥2 ≤ ∥x− y∥2 + κ∥(1− T )x− (1− T )y∥2 + 2⟨x− Tx, y − Ty⟩, ∀x, y ∈ C.
This material is reserved for educational use only, not allowed for commercial use. 
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In 2008, Kohsaka and Takahashi [26] introduced the nonspreading mapping T

in Hilbert space H as defined in (2.1) and in [36], Osilike and Isiogugu introduced the
κ-strictly pseudo-nonspreading mapping, see for example, [36]. Clearly every non-
spreading mapping is κ-strictly pseudo-nonspreading.

In 2009, it is shown by Iemoto and Takahashi [22] that (2.1) is equivalent to the
following equation.

∥Tx− Ty∥2 ≤ ∥x− y∥2 + 2⟨x− Tx, y − Ty⟩, for all x, y ∈ C. (2.2)

Many researcher proved the strong convergence theorem for nonspreading
mapping and its generalized mappings in Hilbert spaces, see, for example, [17, 27, 28].

Theorem 2.21. [26] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a nonspreading mapping of C into itself. Then F (T ) is closed
and convex.

Example 2.22. Let T : [1, 100] → [1, 100] be defined by Tx = 2x+7
9 . Then T is a non-

spreading mapping.
Solution. Let x, y ∈ [1, 100]. Thus we get

|Tx− Ty|2 =

∣∣∣∣2x+ 7

9
− 2y + 7

9

∣∣∣∣2 =

∣∣∣∣29(x− y)

∣∣∣∣2 =
4

81
|x− y|2

and

2 ⟨x− Tx, y − Ty⟩ = 2

(
x− 2x+ 7

9

)(
y − 2y + 7

9

)
= 2

(
7x− 7

9

)(
7y − 7

9

)
=

98

81
(x− 1)(y − 1) ≥ 0, ( Since x, y ≥ 1).

Therefore

|x− y|2 + 2⟨x− Tx, y − Ty⟩ ≥ |x− y|2

≥ 4

81
|x− y|2

= |Tx− Ty|2 .

Hence T is a nonspreading mapping.

This material is reserved for educational use only, not allowed for commercial use. 
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2.3 Split variational inequality problems
Historically the variational inequality was introduced by Stampachhia [40]

in 1964. This problem is widely used in economics, social sciences and other fields.
After that variational inequalities has been widely studied in the literature; see [7],[8],
[9],[21],[25],[34].

Definition 2.11. [41] Let C be a nonempty closed convex subset of H and let A be
an operator of C into H. Consider the following problem: Find x ∈ C such that

⟨Ax, u− x⟩ ≥ 0, for all u ∈ C.

Such an x ∈ C is called a solution of the variational inequality of A. We will denote
the solution set of the considered variational inequality by V IP (C,A).

Lemma 2.23. [47] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H . Let u ∈ C. Then for λ > 0,

u = PC(I − λA)u if and only if u ∈ V IP (C,A),
where PC is the metric projection of H onto C.

Theorem 2.24. [42] Let H be a real Hilbert space and let C be a nonempty bounded
closed convex subset of H . Let α > 0 and let A : C → H be α-inverse strongly
monotone. Then V IP (C,A) ̸= ∅.

For every i = 1, 2, let Hi be a real Hilbert space and C,Q be nonempty closed
convex subset of H1, and H2, respectively. Recently, Censor [10] has introduced a
new variational problem called the split inequality problem (SIP). It entails finding
a solution of one variational inequality problem (VIP), the image of which, under a
given bounded linear transformation, is a solution of another VIP. The split variational
inequality problem is assigned to the following formula; find a point ω∗ ∈ C such that

⟨f(ω∗), x− ω∗⟩ ≥ 0, for all x ∈ C (2.3)

and a point y∗ = Aω∗ solves

⟨y − y∗, g(y∗)⟩ ≥ 0, for all y ∈ Q, (2.4)

where A : H1 → H2 is a bounded linear operator and f : H1 → H1, g : H2 → H2 are
mappings. The set of all solutions of 2.3 and 2.4 is denoted by

Ω = {x ∈ V IP (C, f) : for all x ∈ V IP (Q, g)}.

The split variational inequality problem (SVIP) is general and should enable
split minimization between two spaces so that the image of a solution point of one
minimization problem is a solution point of another minimization problem.This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



14

2.4 Properties of bounded linear operators in Hilbert spaces
Definition 2.12. [42] Let E and F be normed linear spaces with the same scalars, and
let T be a linear mapping of E into F . Then T is called bounded if there exists K ≥ 0

such that
∥T (x)∥ ≤ K∥x∥ for all x ∈ E.

Let T be a bounded linear mapping of E into F . So, we have that for x ∈ E

with ∥x∥ ≤ 1,
∥T (x)∥ ≤ K, (2.5)

where T (x) is often denoted by Tx.
For a bounded linear mapping T of E into F , we define its norm by

∥T∥ = sup
∥x∥≤1

∥Tx∥. (2.6)

For such ∥T∥, we have the following results.

Definition 2.13. [42] Let E and F be normed linear spaces and let T be a bounded
linear mapping of E into F . Then the following hold:
1) ∥Tx∥ ≤ ∥T∥∥x∥ for all x ∈ E,
2) ∥T∥ = sup∥x∥=1 ∥Tx∥.

Definition 2.14. [42] Let E and F be linear spaces with the same scalars, and let T be
a mapping of E into F . Then T is called linear if for any x, y ∈ E and any scalar α ∈ R,

T (x+ y) = T (x) + T (y) and T (αx) = αT (x).

In particular, for the case of F = R, T is called a linear functional.

Note that if T : E → F is a linear mapping, then

T (αx+ βy) = αT (x) + βT (y), ∀x, y ∈ E and α, β ∈ R.

Definition 2.15. [16] Let A be a bounded operator on a Hilbert space H . If ⟨Ax, y⟩ =

⟨x,Ay⟩ for all x ∈ H , then A is called the self-adjoint operator.

Theorem 2.25. [16] Let T be a bounded linear self-adjoint operator on a Hilbert space
H . Then

∥T∥ = sup
∥x∥=1

|⟨Tx, x⟩| .

Definition 2.16. [29] A self-adjoint operator A is a strongly positive operator on H if
there is a constant γ̄ > 0 with property

⟨Ax, x⟩ ≥ γ̄ ∥x∥2 , for all x ∈ H.This material is reserved for educational use only, not allowed for commercial use. 
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Definition 2.17. [16] A self-adjoint operator A is called positive if ⟨Ax, x⟩ ≥ 0 for all
x ∈ H .
Theorem 2.26. [15] The adjoint operator A∗ of a bounded operator A is bounded.
Moreover, we have ∥A∥ = ∥A∗∥ and ∥A∗A∥ = ∥A∥2.
Example 2.27. Let R2 be the two dimensional space of real numbers with an inner
product ⟨·, ·⟩ : R2 × R2 → R defined by ⟨u, v⟩ = u · v = u1v1 + u2v2 and a usual norm
∥ · ∥ : R2 → R given by ∥u∥ =

√
u2
1 + u2

2, for all u = (u1, u2) , v = (v1, v2) ∈ R2. Let an
operator A : R2 → R2 be defined by Ax = (2x1 − x2, x1 + 2x2) for all x = (x1, x2) ∈ R2.
Then A is a bounded linear on R2.
Solution. Let α, β ∈ R and x = (x1, x2), y = (y1, y2) ∈ R2. Thus we derive

A(αx+ βy) = (2 (αx1 + βy1)− (αx2 + βy2) , (αx1 + βy1) + 2 (αx2 + βy2))

= (2αx1 − αx2 + 2βy1 − βy2, αx1 + 2αx2 + βy1 + 2βy2)

= (2αx1 − αx2, αx1 + 2αx2) + (2βy1 − βy2, βy1 + 2βy2)

= α (2x1 − x2, x1 + 2x2) + β (2y1 − y2, y1 + 2y2)

= αAx+ βAy.

This implies that A is linear. Observe that

∥Ax∥ = ∥(2x1 − x2, x1 + 2x2)∥

=

√
(2x1 − x2)

2
+ (x1 + 2x2)

2

=
√
4x2

1 − 4x1x2 + x2
2 + x2

1 + 4x1x2 + 4x2
2

=
√
5 ∥x∥

= M ∥x∥ .

Then A is bounded.

2.5 Graph theory foundations in Hilbert spaces
Fixed Point Theory and Graph Theory provides an intersection between

the theories of fixed point theorems that give the conditions under which maps have
solutions and graph theory which uses mathematical structures to illustrate the re-
lationship between ordered pairs of objects in terms of their vertices and directed
edges.

Let (X, d) be a metric space and let CB(X) be the set of all nonempty
closed bonded subset of X . Throughout this thesis we use

d (x,A) = inf {d (x, y) : y ∈ A},
D (A,B) = inf {d (x,B) : x ∈ A} .

The Hausdorff-Pompeiu metric H is a mapping defined as follows:
H (A,B) = max{supw∈B d (w,A) , supz∈A d (z,B)

}.This material is reserved for educational use only, not allowed for commercial use. 
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Definition 2.18. [43] Let G = (V (G), E(G)) be a directed graph. A graph G is called
transitive if for any x, y, z ∈ V (G) with (x, y) and (y, z) are in E(G), then (x, z) ∈ E(G).

In 2008, Jachymski [23] generalized the Banach contraction principle in a com-
plete metric space endowed with a directed graph. He also introduced a contractive-
type mapping with a directed graph as follows;
Definition 2.19. Let (X, d) be a metric space and G = (V (G), E(G)) be a directed graph
where V (G) = X and E(G) contains all loops, that is ∆ ⊆ E(G). We say that a mapping
f : X → X is a Banach G-contraction if f preserves edges of G, i.e.,

for any x, y ∈ X such that (x, y) ∈ E(G) implies (fx, fy) ∈ E(G)

and there exists k ∈ (0, 1) such that

d(fx, fy) ≤ kd(x, y) for all x, y ∈ X with (x, y) ∈ E(G).

Definition 2.20. Let ζ be a nonempty convex subset of a Banach space, G = (V (G), E(G))

be a directed graph such that V (G) = ζ and T : ζ → ζ, then T is said to be G-
nonexpansive mapping if the following conditions hold:

(i) T is edge-preserving, i.e., for any x, y ∈ ζ such that (x, y) ∈ E(G) ⇒ (T x, T y) ∈

E(G),
(ii) ∥T x− T y∥ ≤ ∥x− y∥, where (x, y) ∈ E(G) for any x, y ∈ ζ.

This mapping was introduced by Tiammee et al.[43] in 2015.
Lemma 2.28. [43] Let X be a normed space and ζ be a subset of X having a property
G. Let G = (V (G), E(G)) be a directed graph such that V (G) = ζ and E(G) is a convex.
Suppose T : ζ → ζ is a G-nonexpansive mapping and F (T )× F (T ) ⊆ E(G). Then F (T )

is closed and convex.
Definition 2.21. Let (X,≺) be a partially order set. Let A,B ⊂ X and let l : X → X be
a mapping. Then

A ≺ B if l(a) < l(b) for all a ∈ A and b ∈ B.
Definition 2.22. Let (X, d) be a metric space endowed with a partial order ≺. Let
g : X → X be surjective, l : X → X be a mapping and let T : X → CB (X) is say to be
l,g-increasing if for any x, y ∈ X,

g (x) < g (y) ⇒ Tx ≺ Ty.

Example 2.29. Let N be the set of natural number and let the multi-value mapping
T : N → 2N defined by

Tx =
{
x2 + 3, x2 + 5

}
,

for all x ∈ N. Let the mappings g : N → N defined by g (x) = x + 1 for all x ∈ N and
l : N → N defined by l (x) = 2x for all x ∈ N. Then T is l,g -increasing.
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Lemma 2.30. [33] Let (X, d) be a metric space. If A,B ∈ CB (X) and a ∈ A, Then for
each ε > 0, there exists b ∈ B such that

d (a, b) ≤ H (A,B) + ε.

Property A. [23] For every sequence {xn}n∈N in X , If xn → x and (xn+1, xn) ∈ E (G),
there is a subsequence {xkn}n∈N such that (xkn , x) ∈ E (G) for n ∈ N.
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Chapter 3
Main Results

3.1 The split various variational inequality theorem
In this section, we introduce a new split variational inequality in three Hilbert

spaces.
For every i = 1, 2, 3. let Hi be a real Hilbert space and Ci be a nonempty

closed convex subset of Hi. Let Bi : Ci → Hi be a mapping, for all i = 1, 2, 3 and let
A2 : H1 → H2 and A3 : H2 → H3. The split various variational inequality is to find the
points;

ϖ∗
1 ∈ C1, such that ⟨B1ϖ

∗
1 , x1 −ϖ∗

1⟩ ≥ 0, for all x1 ∈ C1, and
ϖ∗

2 = A2ϖ
∗
1 ∈ C2, such that ⟨B2ϖ

∗
2 , x2 −ϖ∗

2⟩ ≥ 0, for all x2 ∈ C2, and
ϖ∗

3 = A3ϖ
∗
2 ∈ C3, such that ⟨B3ϖ

∗
3 , x3 −ϖ∗

3⟩ ≥ 0, for all x3 ∈ C3.

(3.1)

The set of the solution of (3.1) is denoted by
Ω = {ϖ∗ = (ϖ∗

1 , ϖ
∗
2 , ϖ

∗
3) ∈ C1 × C2 × C3 : ϖ∗

i ∈ V IP (Ci, Bi) , for all i = 1, 2, 3}.
Moreover, we obtain the following result.

Lemma 3.1. For every i = 1, 2, 3, let Hi be a real Hilbert spaces and Ci be a nonempty
closed convex subset of Hi. Let Bi : Ci → Hi be βi-inverse strongly monotone map-
pings with η = mini=1,2,3 {βi} and let A2 : H1 → H2, A3 : H2 → H3 be bounded linear op-
erator with the adjoint operator A∗

2 and A∗
3, respectively. Assume that x1 ∈ C1, A2x1 =

x2, A3x2 = x3 and Ω ̸= ∅. The following are equivalent:

(i) x ∈ Ω, where x = (x1, x2, x3) ∈ C1 × C2 × C3.

(ii) x1 = PC1 (I1 − λ1B1) (x1−γ2A
∗
2((I2−PC2 (I2 − λ2B2))x2+γ3A

∗
3 (I3 − PC3 (I3 − λ3B3))x3)),

where Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, γ2(1 + γ3) ≤ 1

L
, L =

max{L1, L2} ≤ 1 which L1, L2 are spectral radius of A2A
∗
2 and A3A

∗
3, respectively, λi ∈

(0, 2η) , for all i = 1, 2, 3 and γ2, γ3 ≥ 0

Proof. Let the conditions holds.
i) ⇒ ii) Let x ∈ Ω where x = (x1, x2, x3) ∈ C1 × C2 × C3, we have

xi ∈ V IP (Ci, Bi), for all i = 1, 2, 3.

From Lemma 2.23, we have

xi ∈ F (PCi(Ii − λiBi)), for all i = 1, 2, 3.
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From determining the definition of x, we have

x1 = PC1 (I1 − λ1B1) (x1 − γ2A
∗
2((I2 − PC2 (I2 − λ2B2))x2 + γ3A

∗
3 (I3 − PC3 (I3 − λ3B3))x3)).

ii) ⇒ i) Let x = (x1, x2, x3) ∈ C1 × C2 × C3, where x2 = A2x1, x3 = A3x2 and

x1 = PC1 (I1 − λ1B1) (x1 − γ2A
∗
2((I2 − PC2 (I2 − λ2B2))x2 + γ3A

∗
3 (I3 − PC3 (I3 − λ3B3))x3)).

Since Bi is βi-inverse strongly monotone with λi < 2η, for all i = 1, 2, 3, we have
PCi(Ii − λiBi) is a nonexpansive mappings, for all i = 1, 2, 3.

Let w ∈ Ω where w = (w1, w2, w3) ∈ C1 × C2 × C3 where w2 = A2w1, w3 = A3w2.
From i) implies ii), we have

w1 = PC1(I − λ1B1)(w1 − γ2A
∗
2((I2 − PC2(I2 − λ2B2))w2 + γ3A

∗
3(I3 − PC3(I3 − λ3B3))w3)).

Put M = (I2 − PC2 (I2 − λ2B2))x2 + γ3A
∗
3 (I3 − PC3 (I3 − λ3B3))x3

and N = (I2 − PC2 (I2 − λ2B2))w2 + γ3A
∗
3 (I3 − PC3 (I3 − λ3B3))w3.

From determining the definition of x and w, we have

∥x1 − w1∥2 ≤ ∥x1 − w1 − γ2A
∗
2(M −N)∥2

= ∥x1 − w1∥2 − 2γ2⟨x1 − w1, A
∗
2(M −N)⟩+ γ2

2∥A∗
2(M −N)∥2

≤ ∥x1 − w1∥2 − 2γ2⟨x2 − w2,M −N⟩+ γ2
2L∥M −N∥2

≤ ∥x1 − w1∥2 − 2γ2⟨x2 − w2, (I2 − PC2 (I2 − λ2B2))x2 + γ3A
∗
3 (I3 − PC3 (I3 − λ3B3))x3⟩

+ γ2
2L∥(I2 − PC2 (I2 − λ2B2))x2 + γ3A

∗
3 (I3 − PC3 (I3 − λ3B3))x3∥2

= ∥x1 − w1∥2 − 2γ2(⟨x2 − w2, (I2 − PC2 (I2 − λ2B2))x2⟩+ γ3⟨x3 − w3,

(I3 − PC3
(I3 − λ3B3))x3⟩) + γ2

2L∥(I2 − PC2
(I2 − λ2B2))x2

+ γ3A
∗
3 (I3 − PC3 (I3 − λ3B3))x3∥2

= ∥x1 − w1∥2 + 2γ2⟨w2 − x2, (I2 − PC2 (I2 − λ2B2))x2⟩+ 2γ2γ3⟨w3 − x3,

(I3 − PC3 (I3 − λ3B3))x3⟩+ γ2
2L(∥(I2 − PC2 (I2 − λ2B2))x2∥2

+ γ2
3L∥ (I3 − PC3 (I3 − λ3B3))x3∥2 + 2γ3⟨(I2 − PC2 (I2 − λ2B2))x2,

A∗
3 (I3 − PC3 (I3 − λ3B3))x3⟩)

≤ ∥x1 − w1∥2 + 2γ2⟨w2 − PC2 (I2 − λ2B2)x2 + PC2 (I2 − λ2B2)x2 − x2,

(I2 − PC2 (I2 − λ2B2))x2⟩+ 2γ2γ3⟨w3 − PC3 (I3 − λ3B3)x3 + PC3 (I3 − λ3B3)x3 − x3,

(I3 − PC3 (I3 − λ3B3))x3⟩+ γ2
2L(∥(I2 − PC2 (I2 − λ2B2))x2∥2

+ γ2
3L∥ (I3 − PC3 (I3 − λ3B3))x3∥2

+ γ3∥(I2 − PC2 (I2 − λ2B2))x2∥2 + γ3∥A∗
3 (I3 − PC3 (I3 − λ3B3))x3∥2)

≤ ∥x1 − w1∥2 + 2γ2(
1

2
∥(I2 − PC2 (I2 − λ2B2))x2∥2 − ∥(I2 − PC2 (I2 − λ2B2))x2∥2)

+ 2γ2γ3(
1

2
∥ (I3 − PC3

(I3 − λ3B3))x3∥2 − ∥ (I3 − PC3
(I3 − λ3B3))x3∥2)

+ γ2
2L(∥((I2 − PC2 (I2 − λ2B2))x2∥2 + γ2

3L∥ (I3 − PC3 (I3 − λ3B3))x3)∥2
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+ γ3∥(I2 − PC2 (I2 − λ2B2))x2∥2 + γ3L∥ (I3 − PC3 (I3 − λ3B3))x3)∥2)

= ∥x1 − w1∥2 − γ2(1− γ2L(1 + γ3))∥(I2 − PC2 (I2 − λ2B2))x2∥2

− γ2γ3(1− γ2L
2(1 + γ3))∥ (I3 − PC3 (I3 − λ3B3))x3)∥2. (3.2)

Applying above equation and Lemma 2.23, we have

x2 ∈ F (PC2 (I − λ2B2)) = V IP (C2, B2) and x3 ∈ F (PC3 (I − λ3B3)) = V IP (C3, B3). (3.3)

From determining the definition of x and (3.3), we have

x1 ∈ F (PC1 (I − λ1B1)) = V IP (C1, B1).

Hence x ∈ Ω.

Lemma 3.2. Let C be a nonempty closed convex subset of Hilbert space H . Let
ϑ : C → C be a nonspreading mapping and ϱ : C → C be κ-pseudo-nonspreding
mapping with F (ϑ)∩F (ϱ) ̸= ∅. Then F (PC(I−γ(a (I − ϑ)+(1− a) (I − ϱ)))) = F (ϑ)∩F (ϱ)

for all a ∈ (0, 1) and γ > 0. Moreover, if γ < 1− κ, then

∥I − γ (a (I − ϑ) + (1− a) (I − ϱ)))x−ϖ∗∥ ≤ ∥ϖ∗ − x∥ ,

for all x ∈ C and ϖ∗ ∈ F (ϱ) ∩ F (ϑ).

Proof. Let ϖ0 ∈ F (ϱ) ∩ F (ϑ), we have

PC(I − γ(a (I − ϑ) + (1 + a) (I − ϱ)))ϖ0 = ϖ0.

It follows that ϖ0 ∈ F (PC(I − γ(a (I − ϑ) + (1 + a) (I − ϱ)))). Therefore

F (ϑ) ∩ F (ϱ) ⊆ F (PC(I − γ(a (I − ϑ) + (1 + a) (I − ϱ)))).

Let ϖ0 ∈ F (PC(I − γ(a (I − ϑ) + (1 + a) (I − ϱ)))) and ϖ∗ ∈ F (ϑ) ∩ F (ϱ). From Lemma
2.23, we have

⟨y −ϖ0, a (I − ϑ)ϖ0 + (1− a) (I − ϱ)ϖ0⟩ ≥ 0,

for all y ∈ C.

From determining the definition of ϱ, we have

∥ϖ0 −ϖ∗∥2 + κ∥(I − ϱ)ϖ0∥2 ≥ ∥ϱϖ0 −ϖ∗∥2

= ∥(I − ϱ)ϖ0 − (ϖ0 −ϖ∗)∥2

= ∥(I − ϱ)ϖ0∥2 − 2⟨(I − ϱ)ϖ0, ϖ0 −ϖ∗⟩

+ ∥ϖ0 −ϖ∗∥2 . (3.4)

The result of the calculation from the inequality (3.4), we get

⟨(I − ϱ)ϖ0, ϖ0 −ϖ∗⟩ ≥
(
1− κ

2

)
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Assume that ϖ0 ̸= ϑϖ0, we have ∥(I − ϑ)ϖ0∥ > 0. Using the same method as (3.5) and
definitions of ϑ, we get

⟨(I − ϑ)ϖ0, ϖ0 −ϖ∗⟩ ≥ 1

2
∥(I − ϑ)ϖ0∥2 . (3.6)

From (3.5) and a ∈ (0, 1), we obtain

⟨ϖ∗ −ϖ0, a (I − ϑ)ϖ0⟩ = ⟨ϖ∗ −ϖ0, a (I − ϑ)ϖ0 + (1− a) (I − ϱ)ϖ0⟩

− (1− a) ⟨ϖ∗ −ϖ0, (I − ϱ)ϖ0⟩

≥ (1− a) ⟨ϖ0 −ϖ∗, (I − ϱ)ϖ0⟩. (3.7)

From (3.7), we have

⟨ϖ∗ −ϖ0, (I − ϑ)ϖ0⟩ ≥ 0.

From above and (3.6), we have

0 ≤ ⟨ϖ∗ −ϖ0, (I − ϑ)ϖ0⟩ ≤ −1

2
∥(I − ϑ)ϖ0∥2 .

Thus, ∥(I − ϑ)ϖ0∥ ≤ 0. This is a contradiction.
Thus, we have ϖ0 = ϑϖ0 and it implies that

ϖ0 ∈ F (ϑ). (3.8)

Similarly, by using the same technique as (3.8), we have

ϖ0 ∈ F (ϱ). (3.9)

From (3.8) and (3.9), we have

F (PC(I − γ(a(I − ϑ) + (1 + a)(I − ϱ)))) ⊆ F (ϱ) ∩ F (ϑ).

Let ϖ∗ ∈ F (ϱ) ∩ F (ϑ) and x ∈ C, we have

∥(I − γ(a(I − ϑ) + (1− a)(I − ϱ)))x−ϖ∗∥2

= ∥(I − γ(a(I − ϑ) + (1− a)(I − ϱ)))x

− (I − γ (a (I − ϑ) + (1− a) (I − ϱ)))ϖ∗∥2

= ∥x−ϖ∗ − γ(a((I − ϑ)x− (I − ϑ)ϖ∗)

+ (1− a)((I − ϱ)x− (I − ϱ)ϖ∗))∥2

= ∥x−ϖ∗∥2 − 2γ⟨a((I − ϑ)x− (I − ϑ)ϖ∗)

+ (1− a)((I − ϱ)x− (I − ϱ)ϖ∗), x−ϖ∗⟩

+ γ2∥a((I − ϑ)x− (I − ϑ)ϖ∗)

+ (1− a)((I − ϱ)x− (I − ϱ)ϖ∗)∥2

≤ ∥x−ϖ∗∥2 − 2γa⟨(I − ϑ)x− (I − ϑ)ϖ∗, x−ϖ∗⟩
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− 2γ(1− a)⟨(I − ϱ)x− (I − ϱ)ϖ∗, x−ϖ∗⟩

+ γ2a∥(I − ϑ)x− (I − ϑ)ϖ∗∥2

+ (1− a)γ2∥(I − ϱ)x− (I − ϱ)ϖ∗∥2

≤ ∥x−ϖ∗∥2 − 2γa
∥(I − T )x∥2

2

− 2γ(1− a)(1− κ)
∥(I − ϱ)x∥2

2

+ γ2a∥(I − ϑ)x∥2 + (1− a)γ2∥(I − ϱ)x∥2

≤ ∥x−ϖ∗∥2.

Theorem 3.3. For every i = 1, 2, 3, let Ci be a closed convex subset of a real Hilbert
space Hi. Let Bi : Ci → Hi be βi-inverse strongly monotone mappings with η =

mini=1,2,3 {βi} and let A2 : H1 → H2, A3 : H2 → H3 be bounded linear operator with the
adjoint operator A∗

2 and A∗
3, respectively. Assume that x1 ∈ H1, x2 = A2x1, x3 = A3x2

and Ω ̸= ∅. Let ϑ, ϱ : C1 → C1 be nonspreading and κ-strictly pseudo-nonspreading
mappings, respectively. Assume that Ω ∩ F (ϑ) ∩ F (ϱ) ̸= ∅ and let the sequence {xn}

generated by u, x1 ∈ C1, and

xn+1 = αnu+ βnxn + γnPC1 (I1 − λn (a (I1 − ϑ) + (1− a) (I1 − ϱ)))xn

+δnPC1(I1 − λ1B1)(x
1
n − γ2A

∗
2((I2 − PC2(I − λ2B2))x

2
n

+γ3A
∗
3(I3 − PC3(I − λ3B3))x

3
n)),

for all n ≥ 1 and a ∈ (0, 1), Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, where
{αn} , {βn} , {γn} , {δn} ⊆ [0, 1] and αn+βn+γn+δn = 1 and xn = x1

n, x
2
n = A2x

1
n, x

3
n = A3x

2
n,

for all n ∈ N, 0 < λi < 2η, for all i = 1, 2, 3 and γj > 0, for all j = 2, 3. Suppose that the
conditions i) to v) is true;

(i) limn+→∞ αn = 0,
∑+∞

n=1 αn = +∞ ;

(ii) γ2 (1 + γ3) ≤
1

L
, where L = max {LA1 , LA2} ≤ 1 where LA1LA2

are spectral radius of A2A
∗
2, A3A

∗
3, respectively;

(iii) 0 < a ≤ βn, γn, δn ≤ b < 1, for some a, b > 0, for all n ∈ N;

(iv) ∑+∞
n=1 λn < +∞ and 0 < λn < 1− κ, for all n ∈ N;

(v) ∑+∞
n=1 |αn+i − αn| ,

∑+∞
n=1 |βn+i − βn| ,

∑+∞
n=1 |γn+1 − γn| < +∞.

Then the sequence {xn} converges strongly to z0 = PΩ∩F (ϑ)∩F (ϱ)u.
Proof. Put M = a (I − ϑ)+ (1− a) (I − ϱ) and un = PC1(I −λ1B1)(x

1
n− γ2A

∗
2((I2−PC2(I −

λ2B2))x
2
n + γ3A

∗
3(I3 − PC3(I − λnB3))x

3
n)). So, we can rewrite xn as follows;

xn+1 = αnu+ βnxn + γnPC1 (I − λnM)xn + δnun, (3.10)This material is reserved for educational use only, not allowed for commercial use. 
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for all n ≥ 1.
From determining the definition of un put wn = (I2 − PC2 (I − λ2B2))x

2
n +

γ3A
∗
3 (I3 − PC3 (I − λ3B3))x

3
n and zn = (I3 − PC3 (I − λ3B3))x

3
n, we have

un = PC1 (I1 − λ1B1) (xn − γ2A
∗
2wn).

For every n ∈ N, we have

∥un − un−1∥2 ≤ ∥xn − γ2A
∗
2wn − xn−1 + γ2A

∗
2wn−1∥2

= ∥xn − xn−1 − γ2A
∗
2 (wn − wn−1)∥2

= ∥xn − xn−1∥2 − 2γ2⟨A2xn −A2xn−1, wn − wn−1⟩+ γ2
2∥A∗

2(wn − wn−1)∥2

= ∥xn − xn−1∥2 − 2γ2⟨x2
n − x2

n−1, (I2 − PC2 (I − λ2B2))x
2
n

+ γ3A
∗
3zn − (I2 − PC2 (I − λ2B2))x

2
n−1 − γ3A

∗
3zn−1⟩

+ γ2
2 ∥A∗

2 (wn − wn−1)∥2

= ∥xn − xn−1∥2 + 2γ2⟨x2
n−1 − x2

n, (I2 − PC2 (I − λ2B2))x
2
n

− (I2 − PC2 (I − λ2B2))x
2
n−1⟩+ 2γ2γ3⟨x3

n−1 − x3
n, zn

− zn−1⟩+ γ2
2 ∥A∗

2 (wn − wn−1)∥2

≤ ∥xn − xn−1∥2 + 2γ2⟨x2
n−1 − x2

n, (I2 − PC2 (I − λ2B2))x
2
n

− (I2 − PC2 (I − λ2B2))x
2
n−1⟩+ 2γ2γ3⟨x3

n−1 − x3
n, zn − zn−1⟩

+ γ2
2L∥(I2 − PC2 (I2 − λ2B2))x

2
n − (I2 − PC2 (I2 − λ2B2))x

2
n−1

+ γ3A
∗
3(zn − zn−1)∥2

≤ ∥xn − xn−1∥2 + 2γ2⟨x2
n−1 − x2

n, (I2 − PC2 (I − λ2B2))x
2
n

− (I2 − PC2
(I − λ2B2))x

2
n−1⟩+ 2γ2γ3⟨x3

n−1 − x3
n, zn − zn−1⟩

+ γ2
2L(∥(I2 − PC2(I − λ2B2))x

2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2

+ γ2
3L∥zn − zn−1∥2 + 2γ3⟨(I2 − PC2(I − λ2B2))x

2
n

− (I2 − PC2(I − λ2B2))x
2
n−1, A

∗(zn − zn−1)⟩)

≤∥xn − xn−1∥2 + 2γ2⟨x2
n−1 − x2

n, (I2 − PC2 (I − λ2B2))x
2
n − (I2 − PC2 (I − λ2B2))x

2
n−1⟩

+ 2γ2γ3⟨x3
n−1 − x3

n, (I3 − PC3 (I − λ3B3))x
3
n − (I3 − PC3 (I − λ3B3))x

3
n−1⟩

+ γ2
2L(∥(I2 − PC2(I − λ2B2))x

2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2 + γ2

3L∥zn − zn−1∥2

+ γ3∥(I2 − PC2(I − λ2B2))x
2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2 + γ3L∥zn − zn−1∥2)

≤∥xn − xn−1∥2 + 2γ2(−
∥∥(I2 − PC2 (I − λ2B2))x

2
n − (I2 − PC2 (I − λ2B2))x

2
n−1

∥∥2
+

1

2

∥∥(I2 − PC2 (I − λ2B2))x
2
n − (I2 − PC2 (I − λ2B2))x

2
n−1

∥∥2)
+ 2γ2γ3(−∥zn − zn−1∥2 +

1

2
∥zn − zn−1∥2)

+ γ2
2L(∥(I2 − PC2(I − λ2B2))x

2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2 + γ2

3L∥zn − zn−1∥2

+ γ3∥(I2 − PC2
(I − λ2B2))x

2
n − (I2 − PC2

(I − λ2B2))x
2
n−1∥2 + γ3L∥zn − zn−1∥)

= ∥xn − xn−1∥2 − γ2
∥∥(I2 − PC2 (I − λ2B2))x

2
n − (I2 − PC2 (I − λ2B2))x

2
n−1
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− γ2γ3 ∥zn − zn−1∥2 + γ2
2L∥(I2 − PC2(I − λ2B2))x

2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2

+ γ2
2γ

2
3L

2∥zn − zn−1∥2 + γ2
2γ3L∥(I2 − PC2(I − λ2B2))x

2
n − (I2 − PC2(I − λ2B2))x

2
n−1∥2

+ γ2
2γ3L

2∥zn − zn−1∥

= ∥xn − xn−1∥2 − γ2(1− γ2L (1 + γ3))∥ (I2 − PC2 (I − λ2B2))x
2
n

− (I2 − PC2 (I − λ2B2))x
2
n−1∥2 − γ2γ3(1− γ2L

2 (1 + γ3)) ∥zn − zn−1∥2

≤∥xn − xn−1∥2 . (3.11)

Let ϖ∗ ∈ Ω ∩ F (ϱ) ∩ F (ϑ). From Lemma 3.2 and utilization of (3.2), we have

∥xn+1 −ϖ∗∥ ≤ αn ∥u−ϖ∗∥+ βn ∥xn −ϖ∗∥+ γn ∥PC1 (I − λnM)xn −ϖ∗∥

+δn ∥un −ϖ∗∥

≤ αn ∥u−ϖ∗∥+ (1− αn) ∥xn −ϖ∗∥

≤ M̃, (3.12)

where M̃ = max{∥u−ϖ∗∥ , ∥x1 −ϖ∗∥}. By induction we can conclulde that the se-
quence {xn} is bounded and so are {un} and {PC1 (I − λnM)xn}.
From determining the definition of xn and (3.11), we have

∥xn+1 − xn∥ = ∥αnu+ βnxn + γnPC1 (I − λnM)xn + δnun

−αn−1u− βn−1xn−1 − γn−1PC1 (I − λn−1M)xn−1 − δn−1un−1∥

≤ |αn − αn−1| ∥u∥+ βn ∥xn − xn−1∥+ |βn − βn−1| ∥xn−1∥+ δn ∥un − un−1∥

+ |δn − δn−1| ∥un−1∥+ γn ∥PC1
(I − λnM)xn − PC1

(I − λn−1M)xn−1∥

+ |γn − γn−1| ∥PC1 (I1 − λn−1M)xn−1∥

≤ |αn − αn−1| ∥u∥+ βn ∥xn − xn−1∥+ |βn − βn−1| ∥xn−1∥+ δn ∥un − un−1∥

+ |δn − δn−1| ∥un−1∥+ γn ∥xn − xn−1∥+ ∥λn−1Mxn−1 − λnMxn∥

+ |γn − γn−1| ∥PC1 (I1 − λn−1M)xn−1∥

≤ |αn − αn−1| ∥u∥+ βn ∥xn − xn−1∥+ |βn − βn−1| ∥xn−1∥+ δn ∥xn − xn−1∥

+ |δn − δn−1| ∥un−1∥+ γn ∥xn − xn−1∥+ λn−1∥Mxn−1∥+ λn∥Mxn∥

+ |γn − γn−1| ∥PC1 (I1 − λn−1M)xn−1∥

= (1− αn) ∥xn − xn−1∥+ |αn − αn−1| ∥u∥+ |βn − βn−1| ∥xn−1∥

+ |δn − δn−1| ∥un−1∥+ λn−1∥Mxn−1∥+ λn∥Mxn∥

+ |γn − γn−1| ∥PC1 (I1 − λn−1M)xn−1∥ .

From the conditions i), iv), v) and Lemma 2.18, we have

lim
n→+∞

∥xn+1 − xn∥ = 0. (3.13)

Applying (3.2) and the definition of xn, we have

∥xn+1 −ϖ∗∥2 ≤ αn ∥u−ϖ∗∥2 + βn ∥xn −ϖ∗∥2 + γn ∥PC1
(I − λnM)xn −ϖ∗∥2
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+δn ∥un −ϖ∗∥2 − γnβn ∥PC1 (I − λnM)xn − xn∥2 − δnβn ∥un − xn∥2

≤ αn ∥u−ϖ∗∥2 + ∥xn −ϖ∗∥2 − γnβn ∥PC1 (I − λnM)xn − xn∥2

−δnβn ∥un − xn∥2 ,

which implies that

γnβn∥PC1(I − λnM)xn − xn∥2 + δnβn ∥un − xn∥2 ≤ (∥xn+1 −ϖ∗∥+ ∥xn −ϖ∗∥)∥xn+1 − xn∥

+ αn ∥u−ϖ∗∥2 .

From the conditions i), iii) and (3.13) we can conclude the following results

lim
n→+∞

∥un − xn∥ = lim
n→+∞

∥PC1 (I − λnM)xn − xn∥ = 0. (3.14)

Next, we show that

lim sup
n→+∞

⟨u− z0, z0 − xn⟩ ≤ 0, (3.15)

where z0 = PΩ∩F (ϱ)∩F (ϑ)u. In order to prove this we may assume that

lim sup
n→+∞

⟨u− z0, xn − z0⟩ = lim
k→+∞

⟨u− z0, xnk
− z0⟩, (3.16)

where {xnk
} is a subsequence of {xn}. Since {xn} is bounded, we may assume that

xnk
⇀ q as k → +∞.

Assume that q /∈ F (ϱ) ∩ F (ϑ). From Lemma 3.2, we have q /∈ F (PC1 (I − λnk
M)). By

using properties of Opial,s condition and (3.14), we have

lim inf
k→+∞

∥xnk
− q∥ < lim inf

k→+∞
∥xnk

− PC1 (I − λnk
M) q∥

≤ lim inf
k→+∞

(∥xnk
− PC1 (I − λnk

M)xnk
∥

+∥PC1 (I − λnk
M)xnk

− PC1
(I − λnk

M) q∥)

≤ lim inf
k→+∞

(∥xnk
− q∥+ λnk

∥Mxnk
−Mq∥)

≤ lim inf
k→+∞

∥xnk
− q∥ .

This is a contradiction. Therefore q ∈ F (ϱ) ∩ F (ϑ).
Assume q /∈ Ω. From Lemma 3.1, we have

q ̸= PC1 (I − λ1B1) (q − γ2A
∗
2((I2 − PC2(I − λ2B2))A2q + γ3A

∗
3(I3 − PC3(I − λ3B3))A3A2q)).

By using properties of Opial,s condition, the definition of un and (3.14), we have

lim inf
k→+∞

∥xnk
− q∥ < lim inf

k→+∞
∥xnk

− PC1 (I − λ1B1) (q − γ2A
∗
2((I2 − PC2(I − λ2B2))A2q

+γ3A
∗
3(I3 − PC3(I − λ3B3))A3A2q))∥

≤ lim inf
k→+∞

(∥xnk
− unk

∥

+∥unk
− PC1

(I − λ1B1) (q − γ2A
∗
2((I2 − PC2

(I − λ2B2))A2q
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+γ3A
∗
3(I3 − PC3(I − λ3B3))A3A2q))∥)

≤ lim inf
k→+∞

∥xnk
− q∥.

This is a contradiction. Then q ∈ Ω. Therefore q ∈ Ω ∩ F (ϱ) ∩ F (ϑ).
From (3.16) and the well-known properties of metric projection, we have

lim sup
n→∞

⟨u− z0, xn − z0⟩ ≤ 0.

From determining the definition of xn, we can conclude that

∥xn+1 − z0∥2 ≤ (1− αn) ∥xn − z0∥2 + 2αn⟨u− z0, xn+1 − z0⟩,

where z0 = PΩ∩F (ϱ)∩F (ϑ)u. From Lemma 2.19, we can conclude that the sequence
{xn} converses strongly to z0 = PΩ∩F (ϱ)∩F (ϑ)u.

The following results is obtained directly from the main theorem.

Corollary 3.4. For every i = 1, 2, 3, let Ci be a closed convex subset of a real Hilbert
space Hi. Let Bi : Ci → Hi be βi-inverse strongly monotone mappings with η =

mini=1,2,3 {βi} and let A2 : H1 → H2, A3 : H2 → lH3 be bounded linear operator with
the adjoint operator A∗

2 and A∗
3, respectively. Assume that x1 ∈ H1, x2 = A2x1, x3 = A3x2

and Ω ̸= ∅. Let ϑ, ϱ : C1 → C1 be nonspreading mappings, respectively. Assume that
Ω ∩ F (ϑ) ∩ F (ϱ) ̸= ∅ and let the sequence {xn} generated by u, x1 ∈ C1, and

xn+1 = αnu+ βnxn + γnPC1 (I1 − λn (a (I1 − ϑ) + (1− a) (I1 − ϱ)))xn

+δnPC1(I1 − λ1B1)(x
1
n − γ2A

∗
2((I2 − PC2(I − λ2B2))x

2
n

+γ3A
∗
3(I3 − PC3(I − λ3B3))x

3
n)),

for all n ≥ 1 and a ∈ (0, 1), Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, where
{αn} , {βn} , {γn} , {δn} ⊆ [0, 1] and αn+βn+γn+δn = 1 and xn = x1

n, x
2
n = A2x

1
n, x

3
n = A3x

2
n,

for all n ∈ N, 0 < λi < 2η, for all i = 1, 2, 3 and γj > 0, for all j = 2, 3. Suppose that the
conditions i) to v) is true;

(i) limn→+∞ αn = 0,
∑+∞

n=1 αn = +∞ ;

(ii) γ2 (1 + γ3) ≤
1

L
, where L = max {LA1 , LA2} ≤ 1,

where LA1 , LA2 are spectral radius of A2A
∗
2, A3A

∗
3, respectively;

(iii) 0 < a ≤ βn, γn, δn ≤ b < 1, for some a, b > 0, for all n ∈ N;

(iv) ∑+∞
n=1 λn < +∞ and 0 < λn < 1− κ, for all n ∈ N;

(v) ∑+∞
n=1 |αn+i − αn| ,

∑+∞
n=1 |βn+i − βn| ,

∑+∞
n=1 |γn+1 − γn| < +∞.

Then the sequence {xn} converses strongly to z0 = PΩ∩F (ϑ)∩F (ϱ)u.
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3.2 Coincidence point theory in metric spaces endowed with graph
Coincidence theory is a generalization of fixed point theory. There are many

researchs combining fixed point theory and graph theory. In this section we introduce
a new type of multi-valued mapping and g-l-graph preserving to prove a fixed point
theorem on complete metric spaces endowed with a directed graph. The proof of
this theorem using different techniques from the research of [44] and [38].

The following definitions are important for our main theorem.
Definition 3.1. Let X be a nonempty set and G = (V (G) , E (G)) be a graph such that
V (G) = X and let g, l : X → X be mappings. The multi-valued mapping T : X →

CB (X) is called g-l-graph preserving if for every x, y ∈ X such that
(g (x) , g (y)) ∈ E (G) ⇒ (l (u) , l (v)) ∈ E (G) ,

for all u ∈ Tx and v ∈ Ty.
By motivated from Suantai and Tiammee [44], we give an example of the such

mapping.
Example 3.5. Let N be the set of natural number and let G = (N, E (G)) and E (G) =

{(2n− 1, 2n+ 1) : n ∈ N}∪{(2n, 2n+ 2) : n > 1}∪{(2n, 2n+ 4) : n > 1}∪{(2n, 2n) : n > 1}∪

(1, 1) ∪ (6, 4) ∪ (8, 6). Defined T : N → CB (N) by

T (x) =

 {2k, 2k + 2} if x = 2k − 1, ∀k ∈ N,

{1} if x = 2k,∀k ∈ N,

g : N → N be defined by

g(x) =


2k if x = 2k + 2, ∀k ∈ N,

2k − 1 if x = 2k + 1, ∀k ∈ N,

2 if x = 1, 2,

and l : N → N be defined by

l(x) =

 2k + 2 if x = 2k, ∀k ∈ N,

3k − 2 if x = 2k − 1, ∀k ∈ N,

Then T is g-l-graph preserving.
Solution Let (g (x) , g (y)) ∈ E (G).

If (g (x) , g (y)) = (2k − 1, 2k + 1) , ∀k ∈ N, then (x, y) = (2k + 1, 2k + 3). From the
definition of T , we have Tx = {2k + 2, 2k + 4} , T y = {2k + 4, 2k + 6}. From the definition
of l, we have

(l (2k + 2) , l (2k + 4)) = (2k + 4, 2k + 6) ∈ E (G) ,

(l (2k + 2) , l (2k + 6)) = (2k + 4, 2k + 8) ∈ E (G) ,

(l (2k + 4) , l (2k + 4)) = (2k + 6, 2k + 6) ∈ E (G) ,

(l (2k + 4) , l (2k + 6)) = (2k + 6, 2k + 8) ∈ E (G) .
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If (g (x) , g (y)) = (2k, 2k + 2) or (2k, 2k + 4) or (2k, 2k) , ∀k ∈ N, then Tx = {1} , T y = {1}.
From the definition of l, we have (l(1), l(1)) = (1, 1) ∈ E(G).

If (g (x) , g (y)) = (1, 1) , then (x, y) = (3, 3). It follows that Tx = Ty = {4, 6}.
From the definition of l, we have

(l (4) , l (4)) = (6, 6) ∈ E (G) ,

(l (4) , l (6)) = (6, 8) ∈ E (G) ,

(l (6) , l (4)) = (8, 6) ∈ E (G) ,

(l (6) , l (6)) = (8, 8) ∈ E (G) .

If (g (x) , g (y)) = (8, 6) or (6, 4), then Tx = Ty = {1}. From the definition of l, we have
(l (1) , l (1)) = (1, 1) ∈ E (G) . Hence T is g-l-graph preserving.

Remark 3.6. If l = I , where I is an identity mapping, then g-l-graph preserving is
reduced to g-graph preserving, see [44].

Definition 3.2. Let (X, d) be a metric spaces, G = (V (G) , E (G)) be a direct graph such
that V (G) = X and the mappings g, l : X → X . Then T : X → CB (X) is said to be
(l,g)-G contraction if there exists 0 < α < β with α+ β <

1

2
and L ≥ 0 with

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

for all x, y ∈ X and u ∈ Tx, v ∈ Ty such that (g (x) , g (y)) ∈ E (G) and (l (u) , l (v)) ∈ E (G).

Example 3.7. Let N be the set of natural number and let G = (N, E(G)) be a directed
graph where E (G) = {(2n, 2n+ 2) : n ∈ N}∪{(2n− 1, 2n+ 1) : n ∈ N}∪{(2n− 1, 2n+ 3) : n ∈ N}∪

{(2n− 1, 2n− 1) : n ∈ N}. Defined T : N → CB (N) by

T (x) =

 {2k − 1, 2k + 1} if x = 2k, ∀k ∈ N,

{3} if x = 2k − 1, ∀k ∈ N,

g : N → N be defined by

g(x) =

 2k + 1 if x = 2k − 1, ∀k ∈ N,

2k + 2 if x = 2k, ∀k ∈ N,

and l : N → N be defined by

l(x) =


2k + 4 if x = 2k + 2, ∀k ∈ N,

2k + 3 if x = 2k + 1, ∀k ∈ N,

2 if x = 1, 2.

Then T is (l,g)-G contraction.
Solution Let (g (x) , g (y)) ∈ E (G) .

If (g (x) , g (y)) = (2n, 2n+ 2) ∈ E (G) for n ∈ N, then x = 2(n − 1), y = 2n

and Tx = {2n− 3, 2n− 1} , T y = {2n− 1, 2n+ 1} for n ∈ N. Then H (Tx, Ty) = 2 and
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D (g (y) , Tx) = 3.
Let u ∈ Tx.

If u = 2n− 3,then l(u) = 2n− 1 for n ∈ N,
If u = 2n− 1,then l(u) = 2n+ 1 for n ∈ N.

Let v ∈ Ty.
If v = 2n− 1,then l(v) = 2n+ 1 for n ∈ N,
If v = 2n+ 1,then l(v) = 2n+ 3 for n ∈ N.

It implies that (l (u) , l (v)) = (2n− 1, 2n+ 1) or (2n− 1, 2n+ 3) or (2n+ 1, 2n+ 1) or (2n+ 1, 2n+ 3) ∈

E (G) .

Put α =
1

8
, β =

2

8
, L = 2, we have

H (Tx, Ty) < αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

If (g (x) , g (y)) = (2n− 1, 2n+ 1) or (2n− 1, 2n+ 3) or (2n− 1, 2n− 1) ∈ E (G), we get
Tx = {3} = Ty. If u = v = 3, then l(3) = 5. Therefore (l(3), l(3)) ∈ E(G). Then
H (Tx, Ty) = 0. It is obvious that,

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x, y = 2n− 1 for all n ∈ N.
Hence T is (l, g)-G contraction.
Theorem 3.8. Let (X, d) be a complete metric space and G = (V (G), E(G)) be a
directed graph with V (G) = X . Let g : X → X be a surjective mapping and let l : X → X

be a nonexpansive mapping. Suppose that the multi-value mapping T : X → CB (X)

is satisfied the following properties:
1) T is a g-l-graph preserving;
2) T is (l,g)-G contraction;
3) X has Property A;
4) there exists x0 ∈ X such that (g (x0) , y) ∈ E (G) for some y ∈ Tx0.
5) H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) for all x, y ∈ X

such that (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G) .

Then there exists u ∈ X such that g(u) ∈ Tu.
Proof. Since g is a surjection, there exists x1 ∈ X such that g(x1) ∈ Tx0. From 4), we
have

(g (x0) , g (x1)) ∈ E (G) . (3.17)
Put n1 ∈ N, we have

(α+ β)
n1 < (β − α) d (g (x0) , g (x1)) . (3.18)

By Lemma 2.30, there is g(x2) ∈ Tx1 such that

d (g (x1)) g (x2)) ≤ H (Tx0, Tx1) + (α+ β)
n1 . (3.19)
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Since (g (x0) , g (x1) ∈ E (G) , g (x1) ∈ Tx0, g (x2) ∈ Tx1 and T is g-l-graph preserving, we
have (l (g (x1)) , l (g (x2))) ∈ E (G) .

From (3.18) and (3.19), we have

d (g (x1)) g (x2)) ≤ H (Tx0, Tx1) + (α+ β)
n1

≤ αd (g (x0) , g (x1)) + βd (l (g (x1)) , l (g (x2)))

+LD (g (x1) , Tx0) + (α+ β)
n1

≤ αd (g (x0) , g (x1)) + βd (g (x1) , g (x2)) + (β − α) d (g (x0) , g (x1)) .

It implies that
d (g (x1) , g (x2)) ≤

β

1− β
d (g (x0) , g (x1)) .

By using the same method as (3.17), we have

(g (x1) , g (x2)) ∈ E (G) .

Choose n2 > n1 such that

(α+ β)
n2 < (β − α) d (g (x1) , g (x2)) . (3.20)

From Lemma 2.30, there exists g(x3) ∈ Tx2 such that

d (g (x2) , g (x3)) ≤ H (Tx1, Tx2) + (α+ β)
n2 (3.21)

Since (g (x1) , g (x2)) ∈ E (G), g (x2) ∈ Tx1, g (x3) ∈ Tx2 and T is g-l-graph preserving, we
have

(l (g (x2)) , l (g (x3))) ∈ E (G) .

From (3.20) and (3.21), we have

d (g (x2) , g (x3)) ≤ H (Tx1, Tx2) + (α+ β)
n2

≤ αd (g (x1) , g (x2)) + βd (l (g (x2)) , l (g (x3))) + LD (g (x2) , Tx1)

+ (β − α) d (g (x1)) , g (x2))

≤ αd (g (x1) , g (x2)) + βd (g (x2) , g (x3)) + (β − α) d (g (x1)) , g (x2)).

It implies that
d (g (x2) , g (x3)) ≤

β

1− β
d (g (x1) , g (x2)) .

Continuous on this way, for every k ∈ N, we have g (xk+1) ∈ Txk with

d (g (xk) , g (xk+1)) ≤
β

1− β
d (g (xk−1) , g (xk)) (3.22)

and (g (xk−1) , g (xk)) ∈ E (G), (l(g (xk)), l(g (xk+1))) ∈ E (G).
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From (3.22), we have

d (g (xk) , g (xk+1)) ≤ β

1− β
d (g (xk−1) , g (xk))

≤ a (ad (g (xk−2) , g (xk−1)))

= a2d (g (xk−2) , g (xk−1))

...
≤ akd (g (x0) , g (x1)) , (3.23)

where a =
β

1− β
for all k ∈ N.

For every n, k ∈ N and (3.23), we have

d (g (xn+k) , g (xn)) ≤
n+k−1∑
j=n

d (g (xj+1) , g (xj))

≤
n+k−1∑
j=n

ajd (g (x0) , g (x1))

≤ an

1− a
d (g (x0) , g (x1)) . (3.24)

Since limn→∞ an = 0 and (3.24), we can conclude that the sequence {g(xn)} is a Cauchy
sequence. Since X is a complete metric space, there exists u ∈ X such that

lim
n→∞

g (xn) = g (u) . (3.25)

From the property A, there is a subsequence g(xkn) of g(xn) such that

(g (xkn) , g (u)) ∈ E (G) . (3.26)

Since l is a nonexpansive mapping and (3.25), we have

lim
n→∞

l(g (xn)) = l(g (u)). (3.27)

From the property A, without loss of generality, there exists a subsequence l (g (xkn))

of l (g (xn)) such that
(l(g (xkn)), l(g (u))) ∈ E (G) . (3.28)

From the condition 5), we get

D (g (u) , Tu) ≤ d (g (u) , g (xkn+1)) +D (g (xkn+1) , Tu)

≤ d (g (u) , g (xkn+1)) +H (Txkn , Tu)

≤ d (g (u) , g (xkn+1)) + d (g (xkn
) , g (u)) + d (l (g (xkn

)) , l (g (u))) +D (g (u) , Txkn
)

≤ d (g (u) , g (xkn+1)) + d (g (xkn) , g (u)) + d (g (xkn) , g (u)) + d (g (u) , g(xkn+1)) .

Since limn→∞ g (xn) = g (u) , we have D(g(u), Tu) = 0. Since Tu is a closed set, we have
g(u) ∈ Tu. This complete the proof.
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Corollary 3.9. Let (X, d) be a metric space endowed with a partial order ≺. Let
g : X → X be a surjective mapping, l : X → X be a nonexpansive mapping and let
T : X → CB (X) be a multi-valued mapping. Suppose the following conditions hold:

1) T is an l,g-increasing,
2) There exists x0 ∈ X and u ∈ Tx0 such that g (x0) < u,
3) For every sequence {xk} such g (xk) < g (xk+1) or all k ∈ N and g(xk) converse

to g(x) for some x ∈ X such that g (xk) < g (x),
4) For every sequence {xk} such l(g (xk)) < l(g (xk+1)) for all k ∈ N and l(g(xk))

converse to l(g(x)) for some x ∈ X such that l(g (xk)) < l(g (x)),
5) There exists 0 < α < β with α+ β <

1

2
and L > 0 such that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

for all x, y ∈ X and u ∈ Tx, u ∈ Ty with g (x) < g (y) and l (u) < l (v)

and
H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g(x)) , l (g(y))) +D (g (y) , Tx) ,

for all x, y ∈ X with g (x) < g (y) and l (g(x)) < l (g(y)),
6) The metric d is complete.

Then there exists u ∈ X such that u ∈ Tu.

Proof. Let G = (V (G), E(G) where X = V (G) and E (G) = {(x, y) : x < y, ∀x, y ∈ X}.
First, we show that T is g-l-graph preserving. Let (g(x), g(y)) ∈ E(G), we have Tx ≺ Ty.
For every u ∈ Tx and v ∈ Ty, we have l (u) < l (v). Then (l (u) , l (v)) ∈ E (G). Then T

is g-l-graph preserving. It is easy to see that the conditions 2)-5) satisfying conditions
2)-4) in theorem 3.8. From theorem 3.8, we can concluded the desired result.
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Chapter 4
Applications and Some Examples

We have applied the problem (3.1) for the various fixed point problems in
three Hilbert spaces as follows:

For every i = 1, 2, 3 let Hi be a real Hilbert space and Ci be a nonempty
closed convex subset of Hi. Let ϑi : Ci → Ci be a mapping, for all i = 1, 2, 3 and let
A2 : H1 → H2 and A3 : H2 → H3. The fixed points problem in three Hilbert spaces is to
find the point; 

ϖ∗
1 ∈ C1, such that ϖ∗

1 ∈ F (ϑ1) and
ϖ∗

2 = A2ϖ
∗
1 ∈ C2, such that ϖ∗

2 ∈ F (ϑ2) and
ϖ∗

3 = A3ϖ
∗
2 ∈ C3, such that ϖ∗

3 ∈ F (ϑ3) .

(4.1)

The set of the solution of (4.1) is denoted by Ω = {ϖ∗ = (ϖ∗
1 , ϖ

∗
2 , ϖ

∗
3) ∈ C1 × C2 × C3 :

ϖ∗
i ∈ F (ϑi), for all i = 1, 2, 3}. It is clear that V IP (C, I − T ) = F (ϑ), where ϑ : C → C is a

nonexpansive mapping with F (ϑ) ̸= ∅. By leveraging Lemma 3.1 and such knowledge,
we have the following results;

Lemma 4.1. For every i = 1, 2, 3, let Hi be a real Hilbert spaces and Ci be a nonempty
closed convex subset of Hi. Let ϑi : Ci → Ci be nonexpansive mappings and let
A2 : H1 → H2, A3 : H2 → H3 be bounded linear operator with the adjoint operator
A∗

2 and A∗
3, respectively. Assume that x1 ∈ C1, A2x1 = x2, A3x2 = x3 and Ω ̸= ∅. The

following are equivalent:

(i) x ∈ Ω, where x = (x1, x2, x3) ∈ C1 × C2 × C3.

(ii) x1 = PC1 (I1 − λ1(I1 − ϑ1)) (x1 − γ2A
∗
2((I2 − PC2 (I2 − λ2(I2 − ϑ2)))x2

+γ3A
∗
3 (I3 − PC3 (I − λ3(I3 − ϑ3)))x3)),

where Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, γ2(1 + γ3) ≤ 1

L
, L =

max{L1, L2} ≤ 1 which L1, L2 are spectral radius of A2A
∗
2 and A3A

∗
3, respectively, λi ∈

(0, 1) , for all i = 1, 2, 3 and γ2, γ3 ≥ 0

Proof. Since F (ϑi) = V IP (C, Ii − ϑi) for all i = 1, 2, 3 and (Ii − ϑi) is 1

2
-inverse strongly

monotone and Lemma 3.1, we can summarize the result of Lemma 4.1.

The direct benefits of Lemma 4.1, we get Corollary 4.2;

Corollary 4.2. For every i = 1, 2, 3, let Ci be a closed convex subset of a real Hilbert
space Hi. Let ϑi : Ci → Ci be a nonexpansive mappings and let A2 : H1 → H2, A3 :

H2 → H3 be bounded linear operator with the adjoint operator A∗
2 and A∗

3, respectively.This material is reserved for educational use only, not allowed for commercial use. 
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Assume that x1 ∈ H1, x2 = A2x1, x3 = A3x2. Let ϑ, ϱ : C1 → C1 be nonspreading and κ-
strictly pseudo-nonspreading mappings, respectively. Assume that Ω∩F (ϑ)∩F (ϱ) ̸= ∅

and let the sequence {xn} generated by u, x1 ∈ C1, and

xn+1 = αnu+ βnxn + γnPC1 (I1 − λn (a (I1 − ϑ) + (1− a) (I1 − ϱ)))xn

+δnPC1(I1 − λ1(I1 − ϑ1))(x
1
n − γ2A

∗
2((I2 − PC2(I − λ2(I2 − ϑ2)))x

2
n

+γ3A
∗
3(I3 − PC3(I − λ3(I3 − ϑ3)))x

3
n)),

for all n ≥ 1 and a ∈ (0, 1), Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, where
{αn} , {βn} , {γn} , {δn} ⊆ [0, 1] and αn+βn+γn+δn = 1 and xn = x1

n, x
2
n = A2x

1
n, x

3
n = A3x

2
n,

for all n ∈ N, 0 < λi < 1, for all i = 1, 2, 3 and γj > 0, for all j = 2, 3. Suppose that the
conditions i) to v) is true;

(i) limn→+∞ αn = 0,
∑+∞

n=1 αn = +∞;

(ii) γ2 (1 + γ3) ≤
1

L
, where L = max {LA1 , LA2} ≤ 1, where LA1 , LA2

are spectral radius of A2A
∗
2, A3A

∗
3, respectively;

(iii) 0 < a ≤ βn, γn, δn ≤ b < 1, for some a, b > 0, for all n ∈ N;

(iv) ∑+∞
n=1 λn < +∞ and 0 < λn < 1− κ, for all n ∈ N;

(v) ∑+∞
n=1 |αn+i − αn| ,

∑+∞
n=1 |βn+i − βn| ,

∑+∞
n=1 |γn+1 − γn| < +∞.

Then the sequence {xn} converses strongly to z0 = PΩ∩F (T )∩F (S)u.

To support theorem 3.8, we give the following example.

Example 4.3. LetX = {3, 4, 5, 6, 7, 8, } and d (x, y) = |x− y| for all x, y ∈ X , where E (G) =

{(4, 6) , (6, 8)}∪{(3, 5) , (5, 7) , (3, 7)}∪{(3, 3) , (5, 5) , (6, 6) , (7, 7)}∪{(6, 7) , (7, 6) , (5, 3) , (7, 3) , (7, 5)}.
Defined the multi-valued mapping T : X → CB (X) by

T (x) =


{3, 5} if x = 4,

{5, 7} if x = 6,

{5} if x = 3, 5, 7, 8,

the mapping g : X → X be defined by

g(x) =



3 if x = 7,

5 if x = 3,

7 if x = 5,

4 if x = 8,

6 if x = 4,

8 if x = 6,
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and the mapping l : X → X be defined by

l(x) =

 6 if x = 3, 4, 6, 7, 8,

7 if x = 5.

Then there exists 3 ∈ X such that g(3) ∈ T3.

Solution It is easy to see that l is a nonexpansive mapping and g is surjective
mapping.

First, we show that T is g-l graph preserving. Let (g (x) , g (y)) ∈ E (G).
if (4, 6), (6, 8) ∈ E(G), then x = 8, 4 and y = 4, 6. From the definition of T , we

have T8 = {5}, T4 = {3, 5} and T6 = {5, 7}.
From T8, T4 and the definition of l, we have

(l(5), l(3)) = (7, 6) ∈ E(G),
(l(5), l(5)) = (7, 7) ∈ E(G).

From T4, T6 and the definition of l, we have
(l(3), l(5)) = (6, 7) ∈ E(G),
(l(3), l(7)) = (6, 6) ∈ E(G),
(l(5), l(5)) = (7, 7) ∈ E(G),
(l(5), l(7)) = (7, 6) ∈ E(G).

If (g(x), g(y)) = (3, 5), (5, 7), (3, 7), (3, 3), (5, 5), (7, 7), (5, 3), (7, 3), (7, 5), then x, y =, 3, 5, 7.
From the definition of T , we have Tx = Ty = {5} where x, y = 3, 5, 7. It follows
that (l(5), l(5)) = (7, 7) ∈ E(G).
If (g(x), g(y)) = (6, 7), then x = 4 and y = 5. From the definition of T , we have T4 = {3, 5}

and T5 = {5}.
From T4, T5 and the definition of l, we have

(l(3), l(5)) = (6, 7) ∈ E(G),
(l(5), l(5)) = (7, 7) ∈ E(G).

If (g(x), g(y)) = (7, 6), then x = 5 and y = 4. From the definition of T, we have T5 = {5}

and T4 = {3, 5}.
From T5, T4 and the definition of l, we have

(l(5), l(3)) = (7, 6) ∈ E(G),
(l(5), l(5)) = (7, 7) ∈ E(G).

If (g(x), g(y)) = (6, 6), then x = y = 4. From the definition of T, we have T4 = {3, 5}.
From T4 and the definition of l, we have

(l(3), l(3)) = (6, 6) ∈ E(G),
(l(3), l(5)) = (6, 7) ∈ E(G).
(l(5), l(3)) = (7, 6) ∈ E(G),
(l(5), l(5)) = (7, 7) ∈ E(G).

Hence T is g-l graph preserving.
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Next, we show that T is (l,g)-G contractive mapping. Let (g (x) , g (y)) ∈ E (G).
Put α =

1

8
, β =

2

8
and L = 3.

If (4, 6) ∈ E(G), then x = 8 and y = 4. T8 = {5} and T4 = {3, 5}.
It follows that

H (T8, T4) = 2,

and
D (g (4) , T8) = 1.

It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x = 8 and y = 4 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and
(l(u), l(v)) ∈ E(G).
If (6, 8) ∈ E(G), then x = 4 and y = 6. Then T4 = {3, 5} and T6 = {5, 7}.
It follows that H(T4, T6) = 2 and D(g(6), T4) = 3.
It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x = 4 and y = 6 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and
(l(u), l(v)) ∈ E(G).
If (3, 5), (5, 7), (3, 7), (3, 3), (5, 5), (7, 7), (5, 3), (7, 3), (7, 5) ∈ E(G). Then Tx = Ty = {5}

where x, y = 3, 5, 7. It follows that H(Tx, Ty) = 0. It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x, y = 3, 5, 7 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and (l(u), l(v)) ∈

E(G).
If (6, 7) ∈ E(G), then x = 4 and y = 5. It follows that T4 = {3, 5} and T5 = {5}.
It implies that H(T4, T5) = 2 and D(g(5), T4) = 2. It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x = 4 and y = 5 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and
(l(u), l(v)) ∈ E(G).
If (7, 6) ∈ E(G), then x = 5 and y = 4. It follows that T5 = {5} and T4 = {3, 5}.
It follows that H(T5, T4) = 2 and D(g(4), T5) = 1. It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x = 5 and y = 4 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and
(l(u), l(v)) ∈ E(G).
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If (6, 6) ∈ E(G), then x = y = 4. It follows that T4 = {3, 5}.
It follows that H(T4, T4) = 0 and D(g(4), T4) = 1. It is easy to conclude that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

where x = y = 4 with u ∈ Tx and v ∈ Ty such that (g(x), g(y)) ∈ E(G) and (l(u), l(v)) ∈

E(G).
Hence T is (l, g)-G contraction.
Let (g(x), g(y)) ∈ E(G).
If (4, 6) ∈ E(G), then x = 8 and y = 4. It follows that H (T8, T4) = 2, D(g(4), T8) = 1.
It is easy to see that

H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x = 8 and y = 4 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
If (6, 8) ∈ E(G), then x = 4 and y = 6. It follows that H (T4, T6) = 2 and D(g(6), T4) = 3.
It is easy to see that

H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x = 4 and y = 6 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
If (3, 5), (5, 7), (3, 7), (3, 3), (5, 5), (7, 7), (5, 3), (7, 3), (7, 5) ∈ E(G). Then Tx = Ty = {5} for
all x, y = 3, 7, 5. It follows that

H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x, y = 3, 5, 7 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
If (6, 7) ∈ E(G) , then x = 4 and y = 5. Then H(T4, T5) = 2 and D(g(5), T4) = 2.

It is easy to see that
H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x = 4 and y = 5 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
If (7, 6) ∈ E(G), then x = 5 and y = 4. It follow that H(T5, T4) = 2 and D(g(4), T5) = 1.

It is easy to see that
H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x = 5 and y = 4 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
If (6, 6) ∈ E(G), then x = y = 4. It follow that H(T4, T4) = 0 and D(g(4), T4) = 1.

It is easy to see that
H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) ,

where x = y = 4 with (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G).
Hence the condition 5) in Theorem 3.8 is satisfied.
Since 5 ∈ T7, then (g(7), 5) = (3, 5) ∈ E(G). Then condition 4) in Theorem 3.8 is satisfied.
It is easy to see that X has Property A. From Theorem 3.8, then there exists 3 ∈ X

such that g(3) ∈ T3.This material is reserved for educational use only, not allowed for commercial use. 
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Chapter 5
Conclusions

In this chapter, we conclude all main theorems and corollaries obtained in this
thesis.

The first problem, we have a new split variational inequality in three Hilbert
spaces. The convergence theorem to find a common element of the set of solutions
of these problems and the sets of fixed points of discontinuous mappings are proved
as follows;

5.1 The split various variational inequality theorem
(1) For every i = 1, 2, 3, let Ci be a closed convex subset of a real Hilbert space

Hi. Let Bi : Ci → Hi be βi-inverse strongly monotone mappings with η = mini=1,2,3 {βi}

and let A2 : H1 → H2, A3 : H2 → H3 be bounded linear operator with the adjoint
operator A∗

2 and A∗
3, respectively. Assume that x1 ∈ H1, x2 = A2x1, x3 = A3x2 and Ω ̸= ∅.

Let ϑ, ϱ : C1 → C1 be nonspreading and κ-strictly pseudo-nonspreading mappings,
respectively. Assume that Ω∩F (ϑ)∩F (ϱ) ̸= ∅ and let the sequence {xn} generated by
u, x1 ∈ C1, and

xn+1 = αnu+ βnxn + γnPC1 (I1 − λn (a (I1 − ϑ) + (1− a) (I1 − ϱ)))xn

+δnPC1(I1 − λ1B1)(x
1
n − γ2A

∗
2((I2 − PC2(I − λ2B2))x

2
n

+γ3A
∗
3(I3 − PC3(I − λ3B3))x

3
n)),

for all n ≥ 1 and a ∈ (0, 1), Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, where
{αn} , {βn} , {γn} , {δn} ⊆ [0, 1] and αn+βn+γn+δn = 1 and xn = x1

n, x
2
n = A2x

1
n, x

3
n = A3x

2
n,

for all n ∈ N, 0 < λi < 2η, for all i = 1, 2, 3 and γj > 0, for all j = 2, 3. Suppose that the
conditions i) to v) is true;

(i) limn+→∞ αn = 0,
∑+∞

n=1 αn = +∞ ;

(ii) γ2 (1 + γ3) ≤
1

L
, where L = max {LA1 , LA2} ≤ 1 where LA1LA2

are spectral radius of A2A
∗
2, A3A

∗
3, respectively;

(iii) 0 < a ≤ βn, γn, δn ≤ b < 1, for some a, b > 0, for all n ∈ N;

(iv) ∑+∞
n=1 λn < +∞ and 0 < λn < 1− κ, for all n ∈ N;

(v) ∑+∞
n=1 |αn+i − αn| ,

∑+∞
n=1 |βn+i − βn| ,

∑+∞
n=1 |γn+1 − γn| < +∞.

Then the sequence {xn} converges strongly to z0 = PΩ∩F (ϑ)∩F (ϱ)u.
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(2) For every i = 1, 2, 3, let Ci be a closed convex subset of a real Hilbert space
Hi. Let Bi : Ci → Hi be βi-inverse strongly monotone mappings with η = mini=1,2,3 {βi}

and let A2 : H1 → H2, A3 : H2 → H3 be bounded linear operator with the adjoint
operator A∗

2 and A∗
3, respectively. Assume that x1 ∈ H1, x2 = A2x1, x3 = A3x2 and

Ω ̸= ∅. Let ϑ, ϱ : C1 → C1 be nonspreading mappings, respectively. Assume that
Ω ∩ F (ϑ) ∩ F (ϱ) ̸= ∅ and let the sequence {xn} generated by u, x1 ∈ C1, and

xn+1 = αnu+ βnxn + γnPC1 (I1 − λn (a (I1 − ϑ) + (1− a) (I1 − ϱ)))xn

+δnPC1(I1 − λ1B1)(x
1
n − γ2A

∗
2((I2 − PC2(I − λ2B2))x

2
n

+γ3A
∗
3(I3 − PC3(I − λ3B3))x

3
n)),

for all n ≥ 1 and a ∈ (0, 1), Ii : Hi → Hi is an identity mappings, for all i = 1, 2, 3, where
{αn} , {βn} , {γn} , {δn} ⊆ [0, 1] and αn+βn+γn+δn = 1 and xn = x1

n, x
2
n = A2x

1
n, x

3
n = A3x

2
n,

for all n ∈ N, 0 < λi < 2η, for all i = 1, 2, 3 and γj > 0, for all j = 2, 3. Suppose that the
conditions i) to v) is true;

(i) limn→+∞ αn = 0,
∑+∞

n=1 αn = +∞ ;

(ii) γ2 (1 + γ3) ≤
1

L
, where L = max {LA1

, LA2
} ≤ 1,

where LA1 , LA2 are spectral radius of A2A
∗
2, A3A

∗
3, respectively;

(iii) 0 < a ≤ βn, γn, δn ≤ b < 1, for some a, b > 0, for all n ∈ N;

(iv) ∑+∞
n=1 λn < +∞ and 0 < λn < 1− κ, for all n ∈ N;

(v) ∑+∞
n=1 |αn+i − αn| ,

∑+∞
n=1 |βn+i − βn| ,

∑+∞
n=1 |γn+1 − γn| < +∞.

Then the sequence {xn} converses strongly to z0 = PΩ∩F (ϑ)∩F (ϱ)u.

The second problem, we have created a new type of multi-valued mapping
and g-l-graph preserving to prove a fixed point theorem on complete metric spaces
endowed with a directed graph and give an example to support our main theorems.
The proof of our main theorem using different techniques from the research of [44]
and [38].

5.2 Coincidence point theory in metric spaces endowed with graph
(1) Let (X, d) be a complete metric space and G = (V (G), E(G)) be a directed

graph with V (G) = X . Let g : X → X be a surjective mapping and let l : X → X be
a nonexpansive mapping. Suppose that the multi-value mapping T : X → CB (X) is
satified the following properties:

1) T is a g-l-graph preserving;
2) T is (l,g)-G contraction;
3) X has Property A;
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4) there exists x0 ∈ X such that (g (x0) , y) ∈ E (G) for some y ∈ Tx0.
5) H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g (x)) , l (g (y))) +D (g (y) , Tx) for all x, y ∈ X

such that (g (x) , g (y)) ∈ E (G) and (l (g (x)) , l (g (y))) ∈ E (G) .

Then there exists u ∈ X such that g(u) ∈ Tu.

(2) Let (X, d) be a metric space endowed with a partial order ≤. Let g : X → X

be a surjetive mapping, l : X → X be a nonexpansive mapping and let T : X → CB (X)

be a multi-valued mapping. Suppose the following conditions hold:
1) T is an l,g-increasing,
2) There exists x0 ∈ X and u ∈ Tx0 such that g (x0) < u,
3) For every sequence {xk} such g (xk) < g (xk+1) or all k ∈ N and g(xk) con-

verse to g(x) for some x ∈ X such that g (xk) < g (x),
4) For every sequence {xk} such l(g (xk)) < l(g (xk+1)) for all k ∈ N and l(g(xk))

converse to l(g(x)) for some x ∈ X such that l(g (xk)) < l(g (x)),
5) There exists 0 < α < β with α+ β <

1

2
and L > 0 such that

H (Tx, Ty) ≤ αd (g (x) , g (y)) + βd (l (u) , l (v)) + LD (g (y) , Tx) ,

for all x, y ∈ X and u ∈ Tx, u ∈ Ty with g (x) < g (y) and l (u) < l (v)

and
H (Tx, Ty) ≤ d (g (x) , g (y)) + d (l (g(x)) , l (g(y))) +D (g (y) , Tx) ,

for all x, y ∈ X with g (x) < g (y) and l (g(x)) < l (g(y)),
6) The metric d is complete.

Then there exists u ∈ X such that u ∈ Tu.

5.3 Some Examples
We have an example to support the Theorem 3.8 as follows:
Let X = {3, 4, 5, 6, 7, 8, } and d (x, y) = |x− y| for all x, y ∈ X , where E (G) =

{(4, 6) , (6, 8)}∪{(3, 5) , (5, 7) , (3, 7)}∪{(3, 3) , (5, 5) , (6, 6) , (7, 7)}∪{(6, 7) , (7, 6) , (5, 3) , (7, 3) , (7, 5)}.
Defined the multi-valued mapping T : X → CB (X) by

T (x) =


{3, 5} if x = 4,

{5, 7} if x = 6,

{5} if x = 3, 5, 7, 8,
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the mapping g : X → X be defined by

g(x) =



3 if x = 7,

5 if x = 3,

7 if x = 5,

4 if x = 8,

6 if x = 4,

8 if x = 6,

and the mapping l : X → X be defined by

l(x) =

 6 if x = 3, 4, 6, 7, 8,

7 if x = 5.

Then there exists 3 ∈ X such that g(3) ∈ T3.
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