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Chapter 1

Introduction

1.1 Research motivation

1.1.1  Fixed point theory and the split various variational inequalities problems

Fixed point theory is a fascinating subject, with an enormous number of appli-
cations in various fields of mathematics. Moreover, fixed point techniques have been
applied in such various fields as engineering, physics, economics and game theory. A
fixed point of a mapping 7' is a point z such that z = Tz, where T': X — X is a nonlin-
ear mapping. The knowledge of the existence of fixed points has relevant applications
in many branches of analysis and topology. Furthermore, many mathematicians have
been studying about the structure of fixed point set.

In [26], Kohsaka and Takahashi introduced the nonspreading mapping in Hilbert
spaces H which is defined by the following inequality 2| Tz —Ty||?> < | Tx—yl||*+||lz—Ty|?,
for all z,y € C. Following the terminology of Browder and Petryshyn [6], in [36], Osilike
and Isiogugu introduced the mapping T : C — C, which is called «-strictly pseudo-
nonspreading mapping if there exists x € [0,1) such that

| T = Tyl < lle — y|> + &|[(I — T)x — (I — T)y|]> + 2 — T,y — T),

for all z,y € C. Clearly every nonspreading mapping is x-strictly pseudo-nonspreading;
see, for example, [36].

The variational inequality problem (VIP) is to find a point w, € C such that
(y—w*,Gw*> >0, (11)

forally € C,where G : C — H is a mapping. The set of all solutions of 1.1 is denoted by
VIP(C,G). It is well known that numerous problems in physic, finance, optimization,
minimax problem reduce to find element of 1.1. Historically the variational inequality
was introduced by Stampachhia [40] in 1964. After that variational inequalities has
been widely studied in the literature; see [7],[8],[9],[21],[25],[34].

Foreveryi=1, 2, let H; be a real Hilbert space and C, @ be nonempty closed
convex subset of Hiy, and H,, respectively. Recently, Censor [10] has introduced a
new variational problem called the split inequality problem (SIP). It entails finding
a solution of one variational inequality problem (VIP), the image of which, under a
given bounded linear transformation, is a solution of another VIP. The split variational

inequality problem is assigned to the following formula; find a point w. € C such that

(f(we)yx —wi) >0, for all z€C (1.2)



and a point y* = Aw, solves

(y—y*,9(y*)) >0, for all ye€Q, (1.3)

where A : Hy — H, is a bounded linear operator and f : H; — Hiy,g : Hy — Hs are

mappings. The set of all solutions of 2.3 and 2.4 is denoted by
Q={xecVIPC,f): for all € VIP(Q,g)}.

The split variational inequality problem (SVIP) is general and should enable split mini-
mization between two spaces so that the image of a solution point of one minimization
problem is a solution point of another minimization problem. Another special case
of the SVIP is the Split Feasibility Problem (SFP) which had already been studied and
used in practice as a model in intensity-modulated radiation therapy (IMRT) treatment
planning.

The split feasibility problem(SFP) is to find a point = € C and Az € Q. This
problem was introduced by Censor and Elfving [11]. The set of all solution(SFP) is
denoted by I' = {z € C; Az € Q}. In fact, it has been extensively investigated in the
literature [13] and [12].

Over the past decades, investigations of fixed points by some iterative schemes
have attracted many mathematicians.

In 2014, Bnouhachem [5] modified a projection process for finding a common
solution of a system of variational inequalities, a split equilibrium problem and a
hierarchical fixed-point problem in the setting of real Hilbert spaces and also proved

the strong convergence theorem of the sequence z,, generated by

Uy = ﬁfl (xn + yA* (Tff — I) Axn) ;
zn = Pc [Pc [un — 01 Bouy| — a1 B1 P [un, — aaBauy]];

Yn = ﬁn@xn + (1 - ﬂn) Zn;

Tni1 = Po [anpU (2,) + (I — anuF) 9 (y,))], for all n > 0,

where A : H; — H, is a bounded linear operator. Assume that F; : C x C — R and
F : Q x Q@ — R are the bifunctions, B; : C — H is a 6;-inverse strongly monotone
mapping for each i = 1,2 and S,9 : C — C a nonexpansive mappings, F : C — C is
a k-Lipschitzian mapping and be n-strongly monotone U : C — C be a r-Lipschitzian
mapping and positive paramiters r,, a,, a1, ag, p, p , for all n € N.

Recently, Moudafi [32] introduced the following new split feasibility problem,
which is also called general split equality problem:

Let Hy, Ho, H3 be real Hilbert spaces, C c Hy,Q C H, be two nonempty closed
convex sets, A : Hy — H3, B : Hy — H3 be two bounded linear operators. Moudafi

study of the convergence of a relaxed alternating CQ-algorithm for solving the new



split feasibility problem is to find
w, € O, y* € Q such that Aw, = By*. (1.4)

In order to prove the weak convergence theory to solve general split equality

problem (1.4) Moudafi defined the following iteration process {z};

Try1 = Po (vp — wA* (Azy — By)) ,
Yr+1 = Pg (yr + B* (Axp 1 — Byr)),

where A*, B* are adjoint operators of A, B respectively, proper conditions of the pos-
itive paramiter ~, for all £ > 1. In order to avoid using the projection, Moudafi [31]
introduced and studied the following problem: Let T': H; — H; and S : Hy — H, be
nonlinear operators such that F(T) # 0 and F(S) # 0, where F(T) and F(S) denote
the sets of fixed points of T and S, respectively. If C=F(T) and Q=F(S), then split

equality problem reduces to
to find z € F(T) and y € F(S) such that Az = By, (1.5

which is called a split equality fixed point problem (SEFPP).

Question A. Can we prove a strong convergence theorem of three Hilbert

spaces by different methods from Moudafi [32] ?

1.1.2  Graph theory

Graph theoretical concepts are widely used in many real-world problem. In
biology, graph theory is often used where a vertex represents regions where certain
species exist and the edges represent migration path or movement between the re-
gions. In chemistry, graph theory including study of molecules, construction of bounds
and the study of atoms. In computer science, graph theory is used to represent the
connecting with friends on social media, where each user is a vertex, and when users
connect they create an edge.

The Banach contraction principle is the most important theorem for studying
fixed point theorem. Fixed points is fundamental concepts of mathematics in many
fields. For example, Nash equilibrium in economics, the theory of phase transition,
renormalization group and critical phenomenon in physics. In information Technology
also use fixed point for program analysis, dataflow analysis and optimization.

S.Choudhury, Metiya and Debnath [14], they propose the notation of end point
of multivalued mapping in the setting of metric space endowed with graph and prove
some existence results. The mapping that satisfy generalized multivalued almost G-

contraction type inequalities are assumed.



Hanjing and Suantai [19], they propose a new type G-contraction multivalued
mapping in a metric space endowed with a directed graph. The new theorem show
that there are some fixed points of multivalued mapping will belong to the set of
coincidence points of them.

From now on we will recall some mathematical background which is necessary
basis for the main theorem.

Let (X,d) be a metric space. A mapping T': X — X is called a contraction if
there exists k£ € [0,1) such that

d(Tz,Ty) < kd(z,y)

forall z,y € X. If k=1, then T is a nonexpansive mapping.
The Banach contraction principle is a very importance tool to prove existence

of fixed point theorem it states as follows:

Theorem 1.1. Let X be a complete metric space and let T be a contraction of X to

itself. Then T has a unique fixed point.

The Banach contraction principle theorem plays an important role in studying
the existence of solutions of nonlinear integral equations, system of linear equations,
nonlinear differential equations, and proving the convergence of algorithms in com-
putational mathematics.

Let CB(X) be the set of all nonempty, closed, and bounded subsets of X. A
point z € X is a fixed point of a multi-valued mapping T : X — 2% if 2 € T2. Nadler

[33] has proved a multi-valued version of the Banach contraction principle as follows:

Theorem 1.2. Let (X,d) be a complete metric space and T : X — CB(X). Assume
that there exists k € [0,1) such that H (Tx,Ty) < kd (x,y) for all z,y € X. Then there

exists z € X such that z € Tz.

The theory of multi-valued mappings is an important role in various branches
of pure and applied mathematics to solve many problems such as optimal control
problem.

A partial order in a binary relation < over the set X, that is, for all z,y and z in
X it must satisfies the following conditions:

a)z <z,

b) If z <y and y < z, then z =y,

AOlfz<yandy <z then z < 2.

Fixed point theorem for single and multi-valued mapping defined on partially
ordered metric space received attention from many researcher (see, e.g., [39], [1]). Ran
and Reurings [39] was the first to prove a theorem related to a partial ordering. They

proved the following theorem.



Theorem 1.3. Let (X, <) be a partially ordered set such that every pair z,y € X has
an upper and lower bounded. Let d be a metric on X such that (X,d) is a complete
metric space. Let f: X — X be a continuous monotone (either order preserving or
order reversing) mapping. Suppose that the following conditions hold:

(1) There exists a k € (0,1) with

d(f (@), f(y)) < kd(x,y),

forall z > .
(2) There exists an xo € X such that xp < f(zo) Or mg > f(x¢). Then f is a
Picard operator (PO), that is, f has a unique fixed point z* € X and for each z ¢

X, imy, oo 7 (2) = 2.

Many research in this direction was inspired by such theorem (see, e.g., [20],
[24]).

We now move on some basics and definitions in graph theory. Let G =
(V(G@), E(G@)) be a directed graph, where V(G) is a set of vertices of graph and E(G)
is a set of its edges. We denote G~! by the directed graph obtained from G by revers-
ing the direction of edges. That s,

B(GTY) = {(z,y)|(z,y) € E(G)}.

Assume that G has no parallel edges. If z and y are vertices in G, then a path in G
from z to y of length n € NU {0} is a sequence {z;};_, of n + 1 vertices such that
o = x,2, =y and (z;_1,7;) € E(G) forall i = 1,2,...,n. A graph G is connected if
there exists a path between any two vertices of G.

In 2007, Jachymski and Jozwik [24] introduced fixed point theory by using graph
strcture on metric space. At many time, many researchers are interested in studying
the such theorem, for example , recently Tiammee and Suantai [44] introduce the
concepts of graph-preserving multi-valued mapping and a new type of multi-valued
weak G-contraction on a metric space endowed with a directed graph G and prove
some coincidence point theorems for this type of multi-valued mapping and a surjec-
tive mapping g : X — X under some conditions. In the same year, Aniruth Phon-on,
Areeyuth Sama-Ae et al,, [38] define a new class of Reich type multi-valued contrac-
tions on a complete metric space satisfying the g-graph preserving condition and prove
a fixed point theory for such mappings. See more examples [2], [18], [23].



1.2  Objectives of the study

1) To answer the question A, we have created a new tool to prove a strong
convergence theorem for three Hilbert spaces to be used for finding the solution of the
problem (3.1) and the fixed points problem of nonspreading and pseudo-nonspreading
mappings.

2) To propose a new split variational inequality in three Hilbert spaces.

3) To define the new iterative methods for approximating the solutions of a
system of variational inequalities in the setting of real Hilbert spaces.

4) To prove a strong convergence theorems for finding a common solution of
a system of variational inequalities in the setting of real Hilbert spaces.

5) To introduce a new type of multi-valued mapping and g-l-graph preserving
to prove a fixed point theorem on complete metric spaces endowed with a directed
graph.

6) To give examples to support our main theorems.

1.3 Scopes of the study

1) Study variational inequality problems in a Hilbert space.
2) Investigate the fixed problems of nonlinear mappings, including nonspread-
ing and pseudo-nonspreading mappings.

3) All strong convergence theorems are considered and proved in Hilbert spaces.

1.4 Research methodology

1) Study advanced topics in fixed point theory for nonspreading and pseudo-

nonspreading mappings.
2) Study background in a real Hilbert space.

3) Study Graph theory.

4) Collect and study research papers concerning fixed point theorem.
5) Determine the objecttives and scope of the research.

6) Produce tools for theorem of fixed point theorem.

7) Prove a strong convergence theorem for finding a common solution of a
system of variational inequalities in the setting of real Hilbert spaces.

8) Prove a fixed point theorem on complete metric spaces endowed with a
directed graph.

9) Provide applications and examples to support our main theorems.

10) Conclude the result, make suggestions for further work and write the thesis.



1.5 Benefits of the study

1) Obtain new mathematical tools for the properties of a new split variational
inequality in three Hilbert spaces.

2) Obtain the strong convergence theorem for finding a common solution of a
system of variational inequalities in the setting of real Hilbert spaces.

3) Obtain a new type of multi-valued mapping and g-l-graph preserving to prove

a fixed point theorem on complete metric spaces endowed with a directed graph.



Chapter 2
Preliminaries and Literature Reviews

In this chapter, we collect some definitions and lemmas in Hilbert spaces,

which will be needed in proving our main results.

2.1 Fundamental properties in Banach and Hilbert spaces

Definition 2.1. [37] An inner product on a vector space K over the field F is a function
(-,-) : Kx K — T, that assigns a scalar (x,y) for every z,y € K, such that forall z,y,2 € K
and a € F:

1) (z+z,y) = (2,9) + (z,9),
2) (ax,y) = a(z,y),

)
)
) (z,y) = (y, ),
)
n

wW

4) (z,x) > 0 & x # 0, A vector space K over F with a specific inner product is called

an inner product space. If F = C is a complex inner product space, and if F = R, K is

a real inner product space.

Theorem 2.1. [37] For an inner product space K, z,y,z € K and a € F:
D (z,y +2) = (2,9) + (2,2),
2) (z,ay) = a(z,y),

3) (z,0) = (0,2) =0,
4) (z,7) =0z =0,
) If

5) If (z,y) = (x,z) for all x € K then y = z.

Definition 2.2. [42] A complete inner product space is called a Hilbert space.

Example 2.2. Let X = C[a, b], the linear space of all scalar-valued continuous functions
n [a,b]. Then the function (-,-) : C[a,b] x C[a,b] — C defined by

/ f(t)g®)dt for all f,g € Cla,b].
Then X = Cla,b] is a inner product space but not a Hilbert space.

Example 2.3. Let X = /5, the set of all sequences of complex numbers (x4, 2, ..., 74, ...)
with S22 |2i|* < oo. Then the function (,-) : £y x £y — C defined by

= ley_l for aU xTr = {Il}fil Y = {yz}fil e X.

i=1

Then ¢ is a Hilbert space.



Example 2.4. /7 is a finite-dimensional Banach space that is not a Hilbert space for
p#2

Definition 2.3. [30] Let X be a linear space (or vector space) over the field F. A
norm on X is a real-valued function || - || on X such that the following conditions are

satisfied by all members x and y of X and each scalar a:
1) ||lz|| > 0 and ||z|| = 0 if and only if = 0,
2) |lax] = laf =[],

3) |z +yll < ||lz||+]ly| (triangle inequality). The ordered pair (X, || - ||) is called a normed
space or normed vector space or normed linear space.

Definition 2.4. (Cauchy sequence [15]) A sequence of vectors {z,} in a normed
space X is called a Cauchy sequence if for every e > 0 there exists N € N such that

|Zm — x|l < € for all m,n > N.

Definition 2.5. [15] A normed space X is called complete if every Cauchy sequence
in X converges to an element of X.

Definition 2.6. [42] A complete normed linear space is called a Banach space.

Example 2.5. [42] Let X = /7,n >1and 1 < p < co. The sequence space defined by

by ={z:2=(v1,72,....,7,) €ER"}.

Sl

Then ¢; is a Banach space with the norm defined by ||z||, = (32, [=:[")".

Example 2.6. Let X = ¢q, the sequence space defined by
coo = {z ={2;};2, € loo : {z;};2, has only a finite number of nonzero terms} .
Then ¢ space is a normed space with norm ||-|| ., but not a Banach space.

Theorem 2.7. [15] A subset S of a normed space X is closed if and only if every

sequence of elements of S convergent in X has its limit in S, i.e.,
{zn} C S and z, -z implies z € S.

Theorem 2.8. (Schwarz inequality [42]) Let K be an inner product space and let =
and y be elements in K. Then the following holds:

(2, 9)] < ll=[lllyl]-

Definition 2.7. (Metric projection). The (nearest point) projection Pc from H onto C

assigns to each z € H the unique point Poz € C satisfying the property

— P, =min ||z — yl.
|z = Pox| yeCHx yll
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Lemma 2.9. [41] Fora given z € H and y € C. Then Pcx = y if and only if there holds
the inequality
(y—z,2—y)>0, forall zecC.

Lemma 2.10. Let H be a real Hilbert space. Then the following identities hold:
Dz +yll? = [l2|* £ 2(z,y) + [lyll*, Vo, y € H;
2) lz+yll* < ll=l* + 2(y, 2 + y), Va,y € H.

Definition 2.8 (Strong convergence [16]). A sequence {z,} of vectors in an inner

product space K is called strongly convergent to a vector z in K if
|xn — z|| = 0 as n — oo.

Definition 2.9 (Weak convergence [16]). A sequence {z,,} of vectors in an inner prod-

uct space K is called weakly convergent to a vector z in K if
(wn,y) — (z,y) as n — oo for every y € K.

Remark 2.11. We represent weak and strong convergence by “—" and “—", respec-

tively.

Theorem 2.12. [16] A strongly convergence sequence is weakly convergence (to the

same limit), that is, z,, — = implies z,, — =.
Remark 2.13. [42] If 2,, = z and z, — v, then z = y.

Lemma 2.14. [42] Let {z,} be a Cauchy sequence of an inner product space C such

that z,, — z. Then z,, — z.

Theorem 2.15. [42] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Suppose that {z,} c C and z,, = z. Then z € C.

Lemma 2.16. [35] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-

quence {u,} C H with u, — u, the inequality
lirﬁinf|\u,L —ul| < lirTlianun — |
holds for every v € H with v # .

Theorem 2.17. [42] Let {a,} be a bounded of real numbers. Then, there exists sub-

sequence {ay,,} of {a,} such that

a=limsupa, = lim a,,.

n—00 i—>00

Similarly, there exists a subsequence {a,, } of {a,} such that

g =liminfa, = lim a,.

n—00 j—o0
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Lemma 2.18. [45] Let {T,,} be a sequence of nonnegative real numbers satisfying
Ypi1=(1—a,)T,+6,, foralln>0,

where {a,} is a sequence in (0,1) and {4,} is a sequence such that

1) ian = 400,

n=1
5 =
2)  limsup = <0or ) 6] < +oc.

(7
n——+oo n n=1

Then lim, 4o T, = 0.
Lemma 2.19. [46] Let {T,,} be a sequence of nonnegative real number satisfying
Y1 = (1 —an)Th + @nBn, foralln > 0,

where {a,}, {8,} satisfy the conditions

+o0
D {a} 0.1 Y an = +oo

n=1
+oo
2) limsup B, <0 or Z |on B | < 400.
n——+oo n=1

Then lim, 40 T, = 0.

2.2 Fixed point of nonspreading mappings and «-strictly
pseudo-nonspreading mappings with some properties

Let X be a nonempty set and T': X — X. We say that z € X is a fixed
point of T if and only if T# = z and F(T) represents the set of all fixed points of T,
ie.,

F(T)={zeC: Tz =z}
Example 2.20. [4] Let X =R.
1) If T(z) = 2, then Fiz(T) = R;
2)If T(x) =z +9, then Fiz(T) = 0;
3)If T(x) = 22 + 5z + 4, then Fix(T) = {-2}.
Definition 2.10. Let T': C — C be a mapping. Then T is said to be
1) a nonspreading mapping if
2| T — Ty|* < |Tx —y|* + |z — Ty||* Vz,y € C. (2.1)

2) a k-strictly pseudo-nonspreading mapping if there exists x € [0,1) such that

|T2 — Ty < lle — y|2 + Kll(1 — T) — (1 — Ty|> + 2( — T,y — Ty),Va,y € C.
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In 2008, Kohsaka and Takahashi [26] introduced the nonspreading mapping T
in Hilbert space H as defined in (2.1) and in [36], Osilike and Isiogugu introduced the
r-strictly pseudo-nonspreading mapping, see for example, [36]. Clearly every non-
spreading mapping is x-strictly pseudo-nonspreading.

In 2009, it is shown by lemoto and Takahashi [22] that (2.1) is equivalent to the

following equation.
Tz — Tyl < ||z —y||* +2(x — Tx,y — Ty), forall 2,y € C. (2.2)

Many researcher proved the strong convergence theorem for nonspreading

mapping and its generalized mappings in Hilbert spaces, see, for example, [17, 27, 28].

Theorem 2.21. [26] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a nonspreading mapping of C into itself. Then F(T') is closed

and convex.

Example 2.22. Let T : [1,100] — [1,100] be defined by Tz = 227, Then T is a non-
spreading mapping.
Solution. Let z,y € [1,100]. Thus we get

2
2w+T  H+T 2 4 ,
T _T 2: - = | = — = — —
Tz — Tyl 9 5 ‘9( y)| =g le -l
and
2 2
2 —Tx,y—Ty) =2z — z+7 y— y+7
9 9
_ Tx —7 Ty —7
B 9 9
98 ,
= g (@ = Dly—1) = 0,(Since z,y > 1).
Therefore

2 2
2 —y|" 4+ 2(x = Tx,y — Ty) > |z — y|

4 2
> |r—
> o 1ol
=Tz —Ty|*.

Hence T is a nonspreading mappins.
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2.3  Split variational inequality problems

Historically the variational inequality was introduced by Stampachhia [40]
in 1964. This problem is widely used in economics, social sciences and other fields.
After that variational inequalities has been widely studied in the literature; see [7],[8],
[9],[21],[25],[34].

Definition 2.11. [41] Let C be a nonempty closed convex subset of H and let A4 be

an operator of C into H. Consider the following problem: Find z € C such that
(Az,u—2x) >0, for all ueC.

Such an z € C is called a solution of the variational inequality of A. We will denote

the solution set of the considered variational inequality by VIP(C, A).

Lemma 2.23. [47] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then for A > 0,
u=Pc(I = XA)u ifandonlyif e VIP(C,A),

where P¢ is the metric projection of H onto C.

Theorem 2.24. [42] Let H be a real Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let a > 0 and let 4 : ¢ — H be a-inverse strongly
monotone. Then VIP(C, A) # 0.

For every i =1, 2, let H; be a real Hilbert space and C, Q be nonempty closed
convex subset of Hy, and H,, respectively. Recently, Censor [10] has introduced a
new variational problem called the split inequality problem (SIP). It entails finding
a solution of one variational inequality problem (VIP), the image of which, under a
given bounded linear transformation, is a solution of another VIP. The split variational

inequality problem is assigned to the following formula; find a point w, € C such that
(flwe),x —ws) >0, for all x€C (2.3)
and a point y* = Aw, solves

(y—v",9(y™)) =20, for all yecQ, (2.4)

where A : Hy — H, is a bounded linear operator and f : Hy — Hiy,g : Hy — Hj are
mappings. The set of all solutions of 2.3 and 2.4 is denoted by

Q={zxeVIPC,f): for all z€VIP(Q,qg)}.

The split variational inequality problem (SVIP) is general and should enable
split minimization between two spaces so that the image of a solution point of one

minimization problem is a solution point of another minimization problem.
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2.4 Properties of bounded linear operators in Hilbert spaces

Definition 2.12. [42] Let F and F be normed linear spaces with the same scalars, and
let T' be a linear mapping of E into F. Then T is called bounded if there exists K > 0
such that

|T(x)| < K||z| for all z € E.

Let T be a bounded linear mapping of E into F. So, we have that for z € £
with [jz]| <1,
1T ()| < K, (2.5)
where T'(z) is often denoted by Tz.

For a bounded linear mapping T of E into F, we define its norm by

Tl = sup || T[], (2.6)

llz]l<1
For such ||T||, we have the following results.
Definition 2.13. [42] Let E and F be normed linear spaces and let T be a bounded
linear mapping of E into F. Then the following hold:
1) |Tz| < ||T|||=|| for all z € E,
2) |IT]| = supy,_, IT=].

Definition 2.14. [42] Let £ and F be linear spaces with the same scalars, and let T' be

a mapping of E into F. Then T is called linear if for any z,y € E and any scalar « € R,
T(z+y)=T(x)+T(y) and T(az) = oT(z).
In particular, for the case of F =R, T is called a linear functional.

Note that if T: E — F is a linear mapping, then
T(ax + By) = oT'(z) + BT (y),Vz,y € E and a, 8 € R.

Definition 2.15. [16] Let A be a bounded operator on a Hilbert space H. If (Az,y) =
(x, Ay) for all z € H, then A is called the self-adjoint operator.

Theorem 2.25. [16] Let T be a bounded linear self-adjoint operator on a Hilbert space
H. Then
IT|| = sup [(Tz,x)|.

llzll=1
Definition 2.16. [29] A self-adjoint operator A is a strongly positive operator on H if

there is a constant 4 > 0 with property

(Az,x) > 7|z, for all = € H.
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Definition 2.17. [16] A self-adjoint operator A is called positive if (Az,z) > 0 for all
e H.

Theorem 2.26. [15] The adjoint operator A* of a bounded operator A is bounded.
Moreover, we have ||A| = ||A*| and |A*A| = ||A|*.

Example 2.27. Let R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (u,v) = u-v = ujv; + ugvy and a usual norm
|- : R? = R given by |ju|| = \/u3 +u2, for all u = (u1,u2),v = (v1,v2) € R% Let an
operator A : R? — R? be defined by Az = (221 — 22,71 + 222) for all z = (z1,75) € R2
Then A is a bounded linear on R2.

Solution. Let a,8 € R and x = (x1,22),y = (y1,%2) € R2. Thus we derive
Aoz + By) = (2 (a1 + Byr) — (axa + By2) , (axy + By1) + 2 (ax2 + By2))

= (201 — axg + 2By1 — By2, ax1 + 202 + Py1 + 25Yy2)

= (201 — axg, axy + 20w2) + (28y1 — Byz, By1 + 28y2)

= a (221 — 22,71 + 272) + B (2y1 — Y2, Y1 + 2y2)
= aAx + fAy.

This implies that A is linear. Observe that

[Az]| = [[(221 = 2, 21 + 225) |

= \/(2951 — x2)2 + (z1 + 2332)2

= \/49@ — 4z 19 + 22 + 22 + 4170 + 423
= V5 |||

= M |[|z|.

Then A is bounded.

2.5 Graph theory foundations in Hilbert spaces

Fixed Point Theory and Graph Theory provides an intersection between
the theories of fixed point theorems that give the conditions under which maps have
solutions and graph theory which uses mathematical structures to illustrate the re-
lationship between ordered pairs of objects in terms of their vertices and directed
edges.
Let (X,d) be a metric space and let CB(X) be the set of all nonempty
closed bonded subset of X. Throughout this thesis we use
d(z,A) =inf{d(x,y):y € A},
D(A,B)=inf{d(z,B):x € A}.

The Hausdorff-Pompeiu metric H is a mapping defined as follows:
H (A, B) =max{sup, pd(w,A),sup,.,d(z,B)}.
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Definition 2.18. [43] Let G = (V(G), E(G)) be a directed graph. A graph G is called
transitive if for any .y, z € V(G) with (x,y) and (y, z) are in E(G), then (z,z2) € E(G).

In 2008, Jachymski [23] generalized the Banach contraction principle in a com-
plete metric space endowed with a directed graph. He also introduced a contractive-

type mapping with a directed graph as follows;

Definition 2.19. Let (X, d) be a metric space and G = (V(G), E(G)) be a directed graph
where V(G) = X and E(G) contains all loops, that is A C E(G). We say that a mapping
f: X — X is a Banach G-contraction if f preserves edges of G, i.e,,

for any z,y € X such that (z,y) € E(G) implies (fz, fy) € E(G)
and there exists k € (0,1) such that
d(fz, fy) < kd(z,y) for all z,y € X with (z,y) € E(G).

Definition 2.20. Let ¢ be a nonempty convex subset of a Banach space, G = (V(G), E(G))
be a directed graph such that V(G) = ¢ and T : ¢ — ¢, then T is said to be G-
nonexpansive mapping if the following conditions hold:

(i) T is edge-preserving, i.e., for any x,y € ¢ such that (z,y) € E(G) = (Tz,Ty) €
E(G),

(i) | Tz — Tyl < ||z —yl|, where (z,y) € E(G) for any =,y € (.
This mapping was introduced by Tiammee et al.[43] in 2015.

Lemma 2.28. [43] Let X be a normed space and ¢ be a subset of & having a property
G. Let G = (V(G), E(GQ)) be a directed graph such that V(G) = ¢ and E(G) is a convex.
Suppose T : ¢ — ¢ is a G-nonexpansive mapping and F(T) x F(T) C E(G). Then F(T)
is closed and convex.

Definition 2.21. Let (X, <) be a partially order set. Let A,Bc X and let: X — X be
a mapping. Then
A=< Bifl(a) <I(b) forallae Aand b e B.

Definition 2.22. Let (X,d) be a metric space endowed with a partial order <. Let
g:X — X be surjective, I : X — X be a mapping and let T: X — CB (X) is say to be

,g-increasing if for any z,y € X,
g(x)<gly)=Tx <Ty.

Example 2.29. Let N be the set of natural number and let the multi-value mapping
T : N — 2N defined by
Tr = {:132—|—3,a:2+5},

for all z € N. Let the mappings ¢ : N — N defined by ¢ (z) = « + 1 for all # € N and
[ :N — N defined by I (z) = 2z for all z € N. Then T is |,g -increasing.
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Lemma 2.30. [33] Let (X, d) be a metric space. If A,B € CB(X) and a € A, Then for

each € > 0, there exists b € B such that
d(a,b) < H(A,B) +e.

Property A. [23] For every sequence {z,},cy N X, If 2, — 2 and (z,41,2,) € E(G),

there is a subsequence {xy, },,cy Such that (zy,,z) € E(G) forn e N.



Chapter 3

Main Results

3.1 The split various variational inequality theorem

In this section, we introduce a new split variational inequality in three Hilbert

spaces.
For every i = 1,2,3. let H; be a real Hilbert space and C; be a nonempty
closed convex subset of H;. Let B; : C; — H; be a mapping, for all i = 1,2,3 and let
As : Hi — Hy and As : Hy — Hs. The split various variational inequality is to find the

points;
wt € Cy, such that (Byw}, =, — w}) >0, forall z; € C;, and
wh = Agw? € Co, such that (Byws, zy — wi) >0, for all 2y € Cy, and (3.1)
w§ = Agwg € Cs, such that (ng§,$3 — w§> >0, for all x3 € Cs.

The set of the solution of (3.1) is denoted by

Q= {w* = (w},ws,w3) €C1 x Oy x C3: w; € VIP(Cy, B;), foralli =1,2,3}.

Moreover, we obtain the following result.

Lemma 3.1. For every i = 1,2, 3, let H; be a real Hilbert spaces and C; be a nonempty
closed convex subset of H;. Let B; : C; — H; be B;-inverse strongly monotone map-
pings with n = min;—1 2 3 {3;} and let A, : H; — Hs,, A3 : H, — H3 be bounded linear op-
erator with the adjoint operator A5 and A%, respectively. Assume that z; € C1, Axz; =

T2, A3To = T3 and Q # (. The following are equivalent:
(l) T €, where 7 = (51,52753) € (1 x Cy x Cs.
(ll) T = P01 (Il — )\131) (Tl—’YQA;((IQ—PCZ (IQ — )\232))@2“1"7314;, (Ig — PC3 (Ig — )\333))53)),

. . . . 1
where I, : H; — H; is an identity mappings, for all i = 1,2,3, y2(1 + 73) < T L =

max{Li, Ly} < 1 which Ly, Ly are spectral radius of A;A435 and A3 A3, respectively, \; €
(0,2n), forall i =1,2,3 and 72,73 >0

Proof. Let the conditions holds.

i) =ii) Let T € Q where 7 = (71,72, 73) € C; x Cy x C3, we have
z; € VIP(C;, B;), foralli=1,2,3.
From Lemma 2.23, we have

Z; € F(Po,(I; — \;B;)), foralli=1,23.
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From determining the definition of z, we have
Ty = Pe, (It = \iB1) (T1 — 1243((I2 — Po, (T2 — A2B2))T2 + 1345 (Is — Po, (I3 — A3Bs)) T3)).
ii) = i) Let T = (71,72, T3) € Oy x Cy x C3, Where Ty = AyT, T3 = A3To and
T, = Po, (I — M1 B1) (T1 — 72 45((I2 — Pe, (Io — A2 Ba))Ta + 1345 (Is — Po, (Is — A\3B3)) T3)).

Since B; is f;-inverse strongly monotone with )\, < 2, for all i = 1,2,3, we have
Pc,(I; — X\;B;) is a nonexpansive mappings, for all i = 1,2, 3.

Let w € Q where w = (wy,ws,w3) € C; x Cy x C3 where wy = Asw;, ws = Azws.
From i) implies ii), we have

wy = Pe, (I = A Bi) (w1 — 72A5((I2 — P, (I2 — A2 B2))ws +v3A5(13 — Pey (I3 — A3Bs))ws)).

Put M = (I — P, (I — A2 B2))T2 + v3A% (Is — Po, (I — A\3B3)) T3
and N = (I — Pe, (I — \oBo))ws + 7345 (Is — Pe, (Is — A3 Bs)) ws.
From determining the definition of z and w, we have
[Z1 = wi]|* < |1 — w1 = 7245(M — N)||?
= 71— wi]|* = 292(T1 — wi, A5(M — N)) +73]| A5 (M — N)||?
< [[Z1 = wi]? = 272(T2 — wa, M — N) + 73 L||M — N|?
< |71 — w1 ]|® = 292(T2 — wo, (I2 — Pe, (In — X2 B2))@2 + 1345 (Is — Pe, (Is — A3 Bs)) T3)
+ % L||(Iy — Po, (Is — X2 B2))Ta + 7345 (Is — Po, (Is — A3 Bs)) Ts?
= [[71 — w1 |* = 292((T2 — w2, (I — Pe, (Io — X2 B2))T2) + 73(T3 — w3,
(I3 = Poy (I3 — X3B3)) T3)) + 73 LI[(I2 — Pe, (12 — A2 B2))To
+ 7345 (Is — Pc, (Is — A3Bs)) T3
= |71 — w1 ® + 272 (w2 — T2, (I2 — Py, (I — A2 B2))Ta) + 27273 (w3 — Ts,
(I3 = Poy (I3 = A3B3)) T3) + 3 L(||(I2 — Pe, (12 — A2 Ba) )|
+ 73 L| (Is = Po, (Is — X3B3)) Ts||* + 233((I2 — Po, (I — A2 B2)) T2,
A3 (I3 — Pey (Is — A3B3)) T3))
<71 — wi]|* + 292 (wa — Po, (I = AaBa) Ty + Po, (I — A2 Ba) Ty — T,
(Ia = Po, (I2 — A2 B2))T2) + 27v273(ws — Poy (I3 — A3B3) T3 + Po, (I3 — A\3B3) T3 — T3,
(I3 = Poy (I3 — A3B3)) T3) + 3 L(||(I2 — Pe, (12 — A2 Ba)) ||
+ 75 LI (Is — P, (Is — A3Bs)) T5?
+ 73]l (12 = P, (In — A2 Ba))Ta||* + 73| A3 (Is — Pey (I3 — X3 B3)) 731%)
< [z — wi? + 272(%”([2 — Po, (I = 2 Ba))To || = [|(Is = Pe, (I — A2 B2))Ta||?)
+ 27273(%\\ (I3 = Poy (I3 = X3B3)) Ta||” — || (Is — Pe, (Is — A3 By)) T3|%)

+%L([| (12 — P, (I2 — A2 B2)) %ol + v3LI| (I3 — Pe, (Is — A3B3)) Z3) |
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+73]|(Iz = Pe, (I — A2 B2))Za||* + 3Ll (I3 — Pe, (Is — AsBs)) Z3)[|*)
= |1 — wil]* = v2(1 — %L1 + y3))||(I2 = P, (Io — A2 Ba))Za||?

—7273(1 = 72 L (1 +73))|| (Is — Pey (Is — A3 B3)) T3) || (3.2)
Applying above equation and Lemma 2.23, we have
Ty € F (Pe, (I — \yB3)) = VIP(Cy, By) and Ts € F (Pg, (I — A\3Bs)) = VIP(Cs, Bs). (3.3)
From determining the definition of z and (3.3), we have
Ty € F (P, (I — \\By)) = VIP(Cy, By).
Hence z € Q. []

Lemma 3.2. Let C be a nonempty closed convex subset of Hilbert space H. Let
¥ : C — C be a nonspreading mapping and o : C — C be s-pseudo-nonspreding
mapping with F(9)NF(g) # 0. Then F(Pc(I—~v(a(I —9)+(1 —a) (I — 0)))) = F(W)NF(o)
forall a € (0,1) and v > 0. Moreover, if v < 1 — &, then

=~ -9)+1-a)(I-9))z—-="| <= -z,
forall z € C and @w* € F(o) N F(9).

Proof. Let @ € F(o) N F(¥), we have
Pe(I = (a(I = 9) + (1+a) (I - 0)))m0 = @o.
It follows that @y € F(Po(I —y(a (I —9) + (1 +a) (I — 0)))). Therefore
F@)NF(o) € F(Po(I—~(a(I—=9)+ (1+a)(l—0))

Let wg € F(Poc(I —~(a(I —9) + (1+a)(I—p)))) and w* € F(¥) N F(g). From Lemma

2.23, we have

— )

(y —wo,a (I —9)wo+ (1 —a) (I — ) ) >0

forallyeC.

From determining the definition of o, we have

wo — @12 + Kl|(I - 0)wo|? > |lowo — w*|?
= [|(I - ¢) wo — (wo — w*)||”
= || — o) woll* = 2((I - o) wo, w0 — =*)

+ ||l — || (3.4)

The result of the calculation from the inequality (3.4), we get

1—%
2

Jdor gaucationag lge, ( ) er L gy wmoll?. (3.5)
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Assume that @y # Yo, we have ||(I —9) wg| > 0. Using the same method as (3.5) and

definitions of ¥, we get

(1~ D) w0, @0 — ") > (T — ) ol

From (3.5) and a € (0, 1), we obtain

(" —wp,a (I —F)wg) = (w" —wp,a(l —9F)wo+ (1 —a){l — o) wo)

From (3.7), we have

— (1 —a){(@w* — woy, (I — ) wg)

Y

(1 —a){wo—w", (I —p)wo)-

(w* — @y, (I —I9)wg) > 0.

From above and (3.6), we have

1
0 < (@ —wo, (I —¥)wo) < —5 17 = 9) wol* -

Thus, ||(I —9)wo| <0. This is a contradiction.

Thus, we have @y = 9wy and it implies that

wo € F(ﬁ)

Similarly, by using the same technique as (3.8), we have

wo € F(Q)

From (3.8) and (3.9), we have

F(Po(I =~(a(l =9) + (1 +a)(I —0)))) € F(o) N F(9).

Let w* € F(o) N F(¥) and z € C, we have

I(Z =~(alI =) + (1 = a)(I = )z — ="|*

= [z =@ —~(a((I =)z — (I —I)=")
)

= (I =~(aI =9) + (1 =a)(I = 0)))x

~U =@ -9)+1~a)~0) ="

+(1=a)((I - )z — (I - 9w"))I

= llz — @I = 2y(a(( = )z — (I - F)=")

+(1=a)( -z - ~-ow)z—-w)
+9°la((I =)z — (I = V)w")

+ (1= a)((I -0z~ (IT-ow)|

< o - @"|* = 2va{(I = O)z — (I - )w", 2 — ")

(3.6)

(3.7)

(3.8)

(3.9)
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291 —a)(Il =@z - (I - 0w ",z - =)
+7%all(I =)z — (I - 9=

+ (1= a)?|I - o)z — (I — 0)=*|?

I—T)z|?

< ||917—w*||2 —2’ya7”( > )|
I— 2
—2y(1—a)(1 - m)in( QQ)JJH

+9%all( = D)al* + (1 - a)y*|( - o)z?

<l - "%

Theorem 3.3. For every i = 1,2,3, let C; be a closed convex subset of a real Hilbert
space H;. Let B, : C; — H; be p;-inverse strongly monotone mappings with n =
min;—1 23 {3} and let Ay : Hy — H», A3 : Hy — H3 be bounded linear operator with the
adjoint operator A; and A3, respectively. Assume that z; € Hy,7Z2 = A3T1,73 = A3Z2
and Q # 0. Let 9,0 : C; — C; be nonspreading and k-strictly pseudo-nonspreading
mappings, respectively. Assume that QN F(9) N F(e) # 0 and let the sequence {z,}
generated by w,z; € C4, and

Tp4+1 = anu'i_ﬁnxn +’7TLPC1 (Il_)‘n (G(Il—ﬁ)—f—(l—(l) (I1—Q)))$n
+6nPc, (It = MB1)(x), — 72 A5((I2 — Po, (I — A2 Ba))a?

+7345(Is — Po,(I — AsBs))z))),

foralln >1anda € (0,1), I; : H; — H; is an identity mappings, for all i = 1,2,3, where
{Otn} ) {Bn} ’ {’Yn} ) {671} C [07 1] and an+5n+7n+5n =1 and Tp = I%L,I% = AQCCl 1‘3 = A3I2

n? n n?

forall n e N,0 < \; < 2n, forall i = 1,2,3 and ~; > 0, for all j = 2,3. Suppose that the
conditions i) to v) is true;

(1) Mg o0 an = 0, Z:fl oy = 400 ;

. 1
(i) vo (1 4+73) < I where L =max{La,,La,} <1 where La,La,

are spectral radius of AAj, A3Aj, respectively;
(i) 0 < a < By, Yn.0n <b < 1, for some a,b >0, forall n e N;
(iv) 3PS A, < +ocand 0 < A\, <1k, forallneN;
V) X025 i = anls o023 1Byi = Bl Zn 23 [ynt1 — | < 400
Then the sequence {z,,} converges strongly to 2y = Porpw)nr(o)t-

Proof. Put M =a (I —9)+ (1 —a) (I — o) and u,, = P, (I — A1 By)(z} — 12 A5((I — Pe, (I —
Ao Bsg))x? + 43 A5(I3 — P, (I — M\, Bs))x2)). So, we can rewrite z,, as follows;

Tnt1 = Qptt + By + Y Poy (I — Ap M) 2y + On i, (3.10)
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forall n > 1.
From determining the definition of u,, put w, = (I — Pc, (I — \2B2)) 2% +
’)’3A§ (Ig — PC3 (I — )\333)) .’ﬂ% and Zn = (.[3 — PC3 (I — )\3B3)) ZL’%, we have

Up = PC1 (Il — AlBl) (J?n — ’ygA;wn)
For every n € N, we have

tn = tina|® < ll2n = Y2A3wn — Tn1 + Y2 ASwn 1 ||
= [[&n = 201 — 1245 (wn — wn 1)
= [lzn = 2p-1]* = 272( A0y — Azwp—1,wp — wn1) + 5[ A5 (wy — wp1)]|?
= |[#n — @0 al® = 272(x7 — w21, (I — Po, (I = MaBa))x;,
+ 734520 — (I — Po, (I — A2B2)) x| — y3A%2n-1)
+ 93 || A3 (wn — wn—1)|I?
= [l = w0 1l* + 27222, — 2%, (I — Po, (I = AaBa))a,
— (Iy = Po, (I = MoBa)) @i _y) + 2v2y3(%5_y — 23, 2n
— 2n-1) + 5 [| 43 (wn — wn_1)|?
< lan = znal* + 292027y — 22, (I — Po, (I = \oBs))a)
— (I — Poy, (I = Mo Ba)) @7, 1) + 29273(%5 1 — &, 2 — Zn1)
+73L|[(I2 = P, (I = Ao Ba))xi, = (I = Po, (In — Ao Ba))ai
+ 7345 (20 — 2017
< ln = @1 |* + 292(@h 1 — 22, (I — Po, (I — A2 Ba))7}
— (I = Po, (I = Mo Ba)) @) + 27273{x5 1 — s 20 — Zn—1)
+ 73 L([[(I2 = Po, (I = Ao Ba))xy, — (I — Poy (I = Mo Ba))zs, 4|
+ 3L 20 — zn—1]|® + 273((J2 — Poy (I — X2 Ba))a?
— (I = Po, (I = A2 Ba))_1, A* (20 — 2n-1)))
< = xnal* + 27223 — 27, (I — Po, (I = XaBa))al, — (I — Po, (I = \2Bs)) 22 _,)
+ 27233(x5_y — @3, (Is — Poy (I = A3Bg))a,, — (I3 — Pey (I — X3B3)) x5, 1)
+ 73 L([[(I2 = Po, (I = Ao Ba))xy, — (I — Poy (I = Mo Ba))wr, 4 |” + 75 L|20 — za|?
+ 73] (Ia = P, (I = Ao B2))zs, — (I — Poy (I = X2 Ba))ap_y||* + 73 L]2n — 2n-1[?)
< — :cn,1||2 +295(— ||(Io = Poy (I = XaBs)) a2 — (I — Po, (I — Ao B2)) 2% _, ||”
- H — Pg, (I- Ang)) — (I = Poy (I = MaBo)) 22 _|[*)
+272%3(— [2n — 21 |® + 3 ||Zn — znal®)
+ 73 L([[(I2 = Po, (I = Mo Ba))xi, — (I = Poy (I = XaBa))zi 4| + 73 Ll|20 — 20 |?
+33)(I — Po,(I = AeBa))a;, — (I — Po, (I = Ao B2))ap_y |2 + 13L]20 — 20-1))

=l — 2p1]” = 72 || (L2 = Pey, (I = AeBa)) a2 — (I — Po, (I — XaBa)) a2 _4 |
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— 7273|120 = 201l + WLl (T2 = Pe, (I = \oBa))a} — (Io — Po, (I = Ao Ba))l_,||?
+ 1393 L2 20 = 20| + 237 LI (12 — Po, (I = A2 Ba))ay, — (Ia — Poy (I — Ao Ba))zy, 4[|
+ 7373 L% 20 — zp |
=llzn = zn |l = 92(1 = 2L (1 +73))[| (12 = Pe, (I = \oB2)) 23
— (I = Po, (I = XeBa)) 22 [1> = 7273(1 — %2 L? (1 +73)) [l 20 — 201 I”
<|#n = na]® (3.11)

Let w* € QN F(o) N F(¥). From Lemma 3.2 and utilization of (3.2), we have

[2ne1 =@ < anllu—@* ||+ Bp llon — || + 70 [|[Pey (I = AM) z — w||
+0n Hun - W*H
< opllu—@ |+ (1 —ay) ||z, — ="
< M, (3.12)

where M = max{|lu — @*|, |21 — @*||}. By induction we can conclulde that the se-
quence {z,} is bounded and so are {u,} and {Pc, (I — N\, M)z, }.

From determining the definition of z,, and (3.11), we have

Hanrl - xn” - ||anu + ﬂnxn + ’)/nPCH (I - )\nM) Ty + 5nun

— 01U — Br—1Zn—1 — Yn-1Pc1 (I = A1 M) 2p—1 — Op—1Upn_1]|

< o =l flull + Bu llon = @n-1ll + [Bn — Bu—1| |Zn—1]l + 6n [[tn — un—1]]
160 = dn—1f lun—1ll + W [[Pey (I = An M)z — Poy, (I = Ap1 M) p |
+ [ = Y1l |1Poy (It = Ap—1 M) 21 |

< lan —an—afllull + B llzn = n-1ll + 180 = Br—1l [#n-1ll + 0n [|tn — up—1]|
+10n = Gn—1| [un—1ll + ¥ ln = Zn-all + [An—1Man_1 = AnMay||
+ 1 = -1l |1Pey (Ih = Ap—1 M) 21 ||

< lan — ol lull + B lzn — -1l +18r — Br-1l [zn-1ll + n [[2n — 21|

+10n = Sn—1l [tn-1ll + 0 20 = Znall + An—a [ M| + An[| My ||
+ [ = -l [1Pey (It = Ap—1 M) 21 ||
= (I —an)llen = zpall + lom — anal lull + 60 = Bnal l2n-1ll
+ 100 — Gn—1| [un—1ll + An-1[[Mzn_1]| + An|| Mz, ||
+ v = -1l 1Pey (11 = Ap—1 M) 21| -
From the conditions i),iv),v) and Lemma 2.18, we have
ngrpoo |Zn+1 — zn]| = 0. (3.13)

Applying (3.2) and the definition of z,,, we have

lznt1 =@ |° < anllu = @I + By llen — @ |17 + 30 | Pey (I = A M) 2 — "
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+6n [|un — W*”2 — B |Pey (I — A M) 2y — xn||2 — OB |lun — anz

IN

On ||u - W*||2 + ||$n - W*||2 — YnbBn ”PCI (I — A M)z — CEnH?

_6an Hun - xn”z 9
which implies that

2 * *
YnBnllPoy (I — AnM)xy — xn”z +6nBn ltn — oo™ < (|41 — @ + [[2n — @D |T041 — 20l

+ ap |Ju — @)%,

From the conditions i), iii) and (3.13) we can conclude the following results

U Jlun =@l = UM [1Por (I = AaM) @0 — 22| = 0. (3.14)

n—-+4oo

Next, we show that

lim sup(u — 29, 20 — x,,) <0, (3.15)

n——+4oo

where zg = Ponp(,)nre)u. IN order to prove this we may assume that

limsup(u — 20, @, — 20) = M {(u— 29, 2,, — 20), (3.16)
n——+o00 k—+o00

where {z,,} is a subsequence of {z,}. Since {z,} is bounded, we may assume that
ZTp, — ¢ AS k — +o0.

Assume that ¢ ¢ F(o) N F(9). From Lemma 3.2, we have q ¢ F (Pc, (I — A\, M)). By
using properties of Opial's condition and (3.14), we have

Lklmlgjnxnk _QH < L]JT_:DOICHI.”’“ _Pcl (I_)\nch) qH
< liminf(||zn, — Po, (I — Ay M) 2, ||
k— 400
+”]Dcl (I - /\nkM) Lny, — Pcl ([ - )\"LkM) QH)
< lm mf(Hxnk —qll + A M2y, — Mgl])
k—4o00

< liminf —qll.
< lminflia, -l

This is a contradiction. Therefore ¢ € F(g) N F(Y).

Assume ¢ ¢ Q. From Lemma 3.1, we have
q # Po, (I = \B1) (¢ = 72A45((12 — Po, (I = A2B2)) A2q + 73 A3(Is — Po, (I — AsBs)) A3 Azq)).
By using properties of Opial's condition, the definition of u,, and (3.14), we have

lim |an$nk — qH < lim Iﬂf||xnk — Pcl (I — )\131) (q — ’}/QAS((IQ — I:JC2 (I — )\QBQ))AQQ
k—+oco k—+oo

+73A5(I3 — Po, (I — A3B3)) A3 A2q))||

IA

+un, — Poy, (I — M Bi) (@ — 72A45((I12 — Po,(I — A2B2)) Aaq
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+7343(Is — Po, (I — A3Bs)) Az Aaq)) )

< limi —q|l-
< Uminfllz,, —q

This is a contradiction. Then ¢ € Q. Therefore g € QN F(p) N F(Y).

From (3.16) and the well-known properties of metric projection, we have

lim sup(u — 20, 2, — 20) < 0.

n—oo

From determining the definition of z,,, we can conclude that
[Zn41 = 20)1* < (1= o) lzn — 20l + 2000 (u — 20, Tpy1 — 20),

where zy = Ponpgnr@u. From Lemma 2.19, we can conclude that the sequence

{z,} converses strongly to zg = Ponr(e)nF(o)U- []
The following results is obtained directly from the main theorem.

Corollary 3.4. For every i = 1,2,3, let C; be a closed convex subset of a real Hilbert
space H;. Let B, : C; — H; be g;-inverse strongly monotone mappings with n =
min;—123{B3:} and let Ay : Hy — Hs, A3 : Hy — [H3 be bounded linear operator with
the adjoint operator A% and A%, respectively. Assume thatz, € Hy,Ts = AT, T3 = A3To
and Q # 0. Let 9,0 : C; — C; be nonspreading mappings, respectively. Assume that
QNF@W)NF(g) #0 and let the sequence {z,} generated by u,z; € C;, and

Tnt1 = apu+ Butn +VnlPo, (11 — A (a(li —9) + (1 —a) (1 — 0))) zn
+6nPo, (It — MBy)(x, — 72 A5((I2 — Po,(I — \aBa))x},
+y345(I3 — Po, (I — A3B3))x3)),
foralln >1and a € (0,1), I; : H; — H; is an identity mappings, for all i = 1,2, 3, where
{an} B} {m},{0n} C[0,1] and an+Bn+vn+6, = 1and z, =z}, 22 = Asz) 23 = Az22,

forall n e N,0 < \; < 2n, forall i = 1,2,3 and ~; > 0, for all j = 2,3. Suppose that the
conditions i) to v) is true;

(1) iMoo @ = 0, Z:fl oy = 400 ;

" 1
(i) y2 (1 +73) < —, where L =max{La,,La,} <1,

L7
where Ly,,La, are spectral radius of Ap A%, A3A3, respectively,

(i) 0 < a < By, Yo 0n <b < 1, for some a,b >0, forall n e N;
(iv) /S A, < +ocand 0 < A\, <1k, forallneN;

(V) ZZ: |t i — Ot 7223 |Bn+i — Bl 7223 [Yn+1 — Yn| < +o0.

Then the sequence {z,} converses strongly to zo = Porrw)nr(e) U-
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3.2 Coincidence point theory in metric spaces endowed with graph

Coincidence theory is a generalization of fixed point theory. There are many
researchs combining fixed point theory and graph theory. In this section we introduce
a new type of multi-valued mapping and ¢-l-graph preserving to prove a fixed point
theorem on complete metric spaces endowed with a directed graph. The proof of
this theorem using different techniques from the research of [44] and [38].

The following definitions are important for our main theorem.

Definition 3.1. Let X be a nonempty set and G = (V (G) , E (G)) be a graph such that
V(G) = X and let ¢g,1 : X — X be mappings. The multi-valued mapping 7 : X —
CB (X) is called g-l-graph preserving if for every z,y € X such that

(9(2),9(y) € E(G) = (L(u),l(v) € E(G),
forall u € Tz and v € Ty.
By motivated from Suantai and Tiammee [44], we give an example of the such
mapping.
Example 3.5. Let N be the set of natural number and let G = (N, E (G)) and E (G) =
{2n—-1,2n+4+1) :n e N}U{(2n,2n+2) :n > 1}U{(2n,2n+4) : n > 1}U{(2n,2n) : n > 1} U
(1,1) U (6,4) U (8,6). Defined T : N — CB (N) by

. {2k,2k+2} ifz=2k—1VkeN,
xTr) =
{1} if x = 2k, Vk € N,

g : N — N be defined by

2k if 2 =2k +2,Vk €N,
gx) =< 2k —1 ifz=2k+1,VkeN,
2 if z=1,2,

and [ : N — N be defined by

l(z) =
3k—2 ifz=2k—1,VkeN,

{ % +2 ifw =2k VkeEN,
Then T is g-l-graph preserving.
Solution Let (g (z),9 (v)) € E(G).
If (9(z),9(y)) = (2k—1,2k+1),Vk € N, then (z,y) = (2k + 1,2k + 3). From the
definition of T', we have Tx = {2k + 2,2k + 4} , Ty = {2k + 4,2k + 6}. From the definition

of I, we have

(1(2k+2),1(2k +4)) = (2k + 4,2k + 6) € E(G),
(1(2k+2),1(2k +6)) = (2k + 4,2k +8) € E(G),
(1(2k+4),1(2k +4)) = (2k + 6,2k + 6) € E(G),
(1(2k+4),1(2k +6)) = (2k + 6,2k + 8) € E(G).
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If (9(x),9(y)) = (2k,2k +2) or (2k,2k +4) or (2k,2k) ,Vk € N, then Tz = {1},Ty = {1}.
From the definition of I, we have (i(1),1(1)) = (1,1) € E(G).
If (9(z),9(y)) =(1,1), then (z,y) = (3,3). It follows that Tz =Ty = {4,6}.

From the definition of I, we have

(1(4),1(4)) = (6,6) € E(G),
(1(4),1(6)) = (6,8) € E(G),
(1(6),1(4) = (8,6) € E(G),
(1(6),1(6)) =(8,8) € E(G).

If (9(x),9(y)) = (8,6) or (6,4), then Tz = Ty = {1}. From the definition of I, we have
(1(1),1(1)) =(1,1) € E(G). Hence T is g-l-graph preserving.

Remark 3.6. If I = I , where I is an identity mapping, then g-l-graph preserving is
reduced to g-graph preserving, see [44].

Definition 3.2. Let (X,d) be a metric spaces, G = (V (G), E (G)) be a direct graph such
that V (G) = X and the mappings ¢,1 : X —+ X. Then T : X — CB(X) is said to be
(L,o)-G contraction if there exists 0 < a < g with a + 8 < % and L > 0 with

H (Tz,Ty) < ad(g(z),9(y)) + Ad(l(u),l(v) + LD (9(y),Tz),
forallz,y € X and u € Tz,v € Ty such that (g (z),g (y)) € E(G) and (L (u),l (v)) € E(G).

Example 3.7. Let N be the set of natural number and let G = (N, E(G)) be a directed
graphwhere E(G) = {(2n,2n+2) :n e N}JU{(2n — 1,2n+ 1) : n e N}JU{(2n — 1,2n 4+ 3) : n € N}U
{(2n —1,2n —1) : n € N}. Defined T: N — CB (N) by

T(x) =

{2k — 1,2k + 1} if x = 2k,Vk € N,
{3} if v =2k —1,Vk €N,

g : N — N be defined by

2k+1 ifz=2k—-1,YkeN,
g(z) =

ok +2 if z =2k Vk €N,
and [ : N — N be defined by

2k +4 ifx=2k+2,VkeN,
l(x)=4¢ 2k+3 ifx=2k+1VkeN,
2 if £ =1,2.

Then T is (1,9)-G contraction.
Solution Let (g (z),9(y)) € E(G).

If (9(x),9(y) = (2n,2n+2) € E(G) for n € N, then z = 2(n — 1),y = 2n
and Tz = {2n—3,2n — 1}, Ty = {2n—1,2n+ 1} for n € N. Then H (Tz,Ty) = 2 and
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D(g(y),Tx)=3.
Let u € Tx.
If w=2n—3then l(u) =2n—1forneN,
If u=2n—1theni(u) =2n+1forneN.
Let v € Ty.
If v=2n—1theni(v)=2n+1forneN,
If v=2n+1,theni(v) =2n+3 forneN.

Itimplies that (I (u),l(v)) = (2n—1,2n+1)0r (2n —1,2n+3)0r 2n+1,2n+1)or 2n+1,2n+3) €

E(G).

2
Put a = 5:§,L:2,We have

OO\H

H(Tz,Ty) < ad(g(x),g(y)) +Bd(l(u),l(v))+ LD (g9(y),Tz),

If (g(z),9(y)) = 2n—1,2n+1) or 2n—1,2n+3) or 2n—1,2n—1) € E(G), we get
Te = {3} = Ty. If uw = v = 3, then I(3) = 5. Therefore (I(3),1(3)) € E(G). Then
H (Tz,Ty) = 0. It is obvious that,

H(Tx,Ty) < ad(g(x),9(y))+ Bd(l(u),l(v)+LD(g(y),Tx),

where z,y =2n — 1 forall n € N.

Hence T is ({, 9-G contraction.

Theorem 3.8. Let (X,d) be a complete metric space and G = (V(G),E(G)) be a
directed graph with V(G) = X. Let g : X — X be a surjective mappingand leti: X — X
be a nonexpansive mapping. Suppose that the multi-value mapping 7': X — CB(X)
is satisfied the following properties:

1) T is a g-l-graph preserving;

2) T is (L,9)-G contraction;

3) X has Property 4;

4) there exists o € X such that (g (z0),y) € E(G) for some y € Tx.

5 H (Tz,Ty) < d(g(x),9(y)) +d((g(),l(g(y)+D(g(y),Tz) forall z,y € X
such that (g (z),9(y)) € E(G) and (I (g (x)).l(9(v))) € E(G).
Then there exists u € X such that g(u) € Tu.

Proof. Since g is a surjection, there exists z; € X such that g(z,) € Tzo. From 4), we
have
(9 (%0),g(z1)) € E(G). (3.17)

Put n; € N, we have
(a+ )" < (B—a)d(g(xo),g(z1)). (3.18)
By Lemma 2.30, there is g(x3) € Tx; such that

d(g(21)) g (x2)) < H (Twg, Tx1) + (o + B)™ . (3.19)
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Since (g (zo),g(x1) € E(G),g(z1) € Txo,g(x2) € Tzy and T is g-l-graph preserving, we
have (I (g (z1)).1(g(z2))) € E(G).

From (3.18) and (3.19), we have

H (Txo, Tz1) + (a4 )™

ad (g (xo),g(x1)) + Bd (g (x1)) .1 (g (x2)))
+LD (g (x1),Txo) + (a+ 3)™

ad (g (o), g (w1)) + Bd (g (z1),9(72)) + (8 —a)d (g (x0), 9 (v1))-

d(g (1)) g (22))

IN

IN

IN

It implies that

g (1), (w2)) < T3 (9 50) 9 (00).

By using the same method as (3.17), we have
(9(x1),9(x2)) € E(G).
Choose ny > n; such that
(@+8)" <(B—a)d(g(z1),g(x2)). (3.20)
From Lemma 2.30, there exists g(z3) € Tz» such that
d(g(z2),g(z3)) < H(Tz1,Tas) + (a+ B)" (3.21)

Since (g (z1),9(x2)) € E(G), g(x2) € Tx1,g (x3) € Tzy and T is g-l-graph preserving, we
have
(L(g(x2)),1(g (x3))) € E(G).

From (3.20) and (3.21), we have

IN

H (Txy, Tas) + (o + )™

ad(g(z1). g (z2)) + Bd (U (g (22)),L(g (z3))) + LD (g (22), T1)
+(B—a)d(g(r1)),9(z2))

ad (g (z1),9(z2)) + Bd (g (22) . g (23)) + (B — @) d (g (z1)) . g (x2))-

d(g(v2),9(x3))

IN

IN

It implies that

P50 () g e).

Continuous on this way, for every k € N, we have g (zj41) € Tz, with

d(g (22),9(x3)) <

(g (21).9 (1) < T (9 0n) 9 (1) (3.22)

and (g (zx-1) .9 (zx)) € E(G), (g (zx)), (g (zr+1))) € E(G).
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From (3.22), we have

B

d(g(zx), g (zry1)) < md(g (Tr-1),9 (z1))
< a(ad(g(zr-2),9(TK-1)))
= a’d(g(zr-2),9 (zx-1))
< d"d(g(x0),g (1)), (3.23)
where a = % forall k e N.
For every n,k € N and (3.23), we have
n+k—1
d (g ($n+k> y g (an)) < Z d (g (ijrl) g (xj))
< Z a’d (g (wo),g(z1))
< i) g (@), (5.29)

Since lim,, o0 a™ = 0 and (3.24), we can conclude that the sequence {g(z,)} is a Cauchy

sequence. Since X is a complete metric space, there exists u € X such that

im g (z,) =g (u). (3.25)

n— oo

From the property A, there is a subsequence g(zy,) of g(z,) such that
(9 (2k,),9 (W) € E(G). (3.26)
Since 1 is a nonexpansive mapping and (3.25), we have

Uim (g (zn)) = (g (w)). (3.27)

n— oo

From the property A, without loss of generality, there exists a subsequence I (g (zx, ))
of I (g (x,)) such that
(I(g (zx,)), g (u))) € E(G). (3.28)

From the condition 5), we get

IA

D (g (u) ,T’LL) +D (g (mkn+1) ,T’LL)

IN

+d(g(zx,), 9 w)+d(g(zr,)), (g (w)) +D(g(u), Tzy,)

+d(g(zk,),g(w)+d(g(zx,),g(w)+d(g(uw),g(zK,+1)) -

IA
QU U S S

(9 (uw),9( )
(9 (w), 9 (wh,11)) + H (Ty,, Tu)
(g (u),9( )
(g (u),9( )

IN

Since lim,, 00 g (z,) = g (u), we have D(g(u), Tu) = 0. Since Twu is a closed set, we have

g(u) € Tu. This complete the proof. []
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Corollary 3.9. Let (X,d) be a metric space endowed with a partial order <. Let
g: X — X be a surjective mapping, I : X — X be a nonexpansive mapping and let
T:X — CB(X) be a multi-valued mapping. Suppose the following conditions hold:

1) T is an L,g-increasing,

2) There exists zo € X and u € Tzy such that g (zg) < u,

3) For every sequence {x;} such g (zx) < g (x1+1) or all k € Nand g(zx) converse
to g(z) for some z € X such that g (zx) < g (),

4) For every sequence {z;} such I(g (xx)) < I(g (zx+1)) for all k € N and I(g(z))
converse to I(g(x)) for some = € X such that i(g (zx)) < I(g (x)),

5) There exists 0 < a < B with a + 8 < % and L > 0 such that

H(Tz,Ty) < ad(g(x),g(y)) + Bd(l(u),l(v)) + LD (g9 (y),Tx),

forall z,y € X and u € Tx,u € Ty with g (z) < g (y) and I (u) < (v)
and

H(Tz,Ty) <d(g(z),g9 () +d(9(x)),l(9(y)) +D(g(y),Tx),

for all z,y € X with g (z) < g(y) and i (g(x)) <1 (9(v)),
6) The metric d is complete.

Then there exists u € X such that u € Tu.

Proof. Let G = (V(G), E(G) where X = V(G) and E(G) = {(z,y) : z <y,Va,y € X }.
First, we show that T is g-l-graph preserving. Let (¢9(z),9(y)) € E(G), we have Tz < Ty.
For every w € Tz and v € Ty, we have [ (u) < I (v). Then (I (u),l(v)) € E(G). Then T
is g-l-graph preserving. It is easy to see that the conditions 2)-5) satisfying conditions
2)-4) in theorem 3.8. From theorem 3.8, we can concluded the desired result. []



Chapter 4
Applications and Some Examples

We have applied the problem (3.1) for the various fixed point problems in
three Hilbert spaces as follows:

For every i = 1,2,3 let H; be a real Hilbert space and C; be a nonempty
closed convex subset of H;. Let ¥, : C; — C; be a mapping, for all i = 1,2,3 and let
Ayt Hy — Hy and Az : Hy — Hs. The fixed points problem in three Hilbert spaces is to
find the point;

@} € C4, such that wy € F (¢¥;) and
wh = Asw} € Oy, such that w3 € F (v9;) and (4.1)

w} = Aswh € C3, such that @} € F (U3).

The set of the solution of (4.1) is denoted by Q = {&* = (=}, @}, @) € C; x Cy x C3 :
w; e F(¥;), foralli =1,2,3}. Itis clear that VIP(C,I —T) = F(9), where 9 : C — C'is a
nonexpansive mapping with F(9) # 0. By leveraging Lemma 3.1 and such knowledge,

we have the following results;

Lemma 4.1. For every i = 1,2, 3, let H; be a real Hilbert spaces and C; be a nonempty
closed convex subset of H;. Let 9; : C; — C; be nonexpansive mappings and let
Ay : Hy — Ha, A3 : Hy — Hjz be bounded linear operator with the adjoint operator
A3 and A%, respectively. Assume that 7, € C1, AsTy = T2, A3T2 = T3 and Q # 0. The
following are equivalent:

(l) T e, where 7 = (51,52753) € (1 x Cy x Cs.

(i) Ty = Po, (Ih — M (11 — %)) (T1 — 7245((I2 — Po, (I, — Ao (12 — 92))) T2
+7v3A3 (Is — Py (I — A3(I3 — 3))) 73)),

where I, : H; — H; is an identity mappings, for all i = 1,2,3, y(1 + 93) < %, L =
max{Li,Ls} < 1 which Ly, Ly are spectral radius of A;A4; and A3 A3, respectively, \; €

(0,1), forall i =1,2,3 and ~2,73 > 0

Proof. Since F (9;) = VIP (C,I; — ;) foralli =1,2,3 and (I; — ¥;) is %—inverse strongly

monotone and Lemma 3.1, we can summarize the result of Lemma 4.1. L]
The direct benefits of Lemma 4.1, we get Corollary 4.2;

Corollary 4.2. For every i = 1,2,3, let C; be a closed convex subset of a real Hilbert
space H,;. Let 9, : C; — C; be a nonexpansive mappings and let Ay : H; — Ha, A :

H; — Hs be bounded linear operator with the adjoint operator A5 and A}, respectively.
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Assume that 7, € Hy,72 = Asm1,T3 = A3To. Let 9,0 : C; — C; be nonspreading and «-
strictly pseudo-nonspreading mappings, respectively. Assume that QN F (9)NF (o) #

and let the sequence {z,} generated by u,z; € C;, and

Tpny1 = QU+ BnZn+Po, (It — A (a(ly —9) + (1 —a) (I1 — 0))) zn
+6nPe, (It = (11 — V1)) (z), — 72 A5 (T2 — Poy (I — Ao (I — 92)))
+73A5(I3 — Po, (I — As(I3 — ¥3)))z))),
foralln >1and a € (0,1), I, : H; — H; is an identity mappings, for all i = 1,2, 3, where
{an} 5 {Bn} 5 {771} 5 {571} - [O, 1] and O‘n+6n+7n+6n =1and Tn = x}uI% = Agxi,l‘i = A3x72m

foralln e NJOo < )\, < 1, forall i =1,2,3 and ; > 0, for all j = 2,3. Suppose that the

conditions 4) to v) is true;

—+oo

() iMoo an = 0,372 ay = +00;

. 1
(i) 72 (1 +73) < T where L = max{La,,La,} <1, where La,,La,

are spectral radius of A, A3, A3A%, respectively,
(i) 0 < a < By, Yn.0n < b < 1, for some a,b >0, forall n e N;
(iv) P A, < +ocand 0 < A\, <1k, forallneN;
V) S22 s — ol S22 1Bas = Bal s w23 [Yntt — Yl < +00.
Then the sequence {z,} converses strongly to zy = Ponp(r)nr(s)u-
To support theorem 3.8, we give the following example.

Example 4.3. Let X = {3,4,5,6,7,8,} and d (z,y) = |z — y| forall 2,y € X, where E (G) =

{(4,6),(6,8)}{(3,5),(5,7), (3, 1)}U{(3,3) ,(5,5) , (6,6) , (7, 7)}U{(6,7),(7,6), (5,3) ,(7,3) , (7,5)}.
Defined the multi-valued mapping T: X — CB(X) by

(3,5} ifw=4,
T(x) =14 {57} ifx=6,
{5} ifz=357,8,

the mapping g : X — X be defined by

3 ifz=7,

5 ifz=3,

7 ifz=5,
g9(z) = ,

4 ifx=S8,

6 if x=4,

8 if x =86,
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and the mapping I : X — X be defined by

6 if z=3,4,6,7.8,
(z) =
7 ifx=5.

Then there exists 3 € X such that ¢(3) € T3.

Solution [t is easy to see that [ is a nonexpansive mapping and g is surjective
mapping.

First, we show that T'is g-l graph preserving. Let (g(x),g(y)) € E(G).

if (4,6),(6,8) € E(GQ), then z = 8,4 and y = 4,6. From the definition of T, we
have T8 = {5},T4 = {3,5} and T6 = {5, 7}.
From T8, T4 and the definition of I, we have

(1(5),1(3)) = (7,6) € E(G),

(U(5),1(5)) = (7,7) € E(G).
From T4,T6 and the definition of I, we have

(1(3),1(5)) = (6,7) € E(G)

(U(3),1(7)) = (6,6) € E(G),

(U(5),1(5)) = (7,7) € E(G),

(U(5),1(7)) = (7,6) € E(G).
If (9(2),9(y)) = (3,5),(5,7),(3,7),(3,3),(5,5),(7,7),(5,3),(7,3),(7,5), then z,y =,3,5,7.
From the definition of T, we have Tz = Ty = {5} where =,y = 3,5,7. It follows
that (1(5),1(5)) = (7,7) € E(G).
If (9(x),9(y)) = (6,7), then z = 4 and y = 5. From the definition of T, we have T4 = {3,5}
and T5 = {5}.

)

From T4,T5 and the definition of I, we have
(1(3),1(5)) = (6,7) € E(G),
(1(5),1(5)) = (7,7) € E(G).
If (9(x),g(y)) = (7,6), then x =5 and y = 4. From the definition of T, we have T5 = {5}
and T4 = {3,5}.
From T5, T4 and the definition of I, we have
(1(5),1(3)) = (7,6) € E(G),
(1(5),1(5)) = (7,7) € E(G).
If (9(x),g(y)) = (6,6), then x = y = 4. From the definition of T, we have T4 = {3, 5}.
From T4 and the definition of I, we have
(1(3),1(3)) = (6,6) € E(G),
(1(3),1(5)) = (6,7) € E(G)
(((5),1(3)) = (7,6) € E(G),
(1(5),1(5)) = (7,7) € B(G)
Hence T is g-l graph preserving.
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Next, we show that T is (1,¢)-G contractive mapping. Let (g (x),g(y)) € E (G).
Puta:%,ﬂzgansza

If (4,6) € E(G), then z =8 and y =4. T8 = {5} and T4 = {3,5}.

It follows that

H (T8,T4) =2,

and
D(g(4),T8) = 1.

It is easy to conclude that

H(Tx,Ty) < ad(g(x),9(y))+ Bd(l(u),l(v)+ LD (g(y),Tx),

where z = 8 and y = 4 with v € Tz and v € Ty such that (¢(z),9(y)) € E(G) and
(l(u),l(v)) € E(G).

If (6,8) € E(G), then x =4 and y =6. Then T4 = {3,5} and T6 = {5, 7}.

It follows that H(T4,T6) =2 and D(g(6),T4) = 3.

It is easy to conclude that

H(Tx,Ty) < ad(g(x),9(y)+ Bd((u),l(v)+LD(g(y),Tz),

where z = 4 and y = 6 with w € Tz and v € Ty such that (¢g(x),9(y)) € E(G) and
(I(u),1(v)) € E(G).

If (3,5),(5,7),(3,7),(3,3),(5,5),(7,7),(5,3),(7,3),(7,5) € E(G). Then Tz = Ty = {5}
where z,y = 3,5,7. It follows that H(Txz,Ty) = 0. It is easy to conclude that

H(Tx,Ty) < ad(g(x),9(y))+ Bd(l(u),l(v)+LD(g(y),Tx),

where z,y = 3,5,7 with u € Tz and v € Ty such that (g9(z),9(y)) € E(G) and (I(u),l(v)) €
E(G).

If (6,7) € E(G), then x =4 and y = 5. It follows that T4 = {3,5} and T5 = {5}.

It implies that H(T4,T5) =2 and D(g(5),T4) = 2. It is easy to conclude that

H(Tz,Ty) < ad(g(x),g(y)) + Bd(l(u),l(v)) + LD (g9 (y),Tx),

where x = 4 and y = 5 with w € T2z and v € Ty such that (¢(z),9(y)) € E(G) and
(I(u), 1(v)) € E(G).

If (7,6) € E(G), then z =5 and y = 4. It follows that 75 = {5} and T4 = {3, 5}.

It follows that H(T5,T4) =2 and D(g(4),T5) = 1. It is easy to conclude that

H(Tx,Ty) < ad(g(x),9(y))+ Bd((u),l(v)+LD(g(y),Tz),

where z = 5 and y = 4 with v € Tz and v € Ty such that (¢(z),9(y)) € E(G) and
({(u),l(v)) € E(G).
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If (6,6) € E(G), then z =y = 4. It follows that T4 = {3,5}.
It follows that H(T4,7T4) =0 and D(g(4),T4) = 1. It is easy to conclude that

H(Tz,Ty) < ad(g(x),g(y)) + Bd(l(u),l(v)) + LD (g (y),Tx),
where z =y = 4 with u € Tz and v € Ty such that (g(z),9(y)) € E(G) and (I(u),l(v)) €
E@).
Hence T is ((, 9)-G contraction.

Let (g(x),9(y)) € E(G).
If (4,6) € E(G), then 2 =8 and y = 4. It follows that H (T8,74) = 2, D(g(4),T8) = 1.

It is easy to see that

H(Tz,Ty) <d(g(x),9(y)+d(l(g(x),l(g¥)+D(g(y),Tz),
where x =8 and y =4 with (g(z),g(y)) € E(G) and (I(g(x)),l(g(y))) € E(G).
If (6,8) € E(G), then x =4 and y = 6. It follows that H (T4,T6) = 2 and D(g(6),T4) = 3.

It is easy to see that

H(Tz,Ty) <d(g(x),9(y)+d((g(x)),l(g¥))+D(g(y) Tz,
where r =4 and y = 6 with (g(z),9(y)) € E(G) and (I(g(2)),1(g(y))) € E (G).
If (Sa 5)7 (5a 7)7 (37 7)3 (37 3)7 (5v 5)’ (77 7)a (57 3)7 (73 3)7 (77 5) € E(G) Then Tx = Ty = {5} for
all 2,y = 3,7,5. It follows that

H(Txz,Ty) <d(g(x),9(y)+d(l(g(x),l(g()+D(g(y),Tx),
where z,y =3,5,7 with (¢ (2),9(y)) € E(G) and (I(g(x)),l(g(y))) € E(G).
If (6,7) € E(G),then z=4and y=5. Then H(T4,T5) =2 and D(g(5),T4) = 2.
It is easy to see that

H (T, Ty) <d(g(x),g(y) +d(l(g(x)),l(g(¥)+D(g(y),Tz),
where = = 4 and y = 5 with (¢ (¢), ¢ (y)) € E(G) and (I(g (x)) .1 (9 (1)) € E(G).
If (7,6) € E(G), then z =5 and y = 4. It follow that H(T5,74) =2 and D(g(4),T75) = 1.
It is easy to see that

H(Tz,Ty) <d(g(z),9(y) +d(l(g(z)),l(g(y) +D(g(y), Tx),
where z =5 and y =4 with (g (z),g(y)) € E(G) and (I (g (x)),l(g(y))) € E(G).
If (6,6) € E(G), then 2 =y = 4. It follow that H(T4,7T4) = 0 and D(g(4),T4) = 1.

It is easy to see that

H(Tz,Ty) <d(g(z),9(y) +d((g(z)),l(g(y))+D(g(y),Tz),

where z =y = 4 with (¢ (z),9(y)) € E(G) and (I(g(z)),l(9(v))) € E(G).

Hence the condition 5) in Theorem 3.8 is satisfied.

Since 5 € T7, then (¢(7),5) = (3,5) € E(G). Then condition 4) in Theorem 3.8 is satisfied.
It is easy to see that X has Property A. From Theorem 3.8, then there exists 3 € X
such that ¢(3) € T3.



Chapter 5
Conclusions

In this chapter, we conclude all main theorems and corollaries obtained in this
thesis.

The first problem, we have a new split variational inequality in three Hilbert
spaces. The convergence theorem to find a common element of the set of solutions
of these problems and the sets of fixed points of discontinuous mappings are proved

as follows;

5.1 The split various variational inequality theorem

(1) Forevery i =1,2,3, let C; be a closed convex subset of a real Hilbert space
H;. Let B; : C; — H; be p;-inverse strongly monotone mappings with n = min;—1.2.5 {Bi}
and let Ay : Hy — Hy, A3 : Hy — Hs be bounded linear operator with the adjoint
operator A3 and A%, respectively. Assume that 7, € Hy, s = A3T1,73 = A3T2 and Q # ().
Let 9,0 : C1 — Cy be nonspreading and x-strictly pseudo-nonspreading mappings,
respectively. Assume that QN F(9) N F(p) # 0 and let the sequence {xz,} generated by

u,z, € C, and

Tp4+1 = anu'i_ﬁnxn +’7nP01 (Il_)‘n (a(Il_ﬁ)—’—(l_a) (11—Q)))l’n
+6nPc, (It = M By)(x), — 72 A5((I2 — Pe, (I — A2 Ba))a?

+7v3A5(I3 — Po,(I — A\sBs))z))),

foralln >1anda € (0,1), I; : H; — H; is an identity mappings, for all i = 1,2,3, where
{O‘n} > {Bn} s {’Yn} s {571} c [0» 1] and O+ Bn+vn+0, =1 and z, = wiuzi = Aoy, ) = A3x$u

n»'n

forall n e N,0 < \; < 2n, forall i = 1,2,3 and ~; > 0, for all j = 2,3. Suppose that the

conditions i) to v) is true;
(1) limyg 00 @ = 0, E:z o, = +00 ;

" 1
(i) y2 (1+73) < R where L =max{La,,La,} <1 where Ly, Ly,
are spectral radius of A, A3, A3A3, respectively;

(i) 0 < a < Bn,Yn, 0n < b < 1, for some a,b > 0, for all n € N;
(iv) SrS A <+ocand 0< A, <1-x, forallneN;

V) Zﬁ |t gi — O‘nl ) :3 |Bnti — 571‘ 7222 |Yn+1 — ’7n| < +o0.

Then the sequence {z,} converges strongly to zy = Ponr9)nr(o)U-
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(2) Forevery i =1,2,3, let C; be a closed convex subset of a real Hilbert space
H;. Let B; : C; — H, be p;-inverse strongly monotone mappings with n = min;—; 2.5 {3}
and let Ay : Hy — Hy, A3 : Hy — Hz be bounded linear operator with the adjoint
operator A5 and A3, respectively. Assume that 7, € Hy,72 = As7,T3 = A3T, and
Q # 0. Let 9,0 : C; — C; be nonspreading mappings, respectively. Assume that
QN F@W)NF(o) #0 and let the sequence {z,} generated by u,z; € C1, and

Tny1 = opu+ Bnzn +Po, (I =M (a(li —=0) + (1 —a) (I1 — 0))) zn
+6nPc, (It = MB1)(x), — 72 A5((I2 — P, (I — A2 Ba))a?

+y3A45(Is — Pey (I — A3 Bs))ay,)),

foralln >1anda€ (0,1), I; : H; — H; is an identity mappings, for all i = 1,2,3, where
{an} {Bn} s {m}, {6n} C[0,1] and ap+Bn+vn+6, = 1and z, = 2l 22 = Agzl 23 = Azz?,
forall n e N,0 < \; < 2n, forall i = 1,2,3 and ~; > 0, for all j = 2,3. Suppose that the
conditions i) to v) is true;

(l) Umn—>+oo an =0, Z:z Qp = +00

.. 1
(i) y2 (1 +73) < R where L =max{La,,La,} <1,

where Ly,,La, are spectral radius of A, A%, A3A3, respectively,
(i) 0 < a < Bn,Yn,0n < b < 1, for some a,b >0, forall n e N;
(iv) P A, < +ocand 0 < A\, <1k, forallneN;

V) Z:z |an+i - anl ) :7,_2 |ﬁ7l+l - Bn‘ 72:1_2 |'7n+1 - 7n| < +o0.

Then the sequence {z,} converses strongly to zy = Ponpw)nr(e)U-

The second problem, we have created a new type of multi-valued mapping
and g-l-graph preserving to prove a fixed point theorem on complete metric spaces
endowed with a directed graph and give an example to support our main theorems.
The proof of our main theorem using different techniques from the research of [44]
and [38].

5.2 Coincidence point theory in metric spaces endowed with graph

(1) Let (X, d) be a complete metric space and G = (V(G), E(G)) be a directed
graph with V(G) = X. Let g : X — X be a surjective mapping and let I : X — X be
a nonexpansive mapping. Suppose that the multi-value mapping 7' : X — CB(X) is
satified the following properties:

1) T is a g-l-graph preserving;
2) T is (L,9)-G contraction;
3) X has Property A,
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4) there exists =g € X such that (g (z0),y) € E (G) for some y € Tao.

5) H(Tx,Ty) < d(g(z),9(y) +d(l(g(x)).l(g( D(g(y),Tx) forall z,y € X
such that (g (2) .9 () € E(G) and (I (g(2)),1(g () € B (G).
Then there exists u € X such that g(u) € Tu.

9(y))) +
(

(2) Let (X, d) be a metric space endowed with a partial order <. Letg: X — X

be a surjetive mapping, I : X — X be a nonexpansive mapping and let T : X — CB (X)
be a multi-valued mapping. Suppose the following conditions hold:

1) T is an L,g-increasing,

2) There exists zp € X and u € Tzy such that g (zo) < u,

3) For every sequence {z;} such g (xx) < g(zx41) or all k € N and g(z) con-
verse to g(z) for some z € X such that g (zx) < g (),

4) For every sequence {zx} such I(g (x1)) < (g (zx+1)) for all k € N and i(g(zy))
converse to I(g(z)) for some z € X such that i(g (zx)) < I(g (z)),

5) There exists 0 < a < B with a+ 8 < % and L > 0 such that

H(Tx,Ty) < ad(g(x),9(y)+ Bd((u),l(v)+LD(g(y),Tz),

forall z,y € X and v € Tz,u € Ty with g (z) < g (y) and I (u) < 1 (v)
and

H(Tz,Ty) <d(g(z),9(y) +d((9(x)),l(9(y))+D(g(y),Tz),

for all z,y € X with g (z) < g(y) and i (g(x)) <1 (9(v)),
6) The metric d is complete.

Then there exists v € X such that u € Tu.

5.3 Some Examples

We have an example to support the Theorem 3.8 as follows:
Let X = {3,4,5,6,7,8,} and d(x,y) = |z —y| for all z,y € X, where E(G) =

{(4,6),(6,8)}U{(3,5),(5,7), (3, 7)}U{(3,3) , (5,5), (6,6) , (7, 7)}U{(6,7), (7,6) , (5,3) , (7,3) , (7,5) }.
Defined the multi-valued mapping T: X — CB(X) by

(3,5} ifw=4,
T(x) =4 {5,7} ifz=6,
{5} ifz=357,8,



the mapping g : X — X be defined by

w S~ N Ot W

and the mapping I : X — X be defined by

if =7,
if £ =3,
if =5,
if z =38,
if =4,
if =6,

7 ifx=5.

6 ifz=3,4,6,7,8,
l(z) =

Then there exists 3 € X such that g(3) € T3.
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