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Abstract

A new scheme for finding the numerical solutions of the one-dimensional
Burgers equation is provided. A combination of the finite difference method and the
implicit Adams-Moulton method is employed to calculate the solution of the
nonlinear equation. The nonlinear term is linearized by using a weighted technique.
Because the implicit Adams-Moulton method is used in this study, we have to know
two initial conditions. The first initial condition is known from the given model while
the second initial condition can be calculated from the first one. In this work, the
second one are obtained from three different methods: an explicit method, an implicit
method, and the Crank-Nicolson method. Numerical results are obtained and
compared with the exact solution. The numerical solutions converge to the exact
solution when the number of grid points increases. The L, -norm errors of the
numerical results for different values of parameters are provided to show the direction
of the solutions when the parameters are changed. Applications include fluid flow

such as traffic flow.
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u=u(x,t)
T

N

At

(4.8)

M

Ax

Vii

Symbols

Spatial coordinate.

Time coordinate.

Kinematic viscosity.

Speed of the fluid at spatial coordinate and time coordinate.
The final time.

The number of time steps.

The difference of the current and the next time.

Interval when 4 and B are margin.

The number of spacing step.

The difference between the current and the next spatial coordinate.

fi» f, and g Functions for constrains.



Chapter 1

Introduction

1.1 Research Motivation

The Burgers equation have been was applied in various areas in applied
mathematics and fluid flow problems such as meteorological phenomena (rain, wind,
floods, etc.), processes in the human body (blood flow, breathing, drinking, etc.) and
Computational Fluid Dynamics (CFD) applications (aerodynamic shape design, high-
speed train simulations, etc.) [12]. It is similar to the Navier-Stokes equation due to the
combination of convection, diffusion, and time-dependent terms [14].

In this thesis, we apply the finite difference method, the implicit Adams-
Moulton method to the Burgers equation to find the numerical solution. The central
finite difference method is used to discretize the spatial terms of the Burgers equation
and the Adams-Moulton method is applied to the time derivative term, which will find
the previous time derivative term of the Adams-Moulton method can be found from
an explicit method, an implicit method, or the Crank-Nicolson method. The nonlinear

term is solved by using a linear extrapolating.

1.2 Objectives of the Study
1) To study the Burgers equation.
2) To use multi-step Adams-Moulton method to find the numerical solutions of
the equation.
3) To study the effect of the an explicit method, an implicit method, and the Crank-

Nicolson method methods to the solutions of the Burgers equation.

1.3 Scopes of the Study
Find the solution of the Burgers equation using the implicit Adams-Moulton

method and finite difference scheme.

1.4 Research Methodology

1) Learn basic knowledge of how to find the solutions of the Burgers equation.



2) Study how to solve the nonlinear term of the Burgers equation.

3) Study the steps of how to find the numerical solutions.

4) Write a computer program to solve the equation.

5) Find and verify the solutions of the Burgers equation.

6) Conclude and discuss about the numerical solutions.

7) Write the thesis.

8) Oral presentation.

Table 1.1. Time frame of research.

Activity

Time frame (2020-2021)

Jan-

Mar

April-
May

June-

August

Sep-
Oct

Nov

Dec

Jan

Feb

Mar

April

May

June

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

1.5 Benefits of the Study

1) Obtain a proper solution of the nonlinear Burgers equation.

2) Have the knowledge about the Adams-Moulton method.

3) Become a professional of a computer program writing.




Chapter 2

Basis Knowledge and literature Reviews

In this chapter, we provide the basic knowledge of differential equations, the
Burgers equation and essential conditions, time division and grid division, the finite
difference method, the implicit Adams-Moulton method, an explicit method, an

implicit method, the Crank-Nicolson method and literature reviews.

2.1 Differential equations

Differential equations are the equations which show the relationship between
the functions of the independent variable, the dependent variable and the derivative
of the dependent variable relative to the independent variable. If the dependent
variable is a function of just one independent variable, it is called the ordinary
differential equation and if the dependent variable is a function of more than one
independent variable, it is called the partial differential equation. We illustrate the
examples of the ordinary differential equations and the partial differential equation as

follows.

® Examples of the ordinary differential equations (ODE)

2

dy| _ dy_ s
( dx’ J 4 dx 4

3 2
d—); —x* d—); +e” d_y =1
dx dx dx

® Examples of the partial differential equations (PDE)

o’u Ou

§+§=2u+zzy

ou (ouY o’u
ot o =257
oz oy ot
Definition 1 The order of a differential equation is the highest derivative that appears

in the equation and the degree of the equation is the exponent of the highest

derivative term.



Definition 2 A differential equation is a linear equation if
1) the dependent variable and its derivative have a power indicator of
one,
2) there is no term of a product of the dependent variable and the
derivative of the dependent variable, and
3) there is no term in the transcendental function of the dependent

variable and the derivative of the dependent variable.

A nonlinear differential equation is a differential equation which is not a linear

equation.

Examples of the order, the degree, the linear equation and the nonlinear

equation are shown in Table 2.1.

Table 2.1. Examples of the differential equations.

Equation Order Degree Linear Nonlinear
Fu (u) o
)t iy PR 2 2 . /
oz oy ot
2) Z—y =y 1 1 / -
X
y ’ 82)’ 5
)| = | +—= 1 3 - /
[axj 7
3 2
a) a—f+a—f_1o—@ 3 1 / -
X~ Oz ot
5) (x2') =z 1 3 - /

2.2 Burgers Equation and Essential Conditions

We provide the one-dimensional Burgers equation with both initial and boundary

conditions. The Burgers equation on domain (A,B) [6] is

2
a—”+ua—”=ua—f, A<x<B,te[0,T], (2.1)
ot ox ox
where T is the final time, with an initial condition
u(x,0) = g(x), A<x<B (2.2)

and boundary conditions

u(A,0)=1,@), u(B,t) = 1,(t), t<[0,T], (2.3)
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where the variable v is a kinematic viscosity and the functions f,, f,, and g are

constrains.

2.3 Time and Grid Divisions

2.3.1 Time Division
We divide the interval [O,T] into N steps where 0<¢,<¢, <...<t, <T,
with time step At=7/N and t, =n*At, n=1,2,...,N where T is the final time

and N is the number of time steps. The time division is shown in Figure 2.1.

Figure 2.1. Time division

2.3.2 Grids Division

We divide the interval [A,B] into M steps where A<x,<x,<...<x,<B,
with spacing step Ax:(B—A)/M and x, =m*Ax when m=12,...,M where 4
and B are the boundary and M is the number of spacing steps. The grids division is

shown in Figure 2.2.

Figure 2.2. Grids division

Figure 2.3 illustrates the time and grids divisions. The ¢-axis represents time
coordinate on [tO,tN], At=t""—t", n=1,2,3,...,N, and the x-axis represents the

spatial coordinate on (x,,x,,), Ax=x,,, —x,, m=1,2,3,....M .



Figure 2.3. The combination of time and grids divisions

2.4 The Finite Difference Method

In this section, we introduce a numerical method called the finite difference
method (FDM) used to find the solutions of the partial differential equations (PDEs).
We first provide a big-O definition and Taylor series used to estimate the derivatives
in the PDEs [5].
Definition 3 Let f(x) and g(x) be two functions. Then f(x) :O(g(x)) as x—>a

if and only if, lim /) =g €[0,:).

x—a g()C)
Example 1 Use Definition 3 to show that f(x):O(g(x)) when f(x)=x"+7 and
gx)=x"
3
From Definition 3, lim |~ Jg7 =1€[0,), for any constant a € R—{O}.
xX—a x
Then, x> +7=0(x3).

Definition 4 Taylor series
Let /' be an n+1 times differentiable function on an open interval containing

the points @ and x. Then [4]

f(x)=rf(a)+f"(a)(x—a)+ (x—a)n +R, (x),(2.9)

f(n+1) (C)
(n+1)!

2.4.1 Estimation of Derivatives

where R, (x)= (x—a)™" for some number ¢ between a and x.

From (2.4), we replace f, x,and a by u, x+h, and x, respectively.

ou h*ou W du h" 0"u
u(x+ht)=u(x)+h—+——S+——=+. 14—
ox 2lox” 3lox n! ox"

+R,(x), (2.5)
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2 2 3 3 n n
u(x—h,t):u(x,t)—ha—u+h—a—lj—h—a—?+...—h—a .
ox 2lox” 3lox n! ox"

where i =Ax. We approximate the first order derivatives as follows. From (2.5), we

+R (x), (2.6)

have
u(x+h,t):u(x,t)+h2—u+0(h).
X

Thus
ou u(x+hit)—u(x,t)
ox h

The (2.7) is called forward finite difference method with the first-order accuracy, O(h)

+0(h) (2.7)

2

The big O, O(h) in (2.7) s %Z—ZlJr Similarly, using (2.6), we have
! Ox

u(x—h,t)=u(x,t)—hg—z+0(h).

Therefore
ou u(x,t)—u(x—h,t)
ox h
The (2.8) is called backward finite difference method with the first-order accuracy,
O(h). From (2.5) and (2.6), we obtain

+0(h). (2.8)

ou )
hit)—u(x—h,t)=2h—+0O(h
() -u(x i) =202 0 ().

or
ou _u(x+h,t)—u(x—h,t)
e 2h

The (2.9) is called central finite difference method with the truncation error O(hz).

+O(h2). (2.9)

The second order derivatives.

From (2.5) and (2.6) we have,

2
u(x+h,t)+u(x—h,t)=2u(x+h,t)+h2g—z+0(h2),
X
or
2 _ —
azt:u(x+h,t) 2u()zc,t)+u(x h’t)+0(h2) (210)
ox h
The (2.10) is called central finite difference method with the truncation error O(hz).

Similarly the formulas for estimating the time derivative are



forward finite difference method :
ou u(x,t+l)—u(x,t)
o !
backward finite difference method :

Ou _ u(x,t—1)—u(x,t)

+0(1), (2.11)

— o(! 2.12

ot [ +o(0), 212
central finite difference method :

a—”=”(X’HZ)_M(M_Z)+0(12), (2.13)

ot 2]

central finite difference method :

ou u(x,t+l)—2u(x,t)+u(x,t—l)+0(12)

e B (2.14)

where [ is At.

0
Example 2 Define u(x,y) = ye* . The values of 6_u using forward finite difference
X

method, backward finite difference method, and central finite difference method
where Ax =0.1 at point (1.3,1) [7] are
® forward finite difference method

ou u(l3+Ax)-u(131) u(l41)-u(131) “-¢"

= = =3.8590
Ox h 0.1 0.1
® backward finite difference method
0 1.3,1)—u(1.3—Ax,1 1.3,1)—u(1.2,1 13 12
& vt ) w372 e, g

ox h 0.1 0.1
® central finite difference method
ou u(13+Ax1)-u(13-Ax,1) u(l4,1)-u(1.2,1) -

_ - = =3.6754.
ox 2h 0.2 0.2

2.5 The Implicit Adams-Moulton Method

The Adams—Moulton method is an implicit method to find the solution of the

initial value problem. Consider the first-order ODE

V@)= £ y@)). (2.15)

Integrating (2.15) both sides on interval [tn,tnﬂ], we have

J:M V'(t)dt =J.:H f(l‘,y(t))dt_



Since
tn+] dy
Ly = =dt, (2.16)
yn 1 y L” d[
The first order Adams-Moulton or the backward Euler method is [3]
Vi =V 1 (Lyts Vot ) » (2.17)

where h=t , —t . For the higher-order Adams-Moulton method, we have the second

order Adams-Moulton or the trapezoidal rule is

1
yn+1:yn+Eh(f(tn+l’yn+l)+f(tn’yn))’ (218)
and the third order Adams-Moulton is
5 2 1
Yot = Vn +h(ﬁf(tn+l9yn+l)+§f(tn’yn)_Ef(tnlﬁynl )j (219)

The implicit Adams-Moulton method also has other orders [3].
Example 3 Solve the initial value problems (IVPs) : ' =y—t>+1, 0<¢<2, y(0)=
0.5 by using the third order Adams-Moulton method with /=0.2. The exact value is
given by y(r)=(t+1)" —0.5¢' [2].
The initial conditions are calculated from the exact solution. That is

Yo=»(0)=0.5

Y= 9(0.2)=(0.2+1)" —0.5¢"* = 0.8293.

From (2.22), solve for y,, we have

¥y = 0.8293+%(5(y2 ~(0.4) +1)+8(0.8293-(02)’ +1)—(0.5+1))

=1.2140.

The exact value of y,, we get

y, = p(0.4) = (0.4+1)> —0.5¢"*
=1.2140.

Therefore, The value of the Adams-Moulton method is close to the Exact value. The

process is continued until we obtain y at the desired point.

Before we use the implicit Adams-Moulton method to find the solution of the

Burgers equation, we need to know two initial conditions. The first initial condition is
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known from (2.2). To calculate the second initial condition, we use the three different
methods: an explicit method, an implicit method, and the Crank-Nicolson method

provided in the next section.

2.6 Methods to find the Second Initial Condition

In this section, we discuss three different methods: an explicit method, an
implicit method, the Crank-Nicolson method that are used to find the second initial
conditions. The numerical solution presented in Chapter 4 will show the inequality

when the different methods are used to find the second initial condition.

2.6.1 An Explicit Method

ou
For an explicit method, we use (2.11) to the term 5 That is

ou _u(x,t+1)—u(x,t)

5 (2.20)
ot [
ou o’u
where [ = At. We apply (2.9) to the term P and (2.10) to the term 5 Therefore,
X X
Ou _ u(x+h,t)—u(x—h,t) ’ (2.21)
ox 2h
2 p— f—
0 th _ u(x+h,t) 2u()2c,t)+u(x h,t) ’ (2.92)
ox h
where h = Ax. Substituting (2.20) - (2.22) into (2.1), we have
n+l _ | |n UAt n n n At n n n
Ut =Us, + (T (U —2Us +Us )= U (U - Ui (2.23)

where U’ is the approximation of u at the point (xm,t”), m=2,3,...,M—1.The
(2.23) is called an explicit equation.

2.6.2 An Implicit Method

0
For an implicit method, we apply (2.11) to the term 8_Ltl . That is

Ou _u(x,t+10)—u(x,1)

, (2.24)
ot [
, ou 0*u
where [ = At, Applying to (2.9) for the term 6_ and (2.10) to the term ?, we have
X X
u _ u(x+h,t)—u(x—h,t) ’ (2.95)
ox 2h
2 — -
ou | u(x+ht +0)—=2u(x,t +1)+u(x—h,t +1) , (2.26)

ox’ h?
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where h = Ax. Substituting (2.24) - (2.26) into (2.1), we obtain
aU +pU +sU, =1 (2.27)

m+1 m-1 —

where

20At

(a)”
_oar
(Ax)”

and I=U —%Ufn (Urrln+] -Ur ) ,

p=1+

where J" is the approximation of u at the point (xm,t"), m=2,3,...,.M—1.The
equation (2.27) is called an implicit equation.

2.6.3 The Crank-Nicolson Method

0
For the Crank-Nicolson method, we apply (2.11) to the term 8—? :

ou _u(x,t+1)—u(x,t)

) (2.28)
ot /
ou ]
where [/ =A¢ and (2.9) to the term ot That is
X
Ou _ u(x+h,t)—u(x—h,t) ’ (2.29)
ox 2h
u u
For F in (2.10), we use (2.10) to find the average of F at time ¢ and t+!/ as
X X
follows.
o’u _ L ulx+h,0) = 2u(x,t) +u(x—h,t)
oxt 2 h?
(2.30)
u(x+ht+0)—-2u(x,t+0)+u(x—h,t+1)
+ E ,
where h = Ax. Substituting (2.28) - (2.30) into (2.1), we have
yUt +oU AU, =C (2.31)
where
_ DAt
2(Ax)"
DAt
p=1+

(ax)”
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DAt

29

2y

o UAtZ_AtU',’n U+ 1 UAt2 U+ uAt2+AtU','ﬂ U,
2(Ax)”  2Ax (Ax) 2(Ax) 28

where U is the approximation of u at the point (xm,t”), m=23,....M—1. The

equation (2.31) is called the Crank-Nicolson equation method. The Crank-Nicolson

method different from the explicit method and the implicit method because for the

2 2

u u
explicit method we use Py} at the time ¢ and for the implicit method we uses P}
x X

2

at the time ¢ +1, while for the Crank-Nicolson method we find the average of —124 at
X

time ¢ and r+1/.

2.7 Literature Reviews

Researchers have interested in the study of numerical solutions of the Burgers
equation especially in the fields of physics and engineering. For example, M.
Landajuela [13] studied the flow of cars on a highway by employing the Burgers
equation. There were several methods used to find the numerical solution of the
Burgers equation such as N.A. Mohamed [14] solving nonlinear one-dimensional Burgers
equation by using finite difference method. V. Mukundan and A. Awasthi [15] applied
the method of lines (MOL) to solve the Burgers equation. A. Sheikh et al. [1] studied a
comparison of the LaxFriedrich and Lax-Wendroffs schemes to find the numerical
solution of the Burgers equation. S. Xie et al. [10] used the HopfCole transformation
and a reproducing kernel function to calculate the solution of the Burgers equation.
P.G. Zhang and J.P. Wang [19] used a predictor-corrector method called MacCormack
method to determine the solutions. A. Chaiyasit et al. [7] provided the solution of the
Burgers equation by using the finite difference method and the second-order Runge-
Kutta method. S. Phairat et al. [18] studied the numerical solution of the Burgers
equation by using the sixth-order compact finite difference method and the

McCormack method.
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Chapter 3

Numerical Method and Procedure

In this chapter, we provide a numerical method and the process to find the
numerical solution of the Burgers equation. In section 3.1, we present the central finite
difference method to discretize the spatial term of the Burgers equation. In section 3.2
we apply the implicit Adams-Moulton to discretize the time derivative term of the

Burgers equation.

3.1 Central Finite Difference Method
We use the central finite difference method to the spatial terms of the Burgers

equation. Therefore, the Burgers equation (2.1), becomes

|:au:| +Uln(t)[um+l(t)_um—l(t):| — U|:Um+l(t) _2Um (t)+Um—l(t):|, (31)

2h h

or

ou|l _v _ U0 ~

‘:8t j|m - h2 [Um+l (t) 2LJm (t)+Um—l (l)] 2h [Um+l (t) Um—l (t)],

(3.2)
where U, (1) =u(x,,t), m=2,3,....M -1, [a—u} is u at the point x=1x, and
ot |, ot

h=Ax.

3.2 Implicit Adams-Moulton Method
We apply the Adams-Moulton method to the time derivative term of (3.2). The

third-order implicit Adams-Moulton used to find the solution of the equation

u' = f(t,u(®)) is [1].

5 2 1
un+2 :un+1+l£af(tn+2’un+2)+§f(tn+l’un+l)_ﬁf(tn9un ))’ (33)

where [ =At, u, =u(tn), n=0,l..., N,and 0<¢ <T.The stability and consistency
of (3.3) can be verified from the polynomials [11]

k(w)=w" ~w,
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The roots of k& are 0 and 1, which are simple roots and in the unit disk. Moreover,
k'(w)y=2w-1 and k'(1)=1=r(). From Chapter 8 in [11], the Adams-Moulton
method is stable and consistence. Applying (3.3) to (3.2), we have

Ur':n+2 Un+1 12{ % (U;;++21 2Un+2 +Un+2) Un+2 ( l:,,++21 _ r,’,,+_21 ):|

B2 2h
n+l
= { U (U —2U U ) - (U —Uiif‘l)} B0
/ ., U, (1w .
—E{%(Umﬂ_zu +Um ])_E(U’"*’]_Um_l):|'

Since (3.4) consists of a nonlinear term at time ¢

n+2 7
UZ:Z (Ur',’;z] _ Ur’:ntzl ) ’ (3.5)
we approximate U'f,:z by using a linear extrapolation of U',’,:l and U [14],
U:zn+2 1 + [ ]'n+2 ] LJ’rln+1 []'Hz J Um , (36)
-]n+l -]Vl+1

t,.,- Then (3.5) becomes

()= (efusr o

Substituting (3.7) into (3.4), we have

n+ n+ 50[ n+ n+ n+
Um ? = Um : +W[Um+zl _2Um ? +Un1—21]

= (H("—DU —(’—j U, (U5 -Us
24h It st (38)

where j ., =t ., —

2 U U - u U U]
VARV U R AU VRV |

In this work, we use equally spaced in time. Then Jo =At, for all n. Multiplying (3.8)
by 24h* yields
am Un+2 +b Un+2 +C Un+2 f (39)

m+1

where
a, = 10Al U:’n” —5hi U’,’" —10v!,
bm =244 + 2001 ]
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¢, =5hIU" 10" —1001,
£,y = (1601 -8RI Uiy, +(24h° - 3201 ) Uy

m+1

+ (1601 +8RIU U, +(hI UL, —201) U,

m—1 m+1

+4vlU;, - (201 + U, U

m—1?

where m=2,3,...,M —1. From (3.9), to find U’", it is necessary to know U’ and
U, m=1,2,...,M —1. However, !, can be obtained from the initial condition. To
calculate the value U'Znﬂ , we apply the finite different method again to (2.1) by using
an explicit equation, an implicit equation, and the Crank-Nicolson equation. Now we

have U and UT . Then we are really to find the numerical solutions.
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Chapter 4

Numerical results

This chapter provides the one-dimensional exact solution of the Burgers

equation and the numerical results obtained from the methods provided in chapter 3.

4.1 Exact Solution
In this section we provide the exact solution, which is used to verify the
numerical result. The exact result of Burgers equation is [20]

2vre ™ sin(7x)

u(x,t) = - , (4.1)
p+e " cos(rx)
where the initial condition,
YOS
u(x,0)= 228D oy 4.2)
p+cos(rx)
and the boundary conditions,
u(0,t)=u(l,1)=0, ¢t>0, (4.3)

where p is a constant.

Since we use Adams-Moulton implicit method to find the numerical solutions,
two initial conditions are required to calculate the result. However, now we have only
one initial condition. To calculate the second initial condition we use three different
methods : the explicit method, the implicit method, and the Crank-Nicolson method
as provided in Section 2.6. The numerical solutions of each method combining with
the Adams-Moulton scheme are provided in Sections 4.2-4.4. From (3.9), the initial U

m

is obtained from the initial condition and Ulm is calculated from (2.23), (2.27) or (2.31).

Substituting U(,)n and Ulm into (3.9), we have Ufn Then an can be determined from

n

Ulm and Ufn.Continuing this process, we have Um, 1<m<L,forall n.Therefore, the

numerical results are illustrated as follows.

4.2 An Explicit method
This section shows the numerical results obtained from (3.9) and (2.23) as well

as the £, -norm error of the solutions.
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Figure 4.1 shows the numerical solutions Ufn, 1<m<L, forall n at(i) +=0.01
and (i) r= 1 with the initial condition (4.2) and the boundary conditions (4.3). The
values of variables are Af=0.005, Ax =0.05, 0.02, 0.0125, and 0.001 or L =20, 50, 80,
and 100, respectively, v=0.01, p=2, A=0, B=1, and T =1. At #= 0.01, showing the
numerical solution using the explicit method scheme, it shows the numerical results
converge to the exact solution. It means the solution obtained from (2.23) are
accurated so that it can be used to find the solution for the next time step. Then the
initial condition and the solution at #= 0.01 are placed in (3.9) to find the numerical

solution for the next time step. We continue this process until 7= 1.

(i) (ii)
Figure 4.1. Exact solution and Numerical solutions

at (i) £=0.01 and (ii) £= 1.0.

From Figure 4.1, The numerical results at 7 = 1.0 converge to the exact solution
when the number of grid points increases. The results at each point x and each L

are presented in Tables 4.1 and 4.2. The L,-norm errors, L, = of

uexact _usolutions 27
each L are provided in the last row of the tables. Notice that the errors decrease
when L increases. The smallest errors are occurred when L =100 for both #= 0.01

and ¢z=1.0.



Table 4.1. Exact solutions and the numerical solutions

at each point x at time #= 0.01.

Exact Numerical Solutions
g solutions L=20 L =50 L =80 L =100
0.1 0.00657 0.00655 0.00657 0.00657 0.00657
0.2 0.01314 0.01308 0.01312 0.01312 0.01313
0.3 0.01963 0.01954 0.01959 0.01960 0.01960
0.4 0.02586 0.02572 0.02579 0.02581 0.02582
0.5 0.03138 0.03120 0.03130 0.03132 0.03133
0.6 0.03530 0.03506 0.03518 0.03521 0.03522
0.7 0.03594 0.03567 0.03582 0.03585 0.03587
0.8 0.03096 0.03069 0.03084 0.03088 0.03089
0.9 0.01848 0.01829 0.01841 0.01844 0.01844

L,-norm 7.7463e-04 5.5379e-04  4.9057e-04  4.7098e-04
Table 4.2. Exact solutions and the numerical solutions
at each point x at time ¢ = 1.0.

Exact Numerical Solutions
g solutions L =20 L=50 L=80 L =100
0.1 0.00615 0.00271 0.00438 0.00494 0.00515
0.2 0.01224 0.00525 0.00855 0.00963 0.01003
0.3 0.01819 0.00747 0.01232 0.01389 0.01445
0.4 0.02375 0.00918 0.01547 0.01751 0.01823
0.5 0.02846 0.01016 0.01771 0.02023 0.02113
0.6 0.03148 0.01021 0.01860 0.02158 0.02266
0.7 0.03138 0.00916 0.01757 0.02084 0.02207
0.8 0.02641 0.00696 0.01405 0.01710 0.01832
0.9 0.01545 0.00376 0.00791 0.00987 0.01069

L,-norm 6.6091e-02  6.3303e-02 6.0682e-02  5.9709e-02

18
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Figure 4.2 shows the L,-norm errors for At=0.01, 0.005, and 0.0025 when L

=100, p=2, 4=0, B=1, T'=1, and v = 0.01. The graphs illustrate that L,-norm errors
decrease for larger At. The L,-norm errors in Figure 4.2 are presented in Table 4.3
The errors when Ar=0.01 is better than that of Az =0.005 and 0.0025 for each L . This
is because of the accumulated error of the increasing number of iterations. The error

when L =100 is smallest as expected.

Figure 4.2. L,-norm errors for different values of Az.

Table 4.3. L,-norm errors for different At at ¢ = 1.0.

L L,-norm errors

At=0.01 At = 0.005 At = 0.0025
20 4.1229e-02 6.6091e-02 8.6869e-02
50 3.0995e-02 6.3303e-02 1.0080e-01
80 2.5542e-02 6.0682e-02 1.0527e-01
100 2.3162e-02 5.9709e-02 1.0763e-01

Figure 4.3 illustrates the L,-norm errors for different values of coefficient v
when Ax =0.01, p=2, A=0, B=1, T =1, A¢r=0.005, and v = 0.01, 0.005, and 0.001. It

shows that when v increases the L,-norm errors are increase.
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Figure 4.3. L,-norm errors for different values of the coefficient v.

Figure 4.4 illustrates the exact and numerical solutions for different values of p which
are 1.1, 2 and 8, with (i) v=0.01 and (i) v=0.001 when Af¢=0.005, Ax =0.01, A=0, B
=1, and T =1.0. The numerical results are closed to the exact solutions for each p.
Figure 4.5 shows the L,- norm errors of the numerical solutions provided in Figure 4.4.
The results in Figure 4.5 show that the errors decrease for larger p for both v=0.01
and 0.001. The L,- norm errors presented in Figure 4.5 are illustrated in Table 4.4,
where we also provide the errors of the numerical results when ¢ =1. Notice that the
errors decrease when the coefficient p increases for the different values of v.
Moreover, the errors of v =0.001 are less than that of v=0.01 for each p for both #

=0.05 and ¢ =1.

i) (ii)
Figure 4.4. The exact and numerical solutions for different values of coefficient p,

() v=0.01and (i) v=0.001 at #=0.05.



0]

Figure 4.5. L,-norm errors for different values of the coefficient p,

(if)

() v=0.01 and (i) b= 0.001 at ¢ = 0.05.

Table 4.4. L,-norm errors for different values of coefficient p.

t=0.05
p

t=10

v =0.01 v =0.001

v =0.01 v =0.001

1.1 5.0472e-03 5.0719e-05
2 4.7098e-04 4.7139e-06
8 4.3613e-05 4.3643e-07

2.7116e-01 8.2592e-03
5.9709e-02 8.9120e-04
6.9800e-03 8.4904e-05

4.3 An Implicit method

21

This section shows the numerical results obtained from (3.9) and (2.27) as well

as the L,-norm error of the solutions.

Figure 4.6 shows the numerical solutions U'fn c1<m<L,forall m at(i) #=0.01

and (i) £= 1 with the initial condition (4.2) and the boundary conditions (4.3). The

values of variables are Ar=0.005, Ax =0.05, 0.02, 0.0125, and 0.001 or L =20, 50, 80,

and 100, respectively, v=0.01, p=2, A=0, B=1, and T =1. At ¢#= 0.01, showing the

numerical solution using the implicit method scheme, it shows the numerical results

converge to the exact solution. It means the solution obtained from (2.27) are

accurated so that it can be used to find the solution for the next time step. Then the

initial condition and the solution at #= 0.01 are placed in (3.9) to find the numerical

solution for the next time step. We continue this process until 7= 1.
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(i) (ii)
Figure 4.6. Exact solution and Numerical solutions

at (i) z=0.01 and (i) z= 1.0.

From Figure 4.6, The numerical results at 7" = 1.0 converge to the exact solution
when the number of grid points increases. The results at each point x and each L

are presented in Tables 4.5 and 4.6. The L,-norm errors, L, =||u of

u

exact solutions

27
each L are provided in the last row of the tables. Notice that the errors decrease

when L increases. The smallest errors are occurred when L =100 for both #= 0.01

and ¢z=1.0.

Table 4.5. Exact solutions and the numerical solutions

at each point x at time # = 0.01.

Exact Numerical Solutions
' solutions L=20 L=50 L =80 L =100
0.1 0.00657 0.00655 0.00657 0.00657 0.00657
0.2 0.01314 0.01308 0.01312 0.01312 0.01313
0.3 0.01963 0.01954 0.01959 0.01960 0.01960
0.4 0.02586 0.02572 0.02579 0.02581 0.02582
0.5 0.03138 0.03120 0.03130 0.03132 0.03133
0.6 0.03530 0.03506 0.03518 0.03521 0.03522
0.7 0.03594 0.03567 0.03582 0.03585 0.03587
0.8 0.03096 0.03069 0.03084 0.03088 0.03089
0.9 0.01848 0.01829 0.01841 0.01844 0.01844

L,-norm 7.7457e-04 5.5369e-04  4.9046e-04  4.7086e-04



Table 4.6. Exact solutions and the numerical solutions

at each point x at time 7= 1.0.
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Exact Numerical Solutions
g solutions L=20 L =50 L =80 L =100
0.1 0.00615 0.00271 0.00438 0.00494 0.00515
0.2 0.01224 0.00525 0.00855 0.00963 0.01003
0.3 0.01819 0.00747 0.01232 0.01389 0.01445
0.4 0.02375 0.00918 0.01547 0.01751 0.01823
0.5 0.02846 0.01016 0.01771 0.02023 0.02113
0.6 0.03148 0.01021 0.01860 0.02158 0.02266
0.7 0.03138 0.00916 0.01757 0.02084 0.02207
0.8 0.02641 0.00696 0.01405 0.01710 0.01832
0.9 0.01545 0.00376 0.00791 0.00987 0.01069
L,-norm 6.6091e-02 6.3303e-02 6.0682e-02  5.9709e-02

Figure 4.7 shows the L,-norm errors for Az =0.01, 0.005, and 0.0025 when L =100, p

=2, A=0, B=1, T =1,and v=0.01. The graphs illustrate that L,-norm errors decrease

for larger At. The L,-norm errors in Figure 4.7 are presented in Table 4.7 The errors

when Ar=0.01 is better than that of A¢=0.005 and 0.0025 for each L. This is because

of the accumulated error of the increasing number of iterations. The error when L

=100 is smallest as expected.

Figure 4.7. L,-norm errors for different values of Az.



Table 4.7. L,- norm errors for different Az at ¢ = 1.0.

L L,-norm errors
Ar=0.01 At =0.005 At = 0.0025
20 4.1229e-02  6.6091e-02 8.6869e-02
50 3.0995e-02  6.3303e-02 1.0080e-01
80 2.5542e-02  6.0682e-02 1.0527e-01
100 2.3162e-02  5.9709e-02 1.0763e-01
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Figure 4.8 illustrates the L,-norm errors for different values of coefficient v when Ax

=0.01, p=2, A=0, B=1, T =1, At=0.005, and v=0.01,0.005, and 0.001. It shows that

when v increases the L,-norm errors are increase.

Figure 4.8. L,-norm errors for different values of the coefficient v.

Figure 4.9 illustrates the exact and numerical solutions for different values of p which

are 1.1, 2, and 8, with (i) ©=0.01 and (i) v=0.001 when Af¢=0.005, Ax =0.01, A=0, B

=1, and 7 =1.0. The numerical results are closed to the exact solutions for each p.

Figure 4.10 shows the L,- norm errors of the numerical solutions provided in Figure

4.9. The results in Figure 4.10 show that the errors decrease for larger p for both v

=0.01 and 0.001. The L,- norm errors presented in Figure 4.10 are illustrated in Table

4.8, where we also provide the errors of the numerical results when ¢ =1. Notice that

the errors decrease when the coefficient p increases for the different values of v.

Moreover, the errors of 0 =0.001 are less than that of v=0.01 for each p for both #

=0.05 and ¢ =1.
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(i) (ii)
Figure 4.9. The exact and numerical solutions for different values of coefficient p,

(i) b=10.01 and (ii) v=0.001 at ¢ = 0.05.

0] (i)
Figure 4.10. L,-norm errors for different values of the coefficient p,

() b=10.01and (i) =0.001 at 7= 0.05.

Table 4.8. L,-norm errors for different values of coefficient p.

t=0.05 t=10

p
v=0.01 v=0.001 v=10.01 v=0.001

1.1 5.0394e-03 5.0711e-05 2.7116e-01 8.2592e-03
2 4.7086e-04 4.7137e-06 5.9709e-02 8.9120e-04
8 4.3599e-05 4.3642e-07 6.9800e-03 8.4904e-05
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4.4 The Crank-Nicolson method

This section shows the numerical results obtained from (3.9) and (2.31) as well
as the L,-norm error of the solutions.

Figure 4.11 shows the numerical solutions U'fn, 1<m<L,forall mat()z=
0.01 and (i) #= 1 with the initial condition (4.2) and the boundary conditions (4.3). The
values of variables are Af=0.005, Ax =0.05, 0.02, 0.0125, and 0.001 or L =20, 50, 80,
and 100, respectively, v=0.01, p=2, A=0, B=1, and T =1. At #= 0.01, showing the
numerical solution using the Crank-Nicolson method scheme, it shows the numerical
results converge to the exact solution. It means the solution obtained from (2.31) are
accurated so that it can be used to find the solution for the next time step. Then the
initial condition and the solution at #= 0.01 are placed in (3.9) to find the numerical

solution for the next time step. We continue this process until 7= 1.

(i) (if)
Figure 4.11. Exact solution and Numerical solutions

at (i) £=10.01 and (i) z=1.0.

From Figure 4.11, The numerical results at 7'= 1.0 converge to the exact
solution when the number of grid points increases. The results at each point x and
each L are presented in Tables 49 and 4.10. The L, -norm errors,

L,= ||u

u of each L are provided in the last row of the tables. Notice

exact solutions

2 )
that the errors decrease when L increases. The smallest errors are occurred when L

=100 for both #=0.01 and #= 1.0.



Table 4.9. Exact solutions and the numerical solutions

at each point x at time #= 0.01.
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Exact Numerical Solutions
g solutions L=20 L =50 L =80 L =100
0.1 0.00657 0.00655 0.00657 0.00657 0.00657
0.2 0.01314 0.01308 0.01312 0.01312 0.01313
0.3 0.01963 0.01954 0.01959 0.01960 0.01960
0.4 0.02586 0.02572 0.02579 0.02581 0.02582
0.5 0.03138 0.03120 0.03130 0.03132 0.03133
0.6 0.03530 0.03506 0.03518 0.03521 0.03522
0.7 0.03594 0.03567 0.03582 0.03585 0.03587
0.8 0.03096 0.03069 0.03084 0.03088 0.03089
0.9 0.01848 0.01829 0.01841 0.01844 0.01844
L,-norm 7.7460e-04 5.5374e-04  4.9052e-04  4.7092e-04
Table 4.10. Exact solutions and the numerical solutions
at each point x at time 7= 1.0.
Exact Numerical Solutions

g solutions L =20 L=50 L=80 L =100

0.1 0.00615 0.00271 0.00438 0.00494 0.00515

0.2 0.01224 0.00525 0.00855 0.00963 0.01003

0.3 0.01819 0.00747 0.01232 0.01389 0.01445

0.4 0.02375 0.00918 0.01547 0.01751 0.01823

0.5 0.02846 0.01016 0.01771 0.02023 0.02113

0.6 0.03148 0.01021 0.01860 0.02158 0.02266

0.7 0.03138 0.00916 0.01757 0.02084 0.02207

0.8 0.02641 0.00696 0.01405 0.01710 0.01832

0.9 0.01545 0.00376 0.00791 0.00987 0.01069
L,-norm 6.6091e-02  6.3303e-02 6.0682e-02  5.9709e-02
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Figure 4.13 shows the L,-norm errors for Ar=0.01, 0.005, and 0.0025 when L =100,
p =2, A=0, B=1, T =1, and v = 0.01. The graphs illustrate that L,-norm errors
decrease for larger Ar. The L,-norm errors in Figure 4.13 are presented in Table 4.12
The errors when Ar=0.01 is better than that of Ar=0.005 and 0.0025 for each L. This
is because of the accumulated error of the increasing number of iterations. The error

when L =100 is smallest as expected.

Figure 4.12. L,-norm errors for different values of Az.

Table 4.11. L,- norm errors for different Az at ¢ = 1.0.

L L,-norm errors

At = 0.01 At = 0.005 At = 0.0025
20 4.1229e-02 6.6091e-02 8.6869e-02
50 3.0995e-02 6.3303e-02 1.0080e-01
80 2.5542e-02 6.0682e-02 1.0527e-01
100 2.3162e-02 5.9709e-02 1.0763e-01

Fisure 4.13 illustrates the L,-norm errors for different values of coefficient v when
Ax =0.01, P=2, A=0, B=1, T'=1, Ar=0.005, and v = 0.01, 0.005, and 0.001. It shows

that when v increases the L,-norm errors are increase.
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Figure 4.13. L,-norm errors for different values of the coefficient v.

Figure 4.14 illustrates the exact and numerical solutions for different values of p
which are 1.1, 2, and 8, with (i) ©=0.01 and (i) =0.001 when A¢=0.005, Ax =0.01, 4
=0, B=1,and T =1.0. The numerical results are closed to the exact solutions for each
p . Figure 4.15 shows the L,- norm errors of the numerical solutions provided in Figure
4.14. The results in Figure 4.15 show that the errors decrease for larger p for both v
=0.01 and 0.001. The L,- norm errors presented in Figure 4.15 are illustrated in Table
4.12, where we also provide the errors of the numerical results when # =1. Notice that
the errors decrease when the coefficient p increases for the different values of v.
Moreover, the errors of 0 =0.001 are less than that of v=0.01 for each p for both ¢

=0.05 and ¢ =1.

(i) (i)
Figure 4.14. The exact and numerical solutions for different values of coefficient p,

(i) b=10.01 and (i) b= 0.001 at 7= 0.05.
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() (ii)
Figure 4.15. L,-norm errors for different values of the coefficient p,

(i) v=10.01 and (i) b= 0.001 at z= 0.05.

Table 4.12. L,-norm errors for different values of coefficient p.

t =0.05 t =10
p

v =0.01 v =0.001 v =0.01 v =0.001

1.1 5.0433e-03 5.0715e-05 2.7116e-01 8.2592e-03
2 4.7092e-04 4.7138e-06 5.9709e-02 8.9120e-04
8 4.3606e-05 4.3643e-07 6.9800e-03 8.4904e-05

Next, we compare the L,-norm errors of the numerical solutions obtained from the
three different methods. Tables 4.13 and 4.14 show the L,-norm errors at ¢ = 0.01
and z = 1, respectively. The values of variables are A¢=0.005, Ax =0.05, 0.02, 0.0125,
and 0.01 or L =20, 50, 80, and 100, v=0.01, p =2, 4=0, and B =1. The L,-norm
errors at time #= 0.01 when using the Implicit method are better than that of the
Crank-Nicolson method and the L,-norm errors obtained from the Crank-Nicolson

method are better than the explicit method.

Table 4.13. L,-norm errors for each method at time ¢ = 0.01.

L,-norm errors

Method

L=20 L =50 L =80 L =100
Explicit 0.00077463  0.00055379 0.00049057 0.00047098
Implicit 0.00077457  0.00055369 0.00049046 0.00047086

Crank-Nicolson 0.00077460  0.00055374 0.00049052 0.00047092
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Although the L,-norm errors obtained from the three different schemes are different,
the numerical solutions for larger ¢ are very closed, see Table 4.14. Therefore, the
method to find the second initial condition may effect the numerical solutions but it

is not much different, which shows that this method is consistency.

Table 4.14. L,-norm errors for each method at time ¢ = 1.0.

Method L,-norm errors

L=20 L =50 L =80 L =100
Explicit 0.0660910205  0.0633032801 0.0606818648  0.0597094974
Implicit 0.0660910151  0.0633032601 0.0606818300  0.0597094537

Crank-Nicolson  0.0660910178  0.0633032701 0.0606818474  0.0597094755
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Chapter 5

Conclusion

In this work, we propose efficient numerical schemes based on the finite
difference and the implicit Adams-Moulton methods to find the numerical solutions
of the one-dimensional Burgers equation. Due to the multi-step method, we apply the

explicit method, the implicit method or the Crank-Nicolson method to calculate the
0

m’

approximation Ulm from the initial condition U,,, meN Then U, n>2 is obtained
by using the implicit Adams-Moulton method. The numerical results are compared
with the exact solutions. The numerical solutions converge to the exact solution,
where the L,-norm errors are shown in Tables 4.1, 4.2, 4.5, 4.6, 4.9, and 4.10. Because
of the implicit Adams-Moulton method, there is no need to have honesty small Az
to ensure the stability. The L,-norm errors for different Az at ¢#=1.0 are shown in
Tables 4.3, 4.7, and 4.11. The error is the largest at the smallest At because of the
accumulated errors from the number of iterations. For different coefficients p and
parameter v, the L,-norm errors of the least v and largest p are smallest as shown
in Tables 4.4, 4.8, and 4.12. The method used for finding Ulm influences the solutions
at £=0.01 as shown in Table 4.13 and for greater ¢, #=1.0 in Table 4.14, the values

of the errors of the three different methods are almost equal.
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