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Chapter 1

Introduction

1.1 Inception and significance of research

Linear matrix equations are famous problems often show up in mathematics
and engineering, especially control theory, system theory, see e.g. [11], [18]. There are

many well-known types of matrix equations such as the following:

AX - XAT = C, Lyapunov matrix equation (1.1)
ETAX + AXET = —C, a generalized Lyapunov matrix equation (1.2)
X +AXB = C, Stein matrix equation (1.3)

AX +XB = C, Sylvester matrix equation (1.4)
AXB+CXD = E, a generalized Sylvester matrix equation (1.5)
AX+X'B = C, Sylvester-transpose matrix equation (1.6)
AXB+CX'D = E, a generalized Sylvester-transpose matrix equation. (1.7)

Here, A, B, C, D, and E are given matrices and X is an unknown matrix to be
found. An ordinary method for solving a linear matrix equation is to reduce it to an
equivalent linear system Uz = v by taking the vector operator. If U is a nonsingular
matrix, then the matrix equation has a unique solution. Since U is forming by the

Kronecker multiplication, the size of U may be enormous. For instance
(BT @ A+ D" ®C)vecX = vecE

is equivalent to (1.5) by taking the vector operator. Here, the symbol ® denotes the
Kronecker product and the operation vec(-) is the vector operator. Whenever the matrix
has enormous size, the computation will consume a long time and many memories.
In the recent decade, many researchers developed several iterative methods
for solving the matrix equation (1.1)(1.7). The obviously advantage of iteration is not
necessary use memories as massive as the regular method in a big dimension case. We
can classify such iterative method into two groups. The first group are stationary iterative
methods; see e.g. [13, 6, 9, 17, 2, 16]. These methods aim to construct a sequence of
approximated solution converging to the exact solution. The second group, known as
Krylov subspace methods, are semi-direct methods aiming to construct an orthogonal
basis for the associated vector space. The basis consists of (residual) vectors pointing
in direction so that the approximated solutions fastest approach to the exact solution.

In fact, the equations (1.1)-(1.7) are special cases of the following generalized



Sylvester-transpose matrix equation:

Zp:AiXBi + Zq:CjXTDj = E (1.8)

i=1 j=1
Recently, the matrix equation has been discussed extensively. In 2014, Hajarian pre-
sented a bi-conjugate gradient and bi-conjugate residual methods for the generalized
Sylvester-transpose matrix equation [3]. The Sylvester matrix equation and the gener-
alized Sylvester matrix equation has been solved by Yigin Lin in 2006 [12]. Yi-Fen Ke
and Chang-Feng Ma propose a nested splitting conjugate gradient method and a pre-
conditioned nested splitting conjugate gradient method for a large sparse coefficient
of the equation (1.5) [7]. To Solve a pair of matrix equations over generalized centro-
symmetric matrix, Hajarian and Dehghan propose iterative algorithm in 2008 [1]. Liang
and Liu propose two iterative algorithms for a minimum-norm and a least square solu-
tion of a pair of generalized Sylvester-conjugate matrix equation [10]. Wang, Cheng, and
Wei propose two iterative algorithms for the equation (1.7) in 2007 by applying conju-
gate gradient method [15]. In [8], Lei and Liao propose a minimal residual algorithm for
the inconsistent matrix equation AXB = C over symmetric matrices in 2007. The CGS
algorithm and the extended CGS algorithm for the general couple matrix equation has
been proposed by Hajarian [4].

In this paper, we intend to present a new choice of iterative algorithm to solve
the matrix equation (1.8) when the equation is consistent and has a unique solution.
Our method is based on conjugate gradient method idea. The propose method is
applicable as long as the coefficient matrix must be symmetric and invertible. The
method aims to construct a finite sequence of approximated solutions for the matrix
equation, based on orthogonality of associated residual matrices. The final step of

iteration comes out with the exact solution of the equation.

1.2 Objectives

1) Propose a conjugate gradient iterative algorithm for solving the generalized Sylvester-

transpose matrix equation

p q
> AXBi+Y C;X"D; = E. (1.9)

i=1 j=1

2) Investigate the convergent property of the proposed algorithm.

3) Provide some numerical examples to show the capability and performance of the

proposed algorithm.

1.3 Scope

We consider the matrix equation (1.9) when all coefficient matrices A,..., A,,

Bi,...,By,C1,...,Cq,Dy,...,D, and E are n x n real matrices. We eould like to find



p
an unknown matrix X € R"*". We assume that > (B ® 4;) +

symmetric.

1.4

Benefits

i=1

transpose matrix equation within finite iteration step.

1.5

Research methodology

1) Study fundamentals of matrix algebra and matrix analysis.

q
Z DT®C P(n,n) is
j=1

Obtain a new algorithm for finding a solution of the generalized Sylvester-

2) Study the Kronecker product of matrices, the vector operator, and related topics

from textbooks.

3) Study the direct method for solving linear matrix equations from textbooks and

research papers.

4) Study conjugate gradient algorithms for solving linear matrix equations from re-

search paper.

5) Propose a new conjugate gradient iterative algorithm for solving the generalized

Sylvester-transpose matrix equation.
6) Analyze and verify the convergent property of the proposed algorithm.

7) Provide some numerical examples

8) Discuss and conclude the result.

9) Write the thesis.

Table 1.1: The research schedule

Time frame

Activity 2019 2020 2021

Aug. - Dec. Jan. - Mar. Apr. - Jun. Jul. - Sep. Oct. - Dec. Jan. - Feb. Mar. - Apr. May. - Jul.
Step 1 (==
Step 2 o
Step 3 -y
Step 4 Gm ey
Step 5 —y
Step 6 —_—
Step 7 —
Step 8 (e ey
Step 9 R —




Chapter 2
Preliminaries

In this chapter, we recall fundamental tools for solving linear matrix equations
and analysing matrix iterative algorithms. For each m,n € N, we denote the set of m xn
real matrices by R™*", When n = 1, the set R® = R™*! is the set of m-dimensional

(column) vectors.

2.1 Fundamental tools from matrix analysis

Recall that the Kronecker product is a matrix product defined for two matrices
of arbitrary dimensions. Indeed, the Kronecker product of A € R™*" and B € RP*? is

defined to be
auB N alnB

A®B = € RmMPX"na,
amB ... amnB

Lemma 2.1. (see e.g. [5]) The following properties hold for any compatible matrices
A, B, C:

1. (A®B)" = AT @ BT,

2. (A+B)&C

AC+B®C,

3. A9 (B4+C) = A B+ A®C.

Recall that the commutation matrix P(m,n) is a permutation matrix defined by

P(m,n) = ii&jmg € Rmnxmn (2.1)

i=1 j=1

where each E;; € R™*" has entry 1 in position (i, j) and all other entries are 0. Moreover,

P(m,n) = P(n,m)T = P(n,m)~'. An important property of P(m,n) is as follows:
Lemma 2.2. (see e.g. [5]) For any A € R™*" and B € RP*4, we have
B®A = P(m,p)" (A® B) P(n, q). (2.2)

The vector operator vec(:) is a linear operator that maps any A = [a;;] € R™*"

to the column vector
VeC(A) = [a11 e Q1 A12 - s Q2 ... Q1 ...amn]T e R™",
Lemma 2.3. (see e.g. [5]) For any matrices A, B, C of compatible dimensions, we have

vec (ABC) = (CT ® A) vec(B). (2.3)



Lemma 2.4. (see e.g. [5]) For any matrix X € R™*" we have
vec(XT) = P(m,n)vec(X). (2.4)

Recall that the trace of a matrix A = [a;;] € R"™*" is defined to be the sum of all

elements on the main diagonal of A, that s,

trA = zn:a“
=1

Lemma 2.5. (see e.g. [5]) For any matrices A, B, X,Y of compatible dimensions, we
have
tr (ATYTBX) = (vec(Y))" (A® B)vec(X). (2.5)

Definition 2.6. The Frobenius norm of A € R™*" is defined by

1
n

Al = (iz) — (tr(a”a))t.

i=1 j=1

2.2 Conjugate gradient method for linear systems

The conjugate gradient method is the most famous iterative method in Krylov
subspace. Invented by Magnus Hestenes and Eduard Stiefel in 1952.
Consider linear system
Az = b (2.6)

in which the coefficient matrix A is positive definite as occurs in many applications. The

orthogonality with respect to the induced inner product

(u,v) = ul Av (2.7)

is very natural. Vectors that are orthogonal with respect to (2.7) are called conjugate
vector. That explain the half name of this method. ’Gradient’ from the minimization

principle. The solution z* is the unique minimizer of the quadratic function

p(z) = %xTAac — 2T (2.8)

The gradient vector vp(z) of the function points in the direction of its steepest increase

at the point and —vp(z) points in the direction of steepest decrease. Thus
—vp(z) = b—Ax = r,

where r is known as the residual vector. Note that » = 0 if and only if z = 2* such that
x* is a solution of linear system. Thus, each successive approximation x; was obtained

by the equation

T4l = Tk + teTk, where ry = b— Axy.



The scalar ¢ is represent the step length in direction as mentioned above. That is the

solution z* by successive approximation, with kth iteration step can be written

T = g + tppuf where Th = tyug + -+ tru

where, the conjugate vectors uy,...,u, form a A-orthogonal basis.

Assume that initial guess z, for the solution. The residual vector ro = b— Az = b
present the direction of steepest decrease of p(x) at the point zy. Next, original guess
was updated by moving in this direction, taking u; = 7o = b . The next iteration step is
r1 = zo+tiur = tyug, and choose the parameter ¢; so that the corresponding residual
vector r; which orthogonal to rq that is

0= rgrl = ||rol? —tlrgAul
= |Irol|* = t1(ro, u1)

= ||Iro||® — t1(u1, us)

Notice that Euclidean norm is defined by ||-||, and (u,v) is inner product defined by (2.7).

Hence,
2
t1 = 7”7“0“ , and x|y = g+
<U1,U1>A

Irol*
(u1,u1)a
is a new approximation solution. Assume that ¢; # 0, since otherwise the residual
ro = 0. It induce zo = 0 is the exact solution of the system, then there no reason to
continue the procedure.
Next step, update z; by moving in the residual direction r;, choose a direction s
which is conjugate (meaning A-orthogonal) to the first direction u; = ro. So, setting u, =

r1 + s1u1, Where s; is the parameter that determined by the orthogonality requirement

0 = <’LL2,’U,1>A
= (r1+s1u1,u1)a

= (r1i,u1)a + s1{ur, ui)a.

Therefore,
<7’1, U1>A

S1 = — .
T (un,un)a

Now, consider

(ri,u1)a = i Aug

and

1
(ur,ur)a = ui Aui = EH’"OH2~



Then, the second conjugate direction is

Il
Irall

Uy = T + S1U1, where
Next, update the new approximation solution

To = x1 +taus
= x9 + t1ug + tous

= tius + taug
so as to make the corresponding residual vector
T = b—AZL'Q =T _tQAUQ.

Then, using the A-orthogonality of r; and rs,

0= rfrg

= [Iral* = tory Aus

= |Ir)|® — tauo, us).

Therefore,
[l ]1?

(ug, ug)”

Again, assume that to # 0, as otherwise r; = 0 and x; would be the exact solution, so

ty =

the procedure would be discontinue.
Repeating this process, at the kth stage, there are already constructed the con-
jugate vector wy,...,u;, and the approximate solution z,. Then the next conjugate

direction is given by

_ ] Il
Ug4+1 = Tk + SpUk, wnere Sk = e
—1

results from the A-orthogonality requirement: (u;,u,) = 0 fori < k. The approximate

solution update as follows:

Thyl = Th + Lpp1Upi1

where

1

D —— and Tk+1 = b— A‘rk+1 = T — tk+1Auk+1
<Uk+17uk+1>

thy1 =

as small as possible and orthogonal to r.



Algorithm 1: A conjugate gradient algorithm for the linear system (2.6)
Start: Choose g, €.9. 79 =0

set ug =0
for k=0 ton—1 do
set r, = b— Axy;

if r, = 0 then
| print 'z, is the exact solution’ ; break

else
if &k =0 then
set u; = rg
else
_ ll7ell®
set upy1 =71k + Treo 1] Wk
end
end
end
_ llrs 11
set Tht1 = Tk + uz+1Auk:+1uk+1
next k
end

2.3 Conjugate gradient algorithms for solving a generalized

Sylvester-transpose equation

In 2007 [15], Minghui Wang, Xuehan Cheng, and Musheng Wei proposed two
algorithms for solving the matrix equation

AXB + CX"D = E. (2.9)

They established two algorithms by conjugate gradient method. The first al-
gorithm for the equation is consistent and a solution can be obtain within finite step
for any initial matrix. The second algorithm for inconsistent equation. a least square
solution can be obtain within finite step for any initial matrix.

The first algorithm for the consistent matrix equation as follows:



Algorithm 2: A conjugate gradient algorithm for consistent matrix equation
For arbitrary initial matrix X; € Rjx»
Start: Set Ry, = E—- AX;B-CX{D
P, = ATR,BT + DRTC
Q1 = P
for k = 1,2,... do

if R, = 0 then
| X, is the exact solution; break

else
X = X, + HRkHZQ
k1 kT Qu|Z <k
Rpy1 = E— AXpB—CX[ D
Pk+1 = ATRk+1BT + DR{_,’_lC

tr(PY_, Qx
Qi1 = Poy1 — WQ/@
next k
end

end

To prove the convergent property, they show some properties as follow:

Lemma 2.7. ([15]) Suppose that the matrix equation (2.9) is consistent and the se-
quence {R;} and {Q;} are generated by Algorithm 2. For a natural number £ > 1,
such that R; Z0 foralli =1,...,k, then {R;}F_, and {Q;}%_, are two sets of orthogonal

matrices.

Theorem 2.8. ([15]) Suppose that the matrix equation (2.9) is consistent. The sequence
{X}} generated by Algorithm 2. Then for any initial matrix X; € R™*"™ converges to a

exact solution of (2.9) in at most In + 1 iteration steps.

When the matrix equation (2.9) is inconsistent, they consider the least square

problem

min |E—-AXB-CXTD|. (2.10)
XEeR™*P

To find a least square solution, they consider the equation equivalent to (2.10) that has

the form
ATAXBBT + ATCXTDBT + DBTXTATC + DDT"XCTC = ATEBT + DETC. (2.11)

Adopting the same idea of Algorithm 2 for equation (2.11), they propose algo-

rithm as follows:
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Algorithm 3: A conjugate gradient algorithm for inconsistent matrix equation
For arbitrary initial matrix X; € Rjx»

Start: Set
R, = ATEBT + DETC — AT(AX,B+ CXTD)BT — D(BTXT AT + DTX,C7)C,
P, = AT(AR,B+ CRTD)BT + D(BTRT AT + DTR,CT)C,

Q1 = Py
for k = 1,2,... do
if R, = 0then
| X, is the exact solution; break
else
AR
X1 =X + Qk
* |QklI?
Riyy1 = ATEBT + DETC — AT(AX1 B+ CX[ . D)BT — D(BT X[ AT+
DTX,,0T)C,
Pyy1 = AT(ARy 1B+ CR{,,D)B" + D(B'R{, | A" + D" R, CT)C
tr (PkT 1Qk)
Q =Ppp1 — — 2 22Q
k+1 k+1 PR k
next k
end

end

To Prove the convergent property of Algorithm 3 is the same way that prove
convergent property of Algorithm 2.



Chapter 3

Conjugate Gradient Algorithm for a Generalized

Sylvester-Transpose Matrix Equation

3.1 A direct method to solve a generalized Sylvester-transpose matrix

equation

Consider the matrix equation (1.8) when 4;, B;, C;, D;, E € R™*" for any i,j =
1,2,...,p. We can apply the vector operator to Eq. (1.8), and we get

p q
vec (E) = vecC (Z A; XB; + ZC]‘XTD]')

i=1 j=1

-

Il
-

|
.Mﬁ

(B} ® A;) vec(X) +

1 J

(D] ® C;) vec(X™)

2

[
NE

(Bf ® A;) vec(X) +
1 J

i(BiT@)A +i DT ® Cj) )) vec(X) (3.1)

=1

(DT ® C;) P (n,n)vec(X)

.
Il
I M S
—_

Il
—

Let us denote

p q
M =) (Bl'®A4;)+> (D] @C;) P(n,n),z = vec(X),b = vec(E). (3.2)
i=1 j=1

Thus, Eq. (1.8) is equivalently transformed to a linear algebraic system Mz = b.
Hence, Eqg. (1.8) has a unique solution if and only if the matrix M is invertible. In this
case, the solution is z = M ~'b, and we can get the unknown matrix using the injectively

of the vector operator.

3.2 A conjugate gradient algorithm

In this section, we propose an iterative algorithm for solving the matrix equation
(1.8). We suppose that the matrix M in invertible, so that Eqg. (1.8) has a unique solution.
To derive an iterative procedure, we apply the idea of a conjugate gradient algorithm.

Indeed, for a consistent linear system
Ku = f (3.3)

with n x n positive definite coefficient matrix K, we have Algorithm 1.
From now on, suppose that the matrix M is invertible and symmetric. We

propose the following algorithm:
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Algorithm 4: A conjugate gradient algorithm for Eq. (1.8)
Start: Set £k = 0

Choose X, eg Xo =0

Ry = E— ZAXOB ZCXOTD
1=1 Jj=1

for k =0 to n?2—-1 do

if R, = 0then
| X, is the exact solution; break

else

if £k = 0 then
Py = Ry

else
| Punt = Rt bl P

end

p q
Qry1 = ZAiPkHBi—i—ZCijTHDj

i=1 j=1
g1 = tr (P;€T+1Qk+1)
Xpot = Xp + LBl p

Qk+1
q
Rj41 = E— Z A Xp41B; — Z C;XL1D;
i=1 j=1
next k
end

end

From the main computation

| R[>

Xp+1 = Xi +
Qk4+1

F%+la

we call X4, the next point, X, the current point, and P, the search direction. The
step size ||Rg||?/ak+1 is chosen so that the set {R;} of residual matrices is orthogonal,
as we shall see later. To avoid roundoff errors from computations, we may introduce
a small tolerance error ¢ > 0 and use ||R;|| < e to be the stopping rule, instead of the
condition R, = 0.

Next, we shall show that Algorithm 4 leads to the exact solution in at most

n? + 1 iterations. We divide the proof into several lemmas as follows.

Lemma 3.1. Suppose that the sequence {R;} is generated by Algorithm 4. We have

||Rk||2

}%k+1 = R, — (2k+— “ﬁor k=1,2,.. (3.4)
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Proof. From Algorithm 4 , we have that for any k € N,

Ry 11

Thus, Eq.

:Rk:

P q
—E-Y AXpnB Y CX[.D;

i=1 j=1

T
|Rk||2 - i
Z ( Pep1 ) Bi=) Cy( Xy + o D] D

i=1 Qk+1 =1 k41

P q 2 q
= E-Y AXyBi— Y CiX[I'D;— (0 (Z AiPyi1 B + ZCijTHDj)

=1 Jj=1 i=1 j=1

||Rk||2

Q+

(3.4) holds. L]

Lemma 3.2. The sequences {P,,} and {Q,,} generated by Algorithm 4 satisfy

tr (PTQ,) = tr (QTR) (3.5)

for any s,t € N.

Proof. We apply Lemmas 2.1-2.5. Indeed, we have

tr (PlQy)

tr

P q
pr (Z A;PB; + Y C;PF Dj>

i=1 j=1

vec(P;) (i (Bl ® 4;) + s (D] & C;) )) vec(P,)
1

i=1 j=
vec(Ps) (i (B; ® AT) + P(n,n) i D; ®CT )vec(Pt)
i=1 =1
vec(P;) 3 (B; ® Af)) vec(P,) + vec(FP) (P(mn) zq: (D; ® C]T)) vec(P,)
j=1

vec(P;) Zp: (B; ® Af)) vec(P;)

+ vec(P, ( zq: D;®CY) ) P(n,n)vec(Pl))
vec(Py) <§p: (Bi ® Af)) vec(P;) + vec(P;) zq: (C] @ D;) vec(P])
i=1 j=1

P p
tr (PST (ZATPtBT>> +tr <PST (ZDiPtTCj))
i=1 i=1

p p
tr <Z PT AT p,BT ) +tr (Z pr DiPtTCJ)

=1 =1

p p
Z PF AiPSBZ) +tr (Z pPro;pPr Di>
i=1 i=1

tr(PFQ Qs)

(
(Q: P

tr
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Hence, Eq. (3.5) holds. []

Lemma 3.3. The sequences {R,.}, {P} and {Q.,} are generated by Algorithm 4 satisfy
tr (R Ryo1) = 0, tr(PL,1Qm) =0 (3.6)
for any m.

Proof. To prove this conclusion, we use induction principle. In order to compute re-
lated terms, we use Lemmas 3.1 and 3.2.

First, for the initial step m = 1, we have

Roll> . \"
(Ro—” ol Ql) Ry
aq

HRoll

tr (R{ Ro) = tr

— tr (RTRy) — tr (Q1 Ro)
= tr (R{ Ro) — HRO” tr(QT 1)
= |[Roll* - ||Ro||2

= 0’

and

tr(PyQi) = tr

T
| R]?
R P,
( 1+ [ Ro|? 1 Q1

| R

= tr (RTQl) 1% H2tr (PlTQl)
Ru?
:trRT( M (Ry—R )} 1B
V(e o= 70 ) | + R
Ry?
= tr (RTR 12,
T I (RTRY) + e
= 0.

Second, suppose that (3.6) holds for m = k, we have (Rf R,—1) = 0 and (Pl ,Qx) = 0.

Thenform = k+1,
Ry||? T
<Rk - Hka+1) Ry,
Of41

R
” k” tr(QkJrle)

R Ry
- I ) [le (P - k) |
- Rei]

”RkH

tr

tr (Ri, Ry)

= tr (R{Ry) —

| Re|* — tr (Qk+1Pk+1>

1R — IIRkII2

207
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and we have

=

P L
k1 T TAE P ] Qi

R 2
=1tr (R{+1Qk+1) + B tr (PE+1Qk+1)

[ R [?

[ (677 Rk 2
= tr Rk+1 <||R+||12 (Rg —Rk+1))] + ||||R:ﬁ|2| gy r (PJCT+1Q1€+1)
(R R — (R Rie)] +

HRkII2 [ R [?

| R |? | R |?

= 0.
Hence, the conclusion (3.6) holds. L]

Lemma 3.4. Suppose the sequences {R,}, {P,} and {Q,} are generated by Algorithm
4.Then

tr (RERo) = 0, tr (PL,Q1) = 0 (3.7)
for any n.

Proof. We prove by induction. For n = 1, we have tr (RTRy) = 0 and tr (PfQ:) = 0
by Lemma 3.3. Now, suppose that Eq. (3.7) is true for all n = 1,...,m. From Lemmas

3.1 and 3.2, forn =m+ 1, we have

R,.|I?
tr (R, Ro) = tr (R Ro) — Ha +|1 tr(QL 1 Ro)
— Rwl? A7
2
= Mnlyegr, )
a7n+1
= ”R I tr(Pg;-HQl)
Om41
p— O’
and
R,
tr (Pl 2Q1) = tr(RL Q1)+ ||R+|1|2tr(PT+1Q1)
= tr(R£+1Q1>
= Q) - g prg,)
m+1
= tr(PL, Q1) - Mtr(PTQl)
m—+1 ||Rm—1||2 m
= 0.

Therefore, the conclusion (3.7) holds for any n. []
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Theorem 3.5. Suppose the sequences {R;}, {Ps} and {Q;} are generated by Algorithm
4. Then for any s,t such that s # ¢, we have

tr (RL_,R,—1) = 0, tr (PTQ,) = 0. (3.8)

Proof. We prove by using induction. Lemma 3.3 assures that the two equalities in Eq.

(3.8) holds for s = t+ 1. Before we process induction step, we consider

1Rt

tr (R?+2Rt) = tr(R?JrlRt)_ Oét+2||2 tr<Q?+2Rt)

| Rey1ll” (Al

= ame [@0Pe) ~ [T (@GP
|Rial® IIR|? [ T [ Rt ]

= tr (R - tr (P,
dere TR |7 @) = T (P @)
[Res1ll® IRelI”  ou T

= (R Ri—1) —tr(R,.R
ito HRt 1”2 ||Rt 1H2[ ( t+144 1) ( t+1 t)}

_ Rl IR o

tr (Rg-lRt 1)

aryy  [[Real? [[Re-a]?

R
tr (P1,Q:) = tr(RL,, Q) + Hllgﬁ! tr(PL.Q1)
(6%
- m [tr (RT, Ri—1) — tr (R4 RY)]
o R
= TR {tr (RTRy—1) — I :” tr (QF 1 R 1)]
o |R]P |Ri—1]1?

T _
R )? cvegn [tr (Qi11Pr) — P tr (Qt+1Pt1):|

o |[Re)? [ Rea?
[Ri—1l]? apyr [[Ri—2l?
_ . | Re|)? || Re—1||?
|Ri—1l|* csp1 ||[Re—2]|?

tr (QtTﬁ»lpt*l)

tr (P L1Qi-1)

R
tr (R4 1 Rim1) = (BRI Riy) — ()|Jt+t1|l|2 Q1 Ri—1)

Ry R
AR e )

Qg1
IIRtIIQIIRt—lP{ T (AR
= tr (R _1) —
(Re Q1) = R e

Ayl ||Rt72\|2

tr (PtTQt_l)}

IR IRl . )
B tr(R{ R tr(RT R,
a1 || Re—2l? ||Rt 2||2 [ ( t—2) — tr(R; Ry 1)}

IRZ Rl s o
= tr(R; Ri_s),
ot |Booal? [Reo]? o Fi2)
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and

1R 12
([ R ?

tr (PLyQi—1) = tr(RT Q1) + tr(Pr Q1)

- Hé‘t NE [tr (R R,_5) —tr (RFRy_1)]
Qp_ R
- e {tr (RT Ryy) — Tl 1” tr(QF R”)]
-1 ||[Re-a|? | R:—2|?

S L [tr(QtTpH)_

[Ri—2ll*

a1 ||Rea|? [ Re—2l?

1R T QT ”)}

tr (Qth,Q)

TR 2P a [Res|?

a1 R ||Rt72||2tr(PTQ )

= t* .
[Ri o> ar [|Res]?2 V!

Similarly, we can write tr (RY,,R;) and tr (P%,Q;) in terms of tr (Rf,;R,—1) and
tr (PL,Q.-1), respectively. Repeating this process until the terms tr (Pf'Q,) and tr (RZ Ry)
show up. By Lemma 3.4, we get tr (RL,;R—1) = 0and tr (P5,Qi—1) = 0.

Next, we compute

R 2
tr (RtT+3Rt) = tr(R$+2Rt) - HC;:;” tr(QtTJrth)
| Rey2ll? T IR* [ 7
S el Piiy) — P,
s t (Qt+3 t+1) ||Rt71||2 (Qt+3 t)
Rl IR r
— P,
vy ||Re—1]? (QraFr)
[Riall® IR
- s |[Re-a? (Pg;3Qt)
[Re2ll® ||| [ | Rit2ll? }
= - tr (R + tr (P,
aers TR [ Fee2@) + R b (Peae)
[Reval® IIR® o T
— tr (R, ,Ri—1) —tr (R;_-R
irs  ||Re1|? [|[Ree 1”2[ ( t++2144 1) ( t+2 t)]
[Revoll® [R® o

- _ tr(RY R, _
iz || Re—1]? || Re—1]|? (Riyafia).

and
tr (PL,Q:) = tr(RE | Beco* tr(P
t+3 t) - r( t+2Qt)+ ||Rt+1||2 r( +2Qt)
(67
= m [tr (RZ;_QRtfl) —tr (RtT_‘_QRt)]
2
- e (AT me) - L ()|
||Rt 1H2 Qip42
o [ Resa? [ T | R T }
= — tr P) — tr P
Bl a0 |7 S (QhaFi)
o |[Rega|]? | Re—1]? T
— r P
[Bal? ars TR (@efin)
o R | |Re—s|?

0 At th PR Laal-
|R:-1]|2 a1 || Re—2]|? (ProQia)



Also, we have

R 2
tr (R o Re1) = tr(Ri Reo1) — %tr(Qﬁthﬂ)
t+
[ R { T [Re1l® 7 }
= ——— |tr P) — P,
Qg2 (Qt+2 t) ||Rt72||2 (Qt+2 t)

|Recll® IRl [ yr
p— P_
apyo ||[Re—a? (QesrPrr)
[Real® [[Re—1l® / pr
= e (Pt+2Qt*1)

Q42

Rl 1R | [Res1

- PR T [tr(R?HQt)Jr AR tr(P,Z;lQH)]

HRtHHQ ”RFIH2 Q1 T T
= " ome TRl TR B Bem2) — 1 (Bl Re)

Res 2 Bl aos o
= — tr(R;, . Rs_
arrs [RialP TR o i fii=2).

JE
tr (PoQi—1) = tr(R Qi) + ||||]i7:|1||2| tr(PL Q1)
= ||Rt—2H2[ (R{y 1 Ri—2) (RT 1 Ri—1)]
a1 IR )?
~ Rl {tr (s Re-2) = Qg1 tr (QF 1 Ri—2)

a1 ||Re? T | Ri—2|? T
Re—al® cors tr (Qt+1pt—1) - e tr (Qt+1pt—2)
o [Re? [ Re—2?
[Ri—2ll* aryr [[Re-3]?
o [Re? [ Rea?
[Ri—2ll? apy1 [[Ri—sl?

tr (QtT+1Pt72)

tr (Pt,]_;_th_Q) .
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Hence, we can write tr (R{,3R;) and tr (P4 4Q;) in terms of tr (RI ,R;—1) and

tr (PL,Q:—1). We use this idea to prove the conclusion (3.8)

Suppose that tr (RI_,R{_,) = 0 and tr (PIQf) = 0 for s=t+1,...,m. Then

for s =m+ 1, we get

tr (RLRi—1) = tr

Qm—1

Ry T
<Rm—1 _ H n 1“ Qm—l) Rt—l

2
— (BT Rey) — el or R,

«a 1 m—1
m—
- _ HRm—l ||2

a1 tr (Q£_1Rt—1)

Ry_1]? Ry 1]?
— 7H 1|| tl’[ Zn_l <Pt Hoét 1|| Pt—l>:|

Qo —1 t—2
[ Rpm—1]? [R:—1]
= _ai_ll[tr( 571Pt) - Oétti_lz ( Zﬂwlptfl)]

= 0,
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and thus

tr(PLQ) = tr

m—1""

T
(s |Roll® ) Qt]

_ tr(RT IRl 4 pr
= tr(RmQt)+a _1tr(PmQt)

m

[0
= m [tr (R;‘,;LRtfl) —tr (RZ;R,:)]

= 0.

Hence, by induction principle, the conclusion (3.8) holds for any s,t such that

s #t. []

Theorem 3.6. Suppose that the sequence {X,} is eenerated by Algorithm 4. Then for
any initial matrix Xy, the exact solution X can be obtained in at most n? iteration steps.

Proof. Suppose that R, # 0 form = 0,1,...,n% — 1. Then we compute X,:. Assume
that R,= # 0. By Theorem 3.5, the set {Ry, Ry, ..., R,2} is orthogonal in R™"*". So,
{Ro, R1, ..., Rz} is linearly independent. Since the dimension of R"*" is n2, any linearly
independent subset of R"*" must have at most n? elements. So this is false because
{Ro, R1, ..., R,2} has n?+1 elements. Thus R,» = 0. Hence X, is a solution of the

equation. []



Chapter 4
Numerical Experiment

In this chapter, we provide numerical examples to show the capability and
performance of Algorithm 4. This algorithm has been carried out by MATLAB R2013a,
Intel(R) Pentium(R) CPU N3540 @ 2.16GHz 2.16 GHz, RAM 4.00 GB.

Example 4.1. Consider the matrix equation
A1XB) + A XBy;+CX"D = E

where

12 7 9 11 7T 4 0 9 5 2 0 9

7T 3 16 13 4 7 11 5 2 8 2 11
Al = B A2 = ) B2 - ’

9 16 17 14 0 11 8 12 0 2 9 0

11 13 14 2 9 5 12 14 9 11 0 5

2522 2781 711 2880
2143 3191 742 3368

E= ,and By =C =D = I4.
3157 2454 565 3887

3721 5013 1172 5389
We can verify that the matrix equation has a unique solution

12 2 7 3

3 0 2 9
X =

0 11 0 0

5 4 0 12

By using Algorithm 4, we choose initial matrix X; = 0 and use ¢ = 1078 for

stopping this process. In fact, we arrive at

11.9999 1.9999 6.9999 2.9999
2.9999  0.0000 2.0000 8.9999
0.0000 10.9999 0.0000 0.0000
4.9999  3.9999 0.0000 11.9999

in 21 iterations. Figure 4.1 shows the errors of solutions converge to zero.
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Figure 4.1: The errors of solution for Example 4.1

Example 4.2. Consider the matrix equation

A1 XBy + Ay X By + A3XBs +CXTD = E

with
0 6 3 6 5 7 8 6 5 4 10 7
Ai=16 2 8|,42=1|5 10 7|, 43=16 3 5|,Bi=[10 6 6],
3 89 707 1 5 5 8 7 6 6
7 2 3 8 6 4 3 9 4 38 21 61
Bo=12 9 2|,Bs=|6 10 1|,C=D=|9 10 4|,and E= |23 32 25|.
3 2 4 4 1 8 4 4 10 15 38 63

We applied Algorithm 4 to compute X}, with stopping rule e = 10~8. We provide
three different initial matrices, such as the identity matrix, the zero matrix, and a random

matrix
38 21 61

Xo= (23 32 25]|.

15 38 63
Table 4.1 shows the errors of solution with three different initial matrices within

9 iteration steps. We see that any initial matrix construct approximated solutions which

converge to an exact solution.

Table 4.1: The errors of solution with different initial matrices

k 5 6 7 8 9
Identity matrix 2.28e+1 1.84e+1 3.61e-1 8.05e-3 1.84e-11
Zero matrix 3.42e+0 2.80e+0 7.43e-1 5.25e-4 3.73e-12

Random matrix 4.40e+1 1.59e+1 4.2%e-1 1.25e-4 4.44e-12
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Figure 4.2: The errors of solution with different initial matrices for Example 4.2

Next, we provide an example to show that the computational time of Algorithm
4 is less than the time consumed by the direct method when the matrix has enormous
size.

Example 4.3. Consider the equation (1.8) where the matrix coefficients 4;, B;,C;, D;, E
suchthati=1,...,3and j =1,...,4, are 40 x 40 real tridiagonal matrices as follows:

A, = trid(1, -3, 1), Ay =trid(—1,-2,-1), Ay =trid(-1,3,-1),

B, = trid(2,1,2), B, = trid(1, 3, 1), Bs = trid(0, -3, 0),

Cy =Dy =1rid(2,0,2), Cy =D, =trid(1,—1,1), Cs= D3 = trid(—1,0,-1),

Cy = Dy =1rid(0,2,0), and E=1,.
We choose initial matrix X, = 0 and a small tolerance ¢ = 1012

The direct method takes around 122 seconds to obtain the exact solution. How-
ever, solving this problem via Algorithm 4 consumes only 0.568547 seconds within 103
iterations and the error norm ||Rygs|| = 8.8733 x 10~13.

Table 4.2: The errors of solution in case of enormous size

k 20 40 60 80 100 103

Algorithm 4 5.62+0 3.45e-4 1.22e-6 2.44e-9 4.17e-12 8.87e-13




Figure 4.3: The errors of solution in case of enormous size for Example 4.3
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Chapter 5

Conclusion and Suggestion

5.1 Conclusion

We propose an iterative procedure (Algorithm 4) to construct a sequence of
approximate solutions for the generalized Sylvester-transpose matrix equation (1.8).
The algorithm is applicable whenever the matrix M, defined by Eq. (3.2), is invertible
and symmetric, not necessarily positive definite. We get the exact solution within n?
iterations. Moreover, Algorithm 4 can be applied to any special case of Eq. (1.8), e.q.
Egs. (1.1)-(1.7).

5.2  Suggestion

This algorithm provides an exact solution within n? iterations but the error of
solution has been fluctuated of computation. The further research may include other

condition for decrease the error of solution steadily.
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Abstract

In the present paper, we propose a semi-direct method to find
the exact solution of a generalized Sylvester-transpose matrix equa-
tion, namely a conjugate gradient method. The proposed method is
applicable for the matrix equation whose matrix coefficients constitute
an associated symmetric matrix. The method aims to construct a finite
sequence of approximated solutions for the matrix equation, based on
orthogonality of associated residual matrices. The final step of iteration

comes out with the exact solution of the equation.
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1 Introduction

Linear matrix equations are famous problems often shown up in mathematics and

engineering, especially control theory, system theory, see e.g. [10], [17]. There are many well-

*Corresponding author
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known types of matrix equations such as the following:

AX - XAT = ¢, Lyapunov matrix equation (1.1)
ETAX + AXET = —C, a generalized Lyapunov matrix equation (1.2)
X+AXB = C, Stein matrix equation (1.3)
AX+XB = C, Sylvester matrix equation (1.4)
AXB+CXD = E, a generalized Sylvester matrix equation (1.5)
AX +X"B = C, Sylvester-transpose matrix equation (1.6)
AXB+CX'D = E, a generalized Sylvester-transpose matrix equation. (1.7)

Here, A, B, C, D, and E are given matrices and X is an unknown matrix to be found.
An ordinary method for solving a linear matrix equation is to reduce it to an equivalent linear
system Uz = v by taking the vector operator. If U is a nonsingular matrix, then the matrix
equation has a unique solution. Since U is forming by the Kronecker multiplication, the size

of U may be enormous. For instance
(BT@ A+ D" ®C)veceX = vecF

is equivalent to (1.5) by taking the vector operator. Here, the symbol & denotes the Kronecker
product and the operation vec(-) is the vector operator. Whenever the matrix has enormous

size, the computation will consume a long time and many memories.

In the recent decade, many researchers developed several iterative methods for solv-
ing the matrix equation (1.1)-(1.7). The obviously advantage of iteration is not necessary use
memories as massive as the regular method in a big dimension case. We can classify such
iterative method into two groups. The first group are stationary iterative methods; see e.g.
[2,5,8,12,15,16]. These methods aim to construct a sequence of approximated solution con-
verging to the exact solution. The second group, known as Krylov subspace methods, are
semi-direct methods aiming to construct an orthogonal basis for the associated vector space.
The basis consists of (residual) vectors pointing in direction so that the approximated solutions

fastest approach to the exact solution.

In fact, the equations (1.1)-(1.7) are special cases of the following generalized Sylvester-
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transpose matrix equation:
P q
Y AXBi+Y CX'D; = E (1.8)
i=1 j=1

Recently, the matrix equation has been discussed extensively. In 2014, Hajarian presented a bi-
conjugate gradient and bi-conjugate residual methods for the generalized Sylvester-transpose
matrix equation [3]. The Sylvester matrix equation and the generalized Sylvester matrix equa-
tion has been solved by Yiqin Lin in 2006 [11]. Yi-Fen Ke and Chang-Feng Ma propose a
nested splitting conjugate gradient method and a preconditioned nested splitting conjugate gra-
dient method for a large sparse coefficient of the equation (1.5) [6]. To Solve a pair of matrix
equations over generalized centro-symmetric matrix, Hajarian and Dehghan propose iterative
algorithm in 2008 [1]. Liang and Liu propose two iterative algorithms for a minimum-norm and
a least square solution of a pair of generalized Sylvester-conjugate matrix equation [9]. Wang,
Cheng, and Wei propose two iterative algorithms for the equation (1.7) in 2007 by applying
conjugate gradient method [14]. In [7], Lei and Liao propose a minimal residual algorithm
for the inconsistent matrix equation AX B = C' over symmetric matrices in 2007. The CGS
algorithm and the extended CGS algorithm for the general couple matrix equation has been

proposed by Hajarian [4].

In this paper, we intend to present a new choice of iterative algorithm to solve the matrix
equation (1.8) when the equation is consistent and has a unique solution. Our method is based
on conjugate gradient method idea. The propose method is applicable as long as the coefficient
matrix must be symmetric and invertible. The method aims to construct a finite sequence of
approximated solutions for the matrix equation, based on orthogonality of associated residual

matrices. The final step of iteration comes out with the exact solution of the equation.

2 Preliminaries

In this section, we recall fundamental tools for solving linear matrix equations and
analysing matrix iterative algorithms. For each m,n € N, we denote the set of m x n real
matrices by R™*". When n = 1, the set R™ = R™*! is the set of m-dimensional (column)

vectors.

Recall that the Kronecker product is a matrix product defined for two matrices of arbitrary

dimensions. Indeed, the Kronecker product of A = [a;;] € R™*" and B € RP*? is defined to
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be
apnB ... ap,B

A®B = : : € RmPxna,
amB ... @B
Lemma 2.1. The following properties hold for any compatible matrices A, B, C':

I (A@ B)T = AT ® BT,
2. (A+B)®C = A®C+B&C,
3. A (B+C) = A B+ AxC.

Recall that the commutation matrix P(m,n) is a permutation matrix defined by

m

P(m,n) = ZZE” ®E’1; c Rmnxmn @1

i=1 j=1

where each E;; € R™*" has entry 1 in position (¢, j) and all other entries are 0. Moreover,

P(m,n) = P(n,m)T = P(n,m)~'. Animportant property of P(m,n) is as follows:

Lemma 2.2. Forany A € R™*" and B € RP*9, we have

B®A = P(n,p)" (A® B) P(n,q). @2

The vector operator vec(-) is a linear operator that maps any A = [a;;] € R™*" to the

column vector
vec(A) = [ay1 .. Gm1Grz .. G ... G1p - oG] € R™.
Lemma 2.3. For any matrices A, B, C of compatible dimensions, we have
vec (ABC) = (CT ® A) vec(B). 2.3)
Lemma 2.4. For any matrix X € R"™*", we have
vec(X") = P(m,n)vec(X). (2.4)
Lemma 2.5. For any matrices A, B, X, Y of compatible dimensions, we have

(vec (V)" (A® B)vee (X) = tr (ATY"BX). (2.5)
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The Frobenius norm of A € R™*" is defined by

A

1
= <Z Za?]) = (ir(A74))7.
i=1 j=1
3 A direct method to solve a generalized Sylvester-transpose matrix eqia-
tion
Consider the matrix equation (1.8) when A;, B;, C;, D;, E € R™" for any i,j =
1,2,...,p. We apply the vector operator to Eq. (1.8) to get

» q
vec (E) = vec (Z AXBi+Y CjXTD])
i1 =1

= (BT ® A;) vee(X) + i (DT & C;) vee(XT)

1 j=1

(Bf ® A;) vec(X) + Z (D] ® Cy) P (n,n) vee(X)

1 j=1

Z (Bf ® A) + i: (DT & C;) P(n, n)) vee(X). 3.1

i=1 j=1

I
H'Mﬁ

Il
R

Let us denote

14 q

z = vee(X), b=vee(E), M=) (BIeA)+> (D] ®C)Pnmn). (32)
i=1 j=1

Thus, Eq. (1.8) is equivalently transformed to a linear algebraic system Mz = b. Hence,

Eq.(1.8) has a unique solution if and only if the matrix M is invertible. In this case, the solution

isw = M~'b, and we can get the unknown matrix using the injectivity of the vector operator.

4 A conjugate gradient algorithm for a generalized Sylvester-transpose
matrix equation

In this section, we propose an iterative algorithm for solving the matrix equation (1.8).

We suppose that the matrix M is invertible, so that Eq. (1.8) has a unique solution. To derive

an iterative procedure, we apply the idea of a conjugate gradient algorithm. Indeed, for a
consistent linear system

Ku = f 4.1
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with n X n positive definite coefficient matrix &', we have Algorithm 1.

Algorithm 1: A conjugate gradient algorithm for the linear system (4.1)
Start: Choose g, e.g. ug =0
set vg = 0
for k = 0 to n—1 do

set 1, = f— Kuy;
if 1, = 0 then
| print "u is the exact solution’ ; break
else
if & = 0 then
set v =1g
else
_ I ]|
P .
‘ set Vg Ty + Hrk—luzvk
end
end
end
set wpy = uy, + Al g
k+1 b ST Ky Uk
next k
end

From now on, suppose that the matrix M is invertible and symmetric. We propose the

following algorithm:

Algorithm 2: A conjugate gradient algorithm for Eq. (1.8)
Start: Set k = 0

X() :O,R():E,Pl :RO;
for k = 0 to n®>—1 do

if R, = 0 then
| X} is the exact solution; break

else

P = R.+ 1Rk P
k+1 'k [ k
P

a
Qi1 = EAiPkHBHFZCijT«HDj

i=1 =
Q1 = H(Pg+1Qk+l)

R 2
Xip1 = Xp + Blp

k41

P q
Ry = E—=Y AXpBi =Y C X[, D;

i=1 j=1

next k
end

end
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From the main computation

R, 2
Xpp1 = Xi + A

Qp+1

Py,

we call X}y, the next point, X, the current point, and P, ; the search direction. The step size
|| Ri]|?/cu11 is chosen so that the set { ;} of residual matrices is orthogonal, as we shall see
later. To avoid roundoff errors from computations, we may introduce a small tolerance error

e > 0 and use || Rx|| < € to be the stopping rule, instead of the condition R), = 0.

Next, we shall show that Algorithm 2 leads to the exact solution in at most n? -+ 1 itera-

tions. We divide the proof into several lemmas as follows.
Lemma 4.1. Suppose that the sequence { R;} is generated by Algorithm 2. We have

_ R

Qi1

Ry = Ry, Qryr for k=12, . (4.2)

Proof. From Algorithm 2 , we have that for any & € N,
P q
Ry =E =Y AiXenBi Y CiX{,D;
i=1 j=1

- Il 251 3 [l 2 1? ’
= E-Y A Xe+ P | B = YO ( Xy + P ) D
1

el Qg
i=1 ket = k1

P a 2 [P q
R
= E- E Ai X By — g CiXID; — % (2 AP B; + E C'.a'PkTHDj)

i=1 j=1 Y1\ j=1
R 2
= Ry — 7" Qkt1-
Qpt1
Thus, Eq (4.1) holds. O

Lemma 4.2. The sequences { P,,,} and {Q.,} generated by Algorithm 2 satisfy

tr (PTQ,) = tr (QTR) 43)

forany s,t € N.
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Proof. We apply Lemmas 2.1-2.5. Indeed, we have

tr

tr (PQ;)

p q
P (Z APBi+Y G,-RTDJ>

i=1 =1

S

= vec(P,) (Z (B @A) + Z (Df @ Cy) P(n,n)) vec(P)

i j=1

Il
=

= vec(FPs) <
= vec(Ps) <

+ vec(Ps) (P(’Vlﬂl) Z (D;j® CJT)> (P(n,n) vec(PT))

=1

P P
- tr (Z PtTAinB,v) +tr <Z PtTC]PSTD1>

—

I
—

(B: ® AT) + P(n,n) i (D;j® ('f)) vec(P;)

j=1

(B;® A,’)) vec(P,)

Il
=

i

=1 i=1

— «(PTQ.)
- w(Q"R).

Hence, Eq (4.2) holds. O

Lemma 4.3. The sequences {R,,}, { P} and {Q,,} are generated by Algorithm 2 satisfy
tr(RLRy1) =0,  t(PL,Q,) =0 4.4)
for any m.

Proof. To prove this conclusion, we use induction principle. In order to compute related terms,
we use Lemmas 4.1 and 4.2.
First, for the initial step m = 1, we have
o\ _ o (prp Rl or
tr (R Ry) = tr (R{ Ry) ol (QT Ro)
1

| Roll* = || Roll?

=0,

36



APAM 2021
Annual Pure and Applied
Mathematics Conference 2021

and

(B
[ ol

tr (P{Q,) = tr(R{Q:) +

(%)
= — HROHZ tr (RTBl) +

0.

tr (PlTQl)

LA
R

Second, suppose that (4.4) holds for m = k, thatis (R Ry_1) = 0. Thenform = k+1,

R
Q1

[EAS
= [|R]* — KU( et Prr)

tr (R Ry) = tr (RYRy) tr (QF .1 Ri)

=0,

and we have

[ R [
12212

tr (qu:m Qk+1)

|Bnl?
TR !

tr (Pﬂsz) =1 (R£+1Qk+1) +

e LR = (RLaRu)] +

0.

Hence, the conclusion (4.4) holds. O

Lemma 4.4. Suppose the sequences { R,,}, { P,} and {Q),,} are generated by Algorithm 2.Then

tr(RTRy) =0, r(Pl,Q1) =0 (4.5)

n
for any n.

Proof. We prove by induction. Forn = 1, we have tr (RT Ry) = Oandtr (P/Q;) = 0by

Lemma 4.3. Now, suppose that Eq. (4.5) is true forall n = 1,...,m. From Lemmas 4.1 and
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4.2, forn =m+ 1, we have

RVTL 2
(BZL+1H0) = t[Rm ] Ha ” (Qm+l )
_zal?
= (@l
R,
= *utr(PLLQl)
Q41
=0,
and
oY - en I
U'( m+2Q1) - tr( m+1621)Jr HR ”2 ( m+1Q1>
= ( m+1Q1)
2
= wrr@) - Bl wpron
I\lel2 T
=t ———tr(P,
r( +1Ql) HRm 1“2 I'( le)
= 0.
Therefore, the conclusion (4.5) holds for any n. ]

Theorem 4.5. Suppose the sequences {Rs}, {Ps} and {Q} are generated by Algorithm 2.
Then for any s, t such that s # t, we have

tr (RT R, 1) =0 and tr(PTQ;) = 0. (4.6)
s—1 s

Proof. We prove by using induction. Lemma 4.3 assures that the two equalities in Eq. (4.6)

hold for s = ¢+ 1. Before we process induction step, we consider

R 2
w(RL,R) = (rf,r)— el oo gy
0¢t+2“
| Resa]® { T I1B:]* T }
= " |tr P, — tr P,
e | (90200) = g (@)
A { , IRl ]
—= — [tr (R — —tr (P,
s TR (") =g (P Q)
IBeal® B> ou r r
— tr(R, Ri—1) — tr(R; R,
a2 TR AT TR AT (e ft) = (B Ro)
[Reall® |RP

_ o
ara TR TR e )
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[l Resal®
[l 2.1

r(PhaQl) = w(R,Q) + (P2 Q1)

e
= TRe U (Bl Re) — o (RE )]
a T IR, r
- W {tr (Btl R”l) - Tﬂtr (Qt[+lRt—1)
ar ||R? B (| Reey||?

= — : tr (QF | P,
TRl e { (@)
o R |Re-a ||

Rl v (R ?

IRl (Qg*lﬂ*l)}

tr (PLQi1)

. - Ry||? T
(T Rie) = (R Re) - o )
(Yt+1H
R|I? 1R R
B RAP g  _ IRIE g

1 [[Ri—a]? [[Rer[?
B 4 [

1 [[Re-al? | Ri—2|?

tr(RZ‘Rf,,z),

and
R 2
i (P5,Qi1) = w(RFQi 1) + HLL‘JHQ (P Qi)
[0 7
- m [tr (R Ry—s) — tr (RTRiy)]

a1 || R T | Re—o||?
= — tr(Q, P_1) —
T T A A

@iy Rl || Ria|? T
tr (P Qi_s) .
|Ri—2ll> o ||Resl? ( 1 Wt 2)

tr (QF P—2)

Similarly, we can write tr (R{,,R;) and tr (P%,Q;) in terms of tr (RfR,—,) and
tr (P%1Q:_1), respectively. Repeating this process until the terms tr (P @Q;) and tr (RS Ry)
show up. By Lemma 4.4, we get tr (R}, R—1) = Oand tr (P1,Q,—1) = 0.
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Next, we compute

[| Resz|®

(RtT+th) = tr(Rﬁsz)f tr(QF 3 Re)
Qpy3

Bl R
= = Vit ( t+3P/+1) HR HQ( t+SB)
Rual? IR

s TR 9%

IRl IR [y ) Ml o ]
= — tr (R ) + tr (P,

ares TR |[F (@) + R (F)

Beal? IRJE o

= RT R, ),
ares TR TR " (Frrafiicn)

and

[| Resel®

tr (PL3Q) = w(RL,Q:) + IR ‘|2tr(Ptj;2Qt)
t+1
Q
et ftr (REp Rict) — tr (RE,Ry)]
| Rl
a [ 22 |1?
e [ (Rt = L2 O
|| Re? { VA IR al* T }
_ tr P) - tr Fi-
T e |"(@ef) o (Qefi)
g HRt+1H2 ”RtleZ

[Bial® ([ Riall? (FaQi)-

Also, we have

- R,
w (RaRer) = (Bl Ry - Bl oo p, )
itz
[ Resa]? { T IR/ r ]
—— |tr P) — P
Qusn (Qt+2 fr) HRt—ZHZ (QHZ f)
| Resr |l | Re—11?
= — (P, _
Q42 ||R/,—2HZ( HZQt 1)
R ll? ([ Rea | [ Reca|)?

as | Risal? {tr (RE1Q:) + R T (Pg;lQH)]

HRHIHZHRt IHZ Q-1
- - r (R%,\R
ares TR el T P fi=2).
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[[ R ®
[ 2212

tr (ngQl—l) = tr(R/,Qi—1) + tr(P/,Qi-1)

iy
= TR I (BiaBis) = tr (B Ri)]
o foprp ) CIRIP o
T R {tr (R] Ry 2) ot tr (QF Ry »)

ar |[Ri? {

- t tr (QL, P,
|1Ri—2]|? s (Qt“ t 1)
a1 || Rel® | Reol® T
- —tr (P1,Qi2)
1R 2|2 overr || Res|? ( t+1&t 2)

_Re2l?
[l72—s]>

w(@Far)|

Hence, we can write tr (RY 3R;) and tr (P/5Q;) in terms of tr (RL,R.—) and
tr (R£2Qt*1)- We use this idea to prove the conclusion (4.6).
Suppose that tr (RZ_; R ;) = 0 andtr (PTQT) = 0 for s=¢+1,...,m. Then for

s=m+ 1, we get

Rpyi?
(BB = (B Riy) _“ail“u( TR
m—1
_ Bl o LT [en
- Q1 [tr( m—lI)t) Qs ( m—lI)tfl)]
=0,
and thus
r _ T [Bul® o
tr (P7VL+1Qf) =t (RmQt) + a —1 tr (PmQt)
¢ T T
= —— |[tr (R,,R —tr (R, R
HRt—l”Q[ (R Ris) —tr (R 1)
= 0.
Hence, by induction principle, the conclusion (4.6) holds for any s, ¢ such that s # ¢. O

Theorem 4.6. Suppose that the sequence { X, } is generated by Algorithm 2. Then for initial

zero matrix Xy = 0, the exact solution X can be obtained in at most n? iteration steps.

Proof. Suppose that R,, # 0 form = 0,1,...,n*> — 1. Then we compute X,2. As-
sume that R,: # 0. By Theorem 4.5, the set { Ry, R1, ..., R,2} is orthogonal in R™*". So,
{Ro, Ry, ..., R,2} is linearly independent. Since the dimension of R™*" is n?, any linearly
independent subset of R™*" must have at most n? elements. So this is false because the set
{Ro, Ry, ..., R,2} has n? + 1 elements. Thus, R,: = 0, and hence X,,: is a solution of the

equation. O

a1



APAM 2021
Annual Pure and Applied
Mathematics Conference 2021

5 Conclusion

We propose an iterative procedure (Algorithm 2) to construct a sequence of approximate
solutions for the generalized Sylvester-transpose matrix equation (1.8). The algorithm is appli-
cable whenever the matrix M, defined by Eq. (3.2), is invertible and symmetric, not necessarily
positive definite. We get the exact solution within n? iterations. Moreover, Algorithm 2 can

be applied to any special case of Eq. (1.8), e.g. Egs. (1.1)-(1.7).
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