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Chapter 1

Introduction

In this chapter, we discuss the research motivation, objectives, scopes, benefits,
and research methodology of the study.

1.1 Research Motivation

Burger’s equation is a fundamental partial differential equation. It was firstly
given by Harry Bateman in 1915 [3], and in 1948, Johannes Martinus Burgers [5], a
Dutch physicist, concluded it in the mathematical modeling in the theory of turbu-
lence. Burger’s equation becomes one of the leading figures in the field of fluid me-
chanics which is suitable for the analysis of various important areas [9]. It is used in
several branches of applied mathematics, physics and engineering such as modeling
of gas dynamics, heat conduction, traffic flow. Burger’s equation is solved by numer-
ous numerical methods such as the finite difference and the finite element methods.
In this research, the Milne method combining with the finite difference, Runge-Kutta
and Modified-Newton Raphson methods are used to find the solution of the Burger’s
equation.

1.2 Objectives of the Study

1) To study the Burger’s equation.

2) To find the numerical solution of the Burger’s equation using the Milne method
and other finite difference approaches.

3) To learn how to write computer program to find the numerical solutions.

1.3 Scopes of the Study

1) To study the one-dimensional Burger’s equation with boundary conditions and an
initial condition.

2) To apply the multi-step Milne method to find the numerical solution of the
Burger’s equation.

1.4 Benefits of the Study

1) To obtain a proper solution of the nonlinear Burger’s equation.

2) To become a professional in coding by using MATLAB.
This material is reserved for educational use only, not allowed for commercial use. 
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1.5 Research Methodology

1) Study the fundamentals of the Burger’s equation.

2) Study the multi-step Milne method.

3) Study tools to solve the nonlinear term of the Burger’s equation.

4) Study the process to find the numerical solutions and solve the Burger’s equation
by using the Milne method.

5) Write a computer program to find the numerical solutions.

6) Verify the solution and conclusion.

7) Write the thesis book.

Table 1.1: Time frame of research

Time frame (month of year)
Activity 2019 2020 2021

11 - 12 1 - 2 3 - 4 5 - 6 7 - 8 9 - 10 11 - 12 1 - 3 4 - 6

Step 1 ←−−−−−−−−−→

Step 2 ←−−−−−−−−−→

Step 3 ←−−−−−−−−−→

Step 4 ←−−−−−−−−−→

Step 5 ←−−−−−−−−−−−−−−−→

Step 6 ←−−−−−−−−−→

Step 7 ←−−−−−−−−−→

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use.



Chapter 2

Basic knowledge and Literature Reviews

In this chapter, we present the basic knowledge applied in our research and the
literature reviews.

2.1 Differential Equations: DEs

Differential equations are equations with the derivatives of the dependent vari-
ables relative to the independent variables. We consider y = f(x, t) a function of x and
t which are independent variables, so y is called as the dependent variable.

2.1.1 Ordinary Differential Equations: ODEs

Ordinary differential equation is defined as an equation composing of the deriva-
tive of the dependent variable having only one independent variable. Some examples
of ODEs are shown in Table 2.1

Table 2.1: Examples of the ODEs.

Equation independent variable dependent variable
dy
dx = 3x x y

d2y
dx2 + 2xy = ex x y

d2x
dt2 + 3dx

dt + 2x4 = sin(2t) t x

2.1.2 Partial Differential Equations: PDEs

Partial differential equation is (PDE) an equation consisting of the partial deriva-
tives of a dependent variable having more than one independent variable, such as

(i)
∂2u

∂t2
− c2

∂2u

∂x2
= 2 + 3x

It is a PDE with the dependent variable u and two independent variables t and x.

(ii)
∂u

∂y
= −∂v

∂x

It is a PDE with the dependent variables u and v, and two independent variables x and y.

Linear Partial Differential Equation is a partial differential equation in which
the dependent variables or their derivatives are raised to the first order derivative. No
term can be a product of the dependent variables or its derivative. In addition, no term
contains a transcendental function of the dependent variables or their derivatives in

This material is reserved for educational use only, not allowed for commercial use. 
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the equation.

Non-Linear Partial Differential Equation refers to the partial differential equa-
tion which is not a linear differential equation.

Table 2.2: Examples of second-order partial differential equation.

Equation Equation model Example of usage
Laplace’s equation ∇2u = 0 potential field
Poisson’s equation ∇2u = f(x, y, z) potential field (Source)
Diffusion equation ∇2u = k ∂u

∂t Heat conduction or time-dependent diffusion
Wave equation ∇2u = k ∂2u

∂t2 Wave propagation

The equations in Table 2.2 can be divided into three main types: Elliptic equa-
tion, Parabolic equation, and Hyperbolic equation. Consider the general equation

a
∂2u

∂x2
+ b

∂2u

∂x∂t
+ c

∂2u

∂t2
+ d

∂u

∂x
+ e

∂u

∂t
+ fu+ g = 0, (2.1)

where u = u(x, t) and terms a, b, c, d, e, f and g are coefficients, which may be constants.
The different types of equations are considered as follows.

(i) b2 − 4ac > 0 (two real distinct roots)

The PDE (2.1) is said to be ”Hyperbolic”

(ii) b2 − 4ac = 0 (one real repeated roots)

The PDE (2.1) is said to be ”Parabolic”

(iii) b2 − 4ac < 0 (conjugate complex roots)

The PDE (2.1) is said to be ”Elliptic”

Example 2.1.

Consider ∂2u

∂x2
+ u

∂2u

∂x∂t
+ (1 + u2)

∂2u

∂t2
= 0. (2.2)

Then, from (2.1), a = 1, b = u, c = 1+u2, d = e = f = g = 0.

So b2−4ac = u2−4(1)(1+u2)

= u2 − 4− 4u2

= −4− 3u2.
Because u2 ≥ 0, b2 − 4ac < 0.
Then (2.2) is an elliptic PDE.This material is reserved for educational use only, not allowed for commercial use. 
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Initial and Boundary Conditions

To find the solution of partial differential equations, we need to know the
boundary conditions (BC) which the resultant problem is called boundary value prob-
lems and the initial condition (IC) with which the problem is called initial value prob-
lems.

• Initial Value Problems (IVPs)

dy

dx
= f(x, y) for all x ∈ [a, b]

with the initial condition y(a) = ya, where ya is a known constant.

• Boundary Value Problems (BVPs)

dy

dx
= f(x, y) for all x ∈ [a, b]

with the boundary conditions y(a) = ya and y(b) = yb, where ya and yb are known
constants.

2.2 Burger’s Equation

We consider the one-dimensional time dependent Burger’s equation, which is
the nonlinear Burger’s equation defined by

∂v

∂t
+ v

∂v

∂x
= µ

∂2v

∂x2
, α < x < β, 0 ≤ t ≤ T (2.3)

subject to the boundary conditions

v(α, t) = f1(t), 0 ≤ t ≤ T (2.4)

v(β, t) = f2(t), 0 ≤ t ≤ T (2.5)

and the initial condition

v(x, 0) = g(x), α ≤ x ≤ β, (2.6)

where µ is the coefficient of the kinematic viscosity and T is the final time. The functions
f1, f2, and g are prescribed conditions depending on each specific problem. The type
of Burger’s equation can be determined by the formula

(b2 − 4ac) = 0− 4(µ)(0) = 0.

Thus Burger’s equation is a parabolic partial differential equation.
This material is reserved for educational use only, not allowed for commercial use. 
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2.3 Finite Difference Method: FDM

The concept of the finite difference method is the approximation of the deriva-
tive in the partial differential equations. We assume the derivative is approximated by
using the Taylor series.

Theorem 2.2. (Taylor series expansion) If a function f is differentiable through order
n+ 1 in an interval I and x0, x ∈ I , then f(x) can be written as

f(x) = f(x0)+
f ′(x0)

1!
(x−x0)+

f ′′(x0)

2!
(x−x0)

2+
f ′′′(x0)

3!
(x−x0)

3+ ...+
f (n)(x0)

n!
(x−x0)

n+En,

(2.7)

where En =
f (n+1)(ξ)

(n+ 1)!
(x− x0)

n+1, and ξ ∈ [x0, x] is a remainder term.
Next, we present the definition of Big O, which is used to provide the accuracy of the
finite difference method.

Definition 2.3. (Big O) Let f(x) and g(x) be two functions. Then f(x) = O(g(x)) as x→ a

if and only if
lim
x→a

∣∣∣∣
f(x)

g(x)

∣∣∣∣ = c ∈ [0,∞)

From Theorem 2.2 and Definition 2.3, the function f at the point x0 + h, around the
point x0 is

f(x0 + h) = f(x0) +
f ′(x0)

1!
h+

f ′′(x0)

2!
h2 +

f ′′′(x0)

3!
h3 + ...+

f (n)(x0)

n!
hn +O(hn+1), (2.8)

where h = x−x0 and O(hn+1) denotes the truncation error of order hn+1. Let u = u(x, t) is
a function of 2-independent variables. The Taylor series around the point x are given by

u(x+ h, t) = u(x, t) + h
∂u

∂x
+

h2

2!

∂2u

∂x2
+

h3

3!

∂3u

∂x3
+ · · · (2.9)

u(x− h, t) = u(x, t)− h
∂u

∂x
+

h2

2!

∂2u

∂x2
− h3

3!

∂3u

∂x3
+ · · · (2.10)

The first order derivative

From (2.9), we have

∂u

∂x
=

u(x+ h, t)− u(x, t)

h
− h

2!

∂2u

∂x2
− h2

3!

∂3u

∂x3
+ · · · (2.11)This material is reserved for educational use only, not allowed for commercial use. 
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Then
E1 = −h

2

∂2u

∂x2
− h2

3!

∂3u

∂x3
+ · · ·

From (2.11), we have

lim
h→0

∣∣∣∣∣∣∣

−h

2

∂2u

∂x2
− h2

3!

∂3u

∂x3
+ ...

h

∣∣∣∣∣∣∣
=

1

2

∂2u

∂x2
= c ∈ [0,∞),

since we assume that u is differentiable up to order n, n ∈ N .

Thus, −h

2

∂2u

∂x2
−h2

3!

∂3u

∂x3
+... = O(h). Then the value of ∂u

∂x
can be approximated in the form

∂u

∂x
=

u(x+ h, t)− u(x, t)

h
+O(h) (2.12)

which is called Forward Difference Method, where O(h) denotes the truncation error
of order h. Similarly, we approximate the value of ∂u

∂x
by Backward Difference Method

in the form

∂u

∂x
=

u(x, t)− u(x− h, t)

h
+O(h). (2.13)

Subtracting (2.9) by (2.10), we have

u(x+ h, t)− u(x− h, t) = 2h
∂u

∂x
+

2h3

3!

∂3u

∂x3
+ · · ·

Then we approximate the value of ∂u

∂x
by Central Difference Method in the form

∂u

∂x
=

u(x+ h, t)− u(x− h, t)

2h
+O(h2), (2.14)

where O(h2) denotes the truncation error of order h2.

The second order derivative
The summation of (2.9) and (2.10) is

u(x+ h, t) + u(x− h, t) = 2u(x, t) +
2h2

2!

∂2u

∂x2
+

2h4

4!

∂4u

∂x4
+ · · ·

Then we approximate the value of ∂2u

∂x2
by Central Difference Method in the form

∂2u

∂x2
=

u(x+ h, t)− 2u(x, t) + u(x− h, t)

h2
+O(h2). (2.15)

Similarly, the formulae for approximating the derivative of the unknown u with respect
to t areThis material is reserved for educational use only, not allowed for commercial use. 
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• Forward Finite Difference Method

∂u

∂t
=

u(x, t+ k)− u(x, t)

k
+O(k) (2.16)

• Backward Finite Difference Method

∂u

∂t
=

u(x, t)− u(x, t− k)

k
+O(k) (2.17)

• Central Finite Difference Method

∂u

∂t
=

u(x, t+ k)− u(x, t− k)

2k
+O(k2) (2.18)

• Central Finite Difference Method

∂u

∂t
=

u(x, t+ k)− 2u(x, t) + u(x, t− k)

k2
+O(k2), (2.19)

where k is ∆t.
Before we present the Milne-Simpson method, we generate the mesh as follows.
Grid spacing

Figure 2.1: Two-dimensional grid points for the finite difference method.

From Figure 2.1, the x−axis is the space x and y−axis is the time t. The interval
[0, L] on x−axis is divided into M subintervals, with equal length h = ∆x =

L− 0

M
. That is

0 = x0 < x1 < x2 < ... < xM−1 < xM = L. Then xm = mh = m∗∆x, where m = 0, 1, 2, ...,M .
Similarly, the interval [0, T ] on y−axis is divided into N subintervals, with equal length
k = ∆t =

T − 0

N
. We get tn = nk = n ∗∆t, where n = 0, 1, 2, ..., N . The solution at a grid

point (xm, tn) is denoted by

u(xm, tn) = u(m ∗∆x, n ∗∆t)

and in this study, we define Un
m to be the approximation of u(xm, tn).This material is reserved for educational use only, not allowed for commercial use. 
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2.4 Milne-Simpson method

In this section, we introduce the multi-step Milne-Simpson method to solve the
ODE y′ = f(x, y). The multi-step method is described by the equation

awyn + aw−1yn−1 + aw−2yn−2 + ...+ a0yn−w = h [bwfn + bw−1fn−1 + bw−2fn−2 + ...+ b0fn−w] ,

(2.20)

where a0, ..., aw and b0, ..., bw are constants. A multi-step method with bw *= 0 is an
implicit scheme. If bw = 0, the method is an explicit approach. From (2.20), we have
two polynomials

p1(x) = awx
w + aw−1x

w−1 + ...+ a0

p2(x) = bwx
w + bw−1x

w−1 + ...+ b0,
(2.21)

which are used to verify the stability and consistency of the method. Next, we derive the
Milne method which begins with Simpson’s rule. We integrate the differential equation
y′ = f(x, y) in the interval [xn, xn+2]. That is

∫ xn+2

xn

dy =

∫ xn+2

xn

f(x, y)dx

or
y(xn+2) = y(xn) +

∫ xn+2

xn

f(x, y)dx. (2.22)

Since the Simpson’s rule is

∫ b

a
f(x, y)dx =

b− a

6

[
f(b) + 4f(

a+ b

2
) + f(a)

]
− f (4)(ξ)

2880
(b− a)5, (2.23)

where ξ is a number between a and b. Let h =
b− a

2
, a = xn, and b = xn+2. We have

∫ xn+2

xn

f(x, y)dx =
h

3
[f(xn+2) + 4f(xn+1) + f(xn)]−

h5

90
f (4)(ξ), (2.24)

where −h5

90
f (4)(ξ) = O(h5), the truncation error of order 5. Substituting (2.24) into (2.22),

we have

yn+2 − yn = h

(
1

3
fn+2 +

4

3
fn+1 +

1

3
fn

)
, (2.25)

for all n = 1, 2, 3, .... The equation (2.25) is called Milne or Milne-Simpson method.

This material is reserved for educational use only, not allowed for commercial use. 
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Stability and Consistency

The Milne method is stable if all roots of p1 lie in the disk |x| ≤ 1. The method
is consistent if p1(1) = 0 and p′1(1) = p2(1) [8].

From (2.21), the Milne Method is characterized by two polynomials

p1(x) = x2 − 1

p2(x) =
1

3
x2 +

4

3
x+

1

3
.

The roots of p1 are 1 and -1. Furthermore, p1(1) = 0, p′1(x) = 2x, p′1(1) = 2 and p2(1) = 2.
Thus, the conditions of consistency and stability are fulfilled.

2.5 Literature Reviews

Chaiyasit A. et al. (2019) provided the numerical solution of the one-dimensional
Burger’s equation by using the second-order Runge-Kutta method, the central finite dif-
ference method and Newton-Raphson method. Ali Z.Y. (2018) used a new iterative
method to find the solution of the Burger’s equation and claimed that the method
was accurate. Mohamed N.A. (2018), provided a new numerical scheme based on the
finite difference method for solving the nonlinear one-dimensional Burgers’ equation
and Mohamed N.A. (2019) introduced new fully implicit schemes for solving the one-
dimensional and two-dimensional unsteady Burger’s equation. Zang P.G. and Wang J.P.
(2012) proposed a compact predictor-corrector finite difference scheme to solve the
Burger’s equation. Ali K. et al. (2016) found the solution of Burger’s equation by using
Cole-Hopf transformation. Ucar Y. et al. (2017) and Çelikten G. et al. (2017) obtained
a numerical solution of the modified Burger’s equation by using the finite difference
methods and explicit exponential finite difference schemes based on four different lin-
earization techniques, respectively. Sheikh M.A. et al. (2014) compared the numerical
solutions of Burger’s equation by using Lax-Friedrich and Lax-Wendroff schemes.

Most of the above literatures used single-step finite difference methods and
cole-Hopf transformation to find the numerical solution of Burger’s equation. In this
work, we study the one-dimensional Burger’s equation by using the central finite dif-
ference scheme with the spatial term and the multi-step Milne method for time-
dependent expression. Then we change the nonlinear term into a linear form by using
a linearization method with a weighted technique. The numerical results are given in
chapter 4.
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Chapter 3

Research Methodology

In this chapter, we introduce methods to find the solution of the Burger’s equa-
tion. We first employ the second-order finite difference method applied to the spatial
derivatives.

3.1 Second-order Finite Difference Method

Consider Burger’s equation

∂v

∂t
+ v

∂v

∂x
= µ

∂2v

∂x2
, α < x < β. (3.1)

We use the central finite difference method with the derivative terms ∂v

∂x
and ∂2v

∂x2
in

(3.1). Therefore the closed interval [α,β] is divided into L subintervals. That is α = x0 <

x1 < ... < xL = β. Then,

∂v

∂x
≈ Vm+1(t)− Vm−1(t)

2h
(3.2)

∂2v

∂x2
≈ Vm+1(t)− 2Vm(t) + Vm−1(t)

h2
, (3.3)

where Vm(t) is the approximation of v at the point xm, m = 1, 2, ..., L − 1. Substituting
(3.2) and (3.3) into (3.1), we obtain

[
∂v

∂t

]

m

+ Vm(t)

[
Vm+1(t)− Vm−1(t)

2h

]
= µ

[
Vm+1(t)− 2Vm(t) + Vm−1(t)

h2

]
, (3.4)

or
[
∂v

∂t

]

m

=
µ

h2
[Vm+1(t)− 2Vm(t) + Vm−1(t)]−

Vm(t)

2h
[Vm+1(t)− Vm−1(t)] , (3.5)

where
[
∂v

∂t

]

m

is ∂v

∂t
at the point (xm, t) and L is the number of grids and h is the step

size ∆x.

3.2 Milne Method

Applying the Milne method for the time-dependent expression (2.25) to the
Burger’s equation, (3.1), we have
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V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− V n+2

m

2h

[
V n+2
m+1 − V n+2

m−1

]
+ 4

( µ

h2

[
V n+1
m+1

−2V n+1
m + V n+1

m−1

]
− V n+1

m

2h

[
V n+1
m+1 − V n+1

m−1

])
+

µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]

−V n
m

2h

[
V n
m+1 − V n

m−1

]}
,

(3.6)

where the positive integer n is the nth time step and k = tn − tn−1. From (3.6), the
nonlinear term V n+2

m

[
V n+2
m+1 − V n+2

m−1

]
is solved by using the linearization method provided

in [10] such that V n+2
m (V n+2

m+1 − V n+2
m−1) ≈ Un+2

m (V n+2
m+1 − V n+2

m−1) approximate V n+2
m by Un+2

m ,
where Un+2

m is computed by linear extrapolation of V n+1
m and V n

m. That is

V n+2
m

∼= Un+2
m =

(
1 +

(
bn+2

bn+1

))
V n+1
m −

(
bn+2

bn+1

)
V n
m, (3.7)

where bn+2 = tn+2 − tn+1 and bn+1 = tn+1 − tn. Substituting (3.7) into (3.6), we have

V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− 1

2h

[(
1 +

(
bn+2

bn+1

))
V n+1
m −

(
bn+2

bn+1

)
V n
m

]

[
V n+2
m+1 − V n+2

m−1

]
+ 4

(
µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]
− V n+1

m

2h

[
V n+1
m+1 − V n+1

m−1

])

+
µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h

[
V n
m+1 − V n

m−1

]}
.

(3.8)

In this work, we fix the time step for every time period to be ∆t. Therefore, bn+2 =

bn+1 = ∆t. So (3.8) is rewritten as

V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− 1

2h

[
2V n+1

m − V n
m

] [
V n+2
m+1 − V n+2

m−1

]

+4

(
µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]
− V n+1

m

2h

[
V n+1
m+1 − V n+1

m−1

])

+
µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h

[
V n
m+1 − V n

m−1

]}
.

(3.9)

Then (3.9) can be rewritten in the form

γmV n+2
m−1 + δmV n+2

m + λmV n+2
m+1 = gm, (3.10)

where

γm =− 2kµ− 2hkV n+1
m + hkV n

m

δm = 6h2 + 4kµ

λm =− 2kµ+ 2hkV n+1
m − hkV n

m

gm = 6h2V n
m + 8kµ

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]
− 4hkV n+1

m

[
V n+1
m+1 − V n+1

m−1

]

+ 2kµ
[
V n
m+1 − 2V n

m + V n
m−1

]
− hkV n

m

[
V n
m+1 − V n

m−1

]

Since V n+1
m and V n

m are used to calculate V n+2
m and we have only the initial condition

V n
m. To find V n+1

m , we apply the Runge-Kutta method and Modified-Newton Raphson
method [7] to the Burger’s equation as described in the next section.
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3.3 Modified-Newton Raphson Method

The Burger’s equation (3.1) with the central finite difference and the second-
order Runge-Kutta method [7] is

V n+1
m −V n

m −
k

2

{
µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h

[
V n
m+1 − V n

m−1

]}

−k

2

(
µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]
−

[
V n+1
m

2h
+

k

2h

{ µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

− V n+1
m

2h

[
V n+1
m+1 − V n+1

m−1

]}] [
V n+1
m+1 − V n+1

m−1

])
= 0.

(3.11)

Since (3.11) is a nonlinear equation, we apply Modified-Newton Raphson Method to
find the solution of (3.11). Let

Fm(V n+1
1 , V n+1

2 , V n+1
3 , ..., V n+1

L−1 )

= V n+1
m − V n

m −
k

2

{
µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h

[
V n
m+1 − V n

m−1

]}

− k

2

(
µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]
−

[
V n+1
m

2h
+

k

2h

{ µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

− V n+1
m

2h

[
V n+1
m+1 − V n+1

m−1

]}] [
V n+1
m+1 − V n+1

m−1

])
.

(3.12)

Thus
Fm(V n+1

1 , V n+1
2 , V n+1

3 , ..., V n+1
L−1 ) = 0, (3.13)

where m = 1, 2, ..., L− 1. Therefore, (3.13) can be rewritten in a matrix form as

J(V (0))δ(P ) = −F (V (P )), (3.14)

where

J(V (0)) =





∂F1(V (0))

∂V n+1
1

∂F1(V (0))

∂V n+1
2

· · · ∂F1(V (0))

∂V n+1
L−1

∂F2(V (0))

∂V n+1
1

∂F2(V (0))

∂V n+1
2

· · · ∂F2(V (0))

∂V n+1
L−1

...
... . . . ...

∂FL−1(V (0))

∂V n+1
1

∂FL−1(V (0))

∂V n+1
2

· · · ∂FL−1(V (0))

∂V n+1
L−1





δ(P ) =





∆V n+1
1

∆V n+1
2

...

∆V n+1
L−1





(P )

and F (V (P )) =





F1

F2

...

FL−1





(P )

,
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where P is the number of iterations, V (0) = (V n+1
1 , V n+1

2 , ..., V n+1
L−1 )

(0), (∆V n+1
m )(P ) =

(V n+1
m )(P+1) −(V n+1

m )(P ) and V (0) is the initial guess. Therefore V (P+1) = V (P ) + δ(P ).
The iteration is stopped when ‖δ(P )‖∞ ≤ tol, where tol is a small positive real number.
Then V n+1

m can be calculated from (3.14). Now, we have V n
m and V n+1

m . Therefore, V n+2
m

can be determined from (3.10), which the numerical solutions are presented in the next
chapter.
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Chapter 4

The Numerical Results

In this chapter, we find the numerical solution of the Burger’s equation by using
a computer program. The numerical solutions obtained are compared with the exact
solutions to verify the results.

4.1 Exact Solution

To verify our numerical solutions, in this section, we provide the exact solution
of the Burger’s equation and its conditions. The exact solution of the one-dimensional
Burger’s equation is given by Wood [15],

v(x, t) =
2µπe−µπ2t sin (πx)

a+ e−µπ2t cos (πx) , 0 < x < 1 (4.1)

with boundary conditions
v(0, t) = 0

v(1, t) = 0




 t > 0 (4.2)

and the initial condition

v(x, 0) =
2µπ sin(πx)
a+ cos(πx) , a > 1. (4.3)

The equation (4.1) - (4.3) will be used in Section 4.2 to demonstrate the accuracy of
the numerical solutions.

4.2 Numerical solutions

In this section, we provide the numerical results obtained from (3.10). To verify
the solutions, we first compare the results with the exact solution. Figures 4.1a and
4.1b illustrate the exact and numerical solutions at different number of grid points with
boundary conditions (4.2) and initial condition (4.3) for t = 0.02 and t = 1, respectively,
with a = 1.1,∆t = 0.01, and µ = 0.001. In the process of finding the numerical solutions
V n+2
m in (3.10), the number of iterations to obtain V n+1

m from V n
m by using the Modified-

Newton Raphson and the Runge-Kutta methods with tol = 10−5 when L = 10, 20, 40 and
80 are 9, 19, 39 and 79, respectively.
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Figure 4.1: The exact and numerical solutions at different values of L when a = 1.1, µ = 0.001 for
(4.1a) t = 0.02 and (4.1b) t = 1.

Figures 4.1a and 4.1b show that when the number of grids increases, the nu-
merical results converge to the exact solution. The discrete results of the numerical
and exact solutions at t = 0.02 and t = 1 are shown in Tables 4.1 and 4.2, respectively,
in which we show the values at the point x = 0.1, 0.2, ..., 0.9.
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Table 4.1: Comparison of the numerical solutions and the exact solution at different values of
L when a = 1.1, t = 0.02, µ = 0.001 and ∆t = 0.01.

x Numerical solution Exact solution
L = 10 L = 20 L = 40 L = 80

0.1 9.4654E-04 9.4654E-04 9.4654E-04 9.4654E-04 0.000947
0.2 1.9344E-03 1.9344E-03 1.9344E-03 1.9344E-03 0.001934
0.3 3.0114E-03 3.0114E-03 3.0114E-03 3.0114E-03 0.003011
0.4 4.2404E-03 4.2404E-03 4.2404E-03 4.2404E-03 0.004240
0.5 5.7108E-03 5.7109E-03 5.7109E-03 5.7109E-03 0.005711
0.6 7.5526E-03 7.5526E-03 7.5527E-03 7.5527E-03 0.007553
0.7 9.9197E-03 9.9197E-03 9.9198E-03 9.9198E-03 0.009920
0.8 1.2683E-02 1.2683E-02 1.2683E-02 1.2683E-02 0.012683
0.9 1.3026E-02 1.3019E-02 1.3018E-02 1.3017E-02 0.013017

Table 4.2: Comparison of the numerical solutions and the exact solution at different values of
L when a = 1.1, t = 1, µ = 0.001 and ∆t = 0.01.

x Numerical solution Exact solution
L = 10 L = 20 L = 40 L = 80

0.1 9.4161E-04 9.4163E-04 9.4163E-04 9.4163E-04 0.000942
0.2 1.9235E-03 1.9236E-03 1.9236E-03 1.9236E-03 0.001924
0.3 2.9923E-03 2.9924E-03 2.9924E-03 2.9924E-03 0.002992
0.4 4.2080E-03 4.2083E-03 4.2084E-03 4.2084E-03 0.004208
0.5 5.6548E-03 5.6556E-03 5.6558E-03 5.6559E-03 0.005656
0.6 7.4494E-03 7.4513E-03 7.4518E-03 7.4519E-03 0.007452
0.7 9.7140E-03 9.7160E-03 9.7167E-03 9.7169E-03 0.009717
0.8 1.2271E-02 1.2241E-02 1.2235E-02 1.2234E-02 0.012233
0.9 1.2525E-02 1.2248E-02 1.2172E-02 1.2153E-02 0.012146

The errors of the solutions at t = 0.02 and t = 1 are illustrated in Table 4.3, where
L2−norm and L∞−norm are

L2 − norm = ||v − V ||2 =

√√√√
L∑

j=0

|vj − Vj |2,

L∞ − norm = ||v − V ||∞ = max
j

|vj − Vj |,

where v and V represent the values of the exact and numerical solutions, respectively.
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Table 4.3: The values of errors in L2−norm and L∞−norm of the numerical solutions with dif-
ferent values of L at t = 0.02 and t = 1.

L t = 0.02 t = 1

L2−norm L∞−norm L2−norm L∞−norm
10 8.7898E-06 8.7632E-06 3.8091E-04 3.7899E-04
20 4.6896E-06 3.9726E-06 1.8308E-04 1.4753E-04
40 1.7822E-06 1.0899E-06 6.6726E-05 3.8173E-05
80 6.4187E-07 2.7900E-07 2.3750E-05 9.6834E-06

Table 4.3 shows the errors L2−norm and L∞−norm of the numerical solutions
with four different numbers of grid points L = 10, 20, 40 and 80. It is clear from the
table that the errors decrease when the number of grids increases. Figure 4.2 shows
the numerical solutions when the constant a in the initial condition increases with
the exact solutions, in which a = 1.1, 2, 4, and, 10 for T = 1, µ = 0.001,∆t = 0.01 and
h = 0.0125. From Figure 4.2, the different values of a affect the pattern of the graph
and the numerical solutions are still closed to the exact solutions for each value of a.
Figure 4.3 compares the numerical solutions and the exact solutions with four different
values of a. The increasing variables a decrease the values of the numerical results.
Figure 4.4 shows the comparisons of the numerical solutions and the exact solutions
for different values of µ which are 0.001, 0.0005 and 0.0001 at T = 1 with a = 1.1,∆t = 0.01

and h = 0.0125. The decreasing coefficients µ decrease the values of the numerical
results.
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Figure 4.2: The exact and numerical solutions at T = 1, µ = 0.001, and h = 0.0125 for (4.2a) a = 1.1,
(4.2b) a = 2, (4.2c) a = 4 and (4.2d) a = 10.
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Figure 4.4: Numerical solutions for different values of µ with a = 1.1, T = 1 and h = 0.0125.

The L2−norm errors of the numerical results in Figures 4.2 - 4.4 are illustrated
in Figure 4.5 and Table 4.4 for the different values of a and µ. It is shown that the
L2−norm errors decrease when a increases and/or µ decreases for both ∆t = 0.01 and
∆t = 0.001. Moreover, the errors decrease with decreasing ∆t.
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Figure 4.5: L2−norm errors for ∆t = 0.01, h = 0.0125 at (4.5a) different µ with fixed a = 1.1 and
(4.5b) different a with fixed µ = 0.001.
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Table 4.4: The L2−norm errors for different values of a and µ with ∆t = 0.01 and ∆t = 0.001.

∆t a = 1.1 a = 2 a = 4 a = 10

µ = 0.001 2.37502E-05 2.24741E-07 3.02647E-08 6.16947E-09
0.01 µ = 0.0005 6.86689E-06 5.76347E-08 7.67045E-09 1.55427E-09

µ = 0.0001 3.12268E-07 2.35362E-09 3.10223E-10 6.28273E-11
µ = 0.001 2.37478E-05 2.24737E-07 3.02644E-08 6.16944E-09

0.001 µ = 0.0005 6.86671E-06 5.76344E-08 7.67043E-09 1.55427E-09
µ = 0.0001 3.12268E-07 2.35362E-09 3.10223E-10 6.25833E-11

Table 4.5 shows the L2−norm errors of our numerical solutions compared with
the Euler forward discretization [4] and Mac Cormack discretization [12] at different
value of µ for ∆t = 0.01 and 0.001, where the L2−norm used in [4] and [12] is

L2 − norm = ||v − V ||2 =

√∑L
j=0 |vj − Vj |2

N
,

which is employed in Table 4.5, where N is the number of time steps. The numbers in
the table show that the errors of our numerical solutions are less than that in [4] and
[12].

Table 4.5: Comparison of the L2−norm errors of our numerical solutions with [4] and [12] for
a = 1.1, h = 0.0125, T = 1, and µ = 0.001 and 0.0001.

µ ∆t [4] [12] Numerical
solution

0.001 0.01 4.9467E-06 1.0399E-05 2.3750E-06
0.001 2.6372E-06 1.9502E-06 7.5097E-07

0.0001 0.01 2.6372E-07 1.9502E-07 3.1227E-08
0.001 3.4891E-08 2.6251E-08 9.8748E-09
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Chapter 5

Conclusion

5.1 Conclusion

In this study, we propose a new method to find the numerical solutions of the
Burger’s equation which is the combination of the multi-step Milne method and the
central finite difference method. Since we use V n

m and V n+1
m to determine the solution

V n+2
m , and V n

m can be obtained from the initial condition, the second-order Runge-Kutta
method and Modified-Newton Raphson scheme are used to calculate V n+1

m . The nu-
merical solutions obtained are compared with the exact solutions to verify the results.
The comparisons are illustrated in Figure 4.1 with t = 0.02 and t = 1, where the discrete
errors are provided in Tables 4.1 and 4.2. They show that the numerical results con-
verge to the exact solutions when the number of grids increases. The errors L2−norm
and L∞−norm are shown in Table 4.3 to determine the accuracy of our numerical so-
lutions. Figure 4.2 shows that the values of a in the initial condition affect the pattern
of graph of the solution of the Burger’s equation. The numerical results and exact solu-
tions reduces in height for small value of µ but vice versa with the constant a as shown
in Figures 4.3 and 4.4, respectively. It is cleared from Figure 4.5 that the L2−norm er-
rors decreases with decreasing values of µ and increasing values of a. For the different
values of the constant a in the initial condition and the coefficient µ in the governing
equation, the numerical and exact solutions are in excellent agreement, where the
errors are provided in Table 4.4. As compared to other numerical methods shown in
Table 4.5, our numerical solutions are more accurate.

5.2 Suggestion

Although the methods in this research work well with the Burger’s equation, the
same idea can be applied to time-dependent nonlinear PDE problems. Equations that
are comparable to the Burger’s equation can be solved by using these approaches.
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Appendix A

The exact and numerical solutions for L = 10, 20, 40, and 80 at t = 0.02 and t = 1,
respectively, are compared in the following tables as well as the point wise errors.

Table 5.1: Comparison of the exact solutions and the numerical solutions at t = 0.02 and L = 10.

x Exact solution Numerical solution error value
0 0 0 0
0.1 0.0009465392 0.0009465389 0.0000000003
0.2 0.0019343692 0.0019343681 0.0000000010
0.3 0.0030113723 0.0030113693 0.0000000030
0.4 0.0042403630 0.0042403548 0.0000000082
0.5 0.0057108593 0.0057108375 0.0000000217
0.6 0.0075526582 0.0075526030 0.0000000551
0.7 0.0099197643 0.0099196713 0.0000000930
0.8 0.0126825606 0.0126832354 0.0000006748
0.9 0.0130169131 0.0130256762 0.0000087632
1 0 0 0

Table 5.2: Comparison of the exact solutions and the numerical solutions at t = 0.02 and L = 20.

x Exact solution Numerical solution error value
0 0 0 0

0.05 0.0004707621 0.0004707620 0.000000000032
0.10 0.0009465392 0.0009465392 0.000000000075
0.15 0.0014325394 0.0014325393 0.000000000144
0.20 0.0019343692 0.0019343689 0.000000000257
0.25 0.0024582660 0.0024582655 0.000000000443
0.30 0.0030113723 0.0030113716 0.000000000745
0.35 0.0036020664 0.0036020651 0.000000001233
0.40 0.0042403630 0.0042403610 0.000000002023
0.45 0.0049383845 0.0049383812 0.000000003301
0.50 0.0057108593 0.0057108539 0.000000005367
0.55 0.0065754850 0.0065754763 0.000000008682
0.60 0.0075526582 0.0075526443 0.000000013829
0.65 0.0086631510 0.0086631301 0.000000020980
0.70 0.0099197643 0.0099197373 0.000000027022
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x Exact solution Numerical solution error value
0.75 0.0113018716 0.0113018592 0.000000012413
0.80 0.0126825606 0.0126826737 0.000000113097
0.85 0.0136346153 0.0136353008 0.000000685506
0.90 0.0130169131 0.0130193060 0.000002392938
0.95 0.0087347117 0.0087386843 0.000003972580
1 0 0 0

Table 5.3: Comparison of the exact solutions and the numerical solutions at t = 0.02 and L = 40.

x Exact solution Numerical solution error value
0 0 0 0

0.03 0.0002350698 0.0002350698 0.0000000000038
0.05 0.0004707621 0.0004707621 0.0000000000079
0.08 0.0007077051 0.0007077051 0.0000000000128
0.10 0.0009465392 0.0009465392 0.0000000000188
0.13 0.0011879230 0.0011879229 0.0000000000263
0.15 0.0014325394 0.0014325394 0.0000000000359
0.18 0.0016811035 0.0016811035 0.0000000000483
0.20 0.0019343692 0.0019343691 0.0000000000641
0.23 0.0021931376 0.0021931375 0.0000000000844
0.25 0.0024582660 0.0024582659 0.0000000001104
0.28 0.0027306776 0.0027306775 0.0000000001435
0.30 0.0030113723 0.0030113721 0.0000000001857
0.33 0.0033014385 0.0033014383 0.0000000002393
0.35 0.0036020664 0.0036020661 0.0000000003074
0.38 0.0039145620 0.0039145616 0.0000000003941
0.40 0.0042403630 0.0042403625 0.0000000005042
0.43 0.0045810543 0.0045810536 0.0000000006442
0.45 0.0049383845 0.0049383837 0.0000000008224
0.48 0.0053142806 0.0053142796 0.0000000010492
0.50 0.0057108593 0.0057108579 0.0000000013376
0.53 0.0061304301 0.0061304284 0.0000000017035
0.55 0.0065754850 0.0065754828 0.0000000021657
0.58 0.0070486609 0.0070486581 0.0000000027445
0.60 0.0075526582 0.0075526547 0.0000000034579
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x Exact solution Numerical solution error value
0.63 0.0080900815 0.0080900772 0.0000000043125
0.65 0.0086631510 0.0086631458 0.0000000052817
0.68 0.0092731933 0.0092731871 0.0000000062588
0.70 0.0099197643 0.0099197574 0.0000000069574
0.73 0.0105991550 0.0105991483 0.0000000067010
0.75 0.0113018716 0.0113018676 0.0000000039894
0.78 0.0120084405 0.0120084449 0.0000000043692
0.80 0.0126825606 0.0126825855 0.0000000249047
0.83 0.0132603411 0.0132604113 0.0000000702547
0.85 0.0136346153 0.0136347779 0.0000001625592
0.88 0.0136356094 0.0136359426 0.0000003331233
0.90 0.0130169131 0.0130175169 0.0000006037844
0.93 0.0114729154 0.0114738408 0.0000009253561
0.95 0.0087347117 0.0087358016 0.0000010899038
0.98 0.0047722546 0.0047730448 0.0000007901877
1 0 0 0

Table 5.4: Comparison of the exact solutions and the numerical solutions at t = 0.02 and L = 80.

x Exact solution Numerical solution error value
0 0 0 0

0.01 0.0001174961 0.0001174961 0.0000000000005
0.03 0.0002350698 0.0002350698 0.0000000000009
0.04 0.0003527991 0.0003527991 0.0000000000015
0.05 0.0004707621 0.0004707621 0.0000000000020
0.06 0.0005890376 0.0005890376 0.0000000000026
0.08 0.0007077051 0.0007077051 0.0000000000032
0.09 0.0008268451 0.0008268451 0.0000000000039
0.10 0.0009465392 0.0009465392 0.0000000000047
0.11 0.0010668704 0.0010668704 0.0000000000056
0.13 0.0011879230 0.0011879230 0.0000000000066
0.14 0.0013097832 0.0013097832 0.0000000000077
0.15 0.0014325394 0.0014325394 0.0000000000090
0.16 0.0015562819 0.0015562819 0.0000000000104
0.18 0.0016811035 0.0016811035 0.0000000000121
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x Exact solution Numerical solution error value
0.19 0.0018070998 0.0018070998 0.0000000000139
0.20 0.0019343692 0.0019343691 0.0000000000160
0.21 0.0020630134 0.0020630133 0.0000000000184
0.23 0.0021931376 0.0021931375 0.0000000000211
0.24 0.0023248507 0.0023248507 0.0000000000241
0.25 0.0024582660 0.0024582660 0.0000000000276
0.26 0.0025935008 0.0025935008 0.0000000000315
0.28 0.0027306776 0.0027306776 0.0000000000359
0.29 0.0028699238 0.0028699237 0.0000000000408
0.30 0.0030113723 0.0030113723 0.0000000000464
0.31 0.0031551621 0.0031551621 0.0000000000527
0.33 0.0033014385 0.0033014384 0.0000000000598
0.34 0.0034503535 0.0034503534 0.0000000000678
0.35 0.0036020664 0.0036020663 0.0000000000768
0.36 0.0037567441 0.0037567440 0.0000000000870
0.38 0.0039145620 0.0039145619 0.0000000000984
0.39 0.0040757039 0.0040757038 0.0000000001114
0.40 0.0042403630 0.0042403629 0.0000000001259
0.41 0.0044087421 0.0044087419 0.0000000001424
0.43 0.0045810543 0.0045810541 0.0000000001609
0.44 0.0047575234 0.0047575233 0.0000000001818
0.45 0.0049383845 0.0049383843 0.0000000002054
0.46 0.0051238841 0.0051238838 0.0000000002321
0.48 0.0053142806 0.0053142804 0.0000000002621
0.49 0.0055098448 0.0055098445 0.0000000002959
0.50 0.0057108593 0.0057108589 0.0000000003341
0.51 0.0059176189 0.0059176185 0.0000000003771
0.53 0.0061304301 0.0061304297 0.0000000004256
0.54 0.0063496099 0.0063496095 0.0000000004800
0.55 0.0065754850 0.0065754844 0.0000000005411
0.56 0.0068083891 0.0068083885 0.0000000006095
0.58 0.0070486609 0.0070486602 0.0000000006859
0.59 0.0072966392 0.0072966385 0.0000000007707
0.60 0.0075526582 0.0075526573 0.0000000008645
0.61 0.0078170392 0.0078170382 0.0000000009673
0.63 0.0080900815 0.0080900805 0.0000000010788This material is reserved for educational use only, not allowed for commercial use. 
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x Exact solution Numerical solution error value
0.64 0.0083720487 0.0083720475 0.0000000011980
0.65 0.0086631510 0.0086631497 0.0000000013226
0.66 0.0089635231 0.0089635217 0.0000000014488
0.68 0.0092731933 0.0092731918 0.0000000015701
0.69 0.0095920448 0.0095920431 0.0000000016763
0.70 0.0099197643 0.0099197626 0.0000000017516
0.71 0.0102557760 0.0102557742 0.0000000017719
0.73 0.0105991550 0.0105991533 0.0000000017014
0.74 0.0109485163 0.0109485148 0.0000000014871
0.75 0.0113018716 0.0113018705 0.0000000010514
0.76 0.0116564452 0.0116564450 0.0000000002818
0.78 0.0120084405 0.0120084415 0.0000000009837
0.79 0.0123527446 0.0123527475 0.0000000029754
0.80 0.0126825606 0.0126825666 0.0000000060168
0.81 0.0129889588 0.0129889693 0.0000000105542
0.83 0.0132603411 0.0132603583 0.0000000171884
0.84 0.0134818301 0.0134818568 0.0000000267016
0.85 0.0136346153 0.0136346554 0.0000000400597
0.86 0.0136953310 0.0136953893 0.0000000583605
0.88 0.0136356094 0.0136356921 0.0000000826719
0.89 0.0134220438 0.0134221575 0.0000001136895
0.90 0.0130169131 0.0130170642 0.0000001511399
0.91 0.0123801316 0.0123803245 0.0000001929184
0.93 0.0114729154 0.0114731495 0.0000002341275
0.94 0.0102634968 0.0102637633 0.0000002664962
0.95 0.0087347117 0.0087349907 0.0000002789982
0.96 0.0068923774 0.0068926379 0.0000002604761
0.98 0.0047722546 0.0047724588 0.0000002042320
0.99 0.0024426309 0.0024427438 0.0000001128354
1 0 0 0
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Table 5.5: Comparison of the exact solutions and the numerical solutions at t = 1 and L = 10.

x Exact solution Numerical solution error value
0 0 0 0
0.1 0.0009416306 0.0009416141 0.0000000165
0.2 0.0019235956 0.0019235407 0.0000000549
0.3 0.0029924159 0.0029922603 0.0000001556
0.4 0.0042084297 0.0042080149 0.0000004148
0.5 0.0056558889 0.0056548198 0.0000010691
0.6 0.0074519442 0.0074494065 0.0000025377
0.7 0.0097169951 0.0097140443 0.0000029508
0.8 0.0122333400 0.0122712930 0.0000379530
0.9 0.0121461675 0.0125251618 0.0003789943
1 0 0 0

Table 5.6: Comparison of the exact solutions and the numerical solutions at t = 1 and L = 20.

x Exact solution Numerical solution error value
0 0 0 0

0.05 0.0004683634 0.0004683616 0.000000001753
0.10 0.0009416306 0.0009416265 0.000000004093
0.15 0.0014248876 0.0014248799 0.000000007719
0.20 0.0019235956 0.0019235820 0.000000013586
0.25 0.0024438070 0.0024437839 0.000000023101
0.30 0.0029924159 0.0029923775 0.000000038440
0.35 0.0035774530 0.0035773899 0.000000063044
0.40 0.0042084297 0.0042083273 0.000000102423
0.45 0.0048967171 0.0048965518 0.000000165349
0.50 0.0056558889 0.0056556235 0.000000265362
0.55 0.0065018186 0.0065013974 0.000000421269
0.60 0.0074519442 0.0074512941 0.000000650128
0.65 0.0085221346 0.0085212097 0.000000924941
0.70 0.0097169951 0.0097160090 0.000000986106
0.75 0.0110025855 0.0110029872 0.000000401684
0.80 0.0122333400 0.0122413078 0.000007967822
0.85 0.0129716109 0.0130072468 0.000035635910This material is reserved for educational use only, not allowed for commercial use. 
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x Exact solution Numerical solution error value
0.90 0.0121461675 0.0122482299 0.000102062394
0.95 0.0079767162 0.0081242414 0.000147525199
1 0 0 0

Table 5.7: Comparison of the exact solutions and the numerical solutions at t = 1 and L = 40.

x Exact solution Numerical solution error value
0 0 0 0

0.03 0.0002338773 0.0002338771 0.0000000002100
0.05 0.0004683634 0.0004683629 0.0000000004376
0.08 0.0007040726 0.0007040719 0.0000000007014
0.10 0.0009416306 0.0009416296 0.0000000010214
0.13 0.0011816802 0.0011816788 0.0000000014207
0.15 0.0014248876 0.0014248857 0.0000000019259
0.18 0.0016719485 0.0016719459 0.0000000025688
0.20 0.0019235956 0.0019235922 0.0000000033884
0.23 0.0021806054 0.0021806010 0.0000000044322
0.25 0.0024438070 0.0024438013 0.0000000057596
0.28 0.0027140903 0.0027140829 0.0000000074448
0.30 0.0029924159 0.0029924064 0.0000000095813
0.33 0.0032798255 0.0032798132 0.0000000122870
0.35 0.0035774530 0.0035774373 0.0000000157113
0.38 0.0038865363 0.0038865162 0.0000000200437
0.40 0.0042084297 0.0042084042 0.0000000255239
0.43 0.0045446160 0.0045445836 0.0000000324545
0.45 0.0048967171 0.0048966759 0.0000000412148
0.48 0.0052665020 0.0052664497 0.0000000522734
0.50 0.0056558889 0.0056558227 0.0000000661965
0.53 0.0060669368 0.0060668532 0.0000000836392
0.55 0.0065018186 0.0065017133 0.0000001052989
0.58 0.0069627629 0.0069626311 0.0000001317826
0.60 0.0074519442 0.0074517810 0.0000001632924
0.63 0.0079712881 0.0079710892 0.0000001989336
0.65 0.0085221346 0.0085218993 0.0000002352535
0.68 0.0091046723 0.0091044090 0.0000002632288
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x Exact solution Numerical solution error value
0.70 0.0097169951 0.0097167329 0.0000002621885
0.73 0.0103535477 0.0103533598 0.0000001878391
0.75 0.0110025855 0.0110026360 0.0000000504815
0.78 0.0116420878 0.0116427182 0.0000006303823
0.80 0.0122333400 0.0122352207 0.0000018806275
0.83 0.0127113229 0.0127156809 0.0000043579822
0.85 0.0129716109 0.0129804752 0.0000088642578
0.88 0.0128560169 0.0128722018 0.0000161849502
0.90 0.0121461675 0.0121723122 0.0000261446814
0.93 0.0105873848 0.0106231759 0.0000357911714
0.95 0.0079767162 0.0080148896 0.0000381733760
0.98 0.0043245911 0.0043504145 0.0000258233948
1 0 0 0

Table 5.8: Comparison of the exact solutions and the numerical solutions at t = 1 and L = 80.

x Exact solution Numerical solution error value
0 0 0 0

0.01 0.0001169007 0.0001169006 0.0000000000260
0.03 0.0002338773 0.0002338772 0.0000000000525
0.04 0.0003510060 0.0003510060 0.0000000000801
0.05 0.0004683634 0.0004683633 0.0000000001094
0.06 0.0005860263 0.0005860262 0.0000000001409
0.08 0.0007040726 0.0007040724 0.0000000001753
0.09 0.0008225808 0.0008225806 0.0000000002132
0.10 0.0009416306 0.0009416303 0.0000000002552
0.11 0.0010613029 0.0010613026 0.0000000003023
0.13 0.0011816802 0.0011816799 0.0000000003550
0.14 0.0013028465 0.0013028461 0.0000000004143
0.15 0.0014248876 0.0014248871 0.0000000004812
0.16 0.0015478915 0.0015478910 0.0000000005567
0.18 0.0016719485 0.0016719479 0.0000000006418
0.19 0.0017971514 0.0017971506 0.0000000007380
0.20 0.0019235956 0.0019235947 0.0000000008466
0.21 0.0020513797 0.0020513787 0.0000000009691
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x Exact solution Numerical solution error value
0.23 0.0021806054 0.0021806043 0.0000000011073
0.24 0.0023113782 0.0023113769 0.0000000012632
0.25 0.0024438070 0.0024438056 0.0000000014389
0.26 0.0025780052 0.0025780036 0.0000000016369
0.28 0.0027140903 0.0027140885 0.0000000018598
0.29 0.0028521848 0.0028521826 0.0000000021109
0.30 0.0029924159 0.0029924135 0.0000000023935
0.31 0.0031349167 0.0031349140 0.0000000027115
0.33 0.0032798255 0.0032798225 0.0000000030693
0.34 0.0034272872 0.0034272838 0.0000000034719
0.35 0.0035774530 0.0035774491 0.0000000039247
0.36 0.0037304809 0.0037304764 0.0000000044340
0.38 0.0038865363 0.0038865313 0.0000000050068
0.39 0.0040457922 0.0040457866 0.0000000056511
0.40 0.0042084297 0.0042084234 0.0000000063757
0.41 0.0043746383 0.0043746311 0.0000000071907
0.43 0.0045446160 0.0045446079 0.0000000081071
0.44 0.0047185702 0.0047185610 0.0000000091375
0.45 0.0048967171 0.0048967068 0.0000000102958
0.46 0.0050792826 0.0050792710 0.0000000115974
0.48 0.0052665020 0.0052664889 0.0000000130593
0.49 0.0054586196 0.0054586049 0.0000000147000
0.50 0.0056558889 0.0056558723 0.0000000165396
0.51 0.0058585716 0.0058585530 0.0000000185994
0.53 0.0060669368 0.0060669159 0.0000000209016
0.54 0.0062812596 0.0062812361 0.0000000234687
0.55 0.0065018186 0.0065017923 0.0000000263221
0.56 0.0067288940 0.0067288645 0.0000000294805
0.58 0.0069627629 0.0069627299 0.0000000329573
0.59 0.0072036947 0.0072036579 0.0000000367565
0.60 0.0074519442 0.0074519034 0.0000000408666
0.61 0.0077077432 0.0077076979 0.0000000452527
0.63 0.0079712881 0.0079712383 0.0000000498433
0.64 0.0082427260 0.0082426715 0.0000000545128
0.65 0.0085221346 0.0085220755 0.0000000590558
0.66 0.0088094976 0.0088094344 0.0000000631505This material is reserved for educational use only, not allowed for commercial use. 
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35

x Exact solution Numerical solution error value
0.68 0.0091046723 0.0091046060 0.0000000663063
0.69 0.0094073484 0.0094072806 0.0000000677908
0.70 0.0097169951 0.0097169286 0.0000000665262
0.71 0.0100327930 0.0100327320 0.0000000609457
0.73 0.0103535477 0.0103534989 0.0000000487955
0.74 0.0106775797 0.0106775529 0.0000000268655
0.75 0.0110025855 0.0110025949 0.0000000093677
0.76 0.0113254619 0.0113255281 0.0000000662048
0.78 0.0116420878 0.0116422401 0.0000001522985
0.79 0.0119470548 0.0119473341 0.0000002793243
0.80 0.0122333400 0.0122338027 0.0000004626810
0.81 0.0124919193 0.0124926414 0.0000007220685
0.83 0.0127113229 0.0127124046 0.0000010816438
0.84 0.0128771541 0.0128787234 0.0000015692480
0.85 0.0129716109 0.0129738249 0.0000022139217
0.86 0.0129730916 0.0129761323 0.0000030406718
0.88 0.0128560169 0.0128600783 0.0000040613597
0.89 0.0125910748 0.0125963358 0.0000052610079
0.90 0.0121461675 0.0121527478 0.0000065802246
0.91 0.0114883953 0.0114962926 0.0000078973022
0.93 0.0105873848 0.0105964026 0.0000090177868
0.94 0.0094200830 0.0094297665 0.0000096834265
0.95 0.0079767162 0.0079863289 0.0000096127287
0.96 0.0062669518 0.0062755286 0.0000085768465
0.98 0.0043245911 0.0043310861 0.0000064950327
0.99 0.0022087560 0.0022122666 0.0000035106485
1 0 0 0
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A Numerical Solution of Burger’s Equation Based
on Milne Method

Supranee Chonladed and Kanognudge Wuttanachamsri

Abstract—Burger’s equation is a nonlinear parabolic partial
differential equation used in several fields such as fluid dynam-
ics and traffic flow. In this research, we find the numerical
solution of the one-dimensional Burger’s equation by using
the multi-step Milne method and the central finite difference
approach. A linearization scheme with a weighted technique
is employed to handle the nonlinear term. Due to the multi-
step approach, the second-order Runge-Kutta and Modified-
Newton Raphson schemes are applied to determine the second
initial condition. The numerical results are compared with the
exact solution, where the L2 and L∞ norms of the errors are
used to verify the accuracy of the techniques. The numerical
solutions are in good agreement with the exact solution. Among
various different variables in the governing equation and the
initial condition, the numerical visualizations are provided for
the different values of the parameters.

Index Terms—Burger’s equation, Milne method, Finite differ-
ence method, Runge-Kutta method, Modified-Newton Raphson
method.

I. INTRODUCTION

BURGER’S equation is a fundamental partial differential
equation. It was firstly given by Harry Bateman in

1915 [1]. The Burger’s equation becomes one of the leading
equations in the field of fluid mechanics which was suitable
for the analysis of various important areas such as modeling
of gas dynamics, heat conduction, and traffic flow [2].

Burger’s equation is solved by numerous numerical meth-
ods such as the finite difference and the finite element meth-
ods [3]-[16]. For example, A. Chaiyasit et al. [3] provided the
numerical solution of the one-dimensional Burger’s equation
by using the second-order Runge-Kutta method, the central
finite difference scheme, and the Newton-Raphson approach.
Z.Y. Ali [4] used a new iterative method to find the solution
of the Burger’s equation. N.A. Mohamed [5], provided a new
numerical scheme based on the finite difference method for
solving the nonlinear one-dimensional Burgers’ equation and
N.A. Mohamed [6] introduced new fully implicit schemes for
solving the one-dimensional and two-dimensional unsteady
Burger’s equation. P.G. Zang and J.P. Wang [7] proposed
a compact predictor-corrector finite difference scheme to
solve the Burger’s equation. S.M. Zulkifli et al. [8] used
inviscid Burger’s equation to model traffic flow and find
the solution of one-way traffic flow by using the method of
linear system. K. Ali et al. [9] found the new exact solution
of the Burger’s equation by using the Hopf-Cole transform
and the Fourier transform. Y. Ucar et al. [10] obtained
the numerical solution of the modified Burger’s equation
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by using the finite difference methods. G. Çelikten et al.
[11] found the numerical solution of the modified Burger’s
equation by using the explicit exponential finite difference
schemes based on four different linearization techniques.
S. Sungnul et al. [12] found the numerical solutions of
the modified Burger’s equation by using the Forward Time
Centered Space (FTCS) implicit scheme. M.A. Sheikh et
al. [13] compared the numerical solutions of the Burger’s
equation by using Lax-Friedrich and Lax-Wendroff schemes.
D. Deng and J. Xie [14] used Crank-Nicolson method com-
bined with Richardson extrapolation scheme and a fourth-
order compact finite difference method for solving the one-
dimensional Burgers equation. D. Deng and T. Pan [15]
applied the fourth-order methods of lines (MOL) based on
the Hopf-Cole transformation to solve the one-dimensional
Burger’s equation. P.W. Li [16] used a generalized finite
difference approach and the Newton’s method to solve the
two-dimensional unsteady Burger’s equation.

In this research, the Milne method combining with the
finite difference scheme is used to solve the one-dimensional
Burger’s equations. Because of the multi-step approach,
Runge-Kutta and Modified-Newton Raphson methods are
applied to the Burger’s equation to determine another initial
condition. The structure of this paper is as follows. In Section
2, we provide Burger’s equation, boundary conditions, and
an initial condition. In Section 3, the solution procedure is
described. The exact solution is given in Section 4. The
numerical results of the Burger’s equation are presented in
Section 5. Conclusions are given in Section 6.

II. BURGER’S EQUATION

In this work, we consider the one-dimensional time-
dependent Burger’s equation

∂v

∂t
+ v

∂v

∂x
= µ

∂2v

∂x2
, α < x < β (1)

subjected to the boundary conditions

v(α, t) = f1(t), 0 ≤ t ≤ T (2)
v(β, t) = f2(t), 0 ≤ t ≤ T (3)

and the initial condition

v(x, 0) = g(x), α ≤ x ≤ β, (4)

where the coefficient µ is the kinematic viscosity and T is
the final time. The functions f1, f2, and g are prescribed con-
ditions depending on each specific problem. The parameters
α and β are the endpoints of the domain.

III. NUMERICAL METHOD

The numerical methods used to find the solution of the
Burger’s equation are provided in this section. We first
employ the second-order finite difference method to the
spatial derivatives as shown in subsection A.
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A. The Second-Order Finite Difference Method
Consider the Burger’s equation

∂v

∂t
+ v

∂v

∂x
= µ

∂2v

∂x2
, α < x < β. (5)

We apply the central finite difference method to the derivative
terms ∂v

∂x and ∂2v
∂x2 in Eq. (5). The closed interval [α,β] is

divided into L subintervals. That is α = x0 ≤ x1 ≤ ... ≤
xL = β. Then,

∂v

∂x
≈ Vm+1(t)− Vm−1(t)

2h
(6)

∂2v

∂x2
≈ Vm+1(t)− 2Vm(t) + Vm−1(t)

h2
, (7)

where Vm(t) is the approximation of v at the point xm,
m = 1, 2, ..., L− 1 and h = xm − xm−1. Substituting
Eqs. (6) and (7) into Eq. (5), we obtain

[
∂v

∂t

]

m

+Vm(t)

[
Vm+1(t)− Vm−1(t)

2h

]

= µ

[
Vm+1(t)− 2Vm(t) + Vm−1(t)

h2

]
,

(8)

or
[
∂v

∂t

]

m

=
µ

h2
[Vm+1(t)− 2Vm(t) + Vm−1(t)]

− Vm(t)

2h
[Vm+1(t)− Vm−1(t)] ,

(9)

where
[
∂v
∂t

]
m

is ∂v
∂t at the point (xm, t) and L is the number

of grids.

B. Milne Method
The Milne method is a multi-step method for solving the

initial-value problem of the equation dy
dt = f(t, y) defined

by

yn+2 − yn = k

(
1

3
fn+2 +

4

3
fn+1 +

1

3
fn

)
, (10)

where the positive integer n is the nth time step, and k =
tn − tn−1. It is an implicit method and is characterized by
two polynomials

p1(x) = x2 − 1

p2(x) =
1

3
x2 +

4

3
x+

1

3
.

The roots of p1 are +1 and -1, which are simple roots.
Furthermore, p′1(x) = 2x and p′1(1) = 2 = p2(1). Thus,
the conditions of consistency and stability are achieved [17].
Applying the multi-step Milne method to the time-dependent
expression in the Burger’s equation, Eq. (9), we have

V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− V n+2

m

2h
[
V n+2
m+1 − V n+2

m−1

]
+ 4

( µ

h2

[
V n+1
m+1 − 2V n+1

m

+V n+1
m−1

]
− V n+1

m

2h

[
V n+1
m+1 − V n+1

m−1

])
+

µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h

[
V n
m+1

−V n
m−1

]}
.

(11)

From Eq. (11), the nonlinear term V n+2
m

[
V n+2
m+1 − V n+2

m−1

]
is

calculated by using the linearization method provided in [5]
such that V n+2

m (V n+2
m+1 − V n+2

m−1) ≈ Un+2
m (V n+2

m+1 − V n+2
m−1),

where Un+2
m is computed by using linear extrapolation

depending on V n+1
m and V n

m, Therefore

V n+2
m

∼= Un+2
m =

(
1 +

(
bn+2

bn+1

))
V n+1
m −

(
bn+2

bn+1

)
V n
m

(12)
where bn+2 = tn+2 − tn+1 and bn+1 = tn+1 − tn.
Substituting Eq. (12) into Eq. (11), we have

V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− 1

2h[(
1 +

(
bn+2

bn+1

))
V n+1
m −

(
bn+2

bn+1

)
V n
m

]

[
V n+2
m+1 − V n+2

m−1

]
+ 4

( µ

h2

[
V n+1
m+1 − 2V n+1

m

+V n+1
m−1

]
− V n+1

m

2h

[
V n+1
m+1 − V n+1

m−1

])
+

µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]
− V n

m

2h[
V n
m+1 − V n

m−1

]}
.

(13)

In this work, we fix the time step for every time period to be
∆t. Therefore, bn+2 = bn+1 = ∆t. So Eq. (13) is rewritten
as

V n+2
m − V n

m =
k

3

{
µ

h2

[
V n+2
m+1 − 2V n+2

m + V n+2
m−1

]
− 1

2h[
2V n+1

m − V n
m

] [
V n+2
m+1 − V n+2

m−1

]
+ 4

( µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

−V n+1
m

2h

[
V n+1
m+1 − V n+1

m−1

])
+

µ

h2

[
V n
m+1

−2V n
m + V n

m−1

]
− V n

m

2h

[
V n
m+1 − V n

m−1

]}
.

(14)

The Eq. (14) can be rewritten in the form

γmV n+2
m−1 + δmV n+2

m + λmV n+2
m+1 = gm, (15)

where
γm =− 2kµ− 2hkV n+1

m + hkV n
m

δm = 6h2 + 4kµ

λm =− 2kµ+ 2hkV n+1
m − hkV n

m

gm = 6h2V n
m + 8kµ

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

− 4hkV n+1
m

[
V n+1
m+1 − V n+1

m−1

]
+ 2kµ

[
V n
m+1 − 2V n

m

+V n
m−1

]
− hkV n

m

[
V n
m+1 − V n

m−1

]
.

Since V n+1
m and V n

m are used to calculate V n+2
m and the

initial condition can be employed to V n
m. To find V n+1

m ,
we apply the Runge-Kutta and Modified-Newton Raphson
methods [3] to the Burger’s equation as described in the next
section.

C. Modified-Newton Raphson Method
The discretized Burger’s equation with the central finite

difference and the second-order Runge-Kutta method per-
formed in [3] is
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V n+1
m − V n

m −
k

2

{ µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]

−V n
m

2h

[
V n
m+1 − V n

m−1

]}
− k

2

( µ

h2

[
V n+1
m+1 − 2V n+1

m +

V n+1
m−1

]
−
[
V n+1
m

2h
+

k

2h

{ µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

− V n+1
m

2h

[
V n+1
m+1 − V n+1

m−1

]}] [
V n+1
m+1 − V n+1

m−1

])
= 0.

(16)

Since Eq. (16) is a nonlinear equation, we apply Modified-
Newton Raphson method to find the solution of Eq. (16).
Let

Fm(V n+1
1 , V n+1

2 , V n+1
3 , ..., V n+1

L−1 )

=V n+1
m − V n

m −
k

2

{ µ

h2

[
V n
m+1 − 2V n

m + V n
m−1

]

−V n
m

2h

[
V n
m+1 − V n

m−1

]}
− k

2

( µ

h2

[
V n+1
m+1 − 2V n+1

m +

V n+1
m−1

]
−
[
V n+1
m

2h
+

k

2h

{ µ

h2

[
V n+1
m+1 − 2V n+1

m + V n+1
m−1

]

−V n+1
m

2h

[
V n+1
m+1 − V n+1

m−1

]}] [
V n+1
m+1 − V n+1

m−1

])
.

(17)

Thus
Fm(V n+1

1 , V n+1
2 , V n+1

3 , ..., V n+1
L−1 ) = 0, (18)

where m = 1, 2, ..., L − 1. Therefore, Eq. (18) can be
rewritten in a matrix form as

J(V (0))δ(P ) = −F (V (P )), (19)

where

J(V (0)) =





∂F1(V (0))

∂V n+1
1

∂F1(V (0))

∂V n+1
2

· · · ∂F1(V (0))

∂V n+1
L−1

∂F2(V (0))

∂V n+1
1

∂F2(V (0))

∂V n+1
2

· · · ∂F2(V (0))

∂V n+1
L−1

...
...

. . .
...

∂FL−1(V (0))

∂V n+1
1

∂FL−1(V (0))

∂V n+1
2

· · · ∂FL−1(V (0))

∂V n+1
L−1





δ(P ) =





∆V n+1
1

∆V n+1
2

...

∆V n+1
L−1





(P )

and F (V (P )) =





F1

F2

...

FL−1





(P )

,

where P is the number of iterations, V (P ) =
(V n+1

1 , V n+1
2 , ..., V n+1

L−1 )
(P ), (∆V n+1

m )(P ) = (V n+1
m )(P+1)

−(V n+1
m )(P ) and V (0) is the initial guess. Therefore

V (P+1) = V (P ) + δ(P ). The iteration is stopped when
‖δ(P )‖∞ ≤ tol, where tol is a small positive number.

IV. EXACT SOLUTION

To verify our numerical solutions, in this section, we
provide the exact solution of the Burger’s equation and

its conditions. The exact solution of the one-dimensional
Burger’s equation is given by Wood [18],

v(x, t) =
2µπe−µπ2t sin (πx)

a+ e−µπ2t cos (πx)
, 0 < x < 1 (20)

with the boundary conditions

v(0, t) = 0
v(1, t) = 0

}
t > 0 (21)

and initial condition

v(x, 0) =
2µπ sin(πx)

a+ cos(πx)
, a > 1. (22)

The Eqs. (20) - (22) will be used in Section 5 to demonstrate
the accuracy of the numerical solutions.

V. THE NUMERICAL RESULTS

In this section, we provide the numerical results obtained
from Eq. (15). To verify the solutions, we first compare the
results with the exact solution. Fig. 1 illustrates the exact
and numerical solutions at different number of grid points
for T = 1 with a = 1.1,∆t = 0.01, and µ = 0.001. In
the process of finding the numerical solutions V n+2

m in Eq.
(15), the number of iterations to obtain V n+1

m from V n
m by

using the Modified-Newton Raphson and the Runge-Kutta
methods with tol = 10−5 when L = 10, 20, 40 and 80 are
9, 19, 39 and 79, respectively. The figure shows that when the
number of grids increases, the numerical results converge to
the exact solution. The numerical solutions at T = 1 are
shown in Table I and the L2 and L∞ norms errors of the
numerical solutions are illustrated in Table II, where the L2

and L∞ norms are

L2 = ||v − V ||2 =

√√√√
L∑

j=0

|vj − Vj |2,

L∞ = ||v − V ||∞ = max
j

|vj − Vj |,

where v and V represent the values of the exact and numer-
ical solutions, respectively. Notice that the errors decrease
when the number of grids increases. Plots of the numerical
solution depending on x and t are provided in Figs. 2 and
3, where the later is the contour plot with a = 1.1, µ =
0.001, h = 0.0125 and ∆t = 0.01. In Figs. 2 and 3, the
solution has the maximum value 0.013 at the point x = 0.85
and the solutions are zero at the boundaries, which is consis-
tent to the boundary conditions Eq. (21). In Fig. 3, the second
left vertical line represents the numerical solution value of
0.002, while the next vertical lines represent incremental
numerical solution values of 0.004, 0.006, 0.008, 0.01, and
0.012, respectively. Similarly, the second vertical line from
the right is the numerical solution value of 0.002, while the
next vertical lines on the left of the second vertical line from
the right of Fig. 3 represent incremental numerical solution
values of 0.004, 0.006, 0.008, 0.01, and 0.012, respectively.
Fig. 4 shows the comparisons of the numerical solutions
and the exact solutions for different values of µ which are
0.001, 0.0005 and 0.0001 at T = 1 with a = 1.1,∆t = 0.01
and h = 0.0125. The decreasing coefficients µ decrease the
values of the numerical results. Fig. 5 shows the numerical
solutions when the constant a increases with the exact solu-
tions at T = 1, µ = 0.001,∆t = 0.01 and h = 0.0125. The
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increasing variables a decrease the values of the numerical
results. Note that the graphs of the numerical solutions almost
overlap with the exact solutions in both Figs. 4 and 5. The L2

- norm errors for the different values of µ and a are provided
in Table III. It is shown that the L2 - norm errors decrease
when a increase and/or µ decreases for both ∆t = 0.01 and
∆t = 0.001. Moreover, the errors decrease with decreasing
∆t. Table IV shows the L2 - norm errors of our numerical
solutions compared with the Euler forward discretization [19]
and Mac Cormack discretization [20] at different value of µ
for ∆t = 0.01 and 0.001, where the L2 - norm used in [19]
and [20] is

L2 = ||v − V ||2 =

√∑L
j=0 |vj − Vj |2

N
,

which is employed in Table IV, where N is the number of
time steps. The numbers in the table show that the errors of
our numerical solutions are less than that in [19] and [20].

TABLE I
COMPARISON OF THE NUMERICAL SOLUTIONS WITH THE EXACT

SOLUTION AT DIFFERENT VALUES OF L WHEN
a = 1.1, T = 1, µ = 0.001 AND ∆t = 0.01.

x Numerical solution Exact
L = 10 L = 20 L = 40 L = 80 solution

0.1 9.4161E-04 9.4163E-04 9.4163E-04 9.4163E-04 0.000942
0.2 1.9235E-03 1.9236E-03 1.9236E-03 1.9236E-03 0.001924
0.3 2.9923E-03 2.9924E-03 2.9924E-03 2.9924E-03 0.002992
0.4 4.2080E-03 4.2083E-03 4.2084E-03 4.2084E-03 0.004208
0.5 5.6548E-03 5.6556E-03 5.6558E-03 5.6559E-03 0.005656
0.6 7.4494E-03 7.4513E-03 7.4518E-03 7.4519E-03 0.007452
0.7 9.7140E-03 9.7160E-03 9.7167E-03 9.7169E-03 0.009717
0.8 1.2271E-02 1.2241E-02 1.2235E-02 1.2234E-02 0.012233
0.9 1.2525E-02 1.2248E-02 1.2172E-02 1.2153E-02 0.012146
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Fig. 1. Exact and numerical solutions at different values of L when a =
1.1, T = 1, and µ = 0.001 .

TABLE II
VALUES OF THE L2-NORM AND L∞-NORM ERRORS OF THE SOLUTIONS

IN TABLE I FOR DIFFERENT VALUES OF L AT T = 1.

L = 10 L = 20 L = 40 L = 80
L2-norm 3.8091E-04 1.8308E-04 6.6726E-05 2.3750E-05
L∞-norm 3.7899E-04 1.4753E-04 3.8173E-05 9.6834E-06
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Fig. 2. The surface plot of the numerical solution with a = 1.1, µ =
0.001,∆t = 0.01 and h = 0.0125.
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Fig. 3. The contour plot of Fig. 2 when a = 1.1, µ = 0.001,∆t = 0.01
and h = 0.0125.
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µ = 0.001
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Fig. 4. Numerical solutions for different values of µ with a = 1.1, T =
1,∆t = 0.01 and h = 0.0125.

VI. CONCLUSION

In this research, we propose a new method to find the
numerical solutions of the Burger’s equation which is the
combination of the multi-step Milne method and the central
finite difference method. Since we use V n

m and V n+1
m to

determine the solution V n+2
m , and V n

m can be obtained from
the initial condition, the second-order Runge-Kutta method
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Fig. 5. Numerical solutions for different values of a with T = 1, µ =
0.001,∆t = 0.01 and h = 0.0125.

TABLE III
VALUES OF L2-NORM ERRORS FOR DIFFERENT VALUES OF a AND µ

WITH ∆t = 0.01 AND ∆t = 0.001.

∆t a = 1.1 a = 2 a = 4

µ = 0.001 2.37502E-05 2.24741E-07 3.02647E-08
0.01 µ = 0.0005 6.86689E-06 5.76347E-08 7.67045E-09

µ = 0.0001 3.12268E-07 2.35362E-09 3.10223E-10
µ = 0.001 2.37478E-05 2.24737E-07 3.02644E-08

0.001 µ = 0.0005 6.86671E-06 5.76344E-08 7.67043E-09
µ = 0.0001 3.12268E-07 2.35362E-09 3.10223E-10

TABLE IV
COMPARISON OF THE L2-NORM ERRORS OF OUR NUMERICAL

SOLUTIONS WITH [19] AND [20] FOR a = 1.1, h = 0.0125, T = 1, AND
µ = 0.001 AND 0.0001.

µ ∆t [19] [20] Numerical
solution

0.001 0.01 4.9467E-06 1.0399E-05 2.3750E-06

0.001 2.6372E-06 1.9502E-06 7.5097E-07
0.0001 0.01 2.6372E-07 1.9502E-07 3.1227E-08

0.001 3.4891E-08 2.6251E-08 9.8748E-09

and Modified-Newton Raphson scheme are used to calculate
V n+1
m . The numerical solutions obtained are compared with

the exact solutions to verify the results. The comparisons are
illustrated in Fig. 1 and Table I at T = 1. They show that the
numerical results converge to the exact solutions when the
number of grids increases. The L2 and L∞ norms errors are
shown in Table II to determine the accuracy of our numerical
solutions. The surface and contour plots of the numerical
solution depending on both independent variables x and t is
illustrated in Figs. 2 and 3, where the highest value of the
numerical solution occurs at x = 0.85, approximately, and it
smoothly decreases to zero to both boundaries of the domain
for each time t. The numerical results and exact solutions
reduce in height for a small value of µ but vice versa with
the constant a as shown in Figs. 4 and 5, respectively. The
L2-norm errors of the numerical results in Figs. 4 and 5
are illustrated in Table III. For the different values of the
constant a in the initial condition and the coefficient µ in
the governing equation, the numerical and exact solutions

are in excellent agreement. As compared to other numerical
methods shown in Table IV, our numerical solutions are more
accurate.
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