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Chapter 1

Introduction

1.1  Inception and importance

The concept of mean or midpoint shows up in many areas of pure and applied
mathematics. One of the familiar mean between positive real numbers is the geomet-
ric mean a#b = v/ab, which is the solution of the algebraic equation z2 = ab. This kind
of mean can be extended to matrices as follows. For positive definite matrices 4 and

B of same size, their geometric mean is given by
A#B = Al/Q(A~-I/QBA-1/2)1/2A1/2.

Here X'/2is the uniqueé positive square root of a positive definite matrix X. See more
information about’ positive definite matrices in e.¢. [4]. This definition was exhibited
in [3] by Ando,and in fact, it'is equivalent to that was given in [13}, The fundamental
properties of geometric mean for matrices were established in [1]. For any t € [0,1],
the t-weighted geometric mean of positive. definite ratrices A and-B is defined by

A B = Alm(A"l/zBA_l/z)tAIﬁ.

Note that when AB = B4, we have A#,B = A'-!B* and, in particular, A#B = (AB)'/2.
More generally, in a uniquely 2-divisible twisted of a group, the geometric mean of
two elements e and b can be defined directty by

aBb'= a1/2(a-—ljzba-1/2)l/2al/2.

In the literature, there are many. works concerning axiomatized means, see
eg. [2, 6,7, 11,12, 14]/ Let us focus on the concept-of reflection quasigroups,
introduced by Lawson and. Lim/[9]., A reflection quasigroupis a set X together with
an assignment z - S(z), called the-symmetry-or the point reflection such that the

following conditions hold for all a,b,c € X:

(M1) S,S,(b) = b;

(M2) 8,8,(b) = b;

(M3) S.54(c) = Ss,55a(c);

(Md) the equation S,(a) = b has a unique solution z € X.

The unique solution of the equation S,(a) = b will be called the (geometric) mean or
the midpoint of a and b, denoted by a#b.

Let D be the set of dyadic rationals in R. Then D is a reflection quasigroup with
respect to the symmetry S,(b) = 2a — b for each a,b € D.| A function f between two
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reflection quasigroup is called a symmetry homomorphism or an s—homomorphism
if £(Sa(®)) = Ssay(f(b)) for all a,b. For any reflection quasigroup X and two elements
2,y € X, there exists a unique s—homomorphism ~ : D — X such that (0) = z and
7(1) = y. The function v is automatically mean—preserving, i.e. y(a#b) = y(a)#v(b)
for all a,b € D. See [9] for more information. So we can define the t-weighted mean
a#yy = ~(t), where v is the unique dyadic geodesic with ¥(0) = z and (1) = y.

In a reflection quasigroup Xthe satisfy the following properties hold for all

u,v,w,z € X, and all r,s,t €

(1) (idempotency) u#,u = u;

(2) (commutivity) u#tv = vl

(3) (exponential law) w#,(i#,v) = u#, v;

(4) (affine change of parameter) (u#,v)#;(i# ,v) = UH 1ty 05

(5) (limited mediality) (u#v)#(w#z) = m, provided that u#w = m = wiz:

(6) (cancellativity) u#,v = u#,wfor # 0 implies v = w.

We consider a topological version of a reflection quasigroup. A lineated sym-
metric space consists of a set X satisfying the properties (M1)-(M3) together with a
Hausdorff topology suich that

1) The map (z, y).#% Sel(y) +X x X — X is continUous.

2) For 2,y & X, there is a unigue continuous s—homomorphism az 4 : R — X such

that ag,,(0). = 2.and a, 4(1) = .
3) The map(t, z;y)+> athy : R XX x X X is continuous.

The image a,,(t) is also'dencted =#y;'and is called the t=weighted mean of z and y.
Certain mean equations were investigated in [9].

1.2  Objectives
The objectives of this research are as follows:
1) Provide fundamental examples of lineated symmetric spaces.

2) Investigate properties of weighted means in which weights are arbitrary real num-

bers.

3) Solve certain weighted means equations in lineated symmetric spaces.



1.3 Scopes of the study

In this paper, we develop further theory of means in a lineated symmetric
space. First, we provide fundamental examples of lineated symmetric spaces. Then
we investigate properties of weighted means in which weights are arbitrary real num-
bers. Moreover, we solve the following certain weighted mean equations in lineated

symmetric spaces:
e att,x =10
o (att,z)ttia=b
o (zH,a)#tyz =b
o o# (zHiattz) B,z = b

o a#f (aH,xthia)H a =b.

1.4  Benefits

To obtain further theory of weighted means.

1.5 Research. methodology
1) Study backgroundin matrix theory.
2) Study background in quasigroup theory.
3) Study the geometric mean for real numbers ard matrices.
4) Study research papers about reflection quasigroups.and lineated symmetric spaces.
5) Determine objectives and scope of the research
6) Provide fundamental examples of lineated symmettic spaces.
7) Investigate properties of weighted means in lineated symmetric space.
8) Solving weighted mean equation in lineated symmetric spaces.

9) Conclude the results and write the thesis.
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Chapter 2
Preliminaries

In this chapter, we provide preliminary results on theory of (geometric) mean.
This chapter includes geometric mean for matrices, geometric mean in uniquely 2-
divisible twisted subgroups of a group, reflection quasigroup and lineated symmetric

spaces.

2.1 Geometric mean for matrices

Definition 2.1. A Hermitian matrix 4 € M,,(C) is said to be positive definite if z* Az > 0
forallzeC*-0.

V2
Example 2.2. A= [ J is positive definite.
2 5

Proof. Clearly, A* = AT = AL et 2= l:m} e R?=0. Then

Y

-~ t
FAz= [.'1: y] L } sy X (z42y)°+y* > O
S\ 1Y

If 2*Az = 0 ,then 2 = 0 and y = 0. 'Since = and y-are not concurrent zero, we have

2*Az > 0. Therefore, A is positive definite, ]

Theorem 2.3. ([4])- Let 4 bea positive definite matrix and k€ N. Then there exists a
unique positive definite matrix.B such that B* = 4.

Definition 2.4. We'call the matrix B in Theorem 2.3 the positive k-root of A, denoted
by Ak,

5 4

4.5)

Solution. Write A = UDU* where U is Unitary matrix and D is diagonal matrix.

Then all eigenvalues of A are A\, = 9 and), = 1.

Example 2.5. Find A'/? where A =

1. . 2

T =— is eigenvector that corresponding with X; = 9.
V2 |1
1 |-2f. ; g

wa= A } is eigenvector that corresponding with A, = 1.

Then D = a2 and U = L i .
0 1 1 i
1

I =219 0] 1
1/2 e S
Hence, A 7 L . } L J 7 [
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The concept of geometric mean for positive real numbers can be extended to

positive definite matrices as follows.

Definition 2.6. Let A and B be positive definite matrices of the same size. Then the
geometric mean of 4 and B is defined by

AH#B = Al/Z(A—l/'zBA—l/z)]/2A1/2_

4
Example 2.7. Find A#B where 4 = ’ and B = ! 2}.

4 5 2 5
Solution AHB = AV2(A12BA-1/2)1/2 g1/2

r 1/2 ~1/2 —1/2\ /2 1/2
_ |5 4 5 4 1 2|5 4 5 4

14 4 5 2.5/ [4 5 45

-

17889 2.2361
2.2361 44721/

o

2.2  Geometric mean in uniquely 2-divisible twisted subgroups of a
group
We shall explain how to define the geometric mean in twisted subgroups of a group.

Definition 2.8, A subset K of a group G is termed a twisted subgroup if it fulfills the
following conditions:

1) The identity element belongs to k.
2) For all z & K, we have z=Le k.
3) For all ,y & K,we have 2yt € K.

Example 2.9. Recall that M, (R) is a group under matrix addition. Then M,(R) is a
twisted subgroup of itself.

Proof. Clearly, 0 € M,(R). For each 4, B € M,(R), we have —A, A+B+A4 € M,(R). L[]

Example 2.10. Recall that the general linear group GL,(R) is a group under usual
matrix multiplication. Consider the set £,(R) of n-by-n positive definite matrices. Then
P(R) is a twisted subgroup of GL,(R)

Proof. Clearly, I € P,(R). For each A € P,(R), we have A~! € P,(R). For each A,B €
Fn(R), we have ABA = A*BA € P,(R). Here, A* denotes the conjugate transpose of

A. L]

Definition 2.11. A twisted subgroup A of a group G is said to be uniquely 2-divisible

if every element in A has a unique square root in A.



.
Example 2.12. By Theorem 2.3, P,(R) is a uniquely 2-divisible twisted subgroup of
the general linear group GL,(R).

Let A be a twisted subgroup of a group. For each a,b € 4, the geometric mean
of @ and b can be defined by

aHh = al/z(awl/lba—1/2)1/2a1/2_

The core operation of two elements a and b in A is defined by a e b = ab~a.

2.3 Reflection quasigroup

The fundamental idea of a symmetric space is that of a space endowed with a “canon-
ical reflection” S, through each point-a;-called a symmetry or point reflection. The
symmetry sending z to y.ought to be the point symmetry S, through the midpoint
m of z and y. The “midpoint” or “geometric mean” of point.z and y should be the

point through that.on reflects = to y.

Definition 2.13. A quasigroup is a pair consists of a set @ and-a binary operation + on
Q, such that for each a and bin @, there exist unigue-elements-a and y in Q for which

1) axz = b (left quasigroup),
2) yxa = blright quasicroup).

Definition 2.14. Let (Q,#) be a quasigroup. A subset 4 € @ is called-a subquasigroup
of @ if (A4,%]4) is a-quasigroup:

Definition 2.15: /A reflection quasigroup; a dyadic symmetric set ora dyadic symset for
short, is a set X together with an assignment a =5, satisfying the following conditions
for all a,b,¢c € X:

(M1) Su(a)=a

(M2) S,8.(b)=b

(M3) 5,8(c) = Sg,15.(c)

(M4) the equation S,(a) = b has a unique solution = € X.

Each S, is called the symmetry or the point reflection through a. The unique solution
of the equation S,(a) = b will be called the (geometric) mean or the midpoint of a
and b, denoted by a#b.

From the above definition, we can set a e b = S,(b) for each a,b € X. Then a
groupoid (X, s) is a reflection quasigroup if and only if it is a right quasigroup satisfies
the following conditions for all a,b,¢ € X:



(M1) aea=a
(M2) ae(aeb) =10
(M3) ae(bec)=(aeb)e(asc).

Example 2.16. Recall that (R,+) is an additive group. The natural core operation on
R is defined for each z,y € R by

Tey=12z—y.
Then (R,e) is a dyadic symmetric set.
Proof. For any #,y, z € R, we have
(M1) ez =2z —z =z
(M2) zeo(zoy)=ae (20— y)y=20= (20— y) = y;
(M3) z0(yez) =z 02— 2) = 2 = (2 = 2) £ 2022 — ) — (2 =2)= (zoy)e(zez)

a+b a+b

(M4) (Existence) We have eq =2 —a = b.~This-shows the existence of a

solution for the equation = e.a = b,

(Uniqueness) Suppose there exists an element y & X such that yea = b. Then
zea=~b
2r—a=2=a
=y
This shows the  uniqueness of a solution for the equation = e o= b.

Therefore, (R, ) is.a dyadic symmetric set. L]

Observe that'the symmetries-in-a symmetric space are typically required to
have isolated fixed'points. Note also that Axiom (M4) ensures that each symmetry has
only one fixed point. Mere precisely, the condition Sz(a)=aholds if and only if z = a.

Theorem 2.17. ([9, Proposition1:3}).- A twisted-stbgroup of a group is a reflection
quasigroup if and only if it is uniquely 2-divisible.

Note that if X is a uniquely 2-divisible twisted subgroup of a group, e is a core
operation, and ¢ is the identity, then

T = (cHr) o € = (eHz)e ! (cHa) = (efz)?

Thus, z'/2 = e#tz. By definition of the core operation e, we also have z e ¢ = 22 and
cox =171
Let (X, ¢) be an arbitrary reflection quasigroup and fix an element ¢ € X, called

a base point of X. For each z € X and t € D, we define

.'Bt = E#tﬁ.‘.



Example 2.18. ([9, Example 3.1]). Recall that the set
D = {% . a€Z,beN}
of dyadic rationals is a group under usual addition. It is a uniquely 2-divisible subgroup
of itself, and thus, a reflection quasigroup by Theorem 2.17. The reflection operation
is given by
res=2r-s

The corresponding geometric mean operation is the familiar arithmetic mean

ris = - ha

Definition 2.19. Let (X,ex) and (Y, sy) be reflection quasigroups with associated mean

operations #x and #y, respectively. Afunction f: X — Yis called a e—homomorphism
or an s—homomorphism if f(a sx-b)y =" flayey-f(b)for all o,b € X. It is called a
#-homomorphism if fla#xb) = fla)#y f(b) forall a,b € X.

Theorem 2.20. ([8;Corollary 5.8]). Let (X, ) be a reflection quasigroup and let 2,y €
X. Then there'is a unique e-hamomorphism (and also #homomorphism) ~ from the
dyadic line D to X such that y(0) =z and 4(1) < y. For the particular case that when
z is chosen to be a base point of X, then the function iy is given by Te\= o'

Definition 2.21. A s-homomorphism from D into a reflection quasigroup is called a

dyadic geodesic.

Remark 2.22, ([9, Remark 3.3]). A function 8: D~ Disa s-homomorphism if and only
if it is of the form 5(#) = at +b for some a,b € D. This:map préeserves midpoints, hence
is a #-homomorphism, and thus a e-homomorphisms

FromTheorem 2.20, one can define weighted geometric means in any pointed

reflection quasigroup as follows:

Definition 2.23. Let(X,e)'be a reflection quasigroup'and let =y € X. For each t e b,
we define the t-weighted.mean of = andy to be a#wy ="(t), where ~ is the dyadic
geodesic such that 4(0) = z and (1) =y.

Theorem 2.24. ([9, Theorem 3.10]). In a reflection quasigroup (X,s), the following
properties hold for all u,v,w,z € X and r,s,t e D :

(1) (idempotency) u#u = u;

(2) (commutivity) u#,v = vl _u;

(3) (exponential law) u#, (u#t,v) = ut,,v;

(4) (affine change of parameter) (ut,v)#;(ul,v) = U (1403

(5) (limited mediality) (u#,v)#(w#z) = m, provided that ultw = m = véz;

(6) (cancellativity) u#v = ult,w for ¢t # 0 implies v = w.
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2.4 Lineated symmetric spaces

Definition 2.25. ([6]). A symmetric set, or symset for short, is a groupoid (X, ) satisfying
the axioms (M1)-(M3) in Definition 2.15.

Definition 2.26. A lineated symmetric space consists of a symset (X, s) which is also
a Hausdorff topological space such that the following hold:

1) The map (z,y) —» zey: X x X — X is continuous.

2) For =,y € X, there exists a unique continuous s— homomorphism Oy : R X
such that a, ,(0) = 2 and «, ,(1) = y. Here, we use the natural core operation on

R, namely, a e b = 2a — b for each a,b € R.
3) The map (t,z,y) - oH,y+R x X% X =5¥X-is.continuous.
We call a,,,(t) the t=weighted mean of r and y, also dencted.by z#,y

Theorem 2.27./([10, Proposition 3.31). If (X, e)'is a lineated symmetric space, then X

is a dyadic symset.

Theorem 2.28.-([10, Theorem 3.10]). Let (X, s, £) be a pointed dyadic symset equipped
with a Hausdorff topology such that

(i) the map-(z,y) r+z ey : X x X - X is continuous:

(ii) the map (¢, )~ z4i D x X — X can be extended a continuous map (z,y) — z* :
Rx X — X.

Then X is a pointed lineated symmetric space.



Chapter 3
Fundamental Example of Lineated Symmetric Spaces

In this chapter, we provide four fundamental example of lineated symmetric
spaces.
3.1 Auxiliary results
Lemma 3.1. ([9]) Let 4, B € P,(R). Then the Riccati equation
XA'X=8B
has a unique positive solution” X =A#B = AW2(A-Y2BA~1/2)1/2 41/2,
Lemma 3.2. ([5, p.430]). For any X, Y & M, (R), we have

[ eX < et

Here, the matrix norm.|| = | is defined by

l4) =432 ash*?

i,7=1
where A = [a;;] €M, (R).
Lemma 3.3. The map exXp : M, (R) — M, (R), 4 = ¢ is continuous.

Proof. To show that ezp is continuous, et {4,)2%, be a sequence'in M, (R) such that
A, — A € M,(R). Then by Lemma 3.2, we have

et — YL |An= Al el aglida=All _, . AN 0L o
Hence, e» — e, That'is the mapexp.is continuous. O

Lemma 3.4. ([5, p.478]) The map log=Pa(R)=s N, (R), A — log A is continuous.

3.2 Fundamental example of lineated symmetric spaces

Example 3.5. Recall that (R, +) is an additive group. The natural core operation on R
is defined for each =,y € R by

Tey=2zr—y,

Then (R, e) is a lineated symmetric space.
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Proof. For any z,y, z € R, we have

rer=2xr—2
=z,
ze(zoy) =z (25 —y)
=2 — (22— y)
=g
and
Tze(yez)=ze(2y—2z)
=2 — (2y — z)
= 2% =) — (2 — z)
=(zoy)e(zez).
Thus, (R,e) is a symset. We equip R with the usual topoloey; namely, the metric
topology on R/defined by

dlz,y)="r~y|,  “z,yeR.

This topology is knownte be Hausdorff.

Next, we will-show that (R;e) is a lineated symmetric spacé. Since z e y is a
polynomial function, we have (z;y) =z ey : X x X = X is continuous. Let z,y € R,
Define a,, : (R,e) —= (R, e) by

axy(t) = (1 — t)z+ty.
For any a,b € R, we have
z,5(a) @ ey (b) = [(1 ~@)a+ ayl'e [(1 — b)a'+ byl

= 2(z — az + ay) — (@~ batby)

= [1'- (22 — b)]z+(2a= b)y

=[1-(aeb)z+ (aeb)y

=a, y(aeb).
Hence, as,, is an s—homomorphism. For uniqueness, let 3 : (R,e) — (R,s) be a
continuous s-homomorphism such that 8(0) = = and B(1) = y. We shall consider the
restriction g|p. Note that

1
5(5) = B(0#1)

= B(0)#p(1)

= z#y

21y
T2
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and
3. 1
BC) = B5#)
= B(5)#8(0)
Ty
+y
e 2
-2 e

Similarly, for any ¢ € D, we have 3(t) € D. Thus, Range 3l C D. By Remark 2.22,
Blp must be of the form g(t) = at + b for some a,b € D. Since both o, and g are
continuous on R, a,,, = # on D, and I is dense in R, we conclude azy = B onR. Thus,
for z,y € R, there exists a unique continuous s—homomorphism a,, : R = R such that
zy(0) =z and a; (1) = y. Since (¢, z,y) - oty = a,,(t) = (1-t)z+ty is a polynomial,
this map is continuous. Therefore; (R, e)-is-a lineated symmetric space. L]

Example 3.6. Recall that (1£,(R), +) is'an additive group. its natural core operation is

defined by
A®B=24—<8B.

Then (M, (R),©) is a lineated symmetric space.
Proof. For any A, B,C & M,(R), we have
AgA=24+4
= A,
AG(AGB)=A0 (2A-B)
=0

and

AC(BRC)=A06 (2B-0)
=24="(98 — C)
=2(2A—B) - (2A-0)
=(A®B)e(AGCQ).

Thus, (M, (R),®) is a symset. We equip M, (R) with the usual topology defined by the
metric d: M, (R) x M,(R) - R,

dA,B) = (33 las; — bs)V2, A = [ay], B = [,

i=1 j=I1

This topology is known to be Hausdorff.
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Next, we will show that (M, (R),®) is a lineated symmetric space. Clearly, the
map (A, B) = A® B = 24 - B is continuous. Let A, B € M,(R). Define a. p : (R,e) =
(M, (R), ®) by

CMA,B(??) = (l — t)A +tB.

Here, the operation e is defined on R as in Example 3.5. Then, as5(0) = 4 and
a4 g(1) = B. For any s,w € R, we have
aa5(s) © a p(w) = [(1 - $)A+ sB] © [(1 — w) A + wB]

=2(A—-sA+sB) - (A-wA+ wB)
=[1-(2s-w)]A+ (2s—w)B
=[1-(sow)]d+(sow)B
=a4,5(5Ow)-

Hence, a4 5 is an s-homomorphism.. Let g : (R,s) =(M,(R),®) be a continuous

s—homomorphism’ sdch that 8{0). = A and 4(1) = B.-For each X € M,(R), we define
P;ij(X) = X;;, the'(i, j)-th entryiof X.

R) 2 (M), 8) 2+ (R;e)
For any t,s € R, we have
(Bigo B)(L 0's) = P (B(8) © Bs))
=F;(26(t) = 5(s))
= (20(t) = B(s)):;
= 2B(t)ij — Bls)ij
= B(t)i; ¢ B(s)s;
=Py B)(t) e (Pijo B)(s)
Note also that
(i © B)(0) = Py;(B(0))
= Pi;(4)
= Ay,
and
(Pij o B)(1) = P (B(1))
= Fi;(B)
= Bj;.
Hence, P;; o 8 is a continuous s—homomorphism from (R, s) to itself such that (P, o
8)(0) = A;; and (P;; 0 8)(1) = B;;. By Example 3.5, P,; o 8 must be of the form

(})ij o ﬂ)(t) = (1 — t)Aij + tBiJ'.



15
Since the (i,7)—th entry of A(t) is given by (P, o 8)(t), we have

B(t) = [(Py; o B)(t)];;
=[(1 —t)Ai; + B
=(1-t)A+1tB
=y g(t).
Thus, for any 4, B € M,(R), there is a unique continuous s—homomorphism a4 p :
R — M, (R) such that a4 5(0) = 4 and a4 (1) = B. Since the matrix addition and the

scalar multiplication are continuous, the map (¢, 4, B) — (1 — t)A + tB is continuous.
Therefore, (M,(R),®) is a lineated symmetric space. ]

Example 3.7. Recall that the positive real-numbers B* is a group under multiplication.
Its natural core operation-is defined for each z,y € &t by
> A1 2
rRY=\TY T = =
Y

Then (R*, ®) isa lineated symmetric space.

Proof. For any z,y:% € Rt, we have

and

=(z®y)®(z®2).

Thus, (R, ®) is a symset. We equip R* with the subspace topology inherited from R.
Since R is Hausdorff, the subspace R* is also Hausdorff.
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Next, we will show that (R*,®) is a lineated symmetric space. Clearly, the
map (z,y) =« ® y is continuous. Let z,y € R*. Define a,, : (R,e) = (R, ®) by

Oz y(t) = xl_tyt-

Then, a,,(0) = z and a, (1) = y. For any a,b € R, we get

oy(a) ® ag,y(b) = [wliaya} @ [Il—byb]

B (a,:l—o.ya)2
xl“byb

= _,El—_2a+by2a~b

- ml@(a.-b)ya-b
= agy(a e b).

Hence, a;, is an s-homomeorphism. For uniqueness, let g : (R,e) = (R*,®) be a
continuous s-homomerphism-such that 4(0) = z and 8(1) = . Consider the function
G : RT — R defined by G(z)=logmz

R, o) T AL MR ) —or [(Rya)

Clearly, G is continuous. For any z, y € R, we obtain

(GoB)(mey) = G(B(z) A1)
13(3:)2)

B(y)
=log 8(z)? — 09 B(y)

= 2log A(z) —og Bly)

= log(

=1og3(z) ¢ log A(y)
= (G o f)(z)e(G o B)(y)
Note that
(G o B)(0)=G(5(0))
= G(z)
= Bb,
and

(GoB)(1) =G(B(1))
=G(y)
= logy.

Hence, G o 8 is a continuous s—homomorphism such that (G o 8)(0) = logz and (G o
B)(1) = logy . By Example 3.5, Gog must be of the form (Gog)(t) = (1-t) log(z) -+t log(y).
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It follows that
log(A(t)) = (1 —t) log(x) + tlog(y)
%A = ((-t)log(a)+tlog(y) —  log(x'~*)+log(y’

3(0 = Blog(;::l““)elog(yf‘) — a:c,y(t)-

Thus, for z,y € R*, there exists a unique continuous s—homomorphism a, , : R — R+
such that a,,(0) = = and a.,(1) = y. The map (t,3,y) — oty = o, (t) = 2"yt is
clearly continuous. Therefore, (R*,®) is a lineated symmetric space. ]

Example 3.8. Recall that P,(R) is a group under multiplication. Its natural core oper-
ation is defined for each 4, B € P,(R) by

ARB=ABTA:
Then (P,(R),X) is alineated symmetric space.

Proof. For any AyB, C € P.(R), we have
(M1)

ARA= AA14
=T1A
=A,

(M2)

AR(AX B)= AR (AB*A)
= AAB YA T A
=AA"'BATA
= IBI

O
(M3)

AR (BRC)= AR (BC™'B)
= A(BC™'B)"4
= AB-1CB~'4A
= AB~'ICIB A
= AB71AATICA'AB'A
= (A8 TAAC ATV ABTIA)
=(ARB)R(ARC)
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and (M4) Lemma 3.1 tells us that the equation

XRA=XA"'X=B

has a unique solution X = A#B. Thus, (X,R) is a dyadic symmetric set. We equip
P,(R) with the subspace topology inherited from M,(R). Since AL, (R) is Haudorff,
P,(R) is also Haudorff.

Next, we will show that (P,(R),R) is a lineated symmetric space. Since the
maps B~ B~! and (A, B) —» ABA are continuous, we have (4, B) — Ae B=AB- 14 s
continuous. Consider the map (g, 4) — A7: D x P,(R) = P,(R). We extend this map
to the map @ : (z,4) —» A7 : R x P,(R) = P,(R). We shall show that the map @ is
continuous. Note that for each z € R and 4 € B,(R), we have

A% = eiogA“

ol ExlogA

Hence, @ is the composition between the logatithm map,-the map A4 — x4, and the
exponential map. The map 4+ zA is known.to be continuous. The exponential map
and the logarithm-map ‘are continuous by Lemma 3.3 and Lemma 3.4, respectively.
Hence, @ /is continuous. Therefore, P, (R) is a lineated symmetric space by Theorem
2.28. L]

Proposition'3.9. The weighted mean #; on P,(R) is defined by
A B S AV2ATIZBAT YA, BE PulR),

Proof. We shallshow thatthe mapas g+ R — P.(R), a4 5 = A#,Bis'an s-homomorphism.
Let 5, € R. Then

o 5(s) R p(t) =[AV2 (AT 2 BAT AR (A2 A~ Y2BAF/2) A1)
s [Alfz(A—UzBA—l/z)sAl/z][Al/z(AﬁlmBA—Uz)tAl/z]—1[Al/z(Aul/zBA—l/z)sAl/z]
— A1/2(_.4"1/23_4‘1/2)’A1/2A“1/2(A*I/EBA_l/z)“A‘TL/?AI/Z(A""UZBA"1/2)31‘1]/2
_ A1/2(A—UzBAq/z)S(A—1/2BA—l/z}—t(A—iszA—ljz)sAl/z
- Al/z{A—uzBA—l/z)zs—wAuz
= a4,5(2s — 1)
=aap(set).

Clearly, t — A#,B is continuous. By (3.9), we have a4 g(0) = A and a 5(1) = B. By

Example 3.8, the weighted mean #; on P,(R) is defined by (3.9).
[]



Chapter 4

Properties of Weighted Means in Lineated Symmetric

Spaces

In this chapter, we establish properties of weighted means in lineated symmetric

spaces

4.1  Auxiliary results

Lemma 4.1. Let (X, e) be a reflection quasigroup, and let m € X. Then
Xpi="1(a,b) € X X Xlaith=un)

is @ subquasigroup.of the product quasigroup X x X.

Proof. Assume (X, ex)-and (Y ey ) are quasigroup. First-of all,"We must show that
(X x Y,*) is quasigroup. Let (a1,a3), (b1,b2) € X x¥. Since{X,ex) s a quasigroup,
then there'is x;, @5 ¢ X sush that a; ex 2, = by-and =y sx ay =b,. Since (V,ey) is a
quasigroup, then thereis s, y.-€ Y such that a; sy ¥y =3 and ¥, ey ay = b,. Then

(a1, as) * (Ilayl) = (a; ox 7y, 0z oy ?)])

= (b1, b2),
and

(Z2;y2) * (ar-@2) = (22 ox 01,72 oy a2)

= (b;,bg).

We will show uniqueness, Suppose (a;b) *(x;,y;) = (bi,ba) Where (z;,y;) € X x Y.
Then

(a1 95 Bys az oy yp) = (br;bs)
o)

ap ex .’E; :bi (4-1)

and
ag oy y; = bs. (4.2)

Since (4.1) and ay ex z; = by, then z; = z;. Since (4.2) and a, ey y; = by, then y; = .
Hence, (z1,y1) = (a1,31). SUPPOSE (z3,ys) * (a1,a2) = (by,ba) Where (z5,y5) € X x Y.
Then

(x ox a1,y oy az) = (b1, ba)
0

(a1 ®x Tys 00 9y 1;) = (byyba).
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This is
.’E; exa, =b (4.3)
and
Yo oy az = by, (4.9)

Since (4.3) and z; e a; = by, then a3 = x5, Since (4.4) and y, ey ay = by, we have y, = Yo
Hence, (z2,12) = (z5,,). Thus, (X x Y, ) is quasigroup.

Next, Recall that X, = {(a,b) € X x X|a#b = m}. Must show that X,, is a
subquasigroup of the product quasigroup X x X. Since (m,m) € X,,,, we have X, # 0.
For each (a,b), (¢c,d) € X,,, we have

faB)e (o) =) (@.5)
and
(x,9) e (a/b)=(c,d). (4.6)
By (4.5), a ez = ¢ and bey=4d. Hence, z = ¢tta and.y= a#b. Consider
Ty = (ctta)H#(dHh)
= (ctd)#(a#h)
= mitm

= TIR.

Thus, (r,y) € X,,. By (4.6), 3 ea=cand y eb='d we have z = affec and y = bid.

Consider
oy = (atc)#(bid)
= (atth)#(cHd)
=miim

= m.

Thus, (z',y) € Xom.

Finally, we will show the uniqueness. Suppose (a,b) e (z,5) = (c,d) where
(Z,9) € Xm. Then aez =cand be j=d. Hence, = cHa =z and § = d#tb = y.

"

Suppose (z",y")  (a,b) = (c,d) where (z",y") € X,.. Then " ea = ¢ and

y eb=d. Hence, 2’ = attc =2’ and y" = bid = y Therefore, X,, is a subquasigroup of
the product quasigroup X x X. []

Lemma 4.2. ([5, Proposition 3.7]). Let X be a lineated symmetric space. Then
zo(yHz) = (zoy)#i(z e 2);

in particular, (y#2) 71 =y~ 12! forall t e D and z,9, 2 € X!
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4.2 Properties of Weighted Means in Lineated Symmetric

Spaces

Definition 4.3. A pair (X,¢) is called a pointed lineated symmetric space if X is a

lineated symmetric space and ¢ is an element of X, called a base point.

Definition 4.4, For each z € X and ¢t € R, we define
.’L't' = E#t.'L'.

Remark 4.5. The map a,,, in Definition 2.26 is automatically a e—homomorphism and
a #—homomorphism due to Theorem 2.20 and continuity. More precisely, for each

z,y € X and t,s € R, we have
Hiesy = (aHy) o (zitey):

Theorem 4.6. LetX be a lineated symmetric space and let #,5.¢ X. Then the map
$sy R — X defined by &, ,(t) = w#.y isa #=homomorphism. In'particular, the map
t—y':R—X is a #-homomorphism for each ye X.

Proof. Let t,s € R . Then, there are two sequences (t,)-and (s4) in D such that ¢, — ¢

and s, = 5. By contintity, we have t,, e s, = ¢ » s and hence

By (tHs) = SHony

= Um ‘T#g”#s" Y
T00

i

le Y(tn 85
2 mlLr&[V(tn)#7(3n)]
= fig Al (oo
 Jim ot i
= (athy)H(e#,y)
=, , ()80, ,(s).
Thus, @, is a #=homomorphism.
When we consider the pointed lineated symmetric space X with base point
e =ux, we get
D, () = athy = y'.

[

Theorem 4.7. Every lineated symmetric space X satisfies the following properties for
all ryeXandrseR
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(1) atoy = z;

(2) athy =y,

(3) cH 1z=ceux;
(@) attyy=yeuz,
(5) z7#a® =z,

Proof. (1) z#yy = @z, (0) = =.
(2) o1y = az,(1) = .
B)e# 12 =0 u(-1) = . (001) = a2 (0) @ g 2 (1) = c 0.
(@) aHyy = atie0y = 0p y (100) = @y (1) @ 0y 4 (0) = y @ 2.
(5) Let & € X be a base point. Since ag,, is'a-#—homomorphism (Theorem 4.6),

we have

2 Hat = (eH ) (H,2)
= o a(n)¥a z(s)
= g (1)
= el 4.2

xr#s

:.'L'r:'fi.
L]

Theorem 4.8. Let X be a lineated symmetric space. Then the following properties
hold for all z,, z,w € X and r,5,¢ € R:

(1) (idempotency) z#:z = z;

(2) (commutativity) z#,p= v L

(3) (limited mediality) If a#w = m=y#z, then (z#,y)#(w#,z) = m;
(4) (affine change of parameter) (z#,y)#:(a#,y) = 21— prays
(5) (exponential law) z#, (a#.y) = #,.y.

Proof. (1)Lett € R. Since D is dense in R, there is a sequence (t,) in D such that ¢, — ¢.
By continuity, z#; = — a#,2. By Theorem 2.24(1), z#; = = z. Since X is Hausdorff, we
conclude z#,z = .

(2) Let t € R. Since D is dense in R, there is a sequence (i,) in D such that
tn — t. By continuity, z#, y — z#,y and y#; ; = — y#, ;2. By Theorem 2.24(2),
z#e, y = y#i_, x. Since X is Hausdorff, we conclude z#,y = y#,_.z.
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(3) Suppose z#w = m = y#z. Lett € R. Then there is a sequence (t.) in D such
that t,, — t. We have

(z,w), (y,2) € {(a,b) € X x X |a#thb = m} := X,,..

By the Lemma 4.1, X, is a subquasigroup of X x X and thus, a reflection quasigroup.
For each n € N, there exists a dyadic geodesic v, such that Tnltn) = (z,w)#y, (y,2) in
Xm. Then

m = (z,w)#(y, 2)
= lim (z,w)#, lim (y, 2)
T—300 T—roQ
= [Lm (z#y, y, wHy 2)

= Ith (xhhy, y)#(w#f-n’z)

I

( LLm ﬂf#gny)#( le IU#th’)
= {m#,y)#(w#;z)

Therefore, (z#iy)#(wz) = m.

(4) Let 7, s € R./Since D.is dense in R, there aré Sequences (ta), (r,) and (s,)
in D such'thats;, <, r,' = r'and s, < 5. By continuity, we have »#, .y — «#.y and
a#y,y — z#,y- It follows that (a#,, y)#, (a8, ) — (a#,y)#(z#,y) and hence

-'B#(I =tadrp i s, Y T 33#(1-—t)r+r,-3!}-
By Theorem 2.24(5); we have
(‘T#Tny)#tn (:B#Sny) = I#(]-*fnJTn +tﬂ5ﬂy.

Since X is Hausdorff, we get (a#t, y)#,(a#,y) = TR ey,

(5) Let r,s € R.. Since Dis dense in R, there are sequence (r,) and (s,) in D
such that r, — r and s, — s..Then.r,s, — rs. By-continuity, we have o, (st y) =
o#, (z#,y) and z#, , y — z#,..y. By Theorem 2.24(5), we have

zHy, (zHe,y) =zt ...
Since X is Hausdorff, we have a#, (a#,y) = a#,,y. []
Theorem 4.9. Let X be a lineated symmetric space. Then z o (y#iz) = (zoy)#i(z 0 2).

Proof. \et z,y,z € X and t € R. Since D is dense in R, there is a sequence (t,) in D
such that ¢, — t. By continuity, we have z e (y#, z) > z e (y#:z) and (zey)#, (ze2) —
(z o y)Hi(z e 2). By Lemma 4.2, we have

z o (yhy,2) = (z o ), (0 2),

Since X is Hausdorff, we have x e (y#;z) = (z e y)#,(z 0 2). []
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Corollary 4.10. Let X be a lineated symmetric space. Then (y#,z)~* = y~1#,2~1 for
all t e R.

Proof. Let y,z € X, y is a base point and t € R. Since D is dense in R, there is a
sequence (t,) in D such that ¢, — ¢. By continuity,

(yHe,2)7 " = yH_1(y#hy, 2)
=ye(yH, z) = ye (y#2)
= (y#i2)™!

and

y Mzt = (yiy)H, (yHen)
=(yoy)fi(yez) = (yey)H(yez)
= y_l#,z_l.

By Lemma 4.2, we have
(y#tn:b’)_l = y"l#inz“l.

Since X is Hausdorff, we have (y#;z) L =y~ #271 L]
Theorem 4.11. The following hold in a lineated symmetric space X:

(1) Foreachw € X and #€ R ~{0}, the map z » z#,w is'bijective,

(2) For each w e X and t € R —{1}, the map z — w#,a is bijective,

Proof. (1) For.each = € X, there exists a#fyz.c X such that

¥ (a1 7). =alty
= (I-#l

h?

L

~

by Theorem 4.8 (5). Hence, z — wH,z is surjective. Let w,y,> € X be such that

whyy = w2, By Theorem 4.8 (5), we get

y =why
= wit 1 (wityy)
= wiz

= 2
s

Hence, z — w#,z is injective. Thus, z — w#,z is bijective.
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(2) For each z € X, there exists z#,a € X such that

(a# 1 z)fa = athy_y(aH L 2)
= a#lz

-
<

by Theorem 4.8 (5). Hence, = — w#x is surjective. Let w,y,z € X be such that

y#w = z#w. By Theorem 4.8 (5), we get

y = why
= w#ri_i(w#l..ty)
= w#ﬁ(w#l_tz)
= wh 2
. 2}
Hence, z — wix is injective. Thus, & — wi,x s bijective. ]

Theorem 4.12. Let X be a lineated symmetric space X, Then for all z, y, z € k:
(1) (left cancellability) z#yy ==#, 2 for some ¢ £ 1 impliesy = z.
(2) (right cancellability) y#a = =#,x for some t £ 0 implies y = z.

Proof. (1) It follows from the injectivity of the mapz+ w#,»foreach w e X and t # 1.

(2) It follows from the injectivity of the map z + z#,w for each w € X and

t # 0. []



Chapter 5

Weighted Mean Equations in Lineated Symmetric

Spaces

In this chapter, we investigate certain weighted mean equations in lineated
symmetric spaces. Every equation considered here is shown to have unique solution

in an explicit form.

Lemma 5.1. Let X be a lineated symmetric space. For any a,b € X and s,t ¢ R, we
have
(ﬂ-#fb}#sa‘ - ﬂ.#f (b#\,a)

Proof. By Theorem 4.8, we have
(atb)Hoa = (et sa)H, (bHa)
Lot (b4,a).
L]

Theorem 5.2. Let X be a lineated symmetric space and let a,b € X and ¢t € R - {0}.
Then the equation a#;2 = b has a unique solution z = afab.

Proof. (Existence) By Theorem 4.8, we have
a.#i(a#%b) =att{b
= b.
(Uniqueness) Suppose there exists-an element y € X such that a#,y = b. Then
attyb = atty (aty) .
= athy
=y

[

Corollary 5.3. Let X be a lineated symmetric space and let a,b € X and m,s €
R — {0,1}. Then, the equation (a#,,z)#,a = b has a unique solution z = a#f__1__b.

i
Proof. By Theorem 4.8, we have
b= (att,x)H.a
= aty_s(a#t,2)
= att(1-4).

Hence, a#f,,q_qz = b. It follows from Theorem 5.2 that & = a#__1_b is the unique

m(l—s)

solution of this equation. []
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Corollary 5.4. Let X be a lineated symmetric space and let a,b € X and m,s € R
such that m(1 — s) # 1. Then the equation (z#,,a)#,z = b has a unique solution

z=oao__ 1 b
T=m(i=s)

Progf. Using Theorem 4.8, we get
b= (z#,.a)#.2
=zt (z#hna)
= 2# (1)

b is the

Hence, a#,_,,1-sz = b. By Theorem 5.2, we conclude that z = a#ﬁ_

m(l—s)

unique solution of this equation. L]

Theorem 5.5. Let X be a lineated symmetric space and let a,b € X and t € R. Then

the geometric mean z = q#b isthe unique solution-of
(zthoa)#t (£H,D) = -
Proof. (Uniqueness) Suppose (x#:a)#{a#:b) = #. Then
vthb = e (atha)
Lz e n)th(zea)
= 2#,(z e a).
By Theorem 4.12, we 'have b= xea.-Hence, & = a#b.

(Existence) Consider @ = a#b. We have a#h = z = =z#z. By Theorem 4.8,

(zHya)#(aH:b) = z.
]

Theorem 55 is a generalization-of Theorem 4.1 of [9].

Theorem 5.6. Let X be a lineated symmetric space and #;s € R such that ¢s # 1. The

weighted mean off _i.bis the unigue solution of the equation

1—ts

oty (zt,a) = b

Proof. (Uniqueness) Suppose z#;(z#,a) = b. Then, a#,,a = b. Hence, a#,_,.x = b. By
Theorem 5.2, z = a#_1_b.
(Existence) Cc:;wt;ider z=a# _1_b. We have
ot (aHsa) = (a#ﬁ;b)#,((a#rxﬁb)#sa)
= (a#l__;ﬁ b)#sa
= a#j.._ts((l#l__li_gb)
= a#fib
=b.
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Theorem 5.7. Let X be a lineated symmetric space and t € R — {2}. The weighted
mean a# 1 b is the unique solution of the equation

(a#hz)#b = z.
Proof. Assume that (aff,z)#b = 2. Then

b=z e (attT)
= (zea)f(zex)

= (ze a,)#t;l':.
Set y ==z ea. Then z = y#a and

b=yt (y#a)
=y y0)
= y#g a
= ﬂ'-#l__éy.
Hence, the equation (a#,z)#h =2 is transformed to ath iy =2b. The latter equation

has a unique solution y = a#_;_{b. Thus, the equation {(a#;#)#b = z has a unique
solution \

.= yHa
= (a#t;_1b)#e
= affy (a#l_%b)

T (“#2(1—5)17)

=G#QJ—Tb'



Chapter 6

Conclusions and Suggestions

6.1 Conclusions

The following examples are lineated symmetric spaces:
e The real numbers R with the core operation zey =2z—y. Here aty = (1—t)z+ty.

o The set of square real matrices M, (R) with the core operation A® B = 24 — B.
Here A#,B = (1—t)A+tB.

e The positive real number R+ with the core operation z @ y = z%/y. Here a#,y =

al-tyt,

e The set of positive definite mattices P, (R) with the core Operation AXB = AB~1A.
Here A#,B £ AV2(A=1/2 BA-12)t A1/2,

Weighted means in lineated symmetric spaces have the following properties:

e the map &, "R = X defined by Dy (t) = aftyy is a #-homomorphism; in
particular, this holds for ¢y ; R — X forallz, yeXand teR;

o aftyy = m;

o zthy=y;

o cH_jz=c'ox;

o oHyy = yeux

o p"Hyt = .’L'L‘Jlﬂ;

o (idempotency) z#,2=n;

o (commutativity) a#,y = y#,_,z;

o (limited mediality) (z#,y)#(w#.z) = m, provided that z#w = m = y#iz;
o (affine change of parameter) (@) (e#sy) = 2801000
o (exponential law) o#, (z#,y) = o#,.y;

o o (yHz) = (zey)(zez);

(yiz) =y Wz forall te R;

Foreachwe X andteR - {0}, the map z + z#,w is bijective;

For each w € X and t € R — {1}. the map  — wyz, is bijective;
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o (left cancellability) z#,y = =#,z for some ¢ # 1 implies y = z;
e (right cancellability) y#,z = 2#,z for some ¢ # 0 implies y = z.

Weighted mean equations in lineated symmetric spaces have the following
solutions:

o The equation affyz = b has a unique solution = = a#f1b.
¢ The geometric mean z = a#b is the unigue solution of (z#,a)#(z#,b) = =.
e The weighted mean a#f_._b is the unique solution of the equation z#;(z#,a) = b.

I—ta

o The weighted mean a#_1_b is the unique solution of the equation (a#z)#b = x.

6.2 Suggestions

We may consider systems of weighted mean equations:in lineated symmetric
spaces.
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Abstract: In this paper, we develop further theory of means in a lineated symmetric space. First, we
investigate properties of weighted means in which weights are arbitrary real numbers. Then, we provide
fundamental examples of lineated symmetric spaces. Moreover, we investigate certain weighted mean
equations in lineated symmetric spaces.
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space.

Introduction: The concept of geometric mean a#b = vab for positive real numbers a and b, as the
solution of the equation x? = ab, can'be extended to positive definite matrices as follows. For positive
definite matrices A and B of the same size, their geometric mean is given by

A#B 3 AATY BA D A"

This definition was exhibited in [2] by Ando, and.in fact, it is equivalent to that was given.in [11]. Here,
A" is the unique positive square oot of A, Se¢ more information about positive definite matrices in e.g.
[12]. Fundamental properties of geometric mean for matrices were cstablished in [1]. For any ¢ € [0,1],
the t-weighted geometric mean of positive definite matrices 4 and B is defined by

AR A (AR BATA) A

Note that when AB =BA, we have A#,B = AY"'B' and, in particolar, “A#B = (AB)*.
More generally, in a uniquely 2-divisible twisted subgroup of a group, the geometric mean of two
elements a and b can be defined by

a# b\ a2 a2 ha? Y "

In the literature, there are many works concerning axiomatized means, see e.g. [3,4,8,9,10,13].
The fundamental idea of a symmetric space is that of a space endowed with a “canonical reflection” S,
through each point x, called a symmetry or point reflection. The symmetry that sends x to ¥ ought to be
the point symmetry S, through the midpoint m of x and y. The *midpoint” or “geometric mean” of point
x and y should be the point through that on reflects x to y.

Let (X, ) be a binary system. We define_S,: X =X by S,(y) = x e ¥ and view S, as the
symmetry or point reflection through x. Recall that a function f: X — ¥ between two binary systems is a
homomorphism if f(uev) = f(u) e f(v) for all w,v €X, and an isomorphism if it is additionally a
bijection.

Definition 1.1. A reflection quasigroup, a dyadic symmetric set or a dyadic symset for short, is a groupoid
(X, ) satisfying the following conditions for all a,b,ce X :

Ml aea=a (S;(a)=a);
(M2) ae(aeb)=0b (5,5,=idy);
(M3) ae(bec)=(asb)e(asc) (SaSp=Ssp)i
(M4) the equation x e @ = b (S,(a) = b) has a unique solution x € X, called the
(geometric) mean, or midpoint of @ and b, and denoted by a#b.
If (M1)-(M3) are satisfied, we call (X, =) a symset.
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We observe that while the symmetries in a symmetric space are typically required to have
isolated fixed points, the axiom (M4) ensures that each symmetry has only one fixed point. More
precisely, the condition Sy(a) = a holds if and only if x = a.

Theorem 1.2 ([6, Proposition 1.3]). Let Abe a twisted subgroup of a group G. Then, (4, ) is a
reflection quasigroup if and only if 4 is uniquely 2-divisible.
Hence, a uniquely 2-divisible twisted subgroup of a group is an example of a reflection quasigroup.

Apair (X, €) is called a pointed reflection quasigroup if X is a reflection quasigroup and &
is a fixed element of X, called a base point. By the defining equation of e#x, we have x = (e#x) o ¢ =
(e#tx)e™ (e#x) = (e#x)?.Thus, x* = & # x. By definition of the core operation », we also have x » £ =

x?andeex =x"1.

Example 1.3 ([6, Example 3.1]). Recall that the set
a
D= {ﬁ; aeZbeN}

of dyadic rationals is a group under usual addition. It is a uniquely-2-divisible subgroup of itself, and
thus, a reflection quasigroup by Theorem 1.2. The reflection operation is given by

res = 2r-3s.
The correspending geometric mean operation is the familiar midpoint operation (indeed, the
arithmetic mean)

r+s
TH#s = g bl

Theorem 1.4 ({5, Corollary 5.8]). Let (X, ») be a reflection quasigronp and let x, y e X. Then, there exists
a unique *-homomorphism (and also #-homomorphism) ¥ from the dyadic line (ID, =) to X such that
¥(0) = xandy(1) = y.Forthe particular case that x = & in a pointed reflection quasigroup, y is given
by

PABY = O

Remark 1.5 ([6, Remark 3.3]). A function f: D — D is a » ~homomorphism if and only if it is of the
form f(t) =at+b for some a,beld | This ~map preserves midpoints, hence, are
#-homomorphisms, and thus, = -homomorphisms.

From Theotem 1.4, one can define weighted geometric means in any reflection quasigroup as
follows.
Definition 1.6. Let (X, '») be a reflection quasigroup and let x,y € X. For each t € D, we define the t-
weighted mean of x and y to.be x#,y = y(t), where ¥ is the unique dyadic geodesic such that y(0) =
x and y(1) = v.
Theovem 1.7 ({6, Theorem 3.10f). Tn.a reflection quasigroup (X, e), the weighted means satisfy the
following properties for all a, b,c,d e X and 7, s, t e D

(0) a#yb =a, a#t b =b;

(1) (idempotency) a#,a = a;

(2) (commutativity) a#,b = b#,_,q;

(3) (limited mediality)If a#ic = m = b#d, then (a#.b)#(a#.d) = m;

(4) (affine change of parameter) (a#,b)#.(a#;b) = a#_yrersh;

(5) (exponential law) a#,.(a#.b) = a#,.b;

(6) (cancellability) a#,b = a#,c for ¢t + 0 implics h=c.
We consider a topological version of a reflection quasigroup as follows.

Definition 1.8. A lineated symmetric space consists of a symset (X, *) equipped with a Hausdorff
topology such that
(i) themap (x,y) » xey: X XX — X is continuous;
(i) for each x,y € X, there exists a unique continuous s-homomorphism @yy: R = X such that
a(0) = x and a(1) =y. The image a,,(t) is also denoted by x#,y, and is called the t-
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weighted mean of x and y. Here, we equip R with the natural core operation a « b = 2a — b,
a,belR;
(iii) the map (t,x,¥) — x#,y: Rx X X X - X is continuous.
Theorem 1.9 ([7, Proposition 3.3]). If X is a lineated symmetric space, then (X, *) is a dyadic symset.
In this paper, we develop further theory of means in a lineated symmetric space. First, we
investigate properties of weighted means in which weights are arbitrary real numbers. Then, we provide
fundamental examples of lineated symmetric spaces. Moreover, we show that each of the following
weighted mean equations has a unique solution:

a#,x =b

(x#,a)#(x#,b) = x
x#t,(x#,a) =b

(a#,x)#b = x.

Explicit formula of such solutions are presented.

The paper is organized as follows. In the next section, we establish properties of weighted means
on lineated symmetric spaces and provide three fundamental examples of those spaces. In Section 3, we
investigate certain weighted mean equations in lineated symmetric spaces.

Properties of weighted means and examples of lineated symmetric spaces:In this section, we provide
properties of weighted means and three fundamental examples of lineated symmetric spaces.

A pair (X,&) iscalled a pointed lineated symmetric space if X is a lineated symmetric
space and ¢ is an element of X, called a base point. For each x € X and ¢t e R, we define

1o 5= g

Note that the map @, in Definition 1.8 is automatically a *—homomorphism and a #—-homomorphism
due to Theorem 1.4 and continuity. More preciscly, for each x, v € X and t,5 € R, we have x#,,,y =
(x#.y) o (x#sy).
Theorem 2.1 Let X be a lineated symmetric space. Then, the following properties hold for all x,y, z, w € X
and r,s,teR;

1) the map @y 5:R=X defined by @,,(t) =x#,y is "a »~ and #~homomorphism;

in particular, this holds for £+ y*: R —» X;

2)  xftgy =x, Xy =y;

3) (idempotency) x#.x = x;

4)  (commutativity) x#,y = y#,_,x;

5) (limited mediality) If x#fw = m = y#z, then (x#)#(wWH, 2) = m;

6) (affine change of parameter) (x#,y)#,(x#:y) = x# 1 _p)rsesVi

7)  (exponential law) x#,(x#,y) = x#,cV;

8) xe(y#.z) = (x o y)#,(x «2);in particular, (y#,2)~1 = y~ iz

9) Themap x +— x#,w, t # 1, and x — whx, t ¥ 0 are bijective;

10) (left cancellability) x#,y = x#,z for ¢ # 0 implies y = z;

11) (right cancellability) y#, x = z#, x for ¢ # 0 implies y = z;

T+

12) x"#x° = Xz
Proof ~ We shall prove only the properties 1), 4), 5), 9), 10) and 12). The others can be similarly proven.
First, note that X is a dyadic symset by Theorem 1.9.

1) Let t,s € R. Then, there are two sequences (t,,) and (s,,) in D such that t,, — t and
&, — 5. By continuity, we have tyes5, —tes and hence

cb:c,y(t o 5) =x#.y = ’111_13;[} x#tn-sny = 11_?;13 Y(tpesp) = 11_1:1 [y (tn) « v(sp)]

= limy(t,) « limy(s,) = ( lim X#rn‘.V) . (lim x#sny) = (x#,y) « (x#y)
n—yx n-w n—w n—oo
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= ‘bx,y(t) . q’x.y@)-
Thus, @, is *~homomorphism. Similarly, we can conclude that ®,,, is #-homomorphism.
When we consider the pointed lineated symmetric space (X,x), we get

d)x,y(t) =x#y = yt-

4) Lett e R. Since D is dense in R, there is a sequence (t,) in I such that t, - t. By
continuity, x#, y = x#,y  and  y#,_, x > y#;_,x. By Proposition 3.7 of [6],
x#, y =y#,_, x. Since X is Hausdorff, we conclude x#,y = y#,_,x.

5) Suppose x#w = m = y#z. Let t € R. Then, there is a sequence (t,,) in D such that t,, — t.
By Lemma 3.8 of [6], we have

(,w), ,2) e {(a,b) e X X X | a#th = m} = X,,.

By the same lemma, X, is a subquasigroup of X X X and-thus, a reflection quasigroup. For each neN,
there exists a dyadic geodesic y; such that y,(t,) = (x,w)#, (v,2).inX,,. Then,

m = (W (y,2) = lim (x,w)#, lim (y,2) = lim (x#,,y.w#, z)
H=>0 H=30 n—»w
= lim (x#, y)#(w#, z) = (lim x#tny) # (lim w#tnz) = (x#,))#(w#, z2).
n—co e o N—>00

Therefore, (x#;y)#(Wi#,2) = m.
9) Let t e R — {0}. Foreach z € X, there exists a#,z € X such that

a#, (a#12) =aff, wz=a#z=2z
i t(z)

by 7). Hence, x — w#,x is surjective. Let w, ¥, zeX be such that w#,y = w#,2. By 7), we get

y=wiy =wii(wiy) = whi(w#,2) = 2
t t

Hence, x +— w#,x is injective. Thus, x = w#, x is bijective. By 4), the map x+> x#,w, t #1 is
also bijective.

10) It follows from the injectivity of the map x +— w#,x for each w e X and ¢t # 0.

12) Let 7,seR.  When the base point . £=x, ~the unique continuous
s—homomorphism « is given by a(t) = y'. Since a is a #~homomorphism, we have

T+
XTHXT = a(r) PO B S Lt = X7,

Next, we provide fundamental examples of lineated symmetric spaces.
Example 2.2. Recall that (R, +) is an additive group. The natural core operation on R is defined for
each x,y e R by
xXey=2x—y.

It is straightforward to verify that (R, ) is a symset. We equip R with the usual topology, which is
known to be Hausdorff.

Next, we will show that (R, ) is a lineated symmetric space. Since x » y is a polynomial
function, we have (x,y) = x*y:X X X = X is continuous. Letx,yeR and let a,,: (R, *) —
(R, *) be defined by

ayy(t) = (1 —t)x + ty.

653
© The 43" Congress on Science and Technology of Thailand (STT 43)




38

For any a, b € R, we have

ax,y(a) . ax,y(b) = [(1 - a)x =+ ay] ® [(1 - b)x * by]
=2(x —ax +ay) — (x — bx + by)
=[1- (2a - b)]x+ (2a — b)y
=[1—(a*Db)]x+ (asb)y
= ayy(a=b).

Hence, a,, is an s~homomorphism. For uniqueness, let f: (R, ») » (R, ¢) be a continuous
s-homomorphism such that #(0) =x and B(1) =y. We shall consider the restriction #|p. Note
that

1 Xty
B(5) = BO#D = pO)#B(D) = x#y =22,

5() =5 o) =p@me=22 .

Similarly, for any teD, we have f(t) € D. Thus, Range (f|p) € D. By Remark 3.3 of [6], #|p must
be of the form B(t) = at + b, teD) for some a, b €. Since both @ and f are continuous on R, @ = f on
D, and ID is dense in R, we conclude-@ = f§ on R. Thus, for x,y € IR, there exists a unique continuous
s-homomorphism a, R — R such that (0) = x and a(1) = y.

Since (t,x,y) #— x#,y= a,,(t) = (1 = t)x + ty is a polynomial, this map is continuous.
Therefore, (R, ¢) is a lineated symmetric space.

Example 2.3.  Recall that (‘M,,(R), +) 'is an additive group.  lts natural core operation is defined by
A®B =2A-B!

It is straightforward to. show that (M,(R), ®) is a symset. We equip ‘M, (R) with the
usual topology, which is HausdorfT.

Next, we will show that (M, (R), ©) is a lineated symmetric ~“space. Clearly,
the map (A,B)+— AOB =24~B 'is continuous. ~ Let A, BeM,(R) and let
ap: (R, o) = (M,(R), ®) be defined by

@) = (1= 1)A + 1B,

Here, the operation e isdefined on R as in-Example 2.2. Then, o, 5(0)= Aand a,5(1) = B. For
any s,w € R, we have

45 (S)Oay (W) =[(1— s)A + sB]O[(1 =w)A + wB]
= 2(A=sA + s5B) —(A—wA +wB)
=[1-(2s—w)]JA+ (25 —w)B
=[1-(sw)]d+(sw)B

=ayp(sew).

Hence, a, p is an s-homomorphism.

Let B: (R, ¢) = (M, (R), ®) be a continuous s-homomorphism such that
p0)=x and B(1)=y. For each AeM,(R), we define P;j(A) = Ayj, the (i,)) -th entry
of A.

R, )~ (M, (R), ©) —2>(R, *)
For any t, s € R, we have
(PyoB)(t = 5) = Py (B(OOB(5)) = Py(2B() - B()) = (28 - A(5)),
=2B(t)ij — B(s)ij = By » B(s)ij = (PjoB)(t) « (PjoB)(s).
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Note also that (P;;08)(0) = P;;(8(0)) = Ay, and (P;08)(1) = P;(B(1)) = By;, Hence, P;joB is a
continuous s-homomorphism from (R, e) to itself such that (Pl- 7 oﬁ)(ﬂ) = A;; and (P,-joﬁ)(l) = By;,
By Example 2.2, P;jof8 must be of the form

Since the (i, j)-th entry of B(t) is given by (P;j08)(t), we have
B = [(PyoB) ()], = [(1 - DA, + tByl, = (1~ )A+1tB = a(®).

Thus, for any A, B € M,(R), there is a unique continuous s-homomorphism
®yy: R = M,(R) such that a(0) =x and a(1) =y.

Since the matrix addition and the scalar multiplication are continuous, the map (t, 4, B) —
(1 — t)A + tB is continuous. Therefore, ( My(R), ®)-isa lineated symmetric space.
Example 2.4. Recall that the positive real numbers R* is a group-under multiplication. Its natural core
operation is defined for each x,y € R by

x2

x@pr= xy 3 5

It is easy to prove that (R*, ®) is a symset. We equip R™ with the subspace topology inherited from
R. Since R is Hausdorff, the subspace R* is also Hausdorff.

Next, we will show that (R*, ®) is a lineated symmetric space. Clearly, the map (x,y) —
x@®y is continuous. Let x,y eRT and let a,,,: (R, ) = (R*, ®) be defined by

¥ XJ) LRV
Then, a,,(0) = x and oy (1) = y: Forany a,be R, we get

pl-aay2
ax.y(a)®ax,y (b) = [xl—aya]®{x1-byb] ey (_;1_:32;75)__ = x1—2a+by2a—b

= SN s (o),

Hence, a,, is an s~homomorphism. For uniqueness, let f: (R, ¢) - (RY, ®) be a continuous s—
homomorphism  such  that B0Y=x ~and B(1) =y. Consider the function
G:R* - R defined by G(x) = logx.

(R, 9)—E= (R*, @)—>(R, )

Clearly, G is continuous. For any x, y € R, we obtain

(Gop)(x +) = G(B(IBAY)) = log (52) = logBx)? ~ 10g A7)

= 2log B(x) —log B(y) =logp (x) «log B (»)

= (Gop)(x) « (Gop)(y).
Note that (Go)(0) = G(B(0)) =log(x), and (GoB)(1) = G(B(1))log(y). Hence, Gop is a
continuous  s-homomorphism  such  that (GoB)(0) =log(x) and (Gop)(1) = log(y).
By Example 2.2, Gof must be of the form (GofB)(t) = (1 —t) log(x) + tlog(y). It follows that

log(B (1)) = (1 — ) log(x) + t log(y)

elog(B(t)) = e(lwt)]og(x)nlog(y) — eiag(xl‘t)ﬂog(yt)
B(t) = e'oer™ eloe(r) = g(p).
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Thus, for x, yeR*, there exists a unique continuous s-homomorphism a,,: R - R*
such that 2(0) =xand a(1) = y.

The map (t,x,y) = x#,y = a,,, (t) = x' "yt is clearly continuous. Therefore, (R*, ®) isa
lineated symmetric space.
Weighted mean equations in lineated symmetric spaces: In this section, we investigate certain weighted
mean equations in lineated symmetric spaces. Every equation considered here is shown to have unique
solution in an explicit form.
Lemma 3.1. LetX be a lineated symmetric space. Forany a,b e X and s,t e R, we have

(a#:b)#;a = a#,(b#.a).
Proof By Theorem 2.1, we have (a#,b)#;a = (a#;a)#,(b#;a) = a#,(b#;a).
Theorem 3.2. Let X be a lineated symmetric space and let a,beX and teR—{0}. Then,
the equation a#f;x = b has a unique solution x = a#ib.
t

Proof  (Existence) By Theorem 2.1, we have a#, (a#lb) =a#, b = b.
t

(Uniqueness) Suppose there exists an element y € X such that a#,y = b.
Then, a#ib = a#ti(a#,y) = a#yy = y.
t &

Corollary 3.3. Let X be a lineated symmetric space and let a,b€X and m,s e R— {0,1}. Then, the

equation (a#,,x)#,a = b has a unique solution x = a# 1 b.
m(1=5)

Proof By Theorem 2.1, we thave b = (a#,x)#sa = atti—(a#,x) = atty,q_gx.

Hence, a#;;;-5x = b. It follows from Theorem 3.2 that ¥ = a#__1__ b is the unique solution of this
m(1-s)

equation.

Corollary 3.4. Let X be a lincated symmetric space and let a,b € X and m, s e R —{0,1}. Then, the

equation (x#,a)#,x = b has a unique solution x =a# 1 b.
1=-m(1=5)

Proof Using Theorem 2.1, we get
b= (xitpa)sx = x#y_(x#na) = x#y @

Hence, a#;_,,(1-5% = b. By Theorem 3.2, we conclude that x = a#__ 1 b.is the unique solution
1=m(1~5)

of this equation,

Theorem 3.5. Let X be -a lineated symmetric space and let a,beX and telR. Then,
the geometric mean x = a#b is the unique solution of
(xdt o) H#(x# b)) = x,
Proof  (Uniqueness) Suppose (x#tya)#(x#,.b) = x. Then,
x#.b =2xe (x#,a) = (x = x)#H,(x 0 a) = x#,(x s a).

By the property10) in Theorem 2.1, we have b = x s a. Hence, x = a#b.

(Existence) Consider x = afth. We have a#th = x = x#x.
By the property 5) in Theorem 2.1, (x#.a)#(x#,b) =x.

Theorem 3.5 is a generalization of Theorem 4.1 of [6].
Theorem 3.6. Let X be a lineated symmetric space and t,s € R such that ts # 1. The weighted mean
a#_1_b is the unique solution of the equation

1-ts
x#,(x#,a) = b.
Proof  (Uniqueness) Suppose x#,(x#.a) = b. Then, x#,,a = b.
Hence, a#;_;sx = b. By Theorem 3.2, x = a#_1 b isthe unique solution of x#,(x#,a) = b.

1-ts
(Existence) Consider x = a# 1+ b. We have
1-ts
x#.(x#.a) = (a#_l_b)#t ((a#Lb) #sa) = (a#__1__b) #..0
1-ts 1-ts 1-ts

= a#l_ts (a#;b) = a#lb = b.

1-ts
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Theorem 3.7. Let X be a lineated symmetric space and t € R — {2}. The weighted mean a# 1 b is the
2-t
unique solution of the equation

(a#.x)#b = x.
Proof  Assume that (a#,x)#b = x. Then,
b=xe(a#x) = (xea)#(xex)=(xea)Hux

Set y = x s a. Then, x = y#a and

b = y#,(y#a) = y#, (y#la) =y#a =a#f _cy
2 2
Hence, the equation (a#,x)#b = x is transformed to a# L= b. The latter equation has a unique
]
solution y = a# 1 b. Thus, the equation (a#,x)#b = x has a unique solution

- E b ffa = att (at, 1yb) = ( ) )__ b
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