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Chapter 1

Introduction

1.1 The water pollution problem

The water pollution problem becomes one of the critical global issues which
requires ongoing assessment, improvement and treatment of water resource. Water
pollution refers to the condition of the property that changed from its natural state. Since
there are many pollutants in the mix. In this condition, it is not suitable for the survival of
aqguatic life, and human consumption.

Causes that pollute the water are the microbes that cause diseases such as bacteria,
vir&ses, fungl in the water. Death of Algae together with its decay is also a reason for
sewage and water oxygen deficiency as well as chemicals and toxins from industrial. The
sources of water pollution include industrial community resources, agricultural, solid
waste disposal sites and etc.

Water pollution affects the people around the source because consuming water
cause health problerns. Water quality control is necessary for the protection of the water
environment and maintenance of recoenized quality of water in rivers, estuaries, and
reservoirs.

Water quality measurement can be measured by sampling inspection and then
evaluated in the laboratory resulting in a relatively high cost. Still, water guality cannot
be measured at any position in the water sources. Mathematical modeling though is
another way to measure the quality of the water sources, thanks to its lower cost and the
ability to calculate the pollutant at any point.

In this thesis, we begin with modifying a mathematical model that combines two
existing mathematical models: a non dimensional form of hydrodynamic model and a
dispersion model. The proposed model is made to be suitable to the Rama 9 reservoir.
The shallow water equation of the hydrodynamic model is assumed by averaging the
equation over the depth with flat bottom topography, and discarding the term due to the
Coriolis force and surface wind effect. The combination of equation with the calculated

velocity is thus used in the dispersion model to approximate the concentration levels of



the pollutants. To make the concentration of pollutants in the connected reservoirs lower
than the standard, the wastewater treatment is always high. The Simplex method is

therefore used to obtain the optimum cost of the water treatment.

1.2 Literature review

There are many methods for detecting the level of pollutants in the water, mostly
conducted by a field measurement and a mathematical simulation. The shallow water
mass transport’s problems are presented in [1], as the method of characteristics has been
reported applied. In [14], [12] and {13], the finite element methed for solving steady and
unsteady water pollution measurements are introduced. The various numerical
techniques of solving the uniform flow of stream water quality model are presented in
[4], [9] and [11]. The numerical methods of approximating the solution of the two
dimensionat advection-diffusion-reaction equation are proposed in [4] and [5].

Most non-uniform flow models need the input data concemned with the velocity of
the current at any point and any time in the domain. The hydrodynamic model provides
the velocity field and the elevation of the water. In [3], 41, [5], [9], [11], the hydrodynamic
model and advection-diffusion equation are used to approximate the velocity of the water
current in a bay and a channel. In [5] and [10], the results from hydrodynamic model are
used as data for the non-uniform flow of the advection-diffusion-reaction equation, which
provide the pollutant concentration field. The term of the friction forces occurred thanks
to the drag of sides of the uniform reservoir. The theoretical solution of the model was
found at the ending point of the domain and the analytical solution to check the accuracy
of our approximate solution used. In [5], the Lax-Wendroff method with stability analysis
to solve the two dimensional hydrodynamic model with a rectangular domain was
proposed. In [18], develop mathematical models and numerical methods for
approximating water flow directions and pollutant concentration level in the Rama 9
reservoirs in opened with two parallel canals and assuming bottom topography of
reservoir is flat. The Lax-Wendroff method is subsequently used in non dimensional form
of a shallow water equation to approximate the velocity of water and elevation of water,

we use the forward difference in time and backward difference in space of advection



diffusion equation. In [28] and [29], the Lax-Wendroff method for solving the dimensional
farm of shallow water equation in rectangular model and spherical model with Matlab
program are proposed, respectively. In [30], combining two existing mathematical models,
a hydrodynamic model which is used to describe the water current in an opened-closed
reservoir and a dispersion model which is used to describe the diffusion of the pollutant
concentration of water in an opened-closed reservoir. This is to make the proposed model
suitable for the reservoir. The shallow water equation of the hydrodynamic model is
assumed by averaging the equation over the depth with anisotropic bottom topography,
and discarding the term regarding the Coriolis force, surface wind effect and external
forces, resulting in the calculated velocity used in the dispersion model to approximate
the concentration levels of the pollutants.

Determination of steady-state pollutant levels in a water reservoir causing by
wastewater discharge from industrial plants and other external sources can be done
accurately by field sampling of the water. However, it is difficult to get samples from every
spot in the reservoir and very costly to analyze all of the samples collected. Mathematical
simulation is a valuable tool that can be used to simulate the pollutant levels of the
water at every spot of the whole reservoir fror a relatively small set of collected samples,
greatly reducing the total analytical cost. In [15], the authors propose a mathematicat
simulation to deal with a lake water quality problem in China. They report a good match
between their calculated and measured pollutant levels. In [16], the authors present a
mathematical model for analyzing the hydrodynamics of and pollutant dispersion in river-
type systems. They are able to report changes in the pollutant concentration in the river
with time. In a mathematical modeling study of water-quality in the Rama 9 reservoir,
Pathumthani District, Thailand [18], two mathematical models are used to simulate its
pollutant level. The first model is a hydrodynamic model that used the Lax-Wendroff
method to provide the velocity vector of water flow and its elevation. The second model
is a dispersion model that used a forward-in-time and central-space finite difference
scheme to calculate the pollutant concentration. The resultant water velocity vector field,
elevation, and pollutant concentration are reported in contour graphs. In [31], two

dimensional hydraulic and pollution models are used to simulate the transport of the



pollutant. After the pollutant level at every location has been mathematically
determined, it can be input into an optimization model to find the minimum cost that an
industrial plant has to expend to initially treat its wastewater to an acceptably low
pollutant level before discharging it into a reservoir. Simplex optimization method is a
good mathematical model for determining minimum cost. In [7], a mathematical model
is proposed for optimally controlling pollutant level in wastewater discharge that would
reduce initial water treatment cost to a minimum. In [32], the authors propose
mathematical models and optimal control techniques for solving some problems in
environmental engineering. In [27], two mathematical models are proposed: a
hydrodynamic model and a steady-state pollutant dispersion model. They are used to
calculate the pollutant level in a connected-pond reservoir system that has an entrance
and an exit gate to open water of a canal and to determine the optimal pollutant levels
in the wastewaters discharged from nearby industriat plants that would cost the plants

minimally to pre-treat.

1.3 Objectives

To apply the two-dimensional of shallow water equation to the describe water flow
and velocity field in an open-connected reservoirs and apply two dimensions of the
convection diffusion equation of dispersion model to describe concentration of pollutant
at any point in the domain with wastewater discharge from industrial plants and to
approximate by finite different method (FDM). The optimization method for minimum cost

of water treatment is presented.

1.4 Scope of the thesis

The scope of the thesis is restricted to the application of the finite different method
to the water potlution problem in an open-connected reservoirs with flat bottom
topography and an opened-closed reservair with anisotropic bottom topography for

measurement and control in the cases of unsteady and steady state.



1.5 Plan of the thesis

The thesis explains the mathematical modeling of water pollution measurement
and water quality control in an open-connected reservoirs. The process of simulation
discuss the flow water and pollution levels in the domain which can reduce pollution
with agreed standard at the lowest cost.

The first part will study the basic knowledge about the shallow water and mathematical
model for water guality, measurement and control by defining the domain of problem in
thesis and domain of study case.

The second part will study the numerical method for solving two-dimensional
hydrodynamic model and dispersion modet

The third part is the computation of the unsteady water measurement related to
the hydrodynamic model and dispersion model with flat and no flat bottom topography.
Two mathematical models are used to simulate pollution due to sewage from industrial
plants in an open—connected reservoirs and Rama-nine reservoirs with varied current
velocity. The first is the hydrodynamic model that gives the velocity component and
elevation of water. The second is the dispersion model that gives the concentration of
pollution. In the process of simulation, we are using the Lax-Wendroff technique for
solving the first model and Finite Different Method for second model.

The forth part is the computation of steady state two~dimensional dispersion model
with the input of model with average velocity in two-dimensional hydrodynamic model.
The forward, backward and central different methods applied to solve the very model.

Finally, for the part of water pollution control in the domains, the optimization
method is used for calculating the lowest cost of wastewater treatment from industrial

plants with concentration of poltution in domains according to the agreed standard.
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1.6 Expected results

The expected results of thesis are the applied model of water pollution assessment

and control of water quality with optimal cost of water pollution treatment in an open-

connected reservoirs.

indino




Chapter 2

Mathematical Models of Water Quality Measurement

In this section, two mathematical models are used to simulate poliutant
concentration in open-connected reservoirs with flat bottom topography and an opened-
closed reservoir with anisotropic bottom topography. In the first part of the section,
hydrodynamic model, including continuity equation and momentum equation, is used for
describing the direction of water flow and elevation of water. In the second part of the
section, dispersion model with the governing equation, advection-diffusion equation, is

used to describe the dispersion of concentration in two dimension domain.

2.1 The topography of a considered reservoir
In this section, we will explain the description of the domain used in the research

include open-connected reservoirs and real problem of the Rama 9 reservoirs.

2.1.1 Open-connected reservoirs

Open-connected reservoirs is the reservoir system caonsisting of two ponds
connected by a narrow channel. One pond allows water in from a canal through an
entrance gate while the other pond lets the water pass out through an exit gate shown in

Figure 1.1.

2.1.2 The RAMA 9 reservoir

The Rama 9 reservoirs project is a project from the royal initiative of the King of
Thailand, located in Khlong Luang, Pathumthani. It lies between the drainage canal Khlong
5 and 6. The project is a large reservoir separated into two parts as shown Figure 1.2(a)-
(b).
The main objective of this project
1. to provide consumption of the community nearby.
2. to relieve wastewater condition from canals and some communities in Bangkok.

3. to be a source water storage for the flood relief in flood season.
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Figure 2.2 Domain of the RAMA 9 reservoir [20]



2.2 Water quality monitoring
Water is necessary for the survival of living beings, whether human or animal. When
there is growth from industrial development of the community, water, naturally, is unable
to make modifications to restore itself. Water pollution in water resources occurs and
causes an impact on the ecosystem, including the use of water as well. Therefore, to
determine the water status in the current situation, it is important to monitor the water
quality. When the facts, will lead the way in solving and preventing water quality caused
by pollution. Monitoring water quality, includes the process of exploring and water quality
monitoring to ensure water quality information. Determining the water samples is generally
defined by 3 main points [22]:
1. The reference points include the upstream or points that are not affected by any
pollution source.
2. The change checking points that are affected by the pollution from water
resources.
3. The checking points at the head and bottom of the water resources before being
released.
The parameters used to monitor water quality need to be specific in which case
they could indicate the water quality such as color, temperature, pH, conductivity,

dissolved oxygen and biochemical oxygen demand (BOD).

Biochemical axygen demand (BOD)

In order to analyse the water quality, one of the important factors that indicates the
quality of water is the quantity of dissolved oxygen (DO), but if of wastewater, biochemical
oxygen demand (BOD) must be taken into account where it is very useful in designing the
water treatment system and water guality control.

BOD is the amount of oxygen that microorganisms use to decompose organic substances
achieved by the difference of the amount of dissolved oxygen. BOD will be an indicator
of contamination of water used to make and can be used as input for the treatment of

water.
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The importance of the BOD

1.

2
3.
q

Used to control the contamination of water sources.
Used to check the quality of wastewater.
Used to design the wastewater treatment system.

Used to evaluate the ability of water to get rid of the dirt naturally.

Calculation of BOD

Determination of the BOD, Dilution BOD, which is the standard method of EPA.

The sample water must be given temperature up to 20 degrees Celsius.
Fill with the air to make oxygen saturation (about 5 - 10 minutes).
Fitl the sample water into the BOD bottle fully, for at least 3 bottles, Be careful of
the bubbles in the bottles, then close stopper tightly, and then find the DO in
bottle 1, and keep bottle 2,3 at 20 ° C for 5 days.
After 5 days, find the dissolved oxygen in bottle 2,3.
Calculating BOD = D1 - D2
D1 = Dissolved oxygen measured on day 1. (mg/l)
D2 = Dissolved oxygen measured on day 5 {mg/l).

Water is of little dirty, when BOD is less than 7 (mg/L).
Water is of much dirty, when BOD is more than 7 (mg/l).

Wastewater treatment is the removal or destruction of contaminants in the waste water

to the required standard which does not cause pollution to the environment,

Wastewater from different sources have different properties, so there are many ways for

water treatment process [22].

2.3 Shallow water equations in two dimensions

The shallow water equations describe a thin layer of fluid of constant density in

hydrostatic balance, bounded from below by the bottom topography and above by free

surface. To derive the shallow water equations. It is necessary to start from Euler’s

equations without surface tension [23-25].
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Free surface condition: i?-é-+u Vé=w onz=~&(x, y,f)
Bottom boundary condition: u-V(z+h(x, =0 on z =—h(x,y)
Continuity eguation: V-u=0
7
Momentum equations; p& = —@+ Oty Aasan i | +5S,,
Dt & | & & &z
p_@= 8p+ dty 0T, 07T, e
Dt gy | &x @y & d
From Eq.(2.3) continuity equation
V.u=0, forall —A(x,y)<z<&(x,p,)
¢
[V uyz=0,
-h
z (611 ov  ow
_[ —t—t— |z =0,
W\ Gy oz
£ ¢ ¢
I%Jr _fiv-dz+ Igw—dz 0.
S L bz
From Leibniz’s rule, we have
och o , o(=h)
——-ua’z ul vdz ~v|__ v, ——=
—J;r I‘fax |——-‘l' I ay.:[, |c§ay Iz-h ay
+wz=|f_ z=—h=0’

11

(2.1)

(2.2)
(2.3)

(2.4)

(2.5)

(2.6)

2.7

(2.8)

(2.9)
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8 a % ¢
a_};,udz+—éy—£vdz+[ g V., +va=§}
o(—h) d(—h)
+(u':=—h ax +v|:=—h a]/ _w|:=—hJ=O’ (2'10)
From Eq.{2.2) bottom boundary condition
u-V(iz+h(x,y)=0, on z=-h(x,y)
w+u-Vh(x,»)=0, (2.11)
w+u- (a—hf+a—hj] 0, (2.12)
& oy
+u%+v§£=0, (2.13)
& oy
4 A SO0 & 0N (2.14)
ox oy
From Eq.(2.1) free surface condition
£3£+u Vé=w, on z=¢g(x,y,f)
-Z—f:w—u-Vé, (2.15)
opoonin Bl |G (2.16)
a ay &
where wa—f =0,
9% 95 05 (2.17)
ot ax. oy
Substituting Eq{2.14) and Eq.{2.17) into Eq.(2.10), we have
g ¢
3judz+?—jvdz+%=o, (2.18)
oy, or
o ol
5 [u I, +_[ v, =0, (2.19)
%+—[§u+hu]+—[§v+hv]=0, (2.20)
Zf+—[cf+h]u+—[§+h]v 0. (2.21)

We call Eq.(2.21) the continuity equation of shallow water in two dimensions,

from Egs.(2.4)2.5) continuity equation

3]
p&z 8p+ 07, 4 T +ar:x +8,, (2.22)
D e | e & &
p2u. %y (2.23)

Dt &
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du ou Ou 7
Rl T il [P =0, 200
p[ Pl +v J+ (pgé) (2.24)
ou Bu Ou a
__+ —_— —_— _— = 0 ' 2-25)
p( = Uu—+v ]+ pg—(¢) (
pDV =_5p+ arx:v + 67.'», + afzy +S., (2.26)
Dt oy | & Oz d
Dv op
2, 2.27)
P Dt N oy (
v v odv) 8
D gy — =0, 2.28
p[6t+u Y J+ (pgt) (2.28)
dv  ov ov 0
= A TEY Rl ! =0. 2.29
p( g +u v J +pg—(¢) (2.29)
Form Eq.(2.25) and Eq.(2.29) divided by p, we have momentum equation
ou Ou Ou 7
L 25 —(£)=0, 2.30
[ Y +u—=+v ]-!»- £ (é:) (2.30)
v v v 0
A L —_— |t g :0 - (2.31)
(6t+uax+v5y] gay(f)

2.4 A two dimensional hydrodynamic model in open-connected reservoirs

with flat bottom topography

The unsteady flow of water in a two dimensional space can described by the
shallow water equations, which represent mass and momentum conservation. It can be
obtained by depth averaging the Navier-Stokes equations in the vertical direction. This
leads to a two dimensional formulation in terms of depth averaged quantities and the
water depth itself and, neglecting diffusion of momentum due to turbulence, they form

the following system of equations: The continuity equation by Eq.(2.21)

of 8 d
2 [E+hlu+—|E+h|v=0, 2.32
a:+ax[§ ]u+6y[§+ Iv {(2.32)
and, the momentum equations with Coriolis force term
v ov v o8&
—tu—+v—+ fu+g—==0, (2.33
L vay Jfu gay )
3 g% g, (2.34)
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where h is the depth measured from the mean water to the bed of reservoir (m), &is

the elevation from the mean water level to the temporary water surface {m), gis the

acceleration due to gravity (m/s%), u,v are the velocity components (m/s), f is Coriolis

factor,

The governing equation of hydrodynamic describes the behavior of reservoir,

averaging the equations over the depth, discarding the term of Coriolis factor, shearing

stresses and surface wind and h is constant since the sea bed is a flat bottom topography

[3]. We have two dimensional shallow water equation as:

%,

ot
Cu

ov

6(h+§)u+6(h+§)v_0
A o

55 =0.

57/l

—+g-2=0.

ot

We assume # to be constant and A<<¢ , and £=A+¢& Eqs.(2.35)-(2.37) become,

o5
a
ou
o

a

We will transform Egs.(2.38)-(2.40) into non dimensional form [3] by letting

U=u/\/g_h, V=v/‘/,g_h, X=x/1,

v
tg

&y

ou ov

+h—+h—=0,

& oy
9% _
gax-O,
a_§=
oy

Y=y/l, Z=&/h, T=tJgh/l.

Since z:%,g: Zh,
therefore %=h%=h§£2{’ hBZ ‘/_h A
ot o dr o ory I
8 _,02 _, 020X _hoz
ox ax ax ox 1ax’
&g _ h@ hazay héZ
& o o¥ey 1or
and =—-\/=—,u -J_U
gh
therefore (\/—)U J_aU \/_aUaX J—aU,
ax ox I ox

B
o
90

93[%’ ﬁ)l%’

ot

(\/—“)U J—BU J—aUaT ghou

er ot 1 or’

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)



and , v=A[ghV,
v d av oV 8y _Jghov
therefore Fr 5( ) J_ =Jen— Ty~ 1 oF
»_0( aV oV T _ghaV
ot at( ) ‘/_ BT o 1oy’

substituting £q.{2.42), Eq.(2.46) and Eq.{2.47) into Eq.{2.38),

%, Lou oy Nenoz  enoU \ehav
ot ox dy [ or I ax ! ar’
_.h\/_h(az+a_U+a_V_) 0,
[ \oF &aX &Y
(az U aVJ
—+—+—|=0,
ar ax oy
and substituting Eq.(2.43) and Eq.(2.47) into Eq.(2.39),
ou, Bf _ghdU ghdZ
az S\t PUL \Ie
gh(aU a_zj 4
h &> A A/ -
(6U az)
L2 oo,
or oX
and substituting Egs.(2. 44) and Eq.(2.50) into Eq.{2.40),
v, BE_ghdV ghdZ
5 S lar | 1 or

gh[8V+6Z] 0.

we have

we have

we have

I \oT &Y

8V oz
— —
5

Eq.2.53), Eq(2.56) and Eq.{2.59) are called non dimensional from of shallow

equation. By changing variables U,V ,Z to the u,v,d respectively, we see
od ou ov

i) |

o o oy

ou od
—+—=0,
ot &

ov od

—+—=0.
o oy
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(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

water

(2.60)

(2.61)

(2.62)
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2.5 A two dimensional hydrodynamic model in an opened-closed

reservoir with anisotropic bottom topography

==&t

&x, 1)

Reservoir

bed Jz=—H{x,»

Figure 2.4 Cross-section of the reservoir

The two dimensional unsteady flow of water into and out of the reservoir could be
determined by using the system of shallow water equations as the conservation of mass
and conservation of momentum were taken into account. the equations of this system
could be derived from depth-averaging the Navier-Stokes equations in the vertical
direction, neglecting the diffusion of momentum due to turbulence and discarding the
terms expressing the effects of friction, surface wind, Coriolis factor and shearing stresses.
The continuity equation is then expressed as follows:

h  Bun)  BOK) o (2.63)
o ax | ay

and the momentum equations are expressed below:
2 1 2
O(uh) + o(u'h+Lgh )+ Huvh) 0, (2.64)
ot ox ay

k)  S(wvh) 00 h+igh®) _ o (2.65)
a o & ' |

where h(x,y,t) is the depth measured from the mean surface of water to the reservoir

bed (h=H +£&) (m),
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&(x,y,t) is the elevation of surface of water from the mean water level in
reservoir (sea level) (m),

H(x,y) s the anisotropic bottom topography function of the reservoir (m),

u(x, y,t) is velocity in x- direction (m/s),

v(x,y,¢) is velocity in y- direction (m/s),

g is gravitational constant 9.8 (m/s?).
Such time ¢, and two space coordinates, x and y are the independent variables.
Likewise, the conserved quantities.are-mass, which is proportional to &, and momentum,
which is proportional to-#h and vh. As taken with respect to the same term, the partial
derivatives are grouped into-vectors (éx,dy,6r) and later rewritten as a hyperbolic partial

differential equation as.follows:

h uh vh
U=|uh|, FU)=|wh+1igh |, GU)= wvh ) (2.66)
vh uvh vhitgh'
The hyperbolic PDE:
ou o 0
— 4+ FU) + - GUY =0 2.67
a TEl ) 3 ) (2.67)

2.6 Governing equations of water quality measurement

Numerous types of water motion transport matter within natural waters. Wind
energy and gravity import motion to the water that leads to mass transport. In the present
context within system motion can be divided into two general categories: advection and
diffusion [19].
Advection results from flow-that is unidirectional and dees not change the identity of the
substance being transported. Advection moves matter from one position in space to
another [19].
Diffusion refers to the movement of mass due to random water motion or mixing. Such
transport causes the dye patch depicted to spread out and dilute over time with negligible
not movement of its center of mass. Diffusion is the movement molecules from an area

of higher concentration to one lower concentration [19].

077981
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Dispersion is a related process that also causes pollution to spread. Dispersion is the

result of velocity differences in space [19].
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Figure 2.5 The transport of a dye patch in space and time via (a)} Advection and (b)
Diffusion [19]

Dispersion model (Advection-Diffusion equation)
Advection-Diffusion equation is a combination of the diffusion and advection equations,
and describes physical phenomena where particles, energy, or other physical quantities

are transferred inside a physical system due to two processes.

2.6.1 The two dimensional unsteady state of dispersion model

Mathematical model describing the pollutant concentration in the domain of two
dimensional an opened-connected reservoirs where inflow from entrance gate and drain
off water at exit gate with the wastewater discharged by the plants around the reservoir,
The distributed pollutant process satisfies the mass transfer equation, which includes
transportation and diffusion. Averaging the equation over the depth, we get the advection
- diffusion equation.

2 2

where C(x,y,t) is concentration averaged in depth at the point (x,y) at time ¢ (ke/m?),
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D is diffusion coefficient constant (m?/s), u,v are velocity component (m/s), with initial

condition and boundary condition [18],

2.6.2 The two dimensional steady state of dispersion model

In this section, the pollution concentration in connected reservoirs from plants and
outer water are considered when longtime or unchanging in time, steady state, derivative
of concentration with respect to time zero. The steady state of advection-diffusion

equation is below,

_oC _oC ’C 9*C
HE+V—@—)"=D(-a?+52"Js (269)

for all (x,))eQcR?,
where u# and v are the average of velocities (m/s) in x- and y- directions that obtained
by the hydrodynamic model, respectively.

The steady state of dispersion model has no initial condition. The concentration at

boundary is E:O [25].,
on



Chapter 3

Numerical Methods and Examples

In this section, numerical methods are used to solve the govemning equation of
two mathematical models, we use the Lax-Wendroff method for solving two dimensional
shallow water equation of hydrodynamic model, and explicit finite different method and
implicit finite different method for solving advection-diffusion equation. In the final part
of this section, the examples used to calculate water elevation, velocities and pollutant

concentration in reservoir are shown.

3.1 A numerical method for two dimensional hydrodynamic model with

flat bottom topography
First-order hyperbolic systems in two space dimensions

The first order system of equations in two space-dimensionat

EE = A@ + B@. :

or Ox oy
Where 4,8 are nxn real matrices, and u is an n-component column vector [26].
The Lax-Wendroff method

The region —0<x,y < and £ =0 is covered by a rectangular grid with lines parallel

(3.1}

to the x-, y- and t-axes. A typical grid point is given by x=1/h, y=mh and t=nk where h
and k are the grid spacing in the distance and time coordinates respectively, and /, m
and # are integers. The explicit difference methods, especially the Lax-Wendroff method,
can be used to solve the initial value problem consisting of Eq.(3.1).

Define u(x,y,f)=U}, and using Taylor’s theorem

Ay [ 8
U;J;l =U:"m+At(%J+ﬂ' a_lz] , (3.2)
’ ’ ot 2 or
A 2
RN DL AN CON ol G A AN (3.3)
- ox By o\ ox dy

2
o +A{Ag+ngJ+m) (g(ﬁ]g(ga_vn, (3.0
: ax oy 2 \oe\ ox ) o\ oy
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=uy, +Ar[A%+Bzg] (At)z(’q a(Aa_U] B@’(Aég)]

+&(A£(B—@)+B£(B§J . {3.5)
2 e\ o .

Case | 4,B depending on x,y

-0t o o) ) 12 42 (5212
52420 2
2 U\ o ox

2
= U" +At[Ay]+ AI(BQQ-]+ A(A
x oy

(3.6)

\_.//'—“'\
L

(&S]

“ NG
N
\._“_/

( U 6A8UJ (At)[ 62_U 6BBU]

2 &> o or 2 I )
B(Ar) [A FU o4 aUJ+A(A[) (B azU.,,aBaU], (3.7)
g dydx oy ox 2 axdy ac Oy

2 2 2 2
=Uy, +AAtﬂ+BAt6U 4 (At) 82]+A(AI) aAaU £ (At) A
o oy < [ &k < /8 ax 2 6y2

+B(At) oB oU BA(At) U B(At) 40U AB(A:) 62U+A(At) aBaU e
7, 2 2 2 |
v+l gl A (ar) o (ar)° a3y (BA+AB)(Ar) 2U
. A(Me) ad U B(At) 8B 6U+B(At) 248U A(A,) 5B 8U} 50

B\ @ & *CHIF o) 2C.a2 2CYI%

~up 42 (0

I+l.m

RTINS I P R A

2(ax)

Aty ALY
+BZ( ) (Ul =20, +Up )+ 8(( Ag)z (BA+AB) (U sis = Upsms = Urtmer * Ut

)
) I: !+l m —1 ] U;:l L U!':-I,m) + B(‘Bl,nﬁl — Bl,m—l)(UIan U;’m-l)]

8(
A
S(Atj)[ Ay s = Ay s U.r’:,;,,. U;”.l,m) Bn—B I-—lm (Uf',,m U,"m_ ):I (3.10)
=V 45 Ul =V} B Vi~ U:’m-x)mz( 2 (e eur,,)
+B* (1;) (U,",,,+; =2uy, +Uf',,,4) (p) ( roroet — Ul = Uliima + Urn-l.m-:)

2
+%[A(A[+l,m - !—]m)(UJ’:-lm U:"_1.,,,)+B(B,M+, B, I)(U,"m+1 U;’m_l)}
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2
+%[B(Aﬂm+l &= A-’.fﬂ—l )(U;:-Lm - U;ihm) *+ A(Bh],m . Bf—l‘m)(Ufma-] - U,'“:m—l )] . (3' 1 1)
Case Il 4,B are constant matrix,
from Eq.(3.9) the term A 0,—a£ = O,iaé =0 and 8 _ 0,
ox oy ay ox
we have
n+ n A’ n " A[ " N At 2 n n n
[]!,m1 = Ui.m i+ AE (UI‘HJH - UI—],rn ) 5 BE( 1m+1 i (jl.m—l ) + A2 (—))2 ((]HI_m b ZUI,m * C]-'r-l,rrr)

2(Ax

(ar)°
= 8(Ay)2 (BA + AB)(U;:-LmH e (j."i-l‘m—l B [];il‘nHl + LT.'”—Lm—l)
A 2
+82 ( t) 2 (U:mﬂ _ZU;,JM i U;jm—i) 2 (3‘12)
2(Ay)
(p)
Ui =Uih # AL UL BE{Ul o = Ul ) 8-S {Ur = 200 W UL )
(p)z n n n n 2 (P)2 n n n
+T(BA w AB)(UHLmH - Ui+l,m—1 _UI—I,m+] + U!—l.m-l) +B T(Ul,mﬂ - 2Uf|m +U1,m—l ) (3 13)
dy, 01 0 00 -1
Where U;jm - u.f,,rm 4 Af,m T _] 0 0 ¥ B[.m G 0 0 0
v 000 AT
and p= A ’
Ay
Ui
O
|
- U:mﬂ
Llbeol 5= o u,,
Ul S \
: ]/O [ /O UIHm
) I,m //
/ // Vi
Uf—],m—] O—/ O C)/ Un;:-l,m—l
U;rm—l

Figure 3.1 The stencil diagram of Lax-Wendroff method
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3.2 A numerical method for two dimensional hydrodynamic model with

anisotropic bottom topography

We will use the Lax-Wendroff method [28], [29] to compute a numerical solution of
hyperbolic PDE (2.67). A regular square finite difference grid with a vector-valued solution
centred in the grid cells. The domain of problem LxM dimension, I and m were
subinterval, such that /Ax=L, mAy=M and interval time [O,T], k s subintervals, such
that kAr=T, U, =U(x,y,!) represents a three component vector at each cell i, jwith
time n, where 1<i<!/, 1= j<m and 1<sn<k, where x=iAx,y=jAy and t=nAt.

Step 1: Compulte initial vector U}, at centre cells.

- n " od U L "
Uu Uz,4 UJ.4 U.a.-a

e - e
U!.J U’Z’.J U:S U:.J

s, n S x L
Ul.l U:.l UJ,Z U:‘Z

[ [ ] [ ] ®
UT1 U:1 U;l U:l

Figure 3.2 The variables represent the solution at the centres of the grids

Step 2: Take U}, to compute vector F'; and G/, at centre cells.

Fu| Bl Ful| Gl & G
}; :'3 F. :.3 F. :,J F. :,3 é:la G.:3 é;'.l (.; :.J
. L. - ., [ ] * ® e
FI,Z Fz,z F;.z F4,z G:; G:z Gs,z G4.2
L ., L . L] ] . .
Fl.l Fz.l FJ.I F4.I GL G:l Gs.l Gml
(@ (b)

Figure 3.3 The vector (a) F at centres of grid (b} G at centres of grid
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Step 3: This stage is a half-step; it defines values of U at time step »+1and the
midpoints of the edges of the grid,

FH"} — 1 n 7 At n L]
Ui+12-,j _E(MHJ'FUI'J)—E( f+],j_‘F|“,j)$ (3.14)
o 1 n n At n
Ui,ﬁ%-—-i((]i’jﬂ-’r-UU)—z—m’-( =Gl (3.15)
ot 15 i E )
U [ 0% ] 765 u'j
Ut URY U wy U
U v [ os | o]
Uws | U"'”T Ut Uy v
[ Y v e
U:,u Uszs Usas Uz L
Uwe @ UEE o §oN T
T i - ..F““_.W
UI.IJ U:u.s UMJ U-C.IJ
Uss U’""T U:*S’T Umt Uit
poT s Y T
Ul,n:‘ Uzo.: U&M UA,M
(a)

s [en] St e

3
0.5 w03 03 03
FOJ.J F'u.-u Fu,-l FJJ.J F-u.-a
i % = ]
05 03 L) 413
' Gl,u . Gu_‘ n Gus 'S G-u':oj b
mOSs L] ns 0.3
Fn..u FI.S.J Fw F;J; F.u;a
T O vl -
05 0.5 3 03
Gas L Gias b Gus | Gz i
mos e 3 03 RO o3
Fom F|s,2 Fu,z Fllj.z Fm
& 5 o—
m0.3 Lie] w05 03
G;JJ G:.ld GJ.I.J - Gl.l-’ I
”

—
03 0.5 Ly S "'0-5'
- l F,;.T F“'T T g
% i i
G, Gue  Gims
G (b} A

Figure 3.4 The values of vector (a) U represent the solution at the midpoints of the

grids and (b) F,Gat the midpoints of the grids

Step 4: Take values of U from step 3 to compute F,G at time step rn+1and the

midpoints of the edges of the grid.

Step 5: The last step completes the time step by using the values computed in the step

1 and step 4 to compute new values at the centres of the cells,
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U = Ar ( e Fn;é_)_ﬁ(qﬁ _ G:;:%%)_ (3.16)

. n+l hd n+l ® el e el
U|.4 U2.4 U:..; U4,4

.n+l n+l .n+l ‘n+l
UI.J UZ.S UJ.] U4,3

. l e a+] ® .4 L] 4l
Ul.l UZ,Z U3.2 U4,2

®.n L ® 4 ®,n
Ui | Ui} Usn| Ul

Figure 3.5 The solution U"" at centres of the grids

Use the finite difference method to compute a nurnerical approximation to the boundary

conditions of the reservair.
For left boundary condition, where /=0 and 1<j<m, therefore, Uy =00,

substituting the approximate unknown vector nodes Uy ; of left boundary into Eq.(3.14),

we have
"‘r% ] n " Ar it 7 n
U,/ = ) (U,J + UOJ) ) “Z“A'X'(E,f 5 Fcu) =Uy;- (3.17)

For right boundary condition, where i=!/ and 1<j<m, therefore, Uy, , =0},

substituting the approximate unknown vector nodes Uy, ; of right boundary into Eq.(3.14),

we have
nd 1 n n As n 1 n
Ugy = 5 (UHLJ +Uy, ) N E(Flﬂ,j = F},j) =Up;. (3.18)

For lower boundary condition, where 1<is/ and j=0, therefore, U/, =0T},

substituting the approximate unknown vector nodes Uy, of lower boundary into Eq.{3.15),

we have
D - " At " " n
U,-f =5(Uu +U,-,D)—E(G,-,, -G,-,o) =Uj. (3.19)

For upper boundary condition, where 15i</ and j=m, therefore, U}, ., =U],,
substituting the approximate unknown vector nodes U], of upper boundary into

Eq.(3.15), we have
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Uty = %(U!’,M +U7) —Z%(Gf',’m ~Gly)=U},. (3.20)

3.3 A numerical method for two dimensional unsteady state of dispersion

model

We use the forward differences in time and backward difference in space in
advection diffusion equation. We can approximate Cj, are the values difference
approximation of at point x=/Ax,y=mAy and t=nA where 0</<L,0sm=sMand
0<r<N. Taking the forward in time and backward in space in Eq.(2.68), we get the

following finite difference equation [18],

CH+] y Cn Cn - Cn Cu N Cn
[N:] 1 + u;rm Im {-1,m + v;am i.m I.m-l (321)
At ' Ax ’ Ay
=D C;-‘t-],m o 2C.|'r;m + C;,—l,m I C.rrjmn _2C:r;m + Clrjm—l )
Ax Ay

At
s p & g Blgn WAL Gp AL N A 0 pA on
: Ax L Ay Ax Ax Ay ™ Ay *

A\ 1_£u‘;’m _At_v;'m _zp_ét?_gpﬂz N7 (2.22)
Ax T Ay 7 Ax Ay e
C;::l] . ‘41C;:-1,m + AQC;:MH A Aﬂqn—-l,m + A4q'jm-l i ASC;:m ! (323)
where
-
Ax
At
=D—r,
4h=Dos
4= Atuzm h At2 D,
4, —ﬁv,"m + At2 D,
Ay 7
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3.4 A numerical method for two dimensional steady state of dispersion

model

We now discretize Eq.2.69) by dividing the QeR* in x-axis and y-axis into A grids
such that MAx=L, where I_is a maximum length of Q in x-axis and N grids such that
NAy=L, where L, is a maximum length of € in y-axis. We can then approximate
C(x,y,) by C,,, values of the difference approximation of C(x,y) at point /Ax and
mAy , where 0</<Mand 0sm<N. The grid-points (x,,y,) are defined by x, =IAx for
all 7=0,1,2,...,M and y,=maAy for all m=0,1,2,..,N in which Mand Nare positive

integers. We approximate the term of £q.(2.69) by Taylor’s seties expansion followed [27].

3.4.1 Backward in space finite difference scheme
Taking the backward in space technique for the first order derivatives, and the
central in space technigue for the second order derivatives, we get the following

discretization Eq.(2.69):

_@E A C[,m e Cf—l,m : (3.24)
ox Ax
E < Cl,m _Cl.m-l (3 25)
oy Ay
OB, &0/ E, |
S ot Ax:"’ e {3.26)
0°C £ C.r.m+l ""2Cf,m + Cl.m—l (3 27)
&° N ' '
Substituting Egs.(3.24)-(3.27) into Eq.(2.69), we have
e Cr,m _Cl-l.m vy Clm _C!,m—l (328)
Ax Ay
-D Croim— 201';7.' —Ciim + Cmn — 20.',;1 +C .
Ax Ay
We can obtain a simply form of Eq.(3.28),
C’f.m - SIBCI—-I,m —SZBCI,m—l —SfQ'H,m _Sfci,mﬂ = 0 H (329)

where



if C,

am

v,
Ay A A
5,20 ,2p

Ayz'

conditions and employing the backward different scheme,

QQ S, C!,m _Cl—l,rrr

ox Ax

H

@ ) CI.m —Cl.m-l
oy Ay

3.4.2 Forward in space finite different scheme

28

(3.30)

(3.31)

(3.32)

(3.33)

are lied on the boundary of the domain, we will approximate by using the boundary

(3.34)

(3.35)

Taking the forward in space technique for the first order derivatives, and the central

in space technique for the second order derivatives, we get the following discretization

Eq.(2.69) :

% . C[+l,m e

ox Ax

oy Ay

o’C ~ Cram 26, +€;

ac Cn',m+] =
PR

G

¥ 3
¥

G

A1
¥

—1,m

6x2

8*C . CI.mH < zcl,m' + Cf

sz

=1

' ]

ay2

Ay2

Substituting Egs.(3.36)-(3.39) into Eq.(2.69), we have

Ci..—C
37[ {+1,m im )_]_ ]7(
Ax

C[.m+l -
Ay

Cl,m J

_ D(C"“-”’ -

We can obtain a simply form of Eq.(3.40),

G

.

S'c,

2Cl,m - Cn'—l.m Cl,m+1 - 2C[,m‘ + Cf
AP Ay
1 “ilm _S; C!,m—l _Sf Cm,m "‘Sf Cr,mu =0,

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)



where

F| D] # v 2D 2D
Sy ===t || = —
| Ax Ax Ax Ay Ax® Ay

2D 2D

e vy D u v
Sy = e e ——— b
| Ay Ay Ax Ay A Ay

|
i
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(3.42)

(3.43)

(3.44)

(3.45)

If C,,, are lied on the boundary of the domain, we will approximate by using the boundary

conditions and employing the forward different schem

% h Cl+l.m “Ci.m

1

o Ax
E' iy Cl.m+t N Cl,m
o Ay

3.4.3 Central in space finite different scheme

g,

(3.46)

(3.47)

Taking the central in space technigue for the first order derivatives, and the central

in space technigue for the second order derivatives, we get the following discretization

Eq.(2.69) :

6_C » C[+l,m —Cl—l.m
ox 2Ax
E ~ Cl,m+l _Cl,m—l

ay 2Ay
8’C Cram—2C,, +C,

1

1

—1,m

O’ Ax?

H

62C ~ CI,m+1 - ZCI.m + C.i',m—l

a.y2 AyZ
Substituting Egs.{3.48)-(3.51) into Eq.(2.91), we have

E(C’“"" - Cl—l,m ] + v(cr.mu - Cl,m+1 ]

2Ax 2Ap

C

{m+]

~2G.+G

— D[Chl.m _zci,m _Cf—l,m +

sz
We can obtain a simply form of £q.(3.52),

Ay

(3.48)

(3.49)

(3.50)

(3.51)

{3.52)
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CI,m SI q 1,m SCCIm 1 SCCH]m SCCI m+H 0 (353)
where
s¢=| 2 2 ] / [ 2D 2D} (3.5)
2Ax Ax
¥ D 2D 2D
SC=| Ly = 3.55
R -} =
[ # D 2D 2D
=L 222 22, 3.56
L2 Ax}/[Ax”Ayz] 356
"D 2D 2D
S€ = v it M. Ny 357
| 2Ay+Ay2}/[Ax2 Ayz] (3.57)
If C,,, are lied on the boundary of the domain, we will approximate by using the boundary

conditions and emptloying the central different scheme,

QC_‘ @ C!+1,m _Cf-i,m

: (3.58)
O 2Ax

ec C Crmet =Crmn (3.59)
oy 2Ay . ‘

We can obtain the stencil diagrams of all schemes: backward, forward and central

difference techniques illustrated in Figure 3.6.

i,§+l
4

i-1j X K i+ S

iF=1

Figure 3.6 The stencil diagram of steady state of dispersion model
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3.5 Examples of calculation

In this section, the first part shows examples to find the velocity and elevation of
water are calculated from hydrodynamic model and pollutant concentration at any time
is calculated by unsteady state dispersion model in an open reservoir and a close
reservoir, the second part show example to find the steady state pollutant concentration

from steady state dispersion model

Example 3.5.1. To find the velocity and water elevation in a close reservoir, when initial
time of the velocity in reservoir is zero and water elevation is.not the normal position or
d=x(1-x)y(1-y), rectangular domain Q=(0,1)x(0,1) in Figure 3.7 with step size
Ax=Ay=0.25and Ar=0.01, T=0.02.

L1
L LY iV & e\ P e
i N
» 5
~ N A
N . e 7 O
~ N
™~ B
™ H ™ o
N Reservoir N =2 O O
~N >
™~ I
b B
e b ET (A { ) y
e J \ ./ A
E N ‘
e ~ 1
~ < =0 A
& NE R = Y =% 0,0 (1.0) %
s ) 7 i—®N\NET =4

Figure 3.7 The domain and generating grid points of a close reservoir

Hydrodynamic model

Initial conditions, water elevation at initial time d(x, y,0)=x(1—x)y(1—y),

velocity at initial time u(x,y,0)=0, v(x,y,0)=0, boundary conditions, water elevation
d(0,y,0)=d(1, y,1) =d(x,0,6) =d(x,1,) = 0, velocity

v(0,y,0) =v(1,,0) =v,(x,0,0) =v (x,1,1) =0, u(x,0,t) =u(x,1,0)=u (0, y,0)=u (1, y,1)=0,
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define u(x, y,0) =u,,, v(x, 3,0} =v,, and d(x,y,t) =d,,, with Ar=0.01, Ax=0.25, we have

_Ar_ 001

=—= =0.04.
Ax  0.25
The non dimensional form of shallow water equation in two dimensions

od ou ov

—+—+—=0,

o ox &y

E’H_ RN ?ﬁ =0 ,

gt Ox

L

o oy

Egs.(3.60)-(3.62) can be written matrix form as
w_ 0, o0
a o

where
a 0 -1 0 0 0 -1
U:Uf’:m= uﬁm !A= -1 0 0 3 B—_' O O 0 .
1/ 0 0 O ANV,

approximate differential boundary condition
My

v, (x,0,)=0 or 0,

using forward difference

Vi — V% SH
Ay .
Vi =V, 1=0,1,2,3,4
v, (x,1,)=00r =22 =0,
g 4
using backward difference
T~
Ay i
V=V, 1=0,1,2,3,4
ouy
#,(0,3,0)=0 or ——=0,
o
using forward difference
M=t _ o
Ax 3

ul’jm = ug,m + m= 091325394

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)
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n

Ou,
Ly,)=0 or —==0,
u(l, 3,0 = "

using backward difference

ux’tr,m‘;xu;m -0 ,
Uy =y, m=0,1,2,3,4 (3.68)

solving Eq.(3.63) of problem by Lax-Wendroff (3.13).

/=1, m=1and #n=0

d’, 0 -1 o)fad] [4, 0 0 df_’z d,”o—
Uyy=|uy [+0.02=1 0 0l {a, {~|u |[+002] 0 0 o ||, |- u,o
v |00 Of{], Vou =1 0—0 v,°2 v,o
1o o) [a%] [ 1 2 42
+0.0008|0 1 O |a?, |-2{a [+|ul, |[+0.0008/0 0 © = u[, +|
[0 © 0_\_v§'1 v Vou | 0 01 v Vo
[0 0 olffa,] fas,] [a%] [4% 0.035118
+0.0002{0 0 1| ud, || ul, |-| ul, {+]ud, | |=|—~0.000937
L0 1 0f(|via | | Yoz | Me] [%a -0.000937

dz: 0 -120 diﬁl df, { dg,z dg.o
U=l s, |#0.02(=1 0 Ot |af, |—|al | [+0.02[ 0 0 0 ty, |—{ U3,

Vo, 100 o]l |w, v Vs Voo )

1 0 0] Fd;,} rgl d 100 d;_z a2 [ag,
+0.0008| 0 1 0| |« hy |+ up | |+0.000810 0 0| ud, [~2| a2, [+ 2,

0 0 o Ve vo, | v 0 0 1]||vs, Voo | [ vhe

[0 0 0'( d2, 12 ar;’o d°, [0 046831
+0.0002|0 0 1 u32 ulz - | 1,

0 1 oj{|v, ] |V v30 wWo |1 [-0.001250

{=3,m=I and n=0

&, o -1 0]ffa%] [, 0 o -1}[a%] [,
Us, =)ty [+0.02-1 0 0Off [« [~|al |{+002] 0 0 o0 uy, |=| upy
Vi) 0 0 offve, | v -1 0 0 |{[v,] |vo
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1o o]ffa] [aa7 fa 1 0 o[, a1 4%
+0.0008/ 0 1 O|f | ay, [=2| ug, [+| 2, | |+0.0008[0 O O | e, |—2} 2y, [+]uf,
10 0 0 \_vf.l v | | v 10 0 1], var | | e
[0 o olfTas,] [a2,] [a%] [45]) [o0.035118
+0.0002|0 0 1| ud, |—lul, [—{uS, [+] S [ |=| 0.000037
[0 1 of\[vE, | |8, [vd| | ¥ |) [-0.000037
=1, m=2 and n=0
dy, [0 -1 0]f|ds] |dse 0 0 -1)f|d}] {4
Uly=|uly 140.02(~1 0 0fjful, |-|ud, [[+0.02f 0 0 0 ||u[-|uf,
Vi [0 0 0ji]¥, Vo -1 0 0|, v
1o o)ffas,] [da5%] [4S, 1o offas] [a%] [a
+0.0008/ 0 1 0| |uy, [—2{ i, |+|tg, [ [+0.000810 O O {ufy |-2|u, |+] 4,
10 0 OJ\_vg’z_ Vi Vo, 0 0 1 X Vi W V)
0 0 o)ffas,] [d5,] [an] [45]) [0-046831]
+0.0002/ 0 0 1] faul, {=}ul, |=|al, [+] g, ||=]-0.00125
10 1 0] \_vg.a_ vg.s vg,l Vg,l &=
=2, m=2 and n=0
s, fo -1 offa2, 1 [d% 0 o -1]Jds,] [d2]
Uy = |ty [+0.02/ -1 0 0] |25, |~ u, | [+0.02{ 0 0 0| |ad, |-]ut,
Vos (0 0 Oy, ]| v -1 0 0 [{[w;] |4,
10 o)ffas, Ta2,] fas, 10 offas, ] [d8,] [42
+0.0008] 0 1 Of | us, |=2| 3, [+] 2, |[+0.0008]0 0 O] |2, |=2{ul, [+|u,
10 0 Oj{}w, Vo, Viz 0 0 1 |, Vs, vp,
[0 0 o]ffas,] [a%] [42] [ 0.06245
+0.0002| 0 0 1|[|ug, [—[u {—fus, |+ % [|=] O
10 1 0]} v, v, v v 0

[{=3,m=2 and n=0
d;, 0 -1 0|, | |45, 0 0 -l|ff{dys| |4,
Ul,=|t, [+0.02/-1 0 O|u), ||z, |{+0.02{ 0 0 0 uy |-,

0
Via 0 0 0ff+, Vaa -1 0 0 |\|v; W,
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1o o)ffas,] [a%] [, 1o olffas,] [fa,] [
+0.0008| 0 1 O |ui, [=2] ey, |+] 25, |[+0.0008|0 O O |ay; |—2|uf, |+]us,
[0 0 OJ\|v, Vi | | Va2 0 0 1]i|w, s | | v
0 0 of[dd,] [d] a2 [4]) [0.0468537
+0.0002\ 0 O 1| |ul, [-[ud, || u, |+] w2, ||=f0.001250
|10 1T 0] \_Vg,a Vzo,s Vg,l _Vg,l 0 i
I=1, m=3 and n=0
d?, [0 -1 0[] [ 0 o ~1)([d] [4%
U ={uy |+0.02(-1 0 0ft|ud, (| ud, [[+0.02] 0 0 0| |, |—|u,
W, [0 0 0flH, vl -1 00 vﬁt v,
10 o[, 4% [ds 1o o)ffa%] fa%] [d,
+0.0008| 0 1 O] | uyy [=2| 4y +| s, | [+0.0008/0 O O | ufy [—2|ady |+] 2,
(00 0](} 5 v || ves 0 0 1|, Vs b { v
- T
0 0 O|f|dys| |doa| |d22]| |don 0.035118
+0.0002{ 0 0 1| ul, [—fuly |~|ul, [+ ud, [|=]-0.000937
010 \_v;{‘, AN N IR 0.000937
[=2, m=3 and n=0
dys 0 -1 off|dysi |d 0 0 -1]f|ds.| |43,
Ul =gy [+0.02[ =1 0 O |eus, |=| 25 ||+0.02) 0 0 0| |al, |—|2,
Vo3 0 0 Off¥, Vs -1 0 0|\|+, W
10 0f[d%, ds, | [a% 10 0]f[d, dey | [ds,
+0.0008/ 0 1 0| |af, |-2fuly [+| w5 |[+0.0008/0 O O |us, |=2|u5, |+| 5,
10 0 0| v, Vas | | Vs 0 0 1|/, v, | 1V,
o o o)fae,] [a%] [42,] [d%]) [o.046831
+0.00021 0 0 1| ey, [~| sy [=| viss |+] 2% ||= 0
0 1 0] \_va Via | [ V2| v | 0.001250
=3, m=3 and n=0
dss 0 -1 0|f{dss| |42s 0 0 -1(dy| [dis
Ul =iy, [+0.02| -1 0 O|||wg, -8, [|+002] 0 0 O |||el, |—|e,
Vi3 0 0 0f\[vi; Va3 -1 0 0]}, Vis



10 off|dy, dys | | das 1 0 off{dy, dyy | |ds,
+0.000810 1 Ol |2y, |=2| 2, |+| %y, | [+0.0008(0 O O[|u, [-2] 25, |+] e,
10 0 Oji]vi, Vis Vo, 0 0 1w, v, Via
[0 0 Of|dy | |das| |dial |dis 0.035118]
+0.0002| 0 0 1| |ug, [—|up, {—|ul, |+| 45, | |=|0.000937
0 1 Of\{vhs| 18] V8| |2, 0.000937

Table 3.1 The calculated water elevation and velocities at time r=0.01in a close

reservoir of example 3.5.1

Points a, U Vi

Uy, 0.035118 -0.000937 -0.000937
U, 0.046831 0.000000 -0.001250
U, 0.035118 0.000937 -0.000937
U, 0.046831 -0.001250 0.000000
Uy, 0.062450 0.000000 0.000000
Us, 0.046853 0.001250 0.000000
Uy, 0.035118 -0.000937 0.000937
Uss 0.046831 0.000000 0.001250
Ui, 0.035118 0.000937 0.000937

I=1,m=1 and n=1

and apply boundary condition u;,

2] Qe 1 [Vt o A
s Vip TV U T2 Vag =V Hyg =g

d, [0 -1 0)f[dl, ] {d., 0 0 -1 dl, |
Ul =[w, [+0.02| =1 0 0 |y, |[—|my, [[+0.02 0 0 0| |al, {~| %,
v, L0 0 Oflv, Vo, -1 0 0 ! vll’o_
10 olffd, 1 [, 10 o]f[d, dil [d,
+0.0008(0 1 Of|1ul, |-2|ul, |+|a, |[[+0.0008]0 0 © u]l_z —2f o, |+,
[0 0 0ffw, v | v | 0 0 1|, v || v
0 o o]ffal,] [a,] Tdis] [di, {-0 000074
+0.0002{0 O 1| |, [=| 2y, |—| 220 {+] o0 -0.000935
(0 1 0 \_v;.z Voa Vao | Voo -0.000935
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I=2,m=1 and n=1

and apply boundary condition vy, =v;, v, =¥}, vl =¥,

dz‘1 [0 -1 of|d, | [4d 0 0 —1)f|dss| |ao
Uy =|uy, [+0.02(-1 0 0 u;, - u,{l +0.02/ 0 0 O |{]ws, |~|u,
v;_, 10 0 v31 v“ -1 0 0 v:'!.2 Y,0
"1 0 o]f[a, dgl d, 1 0 o), ] 4,
+0.0008/0 1 Of !4, |- uu + u“ +0.0008|0 0 O |ul, |-2|ad, [+ uly
10 0 of|v, V2, 0 0 1]{|vs, Vo, || Vho
o o o)fd., d;“, d T} [-0.000106
+0.0002({0 0 1 u32 - ulz ~l g |+ w, | |= 0
10 1 Of\Jviot [ V] [vel |V -0.001247
/=3, m=1 and n=1
and apply boundary condition uy, =u;,, v}, =vy,, 2y, =1ty 5, Uyy =14, ¥y, = Vi
d‘_:.] _O =l dl,l d:l,l U, P d;,z dzl.,o
Usy=|my (+0.02] =1 0 0|, [~|u, [[+0020 0 0 O [l ul, |2,
1o 10 0 Ofi|v, Vo, -1 0 0|{[v, Vi
-] 0 0‘ r—a'*ll-.l- d::l d;,l I O 0 d?:Z d;l ‘dal,o
+0.0008/ 0 1 0 ff oy, |=2{uy, |+|u, ||+0.0008/0 0 O, |2 y, [+] 1,
10 0 0] \va‘.,i Vi, o9 00 1w, Vi _V;l,o
[0 0 0)[di] [da] [dis] [, ]} [-0.000074
+0.000210 0 1 ||, [—|wh, |=| o [+]als {|=] 0.000035
01 Of\[ma] [¥a] [ Yol [¥a -0.000936
I=1,m=2 and n=1
and apply boundary condition uy, =u,, uy; =u,,, 1y, =u);
d, [0 -1 o]|d,| 4, 0 0 -1lid,| |4,
Ul =|u, [+0.02(-1 0 0| |u, [-u,]|]|+002( 0 0 0 u, |-,
v, 100 0f(|via| | %o =10 0]i|v, v,
10 o)ffd,] [a.] [, 1o olffa,] [a,] [,
+0.0008/0 1 0| [u, [-2|u), [+ u, |[+0.0008[0 0 0f |u!, [-2|u, [+ a,
[0 0 Of\|v,, Via | | Vo J 0 0 1]l|w, via | |V
0 0 0‘( (@, [d, ][4 ] [T} [—o0.000106
+0.000210 O 1|, [~ Uy [—| 2, [+l u, | (=] —0.001247
01 OJ _v;’s_ Vo3 v, _v{',_l 0




[=2,m=2 and n=1

d;_z 0 -1 0 d;, ), 0 0 -1]|dz, d,,
Ul =, |+0.02( =1 0 Off|m, |—|u,||+002] 0 0 0 ||u, |-|u,
V3, 0 0 of|w.]| |, -1 0 0 J{|vis]| [
(10 0)ffds,] [d.] [4a 100 r&.a ;| [
+0.0008/0 1 O | w5, | =2y, |+| %), |[+0.0008/C 0 Off e, |—2|ul, |+,
10 0 0 va | |2 M2 0 0 1|, (Vo | | Ve
o o o)fa,] [a.] [4,] [d, 0.000149
+0.0002| 0 0 1| &, |—|u;y |~ u, |+] 2, ||=|4375x107
[0 1 0] \_V;.s ] Vs Vi _"’11.1 0

{=3,m=2 and n=1

and apply boundary condition u,, =4, 1,5 =153, 1, =14,

d, 0 -1 0]ffal,] [di, o o -if[a,] [d,
Uf =( 4, 1+0.02| =1 0 O |a}, |~|ul, |[+0.020 0 0 0 ||, ||,
5 0 0 0fllvi,]| | =1 0 0w, v,
oo olffal,] fal] [d, 1o o)ffa,] [d4.] [4,
+0.0008] 0 1 Ol | ay, [-20 14, |+| 2w, ||+0.0008]0 0 0|, [—2|u, [+] e,
00 0_k_vl’2“ via | | ¥, 0 0 1w, Vo | Wy
0 0 o)al.] [, [4L,] [4., ~0.000043]
+0.00021 0 O Pl | uy (=g, [—|uy, [+ wm, ||= 0
0 1ol [vis ] s ¥ [ -0.001250

I=1,m=3 and n=1

and apply boundary condition uy, =u5, V), =V]3, Va3 =Vhys Uy =th 4, ty, =U,

dy, [0 -1 0]fidss]| |dis 0 0 -1fld,| |4,
Ul =|t; (#0.02/ -1 0 O o, [~ o5 [{+0.020 0 0 O {|ul, |~ u,
Vs 10 0 O], Vo3 -1 0 0]i|v, v, )
10 offfd,] [a,] [d, 10 o[, d.] [d,
+0.0008/0 1 0| ay, |~2|ul; |+|ub, |[+0.0008/0 0 Of|u, [-2}a, [+]«,
0 0 0] _V;,3_ Wi | | s ) 0 0 1]l]|v, Vs | Va2
0 0 olffat, ] [dh.] [, [d, ]} [~0.000074
+0.0002{0 0 1( |up, [~ uhy {~f2hs |+] 2, | }=]-0.000037
10 1 0f({ e [oa] [V2z] |vaz | 0.000935
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=2, m=3 and n=1

and apply boundary condition v, =v};, 55 =¥, vV, =V,

d 0 -1 0lfids;| |dis 0 0 —1)|ds,| |4s
Ul =, [+0.02[ -1 0 0|, |~fu, [[+0.02{ 0 0 o), |-,
Vi3 0 0 0]+, Vis -t 0 0l|w, Vs
10 0'( (2,7 [2,] [¢,7) oo offd,] [a.] [d,
+0.0008/ 0 1 O|f|u; [—2| w5, [+] ey ||+0.0008/0 0 0| |2, |-2|wm, |+|u,
0 0 of{[v,] (] [¥.]) 0 0 1\|¥, v, | | v
o o olffal,] [d.] [ds] @) [-0.000043
+0.0002(0 0 |||, [=|uly|=]ul, [+| o, ||=]-0.001250
0 1 0] _v.:..a_ Vll.4 v;.z _V:l,z L 0
=3, m=3 and n=1
and apply boundary condition #; =u, 3, Vs, =Vi;, 4y, ik, Vs, =Va,, Uy, =14,
d; [0 -1 o|fld.,| |d;s 0 0 —Iff[{dy,] idi,
Ul =| my |+0.02( =1 0 0fflu, =], |[+002/ 0 0 0 |]ad, [-|e,
Vi 10 0 0}, Vis =1 CrBING, Vi,
(10 olfa,] [d,] [ds 1o o[, [a] [,
+0.00081 0 1 Ol |y, [=2] 245 [+] 25, |[+0.0008/0 O O |y, [=2} 3, [+] 21,
100 0jlivis] [Ma] [ ) 00 1jijv, 1
[0 o o]ffdl,] [dh] [2.] [4,]) [~0.0000747
+0.0002[0 0 1| |us, |=| o, |—|wss t+]{u, ||=]| 0.000935
101 Oft[vie] |l [¥2] [Ma 0.000936 |

39
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Table 3.2 The calculated water elevation and velocities at time r=0.02 in a close

reservoir of example 3.5.1

Points i i Vi

Uz, -0.000074 -0.000935 -0.000935
U;, -0.000106 0.000000 -0.001247
U 0.000074 0.000935 -0.000936
U}, -0.000106 -0.001247 0.000000
U, -0.000149 -4.375x107 0.000000
o, 10.000043 0.000000 -0.001250
U -0.000074 -0.000037 0.000935
Ui, -0.000043 -0.001250 0.000000
U¥ 10,000074 0.000935 0.000936

Example 3.5.2.To find the velocity and water elevation in an open reservoir when initial
time of the velodity in reservair is zero and water elevation is not the normal position or
d = x(1—x)p(1 - y); with water flow pass out through the open gate d=sin(zyt) and
calculate pollutant concentration when initial pollutant concentration in reservoir C' = 0.02

and rate of change of pollutant concentration with respect to x at the open gate

%f—:—0.0I rectangular domain Q=(0,1)x(0,1) in Figure 3.8 with step size Ax=Ay=0.25

and Af=0.01,7=0.02.

0,1 1,1
BN S St S S BRI R S i= ) a8
\ J
£ - J =3 g.) :)’
g T
o) B
= S~
L 4 j=2 O &
&
= v
N =0 D——
™~
N
. Jj=0 x
ST T (0,0) (1,0)
i=0 i=1 i=2 i=3 i=4

Figure 3.8 The domain and generating grid points of an open reservoir
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i} Hydrodynamic model

with initial conditions, water elevation at initial time d(x, y,0) = x(1-x)){1 -y},

velocity at initial time  u(x,,0)=0, ¥(x,y,0)=0, boundary conditions, water elevation

d(0,y,0)=sin(zyr), d(,,6)=d(x,0,0) =d(x,1,£) =0, velocity

w0, 1,0)=v{L, »,0)=v,(x,0,0) =v,(x,1,1) =0, u(x,0,)=2(x,L,) =1 (0,y,0)=u,(1,y,)=0,

defineu(x, y,t)=u;,, v(x,y,8)=v/,, and d(x,y,t)=d},, with At =0.01, Ax=0.25, we have
_ At 0.01

Ax 0 25
since result of #=0consistent with table 3.1.

——=10.04, approximate differential boundary condition by Eqgs.(3.65)-(3.68),

For n=1solving by Lax-Wendroff method (3.13)

I=1,m=1 and n=1
and apply boundary condition #,, =u,, i, =¥, Upy = Vog =V, Uy =, and

dy, =sin(z(0.25)(0.01), ., =sin(7(0.5(0.01))

d., o -1 o4 [dl, o o -1]d,] [d,]
Ub=uy [+002( -1 0 0 |l |~ a, [|+002] 0 0 0 [f]a, =],
Vi 00 o\, ] | v -1 0 0 J([ma] { Vo]
10 olffa, d] Tdi, ] 1 o o)ffa.] [a.] [d,
+0.0008(0 1 0l [al, |-2f 4, |+] u, | |+0.0008 0 0 Ol | uly [=2] o, [+] g
10 0 0] \_V;,l Vi, vér.l_ W2 _v]l,l _vll,O
[0 o o]f[di, ] [db,] [d,] d:,o 0.035050
+0.0002| 0 0 1w, [~| b, |=f 2y |+] 4o ||=] 0. 001716}
10 1 0z ] Yoz | Y0l | Voo —0.001873

I=2, m=1 and n=l
and apply boundary condition vy, =1, v, =%, ¥, =7,

dy, 0 -1 0]f|ds,| {4, 0 0 —1||da| |dse
Uy =|uy; [+0.02]-1 0 0| w, [-[«, [[+0.02] 0 0 0|, |- ",

1 1 1 1 1
Vi, 0 0 Oo\|w, Vi, -1 0 0 Ji|vs Vao



Lo olffa,] [a4.] [4
+0.00080 1 O |ul, |-2| e, |+| 4,
00 0_.\_";.1 iy Via
0 0 0|[ds,] [al,] [di
+0.0002/0 0 1| |ad, |—ful, [—|udy [+
0 L of\{v,] [¥2] [¥o

/=3, m=1 and n=1

1 00
+0.0008/0 0 O

0 0 1
d, 0.046725
ull,o = 0
Vio —0.002497

1 1 "
dy, dy, dyy
1 1 1
Upo |—2) Uy || %z
. N )
2,2 2,1 2,0

and apply boundary condition uy, =u; |, Vi o =Vyy, ty =135, Uy o =ty o, V3, =V,

dy, [0 -1 0]f{d, | |4, 0 0 -l
Us =, [+0.02(=1 0 off|ul, |-|a, [[+002/ 0 0 0
W L0 o o, | v, -1 0 0
1o offfa, ] [day] [, 1 0 0
+0.0008/ 0 1 O fifuy, |-2|uy, [+|uy, ||+0.0008/0 0 0
10 0 0]\ v, V! v, [0 01
[0 0 o)f[di,] [da] [dis] [d5e]) [ 0035718
+0.0002|1 0 O 1 |||y, (=], |-} us, [+] 1, | |=] 0.010302
01 of([vis| IV ] [ ve] [¥e!|] [~0.010307

I=1,m=2 and n=1

and apply boundary condition u,, =u,, uy; =t5, 4y, =4,, and

dy , =sin(z(0.25)(0.01)), d, =sin(z(0.75)(0.01)), ., =sin(z(0.25)(0.01))

d;, [0 -1 0|y, | |5, 0 0 -1

UZ =|ul, |+002| -1 0 olf|u, |~|u,{]+0.02 0 0 o
Vi, 10 0 Ofl|v,| |%a -1 0 0
1o o)[a,] [l [d, 100

+0.00080 1 0|} wu, {—2| 2, |+|u), |]+0.0008/0 0 0
100 Of\[va] [Wz] (Vo)) 0 0 1
[0 o offfdat [aL,7 [ay] [dL 0.046731

+0.0002| 0 0 1| e, 1= el [~fu, f+] 4, ||=]—0.002340
[0 1 0 \_v;.a_ Vos V3 _VclJ,l 0

1 1

ds, dyq

1 1

Hyp [~ ¥30

1 1

Vio Vio
1 1 [ n
ds 5 dy, dyy
1 1 1
Uy [=2] Uy |+ 85
1 1 1
V32 Vig ] [ Va0

1 1

dy| |d,

1 1

s || M,

1 )

V3 Vi
1 1 1
d; d1,z d,,
1 1 1
U4 -2 U . + L
; : 1
Vi3 Via Vi
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I=2,m=2 and n=1

d;.z [0 -1 0 d::.z dll,z 0 0 -I d;,a_ d;,l
Ul =, |+0.02|~1 0 0| |, |=|2u,||+0.02/ 0 0 O |||u, |—|u,
Via |0 0 0|, Via -1 0 0 v;.s Vzl»,l_
1o o)[d.] [a4.] [4, I ’d;,z d;,
+0.0008| 0 1 O [|u;, [=2| 2y, [+] 24, | |+0.0008 0 0 0 2| uy, |+|uy,
K O_k_vzlt,z_ Via Vo vza Via Vo
[0 0 o]ffa,] [d,] [4L] [d, 0.062300
+0.0002|1 0 O 1|, |—|u, (=] w, |+]u, ||=| 436107
_0 1 0..4 _v;.3 ] vl],a v::.l vll,l 0
/=3, m=2 and n=1
and apply boundary condition ., =1,, 1, =1, 1y, =1,
d;, [0 -1 0](|di,| |ds, 0 0 -1)fld,| |4,
U =lu, [+0.02/ =1 0 0ljjei, =2, |[+0.02) 0 0 0 |a, ||,
o |0 0 Of(ivi,| |via 1" O=0- )l [ 955 | |
o o] el fd 1o offfds] [4.] [,
+0.0008(0 1 Off fa), (2|2, [+|ws | [+0.0008{0 0 0| al, |-2]ul, [+]a,
100 Of{[via] |M2] ¥ ) 0 0 1](|v, ia | | va
0 0 o)ffaL | [d.] [4,] [4, 0.046746
+0.0002|0 O 1| uys [—|en, (—|u, [+] 2, ||=]0.002497
[0 1 0f{ via | [ vaa | V] [ ve N

=1, m=3 and n=1

and apply boundary condition u,; =5, Vi ; =V]5, V3 =Vay, th, =t4, #y, =14, and

gy =sin(7(0.75)(0.01)), d, =sin(z(1.00)(0.00), d} , =sin((0.50)(0.01))

d, [0 -1 0| |ds 0 0 -1ld| |,
Un =|us [+0.02/ =1 0 0|lju, |=|ul, [|+0.020 0 0 0|, [~|a,
v, L0 0 0](] v, Vos -1.0 0]\|v. v,
1o olffa,] [al] [d, 1 0 of[a,] [d,] [d,
+0.0008| 0 1 Off fay, |=2f ey |+ 2, | |+0.0008]0 O O] e, [-2[ e, [+] e,
00 Of{|va] [Vs] [ % ) 100 1|, vis | [V,
[0 0 o]ffdt, ] [d,] [4,] [a, ) T o.035062
+0.0002 0 0 1| [ ub, |~ ub, |~ 2y [+] %, | |=] 0000503
0 1 0] \_v'z,d Vo | [ Vaz] [ Vea | 0.001873




=2, m=3 and r=1

and apply boundary condition v,, =v,5, vi; = ,, i, =W,

d 0
U, =| 4, |+0.02) -1
V;,s 0
10 0 ( [,
+0.0008|0 1 0|,
[0 0 0|+,
0 o o](d.,
+0.0002{0 0 1|,
[0 1 0f v

I=3,m=3 and n=1

and apply boundary co
d;g [0
UZ, =| 1, [+0.02{ =1
Vi, |0
(10 o]ffd,
+0.0008]0 1 0|,
_0 0 0] .\_V}z,a
— _(—
o 0 o)f[d,
+0.0002) 0 0 1| w,
0 1 Of| v

-1 o(Ta,] [, o o -1)[a,] [d,
0 0|y |~|us|[+002[ 0 0 off]a, ||,
0 Oftlw,| | v, -1 0 0 filv,]| |
;5 d,; 1. 0 0 dy, ;5 dy
=2l sy |+ 1y, | [+0.0008]0 0 O fed, |-2{ 25, |+ 2,
Via | [ ¥ ]) 0 0 1|, Vas | | Vi
a4, ][4, ) [o.046725
= s || %2 |+ U, | = 0
vig| (Vs ] Ev, | 0.002497
ndition 4, =ua, vy, =35, 8, =% 45 Voa =Vag, Uy, =W,
-1 0 di,s d;:.s IN?Q d31.4 d::,z
0 Ol |, |=lw, |[|+002) 0 0 0 ffu,[—|um,
0 Ofllv, Vis -1 0 0[\|w, Vi,
a4, [ (10 offfa,] [d.] [,
=2l sy |+| 4y, ||[+0.0008/0 O Off|uy, [—2| e, |+] 2,
Via | s ) 0 0 1|, vis | | Y2
dy, | [di.] [4,]) [0:035043]
— Uy, | =iy |+luy, ||=]0.001873
LN SR () SLON 10001873 |
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Table 3.3 The calculated water elevation and velocities at time ¢ =0.02 in an open

reservoir of example 3.5.2

Points dr,, U, Vi

U, 0.035050 -0.001716 -0.001873
U, 0046725 0.000000 -0.002497
U;, 0.035718 0.010302 -0.010307
Ut 0.046731 -0.002340 0.000000
us, 0.062300 -4.36x107 0.000000
Us, 0.046746 0.002497 0.000000
Ul 0.035062 -0.000503 0.001873
Us, 0.046725 0.000000 0.002497
U¥, 0.035043 0.001873 0.001873

ii) Unsteady state dispersion model
N80 o £y 62_0} (3.69)
& o oy oy

with initial conditions, pollutant concentration at initial time C(x, y,0)=0.02,

boundary conditions, pollutant concentration C_ (1, v,£)= C,(x,0,0)=C,(x1,6=0,

C,(0,y,0)=-0.01, define C(x, y,£) =C},, with Ar=0.01, Ax=0.25, and D=0.1,

approximate differential boundary condition,

ac’'
C,(x,0,H=0 or 6;0 =0,

using forward difference,

C;:l _'CI’:O =0
Ay !
C,’fo =C\,

oc;
C,(x1,0)=00r —2=0,
%

using backward difference,
C&—q3=
Ay
QQZQL

0,

1=0,1,2,3,4

1=0,1,2,3,4

(3.70)

(3B.7D
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ac.
C.(0,y,5)=-0.01 or —a;-—"’_ =-0.01,

using forward difference,
CH - Cll
1.m 0,m =_0'0] ,
Com=Cl, +0.01Ax, m=0,1,2,3,4

i

oC,
C.(1,y,0)=0 or =220,
L(Ly,0) P
using backward difference,
Cin = Cium
Ax
SN

3

=0,
m=0,1,2,3,4
solving Eq.(3.69) of problem by finite difference method (3.23).

I=l,m=1and r=0 .
and apply boundary condition Cy, =C7, +0.01(0.25), Cy =C;,

Cl],l =4 C:?.l + A’ZCI{,)Z + ASC((}),I + A‘;Cfo + A‘SCI(?]
| 3 AtD & (0.0D)(0.1)

=0.016,
A (0.25)°
AtD  (0.01)(0.1)
= = =0.016,
4 A* (0.25)°

4=y A 00D 00D 640016,

u ——
Ax AR (0.25) (0.25)*
At At (0.01) (0.01)
A==V +——D= 0)+ (0.1)=0.016,
“ oyt (0.25)( ) (0.25)2° )

4 =1—£u° __A-t_vo *ZDAt_fZDAt
A" Ayt AR A
(0.01) (0.01) 200.1)(0.01)  2(0.1)(0.01)
- (0) - (0) - 2 2
{0.25) {0.25) (0.25) (0.25)

=1 =0.936,

C, =0.02008

46

(3.72)

(3.73)
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=2, m=1 and n=0
and apply boundary condition Cj, =Cj3,

CLIZ,'I = AlC;),l + A2C§2 +ASC1?1 '*'Aucz?,o +A5C§']
4= Atlz) _(0.0 1)(0; D _oo01 6,
Ax (0.25)
4= AtD (0.01)(0.1)
&t (025)°

=0.016,

_AL e A (00D o1 , .
At gz P (0. 25)( )+ (0.25) (0.D=0016,

A, A (0.01) 001 , .
e v = (0) + 05y QD =016,

Ay A, 3 2DAf _ZDAt
4 =1- Ax — U~ Ay Vi INE Ayz
0.0 .01 .D(0. (0.
_( 1) (0)__(00 )(0).“2(0 H(0 01)_2(0 H(0.01)

(025" (0.25) (0.25)° 025y 0936,

Cl, =002

I=3,m=1 and n=0
and apply boundary condition C5, =C3,, C, =C5,

C’L AC;, + 4G, + 4C, + A,Cho + ACS,
AtD  (0.01)(0.1)

VA T (0.25)
_AID(0.01)(0.1)
A2_Ay2_ (o 25)°

A A 00D g OO b0,

=0.016,

={.016,

A= e 0.25) " (0.25)
4, =200+ AL p = (00D gy, OO 4 1y o016,
Ay AR T (025 (0.25)

At o At , 2DAt 2D
A=l - AR A
©OD (00D 20.000D _2(0.1(0.0)

=1- 0)- ; p
025)" " (0.25) (0.25) (0.25)

=0.936,
C;, =0.02
I=1,m=2 and n=0

and apply boundary condition C;, =C/, +0.01(0.25)
Cll,z = ‘41C32 + A2C103 +4Cy, + A,C)y + ACT,
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4 = AD _ (0.01)(0.1)
T AT (0250

_AD(0.01)(0.1)
4= AY (0.25)

PRSP (X1))
A

=0.016,

=0.016,

(0.01)
a2 =025 O 029y

4, =B A (00D

(0.1)=0.016,

Ar (0.01) B
Ay Y2 N (0.25) )+ 025)° 0.1)=0.016,

A :1__A'£u102 _A 102 _ZDet _ZD?I

Ax 7 Ay T Ax Ay

- (0.0D) (0)~ {0.01) (0)— 2(0.1)(0.?1) = 2(0.1)(0.20 )
{0.25) (0.25) (0.25) (0.25)

=0.936,

C!, =0.02008

[=2, m=2 and n=0

Coa=ACH + 4 o5 + ACT, + 4,05, + ACS,
AtD _(0.01)(0.1)
Ax®  (0.25)°
AtD  (0.01)(0.1)
&Y' (0.25)°

At AL
A3 = Eu;z +

A=

=0.016,

A2 = =0.016,

P 1)2 (0.1)=0.016,

1572 ©0D o,
Ax (0.25) (0.25)

At At (0.01) ... (0.01)
A==Vl +—D= 0)+
=22 g P 025 O 0y

(0.1)=0.016,

4 =1—£u22 —-Aiv;’z ¢ ZDixt _ZD?t
Ax 77 Ay T Ax Ay
=10 (0.01) ©0)- (0.07) (0)— 2(0.1)(0.201) 2 2(0.1)(0.201)
(0.25) (0.25) (0.25) (0.25)

=0.936,

C,, =0.02

[=3, m=2 and n=0
and apply boundary condition C;, =Cy,

G, = ACy, + 4,Ch5 + 4,C5, + ACS + ACY,
AtD _ (0.01X0.1)
Ax® T (0.25)°
_AtD(0.01)(0.1)
N (0.25)

A=

=0.016,

4, =0.016,
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4= o AL 00D 6y 00D 1y _0.016,

Ax 22T AE T T 025 T o5y
Ao AL OOD o (001)

A, =—v,,

Ay Ay (0.25) (0.25)°
At Af 2DAr 2DAt
AS = _Eug,z _A_yvf;z - Ax2 - Ay2
_Q0D o (001) 1 20.00) _200.1(0.0D

=1 (0) ; ;
025)° (0.25) (0.25) (0.25)

(0.1)=0.016,

=(.936,

Cy, =0.02

I=1,m=3 and n=0
and apply boundary condition Cy, =Cyy, Cg, =C; +0.01(0.25)

Cil,s = AlC203 + AQC&; + Ascg,s + Aqqoz + AsC103
AtD _ (0.01)(0.1)
Ax? (0.25)°
AtD (0.01)(0.1)
&°? (025
_ AL At (0.0) (0.01)
A= e 27025 @ 023y
g A ©.01) o (0.01)2
Ay Ay (0.25) (0.25)
At At , 2DAt 2DAt
ARl g ey
_q (001 )= (0.01) - 2(0.1)(0.201) 9 2(0.1)(0.201) ~ 0936,
(025" (0.25) (0.25) (0.25)

=0.016,

4=

=0.016,

A2=

(0.1y)=0.016,

(0.1) =0.016,

G, =0.02008

[=2,m=3 and n=0
and apply boundary condition Cy, =Cy;

C:la,s = A|C;3 + Azc-i; + ASC‘I(,JB +A4C:lz),2 + Ascg,a
AtD  (0.01)(0.1)

A= - =0.016,
YA (0.25)°
AtD  (0.01X0.1)
= = =0.016,
4 AT (0.25)°
At At (0.01) (0.0D
4 =200 2 2 0+ 0.1)=0.016,
a2 P 025 O 025y Y
4 _ﬂ o At D= (001) (0)+ (0.01) (01)=0016’

= +
Ty T a2 T (025) T (025Y



_Al‘ o At 5 2DAr 2DAt

4;=1 BT T A N

_1 00D o 00D 2(0.1)(0.291) B 2(0.1)(0.201) 0936,
025" (0.25) (0.25) (0.25)

Cy,=0.02

[=3, m=3 and rn=0
and apply boundary condition Cj, =C3;, C3, =Cy,
C::.s = Alcg,a +A2C30,4 + Aacg,s +A4C30,2 +A5C30,3

4= BD_ 0000 o0 o
A (0.25)
4, A0 _00DOD o oo
A7 (025
A, A @O, (00D
4= Rt D= SO+ (0 =016
Hf Ao S B [ (GO Rl

Ty PR (025 (0.25)
At o Af o 2DAt 2DAf

A =1= -A—yV?,a o)/ B

_1_ 00D 0 @01 2(0.1)(0.201) > 2(0.1)(0.201) S0l
025)° " (0.25) (0.25) (0.25)

Cl, =0.02

Table 3.4 The calculated pollutant concentration at time ¢ =0.01in an open

reservoir of example 3.5.2

Points Pollutant concentration
"o 0.02008
Cay 0.02000
C3, 0.02000
cl, 0.02008
Cs, 0.02000
c, 0.02000
Ch 0.02008
Cz, 0.02000

Css 0.02000




/=1, m=! and n=1
and apply boundary condition Cj, =C}, +0.01(0.25), C{,=C,

Clz,l = A1C;,1 + Azcll,z + Ascclu + A4C11.o +ASC1],1
AtD _ (0.01)(0.1)

31

=0.936075,

4 == — —0.016,
A2 (0.25)
AtD _ (0.01)(0.1)
4~ F = oasy =006
At At (0.01) (o 01)
A =—1u D=
L L 25)( 0. 000937)+ 25 (0.1)=0.015962,
Ar At . (0.01) (0 01}
A = 1
L 25)( ~0.000937) + o (0.1)=0.015962,
At At 2DAt  2DAt
B RSN
_12 000D 4 bo0037y - ©: 01)( 200 2(0.1)(0.201) _ 2(0.1)(0.01)
(0.25) 25) (0.25) (0.25)°
C2 =0.0201186
{=2,m=1 and n=1
and apply boundary condition C;, = Cj,
C22,1 =AIC::,1 +A2C2!.2 +Ascll,: +A4C;_o +ASC2'_]
1A ’i‘;’? - (0('8‘12)?));]) —0.016,
AtD  (0.01)(0.1)
= = =4 1
4 &y (0.25)° o
At . At (0.0D) 0.01)
A = m— —_— = ( . = Ul
A Axu?"' ot 0.25) 0+ (0.25) (0.1)=0.016,
Af .01 0.0
A == -0.0
y Ayvz.+Az (025)( 5)+(0 257 = (0.1)=0.01595,
At At 2DAr 2DAf
4 =1—Ex-u;1 " ;,IHF—_A?
1 Ny (12 D(0.
100D o OO o 1i1nes 20 1)(0201) 20 1)(0201) 0.93605,
(025" (0.25) (0252,  (0.25)
C2, =0.0200013
{=3,m=1 and n=1
and apply boundary condition Ci,=C! , C! =}
3.0 3,17 S4,1 3,1

C:?:l = AIC;,I + Azc;,z + ’430;,1 + A4C31,o + Ascal,l



_AtD_(0.01)(0.1)

R e ¥R
4 =i;?= (0(.(()) 12);());1) =0.016,

4= Tty g D=2 0000937+ -0 =0.016037,
A4=2—;VS',I+A})2 Egg;;( ~0.00 0937)+((°°1)) (0.1) = 0.015962,

At M, 2DN 2DN
AR T A T
_;_(0.01) 0D, 100937y - 0.01) Q0D 4 500937 2(0.1(0.01) _ 2(0.1)(0.01)

(0.25) (0.25) (0.25) (0.25)

C2,=0.02

{=1,m=2 and n=1
and apply boundary condition C,, =C}, +0.01(0.25)

C12,2 = A1C; 2t Azclla +Asctl) 2 +A4ql,l "'Ascll,z
| £ At? (0.0D(0. 1) ~0.016,
Ax (0.25)*
 Joe At (0.01)(0.1)
N (0 25)?
AL (0.01) (0.01)
A =—u D= 0. 1
< Axu]‘2+Ax2 (025)( (01 5)+( 25y =(0.1)=0.01595,
At D— {0.01)

A > (0.01)
AN Ayz 025 D 025y

=0.016,

(0.1)=0.016,

4 =N Atul12 Af v:2_2D§t_2D?t
Ax Ay Ax Ay
_1- (0. (0.01) ©9) 0.00125)- (0.01) ©)~ 2(0. 1)(0.? 1)  2(0. 1)(0.201)
(0.25) (0.25) (0.25) (0.25)

CZ, =0.0201186

=0.93605,

{=2,m=2 and n=1

sz,z = Alcsl,z + Azcg,s +’43Cll,2 +A4C;,[ +A5Cé,2
At? _ (0.0 I)(Oé 1) ~0.016,

Ax (6.25)
AtD _ (0.01)(0.1)
A (0.25)°

4=

=0.016,

A2=

=0.936,
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_A +szp Eggg() (%?2051))2(0 1)=0.016,
AL L AL 0D 001
& w0z 025
My AL 2DA DA
AR Ty TR T
:1_(0.01) (0~ Q0D o 20.000D 2000001
025" (0.25) (0.25)° (0.25)°

C2, =0.0200787

0.1)=0.016,

=0.936,

I=3,m=2 and n=1
and apply boundary condition C,, =C},

C32,2 =A1Ctlt,2 + Aeccf,a + Asczlr,z + A4C31,1 +Asc3t,2
4 At? _ (0.01)(02;1) ~0.016,
Ax (0.25)
14 AD ” {0.01)(0.1)
£y® 0.25)*
M o AI (0.0 0.01)
= —D= 0.0012 1)=0.01605,
A=t is D= TS 000125+ (2 (0. =
Ar At {0.0D) (0.0D
Qo . = 1
Ay & Vi, F e 025 o)+ (025)° (0.1)=0.016,
At At 2DAr 2DMt
(\ "0 M 1o st
(0 01 (0.01) 2(0.1)(0.0D) ok 2(0.1)(0.01)

== (0.00125) — ~——(0) - : :
(0.25) (0.25) (0.25) (0.25)

=0.01e6,

=0.93595,

C:,=0.02

I=1,m=3 and n=1
and apply boundary condition Cy, =Cj;, Cy3 =Cj; +0.01(0.25)

Cfs = Alc.l:,s + Azcll,c; + Ascé,a + A:scll,z + ‘45Cll,3
_AtD (0.01)(0.1)

A (oasy =016,
4, = A;? (0(3 ]2)5))21) 0.016,
4 ="§§"1’-3 “‘“% Eg 3 ;; (~0.000937) + ((0 01)) (0.1)=0.015962,
A i;v‘l’ e Eg 33 (0.000957)+ ((0 01)) (0.1)=0.016037,



At , At , 2DAt 2DAr

A =l-—th—— v, — =
Ax 7 Ay T Ax Ay
-1 _ (0. 01)( 0.000937) (0.01) QO 4 600937)— 2(0.1)(0.;)1) _2(0.])(0.201)
(0.25) 0.25) (0.25) {0.25)

Cr, =0.0201186

I=2, m=3and n=1
and apply boundary condition C,, =C;,

sz,s = Atc;,:', + Azczlz,q + Ascll,a + A4C:]r,z + Asczt.s
_AD _ (0.01(0.1)

= " oasy ~00l6
A= ﬁ;?—(iglz)gzl)—o.om,

¥/ ?AA? ot szD §§§§§<0>+(§,°'2°;)1<o.n=o.ms,
A4_§;’v;3+ﬂz 823( X/ 5)““((001)) (0.1)=0.01605,

At , Aty 2DAt 2DAs

s =l 3 =g [T wan ] T\ w bl vver v
Ax Ay & Ax Ay
19 (0.01) 0)- (0.01) (0.00125) 2(0. 1)(0.:) D) _2(0. l)(0.§) 1y —0.93595
(0.25) (0.25) 0.25) (0.25)

CZ, =0.0200013

I=3,m=3 and n=1
and apply boundary condition C,,=C;,, Gy, =Cj,

Csz,a = AIC;,IS +142C'3’,4 + Aacalz,a +A4C3’,2 +A5C3l,3
AD _(0.01(0.1)

A = = =0.016,
Axt T (0.25)
42D _ 0000 0o
A (. 25)
Ar (0.01) (©. 01)
4= + AL 0.000937) + ~.(0.1) = 0.016037,
3 = Axu“ sz (025)( ) 02 ( )=
4, =250+ 2L p 09D 4 500937y 4 L& 01) ) (0.1)=0.016037,
Ay Ay (0.25) (0.25)

=0.936,
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Af At

4 =1_Eu;3 'A;sz,a -
_ 00 4 000937
(0.25)

C2 =002

2DAt

sz
(0 01)

2DN

__A_yz__

0250000937 2(0.1©.00) _ 2(0.1)(0.01)

(0.25)° (0.25)°

=0.935925,

Table 3.5 The calculated pollutant concentration at time #=0.02 in an open

reservoir of example 3.5.2

Points Pollutant concentration

# 0.0201186
Can 0.0200013
o 0.020000

G 0.0201186
BN 0.0200013
0 0.0200000
Gl 00201186
Cas 0.0200013
A 0.0200000
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Example 3.5.3. To find the pollutant concentration in a close reservoir with inflow point
C'=¢, when unchanging in time, rectangular domain Q=(0,1)x(0,1) in Figure 3.9 with step
size Ax=Ay=0.25 and diffusion coefficient D=10, average of velocity @ =% =-0.025

(0.1) (LD

PN TN IS RIS EIIL. |
™~
< > (1L .
>
\ .
N Reservoir o= > + C=¢
< ™~
- YT K y
» “’ _T e A
~
~
g =Y L 5

4 W S Ak f foh YA N 1 (0,0) (L0) ¥

i=0 i=1 0 O i=4
Figure 3.9 Generating grid points of a close reservoir with plant
Steady state dispersion model
s /LSRR oA Tl 2 (3.74)
& (e X o

with boundary conditions, pollutant concentration
C(x,0)=C(x,1)=C(0,»)=1,
] ;=05
240 T2 Qs
define C(x, y) =C;,, with Ax=Ay=0.25, D=10,¢ =5, and 7 =% =-0.025, using central in

€

C(l,y)—{

1

space finite difference technique for solve Eq.(3.74) by Eqgs.(3.53)(3.57).

[=1,m=1

and apply boundary condition C,, =C,, =1

Cu _SICCD,] _Sz('Cl,o _SJ(‘CZ.I _Sfcl,z =0.

I=2; mi=]
and apply boundary condition C,, =1

Cz,l "‘SICC|,| _S;'lcz,o _Saccs,l "S:‘C:z,z =0.



=3 m=l1
and apply boundary condition C,, =C,, =1

CJ,l _Slccz,l _Szccs,o _Ssccq.l _Sfca.z =0.

I=1, m=2
and apply boundary condition C,, =1

Cl,z _Slcco.z meC[.l _Szccz,z _Sfcu =0.

[=2,m=2
Cz,z —Slccl,z —Ssz_, _Saccs.z _Sfcz,s =0.

I=3, m=2
and apply boundary condition C,, =5

Cs,z _SICCZ.Z _SECC:!.I —S;"C;,z —Sme =0.

=1, m=3
and apply boundary condition Cy, =C , =1

Ct,a "Sfca.z. "SZ(’:CI,Z _Ssccz,a —SfCM =0.

=2, m=3
and apply boundary condition C,, =1

Cz,a _SFC:; _Sfczg _Sfca,a. —SECM =0.

[=3,m=3
and apply boundary condition C,, =C,; =1

Cz,a "Slccz,z _Szcca,z "Sscc4,3 ‘"Sfca_a =0.

Equation system of unknown nodes are
G _Sfcz,l _Sfcl.z :Slc +Szc ’
Cz,l —S]CCI,I _Sfcs,l _Sfcz,z =Szc ’

57

(3.75)
(3.76)



C,, =S8 Cy, —87C, , =85 +5F,

Cia "Sfcm _Ssccz.z —SfC’m =5,

Gy, —S7C,, - 85C,, - S5C,, —SEC,, =0,
Cyp—587C,, ~85Cy, =S, C,, =555,

Cp3 —S5C,, ~85Cyy =87 +55,
Cps=87C 3 —85C,, =55 Cyy =S5,
Cyy—87Cyy —8:Cy, =55 +85 .

We have matrix form of Eqs.(3.75)-(3.83),

1= 0 =8 0o o 0o o0 o}fC,] (sE+sf)
~Sf 1 =S5 0 -85 0 0 0 0 [||Cy s¢

0 =S 1 0 0 =8 0 0 0 (|G| |SF+Sf
-5 o fF 1SN0 | SovYikC) 8¢

0 -85 0 -8 1 =S¢ 0 -8 0 [iCpni=4 0 }
0 )50 &8 W [l \SEMED 585

0 0 0 A8 0 0010 /=850 of||€al" |SEwSE
¢ 0 0 0 =S 0 =8 1 =s°liC, 8¢

L0 0 -0 0 0 =S50 =S 1 JLCJ.Z‘, S5 +5¢ |
where

s€ = Ay £ 2D 2D ~0.025 102 [2(]033(103}:0‘2499’
| 2Ax Ax "1 20025 7025 |/ 025 T0225

Sf: v D /l2D 2D |-0.025 102 [2(102)+2(103}=0.2499,
28y &7 ) {7 T | T 20025) 025 |/ 025 T 0.25

Sf: 2} 2D 21) 0.025 2 [2(10%2(102}:0_2501,
i 2Ax Ax Ax? ~| 2(0. 25) 025 0.25% 0.25

Solving matrix (3.84), we have

c 2D 2D 0.025 10 2(10)  2(10)
S4 = =+ =
i 2Ay Ay A Ay =1 2(0.25) T025 |/ 025 T 025

58

(3.77)
(3.78)
(3.79)
(3.80)
{3.81)
(3.82)
(3.83)

(3.84)
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-

C,] (1.0727)

Cy | [1.1927

€l |13383

C.| [1.0986

C,, p=11.3405} (3.85)
Cy,| [2.2413

Cs| |0.9820

C,y| 10.8304

G| (12676

Example 3.5.4. To find the pollutant concentration in closed. reservoir, at boundary of

reservoir that has the equat-of pellutant concentration-to 1 with inflow point C =c,and
rate of change of pollutant concentration with respect to'y at the open gate %%=c2

when unchanging in time, rectangular domain ©=(0,1)x(0,1) in Figure 3.10 with step size

Ax=Ay=0.25 and diffusion coefficient' D =10, average of velocity # =¥ =-0.025

o1 (LD
VA 8 Vi VR~ PN Yoy

N

~|

J l : J

> 4 (.1 X0

™~ I~

B r ~

N Reservoir =1\ ¥ ®c-.

™ M~

LY

&

= ) 21 >

™~ N

b N

) I~

~| - =0 >

T T TTRRL T 77 d 0,00 o< (1.0)

0 2 Aa ,

L i20, P08 on s

Water flow out

Figure 3.10 Generating grid points of an open reservoir (1) with plant

Steady state dispersion model
2 2
3G B (ac acJ, (3.86)

with boundary conditions, pollutant concentration C(x,0)=C(x,1)=1,



60

1 ; v=#05
C(lay)={c . y_OSf
T ? Ve

C(x,0)=1;x=025,
C,(x,0)=c, ;x=025,

define C(x, y}=C,, withAx=Ay=0.25, D=10,¢ =5, and # =% =-0.025, using central in
space finite difference technique for solve Eq.(3.86) by Eqs.(3.53)-(3.57), approximate

differential boundary condition,

ocC
C,(0.25,0)=¢, or —2=¢,,
&y

using forward difference,

Co=C, -4y, (3.87)

=1, m=1

and apply boundary condition C,, =1, C;, =C;, ~c,Ay

Cu _Slcco,l "Szccl.o —S3CC2J _S4CC1,2 =0.

=2, m=1
and apply boundary condition C,,=1

C2,I "Slcct,l “Szccz,o "'Sacc3.| _Sfcz,z =0.

=3, m=1
and apply boundary condition C,,=C,, =1

C:.l _Slccz.l _Sfcs,o _S3CC4.| —Sme =0.

I=l,m=2
and apply boundary condition C,, =1

Cl,z —S,CCO’Z “Sfcl,l ‘“Sfcz,z —SfC’m =0.

=2, m=2
Cz,z “Sfcl,z _Sfcz,l _Sfcs,z _'Sfcz,z =0.
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{=3, m=2
and apply boundary condition Cpz =5

Cz,z —S,CCZ,Z ‘_S:FC3,1 —S:CC4,2 _'Sfcz.s =0.

{=1,m=3
and apply boundary condition Cos=C, =1

C],: _Slcco,a _Szccl,z _'Sfcz,a _S::CIA =0.

I=2,m=3
and apply boundary condition C,.=1

Cs _SICCI,Q _Szc Cz,z _'SJC Cs,: _Sf Cz.4 =0.
=3, m=3
and apply boundary condition Ca=0C, ;=1

Cyy =87 C,,y ~ S7Cy —85C, 5 — 8eCy, =0,

Equation system of unknown nodes are

(1=S5)C\, —57Cy, = 85C,, = 8F —c, A8, {3.88)
G, =87C,, —85¢C,, - 5¢C,, =5F, (3.89)
G, _’SICC2,1 XS Gy, =S5 +87, {3.90)
C,=8C,—8C,, - S5C,, =5F, (3.91)
Gz =87C,, =85 Gy, =55C, , - SEC,, =0, (3.92)
G, —SICCM ~87C;, =8¢ C,; =587, (3.93)
Ca=8C,—8;Cyy =8 +57, (3.94)
Cos _SICCI,B -8 Cpr =Sy G5 =57, (3.95)

Cia— Slccz,s _Szccs,z = Sf +8; . {32.96)
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We have matrix form of Eqs.(3.88)-(3.96)

[1-S§ —s¢ 0 =s¢ 0 o0 o0 o o] (C\] (SE—c,ap8
=S¢ 1 =sf 0 -8 0 o0 o o Cy, Ay
0 =S 1 0 0 -5 0 o o |lc, S5 + 85
-5 0 0 1 -8 0 -$¢ o o JCI.Z J ¢ (3.97)
0 =8 0 -5 1 -8 0 -s¢ o Cyy 3= 0 ,
0 0 -8 0 =S¢ 1 0 0 -5 Cg,J 58¢
0 0 0 -85 0 0 1 =87 0 ||C, S5 +8F
0 0 6 0 -5 0 -5 1 -s°|lCy, Sy
L0 0 0 0 0 - 0 -5 1 ]lGy) | sfest |
where

S;::[_u_+_1)_2_] 2)2_ 2D —0.025 102 [2(103 2(102)] 02499,

28x A [ | Ax 2025 " 025 )/ [025° T0.25

SC = _v_+£z ﬁz_ 2D -0.025 102 [2(103 2(102)} 02499,
28y Ay )] | Ax 20025 025 |/ |025° T 0.25

sz[__ﬁ_Jr%] 2D 2D 0.025 | : 2(103 2(102)] 02501,
2Ax - Ax {2025 " 025 025 0.25

20 2D [0025 10 2(10) 2(10)
Ly - S+ 20— 1= 0.2501.
aF N ] 20025) 025 0 25% 1 0.25

Solving matrix (3.97), we have

Table 3.6 The calculated Pollutant concentration of example 3.5.4

Cn ¢, =0 ¢, =—1 ¢, =1
C, 1.1520 1.0454 1.2586
Ch 1.26d1 1.2291 1.2991
Cy 1.3969 1.3858 1.4081
G 1.1927 1.1577 1.2277
(O 1.5084 1.4861 1.5306
Gz 23246 23150 23341
G, 11112 1.1001 1.1224
Cos 1.2532 1.2436 1.2627
G, 1.3941 1.3893 1.3988
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Example 3.5.5. To find the pollutant concentration in an open reservoir at boundary of

reservoir that has the equal of pollutant concentration to 1 with inflow point C=¢ and

rate of change of pollutant concentration with respect to y at the open gate Ey——=c2

when unchanging in time, rectangular domain ©=(0,1)x(0,1) in Figure 3.11 with step size

Ax=Ay=0.25 and diffusion coefficient D=10, average of velocity # =% =—0.025.

0,1 (L1)

N IR FEX D sl

b P> 1 |

~N

~

~ i=3 ©

=

B

™~ . Jio ] ™

. Reservoir ol ]: ~T I Pc-a

= .

™~ S

~

< A | (\ y

= N [ 3

< = |

~ N |

% N J=0 '

PRl s SN At YN § (0,0) BCC (L,0)

- ) 2

- 120 /T ko] Clon s 144

Water flow out

Figure 3.11 Generating grid points of an open reservoir (2) with plant

Steady state dispersion model

2 2
MR D a§+§—€ / (3.98)
ox ay ox~ay°

with boundary conditions, pollutant concentration

C(x,0)=C(x, =1,

Lt 0.5
C(lay)= . ’

¢ ; y=05
C,(x0)=c, ,

define C(x,y)=C,,, withAx=Ay=0.25, D=10, ¢ =35, and u=v =-0.025, using central in

.m

space finite difference technique for solve Eq.(3.98) by Eqs.(3.53)-(3.57), approximate

0o
_62,

differential boundary condition, C,(x,0)=c, or



using forward difference,

G0 =C, —c,Ap, 1=1,2,3

[=1,m=1

and apply boundary condition Cor=LCo=C ~c,Ay

C:,l _SICCD.I _Szccl,o "‘Szccz.l _S4CCJ,2 =0.

=2, m=1
and apply boundary condition Coo =G, —c, Ay

Cz,l —Slccu _S‘Ecz.o _SJCCB.I "Sfcz.z =0.

[=3 m=1
and apply boundary condition Ci1=1 Gy =G, —c,Ay

C:\,l '"Slccz,l _Sfcs.o "'Szccm _Sfcs,z =0.

I=l,m=2
and apply boundary condition Cos =1

C].z _Slcco,z —SfC]_l _'Ssccz.z _S4CC1,3 =0.

=2, m=2
Cz.z "“Slccl,z “Sfcz,l "Szccz,z _'Sfcz,a =0.

I=3, m=2
And apply boundary condition Cip =5

Ca.z "Slccz,z _S'ECJ,I _'Sz.CC4.2 _Sfcz,a =0.

[=1,m=3
and apply boundary condition Cos=C, =1

C].3 "'Slcco,a _'Szccl,z _Saccz,z _Sfcm =0.
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(3.99)



I=2, m=3
and apply boundary condition C,, =1

Cz,a -Slcq,s _Szccz,z —SECJ,B —-Sme =0.

{=3,m=3
and apply boundary condition C,, =C,, =1

Cys “‘Slc C,s _Sf Gz "Sac Cys —S4c G4 =0.

Equation system of unknown nodes are

a _S:.F)Cu _Sscca_l “SECJJ = SF '_cszS;?’

{ _SZC)CZ,I _SICCI,I —SfCM _Sfcz,z = "'cszSzC ,

(1- Szc )CJ,I _Stccz,l _Sfca.z = _cszszc + Sac '

Cl,z "S'fcl,l "'Saccz,z _SfC‘LJ = Slc ’

Cz,z _Slccl.z _Szcc2_1 "‘Sacca.z "Sfcz,z =0,

Cs,z _SIC Cz.z _Szc C3_1 _Sf Cs.a T SSf 1

Ca _'S.’SCIJ ""Saccz,a =87 +S8;,
Cz,: _Slccl.s _S'fcz.z _Ssccs,a = Sf '
Cis _Slccz,a "‘Szccs.z =85 +87.

We have matrix form of £3gs.(3.100)-(3.108)

[1-5s¢
_SIC
0
_SZC

—Sf

1-85

-Slc
0
—SZC
0

0
--S_.f:

-85

0
0
-S¢
0
0
0

—-Sf
0
0
1

_Sl‘-'
0

~SE
0
0

0
—Sf
0
—Sf
1
-—SIC
0
_SZC
0

0
0
—Sf
0
_SJC
1
0
0
-S¢

0

0

0
—Sf
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(3.100)
(3.101)
(3.102)
(3.103)
(3.104)
(3.105)
(3.106)
(3.107)
(3.108)

(3.109)
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S€ = _’Z_Jr%J 2D, 2D 0025 | 10 [2(1033(103}:0_2499’
[ 2Ax  Ax ~12025) 025 |/ | 025 T0.25
S¢ = i+£2 2D 2D -0.025 102 [2(103 R 2(102)}0‘2499’
|24y Ay ~12(025) 025}/ 025 025
2D 2D 0.025 102 [2(102+ 2(102]=0_2501’
~|20025) 025 |/ [ 025" T 0.25

2D, 2D 0.025 102 [2(102)+2(102)}=0.2501_
e ~ | 2(0. 25) 0.25 0.25*  0.25

Solving matrix (3.100), we have

Cn
ey
]
|

-
b
l—!

Table 3.7 The calculated pollutant concentration of example 3.5.5

G ¢, =0 e =-I ¢ =1
Cy 1.2509 1.0538 1.4480
Gy 1.5027 1.2485 1.7569
G, 1.6010 1.4439 1.8380
Cp» 1.2509 1.6939 1.3382
Ce 16173 1.4986 1.7361
G, 2.4213 23342 2.5087
Cis 11363 1.1029 1.1698
Cs 1.2954 1.2490 1.3417
Css 1.4288 1.3954 1.4622

Example 3.5.6. To find the pollutant concentration in a close reservoir at boundary of

reservoir Z—C=0 (non-absorbing) with inflow point C=¢, when unchanging in time,
(]

rectangular domain Q=(0,1)x(0,1), with step size Ax=Ay=0.25 and diffusion coefficient

D =10, average of velocity & =v =-0.025.

Steady state dispersion model

u—+v—=D(—2+—-—2J, (3.110)
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with initial conditions, pollutant concentration at initial time C(x, y,0)=0.02,
boundary conditions, pollutant concentration C,(x,¥,0)= C,(x,0,6)=C,(x,1,))=0,
C.(Ly»=0,y=05, C(,y)=c;y=05, define C(x, y,t) =C},, in Figure 3.5.3 with

Ar=0.01, Ax=0.25, and D=0.1, approximate differential boundary condition,

acy
C,(x,0,H)=0 or 6;0 =0,

using forward difference,

Ch=Ch _,
Ay !
C,':o =Cfl, 1=0,1,2,3,4 (3.111)
acy,
C,(xL)=00r =0,
using backward difference,
Cra—Cys o’
Ay }
G, =Cj, 1=0,1,2,3,4 (3.112)
C.(0,y,6)=0 or Con =0
x s Yal) = ax 149
using forward difference,
Cim < g,m =0
Ax b}
Con=Cln: m=90,1,2,3,4 (3.113)
2y
Cx(layzt) =0 or ——=90 s
ox
using backward difference,
C:,m —C;,m = 0
Ax ¥
Cin=C,, m=0,1,2,3,4 (3.114)

(=1, m=1

and apply boundary condition C,, =C,,, C,, =C,,

Cl,] _SICCO,I —Szccl,o '_Ssccz,l —Sfcl,z =0,



{=2,m=1

and apply boundary condition o =G,

Cz,t "Slccl,l "Szccz_o _Ssccs,l "Sfcz,z =0.

{=3 m=1

and apply boundary condition Cor =G, Gy =G,

Cs,n ”'Slccz,l "Szccz_o “Ssccd,l "Sfcs.z =0.

I=1,m=2
and apply boundary condition G2 =G,

Cl,z _Slcco,z _SZCCI,I _Ssccz.z —-SfC]_s =0.

I1=2,m=2
Cz.z "Slccl.z "Sf C2.l ‘Ssc Ca.z _'S4C Cz,s =0.

=3, m=2
and apply boundary condition C,, =5

C3.2 "Slccz_z —SZCC'S_] "Sscc4.2 —SfC3_3 =0.

=1, m=3

and apply boundary condition Cos =C3: Gy =C,

Cis —SICCM _'S.2CC1,2 "Sfcz.s _S4CC1,4 =0.
=2, m=3
and apply boundary condition C,u=GC,y,

Cz,s - Slcq,S -S:S Cz,z - Ssc Ca.s - Sf C2.4 =0.

=3, m=3

and apply boundary condition Ga=Cy; Gy =G,

Ca,s "Szccz,s _'Szc Cs,z "S:;: C4,3 "‘Sf C3_4 =0.

68



Equation system of unknown nodes are
(A-87 -8)C,, —85C,, - SEC,, =0,
(1-55)C,, -5/ C,, =57 G, ~8;C,, =0,
(-85 ~85)C5, = 87C,, —S5C,, =0,
(A-8)C,, —S;C, —87C,, = S5C,, =0,
Cop—8CC,~85C,, ~87Cy, —55C,, =0,
Cip=87Cy, —S5C,, =S, C,, =555,
(-8 -85, ~85C,, ~55C,, =0,
(t=8)Cy 3 —87C 5 —85Coy = 8,C,, =0,
(-85 —87)C; 5, ~S7C,, ~S5C,, =0.

We have matrix form of Egs.(3.106)(3.114)

[1-5¢-85 -s¢ 0 QP ay) 0 0 0 Cul [0
=S¢ 1-8 =S¢ 0 -5 0 0 0 0 & 0
0 N F 5 o -57n0 (V) N Sae 0 0 |[Cy| |0
-8¢ 0 0 R | ¢ 0 0 C\ 0
0 -85 0 -8f 1 -SF 0 -§¢ 0 Cpyp={ 0}
0 0 -S¢ P/ A 0 0 =8¢ |G| [58F
0 0 0 S5 0 0 I-S°-8& -s¢ 0 G 0
0 0 0 0 -5 ¢ S5 RN C19 SRR ey | {48 0
0 0 0 0 0 -8 0 =5 1-8i-81Ga] L0
where
5 = B2 2D 2D —0.025 10 : {2(103 A 2(103} —0.2499,
2Ax Ax ~| 2(0. 25) 0.25 0.25* " 0.25
Sf _ 2D 2D -0.025 10 : [ 2(102 L2 02)} —0.2499,
2Ay Ay 2(0. 25) 0.25 0.25°  0.25
S¢ = 7 2] 2D, 21) 0.025 102 [2(102+ 2(102}0_2501’
2Ax  Ax A | 20. 25) 0.25 0.25*  0.25
st D |/|2D, 2D | _| 0.025 102 2(1023(103}:0_2501_
Ay A e 1 2(0. 25) 0.25 025" 0.25
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(3.115)
(3.116)
(3.117)
(3.118)
(3.119)
(3.120)
(3.121}
(3.122)
(3.123)

(3.124)
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Solving matrix (3.124), we have

(C) (4.9461)
Cy | |4.9495
Cy, | |4.9549
C,| |4.9465
1C,, rj 49515, (3.125)
Ci,| |4.9643
Csl| |4.9461
Cos|  |4.9495
(Coa)  [4.9549]




Chapter 4

Water Quality Measurement

In Open-Connected Reservoirs

In this section, The Lax-Wendroff method is subsequently used in a non
dimensional form of a shallow water equation to approximate the water velocity and
elevation. Next, we use the forward difference in time and backward difference in space
in advection-diffusion equation. Combining the equation with the calculated velocity is
thus used in the unsteady state of dispersion model to approximate the concentration
levels of the pollutants. The result of this section shows that the proposed model can
approximate the water velocity, the elevation, and the flow pattern as well as the
concentration of the pollutants in open-connected reservoirs and the RAMA 9 reservoir at

any various time and position.

4.1 Water quality model in open-connected reservoirs with flat bottom
topography

4.1.1 The boundary and initial condition for hydrodynamic model

There is the water flow from two parallel canals through the opened gates such
that the water is drained as Figure 4.1(a). The gates are opened, so the water is going to
flow into the Rama 9 reservoir. There is no drained water as Figure 4.1(b). The elevation
of water on the both gates is assumed to be a wave maker function. It is assumed to be
a trigonometry function f(x,3)=0.1sin(z(x+#)). The initial condition in the reservoir is
given by the cold start technique i.e. the velocity in x- and y- directions and the elevation
are assumed to be motionless.

The boundary conditions are assumed that the elevation is zero except at the both
gates. There are no parallel velocities in x- and y- directions along with the boundary of

resenvoir.
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Figure 4.1 The domain problem for the hydrodynamic model of

(a) open-connected reservoirs (b) the RAMA 9 reservoir with observation points

4.1.2 Numerical results of the hydrodynamic maodel

The hydrodynamic model provides the elevation of water and velocity vector field.
The calculated results of the hydrodynamic model are the input of the dispersion model
which provides the pollutant-concentration field. Firstly, the Lax-Wendroff method is
subsequently used in a non dimensional form of a shallow water equation to approximate
the water velocity and elevation. Define step size of x and y are 0.03125, step size of time
tis 0.01 and T is 30 for open-connected reservoirs. Define step size of x is 0.03125 and y

is 0.015625, step size of time t is 0.01 and T is 30 for the RAMA 9 reservoir.
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(a) at time 5.00 (b) at time 7.50

Elevation

w

(crat time 10.00 (d) at time 12.50

Elevation

(f) at time 17.50

(e) at time 15.00
Figure 4.2 Water elevation in open-connected reservoirs measured successively at

certain time spots 5.00 to 17.50 or 13.30 (sec) to 46.56 (sec)
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(a) at time 20.00 (b) at time 22.50

Elevation

(d) at time 27.50

Elevation

(e) at time 30.00

Figure 4.3 Water elevation in open-connected reservoirs measured successively at

certain time spots 20.00 to 30.00 or 53.21 (sec) to 79.82 (sec)
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Figure 4.4 Vector field of velocities in open-connected reservoirs measured

successively at certain time spots 5.00 to 17.50 or 13.30 (sec) to 46.56 (sec)
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(a) at time 5.00 (b) at time 7.50

Elevation

(€) at time 10.00

Elevation

(e) at time 15.00 (f) at time 17.50

Figure 4.6 Water elevation in the RAMA 9 reservoir measured successively at certain

time spots 5.00 to 17.50 or 13.30 (sec) to 46.56 (sec)
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Elevation

(a) at time 20.00 (b) at time 22.50

Elevation

(€) at time 25.00 {d) at time 27.50

Elevation

(e) at time 30.00

Figure 4.7 Water elevation in the RAMA 9 reservoir measured successively at certain

time spots 20.00 to 30.00 or 53.21 (sec) to 79.82 (sec)



79

g 4 g
T % F] z b s
£ 5 [ 13 v ¥ 3 3

(a) at time (b) at time 7.50

1\

=T

G
b
1

[ \\\
|

y i i 7 i% i?‘:: %
: / pa 12 i A
L : Plarai s FR-(8 !
S-?ﬂl?f?f?f igsmﬁ\éf- =
foe, RRRARG \ LLLT 90 o .

20l

T TR A
i i

T :
(e) at time 15.00 (f) at time 17.50

Figure 4.8 Vector field of velocities in the RAMA 9 reservoir measured successively
at certain time spots 5.00 to 17.50 or 13.30 (sec) to 46.56 (sec)
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(e) at time 30.00

Figure 4.9 Vector field of velocities in the RAMA 9 reservoir measured successively

at certain time spots 20.00 to 30.00 or 53.21 (sec) to 79.82 (sec)

This material is reserved for educational use only, not allowed for commercial use.

Forbidden to modify the content, and cite the document when use.
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4.1.3 The boundary and initial condition for unsteady state of dispersion model

The water pollutant is discharged into reservoir assumed as the exponential

1
function, e *°, on both opened gates as Figure 4.10(a). There is no opened gate that acts
as a draining gate as Figure 4.10(b). Assume that the initial concentration of pollutant is

¢=0.02 and there is no rate of change of pollutant concentration along the boundary.

M oo

P
===l =002

€ =002

|2
|

o
e —=10
ax

x C=002 LAY e
Far o 2

i .

L

3R
i
<

£=U 04
a
{a) (b)

Figure 4.10 The domain problem for dispersion model of (a) open-connected

@R

reservoirs (b) the RAMA 9 reservoir

4.1.4 Numerical results of the unsteady state of dispersion model

The unsteady state of dispersion model provides pollutant concentration level.
Define step size of x and y are 0.03125, step size of time t is 0.01 and T is 30 for open-
connected reservoirs. Define step size of x is 0.03125 and y is 0.015625, step size of time

tis 0.01 and T is 30 for the RAMA 9 reservoir.
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Figure 4.11 Pollutant level in open-connected reservoirs measured successively at

certain time spots 5.00 to 17.50 or 13.30 (sec) to 46.56 (sec)
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Figure 4.12 Pollutant level in open-connected reservoirs measured successively at

certain time spots 20.00 to 30.00 or 53.21 (sec) to 79.82 (sec)

This material is reserved for educational use only, not allowed for commercial use.

Forbidden to modify the content, and cite the document when use.



84

e —

1 iﬁ X et : 1 o ) / W*
|

~]
1 — Pl 1 1 ;

1 F 5 3 5 E B 2 =

7

il
| | . \
i [ — = /—[ ! L |
¥ 2 b 5 E ] g 3 5 . ] =
(e) at time 15.00 (f) at time 17.50

Figure 4.13 Pollutant level in the RAMA 9 reservoir measured successively at certain
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4.1.5 Observation points

Observation points are representing some positions in open-connected reservoirs
and the RAMA 9 reservoir. These points are located at the gate, the linked reservoir and
the middle reservoir. Consider the concentration charge of pollution at initial time to 2000

as shown in Figure 4.15-4.16 where x-axis is time axis and y-axis is concentration axis.
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Figure 4.15 Pollutant concentration at observation points A, B, C, D at an initial

time to 20.00 or 53.21 (sec) in open-connected reservoirs
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Figure 4.16 Pollutant concentration at observation points A, B, C, D and E at an

initial time to 20.00 or 53.21 (sec) in the RAMA 9 reservoir



Table 4.1 Observation points

different times

in open-connected reservoirs for elevation at

Time 100 200 300 490 500 500 700 &0 900 1000 1100 1200 1300 1400

Point A 0000022 0005121 0018493 0046532 0058054 -0.075299 0.091998 -0.094570 0085147 0071788 0072717 -D082084 0077922 -0.07385L
Point B 0.000000 0000000 0.000000 -0.000003 O.GO00G3 0001218 0.000472 -0.006576 0011946 0012434 0010469 -0.010245 0.010478 -0.010505
Point C  0.000000 -0.000048 -D.000TA3 -0.001028 -0.000021 0001061 0001840 0000261 -0.005337 (005301 -0.004236 0.003098 -0.000674 D.O00036
Point 0 -0.001255 -0002501 -0.000925 0000482 0.000549 -0.000075 -0.000365 -0000073 0000391 -0.001619 -0.002665 0.007028 0005026 0.010448

Table 4.2 Observation points

different times

in open-connected reservoirs for velocity (u) at

Time 100 200 300 400 500 600 00 &00 900 1000 1100 1200 1300 1400

Point A 0.000011 0004373 0019855 -QOSB009 0081043 -DOB5926 0103255 -0.096792 0107876 0119515 0.116126 -0.088947 0.095235 -0.097334
Point 8 0.00000C 0.000000 0.00000¢ 0000027 0.C007B5 0002096 -0.003860 0014153 -0.010091 0009591 0023355 0019409 0021566 -0.022526
Point C  0.000000 0000177 0002173 0003834 0.002205 0001200 0001768 (.001652 0000562 002835 0.005835 -0.003G74 0.008264 -0.003253
Point 0 0.000014 -0.000370 -0,003565 -0.004563 -0.003285 -0.002624 -0.001854 -0.001335 -0.000341 -0.002972 -0.005271 0.004498 -0.010348 0010503

Table 4.3 Observation points

different times

in open-connected reservoirs for velocity (v) at

Time 100 200 300 400 500

600 7C0 800 900 1000 1100 1200 1300 1400

Point A
Point B
Point C
Polnt D

-0.000144 -0,024640 -0.057304 0,122839
0.000000 0.000000 0.000000 -0.000015
0.000000 -0.000047 -0.000940 -0.001299
£.002260 -0.009154 -0.009069 -0.008032

-D.19287%
0.000041
0,000279

-0.00813&6

0.180976 -0.199%4¢ 0.194726 -0.229138 0.218746 -0.254176 0.25i868 -0.271312 0,238285
0.001559 0.005172 -0.008025 0.00209t (.003510 -0.003081 0.001140 -0.002205 0.001673
0.000532 0.004574 -0.003162 0015790 -0.026576 0.019615 -0.014078 0.015085 .0.024868
-D.009156 -0.010403 -0.011505 -0.012307 -0,008339 -0.005700 -0.026043 0.007969 -0.034747

Table 4.4 Observation points

different times

in open-connected reservoirs for concentration at

Time 10 200 300 400 500

600 700 800 200 1000 1100 200 1300 1400

Point A
Peint B
Point C
Point O

0.049841
0.020068
0.019959
0.016228

0.113%908
0.023924
0.0i5781
0.016987

0.164793
0.036432
0620331
0016112

0.216161
0.054709
2.020331
0.015469

0.229178
0.0771%9
0.021975
0,015070

0.286916
0,161663
0.03955%
0.015402

0.204881
0.200453
0.059276
0.028065

0262172
0.103739
0.024508
0.015027

0.266609
0.123841
0.028933
0.015481

0.288353
0.144108
0.034201
0016568

0.301859  0.297068
176935 D0.189427
0.0459592 0.052674
0021021 ¢.029323

0.299168
0.216129
0.066002
D.032559

D.301584
0.218047
0072616
0.037259

Table 4.5 Observation points

times

in the RAMA 9 reservoir for elevation at different

Tima 200 300 400 500

600 700 800 00 1000 1100 1200 1300 1400

Point A
Point B
Point C
PaintD
Paint E

0.000000
0.000000
0.000135
0.000000

Q000026 -0.000857 0.00224¢ 0001545
0.000001 0.000107 -0.000136 -0,002015
0.000925 -0.604922 0.007472 -0.006979
0.000000 0000000 0.000045 -0.000094

0.000000 0.000000 0.000000 0.000C00 0.000000

0.001169 -0.00040¢ -0.008217 0.010252 -0.009812 0.009384 -0.009983 0011108 -0.012955
0.006549 -0.009218 D0.014688 -0.016981 0016453 -0.015764 0.013325 -0.013709 9.015262
0.006503 -0.004258 0.005040 -0.009893 (013991 -0.015930 0.017584 -0.019200 0.020685
£.001296 ©€.002346 0.000753 -0.003498 0005665 -0.010240 0.013108 -0.012152 0.0519359
0.000001 ©.000013 -0.000140 -0.000341 0.001431 -0,001403 0.002079 -0.003511 0.002146
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Table 4.6 Observation points in the RAMA 9 reservolr for velocity (u) at different

times

Time 100 200 30 400 500 600 ™ 800 900 1000

1100

1200

1300

1400

Point A -0.00000: -0.000095 O0.006525 -0.003i48 -0.005862 0.006788 D0.004106 -0.023559 0.029855 -0.028767 0.030651 -0.04145C 0040002 -0.036131

Point B 0,000000 0.000005 0.000758 0.001865 -0.017235 0037167 -0.042060 0.032547 -0,039055 0.038095
PaintC 0001551 0013227 -(.051944 0073786 -0.081517 0085095 -0.089971 0.081198 -0.065316 0.050085
Polnt ) 0.0000C0 0.000000 0000001 0000160 0.000079 -0.002053 0005828 -0.012783 0.020921 -0.024481
Point B 0.000000 0.000000 0.000000 0.000000 0.000000 0000002 0000058 -0,000047 0000645 0001104

-0.036498 0.037463 -0.037045 0.038587
0047510 0.045184 -0.034131 0.018782
0.024718 -0.026681 0.028835 -0.029219

-0.0004%8 0.001140 -0.003342 0.002501

Table 4.7 Observation points in the RAMA 9 reservoir for velocity (v) at different

times

Time 100 200 300 400 500 600 00 800 900 1000

1100

1200

1300

1400

Point A 0000000 -0.000023 0.002607 -0.001898 -0.003150 -0.000130 0.001502 0.010142 -D.010200 0.006713
Point B 0.000000 0.000000 0.000000 -0.001265 0000677 0.004376 -0.006759 0.005373 -0.003832 0004906
Polnt C  -0.000006 -D.000538 0.001826 -D.000632 -0.001567 0.001210 -0,001585 0.005846 -0.003327 0.001224
PointD  0.000000 0.000000 -0.C00001 0000109 -0.000094 (.003438 -0.005736 0000743 0.001742 -D.006067
Point £ 0.000000 0.000000 0.000000 0.000000 0.000000 -0.000002 -0.000034 0.000368 0.001030 -0.004173

-0.002968 0007595 -0.016144 0.015321
-0.010695 0.013925 -(.016144 0.015321

-0.002520 0002097 0.003363 -0.006058

0014744 -0.020454 0.020015 £.019895
0.004425 -0.0045%6 0.00T380 -0.008324

Table 4.8 Observation points in the RAMA 9 reservoir for

times

89

concentration at different

Time 00 200 00 400 500 00 TH0 800 500 1000

1100

1200

1300

1400

Point A 0.020000 0.020000 0.020000 0.020003 0.020020 0.020055 0020173 D0,020341 0.620640 0.020991
Paint 8 0.020000 0.020000 0.020000 0Q.020000 0.0200000 Q.020000 0.020001 0.020003 0020009 0.020020
Point C  0.020002 0020117 0020880 0.022742 0.026187 0.030M85 (.036386 0.041502 0.049083 0.054632
Point D D.020000 0020000 0.020000 (020000 0£.020000 0020000 0020000 0020000 0020000 0.020000
Peint B (.020000 0.020000 0020000 0020000 0.020000 0.020000 0020000 0,0200000 0020000  0.020000

0.021537
0.020043
0.061623
0.020001
0.020000

0.022086
0.020077
0.066942
0.620001
0.020000

0,022904
0.020137
0.073592
0.020003
0.620000

0.023580
0.029213
0.078200
0.020005
0.020600

4.1.6 Transform non dimensional resutts to real time (sec)

We will transform non dimensional resutts to real time by letting

u=U.{ghyv=VF gh,x:Xl,y:H,f:Zh,t:Tl/\/g_h. In previous section, it shows the non

dimensional results of water elevation and velocities in domains calculated by non

dimensional form. In this section, it shows elevation of water and velocities in table 4.9-

4.14 at real time. Define A=1(m) the domain of open-connected reservoirs 500x500{m?)

and the RAMA 9 reservoir 5001000 (m?).



Table 4.9 Cbservation points in open-connected reservoirs for elevation at real

time

Timg

2.66 532 .98 10.64 13.30 15.96 18.62 21,29 2359 26.61 29.28 3193 34.59 371.25

Paint A
Paint B
Point €
Point D

0000022 0.005121 0.018693 -0.046532 0058054 -0.075299 0.091998 -0.094670 0085147 -0.07T1788 0072717 -D.082084 0.077922 -0.073851
0.000000 0.060000 0.000000 -0.000002 0000003 0.001216 0.000472 -0.006576 0.011946 -0.012434 0.010469 -0.010245 0010478 -0.010505
0.000000 -0.000048 -0.000743 -0,001028 -D.00002f 0001061 0.001840 0.000261 -D.005337 0005301 -0.00423¢ 0.003098 -0.000674 0.000036
-2.001255 -0.002501 -0.000925 Q.000482 0.000549 -0.000976 -0,000355 -0.00007T3 0.000391 -0.001619 -0.0G2965 0007028 -0.009026 0.010468

20

Table 4.10 Observation points in open-connected reservoirs for velocity (u) at real

time

Time

2.66 5.32 .98 10.64 1330 15.96 18.62 21.2% 2359 26.61 2928 31.93 34.59 a7.25

Paint A
Point 8
Point C
Polnt D

0000034 0.013696 0.062200 -0.181690 0.253834 -0.269159 0.323404 -0.303161 0337878 -0.374331 0363717 -0.278590 -0.278550 -0.304859
0.000000 0.000000 0.000000 0.000084 0.00235¢ 0.006565 -0.012090 0.044329 .0.031606 -0,031293 Q073150 -0.060791 0.068800 -0.070554
G.000000 ©.00055¢ 0.006806 O0.012165 O0.006906 6.004040 (.005538 0005174 0.001760 0.0088795 0.018276 -0.011507 0.027763 -D.010189
0.000043 -6.001159 -0.011166 -0.014292 .0.010289 -0.008219 -0.005807 -0.004181 -0.001068 -0.009309 -0.016509 0.014088 -0.032240 0.032896

Table 4.11 Observation points in open-connected reservoirs for velocity (v) at real

time

Time

266 532 7.98 10.64 133¢ 1596 18.62 21.29 2359 26.61 29,28 31,83 34,59 s

Point A
Point 8
Polnt C
Point [

-0.000451 -D.077174 -0.179481 0.384742 0604115 0566833 -0.62624% 0.609900 -0T17685 0.695133 -0.796103 0.788874 -0,8497T70 0,746331
G.000000  0.000000 0000000 -0.000047 0.000128 C.004883 Q016199 -0.025135 0.006549 0010993 -0.009650 0.003571 -0.006906 0.005240
0.000000 -C.000147 -0.002944 -0.004C69 0.000874 0.001666 -0.014326 -0,00990¢ 0.049456 -0.083230 0.061436 -0.044122 0.047248 -D.077889
-0.007078 -0,028671 -0.028405 -0.025157 -0.025483 -0.028677 -0.032583 -0.036034 -0.038744 -0,026119 -0.017853 -0.082822 0.024960 -0.108831

Table 4.12 Observation points in the RAMA 9 reservoir for elevation at real time

Time

2.66 532 7.58 10.64 1330 1596 18.62 21.29 2359 26.61 29,28 31.93 34,59 3125

Point A
Point B
Point C
Point D
Point E

0.000000 0.000026 -0.000B57 0.00224% 0001545 0.001169 -0.000409 -0.008217 0.010252 -0.009812 0.009384 -0.009983 O0.011108 -0,012955
0.000000 ©0.000001 0.000107 -D.000136 -D.002015 0.006599 -0.009218 0.014688 -0.016981 0.016453 -0.015764 0.013325 -0,013709 0.015262
0.000135 0.000925 -0.004922 Q.007472 -0.006979 0.006503 -0.004258 0,005040 -D.009B93 0.013991 -D.015930 0.017584 -0.019200 0.020685
0.000000 0.000000 0.000000 0.000045 -D.000094 -0.001296 0.0023d6 0.000793 -D.003498 0005665 -0.010240 0.013108 -0.012152 0011959
0000000 0.000000 0.000000 0.000000 0.0G0000 0.000001 0.000013 -0.000140 -0.000341 0.001431 0.001403 0.002079 0003511 0.002146

Table 4.13 Observation points in the RAMA 9 reservoir for velocity (u) at real time

Time

2.66 532 7.98 10.64 13.20 1596 18.62 2128 2339 26.61 29.28 3193 34,59 125

Point A
Point 8
Point C
Point D
Polnt E

-0.000003 -0.000297 0.020436 -0.009860 -0.018360 0.021261 0012860 -0.073789 0Q.093509 -0.090101 0096002 0.129825 125290 -0.113166
0000000 0.000016 0002374 0005841 0053982 .116410 -0.131736 0.101940 -0.122324 0119317 -0.114315 0.117338 -0.116028 0.120858
0.004857 D0.041428 -0.162659 0231105 -0.255319 (0.266525 -0.2B1797 0.254226 -0.204576 0.156871 -0.148806 0.141520 -0.106901 0.058827
0.000000 0.000000 0.000003 0.000501 0000247 -0.006305 0.018254 -0.040038 0.065527 -0.076677 0077419 -0.083567 0.090314 -D.OFISIT
0.000000 0.00000G 0.000000 0.000000 D.000DDD 0.000006 0.000169 -0.000147 -0.002033 0.003740 -0.001560 0.003571 -0.010468 0007833




Table 4.14 Observation points in the RAMA 9 reservoir for velocity (v) at real time

Time

266 532 7.98 10.64 1330

15.96 18.62

21.29 23,59 26,61 29.28 3153 34.59 3125

Point A
Peint 8
Point C
Point D
Point E

0.000000 -0.000072 0.008165 -0.005945 -0.009866
0.000000 0.000000 G.000000 -0.003962 0.002120
-0.000019 -D.001685% 0.005719 -0.00i979 -0.004908
0.000000 0.000000 -D.000Q03 -00003d1 -0.000294
0.000000 0.000000 0.000000 0.000000 0.000000

-0.000407  0.004704
0.013706 -£.021170
0.003750 -0.004964
0.010768 -0.017966
-0.000006 -0.000106

0.031766 0.031950 0.0210257 -0.009256 0.023788 -£.004451 (0.016531
0.016829 -0.012002 0.015366 -0.033498 0043614 .0.050565 0.047987
0.018310 -0.010421 0Q.003833 -0.007893 0.006568 0.010533 -0.018974
0.002327 0.005456 -0.019002 0045180 -0.064064 0062689 -0.062316
0.001153 0.003226 -0.013070 0.013860 -0.016648 0,023115 -D.026072
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4.2 Water quality model in an opened-closed reservoir with anisotropic

bottom topography
4.2.1 The boundary and initial conditions for hydrodynamic model

Entrance gate  mmp e D e [RB e E =) Exit cate

Figure 4.17 An opened-closed reservoir and observation points A, B, C, D and E
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Figure 4.18 Initial condition and boundary condition of hydrodynamic model
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The initial conditions of reservoir were as follows: the x and y-velocity components
were zero as well as the water elevation: u=0,v=0 and &=0, while the boundary

&= 0,%=0,§:0 for the horizontal edges of the

conditions were as follows: (i)

rectangular reservoir; (ii) —%=O,v:0,§:0 for the vertical edges; and (iii) &= f(x,y) for
the water flowing into the entrance gate and g_u = ul,% =0 for the velocity of water flow
x

at exit gate as shown in Figure 4.18.

4.2.2 Numerical results of the hydrodynamic model

In this section, various results were reported in a table, several surface and contour
plots, and a comparison graph. Hydrodynamic model, calcutated the velocities of water
and elevation of water in an opened-closed reservoir with-an empirical anisotropic bottom
topography interpolated function 0.01sin(0.01(x+y)) as shown in Figure 4.19, using Lax-
Wendroff method, when water flowed into the entrance gate by using the elevation of
water £=1.(m) and discarding the drain water though the exit gate, using the rate of

change of velocity u at 0.5 {(m/s?).

Figure 4.19 Anisotropic bottom topography surface in an opened-closed reservoir
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The elevation and vector field of velocities in an opened-closed reservoir for time
0 to 50 (sec), wastewater discharging from the external source every 36 (sec) into reservoir

and drain water releasing though the exit gate every 36 (sec) as shown in Figure 4.20.

or
o

Elew ation of wat

(a)
Figure 4.20 Time 50 (sec), (a) elevation (b) vector field of velocities in opened-

closed reservoir

The elevation and vector field of velocities in an-opened-closed reservoir for time
0 to 100 (sec), wastewater discharging from the external source every 36 (sec) into reservoir

and drain water releasing though the exit gate every 36 (sec) as shownin Figure 4.21.

Figure 4.21 Time 100 (sec), (a) elevation (b) vector field of velocities in an opened-

closed reservoir
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The elevation and vector field of velocities in an opened-closed reservoir for time
0 to 100 (sec), wastewater discharging from the external source every 36 (sec) into reservoir

and drain water releasing though the exit gate every 72 (sec) as shown in Figure 4.22.

094

Elevation of waler

o8

(a)
Figure 4.22 Time 100 (sec), (a) elevation (b) vector field of velocities in an opened-

closed reservoir

The elevation and vector field of velocities in an opened-closed reservoir for time
0 to 100 (sec), wastewater discharging from the external source every 72 (sec) into reservoir

and drain water releasing though the exit gate every 36 (sec) as shownin Figure 4.23,

Elevation of water

Figure 4.23 Time 100 (sec), (a) elevation (b) vector field of velocities in an opened-

closed reservoir
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4.2.3 The boundary and initial conditions for unsteady state of dispersion

model
1
€ o
&
ac
._..=_c2
C=¢ ax
» 4
1 !
1} !
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1) 2
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Y i
1} I
ac ' ac
[ C=05 € _y
ax ax
€ _y
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Figure 4.24 Initial condition and boundary condition of dispersion modet

The water pollutant was discharged from the entrance gate into an opened-closed

reservoir by assuming the pollutant concentration constant as function ¢; and this

reservoir had draining water at the exit gate by assuming rate of drain of water as 'Z—C ==c,
X

, initial pollutant concentration in reservoir was 0.5 (kg/m°) and there was no rate of

change of pollutant concentration at the boundary of reservoir as Figure 4.24.

4.2.4 Numerical results of the unsteady state of dispersion model

Dispersion model, calculated the pollutant concentration of water in an opened-
closed reservoir 50x50 (m?) by using finite difference method, step size of x and y are 1
{m), when wastewater was discharged from the external source into the reservoir and drain
water was released thru the exit gate by using the rate of change of pollutant
concentration with respect to x-coordinate at 0.1 (kg/m*) and ¢, =0.55 (kg/m?) with initiat

pollutant concentration in this reservoir at 0.5 (ke/m?).
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The pollutant concentration in an opened-closed reservoir for time 0 to 50 (sec),
wastewater discharging from the external source every 36 (sec) into reservoir and drain

water releasing though the exit gate every 36 (sec) as shown in Figure 4.25-4.26.

Pollutant concentration

Figure 4.25 Time 50 (sec) pollutant concentration surface in an opened-closed

reservoir

Figure 4.26 Time 50 (sec) pollutant level in an opened-closed reservoir
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The pollutant concentration in an opened-closed reservoir for time 0 to 100 (sec),

wastewater discharging from the external source every 36 (sec) into reservoir and drain

water releasing though the exit gate every 36 (sec) as shown in Figure 4.27-4.28.

Pollutant concentration

mm&? i

10
0/"0

Figure 4.27 Time 100 (sec) pollutant concentration surface in an opened-closed

reservoir
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Figure 4.28 Time 100 (sec) pollutant level in an opened—ctosed reservoir
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The pollutant concentration in an opened-closed reservoir for time 0 to 100 (sec),

wastewater discharging from the external source every 36 (sec) into reservoir and drain

water releasing though the exit gate every 72 (sec) as shown in Figure 4.29-4.30.

Pallution concentration

Figure 4.29 Time 100 (sec) pollutant concentration surface in an opened-closed

reservoir
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Figure 4.30 Time 100 (sec) pollutant level in an opened-closed reservoir
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The pollutant concentration in an opened-closed reservoir for time 0 to 100 (sec),

wastewater discharging from the external source every 72 (sec) into reservoir and drain

water releasing though the exit gate every 36 (sec) as shown in Figure 4.31-4.32,

0B

055

054

0.4+

Poilutant concentration

035

034

Figure 4.31 Time 100 (sec) pollutant concentration surface in an opened-closed

reservoir
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Figure 4.32 Time 100 (sec) pollutant level in an opened-closed reservoir
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4.2.5 Observation points

The monitoring points in an opened-closed reservoir was used to observe the
dispersion of pollutant concentration of water. In Figure 4.33 showing the comparison of
pollutant concentration at monitoring point A, B and C and Figure 4.34 showing the

comparison of pollutant concentration at monitoring point D and E for time 0 to 50 (sec).
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Figure 4.33 The comparison of pollutant concentration at monitoring of point A, B
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The pollutant concentration of water at monitoring point A, B, C, D and E in an
opened-closed reservoir was observed in every 25 (sec) for time 0 to 200 (sec) with
wastewater discharging from the external source every 36 (sec) into reservoir and drain
water releasing though the exit gate every 36 (sec) in table 4.15, wastewater discharging
from the external source every 36 (sec) into reservoir and drain water releasing though the
exit gate every 72 (sec) in table 4.16 and wastewater discharging from external source
every 72 (sec) into reservoir and drain water releasing though the exit gate every 36 (sec)

in table 4.17

Table 4.15 Pollutant Concentration (kg/m?) at observation points in reservoir case 1

Points\Time(sec) 25 50 75 100 125 150 175 200
A 0.4988 0.4794 0.4967 0.4973 0.5122 0.5187 0.4577 0.5291
B 0.4988 0.5148 05053 0.5177 0.4741 0.5029 0.4824 0.5098
C 0.5095 0.5106 0.4924 0.5015 0.4937 0.5508 0.4635 0.4929
D 0.5055 0.5032 0.4913 0.5083 0.5205 0.4926 0.5158 0.5115
E 0.5089 0.4953 0.5021 0.4628 0.5040 0.5078 0.5608 0.4713

Table 4.16 Pollutant Concentration (ke/m®) at observation points in reservoir case 2

Points\Time(sec) 25 50 75 100 125 150 175 200
A 0.4988 0.4796 0.4969 0.4976 0.5126 0.5191 0.4581 0.5298
B 0.4958 0.5150 0.5055 0.5179 0.4745 0.5034 0.4828 0.5106
C 0.5095 0.5107 0.4926 0.5017 0.4540 0.5513 0.4640 0.4936
D 0.5055 0.5032 0.4915 0.5085 0.5208 0.4930 0.5163 0.5121
E 0.5089 0.4957 0.5024 0.4630 0.5047 Q.5084 0.5613 0.4721

Table 4.17 Pollutant Concentration (ke/m?) at observation points in reservoir case 3

Poinf\Time(sec) 25 50 5 100 125 150 175 200
A 0.4988 0.4855 0.9979 0.4982 0.5062 0.5150 0.4863 0.4968
B 0.4988 0.5084 0.4889 0.5196 0.4785 0.5247 0.4690 0.5296
C 0.5095 0.4953 0.4882 0.5073 0.4932 0.5377 0.4628 0.5097
D 0.5055 0.4911 0.4913 05189 0.5238 0.4882 0.5013 0.5221
E 0.5089 0.5067 0.5143 0.4597 0.4947 0.4921 0.5434 0.4835
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4.3 Discussion
4.3.1 Water quality measurement in open-connected reservoirs with
flat bottom topography
4.3.1.1 The numerical simulation of the hydrodynamic model
Open-connected reservoirs: Discharge water to the reservoir 1 then flow into
second reservoir 2, open gate at the end of the reservoir. Figure 4.2-4.5 show elevations
and velocity field at times 13.30-79.82 (sec).
the Rama 9 reservoir: Discharge water from 2 sides of the canal into the Rama 9
reservoir at initial time as shown in Figure 4.6-4.9 including the elevation and velocity field
of water flow at different times.
4.3.1.2 The numerical simulation of the dispersion model
Open-connected reservoirs: Initial time discharges maximum cencentration of

pollution C=1 at door of reservoir and get lower when time increase by using exponential

function C =ej’a. Pollution diffuses from reservoir 1 into reserveir 2 in Figure 4.11-4.12
show that pollution at time 13.30-79.82 (sec). Point A, B, C, and D in reservoir are
observation points to see the change of the increase or decrease of the pollution with
different times as shown in Figure 4.15. Pollution at point B and C is increases when time
increased and point A at time 37.25 (sec), where pollution starts to decrease due to its
location near the door. At initial time to 13.30 (sec), where the potlution at point D
decreases and increases over time 13.30 (sec) because of the open gate at the end of the
reservoir.

The Rama 9 reservoir: Initial time discharge maximum concentration of pollution

C=1 at two gates of reservoir and get lower when time increase by using exponentiat

function, C= eT’". Pollution diffuses a little to reservoir because velocity is small as shown
in Figure 4.13-4.14 where pollution at time 13.30-79.82 (sec). Point A, B, C, D and E in the
Rama 9 reservoir are observation points as shown in Figure 4.16. At point B, D, E, pollution
change slightly but points A and B pollution increases because of its location near the 2

gates.
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4.3.2 Water quality measurement in an opened-closed reservoir with

anisotropic bottom topography

In this research, a mathematical model to calculate the elevation of water, water
current and pollutant concentration of water in an opened-closed reservoir with
anisotropic bottom topography at any point and any time, anisotropic bottom topography
function could be interpolated from data of reservoir bed coordinate, using cubic spline
interpolate technigue. When compared to other points, monitoring point B at the center
of an opened-closed reservoir mostly had a high pollutant concentration, menitoring point
D, near the entrance gate of reservoir, has a mostly lower pollutant concentration as

shown in Figure 4.33-4.34,

4.4 Conclusion

4.4.1 Water quality measurement in open-connected reservoirs with

flat bottom topography

We have revised a mathematical model that combines a non dimensional form of
hydrodynamic model and a dispersion model. The model is suitable to the Rama 9
reservoir. The Lax-Wendroff method is used to solve a non dimensional form of a shallow
water eguation that eives the numerical solutions of the water velocities in x- and y-
directions and elevation. The forward differences in time and backward difference in space
with approximated velocities in x- and y- directions are also used to solve the advection-
diffusion equation. The result of this research shows that the proposed model can
approximate the water velocities in x- and y- directions, the elevation, and the
concentration of the pollutants in the Rama 9 reservoir at any various time and position.
The accuracy of approximation is within the units of centimeters and seconds. The
pollutant concentrations on the floodgates are decreased at/or below initial pollutant
concentration. The Rama 9 reservoir is to two flood gates. Opened both of floodgates are
the sources of pollutant concentration that discharge wastewater into the reservoir. The
linked gate is connection of between the north reservoir and the south reservoir. It is an
obstacle of the pollutant dispersion for a short time. The linked gate can dilute the

pollutant concentration of the north reservoir to the south reservoir in long period. The



105

proposed model and numerical techniques can be applied to other water sources having

non-uniformly distributed water flows,

4.4.2 Water quality measurement in an opened-closed reservoir with
Anisotropic bottom topography

To conclude the numerical simulation for water-quality measurement maodel in an
opened-closed reservoir with an empirical anisotropic bottom topography was proposed
and thus the mathematical models could calculate the elevation, the velocities and the
pollutant concentration of water. The very models could adjust the bottom topography
according to the varying reservoir bed, simulate the wave maker function at the entrance
gate of reservoir from field data by using the data interpolation in order to have a more
realistic water current and water quality approximations in an opened-closed reservoir

with anisotropic bottom topography.



Chapter 5
Water Quality Control

In Open-Connected Reservoirs

In this section, two mathematical models for simulating water pollutant tevel and
pollution control in a connected reservoir system are proposed. The reservoir systern is
consisted of two ponds connected by a narrow channel. One pond allows water coming
in from a canal through an entrance gate while the other pond lets the water flow out
through an exit gate. The pond water is contaminated with wastewater released from
several industrial plants located near the pond. One of the proposed models is a steady-
state dispersion model simulating the pollutant level in the connected ponds. The other
model is a pollution control model that determines the maximum pollutant level
allowed in the wastewater released from each plant in order to achieve a specified
pollution level in the ponds as well as to incur a minimum water pre-treatment cost to
each plant. The simulation results of these models show that the maximum pollutant
level in the two ponds could be effectively controlled at a minimum cost to each plant

by optimally limiting the pollutant level in the wastewater it releases.

5.1 Steady state of dispersion model

In this section, various results are reported in a table, several surface and contour
plots, and a comparison graph. Simulation runs of the dispersion model were performed
with these following settings: five plants F,F,,F,F, and F, at locations shown in Figure
4(b) discharging wastewater at various pollutant levels shown in Table 5.1; rate of change
of incoming pollutant level with respect to x-coordinate at the entrance gate of ¢, (ke/m®);
rate of change of outgoing pollutant level with respect to y-coordinate at the exit gate of
¢, {ke/m%; the same average water velocities in x- and y- directions of -0.025 {m/s), which

was also employed in [3]; and diffusion coefficient of D=10 (m?%s).
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Figure 5.2 The domain of the steady-state dispersion model (a); the observation

points, the scheme-comparing points, and the wastewater release points (b)

Table 5.1 shows the average pollutant concentrations in the upper pond (pond 1) and

lower pond (pond 2) for 9 different combinations of ¢,c,,F,F,,F,, F,and F,.
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Table 5.1 Average pollutant concentration in pond 1 and pond 2 for 9

Combinations of parameter settings

s

a0 _

Case c;(kg/m?) cp(kg/m?) Concentration in discharge (ke/m?) from plant Average concentration in pond (ke/m?)
Fy F, Fs3 Fq Fs Pond 1 Pond 2
1 0.0100 0.0100 50000 5.1500 5.2000 5.6000 5.3400 5.4222 5.1850
2 0.0100 0.0500 50000  5.1500 5.2000 5.6000 5.3400 54191 5.1844
3 0.0100 0.1000 5.0000  5.1500 5.2000 5.6000 5.3400 5.4152 5.1837
4 0.0100 0.0050 5.0000  5.1500 5.2000 5.6000 5.3400 5.4226 5.1851
5 0.0100 0.0100 4.5000  4.6500 4.7000 5.1000 4.8400 49222 4.6850
6 0.0100 0.0500 45000  4.6500 4.7000 5.1000 4.8400 49191 4.6844
7 0.0100 0.1000 4.5000. 4.6500 4.7000 5.1000 4.8400 4.9152 4.6837
8 0.0100 0.0050 45000  4.6500 4.7000 5,1000 4.8400 49226 4.6851
9 0.0100 1.0000 4,5000- ' 4.6500 47000 5.1000 4.8400 4.8454 4.6706
58
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Figure 5.3 Pollutant concentration (kg/m?) in open-connected reservoirs

Ax=0.015625,Ay=0.015625 (Case 1 in table 5.1) (a) Contour plot and (b) Surface

plot



Figure 5.4 Pollutant concentration (kg/m?) in open-connected reservoirs

Ax=0.015625, Ay =0.015625 (Case 2 in table 5.1) (a) Contour plot and (b) Surface

plot
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Figure 5.5 Pollutant concentration (kg/m?) in open-connected reservoirs

Ax=0.015625,Ay =0.015625 (Case 3 in table 5.1) (a) Contour plot and (b) Surface

plot
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Figure 5.6 Pollutant concentration (kg/m?) in open-connected reservoirs
Ax=0.015625,Ay = 0.015625 (Case 4 in table 5.1) (a) Contour plot and (b) Surface
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Figure 5.7 Pollutant concentration (kg/m?) in open-connected reservoirs
Ax=0.015625,Ay =0.015625 (Case 5 in table 5.1) (a) Contour plot and (b) Surface
plot
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Figure 5.8 Pollutant concentration (kg¢/m?) in open-connected reservoirs

Ax=0.015625,Ay =0.015625 (Case 6 in table 5.1) (a) Contour plot and (b) Surface

plot
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Figure 5.9 Pollutant concentration (kg/m?) in open-connected reservoirs

Ax=0.015625,Ay =0.015625 (Case 7 in table 5.1) (a) Contour plot and (b) Surface

plot
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Figure 5.10 Pollutant concentration (kg/m?®) in open-connected reservoirs
Ax=0.015625,Ay=0.015625 (Case 8 in table 5.1) (a) Contour plot and (b) Surface
plot
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Figure 5.11 Pollutant concentration (kg/m?®) in open-connected reservoirs
Ax=0.015625,Ay =0.015625 (Case 9 in table 5.1) (a) Contour plot and (b) Surface
plot
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the backward, forward, and central difference techniques

5.2 Pollution control and cost optimization

In this section, the method of calculation of optimal cost is described. A plant had
to incur a cost to pretreat its wastewater before releasing it into the pond, in order to
keep the pollutant level in its-wastewater discharge to stay below a certain level. The
more extensive the pre-treatment, the higher the treatment cost.The criterion for
acceptable level of pollutant in the released wastewater was that the pollutant levels in
the pond water at all of the observation peints had to be lower than a specified standard
level. The higher the pollutant level in.the pond water than the standard level was, the
more extensive pre-treatment was, and consequently, the higher the cost to the plant
was.

Let x,be the observation points and r, be the reduction of pollutant concentration
in the wastewater at its release points. It follows that C, —r, is the pollutant concentration
after pre-treatment (or partial purification) at the release points. From Example 3.5.3, we
have

[4]{c}={B}, G1)
which can be expressed as,

[cy=[4]"{B}. (5.2)
Let
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{c}=[D]{B} (5.3)
where
[4]" =[D]. (5.4)
Let C, be the pollutant concentration at an observation point x,. Let 7, be the reduction
of pollutant concentration at the wastewater release points; then, Eq.(5.3) becomes,
Cp=dpb +...+dy (b, — 1) +...+dyby (5.5)

or

m

éﬂ =Zdﬂr’bi *+ _HI dﬁa, (ba! _ra_, )! (56)
i= =

where m is the number of observation points and # is the number of wastewater release
points (N=m+n).

Let Cy be the standard allowable pollutant level in the pond water. €, must be at or
below this level, ie, A/ICY (5.7)

The objective function J is the cost of wastewater pre-treatment, so
J@=or (5.8)
J=i

where @, is the cost of wastewater pre-treatment for the required reduction of pollutant

concentration. The constraints are
G, = Zdﬁ,.b,. +Z|:d (B =12, )5 Car. (5.9)
i J=i
The upper bound and tower bounds of the controls are,
I <r <u (5.10)
2 s !
and the controls are non-negative
r, 20, (5.11)

&5
where [, ,u, are the lower and upper bounds, respectively, of the reduction of pollutant
level in the wastewater, specifying the minimum and maximum reduction of pollutant

level in the wastewater that a plant can reduce by pre-treatment.
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5.3 Numerical optimization examples

Example 5.1: Arbitrary indicators

This optimal control problem was solved by the Simplex method. There were 5
water treatment plants that discharged wastewater into the connected ponds. Plant 1 to
Plant 5 had the ability to purify their wastewater such that the maximum reductions in
their pollutant concentration were 1.0, 1.0, 1.5, 1.5 and 1.0 (kg/m?®) respectively, while the
minimum reduction specified by the law was 0.5 (ke/m?). The physical parameters settings
were the following: diffusion coefficient of D=10.0 (m?/s) and the same velocities in the
x- and y- directions of -0.025 (m/s). The standard allowable pollutant level in the pond

water was 4.2 (kg/m?). Therefore, all constraints were as follows:

Cor=42, (5.12)
0.5<r, <10, (5.13)
0.5<r, 1.0, (5.14)
0.5<r, 1.5, (5.15)
0.5<r, <15, (5.16)
0.5<r, <1.0. (5.17)

Table 5.2 Pollutant concentration at 5 observation points and 5 wastewater release

points

Pollutant concentration

Paints Untreated Inflow Observations Pre-treated Inflow Observations
Ay 5.4236 4.1160
Ay 5.3689 4.1528
Az 5.3944 4.1276
A 51723 4,0759
Asg 5.1465 4.1825
Fy 5.0000 5.0000 4.5000 4.5000
F, 5.1500 5.1500 42179 4.2179
Fa 5.2000 5.2000 3.7150 3.7150
Fa 5.6000 5.6000 4.1000 4.100C

Fs 53400 5.3400 4.3400 4.3400
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Third column in Table 5.2 shows pollutant concentrations at observation and
wastewater release points before the wastewaters were pre-treated by the plants. They
were higher than the standard, Cy, . After pre-treatment, the concentrations at these points
were lower than Cg,, as shown in column 5.

Table 5.3 Optimal cost of wastewater treatment

Treatment  Location Optimal Reduction  Cost of Treatment  Optimal Cost  Non-optimal Reduction  Non-optimal

Factory of Pollutant (ke/m?  for Reduction by of Reduction of Pollutant (ke/m®  Cost of Reduction
Concentration 1 (ke/m?) (UsD) Concentration (UsD)
Factoryl Fy 0.5000 40,000 20,000.00 0.8000 32,000.00
Factory2 Fs 0.9321 20,000 18,642.00 0.9500 19,000.00
Factory3 Fs 1.4849 15,000 22,273.50 1.0000 15,000.00
Factoryd Fq 1.5000 20,000 30,000.00 1.4000 28,000.00
Factory5 Fs 1.0000 60,000 60,000.00 1.1400 68,400.00
Total Cost 150,915.50 162,400.00

In Table 5.3, third column and sixth column show the extents of pollutant reduction
in terms of concentration. The Non-optimal reduction was for achieving 4.2 (kg/m?)
pollutant level, Cg, in the wastewater at the release points of all 5 plants, while the
optimal reduction was for achieving a C; pollutant level or lower in the pond water.
These reductions multiplied by the corresponding cost of treatment to each plant
(column 4) gave the Non-optimal cost of reduction {column 7) and the optimal cost of
reduction (column 5). It can be seen that the total cost of optimal wastewater treatment
was 150,915.50 (USD), significantly lower than 162,400.00 (USD) of the Non-optimal

treatment.

Example 5.2: Biochemical oxygen demand {BOD) indicators

The Pollution Control Department (PCD) has determined that wastewater discharged
from industrial ptants to reservoir with the BOD not exceeding 20 (kg/m®), or depending
on particular reservoirs or plants’ types as agreed by the PCD, but not exceed 60 (ke/rn),
and that the water in each reservoir is not considered wastewater if of 6.5 (ke/m®) BOD.

Given that 5 industrial plants nearby the reservoir are permitted to discharge wastewater
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with BOD of 11.0 (kg/m?), 10.5 (kg/m?), 9.0 (ke/m?3), 8.0 (kg/m?) and 10.0 (kg/m®) respectively
and that each plant could have water treated differently where, plant 1 and 5 are able to
treat wastewater most with the BOD of 4.0 (kg/m?), plant 2 and 4 with wastewater treated
at BOD of 4.5 (kg/m®) and plant 3 with the ability to treat wastewater at the BOD of 5.0
(kg/m?). All plants, however, are to have wastewater treated with the minimum of the

BOD of 3.0 (kg/m?).

Pollutant concentration

Figure 5.13 Pollutant concentration (kg/m?) in open-connected reservoirs
Ax=0.015625, Ay =0.015625, discharge wastewater at £, 11 (kg/m?), F,10.5 (kg/m?),
F,9.0 (kg/m?), F,8.0 (kg/m?) and F, 10 (kg/m?) (a) Contour plot and (b) Surface plot

Table 5.4 Optimal cost of wastewater treatment in case of discharge wastewater at

F, 11 (kg/m?), F;10.5 (kg/m?), F, 9.0 (kg/m?), F, 8.0(kg/m> and F, 10 (kg/m?)

Treatment Location Optimal Reduction Cost of Treatment Optimal Cost
Factory of Pollutant (ke/m?) for Reduction by of Reduction
Concentration 1 (ke/m?) (UsD)
Factoryl Fy 4.0000 20,000.00 80,000.00
Factory2 Fa 4.5000 15,000.00 67,500.00
Factory3 Fs 3.0000 60,000.00 180,000.5
Factoryd Fq 4.2015 20,000.00 84,030.00
Factory5 Fsg 4.0000 40,000.00 160,000.0

Total Cost 571,530.5
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Example 5.3: There is no feasible solution

Given that 5 industrial plants nearby the reservoir are permitted to discharge
wastewater with BOD of 13.0 (ke¢/m?), 15.0 (kg/m?), 15.0 (ke/m?), 19.0 (ke/m?) and 12.0
(kg/m?) respectively and that each plant could have water treated differently where, plant
1 to 5 are able to treat wastewater most with the BOD of 10.0 (ke/m?). All plants, however,
are to have wastewater treated with the minimum of the BOD of 7.0 (ke/m?) and that the
water in each reservoir is not considered wastewater if there is only 6.5 (kg/m®) of BOD. In

this case, we cannot obtain any feasible solutions.

5.4 Discussion

In this study, mathematical models were proposed for determining pollution levels
in the water of a connected-pond reservolr, with openings to a canal, polluted by
wastewater discharges from nearby industrial plants. In the equations of the models, the
parameters affecting the dispersion of pollution were water velocity and diffusion
coefficient, but they did not have a significant effect in this study. More influential was the
initial pollutant level in the wastewater discharge from industrial plants, as shown in Table
5.1 In Case 3, its ¢, was 10 times higher than that of Case 1, thus, making the average
pollutant level in the pond water slightly but significantly lower. In Case 1 and Case 7,
there ¢, were the same, but the initial pollutant level in Case 7 was reduced by 0.5 (kg/m?).
It can be seen that the average pollutant level in the pond water in this case was 5 times
lower than the reduced level in Case 3. Figure 5.3-5.11 show contour and surface plots of
pollutant level versus two spatial coordinates. The contour plots show different patterns
of pollutant dispersion of the three cases, while the surface plots better show the different
pollutant levels at various locations. Figure 5.12, shows plots of pollutant levels at
scheme-comparing points calculated by 3 different finite difference schemes—backward,
forward, and central. The curves of the 3 plots matched perfectly, indicating that atl 3
schemes were equally valid.
Concerning the costs to the industrial plants, they were optimized with respect to the
pollutant level in their wastewater discharge under the condition that the pollutant level

in the pond water not exceed the acceptable standard. If every plant can control the
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pollutant level in its wastewater discharge to match its corresponding optimal level shown
in Table 5.3, they can save 11,484.50 (USD) of their wastewater pre-treatment cost in a

year.

5.5 Conclusion

In this research, we proposed a numerical simulation of water-quality control using
a couple of an optimization method and an implicit finite difference technique in the two
ponds with an entrance and an exit gate to open water of a canal. The simulation results
of these models showed that the maximum pollutant level in the two ponds could be
effectively controlled at a minimum cost to each plants by optimally limiting the pollutant

level in the wastewater it released.

5.6 Future works

In the first part, this research can lead to improving hydrodynamic model by adding
the colioris force to the governing equation, making it more realistic when it comes to
describing the water flow in the reservoir.

In the second part, it is recommended that, in the future research, wastewater be
treated within the reservoir as to make the water quality better by using pollutant removat
mechanism, not only having the exit gate or wastewater treatment prior to releasing it

into the reservoir.
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Abstract

The purposes of this research are to develop mathematical models and numerical
methods for approximating water flow directions and pollution levels in'a Rama-nine reser-
voir, Pathumthani, Thailand with non-uniform current. The Rama-nine reservoir is opened
with two parallel canals; The pollution levels in a reservoir are assessing via data collection
at the real field. It is quite complex-and the results obtained tentatively deviale from one
point of time and position to another. There are many research works applied a mathemati-
cal model called the dispersion model to estimate the water pollutant eoncentration. The
approximation accuracy received is seemingly unsatisficd, especially, when the water flow is
notuniformly distributed.The research begins with revising amathematical model that com-
bines two existing mathematical models: a non-dimensional form of hydrodynamic model
and a dispersion model. The model is to-make suitable to the Rama-nine reservoir. The Lax-
Wendroff method is subsequently used in a non-dimensional form of a shallow water equa-
tion to approximate the.water velocity and elevation. Next, we use the forward differences
in time and backward difierence in space in-advection-diffusion equation. Combined the
equation with the calculated velocity is thus used in the dispersion model to approximate the
concentration levels of the pollutants. The result of this research showed that the proposed
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concentration of the pollutants in a Rama-nine reservoir at any various time and position.
The accuracy of approximation is within the units of centimeters and seconds. In addition,
this research has shown that the proposed model can be applied to other water sources hay-
ing non-uniformly distributed water flows.

1. Introduction

There are many methods for detecting the level of pollutants in the-
water mostly are conducted by a field measurement and a mathemati-
cal simulation. For the shallow water mass transport problems that are
presented in [1], the method of characteristics has been reported as be-
ing applied with success, but it presents in real cases some difficulties.
In [3], (8], [13], [14], [15] and [16], the finite element method for solving
steady and unsteady water pollution measurements are presented. The
various numerical techniques to solve the uniform flow of stream water
quality model are presented in [5], [11] and [12].The numerical methods
to approximate the solution of the two-dimensional advection-diffusion-
reaction equation are proposed in [6-10].

Most non-uniform flow models need the input data concerned with
the velocity of the current at any point and any time in the domain. The
hydrodynamics model provides the velocity field and tidal elevation of
the water. In [4-12], the hydrodynamics model and advection-diffusion
equation were used to approximate the velocity of the water current in
a bay and a channel. In [7, 16], the results from hydrodynamic model are
data for the non-uniform flow of the advection-diffusion-reactione qua-
tion, which provides the pollutant concentration field. The term of the
friction forces due to the drag of sides of the uniform reservoir is consid-
ered. They found the theoretical solution of the model at the end point of
the domain. They also use theanalytical solution to check the accuracy of
our approximate solution.In (7], they propose the Lax-Wendroff method
with stability analysis to solve the two-dimensional hydrodynamic model
with a rectangular domain.

In this research, we begin with modifying a mathematical model that
combines two existing mathematical models: a non-dimensional form of
hydrodynamic model and a dispersion model. The proposed model is to
make suitable to the Rama-nine reservoir.The shallow water equation of
the hydrodynamic model is assumed by averaging the equation over the
depth with flat bottom topography, and discarding the term due to the
Coriolis force and surface wind affect. Combined the equation with the
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calculated velocity is thus used in the dispersion model to approximate
the concentration levels of the pollutants.

2. Water-Quality Model
2.1 The hydrodynamic model

The unsteady flow of water ina two-dimensional space can described
by the shallow water equations, which represent mass and momentum
conservation. It can be obtained by depth averaging the Navier-Stokes
equations in the vertical direction. This leads to a two-dimensional formu-
lation in terms of depth averaged quantities and the water depth itself [9]
and, neglecting diffusion of momentum due to turbulence, they form the
following system of equations: The continuity equation

a "ox/ @y
The momentum equation

0 (a)

i i L& 'J.‘.:
A U + Y =hap-2s
of L ™
I '} 10T Gl LKV Cos gulir+ vi):
= U —— 15 31 [ T 2~ PN e
»ll t‘t‘,\‘r\'JI Exy) hed , o ) " H(- ®)
v dv . ov a¢

— At U—FV—F fit g — =
a’ "ax“ay Ju gay

; 1 iy <333
prat (e i P N e
pH | dx ox) oy ady H HC*

where k. is the depth measured from the mean water to the bed of res-

ervoir, (1)

€ is the elevation from the mean water level to the temporary
water surface, (1m1)

H =h + { is total depth of the sea, (m)

g is the acceleration due to gravity, (m/s%)

u, v are the velocity components, (m/s)

[ is Coriolis factor,
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p is density of the sea water, (kg/m3)

W, is eddy viscosity,

K is the non-dimension coefficient of a superficial force due to

the wind blowing on the surface,

W is wind speed, (11/s)

‘I is the angle of the wind direction from east,

C is the Chezy coefficient of the friction on the sea bed. (m*/s)
The continuity and momentum equation in (a)~(c) discarding the

terms due to friction and wind [10],

6_{ 2 JHu  6Hv

+——=0, (1)
ot | @xhvydy
%+u%+v%+ﬁ+g%=ﬂ. @
Ou,  Ou du . %
laIdfzfza‘r+vé:v 'ﬁ+gax X (3)

The governing equation of hydrodynamic behavior of reservoir.
Averaging the equations over the depth, discarding the term of Corio-
lis factor, shearing stresses and surface wind and h is a constantsince the

Figure 1
Vertical cross-section of the water in the estuary
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sea bed is bottom topography [3]. We have two-dimension shallow water
equation is:

8 A+ Ou th+ L)y 4

o + = > =0, (4)
LA A 5
5 +g e =T, (5)
ud 78l A ©)
A dy

Weassume h is constant and /1 << ¢, and then have § =/t + ¢ equations
(4) - (6) become.

~a£+.h-a—li .

—_— 7

> ax”’ay ; (7)

Qu 9 _ 8

AT 5% o
av al

e I7=~id %4 M 9

3f+g6y 0 9)

We will transform equations (7) — (9) into non-dimensional form [2]
by letting ¢/ =4/ \/g_f,

V=vi\gh X =x/1.Y =yl 1,Z= {1 h.T =1fghtl. Substituting into
equation (7)—(9) leads to

sl (10)

aT  AaxX Y

aUu a9z

LR 1
aT ax o
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av oz
b W B (12)
Y ) §
By changing variables U, V, Z to the v, v, d respecti vely, we see that

ed  Ou  ov

— 4 ——+—=0, (13)

ot/ éx ¢
du od
S =0, (14)
ar - o
2\ Eerpy (15)
ot ady

2.2 The dispersion model

The distributed pollutant process satisfies the mass transfer equation,
which includes transportation and diffusion. Averaging the equation over
the depth, we get the advection—diffusion equation,

(16)

Vo—0ur- =
at dx . dy

ac . acs ac 2'C 1 3¢
(™ ‘D[Tax—l*af}

where C(x,y,r)(kg/m') is the concentration averaged in depth at the
point (x, y) and at time #, D(m?2/s) is the diffusion coefficient.

2.3 The boundary and initial condition for hydrodynamic model

There are the water flow form two parallel canals through the opened
gates such that the water is drained as Fig. 1(a).The gates are opened, so
the water is going to flow into Rama-nine reservoir. There is no drained
water as Fig. 2(a). The elevation of water on the both gates is assumed to
be a wave maker function. It is assumed to be a trigonometry function
S (x.1) = 0.1sin((x+1)). The initial condition in the reservoir is given
by the cold start technique i.e. the velocity in x- and y- directions and the
elevationare assumed to be motionless.
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The boundary conditions are assumed that the elevation is zero ex-
cept at the both gates. There are no parallel velocities in x- and y-directions
along with the boundary of reservoir.

2.4 The boundary and initial condition for dispersion model
The water pollutant is discharged into reservoir by assuming as the
exponential function e ® on the both opened gates as Fig. 2(a). There is

no opened gate that acting as a draining gate as Fig. 2(b). Assume that the
initial concentration of pollutant is ¢ = 0.02 and there is no rate of change
of pollutant concentration along the boundary.

3. Numerical Techniques for A Water-Quality Model

The hydrodynamic model provides the elevation of water and ve-
locity vector field. The calculated results of the hydrodynamic model are
input to the dispersion model which provides the pollutant concentration
field. Firstly, the Lax-Wendroff method is subsequently used in a non-
dimensional form of a shallow water equation to approximate the water
velocity and elevation.

3.1 Numerical method for the hydrodynamic model
The equations (13)(15) can be written in the matrix form

L B SCLI T (17)
P\
where
d -k i 0 "
o ed| <1 0 Ol To”0 o0 | (18)
= 0 0 0 10 0

From Eq.(17) dividing the interval [0, 1] into L and M subintervals
such that LAx = 1 and MAy = 1, and the interval [0, T] into N subintervals
such that NAt = T. We can approximate d(x,, Yue £y) = d";,, are value the
difference approximation of d(x, , t) at point x = [Ax, y = mAy and t = nAt
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The domain problem for hydrodynamic model of (a) twin regular reservoirs (b) reservoir of RAMA 9 with observation points.
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where 0 </<L,0<msM,0<ns N and similarly defined for B s Vi
with Lax-Wendroff method [2], we have

U=t +% pa(Up,-U" u,)Jf% PB(Ufn-Ut,)

+ 50 Ui <2 U)o P B (U~ UL (19

1 “ " "
*'8‘(-43"‘ BA)(UL,.M ~Ulimn CUL e+, |)~

d,
where S = all, | p=%. A stability analysis of Lax-Wendroff

0
Vim

scheme Bq.(19) is stable if #|4|< ﬁ; where |4,|=max{|4,|.|4,]} such that

A, 4, are eigenvalues of matrices A, B.

3.2 Numerical method for the dispersion model

Secondly, we use the forward differences in time and backward dif-
ference in space in advection-diffusion equation.

We can approximate C(x.y,.,)=C/, are value the difference ap-
proximation of C(x, y, £) at point x =/Ax. y=mAy and ¢ =nAr where

0</<L.0smsM  0<nsN. Taking the forward in time and back-
ward in space (17), we get the following finite difference equation,

(G LUC. O )\ X (el
ST + v, | ———
At g Ax . Ay

Cliim =2C1w +C].

I=Lm

(20)

- 3

(Ax)

Clwn =20 + Gy
(av)

where D is the diffusion coefficient (m?/s)
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4. Numerical Experiments
4.1 Numerical results of the hydrodynamic model

Case 1: Twin regular reservoirs. From Fig.1(a) define step size of x(Ax)=0.03125,
step size of y(ay)=0.03125 and step tHime 1(AT)=0.01,

ot

w y
i
!

Figure 4
Time =500 (a) elevation (b) vector field of twin regular reservoirs.

Figure 5
Time = 2000 (a) elevation (b) vector field of twin regular reservoirs.

Case 2: Reservoir of RAMA 9. From Fig. 1(b) define step size of x(Ax) = 0.03125,
step size of y(Ay) = 0.015625 and step time HAT) = 0.01.

»i >
)

!
‘ 1
:

Figure 6
Time = 500 (a) elevation (b) vector field of reservoir of RAMA 9.
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Figure 7
Time = 2000 (a) elevation (b) vector field of reservoir of RAMA 9.

4.2 Numerical results of the dispersion niodel
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Figure §
Concentration of pollution at time 500 and 2000 of twin regular reservoirs.
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Figure 9
Concentration of pollution at time 2000 of twin regular reservoirs.
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4.3 Observation points on the Rama-nine reservoir

Observation points are representing some positions in the Rama-nine
reservoir. These points are located on the gate, the linked reservoir and
middle reservoir. Consider the change of concentration of pollution at ini-
tial time to 2000 as shown in Fig.10-11 where x-axis is time axis and y-axis
is concentration axis.

Figure 10

Point A, B, C and D time 0 to 2000 concentration of pollution in twin
regular reservoirs.
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Point A, B, C, D and E time 0 to 2000 concentration of pollution in reservoir of
RAMA 9.
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Observation point in twin regular reservoirs for elevation at different times.

Table 1

Point A

Point B

T
oo

Point C

Point D

100 200 300
3498407 | 0.1139078 | 0. 1647925 |
200681 | 0.0239336 | 0.0364316
.0199595 | 0.0197814 | 0.0197274
.018228 | 0.0169874 | 0.0161122

0.2161609 | 0.2291784 | 0.262172

0.0547086 | 0.0771

0.1037392

0.0219746 | 0.0248085
0.0154693 | 0.0150707 | 0.0150275

700 900 | 1000
| 0.266609 | 0.25
1 01238413 | 0.1441083

| 0.0289333 | 0.0342006 | 0.0399991 | 0.0459919 | 0.
0.0154806 | 0.0165688
Table 2

Observation point in twin regular reservoirs for velocity (v) at different times.

Table 3

600 700 800
879 | 0.180976 | 0.199946 | 0.194726
0.001559 | 0.005172 | -0.008025 |
9 | 0. -0.004574 | -0.003162
-0.009156 | -0.010403 | -0.011505

1300
0.271312
-0.002205 |
0.015085

0.007969
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Table 4

Observation point in twin regular reservoirs for concentration at different times.

Time 100 200 300 900 1000 1100 1200 1300
PontA | 0.000022 | 0.005121 | 0.018593 0.085147 | 0.071788 | 0.072717 | -0.082084 | 0.07922
Point B | 0.000000_| 0.000000_| 0.000000 0.011946 | 0012434 | 0.010469 | 0.010245 | 0.010478
Port C | 0.000000 | -0,000048 | -0.000743 -0.005337 | 0.005301 | 0.004236 | 0.003098 | -0.000674 | ¢
Point B | 0001255 | 0.002501 | £.000925 0.000391 | 0.001619 | -0.002965 | 0.007028 | -0,009026
Table 5

Observation point in reservoir of RAMA 9 for elevation at different times.
Time 100 300 300 1100
Point A_| 0.020000 | 0.0; 0.020000 | 0 0.021537
Point B_| 0020000 | 0.020000 | '0.020000 0.020043
Point C_| 0.020002 | 0.020117 | 0.020880 | 0. 0.051623
Pont D_| 0.020000 | 0.020000 | 0. o 0.020001
Pont E | 0.020000 | 0.020000 | 0. [ 0. X

Table 6
Observation point in reservoir of RAMA 9 for velocity (u) at different times.

Time 100 200 360 400 500 T 10 ] 1300 | 1300 ]
Point A_| 0.000001 | -0.000095 | 0.006525 | -0.003148 | -0.005862 0.030651 | -0.041450 | 0.040002
Pont B | 0. | 0.000005 | 0.000758 | 0.001855 | -0.047235 | 0. | 0.037463 | -0.037045 |
Pont C | 0.001551 1 0.013227 | -0.051933 | 0.073786 | -0.08 1.-0.047510 | 0.045184 | -0.034131 |
Pont D_| 0.000000 | 0.000000 | 0.000001 | 0.000160 | 0.000079 3 | 0.024718 | -0.026681 | 0.028835 |
Point E_| 0.000000 | 0.000000 | 0.000000 | 0.800000 | 0. [ 0.001154 | 0.000498 | 0.001140 | -0.003342
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5. Discussion
5.1 The numerical simulation of the hydrodynamic model

Twin regular reservoirs: Discharge water to first reservoir flow into
second reservoir and open gate atend of the reservoir. Fig.3-4 show eleva-
tions and velocity field at times 500s and 2000s.

Reservoir of the Rama-nine reservoir: Discharge water from canal 2 sides
into the Rama-nine reservoir at initial time as shown in Fig.8-13 show el-
evation and velocity field of water flow at different times.

5.2 The numerical simulation of the dispersion model

Tuwin regular reservoirs: Initial time discharge maximum concentration
of pollution C = 1 at door of reservoir and decreasing when time increased

by exponential function C'=e # . Pollution diffusing first reservoir into
second reservoir in figure 7.and 8 show pollution at time 500s and 2000s:
Point A, B, C, and D in reservoir is observation point to see the change of
the increase or decrease of the pollution with different times as shown in
Figure 12 and 13. Pollution at point B and C is increasing when time in-
creased and point A at time 1400 pollution to start decreasing due to point
nearly the door. Atinitial time to 550 the pollution at point D is decreasing
and increasing over time 550 because open gate at end of the reservoir,
Reservoir of the Rama-nine reservoir: Initial time discharge maximum
concentration of pollution C = 1 at two gates of reservoir and decreasing

when time increased by exponential function € =e¢ “ Pollution diffus-
ing to reservoir is very little because velacity is small as shown in Figure
9 and 10 show pollution at time 500s and 2000s, Point A, B, C, D and E in
reservoir of the Rama-nine reservoir is observation points as shownin Fig.
14-16. At point B, D, E has pollution change slightly but points A and B
has pollution is increasing since this point nearly the two gates.

6. Conclusion

We have revised a mathematical model that combines a non-dimen-
sional form of hydrodynamic model and a dispersion model. The model
is suitable to the Rama-nine reservoir. The Lax-Wendroff method is use
to solve a non-dimensional form of a shallow water equation that gives
thenumerical solutions of the water velocities in x- and y-directions and
elevation. The forward differences in time and backward difference in
space with approximated velocities in x- and y-directions also used to
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solve the advection-diffusion equation. The result of this research showed
that the proposed model can approximate the water velocities in x- and
y-directions, the elevation, and the concentration of the pollutants in a
Rama-nine reservoir at any various time and position. The accuracy of
approximation is within the units of centimeters and seconds. The pol-
lutant concentrationson the floodgates is decreased at/or below initial
pollutant concentration. The Rama-ninereservoir is opened to two flood
gates. The both of flood gates are the sources of pollutant concentration
that discharge wastewater into the reservoir. The linked gate is connecting
the north reservoir to the south reservoir. It is an obstacle of the pollutant
dispersion for a short time. The linked gate can dilute the pollutant con-
centration of the north reservoir to the south reservoir in long period. The
proposed model and numerical techniques can be applied to other water
sources having non-uniformly distributed water flows.
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Abstract @ Measuring the water quality in water sources or the Monkey Cheeks
Project with opened-closed reservoir. Tt can be measured by the ficld measurement,
using the water qualily mouitoting tools and the water quality models consist of
liydrodynamic medel and dispersion model. to calculate the quality of the water.
Hydrodynamic inodel, using the shallow water equation as a governing equation,
is used to describe the water current, having source of wave maker and bottom
topograply as the required data. bringing about the elevation and velocities of
water. Dispersion medel, using the advection-diffusion equation as the governing
equation, is used to describe the spread of the pollutant concentration of water,
having polintant concentration af point source and caleulated water velocities from
the first model as the input data, bringing the time-dependent pollutant concen-
tration of water at any point. In this research, the three-dimensional surface fitting
technique is employed. the anisotropic botiom topography data is represented by
a surface fnetion in the hydrodynamic model, in order to have a more realistic
water current and water quality approximations in opened-closed reservoir.

Keywords : water quality model; hydrodynamic model; dispersion model; advection-
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1 Introduction

There are many methods for detecting the level of pollutants in the water,
mostly conducted by a field measnrement and a mathematical simalation, The
shallow water mass transport’s problems are presented in [1]. as the method of
characteristics has been reported applicd. Tn 2], [3} and {4, the finite clement
method for solving steady and unsteady water pollution measurements are intro-
duced. The varions numerical techniques of solving the uniform flow of stream
water quality model are presented in {5, [6] and [7]. The numerical methods
of approximating the solution of the two-dimensional advection-diffusion-reaction
equation are proposed in [5], [8] and [9;.

Most non-uniforin flow models need the input data concerned with the velocity
of the current at any point and any Lime in the domain. The hydrodynamic model
pravides the velocity field and the elevation of the water. In [10, 5, 8, 9, 6. 7), the
hydrodynamnic medel and adveetion-diffusion equation are used to approximate the
velocity of the water current in a bay aud a chanuel. In [9] and [11], the results fromn
hydrodynamic model are used as data for the non-uniform flow of the advection-
diffusion-reaction equation, which provide the pollutant concentration field. The
term of the friction forces occurred thanks to the drag of sides of the uniform reser-
voir, The theoretical solution of the model was fonnd at the ending point of the
domain and the amalytical solution to check the accuracy of our approximate soh-
tion was used. In [9]. the Lax-Wendroff method with stability analysis to solve the
iwo-dimensional hydrodynamic model with a rectangular domain was propused.
In [12], develop mathematical models and numerical methods for approximating
water How directions and pollutant concentration level in Rama-nine reservoirs in
openceed with two parallel canals and assuming bottom topography of reservoir is
flat. The Lax-Wendrofl method is subsequently used in non-dimensional form of
a shallow waler cquation to approximate the velocity of water and clevation of
water, we use the [orward difference in time and backward difference in space of
advection diffusion equation. In [4] and [13], ihe Lax-Wendroff method for solving
the dimensional form of shallow water equation in rectangular model and spherical
model with Matlab progran are proposed, respectively.

In this research, we begin with modifving a mathematical model, combin-
ing two existing mathematical models, a hydrodynamic medel which is used to
describe the water current in an opened-closed reservoir and a dispersion model
which is used to describe the diffusion of the pollutant concentration of water in
an opened-closed reservoir. This is to make the proposed model suitable for the
reservoir. The shallow water equation of the hydrodynamic modet is assumed by
averaging the eqnation over the depth with anisotropic hottom topography, and
discarding the term regarding the Coriolis foree, surface wind cffeel and extee-
nal forees, resulting in the calculated velocity used in the dispersion medel to
approximate the concentration levels of the pollutants,
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2  Water-Quality Model

In this section. two mathematical models are described. They were nused to
simulate time-varying pollutant levels causing by wastewater discharges from ex-
ternal source into an opencd-closed reservoir and drain water at the exit gate. The
first model was a hydrodynamic model that determined the velocity and elevation
of the water at any location in the reservoir with anisotropic bottom topography.
while the second model was a po]lutant dl:.pnrsmn model that determined the
pollutant level at any point in C

®

R RN
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dime v fw
L ed by using e gysbe hall
onservat tum_w

'm@)ul bc
n neglecti ediffusion of
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and the momentum equations are expressed as below:
duh) Pk~ 39h*)  Oluvh)
En + o + 9y 0. (2.2)
2, " ,Zh % h2
s + i i + ek 20k ) ={), (2.3)
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where

h{x.y,t} is the depth measured from the mean surface of water to the reservoir
bed h = H + £ (m),

&(z,y.t) is the clevation of surface of water from the mean water level in
reservoir (sea level) (m),

H{r,y) is the interpolated bottom topography fimction of the reservoir (m),

w(zm, y, 1) is velocity in x direction (m/s).

u{x,y, 1} is velocity in y direction (m/s},

g is gravitational constant (9.8m/s?).

Such time (2}, and two space coordinates, £ and » are the independent vari-
ables. Likewisc, the conserved quantities are mass, which is proportional to A, and
momentum, which is proportional to (¢h} and {(vhi). As taken with respect to the
samne term, the partial derivatives are grouped iuto vectors {dr, &y.¢t) and latex
rewritten as a hyperbolic partial differential equation as follows:

h wh vh
U= uh | FU)=| v*h+igh® | .CU)= vl . (24)
vh uvh v*h+ 3kt

The hyperbolic PDE:

av

UL O -
a0 5 FWU) = 560} =10, (2.5)

The initial conditions of reservoir were as follows: the r and y-velocity components

,., o1ed aouuny

[ ]
e
a8 pxyg

Figure 2: Opened-closed reservoir and ohservation points A, B, C, D and E

were zero as well as the water elevation: © = 0, v = 0 and £ = 0, while the boundary
conditions were as follows: (i) % = {, g—; =0, £ = 0 for the horizontal edges of
the rectangular rescrvoir; (ii) % =, v =0, £ =0 for the vertical edges; and (iii)
£ = flx,y) for the water flowing into the entrance gate and g—: = uy, 3—; = 0 for
the velocity of water flow at exit gate as shown in Figure.2.
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2.2 Dispersion model

When applying the distributed pollutant process, including the transportation
and diffusion, the mass transfer equation is satisfied by averaging the equation over
the depth. generating the advection-diffusion equation.

ac  aCc  oC (82C 62('-‘)

tu—+v — + =
dx Oyt

s g (2.6)

where C{x,y.1) (kg/m*) is the con ation averaged in depth at the displace-
ment (2. y) and at time t_ B> Lspisthe-diffusioneoeffici
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o IS
3 Numerical Technig

3.1 Numerical method for the hydrodynamic model

We would use the Lax-Wendroff method to compute a numerical approxima-
tion to the solution of hyperbolic PDE (2.5). A regular square finite difference
grid with a vector-valued solution centred in the grid cells. The domain of prob-
lem L x M dimension. [ and m were subintervals, such that {Az = L, mAy = M
and interval time [0,T] . k was subintervals, such that kAt = T U, = Ufr.y.1)
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represents a three component vector at each cell 7,7 with time step n

r=1Azx, y = jAy and t = kAL.
Step 1: Compute initial vector U}", at centre cells.
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Figure 5: The vect

G at centres of grid.

Step 3: This stage is a half-step; it defines values of U at time step n + 1 and the

midpoints of the edges of the grid.

1
ﬂ+§ o r T . .
UTE = Wy +U) - 2P
1
J+5 1 o = Af
oeh = 3V T UL) = 50 (G

e (3.1)
- G;) (3.2)
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Figure 7: The solution /"*! at centres of the grids.

We would use the finite difference method to compute a mumerical approxima-
tion to the boundary conditions of the reservoir.
For left boundary condition. where i = 0 and 1 < j < m, therefore Ug, = U},
substituting the approximate unknown vector nodes U5, of left boundary into
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(3.1}, we had

[MEH

r + 1 n At £l ¥ 0
UL'? = 50T, + Upy) = 2 (FT, - FRy) = Uy (3.4)

3=

For right boundary condition, where i ={ and 1 € j € m, therefore s = Ul
substituting the approximate unknown vector nodes ULy of right boundary inte
(3.1}, we had

I .
ntg 1 1t n At 7 o1
11. = E(UH-l,j + U0 - m(ﬂil,j ~ Fry = U (3.5)

[
For lower boundary condition, where | € 1 € [ and j = 0, therefore Uty = U,
substituting the approximate unknown vector nodes U7, of lower boundary into
(3.2), we had

Al

(Uil + Uio) — 7y Gt~ Gipl = Ui, (3.6)

For upper boundary condition, where !} €7 € ! and j = m, therefore Ul =

UE,.. substituting the approximate unknown vector nodes Uty of upper ‘boundary
into (3.2}, we had

At

1
n+5 T [ g
s 5 E(Dir:ﬂr-l—l + Ut',:m T m

i.rn-!-i

(GEH’I-P]. 1 :U) = Lrt,.‘m (37)

3.2 Numerical method for the dispersion model

We used the forward differences in time and backward difference in space in
advection-diffusion equation. We can approximate C}Y;. the value of the approxi-
mation of C{z, ) at point » = iAz, y = jAy and t = AL, where 1 €7 <1, 1 €
i<mand0<n <k,

: ¢kl _ e
dc — i.J 1.7 ¢ (38)

Bt At

ac - Cly;

B Ar (3.9)

ac _ G- Clia (3.10)

dy Ay ' ’
32_5' - i1y — 20T+ 0Ly (3.11)
ox? (Ax)® ' '
a*c - Clljy — 207 + Cf.';-—l‘ (3.12)

ay? (Ay)°
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Takiug the forward in timne and backward in space (2.6}, we got the following finite
difference equation,

HED " n n i3 I
Gy Z Gl o (CRimClan |, e (G = CRos) _
At vI Az d Ay
D ey — 20T+ CELy, n Clyy — 205+ CF
(Ax)? (Ay)’
AD ., AD ., (ﬁ ——— D) -

(3.13)

1

-1 _ -
Ch = i—1.57

Az Tyt Az e T ag Y T As

(EU?"F _.A_{.D) Cn‘..] + (1 L iﬁ_l.-u':l. i é—é—y:‘. —_ % _ ﬂ{) Cn,:
Ay 070 A2 tad Azt Ay M Ax? Ay W

(3.14)
where D was the diffusion coefficient (m?/s).

If C7; lay at the boundary of the opened-closed reservoir, it was ealculated
by applying the backward difference scheme at right boundary and top boundary,
forward difference scheme at left honndary and bottom boundary. For left honnd-
ary condition, where i = | and 1 < j < m, therefore C(jfj = Cf., substiluting the

approximate unknown vector nodes CF: of left boundary into (3.13), we had
PP [1]

+1 7 s
CTJ i C?-J 4 Ci.J' \ Cl‘-j—l =
At 72 Ay

(3.15)
(Ax)* (A

For right boundary condition, where i =/ and 1 < § < i, therefore 1 =Gl
substitating the approximate miknown vector nodes 1. of right boundary into
{3.13). we had

1+ 0 1
5 O | (= CRaaY |, n ((CGila = Gl
At b Az ti Ay
_pf TGt Gy Gl =20+ G

N ( (Az)® (Ay)? )

For lower Loundary condition, where 1 € i <1 aud j = 1, therefore Cly = C1y,

substituting the approximate unknown vector nodes Ca; of lower boundary into
(3.13}, we had

D (C:?.J =i i Clyen — 207, + {'.j—l)

(3.16)

C:Tl B z"l +ul Cs’?l - Cin—l,l
At Wl Ax
( G — 200 +CL Oy - C:.ll)
=D Z z ’
{Az) {Ay)

(3.17)
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For upper boundary coundition, where 1 < i < { and 7 = m, therefore Clpar =
CTn: substituting the approximate unknown vector nodes C¥,, +1 of left boundary

i,m: I,

into (3.13). we had

Cln:nl - C:"“m +ut C:qm - CI"-MI.I’H g Cirjm - C:.!m—l )
Af im Az ,m ./_\y

(3.18}

=D ::M.m - QC{:m +Ci"—1.rn - _Ct"m + ir}m-l
(Az)* (Ay)* '

4 Numerical Experiments

In this section, varions results were reported in a table, several surface and
contour plots, and a comparison graph. Hydrodynamic model. caleulated the ve-
locities of water and elevation of water in openedl-closed reservoir with an empirical
anisoiropic bottem topography interpolated fnetion 0.01sin(0.01{z-+3)) as shown
in Figure.8, using Lax-Wendroff method, when water flowed into the entrance gate
by using the elevation of water £ = I{m) and discarding drain water though the
cxit gate, using the rate of change of velocity w at 0.5(n/s?}, the results as shown
in Figure.) and Figure.10 for time Usce to 50sec. Dispersion model, calculated
the pollutant coneentration of water in opened-closed reservoit by using fnite dif-
ference method, when wastewater was discharged [rom the external source into
the reservoir and drain water was released thru the exit gate by using the rate
of change of pollutant concentration with respect to i-coordinate at 0.1(kg/m?)
with initial pollutant concentratiou i this reservoir at 0.02(kg/m?).

Figure 8: Anisotropic bottom topography surfacc in the opened-close reser-
voir
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(a) (b)

Figure 9 /Time 50 sec, (aj sutface plot of oleyation of water (blwector field
of velogities in opéned-elosed veservoir.

Figure 10:' Fime 50 sce, {a) suzface-plot_(bY contony plot of pellutant con-
centration. in‘opened-elosed resérvoir.

The monitoringpoints in epened-closed resarveirtvas uséLt6 observe the dis-
persion of pollutanteaneentration o watér! In FiguredT{ayShowing the compar-
ison of pollutant concent¥ation #t*meonitoringpoint- A5 and ¢ and Figure.11(#)
showing the comparison of pollutant eencetitration at monitoring point D and E
for time Osec to 50sec.

159



160

786 Thai J. Math. 13 (2015)/ W. Kraychang and N. Pochai

2

'1*"‘" 1 nto_gest
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0.4913 .43 . .5115
. 5 0.4713

Table 2: Pollutant Concentration (kg/m®) at observation points in reservoir
case 2.

PointiTime (sec) a5 au 79 100 125 150 175 200

01988 0.4706  0.4963 01876 0.6126  0.5191 [EETTY 0.5208
N.A4988  0.5150  0.5055 05179 04745 05034 04828 0.5106
0.500% 0.5107 0.4926 05017 04940 05513 04640 0.4936

0.5055 0.5032  D.4915 05085 05208 04930 05163 05120
0.5089  0.4957  0.53024 04630 0.5047 0.5084 0.5613  0.4721

nunms
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Table 3: Pollutant Concentration (kg/m?®) at abservation points in reservoir
case J.

Pairt\Time (sec) 25 Sif TH LUl 1235 130 175 200
A .A988 1.1855 0.4974% N.40%2 0.3062 0.5130 BNET1:K3 0.-196G8
8 04988 N.5084 0.4889 0.3196 BATRS 05247 0.4690 0.5296
< 05095  U.A4YSY A8B2 DBUTI 04DI2 O58TT 0.G2e U.EUOT
ol D.50565 0.4911 C.4913 3189 o248 0.4852 50713 0.5221
£ 0.5089 0.5067 0.5143 (3.4597 0).4847 0.1921 0.5431 0.1835

5 Discussion and Conclusion

In this research, a mathematical model to calenlate the clevation of water, wa-
ter current. and pollutant concentration of water in opencd-closed reservoir with
anisotropic bottom topography at any point and any time, anisotropic bottom
topography function could be interpolated from data of reservoir bed coordinate,
using cubic spline interpolate technique. When compared to other points, moui-
toring point B at the center of opened-closed reservoir mostly had a high pollu-
tant contcentration, monitoring poiut 2, near the entrance gate of reservoir, has a
mostly lower pollutant coucentration as shown in Figure.11,

To conclude the nmmerical shimulation for water-quality measurement model
in an opened-closed reservoir with an cmpirical anisotropic bottom topography
was proposed and thus the mathematical models eould ealculate the elevation, the
velocitios and the pollutant concentration of water. The very models could adjust
the battom topography aceording to the varving reservoir bed, simulate the wave
maker function at the entrance gate of reservoir from ficld data by using the data
interpolation in order to have a more realistic water current and water quality
approximations in opened-closed reservoir with anisotropic bottom topography.
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