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Chapter 1

Introduction

1.1  Inception and importance

Theory of linear matrix equations can be applied in many subareas of science
and engineering such as system and control theory, image processing, transportation
problems and quantum mechanics (see, e.g,, [1, 4, 5, 12]). The current research of lin-
ear matrix equations can be classified into three topics. The first one is to investigate
necessary and sufficient conditions for existence and uniqueness of certain linear ma-
trix equations and then derive exact formulas for solutions (see, e.g, [2, 3, 8, 13, 17]).
The second one is to discuss least-squares solutions for linear matrix equations. (see,
e.¢., [9, 15]). The last one is to establish iterative processes for solving linear matrix
equations and deduce their convergence analysis (see, e.g,, [6, 7, 14, 16]).

A general systemn of coupled linear matrix equations takes the form

A]_XAQ + BY By = E,
(1.1)

C1XCs+ D1 YDy = F
where A4, B;, C;, D;, E, F are given matrices for 7 = 1,2, and X, ¥ are unknown matrices.
The existence and uniqueness of solutions of (1.1) when every mentioned matrix is
square and C;D; = D,C; for i = 1,2, was given in [8].
In this paper, we investigate existence and uniqueness of certain systems of
coupled linear matrix equations. Our main system to consider takes the form

AXB+CYD = E,
(1.2}

CXD+AYB = F,
where A, B,C, D, E and F are complex rmatrices and X and Y are unknown complex
matrices. We use the Kronecker products and vector operator to reduce the system
(1.2) to a simple vector-matrix equation. Then we obtain necessary and sufficient
conditions for existence and uniqueness of the system (1.2). These conditions rely on
Kronecker products, vector operator, Moore-Penrose inverses and ranks. An interesting
special case of (1.2} is given by

AX+YB = E,
(1.3)

XB+AY = F
which is known as a systern of Sylvester matrix equations. Finally, we obtain explicit
formulas of solutions in system (1.2). Certain interesting special cases of (1.2) are also
investigated. Note that our result includes (1.3) as a special case.



1.2 Objectives

1) To investigate existence and uniqueness of solutions for certain systems of cou-
pled linear matrix equations.

2} To derive explicit formulas of solutions for systems of coupled linear matrix equa-

tions.

1.3 Scope of the study

Qur main system to consider takes the form

AXB4CYD

E,

CXD+AYB = F,

where A, B,C, D, E, F are rectangular complex matrices and X, ¥ are unknown com-
plex matrices. We also discuss certain special cases of the main system.

1.4 Benefits

To obtain criteria for solvability and unique solvability for system of coupled

linear matrix equations.

1.5 Research methodology
1) Study advanced topics in matrix theory and applications and multilinear algebra.

2) Study research papers and textbooks concerning Kronecker product and linear

matrix equations.
3} Determine the objectives and scope of the research.

4) Investigate existence and uniqueness of solutions for a system of coupled linear

matrix equations.
5) Discuss certain special cases of the main system.
6) Provide numerical examples.

7) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2
Preliminaries

In this chapter, we provide basic tools for solving linear matrix equations. These
tools include Kronecker product, vector operator, Moore-Penrose inverses, and block
matrix technique.

Let Mr, »(C) be the set of m-by-n complex matrices. For simplicity, abbreviate
M n(C) 1o Mn(C). For each complex matrix, denote by A* the conjugate transpose
of A.

2.1  Kronecker product

Let A = [ay] € Mno(C) and B € M, 4(C). The Kronecker product of A and B
defined by

A QB = [ﬂ.,‘jB]
auB auB - al,,B
anB @B - anB
= ; ¥ - € Minp,ng(C)-
1B amsB -1 GmnB

2
Example 2.1, Let 4 = [1 2 3} and B = [ 1jl. Then the Kronecker product of
2 1 2

3 3
A®Bis
[18 2B 3B
A®B =
3B 2B 1B
[ T2 1] el 5P
1 2 3
2Cs 2 3 2 3

2 1 21 21
3 2 1

2 3] 23 |23
2 1 4 2 6 3
2 34669

Tl 3 422 1]
69 4623

Lemma 2.2 (see, e.g, [10]). Let 4,B,C and D be complex matrices with appropri-
ated sizes. Then the following properties hold (provided that every operation is well-
defined);



(1} Compatibility with addition: (A+B)®@C = (ARC)+(B& ()
and A®@(B+C) = (A@B)+(A®C).

(2) Compatibility with scalar multiplication: A® (aB) = a{A® B) = (aA)® B for any
aeC.

(3) Compatibility with transpose: {4 ® B)T = AT @ BT,
(4) Mixed product property: (A® B)(C ® D) = AC ® BD.,

(5) Compatibility with inverse: A ® B is invertible if and only if both 4 and B are
invertible, in which case (A®@ B)™! = A~1@ B~L.

(6) rank(A @ B) = (rank A)(rank B).

2.2 Vector operator

The vector operator is a column-stacking operator assigned to a matrix A
M (C) by

T
VecA = [an,alg,...,aml,alg,agg,...,amg,...,aln,..‘,amn] e ¢,

This operator is clearly linear and bijective.

1 2 3

Example 2.3, Let A =
6 5 4

}. Then

VecA =

P =

Lemma 2.4 (see, e.g, {10]). The vector operator concerned Kronecker product as

follows:
Vec(AXB) = (BT ® A)Vec X,

provided that every cperation is well-defined.

2.3 Moore-Penrose inverse and linear equations

A matrix A € M, »(C) possess its Moore-Penrose inverse, which is the matrix
Al € M, »{C) satisfying the following conditions:

iy AATA = A,



(i) AtA4t = At
(i) (AAN)* = AAT,
(iv} (AtA)* = ATA.

If A € M,(C) is invertible, then AT = A4-%. A simple and accurate way to compute
Moore-Penrose inverse is to use the singular value decomposition. Indeed, for any
A€ M, »,(C) we can decompose

A = UV,

where U € Mn(C) is unitary, V € M,(C) is unitary and £ = [di;] € Mma(C) is a
rectangular diagonal matrix with nonnegative entries. Then

AN = ysioe,
. di_-l, di; #0
where Bt = [d]] is defined by df; = ¢
0, g {<-o.

-1 1
Example 2.5. Find the singular value decomposition of 4, where A4 = [ 0}.
o0 -1 1

Solution. ~ The column of U are eigenvecior of 44*, and the column of ¥ are eigen-
vector of A*A. The element on the diagonal of T are the square roots of eigenvalue
of both 4A4* and A*A4

det(AI —A*A) =] 1 A-2 1

= (A-1*A-2)-(A-1)-(A-1)
={A-1(A*-31+2-2)
= (A-DA-0)(A-3)

. o(A*4) = {1,3,0}



when Ay = 1.

0 1 0 T
-1 1| [n
0 1 0 21J
hn
rn—mnt2n

w |

[oe B ]

1°F
L =

1
“y=0Chooser, =1 Theny =-landz = | ¢
-1
when A, = 3:
2 1 0f |z 0
1 11 2 0
0 1 2 Zn 0
222 + U2 0
To + Y2+ 22 0
Yo + 222 0
-1
Setting y» = 2 vields @z = —1 and z; = —1. Hence, y = | 2
-1
when A3 = 0:
-1 1 0 Ty FO
-2 1 NP L=, 0
0 1 -1 23 0
~23 + Y3 0
zz—2y3+za| = |0
Y3 — 23 0]
1

Ve L L1 ]
~V= [uwu” Pk ||z||]

Sl o sl-
SIESER
Sl-5l-8)-



Now,

= {13}

oo o(AAT)

1:

VI =

when ¢y

V3

when a2

Check

TISTSHIS

o ales

—IST[S=[S

L v |

TISTS

f) o™
< ﬁ P
1 Lis -~ ﬁ

S = P ]
- — ﬁ fese}
U I o Y A
-IS ~S S

Il I I

&

1

o



Then
At = veipe
1 -1 1
- 7= 7#=I[1 o
2 V6 V3
_.\/O_gi Oil_l_l
—1f§‘{§ V3 V21 1
—_— = _—llo o
V2 V6 V3
1 -1
CV2I VBl -
V2 VI8
2 1
_1ly
= 3 -1
1 2

Lemma 2.6 (see, eg, [10]). Let A € M, +(C) and B € M, ,(C). Then
() (ANT = (A1),
(il (A® B)t = At @ B,

Lemma 2.7 (see, e.g., [10]). Let A € M, 2(C) and b € . The following statements
are equivalent:

(i) The vector-matrix equation Az = b has a solution z.
(i) rank[4|Bd] = rank A.
(iii} AATH = b,
In the above case, the general solution is siven by z = Atb+ (I — AT A)g, where g € C™

is arbitrary.

2.4 Block matrix technique

The following fact is well known.

A B
Lemma 2.8 (see, e.g., [11D). If T = {C D]’ wheare A, B,C, D € M,(C), then

det{(T) = det(AD — BQ)

whenever at least one of the blocks 4,B,C,D is equal to 0.

A B
Lemma 2.9 (seg, e.g, [11]). Let A, B, C, D € M,(C), where A s invertible. Then [C }
D

is invertible if and only if D — CA~1B is invertible.
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Proof. One can observe the following matrix decomposition:

L. o|[a B |4 B
—ca™' 1| le b ¢ D-CcA™1B|

Taking determinant and applying Lemma 2.8 vield

Iy 1] A B A B
det det = det ,
—CA™Y I, C D 0 D—-CAlB

det(Z,,) det [2 i = det(A) det{(D - CA™'B).

Therefore, {2 ﬂ is invertible if and only if D —€A4-18 is invertible, ]



Chapter 3

Existence of a Solution for Systems of Coupled

Linear Matrix Equations

In this chapter, we investigate existence of solution for the main system

AXB+CYD = E,

CXD+ AYB = F,

and its interesting special cases.

3.1 The main system

Theorem 3.1. Let A,C € My o(C), B,D € M, ,(C) and E, F € My, 4(C). Dencte

B BTe9A DTgC
DTeC BTgA

}, P=BT@A+DT®C and Q=B"@A-DT®C.

Consider the following coupled linear matrix equations

AXB+CYD = E,
(3.1)

CXD+ AYB = F.
Then, the following statements are equivalent:

(i) The system (3.1} has a solution.

VecE} = rank P + rank Q.

Vec F

BTe®A DTgcC

(i)} rank
DTeC BTgA

(il)) (2mg — (PP* + QQ")) VecE = (PP - QQt)VecF and
(21mq — (PP + QQY)) Vec F = (PP - QQ1)Vec E.

In the above case, the general solution is given by

VecX = - [(Pt+ Q) Vec B+ (P! — QhVec F + (2Lp ~ (P'P + Q'Q))a1 ~ (P'P - Q1Q)ge] ,

ST S T

VecY = - [(PT - @Y)VecE+ (Pt + @t)Vec F — (P1P - Q'Q)qy + (21ny, — (PTP + Q'@))an] ,

where g1, 92 € C°? are arbitrary.
Progf. Taking the vector operator to (3.1) and then using Lemma 2.4, we get

(BT @ A)Vec X + (DT ® C)VecY = VecE,

(DT ® C)Vec X + (BT @ A)VecY = VecF.
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For convenience, let us denote

s - Vec X e Vec B , U=L Img —Iimg , v L Iy, Inp .
Vecy VecF V2 | Iy Iy V2 (I, Iy

The system (3.1) is equivalent to the vector-matrix equation Hx = b due to the injec-

tivity of the vector operator. One can decompose H as follows:

BTeA+DTgC 0
H=U
0 BTeA-DTeC

V.

0 @
Since U and v are invertible, we have

P 0
U[

rank H = rank {P

0} = rank P - rank Q.
0 Q@

Hence, the statements (i) and (i) are equivalent. On the other hand, according to
Lemma 2.7, the system (3.1) is consistent if and only if HHts = 5. One can compute

P2 Pt 0 VecE
HH'S = U 4% U
0 Q 0 @t Vec F

1 [ ppt +QQt PP —@QQt| |VecE
2 |PPt—QQt PP +0QQt| |VecF

1 "(PP“ +QRYYVecE+ (PPt - QQ@f)Vec F
2 |(PPt—QQY)Vec B+ (PPt + Q@) Vec P |

Hence, the statements (i) and (jil) are equivalent.
If the solution z exists, Lemma 2.7 ensures that it must be in the form

z = Hb+ (o, — H H)q ,

q
qz

L|Pt 0|, |VecE Lp 0| 1|PIP4+QIQ PIP-QIQ|\ &

x=V U + pogeil
0 Qf VecF 0 Inp| 2|PtP-0QIQ PIP+Q'Q|/ |

(P+QN)VecE + (Pt - Qt)VecF L1 {26y — (PP + Q1Q)) o1 — (PP - Q'Q)ez
(P - QhVecE + (Pt+QNVecF| 2 |~(PIP-Q'Q)q + (2 — (PP +Q'Q)) 2
_ 1 [(PT+QY)VecE + (P! - Q') Vec F + (26, — (PTP + Q'Q)) a1 — (P'P - Q1Q)az

(Pf - Qf)VecE + (Pt + Qh)Vec F — (PP — Q'Q)q: + (2L — (PP + Q1Q)) 2]
Therefore, the general {vector) solution of system (3.1) is given by

VecX = % [(Pt+ Q) VecE + (Pt ~ QN Vec F + (2L, — (PP + Q'Q))en — (P'P - Q1 Q)] .

where g € C* s arbitrary. Setting ¢ = [ } when q;,4, € C*?, we have

[T

b2[

VecY = % [(PT— QN VecE + (PT+Qf)Vec F — (PP - Q'Q)q1 + (21p — (PTP + QTQ))g2] -

L]



3.2
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Certain special cases of the main system

Theorem 3.2, Let A € My o(C), B,D € M,,(C) and E,F € Muy4(C). Consider the
following coupled linear matrix equations

AXB+ AYD = E,
(3.3)

AXD 4+ AYB = F.

Then, the following statements are equivalent:

(i) The system (3.3) has a solution.

(i} rank '

Vec E
VecF

BTe@A DTRA
DTgA BT A

] = {rank A) (rank(B + D} + rank(B — D)).

(iiiy The following two conditions hold:

AAT[(E+ F)(B+DY(B+D)+(E-F)(B-D)B-D)] = 2B, (3.4)
AAT[(E+ F)(B+D)!(B+ D) - (E-F){B-D)I(B-D)] = 2F. (3.5)

in the above case, the general solution is given by

X = Q1+%[AT{(E+F)(B+D)*+(E-—F)(BuD)f} (36
— ATA{(Qi+Qa)(B+ D)YB+ D) +(@-@)B-D(B-D)}],
Y = Qu+ ;3[4 {((B+ F)B+ D) - (B~ F)(B - D)t} o)

— ATA{(Qi + Q:2)(B + D)(B + D)l ~ (@ - @)(B - D)(B- D)1},

where Q1, Q2 € M, ,(C) are arbitrary.

Proof. Denote R= (B+ D)T® Aand § = (B - D)Y@ A. In the viewpoint of Theorem
3.1 when € = A, the existence of a solution of the system (3.3) is equivalent to any

of the following statements:

(i) rank [

T N
BFred TNGINES = rank R +rank .
DTe@A BT@A|VecF
iy The following two conditions hold:
(2I,ng — (RRT + $81)) Vec E = (RR! — §8") Vec F, (3.8)
(2fmg — (RRY + 88T)) Vec F = (RR' - S8ty VecE. (3.9

By Lemma 2.2, we have

rank R = (rank A){rank(B + D)), ranks$§ = (rank A)(rank(B — D)).

We obtain

rank R +rank S = (rank.4) (rank(B + D) +rank(B — D)} .
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Hence, the statement (i)’ becomes the statement {ii). Now, we shall show that the
equation (3.8) is reduced to (3.4). Indeed, note that by Lemma 2.6, we have

Rt =({(B+D))Te4!, & =((B-D))TeA.
[t follows that

RR' = (B+D)1(B+D)" @ A4,
sst = ((B- D)(B- D))" & A4,

Hence,

(RR' + 8§")Vec B = Vec [AA'E{(B+D)!(B+ D)+ (B - D)(B-D)}],
(RR' - 8§")VecF = Vec [AA'F {(B + D){(B+ D)~ (B-D)'(B-D)}].

Now, substitute (RR' + 88%)Vec E and (RR! — §8t)Vec F into (3.8). We obtain

9F — AA*E[(B +DY(B + D) + (B - DB - D)]

AATF[(B+ D) (B+ D)~ (B-D)(B~ D)]

2E = AAT [(E+ F)(B+ DY (B+ D)+ (E~F)(B-D)(B-D)],

which is equivalent to (3.4). Likewise,

2F — AATF[(B +D(B+D)=(B-D)}(B~ D)]

= AATE((B+D)Y(B+ D) + (B - D)'(B - D)]
2F = AA' [(E+ F)(B+ D)/(B+D)-(E-F)(B-D){(B-D}],

which is equivalent to (3.5). Hence, the statement (i) change to the statement iii).
From the general solution of Theorem 3.1 setting P=R, @ = §, Pt = Rt and
Qt = 5%, we get
VecX = % [(R’f +8YVecE + (B! — ") VecF
+ (2L, — (RTR+ $18))a1 — (RTR - STS)qg],
VecY = % [(RT —5sHVecE + (R + 8t)Vec F
~ (R'R = §'8)a1 + (2Lnp — (R'R+ 5'8)aa],
where g1,¢2 € C are arbitrary. To obtain a formula of the general solution, note
that Theorem 3.2, Lemma 2.2 and Lemma 2.6 together imply that
VecX = % [, Vec B + Ko Vec F + Kyar + Kaaa),

VecY = %[Kz VecE+ Ky VecF + Ky +K3q2],
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where g1, 92 € C are arbitrary and
K = (B+D) +(B-D)) @4,
K = (B+D) - (B-D)) @4,
K3 = 2l — [((B +D)(B+D)! + (B - D)B- D))" ©4l4],
Ky = - ((B+D)(B+D)' - (B~ D)(B- D))" @ 4'4,
Since the vector operator is bijective, we can write g1 = Vec @, and g = VecQ; for
some unique @Q1,Q» € M, ,(C), respectively. Then, by Lemmas 2.4 and 2.6, we have
KiVecE = [((B+ D) +(B - D)*)T ® A'] Vec
= Vec[A'E (B + D)t + (B - D)1)].
T
KaVecF = [((B + D) —(B - D)*) ® AT] Vec
= Vec [AIF ((B+ D)l - (B—-D)1}].
K= (2Inp ¥, [((B +D)B+D)} +B-D}B-DN @ A*A] ) Vec @
= 2Vec@; — [((B +D)(B+D)+(B-D)B-DN @ ATA] Vec @y
= Vec [2¢Q, — ATAQ ((B + D)(B + D) + (B— D)(B-D)1)].
Kago = [- ((B+D)(B+D) - (B-D)B-D)) @ ATA] Vec Qs
= Vec[-AT4Q. (B + D}(B + D) = (B — D)}{(B—D)1].
Substituting &y VecE, Kp;VecF, Kaq and Kage into
VecX = % [K1 VecE + KxVec F + Kyqy + K4q2],
we get
Vec X — %(Vec [AtE (B + D) + (B~ D)1
+Vec [AlF ((B+ DY — (B - D)1)]
+Vec [2Q, — ATAQ:1 ((B + DYB + D) + (B - D)(B — D)1)]
+Vec [-AtAQ; (B + D)(B + D) — (B — D)(B - D)) )
= Vec (% [AfE ((B+ D)t + (B D)) + A'F ((B+ D) —(B- D)T)
+2@Q, — AYAQ: ((B + D}B + D)t + (B — D){(B — D)7)
— A14Q ((B+ D)(B+ D) - (B~ D)B - D)) |).
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Since the vector operator is linear and bijective, we obtain
X = % (418 ((B+ D)t +(8~ D)) +4TF ((B+D)! = (B DY)
+20Q, — A1AQ, ((B+D)(B+ D)1 +(B-D)(B - DY)
_ A 4Qs ((B+D)B+ D) — (B-D)B-D))]
—Qu+ 3[47 (@ + F)(B+D) + (- P)B-D)')

_ AVA{(Qs + Qu)(B+ DB + D) + (@~ @2)(B - D)(B~D)'}],

which can be reformed to the desired formuta (3.6). Simitarly,
KoVecE = [((B + Dyt~ (B - JD)T)T ® A’f] VecE

= Vec [A*E ((B+ D) - (B-D)T)].

K VecF = [((B+ D) +(B- o))" @ At] Vec
= Vec [ATF ((B+ D) + (B - DY)
Ky = [— ((B+ D)8+ D)t — (B~ D)B - D))" @ ATA] Vec Qs

= Vec [-ATAQ, ((B+D)(B + D)t =(B-D)(B-DM].

Katp = (26 = [((B+D)(B+ D)+ (B~ D)(B - DY)’ @ 4t4] ) Vecs

21,,Vec Qs — {((B + DY(B+ DY +(B-D)B-DN) 8 A*A] Vec Qs

l

= Vec [2Q; — ATAQ: (B + D}(B + D)t +(B—D){B-D].
Substituting Kz Vec B, KiVecF, Kiqn and Kago into
VecY = % [Kg VecE + Ky VeCF + Ky + K3q2] .
we cbtain
Vect = 1 (Vec [4'E((B+D)f ~ (B - D))]

+Vec[AtF ((B+ D)t +(B-D)')]

+Vec [-A1AQ; (B +D)(B+D)' - (B-D)(B - D)

4 Vec [2Qs — ATAQ; (B + D)(B + D)! + (B — D}(B ~ D)) )-

Y =Qo+ 3[4 {(E+F)B+ D) - (B~ F)(B - D)}

_ ATA{(Q:+Q:)(B+ DB+ D) — (@i~ @)(B - DB~ D)'}]
Therefore, we get the formula of Y. U
Corollary 3.3. Let B,D € My (C) and E, F € M, 4(C). Consider the following system

XB+YD =E,
(3.10)

XD+YB = F

Then, the following statements are equivalent:



Hulnneayanan wszvemndmanset

() The system (3.10) has a solution.

VecE
} = n (rank(B + D) + rank(B — D)).
VecF

BT®I, DT®I,

(i) rank
DT®I, BT@I,

(iii) The following two conditions hold:
[(E+F)(B+D)!(B+ D)+ (E-F)(B-D)(B-D)] = 2E,
[(E+ F)(B+D)"(B+D)~(E~F)(B~-D)!(B-D)] = 2F.
In the above case, the general solution is given by
X =Q +%[{(E+F}(B+D)" +(E- F)(B-D)'}
—{(Q+@)(B+D)(B+D)! +(Q: - @:)(B-D)(B-D)'} |,
¥ = Q2+%[{(E+F)(B+D)T‘ ~ (£33N}
~{(Q1 +@2)(B + D)(B + D)l = (@1 - Q2)(B—D)(B - D)1} ],
where @1, Q2 € M, ,(C) are arbitrary.
Proof. This is a special case of Theorem 3.2 by setting A = I,,. We obtain
(rank 1) (rank(B + D) +rank(B - D)) = (n) (rank(B + D) + rank(B — D)) .
Thus, the statements (i) and (i) are equivalent, Next,
(I,) [(E+F)XB+ DY(B+ D)+ (E - F)(B~-D)(B-D)] =2E
[(E + F)B+DY (B4 D)+ (B ~F)(B~= DB — D)] =
and
(F2).[(E + F)(B +D)(B+ D) —(E = E)(B~+ D)!(B-D)] = 2F
[(E + F)(B + D){(B+ D)=(E -~ F)(B-D) (B - D)] = 2F.

Hence, the statements (i) and (iii) are equivalent.
The general solution of a system (3.10) is as below

X = Q1+%[(In){(E"f"F}(B‘I‘D)T+(E—F)(B_D)T}
~ (1) {(@ +@2)(B+ D)(B+D) + (@~ Q)(B - D)(B-D)'}],
= Q1+%[{{E+F}(B+D)T+(E7F)(BmD)‘}

~{(Q1 +@2)(B+ D)(B+D)' + (@1 — Q2)(B - D)(B - D)'} |

and
Y = %[ {(E+ F)(B + D)l - (E - F)(B - D)}
(1) {(Q1 + @2)(B + D)(B+ D) — (@1 - @2)(B - D)(B - D)'}]
= Qz+%[ {(E + F)(B+ D) - (E - F)(B - D)1}

~{(@: +Q2)(B+D)(B + D)l - (Q1 — Q:)(B - D)(B-D)'}].

078294



18

Therefore, we get the formulas of X and Y. ]

Theorem 3.4. Let A,C € My A(C), B € My,(C) and E,F € Mm,4(C). Consider the
following coupled linear matrix equations

AXB+CYB = E,

1

(3.11)
CXB4+ AYB =
Then, the following statements are equivalent:
(i) The system (3.11) has a solution.
T T
(i)} rank BoA BT eC|Veck| {rank B) (rank(4 + C) +rank(4 - C)).
BTe@C BT®A|VecF
(iii) The following two conditions hold:
[(A+C)A+CONE+F)+{A-CHA- C)'(E+ F)] B'B = 2E, (3.12)
[(4-+C)A+CY(E+F)—(A-C)A- CYE + F)| B'B = 2F. {3.13)
In the above case, the general solution is given by
1
X = O+ 2[{{a+ ONE+F) + (A~ C)(E-F)} B
Qu+ 5[ {4+ 01 (@ +F) +(A-O)(E = F)} (5.10)
—{(A+O)(A+0)(@1 + Q)+ (A~ O)(A - C)(@ ~ @)} BBT].
1
Y = Qi | {a+ONE+F) = (A-C(E-F)} B
2+ 5[{(a+ 0 (E+ ) - (A-ON(E-F) 5.15)

 {(A+C)HA+ O) (@ + @) — (4~ O)F(A - O)(Q1 — Q2)} BB,
where Q1, Qs € M, ,(C) are arbitrary.
Proof. The idea of proof is similar to that of Theorem 3.2. Denote T = BT @ (A+C)

and vV = BT & (4 — C), the existence of a solution of the system (3.11) is equivalent

to the following statements:

VecE
] = rankT +rank V.

Vec F

, BTeA BTeC
(i rank
BT®C BTeA

iy The following two conditions hold:
(20mq — (TTH + VV)) VeCE = (TT' - VvV VecF, (3.16)
(2Umq — (TTT + VVT)) Vec F = (TTt — VVt)VecE. (3.17)
We have
rankT = (rank B)(rank(A +C)),  rankV = (rank B)(rank(4 — C)).

Hence, the statements (i)’ change to the staternents (ii). Next, we will show that the
equation (3.16) turn into the equation (3.12). We have

Tt = BT @A+0O)f, VI= (BHY @ (4-O)t
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Then,

TT! = (B'B)Y ® ((4+ C)}A+ O,
vt = (BIBYT @ ((A-C)(4-C)T).

We get

(TT + vVhVec B = Vec [ (A +C)A+O) +(4-C)A-C)) EBTB] ,

(TT' - vvVec F = Vec [ ((A+C)A+C) —(A-C)(A-O)) FBTB].
Substituting (TTt + VVT)Vec E and (TTT - VV?)Vec F into {3.16), we get
Vec [25 - ((4+C)(A+0)! +(4-C) (A~ C)f)EBTB]
= Vec[((a+C)4+0) -~ (A= )4~ o) FBB|
9E — ((A+CYA+O) +(A-C)A-O))EB'B
= ((A+O)A+O) - (A-C)A- c\FB'B
Thus, we cbtain
0F = [(A+ CHA+COME + F)+(A=C)HA- O (E - F)] BB,

which is equivalent to (3.12). Likewise, the conditions (3.17) and (3.13) are equivalent.
To obtain a formulas of the general solution, note that Theorem 3.4, Lemrna
2.2 and Lemma 2.6 together imply that

Vec X % [Jl VeCE + J5 Vec F + Jaqy -+ J4q2],

VecY [Jg VecE+ JiVec F + Juqy + Jan] :

1
2

where g1, 2 € CF are arbitrary and
L= BYe{A+O+UA-O,
5 = (BY e {(a+C) - (A=)},
Jy = 2Ly — [(BB?)T@a {(A+O)HA+C)+ (4 —o)f(A-C)}],

Jo = —(BBYWT @ {(A+CY(A+C)—(A- ofaa-0)}.

Write ¢, = Vec @, and g = Vec Q. for some unique @1, Qa € Mn(C), respectively. By
Lemma 2.4 and Lemma 2.6, we obtain

hVecE = [(BNT® (A +0) +(A- o))| VecE
= Vec [((A +CY (A C)T)EBT].

RVecF = [(Bf)T ®((A+C)f - (4~ 0)1)] Vec F
= Vec [((A +0)f - (A— 0)*)FBT] .



Jaqr = (2Inp - [(BB*)T 8 (A+ O (A+C)+(A-C)A— 0))]) VecQ,

2Vec Q; — [(BBT)T ®((A+O)NA+CY+(A-O)H (A - 0))] Vec @,
= Vec [2Q, - (A+ C)HA+C) + (A - C) (4 - )@ BBT].
Jegz = [ ~ (BB ® ((A+O)(A+0C) - (A-C)(4- 0))] Vec Qs
— Vec [((A +OA+C)—(A-C)i(a— G))QzBBT] .
Substituting J, Vec E, JLVecF, Jsq and Jaygs into
VecX = % [ VecE + 2 Vec F + Jag + Jia),
we get

Vec X = %(Vec [(ta+C)t+(a-c)) BB
+Vec [((4+C)f - (4= C))FBT]
+Vec [201 = ((A+ C)' (A +C) +(A— O (A= C))@QBB']
+Vec[((A+c)f(A+C) (A= C)i(4 - C))Q:BE)
_Vec( [((A+c)f+(A CY)EB' + ((A+0O)t - (A— o)) FB!
+201 - (A+ O A+ C)+ (A~ O)1(4-C))Q. BB!
—((A+COV(A+C) ~(A-C)F (A~ 0))Q233f]).

Since the vector operator is linear and bijective, we obtain

X = é [((A+ CY + (4 - OMEB + {(4+O)f —(A-O)N)FBT
+20; - ((A+ O A+ C) + (A - OYI(A= €)1 BB
— ((A+ 04+ C) = (4= O)}(4 - C))@: BB']
=Qi4 5 [{(A+O)*(E+F +(A-OE-F)}B

—{(A+O)MA+C)@1 +Qa) + (A~ O)(A=0)(Q: - @2)} BB

Likewise,
RVecE = (BN ®(A+C' ~(4-C)1)| VecE
= Vec [((4+C)f - (A-C))EB].
S VecF = [( " @((A+OT+(A C)f)]VecF
= Vec [((4+O)! + (4 - ) FBT].

20
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Jiq = [— (BBYT & ((A+C)H (A +C) — (A- O (4 - C))] Vec@,
= Vec [((A+ OMA+C) = (A— OV (A- 0))Q1337].

Jags = (21n,, [(BB* @ ((A+O)(A+C)+ (A—C)T(A—C))DVecQ2
= 2VecQ, — [(BB* Te ((A+O)A+0) + (A—C)T(A-O))] Vec Qs

= Vec[2Q: — (A+ O A+ C) + (A- ) (4 - C))Q.BBY].
Now, substituting J;VecE, JVecF, J:q and Jagz into
VecY = % [Jg VecE + 1 VecF + Jyg1 + J3q2],

we obtain
VecY = ( ec[ ((A+C)f - (A—C’)T)EBT]
+Vec [((4+C)! + (4~ O))FB]
+Vec [((A +0(a+C) - (4= )l (4= )@, BB
+Vec [2Q; - ((4+0)1(4+C) + (4~ C)(A - C))QBBN] ).
Therefore, we get the formula of ¥ as below
Y = Qe+ s [{(A+ OB + F) - (A~ O)} (B~ F)} B
—{(A+0){(A+C)(@1 + Qo) - (A~ OV (A= C)(Q: - G2)} BB
L]
Corollary 3.5. Let 4,C € M, »(C) and E, F € My, ,(C). Consider the following coupled
linear matrix equations

AX +CY = E,
(3.18)

OX +AY = F.
Then, the following statements are equivalent:

(i) The system (3.18) has a solution.

VecE
VecF

(i) rank [I” A LecC = p (rank(A + C) + rank{4 — C)).

LeC LoA

(iii} The following two conditions hold:

[(A+CYA+ONE+F)+(A-C)A-C)I(B+F)] = 2E,
[(A+CHA+CVWE+F)—(A-CYA-C)(E+F)] = 2F.
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In the above case, the general solution is given by
X = Qi [{(A+ 0N E+F) +(A- OB - P)
— {4+ OMNA+ )@ +Q) + (A— O) (A - CY@r - @)} |,
Y = Qo+ 5[ {(4+0E+F) - (A~ OB~ F)}
~{(4+0){(A+0)(Q1 +Qa) — (4— ) (4~ O)(@ ~ @)} ],
where Q1, @2 € M, ,(C) are arbitrary.
Proof. It follows from Theorem 3.4 by setting B = I, that
(Ip) (rank(4 + €) + rank(A — C}} = (p) (rank(A+ C) +rank(4 - C)).
Thus, the statements (i} and (ii) are equivalent. Next,
[(A+C)A+CWHE+FY+{A-CYA-CY(E+F)}(l,) = 2E
[(A+C)A+OWE+F)+(A-CA-O)I(E+F)] = 2E
and
[(A+CYA+ OB+ F) - (A-OWA-CO)E+F)] () = 2F
(A+CHA+COE+F) - (A-C)A-C)W(E+ F)] = 2F.

Hence, the statements (i) and (iii) are equivalent. The general solution of a system
(3.18) is as below

X = Q5 [{(4+C) B+ F)+ (4=~ OE=F)}(E)
~ {(A+OA+C)(@1 +) +(A-C) (A= O)(@:1 - @)} (55)]
= Qi+ 3[{(A+0)(E+ P +(4- O)(E - F)}
~{(A+O)(A+ C)(Q1 + Q) + (A= O) (A= CHQ1— @)} |
and
Y = @+ 2 [{(A+ O @+ F) < (A~ O (E- P} (1)
— {(A+O)1(A+C)(Q1+Qa) = (A= CY (A - C)(@1 - @2)} ()]
Q3 [{(4+ 01 (B+F) - (A-OHE- P}

~{(4+OMA+C)(Q1 + @) - (A- O)1 (A= CHQ - @)} |.

Therefore, we get the formulas of X and Y.

[]

Corollary 3.6. Let A € My ,(C), D € My,y(C) and E,F € Mno(C). Consider the
following coupled linear matrix equations

AXA+AYD = E,
(3.19)

AXD-- AYA = F.
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Then, the following staternents are equivalent:
(i} The system (3.19) has a solution.

{AT®A preA

VecE
(i) rank
pTeoAa AT®A

l = (rank 4) (rank(A + D) +rank(A — D))
VecF

(i) The following two conditions hold:

AAT[(E+ FY) A+ DA+ D)+ (B~ F)(A-D)(A- D)) = 2E, (3.20)
AAT[(E+F) A+ DY (A+D)—(E— F)(A— D) (A— D)| = 2F. (3.21)

In the above case, the general solution is given by

X = @ S[AT{E+ PA+ DY (B F)(A- D)}

I

(3.22)

A A{(@+ Qo)A+ DA+ D) + (@ =@tA D)4~ D'},

1
Y = Qat o AT{{E+F A+D - (E-F A— DY

4 21 (B F)A+ DY — (B ") 579

_ AAL(@ QA+ DA+ D) = (@ QAT pya- D},

where Q1, Q2 € M, p(C) are arbitrary.

Proof. It follows from Theorem 3.2 by setting B = A. O

Corollary 3.7. Let A,C € MnalC): B € My g(C) and B, F € Mmg(C): Consider the

following coupled linear matrix equations

AXB+BYB = E,

(3.26)
BXB+AYB = F.
Then, the following statements are equivalent:
(i) The system (3.24) has a solution.
T T
(i) rank BToA BTeB|VECE] (rank B) {rank(A -+ B} + rank(A — B)).
pT@B BT@A|VecF
(i) The following two conditions hold:
[(A+ B)A+ BYWE+F)+(A- BYA-B)(E+ F)] B'B = 2E, (3.25)
[(A+B)A+ BlHE+F) ~(A- B)(A-BY{E+ F)| B'B = 2F. (3.26)
in the above case, the general solution is given by
1
X = Q1+-2-[{(A+B)T(E+F)+(A—B)T(E—F)}BT 527
A+ B (A BY(Q Qo)+ (AT By} (A - B)(@: - @)} BE']
1
Y = Q+3 A+ BE+F}— A-BE-F)}B
L i[{a+BiE P - (@B N 3.28)

(A B A+ Y@+ Q) — (A BY(A-BXE - qa)} BB,



where Q1, Q2 € M, ,(C) are arbitrary.

Proof. It follows from Theorem 3.4 by setting € = B.
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Chapter 4

Unigueness of a Solution for Systems of Coupled

Linear Matrix Equations

In this chapter, we investigate uniqueness of solution for main the system
AXB+CYD = E,
CXD+ AYB = F,

and its interesting special cases. Exact formula of the unique solution is explicitly

presented.

4.1  The main system

Theorem 4.1, Let A,B,C,D,E,F & M,(C). Denote P=BT@ A+ DT @C and
Q=BT®A- DT @C. Consider the following coupled linear matrix equations

AXB4+CYD = E,
F

(4.1)
CXD+ AYB

This system has a unique solution if and only if £ and @ are invertible. In this case,

the unique solution is given by

VecX = %[P‘l(VecE +VecF)+ Q7 (VecE — VecF)],

VecY = % [P—l(VecE +VecF) - Q@ 1(Vec B — Vec F)].

]

Proof. From the proof of Theorem 3.1, the system (4.1) is equivalent to the vector-
matrix equation Hz = b, where

BToA DTeC Vec X ) Vec E
1 T = 1 — .
DTeC BTgA Vecy Vec F
The decompaosition
Inp  Inp
Iy Tup|

1 |Img —Img
2
says that the systemn (4.1) has a unique solution if and only if both P and @ are
invertible. To cbtain the unigue solution of (4.1), we substitute Pt = P~1and @f = @1
into the general solution of Theorem 3.1. We obtain
VecX = %[(P‘l +Q@ HYVecE+ (P! -Q )VecF
+ (2L — (PP + Q7 Q))as - (PP - Q7' Q)]

= % [P‘1VecE + @ tVecE + P 'VecF — Q71 Vec F]

H=

H:

{BT®A+DT®C 0

Ing  Img 0 BTeA-DT®C

- % [P=(vec B+ Vec F) + @~ (Vec B - Vec )],
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Likewise,

VecY =

[N

(P! —@)VecE+ (P! + Q") VecF
—~ (PP - Q7' Q)q + (2hna — (PP + Q_IQ))"Z]

[P—l VecE — Q" 'VecE + P~1VecF 4 Q' Vec F]

O = bI) =

[P-I(Vec E +Vec F) — Q" Y(Vec E — Vec F)] .
O

Theorem 4.2. Let A,C € M,(C), B, D € M,(C) and E, F € M, ,(C) be such that A and
B are invertible. Then the system (4.1) has a unique solution if and only if

BT® A— ((DB'D)T @ CA™IC)
is invertible.

Proof. From the proof of Theorem 3.1, we see that the system (4.1) is equivalent to
vector-matrix equation

BT@A DT®C| |VecX| |VecE @.2)
DTeC BT®A| |VecY VecF | '
Then the system (4.2) has a unique solution if and only if
{0.3)

BTeA DTeC
DTeC BTeA

is invertible. Since 4 and B are invertible, so is BT @ A by Lemma 2.2. Hence, Lemma
2.9 implies that the invertibility of block matrices (4.3) is equivalent to the invertibility
of

(BT @ A)YBT ® A) — (BT @ AYDT @ C)(BT @ A) (D" ® ),

which can be reduced to that of BT ® A— ((DB~1D)T @ CA~'C) by Lemma 2.2. [

4.2 Certain special cases of the main system

Coroltary 4.3. Let A, B, D, E, F € M,(C). Consider the following coupled linear matrix
equations

AXB+AYD = E,
(4.8)

AXD+ AYB = F.

1

Then, the above system has a unique solution if and only if A,B+ D and B - D are
invertible. In this case, the unique solution is given by

X = %A‘l[(E+F)(B+D}_1+(E-'F)(B—D)"l]:
Y = %A—l[(E+F)(B+D)‘1 - (E—F)(B—D)‘l]-
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Proof. In the viewpoint of Theorem 4.1 when C = A, the system (4.9) is equivalent to

vector-matrix equation
BT®A DT@A| |VecXx| |VecE
DTeA BT@A| |VecY VecF|
Then the system (4.4) has a unique solution if and only if
BTeA DTeA
DT'g@A BT@A
is invertible. From the decomposition (3.2), this condition is equivalent to the invert-

ibility of the following matrix

(B+D)T®A 0
0 (B=DYF®A|’

which is also equivalent to the invertibility of
(B+DY @A and (B- DT @ A

By Lemma 2.2, the desired condition holds if and only if 4, B+ D and B — D are
invertible.

The formula of the unique solution can be obtained by substituting A =
(B+D)=B+D)7! and (B- D) =(B-D)'in (3.6) and (3.7). Indeed, we get
X=Gh+3 [A"l {((E+F)(B+D) +(E-F)(B-D)” 1)
CATTA{(@s £ Q) B+ D)Y(B+ D) +(Qu-Qa)B-D)E-D 7,
A —A‘l[(E+F)(B+D)‘1 +(E~F)(B~-D)" ]
Y = Qo+ [A-l ((E+F)(B+D)" —(E-F)(B-D)™"}
_ ATA{(Qs +Qu)(B+ DY(B+ D) = (@i~ Qa)(B - DB - D)},
- %A'l (B +F)@+ D)~ (E-P)E — ).

O

Corollary 4.3 was obtained in {8, Theorem 4.11] under the restrict condition
AB = BA.
Corollary 4.4, Let A € My(C), B, D €M, ,(C) and E, F € Myp(C) be such that A and B
are invertible. Then the system (4.4) has a unique solution if and only if B~ DB™'D
is invertible.
Proof. The idea of proof is similar to the proof of Theorem 4.2. The system (4.4) is

equivalent to vector-matrix equation

BTeA DT®A| [VecX| VecE
DTeA BT®A| |VecY VecF|
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The above system has a unique solution if and only if

BTeA DTfeA
Df®A BT®A

(4.5)

is invertible. Since A and B are invertible, so is BT ® A. Then Lemma 2.9 implies that
the invertibility of block matrices (4.5} is equivalent to the invertibility of

(BT  4) — [(DT ® A)(BT @ 4)"1(DT ®A)],
which can be reduced to that B—- DB~1D by Lemma 2.9. OJ
Corollary 4.5. Let B, D, E, F € M,(C). Consider the following system

XB+YD = E,

(4.6)
XD+YB = F.

This system has a unique solution if and only if B+ D and B — D are invertible. In this
case, the unigue solution is given by

X = %[(E+F)(B+D)-1+(E-F)(B_D)-1],
Y = %[(E+F)(B+D)‘1 ~(g-FXB-D)Y

Proof. The idea of proof is similar to that of Corolary 4.3. In this case, we substituting
A = I,. Then the system (4.6) is equivalent to vector-matrix equation

' VecFE
VecF|

Hence, the system (4.4} has a unigue solution if and only if

BTel, DTeI,| |VecX
DTgl, BT®I,| |VecY

BTeI, DT®I,
DTeI, BTgl,

is invertible. From the decomposition (3.2), this condition is equivalent to the invert-
ibility of the following matrix

(B+D)T®I, 0
0 (B-DT@IL|’

which is also equivalent to the invertibility of
(B+D)Y®lI, and (B— D) ®I..

Since I, is invertible, Lemma 2.2 implies that the desired condition holds if and only
if B+ D and B — D are invertible.
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The formula of the unique solution can be obtained by substituting At = I,,,
(B+D)t=(B4+ D)~ and (B— D) = (B - D)~1in(3.6) and (3.7). We get

X

Qi + 3 [ {(B+ F)(B+ D) +(E- F)(B- D)™}

~ (1) {(Q1 + Qao)(B + D)(B + D)™ + (Q1 - @2)(B - D)(B - D)7} |
- %[(E+F)(B+D)‘1 +(E~F)(B-D)™.

Y = @45 [(L) {(B+F)(B+ D) - (B~ F)B - D))

— (1) {(Q1 + Q2)(B + D)(B + D)™ = (@1 — @2)(B ~ D)}(B - D)™} ]

[(E +F)(B+D)"!—(E—F)(B - D)-l].

N

[

Corollary 4.6. Let B, D & M,(C) and E, F € M, ,(C) be such that B is invertible. Then
the system (4.6} has a unique solution if and only if B—DB-1Dis invertible.

Proof. The idea of proof is similar to that of Corollary 4.4. In this case, we set A = I,.
Then the system {4.6) is equivalent to vector-matrix equation

Vec X ), Vec E
VecY VecF |

The system (4.6} has a unique solution if and only if

BTel, DTwl,
DTel, BTwI,

T T

DI, BTeI,

is invertible. Since B is invertible, so is BT ® I,. Hence, Lemma 2.9 implies that the
invertibility of block matrices {4.7) is equivalent to the invertibility of

(BT® L) - [(DT 8 L)(BT ® L) {(DT & L),
which can be reduced to that B — DB~1D by Lemma 2.9. ]

Corollary 4.7. Let A, B,C, E, F € M, (C). Consider the following coupled linear matrix
equations

AXB+CYB = E,
(4.8)

CXB+AYB = F.

Then, the above system has a unique solution if and only if B,A+C and A - C are
invertible. In this case, the unique solution is given by

X = 3[A+0E+ ) +(4- 0 E-F)|B,

Y

%[(A-{- )" YE+F)-(A-C)"YE - F)]B-l.
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Proof. The criterion for uniqueness of solution follows from Theorem 4.1 by setting
D = B. The system (4.8) is equivalent to vector-matrix equation

Vec X _ Vec B
VecY VecF|

Then the system (4.8) has a unigue solution if and only if

BTecC BT®A

BT®A BT®le

BTeC BTgA

BT® A BT®C}

is invertible. From the decomposition (3.2), this condition is equivalent to the invert-
ibility of the following matrix

BT (A+0Q) 0
0 BT (A-C)|

which is also equivalent to the invertibility of
BT®(A+C) and BT g (4A-0).

By LemmaZ2.2, the desired condition holds if and only if B, A+ ¢ and A — C are
invertible.

The formula of the unique solution can be derived from (3.14} and (3.15} by
substituting Bt = B, (A+ O)t = (A4-C)~! and (A~ C)t = (4 ~ C)~1. We obtain

q = oDz [{(A+C} YE+F)+{A-C) {E - F)} B!
—{(A+C)THA+CYHQL+ @2} + (A - C) (A - O)(Q1 ~ Q2}} BB~ ]
.\ l[(A+c)—1(E+F)+(A-C)-l(E—F)]B-l.
Y = @t5[{(4+0 B+ A= (4- 0} (E-F)) B
~{(A+O)"HA+CY QL+ Q2) ~ (A= C)"H{A-CHQL ~ Qz)}BB']
- 5[(A+C')‘1(E+F)—(A—C)'I(E—F)]B“l.
U
Corollary 4.7 under the restrict condition AB = B4 was obtained in [8, Thecrem
4.10].

Corollary 4.8. Let A4,C € M,(C), B € M,(C) and E,F € M, ,(C). If A and B are
invertible, then the system (4.8) has a unique solution if and only if A — CA™'C is

invertible.

Proof. The proof is similar to that of Theorem 4.2. The system (4.8) is equivalent to
vector-matrix equation
BT®A BT®C
BT®C BTgA

Vec X
VecY

_ Vec B
VecF|
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The system (4.8) has a unique solution if and only if

(4.9)
BTeC BY®A

BT®A BT®C:|

is invertible. Since 4 and B are invertible, so is BT @ A. Then Lemma 2.9 implies that
the invertibility of block matrices (4.9) is equivalent to the invertibility of

(BT o A) - [(BTeC)(B 0 4) (BT 0 0)),
which can be reduced to that A — CA~1C by Lemma 2.9 O

Corollary 4.9. Let A,C,E, F ¢ M,(C). Consider the following coupled linear matrix
equations

AX +CY

E,
{4.10)

CX+AY = L

This system has a unigue solution if and only if A+ C and A — C are invertible. In this
case, the unique solution is given by

i %[(A+ O HE+F)+(A-0)HE=F),
V2 %[(A +O)THE+F) - (A= C) B F)].
Proof. From Corollary 4.7, we set B =1I,. [

Corollary 4.10. Let A, E,F € M,(C) . Consider the following coupled linear rnatrix

equations

AX +Y = E,
(4.11)

X 4 AY = F.
The following statements are equivalent:
(i} The system (4.11) has a unigue solution.
(i) A2 — I, is invertible.
(i) 1 and -1 are not eigenvalues of A.

In this case, the unigue solution is given by

X % [(A+ L)@+ F) + (A= L) HE - F),

Y = %[(A+In)‘1(E +F)—(A-L)YE - F)].

Proof. It follows directly from Theorem 4.1 by setting B = ¢ = D = I,. Note that the
statements (ii} and (iii) are equivalent since 42 — I, = (A= L)(A+ L.).
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The formula of the unique solution can be obtained by substituting B = C =
D = I,. Indeed, we get

VecX = % [(1n ® (A+ 1)) H(VeC B + VeC F) + (1, ® (A — L)) ™ (Ve B — Vec F)]
= % [(1n ® (4+ 1) Vec(E + F) + (1 ® (A~ L))~ Vec(E - F)]
— Vec [-;- [(4+ 1) B+ P+ a- L) E-F)]]
The injectivity of the vector operator implies that

X = -;-[(A+I,,)-1(E+ F)+ (A= L) NE - F)].

Likewise,
Vecy = % (70 ® (4 4 1)) (VeC E + Vec F) - (1, ® (A — )"} (Vec E - Vec F)|
- % [y @ (4 + 1) Vec(B + F) - (1, @ (4 L))~ Vec(E - F)]
= Vec [% [(A+ L) B+ F) ~ (4~ LB - F)].
Hence,

Y = s [(A+ L) B+ F) — (A- L) (B~ F)].

(o=

by the injectivity of Vec. U]



Chapter 5
Numerical Examples

In this chapter, we provide numerical examples for the main results obtained
in Sections 3.1 and 4.1. We use MATLAB for matrix computations, such as basic ma-
trix operations, ordinary inverses, Moore-Penrose inverses, Kronecker products, vector
operators, and computing ranks.

Example 5.1. Consider the following coupled linear matrix equations :

AXB+CYD = E,
{5.1)
CXD+ AYB = F,
where
-2 1
1 2 5 1 N 2
A ) { ] 1 B _1 , C 3 { ] , D 3 1 , E ) [} \ ) [ } ‘
1 -1 -1 -1 3 -1
3 -3

We shall investigate the existence of solution for system (5.1). We have

P=BTgA+D"aC

4.3 anoaonda\ g
IRseceseaeinnnond il || L

@Q=BTeA-DTeC

[N\ a8 S8 4§
2L g B3 ) P I

Then rank P = 2 and rank@ = 2. On the other hand

[BT@)A Drec
ra

VecE
DTeC BTgA

Vec &

-2 -4 -1 -2 3 6 5 1 &8 1 -1 =3 |1
-2 8 -1 4 3 -12 -1 -1 -1 -1 3 3 3
5 1 &6 1 -15 -8 -2 -4 -1 -2 3 6 2
-1 -1 -1 -1 3 3 -2 8 -1 4 3 -12| -1

rank

= 4.

Hence, the statement (i) in Theorem 3.1 is satisfied. We conclude that the system

(5.1} has a solution.
Alternatively, we can check the existence of (5.1) from the statement (i) of
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Theorem 3.1. Indeed, we have

[ 0.0001 —0.0091] [_0.0181 —0.0133]
0.0264  0.0569 0.0002  0.0272
Pt 03000 0OLL7 | L or —0.0144 —0.0081
0.0147  0.0269 —0.0004 0.0148
—0.0809 —0.0351 0.0431  0.0244
—0.0422 —0.0808)| | 0.0012  -0.0445]
it follows that
(2Imq—(PP*+QQT))VecE = 0,
(PP! - QQ%)VecF = G,
(2Ing — (PPT + QQN)Vec F = 0,
(P! — QQ"YVecE = 0.

Hence, the staternent iif) is satisfied. We get the general solution of (5.1} as follows :

VecX = % (Pt +Q)Vec B+ (P ~ Q) VeCF +(2np = (PtP 4 Q1Q)Q: — (PTP ~ Q'Q)Qs]

1.5050q; + 0.1203gg — 0.1636q3 + 0.0486q4 + 0.4908q5 ~ 0.1488g5 + 0.0852wy + 0.0626w3 + 0.0538w; - 0.0246wy — 0.1615wg — 0.0737wg — ¢.0258
0.1207q; + 1,4360qg + 0.0098qg — 0.2758¢4 — 0028645 + 0.83%4qg + 0.06261wy — 0.076Lwg + 0.008Twy — 0.0088wy — 0.0202urg + 0.0284wg + 0.3018
0.00950g — 0.163603 + 1.817205 — 0.007504 -+ 0.5483¢5 + 0.0226qg + 0.05384w1 + 0.0067wg — 0.0103wg — 0.002Twy +0.0310w5 + 0.0080wg -+ 0.0851
0.04867y ~r 0.3798ag — 0.0075q3 + 1.8586q4 -+ 0.0226qp + 0.4243qg + 0.0246w] — 0.0088wg — 0.0027w3 + 0.009314 + 0.0030wys = 0.0278wg + D.1678
0.48089; — 0.0285nz + 0.5483qg + 0.0225a4 + 0.356145 = 0.06T5qg — 0165wy — 0.0202wy + 0.0310w3 + 0.0080wy = 0.0920wg — 0.0239wg — 0.2834
0.8394q5 — 0.1458q) + 0.0225q3 + 0.4243q, ~ 0.0675g5 +0.T372eg — 0.0737wy -+ 0.0264ug + 0.0080ws — 0.0279wy — 0.023%ug + 0.0838wg — 0.4734

and

VecY = % (P - Q) Vec E + (P! + @' VecF — (PTP — Q1Q)Q1 + (2w — (P'P+Q'Q)Qs]

0.0852q) -+ 0.062642 + 0.0538e3 + 0.024644 = 0.1615q5 — 0.0737qg + 1.8050w) 4 0.1203wg — 0.1636w3 + 0.0486w,y + 0.4908ws — 0.1458wg -+ 0.0441
0.0628q, — 0.0751qg + 0.0067qy — 0.0088g, — 0.0202¢5 + 0.0364qg + 0.1203wy + 1.4369wy + 0.0098wg — 0.2798wy — 0.0285wg + 0.8394wg -+ 0.0844
0.0638qy -+ 0.006705 — 0.0103qg — 0.0037q4 + 0031005 + £.6080qg = 0,1636w; + 0.0085wy + 1.6172wy — 0.0076w, + 0.5483wg + 0.0225wg + 0.1315
0.0240¢; — 0.0088gy — 0.0027qg + 0.0003qy + 0.0080q; — 0.02780g + 0.0486wy — 0.279Fwg — 0.0075wy + 1.8588wy + 0.0226ws -+ 0,4243wg + 0.0383
0.031043 — 0.0202q7 — 0.1615qy -+ 0.0080qq — 0.0938ag = 0.0239qg + 0.4908w — 6.0285wg + 0.5483wy + 0.0226wy + 0.3851ws — D.0675wg — 0,384
0.0264qz — G.0737qy + 0.0080q3 — 0.0278q, — 0.0239ay + 0-083895 — 0.1488wy - 0.8304wy + 0.0226wy + 0.4243wy — 0.0678wg + 0.7272wg — 0.1160

T T
where Q1 = [fh gz 43 Q4 G5 QG] and Q2 = [wl wy wy Wi Ws we] .
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Example 5.2. Consider the following coupled linear matrix equations :

AXB+CYD = E,
(5.2)

CXD+AYB = F,

where

S
I
|
-
o0
=y}
—
b2
o
L
O
I
[
=

o b =
N

1
p=1[s -2 —1],E=456,F=2
3

oo

We shall investigate the existence of solution for system (5.2). We have

_4 19
718
>
6 -6
p—BT@A+DT@C = {-8 —2i:
6 2
it b
8¢ I

{19 9 |
['s —u
~11 -6
5 1
2014
Q=B"eA-DTeC= )4 14
10 6
3 15
2 19

|_21 11J




Then rank P = 2 and rank@ = 2. On the other hand

[BT ®8A DT&C
rank

VecE
DTe¢c BTgA

VecF

ank

5.

SN = - T S L= > T

20

[ B v R e - B SR 7 - R = T T LR L e

36

Hence, the statement (i) in Thearem 3.1 is not satisfied. We conclude that the system

(5.2} has no a solution,
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Example 5.3. Consider the following coupled linear matrix equations :

AXB+CYD = E,
{5.3}

CXD+AYB = F,

where

> [; }

We can check the existence of (5.3) from the statement (i) of Theorem 3.1. Indeed,

Il
—
[ -
—

o |
(A |
55
i
—
—

—
[FRaR
il

we have
p=BT@A+D"®C
-6 -8 4 4
14 Al 27 0 -19
1 ~18 —12 12
-19 -1% 24 ()
and
—0.1360 —0.0790 ~0.0537 —0.0042
=\l1 —0.0435 0.0355 0.0062 0.0103
0.0064  —0.0537 —0.0826 —0.0007 ;
—0.0475 0.0062 0.0144 0.0151
Likewise,

Q =BTeA-DT@C
2lge 2nf 5
N e
9 2 6 -2
Ln 51 —30 —51

[_p.1808 —0.0743 0.0075 —0.0260
_0.0297 0.0446 —0.0238 0.0022
01662 —0.0035 0.0280 —0.0393|
00272 00307 00392 0.0001

Q7 =

Since P and @ are invertible, we can substituted Pf = P! and Qt = Q7" into the
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statement (i) in Theorem 3.1. We get

(2Imq — (PPY+QQ"))VecE = 0,
(PPt —@QYYWecF = 0,
(2mq — (PPY+QQ1)) VecF = 0,
(PPt —QQNYVecE = 0.

Hence, the statement (iii) is satisfied. We conclude that the system (5.3) has a solution.
Next, we know that the uniqueness of solution for the system (5.3) from P and Q are
invertible. Then the unique solution of (5.3) as follows :

VecX = % [P‘l(VecE +Vec F) + Q=1 (Vec E - Vec F)]

—0.2756

0.0266
—0.1787|
| 0.0129

[_0.2756 —0.1787
0.0266  0.0129

and

VecY = % {P‘l (VecE +Vec F)y - @ *(VecE — Vec F)]

[ —0.4947

0.0986
—0.2748|
| 0.0354

—0.4947 —0.2748
0.0986 0.0354 |
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Example 5.4. Consider the following coupled linear matrix equations :

where

D

AXB+CYD = E,
(5.4)

CXD - AYB

1 2 =5 1 2 2
. B = ) C = 1
-1 -2 15 -3 3 3
r1 0 2 -1 1 2
, B = , F = .
3 5 -1 2 01

M
g

We will investigate the uniqueness of solution for the system (5.4) from P and Q are

invertible. We get

P=BT9A+DTaC

~3 <8 21 36
8 13 —6 -a1

1> [ 2% \ T 4
-1 -2 18 21

Q=B"gA-DTaC
Y/ aigiaton \\Co d

2 7 —924 -39
1 2 -—13 —15°
2) Loy K62 g

We see that P and @ are not invertible, by Theorem 4.1 it is not true that this system
has a unique solution. That is, this system has no solution or infinitely many solutions.
Next, we can check it by using Theorem 3.1 from the staternent (i), Indeed,

we get

and

-3 -8 21 36

8 13 -6 -21
rank P = rank =3

1 2 7 4

-1 -2 18 21

7 -2

2
rank@ = rank = 3.

—13
-1 -2 -12 -9
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in other direction,

BT®@A DT@C|VeckE
rank

pTec BT®A|VecF
[—5 0 15 3% 2 2 6 6 2|
s 10 -15 -3 3 3 9 9 -1
1 2 -3 -6 o0 0 10 10 | -1
1 -2 3 6 0 0 15 15

= rank

5 -5 —10 15 30

5
10 10 1 2 -3 =0
5 15 -1 =2 3 6

o o WwWow

= S

Hence, the statement (i) in Theorem 3.1 is not satisfied. We conclude that the system

(5.4) has no a solution.
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Example 5.5. Consider the following coupled linear matrix equations :

AXB+CYD = E,
(5.5)

CXD+AYB = F,

I Dol R e
N I R IR

We will investigate the unigueness of solution for the system (5.5). In deed, we get

FE [0.6667 0.3333:| LA/ l:—O.llll 0.1481]

where

h

Il
| ——|
—_
o]

D

0.1667 —0.1667 —0.1111 —-0.1852

By Theorem 4.2, the system (5.5) has a unique solution if and only if
BT@A— ((DB'D)T @ CA™IC)
is invertible, Next, we will find inverse of it. We obtain

~0.1620 —0.0767 —0.0231 —0.0151
-t |-0.0366 00401 —0.0088 0.0063
T 10,0799 —0.0286 —0.0260 —0.0200
00102 0.0184 —0.0124  0.0076

[BT ®A- ((DB'DT & CA-lc)]

Hence, we conclude that the system 5.5 has a unigue solution.



Chapter 6
Conclusions

The summary of the main results for this thesis is as follows. Consider the
following system of coupled linear matrix equations:

AXB+CYD = E,
(6.1)

CXD+ AYEB = F,
where A, C € My »(C), B,D € M, 4(C) and E, F € M, 4(C).
1. The existence criteria of the system are

VecE
= rank P +rank Q.
VecF

BTeA DTaC

{ii} rank
DTeC BTe@A

(iii) (2Lmg = (PP! + QQ1)) VecE = (PPt - QQt)VecF and
(2Lag = (PP + QQY)) VecF = (PP — Q@Y VecE.

In this case, the general solution is given by

VecX = = [(Pt+ Q1) Vec E + (P! — Q") Vec F + (2Inp — (PP + Q1Q))er — (PTP - Q'Q) 2] ,

=T Rl AR

VecY = = [(Pt - @HyVec B+ (P + Q) Vec F — (PP — Q'Q)q1 + (2Iny, — (PP +Q1Q))ge]

where P=BTA+DT®C, Q=BT®@A-DT®C and ¢,9 € C"? are arbitrary.

2. When € = 4, the system has a solution if and only if one of the following statements
holds:
BT@A DTeA

= (rank 4) (rank(B + D) + rank(B — D)).
DTeA BTg4

(i) rank
VecF

Vec E]

(iii) The fotlowing two conditions hold:
AAT [(E+ F)(B+DY(B+D)+(E-F)(B-D)'(B-D)] = 2E,
AAY[(E+ FYB+D)(B+D)—(E~F)(B-D)(B-D)] =2F.
In this case, the general solution is given by

X

Q1+ % [AT {(E+ F)(B+ D)t +(E - F)(B-D)'}
~ ATA{(Q: +Q2)(B + D)(B + D) +(Q: = Qa)(B - D)}B - D)},
Y=0Q+ %[A* {(E+F)(B+ D) - (E-F)(B - D)}

— ALA{(@1 +Q2)(B+ D)(B+ D) - (Qu- @:)(B - D)B - D'},
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where @1, Q; € M, ,(C) are arbitrary.

3. When 4,B,C, D, E and F are square matrices, this system has a unique solution if
and only if P and Q are invertible. In this case, the unique solution is given by

VecX = % [P“I(VecE +VecF)+ Q@ '(VecE - VecF)],

VeclY = % [P"l(VecE +VecF) - @ (Vec E — Vec F)}.

4. When A,C € M,(C), B,D € M,(C), E,F € M,,(C) and A, B are invertible, the
system (6.1) has a unique solution if and only if

BT® A- ((DB'D)T ® CAIC)

is invertible.
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Abstract

We investigate systems of coupled linear matrix equations.
Criterions for existence and uniqueness of solutions for such systems
are obtained in terms of Kronecker products, vector operator, Moore-
Penrose inverses and ranks. Moreover, cxplicit formulas of solutions

are presented.
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1 Intreduction

Theory of linear matrix equations can be applied in many subareas of science and en-
gineering such as system and control theory, image processing, transportation problems and
quantum mechanics (see, e.g., [1,4, 5, 11]). The current research of linear matrix equations can
be classified into three topics. The first ane is to investigate necessary and sufficient conditions
for existence and uniqueness of certain linear matrix equations and then derive exact formulas
for solutions (see, e.g., [2,3, 8, 12, 16]). The second one is to discuss least-squares solutions for
linear matrix equations. (see, €., [9, 14]). The last cne is to establish iterative progesses for

solving linear matrix equations and deduce their convergence analysis (ses, .., [6,7,13, 15]).

In this paper, we investigate existence and uniqueness of certain systems of coupled linear

matrix equations. Our main system to consider takes the form

E
F,

AXB+CYD
CXD+ AYRB

1

(1D

* Corresponding author
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where A, B,C, D, Eand F are complex matrices and X and Y are unknown complex matrices.
We use the Kronecker products and vector operator to reduce the system (1.1) to a simple
vector-matrix equation. Then we obtain necessary and sufficient conditions for existence and
uniqueness of the system (1.1). These conditions rely on Kronecker products, vector operator,

Moore-Penrose inverses and ranks. An interesting special case of {1.1)is given by

AX+YB = E,
XB+AY = F

(1.2)

which is known as a system of Sylvester matrix equations. Finally, we obtain explicit formulas
of solutions in system (1.1). Certain interesting special cases of (1.]) are also investigated.

Note that our result includes (1.2) as a special case.

2 Preliminaries

In this section, we provide wasic tools for solving linear matrix equations, These tools
inelude Kronecker product, vector operator and Moore-Penrose inverses. Let Mma(C) bethe

set of m-by-n complex matrices. For simplicity, abbreviate Mian{C) to Mq(C)-
Let A = [y} € Man(C) and B € M, 4(C). The Kronecker product of Aand B defined
by

A®B

i

[04B)
anB B - @128
anB @nB

az,B
"2 & Mupae(©)-
amB amB - GmnB

Lemma 2.1 (ses, .., [10]) The Kronecker produci satisfies the following properties {provided
that every operation is well-defined):
(1) Compatibility with addition: (A+B)®C = (A® Q)+ (Bo0)
aid A®(B+C) = (A@B)+(A®C).

(2) Compatibility with scalar multiplication: A® {a B) = «(A®B) = {aA) @ B for any
aeC

(3) Compatibility with transpose: (A B)T = AT @ BT.
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(4} Mixed product property: (A® B)(C @ D) = AC®BD.

(5) Compatibility with inverse: A® B is invertible if and only if both A and B are invertible,
in which case (A€ B)™! = A" @ B™L

(6) rank(A® B) = {rank A)(rank B).
The vector operator is a column-stacking operator assigned to a matrix A € M, {C) by
VecA = [alls @12, -+ - 2 Bl > @12, G225 - - - 3 8m2y - - 3 Gy v - - ’amn}'l' e Cm“.

This operator is clearly a linear isomorphism.

Lemma 2.2 (see, &.g., [10}). The vecior operalor concerned Kronecker product as follows:
Vee(AXB) = (BT ® A} Vec X,
provided that every operation is well-defined.

A matrix A € My n(C) possess its Moore-Penrose inverse, which is the matrix At €
Mpm(C) and A* denote the Hermitian of matrix A satisfying the following conditions:

i) AATA = A,
(i) AtAAl = Al
(i (A4 = A4S,
fhy)  {AtAY = AlA

If A € My(C) is invertible, then At = A™'. A simple and accurate way to com-
pute Moore-Pearose inverse is to use the singular value decomposition. Indeed, for any

A € M, () we can decompose
A =UZV,

where U € My (C) is unitary, V € My (C) is unitary and & = fdi;] € Mma{C) is a diagonal

matrix with nonnegative entries. Then,

At = vEte
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dg', di #0
o,  dy=0.

Lemma 2.3 (sce, €.8., [101) Zet A€ Mo o(C) and B € My (C). Then,

where £t = [d},] is defined by df; =

(i (A7 = (AN
() (A@B)t = A'® Bl
Lemma 2.4 (see, e.g, [10]). Let A € M o(C) and b € C™. The Jollowing statements are
equivalent:
(i) The vector-matrix equation Az = bhas asolution Z.
(i) rank[A| ] = rank A.
(iiy AAYD = b.

In the above case, the general solution is given by = = Atp (I = AlA)gwhereq € C™ is
arbitrary.

3 Criterions for existence and uniqueness of solutions for systems of cou-
pled linear matrix equations

In this section, we investigate existence and uniqueness of solution for the system (1.1)
and its interesting special cases. Exact formula of the unique solution is explicitly presented.

Theorem 3.1. Let A,C € M, ,(C), B.D € M, (C)amd E.F € My, 4(C). Denote

ToA DTeC
= B'® ® . P=BTeA+D"®C and Q=BT®A-DT®C.
DTgC BTgA

Then, the following statemenis are equivalent:

(i) Thesystem(l.1) hasa solution.

BT@A DT
(ii) rank P +rank @ = rank ® ®C
DTeC B RA

Vec E

Vec F ’

(i) (2Ung — (PP +QQN) Vec E = (PP — 0Q") Vec F and
(2Umg — (PP' +QQN) Vec F = (PPt — QQ") VecE.

65
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In the above case, the general solution is given by

(P + QMY Vec E+ (P — Q) Vec F + (21, — (PP + Q'Q))qn — (PIP - Q'Q)ee] ,
[(P' — @YY Vec E+ (P! + Q') Vec F — (P'P — Q'Q)qs + (2L, — (PP + Q1Q))az] -

Vec X =

VecY =

B | b BO ]

where g,, g2 € C™ are arbitrary.
Proof. Taking the vector operator to (1.1) and then using Lemma 2.2, we get

(BT ® A)Vee X + (DT @ C) VecY = Vec B,
(D* ®C) Vec X + (BT ® A)VecY = VecF.

For convenience, let us denote

Vec X Vec B 1 | dmg —Img 1 { Iy Inp
z = , b= , U= —= , V= .
VecY Vec V2 Ty g V2 |-, I,

The system (1.1} is equivalent to the vector-matrix equation Hz = b due to the injectivity of

the vector operator. One can decompose H as follows:

T D'I‘
H =1 BT A4 ®C 0 v
1} BfeA-DTeC

U[P U]v.
0 Q

Since U and V are invertible, we have

3.0

rank H = rank [f)) ;:I = rank P + rank ¢

Hence, the conditions (#) and (i) arc equivalent. On the other hand, according to Lemma 2.4,
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the system (1.1) is consistent if and only if HH'b = b. One can compute

[ t
wrts— o 1P 0 wve [P0 [VE
0 Q o @t Vec F
1 [pPeqet PPt -Qat |VecE
2 LPP'—QQ* PPt +QQt| |VecF
(PPt + QQY) Vec E + (PP' — Q@1 Vee F

1
2 (PP - QQ!) Vec E-+ (PP +QQ!) Ves F '

Hence, the conditions (i) and (iii) are equivalent.

If the solution x exists, Lemma 2.4 ensure that it must be in the form

z = H'o+ (fanp— HIH)g ,

where g € C* s arbitrary, Setting ¢ = [@h] when g1, g2 &€ C'F, we have
az

.|Pt o VecE L, 0| 1[|PP+Q'Q PIP-QQ}) |a
z =V U + =%
0o Qf Vec P 0 I,| 2|PtP-@Q'Q PP+QQ|/ |®
1 [(P‘ + Q) VecE+ (P! — Q") Vec F o (2L, - (PIP+Q'Q)) ¢ — (PIP - Q'Q)ex
2

1
(Pt = Qt)Vec E + (Pt + Q") Vec F 2 | (PP - Q'Q)q + (26np — (PP +Q'Q)) @2

1[(P'+Q)VecE+ (P! — Q1) Vee F + (2Lnp = (PIP + Q'Q)) &1 ~ (PP - Q'Q)ez
2 |(Pt - QtyVec E+ (Pt + Q") Vec F ~ (PP - Q'Q)qr + (21np — (PIP+Q'Q)) 2 '

Therefore, the general (vector) solution of system (1.1} is given by

Vee X

Bl = b3 =

[(P! + Q1) Veo B+ (P! — Q1) Ve F + (2L — (PP + Q'Q)ar = (PP - Q'Q)ez) ,
¢

VecY Pl —QYVecE+ (P'+ Q") Vec F - (PP - QIQ)q1 + (2L, — (P1P + M) -

i

O

Theorem 3.2. Le! A, B,C, D, E, F € M(C). Denote P = BT®A+DTgCand
Q = BT © A— DT ® C. Then the system (1.1) has a unigue solution if and only if Pand Q
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are invertible. In this case, the unigue solution Is given by

VecX = % [P~ (Veo B+ Voo F) + Q71 {Vec £ = Ves F),
VecY = % [P“(VecE-l— VecF) — Q' (Vec E — Vec F)].
Proof The system (1.1) is equivalent to the vector-matrix cquation Hx = b. The decon-
position (3.1) says that the system (1.1) has a unique solution if and oaly if both P and Q are
invertible. To obtain the unique solution of (1.1), we substitute Pt=pPland Qf = Q! into
the general solution of Theorem 3.1, and we thus obifain
Ve X = APt 4 @) Vee B4 (P - Q7Y VeeF
(2 = (PP Q' — (PP~ Q' Qe
= L[PVecE+Q! Ve E + P VecF— Q"' Vec F|

— %[P"(VecE+Vch) + @ (Ve E - Vec F)).

Similarly, we get the above formula of Vec Y. 0

Theorem 3.3, Let A € M. .(C), B,D & My 4(C) and E,F € M o {C). Consider the
following coupled linear matrix equations

AXB+ AYD = E,

3.2
AXD+AYB = F.
Then, the following statemenis are equivalent!
(i} The system (3.2yhas a solution.
BT@A DT@A|VecE
i (rank A) (rank(B + D) + rank(B — D)) = rank .
(i) (rank A) (rank( ) { ) [DT®A B oA VecF}
(it} The following two conditions hold:
AA[(E+F)(B+ D)(B+D)+(E~F)B -~ D¥B-D) =2E, (33)
AA[(E+ F)(B+ D)(B+D)— (B~ FYB-DWWB-D)] = 2F. (34)
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In the above case, the general solution is given by

X = Ql+%[Af{(E+F)(B+D)*+(E—F)(B—D)f}
- A'A{(@ +Q2)(B+D)(B+ D) +(Qi - Q)(B - D)B - D)} ],
(3.5)
Y~ Qz+%[AT{(E+F)(B+D)*—(E-F)(B—D)f}

~ AA{(Q: + Qa)(B + D)(B + D)l ~ (@1 ~ Q:)(B - D)(B - DI},
(3.6)

where Qy, Qa € M, (C) are arbitrary.

Proof Denote R = (B+ D) @ Aand § = (B — D)™ @ A. In the viewpoint of Theorem
3.1 when A4 = C, the existence of a solution of the system (3.2) is equivalent to any of the

following conditions;

TawA DT Vec B
R et =y Wil g gy
DPTeA BTA|VeckF
{iiif The following two conditions hold:
(2ng — (RR! + S5")) Vec E = (RR' — SS")} Vec F, 3.7
(21 — (RR' + 551)) Vec F = (RR' - $8") Vec E. (3.8)

By Lemma 2.1, we have
rank B = (rank A)(rank(B + D)), rankS = (rank A)(rank(B — D)).

Hence, the condition (i)’ becomes the condition (i). Now, we shall show that the equation
(3.7) is reduced to (3.3). Indeed, note that by Lemma 2.3, we have

R = (B+D)YWeAal, S =(B-D a4
It follows that

((B+ D)}(B + D))" ® AA,
(B - D)}(B - D))" ® AAL.

RR!
sst
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Hence,

(RR' 4+ 88)Vec E = Vec [AA'E {(B+ DY (B+ D)+ (8- D){(B-D)}],
(RR! - 55!)Vec F = Vec[AAlF {(B+ D)Y(B+ D) - (B-D){(B- D)}].

Now, (3.7) becomes

2E — AAfE[(B + DB+ D)+ (B—DMB - D)]
= AA'F [(B+DY(B + D) - (B - D){(B = D)].

which is equivalent to (3.3). Similarly, the conditions (3.8) and (3.4} are equivalent.
To obtain a formula of the general solution, note that Theorem 3.1, Lemmas 2.1 and 2.3

together imply that

VeeX = [Kl VecE + Ko Veo F + Kagy + K4q2] (

VecY =

B[ = b3 =

[Kg Vee E 4 Ky Vec F + Kyg; + Kath],

where ¢y, g0 € C"P are arbitrary and

K = (B+ D)+ (B-D)) @A,
Ky = (B+D)f - (B-DN 04!,
K =L [((B+D)(B+D)1+(B—D)(B—D)f)“"coAfA],

Ki = — ((B+D)XB+D)y —(B-D)(B~D)) @A

Since the vector operator is bijective, we can write gr = Vec(ly and g = Vec (), for some
unique @1, @2 € M, ,(C), respecfively. Then, by Lemmas 2.2 and 2.3, we have

K\Vee E = Vec [A'E ((B+ D) + (B - DY)],

K;VecF = Vec[A'F ((B+ D)t — (B— D)'}],
Kyq = Vec[2Q; — AAQ, (B + D)(B + D) +(B— D)(B - D)1}],
Ky = Vec[-A'AQ.((B+ D)(B + D) — (B—D}B - D)1)].
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Since the vector operator is linear and bijective, we obtain

X = %[AfE ((B+ D) + (B - D)} + A'F (B+ D)t - (B- D))
+2Q; ~ AtAQ: ((B + D){B + DY + (B - D)(B - D))
~ A1AQ; (B + D)(B + D) ~ (B~ D)(B - D)) ],

which can be reformed to the desired formula (3.5). Similarly, we get the formula of ¥ as
(3.6). o
Corollary 3.4. Let A, B, D, E, F € M,{C). The system (3.2) hos a unique solulion if and
only if A, B+ D and B — D are invertible. In this case, the unigue solution is given by

X = %A“ [(E+ F)(B+D)y'+(E—-F)(B- D)“],

Y = 2 A" [(B+F)(B+ D) = (£~ (B - D],

Proof. In the viewpoint of Theorem 3.2 when A = C, the system (3.2) has a uique solution
ifand only if (B + D)7 ® Aand (B — D)T ® A are invertible. By Lemma 2.1, this condition is
equivalent to the invettibility of A, B+ D and B — D. The formula of the unique solution can
be obtained by substituting At = A-Y, (B+ D)t = (B+ D) 'and (B — D) = (B~ D)"!
in (3.5) and (3.6). O

Corollary 3.4 was obtained in [8, Theorem 4.11] under the restrict condition AB = BA.

Corollary 3.5. Let B, D € M,,(C) and E, F € M, 4(C). Consider the following system

XB+YD = E,
XD+YB =F

3.9

Then, the Jollowing statements are equivalent:

(it The system (3.9) has a solution.

T T
(i n(mnk(B+D)+rank(B—-D))=mnk[B eh D el

Vec E]

DT®l, BT™®I,|VecF|

(7ii} The following two conditions hold:

[(E+ F)}B+ D)(B+ D)+ (E - F)}{(B — D)'(B - D)] = 2E,
((E+ F)(B+ D)(B+D) - (E~ F)XB - D}{(B—~D)] = 2F.
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In the above case, the general solution is given by

X

@+ 3[{(E+ FXB-+ D)l + (B~ F)(B~ D)1}
~{(@i +Q)(B + DB+ D) + (@ - Q)(E-D)(B - D'},
Y = Qz+%[{(E+F)(B+D)* ~(E-F}(B-D}}
— {(Q: + Qa)(B+ DY(B + D) — (@1 ~Q:MB — DY(B - D},

where (G, Q2 € M, ,(C) are arbitrary.

Proof. This is a special case of Theorem 3.3 when A = [, 3

Corollary 3.6. Let B, D, E, F € My(C). The system (3.9) has a unigue solution if and only
if B+ D and B — D are invertible. In this case, the unigue solution is given by

o % [(2+ F)(B+ D)+ (E-FEB-D)Y;
Y = % 2+ F)B + D)y = (2= BYB- D).
Proof. The proof is similar to the Corollary 3.4 by substituting A = I,,. =]

Theorem 3.7. Let A,C € Mp{C), B € M, ,(C) and E,\F € Mn,(C). Consider the

Jollowing coupled linear matrix equations

AXB+CYB = E,

(3.10)
CXB +AYB = F.
Then, the following statements are equivaleni:
(i} The system (3.10) has a solution.
BT®A BT@C|VecE
(i) (rank B k{A+ C) + rank(A — = rank .
i) (i ) (rank( ) (4-C) [BT®C e VWF]
(iiip The following two conditions hold:
[(A+CHA+COE+F)+(A-CNA-CW(E+F) BtB = 2B, (3.11)
[(A+CHA+OHE+F)—(A-CHA-COWE+F)] B!B = 2F.  (3.12)
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In the above case, the general solution is given by

X = @ +3[{(4+ONE+F) +(A-CNE-F)} B

- {(A+C)(A+C)Qi+Qa) + (4~ C)(4 - O)(Q: ~ Qu)} BB'],
(3.13)

Y = @+ 3[{(A+CME+F) - (4~ O)(E - F)} B
~{(A+CI(A+0)@: + Qo) ~ (A- ONA - CXQ: — Qa)} BB,
(3.14)
where (1, Qp € M, o(C) are arbitrary.
Progf. The idea of proof is similar 1o that of Theorem 3.3. In this case, the general solution is
given by
Vee X = %[J; VecE + Jp Vec F + Jsgs +J¢gg],

1
VeeY = E[JQVecE+ JVecF+ L +Jaqz]=
where g1, g2 € C™ are arbitrary and

4= BV e{4+0)f+{a-C)},
b = (B')T® {(A+ (}')i -{A- G)f} .

Js = 20 — [(BB*)T O {(A+OMA+C)+ (A=~ C)(A-C)} ]
Ji= (BB {(A+OHA+C)—(A-COWMA-O)}.
We arrive at (3.13) and (3.14) by using properties of the vector operator. 0

Corollary 3.8. Let A, B,C,E, F € M,(C). The system (3.10) has a umique solution if and
onlyif B,A + C and A — C are invertible. In this case, the unique solution is given by
1 -1 -1 -1
X = -2-[(A+C) (E+F)+(A-C) (E-—F)]B ,
1
Y=z [(A +O) N (E+F) - (A-C)YE - F)] B,
Progf. The criterion for uniqueness of solution follows from Theorem 3.2 by setting B = D.

The formula of the solutions X and Y can be derived from (3.13) and (3.14) by substituting
Bt =BV (A+COV ={(A+C)land (A-CO)t = (A~ ). a
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Corollary 3.8, under the restrict condition AB = B A was obiained in [8, Theorem 4. 10].

Corollary 3.9. Let A, E, F € M,{C). Consider the following coupled linear matrix equations

AX+Y = E,
X+AY = F.

3.15)

The following conditions are equivalent:
(i) The system (3.15) has a unigue solution.
(i} A? — I, is invertible.
(iif) 1 and —1 are not eigenvalues of A

In this case, the unigue solution is given by

X = S Ly E+ )+ (A= Ly E- ),

Y = o[+ L) E+F) — (4~ LY YE- P)].

Proof. 1t follows directly from Corollary 3.8 by setting B = C = D = I, Note that the
conditions (7i) and (7ii) are equivalent since A? — I, = (A— L)YA+ L,). ]
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