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Chapter 1

Introduction

1.1  Introduction

Fixed point problem can be reduced to the problem of economic,
engineering, radiothempy etc. So, we can use the process for fixed point solution to
resolve such problem.

Many authors tried to use new methods to solve fixed point problem. The
solution for fixed point problem in Hilbert and Banach spaces has been popular for a
long time see, [11, [2], [3].

This research is to studied the fixed point problem on complete metric space
endowed with graph.

Let (X, d) be a metric space and we let CB(X) and Comp(X) be the set of all
closed bounded subsets of X and the set of all nonempty compact subsets of X,
respectively. A mapping T : X — X is called contraction if there exists o € [0,1) such
that d{Tz, Ty} < ad(x, y) for all z.y € X. A point z € X is a fixed point of a multi-valued
mapping 7' : X — 2% if 2 € Ta. A point z € X is a coincidence point of g: X — X and
T:X — 2% if g(x) € T(x). I g is the identity map on X, then z is a fixed point of T.

The Banach contraction principle is a very important tool for solving existence
problem in many branches of mathematics and physics. It euarantees the existence
and unigueness of fixed points.

The Banach contraction principle was firstly given by as follows;

Theorem 1.1. Let (X.d) be complete metric space and T': X — X be a-contraction.

Then T has a unique fixed point.

In 1969, Nadler [1] extended the Banach contraction principle to multi-vatued

contraction mapping in complete metric space as follows;

Theorem 1.2. [1] Let (X. d) be complete metric space and let T : X — CB(X). Assume
that there exists k € [0.1) such that

H(Tz.Ty) < kd(z.y). Vz.y € X.

Then there exists z € Tz.

Reich [2] extended Nadler’s fixed point theorem by replacing k with d(z,y) and
CB(X) with Comp(X) as follows,

Theorem 1.3. [2] Let (X,d) be complete mefric space and let T : X — Comp(X).
Assume that there exists a function « : [0, 20} ~ {0.1) such that tim, .+ sup afr) < 1 for



each t € (0, ) and
H{Tx, Ty} < o{d(z. y))d(x. y), Yr,y€ X,
Then there exists z € X such that = € T=.

In 1989, Mizoguchi and Takahachi [3] relaxed the compactness assumption on
the mapping to closed and bounded subset of X as follows;

Theorem 1.4. [3] Let (X, d) be complete metric space and let T': X — CB(X). Assume
that there exists a function a : [D.2c) — [0,1) such that lim,._,+sup a(r) < 1 for each
t € (0,ec) and

H(Tz.Ty) < a(d{z, y))d(z.y), Vz,ye€ X.
Then there exists =z € X such that = € T-.

In 2007, Berinde and Berinde [4] introduce the following definition to prove an

existence theory of fixed point problem in convex metric space;

Definition 1.1. [4] Let (X,d) be a metric space and 7': X — CB(X) is called a mutti-
valued weak contraction or a multi-valued {8,L)-weak contraction if there exists two

constants ¢ € (0.1) and L > 0 such that
H(PTr. Ty) < 8d{z,y) + Ld(y, Tz), Vz,ye X.

For the last ten years, many research related to the existence theorem of
fixed point muti-valued mappping have been extensively studied and used different
technigues to prove the such theorem, see for example [51,[6].

Let a graph & be an ordered pair (V(G), E{(G)) consisting V(G) is a set of vertices
of the graph and E(G) be a set of its edges.

In 2008, Jachymski 5] introduced a concept of G-contraction and generalized
the Banach contraction principle in a metric space endowed with a directed eraph in
a definition below;

Definition 1.2. [5] Let (X.d) be a metric space and let G = (V(G), B{(G)) be a directed
graph such that V() = X and E(G) contrains all loop i:e, OH={(z,3):z € X} C E(G).
The mapping f: X — X is a G-contraction if J preserves edges of G, i.e.,

Ty € X, (z.y) € E(G) = (f(x), [(¥) € B(G), {1.1)
and there exists a € (0.1) such that
.y € X. (2.y) € B(G) = d(f(z). f(y)) < ad(z,y).

The mapping f : X — X satisfying condition (1.1) is also called a eraph-
preserving mapping. He proved some certain properties on X, a G-contraction f :
X — X has a fixed point if and only if there exists x € X such that (z, f(z)) € E(G).

Recently, Beg and Butt [6] introduced the concept of G-contraction for multi-

valued mapping as follows.



Definition 1.3. [6] Let T : X — CB(X) be a multi-valued mapping. The mapping T is
calied G-contraction if there exists & € (0,1) such that

H(Tz,Ty) < kd(z.y) for all (z,y) € E(G).
and if w € Tz and v € Ty are such that
dlu.v) < kd{z,y)+ o for each a > 0,
then {u,v) € E(G)

Property A [5] For any sequence {z,} in X, if z, =  and (z,.zn+1) € E(G) for n € N,
then there is a subsequence {z,,} such that {z,.,z) € E(G) for ke N.

Beg and Butt (6] proved that if {X,d) is complete metric space and (X, d) has
property A, then G-contraction mapping T: X — CB(X) has a fixed point if and only
if there exists r € X and y € Tz such that (z,y) € B(G) .

Tiammee and Suatai [7] introduced concept of graph-preserving multi-valued
mapping and a type of multi-valued weak G-contraction on a metric space endowed

with graph as follows;

Definition 1.4. Let X be a nonempty set, G = (V(G), E(G)} a directed graph such that
V(G) = X. The multi-valued mapping T : X — CB(X) is said to be graph preserving if

(z.y) € BE(G) = (uv.v) € E(G)
forall u e Tw and v e Ty.

Definition 1.5. Let X be a nonempty set, G = (V(G), B(G)) a directed graph such that
V(G) = X,¢: X = X. The multi-valued mapping 7 : X — CB(X) is said to be g-graph
preserving if for any z.y € X, such that

(9{=). 9(w)) € E(G) = (u.v) € B(G)
foralluw e Tz and v € Ty.

Definition 1.6. Let (X.d) be a metric space, G = (V{G), E(G)) be a directed graph such
that V(¢) = X, g X — X. The multi-valued mapping T : X — CB(X)is said to be
a multi-valued weak G-contraction with respect to g or (g, a. L)-G-contraction if there
exists a function a : [0.ec) — [0,1) satisfying limsup,_,.+a(r) < 1 for every t € [0, x¢) and
L > 0 with

H(Tz.Ty) < o{d{g(z), g(y)))d(g{z), 9(y)) + LD(g(y). Tx).

for all z,y € X such that (g(x), o{y)) € E(G).

They prove the following theorem in complete metric space endowed with

graph.



Theorem 1.5. [7] Let (X,d) be a complete metric space and G = (V{G). B(G)) be a
directed graph such that V(G) = X, and let g : X — X be a surjective mapping. if
T:X = CB(X) is a multi-valued mapping satisfying the following properties:

(1) T is a g-graph-preserving mapping;

(2) there exists xo € X such that (g(zy).y) € E(G) for some y € Tayp;

(3) X has Property A;

(4) T is a (g, a. L)-G-contraction;

then there exists v € X such that g(u) € Tu.

Many authors tried to introduce a new technigues to prove existence of fixed
point theorem such as Phon-on et al [8] introduced a new concept of weak graph
preserving and proved their fixed point theorem in a complete metric space endowed
with a graph, see more example [6], [7], [8].

Many authors proved their results by using the following lemma 1.6, see for
more detial [6], [7], [8].

Lemma 1.6. [3] Let (X.d) be metric space in CB(X),{zx} bein X such that z;, € Ax_,.
Let o : [0.00) — [0,1) be a function satisfying limsup, ,,. < 1 for every ¢ € {0,x).
Suppose that d(rr-1.23) is @ non-increasing sequence such that

H{Ap-1.Ar) € ofd(zrzy, z1))d(mr—1, 31
d{zr-1, 1) € H{Ap, Ag) + o™ (d(r_1, 21)),

where n| < ny < ... and k,n; € N. Then {z,} is a Cuachy sequence in X.

in this paper, we introduced a new type of multi-valued G-contraction on a
metric space endowed with a directed graph G and new technigques to simplify the
proof of existence theorem for coincidence point of such mapping, that is, we do not
use lemma 1.6 1o prove our main thearem.

The next results are equilibrium problems and fixed point problems in a real
Hilbert space. Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. A mapping T: C — € is called

o nonexpansive if |7z — Tyl < {lz—y| forall z,y € C.

+ s-stricily pseudocontractive mapping, if there exist « € [0,1) such that
172~ Tyl < |lx = yl* + &[l(F - Tz = (7 - TWII* , Ya,y € C.

The set of fixed points of T denote by F(T) (le. F(T)={ze H: Tz =z)).
Let F : (' x ¢ — E be a bifunction. The equilibrium problem for F is to

determine its equilibrium points, i.e. the set

EP(F)={ze€C:Flz.y) 20, Yye C}. (1.2)



The problem is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others | see [9],[10] [14].

In 2007, Takahashi, Takahashi [14] introduced viscosity approximation method
for finding @ common element of the set of solutions of problem (1.2) and the set of
fixed points of a nonexpansive mapping in a Hilbert space. They defined the sequences
{zn} and {u,} as follows: Let z; € H and f : H — H be contraction mapping with
o €{0.1). {z,} C [0.1] and {r,} C (0.2¢)

Flug,y) + %(y —Un,ln — Tqn) = 0. VyeC,

(1.3)
Tyt1 = anflzy) + (L - )T, ¥nel,

They proved strong convergence theorem of sequence {z,} generated by (1.3)
to z € F(TYN EP(F), where z = Pperyn gpr)f(z) under certain appropriate conditions
imposed on the sequences {a,},{r,} and bifunction F.

In this paper, motivated by (1.3), we introduce a new algarithm as follows: for
v € C and the sequence {x,} generated by

Fltin,8) + 20y~ s s — (B9 4 (1= B)oa)) > 0: Wy € O »

T+l = G (1 u an)un: Y = la

where F : C' x C — R is a bifunction and § is S-mapping generated by a finite family
of #,-strictly pseudo-contractive mapping and finite real numbers. Under suitable
conditions of parameters {an}, {Ba} . {rn}, We prove strong convergence theorem
for finding a common etement of the set of solutions of equilibrium problem and
the set of solutions of the set of fixed point problems of a finite family of x-strictly
pseudocontractive mapping in Hilbert spaces.

1.2 Objectives of the study

1) To introduce a new type of multi-valued G-contraction on a metric space en-

dowed with a directed graph G.

2) To prove an existence theorem for a coincidence point problems in convex metric

space endowed with graph.

3) To introduce a new algorithm for finding a common element of the set of solu-
tions of equilibrium problem and the set of solutions of fixed point problems of
a finite family of x;-strictly pseudocontractive mapping in framework of Hitbert

spaces.



1.3  Scope(s) of the study

1) We following to prove an existence theorem for a coincidence point problems

in metric space endowed with a graph.

2) we prove strong convergence theorem for finding a common element of the
set of solutions of equilibrium problem and the set of solutions of fixed point
problems of a finite family of x;-strictly pseudocentractive mapping in framework

of Hilbert spaces.

1.4 Benefits of the study

1) To obtain new tools for a coincidence point problems on metric space endowed

with a eraph.
2) To prove an existence theorem for fixed point problems using the modify method.

3) To obtain new algorithm for finding a common element of the set of solutions of
equilibrium problem and the set of solutions of fixed point problems of a finite
family of x;-strictly pseudocontractive mapping in framewaork of Hilbert spaces.



Chapter 2
Theory and Literature Reviews

The purpose of this chapter is to explain fundamental concepts and
definitions used throughout this thesis. Moreover, we give some lemmas, remarks and

useful results used in the tater chapters.

2.1  Basic concepts

Definition 2.1. ([15]). Let X be a non-empty set. A mapping d: X x X — R is cailed

a metric or a distance on X provide that
1) d(z,y) = 0:
2) d(z.y) = 0 ¢ z = y: (separation axiom)
3) d(z,y) = d(y, ), for all z,y € X; (symmetry)
4) d(z,z} € d(z.y) + d{y, 2) Tor all &, y, z € X; (the triangle inequality).
A set X endowed with a metric d is called metric space and is denoted by (X,d) .

Definition 2.2. ([15]). Let {z,}%2, be a sequence in metric space (X, d). We say that

the sequence {z,}2,

a) is convergent to a € X if, for any e > 0, there exists ny = no(e) such that
d(zn,a) <¢ forallmpe N.on>ng

b) is fundamental or Cuachy sequence if, for any ¢ > 0, there exists ny = no(c) such
that

(Tp, Toyp) < e forall n.p e Nyn 2 ng

Definition 2.3. ({15]). Let X be a metric space with metric d, and let {z,} be a
sequence in X. We say that {z,} is convergent if there exists a point = in X such that
limy, - d{zn, 2) = 0. We usually symbolize this by writing z,, — z. The point = is called

the limit of sequence.
Theorem 2.1. ([15]). If z,, — =, then z is the limit of any subsequence {z,,} of {z,}.

Theorem 2.2. {[15]}. Let X be a metric space with metric d. A subset F of X is a
closed set if and only if whenever {z,} c Fand z, —» =, implyz € F .

Definition 2.4. ([15]). A metric space (X, d) is called complete if any Cuachy sequence

in X is convergent.



Definition 2.5. ({7]) A partial order is a binary relation < over the set X which the
followings conditions:

1. z < z (reflexivity);

2. Ifz < y and y < z, then z = y (antisymmeiry);

3. fz<yand y < z then z < z (transitivity);

for all z,y.z € X. A set with a partial order < is called a partially ordered set. We write

r<yifz<yandz#y.
Definition 2.6. ([7]). Let (X, <) be a partially ordered set. For each 4, B c X.
A~<B if a<bforallae A,be B.

Definition 2.7. ([7]). Let (X.d) be metric space endowed with a parial order <. Let
g : X — X be surjective . A multi-valued mapping T : X — CB(X) is said to be
g-incresing if for any =,y € X,

g{z) < gly) = Tz < Ty.

In the case g = I'x, the identity map, the mapping T is called an increasing mapping.

2.2 Some useful lemmas and theorems for fixed point with graph

Definition 2.8. ([15]). Let X be a nonempty set and T : X — X be a self-mapping. We .
say that z € X is a fixed point of T if

T(z) =2
and denote by Fr or Fiz(X) the set of all fixed points of 7.

Definition 2.9. ([7]).Let X be a nonempty set. A point z € X is a fixed point of a
multi-valued mapping T: X - 2% if z € Tz

Definition 2.10. ([7]).Let g : X — X be a self-mapping and T : X — 27 be a multivalued
map. A point x € X is a coincidence point of g and T if g(z) € T(x).
If g is the identity map on X, then z is a fixed point of T

Let (X.d) be a metric space and let CB(X) be the set of all closed bounded
subsets of X. For z € X and A, B € CB{X), define

d{z, A) = inf{d(z,y) : y € A}
8{A, B) = sup{d(z.B) : z € A}.
D(A,B) = infld(z. B) : = € A}

The symbol H(A, B) is the Pompeiu-Hausdorff metric [4], that is,

H(A, B) = max{supd{u, B),supd(z. 4)}.
wed el



Lemma 2.3, Let (X,d} be metric space, and let 4 ¢ X be a non-empty set. For a
point z € X with d(z, A) = 0. Then z € A.

The following lemmas is useful for our main results.

Lemma 2.4. ([1]). Let (X,d) be metric space. If A.B € CB(X) and « ¢ A, then, for
each = > 0, there exists b ¢ B such that

da.b) < H(A, B) +e.

2.3  Fixed point sets of nonexpansive mappings and strictly

pseudo-contractive mappings

Definition 2.11 ([4]). Let # be a Hilbert space, let C be a nonempty closed convex
subset of H. The metric projection or nearest point projection of & on to €, denoted
by Pc, is defined, for any = € H, as the only point in C with the property

o - Poxll = inf{|le ~ ]| : y € C}.

Definition 2.12. ([20]). Let C be a nonempty convex subset of real Banach space.
Let {T;}Y, be a finite family of mapping of C into € . For each j = 1.2..., N, let
aj = {a), 0. o) € IxIxIwhere I €[0,1) and of + o + of = 1. We define the mapping
S5:C — C as follows:

Uy = T
Uy = oAUy + adUp + ad]
Uy = ol + a§U1 + a2l
Us = adT3Us + adUs + 03]
Unvor = of "y Uv_a+ ol Wy a+al '
S = Uy=alTyUn_y +adUn_1 +af 1. {2.1)

This mapping is called S-mapping generated by T1.Ty. ..., Tw and ay. a4, ... a .

Lemma 2.5. ([22]) Assume that T is a nonexpansive self-mapping of closed convex
subset C of a Hilbert space H. If T has a fixed point, then I — T is demiclosed. That s,
whenever {z,} is a sequence in C weakly converging {o some = € C and the sequence
{(J = T)x,} strongly converges to some y it follows that (J — T)x = y. Here, I is the
identity mappineg of H.
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Lemma 2.6. ([15]). Given z € H and y € C. Then Pcx = y if and only if there holds
the inequality
{z—yy—220 Vzel.

Lemma 2.7. ([18]). Let E be a uniformly convex Banach space, ¢ be a nonempty
closed convex subset of E and §: C — C be a nonexpansive mapping. Then I - S is

demi-closed at zero.

Lemma 2.8. ([19]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 — an)sn+ 60, Y =0

where {a,} is a sequence in (0.1) and {4,} is a sequence such that

(1) ian = 0Q,
n=1

. & =
- <0 On ;
(2) limsup S Soor > 1l < oc

n—rcd n=1

Then limp—e 8n = 0.

For solving the equilibrium problem for a bifunction 7 : C x C = R, let us
assume that F satisfies the following conditions:
(Al) P(z,z)=0 Vzxel;
(A2) Fis monotone, i.e. F{z,y)+ Fly,z}) <0, Va.y e C;
(A3) Vz,y,z € C,
limy, o+ F(tz+ (1 — )z, 9) < Flz. y);
(A4) Yz € C, y > F(z,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.9. ([9]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of ¢ x C into R satisfying (A1) — (44). Let r > 0 and o ¢ H. Then, there
exists z € € such that

F(z,y)-i—;l:(y—z,z-m) >0 (2.2)
forall z € C.

Lemma 2.10. ([10]). Assume that F: C x C — R satisfies (A1} — (A4). For r > 0 and
x € H, define a mapping S, : H — C as follows:

Ly —sz—2) 20, vyeC). (2.3)

T

S(z)={z€eC:Flz.y) 4

for all z € H. Then, the following hold:

(1) 5, is single-valued;
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(2) 8, is firmly nonexpansive i.e.

115-(z) = Sr(w)I* £ {Sr(2) = Selw).x ~ v) Yoy € H;
(3) F(S,) = EP(F):
(4) EP(F) is closed and convex.

Lemma 2.11. {{23]). In a real Hilbert spaces H, there holds the following inequality
flz -+ yli* < Nlz)* + 2(y. 2 +v)
for all z,y € H.

Lemma 2.12. ([20]). Let C be a nonempty closed convex subset of strictly convex. Let
{T:}¥, be a finite family of nonexpanxive mappings of C into itself with N, F(T) #
and let a; = (0d,0f,0f) € I x I x 1, j=1,23,.,N, where ] = [0,1] ,of +0d+cf =
1, ol e(0,1)forall j =1,2,.. N=1, a} € (0,1] ad. o € [0.1) forall j =1,2,..,N. Let
$ be the mapping generated by 7y, ..., Ty and a,. as. ....ax. Then F(S) = NN, F(T}).



Chapter 3

Main Results and Discussion

3.1 Fixed point with graph

We define a new type of multi-valued mapping on a metric space endowed
with a directed graph G as follow: '
Definition 3.1 Let (X,d) be a metric space and G = (V(&), E(G)) be directed graph
such that V(G) = X and let g : X — X be a mapping. The multi-valued mapping
T:X — CB(X}is said to be (a. 8, L. g)-G-contraction if there exists «. 8 € (0. 3) with
a < B and L > 0 such that

H(Tz.Ty) < ad(g(z),g(y)) + 3D (g(x). Ty) + LD (g (y), Tx) (3.1)

for all z,y € X and {g(z). g9 (%)) € E(G).

Example 3.2 Let X = {0,1,2,3.4,5} and d(z.v) = |z - 9]. Let G = (V(G).E(G)) be a
directed graph defined by V {G) = X and

E(C) = {(0,2),(0,4), (1,3),(1.5),(2.5),(0.0).(1.1).(2,2) (3,3).(4.4),, (5,5))

LetT:X - CB(X).and g: X = X be defined by

¢
0 ifz=0

Y il
3 ifz=2
2 ifx:.‘i
5 ifz=4

4 fz=5
and
{1} ifz=0,2.4
T(z) =< {0,2.4) ifzx=1,3
{3.5} fax=5

Then T is (L, 1,3, g)-G-contraction mapping.
Solution Let (¢(z),g(v) € E(G).

If (g ()9 (y)) = (0,2) ;then z = 0,y = 3. It follows that sup .pyd(x,T3) =1 and
SUP, cpg & (v, TO} = 3. From the definition of Pompeiu-Hausdorff, we have H(Tx, Ty) =
3, Itis clear that D(g(0).73) =0, D(g(3).70) = 1.

Puta=¢,A=4and L=3

Then H(Tz.Ty) < 3d(9(2), 9(u)) + 1 D(g(2). Ty) -+ (3) Dlgly). Ta).



13

If (g(x). g()) = (0,4) then z = 0.y =5. It follows that sUp,,cpp @ (2, T5) = 2 and
SUP, 75 & (v, T0) = 4. From the definition of Pompeiu-Hausdorff, we have H(Tx. Ty} =
H(T0.T5) = 4, It is clear that D(g(0).75) = 3, D(g(5).70) = 3.

Puta=3%B8=3andL=3
Then H(Tz. Ty) < Ld(g(@). 9(y)) + LD(g(=). Ty) + (3)D{g(y). T)-

If (g{z),g()) =(1,3) thenz =1,y =2 It follows that sup e d(u,T2) =3 and
SUP, cpe d (v, T1) = 1. From the definition of Pompeiu-Hausdorff, we have H(Tz. Ty) =
H(T1,T2) = 3, lt is clear that D(g(1).T2) =0, D(g(2).T1} = 1.

Pute=4,8=4and L=3.

Then H(Tz.Ty) < Ld{g(z). g(y)) + 1 D(g(x)-Ty) + (3}D{g(y). T=)-

Iif (g(z),g(¥) =(1,5) thenz=1y=41 It follows that sup e d(w,T4) =3 and
SUP, e @ (v, T1) = 1. From the definition of Pompeiu-Hausdorff, we have H(Tx,Ty) =
H(T1,T4) = 3, It is clear that D(g(1).T4) = 0, D{g(4).T1) = 1.

Pute=38=3and L=3
Then H(Tx. Ty) € $d(g(z), g(y)) + 3D(g(e)-Ty) -+ (3)D(g(y). T'x). .

If (g(z),g (@) =(2,5) thenz =3,y =4. It follows that sup,ersd(u,T4) =3 and
SUP ey @ (v, T3) = 1. From the definition of Pompeiu-Hausdorff, we have H{Tz.Ty) =
H(T3,T4) = 3, It is clear that D(g(3).T4) = 1, D{g(1).T3) = L.

Puta=4,8=jand L =3
Then H(Te.Ty) < tdlg(@), o)) + L D(g(e). Ty) + (3)Plg(y). Tx)-

If (g(x), glw)) € ((0,0), (1.1),(2,2), (3.3). (4,4).(5,5)}. It obvious that
H(Tz,Ty) < Ldlg(z), oly))+1D{g(=). Ty)+(3) D(gly), Tx). Hence Tis (5. 4,3, g)-G-contraction
mapping.

Theorem 3.1. Let (X.d) be a complete metric space and G = (V(Q),E(G)} be di-
rected graph such that V(G) = X, and let ¢ : X - X be a surjective mapping. If
T . X — CB{X) is a multi-valued mapping satisfying the following properties :

1) T is a g-graph-preserving mapping ;

2) there exists zy € X such that (g{z). v) € E(G) for some y € Txo;

3) X has Property A,

M Tis a (a, 8, L., g)-G-contraction;

Then there exists u € X such that g{u) € Tu.

Proof. Let x, € X. Since ¢ is surjective, there exists =, € X such that g(z,) € Tzo.
By 2), we have (glzo), (1)) € E(G). Since (8 — a)d{g{zv), glx1)) > 0 and Lemma 2.4,
there exists g(xzq) € Tz such that

d(glz1). 9(z2)) € H(Tzg. Tan) + (8 — a)d(glzo). gle))- (3.2)

Since (g(zo). g(=1)) € E(G). g(x) € Tag, ¢(zz) € Ty and T is g-graph-preserving mapping,
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then (g(z1), g(x2)) € E(G). From (3.2} and T is {a, 8, L, g)-G-contraction, we have

IA

H(Txo,Tz:) + (B — o)d(g(wo): 9(21))
< ad(g(zo), (1)) + 8D(g(wo). Ter) + LD(g{x1). Tzo) +
(8 — a)d(g(wa). 9lx:))
= ad{g(zo). glm)) + 3d(g{xa), T1) + (3 — a)d(g(zo). g{z1))
< Bd(glzo), glx1)) + 3d(g(7o). 9(x2))
< Bld(g(zo), g(m1)) + d{glz1)- glz2))] + Bd(g(xa). g(=1))

= 28d{g(zy). glz1)) + Bd(glw1)- g(w2))-

d(g(z1), g(z2)}

It implies that d(g(z1). 9(z2)) < 2L d(g(o). g(@1))-
Since (8 — a)d(g(z1), g(z2)) > 0 and lemma 2.4, there exists g(as) € Tx2 such that

d(g(xa). glas)) < H(To . Txa) + (8 — a)d(g(z1), g{z2))- (3.3)

Since (g{z1). g{z2)) € E (G}, glz2) € TT1,9 (x3) € Tapand Tis §- -graph-presernving mapping,
we have (g{za), 9(xs)) € B(G). From (3.3) and T is (a, 3, L. g)-G-contraction, we have

H(Tx). Twz) + (8~ 0)dlgler).9(z2))

ad(g(z1), g(z2)) + 8D{g{z ). Tza) - LD(g(zq). T2} +

(8 — a)d(g{z1), gla2))

ad(glan), glaa)) + 3d(g(z), Tae) + (8 — &)l (g{z1). 9(z2))
Bd(g(z), glzx2)) + 3d(g{z1)- 9(zs))

< Bld(g(z1), glz2)) + diglan). g(zs)] + Bdlg(z1); g(a2))

= 2Bd(g(m). o(x2)) + Bd(g{z2)-9(@s))-

d(g{z2), 9(z3))

LA

IA

IA

It implies that d(g(zz). 9(z3)) < —33 g{x1). glaa)) £ (%)205(9(550),9(561))-
By the same way, we have

dlg(zr), glaer)) < (£55) d(glza), g(e1)),

glzre1) € Tk and (g{zx), glzr1)) € E(G), forall ke N.
For any numbers p € N, we have

ksp—-1

Z d(g($n+1 ) g(mn))

n==k

A

Hg(r4p): 9(Tr))

1A
M+
=
|
[y
=
—
=y
f
ey
=
s
o
sl
=

s 7 C (2 )d((g(fﬂl)ag(fﬂo))- (3.4)

From (]—25—3)‘ s 0as k — oo, and (3.4), we can conclude that {g(zx) o, is @ Cauchy

sequence. Since X is complete, there exists v € X such that Umgee glzx) = glu).
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From (g(zi). g{zi+1)) € E(G) for all k € N and assumption 3}, there is a subsequence
gz, ) of glzi) such that (g(zy, ). 9(x)) € E(G).
From 4} and g{zpq1) € Ty, we have

D(g(w), Tu} < d{g(u). glzr, 1)) + D(g{2e, 1), Tw)
< d{g(u}, g{ze, +1)) + H(Tzr,, Tu)
< d{g(u). glzk, +1)) + ad{glzy,), g(u)) + BD(glxr,). Tv) + LD{g(w). T'xy.,,)
< d(g(n). (T, +2)) + ad(g(zy, ), g(u)) + Bld(gl(zr, ). g(u)) + D{g(u), Tu)) +
+Ld(g(w). Ty, ).
It foltows that
D(g(u), Tu) < (ﬁ)(d(g(u)sg(ﬂ‘:kn 1))+ (e + B)d(g(we, ), g(w)) + Ld(g(u), Txy, )
< (=) (g glrr, 1)) + (@ + Adloler, ), 9(w) + L(g(u). gl +1)))-

1-3
Since g(w, ) converges to g(u) as n — oo, thus D{g{w), Tu) < 0. Then D(g(u), Tu) = 0.
By lemma 2.3 and T is closed, we conclude that g(u) € Tu. [

Corollary 3.2. Let (X, d) be a metric space endowed with a partial order <,g: X —» X
be surjective and T': X — CB(X) be a multivalued mapping. Suppose that

1) T is a g-increasing ;

2) there exists xp € X and u € Ty such that g(zo) < « ;

3) for each sequence {z;} such that g(zx) < glzrs1) for all & € N and g{x;) converge
to g(xz), for some z € X , then g(z;) < glzx) for all k e N,

4) there exists &, 8 € (0,1) with 0 < a < 8 < £ and L > 0 such that

H(Tz.Ty) < ad(g(z).9(y)) +8D(g(z).Ty) + LD (g(y).Tx)

for any z,y € X with g(z) < g{%);
5) the metric d is complete.
Then there exists w € X such that g{u) € Tu.

Proof. Put G = (V(G), E(G)) by V(G) = X and E(G) = {{z,y) : z < y} . Let z,y € X such
that (g(z), g(y)) € E(G). Then gl{z) < g{y) so Ta < Ty. For any v € Tx and v € Tywe
have v < v, ie, (u,v) € E(G). S0 T is graph-preserving. By assumption 2),ther exist
zo and u € Tzy such that g(zy) < w, thus (g(ze). w) € E(G). Hence 2) of theorem 3.1 is
satisfied. It’s obviously 3} and 4) of theorem 3.1 are also satisfied. Therefore Corollary
_is obtained directly by thecrem 3.1. ]

3.2 A Strong Convergence Theorem for a «;-Strictly
Pseudocontractive Mapping in Hilbert space

Theorem 3.3. Let € be a nonempty closed convex subset of a Hilbert space H. Let
F be a bifunctions from ¢ x C into R satisfying (A1) — (A4). Let {Ti}Y, be a finite
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family of x;—psuedo contractions with § = (., F(T:) N EP(F) # 9. Define a mapping
T, by Ty, = miz + (1 —wi)Tix, Vo € C, 1 €41, 2, ... N}, Leta; = (a{,a{;,ag) efxIxl],
§=1.2,3,...N,where I = {0.1] ,al+ad+of =1, af € (0.1) forallj =1.2, .., N-1, af €
(0,1 of, o € [0,1) forall j =1,2..., N.

Let $ be the mapping generated by Ty, . Txy: s Tep aNd o, a2, ... an. Let {z,}

be sequences generated by x,, v € C:
Flns ) + 2y = tne 0y = (8,5, + (1= Bu)a)) 20. Yy € G,
Tyl = o+ (1 — e, . Yn > 1,
where {a,}, {8.} € (0. 1) such that r, € (a, b) and 3, € (c,d] C (0,1]
Assume that

(4} im a, =0 and 8 o, = oo,

n—no
(#) Zhilrasr = ral 01 lants = anl, 25518041 — Bnl < co.
Then the sequence {z,} converge strongly to z = Pyu.
Proof., We shall divide our proof into 5 steps.

Step 1. We shall show that the sequence {z,} is bounded. Let z € §, since

1
F(“n:’.’]) i T_(y —Un, Up — (B FTn + (1 o ,Sn)-rn)) 20, Vyel,

n

by Lemma 2.10, it implies that w, = S, (8,57, + (1 — Ba)zn) and z € F(S, ). Then, we

have

“In+l =zl € apliu—z|| -+ (1= C\'ﬂ)“uﬂ -z

a'n”u v :” -+ (1 . Q'n.)HSr,.(JBnS-Tn 4 (1~ ﬁn)xn) = z“

<l =zl + (1 = @)|BaSen + (1 = Bu)an — 2]

< aplle =zl + (1 = @) (BallSzn — 2]l + (1 = n)ll@n — =1I)
<l = =l A+ (1= o) (Ballzn = 2l + (L= Ba)llwn — =I1)
= anflu= 2l + (1 = a)|en — 2l

< max{[hw—z,[len — =[i}.

By induction we can prove that {z,} is bounded, so are {Sz,}, {ua}.
Step 2. We will show that imy, e [|Zra1 — Tali = 0.
PUtting yn, = BaSTn + (1 - 8n)an. Since
Ts1 — zall = |lonu+ (1 = @)t — apru = (1~ @pe1)un-1]]
= Jlemu -+ (1= o)ty = (1~ @ )ttn—1 + (1 — i )tn 3
— 0o tt— {1 — ap_ 1 Jun—1l]

= ”(Qn - an~'l)u + (1 - O‘n)(un - “n-—]) {1 — an)un—] ”

IA

lo = o |lluf] + (1 = andllten — wn-ll

+{CI“,,_J - an[||un_1||. (36)



T I g S e e TR B LT ool WS M S R, W W D g A W

Jiof
Since u,, = S,y and u,_1 = S, ,yn—1, We have
: 1
F ('“nn]]) - T'(U — Uy, Up — y‘u-) 2 0. vy eC, (37)
n
and
Fltiy-1.y) + = (Y = Un—1. Un—1 — Yn-1) = 0. Yye C. (3.8)
n—1
Since uy, un—1 € C. by (3.7) and (3.8), we have
; 1
F (”rl- ”n—l) + T_(unfl — Up. Uy — yu) > 0:
n
and
. 1
F (”u—t- “'n) I ('“-n —Up—1. Up—1 — y'rL—Jl) > Ue
Tn—1
from (42), we have
1
— -1 — W M Yn) {(Un — Un—1 g N Yn-1) = 0.
n T'n-1
it follows that
i Tn<1
{tppem Y= $in W=D = : (U =y )32 0.
n
then, we have
Tn=1
{“-'u 20 Masilly, 5 = @ Y/ Un) T Yn-4 5 (uﬂ == 7/71}) = 0.
T
it implies that
5 Tl
Hun—l ) “u”» < (uu = Uy 1y Uy 7 Y10 T (uu " yn})
n
Tn—1
= | /P S Mt ="y 0 S| 7 - (Uu - yn))
mn
Tn=1
S (L’-“ — g1, yn — Yn=1 ot (l T & )(”n A yrl))
n
Tn-1
< ”U'ﬂ W “n=1||{”yn - yn—lH + |‘l — i”“n 4 ynH} (39)

T'H
By (3.9), we have

Tn=—1

i

= HBH“;‘-’!.H + (] = 37:)»";?1 = ;671—55:61)—[ = (1 = 81171)1"1’171”

”un SO “n” S ”yn — Yn 1“ e |]- 7 I”“ﬂ A yn“

Ty—1

Aol l= llun = ynll

”51!81?1 + (1 - 3‘:1)‘7:71 = (1 = }Gn)zn -1t (] = JBn)'T'n—l - 51153'11—1 + BnS-’rn 1

Tn—1

—.‘/'J)H_IS'J‘?,,] = (l = .Bn--l):rn—-]“ + Il = Hlun - yn”

< (1= Bl = Tnotll + 1B = BuctlllTncrll + BallSzn — Szacll
Bt = Bull STl + 11 = 2 =

< 2w = tuctll 4 180 = Bucill@a=ll + 1Bzt — BulllSzacsll
+u-“;anfwu

< e nall+ 2018y = Sal + <l = T 1|, (3.10)

078295



18

where M = max,en{ |||zl |SZnll; 2w — vall}. Substitute (3.10) into (3.6)

Zns1 = 2all < lom = analllull + {1 = o)l — wn-al

+lan-1 — an|ltn-1]]

< |a'n — Q1 l”ull + (1 - a'n)(”“TTI - xn—l“ + 21‘4}{3):1—1 - .Bnl
1
’l‘alrn - Tn—llﬁ"-{) + la.”_] - a’nl”“n—l“
< oam — oot ||l + (1= anHl@, — 2poa ]| + 2M)Bus1 = 3l

1
+E|Tn - Tn—l}-ﬂ{{ + Eﬂ'n—l - an“lun—]” (311)

By (3.11), condition i and Lemma 2.8, we have

ll_r)h [ne1 = Zx]| = 0. (3.12)
Step 3. We will show that

Um [[Sza — 24 = 0. (3.13)

Xy

Since y, = 3,5z, + (1 — B)z,, we have

JBTJ-(S:CTJ i En) =UYn — Tn. (314)
Claim that
nt'_';n lzns1 = wnll = 0. (3.15)
Since
' ”l'n+1 - yn” =< an“u s ynli - (1 L O!n)”'un = 'y,,“. (3.16)

For = € EP(F)(F(T), by firmly nonexpansiveness, we have

lun — 2l =" S, Y0 = Sr, 2|
< {un — 2,40 — 2)
1
= 5 (lun = =l + Iy = 217 = et = all?). (3.17)
From (3.17)
lien — 2”2 = ”yn - 3“2 - ”un - yn”z' (318)

By definition of {x,} and (3.18), we have

lensr = 3“2 < auflu— :5“2 +{1- a‘n)““n - 3“2
< oyflu— :”2 +(1- a-,,)(ily,, - 3”2 - ”uﬂ- - yﬂ“?)
= opllu- -3”‘2 + (1= an)llyn = 2“2 = {1 - an)lun - yn||2
< aplu- :”2 +{1 - CY;:)((] = ) lbzn — 3”2 + Bl Sz - :“2)
_(1 - an)”“ﬂ - ?]11”2
2 e , 2
< oapllu— 2"+ (1 = an)llrn = 2l = (1 — @n)llun — wall”
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it follows that

A

(1= aa)lltn = wl® S anlle— 2l + llzn = 2| = 2t — 2[*

A

anllu = 2l + (2 = 2l + s = 2l = 2l
by condition ¢ and (3.12), we have
im Jl = yall = 0. (3.19)
By (3.19), condition i and (3.16), we obtain (3.15). Again by (3.15} and {3.12), we have
lim Iy = zall = 0. (3.20)

By (3.20), (3.14) and 8, € (e.d], we have (3.13)
Step 4. Putting z; € §. Show that

Ui sup{ee — zo. Tp — 20) < 0.

=0

To show this inequality, choose subsequence {z,,} of {z.} such that

m sup{u — zg. ©n — 20) = klim {u — zg,%n, — 20)- (3.21)

Without loss of generality, we may assume that z,, — w as k — oc where w € C. We
first show w € EP(F). By (3.20), we have y,, — w as k - ca. Since u,, = S, ya, fOr every

y € C, we have
1
Flu,y) + ?_—(y = AUy = Yu) 2 0,0 VY E€C,
n
from (A2), we have
1
1_—(y — U U — Yu) 2 Flyun) YyeC.
T
In particular, we have
(W = tny, ) > P(y,un,) - Vy€C. (3.22)
nk
By (3.19) and g, — w 85 k — oc, We have u,, — w as k — co. Again by (3.19), (3.22) and

Uy, — w as k = o¢, we have

0> Fly,w), Vyed. (2.23)
Let 2 e (0.1] and y € C, setting y, = ty + (1 — t)w, then g, € C. By (3.23)

0> Fly.w), YyeC. (3.24)
By (A1), (A4) and (3.24), we have

0 Flyy) S 4F(y )+ (1 = ) F{y,w)

LF (. 9}

1A



it follows that

20

0< Fly,y)- (3.25)

From (43) and (3.25), we have

0 < Flw.y),

then w € EP(F). By z,, — w as k — 2, (3.13) and Lemma 2.7, we have w € F(S5).

Hence w € §. By (3.21)

msuplu — zp. 0 — 20) = UM {u— zp. 2, — 20}

n—roo k—oo

i

{u— zp,w—zp) 2 0.

Step 5. Finally, we show that z,, — z¢ @s n — cc, where zp = Pyu. By nonexpansiveness

of T and S,.,, we have

e — 30“2

| VAN FA P

1A

<

llews (= 20) + (1 = ) (ten — 20}

(1 — an)?[lun — 20)|® + 20n{n — 20, Tns1 — 20)

(1 — an)liSr.tn — 20ll* + 200t = 20, Tng1 — 20)

(1~ an)ltn — 20l + 200 ~ 20, Tny1 — 2a)

(1 — a )|Bn{Sz — 20) + (1 = B} (T — zo)|12 + 260, (1 — 20, Tut1 — 20)
(1 = @) (BullSn — 2zol|? + (1 — Bu)llzn — 20ff%} + 200, {1 = 20, Lo — 20)

(1— an)llzn — 20“2 + 20, (1w — 20, Tny1 — 2},

from step 4, condition ¢ and Lemma 2.8, we can conclude {z,} converse strongly to

z = Pyu. Complete the proof. (]
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Chapter 4
Conclusions

in this section, we conclude all main results obtain in the thesis

Fixed point with graph

(1) Let (X.d) be a complete metric space and G = {V (G). E(G)) be directed ¢raph

suchthat vV (G) = X, and let g : X — X be a surjective mapping. If 7: X = CB(X)
is a multi-valued mapping satisfying the following properties :

1) T is a g-graph-preserving mapping ;

2) there exists xy € X such that (g(ze),y) € E(G) for some y € Tay;

3) X has Property A;

4)Tis a {a, 8. L. g)-G-contraction;

Then there exists u € X such that g{u) € Tu.

(2) Let (X.d) be a metric space endowed with a partial order <,g : X = X be

surjective and 7 : X — CB (X) be a multivalued mapping. Suppose that

1) T is a g-increasing ;

2) there exists zp € X and u € Tz such that g{zo) < u;

3) for each sequence {zx} such that g(zx) < glzxsr) for all k € N and g(zy)
converge to g(z), for some z € X , then glzx) < g{z) for alt k € N;

4) there exists @, 8 € (0,1) with 0 < @ < 8 < L and L > 0 such that

H(Tz,Ty) < ad(g(z),9()) + 8D (g (). Ty) -+ LD (g(y)  Tx)

for any z,y € X with g(z) < g{y);
5) the metric d is complete.
Then there exists u € X such that g{u) € Tu.

4.2 A Strong Convergence Theorem for a x;-Strictly

Pseudocontractive Mapping in Hilbert space

(1) Let ¢ be a nonempty closed convex subset of a Hilbert space 1. Let F be a

bifunctions from C x C into R satisfying (A1) — (A4). Let {T;}, be & finite family of
x;—psuedo contractions with § = N1, F(T) N EP(F) # . Define a mapping 7,
by T,, = iz +(1—r;))Tix, Yo € C. i€ {1, 2, ... N}. Leta; = (al.af.alye IxTx]I,
j=1,2.3,...,N, where I =[0.1] ,ol+ad+a} =1, ol (@) forall j=1.2.. N-
1. ol € (0.1)ed. o € [0,1) for allj = 1,2..... N. Let S be the mapping generated by
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TrrsTias oo Ty @aNd @, g, ..., an. Let {z,} be sequences generated by ;. u € C:

1
F(unyy) + _(y — Uy, Un — {ﬁnsmn -+ (1 - ,Sn)xn)) 2 0. V'y c C
Tm (4.1)

Tys1 = QpU+ (1 - Q'u)uu: Yn 21,

where {a,}, {8} € (0, 1) such that r, € (a, b) and 8, € (c.d] C (0, 1]

Assume that

(i} Um an =0 and 23 g0, = .

Y OC

(1) 2% |rnt1 — 7l Bol | — ol 20201801~ 3l < oe

Then the sequence {z,} converge strongly to = = Pzu.
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Definition 4.1. Let {zu} be a sequence in R. {z.} 18 called bounded sequence, if

there exists M >0 such that lza] < M Tor allne M.

Definition 4.2. Let {a,} be 3 sequence of real numbers and let a be a real number.
We say that {an} converges to a if lan - al — 0. We usually symbolize this by writing
an — oln — 00), WMysec n = & or a, — @ Tne point a is catled the limit of the

sequence {an}. We also say that {a.} 13 convergent, or {an} converees.

Theorem 4.1. Let {an} be 2 bounded seguence of real numbers. Then, there exists

a convergent subsequence of {an}-

Definition 4.3. Let R be the set of real number and 4 c R. cis called limit point of

A if every ¢ > 0, there is @ € A such that le—¢l <e

Definition 4.4. Let X be 2 metric space and F € X ic called closed set if and only if

for every \imits point of I is in I. i.e. for every X is limit point of F imply z € F.

Definition 4.5. Let X be a metric space and A € X. Then A = AU A is called closure

set of A where A’ is the set of all limit point of A.
Theorem 4.2. Let X bea metric space. If A s closed set then A = A

Definition 4.6. A vector space Over Fis a set V together with the operations of addition
v x V = v and scalar multiplication F = V = v satisfying the following properties:

1) Commutativity: w-+v =uv+ forall m.v eV,

2) Associativity: (u + 4 wo=ut (vt w) and (ab)v = a(by) for alt w,v.w € V and

a, b el
3) Additive identity: There exists an element 0 €V such that 04 v = v for alveV;

4y Additive inverse: For every v € V, there exists an element w € v such that

w+w=0
5) Multipticative identity: 1v = v for alveV;
6) Distributivity: a(u+ ¥y = au + (v and (a -+ bju = au+bu forall w,ve Vv and a.beF.

Usually, a vector space Over  is called a real vector space and a vector space over
¢ is called a complex vector space. The element ve V of 2 vector space are called

vectors.

Definition 4.7. A set ¢ in a vector space is called convex if for any =,y € ¢ and
o € (0,1) we have

ac+ (1 —a)yeC.
Definition 4.8. Let X be a vector space and the function || -1 : X = R is norm if it

satisfies the following conditions:
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1) =il 2 0

2) [z =0 z=0

3) Yol = lodliel, Vo € F;

a) fjz + ol < el -+ oyl vz, y € X {riangle inequality)-
Then (X, |-l or X is called normed space.

Definition 4.9- Let (E.l| - I}) be 2 normed space. We say that a sequence {z,} of
elements of E converges 1o some T ¢ E if for every ¢ = 0 there exists @ number A
such that for every 1 > M we have lzn— il <€ in such a case we write limp oo En = T

or simply Tn = T-

Definition 4.10. A seguence of vectors {za} in 2 normed space 15 called a Cauchy
sequence if for every ¢ > 0 there exists @ aurnber Al such that Jlzm — all <€ for all

m,n> M.

Definition 4.11. A normed space E 15 called complete if every Cauchy sequence in &

converges {0 an element of E. A complete normed space is called a Banach space.

Definition 4.12. AN inner product space i« a vector space X with an inner product
defined on X. Here, an inner product on 5 is a mapping of X x ¥ into the scatar field
F=Ror G that is, with every pair of vector X and y there is associated a scalar which
is written and is calied the innev product of z and v, such that for all vectors z.4. 2

and scalar a € Fwe have:
1) {z,z) 20 and (z.x) =02 &7 0;
2) {az.y) = alz.y)
3) (z,5) = .2
) @+ = (@ 2) + . )
An inner product on y defines a norm on X given by izl = V@)

Remark 4.3. 1) An inner product space is called a real inner product space for the
case when the scalars are the real numbers and {z.y) s a real number. For the
case, 3) mean

(z.y) = (.20
2} Using 2), 3) and 4) we obtain that for 7.y € x and &, 3€C,
(v, oy + Br) = Bz F Blz. 2)-

Theorem 4.4 if z and y Sre any two vectors in an inner product space X, then

W) < Hzllfivl
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Theorem 4.5. For any two elements = and y of inner product space X we have
lz + 2 + fle — wl? = 2zl + 20l

Definition 4.13. Let X be an inner product space and X is called Hilbert space if X

is complete inner product space.

Definition 4.14. A sequence {z,} of vectors in an inner product space K is called

strongly convergent to a vector x in K if
|z, — xil = 0 as 7 - oo

Definition 4.15. A seguence {xn} of vectors in an inner product space K is called

weakly convergent to a vector x in X if
{Tn ) — (T, y) 3SR X for every y € K.

Theorem 4.6. A strongly convergence sequence is weakly convergence {to the same

limit), that is, , — « implies =, = 2.
Remark 4.7. If z, —z and 2, — ¥, then z = y.

Lemma 4.8. Let {z,} be a Cauchy seguence of an inner product space € such that

Ip — . Then z, = .

Theorem 4.9. Let 1 be a Hilbert space and let € be a nonempty closed convex

subset of /. Suppose that {z.} C € and z, =« Thenz €C.

Definition 4.16. Let i be a Hilbert space and let € be a nonempty closed convex
subset of H. Let [ be a function of ' into (=50, 00|, where (—oo,oc] = RU {oc}. Then,

f is called lower sermicontinuous if for any a € R, the set
{reC:flz)<a}is closed.
Moreover, f is called convex if for any z,.@s € Cand t € (0,1),
e & (L= ae) € tf) + (1= 1)f (@)
Similarly, [ is said to be concave if for any 1,22 € C and t € (0.1),
Tz + (1= Daa) = (@) + (1 - 1) {=2)-

Theorem 4.10. Let {a,} be a bounded of real numbers. Then, there exists subse-

quence {an, } of {an} such that

a = limsupa, = im an,.
1—roC

n—ro

Similarly, there exists a subsequence {(zm} of {a,} such that

3 =lminfa, = M ay;.
¥ OC

Hn—rod g
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Remark 4.11. Let H be an inner product space. Then we know that the following (1)

and (2) are equivatent:
1} H is complete,

2) each bounded sequence {z,,} of H has a weakly convergence subsequence {z, }
of {Tn}.

Definition 4.17. Let E and F be linear spaces with the same scalars, and let T be a
mapping of E into F. Then T is called linear if for any z.y € E and any scalar a € R,

T(x +y) = T(x) + T(y) and T(axz) = oT(z).
In particular, for the case of F=R, T is called a linear functional.
Note that if 7: E — F is a linear mapping, then
T(az + fy) = aT(x) + 8T (y), Yo,y € B and a,8 e R.

Definition 4.18. Let E and F be normed linear spaces with the same scalars, and let
T be a linear mapping of E intc F. Then T is called bounded if there exists K = 0
such that

T ()| < K| for all z € E.

Let T be a bounded linear mapping of E into F. So, we have that forze E
with [izlf < L,
|17 ()] < K, (4.2)

where T(x) is often denoted by T'z.

Definition 4.19. A graph is a mathematical structure consisting of a set of vertices and
a set of edges connecting the vertices.

Formally: G = (V (G), E(G)), where V{G) is a set and E(GY =V x V.

G = (V(6).E(G)) undirected if for all v,w € V, (v.w) € E if and only if (w.v) € L.
Otherwise direcied.

Example Let G = (V (G).E(G)) with vertex set V(G) = {0,1,2,3,4,5.6} and EG) =
1(0,2),(0,8),0,5),(1,0),(2,1),(2,5),(3,1),(3,6),(4,0),(4,5),(6,3),(6,5)}.



Figure 4.1: A directed graph C.

Figure 4.2: An undirected graph G.

31



Appendix B

The Research papers



msys: uuammsiauauamu:oﬂurunnnnm s:dumdnanngi 2560 PMP4
FISAU LENIeNBLLOUsTU

A new method for equilibrivm problems and a finite family of pseudocontractive mapping

"33n1i‘!miﬁm‘i’uﬁmﬂmwaﬂnﬂmmm“n15ira'um'aaﬁnmﬂuumiﬂmnu
= - .
Araya Kheawborisut (97767 U5 gy Dr AtidKangranyskam (5.0 18Rt TRy ie)*

ABSTRACT
The purpose of this paper is to prove the SLIONg CoNvergence theorem for finding a common element of the
set of solutions of an equilibrium problem and the set of fixed point of a finite famnily of K, -stricily
pscmlnmnu:xclivcmapping (i.e, there exist i; € [0 l) sucl that uTm—Tvﬂ <|!\-\'“ +xx§(1 =~ T]\n
Vx,reC and 1 =1,2,.0, N} in framowork of Hilbert spaces by using different methods. Our main theorem

improve and modity some previously proposed resulls.

unfintio
".mml3vﬁqﬂ-ummmuunnuuanwﬂmlgvnm'sqmsmmﬁ’uﬂm%'unnmﬁm%ni:u-\mwm:aq
HARD mmaﬁmn'namammmnuwnumwmwmm‘:'N':mfnnn'ummum k wanflouTaoud (nenafie ¥
. [0, l)maﬁﬂﬁ' [|I\—7vl| <]||.\—v|] B O [)v][ , A funng ,\,yeC niny
i _] 2,..., N) luBgiifadiin Tar)ERunndannamiif AhuA «wnm:ﬁmnwnmm'numnmnvwwm

unzﬂmﬁ]qmmvﬁnuwummnunmmmu"kﬂ

Keywords: Steicily pseuclocontractive mapping, Equilibrinm problem, Fixed point

iy mzdavafivy Taowd ey waom yARda

v Spugdent, Musier of Science Program i Appliad Mathematics, Feenlty of Scicice, Kimg Atongha s Instingz of Fechnolagy Ladirubang

»» gesistas Professor, Depastaent of Maghematics, Facully of Sclance, Kimg Monghut s tnstitute af Technolegy Ladkrabong

33



34

| misusuuimsiausNanusTdnAndng s:dumndnanmnng 2560 PMP4-2
S0 D 7560 U A SaR AR TROSENAILOTY ) )

Tatroductivn

Let H be a real Hilbert space and Jet € be a nonempty closed convex subset of H. Let P bethe

prajection of F1 onte C. A mapping T of F into itself is called nonexpansive if’ HT,\:—E'“S“.\'—}’l for all
X, )r € H. The set of fixcd points of T is denoied by F{IY (le, F(I)= {fo‘[ Ty = \}) A mapping
T:C—C i said to be a X -sirctly pssudy conwacon mapping, il there exist K€ [0,]) such that
[r~- Ty|l: <|lx —-y": +x|[(F=T)x= (I - T)}-'“: Cx,rell

Let FiOxC—» R be a bifunction. The equiliarium problem for F s o determine its equilibrum
points, i.c. the set

EP(F):{xGC:F(.r,y)?O,‘c{veC’}. u.

The preblem is very general in the sense that it includes, as special cases. aptimization problems, variational
inequalities. minimax problems, Nash equilibrivm problem in noncouperative games, and others, see (Blum, Oettli.
1994; Combeites, Hirstoaga, 2005; T: akahasli, Takahashi, 2007).

Takahashi, Takahashi (2007) introduced viscosity approximation wethod for fnding a conmen element of
the sct of sotutions of problem {4.1) and the set of fixed points of a nonexpansive mapping in a Hilben space. They

defined the sequences {.rﬂ} and {u"} ns follows: Let x) € H and j + i — H beacontmction mapping with
ae(0,0). {x} c[0,1]and {1} (0,%)
F(u",y)+—l-(y—n,,,u,, —.1‘,,)20, vyel,
t

Xon F S (X)), InelN,
They proved sirong convergence theorem of sequence {.\'n} penerated by {1.2) 1o

ol =] ]"(T)nEP (}') where Z =PF(T)ﬂEP(F)f(z) under certain appropriate conditions imposed on the
sequences {an},{r;,} and bifungtion f7.

In tlis paper, motivated by (1.2), we introduce a new 2lgoritlim as follows: for U € C and the sequence
{.\'”} genoraled by ;

F(ln’”=}') 4——1-(}’—u",r:,I -(ﬁ"T.\'R +(-Ax, )) =0, Yyel,
3

n

{1.3)
X, = e +{i-a ), Vazl,

where 7 :C xC => R isabifunctionand T C — C is K, -stricily pseudocentractive mapping.
Under suirable conditions of pammeters {a"} A {ﬂn} 3 {rn} . we prove strong convergence theorem for finding 3
common element of the set of equilibrium problem of finite family of ¥, -swiclly pseudecontractive mapping in
Hilbert spaces.
QUjective of the study

To intreduce 2 new algorithm for finding 2 common element of the set of sotutions of equilibriun problem

and the set of fixed point of a finite family of K, ~stricily pseudoconmactive mapping in framework of TTilbert spaces.
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Prelininaries

I this section, we give some usefil lemmias and definitions hat will be needed for our main resull.
Definition 2.1.[5] Let E be a real Banach space and D e s closed subset of E . A mapping T:D=Dis
said 1o be demi<closed at the origin if, for any sequence {.\‘,‘} in D, the conditions X, —> X, weakly and
Tx, — 0 swongly imply Tx, = 0.
Lewinn 2.1.[7] Let {.5'”} be a sequence of nonnegative real numbers satisfying
Sl = (1- a;,)s,, +f,, ¥nz (O where {a,,} {ﬁ”} slisfy conditions

1) fa) (o), Sa =«

]
(2} lim supﬁ”— 0.
A=y o
H
Then lims, = 0.
Erry
et € be closed convex subset o real Hitbert space F and P he the mesric projection of £ antn (_.‘

ie, for x € H, Fpx saristes the property |l.\’--chn = l}f{.t'l “.1‘—-y" .

The following lemma 2.2. characterizes the projection Pc .

Lewmna 2,251 Given X & 7 and 3* € C- Then P.x =y ifand onlyif there holds the ineguatity
(x—_v,_)-'-*:)ZO vzelC.

Lemna 2.3.(2] Let E bea uniformly convex Banmach space, C' be a nonenmty closed convex subsel of £ and

5 :C— C beanonexpansive mapping. Theo ] —§ is demi-closed at zero.
Lemma 2.4.[8] Let {S"} be 1 sequence of nonacgative real mumbers satislying

S0 =(1—0,)8, +8,, Vuz0,vwher {aﬂ} is o sequence in (0,1) and {5”} is a sequence such thal

1) Ya, ==,

n=1
5 ol
(2 limsup—-<0or e
e 4
n =l
Then lim s, =0.
H=rt
For solving the equilibrium preblem for a bifunetion F7: CxC —> R, letus assume that F satisfy the
following conditions:

(AD Fle,X) =0 VxeC,

(an F is monotone, F(x, 0+ F(n,x) 20, Vx € c,

35
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AN Vx, 1,z eC, ImFz—(1-x, v) € Fx, )
130
(Ad) Vix e C, ¥y F{x, 17) is convex and lower semi continucus.
Lemma 2.5.1] Let € be a nonempty closed convex subset of & and let £ be a bifunction of € C into £

salisfying (A1) - (A4). Let # > O and x € F. Then, there exists z € C such thas
1 .
Fla,+=(y-z.z-x}>0 (2.
r
furall y€ C.
Lemmnu 2,6.[3] Assume that 71 CxC = R satisfies (A1) - (A4). Fur #> 0 and v € H ., define n mapping
S, 1 H = C asfollows;

S (x)= {z e(: F(z_.y)-!-%(y— :,z—.r) 20, Yye C}. wn

forall z € A .Then, the following hold:

[£)] S, is single-valued;

(1) S, is firmly nonexpansive .2, ||S, ()5, (_}’)”2 < (S,, (X)-=S8.(») .\'—_1’) V. vel;

3 F(S y=EP(FY;

@y FP(F) is closed and convex,

Lemma 2.7.[9] In & real 1ilbert spaces /o thers halds the following inequaliry |E\ +_l?"2 = “\lr + 2(_1-‘, .\‘+)-‘)
forall x,yedfd.

Lemma 28] Let € be a nonempty closed convex subset ot real Hilbert space & and 7:C = € a - swict
pseude contraction. Define S C— C by S\:=a‘.\'+(l—a)r\: foreach X € C. Then & € [K, l), 4
nonexpansive such that F(8) = F{T).

P
Lenans 29041 Let € e anonemply slosed cunvex subsel uf striclly convex. Let {7: } 'il

be a finjie [amily of
nonexpansive mapping of C lato itselt with ﬂ;‘;ﬁ'(}';) #@ andlet &, = (a,-',ag’_.a;') elwfxf,
F=L23, N whee I =[0,1], of +of +af =1,af €(0,1) fora j=1,2,3,., 81,
a;" E(O,i], (15’, ag’ G[O,l) forall j=1,2,3,.. . N. Let § be the mapping generated by (178 0T,
AN Gy ronn Gy, Then F(S) =) F(T;).
Main result
Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space J7 . Let F bea bilinctions from
CxCinw R sutisfying (A1) - (Ad). Let {T‘}il bea Anite fimily of K- sigaly psusdecenticions with
F= ﬂ;ﬁ'(y; Y EP(2) 7 D. Define a mapping T, by T, =wx+(1=wMx. VreC,
e{l.2,., N} . tea, =(af,ad,af Je IxI x1, j=1.2,3, N where [ =[0.1].

of +od +af =l &) €(01) forall j=1,2,3, . N-1, & €(0,1], &f. & €[0,1)
SJorall j=123, N La§ bethe mapping genessted by 7,7, oo T and &) 6o Q. Lat

{.\'"} be sequence gereruled by X, H € C:

-3
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N
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F(u”,y)+l<y—u",u,, ~( A5, +(T- A, )) 20, e,

it tan
‘rnll =(1"U+(1_(z" )un: V” 2 1:

where {a,,} ,{ﬂ”} C(O, l) such that 7, € (H,b) and B E(c’,d] C(O, l] .

Assome tat

(E}REQH =0 and ;a" =an,

o al o0
(i) 2 W =1 2 fta =} 2| B = ] <2
H=0 =t =l

Then the sequence {x"} converge strongly to z = Fu.

Proaf Step 1. We shall show that the sequence { X, } is bounded.

Let £ € FF . Since

{34 (v <t0, (A5 + (=A% )20, vpeC. wa
s

by Lermma 2.6, it implies that tf, = Sr,, (ﬁ"Txn +(l —ﬁ”)_\‘,I )nml zef(§ )

Then, we have

e = 2| £ 2, [l = 2]+ (1 -, ) |1t = 2]

=, |lw =z +(1-a,) S, (ﬁﬂS.r" +(1-4,)x, ) = z”
<, ”11 - 2||+(T -a,) (ﬂ"SxH +(1-4.) .\'”)— z“
<, ]iu —zH-i-(l —a”)(ﬂ” ﬂS-",. - z”+(] - ﬁ,,)”.\'" - z”)
< & [ln =2+ U-a)(B, v, 2] +(1- £, Y, ~=l)
=1, ||u - zﬂ +(1-a,) ”.\'" - z”
< max {u—z|.Jx, —=[}. .

By induction we can prove that {.’c"} is bounded, so arc {S\f"} and {H"} 5

Step 2. We will show thar Lim, H.\'ml N || =0

bt v, =ﬂllS".H + (l _ﬂn)xn'

Consider
ot = 2| = “a,,-u +(1—a, i, — etz — (-, i,

=let, e + (1= 0, e, +1= @0, oty + (0 =8, )ity —t, e = (Ve |
% "((X” _an‘—l )" +(] - au }("n - “n——l ) + (au _an 1)”n 1 H
Slon = M+, =141, 0l 5
and #, = S,'_}J" andii,, | =Sr},-pn~l’ we have
F(n,,») +l(y—-rrﬂ,.u,f -¥,320, ¥yeC, 13.5)
T
and

=353



MSUSEUSBIMSIEUDHAILITUGUANAAL S:duUGtaLING 2560 PMP4-6
Sufh 10 Gunng 2560 AU FIMSAL NSAD UMSNSLIoRE

Fu,..¥) +L(_v— i, — Y, )20 Vel 3.6
T

Since 1,1, , € C, by (3.5) and (3.6), we have

1
F(un’”n 1 )+ m("'

an
h
1, .
and Flu,, ,u”)-l-‘—(_\- =yt ﬁl,,,,) 0. (3.8
w1
From (A2), we have
1 1
_(un-l —Hy _}',,) + _'("n T, —-Vu—l) z0. (2.9
> r
" n-1
It Tollows that
-
U, =t Uy~ P~ (0, = 1, ) 20, 310
’H
Then, we have
: N Dal ¢ 5
Wy =ty =, i, = ¥ ===, =y, 3 )20, (3
H
It implies that
! r
”"n—l ~""n‘" i "n _"n-l P“u - 'H-l = » (Tl,, = "ﬂ)
"
— 3 3’ ’:J-l i
=4, =, 1, +.1 w Kol T ("ﬂ _Jn)
L
= r:—l
s, o, Y, _3’"-1[ "_;‘ J(ﬂu W)
»
<[, - PV 8| SIS V| MR
= "u un-l .‘ n -vn-l > "u A u” i (3‘12)
"

Dy (3.12), we have

#2541
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II“,'I 1 _"n || s ﬂyn - y"HII+ ri'"”z —-"'n ||
n=1

= IIﬂ,.Sx,, - (] - ﬂn)'\.n - ﬂr-ls“n-l + {I - ﬂn—l }"'nll I+ riﬂtl,' - ‘r
o1
= Hﬂns‘.n =g (= Bx  + 0= B~ B S~ B8+ B 8x
#0105+ =, -1
et
<(1- ﬂr) Uy~ In-l"“‘ Ipn - ﬁu-l“l-\'n-J ‘|+ Ir”r.

- -J;“—‘I"u,_ vl
l'FI

Sxa - S"‘n-l I] + |ﬁl - ﬂn

S'roi-l ﬂ

+

8.~ Brallall 8= 1S [+

< ".r,. - me +

- if‘”’ -2l

S”.\‘” =1 !I +2M IﬂH *ﬂd‘i‘%li';’ - I;HI M, 13.13)

where M = MAX,. {i[.\'" ","S.\'"","U" —_‘»'”"} - Bubstitute (3.13) inta (1.4), we obtain

+|auv] -{2’,,“]“,,_."

|xu e ”+ 28 lb’u-l 2 jﬂl+ (l—llf'" _':r-llﬂ"[J

".\',,_, -z, || < |ot,, -, | ”rr]t +(l-ea,) Iu,, -,
<l -l

Has L [

1
< Iot,, -, |”u||+(] - 0(")”.\'” - :c"_,” +2MS, - B +;|r;, —r| M

n-1
+|a',, "‘1’.._1“]".._1” (3143

By {314}, condition {i}, (i) and Lemma 2.4, we have

,l.iflllﬂ"'”' A ~.\-,,N =0, (3.15)
Step 3. We will show that

liﬂ]]&\;, ~x]=0. {3.16)
since y, = B,8%, +(1—8,)}x,, wehave

ﬁ:r (S‘:» _'\-u) =V, TN (347
Claim that l{{gﬁx,,_, -y]=0. 3.8
since %, — 3, [ S e, [u-p )+ (- ) =) {3.19)

and forall z € EP(YINF(S), by lisly nonexpansivencss. we have
2

< (tr,, —Z.), = z)

=5 (.2

2
I == =

R R i TS

)
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= % (”ﬂ,, - zﬂ2 N T T ) {2200

From (3,20}, ]2 £y, —zllz o

u, —z

By definition of {,\‘"} amd €3.21), we have

=2

5

fa, Hu - z": +(1-e, )“H’" - z”:

sl +(1-a,)Ir, - f oy )
=, o= +(1at ), 2 ~ (1, ot~
St umof +(1-) (0 A, ~of 5, oF)

~(1=2t, ), = !

Lea, ”rr - z[r +(1 —cx")".\'" -z

-

N (] hdn)l!”n _)’,,”: ;

It follows that

1 2
+!|.\'M-—z

£l

RS IR

(1 -, )Ii“n —M "2 £ a, “" - Zi]: +[|.1‘" E

e, ||r£ - z’i: + (||.\'" - z|| +|

By condition {i) arl {3.15), we have

lim Ju, = v =0. (3.22)
By (3.22), condition (i) and {3.19), we vbtain {3.18). Again by {3.18) and {3.15), we have

,lll_ll!”_‘lf,, -x,)=0. 13.23)
By (3.23), 317 and B, &(e,d ], we bave (3.163.
Step d.Put z; € I, wemuvst show that

m{n—z,x3,-z,)<0. (3.24)

H—n
Ta shrw this ineguality, chonse subsequence {,\‘"‘ } of {,\',.,} such thar
limsup{w - z,..x, - 2,) = lim (u —Zy,%, - 20> {3.23)
Without loss of penerality, we may assume that X, — @ 25 k — 0 wihere @€ C. We first show

&€ EP(F). By (3.23),wehave ¥, = o as k= o Sinee tr, = S, Vs forevay veC,

we lave
F(n,,,y)+-}‘-(y—u,f,u,, ~nyzo, Yred,
From{A2) , we have '
Ly=un,~x)2Flya),  WeC,

- 236+
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In particular, we have

w, =y . ; -
yi, e Py, ), YreC, (3.26)
4 "

"

By(3.22) and ¥, = @ as k @ welave o, — @ a5 k ~> 290 Again by (3.22),(3.26) and 0, — @

as K =00 we have

=Fly, ), vreC (3.27)
Let 1€ (0,1] and ye O .op ¥, = +H{l~w. wehave ¥, € C.Byi3.27)
2 Fiy,o), YyreC (3.28)

By (A1).1A4) and (3.2R) , we have
O=F v,y (v, »}+ (-0 {1,0)
< iy, y).
It follows that
0 F(y.r). .29
From (A3) and (3.29), wehave
0s e v).
Then ¢w € EP(F). By X, = was k — <6 43.16) and Lemmw 2.3, we have @& F (). Hence wck,
By {3.25), we have
’lli_xgsup(u—zo,xh -z,) :}i}}l(l! ~Zy,X, wzo)
=(uﬁ20,tu-zo)$0
Step S5.Finally, we show that X, — a5 7 — 0. where Z, = A By noncxpansiveness of S and 8, wo
have
[EREA = ”(x (i =z, )+ (1=, ), = zo)”
<(1-a,)
1—e, )|ls,
)

f: —Zn"-+2(2' (u—z o 2’0)

1A

—zD" 420, {1 = 25. %0y — 2

1A

1-a

"

”;’ = zD”: +2t2" (“ J""l"l Zu)

"

] (ﬁu H-Y.l’" . ZOJ : Ijn }ii"‘n _ZD"-:)—’- 2'2'1 (" 7 ZO’xrllI _20)

b u "‘ﬂ_‘-()" +2 ( ZpeVyan zn)

From step 4, condition {1} arkl lemma 2.1, we can conclude that {.\‘"} converges strongly o Z, = P}-M.This

(
(
(1=e )B,65, —z) (1= B)(5, - 2 ) +2a, (=20, ~ 2,)
{
={

completes the proot.
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Conclusion
We deline anew iteralive seheme to generie the sequence {.T,' } in theorem 3.1 and prove that the
sequence {.l‘n} converges strongly o Z = ﬁ.ﬂ. This paper is 1o solve the equilibrium probliem and fixed point

problem of strictly pseudocontraceive mapping.
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