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Chapter 1

Introduction

1.1 Inception and importance

The Kronecker product (or tensor product) of two matrices, denoted by A@ 3B, is
very important in linear algebra and related fields. This product is named after Leopold
Kronecker, even though there is little evidence that he was the first to define and use
it. Indeed, in the past the Kronecker product was sometimes called the Zehfuss
product, after Johann Georg Zehfuss who in 1858 described the matrix operation we
now know as the Kronecker product. This kind of matrix product has wide applications
in matrix theory, system theory, physics, statistics, computer science, signal processing
and other special fields; see [1, 5, 14, 21).

The Tracy-Singh product of two partitioned matrices, denoted by 4 @ B, is
introduced and used in econometrics by Tracy and Singh [19]. Liu [13] shows that
the Tracy-Singh product can be viewed as a generalized Kronecker product, i.e., for
non-partitioned matrices A and B their Tracy-Singh product A @ B is the Kronecker
praduct A® B. The Tracy-Singh product is studied and applied widely in matrix theory
and statistics, see [9, 13, 18]. For example, Tracy and Jinadasa [18] derived the expec-
tations and covarfances of the Tracy-Singh product of random matrices with indicated
statistical applications and Koning et al. [9] used the block Kronecker and Tracy-Singh
products in the estimation of k-factorial covariance structures.

As a natural generalization of a complex matrix, a Hilbert-space operator is a
bounded linear transformation of a Hilbert space into itself. The tensor product of
two Hilbert-space operators can be viewed as an infinite-dimensional extension of the
standard Kronecker product of complex matrices. Important results on tensor product
of (bounded linear) operators have been continuously considered in the literature (see,
e.g., [4, 11, 200).

In this research, we define the Tracy-Singh product for block operator matrices.
We then establish its algebraic properties, order properties, analytic properties and
structure properties. Our results generalize the results known so far in the literature

for both Tracy-Singh products of matrices and tensor products of operators.



1.2 Objectives

1) To propose a new product, namely, the Tracy-Singh product, for bounded linear

operators.

2) To investigate algebraic properties, order properties, analytic properties and struc-

ture properties of Tracy-Singh product for bounded linear operators.

1.3 Scope of the study

We investigate algebraic, order, analytic and structure properties of Tracy-
Singh products for bounded linear operators. All Hilbert spaces considered here are

complex Hilbert spaces.

1.4 Benefits

1) To develop further theory for operators on a Hilbert space.
2) To provide mathematical tools for computer science, statistics, physics, engineer-

ing and related fields.

1.5 Research methodology

1) Study advanced topics in matrix theory.
2) Study background in functional analysis.
3) Study background in multilinear algebra.

4} Collect and study research papers and textbooks concerning Tracy-Singh prod-

ucts of matrices and tensor products of operators on a Hilbert space.
5) Define the Tracy-Singh product of block operator matrices.

6) Investigate algebraic, order, analytic and structure properties of the Tracy-Singh

product of operators.

7) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concept and tools in matrix
theory, linear algebra and functional analysis used in the research.

The first and the second sections deal with preliminaries in matrix theory. We
collect fundamental properties of the Kronecker product of complex matrices and
the Tracy-Singh product, as a generalized Kronecker product, of complex partitioned
matrices.

In the third section, we give definition and some properties about tensor
product for vector spaces and linear maps.

The rest of this chapter consist of some background in functional analysis.
We provide basic concept about Hilbert spaces and bounded linear operators on a
Hilbert space, tensor product for Hilbert spaces and bounded linear operators on a

Hilbert space, functions of operators and operator matrices.

2.1 Kronecker product of complex matrices

In this section, we recall sorme basic definitions and results about of the Kro-
necker product of complex matrices. More detailed description can be found in [7, 21].
Denote by M, .. the set of all m x n complex matrices and M,, , is abbreviated
to M,.. We write AT to indicate the transpose of A € M, .. The conjugate transpose

A* of AeM,,, is defined by 4* = A where 4 is the componentwise conjugate of A.

Definition 2.1. Let A = [a;;] and B = [by] be matrices of order m x n and p x g,
respectively. The Kronecker product of A and B {or tensor product), denoted as

A @ B, is defined by

A®B = [u;B)] (2.1)

ij

where a;; B is the (¢, j)th submatrix of order p x ¢ and A @ B of order mp x ng.

Example 2.2. Consider



The Kronecker product of 4 and B is

AOB

Proposition 2.3 ([7]). Let A,C € My, B,D € M, 4, E €M, and o € C. Then

{OB —2B
3B -1B

0

L/

0
15
18
-3

(i) (tkd) ®B = AG@(aB) = a(AG B),

(i} (A+C)oB
(i) Ao (B+D)

(iv) AO(BGE)

AOB+C0oB,
AGB+AGD,

(A@B)QE,

(v} (A® B)* = A* @ B*.

Theorem 2.4 (Mixed product property [7)). Let A € M., B € M,,, C € My, and

D e M,, Then

o S R - L e T e DN oo

(A® B)(C ® D) = (AC) ® (BD).

Definition 2.5. A matrix A € M,, is called

o Hermitian if A* = 4,

e normal A*A = AA*,

e unitary if A*A = AA* =1

[ - B




Corollary 2.6 ([7]). Let A € M,, and B € M,,.
(i) If Aand B are invertible, then A® B is also invertible with (A@B)™! = A"'@B-L.
(i) If A and B are Hermitain, then A ® B is also Hermitian.
(i} If A and B are normal, then A® B is also normal.
(iv) If A and B are unitary, then A® B is also unitary.
Definition 2.7, Let A € M,, be Hermitian. Then 4 is called
» positive semidefinite if z*Az > 0 for all z e C*,
e positive definite if 2*Az > 0 for all z € C* - {0}.
Proposition 2.8 ([7]). Let 4 e M., and B € M,, be Hermitian.
(i) If A and B are positive semidefinite, then A ® B is also positive semidefinite,

(i) If A and B are positive definite, then A® B is also positive definite.

2.2 Tracy-Singh product of complex matrices

In this section, we recall basic definitions and properties related to the Tracy-
Singh product. See [13, 22, 23] for more details.

Definition 2.9. Consider matrices A and B of order m x n and p x g, respectively. Let
A = [Ay] be partitioned with A;; of order m; x n; as the (i,7)th submatrix, and let

B = [By) be partitioned with By, of order pg x q; as the (k, 1)th submatrix where

T 8 t u
Somi=m Yomi=n, Y pk=p Y a=q
i=1 j=1 k=1 I=1
The Tracy-Singh product of A4 and B, denoted as Am B, is defined by

ARB = [[A;'j ® ka]kl] (2.3)

ij !
where A@ B is of order mp x ng.

Remark 2.10. For an element-wise partitioned matrix A (i.e., each submatrix of 4 is of

order 1 x 1), their AmBis A B.
Example 2.11, Consider

A A
Apy Asp



where

1 2 3
A = v A = ) A21=[7 8]1 A22=[9J,
4 5 6
and
B - Bi1 Big
By Ba
where
2 5
Bn=[1]. 312={4 7], By = v B =
3 6 9
The Tracy-Singh product of 4 and B is
A OBy An©DB A1s®Byy As OB
A1l ©Bsy A1 OBy A1n©Bs A2 © Bag
AQRB =
A1 @B A1 ©®B1y A ®B;; An© B2
| A21 O By Ap © Byz A2 © Bay Aza © Bag |
1 2 4 7 88 14 3 12 21
4 5} 16 28 20 35 6 24 42J
(o 4] [s5 s 10 18] [e] [15 24
3 oh 6 9 12 18 9 18 27

12 15 24 36 30 45 18 36 54
(7 8 28 40 32 56 9 36 63

14 16 35 56 40 64 18 45 72

21 24 42 63 48 72 27 94 81

1 2 4 7 & 14 3 12 21
4 5 16 28 20 25 6 24 42
2 4 6 8 10 16 6 15 24
3 6 6 9 12 18 9 18 27
= |8 10 21 32 25 40 12 30 48

12 15 24 36 30 45 18 36 54
7 & 28 49 32 56 9 36 63
14 16 35 56 40 64 18 45 72

21 24 42 63 48 72 27 54 81




Proposition 2.12 ([13]). Let A, B,C and D be compatibly partitioned matrices and
« € C. Then

() (tA)@ B = A@ (aB) = o(AQ B),
(i) (A+C)@B = AR B+CR®B,
(i) AW (B+D) = A@B+AmD,
(iv) (A B)* = A*@ B*.

Theorem 2.13 (Mixed product property [13]). Let 4, B,C and D be compatibly parti-

tioned matrices. Then
(Am B)(C@ D) = (AC) @ {BD). (2.9)

Definition 2,14, Let 4 € M,. A scalar A € Cis called an eigenvalue of 4 if and only if
there exists z € C* — {0} such that

Az = Az,

We call = an eigenvector of A associated with A. The set of all eigenvalue of A is

called the spectrum of A and denocte by A(A).

Theorem 2.15 (Spectral theorem for normal matrices). Let 4 € M, be such that

ACA) = {A1,..., Ax ). Then the followings are equivalent.
(i) A is normal.
(i) There is a unitary matrix U such that

Al
A=U u*, (2.5)

An
Definition 2.16. Let A € M, be normal matrix in the form (2.5) and f : X — C be such

that A(4) C X and f is continuous function on A(4). We define functional calculus

of fat Atobe

f()
flA) =U U, (2.6)
F(An)

where A; € MA) for each i =1,...,n and U is unitary matrix.



Theorem 2.17 ([23]). Let A and B be compatibly partitioned matrices. If A and B

are positive definite, then for any positive real o
(A@ B)* = A*@ B~ (2.7}
Here, A* = f(A) where f(z) = 2%

Definition 2.18. For a complex matrix A = [4,;] of order m x n, the Tracy-Singh power
is defined by 48! = 4 and

AE(1'+1) — AEIT'EA (28)

forr e N,

2.3 Tensor product of vector spaces

In this section, we review fundamental properties of tensor product of vector

spaces. See [12] for more information.

Definition 2.19. A vector space (or linear space) over a field F is a set V together
with an addition on V x V to V given by (u,v) = u +v and a scalar multiptication on

F x Vto Y given by («,v) = av satisfy the following properties:
M (u+v)+w=u+@w+w) forall u,v,we V.
(i u+v=v+u forall y,veV.
(iii) There exists an element 0 € V such that v+0=0 forall ve V.
(iv) For each v € V, there exists an element —v € V such that v + (-v) = 0.
V) a(u+v)=au+av foralu,ueVandae F.
Vi) (a+Bw=av+pu forallveVvand a,fc F.
(Vi) a(Buv) = (af)v foralluveVand a,Be F.
{viil) lv =v forall v e V.

Definition 2,20, Let ¥ and W be vector spaces over a field F. A linear operator or

linear map T from V to W is a mapping T : V — W such that

T(u+v) = T(u) +T(v),

T(av) = aT(v)

for every u,v e ¥V and a € F.
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Denote by L(V, W), the set of all linear maps from V into W and abbreviate
L(V, V) to L{V).
Definition 2.21. Let T € L(V,W). Then T is one-to-one or injective if whenever
T(u) = T(v), then u=w.

Definition 2,22, Let T € L(V,W). Then T is onto or surjective if for every w € W there

exists v € ¥ such that T(v) = w.

Definition 2.23. If T € L(V, W) is a linear, one-to-one, and onto mapping, then T is

called an isomorphism, and V and W are said to be isomorphic.

Definition 2.24. Let Vi,...,V, and W be vector spaces over a field F. A mapping

T: V1 x...x Vy— Wis said to be multilinear if for each i € {1,2,...,n},

T (v, 0+ Uiy, tn) = T (U000, Un )t + T (Uiaee ey tgy ey Un),

T(vr, 0¥y, Un) = o1 (va, o0, ¥5,. .-, Un)
for every vi,u; € V; and a € F.

Remark 2.25. If n = 1, a multilinear map is simply a linear map. If n = 2, we call it a

bilinear map.

Definition 2.26. Let i and ¥ be vector spaces over a field 7. Then a tensor product
of & and V is a vector space X over F together with a bilinear map b : 1/ x V — X such
that for any vector space W and a bilinear map ¢ : i x V — W, there exists a unique

linear map ¢: X — W such that o b =.

UxV X

Theorem 2.27. Let U and V be vector spaces. Then U and ¥ has a tensor product.

Theorem 2.28. Let (X1,b;) and (Xa,b2) be two tensor products of U and V. Then

there exists a unique isomorphism T : Xy — X such that T o by = b,

Remark 2.29. Since the tensor product of ¢ and V is unique up to isomorphism, we

denote tensor products of ¢/ and V by & ® ¥ and write u @ v for b(u, v).
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Proposition 2.30, Let if and V be vector spaces over a field F. Then
(i) Forany ui,us etf,veVand o,f € F,

(cur +Buz) ®v = aluy ®v) + B (ue @ v).

(i) Forany we U,vi,va e Vand a, B € F,

u® (avy + Bue) = a(u®u)+ 8 u®vy).

Proposition 2.31. Let i and V be vector spaces. Then any element in U @ V can be

written

Zui & vy,
i=1
where n e Nyu; e U and v; € V fori=1,2,...,n. In particular we have

n
UV = {Zui®vi|neN,uieu,wev}.

i=1
Theorem 2.32, Let § € LU/, U'} and T € L(V,V'). Then there exists a unique linear
map UV =+ U ® V' such that

Plu®v) = Su) e TH) (2.9)

Jor any w e U and v € V. The unique linear map v is said to be the tensor product of

Sand T, denoted by S®@T.

Proposition 2.33, Let 8,58 € L{i,U") and T, T € L(V, V") be linear maps and a € F.
Then

() SR(T+T) = S@T+S®T,

() (S+5)®T

S®T+5®T,

(i} (2S)@T = §@ (o) = a(S@T).
Theorem 2.34. Let §,Q € L(U) and T, R € L(V) be linear maps. Then
(S@T)o(Q®R) = (50Q)® (ToR). (2.10)

Here, S o Q stands for the composition of § and Q.
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2.4 Operators on a Hilbert space

In this section, we provide prerequisites about operators on a Hilbert space.
More details can be found in [8, 10, 17].
From now on, F stands for the real field R or the complex field C. For two

operators § and T, we write ST for the composition 8o T {if it exists).

Definition 2.35. A normed vector space is a vector space X over a field F together

with a mapping || - || : X x X = R, called a norm, satisfying the following conditions:
(NS1) ||lz|| 2 0 forall z € X.
(NS2) |zl = 0 if and only if z = 0.
(NS3) ||az| = |e||lz|| forallze X and a e F.
(NS®) ||z + vl < llz|) + ||y|| for all z,y € X.
Definition 2.36. Let & and Y be normed vector spaces, and T : X — ¥ be a linear

operator. Then T is said to be bounded linear operator if there exists a constant M

such that
IT(z))| < Mlz| forall = e X. (2.11)
From now on, we will write Tz instead of T(z).

Definition 2.37. Let X and ¥ be normed vector spaces. Let T: X — ¥ be a bounded

linear operator. Then the norm of T, called operator norm, is defined as
T = Inf{M >0: |Tz|| < M|z]|, = € X}, (2.12)

Definition 2.38. An inner product space is a vector space X over a field F together
with a mapping (.,.) : X x X — F, called an inner product, satisfying the following

conditions:
(IP1) {(z+y,2) = (x,2)+ {y,2) forall z,y,z € X.
(IP2) (az,y)=calz,y) forallz,ye X and a e F.
(IP3) (2,4} = {y,x) forall z,y € X.
(IP4) (z,z) z0forallz € X and (z,2) =0 if and only if z = 0.

Remark 2.39. If F = R, we call X real inner product space. If F = C, we call ¥ complex

inner product space.
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Definition 2.40. A real (respectively, complex) Hilbert space is a complete real (re-

spectively, complex) inner product space.

When # and K are Hilbert spaces, denote by B(#, K) the set of all bounded
linear operator from # into £ and abbreviate B{#, H) to B(#).

Example 2.41. Examples of Hilbert spaces.

(i) The complex vector space €™ with the inner product given by

n
(z,y) = > wih

i=1

(i)} The space of all » x n. complex matrices M,, with the inner product given by
(A,B) = tr(B*A).
Here, tr(A) = 32, au for every A = [ay]L; € M.
(iii) Every finite dimensional inner product space.

(iv) The inner product space ¢ of all square summable infinite sequences of complex
numbers (the space of sequences of complex numbers o = {z,122, such that

Yooy |wil? < oo} with the inner product given by
(@9 = Y =g
i=1
(v} Any closed subspace of a Hilbert space.

Definition 2.42. Let T" € B(#). The adjoint of T is the unigue linear operator 7= on
H such that

(Tz,y) = {x,T*y) forall zyeH.

Theorem 2,43, Let T and S be bounded linear operators on a complex Hilbert space
# and « € C. Then

() (T+8)* = T* + 8%
(i) (oT)* = aT*,

(iii} (TS)*

I
@
g

(iv) T** = T,

(v) if T is invertible, then T* is also invertible with (T*)™* = (T~1)".
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Definition 2.44. Let % be a complex Hilbert space. Then T € B(H) is called
e self-adjoint or Hermitian if 7* =T,
e skew Hermitian if T* = -T,
e normal if TT =TT,
o unitary if TT*=7"T =1,
e isometry if T*T =1,
e co-isometry if TT*=1,
e partial isometry if TT*T =T,
» projection if T°=7 and 75 =T,
s idempotent if T2 =T,
o involutory if T2 =1,
» nilpotent if T* = 0 for some positive integer k.

Definition 2.45. Let T be a Hermitian operator on a complex Hilbert # into itself.

Then T is said to be positive, denoted by T > 0, if
(Tz,z} > 0 forall z eH.

If a positive operator T is invertible, then we say that it is strictly positive and write

T3>0

Definition 2.46, Let S and T be two Hermitian operators on a complex Hilbert H. We
write § 2 T if §— T is positive and write § > T if § — T is strictly positive.

Proposition 2.47. Let T be a bounded linear operator on a complex Hilbert H. Then

TT* and T*T are positive.

Proposition 2.48. Let 51,5, 71 and T, be bounded linear operators on a complex

Hilbert 1.
(i) U"Sl =S and T > Ty, then

S1+T0 2 Sa+Th

(i2) If 8, > 83 and Ty > Ty, then

S1+Ty > 8y T,
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Definition 2.49 (Positive square root). Let T € B(%) be a positive operator on a com-
plex Hilbert space . A positive operator A € B(H) such that A% = T'is called a positive
square root of T, denoted by 71/2,

Definition 2.50 (Positive kth root). Let T € B(H) be a positive operator on a complex
Hilbert space # and k € N. A positive operator A € B(H) such that A¥ = T'is called a
positive kth root of T, denoted by 7/%,

Theorem 2.51. Let T € B(H) be a positive operator on a complex Hilbert space H

and k € N. Then T has a unique positive kth root.

2.5 Tensor product of Hilbert spaces

In this section, we review basic knowledge about tensor product of Hilbert

spaces. See [2, 15] for more information.

Definition 2.52. Let # and K be Hilbert spaces. Then a tensor product of H and K
is a Hilbert space & together with a bounded bilinear map & : % x K — & such that
for any Hilbert space W and a bounded bilinear map ¢ : H x K = W, there exists a
unigue linear map ¢ : X — W such that o b =¢.

Theorem 2.53. Let H and K be Hilbert spaces. Then H and K has a tensor product.

If (&,b) is a tensor product of # and K it is customary to write = ® y in place

of b(z,y) and H & K in place of .

Theorem 2.54. Let § € B(H,H') and T € B(K,K’). Then there exists a unique bounded
linear operator ¢ : H® K — H' ® K’ such that

Pzey) = S(=)eT(y) (2.13)

forany z € H and y € K. The unique linear map + is said to be the tensor product of
S and T denoted by S®T.



16

Proposition 2.55. Let §,8' e B(H,H"), T, T' € B(K,K') and a € F. Then
() S@(T+T) = ST+S®T,

(i) (S+S)VR®T = SRT+5®T,

(i} (@S)®T = S@ (o) = a(S®T).
Proposition 2.56. Let S € B(H) and T € B(K). Then
(SQT) = §* @7

Theorem 2.57. Let 5,Q € B(H) and T, R € B(K). Then

(§@THQ®R) = (SQ)®(TR). (2.14)
Theorem 2.58. Let S € B(H) and T € B(K). Let (S,)i>, and (T,)2, be sequences in
B(#) and B(K), respectively. If S, » Sand T, -+ T, then S, @ T, = S®T.
2.6  Functions of operators

In this section, we explain how to define functions of aperators. A more
detailed description can be found in [10, 16].

Throughout this section, a Hilbert space # means complex Hilbert space.

Definition 2,59, Let T € B(H). The spectrum ¢(T) of T is the collection of complex

numbers A such that T-A7 is not invertible.

Theorem 2.60 (Spectral family). Let T € B(H) be Hermitian. Set

m = ir‘lfl(Tm,x), M = sup (Tz,z). {2.15)

leti= lall=1
Then there is a family {E()\)} of orthogonal projection operators on H depending on

a real parameter A and such that
(il EOw) S E(hg) for A< Ay
(i) ENz — E(Mg)x a5 Ag <A — Ao, = € H,
(i) EQAY =0 for A<m, EQ\) =1 for A2 M,
(iv) TE(A) = E(NT.

The family {E())} is called the spectral family associated with the operator
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Theorem 2.61. Let T € B(H) be Hermitian. Let a < m and b > M where m and M be
defined in (2.15). Then T has the spectral representation
b
T = f ME(N), (2.16)

where {E(\)} is the spectral family associated with T.

More generally, if p is polynomial, then

b
mw=/mmw@» (2.17)

Theorem 2.62 (Spectral Theorem). Let T € B(H) be Hermitian. Let a <m and b > M
where m and M are defined in (2.15). If f be a continuous real-valued function on

[a, b], then
b
fm=/fmwm, (2.18)

where {E()\)} isthe spectral family associated with T,

2.7 Operator matrices

In this section, we recall standard results on operator matrices which can be
found, e.c., in [6].
For Hilbert spaces My, ... H, consider the direct sum Hilbert space

Hy BB My = er @ @ a7 ey e He 1 =W, et}
equipped with the inner product
(1% DTh, Y1 BB Un) =21, Yyt o o i), TifyreHifori=1,...,n
with addition.and multiplication defined (in usual .way) as follows:

(z1@ . @I (11 & ... O Un) ST 391) D ... © (Zn + ¥n),

a(r®... @z, = (ax)® ... (az,).

Let Hy, ..., Hn and Ky,..., K, be complex Hilbert spaces. Let # and K denote
Hid...®H, and K1 &...@K,,, respectively. Foreachi =1,...,m, let P; be the natural

projection from K onto K;, defined by
Bz1 ®.: @%@, .. ,.8¢) = &
For each j =1,...,n, let E; be the canonical embedding from #; into #, defined by

Ej(CEj) = 0@@0@.1?3@0@@0

\‘f“'l"' ()f"
{} ( ?ubd
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An operator A in B(H,K) can be represented uniguely as a block operator matrix

An o A

A = [Ay] (2.19)

e N
Ami 0 Amn
where A;; = BAE; € B(H;,K;) foreach i =1,...,m and j = 1,...,n. An operator
A € B(H,K) acts on # in the form
T Anmy +.. + AT T
Al = " , e ®...0Ha (2.20)
Tn AmiT1 4 oo+ AmnTn T

Proposition 2.63. Let A = [A]]2) and B = Byl

ay be operator matrices in B(H, K).
Then

'ij_

A+ B = [Ay+ Byl . (2.21)
Proposition 2.64. Let A = [A;]7;Z, be an operator matrix in B(H, K) and a € C. Then
ad = [aA{j]ij B (222)

Proposition 2,65, Let Gi,...,GryHi,. .. He QN K1, .., K be complex Hilbert spaces.
Let A = [Ag][yZ, and B = [Bulgi., be operator matrices in B(H,K) and B(G,H),
respectively, where 6 =61 @ ... @G, H=H1®...@e H,and K=K, & ... & K. Then

> AuBul| (2.23)
t=1 il
where AB € B(G, K).
Proposition 2.66. Let A = [Ay4]7yZ, be an operator matrix in B(H). Then
A=A (2.24)

Definition 2.67. Let H = H,1&Hs and K = K @/K,. For A € B(Hy, K1) and B € B(H,, K2),

the operator

A
0 B

B(H, K)

is said to be the direct sum of 4 and B, and denoted by A& B.



Chapter 3

Algebraic and Order Properties of the Tracy-Singh
Product

In this chapter, we present the definitions and some properties including
algebraic and order properties of Tracy-Singh product for block operator matrices on

a Hilbert space.

3.1 Algebraic properties of Tracy-Singh products

We decompose the complex Hilbert spaces H,#/, K and K’ as direct sums of

certain Hilbert spaces as follows:
)

" e q
H=0n, H=FH K=EEHKL K=K
Jj=1 i=1 =1

=Y
Each operator 4 € B(H,H') can be expressed uniguely as a block operator

matrix
All Aln
LW AL s e AN W varivan I (3.1)
Am1 - Apn
where A;; = P,AF; € B(H;,H) foreachi=1,...,mand j = 1,...,n where E; is the

canonical embedding of #; in H, defined by
2, 08..000z;008...80,
and P is the projection from #’ onto #!, defined by
719..809...8Tm = i

Similarly, an operator B in B(K,K') can be represented uniquely as a block

operator matrix
Byy - By
B=Bufin= |1 - i, (3.2)
Bpl e qu
where By, = Q,BF, € B(K;,KL) foreach k=1,...,pand | = 1,...,q where F, is the

canonical embedding of K; in K, defined by

y —= 08.. 60y a06...50,
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and Q is the natural projection from K’ onto &, defined by
ND..0wd...0Y = Yk

Definition 3.1. Let A = [4;5]52, € B(M,H') and B = [Bulil_, € B(K,K'). The Tracy-

Lj=1

Singh product of A and B, denoted as AR B, is defined by
AREB = [[Aij @ Bki]kl]ij ) (3.3)

where A;; ® By, is a bounded linear operator from #; ® K; into #. @K} and AR B Is

a bounded linear operator from @77, H; @ K, into @[,7, #: ® K.

Remark 3.2, If both A and B are 1x1 block operator matrices, their Tracy-Singh product
AX B is the tensor product A ® B.

Example 3.3. Consider complex Hilbert spaces H = Hi @ Ho, H' = HidHS, K =
KieKe@ksand K' =K, 0 K. Let A e B{H,H'} and B € B(K,K"). Then 4 and B can

be written as block operator matrices

Al A A N By, By B |

Az As Bay B Bag

where A;; € B(H;, H:) for each i,5 = 1,2 and By € B(K;, K,) for each k£ = 1,2 and
[=1,2,3. The Tracy-Singh product of A and B is

r4‘111@1:’5'11 An®Bi1y A1®Biy A1n®Bin A &Brn A1 ® By

AP A1 ®Ba1 Ann®Byp An®Byy An®Bs A12®Bp A ® By

A1 ®@ By Ann®@ By An @Bz Apn @B A @B An® B

| A21 @ B2y An® Bz A1 ®Bay A ® Bay A2 ® Bz A2 ® B
where 4;; ® By € B(H; ® Ki, H. @ K3).

Recall that for each 4 € M, and B € M,,,, the induced maps
Ty :C"—-C™, s~ Az and Tp:C!1—=CP, r— Bz

are bounded linear operators. We identify C*®@C? with C* together with the cancnical

bilinear map (z,y) = x ©®y for each z € C* and y € C%. It is similar for C™ ® C”,

Lemma 3.4. For each A € M, and B € M, ,, we have

To®Ts = Taps- (3.4}



21
Proof. By using the mixed product property of the Kronecker product (2.2), we have

(T4 ®T)(z@y) = Talz) ® Ta(y)
= Az ® By

= Az @ By

(A0 B)(z0y)

(Ao B)(z®y)

Taop(z®Y)

for any z € €* and y € C?. Thus, by the uniqueness of tensor product, Ta ® T =
Taps. O

Proposition 3.5. The Tracy-Singh product of two linear maps induced by matrices
is just the linear map induced by the Tracy-Singh product of these matrices. More
precisely, for any complex matrices A = [Ay] and B = [By] partitioned in blockmatrix

forms, we have
Ts®Tg = Tama- (3.5)

Proof. Recall that the (i, 7)th block of the matrix representation of T4 is the T,,;. By

using Lemma 3.4, we obtain

TABTg = [TAsj]ij B Tl
= [[TA,-j @ TBM] kt]ij

= [[TA,-J-@BH]M]:'J'

= Taps.
[l
Proposition 3.6. The map B(X,H') x B(K,K') — IB(@?,‘JLI Hi®le,@Zf;!£1H§®}C3)
determined by
(A,B) » ARB (3.6)
is bilinear.

Proof. Let A, B € B{(#,H'),C, D € B(K,K") and o, 8 € C. Write A= [4;],B = [B;;],C =
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[Cit] and D = [Dy]. By using Propositions 2.55, 2.63 and 2.64, we have

(@A +BB)RC = [ady + BBijl;; B [Crly
= [[(«As + BBi;) ® CM]ML'

[@Ai; ® Cr + BB ® Ckihd]

I

= |
= [[edy ® CH].R:!] + (8B ® ckl]kt]ij
[l (Ais @ Cr)l]y; + (8 (Bi; ® Cia)ly ]

o [[Aij ® C'k.!]kz],-j +8 [[Bi.f ® Ckl]kt]ij

(AR C)+ (BB C),

AR {(aC+ D) = [A,;jh- X {Olc,u + ﬁng]”C

[Ai; ® (aCt + BDwi)ly) 5

[Azg & ackl]k[] [[Aij & ﬁDkt]MLj

A:j ® Ci ]k[]z‘j + [[/3 (Aij @ Dkl)]kt]z"

N\
[[Atj ® aClry + Ay ® .BDM],&;.!]
<3}
[[or 3

= a[[4; ® Culy]y; + B [[As; ® Dl

= o{ARC) + (AR D).

Hence the Tracy-Singh product is a bilinear map. ]
Proposition 3.7. Let A e B(H) and B € B(K). Then

(AR B) = A*R®B*. (3.7)

Proof. Write A = [4;;] and B = [By,]. By applying Propositions 2.56 and 2.66, we obtain

(AR B)" = ([Ay],;® [ka]ki)*
[Aiy ® Bl

l I

= [l45: @ By,
= [[(451® Bu)"] i
- U505l

= [A5], BBl

A*R B,

It



Proposition 3.8. Let A = [Ay4)]2, € B(H,H') and B = [Bul}|_, € B(K,K'). Then

An®B

ARB = [A4;RB|; =

Am1 B B

That is, the (i,7)th block of AR B is just A; ® B.

A1, ® B

Apn X B

Proof. By Definition of the Tracy-Singh product, we have

AR B

A ® By

A11 ® Bp

Aml &® Bll

Aml @ Bpl

By
A K

A ® By
All & qu
Aml 2 qu

Aml ® qu

By,

Ain ® Bis

An @ Bpy

Amn ® Bll

Amn ® Bpl

A @ Big
Al'n ® qu

Amn & qu

Amn ® qu

Remark 3.9. It is not true in general that the (k,1)th block of AR B is 4® B,,.

Example 3.10. Consider

where

Al

1

An
Any

Arg
Azo

3 A21=[7 8j|a

Az

23
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and
B - By B2
Bar Bag
where
2
B11=[1], 312=[4 7], By = , Bgy =
3 6 9

letTa:C® - C3 25 Azand T : C* - C3, z— Bz.

By Example 2.11 and Proposition 3.5, we have
TAgTB =TsmB : Y —)(Cg, T (AEIB).'E

where

-
ALZWOB ApBRB

Ay B A»nEB

ARDB =

4 7 8§ 14 3 12 21
16 28 20 25 6 24 42

Lo <2 S

4

2 5 & 10 16 6 15 24
3 6 6 9 12 18 9 18 27
8 10 21 32 25 40 12 30 48
12 15 24 36 30 45 18 36 54
7 8 28 49 32 56 9 36 63
14 16 35 56 40 64 18 45 72
21 24 42 63 48 72 27 b4 8l

Consider

Te:C¥=C% z— Cz
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where

rAE]BH AQ Bz
AR By A By

1 2 3 4 7 8 14 12 21

4 5 6 16 28 20 35 24 42

7 8 0 28 49 32 56 36 63

2 4 6 5 8 10 16 156 24
=13 6 9 6 & 12 18 18 27|

& 10 12 20 32 25 40 30 48

12 15 18 24 36 30 45 36 54
14 16 18 35 56 40 64 45 72

21 24 27 42 63 48 72 54 81

We have T, K Ty # Tc. This show that the (k, 1)th block of T4 B Tg is not Tags,,-
Proposition 3.11. Let A, B and C be compatible operator matrices. Then
(A@B)RC = (ARC) @ (BR Q). (3.8)

Proof. By applying Proposition 3.8, we obtain

ARC 0RC

(A BYRC = .
0RC BXRC
Since 0l X = 0 for every operator X, we have

ARC 0
(A@B)HC = = (ABC)® (BRC).
0 BRC

[

This Proposition means that the Tracy-Singh product is right distributive over

the direct sum of operators.

Remark 3.12. It is not true in general that the Tracy-Singh product is left distributive

over the direct sum of operators.

Example 3.13, Let

1 2 [1 0
A Ay A _ :3: :4:  B= B _
A21 A By [4 2]
5 SJ
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and
¢ = [01 02] = o ?
2 0 5
Then we have
[ 10 2 0 ]
4 2 g8 4
01 9 0 2 18
2 05 4 0 10
3 0 4 0
AR (BeC) = o0 \
12 6 16 8
20 10 24 12
0 3 27 0 4 36
6 0 15 8 0 20
0 5 48 0 6 54
j 100 25 12 .0 30
and
1O 2 0
4 8 4
3 0 4 0
5 0 6 0
12 6 16 8
(ADB)@(AEC) = 20 10 24 12
0 1 9 0 2 18
2 0 5] 4 0 10
0 3 27 0 4 36
6 0 15 g8 0 20
0 b5 45 0 6 54
i 10 0 25 12 0 30_|

Let T4, T and T¢ be linear maps induced by matrices A, B and C, respectively.
By using the fact that Tx & Ty = Txgy for any matrices X and ¥ together with Propo-

sition 3.5, we get

TaR(Tpg@Te) = Tagser) # Ttaps)eaac) = (TaRBTp) @ (TaRTe).
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Theorem 3.14 (Mixed product property). Let H,H',H",K,K' and K" be complex
Hilbert spaces. Let A € B(H',H"), B € B(K',K"), C € B(H,H') and D € B(K,K")

be compatible block operator matrices. Then
(ARB)(CR D) = (AC)R (BD). (3.9)

Proof. Write A= [Ay]]Z,, B = [Bulpi=,,C = [Cyl7j—, and D = [Dy)f1.,. Using Propo-

H
Lj=1?

sitions 2.55 and 2.65, and Theorem 2.57, we get

(AR B)CR D) = [{Aij ® Bki]kt]ij [[Cij @ Dkl]kt]ij
o

1=
R

(Ait @ Bku)(otj ® Dut)} :|
kt

Il
.

1z if

T
17
~
Il

I
]+
)=

(A3 Cy; @ By Dit)

LLt=1 u=1

ktd 45

= (Z A Cy @BkquH l
1 kid g

1
a2

| LE u=1l

1| \ 2
( Aitcuj) ® (Z BkuDut):' ]

LL \i=1 u=1 kid g5

o -

i i ZAitCuj ZBkuDuI]

Li=1 u=1 k

~

=

7

l

(AC) & (BD).

For simplicity, we will write AC ® BD for (AC) & (BD).
Corollary 3.15. For any operator matrices A € B(H) and B € B(K), we have
(ARB) = AR B (3.10)
forany re N.
Proof. The proof is by induction on r. The claim (3.10) is true for r = 1 since
(ARKB) = ARB = A'®B.
Suppose the property (3.10) holds for a positive integer r, that is

(ARB) = ATRB".
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By applying the mixed product property (Theorem 3.14), we have

(ARB)™! = (ARB) (AR B)
= (A"® B") (AR B)
= A"TAR B"B
= AT‘+1 EBr_H'.
This implies that (3.10) is true for r + 1. [

Corollary 3.16. Let A € B{H) and B € B(K). If A and B are invertible, then AR B is

invertible and
(ARB)™! = A"'RB-1, (31D
Proof. Applying the mixed product property in Theorem 3.14, we get

(ABB)(AT'RB™') = AA'RBB™!

= I8!
= I,
and
(AT'®@B Y (ARB) = AT'ARB'B
= IR/
=1
This implies that (A B)~! = A~1®B~!, ]

Definition 3.17. For A, B € B(#), the commutator and the anticommutator of A and

B are respectively defined as follows:

[A,B} = AB — BA,

AB -+ BA.

[A:B}-i-
Corollary 3.18. Let A,C € B(H) and B, D € B(K). Then

[ARB,CR D] = é([A,C][B,D]++[A,C]+{B,D]), (3.12)

[ARB,CR D, = £ (4.C)B([B,D]+[4,Cl, ®(B,D].). (3.13)



Proof. (i) By using Proposition 3.6 and Theorem 3.14, we obtain

[A:C] X [B,D]+ + [A,G].[.'E [BaD]
= (AC — CA)R (BD + DB) -+ (AC + CA)R (BD — DB)

ACRBD+ ACRDB-CARBD -CAX DB

+ACKBD - ACRDB+CARBD -CARDSB

2{(ACKRBD - CAR DB)

2((AR B)Y{CR D) — (C®D){AR B))

2[AR B,C R D).
(i) Applying Proposition 3.6 and Theorem 3.14, we get

[A,C] E[B’D] + [A|C]+ P [BaD]+

= (AC -~ CAYR(BD - DB) 4 {(AC + CA}® (BD + DB)

ACRBD - ACKDB-CARBD+CAKDRB
+ACKBD + ACRDB+CARBD + CAK DB

2ACR BD —CAR DB)

2((AR BY(C R D) + (CR D)(AR B))

]

2[AR B,CRD|,.

Corollary 3.19. Let A,C e B(H) and B,D € B(K). If
[4,€C) = 0 and [B,D] = 0,
then
(AR B,CR® D] = 0.
Proof. Since AC = CA and BD = DB, we have by using Theoram 3,14 that

[ABB,CRD| = (AR B)(CR D) - (CRD)(AR B)

= ACRBD - BDR AC

ACKBD - ACRBD

= 0,
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Corollary 3.20. Let A € B(H) and B € B(K). Then
() [ARB,ARI] = 0,
(il [ARB,IRB] = 0,
(i) [ARI,IRB] = 0.

Proof. (i} By using Theorem 3.14, we obtain

[ARB,ARI] = (ARBYARI) -~ (ARI)(ARB)

AAR Bl - AARIB
= A’RB-A’RB
= (.
Similarly, we arrive at the properties (i) and (i), []

Definition 3.21. Let 4 and B be operators in B(H). Then we call A and B satisfy a

braid-like relation if
ABA = BAB.

Corollary 3.22, Let A, B € B(H) be block operator matrices. If A and B satisfy a

braid-tike relation, then so are the following pairs of operators:
() ARA and BR B,
(i) ART and BRI,
(i) IRA and TR B,
Proof. (i) By applying Theorem 3.14, we obtain
(AR A)(BRB) (AR A) = ABAR ABA
= BABR BAB
= (BEB)(AR A)(B X B).

This implies that AR 4 and BR B satisfy a braid-like relation.
(i) Making use of Theorem 3.14, we get

(ARINBRIWARI) = ABARI

= BABRIT

(BRINARI)(BRI.

It follows that AR I and B R I satisfy a braid-like relation.
(iii) The proof is similar with the property (ii). []
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3.2 Order properties of Tracy-Singh products

In this section, we focus on order properties of Tracy-Singh products related

to algebraic properties.
Theorem 3.23, Let A € B(H) and B € B(K) be block operator matrices.
() If Az0and B >0, then
ARB 2 0. (3.14)
(i) If A>0and B >0, then

ARB > 0. (3.15)

Proof. (i} By using Theorems 2.51 and 3.14, we have

ARB = A1/2A1/2 = 31/231/2

5 (Alf? = 31/2) (Alf? s 31/2) .

We know that A2 and B/2 are positive by Definition 2.49. By using Propositions 2.47
and 3.7, we obtain

AREB = (AY2 " Bl/2) (AI/ZE!BVQ)

(
- () (0% ) (i)
-

AV R B1/2) (Al/z X Bl/z)

(i) We have by (i) that AR B > 0. By using Corollary 3.16, we have 4 B is invertible,
This implies that AK B > 0. L]

Corollary 3.24. Let A,C e B(H) and B,D € B(K).

() ifA2C20and Bz D 20, then
ARB =z CAD. (3.16)
(i) If A>C>0and B> D >0, then

ARB > CRD. (3.17)
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Proof. (i) Applying Propositions 2.48 and 3.6, and Theorem 3.23, we get

ARB~-CRD = ARB-AXRD+ARD-CRD

AR(B-D)+(A-C)®D

A

0.

This implies that AR B > CR D.
(ii) By using Proposition 2.48 and Theorem 3.23 together with the distributivity of the

Tracy-Singh product over the addition (Proposition 3.6), we have

(ARB)-(CRD) = ARB-ARD+ARD-CRD

AR(B-D)+(A-C)RD

> 0.

3.3 Tracy-Singh powers
In this section, we give the definition and some properties concern the expo-
nents for Tracy-Singh products.

Definition 3.25. Let A € B(#, ) be a block operator matrix. We define the Tracy-
Singh power by A®! = 4 and

ABCHD = ABrpg 4 (3.18)
for r € N.
Corollary 3.26. Let A, B € B{}) be block operator matrices. Then
(AE"”) (BE”) = (AB)%r (3.19)
forreN
Proof. We use induction on r. For r = 1 the property (3.19) is true since
(4=) (B™) = 4B = (4B)®".
Suppoese that the property (3.19} holds for integer » > 1. By Theorem 3.14,
(Aﬁ(r+1)) (BE(T'+1)) _ (Amr R A) (er X B)
= A® B R AB
= (AB)®"® AB

= (AB)BC+D),



33

This implies that the property (3.19) holds for » + 1. []
Corollary 3.27, Let A € B(H,H') be a block operator matrix and »,s € N. Then
(4%)" = (a9 | (3.20)
Proof. We use induction on s. If s = 1, then the property (3.20) is true because
(Agr)l = A% o (an®,

where r € N, Suppose that the property (3.20) holds for integer s > 1. Then, By
Proposition 3.26,

(Atzr)”l _ (AIZIr)s (AIZ'r)
Y il (AS)g?‘ (AET)
= (4°A)%"
Y (A.9+1)®’"_
where r € N. This shows that the property (3.20) holds for s + 1. [

Corollary 3.28. The Tracy-Singh power of linear map induced by matrix is just the
linear map induced by the Tracy-Singh power of this matrix. More precisely, for any

complex matrices A = [A;;] partitioned in blockmatrix form, we have
@) = er, (3.21)

- Progf. We shall prove the property (3.21) by using induction on r. When r = 1 the
property (3.21) is true since

(T = Ty = Thmr.

Suppose the property (3.21) holds for » € N. By using the induction hypothesis and

Proposition 3.5, we have

(TA)5 = (1) BT,

(Tanr) B Ta
- TAE”EA

= TAEI(?‘+1) N

That is, the property (3.21) holds for » + 1. [
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Corollary 3.29. Let A € B(H) be a block operator matrix. Then
(A'Z")* = (AN (3.22)
forreN,
Proof. We use induction on r. It easy to see that
(Alzu)* — A" = (AnE

This show that the property (3.22) is true for r = 1. Suppose that the property (3.22)

holds for integer » > 1. By Proposition 3.7, we have
(Aﬁ(r.;.l))* pasy (AET EA)*
= (4%) mar
=t (A*)Igr At
s (A*)E(r—%l).
This implies that the property (3.19) holds for » + 1. O

Corollary 3.30. Let A € B(H) be a block operator matrix and r € N. If A is invertible,

then A®" is also invertible with
(AE")-I = (A%, (3.23)
Proof. We proceed by induction on r. Forr =1,
(Aﬁl)_l = A7l = (A7),
This is true. Suppose the statement (3.23) is true for r € N. Then

(Acz(r+1))'1 - (Ar EA)_I
= (AB"’) R AL
- ()T man
(A=) EeD).
That is the statement (3.23) is true for r + 1. []
Corollary 3.31. Let A € B(H) be a block operator matrix and » € N.

(i) If Az 0, then

AR > 0., (3.24)
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(i) If A>0, then

AR 5 . (3.25)

Proof. (i) We use induction on r. The property (3.24) holds for r = 1 since A¥! = A > 0.
Suppose the property (3.24) holds for r € N, i.e. AR > 0, Since A>0and 4% > 0,
we have, by Corollary 3.23,

A@(T'-I"l) — A@rg]A > 0.

(ii) By (i), we have A®”" > 0. Since A is invertible, A®" is invertible by Corollary 32.30. It
follows that A%" > 0. []



Chapter 4
Tracy-Singh Products and Classes of Operators
In this chapter, we show that certain properties of operators are preserved

under Tracy-Singh products and Tracy-Singh powers.

Theorem 4.1. Let A € B(H) and B € B(K) be block operator matrices. If both A and
B satisfy one of the following properties, then the same property holds for AR B:

(i) Hermitian,
(i) normal,
(iii) isometry,
(iv} co-isometry,
(v) unitary,
(vi) partial isometry,
(vii) projection,
(viii) idempotent,
(ix) nilpotent,
(x) involutory.
Proof. (i) Suppose A and B are Hermitian. Applying Proposition 3.7, we get
(ARB)* = A*® B"
= ARRB

This implies that 4 & B is Hermitian.
(i) Suppose A and B are normal. Applying Proposition 3.7 and Theorem 3.14, we get

(ARB)(AR B)* = (AR B) (A" R BY)

|

AA* B BB*

= A*ARB*B
= (A"®B*)(ARB)

= (AR B)*(AR B).
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Thus AR B is normal.
(iii) Suppose A and B are isometry. Then we have by using Proposition 3.7 and Theorem
3.14 that

(ARB)"(A®B) = (A*®B*) (AR B)
= A"ARB*B
= IRI
= 1. |

Thus AR B is isometry.
(iv} Suppose A and B are co-isometry. Applying Proposition 3.7 and Theorem 3.14, we
get

(AR B)(AR B)*

]

(AR B) (A* R B")

Il

AA*X BB*
=IXTI
=)

Hence, A X B is co-isometry.

(v) It follows that by (il and (iv).

(vi) If A and B are partial isometry, we have, by using Proposition 3.7 and Theorem
3.14, that

(AR B)(ARB) (AR B) = (AR B)(A" ® B*)(AK B)
— (AA*A)R (BB*B)

AR B,

This implies that A® B is partial isometry.
(vii} Suppose A and B are projection. By (i), we have (AR B)* = AR B. Applying
Corollary 3.15, we get

(AR B)? = (AR B)(AR B)

AAR BB

= A?R B?

1

AKB.

Thus AR B is projection.
(viii) Suppose 4 and B are idempotent. By (vii), we have (AR B)> = AR B. Thus AR B
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is idempotent.
(ix) Suppose A and B are nilpotent. Then A™ =0 and B* = 0 for some positive integers
r and s. Applying Corollary 3.15, we get
(A'E B)r-}-s — Ar+s [ Br-{-s
= A"A°*R B"B®

0- AR B0

=00

=0

It follows that 4R B is nilpotent.
{x) Suppose A and B are involutory. Applying Theorem 3.14, we get

(ARB)? = (AR B)(AR B)
= AAR BB
= A’® B?
=IRI
= I.
This implies that 4® B is involutory. []

Proposition 4.2. Let A € B(H) and B € B(K) be block operator matrices. if A and B

are skew-Hermitian, then A® B is Hermitian.
Proof. Applying Propositions 3.6 and 3.7, we obtain

(ARB)* = A*R B*

I
M
&
@

Hence, AKX B is Hermitian. []

Proposition 4.3, Let A € B(#) and B & B(K) be block operator matrices. If Als

Hermitian and B is skew-Hermitian, then AR B is skew-Hermitain.
Proof. By Propositions 3.6 and 3.7, we get

(AR B)" = A*®B*

AR (-B)

—(AR B).
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[

Thus AR B is skew-Heimitain.

Theorem 4.4. Let A € B(H) be a block operator matrix and r € N. If A satisfies one

of the following properties, then the same property holds for A®:
(i) Hermitian,
(i) normal,
(ii}) isometry,
(iv) co-isometry,
(v) unitary,
(vi) partial isometry,
(vii} projection,
(viii) idempotent,
(ix) nilpotent,
(x) involutory.

Proof. (i} Suppose A is Hermitian. By Corollary 3.29, we obtain

(AEI')* 1] (A*)IZH-

Thus A¥™ is Hermitian.
(i) Suppose A is normal. Using Corollaries 3.26 and 3.29, we get

( A@r) ( A@T.)* = AT ()R
= (AA")E"
(A )
= (A7)Br AR

- () ()

Hence, A% is normal.
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(iii) Let 4 be isometry. Then we have by using Corollaries 3.26 and 3.29 that

(Alzlr)* (AET) = (4B 4B

(A*A)T

Thus A®" s isometry.

(iv) Suppose A is co-isometry. Applying Corollaries 3.26 and 3.29, we get

(AE‘P) (Ar')* - AE:'(A*)ET
— (AA*)ET'
Ilgr
=7
Hence, AB" is co-isometry.
(V) It follows that by (i) and {iv).
{vi) If A4 is partial isometry, we have, by using Corollaries 3.26 and 3.29, that
(Axr) (AET)* (Agr) e AMT‘(At)ErAr

(AA* 4B

= A%,

This implies that A®r is partial isometry.
(vil) Suppose 4 is projection. By (i), we have (A®")" = AB". Applying Corollary 3.26,

we get
(Ar)2 — AErAEr
— (AA)Er

= ()"

= A%,

Thus A% is projection.
{viii} Suppose A is idempotent. By (vii), we have (AE’”)2 = A®" Thus A®" isidempotent.

(ix) Let 4 be nilpotent. Then (A%r)* = 0 for some positive integer k. Then we have by
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using Corollary 3.27 that

(4= = (49

It follows that A% is nilpotent.
(x) Suppose 4 is involutory. Applying Corollary 3.27, we get
( A@r)z _ A% 48r
= (AA)®
— ( Az)mr
78
=d.
This implies that 4% is involutory. L[]
Proposition 4.5. Let A € B(H) be skew-Hermitian and r € N.
(i) If v is even, then A®" is Hermitian.
(i) If v is odd, then A®r is skew-Hermitian.

Proof. () If r is even, than r = 2k for some & € N. Using Proposition 3.6 and Corollary

3.29, we have
(Amr)* b (A(zk))‘
— (A")BER
= (—A4)en
= (=1)2k ABCE)
= AR(2k)

— AETI

This show that A®" is Hermitian.

(ii If r is odd, than r = 2k + 1 for some k € N. Using Proposition 3.6 and Corollary 3.29,



we have

() -

(A(2k+1))*

(A*)(2k+1}

= (_A)IZ(Zk-{-l)

— (_1)2k+1A(2k+ 1)

= o ARk

This implies that A" is skew-Hermitian.

_AEI .
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Chapter 5
Analytic Properties of the Tracy-Singh Product

In this chapter, we establish some properties of the Tracy-Singh product from

analytical point of view.

5.1 Continuity of Tracy-Singh products

Lemma 5.1 ([3]). Let A = [4,]!", be a block operator matrix in B(H). Then

i5=1
Y Mgl < AT < 3 4ol 6.0
ij=1 hi=1
Lemma 5.2. Lef A = [A4|7L, € B(H) be a block operator matrix and let (4.)22, be
a sequence in B(H) where A, = [ADIP, for each r € N. Then A. — A if and only if
AD 5 Ay forall 4,j=1,...,n.

Proof. Suppose that the sequence (4,)%, converges to A. For any fixed i, j € {1,...,n},
we have by Lemma 5.1 that
145 = 4517 < 57 1AF - Ayl
ii=1
< 4, - Al

= 0asr—= o

Conversely, suppose A — Ay for each ,5. Then, by Lemma 5.1,
n
14, — A% < D7 145 - 4415
ig=1

— gasr—co

Now, we consider the continuity of the Tracy-Singh product.

Theorem 5.3. Let A = [A;;] € B(H) and B = [By) € B(K) be block operator matrices,
and let (A2, and (B,)%2, be sequences in B(H) and B(K), respectively. If A- — A

r=1

and B, - B, then A, ® B, —- AR B.

P

Proof. Suppose that A, — 4 and B, - B. By Lemma 5.2, we have A — 4;; and

B{) - By, Since the tensor product is continuous (Theorem 2.58), we have AJ) ®
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B - Ay; ® By. It follows by Lemma 5.2 that

AR B, = [[AE?@BE)]M]U = (44 ® Buly),, = ARB

5.2 Tracy-Singh products and certain continuous functions

Theorem 5.4, Let A and B be positive operators in B{H) and B(K), respectively. Then
(AR B)* = AR B (5.2)
for any positive real a.
Proof. From Corollary 3.15, we have
(Ar/s Br/s)s (4 (Ar/s) ' ® (Br/s)s

= AT®B"

= (AR B)",
for any r,s € N. Hence, (AR B)/s = A"/s® B™/¢, Let o € R*. Since the set of positive
rational numbers is dense in the positive reals, there is a sequence (g,)oz, in Q* such

that ¢, — «. By using the continuity of the Tracy-Singh product (Theorem 5.3), we

have

(ARB)” = lim (AR B)®

n—oc

= lim A% R B%

= lim 48 (i B
= A*R B*.
[
Corollary 5.5. Let A and B be strictly positive operators in B(H) and B(K), respec-
tively. Then
(AR B)* = A®K B® (5.3)
for any real a.
Proof. It follows from Theorem 5.4 and Corollary 3.16. L]

Corollary 5.6. Let A and B be operators in B(H, ') and B(K,K'), respectively. Then
AR B| = |A|R|B|. (5.4)

Here, |Al = f(A) where f(z) = |z].
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Proof. Applying the properties (3.7), (3.9) and (5.2}, we get

|AR B| = [(AR B)*(AR B)]*?
= (4 RBYARB)
= (A*AR B*B)!/?
= (A"A}/? R (B*B)'/?

= |A|®|B).

5.3 Tracy-Singh products and polar decomposition

Recall the polar decomposition theorem: for any A € B(H, '), there exists a

partial isometry P such that
A = PlA|

The next result is a polar decomposition for the Tracy-Singh product of oper-

ators,

Corollary 5.7. Let A € B(H,H') and B € B(K,K"). If A= PJA| and B = Q|B| are polar

decompositions of A and B, respectively, then a polar decomposition of AR B is given

by
ARB = (PRQ)|AR B|. (5.5)

Proof. Let P and Q be partial isometries such that 4 = P|A| and B = Q|B|.
It follows from Theorem 3.14 and Corollary 5.6 that

AR B

]

P|A|® Q| B

(PRQ)(14|&|B])

= (PRQ)ARB]|

By Theorem 4.1, PR @ is a partial isometry. Hence, the decomposition (5.5) is a polar
one. [
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1 Introduction

The Kronecker product (or tensor product) of two matriees is very important in lincar algebra, scien-
tific computing, and related fields. Reeall that for A = [a;;} € 44,0 (C) and B = [by] € M, 4(C), the
Kronecker product

de B = [(I;jB]‘.j c J\i’,,,,,,,.,,(lC)

is an m x » block matrix whose (4, 7)th bloek is the p x ¢ matrix a;; B. The Kronecker product has a
lot of interesting properties. Tle most important one is the mixed product property:

(leB)(Ce D) = AC®BD (1.1}

for all A € Mo (C), B € M, 4(C),C € M, -(C) and D ¢ M, .(C). This kind of matrix product
has wide applications in matrix theory, system theory, plysics, statistics, computer science, signal
processing and other special fields {see, e.g., [4, 5, G, 9]). The Tracy-Singh product of partitioned
matrices was introduced and used in econometrics by Tracy and Singh (3]. Let A =[] € M, (C)
be » partitioned matrix with 4;; of order m; x n; as the (7, j}th submatrix where 3, m; = m and
3. n; =n. Let B =[Bu] € M, ,{C) be a partitioned matrix with By of order py x ¢ as the (k,1)th
su['mmt;rix, where 3, pre = p and 3,4 = ¢. The Tracy-Singh product of A and B is defined by

A B — [[-’lu @ B“]u] if c A'-'rmp,nq(c)s

where d;; & By is of order mypy % nyg. In [11]. Lin shows that the Tracy-Singh product ean he
viewed as a generalized Kronecker producet. The Tracy-Singh produet is studied and applied widely
in matrix theory and statistics. See, .., [2, 11, 13, 14] for more information.

The tensor praduct of operators can be viewed ns an extension of the Kronecker product to infinite-
dimensional spaces. The tensor product of two operntors A € B(H, H') and B € B(K, K’} is the wnique
bounded linear operator 4 & B : H® K - H' @ K such that

(ABxr®y) = dz® By (1.2)

for any » € H and y € K. Various attractive propertics of tensor product of operators have heen
established in the literature (sce, e.g., [1, 7, 8, 12]).

" Corresponding author
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In this paper, we extend the notion of tensor product for operators to the Tracy-Singh produet
of operators expressed in block-matrix form. We introduce the definition of the Tracy-Singh product
and establish its algebraic and order propertics in Section 2. Then in Section 3, we cstablish analytic
properties of the Tracy-Singh product. Our results generalize the results known so far in the literature
for hoth Tracy-Singh products of matrices and tensor products of operators.

Throughout this paper, let H, H', K and K’ be complex separable Hilbert spaces. When X and ¥
are Hilbert spuces, denote by B(X, Y) the space of bounded linear operator from X into Y and B(X)
denote B(X, X). Reeall that A is said to be positive, denoted by A 32 0, if {Az,2) 2 0 for any = € H.
We write A > B to mean A — B > 0. A positive invertible operator A is denoted by A > 0. Finally,
we write A* to indicate the adjoint of A.

2 Algebraic and Order Properties of the Tracy-Singh Product

In this section, we introduee the Tracy-Singh praduet for bounded linear operators on & Hilbert spaces.
Then we investigate its algebraic and order propertics. We decompose the Hilbert spaces H, H', K and
K’ as direct sums of certain Hilbert spaces as follows:

"

n 7 P
H=PH;, H= G?H K=K, K= @1&;.
i=1 k=

J=1 [=]-
Ench operator 4 € B(H, H') can be expressed uniquely as an operator matrix

Al [Al'j]m'”

fg=1"
where -Aj; € B(H;, H;) for cach i =1,...,m and j=1,,,.,n. Similarly, an operator B in B{K, K"
can be represented uniguely as an operater matrix

B = [Buliio,
where By, € B(K,, Ki) foreach k= 1,...,pand! =1....,4. Such representations are user throughout
this paper

Definition 2.1, Let 4 = [Ay]i2; and B = [Bk,}}:"'{ﬁl be operator matrices in B(H, H') and B(K, K'),

respectively. We define the Tracy-Singh product of A and B to be the operntor matrix

ARB = [[458 Bm],'.,],-j (2.1)
where A ® By is a hounded Hnear operator from H; @ K, to H! @ Ky and the resnlting operator
A8 B is a bounded linear operator from 631';’:1 H; @K to @72, H; & K.
Ttemark 2.2. If both A and B are 1 x 1 block operator matrices, their Tracy-Singh produet AR B
is the tensor product A @ B,

We shall show that the Tracy-Singh product of operator mutrices coincides with the Tracy-Singh
product of matrices. Recall that for each A € M, (C) and B € M, ,(€), the induced maps

T, :C' = C" a— Adr and Tp:C - CF, 2 Bz

are bounded lincur operators.  Using the universal mapping property, we identify C* @ €9 with
€9 2¢ M, ,(C) together with the canonieal bilinear map (x,y) = v @y for cach o € C" and y € C7.
It is similar for C™ @ CP.

Lemma 2.3. For each A € M, ,.(C) and B € M, 4{C), we have
Ti®Tp = Tagn. (2.2}
Prooj, By using the mixed product property of the Kronecker product (1.1}, we have

Ty @ Ta)z@y) = Talz)®@Tu(y) = Talz)@Tsly) = Az @ By
(Aex B)z@y) = (A&x B)z®y) = Tionlz@y)

i

for any x @y € C* ® C%. Thus, by the uniqueness of tensor product, T @ Tp = Tagn- 0
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Proposition 2.4. Let A =[A;;] and B = [Bkg] be complex partitioned matrices of order m x n and
p » g, respectively. Then

Ty B Tp = Tamo- (2.3)

Proaf. Recall that the {7, 7)th block of the matrix representation of Ty is the Tly,;. By using Lemma
2.3, we obtain
T.B®Tg = [[T:\.',' ®TBkr];.,] i [[TAu@Bkllm] ij = Tamn.

c

Proposition 2.4 means that the Tracy-Singh product of two linear maps induced by matrices is
just the linenr map induced by the Tracy-Singh product of these matiices,

Proposition 2.5, Let A € BH, 1Y), B € B(K,K') and a € C. Then
(eA)BB = o{ABB) = AR (o B). (2.4)
Proof. Since (aA)y = adi; and {al)y = aly for all i, 4, kI, we get
()R B = [[a.-‘l,-j ® B“]m] T [[ﬂ(l‘li_-j ® BM)],‘_‘] =@ [[fl,-j oy B’f']ka]u = a{A X B).

Similarly, AR {aB) =a{A K B). |

Proposition 2.6. Let A &€ B(H,HY) and B, C € B({K,K') be operator matrices. Then

(AR B) = A"®B* (2.5)
AR(B4+C) = ARB+ARC (2.6)
(B+C)RA = BRA+CRA (2.7)

Proof. Since A = [.-1'1‘-,-]‘.J. and B* = [B},},, for all 4,7, k,!, we obtain
(A®BY = [[4;® B“]:-i]ij T [["1;-‘ ®B;k]kf] i N/,

By using the fact that (B + C)y = B + Chy for all &, together with the left distributivity of the
tensor product over the addition, we get

AR(B+0) = [[4ij ® (B + Cull] 5
[[(1‘1,’_‘; (e BH) -+ (Aij @ C?H)]k!] ij

AR B4+ ARC,

i

Similarly, we obtain the right distributivity (2.7). O

Proposition 2.7. Let A= [4;;] € BEHL,H') and B = [Byy] € B(K,K'). Then

Au®B - A, E®B
ARB = (4;®B),; = : :
A»ml xB .- Amn B3

That is, the (i,7)th biock of AR B is just A;; B B.
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Proof. By Definition of the Tracy-Singh product, we have

F An®Bn - Ang By A ®By - A ® By ]
"‘ll @Bpl e -;lll @qu —"lln @Bpl b 441;] @qu
ARB = : :
-’1m] & Bll A Aml P qu -’Lun @By - Amn @ qu
L *4ml @ Bp] e Aml & qu -'"imn = Bpi e -'lmn @ qu J
[ By - By Bu - Byl
An® | : A @ .k
Bnl qu BPI e DBy
By - By By - By
-“{ml. . e E oy -‘lmn & 5 . :
L Bpl K qu Bp] T qu J

[An®B - 4,,8B

_-‘Lu] ® B ol -'er BB

o
Remark 2.8. It is not true in general that the (&, [th block of A B B is just A K By,
Lot W= H, @ H, and K = K; @ K,. For A € B(H,,K,) and B € B(H.,K;), the operator
[0‘ g] ¢ BEHK),
is said to be the direct sum of A and B and denoted by A @ B.
The next result gives relation between the direcs sum and the Tracy-Singh produet,
Proposition 2.9, Let 4, B and C be compatible operator matrices. Then
(AeB)RC = (ARC)a (BEC). (2.8)
Proof. We know that 0 8 X = 0 for every operator X. By applying Proposition 2.7, we obtain
(AOBRC = [O‘SC‘? g%g} — ["%C B{%C’] = (ARC)®(BRC).
0

This Proposition means that the Tracy-Singh product is right distributive over the direet sum of
operators.

Remark 2.10. It is not true in general that the Tracy-Singh product is left distributive over the
direct sum of operators.

The next theorem is called the mized product property which involves both the ordinary operator
product and the Tracy-Singh product.

Theorem 2.11, Let H,H',H", K, K' and K” be complex Hilbert spaces. Let A = [Az]l, €
BH',H"), C = [Cylii=, € BEE), B = [Bulll., € BK,K") and D) = [Duli)., € B(K,K)
be compatible operator matrices. Then

(AR B)(CB D) = ACEBD (2.9)
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Proof. Recall that for any Q € B(H'\H"), § € B, H'), R € BK' | K”) and T' € B(K,K'), we bave
(RQ@R)(S®T) = QSaRT.
Using block multiplication of operators, we get
(ABB)CR D) = [[4i ® Bid,] ;5 UCH ® Dudl,, ] y
= [i i(.-‘l,-,. & B )(Cri & D)

r=1s=1

''n g
= [Z Z(“lil‘crj @ Bk.‘iD.ﬁ)] ]
L Rid iy

r=] s=1

I

mjl i

[ n 7
= 2o AnCuy| B3 Bkstf]
Lr=1 i s=] ki
= ACKBD.
O
Corollary 2.12, For any operalor matrices -l € B(H) and B € B(K), we have
(AR B)Y = A"EB" (2.10)

Jor anyr € N,
Proof. The proof is by induction on r. We have known from Theorem 2.11 that
(A8 B)? =48 B2,

i.e.. the claim (2.10) is true for r = 2. Now, assume that the property {2.10) holds for a positive
integer r. By applying the mixed product property (Theorem 2.11), we have

(ARB)T! = (ABB){(ARB)" = (ARB)(A"MB") = A" RBB" = AT ®B,
This implics that (2.10) is true for r + 1. O

Corollavy 2.13. fel A € B(H) and B € B(K). If A and B are tnvertible, then AR B is inveriible
wwnd

(AR B)™' = A7'RB L (2.11}
Proof. By applying the mixed product property, we have
(ARB)(AT'®B™!) = AAT'ABB™! = KW/ = A'ARB '8 = (A" '®B~Y) (AR B).
This implies that {AB B)™! = 4-1K B-L. m]

Theorem 2.14. Let A€ B(H) and B € B(K). If both A and B satisfy one of the following properiies,
then the same property holds for AR B: self-adjoint, normal, untlary, isometry. co-isometry, partial
isometry, projection, idempotend, nilpotent, tmvolutary.

Proof. Suppose A and B are normal. Applying Theorem 2.11 and Proposition 2.6, we get
(AR BYARB) = (ARB(A*'RB) = A4 H BB

A*ARBB'B = (A*®B*) (AKX B)

= (AR B)*(AK B).

Thus ARB is normal. If 4 and B are partial isometry, we have, by using Theorem 2.11 and Proposition
2.6, that

(ARBYARBY(ARB) = (ARB)({"RB")(ARB) = (AA"4)E (BB'B) = ARB.
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This implies that A& B is partial isometry. Suppose A and B are nilpotent. Then A" =0and B* =0
for some integers » and s. Applying Corvollary 2.12, we get

(ARB)*H = A" R B = () B(B) = 0°'R’0" = 0RO,

It follows that A B is nilpotent. Similarly, we have A ® B is sclf-adjoint, unitary, isomctry, co-
isometry, projection, idempotent, and involutary, O

For A, 3 € B(H), the commutator and the anticommutater of A and B are respectively defined as
follows;
[4,8] = AB - BA,
[4. Bl = AB -+ BA.

Proposition 2.15. Let 4, C & B(H) and B, D € B(K). Then

[ARB,CRD| = % (A, C] & [B, D]+ +[,C]4 B (B, D)) (2.12)
4B B,CR D], = (4,018 [B, D] +[4,Cly R[B, D). (2.13)

Proaf. By using Proposition 2.6 and Theorem 2.11, we obtain

{4, C) BB, Dls + [4,Cl, ®{B, D}
= (AC = CAYB{BD + DB) + (AC + CA)R(BD — DB)
= ACRBD+ACBDB - CARBD - CARDB
+ACRBD ~ ACRDB+CARBD - CARDB
NACH BD — CARDB)
2{(A R B)(C B D) - (C B D)(A B B))
= 4R B,C® D]

Similarly, we arrive at the property (2.13). O

For any nonzcro aperators A and B such that A # B, we say that A and B satisfy a braid-like
relation if

ABA = BAB,

Corollary 2.16. Lef A, B € B(H) be nonzero apernior malvices such that 4 # B. If A and B satisfy
a bratd-like relation, then so ure the following pairs of operalors

(i) ARA and BEB
(ii)) ART and BRI
(iit) T®A and TH B,
Preof. By applying the mixed product property, we get
(ABAYBEB)ARA) = ABARABA = BABRBAB = (BR B)(ABANB X B).
It follows that A .4 and B ® 3 satisfy a braid-like relation. Similarly, we have (ii) and (jii). O
Now, we focus on order propertics of Tracy-Singh products related to algebraic properties,
Corollary 2.17. Let A,C € B{H) and B, D € B(K).
() fA2Cz0and B2 D 20, then
ABGB > CHD 2 0O (2.14)



57

46 A. Ploymukda and P. Chansangiam

(i) If A>C>0and B> D>0, then
ARB > CRD > 0 (2.15)

Proof. {i} Using Theorem 2.11, we cbtain
cup = (c*@D) (C*RDV?) = (c'rmp) (crmDp¥) > 0.
By applying Propasition 2.6, we got
(ABRB) - (CBD) = (A-C)RB+CR(B-D) =2 0.

(ii) We have by (i) that C® D z 0. By using Corollary 2.13, we have CB D is invertible. This impslies
that C ® I > 0. By applying Proposition 2.6, we get

(AR B) - (CRD) = (1 -C)RB+CB (B~ D) > 0.

0
The next definition concerns exponents for the Tracy-Singh product.
Definition 2.18. Let A = [Ai;] € B(H, W). We define the Tracy-Singh power by AB' = 4 and
ABED S aptB
for re N,
Proposition 2,19. Let A =[] € B(H,H') andr,s €N. Then
(AE")" = \(FYB (2.16)

Proof. We use induction on s. In particulay, when s = 2 we obtain, by the mixed product property
and induetion en r. that

(Aﬁr)z ~ (A'z)’,
where 7 € M, Suppose that {2.16) halds for s = k. Then
(48) = () (a=) = (9™ (47) = ()
This shows that (2.16) holds for s =k + 1. O

For a complex matrix A = [4;;] of order m x n, the Tracy-Singh power is defined by A®! = A and

AR o BT @ 4

for any r € B. The following result provides that the Tracy-Singh power of two linear maps induced
by matrices is just the linear map induced by the Tracy-Singh power of these matrices,

Corollary 2.20, Let A = [4;;] be complex partitioned matrices andr € N. Then
(T3 = Toor. (217)

Proof. The proof is by applying Proposition 2.4 and induction on v . ]
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3 Analytic Properties of the Tracy-Singh Product

In this section, we establish some properties of the Tracy-Singh product from analytical point of view.
Reeall the [ollowing bounds for the operator norm of operator matrices.

Lemma 3.1 ([10]). Let A = [A;5]70L, be an operator matriz in B(H). Then

ii=1
a7 S A < A1 < Y Bl (3.1)
=1 ig=1

Lemma 3.2. Let A = [A,;]7™, € B(H) be an operator matriz and let (AL)22, be a sequence in
¥ 1 7 il

id=
B(H) where A, = {1{;} TiLy for cach v € M. Then A, = A4 if and only if -if:,) — Ay for all
Lhi=1,...,n

Proof. Suppose that the sequence (A4.)32 | converges to A. For any fixed 7,7 € {1,...,n}, we have by
Lennna 3.1 that

n
]“E:) =i 1% < Z HAE;) - o'lij“i
=1
< n2fan = Al

— Oas r— 00,

Conversely, stppose Ag) — Ay for each i, 5. Then, by Lemma 3.1,

Tt
1A — AR < 37 1145 = Asliz,
i,j=1
— Dasr — oo,

Now, we consider the continuity of the Tracy-Singh product,

Theorem 3.3, Let A = [Ay;] € B(H) and B = [Bu] € B(K) be operator matrices, and let (4,02, and
{B,)7, be sequences in B(H) and B(K), respectively. If A, — A und By — B, then A, 8B, — AKB.

Proof. Suppose that 4, — A aud B, — B. By Lemma 3.2, we hnve .45? -+ Ay and ]3{,';) - B
Siuce the tensor produet is continuous, we have Ag) ® B,E’,') > Ai; © By It follows by Lemma 3.2
that

488 = [[4fe Bf_;)]m]u = [y ® Buly],; = ARB
Theorem 3.4. Let A and B be positive operators in B{H) and B(K), respectively. Then
(AR B = A& B" (3.2)
for any positive real o.
Proof. From Corollary 2.12, we have
(arrs @Br/S)“ = (A"f-*)” (B’/")s = ATBB" = (ARBY,

for any r,s € N, Hence, (A8 B)/* = A*/<®& B™/*, Let o € RT. Since the sct of positive rational
numbers is dense in the positive reals, there is a sequence {g,)5., in @7 such that 4, — a. By using
the contimuity of the Tracy-Singh product (Theorem 3.3), we have
(ABB)" = hm (AR B)™ = lim A" BEB™ = lim A™ B lim B* = A"RB".
OO n—roe

H=D0 I— o0
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Corollary 3.5. Let A and B be strictly positive operators in B(H) end B(K), respectively. Then

(AR B) = A"RBB" (3.3}
for any real .
Proof. It follows from Theorem 3.2 and Corollary 2.13. O
Corollary 3.6, Let A and B be operators in B(H,H') end B(K,K'), respectively. Then

AR B| = |4|&|B| (3.4)
Here, |A| = f(4) where f{z) = |z|.
Proof. Applying the propertics (2.6), (2.9) and (3.2}, we get

AR B| = [(ABB) (AR B)Y? = [(A*RB*){AR B)]'/?
= (FARBB)Y? = (4 )VR(B°B)'/* = A|R|Bl.
O

Recall the polar decomposition theorem: for any A € B(H,H'), there exists a partial isometry P
such that

A= Pl4|.
The next restlt is a polar decomposition for the Tracy-Singh product of operators.

Corollary 3.7. Let A€ BH,H') and 3 € B{K,K"). if A = P]A| and B = Q|B\ arc polar decompo-
sitions of A and B, respectively, then o polar decompasition of A® B is given by

ABB = (PRQ)ARB B (3.5)

Proof, Lot P and @ be portial isometrics such that 4 = P|4] and B = Q{B|. It follows from Theorem
9.11 and Corollary 3.6 that

ARB = PIA|BQ|B| = (PRV)(|A|®|B]) = (PBQ)ARB]

Note that P ®  is also o partial isometry, nccording to Theorem 2.14. Henee, the decomposition
(3.5} is & polar one, 0
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