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Chapter 1

Introduction

1.1 Research Motivation

Motivated from computer science and statistics, a rectangular matrix is a two-
dimensional array for stacking data. To produce a new data, we can use a variety of
matrix products. Each type of product is suitable for particular problems occurred
in science, engineering, economics, etc. One of the most important matrix products
is the Kronecker product, which has a rich and very pleasing algebra that supports a
wide range of applications. The theory of Kronecker product of real/complex matrices

was established by many authors; see e.g. [11, 17]. Kronecker products are applied

- widely in matrix/operator theory, numerical linear algebra,statistics,economics, etc;

see [14, 186].

Onthe other hand, the theory of matrices whose entries come from a suitable
algebraic structure such as a semiring or a commuative semiring are practically useful,
especially in information sciences and fuzzy systems. Earlier results in this theory con-
cerning the inversion of matrices over a commutative semiring were obtained in [15].
Since then a theory parallel to that of linear algebra to systems of linear equations,
linear independence, rank and eigenvalue problems over various kinds of semirings
has been obtained by many authors; see e.g.[4, 6, 7, 18]. Examples of applications of
matrices over a semiring can be seen in [7].

In this research, we introduce the notion of Kronecker products for matrices
over a commutative semiring. This kind of matrix product is not commutative in gen-
eral. This product satisfies much nice algebraic properties, e.g. the associativity, the
distrithivity over the addition and the compatability with the scalar multiplication,
the transpose and the usual multiplication. Moreover, we introduce a linear transfor-
mation that associates each matrix with a vector by stacking each sequential column
of the matrix. This operation, called the vec operator, turns usual matrix products to

the Kronecker product. It follows that any linear matrix equation of the form

k
> AXB=C
i=1

in an unknown matrix X can be reduced to the vector-matrix equation Az = B Finally,

we introduce and investigate basic properties of the vec-permutation matrix which is a



kind of permutation matrix that involves the Kronecker product. It follows that A® B
and B ® A are permutatively similar. Our results extend the results for real/complex
matrices in the literature. However, some of the algebraic properties for Kronecker

products of real/complex matrices do not hold in this setting.

1.2 Objectives of the study

1) To investigate the notion of Kronecker product of matrices over a commutative

semiring

2) To investigate the relationship between the Kronecker product and other matrix
operations, such as the addition, the scalar multiplication, the multiplication and

the transposition
3) To investigate algebraic properties of the vec operator and the vec-permutation

matrix.

1.3  Scope of the study

All matrices considered here are matrices over an arbitrary commutative semiring.

1.4  Benefits of the Study

1} To provide further mathematical theory for matrices.
. 2) To obtain mathematical tools for scientific computing, information sciences, fuzzy

systems and related fields

1.5 Research methodology

1) Study related topics in matrix theory.
2) Study related topics in multilinear algebra.
3) Study basic properties of commutative semiring.

4} Collect and study research papers and textbooks concerned with the Kronecker

product of matrices.
5) Determine the objectives and scope of the research.

6} Define the Kronecker product of matrices over a commutative semiring and in-

vestigate its basic properties




7} Define the vec operator and investigate its basic properties.
8) Investigate the relationship between the vec operator and the Kronecker product.

9) Define the vec permutation and investigate its relationship with the Kronecker

product and the vec operator..

10) Conclude the results, make suggestions for further works and write.
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Chapter 2
Preliminaries

We first recall the definition and examples of a commutative semiring. Then
we investigate basic properties for operations on matrices over this algebraic structure.
2.1 Commutative semiring

Definition 2.1. Let M be a set, and - a binary operation on M. We say that (M, ") is

a monoid if it satisfies the following properties:

1 foranyz,ye M, we have z .y e M

2 forany z,y,z € M, we have (z-y) - z=2-(y- 2)

3. there exists e € M such that forany x e M, we have e-z=2z-e=uz.
We may also say that M is @ monoid under the operation -.

The following definition of a semiring was due to Zimmermann [20] and Golan [6].
Definition 2.2. A semiring is a set L together with

- a binary operation + on I, called the addition

- a binary operation - on L, called the multiplication

- two distinguish elements 0 and 1 in L
satisfying the following properties:

1. (L, +,0} is a commutative monoid,

2. (L,+,1} is @ monoid,

3. the multiplication is left and right distributive over the addition,

4. 0-r=0=r-0forallrelL
This algebraic system can be written as (L,+,-,0,1) or L for short,

Definition 2.3. A semiring (L,+,-,1,0) is said to be commutative if r-s = s - r for all

r,s € L.



It is clear that a commutative semiring is a generalization of a field. We then
provide examples of a commutative semiring which is not a field. These examples

arise naturally in applications.

Example 2.1. The unit interval [0,1] under the operations
¢+ b =sup{a,b} and a-b=inf{a,b} for a,b € L.

This semiring is known as the fuzzy algebra[9).

Example 2.2. The set [0, 00) of nonnegative real numbers with the usual operations of

addition and multiplication.

Example 2.3, The set Nu {0} of nonnegative integers under the operations

0, a=b=0
at+b=
gcd(a,b),  otherwise

lcm(a,b), a,beN
0, otherwise.

Definition 2.4, Let a,b € Z, where not both of a,b are not zero. A greatest common

divisor d of e and b is a positive integer d such that
1. dle and djb
2. ifd is an integers such that d'|e and d |b, then d'|d.

Definition 2.5. Let a,b € Z — {0} .A least common multiple m of a and b is a positive

integer m such that
1. a|m and bm
2. ifm' Is an integers such that a|m’ and bjm’ then m|m’.

Example 2.4, For each natural number N the set Z, of integers modulo n together

with its usual operations.

Example 2.5. Consider the extended real number system RU{—co, 00}. Then RU{—cc}

is @ commutative semiring under the operations
a+b=max{a,b} and a-b=a+b for a,b € RU{—oc}

This semiring is usually called a max-plus algebra or a schedule algebra[2].



2.2 Matrices over a commutative semiring

Form now on, let L be a commutative semiring. For each m,n € N, let M,, (L) be

the set of all m-by-n matrices whose entries come from L. If A € My (L) has a;; as

it

its (4, j)th entry for each i =1,...,mand j = 1,...,n, we write A = [ay)]5Z; or A = [ay]
for short. We abbreviate M, (L) = M, »(L) and V,(L) = M, 1(L). For each matrix 4, we
denote its (i, j)th block by A;;.

Definition 2.6. For each A = [a;;), B = [bi;] € Mm (L) and k € L, define the addition

and the scalar mutiplication as follows:

A+B= [ﬂij + bij] € Mm,n(L)s

kA = [kai;] € My n(L).

Definition 2.7. If A = [ai;] € Mmn(L) and B = [b;;] € M, »(L), we define the multipli-
cation of A and B by

AB = I:Z a,'jbij S Mm’p(L).
=

=1

Definitlon 2.8. A matrix in which each entry is zero is called a zero-matrix, denoted

by
0=[0] € M. (L). (2.1)

Definition 2.9. The identity matrix defined by
y [é'fj] &€ M, (L) (2.2
Whereaij=1[fi=janddij =0ﬂr2%]

Theorem 2.6, The set M, (L) is a semiring with respect to the addition and the scalar

multiplication defined as above. More precisely,
L (A+B)+C=A+(B+C)forall A,B,C € M,(L)
2. thereis 0 e My(L}Ysuchthat A+0=A=0+Aforall Ae M,(L)
3. A+B=B+Aforall A,Be M,(L)
4. (AB)C = A(BC) for all A, B,C € Mn(L)
5. there is I € M,(L) such that AT = A=1IA for all A e M,(L)

6. A(B+C)=AB+ AC for all A,B,C € M,(L)



7. (B4+C)A=BA+CAforall A,B,C e M,(L)
8. 04 =0= A0forall A€ M,(L)

9. 047

This semiring is not commutative unless n = 1.

Proposition 2.7. Let A B be matrices over a commutative semiring L and let o, 8 € L.

If the following matrix operations exist, we have
1 a(A+B)=aA+aB
2 {a+B)A=aA+BA
3. (aA)B = a(AB) = A(aB).
Proof. Let A= [a;;] and B = [b;].Then
Q(A -i'-B) = a[aij + bij] = [a(aij + bij)] = [aaij + abi_,-] = [aa,-_,-] + [Ojbiﬂ = oA+ aB,
(a+ B)A = [(a + Blay] = [0as; + Bais] = aays] + [Bbiy] = A + BA,
For the last property Let A = [a;;] and B = [b;,]
a(AB) = I:Z a,-kbkj}
k
= |o Z aikbkj}
L &
= Za(ﬂikbkj)}
L &
= Zaik(a’bkj)jl
L &

= A(aB),
a(AB) =0 I:Z a,—kbkjj'
k
= [a Z Gikbkj}
&
= [Z a’(aikbkj)J

k

= [Z(aaik)bkj:l

k

= (aA)B.




Definition 2.10. The transpose of a matrix A = [a;;] € My (L), denoted by AT,
is defined to be the matrix in M, (L) whose (i,j)th entry is given by a;; for each

i=1,...,nandji=1,....m

Basic properties of the transpose of matrices over a commuta‘mve semiring in con-
nections with the addition, the scalar multiplication and the multlpltcatlon are given

here.
Proposition 2.8. Let A, B € Mma(L),C € M, (L) and k € L. Then
1. (AT = A
2 (A+B)T = AT+ BT
3. (kA)T = kAT
4. (AC)T = CTAT
Proof. Let A = [a;;], B = [b;;) and € = [¢;z]. Then
(A1) = ([ais])" = [a;e]" = [as] = 4
(A+B)T = las; +by)" = laji + 0] = [azi] + [bs] = 47 + B,
(kAT = [kay]" = [kayi] = klaj] = kAT
For the last property, observe that the (k,4) — th entry of (AC)T is given by

[ACTG = [ACTuk = Y _ayein = civay = 3 _[CTislAT)j1 = [CT AT ).
=1 §=1 =1

This means that (AC)T = CT AT, L]

Definition 2.11. A matrix A € M,(L) is said to be invertible if there is a matrix B

M, (L) such that AB =1, = BA

Definition 2.12. The direct sum of A € M,(L) and B € M,,(L) is defined by
A 0
A®B= € Mpim(L).
0 B

Definition 2.13. The trace of a matrix A = (a;;) € M, (L) is defined by

tr(A) = i (4278
i=1

The following linearity properties of the trace of a matrix over a commutative

semiring will be used in later discussions.
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Proposition 2.9. For each A, B € M,(L) and k € L, we have
1. tr(A+ B) =tr(4) + tr(B)
2. tr(kA) = ktr(A).
Proof. Let A = [as) and B = [b4)

n n n
tr(A + B) = Zﬂii + by = Zaii + Zbii = tr(A) + tr(B)
i=1 i=1 i=1

n n
tr(kA) =Y kaw=k» _ ay = kir(4).
i=1 i=1

2.3  Kronecker product for complex matrices

In this section, we review fundamental properties of the Kronecker product for com-

plex matrices. See more information in [1, 8, 17].

Definition 2.14. Let 4 € M., »(C) and B € M, ,(C). The Kronecker product of A and
B is defined to be
A® B = [0:;B];; € Mmp,nq(c) (2.3)

That is each (i, 5)—th block of A® B is given by a;;B fori=1,2,...,mand j=1,2,..,n.

Theorem 2.10. Let 4, B and C be matrices over C If the following matrix operations

exist, then one has
1. (kA)® B=k(A® B) = A® (kB)
2 (A+B)®C=(A®C)+(B&C)
3 AR (B+C)=(A@B)+ (A®C)
4 (A® B)T = AT BT
5 A®0=084=0
Proposition 2.11. ff z € V,.(C) and y € V1 (C) then zyT =z yT =T @ .

Proposition 2.12. The Kronecker product of two identity matrices I,, € M, (C) and

I € M (C) results in the identity matrix I.,, that is

Im @I, = Imn. (2.4)
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Proposition 2.13. The k-copies direct sum of a matrix A € M,, ,(C) can be written
L ®A=ADAD..GCA . (2.5)
Proposition 2,14, Let A € M, .(C), B € M, ,(C) and C € M, ((C) then
(A@B)@O:A@(B@O). | (2.6)
Proposition 2.15. If A € M, (C) and B € M,,(C) then,
tr(A® B) = tr(4) tr(B). 2.7
Proposition 2.16. Let A € M,,(C),B € M,,(C) and C € M,(C).Then
(A B)@C=(A2C)® (B C). (2.8)

Corollary 2.17, Let A € M, »(C) and B € M, ,(C).Then, A® B =0 if and only if either
A=0o0or B=0,

Theorem 2.18. Let A € Mm n(C), B € My 4(C),C € M, +(C) and D € M, .(T). Then,
(A® B)(C ® D) = (AC) ® (BD). (2.9)

Corollary 2.19. Let A € M,(C) and B € M,,(C). If both A and B are invertible, then
A® B is invertible and
(A@ By '=A"lg@B L {2.10)




Chapter 3

Basic properties of the Kronecker product of matrices

over a commutative semiring

In this chapter, we define the Kronecker product of matrices over a commu-
tative semiring by means of block matrices and establish its basic algebraic properties

associated to the matrix operations introduced in chapter 2.

3.1 Definition and example of the Kronecker product of matrices over a

commutative semiring

Definition 3.1. Let A € M., »(L) and B € M, ,(L). The Kronecker product of A and B
is defined to be
A®B = [ai;Bli; € Mmpng(L) (3.1)

That is each (i, j)— th block of Ag B is given by a;;B fori=1,2,...,mand j=1,2,..,n.

Example 3.1. Let A € M, »(L) and B € M, ,(L). For instance, consider the following

matrices over the set Nu {0} of nonnegative integers:

A@B={F 4 L

1.1 1.5 4.1 4.5

1-6 1:3 4-6 4-3

_Lcm(2, 1) lem(2,5) lem(3,1) lem(3,5)
lem(2,6) lem(2,3) lem(3,6) lem(3,3)
lem(1,1) lam(1,5) lem(4,1) lem(4,5)

lem(1,6) lem(1,3) lem(4,6) lam(4,3)]




[2 10 3 15
6 6 3
1 5 4 20|
6 3 12 12

13

Example 3.2. Let A € M., .(L)andB € M, 4(L). For instance, consider the following

matrices over The fuzzy algebra [0,1

0.2 0.3

1 07

-
0.5 0.1
0.2

0.8 04
A®B=

0.5 0.1
1

0.8 04

inf(1,0.5)
| Inf(2,0.8)
[02 01 03
02 02 0.3
05 01 05
0.8 0.4 07

|1-08 1.-04

I

0.3

0.7

1.5 1-01

inf(1,

and

[0
pﬁ

0.5

0.8

0.2-0.8 0204 03-08
0.7-0.5
0.7-0.8

[inf(0.2,0.5)  inf(0.2,0.1)
inf(0.2,0.8) inf(0.2,0.4)

0.1)

inf(1,0.4)

0.1
0.3
0.1

0.4f

0.1
0.4

0.1

&ﬂ

J

02-05 02.01 03-05 0.3.01
0.3-04
0.7-0.1
0.7-0.4]

inf(0.3,0.5
inf(0.3,0.8

inf(0.7,0.5

inf(0.7,0.8) inf(0.7,0.4)

)
)
)
)

05 01
08 04

inf(0.3,0.1)
inf(0.3,0.4)
inf(0.7,0.1)

Example 3.3. Let A € M, .(L) and B € M, 4(L). Forinstance, consider the following

matrices over RU {—co} :

A=
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1 - 1 -0
—00 2
-4 2 —4 2
AR B=
1 —oo 1 —
3 —00
-4 2 —4 2
(—oo-l —00 - —00 2-1 2. w0 ]
31 3-~o0 -1 —oo-—c0
_3-—-4 3:-2 -0 —4 —oo-2J
—oo+1 —o04— 241 2+—c>o—
—oc+—4 —oco+2 24+ —4 242
3+1 3+ —00 —+1 —oco-+4+-—o¢
i 3+ —4 3+2 —oa+ —4 -0 +2 |
—oc —00 3 -0

-0 —oo -2 4

4 -0 —00  —00

-1 5 -0 —X

Proposition 3.4. If z € Viu(L) and y € V(L) then ayT =2 @37 =yT @ 2.

Proof. Write & = [z), 20, -+ ,zm]T and y = [y1,52, ++ , ¥a]7

1

yT®x=[yls'-':yn]®

Tm

YITL ... Yndy
[ 1Zm . YnTm
331(9'1;---:1!7:)
_Im(yla s 1yn)
[ 2047
| ZmyT

= a:®yT.
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Proposition 3.5. The Kronecker product of two identity matrices I, € M,(L) and

I, € M, (L) results in the identity matrix In,, that is
Im. ®I, = Imn- (32)

Proof. Let I, € M, (L) and I,, € M;,(L)

1 0
Im@I, = &I,
0 1
1L, ... 0I,
or, ... 1,
13
0 Iy
. 3 Imn
L]
Proposition 3.6. The k-copies direct sum of a malrix A € Mm (L) can be written
LRA=AGA®..0A (3.3)

Proof. Let A € My, n(L)

10 0
01 ... 0
A= 0 ) ® A
0 0 1
(4 0 0]
A ... 0
0 0 Al
=AQAD..DA.
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3.2 The compatability of the Kronecker product and matrix operations

Proposition 3.7. Let A, B and C be matrices over L. [f the following matrix operations

exist, then one has

1. (kA)® B=k(A® B) = A® (kB)

2 (A+BY®C=(A®C) +(B&C)

3 A (B+C)=(A®B)+(4A2(C)

4. (A® B)T = AT @ BT.
Proof. Let A = [ai;] and B = [b;;]. It follows from Proposition 2.7 that

(kA) ® B = [(kay;) Bl = klas; Bls; = k(A ® B)
A ® (kB) = [aij(kB))i; = [(kai;)Blyj = [k(ai; B)i; = klai; Bli; = k(A ® B)

To prove the second property, it suffices to show that each (4, 7)th block of (A+B)@C
and (A® C) + (B ® C) coincides. Indeed, we have

[(A+B)®Cli; = (aij +b;;)C = a;;C + b;;C = [ARCli; +[B®Ci; = [(A®C)+(BQC))i;

Similary, we have A® (B +C) = (4® B) + (A® O). For the last property, we have by
Proposition 2.8 that

(4® B)T = [ay;Bli; = [(05:B) 35 = [0;:B )iy = AT © BT
The following observation is very useful in dealing with Kronecker products by

means of block matrices. : U
Lemma 3.8. For any matrix A and B, each (i, j) — th block of A® B is given by 4,;®B.

Proof. Suppose that we partition into s » r block matrix with A;; € My, ., (L) for each

i=12,...,5and 5=1,2,...,7. Then we have

G.]_lB almB anB - &,1an

em1B ... amn, B 1B ... Gmyn B
A®B=

auB alnlB a.nB alan

am,1B ... amn,B am,1 B ... am,anJ




dinveayAna N HIZVDNNTIAIANTSIN
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FA11®B ... AL,®B
Aa®B ... A, ®B
= Aij@_(‘B .
L ij
&

Remark 3.9. In contrast to Lemma 3.8, it is not true that A ® B = (A ® By;)i;. To see

this, consider the following matrices over the fuzzy algebra [0, 1]

0.5 03 0.5

3 0
A=102 04 06].811= ,Bio = ,Bay = {0.4] Byy = {0.8]
0.1 0.5
0.1 480 0.3
Then

A®@ By A® Bs

[A® Bij)i; =

AE}C‘Bgl AOQBzz

0508, 050/ lo 0
01701 0.1 05 03 05
02 04 06 0 00
0.1 01 01 02 04 05
=101 07 03 01 0 0
0.1-01 01 01 01 0.3
0470304005 03 05
02 04704 02 04 01

0.1 0.4-0.3 GIMT 0.3

The next result shows the associativity of the Kronecker product
Proposition 3.10. Let A € M,, (L), B € M, (L) and C € M, ,(L) then
(A®B)RC=A® (B®C) (3.9)

Proof. It follows from Lemma 3.8 that
an{B®C) aln(B®C)
A®(B®C)= :

ami(BRC) ... amn(B®C)

=
~2
-1
o)
(|
9 o)



[(@:B)®C ... (anB)8®C

(amlB)’@C (amnB)®G

auB ... a1.B
®C

am1iB ... amaB

(A®B)®C

18

]

Remark 3.11. A € M., (L) and B € M, ,(L). Then the property that A® B = 0 if and

only if A=0or B =0isnot true in general. For instance, let L = (Zg, +, -} and consider

the following matrices

Then

The next result shows that the

trace.

10 33
e Bk
&/ 73
[z 3] [z 3
4 0 /.
53 |03
e n)l TR N H
1z 31 3.3
0 2
s o
2.3 1.3 0.3 0.3
1.0 1.3 0.9 0.3

(=1]
coal
=]
<l
3l
(44}
|
<ol

=
=
=
<ol
val
=
bt

o

0
0
0

o o o o'l

- T e T s B o
o O O

0]

Proposition 3.12. If A € M, (L) and B € M,,(L) then,

tr{A® B) = tr{A) tr(B)

Kronecker product is compatible with the matrix

(3.5)
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Proof. Observe that the sum of the main diagonal entries of A® B is 31 (e::B).50,
taking the trace of A ® B gives.

i=1

tr(A® B) = Z (au > (8is) ) = Z a:; t(B)) = tr(B) Z(au
— tr(B)tr(4) = tr(A) tr(B).
Here, we use the linearity of the trace in Proposition2.9 []

Definition 3.2. The k" Kronecker power of A®* is A € My, .(L). defined inductively
for all positive integers k by

A®' = A and A®F = A A®-1) for k= 2,3,. .. (3.6)
This definition implies that for A € My, .(L),the matrix A%* € My ne(L)

Example 3.13. Let A € My, (L). For instance, consider the following matrices over

the set Nt {0} of nonnegative integers

4 3 2
A= and k=2,
5 18R 6
Then

4 12 4 12 3 6 4 6 2

A®2=48123246286

4 3 2 B 24 8 12 6 6

_1868824624@
Proposition 3.14. Let A € My a(L). ThenA®™ @ A®S = AG(MHs) gnd (A87)®s = 4@(rs)

for all the positive integer r and s.

Proof. Induction on r, r =1, A®! @ A®5 = A®(115)

Suppose the property hold for r, i.e.,
A®T R A®S = AB(rF)
Then

A®(r+1) ® A% = 4 ® A®T & A®s

= A@ A®(r+s)

— A@(r+1)+s

1
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Finally, Induction on s, s = 1, (487)®! = 4®1

Suppose the property hold for s, i.e,,
(A®7)®s — p®rs
Then
(A®7)8(s+D) — (487)1 g (487
= A®T g A®rs

— A@(r+rs)

— A@r(s+1}_

[

The next proposition asserts the compatibility between the Kronecker product and

the direct sum of matrices.

Proposition 3.15. Let A € M, (L),B € Mn(L) and C € My(L). Then
(ADB)®C=(ARC)® (B®C). (3.7

Proof. It follows from Lemma 3.8 that

A0
(AdB)eC= ®C
0 B

AC MeC

0eC BaC

Al 0

0 BC

= (A®C)® (B C).
[]

Remark 3.16. In general, it does not hold that AR (Be C)=(A®@ B) & (A®C) To see

this, consider the following matrices over the fuzzy algebra [0, 1]

0.2 03 0.1 0.8 0 0

= ) = =

Y

0.7 01 04 0.6 0 03




Then

0.2
A (B ()=
0.7

0.1
0.2
(A®B)o(Aal)=
0.1

04

0.1
0.2
0.1
0.4

o o O

0.3
0.1

0.2
0.2
0.7
0.6

0.2
0.2
0.7
0.6

o o o o

0.1
0.4

0.2-0.8
0.2-06
02-0
0.2.0
0.7-0.8
0.7-0.6
0.7-0
0.7-0

(=]
MDOO

o]

O o O o o o o
o] fen]

<
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0.1 0.3
0.3 03
0.1 0.1
0.1 01

0.1 0.3
03 03
0.1 01
0.1 01

o o o O
oo o o

0.8
0.6

0.2-
0.2.
0.2.
0.2-
0.7-
0.7
0.7-
0.7 -

0.1
0.3

0.1
0.1

o o o O o o o o

0
0.3

02-0 03-01

02-0 0.3-04

02.0 03-0

0.2-03 03-0
0.7-0 01-01
0.7-0 0.1.-04
0.7-0  01-0

0.7-03 010

o 0 o o o o o o

o < o o o o =] o

0
0

0.3

0.3-08
0.3-0.6
03-0
0.3-0
0.1-0.8
0.1-0.6
0.1.0
0.1-0

0.3-

0.3

0.3-
0.3-
0.1-
0.1-
0.1-

0.1

-0 03-0

-0 0.1-0.3

21

0 03-0

¢ 03-0
0 03.-03
01-0

o o

0.1-0
0.1-0

o
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3.3 The mixed product property and its consequences

In this section, we prove that the Kronecker product is compatible with the usual
matrix product. This property is called the mixed product property. Then some con-

sequences of this result are given.

Lemma 3.17. For each A € M., (L) and B € M, (L) we have
ARB=(A@L)I,®B8)=(I.®B)(AQIL). (3.8)

Proof. A direct computation shows that

_anB cee @B
A®B=
_amlB v mnB
ra.n.ifjl, a1 B o0
_amII]D A \aw. #F c ... B
= (A®I,)(I, ® B),
-auB S, S -
AR B=
_amlB ML 5
-B e ) andy, . awdy
_0 v B @midp .. Gmnlp
={[,®@B)(A®L).

[
Theorem 3.18. Let A € Mo o(L),C € M, (L), B € M, (L) and D € M, ,(L). Then
(A® B)(C® D)= (AC) ® (BD). (3.9)
Proof. By making use of Lemma 3.17, we obtain

(A® B)(C® D) =(A®1,)(J ® B)(C ® I,)(I, ® D)
= (A8 L)[(I,® B)(C ® I)(I, ® D)]
= (A®1,)(C® B)(I,® D)

={A®L)[(C® L), ® B)[{(I, ® D)
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= [(A® 1,)(C @ I))|(L, ® B) (I, ® D)]
= [(AC) ® Iq][Ip ® (BD)]

= (AC)® (BD)
which is the desired resutt. : : [
Corollary 3.19. If the following matrix products exist, then one has
1 (A1 ®B1)(A2® By) -+ (Ap ® Bp) = (A1Az -+ Ap) ® (B1B2 -~ By),
2 (A1 48 Q@A) B1®B&® - ®B,) = (A1B1) ® (A42B2) ® - - @ (4, B,),
3. (AB)®k = A®EB®k forany ke N,
4. (A®T) = (A%)®T for any r,s € N.

Proof. It follows immediately from the mixed product property (3.9) via mathematical

inductions.

[l

Corollary 3.20. Let A € M,(L) and B € M, (L). If both A and B are invertible, then

A® B is invertible and
(AB)"!=4A"lg Bl (3.10)

Proof. Using the mixed product property (3.9), we have

(A®@B)A'@B =(AA Yo (BB Y)=I®I=1

and, similarly (A~'®@B~1}(4®B) = I. This means that A®B is invertible with (A®@B)~?!
Ale B!




Chapter 4

Kronecker Product, The Vec Operator and

Vec-permutation matrices

4.1  Kronecker Preduct and The Vec Operator

In this chapter, we introduce a column-stacking operator that associates a matrix to a
column vector, called the vec operator. This operator is linear and bijective. Moreover,
we discuss the usage of the vec operator to the area of linear matrix equations.

For each matrix A, we write 4; for the i — ¢th column of 4 The precise definition of the

vec operator is given here.

Definition 4.1. For each A € My, (L), we define

[ 41

A
Vec(A) = .2 g L™ 4.1)

AnJ

That is, vec(A) is a column vector of each sequential column of A stacked on top of

onhe another.

Example 4.1. Let A € M,, »(L). For instance, consider the following matrices over The

fuzzy algebra [0,1]
0.2 05 035 09

045 07 06 0.1
Then

02
0.45
0.5
0.7
0.35
0.6

vec(A) =

0.9

0.1




Proposition 4.2. The vec operator vec : My, ,{L) — L™" is a bijection satisfving

vec(A + B) = vec(A) +vec(B)
vec(kA) = kvec(4)
forany A,B € M, (L) and k € L.
Proof.
[ 4,+ B,

Ao + By
vec(A+ B) =

.An + Bn_

Ay B
Ay By

An) |Ba

= vec(A) + vec(B),

kA

kA;
vec(kA) =

= kvec(A4).

Lemma 4.3. Let A € My (L), B € M, (L) and C € M, »(L). Then
1. vec(AB) = (I, ® A) vec(B)

2. vec(CAT) = (A® I,) vec(C).

Proof. Observe that the i-th column of AB is given by AB; for each i =1,2,...

LT
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It follows that

(AB)

vec(AB) = (AJ_B)Z

| (4B),

ABy
ABs

|ABp |

(4 0 ... olls
0 A ... 0]l|Bs

0 0 ... Al|B,

= {I, ® A)yvec(B).

To prove another assertion, note that for each T € M, (L) and z € V,(L), the product
Tz can be written as a linear combination of the columns of 4 where the coefficients
are given by the coordinates of z. Now, we have

[ (camy, ]
vec(CAT) = :
(CAT),,

[ oy, |

A,

enCi+ ... +a1,Ch

a1 Ci1+ ... + 0 Cn

anfp alnIp 01

mily oo Gmadp| [Cr

= (A® I,)vec(C).
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Theorem 4.4. Let A€ My un(L),B € M, (L) and C € M, 4(L). Then
vec(ABC) = (CT @ A)vec(B). (4.2)
Procf. It follows from Theorem 3.18 and Lemma 4.3 that

vec(ABC) = vec((AB)C)
= (CT ® I,,) veC(AB)
= (CT ® I,)(I, ® A)vec(B)
= [(CT & In) (I, ® A)] vec(B)

= (CT ® A) vec(B).
[

Given A € My, (L), B € My 4(L) and C € My 4(L), consider the linear matrix equa-
tion
AXB=C
where X € M, ,(L) is an unknown matrix. Proposition 4.2 and Theorem 4.4 assert that
this matrix equation is equivalent to the system of mg equations in np unknowns given
by
(BT @ A)vec(X) = vec(C).

More generally, the linear matrix equation

k
A XB; =C

i=1

is equivalent to the vector-matrix equation

[ k
i=1

4.2  Vec-permutation matrices

(BF ® A))| vec(X) = vec(C)

which is easier to solve.

For this chapter, we introduce and investigate basic properties of vecpermutation
matrices. It follows that A®B and B®A are permutatively similar via a vec-permutation

matrix.

Definition 4.2. Let e;, denote the n-dimensional column vector which has 1 in the

ith position and 0's elsewhere; that is,

€in 1= [0,0,__.,0,1,0,...,0]TeL". (4.3)
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Define the vec -permutation matrix

I‘m @ eg‘n

I.®ek,
Pron 1= ' €2 € Mpn(L) (4.4)

Im ® ezn_

The vec-permutation is a permutation matrix, that is, its rows are obtained from a

permutation of the rows of identity matrix.

Example 4.5, Let Py, € Myn(L).Consider Py, and Poy

10

o

[ e B = |
—

[ R v N o |

Poz =

o o
o o o

o =

=

o o

I — R S = T =

o o o
=

Py =

(x2 by | —
=

Qo o o o o
—
o T s B . B

Lemma 4.6. The following properties for vec-permutation matrices hold:
1. PL =P,

2, P Pun = PunPL, = Lun



Proof. It follows from Proposition 2.8 that

T _

Pmn_ I£®81n,...,.[£®enn
T T
Eim®@ein ... €1, Reény
T
er  ®eln ... b ®enn
em®@el, ... em®el,
eln®el, ... em®el

T
Iﬂ@elm
Iﬂ@enTmm
=Pn-m.

For the second assertion, by using Theorem3.18 , we have

In®el,
P‘ig'l.‘ann = [Im ® Elng .- :Im ® eﬂ.n:l

In ®er,
= (I ® e1n)(Tn @ €1n) + - + (I ® €00} (I @ €1,)
= (In®emeh) +...+ (In ® epnel,)
=Ih® [2;1 emeg;]
=I,eI,

= Imn.

On the other hand, we have

Im @ e}ﬂn
T .
P'm'ann= . Im®eln:---:fm®enn
I,® efn
T T
Im®eiein .. Im®eienn
T T
In®eein ... Im®e nn



I 0
0 Im
= Imn

Theorem 4.7. [f A € M (L) and B € M, 4(L), then one has

Proof. For each i = 1,2,...

Pup(A®B)PT =B® A

definition of P,,,, and Lemma 3.8 , we have

Prp(A® B)PL =

~Im@zne’f’},,
: AAeB,. .. A, ®B

_Im@e;{p
4185 .. A,&B

AP Fw et et
(A1 ®BP ... A, ®BF
VES::

i : [In®elq,.--,fn®eqq
| A® BP
-Abn v Abyg
[Abp1 ... Abp,

=B®A.

30

{d.5)

,p, We write B! for the 1 — th row of B. According to the

]

Definition 4.3. A permutation matrix is a matrix obtained by permuting the rows of

an n x n identity matrix according to some permutation of the numbers 1 to n. Every

row and column therefore contains precisely a single 1 with 0s everywhere else, and

every permutation corresponds to a unique permutation matrix. There are therefore

n! permutation matrices of size n, where nl is a factorial.

A matrix A € M,(L) is said to be permutatively similar to a matrix B € M,(L) if

there is a permutation matrix P such that PAPT = B,
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Corollary 4.8. If A € M,,(L)and B € M. (L), then A®B is permutatively similar to B®
A

Procof. According to Theorem 4.7 , for n = m and g = p ,one has Prp(A®B)PL, = B A.
Since PL, = P,1. is a permutation matrix, we conclude that A ® B is permutatively

imilar to B® A. O



Chapter 5

Conclusions and Suggestions

5.1 Conclusions

We extend the notion of Kronecker preducts for complex matrices to matrices over
an arbitrary commutative semiring. This product turns out to be compatible with the

following algebraic operations:
- the addition
- the scalar multiplication
- the usual matrix multiplication
- the direct sum
- the transpose
Moreover, we introduce the vector operator and the vec-permutation matrices. We
investigate certain relations between the Kronecker product and these notions.
5.2  Suggestion for Further Works

- In this research, we consider Kronecker product over a commutative semiring.
What happen when we extend the study to certain generalizations of Kronecker

product over a commutative semiring?

- In this research, we investigate vec operator over a commutative semiring. What
happen when we extend the study to certain generalizations of vec operator

over a commutative semiring?
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Abstract : In this paper., we investigate algebraic properties of the Kronscke:
product of mattices over a commutative semizing. Tt twrns out that this matrix
product has n rich and pleasing algebra. These algebraic properties include the
associativity, the distribution over the addition. and the eompatibility with other
matzix aperations. We nlso discuss the relationship between the Kronecker product
and a kind of vector operation. namely, the vector operator.
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1  Introduction

Motivated from computer seience and statisties, a rectangular matrix is o two-
dimensional array for stacking data. To produce a new data, we can use a variety of
matsix produets. Each type of product is suitable for particular problems ocourred
m science, engineering. economics, ete. One of the most important mafrix producis
is the Ironecker produer, which has a rick and very pleasing algebra that supporis
a wide range of applications. The theory of Iironecker produet of real fcomplex
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matricez was established by many authors; zee eg [13, 17, 23, 25 28, 271
Kronecker products are applied widely in matrix/operator theory. numerieal linear
algebra. phyzics, statistics, computer zcienee. signal processing, control theory. ete.:
see [14, 18, 21, 23, 24].

On the other hand. the theory of matrices whose eniries come from a suitable
algebraic structure such as o semiring or a commuative cemiring are practically
useful, especially in information sciences and fuzzy systems. Earlier results in this
theory concerning the inversion of matrices over a commutative cemiling were
obtained in [22]. Since then a theory parallel to that of linear alzebra to systems of
linear eguations, linear independence, rank and eigenvalue problems over various
kinds of semirings has been obtained by many authors; cee e.g. i-L 8, 9, 11. 12 28
Examples of applications of matrices over a semiring in optimization theors.
operation research. automatic control, and network theory can be seen in [2, 4. 7.
120

In this paper, we introduce the notion of Kronecker products for matrices over a
commurative semiring. This kind of matrix product is not commutative in general.
This product satisfies muweh nice algebraic properties. e.g. the ascociativity, the
distributivity owver the addition. and the compatibility with the sealar
multiplication, the transpese and the usual multiplication. Moreover, we introduce a
linear transformation that associates each matrix with a vector by stacking each
sequential column of the matrix. This operation, ealled the vec operator, tmns usunl
maitrix products to the Ilronmecker product. Tt follows that any linear matriz

eguation of the form
k
Y A4XB =C
t=1

in an unknown matrix 2\ can be reduced to the vector-martrix equation Ar = b.
Finally, we introduce and investigate basic properties of the vec-permuintion
matriz which is a kind of permutation matrix that involves the Ironecker product.
Tt follows that A D Band B & Aare permutatively similar, Qur results extend the
results for real/complex marrices in the literatwe. However. some of the algebraic
properties for Kronecher products of real/complex matrices do not hold in this
getting.

This paper is organized as follows, The next section provides some preliminaries
about matrices whoze entries come from a commutative cemiring. In Section 3, we

introduce the Iionecksr product of matrices over o commutative cemiring in terms

38
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of block matiices and investigate itz bazie algebraie properties. Section 4 deals with
the propercy that associatss the usual product and the Kronecker product. namely,
the mixed product property. Section 3 discusses the vee operator and its
applications to lineawr matrix equations. In the final section. we define the vee
permutation matrix and use it to show that 4G B and B & 4 are permuiatively
similar. '
2 Matrices over a commutative semiring
In this section, we first recall the definition and examples of n commuzative
semiring. Theu we investigate basic properties for operationz on matrices over this
algebraie structure.
The following definition of & semiring was due #o Zimmermann {30] and Golan

1. ,
Definition 2.1. A zemiring ic a set L together with

- a binary operation + on L called the addition.

- & binary operation + on L called the multiplication.

- two distinguish elements 0 and 1 in L
satiafying the following properties:

L. (L.+.0) ic a commutative moneid,

2. (L.~1) is 2 monoid,

8. the multiplication is left and right distributive over the addition.

1 0r=0=¢-0foral rel
This algebraie system can be written as (L. +.-.0.1) or L for shert.
Definition 2.2, A semiving (L.4.-. 0,1} is caid to be commurative if r-s=s5-r
for all ns € L.

Tt 1z clear that & commutative semiring is a generalization of a field. 1We then
provide examples of a commutative semiring which is not a field. These examplex
arize naturally in applications.

Example 2.3. The following structures are commutasive semirings.
1. The unit interval F 0. I‘l under the operations

a+b=supfab} and e-b= inf{a.b} for a.b = L.

This semiving is known as the fuzzy algebra (oee e.g. [16]).
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2. The set [(.x:) of nonnegative real numbers with the usual operations
of addition and multiplication.
8. The set NU{0} of nounnegative integers under the operatiens

0. a=b=0

= ged{a b)), otherwisc
[!cm(a-, B)., abel¥
= 1 0. otherwise,

4. For each natural number 7. the serZﬂ of integers medulo n together
with itz usual operations.
Example 2.4. Consider the extended teal number system R Uf—o¢.00}. Then
B U{—x} i a commutative semiring under the operations
a®b=max{ab} and e ©b=0a+bfor a.b R U~}
This semiring iz usually called a max-plus algebra or a schedule algebra (see more

informarion n 1. 3. 8]).

Example 2.5.  Recall that an MV-algebra (ze2 e.g. [, 6]) is o cet L together with
- two binary operations = and & on L :

- a unary operation — on L

- tweo distinguish slements §and 1 in L

such that the following properties hold for all 2.y, 2L

rsys:=2s6@@=23)

(i ezy=y==

(i e 2 0=z

() ~(—z)=1r

) egl=1

(vi) =0=1

(vii) 2Oy = ~(=z S =y)

(i) ~(~rEy) ey = ~(~ySa) s

For each r.¥ £ L, define
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rVy= (20-y)&y
Ay = (r32-y) Sy
Then (L,v.2.0.1) ad(L.A.£,0.1) are commutative semirings.
From now on. let L bs a commutative semiring. For each m.n 2 N, let
M (L) be the oot of all m-by-n  marrices whose entries come from L. If

ASM_ (L) has e oo its (4, j)th entry for esch i=1..m and j=1_.n

S

ig=1

we write 4 = [a.,,]m or A= {a‘.’] for chort. We abbreviate M _(L)=M_ (L)

and V7 (L) = M__(L). For each matrizx A the netation A= [AbL means that A4
iz a block matrix whose (4. 7) th block is given by ‘4.';"
Forench 4 =(¢,|.B=[b] &M _ (L) and k € L. define the addition and the
scalar multiplication as follonws:
A+B=la +b, e (D),
kd = [ka | € 3 (L).
It .4=Eai;.] €M (L) and B= {bb] S M (L) we define the multiplication of

4 and B by

.43:[2%% s M (L),
k=1

It iz straightforward to the show that ;U“(L) is A cemiring with respect to the

addition and the mulriplication defined above. Here. the zero element is the zero
matzix 0 =i0}€ M (L) and the multiplicative identity is the identity matrix
I = [5(5} £ M (L} where 6, =1 if i=j and 6, =10 if i==j This cemiring ic
not commutative unlestn =1 .
Proposition 2.8. Let A B and € be matrices over a commutative semiring £
If the following matrix operations exist, we have

1. ald+B)=ad+aB

2. {a+Nd=ad+ 34

3. {(ad)0 = a(dC) = Alal).
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Proof. Tt follows stiaightforward from the fact that L is a commutative semiring.

The tanspose of a matrix 4= [ai‘.] € M _ (L), denoted by AT ic defined to be

the matrix in AL (L) whose (i j)th entry is given by a,  for each i=1....n
and §=).....m. Basic properties of the trancpose of matrices over a commutative
semiring in connections with the addition. the sealar mulfiplication and the
multiplicntion are given here.

Proposition 2.7. Let A B& M _ (L) C< MM(L) and k£ L. We have

1 (AT =4

2 (A+BFf =47+ 57
3. (kA)T = k4T

1 (4CF =074

5. if A=[A] then 4T =[4T],
Proof. ‘The proof is straightforward.
A matsix A€ M (L)} is snid to be invertible if there is a matrix BeM (L)
such that AB = I = BA The direct sum of A€M (L) and B g M_(L) is
defined by

4 0]
(€ AL, (L)

AgB=
6 B

The trace of a mattix 4 ={a,) € A (L} o defined by

tr(d) = iaﬁ.
=
The following linearity properties of the trace of a matrix over a commurative
semiring will be used in later diccuasions. The preofs of them are straightforward.
Proposition 2.8, Foreach A B < M (L) and & € L, we have
1. w(d+ B)= u{d)+ u{B)
2. w(kd) = ktr(4).
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3 Basic properties of the Kronecker product of

matrices over a commutative semiring

In thiz section, we define the Nronecker produet of matrices over o commutative
gemiring by means of block matrices and establish itz basic algebraie properties
agseciated to the matriz operations introducad in Section 2.

Definition 3.1. Letdc M (L) and B¢ MM(L). The Kronecker product
of 4 and B is defined to be

A@B=[a,B] €M, (L) 3.1y
That is. each (¢ f)th block of A& B is given by ai.‘_.B for i="1l..m
mdj=1..n
Tt ia interesting to note that 2y =r &y =y ©a  for any r & V(L)

and y € T‘; {L). That iz, in special cases, the Ivonecker product coincides with the
usaal matrix produet. ‘Fhe Nronecker product of two identity matvices [ & .'Ua (L)
and I €M (L) vesults in the identity mateix J €3 (L), Similar result
holds for zero masrices. Note also that the 7 -copies direct sum of a matriz can be
written in the form invelving the Kronecker produer as follows:

40 - 0
by Do SN
o0 o ... 4
4
The next proposition shows that the Kronecker product iz compatible with the
addition. the sealar multiplication and the transpoze.
Proposition 3.2, Let 4 5 and C be matrices over L. Tf the following matsix
operations exiat, then one has
1. (f)SB=kKAC B}= A% (kB)
2. (A+B)oC =AY+ (BoC)
3. Ag(B+Cr=doB)+(Aa0)
1 (Ao B =47 5.
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1
Proof. Let 4= [aﬁl snd B = [b&,i. Tt follows from Propoesition 2.6 that

(k4) & B = [(ka,)B], = {k(agB)L = kia-ﬁB]ﬁ =I{AC B),

A (kB) = [o,(kB)], = [(ha,)B] = [k(aﬁB)Lj = }:[a-t.B]ﬁ = KAG B).
To prove the second property. it ouffices to chow that each (i j)th block of
(A+B)2C md (ASC)+(BEC) coincides. Indeed, we have
[(a+B)cC] = (g +8)C =40+ bC
=[as g, +[B@C]& ={(AeC)+(BC ),
Similarly, we have AQ(B+C) = (42 B)+ (4T C). For the last property. we
have by Propogition 2.7 that
(-4@B)T = ia;ijng e [(aﬁB)TL'; = [a;'sBT}i; = -"!'T o BT-
The following observation i5 very useful in dealing with Kronecker products by
means of block matrices.
Lewmma 3.3. For any mattix 4 and B, each (& Jjih block of 4 & B iz given by
.4'.0_. & B.
Proof. Suppose that we partition into 5§27  block matsix with A & M (L)
iR,

foreach 3=12....5 andj=12._7. Then we have

ayB - th,B Y- Y41V B
arr'l'B 1 amnB ar IB A arrn B
¥l i ! o
Ao B=
2, B ‘11«‘13 a,B ain,_B
e B a B a B o CF
‘413 :'\\" B ' ‘4'1r & B‘i
4,08 ' A O B
= £‘4€i & 2&

a4
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Remark, Tn contrast to Lemuma 3.3, it Is not true that A5 8B = [.4 GB&]--' To
(7

see this. consider the following makrices over the fuzzy algebra [0.1] {see Example

2.3):
B 00
s - 0 ] -

The next result shows the associativity of the Tironecker product.
Proposition 3.4. Let A= M_(L).B¢e M, (L) and C &AM (L) Then
(AsB)aC=4Az(BaC). (3.2)

10

A=
01

Proof, Tt follows from Lemma 3.3 that

e (BGCO) . o (BSO)| [@B)eC .. @ BoC

A¢(Bg )= : : = : ; :
2 (BOC) - o (B3C) |@,B)2C - (e BjcC
a, B ... alnB]
1 — s C=(4eB)aC.
a B . a C jI

Remark. The property that 49 B =0 ifandoniyif 4 =0 or B =10 is not

true in general. For instance, let L = (Z,.+.) and consider the following matrices

) Bl 7 NA
o LT o [
The next result chows that the Kronecker product is compatible with the matrix
trace.
Proposition 3.5. I A€M (L) and B e M (L). then

tr{4 @ B) = (tr 4)(1rB). {3.2)
Proof. Observe that the sum of the main dingonal entries of A3 5 1o Zﬂ a. B.

So. taking the trace of A & B gives

(45 B) = Z[aib‘:] =S 6, t6(B) = w(B)S 0, = () x(B).

i=1 g=1 =1 i=1

Here, we use the linearity of the {race in Proposition 2.8,
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Definition 3.8. The Kronecker power of A € M _ (L) is  defined inductively for
all positive integerz & by '

AN = 4 and 4% = 42 A% for E =23, (5.9
Thiz definition implies that for 4%* & M, L)

Tt iz ency to see that {A%)% = A% 0ng 4% © AT = 457 g positive
integers r and s The nest proposition asserts the compatibility bhetween the
Eronecker product and the direet sum of matrices.

Proposition 3.7. Let A€M (L) and BEM (L) and C € M_(L). Then
(AsB)eC=(ACO)& (B O). (3.5)

Proof. It follows from Lemma 3.3 that

femeoot VLo _4e0 0C]_jacc 0
“sBsC=\, BIYY Tilooc Bac| | 0 Bao
={40C)s(BoC).

Remark. Tn general it does not hold that AG(B& Q)= (A&B)&(AcC)
To see this. consider the following raatrices over the fuzzy algebra {0.1] (aee

Example 2.8):

!} jJ.B=

10

53 o 0
A= o (

'C=f0 1

4 The mixed product property and its consequences
In this section. we prove that the Kronecker product is compatible with the
uzual matrix product, Thiz property is called the mived produet property. Then
some consequences of this result are given.
Lemma 4.1. Foreach A€M (L) and Be M (L) we have
AcB=(42 IP)(IH @B ={_cB)(AD IG) (1.1}

Proof, A direct computation shows that
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a,B .. oB| [eJ, .. allB .. B
AeB=| i . ti=| 1 0 i L H=(AeL)I, 0 B)
0,8 o, B ol - o I|B -~ B
£ e w1 p me gl J
ayB ... e B B .. BleJd .. al
AsB=| 1 i =l ol =, e BNATL).
e, B -~ o Bl [B - Blle, - ol

Theorem 4.2, Let AcM (L), C& Mn:?(L}, Be .f‘.fql__(L) and
De .’1:!"_3(1',}. Then
(4© B)(C & D) = (40) (BD). (12)
Proof. By making use of Lemma 4.1, we obtain
(AzB)(CoD =40 IWI ©BYC @I’)(Iy )]
~(4GI)C 2B, 0D)
=(AC1)(C L), & B, 2D)
=l4eyer L, o BD)
=(AC) 2 (BD)
which is the desired resuls.
Corollary 4.3. £ the following matrix produets exist, then one hag
LA SEN4 D BQ)"'(Ap & Bp) = (44 "'Ap) (5,5, "'Bp)
2 (4d24,C. G ANB 2B, & & BP) ={4B)cBl)e ¢ (A,B;)
3. (4B = A¥ B> for vy k&N
1L (AT =&Y forany rsel
Proof, Tt follows immediately from the mixed product property (4.8) via
mathematical inductions.
Corallary 44, Let A€M (L) and BS AL (L) Tf both 4 and B are
invertible. then 4% B is invertible and
(AeB)y’ =47 ¢ B (4.3)
Proof. Using the mized product property (4.3}, we have
(AeB) A" B ) =442 (BB Y=1aI=1
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and, similaaly (47 @ B7)(A 2 B) =1 Thic means that AQ B iz invertible

with(AS B =47 5 B,

5 The vec operator and linear matrix equations
Tn this section, we introduce a column-seacking operator that associates o matri
o a column veetor. called the vec operator. ‘Thic operator is linear and bijective,
Moreover, we dizeuzs the nsage of the vee operator to the area of linear matrix
equAations.
For each A matrix  we write 4 for the i th column of 4 The precize
definition of the vee operator iz siven here.

Definition 5.1. For each A€ A (L), we define

s p
vee(4) = 42 S hi (5.1)
4
That iz, vec(d) iz a column vector of each sequential column of A stacked on
top of one anorher.
Proposition 5.2. The vec operator vec: M (L) — L™ is a hijection catisfying
vee(A + B) = vec(A) + vec(B)
vec(kd) = fec(A)

for any ABe€M_ (L) and k€L
Proof. Tt iz straightforward from the definition of vec operator,
Lemmasd. Let A (L).BEM (L) and C€M, (L) Then

Lovee(4B) =(I & Ajvee(B)

2. vee(CAT) =(4 T I )vec(C).
Praof. Observe that the ith column of AB i3 given by AB‘. foreach i=12_ .n

1t follows that
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(4B) AB,| 4 0 . ol
(4B) AB, 0 4 .. 0llB
vec{AR) = 2= o= l Co ;'4
(4B) 4B| {0 0 - 4B
P
= (I, C A)vec(B).

To prove another assertion, note that for each T € M_ (L} and x€ ¥ (L).
the product L& can be written as a linear combination of the columns of 4

where the coefficients are given by the coordinates of & Now. we have

(C‘4T)I 0(‘4?)1 ? jt212(:,1 K +a1r.0r:
vec(CAT) = : = Pl = : :
ATy cr(_zf")r?_g a C+ - +a C
a1 . e I 1G]
i U Ny~ : = (4G )vee(C).

e - a I|C

™l p mnT 2 L
Theorem 5.4. Let 4€ M (L) B<M (L) and sC €M (L) Then

s z . 0
vee(4BCY = (C7 @ 4)vec(C). (5.7}

Proof. Tt foliows from Theorem 4.2 and 5.3 that
vec(AB(C) = vec({AB))
= (CT &1 Yvee(4AB)
={C* @1 NI < A)vec(B)
U] [(c’f Yoo .4)] vec(B)
=(CT ¢ A)yvec(B).

diven A€M (L).BeM_ (L) and € e M_ (L) Consider the linear matrix
m.s g L
aguation
AXB=C
where X € (L) iz an unknown matrix. Propesitien 5.2 and Theorem 3.4
azzert that $hizs matiix equartion is equivalent to the system of mg equations in
np unknowns given by

(BT © A)yvec(X) = vec(C).
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More generally. the linear matrkx equation
E -
Z 4XB =C
=
is equivalent to the vector-matrix equation
: T
[Z(B; o :'-1_.)] vec(X) = vec(C)
=1

which ig easier to colve.

6 Vec-permutation matrices

For this section, we introduce and investigate basic properties of vee-permutation
matrices. Tt follows that AS B snd B3 4 are permutatively similar via a vee-
permutadion masix.
Definition 6.1. Let ¢, denote the 1 -dimensional column veeior which has 1 in

the 7th position and 0's elsewhere; that is,

6, =[00-010..0] &1 (6.1
Define the ver -permutation matrix
I 01:,
P = |l “nleu ) (6:)
AT

The vec-permuration i a permutation matrix, that is, its rows are obtained

from a permutation of the rows of identity matrix.

Lenma 6.2. The following properties for vec-permutation matrices hold:

W\ =P
2. PEANTER =1 _

Proof. It foliows from Proposition 2.7 that
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T o~ T oo |
. . tm > Cin c‘lm 2 Con I
— T ne I me i = : !
Pmn - In'- w6y, Irr o r!:r.j - )

T o~ T o ]
cmm hed c]n Cmm W Crrj

o~ T -~ T T

c'ln e Clm cz:r: - E]m Ir. < Flm

T o T T

cln bt Cmm cr:r: = Ymm In b emm

= L1

For the second assertion, by using Theorem 4.2, we have

I o

m 1z

PP~ [Im S, I, O em]

1 (Im C C':lr:)(jm & c:ﬂ) +ot (Im & rnn)(Im C C:n)

= & c;inc;;) +...+ @ cmc:“)
= Im @ (Z ::1 (,inci?n)
~ Im i In
= Imn.
On the other hand, we have
Im & clﬂ Im = Fl’iﬂln Im o an(?“.g
rﬂnpr:::l F S [Im @ elﬂ '”Im ::acﬂﬂ e E
m QC; Im @ C:af'!r e:; el C!:r |
Im 0
= |: L= I
e
Theorem 6.3, Let AcM_ (L) and B€ M (L), then one has
~ LN 1 :
P (AGBP. =BG A (6.3)

Proof For arch ¢+ =1.2..... p, we write B, forthe ith rowof B According to

the definition of PM and Lemma 3.3, we have
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Ize, 42B .. 40F
P 4SBPL = ﬂiggmﬁgﬂpi= L
I, 2e, ACB - 4 9B
A@FI _ byd .. bod
= : i[Iﬂ@CIq...In @_Cﬂ! =1
- 2 - , y
AzB bA oo b A
=BsA

Amatriz A€M (L) issaid to be permutatively similar to a matrix B € M _(L)
if there is a permutation matrix P such that PAPT = B.
Corollary 8.4. 1f A€M (L} and B €M (L). then AT B is permutatively
similar to B & 4
Proof.  According to Theorem 63, for n=m and ¢=p one has
Pmp(.il:;’}B}P; =BoA4 Binee F_ s a permutation matrix. we conclude that
A9 B i pamutatively imilar to B & 4
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