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ABSTRACT

The random coefficient autoregressive (RCA) model develops from the autoregressive model
and the hierarchical model. The RCA model has considered a constant parameter and
coefficient parameter depended on past data. The least squares method is a widely used
method by minimizing the sum of squared residuals and differential with respect to the
unknown parameter. In this paper, the concept of the least squares method is used to
estimate an unknown parameter of the first and the second orders of Random Coefficient
Autoregressive (RCA) model or called RCA(1) and RCA(2) models. The efficiency of the two
models is to compare by considering the minimum value of mean square error. The RCA(1)
and RCA(2) are then applied to a time series data in the form of nonstationary data. The
monthly averages of the Stock Exchange of Thailand (SET) index and the daily volume of
exchange rate Baht/Dollar are fitted on these models. The prediction of RCA(1) and RCA(2)
models is shown that the RCA(l) model outperforms the RCA(2) model, similar to two data

sets.

The random coefficient autoregressive (RCA) model develops for estimating
parameter of nonparametric regression model that consisted of independent and
dependent variables. The smoothing spline, penalized spline, and B-spline methods in a
class of smoothing techniques are considered to estimate the unknown parameter. We also
compare these methods by fitting nonparametric regression model on simulation data and
real data. The nonlinear model is generated in different 2 models. According to the results,
it can be found that the smoothing spline, penalized spline, and B-spline methods have a
good performance to fit nonlinear data but the penalized spline method shows the
minimum mean square errors. For a real data, we use the data from a light detection and

ranging (LIDAR) experiment that contained the range distance travelled before the light as an



independent variable and logratio logarithm of the ratio of received light from two laser
sources as a dependent variables. From the mean square errors of fitting data, the penalized

spline shows the minimum values as the simulated data.

A smoothing spline (SS) method and penalized spline (PS) method are proposed in a
class of nonparametric regression method for estimating the unknown functions on a
Conditional Heteroscedastic Nonlinear Autoregressive (CHNLAR) model. The CHNLAR model
consists of trend and heteroscedastic functions in terms of past data at lag 1. The SS and PS
methods have been performed to estimate the unknown functions which transformed data
to fit the trend and heteroscedastic functions. For simulation study, the data is generated in
terms of time series data and used the hypothesis testing of bias to check the accuracy.
The SS and PS methods exhibit a good power estimation in most cases of generated data.
For real data, the gold price (US Dollars per Troy Ounce) is then applied by using SS and PS
methods based on CHNLAR model. The results show that the SS method performs better
than the PS method.
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Chapter 1

Random Coefficient Autoregressive Model

1.1 Introduction

Currently the economics growth is of interest to developing countries. These data are
mostly stored in the form of time series data, whether it is a daily, a monthly, a quarterly, a
yearly, like the unemployment rate, an economics growth rate, the gold price, the exchange
rate. The information is sensitive and rapid fluctuations by the external factors such as
natural disasters, wars, epidemics which these factors can’t be controlled and predictable
events. For this reason, it is difficult to estimate or predict the precise business information.

Heteroscedastic or volatility means that the economics time series data quickly
changes values in time-plot data. Heteroscedastic model is useful to study for estimating or
forecasting time series data where the right approach is to solve this problem when the time
series are often clear evidence of changing mean and variance.

There are several time series - models- fitted to time series data which is
applied in term of stationary and nonstationary data such as finance, business, and
economics. The modelling of time series models can help to estimate and forecast the
values in future time. For nonstationary time series data, the Autoregressive Integrated
Moving Average (ARIMA) model can be used to fit model. This model has some problems to
over specify the model and estimate the integration parameter. An alternative way to model
by volatility is to use the Conditional Heteroscedastic Autoregressive Moving average
(CHARMA) model. The Random Coefficient Autoregressive (RCA) model is proposed based on
volatility that employed the least squares and maximum likelihood methods to estimate
parameters.

The parametric and nonparametric methods are the choice for estimating regression
function between two sets of variables that consist of a vector of predictors and a response
variable. A parametric regression model requires an assumption that the form of the
underlying regression function. The selection of parametric model depends much on the

_problem and may be too restrictive in some applications. To overcome the difficulty caused
by the restrictive assumption of the parametric form of the regression function, one may
remove the restriction that the regression function belongs to a parametric family. This
approach leads to so-called nonparametric regression.

Typically, the nonparametric regression methods are based on a smoothing
technique which produces a smoother. A smoother is a tool for summarizing the trend of a
response variable as a function of one or more predictor variables. The single predictor case
is called scatterplot smoothing that can be used to enhance the visual appearance of the

scatterplot of response versus predictor variable. There are many smoothing techniques,



e.g., smoothing splines, and penalized splines. These smoothing techniques are generally
based on the assumption of homoscedastic variance model which may not be suitable

when the data involves high volatility.

1.2 Objective of Research

1.2.1 Create the new model and apply for forecasting the economics of time series
data.

1.2.2 Study the property of volatility on the economics of time series data.

1.2.3 Study the relationship of randem coefficient autoregressive for time series
analysis.

1.2.4 Simulation by computer from statistics and mathematics models for forecasting
future time series data and investment.

1.2.5 Develop research and apply on real data.
1.3 Scope of Research

This study interested to estimate the parameter of random coefficient autoregressive model
on lag one and two or called RCA(1) and RCA(2) based on least squares method. The
performance these models is mentioned on the minimum value of the Mean Square Error
(MSE) using on real time series data such as the Stock Exchange of Thailand (SET) index and

the exchange rate of Thai Baht to one U.S. Dollar.

The Stock Exchange of Thailand (SET) is an important index in Thailand that served
to promote saving and long-term capital funding for the economic development of the
nation. Furthermore, the volatility of exchange rate Baht/Dollar has been related to the
speculative motives in the international financial transection. The forecasts of volatility play

a crucial role in the financial decision and need for accurate future volatility.

We will consider the application of conditional heteroscedastic nonlinear
autoregressive (CHNLAR) model using the smoothing spline (SS) and penalized spline (PS)
methods. The real data sets, we use the monthly volume of gold price (US Dollars per Troy
Ounce) from January, 1984 to December 2013, which consisted of 360 records. These data

are obtained from http://www.indexmundi.com.



1.4 Research Methodology

1.4.1 Study the research about the random coefficient autoregressive model.

1.4.2 Study the research about the analysis data by using random coefficient
autoregressive model.

1.4.3 Study R programming for data simulation.

1.4.4 Collect real data from Stock Exchange of Thailand and related data

1.45 Use R program for data analysis based on simulation data with random
coefficient autoregressive model.

1.4.6 Use R program for data analysis based on real data with random coefficient
autoregressive model.

1.4.7 Check accuracy of random ' coefficient  autoregressive model based on
simulation and real data.

1.4.8 Conclusion this research.

1.5 Benefit of Research

1.5.1 Obtain model for forecasting time series data.
1.5.2 Obtain property of volatility on time series data.
1.5.3 Obtain relationship of variable on time series data.

1.5.4 Obtain simulation data closed real time series data.



NANAS

JPYTEaLBEAITAUIE YN UALIYN
T Wy grudeyaizmeuns/e | Sl Ui
pE N3aE3/UsEAANNS/ e
maazla|  navdise
4' & v
YDNAIU LUUAU
1.  NSHELWINAIUNISIYINT3(Publications)
SEAVUIUIYIR
d :
o o) A 2019 2™ International Conference on 1
¥ N5USEYN / FUNWT SEAURIUIIRA 2019
(ntemationalGontere e Mathematics and Statistics (Scopus)
Statistical Journal of the IAOS 1
2019
(Scopus)
® 115813 SYAULIUIVIA
(International Journal) Songklanakarin Journal of Science 1
2019
(Scopus)
2. MINARULAR
= .ms/ln/ten Ul L 2002




Proceedings of

2019 2nd International Conference on Mathematics and
‘Statistics

JICoMS 2019

Prague, Czech Repub'lic

July 8-10, 2019

ISBN: 978-1-4503-7168-1



The Association for Computing Machinery
2 Penn Plaza, Suite 701
New York New York 10121-0701

: Published by ACM

ACM ISBN: 978-1-4503-7168-1

' ACM COPYRIGHT NOTICE. Copyright © 2019 by the Association for Computing Machinery, Inc. Permission
to make digital or hard copies of part or all of this work for perscnal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this
notice and the full citation on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post on servers, or to
redistribute to lists, requires prior specific permission and/or a fee. Request permissions from Publications Dept.,

ACM, Inc., fax +1 (212) 869-0481, or permissiens@acm.org..

For other copying of articles that carry a code at the bottom of the first or last page, copying is permitted provided that
the per-copy fee indicated in the code is paid through the Copyright Clearance Center, 222 Rosewood Drive, Danvers,
MA 01923, +1-978-750-8400, +1-978-750-4470 (fax).



‘Table of Contents

Proceedings of 2019 2nd Internationai Conference on Mathematics and Statistics
(ICoMS 2019) ‘ :

Preface = inbtiniann il o iivilas st o s e e el el e D Y

Conference Committees:..o. s i i anmiacinn s il s S VI

* Session 1- Mathematical Model Analysis

Packing of R’ by Crosses - : 01
Catarina M. N. Cruz and Ana M. D Azevedo Breda

Multidimensional Catalytic Branching Random Walk with Regularly Varying Tails 06
Ekaterina VI. Bulinskaya :

Mathematical Modeling and Simulation of 3-Qubits Quantum Annealing Processor 14
Saud Owyed, A. Abdel-Aty, Mohamed Mabrok and Nordin Zakaria

Factors Affecting Efficiency of Police Stations in Metropolitan Police Division 3 19

Pornpimol Chaiwuttisak
Impact Assessment of Evacuation in the Fire Case of Huanlesong KTV . 24
Cherng-Shing Lin, Min Ma and Chao-Hsing Chang

Comparing the First and the Second Orders of Random Coefficient Autoregressive Model on Time Series 30
Data

Autcha Araveeporn and Somsri Banditvilai

Estimation and Use of Correlation in Multiple Hypothesis Testing with High Dimensional Data 36
Pianpool Kirdwichai _
Development of University Scientific Knowledge Ontological Model 40

Gulnaz Zhomartkyzy, Saule Kumargazhanova, Galina Popova and Laura Suleimenova
Developing A Model for Managing the Curriculum Model Competency Form 46
Indira Uvaliyeva, Saule Kumargazhanova and Gulnaz Zhomartkyzy 4
Comparing Penalized Regression Analysis bf Logistic Regression Model with Multicollinearity ' 52
Autcha Araveeporn and Choojai Kuharatanachai '
Bayes Reliability Analysis of Parameters of Generalized Pareto Distribution under Different Loss Functions 58
Song Ying and Cao Yuanping

* Session 2- Statistical Science

- Behaviour of Malaysia and Australia Exchange Rate in Response to the Prices of Commodities 62

Wearn Qian Soon, Leng Poh Hong and Ganeshsree Selvachandran



Adaptive Estimation of Autoregressive Models under Long-tailed Symmetric Distribution 68
Begiin Yentii; Ozlem Tiirker Bayrak and Aysen Dener Akkaya

Behaviour of Malaysia and Vietnam Exchange Rate in Response to Changes in Inflation Rate . 73
Khoo Jie Yuin, Yong Poh Yee and Ganeshsree Selvachandran

Forecasting Models of Chinese, Malaysian and South Korean Tourists Visiting Thailand : 79
Somsri Banditvilai and Siriluck Anansatitzin

| Effects of High Frequency Trading on the Malaysian Stock Market ‘ 85

Faith Kabanda, Ali Alaali and Yap Hong Keat .

Numerical Effects in Computer Simulation of Simplified Hodgkin-huxley Model 92
Valerii Y. Ostrovskii, Timur I. Karimov, Ekaterina P. Solomevich, Georgii Y. Kolev and Denis N.

Butusov

Valuation of Real Estate: A Multiple Regression Approach 96
Wong Mei Chin, Nicholas Lee Wen Kit and Jeff Lai Wan Fei

Fatality Involving Road Accidents in Malaysia: A Comparison between Three Statistical Models 101

ANin Ho Chun Wai, Sam Yi Seng and Jeff Lai Wan Fei

Author Index 106
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ABSTRACT

The random coefficient autoregressive (RCA) model develops
from the autoregressive model and the hierarchical model. The
RCA model has considered a constant parameter and coefficient
parameter depended on past data. The least squares method is a
widely used method by minimizing the sum of squared residuals
and differential with respect to the unknown parameter. In this
paper, the concept of the least squares method is used to estimate
an unknown parameter of the first and the second orders of
Random Coefficient Autoregressive (RCA) model or called
RCA(1) and RCA(2) models. The efficiency of the two models is
to compare by considering the minimum value of mean square
error. The RCA(1) and RCA(2) are then applied to a time series
data in the form of nonstationary data. The monthly averages of
the Stock Exchange of Thailand (SET) index and the daily volume
of exchange rate Baht/Dollar are fitted on these models. The
prediction of RCA(1) and RCA(2) models is shown that the
RCA(I) model outperforms the RCA(2) model, similar to two data
sets.

CCS Concepts
Applied Computing — Forecasting

Keywords
Least Squares; Mean Square Error; Random Coefficient
Autoregressive Model

1. INTRODUCTION

In a field of business, most data are collected in the form of time
series data that often nonstationarity and volatility because of
sudden random changes in the market, especially when data are
systematically collected over a long period of time. There are
several time series models fitted to time series data which is
applied in term of stationary and nonstationary data such as
finance, business, and economics. The modelling of time series
models can help to estimate and forecast the values in future time.

For nonstationary time series data, the Autoregressive Integrated
Moving Average (ARIMA) model can be used to fit model. This
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model has some problems to over specify the model and estimate
the integration parameter. An alternative way to model by
volatility is to use the Conditional Heteroscedastic Autoregressive
Moving average (CHARMA) model [1]. [2] proposed the
Random Coefficient Autoregressive (RCA) model based on
volatility that employed the least squares and maximum
likelihood methods to estimate parameters. The estimating
function technique is equivalent to a weight least squares
estimator discussed by [3] and [4]. Presently, it is very popular
because it uses past data to help estimate the unknown parameter.

The least squares method is a well-known method that used to
determine a parameter of best fit by minimizing the sum of
squares. [5] applied least squares criterion to estimate the
parameter of the random coefficient dynamic regression model on
stationary and nonstationary to the exchange rate of Baht/GBP
and Baht/EUR. [6] compared two least-squared random
coefficient autoregressive model based on with and without
autocorrelated errors and applied two models to the daily volume
of Thai gold price.

This study interested to estimate the parameter of RCA(1) and
RCA(2) models based on least squares method. The performance
these models is mentioned on the minimum value of the Mean
Square Error (MSE) using on real time series data such as the
Stock Exchange of Thailand (SET) index and the exchange rate of
Thai Baht to one U.S. Dollar.

The Stock Exchange of Thailand (SET) is an important index in
Thailand that served to promote saving and long-term capital
funding for the economic development of the nation. Furthermore,
the volatility of exchange rate Baht/Dollar has been related to the
speculative motives in the international financial transection. The
forecasts of volatility play a crucial role in the financial decision
and need for accurate future volatility.

2. THE RCA MODEL

The general class of Random Coefficient Autoregressive (RCA)
model of order P , that is given by

P
x, =c:z+Z:,6’n.x,_1 Fe it =2:3:00n! ¢
i=l
[7] suggested hierarchical model by setting
P = g +Qpu,,

where & is the scalar of constant, /jn = (ﬁtl’ﬂﬂ""?ﬂtp)!
is a sequence of independent random vectors with mean

e 1 e . s
lt_lﬂ = (,u,l,,u,z,.,.,/iq,) and covariance matrix Qﬂ. It is



assumed that &, ’s are the sequence of iid" (independent and

identically distributed random variables) from distribution mean
zero and unit variance.

In this paper, we focus on the first and the second orders as
RCA(1) and RCA(2) model.

The RCA(1) model can written as

X =l O ek el — PR3k e oy

B = HptOgv,
where X, ’s are iid random variables with mean Hp , and
: 2 3 i : ;
variance Op, &, ’s are iid random variables with mean zero and

2
variance O, . The RCA(1) model can be rewritten as

x, =a+f,

GRS —a-i—,uﬁxt_1+ut,

©)

where U, =0 gV, X, + €, , where V, is a random variable with

mean zero and variance one and independent of £, .
The RCA(2) medel can written as
X =+ fx,_, HOLX, , + 9 =344, 4

and

B
B

where X, ’s are iid random variables with mean  fig, Up, ,

=Un+OmYV

T Hp T Op Y,

; 2 2 3 s ; :
and variance Op;,0p4,, &,’s are iid random variables with

2
mean zero and variance O, . The RCA(2) model can be

rewritten as

xt =a+ lBtlxt-l +ﬂt2xl—2 g 81

©)

Sat U X+ HpoX, 5, T U,

where u,=0‘ﬂ1 r1+0'ﬂ, VX, , T &, , and V,, V,, is a

random variable with mean zero and variance ome and
independent of €&, .

3. LEAST SQUARES ESTIMATION

To estimate the parameter of the RCA model, we propose the
process of least squares criterion for estimating the unknown
parameter of the first and second orders on RCA model.

3.1 RCA(1) Model

The first estimation method, we propose the least squares criterion
to estimate parameter &) = (o, i ﬂl) by minimizing sum of

squared residuals.

@
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Given a sample X;,X,,..., X, , the parameter 91 = (a,yﬂl)

1S to estimate by minimizing Zu with respect to
t=1

91 =(a, #ﬁl) , thus the least square estimate 91 = (cx; /lm)

is given by
2
Z(U )h_Z(xz_a_tuplxg_l) . (6
=1
From (6), differential with respect to parameter ¢ ,
2
— N (L )= X I
da ;( Z( t p17t 1) :
=0
then we get
n IS
Z Xy th—l
d = | z=1 S #ﬂl 1=2 : (7)
n n
The least square estimate /2 51 is obtained by,
“ 2
()= X % Lg1 X,
8#;;1 ; aﬂm ;( ' o 1)
=ZZ (xt —a = HUnX, )xt-l
i Z ] azxz 1 /J/ilzx—l
=2
=0
,and
n n
Z Xe X1 — az X1
/apl — =2 - 1=2 (8)
M
=2

From (8), let us replace in (7) and the solution of ¥ is

ZxeZz Z

o )

TR i

or [ig, can be rewritten as




m3 =33
(5

fp = (10)

For RCA(1) model, it can be fitted model as

E—G s, r=23 n

3.2 RCA(2) Model

The RCA(2) model is extended from RCA(1) model by
considering the parameter of the second order of RCA model

that is approximated 492 = (d,,&%, Hpga ) and estimated by

minimizing sum of squared residuals in the following form :
Z(u )2 Z(x, ~a— b s

=1
From (11), differential with respect to parameter dl as

a n a n "
g Zl(”x )2 = £ ;(xr & = Hp X T Hpa X, )2

2
1_/uﬁzxz-2) - Q1)

n

=Zx —no— umZA

t=1

=0

n
/152 Z xt—2
t=3

t=2

, then we obtain

2%

t=1
n

=

The least square estimate /3 51 1s evaluated by

0 "u2= 0 "(an-px L )z
Oty Dl prre-1 T Hprtia
= ZZ(XI il /uﬂlxt-] = pﬂlx[_z)x[_l
_le X az}u] /lmzk,l ,u/,le, 2Zx_1
=1 e
=0
, then
Zl,lrx alel /‘wzlmZX_l
'[lﬁl & =2 c 0y
>
t=2
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From (13), let us replace in (12) and the solution of 7 can be
rewritten in the following form :

/uﬁlzx i

=2

i
Zx:—l

1=2

-
PR

Zxx_1 i—,@

zx-x ﬂﬂzzx- Z

=3 =2

5 ”ﬂ“

Each term of the above equation replacesto A4, A, and A;.

Let

ZX-zZ .
=3
4=
n (=3

PO [Zj

=2

; Zx .

= =2
A3 = Zxrxr—l

t=2 n

X 0% 1

s

So it is easy to write as
/!%Az v° Ay

The estimator /.Al 52 is used the process as the ,ﬁﬁl by

E 4 (14)

differential with respect to parameter [/, as

Z()

a n
5 6— Z(Xr @ g T HgXi )2

5/1/;2 =1 (=1
= 22(3‘: X L Xy T Hpa Xy, ) X2
=1
n n n n

X 2
=25 —azxr-z —Hp Zxx—lxr—z —Hp Zxx-z

=3 1=3 =3 1=3

, and



n

n n n .
XX g — az X2 T Hp Z X2 th—l
3 t=3 t=3 t=2
n
2
Z X2

=3

L= . (15)

From (15), let us replace in (12) and the solution of ¥ can be
rewritten in the following form :

n
Ay Zxxl—z =

=3
n n n
in xr—l Z x:—z

"
=1 = =
E XXl —hA -5
=3 n

n n

n n
va—z ~Hp Zx 2%y
= =

E (ixm )-
,[‘ﬁz Zx:z-z ]
=

1=3
n

nid i n n
5 PIENIR PIETD I
5

: =1___1=3 ~ =2 =3 e
XX oo + Hp
=3 n n =3

J[ 4542

g2 t=3
A4 = Z X 2 w7 Do gk
=3 n

n n
n Z xt z 'xI-Z

X2 Xy |-

Let

4s = Zxrxt—l >3
1=2 n
, it can be rewritten as
,&%‘2/_14 AT g (17
From (14) and (17), it can be sol'\;ed to estimate [l iy by

/[‘ﬂlAz 5 A3 A

_ =3 (18)
4 Hps

:&ﬂzAd, I As ~

= = - (19)
A 2

S i

(%#}12 — A, = [, 4. Q0
1

/:\lBZA4A2 A5A2 A~

- — A4, = A 21)
4 4, 3 = Hpa Ay

- ) A4,

S| —=— A4 =—=4+ A4 (22)
Hgo [ 4 1 J 4 3
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o + A,
2, =—1 23
s e 3)
4, :
The estimate ﬁ 51 is computed by
Bnihe A
1
:[lﬁlA4A2 A4A3 A
= —A, = A 25
7 7 A =ppnd @25
e A, j 4.4
Y23 —4 =—=+ A4, (26)
,@1[ A 21 4
A_44i s AS
s et )
é A4A2 S, A
4, :

For RCA(2) model, it can be fitted model as

YRr A
=0t lgXy Wi, X5 ,0=3,4,..n.

4. APPLICATION IN REAL DATA

In this section, we consider the application of RCA(1) and RCA(2)
models using the least squares method that developed in the
previous section. The mean square error is a criterion to show the
performance of these models that defined by

MSE = Z,":z(xx_jer)z
n—1

)

where X, denotes the real data, and X, denotes the fitted values.

Case 1 The monthly average of the Stock Exchange of Thailand
(SET) index is applied for RCA(1) and RCA(2) models in term of
real time series data. The SET index is started for trading on April
30, 1975, and we have fitted data from 1975 to 2016 for
estimating a parameter of RCA(1) and RCA(2) models, then we
forecast data from 2017-2018. This data is collected from
http://www.set.or.th/th/market/market/statistics.html ~ which  is
shown the time series plot in Figure 1.



SET Index

1000 1500
1 1
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Figure 1. The time series plot for the SET index

Case 2 We consider the exchange rate of Thai Baht to one U.S.
Dollar of 1,426 records of the daily volume of the exchange rate
from January, 2 of 2013 to December, 2 of 2018. We performed
the RCA(1) and RCA(2) models to forecast on December 2 of

2018 to January, 2 of 2019. This data is collected from

http://www .bot.or.th/thai/exchangerate which is shown the time
series plot in Figure 2.

Exchange Rate of Baht/Dollar

BahvDollar

0 500 1000 1500

day

Figure 2. The time series plot for the exchange rate of
: Baht/Dollar

Based on fitting an RCA(1) and RCA(2) models to the fitted SET -

index volume data and exchange rate of Baht/Dollar. We showed
the forecasting values of two data sets in Figures 3 and 4. Figure 3
gives the plot of the SET index and the dashed line of RCA(1) and
the dotted line of RCA(2). Figure 4 presents the plot of the
exchange rate of Baht/Dollar and the dashed line of RCA(1) and
the dotted line of RCA(2).
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RCA(1) & RCA(2) Models
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Figure 3. The plot for the SET index and forecasting of RCA(1)
and RCA(2) models
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Figure 4. The plot for the exchange rate of Baht/Dollar and
forecasting of RCA(1) and RCA(2) models

Comparing with Figures 3- 4, it is seen that the forecasting values
of RCA(1) are fairly close to the actually observed series on two
data sets. Therefore, we should be more convinced by the MSE of
RCA(1) given 3010.227, but the MSE of RCA(2) is shown by
9405.540 based on the SET index. For exchange rate Baht/Dollar,
the MSE of RCA(1) as 0.1092 is less than the RCA(2) as 0.1396.

5. CONCLUSION

In this paper, we studied the least squares method of the first and
the second orders in RCA or called RCA(1) and RCA(2) models.
We showed the process to estimate the unknown parameter of
these models. By using the differential with respect to a parameter,
we also considered the sum squares error which includes the



RCA(1) and RCA(2) models. Through a time series data, we
interest the two data sets such as the SET index in term of
monthly volume and the exchange rate of Baht/Dollar in a class of
daily volume. For fitting model, we are also interested in the
power of estimating by the mean square error. We can see that
RCA(1) model outperforms the RCA(2) model. We would
recommend fitting the RCA(1) model on time series data by least
squares method where nonstationary data is expected.
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Abstract. This paper studies the estimating parameter of a nonparametric regression model that consists of the function of
independent variables and observation of dependent variables. The smoothing spline, penalized spline, and B-spline methods in
a class of smoothing techniques are considered for estimating the unknown parameter on nonparametric regression model. These
methods use a smoothing parameter to control the smoothing performance on data set by using a cross-validation method. We
also compare these methods by fitting a nonparametric regression model on simulation data and real data. The nonlinear model is
a simulation data which is generated in two different models in terms of mathematical function based on statistical distribution.
According to the results, the smoothing spline, the penalized spline, and the B-spline methods have a good performance to
fit nonlinear data by considering the hypothesis testing of biased estimator. However the penalized spline method shows the
minimum mean square errors on two models. As real data, we use the data from a light detection and ranging (LIDAR) experiment
that contained the range distance travelled before the light as an independent variable and the logarithm of the ratio of received
light from two laser sources as a dependent variable. From the mean square errors of fitting data, the penalized spline again shows

the minimum values.

Keywords: B-spline, nonparametric regression, penalized spline, smoothing spline

1. Introduction

In statistical modelling, regression analysis is a sta-
tistical process for estimating parameters of the re-
lationships between dependent and independent vari-
ables in terms of a regression function. However, re-
gression analysis requires an assumption of the under-
lying regression function to be met. If an inappropriate
assumption is used, it is possible to produce mislead-
ing results. To overcome this problem, the nonparamet-
ric regression is a choice to analyze data when the data
are not meeting the assumption of regression analy-
sis. The nonparametric regression is an alternative way
for looking at scatter diagram smoothing to depict the
relationship between dependent and independent vari-
ables. The single independent variable is called scat-
terplot smoothing it can be used to enhance the visual

appearance to help our eyes pick out the trend in the
plot.

The smoothing technique is a part of a method to
estimate unknown parameters (trend or smoothing es-
timators) of nonparametric regression models. There
are many popular smoothing techniques such as the
smoothing spline [1,2], the penalized spline [3], and
the B-spline [4]. The estimating parameters of these
methods depend on the smoothing parameter which
is controlled the trade off between fidelity to the data
and roughness of function. Smoothing Spline (SS) is a
technique that estimates the natural polynomial spline
by minimizing the penalized sum of squares based
on a smoothing parameter. The penalized Spline (PS)
smoother is approximated by minimizing the truncated
power function on a low rank thin-plate spline de-
pended on the smoothing parameter. The concept of

1874-7655/19/$35.00 © 2019 —IOS Press and the authors. All rights reserved
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the B-spline is similar to the smoothing spline and pe-
nalized spline. This requires the piecewise constant B-
spline that can be obtained from truncated counterparts
by differencing the B-spline function.

In this paper, we consider the nonparametric re-
gression model in Section 2, and use the smoothing
spline, penalized spline, and B-spline methods to esti-
mate the unknown parameter of nonparametric regres-
sion model in Section 3. In Sections 4 and 5, we show
the estimation of these methods for simulation data and
real data. The conclusion is presented in Section 6.

2. The nonparametric regression model

The nonparametric regression model consists of the
cubic spline of piecewise polynomials function based
on a function of independent variables (S(z)), error
process (g¢), and dependent variables (y;) following

yt=5’(zt)+st,t= 1,2,3,...,7’L. (1)

The error process is assumed to follow the normal
distribution with mean zero and variance one.

3. Method of smoothing techniques

The following smoothing techniques show the pro-
cess to estimate parameters based on nonparametric re-
gression model.

3.1. Smoothing spline method

Wahba [1] defined the natural polynomial spline
S(z¢) = SP(x:) as a real-valued function on |[a, b]
with the aid of K so-called knots —c0 < a < 71 <
To < ... < Tx < b < oco. The class of m-order splines
with domain [a, b] will be denoted by W™ |a, b].

The natural measure associated with the function
f € W™[a,b] that used to measure the roughness of
curve which is called the quadratic penalty function
given by

/b - {S<m>(zt)}2dz @

where S(™)(z;) is the mth derivative of S(z) with re-
spect to .

Consider the simple nonparametric regression
model, to estimate () minimizes S%m)(a:t) over the
class of function S(-) following

S&m) (z;) = min Zn: {y: — S(z4)}?
t=1

+/\/b {S(”)(xt)}de

where A > 0 denotes a smoothing parameter. In this
study, we emphasize mm = 2 so-called the natural cubic
spline which is commonly considered in the statistical
literature [2].

The natural cubic spline is given the value and sec-

3)

. ond derivatives at each knots y; as

S=.5(z)=po + B151(x) + . .. Bn+3Sn+a(),

v = S“(avt), 2,3, ..,
Let S be the vector (S, - .., Spy3)T and let 7 be the
VECHOr (1, Yrut8)

The condition of natural cubic spline depends on
two matrices @ and R below

R 0 0
2pFiL
h:—l h’2 . 0
b 17y
0 X Py :
0 hat 0
: ¢ % _:1
Q N GREC-A § SRS
where hy = 441 — 23, fort = 1,2, 7+, n,then Q is a

n X (n — 2) matrix.
Matrix R is a symmetric (n — 2) X (n — 2) matrix
with elements below

1
{7 SV
Thy) 672 2
1
T, QP
i 6"z +h3) ’
L(h,
0 0 a3ange
+hn-1) (n—2)x(n—2).
The matrix K can be decomposed by
K= OReIOL “)
The roughness penalty will satisfy
b
" 2
/ {S (:ct)} dzy = "Ry = STKS
. = ©)
= QN (7‘7])'

To illustrate, it can be written in matrix form intro-
duced by [2] as residual sum of squares (RSS)
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n
RSS=> {y:—
t=2

=y-9"y -9,
where y=(y1, ... ,¥)" and S=(S(z1), ..., S(zn))".
Letting N be a matrix with N(7,7) = S;(z;) and
5 5 Nﬂ' 1
The roughness penalty term [ S 2 as Q in Eq. (5)
to obtain
Sx(me) =y — NB)Y'(y - XB) + \6"wB (1)

1t therefore follows that Eq. (7) has a unique mini-
mum, other smoothing spline estimator is obtained by

= (NTN +2Qn)"'NTy,

(©6)

then
Sx(zs) = N(NTN + 2Qn) ' NT. (8)

In this paper, we also select the smoothing param-
eter using the method of generalized cross-validation
(GCV) suggested by Wahba [5] and Craven and
Wahba [6]. In practice, this step can be implemented
by using the function of smooth.spline in the software
RY

3.2. Penalized spline method

Eubank [7,8] introduced the regression spline that
the local neighbourhoods are specified by a group of
locations:

TOTLy T2y -y TIC, TR ®)

in the range of interval [a, )], where a = 70 < 71 <
. < Tg < Tig+1 < b. These locations are known as
knots, and 7., 7 = 1, 2, ..., K are called interior knots.
A regression spline can be constructed using the k-
th degree truncated power basis or called the B-spline
basis with K knots 71, 7o, ..., Tk

(e — i), )

where wk % denotes k-th power of the positive part of w
where wy = max(0, w). The first (k + 1) basis func-
tions of the truncated power basis Eq. (12) are polyno-
mials of degree up to %, and the others are all the trun-
cated power functions of degree k. A regression spline
can be expressed as

1 3 Lty oee CE?, (IEt = 7'1){?_,

S(z:) = Zﬁsmt + Zﬁw (ze—m)k @)

r=1
where Sg, B1, .-+ Bk+ x are the unknown coefficients to
be estimated by a suitable loss minimization.

The penalized spline is a method to estimate a un-
known smooth function using the truncated power
function [9], and the penalized spline can be expressed
as

m—1 K
S(ze) =Y ezl + > Bulm — m)*™ 1, (12)
7=0 k=1

where 8 = (B1,...,8x)T ~ N (O,U%Q‘lﬂ(ﬂl/z)T)
and the (I, k) thentry of Q2 is |71 — 7,|?™~! and only
the coefficient of |z; — 75,|*™ ! are penalized so that a
reasonably large order K can be used.

In this case, we focus m = 2, as the natural cu-
bic spline, or called low-rank thin-plate spline which
present of S(-) as

K
S(zt) = ap +-a1$t+2ﬁk|mt =13 (13)
k=1
where 0 = (ag, a1, 1,---, Bx)T is the vector of re-
gression coefficients, and 71 < 7o < ... < Tx are fixed
knots. The number of knots, K can be selected using a
cross-validation method or information theoretic meth-
ods (e.g., BIC or AIC).
This class of penalized spline smoothers (5(-)) may
also be expressed as

S(ae) = C(C7C+ XD)1Cy, &
where
C= [1 Ty |xt = Tkﬁg}chLgtgn )

02><2 02><K
Osz ( 1/2)TQ1/2

and A = g% /02 is a smoothing parameter. The penal-
ized spline smoothers are estimated by using the Semi-
Par package in the software R.

3.3. B-spline method

B-splines are very interesting as a basic function for
univariate independent variable of nonparametric re-
gression function. De Boor [10] gave an algorithm to
compute B-spline of lower degree on piece wise poly-
nomials function.

The m™ degree of B-spline function are evaluated
from (m — 1)" degree as

Ty — Tj i
B'(z)=——L_pn-!
T: =i 4]
j+m—1 ) (15)
i Ti+m — Tt m—1
S L L

Ti+m = Tj+1
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Fig. 1. The scatter plot of dependent and independent variables on
model 1.

where basis of order m with knots {B*|i = M —m+

1,..,M + K}, and auxiliary knots 7;. B-splines base

on non-zero over domain spanned by at most M + 1

knots. In this case, we focus the m = 4 or called the

cubic B-spline with K knots has basis expansion as
K+4

S(zs) = > Hele: Tl
g=1

The nonparametric regression model can written in
form of B-splines as
K+4
yr= Y Bi(a)Bj+er,t=1,28,.,n "(16)
j=1
In matrix form, B-splines can be written in form a
linear model

Bi(z1) - Bicsq(m) v
Bi(z,) ...B§<+4(mn) yn
€1
€2
and € =
En

The B-splines estimators are approximated by least

square problems as
4
Sl

—(BIB)= By

Br+4

0246

28 S B R )

4
L

Fig. 2. The scatter plot of dependent and independent variables on
model 2.

The B-spline and penalties are studied by Eilers and
Marx [4] that advocate the use of the equally spaced
knots, instead of the order statistics of the independent
variable. The B-spline coefficients can be estimated as

B=(B"B+\D"D)~*BTy, (17)

where D is a banded matric which correspond to the
difference penalty and denote by

@ 06 NI . () Gl
=1 AGCILJRO 0
D=/ 051 s .0 0

07.0 Q... — Dbyl
The fitting cubic B-splines are S(z;) = Zf:l‘l B}
(z¢) Bj- The smoothing parameter A\ choosing by mini-

mizing the ordinary function or the generalized cross-
validation function.

4. Simulation study

The nonlinear data of this study is simulated in two
models for estimating the performance of smoothing
techniques based on independent variables which are
considered in the class of uniform distribution. These
models in the process of construction a curve on math-
ematical function, that show the best fit to a series of
data points. Figures 1 and 2 show the scatter plot of
z and y; on models 1 and 2 with 50, 100, 200, 300
sample sizes.
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Table 1
The summary statistics of simulation studies with model 1 based on smoothing spline (SS), penalized spline (PS), and B-spline (BS)
Sample sizes Methods Mean S.D. LCI UcCI t-statistic p-values
n =50 SS —0.3344 6.5444 —0.9095 0.2405 —1.1428 0.2537
PS —0.3484 6.7454 —0.9411 0.2442 —1.1552 0.2468
BS 0.3666 6.6935 —0.2214 0.9548 1.2249 0.2212
n =100 SS 0.0719 4.2680 —0.3031 0.4469 0.3767 0.7065
PS 0.0837 4.2029 —0.2855 0.4530 0.4454 0.6562
BS —0.0895 4.2152 —0.4599 0.2807 -0.4751 0.6349
n =200 SS —0.0954 2.8932 —0.3504 0.1595 —0.7353 0.4625
PS —0.0921 2.9123 —0.3480 0.1637 —0.7072 0.4798
BS 0.0149 3.2685 —0.2299 0.2598 0.1200 0.9045
n =300 SS —0.1574 42673 —0.5347 0.2197 —0.8201 0.4125
PS —0.1441 4.1982 —0.5130 0.2247 —0.7676 0.4431
BS 0.1475 1.8514 —0.2786 0.5738 0.6802 0.4966
Table 2
The summary statistics of simulation studies with model 2 based on smoothing spline (SS), penalized spline (PS), and B-spline (BS)
Sample sizes Methods Mean S.D. LCI UCI t-statistic p-values
n =50 SS —0.0037 24.2710 —2.1363 2.1288 —0.0034 0.9972
PS —0.2582 23.8736 —2.3559 1.9893 —0.2419 0.8089
BS —0.3230 27.1906 —2.7121 2.0660 —0.2656 0.7906
n =100 SS —0.3966 15.8261 —1.7871 0.9939 —0.5603 0.5755
PS —0.2489 16.4557 —1.6947 1.1969 —0.3382 0.7353
BS 0.5461 16.2381 —0.8806 1.9729 0.7520 0.4524
n =200 SS —0.3704 8.1031 —1.0838 0.3430 —1.0201 0.3082
PS —0.3447 7.8716 —1.0363 0.3468 —0.9792 0.3279
BS 0.4035 8.5116 —0.3443 1.1514 1.0602 0.2896
n =300 SS 0.0411 7.3081 —0.6055 0.6878 0.1250 0.9005
PS 0.0408 7.0664 —0.5800 0.6617 0.1291 0.8973
BS 0.0344 7.2205 —0.5999 0.6688 0.1066 0.9151
Model 1 &g 2
ode % [8(z:) - S(av)]
3 T4 MSE ==L :
S(e) = (a5) ~cos(ar) — exp {2 | :

xt ~ Uniform(—2,2),t =1,2,3,..,n
yr = S(z1) + €, €4 ~ Normal(0, 1),
t=2730

Model 2

Tt

S(z¢) = sin(z;) — exp { e } -z

x4 ~ Uniform(—2,2),t =1,2,3,...,n

3
to

yy = S(z¢) + €4, € ~ Normal(0, 1),
=2 3aman
The next step, the estimates of S (x; ) or called S(z;)
are approximated from smoothing spline (SS), penal-

ized spline (PS), and B-spline (BS) that used to com-
pute the bias and MSE of S(z;) following

Shias = Z > )

t=1

S(z) — S(zt)
S(zt)

The data are generated and repeated: for fitting the
model 500 times. A ¢-statistic is adopted to test that
the mean of bias is equal the zero or called unbiased
estimator. Tables 1 and 2 present the various summary
statistics for the smoothing estimator obtained from
three methods. The third and the fourth columns of
these tables represent the sample mean and standard
deviation of biases. The sample mean for the lower and
upper bounds of the 95% confidence interval are given
in the next two columns. The last two columns of these
tables list the ¢-statistic, and p-values for hypothesis
testing (Ho : ps,,, = O0versus Hy : pg,, # 0) that
means when reject Hg : pg,, = 0 the estimator SS,
PS, and BS with bias. “The histogram of the bias esti-
mator of SS, PS, and BS in model 1 are presented in
Figs 3-5, and model 2 are presented in Figs 6-8.

From Tables 1 and 2, by observing the p-values, the
SS, PS, and BS provide asymptotically unbiased esti-
mates for estimating parameter of S(z;) nearly for all
sample sizes of two models. From the p-values for the
two tables it is seen that are seen that the SS, PS, and
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Fig. 3. Histogram of bias for fitting data of smoothing spline method with model 1.
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Fig. 4. Histogram of bias for fitting data of penalized spline method with model 1.
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Fig. 5. Histogram of bias for fitting data of B-spline method with model 1.
n =50 n =100 n =200 n =300
(=]
83 &3 g8 g3
Q. Qs Q L -
3 =3 3 3
o L=k o o
o o o 2
w w w w
o o o o
w () e}
o o o
| ey ) e ) | T | F) x| I T T it FEmr e
-60 -200 20 40 20 0 20 -300 -1000 100 -50 0 50 100
ss50 ss100 $s200 ss300
Fig. 6. Histogram of bias for fitting data of smoothing spline method with model 2.
BS of smoothing method have a good performance to ases increase with increasing sample sizes, so it makes
fit data in a class of nonlinear data. From the histogram the leptokurtic distribution. The average of MSE can

it is apparent that a standard deviation of relative bi- answer the final question which smoothing method is
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Fig. 8. Histogram of bias for fitting data of B-spline method with model 2.

Table 3 )
The average MSE of simulation studies with 3 models based on
smoothing spline (SS), penalized spline (PS), and B-spline (BS)

Sample sizes Methods Model 1 Model2
n =50 SS 0.8225 0.8348
PS 0.7712 0.7846
BS 0.9174 0.9364
n = 100 SS 0.9087 0.9029
PS 0.8810 0.8719
BS 0.9632 0.9508
n = 200 SS 0.9528 0.9521
PS 0.9387 0.9439
BS 0.9784 0.9840
n = 300 SS 0.9666 0.9648
PS 0.9640 0.9615
BS 0.9899 0.9877

the best estimator. Table 3 shows the average MSE for
fitting 500 times on two models, and it can be seen that
the PS method shows the minimum of average MSE
for all sample sizes and models.

5. Application of real data

In this section, we consider the application of
smoothing method based on SS, PS, and BS methods
that we developed in the previous section. As the real
data, we use the data frame which consists of 221 ob-
servations from a light detection and ranging (LIDAR)
experiment. This data frame contains the range dis-

A Light Detection and Ranging

-0.2
1

logratio

-0.6
!

08

T T T T
400 450 500 850

Fig. 9. The plot of LIDAR data frame and model fitting of SS, PS,
and BS methods.

tance travelled before the light is reflected back to its
source and logarithm of the ratio of received light from
two laser sources as shown in the plot in Fig. 9.

After fitting the model, the estimating values play on
a plot of light detection of ranging. It can be seen that
the SS and PS interpolate in mass data more than the
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BS method that followed the MSE values such as SS
= 0.006016, PS = 0.006010, and BS = 0.009288. The
minimum of MSE is the PS which is closed the SS as
the result on Table 3.

6. Conclusion

In this section, we used the smoothing techniques
of SS, PS, and BS methods based on nonparametric
regression models. Through a Monte Carlo simulation
study, we evaluated the smoothing estimator of SS, PS,
and BS methods. For hypothesis testing based on the
p-value, the fitting values supported the null value, and
showed that the smoothing estimators work reasonably
well for all methods, but the PS shows the minimum of
average MSE.
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Abstract

We propose smoothing spline (SS) and penalized spline (PS) methods in a class of nonparametric regression methods
for estimating the unknown functions in a conditional heteroscedastic nonlinear autoregressive (CHNLAR) model. The
CHNLAR model consists of a trend and heteroscedastic functions in terms of past data at lag 1. The SS and PS methods were
tested in estimating the unknown functions used to transform data so that it fits the trend and the heteroscedastic functions. In a
simulation study, time series data were generated and hypothesis testing of the bias was used to check the accuracy. The SS and
PS methods exhibit a good power estimation in most cases of generated data. As real data, gold price was modeled by using SS
and PS methods in the CHNLAR model. The results show that the SS method performed better than the PS method.

Keywords: conditional heteroscedastic nonlinear autoregressive model, smoothing spline method, penalized spline method

1. Introduction

Currently the economic growth is of interest to
developing countries. These data are mostly stored in the form
of time series data, whether it is daily, monthly, quarterly, or
yearly; typical examples are unemployment rate, economic
growth rate, gold price, and currency exchange rates. These
indicators are sensitive with rapid fluctuations caused by
external factors, such as natural disasters, wars, and
epidemics, that are not controllable or predictable. Because of
such perturbations, it is difficult to make accurate economic
forecasts.

Heteroscedasticity or volatility means that an
economic time series data displays quick changes in its time-
trace. A heteroscedastic model is useful to study for
estimating or forecasting time series data, and this is the right
approach to take when the time series has clear evidence of
changing mean and variance.

*Corresponding author
Email address: kaautcha@hotmail.com;
autcha.ar@kmitl.ac.th

There are several methods to model heteroscedastic
time series, such as the autoregressive conditional hetero-
scedastic model (ARCH) by Engle (1982), who was the first
to introduce the ARCH model. The mean-corrected asset
return is serially uncorrelated, but heteroscedastically changes
over time. Ghosh, Pual and Prajneshu (2010) applied zero
conditional mean residual series to identify time varying
volatility in a data set, by using a mixture periodic ARCH
model. Bollerslev (1986) extended the model type to
Generalized ARCH (GARCH), and assumed that the mean
equation can be adequatedly described by an ARMA model.
Pual, Ghosh and Prajneshu (2009) carried used autoregressive
intergrated moving average (ARIMA) and GARCH model for
modeling and forecasting. Peng and Yao (2003) showed that
the conditional maximum quasilikelihood estimator suffers
from complex limit distributions and slow convergence rates
in an ARCH and GARCH model with heavy-tailed errors. The
nonlinear autoregressive (NLAR) model developed from the
nonlinear regressive model was introduced by Jones (1978).
Gouri’eroux Monfort (1992); Masry and Tjgstheim (1995)
have proposed conditional heteroscedastic nonlinear auto-
regressive (CHNLAR) models for financial time series. For
simplicity, a single timestep lag in the CHNLAR model was
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studied to model the foreign exchange rates (Bossaerts,
H'ardle, & Hafner, 1996).

The parametric and nonparametric methods are the
alternatives when estimating the regression between two sets
of variables that consist of a vector of predictors and a
response variable. A parametric regression model requires the
user giving the form. of the underlying regression function.
The selection of a parametric model depends much on the
problem and may be too restrictive in some applications. To
‘overcome these difficulties, one may remove the restriction
that the regression function belongs to a parametric family.
This approach leads to so-called nonparametric regression.

Typically, the nonparametric regression methods are
based on a smoothing technique. A smoother is an operator
that summarizes the trend of a response variable as a function
of one or more predictor variables. The single predictor case is
called scatterplot smoothing, and can be used to enhance the
visual appearance of the scatterplot of response versus
predictor variable. There are many smoothing techniques, e.g.,
smoothing splines (Green & Silverman, 1994; Wahba, 1990),
and penalized splines (Ruppert, Wand, & Carroll, 2003).
These smoothing techniques are generally based on the
assumption of homoscedastic variance, which may not be
suitable when the data involve high volatility.

For these various reasons, we are interested in
extending the NLAR model to a CHNLAR model, for
approximating heteroscedastic values by adjusting the past
value. The smoothing spline and penalized spline methods are
applied to estimate the trend and the heteroscedastic values in
both simulated and real data.

2. CHNLAR Model

Some nonlinear time series models focus on various
volatility forms, such as ARCH model, GARCH model,
threshold autoregressive model, and nonparametric auto-
regressive model. The nonparametric autoregressive condi-
tional heteroscedastic (NARCH) model (Fan & Yao, 2003)
adopted the nonparametric and nonlinear time series model
and is called a conditional heteroscedastic nonlinear autore-
gressive (CHNLAR) model. It can be written as

Y =/‘l(yt—l5""y1—p)+O.(yt—l""’yr—p)£t’

and o(~) is a function called the nonparametric autoregressive

(NAR) model or the nonlinear autoregressive (NLAR) model.

In this current study, we employ the first-order
conditional heteroscedastic nonlinear autoregressive (CHN
LAR) model

Vo=u(ya)to(y,)e, t=23,..n, )

where y,r=23,...,n are observed and depend on

Yigrt=2,3,...,n with lag 1, ,u( y,_l) is the trend function
of CHNLAR model, (y,_1 ) is the heteroscedastic function

of CIINLAR model, and ¢,, t=2,3,...,n,

random variable in the error term, with mean zero and
variance one.

denotes a

3. Nonparametric Regression Method

The popular nonparametric regression methods
include smoothing splines and penalized splines. The concept
of these methods is to interpolate the data in most suitable
form of the fitting function with a smoothing parameter.

In this section we study the following nonlinear
autoregressive (NLAR) model.

The NLAR model is written as

¥, =/1(y,_1)+£,, £ =035 e 2

where y,,#=2,3,...,n are observed dependent variables,
Vot =2,3,...,n are the past values with lag 1, y(yt_l) is
the trend function of nonlinear autoregressive model, and &,,

t=2,3,...,n denote the random values with mean zero and
variance one in the error terms.

3.1 Smoothing spline (SS) method

The smoothing spline was studied by Wahba (1990)
and the smoothing spline is a natural polynomial spline

( S8 #)) that depends on the smoothing parameter (A1) :

=S 2 ) . @

where K is the number of knots in the trend function with
domain [a,b], superscript (#72) indicates the M th derivative

of ,u(x,), Y, is the dependent variable, and ,u(xr) is the
trend function that is a nonparametric regression function of
independent variables.

Green and Silverman (1994) emphasized m =2
case as so-called natural cubic spline to fit the nonparametric
regression function by minimizing

n b

S ()= yo=ul, )} + A[ {0 (5) . @

=] o

In this case, we propose the NLAR model via
smoothing spline method, and the natural cubic spline can be-

‘written as

n

SO ()= 30, -4 )+ A )} 1. O

1=

The natural cubic spline has given value and second
derivative at each knot y, namely these are

ﬂ = ;u(yt—l)a

Y= ,U"(y,_l), =253y
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Let 4 be the vector ( i )T and let ¥ be the vector
T
)

The natural cubic spline then depends on the two
matrices @ and R with

B! 0 0

_h1_l 0 hZ—I h?-l 0

= h2-1 _ h{l 2 hg—l 0
Q 0 ! 0
0 o ot

Tyt {n=1)x(n-3),

where hr=yr—y,_1; for t+=25l..yn-1, and "@ is-an
(n—l)x(n—S) matrix.
R isasymmetric (n—3)x(n—3) matrix

1 1
Sh+h) Th U0
1HF i
= iy 0
R= 6h3 3(}’“”'4)
1
0 0 ~(h+ b))
&)

(n=3)x(n=3).
The matrix K is defined by

K=0R'Q". 6

The vectors £ and y specify a natural cubic spline y(y,)
if and only if the condition

Q'u=Ry ™

is satisfied. If (7) is satisfied the roughness penalty will satisfy

(W (o) d =y Ry=p"K . ®

N — o

To illustrate, in the matrix form introduced by Green &
Silverman (1994)

S - u) =(r-m) (1), ©

where .V=(yz,--~~)’,,)'r with y, corresponding value Lo

Y, and

= (p)et(3)) a0)

The roughness penalty term j #nz equals pTK 4 in (8) to

obtain

S =(-p) (r-p)+ALEu

=y (I+AK)u-2y"u+y"y, 1)

Since AK is non-negative definite, the matrix I+ AK is
strictly positive definite. It therefore follows that (11) has a
unique minimum, and the smoothing spline estimator is

i, =(I+2K)" y, 12)

where I denotes the 71-dimensional identity matrix.

3.2 Penalized spline (PS) method

Penalized spline smoother is estimated using the
truncated power function (Ruppert & Carroll, 2000), and the
penalized spline model is written as

m=1 X

A= B B (=7, )T, £=1,2,....m,
=0 =1
13)

where &, and B, denote regression coefficients in the

truncated power function.
The natural cubic spline with m =2 is called the
low-rank thin-plate spline and it tends to have very good

numerical properties.  The low-rank thin-plate spline
representation of () is
K
u(2,0)=agtox, ¥+ B |x,~7.[, t=12,....n.
k=1 2
(14)

where §=(a;,c,8,,.... ;) is the vector of regression

coefficients, and 7, < 7, <...<T, are fixed knots.

In this case, we focus on the NLAR model based on
penalized spline method, then the natural cubic spline can be
written as :

K
4(y,1,0)=a,+ay,, +Zﬂk [ -—Tk|3 st=023 0 n i (1S)
k=1

To avoid overfitting, we minimize

n

> {y - u(3.4.6)) +%9TD0, (16)

t=1
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where A4 is the smoothing parameter and D is a known
positive semi-definite penalty matrix. The thin-plate spline
penalty matrix is

00
D L 2x2 2xK :
0Kx2 QK

where the (7,k)th entry of Q is |7, — 7, [3 and penalizes only

a7

: 3
the coefficient of | Yisi— Tkl b

Just as with the linear model, we can generalize
penalized spline in general linear mixed model ( Brumback,
Ruppert, & Wand, 1999) as

y=Ya+Z.B+e, - (18)

where y=(3,,....v, ,)T, Y be the matrix with the #—1th
row ¥ =(1,y,,), Z is the matrix with the ¢ th row

3 3 1 > o\l
Z, :{Iyr-x‘fll ""*I.".«-»_T.&'[ j’-a=(az.a2) B=(BrnByi) s
and & is N (O,o’j I ) Consider the vector & as fixed

parameters and the vector g as a set of random parameters
with E(ﬂ)=0 and cov(ﬂ):cr;» This class of penalized

spline smoothers ( /}()) may also be expressed as

g=c(c'c+xD) €Ty, (19)
where
0 0.,
3 2x2 2xK
s l:l Y [y"l = |15k51\'] 1stsn ot l:OKxZ (Q 11{’2 | Q k::l ,
(20)

and A= O'; / 0'52 is a smoothing parameter.

4. Proposed Trend and Heteroscedastic Estimators

The trend (y, ) and heteroscedasticity o ( Yer)
can also be considered in CHNLAR model. As an initial step,
we start by estimating the trend y( Vi ) using the concept of

NLAR model written as

y=u(y)+6,, t=23,..n, @1

where &8, =o(y,,) &. Next, we obtain /(y,_,) from
smoothing spline (SS) and penalized spline (PS) where the

residuals can be estimated as

6, =y,—a(¥..) @2)

(23)

We transform 0'()’;4)“”@{@}: and take log with

residuals in (23)

logd? = h(y,,)+log 2, (24)

logé? ~E[logé,z:| = h(y,,)+logé’ —E[]ogéf] 25)

If we require é‘, to be normally distributed with mean zero
and variance one, then [log gf] =-1.2704 in (25) and hence
we can apply it in SS and PS to obtain

log8? +1.2704 = h(y,,)+log&® +1.2704 (26)

P, =h(y.,)+E @7

- where 7 =logd>+12704 and Z =logs? +1.2704. Next,

we get a smooth estimate }2( y,_l) from SS and PS by using
(27) and update the heteroscedastic estimate to

5’(3’;_1) e exp{};(—?")} t

At the second stage of estimation we update the trend estimate
by using the following model

(28

@9

02 7 p(y,_l)+exp{—h(y2"l)} é

exp{————h(;'_l)} o'/ exp{——h(;’")} u(y,)+é (30)

Y, =g(va)+é @1
where
h
j;x :CXP{— (;‘_1)} 3%
and

h A .
g(yt—l) = exP{—%} #(J’H) on (30). If g(yr_l) is

obtained by SS and PS, the second stage estimate of U ( Vi )
is given by
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(32)

. LAl
i) = epl Ll ),
Finally, the estimates of ,u( y,_l) and O'( y,_l) converge to
,[J(yt_l) and &(yt_l).
5. Simulation Study

The simulation study to assess the performances of
smoothing spline (SS) method and penalized spline (PS) was
divided into two parts. The first part is to study in CHNLAR
model

Ve=m(ya)+o(r.) &, t=23, (33)

where y(y,_l) and O ( y,_l) are generated following

/1(}’,_1) = O~l(y:—1)’
o () = exp{0.05xy,.},

where ), ~Normal(0,1). In Figure 1, we present ), in
CHNLAR model at sample sizes n = 50, 100, 200, and 300.
The error process &,,71=2,3,...,n in (33) is assumed to

follow the normal distribution with mean zero and variance
one.

n=50 n=100

yd

0 100 150 200 280 I

¥ T 7 T T
& 50 s 150 200 2

Time Time

Figure 1. The time series data in CHNLAR model.

In the second part, to estimate /fz( y,_l) and

6’( y,_l), we compute the bias and the Mean Square Error

(MSE) of 4(.) and o(.) by

817

li ﬁ(yr—l ) o .u(J’x-l )

Hyiis =
e 4(y,,)

3

Opiss = _1_ < &(yl—l)_o-(yl—l)
L= O'(y,_])

5

MSE (1) = 23(3(5,) - (n0))’

1=2

MSE(0) =13 (6(3.) -0 (3.))"

N

We simulated data with the sample sizes 7 = 50,
100, 200, and 300, and repeated the data generation and model
fitting 500 times.

Table 1 presents the average MSE of SS and PS

methods for all sample sizes. The average MSE of 4(.) and

o (.) decreased with sample size. For (), the average MSE

of PS is less than with SS, but the average MSE of PS was
larger than with SS for o-(.) 3

Tables 2 and 3 show various Monte Carlo (MC)
summary statistics of the estimates obtained by the SS and PS
methods. The third and the fourth columns of these tables
represent the MC sample mean and standard deviation of
biases. The sample means of the lower and upper bounds of
95% confidence interval are given in the next two columns.
The last two columns of these tables list the t-statistic, and p-
value for hypothesis testing ( TE bias = 0 versus H, : bias
# 0). If the p-value is less than 0.05, we reject the null
hypothesis (fr,) that there is difference between the observed
values and the fitted values. If the p-value is larger than 0.05,
we conclude that we have an unbiased estimator. Based on the
p-values, we can claim the following. From Tables 2 and 3,
the SS and PS methods provide asymptotically unbiased
estimates of y(.) and & (). However o () did not get an
asymptotically unbiased estimate when. the sample sizes was
200 (n=200) with the SS method.

Histograms of the biases of all parameter estimates
are presented in Figures 2-5. It is apparent that for the
distribution of o-(.) the biases appear to be normally distri-

buted for all sample sizes.

Table 1.  The average MSE of SS and PS methods with different

sample sizes (500 replications).

SS method PS method
sample size ;l() O'(.) ﬂ() 0'()
n=350 0.300 0.0251 0.0249  0.1427
n=100 0.0105 0.0114 0.0095 0.0622
n=200 0.0054 0.0061 0.0033 0.0193
n=300 0.00372 0.00413 0.0020  0.0100
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Table 2.  The simulation of smoothing spline method for different sample sizes (500 replications).
bias sample size mean s.d. Ici uci t-stat p-value
Ll n=50 6.507 157.106 -7.296 203116 0.9261 0.3548
n =100 -1.172 23.367 -3.225 0.881 -1.1216 0.2626
n =200 -0.2977 10.2154 -1.1953 0.5998 -0.6517 0.5149
n =300 3.5053 49.927 -0.8815 7.8921 1.5699 0.1171
O pias n=>50 -0.0114 0.1577 -0.025 0.0024 -1.6176 0.1064
n =100 0.0020 0.1072 -0.0073 0.0114 0.4283 0.6686
n =200 -0.0074 0.0776 -0.0142 -0.0005 -2.1335 0.0333"
n =300 0.00184 0.0644 -0.0038 0.0075 0.6412 0.5217
" indicates significance at 5% level
Table 3.  The simulation of penalized spline method for different sample sizes (500 replications).
bias sample size mean sd. Ici uci t-stat p-value
Koo n=>50 4734 79.833 -11.749 2279 -1326 0.1854
n =100 1485 47561 -2.693 5.664 0.698 0485
n =200 0.0454 32.9606 -2.8506 29415 0.0308 0.9754
n =300 -0.5388 104931 -1.4608 03831 -1.1483 02514
Ohins n=>50 0.00429 0.172 -0.010 0.019 0.556 0.578
n =100 -0.0001 "0.1120 -0.009 0.009 -0.026 0.9792
n =200 -0.0018 0.0790 -0.0087 0.0051 -0.5170 0.6054
n =300 0.0035 0.0617 -0.0018 0.0090 13005 0.194
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Figure 2. Histogram of biasin 4 () with smoothing spline method. Figure 3. Histogram of bias in o'() with smoothing spline method.




Figure 4. Histogram of bias in g ( ) with penalized spline method.

Figure 5. Histogram of bias in o'() with penalized spline method.
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6. Applications for Real Data

In this section, we will consider the application of
CHNLAR model using the smoothing spline (SS) and
penalized spline (PS) methods that we developed in the
previous chapter. As a real data set, we use the monthly gold
price (US Dollars per Troy Ounce) from January, 1984 to
December 2013, which consists of 360 records and is shown
in Figure 6. These data were obtained from http://www.index
mundi.com.
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Figure 6. The monthly gold prices from January, 1984 to December,
2013.

The modeling steps were as follows.
At first, we considered the CHNLAR model following

=2V )to(Ve) €51=23,...,360,  (34)

where &,’s are independently and identically distributed with

mean zero and variance one. In this case, we let Y, denote

the gold price of month #, where 7 =1 represents January of
1984 and 7 =360 represents December of 2013.
Then we fitted the CHNLAR model to obtain the

trend function, y() and the heteroscedastic function, o—()
We got ﬁ(y,-l)’&(Y,_l)’t=2’3’“"360 using SS and PS
methods.

Let /(y,,) and &(y,_l) denote the converged

estimates of /1() and o(.) ,and let

~

2 LBL) s
O-(.y t—l)
denote the standardized residuals based on the converged
values of 41(y,_,) and &(y,,).
Finally, we obtain estimated values of )72,. 5 ..j’”

using the estimated trend and heteroscedastic based on the
CHNLAR model:

(33)

P =0(y)+SE(yo) &,1=23,..,360, (36)

where the forecast trend i ¥.,) and the forecast

heteroscedastic é(J’H) from SS and PS methods are

presented on Figure 7 and 8.
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The

fitted values from February,

1984 to

December, 2013 of the SS and PS methods are shown in
Figure 9 and also MSE, mean, and standard deviation of ()
and o‘() are shown in Table 4. From Table 4, the MSE of PS

is larger than that of SS, but the p(.) show the slightly

different values.

The mean (standard deviation) and Mean Square Error

Table 4.
(MSE) of smoothing spline (SS) and penalized spline (PS)
methods.
Estimator SS method PS method

( ) 564.4387 564.4463

(e (396.7862) (396.755)

c'() 16.92417 20.4015

3 (15.54389 (19.66588)
MSE 5.653 8.372
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Figure 9. The gold prices with line plot of fitted values by smoothing
spline (SS) and penalized spline (PS) methods.

7. Conclusions

In this study, we used nonparametric regression
methods such as the smoothing spline method and the

“penalized spline method to estimate a smooth unknown trend

and heteroscedasticity in an CHNLAR model. Through a
Monte Carlo simulation study, we evaluated the performance
of the smoothing spline methods and showed that the trend
estimator ( x ()) and heteroscedasticity estimator (cr(.) )work

reasonably well for most data of all sample sizes, except in
one case (n =200) where the heteroscedasticity estimator had
a bias. The point volatility estimators approach their
corresponding true values as the sample size increases.

In a Monte Carlo study, we showed that the trend
estimator of penalized spline works well for all small sample
sizes, when the smoothing parameter is high enough,
indicating that small sample sizes allow reliable interpolation
by these models.

In an application to actual data, we were also
interested in comparing the power of estimating values,
assessed by considering the Mean Square Error (MSE). The
MSEs with smoothing spline were smaller than with penalized
spline. However, we consider the mean of the trend and
heteroscedastic estimator, and we can see that the means of
trend with smoothing spline method were slightly different
from the penalized spline method but the variance and MSE of
smoothing spline method is smaller than with penalized spline
method. It can be concluded that the forecasting performance
of CHNLAR depends on heteroscedasticity.

In future work, we intend to study higher order lags
in trend and heteroscedasticity of the CHNALR model.
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Abstract

We propose smoothing spline (SS) and penalized spline (PS) methods in a class of nonparametric regression methods
for estimating the unknown functions in a conditional heteroscedastic nonlinear autoregressive (CHNLAR) model. The
CHNLAR model consists of a trend and heteroscedastic functions in terms of past data at lag 1. The SS and PS methods were
tested in estimating the unknown functions used to transform data so that it fits the trend and the heteroscedastic functions. In a
simulation study, time series data were generated and hypothesis testing of the bias was used to check the accuracy. The SS and
PS methods exhibit a good power estimation in most cases of generated data. As real data, gold price was modeled by using SS
and PS methods in the CHNLAR model. The results show that the SS method performed better than the PS method.

Keywords: conditional heteroscedastic nonlinear autoregressive model, smoothing spline method, penalized spline method

1. Introduction

Currently the economic growth is of interest to
developing countries. These data are mostly stored in the form
of time series data, whether it is daily, monthly, quarterly, or
yearly; typical examples are unemployment rate, economic
growth rate, gold price, and currency exchange rates. These
indicators are sensitive with rapid fluctuations caused by
external factors, such as natural disasters, wars, and
epidemics, that are not controllable or predictable. Because of
such perturbations, it is difficult to make accurate economic
forecasts.

Heteroscedasticity or volatility means that an
economic time series data displays quick changes in its time-
trace. A heteroscedastic model is useful to study for
estimating or forecasting time series data, and this is the right
approach to take when the time series has clear evidence of
changing mean and variance.

*Corresponding author
Email address: kaautcha@hotmail.com;
autcha. ar@kmitl.ac.th

There are several methods to model heteroscedastic
time series, such as the autoregressive conditional hetero-
scedastic model (ARCH) by Engle (1982), who was the first
to introduce the ARCH model. The mean-corrected asset
return is serially uncorrelated, but heteroscedastically changes
over time. Ghosh, Pual and Prajneshu (2010) applied zero
conditional mean residual series to identify time varying
volatility in a data set, by using a mixture periodic ARCH
model. Bollerslev (1986) extended the model type to
Generalized ARCH (GARCH), and assumed that the mean
equation can be adequatedly described by an ARMA model.
Pual, Ghosh and Prajneshu (2009) carried used autoregressive
intergrated moving average (ARIMA) and GARCH model for
modeling and forecasting. Peng and Yao (2003) showed that
the conditional maximum quasilikelihood estimator suffers
from complex limit distributions and slow convergence rates
in an ARCH and GARCH model with heavy-tailed errors. The
nonlinear autoregressive (NLAR) model developed from the
nonlinear regressive model was introduced by Jones (1978).
Gouri'eroux Monfort (1992); Masry and Tjestheim (1995)
have proposed conditional heteroscedastic nonlinear auto-
regressive (CHNLAR) models for financial time series. For
simplicity, a single timestep lag in the CHNLAR model was
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studied to model the foreign exchange rates (Bossaerts,
Hrardle, & Hafner, 1996).

The parametric and nonparametric methods are the
alternatives when estimating the regression between two sets
of variables that consist of a vector of predictors and a
response variable. A parametric regression model requires the
user giving the form.of the underlying regression function.
The selection of a parametric model depends much on the
problem and may be too restrictive in some applications. To
overcome these difficulties, one may remove the restriction
that the regression function belongs to a parametric family.
This approach leads to so-called nonparametric regression.

Typically, the nonparametric regression methods are
based on a smoothing technique. A smoother is an operator
that summarizes the trend of a response variable as a function
of one or more predictor variables. The single predictor case is
called scatterplot smoothing, and can be used to enhance the
visual appearance of the scatterplot of response versus
predictor variable. There are many smoothing techniques, e.g.,
smoothing splines (Green & Silverman, 1994; Wahba, 1990),
and penalized splines (Ruppert, Wand, & Carroll, 2003).
These smoothing techniques are generally based on the
assumption of homoscedastic variance, which may not be
suitable when the data involve high volatility.

For these various reasons, we are interested in
extending the NLAR model to a CHNLAR model, for
approximating heteroscedastic values by adjusting the past
value. The smoothing spline and penalized spline methods are
applied to estimate the trend and the heteroscedastic values in
both simulated and real data.

2. CHNLAR Model

Some nonlinear time series models focus on various
volatility forms, such as ARCH model, GARCH model,
threshold autoregressive model, and nonparametric auto-
regressive model. The nonparametric autoregressive condi-
tional heteroscedastic (NARCH) model (Fan & Yao, 2003)
adopted the nonparametric and nonlinear time series model
and is called a conditional heteroscedastic nonlinear autore-
gressive (CHNLAR) model. It can be written as

bz :ﬂ(yr—l""’yr—p)+ O-(y"l”"’y"p)g"

and ofs) isa function called the nonparametric autoregressive

(NAR) model or the nonlinear autoregressive (NLAR) model.

In this current study, we employ the first-order
conditional heteroscedastic nonlinear autoregressive (CHN
LAR) model

v (ya)e fe03 6]

where y,t=2,3,....n are observed and depend on
YVigst=2,3,....n with lag 1, ,u( Vi ) is the trend function
of CHNLAR model, & (y,_1 ) is the heteroscedastic function

of CIINLAR model, and ¢,, t=2,3,...,n,

random variable in the error term, with mean zero and
variance one.

denotes a

3. Nonparametric Regression Method

The popular nonparametric regression methods
include smoothing splines and penalized splines. The concept
of these methods is to interpolate the data in most suitable
form of the fitting function with a smoothing parameter.

In this section we study the following nonlinear
autoregressive (NLAR) model.

The NLAR model is written as

Ve =23 ®)

where y,,#=23,....n are observed dependent variables,
YVigot =2,3,...,n are the past values with lag 1, p(y,_l) is
the trend function of nonlinear autoregressive model, and &,,

t=2,3,...,n denote the random values with mean zero and
variance one in the error terms.

3.1 Smoothing spline (SS) method

The smoothing spline was studied by Wahba (1990)
and the smoothing spline is a natural polynomial spline
( SE( ﬂ)) that depends on the smoothing parameter (1)

b

S8 ()= 2z () + A {1 ) . @

=1 %

where K is the number of knots in the trend function with
domain [a,b], superscript (71 ) indicates the 71 th derivative
of ,u(x, ), Y, is the dependent variable, and /J(x,) is the

trend function that is a nonparametric regression function of
independent variables.

Green and Silverman (1994) emphasized m =2
case as so-called natural cubic spline to fit the nonparametric
regression function by minimizing

n b

SO ()= (v = ul)f +A[{w ()} dx,. )

=] 4

In this case, we propose the NLAR model via
smoothing spline method, and the natural cubic spline can be-
written as

b

S ()= 303~ 1)} + A { (30 )} . ©)

=2 e

The natural cubic spline has given value and second
derivative at eachknot y, namely these are

u=u(y.,),

Yo= ,U"(y,_l), (=123



A. Araveeporn / Songklanakarin J. Sci. Technol. 41 (4), 813-821, 2019 815

Let 4 be the vector ( Moo i, )T and let ¥ be the vector

(715""7n-l ')T'

The natural cubic spline then depends on the two
matrices @ and R with

(% 0 0
_h‘—l _hz—l hz-l O
o hz—l e hz—l hj—-l 0
0 B 0
0 0 )
where A, =y, —y,,, for r=2,..n-1, and @ “is an

(n—l)x(n-—3) matrix.
R isa symmetric (n—3)x(n—3) matrix

1 1
Lo off <74 P o
1 1
o B[ 20 e
1
0 0 :(h:;~2 + hn—l)
]

(n=3)x(n-3).
The matrix K is defined by
- K=QR'0Q". (6)

The vectors £ and ¥ specify a natural cubic spline ,u(y,)
if and only if the condition

Q'u=Ry ™

is satisfied. If (7) is satisfied the roughness penalty will satisfy

b
(' a)f dr =y Ry=p"Kp. ®

To illustrate, in the matrix form introduced by Green &
Silverman (1994)

BSS =~ ()} = (=) (r-), ©

t=2

S ;
y") with y, corresponding value (o

where p =(y2,. eh
Y, and

p=( (7)ot (va)) (10)

The roughness penalty term .[ ;1"2 equals pTK M in (8) to

obtain

S0 =(r-u) (y-p)+idKp

=p (I+2K)p-2y"u+y"y, (1n
Since AK is non-negative definite, the matrix I+ AK is

strictly positive definite. It therefore follows that (11) has a
unique minimum, and the smoothing spline estimator is

f,=(T+2K)" y, 12

where I denotes the 7-dimensional identity matrix.

3.2 Penalized spline (PS) method

Penalized spline smoother is estimated using the
truncated power function (Ruppert & Carroll, 2000), and the
penalized spline model is written as

m=1

(xr)=zajxj+2ﬁk —Tk zm_l,t=1,2,... "

j=0
(13)

where @, and ﬂk denote regression coefficients in the

truncated power function.
The natural cubic spline with m =2 is called the
low-rank thin-plate spline and it tends to have very good

numerical properties. The = low-rank thin-plate spline
representation of 4 () is

#(x,8)=a, +ax, +Z,8‘|x =12

(14)

is the vector of regression

it
where @=(a,,,8,...5;)
coefficients, and 7, <7, <...<T, are fixed knots.

In this case, we focus on the NLAR model based on
penalized spline method, then the natural cubic spline can be
written as

K
4(y,.0,80)=ay+ay,  + Zﬁk |t - Tk|3 t=23,...,n (15
k=1
To avoid overfitting, we minimize
- 4(30:0)f +%6TD9, (16)
t=1
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where A is the smoothing parameter and D is a known
positive semi-definite penalty matrix. The thin-plate spline
penalty matrix is

00 0
D i 2x2 2xK 4
OKXZ QK

where the (7, k) th entry of Q is ITI -7, |3 and penalizes only

)

: 3
the coefficient of | i z‘k' 5

Just as with the linear model, we can generalize
penalized spline in general linear mixed model ( Brumback,
Ruppert, & Wand, 1999) as

y=Ya+Z . f+e, ~(18)

where y =(y,,....,) > ¥ be the matrix with the #—1th
row ¥, =(1,y,), Zy is the matrix with the 7 th row
3,...,|_\g,_,—r;‘.["‘}..a=(az.a3)r.,B=([)’;....,/J’,\.)T,

and & is N (O,a'j] ) Consider the vector @ as fixed

Zy, = {lyr—-l =1

parameters and the vector g as a set of random parameters

with E( ﬂ):o and cov(ﬂ):g;. This class of penalized

spline smoothers ( [,( )) may also be expressed as

g=c(c'c+ D) CTy, 19)
where
0 0,
3 2x2 2xK
9% |:1 Yi !y"l ate |15"5KJ 1stsn” > !:Oxxz (Q 1142 )" Q k::| ;
(20)

and A= ()'/2i / (o} f is a smoothing parameter.

4. Proposed Trend and Heteroscedastic Estimators

The trend (y, ) and heteroscedasticity o (y,_,)
can also be considered in CHNLAR model. As an initial step,
we start by estimating the trend 4/(y,_, ) using the concept of
NLAR model written as

y,=u(y4)+6, t=23,...n, 1)

where &, =c(y,,) €. Next, we obtain [1( yr_l) from

smoothing spline (SS) and penalized spline (PS) where the
residuals can be estimated as

b =y,-a(y) @2)

(23)

We transform O_(y’_[)=exp{h(y2,_l)}’ and take log with

residuals in (23)

log8? = h(y,,)+log £l (24)

log5? —E[logéf] = h(y,,)+logé’ —E[logéf]. 25)

If we require ér to be normally distributed with mean zero
and variance one, then £[ log £ | =-1.2704 in (25) and hence
we can apply it in SS and PS to obtain

log8? +1.2704 = h(y,,)+logé? +1.2704 (26)

7, =h(y,,)*E, 27

- ‘where 7, =logd’+12704 and & =logs’ +1.2704. Next,

we get a smooth estimate ﬁ(y,_l) from SS and PS by using
(27) and update the heteroscedastic estimate to

A0 p{M}

(28)
2

At the second stage of estimation we update the trend estimate
by using the following model

ST #(y,_1)+6><p{—h(y2’")} é, 29)
exp{_h(Jz’r—l)} %\ exp{—@} /l(y,_l) +& (30)
j’} :g(yr—l)-*—ét (31)
where
h
¥ = CXP{— (;‘“)} v
and
h’\ A 2
g(7)= exp{-%} () 00 B0). I &(y,) is

obtained by SS and PS, the second stage estimate of ,U(yt_l )
is given by
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(32)

: - Rl
0 =g 2 ),
Finally, the estimates of /.l( y,_l) and O'(y,_l) converge to

/}(yr—l) and &(yt—l) it

5. Simulation Study

The simulation study to assess the performances of
smoothing spline (SS) method and penalized spline (PS) was
divided into two parts. The first part is to study in CHNLAR
model

Vo=u(y)+0(y,) &, =23, (33)

where ,u(y,_l) and O'(J’H) are generated following

Hln)s 0.1(y,1)s
o(v.,) = exp{0.05xy,_},

where ), ~Normal(0,1). In Figure 1, we present ¥, in
CHNLAR model at sample sizes n = 50, 100, 200, and 300.
The error process &,,t=2,3,...,n in (33) is assumed to
follow the normal distribution with mean zero and variance
one.

n=100

v

80 B0 15C 200 280 I

¢ 53 10 150 200 2

Time Time
Figure 1. The time series data in CHNLAR model.
In the second part, to estimate : [1( y’_]) and
6 (y,.,)» we compute the bias and the Mean Square Error

(MSE) of 4(.) and o(.) by

817

li /’l(yr—l)_lu(y,—])

#biﬂ.r = 5
;u(yl—l)

=

Thigs = li (V)= (¥a)

MSE (p) = %i(iz(y,_,)—ﬂ(y,-, )

t=2

'

MSE(o) = li(d—(y,_l)—c(y,_l))'-

n =2

We simulated data with the sample sizes # = 50,
100, 200, and 300, and repeated the data generation and model
fitting 500 times.

Table 1 presents the average MSE of SS and PS

methods for all sample sizes. The average MSE of 4(.) and

o-(.) decreased with sample size. For y(.), the average MSE

of PS is less than with SS, but the average MSE of PS was
larger than with SS for 0'(.) :

Tables 2 and 3 show various Monte Carlo (MC)
summary statistics of the estimates obtained by the SS and PS
methods. The third and the fourth columns of these tables
represent the MC sample mean and standard deviation of
biases. The sample means of the lower and upper bounds of
95% confidence interval are given in the next two columns.
The last two columns of these tables list the t-statistic, and p-
value for hypothesis testing ( H bias = 0 versus Hi: bias
# 0). If the p-value is less than 0.05, we reject the null
hypothesis (,) that there is difference between the observed
values and the fitted values. If the p-value is larger than 0.05,
we conclude that we have an unbiased estimator. Based on the
p-values, we can claim the following. From Tables 2 and- 3,
the SS and PS methods provide asymptotically unbiased
estimates of y(.) and o(.). However o(.) did not get an
asymptotically unbiased estimate when. the sample sizes was
200 (n = 200) with the SS method.

Histograms of the biases of all parameter estimates
are presented in Figures 2-5. It is apparent that for the
distribution of cr(.) the biases appear to be normally distri-

buted for all sample sizes.

Table 1. The average MSE of SS and PS methods with different

sample sizes (500 replications).

SS method PS method
sample size ,u() O'() y() 0'()
n=50 0.300 0.0251 0.0249  0.1427
n=100 0.0105 0.0114 0.0095 0.0622
n=200 0.0054 0.0061 0.0033 0.0193
n=300 0.00372 0.00413 0.0020 0.0100
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Table2.  The simulation of smoothing spline method for different sample sizes (500 replications).
bias sample size mean s.d. Ici uci t-stat p-value
Ll n=50 6.507 157.106 -7.296 203116 0.9261 0.3548
n =100 -1.172 23.367 -3.225 0.881 -1.1216 0.2626
n =200 -0.2977 10.2154 -1.1953 0.5998 -0.6517 0.5149
n =300 3.5053 49.927 -0.8815 7.8921 1.5699 0.1171
(i n=50 -0.0114 0.1577 -0.025 0.0024 -1.6176 0.1064
n =100 0.0020 0.1072 -0.0073 0.0114 0.4283 0.6686
n =200 -0.0074 0.0776 -0.0142 -0.0005 -2.1335 0.0333"
n =300 0.00184 0.0644 -0.0038 0.0075 0.6412 0.5217
" indicates significance at 5% level
Table 3.  The simulation of penalized spline method for different sample sizes (500 replications).
bias sample size mean sd. Ici uci t-stat p-value
y 2/ n=>50 4734 79.833 -11.749 2279 -1326 0.1854
n =100 1.485 47561 -2.693 5.664 0.698 0485
n =200 0.0454 32.9606 -2.8506 29415 0.0308 0.9754
n =300 -0.5388 104931 -1.4608 03831 -1.1483 02514
O pias n=350 0.00429 0.172 -0.010 0019 0.556 0.578
n =100 -0.0001 0.1120 -0.009 0.009 -0.026 0.9792
n =200 -0.0018 0.0790 -0.0087 0.0051 05170 0.6054
n =300 0.0035 0.0617 -0.0018 0.0090 13005 0.194
n=50 n=100 n=30 n=100
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Figure 2. Histogram of bias in g ( ) with smoothing spline method. Figure 3. Histogram of bias in d() with smoothing spline method.
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Figure 4. Histogram of bias in ,u() with penalized spline method.
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Figure 5. Histogram of bias in o-( ) with penalized spline method.

6. Applications for Real Data

In this section, we will consider the application of
CHNLAR model using the smoothing spline (SS) and
penalized spline (PS) methods that we developed in the
previous chapter. As a real data set, we use the monthly gold
price (US Dollars per Troy Ounce) from January, 1984 to
December 2013, which consists of 360 records and is shown
in Figure 6. These data were obtained from http://www.index
mundi.com.
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Figure 6. The monthly gold prices from January, 1984 to December,

2013.

The modeling steps were as follows.
At first, we considered the CHNLAR model following

V=)o (V) €,1=23,..,360,  (34)
where &, ’s are independently and identically distributed with
mean zero and variance one. In this case, we let , denote

the gold price of month 7, where ¢ =1 represents January of
1984 and ¢ =360 represents December of 2013.
Then we fitted the CHNLAR model to obtain the

trend function, ,u() and the heteroscedastic function, a()-
We got A&(yz-])’&(,v;-l)’t=2’3""’360 using SS and PS

methods.
Let 4(y._) and &(y,;) denote the converged

estimates of /1() and ¢ (.) ,and let
2 ) | ys s
U(y t—l)
denote the standardized residuals based on the converged
values of fi(y,,) and 6(y,,).
Finally, we obtain estimated values of }72,. e j-‘”

using the estimated trend and heteroscedastic based on the
CHNLAR model:

(33)

P =)+ E(a) é,1=23,..,360,  (36)

where the forecast trend f(y,_,) and the forecast
heteroscedastic &(y,,) from SS and PS methods are

presented on Figure 7 and 8.
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Figure 7. Forecasting trend and heterocsedasticity by smoothing
spline (SS) method.
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Figure 8. Forecasting trend and heterocsedasticity by penalized
spline (PS) method.
The  fitted values from February, 1984 to

December, 2013 of the SS and PS methods are shown in
Figure 9 and also MSE, mean, and standard deviation of y()
and 0‘(.) are shown in Table 4. From Table 4, the MSE of PS
is larger than that of SS, but the x(.) show the slightly

different values.

The mean (standard deviation) and Mean Square Error

Table 4.
(MSE) of smoothing spline (SS) and penalized spline (PS)
methods.
Estimator SS method PS method

( ) 564.4387 564.4463

A (396.7862) (396.755)

O_() 16.92417 20.4015

: (15.54389 (19.66588)
MSE 5.653 8.372
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Figure 9. The gold prices with line plot of fitted values by smoothing
spline (SS) and penalized spline (PS) methods.

7. Conclusions

In this study, we used nonparametric regression
methods such as the smoothing spline method and the

‘penalized spline method to estimate a smooth unknown trend

and heteroscedasticity in an CHNLAR model. Through a
Monte Carlo simulation study, we evaluated the performance
of the smoothing spline methods and showed that the trend

estimator ( () ) and heteroscedasticity estimator (o (.) )work

reasonably well for most data of all sample sizes, except in
one case (n=200) where the heteroscedasticity estimator had
a bias. The point volatility estimators approach their
corresponding true values as the sample size increases.

In a Monte Carlo study, we showed that the trend
estimator of penalized spline works well for all small sample
sizes, when the smoothing parameter is high enough,
indicating that small sample sizes allow reliable interpolation
by these models.

In an application to actual data, we were also
interested in comparing the power of estimating values,
assessed by considering the Mean Square Error (MSE). The
MSEs with smoothing spline were smaller than with penalized
spline. However, we consider the mean of the trend and
heteroscedastic estimator, and we can see that the means of
trend with smoothing spline method were slightly different
from the penalized spline method but the variance and MSE of
smoothing spline method is smaller than with penalized spline
method. It can be concluded that the forecasting performance

of CHNLAR depends on heteroscedasticity.
In future work, we intend to study higher order lags
in trend and heteroscedasticity of the CHNALR model.
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