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ABSTRACT
The purpose of this research , we introduce a new method for solving the general split
feasibility problem and we establish the important lemma as a tool for proving the theorem that
solves the general split feasibility problem. Applying our main theorem to prove the theorem
related to the general constrained minimization problem in the last section. Our results expand
some results of Ceng, Ansari and Yao and modify the results of Xu.

Keywords : General split feasibility problem Constrained minimization problem Fixed point problem
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Chapter 1

Introduction

1.1  The importance of the research

Currently, there are new technologies such as computer technology, engineering, trans-
portation, economics and statistic etc., but these technologies still have problems that need to ad-
just. Mathematical models are an important tool to solve problems as mention previously, which
one of an important mathematical tool is the fixed point theory. This can be used to solve computer
problems, physic, economics and etc. The fixed point theory is a study about the existence solution
and uniqueness solution.

There are many mathematicians that established the strong convergence theorem for finding
the solution of a fixed point problem. This makes the fixed point theory develop extensively and
can apply in various disciplines. The equilibrium problem, variational problem and optimization
problem are the important problem in economics, engineering and physic which it can be converted
to the fixed point problem in order to solve the problem easier. So, the study about the theorems
related to fixed point of all mapping and establish an iterative scheme is the one tool that many
mathematicians pay attention to this method. The split variational inequality is a popular problem
in the sense that many mathematicians establish the model for solving this problem. In addition,
the split variational inequality is also used to solve problems in medical such as Radiation therapy
planning for cancer and repairing damaged pictures

Let Hq, H, be two real Hilbert spaces. Let C, @) be nonempty closed convex subsets of H;
and Ho, respectively. The split feasibility problem (SFP) in the finite-dimensional Hilbert spaces is
introduced by Censor and Elfving, which is to find a point z such that x € C and Dz € @), where
D : H; — Hs is a bounded linear operator. The SFP is useful in various disciplines such as sig-
nal processing, image reconstruction, and computer tomography, seother works. The SFP has been
studied by many researchers.

This researches use the concept of the solving of fixed point and the split variational in-
equality for create a new split variational inequality and for finding the solution of this problem.
It is a better method than the original method. Furthermore, we introduce a new iterative for solv-
ing the new split variational inequality. The study about the split variational inequality requires
knowledge about the functional analysis and fixed point theory to bring it together for solving the

problem.

1.2 Objective of the research

1) To establish a fixed point theorem for solving the problem in science and technology such as

transportation, computer, engineering and physic.



2) To establish a new iterative for solving fixed point problem and a new split variational in-

equality.

3) To publish this research in the international journal in ISI database with the impact factor.

1.3 Scope of the research

1) Study variational inequality problems ,constrained convex minimization problem and equi-

librium problems in Hilbert space.
2) We establish a fixed point theorem for solving the mathematic problem.

3) We create mathematical tools for applying to solve the computer problem, engineering and

transportation by convert the problem into an iterative scheme.

4) All strong convergence theorems are considered and proved in Hilbert spaces.

1.4 Method

1) In first — third month, we will study about the basic knowledge of fixed point theory from text
book, such as Fixed Point Theory for Lipschitziantype Mappings with Applications, Nonlinear

and Convex Analysis, Contemporary Radiation Therapy etc.

2) In third — fifth month, we will study related researches about fixed point, which all research
is published in international journals such as fixed point theory and applications, nonlinear

analysis, journal of optimization and etc.

3) In fifth — seventh month, we will establish a new iterative with higher quality than previous

research
4) In seventh — tenth month, we will analyze the result from 3.) by using the mathematical proof.

5) In tenth —eleventh month, we will establish and prove a new theorem by using the information
from 1.) —4.) and write program for testing the speed of the rate of convergence of a sequence

generated by the proposed iterative.

6) In eleventh — twelfth month, we will write the research for publish this research in the inter-

national journal in ISI database with the impact factor.

7) In twelfth — sixteenth month, we will establish another fixed point theorems which modified

by Halpern, Ishikawa, Mann iterative and etc.

8) In sixteenth — nineteenth month, we will study another related researches for establish a new

theorem.

9) In nineteenth — twenty second month, we will analyze the information from 8.) and study

about the suitable conditions.



10) In twenty second — twenty fourth month, we will establish a theorem and write a paper for

publish this research in the international journal in ISI database with the impact factor.

1.5  Expected benefits

1) Obtain new mathematical tools for the properties of variational inequality problems, equilib-

rium problems and fixed problems of nonlinear mappings in Hilbert spaces.
2) To obtain the new knowledge for solving split problem.

3) To obtain mathematical tools for split problem.



Chapter 2
Theory and related research

The purpose of this chapter is to explain fundamental concepts and definitions used through-
out this thesis. Moreover, we give some lemmas, remarks and useful results used in the later chap-
ters. Throughout this chapter, we use the letter R for the set of all real numbers, C for the set of all
complex numbers and F for the set of all real or complex numbers.

The fixed point theory is one of the important mathematical tools applied to solve problems
in many branches of science and technology. In the past few years, many mathematicians have been
developed and widely studied fixed point theory. Finding the answer of the equation by using the
fixed point theory may have the answer or no answer. Therefore, fixed point theory is involved
with finding conditions on the set X and the mapping 7" : X — X to guarantee the existence and
uniqueness of fixed points. Moreover, researchers have been studying about the structure of fixed
point set and the approximation of fixed points. Iterative schemes for finding the solution set of
nonlinear mappings such as nonexpansive mappings, quasi-nonexpansive mappings, nonspreading
mappings have been increasingly studied by many mathematicians. They have introduced various
types of iterative methods to approximate fixed points.

Throughout this paper, let Hy, H- be real Hilbert spaces and let C, @ be nonempty closed
convex subsets of H; and H, respectively. Let A : H; — H> be a bounded linear operator.

For a mapping 7" of C' into itself, we denote F'(T") by the set of all fixed points of T i.e.,
FT)={x€C: Tz =z}
Example 2.1.
1. If T:R — Rand Tz = &L, then F(T)) = {1}.
2. If T:R — Rand Tx = 22, then F(T) = {0,1}.
3. fT:R — Rand Te = x + 5, then F/(T) = (.
4. IfT:R — Rand Tz = z, then F(T) =R.

The split feasibility problem (SFP) is to find a point z € C' and Az € Q. This problem
was introduced by Censor and Elfving [5].

Such models were successfully developed for instance in radiation therapy treatment plan-
ning, sensor networks, resolution enhancement.

In 2012, Ceng, Ansari and Yao [2] introduced the following lemma to solve SFP;

Lemma 2.2. Given z* € Hy, the following statements are equivalent.
i) z* solves the SFP;
ii) z* = Po (I — MA* (I — Pg) A) 2*, where A* is adjoint of A;



iii) z* solves the variational inequality problem (VIP) of finding z* € C such that (y —
x*,Vg(z*)) >0,forally € Cand Vg = A* (I — Pg) A.

Many authors use this lemma to prove their results, see for example, [3], [8].

Let p,g € N. Foreach 1 < i < p, let C; be a nonempty closed convex subset of a real
Hilbert space H;. For each 1 < j < ¢, let Q; be a nonempty closed convex subset of another real
Hilbert space H> and let A; : H; — H, be a bounded linear operator. Suppose that K is another
nonempty closed convex subset of H;. The constrained multiple-set split convex feasibility problem

(MSCFP) raised by Masad and Reich [11] is finding a point z* € K such that

P
vt e((Ciand Az € Qi, 1< j<q. 2.1)

1=1
The MSCFP introduced by Censor et al. [6] and Xu [14] is a special case of (2.1), which is formu-
lated as finding 2* € H; such that
p q
2" € () Ciand Az* € () Qi (2.2)
i=1 j=1
where A is a bounded linear operator from H; to Ho. If p = ¢ = 1, (2.2) is reduced to SFP. Let
A,B : H, — H, be bounded linear operators. Inspired by (2.1), (2.2) and SFP, we introduce the
general split feasibility problem which is to find a point z* € C and Ax*, Bz* € Q. The set of this
solution is denoted by I' = {z € C : Az, Bx € Q}.
By applying Mann ’s iterative algorithm with SF'P, Xu [17] proved the best following

result;

! - 2
Theorem 2.3. Assume that SF'P is consistent and v € (O, W) Let {x,,} be defined by the

following averaged CQ algorithm:

Tnt1 = (1 —an)zp + anPo (I —vA" (I — Pg) A) xy,

for all n > 0 where {«a,, } is a sequence in a interval |0, m satisfying the condition
t
— 4
St
nm1 N2+ (Al

Then {z,,} converges weakly to a solution of SF'P.

The such theorem is used as a model for proving some result to solve the split feasibility

problem, see for example, [2, 3, 7].

symbol W — /7 and W — // represent strong and weak convergence, respectively. Let C
be a subset of a real Hilbert space H. A mapping T : C — C'is called a-contractive if there exists
a € [0,1] such that || Tz — Ty|| < ||z — y|| for all z,y € C. A mapping T is calll nonexpansive if
a = 1. The fixed point problem of 7" is to find a point * € C such that Tx* = x*. The set of all
fixed point of T" is denoted by F(T"). A mapping A : C — H is called a-inverse strongly monotone



if there exists > 0 such that a|| Az — Ay||?> < (Az — Ay,z —y) forall z,y € C.
The variational inequality problem (VIP) is a well known problem. That is to find a point
w, € C such that
(y — we,Gw,) >0, forally € C, 2.3)

where G : C — H is a mapping. The set of all solutions of (2.3) is denoted by VI(C, G).

The variational inequality problem has been applied in various fields such as industry, fi-
nance, economics, social, ecology, regional, pure and applied sciences; see, [9],[10].

Let C be a closed convex subset of a real Hilbert space H and let P be the metric projection

of H onto C'i.e., for x € H, Poux satisfies the property
— P = mi — vyl
|~ Pesl) = mig o — y]
The following lemma is a property of Pc.

Lemma 2.4. (See [13]) Given r € H and y € C. Then Pcxz = y if and only if there holds the
inequality

(x —y,y—2) >0, VzeC.

Lemma 2.5. (See [12]) Let H be a Hilbert space, let C' be nonempty closed convex subset of H
and let A be a mapping of C into H. Let u € C. Then for A > 0,

ueVI(C,A) & u=Po(I —XA)u
where P is the metric projection of H onto C.

Lemma 2.6. (See [16]) Let {s,,} be a sequence of nonnegative real number satisfying
Snt1 = (L —an)sn + @fBn, Yn>0

where {a, }, {8} satisfy the conditions

(1) {O‘n} = {07 1]3 Zan = 00

n=1

(2) limsupg, <O0or Z |an B | < oco.

n—oo
n=1

Then lim,,_, o 5, = 0.

Lemma 2.7. (See [15].) Let {s,,} be a sequence of nonnegative real numbers satisfying
Spg1 =1 —an)sn +0n, Yn >0

where {«,, } is a sequence in (0, 1) and {4, } is a sequence such that

(1) Zan = 00,
n=1

. On Nt
(2) limsup— <Oor Z |0,] < oo.

n—o00 n —
n=1

Then lim,,_, o 55, = 0.



Lemma 2.8. Let H; and H, be real Hilbert spaces and C, @ be nonempty closed convex subsets of
Hy and H,, respectively. Let A, B : Hy — H, be bounded linear operators with A*, B* are adjoint
of A and B, respectively with T" # (). Then the followings are equivalent.

i)z* €T,

i) PC<I—a<A (I;PQ)A+ B (I;PQ)B»x* =2*, Ya>0,

. . . 2
where L 4, L are spectal redius of A* A and B* B, respectively witha € (0, Z) and L = max{La, Lg}.

Proof. Let the conditions holds
i) = ii) Let2* € T, we have «* € C and Az*, Bx* € Q. It implies that

(I — Py)Az* =0=(I — Pg) Bx".

Then
A* (I — Py)Az*  B*(I - Py)Bz* 3
2 0 2 -
It follow that
P (I—a(A (I 2PQ)AJFB {14 PQ B))
ii) = i) Let Po I—a<A ’ 2PQ)A 2 PQ B)):c — z* and let w € T, we

have w € C'and Aw, Bw € Q. From ) = ii), we have

PC<I_G<A*(I—2PQ)A+B*(I—2PQ)B)>w:w.

Then, we have

A*(I = Py)yAz*  B*(I — Py) Bz*\ ||°
||£C* E wH2 < * 2= a ( Q) € L= ( Q) €z
2 2
A*(I — Py) Az* . B*(I — Pg) Bz*
* 2 *
= Jlo” —w|® = 207 = w, =l =X/7
oo |4 = Po) As™ . B* (I Pg) B
2 2
<zt —w|)® —al{Az* — Aw, (I - Py) Az*) — a(Bz" — Bw, (I — Pg) Bz™)
@2 * * a’2 * *
+5 AT = Fq)Aw ||2+3||B (I = Pg)Baz"|?
<zt —w|? — alAz* — PoAx*, (I — Pg) Az*) — a(PoAz* — Aw, (I — Pg) Az*)

—a(Bx* — PoBzx™, (I — Py) Bx") — a(PoBx* — Bw, (I — Py) Bx™)
a’L N a’L .
YR — Py Aa P+ CE (1~ Po)Bat)?
. al « alL «
< o —wl® — a1 = SN = Po)Aa®|* = (1= 7)1 — Po)Ba™|1.

It implies that Az* = Py Axz*, Bx* = PoBx* € Q.
It follows that

" =Po (I—a(A (I_QPQ)A—FB (I_QPQ)B>>:U*—PC££*€C.

Hence x* € T. D



Let Hy =R? Hy =Randlet C = H(a,a; —as) = {x = (v1,72) € Hy : 171 + agwy = aj — as
for all a = (a1,a2) € Hy and Q = [—2,3] C H;. Defined mappings A, B : Hy — Hs by
Az = x1, Bx = zo forall x = (z1,25) € Hy. Itis obvious that (1,—1) € T.

Next, we will show that P (I - A(A*(I —Fo)d | B PQ)B)) (1,-1) = (1,-1).

2 2
From the definition of A, B, we can defined adjoint operators A*, B* : H, — H; of A, B by

A*z = (2,0),B*z = (0,z) for all z € H,. From the definition of C', We can defined metric
projection Po : H; — C by

Pez — (21722) _ (a1Z1 + agz9 — (a1 — a2)>(al7a2)7 (2‘4)

\/a% +a§

for all z = (21,22) € H,y.
From A, A*, B and B*, we have

AT = Po)A(L,—1)  A*0

3 == = (0,0}, (2.5)
and
BU-PB(L-1) B0 _ (o 2.6)
2 2
From (2.4) (2.5) and (2.6 ), we have
P(;(I—/\(A*(I_QPQ)A 2 B*([;PQ)B>> L @2

e (al 3 ;j_alz_ a2)>(a17a2)
Vai+ as
(1,-1).

Remark 2.9. The result of this example is guaranteed by Lemma 2.8.



Chapter 3
The methods of research

In this chapter, we introduce methods for solving the following problems;

Inspired by the works of [11], [6], and [14], we introduce a method to solve solution of
the general split feasibility problem. We give the general constrained minimization problem and a
lemma to show the relationship between these problems. The method utilized to solve this problem

is presented.



Chapter 4
The results of research

This chapter, we solve problems in Chapter 3.

Theorem 4.1. Let H; and H, be real Hilbert spaces and let C, QQ be nonempty closed convex subsets
of Hy and Ho, respectively. Let A, B : H; — H be bounded linear operators with A*, B* are adjoint
of A and B, respectively and L = max{L, L}, where L4 and Ly are special radius of A*A and
B*Bandlet D : C — H; be d-inverse strongly monotone. Assume that ' NV 1 (C, D) # (). Let the

sequence {x,} generated by 21 € C' and

A*(I—Pp)A B*(I—PFPy)B
Tpt1 = Q@ f(2n) + BnPe (I = AD) 2y + v, Po (a[—a( ( e Q) + ( 5 Q) ))xn,
4.1
for all n € N, where {c,,},{6.},{w} C (0,1) with o), + B, + v, = land f : C — Cis a-
contractive mapping with « € (0, 1). Suppose that the following conditions hold;
i) nlingo a, =0, z_:lan = 00;

i) ¢ < Bp,vn < d, for some c¢,d >0,
2
iii) A€ (0,2d),a € (0,L) ,
[e.e] [ee]
iU) Z'an—an—ﬂaz‘ﬁn_ﬁn—ll < oQ.
f=¢" n=1
Then the sequence {x,, } converges strongly to 2o = Prry1(c,p) f(Zo)-

A*(I-Py) A B*(I=Py)B
5 +

. . Y '}
Proof. PuttingVg = . First, we show that Vg is 7 inverse strongly

2
A(I=Fg)A  B"(I-Pg)B

monotone. Let x,y € C. Since Vg = 5 3 , we have
A* (I =Pp)Az B*(I—=Py)Bz  A*(I—Py)Ay B*(I—Py)By
Vg (2) - Vg 2. = A BT Be AU ST Ay B U= Ta) By
A* (I —Py)Ax ~ A*(I —Py)Ay B*(I — Py)Bx B*(I —Py)By ,
= 2 = 2 i 2 - 2 |
1 * * 1 * *
< 5||A (I-Py)Ar— A (I—PQ)Ay||2+§||B (I — Pg) Bx — B* (I — Pg) By|*
L L
< 5\\ (I - Pg) Az — (I - Pg) Ay|* + §H (I - Pq) Bz — (I — Po) By|*. (4.2)
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From property of P, we have

I(I = Po)Az — (I = P)Ay|* = ((I - Po)Ax — (I — Po)Ay, (I — Po)Ax — (I — Pq)Ay)
= (I — Po)Az — (I — Pq)Ay, Az — Ay — (P Az — PoAy))
= (A"(I - Pq)Az — A*(I — Pq)Ay,x —y)
—((I = PQ)Az — (I — Po)Ay, P Az — P Ay)
= (A"(I - Pg)Az — A*(I — Pq)Ay,x — y)
(I — Po)Aw, Py Az — PoAy)
+((I — Pg)Ay, PoAx — PoAy)
< (A"(I = Pg)Az — A*(I — Pg)Ay,xz — y). 4.3)

By using the same method as (4.3), we have
| = Po)Ba — (I = Po)By|l? < (B*(I - Po)Bx — B*(I —Py)By,x —y).  (44)

Substitute (4.3), (4.4) into (4.2), we have

L

Vg (z) = Vg WP < Z(A"(I— Po)Az — A*(I — Po)Ay,z — y)

é(B*(I~PQ)BxfB*(I-PQ)ByaJT*w
= L(Vg(z) = Vg(y),z —y).

2
_|_

. b A
So, we have Vg is 7 “inverse strongly monotone. From the definition of Vg , we have

|Pc(I=aVg)a —Pc(I—aVg)yl? < llz=y—a(Vg(z)=Vg))|?

|z — y||> = 2a{z — y, Vg (z) = Vg (y)) + a®| Vg (x) = Vg () |I?

S HEAE %L“-va (@) = Vg @IP) +a®||Vg (z) = Vg (y) |
— le—yl? o (3= 0) 1900 - Vo) I
< eyl (4.5)

for all =,y € C. By using the same method as (4.5), we have
|[Pc (I —=AD)x — Po (I = AD)yl| < [lz -y, (4.6)

forall z,y € C.
From the definition of z,,, (4.5) and (4.6), we have

lnss =2l < anllf (@) — 2l + Bn |1Pe (I = D) — 2l + 70 | P (T — a¥g) 2 — 2]
< an(allen =51+ 176) =21 ) + 52 1Pe (T = AD) 2 =3l 490 1P (1~ a¥g) ]
< (1= an (1= a) o — 2l + anll f(2) — 2]
<

o {1, L=,

11—«
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foralln € Nand z € 'NVI (C, D). By induction, we conclude that the sequence {z,,} is bounded.

From (4.1), we have

[#ne1 —znll < om = ana| [[f(@n—1)l| + anal|on — @pa|l + [Bn = Ba—al [|[Po (I = AD) n ||

+BullPo (I = AD) xp, — Po (I = AD) &p—1|| + [0 — Ya—1] [|[Pc (1 — aVg) 21|

+ynllPe (1 —aVg)z, — Po (1 —aVg) x|

(I—an (1= a))llzn — za-1ll + |on — anal [|f(@n-1)ll + |Bn = Bu-1l|[Pc (I — AD) zn—1]|

+vn = Y-l [Po (1 = aVg) zp |-

IN

From the conditions 7), iv) and Lemma 2.7, we have

nlgr;o |Znt1 —2n] = 0. 4.7
We can rewrite (4.1) by
Tnt1 = nf(Tn) + (1 —ayn) Epey, (4.8)
Bn Tn

where E,, = Po (I —AD)+ 3 Po(I —aVg) foralln € N.

1-— (€7% — Qp
Since Po (I — A\D) and P (I — aVyg) are nonexpansive mappings, we have E,, is a nonexpansive

mappings, for all n € N.

It is easy to see that
F(Pc(I-AD))OF (Pc(I —aVg) C F(Ey), (4.9)

forall n € N.

From Lemma 2.5 and 2.8, we have
F(Pe(I—=XD))NF (Po(I—aVg)=TNVI(C,D)#0.

Letzg € F (E,),foralln e Nand z e ' N VI (C, D), we have

lz0 — 212 < &\\Pc(l—AD)ZO—Z||2+Tj—"a;f|Pc(I—aV9)Zo—Z||2
P 1 SAD) 20— Poll =a¥g)

Bn')/n 3 ||PC (1 — /\D) zZ0 — PC (I — an) Z0||2.

< lzo — 2l - (17@)
- tn

From condition ii), we can conclude that Po (1 — AD) zgp = Po (I — aVg) 2.

Since zg € F (E,), for all n € N, we have

%=1 fna Po (I —AD)zy + . j"a Po(I —aVg)zg = Po (I — AD) zg = Po(I — aVg)zo.
So, we get
20 € F(Pc(I-=AD))NF(Poc(I-aVg)=TNVI(C,D).
It follows that

F(En) € F(Po(I=AD))NF(Pe(l—aVy).
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Then
F(E,)=F(Pc(I-AD))NF(Po(I—aVyg), (4.10)

for all n € N. From (4.8), we have
Tpt1 — T = o (f(xn) —xn) + (1 — a) (Bnzy — Tp)- 4.11)
From (4.7) and condition i), we have
nll}n;o |Enz, — 2| = 0. 4.12)

Since the sequence {z, } is bounded in a real Hilbert space H,, there exists a subsequence {z,,, } of
{z,,} converges weakly to w, where w € C.
From the condition i) we may assume that /,,, — 3 and~,, — v as k — oo with 8,v € [c, d].

It follows that

1:1im< S )=5+7.

k—o0 1-— Qo 1-— (027%%
Putting F = BPc (I — AD) + vPc(I — aVy). It is easy to see that F is a nonexpansive mapping.
By using method as F' (E,,) = F (Po (I — AD)) N F (Po(I —aVg), we have

F(E) = F(Pc(I—AD))NF(Ps(I —aVg). (4.13)

From the definition of E,, and E, we have

Br

1—a,

Enkwnk — E:Enk = < — 5) P (I vy )\D) Tp, + (1 L fy) P (I — an) Ty, -

k = Qlny,

From limy, oo 8, = B, limk—, 6 ¥n, = 7 and condition 7), we have

lim || E,, @, — Exp, || = 0. (4.14)
k—o0
From (4.12) and (4.14), we have
lim ||z, — Ex,, || = 0. (4.15)
k—o00 ) )

Assume that w ¢ I' N VI (C,D). From (4.13), Lemma 2.5 and 2.8, we have w ¢ F(FE). From

Opial’s conditions and (4.15), we have

lim ||z,, —w| < lim |z, — Ewl|
k—o00 k—oc0
< lim (nxnk — By || + || By — Ewn)
k—oc0
<

lim ||z, —w|.
k—o0

This is a contradiction. Then w e TN VI (C, D).

Since the sequence {x,,} is bounded, we have

limsup(f(zo) — zo, Tn — x) = ILII(;J(f(xO) — 20, Tn, — To) = (f(x0) — To, w — x0) <0, (4.16)

n—oo k
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where xo = Pravr(c,p) f(zo)-

From (4.1), we have

@41 — @ol|?

lonf(e) + BuPo (I — AD) 2+~ Pe (I_a<A* (I —Pg)A N B* (I—PQ)B>>%_$O|

2 2

< ||Bu(Pe (I —AD)z, —xo)+vn(Pc (I—a <A* (I;PQ)A 2 (I;PQ)B» mn—m0>||:
+200n (f(25) — To, Tnt1 — To)

< (1= an)?[len =zl + 200 (f (20) — o, Zps1 — o) + 20|20 — 20| Tnt1 — o

< (1= an)?[lan = zoll? + 200 (f (20) — o, Tnp1 — 20) + anallz, — zol” + anallzai1 — zol*.

It implies that

20, (1= ) 20, (1 — ) a 1
n+1— 2 < e n 2 - = n_ o - n+1— .
lzns1—20l" < < P [ —z0o "+ 1—ana \2(1=a) (eS| . a(f(l"o) To, Tnt1—To)

From Lemma 2.6, condition 7) and (4.16), we obtain that the sequence {z,,} converges strongly to

xo = Pravi(e,p)f(zo). This complete the proof. L]
Using Theorem 4.1 , we can solve split feasibility problem.

Theorem 4.2. Let H; and H, be real Hilbert spaces and let C, (Q be nonempty closed convex subsets
of Hy and Hs, respectively. Let A : H; — H, be bounded linear operator with A* is adjoint of A
where L is special radius of A*A and let D : C' — H; be d-inverse strongly monotone. Assume that
aNVI(C,D)# 0, where 'y ={z € C : Az € Q}. Let the sequence {z,} generated by 21 € C
and

Tn41 = O‘nf(xn) + pnPc (I k| /\D) T I+ Pe (I —a (A* (I = PQ) A)) Ly

foralln € N, where {a,,}, {8}, {7} C (0,1)witha,+ 8, +7, = land f : C — Cis a-contractive
mapping with a € (0, 1). Suppose that the following conditions hold,

(oo}
i) lim o, =0, E Qp, = 00,
n— oo
n=1

i) ¢ < Bp,vn < d, forsomec,d > 0,

iii) A€ (0,2d),a € (0, i) :
i) i v, — 1], i 1Bn = Bn-1| < o0.
n=1 n—1
Then the sequence {x, } converges strongly to 2o = Pr,~vi(c,p)f(2o).
Remark 4.3. If we take D = 0 in Theorem 4.2, we have
Tnt1 = 0 f(xn) + Bnn +mPo (I —a(A™ (I — Pg) A)) zp, 4.17)

for all n € N, which is modification iterative scheme {x,,} in Theorem 2.3 and by Theorem 4.2,
we have the sequence {z,,} generated by (4.17) converges strongly to a solution of SF P under the

sufficient conditions of Theorem 4.2.
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Let C C Hy,Q C H, of Hilbert space Hy, H, and let A : H; — Hs be a bounded

linear operator.

Let g : H; — R be a continuous differentiable function. The minimization problem;

: —Lir_ 2
ming (z) := 5 |(I — Po) A, (4.18)

is to find a point * € C such that g (z*) < g (z) forall z € C.
From studying the minimization problem, we introduce the general constrained minimiza-

tion problem as follows,

(4.19)

- _ I = Pg) Az|* ||(I — Pg) Bz|?
ming (z) = 1 * 1 '

The set of all solution of (4.19) is denoted by ', = {z* € C': g(z*) < g(x), Vx € C}.
The following results show the relationship between the general split feasibility problem

and the general constrained minimization problem.

Lemma 4.4. Let H; and Hy be real Hilbert space and C, (Q be nonempty closed convex subsets
of Hy and H,, respectively. Let A, B : H; — H, be bounded linear operators with A*, B* are

adjoint of A and B, respectively and let g : H; — R be a continuous differentiable function defined

2 2
by g(z) = I Pf)AxH + I Pf)an for all z € Hy. Assume that I' # (). Then the
followings are equivalent.

i) a*el,

i) r e Tyl

Proof. ii) = i) Leta* € Ty and letz € ', we get 7 € C and Az, BT € Q.
Since z* € I'y, we have

|Aa* = PoAs*|[* | |Ba* = PoBu*ll® _ Ay~ PodylP | |By ~ PoByl?

4 4 ~ 4 4 ’ (4.20)
forally € C.
Since T € C, we have
* __ *|2 el o * (|2 = _N =112 . — |2
|Az* — PoAx™|| N |Bx* — PgBx*|| ) |AZ — Py AZ|| L | BT — Py BZ|| ’ 4.21)

4 4 - 4 4
Since A7, BT € @, we have AT = Po A7 and BT = Py B7Z.
From (4.21), we have

|Ax” = PoAa* |2 |[Ba* — PoBa||
+ =
4 4
It implies that Ax* = PoAz* € @ and Bx* = PoBx* € Q.

0.

Since z* € I'y, we have 2* € C.
Hence z* € I

i) = ii) Let2* € T', we have «* € C and Az*, Bx* € Q. Then, we have

|Aa* — PoAa* > |[Ba* = PoBa*® _ | _ |l Ay— PoAyl’® _ By — PoByl’
+ —0< +
4 4 4 4
for all y € C. It implies that z* € T'. []
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A*(I-Py)A B*(I-Py)B
2 + 2
of A and B, respectively and Vg is a gradient of g. From Lemma 2.8 and 4.4, we have I'y = T' =

VI(C,Vg), where I' # 0.

Remark 4.5. We observe that Vg = , where A* and B* are adjoint

Theorem 4.6. Let H; and H» be real Hilbert spaces and let C, Q be nonempty closed convex subsets
of Hy and H,, respectively. Let A, B : H; — H> be bounded linear operators with A*, B* are
adjoint of A and B, respectively and L = max{L 4, Lp}, where L4 and Lp are special radius of
A*A and B*B. Let the function ¢ : H; — R be differentiable continuous function defined by

I—Py)A I — Pg) Bz|? :
g(x) = IC 4Q) all + IC f) il and let D : C' — H; be d-inverse strongly monotone.

Assume that ' N VI (C, D) # (. Let the sequence {xz,,} generated by z; € C and
Tn+1 = anf(xn) = 571,PC (I - )‘D) Ty + "YnPC (I - avg) Ty

foralln € N, where {a,}, {Bn}, {"} C (0,1) witha,,+8,+7v, = land f : C — C'is a-contractive
mapping with o € (0, 1). Suppose that the following conditions hold,

[ee)

i) lim o, =0, E Uy = 00,
n—r00 1
=3

i) ¢ < Bp, v < d, forsomec,d >0,

i) A€ (0,2d),a€ (0, 3) )

L
iv) Z|an_an71|7z‘6n_ﬂnfll < 0.
ne=l n=1

Then the sequence {x,,} converges strongly to xo = Pr, v r(c,p) f(20)-

Proof. From Theorem 4.1 and Lemma 4.4, we can conclude Theorem 4.6. L]



Chapter 5
Conclusions of research

In this research, we establish new mathematical theorems for solving problems as varia-
tional inequality problems, split combination variational inequalities problem and the split general
system of variational inequalities problem which these theorems have more potential than the pre-
vious method. We give the general constrained minimization problem and a lemma to show the
relation ship between these problems. Our results expand some results of Ceng, Ansari and Yao [2]

and modify the results of Xu [17].
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Iterative Scheme for Finding Solutions of the General Split Feasibility
Problem and the General Constrained Minimization Problems

Atid Kangtunyakarn®

*Department of Mathematics, Faculty of Science, King Mongkut's Institute of Technology Ladkrabang, Bangkok 10520, Thailand

Abstract. Inspired by the works of [11], [6], and [14], we introduce a method to solve solution of the
general split feasibility problem. In the last section, we give the general constrained minimization problem
and a lemma to show the relationship between these problems. The method utilized to solve this problem

is presented. Our results expand some results of Ceng, Ansari and Yao [2] and modify the results of Xu
[17].

1. Introduction

Given closed convex subset C € Hi, Q € H, of Hilbert space Hy, H, and let A : H; — H; be abounded
linear operator. The split feasibility problem (SFP) is to find a point x € C and Ax € Q. This problem was
introduced by Censor and Elfving [5].

Such models were successfully developed for instance in radiation therapy treatment planning, sensor
networks, resolution enhancement.

In 2012, Ceng, Ansari and Yao [2] introduced the following lemma to solve SFP;
Lemma 1.1. Given x* € H;, the following statements are equivalent.

i) x* solves the SFP;

ii) x* = Pc (I - AA* (I — Pg) A) x*, where A" is adjoint of A;

iii) x* solves the variational inequality problem (VIP) of finding x* € C such that {y —x*,Vg(x*)) > 0, for all
y€Cand Vg =A (I-Po)A.

Many authors use this lemma to prove their results, see for example, [3], [8].

Letp,g € N. For each 1 <i < p, let C; be a nonempty closed convex subset of a real Hilbert space H;.
For each 1 < j < g, let Q; be a nonempty closed convex subset of another real Hilbert space H, and let
Aj : Hi = H; be a bounded linear operator. Suppose that K is another nonempty closed convex subset

of Hy. The constrained multiple-set split convex feasibility problem (MSCFP) raised by Masad and Reich [11] is
finding a point x* € K such that

|4
x*eﬂC,-andA]-x*eQi, 1<j<qg. (1)
i=1
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The MSCFP introduced by Censor et al. [6] and Xu [14] is a special case of (1), which is formulated as
finding x* € Hy such that

p q
X e Q C:and Ax" € ﬂl Q, )
i= j=

where A is abounded linear operator from H; to Hy. If p = g = 1, (2 ) isreduced to SFP. Let A, B : H; — H; be
bounded linear operators. Inspired by (1), (2) and SFP, we introduce the general split feasibility problem which
is to find a point x* € C and Ax*, Bx* € Q. The set of this solution is denoted by I' = {x € C : Ax, Bx € Q}.

By applying Mann ’s iterative algorithm with SFP, Xu [17] proved the best following result;

Theorem 1.2. Assume that SFP is consistent and y € (O, ﬁ) Let {x,,} be defined by the following averaged CQ
algorithm:

Xpp1 = (1 — ) xy + a0, Pc (I — YA (I - PQ)A) ),

for all n > 0 where {a,} is a sequence in a interval [0, satisfying the condition

Y (o)
—z_ai’l =
2+ lIAl

n=1

2+y||A||2]

Then {x,} converges weakly to a solution of SFP.

The such theorem is used as a model for proving some result to solve the split feasibility problem, see
for example, [2, 3, 7].

In the next section, we prove the important lemma as a tool for proving the theorem that solves the
general split feasibility problem.

The purpose of this research, we introduce a new method for solving the general split feasibility problem
and apply our main theorem to prove the theorem related to the general constrained minimization problem
in the last section. Our results expand some results of Ceng, Ansari and Yao [2] and modify the results of
Xu [17].

2. Preliminaries

In order to prove our main theorem. Therefore, these tools are needed.

Throughout this research, we uses the symbol \\ — 77 and \\ — /7 represent strong and weak conver-
gence, respectively. Let C be a subset of a real Hilbert space H. A mapping T : C — C is called a-contractive
if there exists a € [0,1] such that ||Tx = Ty|| < allx — y|| for all x, y € C. A mapping T is calll nonexpansive if
a = 1. The fixed point problem of T is to find a point x* € C such that Tx* = x*. The set of all fixed point of T
is denoted by F(T). A mapping A : C — H is called a-inverse strongly monotone if there exists @ > 0 such
that al]Ax — Ay|* < (Ax — Ay,x — y) forall x,y € C.

The variational inequality problem (VIP) is a well known problem. That is to find a point @. € C such that

(y—@.,Go.) 20, forall y € C, 3)

where G : C — H is a mapping. The set of all solutions of (3) is denoted by VI(C, G).

The variational inequality problem has been applied in various fields such as industry, finance, eco-
nomics, social, ecology, regional, pure and applied sciences; see, [9],[10].

Let C be a closed convex subset of a real Hilbert space H and let Pc be the metric projection of H onto C
i.e., for x € H, Pcx satisfies the property

llx = Pex|l = min [lx — ylI.
yeC
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The following lemma is a property of Pc.

Lemma 2.1. (See [13]) Given x € H and y € C. Then Pcx = y if and only if there holds the inequality
(x—-y,y—2z)>0, VzeC

Lemma 2.2. (See [12]) Let H be a Hilbert space, let C be nonempty closed convex subset of H and let A be a mapping
of Cinto H. Let u € C. Then for A >0,

u e VI(CA) & u=Pc(I-AA)u

where Pc is the metric projection of H onto C.

Lemma 2.3. (See [16]) Let {s,} be a sequence of nonnegative real number satisfying
Sus1 = (L= an)sy + anPn, Y20

where {a, ), {Bn} satisfy the conditions

1) e} €[0,1], ) a=ro;

n=1
(2) limsupp, <0or Z latuBul < o0.
Uy b n=1

Then lim,, 0 S, = 0.

Lemma 2.4. (See [15].) Let {s,} be a sequence of nonnegative real numbers satisfying
Sne1 = (1 —an)sy + 06, Y20

where {a,} is a sequence in (0,1) and {0,} is a sequence such that

[e9)

1) Y =,

n=1

) hnwupéESOOTE:bﬂ<c&

n—oo n n=1

Then lim;, 0 S, = 0.
Lemma 2.5. Let Hy and H, be real Hilbert spaces and C,Q be nonempty closed convex subsets of Hy and Ha,

respectively. Let A,B : Hi — Hj be bounded linear operators with A*, B* are adjoint of A and B, respectively with
I' # 0. Then the followings are equivalent.

xel,

i) PC(I—a[A* (I_PQ>A + il (I_PQ)B])x* =x",Ya>0,

2 2

where La, Lp are spectal redius of A*A and B*B, respectively with a € (0, %) and L = max{L4, Lg}.

Proof. Let the conditions holds
i) = ii) Let x* € I, we have x* € C and Ax*, Bx* € Q. It implies that

(1-Pg)Ax =0=(I-Pg)Bx".
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Then
A*(I-Pg)Ax B'(I-Pg)Bx
2 - 2 =0
It follow that

I—-a

+

Pc A _ZPQ)A B (1 ‘ZPQ)B]}X* _

A (1-Pg)A . B'(I-Pq)B
2 2

ii) = i) Let PC(I —a ])x* =x"and letw € I', we have w € C and Aw, Bw € Q.

From i) = ii), we have

Pc(I —a

Then, we have

2
2

*

IA

— w|

| A'(I-Po)Ax B (I-Pq) Bx*)
X

f—w— +
e ;

A (I Pg) Ax' : B (1-Pg)Bx
2 2

A (1-Pg)Ax B (1= Po)Bx|[
2 2

, 2
= |lx" = w||* = 2a{x* —w,

2

+a

IA

Il - wll” - a(Ax* — Aw, (I - Pg) Ax") — a(Bx" - Buw, (I - Pq) Bx")

az * *112 uz % (12
+?||A (I = Po)Ax™|I” + E”B (I = Po)Bx7|

IN

Il — wl - a(Ax" = PoAx', (I - Pg) Ax") — a(PoAx" = Aw, (I - Pg) Ax")
—a(Bx" - PoBx', (I - Pg) Bx") - a(PoBx" = Buw, (I - Po) Bx")

a’L g a?L §
+7||(1 —Po)Ax'|I* + TH(I — Pg)Bx’||?

a

. alL . L .
< e —wlP —a(l - 7)I|(I — Po)AX'|P = (1 - 7)“(1 — Po)Bx'|I”.

It implies that Ax* = PoAx*, Bx* = PoBx* € Q.
It follows that

xX*=Pcll—a

A*(I—sz)A . B*(I_ZPQ)B]]_X* _pex e C.

Hencex* eI'. O

Example 2.6. Let H; = R%,H, = Rand let C = ITI(a,al — 1) = {x = (x1,x2) € Hy : a1x1 + axxp = ay — ap for
all a = (a1,a2) € Hy and Q = [-2,3] € Hy. Defined mappings A,B : Hi — Hy by Ax = x1,Bx = x, for all
x = (x1,x2) € Hy. It is obvious that (1,-1) € T.
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. A(I-Pg)A B*(I-Pg)B
Next, we will show that PC(I - /\( > + > ))(1, -1)=(1,-1).

From the definition of A, B, we can defined adjoint operators A*,B* : Hy — Hy of A,Bby A*z = (z,0),B*z = (0, 2)
forall z € Hy. From the definition of C, We can defined metric projection Pc : Hy — C by

mz1 +arzo — (1 —a
Pez = (a1, z) - (WA B2 ) gy @
2, 2
aj +a;
forall z = (z1,22) € H.
From A, A*, B and B*, we have
A(I-Pg)A(1,-1) A0
and
B*(I-Pp)B(1,-1) B*0
g =— = (0,0): (6)

2 2

From (4) (5) and (6 ), we have
A*(I-Pg)A B*(I-Po)B
2 2 ))

PC(I - )\( Pe(l, 1)

(1,~1) - (611 ¥ G — ﬂz))(m’@)

’2 2
a1+a2

Remark 2.7. The result of this example is guaranteed by Lemma 2.5.

VAR

3. Main results

Theorem 3.1. Let Hy and H, be real Hilbert spaces and let C, Q be nonempty closed convex subsets of Hy and Ha,
respectively. Let A,B : Hy — H» be bounded linear operators with A*, B are adjoint of A and B, respectively and
L = max{La, Lp}, where La and Ly are special radius of A*A and B*B and let D : C — H; be d-inverse strongly
monotone. Assume that I' 0 VI(C, D) # 0. Let the sequence {x,} generated by x, € C and

A{-po)a 5 (I_PQ)B]]xn,

(7)

Xn+1 :anf(xn)"'ﬁan(I_AD)xn+7/nPC[aI_a 2 >

for all n € N, where {a,} ,{Bn}, {yn} € (0,1) with ay, + B, + Y, = Land f : C — C is a-contractive mapping with
a € (0,1). Suppose that the following conditions hold;

o)

i) lim «a,, =0, E a, = 0o,
n—oo
n=1

ity  ¢<Pn,yn<d, forsomec,d >0,

i) Ae(0,2d),ae (o, %)

iv) Z lavy — a1l Z |ﬂn - ,Bn71| < oo.
n=1 n=1

Then the sequence {x,} converges strongly to xo = Pravic,p)f(xo).
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A (1-Pg)A . B'(I-Pg)B

1
> 5 . First, we show that Vg is Z—inverse strongly monotone.

Proof. Putting Vg =

Letx,y € C. SinceVg:A*(I_zPQ)A+B*(I_2PQ)B,wehave
A (I-Pg)Ax B*(I-Po)Bx A*(I-Pg)Ay B (I-Pg)B
ISRl ) e ) O ) e G LT
A (I-Po)Ax  A*(1-Pg)Ay B'(I-Pg)Bx B*(I-Pg)By
= = B 2 i 2 B a—

< %HA* (1-Pg)Ax - A* (I - Po) Ayll* + %HB* (1-Pg)Bx - B* (I - Pg) BylP

L 2 L 2
< 5l (1=Pg)Ax - (I- Po) AylP + Sl (1= Po)Bx - (I-Pg)BylP. ®8)
From property of Pc, we have
I(I = Po)Ax — (I - Po)Ayl> = (I =Pg)Ax — (I - Po)Ay, (I - Po)Ax — (I - Po)Ay)
= ((I = Pg)Ax — (I = Po)Ay, Ax — Ay — (PoAx — PoAy))
= (A"l - Po)Ax — A'(I = Po)Ay, x ~ y)
—<(I = PQ)AJC L (1 i PQ)A]/, PQAX V PQAy>
= (A"(I-Pg)Ax - A*(I = Po)Ay,x —y)
—<(I < PQ)Ax, PQAX —+ PQA]/)
+((I=Pg)Ay, PoAx = PoAy)
< (A1~ P)Ax~ A - Po)Ay,x~ ). )
By using the same method as (9), we have
I(I = Po)Bx — (I — PQ)ByII2 <(B*(I- Pg)Bx = B*(I = Pg)By, x — ). (10)
Substitute (9), (10) into (8), we have

Vg (x) — Vg (y) I %(A*(I — Po)Ax = A*(I=Po)Ay,x —y)

IA

+%<B*(I — Po)Bx = B'(I - Po)By,x - y)

A*(I - Pp)A B*(I — Pp)B A*(I — Pp)A B*(I — Pp)B
Y, ( 2Q)x+ ( 2Q)x_( ( 2Q)y+ ( 2Q) y),x_w
= L{(Vg(x)—-Vg(y),x—y).

1
So, we have Vg is E-inverse strongly monotone. From the definition of Vg, we have

IPc(I-aVg)x—Pc(I-aVg)yl* < llx—y—-a(Vg(x)—Vg(y)I?
= |x—yl? —2a(x -y, Vg (x) = Vg (y)) + @*IVg (x) = Vg (y) I

I = i = N9 ) = Vg ()| + Vg () — Vg () I
I = i ~a(7 —a) Vg () Vg () IF
llx = yli%, (11)

for all x, y € C. By using the same method as (11), we have

IA

IN

IPc (I = AD)x — Pc (I - AD) yll < [lx = ylI, (12)
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forall x,y € C.
From the definition of x,, (11) and (12), we have

f () = 2| + BulIPc (I = AD) xy — zll + yu ||[Pc (I — aVg) x — 2

w1 =2l <

< aufallx, = 2+11£G) = 20 + b IPc (= AD)x, = 2ll + yu[Pe (1 - a¥g) v~
< (1= (1 - )l — 2l + allf@) -l
<

1

N IR
a {le1 Al }

foralln € Nand z € I' N VI(C, D). By induction, we conclude that the sequence {x,} is bounded.
From (7), we have

s = %all - <l = atnoal || f )| + @ 1w = xu-all + [Bn = But | I1Pc (I = AD) x4l
+BullPe (I = AD) x,, — Pc (I = AD) Xyl + [yn = ynaa|IPc (1 — aVg) x|
+yullPc (1 —aVg)x, — Pc (1 —aVyg) x,_1]]
< (= ay (L= )y = Xucall + o = @l || fGea1)|| + B = Bua IPe (T = AD) x4l

+ [Yn = yua|[ 1P (1 = aVg) x,a]l.

From the conditions i), iv) and Lemma 2.4, we have
,}l_r& [Ixn41 = xull = 0. (13)

We can rewrite (7) by
Xn+1 = anf(xn) al- (1 J an) E,xy, (14)

ﬁn Vn

where E,,

~-Pe(I - AD) + £7—Pc(l ~ V) forall n € N.

Since Pc (I - /\D) and Pc(I- an) are nonexpanswe mappings, we have E, is a nonexpansive mappings, for
alln € N.
It is easy to see that

F(Pc(I - AD)) N E (Pe(I - aVg) € F(Ey), (15)

for all n € IN.
From Lemma 2.2 and 2.5, we have

F(Pc(I - AD)) N F (Pc(I =aVg) = T 0 VI(C,D) # 0.
Letzy € F(E,), foralln e Nand z € I n VI(C, D), we have
p

lzo =2l < g=lIPc(l-AD)zo— 2 +
ﬁnyn 2
1 Pe - AD)z0 = Pe (1= aVg)
_an

,BnYn

_an

< lzo -zl - 7 IPc (1 = AD) zo — Pc (I - aVyg) zo|[*.
From condition iii), we can conclude that P¢c (1 — AD) zg = Pc (I — aVyg) zo.
Since zg € F (E,), for all n € IN, we have

2=z ﬁ" P~ /\D)zo+1y

Pc(I —aVg)zg = Pc (I — AD) zg = Pc(I —aVg)zp
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So, we get

20 € F(Pc(I—-AD))NF(Pc(I-aVg) =T NVI(C,D).
It follows that

F(E,) CF(Pc(I-AD))NF(Pc(I—aVyg).
Then

F(E,) = F(Pc (I - AD)) N E(Pc(I - aVyg), (16)
for all n € N. From (14), we have

Xnt1 = Xn = Qn(f(xn) = Xu) + (1 — @) (Enxy — Xy). 17)
From (13) and condition i), we have

,}gl;lo IEpx, — x4l = 0. (18)

Since the sequence {x,} is bounded in a real Hilbert space H;, there exists a subsequence {x,,} of {x,}
converges weakly to w, where w € C.

From the condition ii) we may assume that ,, = fand y,, — y ask — cowith 8,y € [c,d].

It follows that

( Prim o ~ 7t )=ﬁ+y.

1=li
Seo\T— oy 1—ay,

k—oo

Putting E = BPc (I — AD)+yPc([-aVyg). Itis easy to see that E is a nonexpansive mapping. By using method
as F(E,) = F(Pc (I - AD)) N E(Pc(I — aVyg), we have

F(E) = F(Pc(I-=AD))NF(Pc(I—aVy). (19)
From the definition of E,, and E, we have

ﬁ”k

1-a,

_ﬁ)PC(I_AD)xnk"'( b _V)PC(I_avg)xnk'
1-a,

Eyxn, — Exy = (
From limy e By, = B, limi—e Y, = ¥ and condition i), we have

im [|E,, %, — Ex,y ]| = 0. (20)
From (18) and (20), we have

Jim [l — Exiy || = 0. (21)

Assume that w ¢ I' N VI(C, D). From (19), Lemma 2.2 and 2.5, we have w ¢ F(E). From Opial’s conditions
and (21), we have

lim [|x,, —w|| < lim ||x, — Ew||
k—co k—o0

< im ([, — Ex,, ]+ 1Ex,, - Fel]

< lim [|x,, — wll.
k— 00
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This is a contradiction. Then w € I' N VI(C, D).
Since the sequence {x,} is bounded, we have

lim sup(f(xo) — xo, X, — X0) = %L%(f(xo) — Xo, X, — X0) = {f(x0) — X0, w — x0) <0, (22)

n—o0

where X9 = Prayicp) f (¥o).
From (7), we have

) A'(I-Pg)A B'(I-Pg)B ,
X1 = x0ll° = ”(an(xn) + BnPc (I-=AD)x, +y,Pc|l—a > + > X — Xol|
A (I-Pg)A  B*(I-Pp)B
< IBu(Pc (I = AD) x;, — x0) + yn(Pc I—-a ( 5 ) + ( 5 ) ]]xn - x0)||2
+20,( f () = X0, Xps1 — Xo)
< (1= ap)?llxn — xolP* + 2a,{ f(x0) — Xo, X1 — Xo0) + 20y = XollllXns1 — Xoll
< (1 = an)?llxn = x0lP* + 20 f(x0) — X0, Xn41 — Xo) + @natllx, — Xoll* + anallx1 — xol*
It implies that

1
1t = 2ol + ——(f(x0) — Xo, Xe1 — xo>).

20, (1 —« 20, (1=« a
||xn+l —.’X'o||2 < (]— - M) ”xn _XOH2 + 71( )(2(1 j a) o a

1-a,a 1-a,a

From Lemma 2.3, condition i) and (22), we obtain that the sequence {x,} converges strongly to xy =
Praviep) f(xo). This complete the proof. [

Using Theorem 3.1, we can solve split feasibility problem.

Theorem 3.2. Let Hy and Hy be real Hilbert spaces and let C, Q be nonempty closed convex subsets of Hi and Hy,
respectively. Let A : Hi — Hj be bounded linear operator with A* is adjoint of A where L is special radius of A*A
and let D : C — Hj be d-inverse strongly monotone. Assume that TaNVI(C, D) # 0, whereT'y = {x € C: Ax € Q}.
Let the sequence {x,} generated by x; € C and

Xui1 = an f(n) + BuPc (I = AD)x, + yuPc (I - a(A*(T - Pg) A)) s,
for all n € N, where {a,}, {Ba},{yn} € (0,1) witha, + B, + yn = Land f: C — C is a-contractive mapping with
a € (0,1). Suppose that the following conditions hold,

n—oo

o0
i) lim a,, =0, Z ay, = 00,
n=1
il) ¢ <Py, vn<d, forsomec,d >0,

iy Ae(0,2d),a¢€ (0, %)

(o) (o]
iU) Z |05n - an—lll Z |ﬁn - 5n—1| < ©00.
n=1 n=1

Then the sequence {x,} converges strongly to xo = Pr,nvic,p)f (xo).
Remark 3.3. If we take D = 0 in Theorem 3.2, we have
Xps1 = Anf(Xn) + PuXyn + VuPc (I —-a (A* (I - PQ) A)) X, (23)

for all n € IN, which is modification iterative scheme {x,} in Theorem 1.2 and by Theorem 3.2, we have the sequence
{xn} generated by (23) converges strongly to a solution of SFP under the sufficient conditions of Theorem 3.2.



A. Kangtunyakarn / Filomat 33:1 (2019), 233-243 242

4. Application
Let C € Hy,Q € H; of Hilbert space H1, H, and let A : Hy — H; be a bounded linear operator.

Let g : Hi — R be a continuous differentiable function. The minimization problem;
: 1 2
ming (x) i= {1 - Po)AxIP, 24)
is to find a point x* € C such that g (x*) < g (x) forall x € C.

From studying the minimization problem, we introduce the general constrained minimization problem as
follows,

(- Pf)Atz H(I - Pf) BxHZ.

The set of all solution of (25) is denoted by I'; = {x" € C : g(x*) < g(x), Yx € C}.
The following results show the relationship between the general split feasibility problem and the general
constrained minimization problem.

min g (x) = (25)

Lemma 4.1. Let Hy and H, be real Hilbert space and C,Q be nonempty closed convex subsets of Hy and H,,
respectively. Let A,B : Hi — Hj be bounded linear operators with A*, B* are adjoint of A and B, respectively and

H(I - PQ)AxH2 H(I ) BxH2

let g : Hi — R be a continuous differentiable function defined by g(x) = 1 + 1 for all
x € Hy. Assume that T' # 0. Then the followings are equivalent.
Nx €T,
it) x* € I'y.
Proof. ii) = i) Letx* € Ty and letx € I', we get x € C and AX, Bx € Q.
Since x* € I';, we have
Ax* — PoAx*|* ||Bx* — PoBx*|>  ||Ay — PoAyl*  |IBy — PoByll?
I 0 |I+|| 0 |IS|Iy le|+lly lel’ (26)
4 4 4 4
forally € C.
Since x € C, we have
Ax* — PoAx*|*  [|Bx* = PoBx'|>  ||Ax — PoAX|*>  ||Bx — PoBXx|?
I oAX|l +|l oBx|” _ |l oAX| +|| Q ll_ 27)

4 4 S 4 4
Since Ax, Bx € Q, we have Ax = PoAx and Bx = PpBx.
From (27), we have
lJAx* — PoAx*|>  ||Bx* — PoBx*|?
1 + 1 =0

It implies that Ax* = PoAx* € Q and Bx* = PgBx* € Q.

Since x* € Ty, we have x* € C.

Hence x* € T..

i) = ii) Let x* € I, we have x* € C and Ax*, Bx* € Q. Then, we have

A —Poax | B - pobx| _ [y~ PoAylf Iy~ PoBy|[
4 4 4 4
forall y € C. It implies that x* € ). [

2 2
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A (I-Pg)A  B'(I-Pg)B
Remark 4.2. We observe that Vg = 5 + 5 , where A* and B* are adjoint of A and B,

respectively and Vg is a gradient of g. From Lemma 2.5 and 4.1, we have Ty, =T = VI(C, Vg), where T # (.

Theorem 4.3. Let Hy and H; be real Hilbert spaces and let C, Q be nonempty closed convex subsets of Hy and H,,
respectively. Let A,B : Hi — H, be bounded linear operators with A*, B* are adjoint of A and B, respectively and
L = max{La, Lg}, where L and Ly are special radius of A*A and B*B. Let the function g : Hy — R be differentiable

H(I - PQ)Ax” . ”(1— Po) Bx”2

continuous function defined by g (x) = and let D : C — Hj be d-inverse strongly

monotone. Assume that T N VI(C,D) # 0. Let the sequence {x,} generated by x; € C and
Xn+1 = Qn f(Xn) + BnPc (I — AD) Xy + vy Pc (I — aVg) x,,

for all n € N, where {a,},{Bn},{yn} €(0,1) with a, + B, + yn = 1and f : C — C is a-contractive mapping with
a € (0,1). Suppose that the following conditions hold;

(o)
i) lim a, =O,Z‘an = 00,
n=1

n—0oo
ii) ¢ <Py, Yn<d, forsomec,d >0,

iy Ae(0,2d),a¢€ (0, %)

(o) o0
iU) Z |an - al’l—llr Z |ﬁn - ﬁn—1| < oo.
n=1 n=1

Then the sequence {x,} converges strongly to xo = Pr nvicD) f(x0).

Proof. From Theorem 3.1 and Lemma 4.1, we can conclude Theorem 4.3. [
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