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­�µ�´�Á��Ã�Ã¨¥¡̧¦³�°¤Á� öµÁ�oµ�»��®µ¦¨µ��¦³�´�  

 
This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



 

 
 

¦µ¥�µ��µ¦ª·�́¥��́�­¤�¼¦�r 
 
 

�§¬�¸��­Îµ®¦́��µ¦Â�o�́�®µ¦³��°­¤�µ¦�µ¦Â�¦��́�´ÉªÅ�Â��Â¥��                
Â¨³�µ¦�¦³¥»��r 

A Theory for Solving the Split General System of  Variational 
Inequalities Problem and Applications 

 
 
 

¦«��¦�°µ�·�¥r��Â�È��́��µ¦ 
 
 
 

 
 

Å�o¦́��»�­�́�­�»��µ�ª·�¥́�µ�Á�·����¦³¤µ�Á�·�¦µ¥Å�o 
�¦³�Îµ�̧���¦³¤µ��2562 

��³ª·�¥µ«µ­�¦r  
­�µ�´�Á��Ã�Ã¨¥¡̧¦³�°¤Á� öµÁ�oµ�»��®µ¦¨µ��¦³�´�  
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ABSTRACT 

 The purpose of this research , we introduce a new method for solving the general split 

feasibility problem and we establish the important lemma as a tool for proving the theorem that 

solves the general split feasibility problem. Applying our main theorem to prove the theorem 

related to the general constrained minimization problem in the last section. Our results expand 

some results of Ceng, Ansari and Yao and modify the results of Xu.  
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$FNQRZOHGJHPHQWV

7KLV UHVHDUFK ZLOO QRW EH FRPSOHWHG VXFFHVVIXOO\ LI LW LV QRW ZHOO VXSSRUWHG E\ WKH 5HVHDUFK

DQG ,QQRYDWLRQ 6HUYLFHV RI .LQJ 0RQJNXWuV ,QVWLWXWH RI 7HFKQRORJ\ /DGNUDEDQJ� 7KXV� ZH ZRXOG

OLNH WR WKDQN WKH JUHDW VXSSRUW� HQDEOLQJ WKLV UHVHDUFK ZLWK JUHDW VXFFHVV�

$WLG .DQJWXQ\DNDUQ
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This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



7DEOH RI &RQWHQWV

3DJH

$EVWUDFW LQ 7KDL������������������������������������������������������������������������������������������������������������������������������������������ L

$EVWUDFW LQ (QJOLVK ������������������������������������������������������������������������������������������������������������������������������������ LL

$FNQRZOHGJHPHQWV ����������������������������������������������������������������������������������������������������������������������������������� LLL

7DEOH RI &RQWHQWV��������������������������������������������������������������������������������������������������������������������������������������� LY

&KDSWHU �� ,QWURGXFWLRQ ������������������������������������������������������������������������������������������������������������������������ �

��� 7KH LPSRUWDQFH RI WKH UHVHDUFK ������������������������������������������������������������������������������ �

��� 2EMHFWLYH RI WKH UHVHDUFK ����������������������������������������������������������������������������������������� �

��� 6FRSH RI WKH UHVHDUFK ����������������������������������������������������������������������������������������������� �

��� 0HWKRG ����������������������������������������������������������������������������������������������������������������������� �

��� ([SHFWHG EHQHILWV������������������������������������������������������������������������������������������������������ �

&KDSWHU �� 7KHRU\ DQG UHODWHG UHVHDUFK������������������������������������������������������������������������������������������� �

&KDSWHU �� 7KH PHWKRGV RI UHVHDUFK �������������������������������������������������������������������������������������������������� �

&KDSWHU �� 7KH UHVXOWV RI UHVHDUFK ����������������������������������������������������������������������������������������������������� ��

&KDSWHU �� &RQFOXVLRQV RI UHVHDUFK ��������������������������������������������������������������������������������������������������� ��

5HIHUHQFHV��������������������������������������������������������������������������������������������������������������������������������������������������� ��

$SSHQGL[ ����������������������������������������������������������������������������������������������������������������������������������������������������� ��

This material is reserved for educational use only, not allowed for commercial use. 

Forbidden to modify the content, and cite the document when use. 



&KDSWHU �

,QWURGXFWLRQ

��� 7KH LPSRUWDQFH RI WKH UHVHDUFK

&XUUHQWO\� WKHUH DUH QHZ WHFKQRORJLHV VXFK DV FRPSXWHU WHFKQRORJ\� HQJLQHHULQJ� WUDQV�

SRUWDWLRQ� HFRQRPLFV DQG VWDWLVWLF HWF�� EXW WKHVH WHFKQRORJLHV VWLOO KDYH SUREOHPV WKDW QHHG WR DG�

MXVW� 0DWKHPDWLFDO PRGHOV DUH DQ LPSRUWDQW WRRO WR VROYH SUREOHPV DV PHQWLRQ SUHYLRXVO\� ZKLFK

RQH RI DQ LPSRUWDQW PDWKHPDWLFDO WRRO LV WKH IL[HG SRLQW WKHRU\� 7KLV FDQ EH XVHG WR VROYH FRPSXWHU

SUREOHPV� SK\VLF� HFRQRPLFV DQG HWF� 7KH IL[HG SRLQW WKHRU\ LV D VWXG\ DERXW WKH H[LVWHQFH VROXWLRQ

DQG XQLTXHQHVV VROXWLRQ�

7KHUH DUHPDQ\PDWKHPDWLFLDQV WKDW HVWDEOLVKHG WKH VWURQJ FRQYHUJHQFH WKHRUHP IRU ILQGLQJ

WKH VROXWLRQ RI D IL[HG SRLQW SUREOHP� 7KLV PDNHV WKH IL[HG SRLQW WKHRU\ GHYHORS H[WHQVLYHO\ DQG

FDQ DSSO\ LQ YDULRXV GLVFLSOLQHV� 7KH HTXLOLEULXP SUREOHP� YDULDWLRQDO SUREOHP DQG RSWLPL]DWLRQ

SUREOHP DUH WKH LPSRUWDQW SUREOHP LQ HFRQRPLFV� HQJLQHHULQJ DQG SK\VLF ZKLFK LW FDQ EH FRQYHUWHG

WR WKH IL[HG SRLQW SUREOHP LQ RUGHU WR VROYH WKH SUREOHP HDVLHU� 6R� WKH VWXG\ DERXW WKH WKHRUHPV

UHODWHG WR IL[HG SRLQW RI DOO PDSSLQJ DQG HVWDEOLVK DQ LWHUDWLYH VFKHPH LV WKH RQH WRRO WKDW PDQ\

PDWKHPDWLFLDQV SD\ DWWHQWLRQ WR WKLV PHWKRG� 7KH VSOLW YDULDWLRQDO LQHTXDOLW\ LV D SRSXODU SUREOHP

LQ WKH VHQVH WKDW PDQ\ PDWKHPDWLFLDQV HVWDEOLVK WKH PRGHO IRU VROYLQJ WKLV SUREOHP� ,Q DGGLWLRQ�

WKH VSOLW YDULDWLRQDO LQHTXDOLW\ LV DOVR XVHG WR VROYH SUREOHPV LQ PHGLFDO VXFK DV 5DGLDWLRQ WKHUDS\

SODQQLQJ IRU FDQFHU DQG UHSDLULQJ GDPDJHG SLFWXUHV

/HW H1, H2 EH WZR UHDO +LOEHUW VSDFHV� /HW C,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV RI H1

DQGH2� UHVSHFWLYHO\� 7KH VSOLW IHDVLELOLW\ SUREOHP �6)3� LQ WKH ILQLWH�GLPHQVLRQDO +LOEHUW VSDFHV LV

LQWURGXFHG E\ &HQVRU DQG (OIYLQJ� ZKLFK LV WR ILQG D SRLQW x VXFK WKDW x ∈ C DQG Dx ∈ Q� ZKHUH

D : H1 → H2 LV D ERXQGHG OLQHDU RSHUDWRU� 7KH 6)3 LV XVHIXO LQ YDULRXV GLVFLSOLQHV VXFK DV VLJ�

QDO SURFHVVLQJ� LPDJH UHFRQVWUXFWLRQ� DQG FRPSXWHU WRPRJUDSK\� VHRWKHU ZRUNV� 7KH 6)3 KDV EHHQ

VWXGLHG E\ PDQ\ UHVHDUFKHUV�

7KLV UHVHDUFKHV XVH WKH FRQFHSW RI WKH VROYLQJ RI IL[HG SRLQW DQG WKH VSOLW YDULDWLRQDO LQ�

HTXDOLW\ IRU FUHDWH D QHZ VSOLW YDULDWLRQDO LQHTXDOLW\ DQG IRU ILQGLQJ WKH VROXWLRQ RI WKLV SUREOHP�

,W LV D EHWWHU PHWKRG WKDQ WKH RULJLQDO PHWKRG� )XUWKHUPRUH� ZH LQWURGXFH D QHZ LWHUDWLYH IRU VROY�

LQJ WKH QHZ VSOLW YDULDWLRQDO LQHTXDOLW\� 7KH VWXG\ DERXW WKH VSOLW YDULDWLRQDO LQHTXDOLW\ UHTXLUHV

NQRZOHGJH DERXW WKH IXQFWLRQDO DQDO\VLV DQG IL[HG SRLQW WKHRU\ WR EULQJ LW WRJHWKHU IRU VROYLQJ WKH

SUREOHP�

��� 2EMHFWLYH RI WKH UHVHDUFK

�� 7R HVWDEOLVK D IL[HG SRLQW WKHRUHP IRU VROYLQJ WKH SUREOHP LQ VFLHQFH DQG WHFKQRORJ\ VXFK DV

WUDQVSRUWDWLRQ� FRPSXWHU� HQJLQHHULQJ DQG SK\VLF�
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�� 7R HVWDEOLVK D QHZ LWHUDWLYH IRU VROYLQJ IL[HG SRLQW SUREOHP DQG D QHZ VSOLW YDULDWLRQDO LQ�

HTXDOLW\�

�� 7R SXEOLVK WKLV UHVHDUFK LQ WKH LQWHUQDWLRQDO MRXUQDO LQ ,6, GDWDEDVH ZLWK WKH LPSDFW IDFWRU�

��� 6FRSH RI WKH UHVHDUFK

�� 6WXG\ YDULDWLRQDO LQHTXDOLW\ SUREOHPV �FRQVWUDLQHG FRQYH[ PLQLPL]DWLRQ SUREOHP DQG HTXL�

OLEULXP SUREOHPV LQ +LOEHUW VSDFH�

�� :H HVWDEOLVK D IL[HG SRLQW WKHRUHP IRU VROYLQJ WKH PDWKHPDWLF SUREOHP�

�� :H FUHDWH PDWKHPDWLFDO WRROV IRU DSSO\LQJ WR VROYH WKH FRPSXWHU SUREOHP� HQJLQHHULQJ DQG

WUDQVSRUWDWLRQ E\ FRQYHUW WKH SUREOHP LQWR DQ LWHUDWLYH VFKHPH�

�� $OO VWURQJ FRQYHUJHQFH WKHRUHPV DUH FRQVLGHUHG DQG SURYHG LQ +LOEHUW VSDFHV�

��� 0HWKRG

�� ,Q ILUVW y WKLUG PRQWK� ZH ZLOO VWXG\ DERXW WKH EDVLF NQRZOHGJH RI IL[HG SRLQW WKHRU\ IURP WH[W

ERRN� VXFK DV )L[HG 3RLQW 7KHRU\ IRU /LSVFKLW]LDQW\SH0DSSLQJVZLWK $SSOLFDWLRQV� 1RQOLQHDU

DQG &RQYH[ $QDO\VLV� &RQWHPSRUDU\ 5DGLDWLRQ 7KHUDS\ HWF�

�� ,Q WKLUG y ILIWK PRQWK� ZH ZLOO VWXG\ UHODWHG UHVHDUFKHV DERXW IL[HG SRLQW� ZKLFK DOO UHVHDUFK

LV SXEOLVKHG LQ LQWHUQDWLRQDO MRXUQDOV VXFK DV IL[HG SRLQW WKHRU\ DQG DSSOLFDWLRQV� QRQOLQHDU

DQDO\VLV� MRXUQDO RI RSWLPL]DWLRQ DQG HWF�

�� ,Q ILIWK y VHYHQWK PRQWK� ZH ZLOO HVWDEOLVK D QHZ LWHUDWLYH ZLWK KLJKHU TXDOLW\ WKDQ SUHYLRXV

UHVHDUFK

�� ,Q VHYHQWK y WHQWK PRQWK� ZH ZLOO DQDO\]H WKH UHVXOW IURP ��� E\ XVLQJ WKH PDWKHPDWLFDO SURRI�

�� ,Q WHQWK y HOHYHQWK PRQWK� ZH ZLOO HVWDEOLVK DQG SURYH D QHZ WKHRUHP E\ XVLQJ WKH LQIRUPDWLRQ

IURP ��� y ��� DQG ZULWH SURJUDP IRU WHVWLQJ WKH VSHHG RI WKH UDWH RI FRQYHUJHQFH RI D VHTXHQFH

JHQHUDWHG E\ WKH SURSRVHG LWHUDWLYH�

�� ,Q HOHYHQWK y WZHOIWK PRQWK� ZH ZLOO ZULWH WKH UHVHDUFK IRU SXEOLVK WKLV UHVHDUFK LQ WKH LQWHU�

QDWLRQDO MRXUQDO LQ ,6, GDWDEDVH ZLWK WKH LPSDFW IDFWRU�

�� ,Q WZHOIWK y VL[WHHQWK PRQWK� ZH ZLOO HVWDEOLVK DQRWKHU IL[HG SRLQW WKHRUHPV ZKLFK PRGLILHG

E\ +DOSHUQ� ,VKLNDZD� 0DQQ LWHUDWLYH DQG HWF�

�� ,Q VL[WHHQWK y QLQHWHHQWK PRQWK� ZH ZLOO VWXG\ DQRWKHU UHODWHG UHVHDUFKHV IRU HVWDEOLVK D QHZ

WKHRUHP�

�� ,Q QLQHWHHQWK y WZHQW\ VHFRQG PRQWK� ZH ZLOO DQDO\]H WKH LQIRUPDWLRQ IURP ��� DQG VWXG\

DERXW WKH VXLWDEOH FRQGLWLRQV�This material is reserved for educational use only, not allowed for commercial use. 
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��� ,Q WZHQW\ VHFRQG y WZHQW\ IRXUWK PRQWK� ZH ZLOO HVWDEOLVK D WKHRUHP DQG ZULWH D SDSHU IRU

SXEOLVK WKLV UHVHDUFK LQ WKH LQWHUQDWLRQDO MRXUQDO LQ ,6, GDWDEDVH ZLWK WKH LPSDFW IDFWRU�

��� ([SHFWHG EHQHILWV

�� 2EWDLQ QHZ PDWKHPDWLFDO WRROV IRU WKH SURSHUWLHV RI YDULDWLRQDO LQHTXDOLW\ SUREOHPV� HTXLOLE�

ULXP SUREOHPV DQG IL[HG SUREOHPV RI QRQOLQHDU PDSSLQJV LQ +LOEHUW VSDFHV�

�� 7R REWDLQ WKH QHZ NQRZOHGJH IRU VROYLQJ VSOLW SUREOHP�

�� 7R REWDLQ PDWKHPDWLFDO WRROV IRU VSOLW SUREOHP�
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&KDSWHU �

7KHRU\ DQG UHODWHG UHVHDUFK

7KH SXUSRVH RI WKLV FKDSWHU LV WR H[SODLQ IXQGDPHQWDO FRQFHSWV DQG GHILQLWLRQV XVHG WKURXJK�

RXW WKLV WKHVLV� 0RUHRYHU� ZH JLYH VRPH OHPPDV� UHPDUNV DQG XVHIXO UHVXOWV XVHG LQ WKH ODWHU FKDS�

WHUV� 7KURXJKRXW WKLV FKDSWHU� ZH XVH WKH OHWWHU R IRU WKH VHW RI DOO UHDO QXPEHUV� C IRU WKH VHW RI DOO

FRPSOH[ QXPEHUV DQG F IRU WKH VHW RI DOO UHDO RU FRPSOH[ QXPEHUV�

7KH IL[HG SRLQW WKHRU\ LV RQH RI WKH LPSRUWDQW PDWKHPDWLFDO WRROV DSSOLHG WR VROYH SUREOHPV

LQ PDQ\ EUDQFKHV RI VFLHQFH DQG WHFKQRORJ\� ,Q WKH SDVW IHZ \HDUV� PDQ\ PDWKHPDWLFLDQV KDYH EHHQ

GHYHORSHG DQG ZLGHO\ VWXGLHG IL[HG SRLQW WKHRU\� )LQGLQJ WKH DQVZHU RI WKH HTXDWLRQ E\ XVLQJ WKH

IL[HG SRLQW WKHRU\ PD\ KDYH WKH DQVZHU RU QR DQVZHU� 7KHUHIRUH� IL[HG SRLQW WKHRU\ LV LQYROYHG

ZLWK ILQGLQJ FRQGLWLRQV RQ WKH VHW X DQG WKH PDSSLQJ T : X → X WR JXDUDQWHH WKH H[LVWHQFH DQG

XQLTXHQHVV RI IL[HG SRLQWV� 0RUHRYHU� UHVHDUFKHUV KDYH EHHQ VWXG\LQJ DERXW WKH VWUXFWXUH RI IL[HG

SRLQW VHW DQG WKH DSSUR[LPDWLRQ RI IL[HG SRLQWV� ,WHUDWLYH VFKHPHV IRU ILQGLQJ WKH VROXWLRQ VHW RI

QRQOLQHDU PDSSLQJV VXFK DV QRQH[SDQVLYH PDSSLQJV� TXDVL�QRQH[SDQVLYH PDSSLQJV� QRQVSUHDGLQJ

PDSSLQJV KDYH EHHQ LQFUHDVLQJO\ VWXGLHG E\ PDQ\ PDWKHPDWLFLDQV� 7KH\ KDYH LQWURGXFHG YDULRXV

W\SHV RI LWHUDWLYH PHWKRGV WR DSSUR[LPDWH IL[HG SRLQWV�

7KURXJKRXW WKLV SDSHU� OHW H1, H2 EH UHDO +LOEHUW VSDFHV DQG OHW C, Q EH QRQHPSW\ FORVHG

FRQYH[ VXEVHWV RI H1 DQG H2� UHVSHFWLYHO\� /HW A : H1 → H2 EH D ERXQGHG OLQHDU RSHUDWRU�

)RU D PDSSLQJ T RI C LQWR LWVHOI� ZH GHQRWH F (T ) E\ WKH VHW RI DOO IL[HG SRLQWV RI T L�H��

F (T ) = {x ∈ C : Tx = x}.

([DPSOH ����

�� ,I T : R → R DQG Tx = x+1
2 � WKHQ F (T ) = {1}�

�� ,I T : R → R DQG Tx = x2� WKHQ F (T ) = {0, 1}�

�� ,I T : R → R DQG Tx = x+ 5� WKHQ F (T ) = ∅�

�� ,I T : R → R DQG Tx = x� WKHQ F (T ) = R�

7KH VSOLW IHDVLELOLW\ SUREOHP (SFP ) LV WR ILQG D SRLQW x ∈ C DQG Ax ∈ Q� 7KLV SUREOHP

ZDV LQWURGXFHG E\ &HQVRU DQG (OIYLQJ >�@�

6XFK PRGHOV ZHUH VXFFHVVIXOO\ GHYHORSHG IRU LQVWDQFH LQ UDGLDWLRQ WKHUDS\ WUHDWPHQW SODQ�

QLQJ� VHQVRU QHWZRUNV� UHVROXWLRQ HQKDQFHPHQW�

,Q ����� &HQJ� $QVDUL DQG <DR >�@ LQWURGXFHG WKH IROORZLQJ OHPPD WR VROYH SFP �

/HPPD ���� *LYHQ x∗ ∈ H1� WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

L� x∗ VROYHV WKH 6)3�

LL� x∗ = PC (I − λA∗ (I − PQ)A)x∗� ZKHUH A∗ LV DGMRLQW RI A�
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LLL� x∗ VROYHV WKH YDULDWLRQDO LQHTXDOLW\ SUREOHP �9,3� RI ILQGLQJ x∗ ∈ C VXFK WKDW 〈y −

x∗,∇g (x∗)〉 ≥ 0� IRU DOO y ∈ C DQG ∇g = A∗ (I − PQ)A�

0DQ\ DXWKRUV XVH WKLV OHPPD WR SURYH WKHLU UHVXOWV� VHH IRU H[DPSOH� >�@� >�@�

/HW p, q ∈ N� )RU HDFK 1 ≤ i ≤ p� OHW Ci EH D QRQHPSW\ FORVHG FRQYH[ VXEVHW RI D UHDO

+LOEHUW VSDFH H1� )RU HDFK 1 ≤ j ≤ q� OHW Qj EH D QRQHPSW\ FORVHG FRQYH[ VXEVHW RI DQRWKHU UHDO

+LOEHUW VSDFH H2 DQG OHW Aj : H1 → H2 EH D ERXQGHG OLQHDU RSHUDWRU� 6XSSRVH WKDW K LV DQRWKHU

QRQHPSW\ FORVHG FRQYH[ VXEVHW RIH1� 7KH FRQVWUDLQHG PXOWLSOH�VHW VSOLW FRQYH[ IHDVLELOLW\ SUREOHP

�06&)3� UDLVHG E\ 0DVDG DQG 5HLFK >��@ LV ILQGLQJ D SRLQW x∗ ∈ K VXFK WKDW

x∗ ∈
p⋂

i=1

Ci DQG Ajx
∗ ∈ Qi, 1 ≤ j ≤ q. �����

7KH 06&)3 LQWURGXFHG E\ &HQVRU HW DO� >�@ DQG ;X >��@ LV D VSHFLDO FDVH RI ������ ZKLFK LV IRUPX�

ODWHG DV ILQGLQJ x∗ ∈ H1 VXFK WKDW

x∗ ∈
p⋂

i=1

Ci DQG Ax∗ ∈
q⋂

j=1

Qi, �����

ZKHUH A LV D ERXQGHG OLQHDU RSHUDWRU IURP H1 WR H2� ,I p = q = 1� ���� � LV UHGXFHG WR 6)3� /HW

A,B : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRUV� ,QVSLUHG E\ ������ ����� DQG 6)3� ZH LQWURGXFH WKH

JHQHUDO VSOLW IHDVLELOLW\ SUREOHP ZKLFK LV WR ILQG D SRLQW x∗ ∈ C DQG Ax∗, Bx∗ ∈ Q� 7KH VHW RI WKLV

VROXWLRQ LV GHQRWHG E\ Γ = {x ∈ C : Ax,Bx ∈ Q}�

%\ DSSO\LQJ 0DQQ uV LWHUDWLYH DOJRULWKP ZLWK SFP � ;X >��@ SURYHG WKH EHVW IROORZLQJ

UHVXOW�

7KHRUHP ���� $VVXPH WKDW SFP LV FRQVLVWHQW DQG γ ∈
(
0,

2

‖A‖2

)
� /HW {xn} EH GHILQHG E\ WKH

IROORZLQJ DYHUDJHG &4 DOJRULWKP�

xn+1 = (1− αn)xn + αnPC (I − γA∗ (I − PQ)A)xn,

IRU DOO n ≥ 0 ZKHUH {αn} LV D VHTXHQFH LQ D LQWHUYDO
[
0,

4

2 + γ ‖A‖2

]
VDWLVI\LQJ WKH FRQGLWLRQ

∞∑

n=1

(
4

2 + γ ‖A‖2
− αn

)
= ∞.

7KHQ {xn} FRQYHUJHV ZHDNO\ WR D VROXWLRQ RI SFP �

7KH VXFK WKHRUHP LV XVHG DV D PRGHO IRU SURYLQJ VRPH UHVXOW WR VROYH WKH VSOLW IHDVLELOLW\

SUREOHP� VHH IRU H[DPSOH� >�� �� �@�

V\PERO !! −→ ′′ DQG !! ⇀ ′′ UHSUHVHQW VWURQJ DQG ZHDN FRQYHUJHQFH� UHVSHFWLYHO\� /HW C

EH D VXEVHW RI D UHDO +LOEHUW VSDFH H � $ PDSSLQJ T : C → C LV FDOOHG α�FRQWUDFWLYH LI WKHUH H[LVWV

α ∈ [0, 1] VXFK WKDW ‖Tx − Ty‖ ≤ α‖x − y‖ IRU DOO x, y ∈ C� $ PDSSLQJ T LV FDOOO QRQH[SDQVLYH LI

α = 1� 7KH IL[HG SRLQW SUREOHP RI T LV WR ILQG D SRLQW x∗ ∈ C VXFK WKDW Tx∗ = x∗� 7KH VHW RI DOO

IL[HG SRLQW RI T LV GHQRWHG E\ F (T )� $ PDSSLQJ A : C → H LV FDOOHG α�LQYHUVH VWURQJO\ PRQRWRQHThis material is reserved for educational use only, not allowed for commercial use. 
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�

LI WKHUH H[LVWV α > 0 VXFK WKDW α‖Ax−Ay‖2 ≤ 〈Ax−Ay, x− y〉 IRU DOO x, y ∈ C�

7KH YDULDWLRQDO LQHTXDOLW\ SUREOHP �9,3� LV D ZHOO NQRZQ SUREOHP� 7KDW LV WR ILQG D SRLQW

%∗ ∈ C VXFK WKDW

〈y −%∗, G%∗〉 ≥ 0, IRU DOO y ∈ C, �����

ZKHUH G : C −→ H LV D PDSSLQJ� 7KH VHW RI DOO VROXWLRQV RI (2.3) LV GHQRWHG E\ V I(C,G)�

7KH YDULDWLRQDO LQHTXDOLW\ SUREOHP KDV EHHQ DSSOLHG LQ YDULRXV ILHOGV VXFK DV LQGXVWU\� IL�

QDQFH� HFRQRPLFV� VRFLDO� HFRORJ\� UHJLRQDO� SXUH DQG DSSOLHG VFLHQFHV� VHH� >�@�>��@�

/HWC EH D FORVHG FRQYH[ VXEVHW RI D UHDO +LOEHUW VSDFHH DQG OHW PC EH WKH PHWULF SURMHFWLRQ

RI H RQWR C L�H�� IRU x ∈ H � PCx VDWLVILHV WKH SURSHUW\

‖x− PCx‖ = PLQ
y∈C

‖x− y‖.

7KH IROORZLQJ OHPPD LV D SURSHUW\ RI PC �

/HPPD ���� �6HH >��@� *LYHQ x ∈ H DQG y ∈ C� 7KHQ PCx = y LI DQG RQO\ LI WKHUH KROGV WKH

LQHTXDOLW\

〈x− y, y − z〉 ≥ 0, ∀z ∈ C.

/HPPD ���� �6HH >��@� /HW H EH D +LOEHUW VSDFH� OHW C EH QRQHPSW\ FORVHG FRQYH[ VXEVHW RI H

DQG OHW A EH D PDSSLQJ RI C LQWR H � /HW u ∈ C� 7KHQ IRU λ > 0�

u ∈ V I(C,A) ⇔ u = PC(I − λA)u

ZKHUH PC LV WKH PHWULF SURMHFWLRQ RI H RQWR &�

/HPPD ���� �6HH >��@� /HW {sn} EH D VHTXHQFH RI QRQQHJDWLYH UHDO QXPEHU VDWLVI\LQJ

sn+1 = (1− αn)sn + αnβn, ∀n ≥ 0

ZKHUH {αn}, {βn} VDWLVI\ WKH FRQGLWLRQV

(1) {αn} ⊂ [0, 1],
∞∑

n=1

αn = ∞;

(2) OLP VXS
n→∞

βn ≤ 0 RU
∞∑

n=1

|αnβn| < ∞.

7KHQ OLPn→∞ sn = 0.

/HPPD ���� �6HH >��@�� /HW {sn} EH D VHTXHQFH RI QRQQHJDWLYH UHDO QXPEHUV VDWLVI\LQJ

sn+1 = (1− αn)sn + δn, ∀n ≥ 0

ZKHUH {αn} LV D VHTXHQFH LQ (0, 1) DQG {δn} LV D VHTXHQFH VXFK WKDW

(1)
∞∑

n=1

αn = ∞,

(2) OLP VXS
n→∞

δn
αn

≤ 0 RU
∞∑

n=1

|δn| < ∞.

7KHQ OLPn→∞ sn = 0.This material is reserved for educational use only, not allowed for commercial use. 
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�

/HPPD ���� /HWH1 DQGH2 EH UHDO +LOEHUW VSDFHV DQG C,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV RI

H1 DQG H2� UHVSHFWLYHO\� /HW A,B : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRUV ZLWK A∗, B∗ DUH DGMRLQW

RI A DQG B� UHVSHFWLYHO\ ZLWK Γ 0= ∅� 7KHQ WKH IROORZLQJV DUH HTXLYDOHQW�

i) x∗ ∈ Γ,

ii) PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
x∗ = x∗, ∀ a > 0,

ZKHUHLA, LB DUH VSHFWDO UHGLXV RIA∗A DQGB∗B� UHVSHFWLYHO\ZLWK a ∈ (0,
2

L
) DQGL = PD[{LA, LB}�

3URRI� /HW WKH FRQGLWLRQV KROGV

i) ⇒ ii) /HW x∗ ∈ Γ� ZH KDYH x∗ ∈ C DQG Ax∗, Bx∗ ∈ Q� ,W LPSOLHV WKDW

(I − PQ)Ax∗ = 0 = (I − PQ)Bx∗.

7KHQ
A∗ (I − PQ)Ax∗

2
=

B∗ (I − PQ)Bx∗

2
= 0.

,W IROORZ WKDW

PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
x∗ = x∗.

ii) ⇒ i) /HW PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
x∗ = x∗ DQG OHW w ∈ Γ� ZH

KDYH w ∈ C DQG Aw,Bw ∈ Q� )URP i) ⇒ ii)� ZH KDYH

PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
w = w.

7KHQ� ZH KDYH

‖x∗ − w‖2 ≤
∥∥∥∥x

∗ − w − a

(
A∗ (I − PQ)Ax∗

2
+

B∗ (I − PQ)Bx∗

2

)∥∥∥∥
2

= ‖x∗ − w‖2 − 2a〈x∗ − w,
A∗ (I − PQ)Ax∗

2
+

B∗ (I − PQ)Bx∗

2
〉

+a2
∥∥∥∥
A∗ (I − PQ)Ax∗

2
+

B∗ (I − PQ)Bx∗

2

∥∥∥∥
2

≤ ‖x∗ − w‖2 − a〈Ax∗ −Aw, (I − PQ)Ax∗〉 − a〈Bx∗ −Bw, (I − PQ)Bx∗〉

+
a2

2
‖A∗(I − PQ)Ax∗‖2 + a2

2
‖B∗(I − PQ)Bx∗‖2

≤ ‖x∗ − w‖2 − a〈Ax∗ − PQAx∗, (I − PQ)Ax∗〉 − a〈PQAx∗ −Aw, (I − PQ)Ax∗〉

−a〈Bx∗ − PQBx∗, (I − PQ)Bx∗〉 − a〈PQBx∗ −Bw, (I − PQ)Bx∗〉

+
a2L

2
‖(I − PQ)Ax∗‖2 + a2L

2
‖(I − PQ)Bx∗‖2

≤ ‖x∗ − w‖2 − a(1− aL

2
)‖(I − PQ)Ax∗‖2 − (1− aL

2
)‖(I − PQ)Bx∗‖2.

,W LPSOLHV WKDW Ax∗ = PQAx∗, Bx∗ = PQBx∗ ∈ Q�

,W IROORZV WKDW

x∗ = PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
x∗ = PCx

∗ ∈ C.
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�

/HWH1 = R2, H2 = R DQG OHW C = H(a, a1 − a2) = {x = (x1, x2) ∈ H1 : a1x1 + a2x2 = a1 − a2

IRU DOO a = (a1, a2) ∈ H2 DQG Q = [−2, 3] ⊆ H1� 'HILQHG PDSSLQJV A,B : H1 → H2 E\

Ax = x1, Bx = x2 IRU DOO x = (x1, x2) ∈ H1� ,W LV REYLRXV WKDW (1,−1) ∈ Γ�

1H[W� ZH ZLOO VKRZ WKDW PC

(
I − λ

(
A∗(I − PQ)A

2
+

B∗(I − PQ)B

2

))
(1,−1) = (1,−1).

)URP WKH GHILQLWLRQ RI A,B� ZH FDQ GHILQHG DGMRLQW RSHUDWRUV A∗, B∗ : H2 → H1 RI A,B E\

A∗z = (z, 0), B∗z = (0, z) IRU DOO z ∈ H2� )URP WKH GHILQLWLRQ RI C� :H FDQ GHILQHG PHWULF

SURMHFWLRQ PC : H1 → C E\

PCz = (z1, z2)−
(
a1z1 + a2z2 − (a1 − a2)√

a21 + a22

)
(a1, a2), �����

IRU DOO z = (z1, z2) ∈ H1�

)URP A,A∗, B DQG B∗� ZH KDYH

A∗(I − PQ)A(1,−1)

2
=

A∗0

2
= (0, 0), �����

DQG
B∗(I − PQ)B(1,−1)

2
=

B∗0

2
= (0, 0). �����

)URP ����� ����� DQG ���� �� ZH KDYH

PC

(
I − λ

(
A∗(I − PQ)A

2
+

B∗(I − PQ)B

2

))
= PC(1,−1)

= (1,−1)−
(
a1 − a2 − (a1 − a2)√

a21 + a22

)
(a1, a2)

= (1,−1).

5HPDUN ���� 7KH UHVXOW RI WKLV H[DPSOH LV JXDUDQWHHG E\ /HPPD ����
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&KDSWHU �

7KH PHWKRGV RI UHVHDUFK

,Q WKLV FKDSWHU� ZH LQWURGXFH PHWKRGV IRU VROYLQJ WKH IROORZLQJ SUREOHPV�

,QVSLUHG E\ WKH ZRUNV RI >��@� >�@� DQG >��@� ZH LQWURGXFH D PHWKRG WR VROYH VROXWLRQ RI

WKH JHQHUDO VSOLW IHDVLELOLW\ SUREOHP� :H JLYH WKH JHQHUDO FRQVWUDLQHG PLQLPL]DWLRQ SUREOHP DQG D

OHPPD WR VKRZ WKH UHODWLRQVKLS EHWZHHQ WKHVH SUREOHPV� 7KH PHWKRG XWLOL]HG WR VROYH WKLV SUREOHP

LV SUHVHQWHG�
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&KDSWHU �

7KH UHVXOWV RI UHVHDUFK

7KLV FKDSWHU� ZH VROYH SUREOHPV LQ &KDSWHU ��

7KHRUHP ���� /HWH1 DQGH2 EH UHDO +LOEHUW VSDFHV DQG OHWC,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV

RIH1 DQGH2� UHVSHFWLYHO\� /HWA,B : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRUV ZLWKA∗, B∗ DUH DGMRLQW

RI A DQG B� UHVSHFWLYHO\ DQG L = PD[ {LA, LB}� ZKHUH LA DQG LB DUH VSHFLDO UDGLXV RI A∗A DQG

B∗B DQG OHWD : C → H1 EH d�LQYHUVH VWURQJO\ PRQRWRQH� $VVXPH WKDW Γ∩V I (C,D) 0= ∅� /HW WKH

VHTXHQFH {xn} JHQHUDWHG E\ x1 ∈ C DQG

xn+1 = αnf(xn) + βnPC (I − λD)xn + γnPC

(
aI − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
xn,

�����

IRU DOO n ∈ N� ZKHUH {αn} , {βn} , {γn} ⊆ (0, 1) ZLWK αn + βn + γn = 1 DQG f : C → C LV α�

FRQWUDFWLYH PDSSLQJ ZLWK α ∈ (0, 1)� 6XSSRVH WKDW WKH IROORZLQJ FRQGLWLRQV KROG�

i) OLP
n→∞

αn = 0,
∞∑

n=1

αn = ∞,

ii) c ≤ βn, γn ≤ d, IRU VRPH c, d > 0,

iii) λ ∈ (0, 2d) , a ∈
(
0,

2

L

)
,

iv)
∞∑

n=1

|αn − αn−1|,
∞∑

n=1

|βn − βn−1| < ∞.

7KHQ WKH VHTXHQFH {xn} FRQYHUJHV VWURQJO\ WR x0 = PΓ∩V I(C,D)f(x0)�

3URRI� 3XWWLQJ∇g =
A∗ (I − PQ)A

2
+
B∗ (I − PQ)B

2
� )LUVW� ZH VKRZ WKDW∇g LV 1

L
�LQYHUVH VWURQJO\

PRQRWRQH� /HW x, y ∈ C� 6LQFH ∇g =
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2
� ZH KDYH

‖∇g (x)−∇g (y) ‖2 = ‖A
∗ (I − PQ)Ax

2
+

B∗ (I − PQ)Bx

2
− A∗ (I − PQ)Ay

2
− B∗ (I − PQ)By

2
‖2

= ‖A
∗ (I − PQ)Ax

2
− A∗ (I − PQ)Ay

2
+

B∗ (I − PQ)Bx

2
− B∗ (I − PQ)By

2
‖2

≤ 1

2
‖A∗ (I − PQ)Ax−A∗ (I − PQ)Ay‖2 + 1

2
‖B∗ (I − PQ)Bx−B∗ (I − PQ)By‖2

≤ L

2
‖ (I − PQ)Ax− (I − PQ)Ay‖2 + L

2
‖ (I − PQ)Bx− (I − PQ)By‖2. �����
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��

)URP SURSHUW\ RI PC � ZH KDYH

‖(I − PQ)Ax− (I − PQ)Ay‖2 = 〈(I − PQ)Ax− (I − PQ)Ay, (I − PQ)Ax− (I − PQ)Ay〉

= 〈(I − PQ)Ax− (I − PQ)Ay,Ax−Ay − (PQAx− PQAy)〉

= 〈A∗(I − PQ)Ax−A∗(I − PQ)Ay, x− y〉

−〈(I − PQ)Ax− (I − PQ)Ay, PQAx− PQAy〉

= 〈A∗(I − PQ)Ax−A∗(I − PQ)Ay, x− y〉

−〈(I − PQ)Ax, PQAx− PQAy〉

+〈(I − PQ)Ay, PQAx− PQAy〉

≤ 〈A∗(I − PQ)Ax−A∗(I − PQ)Ay, x− y〉. �����

%\ XVLQJ WKH VDPH PHWKRG DV ������ ZH KDYH

‖(I − PQ)Bx− (I − PQ)By‖2 ≤ 〈B∗(I − PQ)Bx−B∗(I − PQ)By, x− y〉. �����

6XEVWLWXWH ������ ����� LQWR ������ ZH KDYH

‖∇g (x)−∇g (y) ‖2 ≤ L

2
〈A∗(I − PQ)Ax−A∗(I − PQ)Ay, x− y〉

+
L

2
〈B∗(I − PQ)Bx−B∗(I − PQ)By, x− y〉

= L〈A
∗(I − PQ)Ax

2
+

B∗(I − PQ)Bx

2
−
(
A∗(I − PQ)Ay

2
+

B∗(I − PQ)By

2

)
, x− y〉

= L〈∇g (x)−∇g (y) , x− y〉.

6R� ZH KDYH ∇g LV 1

L
�LQYHUVH VWURQJO\ PRQRWRQH� )URP WKH GHILQLWLRQ RI ∇g � ZH KDYH

‖PC (I − a∇g)x− PC (I − a∇g) y‖2 ≤ ‖x− y − a (∇g (x)−∇g (y)) ‖2

= ‖x− y‖2 − 2a〈x− y,∇g (x)−∇g (y)〉+ a2‖∇g (x)−∇g (y) ‖2

≤ ‖x− y‖2 − 2a

L
‖∇g (x)−∇g (y) ‖2〉+ a2‖∇g (x)−∇g (y) ‖2

= ‖x− y‖2 − a

(
2

L
− a

)
‖∇g (x)−∇g (y) ‖2

≤ ‖x− y‖2, �����

IRU DOO x, y ∈ C� %\ XVLQJ WKH VDPH PHWKRG DV ������ ZH KDYH

‖PC (I − λD)x− PC (I − λD) y‖ ≤ ‖x− y‖, �����

IRU DOO x, y ∈ C�

)URP WKH GHILQLWLRQ RI xn� ����� DQG ������ ZH KDYH

‖xn+1 − z‖ ≤ αn ‖f (xn)− z‖+ βn ‖PC (I − λD)xn − z‖+ γn ‖PC (I − a∇g)xn − z‖

≤ αn

(
α‖xn − z‖+ ‖f(z)− z‖

)
+ βn ‖PC (I − λD)xn − z‖+ γn ‖PC (I − a∇g)xn − z‖

≤ (1− αn (1− α)) ‖xn − z‖+ αn‖f(z)− z‖

≤ PD[
{
‖x1 − z‖ , ‖f (z)− z‖

1− α

}
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��

IRU DOO n ∈ N DQG z ∈ Γ∩V I (C,D)� %\ LQGXFWLRQ� ZH FRQFOXGH WKDW WKH VHTXHQFH {xn} LV ERXQGHG�

)URP ������ ZH KDYH

‖xn+1 − xn‖ ≤ |αn − αn−1| ‖f(xn−1)‖+ αnα ‖xn − xn−1‖+ |βn − βn−1| ‖PC (I − λD)xn−1‖

+βn‖PC (I − λD)xn − PC (I − λD)xn−1‖+ |γn − γn−1| ‖PC (1− a∇g)xn−1‖

+γn‖PC (1− a∇g)xn − PC (1− a∇g)xn−1‖

≤ (1− αn (1− α)) ‖xn − xn−1‖+ |αn − αn−1| ‖f(xn−1)‖+ |βn − βn−1| ‖PC (I − λD)xn−1‖

+ |γn − γn−1| ‖PC (1− a∇g)xn−1‖.

)URP WKH FRQGLWLRQV i), iv) DQG /HPPD ���� ZH KDYH

OLP
n→∞

‖xn+1 − xn‖ = 0. �����

:H FDQ UHZULWH ����� E\

xn+1 = αnf(xn) + (1− αn)Enxn, �����

ZKHUH En =
βn

1− αn
PC (I − λD) +

γn
1− αn

PC(I − a∇g) IRU DOO n ∈ N�

6LQFH PC (I − λD) DQG PC(I − a∇g) DUH QRQH[SDQVLYH PDSSLQJV� ZH KDYH En LV D QRQH[SDQVLYH

PDSSLQJV� IRU DOO n ∈ N�

,W LV HDV\ WR VHH WKDW

F (PC (I − λD)) ∩ F (PC(I − a∇g) ⊆ F (En) , �����

IRU DOO n ∈ N�

)URP /HPPD ��� DQG ���� ZH KDYH

F (PC (I − λD)) ∩ F (PC(I − a∇g) = Γ ∩ V I (C,D) 0= ∅.

/HW z0 ∈ F (En)� IRU DOO n ∈ N DQG z ∈ Γ ∩ V I (C,D)� ZH KDYH

‖z0 − z‖2 ≤ βn

1− αn
‖PC (1− λD) z0 − z‖2 + γn

1− αn
‖PC (I − a∇g) z0 − z‖2

− βnγn

(1− αn)
2 ‖PC (1− λD) z0 − PC (I − a∇g) z0‖2

≤ ‖z0 − z‖2 − βnγn

(1− αn)
2 ‖PC (1− λD) z0 − PC (I − a∇g) z0‖2.

)URP FRQGLWLRQ iii)� ZH FDQ FRQFOXGH WKDW PC (1− λD) z0 = PC (I − a∇g) z0�

6LQFH z0 ∈ F (En)� IRU DOO n ∈ N� ZH KDYH

z0 =
βn

1− αn
PC (I − λD) z0 +

γn
1− αn

PC(I − a∇g)z0 = PC (I − λD) z0 = PC(I − a∇g)z0.

6R� ZH JHW

z0 ∈ F (PC (I − λD)) ∩ F (PC(I − a∇g) = Γ ∩ V I (C,D) .

,W IROORZV WKDW

F (En) ⊆ F (PC (I − λD)) ∩ F (PC(I − a∇g) .This material is reserved for educational use only, not allowed for commercial use. 
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7KHQ

F (En) = F (PC (I − λD)) ∩ F (PC(I − a∇g) , ������

IRU DOO n ∈ N� )URP ������ ZH KDYH

xn+1 − xn = αn(f(xn)− xn) + (1− αn) (Enxn − xn). ������

)URP ����� DQG FRQGLWLRQ i)� ZH KDYH

OLP
n→∞

‖Enxn − xn‖ = 0. ������

6LQFH WKH VHTXHQFH {xn} LV ERXQGHG LQ D UHDO +LOEHUW VSDFH H1� WKHUH H[LVWV D VXEVHTXHQFH {xnk} RI

{xn} FRQYHUJHV ZHDNO\ WR w� ZKHUH w ∈ C�

)URP WKH FRQGLWLRQ ii) ZH PD\ DVVXPH WKDW βnk → β DQG γnk → γ DV k → ∞ ZLWK β, γ ∈ [c, d]�

,W IROORZV WKDW

1 = OLP
k→∞

(
βnk

1− αnk

+
γnk

1− αnk

)
= β + γ.

3XWWLQJ E = βPC (I − λD) + γPC(I − a∇g)� ,W LV HDV\ WR VHH WKDW E LV D QRQH[SDQVLYH PDSSLQJ�

%\ XVLQJ PHWKRG DV F (En) = F (PC (I − λD)) ∩ F (PC(I − a∇g)� ZH KDYH

F (E) = F (PC (I − λD)) ∩ F (PC(I − a∇g) . ������

)URP WKH GHILQLWLRQ RI En DQG E� ZH KDYH

Enkxnk − Exnk =

(
βnk

1− αnk

− β

)
PC (I − λD)xnk +

(
γnk

1− αnk

− γ

)
PC (I − a∇g)xnk .

)URP OLPk→∞ βnk = β� OLPk→∞ γnk = γ DQG FRQGLWLRQ i)� ZH KDYH

OLP
k→∞

‖Enkxnk − Exnk‖ = 0. ������

)URP ������ DQG ������� ZH KDYH

OLP
k→∞

‖xnk − Exnk‖ = 0. ������

$VVXPH WKDW w /∈ Γ ∩ V I (C,D)� )URP ������� /HPPD ��� DQG ���� ZH KDYH w /∈ F (E)� )URP

2SLDOuV FRQGLWLRQV DQG ������� ZH KDYH

OLP
k→∞

‖xnk − w‖ < OLP
k→∞

‖xnk − Ew‖

≤ OLP
k→∞

(
‖xnk − Exnk‖+ ‖Exnk − Ew‖

)

≤ OLP
k→∞

‖xnk − w‖.

7KLV LV D FRQWUDGLFWLRQ� 7KHQ w ∈ Γ ∩ V I (C,D)�

6LQFH WKH VHTXHQFH {xn} LV ERXQGHG� ZH KDYH

OLP VXS
n→∞

〈f(x0)− x0, xn − x0〉 = OLP
k→∞

〈f(x0)− x0, xnk − x0〉 = 〈f(x0)− x0, w − x0〉 ≤ 0, ������
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ZKHUH x0 = PΓ∩V I(C,D)f(x0)�

)URP ������ ZH KDYH

‖xn+1 − x0‖2 = ‖αnf(xn) + βnPC (I − λD)xn + γnPC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
xn − x0‖2

≤ ‖βn(PC (I − λD)xn − x0) + γn

(
PC

(
I − a

(
A∗ (I − PQ)A

2
+

B∗ (I − PQ)B

2

))
xn − x0

)
‖2

+2αn〈f(xn)− x0, xn+1 − x0〉

≤ (1− αn)
2‖xn − x0‖2 + 2αn〈f(x0)− x0, xn+1 − x0〉+ 2αnα‖xn − x0‖‖xn+1 − x0‖

≤ (1− αn)
2‖xn − x0‖2 + 2αn〈f(x0)− x0, xn+1 − x0〉+ αnα‖xn − x0‖2 + αnα‖xn+1 − x0‖2.

,W LPSOLHV WKDW

‖xn+1−x0‖2 ≤
(
1− 2αn (1− α)

1− αnα

)
‖xn−x0‖2+

2αn (1− α)

1− αnα

(
αn

2(1− α)
‖xn−x0‖2+

1

1− α
〈f(x0)−x0, xn+1−x0〉

)
.

)URP /HPPD ���� FRQGLWLRQ i) DQG ������� ZH REWDLQ WKDW WKH VHTXHQFH {xn} FRQYHUJHV VWURQJO\ WR

x0 = PΓ∩V I(C,D)f(x0)� 7KLV FRPSOHWH WKH SURRI�

8VLQJ 7KHRUHP ��� � ZH FDQ VROYH VSOLW IHDVLELOLW\ SUREOHP�

7KHRUHP ���� /HWH1 DQGH2 EH UHDO +LOEHUW VSDFHV DQG OHWC,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV

RI H1 DQG H2� UHVSHFWLYHO\� /HW A : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRU ZLWK A∗ LV DGMRLQW RI A

ZKHUH L LV VSHFLDO UDGLXV RI A∗A DQG OHWD : C → H1 EH d�LQYHUVH VWURQJO\ PRQRWRQH� $VVXPH WKDW

ΓA ∩ V I (C,D) 0= ∅� ZKHUH ΓA = {x ∈ C : Ax ∈ Q}� /HW WKH VHTXHQFH {xn} JHQHUDWHG E\ x1 ∈ C

DQG

xn+1 = αnf(xn) + βnPC (I − λD)xn + γnPC (I − a (A∗ (I − PQ)A))xn,

IRU DOO n ∈ N� ZKHUH {αn} , {βn} , {γn} ⊆ (0, 1)ZLWK an+βn+γn = 1 DQG f : C → C LVα�FRQWUDFWLYH

PDSSLQJ ZLWK α ∈ (0, 1)� 6XSSRVH WKDW WKH IROORZLQJ FRQGLWLRQV KROG�

i) OLP
n→∞

αn = 0,
∞∑

n=1

αn = ∞,

ii) c ≤ βn, γn ≤ d, IRU VRPH c, d > 0,

iii) λ ∈ (0, 2d) , a ∈
(
0,

2

L

)
,

iv)
∞∑

n=1

|αn − αn−1|,
∞∑

n=1

|βn − βn−1| < ∞.

7KHQ WKH VHTXHQFH {xn} FRQYHUJHV VWURQJO\ WR x0 = PΓA∩V I(C,D)f(x0)�

5HPDUN ���� ,I ZH WDNH D ≡ 0 LQ 7KHRUHP ���� ZH KDYH

xn+1 = αnf(xn) + βnxn + γnPC (I − a (A∗ (I − PQ)A))xn, ������

IRU DOO n ∈ N� ZKLFK LV PRGLILFDWLRQ LWHUDWLYH VFKHPH {xn} LQ 7KHRUHP ��� DQG E\ 7KHRUHP ����

ZH KDYH WKH VHTXHQFH {xn} JHQHUDWHG E\ ������ FRQYHUJHV VWURQJO\ WR D VROXWLRQ RI SFP XQGHU WKH

VXIILFLHQW FRQGLWLRQV RI 7KHRUHP ����
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/HW C ⊆ H1, Q ⊆ H2 RI +LOEHUW VSDFH H1, H2 DQG OHW A : H1 → H2 EH D ERXQGHG

OLQHDU RSHUDWRU�

/HW g : H1 → R EH D FRQWLQXRXV GLIIHUHQWLDEOH IXQFWLRQ� 7KH PLQLPL]DWLRQ SUREOHP�

PLQ
x∈C

g (x) :=
1

2
‖(I − PQ)Ax‖2, ������

LV WR ILQG D SRLQW x∗ ∈ C VXFK WKDW g (x∗) ≤ g (x) IRU DOO x ∈ C�

)URP VWXG\LQJ WKH PLQLPL]DWLRQ SUREOHP� ZH LQWURGXFH WKH JHQHUDO FRQVWUDLQHG PLQLPL]D�

WLRQ SUREOHP DV IROORZV�

PLQ
x∈C

g (x) :=
‖(I − PQ)Ax‖2

4
+

‖(I − PQ)Bx‖2

4
. ������

7KH VHW RI DOO VROXWLRQ RI ������ LV GHQRWHG E\ Γg = {x∗ ∈ C : g(x∗) ≤ g(x), ∀x ∈ C}�

7KH IROORZLQJ UHVXOWV VKRZ WKH UHODWLRQVKLS EHWZHHQ WKH JHQHUDO VSOLW IHDVLELOLW\ SUREOHP

DQG WKH JHQHUDO FRQVWUDLQHG PLQLPL]DWLRQ SUREOHP�

/HPPD ���� /HW H1 DQG H2 EH UHDO +LOEHUW VSDFH DQG C,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV

RI H1 DQG H2� UHVSHFWLYHO\� /HW A,B : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRUV ZLWK A∗, B∗ DUH

DGMRLQW RI A DQG B� UHVSHFWLYHO\ DQG OHW g : H1 → R EH D FRQWLQXRXV GLIIHUHQWLDEOH IXQFWLRQ GHILQHG

E\ g(x) =
‖(I − PQ)Ax‖2

4
+

‖(I − PQ)Bx‖2

4
IRU DOO x ∈ H1� $VVXPH WKDW Γ 0= ∅� 7KHQ WKH

IROORZLQJV DUH HTXLYDOHQW�

i) x∗ ∈ Γ,

ii) x∗ ∈ Γg.

3URRI� ii) ⇒ i) /HW x∗ ∈ Γg DQG OHW x ∈ Γ� ZH JHW x ∈ C DQG Ax,Bx ∈ Q�

6LQFH x∗ ∈ Γg� ZH KDYH
‖Ax∗ − PQAx∗‖2

4
+

‖Bx∗ − PQBx∗‖2

4
≤ ‖Ay − PQAy‖2

4
+

‖By − PQBy‖2

4
, ������

IRU DOO y ∈ C�

6LQFH x ∈ C� ZH KDYH
‖Ax∗ − PQAx∗‖2

4
+

‖Bx∗ − PQBx∗‖2

4
≤ ‖Ax− PQAx‖2

4
+

‖Bx− PQBx‖2

4
. ������

6LQFH Ax,Bx ∈ Q� ZH KDYH Ax = PQAx DQG Bx = PQBx�

)URP ������� ZH KDYH
‖Ax∗ − PQAx∗‖2

4
+

‖Bx∗ − PQBx∗‖2

4
= 0.

,W LPSOLHV WKDW Ax∗ = PQAx∗ ∈ Q DQG Bx∗ = PQBx∗ ∈ Q�

6LQFH x∗ ∈ Γg� ZH KDYH x∗ ∈ C�

+HQFH x∗ ∈ Γ�

i) ⇒ ii) /HW x∗ ∈ Γ� ZH KDYH x∗ ∈ C DQG Ax∗, Bx∗ ∈ Q� 7KHQ� ZH KDYH

‖Ax∗ − PQAx∗‖2

4
+

‖Bx∗ − PQBx∗‖2

4
= 0 ≤ ‖Ay − PQAy‖2

4
+

‖By − PQBy‖2

4

IRU DOO y ∈ C� ,W LPSOLHV WKDW x∗ ∈ Γg�This material is reserved for educational use only, not allowed for commercial use. 
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5HPDUN ���� :H REVHUYH WKDW∇g =
A∗ (I − PQ)A

2
+
B∗ (I − PQ)B

2
� ZKHUHA∗ DQGB∗ DUH DGMRLQW

RI A DQG B� UHVSHFWLYHO\ DQG ∇g LV D JUDGLHQW RI g� )URP /HPPD ��� DQG ���� ZH KDYH Γg = Γ =

V I(C,∇g)� ZKHUH Γ 0= ∅�

7KHRUHP ���� /HWH1 DQGH2 EH UHDO +LOEHUW VSDFHV DQG OHWC,Q EH QRQHPSW\ FORVHG FRQYH[ VXEVHWV

RI H1 DQG H2� UHVSHFWLYHO\� /HW A,B : H1 → H2 EH ERXQGHG OLQHDU RSHUDWRUV ZLWK A∗, B∗ DUH

DGMRLQW RI A DQG B� UHVSHFWLYHO\ DQG L = PD[ {LA, LB}� ZKHUH LA DQG LB DUH VSHFLDO UDGLXV RI

A∗A DQG B∗B� /HW WKH IXQFWLRQ g : H1 → R EH GLIIHUHQWLDEOH FRQWLQXRXV IXQFWLRQ GHILQHG E\

g (x) =
‖(I − PQ)Ax‖

4
+

‖(I − PQ)Bx‖2

4
DQG OHW D : C → H1 EH d�LQYHUVH VWURQJO\ PRQRWRQH�

$VVXPH WKDW Γ ∩ V I (C,D) 0= ∅� /HW WKH VHTXHQFH {xn} JHQHUDWHG E\ x1 ∈ C DQG

xn+1 = αnf(xn) + βnPC (I − λD)xn + γnPC (I − a∇g)xn,

IRU DOO n ∈ N� ZKHUH {αn} , {βn} , {γn} ⊆ (0, 1)ZLWK an+βn+γn = 1 DQG f : C → C LVα�FRQWUDFWLYH

PDSSLQJ ZLWK α ∈ (0, 1)� 6XSSRVH WKDW WKH IROORZLQJ FRQGLWLRQV KROG�

i) OLP
n→∞

αn = 0,
∞∑

n=1

αn = ∞,

ii) c ≤ βn, γn ≤ d, IRU VRPH c, d > 0,

iii) λ ∈ (0, 2d) , a ∈
(
0,

2

L

)
,

iv)
∞∑

n=1

|αn − αn−1|,
∞∑

n=1

|βn − βn−1| < ∞.

7KHQ WKH VHTXHQFH {xn} FRQYHUJHV VWURQJO\ WR x0 = PΓg∩V I(C,D)f(x0)�

3URRI� )URP 7KHRUHP ��� DQG /HPPD ���� ZH FDQ FRQFOXGH 7KHRUHP ����
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&KDSWHU �

&RQFOXVLRQV RI UHVHDUFK

,Q WKLV UHVHDUFK� ZH HVWDEOLVK QHZ PDWKHPDWLFDO WKHRUHPV IRU VROYLQJ SUREOHPV DV YDULD�

WLRQDO LQHTXDOLW\ SUREOHPV� VSOLW FRPELQDWLRQ YDULDWLRQDO LQHTXDOLWLHV SUREOHP DQG WKH VSOLW JHQHUDO

V\VWHP RI YDULDWLRQDO LQHTXDOLWLHV SUREOHP ZKLFK WKHVH WKHRUHPV KDYH PRUH SRWHQWLDO WKDQ WKH SUH�

YLRXV PHWKRG� :H JLYH WKH JHQHUDO FRQVWUDLQHG PLQLPL]DWLRQ SUREOHP DQG D OHPPD WR VKRZ WKH

UHODWLRQ VKLS EHWZHHQ WKHVH SUREOHPV� 2XU UHVXOWV H[SDQG VRPH UHVXOWV RI &HQJ� $QVDUL DQG <DR >�@

DQG PRGLI\ WKH UHVXOWV RI ;X >��@�
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5HIHUHQFHV

>�@ &� %\UQH� $ XQLILHG WUHDWPHQW RI VRPH LWHUDWLYH DOJRULWKPV LQ VLJQDO SURFHVVLQJ DQG LPDJH

UHFRQVWUXFWLRQ� ,QYHUVH 3UREOHPV �� ������ ���y����

>�@ /�&� &HQJ� 4�+� $QVDUL� -�&� <DR� $Q H[WUDJUDGLHQW PHWKRG IRU VROYLQJ VSOLW IHDVLELOLW\ DQG

IL[HG SRLQW SUREOHPV� &RPSXWHUV DQG 0DWKHPDWLFV ZLWK $SSOLFDWLRQV �� ������ ���y����

>�@ /�&� &HQJ� +� *XSWD� &�)� :HQ� 7KH 0DQQ�W\SH H[WUDJUDGLHQW LWHUDWLYH DOJRULWKPV ZLWK UHJ�

XODUL]DWLRQ IRU VROYLQJ YDULDWLRQDO LQHTXDOLW\ SUREOHPV� VSOLW IHDVLELOLW\� DQG IL[HG SRLQW SURE�

OHPV� $EVWUDFW DQG $SSOLHG $QDO\VLV ���� ������ $UWLFOH ,' �������

>�@ <� &HQVRU� 7� %RUWIHOG� %� 0DUWLQ� $� 7URILPRY� $ XQLILHG DSSURDFK IRU LQYHUVLRQ SUREOHPV LQ

LQWHQVLW\�PRGXODWHG UDGLDWLRQ WKHUDS\� 3K\V� 0HG� %LRO� �� ������ ����y�����

>�@ <� &HQVRU� 7� (OIYLQJ� $ PXOWLSURMHFWLRQ DOJRULWKP XVLQJ %UHJPDQ SURMHFWLRQV LQ D SURGXFW

VSDFH� 1XPHU� $OJRULWKP � ������ ���y����

>�@ <� &HQVRU� 7� (OIYLQJ� 1� .RSI� HW DO�� 7KH PXOWLSOH�VHWV VSOLW IHDVLELOLW\ SUREOHP DQG LWV DSSOL�

FDWLRQV IRU LQYHUVH SUREOHPV� ,QYHUVH 3UREOHPV �� ������ ����y�����

>�@ <� &HQVRU� $� *LEDOL� 6� 5HLFK� $OJRULWKPVIRUWKH VSOLW YDULDWLRQDOLQHTXDOLW\ SUREOHP� 1XPHU�

$OJRULWKPV �� ������ ���y����

>�@ 0� (VODPLDQ� $� /DWLI� *HQHUDO VSOLW IHDVLELOLW\ SUREOHPV LQ +LOEHUW VSDFHV� $EVWUDFW DQG $S�

SOLHG $QDO\VLV ���� ������ $UWLFOH ,' �������

>�@ '� .LQGHUOHKUHU� *� 6WDPSDFFLD� $Q ,WHUDWLRQ WR 9DULDWLRQDO ,QHTXDOLWLHV DQG 7KHLU $SSOLFD�

WLRQV� $FDGHPLF 3UHVV� 1HZ <RUN �������

>��@ -�/� /LRQV� *� 6WDPSDFFKLD� 9DULDWLRQDO LQHTXDOLWLHV� &RPP� 3XUH $SSO� 0DWK� �� ������ ���y

����

>��@ (� 0DVDG� 6� 5HLFK� $ QRWH RQ WKHPXOWLSOH�VHW VSOLW FRQYH[ IHDVLELOLW\ SUREOHP LQ +LOEHUW VSDFH�

-� 1RQOLQHDU &RQYH[ $QDO� � ������ ���y����

>��@ :� 7DNDKDVKL� 1RQOLQHDU DQG &RQYH[ $QDO\VLV� <RNRKDPD 3XEOLVKHUV� <RNRKDPD� �����

>��@ :� 7DNDKDVKL� 1RQOLQHDU )XQFWLRQDO $QDO\VLV� <RNRKDPD 3XEOLVKHUV� <RNRKDPD� �����

>��@ +�.� ;X� $ YDULDEOH .UDVQRVHOuVNLL�0DQQ DOJRULWKP DQG WKH PXOWLSOH�VHW VSOLW IHDVLELOLW\

SUREOHP� ,QYHUVH 3UREOHPV �� ������ ����y�����

>��@ +�.� ;X� $Q LWHUDWLYH DSSURDFK WR TXDGUDWLF RSWLPL]DWLRQ� -� 2SWLP� 7KHRU\ $SSO� ��� ������

���y����

>��@ +�.� ;X� ,WHUDWLYH DOJRULWKPV IRU QRQOLQHDU RSHDUDWRUV� -� /RQGRQ 0DWK� 6RF� �� ������ ���y
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>��@ +�.� ;X� ,WHUDWLYH PHWKRGV IRU WKH VSOLW IHDVLELOLW\ SUREOHP LQ LQILQLWH�GLPHQVLRQDO +LOEHUW

VSDFHV� ,QYHUVH 3UREOHPV �� ������ �������
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Problem and the General Constrained Minimization Problems

Atid Kangtunyakarna

a
Department of Mathematics, Faculty of Science, King Mongkut

,
s Institute of Technology Ladkrabang, Bangkok 10520, Thailand

Abstract. Inspired by the works of [11], [6], and [14], we introduce a method to solve solution of the
general split feasibility problem. In the last section, we give the general constrained minimization problem
and a lemma to show the relationship between these problems. The method utilized to solve this problem
is presented. Our results expand some results of Ceng, Ansari and Yao [2] and modify the results of Xu
[17].

1. Introduction

Given closed convex subset C ✓ H1,Q ✓ H2 of Hilbert space H1,H2 and let A : H1 ! H2 be a bounded
linear operator. The split feasibility problem (SFP) is to find a point x 2 C and Ax 2 Q. This problem was
introduced by Censor and Elfving [5].

Such models were successfully developed for instance in radiation therapy treatment planning, sensor
networks, resolution enhancement.

In 2012, Ceng, Ansari and Yao [2] introduced the following lemma to solve SFP;

Lemma 1.1. Given x
⇤ 2 H1, the following statements are equivalent.

i) x
⇤

solves the SFP;

ii) x
⇤ = PC

⇣
I � �A

⇤
⇣
I � PQ

⌘
A

⌘
x
⇤
, where A

⇤
is adjoint of A;

iii) x
⇤

solves the variational inequality problem (VIP) of finding x
⇤ 2 C such that hy � x

⇤,r1 (x⇤)i � 0, for all

y 2 C and r1 = A
⇤
⇣
I � PQ

⌘
A.

Many authors use this lemma to prove their results, see for example, [3], [8].
Let p, q 2 N. For each 1  i  p, let Ci be a nonempty closed convex subset of a real Hilbert space H1.

For each 1  j  q, let Qj be a nonempty closed convex subset of another real Hilbert space H2 and let
Aj : H1 ! H2 be a bounded linear operator. Suppose that K is another nonempty closed convex subset
of H1. The constrained multiple-set split convex feasibility problem (MSCFP) raised by Masad and Reich [11] is
finding a point x

⇤ 2 K such that

x
⇤ 2

p\

i=1

Ci and Ajx
⇤ 2 Qi, 1  j  q. (1)
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The MSCFP introduced by Censor et al. [6] and Xu [14] is a special case of (1), which is formulated as
finding x

⇤ 2 H1 such that

x
⇤ 2

p\

i=1

Ci and Ax
⇤ 2

q\

j=1

Qi, (2)

where A is a bounded linear operator from H1 to H2. If p = q = 1, (2 ) is reduced to SFP. Let A,B : H1 ! H2 be
bounded linear operators. Inspired by (1), (2) and SFP, we introduce the general split feasibility problem which
is to find a point x

⇤ 2 C and Ax
⇤,Bx

⇤ 2 Q. The set of this solution is denoted by � = {x 2 C : Ax,Bx 2 Q}.
By applying Mann ’s iterative algorithm with SFP, Xu [17] proved the best following result;

Theorem 1.2. Assume that SFP is consistent and � 2
 
0,

2
kAk2

!
. Let {xn} be defined by the following averaged CQ

algorithm:

xn+1 = (1 � ↵n) xn + ↵nPC

⇣
I � �A

⇤ ⇣
I � PQ

⌘
A

⌘
xn,

for all n � 0 where {↵n} is a sequence in a interval

"
0,

4
2 + � kAk2

#
satisfying the condition

1X

n=1

✓ 4
2 + � kAk2

� ↵n

◆
= 1.

Then {xn} converges weakly to a solution of SFP.

The such theorem is used as a model for proving some result to solve the split feasibility problem, see
for example, [2, 3, 7].

In the next section, we prove the important lemma as a tool for proving the theorem that solves the
general split feasibility problem.

The purpose of this research, we introduce a new method for solving the general split feasibility problem
and apply our main theorem to prove the theorem related to the general constrained minimization problem
in the last section. Our results expand some results of Ceng, Ansari and Yao [2] and modify the results of
Xu [17].

2. Preliminaries

In order to prove our main theorem. Therefore, these tools are needed.
Throughout this research, we uses the symbol 88 �! 00 and 88 * 00 represent strong and weak conver-

gence, respectively. Let C be a subset of a real Hilbert space H. A mapping T : C! C is called ↵-contractive

if there exists ↵ 2 [0, 1] such that kTx � Tyk  ↵kx � yk for all x, y 2 C. A mapping T is calll nonexpansive if
↵ = 1. The fixed point problem of T is to find a point x

⇤ 2 C such that Tx
⇤ = x

⇤. The set of all fixed point of T

is denoted by F(T). A mapping A : C! H is called ↵-inverse strongly monotone if there exists ↵ > 0 such
that ↵kAx � Ayk2  hAx � Ay, x � yi for all x, y 2 C.

The variational inequality problem (VIP) is a well known problem. That is to find a point $⇤ 2 C such that

hy � $⇤,G$⇤i � 0, for all y 2 C, (3)

where G : C �! H is a mapping. The set of all solutions of (3) is denoted by VI(C,G).
The variational inequality problem has been applied in various fields such as industry, finance, eco-

nomics, social, ecology, regional, pure and applied sciences; see, [9],[10].
Let C be a closed convex subset of a real Hilbert space H and let PC be the metric projection of H onto C

i.e., for x 2 H, PCx satisfies the property

kx � PCxk = min
y2C

kx � yk.
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The following lemma is a property of PC.

Lemma 2.1. (See [13]) Given x 2 H and y 2 C. Then PCx = y if and only if there holds the inequality

hx � y, y � zi � 0, 8z 2 C.

Lemma 2.2. (See [12]) Let H be a Hilbert space, let C be nonempty closed convex subset of H and let A be a mapping

of C into H. Let u 2 C. Then for � > 0,

u 2 VI(C,A), u = PC(I � �A)u

where PC is the metric projection of H onto C.

Lemma 2.3. (See [16]) Let {sn} be a sequence of nonnegative real number satisfying

sn+1 = (1 � ↵n)sn + ↵n�n, 8n � 0

where {↵n}, {�n} satisfy the conditions

(1) {↵n} ⇢ [0, 1],
1X

n=1

↵n = 1;

(2) lim sup
n!1

�n  0 or

1X

n=1

|↵n�n| < 1.

Then limn!1 sn = 0.

Lemma 2.4. (See [15].) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 = (1 � ↵n)sn + �n, 8n � 0

where {↵n} is a sequence in (0, 1) and {�n} is a sequence such that

(1)
1X

n=1

↵n = 1,

(2) lim sup
n!1

�n

↵n

 0 or

1X

n=1

|�n| < 1.

Then limn!1 sn = 0.

Lemma 2.5. Let H1 and H2 be real Hilbert spaces and C,Q be nonempty closed convex subsets of H1 and H2,

respectively. Let A,B : H1 ! H2 be bounded linear operators with A
⇤,B⇤ are adjoint of A and B, respectively with

� , ;. Then the followings are equivalent.

i) x
⇤ 2 �,

ii) PC

✓
I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

◆
x
⇤ = x

⇤, 8 a > 0,

where LA, LB are spectal redius of A
⇤
A and B

⇤
B, respectively with a 2 (0,

2
L

) and L = max{LA, LB}.

Proof. Let the conditions holds
i)) ii) Let x

⇤ 2 �, we have x
⇤ 2 C and Ax

⇤,Bx
⇤ 2 Q. It implies that

⇣
I � PQ

⌘
Ax
⇤ = 0 =

⇣
I � PQ

⌘
Bx
⇤.
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Then

A
⇤
⇣
I � PQ

⌘
Ax
⇤

2
=

B
⇤
⇣
I � PQ

⌘
Bx
⇤

2
= 0.

It follow that

PC

0
BBBBBB@I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

1
CCCCCCA x
⇤ = x

⇤.

ii)) i) Let PC

✓
I� a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

◆
x
⇤ = x

⇤ and let w 2 �, we have w 2 C and Aw,Bw 2 Q.

From i)) ii), we have

PC

✓
I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

◆
w = w.

Then, we have

kx⇤ � wk2 
�������
x
⇤ � w � a

✓A
⇤
⇣
I � PQ

⌘
Ax
⇤

2
+

B
⇤
⇣
I � PQ

⌘
Bx
⇤

2

◆�������

2

= kx⇤ � wk2 � 2ahx⇤ � w,
A
⇤
⇣
I � PQ

⌘
Ax
⇤

2
+

B
⇤
⇣
I � PQ

⌘
Bx
⇤

2
i

+a
2

�������

A
⇤
⇣
I � PQ

⌘
Ax
⇤

2
+

B
⇤
⇣
I � PQ

⌘
Bx
⇤

2

�������

2

 kx⇤ � wk2 � ahAx
⇤ � Aw,

⇣
I � PQ

⌘
Ax
⇤i � ahBx

⇤ � Bw,
⇣
I � PQ

⌘
Bx
⇤i

+
a

2

2
kA⇤(I � PQ)Ax

⇤k2 + a
2

2
kB⇤(I � PQ)Bx

⇤k2

 kx⇤ � wk2 � ahAx
⇤ � PQAx

⇤,
⇣
I � PQ

⌘
Ax
⇤i � ahPQAx

⇤ � Aw,
⇣
I � PQ

⌘
Ax
⇤i

�ahBx
⇤ � PQBx

⇤,
⇣
I � PQ

⌘
Bx
⇤i � ahPQBx

⇤ � Bw,
⇣
I � PQ

⌘
Bx
⇤i

+
a

2
L

2
k(I � PQ)Ax

⇤k2 + a
2
L

2
k(I � PQ)Bx

⇤k2

 kx⇤ � wk2 � a(1 � aL

2
)k(I � PQ)Ax

⇤k2 � (1 � aL

2
)k(I � PQ)Bx

⇤k2.

It implies that Ax
⇤ = PQAx

⇤,Bx
⇤ = PQBx

⇤ 2 Q.
It follows that

x
⇤ = PC

0
BBBBBB@I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

1
CCCCCCA x
⇤ = PCx

⇤ 2 C.

Hence x
⇤ 2 �.

Example 2.6. Let H1 = R2,H2 = R and let C = H(a, a1 � a2) = {x = (x1, x2) 2 H1 : a1x1 + a2x2 = a1 � a2 for

all a = (a1, a2) 2 H2 and Q = [�2, 3] ✓ H1. Defined mappings A,B : H1 ! H2 by Ax = x1,Bx = x2 for all

x = (x1, x2) 2 H1. It is obvious that (1,�1) 2 �.
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Next, we will show that PC

✓
I � �

✓
A
⇤(I � PQ)A

2
+

B
⇤(I � PQ)B

2

◆◆
(1,�1) = (1,�1).

From the definition of A,B, we can defined adjoint operators A
⇤,B⇤ : H2 ! H1 of A,B by A

⇤
z = (z, 0),B⇤z = (0, z)

for all z 2 H2. From the definition of C, We can defined metric projection PC : H1 ! C by

PCz = (z1, z2) �
✓

a1z1 + a2z2 � (a1 � a2)
q

a
2
1 + a

2
2

◆
(a1, a2), (4)

for all z = (z1, z2) 2 H1.

From A,A⇤,B and B
⇤
, we have

A
⇤(I � PQ)A(1,�1)

2
=

A
⇤0
2
= (0, 0), (5)

and

B
⇤(I � PQ)B(1,�1)

2
=

B
⇤0
2
= (0, 0). (6)

From (4) (5) and (6 ), we have

PC

✓
I � �

✓
A
⇤(I � PQ)A

2
+

B
⇤(I � PQ)B

2

◆◆
= PC(1,�1)

= (1,�1) �
✓

a1 � a2 � (a1 � a2)
q

a
2
1 + a

2
2

◆
(a1, a2)

= (1,�1).

Remark 2.7. The result of this example is guaranteed by Lemma 2.5.

3. Main results

Theorem 3.1. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex subsets of H1 and H2,

respectively. Let A,B : H1 ! H2 be bounded linear operators with A
⇤,B⇤ are adjoint of A and B, respectively and

L = max {LA, LB}, where LA and LB are special radius of A
⇤
A and B

⇤
B and let D : C ! H1 be d-inverse strongly

monotone. Assume that � \ VI (C,D) , ;. Let the sequence {xn} generated by x1 2 C and

xn+1 = ↵n f (xn) + �nPC (I � �D) xn + �nPC

0
BBBBBB@aI � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

1
CCCCCCA xn, (7)

for all n 2 N, where {↵n} ,
�
�n

 
,
�
�n

 ✓ (0, 1) with ↵n + �n + �n = 1 and f : C ! C is ↵-contractive mapping with

↵ 2 (0, 1). Suppose that the following conditions hold;

i) lim
n!1
↵n = 0,

1X

n=1

↵n = 1,

ii) c  �n,�n  d, for some c, d > 0,

iii) � 2 (0, 2d) , a 2
✓
0,

2
L

◆
,

iv)
1X

n=1

|↵n � ↵n�1|,
1X

n=1

|�n � �n�1| < 1.

Then the sequence {xn} converges strongly to x0 = P�\VI(C,D) f (x0).
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Proof. Putting r1 =
A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2
. First, we show that r1 is

1
L

-inverse strongly monotone.

Let x, y 2 C. Since r1 =
A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2
, we have

kr1 (x) � r1 �y
� k2 = k

A
⇤
⇣
I � PQ

⌘
Ax

2
+

B
⇤
⇣
I � PQ

⌘
Bx

2
�

A
⇤
⇣
I � PQ

⌘
Ay

2
�

B
⇤
⇣
I � PQ

⌘
By

2
k2

= k
A
⇤
⇣
I � PQ

⌘
Ax

2
�

A
⇤
⇣
I � PQ

⌘
Ay

2
+

B
⇤
⇣
I � PQ

⌘
Bx

2
�

B
⇤
⇣
I � PQ

⌘
By

2
k2

 1
2
kA⇤

⇣
I � PQ

⌘
Ax � A

⇤ ⇣
I � PQ

⌘
Ayk2 + 1

2
kB⇤

⇣
I � PQ

⌘
Bx � B

⇤ ⇣
I � PQ

⌘
Byk2

 L

2
k
⇣
I � PQ

⌘
Ax �

⇣
I � PQ

⌘
Ayk2 + L

2
k
⇣
I � PQ

⌘
Bx �

⇣
I � PQ

⌘
Byk2. (8)

From property of PC, we have

k(I � PQ)Ax � (I � PQ)Ayk2 = h(I � PQ)Ax � (I � PQ)Ay, (I � PQ)Ax � (I � PQ)Ayi
= h(I � PQ)Ax � (I � PQ)Ay,Ax � Ay � (PQAx � PQAy)i
= hA⇤(I � PQ)Ax � A

⇤(I � PQ)Ay, x � yi
�h(I � PQ)Ax � (I � PQ)Ay,PQAx � PQAyi

= hA⇤(I � PQ)Ax � A
⇤(I � PQ)Ay, x � yi

�h(I � PQ)Ax,PQAx � PQAyi
+h(I � PQ)Ay,PQAx � PQAyi

 hA⇤(I � PQ)Ax � A
⇤(I � PQ)Ay, x � yi. (9)

By using the same method as (9), we have

k(I � PQ)Bx � (I � PQ)Byk2  hB⇤(I � PQ)Bx � B
⇤(I � PQ)By, x � yi. (10)

Substitute (9), (10) into (8), we have

kr1 (x) � r1 �y
� k2  L

2
hA⇤(I � PQ)Ax � A

⇤(I � PQ)Ay, x � yi

+
L

2
hB⇤(I � PQ)Bx � B

⇤(I � PQ)By, x � yi

= LhA
⇤(I � PQ)Ax

2
+

B
⇤(I � PQ)Bx

2
�

✓
A
⇤(I � PQ)Ay

2
+

B
⇤(I � PQ)By

2

◆
, x � yi

= Lhr1 (x) � r1 �y
�
, x � yi.

So, we have r1 is
1
L

-inverse strongly monotone. From the definition of r1 , we have

kPC

�
I � ar1� x � PC

�
I � ar1� yk2  kx � y � a

�r1 (x) � r1 �y
�� k2

= kx � yk2 � 2ahx � y,r1 (x) � r1 �y
�i + a

2kr1 (x) � r1 �y
� k2

 kx � yk2 � 2a

L
kr1 (x) � r1 �y

� k2i + a
2kr1 (x) � r1 �y

� k2

= kx � yk2 � a

✓2
L
� a

◆
kr1 (x) � r1 �y

� k2

 kx � yk2, (11)

for all x, y 2 C. By using the same method as (11), we have

kPC (I � �D) x � PC (I � �D) yk  kx � yk, (12)
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for all x, y 2 C.
From the definition of xn, (11) and (12), we have

kxn+1 � zk  ↵n

��� f (xn) � z

��� + �n kPC (I � �D) xn � zk + �n

���PC

�
I � ar1� xn � z

���

 ↵n

✓
↵kxn � zk + k f (z) � zk

◆
+ �n kPC (I � �D) xn � zk + �n

���PC

�
I � ar1� xn � z

���

 (1 � ↵n (1 � ↵)) kxn � zk + ↵nk f (z) � zk

 max

8>><>>:kx1 � zk ,
��� f (z) � z

���
1 � ↵

9>>=>>; ,

for all n 2N and z 2 � \ VI (C,D). By induction, we conclude that the sequence {xn} is bounded.
From (7), we have

kxn+1 � xnk  |↵n � ↵n�1|
��� f (xn�1)

��� + ↵n↵ kxn � xn�1k +
����n � �n�1

��� kPC (I � �D) xn�1k
+�nkPC (I � �D) xn � PC (I � �D) xn�1k +

����n � �n�1
��� kPC

�
1 � ar1� xn�1k

+�nkPC

�
1 � ar1� xn � PC

�
1 � ar1� xn�1k

 (1 � ↵n (1 � ↵)) kxn � xn�1k + |↵n � ↵n�1|
��� f (xn�1)

��� +
����n � �n�1

��� kPC (I � �D) xn�1k
+

����n � �n�1
��� kPC

�
1 � ar1� xn�1k.

From the conditions i), iv) and Lemma 2.4, we have

lim
n!1
kxn+1 � xnk = 0. (13)

We can rewrite (7) by

xn+1 = ↵n f (xn) + (1 � ↵n) Enxn, (14)

where En =
�n

1 � ↵n

PC (I � �D) +
�n

1 � ↵n

PC(I � ar1) for all n 2N.

Since PC (I � �D) and PC(I� ar1) are nonexpansive mappings, we have En is a nonexpansive mappings, for
all n 2N.
It is easy to see that

F (PC (I � �D)) \ F
�
PC(I � ar1� ✓ F (En) , (15)

for all n 2N.
From Lemma 2.2 and 2.5, we have

F (PC (I � �D)) \ F
�
PC(I � ar1� = � \ VI (C,D) , ;.

Let z0 2 F (En), for all n 2N and z 2 � \ VI (C,D), we have

kz0 � zk2  �n

1 � ↵n

kPC (1 � �D) z0 � zk2 + �n

1 � ↵n

kPC

�
I � ar1� z0 � zk2

� �n�n

(1 � ↵n)2 kPC (1 � �D) z0 � PC

�
I � ar1� z0k2

 kz0 � zk2 � �n�n

(1 � ↵n)2 kPC (1 � �D) z0 � PC

�
I � ar1� z0k2.

From condition iii), we can conclude that PC (1 � �D) z0 = PC

�
I � ar1� z0.

Since z0 2 F (En), for all n 2N, we have

z0 =
�n

1 � ↵n

PC (I � �D) z0 +
�n

1 � ↵n

PC(I � ar1)z0 = PC (I � �D) z0 = PC(I � ar1)z0.
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So, we get

z0 2 F (PC (I � �D)) \ F
�
PC(I � ar1� = � \ VI (C,D) .

It follows that

F (En) ✓ F (PC (I � �D)) \ F
�
PC(I � ar1� .

Then

F (En) = F (PC (I � �D)) \ F
�
PC(I � ar1� , (16)

for all n 2N. From (14), we have

xn+1 � xn = ↵n( f (xn) � xn) + (1 � ↵n) (Enxn � xn). (17)

From (13) and condition i), we have

lim
n!1
kEnxn � xnk = 0. (18)

Since the sequence {xn} is bounded in a real Hilbert space H1, there exists a subsequence
�
xnk

 
of {xn}

converges weakly to w, where w 2 C.
From the condition ii) we may assume that �nk

! � and �nk
! � as k!1with �,� 2 [c, d].

It follows that

1 = lim
k!1

✓ �nk

1 � ↵nk

+
�nk

1 � ↵nk

◆
= � + �.

Putting E = �PC (I � �D)+�PC(I�ar1). It is easy to see that E is a nonexpansive mapping. By using method
as F (En) = F (PC (I � �D)) \ F

�
PC(I � ar1�, we have

F (E) = F (PC (I � �D)) \ F
�
PC(I � ar1� . (19)

From the definition of En and E, we have

Enk
xnk
� Exnk

=

 
�nk

1 � ↵nk

� �
!

PC (I � �D) xnk
+

 
�nk

1 � ↵nk

� �
!

PC

�
I � ar1� xnk

.

From limk!1 �nk
= �, limk!1 �nk

= � and condition i), we have

lim
k!1
kEnk

xnk
� Exnk

k = 0. (20)

From (18) and (20), we have

lim
k!1
kxnk
� Exnk

k = 0. (21)

Assume that w < � \ VI (C,D). From (19), Lemma 2.2 and 2.5, we have w < F(E). From Opial’s conditions
and (21), we have

lim
k!1
kxnk
� wk < lim

k!1
kxnk
� Ewk

 lim
k!1

✓
kxnk
� Exnk

k + kExnk
� Ewk

◆

 lim
k!1
kxnk
� wk.
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This is a contradiction. Then w 2 � \ VI (C,D).
Since the sequence {xn} is bounded, we have

lim sup
n!1

h f (x0) � x0, xn � x0i = lim
k!1
h f (x0) � x0, xnk

� x0i = h f (x0) � x0,w � x0i  0, (22)

where x0 = P�\VI(C,D) f (x0).
From (7), we have

kxn+1 � x0k2 = k↵n f (xn) + �nPC (I � �D) xn + �nPC

0
BBBBBB@I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

1
CCCCCCA xn � x0k2

 k�n(PC (I � �D) xn � x0) + �n

✓
PC

0
BBBBBB@I � a

0
BBBBBB@

A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2

1
CCCCCCA

1
CCCCCCA xn � x0

◆
k2

+2↵nh f (xn) � x0, xn+1 � x0i
 (1 � ↵n)2kxn � x0k2 + 2↵nh f (x0) � x0, xn+1 � x0i + 2↵n↵kxn � x0kkxn+1 � x0k
 (1 � ↵n)2kxn � x0k2 + 2↵nh f (x0) � x0, xn+1 � x0i + ↵n↵kxn � x0k2 + ↵n↵kxn+1 � x0k2.

It implies that

kxn+1 � x0k2 
 
1 � 2↵n (1 � ↵)

1 � ↵n↵

!
kxn � x0k2 +

2↵n (1 � ↵)
1 � ↵n↵

✓ ↵n

2(1 � ↵)
kxn � x0k2 +

1
1 � ↵ h f (x0)� x0, xn+1 � x0i

◆
.

From Lemma 2.3, condition i) and (22), we obtain that the sequence {xn} converges strongly to x0 =
P�\VI(C,D) f (x0). This complete the proof.

Using Theorem 3.1 , we can solve split feasibility problem.

Theorem 3.2. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex subsets of H1 and H2,

respectively. Let A : H1 ! H2 be bounded linear operator with A
⇤

is adjoint of A where L is special radius of A
⇤
A

and let D : C! H1 be d-inverse strongly monotone. Assume that �A \VI (C,D) , ;, where �A = {x 2 C : Ax 2 Q}.
Let the sequence {xn} generated by x1 2 C and

xn+1 = ↵n f (xn) + �nPC (I � �D) xn + �nPC

⇣
I � a

⇣
A
⇤ ⇣

I � PQ

⌘
A

⌘⌘
xn,

for all n 2 N, where {↵n} ,
�
�n

 
,
�
�n

 ✓ (0, 1) with an + �n + �n = 1 and f : C ! C is ↵-contractive mapping with

↵ 2 (0, 1). Suppose that the following conditions hold;

i) lim
n!1
↵n = 0,

1X

n=1

↵n = 1,

ii) c  �n,�n  d, for some c, d > 0,

iii) � 2 (0, 2d) , a 2
✓
0,

2
L

◆
,

iv)
1X

n=1

|↵n � ↵n�1|,
1X

n=1

|�n � �n�1| < 1.

Then the sequence {xn} converges strongly to x0 = P�A\VI(C,D) f (x0).

Remark 3.3. If we take D ⌘ 0 in Theorem 3.2, we have

xn+1 = ↵n f (xn) + �nxn + �nPC

⇣
I � a

⇣
A
⇤ ⇣

I � PQ

⌘
A

⌘⌘
xn, (23)

for all n 2 N, which is modification iterative scheme {xn} in Theorem 1.2 and by Theorem 3.2, we have the sequence

{xn} generated by (23) converges strongly to a solution of SFP under the su�cient conditions of Theorem 3.2.
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4. Application

Let C ✓ H1,Q ✓ H2 of Hilbert space H1,H2 and let A : H1 ! H2 be a bounded linear operator.

Let 1 : H1 ! R be a continuous di↵erentiable function. The minimization problem;

min
x2C

1 (x) :=
1
2
k(I � PQ)Axk2, (24)

is to find a point x
⇤ 2 C such that 1 (x⇤)  1 (x) for all x 2 C.

From studying the minimization problem, we introduce the general constrained minimization problem as
follows,

min
x2C

1 (x) :=

����
⇣
I � PQ

⌘
Ax

����
2

4
+

����
⇣
I � PQ

⌘
Bx

����
2

4
. (25)

The set of all solution of (25) is denoted by �1 = {x⇤ 2 C : 1(x⇤)  1(x), 8x 2 C}.
The following results show the relationship between the general split feasibility problem and the general

constrained minimization problem.

Lemma 4.1. Let H1 and H2 be real Hilbert space and C,Q be nonempty closed convex subsets of H1 and H2,

respectively. Let A,B : H1 ! H2 be bounded linear operators with A
⇤,B⇤ are adjoint of A and B, respectively and

let 1 : H1 ! R be a continuous di↵erentiable function defined by 1(x) =

����
⇣
I � PQ

⌘
Ax

����
2

4
+

����
⇣
I � PQ

⌘
Bx

����
2

4
for all

x 2 H1. Assume that � , ;. Then the followings are equivalent.

i) x
⇤ 2 �,

ii) x
⇤ 2 �1.

Proof. ii)) i) Let x
⇤ 2 �1 and let x 2 �, we get x 2 C and Ax,Bx 2 Q.

Since x
⇤ 2 �1, we have

kAx
⇤ � PQAx

⇤k2
4

+
kBx

⇤ � PQBx
⇤k2

4
 kAy � PQAyk2

4
+
kBy � PQByk2

4
, (26)

for all y 2 C.
Since x 2 C, we have

kAx
⇤ � PQAx

⇤k2
4

+
kBx

⇤ � PQBx
⇤k2

4
 kAx � PQAxk2

4
+
kBx � PQBxk2

4
. (27)

Since Ax,Bx 2 Q, we have Ax = PQAx and Bx = PQBx.
From (27), we have

kAx
⇤ � PQAx

⇤k2
4

+
kBx

⇤ � PQBx
⇤k2

4
= 0.

It implies that Ax
⇤ = PQAx

⇤ 2 Q and Bx
⇤ = PQBx

⇤ 2 Q.
Since x

⇤ 2 �1, we have x
⇤ 2 C.

Hence x
⇤ 2 �.

i)) ii) Let x
⇤ 2 �, we have x

⇤ 2 C and Ax
⇤,Bx

⇤ 2 Q. Then, we have
���Ax

⇤ � PQAx
⇤
���2

4
+

���Bx
⇤ � PQBx

⇤
���2

4
= 0 

���Ay � PQAy

���2

4
+

���By � PQBy

���2

4

for all y 2 C. It implies that x
⇤ 2 �1.
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Remark 4.2. We observe that r1 =
A
⇤
⇣
I � PQ

⌘
A

2
+

B
⇤
⇣
I � PQ

⌘
B

2
, where A

⇤
and B

⇤
are adjoint of A and B,

respectively and r1 is a gradient of 1. From Lemma 2.5 and 4.1, we have �1 = � = VI(C,r1), where � , ;.
Theorem 4.3. Let H1 and H2 be real Hilbert spaces and let C,Q be nonempty closed convex subsets of H1 and H2,

respectively. Let A,B : H1 ! H2 be bounded linear operators with A
⇤,B⇤ are adjoint of A and B, respectively and

L = max {LA, LB}, where LA and LB are special radius of A
⇤
A and B

⇤
B. Let the function 1 : H1 ! R be di↵erentiable

continuous function defined by 1 (x) =

����
⇣
I � PQ

⌘
Ax

����
4

+

����
⇣
I � PQ

⌘
Bx

����
2

4
and let D : C ! H1 be d-inverse strongly

monotone. Assume that � \ VI (C,D) , ;. Let the sequence {xn} generated by x1 2 C and

xn+1 = ↵n f (xn) + �nPC (I � �D) xn + �nPC

�
I � ar1� xn,

for all n 2 N, where {↵n} ,
�
�n

 
,
�
�n

 ✓ (0, 1) with an + �n + �n = 1 and f : C ! C is ↵-contractive mapping with

↵ 2 (0, 1). Suppose that the following conditions hold;

i) lim
n!1
↵n = 0,

1X

n=1

↵n = 1,

ii) c  �n,�n  d, for some c, d > 0,

iii) � 2 (0, 2d) , a 2
✓
0,

2
L

◆
,

iv)
1X

n=1

|↵n � ↵n�1|,
1X

n=1

|�n � �n�1| < 1.

Then the sequence {xn} converges strongly to x0 = P�1\VI(C,D) f (x0).

Proof. From Theorem 3.1 and Lemma 4.1, we can conclude Theorem 4.3.
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