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Chapter 1

Introduction

1.1 Inception and importance

Motivated from scientific computing, a rectangular matrix is a two-dimensional
array for stacking data. To produce a new data, we can use a variety of matrix products.
Each matrix product is suitable for particular problems occurred in science, engineering,
economics, efc.

Consider two real/complex matrices 4 and B of dimension m x n and p x ¢,
respectively. In the case n = p, the matrices A and B are said to satisfy matching
dimension condition. As n is a factor of p or p is a factor of n, they are said to satisfy
factor dimension condition. From Linear Algebra, it is well known that as A and B
have matching dimension, the conventional matrix product AB is well defined. In the
(iterature, there is a kind of matrix product that generalizes the conventional matrix
product in such the way that the two factor matrices do not meet the dimension
matching condition, namely, the semi-tensor product (Cheng [2]). The theory of semi-
tensor products for real/complex matrices has been developed by many authors; see
e.g. [3, 4, 6]. The concept of semi-tensor product can be applied widely in science
(see e.g. [4, 5,7, 8]

In the viewpoint of scientific computing, the theory of matrices whose entries
come from a suitable algebraic structure such as a ring or a (commutative) semiring
are practically useful. Such theory was investigated by many mathematicians; see e.q.
([1, 12, 13, 19)). Applications of this theory can be seen in [9, 11, 17].

In this research, we introduce the notion of semi-tensor product of matrices
over a commutative semiring. We investigate properties of semi-tensor product related
to other matrix operations sucH as the addition, the scalar multiplication, the usual
matrix multiplication, the transposition and traces. Our results extend the results

known so far for real or complex matrices in the literature.

1.2 Objectives

1) To define the notion of semi-tensor product for matrices over a commutative

semiring.



2) To investigate properties of semi-tensor product related to other matrix opera-
tions such as the addition, the scalar multiplication, the usual matrix multiplica-

tion, the Kronecker product, the transposition and traces.

1.3 Scope of the study -

We consider the semi-tensor product of two matrices over an arbitrary commutative

semiring.

1.4 Utilization of the study

1) To develop further mathematical theory for matrices over a commutative semir-
ing.
2) To obtain mathematical tools for analysis and control of Boolean networks, math-

ematical logic, scientific computing and related fields.

1.5 Research methodology

1) Study related topics in matrix theory.
2} Study related topics in multilinear algebra.
3) Study basic properties of commutative semiring.

4) Collect and study research papers and textbooks concerned with the semi-tensor

product of matrices.
5) Determine the objectives and scope of the research.
6) Define the semi-tensor product of matrices over a commutative semiring.

7) Investigate the relationship between semi-tensor products and other matrix op-

erations.

8) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2

Preliminaries

2.1 Commutative semiring

Definition 2.1. Let M be a set, and o an operation on M. We say that (M,o) is a

monoid if it satisfies the following properties:
(i) (closure) for any =,y € M, we have zoy € M,
(i} (associativity) for any z,y,z € M, we have (zoy)oz=zo (yoz),
(iii) {identity) there exists e € M such that for any z € M, we have eocz =zoe=z.

We may also say that A is @ monoid under o.

Example 2.1. (R, +),(R, -}, (N, +), (N, ), (@, +), R \ {0} , ), (Z,+), (Z,-} are monoids.

Definition 2.2. (Zimmerman {20] and Golan [9]). A commutative semiring L = (L, +,-,0,1)

is an algebraic structure with the following properties:
(i} (L,+,0) is a commutative monoid,
(i) (L,-,1) is a monoid,
(i a-b=b-aforallabeL,
(M a-(b+c)=a-b+a-cand (b+¢)-a=b-a+c-aforallebcek,
WM 0.e=ae-0=0foraleci,
(vi) 0 #1.

Definition 2.3. A field is a set F with two binary operations, + and -, and two distinct
elements 0 and 1, satisfying the following properties:

() Vz,y,ze F, (z+y)+z=5+(y+2),
(Ve F,z+0=0+z=u2,
(i) Ve FAlye F,z+y=y-+z =0,

(V) Ve,ye F,z+y=y+z,



(WV&%zEFﬂwmyz=m%y¢L
VyVezeF,z.1=1-g=ag,

Vil vze F-{0} IyeF,z-y=y-z=1,
Vi) Ve, ye F,z y=v-=,

(iX) Vo,y,2€ Foz-(y+2)=z-y+z- 2

Example 2.2. Q,R,C,Z,, where p is a prime number, are fields. We have every field

with its operations is a commutative semiring.

Example 2.3. The nonnegative real numbers with the usual operations of addition and

multiplication is a commutative semiring,

Definition 2.4. Let a,b € Z be such that a,b # 0. Any positive intecer d is called the

greatest common divisor between a and b if and only if
(i) d|aand d|b,
(i) V&' e N, (d' | a) A{d' | B) = (d" | d).
Write gcd(a, b) for the greatest common divisor between « and b.

Definition 2.5. Let e, b € Z—{0}. Any positive integer m is called the smallest common

muttiple between a and b if and only if
() a|mandb|m,
(i) V' € N, (@ | m!) A (b| m') = (m | m).

Write lcm(e, b) for the smallest common multiple between a and &.

Example 2.4. The nonnegative integers is a commutative semiring under the operations

g, a=b=0
a+b=
gcd(e,b), otherwise
lcm(a,b), a,beN
a-bh=

0, otherwise,
Example 2.5. The fuzzy algebra [0,1] {see e.g. [10]) is a commutative semiring under

the operations

a+b=max{a,b} anda-b=min{a,b} foralla,be[0,1].



Example 2.6. [0,00] is @ commutative semiring under the operations
a+b=max{a,b} anda-b=min{a,b} foralla, e [0,c0].

That is ([0, o0] ,max, min, 0, 00) is @ commutative semiring.
Example 2.7. Let n € N be such that » > 1. The set Z, of integer modulo » with its

usual operations is a commutative semiring.
Example 2.8. The max-plus algebra (or schedule algebra) R U {—oo} (see e.g. [14, 16])
is a commutative semiring under the operations

adb=max{a,b} ande®b=a+b forallebecRuU{-o0},

e (RU{—oc},d,®,—00,0) is a commutative semiring.

2.2 Matrices over a commutative semiring

From now on, let L be a commutative semiring. Denote by M, , (L) the set of all

m-by-n matrices whose entries come from L. We abbreviate M, ., (L) to M, (L).

Definition 2.6. Let A = [a;;], B = [bij] € M (L) and « € L. Define the addition and

the scalar multiplication as follows
A+B= [aij B bij] & Maa (L),
ad = [(Ifbfj] € A’fmm (L) .

Definition 2.7. Let A = [a;;] € Mm . (L) and B = [b;] € M, ,(L). We define the
muttiplication of A and B by

AB = [Z aikbkj} € Mup(L).

k=1

Definition 2.8. The zero matrix and the identity matrix in M, (L) is defined as

g --- 0 1 ++. 0
On = Gnd Iﬂ =
0 --- 0 0 1
Proposition 2.9. Let A be matrix over a commutative semiring L. If the following

matrix operations exist, we have
{(e+8)A=0cd+8A

Definition 2.9. The transpose of @ matrix A = [ai;] € Mms (L) is defined to be the

matrix AT = [aj;] € My (L)



Definition 2.10. A matrix A € M, (L) is said to be invertible if there is a matrix B €

M, (L) such that AB =1I, = BA.
Theorem 2.10. (Reurenawer [1]) Let A,B € M, (L). If AB =1I,,, then BA = I,

Definition 2.11. A matrix A € M, (L) is similar to B € M, (L) if and only if there is a
invertible matrix 8 such that S—1AS = B.

Definition 2.12. The trace of a matrix A = [a:;] € M, (L) is defined by

tr (A) = i aii.

g==1
Definition 2.13. (see [15]) Let A € My, » (L) and B € M, ,(L). The Kronecker product
of A and B is defined to be

A B = {aijB]ij e ﬂ{mp'nq (L) .
That is, each (i, 7) th block of A® B is given by ay;B fori=1,....m andj=1,...,n

Example 2.11. Let L = ([0,1], max, min, 0, 1) be a commutative semiring with operations

a+b=max{a,b} and a¢-b = min{a,b} for all a,b € [0,1]. Consider

0.8 0.2 0 03 01
A= and B= I

1 0 05 09 06

We have
0 03 01 0 03 01
0.8 0.2
0.5 09 0.6 0.5 0.8 0.6
A® B =

0 03 01 0 0 03 01

05 09 056 0.5 09 06

0 03 01 0 02 01

0.5 0.8 0.6 0.2 02 02

0 063 01 0 00

0.5 09 046 g 00

[0 03 01 0 02 o1
05 0.8 06 02 02 0.2
0 0301 0 0 0]
05 09 06 0 0 O




Theorem 2.12. (The mixed product property, see [15]}Let A € Mpn (L), B € Mp, (L),
C € Mp i (L) and D € My (L). Then

(A® B) (C®D)=(AC)® (BD).

23 Semi-tensor products of real matrices
Definition 2.14. (Cheng [2])

() Let X € My ma(R) and ¥ € My 1(R). Then we split X into m equal-size blocks
s (X1, X%,...,X™), such that Xt € My ,(R), i = 1,...,m and define the left
Semi-tensor product (STP) of X and Y, denoted by X x Y, as

m
XxY =) yX" € MnR) (2.1)

i=1

(i) Let X € My n(R) and ¥ € M1 (R). Then we define the laft STP of X and Y, as

X x ¥ =[¥Tx x7)" € Ma1(R). (2.2)
2
Example 2.13. Let X = [1 3 2 4] and Y = { } Then
-1

X|><Y=2-[1 3}+(—1)-[2 4]

- ofefen
) [0 2] .

T
Example 2.14. Let X = 1 2 _1] and Y = [2 1 -1 0 =2 1] . Then

1
AxY= -1 0 -2 1] 2
-1

S(f e e )
E[Q Jefo o+l -l)

1)

T



Definition 2.15. (Cheng [2]) Let A € Mpa(R) and B € M, 4(R). If either n is a factor
of p, say nt = p and denote it as A <, B, orp is a factor of n, say n = pt and denote
it as A = B, then we define the left STP of A and B, denoted by C = Ax B, as the

following: C consists of m x g blocks as C = () and each block is

C=AwB;, i=L2..mji=12..q

where At is i-th row of A and B; is j-th column of B.

Ax B=

1 2 -1 2
1 2
Example 2.15. letA=jo0 1 2 3 and B = . Then

-1 3

33 1 1

1 2
TR G e

-1 3

1 2
AEAE TN

1 2
[3311}D< [3311]D<

0 -1 10
-2 6 11
2 9 9

Rernark 2.16. Let A € Mua(R) and B € M, 4(R). It follows from the definition that

when n = p we have

Ax B=AB.

Theorem 2.17. (Associative rule, Cheng [2]) Let A, B and C be matrices over R If the

following matrix operations are well-defined, then

(A B)x C=Ax(BxC).

(2.3}
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Theorem 2.18. (Cheng [2]) Let A € My, (R) and B € M, ,(R) where p | n orn | p

Then
(4w B)T = B x A7. (2.4)

Theorem 2.19. (Bilinearity, Cheng [2]) Let A, B and C be matrices over R. ff A, B and
C are of multiplier dimension, then
Ax(@aB+BC)=a(Ax B)+8(AxC), (2.5)
(@B+B8C)x A=a(Bx A)+B(Cx A). (2.6)

Definition 2.16. (Cheng [2]) If X is a row vector or a column vector, we define for

each k € N,

X=X xX. (2.7
k

Definition 2.17. (Cheng [2]} Assume A € My, » (R) where either m { n or n | m. Then
A" s inductively defined as

AXl = A and AXEHD) — A%k A for k=1,2,... (2.8)

It is easy to see that A* is well defined. Moreover, if m = ni, then 4%* € M, , (R)

and if mt = n, then A¥F € M, e (R).
Theorem 2.20. (The mixed product property, Cheng [2])

(i) Let X € R*, ¥ ¢ R? be two columns and A € M,, . (R), B € M,,(R) be two

matrices. Then
(AX)x (BY) = (AR B)(X x V). (2.9)

(i Let W e R™, Z € R? be two rows and A € My, (R), B € M, (R) be two matrices.

Then
(WA)x (ZB) = (W x Z)(B® A). (2.10

Theorem 2.21. (Cheng [2]) Let A and B be matrices over R .
(Y IfA>; B, then Ax B=A(B®I).
(II) If A < B, then Ax B= (A@It) B.

Theorem 2.22. (Cheng [2]) Assume that A € M, (R) and B € M, (R) with proper

dimensions such that Ax B and B x A are well-defined. Then

tr(Ax B)=1r(Bx A). (2.11)



u

Theorem 2.23. (Cheng [2]) Assume that A and B are square matrices and both Ax B
and B x A are well-defined.

(i) f A=, B and A~! exists, then Ax B~ B x A,
(i) If A<, B and B! exists, then Ax B~ Bk A.

Theorem 2.24. (Cheng [2]) Assume A € M, (R) and B € M, (R) are invertible and
A x B is well defined, then

(Ax By ' =B"1x AL (2.12)

Theorem 2.25. (Cheng [2]} Assume A and B are square matrices and A and B are of

multiplier dimension.
() If A and B are orthogonal, then so is 4 x B.
(i) If A and B are upper triangular, then so is 4 x B.
(iii) If 4 and B are lower triangular, then 5o is 4 x B.
(iv) If A and B are diagonal, then sois Ax B.

Theorem 2.26. (Cheng [2]) The semi-tensor product of a matrix with an identity matrix
has the following properties '

() If A€ M pn (R), then A x I, = A.
(i) If A € My (R), then A x I, = A® I,
(i) If A€ Mpnn(R), then I, x A= A.

(V) If A€ Mpn(R), then L, x A= AT,



Chapter 3

Semi-tensor products of matrices over a commutative

semiring

In this chapter, we introduce the semi-tensor product of matrices over a commu-
tative semiring. First, we define the semi-tensor product between row vectors and
column vectors. Then we extend it to the product between row vectors and matri-
ces. Finally, we can define the semi-tensor products for matrices by partitioning the

first factor matrix into row-block matrix,

3.1 Semi-tensor products between row vectors and column vectors

Definition 3.1. Let X € My, (L) and Y € M, (L).

(i) Considler the case m = tp, denoted by X -, Y. We split X into p equal-size
blocks as (X', X?,...,XP), such that X* € My (L) for all i = 1,...,p. Define the
left Semi-tensor product (STP), denote by x, as

D
XwY="yX'eM, (L) (3.1)

i=1

(ii) Consider the case mt = p, denoted by X =, Y. We split Y into m equal-size
blocks as (Y1, Y?,...,Y™), such that Y* € M, (L) for all i =1,...,m. Define the
left STP, denote by %, as

XwY =5 V'€ My (L). (3.2)

i=1

Example 3.1. Let L = ([0, 00], max, min,0, c0) be a commutative semiring with opera-

tions a + & = max{e, b} and a- b= min {a, b} for all a,b € [0, 00]. Consider

o0
X=[o 2 1 oo] and ¥ =
5
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XxY=oo-[o 2}—!—5-[1 oo]
= [00-0 00-2}-4-[5-1 5-00]
N
[0+1 2-|-5J

.l

Example 3.2. Let L = (Zg,+,-,0,I) be a commutative semiring with operations

I

and@-b=a-b forall a,b e Zs. Consider X = [ﬁ 2 5] and

<l
fa

ol
ool
|
i
ol
]

o)

<l

: )]
v N e W e

oy

<l
=]
3V
|
on|

Ll

=l

I
Dl
._I_
: b3l |
+
rol

|

Lemma 3.3. Let X € My, (L) and Y € M,,1 (L) be such that p |m or m | p. Then
(X ) =¥T « xT. (3.3)

Proof. For the case X s+, ¥, we have

D
(X xY)T (Zy,X’) Zyi(XT)i =YT x X7,

i=1

For the case X <, Y, we get

T m
(X xY)T (Zz,w) =y m(yTy =vTx X",

i=1
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Lemma 3.4,
() Let X € M1, (L), Y, Z € Mp1 (L) and @, 8 € L where p | m or m | p. Then

Xx{oY +82)=a(Xx¥Y)+8(XK2Z). (3.4)

(i) Let X,Y € My (L), Z € My (L) and o, 8 € L where p| m or m | p. Then
(X +8Y )k Z=a(X x Z)+B8(Y x Z). (3.5
Proof. Consider X € Mym(L), Y,Z € M,1(L) and o, € L. For the case p | m, we
obtain

X x (oY +82)= (au+ﬁzi)Xi

M=

1

.
I

(api Xt + Bz X")

M-u

3

1

P P
=a) uX 48 uX'

=) i=1

i

=a(XxY)+p(XxZ).

For the case m | p, we have

X x(aY +52) = Z:c,- (aY? +82%) -
i=1

= Z (amiYi + ,Ba:,-Z“')

i=1
m m
moYnyie a3 a
i=1 i=1

=a(XxY)4+8(XxZ).

Similarly, we can prove the assertion (ii). O
Lemma 3.5, Llet X € My, (L) and Y € M, (L). Then

M Ifn=tp, then X x Y = X (Y Q@ I).

(i fat=p then X x ¥ = (X Q1L)Y.
b

. b1
Proof. Forthe case X =~ Y, wewrite X = |z, 2y, -+ 21, and ¥V = .

LUn1 ]



We have

ArY
Y11
: Do ‘ L
= |11 '“Ilt-ml,t-i-l . ..xth‘ e 'ml,(p—l)t+1 . 'wpt X
| Yp1 ]

=y11 [B11- - Tu] + vo1 [Breer T2 o + Yp1 [$1,(p—1)t+1 i 'SUpt]
= [yuzu +yniq1 + ..+ YpI&L (p—1)t+1 * * * V11T1e + Y21T12¢ + - + Ypi T,

= [3711 crrlg Tkl T2t Ty (p—1)ek1 ‘Cﬂpt]

Y11 0 > D
0y 0
0 0 Y11
Y1 0 . 0
0 Yo1 e 0
X
0 0 a1
Yor O o 0
0 Ym -+ 0
i 0 0 o Ypl
01 --- 0
- X 2 @
| p1 | 00 - 1

Similarly, we can prove the assertion (ii).

3.2 Semi-tensor products between row vectors and matrices

We use Row; (4) for the ith row of A and Col; (4} for the ith column of A.
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Definition 3.2. Let X € My, (L) and A € M, (L) where p | m or m | p. We define
XxA=[XxColi(4) - X x Col,(4)]. (3.6)

Example 3.6. Let L = ([0, 1], max, min, 0, 1) be a commutative semiring with operations

a+b=max{a,b} and a-b=min {a,b} for all a,b € [0,1]. Consider

02 0
X=[0.1 1 08 0] and A= :
04 1

ceacfo voo 4] o1 o o]

N T i T e

o odifoe o] oo o o]

We obtain

Lemma 3.7. Let XY € My, (L) and A, B € Mpq (L) ond o, 8 € L where p |m or m | p.
Then

Xx(@A+8B)=a(X x A)+8(X x B), (3.7)
(aX +fY)x A=a(X x A) + (Y xA). (3.8)
Proof. From Definition 3.2 and Lemma 3.4, we have
X x (aA + BB)

=X x [aColy (4} + B Col; (B)--- aCol,y {4) + Col, (B)]

= [X x (aColy (4) + BCol; (B)) - -- X x (aCol, (4) + B Col,(B))]

= (& (X x Coly (4)) + B (X x Coly (B)} e (X x Coly (4)) + 8 (X x Coly(B))]

= [a (X x Coly (4)) -+ a (X x Coly (A))] + [B (X x Coly (B)) -+ B (X x Col, (B))]

=a[X xColy (4)---X x Coly (4)] + 8 [X x Coly (B)--+ X x Col,y (B)]

=a(X x A)+B(X x B).

Similarly, we obtain (X + 8Y)x A=a (X x A} + 3 (Y x A). O

3.3 Semi-tensor products of matrices

Definition 3.3. Let A € My, (L) and B € My, (L) where p | nor n | p. The left

semi-tensor product of A and B is defined as
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Row; (4) x B
AxB= : (3.9)

Row,, (A) x B

which is an m x ¢ block matrix.

Remark 3.8. Let A€ My, (L) and B € M, ,(L).
() If n = tp, then A x B is an m x tqg matrix.
(i) If nt = p, then A x B is an mt x g matrix.

Example 3.9. Let L = ([0, 00), +,+0,1) be a. commutative semiring with the usual op-

erations of addition and multiplication. Consider

T B3
.3 P- A 1
A= and B =
"4l o ) W T
“0 3 2_
We get
> A
13| xB
Ax B =
9 1 xB
L ]
N l—O r3
3 2 1
a3 (8] k7l 5]
2 1 )
0] 3] 2/
1 0] 3]
3 2 1
{2 1JD< {2 1]D< [2 I}N
2 ! 1
L 0] 3] 2] ]
7 3 6
3 11 7
4 1 7
_6 T 4_

-
-\'E
=X
O
<
S o)
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Example 3.10. Let L = (Nu{0},+,-,0,1) be a commutative semiring with operations

0,
a+b=
gcd(a, b),
lem({a, b),
a - =
0,
12 6 8 3 1 4
Consider A = and B =
2 5 1 10 21
1
[12 6 8 3:|'><
2
Ax B =
1
[2 9871 10]“
2
1
[12 6 8 S]K
2
I (1
2 5 1 10]D<
L 2
4 6 4 3
2 5 1 10

12 6]+[8 6 12 12]+[8 3

2 5]-5—[2 10 4 20]+[1 10

a=b6=0
otherwise
a,beN
otherwise.
. We have
4
1
4
1]
4
[12 6 8 3] X
1
] 4
[2 5 1 10| X
J lj

Proposition 3.11. Let A € My, » (L) and B e M, ,(L) where p|n or n|p. Then

Ax B=[AxColy (B)

Proof. From Definitions 3.3 and 3.2, we have
Row; (A) x Coly (B)
Ax B = .
Rowy, (4) x Coly (B)

A Colg (B)].

(3.10)

Row; (4) x Cot, (B)

Row, (4) x Col, (B)

= [Ax Coly (B)--- A x Coly (B)].
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Theorem 3.12. Let A € My n (L) and B € M, ,(L). Then Ax B = AB.
Proof. From Proposition 3.11, we have

Ax B=[AxCol;(B) - Ax Coly(B)]

[Row; (4) x Coly (B) - Row; (4) x Col, (B)

| Row, (4) x Coly (B) --- Rowm (4) x Col, (B)

T n
Popg Gukbir e 300 aarbeyg

n m
P opm1 Gmkbrl ot Yo Gmkbrg

AB.

[

Theorem 3.13. (Associative rule) Let A,B,C be matrices over L. If the following

matrix operations are well-defined, then
(AxB)x C=Ax (BxC). (3.11)

Proof. Consider the dimension of 4, B and C.
Case 1: A» B and B~ C. Assume 4 € My np (L), B € My 4 (L) and C € M, , (L).
Case 22 A <Band B<C. Assume A € My o (L), B € Mpy (L) and C € Mg, (L).
Case 3: A < Band B> C. Assume A € M, , (L), B € Mupqr (L) and C € M, 5 (L).
Case 4: A B and B < C. Assume A € My, np (L}, B € My 4 (L) and C € M., (L).
Now the dimension of A x B is m x ng. To make it feasible for (A x B) x C, we need
Case 4.1 (Ax B)» C,ie,n=n'r.
Case 4.2: (Ax B)<C,ie,r=nr.
The dimension of B x C is pr x s. To make it feasible for (4 x B) x C, we need
Case 4.3: A~ (Bx (C),ie,n=n'r
Case d.d: A< (Bx(Q),ie,r=nr.
Next, we prove the associativity. We have to prove it case by case. But case 1-3
are similar, we prove only case 1.
Let A € My np(L),B € My g (L) and C € M, 4 (L). Assume m =1 and s = 1. Split A

as A={4,---A4,], where 4;,i=1,...,p are 1 x n blocks. Then
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LHS:
bl o bl 0 b by
Ax B=1[As - Ap]
bli’l b]]?q bfl bgq
r . P ) P " P .
= [ZA,-HH-.-ZA,-b;q---ZA,-b:,l ---ZAib;q} .
i=1 i=1 i=1 i=1

Then we olstain

C1
r P r P
(Ax B)x C=(Ax B)x | : :[ZZAibglcj---ZzAibj.ch]

4=11i=1 =1 i=1
Cr
RHS:
1 1 1 1
Bl oo Bl e bly v bl 1
1%
P r
Wy oo b o bry by Cr
) AN\ ./ i o LY
Ej:l bjlc.’l Ej:l quca
T T
Ej:l b?lcj & Ej:l b?ch
Then

Ax(BxC)=(A1...,Ap) x (Bx C}
rop ) r P _
= |0 Ay DD Al
j=1 i=1 j=1i=1
We have LHS = RHS.
Since Cases 4.1-4.4 are similar, we prove Case 4.1 onty.
Let A € Mo ngr (L), B € Mpg (L) and C € Mg (L) be given. We also assume m =1
and s =1. Split 4as A= [An---AlrmApl---Apr], where each A;j,i=1,...,p,J =

1,...,r are 1 x n blocks.

b big
B= : y C= [(311 o C1p Cql qu]T .
bp1 bpq
A direct computation shows that
r r 4
(AxB)xC=3.3 > Aisbicr; = A (B o).
i=1 j=1 k=1



Chapter 4
Semi-tensor products and familiar matrix operations

We shall show that the semi-tensor product of matrices is compatible with
familiar matrix operations, such as, addition, scalar muttiplication, transposition and

Kronecker multiplication.

Theorem 4.1. Let A€ My, (L) and B € M, (L) where p|n or n|p Then
(Awx BT = BT x AT. (4.1)

Proof. From Lemma 3.3, we have

r[Rowl (4)x Coly (B)]T -+ [Rowim (4) x Coly (B)]”
(A X B)T 7 4 . f
| [Row; (4) x Col, B - [Row, (4) x Col, (B)]T
[1Coly (B)]T ¢ [Rowa (A -+ [Coly (B)]T x [Rownm (A}
[Col, (B))" x [Rows (A) -+ [Coly (B)]T & [Rows (A)]
-Rowl (BT) x Coly (AT) -+ Row (BT) x Col,, (A7)
| Rowg (BT) x Coly (AT) .- Row, (BT) x Col,, (A7)
= BT AT.

The next theorem shaws that the semi-tensor product is a bilinear map.

Theorem 4.2. (Bilinearity) Let A, B,C be matrices over L and «, 8 € L. If the following
matrix operations are well-defined, then
Ax(aB+BC)=a(Ax BY+8(AxC), (4.2

(@B+BC)x A=a(Bx A)+B8(Cx A). (4.3)
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Proof. From Definition 3.3 and Lemma 3.7, we have
[ Rows (4) x (@B + 6C)
Ax (B +BC) = :

_Rowm {A) x {aB + 8C)

[ Row; (A4) x {(aB) + Row; (4) x (8C)

-ROWm (4) x (aB) + Row,, {A) x (8C)

[Rows (4) x (aB) | | Rows (4) x (8C)

Row.,, (4) x (8C)

_Rowm (A) x (aB)

| —

Rows (4) x (B) Row; (4) x (C)
=a : +8 '

Row,,, (4) x {B) Row, (4) x (C)

=a(Ax B)+B(AxC).
Similarly, we obtain (aB+8C) x A=a (B x A) +B{C x A4). ]
Definition 4.1. ()} If X is a row vector or a column vector, we define for each k € N,

XE=Xx . xX. (4.4)
k

(i) Let A € My (L) and n | m or m | n. The k" semi-tensor power A%* js defined
) P

inductively for all positive integers k by
Al = A and AXGFD — A%k A for k=1,2,... (4.5)
Moreover, if m = ni, then A** € My, , (L) and if mt =n, then A®* € M,, s, (L),
Example 4.3. Let L = (Z4,+,-,0,T) be a commutative semiring with operations

- o 20
G+b=at+banda-b=a-b forall a,bc Z,. Consider 4 = - |- Find A%, We have

=
[

o 00
17T
From Definition 4.1, we obtain
4t gy |00

[
ol



Lemma 4.4.

() For X e M (L)and Y € M, (L), we have X x Y =X @Y.
(i} For W e Mym (L) and Z € My, (L), we have Wx Z =Z Q@ W.

Proof. For the case X =[z;---zm]” and ¥ = [y1 - ua)7, we have

1 [yl

AKY =

T ¢ [y1 ]

i1
T1ln

Tmit

xmynJ

=X@Y.
For the case W = [w; - - wy] and Z = [21 - - z,,], we have

W X Z = [[wy - wm] X [21] - [y -+ win] X [25]
= [z1w1 - 21Wm - 20 W1 2 Wi

=Z@ W

Theorem 4.5. (The mixed product property)
() Let X € Mp1 (L), Y € My1 (L), A € My (E) and B € M, (L). Then
(AX)x (BY) = (A€ B) (X x ).
(i) Let W € Mym (L), Z € My, (L), A€ Mpn(L)and B e M, ,(L). Then

(WA) & (ZB) = (W x Z)(B® A).
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(4.6)

(4.7)

Proof. Consider the case X € M, (L), Y € My1(L), A € My, (L) and B € M, , (L).

Ty n

letX=|:[,Y=(:|andAd=ay),i=1,....mj=1...,n ,B=[by],i=1,...,p,



j=1,...,q. From Lemma 4.4, we have

(AX) x (BY) =

a1 +

Gm1Z1 + ...

G121 + ..
[a11$1 +...
[amlﬂ':] + ...

lamizy + ...

antbiizin + ...+ aubig@iyy + .-

anbgTiyn + -+ enbyg®iyg ..

"aubn
11541
amibn

Gml bql

L A1nTn

buy +

+ Omnn

bo11 +

-+ @1pZa] [brayn + ...+ bigly]
+ @1aZn] [Dgrt + - - - + bpgly)
-+ amnxn] [bllyl +...+ blqu]

+ @mnn] by + ... + bpq?)’q]J

Gmlblll']yl + ...+ amlbqulyq @

_Gmlbqlﬂflyl +oo+ emabpeTiyg + .

anbiy T1nb11
a11 bpq alanl
Qm1 blq amnbll
m1 bpq ﬂmanl

=(A®B) (X xY).

The proof of (i) is similar to that of (i}.

[N +b1qu

coo ot bpglyg

-+ a1nb11Tein +

+ alanl Tnlh +

=+ amnbllwnyl +

- amanlmnyl 5

@rnbiq

inbpq

amnblq
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e+ G.]nblqﬁfnyq

ot B1pbpg Ty

o Gl TRy,

St amnbpqmﬂyqj

HAN/A

T1Yq

Tni1

Grmnlpg i

According to Theorem 4.5, we have .the next corollary.

Corollary 4.6.

k

(AX)*F = (A@---@

(i) Let X € My, (L) and A € My, (L). Then

A) Xk,

Tnlq
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(if) Let W € My ., (L) and A € My, . (L). Then

(WAﬁk=ﬂmk(A®-~®A). (4.9)
2

Theorem 4.7. Let A€ M, ,, (L} and B € M, , (L).
() Ifn=tp, then Ax B=A(B®L).

(il f nt=p,then Ax B=(A® ) B.

Proof. To prove (i), write

Row; (A)
A= : and  B=|Col,(B) - Col,(B)|-
Row, (4)

From Lemma 3.5, we obtain

[ Row, (4) x Coly (B) - Rows (4) x Col, (B)
AxB= i :

| Row, (A} x Coly (B) «-- Rowm (A) x Coly (B)
—Rowl (4) (Coly (B)®1;) --- Row (4)(Coly(B)® L)
[RoW,, (4) (Coly (B)® 1) -~ Rown (4) (Col, (B)® 1)
[ [ Row; (4) Row (4)

= : (Co(B)®L) - : (Colg (BY® )
| [ Rowsy, (4) Row,, (4)

= [A (COll (B) ®Ig) A(COLQ (B)@It):l

= [A (Coly (B@h)) -+ A(Coly(B® I,,))]

=A [Coll (BoL) --- Col,(B® I*)]

=ABSI).

Similarly, we can prove (ji). O

Corollary 4.8. Assume that A € My, (L) and B € M, (L) with proper dimensions such
that Ax B and B x A are well-defined. Then

tr(Ax B) =tr(Bx A). (4.10)
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Proof. For the case A >, B, we have

r(Ax B)y=tr(A(B®1L))
=tr{((B® ;) 4)
=tr{Bwx A)..

For the case A <, 12, we obtain

tr(Ax B) = tr (A® I) B)
=tr(B(A® L))

=tr(Bx A4).
[

Corollary 4.9. Assume that A€ M,, (L), B & M, (L) and both Ax Band B x A are
well-defined.

(i fA>, B and A~ exists, then A x B~ B x A.
(i) If A<, B and B~! exists, then A x B ~ B x A.
Proof. First, consider the case A »; B and A~! exists. By Theorem 4.7, we get

=A(B®IL)AA™?

=A(Bx A)A™L

It means that Ax B ~ B x A.

Next, consider the case A <, B and B~! exists. By Theorem 4.7, we have

AxB=(A®L)B
=B 'B(A®L)B
=B (Bx A)B.
That is, Ax B~ B x A. ]

Corollary 4.10. The semi-tensor product of a matrix with an identity matrix has the

following properties.
() If A€ Mypn (L), then Ax I, = A

(i) If A€ Mupn (L), then Ax Iy = AQ I,
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(i} If A€ My o (L), then I, x A= A.
(V) It A€ Mpn(L), then Ly x A= AQ I,

Proof. All assertions follow from Theorem 4.7.

{i) Since A =, I, we have
AxIy = AL, ® L) = A(Inp) = A
(ii) Since A <, I, we get
ALy =(AQ L) i =A® I,
(iii} Since I <., A, we obtain
Lx A= (I,&In) A= (Im) A= A.
(iv) Since I >, A, we have

Ipm X A= Iy (AR L) = AR I,



Chapter 5
Structure properties of the semi-tensor product

In this chapter that the semi-tensor product preserves invertibility and orthog-
onality of matrices. Moreover, special kind of matrices, namely, triangular and diagonal

matrices, are preserved under this matrix product.

Theorem 5.1, If A € M, (L) and B € M, (L) are invertible where n | m or m | n, then

A wx B s invertible with
(Ax B '=B"1x AL (5.1)

Proof. For the case A »; B, we have

(Ax B = (ABRIL)™!
=(B®L) ™A™

=B 'xA47L
For the case A <, B, it follows that

(AxB) ' = (A L) B)™!
=B l(AxL)™!

=Bk A"

Definition 5.1. A matrix A € M, (L) is said to be orthogonal if ATA=1,.

Corollary 5.2. Let A € M, (L) and B € M, (L) be such that n|m orm|n. If Aand B

are orthogonal, then so is A x B.

Proof. The orthogonality of A and B means that ATA = I,, and BTB = I,. Consider

the case A », B. From Theorems 4.7 and 2.12, we have

(Ax B) (Ax B) = (BT x AT) (A x B)

(B
=(BTeL)ATA(B® L)
= (BTB® LL)

=1

n®0

= int.
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It means that A4 x B is orthogonal. For the case A <, B, we get
(Ax B)T (Ax B) = (BT x AT) (A x B)
=BT (AT®L)(AQL)B
=BT (ATA® L,L,) B
=BT (I.)B
= BB

mi«
Therefore A x B is orthogonal. ]

Corollary 5.3. Let A ¢ M., (L) and B € M, (L) be such that n|m orm|n. if Aand B

are upper triangular, then so is A x B.

Proof. Assume that A and B are upper triangular. For the case 4 »; B, we obtain
AxB=A(B®IL).

Since A and B ® I, are upper triangular, it follows that A x B is upper triangular. For

the case A <; B, we get
AxB=(A®L)B.

Since A® I, and B are upper triangular, s is 4 x B. L]

Corollary 5.4. Let A € M, (L) and B € M, (L) be such that n {morm|n. If Aand B

are lower triangular, then so is Ax B.

Proof. It follows from Corollary 5.3 and the fact that the transpose of a upper triangular

matrix is a lower one. l

Corollary 5.5. Let A € M, (L) and B € M, (L) be such that n |m orm|n. if Aand B

are diagonal, then so is A x B.

Proof. From Corollary 5.3 and 5.4 , we obtain 4 x B is diagonal. O
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7 §. Toim and P. Chansangiom

1  Imtroduction

Motivated from selentifie computing, a weetangular matrix Is a two-ttimensional array Jor stacking
data, To produce a pew data, we ean use n veriety of netrix products. Each madrix prodoet is
snitable for particular problems occurred in sciones, enpineering, cconoties, ete, ’

Cousider two real feomplex wulrives A and B of dimension su » nand p x g, respectively, Tn the
ease #— p, the matrices 4 and B are said to satisfy matching dimension condition. As n is o factor
of por p is o factor of . they are said to satisfy factor ditnension condition. From Lincar Algebra, it
is well known vhat 55 4 and 2 have matehing dimension, the eonventional matrix product AB s wall
defined. In the ltorature, ikere is a kind of metrix produet that generalizes the conventional matrix
produet in sueh the way that the two factor matrices do not meat the dimension matehing condition,
namely, the semi-tensor product. The theory of semi-tensor products for real/complex matrices has
been developed by many authors; sce ez [3. 4. 7. 28], The concept of semi-tensor product can be
applicd widely in mathematies) logle (see e.g. [4, 5, 9]}, differontial goometry ([31]), absttact algchra
([131}, dynamic systems (i6, 12, 14]), analysis and control of Doglean networks (I8, 28]).

In the viewpoint of scientific computing, the theory of matrices whose entries come from a suitable
algebraic stmeture stuch as a.ring ar a (conmutative) smniving are practieally usefud. Such theory was
investigated hy many mathematicians; see 2.g. {12, 20, 21, 297). Applications of this theory go to tha
areas of nperation research, nptimization theory, antomatic contral, graph and network theory {(see
eg {14, 15, 17, 18, 10, 26, 32)).

In this paper, e introcdduce the notion of semi-tensor product of matrices over o commuzative
semiring. We invesligate properties of semi-tersor product related to other matrix operations such as
the additiou, the scalar muléiplication. ile usual matrix multiplication, the travsposition aud traces.
Onr resulis extend the results kuowu so far fur real or camplex matrices ju the Hierature.

2  Maltrices over a counnutative semiring

Definition 2.1, (Zimmennsn [30] and Golan [15]). A comnmtntive semiring £ = {L,+,-,0.1} is an
algehrale structure with the following proportics:

* Cormesponding euthor
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Semi-tensor product of matrices over a commutative seMmiring

(i) (Lo+ W) isn cortative monoid,
(ii) L. nonwid,
(iif) @ -h=bh.afow alta,h € L,
{ivy a-{b+0) —a.bta-emd(b+e)-ambased for all e,b, e € L.
v) 0-a=0-0=0 foralla € L,
(vi) 0= 1.
Example 2.2, The following Styuelres are commaitative seTivings.
(i) Tovery field with its operations.
(i} The nonnegative real mumbers with the usual ppurations of addition and muliiplication.

{iif) The nonnegative intogers vnder the operations @ + b= med{e.b} ond a- b= lom {26}, where

.. stands for the Ereatest eomima divizor and }.c.m stands for rhe smallest ConUNOL wnltiple

betwesn a sad b
(iv) The Dy algebra (0,1} {ew o {16]) under the operations e+b = sup ta,b} aud a-b = inl {er, b}
{(v) 0,00} nuder tho operntions @ | b mns fa,h] and o b= min {a. 1.
{v1) The iulegers awshislo 1 (B wills s wrsad wperations,
{vii) The mus-plus algebra {or schedule uhgebra) B {oo} umnder the operations o ¥V b= i (o, b}
and a-b=aibseecg i, 2 2417
Example 2.3, An MV-pigehra (sore.g. [1. 5]} is an algehralc sirueture af thetvpe L= {L, 4, 0,1}
sauisfying the following axivmns hold for all 2, 49,2 € L
M @euyss=re @b
(i) v@u=yg
(i) x4 0=2
{iv} —r =2
() 0= 1.
(i) sy =-0r0 4k
(vill) (e ® gy = {7y E T} &
We put oy y = {TEH-) P and Ay = (xa-oy) ey forny £ L. Then (L.V. 5.0, 1) wnd
i, A, 5, 1.0) are commurative semirings.
We denote My (L) = Mra (L) Tet A =lag]. B =M< M (£).C = [on] € Map (L} and
o = I, Tiefine the addition and the scatar multiplication as {ollows
A+ B =[ni + bijl € Manil),
oA = [nai] € Moan (L),

We define 1he mulbtiplication of A and C' by

AC = [ZU,-;:(:H] e ML)

inal
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Denote the zero maivix U = [0} € My (L) and identity matrix In = [8;5] € My (L) where Sy = 1if
i ':j and 5gj =1 Jlr}";.

The transpose of o matrix 4 = {oiy] € My (L) 1 defined to be the matrix AT = (] € Mo (L)
It follows that The operatinns of addition, scalar multiptestion, multiplication and transpasition satisiy
usnal properties for those of realfcomplex matrices.

A matrix A & A, (F) is srid to be invertibie if there is B matrix B & Mn (L) such that
AR = I, = BA, equivalently, AR = I, ov BA =T {(see ). A matrix A € My (L) is similar to
B £ My (LY il and only if there is a invertible matrix 5 such that §-1AS = .

The trage of o mstrix 4 =[] € Mo (L) Is defined by

tr(A) = ia,;.
]

It holds that 1 {AB} =1tr (BA} for any 4, B € M., (L)
Definition 2.4, {see |23)) Let A & M {L) and B £ Ay (L) The Krovecker product of A and B
is defined to be

A= ia,-J-B}U & Mupme (L.
That is, each (4, §) th block of A & [ is given by a;;: B3 fort=1,...,maml j=1...,n

Theorem 2.5. (see [23)) (The mired produel property) Let A = AL, (L) B € My (L),
C & My (L) and D e My, (£}, Then

{da B(Ce D)= (AC)© (BD).

3 Semi-tensor products of matrices over a commuftative
semiring

In this settion, we introduce the semi-tensor products of matrices and show that this product is
associative. To dn this joh, first we define the semi-tensor produet hetwoen row veetors and eolumn
veutors. Then we exlend it to the produet between row veetors nnd matrices, Finaly, we ean deline
the semi-tenser products for matrices by partitioning the Arst factor mateix into row-block matris.

3.1 Semi-tensor products between row vectors and column vectors
Definition 3.1, Lot X & My m (L) and ¥ € My (L}

(i) Consider the ense m = Ip, depotcd by X =, Y. We split X into p cqued-size blocks as
(,\",.XE....,,\”’), sneh that X* & M (L) for all 2 = 1,....p Define the left Semi-tensor
proiuct (1), denote by &, a8

bl
Xu¥ =Y uX'edti L) {3.1)

gl

() Consider the ease mi = denoted Ty X~ Y. We aplic ¥ ointa m cqaal-sine hlocks as
(YLY2%... Y™), such that Y7 € Ay, (L) for all £ == 1, ... Define the left STI, denote

by b, as

HL
Xu¥ = n¥ieMall). (8.2

=1
Lemma 3.2. Let X € Mean (L) 2nd ¥ € M,y (L) be such that p | mi or pjm. Then
X uy) =vTx X7, {3.3)
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Pmaf. For the case X+, ¥, we haee (X x )")T =57, y,-X"T = ¥T 1 XT. For the cose X <Y, we
pet (X oYY = Y00 ayT =YT < X7 ]

Lemma 3.3, (i) Let X € My (L), V.2 S Mpa (L) omd o, 8 € L where plan orm | p. Then

X (o} +B8Z) = (X xY) + X = 2. (3.4

() Let XY € Ay L), 2 € Mpa iL) and a3 & L where plmerm | p. Thet

(aX + /417w Foa(XwZ)+3 X ). (3.5

Proaf Cousider N & My, (L), Y, Z € My, (L) anc o, 3 & Lo Far the case p | w0, we obtain

XwlaY +8£)= T(uu; ;.f.,)\’
p

= Z QUI‘X‘ T .U‘-] )

lul

—aZmX“ ; a')—b‘}.'

wﬂ(A, K}"]*ﬁ(’X L)

For the ease m | p. we have

m
¥ k(ay + 3% =3 mlehit AZ)
:‘=--‘1
E(W’EY + B2y}
j=1
= 021:,. -v-ﬁz Y4
£l

=a(XxY)+i (XMZ).

Similarly, wo enn prove the assertion {iil. m}

Lemma $.4, Let X € My {Ly and ¥ € My (L), Then

() Un=tp then X w Y = X (¥ &uli).

(iiy I nt = p. shen FuY=(Xul)Y.
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U1

pa s
Proof. For the case X > ¥, wewrite X = [a:“ Tya +00 :z:],,] and ¥ = . We lipve

i
XxY
i
. . . ¥
= [myy e mrpe Ty LD S petyedd TR |
Um

= ¥ I.’E‘.J] g .T:u:E =+ I-’;l,t-‘--l = '.’]‘,L‘m] I Hpl [.'!.'1.(;,‘...1):..‘;,3 =" J‘np:l

iy ¥ Tl oot Y E e pe e T HLE L & Yor T2 e F Ypt fJ

= EI:.L"'J‘M Tpgal T2 Trp-1itdd "‘I;ﬂ.}
y Cyn 0 e 0]
0 g e 0
0 0 Yut
i O 0
0 0
K ; :
U 231
RN+ BT
i) Upt  -* 0
L 0 G e Y
Ui 10 - U
M 01 - 0
= ) RSl (&) 3

Ypi g o 1
=X (Y &k}

Similarly, we can prove the assertion (ii). [
3.9  Semi-tensor products betweell row vectors and matrices
We use Row; (4) for the fth row of A and Col; {A) for the ith column of A
Definition 3.5. Let X € M. (L) and A € My, (L) where p | m or m | p. We define
X x4 = ¥ x Coly {4) -+ X v Coly (A)]- {3.6)

Lenuna 3.6. Let X.Y € A (L} end A, B & Myl and 0,8 € L where p Poor | p- Then

X wieA+ABl=a (X A) =B (X~ By, {n
(@X+Fyxd=g (X A) B A, (3.8}
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Praj. Fram Definition 4.5 and Lemma 3.3, we have

X xilod+38)
=X % [aCol; {A) + 3Col, (B)---0Col {4)+5 Col, (5]
= X % (o Cloly (4) + 3 Coly (1) X w {a Celg {A) + 2 Cel, {BY)]
= (N = Coly (AN + 5 (X w Coly {(B)) -2 (X & Coly (A0 + B(X w Culy (B))]
=i (X x Col, (4)) e (X ¥ Colg (A))] + B (A % Coly (BY)- 83X v Coly (B
w= o[V w Coly (4] X< Calg (A + 8%  Coly (B)- X w Calg (B}
=X w A+ 2{X w B
Similarly, we obtain (aX -+ AuA=a{Xx Ay4+307x A i
3.3 Semi-tensor products of matbrices
Detinition 3.7, Let A £ Mpn (Ly and B € Mpq (L) where p |2 or 7 b p. The left smni-tensor

product of A and B is delined as

Row, (A x B

Aw 3= : (3.5}
Row,, (4) % B
which is an x4 Block matsix.
Remark 3.3, (). Wwe=gp, then Aw B=AB.
(i) 1 n=tp tien A w0 B ix an % tg matrix.
{iily I vt = p. then A K B is aunf x g matrix,
Proposition 3.9, el A€ Munbyand B S My ) wlhre p [ ornipe Then
Aw B =[A % Cal (B} Aw Coly (B)]. (3.10)
Prouf. From Definitions 2.7 and 3.3, we have
Row {4) x Coly (B) - Row, (4) x Coly (B}
Ax B = : :
Row,, (A) 1 Coky (B} - Row,, (A} = Col, (B)
=4 Coly (L) oA Col, (5]
O
Theorem 3.10, (Assoeiative rule) If the following meiriz aperations an well-defined, then
(Ax B)D’.C———'AN(BNC}. {3.11}

Preaf. Cousider the diension of A. B and €.
Case 1: A= B and B> C. Asswue - 2 My apthi,Be My (L) and C & ML {L)
Case 2 A < B and B <C. Assume A Mun(Ly.B € Mupgil) and C € Mry, (L)
Chse 5 A < B and B+ C. Assume A€ Al (L) B € Mupar (Liond C € Mes (L}
Case 40 A > B aml B« . Assame A € Mo (L), B3 € Mpg (L) and € € Mg, (L}
Not the dimension of A x £ is m X 0g. To make it feasthie for (4 % By » €, we need
Case 1.5 (4w B) - Clhen= n'r.
Case 4.2 (A B) <Cle.r= .
The dimension of B & s pr % &, Tor make it feasible for {4 ® 1) w {7, we need
Case 1.9 A = (Bx ) ie,n= n'r.
Case 44t A= (B = ¢y, 1., = nr.
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Next, we prove the associnzivity. We hswe to prove it case hy ease. B Case I-} are similar, we
prove only Case 1.

Let A € Myup{l),. B € My (L) ad € & Mp{L). Assumne re = 1 amd 5 = 1. Split A a=
A=1{A..... A} where 4, i=1....,p are i « n blocks. Then

LHS:

bhy - b-i,, e Uy e b}‘q
AxB=14.. Ay | . . ..

Wy o By e Mo Uy

4 » P bl
= ST A D Ay D Al ,Z.d,b‘,q:l :
qem b =1 deef i1

Then we obtain

5] r p » P
(AxByxC=(AxB)x|: s[Ez.di[);lc_.;.-u,Zz.égb;-qc_.;].

tr F=li=t Foul el
RHS:
Bl e Bh [ I 1) )
: s Y e Wi
I 3 s
Wy e bllq PRI PR bfq e
r 1 £3 1
Yjertnts o P et g
—r ) *o e % o
et Ui o Vgt
Then
Ax{BrC)= (A, A % (Br ()
roo» TP
= | 3030 Aducs e 2 2 Aty
gt sl Gt i=1

We have LHS = RES,

Since Chses d.1-4.4 are similar, we prove Case 4.1 only.

Let A€ Mpape (L) B 2 My, (LY and & € My, (L} be given. We also assume m =1 and 5 = L
Split Aas A= [dye o Ay g s Ayl where cach Ay i = 1,....p.d=1L1. . rare 1 xn
hineks.

tny - by
B= : : .C-‘::{Cn,“'-,C!r-"'-unﬂ""-L'm']l
bor +or Dpg

A direct computation shews that
LANLE.
By =3 3% Ajhucy = Ax (BrC).
G jel fasl

O

4 The com atibility of Semi-tensor products and other matrix
p Y
operations

We shiall show thas the semi-tensor product of matrices is compatible with familiar matrix operations,
such as. addition. sealar multiplication, transpesition and Kronecker nmitiplication. 1t follows that
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the semi-tensor product preserves invertibility and orthogonality of mat rices, Morenver, special kind
of matrives, nunely, triangular aud dingonal matrices, are preserved under 1his meatrix produet.

Theorem 4.1. Let A € My (L) and B € Mpq (L) whereplnoorn [p. Then
(Aw = o e AT {1.1)
Proof. Using Lemnma 3.2, we have

(Rows (4) % Coby (BY -+ [Rowam {4) % Coly 7
(4w BY = ; :
[Row, () « Colg (BT~ [Rown, (4) = Colg B
[[Coly (B3] w [Rowy (4)]7 -~ [Coly B Rown, (A))7

Licol, (BT w [Rowy (A3 - (ol (BN w Rowa (A
"Row, (87) w Col; (A7) -+ Row, (87) « Colu (A7)

oy (B7) i Coly (4T}« Rowg (BT) & Cal,, (A7)
=BT x AT

The pext theorern shows thal the semi-tensor product is & bilinear map.
Theorern 4.2. (Bilinearity) If the follouing melrin HEerations are well-defined, then
Aw (aB+C)=a(Ax B)+ 8 (AKCy, {4.2}
(0B +BCIw A =a{Bx A) 4+ F(Cx A, {4.3)
Proof. From Definition 3.7 and Temima 3.6, we have
Row (A} = (0B + 8y
A f{ald+ ACt) =
Row,, (A & (0B -+ 8C)
o (Row; (4) » B) + 8 (Row, {4) % )

a (Rowy, (4) % B) + f (Rown (A=)
=a(Ax By s 34w ).
Similarly, we obtain [a B+ 8C) % A=n(Bx Al4 50w Ay, |
Peofinition 8. (i HX b o row vector ora colutn voutor, we dofine for cach k £ I,
XF=Xw.--xX. 4.4)
&
{fi) Let A € M, (Lyamd | morm{n The i semni-tenser power A is defined inluetively for
all positives integers k hy
41 = 4 and AR = AR a4 Tor B=2,8,.. {1.5)
Moreover, if m = sty then A% & Mee,, o (L) ad il mb =n, then A% @ Mo, o U}

Lemma d.4. i) For X € M (£) and ¥ £ Muy (L), we have X 0 Y = X®gY.
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fi) ForW € Mim (FYeand Z £ Mn (L), we have W x Ze= Z W,

Proof. For the ease X == [o1-- -:.cm_]T and ¥ = ity - ~y,,}T. we have

= a7
¥ = el gl” e el

T
= |E1qn - e S |
=XaY.

Far she ense W = lwy -t and & = {21+ 2], we have

W Z == [y e i) % [2n] oo e jun e ] % §7a)

= [zqu oSy e 3t 2yttt

= F %W
0
Theorem 4.5, { The mized product property}
i) Let X € Maa (L3 Y € Mg (L) A Munlyand Be Ry g {L). Then
(AN R (BY) = (As B X x)). (4.6)
(i} Let W & My (L), ZeA,iLhAs M (L) und B & My, (L) Then
WAy w {ZB) ={IV = 2Be Al (4.7)

Proof. For the ease X £ Man LYY € DMy (£}, A € Mpn (Lyand B & My, {£). Using Lema 4.4,
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wes have

[ + oo e 4 Gan®n Doy + - F Diglly
(AN R (Y ) = : ® :
L1 s = oo Baann bpn +..-+ byt

¥ i”l'i;r'l ot G—],,J?-"] [bl T hlrj.”ql 1
iu'l'lm!. +.ot ﬂ'llia:ll] {bq]yl =t b]ayyr]l

[ﬂ-mlf‘fl RO (Iwmz-n] {bﬂ Mt l’lq!’q}

u_auxl Ty + .0t ﬂrznrﬁf;r} !bul th A b_nr;.‘fql_

ST TRECTY N L gy lng®iife + -0t [T POT 0 T R dynligTnil )

bt T F Ol 1l o0 F b Tl + o0t Uy P Ty

“’mlbnmlyi +..t n‘mlhlq-‘rl.yq e ﬂ'mubllﬁ’r;?fl 4.t amnblqmnﬂq

l_a,m Ty = F o1 Upa 1Yy = - P LY G mnllog T ify ]

Cag by - Gatlg o anbyy - diubtﬂ -’I-’::UJ-|
{lnb(‘-; s allbprr R ﬂ:y;bq] - - ﬂ_;n;bpq Tyily

@ity arbig Bamltin - Cunbigl [£al1

La’mlbrﬂ. sty bpq il f}man} BRI L0 bpq_ ljtﬂ?‘qJ
~ (48 B) (X xT).

The proof of (i) is shnilar to that of (i} a
According to Theorent 1.5, we have the next corollary.
Corollary 4.8, (i} Let X € Mng {Lyand A £ Mmp,n (L), Then
(AX)F = |AQ- e b (4.8
&
fiiy Let W € Mym (L) and A € M (L), Then
wayt=weilag. - p Al (4.9
\_—V—J {'

!
Phoorem 4.7. Lot A € My, (1) ond B € Myq ().
{1y 1f nn = tp. then A w = A(B& ).

(i} L nt=p. then Ax B = (Ag L} B.

44



§. Toim and P. Chansangiam

Proaf. To prove (i} write
Rowy (A}
A= al B= i('.'oh (3 - Coly (B)]. Using Lemsna 8.4, we abtain

Rewy, (A)

Raw, (A) u Coly (B " -+ Rowy {Ay x Col, (B)

AxB= : :

Rowm (A) = Coly (B} -~ Ruw,, [4) % Coly ¥:))

Row,y (A {Coly Bialy - Row. (4] (Coly (B33 & 4
Row,, (4) (Coly (D) B 1) -+ Rowm () (Col, (BY & )

[ACoh (Ba L) - ALl (B2 1)]

AfCo (Body o0 Coly(B& 1]

S ABeh).

[

O

Simnilardy, we ean prove (i),
Corollary 4.8, Assume hat A £ Ay, (L) and B & My (L) with puper dimensions such thet A x B
and B = A are well-defined. Then

tr{dw By="1r(l (Bah)=uw{B&l) Ay=tr{Bx A}.
For the ase A < B.we obtais tr(Ax By=usi(dglyBi=1u (Biawl)) =tr{Bx A o
Corollary 4.9. Assume that A€ My, (L), B & M, (L} and Lath A k B and Bw A are well-defined.
If cither & or B is invertible, then
Ax B~ B A (.31}
Proaf. Using Theorem 4.7, For the case A =, [, sinee A~7 pdsts, we get
AxB=A{BolL)= A{Ba )AL = A{BK AyAT
Tt means that 4w 3~ Bw A Tor the case 4 = 13, since 11 exists, we have
AxB=(A0L)EB= B'BA&I)B = B {BwA)B.
That is, Ax B~ B4 A
Theorem 4.10. If A € 3y, (L) and B € AL, (L) ore invertible where 7 {0 or 11| TE then
AxBy =B Txdl (.12
Praof. Using Theoremn 4.7 For the ease A =g B, we have
Ax B ' =(ABR mtewem ATl = BleAh
For the case A < B, it Dollows that {4 » By =yAoh) myl=ptdsl) =87 pa-l O
A matrix A = M, (L) is said to he orthogonal if ATA =1T.
Corollary 4.11, Let A € ML) ond B e M, (LY be such that n i orm | 7.

i) If A and B are orthogonal, then so is A x B
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(i) If A and B are upper teiongular, then se is A = B.
(i) 1 A and B are lower triangular, then 50 i A x B.

(iv) Tf 4 and B ave dingonal. then so is A w B.

Proof. Al assertions can be proved using Theorems 4.7 and 2.5 to convert the semi-ltensor
produet into conventional product and Kroneeker pradned,

{i) The orthogonality of A and B menaus thut ATA = Tand BTB =1, Uring Theorem 4.7.
Then for the case A -y f3, we have

(Ax BY (Aw B)= (BT w AT {Aw B) = (BT oi)ATAa@men) = (R R 0] =1
Tt means that 4 x B is arthoganal. For the ease A ~; 5, we gof
(Aw B (AxB)= (BT x ATH A x B) = B ATel)idsl)B=8B=1

Therefore 4 w B is arthogonal.
{it) Assumo that 4 and B ave upper triangular. For thie case A = B we oblain

AwB=ABaL).

Since A and (I & fy) are upper triangular, [ follows that A4 % B is upper tiangular, For ihe
case A < Bowogn Ax B={1& I.} B. Sinve (A ) nnd B are upper rrianguiar. So i3

Aw il

{ii) Te follows from (i) and the fact that thie transpose of a upper triangnlar matrix is & lower
une.

{iv} From (i} and [iii), we obtain A = B s diagonal. |

Carollary 4.12. The scmi-tensor product of o matriz with an identity metriz hes the Jollowing
properties,

() Tt A € Mupn (L) then A # In=A

(i) T6 A € My (L), then A w Ly = AG T
(i) I A€ My (L), then Ly A = A
(ivi 16 A € My (L) then Low 0 A =20 % L

Praef. All assertions follow from Theorem 4.7 [}
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