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Abstract
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Chapter 1

Introduction

1.1  Research motivation

A Fibonacci-coefficient polynomial (FCP) is a polynomials of the form

n
Pulz) = ZF;\-_H.’II“_‘C (7 > 1),
k=0

where the F;’s are Fibonacci numbers defined by
Fp=0, 1= il F o (n > 2)

In 2007, Garth et al. [4], investicated the zeros and the Mahler measures of the
FCP’s.

Their main results'are summarized as follews:
A. Al) For even n > 2,each polynorial p,(z) has no real zeros.

A2) For odd n > 3, each polynemial p,(z) has exactly one real zero lying in the
intenval [~ =1], where . = (I + v/5)/2.

A3) The sequence of real zeros of p, () with n odd decreases monotonically to
Z€ro.

B. The zeras of p,(z) approach i in modulus asn — sc.
C. Form 22, let {pf,’”)(:c)} be the sequence obtained from the FCP’s by reducing

the coefficients modulo m.

Suppose pi (@)= Y1 Fryixn <k,

Defined the coefficients of pi™(2) by Friy = Fypr (Mod m) if Fiud (Mod m) < I—;

and Fry1 = Fy p(mod m) - mif Froyp (modim)> T—?

C1) Lett be the numberof terms in one period, of the Fibonacci sequence reduced
modulo m. If k =<2'er_- 1(mod t), then :‘U(pim)(:?;)) E P.J(pi["‘%(;c)), where M(p)
denotes the Mahler measure-of the polynomial p.

C2) Ifk=-2o0r —1(mod 2r), then ..U(pi_j”’)(:r‘)) = "1, where (L,,) is the sequence
of Lucus numbers defined by Lo =2.L; =1,and L, = Ly_1 + Lp_s (n > 2).

Our objectives are to extend the results A), B) and C) to those of a generalized

Fibonacci-coefficient polynomial (GFCP)

Bufw) = ¥ Fpan™, (1.1)

k=0

where the coefficients are generalized Fibonacci numbers defined, for fixed positive
integers a and b, by

]:() =l ]:1 = 1. .F,,+1 = (l../-"” +b.F,,_L (H = 1) (12)



There have already appeared some extensions of the results A), B) and C), namely,
Matyas, [5], showed that the results Al) and A2) hold in this generalized setting. Matyas
[6], further extened Al) and A2) to sequence of GFCP’s with shifted indices. Matyas
et al, [7], refined the results Al) and A2) further by considering polynomials whose
coefficients satisfy a linear recursive sequence with constant coefficients. Matyas and
Szalay, [8], proved the validity of A1) and A2) for Tribonacci-coefficient polynomials.
Mansour and Shattuck, [9], considered polynomials whose coefficients are k-Fibonacci
numbers, i.e. numbers satifying the recurence a, = an-1+an-2+---+a,_x, and proved
the results Al), A2) and B) in this setting as well as refining the results in [8]. Here, we
complement all the above-mentioned works by establishing the results B) and C) for
GFCP’s.

1.2  Objectives of the study

The objectives of this research are as follows :

1) To find the precise information about the logation of the real zeros of generalized

Fibonacci-coefficient polynomials:

2) To compute the Mahler measures of generalized Fibonacci-coefficient polynomi-

als.

1.3 Scope of the study

We consider a generalized Fibonacci-coefficient polynomial(GFCP) of the form
By f) =S Finisd F, (1.3)
k=0

where the coefficients are generalized Fibonacci numbers defined, for fixed positive

integers a and b, by

Fo = Uy =l 11 = 0T b (‘.’L =z ]-)' (14)

1.4 Benefits of the study

We receive the results, information and values of the Mahler measure of

1) p\"™(x) if k = —2 or —1 (mod #) where t is the number of terms in one period of

the generalized Fibonacci sequence modulo m > 2,

2) pi™(x) if k= —2 or —1 (mod 2n) where (£,) is the sequence of Lucas numbers

defined by £,41 = aL, +bL,_, (n > 2) for fixed positive integers a and b.



1.5 Research methodology
1) Study backeground in generalized Fibonacci sequences.
2) Study background in generalized Fibonacci-coefficient polynomials.

3) Study research papers about sequences and generalized Fibonacci-coefficient

polynomials.

4) Investigate the location of the real zeros of generalized Fibonacci-coefficient

polynomials.

5) Compute the Mahler measures of generalized Fibonacci-coefficient polynomials.

6) Summarize obtained results and write the thesis.



Table 1.1: The research schedule

Activity

Time frame

2015

2016

2017

Sep.-Dec.

Jan.-Apr.

May.-Aug.

Sep.-Dec.

Jan.-Apr.

May.-Aug.

Sep.-Dec.

Step 1

Step 2

Step 3

Step 4

Step 5

s

Step 6




Chapter 2
Preliminaries

The Fibonacci sequence (£,) is defined by the recurrence relation F,4; =
F,+ F, 1 forn>1with £, = 0 and F, = 1 and the Lucas sequence (L,) is defined by
Lpsi=Lnp+ L, forn>1with Ly=2and L; = 1.

The characteristic equation of the recurrence relation of Fibonacci numbers is

L +2\/5 and T = k _2\/5. Note that ¢ +7 =1 and

z? —x — 1= 0 and its zeros are ¢ =

T = =L
The well known identities, Binet’s formulas, for F, and L, are shown in the

following Lemma :

Lemma 2.1. [T, Koshy, p:145], for n>1, we have

n Zon
L= s - 3

p=T
L.n &4 (,0'”. + T'n..

Definition 2.1. (Descartes’ rule of signs) Let f(z) = agz™® +ayz**! + - +a, = 0 has
real coefficient.: Let r be the number of positive real roots of f(z)(counted with
multiplicity) and let v be the number of variations in the sequence of its coefficients

ag.ay. - ray then v< V.and'if r < V. then V.~ r always by an even number.

Definition 2.2.(Cyclotornic Polynomials) [2, p.81] If n € N, then-the n'* cyclotomic

polynomial is given by

@, () = (#= 0, L = eap(2mifn)

ged(n.j)=1v1<)<n,

The degree of ©,,(xz)is @(n) Where ¢(n) is the Euler totient.

Definition 2.3. (Mahler measures)Let G(x) € R X],-degG = n, with leading coefficient

a,, and complex zeros ay,. .., a,. It’s Mahler measure is defined by

M(G(x)) = |an| | [ max{1, |a|}.
g=1

Theorem 2.2. (Rouché s Theorem) (3, p.2]. If P(z) and Q(z) are analytic interior in

a simple closed Jordan curve C, and if they are continuous on C and
|P(z)] < |Q(2)],z € C,

then the function H(z) = P(z) + Q(z) has the same number of zero interior to C as

does Q(z).



2.1 Literature reviews

2.1.1 The work of D. Garth, D. Mills and P. Mitchell ([4])

In this work, they considered the zeros and the Mahler measures of the

Fibonacci-coefficient polynomial (FCP) of order n which is a polynomial of the form

i) = iFk+]$H_k (2.1)

k=0
where Fy =0, F;y =1and Fy, = Fr_1 + Fre—a (K> 2).

Lemnma 2.3 ([4]). If n is odd, then the period of the Fibonacci sequence modulo L,,

L,—1 L,—-1
L 5 to "2 farodd L

with residue classes adjusted to the range between —

and —%’i +1to % foreven L, , is
Fo, F1, Fo, Fag® r, (—Fu_1), o2, (—Fu—3), Bl - (—Fn), Fi.
Example 2.0. For n =3, Ly =4, the period of £, (mod-£3) is
OLE 17 31,49
For n.= 5, Ls = 11. The period of F, (maod Ls) is
RN 38,53, 8 i),

Lemma 2.5 ([4]). If n is even, then the period of the Fibonacci sequence modulo L, ,

with residue classes adjusted as in Lemma 2.3is
Vo o | R e e e i A [ o S
AN (—F2), (BF3) 0. 184 ), P &l FriR)- - - (2 F3).
Example 2.6. For n= 2, L, = 3, the period of F, {mod £,) is
S TN~
For n = 6,.Lg'= 18, the period of F, (mod Lg) is
0.1.1.2,3.5,8.-5.3, -2, I'=l0, =1, —~14=2, -3, -5, -8,5,-3,2,-1.1

Theorem 2.7 ([4]). For even n, p,(z) has no real zeros. For odd n, p,(z) has exactly
one real zero, which lies in the interval (—¢,—1]. Moreover, the sequence of real

zeros of the p,(x), with n odd, decreases monotonically to zero.

Theorem 2.8 ([4]). As n increases without bound, the zeros of p,(z) approach ¢ in

modulus.

Let G(x) € R[X]. degG = n, with leading coefficient a,,, and complex zeros

ai.....a,. It’s Mahler measure is defined by

M(G(x)) = |an| [ max{L.|ayl}.
j=1



Example 2.9. Given p(z) = 3a® — 82% + 10z — 4,
it’s zeros are %, L +iand 1 —i. The Mahler measure of p(z) is (3)(1- v2- /2] =4,
Let {p™ (z)} (m > 2) be the sequence obtained from FCP, pn () = SR By gl
by reducing the coefficients Fii1 (0 <k <n) modulo m.
Suppose ™ (z) = Y _g Frmz™ "
The coefficients of p{™ (z) is defined by
Fry1 = Fipr (mod m) if Frqq (Mod m) < % and

Fk_._] = Fk—i—l (mod m) -mif Fk+l (mOd m) > %

Example 2.10. We will find P ().

Since Py(z) = 25 +2° + 20% + 32® + 52 + 8z + 13, thus i =1L, P, = L F3 =2, F4 =3, F5 =
5, Fy =8, and Fy = 13.

Since m = 4, we get F; (mod4)="1, F; (mod 4) =1, F3 (ed 4) = 2, F5 (mod 4) =

Fy (mod 4) = 0 and Ez(mod 4) = 1 which they are less thanerequal to 7 =9

Thus Fy = Fo = Fs & F; =1, Fy=2and Fg = 0. Since Fy (modd)= 3 > % =2, thus

T, =3-4= -1 Hence we)get B ey = o84 2 et AT+ 1

Theorem 2:14 ([4]). Let'm.> 2, andlet't be the number of terms in one period of the
Fibonacci sequence reduced modulo m.
If k= -2 or ~1(mad t)then

M (I (@) = M(py"5(x)):

Example 2.12.-tet m =4.|From Example 2.4, ¢ = 6, given'k =5, we have
P (4) = 28 3 &t 228227 i, anlits zeros are

0. —0.8090 - 1.40134. —0.8090 — 1.4013¢, 0.3090 +0.5352¢ and  0.3090 = 0.53521.
P (2) = 3t £ 2% 4 222 a4+ 1 and its zeros‘are
—0.8090 + 1.40137, =0.8090 — 1.40134, 0.3090 + 0.5352i and” 0.3090 — 0.5352i.

We find that

M(PM (z)) = 2.6182,

M(PM(z)) = 2.6182.

Theorem 2.13 ([4)). If k = 2 or -1 (mod 2n), then M(P,E'C")(x)) gk

Example 2.14. Let n =2, then Ly = 3. Choose k = 2. Then
P (z) = 2% +z - 1, and we get

MEPED=DES =g — =%



2.1.2  The work of F. Matyas ([5])

Matyas considered the generalized Fibonacci-coefficient polynomial (GFCP)

Bfg) =Y  Fppsa™F (2.2)
k=0

where, for fixed positive integers a and b, the coefficient are generalized Fibonacci

numbers defined by

]:-(]:0, .Fl:l, .Fn+1:lf1]:n+bfn,1 (ﬂzl)

He found the number and the location of the real zeros of the polynomials P,(x) as

follows :

Theorem 2.15 ([5]). If n >2.and even, then the polynomial P,(x) has no real zero,
that is, every zeros are non-real complex numbers. If n">"3 and odd, then the
polynomial P,(x) has only-one real zero and this is negative. That is, every but one

zero is a non-real complex numbers.

Theorem 2.16 ([5])..Let z & C denote an arbitrary zere of the polynomial P, (z). For
n > 1, we have
b
o<zl sa+ =
a
where a and-b are positive integers from the definition of generalized Fibonacci num-

bers.



Chapter 3

Preliminary lemmas

Our first lemma gives two recurrence relations for GFCP’s.

Lemma 3.1. For natural numbers n, we have Py(z) = 1.P(z) =z +a
Po(z) =2" + aPy_1(z) + bPy—2(z) for n>2 (3.1)

Pp(z) = zP,_1(x) + Fry1 for n>1.

Proof. By the definition of the GFCP, we have

P,,(:r} == Z.Fk+]ﬂﬂn_k
k=0
= Fiz" Y P REI AR B8 PR Fart

= Fy&¥+ (aFr-HbFo) a1 4+ (aFo i+ bF)a" 2 +(aFa=+ bFo)a™ 3

; dadie o (G’}—-‘H‘z + bfn.73)$2 A (a-]:n.——l 3 b-F'n—Z)J; + ((t}_'” + bfﬂ--])
{4+ o 28 £ 05, YR + aF,

=Fra™ % alF 3%+ 0F2™ 2 fafa ™R %
FUFo? LEbEaT P bFod® S o b F —aa D Pl oz BWE,L

& ]'-1.‘1*;” + G.Pn_]_(.’ﬂ) -+ b]:[}ﬂfn—l + an—2($)

4 ('Lpn._l(.’li) + an_g(ﬁ),

=T

and

n

P (2) Z.Fk+la:""'!‘7
k=0

= .7"1;?','" -+ ]_-an.fl + ]_-33:71—2 i .)-"-4.1‘”_3 St - ]‘_H_l.’l,'g + ]'_n:E -+ .7'_,,+|

(F1 M NE FRB 220+ Faz™ 3 + Fuz™ 7 NNV EL L+ Fo) + For

2P, q(x) + T
L]

From Lemma 3.1, the characteristic equation of P,(z) is ? — az — b = 0 and its

characteristic zeros are “£¥2+1 For convenince, we let

s VaZ + Al
a {t+)<0

a+ Va2 +4b
Pa,b = —2'— > 0, Tab = D)
and notice that v, 4 + Tap = @, @ap — Tap = Va2 +4b and p, 70 = —b.
= a, Lyy2 =

Recall that generalized Lucas numbers are defined by £, = 2. £,
al,i1 +bL, (n > 0). The next lemma, gives some relations among generalized Fi-

bonacci numbers and generalized Lucas numbers.
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Theorem 3.2. [3, p.143] Let ., and 1., be the distinct solutions of the equation
z? —ax — b = 0 where a and b are non-zero constants. Then every solution of a
recurrence relation of the form a,, = aa,—1 + ba,—2, where ag = Cy and a; = Cy, is of
the form a, = Ag}, + Bt} for some constants A and B.

Remark : In our work, a and b are natural numbers.

Lemma 3.3. Forne Z, n> 1, we have
I)J: 7‘4’“: Tdb En—(PabJF a,b? Ln: n+1+b-7'—n—1 (”21);

Pa,b—Ta,b’

i) Fosk = Feln+ (=) Fa_p (K€EN, 1<k<n)

Proof. i) Consider the recurrence relation F,,, = oF, + bF,_;. From Theorem 3.2, the
general solution is F, = Agl, + B7}', for some constants 4 and B. To find the values
of A and B, the initial values 7y =0and 7 =1 vyield

AHB =0

A‘Pu,b + Brgy=1.

1 ]
Solving these system, we get 4 = ———— and B = ———. SInCe v,y — Tap =
: : 3 a® 4 4b a? + 4b R
Va2 + b, we jget.F; = Pop T Ta as desired.

Fab — Tab
Since the generalized Lucas numbers are defined by a recurrence relation £, =

aly, 1 + Ly With £ = 2 and £, = a. By the same argument above; we-have
Ly =% M0 Finatly, we are going to show that £,, = Fi1 + 05,2

. e,
Since ¥l 22" ¢ T ,then

va? +4b(

1
J‘L"’ +b]:‘_ ( T‘L-’rl n+1) + ( ni—1. g ,_n.fl)
n+1 n—1 m Pab m Ta,b pEiNe] ‘Pr. b x +{1b1u5b
(PE:JEI . 1_:;{)&1 +b(pn 3\ b=l

a.b

Vvia? + 4b

b
) o u E}(Tf‘ b e )

ab Ta,b

(102,1; ((pa,b +
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iletkeNand1<k<mn, by first two formulas in i), we have

n+k n+k k k
Pab — Tab Pab ~ Tab
T~ sk < MY TR )

Pa,b — Ta,b Yab — Tad
ntk  ntk _ ( otk | S n .k n+k
_ ¥Pab ~Tab (‘Pu,b + Pab Tap — PapTab ~ Ta.b )
Pab — Tab
n+k n+k n+k k n n -k n+k
_ Pab —Tab —Pab Ok Tap T PapTab T Tab
Pa,b — Ta,b
n .k k n
o (Pa,bTa,_.b - (?oa,bTa,b
WPa,b — Ta,b
k k n—Fk n—k
o (pa.,b’ra.,b(cpu,b - Ta‘b )
@a,b — Ta,b

Ya,b — Tab
O i)
WYa, b= Tab
= (=b)* Pk
O
Forn e N, let
e P % (z)(@* — az —b). (3.3)

Two useful relations are listed in the next lemma.

Lemma 3.4. Forn € Nywe have
Golm) =202 @ = ks (3.4)
A F =P (B = (e D) Prza(x)- (3.5)
Proof. Using (3.3), (2'2) and,F,, = aFn-1EbFah, WE get
Gu(2) = Fa (z)(z® — oz = b)
= (Z ]:;.,+1;1:7’7k)(1:2 —ax—Dh)
k=0
= (Fz" + Foz™ 1 + Faz" 24+ Fut ]-_,,+1)(.1:2 —ar —b)
= j:lxn+2 +_7:2;1;"+1 + ]:3‘1,11 +]‘_4;I.'”—1 s ucedfe }_-,,1'3 4 ‘F”+1$2
—aFz"t - aFei™ —aFsz” -1 _ ... —aFpz — aFnz® — aFn1T
R WP = = bF, 223 — bFp12® = bFuz = bFni1
= }-13;n+2 - (aFp+1 T bFq)e — bFpt1

2
= ]"—1.’1”,'”_*_“ = ]:n_pgil.' = b]:'n+1

B .
=] - ‘Fn+2-1f - b}"n—%l-



and
T n—2
Pﬂ(m) - (Q‘..’L‘ + b)Pn—ﬁ(m) = (z Fk+1$n_k) — (g,m = b)(z fk+1$nH2Hk)
k=0 k=0

n n—2 n—2
= Z-Fkﬂa’?n_k —~i Z Frr2" K b Z Fiaqu® o5
k=0 k=0 k=0

=Fz" 4+ For™t + Fax" 2+ Faz® P oo 4 Foz + Fopa
— GFEP Y —aFpd™ % = g R % — v o— g Py
—bFz" 2 — b Fax™ T = = bFp_az — by

= F1z" + Fpp1 — bFn_

=z" + (Fnt1 — bFn-1)

@ 1)

’—I
M

v

(4|9
;|

a
oD,
A

R 6> 5
P

A
N

This material is reserved for educational use only, not allowed for commercial use.
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Chapter 4
Real zeros

In this chapter, we investigate the real zeros of GFCP’s.

Theorem 4.1. For even n > 2, each polynomial P,(z) has no real zeros. For odd
n > 3, each polynomial P,(z) has exactly one real zero which is negative; if a® > b,
then this zero lies in the interval (—pa,, —a). Moreover, the sequence of real zeros of

the polynomials P, (z) with odd n converges to —p, ;.

Proof. For even n > 2, by Descart’s rule of signs, G,(z) = z"*2 — Fopaz — bFnyq has
exactly one positive real zero and-one negative real zero.

Since Gp(z) = P,(z)(z? -az.~b) and the zeros of z? —“ag b are v, > 0and 7, < 0,
then P,(z) has no real zeros.

For odd n >3,y Descart’s rute of signs, G4(z) =22 — F.hat— bF,;1 has one
positive real zero and two negative real zeros.. By the same argument above, thus
P, (z) has exactly one negative real zero.

For odd n >3, assuming a”® >'b, we now show that the negative real zero of P,(z)

lies in (—@ap, —a]. Note first that
Gn.( "‘P‘a..b) ~ "'Wrt,b(@:jl;l ) }‘?PFE) L b}-ﬂ.+l- (41)

By Lemma 3.3), for odd n> 3 we have

— 2 ]
LD 7o ! e i G :
n+2 g 1,0 ] an
S T D VAT T
Y i :
= 1|+2( =¥ + ) g 0
PG e 8 A T Ab |

since

1 1 2 1

Pap Va2 Pl VT o db™ Va2 + 4b
~ 2v/aZ +4b — (a + vaZ + 4b)
- (a+ Va2 + 4b)/a? + 4b
Va2 4+ 4db —a

— : = [,
a2 +db + a2 + 4b

we get Gn-(f‘pa,b) < 0.
Next, using 7, > a™~! (n > 3) and a* > b, we get

Ga(-8) = —a""2 + aFpi0 — bFuss
= _”n-&-? i (af! o b).F”_H o (!I)f,,_

= —=a™ R (0% = 3Ja® + abua™t > 0
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which shows that the only real zero of G, (x) lies in (—a., —a.

Finally, we show that for odd n > 3, the sequence of negative real zeros of P,(z)
converges, as n — o, 10 —@a.p.
Let o, be the negative real zero of P,(z), for odd n > 3.
From (3.1), it is easily checked that G, (x) has two critical points at +(F,2/(n+2))/ 41,
Since an, wap and 7., are all the zeros of G, (z), with ay, € (—¢@as, —a), it follows that
G.(z) has a local maximum at —(F,42/(n + 2))/ 1 with
—Pap < ap < —(Fnga/(n+2))1/ (1),

We show that imy_e0 (Frt2)/ ™) = ¢, 5. From Lemma 3.3 i),

. ; ; 1 1 -1 \ji/(n+1)
lim (Fryz)/ ™+ = lim ”+2[ ) - ( ) J
n_mo(}-m.+2) v P (m =l (wgrwé)-o-d)

; 1 1 -1 1/(n+1)
= ljpfd® >/ 1y lim ( = ( )( ; ))
wlist o NN Tmrn - Ve
p, (PUm,._.m((njuz)/(n-;-l)) Vi ( 1 . ( L )( -1 ))1/("'+1)
a,b n-soc ,/ai . zlb m 993:;;}»4

i N /(n+1)
=7es i (e Al

1 I
) by X
va’ + 4b (\/a? + flb)( wif‘b“} .

1 2
1 5 pryevesl )
va*+ 4b va? 4+4b

litn X3 Ly

P00

For convenience, we denote

Note that By the squeeze theorem,

Therefore, lim, Zyee (Fuza) YN =, ;. thelast assertion follows. I
We proceed next to analyze the nature of all-other zeros of B, (z).

Lemma 4.2. Forn € N, we have
D 0%, = PapFn + DFa0 ¥
H) U( c> Pa,bs fheﬂ Cn+2 > ]'-_,”_*_2(' + b]:'n—i—l i

i) if 0<c<gap then 2 < F, 5esbFnti

Proof. i) When n =1, a4 = @apF1 + bFy. So the result is true when n = 1.

For n > 2, from (3.3) and Lemma 3.4, we get

Po_a(z)(2? — az — b) = 2" — Fuz — bFa_y

n-2

(Z Fipiz® ¥ ) a® - aw — by =a" — F,x — bF,_1.
k=0

Since p,, is one of the zeros of 2 — ax — b. then

';:L'b - F\r’;n.h - b-}_‘nf'l = 0.
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Therefore, the formula holds for n > 2.
From (3.3) and Lemma 3.4, we have

Pu(z)(z® — az — b) = z"*? — Fpoz — bFpq.

Since Py(z) >0 forallz>0and 2?2 —ax -b < 0for0 <z < pup, and 22 —az —b >0
for z > a5, then 2 — F,i0e — bFuqp1 > 0 for e > o p and ¢™+2 — Fpy0e — bFy1 < 0 for
0 < ¢ < pas Yielding i) and iii). .

Theorem 4.3. The zeros of P,(x) approach p., in modulus as n — .

Proof. Consider the circle |z| = ¢ in the complex plane, where ¢ > ¢, ;. By Lemma 4.2

we have
F}-‘H-F?Z + b]:n+1! < Et+2I21 £l b-Fqul == -7:11+EC I bf?1+l < Cn+2 = |z”+2|'

It then follows frona” Jheorerm 215 that\B,(2)(22 < az —b) = 2™% F, 102 — bFn41 has
n+ 2 zeros inside |z] = c. Since ¢ & pap-is arbitrary, it follows that Py(z)(z? — az — b) has
n+ 2 zeros inside or on-jz|[= G

Now consider the circle |zl = ¢ with & < ¢ < ey We have

Pab
2y — bfn+1|g b }‘ﬁ-ﬂ ?+2b F eyl pietey- b? -7:3+1
= }—E.-pg 2= 2b Fn1e(Fnih ¢+ b }-12:4-1
it 18 veu: bFn—H)z:
yielding
R 2N BB LS o ie™ WA, L (4.2)

Since

E bE. 7 -+2 € b i (_1)ﬂ+l ( C L 1)
T C— 0/ = ’qa 7 o — B 1
Lo i X V Gz +db Ya.b \/ﬂg + 4b \/(12 g 4b (,937_;1 Pab

it follows that for n large “enough, we have

Feann®— B B @™, (4.3)

Using (4.2) and (4.3), for |z| = ¢, with =2 < ¢ < .., we have, for large n,

Fa.b

| Fnt+2z + bFnq1| 2 | Fagoc — bFuq] > i

By Theorem 2.15 again, it follows that if % < ¢ < @, then, for n large enough,
P, (2)(z* — az — b) has one zero in |z| = ¢. Since ¢ is arbitrary, as n — oc, the zeros of

P, (2) approach ¢, in modulus. [



Chapter 5

Mahler measures

Let {P{™(2)} be the sequence obtained from the GFCP’s by reducing the
coefficients modulo m and adjusting the residue class in the same way as mentioned in
chapter 2 section 2.1.1. It is well known that generalized Fibonacci sequence modulo

m is periodic, and so let t to be the number of terms in one period.
Theorem 5.1. Let m > 2 and t be as above. If k= -2 or —1(mod t), then
) () = M(P™)(2)).

Proof. Let a; = F;_y (mod.m) (i > 1) be the terms of the generalized Fibonacci se-

guence modulo m..Since a; =0 and as =1, we have
P(m @y &z 3 agn' =" ¥ a ' T G el e

Let Cj(z) = &1+ 27 L+ F x4 1, where/j 1.

Setting P{™ (x) =P (@)Ci(x"), and equating the degree of R (x) and B\ (z)Ci(z"),
we have k= (f ~2) F lt-From| [ = (k ¥ 2°+ t) mod &, we get k= —2 (mod-t).

Setting P (z) = 2P (2)Ci(2"), and equating the degree, we getk = (t — 1) + it,
e, k= -1 {mod®HL

Since (Cj(a))} — 1).= @4 — 1, all the zeros of ¢, (=') have modulus 1. Since the

Mahler measure is multiplicative, the result follows. []

From the identity in Lemma 3.3, we have
Ly = ]'_n+] A bFn o = 2N T A 2]:‘n+l > 253 (0 << T.!.}.

Thus the first n + 1 elements 6f F; (mod £;) are Fol=0,F,Fs, ..., Fn. From Lemma
3.3 i), we have Fppp = Fn Lk (=0 Foup (1 <) Thus, the next n element of
F; (mod L,), i.e., forn+1<i<2n, are —bFn-1,0°Fn-2, b3 F_a.....(=b)""1,0, (noting
that F, = 0, F, = 1). This shows that the period of the generalized Fibonacci sequence

modulo £, is 2n.
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Theorem 5.2. For <1 Ifk=-2or ~1(mod 2n), then M (P (@) = @23

Pa,b
Proof. By Theorem 5.1, if k = —2 or —1 (mod 2n), then M(P¥ (@) = M(PSmy(@)).

Since
Pgnfg(ﬂ?) _ m?n—2+}-2:r2n—3+‘F3I2ﬂ—4+_ . '+}-n37n_1+-F1L+1371]_2+Fn+237n_3+' . ’+-F271ﬂ2m+;2?1711
we get

P§£2£($) - 3:2.1142 —|—.F2:I:2"_3 - f3$2nf4 4o +]_—nxn-l B (_b)}_n 1:Ln 2 i (*b)gfﬂ_.g.’rnu({
g (=0 R R+ (0L R
=" P, 1(z) — bz 2 Pp_s (_—b) . (5.1)
T

To prove theorem, we have to show that
M (Pz,} ) ( )) Lt (5.2)
For odd n, using(5:1), we have
P a2~ an A b) = ¥~ Lna” —b. (5.3)
Using the k' cyclotomic polynomial [section 2.2 p.81 [2]] By (a), itis easily checked

that
2n 7 i
-1 H —Pa bt b - S ]
P : q?d( b )(I)d(cp“b) ~ Pe2llegzllp )’
d|n,d#1 )

which in turn gives

s )
a,b

din.d#1
Since all the zeres of ®, (—*’—“l) have modutus ~and all the zeros of tbd( )
have modulus pa s it follows that
M (PR (@) = ML ( 1T @ (#%,aw)) M ( 11 fD,;( o4 ))
- - b Pa.,b
d|n . d#1 d|n.d#1
From Definition 2.2, we see that
:j-.\(u’) )
o4(z) = [[ (= - -
j=1
Thus
old) "
by(——) = [[(=— - <)
Ya.b j=i Ya
a(d) 1 j
= ~ ('-E - Q(;‘Pa..b)
j=1 Fa.b
o(d)

1 5
= “o(d) H (-L - C;‘[&er.,b)-
¥ Ta
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We see that all the zeros of ®a( ‘ ) have modulus gep > 1.

Pa,b
It follows that M (®a(—)) = (L)‘*’(d)apf(f) =1. And
Pa.b Pa,b '
—pap®y _ X7 —PabT _
i=1
é(d)
=1 ‘P b
Thus all the zeros of (I>d(ﬁ”'o“"’x) have modulus - # 1
a,b
It follows that M (®a( <’0“ ad )) — (‘Pg‘b)‘i’(d).
We get
M@ @y e M (T R )M, 24(5))
d|n,d#1 d|n,d#1
n—1 —Pa,bT
- v ____’_ M
b d‘H M (®a(— —H M( @d(% b))
[n,d#1 d]n d#1
= a,b\ P
L1 P 1 T )
dlnyd#l i, d#1
— (B _‘fﬁ Zq ndst1 o(d)
Wl [( b ) 1
Lgn=1 Pa,byn—1
e,

Since the zeros of @? + ar ~bare —7ap and —@.p, then M (z® +az =) = Pab and by

the same arguments as in the case n is odd, we get M(tI)d((p )) = Land
\b

M(@4(—E225Y)

Il

(iz-i)*’ Dt follows that

b
M (P () NN M = b) M o “”“" M e
(Paa(z)) =0 (32 + az M H D )) M ( H ‘fIM(PU b))
d|n,d#1,2 din.d#1,2
n—- (19 b d’(d
Pa, b H ( ) H 1))
d|n,d#12 e:.l|n,t.i;£1.'2
= b”_?ﬂr/"{, b[(ﬁ;_;-_h)z.lln.d#l,g ¢(ij]
:b?i _"9“ (%)11—2
_ n=1
= ¥a.b

-7:-1!—-47_”.:,_") -F'H—Q n -Fu n—2

Ralm) = p20=4 4, 24 pdn—G 4 T8 apdnE oy gt 104 ... 4 2 —a
a a a a a a
—B 2 o —b 4 ' -b n—4 o n—2
= () P I . AP R (—fﬁmz S Y
1 a 1 a
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It is also easy to show that
Rn(2)(z* — (a® + 2b)z? + b%) = 2" — Lpa™ + 7. (5.5

Similar to the case when n is odd, we have

2n 7 n
n—2 —Pa,bl T " — Lo + b
- I I o () = .
b i|n.d#1,2 ' ( b ) ‘ (‘Pa-b) gt — (a® + 2b)z% + 0%

and so

(La) £, _ 2 i n—2 O —@Pa,bl F £
‘P‘ln—i(‘r‘) (CC +ax b) b H d ( B ) d G 3

d|n,d#£1,2

b
Ya,b
then ]‘;JI(PA(.L”)(-‘T-')) = '&92,31' =

>1and k= -2 or —1 (mod 2n),

We note that, from the proof of Theorem 5.2 if



Chapter 6
Conclusions

In our work, we consider a generalized Fibonacci-coefficient polynomial (GFCP)

of the form ?
Pn(x) = Z.Fk.;_]_xn_k
k=0

where the coefficients are generalized Fibonacci numbers defined, for fixed positive

integers a and b, by

Fo =0, F1 = LpFarir="aFp+bF, 1 (n2>1).

We investigated the zeros and the Mahler measures.of the GFCP’s. The main
results are summarized as follows :

For m >2/ let {p""(z)}(m = 2) be the sequence obtained from FCP, p,(z) =
> ko Fre12" ¥, by reducing the coefficients 410 <k < n)-moduloyn.
Suppose p{™ (x) = P o B
The coefficients of p{*X(z) is defined by

Frr= Fryy (modm) if £y (mod m) < 2 and

Frii= Firi (modm)+ mif Fogy (mod m)'S g

e+ Va2 4db
2

1) For Jf k= <2 0r =1(mod t), then

<V gap—
Ya.,b

M(PI™ (%)) = M(P) (z)), where M(P) denotes the Mahler measure of the

polynomial P, t is the number of terms in one period of the generalized

Fibonacci sequence modulo m.

a+va? 4 4b
2

2) For b AN @l = ~Atk ==20r =1{mod 2n), then

Ca b
ﬂf(P;.L“)(‘L')) =ph ' where (£,,) isthe sequence,of iicusndmbers defined by

EU =2, [_‘,1 = a, and E?H-—l = G,J.Cn s bﬁ-,,_l (T.’, > 2)
Remark : If a = b = 1, the solution will be the sameas work of Garth, D., Mills, D., Mitchell, P.
([aD).
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Appendix A

The first 20 Fibonacci and Lucas numbers

Table 6.1: The first 20 Fibonacci and Lucas numbers

n F, L,
0 2
1 1 1
2 1 3
3 2 4
! 3 7
5 5 11
6 8 18
g 13 29
8 21 47
9 34 76
10 95 128
17 89 199
1247144 322
132233 521
FRn 3% 343
15| 610 | 1,364
16| 987 |-2.207
LANIG IBE W35
18 | 2,584 | 5,778
19 4,181 |- 9.349




Appendix B

The first 20 Generalized Fibonacci numbers

Table 6.2: The first 20 Generalized Fibonacci numbers

T | o = B BFmas

00

I 03

2 | a

3 |a?+b

4 | a® + 2ab

5 | at + 3a%b+ b3

6 | a® + 4a®b # 3ab?

7 | a® + 5a2bét 6a2b? + b2

8 | a” + 6a®b + 10a3b* +4ab®

9 | a® #7050 + 15a#b? H510a%6° ¥ b*

10 | a® 4 8a™b + 21a°b +20a°b3 + Hab*

11 | a'® + 9a8b +28a%b% + 35a%b® + 15026+ b°

12 | o't + 10a%b4 360702 4-56a56% £ 35a°H" + 6ab’

13 | a!?451181% + 45aFb8| P 84003 - 70atb 2T a?bP - b5

14 | a' + 120216 + 55a°b% 41204703+ 126a°b? + 56a3b° +Tabb

15 | & + 13@1% + 66a'08% + 165a®6% + 210a°b* + 126610 + 286205 + b7

16 | a'® 4+ 14a'3b 4 73a' 1 b2 4 22042 + 330a7b! + 2524705 + 840300 + Sab’

17 | al® + 15a'%b + 91a'2b? + 286a b3+ 4195a454* +462a°0" + 210a" b # 360707 + b®
18 | a'™ + 16a'"b + 105a'*6? 106063 + 715a%b! +.792ab7+ 462a°0° + 120a%07 + 9ab®
19 | a'® + 17a'%b + 120a™b2 197220+ 100010'90* + 1e?82d%0° + 924a%0° + 3304407+

450268 + Y




Appendix C

The first 20 Generalized Lucas numbers

Table 6.3: The first 20 Generalized Lucas numbers

1 | Ly =61 + 040

0|2

1 |a

2 |a®+2b

3 | a®+ 3ab

4 | a* 4 4a%b+ 2b°

5 | a® 4 5a®b + 5ab?

6 | ab+ 6a%b 04%02 + 25°

7 | a” +6a°b + 14a®b? + Tab®

8 | a® + 7abb + 20a*b?+ 166203 + 2b*

9 | a® +8a"b + 26a°b>+ 30a*b® + 9ab?

10 | a'® 4 9a®b + 33056 +50ab3 +- 25a> bt + 20°

11 | a! - 10a°b + 41a"4? + 56a°b% + 55abh 4 11ab®

12 | a? -+ 11a'%b 4 50a®h® +89a50% £ 105420 + 366205 + 200

13 | a'® +12a'1b + 60a%® + 130763+ 161a°b* + 91a°b® + 183ab®

14 | a't +18a"2b + T1a'%b? 4180a8b% £ 250a°b? + 196a"b% F 49a2° + 207

15 | a'® + 1da'*0+.83a' 1B% 4 240a°b% + 380a7b! +/357a"b® + 140030 + 15ab”

16 | a'® + 15a!%6 +96a'2b% + 311a'%> + 560a"b! + 60785 +.336a* b8 644207 + 208

17 | @7 + 16a'5b+110a3b? + 39401105 1 8000 b+ 987(_1755 + 693a°b% ¥ 204a®b” + 17ab®

18 | a'® + 17a'%b + 1256462 444900 2b% + 1. 111a'%b* + 1.547056> 41, 300a°b° + 540a%b7+
8la?b® + 207

19 | @' + 18a'7b + 141a'3b? + 6000 3b*=beb05a D4} 2, 34700 + 2,487a7bC + 1, 23350+

285a°b% 4+ 199ab”




Appendix D

Sample of Mahler measures for polynomials of low degrees

Table 6.4: Sample of Mahler measures for polynomials of low degrees

degree | Sample of polynomials (p,(z)) | M(pn(z))
0 1 1
i z+1 1
2 ?+z+1 2.4964
3 28 L@ el 1
4 g1 2+ 22 a4l 3.8041
5 Pt e 4 a1 6.2320
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Abstract. Garth, Mills and Mitchell in 2007 started the invesitgation on the nature of real zeros, and the Mahler measures of
Fibonacci-coefficient polynomials, which are polynomials whose coefficients are Fibonacci numbers. Their results have later
been extended in various directions. We complement these earlier works by investigatiing generalized Fibonacci-coefficient
polynomials, which are polynomials whose coefficients are generalized Fibonacei numbers. Our-main results give precise
information about the location of the real roots of generalized Fibonacci-coefficient polynomials, and the computation of their
Mahler measures.

INTRODUCTION
A Fibonacci-coefficient polynomial (FCP) is a polynomial of the form
) C ) [P LR b P,
20

where the £} ‘s are Fibonacci numbers defined by Fy =0,F =1, F

H

F

ni—l

+F N (1122). In'2007, Garth et
al. [4]. investigated the zeros and the Mahler measures of the FCP's. Their main results are summarized as follows:

A. Al)Foreven » =2, eachpolynomial p, (X) has no real zeros.

A2) For odd 123 each polynomial 2, (X) “has exactly one real zero lying in the interval [ﬂ;z?,—l],

where ¢ = (1+ x/g) N2
A3) The sequence of real zeros of p, (X) with #-odd deereases monotonically to zero.

B. Theroots of p,(x) approach @ in modulus as 1= o0,
C. For m=2, let {p:,"')(x)} be the sequence obtained from the FCP's by reducing the coefficients modulo

mand adjusting the residue class using F(mod m)—mif F (mod m)>m/2. Let i be the
number of terms in one period of the Fibonacci sequence reduced modulo m.

Cl)If k==2 or =1(mod 1), then M (p{"(x)) =M (p!"}(x)), where M (p) denotes the Mahler

=2
measure of the polynomial p.
C2) If k=-2 or —1(mod ¢), then M(p:,l‘”)(x))z @""', where (L,) is the sequence of Lucus

numbers definedby L, =2, L, =1, and L =L _, +L , (n2=2).

n—1
Our objective is to extend the results A), B) and C) to those of a generalized Fibonacci-coetficient polynomial
(GFCP)

Proceedings of the 13th IMT-GT International Conference on Mathematics, Swatistics and then Applications (1CMSA2017)
AIP Conf. Proc. 1905, 030034-1-030034-6; https doi.org 10.1063/1 5012180
Published by AIP Publishing. 978-0-7354-1595.9'530.00

030034-1



Ba) =Y F 2, )
k=0

where the coefficients are generalized Fibonacci numbers defined, for fixed positive integers @ and b, by

=0, F=1, F, =aF +bF _, (n=1). (2)

n+l
There have already appeared some extensions of the results A), B) and C), namely, Matyas, [5], showed that the
results Al) and A2) hold in this generalized setting. Matyas [6], further extened A1) and A2) to sequence of GECP's
with shifted indices. Matyas et al. [7], refined the results A1) and A2) further by considering polynomials whose
coefficients satisfy a liner recursive sequence with constant coefficients. Matyas and Szalay, [8], proved the validity
of Al) and A2) for Tribonacci-coefficient polynomials. Mansour and Shattuck, [9], considered polynomials whose

cocfficients are k — Fibonacci numbers, i.c. numbers satifying the recurrence @, =a,  +a, ,+---+a, ,, and

proved the results A1), A2) and B) in this setting as well as refining the results in [8]. Here, we complement all the
above-mentioned works by establishing the results B) and C) for GFCP's.

PRELIMINARY LEMMAS
Our first lemma, whose easy proot is omitted, gives two recurrence relations for GFCP's.

Lemma 1. For all natural numbers 7, we have

n A

15 C0) A x QP O+ BEN (X, (3)

) = 0P Bl )]

From Lemma 1., the characteristic equation of 2 (x) is x> —ax —b =0 and its characleristic roots are =i+
=

2 ps
For convenience, we Jet, _44V4 Ewials e 4 ‘and notice that @, , + 7, , =a, ®,, —7,, =\a’ +4b and
a, 2 LT 9 P f 1 ¥

@opTop =—b. Recall that generalized Lucas numbers are defined by
L,=2,L =a, L, ,=aL,, +bL (n20), The next lemma, whose straightforward proof'is omitted, gives

some relations between generalized Fibonacci numbers and generalized Lucas numbers.

Lemma 2. For n € 7, n >0, we have

n "

T

l) ﬁ = qp"'ﬁ e 3 ’C’u = qﬂ:_h Eo z-c':n’r’ '£r1 < AT * b‘ﬁ—I;
qD(rJJ _Tn,h ‘
ii) Fon =FL,+(-BVK_ AFeN,1<k<n).

For neN, let G, (x)=P (x)(x’ —ax—b).Two usefiil felations: Whose casy proofs are omitted, are listed
in the next lemma.
Lemma 3. For 1 € Z, we have

Gu ('x) = x’i+2 _‘Fl‘n?x . b";rr;d 1= (S)
x"+aF, = P(x)—(ax+b)P _,(x). (6)
REAL ZEROS

In this section, we investigate the real zeros of the GFCP's.

030034-2



Theorem 1. For even 12> 2, each polynomial P, (X) has no real zeros, For odd 7 >3, each polynomial P, (x)
has exactly one real zero which is negative; if @” = b, then this zero lies in the interval (-, 3 —a]. Moreover,
the sequence of real zeros of the polynomials P, (x) with odd 7 converges to —, ,.

Proof. The first two assertions have alreday been proved in [5, Theorem 3.1]. For odd 7 2 3, assuming a’> b, we

now show that the negative real zero of F, (X) lies in (=@, ,,—a]. Notes first that

J' l
( (Da f;) gau b H— n+7) b n+l”
By Lemma 2., for odd 7 = 3 we have

n+l n+2 I ] 1
G —Friz = oy e + >0,
b ’ 5 Pa \/az +4b ,Jaz +4b§‘95_,;,'4

yielding G, (-, ,) < 0. Next, using 7> a"™ (n>3) and a® = b, we get

G,(—a)=-a"?+aF, , “bF, =-a""+(a~b)F *abF=—-a"’ +(a*—b)a" +ab-a"" >0,
n+2 1ntl

n+l T

which shows that the only real zero of G, (x) Ties in (=g, ,,—a].
Finally, we show that for odd »n = 3, the sequence of negative real zeros of P, (x)converges, as 11 —> o, to

=@, - Let a, be the negative real zero of P, (ix). From (3), it is easily checked that-G | (x) has two critical points
Uy ) .
at i(.ﬁ‘z /(n+2)) " Since s Py > Ty are all the real zeros of G, (x), with &, € (=@, ,,—a], it

Vi
follows that G, (x) has a local maximum at ﬁ(f’d /(n+ 2)) B\ s with—p <a <~(F ,Hn+ 2))“"”l

n+2

1/(n+1)
+2

Since hm ]‘1 =, the last assertion follows.

We proceed next to analyze the nature of all-other roots of /2 (.x). The next lemmu is casily checked by

induction.

Lemma 4. For n € Z, we have

(1) qDﬂ b= ri bF + b‘F

ul"

(i) Ife> @, ,, Wen 2 > FycrbF

n+l ;

then ¢""* < F OB F

n+ks

iy If0<c<g

ab?

We now state and prove our second main result.
Theorem 2. The roots of F,(x) approach ¢, ,. inmodulus as /1 — oe;

Proof. Consider the circle JZ| = ¢ in the complex plane, where ¢ > ¢, ,. By Lemma 4. We have

I fn-{-?z +b‘;r+l ‘ < u+ n+2 n+l s =| z B [
It then follows from Roche's Theorem [3, p.2] that FL(Z)(Z —az —b) =z"?—F ,z—bF, has n+2 roots

inside |ZJ =c. Since ¢ > @, , is arbitrary, it follows that P”(z)(:: —az—b) has n+2 roots inside or on

|ZJ u b
. _ zZl=c . b/ L
Now consider the circle | I wi Pue ¢
| Fosz—0F,, P=F2, S +2b F,,

n+2

i deu

Re(z)+b* Fl 2 F , =2 F., F. c+h F

nyl = i

=(F .c=bF

=l

Fi

m\ ml
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yielding
| ‘7::+2Z 7 b‘jc;fi-l IZE .F,;+:,C'*bf,"| | B (7)
Since
1 b —I n+l
W1 . M ) IV < W |
Ja? +4b ®, Ja' +4b | Na*+4b @\ P

it follows that for n large enough,

n+2
Frse=bF,, >c". ®)
Using (7) and (8), for |:| = ¢, with b <c<gp,, We have for large n
rﬂru’- o
| FoiaZ + b F =0 Fpdz e
By Roche's theorem again, it follows that if iqﬂp " then, for n large enough, P”(Z)(Z2 —az —b) has one
o \
Zero in fz] =C. Since ¢ is arbitrary, as 77 =00, the zeros of 2 (x) approach @, ;- immodulus. o
MAHLER MEASURES

Let G(x) e R[X], deg G =, with leading coefficient: @, and complex roots a,....c,. It's Mahler
measure is defined by
1
M(G(x))=|a, [Hmax{l,] i}
741
Let {P"("’)(x)} be the sequence obtained from the GFCP's by reducing the coefficients modulo 721 and adjusting

the residue class in the same way ‘as mentioned-in the introduction. It is well known that generalized Fibonacci
sequence modulo M2 is periodic, and so let 7 to be the number of terms in one period.

Theorem 3. Let m 2 2 and {be asabove If k& = ~2 or —I(mod ), then
M () = MBS x).
Proof. Let a, = }?;4 (mod m) (i =1) bethe terms of the gencralized Fibonacei sequence modulo m. Since
a, =0 and @, =1, wehave
PE(x) = x'7 rad ™ apy T A e x+a

Let C,(x)= x4+ x7 L+ XRING 2D Setting B (x)= P (x)C,(x"), and equating the degree of
Pk("')(x) and E(_';)(X)C,, (x'), we havee, ==(L —2) +1t. From [ = (k+2=1)(mod 1), we get
k=-2 (mod 7).

Setting B (x) = xP"(x)C,(x"), and equating the degrees. we get k = (1 fl)-H'l, i.e.

=-1 (mod ).
Since all the roots of C,.(xf) have modulus | and the Mahler measure is multiplicative, the result follows.

O

From the identity in Lemma 2., we have

L, =F, +bF =2F —-aF >2F

n+l il

=25 (0=i<n)
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Thus, the first 7+1 elements of F, mod £, are £, =0,F,F,,...,F,. From Lemma 2. iii), we have
o

n+k

—b}; ],b A 53.7';_ A (~h)"",0 (noting that F, =0, F =1). This shows that the period of the

generalized Fibonacei sequence modulo ﬁ” is 21

L +(-b) F o (1 £k <n). Thus, the next n element of 5, mod £, i.e., for n+1<i<2n, are

We are now ready to prove our last result, keeping in mind that ¢, =0 and a, =1.

Theorem 4. If k =—2 or —1 mod 25, then M(P(f’)(x)) o

u b
Proof. By Theorem 3., If £ =—2 or —1 mod 25, then AJ(P,(L”](X)) = ,Mf(PZ(”""_,) (x)) Since
Pzniz(x)szl—l +£x2n——3 +-?:3:x217 4 +'--+-ﬁ.x,, 1 “l'}‘—',‘,ﬂ-\” 2 +Jrv: ‘C” -3 s +‘:F2'" 2x+£”_”

n+2”
we get
B (x) = x4 B 4 o™ s + (—0)F, X"+ (D) Faag o+ (=B Fox + (b)Y F
=/
=x"'P_ (x)—bx" R/ [—’] )
2
To prove theorem, we have to show that
MBI ) =i (10)
For odd n, using (9), we have
5 Pttt 1 g ) SO -\ £ ) (11)

Using the < cyclotomic polynomial. [2, section 2.2 p.81], @, (x), it is-easily checked that

x an n "
B3 Blpnr o i N Al
r.' A7 2 2

djnd=1 Pon X —ax—b

which in tumn gives

o T, o )

dlnad=#l @rr,h

Since all the roots of @, [_(/)ELJ have modulus b/, ,, and all the roots of (Dd[i] have modulus ¢, ,, it
LA

follows that
; > - X
M(PE)) = MeM] [ w(m—) METLo == ||=e.
drid=1 b _ A d#) L '

Foreven 1 = 2. let
f;! 2n-8 ‘R 2n-10

i B . F F -
R(x)=a 422 xm 0 26 o208 T8 gm0y et 2y Tned oy T gl
a a a a a a
_b 2 N _b 4 e 7[} -4 , _b n=-2
NI ) N ) T ) S
a 1] a a
Using (9), we have
Baa(x)=(x" +ax—b)R, (x). (12)
It is easy to show that
R, (x)(x'—(a" +2b)x" +h") = ML x"+b (13)
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Similar to the case when # is odd, we have

bn-—Z H D _gpa,hx D —_‘:_ - xZn =, le" + 4"
dln.d=12 ‘b d @, | x'—(a’+2b)x* +b*’

and so
Bnx)=(x*+ax-b)b"* T] cbd(_w""’x]qnd = 2
dn,d#1,2 ‘b ¢ﬂ,b
yielding
) Y R e
M (PE)(x) =M(x2+ax—b)M(b”"')M( I1 (Dd( i DM [T o, =||=¢5.
dln,dzl,2 b dlnd=1,2 Db
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