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Chapter 1

Introduction

1.1 Research Motivation

Fixed point theory is an important area of mathematical analysis. There are
many inventions about the method for solving the solution in many problems in
hilbert space such as nonlinear operator equations, equilibrium problems, variational
inequality problems, optimization problems and minimal problems. The solution of
some problem has many benefit in a variety of area such as physics, engineering, and

economics.
Let T': C — C be mapping. A point z € C is calleda fixed point of T if Tz = z.

The set of fixed points of T is denoted F(7) = {z e C : Tx =ak
Let C.be a nonempty closed convex subset-of a real Hilbert spaces H. A

mapping T: ¢ — C is called

(i) nonexpansive if
I1Ta s Tyl £z ~gll, Yo, 1 & C;

(i) irmly nonexpansive if

| Px="Ty||? < (= y, Tz = Ty)-Va.y €C,
(iii) quasi-nonexpansive if

[Tz — 2| <z =zl Vz € Cand 2 € E(T),
(iv) nonspreading if

2Tz ~Ty|”.< 1Tz - yl| + o - Tyll®, Vary€ C.

A mapping A : C — His called-a-inverse strongly monotone, see [13] if there

exists a positive real number « such that
(z —y, Az — Ay) > of| Az — Ay|* Vz,y € C.

Let G : € x C — R be a bifunction. The equilibriums problem for G is to

determine a point z* € C such that
G(z*,y) >0, Yy € C. 1)
The set of all solution of (1.1) is denoted by

EP(G) = {z* € C: G(z*,y) > 0}. (1.2)



Numerous problems in physics, optimization, and economics reduce to find
a solution of EP(G), see, for instance [2]-[4]. In 2007, Takahashi and Takahashi [4]

proved the following theorem:

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let G : C' x C — R be a bifunction satisfying (A1) — (44) and let S be a nonexpansive
mapping of C into H such that F(S)n EP(G) # 0. Let f be a contraction of H into
itself and let {z,} and {u,} be sequences generated by z; € H and

G(urn y) = L(y = Up,Un — 3311.)3 Vy eC,

ZTnt1 = A f(zn) + (1 = an)Sun, ¥Yn € N,
where {a,,} € [0,1] and {r,} C (0,1) satisfying
(C1) a,, > 0 a5 n — o0,
(C2) 3-5Lp an = o0,
(C3) either 320 |etnst — avn| < 0007 UMy, b 2otl = 3,
L

Qo

iminf, oo rn » 07and XoZlrnyi + ml < 0o Then {z,}and {u, hConverge strongly to
2e F(S) ﬂEP(G), where z = PF(S)OEP(G)f(z)-

Let B: C — H be a nonlinear mapping. The variational inequality problems is

to find a point u € C such that
{v=—w, Bu) >0, forallv e (1.3)

The set of solutions of the variational inequality is-denoted VI(@, B). Numerous prob-
lems in physics, optimization, minimax problems are reduced to variational inequality
problems.

The generalized equilibrium prablem is to find z € C such that

G@, )+ (B4, y — 2) 20, %ye C. (1.4)
The set of all selutions of generalized equilibrium problem is denoted by
EP(G,B) ={z€ C:G(z,y) + (Bz,y —~2) = 0,Yy'e C}. (1.5)
In the case of B = 0, EP(G, B).= EP(G).
In 2010, Qin et al. [16] introduced-aniterative algorithm as follows:

Algorithm 1.2. Let C be a nonempty closed and convex subset of a Hilbert space H.
Forevery i =1,2,..,N. Let T; be nonexpansive mappings of C into itself. Let {x,} be

a sequence generated in the following:

;
x € C, arbitrarily,

Fi(un, u) + (Azp,u — up) + 2w — up, up — 2,) > 0,Vu € C,
Fy(vp,v) + (Bxp,v—v,) + %(v — Un,Un — Zpn) = 0,Vv € C, (1.6)

Un = 6ﬂ‘un + (1 - 671)“71’

Tn41 = nfﬂf(l'ﬂ) + ﬁnwn + 'YnIvrrmn:



where f: C — C is a contraction mapping and F; : C x ¢ — R be a bifunction for all
j = 1,2 satisfying (A1) — (A4), A: C — H is a-inverse strongly monotone mapping and
B:C — H s p-inverse strongly monotone mapping. Let W, is W-mapping generated
by infinite family of nonexpansive mappings and infinite real number.

They proved under some control conditions on {a,}, {8,}, {1} and {4, } that
the sequence {z,} generated by (1.6) converge strongly to z = Puf(z), where F =
N, F(T;)) N EP(Fy, A) N EP(Fy, B).

Let CB(H) be a family of all nonempty closed bounded subsets of H and
#H(.,.) be the Hausdorff metric on CB(H) defined as

H(U,V) = max{supd(u, V), supd(U,v)},VU,V € CB(H),

uelU vey
where d(u, V) = inf,ey d(at, v)sd(U,v) = infuer d(u, vyandd(u, v) = |lu — v||.

Let ¢ : C —H be a real-valued function, T: C — CB(H) be a multivalued map-
pingand @ : HxCxC — R bean equilibrium-like function, that is, ®(w, u, v)+®(w, v, u) =
0 for all (wyuyw) € Hx Cx C which satisfies the following conditions with respect to
the multivalued 7: C = CB(H);

(H1) For-each fixed v &G, (w, 1) ~» P(wyu, v) is an Uupper-semicontinuous func-
tion from H x ¢ to R, that is; for (w,u) € H x €, wherever w,, — w-and u, — u as
n — o9,

lim_ sup®(awn; wn, ) < 8 (w, u,v),

(H2) For each fixed (w,v) € H % C x €, wi ®(w, u, v) isa concave function,

(H3) For.each fixed (w,u) € H xCx C, v~ ®(w,u, v) is a.convex function.

In'2009, Ceng et al.[5] introduced. the following generalized equilibrium prob-
lem (GEP) as follows:

Findu e Candw € T(u) such that
(GEP) (1.7)

Q(w, u,v) + ¢(v) — p(u) >0,%v e C.
The set of solutions of (GEP)is.denoted by (GEP)«(®, ). In the case of ¢ = 0 and
®(w,u,v) = G(u,v), then (GEP),(®,y) is denoted by EP(G).

In 2012, Kangtunyakarn [11] introduced an iterative algorithm as follows:

Algorithm 1.3. For every i = 1,2,...,N. Let T; be &;—pseudo-contraction mappings of
C into itself and x = max{x; : i = 1,2,..., N} and let S, be the S-mappings generated
by {THYL, and A%, AP, where ol = (a{™9,a{™,aM,5) € Ix I x I,T = [0,1],

apd Ll +af’=1andk<a< a?‘j,aé’“’j <b<lforallj=1,2,..N-1,k< a;“N €1,

k<o <d<l,n<al <e<iforallj=1,2.,N. Letz € C = C and
3 2

wi € T(z1),w} € D(x1), there exist sequences {wl}, {w2} € H and {z,}, {un},{va} € C



such that

s

wy, € T{zp), [lwg — w711.+1 | < (1 + %)H(T(mﬂ), T(zn+1)),

w? € Den), [ = wiy | < (1+2)H(D(@n), D(zns1)),

Q1 (wp, un, w) + 1 (u) — @1 (un) + %ﬂ_(un —In,u—Up) > 0,VueC,r, >0,
o (w2, vn, v) + wa(v) — @a(vn) + ﬁ(vn —Tn, U —Uy) > 0,Yv € C, s, >0,
zp = 0 Po(I — AA)uy + (1 — 6,)Pe(I — nB)vy,,

Yn = anzn + (1 — an)Spzn,

Cri1 = {Z €, Hyn = z“ < H-Tﬂ == ZH}a

‘_In+l = PC'”_‘}_ILE}.‘V?I = ].,

where D, T : C — CB(H) are H-Lipschitz continuous with constant ju;, ys, respectively,
®1, Py : HxCxC — Rare equilibrium-like function satisfying(H1)—(H3), ¢1, 02 : C = R
be a lower semicontinuous and convex function, 4: C —I.is a-inverse strongly
monotone mapping and B : € — H is s-inverse strongly monotone mapping.

He proved under some control conditions on {5, }. {am}, {r, }and {s,} that the
sequence {z,} generated by (1.8) converge strongly to Prat, where F = N, F(T;))n
(GEP)s(®1, 1) NAGEP) (P2, ¢2) A F(G1) N F(Gs);,G13. G2 . C xC are defined by G, (z) =
Po(z—AAz), G2(2) = Po(z=nBx), Vx € C and Frz; is a solution of the following system

of variational inequalities:
(Ax* iz —2*) >0,
(Bz™, z— z*) = 0.

Motived by Algorithm 1.2 and Algorithm 1,3, we define the following algorithm

as follows:

Algorithm 1.4. For every i = 1,22, N, Let 7; be nonspreading mappings of € into itself
and let K be the K=mappings generated by Ty, 75,...; Tx and M, Ao, ..., An. Letz, € C =
Cr and wi € T(z1),w] € D(zy), there exist sequences {z, }, {un}, {vn}, {Un}, {Tn} C C



and {w}.}, {w2} C H such that

wh € Tan), wh = whiy |l < (14 1) HT(@n), T(ns1)),

w2 € D(@n), [0k = wii |l € (14 2)H(D(@n), Dlensr),

D1 (wn, un, 1) + 91(8) — @1(Un) + = (Un — Ty 1 — uy) > 0,Yu € C, 1, > 0,

Dy (wh, vn,v) + 902(v) = P2(Un) + = (Vn — Tn,v —vn) 2 0,V € C, 5y, > 0,

Fy (T, T) + (A2, T — ) + 2(T — Tp, Tn — 20) > 0,VT € C, (1.9)
F3 (U0, 0) + (B2y, T — Tp) + 2T =0y, T — @) >0,V € C,

Yn = Qnlpn + BpUn + Ynlin + 0nTn + M Kzp,

Cny1 ={2€ Cn: lyn — 2| < [lzn — 2]},

Tn+1 = Po, . 21,Vn > 09

where D, T : C — GB(H) are H-Lipschitz continuous with censtant s, u., respectively,
Dy, 8, : HxCxC = R are equitibrium-like functions-satisfying (H1)=(H3), ¢1,¢2: C > R
be a lower semicontinuous and convex functions, Fj : C'x C — R be a bifunction for
all j = 1,2,/4 : €' — H is-a-inverse strongly.monotene mapping and B : ¢ — H is

B-inverse strongly monotone mapping.

In this thesis, we prove a sequence {z,} generated by (1.9) converges strongly
to an element of the set of solutions of equilibrium problems, generalized equilib-
rium problems and fixed points problems by using the K-mapping generated by a finite
family of nonspreading mappings and finite real numbers introduced by Kangtunyakarn
and Suantai-{7].-Moreover, we apply a strong convergence theorem involving mini-
mization problems and fixed points problems of nonlinear mappings by using our main

result.

1.2 Objectives of the study

1) To prove a strong.convergence theorem for finding'a common element of the
set of solutions of equilibrium. problems, generalized equilibrium problems and
fixed points problems by using the K-mapping generates by a finite family of
nonspreading mappings and finite real numbers introduced by Kangtunyakarn
and Suantai [7].

2) For apply our main result to obtain a strongly convergence theorem for finding a
solutions of minimization problems, generalized equilibrium problems and fixed

points problems of nonlinear mappings.



1.3  Scopes of the study

1) Study the fixed point problems of by using the K-mapping generates by a finite
family of nonspreading mappings and finite real numbers introduced by Kang-
tunyakarn and Suantai [7] and a convergence theorem involving minimization

problems.
2) Study generalized equilibrium problem in real Hilbert space.
3) Study variational inequality problem in real Hilbert space.

4) All strong convergence theorems are considered and proved in a real Hilbert

space.

1.4  Benefits of the study

1) To obtain'new tools for fixed point problem on real Hilbert space.

2) To obtain a strong convergence theorem for finding a.common element of the
set of solutions-of equilibrium problems, eeneralized equilibrium problems and
fixed points. problems by using the K-mapping generates by a finite family of
nonspreading mappings and finite real numbers introduced by Kangtunyakarn
and Suantai [7].

3) To obtain a stronely convergence theorem for- finding a solutions of minimiza-
tion problems, generalized equilibrium problems and fixed peoints problems of

nonlinear mappings.

1.5 Research methodology
1) Study advanced topics in fixed point theory for a nonspreading mapping.
2) Study background-in areal Hilbert space.
3) Collect and study research papers and textbooks concerning fixed point theorem.
4) Determine the objectives and scope of the research.
5) Produce tools for a strong convergence theorem of fixed point problem.

6) Prove a strong convergence theorem for fixed point problem in a real Hilbert

space.
7) Provide applications.

8) Conclude the results, make suggestions for further works and write the thesis.



Chapter 2
Preliminaries and Literature Reviews

The purpose of this chapter is to collect lemma, definition, theorem and ter-

minology for used throughout of the thesis.

2.1 Fundamental properties in Hilbert spaces

Definition 2.1. (Cauchy sequence, See [14]) A sequence of vectors {z,,} in a normed
space is called a Cauchy sequence if for every e > 0 there exists a number M such

that ||z, — z,.|| < € for all m,n > M.

Definition 2.2. (A complete normed space, See [14]). A.normed space E is called
complete if every Cauchy sequence in E converges to an element of E. A complete

normed space is called a Banach space.

Definition 2.3. (Hilbert space, See [14].) Let X be an inner product space and X is
called Hilbert space if X is complete inner product space.

Definition 2.4. (Strong convergence, See [14].) A sequence {z,} of vectors in an inner

product space K js called strongly convergent to a vector z in K if
|20 <zl 085 n ~ 0.

Definition 2.5. (Weak convergence, See [14].) A sequence {z,} of vectors in an inner

product space K is called weakly convergent to a vector z in K if
(Zq,y) = (z,y) asn = oo for every y € K.

Theorem 2.1. (Sreng convergence, See [14].) A strongly convergence sequence is

weakly convergence.(to.the same limit), that is, z;; & = implies z, — z.

Lemma 2.2. (See [17]) In a real. Hilbert spaces H, the following results hold:
M) lz+yl? < ||z)|*> + 2(y,z + y) for all z, y € H.
(ii) for all z,y € Hand a € [0, 1],

lo + (1 = a)yl* = ellzl* + (1 = ) Iyll* — (1 - )|z — y|*.

Definition 2.6. (See [15].) Let H be a Hilbert space and let € be a nonempty closed
convex subset of H. Let f be a function of C into (—oo, o], where (—oo, 0] = RU{o0}.

Then, f is called lower semicontinuous if for any a € R, the set

{z e C: f(z) <a} is closed.



Moreover, f is called convex if for any 1,2, € C and ¢t € (0,1),
fltzy + (1 —t)za) < tf(x1) + (1 —t) f(a).

Similarly, f is said to be concave if for any z;,2, € C and t € (0,1),
fltzy + (1 = t)m2) 2 tf(21) + (1 - t) f(22).

Theorem 2.3. (See [15]) Let H be a Hilbert space, let ¢ be a nonempty closed
convex subset of H and let f be a proper convex lower semicontinuous function of

C into (—oo,00]. Let {z,} be a bounded sequence in C such that z,, — zo. Then

f(xo) < Uminf £ (z,).

n—oo

Theorem 2.4. (See [15].) Let {a,} be a bounded.of real numbers. Then, there exists
subsequence {a,, } of {a,} such that
a=limsupa, = lim a,,.

Similarly, there exists a subsequence {a,, } of {a,} such that

B=\lminfa, = lim.as,.
nN—+oQ J—oa

Remark 2.5. (See [15].) Let H be an inner product space. Then we know that the
following (i) and (i) are equivalent:

(i) H is complete,

(i) each bounded sequence {,} of H has a weakly convergence subsequence {z,, }
of {z.

Definition 2,7. (Metric projection, See [15].) The (nearest point) projection P from H
onto C assigns to each x € H, the unique point Poz € C satisfying the property

7 — Bzl =min|lz— y||.
o= Peal < min = y|

Lemma 2.6. (See [6].).Given z € H and y € C. Then Paz == if and only if there holds
the inequality
(x—2z,z—y) >0, VyeC.

It is well-known that P is a firmly nonexpansive mapping of H onto € and
satisfies
IPoz — Poy|® < (Pox — Pey,x - y), ¥,y € H.

Lemma 2.7. (See [6].) Let H be a Hilbert space, let € be a nonempty closed convex
subset of # and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=PFPo(I-AA)usueVI(C,A),

where Py is the metric projection of H onto C.



Let w(z,) be the set of all weakly w-limit of {z,}, i.e., w(z,) = {c|z,, — cask —

co} where {z,,} is a subsequence of {z,}.

Lemma 2.8. (See [9]) Let C be a closed convex subset of H. Let {z,} be a sequence
in Hand ue H. Let ¢ = Pou, if {z,} is such that w(z,) c C and satisfies the condition

lzn —ull < |lu—g|,¥n € N.

Then z,, = g as n — oc.

Definition 2.8. A multivalued mapping T : C — CB(H) is said to be #-Lipschitz con-

tinuous if there exists a constant x> 0 such that
H(T(w), T(v) < pllu —v|,Yu,v € C,
where #(.,.) is the Hausdorff metric-on CB(H).

Lemma 2.9. (Nadlet’stheorem, See [10].) Let (X, | - ||) be a.nermed vector space and
H(.,.) be the Hausdorff metric on CB(H). If U, V€ CB(X), then for any given ¢ > 0
and u € U, there exists vV such that

lw—=u]l <1 +e)H(U, V).

2.2 Fixed Point Theorems

Let X be a nonempty setand 7': X — X a self-mapping. We say that z € X is
a fixed point of 7if and only if T =z and F(1') represents the set of all fixed points
of T.

Example 2.10. (See [18].)
1) If X =R and T(z) = 22 ~72'+ 15, then F(T)={3,5};
2) If X =Rand Ti(z) = 2% —\3z, then E(T)={0,4};
3) If X =R and T(z)= z+6, then F(T) =0;
4) If X =R and T(z) = z, then F(T)-=R;

Theorem 2.11. (See [15].) Let H be a Hilbert space and let C be a nonempty bounded
closed convex subset of H. Let T be a nonexpansive mapping of C into itself. Then

T has a fixed point in C.

Lemma 2.12. (See [1])Let H be a Hilbert space and C a nonempty closed convex
subset of H. Let T be a nonspreading mapping of C into itself. Then F(T) is closed

and convex.

Lemma 2.13. (See [8].)Let H be a Hilbert space, C a closed convex subset of H, and
T: C — C anonspreading mapping with F(T) # 0.Then T is demiclosed, that is, z,, — u
and z, — Tz, — 0 imply u € F(T).
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In 2009, Kangtunyakarn and Suantai [7] introduced K-mapping generated by
Ty, Ty, ... Ty and Ay, Aa, ..., Ay as follows:

Definition 2.9. Let C be a nonempty convex subset of a real Banach space. For every
i=1,2,..,N. Let T; be a finite family of mappings of C into itself, and let Ay,..., Ay be
real numbers such that 0 < A; < 1 for every i = 1,...,N. Define a mapping K : C — C

as follows:

hh=AMT1+(1-M)I
Us = ATl + (1 — /\g)Ug
Us = A3T3Us + (1 — A3)Us

Un=1 = An1Tn_1Un_2 + (1 =Ay2)Un -2

K =Un=ANTNUN_1 A (1 = AN)Un-1.

Such a mapping K is-called the K-mapping ¢enerated by 7y, Ty, ..., Ty and
Ay Agy e AN

Lemma 2.14. (See [7])Let C be a nenempty closed ‘convex subset of real Hilbert
space. For'every i =1,2,...N. Let T; be a finite family of nonspreading mappings of
C into itself with' (L F(Z:) # B-and let Ay, ..., Ay be'real numbers such that 0 < ); < 1
for every i'=1,.., N-=1and 0'< Ay < 1. Let K-mapping generated by T3, ..., Ty and
ALy Ane Then B(E) = YL F(T) and K is a guasi-nonexpansive mapping.

2.3 Equilibrium problems and generalized equilibrium problem in

Hilbert spaces

The equilibrium problem provides us-a natural to study problems arising in
economics, finance, minimization problems, Nash equilibria-in-noncooperative games
and certain fixed point problems.

Let F: C'x C = R be a bifunction. Theclassical equilibrium problem for F is

to find u € C satisfying the following inequality
F(u,v) > 0,Yv € C. (2.1)

We use EP(F) to represent the set of solution of (2.1).

Theorem 2.15. (See [5].) Let C be a nonempty, bounded, closed and convex subset
of a real Hilbert space H, and let ¢ : C — R be a lower semicontinuous and convex
functional. Let T : C - CB(H) be H-Lipschitz continuous with a constant u, and
®: H xC xC — R be an equilibrium-like function satisfying (H1)-(H3). Let r > 0 be a
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constant. For each z € C, take w, € T(z) arbitrarity and define a mapping 7, : ¢ — C

as follows:
Tr(z) ={ueC: 0wy, u,v) + ) —pu) + %(u —z,v—u)>0,Vv e C}.

Then, there hold the following:

(a) T, is a single-valued;

(b) T, is a firmly nonexpansive (that is, for any u,v € C,
|Trw — Tov||? < (Tru — Tov,u — v)) if

@(u’l,Tr($1),Tr($2)) =f (I)(wz,T,-(.‘Ifg),Tr(.tl)) S 0,

for all (z;,z2) e C x C and all w; € T(z;), i=1,2;
(€) F(T;) = (GEP),(2s0);
(d) (GEP),(®,¢).is closed and convex.

Let the bifunction F satisfy the following conditions for solving equilibrium
problem.
(A1) F(u,u) =0 forall we c;
(A2) F is monoteneg, i.e., F(u, vy +F(v,u) < 0 forall u,v € C;
(A3) For each u, v, w & €.

lm F (tw A (L~ t)u, v) < Flu,v);
t—0+
(Ad) For each u € C, v+ Fusv) is convex and lower semicontinuous.
Example 2.16. Let # : R x R — R be defined by
F(z,y)=da®Fay -/ 59% ¥z, y ER,

Then a bifunction F satisfies the condition (A1)<(Ad) and 0 € BEP(F).

Solution. Let z,y, 2 R. Since
£z, T} 40804 52 = 5227,
thus we obtain (A1) holds. Next, observe that
F(z,y) + F(y,z) = (42° + 2y — 5y°) + (49* + 2y — 52%) = =2 +day — 2 = —(z — y)* < 0.
This implies that F satisfies (A2). Let ¢ € [0,1]. Consider

lim Ftz+(1-t)z,y) = lUm d(tz+(1-t)2)*+(tz+(1-t)z)y—5y%] = 42®+zy—5y> = F(z, ).
t—0+ t—0+
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Therefore, (A3) is true. To show (A4), first let a € (0,1). Then we derive that

Flz,az+ (1 - a)y)

— 42 4 m(oz + (1 - a)y) - S0z + (1 - a)y)?

=42 + azz + (1 — a)zy — 5(a?2% + 2a(1 — )2y + (1-a)*y?)

<4z’ + axz + (1 — a)ey — 5(@®2? + a(l — a)(22 + ) + (1 - a)%?)

= a(42” + 2z — 502 + (1 — a)2?)) + (1 — a) (42® 4+ 2y — 5(ay® + (1 — a)y?))
= o (42® + 22 — 52%) + (1 — a) (2% + 2y - 5¢°)

=aF(z,z)+ (1 —a)F(z,y).
Hence F is a convex function. Let {y,} C R with y, — y as n — co. Thus we get

le F(x,yn) = li_I:’] 42® + xy, — SyP= 22 + zy — 57 (2.2)
This yields that F is lower semicontinuous and (A4) holds.
In 1994, Blum and Oettli [3] proved the following existence result:

Lemma 2.17. (See [3]) Let-C be anonempty closed convex subset of H, and let F
be a bifunction of Cx € into R satisfying (A1) ~ (44). Let » >.0and z € H. Then, there
exists z € C-such. that

F(zay)+%(y—z,2—m)ZOforaLLyeC.

Lemma 2.18. (See [2].) Assumethat F ;€ x C — R satisfies (A1) — (A44). For r > 0 and
z € H, define a mapping T, : H x C as follows:

T (zh=Az e O E () %(y— Zz—x)>0,Yy € C},

for all z € H. Then the following hold:
(@) T, is a single-valued;
(b) T, is a firmly nonexpansive, that is,

|Tru — Trv || Fpue=Tr0, u — v), Yu,v € H;

(c) F(T,) = EP(F);
(d) EP(F) is closed and convex.



Chapter 3

A Theorem for Solving Nonspreading Mapping,
Generalized Equilibrium Problem and Variational

Inequality Problem

The purpose of this chapter is a theorem for solving the set of fixed point of
a nonspreading mapping, generalized equilibrium problem and variational inequality

problem and corollaries.

Theorem 3.1. Let C be a nonempty bounded, closed, and convex subset of a real
Hilbert space H and let py;05:€ = R be lower semicontinuous and convex functions.
Let D,T : C — CB(H) be H-Lipschitz continuous with constant u;, us, respectively,
Dy, 8 ¢ Hx Cx.€C — R be an equilibrium-like function satisfying (H1) — (H3). Let
A: C — H be an a-inverse strongly monotone mapping-and B.:'C — H be an g-
inverse strongly monotone mapping, let Fj :'C x.C_— R satisfy (41) — (A4) for all
7=1,2,let T; be nonspreading' mappings of C into itself for alli=1,2,.... N with F =
Ny F(T3) N EP(FLA)AEP(Fy, B) 0 (GEP) (81,101 N (GEP). (93,02) # B Let Ay, ..., Ay
be real numbers such that 0.< A, < 1 forevery«d = 1,...,N =1 and.0 < Ay < 1. Let
K be the K-mappings generated by 73, T, ..., Ty and Ay, Ag, ..., Av andlet z, e € = Oy
and w} € T(xy),w? € D(zy), there exist sequences {z,}s{un}, {vn}, {Ta}, {vn} C C and
{wy}, {wy } € H be sequence generated by (1.9) where {a,.},{8.}, {3n}, {6, } and {n,}
are sequences in [0,1]-forall n. e N, r,,,» C (0,2¢) 'and sy, s°C (0,23)-and suppose the

following conditions hold:
(i) oty + Bn N Yo 1 O + Mn= ¥
(i) 0 < b < am, By s O, i < ¢, TOr some b, c €R,

(iii) there are A, A2 > 0-such that
P, (w{, TT1 (Il )1 Tre ('1'2)) i (I)l(wéa T’f‘z (3:2)’Tr1 {‘Tl)) & _X] HTn (-T'l] . Trg (-LQ) Hza (3 l)
(I’Q(wfrTsl (Il )*TQE ($2)) + q)Q(wga T‘?z (3-:2)& TM ('Tl)) < ngHqu (Tl) = T52 (1'2)”2:

for all (r1,72) € © x O,(s1,52) € E x Z, w} € T(z;) and w? € D(z;) , for i = 1,2 where

©={rm:n>1}and = = {s, : n > 1}. Then {z,} converges strongly to Prz;.
Proof. From (3.1) for every r € ©, we have
@1 (wi, Tr(21), Tr(22)) + @1 (wd, Tr(22), Tr(21)) < =M1 Th(21) — Tolza)||* < 0, (3.2)

for all (z1,22) € C x C and w} € T(x;),i=1,2.

Similarly, for every s € =, we have

@ (wi, To(21), Ts(@2)) + Po (w3, To(wa), To(1)) < —Xo||Tu(@1) — Tu(x2)|| < 0, |32
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for all (z1,22) € C x C and w} € D(z;),i=1,2. From (3.2) and (3.3), we have Theorem

2.15 holds.
It easy to see that I —rA and I — sB are nonexpansive mapping. Indeed, since

Ais an a-inverse strongly monotone mapping with r € (0, 2a), we have
I = rd)z = (I - rA)y|* = |z — y — r(Az — Ay)|?
= |z —yl® - 2r(z — y, Az — Ay) + r*|| Az — Ay|?
< llz — yl? — 2ar|| Az — Ay|* + r*|| Az — Ay||?
= llz = yl* + r(r — 2a)| Az — Ay|?

< [lz — ylf*. (3.4)

Thus I —rA is a nonexpansive mapping. From (3.4), it obvious that I —sB is a

nonexpansive mapping.
From (1.9) and Theorem 2.15, we have u, = T, zw.and v, = T, zn.
From (1.9) and Lemma 2.18, we have a,, = T,(1 — rA)z, and
Tp = To(I — sB)n.
Let z'€ F =X, F(T,)NER(Fy, A) NEP(Fs; BYN (GEP)(®1, 0 ) WGEP)y(®s, 02).
From Theorem 2.15-and'Lemma 2.18, we .have z = Ty 2= T z
=T, (I Az =D& LAY,
From nonexpansiveness of {7, }, {7} , we have

hup ~2ll = [ Fmzn 2|l
=G za - T 2|
S ||‘rﬂ T Z“,
and
lvn =zl = (| Ts, @5 5 2]
- 4 ”Tsnwn — ’I‘SnZH
< ”En s z“
From nonexpansiveness of {T}.},{T},{I — rA},{I — sB}, we have
l|tn — z” = HTT(I =l iy Z“
= ||Tr(I — rA)zn — Tr(I — rA)z||
< ||zn — 2],
and

|15 — 2|l = HTS(I —8B)zy — z||
= ||Ts(I — 8B)z, — Ts(I — sB)z|

< ||zm — z“
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From the definition of y,, we have

llyn = 2]1% = [|Ctntn + Brvn + Yulin + 6nTn + MK Ty — 2|2
= ||antn + BnUn + Ynln + 0,Tn + KTy — (On + Bn + Y + 0n + 1)z
= |lan(un — 2) + Bn(vn — 2) + Yn(Tn — z) + 0n(Tn — 2) + M (Kzp — 2)”2
< anllun = 2[|* + Ballvn — 2I1 + wnllTEn — 2I* + 6,[170 — 2|
+ || Kzn — 2||?
< (o + Bn + Tn + 8n +10) 120 — 2|
= ||z — 2. {2.5)

Next, we show that C,, is closed and convex for every n € N. It is obvious that

C, is closed. In fact, we know that, forz-e Cj.
Hyn = 2” < HIN 4 ZH is eqUivaLent to ”yn —ZIn Hg + 2('9'7: = Pn,Tn — Z) < 0. (36)
Let 23,25 € C,, and t € (0, 1), it follows that

lyn — ZalP+ Ao~ jmn= (% (@ =t)2)
v/ t(2<yn — Ty Ly — Zl) ¥ ”yn 1< anz)
g (1 >t A, P 22) -- “yn = TnHE)

< 0.

From.(3.6), we have tz, +(1~t)z, € C,,. Then, we have @, is convex. By Theorem
2.15, Lemma 2.12 and Lemma 2.18, we conclude that F is closed and convex. Then
Py is well defined.

Next, we show that F.c C, for every n € N,

Putting g € I, by (3.5), then we have

lyn —qll < HCCﬂ —ql;

implies that ¢ € C, for allw &N._It implies that F.c-€, for alln € N. Since z,, = Pc, 21,

for every w € C,,, we have
27 — 21| < [|w — 21|/, ¥n € N.
Since Prz, € F C C,, and z,, = Pz, we have
|£n — 1] < ||Prz1 — z1]. (3.7)

We will show that lim, o [|2n — Zps1] =0

Since C'is bounded, we have {z,} is bounded, so are {u,},{vn},{@n },{Tn},{vn}-



Since ap41 = Pe,,, 21 € Cny1 C Cy and 2, = Po,z1, we have

0<(z1 — Tn,Tn — Tnt1)
=(T1 — Tpy Ty, — X1 + L1 — Tpaa)
= —(Zn — 21, Zn — a1} + {51 =M B = Tni1)
< ~llen — 21]|? + l|lzn — z1|ll|l21 — Zpa -
It implies that
|zn — 21l £ 21 = Tnta |-

It follows that lim, o ||z, — 21 ]| exists.

Since

”I'n = In+lH2 — Hxn g gl In-{-luz

" “Iﬂ - 3—':1H2 G 2(-‘I’7r - Z1,T1 — 55'n+1) - “.IC] ~ a:n+1H2

= ||lzn =12+ 2(En\ B BT = TnATn — o) % |21 — Tnar |

=A|zn= 1'1”2 3 effzn & il-‘1”2 2% =TT Tn-N
+er—wnnlf
<Pl Pk [P o &1
and lim, & 2, + 21| exists, we have

Ui fln = @5l = 0.

N—0C

Since z,41. = Pong171 €. Cry1, We have

Hyn o -Tn+1H < ”En “Z il'n+1”-

From (3.8), we have
Ul gpaff 0.
Since
Nn, =@l < 190 = Zn1 | tllwnes= 2|,
by (3.8) and (3.9), we have
Um Jlyn — zn] = 0.
Next, we show that

M [|[Kzp — 2] = 0.

n—o0

By definition y,, we have

Yn — Tp = QpUy + an.Un + Yntn + énvn <+ 77nK33n — Iy
= Qn(“n = 1711) + ﬁn('vn - -Tn) + Tn (En - In)

+ 6n(Tr — 2} + 1 (Kon, — ).

16

(3.9)

(3.10)
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It implies that

7?11.(1(3;71. - wn.) = (yn. — Zp) +op(x, — Un} + A (xn — Up)

+ Tn (In = ﬁn.) + 511(3:71 — gn)- {31 1)
Since T;., is a firmly nonexpansive mapping and 7). z,, = u,, we have
i — &l * = | Trzn — T2l
Skl By = T 05, —. 2
1
= 5(““71 - 2”2 = H$ﬂ . ZH2 - Hu"ﬂ = 3:71”2): (312)
it implies that

[[un =zli®=< |Zn — ZH2 s — Zn* (3.13)

Since T,

Sn

is afirmly nonexpansive mapping and 2y, &, = v,. By using the same
method as (3.12), we have

IR e 2”2 < |l@n — 2H2 < lom — ). (3.14)
From (3.5), (3:13) and (3.14), we have

g ell® i dror €A, BT T z||?
S Mottt =2} Bn (Va —(2)F 0 (T 72 Bl N K B - 2)|12
L enffiy 7zl 4 Bullow= 2% +gn n — =1 A s, ~ 212
+h [ H ) — ||
< amllied =2 —lun o zall?) + Ba0En - 23 = un — zlt?)
+ Yol Tn = 2H2 + 5:1”%1 - 2”2 + e Kzd - ZHQ

< H-‘En — ZHZ = O'n”uﬂ 74 xn“:J = .Bn““n I -Tnllzr (315)
it implies that

|| un = 3711H2 lln ZHZ = |y ZH2 7Pn v — 5'371-H2
< |jen = 2”2 - “yﬂ = ZH2

< (llen = 2l + llyn = 2D llzn — ynll- (3.16)
By (3.10) and condition (ii), we have
UM [y — za]| = 0. (3.17)
n—oo
By using the same method as (3.16), we have

le [vn — 2o = 0. (3.18)
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Since T, is a nonexpansive mapping, T,.(I — rA)z, = @, and A is an a—inverse

strongly monotone mapping with r € (0, 2a), we have

@ = 2[1% = |To(I = rA)zy = To(I - rA)z|?
< |(zp — 2) — ?"(Axn - Az)”z

< lzn — 2| = 2r{z, — 2, Az, — Az) + 72| Az, — Az
< ||&n — 2||* = r(2a — 7)|| Az, — Az|2. (2.19)
From T, is a nonexpansive mapping, T(I — sB)z, = @, and B is an S—inverse
strongly monotone mapping with s € (0,23) and using the same method as (3.19), we

have
H'E'n- = 3H2 < H'Ln = 2”2 i — 5)”31‘?1 - BzHQ' (320)

By (3.15), (3.19) and (3.20), we have

lyn — 211 = JJontn + Bava+ YuTin + 0T 4 e Kan = z||?
= [|an(tin=2) +' Bulin = 2} 1 (T —2) F 04(Tn — 2) Paa(Kzn — 2)|?
< ap |[ugt= ZHE + Ballvn.~ ZHZ + s Y2
+0ulT = 27+ | K g = 22
<o | — 3'”2 + Ballun <zl + Tz =~ sz Lr(20 7)|[AZn S Az|?)
+ 0 (llzn,~2|1*—\5(26 8} Bz Bz P A 7 1K en + 2|2

<Njwn =22 = Jur (200 )| Azy ~ Az P& 5x6(28 — s)||Bz, = Bzl
It implies that

Qa2 r)|| Ay — AP < Tlen =2 [l 212 = Gus(28 — S B Bzl
Hin — 217 > flgns 22

Allzh =zl Ay =2]) lzn <yn . (3.21)
By condition (i), =€ (0,2a) and (3.10), we have
nli_r;T;O Az, — Az| = 0. (5.22)
By using the same method as (3.22), we have

lim ||Bzy — Bz| = 0. (3.23)

n—00
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By T, is a firmly nonexpansive mapping and T,.(I — rA)z,, = ii,, we have
180 = 2012 = |T7(I = rA)zn — To(I — rA)z||?
<{n—2, (I —rd)z, — (I —rA)2)

= 5 (lan = 212 + 17 = rA)wn — (7~ r )|

=~ (I = rd)zn = (I = rA)z) = (@, — 2)|?)

1 _
¥ 5 (”ﬁn - 73”2 + ||zn — Z‘lz — |{(zn — Gn) — r(Azy — AZ)”2)

1 _
= 5 (12n = 2 + llen = 2117 = llew - @al?
+ 27 (2 — fin, Azn — A2) — 12|| Az, — Az||2), (3.24)
it implies that
|Gn 52 | 2n — 2|2 n] £ /@4 2 A 2r(z, DAz, — Az). (3.25)

By using the same method as (3.24), we have
1Be="21 X ||zd 235 120 2 Tull2 4 25(x0 — By, By — Ba)h (3.26)
From (3.15), (3.25) and (3.26), we have

lm — 2117 =l dnttn + Bty F Yol F OaTon + 1 K e ~2?
Fllonlun = 2) +Bp(Vn= 2) £ 7a(Bn = 2) 4o W = 2) + 0, ( Kz, = 2)||?
< o lug =224 Ballvd <242 vill e =122
#onllTn & sz 4Jm]| K wALT ZHZ
S alien — 2|2 Ballen <2[P +nlllzn) =225 |lzh = G |? 427 (Fnf— Gn, Azn — Az))
F0n(lzn — 2|2 A2~ 8 | * 2520 = Bny Baen — B2)) 4, || — 2|2
< [|Tw = sz i N | ﬁn”z NSRS 511“2

+ 2r7n Qi N Und Bpn = A2) + 280, (Tn =Dy, BEY - Bf)s
It implies that

Yallzn = Gall® < llzn = 21|* = llyn — 2] = Snllzn — n|?
+ 2r Y (%n — Un, Azn — A2) + 286, (xp — Up, Bz, — Bz)
< lon — 3”2 — g~ ZHZ + 2rYn(Tn — On, Azy — A2)
+ 280, {xy, — Upn, Bz, — B2)
S (l2n = 2ll + llyn = 2IDllzn = yull + 2ryn{@s — tn, Az, — A2)
+ 280, (zp, — Uy, Bxy, — Bz)
< (ln = zll + lyn = 2IDlIzn = ynll + 2ryallzn — @nlll| Az, — Az

+ 286y ||zn — O ||| Bxn — Bz|. (3.27)
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From (3.10), (3.22) , (3..23), condition (ii), r € (0,2a) and s € (0,28), we have
lim ||z — x| = 0. (3.28)
n—oo

By using the same method as (3.28), we have
M [lzn — 3]l = 0. (3.29)
n—oo

Since

7771”1{3:11 fa 3’3?:“ = ”yn . 3-‘?1” + an “-Tn — Up “ + .Bn.Hl'n = 'Un”

Iz 711.”3:?1‘ — Uy H + Oy, ”11'11. = ﬁ-n“-
From (3.11), (3.17), (3.18), (3.28) and (3.29) and condition (ii), we have
le |Kzy — x| = 0

Next, we will show that {a,,}, {w}} and {w?} are Cauchy'sequences.
Let a€(0,1), by (3.8), there exists Ny € N such that

s I=/2lb< a™, ¥ > N;. (3.30)

Thus, for any number n, p &€ N, we have

n+4+p—1 n+p=1 an
[Zntp — 2n|l < ; Zpyr'— ze = Z ook 1 & ¥ (3.31)
=T

Since‘a €7(0;1), we have lim,5s a™ = 0. By (3.31), we have {z,} is a Cauchy
sequence in Hilbert space., Then, there exists z* € ¢ such that lim; e 2, = z*.
Since' T : €' — CB(H) is a H-Lipschitz continuous with constant x; and (1.9),

we have
7l 1
”wrlz - wi'lz+1|| & (1 + E)H(T(iﬂ)a T(a:n+l)) = (1 + ;{)ﬂl”xﬂ-ﬁ-l - In ” (332)
By (3.30), (3:32).and for any number n, p € N, p > 0, we have
wiy | DL ekt |

Hwn+p -

5 1
SEI 1(1 4 E)ul lzk+1 — zi|

E?-‘-ﬂ lzula}.:
< 22— (3.33)
l—a

Since a € (0,1), we have lim,_e a™ = 0. By (3.33), we have {wl} is a Cauchy
sequence in Hilbert space. Then, there exists wi € C such that lim, e w} = w?.
Since D : C' — CB(H) be H-Lipschitz continuous with constant u; and (1.9), we

have

[ — s < (14 ) HD@n), Dens)) S (14 D pllonss ol (330
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By using the same method as (3.33), there is w3 € H such that lim, . w? = w}.
Next, we show that w} € T'(z*) and w3 € D(z*).

Since w} € T'(z,), we have

d(wy,, T(z*)) < max {d(wi,T(ﬂﬂ*))a sup d(T(wn),wl)}

w1 €T (z*)

gmax{ sup d(z,T(z*)), sup d(T(:cﬂ},wl)}

z€T(xy) w1 €T (x*)

=H{T(#a), Tle™ 1) (3.35)
It implies that

d(wi, T(z")) < Jlwi = wy|| + d(wy, T(z*))

< lwi = wy | FHEER, T ()

St o pwpll A g n — ¥

By limn4 o0 2, = &* and limps 0o wh =wi; we have d(w?, T(®™) = 0. Since T(z*)
is a closed set, we have w; € T(z*). Since lim, s w2 = wj and.using the same method
as above, we get wj-€ D(z*).

Next, we show that w(z, ) c F.

Singe. {z.} is-bounded, thenw(z,) # 0 Letrg e w(x,), there exists a sub-
sequence {z,,} of {z.} converge weakly to q. Since {z,} is a Cauchy sequence in
Hilbert space, we have z, — gas nw — co, Since lim, 44 2y = 2%, We_have z* = g, it
follows that w; € T(q) and w3 & D(q).

From (3.17) and z, — ¢ .as n — o0, we have u, —.q asn — oc.

By w,, =T, z,, we have
By (wh, i u) + w1 ()~ @1{un) + %(uﬂ =By, b= Uy > ONYuwe C,r, > 0.
By (3.17), (H1) and lower semicontinuity of ¢y, we have
By (wivg,u) + @1 (u) = p1(g).>0,Vu € C.

Then, we have
q € (GEP),(®1,¢1). (3.36)

From (3.18) and z,, — ¢ as n — o0, we have v, — ¢ as n — occ.

By vn, = T, 2, We have

1
Do (w?, vy, v) + P (V) — @a(vy) + S—(vn —Zp, U — ) = 0,YVuveC.

n

By using the same method as (3.36), we have

q € (GEP)(®2,02). (3.37)
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From (3.28) and z,, — ¢ as n — oo, we have @, — g as n — .

By @i, =T,.(I —rA)z,, we have
1
Fl{ﬁna'ﬁ) e (A-Tnuﬁ = H’n) + F(ﬁ_ﬁnaﬁﬂ = -'1311) >0,vae C.

From (A2), we have

1
Fl(ﬁ~ﬁn) S Fl(ﬁ'mﬂ) ¥ F}(ﬁyﬂrz) T (AE,,,'IT—E") + _<ﬁ_ﬁnrﬁn - xn)
r
S (A.’L‘n_,ﬂ— —ﬁ.ﬂ) I ':‘_'(ﬁ - Eﬂ:ﬁn - In>
= (AT, T — Tp) + (T — T, 220, (3.38)

Put z, =ty+ (1—t)g forall t € (0,1] and y € C. Then we have z, € C.
So, from (3.38), we have

'an —In

) <0. (3.39)

Iy (Zfs ﬁ'ﬂ) = (Zt = ﬁnan??) 7 (zf — Un,

By (3.39), we have

(T
(zt — Uy AZ{) 2 (3:‘. B ﬂ.,L.AZJ /i <3a‘ — U, A$n> = (Zt =~y "

= Fl(z.':ﬁn)

> (Z{»_ Y "_{'?i‘! 4422‘ = Aﬁn) 4 (23 B ﬁ'l'l.'l Aﬁn) . (zt i ﬁ'n: A‘L’R)

Tin 27 L5,

Lllcahanil) | )+ Byl )

T <Zf ¥ ﬂ"n., A:t A4 Aan) v\ <zt - ﬁn, A'l_l-” = AI',-,)
(2, 4, ) (3.40)

ﬁ’n‘ — Iy

ja (2!. N ﬁn.:

Sincelimy, o0 1) = x| =0, We ‘have limg_, o« || Ay, = Az, || =10.
From monotone of A4, we have (z — i, Az — Ai,,} = 0. From/@, — g as n — oo
and (A4), we have
(2 ~@:Az)2Z Fi(%, q). (3.41)

From (A1), (A4) and (3.41), we have

0 = Fi(2¢, 2 ) =Fplagiy=(1T—t)q)
S tFl(zt'.y) + (1 = t)Fl(zfrg)
<tFi(z,y) + (1 —t) (2 — q, Az)

= tFy(z,9) + (1 — D)ty — q, Az).

It implies that
Fi(ze,y) + (1 —t){y — q, Az) > 0. (3.42)
Letting t — 0% and (3.42), we have 0 < Fi(q,y) + (y — g, Ag), for all y € C. Then

g € EP(Fy, A). (3.43)
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From (3.29) and z,, — q as n — oo, we have o, —+ ¢ as n — oc.

By ©, = Ts(I — sB)z,, we have
F5(0,,7) + (Bxy, 7 — Ty) + %{v —Un,Tp —Zp) = 0,VO € C,
By using the same method as (3.43), we have
q € EP(F, B). (3.44)

By Lemma 2.14, we have K is quasi-noneapansive mapping and F(K) = ﬂ;\;l F(T;).

Since z,, = g as i — oo and liMy_e0 | K2y — 2, = 0 and Lemma 2.13, we have
N

g€ F(K)=)F(T) (3.45)
=1

From (3.36), (3.37),4(3.43),(3.44) and (3:45), we have q € F.
Hence w(z,) C'F. By Lemma 2:8 and (3.7), it\implies that {z,} converges
strongly to Pray. This completes the proof. [

The following corollary is consequences which are reduced iterative scheme
of Theorem (3.1).

Corollary 3.2. Let C be anonempty bounded, closed, and convex subset of a real
Hilbert space H .and let ' : € < R be lower semicontinuous-and convex functions.
Let T : C-— COB(H) be H:-Lipschitz continuous with constant s, respectively, @ :
H x C x C— R bean equitibrium-like function satisfying (H1) - (H3). Let A: C —» H
be an a-inverse strongly. monotone mapping, let F € x C'— R satisfy (A1) — (A44), let
T; be nonspreading: mappings of C into itself for all i=1,2, ... NWith F.= NX, F(T;)n
EP(F,A) N (GEP),(®,p) # B LetA,...Ax be real numbers such that 0 < \; < 1
for everyi =1,.,N -1 and 0'< Ay < 1. Let K be the K-mapping generated by
Ty, Ty, ..., Ty and X1, A, ..., Ax and let ey € €= C; and w, € T(x;). Support that there

exist sequences {z,}, {u,}, {u,} C Cand {w,} C H be sequences generated by

wn € T(en), ' =naa | < (14 2 )M (20), T@aga)

q’(’wn: Un, u) + ‘}p(u) i @(un) + L(u"n =%n, U — un) 2 O,Vu € C: Tn > Oa

Tn

F(ﬁrnﬁ e A-Tnaﬁfﬁn +1'1; 'ﬁ_ﬁnsﬂn_mn 201W€Ca
) + } 45t ) (3.46)

Un = Qpln + 'Yn.ﬁn + ‘T]n_KSL'n,

Coy1 = {z €Cy: ”yn ~z|| £ llzn — z||},

In41 = PC,T+1$11VH 2 11

where {a,},{} and {n,} are sequences in [0,1] for all n € N, r,r, C (0,2a) and
suppose the following conditions hold:

(i) O+ M+ =1,

(i) 0 < b < any Y, 7 < ¢, fOr some b, c € R,
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(iii) there is X > 0 such that
qj(wl’TTl ('Il)1 TT2 (IZ)) + ‘1)(1.[)2, T,-Q(.‘I'g), Trl(ml)) < _X”T‘N (2'1) . T?“z('rz}‘|21 (347)

for all (r1,r;) € ©® x ©, w; € T(z;), fori = 1,2 where ® = {r, : n > 1}. Then {z,}

converges strongly to Fra;.

The following corollary is consequences which are expand iterative scheme of

Theorem 3.1. Therefore, we omit the proof.

Corollary 3.3. Let C be a nonempty bounded, closed and convex subset of a real
Hilbert space H and let ¢, : C — R be a lower semicontinuous and convex function,
forall i = 1,2,..,N. Let T" . C — CB(H) be #-Lipschitz continuous with constant
pi, forall i = 1,2,..., N, respectively, ®; + HxC.x C — R be equilibrium-like function
satisfying (H1) — (H3), for alti = 1,2,..,N. Let 4,%C 5. H be an a;-inverse strongly
monotone mapping,for all i =1,2,...,N,/let F,+ C x C'= R satisfy (41) — (A4) for
alli =1,2,...,N.For every i =1,2,..,N. let T, bea nonspreading mapping of C into
itself with B'=' N, FIT) N (0., EP(F, A) 0 (X (GEP) (B, ;) #00Let Ay, .., Ay be
real numbers such that 0-<'); </iforeveryi =1, sN-1and 0 <« Ay < 1. Let K
be the K-mapping generated by-14, Tz, ..., T -and Ay, Azow, Ay and.let o, € ¢ = ¢
and wy € T'(x1); for alls = 1,2,..,V, there exist sequences {a,}, {u}},{%,} C C and
{w}} C H,for all'i= 1,2, ..., N generated by

€T (), 0% =y 1y < (1A 1) AT (on)y T )

Pi(whulh, wi )+ @i () — @ilul) + -}-{u; — Ty ub ) > 0,Yu; € C, 1l >0
Fi(@n, T+ (A, U =, ) + 2w 7, T = 2a) > 00V, €€,

T n

(3.48)
Yn = DR 0L, + B ¥ T A K

Crigi= {z @5 2 |lyn SRS Lo g z||},

Iny1 = PC“+1$1aVﬂ 2l

where {a},}, {74} and {n,}-are sequencein [0,1], 7%, ri.c (0,2a), for every i = 1,2,..,N
and suppose the following conditions hold:

(I) Zfil a?} + E:’\;l 7:; +m =1,

(i) 0 < b <ad,vi,m, <c for some b,c €R,

(i) there exists X' > 0,¥i=1,2,....N such that

(I)?T(wzl“ Tr;' (:1?1), Tr; (IE)) + 9y (wé? Tr; (Ig)a Tr} (z1)) < _TlHTri (1) — Tr; ($2)H2= (3.49)
where © = {ri : n > 1} with (+i,ri) € 6" x &7, wi € T¥(zy), fork=1,2andi=1,2,...,N.
Then {z,} converges strongly to Prz;.

The following corollaries are consequences which are applied by Theorem 3.1.

Therefore, we omit the proof.
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Corollary 3.4. Let C be a nonempty bounded, closed, and convex subset of a real
Hilbert space H and let ¢, s : € — R be lower semicontinuous and convex function.
Let D,T : C — CB(H) be H-Lipschitz continuous with constant sy, s, respectively,
$1,P; : H x C x C = R be equilibrium-like function satisfying (H1) — (H3). Let 4 :
C — H be an a-inverse strongly monotone mapping and B : C — H be an s-inverse
strongly monotone mapping, let F; : C x C — R satisfy (A1) — (44) for all j = 1,2. Let
F = EP(F1,A) N EP(Fy, B) N (GEP)(®1,01) N (GEP)4(®2,05) # 0 and let z; € C = ¢,
and wi € T(x1),wi € D(z), there exist sequence {x,}, {un}, {vn}, {T}, {Ta} € C and
{w}, {w2} C H generated by

wh € T(an), lwh ~ whiall < (14 ) HT (@), T(@ar))

w} € D(an), lwd - wd, | S(r= L) HD(E)Dizns1)),

P1(wh, wn, u) + @r(w)= o1 (un) + %(u,I — Tn, U — Un 2 OYu € C, 7y, > 0,

Do (w2, v, ¥) # 0a(v) =palvyn)+ ﬁ(vn A B0~ )> 0,YU'E B, 5, > 0,

Fy (n, B) A (AT W =T ) 28 = Tly W — #0) 20, VT €-C, (3.50)
F3(Tn @) + (Bn, U= Un) & 200~ Ty U =~ By > 0,V €C,

Yn = Qutly, + vy + Fnln'+ 5nﬁna

Gu-i-l = {Z G C’Y?i‘ . Ilyu. - ZH S HJ"TI < ZH},

Tn41,.= PC l'l.,Vﬂ. 2 1,

n41

where {e,}, {8, }, {1} and-{s,} are sequence in [0,1} for all neN, r,,,r C (0,2a) and
sn,s C (0,28) and suppose the following conditions hold:

(f) Oy + Bﬂ =+ T+ 671 =1
(i) 0 < b < @n, Busn, 0n < ¢, for some b, ¢ € R,

(iii) there are A3 A2 >0 such that

9, (wjl.'j}l (3"1)! T?"z (’172)) +®1 (?..Ué, T:"z ('1"’)1 TT"I (1'1)) X _Xl HTT'j (Il) - TT2($2)||2!

(3.51)
q)Q(UJ'f:Tsl (;'rl)sTSz(IQ)) e @2{w§1T32 ('Tﬁ):TSl ("Ul)) < _X?Hn1(wl) - TS; ("L'?)HE’
for all (r1,72) € © x ©,(s1,82) € E x Z, w}! € T(z;) and w? € D(z;) , for i = 1,2 where

©={r,:n>1}and == {s, : n > 1}. Then {z,} converges strongly to Frz;.

In the case of Fy, F; =0, then EP(Fy, A) is reduced to VI(C, A) and EP(F, B)

is reduced to VI(C, B). So, we prove the next result as follows:

Corollary 3.5. Let C be a nonempty bounded, closed and convex subset of a real
Hilbert space H and let ¢;, ¢, : C — R be lower semicontinuous and convex functions.
Let D,T: C — CB(H) be H-Lipschitz continuous with constant s, us, respectively,
®1,®2: HxC xC — R be equilibrium-like function satisfying (H1)—(H3). Let A: C - H

be an a—inverse strongly monotone mapping and B : C — H be an g-inverse strongly
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monotone mapping. Forevery i =1,2,..., N, let T; be nonspreading mappings of C into
itself with F = ;L F(T;)NVI(C, A)NVI(C, B)N(GEP)4(®1,01) N(GEP) (82, p2) # 0. Let
Aty A be real numbers such that 0 < A; < 1foreveryi=1,.,N—-1and 0 < Ay < 1
Let K be the K-mappings generated by Ty, T3, ..., Ty and Ay, Az, ..., Ay and let z, € ¢ =
Cy and w] € T(21),w} € D(z) , there exist sequences {z,}, {un}, {vn}, {Gn}, {Ta} C C
and {w;},{w2} C H generated by

[ w2 € (@), ud = whall < (14 3)HET (@), T@ns),

wh € Dan), w3 = w2yl < (1+3) H(D(@n), D(@ns1)),

D1 (wp, Un, w) + @1 (1) — @1 (un) + Tl—u(u,, = Tny U —Up} 2 0,YueC,ry >0,

Bo(wz, vn, v) + @2(v) — @a(vs) + ﬁ(v,, — Ty, ¥ — ) = 0,Vv e C,s, >0, (3.52)
Yn = Qulin + Bpvn + @ Pold=rA)z, + 8, PoF=35B)a, + 1. Kz,

Cnt1 = {2 € Gnillyn — z|| < flan — 2|},

1, Ve,

Tnt+l = Pcn+1

where {an},{6n}. {3n}: {6, } and-{n.} are sequence in 0,1}, ¢n,r C (0,2a) and s,,s C
(0,28), for every n.e N and suppose the following conditions hold:

(|) o +iB4 + Tn +80 F M= 1,

(i) 0 <b < e, Bn, ot Oriy T < c, fOr SOME by € R,

(iii) there exists A1, Xo > 0 such that

(I)l(w?l.sTf‘l ('Tl)v TT‘z (Ig)) + ‘I)l(w';.aTTz (3"3)=TT1 (:1'31)) b 7X1”T;‘1 ('Ll) - TT;»{I?)HZH

(3.53)
(I"-’(w%! TM (11)1 T-‘Fz (12)) + ‘Pz(u{;j, Tsz ("E2)= T81 (*‘Tl)) < ng“Tsl (Il) = Tsz ($2)”2v

for all (r1,72) €@ x ©,(s1,3:) € Ex &, w} € T(z;) and w? € D(x;) , for i = 1,2 where

© = {r, :n>1}and E = {s; :'n > 1}.-Then4{=,} converges strongly to Pez;.



Chapter 4

Application

4.1 Constrained convex optimization problems

In this section, by using our main result, we obtain Theorem 4.1. Be-
fore we prove strong convergence theorem in this section, we consider the following

standard constrained convex optimization problem as follows:
find z* € C, such that f(z*) = rr;lg f(=), (4.1)

where f: C — R is a conveX, Fréchet differentiable function, C is a closed convex
subset of H.
It is known that the optimization problem-(4.1) is equivalent to the following

variational inequality problem
find z*.€ C,suchthat v ~ 2%,V f(&"))y 20,Yv € C, (4.2)

where Vf : C — ¢ is the gradient of f.
It is also known that the optimality condition (4:2)is equivalentto the following
fixed point equation
z* £ Polat —pNf(z")), (4.3)

where Pg is the metric projection onto €' and p >0 is.a positive constant. The set of
all solution of (4.1)is denoted by Qy

Convex minimization problem has applications in a wide range of disciplines,
such as auternatic control systems, estimation and signal processing, communications
and networks, electronic circuit design, finance and structural optimization.

Next, we prove a result involving optimization problem as follows:

Theorem 4.1. Let C be a-nonempty boundediclosed and convex subset of a real
Hilbert space H and let ¢y, 2 : C — R be lower semicontinuous and convex functions.
Let D,T : C — CB(H) be H-Lipschitz continuous with constant 1, p2, respectively,
&, ®, : HxCxC — R be equilibrium-like function satisfying (H1) — (H3). Let f:
C — R be a convex function with Vf be f—f—inverse strongly monotone mapping and
g: C — R be a convex function with Vg be L%—inverse strongly monotone mapping,
where Ly, L, > 0. For every i =1,2,.., N, let T; be nonspreading mappings of C' into
itself with F = N, F(T)) N Qs N Qg N (GEP)s(81,91) N (GEP)s(D2,02) # 0. Lt Ay, .., Aw
be real numbers such that 0 < A\; < 1 foreveryi=1,.,N -1 and 0 < Ay € 1. Let
K be the K-mappings generated by 71, Tz, ..., Tn and A1, Mg, Ay and letz, € C =Gy
and w! € T(z1),w? € D(x1), there exists sequence {z.}, {un}, {vn}, {T@n}, {Tn} € C and
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{wh}, {w2} C H be sequence generated by

s

wh € T(an), ek —whysl < (14 2)HT(@n), T(ensa)),

w? € D(@n), Jw - wl ]| < (1+ L) H(D(en), D(ns)),

Q1 (wp, s ) + 91(u) = @1(Un) + = (tn — Tn,u — Up) 2 0,Yu € C, 1y >0,

Do (w2, vn, v) + w2(v) — @a(vn) + ﬁ(vn — T, 0 —vp) = 0,Vv € C, s, >0, (4.4)
Un = pUn + Butn + Y Po(I — vV )z, + 0, Po(l — sVg)x, + Ky,

Cnyr = {Z eCy: ”yn = z” < H‘T?i o 2”}1

Tpt+l = PC-',,+1$1avn =1,

where {an},{B.}, {m}. {6.} and {n,} are a sequence in [0,1], » C (0, %) and s c (0, Lig),

for every n € N and suppose the-following conditions hold:
(i) Oy + fn + T + Sl = 1,
(i) 0 < b < any By n, Ony iin- < ¢, fOr some b,c € R,

(iii) there exists X1, X» >0 such that

@1(W%,E.1 (:1"1)7 TT'Q (3"2)) +9,; (wé, sz (:Eg), TT‘] ('Ll)) < 7X1 ”TM (5[?1) = T?‘z ($3)|‘2~ (4 5)

Do (we, Ty, (1) T )(wa)) + Paland T, (20), Ty (1)) < — Mol T, (ain) - Ty (22)][2,
for all (ri,m2) € © x ©;(s1,82) € E x Z, wl & T(z;) @and w2 € D(z;) , for i = 1,2 where

© = {rm:n>1}and Z={s, :n > 1} Then {a,} converges stronsly to Pez;.

Proof. Putting A = Vf, B = Vg and Corollary 3.5, we can conclude the desired con-
clusion. W

4.2 Quasi-nonexpansive mapping

Next we prove a result involving quasi-nonexpansive mapping as follows:

Corollary 4.2. Let C be a-nonempty beunded, closed, and convex subset of a real
Hilbert space H and let ¢y, 2 +€ — R be lower-semicontinuous and convex function.
Let D,T : C — CB(H) be H-Lipschitz continuous with constant u;, u,, respectively,
®1, Py : HxCxC — R be equilibrium-like function satisfying (H1)—(H3). Let A: C — H
be an a-inverse strongly monotone mapping and B : C — H be ab g-inverse strongly
monotone mapping, let Fj : C x C — R satisfy (A1) — (44) forall j = 1,2, let T be
quasi-nonexpansive mappings of C into itself with F = F(T) N EP(Fy, A) N EP(Fy, B) N
(GEP)s(P1,1) N(GEP) (P2, 92) # 0. Let 21 € C = Cy and w} € T(z;),w? € D(x;), there
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exist sequences {z,}, {un}, {vn}, {Wn}, {Tn} € C and {w}}, {w?} C H generated by

(

wh € T(en), [wh —whir| < (1+2)H(T (@), T(zas)

wd € D(@a), 03 - wdll < (1+ 1) H(D(@n), D(ns1)

@1 (wy, tny u) + 91(w) = @1(Un) + 2 (U — ZTn, ¥ — up) > 0,Vu € C, 15 > 0,

D2(w3, Un, v) + P2 (v) — P2(vn) + = (Un = Tn,v — vy} > 0, Vv € C, 5, >0,

\ F1(U,T) + (A2, T —Tp) + 2T — T, Tn — 2) > 0,VT € C, (4.6)
F3(Tn,T) + (Bn,T—Tn) + 2(T — U, Un — Zn) > 0,V0 € C,

Un = Qply + BpVn + Ynln + 6,00 + 10T T0,

Chy1 = {Z €Ch: lyn — ’~” < lzn — 2”};

Tntl = PC‘,,HII:V” gl

where {a,}, {8n}, {9} (0.} and {n,} are sequence in [0, I}forall n € N, r,,r C (0,2a)

and s,s C (0,28).and suppose-the following conditions hold:
(l) an + B + #+on+nh)=1,

(i) 0 < b € @ny By Ynn s < ¢, for’some b, ¢ eR,

(iii) there are X1, Az > 0 such that

O3 (w1, T (20, Tg (@) =+ Ba (w3, T (2 T, (1)) £ =X T (1) = T (2) 2, @7

Oa(wi, T, (21), Togl@n)) + 2 (w3, Te, (22), Ton (1)) <=l Tsi (1) < Fosa) |12,
for alli(m,72). € ©°%.0,(s1)82) € 2 % S, wh € T(a) and w? e.D(x;) ,.for i = 1,2 where

O = {ry:n >1} and 2=1s, : n>1}. Then {z,} converge strongly to Ppa;.

Corollary 4.3. Let C be a nonempty bounded, closed and convex subset of a real
Hilbert space H and let ¢, ps : € — R be lower semicontinuous-and convex function.
Let D, T : C — CB(H) be #-Lipschitz continuous with constant u,, us, respectively,
Py, ®y : HxCxC — R be equilibrium-like functions satisfying (H1)—(H3). Let 4: C —» H
be an a-inverse strongly monetone mapping and.B: ¢ H be an g-inverse strongly
monotone mapping, let F; : C x C = Resatisty (A1) — (A44) forall j = 1,2, let T} : ¢ = C
be quasi-nonexpansive mappings for all i = 1,2,..., N with F = _, F(T;) N EP(Fy, A)n
EP(Fy, B)N(GEP)s(P1, 01 )N(GEP) (P2, 02) # 0. Let Ay, ..., Ax be real numbers such that
0<X <1foreveryi=1,..,.N-1land0< Ay < 1. Let K be the K-mappings generated
by T1,T3,..., Ty and A, As,..., Ay and let 2, € € = C; and w! € T(z),w? € D(zy),
there exist sequences {xy}, {un}, {vn}, {Tn}, {Tn} € C and {wl}, {w2} C H be sequence
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generated by

wfll € T(xn), |wh — w':11,+1|| £ (1 I %;)H(T(-‘rn), T(zn41))s
w721 € D(zn), ”w?’z - w?r+1” < (1 I %;)H(D(fﬁn}aD(mnH))a

1w, Un, u) + @1(u) = 1(un) + 7 (Un — Tnyu — up) 2 0,Yu € C,1yy > 0,

®, ( n’v?? ) i (,D")(ﬂ) 992(1"1!-) + ';1;(1’11- — Tp, UV — Uﬂ) >0,Vv g C;Sn > 0,
F (UTH ) (Alm En) 5 %(ﬁ = ﬁﬂsﬁn = Crn) 2 O,VH = C: (48)
(’Un,U) ( ny U — TUp )+%(ﬁ*1_)?nﬁn*$n)EGaWECa

Un = QplUy + .ann + Un + 6nﬁ'n + 7711.1{517713

Chy1 = {‘3 €0 lpa— 2| £ |2 — 2“},

Tntl = PC’,,_+1;I:1,V??, > 15

where {an}, {8}, {7} {0} and {n,} are sequence in [0,1}forall n € N, r,,r C (0, 2a)
and s,,s C (0,28)and suppose the following conditions hold:

(') o + Bn + Y + On + = 1,
(i) 0 < b < dn, By Vo, Oniiin < c,/fOrSOME B¢ &R,

(iii) there are A1, Ay > 0 such that

(I) (wl’ (1‘1) 7'2(1-2)) i (I’l(w'}.’TT'z(I2) Tf‘l(l’l)) X HTH(:CI) J Tf'z (EQ)”Q'A (4 9)

(1)2(w127T-&‘1 (xl)aTSZ{IQ)) +®5 (w21 -52(‘1’2) TSl (‘rl)) < ;XQHTM("EI) 4 TS?(IE)HZ:
for all'(m,rs) € ©x ©,(s1352) € E x E, wl € T(ay) and w2 € D(x;) , for i = 1,2 where
O ={r,:mn 21} and = {s;, : n. > 1}. Then {x,} converge strongly to Paz;.
4.3 Demicontractive mapping

Next we prove aresult involving demicontractive mapping as follows:
Let C be a nenempty subset of H. A mappingZ: C — C is called &-

demicontractive if there exists.x € [0,1) such that
|Tz — Tz*||? < ||z — 2*||2 + &||(I - T)z||?, Yz € Cand z* € F(T). (4.10)
In 2009, lemoto and Takahashi [8] proved that (4.10) is equivalent to
| Tz — Tyl® < |l& — yl* + 2(x — Tz,y — Ty), Vz,y € C.

Lemma 4.4. Let C be a nonempty closed convex subset of H and let T: ¢ — C be
r-demicontractive mapping with F(T) # 0. Defined
Sz =az+ (1 —a)Tz, Vo € C and a € (k,1). Then the following properties holds:

(ii) S is a quasi-nonexpansive mapping.
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Proof. It obvious that F(T) C F(S). Let x5 € F(S) and z* € F(T), we have
lzo — 2|1 = [|Szo — 2*|1?
= |la(zo — 2*) + (1 — a)(Tzo — z7)||?
= allzo — 2*|* + (1 — a) | Txo — 2*|1* = a(1 — a)||zo — Txo||?
< allzo — z*||* + (1 ~ a) (|0 — z*|
+ &[T = T)zo|*) = a(l - a)l|lzo — Tz

= llzo — 2% ~ (1 - a)(a — &) |(T — T)o . (a.11)

It implies that
(1-a)(a—&)|(I =T)xo|* = 0.

Then
xo|€ F(T).

Therefore/F(S) C F(T). Hence F(8) = F(T)-
From £(S) = F(T) and applying (4.11) we can conclude that S is a quasi-

nonexpansive mapping. O
By using Lemma 4.4, we obtain the following theorem.

Theorem 4.5. Let ¢ be a nonempty bounded, closed and convex subset of a real
Hilbert space H and let ¢, ¢ : C'—+ R be lower semicontinuous and convex functions.
Let DT : C - CB(H) be H-Lipschitz continuous with constant p,; ., respectively,
®1, P2t H xC x C_ = R be equilibrium-like functions satisfying (H1)— (H3). Let A :
C — H be a-inverse strongly monotone-mapping and B': ¢ =» H be g-inverse strongly
monotone mapping, let F; : € x C — R satisty (A1) < (A4) forall j = 1,2, let T
be x;-demicontractive mappings of Cvinto.itself for all i = 1,2,....N. Defined S,z =
az + (1 — a)Tia, Wz € C andla € (s Y Topalli = 1,2,. 5N with' F = N~ F(T) n
EP(Fy,A) N EP(Fy,B) N(GEP).(®1,¢1) N (GEP),(®3,¢5) M. Let Ay,...,Ax be real
numbers such that 0n<"Ay < 1forevery i =1, N~ 1and 0 < Ay < 1. Let K
be the K-mappings generated-by Sy, 8577 Sy and A1, do,..., Ay and let z; € C = ¢,
and wi € T(x1),wi € D(z;), there exists sequence {z,}, {un}, {vn}, {Ta}, {v,} C C and

{wl}, {w2} C H be sequence generated by
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wh € T(ea) [lwh = whial| < (14 2) KT (@), Tlwnsr)),
w} € D(an), [wl —wd ]| < (1+ 2)H(D(@n), D(ns1),
l{wnu Up, U ) + L1 {’Ll. —¥1 (un) + %(un —ZTp, U — u'n.) 2 O,Vu S Ca Tn > 01

(P (wnavna = 9’?2 (192(”11) + :;!:(Un — T,V — Un) 2 O:VU & Cv Sn > 01

v)
Fy (U, 0) + (AT, T — Tn) + L(T — T, Ty — 20) 2 0,VT € C, (4.12)
F5(0,,0) + (B2y, T — Ty) + %(TJ =T, Tp — Tp) 2> 0,V0 € C,
Yn = Quln + Bnn + Ynln + 6000 + Ky,

Cny1= {z €Cn:|yn— 2” < |lzn — ZH},

I iy = PQM‘I;Bl,Vn =l

where {an}, {Bn}, {m}s+{6,} and {n,} are @ sequence in [B,1).for all n € N, r C (0, 2a)

and s C (0,28) and suppose the following conditions hold:
(') Oy + ﬁn, + Yn + 511 2 T = 11

(i) 0 < b < @n, Brs Tos Snati < ¢y fors0me b, c &R,

(iii) there are X1, Xy > 0 such that

P, (wil ) TT‘J (atl)’ T2 ($2}) H q)l(w'%a Trz (332)’ Tl‘l (Il)) = _Xl“Trl (Il) I ( T,~.2 (3:2)”2!

(I)Q(w%1 TSJ ($1)= Ta‘z (22)) = q“Q(u’%v TSz (mZ)a TS1 (Il)) 5 _XBHTSI ($1) 4L TS'z (5‘32)”2’

(4.13)

for all'(r,73) € O% ©,(s1}52) € E x &, wh € T(x;)and w? & D(x;) , for i = 1,2 where

0 = {rp:m 21} and 2= {s, : n > 1}. Then {z,} converees strongly to P:z;.

Proof. By Lemma 4.4 and Corollary 4.3, we can conclude the desired result. U]



Chapter 5
Conclusion

In this chapter, we summarize all main theorems and applications obtained in
this thesis.
(1) Let C be a nonempty bounded, closed, and convex subset of a real Hilbert space H
and let g1, ¢, : C — R be lower semicontinuous and convex functions. Let D.T: C —
CB(H) be H-Lipschitz continuous with constant i, us, respectively, ®,,®, : HxCxC —
R be equilibrium-like functions satisfying (H1) — (H3). Let A : C — H be a-inverse
strongly monotone mapping and B : ¢ — H be s-inverse strongly monotone mapping,
let F : € x C' — R satisfy (A1)=(44).forall.j.= 1,2, let T; be nonspreading mappings
of C into itself for all’i="1,2,..., N with F = N, BT).n EP(Fy,A) N EP(Fs, B) N
(GEP)s(®1,01) M(GEP)s(Pa,02) # 0. Let Ay, ..., Xy be real numbers such that 0 < \; <
1 for every i/="1,..,N =tand 0 < Ay < 1. Let K be the K-mappings generated
by Ti,Te, .4, Tn and A, Ags., An and let z; & Cl=-¢; and wi € 1), w? € D(z,),
there exists sequence {a }, {un b {vi}: {Ta}, {Tn} € C and {wl}, {w?} C H be sequence
generated by

{

wh €T (ea) lpdh =kl s (T 5 HT @) T,

& Dlan), |wh = wl | < (14 2 )HD () D)

Dy (whstn, w)+ @1 (1) =01 (Un) =+ i(un = Tyl = Un) 20,V E C, 15> 0,

Do (Wi vn,v) + a(v) —~@a(wy) + ﬁ(vn — @, U+ U 20, Ve C, sp> 0,

F1(@q, B) + (Azn, = W) T~ Ty T = /27) 2/0,VT€C, (5.1)
Fo(Uny B) BTy, T — T )+ 20 — By, T 20 = 0,¥5 € C,

Yn = OQnly + Baln + Ynln =t 00Ty + 0a K24,

Chyn= {2 ey ”yn >EN & ||lzn — z“},

Tp4l1 = PCH+II1,VH 2 1,

where {an}, {Bn}, {1}, {6:} and {n,} are a sequence in [0,1] for all n € N, r C (0, 2a)
and s C (0,28) and suppose the following conditions hold:

W) an+fn+ Y+ 0n+1m =1,

(i) 0 < b < an, Brs Yny O, M < ¢, fOr SOME b, ¢ € R,

(iii) there are X;, N, > 0 such that

(I)l(wll?T'r‘l (xl)’Trz(w2)) + (I)l(w%:Trz (x2)sTr1 (.’E])) & _)—\IHTN(:L‘I) - T?”z ('T2)H21 (5 2)

‘I)g(w:f,Ts](afl), T‘iz(m2)) T (I)Z(w%:Tsz ($2)1TS1 (ml)) = _X'-’“TH('TI) - TS:?('T?)HQﬁ

for all (r1,73) € © x ©,(s1,82) € Ex E, w}! € T(z;) and w? € D(x;) , for i = 1,2 where

©={rp:n2>1} and == {s, : n > 1}. Then {z,} converges strongly to Fz;.
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(2) Let C be a nonempty bounded, closed and convex subset of a real Hilbert
space H and let ¢y, 03 : C = R be lower semicontinuous and convex functions. Let
D,T:C — CB(H) be H-Lipschitz continuous with constant u,, us, respectively, &, @, :
H x C x C — R be equilibrium-like functions satisfying (H1) — (H3). Let A: C — H be
a—inverse strongly monotone mapping and B : C — H be g-inverse strongly monotone
mapping. For everyi=1,2,.., N, let T; be nonspreading mappings of C into itself with
F =N, F(T)NVI(C, ANVI(C, B)N(GEP)(®1, 1) N(GEP) (B2, 02) # 0. Let Ay, ... Ax
be real numbers such that 0 < X\; < 1 forevery i =1,..,.N—-1and 0 < Ay <1 Let
K be the K-mappings generated by T, Ts,...,Tw and A1, Xs, ..., Ax and let z; € € = ¢
and w{ € T(x1),w} € D(z;) , there exists sequence {z,}, {un}, {vn}, {Ta}, {7} € C and
{w,}, {w2} C H be sequence generated by

f

wh € Twn) iy wh | < (14 2)H(T(60), T@nsa))

w} € D). 0l —wd ] < (2 + 2 ) H(D(y); Dlwmer))

B (wh n, u) + 1) — @1 (un) 4 1—_1;(?1.,,, — s U — Wiy 2 0, Vu € CLrpy > 0,

D3y, vn,s v) +02(0) =0 () F (U — 250 — ) 20, Y0,€.C, 5, 3 0, (5:3)
Yn /= anln & Bnvntq, Po(li— v A)zn 4 6, Pc (L =8By + ha Kz,

Co+r-={z €Cr i llyn ~ =<\ — 2l

In41 = PC',1+11'11V71 21

where {an . {6n}, {am }: {0n} and 4, } are-a sequence in [0,1), »'c (0,2a) and s C (0,28),
for every n €N and suppose the following conditions hold:

() &, BB + Yn'Hdp +5, =

(i) 0 < b'< an, B, YusOny i S €, fOr some b, c € R,

(iii) there exists X;,A; > 0 such that

@1(1&.’%,11,.1(:21)71}2 (.172)) & Ql(wé=TT2($2)1TT1(£I)) < _XIHTH(‘Tl) - T"‘z(IQ)”z’ (5 4)

cp?(w%eTsl ("L.I)STSQ ($2)) = QZ(IU%%TSQ(EE)'JEJ_ (171)) S _X:’.”TIS] (-1"1) = TGQ(EZ)HZ:
for all (ri,r2) € © x ©,(s1,82) € E x E, w} € T(z;) and w2 € D(x;) , for i = 1,2 where

© ={rp:n>1} and == {s, : n > 1}. Then {z,} converges strongly to Prz;.

(3) Let C be a nonempty bounded,closed and convex subset of a real Hilbert
space H and let ¢1,¢2 : C — R be lower semicontinuous and convex functions. Let
D,T : C — CB(H) be H-Lipschitz continuous with constant u;, us, respectively, ®;, @, :
H x C x C — R be equilibrium-like functions satisfying (H1) — (H3). Let f: C — R be
a convex function with Vf be I%—inverse strongly monotone mapping and g : C —
R be a convex function with Vg be I}—f—inverse strongly monotone mapping, where

Lf, Ly > 0, For every i = 1,2,..., N, let T; be nonspreading mappings of C into itself
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with F = "L, F(T}) N Qs N Q, N (GEP),(®1, 1) N (GEP)(®s, 02) # 0. Let Ay,... Ay be
real numbers such that 0 < A\; < 1 foreveryi=1,..,N—-1and 0 < Ay < 1. Let K
be the K-mappings generated by T1,Ts,....,Tv and A, Ao, ..., Ay and let 2, € € = o)
and w} € T(z1), wi € D(z1), there exists sequence {z,}, {un}, {vn}, {Tn}, {Ta} C € and
{wy}, {w2} € H be sequence generated by

wh € T(en), fuwh —whaall € (14 2)H(T(20), T(@ne1)),

w} € D(ea), w2 —wiii | < (14 2)H(D(@n), Dl@ntn)),

D1 (wp, un, u) + @1 (u) — o1(un) + %(un —In,U— Uy} > 0,YVueCr, >0,

Do (w2, vn, v) + @a(v) — pa(vy) + %(Ln —Zn,U—ty) 2 0,YveC, s, >0, (5.5)
Yn = Qntin + Bnn + WaPo(l — rN f)an+ 8, Po(I — sVg)xy + 9Kz,

Cpi1 = {z ECh: “yn *Z” < HIT? - Z”}*

| Tn+1= FPo £ > 1,

where {ay}, {8z}, {7a}. {dn} and {ns} are-a sequence in [0, 1],.r c (0, fzf-) and s C (0, Lig),
for every n € N and suppose, the following conditions hold:

W g, + Bosy o 5 0n £ o =1,

(i) 0 < b < evr, By iis 8 <0c, for some b, ¢ e R,

(iii) there exists Ai, A2 > 0 such that

Oy (wii Tr, (1), Tra{2)) + @1 (wh, Trg (), T (1)) < AT (1 )= Toog (22) |12, (5.6)

Oa(w?, T, (21), Ty (@2)) + @ (w3, Ty (@2), Ty (21)), <= Na| T, (1) — Ta) |12,
for all (ri,r2).€ © x ©;(s1382) € EX E, w} € Tlay) 'and w? €D(z;) ,for'i/= 1,2 where

© ={rn :n =1} and == {s, : n.>1}. Then {z,} converges strongly to Frz;.

(4) Let C be a nonempty bounded, closed, and cornvex subset of a real Hilbert
space H and letigr,p2 + € — R be lower semicontinuous and convex function. Let
D.T:C — CB(H) be #H-Lipschitz continuous with constantu,, us, respectively, ®;, ®, :
H x C x C — R be equilibrium-like function satisfying (H1) — (H3). Let A: C — H
be an a-inverse strongly monotone mapping and B : C — H be ab g-inverse strongly
monotone mapping, let F; : C x C — R satisfy (A1) — (44) forall j = 1,2, let T be
quasi-nonexpansive mappings of C' into itself with F = F(T) N EP(F, A)n EP(F,, B) N
(GEP)s(®1,1) N (GEP)(®2,¢2) # 0. Let 2 € C = C; and w! € T(x;), w? € D(z1), there
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exist sequences {zn}, {un}, {vn}, {Tn}, (Tn} € C and {wl}, {w?} C H generated by

3

wy, € T(&n), ||y, — whyy| < (1 + %)H(T(ﬁ?n), T(zny1)),
wf, € D(zn), ”wg - w121.+1” < (1 ¥ %)H(D(xn)s D(zn11)),
(I)l(w;lﬂ Unp, u) < ’-Pl(u) - (Pl(uﬂ} =+ ﬁ(un —Tp,U — un) > 0,Vu € Gu Ty >0,

tI)g(w2

n?

Un, V) + 02(v) — @2(Vn) + o= (Un — Zn, v — ) = 0,0 € C, 5, > 0,

Fi(T,T) + (A2, T — Tp) + 2T — T, T, — 20) > 0,VT € C, (5.7)
F3(Tn,T) 4+ (Bn,T — Tn) + 1T — Tn, Tp — 2,,) > 0,7 € C,

Yn = Qplin + Bptn + YnTn + 0,Tn + 1T Ty,

Cry1 = {7-' € Cp: Hyn —z|| € ||lzn — 2”}5

Tnt+1 = Po, 121, Vn 205

where {an}, {8n}, {9n}; {6n} and {n.} are sequence in [0, 1]forall n € N, r,.r C (0,2a)
and s,s C (0,28).and suppose the following conditions hold:

() o # B + 7 A 0n + s b

(i< b < an, Buryrs Ony i < ¢, fOr some b, c € R,

(iii) there are A, N2 > 0-such that

(I)l(w%=T7‘1 (Il)'- TT‘2 (I2)) =y '@l(wévTT‘:z (‘EQ}!TM (.1‘1)) < _X1“T71 (;r'l) - TT‘:; (‘I"Q)’|2= {5 8)

(I)Z(u’fufsl(‘tl)arﬂz(a'/.?)) + (bz(wgyTs:(a:Q)urel (-L'l)) S —X_”qu(l'l) T Ts-;_ (-’1"‘2)”2;
for all (ry,72) € @%6,(s1, %) € ZxE wl e T(x;) and w? € B(z;) , for i = 1,2 where

© ={r:n>=1}and == {s,:n 2 1}. Then {z,} converge strongly to Pex;.

(5) Let ¢'be a nonempty bounded, closed and convex subset of a real Hilbert
space H and let 1,051 €. — R be lower semicontinuous and convex functions.
Let D,T : C — CB(H) be H-Lipschitz continuous with constant u,, us, respectively,
®1,®; : H x C x € = R be equilibrium-like functions satisfying (H1) — (H3). Let
A : C — H be a-inverse strongly monotone mapping and B : ¢ — H be p-inverse
strongly monotone mapping, let Fj+ G =@ = R satisty (A1) — (A44) for all j = 1,2
, let T; be x;-demicontractive mappings of C into itself for all i = 1,2,..,N. De-
fined Siz = az + (1 — a)Tiz, Vz € C and a € (x;,1) for all i = 1,2,...,N with F =
NiL, F(T;) N EP(Fy, A) N EP(Fy, B) N (GEP)y(®1, 1) N (GEP) (B2, 92) # 0. Let Ay, .., Ay
be real numbers such that 0 < A; < 1 forevery i =1,..,N—1and 0 < Ay < 1. Let
K be the K-mappings generated by S, Ss, ..., Sy and A1, As,..., Ay and let z; € C = ¢
and wi € T(z1),w} € D(z1), there exists sequence {z,}, {un}, {vn}, {Tn}, {To} € C and
{wy}, {w?} C H be sequence generated by
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wh € Tlan), [wh = who| < (14 1) H(T (@), T(@nsn)),

w? € D(za), [w} = wi | < (1+2)H(D(n), D(zns1)),

@1 (W}, un, u) + 01(x) — @1 (un) + %(un — ZpyU—Uy) 2 0,VueC,r, >0,

Ba(w2, vn, v) + 02(v) — @a(vn) + ﬁ(un —Zn, 0 —Un) 2 0,YvEC,5, >0,

{ Fi(Wn,0) + (A2, T — Typ) + 2(T — Ty, Ty — ) > 0,VT € C, (5.9)
F3(U,0) + (BZn, T — Tn) + 2(U— U, Tn — 22} > 0,¥7 € C,

Yn = Qnun + BnUn + Ynlln + 0, Tn + MKy,

Cry1 = {z €Ch: Hy?l - z” = Hmn - 2”}1

L Tn4+1 = PC,,+1~TI=V” =L

where {an}, {Bn}, {7a},{dn}-and {n,} are a sequence.in"[0,1] for all n € N, r c (0, 2a)
and s c (0,28) and suppose the following conditions hold:

(D) ctn B+ Yo+ + =1,

(i) 0'<b < s By Yoy Oy i 'S ¢, fOF sOME B, ¢ € R,

(iii) there are X, 2> > 0 such that

B (wis Try (21 )3 T (22)) + &1 (wd, Ty (22). T, (1)) S =Ml T (1)— T, (w9) |12, (5.10)

(I)Q(wfr TS] (3.-‘1), TSQ (32)) =+ ‘I’Z(U’%a TSQ (272)’T81 (Tl)} =5 _XQHTH ('El) v TSz (3:2)”2=

for all (rij72) & © X-O,(s1;52) € Ex E, w} € T(as) and w? € D(z;),.for i = 1,2 where
O = {m i n>1} and'Z = {s,: n = 1}. Then {z,} converges stronely to Per).
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