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Chapter 1

Introduction

1.1  Inception and importance
Consider the following linear dynamical system:
2'(t) = Ax(l) (1.1)

where z is an unknown vector-valued function and A is a given square matrix. To
analyse the stability of an equilibrium point of (1), it suffices to find a positive definite
matrix P such that A” P+ P A is negative definite [6]. Hence, we will solve the so-called
Lyapunov equation

AX = XAT £Q (1.2)

for some negative definite matrix Q. To discuss (2), we'shall investigate a more general

form, namely, the Sylvester equation:
AX+ XB = (1.3)
The generalized Sylvester equation takes the form
AXB+CXD = F. (1.9)

Note that when B = C = I, (1.4) reduces to the Sylvester equation (1.3). (1.4) also
includes the following equation as special cases :

AXB = Q. (1.5)
AXB + X = && (1.6)

By taking the vector.operator, (1.4) is reduced to Pz = b where P — BTQA+DTRC, z =
vec X, and b = vec F. Here, vec is the vector operator and the symbol & stands for the
Kronecker product. Then, (1.4)-has a-unigue solution if and only if P is nonsingular.
This matrix equation has others profound application in linear system theory; see e.q.
[6] and references therein.

However, if the dimension of matrices is high, e.g. if 4, B,C, D are of dimension
100 x 100, the dimension of BT ® A + DT @ € is 10000 x 10000. Such a dimension
problem leads to computational difficulty in that excessive computer memory is re-
quired for computation and inversion of large matrices, Thus, this approach is only
applicable for a small dimension of A.

On the other hand, there are many other methods for solving linear matrix
equations. In particular, iterative methods have been received much attention. Gra-
dient based iterative methods for (1.3), (1.5), (1.6) were investigated in [4, 2, 5, 9, 11,
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12, 13, 3, 1]. For the generalized Sylvester equation (1.4), there are gradient based
iterative method [5] as follows:

Algorithm 1.1.1. The gradient based iterative (GI) algorithm.

Step 1 Input matrices A, B,C. D, F € M, and an error £ > 0. Choose initial matrices
Xl(O) and XQ(O) Set k:=1.

Step 2 If |[AX(k)B + CX(k)D — F||r/|F||r < ¢, stop; otherwise, go to Step 3.

Step 3 Update the sequences

Xi(k) + Xa(k)
ey
Xi(k) = X (k — 1) +7AT[F =~ AX(k=1)B — CX(k — 1)D|B7,

X(k) =

Xo(k) =X (k=1) + rCT[F — AX(k - 1)B=CX(k - 1)D|D".

Step 4 Set k := k'+1, return to Step 2.

If we choose the convergence factor 7 such that

£

TATEIBIE+ ICRIDJ: (1.7)

[ <o

then Algorithm1.1.1 converges for any initial values X3 (0) and Xo(0).

In this paper, we shall propose a new iterative method for solving the gen-
eralized Sylvester equation (1.4). Our method is based on gradients and-hierarchical
identification  principle. The convergence analysis shows that the proposed algorithm
converges to the unique solution for any initial value matrix. in particular, we ob-
tain relaxed gradient based iterative algorithms for (1,3), (1.5) and (1.6)." Numerical
simulations are also provided:

1.2 Objectives

1) Propose a new gradient based iterative method for solvingthe generalized Sylvester
equation and deduce the convergence analysis of the proposed algorithm.

2) Propose a new gradient based iterative method for solving some special cases of
the generalized Sylvester equation and deduce the convergence analysis of the
proposed algorithm.

3) Give a numerical simulation for the proposed algorithm.

1.3 Scope of the study

All matrices considered here are real.



1.4 Benefits

To obtain a new algorithm for solving the generalized Sylvester equation.

1.5 Research methodology

1) Study preliminaries of matrix in Matrix theory.

2) Study research papers and textbooks concerning Kronecker products and the
vector operator and norm of matrix.

3) Study definition and the properties of matrix differential equations.

4) Determine the objectives and-scope of the research.

5) Study hierarchical/identification principle from research. papers.

6) Study iterative algorithms for the matrix equation from research papers.

7) Institute new gradient based iterative method for sotving the generalized Sylvester

matrix equation.
8) Provide numerical simulations.

9) Conclude the results, make suggestions for further works and write the thesis.



Table 1.1: The research schedule

Time frame

Activity

2016

2017

2018

Aug.-5ep.

Oct.-Dec.

Jan.-Mar.

Apr.-Jun.

Aug.-Sep.

Oct.-Dec.

Jan.-Apr.

May.-Jul.

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Step 9




Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concepts and tools in matrix
theory, linear algebra and functional analysis used in the research. The first section
deals with preliminaries in matrix theory. We collect fundamental properties of the
Kronecker product, vector operator, Kronecker sum of complex matrices. In the sec-
ond section, we give definitions and some properties about norms of vector/matrices,
sequences of vectors, and sequences and series of matrices. In the third section, we
discuss iterative systems of linear equation. In the final section, we review literature

results about iterative methods for solving certain. linear matrix equations.

2.1  Kronecker product and the vector operator

In this section, we recall some basic definitions and results abhout of the Kro-
necker product and the vector operator of complex matrices. More detailed descrip-
tion can be found-in [7, 8].

Denote by M, the set of all m x n complex matrices, M, ,, is abbreviated
to M, and M,(R) is the set of all n-x n real matrices, We write A7 to indicate the
transpose of 4 € M., ». The conjugate transpose A* of A € M,, ., is defined by 4* = A7
where 4 is the componentwise conjugate of A.

Definition 2.1.1. Let 4 = [a;;) and B = [by] be complex matrices of order m x n and
p % g, respectively. The Kronecker product of A and B (or tensor product), denoted
as A® B, is defined by

A ® B = {‘lijB]i;, N (21)
where a;;B is the (i, j)th submatrix of order p x gand-4 @ B of order mp x nq.

Example 2.1.2. Consider



The Kronecker product of A and B is

0B —2B

A®B =
3B -1B
[ 2 1 5 o (2 1 5 0]
0l-4 -2 6 3| -2|-4 -2 6 3
] 2 -1 8 3 -1 4
"1 l2 1 5 o 2 1 5 o0
3|-4 -2 6 3| -1|-4 -2 6 3
| [-3 2 -1 4 -3 2 -1 4]

I5\\D| (/A2 /1 _~—56 O
=32 =0~ Y A 2 =63
—9_ 6 -3 121 3Ky 1 (4

Definition 2.1.3. The vector operator.is defined for each A = [a;;] € M, ; by
VEC(A) e - [allv vy lmdy 124 eny m2y oony Ul s "'?amn]T £ Y.
The vector operator is clearly linear, bijective, and continuous.

Example 2.1.4.

2 N
Consider A4 = :
=5 4

2
)

3

4

Then, ‘vec(A) =

Proposition 2.1.5. [8] Let A;C &My, ,, B,D € M, , Ee€M,sand « € C. Then
(i) (td)®B = A® (aB) = a(A® B),
(i) (A+C)®B = A®B+C®B,
(i) A (B+D) = A@ B+AQ®D,
(V) A®(B® E) = (A® B)® E,
(v) (A® B)* = A* ® B*.

Theorem 2.1.6. [8] Let A € M, and B € M, , be given and let X € M,, , be unknown.
Then,
vec(AXB) = (BT ® A)vec(X). (2.2)



Definition 2.1.7. Let A € M,, be Hermitian. Then A is called
¢ negative definite if 2*4z < 0 for all z € C™ — {0},
e positive definite if * Az > 0 for all 2 € C* - {0},

e positive semidefinite if z*Az > 0 for all z € C™.

2.2 Norms, sequences, and series of vectors and matrices

In this section, we review fundamental background in matrix analysis. This
topic covers norms for vectors and matrices, sequences of vector/matrices, and series
of matrices. They are important in the analysis of iterative processes and many other

applications. See [7] for more information.

Definition 2.2.1. A normed vector space is a vector space X over a field F = R or
C together with a function |||} : X x & — R, called a norm, satisfying the following

conditions:
(A1) [|z|| = 0 forallzex.
(A2) [|z|| =0 if and only if « = 0.
(A3) |laz|| = |ofllz]] for all'z € X and a & F.

(AQ) |z + o <)l + |y forallz,ye X

Example 2.2:2. The Euclidean norm (lo — norm) of a vector = [y...an]T € C",

2 142
|| 2 lle=") 1 |2ei 4| 250 |2)

is perhaps the maost familiar norm, since || = — y ||s-measures the standard Euclidean

distance between tweo peint &, £ C™.

Definition 2.2.3. A function [|}.]]|: Mu — R is.a-matrix norm if, for all A,B € M,,, it
satisfies the following five axioms:
(S1) ||| Al||= 0 forall 4 eM,.

(S2) ||| Aljl=0 ifand only if A=0.
(S3) ||| A |||= || ||| A]|| forall A€ M,.and « €F.
(S || A+ B Al + ]| Bl| forall A, B e M,.

(SS) (T AB I/l ANl B Il for all A, B € M.



Example 2.2.4. The Frobenius norm of A € M,,, ,, defined by

1/2
qu#mﬂmV”Z(ZIMﬂﬂ |

ij=1

The Frobenius norm is a matrix norm because

2

N 1/2
IWMsz(ZI mmh@
1

ihi=1 k=

(Z (Z | Ak |2) (Z | bmj Iz))
ij=1 \k=1 m=1

" 1/2 . 1/2
( | ik ’2) ( Z 4 bmJ |2)
i,k=1 m,j=1

= All=lB( s

IA

Lemma 2.2.5. (e.¢. [7))}-For-any matrices A .and B with proper sizes, we have
(i) |AT Alfl2 = (| AII3,
(i) 1IABlg < | Allall B s
(ifi) | A ® Bllz= {1Als]| Bl

(V) tr(PATA) < Aaa (P AN}, wWhere P is any positive definite matrix with proper
i P

size,

Definition 2.2.6. Let A € M, The singular values of 4 are the square roots of the

eigenvalues of AA*.

Example 2.2.7. The spectral. norm |.|j>-is- defined on M, by
142 = a(A),

the largest éingular value of A. Alternatively, we have the following formula

lAllz2 = \/Amaz(ATA).

The spectral norm is a matrix norm.

Definition 2.2.8. Let {4,}32, be a sequence in M, and L € M,,, .. We say that
Li_r>n An, = L if for every e > 0 there is a natural number N > 0 so that whenever

n>N,| A, — L ||<e If im A, = L we say that the sequence converges, otherwise it
n—oo

diverges.

Definition 2.2.9. A complex matrix A is called convergent if its powers converge to
the zero matrix, A* — 0, meaning that the individual entries of A* all go to 0 as k — co.



Definition 2.2.10. The spectral radius of a matrix A € M,, is defined as the maximal
modulus of all of its eigenvalues : p(4) = max{| Ay |,...,| Ax |} where Aj, .., A, are

eigenvalue of 4.

Theorem 2.2.11. [10] The matrix A is convergent if and only if its spectral radius is

strictly less than one: p(A) < 1.
Theorem 2.2.12. [10] The spectral radius of a matrix is bounded by its matrix norm:
p(A) <[l Al

Definition 2.2.13. If {4,}2, is a sequence of complex square matrices of the same

size, then the associated series is

ZAn=An+A1+Ag+...
n=o

and the sequence of partial sums {S;}$2,, is defined by

k
Sﬁc S Z An
n=0

for each k e N, So

So= Ao, Sr=Ag+ Ay, Sy =Ag+ A+ Ag,
A series converges if the sequence of partial sums converges, and otherwise the series

diverges. In this case, we call klim Sy the sum of the series Z A,,, denoted by

n=0

[oe]
D A= lim S,
] k=00

2.3  Linear iterative systems

Iteration of linear systems is important in applied mathematics and numerical
analysis. We discuss convergence criteria based on the spectral radius.
Definition 2.3.1. A linear iterative system takes the form

uP D = g O = (2.3)

where A € Mn , the iterates «(*) are vector in C" for k£ = 1,2, 3, ... the and solution
is uniquely determined by the initial condition u(® = 4
Theorem 2.3.2. [10] If the coefficient matrix A is diagonalizable, then the general
solution to the linear iterative system u*+1) = Au(®) js given by

ul® = cl)\fvl - cz)\gvg + ot cn/\ﬁv”. (2.4)

where vy,....v, are the linearly independent eigenvalue and Ay, ..., \, the correspond-
ing eigenvalue of A. The coefficients ci,...,c, are arbitrary scalars and are uniquely

prescribed by initial conditions u(® = a.
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If A is diagonalizable, then we can apply the triangle inequality to (2.6)
estimate

H u(k) H =|| cl)\’fvl + Cg/\gvg +iget Cn)\ﬁ’b‘n ”
<| M ¥l ervr || 4ot | A ¥l envn |

< (A ( erlllvr [l 44 | en [l v [}) = Co(A),

for some constant C > 0 that depends only upon the initial conditions.In particular, if

p(A) < 1, then

| «® |= Cp(A)* — 0 as k —s oo,

in accordance with Theorem2.3.2 Thus, the spectral radius prescribes the rate of
convergence of the solution to equilibrium. The smaller the spectral radius, the faster

the solution go to.0.

2.4  Gradients and hierarchical identification principle

Definition 2.4.1. Differential of scalar-by-matrix The derivative of a scalar y function
of a p x ¢ matrix X of independent variables, with respect to the matrix X, is given by

3 SO, \\( D]
61‘11 (9.‘1’12 a.l.‘lq
0y _ay ERENEY ay
fgl — | Oza1  O12 drg,
X : : :
dy . Oy o - Oy
L dxpt | [ Ozpa g |

Proposition 2.4.2. (e.g. [7]) Derivatives of the Trace For any matrices A, B and X
with proper sizes, we have
o Bir(AX)  otr( XA

o
Y X = X N -~
L Otr(XTA)  9tr(AXT)
(i) S A,
s T
iy PPXAXTB) _ pryar ¢ pxa
ax
Lemma 2.4.3. (e.g. [5]) For any real number a,b with b > a > 0, we have

min {max{|1—az|,|1-bz|}} = 22
0<e<} ’ ~ b+a

2

The minimality is reached at .,y = <



Chapter 3

Relaxed gradient based iterative algorithm and

convergence analysis

3.1 Proposing the Relaxed Gradient Based Iterative Algorithm for

Generalized Sylvester Equation

In this section, we propose an iterative algorithm for solving the equation (1.4), called
the relaxed gradient based iterative algorithm.

Let A, B,C, D, F € M, (R). We recall the hierarchical identification principle in
[12] and apply the principle tosolve the generalized Sylvester matrix equation. Define

two matrices
M.=F=CXD and/ N:=F=AXB. (3.1)

From (1.4), we get two subsystems
AXB=M and CXD=N. (3.2)
We would like to minimize the following quadratic functions:

L1 GXV /=i M U, (3.3)
L X CZNCX DLW || % (3.49)

Now, for (3.1) and (3.2), we will deduce their gradients as follows:

B a T :
ax 1 (X) = S t(AX B=M) " (AXB ~ M)
_ 9 T T AR N T e 2y
= o W(B X" AT = M) AN B~ M)
= aix trBPXTATAXB.— BTXTATM — MTAXB M)
_ i T 5 T B d FhrT 4T 2, d iy 9 TT%
= gx W(BTXTATAXB) - = tr(BTXT ATM) = o tr(MTAXB) + 5o tr(M" M)
i i TwT AT AN _ i oy & T a fT '
= gx T(XBBTXTATA) - 2o W(XTATMBY) — & tr(BM" AX)

= (ATA)TX(BBT) + ATAXBBT — ATMBT — (BMTA)T
= 2AT(AXB - M)B~. (3.5)
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And

O rx) = 2 w{(cxD - N)'(CXD - N)|

aX 0X
= 53} tr(DTXTCT — NTYCXD — N)]
= aix tr(DTXTCTCXD - DTXTCTN - NTCXD + NTN)
- 9 «(pTxTCT _ 9 worxterny — O tynT B Nt
= 55 DT XTCTCXD) - o5 tr(DTXTCTN) ax TINTCXD) + S5 tr(NTN)
_ 9 TyT Ty _ 2 T ~T T _i 2
= 3x MXDDTXTCTC) = 55 tr(XTCTNDT) — o= tr(DNTCX)

= (CTCVTX(DDTY+CTCxpDT - cTNDT — (BNTO)T
= 80T(CX D~ NID". (3.6)

Let X, (k), Xo(k) and X (k) be the iterative solutions of the system (3.2) at iter-
ation k. The recursive formulas of X;(k) and X,(k) come from the gradient formulas
(3.5) and (3.6) as follows:

Xyk) = X(k=1) + 7(—+ w) A" [M — AX (k — 1)B]| BT

= X(k~T) ¥r(VEw) AL IR AX (b—1)B< CXD|BT,
X5(k) = X(k=1)+7wCTN~GX (kK —-1)D|DT

= X(k—1)}7wCT[F=AX B~ C Xk ~1)D}DT:

Here, the convergence factor 7 is.intraduced to control the convergence of the al-
gorithm. Base on the hierarchical identification principle; the unknown variable X is
replaced by its-estimates at iteration & — 1. The iterative solution X (k) is now the
weighted arithmetic mean wX (k) + (L — @) X2 (k), here w € (0,1) is called the relax-
ation parameter,  The above discussion leads to the following algorithm for solving
the generalized Sylvester equation (1.4).

Algorithm 3.1.1. The relaxed gradient based iterative (RGI) algorithm.

Step 1 Input matrices A, B;C, D, F' € Mj(R); given any small positive number ¢ and
appropriative positive number w. Choose the initial matrices X, (0) and X5(0). Set
Bi=1,

Step 2 If 6, := |AX (k) B + CX(k)D — F||r/| F|r < ¢, stop; otherwise, go to Step 3.

Step 3 Update the sequences

Xi(k) =X(k—1)+ (1 —w)rAT[F - AX(k - 1)B — CX(k — 1)D] B7, (3.7)
Xa(k) = X(k—1)+wrCT[F — AX(k-1)B - CX(k-1)D]|DT, (3.8)
X (k) = wXy (k) + (1 — w)Xs(k). (3.9)

Step 4 Set k:=k+ 1, return to Step 2.
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3.2 Convergence Analysis of the Proposed Algorithm

In this section, we shall discuss a criterion for the applicability of the algorithm, and
the optimal parameter for the fastest convergence.
The next theorem shows the applicability of Algorithm 3.1.1.

Theorem 3.2.1. Assume that the matrix equation AXB + CXD = F has a unique
solution X. If the parameter t is chosen so that

2
w(l = w) ([4ll2l1Bll2 + ICl211D]l2)* ™

0 r < 70,

then the iterative sequence X (k) generated by Algorithm 3.1.1 converges to X, i.e.,

klim X (k) = X for any initial value X,(0) and X3(0).

Proof. Define the error matrices

and

We shall show that klim X =0. From Algorithm 3.1.1, we get

XY= X(k -1 4 1= w)yrd?(F —AX (k= 1)B — €X(k — 1)D)BT,
= X(k — 1) +(1 = w)rA"(=01(k) — f5(%))BT,
=X (k= 1) — (1 ~w)rALO (k) 4 ba(k)) BT,
and
Xa(k) = X(k - 1) + PFeLE —AX myB— CX (k — 1)D) D7,

X(k = 1) + wrCT(—6:1(k) — 02(k)) DT,

X(k —1) —wrCT (8, (k) + 6a(k)) D7
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Hence,
X(k)=X(k)- X
= wX; (k) + (1 — w)Xa(k) — X
= w(Xi(k) + X) + {1 —w)(Xa(k) + X) - X
= wX1 (k) + (1 - w) X2 (k)
= X(k—1) = w(d - w)r[AT (0, (k) + 02(k)) BT + CT (01 (k) + 02(k)) DT].
Therefore,
IXWIF =tr (R0 X )7
= tr{ | X (k — 1) — w@= w)r[ATOT )y +0a(ENBT + CT (81 (k) + 0a(k)) DT]]
[)'f(kwn_wu—u)r[AT 01 (K)+ 02(k)) BT + CT(By(k) + 02(k DT]} }
— V—w(l =w)r[AT (8 (k) + 62 (k)) BT +CT (0 (k)+93(k))DF}] x

[K(A — )T w1 L w)r[B(01 (k)T + o (R)TYA+ DO, (k)T +63(k)T)C]]T}

Xt = DX (k= 1)T)
— iyt ( (k= 1)[BO1(k)T + 0(k)T) A+ D(6:(k)T + ﬁz(k)T)C‘])

Wl —w)rtr (X“‘(k—l YT [AT(01(K) + Oa(k)) B+ CT(0y(k) + 02 (k) )D’f‘])
+ W (T =w)* T2t (AT (00 (k) + 02(B) BT + CT(O1 (k) + 03(k))DT) x
[B(0y(k)™ +82(k)")A + D6 (k)T + 62 (k)Y C])
=X (k — I} =20 (1 = w)r||on(k) + BRI
+w?(1 —w)’r? | AT (01(k) +#82(k)) BT +.CT (0, (k) + 02(k)) DT |2,
=K (b= 1) | 3= 2wl “dr||61 (k) + 02 lk)) % + w1 — w)irdx
tri(A BT +'CT DTYWBA + DCY0u(k) T 05(k)T) (01 (k)4 02 (k)]
< X (k=)= 20010 w)rll6r (k) s+ 05 (k)
+w?(1 — w) T Ninag [(ATBL 4 CEDEWBA+DC)] |01 (k) + 02(k) |3
< X (k= D% - 20(1 - w)rll6s (k) + 6a2(k) 13
+w(1 - w)?*r?| AT BT + CT DT |3161(k) + 6(k)||%
<IX (k= DIIF = 20(1 = w)rl|61 (k) + 02(%) 13
+w(1 —w)?r* (||ABIl2 + |CDll2)* 161 (k) + 02(k) -
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< 1Kk = 1)1} - 2w(1 — w)7||01(k) + 02 (k)%
+ (1= w)* 7 ([ All2)|Bll2 + [Cll2llD]12)* 161 (k) + 82(k) |3
= IR (k= DIIF - (2001 —w)r = w21 = w2 | 4]al|Bllz + [Clla | Dla]?) x

101.(k) + 02(k) |13

By induction, we have
IX (R < 1 X013 waa (&) + 62(0) 13,

where v = 2w(1 - w)r — w*(1 — w)>72(||All2]| Bll2 + [|Cll2[| D||2)?. Since 0 < 7 < 7y, we have
v > 0. Now, we have

2 2 by
Zne - oail < < (IO 2 IXMIE) < S IXO)E
and thus X
Z [1161(8) +02(3) [I7 < oo
It implies that 8, (k) + 65(k) — 0 as k00, that is,
AX (k= 1)B+CX (k~1)D "~ 0.as' k'L 50!

Note that the uniqueness of the solution for (1.4) implies the invertibility of the matrix

BT @ A+ DT®0.C. Now, (BT @ A4 DT @ C)vec X (k< 1) 4 0 as k — oo.and, hence,

X(k—1) = 0 as'k — oo.-Therefore, Alim X(k)=0. ]
¢ 00

Remark 3.2.2. When w = 1, the range of parameters 7.in Theorem 3.2.1 is wider than
that of given in (1.7).

Theorem 3.2.3. Suppose the matrix ¥ := BT A + DT @.G'is invertible. Then, the
optimal factor for which Algorithm 3.1.1 converges fer any initial value is given by

2
TP (1 = ) Comin (BT + Ao (DT 0))

(3.10)

Proof. Dencte the error matrix X (k) = X (k) — X. From the proof of Theorem 3.2.1 ,
we have

X (k) = wXa (k) + (1 — w) Xa(k),
=X(k-1) —w(l —w)r[AT(AR(k - 1)B + CX (k — 1)D| BT
—w(l —w)r[CT(AX(k - 1) + CX (k' — 1)D]|DT.
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By applying the vector operator, we now obtain

vec X (k)
= vec X (k—1) - rw(l — w)[vec (ATAX (k — 1)BBT) + vec (ATCX (k — 1)DBT)
+vec(CTAX (k- 1)BDY) + vec (CTCX(k — 1)DDT)]

vec X (k — 1) — rw(1 - w)([BBT @ AT A]vec X + [BDT @ ATC]vec X

+ [DBT @ CTA]vec X + [DDT @ CTC|vec X)
= {2 —Tw(l—w)[(B® AT)(BT ® A) + (B® AT)(DT @ C)
+DLeCT) (BT @A)+ (Do cT)(DTeC)}vecX(k-1)

Il

{Ia —rw(1 -w)[(B*®@ A+ DT @ C)T(B* ® A+ DT 8 C)|} vec X (k - 1)

{I2 — rw(1 - w)¥T 0} vee X (k - 1). (3.11)

Il

Since 2TWTWa = (W2)T(Wx) > 0 for each'z € R™, the matrix ¥ is poéitive semidef-
inite. Since W is invertible, we have that W7\ is positive definite. The spectral radius

of the iteration matrix is given by

oLz = Tw(l — w)¥TW)
= Max {I ' Tw(l g w)’\min(lpT\IJ) ]11 13 Tw(l B W)/\max(‘I’T"I}) I} ' (312)

Thus, the minimality-of this spectral radius subject to the condition 0 < = < 7 in the
view of Lemma 2.4.3 is determined by (3.10). []



Chapter 4

lterative methods for special cases of the

generalized Sylvester equation

In this section, we discuss iterative algorithms for solving interesting special cases of
(1.4)

4.1 The matrix equation AXB = C

The following one is for solving AXB = C.

Algorithm 4.1.1. The relaxed gradient based iterative (RGI) algorithm for solving
(L5

Step 1 Input matrices A, B,C€ My, (R), given any smalt positive number ¢ and appro-
priative positive number w. Choose the initial matrix X (0). Set k := 1.

Step 2 If & i= [|AX(k)B — C||r/|Cll& < &) stop; otherwise, go to Step 3.
Step 3 Update the sequences

X (k) =w[X(k—1) +(1+ )74 (C — AX(k —1) = X(k — 1)B)B”] (4.1)

Step 4 Set k.= k + 1, returh to Step 2.

Corollary 4.1.2. Assume that (1.5) has a-unique solution X. If the parameter t is

chosen so that
2

w(l=w)(lA3]B]3)’
then the iterative sequence X (k)-generated. by Algorithm 4.1,1 converges to X, for

3 =

any initial value X(0).

Proof. From Theorem 3.2.1, put.C"=6-and F. =.C. []

4.2 The Sylvester matrix equation

The algorithm is proposed for solving the Sylvester matrix equation (1.3).

Algorithm 4.2.1. The relaxed gradient based iterative (RGI) algorithm for solving
(135,

Step 1 Input matrices A, B,C' € M, (R), given any small positive number ¢ and ap-
propriative positive number w. Choose the initial matrices X;(0) and X,(0). Set
k=1
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Step 2 If 6 := ||[AX (k) + X (k)B — C||r/||C||F < ¢, stop; otherwise, go to Step 3.

Step 3 Update the sequences

Xi(k)=X(k-1)+(1-w)yrAT[C - AX(k-1) - X (k- 1)B], (4.2)
Xa(k)=X(k—1)+wr[C - AX(k—-1) - X(k—-1)B|BT, (4.3)
X(k) = wXi(k) + (1 — w) Xa(k). (4.4)

Step 4 Set k := k + 1, return to Step 2.

Corollary 4.2.2. Assume that (1.3) has a unique solution X. If the parameter t is

chosen so that
2

w(l=w)(|[All2+ [ B[l2)*"
then the iterative sequence X (k)generated by Algorithm 4.2.1 converges to X, for

0<T <

any initial value X,(0) and X;(0).

Proof. It follows from Theorem 3.2.1 by setting B=C = [,D = B and F = C. []

4.3  The discrete-time Sylvester equation matrix equation

The algorithm is proposed for solving the discrete-time Sylvester equation (1.6).

Algorithm 4.3.1. The relaxed gradient based iterative (RGI) algorithm for solving
(1.6).

Step 1 Input matrices A4, B, ¢ € M, (R), given any small positive number ¢ and ap-
propriative positive number w. Choose the initial matrices X;(0) and X5(0). Set
k=1

Step 2 If 8, = [|[AX(k)B + X (k) = Cll&/|IC||r < ¢, stop; otherwise, go to Step 3.

Step 3 Update the seguences

Xi(k) =Xk ~Ay+ (1 — w)rAT[C — AX (b='1)B <X(k — 1)) BT, (4.5)
Xo(k) = X(k=d) Fwe[C — AX(k — )B=X (K~ 1)]. (4.6)
X(k) = wXi(k) + (1 — w) Xo (k). (4.7

Step 4 Set k := k + 1, return to Step 2.

Corollary 4.3.2. Assume that (1.6) has a unique solution X. If the parameter r is

chosen so that
2
w(l —w)(lAfl2][B]l2 + 1)2"

then the iterative sequence X (k) generated by Algorithm 4.3.1 converges to X, for

(s Tg

any initial value X(0) and X,(0).

Proof. It follows from Theorem 3.2.1 by setting C = D =1 and F = C. []



Numerical Simulation

Chapter 5

In this section, we report numerical results to illustrate the effectiveness of Algorithm
3.1.1. All iterations have been carried out by MATLAB 724504-R2013a, Intel(R) Core(TM)

i5-6500 CPU @ 3.20GHz 3.19 GHz, RAM 8.00 GB. PC environment.

Example 5.0.3. We consider the equation (1.4) with

1 2 6 1
3 8 7 3
4 8 9 4
A=
1 2 603
1l A 2
3.6 =50
(1 2 9
6 2_.E6
1 9 1
¢ =
08,73 (221
=Y 1
04 @ -
and F =

=1

Co Tt o

=2 N B ) &

L R
o
|
o

= )
.

4720 1899
—1684
1095
213

878

1919
1277
1358
—452

2875

Choose w = 0.2 and initial matrices

[1 0 -1 1
9 4 § 1
Tl = G0 0 8 10 5
4 9 11 7
=1 1 9 4
5 1 =~ §

Then, the convergence factor is given by

Dxre

2

N O N

()
s ]

3721
—1339
876
—1043
1251
3177

and X,(0) = 107°

w(1=w) ([|All2lIBll2 + ICl2]| Dl|2)

-1 0 3 ]
2 0 4
0 -2 5
= 8 -7
(i Ny 1! 1
1 2 1 |
- 3_
64 2 8
Iy 37
L ¥ 2 CF
i 42 3
vl ! DJ
1904 7326,
—1135 —242
40 3607
—546 367
—182y 13370
2185~ 3400
il 2 1
8 7T 3
-3 -4 0
6 5 3
T 5 -1
-12 11 4

5 ~ 6.0026 x 1075.

-1 1 0 ]
0 4 5
-1 1 2
0 -1 -2
0 9 10
—a —B 7 |
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Running Algorithm 3.1.1, we obtain that the approximated solutions converge to the

exact solution

6 5 3 -2 1 0

4 2 1 1 =1 8

3 10 58 6 4 2
XY = ;

o 1 -1 9 7T 4

2 3 -7 -2 -3 5

6 -4 0 10 4 1

although the initial matrices are very closed to the zero matrix. Clearly, as k increases,
the term || X (k) — X| /|| X| r becomes smaller and goes to zero. Fig 5.1 shows the
relative errors for the algorithm with different convergence factors r.

T T T T T T T I I
— S te6.002570°% ||
crsip= 5000005
—t=4,0000"10°%
141 === =.000081 102
! —*~=1=60025"10"

T=1.0000%02 ||

[=]
[--}

Relative errors ()

o
[=2]

0.4

02k 4

Iteration-number (k)

Figure 5.1: Relative errors for Example 5.0.3

Example 5.0.4. We consider the equation (1.4) with

4 1 3 -1 1 2
A= , B = 8= O,D= A and F =
1 4 -1 3 0 1 1 2

Then, the matrix ¥7¥ is given by

65 26
2% 65|

14 3 -3 -1

vty =
-3 -1 14 3
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Choose w = 0.7 and initial matrices

5 1 i 1
X1(0) = 107 [ } and X»(0) = 1075 [ ] .
4 0 11

Then, the optimal convergence factor is given by

2
Topt = w(l o= w)()"rm‘,n (IrT\II) + Amﬂr(‘IIT‘II)}

Running Algorithm 3.1.1, we see in Table 5.1 that the approximated solutions converge

5 2
2 5|’

although the initial matrices are very closed to the zero matrix. Clearly, as k increases,

~ 0.0182.

to the exact solution

X* =

the term || X (k) — X||r/|| X|l= becomes smaller and goes to zero. Fig 5.2 shows the
relative errors for the algorithm with different convergence factors . We see that as &
is large enough, the relative error for = = 0.0182 goes faster to 0 than those for another

convergence factors.

2 T T T ,]‘ T T T T T
L —& 2t =00182 |,
' —— ¢ = [.0095
16 —e—1=0.0080 H
1 —E—1=0.0045 ||
—~ —%—1 = (.0456
w
» 12F ©=-0.0010 H
e
CEE
[a}]
=
& 08
s3]}
(o
06
0.4
0.2
0 i TR O o O et e st R e
0 5 1 1 2025 30 35 40 45 A0

lteration number (k)

Figure 5.2: Relative errors for Example 5.0.4

Example 5.0.5. We consider the equation AXB + CXD = F with

2 2 2 2 4 2 -2 -2 -2 6 2 4

2 2 2 2 g8 0 2 =2 0 4 6 2
A= 5 B = , C = )

2 2 2 2 -2 2 2 -4 2 -2 4 —4

2 2 2 2 6 -2 4 2 8 2 4 -2



Table 5.1: Iterative solution (r = 0.0182)
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k T T12 291 Tz [[X (k) = X/ X <
g 3.2206 | 1.2918 | 1.2918 | 3.2296 0.3541
4 47780 | 1.9112 | 1.90112 | 4.7780 0.0444
6 4.9722 | 1.9889 | 1.9889 | 4.9722 0.0056
8 49965 | 1.9986 | 1.998G | 4.9965 7.0000c — 04
10 4.9996 | 1.9998 | 1.9998 | 4.9996 8.3045¢ — 05
Solution 5 2 2 5
4 8 2 2 456 1220 -20 20
-2 10 0 576 996 184 32
= and F =
2 2 -2 -2 396 -336 216 -—172
4 4 6 2 804 304 376 —64

We compare the efficiency Algorithm 3.1.1 with GI Algorithm..In both algorithms, we

use the same convergence factor 7 = 2.1323 x 10~* and initial matrices

N TN B =l_ 1 %
1 3| 121 Sl 1
2 (Q)e="10" and \ @302
2l 7 g N 1 INKgl 1
—= =R\ | 1111
Table 5.2: Relative errors for Example 5.0.5
k Gl RGlw =0.55 | RGl, w = 0.6 | RGl,w = 0.65 | RGl w= 0.7
20 | 0.7972 0.5441 0.1706 0.0550 0.0539
40 | 0.7633 0.3481 0.0151 0.0354 0.0372
60 |0.7311 0.2230 0.0258 0.0264 0.0281
80 | 0.7005 0.1430 0.0195 0.0205 0.0221
100 | 0.6712 0.0919 0.0156 0.0165 0.0179

Fig 5.3 and Table 5.2 show the relative errors when running Algorithm 3.1.1

with different ralaxation parameters, comparing with GI Algorithm. We notice that the
RGI Algorithm with w = 0.55,0.6,0.65 and.0.7 converge faster than the Gl Algorithm.
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Figure 5.3: Relative errors for Example 5.0.5

23



Chapter 6
Conclusions

We propose a relaxed gradient based iterative algorithm for solving the generalized
Sylvester equation (1.4). This algorithm guarantees that the approximated solutions
converge to the exact solution for any given initial value. The convergence criteria of
the algorithm depends on the convergence factor and the relaxation parameter. The
best choice of the convergence factor is revealed, in order to maximize the conver-
gence rate or equivalently to minimize the spectral radius of the associated iteration
matrix. Some numerical simulations show that the convergence rate when running this
algorithm with different ralaxation parameters-is.fasterthan those of the Gl algorithm
1:1.1.
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Abstract
We propose a new iterative method for solving the general-
ized Sylvester matrix equation. Our method is based on gradients and
hierarchical identification principle. In particular, we obtain relaxed
gradient based iterative algorithms for certain interesting special cases
of the generalized Sylvester equation. Nurmerical simulations are also
provided to show the applicability and the efficieney of the algonthm.
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1 Introduction

Consider the following linear dynamical system!
2@ =Azx(t) ()

where o is an unknown vector-valued function and A is a given square matrix. To analyse the
stability of an equilibrium point of (1), it suffices to find a positive definite matrix P such that
ATP & PA is negative definite [5]. Hence, we will solve the so-called Lyapunov equation

AX - XATEQ ()

for some negative definite matrix (. To discuss (2), we shall investigate a more general form,
namely, the Sylvester equation:
AX+XB=C. (3)

*Corresponding author

28
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The generalized Sylvester equation takes the form
AXB+CXD=F. (4

Note that when B = €' = I, (4) reduces to the Sylvester equation (3). (4) also includes the

following equation as special cases :

AXB = C, (5)
AXBAH NSO, (6)

By taking the veetor operator, (4)is reduced to Pz = bwhere P= BT 0 A4+ DT C, z =
vec F, and b = vec F. Here, vec is the vector operator and the symbol & stands for the Kro-
necker product. Then, (4) has a unique solution if and only if P 18 nonsingular This matrix
equation has others profound application m linear system theory; see e g. [5] and references
therein.

However, if the dimension of matrices is high, e.g if A, B, C', ) are of dimension 100
100, the dimension of BY @ A+ DT @ C 1510000 -« 10000, Such a dimension problem leads
to computational difficulty in that excessive computer memory is required for computation and

inversion of large matrices. Thus, this approach is only applicable for a small dimension of A.

On the other hand, there are many other methods for solving linear matrix equations. In
particular, iterative methods have been received much attention. Gradient based iterative meth-
ods for (3), (5), (6) were investigated in [1-4, 6-10]. For the generalized Sylvester equation
(4), there are gradient based iterative method [1] as follows:

Algorithm 1.1. The gradient based iterative (GI) algorithm.

Step 1 Input matrices 4, B, G, D, F' £ M,, and an error £ > 0. Choose initial matrices X, (0)
and X;(0). Setk:=1.
Step 2If |[AX(K)B + CX(k)D — F|[z/|F| z <€, stop; otherwise, go to Step 3.
Step 3 Update the sequences
X(h= Xilk) ;-\:(k),

Xi(k)=X(k-1)+7AT[F - AX{k- 1)B - CX(k - 1)D|B7,
Xa(k) = X(k - 1) + 7CT[F — AX(k - 1)B - CX(k— 1)D|D".
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Step 4 Set k 1= k + 1, return to Step 2,

If we choose the convergence factor 7 such that

2

T e (7
TAIIBIE + ICIEI D12

[P=

then Algorithm 1.1 converges for any initial values X (0) and X5(0).

In this paper, we shall propose a new iterative miethod for solving the generalized
Sylvester equation (4). Our method is based on gradients and hicrarchical identification prin-
ciple. The convergence analysis shows that the proposed algorithm converges to the unique
solution for any initial value matrix. In particular, we obtain relaxed gradient based iterative

algorithms for (3)and (3). Numerical simulations are also provided.

2 Proposing the Relaxed Gradient Based Iterative Algorithm for Gener-
alized Sylvester Equation

In this section, we propose arl iterative algorithm for solvitg the equation (4), called the
relaxed gradient based iterative algorithm.

In order to make convergence analysis, the following notations are used. Forany square.
matrix X. denote its speetral radius, its maximum eigenyalue and its minimum eigenvalue
by (XY, Amax(X) a0d Aia (X respectively. The spectral norm and the Frobenius norm of
A &M, are respectively defined by

Al A7) and | Al =/ (ATA).

The Frobenius norm for vectors 1s just the Euclidean norm.

Firstly, we recall the hierarchical identification principle in [1] and apply the prineiple to

solve the generalized Sylvester malrix equation. Define two matrices
M:=F-CXDand N:=F— AXB. 8)
Trom (4), we get two subsystems.

AXB=M and CXD=N. 9)

51

30
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We would like to minimize the following quadratic functions:

Ly(X) = |AXE - M|, (10)
Ly(X) = CXD.~ N} an

Now, for (8) and (9), we will deduce their gradients as follows:

a _ : e\ b
ﬁ1:1(}(} = ﬁu[(A.\BuM) (AXB - M)]

_ T n e W8ty pre O T 4 3
= g WXBETXTATA) = (X ATMBT) — S BMTAX)

2 (AT A)TX(BET) +-ATAXBBT — ATMBT — (BMTA)T

= 9AT(AXB~ M)B". (12)

Similarly, we have

%LAX) = 20T(C XD~ N)DE 13)

Let Xy (k), Az(k) and X(k) be the iterative solutions of the system (9) at iteration k.
The recursive formulas of X, (k) and X;(k) come from the gradient formulas (12) and (13) as

follows:

Xi(k)'= X(k S0+ (1= @)AT[M = AX(k = 1)B| BT

Xk =11 = ATIF — AX (k= 1)B =CXD|B7,
X(k — Dt awCT [N CX(E=1)D|DT

X(k=1) + rwCT [F=AXB - CX(k =11 D,

]

Xa(k)

I

Here, the convergence factor 7 is introduced to control the convergence of the algoriﬂ]m. Base
on the hierarchical identification principle, the unknown variable X is replaced by its estimates
atiteration k — 1. The iterative solution A'{k) is now the weighted anthmetic mean w.X (k) +
(1 = w)X3(k), here w € (0, 1) is called the relaxation parameter. The above discussion leads
to the following algorithm for solving the generalized Sylvester equation (4),

Algorithm 2.1. The relaxed gradient based iterative (RGI) algorithm.

Step 1 Input matrices A, B, C, D, F' € M,,(E), given any small positive number ¢ and appro-
priative positive number w. Choose the initial matrices X,(0) and X»(0). Set k := 1.
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Step 2 I£ 8y := | AX(K)B + CX(k}D — F|z/||F || < &, stop; otherwise, go to Step 3.

Step 3 Update the sequences

Xi(k) = X(k - 1) + (L-w)rAT[P=aAX(h-1)B - CX(k - )D]BT, (14)
Xa(k) = Xk — )#wrCT[F — AX(k - NB=GX(k —1)D)D7, (135)
X(K) =wX, (k) + (1 - w)Xa (k). (16)

Step 4 Set k := k + 1, return to Step 2.

3 Convergence Analysis of the Proposed Algorithm

In'this section, we shall discuss a criterion for the applicability of the algorithm, and the

optimal parameter for the fastest convergence.

The next theorem shows the applicability of Algorithm 2.1,
Theorem 3.1. Assume that the matriv equation AX B +CX1) = F has a wnique solution X.
If the parameter 1 is chosen so that

a

S U ARIBR F (C P T

7o,

then the iterative sequence X (k) generated by Algorithm 2.1 convergesto X, i.e., hlim X(k) =
X for any initial value X,(0) and X1(0).

Proof. Define the error matrices

Nrthyi= Xip(h) 2 X, Xa(K) = (k) - X, X (k)= X (k) =X
and 6 (k) 5= AX(k — DB, fa(k) 1= CX(k - 1)D.

We shall show that ;.lim X (k) = 0. From Algorithm 2.1, we get

Rilky=X(k — 1) - (1 - )T AT(O,(k) + 82(K)) BT,
Xatk)= X(k=1) < wrCT(@ (k) + 0.(k)) D"

K
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Hence,

X=Xk -X
=wXi(k) + (1 - w)Kalk

+0:(k)DT).

F= llf (k -
+ w’(l w)

bt 0

. <5<3<3<3<3«4§;:>2>z>z>=>>>
< L X(0)13 llﬂﬂl‘iﬂl' -
&y
§ 1
5\

“

l‘&" elwm(z){y T eaﬂ\o

3 —»oo,tha

AR(k-1)B+CX(k— 1)D — Das k — co.
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Note that the uniqueness of the solution for (4) implies the invertibility of the matrix BT @ A +
DT @C. Now, (BT @ A+ DT © C)ves X(k 1) — Oas k — coand, hence, X(k — 1) — 0

as k — co. Therefore, klirn X’(k) =0.

[}

Remark 3.2. When w = 1, the range of parameters 7 in Theorem 3.1 is wider than that of

givenin (7).

Now, we discuss the optimality for the convergence factor 7 by using the next lemma.

Lemma 3.3. (e.g. [9]) For any real number a, bwithb > a,and x >0.1If0 < a < b, then

b-a
i 1—az||1-bz|}}=
oT,’?i {max{}1~az|,| z |} P,

<1

The optimality is reached at 7., = azﬁr j

Theorem 3.4. Suppose the matrix ¥ := BY & A+ DT @ C is invertible. Then, the optimal

[factor for which Algorithm 2.1 converges for any nitial value is given by

o

T (L + ) e (BT + A (R ]

Qa7

Proof. Denote the error matrix X{(k) = X(k) = X From the proof of Theorem (3.1) , we

have

Rk) = wXp(k) + (1= )Xok,
=Xk 1) =01 = w)r[AFAR (& < B EC X (k1)) BT
= w(1= W) r[CTAX (k- 1) +C Xk LD DT,

By applying the vector operator, we now obtain

vee ,{'( k)

= vee X(k —1) — 7w(1 - w)[vee (ATAX (k= 1)BET) + vee (ATCR(k — 1JDET)

+vea(CTAR (K =1)BDT) + vee(CTC Xtk ~1)DDT))
= {Le - ra{l ~w)[(B e AT)(BYe A)+(Be AT) (DT &.6)
+H(D@CTHBT @A)+ (DO CTYDT @ )]} vee Xk — 1)
= {Ie — 7w(l - w)¥TW | vee X(k — 1).

(18)

34
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Since 2T Wz = (¥2)T(¥2) > Oforeach z & B™, the matrix U7 is positive semidefinite.
Since W is invertible, we have that W7 is positive definite. The spectral radius of the iteration

matrix is given by

p(Ie — 1wl — w) BTy
= max{] L=7w(l — )i (PTW) |, [ 1 - 70(1 — DA (BTF) [}, (19)

Thus, the minimality of this spectral radius subject to the condition 0 < 7 < 7, in the view of
Lemma3.3 is determined by (17). o

4 Iterative Methods for Special Cases of The Generalized Sylvester Equa-
tion
In this section, we discuss iterative algorithms for solving interesting special cases of (4)

The following one is for solving (5).

Algorithm 4.1. The relaxed gradient based iterative (RG1) algorithm for solving (5).

Step 1 Inputmatrices A, B,C € M, (R), givenany small positive number e and appropriative
positive number' w. Choose the initial matrix X(0). Set k ;= 1.

Step 2164, := | AX(k)B = Ol ¢ /[|C]|p < & stop, otherwise, go to Step 3.

Step 3 Update the sequences
KRy =w[X(h - D (1= w)rAT(C - AX(E—1)— X(k = 1)B)BT] ~ (20)

Step 4 Set k 1=k + 1. return to Step 2.

Corollary 4.2. Assume that (5) has a unique solution X. If the parameter 7 is chosen se that

0.4

a —_—
< =0 TAEIETD

then the iterative sequence X(k) generated by Algorithm 4.1 converges to X, for any initial
value X(0).

Progf. From Theorem 3.1, put C' = 0'andF = G, a

The next algorithm is proposed for solving the Sylvester equation (3).

35
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Algorithm 4.3. The relaxed gradient based iterative (RGI) algorithm for solving (3).

Step 1 Input matrices A, B, C' € M, (R), givenany small positive number ¢ and appropriative
positive number w. Choose the initial matrices X1(0) and X5(0). Set k= 1.

Step 2I£ 8y = || AX (k) 4 X (k) B~ Cll=/II€ F < & stop; otherwise, goto Step 3.
Step 3 Update the sequences
Xik)= Xk =D+ (1< @)rAT[C —AX (b= 1) — X(k - D]B, . (21)
Xak)y=-X(k = 1) % wrlC - AX(K=1)C X(k= 1)B|B7, (22)
X(R) = wXi (k) #(1- W) X5(k). (23)
Step 4 Set k := k + 1, retum to Step 2.

Corollary 4.4. Assume that (3) has a uniguee solution X' If the parameter 7 is chosen so that

1
B TSaiAT R

then the iterative sequence (k) generated by Algorithm 4.3 converges to X, for any initial
value X, (0) and X4(0).

Proof. Tt follows from Theorem 3.1 bysetting B=C' =], D= Band F = . a

The next algorithm is proposed for solving the discrete-time Sylvester equation (6).

Algorithm 4.5, The relaxed gradient based iterative (RGI) algorithm for solving (6).

Step 1 Input matrices A, B, C' & M(R), given any small positive number = and appropriative
positive number w. Choose the initial matrices N (0) and X5(0). Set k ;= 1.
Step2If dg = | AX(k)B + X(k) - Clie/IC|e < = stop; otherwise, go to Step:3.
Step 3 Update the sequences
MRy =K (F=1) + (1 - wyra(c “AX (k- 1)B —X(k - net, 4

Kak) = X(k-T1) +wilC - AXE=1)E — Xk=1)]. (25)
X(k) = wXy (k) + (1 - w) Xa(k). (26)
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Step 4Setk := k41, retum o Step 2.
Corollary 4.6. Assuma that (6) has a unigue solution X If the parameter 7is chosen so that

2

O<T S E=oNATRIBIRT T

then the ierative sequence X (k) generated by Algorithm 4.5 conwrgesto X, for any mitial
value X (0) and Xo(0)

FProgf It follows from Theorem 3.1 by setting O'= D = Jand F = €' o

5 Numerical Simulation

In this sectinn, we report numencal results to illustrate the effectiveness of Alzorithm
2.1. All iterations have been camried out by MATLAB 724504-R2013s, Intel(R) Core(TW)
15-6500 CPU @ 3.20GHz 3.19 GHz, RAM 2.00 GB. PC environment.

o & =005 |]
f . =1~ Ul
161 : ——1=00020
14k T -nnnes |
= " —H#—=00476
) § / St LU
1=
C | 4
=
3 L0 E
&
cs 4
Fa un / g
L2 ) T
=
ol N A e
0 5 10 15 20 26 b s 35 40 3 50

terztior numberi<)

Figure 1: Relative emors for Exaraple 5.1

Example 5.1, We consider the equation (4) with

4 1 - 0 2 26
A= . ! L= i y D= h and F = = ;
14 -1 3 01 12 26 6%
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3 £ X1y ¥4 x: X = Xe/TXTe

2 32296 | 12018 | 12918 | 2.2296 3541

4 47780 | 19112 | 19112 | 4.7780 0.0444

6 4.9722 | 19889 | 1.9880 | 49T22 0.0058

8 4.9965 | 19986 | 1.9986 | 49965 7 0000z — 04

10 4.9996 | 19998 | 19998 | 4.9996 & 3046e — 08
Solution 5 2 2 5

Table 1: Tterative solution (7 = 0.0182)

Then, the matrix WA is given by

141 | 8/ / 423/ ~1

1 53

s 1
-3(51 14 /8
~1] +3.53), 14

Choose w = 0.7 and initial matrices
5 1 \ 1.1
X0y = 107°° and X(0) = 10°° J
40 11

Then, the optimal convergence factor 1s given by

2
T 00) G (VTH) £ Ao VT B

= (.0182,

Running Algorithin 2.1, we see in Table 1 that the approximated solutions converge to the exact

solution
9
W= {5 “J.
s

although the initial matrices are very elosed to the zero matrix. Clearly, as k increases, the term
||-X (%)~ X||7/||X|[|r becomes smaller and goes to zero. Fig | shows the relative errors for the
algorithm with different convergence factors 7. We see that as & is large enough, the relative

error for 7 = 0.0182 goes faster to 0 than those for another convergence factors.
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Example 5.2. We consider the equation AX B + CX D = F with

222 2 4 2 2 2 2 6 2 4
299 9 8 0 2 o D 4 6 2
e , B = ni. = s
29209 9 g 2 _2 4 _4
2 275 o 6 -2 4 2 Dl -2
4.8 2 2 [456- 1220 —20 20
=910, 0 )2 576 1 096 - 184 32
D= * A= P
ol SO 3 396 =336 216 173
RN, 804 804 376 —od

We compare the efficiency Algorithm 2.1 with GT Algorithm - In both algorithms, we use the

same eonvergence factor 7= 2.1323 = 10~* and initial matrices

={ 1" L1 ) 1 [DC174

=IN1/-1/1 VoYY
X,(0) = 107° and X3(0) = 10°°

L2V <1ax 1111

=1 A/t sl )

RGLw =065 | RGLW =06 [ ROLw = 065 | RGlLw =07
05441 01706 00880 070539

07972
40 | 07613 0.3481 0.0451 0:0854 00572

60 10,7311 0.22%0 00258 00264 0 0281
80 | 0.7005 0,14%0 0.0195 00205 o221
100 0.6712 0.0919 0.0156 001es 00173

Table 2: Relative errors for Example 5.2

Fig 2.and Table 2 show the relative errors when nuning Algerithm 2.1 with different
ralaxation parameters, comparing with GI Algorithm, We niotice that the RGI Algorithm with
w = 0.55,0.6,0.65 and 0.7 converge faster than the GI Algorithm.

6 Conclusions

We propose a relaxed gradient based iterative algorithm for solving the generalized -
Sylvester equation (4). This algorithm guarantees that the approximated solutions converge
to the exact solution for any given initial value. The convergence criteria of the algorithm de-

pends on the convergence factor and the relaxation parameter The best choice of the conver-
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Relat e ewers (1)

10 Lo 160 %0 00

]
Mo e

Tigure 2: Relative errors for Example 5.2

gence factoris revealed, in order to maximize the convergence rate or equivalently to minimize
the spectral radius of the associated iteration matrix. Some numerical simulations show that
the convergence rate when running this algorithm with different ralaxation parameters is faster
than those of the G algorithm 1.1.
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