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Chapter 1

Introduction

1.1 Research Motivation

The fixed point theorem based on the contraction principle is applied usually
in proving the existence and uniqueness of the solutions of some scalar and mainly
functional equations. In the past few decades, fixed point theorem has been applied
in many branches such as mathematics, engineering, economics, optimization, physics,
and computer sciences, etc. For an interesting example, equilibriam or stability are
fundamental concepts that can be described interms of fixed points. For example, in
economics, a Nash equilibrium-of a game is a fixed point of the game’s best response
correspondence. However, in physics, more precisely in the theory of phase transi-
tions, linearization near an unstable, Furthermore, many mathematicians have been
studying about the structure of fixed point set.

Let € be a nonempty closed convex subset of a real Hilbert space H. Recall
that the mapping T : C' = € is called quasi-nonexpansive if ||Tz — yl < |l — v,
forall z € ¢ and y € F(T). We denote by F(T)) the set of fixed points of 7. We now

recall some well-known concepts and results as follows.

Definition 1.1.1. Let f:C — C be contractive if there exists a constant ¢ € (0,1) such
that
[ ()= f (@l < Ell==ll,

forall z,y € C.
Let CB(H) be the family of all nonempty closed bounded subsets of H and
H(-,-) be the Hausdorff metric on CB(H) defined as

H(U, V)= max {Sup d(u, V), supd(U, 1r)} :

el vEV
YU,V € CB(H), where d(u,V) = infyevd(u,v),dU,v) = infuevd(u,v) and d(u,v) =
Il — ].

Let C be nonempty closed convex subset of H. Let ¢ : C — R be real-valued
function, T : C — CB(H) a multivalued mappingand ® : H xC xC — R be equilibrium-
like function, that is, ®(w, u, v)+ ®(w,v,u) = 0 for all (w,v,u) € H x C x C which satisfies
the following conditions with respect to the multivalued mapping T: C — CB(H);

(H1) For each fixed v € C, (w, u) = ®(w, u,v) is an upper semicontinuous func-
tion from H x C into R, that is, for (w,u) € H x C, whenever w, — w and u,, — u as
n — oo,

lim sup ®(wn, un, v) < ®(w, u,v).

n—00



(H2) For each fixed (w,v) € H x C, uw ®(w,u,v) is a concave function.

(H3) For each fixed (w,u) € H x C, v ®(w,u,v) is a convex function.

Fixed point problems has been widely studied and developed in the literature.
In 2009, Ceng et al.[2] introduced the generlized equilibrium problem(GEP) as

follows:

Find we C and w e T(u) such that
(GEP)

@ (w,u,v) + @v) —p(u) > 0,Vv e C.
The set of such solutions v € C of (GEP) is denoted by (GEP).(®, p).
By using Nadler’s theorem [10], they introduced the following algorithm:
Let z; € C and w; € T(z), there exist sequences w,, C H and {z,}, {u,} C C
such that

Wy € T In) “u n u*‘n-‘-l” < (1 + ;1,‘) H(T(En)wT(In-+1))r
@ (wn, Un, v) +(v) — (u,,)+#(un — T 0= un) = 0,¥ve C, (1.1.1)

QI,‘-,-!_Jrl = O«"n.f(:rn) + (1 e an)Sﬂ-'n.g n= 1, 2, Y

and proved the strong convergence theorem of the sequence {z,} generated by (1.1.1)

as follows.

Theorem 1.1.1. [2] Let C be a nonempty, bounded, closed and convex subset of
a real Hilbert space H and let ¢ : C — R be a lower semicontinuous and convex
function. Let-T : C - CB(H) be H-Lipschitz continuous with coefficients p, ® : H x
CxC — R be'an equilibrium-like function satisfying H1)~ H3).and S be a.nonexpansive
mapping of Cinto-itself such that F(T) N (GEP)s(®, p) # 0. Let f-be a contraction of
C into itself and let {z,},{w,} and {u,} be a sequence generated by (1.1.1), where
{an} € [0,1] ond ) c( 0 o) satisfy

im o =0, ZC"“ =00 ZJQHH | < B0, lmlnfr,, >~ 0and Z Wt — Tn| < 0.
n o0

1=1 i=g =1
If there exists a constant X > 0 such that

O(wy, Ty, (21), Try (22)) = Blwa, Tpy (22), Try(@r)) S =A[ T, (21) — Try(22) 1%,

for all (ri,ra) € Ex Z,(z1,22) € C x C and w; € T(z;), i = 1,2, where E = rp :n 2 1,
then for & = Pr(s)n(GEP).(.)f(£), there exists w € T(&) such that (&,w) is a solution

of (GEP) and z, — &, w, — w and u, — & Qs n — 0.

In 2011, Tian and Jin[16] proved the following strong convergence theorem of

iterative scheme {z,} generated by (1.1.2)

Theorem 1.1.2. Let H be a real Hilbert space, let F be a s-Lipschitzian and n-strongly
monotone operator on H with k > 0,7 > 0, and let T be a quasi-nonexpansive
mapping on H, and f is a L-Lipschitzian mapping with coefficient L > 0. Assume the
set Fix(T) of fixed points of T is nonempty. Let 0 < p < 2n/k*,0 < v < p(n — "'2)/L =



/L, and start with an arbitrary chosen z, € H, let the sequence{z,} be generated
by
Tnt1 = anVf(Zh) + (I — anppF)T 2, (1.1.2)

where the sequence {a,} C (0,1) satisfies iMoo o, = 0, aNd 307 oy, = 00.
Also w € (0, 3), T, == (1 — w)I + wl with two conditions on T:

(C1) |Tz —q|| < ||z — q|| for any = € H, and q € Fiz(T); this means that T is a
quasi-nonexpansive mapping;

(C2) T is demi-closed on H; that is: if {yx} € H, yx — 2z, and (I - T)yx — 0, then
z € Fiz(T).
Then, {z,} converges strongly to the a* € Fiz(T) which is the unique solution of the
VIP:

(uF =~f)z*ye=2*y>0, Yz e Fiz(T).

Remark 1.1.3. From theorem 1.1.2;, they proved strong convergence theorem for a
guasi-nonexpansive mapping by using conditions:
) T, := (1 — Jf T,
(i) T is demiclosed on H. where 7" is-a quasi-nonexpansive mapping and for all w €
(0, 3).

Many authors proved strong convergence theorem involving a quasi-nonexpansive
mapping 7' by using conditions (i) and (ii). See for example [9],[12] and [15].

In 2015, Cheawchan and Kangtunyakarn[3) introduced the new method for
finding a common element of the set of fixed points of a quasi-nonexpansive map-
ping and the set of solutions of a variational inequalities without the conditions (i) and

(ii) in a framework of a real Hilbert space-as follows:

Theorem 1.1.4. Let € be a nonempty closed convex subset of a real Hilbert space H
and let T : C — C be a quasi-nonexpansive mapping. Let A,B: C— H be «, p—inverse
strongly monotone mappings, respectively. Define the mapping G : C — C by Gz =
Po(I — MA)(az + (1 — o) Po(F=XeB)z) for all x € C.Assume F =VI(C,A)nVI(C,B)N
F(T) # 0. Suppose that z1,u € C and let {z,,} be a sequence generated by

Tn+l = QU + BnPC'(I - /\n(I - T))-T?i + WGy, ¥n > 1,
where A\ € (0,2a), A2 € (0,28) and {an},{B.}, {7} are sequences in [0,1]. Suppose the
following condlitions holds:
(".) an+ B+ =1
(ii) ﬂlLrT;oa,, =0, Ea” =00

(ii0<a<p,<c<lforalln>1;

(iv) Z)\n <ooand0< A, <1;

i=1



)
(V) Z |an+1 - an‘ <0 Z ‘ﬂ??+] Bn | < 00, ZIATH-I = /\111 < Q.

i=1 i=1
Then {z,} converges stronegly to zp = Pru.

From motivated of Theorem1.1.1 and 1.1.4, we proved the strong convergence
theorem for finding a common element of the set of solution of a finite family of the
generalized equilibrium problem and the set of fixed point of a quasi-nonexpansive
mapping without the conditions (i) and (ii). Moreover, using our main result, we ob-
tain the additional results involving a finite family of a nonspreading mapping and

r-demicontractive mapping.

1.2  Objectives of the study

1) To prove a strong-convergence theorems for finding.a common element of the
set of solution of a finite family of the generalized equilibrium problem and the

set of fixed point of a quasi-nonexpansive mapping without some conditions.

2) To prove a strong convergence thearems for equilibrium problem and the set of

fixed point of a nonspreading mapping and k-demicontractive mapping

3) To give some method for fixed point theory of a finite family of nonspreading

Mappings

1.3 Scopes of the study

1) Study equilibrium problems-in a real Hilbert space.

2) Investigate the fixed point problems of nonlinear mappings including a quasi-
nonexpansive mapping, nonspreading mapping and x-demicontractive mapping

in a real Hilbert space.

3) All strong convergence. theorems-are, considered and proved in a real Hilbert

space.

1.4  Benefits of the Study

1) Obtain the strong convergence theorem for finding a common element of the
set of solution of a finite family of the generalized equilibrium problem and the

set of fixed point of a quasi-nonexpansive mapping.

2) Obtain a strong convergence theorem for finding a common element of the set

of solution of a finite family of nonspreading mapping.

3) Obtain a strong convergence theorem for finding a common element of the set

of solution of a finite family of k-demicontractive mapping.



1.5 Research methodology

1) Study advanced topics in fixed point theory for a quasi-nonexpansive mapping.
2) Study backeround in a real Hilbert space.

3) Collect and study research papers concerning fixed point theorem.

4) Determine the objecttives and scope of the research.

5) Produce tools for theorem of fixed point theorem.

6) Prove the strong convergence theorem for finding a common element of the set
of solution of a finite family of the generalized equilibrium problem and the set

of fixed point of a quasi-nonexpansive mapping.
7) Provide applications.

8) Conclude the result, make suggestions for further works and write the thesis.



Chapter 2

Preliminaries

2.1 Fundamental properties

Lemma 2.1.1. Let H be a real Hilbert space. Then the following identities hold:
() llz £ yll* = llzl® £ 2{z, ) + lyl*, V2, y € H;

i) llz + ylI* < ||l=||® + 2{y, = + ), Y,y € H.

Definition 2.1.1 (Strong convergence [8]). A sequence {z,} of vectors in an inner

product space K is called stronely convergent to a vector z in K if
|zn —=| =0 as n — co.

Definition 2.1.2 (Weak convergence [8]). A sequence {z,} of vectors in an inner prod-

uct space K is called weakly convergent to a vector x in K if
{n y) = (z,y) as m — oo for every y € K.

Theorem 2.1.2 ([8]). A stronegly convergence sequence is weakly convergence (to the

same limit), that is, zn ~» x implies z, — .
Remark 2.1.3 ([14D. If z, — z and =, — v, then = = .

Lemma 2.1.4 ([14]). Let {=,} be a Cauchy sequence of an inner product space C such

that z, — z. Then z,, — z.

Theorem 2.1.5 ([14]). Let H be a Hilbert space and let C be ‘a nonempty closed
convex subset of H. Suppose that {z,} ¢ C and z,, — z. Then z € C.

Lemma 2.1.6 ([11]). Each Hilbert space H satisfies Qpial’s condition, i.e., for any se-

quence {u,} C H with u,, ~wu, the.inequality
lil’ﬁil’}f”u,, —ul < Unliﬂf”u,, — |
holds for every v € H with v # .

Theorem 2.1.7 ([14]). Let {a,} be a bounded of real numbers. Then, there exists
subsequence {a,,} of {a,} such that

a = limsupa, = lim a,,.
[ de ]

n—oo

Similarly, there exists a subsequence {a,,} of {a.} such that

B =lminfa, = lim an;.
n—00 j—too



Definition 2.1.3 ([14]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let f be a function of C into (—oc, 0], where (—oo, o0] = RU {0}

Then, f is called lower semicontinuous if for any a € R, the set
{z € C: f(z) <a} is closed.
Moreover, f is called convex if for any z;,z2 € C and t € (0,1),
f(tz1 + (1 —t)z2) < tf(z1) + (1 — ) f(22).
Similarly, f is said to be concave if for any 21,2, € C and ¢t € (0,1),
fltzs + (1 —t)zz) 2 tf(21) + (1 — 1) f(z2).

Definition 2.1.4 (Metric projection [14]). The (nearest point) projection P from H onto
C assigns to each = € Hthe unique point Poz € C satisfying the property

Iz~ Poall = minls—y.
Lemma 2.1.8 ([13]). For a given z € H and u € C,
u=Poz e (u—zv—u) > 0,Yuvel
It is well-known that P¢ is a firmly nonexpansive mapping of H onto ¢, that is
[Pex = Poyl” < {Pex'= Pay, v y) Yoy € H.
Lemma 2.1.9([17]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sn b INS B\ aplsd H0ng WE 05
where {a,} is a sequence in (0,1) and {4, } is a sequence such that

W E .l b=

i, 0, - o
(i) UM suppsoo— <000 5757 16, < o0
ay,

Then lim,—ac sn = 0.
2.2  Fixed point sets of quasi-nonexpansive mapping, nonspreading
mapping and x-demicontractive mapping with some properties

Let X be a nonempty set and 7 : X — X. We say that z € X is a fixed point of
T if and only if T2 = = and Fiz(T) represents the set of all fixed points of T, i.e,,

F(T) = {ge ¢ Tg=g}

Example 2.2.1 ([1]). Let X =R.

1) If T(z) = z, then Fiz(T) = R,



2) f T(z) = 2+ 2, then Fiz(T) = ;
3) If T(x) = 22 + bz + 4, then Fiz(T) = {-2}.

Definition 2.2.1. [13] Let C be a nonempty closed convex subset of H and let 4 be
an operator of C into H. Consider the following problem: Find z € C such that

(Az,u—2z) >0, for all ueC.

Such an z € C'is called a solution of the variational inequality of A. We denote VI(C, A)

the set of all solutions of the variational inequality of A.

Lemma 2.2.2. [13] Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let D, be a mapping of C into H. Let u € C. Then for A > 0,

w =Po(I — ADy)u < ue VI(C,Dy),

where P is the metric projection of H onto C.

Lemma 2.2.3, [3] Let H be a nonempty closed convex subset of a real Hilbert space H
and let T: ¢ = C be a guasi-nonexpansive mapping with F(T') # 0. Then VI(C,I-T) =
F(T).

Remark 2.2.4. [3] From Lemmas 2.2.2 and 2.2.3, we have
E(rr=—1(QY] <IBREPANC- H=p
forall A > 0.
Definition 2.2.2. L et C be a nonempty subset of H, a mapping T.: ¢"'— C is called
1) k-demicentractive if there exists x €[0,1) such that
[Tz — T2 sz =e*|"F kl|(I Pz}
2) nonspreading if
2||Tz - Ty UPr="y[* + ||lz - Tyl?,
for all z,y € C and z* € F(T).

A nonspreading mapping T is introduced by Kohsaka and Takahashi[7]. In 2009,
lemoto and Takahashi[4] proved that 2) is equivalent to

|Tz — Ty||®> < ||z — y||® + 2(x — Tx,y — Ty),Vz,y € C. [22.1)

Theorem 2.2.5 ([7]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a nonspreading mapping of C into itself. Then Fixz(T) is

closed and convex.



Remark 2.2.6. From (2.2.1), if T is a nonspreading mapping with Fiz(T) # 0, then T is

quasi-nonexpansive.
In 2009, Kangtunyakarn and Suantai[6] introduced the K-mapping generated
by T1,...,Ty and Ay, ..., Ax as follows;

Definition 2.2.3. Let C be a nonempty convex subset of real Banach space. Let {T;}¥,
be a finite family of mappings of C into itself, and let Ay, ..., Ay be real numbers such

that 0 < \; < 1 for every i = 1,..., N. Define a mapping K : C — C as follows:

Uy =MT1 + (1 - /\1)1,
U2 = )\QTQU]_ + (1 === /\Q)U],
Us = A3T3Uz + (1 — A3)Us,

ULy =AN_1TneaUnia (L — An=1)Un_2,
K = UN >~ )‘NTNUNfl R (1 —1 /\N)UNwl. (222)

Such a mapping K is called the K-mapping generated by T;..., Ty and Ay, ..., An.

Lemma 2.2.7. [5] Let € be a nonempty closed convex subset of a real Hilbert space.
N

Let {7}, be a finite family of nonspreading mappings of C into itself with ﬂ F(T,)#0
i=1

and let Ay,...,Ax be real numbers such that 0 < A < 1 for every i =1,...N — 1. and

0 < Ay < 1. Let K be the K-mapping generated by 71, .., Fn and Ay...,An. Then
N

F(K) = ﬂ F(T;) and K isa quasi-nonexpansive mappins.

i=1

2.3 Generalized equilibrium problem in a real Hilbert spaces
In this section, we give some useful lemma and theorem for equilibrium problems
to prove the main results.

Definition 2.3.1. A mulitivalued mapping T : C — CB(H) is said to be H-Lipschitz

continuous if there exists a constant u > 0 such that
H(T(u), T(v)) < pl|lu—v||, Vu,veC,
where H(.,-) is the Hausdorff metric on CB(H).

Lemma 2.3.1. [10] Let (X, - ||) be a normed vector space and H(-,-) is the Hausdorff
metric on CB(H). If U,V € CB(H), then for every ¢ > 0 and u € U, there exists v € V
such that

||lu—v|| < (14 e)H(U, V).
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Theorem 2.3.2. [2] Let C be a nonempty, bounded, closed, and convex subset of
a real Hilbert space H, and let ¢ : C — R be a lower semicontinuous and convex
functional. Let T : C — CB(H) be H-Lipschitz continuous with coefficients p, and
3, : H xC x C — R be an equilibrium-like function satisfying H1) — H3). Letr>0bea
constant. For each z € C, take w, € T(z) arbitrarily and define a mapping T, : C — C

as follow:
Ti(z) = {u € C: B(we,u,v) + (v) — p(u) + -}:(u —xz,v—u)>0,Yv e C} .

Then we have the following:
(a) T, is single-valued;
(b) T, is firmly nonexpansive(that is, for any u,v € C, ||Tru - Tov||? < (Tru — Trv,u — v))
if
& (wy, Tr(z1), Tr(22)) + (@2, T (22), Tr@)) s 0,

for all (z1,73) € C x C and all w; € T(x;), 1= 1,2;
(c) F(T,) = (GEP)s(®,9):
(d) (GEP),(®,¢) is closed and convex.



Chapter 3
Main result

In this chapter, we introduce and study the new iterative methods for fixed

point theorem of nonlinear mappings in Hilbert space.

3.1 Convergence theorem for finding a common element of the set of
solution of a finite family of the generalized equilibrium problem

and the set of fixed point of a quasi-nonexpansive mapping

"In this section, we introduce a strong convergence theorem for finding a com-
mon element of the set of solution of a finite family. of the generalized equilibrium
problem and the set of fixed point of a quasi-nonexpansive mapping without demi-
close condition and'T,, := (1 — w)I + wT, when T is a-quasi-nonexpansive mapping and

w € (0,3).

Theorem 3.1.1. Let C be a nonempty closed convex subset of a real Hilbert space H.

Foreveryi=1,2,..,N, et §;« C —CRB(H) be H-Lipschitz continuous with coefficients

wi and let ®; = H xG x €= R be an equilibrium-like function satisfying H1) — H3). Let

¢ : C — R be lower semicontinuous and convex function. Let T": C — C be a quasi-
N

nonexpansive mapping with F := F(T) ﬁ(GEP)S(th.,;, o) £ 0. Let {x,,} be sequence

=2

generated by x, € C,wi € Sy, and there exists sequence {wh} C H such that

i iy, || <+ 2YH(Sizn, Sitnr ), Wh € Sitn;

B (wp uvy) + oY) < Py (U, ~ans g uy) 2.0,Vy €C,

(3:4.1)
Tptl = C‘nf(-Tﬂ) 5 ,BnPC{I - )\n(f ~ T))Iﬂ- +n Zf\:] a;uf“

Yn>1 andSNe=1,2877,N,

where {a,}, {Bn}, {7} C [0,1] With.an#B:¥%, = 1foralln > 1 and f : C — C be
&-contraction mapping. Suppose the following conditions hold :

e - o

(i) Um an =0, 327, an = oo;

(i0<c<Bn,m<d<lforalln>1 and YN a;i=1;

(i) 32 A <ocand 0 < A, < 1 forall n > 1;

(iv) r € (0,2a);

(v) ZZO=1 loatn+1 = @l 220:1 |Br+1 — Bn| < o0;

(vi) for each i = 1,2, ..., N, there exists p; > 0 such that

(I)‘i(u_"LTﬁ (Il)vTrz (372)) -+ (I)?(TI)E T«,-z{.ilfz), T?”l ('Tl)) < *piHTf'(Il) = Tr(m2)H25
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for all (ri,r2) € ExE, (z1,22) € CxC and @ € Si(z;), forallj=1,2, where E =

{r}.

Then {x,} converges strongly to z = Prf(z).
Proof. It follows from condition(vi) that for each ry,7; € E, we have
®; (@t , Tr(x1), Tr(22)) + B (@5, Tr(22), Tr(21)) < —pi|| T (1) — T, (z2)|* <0,

for all (z1,22) € C x C and @} € Si(z;), j=1,2.

Hence all conclusions(a) — (d) of Theorem 2.3.2 hold.

We divide the remainder of the proof into six steps.
Step 1. We will show that {z,} is bounded.

Let = € F, we have

N
”3311-0-1 — 3” = ||an.f(3:n) Js ﬁn.PC([ = /‘\n(f == T))xn + Y Za“i'u:} = z”
1=
N

£ o || f (za)= 2| FBalPo (I L2l — T))Zr—z| + Yl Zaiui} —z||

i=1

< ax(ff(@n) = FE&)IEIF(2) = 200 Bl B (B=Xmld — N, — 2|
N .
+Tn ZaiH“:ﬁ. -
=1
Consider:
| Po(d = Xo(I =Tz = 2ii2 = Po(I ~\ M (L=T))zy = PczH2
< H(I == /\n(I Vi T))&t,,, I 2”2
= H-T"n B} An(I | T)-Tﬂ.l‘z
Elmy, — A2 22248~ 2, (I = T)&4)
+ ANEZ Tl
Consider, the result below,
|Tz — y|[*=]z=g— (I— P)z|?
=z -yl -2z =y, (I - T)z) + |(I - T)z|?
< llz —yll?,
forall z € C and y € F(T). It implies that
I(I = T)z|* < 2(z -y, (I - T)z),
From (3.1.3) and (3.1.4), we have
IPe(f = An( = T))zn — 2| < |20 — 212 = Aall(T = T)zall* + A2NT — T)an?
= ||zn — z||2 — An(1=2)|[(I — T)wn-Hg

< ||lzn — 2”2-

(512}

(513

(3.1.4)

(3.1.5)
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From (3.1.2) and (3.1.5) and u!, = T}z, we have

N
lznsa — 2l < an(llf(@a) = FI + 1£(2) = 2]1) + Bullzn — 2] + 70 Y ailluy, — 2]
i=1

N
< ay, (6”-1'17 = ZH EE ”f(z) = z“) + ﬁn”mn v z” + Tn Za?f“zjn - ZH

i=1
< anlbllzn — 2|l + [1£(2) = 2l|) + Bullzn — z|| + llzn — 2|

= (1 — an(l = &)llzn — 2l + anllf(2) — 2|
I1f(z) = =||
gmam{hfl— T—¢ }

By induction, we have ||z, — z|| < max {||;r1 z||, ||f(1z_£ 2l } , Vn € N,

It follows that {z,} is bounded and so is {u}},Vi=1,2,...,N.
Step 2. We will show-that limy, = |#n 51 =ax = 0. By the definition of z,, we

obtain
N

Zns1 — 2] llon Flan) + BBl = AT = TN n +m ) aitly

=]

P an.—lf(-'rn—l) I ﬁvr.flPC(I 5 /\n—l(-lT = T))I?l—l

N
= In-1 Z a-i“:).—] |
i=1

< an”f(a’n) X f(xﬂ—l)H i |a‘,, |y an—lHlf ‘I?r—l)H

N

ol Y an, Za., ul || oF T A lmzalun_lu

3=1

g fe'n ”PC'(I T )\n.(-lr == T])T'n a— PC’(I | 8 /\u—-l (I B o T))mnfl H
+ | Be— ,Bn—llHPC(I B Anfl(I 7 L0001 ||

S C‘:nalmn o In—l“ H |a‘n. — a?t—ll”f(xnml}u
N N

+ Yn Zar’”u:‘; - uiaal H T |'Yn - ’)’n—l' Z a”i”“’it—l”

i=]1 = |
Nig ﬁ'n”l‘n —Zn-1 H + A ”(I = T)-'L'n H #on—_1 H{I == T)In—l ”
+ |,3n. - ,Bn.—ll”PC(I = /\ﬂ—l(I - T))xn.fl H

< anf‘lxn = x??*l“ + |CE1, = an—li“.f(mn—l)u
N

+ "/ﬂH'Tn - wn—l” - h’n - 'Y'nfl‘ Za?”u;—z—lH
i=1

+ Bn ”5'371 — Zp-1]| + An ”(I L] )\n—IH{I - T)xnfln
= |13-n i .Bn—1|||PC(I = )\n—l(f — T))In.—l “

== (1 - “’n(l - é))”xﬂ — In-1 “ =+ |“'n - “n—l“l.f(mn—l)H

+ |fn = Pa-1 Z ailug,_y |
i=1

+ (= T)2n| + An—a (I = T)2n_1 ||
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+ |Bn = Br-1lllPe(I = An—1(I = T))@n-1l
Applying the conditions (i), (i7i), (v) and Lemma 2.1.9, we obtain

im || Zn+1 — 2zl = 0. (3.1.6)
n—oo

Step 3. We will show that
nliﬁr\n i, — zn|| = le |Pe(I = An(I = T))zn — 20|l = 0,Vi = 1,2,3,...,N.
Since T¢ is a firmly nonexpansive mapping, for all i = 1,2, ..., N, we obtain

| Tizn — 2| = | Tron — Tz|?
=z, Ul — z)
=S tn 2% # iS22 — llon™ TR
which implies that
= 22 len = )% Yln v un (3.1.7)

From the definition of =, and (3.1.7), we get

11 S (), H 2 R4 Bal| Pl P Wl =Then < 212

N
vy aiflul = 2P
1=1
< omf f(zy)= ZHZ +385 || Petd— A (o Rz, — 3“2
N .
F e will|wh 211%™
2=1

N
5 ”’n”f(xn) . 3”2 + J(jn“::"'n - 2’”:2 + Y Z aiHl"n - sz

1=
N
S o[, — T
i=1
N =
< (’.\.’,}Hf(CL‘T,) = 2H2 AR HIﬂ - ZHZ — Tn Zav'”“:m - 1‘?1”2-
i=1
It follows that
N
o 3 ailluh, = zal® < llan = 2] = a1 — 2l + anll £ (20) — 27
i=1

< (Ha’ﬂ - z“ &5 Hmﬂ‘ﬁ'l — z||) | #ns2 — 2w H o+ an”f(wn) - 2”2' (318)
From (3.1.6), (3.1.8) and the condition (i) and (ii), we obtain

Um [juf, — za|l = 0. (3.1.9)



15

foralli=1,2,3,...N.

By the definition of z,,. we obtain

N
Tp+1 — Ty = anf(mn) + ﬁnPC(I == )\n(I EE T))In + Tn Z a’iu;, — Iy

i=1

. a'ﬂ(f(‘:c'ﬁ) - -'L'n) ot B?I(PC(I = )\n(I = T)}-Tn = -rn)
N
+ 9 Y ai(th — Tn).
=1
From (3.1.6), (3.1.9) and the condition (i) and (ii), we get

lim ||Pc(I = An(I = T))zn — 2n] = 0.

Step 4. We will show that{z,}, {w!} are Cauchy sequences, for every i =
L, 2,8, N
Let a € (0.1), by (3.1.6), there exists N € N such that

|&r+ R 2|5 o™, 2WV. (2.1.10)

Thus, for any n > N.and p & N; we have

ntp—1 n+p—1 3

g e
([5+ gl < Z |zpsa =l £ Z grLd X
k=n k=n

(3.1.11)

Since a € (0:1), we get lim, 5. a® = 0. From (3.1.11), we obtain {x,} is a Cauchy
sequence in a Hilbert'space H. Then there is z* € C such thatlim, .« z, = z*.

Since S; : C' —CB(H) be H-Lipschitz continuous on H with coefficients y;, for every
i=1,2,3,..,N and (3.1.1), we have

lut bl 5 (142 #lS0d Si
< (1 i %) T — ZrndD (3.1.12)
From (3.1.6) and (3.1.12), we obtain
tim [uf, = wh il =0,

for every i =1,2,3,..., N.

By continuing the same argument as (3.1.10) and (3.1.11), we have {w} is a Cauchy
sequence in a Hilbert H. Then there is w; € H, for all i = 1,2,...,N such that
liMmp oo wt = w} € C, forevery i = 1,2,3,..., N.

Next, we will prove that w; € S;z*, forall i =1,2,3,..., N. Since w}, € S;z,, we obtain

d(w', S;z*) < maz {d(w:ﬂS;m*), sup d(S,wﬂ,th,;)}

Wi ES;T*

<ma${ sup  d(w;, Six*), sup d(S.,;mn,?Di)}
Wi ESi Ty w; ES;x*
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= H(S;x,, Siz*), for every i=1,2,3,..,N. (3.1.13)
From (3.1.13), we have
d(w}, Siz*) < |lwf — wp|| + d(wy,, Siz*)
< lwf = wpll + H(Sizn, Siz®)
= [lwi — w|| + pillzn — ¥,

forall:i=1,2,.., N.

Taking n — oo, we have

d(w},

S-,‘.’L‘*) - 0,

which implies that
o € Siz* for\all /= 1,2,3,.... (3.1.14)

Step 5. We will show that limsup{f(z) = 2,2, — 2) £0, where z = Prf(z).

To show this, choose a subsequencg {O::nj} of {xy,} such that

WP LSOA ey - B g O (8- 28dh, =,

n—o0 Jj—¥ec

Without loss of generality we can.assume that z,, — 2" as j — oc.
N

Claim that z* € Fi= F(T) N[ (GEP):(®:,%).
i=l

From Remark 2.2.4, we have
F(T) = F(Po(I's M- 1))

Assume that 2* ¢ F(T), we-have z* # Pc(I — X, (1= T))x* By Opial’s/property and the

condition (iii), we have
U inf ||z, — 2" < bim inf ([ = Pe (L £ X (E=T))a*]|
Jj—oo ‘ J—ee
= lim inT [l — 1))z,
j—roo

- PC.‘(I_ >\ﬂ., (I - T))‘:C?ij - PC(If )\n.j (If T))I*H

< lim im‘(”::;nJ —a*|| + An,3\|(1' —T)z* — (I - T):cnj. I
]
+ H:r:ﬂ_j — Pe(l — /\,,J(I — T}mnJ 1B]
= liminf||z,, — z*|.
_]4:'00
This is a contradiction. So we have

z* € F(T). [2i1.15)



g

N
Next, we show that 2* € [(J(GEP).(®;, o).
g=
Since z,, — z* as j — oo and (3.1.9), we have

i, > atas j— oo, for every i=1,2,3,..,N. (3.1.16)

n

From (3.1.1), we obtain
1 i i
¢1(wn)’un3’y) ey (,D(y) ( n;) + ;(uﬂj - "1:7"-"3" - unj) 2 Dﬂ

forevery y e C and i =1,2,3,...,N. From (3.1.9), (3.1.16), the condition (H1), and the

lower semicontinuity of ,, we get
Di(wi, 2", y) + ¢(y) — p(z7) >0,

foreveryye C and i = 1,2,3;7.., N
From (3.1.14) that
= (GEP)'G(@I!Q)\

for every i =1,2.3, ...,V
It implies that

N
2" € [ (GEP).(®:); (3.1.17)

=1

From (3.1.15)'and (3.1.17), we have
t e F.
Then, we have

Um sup(feh\—"2%, — 2\ =20 E2) — 2, 23 \5.8) 240 (2 — 2,85 3£¥< 0, (3.1.18)

n—o0 J=roc0

where z = Prf(z).
Step 6. Finally, we will prove that {z,} converges strongly to z = Pz f(z), for
every i=1,2,3,..,N. By Lemma 2.1.1, we have

HI?1+1 = 2”2 = |l ) — z) + Bl Peld —dald — T)) 2~ %)

N 2

+Yn Z ai(ul, — z)

i=1

N

< |Ba(Pe(I = A = T))zn = 2) + Yn 3 ai(ul, — 2)
i=1

+ 2an<f(-’rn) — Z,Tn+1 — 2)

i)

1
=+ 2Qﬂ‘(f($71) - f(Z) Tpt1 — Z = 205'1? (f — 2, Tp41 — 2‘)

< (67:|(PC(I)\7?(I#T)) _z H + In
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= ((1 - Oén)2||3~"n- - z||2 + Qanfl‘.’ﬂﬂ - zH”-T'n-+1 —z|
5 2a71 (f(Z) — & fn+1 — Z)
L= G’n)zﬂiﬂn = 2”2 T a’ng(”mn = ZHZ T+ H-'En+1 = 2”2)

+ 2011:.<f(z) — 2, Tp41 — z>v

which implies that

1 n . n 2 n
fones 2 < Sl 0 g oy 20 () s )
B 1—a,é —2a,(1 —§) 8
= 1— ot |25 — 2]
B i e 20 4\ B
= uﬂgui” 2+ — ™ (f(z) —z,2n41 — 2)
B 20 (1 = £) S g
- (-
200, (1 — &) s /. 9 1 - .
#2009 (S < s G s 2 )
Applying the condition (i), (3.1.18) and Lemma 2.1.9, we have the sequence {z,} con-
verges strongly to z = Pr f(z). This completes the proof. L]

The following corollary is directed results form Theorem 3.1.1.

Corollary 3.1.2, Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i =1,2,....N, let §; : C >CB(H) be H-Lipschitz continuous with coefficients
wi and let @; * H x€ x € - R be an equilibrium-like function satisfying H1) — H3). Let

¢ : C = R be lower semicontinuous and convex function. Let I": C - C be a quasi-
N

nonexpansive mapping with F := F(7) N m(GEP)S(q),:,tp) £0. Let {»,} be sequence
1=1

generated by u,z; € C, w} € S:x; and there exists sequence {w!} C H such that

|lwi =k, {1 € (1 +2)H(Sian, Simag1)ywy €82y,

q’q‘ 'LU;U Ui]: Uy + e ’LL,:, i l u‘j). —In,Y — ?.L::] 2 O! Vy € C’
( )% P(0) = plun) + X y— up- 2.0, Vy (3.1.19)
Tnt1 = QU+ ﬁnPC(I — AT](I e T))Iﬂ + Yn Z;T;] a";ui""

\Vn >1 and i=1,2,3,.... N,

where {an},{8n}. {1} € [0,1] With a,,+8,+7, = 1 for all n > 1. Suppose the following
conditions hold :

0] ﬂLf_TQ’;O =1, J i i o = o0

(i) 0<c<Bpm<d<iforalln>1 and ¥V ai=1;

(i) 2. A<oand0< i, <lforalln>1;

(iv) re€(0,2a);

(V) 32 |n+1 — omls 300 |Bns1 — Bl < 00; for each i = 1,2, ..., N, there exists

pi > 0 such that

@, (%, Ty, (z1), Ty (2)) + i, Try (22), Ty (21)) < —pil| T (21) — T (22) )%
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forall (r;,m) € ExE, (z1,22)€CxC and qﬁ; € Si(z;), forallj=1,2,

where E={r}.

Then {z,} converges strongly to z = Pru.

3.2 Some method for fixed point theory of a finite family of
nonspreading mappings

In this section, we prove the strong convergence theorem for finding a common

element of the set of fixed points of a finite family of nonspreading mappings.

Theorem 3.2.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
}V
T; : C — C be a nonspreading mappine; foralti=1,2, ..., N with F := ﬂ F(T;) £ 0. Let

i=1

K be K-mapping generated by Ty, T, ..., T and A1, Aq, .. yAn-@nd let {z,,} be sequence
generated by x, € C such that

Tp41 = anf(fn) - p (1 F a?a}PC(I =3 )\n.(I i~ I{))mr}: n > 1

where {a,} € [0,1] forall n >1 and f . C ~ € be &contraction mapping. Suppose

the following conditions hold :
”LI_CQO oy, = 0, Zle (i = 005

S A <oeand 0< A, <1lforalln=1,

> ey londl—rgR| < &

Then {=,} converges strongly to z, = Pr f(zq).

Proof. We divide the remainder of the proof into five steps.
Step 1. We will show that {z,} is-bounded.

Let z € F, we have

HI11+1 - Z” = H“nf(zn) Sy (1 < ‘-‘fn)PC(I - /\n(I = I{})lﬂ = 2“
< an | f(zn) — 2[4l =em)Pald=2{L=K))z, — 2|
< an([|f(zn) = F(2) +1f(2) = 2l) + (1 = @) |Pe(I — An(d = K))zn — 2.
(3:2T)

Consider:

HPC(If A'n(-[ - K})mn - 2”2 = ”PC‘(I - A-n(Jr_ K))"En - PC‘ZHZ
< “(I_ Al — K))xpn — sz
= ||#n — 2 = An(I — K)zn|?

= ||lzn — 2|2 = 22 (zn — 2, (I — K)zp) + /\i”(l - K):z:,,_”z.
(3.2.2)
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Consider the result below,

IKz —yl* = llz —y - (7 - K)z|
= |lz = yll* = 2z — y, (I - K)a) + |I( - K)=||?

< H'T . y||2a

N
forall z € C and y € (] F(T3). It implies that

i=1
(I — K)z||? < 2(z —y, (I — K)z). (3.2.3)
From (3.2.2), (3.2.3) and (i), we have

|Pe(I — An(l — K))tn — ‘*HZ <Tp = sz iy .K).’L‘,,HQ e ’\;E:H(I . ]()1;"”2
= ||lzy — ZHZ — An(1 = AN I{)m?1“2
S H‘I:TI. RN ZH2 (324)

From (3.2.1) and (3.2.4), we have

e ss =2l < (I F (el = FAN + 1 EE =2+ (- alizn — &l
Sanellea=zlM [£E) Lol #0 s amien Szl
P= {1 — an(l — f))“ln X7 /-'H \H Qn“f(z) = z”

v {12y Al

By induction, we have ||z, —z| < max {”331 -zl W} ,yn'eN.
It follows that {z,} is bounded.
Step 2. We will show that lim, so l|za+1 = 2| = 0. By the definition of =, we

obtain

Zn4+1 = Zall = llomf (@) +(1+ 0n)Pe(I — Au(L— K))En

— an= f(Bnay) — (1 — an_1 )Pl =Kn-1(] — K))Tn_1||

< anlf(zn) = f(@a-1)ll + |on — an—1|[| f(zn-1)|
+ (1 = an)|[Pe(I = Al — K))zn — Po(I = Ap—1(I = K)) 21|
+ (1 = an) = (1 —an-1)|1Pe(d = An-1(I = K))zn-1l

< apéllzn — Tn-all + lom = an_a[|[f(#n-1)]|
+ (1= an)llzn — zn-all + Al (T — K|l + An-a | (1 = K)zn—y ||
+|an-1 = anll|Pe(I = An—1(I — K))zn_1]

= (1 — an(l — E)l2n — Ta-1l| + lon — @na|l| f(2n-1)
+ Anll( = K)znl + An-al[(J = K)zn||

+ |etn—1 — || Poll = A3 (I = B))&n—i]l-
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Applying the conditions (i), (i4), (i77) and Lemma 2.1.9, we obtain

m a1 = zall =0, (525)

Step 3. We will show that
UM ||Po( = An(T — K))zp — 20| = 0,¥i = 1,2,3, ..., N.

n—oco

By the definition of z,,, we obtain
Tnt1 — Tn = 0 f(2n) + (1 — an) Po(I = An(I — K))zn — 2
= an(f(xn) —zp) + (1 — an)(Po(I = An(I — K))zp — xp).
From (3.2.5) and the condition (i), we get

W (| Po(E~ AT E))zn — 2n|| =20,
n—oc

Step 4. We will show that lim sup{f(zo) = zo0;@&n — z0) <0,

where zy = Pz f(z).

To show this, choose a subsequence {x, } of {z,} such that

lim SUp(f(Z{)) — 20y Ln zﬂ) a l-lm (_f(Z()) A0 Tn .‘Zo).

N—400 V3

Without loss of generality, we can assume that z,; — z* as j = .
N
Assume that z* ¢ (| F(T).

i=1
From Remark 2.:2.4 and Lemma 2.2.7, we have z* # Po(f = Xy, (I — K))z*.
By Opial’s property.and the condition (ii); we have

lim inf ||z, 5, —2* |} < timinf|[¢n, = Po (I =X (T = K))z"||
Jj—oo \ J—oo
=Urninf |zx; + PC(I= An; (I — K)Ew;
J—+0Q

= Lo (FS M — K))aagZ PE(I — My (I — K))z"|

< Uiminf(]|zy, = o an | — K)z* — (I — K)zn, |
J—+o0

+ |, — Po(I = A, (T — K)zn, )

= liminf||z,; — 2*||.
j—ro0
This is a contradiction. So we have
N
z* € (| F(T) =F.
i=1
Then, we have

Um sup(f(20) — 20, %n — 20) = jLLrTDL(f(zo) — 20, Zn; — 20) = {f(20) — 20,2" — 20) <0,

n—oo
(3.2.6)
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Step 5. Finally, we will prove that {z,} converges strongly to zy = P f(z0), for

every i = 1,2,.., N. By Lemma 2.1.1, we have

|Znt1 — 20112 = llan(f(@n) — 20) + (1 = o) (P = Al = K))zn — 20)|°
< (1 = an)(Pe = An(I = K))zn — 20)[1° + 200 (f(n) = 20, Zn41 — 20)
< (1 — an)llzn — 20l)* + 20 (f (zn) — F(20), Tn+1 — 20) + 20 (f(20) — 20, Tnt1 — 20)
< (1= an)llzn — 20l1)? + 20|z — 20ll|Zns1 — 20l + 20 {f(20) = 20, Zn41 — 20)

£ L=~ “‘n)gllmn - 20H2 + ané(||lzn — ZG”2 + |[&h4a — 30H2) + 2an(f(20) — 20, Tn41 — z0),

which implies that

200
1 - ﬂn‘f

(1 = Ofn)2 + O—'nf
1 —apé

H‘Tﬂ.+1 - ZOHQ S “3311 gt 20”2 e (f(.?:g) = 20, Tn41 — zO)

1 — a0, (1 — 0\ b o NN 2y, o B
- P — ant l2n < 2ol A 2 |z — 2B N T = UEné(f(/un) 20, Tn+1 — 20)
20, (1 —
/ (1 & an;)) Fop!
20511(1 o E) ay, 2 1
112 O’nf 2(1 J 5) ”mn "'OH =] T é (f(”l)) 20, Tp+1 ZO) .

Applying the condition(z), (3.2.6) and Lemma 2.1.9, we have the sequence {z,} con-
verges strongly to 2= Pz f(z). This completes the proof. []



Chapter 4

Applications

4.1 Strong convergence theorems for equilibrium problem and the
set of fixed point of a nonspreading mapping and

k-demicontractive mapping

In this section, by using our main result, we obtain Theorem 4.1.2 and 4.1.4.

Next we prove a result involving demicontractive mapping as follows;

Lemma 4.1.1. Let C be a nonempty closed convex subset of H and let T : ¢ — C be
x-demicontractive mapping with F(T) # 0. Definded Sz =.ax + (1 — a)Tz Yz € C and
€ (k,1). Then the following properties holds;

(i) S is a quasi-nonexpansive Mapping.

Proof. It obviousthat F(Z') C E(S).
Let 2y € F(S)and z* € F(T), we have

2o o7 ES7 =32
= Jlalwe'=a") (1~ a)(Tro ~a* )
=af| o=z 2+ (1 = a)|[Tzo = 22 —a(l ~a)||lzo =Tzl ?
< alfzy = ot [P (11— a)(|lzo 2" |1* 4 kI~ T)zol*)
— a(1 = a)ljwo ~ Tzolf?

=dlzo — z*||> =(1= ala— k)|jze = T ||*: (8.1.1]

It implies that
(Y=a)(a = k)llzo — Tzof=0.

Then,
zq € F(T).
Hence F(S) C F(T).
Applying (4.1.1), we have S is a quasi-nonexpansive mapping. : ]

By using these results, we obtain the following theorems.

Theorem 4.1.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Forevery i = 1,2,...,N, let S, : C =CB(H) be H-Lipschitz continuous with coefficients
pi and let ®; : H xC x C — R be an equilibrium-like function satisfying H1) — H3).

Let ¢ : C — R be lower semicontinuous and convex function. Let T; : C — C be a
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N N
nonspreading mapping with F := (| F(T:)N [ |(GEP)(®i,¢) # 0. Let K be K-mapping

i=1 g=1
generated by Ti,....Tx and Ay, ..., An and let {z,} be sequence generated by x; € C,
wi € S;z; and there exists sequence {w}} C H such that

r
”w:i - u?‘:‘i‘-}-l H & (1 i %)’H(S,In, SiZn41), W € Sy,

éi(wiru':r.ﬂ y) + ‘P(y) - (P(u::l.) + %(u::- —Tn, Y — uzn) > Ovy € C!
Tn4+1 = anf(r'u.) + BnPold — An(f — K))Zn + tn Z;il a.,-u’;.,

(Vn > 1 and i=1,2,3,....,N,

where {an},{Bn}, {1} C [0,1] With ap+fntyn = 1 forall n > 1 and f: C — C be
¢-contraction mapping. Suppose the following conditions hold :

(i) 7}l_’ﬂ’;c ap =0, Y ioy Oty =8

(i) 0 < ¢ < B, yn < d& X for all n>1-and | Y ar=1;

(iii) 32°° A < 0@'ahd 0 < A, <1foraltn >1;

(iv) r € (0,2a);

(V) Yooy lof i Semtnd> LU BrliE=mbink + 095

(vi) for each i'=1,2,.., N, there exists p, > 0 such that
B (@}, T, (1), Tra(@2)) 1+ Bulh, Trpl@a), T (£1)) & —pill Tilen) = Tofea) I

for all (r,r3)'€ EXE, (2, 22) 0% C and @ € Si(x;),, for allj = 1,2, where E =
{r}.

Then {z,} converges strongly to z = Pxf(z).
Proof. By using Theorem 3.1.1 and Lemma 2.2.7 , we obtain the conclusion. ]

Corollary 4.1.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. let § : C —CB(H) be H-Lipschitz continuous with coefficients y and let ¢ : H
xC'x C — R be an equilibrium-like function satisfying H1)— H3). Let ¢ : C — R be lower

semicontinuous and convex function. Let T; : € — C be a nonspreading mapping, for
N

alli=1,2,..,N with F := (") F(T:) N (GEP),(®, ¢) # 0. Let K be K-mapping generated

ga=]
by T1,...Ty and Ay,...,Ay and let {z,} be sequence generated by z, € C, w; € Sz

and there exists sequence {w,} C H such that

“wn. o w'n-+1“ S (1 o %)H(Smna‘gl'n-&-l)a Wy, = SI?M
@ (Wn, Un, ¥) + @(y) — @(un) + %(“n — Zp, Y —un) 20,Vy € C,

Tp+l = O’nf(fﬂn) +BnPall —Aald — K))2s +n E;il @itp, V1 2 1

where {a,}, {Bn}, {1n} C [0,1] with ap+Bu+y, = 1 foralln > 1 and f: C = C be

¢-contraction mapping. Suppose the following conditions hold :
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() Um as =0, ¥ 0 =08

n—oo

(N0<c<Bn,m<d<iforaln>1 and ¥ ai=1;
(i) 00, dn<ocand 0< A, < 1foralln > 1;

(iv) r € (0,20);

(V) Ty loms1 —om|s  Zoaey |Bns1 — Bal < 00

(Vi) there exists p > 0 such that

&(@y, Ty, (1), Try (22)) + B(Ba, Ty (22), Try (21)) < —pl| T (1) = Tr(22) |
for all (r1,72) € EXE, (z1,22) € CxC and w} € Si(z;), for all j =1,2, where E = {r}

Then {z,} converges strongly to z = Prf(z).

Theorem 4.1.4. Let C be ahonempty closed convex subset of a real Hilbert space H.
For every i =1,2,...,N, let S; : C +CB(H) be H-Lipschitz continuous with coefficients
p; and let @, : H xC x C-— R be an equilibrium-like function satisfying H1) — H3).
Let ¢ : C — R be lower semicontinuous and convex function. Let T': C — C be k-

demicontractive mapping. Defined 8. C = C by.ar + (1 —a)Tz = Sz, for all a € (k,1)
N
and z € CWIth"F :="F(TT ﬂ (GEP)(®i,0) # 0. Let {2, } be sequence generated by

7y € C, wi € S;zy and there ex;sts sequence {wl} € H such that

“w | wn+1.J S (]— - ) (Si-l'*n«sSimn+1),w;'1 € S-i:rn,z
Di(wy,, ug, y) () = @)+ F = 2n,y < ug) 2,00¥y € C;
Tntl = anf(xn) g ﬁ'nPC(I )\n(I S))-T'n + Yn ZN a; un,

\Vn B and 1= 1, 203 e

where {a,}, {Bahi{¥a} € [0i1)}With an+8n+m =1 forall n > 1.and f : C — C be

¢-contraction mapping. Suppose the following conditions hold :
(") HLI_)rT;Q ay =0, E{:] Oy = 00

(i) 0 < ¢ < Bn, v < d < 1 for altm.zT~and Z;ila,i =1

(iii) 0, An <00 and 0 < A, < 1 for all n > 1;

(iv) r € (0,2a);

(V) Z;o:l ‘L)’?t+1 o Ltn{, Z’po’j,ozl Irﬁ??+1 - ﬂn‘ < 09

(vi) for each i = 1,2, ..., N, there exists p; > 0 such that

q)?-(wi&Trl(xl)ﬂTrz (Cl',‘g)) + (I)f(w;1TT2($2)?TT1($1)) & _pf“Tr('Tl) - Tr(mQ)Hz;

for all (ri,r2) € ExE, (x1,22) €CxC and @} € Si(z;), forallj=1,2, where E=

{r}. Then {z,} converses strongly to z = Prf(z).

Proof. By using Theorem 3.1.1 and Lemma 4.1.1, we obtain the conclusion. []



Chapter 5
Conclusions

In this chapter, we conclude all main results obtained in this thesis.

5.1 Convergence theorem for finding a common element of the set of
solution of a finite family of the generalized equilibrium problem

and the set of fixed point of a quasi-nonexpansive mapping

Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,..,N, let S;: C =CB(H) beH-Lipschitz continuous with coefficients p; and let
®, : H xC x C — R be an-equilibrium-like function satisfying H1) — H3). Let ¢: C — R

be lower semicontinuous and convex function. Let 7. C — C be a quasi-nonexpansive
N

mapping with 7 := F(T)n ﬂ(GEP)S((I),-,;p) # 0. Let {z,} be sequence generated by
=1L
z1 € C, wl € 8;z, and there exists sequence {wh} £ H such that

{
I, — PSR 7 ,‘];)H(Siﬂ'n: Sipi1 )y W, € Siln,

q)"(’wjx‘ U;I,y) =+ SO(U) — ‘10(“:1) + %{qiil I Y LL;) = Oﬂ Vy € CJ

In+l—= anf(a"n) + ﬁTl.PC(I SNy An(f AL T));En + Yn Z:’il G”n"u:a.ﬁ

Y > Tland i =12 3 LON)

where {an} {Ba}, {1} S [0,1] With an+B8,+v, = 1 forall n.>"1and f: C — C be

&-contraction mapping. Suppose the following conditions hold :
0 “li_rg; oy AN R, o = O
(i) 0< c< By, mSd<d foralln > 1and=N a; = 1;
(iii)) 2%, An <00 and 0 <X, < 1 forall n> 1;
(iv) € (0,20);
(V) 3o lanss — anl, Yopey |Bnr — Bl < o0;
(vi) for each i =1,2,..., N, there exists p;, > 0 such that

&, (@}, T, (21), Ty (@2)) + &3 (05, Try (22), T,y (1)) < —pil| Trlm1) — Tol2) ||

forall (ri,r2) € Ex E, (z1,22) € CxC and @} € Si(z;), forallj =
1,2, where E = {r}.

Then {z,} converges strongly to z = Prf(z).
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5.2 Modified Halpern Iteration for finding a common element of the
set of solution of a finite family of the generalized equilibrium

problem and the set of fixed point of a quasi-nonexpansive
mapping

Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...,N, let S;: C -CB(H) be H-Lipschitz continuous with coefficients p,; and let
®,: H xC x C — R be an equilibrium-like function satisfying H1) — H3). Let ¢ : C = R

be lower semicontinuous and convex function. Let T': C — C be a quasi-nonexpansive
N

mapping with F := F(T) N [(GEP)s(®i,¢) # 0. Let {z,} be sequence generated by
=]
u,r1 € C, wt € S;z; and there exists-sequence {w}.C H such that

ij) == “'j:+1‘l {1+ %)H(S?:ilfn, Sﬁwnwi-l)'u’;;! € 5,
B (wh Al y) + 0 (y) —@ub )+ 2l = Tnsy = up)> 0, Yy € C,

Tn4l = QpU OnPo (I T /\n(I T T))J:n + T Z;’\;r-l @y “:: 3

¥n >1 andf= 1,2, 3\,

where {az b {Bn}s {1t C 10,1 with o, 48,47, =1 forall n > 1. Suppose the following
conditions hold':

(i) lim an'= 0, 3571 aim = 603

(i) 0 < e< Bupan <d <L 1foralln>1 and SN di = 1;

(iii) -2 An <oo and 00Xy < 1forall n-> 1;

(iv) € (0,20);

(V) 3520 | |omt1 Rl % |Bute="TPallZop 0T sach i = 12y Ngthere exists p; > 0

such that
q)l(u_‘i] ) TT] (‘TJ )3 T‘r'z(:ri?)) i (I),_(TI’E.. TTQ("EZ)? T|1‘1 (TI)) S _P:HTT‘(Q"I) - E(TE)HZ
forall (r1,r3) € ExXE, (z1,22) €CxC and w; € Si(x;), forall j=1,2,
where E={r}.

Then {z,} converges strongly to z = Pru.

5.3 Some method for fixed point theory of a finite family of

nonspreading mappings

Let C be a nonempty closed convex subset of a real Hilbert space H. T, : C — C be a
N

nonspreading mapping, forall: = 1,2, ..., N with F := ﬂ F(T;) # 0. Let K be K-mapping

=1
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generated by T1,T,...,Tx and Aj, Mg, ..., Ax and let {z,} be sequence generated by
x; € C such that

Tn4+1 = aﬂf(wn) + (1 - an)PC(I - ATL(I_K))-TH; vn 2 1

where {a,,} € [0,1] forall n > 1 and f : C — C be ¢-contraction mapping. Suppose the

following conditions hold :

() U o =0, Tyt = 00;

n—oo

(i) =2 . A, <ocand0< A, <1foralln > 1;

n=1
(iii) Z:C;l |1 — | < o0;

Then {z,} converges strongly tozy =Prf(z0)

5.4  Strong convergence theorems for equilibrium problem and the
set of fixed point of a nonspreading mapping and

k-demicontractive mapping

(1) Let € be anonempty closed convex subset of a real Hilbert space H. For every
i=1,2,..,N, let's;: € -CB(H) be H-Lipschit> continuous with coefficients u,; and let
®, : H xC x G — R be an equilibrium-like function satisfying H1)~ H3). Let v : C — R

be lower semicontinuous and convex function. Let T : ¢ — C be-a nonspreading

=

N
mapping With 7 := () F(T}) N [ (GEP)«(®;.¢) # 0. Let K be K-mapping generated by
i=1 =

1
Ty,...Tn and Xi,..., Ay @nd let {z,} be sequence generated by z; € €, wi € Sz, and

there exists sequence {w!} C H such that

||w':’]. ) ’w:1+1 H S (1 T %)H(S‘iﬂ:nasimn+l)a 'w:; = S-iafn,

q)'i (u'jl‘ u:l’y) + &,O(y) . (p(’u'::'l.) by %(’u‘ix —In, Y= u;a) 2 O'Vy € C‘-
- N i

Tnt1 = a’nf(mn) % ﬁu.PC'(I A= /\?r(I = R)):ETL Y Zizl @ity s

(Vn>1 and i=1,2, 3TN,

where {an}, {Bn}, {7n} € [0,1] With an+B8p+1m = 1 foralln > 1and f: C — C be

¢-contraction mapping. Suppose the following conditions hold :
(I) nU—D; o, =0, Z;&.:l Op = X0
(i 0<e<Bumm<d<lforalln>1 and N, a=1;
(i) 322 Ay <ooand 0< A, < 1foralln>1;

(iv) r € (0, 2a);

(V) Zzo:l |”fn,+l = (‘571|a Ezczl |»6n+1 - B’nl < o
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(vi) for each i =1,2,..., N, there exists p; > 0 such that
q)i(w?l:?T?“x (Ii)vTrz (22)) T ‘I)?("B;‘ Tf‘z (‘rz)?TH ('731)} < _p:iHTT‘(xl) = Tr(ﬁz)Hz;

for all (r1,72) € EXE, (z1,22) € CxC and ) € Si(z;), forall j=1,2, where E =
{r}.
Then {z,} converges strongly to z = Pr f(z).
(2) Let C be a nonempty closed convex subset of a real Hilbert space H. Let § :
C —CB(H) be H-Lipschitz continuous with coefficients y and let ® : H xC x C =+ R

be an equilibrium-like function satisfying H1) — H3). Let ¢ : C — R be lower semi-

continuous and convex function. Let 7; : C — C be a nonspreading mapping, for all
N
i=1,2,..,N with F := (| F(T;) \(GEP),(®, ) #¥.Let K be K-mapping generated by

Thsses T BATIE Al,....)\Ninlwd let {z,} be sequence generated by z; € C, wy € Sz; and
there exists sequence{w,} € H such that

lwi < wn 1l AT+ DHSEn, STas1), e € S,

P (Wn, un,y) + @61 — () F it~ Tnsy —n) 20,Yy € C,

Tna1 = o flan) + BaPe (I = Nlld'= K))zu + In 2511 @iy, V0 > 1
where {a.}, {Bn},{1n} € [0,1] With v, +8,+7, = 1-for allm >.1and f : € - C be

¢-contraction mapping. Suppose the following conditions hold :

() lim{ &,570, S ol Bs o&;

n—0o0

(i) 0 < e< Biivn < d el forall m>1 and Zf\;l a =1z
(ii)) 350°, Ap <ooand 0< A, <l forall n> 1;

(iv) r € (0,2a);

(V) o2 ) Jant1 — oMY Pt — Bnl < o

(vi) there exists p > 0 such that

®(i1, Ty, (21), Ty (22)) + B3, T,y (22), Ty (1)) < —pl| T (1) = Tr(22)|%;

for all (r1,m2) € EXE, (z1,22) € CxC and @ € Si(x;), forall j=1,2, where E =
{r}

Then {z,} converges strongly to z = Prf(z).
(3) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...,N, let S;: C -CB(H) be H-Lipschitz continuous with coefficients p; and let
®; : H xC x C' — R be an equilibrium-like function satisfying H1) — H3). Let ¢ : C = R
be lower semicontinuous and convex function. Let T : C — C be s-demicontractive
mapping: Defined § : C < C by az + (1~ a)Tz = Sz, for alla € (k1) and & € C with
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N
F:=F()N ﬂ{GEP)S((I’.,:,go) # 0. Let {z,} be sequence generated by z; € C, w} € S;z:

i=1

and there exists sequence {wi,} C H such that

”w:'z - w::z-&-l” < (l + %)H(Sirna Si-’rn+1)a w; S S-j,i'n,
&, (wi, ul, y) + () — @(ul) + H{up, — T,y —up) 2 0,Vy € C,

Tnt1 = an.f(xn) + IBN-PC(I =gl d — S))In + Tn Zfil aiuiﬂ

Yn>1 and i=1,2,3,.... N,

where {an}. {Bx}. {7} C [0,1] With a,+Ba+ym = 1 foralln > 1 and f: C — C be

¢-contraction mapping. Suppose the following conditions hold :
(i) nli_»n;) == Ty B ey Dy =00
(i) 0<c<Bpyym <d<iforaln>1 and X o =1
(i) 5500 Ap < 00.8nd 0 < X< Tforalln >1;
(iv) r € (0,2a);
V) o lamer=anl,  Pomey |Brti By Koo
(vi) for eachi = 1,2, ..;, N, there exists p; > 0 such that

S@, Tof(21)s Top (22)) 118 (G Ty (a2), Trf (21)) < il T () =T () |1

for alll (riyme) € EXE, “(21,23) € Cx€ and wi €.S;(z)), forall j =152, where E =
{r}.

Then {z,} converses strongly to z = Pz f(2).
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