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Chapter 1

Introduction

1.1 Research Motivation

Theory of linear matrix differential equations can be applied in a broad range
of scientific fields, e.g. statistics [3, 9, 11], game theory [5], ecometrics and Leondief
model [9, 11, 15], control and system theory [4, 10]. The simplest first-order homoge-

neous linear matrix differential equation with time-invariant coefficient is given by
X'(t) = AX(t). (1.1)

Here, A is a given square -matrix, and X (t) is an unknewn matrix-valued function to
be solved. The system (1.1) has been widely studied, and the solution relies on the
computation of €'4; see more information in [16, 17,18, 19]. The .nonhomogeneous

case appears in the form
() SURX () A B (1.2)

here U(t) is-a given matrix-valued function. In fact, the equation (1.2) has a general

solution given by a one-parameter matrix-valued function
X(t) 2 S TWAK (1) 4 AU (1), (1.3)

where = denotes the matrix convolution product.
Ageneral system of nonhomogeneous coupled linear matrix differential equa-

tions with time-invariant coefficient takes the form

X'(t) ="AX(t)B +CY.()D + U(t), (1.4)

Y'(t) = EX(t)F + GY()H +V(t):
Here, A,B,C,D,E,F,G,H € M(C)aregiven constant matrices, U(t), V(t) are given matrix-
valued functions and X(#), Y (t) are unknown matrix-valued functions to be solved.
Coupled matrix differential equation have numerous application in pure and applied
mathematics. For example, to obtain the solution of an optimal control problem with

performance index we need to solve the following system [12]:
X'(t) = AX(t) + BY(t),
Y'(t) = CX(t) — ATY (¢),
Kiliman and Al Zhour [7] investigated a special case of (1.4)when E=C, F =D, G = A,

H = B, U(t) = V(t) = 0 under the assumptions that AC = CA and BD = DB. In this

case, the solution is given in terms of Kronecker products, the vector operator, and



matrix power series concerning exponentials and hyperbolic functions.

Al Zhour [1] discussed the system (1.4) when E=C, F=D,G=A, H= B, in
which X(t) and Y(t) are diagonal matrix-valued functions. In this case, the solution
is obtained in terms of Hadamard products, the diagonal extraction operator, matrix
convolution product, and matrix series.

In this work, we investigate a general system of nonhomogeneous coupled
linear matrix differential equations. We apply Kronecker products and the vector op-
erator to reduce our complex system to the simplest form Thus, an explicit formula of
the general solution to this system is obtained in terms of Mittag-Leffler matrix func-
tions. In particular, we obtain general solution of several special cases of the main
system. When initial conditions are imposed to these problems, the solution of each
case is uniquely determined.

This thesis is structured as follows. In Chapter.2,-we supply useful facts for
solving linear matrix differential equations, including matrix functions defined by power
series, Kronecker product, vector operator, and matrix convolution product. Chapter
3 is the main part of the research, We solve a general system of nanhomogeneous
coupled linear matrix differential equations. We alsc investigate certain special cases
of the system (1.4).

1.2  Objectives of the study
1) To solve a system of nonhomogeneous linear matrix differential equations.
2) To investigate initial value problems for the system of nonhormogeneous linear
matrix differential equations when initial conditions are imposed.
1.3  Scopes of the study

We solve the following nonhomogeneous coupled-linear matrix differential
equations:
X'(t) = AX(t)B+ CY(t)D + U(t),
Y'(t) = EX(t)F + GY ({)H + V(¢).
Here A, B, C, D, E, F, G, H are given square matrices satisfying certain assumptions,U(t),

V' (t) are given matrix-valued functions, and X (t), Y (t) are unknown matrix-valued func-

tions. All matrices considered here are real.

1.4 Benefits of the Study

To provide further mathematical theory for nonhomogeneous linear matrix differential

equations.



1.5 Research methodology

1) Study advanced topics in matrix analysis.

2) Study research papers and textbooks concerning Kronecker products and the

vector operator, and matrix convolution product.
3) Study background in Mittag-Leffler matrix functions.
4) Study research papers about linear matrix differential equations.
5) Determine the objectives and scope of the research.

6) Solve a system of nonhomogeneous linear matrix differential equations by using

Kronecker products, the vector operator, and matrix convolution product.

7) Investigate initial value problems for systems of nonhomogeneous linear matrix

differential equations when initial conditions are imposed.

8) Conclude the results, make suggestions for further works, and write the thesis.



Table 1.1: The research schedule

Time frame

Activity 2016 2017 2018
Aug-Sep. | Oct-Dec. | Jan.-Mar. | Apr-Jun. | Aug.-Sep. | Oct-Dec. | Jan.-Mar. | Apr.-Jun.

Stepl | «——

Step 2 —

Step 3 —_—

Step 4 -

Step 5 e

Step 6 e

Step 7 —

Step 8 —




Chapter 2
Preliminaries and Literature review

In this chapter, we provide adequate tools for solving system of linear matrix
differential equations. We shall denote the set of all m-by-n complex matrices by
M,,» and we set M,, = M, ,,. We shall denote the set of all m-by-n real matrices by
Mo (R) and M,(R).

2.1  Kronecker product

Definition 2.1. Given two matrices A = [ai].€ M, » and B = [b;;] € M,, , the Kronecker
product of A and B is defined by

A® B = (a1 Bliy & My na-

1 0
Example 2.2/ Let A = ! } and B = [O 1} Find 4 ® B.
23

3 %
1B 0B
A® B =
2B58E
0 1 0]
1 0
305 35
0 1 0 1
2 3
3 5 3.5
D@ (<0
P R
N2 /0 8
6 10~ 9y15

Lemma 2.3. The following properties hold for matrices of appropriate sizes:
1. I;n ® In = I;nn
2 (aA)@ B=a(A®B) = A® (aB) for all a € F.
3. The map (4, B) = A® B is bilinear.
1. (A®@B)T = AT @ BT.

5. (A® B)(C® D) = AC ® BD



2.2 The vector operator

Let us introduce a linear operator that converts a matrix to a vector. The vector
operator Vec : My, , — C™" defined for each A = [a;;] by

VecA:[all...am1...alg...amg...alm...amn]T.

It is clear that Vec is a bijection (injection and surjection).

1 3 3
Example 2.4. Let A = |7 1 2]|. Then
4 8 0
]
i
4
3
Vec(4) = |1].
8
3
9
_0..

Theorem-2.5 (see e.g. [10]). The Kronecker product and the vector operator are
related by

Vec(AXB) = (BT @ A)Vec X

for any matrices' A € M, ., B'€ My 4 and X.€ M,/

2.3 Complex power series

Definition 2.6. Let U C € be-an open set. A function f+U — C is said to be analytic
at zo € U if and only if there is a'neighbourhood V of z, such that f has a Taylor
expansion around z,. That is,

o fik

Fldj=

k=0

)
k(Izn) (z—2z)F VzeV

1. 1 Zak(z — z)* converges for all z € C such that |z — 2| < R and diverges for

k=0
all z € C such that |z — z| > R then we call R the radius of convergence for this

series.
2. If Z ar(z—z0)" converges only for z = z, then we say that the radius of converges

k=0 . . .
for this series is 0



2.4

Y " ai(z — 20)* converges for all z € C, then we say that the radius of converges

k=0
for the series is oo

Consider the following complex-valued functions represented by power series.
e -—

kz2k+1

s (1) i
5|n-_§m,~ec

> (_l)k,,Zk
‘cos:zz - s EC

2 (2k)]
. © L 2k+l
sinh z :,2 GETT S C.
o0 z2k
coshz = g @ e C:

Functions of a matrix defined by power series

(see e.g. [20]). Consider A € M, and an analytic function f. defined on a region in a

complex plane containing the origin and the spectrum of 4. Then there is a positive

constant R-such that f admits the Taylor series expansion

Fe) =X et for Jef-<R;
k=0

where ap = f(0) and-ap= f*{0)/k! for any k€ N. If the spectral radius of A is less

than R, then the matrix power series ZakA"‘ converges, denoted by f(4). Hence if

k=0
[ is an entire function then f(4) is a well-defined matrix for any.A € M,,. In particular,

the following matrix series converge for any A e M,:

Theorem 2.8 (see e.g. [21]). Let A € M,(C). Then

1

2.

(eA)_l - e‘A,

(e)T = AT



2.5 Mittage-Leffler functions

Definition 2.9. The two-parameter Mittage-Leffler functions with parameters a > 0

and g > 0 is defined by

k
where the Gamma function T is defined by

I'(z) :/ t*~le~'dt, Re(z)>0.
0

The power series (2.1) converges for all complex numbers =.

1)

Definition 2.10. The Mittage-Leffler function of a matrix A € M,, with parameters a > 0

and 8 > 0 is defined by

o

1

i ;
Eap(A) 300 Ak

k=0

T(aht B e +8)" ' Mawd)

The class of matrix Mittage-Leffler functions include the following functions:

24 1

EI,](A) = Z EA}‘ = GA
k=0
o2 1 -

B (Aah) =) (‘,k),AQ‘" = cosh{4).
k=0 T

We have
= 1 : .
(Exx(AHYA=D" BT 1)1A2’"+] =sinh(A).

k=0

The next lemmas is useful for deriving explicit formulas of solutions for system of

linear matrix differential equations in Chapter 3.

Lemma 2.11. For any 4 € M,(C)and B-e M,,(C)

A0
0 B et 0
[ = 2
0 eB
Proof.
A 0 .
0 B > 1[4 0
SRS
=ty B



Lemma 2.12. For any A € M, (C)and B € M,,(C)

0 A4
LB 0] B> (AB) (E22(AB))A |
(E22(BA))B  Ea(BA)
Proof.
0 A )
B 0 = 1]0 A

[ Sf M , : s A | 1

;m(m)* 0 0 ;} T 1)!(AB)*A
= 4 o0 1 9 0 1 N

i k
0 g(%)r(BA)k ;(%H)l( )*B 0

F &7 4 \ B .
£ kz-_;ﬂ(AB)" J;{gk_i_l)[(AB)"A
ol v 1 V) A

Z{QHI),(BA)*B ZW(BA)*

= k=0 i
) 1 ) = | h
i gr(m ) B S ,CZ:;)P{%H)I(BA)

| Baa(AB) - (EBa(4B) A

(E22(BA))B  Es ) (BA)

[

Lemma 2.13 (see e.g. [13]). Let f be an analytic function defined on a region including

the origin and the spectrum of A. Then
JUgA)=1I®f(4) and f(Ael)=[f(A)el
In particular, the following relations hold for any complex square matrix A :

E\,_!‘@(A ® I) = Ea,ﬁ(A) ® I and Eu,g(f ® A) =I® Eu“@(A),
sinh(A@I)=sinh(4A)®@I and sinh(I® A) =I® sinh(A),
cosh(A@T)=cosh(A)®I and cosh(I® A)=1TI® cosh(A).
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2.6  Matrix convolution pfoduct

Definition 2.14. Let © = [0,00) or = [0, 5] for some b > 0. The convolution is a binary
operator assinged to each pair of integrable function f and g defined by

t
(F*g)(t) = fu T

The convolution is bilinear and commutative. Convolutions of elementary
functions can be obtained via integration by parts and changes of variables. The
following table illustrates the resulting convolutions.

Table 2.1: The table of convolution product

f(t) g(t) (fxg)(t)
. i N tb+n+1
i* t - — ,be N
2o }(@)f,+a+1 B 2
. ) —asinbt 4 bsinbt
sinat sin bt - 5 +f, a#b
b2, — a2
—bt cos bt +bsin at
btc + a =it g
2
! —b(cos bt — cos at
Sinat COS bt ( = $ ) a#b
b*—=a
tsi
nbt d=b+£0
2
bt H
: bt e’'b— bcosal + asinat 5 g
Sinat c P i a®+b*#10
bsinbt ~ asinat
Cos at COSbt W_ (L#l)
bl cos bt + sin bt
Y et R =bh£0
% a=b7
btp — p t + asinat
— obt 5 C(.:))Saf;i—nsmnf R
a? + b2
bt at
at bt e"—¢ b
e € = a #
ebtt a=2b
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Definition 2.15. Given two integrable matrix-valued functions 4 : Q — M,,, ,.(R), A(t) =
[aij(t)] and B : Q = M, ,(R), B(t) = [b;(t)] the matrix convolution product of A and B
is defined by

n

Zaik(t) * bkj (t):l € ﬂfm‘p(R), t e
k=1

(A% B)(t) =

We may write A(t) = B(t) for (A = B)(t).
The matrix convolution product is bilinear, but not commutative in general.

Example 2.16. Consider

The convolution product of A and B is

sintxet +¢2x1 sint#sint+t2+t
(A x B)(#) = _
—lxel 4 (t~1)x1  ~1*sint+ (t — Lt

1 g 13y - 3 ; £+
(e’ = €coSt = sint + +) =(—tcost+sint+—)
=2 S AR 2 \

t
1 —eb—t/ g — ~1T+Cost — — + =
e -t-2 2+6

2.7 Literature review

2.7.1  System of linear ordinary differential equations

We explain-here fundamental knowledge of systems of linear differential equation;
see e.g. [22] forimore details.

First-order linear differential equation

Definition 2.17. The system of ordinary differential equations in the form

dxy (t
U, — aia(1)71(0) + ara(Daald) + - +ani(Banlt) 4 by (1)
922(t) g, 14 Qs ()22 (t) + - - o) T () + b (t)
dt
(2.2)
Lnl) s 01 (8) + auat)a(t) + -+ G (Da0) + ba(t),
where the a;;(t) and b;(¢) are specified functions on interval I, is called a first-order
linear system. If by = by = ---b, = 0, then the system is said to be homogeneous.

Otherwise, it is nonhomogeneous.

Solving the system (2.2) subject to n auxiliary conditions imposed at the same
value of the independent variable is called an initial-value problem (IVP). Thus, the

general form of the auxiliary conditions for an IVP is:

F1tte) = duiBalts) = @200 5Eallo) = o,



12.
where oy, o, - -+, v, are constants.

Vector Formulation

The first step in developing the general theory for first-order linear systems is to for-
mulate the problem of solving such a system as an appropriate vector space problem.
The key to this formulation is the realization that the scalar system

) = an(t)z1(t) + a2 (t)ra(t) + -+ + ara () Tn(t) + bi(t),

xy = agi ()21 (t) + aga(t)xa(t) + - - + agn(t)an(t) + ba(t),

(2.3)
'L; = anlu)-ﬁl{t) = anﬁ{t)if?(t) s e Hnn(”-r‘n(t) + bn ('i)a
can be written as the equivalent vector equation
/(1) = A()z(t) + (1), (2.4)
where
x7(t) z4(t)
Ve W
Tn (1) 2, (1)
and
ag(t) ana(t) - Ay () bi(t)
At) = “21_“) m@ ug’f(t) ) £ bg@
An1{t) " @na(t) = ann(t) bn(t)

We see from (2.4) that matrices provide a natural framework for studying first order
linear systems. Notice that in this formulation, we are dealing with matrix functions,
that is, matrices whose elements are themselves functions:” The algebra of matrix
functions is the same as that-for matrices of constants. The derivative of a matrix
function is obtained by differentiating every element of the matrix. Thus, if A(t) =

la:x(t)], then % = [daz;(z) , provided that each of the a;(t) are differentiable. If 4
and B are both differentiable and the product AB is defined, then

d dB  dA

E(AB) = AE + EB'

Vector differential equations

An n x 1 matrix function is called a column n-vector function. We let V,(I) denote
the set of all column n-vector functions defined on an interval 1, and V(1) is a vector

space.
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A system of linear differential equation written in the vector form
2'(t) = A(t)z(t) + b(t)

will be called a vector differential equation (VDE).The problem of determining all
solutions to the general first-order linear system of (2.3) can now be formulated as
the vector space problem.

The vector space V, (1) is not finite-dimensional, since there is no finite set of
linearly independent vectors that spans V,,(I). The key to solving linear differential
systems comes from the realization that, if A(¢) is an n x n matrix function, then the

set of all solutions to the homogeneous VDE

is an n-dimensional subspace of V,,(1).

General results for first order linear differential systems

Theorem 2.18. The IVP
a'(t) = A(t)z + b(t), 7(fp) = o,
where A(t) and b(t) are continuous on an interval I, has a unigue solution on I.

Theorem 2.19. The set of all solutions to z’(t) = A(t)z + b(t), where A(t) is an n x n
matrix function that-is continuous on an interval 7, is a vector space of dimension .

Definition 2.20. Let A(t) be an nxn matrix function that is-continuous on an interval
I. Any set of m solutions, z1(t), 23(t), ..an(t), 10 z/'= Az that is linearly independent
on I'is called a fundamental solution set-on I. The corresponding matrix X (¢) defined
by

X(t) = [z1(t), 22(t), ...,z (2)]

is called a fundamental matrix for the VDE & = Ax.

Nonhomogeneous VDE

Theorem 2.21. Let A(t) be a matrix function that is continuous on the interval 1, and
let 1,23, ..., 7, be a fundamental solution set for the VDE #/(t) = A@)x(t) on I, If 2,(t)
is any particular solution to the nonhomogeneous VDE

z'(t) = A()z(t) + b(t) (2.5)
on I, then every solution to (2.5) on I is of the form

I(f) =€1F1 + g+ Cpan + Zp.
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Homogeneous constant coefficient VDE

Consider the vector function
z(t) = ey (2.6)

where X is a scalar and v is a constant vector. Differentiating (2.6) with respect to ¢
yields

2’ = AeMw.
Thus, z(t) = ev is a solution to 2/ = Az if and only if
AeMy = eM Ay,
that is, if and only if X and » satisfy
Av = Av.

But this is the statement that A and v must be an eigenvalue/eigenvector pair for A.
Consequently, we have established the following fundamental result:

Theorem 2.22. Let A be an n'x n-matrix of real constants, and let A be an eigenvalue

of A with corresponding eigenvector v, Then
z(t) = eMy
is a solution to the constant coefficient VDE 2’ = Az on any. interval.

Theorem 2.23. Let A be an n x n matrix of real constants. If A.has « real linearly

independent eigenvectors u;, va,«++ , v,, With corresponding eigenvalues Ay, As, -+, An,
(not necessarily distinct), then the vector functions zy, a5, - - , ,, ‘defined by
Tp(t) = e’\“‘vk, V1222 A,

for all ¢, are linearly independent solutions to 2’ = Az 'on any interval. The general
solution to this VDE is

z(t) = crry + coxg + -+ + Crlln.
2.7.2 Linear matrix differential equations
The simplest forms of linear matrix differential equations:
X'(t)=AX(t), X(to) =C. (2.7)

was investigated in [7]. Here, 4,C € M, are given constant matrices, X(t) is the
unknown n x n matrix function to be solved. The solution of (2.7) is given by

X(t) e efl(t—in)c
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and
X'(t)= AX(t) + X(t)B, X(t;) = C. (2.8)
Here, A,B € M, and C € M,,.,, are given constant matrices. The solution of (2.8) is
given by
X(t) = efi-tal e Blt-to)
The nonhomogeneous:
X'(t) = AX(t) + U(t), X(t) =C, (2.9)

was discussed in [2] Here, A € M,, and C € M, , are given constant matrices, U(t)
is a given m x n matrix function and-X(¢) is-the unknown m x n matrix function. The

general solution of (2.9).is given by
X(tr= 2% Leqtt=tT 1igy),
where « is the matrix-convolution product and
X'(t) = AX)+ X(t) BT, X o= C, (2.10)

Here, 4,B,C € M,, are given constant matrices, U(t) e M, is.a given-matrix function
and X (t) e M, is the unknown diagonal matrix function. The general solution of (2.10)

is given by

Veed (X (t)) =diag(el®+or)t o elewn+ban)t) Vecd(€)

+ d?‘_ng(e(ﬂu+bn)t’ K ,ﬁ(a?.n+b.m)t) * Vecd(U(t)),

where Vecd is the diagonal extraction operator.

2.1.3  System of linear matrix differential equations

In [7], the authors apply the Kronecker product of matrices and the vector operator
to solve the following coupled linear matrix differential equations:

X'(t) = AX(¢)B + CY()D, (2:11)

Y'(t) = CX(t)D + AY (t)B.
Here, AC = CABD = DB, X(ty) = E, Y(t,) = F, A,B,C,D,E,F € M, are given
constant matrices and X (¢), Y (¢) € M,, are the unknown matrices to be solved.
The general exact solution of coupled linear matrix differential equations de-
fined in (2.11) is given by

Vec X (t) = et~ B8 { cosh((t — to)(DT ® C)) Vec E) + sinh((t — to)(DT @ C)) Vec F},
VecY (t) =el=B €A (sinh((t — t)(DT & C)) Vec E + cosh((t — to)((D” @ C)) Vec F}.
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In [2], the authors use the Kronecker product of matrices and the vector operator to

solve the nonhomogeneous coupled linear matrix differential equations:

X'(t)= AX(t)B+ CY(t)D + U(t), (2.12)

Y'(¢) = CX(t)D + AY (t)B + V(2.

Here, A,B,C,D,E.F € M, are given constant matrices such that AC = CA,BD =
DB, U(t), V(t) € M, are given matrix functions and subject to the initial condition
X(0) = E, Y(0) = F, X(1),Y(t) € M, are the unknown matrices. Then the general
solution of nonhomogeneous coupled linear matrix differential equations defined in

(2.12) is given by
Vec X (t) = e!® @ { cosh(¢(DT ® C)) Vec E + sinh(¢(DT ® C)) Vec F
+ cosh(t(D¥'® C)) « Vec U (1) +sinh(#(D” ® C)) » Vec V(1) },
VecY (t) =e" B 8 sinh((DT ® C))VeC E + cosh(#(BT @ C)) Vec F

+ sinh(t(D” ® €)) * VecU(t)+ cosh(t((D” ® €))% Vec V(t)}.

and
X'(t) = AX($)B+CY () D+ U#), -
V(1) = CX &) D + AY(t)B 4 V(L).
Here, 4,B,C,D. E, F € My, are given constant matrices such that (DT o C)(B7 o 4) =
(BToA)(D"oC), U(t), V() € M,, are given matrix functions and subject to the initial con-
dition X(0) = B, Y(0) = F, X(t), Y (t) € M, are the unknown diagonhal-matrices. Then
the general solution of nonhomogeneous coupled linear matrix differential equations

defined in (2.13) is given by
Vecd X (&) = "B 2N cosh(i(DT o €)) Vecd B+ sinh(t(DT o C))Vecd F
+cosh((D” o C))»VecdU(t) + sinh(t(D” o C)) # Vecd V(t)},
Vecd Y (t) =€ B4 { sinh(t(D™ o C))Vecd E +cosh(t((DT6 C)) Vecd F
+sinh(e(DT 0 @) ¥ Veed U (t) + cosh(t((DT o C)) + Vecd V (1)},

where o is the Hadamard product.



Chapter 3

Solving a general system of nonhomogeneous
coupled linear matrix differential equations in terms

of Mittag-Leffler matrix functions

In this chapter, we solve a general system of nonhomogeneous the coupled

linear matrix differential equations:
X'(t)=AX(t) B+ CY(t)D + U(t),

Y'()=BXA)F T OYt)H + V(t).

Here, A, B.C, D, E, F,GyH € M,(R) be given constant matrices.and let U/, vV : Q — M, (R)
be given matrix-valued functions. We wish to solve certain systems of linear matrix

differential equations.in, unknown matrix-valued functions-X.,vV : Q = M,(R).

3.1 The main result

Theorem 3:1. The general solution of the system of nonhomogeneous coupled linear

matrix differential equations:

X'(t) = AX()B+ CY (1)D +U(t),

(3.1)
Y'(t) = BEX({)F+ GY (t}H +V (1)
under the assumption that DB = HD, AC=CG; FH = BF, GE = EA is given by
Vec X (t) &) (B 04 [ (g, (12 1)2(FD) s CE))) Vec X (k)
(b= t0) (Baa((t = Lo)*(F D) & CE)))(DT © C)VecY(t,)
+ (Exal{t= tol? ((ED)” ® CE))) » Vecl(#)
+ (= to) (Ez2d({t =ta)>(FD)" ® CENW(DT® C) + VecV (1)}, s

)
VecY(t) =elt—ta)(H"©0) {(t — to) (Ba2((t — to)*((DF)T @ EC)) (FT ® E) Vec X (to)
+ (E21((t — t0)*((DF)T @ EC))) Vec Y (tg)
+ (t—to) (B22((t — t0)*((DF)" ® EC))) (FT ® E) * VecU(t)
+ (B2 ((t — t0)*((DF)" ® EC))) * Vec V(1) }.
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Proof. Using Theorem 2.5, we can transform the system (3.1) into the vector form:
Vec X'(t) = VeCc(AX(t)B+CY(L)D +U(t))
= Vec (AX(t)B) + Vec (CY (t)D) + VecU(t)
= (BT ® A)Vec X(t) + (DT ® C)Vec Y (t) + VecU(1),
VecY'(t) = Vec(EX(t)F + GY () H + V(1))
= Vec(EX(t)F) + Vec (GY (1)H) + VecV (¢)
= (FT® E)Vec X (t) + (HT ® G)VecY(t) + VecV(t).

We have the following system:

VecX'(t)| | BT®A DT®C | [VecX(t) . VecU(t)
VecY'(t) FTQE__HL@G | |VecY(t) VecV (1)
. BT A 0 0 R ®C
denote P = v and Q = ; |
0 HTRG FTQE 0

From (1.3), this system- has the following solution:

Vec X (&) _ Jutirk Vec X (tg) ) O] VecU(t)
Vec Y (t) VecY(ty) VecV(t)

where § = P+ Q.
Now we will compute e since DB = HD, AC = €G, FH = BF,GE = EA, then we

have -
BTEA 0 0 Bédg C
PQ = B
0 HU QG| | Fref 0
“Gp 0 (BT @ A)(DT o C)
(HT® GHFT O E) 0
2 (DB @ AC |
T @ GE 0
N (HD)"® CG.|
(BFYt.g@.EA 0
B 0 (DT CYHT®G)
(FT @ E)(BT @ A) 0
B 0 DT eC BTg A 0
FTRE 0 0 HT'eG

=QP.
From which it follows from Lemma 2.7 that e® = e’+@ = e,

T
B EB ®A 0
e = = i
0 eH'®G

By Lemma 2.11, we have
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By Lemma 2.12, we have

e [ o\ (FD) ® CE) (B22((FD)T ® CE))(D” ® C) J
(E22((DF)T ® EC))(FT @ E) Ey:1((DF)T ® EC)
Thus
e [ 5704 0 } { Es1((FD)T ® CE) (Bs2((FD)T ® CE)) (DT ® C)
0 e?"8G | | (Byo((DF)T @ EC))(FTQ E) Es1((DF)T ® EC)
[ eBTo4my ((#D)T & CE) eB"®A(B, ,((FD)T ® CE)) (DT ® C) }
i "8G (Ey,((DF)T  EC))(FT® E) cH"®CE, ,((DF)T ® EC)
Denoting
Ry = e(t~0)(B S A p (g2 FD)T BCE)),
Ry = el30UBTCD) (1 _ go)(Epp((t ~t0)2((FD)™QGE))) (DT ® C),
Ry = gt~ HTOG) (1) (Fy 5((£ = 10)*((DF)T © ECY)(FT ® E),
Ryf= X HTOOE, 4 — (2 (DFY @EC)),
_ we obtain

s VecX(tg)| 1| R Rz| /| Vec X (ty) | RiVecX (to) + RaVecY (tg)
VecY (o) | | Ry | Ry Vec X(tg) + RaVecY (1) |

We also have

St-10)3 Vec U{t) [19)] 1 182 . VecU(t) Ri*VeclU(t) + Ry +\ecV(t)
Vec V(t) [ Rs Ry Vec V(t) Rg+ VecU(t) +Ry = Vec V(i) ‘

Therefore, the general solution of (3.1) is given by (3.2). iLl

3.2 Special cases

Corollary 3.2. The general solution of the system
X'ty =AX@)B+CY(1)D,
Y'(t) = EX(t)F + GY (t)H
under the assumption that DB = HD, AC = CG, FH = BF, GE = EA is given by
Vec X (1) = et~ E O (E, | (¢ — to)((FD)T ® CE))) Vec X (to)
+ (t—to) (B22((t — to)*(FD)T @ CE))) (DT ® C) VecY (ty),
VecY(t) =elt-to (HT@@{(t—to (B2a((t — t0)*((DF)" @ EC)) (FT © E) Vec X (t)

(3.3)

(Eg 1((?3 = to)z (DF) ® EC))) Vec Y(fo)

|
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Proof. Putting U(t) = V(t) = 0 in (3.2) we obtain

Vec X (t) = elt=t0)(B"@A (B, ((t — 10)2((FD)” ® CE))) Vec X (to)
+ (t = to) (B2,2((t — to)*(FD)T ® CE))) (DT ® C) Vec Y (ty)
+ (B21((t - to)*((FD)T ® CE))) * Vec (0)
+ (t —to) (B22((t — to)*((FD)T @ CE))) (DT ® C)  Vec (0)}
=) BTOA [ (B (¢ — to)2((FD)T ® CE))) Vec X (to)
+ (t —to) (E22((t — 10)*((FD)" ® CE))) (D" ® C) Vec Y (to).
VecY () = ettoXHT®O) (¢ _ 40)( By o((t — to)*((DF)T ® EC)) (FT ® E) Vec X (to)
+ (B2 ((t — to)*((D
+ (t = to) (E22((t =to)*(DFYE®.EC))) (FT ® E) « Vec (0)
+ (B2t =10)*((DF)T ® EC))) * Vec(0)}
= (100 £ 10) (s 2 ((t/~ 16 ((DF)T © EGY)WFT ® E) Vec X (ty)
4 (Ez1((t— t)2((DEYY @ ECY))Vec¥ (to).

(DF)T ® EC))) Vec ¥ (to)

Corollary 3.3. The general solution of the system

X'(ty'="AX()B+ CY D +U(1),
Y!(t) = CX(t)D + AY(#)B + V(1)

under the assumption that AC'= €4 and BD = DB, is given by

Vec X (8) =i~ BT Leash((t — &) (DT 0 C)) Ve X (t)
+ sinh((t ~tq)(DT:® 0)) Vea¥(to) +-cosh((t ~t)(D* @ C)) #Vec U(t)
+sinh((f‘ — to)(DT @ €)= VecV (1)}, (3.5)
VecY () = et 8E 84 {sinh((t — to)(DT @ C)) Vec X (t4)
+ cosh((t=ta)((DT' 8 C))Vee Y(to) + sinh(#— ) (DT @ C)) « VecU(t)

+ cosh((t — to) (DT '®€)).x Vec V(t)}:
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Proof. Putting E=C, F=D, G = A and H = B in (3.2) we obtain

Vec X (t) = el E SN (By (¢ — o) (DY) ® C%))) VeeX (to)
+ (B22((t = 10)*((D*)T © C*)) (t — to)(DT ® C) VecY (1)
+ (B2 ((t — 10)2((D*)T ® C%))) « Vec U (t)
+ (Bz2((t = 00)*((D*)T ® C?)))(t — to) (DT @ C) * Vec V(t)}
et BTOA (B, | ((t - £5)2(DT ® C)2)) Vec X (to)
+ (E22((t — t0)*(DT @ C)?))(t — to) (DT ® C) Vec Y (to)
+ (B2, ((t — to)?
)

+ (Ez2((t — 10)*(DT ® C)*))(t — to)(D” ® C) + Vec V (1)}

( )(

(DT ® ©)? )%)) * VecU(t)

( )(

= e(t=0)BTOA) { coshit=t{DTR.C)) Vec X (to)

+ sinh((# =6) (D" ® C)) Vec Y (to) + cosh{(t= to) (DT ® C)) x Vec U(t)
(

+8inh((t — 1) (D™ & C)) + Vec V(t)}-

VecY (t) =elt-to (BTM{(EM((L—t R (@ 9LC%))(t-=10) (DL & C) Vec X (to)
+{(E51((t — L) (D) /C?))) Vec Y (to)
+ B2 2((t = t0)2(P?)T 0.0%) t=t)(DT 2 L) «Veeu(t)
+ (Eaa((t = 1) (D) 3.C?))) ¥ Vec Vi (1)}

)
)
s Tl BTOANL (B, o ((F —40)2(DT'8 Y=t} (DT & C) Ve X (1)
+(Ezi((t=10)> (DT &)%) Vec ¥ (to)
+ (Bal(t= t0) (DT @ CY))(t = to)(DT ® C) + VecU(t)
+ (B2 ((t—t0)* (D" @ C)?) « Vec V(t) }
< el-)(BTOA) fsinh((t 4o )(DT @ C)) Ve X (to)
+Cosh((t~ ta)( DT ® C)) VecY (te) + sinh((t — to)(PT'&C)) = Vec U(t)
+.cosh((t — to) (DT @ Oy Vec V(1) }.

el
Corollary 3.4. The general solution of the system
X'(t) = AX(£)B+CY(1)D,
(t) (t) (t) (3.6)
Y'(t) = CX(¢)D + AY (t)B
under the assumption that AC = CA and BD = DB, is given by
Vec X(t) = et~ B9 cosh((t — to)(DT @ C)) Vec X (to)
+ sinh((t — to)(DT ® C)) Vec Y (to)},
((t—to)( ) (to) } (3.7)

VecY (f) = elt=0)(B" @A) { sinh((t — £,)(DT ® C)) Vec X (t)

+cosh((t — to)((D” ® C)) VecY (tg) }.
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Proof. Putting U(t) = V(¢) = 0 in (3.5) we obtain

Vec X(t) = elt-t)(B @A { (g, | ((f~fg) (D*)T © C?)))VecX (o)

+ (B22((t — to)2(D*)T ® C%)) (t — to)(DT ® C) VecY (to)
+ (B2 ((t—to 2((D2 02))) + Vec (0)
2(DHT @ C*)(t - to)(DT @ C) * Vec (0)}

— olt—to) BTBA{ Ea1((t — t0)*(DT ® C)?)) Vec X (to)
+ (Bz2((t — t0)*(DT ® C)?))(t — to)(D” ® C) Vec Y (to) }
= elt—to)(BT @A) ! cosh((t — to)(DT ® C)) Vec X (tg)

)
)
+ (B2,2((t — to)
(
)

+sinh((t — to) (D" ® C)) Vec Y (tg) }.

VecY () = ettt BT@A) [ ( o o (iimtmep2)T ® C%)))(t — o) (DT @ C) Vec X (t)
+ (Exa((t=1)*((D*)" ® C?))) Vec Y (ts)
+ (Baa((t = 1) (D} ® C%))) (£~ o) (D" ® Cw Ve (0)
+ (B2 ((t = L) (D) @C*))) xVed(0)}
elt=tol BT EA) G, 300 2 (DTR G)) (t = 1) (BT ® G) Vec X (o)
+ (£:2,1((t — 1)* (BT @ C)?)) Vec¥ ()}

= 7 XBESA cinh((t - £4) (DT ® C))Vec X (L)
+cosh((t—to) (D" ® C)) Ve Y(to)}«

]
Corollary 3.5. The general solution of the system
X'(t) S AX@B + ¥ty + U(t),
Y'(t) == X(t) "+ AY(1)B + V@)
is given by
Vec X (t) = e~ wBI@A(lcoshi(t— ty) Vec X (ts) +sinh(f — to) Vec Y (to)
+ cosh(t — to)(Inex VecU(t)) +sinh(t — to)(I,2 * Vec V (t)) 5 (3.8)

Vecy(t) = et B @D {sinh(t — t) Vec X (o) + cosh(t — to) Vec Y to)

(
+5INh(t — to)(In2 * VecU(t)) + cosh(t — to) (1,2 « Vec V(¢))}.



Proof. Putting C = D = I,, in (3.5) we obtain

Vec X (t) = elt=t) (B @A () (¢ — t0)2(I, ® I,))) Vec X (to)
+ (Ba2((t — t0)*(In © 1)) (t — to) (In © I,) VeC Y (to)
+ (B2 ((t — to)* (1, ® I,,))) * VecU(t)
+ (B22((t — t0)*(In ® In))) (t — to)(In @ I,,) x Vec V(1) }
= =) ETRA (B ((t — £5)%(I2))) Vec X (o)
+ (Ba,a((6 — 10)(Le) (£ — t0) (L) VY (to)
+ (Ba1 ((t = to)*(In2))) * Vec U (t)
+ (Ba2,2((t — t0)?(12))) (¢ — to)(In2) * Vec V (£)}
= elt=t0)(B7@4) { coghidmmmpmreal) Ve X (t,)
+ SinR((t= to)(1,2)) Vec Y (to)
FCosh((t —to)(Ln2)) * Vec U(t) +sinh((t — t9){Tnz)) * Vec V(#)}
= -0 BTN L eash(t —to) Vac X (t) + sinh(t — to) Vec ¥ (to)
+cosh(t — ko) (1% = Vec U (1)) + sinh(t — to) (T2 +Vec V(1) }.
VegY (t)="ol~ 10N E oM LE, (¢ Llto) (L@ ) (b to) (L ®Ly) VEC X (o)
# (Baa((t = %)% (n
+(Eza((t—1t0)* (L ® I)))(t + to)(Li @ Fu) s VeeU(t)
(B al(t = to) (In© 1)) x Vec W (1)}

@ 1I,))VecY(ty)

M) (B &) H{(Eanl(t = to)(Faa)))(¢ — to)(In2) Ve X (i)
+(Ba,1 ({1 t0)*(In2)) VeC Y (t0)
+ (Ea,2((t ~10) ()~ to)(£2) £ VeC U (2)
+ (B, 1(E=t0)2(£rz)).x VeC V (1)}
= el 10)(B @A) Feinh (= to){] 2 ) Ve X (o)
+ cosh((t = ta)(Zn2)) Vec Y (ty)
+siNh((t —to)(Ln2))* VecU(t) +.cosh((t — to)(I,2)) » Vec V(¢)}
= e(t=1) (BT @A) { ginh (¢t — tg) Vec X (tg) + cOsh(t — to) Vec ¥ (t)

+sinh(t — o) (17 * VecU(t)) + cosh(t — to) (12 x Vec V(1)) }.

Corollary 3.6. The general solution of the system

X'(t) = AX(t)B+ Y(t),
Y'(t) = X(t) +AY(t)B
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is given by

Vec X (t) = el (B @A) f cosh(t — ty) Vec X (ty) + sinh(t — to) Vec Y(to)},
VecY(t) = el BTSA fsinh(t — t) Vec X (ty) + cosh(t — t) Vec Y(to)}.

Proof. Putting U(t) = V(t) = 0 in (3.8) we obtain

Vec X(t) =elt=)B @A [(Ey  ((t — tg)2(I, ® I,))) Vec X (o)
+ (Baa((t — t0)*(Tn @ In))) (t — L)
+ (B21((t —t0)* (I, ® I,))) * Vec (0)
+ (Ba2((t — t0)2(In © 1)) (t — to) (I © L) * Vec (0)}
= et—0) (BB (B, | ((t — t5)2(I,2))) VeC X (to)
+ (Ba,2((t — to)?(Lne)) )t = 0)(T2)VeC ¥ (o)
+ (Baa((t= to)?(1,2))) * Vec/(0)
+ (Foa((t—to)*(1p2)) ) (t = ta)(I,2) * Vec(0)}
“ielt—to) (BTW){ cosh((t —to)(T,2)) Vec X(to) + sinh((t — to)(Jn2)) Vec Y (to)

+ cosh((t = to)(L,2)) % Vec (0) +sinh((t = io)(Iz2)) * Vec (0)}

(In ® I,) Vec Y (to)

= o lt—tg) (BT &A) £ cosh(t — o) Vet X (to) + sinh(z — to) Vec Y (to)}
VecY (1) e 50 B8 (5 o (£ o) (1 @ L)) (o} (I® Ty) VeC X (to)
+H (Baa (= t0)? (L, ® 1)) Vec ¥(to)
+{(Ba,2((t = t0)* (10 @ L)) (= to)(I, @ Tn)= YeC(0)
(521(05—tn)Z(I,L@:I”))*Vec (0)}
et =to)BTEAN () 5 (2 = t0) *Ee 1)t to M Ina)VeC X (2o
+ (a1 ((t - tg)}(Tne)) Ve Yi(ko)
H{(B22((t — {0)* (Fa2))) (. — to) (I2) % Vec (0)
+ (Ba,1((t < 20)°(Fn2)) x Vec (0) }
— elt=ta)(BT @A){gmh (t ~to)(I2)) VeC X (ta) +€Osh((t — to)(I,2)) Vec Y (to)
+SINN((t — to) (In2)) * Vee(0) +COSN((t — to) (I2)) * Vec (0)}

= e(t=0)(BYED {ginh (¢ — £5) Vec X (ty) + cosh(t — ) Vec Y(to)}.

Corollary 3.7. The general solution of the system

X'(t) = AX®)B+CY(t) +U(t),
Y'(t) = EX(t) +GY(t)B+V(t)
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under the condition AC = CG,GE = EA, is given by

Vec X(t) = et—10)(B"®4) yec { (B2 ((t — £0)2CE)) X (to) + (t — to) (Ea2((t - tU)ZCE))CY(tO)}
+ elt—to)(BT®4) {(In ® Bz ((t — to)2CE)) + VecU(t)
+ (t — to) (In © (E22((t — t0)2CE))C) x Vec V(t)},
VecY(t) =elt~ ‘u}(B""@G)\/ec{(t to) (Ea.2((t — to)2EC)) EX (to) + (E2,1((t — to)? EC’))Y(tD)}
+ elt—to)(B ®G>{(t —t0)(In ® (E2a((t — to)*EC)) E) x VecU(t)

+ (I ® By 1 ((t — to)?EC)) » Vec V(t)}.
(3.9)

Proof. Putting H = B, D = F = I,, in (3.2) we obtain

Vec X (t) = gi=toliB” G’”“{(Eg] ((t — to)* (I, ®CE))) Vec X (to)
+ (t — to) (Ezn((t — t)*(In ® CE))) (I, @C)VecY (t)
+ (E2,1((t—t0)* (I, ® CE)))+VecU(t)
+(t — tg)(Ba2((t
(In

Z Gli-to)(BT ®A){

+ 10)° (In'® CE))) (1, ®€).x Veg ¥(t)}
@ Fy 1 ((E—10)*(CE))) Vee X (o)

+ (b — to)(In @ E22((t —t0)*(CE)))(I,, ® C)VecY (ty)

+ (T @ Ea 1 ({t —'t0)2(CE))) xVecU(t)

F(t=10) (7 & B s({t = 10)X(CEN){T, & €) ¥ Vec ¥ (£) }
=R BL M o B3 = 1) X(GE))) Ved X (o)

+ (b= to)(In ® (Ea3((t — to)*(CE))E))Vec Y (1)

+ (1, ® B 1((t =t6)*(CE))) #Vec U(t)

ot —t0) (In ® (E22((t— 0)* (CE))C)) + Vec V(t)}
— elt—to) (B @A) {Vee (B2 1((t =10)*(CE)) X (to) 1)

.t —to) Vec ((Eqa((t= to)*(C'E)))CY (to)],.)

+ (In ® B2, 1 ((t—t0)2(CE))) x Vec U (t)

+ (t = to) (In ® (Ea2((t — t0)*(CE))C)) x Vec V(t)}
= el!=0)BTOM Vec { Bz ((t - t0)X(CE))) X (to))

+ (¢ = to) ((E,2((t — t0)*(CE)))CY (t)) }

+ el BB (1 & By \((t —t0)*(CE))) x Vec U(t)

+ (t = to) (In @ (Ea2((t — 10)*(CE))C)) =+ Vec V(¢)}.
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- Vecy (1) =elt="ECE (1 —40) (Eya((t — t0)*(In ® EC)))(In ® E) Vec X (to)
+ (Ea2.1((t — t0)*(I, ® EC))) VecY (to)
+ (¢ — to) (Ba,2((t — to)*(In ® EC))) (I © E) Ve U(t)

+ (B2 ((t —to
- fu)(BT®GJ{

)*(I. ® EC))) *VecV ()}
(t = t0) (In ® E22((t — t0)*(EC))) (In ® E) Vec X (to)
+ (In ® B2 ((t — to)2(EC))) VecY (i)
+ (t —to) (In ® Eap((t — t0)*(EC))) (I, ® E) * Vec U(t)
+ (In ® B21((t — t0)*(EC))) x VecV (1)}
= = BTED [( _ 40)(1, ® (Eaa((t — to)2(EC))E)) Vec X (to)
+ (In ® E21((t =.to)(
+ (t =4){dn © (Eaa((t — to
4 (T, ® B 1((t = t0)*(EC))
£ o(t-t)(BT8E) f¢ LgoyVec ((En((t & T0)2(EC)))) BX (o),
+Vec (B, ((t = t)*(BC)))Y (o)1)
+(t = o) (Tn @(E2a((t ~ t0) (ECHE)) * Vec U(t)
+ (I @ B i (= 10)*(EC))) = VecV ()}
=IO Vec (¢ ~t0) (ol (b= ta) (BCIIEX (to))
+ (B x (= 10)2(EC))Y (10)) }
et B O (I, @ (Ban((t = to)*(ECY)E)) *Vec U(t)
+ (I ® Pz ((E=10)*(EC))) xVecV (1) }.

))

(
BCY)))VecY (t)

)*(EC))E))« VecU(t)

))

«NVeC V(t }

Corollary 3.8. The general solution of the system
X/(t) = AX()B+CY{),
Y'(t).= EX(t) +GY(t)B
under the condition AC = CG,GE = EA, is given by
Vec X (t) = ¢t~ (B"®A) yac { (B2, ((t — t0)*CE)) X (to) + (t — to) (E2,2((t — tu)QCE))CY(tU)},

VecY (t) = elt=)(BT8C) yac {(t — to) (B2.2((t — t0)*EC)) EX (to) + (B2 ((t — to)ﬂEC))y(tG)}.
(3.10)
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Proof. Putting U(t) = V(t) = 0 in (3.9) we obtain

Vec X (t) = el B O (B, | (¢ — t0)%(I, ® CE))) Vec X (to)
+ (t — to) (Ba2((t — to)*(In @ CE))) (I, © C) VecY (to)
= et (B O [ ([ @ Fy , ((t — t0)*(CE))) Vec X (o)
+ (t = to) (In © Ez2((t — t0)*(CE))) (I, ® C) Vec Y (to)
= et=)BTOA (1 @ By, ((t — to)*(CE))) Vec X (o)
+ (t — t0) (In ® (Ea,2((t — t0)*(CE))C)) Vec Y (to)
= et~ NBT@A [ Viec (Ey (¢ — t0)2(CE))) X (to) )
+ (t — to) Vec ((Eaa((t — t0)*(CE)))CY (to)1y)
= e(t=00)(B784) Vool rtirep)2(C E))) X (to))
+ (L= to)((E22((t - 0)*(CE)))CY (o))}
Vec Y (t) =el=to)(B OO (4 44) (Eh 4((E = 10)*(L, ® EC)) (T © E) Vec X (to)
+ (B2, ((t — £0) (I ® EC))) Vec Vi)
== B OGN L £03(1, & By (L fto)2 (BCY))(T, ® E)Vec X (t)
+ (I ® E2 ijl(t =10y (EC))

2.
)) VecY(ty)

L J(t-4¥(BTeC) it —"t) (In & (fn
)V
(£2

2.2((L 7 1) (EC))E)) Vec X (o)
CYfQ)
((t = L) (EON)) EX (o)1,

AT @ Bt (= t0)*(EC))
== o (E=Eo}(BTBC) { () ~ty)Vec (
+Vea (B, (L~ to)*(EC))Y (to) 1)
= eTIBTO0) Vae {(t — to) ((Bza((F - )2 (EC))EX (t6))

+ (Baa{{t ~ L) EC))¥ (to)) }-

]
Corollary 3.9. The general solution of the system
P LT =l X (1) Bl
Y'(t) = EX(t)F + GY (t)H + V(t)
under the condition FH = BF and GE = EA4, is given by
Vec X(t) = et=4)(B"®A) [ Vec X (o) + I » Vec U},
VecY(t) = et 8C) Vec {(t — tg) EX (to)F + Y (L)} (3.11)

+ =) H @) (4 _ 4)(FT @ E) x VecU(t) + I +Vec V(¢ )}.



Proof. Putting C = D =0 in (3.2) we obtain
Vec X(t) = et BTSN (B, | (¢ — t5)*(0))) Vec X (to)
+ (BE22((t — 10)*(0))) (t — to)(DT ® 0) Vec Y (tp)
+ (Baa((t — to)?
+ (Ea2((t — 0)*(0))) (¢ — to) (D" ® 0) + Vec V(t)}
= e(f—tuxBT@A){Vecx (to) + I xVecU(t)}.

(0))
(0))) * VecU(t)
(0))

VecY (t) =elt=0)H OO (B, o ((t — £6)2(0))) (¢ — to)(FT ® E) Vec X (to)

+ (E2.1((t —t0)?(0))) Vec Y (t)
+ (Ba2((t — t0)*(0))) (t — to)(FT ® E) x VecU(t)
+ (B2 ((t — to)*(0))) = Vec V(1) }

= \FNHEO0) [(1 _ 40)(FT @ E)VEeX (t9) + Vec Y (to)
+ (t—to)(E" @ E) ¥ Vec U(t) + F* Vec V (#)}

= =0T RG) (ae (t — (Y EX (1) F + VecY (fo)
+ (8 — to)(E" & By »VecU(t) + I VecV(t)}

< el HIOG) Vac [ 4o)\EX (o) F -+ Vi(tp) }

el HEO\(y Ly (FT @ B) xVecUt) )+ I«VecV(t)}

Corollary 3.10. The general solution of the system
X'(t)' = AX({®)B
Yt = EX@)EEGY,()H
under the condition FH = BF and GE = EA, is given by
Vec X (t) = elTlB @A Vee X (1)},
Vec ¥ (t)' Lelt 40 84 Vec {(t — to) BX (to) P4 (t) ).
Proof. Putting U(t) = V(#)= 0:in.(3.11) we obtain
Vec X(t) = elt=)XB @A (B, T "19)2(0))) Vec X (to)
+ (B22((t — t0)*(0))) (t — to)(DT @ 0) Vec ¥ (to) }
= e(t=0)(BTOA) [ Vac X (t5)}.
VecY(t) = e(f—*@(ﬂ’“@‘?){(@,g((t —t9)%(0))) (t — to) (FT ® E) Vec X (o)
+ (Ba((t = t0)2(0))) Vec Y (to)} '
= U=t HT®O) ((1 _ 1)(FT © E)Vec X (to) + Vec Y (tg) }
= et~ (HT @) { Vec (E(t — to) X (to)F)) + VecY (to)}

= e(i_t“)(HT@G) Vec {(t — 1) EX(tg)F + Y(t())}
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Corollary 3.11. The general solution of equation
X'(t) = AX(t)B + U(t)

is given by

Vec X (t) = elt=10)(B @ { Ve X (to) + I * Vec U (1)}

Proof. Put E = F =0 in Corollary 3.10.
Corollary 3.12. The general solution of equation
X'(t) = AX(t)B

is given by
VecX(t) = el =l (BT8M viec X (1)) ).

Proof. Put U(t) = 0.in Corollary 3.11.

29

(3.12)

(3.13)



Chapter 4

Unique solution of initial value problem and

numerical examples

4.1  Unique solution of initial value problem associated with the main

system

Let A,B,C,D.E,F,G,H,J, K € M,(R) be given constant matrices and U, V : Q@ — M,(R)
be given matrix-valued functions.
Consider the following initial value problem associated with the system (3.1):
X'(t) = AX(t)B + CY (t)D + U(t),
Y!(t) = EX(t)E +GY () H+ V(t)
subject to initial conditions X(0)= J and ¥ (0) = K. Suppose DB.= HD, AC = CG,
FH = BF, GE = EA. In this case, the solution of this problem is unique and given by
VecX (t) = " A ((E; {2 (FD)T © CE)))Vee
+t (B (((FDYE @ CENDT @ ) Vec K
+ (Exn (P (FDYT @ CE))) -+ VecUl(t)
+4(Bs o (B ((FD)T @ CE)))(D¥ @ C)+MeC V (1)},
Vec(t) = e 28y (By 5 (P(DF)T &'BC))(FT &8) Vet J
+ (B2 (2((DF)Y ® EC))) Vec K
+ (B ((PE)T® EC))(FT ® E) « Vec U(t)
+ (Bsi (B ((BF) @ EC)))  Vec V(B b

4.2  Numerical examples

Example 4.1. Consider the initial value problem

X'(t) = AX()B+ Y(t) +U(t),
Y'(t) = X(t) +AY(t)B+V(t)
X(0)=J and Y(0)=K

1 £ — 2 ot
3 4 i 1 0 1 -1 1 sint

1 eZt
V)= ]
cost sin?2t
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0 B 1 2
0 3 4
We have BT @ A = .
-1 -2 1 2
-3 —4 3 4

By using Corollary 3.5, the above initial value problem has a unique solution given by

Vec X (1) = etBT @A)

Fe(:ﬂ'mm

= ¢8Teq)

=e:(57'@.4}

QBT @)

T,
Vec Y (t) g7 PH

= JtTaa)

_ ef(BT;gA)

_ el.(HTG)A)

_ ec(B"'@A)

2t

2 3 1 0 0 0 —e 1 0 0 0
cosh(t) + sinh(#) + cosh(t) 8 SR ' + sinh(t) g 18 0
Al 00 1 0 1 00 1 0
| 0 ;| 0 0 0 1 sin(t) 0 0 0 1
[2coshit)]  [asinh(t)] 1% —e? 1%1
cesn () S,mhm + cosh(t) + sinh(#) e CO?(t)
— cosh(t) sinh(t) 1 % e
. o ] —sinh(t) | 1= sin(t) 1 % sin(2t)
[2cosh(z) ] asinh{t) ] [ (rx=e2") cosh(e) (1 * 1) sinh(t)
cosh(t) o sinh(t) 7 (1 * 1) cosh(#) (1 % cos(t)) sinh(¢)
—cosh(t) sinh(t) (1 * 1) cosh(t) (1% e*t) sinh(t)
'L —sinh())| (¥ sin@eyycoshite) | | (1 #'sin(2)) sinh(t)
f [2cosht) ] 3sinh(t) | _{ = = ! yedshz) _(t)smh(t)
cosh(t) - sinh(t) 2 () cosh(t) + iszlgn(_”l) O
— cosh(t) sinh(#) (Bycosh(t) ( ) sinh(t)
=01 — sinh(t) | L(1 — cos(t)) cosh(t) (1;%@{) ) sinh(t)
3Rt
( ycosh(t) + (3 + %) sinh(t)
(14 t)cosh(t) + (1 + sinft))sinh(t)
4 + A3AoAy
(=1 +t)cosh() + ( ysinh(t)
(1 —cos(t))cosh(t) + (_1 £ ‘cos(zt) ysinh(t)
( 2 3 10 0 0] foe 1 0 0 0
sinh(t) ; + cosh(t) ! + sinh(¢) 8 \i * . + cosh(t) il B
- 7 0o/) Ml 1 0 1 0
0 —1 0/ 0) 0(C1 sin(t) 0 0 0 3
[2sinh(e)] ~[acosh(t ] L a2t fox 1
sir?h(t) ;2 cosh(t) W) T eoshiy 1% co?(t)
—'sinh(t) cosh(t) Lx et
WY J | — cosh(t) | 1 = sin(t) 1 = sin(2t)
( Psinh(t)- r.‘}cosh(t)q [ (1% —e2t) sinh(t) (1 = 1) cosh(t)
sinh(#) % cosh(t) : (1 % 1) sinh(#) (1 = cos(t)) cosh(t)
— sinh(#) cosh(t) (1% 1)sinh(i) (1 = e**) cosh(t)
0| | — cosh(t) | L (1= sin(¢)) sinh(t) (1 = sin(2t)) cosh(t)
[2sinh()]  [3coshn] [ "";_ Ly sinh() Leyroshii)
sinh(t) i cosh(t) . (1) sinh(t) N (52‘:‘(_1.')} cosh(t)
— sinh(#) cosh(t) (¢) sinh (= ) cosh(t)
L 0 | [-cosh(t) L(1 — cos(t)) sinh(t) (= —ockel c;s(?t) ) cosh(t)
3—e®t
’- ( ~ )sinh(¢) + (3 + t) cosh(t)
(1 4 t)sinh(t) + (1 + sin(t)) cosh(t)
2t
(=1 + £) sinh(t) + (=) cosh(t)
| (1 = cos(t)) sinh(¢) + (”%05(2”) cosh(t)

cos(t)

e

2t

sin(2t)



Example 4.2. Consider the initial value problem

2 0
with 4 = , B
il i
H - { :I ’ J )
2 -1
We have

By using Corollary 3.10, the above initial value problem has a unique solution given

by

Vec X (t) =

X'(t) = AX(1)B

Y'(t) = EX(t)F + GY (t)H

-8 1 5 1
,E= o
I:G 3] Eo 1]

-1 3 1
,and K = :
0 1 -1

-6 0 =12 0

-3 18 —
andH L g G=

2 0 6 0

=3 1- =9 3

NEC'Y (=

=
_ (HHT86)

T
ei(‘B RA)

]

Nl

HH @G o i

HHTBEG) \/ac
=1

Tt+3 5t+4 1

1 2t=1

i
i
e NG H

i

=Tt + 3
1
5t+1
2t—1

=l

Example 4.3, Consider the initial value problem

X'(t) = AX(t)B

Y'(t) = EX({)F +GY({tH)H

2
F=
{:O

1 ?

o O N O



We have

by

-1 0 0 O
BT @A = 0 20

0 01 0

0 0 0.-2

Vec X (t)

Vecy (t)

0 __Or-8.2>0
_0 T P ANy
_—23_‘
B 0
oo

—yi:
0

=1 20 Vecl ¢

= orroayec d |00 4
0 3 0

!

: 443 0
= cHHT8G) Vec
0 31
-
et 0 0.0 | |4t+8
|0 & 0 0 0
0 0 e 0 0
0 0 0 e | |3t—1
({4t%—3)e*‘
0
0

0
2
0
0
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Thus (
—2et 0
XM= | e-zf]
[ 4t et 0
Y(t) = (4t + 3)e .
0 (3t — 1)e2
Let us verify that X(¢) and Y(¢) are solutions of the above problem. Indeed,
we have )
et 0
kf(f) = )
0 —28_2"}
1 o] -2 o][-1 0
AX()B =
0 —2] { 0 02‘:1 [0 J
- _26“5 0
B 0\ \ |\ +2e7%
and

(1 “aeyen 0
0 (5 — 6L)e=2] -

Thus X (t) and ¥ (t) are solution of the above problem.



Chapter 5

Conclusions

We solve a general system of nonhomogeneous coupled linear matrix differ-

ential equations. We apply Kronecker products and the vector operator to reduce

our complex system to the simplest form we have an explicit formula of the general

solution to this system is obtained in terms of Mittag-Leffler matrix functions.

Table 5.1: A General solution of coupled linear matrix differential equations

System.of nonhomogeneous
coupled linear matrix

A general solution of the system

X'(t) = AX(t)B + C¥(H)P'+ U(#),
Y'(t) = EX(0)F 4 GY () H + V(t)
Assumption DB = HD, AC =CQ,
FH = BF, GE = EA.

Ve X (t) = eta)t&] ®4){ Ey1((t —tg)2M)) Vec X (to)
+(t = to) (Ea2((t — t0)2M)) (DT @ C) Vec Y (to)
+(E((t 5 10)°M)) = VecU(2)
+(t Slo) (B2 o ((t —40)>M)) (DT & C) xVec V (1)},
VecY(t).= elt—t)#HTRG)
{(t —t0)(Eaa((t = t0)*N) (FT ® E) Vec X (t)
+(Fa1 ((t —t0)2N)) VecY (to)
+(t —to) (B2 ((t = 10)°N)) (F¥© E) xVecU(t)
+(Bza (8 —d0)2N)) * VeC V(1)},

where M = (FD)"'e €E and N = (DF)T ® EC.

X'(t) = AX()B + CY (6D,
Y'(t) = EX()F + GY (t)H
Assumption DB = HD, AC = CG,
FH = BF, GE 3P4.

Vec X (1) =elt~oMBT0M) (B, (¢ — to)2M)) Vec X (to)
+(t —ta) (Ea2((t — to)? M) (DF ® C) VecY (ty)

VECY (£) = eltto)(H ©C)

{{t— to) (B2a((t 10)2N)(FT ® E) Vec X (to)

+ (2,1 (= 1) 2N))Vec Y (to)

where ML =(FD)" ® CE and N = (DF)T ® EC.

X'(t) = AX(t)B + CY(£)D + U(t),
Y'(t) = CX(t)D + AY (£)B + V()

Assumption AC = CA and BD = DB.

Vec X (t) = elt=)(B"®4) [ cosh L Vec X (¢)

+sinh LVecY (to) + cosh L » VecU(t) + sinh L = Vec V(1) },
VecY (t) = elt=t)(B" @A) { sinh L Vec X (t)

+cosh LVecY (ty) + sinh L« VecU(t) + cosh L « Vec V(1) },

where L = (¢t — t,)(DT ® C).
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System of nonhomogeneous

coupled linear matrix

A general solution of the system

X'(t)=AX(t)B+CY(t)D,
Y'(t)=CX(#t)D + AY (+)B

Assumption AC' = CA and BD = DB.

Vec X (t) = elt=t)(B* @A) { cosh L Vec X (t),
+sinh LVecY (ty) }

VecY (1) = elt-0)(B"8A) {sinh L Vec X (1y).
+cosh LVecY (o)}

where L = (t — t0)(DT @ C)

X'(t) = AX()B+ Y (1) + U(t),

Vec X (t) = et=tNB"@A) [ cosh(t — tg) Vec X (t)
(

Y'(t) = X(t) + AY () B + V(#) +sinh(t — tg) Vec Y (to) + cosh(t — tg) (1,2 * VecU(t))
+ sinh(t=4o) (4,2 x Vec V(1)) },
VegY (t) = et tBY@A) [ sinh(t — t5) Vec X (to)
+cosh(t — toyVecY (to) +sinh(t — to) (1,2 » Vec U (t))
-+ Cosh(t —to) (L2 x Vec V() }.

X'(t) =/AX (t)BAY(t), Vec X (t)= e4=0iB 940! cosh(t — ty) Vec X ()

Y'(t) 2 X (t) + A¥{t)B 4 sinh(t —.to) Vec ¥ (1) }

Vec Y (t) = ell=talBT&A) { sinh(t — o) Vec X (to)
+cosh(t = tg)VecY(ty) }.

X'(t) = AX(t)B +CY(t} + U@
Y'(t) = BX(t) + GY{) BTV (1)
Assumption AC = CG,GE = EA

Vec X (t) = e(t—1)(BT84) \iec { (Bs.1(K1)) X (to)

(¢ o) (Boa (K1) OY (to) |

el 0BT 9N {(1, 8 B, (1)) # VecU (1)

+ (4 @ (.~ o) (Ba2(K0))C) #Vec v (1)},

VeC Y (t) = elt—t0) (B @C) Vac { (t = to) (Ba,2(K2)) EX (to)
+ (B2 (K2))Y (ko) }

+eli=BBOUT, & (&~ to) (Ezp(K»)) E) * VecU (1)
#(1n 6 Baa(K2)) +Vecv(1)},

where K = (t — t5)2CE and K = (¢ — t9)2EC.

X'(t) = AX({t)B+ CY(t),
Y'(t)=EX(t)+GY (t)B
Assumption AC = CG,GE = EA

Vec X (t) = elt=10)(B"®4) yac {(Eg,l(ls’l))X(tg)

+(t = to) (B2(K1))CY (t0)

Vec Y (t) = elt-0)(B7€G) yec {(t — to) (E2,2(K2)) EX (o)
+(Eg,1{K2))Y(t0)}

where K; = (t — t0)?CE and K, = (t — t,)2EC.
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System of nonhomogeneous
coupled linear matrix

A general solution of the system

X'(t)= AX(t)B + U(%),
Y'(t) = EX()F + GY () H+ V(1)

Assumption #H = BF and GE = EA.

Vec X(f) = e=")(B 94 { Vee X (t,) + I + Vec U(t)},
Vec ¥ (t) =et=4all" o) Ve {(f— to) EX (to)F + Y (o) }
+e(I=HES0) (¢ 40)(FT®.E) «Vec U(t) + I « Vec V(1) }.

X'(t) = AX(t)B,
Y/(t) = EX()E + CY (1)

Assumption. FH=BF and GE = EA.

Vec X (t) = e(ERIBTBA (MedX (4],
Vecy (f) = el 86 Vec {(b — tg) EX (to)F + Y (to) }.

X'(t) =AX(t)B + U(t)

Vec X (t) = et ~%I(BTPA) { Ve X (#y) + I xVecU(t)}.

X'(t) = AX()B

Ve X{ty ' el BT 00 L edX (1)}
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Mittag-Leffler Matrix Functions
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Abstract
In this paper, we investigate systems of nonhomogencous conpled lin-
ear matrix differential equations. Applying Kronecker products; the vec-
tor operator, and matrix conyolution praduct, we obtain explicit formula
of the general solution to this system in terms of matrix series concerning
exponentials and Mittag-Leffler functions.
Keywords: linear mairix differential equation, Kronecker product, vector op-
eratar, matrix convolution product, Mittag-Leffler function.
Mathematics Subject Classifications 2010: 15A16, 15A69, 33E12; 34A30,
44A35.

il Introdtiction

Theory of linear mattix Aifferential equations can be applied in a broad range of
scientific fields, e.g. statistics 2,6, 8], game theory 4], ecometrics and Leondief
model. [6, 8,-1], control and system theory (3,7, The simplest first-order
homogeneous linear matrix differential equation with time-invariant coefficient
is given by

XMt) = AX(). (1.1)
Here, A is a given square matrix and X (t) isan unknown matrix-valued function
to be solved: Thesystem (1.1) has been widely studied;and the solution relies on
the computation of et4s gee more information in [12, 13}~ The nenhomogeneous
case appears in the form

X't = AX(®) + U@, (12)

e
+Corresponding author Email: pattrawut chitkmitl ac.th
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here U(t) is a given matrix-valued function. In fact, the equation (1.2) has a
general solution given by a one-parameter matrix-valued function

X() = =AY (tg) + e+ U (8, (1.3)

where + denotes the matrix convolution product. See related works on nonho-
[mogeneous €ase in [10, 15] and references therein.

Coupled matrix differential equations have numerous applications in pure
and applied mathematics. | For example, 10 obtain the solution of an optimal
control problem with performance {ndex we need to solve the system (7]

X1 = AX @+ BY (0,
Yy = XM — ALY (i

A ‘general system of nenhomogeneous coupled linear matrix differential equa-
Lions with time-invariant coefficient takes the form

X'(ty = AX(HB+ cy @D + U), )

Y/(t) = EX(t)F+GY(t)H+V(i). (N
Tn [5], & homogeneous case of (1.4) when £ = Y D,Cp- Al )=
B was investigated under the assumption that ACT= CA and BD =_DB}
In this case, the solution is given in terms of Kronecker products, the vector
operator, and matrix series concerning exponentials and hyperbolic functions.
A nonhomogeneous CasE of (1.4) was discussed in-{1].

In this work, we investigate the systerm (1.4) under {he assumption_that
AC = CG, GE=EA; DB=HD, FH-= BF. We apply Kronecker products
and the vector operator 10 reduce oup complex system to the simplest form.
Thus, an explicit formula of the general golution to this system ig obtained
in terms of Mittae-Leffler matrix functions. In particular, we obtain general
solution of several special cases of the main system. When initial conditions are
imposed to these problems; its solution i uniquely determined. Our results also
include the previous works {1, 5.

Thig papet 1s structured as follaws, In Section 2, we supply ‘useful facts for
solving linear matrix differential equations, including matrix functions defined
hy power serics, Kronecker product, vector operator, and matrix convolution
product. The main pact of the papers Section 3, deals with solving the system
(1.4) and its interesting special cases. In Sections-d, we treat an initial value
problem celated to (1.4) and illustrate it with'a numerical example.

2 Preliminaries
In this section, we provide adequate tools for solving system of linear matrix

differential equations. We shall denote the set of all m-by-n complex matrices
by Min, and we set Mp = Mun-
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2.1 Functions of a matrix defined by power series

Consider 4 € M, and a holomerphic function f defined on a region in the
complex plane containing the origin and the spectrum of A. Let R > 0besuch
that f admits the Taylor series expansion

fe&7 = Eak:k for |z| <Ry
k=0

whereag = f(0) and ax = FUI(0) k! for any K € I, If the spectral radius of A
is less than R, then the matrix power series Y5 garA® converges, denoted by
f(A). Hence if fis an entire function then f(A)isa well-defined matrix for any
A€ M,. In particular, the following malrix series converge forany A € My:

o o

sinh(A) = ;; @ﬁ—ﬂi}iﬁ“, cash(A) = gﬁ @—l’;ﬁAm“
Recall that the two-parameter Mittag-Leffler functions. (e.g. [14)) i# defined by
Fap(3) = k};ﬂm (2.1)

where T is the Gamma function. The power series (2.1) converges for all complex
numbers z.
The Mittag-Leffler function of a-matrix 4 € M, with parameters o = 0 and
B> 0 is defined by
[ W 1 1
Bl (A 3 =LA, Tl | Yy v
U R TRk DaR) S TEa T Ay | ¢

The class of matrix Mittag-Leffier functions include the following functions:

ks R, RA 4
B EAk 210 g (48 291 (—%—)'A-" = cosh(A).
k=0"" EEU Y7

An expansion shows that (Eg‘g(Ag})A =34 —(—Z—klnf—lyfig"‘“ — sinh(A).

Lemma 2.1 (see e.g. [9]). If (A, B) is a pair of commuting complex matrices,
then ed+B < efe”,

The next lemma js useful for deriving explicit formulas of solutions for system
of linear matrix differential aquations in Section 3

Lemma 2.2. Forany A€Ma(C) and B € M (C), we have

0 A
9[5 9] ={E2,1(AB) (E-z,n(AB))Al
(Es2(BA)) B E21(BA) ‘
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Proof. A computation using matrix analysis reveals that

[() Al - 4
c’B 0 :Tl[o A:\

LR |B 0
k=0
P S Y ] K
ﬁ g(%nl 0 (BA| T TR (BAYB
NG .
SoNAD k 0
~ E—:'u(:lk)!( ) y
S pay
L @(zkn(“)
0 f; (7] m(AB) A
¥ P o
k
§(2k+ B & 0
N} x| (Ll By
3 :;;,P(EHI){AB) ;‘;51‘{2“2)(*4’9) 3
< = AV L. k %c‘_l_‘v K
212k ¢ pPAE 2L TER D (B
= {E A(AB) (EQ.Q(AB))A]
(Eno(BAY) B, Far(BA) :

9.2 Kronecker product and vector operator

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 201 9 EUDOXUS PRESS, LLC

0 (AB)kA
0

Given two matrices A = [a;] € M, and B = [bj] € Mp,q the Kronecker

product of A and B is defined by
A® B = [ag By € Mmp.na-
The the vector operator Yee : Mo sy CP™ s defined for each A

Vec A = [au...am1...alz...amz...nlm...umn]T.

= [ag;] by

It is clear that Vec is alinear isemorphizm. Algebraic properties of the Kronecker

product and the vector operator used in thispapet areas follows:

Temma 2.8 (see e [9]). The map (A,B)s> A2 Bis bilinear., The following

properties hald for matrices of appropriate sizes:
1. L &= Inn,
2 (AeB)(CeD)= AC @ BD,
3, Vec(AXB) = (BT @ A) Vec X.

1153 Kongyaksee ET AL 1150-1160

45



J. COMPUTATIONAL ANALY SIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

The Kronecker product is compatible with holomorphic functions in the
following sense.

Lemma 2.4 (see e.g.[9]). Let f be a holomorphic function defined on a region
including the origin and the spectrum of A € M,,. Then f(I ® A) = 1@ f(A)
and f(A@ 1) = f(A) @ I. In particular, the following relations hold for any
Ae M, :

Eos(A®T) =g s(A) @1 and E, (I OA)= I'@E, s(A),
sinh(A@T) =sinh(4)@1  and sinh( @ A) = ['@sinh(4),
cosh(A@ ) = cosh(d)@ 1 ' and  cosh(I© A) = I & cosh(A).

2.3  Matrix convolution product

Let @ = [0,00) or © = [0,b] for some b > 0. The convolution is a binary
operation assigned to each pair of integrable function f and g defined by

(F o)) = fovate - adan,| 50,

The convolution is bilinear and commutative. Given two integrable matrix-
valued functions: A @ Q. — My (R), AQt) = [a;()] and B ;@ = M, ,(R),
B(1) = [bs;(8)], we define the matrix convolution product of A and B by

(AxB)@) = [E aik(t) ¢ bk;(t)J € My p(R), teq.

k=1

We may write A(t) + B(f) for (A + B)(t). The matrix convolution product is
bilinear, but not commutative in general.

3 General solutions of systems of nonhomoge-
neous coupled linear matrix differential equa-
tions

From now on,let 4, B,C,DE, F,G,H,J;K € M,(C) be given constant ma-

trices and let U, V2 € — M (C) be given matrix-valued funetions, We wish ta

solve certain systems of linear matrix differential equations in unknown matrix-
valued functions X,Y : {1 — M, (C).

Theorem 3.1. Assume that DB = HD, AC = CG, FH = BF, GE = EA.
Then the general solution of the system of nonhomogeneous coupled linear matriz
differential equations:

X'ty = AX()B + CY()D+T(1),

Y'(t) = EX(OF + GY(1)H + V(1) by
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is given by

Vee X(t) = elt=0XBTOA (B | (2 — t5)2 M) Vee X (tp)
+ (¢ — to) (Ea2((t — t5)2M)) (DT ® C) Vec Y (to)
+ (Fa((t — t)2M)) + Vec U(t)
(= t) (Baa((t=10)>M)) (DT & C) + Vec V(1) },
Vec Y. (t) = et-0)HTO0) [ (4 _ 4 Y[ Byg((I Z40)2N) (FT & E) Ve X (t)
+ (E2a((t — tg)*N)) Vec Y (1)
+ (8~ to) (oo (™ t0)2N)) (FT © E) #Vecl(t)

F(Eza((t - t0)>N)) + Vec V() },
(3.2)
where M = (FID)T & CErand N = (DF)" @ EC.

Proof Using Lemma 2.3, we can transform the system (3.1) into the vector

form;
Vee X'@)] | BT @A DT & C'| [Vec X(1) VecU(t)
Vec Y'Y | FTo E HTE G | |VecY(t) Vec V(t)|
BT DT
Let us denote P=[ 6944. HT?‘E)G} and Q:J' FT%E ?CJ L

Fram (1.3), this system has the following solution:

Vec X (1) ACAS ! Vee X (1) 4 et 015 eal/(t)
Vee V()| Vec Y (ta) VecV(t) |’

where S=F + (). Now, we will compute €®. Since DB = HD, AC = CG,
FH = BF and GE = FA, by Lemma 2.3 we have PQ = QP. From which
it Follows from Lemma 2.1 that e® = eP12 = ¢Pe? By expanding the power
series of matrix exponential, we have

eBleA ] J

»
0 Het

e =

By Lemma 2.2; we have

N2 [ By (M) (I 2(M)) (DT &) ]
T BaoN)) T @ E) Ean(N) :

Thus
wi = =T P4 0 [ 5 (M) (Eza(M)) (DT @ C) }
0 TG [ (B o(N)) (FT @E) <Fy 1 (N)
_[eB oA m vy 22 eA(E, o (M) (DT & C)
eHTOC (L, (NY(FTEE) e 0By, (V) '
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Denoting

Ry = BTN, (11— 40)2M),
Ry = =t BTOA) ;40 (Ey»((t — 10)2M)) (DT © C),
Ry = el—tMHTOE) (4 _ 40) (B, o((t — ta)2N)) (FT © E),
Ry = et wNHISOVE () _ 1 JFN;

we obtain
elt=t0)8 Vee X (1) - Ry Ral| [Vec X(tg) Py Ry Vec X (ty) + £ Vec Y(to)
Vec Y (tp) Ry Ry | VecY () Ry Vec X(tp) + Ry Vec ¥ (tg)|
We also have
(t-to)s, VecU(t)] — B R > VecU(t)} - [Ry+VeeU() + Rz + Vec V(1)
N VecV(t)] | Ry Ry |VecV(t)|  |Rs+ VecU(t)+ R+ Vec V()]

Therefore, the general solution of (3.1) is given by (3.2). O

Corollary 8.2. Assume that DB = HD, AC'= CG, FH = BF, GE = EA.
Then the general solution-of the system

XAty = AX()B + CY ()D;
Vi) = EX(OE + GY (HH
is given by
Ve X (1) = @@ BLO (B (1= )2 M) Vet X (to)
+ (b= to) (Bya((t — ta)* M)} (DT & C) Vec ¥{lp),
Ve Y (1) = e T OON (4 L 4 YIB S((1< 15)2NY) (FF 6 B Vee Xi(to)

+ (B2 ({t = 10)2N)) Vec Y (to) |
3.3)
where M = (FD)T @ CE and N = (PF)T @ EC.

Proof. Put U(1) = V(1) =01n (3.2) and then use Lemma 2.3, [}
The next result was firstly established in [1].
Corollary 3.3. The general solution of the system
XU(H) = AX()B +CY @)D+ U (1),
Yit) = CX () D+ AY (1) B+ V()
under the assumption that AC = CA and BD = DB, is given by

I

(3.4)

Voo X (). —e = DEBTODL ook I, Vee X (tg) + sinh I Vee Yi(fy)
+ cosh L + Vec U(t) + sinh L + Vec V() },

Veo Y (1) =~ WBT@A) [ 5inh T, Vee X (ty) +cosh [ Vec Y (ty)
+sinh L + VecU(t) 4 cosh L + Vec V() },

(3.5)

7
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where L = (t — t)(DT @ ©).
Proof. Pt E=C, F=D,G=Aand H = Bin (3.2), and use Lemma 2.3. O
The corresponding homogeneous system of (3.4) is given by
X'(t) = AX(H)B +CY (1)D,
Y'(t) = CX@)D + AY (t)B.
I AC = €A and BD = DB, then the general solution of (3.6) is reduced to

(3.6)

Vee X (1) = o @ ETOAN aogh [ Vec X (tg) +sinh L Vec Y (t0) },
VoY (1) = el 0MBTOA Gl T, Ve X (to) + cosh LiVeeY (to) ).
This result was firstly obtained in [5].
Corollary 3.4 The general solution of the system

X(t) = AXHB+CY () +U),
Vi) = EX(@), '+ GY (OB + ¥()

under the condition-AC = CG,GE = EA, is given by
Vee X (1) =e®-iB o i { (Bay (KD} (to) 4 (t=to) (Eaa(K: ))m’ua)}
e AN ESNHT, @ By (1)) + Veoli(t)
Fbie (- t)(Baa(K0)C) v Vec V(D ],
Vec¥ (1), = ol B100) Ve {1~ ta) (Bo oK) X (to) + ( Bar{ )Y {to) |
et BB (1 @ (1 1) (B (K2))B) + VecU (1)
+ (I © B (Ka)) s Veo V(D) |
where Ky = (t—15)?CE land Ko = (t —1#)2EC.
Proof. PutH = B, D =# =1, in (3.2) and then use Leammas 2.3'and 2.4. O
Corollary 3.5. The general solution of the system
X'(1) = AXOBL Y4 U@,
Y'()) = <X + AY (DB + V(b
is gwen by
Voo X(8) 2 e~ 0B @AM coh (171 4, Weo X (ko) +8inhi(f — to) Vee ¥ (ko)
+ cosh(t — tp) (Ine + Vec U(t)) 4=sinh(t — to) (L + Vec V(1)) |,
Vec V()= et~/ BT@ANginkift — 15) Vo X (tg) + cosh(t — to) Vee Y (L)
+ sinh(t — i-u)U,,n # Vec U(t))] + cosh(t — to) (1,3 + Vec V(t)) }
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Proof. Put € = D = I, in (3.5) and then use Lemma 2.3. |
Corollary 3.6. The general solution of the system

X'(t) = AX(O)B+U(®),
Y'(t) = EX(W)F + GY (1) H + V(1)

under the condition FH = BF and GE = A, is given by

Vee X ()= =B ETOA Voo X (tg) + T + Vec U(#) },
Vee Y(t) = el MH S0 Voo { (1 L 1) EX (H0)F +Y (to) }
el tHISE (L 40 ) (T & By« Ve U(g)+ T+ Vec V(#) .
Proof. Put C' = D = 0in (3.2) and then use Lemma 2.3, o

Corollary 8.7. The general solution of equation X'(t) = AX(O)B + U(t) is
qiven by Vec X () = e“‘"’“ﬂr@“"’{ Vee Xtg) + I « VeclU(t) }.

Proof. Put E = F = (0 in Corollary 3.6, =]

4 Unique solution of initial value problem and
a numerical example
Congider the following initial value problem associated with the system (3.1):
X'ty < AX@ELCYOD 1),
Y/(t) = EX(OF 4 CY(OH + V(5)
subject to initial conditions X(0) = J and Y (0) = K. Suppose DB = HD,
AC = CG FH = BF, GE = EA. In this case, the solution of this problem is
unique and given by
Vee X (1) = el 57N ( By 3 (2M)) Veo - H(Eaa(M)) (DT & C) Vec K
+ (B, (2 M) Yo Ve U (6 4 ¢ (Ea p(2MY V(DT @ O)i Ve V(1) ],
Vec Y (t) =700 {( By s02NY(FT & B) Vee d 4 (B (12N)) Vec K
+ H( B (P N)) (F7 € B) s Vec T o (Ba 1 (V) + Vec V()
where M = (FD)T @ CE and N = (DFY' @ EC.
Let us see a numerical example.
Example 4.1, The inttial value problem
X'(ty= AX(HB - Y(8) (0,
Yy =X () + AY()BE V()
X)) =J and Y(0) =K

9
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) 1 2 0 -1 5 =1l ... T8 i
wna=} Yoo= [t = 3]=f ],
521

—e 1 1
Iy = |2 — " )
U(t) { 1 s i] V() { cost stnat has a unique solution given by

con W wy(t) cosht + wa(t)sinht  ws(t) cosht + wy(t) sinht
Voo X{1) = couiian [w.r, (t) cosht + we(t)sinht wr(t)cosht + ws(t)sinht|’
wa(t) cosht + wy(¢) sinhé._wy(t) cosh t + wa(t) sinht}

Py — W
PEY (2) = e Veo Lt'g(t)cosht +ws(t)sinh ¢ ws(t) cosh t + wr(t) sinh ¢

OB\ | 2
RN
e W ST o
~31 30

wylt) = :,(5 — &%), wo(t) = 31, wg(t)= —14 1, wy(t) = %(1 4 et),
ws () = 14-¢, we(t) = U+ sing, wr(t) = 1 —cost, wg(t) = ~§(1 + cos 2t).
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