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Chapter 1

Introduction

1.1  Research Motivation

The fixed point theorem based on the contraction principle is studied the
existence and uniqueness of the solutions. In the past few decades, many mathe-
maticians have created the convergence theorem to find the solution of the fixed
point problem. This makes the fixed point theory developed extensively and apply in
various fields as well such as mathematics, economics, physics, engineering, optimiza-
tions, and computer sciences, etc. Foran interesting example, equilibrium problem
or variational inequality problem are fundamental concepts in the field economics,
engineering, physics, which can be transformed in terms of fixed points.

Let H be areal Hilbert space and C be a nonempty closed convex subset of

H. A mapping T of C into itself is called nonexpansive if
Tz Tyl< |z —ylli " Vz,y€ C. {1.1]

A mapping T is said to be s-strictly pseudocontractive if there exists a constant « € [0,1)
such that

(T = Tyl s te— yl*+ sl =Dz ~ T - Dyl Vz,y € C.

Note that the class of s-strictly pseudocontractions strictly included the class
of nonexpansive mappings. It is well-know that (1.1) is equivalent to

l—&
|

3 I — Tyx— — Tywl?, Yz yElD(T).

(Tr = Ty.x—y) <|lz— yH2 »

Remark 1.1.

i) It is well-know that I —T'is 1==-inverse strongly monotone mapping.

i If T:C — C be k-strictly pseudocontractive with F(Z)# 0, then F(T) =VI(C,I-T),

See more detail in [8]

Throughout this paper we denote F(T) is the set of fixed points of T (i.e,
F(T)={z € H: To~x}.
A mapping A of C into H is called a-inverse strongly monotone(see [10]), if

there exists a positive real number a such that
(x —y, Az — Ay) > of|Az — Ay|*, Vz,y€C.

If (x — y, Az — Ay) > 0, a mapping A4 is called monotone operator.
Let F: C x C — R be a bifunction. The equilibrium problems of F is to find
z € C, such that
F(z,y) >0, VYyeC. (1.2)



The set of solutions of the equilibrium problems is denoted by EP(F). Many prob-
lems in physics, optimization, and economics are seeking some elements of EP(F),
see more detail in [6, 5]. Over decades ago, there are many researches studied the
equilibrium problems, see, for instance [7, 8, 12]
Let B : C — H. The variational inequality problems is to find a point u € C
such that
(Bu,v—u) >0, YveC. (1.3)

The set of solutions of the variational inequality is denoted by VI(C, B).
Numerous problems in physics, optimization, minimax problems , game theory, the
Nash equilibrium problems in noncooperative games reduce to find element of (1.3),
see more detail in [11, 12].

By modification of (1.3), Kangtunyakarn introduce the combination of varia-

tional inequality problemswhich is to find a point z* € € such that
@ — z* (aAF (1 —a)B)z*Y >0, Vg€ Crac (0,1) (1.4)

The set of all solution-of (1.4) is denoted by VI(C, a4 + (1 —a)B).
If A= B, VI(€,aA +(1= a)B) reduce to VI(C BY.

So, He proved a strong convergence theorem for finding a common element of
the set of fixed point problems of infinite family of strictly pseudocontractive mappings
and the set of equilibrium problems and two set of variational inequality problems as

follows;

Theorem 1.2. Let C be a closed convex subset of Hilbert space H andlet F: CxC = R
be a bifunction satisfying (A;) — (44), let 4,5 : C — H be « and B-inverse strongly
monotone, respectively. Let {T;}52, be ;=strict pseudocontractive mappings of € into
itself with & = supienwi and let p; = (ad, a3, af) € IxIxIywhere I ={0/1), o +oj+ad =1,
o +od <b<1,and o, o, 0l e, 1) forallj =12, ... Fonevery'n € N, let S, and
S-mapping generatedboyT5, 0.0, Ty and pn, pr=1i5 pr@nd Ti Fy—q, ..., and pn, -1, .o
respectively. Assume that F.=", F(T:)) NEP(EYAVI(C,A)NVI(C,B) # 0 and let
{z»} and {u,} be generated by z;,u € C and

F(unay) = %(y — Up, Un — ‘T"ﬂ) 2 0$ Vy & C*

(1.5)
B = gl = VS P (I gt (1 — a)B))un, Vn > 1,

where a,,.a € (0,1),0 < v < min{2a,23} and {r,} C [b,c] C (0,min{2a,23}), satisfy the
following conditions:
@ lm a, =0, Zaﬂ = 00,

n—>00
n=1

oo oC

(ii) Z |tn 1 — | < 00, Z [Ppt1 — Tml| < 00,

n=1 n=1



(iii) Za? <58,
n=1
Then, {z,} and {u,} converge strongly to =z € F where z = Pru.

The purpose of this research is divided into the following; First, we present
a method for solving the variational inequality problems and equilibrium problems
and we utilize our main theorem for the numerical example. Secondly, we present a
method for solving an equilibrium problems and fixed point problems of finite fami-
lies of nonexpansive mappings and strictly pseudo-contractive mappings. Thirdly, we
apply our main result to prove a strong convergence theorem for finding a common
element of the set of fixed point problems of strictly pseudocontractive mappings

and a convergence theorem involving minimization problems.

1.2 Objectives of the study

1) To prove a strong convergence theorem for finding a common element of the
set of solutions of the variational inequality problems; the set of solutions of an

equilibrium problems.

2) To prove a strong convergence theorem for finding a common element of the
set of solutions of ‘an equilibrium problems and fixed point problems of finite

family of nonexpansive mappings and strictly pseudo-contractive mappings.

3) For apply our main result to obtain a strong convergence theorem for finding a
common element of the set of fixed point problems of strictly pseudocontractive

mappings and a-convergence theorem involving minimization problems.

4) To give numerical example for our results to compare converge of them.

1.3 Scopes of the study
1) Study equilibrium preblems in real Hilbert space.
2) Study variational inequality problems in real Hilbert space.

3) Study the fixed point problems of strictly pseudocontractive mappings and a

convergence theorem involving minimization problems.

4) All strong convergence theorems are considered and proved in a real Hilbert

space.

1.4 Benefits of the study

1) To obtain new tools for fixed point problems on real Hilbert space.



2) To obtain a strong convergence theorem for finding a common element of the
set of solutions of the variational inequality problems, the set of solutions of an

equilibrium problems.

3) To obtain a strong convergence theorem for finding a common element of the
set of solutions of an equilibrium problems and fixed point problems of finite

family of nonexpansive mappings and strictly pseudo-contractive mappings.

4) To obtain a strong convergence theorem for finding a common element of the
set of fixed point problems of strictly pseudocontractive mappings and a conver-

gence theorem involving minimization problems.

1.5 Research methodology

1) Study advanced topics in fixed point theory for a strictly pseudocontractive map-
pings.

2) Study background in a real Hilbert space.

3) Collect and study research papers and textbooks concerning fixed point theorem.

4) Determine the objectives and scope of the research.

5) Produce tools for a strong convergence theorem of fixed point problem.

6) Prove a strong convergence theorem for fixed point problems in a real Hilbert

space.
7) Provide examples and applications.

8) Conclude theresults, make suggestions for further works and write the thesis.



Chapter 2
Preliminaries and Literature Reviews

The purpose of this chapter is to collect lemma, definition, theorem and ter-
minology for used throughout of the thesis.
2.1 Fundamental properties in Hilbert spaces

Definition 2.1 (Strong convergence [13]). A sequence {z,} of vectors in an inner prod-

uct space K is called strongly convergent to a vector z in K if
o il S, 0,

Definition 2.2 (Weak convergence [13]). A sequence {z,, } of vectors in an inner product

space K is called weakly convergent to a vector z in K if
(@) = (@, y) 85 n — oo foreveryy € K.

Theorem 2.1 ([13]). A strongly convergence sequence is weakly convergence (to the

same limit), that is, 2, — 2 implies o, —a.
Remark 2.2 ([14]). If z,, = 2 and z,, — y, then z = .

Theorem 2.3 ([14]). Let H be a Hilbert space and let € be a nonempty closed convex
subset of H. Suppose that {=,} ¢ € and &, — z. Thenz € C.

Definition 2.3 ([14]). Let H be a Hilbert space and let G be a nonempty closed convex
subset of H. Let f be a function of € into{—oc, ], where (—oo,0] = RU {oc}. Then,

f is called lower semicontinuous-if for any a & R, the set
{£ €C: f(z) < a} isiclosed.
Moreover, f is called convex if forany z1, 7, € C and t € (0,1),
ftzy + (1 —t)x2) < tf(z1) + (1 — 8} f(22).
Similarly, f is said to be concave if for any 2,1,z € C and t € (0,1),
fltzr + (1 = t)z2) > tf(z1) + (1 — t) f(22).

Theorem 2.4 ([14]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C into
(—00,00]. Let {z,} be a bounded sequence in C such that z,, — z¢. Then

f(zo) < liminf £ (z,).

n—o0



Lemma 2.5 ([15]). Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
qguence {u,} C H with u, — u, the inequality
lirninfuun —ul < UrT_W)ianuT, — |

holds for every v € H with v # u.

Theorem 2.6 ([14]). Let {a,} be a bounded of real numbers. Then, there exists sub-

sequence {a,, } of {a,} such that

a=lmsupa, = im ap,.
1—=00

n—oo

Similarly, there exists a subsequence {a,,} of {a,} such that

7= Lipviefemtic T
Jj—roo

n—o0

Remark 2.7 ([14]). Let H be an inner product space. Then we know that the following

(i) and (i) are equivalent:
1) (i) H is complete,

2) (i) each bounded sequence {z,} of H hasa weakly convergence subsequence
{20 F BF e )+

Definition 2.4 (Metric projection [14]). The (nearest point) projection Pg from H onto
C assigns to each z € H, the unique point Pexz € C satisfying the property

z - Pezll =min |z ~yll.
i el yECHT yl|

Lemma 2.8 ([1]). Given = € H and y € C-Then Pez = y if and only.if there holds the
inequality
(z—yy—zy=0 VzeC.

Lemma 2.9 ([16]). Foragiven z € H and u € C,
u=Pezre{u—z,v—u) >0V e C.
It is well-known that P is a firmly nonexpansive mapping of H onto C and satisfies
|Pez — Pey|? < (Pex — Poy,z —y) ,Va,y € H.

Lemma 2.10 ([16]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H. Let u € C. Then, for A > 0,

u=Po(I - X)ueueVI(C, A,

where Pq is the metric projection of H onto C.



Lemma 2.11 ([3]). Let {s,} be a sequence of nonnegative real numbers satisfying
Spt1 < (1 = Q’n)sn + dp,Vn > 0,
where a,, is a sequence in (0,1) and {6,} is a sequence such that

(1) iiian = oo,

(2) imsup,_, ., 4> <0 0r 3272, |8 < oo.

Then, lim; o0 sn = 0.

Lemma 2.12 ([3]). Let {s,} be a sequence of nonnegative real number satisfying

Sp4+1 = (1 = an)sn + anfn; Vn = 0,

where {a,}, {3, } satisfy theconditions

(1) {an} C [0,1], ia = o0,

nel

(2) imsup By £0 0or™ Y |ctaBnl Koo

n—roo =1

Then lim s, = 0.

n—3>00

Lemma 2.13 ([7]). Let ¢ be a nonempty closed convex subset of a real Hilbert space
H and let A, B : C —» H be a and p-inverse strongly monotone mappings, respectively,
with a, 8> 0 and VI(C, A)A\VI(C, B) # 0., Then

VI(CiaA+ (1 a)B) = VI(C, A) [\ VI(C,B), Vae(0,1).

Furthermore if 0-< v < min{2a;23}, we have T =~(ad + (1 — a)B).is a nonexpansive
mapping.
Definition 2.5. Let C be a nonempty-convex subset of a real Hilbert space. Let {T;}/%,
be a finite family of &;-strict pseudo-contractions of C intoitself. For each j =1,2,.... N,
let a; = (ad,0d, o) € I xd xLwhere'I €0,1] and o} 4+ o) + o} = 1. We define the
mapping S : C — C as follows:

Up=1

Uy = aiThUp + adUp + o3

U, = Q%TgUl + (I%Ul + Oﬂ%[

Us = o3TyUs + a3Us + a31

N-1 N-1 N-1
Un_1 = g Tn_1Un_a+ a5  Uy_a+ay 74

S=Uy=olTnUn_1+ ) Un_1+a 1.

This mapping is called S-mapping generated by Ti,..., Ty and ay, as, ..., an.



Lemma 2.14. (See [19]) Let C be a nonempty closed convex subset of a real Hilbert
space. Let {T;}}, be a finite family of «-strict pseudo-contractive mapping of C into
C with N, F(Ty) # 0 and k = max{s; : i = 1,2,..,N} and let o; = (o, a}.ad) €
IxIxI, j=123,.,N, where I = [0,1], ] + &} + o = 1, of,af € (,1) for all
i=12,..N—-1and o} € (k,1], of € [x,1), & € [s,1) forall j =1,2,..,N. Let S be
the mappine generated by 71, ...,Ty and ay, a3, ...,ay. Then F(S) = ﬂfil F(T;) and §

is a nonexpansive mapping.

Lemma 2.15. (See [14]) The following inequality holds in an inner product space X:

Iz +ylI? < |lz]* + 2(y, 2 + ), Vz,y € X.

2.2 Fixed Point Theorems

Let X be a nonempty set and T : X — X a self-mapping. We say that z € X is
a fixed point of T if and only if T« = = and F(T) represents the set of all fixed points
of T.

Example 2.16 ([17]). 1) If X =R and T(z) =& + bz +4, then F(T) = {-2};
2) If X =R and T(z). £72%> z, then F(T) =\{0;2};
3) If X = Rand T(z)==2+2,then F(T) =¥;
4) If X =Rand T(2) =z, then F(T) = R;

Theorem 2.17 ([14]). Let H be a Hilbert space and let € be a nonempty bounded
closed convex subset-of H. Let T be a nonexpansive mapping of C'into itself. Then

T has a fixed point in C.

Theorem 2.18 ([14]). Let H be a Hilbert space and let C'be a nonempty closed convex
subset of H. Let T be'a nonexpansive mapping of € into itself. Then F(T) is closed

and convex.

Lemma 2.19 (Demiclosedness principle [18]). Assume that T is a nonexpansive self-
mapping of closed convex C subset of a Hilbert space H. If T has a fixed point, then
I —T is demiclosed. That is, whenever {z,} is a sequence in C weakly converging to
some z € C and the sequence {(I — Tz, } strongly converges to some y it follows that

(I - T)z =y. Here, I is the identity mapping of H.

2.3 Equilibrium problems and generalized equilibrium problem in

Hilbert spaces

The equilibrium problem provides us a natural to study problems arising in
economics, finance, minimization problems, Nash equilibria in noncooperative games

and certain fixed point problems.



Let F: C x C — R be a bifunction. The classical equilibrium problem for F is

to find u € C satisfying the following inequality
F(u,v) > 0,Yv e C. (2.1)

We use EP(F) to represent the set of solution of (2.1).

Let the bifunction F satisfy the following conditions for solving equilibrium problem.
(A1) F(u,u) =0 for all u € C;

(A2) F is monotone, i.e., F(u,v) + F(v,u) <0 for all u,v € C;

(A3) For each u,v,w € C,

lim F (tw+ (1 — t)u,v) < F(u,v);

t—0+

(Ad) For each u € C,v — F(u,v) is.convex and lower semicontinuous.

Example 2.20. Let F:R xR — R be defined by
Fla,y) = g2+ 2xy L3¢ Vz,y R

Then a bifunction F satisfies the condition (A1)<(A4) and 0 € BP(F).

Solution. Let z,y,z€ R. Since
(AR e at ol A& ¢ 4 1)
thus we obtain (A1) holds. Next, observe that
F(z,y)+F(y,2y= (224 20y 3y*) + (17 + 20y — 32%) = =22 $4ay —2° = —2(x —y)* < 0.
This implies that F satisfies (A2). Let t € [0,1]. Consider

lim Ftz+(1=t)zy) = Um [(BeF(Lt)z)? +2(t2+ (1+ 1‘) B)Y—37°| = 23+ 28yF 3y* = F(z,y).

t—0+ t—0t

Therefore, (A3) is true. To show (Ad), first let a e (0,1). Then we derive that

Flr,oz+ (1 —a)y)

= 2% 4 2z(az + (1 — a)y)y=3(az4{(L—a)y)?

=22 + 2azz + (1 - a)2zy — 3(a?2% + 2a(1 — @)zy + (1 — a)?y?)

< 2% 4 20z + (1 — a)2zy — 3(c22% + a1 — @) (2% +9°%) + (1 — @)%y?)

=a (2’ + 22z - 3(a’ + (1 — a)2”)) + (1 — ) (J:°+29:y 3(ay® + (1 — a)y?))

= a (2% + 22z — 32%) + (1 — a) (2 + 2zy — 3y?)

=aF(z,2)+ (1 —a)F(z,y).

Hence F is a convex function. Let {y,} C R with y, — y as n — co. Thus we get

[In F(z,ym) = llm z? + 2zy, — 3y2 = 2% + 2zy — 3y°. (2.2)
n oo

This yields that F is lower semicontinuous and (A4) holds.
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In 1994, Blum and Oettli [5] proved the following existence result:

Lemma 2.21 ([5]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of C x C into R satisfying (A1)-(Ad). Let » > 0 and z € H. Then, there exists

z € C such that
1
F(z,y)+;<y—z,zf:r) >0,y eC.

Lemma 2.22 ([6]). Assume that F: C x C — R satisfies (41) — (44). For r > 0, define a
mapping 7, : H — C as follows:

Ty (z)={2€C: F(z,y) + %(y —z,z—x)>0,Vy e C}
for all z € H. Then, the following hold:
1) T, is single-valued;

2) T, is firmly nonexpansive, i.e., for any =,y € H,

1Tn(2) = T < (T (=) = T y) 2=y) ;

3) F(T.)HEP(F)

4) EP(F) is.closed and convex.



Chapter 3

A Theorem for Solving Equilibrium and Variational

Inequality Problems

In this chapter, we prove our main result and utilize Theorem 3.1 for the nu-
merical example.

Now,we prove a strong convergence theorem for finding a common element
of the set of solutions of the variational inequality problems, the set of solutions of

an equilibrium problems.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2,...,n, let Fz* C x C — R be a bifunetion. satisfying (4,) — (44). Let
AB:C— H be a and s-inverse strongly monotone respectively with F = VI(C, A) N
VI(C,B)n ﬂ EP(F;) # 0. Let sequence {z,} and {u}} generated by u,z; € C and

i=1

1 ]
Fi(uiv) + — (v —ul i, = 2,) >0, forallve C and i =1,2,..., N,

’" N[ (3.1)
Tnt1 = ntl H B PET = MaAsk (1 - a)B))zn+ ¥ Y . Bauy for all n2 1,

=1
where {a,},{8.}.{7:} C [0, 1]} with an + B+ = 1 for alln € N and e €(0,1).
Suppose that the following conditions hold :
(i) Um @, =0 and Zun =L oop

n—oo
n=1

(i) B,y &lefdl e (0,1), ¥n N,

N
(i) > a; =1, where a; > 0 foralli=1,2,<.N,

i=1

(iv) 0<a<r, <bforalln eN,

(V) A € (0,2n), where 5 = min{ea, 4},

) o0 oo
(V|) Z ‘CinJrl - an.l < 00, Z ‘ﬁn-‘-l - .Bn| < 00, Z h’n-l—l - "Yn| < 00.

n=1 n=1 n=1

Then {z,} converges strongly to zy = Pru.

Proof. We will divide our prove into 5 steps.
Step 1. We will show that the sequence {z,} is bounded. Since

Fi(ub,v) + TL( —ub,ub —2,) >0, foralveCandi=1,2,...,N.
By Lemma 2.22, we have u;, =T (zv) and EP(F;) = F(T} ), forall i =1,2,...,NV.
N
Let z e F=VI(C,A)NVI(C,B) nﬂEP
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By Lemma 2.13 and Lemma 2.10, we have

= VI(C‘,aA ehlfl s a)B) - F(PC(I = WA = a)B))).

From Lemma 2.13 and nonexpansiveness of T , we have

N
zn+1 — 2l =llanu + BpPe(l — AMaAd + (1 — a)B))zn + Tn Z aiuy, — ||

i=1

a;(uy, — 2)]|

[¥]&

San|u - z|| + Bl Po(I = A(aA + (1 — a)B))zn — z[| + 1l
1

25

Sanllu = 2| + BullPe( = Aad + (1 — a)B))zn — 2|l + 1 ) ail| T}, (zn) — 2|

i=1
<apllu - z|| + Bn||Zg= z” =" 7'71”3;1': = ZH

=0 ||u — Z“ I — o )||zn <l (3.2)

Putting M = maz{||u—z||, |lz1 — z||}. From (3.2), we can show by induction that ||z, —z|| <
M, ¥n € N. It implies that {z,} is bounded and so is {u}, } forall i =1,2,..., N.

Step 2. We will show that LLm | Tr1 = 2l = 0:

Putting D = aA +(1 —a)B, T#aoé (0,1). From difinition of z,,, we have

N
||:I-'n.+1 N QT”” :Haﬂu P 6HPC(I = AD}-IN = Tn Z a-1.u:,{; 7>, Oy }fjn—lPC'(I -3 )‘D)In—'l
=1

N
y~Ag—1 Z agty, Lol
i=1

Slan i Q’n-lHl“‘H e ﬁ'n.Ha*‘ﬂ = l"anH + [ﬁn = anl‘HPC’(I g )‘D)wukl H

N N
A —Qn]l Zl’liu;_l I 7 Z G'?'“Uil g uiz—l - (3.3)
i=1 F==
Since ul, =T} z,. By difinition of 7! | we have
: 1 ; '
Fi(Thonv) i (v = T, @, Ty, 2~ 25). > 070 e C. (3.4)

Similarly

(U ~ ¥ $?i‘+1:T;n+]xn+1 — &npy1) = 0, Vo EC. (3.5)

Tn+1

Fi(T:nH-ﬂTn-{—l: U) Sk

Tn+1

From (3.4) and (3.5), we obtain

FlTE w0 TE, pa) + %(Tjwmm ~ TF 2, T B~} 2 0 (3.6)
and
P B 1ha) + TIH(T;""_:E” —TF BTy B —Tneg} = 0 (BT
By (3.6) and (3.7), we have
1 1 1

i 1 . i i i
';"(TTM_I Tnt+1 — Ip, Zny Iy Zn — Tn) + (T,,.” In — T?”n+1 Tn41; Trn_'_lmﬂ-‘rl —Bpp) = 0
T

Tn+1



13

it follows that

Tr“+1xﬂ+1 — Tn41 T;TLZ“ — T

TS e —T¢ 5 > 0.
< TN g1 n+1ls 7"n+1 ™ ) =
This implies that
<T’:n+1$"‘+1 —T.:,'ﬂ.rn, T;ﬂ.’l’)n —T:n+]$ﬂ+1 +T:ﬂ+]$ﬂ+1 —yn— r—n(T;n+1$n+1 —1'1,_4_1)) 2 0 (38)
n+1

It follows that

HT:"HQ?”+1 o 1'11.“2 S(Tf

Tn Tntl

Tn

i i i
Tn+1 — TrnlevTrn+1$??+1 —ITn — (Trn“rnﬂ = B4 )}

Tn+1

. ; r :
i i n i '
—{T.ﬂ+13311+1 - Tr“-rnu Tn+l — T + (1 - )(T Tn+1 — -In.+1}>

T??+] Tn+l
. . r ;
ST,y 2ns = Tzl — @t (1= T2 (T, 2 = 2
mn
SF{E{”+1$H+1 - Tinl‘nl\
r i
X (||117n+1 =Znllh ’1 7 "‘l"‘HT;n+1il7n.+1 = Tn+l I)
Tn41

=I|T:,,+1 Tng1 — T;n 3-’11“

x (I$11+1 a 335;” =P

Tnt1 Irasr T"-H|T1fn+1$"+1 - wWHI)
"
S”T‘:n_‘_l:ﬂﬂ'Fl J Tft:"-rn”
1 i
X H-’rn+1 — Tn ” 2 Elrn-!-l % 7‘11HiTrn+lIn+1 — Tn+l H . (39)
It follows that
i 5 1 )
n+1 Tl n+1l. T dn i S e 1 Lo+ 1 .
f|u || )z 2 ralllu T+ 1 (3.10)

Substituting (3.10) into (3.3), we have

”wn+1 - 31'11‘” Sin'n = (y?,,lmu” . ﬁn”zﬂn - mn—l” =k |lf3)n — Bn—1 HlPC(I y )\D)a:n—l ”

N N
+ |0 i | H Z @ity g ‘ e z agljuy, —an, 1]
=1 i=1

S|("n - un.—lHluH =+ ﬁ’.‘}llxn = mn—l” an rﬁn - .‘gn—IIHPC(I - AD)-l"n.—IH

N
Bl h’n = 711—1|H E a”iu:;‘_l H
i=1

N

1 i
+ n Zai (Ixn = In—i” + E|7'n = 7‘%-—1”‘“’5 = In”)

i=1

=|O’n o an—ll”“” + (1 i O’n)H:Eﬂ - xn—l” O¥ Iﬁ'n - ﬁn—lHlPC'(I - ’\D)w11.~1 ”

N ~ N
Flhi = 'Y'n-liH > ey H + = rnoa] Y aillul, — 2|
i=1 a i=1
<|ovp — 1| My + (1 — an)||lzn — Zn_1]|

+ 1B = Bt | M1 + |fn = Yno1| M1 + %m — Py My, (3.11)
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where M; = max

Zaiuun $‘-"-"|}

By (3.11), Lemma 2.11, and condltlons (i)- (V|) we obtain

le lEhsa — 24| = 0. (3.12)

Step 3. We will show that lim |[u, — z,|| = 0 and lEn |Pc(I — AD)zy, — z,|| = 0, where
n—o0 n—oo
D =aA+(1-a)B, Ya € (0,1). Since u}, = T} z, and T} is a firmly nonexpansive

mapping, we have

|z — T nfn ”2 ||T,i e TfnanH2

IA

(T,fnz - Tf:n Ty 2 — L)
1 ; .
= 51T,z — 2l + lzn — 2| = T} zn — za||?).

Hence
llur, — 2|2 < lenl + 2112 ~ M, — zall% (3.13)

From Lemma 2.13,(3.13) and definition of z,;, we have

|Zn+ 82|12 =Ha”(u = 2+ B (Pc(f — Ay, — z) + n ( i aiul, & z) :
j=1

12

N
Lo ||lu= 7| Bt Ballzn — 2”2 + H Zaiu:w =7
i=1

Saﬂ”u T ZHZ +f6nH3’n X ‘7”2 + ’)‘nzaiﬂﬂi e 2“2

i=1
N o
<ay|u = 2”2 + Bl = sz + n Z ai(||@n |= 2“2 — ||k~ S%HQ)
i=1
N
<ap, [|p= sz + ”Iri il 2“2 & Vn ZC’-J‘-HU:: 7 ‘T?’?HE‘
A=

It implies that

N
T Y aillul, — s allice 2l + l|zn — 2% = |Zns 1\ AP
i=1

<ap[[r=zP+zn=zl=lTree=]) (lzn — 2| + llznt1 — 2]
<an|u—z|? + |zn — Zas1ll(|zn = 2| + [|Zne1 — 2]). (3.14)
By (3.12) and condition (i), we have
nlLrgo lui — zp|| = 0, forall i =1,2,..., N. (3.15)
From nonexpansiveness of P., we have
IPc(I = AD)zn — 2|* =||Pc(I = AD)zn — Po(I = AD)z|®
< = AD)zp, — (I — AD)z|?
=||tn — 2 — MDayn, — D2)|
<||zn — 2||* = 2X{zy, — 2, Dzy, — D2) + | A(Dz,, — D2)|. (3.16)
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For every a,y € C, we have

(Dz — Dy,x — y) = (aAz + (1 — @) Bz — aAy — (1 — a) By, z — y)
= (a(Az — Ay) + (1 —a)(Bz — By),z — )
= a(Az — Ay,z —y) + (1 — a)(Bz — By,z — y)
> aal|Az — Ay||* + (1 - a)B|| Bz — By|*
> n(al| Az — Ay||* + (1 - a)|| Bz — By||*)
> || Dz — Dyl (3.17)

Then D is n-inverse strongly monotone.
From (3.16) and (3.17), we have

|Pe(I — AD)zy, — 2|2 Sl|Zp=21— 2\ (x,, = 29Dz, =Dz) + |A(Dz, — D2)|?
<\ zn < 2|12\ 2M D2~ Dz||? + 2Rz, — Dz
=||z =N 2N Pz, =Pz || (3.18)

By definition of =, and(3.18), we have

an(u =2) + B,,_(PC(I HXD) X, ~ 2) + ’)'n.(f: @il — z) H2
=

sl 4217 =|

Sttnflu = 2”2 + fin [Hmn - ZHQ MRS = ’\)“Dﬂ:n == Dz‘lz] + v || & A — "“Hz

o o2 P e 208 = ABa 120 ) | PPz %
Hence, we have

ABn(2n = A)H-Dln - Dz”z Sa,,_Hu = ZH2 = Hx?r = 2"2 ol | P zH2

Scr,,,ﬂu & 2”2 5 ”T'r‘r T Tyl ”(“Tn - ZH + Hwn-kl - ZH) (319)
From (3.12), (3.19) and condition (i)

lim' Bz, & D2|* =0, (3.20)
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From definition of Po(I — AD) and Lemma 2.13, we have
IPo(I = AD)zy — 2|2 =[|Po(I — AD)zn — Po(I — AD)z|?
(I — AD)mwyn — (I — AD)a, Poll — AD)in— 2)
=5 (17 = AD)an = (T = AD)z|* + | Pe(I = AD)z, — |
~ (I = AD)ey — (I = AD)z — (Po(I — AD)an — 2)]2)
<5 (lken = 2I1 + | Po(I = AD)zn — 2|1
—||Zn = Po(I — AD)zy — A(Dzn — Dz)Hz)

<5 (llen — 212 + P = AD)wn — 2|

S

— |#n — Po(I = AD)anl” — ||A(Dz, — D2)||”
+ 20Z=Po(I — AD)zp, D= Dz))

<5 (lon =22 4+ |1Pe(I £ XD)ary —2|*

b=

= Hxn o PC'(I - /\D)-'L'n ”2 P 2)\H$ﬂ — PC(I = )\D)CL‘,,HHDQ,, = DZH) .
It follows that

|Pe (I ARz IR Kl — 212 (2 = PoE=XD)rn|*
Y2 zn — Po(l = AD)zyll|[ Dz, — Dzl (3.21)

By definition of z,, (3.21) and nonexpansiveness of 7;i , we have

2

an(u—z)+ ﬁn(Pc(I — N z) P ( i il — z)
1

e 21

<anfw =242 || P (I - ).D)a:n . zH2 - yallzn ~ 22

<gnllu 2R+ Blmn =2t < el = Po(h-AD)
+ 2\l —Po (I — AD)au | Dz ABHN +A4ullen — 211
<o [ 2t Bullzn 2P — Bullaw=PE(I — AD)z, |
+ 2)|%r — Po(I=XBYE, Dz, — Dz|| + vallzn — 2|
<an||w— 2|2 + |2n — 2[12 = Bullzn — Po(I = AD)zn|?

+ 2)||zn — Po(I — AD)z,|||| Dz, — Dz||.
It follows that

ﬁn-‘lmﬂ - PC(I - )\D)ﬁ«“n“z SCYHHU . z”2 + Hxn - 2”2 - “I'n.Jrl - 2”2
+ 2A||2n — Po(I — AD)zal||Dzn — D2||
<ap Hu G 2”2 +{lzn — 2| + H-Tn+1 = z”)”wnJrl = xn”

+ 2X||zn — Po(I = AD)z,||| Dz, — Dz||. (3.22)
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From condition (i), (3.22), (3.12) and (3.20), we have

Um [z — Po(I — AD)zy | = 0. (3.23)

n—oo

Step 4. We will show that lim sup(u — zp, z» — 2z0) < 0, where z; = Pru.

To show this inequality, také]gogubsequence{znk} of {z,}, such that

lim sup(u — 20,z — 20) = kLLm {(u — 20, ZTn, — 20)- (3.24)

Without loss of generality, we may assume that z,, — w as k — oo where w € C.
From (3.15), we have v}, —w ask — oo, foralli=1,2,...,N.

Assume that w # Po(I — AD)w, where D =aA + (1 —a)B.

By nonexpansiveness of Po(I — AD), (3.23) and Opial’s property, we have

lim inf ||z =@l < iminf||z,, — Po(I'=AD)|
k—o0 k— o0
<tminf (llan, = Pold = AD)au|
L \Po(I = ADYay, = Po(I—AD)w|)
<timinf e, ~wl.
This is a contradiction, then we have
we F(PC(I = )\D)) L F(Pg (I \ il a)B))). (3.25)
From Lemma 2.10 and Lemma 2.13, we have

3 (PC(I Lriad RIS a)B))) = VI(C, A [VC, B). (3.26)

From (3.25) and (3.26), we have
w EVI(CA)VI(C, B).

Since
‘ 1 —
Fi(ty,, Ol 0, ) > 0,

e T".’I
foralveCandi=1,2,....N.
By (A2), we have

1 - ,
— (v —uy, U, —xy) > Fi(v, ), Yve C.
In particular
i 1 i i
<U - uﬁ.k" T‘_(u"k - ‘Iﬂk)> z F‘i(v’unk)?
foralvecCandi=1,2, ..., N.

From (A4) and (3.15), we have
Fi(v,w) <0, (3.27)
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foralveCcandi=1,2,.., N.
Let u; := tv + (1 — t)w, V¢ € (0,1], we have u, € C and from (A1), (Ad4) and (3.27), we
obtain

0= Fi(ug, up) < tF;(ug, v) + (1 — t)Fi(ug, w) < tF;(ug,v),

foralli=1,2,..,N.
Hence Fi(tv + (1 — t)w,v) = 0, V¢t € (0,1] and Vv € C.
Letting t — 0% and using assumption (A3), we can conclude that

Fi(w,v) =0, YveCandi=12,..,N.

AT

Therefore, w € () EP(F:). Hence w € F.
=1

Since z,, — w and w € F, we have

lim sup(u — 20,87 #20) = UM (@~ 24,/zhi ~ 20) = (u =goyw — 20) < 0. (3.28)

n—o00 k=00
Step 5. Finally, we show that Li_r>n T, = zp Where z, = Pru.

By nonexpansive of Pe (I —Alad + (1 = n.)B)), we have

|\$n+1 I 20”2 -

(2 — 20) 4 By (PC (I —AaA+ (1= G)B))l'n, 'Y ZU)
N N
M 'yn(Za,,-u'T',_ - zo)
g=71 |
N .
.31-. (PC (I — )\(G,A + (1 =3 a.)B))a:n = ZO) @y, (Z a,,;u.; = ZU)
i=1

+ 2005 {u— 20, Tat1 — Z0)

2

2

b=

2

N
E : 1
a;u, — 20

B

<pB.|| Pe (I = XeA# (1= 0«}B))l’n ST "’-"I)H2 +Tn

+ 200 (u — 20, Tp+1 — Z0)

N
<Brllen =il Jn D aillats; — 20]>
g
+ 20, (u — 20, Tns1 — 20)

<Bn ”9371. = "-'0”2 + 71}"1:7:. - ZDH2 + 2ay, (u — 20;Tn+1 — 2,’0)

=(1 — a)||Zn — 20||? + 200 {u — 20, ZTnt1 — 20)- (3.29)

From (3.28) and Lemma 2.12, we obtain that {z,,} converge strongly to zy = Pru.

This completes the proof of Theorem 3.1. []
Next, we give the numerical example to support Theorem 3.1.

Example 3.2. Let R be the set of real numbers. Foreveryi=1,2,..., N, let F; : [0,100] x
(0,100] — R defined by Fi(z,y) = i(22% + zy + ¥*), Vz,y € R. Let A, B : [0,100] — [0, 100]
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N
defined by Az =3z and Bz = %, vz € R. Then VI(C,A)NVI(C,B)n | EP(F;) = {0},

i=1

Let u € C and {z,},{u}} be the sequences generated by ((1)), for all s = 1,2,...,N. By
the definition of F;, we have
. I o
= F‘i(u:vv) + T_(U - u:uu:z - 3:??)1

foralli=1,2,....Nand n e N.

Choose r, =1,

0 < Fy(ul,v) + (v —ul,ul, — zy)
= i(—2u.% + v+ v2) + (v — ) () — 2p)
= i(—?uilz + U pAv ) m.bir =VTpn — 71112 + ui,a‘,,
= (27 P’ o (i + Dub v + v Sug sl 2,

n

; ; i : ;2 Ny
=40 + (Tl < E, ) A (221 =1)ul,” + thTh,

Let G(v) = w24 (i + DT ~2)v + (=26 — Vi Fai 2.
G(v) is a quadratic function .of u with coefficient a =i, b= (i + Du!, — 2,
¢ = (—2i — Dl +'z,. Determinethe discriminant A of G as follows:

A= b2~ dac

(G + D = 22 S A2~ 1), + wli)

1

i 2 . A 4 . . P2 ! 4
AL L o 2 Al gy Al A 412 S HY N 210 B,

(AT 8220 = D))ol = - 234 )l a2

= (92 + 61 1), =2(3¢ + Dl g w2

N ((37 i 1)“;1 L mﬂ)Qv

we know that G(uv) = 0, Vv € R. Ifit has at most one solution in R, then A <0, so we

obtain

= U (3.30)
i+ 1

foralli=1,2,...N.
gl

e L — 2n+1 _ 14n-—8 | —
Pu{a“‘iﬁ’ﬁﬂi on 0 In = Tigg ")\75'6’75'

From (3.30) we rewrite ((1)) as follows:

N
1 2n+1 11 1 14n — 8 1 it Ty
el = Bl SE BT o8 e T 5§ s e B,
Tt = g+ g, Foaa (1 - 3(GA+ (1 - DB)m + T ;(3'-+N3N)31+1
(3.31)

It is clear that the sequences {an}, {8} and {7,} satisfy all the conditions of
theorem 3.1, we can conclude that the sequences {z,} and {u},} converge strongly
to 0. The table 3.1 shows the values of sequences {u}} and {z,}, where u = z; =1

and u=x; = —1.



Table 3.1: The values of {u}} and {z,} with n = N =30

20

n u=1x1=1 u=z;=-1

ul Tn Uy, Tn
1 [ 0.010989  1.000000 | -0.010989 -1.000000
2 | 0.005353  0.487120 | -0.010063 -0.915692
3 | 0.003163  0.287809 | -0.006855 -0.623774
4 | 0.002097  0.190808 | -0.004161 -0.378611
5 | 0.001521  0.138441 | -0.002498 -0.227329
15 | 0.000388  0.035350 | -0.000396 -0.036052
26 | 0.000214 - 0.019487 | -0,.000216 -0.019670
27 | 0.000206  0.018724 | -0.000208 -0.018891
28 [0.000198. 0.018018 | -0.000200 -0.018172
29 | 0.000191 —0.017364 | -0.000192 -0.017506
30 | 0.000184 - 0.016755 | -0.000186 -0.016887

(o) STE AN N B)u=21=-1.

Figure 3.1: The convergence comparison with different initial values « and x;

Next, we prove a strong convergence theorem for finding a common element
of the set of solutions of an equilibrium problems and fixed point problems of finite

family of nonexpansive mappings and strictly pseudo-contractive mappings.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foreveryi=1,2,..,n, et F; : CxC — R be a bifunction satisfying (4;) —(A4). Let {T;}}L,
be a finite family of nonexpansive mappings and let p; = (ai,al,a) € I x I x I, where
I=[0,1], i +ab+ai =1, 0l +ab <e< 1l,andal,ab,of € (0,1)foralli =1,2,..., N and let
{P:}L, be s;-strict pseudo-contractive mappings of C into itself with x = sup,_, , 5 &
and letp; = (&}, o, 0%) e IxIxI,where I = [0,1], @ +a+a, =1, @ +a, < f < 1, and
oy, oy, @ € (k,1) foralli=1,2,..,N. Let S4 be §-mapping generated by Ty, ..., T3 and

PNy PN-1,..,p1 and let Sp be S-mapping generated by Py, ..., P, and By, Bx_1; - Py-
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Assume that F = ﬂ F(T;) N ﬂ F(P)N ﬂ EP(F;) # 0 and let sequence {z,,} and {u}}

generated by u, 9:1 e C and
Fi(ui,v) + Ti("u —ubut —2,) >0, forallveCandi=1,2..,N,
n N
Trna1 = ot + BuPo(I — Aa(l — Sa) + (1 —a)(I — S)))xn +Yn Z au, forall n > 1,
1=1
(3.32)
where {an},{Bn}, {1} C[0,1] with a, + B + v =1 foralln e Nand a € (0,1).
Suppose that the following conditions hold :

() lim a, =0and Z a, = 00,

n— 00
n=1

(i) Bnyyn € [erd] C (0,1), V&N,

N
(iii) Za,- =1, wheré g; > 0 foratl i =1,2,./,N,
g ]

(iv) 0<a<rqg <bforatt neN,
(v) X e (0,1),

oo oc [=<]
(VI) Z !an+1 — 05711 & DO’Z iﬁn-‘-l N :Gﬂl p 8 20, Z h‘n-‘r] T 711‘ < 00!

n=1 n=1 n=1

Then {z,} converges strongly to zp = Pru.

Proof. Since S4 and &5 are nonexpansive mapping, then I — 84, T — Sp are 3-inverse
strongly monaotone.
First, put D = a(I=54)+ (1—a)(I =Sp), Va€ (0,1). we show that D is 1-inverse

strongly monotone. Let z,y € €, we have

(Dz — Dy, z — yp=\(a(d = Sa)z +(t =a)({ =Sglz-=alf — Sa)yp~{(1=a)(I - Sp)y,z —y)
= {a((F— Sa)z— (I — Sa)y) + (1 —a)(({= Sp)# (I — Sp)y). z — y)

a{( — Il SNy, ™~ y) Lol — Sp)z — (I - Sa)y.x — y)
> aénu ~Sa)e ~ (I~ S+ (1 - )3T - Sp)z — (I = Sm)yll?
> S(all(1 = Sa)z — (I = Syl + (1 = I - Sp)a — (I = Sp)yl)
> 2Dz - Dyl (3.33)

Then D is 3-inverse strongly monotone.



22

Let z,y € C. Since D is 3-inverse strongly monotone, we have

I(I = AD)z — (I = AD)y|*> = ||z — y — A(Dz — Dy)|?
= |lz — ylI> — 2X\(z — y, Dz — Dy) + A*||Dz — Dy|?
< |l - ylI* - M| Dz — Dy||* + X?||Dz — Dy|?
= |lz — ylI> + A(A - 1)|| Dz — Dyl
< Jlz - wllI*. (3.34)

Thus, (I — AD) is nonexpansive. We will divide our prove into 5 steps.
Step 1. We will show that the sequence {z,} is bounded. Since

Fi(ul,v)+ —(v—ui,ul —z,) >0, foralveCandi=1,2,..,N.

rTl.

By Lemma 2.22, we havglee®T® (z,) and EP(F;) = P&NJor all i = 1,2,..., N.
N N N
Let z e F = | F(T)0A | F(B) N ER(F).
i=1 i=%

i=1 )
Since Pc is a nonexpansive mapping, we have Pe (I — AD) is-a-nonexpansive mapping.

By Lemma 2.13 and-Lemma 2.10, we have

2 VI(C, off - BTN I O - SB)) st Tlon 'O . V) Al B} ™)

= F(Sa) NV F(Sp)

N N
= (VFE0 ) £EB)
i=1 =1
From Lemma:2.13 and nonexpansiveness of T} , we have
N .
lzns1 = \Elewu + fuPe(I <A@l #8a) + (U= @)(I - Se))en +90 Y Jaiu, — 2|
=1

Lot —2|| + Bul[Pe@ ~Alafl— Sa)+(1 —a)(L~55)))zn — 2|
N
+ iy sai (= 2)]|
i=1
<apllu — z|| + Bn [[Peld=X(@I=S 4 )41 — a)(I — Sg)))zn — 2|
N
+ 9 il T (zn) — 2|
1=1

<om|lu — 2| + Bullzn — 2| + mllzn — ||

=ay|lu—z|| + (1 — an)||lzn — z]|. (3.35)

Putting M = maz{||u—z|, ||z, —z||}. From (3.35), we can show by induction that ||z, —z| <
M, ¥n € N. It implies that {z,,} is bounded and so is {«} foralli=1,2,...,N.
Step 2. We will show that lijn |Zne1 — za| = 0.
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From difinition of z,,, we have

N
Hwn+l = 171“ =”anu T JBH.PC(I = ’\D)xn + n Zaiui — Qp_1U — ,BnA-lPC’(I - )\D)mn—l

i=1
N
— Tn—-1 E aiu:'].—l ”
i=1

S|an . Ofﬂ—-l”‘”“ + ﬁn”In = mn—l” =+ igﬁ == ﬁn—ll”PC(I = /\D)-'En—l H
N

N
+ 1 = et Y @il + v Y ailles, — 2 - (3.36)
i=1

1=1

Since uf, = T} x,, and difinition of T}} , we have

; 1 ; ;
Fy(T: @n,v) + — (v =T} 2o, T} Tn — ) 2 0, Y0 EC, (3.37)

Tn

Similarly

Fi(T:ﬂHl'nnLl: U) I

= (o= T;i?1+11'11‘+13T11-:n+1$n+1 —xn41) =000 Vo e C (3.38)
n+1

From (3.37) and (3.38), we obtain

i ; 7Y g ;
E(Tr“mn’ﬂ-"_'_lwﬂ-«-l) g F:(T;7'+1 Tn4l — Trn$71_, T;nxﬂ 5 mn.) >0 (339)
and
Fi(Ti,,H Tn+1: T;nx'n) =+ (T:nmn Y T:“+1$1,+1, T?f"_,_l:ﬂ"n-t-] = 'T'n,+1) = 0. (340)

T+l

By (3.39) and (3.40), we have

i i AL i i i .
—T <T7’?‘n+19:n+1 = T‘r‘,, IT,..‘TTHZLW 5 .T.‘n) - —T' (Trﬂﬂ'fn o Trn+1fl'"+1.‘ T,.1'+11'ﬂ+1 y .L'n+1) > 0.
n n+1

It follows that

A )
Tq—-n+1x1l+l = Tntl T:-n In = &n

y 25 o

i )
(Trnmn ~ Trnﬂmn-«-]:

Tn+1 Tn
This implies that

rn.

0 < (T

= 7

G _ i, i o, _ i
1|+1'1:T'+1 TTn'l""TT'nIn T"”n+l

(T:n+131'711,+1 - $71+1)>'

(3.41)

. i .
Tn41 + ,.I_;,.n+lﬂf11+1 —Ip =
Tn41
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It follows that

: ; : ; T .
HT;,1+1$11+1 = T:n-ran S(T:ﬂ+]xn.+1 - T:nI?uTrn+lxn+l - - 11 (T;‘n_'_lmn—}-l - mn+1)>
n
; ‘ r ‘
=<T:n+1$,,+1 - T:nxna In+1 — Tp + (1 i 7 :1 ) (T:n_'_lzn-}-l - mn+1)>
T
2T, 2nt1 = T Zalllnss = 2n+ (1 - - . ) (T — 2z
n

S“T:“Hﬂfn-i»l - T:“:Bn“
T'n
x (Ions1 = zall + |1 = 2 |ITF, @01 = 2naa
n+
:I|T1fn+13"”+1 Tu;l??”

x| Zn| + :
x 1T —l
n—+ T ™

[7n41 *7??|HT ma1En+l T Tntl |)
+71
_“ rﬂ+1:’:ﬂ‘+l - TinmnH
1
X (|ﬂ7n+1 — Iy H + Eh‘n+1 TniHT a1 bn+l N 3’71-%—1”) . (342)
It implies that
i i ! i
““M—l - un” < st 4 || a“'n+1 =X 7‘?1]””n+1 T (3.43)
Substituting (3.43) into (3.36), we have
Hzn-&-l — Ip H S|an & | an—lHl“” = .‘6)11”-7:71 = In—l” Y I,Bn -1 Bn*‘lHlPC(] T /\D)mn—ln
+ = o [ it o Y alur— i
= Fis:1
Slan == a‘n—l”lu‘l + 511“-7-«'11 —&Tnp-1 H + Min - 6n.—1|||PC'(I = )‘D)In—l H

N
+ |'Yn . ’771.—1|H Z ai”;—l“
=1
T Yn Z a; (Hl'ﬂ — Ip-1 H SN E‘rn - 7'71—1‘“71:1, S 53??“)

=1

=‘an = Q—’n—lmun S {]- - Ofn)H-Tn = -Tn.—lH gl ‘ﬁ'n = 51:-1|||PC(I - )\D)xﬂ-wl H
N
+ i"}”n - 711—1‘” Zaiu;—l H

+ Ly = 1o 1|Za1uu ~ 2|

Staﬂ = an—llMl + (1 . Of-,—,_)“.l‘,,, — Tn-1 H

+ Bn = Bt My + n — 1| My + %pﬂn — 1| M, (3.44)

Za ul ZmHu -z}

By (3.44), Lemma 2.11, and condltlons (i)- (V|) we obtain

where M; = maXpen{|lul, [|zx|,

nkﬂ;go ||.I'n+1 = -T'H,H = 0. (345)
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Step 3. We will show that lim |luf, — zq|l = 0 and im [|Po(I = AD)zn — @l = 0,
n o0 T o0
where D = a(I — Sa) + (1 — a)(I — Sg), Ya € (0,1). Since v}, =T} z, and T} _is a firmly
nonexpansive mapping, we have
|z~ T:,,Lz”z = “T:,,Z - T:"CL'nH2
< (T;z = T:T'_mn, Z—Tn)
ooy :
= E(HT;nxn - ~||2 + ||zn — 2”2 - ”ﬂ—;mn . 3371”2)'
Hence
Hu; - z‘lz S H:E?l - ZHZ - Hu:'l - 5Un||2- (346)

From Lemma 2.13, (3.46) and definition of x,,, we have

N
| ; 2
e — 2l = o (u = 2) + Bul Pel=HD)n = 2) +7a (3 aseiy - )|
' i=1
& s 2
S anHu = 3H2 =} ;Bnlla:n \w z‘lz + In Za‘i“; g
i=1
N
< a2 2 Ballwn -2 + 0 Y aillui/ =2
=]
N .
Ly = 2] 2 Bl 212+ Zai(Hxn "2 e A\ [
i=1
N
A T IR L e N Akt 7
A
It implies that
N -
o 3 @it — zufFZ anlfu= 27 o= 27 S llE a2
i=1
<allu < 2| (|l ="2Il 7 lgair — 2)(lzn =2 2041 — 211)
< Ofn”u = 3“2 & ”In — $73+1“(H$'” = ZH + ”1'n+1 5 2“) (347)
By (3.45) and condition (i), we have
lirme|ut < &pj = 0,{dr alli'="T, 247,V (3.48)
n—ec

From nonexpansiveness of Pe, we have
|Pe(I — AD)zn — 2||* = | Pe(I = AD)zy — Po(I — AD)z||?
< |( = AD)zn — (I — AD)z||
= |l2n — 2 — A(Dzs — D2)|?
< ||zn — 2|2 = 2M(&n — 2, Dzn, — D2) + | A(Dzy — Dz)|2.  (3.49)
From (3.49) and (3.33), we have
|Po(I — AD)zn — 2||? < ||2n — 2| — 2M(Zn — 2, Dz, — D2) + ||A(Dzy, — D2)||?
< ||lzn = 2I* = A|D2n — Dz|* + A*|| D2y — D2|®
= |lzn — z||2 = A(1 = A)|| Dz, — Dz||°. (3.50)
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By definition of z,, and (3.50), we have

lnss — 2% = |

N 2
(s — 2) + B (PC(I = §D0m,, = z) + Y ( 3 ad, - z) H
i=1
< agllu - z|* + Bn [Il?«'n — 2||> = M1 = || Dzp - DZHQ] + nllzn — 2|2
< anllu — 2||* + ||lzn — 21? — ABa(1 — X)|| Dz, — D2||.
Hence, we have

ABn(1 — A)|Dzn — Dz||* < apllu — z|* + |2n — 2[* = l2n1 - z|)?

< omllu = 2|% + |20 = Tatal|(len — 2]l + llznts = 2Il).  (3.51)
From (3.45), (3.51) and condition (i)
lim ||Dan ~ Dz||? = 0. (3.52)
From definition of Po(I —AD) and Lemma 2.13, we have

|Pc(I = AD)zy — 2||> ={Pe(I —AD)zn — Po(I — AD)z|f?
LU xBade (T L NDVS Palid xD)ad = &)
1
3
LNy [ (T ND V] Pt z)||2)

(17 = XDy = (2 < ADYz(3 1P % AD)&n 212
1 2 2

<l =2)* YPoll = AD)es <]
~ | = Po{l = AD)an — MDzw = D))

<3 (lfen P UPC(T> ADJz, 32

| =

— llgn =Pl ~ AD)zy||* = [[A(Dzy — D2)|?
4 Wz P XD) bl Dz Dz))
<g(lan 22 + | Po(l - D)z P
_ ||zn =P T =AD) a2+ 2 fen = Pc(I — AD)xy ||| Dzn — Dz||).

It follows that

|Pc(I = AD)ay — 2|1* < ||&n — 2/1* = |20 — Po(I — AD)z, |
+ 2X\||zn — Po(I — AD)zy ||| D2y, — Dz|. (3.53)
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By definition of z,, (3.53) and nonexpansiveness of T} , we have

[

@t — 2) + Bn (PC(I — AD)zn — z) + %(i aiul, — z) H2
i=1

2
Saul|u_z”2+,6n PC(I"AD)SUN*ZH +'7n‘|xn—z“2

<anllu = 2|2+ Balen = 2I* = llew = Pe(I = AD)z |
+ 232, = Po(I = AD)an || D2 = D2l] +vnllan = I
<anllu = 2|2 + Bullzn = 2I1? = Bullen — Pold = AD)za
+ 2l = Po(I = AD)zallll Dan — Dzl +ullen - 2|
<allu =2l + lan — 2I* = Bullzn — Pe(l = AD)zu

+ 27|20 —Pe@=XD)z ]|Pan— Dz|.

It follows that

by,

Bullzn — oM — /\D)In“2 <iow, ||& = ZHE ks ”I?I — ZHZ —{[Zn41 — 2”“
+ 2Mlz7 + Bo(F=AD)E | Dam— D
Saﬂ‘”u > 2H2 3 (“"En. — ZH T “'T'n+1 ™ Z|DHT?1+J % .’E,,”
+ 2M| 20— Po(I— XD)z, 1Dz, - Dz||. (3.54)
From condition (i), (3.54), (3.45) and (3.52), we have

le |z = Pe(I' = XD)z,| =0. (3.55)

Step 4. We will show that lim sup(u~ 20, 2n — 20} <0, Where z; = Pru.
To show this inequality, také!_a}osoubsequence{x,,k} of {z,}, such that

lim sup{uw=zg, 2y =20) =AM (4 =2p.Z,, — 20) (3.56)

n=—o0 k=00

Without loss of generality, we may assume that z,, —w as k— oo where w € C.
From (3.48), we have v}, "= w.as k' —'og, fanall i = 1,2, V.

Assume that w # Po(I — AD)w, where D = a(I —84) + (1 — a)(I — SB).

By nonexpansiveness of Po(I — AD), (3.55) and Opial’s property, we have

liminf||z,, —w| < liminf||z,, — Pc(I — AD)w||
k—o0 k—o00
< iminf (||m,,,k . BT = A | £ | P Dty — FiglT— )\D)wH)
1 —$00

< liminf||zn, —wl.
k—oo
This is a contradiction, then we have

we F(PC(I - )\D)) - F(Pg (I — WalT— B+ B — e~ SB)))). (3.57)



From Lemma 2.10 and Lemma 2.13, we have
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F(PC(I  MGE 8} £~ — SB)))) =VI(C,(I-84))(\VI(C, (I - SB))

N
F(T)n [ F(B).

1 =1

N
i=

From (3.57) and (3.58), we have

N

N
we [F(T)n () F(P).

i=1

Since

i i P
F,-(u;,.v) + _'<U - ":H”;m . I”) 2 0:
Tn

forallve Candi=1,2,..,0
By (A2), we have

1 - .
— (=, = @n) > Filvsug), Yo e C.

Tn "
In particular
: i A .
QAR PR Sy TR )

g

forallvec and i=1,2....,N.
From (A4) and (3.48), we have
Fi(v,w) <0,

for all v € € and i =1, 2. 7V,

(3.58)

(3.59)

Let w, == tv +(1 — t)w, ¥t € (0,1], we have u; € C and from (A1),(Ad) and (3.27), we

obtain
0 = F;(ug, ue) < tF;(up, v) +(1 — ) Fy(up, w) < tF;(ugv),

foralli=1,2,.. %"
Hence F;(tv + (1 — t)w, v).> 0,¥t-€ (0,1] and Vv € C.
Letting ¢+ — 0T and using assumption (A3), we can conclude that

Fi(w,v) >0, YveCandi=1,2,..N.

N
Therefore, w € (| EP(F;). Hence w € F.
i=1

Since z,, = w and w € F, we have

lim sup{u — 2q, z, — 20) = r.“m (u — 29, Tn, — 20) = {u — z0,w — 29) < 0.
v — 00

n—oc

Step 5. Finally, we show that ﬂlilrgo z, = zp Where zy = Pru.

(3.60)
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By nonexpansive of Pe (I —XMa(l —=84)+ (1 —a)(I - SB))), we have

”-Tn+1 - zU“ =

an(u— 20) + Bn (PC( Aa(l —Sa)+ (l—a)(I—SB)))rEn—zo)
N 2

+ Y (Z a;uy, — ZD)
=]

<[ (Pc(f ~ MalI = 8a) + (1= a)(I - $5))) — zu)

& 2
+ Tn (ZGWL - z0>
i=1

+ 200, (U — 20, Tnt1 — Z0)

2

<Bn PC(I — MlalT — 8] +i ~wilZ ~ SB)));C,,_ —_
N 2
+ Yn Z afufl =g ([ F 20, (T=2pTr%2.— 20)
=1
S(l y an)”mn = ‘2"0”2 X 2“??(” T 20, En+1 — z())- (361)

From(3.60) and Lemma 2,12, we have {z,} converge strongly to z, = Fru.

This completes the proof of Theorem 3.3. []

Next, we prove a strong convergence theorem for finding a common element
of the set of solutions of an equilibrium problems and the set of fixed point problems

of nonexpansive mappings.

Corollary 3.4. Let ¢ be a nonempty closed convex subset of a real Hilbert space H.
For every i = 1,2, .., ny\et Fi: C x C — R be a bifunction satisfying (A1)~ (44). Let T, S

be nonexpansive mapping of C into itself, with F = F(T )i ﬂ EPYF;) # 0. Let

sequence {z,}and {u}} generated by u,z; € C and

F(un,v)Jrri(v—u Jul— z,) 2.0, forallwiecand i = 1,2).., N,
n N
ZTny1 = oqntt + BnPo(F=Ma(F =T+ 1 — a)(d — 8)))zn +9n Zaiu;‘?, forall n > 1,

i=1
(3.62)
where {an},{Bn},{m} € [0,1] wWith o, + By + v =1 forall n e Nand a € (0,1).
Suppose that the following conditions hold :

(i Um a, =0 and Zan =

n—r0o0
n=1

(i)) Bny¥n € [e,d] € (0,1), Vn €N,

N
(i) > a; =1, where ¢; >0 foralli=1,2,..., N,
i=1

(iv) 0<a<r, <bforallneN,

(v) Ae(0,1)
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00 o0 00
(V|) Z |an+l - Ofn| < o0, Z ‘ﬁn-o-l == ,B'nl < 00, Z "}‘n—%—l s 'Yn.{ < Q.
n=1 n=1 n=1

Then {z,} converges strongly to zy = Fru.

Proof. We will divide our prove into 5 steps.
Step 1. We will show that the sequence {z,} is bounded. Since
Fi(ul,v) + ri(v —ul vl —z,) 20, forallveCandi=1,2,..N.

By Lemma 2.22, we have uf, = T} (z,) and EP(F;) = F(T} ), forall i=1,2,...,N.
N
Let z € F = F(T) N F(S) N () EP(F)).

By Lemma 2.13 and Lemrﬁé 2.10, we have
z€ VI(C‘, a(l = T) + (Lol S)) - F(PC(I L — T) + (1—a)(I - S)))).

From Lemma 2.13 and'nonexpansiveness of T , we have

N
lznsr — 2l Ellemu + BaPe(li= XMa(l—F) + (1=a)(I =9)))2n + 7n Z aiul, — z||

1=1

<apllu— 2| + Bul|Pc(I = Ma(l = T) + (L—a)(I —15)))z, — 2|

N 3
|l Z ai(ty —2)|

=k
<l 2+ BulPoll = Mall = T) +. (L =a)(I +5)))en =z

N

+ Y Z a,-“T:" (zn) = 2|1

i=1
<ay Hu = ZH + By |l Tn= 2” K| Fn=Z|

=t [|lu — 2l +1(1 = an)|lon = 2] (3.63)

Putting M = maz{|lu—2z{|, || z1—2[|}. From(3.63), we can show by induction that ||z, —z| <
M, V¥n € N. It implies that {2} is bounded and so is {u}} foralli=1,2,..,N.

Step 2. We will show that nlerowc |znsa < zn | = 0.

Putting D=a(I -T)+ (1 - d)(I ~8),.Va € (0,1)..From difinition of z,, we have

N
||$n.+1 - 5'311.“ :Ha’nu + B’RPC(I - /\D)-'L'n. + Tn Z a‘iui, — Qp-1U — .BTI.—IPC(I == )\D)In—]

=1
N
— Tn-1 Z aitp_1||
i=1

<oy — an—lHluH + ﬁn“xn = wn—l” + ‘611 = ,BTL—IIHPC(I = )\D)xn—l H
N N

+ "771 - ’Y'ti*l”l Z aiufm—l“ + Tn Z ailluiz - u;-l” (364)

i=1 i=1

Since w! =T z,. and difinition of T , we have
n Tn Tn

; y ) ;
Fi(TE 2 v) + — (v~ Ty @p, Ty Tn —xn) = 0, YwveCandi=12..N. (3.65)

n
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Similarly
F(nwﬁwHﬂ0+ﬁHJU—TaﬂmﬁhflﬂmwlAmmﬂ * 0, Ve andi=1,3,...N
(3.66)
From (3.65) and (3.66), we obtain
FUTE 2 T ) 2Ty Ot = T 2 T = ) 2 0 (3.67)
and
Fi(T7,, %ne1, T5, 0 ) + - (T} @n — Ty @bt Trp Bnkl — Tn1) 2 0, (3.68)
By (3.67) and (3.68), we have
%(T;HH:UT,H — Tt oy, T T — (TP Tr Ty Ir,, Znt1 — o) = 0.

It follows that

i 2 — r i
@ 2o — TN, Tn R L ki SR L .1?,,_> >.0
radn n+1s = 3

Tt Tn+1 Tm

This implies that

7 3 i 7 T'n

0 < <T:-n+13:n+l = T;ﬂfrn: T:ﬂxn \ } T;,.H-Tn—}‘l ¥ Trn+lﬂ3n+l £ T3 N (T;,lHTn%—l = 5571+1))
n+
(3.69)
It follows that
I} e P g RN B CUS Nt o N 1))
Ty Tntl T ln Sy Tl T i d; LEAR TP A ( %, 7n+l n+1 n+1
n
] ’ T3 .
:<T-,1n+]$n,+l =~ T:-n-'rnamn+1 i (1 Y 'f'n+1 ) (T “+la?i+1 1"??+1))

<|T, r"+1l?1+1 i Tinl‘n“Hﬂfnﬂ ~ &yt (1 = )(T,iﬂ“?«n.ﬂ — Zn41)||

Tn+1

<|IT rn+1$n+1 = Tinxﬂ-”

X (ll$71+1 )

n.,.1~"'3nu+1 - $n+1||)

:\Iﬂ{n_+1$?,+1 = Trinxn”

1
X | |Tns1 — zn|| + 1T71+1 ral|T; 1n+1$n+1 - xﬂ+1||
Tn+1

S||Tin+lﬂ7n+l - Tﬁnxnﬂ
(|$n+1 —zn| + "I"'"ﬂ+1 —ralllT, rn+1$n+1 - mn+1|>- (3.70)
It follows that

2 ; 1 .
lltns1 — up || < |Zn+1 — zall + EITHH — a1 — il (3.71)
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Substituting (3.71) into (3.64), we have
H:I:ﬂ"'l—l'n “ S‘an — a1 |ull + !BﬂHa'ﬂ = 3311—1” .7 |.8n = ﬁn—lmpc(f = A-D)x'n—ln
N N . ‘
+ 1 = Yoml| Y aitdca | + 20 Y @il =l
i=1 i=1
S[Ctn - C"-'?‘—1|||u|| = ﬁn”wn a0 Zﬂ—l“ ke l,ﬁn = )Gn—llHPC(I - A‘D)mn—l H
N N 1
+ I = el | Yo et [ 40 Y (umn = 2o + =l = o, - :c,,.n)
=1 i=1
:|aﬂ = Ofn—ll”“‘” & (1 - a’n)”mn - xnfl” r |18'n. . ,Bn—IIHPC(I - Alj)£n»—1”
N ) ~ N )
—+ |’Yn - 711—1|H Za‘iu:;fl H =+ ?anﬂ = 7'11.71} Z ai”u-:? — Zn ”
i i=1

S|an — Qp—1 ‘AII ED (1 = G’,;)Hfl’:n —Tp-1 H + 1,811. - ﬁ?l.—llﬁfl

- |’71’1. = '}'n—llMl =+ %lTTL AN T”_l“’l’.{l, (3?2)

by = Endl
By (3.72), Lemma 2.11, and condltlons (i)- (w) we abtain

where M; = maxaen{||ulls/lenll, HZQ?

T}l_r;go ”.’E,,.H = .GL',,,H = - (373)

Step 3. We will show that lEn et < &, || =0.and LEn | Pe (I = AD)wn <z,|| = 0, where
n—roo n—co
D = a(I—~T)y+4(1—a)(I=8), Va € (0;1). Since u, = 1% a, and T} is a firmly nonexpansive

mapping, we have

7

=T Gt ST 22 P
< (T, J %= T,"fnm,,, 2 — Ty
= ST = 2] il 5 2PN, 2 a4
Hence
t, — 512 & o ~ 202 = Vo = 2l (3.74)

From Lemma 2.13, (3.74) and definition of z,, we have

lzns1 — 2“2 — !i (\:n(u — z} + Bn (Pc(f — AD)x, — z) + ’Yﬂ.(ﬁ;aiu;? _ z) H2

o 2
E ail;, — 2
i=1

< anllu = 2|* + Bullzn — 217 +

N

< amllu = 2 + Bullza — 2l + 7 D ailluy, — 211
i=1
N

< anllu - ZH2 + Bnllzn — ZHE + In Zai(”wn - z||2 |ty — In‘lz)
i=1

N

< amflu— 2| + ||z — 217 = Y aillus, — zal®.
i=1
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It implies that

N
Tn ZWHUL — za|? < amllu - 2| + ||z — z||? = llzntr = z|)?
< anllu— 2%+ (lzn = 2l = l|lznsr = 2D (llen = 20 + ll@ns1 = 2[)
< agllu— zHZ + |20 — Tntr I(llzn — z|| + |Zns1 — z|)).- (3.75)

By (3.73) and condition (i), we have
lim i, — zal| = 0, forall i=1,2,..,N. (3.76)
From nonexpansiveness of P-, we have
|Po(I = AD)zn — 2|* = | Po(I = AD)za — Po(I = AD)2|?
< |(F=ADyz, = (T = AD)=|
Az — 2= A(D2n - D)2
<Ajon— 22 = 2M&n = 2, DTy = D2) + || M D~ a2 4370
For every z,y € C, we have
(Dz — Dyjx —yr=fa(l =T b= a1+ Sl ~ald TNy = (L= a)(I = 8)y,z—y)
Cal@ = D) == T)y) + (1= ) (I + 8+ U 5 S)yhz = v)
= eI~ Tr (I Tyyzs v) + AL alI =Sz (I= Sy, =~ y)
> aall(T= T ~ (L= Til* + (L < )BT 5 (- S)yll?

A G- T = (7 = Dyl + @ (@ 92— (L=SWIP)

= b

> -2—||Dsc = Py|% (3.78)

Then D is i-inverse strongly monotone.
From (3.77) and (3.78), we have

1Pe(l — AD)zw—z|? &slley — 211> — 2Mzn — 2, Dzacy \D2)A, IA(Dz,, — Dz)|)?
<wn— z[*= | Dz, - Dz|* £ Dan — Dz|?

= ||zn — 2[F=XT=2R)[| Dz, — Dz|)?. (3.79)
By definition of z,, and (3.79), we have

2=

”$n+1 = z\

N ) o
en(u = 2) + B Poll = AD)zn = 2) + (3 eiti, - )|
=1
< allu = 217 + Ba[llzn — 217 = A1 = V)| Dan - Dz?] +vallen — 2
< anllu — 2|2 + |lzn — 2)1* = ABa(l = A)| Dzn — Dz||?.
Hence, we have

ABn(1 = N)[| Dz — Dzl|? < anflu— 2| + llzn = 2|* = l@n+s = 2|2

< anllu 202 + 2w = Znsall(lon = 2 4 Jents = 201). - (3.80)
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From (3.73), (3.80) and condition (i)
lim || Day, — D||f =D (3.81)

From definition of P-(I — AD) and Lemma 2.13, we have

— 2||® =(|Pc(I — AD)z,, — Po(I — AD)z||?

| Po(I — AD)x
(I = AD)zn — (I — AD)z, Po(I — AD)zp — 2)
= (It = AD)zs — (I = AD)2l? + | Pe (I ~ AD)zy —

~ | = AD)z — (I = AD)z = (Po(I = AD)zn — 2)|2)

1
<5 (2 = #I1* + | Po(T = AD)a — 2|

|2n =PI = AD)zn = A(Dwn— Dz)| )

< W — 2|2+ BT - AD)an — 2

l\J[l—'

H:E?v = PC(I = )‘D)Iﬂ“2 4 H)\(Dln — Dz)”‘z

¥ Oz B PE(L = XD)ayy D= Dz))

i,_n

(e = 212 P = XD)zn = 21
Dz|)).

2
~an + Poll = AD)zy P& 2Men + Peld w AD)zy, Dy —

It follows that
LBe (I SR el @l CIAIFL A, ¢ Pa(TH Dby 1|
+ WMz = Po (I = M)z, ||| DD (3.82)

By definition of @y, (3.82) and nonexpansiveness of T;. , we have

‘ 2

h - 2)

) Sn(PC(I Z DY z) + % ( i a;u),
1]

ap (u — z) 5%

|Znt1 N2 =‘
Pe (I g /\D)xn - 2“2 + wllzn — 2|*

San”u e 2”2 i ﬁn
<an|u — Z||2n B [H.’rn 2= P (I — A\D)zn ||

+ 2| = Po(I = AD)znl[| D = Dzll| +mllen — 21

<apllu— 2“2 + Bnllzn — ZH2 Brllzn — Po(I — AD)zy H2

+ 2)\“-73n - PC(I - AD)wvr”“Dxn - Dz” +'YﬂH1n - ZH2

<an[u—2|* + |lzn — 2|1* = Bullzn — Po(I = AD)aa |

+2X||z — Po(I = AD)zy ||| Dan — Dz|.
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It follows that

Biill2a— Peld — )\D)w,,“z San““ - sz + "mn - z”2 = |Znt1 — ZH2
+ 2M|Tn — Po(I — AD)xy ||| D2y, — Dz||
<anlu — zHQ + (H"Cn = zﬂ T H$ﬂ+1 = ZH)”S':H+1 — By
+ 2M|zn — Po(I — AD)zy ||| Dz, — Dz||. (3.83)
From condition (i), (3.83), (3.73) and (3.81), we have
im ||z, — Po(I — AD)zy,| = 0. (2.84)

Step 4. We will show that lim sup(u — 29, z» — 20) < 0, where zy = Pyu.
To show this inequality, takéygfubsequence{xnk} of {z,}, such that

limstpdd — z0, 2, — 20}, = kl'lm (U — 20y By 20). (3.85)
Without loss of generality, we may assume that z,, — w as k — oo where w € C.
From (3.76), we have u, ~w as k= oo, for all i =1,2,.., N.
Assume that w # Pc(I — AD)w, Where D = a(I =T) + (1= a)(I — S).
By nonexpansiveness of Pe(I - D), (3.84) and Opial’s property, we have

Uminf |z, =Wl < Uminf e, + Pa( ~ADWwI
< iminf (llow, =P = AD)en, |\ | Pe(T = AD)ay, ~ Po(I + AD)w)
<Uminfllaa, - wlf
This is a contradiction, then we have
weF(Pe(I - AD)) = F(Pg (F=2@ =2y 4 (1 - a) (I S)))). (3.86)
From Lemma 2.10 and Lemma 2.13, we have
F (PC (1 ~ Ma(My (@ - S)))) L Ve Z#T)\VI(C,I - S)
= F(T) [ F(S). (3.87)
From (3.86) and (3.87), we have

we F(T)(F(S).

Since
Fi(ul,v) + r—lﬂ(v -l ul — ) 20,
forallvecCcandi=1,2,..,N.
By (A2), we have
i(”u — b ub — ) > Fi(v,ul), Yv e C,

n
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In particular

(o= thr o, = 200)) 2 Filo, ),
forallveCandi=1,2, ...
From (A4) and (3.76), we have

Fi(v,w) <0, (3.88)

foralveCandi=1,2,....,N.
Let uy := tu+ (1 — t)w, ¥t € (0,1], we have u, € C and from (A1), (A4) and (3.88), we
obtain

0 = Fi(ug,ue) < tF;(ug,v) + (1 — t)Fi(ug, w) < tF;(ug, v),

foralli=1,2,....N.
Hence Fj(tu + (1 — t)w,v) > 0,Vt € (0,1} and Vv eC.
Letting ¢ — 0+ and using assumption (A3), we can conelude that

Fi(w,v) >0, Yv e andi=1,2,...,N.

N
Therefore, w & [7] EP(F;)./Hencew EF.

=1

Since z,, = w and w €.F, we have

lim sup{u — 2oy Tw="20)

n—oc

£ A_U_}m (/1 20i@n, (& Zop= {u—="2g, i1 2) < O (2.89)

Step 5. Finally, we show that nli_r}m;j = zgwhere zp = Pru.

By nonexpansive of Pe (I =Ala(I =T)+(L=a)(l— S))), we have

\|f11+1 | ¥ 20H2 =

an(u—2z0) 4+ Bn (Pc- (I —Ma(I =T)+ (1 = a)(I— S)}):z:,, - 2.‘(])

N
+ Tn (Z amil - zo)

i=1

2

&

Bn (PC (I - }‘(a(I N T) % (1 o ﬂ)(I - S)))I?i y ZO)

N 2
+ Yn ( Z a.,;uf,,. — Zo)
i=1

W 2(_1',,_(1.‘, —20,Tn+1 — ZD)

2

<[ Po (I = AalT = T) + (1= )(1 = 5)) )2 = 0]
A7 2
+ Y Z aiu; — zp|| + 20m{u — zo, Tp+1 — 20)
i=1

N
Sﬁn”mn == ZOH2 e Tn Za?'”u::;, - ZD||2 + 2‘171 <u — 20:Ln+1 — 20)

i=1
Sﬁn H-'En S Z(.'IH2 + "I’n”wn = zCﬁH2 + QQﬂ (u — 20, Tp+1 — 20)
=(1 — an)||*n — 20||* + 2an (e — 20, Tns1 — 20)- (3.90)

From(3.89) and Lemma 2.12, we obtain that {z,} converge strongly to zo = Pru.
This completes the proof of Corollary 3.4. ]



Chapter 4

Applications

4.1 Fixed point problems of strictly pseudo-contractive mapping

In this section, we prove a strong convergence theorem involving fixed point

problems of x-strict pseudocontractive mapping.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foreveryi=1,2,...,N, let F;: C xC — R be a bifunction satisfying (4;) — (44). Let T\, S
be x and ®-strict pseudocontractive mapping of C into itself, with F = F(T) n F(S) N

N
ﬂ EP(F,) # 0. Let sequence {zx} and {u}} cenerated by u,z, € C and
je=]

. 1 f :
Fi(ul,v) + —{w =ul, uj—x,) 20, foralwveCandi=12,..,N,
/r'”'

N
ZTnt1 = Qpth + Bn Po(l=At@(I=T) (1~ a){I =8)))Tn +1a Za.,-'u.j” forall n > 1,

i=1
(4.1)
where {ap},{8n}, {1} C[0,1] with.a, % B, + v = LforallneNand a € (0,1).
Suppose that the following conditions hold :

(i) lim a, =0 and Z Oy = 00,

n—oe
=1

(i) B, € [6;d] C (0,1), Vr N,

N
(jii) Zm,- =1, where q; >0 foralls = 1,2,..., N,

i=1

(iv) 0 <a<r,<bforall neN,

(V) X € (0,2n), wherew =mmin{i5=, 355},

o0 =] oo
(V|) Z |(-1'n.+1 = ﬂ'n‘ < 00, Z |18’H,+] = 187:.| < 00, Z L7n+1 =5 ’Yﬂ[ < oQ.
n=1

n=1 n=1

Then {z,} converges strongly to zy = Pru.

Proof. The conclusion of Theorem 4.1 can be obtained from Theorem 3.1 and Remark

1.1, [

4.2 Constrained convex optimization problems

Let f: C — R be a convex, Fréchet differentiable function, where C is a closed
convex subset of a real Hilbert space of H. The constrain convex optimization problem
is to find z* € C, such that

f(a*) = min f(z), (4.2)
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we use the symbol Q; is the set of all solution of (4.2).
Before prove Theorem 4.3 and Theorem 4.4, we need the following Lemma 4.2.

Lemma 4.2. (See [9]) (Optimality condition) A necessary condition of optimality for a
point z* € C to be a solution of the minimization problem (4.2) is that 2* solves the
variational inequality

(Vf(z*),z—2*) >0, Vz € C. (4.3)

Equivalently, z* € C solves the fixed point equation
z" = Po(z” — AV f(z")),

for every constant X > 0. If, in addition, f is convex, then the optimality condition (4.3)

is also sufficient.

Theorem 4.3. Let C be anonempty closed convex subset of a real Hilbert space H.
For every i = 1,2,0.4N, let F;+ Cx C = R be a bifunction satisfying (A4,) — (A4). Let
f,g : C = R be convex-functions with gradient Vf is LLf—inverse strongly monotone

and continuous funetion for all Ly >0 and Vg is A<inverse strongly monotone and
~

N
continuous function'for all Z, > 0 with F = Q; 10, N (| EP(F) # 0. Let sequence {z,}

i=1

and {u!,} eenerated by u,z; € Cand

Fi(ul, )4 —{u —ublui ~z, Y32 0 forallde Crand-i ='1,2,..) N,

non

% g (4.9)
Tnt1 = ot + FuPo(f ~ MaVif+ (1= a)Vg))an +4n Y aiy, for alln > 1,

=\,
where {a, },{BnY {1} € [0,1] with ag, + 8, + 4, =1 forall n e N and a'€/(0,1).
Suppose that the following conditions hold :

(i) lUm a, =0and Z Qi = 00,

n—oo
el

(ii) Bn,yn € [cvd] C (0, Dy Ymee N;

N
(iii) Zai =1, whereq; >0foralli=1,2,..., N,

i=1

(iv) 0<a<r, <bforall neN,
(v) X € (0,2n), where 5 = min{‘%, L%—}
Then {z,} converges strongly to z, = Pru.

Proof. The conclusion of Theorem 4.3 can be obtained from Theorem 3.1 and Lemma

4.2. ]

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. For every i =1,2,..,n, let F; : C x C — R be a bifunction satisfying (A;) — (A4).
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Let fi : ¢ — R be convex functions for all i = 1,2,...,N with gradient v f; is LLL-
inverse strongly monotone and continuous function for all Ly, > 0 and let {P;}Y, be
ri-strict pseudo-contractive mappings of C into itself with x = sup,_, , i and let
7, = (@, a@,ay) e IxIxI, where I =[0,1,a +ay+a, =1,a+a < f <1, and
@, @, @ € (k1) for all i = 1,2,...,N. Let S4 be S-mapping generated by Po(I — 6, 7
f1), Pe(I — 8257 f2), ey Pc(I — 5 7 fn) @nd pn, pN-1,..., 1 Where 0 < §; < 2(5—}7) for all

i=1,2,..,N. Let Sg be S-mapping generated by Py, ..., P, and By, Py_1, -, P Assume
N N N

that F= (), N[ F(P) N[ EP(F) # 0 and let sequence {z,} and {u;} generated
i=1 i=1 f=1

by u,z; € C and

Fi(ui ,v) + —{v—ui,ui —x,) >0, forallveCandi=1,2,.., N,
Tn
N
Tpe1 = ant + BnPo(I = X(aSa + (1 —a)(I — Sg)))zn+ Ya Za.,-u:?, forall n > 1,

i=1

(4.5)
where {an},{Bx}i{wm} C [0; with cy + B, + 7, =1 forallne N anda € (0,1).

Suppose that the following conditions hold :

(i) im a, =0 and Z Qi = 00,

n—oo
n=1

(”) 57?:'711 S [C\d] & (0.1), Y € N,

N
(i) ) @ =1, where gy >0 for ally= 1,2, N,

i=1

(iv) 0<a<rqa<bforall nel,

(v} A e (0N}

o o0 o0
W) D lomar s enfeoo, 5 [Balid (28] < 00, STy 1 ="yeh < o0

n=1 n=1 n=1

Then {z,} converges strongly to zy = Fru.

Proof. The conclusion of Theorem 4.4 can be obtained from Theorem 3.3 and Lemma

4.2. []



Chapter 5
Conclusions

In this chapter, we summarize all main theorems and applications obtained in

this thesis.

(1)

Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2..n let F,: C xC — R be a bifunction satisfying (A4;) — (44). Let A, B :

C — H be a and s-inverse strongly monotone respectively with F = VI(C, A) N
N

I(C,B)n ()| EP(F;) # 0. Let sequence {w.} and {u},} generated by u,x, € C'and

i=1

Fi(ul,v) + ri(v “wiul —z,) >0, foralvecandi=1,2,...N,
Tni1 = @ndl + B Polf=MaA + (1 #a)B))ey +n i a;ul,forall n > 1,
=1
where {e;},{Ba}{m} € 10,1 with &, + 8, + 9 =1 foralln e Nand a € (0,1).
Suppose that the following conditions hold :
(i) lim ey = 0'and ern = 50}

n— oo
n=1

(i)) Bn. oy € [c,d] € (0,1), Vn & N,
I\F

(i) Y ap=1,where a; 3 0foralli=1,2,.,N
=1

(iv) 0 <a<r, <bforall neN,

(V) X € (0,2n); where n = min{a, B},

oo
(V|) Z |(\5n+1 =3 (Yﬂl < 0Q, Z ‘,Bn+1 = .BNJ <.0G; Z h’nJrl = ’Ynl <00.

n=1 n=1 n=1

Then {z,} converges stronsly to zy = Fru.

Let C be a nonempty closed.convex subset.of a real Hilbert space H. For every
i=1,2,..,n let F; : CxC — R be a bifunction satisfying (A1) —(44). Let {T;}/L, be
a finite family of nonexpansive mappings and let p; = (ai, ab,a}) € I x I x I, where
I=[0,1,0i+ob+ai =1 0ol +ab <e<1,andai,ob,af € (0,1) foralli =1,2,.., N
and let {P}¥, be x,-strict pseudo-contractive mappings of C into itself with x =
SUP,_; .. #i and let 7, = (@, @, @) € I x I x I, where I = [0, 1], al o+ =1,
@ +a < f<l,and @, @, @ € (k1) forall i =1,2,...,N. Let 54 be S-mapping
generated by T, ..., 71 and pn, pn—1, .., p1 and let Sp be S-mapplng generated by

Pxy.y PLand By, By_1s . Br- Assume that F = ﬂF nﬂF ﬂﬂEP
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and let sequence {z,} and {u}} generated by u,z, € C and

Fy(ut,, )+i(v—un,un #q) 20, for sllveC and 1 = 1,2,., N,

Tn
N
Tnt1 = At + BnPe(I — Ma(I — S4) + (1 —a)(I — SB)))Tn + ¥ Zafuig, forall n>1,
j=1
where {an},{Bn}:, {7} € [0,1) With ay, + B +m =1 forall n e Nand a € (0,1).
Suppose that the following conditions hold :

() Um a, =0and Zaﬂ = 00,

n—roo
n=1

(”) 611.1 FY‘H E [Cad‘] C (011)5 vn‘ e N?
N
(iii) Z“*‘ =1, wherea; >0foralli=1,2, .. N,

f=1
(iv) 0<a<r, <bforallmeN,

(v) X € (0,1),

o0

o0 o<}
(Vl) Z |Ofn+] w Q’n‘ < 00y Z !.Bu+1 = .B"n| < oa, Z |'Y'n+l = 771] < Q.

n=1 n=1 n=1

Then {x,,} convergés stronglytozy = Fru.

(3) Let € be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,n, et F;: Cx C = R be a bifunction satisfying (A;) — { 4)s Let T, S be
nonexpansive mapping of C into itself, with F = F(7' )n ﬂ EP(E) # 0. Let
sequence {z,} and {u} } geenerated by w,z; € ¢ and

1

E(uj.,_,v)+r(u—u uh — 2,y >0, for allp e C and i'="1,2, ...V,
n N
Tna1 =t + B Po(I = Na(I=T)+ (1 —a)(I—8)))zy + Yn Za,:u;, foralln > 1,
i=1
where {a, }, {8} {7} .C [0, 1] With e, +8;, + 7 = 1 forall weN and a € (0,1).

Suppose that the following conditions hold :

(i lm a, =0and Zan = 0o,

n—oo
n=1

(i) Bn,vn € [c,d) € (0,1), Vn €N,
N

(i) > ai =1, whereq; >0foralli=1,2,..,N,
1=1

(V) 0<a<r, <bforall neN,

(V) Ae(0,1)
o [o<] 5]

(V|) Z [an+1 == a"fi‘| < 0g, Z |rB‘fl+1 T ,Bn‘ < 00, Z rﬂ[”ﬂ-‘rl = ﬂfﬂl < o0.
n=1 n=1 n=1

Then {z,} converges strongly to zp = Pru.
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(4) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...N, let F; : C x C — R be a bifunction satisfying (4;) — (44). Let T, S be
x and ®-strict pseudocontractive mapping of C into itself, with F = F(T) N F(S) N

N
ﬂ EP(F;) # 0. Let sequence {z,} and {u}} generated by u,z, € C and
i=1

Fi(ul,v)+ —(w—ui,ui —2,) >0, foralveCandi=1,2,..,N,
T"

N
Tni1 = ap+ BuPe(I = Aa(I =T)+ (1 —a)(I — S)))zn + Tn Z a;ul, foralln >1,
i=1

where {a,},{8:},{7} € [0,1] with a;,, + 8, + 7 =1forallne Nand a € (0,1).
Suppose that the following conditions hold :

(i) lim a, =0 and Z o= oa;

n—00 :
n=d

(i) Bnsym € [c.d)'CH0,1), Vn N,
N

(iii) Za.,- = 1, where a; >0 foralli =1,2, .., N,
i=1

(iv) 0<a<r,<bforall neN,

(V) A € (0,27), where n = min{i55, 55},

oo ) oo
(Vl} Z ‘ﬂ'n—i—l b ) Q’nl <00y Z Iﬁ’n-&-l ~ r@?ll < oC, Z !'-Yn-&-l —_ %1‘ 0.

=1 n=1 n=i

Then {z,} converges strongly to zy = FPru.

—
L)

Let € be a nonempty closed convex subset of a real Hilbert space H. For every

i =1,2,..+N, let F: € x C'— R be a bifunction satisfying (A;) = (A4). Let f,g:

C — R be convex functions with gradient Vf is ﬁ—inverse strongly monotone

and continuous function for all Ly>0.and Vg is =—-inverse strongly monotone
&

and continuous function for-all L, >.0 with-F = Q; N, N ﬂEP(E) £ 0. Let
=1

sequence {z,} and {u’,} eenerated by u,z; € €'and

Fi(uf,v) + —{v — u},, v}, “Pph2lpioat?te C and i = 1,2,..., N,
T"n
N

Tni1 = optt + B Pe(I — MA@V f+ (1 —a)Vg))zn + 1n Z aul, foralln>1,

i=1

where {an},{B.},{7} € [0,1] with oy, + B, + 7 =1 foralln e Nand a € (0,1).
Suppose that the following conditions hold :

(i) 7}1520 an =0 and Zlan = 00,
(”) 16‘.'1:’}’71 E [Cad] C (01 1)7 VTL E N:

N
(i) > ai =1, where o; >0foralli=1,2,..., N,

i=1

(V) 0 < a<r,<bforall n eN,
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(v) X € (0,2n), where n = 'ern{L > o=}
Then {z,} converges strongly to zy = Fru.

(6) Let C be a nonempty closed convex subset of a real Hilbert space H. For every
i=1,2,...n, let F;: C xC = R be a bifunction satisfying Al)—( 4). Letf;:C >R
be convex functions for all i = 1,2,..., N with gradient ¢ f; is ¢ —mverse strongly
monotone and continuous function for all Ly, > 0 and let {P,,},.=1 be r;-strict
pseudo-contractive mappings of C into itself with « = sup,_,, y&: and let
7= (o, ob,ah) e I xIxI, where I =[0,1],al +as+ay =1, a +a@ < f <1,
and @ @, a, € (k1) forall i = 1,2,...,N. Let S4 be S-mapping generated by
Po(I — 6,7 f1), Pe(I = 627 f2) .y Po(I — 6n 7 fn) @nd pn, pn—1..... ;1 Where 0 <

6 < 2(£ ) for all i = 1,2, N. _Let Sp be-«S-mapping generated DY Py ven Py
N N
and By, By_1, - PrAssume that F = (1), 0 [ FR)A ﬂEP ) # 0 and let

§=) =1 =1
sequence {z,} and {u} eenerated by u,z; € C-and

Fy(ul o)+ ri(v —uf ul )2 0 foraltwe €and i =1,2,..., N,
n N
Tn1 = ot +1f, Boll— XaSa+(1 = a)(I'=85)))zn i+ Wn_Zaiuf,., forall n > 1,
b=

where {an} 48 b {7} € [0, 1} With o, + By +n=1forall n e Nand a € (0,1).
Suppose that the following conditions hold :

(i) nln_)ngo o, = 0-and Z Oy, [55085
=1
(i) Bnyy€ e, df € (0,1)] YneN,
N
(iii) > ai="1,where a;> 0 foralli =12/ /N,
i=1
(iv) 0 < a <rp<bforal nelN,

(v) XA e (0,1),
oo oo oo

(VI) Z |U"n.+1 = ‘Ln| < 09, Z |,Bn+'i = :Bni < 00, Z hw+1 = 'Tn‘ < 00.
n=1 n=1 n=1

Then {z,} converges strongly to zy = Pru.
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