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Abstract

For an integer ¢ > 2, a function ¢ defined over the nonnegative integers is said to
be g-additive if
o [} = Zap (ar(n)g").

20
where n = 32 a(m)g" o (n) € {0,1/.. /.g~ 1} is the base g-representation of n.

Let V7 be the set of all simultaneously g-additive and #-additive functions with gt &
and % tg. In.2003, Puchta:and Spilker proved that 1/ is a-complex vector space,
with precise dimension, each-of whose elements can'be uniguely-written as a linear
combination, of step-functions and certainperiodic functiors. Hereexplicit shapes of
the elements and-a basis of ¥ based on the prime factorization of/the parameters g

and h are determined.
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Chapter 1

Introduction

1.1  Research Motivation

Let g be an arbitrary fixed natural number > 2. Then every n € Np; Ny := NuU {0},

can be uniquely represented through base g-representation as

2C
n = Za,‘ (R)g" . mr(n)e {0, 1,....0=1}.

r=(

An arithmetic function ¢ : Ny —» C is said to be g-additive if

2 (Z a (n) _r,'") = Z @ (a, (n)g")

>0 v >0

holds for all n ¢ N¥;. These functions were ‘introduced by Gelfohdiin [2] and Delange

in [1]. A functioh p(n) is said-ta/be stronely g-additive if
elag") = ¢la)

for any ale {071, ..y g =1yandi eNg.

In 1983, Toshimitsu [6) proved that; for/fixed g1, g2 € Ni g1, g2 > 2, if ¢ (n) is both
strongly g,-additive and stransly 4;-additive and if t—g-g:% is not a rational number, then
o(n) must befidentically zero. In 1999, Uchida [7] showed that for.gy-and g, as in the
work of Teshimitsu, if g(n)is a gi-additive and gs-additive;then there exist ¢.m ¢ N
with g = gcd (gii'es!) such that s(ng) =mply) for each n e N. Moreover, if g > 2 then
p(n) is g-additive. In 2003, Puchta and Spilker [4] characterized those functions ¢ that
are simultaneously, g-additive and h-additive’-This research. recapitulate the work of
Puchta and Spilker 4]

1.2 Objectives of the study

Let g.h be integers > 2. Let V be the set of all simultaneously g-additive and
h-additive with g t h and h { g. In this work fine explicit formulas of simultaneously

g-additive and h-additive functions in vV and a basis of V are determined.

1.3 Scope(s) of the study

We consider the element of the set of all simultaneously g-additive and h-additive

functions with the conditions ¢ {4 and & { ¢ for fixed integers g, h > 2.



1.4  Benefits of the study

As in the work of Puchta and Spilker [4], we analyse how to find the formula of the
element in V. Then find explicit formulas of the element and a basis of V.

1.5 Research methodology

1) Study background in additive function, periodic function and constant function.

2) Study the research paper of Puchta nad Spilker [4].

3) Find explicit formula of simultaneously g-additive and h-additive function in V.

4) Find a basis of V.

5) Summarize obtained-fesults and write the thesis.

Table 1.1: The research schedule

Time frame
Activity 2016 2017 2018

JulsSep. | Oct.-Dec. | Jan-Jun.”| Jul-Dec! | Jan-Mar. | “Apr-Jun.
Steprl G —2e2s

Step 2 e 1/ LOOON
Step 3 ¢
Step 4
StePp 5




Chapter 2
Preliminaries
Definition 2.1. [3, Definition 1] A complex vector space is a collection V of vectors
and two operators +, -, such that the following hold for u,v,w € V and ¢.d € C :
1. For any vectors w.v €V, u+v e V.
2. Forany vectors w,v e V, u+v=1v+u.
3. For any vectors w,v.w eV, u+ (v+ w) = (v +v) + w.
4. For any vector u € V, 0 + u_ s uforo-es
5. For any vector u_gVothere is vector in,V, denote by =, for which u + (~u) = 0.
6. For any scalar’c € C-and any vector WeV, eu €V,
7. For any/scalar c.e Cland-.anyiectors a, v eV, clu+ v)-=.cu + cu.
8. For any scalarsre, d ¢ € and any-vector weW (e +dju,= cu +du.
9. For anysscalars cod-€-C.and any vector we V, e(du)= (ed)u.
10. For anywvector ve V,lu= .

Theorem 2.1.°[3, Theofem, 4.2] Let W ve a subset of a'complex vector space V. W

is called a subspace of V.if and only if
1. W is nonempty.
2. W is closed unider vector addition:ww & W implies o+ w'eW.
3. W is closed underscal@rmultiplication; v.e W-implies v € W for every k € C.

Definition 2.2. [3] Let V be a.wector-space-over afield C and let vy, vs,... v, € V.

Any vector in V of the form
a1V + 0o +. oo T OmUm

where a, € C, is called a linear combination of vy, va, ..., vy,

Theorem 2.2. [3, Theorem 4.5] Let S be a nonempty subset of vector space V.
The set of all linear combination of vectors in S, denoted by L(S), is a subspace
of V containing S. Furthermore, if W is any other subspace of V containing S, then

L(S) c W.

In other words, L(S) is the smallest subspace of V containing S; hence it is called

the subspace spanned) or generated by S For convenience, we define L(#) = {0}.



Definition 2.3. [3, Definition 5.1] Let V be a vector space over a field C. The vectors
Brses v v, € V are said to be linearly independent over C, if there exist scalars

@i, ... am € C, such that
a1 + vz + .o F gy, =0
on{y Dc{l.l =0 = = G = 0.

Definition 2.4. [3, Definition 5.2] A vector space V is said to be of finite dimension n
or to be n-dimensional, written dim V' = n, if there exist linearly independent vectors

€1.€9.. ... e, Which span V. The sequence {e;,ea,.... en } is then called a basis of V.

Throughout this thesis, we let Ny := Nu {0}.

Example 2.3. Consider the complex vectorspace V := {f :Ng » C: f (n) = M. M ¢ C}.
Since f(n) =M -1 = M - e(myforalln € Ny, wherewe(n)+is constant function in V.

It is easy to see that {¢(n)} is a basis of V and dimV = 1.

Definition 2.5. [5, Definition-1.1] We say that g nonzero-integer a divides an integer

b, if there existsian integer ¢ such that
an (= .

If a divides b, we write a-{ b If q does not divide b,/we write-a {b.
Theorem 2.4. [5, Theorem 1.2]

1. If a is'.a nonzero integer, then a |0,

2. If a is an integer, them 1w and, if a =0, then a'|-a.

3. Ifa | banddl ¢ thena| e

4. If a | b and e is’@ nonzero.integer, then ac [-be and a be.

5. Ifa| b and a ¢ then for all integers m-and n we have af (mb + ne).

6. Ifa|band b a thema =.1).

7. If a | b and a and b are positive integers, then a < b.

Theorem 2.5. [5, Theorem 1.3] Let a and b be integers with a positive. Then there

exist unique integers q and r such that
b=ga+r,
where 0 < r < a. If atb, then we have 0 <r < a.

Theorem 2.6. [5, Theorem 1.4] Let a and g be positive integers with g > 1. Then a

can be uniquely represented in the form
a=co+ec1g+ gt ...+ cag”,

where 0 < ¢, < gomn =01 con



Definition 2.6. [5, Definition 1.2] We define the greatest integer in x, denoted by | x|,
to be that unique integer n satisfying

n<r<n+l.

Definition 2.7. [5, Definition 1.3] An integer g is said to be a common divisor of the
integers a and b if g | a and a | b. The largest one of these common divisors is call
the greatest common divisor and is denoted by ecd(a,b). We say that a and b are

relatively prime if scd(a.b) = 1.

Definition 2.8. [5, Definition 1.4] A positive integer p, ereater than one is called a
prime number, if, whenever p = ab, have p = a or p = b. An integer greater than one

that is not a prime number is called a composite number.

Theorem 2.7. [5, Theorem 1:11] Every positive integergreater than one can be written

as a preduct of primesnumbers,

Theorem 2.8. (5 Theorem-1.12] Ifw is compasite, then ithere exists a prime p < \/n

such that p |

Theorem 2.9.415, Theorem 1.19] (Unigue Factorization, The Fundamental Theorem
of Arithmetic)=tet.n > 1 be an.integer. Then the factoring of w into'prime factors is

unique apart-from the order of the prime factors.

Corollary 2.10. [5, Corotlary1.19.1] Let

G = ptoept and b = pf} o

where a,. 3, 2 0.5 i < r—Then
1. a | bif andonly ifra; < B 1<4<q;

2. ged(a.b) = 1 ifand only if o, > 0 implies (=0 and’5; > 0 implies Unique
Factorization
@ =l <t ST

Theorem 2.11. [5, Theorem 1.20] Let a, ... a, be positive integers and suppose that,

fOF 1<i<mn

g, .
ag =pp 7 o pem,

where o, ; > 0for1<i<r1<j<n Then

mMax(en.1.....x1,n) PEX( 1y Corm
[(tl.....(_.',,,}:pl s (o )

Corollary 2.12. [5, Corollary 1.20.2] If m is a positive integer, then

[may..... may] =mlay.....a,).



Corollary 2.13. [5, Corollary 1.20.3] If a and b are nonzero integers, then
[a,b] ecd(a, b) = |ab].

Definition 2.9. [5, Definition 2.2] Let a and b be integers and let m be a positive integer.

We say a is congruent to b modulo m, written
a = b(modm).

ifand only if m | (a=b). If m{ (a—b), then a and b are said to be incongruent modulo

m and we denote this by
a # b(modm).

Theorem 2.14. [5, Theorem 2.1] Let m-be.a positive integer.

1. For all integers a we_have

a = o(modm).
2. For all integers a and b we have

a = b{modmYif and only-ifb = a(modmn).

3. For all integers a.b-and.c wehave that

[f o = b(modim), b= ¢(modm). thena = c(rmodm):

4. If a is @ny-integer;'then

m. | aif and only ife= 0(modm).

5 If{ay..... &N e b pand{k,... ., kot \@re any sets of dntegers such that

a; = bi(modmal < /< n. then

i kia; = ,Z k;b; (Modm).

1=1 i=1
6. If a.b.c and d are any integers, then

a = b(modm)and ¢ = d(modm) implies ac = bd(modm).

7. If a = b{modm) and n is a natural number, then
a" = b"(modm)
Definition 2.10. A function ¢ : Ng — C is called p-periodic (p € N) if o(n+p) = ¢#(n)
for all n € Ny.

Definition 2.11. A function ¢ : Ny — C is called g-constant (q € N) if plag +b) = 2(aq)

forall a.be No. b<q.



Remark 2.15. Every function is a 1-constant.
Example 2.16. Let o(n) = sin(5F). We see That

(n+4)m

p(n +4) = sin( )
— sin(2E + 2r)

2
- sin(%) cos(2m) + cos(f;i) sin(2m)

= sm(lzi)

= p(n).

Therefore ¢ is 4-periodic function.

Example 2.17. Let x ¢ No“and define function o(ny =2k o, for n - r(mod3). Thus
z € {0,1,2}. Since ngfy= n(mod3), then w(n A3) = ¢ln).

Therefore ¢ is 3-pefiodic funetion.

Example 2.18/ Pefine i) =S o -ae™ 77/,

Since ¢(n) is the sum terms in a geometric progression

3
T

P(n)= ol 4
=0
where r = ¢2@/4 \we have
0 it 44mn.
() =
4 it n.
Hence

(-t 4).=p(n).
Therefore ¢ is 4-periodicfunction.

Example 2.19. Define o) =24 +a - L.
From the Definition 2.11, we getg=.2.and b € Novb'< 2, we distinguish two cases:

Case 1: if b = 1, we have

2 1+1
w(2a+1) = LEQ—LJ +2a+1-1
= L%(—IJ +1+a
r+ 1
= L?ugl— J +1+a=p(2a)
Case 2: if b =0, we have
2a 41
@(2a+0) = L a;— } +2a - 1 = @(2a).

Therefore p(n) is 2-constant function.



21  The work of J. -C. Puchta and J. Spilker ([aD

In 2003, Puchta and Spilker [4] characterized the function  that are simultaneously
g-additive and h-additive.
For g.h,keN with g, h > 2, define the step-function by

Op(n) = 9. h.]k'l \‘#} (ne Ny).

where [g.h] denotes the least common multiple of g, h and |n| denotes the greatest
integer less than or equal to n.
Note that ¢, (n) = n.

Proposition 2.20. [4, Proposition FOr g, 1 e with g.h = 2 and for k € N, if

[g.h]“""\,gcd(_q.h)*', then & 1s simultaneously gradditive anel additive; if gcd (g.h) > 1,

then ¢, is ecd(g, h)“additive.
For k,g.h & define a €-vector space
Vi == Vilo: = {ka Ny =€ g 0y=0/ppis gcdig-h)~periodic-and g e fconstant} :
Proposition 2.21. [4, Proposition g1 If gh:k & N and G & Viilg: W), then
(i) o IS simultaneousty g-additive and h-additive;
(i) if ecd (g. by > 1, then ¥« is acd(g. h)-additive.

Denote by ¥ be the complex-vector.space of all simattaneousty (-additive and

h-additive functions. The rain result in 4] is
Theorem 2.22. [4, Theorem] Let g, h € Z with-gih z 2 and.assume g+ h. hig. Then

(i) every function g€ ¥, can be uniquely represented in.the form

*

Pl chfk-(”) + Z r(n).
=

;l‘
where ¢, € C. vr € Vi.(g; h), and the star indicates that the sum extends over
I ¢ N with the property that |g. 1| gcd(y. h)k;

acd (g .

(ii) the vector space V has dimension dimV = 3j—1 “mF

(iii) every function ¢ € V is already gcd(g. h)-additive, if ged(g.h) > 1.

Rased upon Theorem 2.22, it is natural to ask for explicit shapes of elements and
bases of the vector space V. Following the analysis of small cases, i.e., those with
small values of g and h, we are able to obtain general forms of the above mentioned

guantities.



Example 2.23. Let g = 12 and h = 18. We have gcd(g.h) = 6. lg.h] = 36, and so
lg-h)*~!| gcd(g, h)*, for k = 1,2.
By Theorem 2.22(), we have

2 2
p(n) = el (n) + > er(n)
k=1 1

k=

where ¢, € C and gy, € Vj, such that
Vi = {or :No = C: 9 (0) =0, ppis 6"-periodic and 36"~ '-constant} .k = 1.2.

2 & ;
By Theorem 2.22(ii), dimV = El %%Mr =847

By Theorem 2.22(ii), since gcd(g.h) = 6 > 1, thus every function ¢ ¢ V is already
gcd(g, h)-additive.

This material is reserved for educational use only, not allowed for commercial use.
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Chapter 3
Explicit shapes of elements and bases of V

Based upon Theorem 2.22, it is natural to ask for explicit shapes of elements and
bases of the vector space V. Following the analysis of small cases, i.e., those with
small values of g and h, we are able to obtain general forms of the above mentioned
quantities.

Our main result is:

Theorem 3.1. Let g.h be integer > 2. Assume g t h and h 1 g so that they can be

written as

a4 [ (s R b €f

& P g NN, W1 Wy

. b iy dy
g=nn !

g g qﬂ'" W N WY Y P e
where, for 1 < y<fs, 1 <173 j—1 &0 &f; we set

o pi. . we/distinct prime numbers

o b..c; EN

o ¢ dga; €No WIth by = Gy de < 1.

Then (i) every functien.¢ € V-can be uniquely represented in the form

LP('”-) = Z (fk,(f;‘,('n) ¥ 4 Z Z A_\,-':t; 1,3:‘ (” )
el k=1 /i=0

where cx. NF €,

o 5 bl bJ |
&= mmqbl qj L . } _ L -

and
‘ 1 if n =ilg. fﬁlkil.f[g.h]k gR T . (i+1) ;l.fl-f’?:h L _ 1(mod gcd(g. h)*¥)
Bf (n) =
0 otherwise,
For 1 2481, v gedlem)” Y

lg.11]
(i) a basis of the complex vector-space V is given by

{f:'l (n).....0(n), Beln] g sen JB;Cd(ﬂ.h)ﬂ,1 (e} ..oms Bi(n)e. ... G (-n)} :

{”“1,]1 =i

Proof. From the definition of V4, since v € Vi is g h)k~1-constant and ¢ (0) =0,
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we have
or(0)=pr(l)=-.. = op(lg-h]F1 =1) =0,
on(lg, hIFY) = or(lg- A+ 1) = - = (2l hF~Y - 1),
on(2lg, 1) = or(lg, WP+ ) == 2 Ble T - L),

cd(g, h)F } cd(g, h)*
or(ETEE ~ Vlo- ) = el = — 1) == el Bl D)
From the definition of Vi, since @i € Vi is ecd(g. )" ‘-periodic, we have
. . d(g./ :
o1 (0) = px(gcd(gM= o1 (2 gcd(g. h)F) = s ?k((%%})}— ~ 1) gcd(g. h)*)
= 4 #0,
d(g.h)* )
on (/oA RT ) 2w (2facdiol § === w.-«%% 1) ged(g. h)* +
d(g. h)* !
(o= AEcdigm A= @sed i R m%%% ~ 1) ged(g. ) +

Il

\pg.([g‘h,]*’_l - I)y= pr(ecd(y: BYEA (Lg: h];"—l LTITHEE2E A £ ged(y- )+ ([g.h]h"1 —)) e

K
=¢((gfd]”3 el Hy T ED) =

Since [g,A]* ged(g, m)*, then ecd(y.h)* = Alg-hl} [Tor-some positive integer A. It
follow that

on(0) = or(1l) ez (B AE " O =¥ tocdig?i®) = pr(ecd(g. )" +1)
o ou(ecd (s R T x(28C0(g-1)") = -
_ pe(2gcd(g, b + (g AT - 1) = o= N =0,
(g Y = enllg R T+ D) == on(2lg. B - 1) = wr(lg. BIF T + gcd(g, h)*)

= onl(lg R+ 1) +gcd(g. B)F) = = oe((2lg hE - 1)+ ged(g, 1))
— o(lg-hFt + 28cd(y, n)¥) =...= N5 €C,

on(2]g. h*1) = @n(2lg. A T ) = = on3lg A 1) = @r(2le. BT+ ged(g- 1))
(@B 1)+ ged(g ) = - = (3l W = 1)+ gedlg b))

= W.(?[g.h]i—l + 2ng(g.h)"‘) =...=NjeC.

1)

2)
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ged(g, )" T <(c (/2 ) TN ORS AT WS A gcd(g, W) B
mf((——[ AR g, h]"") = Hﬁ/k-((—————[g.,,_i]k_l Dig. A1 +1)=...= WA'((d—[g,h]* =Yg, Al - 1)
o gcd(g, )" §i k
o ng(g.h]“' 1 i
= @k ———~—{g‘ A 1)[g. h] + 1)+ ng(g.h} )
cd(g. h)* ;. ,
e o (SSYE I et 1)  ged(g. )
lg. 1]
cd(g.h) . .
= ((g[ (IL' - 1)1_;,!.!'3]"‘ b 'Zng(_q.h)L)
= e — :\‘%" L t "":
P
We see that the function ¢ € Vi (k2 1) satisfies
ek (n) = NFeC
whenever
n =1y, h 'L [g: h Fad 7, (i l}[_r;.h]k—' — 1(mod gcd (9. h)")
A‘
(i c {[1.1 ..... L) _ 1})
b))
and N} =0/(because ofszetl) = 0).
Consider fesuch that fg-hlrs recd(g- MESince geditgdi=pr (- P
qJ : 1.'“ and [g. Ml Ep " 9 P4 ’Jff' o 15 i --rm}".
IfA — 1, then.gcd(g.h) is divisilble by [geh]t =t = L
For k > 2, we have
5 ok 7 A .
gcd (g, 1) (P‘{" o ples oy gy "'”‘f“) S P oo gt g 7 e
E—1 NS _ rd e\ Y ?
9. hl (])(“ Ny qi’l B ff_?I w T u':‘;’) (g!{‘ £y. . .qi-"r'f m%’ﬂ]“ 55 s u."}lf ]‘{)

The divisibility condition requires that (b, — ¢, Wk — 1) &vand’ (el — de)(k — 1) < d¢, and

SO

for all #= 1.2, wnn s €= 1,2,.-f. Thus,

. by b €1 ef
L<min||—| - | =
_mln(tbl—q} LJJ (-,J [ 1(’1J LJ’LIJJ) ;

From Theorem 2.22 (i), every function » € 17 can be uniquely represented in the form

ss(m:Zrm Zm n)

k=1
where ¢, € C and ¢y, € Vj.. Using the definition of Vj, we get

It,i: 1
1 ili

o ()= Zf,\r n+z Z N BE(A)

k=1 k=1 i=0
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where, for i € {0,1,..., 5%em" 11 \we have

]
n=ilg, A" ilg. AT 14+ 1) (9.8 = 1 (mod gcd(g. h)Y)
with N} € C and

B* (n) 1 ifr=ig.h* tilg.h]"  +1,..., (i + 1) [g.h)*"" - 1(mod gcd(g, h)*)
P (m) =
0  otherwise.

By Proposition 2.20, we know that ¢, (n) € V. Since BF (n) € Vi (g:h), by Proposition
2.21(1), we get BF (n) € V for all i.
We next show that the set

3 = {h (n),....0L(n). Bll (1) Iiéuhy_h)_l (). ..., BT o5 B aia.n l(n)} :

is C-linearly independentIf there is a C-linear relation

: ) , 2 122

AV (n) +.. 4 A?f.,. (My=-A; Bi{pyp . % ‘J’écdm.h,lﬂ Bécclnr,.fn)--l(”') 4 A2 B Lowss

+ A%mm.m? B?’Jw.nﬁ (8L M ATD) a4 Y-+ “1':.ruw.h;—* B gt [(”‘) =0,
Re7 4 Al ol T Tl hRT

then upon/substituting » by 1.2 ged(g. h ) we-get the followingsystem of equations

ANG ) I g

1A (2T T

iRty i =) F AL, TS

AP ged (4.h))=.
Solving this systemback to forth, we get

Atl] pE _{."li = ,11) = e .'Jil

ng(_q.h)r-l = 0

Substituting n by [g. 4], 2[g A, (5““-"'@ - 1) lg-hlged(g. h)?, we get the following

{441
system of equations

A ([g h]) + A3 =0

Aty (2[g.h]) + A2 =0

cd{g.h)? 5
AL, ((%ﬂ;”_’) - 1) [,j.h}) + A2z =0

A5t (ng (g. 11)2) =0
Again solving the system back to forth, we get

0 __ 2 A2 — A2 o
Ay =i s s oo At 3 B0
MRCHO)
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Substituting n by [g.2]*.2[g.h % i scdten)® 1) (g, h)? ,gcd(g. h)®, we get the following
oA

system of equations
A3t (lg- h]’"’) + A3 =0

A90,4 (2[(; ]2> + A2 =0

3
".il')lr‘:j SEM 1 I( ‘h]‘z + 443 - =10
3 12 j ecdiag. ) 1
lg-hl T
A9 (gcd (g, 1:)3) =,

Again solving the system back to forth, we get

() 2 5 3
fi_-‘ — ‘41 = \: = ...= l “,f h l'; = = (}
o

Continuing in the same manner, wtit finally, substituting n by (g h)* 1 2lg, BT

(%“T‘I’i - 1) lg )" . gcd(g. bl ¢ get the follgwing-system of equations

RS ([g. m“"-‘) 4% 0

AV (z[g. hr"-‘) HADNED

cdlyg. ) - >
. gr——(ii NN A + Accomm— 3¢
T 1
[y e

A% (gcd (g, ). = 0
As before, theysalution of-thisilastsystem is

( xT
4J = 1‘ 3 = e A:‘Cd(!lw’t')"‘ 1 = []1
A

showing that the set'§ is Clinearly independént-and is thus a basis of V, yielding

gcd g.h)
dim v -Z T

which concludes the proof of the main theorem. O

Example 3.2. We consider in the case of gcd(g.h) = 1. By the conditions g { I and

ht g, we can write

1

) } . e
(]:(f’ll ([; " IF:'iI?(ll ""U"ff-,

where ¢1.q2. - - qj- w1 Wa, ... Wy A€ distinct prime numbers and b, e; € N.
Thus x = min ( [b-f‘—'_ﬁJ ..... UOL“J . Lﬁﬁj ..... L—;{—”J) — 1. By Theoremn 3.1(i), we have

e u,i*

1

0
w(n)= Z(; (i (n) Z Z \"f“ Bf(n)=an+ Z NIB! (n) = can.

k=1 1=0 =0
where ¢ € €.
By Theorem 3.1(ii), a basis of Vis {{1(n)} and dimV = 1.
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Table 3.1: Sample of explicit forms for simultaneously g-additive and h-additive func-
tion  of given g and 7
g h gcd(g. h) lg, A w(n) basis dimV
2 2m + 1. I dm 4+ 2 c1ly (n) {f1(n)} 1
m € N
i 2m + 1, 1 8m + 4 c1t(n) {t1(n)} 1
meN
o 2(2m 1) 2 T el (m)+NIBNa), | {f1(n). Bi(n)} 2
mie/N
28 (2m + 1). 1 160 48 c1li(n) {€1(n)} 1
m € N
oo 2(2mr+ 1) 2 16m 8 ¢ f( (n) N} B (n) {f1(n), Bi(n)} 2
m.€ N
2¢ 22(2m 411 ! 16mr + 8 erfy (n) {1(n), Bi(n) 4
meN § Y5 AN BE() |5 Bin), Bs(n)}
24, Y 1) p- 24 m cily (n) {£,(n), B (), 2
a€eN e N (e 7N B! () Bi(n),...,
b {0, L¢ Béh_1(”)}
..... a\N
a2g3a pice hE 36 569699676 eyl (n) {£1(n). Bi(n) 36
S PIB! (n) Bi(n),....
Bis(n)}
geaT e 923674 112831 | 21003948 c1ly (n) + eala (n) {¢1(n), Bi(n) 143857
WSS NIBH(n) | Bi(n),.-
?ill N?B (n) Blyzss3(n), Bi (n),
Bi(n). ...
871(“)}




Chapter 4
Conclusions

In our work, we consider additive function ¢ : N := NU {0} — C to form
A amg | = ela @)
r>0 r>0

where ¢ an arbitrary fixed natural number > 2, and a, (n) € {0,1,...,9 - 1}.
For g,h.k ¢ N with g.h > 2, define the step-function ¢ by

n
lg. h]k_l

((n) = [_q.h]""g1 l J (n € Np).

For k.g.h € N, we define’complex.vector space V. by
Vi i= Vilgih) i {;A . Nyt Tt o (. @y isBCl (y.h)*'—periodic and [g.h]""‘ : —constant} .

and denote/by V" be thescomplex vector space of allsimultaneously g-additive and

h-additive functions.

We determines explicit-shapes-of the elements and-a basis of ¥ based on the prime
factorization-of the parameters. g and /. The main resutts are-summarized as follows :

Let ¢.h be integer > 2. Asstime g4 /eand hiig so that they can be written as

b, Saly dj

al, y: | 35 Y 0 (¢ IR L Ef
PR 1)‘\ r],l . v (IJ ” 1 . Bl l‘;.'r 5 ]1 B [')l . . -I)S ql . - q"' (iJ'l . .

b i

@

9= Py
where, for 1 A< 1 < r < b UEVE Rhe set
e pi qr. we disNCEprime nUmbets
e bo.epe N
o cp.di.a; € Ny with b, > ¢, dif <eps

Then 1) every function y € V can be uniguely represented in the form

ced (9, 0)" 1
T x (g hF 1T -
o)=Y elulm)+y Y NEB(n)
k=1 k=1 =0

where ¢, NF € C,

" by b; e ef
comn ( Lﬂ - f‘lJ """ L’_:‘ - CJJ ' Li = fflJ Lff’ *”"IJ )

1 if n=ilg. h]k_ Yilg. h]k—] +1...., (i +1) g, h]k_1 — 1(mod gcd(g. h)*)

and

B (n) =
0 otherwise.
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ke ;
fori e {0,1,..., 59gh” _ 13,

T lgh]t
2) a basis of the complex vector-space V is given by

{el () ool (n). Bi(n) oo Bl (n), . Bi(n), . Bl -.hx_,l_(n)}-

[g.h]"—
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Abstract

Foraninteger g > 2, a function ¢ defined overthe nonnegative

integers is said lo be g-additive il

o T | = D etaan.
r20 =0
where . = 35 @rg" is the base g-Tepresentation of 7.

Let V be the set of all simuliancously g-additive and h-additive
functions with g f & and h { g. In 2003, Puchta and Spilker proved
that V- is a complex veclor space, with a precise dimension; each of
whose elements canbe uniquely writlen as a linear combination of step-
functions and centain periodic functions. Here, we delermine explicit
shapes of the clements and a basis of 1V based on the prime facterization

of the parameters g and h.
Mathematics Subject Classification: 11A25, 11K63

Keywords: g-additive function, Complex veclor space

1 Introduction

Let g be an arbitary fixed natural number > 2. Then every n € N can be uniquely

represented through base g-representation as

n=> a(n)g, a (n) € {0,1,...,g—1}.

* Corresponding author
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An arithmetic function ¢ : Ny := N U {0} — C is said to be g-additive if

7 (Z (n)gf) =Y ¢la (0)g)
>0 r>0
holds for all n € Ny. These functions were introduced by Gelfond in |2] and Delange in |1].

A function ¢(n) is said to be strongly g-additive if
¢ (ag") = ¢la)

forany a € {0,1,...,g— 1} and7 & N,.

In 1983, Toshimitsu [4] proved that, for fixed gy, 90 € N; g1,90 > 2, if p(n) is

both-strongly g;-additive and strongly gs-additive and if :—;ﬁﬁ is not a rational number, then
¢(n) must be identically zero. In 1999, Uchida |5] showed that for g, and g» as in the
work of Toshimitsu, if ¢(n) is a g, -additive and g,-additive, then there exist £, € N with
g = ged (g, g") such that ¢(ng) = ni(g) for eachn € N. Moreover, if ¢ > 2 then p(n) is
g-additive. In 2003, Puchta and Spilker [3] characterized those functions ¢ that are simultane-
ously g-additive and h-additive. In this work, we interest in g-additive for g € N with g > 2
because we recapitulate work of Puchta and Spilker [3]. For g, i, k € Nwith g, h > 2, define
the step-function ¢, by

£ (n)e= [g, b} “EI;&TJ (n e Ny),

where [g, A denotes the least common multiple of g, /..

Proposition 1.1, [3, Proposition 1] For g.h € N with g,h > 2 and for k € N, if
l9, RI¥ ! ged(g, k), then € is simultaneously g-additive and h-additive; if ged (g,h) > 1,
then € is ged(g, h)-additive.

A function ¢ : Mg — C is called

+ p-periodic (p € N) if p(n + p) = w(n) forall n € Ny,

* g-constant (g € N) if p(ag +b) = p(ag) forall a,b € Ny, b < q.
Fork, g, h € N, define

Vi 1= Vi(g; h) 1= {m TNy = C 1y (0) = 0, s ged (g, h)*-periodic and [g, A)*™' -constam} :



23

Annual Pure and Applied Mathematics Conference 2818 (APAM 2818)
Chulalongkorn University, 38'"-21%" May and 1% June 2818

It is easily checked that V), is a C-vector space.

Proposition 1.2. |3, Proposition 4] I/ g, h, k € N and @), € Vi (g; h), then

(1) i is simultaneously g-additive and h-additive;

(i) ifged (g, h) > 1, then @y, is ged(g, h)-additive .

Denote by V" be the complex vector space of all simultaneously g-additive and h-additive

functions. The main result in |3] is

Theorem 1.3. [3; Theorem| Lef g, h € Z with g, h > 2.and assume g { h, h{g. Then

(i) every function ¢ &V, can be uniquely represented in the form

- »
eln)=Y " auli(n)+ 3. oi(a):
& k
where ¢, € C, . € Vi(g; ), and the star indicaies that the sum extends over k € N
with the property that |g, h[*='| ged(g, h)*;
(it) the vector space V has dimension dimg V. = ¥ 7 %%

(iii) _every function p € V' is already ged(g, h)-additive, if ged(g, h) > 1.

Based upon Theorem 1.3, it is natural to ask for explicit shapes of elements and bases
of the vector space V. Following the analysis of small cases, i.e., those with small values of g

and h, we are able to obtain general forms of the above mentioned quantities.

Our main result is:

Theovem 1.4, Lef g, I be integer > 2. Assume gt h and h{ g so that they can be written as

by d . ; .
9 PP e G B pg 0w

where, for |l <i<s, 1<r<j 1<{<f, weset
* Di, Gy, W distinct prime numbers

* b.,es €EN

¢ ¢ de,a; € Nogwithb, > ¢, dy < e
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Then (i) every function p € V' can be uniquely represented in the form

_ 0
o) => k() +Y. Y NBF(n)
k=1 k=1 i=1

where ¢, NF € C,

> by b €
3,_111111(lb!7ﬁJ,.“, {bj _‘ch,[e] _le‘...‘

‘efc—ffffJ )

and

1yiftm=dg, b dlg, A1 <0 G ) [, AP S 1(mod ged(g, R)%)
Bf (n) =
0 otherwise,

Jori €{0.0¢. [, S i

(i) a hasis of the complex vector-space V' is given by

{2’1 (m), .36 (n)., B (n),...,B‘:’u;h) 1(n):...,B’f(n},...,H;ﬂi‘“_]}.

- |

2 Proof of the main theorem

From the definition of Vi, we see that the function ¢ € Vi (k > 1) satisfies
oiln) eNfe
whenever

n=ilg,hl " i lg, W L e Dlg, RIEY <1 (mod ged (g, b)%)

et ot )

Consider k such that [g, 2]*~!| gcd(g. h)*. Note that ged (g, h) = p}* - - - pleg?

and N§ = 0 (because of ¢4 (0) = 0).

--q;jwf‘ - ‘-wj—f and [g,h] = pi7 - plegh ---qj"w? ---w;".

If k = 1, then ged(g, k) is divisible by [g, A]*~! = L.
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For k > 2, we have

d 4\ s d
ged (ﬂlh)k (P?‘“-pg"q‘;“ ---qj’wfl ---w}f) (p?‘ gl ...q;swll...w}!)
= T =i - —es
l9, %] (ﬂ‘l” copoagh qj"wﬁ“ e w}") (qi‘"“ . .qj’i Cpger—th . -wj,’f di)

The divisibility condition requires that (b, — ¢, )(k — 1) < ¢, and (e; — d¢)(k— 1) < d¢, and so

k< Ty i

- TR

for all r =1,2, S nb=1)\2) )/ /F,Thits,

2 bl bj | €1 €y .
b [ et [ -

From Theorem 1.3 (i), every function » € V can be uniquely represented in the form

w(n) =Y ekl (n) ¥y, P (1)
k=1 k=1

where ¢, € C and ¢ € Vi Using the definition of Vi, we get

win) = ZCké'k (n) + Z Z N¥BF (n)

where; fori € {0,1,... %ﬁ,ﬁ;}.—* ~ 1}, we haye

no= g, b g, BT L (= 1) k]S = 1{mod ged(g, h)F)
with N} € C and

L ifn=ilg h)¥ g, AP + 40 i+ L) (g, BT — 1{mod ged(g, h)¥)
B:‘ (n) =
0  otherwise.

By Proposition 1.1, we know that £ (n) € V. Since B (n) € V; {g; h), by Proposition 1.2(i),
we get BF (n) € V forall i.

We next show that the set

S = {6 0), o o) B ). Bty (). B0 B, b
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is C-linearly independent. If there is a C-linear relation

Al (n)+ ..+ AL (n) + A1BY () + ... + Afyigny—1 Baaagmy—r () + A3BF(n) + - -

b Q_IBZME,I,? 2 () 4+ + ATBT(n) + - + Apgne Bragwe_ (7) =0,

Tar AT lg,h|F= g ==
then upon substituting n by 1.2, ..., ged(g, ) we get the following system of equations
A% [Ty Al =0
A% (2) Fdy =0
AV (ged (g, h) — 1) + ‘4:3:&1(9,}!}4 =0
A%, (ged (g, h)) = 0.
Solving this system back and forth, we get
AV= A = A s = Aém(y,nm =0.

Substitating n by [g, #]. 2[g, Al, ..., (&:%#ﬁ 1) {g. hl, ged(g, h)? we get the following sys-

tem of equations

AL, (g b)Y+ 2% =0
At (2[g) ) + A3 =0

2
A3, ((gc‘?;;",;r) 3 :) [;,.‘h]) + A #0

A% (ged(gh)’) = 0.

Again solving the system back and forth, we get

A= =A== A e =0

Tah| =1

Substituting n by [g. k]%, 2[g, %, . .., (%ﬁ ~ 1) l9, k), ged(g, h)¥, we get the following
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system of equations

A ([0, 1)) + A =0
Alls (219, W) + 43 =0

gcd(g,h)3 2 :
APl g, b | + A%, s . =0
(( o ATl s
0

Al (ged(g. h)*) =
Again solving the system back and forth, we get

Al BES r‘lg S A2 aam? = 0.

FPeTE
Continuing in the same manner, until finally, substituting n by [g, /)%, 2[g, A]", ...,

(E%‘ﬁ'@; = 1) 2. k%", ged(g, h)* "' we get the following system of equations

A%e, (lg, AT + 45 =0
A @l T + A5 =0

LA

ARl (ged (g, h)%),= 0.

[ gedfg Ryt o 2
‘,12(1 (( PR - 1) [g. h] ’) 4 AE}"’%}FI =0

As before, the solution of this last system is
AT= AT= 45 = .. $ 4= A0
showing that the set 5 is C-linearly independent and is thus a basis of V, yielding

. ged{g, h
dimV = Z I h]" =5
k=1 b

which concludes the proof of the main theorem.

We end this paper with two examples.
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Example 2.1. Let g = 223%5% and h = 223?72, Adopting the notation of Theorem 1.4, we have
=2 =3@¢=50u=Ta=2=3h=3a=2,60=0,d =0,¢, =2,

Thus, ged(g, h) = 223% = 36, [g, 1] = 2%3*57% = 66150, and so
z= mm( 510055 5] ) = 1. By Theorem 1.4(i), we have

L3-2
g,h Y
1 1 e =Tt 35
p(n) = alin)+ 3]/ 3" NEBF(m)=en+ Y N!B!(n),
k=] k=1 =1 =1

where n = ¢(mod36), ¢,N! € Cand B} (n) = 1 forn = i(mod36) and B} (n) = 0 other-
wise. By Theorem 1.4(ii), a basis of V' is

{n(B] (n), B} (e | B;s (n)}
and dime V' = 36.
Example 2.2, Let o= 225°11% and i = 225%11¢  Here,
D= 2000 Erov = Pray e 2pb=5561253, di =2, e 4

Then ged(g, k)= 23581 1% = 60500, [g, k] = 225511 = 183012500,
s ) - 2. By Theorem 1.4(i), we have

% min( Aol

=1
sﬁ'

-;a(n)wzrkfﬁ {(n +Z Z NEBF (n

60499

= cfy (n) + cals (n Z N/B! (n)'+ ZN282
where
n=ilg, hF il R+ 1, @+ 1) [g, h]FT = 1(mod ged(g, A)F),
 NF€C (k=1,2),

BE(n) = 1forn=ilg, A" il k¥ + 1, ., (i 4 1) [g, hJF' — 1 (mod ged (g, R)*)}
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and BF (n) = 0 otherwise. By Theorem 1.4(ii), a basis of V/ is

{n.£2(n), By (). Boysago (0) , B ()., Bly(n)}

and dimg V = 52| r‘%’% = 60500 + 20 = 60520.

g,
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