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Chapter 1

Introduction

1.1  Background and signification of the research

Nowadays, many problems have many solutions. Mathematical is a very impor-
tant tool to solve these problems. The fixed point theory is efficient and preferable
for use. This theory can guarantee that the answers are existence and unique. Many
mathematicians are interested in developing iterative algorithm of fixed point theory of
various mappings.

Throughout.thisspaper, we always assume that.His a real Hilbert space with
the inner productA-, ), the norm {|:{|'and O is-a-nonempty clesed convex subset of H.
Using the notations of weak and'strong convergence-by™ —” and “.—", respectively.

Let/T : C — C/be a-mapping, we denote F(T).by the set of all fixed points of T
ie.,

F(F) ={xec C+Tx =xa}.

Example1.1.

1 Jf TR & R and Twy= 28 then F(T)= ({1}
2. If ToR —dRand Tz = T3 thén F (1)~ {1}
3R TR SR'and Tz =242 "then F(T) =.{1,2}.
4. [f1:R=Rand Tx =z = 5, thenF(T) = i

5. If TWR—Rand Tax ==, then E(T) =R.

Let C"bewa nonempty closedconvex subset of Hyand 4% ¢ — H be a nonlinear

mapping. The varigtional inequality problem is tofind w.eC-Such that
(Au, v — u) >0, (1.1)

for all v € C. The set of solutions of (1.1) is denoted by VI(C, A).

Variational inequalities were introduced by Stampacchia [1] and provide a useful
tool for researching a large variety of interesting problems arising in physics, economics,
finance, optimization and medical images [1]-[12].

The (nearest point) projection Pc from H onto C assigns to each » € H the

unique point Pcx € C satisfying the property
|z = Pe| = min o — y]|

The following property which is very useful.



Lemma 1.2. Let H be a Hilbert space, let C be a nonempty closed convex subset of

H. Given z € H and y € C, then following holds
Pox=y< (x—y,y—2z)>0,VzeC.
Definition 1.1. Let T : C — C is said to be:

1. nonexpansive if
[Tz =Tyl < |z —yll, Va,yeC;

2. a-contraction if there is a constant a € (0,1) such that

(Fe= T LAl F =yl Va,y € C;

3. nonspreading if
2Tz =Ty)? <o — Tyl 4 e =731", Vo, peC;
[25] provedthatthe-mapping 7is equivalent to

1Pz 2wl <Az glids-20Z — Ty Tyh . Y,y eC

4. quasi-nonexpansive  if
7= | | R N L AT 7 <),

It can be easily seen,that every, nonexpansive mapping is, quasi-nonexpansive

mapping, where F(T) # B

5. firmly honexpansive if
T3 =Tyl* <& gy TE=Ty) vz, e Cf
[38] proved, that the mapping T is equivalent.to
(T — Tyl — Tz — (L =By 20, Va,yc C;

and
Tz — Ty||* < ||z —ylI” = (T - T)a— (Z-T)yl|*, Va,yeC.

6. pseudo-contractive if
<T3:—Ty,x—y)§\|x—y||2, Va,y € C|
7. quasi-pseudo-contractive if

1Tz —yl> <llz —yl> + | Tz — 2> VeeC and ye F(T).



A mapping T : C — H is called £-Lipschitzian if
[Te =Tyl < Lllx—yll, Ve,yel

for some constant £ > 0. It easy to see that nonexpansive mapping is 1-Lipschitzian.
A mapping A : C — H is called a-inverse strongly monotone if there exists a positive

real number « > 0 such that
(Az — Ay, —y) > a||Az — Ay|,

for all z,y € C. It is obvious that any a-inverse strongly monotone mapping A is 1
-Lipschitzian.

Let C and @ be-nonempty closed conwvex of.two Hilbert space H; and Hs,
respectively, and A": H; — H, is.a-bounded linear operator. In. 1994, Censor and Elfving
[5] introducedthe split feasibility problem(in’short, SFP) is formulated as finding a point
z* with the property

¥ e C andAz*-e Q. (1.2)

The set/of all setutions ofsplitfeasibility problemuis denoted by-w.= {z*€ C : Az* € Q},
the SFP in finité-dimensional Hilbert spaces for modeling-inverse problems which arise
from phase retrievals-and in medicaliimage reconstruction:

Assuming that SFP is consistent;it is easyto see thatz* € G is a solution of (1.1)

if and only: if it sotves the following fixed point.equation
=P (I = nANI < Pg))s", (1.3)

where Poand Py are’the metric projections from H; ‘ento C and from H, onto Q,
respectively, # is_a positive:constant and’ A* denotes by adjoint of A.

Thepoputar algorithm used.in.approximatingthe solution of the SFP (1.2) is the
CQ-algorithm of Byrne,[6]:

Zn1) = Po(F~4A (I '= Pg))zn, (1.4)

forall n € N, where v € (0, ) With-A.being.the-spectral radius of the operator 4*A and
A* is the adjoint of A.

LetU:C — Cand T :Q — Q be two nonlinear operators. The split common
fixed points problem (SCFPP) [7, 8] is to find a point p* € C such that

p* € F(U) and Ap* € F(T).

The solution set of SCFPP is denoted by & = {p* € F(U) : Ap* € F(T)}. The split
common fixed point problem is a natural extension of the split feasibility problem, if
Ic =U and I =T where I : C — C and I : Q — Q are identity mappins.

In 2015, Hamdi, Liou, Yao and Luo [4] proved a strong convergence theorem as

following algorithm. : . zg € H; and



Zn = PQA.’En,
vp = (1= &n) 2n + &S (1 = mn) 20 + 10S2n)
Yn = an’)/f(wn) + (I - OénB) (xn —0A* (Afn - Un)) >

un, = Poyn,

Tnt1 = (1= Bu)un + BT (1 = ) un + T un)

for all n € N, where {a,}, {8}, {7n}, {én} and {n,} are real sequences in [0,1], A: H; —
H, is a bounded linear operator with its adjoint A%, f : C — H; is p-contraction, B is
strongly positive bounded linear operator on Hy, T : Q — Q is an £;-Lipschitzian quasi-
pseudo-contractive operatorwith £3.>.1,.U.. C"—%C.is an L,-Lipschitzian quasi-pseudo-
contractive operatorwith™ £, > 1. They showed that.the sequence {z,} converges
strongly to thednique fixed.point of the contraction mapping Pg (vf +Z — B).

Thesplit feasibitity-problem-and fixedpoint probtem is to find

WE-GNIF(U) andvAu* & QM (T), (1.5)

where U : H, —»H;, and THy— H, are two nonlinear mapping:=.IThe set of solution of
(1.5)/is/denoted-by I, -that is,
I ={a|ze CNEU) Axre QNE(T)}:
It is immediately evident-that (1.5) canbe derived from SFP-and SCFPP:
In"2013, Moudaf [24] introduced the following split equality.feasibility problem
(SEEP) to.find z*.and y* with the property

z* elCylle @ st Ax" =By (1.6)

where Hy, Hs and Hj be real Hilbertspaces. 0 ¢ \H,,/Q.& Hs be two non-empty closed
convex sets, 4 «#H, —.Hs, B Hy = H3 aretwo bounded.linear operators.
It is easy to,see that'the problem.(1.6) could-be reduced. te. theproblem (1.2) where
Hs = Hy and B.= (I“bé-the identity mappings on Ha, < Hy).

In order to solve SEFP(1:6),:;Moudafi{24] introduced.the following simultaneous

iterative method:
Tp4+1 = PC(ﬁUn — yA* (Axn - Byn))?
Yn+1 = PQ(yn + BB* (A:En - Byn))7 Vn > 0,
under suitable conditions, he proved the weak convergence of sequence {(z,,y.)} to
(z*,y*) where (z*,y*) € C x Q is a solution of (1.6).
In 2014, Zhao [26] introduced the following algorithm for solving problem (1.6):
Up = Ty — YnA* (Ax, — Byyp),
Tn+1 = 6nun + (]- - Bn)SUTH

Wy, = Yp + Y B* (Axn - Byn> »

Yn+1 = ann =+ (1 — /Bn) Twna Vn 2 Oa



where A: H; — Hs and B : Hy — Hj are two bounded linear operators. Let S: H; — H;

and T : H, — H, be quasi-nonexpansive mappings, A* and B* are the adjoints of A

2||AznfonH2 _
—Byn) ||+ B* (Azn—Byn)|?

Under some conditions, the authors obtained the sequence {(z,,y.)} converge weakly
to (z*,y*) in (1.6).

In 2012, Dong and He [33] introduced following projection algorithm for SEFP
(1.6):

and B respectively, {v.} € (e, A Az,

g) (for e small enough).

Up = Tn — 'YnA* (Axn - Byn) ;
Tn+l1 = PC/U’TH

Wn = Yn + ’Y'nB* (Axn =7 Byn,) )

Ynt+1 = Pana Vn > 0.

where the stepsizes do not.depend'on 'the operator normsHjj4j.and | B]|.

In 2013; Moudafi{32] introduced the following splitequality fixed point problem
(SEFPP); let'U : H, —/H, and T';: Hy —1Hy be'non-linear, operators, such that F(U) #
0 and F(T) # 0, where-F(U) and #(T), denate the-sets of fixed peint of U and T
respectively.-In(1.6), if C = F() and Q .= £'(@), then SEEP (1.6)could be reduced to
the SEFPP, to find z* and y* with the property

Fee N )4+ &), \ 5.l =By (1.7)

where A1 H;.—» Hyand'B_: Hy —» Hj are two bounded-linear operators, which allows
asymmetric and partial relations between z* and »*. This can further'be used to cover
many situations, such as decomposition methods for, PDEs; applications in the game
theory, in intensity-modulated radiation.therapy (see [9)).

IN'2015; Che and Li[27] proposed.the following iterativesalgorithm for finding a
solution of SEFPP(1.7):

Uy — T — /-}/’H,A* (A:r'n, - Byn) )
Tn+1 = Bn‘En He (]- T Bn)Tuna

(1.8)
Up = Un F B (AZp—BY,) ,

Yn4+1 = ﬁnyn + (1 - ﬂ’n,) S“)na n Z 07

and under suitable conditions, they also established the weak convergence of the
scheme (1.8).

In 2009, Kangtunyakarn and Suantai [2] introduced the S-mapping generated by



T1,Ts,...,Ty and ai,as,...,ay. They defined a mapping S : C — C as follows:
Up =1,
Ui = ajTiUy + ayUpy + a1,
Us = &3 ToUy + a3U; + a3l

Us = a‘;’ngUQ + OégUz + OégL

Unv_1=aY Ty Uy o+ Un o+ a7,
S = UN = (X{VTNUN,1 + OééVUNfl + OzéVL
where {T;}Y is a finite family of .nenexpansive mappings of C into itself and a; =
(a-{,ag,ag) € I x I x T, where T € [0,1],and of + af + &= Tyfor every j =1,2,..., N.

For the.special cases.of-S-mapping, we have

1. If we put o] = 8;.and &g = 0, for all j =1,2,~.4, N, then the S:mapping is reduced
to the W-mapping-{36).

2. If we put.ed =\, and.oh = 0, for/all j = 1,2,:.., N,-then the.S-mapping is reduced
to the K-mapping [37]:

1.2 = Objectives of the research

1) To propose new iterative schemes forfinding the solutions of split-feasibility prob-
lem_and fixed point problems of Lipschitzian .quasi-pseudo-contractive mapping

in a“framework of Hilbert space.

2) To propose new-iterative schemes for finding.the-solutions of split/equality fixed

pointiproblem of-quasi nonexpansive-mapping in a-framework.of Hilbert spaces.

1.3  Scope.of.the research

1) Split feasibility preblems, split'common fixedspoint problems, split equality fea-
sibility problems and split equality-fixed point problems are focused in a Hilbert

space.

2) The fixed point problems of nonlinear mappings such as quasi-nonexpansive map-
pings, Lipschitzian mapping and quasi-pseudo contractive mapping are focused in

a Hilbert space.

3) All strong convergence theorems are considered and proved in a Hilbert spaces.

1.4 Research methodology

1), We introduce theiterative algorithms.for, solving the split feasibility. problem and

fixed point problem for Lipschitzian quasi-pseudo contractive mapping.



2) We prove strong convergence theorems to find a common solution of these prob-

lems under appropriate conditions.

3) We introduce iterative algorithms for solving the split equality fixed point problem

for quasi nonexpansive mappings.

4) We prove a strong convergence theorem for a proposed iterative scheme under

some appropriate conditions.

1.5 Expected benefits

1) Obtain some algorithms for.selving-the.split feasibility problem and fixed point
problem for Lipsehitzian  quasi-contractive mappings and obtain some sufficient

for strong convergence of the proposed atgorithm.

2) Obtain’seme algorithms, for solving thesplit eguatity fixed point problem for quasi
nonexpansive mappings-and obtain some sufficient for strong convergence of the

proposed algorithm:

3)/ The new knowledges obtained/in this\work can be apptied:to another split prob-
lems,; for.example; split feasibility problems; ;split-eguality problems, split fixed
point problems, etc.,;;and, can also. be usedrinmany:reat world.applications, for

instance, image recovery, sicnal processing etc..

This thesis.consists of five chapters as follows:

In“chapter Iy we introduce the background of this thesis such as various map-
pings, iterativesmethods farivarious mappings, the definitions and the relation of non-
linear mappings.

In‘chapter 2, we give the definitions, lemmas, remarks and some results to prove
our main theerems:

In chapter, 3nwe ‘prove the strong convergence theorems for finding common
solutions of the split feasibitity problems and fixed-pointproblems and the strong con-
vergence theorems for finding solutiens-of-split equality fixed point problems. More-
over, we use S-mapping applied to our main results.

In chapter 4, we describe the conclusion of the thesis.



Chapter 2
Preliminaries

The purpose of this chapter is to explain fundamental concepts and definitions
used throughout this thesis. Moreover, we give some lemmas, remarks and useful
results used in the later chapters. Throughout this chapter, we use the letter R for the
set of all real numbers, C for the set of all complex numbers and F for the set of all

real or complex numbers.

2.1 Linear spaces

A vector.space (also called a linear space) over a field F.is a set E together with
two operators that satisfy the eight.axioms-listed-below. We present the definitions

and some’ properties of linear-spaces.

Definition 2.1. [10] Let-E be a nonempty set, and-assume that each pair of elements
z and y in#"Can bescombined by.a process-called addition to yield-an element z in E
denoted-by » =& +y.-Assumealso that this operation of addition satisfies the following
conditions (v1) ~(va):

(V1) (z o) % 2 =z (yi'2),
(V2) &ty =y +a,

(v3) theresexists.a Unique,element in £ denoted by 0andCalled the:zero'element, or
the origin; such™that = +.0 =« forall z €/ E;

(v4) to each x € E there corresponds a unique etementin E denoted by —z and called
the negative of.z such thatz+(=z) = 0.

We also assume'that each.scalar a € R andreach element.# in"E can be combined by
a process called scalar.multiplicationto 'yield an_element y in £ denoted by y = ax

satisfying (V1) ~ (V4):
V1) a(Bz) = (aB)z,
V2) 1-z=uz,

(V3) (a+ B)x = az + B,
(V4) a(z +y) = az + ay.

The algebraic system E defined by these operations and axioms is called a linear space.

A linear space is often called a vector space.

Definition 2.2. [11] A set E in-a vector space is called convex if for any ayy & E and

a €[0,1] ,we have az + (1 — a)y € F.



2.2  Properties of Hilbert spaces

In this section, the definition and some properties of Hilbert space are as follows.

Definition 2.3. [16] Let X be a linear space (or vector space) over the field F. A norm
on X is a real-valued function || - || on X such that the following conditions are satisfied
by all members » and y of X and each scalar a:

(11) ||z|| > 0 and ||z|| = 0 if and only if x =0,
(12) flaz|| = |l ],
(13) |z +y|l < ||z| + |ly| (triangle-imequality):

The ordered pair (X:]|.«) is called @ normed space or nermed vector space or normed

linear space.

Definition 2:4. (Cauchy-sequence {111} A sequence of vectors {z,}.in.a normed space
X is called a Cauchy sequence if for every e > 0theré exists Nve-N such that ||z, —z,| <

e for allm,n >.N.

Theorem, 2.1, {11] A subset'S. of a normed space X is closed. if and only if every

sequence)of-elements of S, convergent in. X ‘has its limit;in,S, i.e.,
ATy &8 S\ plesare s

Definition-2.5. [17].An inner product on a vectorspace K over the fietd F is a function
(-,-) 1 K X K& — T, that assigns ascalar (z;y) forevery z; y & K, such thatfor all z,y,2 € K
and e F:

(1) (z Ray) = (@, v) T,
(12) (az,y) =a¥a, i),

(13) (z,y) = (y,z),

(14) (z,2) >0 & x#0,

A vector space K over F with a specific inner product is called an inner product space.

If F = C is a complex inner product space, and if F = R, K is a real inner product space.
Theorem 2.2. [17] For an inner product space K, z,y,z € K and a € F:

1) (z,y +2) = (z,y) + (2, 2),

U2) (z,ay) = a(z,y),

(J3) (2,0) = (0,2) =0,

Ua) (z,2) =0z =0,
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(U5) If (z,y) = (=, 2) forall z € K then y = 2.

Remark 2.3. [10] An inner product space is called a real inner product space for the
case when the scalars are the real numbers and (z,y) is a real number. For the case,
(13) means

(z,y) = (y, 7).
Remark 2.4. [10] Using (J1) and (J2), we obtain that for 2,y € K and a, 8 € C
(z,ay + Bz) = a(z,y) + Bz, 2).
Definition 2.6. [10] A complete inner product space is called a Hilbert space.

Theorem 2.5. [10] The inner product in an inAerproduct space K is jointly continuous:
Tp = 2 a0\ yn 1 S, yn) — (T

Remark 2.6. [10] We of course-obtain from Theorem 2.5 that if «,,—a, then for a fixed
yekK,

{n, Y=, g) candaly, 2, )— (g

Remark 2.7. [10]Let K be an'inner product space. For.each #in\K, we define its norm
]| by

1
ol = () 7

Theorem 2.8. (Schwarz.inequality {10]) Let KX be.an‘inner_product.space and let =

and y be elementsiin K. Then the following holds:

(= <l

Definition 2.7.-(Strong convergence [11])). A sequence {z,} of vectorsin an inner prod-

uct space ks called, strongly conversent to-zin K if
|z — || — 0 as n = oo,

Definition 2.8. (Weak convergence [11]) A sequence{z#} of vectors in an inner product

space K is called weakly convergent-to-aw-in-K if
(xn,y) — (z,y) as n— oo forall ye X.

Theorem 2.9. [11] A strongly convergence sequence is weakly convergence (to the

same limit), i.e., z,, — x implies z,, — =.
Remark 2.10. [10] If 2,, = 2z and z,, — y, then z = y.

Lemma 2.11. [10] Let {z,} be a Cauchy sequence of an inner product space K such

that z,, — z. Then z,, — «.

Theorem 2:12. [10] Let H -be a Hilbert-space and let ¢ be a nonempty closed convex

subset of H with {z,}-c C and z,, — z, then z € €.
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Theorem 2.13. (Opial’s theorem [10]) Let H be a Hilbert space and suppose z,, — z.
Then

iminf ||z, — 2| < liminf|z, — ||
n—o0 n—oo
forany y € H with = # y.

Theorem 2.14. [10] Let {a,} be a bounded of real numbers. Then, there exists subse-

quence {ay,,} of {a,} such that

a=lmsupa, = lim a,,.
11— 00

n—r oo

Similarly, there exists a subsequence {a,, } of {a,} such that

p=1lminfa, =-tim_a,

n—00 J—00

Remark 2.15. [10].Let H be an.inner product space. Then we know that the following
(1) and (2) are equivalent:

(1) H is complete,

(2) each bounded sequence{z,} of H has a-weakly-convergence subsequence {z,,}
of {x,}.

Theorem2.16. [11]Weakly conversent sequencesq{z,,} in aHilbert space H are bounded,
i.e., if {zx} is a.weakly convergent sequence, then there exists a number M such that
|z < M-foralbn &N

Theorem2.17.(Double extract subsequence principle [16]) Let {z,} be a sequence
in a Hilbert space' H andiz € H.. |If every/subsequence {z,,} of {z,} has a further

subsequence {xnk_l} such that tm; s B, =/%; then/lim,,— 4o z,, =.

Definition 2.9.%(Lower semicontinuous [10])Let H-be/a Hilbert space and let C be a
nonempty closed convex subset of Hi-Let/f be-a function of @ into (—oo, 00}, where

(—00,00] = RU {ecks Then; £ is called lower,semicontinuous+f for any a € R, the set
{f.€ C : f(z) < a}isclosed.
Moreover, f is called convex if for any 1,2, € C and t € [0, 1],
fltar + (1= t)w2) < tf(a1) + (1 —1t) f(a2).
Similarly, f is called concave if for any z1,2 € C and t € [0, 1],
Fltws + (1= t)a) > tf(@1) + (1 — ) f(a).

Theorem 2.18. [10] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let f be a proper convex lower semicontinuous function of C into

(—00,00]. Let {x,} be a bounded sequence in C such that x,, — x¢. Then

£ (o) <Uminf f ().

MN—r0Q0
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2.3  Properties of bounded linear operators

The properties of bounded linear operators are as follows.

Definition 2.10. [11] Let C be a nonempty closed convex subset of a real Hilbert space
H. Then

(1) T: H — H is called a linear operator if
T(az + By) = oT'(z) + BT (y),
forall z,y € H and «, B3 € R.

(2) T: H— His calledbounded if there exists*K. > 0.such that
| Tl < Bzl
forall z € H.

Definition 2.11. (Adjoint Operator [11]) et 7! be abounded operator on a Hilbert
space H. The'operator 7~ : H —H-defined by

(Ie,y)= (2, T7y), forall mwyy - H

is calledthe adjoint operator.of /A.

Theorem' 2.19. [1T1} The adjoint operator 7 of a bounded operator. T 'is bounded.
Moreavef, wé have T =T || Jand 7= {112

Definition 2:12. (Self-Adjoint Operator [11]) Let T be a bounded operator on a Hilbert
space H.If (Tz,y) = (z, Ty) forall » € H, then-T'is‘called the self-adjoint operator.

Remark 2.20..If 7"is & bounded operator oma-Hitbert space H, thenT*T is self-adjoint

operator.

Theorem 2.21. [11] Let T-be a bounded linear self-adjoint operator on a Hilbert space
H. Then
1Tl = sup |(Tz,z)|.

[l[|=1
Definition 2.13. (Normal Operator [11]) A bounded operator T' on a Hilbert space H

is called a normal operator if TT* = T*T.

Theorem 2.22. [11] A bounded operator T on a Hilbert space H is normal if and only
if |T2| = ||T*| for all z € H.

Definition 2.14. [11] An operator T is called positive if it is self-adjoint and

(Tz,x) >0, forall z.e H.
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Definition 2.15. [20] Let T" be a bounded linear operator on a Hilbert space H. The
spectral radius of T, denoted by r,(T), is the number defined by

ro(T) =sup{|\|: A€ o(T)},
where o(T) = {A € C: (T — XI)(z) =0, forsome 0#z€ H}.

Theorem 2.23. [20] Let T be a normal bounded linear operator on a Hilbert space H.
Then T is is self-adjoint operator if and only if o(T) C R.

Definition 2.16. [21] A self-adjoint operator T is a strongly positive operator on H if

there is a constant v > 0 with property
(Tx,z) > ~||z|*, for altea cH

The following exampte shows that’' A-is-a bounded linear.operator.

Example 2.24. Let"R?-be the two dimensional space-of real numbers with an inner
product (-,-) +RZX R — R-defined by (u,v) = & <v-= wjv; +usv2 andia usual norm
|- 4R — Regivén by || \=n/u 4 a3, for allu=(uy, us) , do=u(v1,v2) € R%. Let an
operator A : RZ-¥R2be defined by Ax = (4 @s,x1+ zo)-for alle = (z;,3) € R% Then
A'is a bounded linear-on R,

Solution. Let a,peRand v =\(x1, v5) 9% (y1, ys)-€ R2. Thuswé derive

Alaw By) =(az1 A By = (aLy 4 By ) ax1 + Byi=towz + Bye)
= (o= we) + By S ye) olar TR 22) + By +@e)
=a(rr=2y, v WYL 72 g y2)

), sahendl

It implies that A"is linear. Consider-that

|Az[f=(z1 — T2, 71 +22)||

— \/ 7‘L2 Ll +£L’2)2

= /2?2 — 2m129 + 23 + 2% + 22179 + 23

2(a + 23)

Hence A is bounded.

2.4 Metric projection and Variational inequality problems

In this part, we propose further the properties of projectors and relation of

Metric projection.and Variational inequality problems in Hilbert space.
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Definition 2.17. (Metric projection [10]) The (nearest point) projection P from H onto
C assigns to each x € H the unique point Pox € C satisfying the property

— P, =minl|lz — y|l.
|z — Pex| yecllx yll

Lemma 2.25. [18] Let H be a Hilbert space, let C be a nonempty closed convex subset

of H. Given z € H and y € C, then following holds
Pox=y< (x—y,y—2z)>0,VzeC.

Lemma 2.26. [19] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H. Then the following hods:

(1) [|Pox — Poy)| < |l =gludoratla.y € .
(2) <y — (L‘,Pcl‘ ~ Pcy> > ||ch = Pcy||2, for/all Ty € H.

It is'well-known that Peris-a firmly-nonexpansive mapping.of H onto € and
satisfies
[P0 — Poul </ (Pow, > Pou, v ~y) .Mty y.€ H.

Obviously, it implies that
(= y) — (Pex =Pey) |* <lm — ylF =P — Peylf, Va9 € H.

The Variational:inequalities theory, which was-introduced by ‘Stampacchia [1],
arise lin various'models for a large number of mathematical, engineering, physical and

other problems: The property of variational inequality problems._is follows:

Theorem 2.27. [10]Let H be areal Hilbert space and let'C be a nonempty bounded
closed'convex subset of \H. “Letia > 0'and let A:/C-—< H be a-inverse strongly mono-
tone. Then VI(C;A) # 0.

Lemma 2.28..[19] Let # be a Hilbert'space; let C be a nonempty closed convex subset
of H and let A bewa mapping.of C.into H. Letwic €. Then, for A > 0,

w=.Pc (T =XAYu < ueVI(C,A),

where P is the metric projection of H onto C.

2.5 Fixed points of nonexpansive mappings, nonspreading mappings

and quasi-nonexpansive mappings

In this section, we study about the existence and properties of nonexpansive

mappings, nonspreading mappings and quasi-nonexpansive mappings.

Theorem 2.29. [10] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset.of H. Let T be a nonexpansive mapping of € into-itself.. Then T has a

fixed point in C.
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Theorem 2.30. [10] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into itself. Then F(T) is closed

and convex.

Lemma 2.31. (Demiclosedness principle [22]) Assume that T is a nonexpansive self-
mapping of closed convex subset C of a Hilbert space H. If T has a fixed point, then
I — T is demiclosed. That is, whenever {z,} is a sequence in C weakly converging to
some z € C and the sequence {(I — T)x,} strongly converges to some y it follows that

(I —=T)z =y. Here, I is the identity mapping of H.

Example 2.32. Let T : [-3,3] — [-3, 3] be defined by Tz = 22-1. Then T is a nonexpan-
sive mappins.

Solution. Let x,y € [=3,3]. Thus we get

Tz - Tyh=

23:—1_2y—1
3 3

'g@—yﬁém—m

Hence 7'is'a nonexpansive mapping:

By the_concept .of quasi-nonexpansive mapping -and;nonexpansive mapping,
we know thatia .nonexpansive-mapping with at/least one fixed point in C is quasi-
nonexpansive mapping-but the inverse may be not true:- it implies.that the class of
quasi-nonexpansive -mapping eeneralizes the'class of nonexpansive mapping. Next is

the property of quasi-nonexpansive mappins.

Theorem 2.33.[23] Let H be a Hilbert space and'let C be a.nonempty closed convex
subset of'H. Let Trbe-a quasi-nonexpansive mapping of ¢uinto itself. Then F(T) is a

nonempty closed convex set on which.Z"is continudus.

Example 2.34. et Ths, [~3,3] &>]~3,3] be-defined by Fe = 22=1. Then T is a quasi-

nonexpansive.mappins.

Solution. Let'm, yne [=343],. We observe that F(F) = {+1}. For'every v € [-3,3] and

—1 € F(T), we have

2p7="1
3

T(v) =T(=1)'=

2
—(—1)‘ =3 lv+1] < v+ 1].
Therefore T'is a quasi-nonexpansive mapping.

Example 2.35. Let ¢, be the set of all sequences of complex numbers (z1, o, -+, z;,--+)
with > |z;|* < oo is defined by [jz]ls = (X2, 1z:)2)z and (z,y) = ooy ziy; for all
r={2;}2,,y = {y:}2, € £2. Suppose that

Tx = §(I1,$2,---,Ii7-~-)-

Then T is quasi-nonexpansive mapping.
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Solution. We observe that F(T) = 0. Consider that

1 1 1
|[Tx —2*| = H(§x1 -0, -2 —0,...,§xi —0,...)]

2

1
= §||(x1 —0,29—0,...,2;, —0,...)|
S |‘($1703x2707"'axi707"')”

= [z =27
Hence T is quasi-nonexpansive mapping.

A mapping T on a closed convex subset C of a Hilbert space H is said to be

nonspreading mapping if
20Tz —Ty|? £ llw = Tyl* + [[Pang wif? (2.1)
forall o,y € €.

Lemma 2.36. [3] Let H be a Hilbert space, let € be a nonempty closed convex subset
of H , and let T be a nonspreading mapping-of Cinto-itself. Then F(2).is closed and

convex.

Remark 2.37."Anonspreading mapping T-with-F(T) # 0 is.quasi-nonexpansive mapping.
But the ‘converse-is-not true.

Example.2.38. Let T7:[1,2}, — [1,2] be defined by £'z'= 1 Then'& is-a nonspreading
mapping:
Solution. etz y-€ [1,2]» Thus Wwe get

2

P —
[T < Py|% | &2 S AL <(a2 y|?,
& Ty
and
1 !
2<x~TfI:,yTy>2(-'IJ) (?/--)
T Y
\ 1 1
>0, 7'( Since™>=Ty > -).
T y
Hence
@ —yl* + 2z — T,y — Ty) > |z — y|*
> [T —Ty|*.

Hence T is a nonspreading mapping.

2.6 Some useful Lemmas and Theorems

This section is an important section to prove our main results. Let H be a real
Hilbert space with inner-product, (;+) and norm-||-||. : In: this. thesis; we represent weak

and strong convergence by ' =" and "' =" respectively.
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Lemma 2.39. Let H be a real Hilbert space. Then there holds the following well-known

results:

(D) o yl* = ll2* £ 2 (@, y) + |y,

@) Jle+yl* < ll2]* +2 v,z +y),

(3) [laz + By +v2II* = a[ll* + Bllyll* + v [|21* — aB ||z = y[|* — ey ||z — 2> = By lly — 2II%,
forall z,y,2 € H and o, 3,7 € [0,1] with a+ B+~ = 1.

Lemma 2.40. [12] Let {Q,} C [0,+00],{v,} C [0,1] and {n,} be three real number
sequences. Suppose that {9,}, {v,} and {n,} satisfy the following three conditions:

(l) Qn+1 S (1 - vn) Qn T NnUn,

(”) i Up = OO,

n=1

(i) imsupn, <0.or Z [} <7 60;

n—r00 1 et

Then, lim Qx=0.

Lemma 2.41: [40] Let {p, } be a sequences of real numbers. Assume-that there exists
a subsegquence {pn,f-of {ont such that'p,, < puei-forallik.> 0" For every n > Ny,

define an, integersequence {r(n)}as

m(n) =max{i < Wi <Pagb ) -

Then 7(n) = 00 as n=co0 and
8 { rgyrn [ P ()€1
forall n > Ny.

Lemma 2.42. [14] Let C“be aynonempty closed, convex subset of a real Hilbert space
H. For every i = 1,2, . Nlet A; be a strongly positivedinear bounded operator on a
Hilbert space H with coefficientsp>-0.and-y="min;—1 > . n7. Let {ai}fil c (0,1) with
SN a; = 1. Then the following properties hold:

(i) HI —p N aiA
0<p<|l4) "andforalli=1,2,.. N.

<1-pyand T -p> Y a;A; is a nonexpansive mapping where

(i) VI(C, N a:4;) = NX, VI(C, A;) where N, VI(C, A;) # 0.

Proposition 2.43. [15] Let H be a real Hilbert space. Leti/ : H — H be an £-Lipschitzian

operator with £ > 1. Then
F((1=QT+ ) = F U1 = T +U)) = FU)

for all-¢ €(0,%).
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Proposition 2.44. [15] Let H be a real Hilbert space. Leti/ : H — H be an L-Lipschitzian
quasi-pseudo-contractive operator. Then we have
4 (1= m)a + ntha) = u*||* < [lz = u*|* + (1= n) lz = U (1 = )z +nidz)|*,

and the operator (1 — &)Z + &U ((1 — n)Z + nUd) is quasi-nonexpansive

when0<é<n< that is,

Nieoasst
11 =&z + &U (1 = n)z + nitz) — u”|| < [lz — v
forall z € H and u* € F(U).

Proposition 2.45. [15] Let H be a real Hilbert space. Leti/ : H — H be an £-Lipschitzian
operator with £ > 1. If Z—iis demiclosed at'o;then Z=U((1—-¢)Z+¢U) is also demiclosed
at 0 when ¢ € (0, %)

Lemma 2.46: Let C be a honempty closed convex.subset of a real Hilbert space H and
let T: C = € be-a-quasi-nonexpansive mapping-with-# (¥)-= (. Then VI(C,Z-T) =
F(T).

Proof. It is.easy, to see that F(T)CV I(C, T <=7).
Let w € VAL (C,Z.= T))then we have

(W~ u, (T2 THu) & Oavire G (2.2)
Let v* e-F(T), thenwe have
7w = v < =] (2.3)
On the other hand

| T <%
=l(u — o) L(E= Tl

L= 0*|]* — 2(u — v*, (T — T)w) +|| (@ — Tya]>" (2.4)
From (2.3) and (2.4), we have
lu— o2 = 2(u — o T =TV ) + I - T) ufl® < flu— ] (2.5)
It implies that from (2.2) and (2.5) that
I(Z = T)ul* < 2(u—v*, (T —T)u) <0. (2.6)
It follows that w € F(T). Hence VI(C,Z —T) C F(T). L]
Remark 2.47. From Lemma 2.28 and 2.46, we have
F(T)=VI(C,I—T)=F(Pc(ZT—X\I-T))),

for all A >.0.



Chapter 3

Convergence theorems in Hilbert space and its

application

3.1 Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

In this section, we introduce strong convergence theorems for finding a com-
mon element of split feasibility-problem andfixed point problem in Hilbert spaces. In

addition, our results_improve existing results.

Theorem 3.1,.Let H, and Hy are two real Hilbert-space, let.CvC H; and Q C H, are
two nonempty closed convex.sets.-tet A+ H, — Hsisa bounded linear operator with
its adjoint A*. For each i=1,2,".., N, let D,s strongly-positive bounded linear operator
on Hy with coefficient.”; > 0and 7/= ZzlmlnN% Let f+ C — H, is.a p-contraction,
T : C = Gis anL.-Lipschitzian guasi-pseudo-contractive operator. with' £5 > 1. Assume
that T' 0 and'let {z,} be a sequences generated by zg € H;

R Ry

v = (= &) 2Zn 4 &S =m ) 2n =+ mnS2n)

Yn = amY [(@n) + <I ~lav, Zf\il aiDi) (2, — GA* (Az,, — vp)), (3.1)
ty = Pcln;

Tyt = (L Bo)un o BT (=) ol v D), forn 2 1,

where parameters {ay, }, {8, bdlow ¥ €. -and {n,} are real seéquences in [0,1] , 6 and v
are two positive constants.
Suppose that T—Z and"S—7 are:demiclosed at 0.”Assume that the following conditions

are satisfied :

oo
(i) 7}5& a, =0 and 2:1 , = 00,
n=

(i) 0<a; <& <by<n,<cp <

1
VI+LZ+1
1
VI+ L+

(i) 0 < ag < Bp <by < yp <3 <

. 1
(/V) 0< (5,’Y< W aﬂd ’7 > vp,
V) 0 <ay, < ||D;|| " fori=1,2,..,N.
Then the sequence {z;,} converge strongly.to the unique fixed point of the contraction
mapping z = Pp <7f +T-YN, aiDz-> z.
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Proof. Let »* = Pr (7f +7-2N, aiDi) 2*,we have z* € CNF(T) and Az* € QN F(S).
From Pg is firmly nonexpansive, thus
llon — Az"|* = | PoAzy — PoAz"|?
< Az, — A2*|* = (T - Po)Aw, — (T — Po)Az"|®

= | Az, — A2*|” — | Azn — za” . (3.2)

Applying Proposition 2.43, condition (ii) and (iii), we have

and

(3.3)
This

(3.4)
By prc

(3.5)
Since Pg is

(3.6)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen

lidnsallagnsau Snvivhuiilvidauwdasilom uavdesgedadadivedenarsynasaninisiluly
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From definition of {y,} and using lemma (2.42), we obtain

N
”yn — z*” = an'yf(xn) + <I— Qo ZaiDi) (:L'n _ JA* (Amn — vn)) o
=1
N
:“an’)’f(xn) - an7f(2*) + an7f(2*) — Qp ZaiDiZ* +x, —0A” (Axn - 'Un)
=1

N N
— o Z a;D; (z, — 0A™ (Axy, — vp)) + Z a;D;z" — 2%||
=1 =1

N
=llany (f(zn) = F(z7) + an (w”(z*) - ZaiDiZ*)

(2

(3.7)

(3.8)

(3.9)

(3.10)

dy [ lﬂl Y o U 14 tﬂl = I gj 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen

lidnsallagnsau Snvivhuiilvidauwdasilom uavdesgedadadivedenarsynasaninisiluly
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From (3.10), we have

20 — 2* 4+ 6 A (v, — Axy)|)?
= |lzn — 2°||* 4 6% | A* (v — Azp)||” + 26(z, — 2%, A* (v, — Azy,))
<l = 74 P 1A o = Al +25 (=5 [ = Al = 5 o = Az
e — 21 4 82 AIP o — Azl = 6 12 — Azl — 6 o — Az

=llen = 2*7 + 8 (S 1A = 1) llvn — Azall® = 6120 — Aza®. (3.11)

From (3.11) and condition (iv), we have

[ - zn — 2)?
SOJ \\A\Lﬁ//
=2 7 — 2N 3.12
s A 612
From (3.7) and (3:12); -\ = V&
2| NN I ~a
- = 4 - / .. - % -
/ AL \ - N\ \\
¥ + ~

n)p |z : + 0 A7 (0 = Azy)||
N

Gl
~3
7/
Xy
=91

(150 (=0 [l == D (3.13)

Hence, the sequence {x,} is bounded.

Since P is firmly nonexpansive, we have

un — 2*|1* = | Poyn — 2*|)?
= | Pey, — Poz*|?
<|lyn — 2** = |(Z = Pe) yn — (Z — Po) 2*|°

i”yn:Z*”z; lyn — Poy ||2 o . L y
Tieugelithlldustlendsunsén

_Eyn - Z*” v ||y,n - yg“ o g (314)

lidnsallaensau Snneihudlvidaudasilon uazdetosdandivesenatsnasaminisiiluly
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From (3.5), (3.13) and (3.14), we have

[Zn+1 — 27|
<lun — 2|
2 2
< ”yn - Z*H - Hun - ynH

= <[1 — (¥ =)l lzn — 27| + o

2
2
) = llun = ynll

N
Vf(Z") = Z a;D;z"
i=1

N
~vf(z") = Z a;D;z*
i=1

_ 2 *1(12 — *
=1 —an(y =90))" [lzn — 2"[|7 + 200 [1 = 0 (¥ — yp)] [l — 27|

2
2

N
oy, | f(Z") = Z a;D;z"
i=1

af| o= yn||2 .

That is,

2

”u’n i y’nH2 < HTn - Z*”2 P ||-73n+1 z Z*”2 + 04721

N
¥f(z") — Z agD;z"
i=1

28y e (7 N A 2 ‘ (3.15)

N
’\/f(Z*) — Z aiDiz*
i=1

Next, we focus our analysis-on the fact that the sequence {{jan— 2*|} is either mono-
tone decreasing at infinity(Case 1) ornot(Case 2).

Casel. There exists o € Nosuch thatithe sequence {lzn = 2*I}ish, iS.@smonotone de-
creasing:

Case2. For any™ iy € N, there exists-an inteseram > no.such that
lm, — 2 ) < |@mvr— 27|

Casel., We assume that there, exists'some integer m >(0 such that {|Jz4 — 2z*||} is de-
creasing for all w> m.

In this case, we getatim ||z, « z*|l.exists: \From (3:15) and condition (i), we deduce
W—.00

lim ety = 90| = 0. (3.16)
M= 00

From (3.7) and condition (iv),we have

Hyn - Z*” <apyp ”'Tn - Z*” + an

N
vf(2") — Z a;D;z"
i=1

+ (1= an¥) ||xn — 2" + 0A™ (v, — Axy)||

* * N *
(el =N+ 1) - 2L, aiDi |
=Qan7 —

Y
+ (1 — an¥) |zn — 2" + 0A" (v, — Axy)]| - (3.17)

Since {z,} is bounded, then there exists a constant M > 0 such that

Ao dlen = 27+ va(Z*) TN aiDz‘Z*H
sup - < M.
neEN

v
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By convexity of (-)? and (3.17), we have
lym — 2717 < M2 + (1 — ) |0 — 2% + 6A* (v, — Axy)|>. (3.18)
From (3.5), (3.6), (3.11) and (3.18), thus
|#n 1 — 2|

< lun — 2*)1?

<lyn — 2"

< AM? + (1 = 0, 3) || — 2% + 6A* (v, — Az,,)|?

<on7M2 + (1= an3) (llon = 2*17 + 8 (S1 A7 = 1) Jvn = Azall® = 8 20 — Aza]*)

(3.19)

(3.20)

From (3.20), then

Um [z — S (1 = 7) Z + 7,S) 2| = 0. (3.21)

n—oo

Consider that
1S (1 =nn) T +mnS) 20 — S ((1=1n) L+ 10 S) Az ||
<Ly [[((X = 00) T +10S) 20 — (1= 1) T+ 0pS) Az|
— L1 [[(1 = ) (20 = A) + 1 (S0 — SAz,)|
<Ly ((1=nn) [lzn = Azpl| + 10 [|Szn — SAzn|))
<Ly (1= 1) 2n = Az + 1 Lr |2 — Az

dy [ lﬂl ¥ 10./ Y o ¥ €Y 14
wnanstiluenansianulidmsunisivnumensanwivinuuy euygnliluldusslevidaiunism

lidnsallagnsau Snvivhudilidauwdasion lavneseesnaudivedenarsynasaninisiluly

=Ly (1 —nn(L—L1)) ||z — Az - (3.22)

=



25

From (3.22), thus

[Azn =S (1 = 1n) L + 10 S) Az ||
<NAzn = zn + [l2n = S (1= 10) T+ 00.5) 2|
F NS (X =n0) T + 1) 20 = S (1 = 1) T + 10 S) Ay|
<Az — za|l + 120 = S (1 = 1) T4+ 170S) 2al| + L1 (1 = 90 (1 = £1)) |20 — Az, . (3.23)

From (3.19), (3.21) and (3.23), then we have

le | Az, — S (1 = nn) Z + n,S) Az, || = 0. (3.24)
Since
Az, — SAx, || =I|Az, — S (1 =) T+ mnS) Az + S (1 =) Z + 1,S) Az, — SAx, ||
< [|Azy, —SCA= ) Dt miS) Al +AS (L= 1)L #7nS) Azy — SAzs ||
<Az, =S (T =pm)Z +0.5) Aznll & LT ="0n)  RgnS) Az, — Az, ||
= || Azp, =S (1 =m) T 0 S) Al + LimnlAz, — SAz, ),

it implies that
1
| Ay = SAT | < =77 M Azn 7S (U= 10) 27 T S) AZdf -
1 5 Clnn

By (3.24); we obtain
lﬂ’)ﬂ Az, = 5Az, || =0. (3.25)

Consider that

If

Hyn = Zn H

N
Oén'}/f(xn) Y (Z Y Z azD7> (x'n 1\ 6A* (Axn a Un,)) T,
i=1

N N
=l anyf(x,) — 0AT (Awy = ) = (i Z a;D;x,, +00u ZaiDiA* (Az, — vy)

i=1 = 1

N N
= ||a, (fyf(x") — Z a;D;xh +0 Z a; Dy A* (Axy, — ’Un)> +0A* (v, — Axy)

=1 i=1

N
= ||y, <7f(¢n) — ZazD7 (xp, — 0A™ (Ax,, — Un))) + 0A* (v, — Axy,)
i=1

N
San ’Yf(xn) - ZazDz (xn — A" (Axn - Un)) + d ||A* (Un - AIn)H
i=1

N
<an [1f(@n) =Y aiD; (xn — 6A™ (Awn = va)) || + 8| A%|| lon — Az,
i=1

N
= |[vf(2n) = Y a;D; (xn — 6A™ (Azy — vp))|| + 8 | Al [Jvn — Azp]|.
=1

It follows from (3.19) and condition (i) that

im {|z, =yl = 0. (3.26)



26

From definition of {x,}, we have

|Zn+1 — Z*”2 =I(L = Br)un + BuT (1 = vn) un + v Tun) — Z*||2

(1= B) i — 2°) + i [T (1 = 30) tn + 20 Tn) — =°]|
:(1 - /Bn) Hun - Z*”2 + Bn ”T ((1 - ’Yn) Uy, + ’YnTun) - Z*”2

2

Applying proposition 2.44, we have

* * 2
1T ((1 = vn) un + nTup) — 2 ”2 < lun — 2 ”2 + (=) lun — T (1 = vn) wn + ynTun)||”

(3.28)
From (3.6), (3.12), (3.18),(3:27)-and (3.28), thus

n i1 — 211> =(@WEBN) lun ~2 W BANT (1S i Yo Tun g %[

= Bu(T=BaHHL () un P Tet) =it

<(1 — Ba) Jum= 2T I % Bl <22 A=) Nt — T (1% 9) v + T |*)
— Bl 1= BT (1=3,) iy + 3 Lttn) — 21,12

= e 228 15, ) (MR- T o i) 2 ik R
= Balle= ) VL (1 % 7o)t 7o D) = sl

£ thy = 20T Bl el =8 (£ ) ol T, )| £
= B LB ) (L A ) iy Bt ) = e

M2 |+ (L —ami) iz o 2 oA (e Az
+ Bl o ) [un = DA £0) kT Tus I
— B (e=Bp) | ((Far\ ) i+ ) =t

M2 T L 8 W 2 5 LAz )1
S Sl Ba) 1= TP 0 ¥ 5 T )|

<an W 5= 7 Bn (1 B llwid T (L= wn + 3 Tun)|* -
It implies that
B (T = Bn) [t = T (1 = ) i + 1 Tun) [ < n¥M? + ||z — 2*[|* = [[@nga — 2*|*.
By condition (i) and (iii), we get
Um s — T (1 = 9n) tn + ¥ Tuy)|| = 0. (3.29)

n—oo

Observe that

[un — Tun|l < llun =T ((1 =) un + WTun)ll + |7 (1 = ) tin + Y0 Tun) — Tun||
< ”un -T ((1 = Vn) Un + 'YnTun)” + Lo H(l = Vn) Un + YT Un — Uy ||

= [[un =T (1 = yn) tn + VT un) [l + L2Vn [tin = Tun] -
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Thus,
1
un — Tuy|| < m un =T (1 = yn) wn + ¥ Tun)|| -
This together with (3.29) implies that,
Um |Ju, — Tu,|| = 0. (3.30)
n—oo

Next, we will show that

n—oo

N
tim Sup<7f(Z*) - ZaiDiz*7yn - Z*> < 07
i=1

where z* = Pr(yf +Z — S a;D;) 2"

Choose a subsequence b Ol

/% i —2"). (3.31)
‘—._____- — }1:
Since the sequence{ have a subse-
=
quence’ {gn, } of {yn} 5t e from above
g —
conclusion 111
2125217
0 ] v | AV
=22 Al i

anc

(3.33)

Q80

=4 &
Note tha Yn,; ‘ <

w L/
From demi r& of (Z =T
Therefore, z € Q1 Ti? o & A\¥a

’ Q Q
Note that z,, = Py &Q n@r&l\ ksfﬂ)@ng(\???) we-have z,, — Az.
Thus, Az € Q.
From demiclosedness of (Z — S) and (Z — S)Az,,, — 0, then Az € F(S).
Therefore, Az € QN F(S). Thatis z € T.
Consequently,
N N
imsup(yf (=) = 3 aiDiz* g — =) = UM (v/(=*) = Y aiD" g, — 2°)
n—roo i=1 I7ee i=1
N
=(Vf(z") =Y aiDiz", 2 = 27)
i=1
<0. (3.34)

lij [ lﬂl Y o U ¥ 13‘ = 1 gj 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunmsldnumenisfinwving ldeygnlnhluldussleviaiunsm

Lidnsallaensau Snneihnudlvidaudasilon uagdesdedadiaivesenatsynasaminisiiluly
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Consider that
2

llyn — 2| |2y — 2 — 6A* (A, — vp)||?

N
2 <|Z - ay, Z%Dz
i=1

N
+ 2(any (f(2n) — f(27)) + an (wf(z*) - Z aiDiz*) Yn — 2%
, =1
@y — 2% — 6A* (Azp, — )]

N
=T — (67% Z aiDz
i=1

>+2an Vf(z ZG’Z‘DZ sYn — 2 >

flan) = f(z7

M lyn = 27|

+2an 7f ZazDZayn_ >

2

=(1 = apyp +2007p — 2007 |20 — Z*||2 + an2'72 |2n — 27|
+2an 7f ZazDzayn_ >

then,

) 200, (F — N Y2,
I~ =1 < [1—@} fon = I + {02
—Ypom 1
N

<’Yf(z ) Z 7y’n -
L’e)ﬂﬁ'ﬁ‘um‘uL’e)ﬂﬁ?i%ﬂﬂ?ﬂlﬁﬁ?%iUﬂWﬁ%QW%ﬂ'ﬁﬁﬂ‘b&'ﬂz‘ﬂﬂuu VL?LI’E]‘LJEU']Wl%uqlﬂiﬁﬁﬂiuIEJGUUW]uﬂ'ﬁﬂﬂ

laidnsdilagiisau SnvteiadlifauUanion uazdosdridaiadmanenamnassitnmi e
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Therefore,

[

%112
<llyn — 2"l
200, (7 — Y2 o2
1—ypay 1= 9ypan
2 ol
_on *) - D.z* _ o*
+ 1_7pan<7f(z ) ;az iZ 3Yn — 2 >
2an(’_y_7p) %112
— 1= 200 ey
- YPCn

20, (Y = vp)
L —~pay,

+

Um {27y = yr(my || = 0,

n—oo

M [|S Az ) = Az(|| = 0

and
UM {Jtrny = Tty || = 0.

n—oo
This implies that wy, (y-(»)) C T.
We obtain

N
limsup(vf(z*) — ZaiDiz*,yTn —z%) <0. (3.36)
& = Y o v T - i LY I Y o v 5% 1
wnanstifuenansiianulidmiuns anuien it liloya el luldusslomisunisd

lidnsallagnsau Snvivhuiilvidauwdasilom uavdesgedadadivedenarsynasaninisiluly
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From w, () < wr(ny+1 and (3.35), we have

w'r(n)2 S'w‘r(n)Jrl2

_ ~2 .2
MW—W] 2 %m0

< |1 w
o 1- VPr(n) () 1- YPr(n) ()
2 (n) N
T(n
———(yf(z") - a; D2 Yrin) — 27). (3.37)
e CICORDD = 2")

By Lemma 2.40, we have

lim Wr(n)+1 = 0.

n—oo

Applying Lemma 2.41 ,we have
maz{wT(n)vwn} < Wr ()1 -

It implies that
Wr, < Wr(p)rie (3.38)

Since wy, i§ nondecreasing sequéence and n-< 7(n),
Wi <\ Wy (3.39)
From (3.38) and(3.39),-we obtain
0. Wy SAMAEW, (14)  Wr (n) 241 -
Therefore, w,, = 0. That is,x, = 2% Fhis complete the proef. []

By-using our-main result;«we obtain the-following results in Hilbert spaces.

Corollary 3.2, Let Hy and Hy are tworeal Hilbertispace,let.C C Hyand Q C H, are two
nonempty closed convex.sets:/Let A~ H— Hy is’a boundeddinear operator with its
adjoint A*,\Duis stransly positive boundedinear operator on.H; with coefficient 4; > 0
quasi—pseudo’.—”c.ontractive operatorwiths £, 1land let. 7: ¢ — C is an Ly-Lipschitzian
quasi-pseudo-contractive eperatorwith. Lo->17"Assume that T' # 0 and let {z,} be a

sequences generated by z € H;

Zn = PQAZL‘n,

VU = (1=&n) 20 + &S (1 — 1) 20 + 10S2n) ,

Yn = anYf(2n) + (Z — apD) (2, — A" (Azy, — vy)), (3.40)
Up = Pcyn,
Tng1 = (1= Bn)un + BuT (1 = vn) un + mTuy) , formn>1,

where parameters {a,}, {8n}, { M}, {&} and {n,} are real sequences in [0,1] , 6 and v
are two-positive constants:
We use I'to denote the set of solution of problem (1.4) that is,
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I'={z|zeCnNFT),Az € QN F(S)}.
Suppose that T—Z and S —Z are demiclosed at 0. Assume that the following conditions
are satisfied :

(i) Jﬂ@oanannd Zan:oo,

n=1

(i) 0<a; <& <by<n, <cp <

1
NIEWE RS

1

(i) 0 < as < Bp <by <Yy < g < ———ee—,
V1+L2+1

. 1 _

(iv) 0 < 6,v< W and 7 > vp,

V) 0 <o, <||D|".

Then the sequence {z, }.converge strongly tothe unique fixed, peint of the contraction

mapping z = Pr (vf + I = D)z

Proof. Putting.D=="Dy = D5 =Dz = ..\= Dy in{Theorem=3.1, we get the desired

conclusions. []

Corollary. 3.3¢ Let Hy and Hs are two real Hilbert space, tet € € Hiand 'Q C H, are
two nonempty closed convex'sets. Let A : H; —Hy iS,.@ bounded.linear operator with
its adjoint A*, Foreachyi=1,2, .., Ny tet Dyis stronsly positive bounded.linear operator
on H,; with ‘coefficient s, >'0"and. 5 = Zzlrr;mN% Letf +C =" Hj is_ a p-contraction,

S Q' —Q is an“L-Lipschitzian quasi-pseudo-contractive operator withu £ >/1. Assume

that T' = @-and let {=, }-be sequences generated by zg € Hy

2n = PoAy,
Un = W NEnD 2 1+ & Rl G2 el S 2y
Tnt1 = Po [ozn'yf(xn) + (I —ay, Zf\;l aiDi) (X, — 6A* (A — vn))J , forn>1,
(3.41)
where parameters {an}, {6} and“n,} ‘are’real sequénces in [0,1], § and ~ are two
positive constants.
We use T to denote the set of solution of problem (1.4), that s,
I'={x|xecC, Az c QN F(S5)}.
Suppose that S—Z is demiclosed at 0. Assume that the following conditions are satisfied

(i) Jmoanzoand Zan = 00,

n=1
1

VI+HLI+1

(i) 0<a; <& <by<n,<c <

1
(iif) 0<5<Wandf‘y>7p,
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(V) 0 < ay, <||Di|| "' fori=1,2,..,N.

Then the sequence {z,,} converge strongly to the unique fixed point of the contraction
mapping z = Pr (’yf +7- Ei\il aiDi> z.

Proof. Putting T =Z in Theorem 3.1, we get the desired conclusions. []

3.2 Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings

Theorem 3.4. For every i =1,2,3, let.H; be areal Hilbert space and let ¢y, Cy be
nonempty closed convex'subset of H; and Ha, respectively. Let T; : C; — C; be quasi-
nonexpansive mapping for-alli.= 1,2 and \et"A~+ Hy — Hj3,"B “H> — H; be bounded
linear operatorwith adjeints A*and B*, respectively. Suppose that .= {(x,y) € C1 xCy |
x € F(Ty),y€ F(Tz) and Az = By} is-a non-empty-set and let {z,}, {yn} be sequences

generated by u,z; € Ci;4;y1.€ 0y and

Uy = Ty — A" (A, — Byn),

Tyl = QU+ (1 ) an) PC] (I < )\711(1 X TI)) ('} (342)

Un = Yn + WIB* (Afn 3 Byn) >

Ynt1r="anv AL (1 & O[n) PC2 (I L 7 )\72L(I i TQ)) Uns

for all n >,1 Swhere {ar o [0, withtim-a, = 10,5700 oy /= corand 3574 XY < oo and
n—00

A€ (0,1)for all i =1;2 and 59€ (a, b€ (e, A—Ai—M - e) with e > 0“small enough for

all n e Nland )\ 4, Apare spectraliradius of AfA; B*B respectively.“Then/the sequence

{(zn,yn) hCONVETgE strongly. tol(a*, y*) € Q, Where z*= Py, uand y* = Pr(z,)v.

Proof. Let (z*,y%) €' Qythen z* € F(Ty), y*€ F(1z) and Aa*= By*s From 2.6 in Lemma
2.46, we have
|A'2||* < 2(z — 2%, A%, (3.43)

where Al =T — Ty and for all z € C;. Similarly, we have
1A%yII* < 20y — ", A%y), (3.44)

where A2 =1 — T, and for all y € Cs.
By Remark 2.47, we have z* € F (Pg, (I — M\, A')) and y* € F (Pe, (I - 2A2)).
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Since Pg, is a nonexpansive mapping, we have

| Pc, (I — A AY) 2 — z*|?
=|Pc, (I =X, A") 2 — Po, (I —ALA") z*|?
<o —a* = A (Ale — Alah)|?
<[lz —a* — A Alz)?
=z — 2"+ G214 Z]* - 2A (z — 2™, Alz)

<l — 2| + ()| A = A AT

=[lz — 2" * = (A) (1 = A [ Al

(3.45)
(3.46)
=— 2(Ax,, — Az*, Ax,, — By,)
= — |Az,, — Az*||? — || Az, — By, ||> + ||Az* — By, |?. (3.47)

Substitute (3.46) and (3.47) into (3.45), we have

llun — 22
Sl — 21 + v AalAzn — Byall? — ynll Az, — Az*|?
~ Yl Azn — Bynl|* + |l Az — By,||?
_ * (12 2
L’e)ﬂﬁ’]i‘ﬁllﬂuL@ﬂﬁ’]iﬁﬁﬂ%ﬂ%ﬁﬂ_ﬂﬂﬁgﬁf;lgci%lﬁ{il:%ﬁ(]%%%?1@1&1&%%13%@%’1G]Iﬁﬁﬂlﬂi%lﬂiﬂﬂﬁﬁﬂﬁ’mmiﬁﬂ

' = O L A &y A y—u’yn“AII}ndy— A(E*”2 -";/FynuA:I;: - Bsyn“ : O Ao ° (%48)
1mﬂﬂiilﬂ,®6]‘vmau EJﬂVNW]ﬂJﬂM@@LL‘UaGLuEJW LLagm@Q@qﬂ@Qa\iL"\nsUaﬂLaﬂﬁqﬁnﬂﬂqumﬂqiu’ﬂﬂiﬁ



By using the same method as (3.48), we have

[on = y* I <llyn — ¥* > = 1 (1 = Apyn) | Azn — By ||

— Yl Byn — By*|> + 7| By* — Az, |*.
From (3.48) and (3.49), we have

lun = &*[|* + [l — y*||?
<llen =212 + llyn — y* 11> = 1 (1 = Aayn) | A2y — Bya||?
— (1 = Ap) [ Az, — Byal|®
— Yol Az — Az*||? + 7| Az — Byn |
— Yl Bl BT+ 7, Byt = AT
e — 212 AWyt v P
= o (2= QBB WAL= By, .
From the definition of {z,}, we have
e, =E 1 1
Hldnutt” W2 ) Ee, (17 Nl 3 T st 12
Sl 20 (@ — gl Po, (Lredn (15T tm 5 2
Loallu + o 280 Ao a2
By using-the same method as (2:51),-we have
s = IS an v y ][0T — apdllons " 11>

From (3.50),43:51) and (3.52),we have
e 8 1 i )12
<avgllu — x*||2 + (=i, — x*”2
s anllo— Y + (1 — anHum 7
=Qp HU ~ x*“2 == HU - 7/*1\2)

<an(llu—a*|* +llv - y*?)

(
+ (1= an)(ffun — 2" + oo — "%
+ (1= an)([len — 2| + [lyn — v*|?

= (2= 7 (Aa + A)) | Azy — Byal*)
<an(lu—z**+ v —y*[?)

+ (1= an)([len — 2|2 + llyn — v [1%)
<max{llu — z*|1* + [lo — y*|I?, lzr — 2** + lyn — y*[1*}.

From mathematical induction, we have

e = 2P s = 12 < max{llu =272+ lle -y P s =272 = w2

34

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)



35

So, we have {z,} and {y,} are bounded. Furthermore, {u,} and {v,} are bounded.
From (3.53), we have

Yn(l = an) (2 = m (Aa + AB)) Az, — Byn||2
<an(lu—z*|* + v = y*[I*) + Cp — Cpsa, (3.54)
where C,, = ||z, — 2*||* + ||y — y*||?, for all 2* € F(TY) , y* € F(Ty) and n € N.
From (3.54), we separate the proof into two cases.

Casel. Suppose that C,, .1 < C, for all n > nq (for ny large enough). Since the sequence

{C,} is bounded, we get lim C,, = ¢, for some c € R.

11— 00

From (3.54) and properties of v, and.aum,we_ obtain

im, ||Az,, — By,| = 0: (3.55)

N—00

From the definition of {u,}and-{v,}; we have
& = all = V[T Az =By )| (3.56)

and
e & On Il =01 B (At N5 Yl (3.57)

From (3:55), (3.56) and (3.57);-we-‘have
s e N (e (3.58)
By using properties . of Pg,, we have
1Bey (Fn(I=T)) g = =2
SIMES A S T un ARG ) o |
R 2 e A
=|lu, — 2¥)|? —2XL (tty — 2%, (I — Ty, )
+ O A gy Ty |f2
< P, P b T s, ||2. (3.59)
By using the same method as (3.59), we have
[P, (I = A1 = T2)) v — y*|I?

lvn =y I = A1 = ADIT = T2)vn*. (3.60)
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From (3.50), (3.59) and (3.60), we have

|Pe, (I =X, (I—T1))u, —z*|?
+ [Py (I =N = T2)) va — y*|I?
<lun = 2*)1? + [lvn — y*|®
= A (L= AT = Tr)un|?
= A (L= AN = Ta)va|?

<l — 21+l — 112

=Y (2= (Aa +AB)) | Azyn — Byn”2

(3.61)
From the def
(3.62)
. A NUAT o QP
3&@15—)&7”!55 %)3‘\'@%{\ ) (3.63)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen

lidnsallagnsau Snvivhuiilvidauwdasilom uavdesgedadadivedenarsynasaninisiluly
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By using properties of Pc,, we have

1Pe, (I =M1 = T)) wn — |2
(I = AT =T0)) up — (I = AL(I = T0))
JPoy, (I =M (I —T1)) uy — %)
_ %(II (I = AL(I =) wn — (I = AL(I - T0)) 2"
+|[Poy (I=Mo(I = T4)) un — 2|

— (I =AY =T))un — (I = A(I-TY))z*

— P, (I =ML —TY)) up + z*|?)

(3.64)

MU —T)un — (1~ gl)x*lle;ar\ A (3.65)

“Yaynant

Similarly, we have

1Po, (I = M2(1 = T3)) vn —y*||?
< o =y 17 = llvn — Py (I = X2(I = T2)) wa?
— ()’ = T2)vn — (I - To)y"|)?
+2X2 v, — Pe, (I = X2(1 —T2)) va|
T = Ta)vn — (I = Ta)y"||. (3.66)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen

lidnsallagnsau Snvivhuiilvidauwdasilom uavdesgedadadivedenarsynasaninisiluly
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From (3.62), (3.65) and (3.66), we have

[2n41 = 212 + [Ynt1 — v

< an(lu—z** + [l — y*[I?)
+ (1= an)(|Pe, (I = A1 =Th)) up — z*|?
+[1Poy (I =X (I = T2)) vn — y*||?)

< ap(llu—a* P+ llo =y 1) + 20 — 2> + lyn — y*|?
— (1= an)(lun — Poy (I = AL —T1)) un?

+ v = Po, (I = Xy = T2)) val*)

M

c: |

( y* XX
& fd -
S 5

" p/,

(3.67)
From (3.58) and (3.67), we obtain
nlﬂ;fgo I Pc, (I — A (I — Tl)) Un — Ty |
= lim || Pe, (I - A2(I = T)) vy — yall = 0. (3.68)

Since

Tp+1 — Tn

=an(u—an) + (1= an) (Po, (I = A1 =T1)) up — a0),

dy < dl y’@—‘rl KU_ yTL ¥ dl = I gj 1 Y o ¥ €Y 14
wnansiiluenansnanulidunsunsidauienisineiitu lueugalmhlulsuselesiaunism

= an(v = yn) + (1= an) (Po, (L= NI = T3)) vn — ),

a =

lidnsallagnsau Snvivhuiilnaauwlasilon wavhoee1essdaaivedenalsynasaninisiluly
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and (3.68), we get
UM ||zns1 — 2ol = UM |lyns1 — ynll = 0. (3.69)
n— oo n—00

Since {z,} and {y,} are bounded, we get W, (z,) # 0 and W, (y») # 0.

Since W, (z,) and W, (y,) are nonempty sets, then there exists & € C1,§ € Cy such that
& € Wy(z,) and § € Wy (yn). We may assume, there exists subsequences {x,, }, {yn,}
of {z,}, {y»} such that

Tp, =2 AS k— oo (3.70)

and

Y=~ @Sk — o0, (3.71)

Next, we will show that (z,4) €€

From (3.58), (3.70) and (3:71), we olbotain uj,/ -2~ and v, =% as k— oo
Assume that# ¢ F(14).

Since F(TY) = F(Por(E =X, (1 -1T1))), we have g+ Po, (1~ (I — T1))@&. From Opial’s

condition, kLim A, =2 0-and-condition (i), we’have
:—>00

timinf|am, —2||
k=00

< lim(i)rgf“unk — Pep(d — Ay (L= ) &)
<iminf (= Po (e M S P
+ || Py =X Pl
- PeSs{I=A, @ — Ty)yel)

< “;?ll@f(”““k = PG, (I A% = T)) un, |

Lol =F AL T ST e (T TS

N

= liminfife,. &l
k—oo

This is a contradiction.. Thuas @' F (1} ).
From v,, — § as k — oo'and using the same method as@ € F(T3), we have § € F(T3).
Since A# — By € W, (Ax, — By,), (3.55)and weakly lower semi-continuous of norm, we
get

|4i = Byl < Uminf || Az,, — Bya, | =0.

Then Az = Bj. Hence (z,4) € Q.

Since & € F(T1), we have

limsup(u — =*, 2, — z*)
n—,oo

= limsup(u — z*, z,, — 2*)

k—o0
= (u—a*, & —z*
( ; )

<0

)
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where z* = Pg(p,yu. Since § € F(T), we have

lim sup(v — y*, yn — )

n—soc

=M sup(v — y*, yn, — ")
k—o0

= —y"5—y")

<0

)

where y* = Ppr,)v.
Next, we show that a sequence {(z,,y.)} converges strongly to (z*,y*) € Q , where
T* = Pryu and gf* = Pp(1,)v-

From the definitions of {z,}and {yn}swe-have

| za% 15 ‘TA*HQ < (Ao # 1?*”2 + 200, (u = *f*vanrl - ‘f*>

and
g 271 om) [ 4 — T+ 200 =L 7" Y1 %),
Then
[ b R Tl
< (= ap)(lai— 22 F v, = v %)
e, ] o Bt A 2 W B Py 7).
or

OMPPEONESGO D o off) (3.72)

where On = (us B DHYTH — BETENY 7%, Y d ), fOrall e N.
From Lemma2.28, thus

i 2 ([ B N 1) =<0
Therefore (ay, ) Converges strongly-to (z*{y*).
Since Az* — By* e Wy, (A%, —=By,), (3.55) and weakly lower'semi-continuous of norm,
we get

|4 =By Uminflars, = By, || = 0.

Then Az* = By*. Hence (z*,y*) € Q.
Case2. Suppose that C,, is not monotone decreasing sequence, then there exists an

integer ng such that C,,, < Cyyt1-

Define the integer sequence 7(n) for all n > ng as follows,
7(n) = max{k <n:Cy < Cry1}.
It is clear that 7(n) is a nondecreasing with

im 7(n) = 0o and Crny < Cr(ny41-

n—oo

From (3.72), we have

C‘r(n)+1 < (1 A OK’r(n))C’T(n) 4 2aT(n)QT(n)~
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From Lemma 2.28, thus
l|_>m CT(n) =0.
Applying (3.69), we have

lim CT(n)+1 =0.

n—oo

By Lemma 2.41, we have
Cn < maX{Cna CT(n)} < CT(7I,)+1'

From above inequality and le Cormyrr=-=0,e obtain

et (lon < 28 Iy 7 7)) = IO 0.

n—oo

That implies™{(&.., y.)}converges-strongly to” (z*y*). By using'the same methods as
case 1, we have

(z*,y*)/€Q, where 2t = Praywand 4* = Pri) v Thisds complete the, proof. L]

Corollary~3.5. For every.i = 1,2:3, /let H; be a real Hilbert space*and let C,,C, be
non-empty closed convex subset'of Hy-and H,, respectively. Let7; <C; — C; be quasi-
nonexpansive mapping for all’s= 1, 2/and et 4: Hy/ - H; be bounded linear operator
with adjoints 4%, respectively- Suppose that O =+ (z,y) € C1 x Cy t.a €F(T1),y € F(T»)
and Az =y} is.a non-empty-set.and let {z.}, {v.} be-sequences senerated by u,z; €
Cuiv,y1 €C5 and

Up) = Ty — Vnlil (Al‘" ¥ yn) s

Tl 2 0t (1= Q) P (DX (= T1)) wng (3.73)

Up = (1 N ’Yn)yn + 7nA$n7

Ynt1o= Qn¥ + (1 - ()t") PC’_) (I - )\%(I g TQ)) Un,

\

for all n > 1 where {ay,} € [0, 1]"with tlim @, = 0,>_ 27 aw™= oo and Y77 \;, < oo and
i€ (0,1) foralli = 1,2 and 7, "€x(ayb) C (e, - e) with e > 0 small enough for all n € N
and M4 be spectral radius of A*A. Then the sequence {(z,,y.)} converge strongly to

(z*,y%) € Q, where z* = Pp(r,yu and y* = Pp(g,)v.

Proof. By using Theorem 3.4 and taking B = I, we obtain the conclusion. []



Chapter 4
Application
In this section, to show the application of section 3.1 and section 3.2 as follows:

4.1 Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

Definition 4.1. Let S : C — C is called x-strictly pseudo-contractive if there exists a

constant « € [0,1) such that
IS8 =8y < lla <yl WA I (I A~9)x — (T —SyldVa,y € C. (4.1)

Lemma 4.1 ([29]) Let-G-be a nonempty closed convex-subset of a real Hilbert space
H and S# ¢ — C be ajself-mapping-of O. If S is a«-strict pseudo-contractive mapping,
then S'satisfies the Lipsehitz condition

L4+ &

Sp—Sylhs/ 12 e 2 ol W i E .

By, Lemma 4.1; applying 7S are ks, rstrict‘and. quast pseudo-contractive map-
pings, respctively; we obtain this theorem:

Theoremy4.2. (Let'Hy and H, are two real Hitbert space, let,C"¢ H, and Q € H, are two
nonempty closed, conyvex.sets. Let A+ Hy' =/ Hy is aboundedilinear-operator with its
adjoint A*_For each4 =12, 3, ., N, let.D; is.strongly/positive bounded linear operator
on H; with«oefficienty; > 0vand 7 = Z:lrgmNy, et \f+ C — Hy is/a/p-contraction,
S: Q — Qs a'k-strict and quasipseudo-contractive mapping, 7+€ — C'is a x-strict and
quasi pseudo=contractive mapping. vAssume.that I' # 0 and.let {z4} be a sequences

generated by ®y € H;

Zn = PQA'T'm
vn = (1 = &) 20 + ES (T=10) 20 + 0nS2n)
Yn = O/n’yf(xn) + (I — Qi Zivzl azDz) (ln - 5‘4* (A-rn - Un)) ) (42)

Un = Poyn,

Tny1 = (1= Ba)un + BnT (1 — V) un + v Tun), forn>1,

where parameters {a,}, {8n}, {}, {&} and {n,} are real sequences in [0,1] , 6 and v

are two positive constants.

We use T to denote the set of solution of problem (1.4) ,that s,
I'={zx|zeCNFT),Az € QN F(9)}.

Suppose that T ~Z and S —Z are demiclosed at 0. Assume that the following conditions

are satisfied :
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(i) nlljgoozn:Oand Zan = 00,

n=1

(i) 0<a; <& <by<n,<c < ,

(i) 0 < ag < fp <by < yp < < ,

. 1
(iv) 0 < 8,7 < —— and 7 > vp,

4]

V) 0<a, <||D;i|| " fori=1,2,...,N.

Then the sequence {zx} converge strongly to the tnique.fixed point of the contraction
mapping z = Pr ('yf 7 - TN, a,iD,») 2\

Proof. By using Theorem-3.1 and Lemma 4.1, we obtain the conelusion. []

In 2009, .Kanstunyakarn-and Suantai([31])-introdtced-the. S-mapping generated
by a finite family. of x-strictly pseudo contractive mappings and.real numbers as follows:

Definition, 4.2: Let;C-be a nonempty convex subset of real Banach space. Let {T;}¥,
be a finite, family.of x;-strict pseudo contractionstof € into itself. For'éach'j = 1,2,..., N,
let aj =(&], a, ad);a T x I'x I, where L€[0.1] and-a] 4 od 4 of= 1. Define the mapping
S : C —'6-as follows:

O T,
Uil= o) + oty 131,
Uy =ofT5th + &3U, + a5 L,

Vs = @i TalUs = as s ai L,

Uiy = a2 BV AU B3 a0 Uy oo

S =Up = (l/,:leTNUN,1 —I-aéVUN,1 —‘r()zévf.
This mapping is called S-mapping generated by Ty, Ts,...,Tx and ai, as, ..., an.

Lemma 4.3. ([31]) Let C be a nonempty closed convex subset of a real Hilbert space.
Let {73}, be a finite family of x-strict pseudo contractions of C into C with N, F(T;) #
0 and k = maz{r; :i=1,2,.., N} and let a; = (od,0d,0}) e IxI xI,j=1,2,..., N, where
I=100,1 ,0d +al+c =1, a, o} e (x1) forall j=1,2,...,N—1and ol € (x,1],a} €
[k,1) o € [r,1) forall j = 1,2,...,N. Let S be the mapping generated by Ty, 75, ..., T
and oy, as, ..., an. Then F(S) = N, F(T;) and S is a nonexpansive mapping.

Theorem 4.4. et C and Qare nonempty closed convex subset of real Hilbert spaces:
Let {73}V, be afinite family of &;-strict pseudo contractions of C into € with N, F(T;) #
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0 and k = max{r; : i = 1,2,..,N} and let o; = (al,ad,al) e IxITx1,j=1,2..,N,
where I = [0,1] o} 4+ 0ol +a} =1, of, o} € (k1) forall j =1,2,....N =1 and oV €
(1,1],0d € [r,1) & € [r,1) forall j = 1,2,...,N. Let S be the S-mapping generated by
T1,Ts,....,Tn and ay,as,...,ay. Let {T;}Y, be a finite family of &;-strict pseudo con-
tractions of Q into Q with Y, F(T;) # 0 and & = max{m; : i = 1,2,..,N} and let
B, =(B,B,8) e IxIxI, j=12,.N, wherel =[0,1] ,8 +8+p8 =1, 8, gl e
(k1) forall j =1,2,...,N —1 and gN e (&, 1], 8 € [z, 1) 8 € [#,1) forall j = 1,2,...,N.
Let S be the S-mapping generated by T1,T,...,Ty and By, Ba, ..., Bn. Let A: Hy — Hy
is a bounded linear operator with its adjoint A%, let D; is strongly positive bounded
linear operator on H; with coefficient v; > 0 and ¥ = min Nz let f: C — H, is a

i=1,2,...,
p-contraction. Assume that'T" £ f-and let{z;}-be asequences generated by zy € Hy

Zn = PQAxn-/

Un = (1 - gn) Zn- gng ((1 an T]n) Zi t 7’]715'271,) 3

Yn = ap VS (@n) + (I <o Zj\; aiDi) (T —8AN Az, — v,)), (4.3)
Un_=LPoYn,
Tp417=— (1 =) ﬂn)un ir ﬂns ((1 {1l 'Yn) Ut r)/nsun) 9 fOT’ n Z 17

where parameters {a;:F{68n vt {&a ) and {n,f-are real sequences.in [0,1] , § and ~
are two-positive canstants.
We use T-to denote' the set of solution.of problemi(1.4) that is,

P= (4| € CIROELET), A e @, {F(T)}.
Suppose that S—Z.and-S— 7 are demiclosed at.0.-Assume that the following conditions
are satisfied”:

() nlgoﬁoozn = 0-and Zan = 00,

n=1
1
V241
1

(i) 0< a1 < &<y < Mf<cy <

(/i) 0 < ag < Bp < by < Vi< Con<

V21

. 1
(iv) 0 < 6,7y < — and 5 > vp,

1A
V) 0 <a, < ||D;|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the contraction
mapping z = Pr (’yf +7-2N, aiDi> z.

Proof. By using Theorem 3.1 and Lemma 4.3, we obtain the conclusion. []
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4.2 Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings
The following lemma will be used to prove in the application.

Lemma 4.5. [3] Let H be a Hilbert space, let C be a non-empty closed convex subset
of H, and let S be a nonspreading mapping of C into itself. Then F(S) is closed and
convex.

In 2009, Kangtunyakarn and Suantai [31] introduced the S-mapping generated
by Ty, Tz, T3, ..., Ty and A s, ... nas follows:

Definition 4.3. Let ¢'be a non-empty convexsubset of a real Banach space. Let {T;}Y,
be a finite family of (nonéxpansive).mappings of ¢-into itself. "For each j = 1,2,..., N,
let a; = (o jod, a1 x-x I, where I €[0,1]and a +ed +af = 1. 'Define the mapping
S : C — C as follows;

U1 = (,Y%TlUO + Oé%U() + (,Y;;I,
Uy = oszgUl + a%Ul + a%[,

Us = a‘rngUg + agUz + agl,

U, = o 0w Py s ibass ' UNG W ags ',

S ' M= a{VTNUN,1 +a§VUN‘1 +a§VI.
This mapping is called an“Ssmappine-generated by T1; 1, ..., Eyvand a4, as, ..., an.

Lemma 4.6. [39Let@’be a non-empty closed convex:subset of a real Hilbert space.
Let {T;} N, be a finite"family of honspreading mappings of Ciinto C with N, F(T;) # 0,
and let a; = (o, o, o) EFXT*Epg=1,2, ... Nowhered = [0,1], & + o +a} = 1, o, of €
(0,1)forall j =1,2,..,N—1and o} € (0,1],0d" € [0,1) f € [0,1) for all j = 1,2, ..., N. Let
S be the mapping generated by 73,75, ...,Ty and a,as,...,ay. Then F(S) = ﬂf;l F(Ty)

and S is a quasi-nonexpansive mappins.
By using these results, we obtain the following theorem.

Theorem 4.7. For every i = 1,2,3, let H; be a real Hilbert space and let ¢y, Cy be non-
empty closed convex subset of H; and H,, respectively. Let {T;}¥, be a finite family
of nonspreading mappings of € into ¢, with N, F(T3) # 0, and let o, = (od, 0, 0d) €
IxIxI,j=1,2,..,N,where I = [0,1] ,ol+od+od =1, o, of € (0,1)forallj =1,2,..., N—
Tand a-€ (0;1]; &y €0,1)-ad €{0,1) for all j =1;2,..., N, Let $ be S-mapping generated

by Ty, Ty, ., Ty and ay, e, .., an. Let {T;}Y | be a finite family of nonspreading mappings
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of Cy into Cy with N, F(T;) # 0, and let 8; = (87,83,85) e IxIxI,j=1,2,..,N, where
I=100,1 ,B+p+p=1, 6, 6 c1) foral j=1,2,...,N—1and 8N € (0,1],8Y ¢
[0,1) 8] € [0,1) forall j =1,2,...,N. Let § be S-mapping generated by Ty, T5, ..., Ty and
b1, B2, ..., Bn. Let A: Hy — Hs, B : H, — H3 be bounded linear operator with adjoints A*
and B*, respectively. Suppose that Q = {(z,y) € Cy x Ca : x € X, F(T3),y € N, F(T})
and Az = By} is a non-empty set and let {=,}, {y.} be sequences generated by u,z; €

Ciiv,1 € Gy and

Up = Ty — Y A* (Afn - Byn) s

Tpt1 = apu+ (1 — ay) Po, (I — AN - S)) U,

(4.4)
Up =Yn + A/nB* (Axn - Byn) ,
Yn+1 = anv+ (1 =) Pe, (I A 5‘)) Uy,
for all n > Lwhere {a,,} C 10;1] witho ima,"=0,5""" | a,, = cc'and Y7 | \Y < oo and
n— 00

i€ (0,1 for all7 =12 and. i € {a,b) C (e, o e) with ¢ >0 small enough for
all n e Niand X4, A\p are.spectral radius of ‘A*A,«B*Brespectively. Then the sequence

{(zn, yn)} converge strongly to<(a,y*) € Q, wherew = Pug)u anduy* = Pps)v.
Progf: By lsing Theorem 3.4 and.4.6,.we. obtain the conclusion; []

Moreover, ifwe put £(Ty) =/C1and F(1s)-= Csin Theorem 3.4 we obtain the
SEFPP reduced to the SEFP.

Theorem-4.8. Forevery i ='1,2;3, tet-'H; be a real Hilbert-space and let ¢, C; be
non-empty’ closed convex subset of Hy and s, respectively. Let:A : Hy — Hj, B :
H, — Hs be bounded tinearoperatorwith adjoints A* and, B*, respectively. Suppose
that Q = {(z,y)'eC, x Cy Az = By} isanon-empty set and let {&,:}, {9} be sequences

generated\by. u, #3' €«C1; v, y1. &Cs'and

Uy = Ty — ’YnA* (Axn 3 Byn) 5

Tpi1 = QU+ (1 - Oén) PCluru

(4.5)
Un = Yn + ’YnB* (Amn - Byn) )
Yn41 = Qp¥ + (1 - an) PCQ/UTL7
for all n > 1 ,where {«a,} C [0,1] with nl|_>ngo an = 0,50 a, =00 and Y 07 N, < co and

i€ (0,1) foralli = 1,2 and v, € (a,b) C (e, g e) with € > 0 small enough for
all n e N and X4, Ap are spectral radius of A*A, B*B respectively. Then the sequence

{(xn,yn)} converge strongly to (z*,y*) € Q, where z* = Po,u and y* = Pg,v.

Proof. Put T; = I for all i = 1,2,3, ..., N in Theorem 3.4, we get F(Ty) = Cy and F(T») =
Cs. Using Theorem 3.4, we obtain the desired results. []
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Chapter 5
Conclusions

In this section, we conclude all main results obtained in this thesis.

Strong convergence theorems for finding common elements of

split feasibility problem and fixed point problem

1. Let H; and H; are two real Hilbert space, let C C H; and Q C H, are two nonempty

closed convex sets. LetA"H; — H, is a bounded linear operator with its adjoint

A*. For each i =1,27".., N, let D, is strongly positivesbounded linear operator on

(2

H, with coefficient ;> 0.and 3 = }_lrgin s Let f € = H, is a p-contraction,
S Q — Qs an £y-Lipschitzian quasi<pseudo-Contractive operator with £, > 1 and
let 7 4C — C'is an Ly-Lipschitzianrquasispseudo-contractive operator with £, > 1.

Assume that T £ (.and let {=;, } be'a sequences-eenerated by zq.€ H;
Zp = PQAxny
Uf, =) 2ntbn S (Peitm) 2n S S50 )i

Yn 5= Apyh(@n) + (I T Qn Zi\il aiDi) (T IACATY — ¥n))S (5.1)

W — _Pelli

T | A0 %) SR Y T AT (7 e Lot | | foryn >1,

where-parameters {ay}, {Bat: {7 ¥ ) and {n,} arereal sequencesin [0,1], § and
~ are two positive constants.
Suppose that 7=7 and S =/Z are demiclosed-at0: Assume that the following

conditions are satisfied":

o0
(i) nLILTgO a, =0 and Zlan =00,
=

(i) 0 < ay <&, < by < npi<eer <

1

VAT
1

VIt L+

(i) 0 < as < fp <by <yp <ca <

, 1
(iv) 0 < 8,7 < —— and 7 > vp,

14>
(V) 0 < ay <||Di|| " fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (7f +7- Zfil aiDi) 2.

. Let H; and H; are two real Hilbert space, let C C H; and Q C H are two nonempty

closed convex sets. Let A: Hy — Hy is-a-bounded linear operator-with its adjoint

A*, D is strongly-positive bounded linear operator on H; with coefficient ;> 0
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and 7 = rr;inN%. Let f: C — H; is a p-contraction, S : Q@ — Q is an L;-
Lipschitzian quasi-pseudo-contractive operator with £; > 1 and letT: C — C'is an
Lo-Lipschitzian quasi-pseudo-contractive operator with £ > 1. Assume that T # 0

and let {z,,} be a sequences generated by z, € H;

zn = PoAx,,

Un = (1 - gn) Zn +&nS ((1 - 7771) Zn + nnszn) >

Yn = 0V f(@0) + (T — D) (w0 — 0A" (Az, — v2)), (5.2)
Un = PCyru
LTn+1 = (1 - ﬂn)un + /BnT ((1 - ’Yn) Uy + ’YnTun,) ’ fOT n Z 1a

where parameters {a,}, {80}, {1}, {&} and {n, }arereal sequencesin [0,1], 6 and
~ are two positive constants.

We use'Trto denote the set of solution-of problem-(1.4) ,thatuis,

I'=Az|2ze CNEM),Az.c QNF(S9)}.

Suppose that 71+ Z-and- S ~7Z are demiclosed-at 0.. Assume that the following
conditions are satisfied :

(i) n“jgo oy, =0 and Z:lan = 00,
(il)=0' < a1 < &; < 1b1 <imn < €1/ <

1
AR RIS RN
1
LTI L

(i)0 < ag <Pkl by <yy e

; 1 )
(1v) 0% 4,7 sT 5 80nd REAY,

141
(W) 0 <‘og < || DY

Then, the sequence{z,} converge strongly to the unique fixed point of the con-

tractionnmapping z = Pr (vf + Z="D)=:

. Let H; and Hyaretwo real Hilbert space, let'€ € Hyand@Q C H, are two nonempty
closed convex sets."ket AwH, — H, is.adounded linear operator with its adjoint
A*. Foreach i =1,2,...,N, let D, is strongly positive bounded linear operator on

H, with coefficient 7, > 0 and 7 = _min . Let f: C — H; is a p-contraction,

777777

S : Q — Q@ is an L-Lipschitzian quasi-pseudo-contractive operator with £ > 1.

Assume that ' # 0 and let {z,} be sequences generated by z, € H;

zn = PoAxny,
Vn = (1 =&0) 20 + &S (1 = 1) 20 +10S20)
Tn4+1 = Pc O‘n’}/f(xn) + (I — Qp sz\il aiDi) (xn —0A* (Axn - vn))j| 5 fO?“ n > 1,
(5.3)
where parameters {1} {€x} and {n. }.are real sequencesin [0,1], §-and-~ are two

positive constants.



49

We use T to denote the set of solution of problem (1.4) ,that is,
F={z|zeC Az e QN F(5)}.

Suppose that S — 7 is demiclosed at 0. Assume that the following conditions are
satisfied :

(i) nLI_)rTgo a, =0 and Zan = 00,

n=1
1
(i) 0<a; <& <by<ny, <cp < ——on—,
V1+LE+1

1 B
(i) 0 <6 < —— and 5 > yp,

1A
(V) 0 << —
Y< o
1A)*
V) 0 < o, < ||Dif7* fori=1,2,..,N.
Then the.seguence {z;} converge strongly torthe unique fixed point of the con-
traction mapping z=+Fp (vf B — Zfil aiDi) 2

. Let H, and Hsy-are tworeat Hilbert space, let-C ¢ Hy and-Q.C H» aretwo nonempty
closed convex sets. Let A+H1~ Hs \is abounded linear,operator with its adjoint

A*. For eachri =1,2/3,\..,.V, let D, is strongly positive.bounded linear operator

r-strictland -quasi- pseudo-contractive imapping.-Assume-that T # 0 and let {z,}
be.a sequences generated by =g € Hy

%0 = Po Ay,

O = (F60) 20+ G ((Lmtin) 2n) £91,5%5)

Vo ot (@) (L 5 jonS2iyaiDi)lnd S0 4" (Azpcden ), (5.4)
Up = PoYn,

fL'n-l—l = (]- i Bn)un + ﬁnT ((]- - 'Yn) Up + ’YnTun> 9 fO’I' n Z ]-a

where parameters.{an}, {8, }, {7n},{&.} and {ga}arereal sequencesin [0,1], § and
v are two positive constants.

We use T to denote the set of solution of problem (1.4) ,that is,
F'={z|z2eCnFT),Az € QN F(S9)}.

Suppose that T'— Z and S — 7 are demiclosed at 0. Assume that the following
conditions are satisfied :

(i) nll_)I’T()\o o, =0 and nzz:lozn = 00,

(i) 0<a; <& <by<nu<c < ,

(i) 0 < ag < By < by <A <Co < |
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. 1
(IV)O<5,7<Wand’7>7p,
(V) 0 < ay <||Di|| ' fori=1,2,..,N.

Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (yf +7-2N, aiDi) .

. Let € and @ are nonempty closed convex subset of real Hilbert spaces. Let {73},
be a finite family of «;-strict pseudo contractions of € into € with N, F(T;) # 0
and k = max{k; : i = 1,2,..., N} and let a; = (ol 0l ady e IxITxI j=12.N,
where T =1(0,1] ,a] +od +a} =1, of, o} € (k,1) forall j =1,2,..,N -1 and ol¥ €
(k,1],0d € [k, 1) o € [k, 1) foralt5=1:2:..,N. Let S be the S-mapping generated
by Ty, Ty, ...,Tn and agyas,...,ay. Let {T;}Y "be.a finite family of &;-strict pseudo
contractions’ofQ into Qwith\(\X} F(T})%40 and & = maa{s; : i = 1,2,..., N} and let
B; = (BABY B eI x I, 5, =12 [[/N whereT=[0,1] ,B48+8 =1, I, B e
(R, 1)/Tor all =) 12;-. SN i-and) B €.(R; 1], BY—é~fm; 1) SINA\[R,1) forall j =
1,2, 4., N.-ket"S pe the .S-mapping generated by. 1, Ty, %y and\ By, B, ..., By Let
A i Hy —.Hy'is a bounded linear operatorwith-its -adjoint. A*, let D; is strongly
positive bounded linear operator on H, with' coefficient™; = 0 and . = Z:1nr2)|nN%

Let f: C'= Hyis-ap-contraction. Assume that I' = $-and let {2, 4-be a sequences
generated'by =y € Hy

Zan=rd QALY
udfT (INTAN T gng ((1 — M) 2n 4 nn‘gzn) )
yn = apyf () + (I = Zfil aiDi) (= SA*(Az, —v,)), (5.5)

Uy = Py,

-rn—l-l = (1 - ﬁn)un + [))TLS ((1 - ’Yn) Uy + 77LSU’71,) ) fOT‘ n Z 17

where parameters {au.}, { 8.}, {7n ), {&} and {n,, }-afe'real.seguences in [0,1] , § and
v are two positive.constants.

We use T to denotethe set-of.solution-of problem (1.4) ,that is,
T={z|zeCnN, F(T}),Az € QN F(T;)}.

Suppose that S —Z and S — Z are demiclosed at 0. Assume that the following
conditions are satisfied :

0, nll_)rgo o, =0 and Zan = 00,

n=1

1
V241
1

(ii)0<a1<fn<b1<7]n<81<

(/i) 0 < ag < Pp <by <yp <y <

V241

. 1 _
(iv) 0 < 6,7 < —= and 5> yp,

LAl

(¥) 0.< an < D" fori=1,2,..,N.
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Then the sequence {z,} converge strongly to the unique fixed point of the con-
traction mapping z = Pr (’yf +7-2N, aiDi> .

Strong convergence theorems for finding the set of solutions of
the split equality fixed point problem for quasi-nonexpansive

mappings

. For every i = 1,2,3, let H; be a real Hilbert space and let ¢, Cy be non-empty

closed convex subset of H; and H,, respectively. Let T; : C; — C; be quasi-
nonexpansive mapping for all « = 1,2 and let A : H; — Hs, B : Hy, — Hj be
bounded linear operator with=adjoints-4* _and. B*, respectively. Suppose that
Q= {(z,y) € Cf xC5 | v € F(T1),y € F(Ty) and Az= By} is a non-empty set and

let {z,.}, {yn) be sequences generated by, #1 € C1;v, yne'Cy and

Up = Tn_ = 77114* (A‘En ) Byn) B

Tt =@y (1 o ) Pey (I = XL+ Tl)) Up, (5.6)

Un, = Yn + PYnB* (Axn o Byn) )

Un+1'= anv + (1= ay,) Pe, (I 2AA(E Tg)) U,

for all n > 1 where e, } € [0, Yiwith ,}'LDO Q=0 B =00 and Y% A < oo
and-Xiz € (0, 1)/ for/allyi =142 and v, € (aydb)rC (e,xﬁTB —e) with e > 0 small
enough forfalllne N and Xa, Ap are spectral radius of*4* A, B*B respectively.
Then‘the'sequence {(z,,y,)} converge strongly to (z*,4*) € Q, where &* = Pp(ryyu

and g* = PF<T2)’U.

. For.avery i= 1,2, 3, let H, be awreal Hilbert space and let ¢,y be non-empty

closed ‘convex-subset of H; -and“f,, respectively. Let'T; «# @ — C; be quasi-
nonexpansive mapping for all i = 1,2 and let A@\H; — Hs be bounded linear
operator with,adjoints A* ‘respectively. Suppose that @ = {(z,y) € C1 x Cy : x €
F(Th),y € F(T») andkAz =} is a non-empty-setand let {z,}, {y.} be sequences

generated by u,z; € Cy;v,y; € Cy and

Up = Tp — fYnA* (Axn - yn) ,

Tnt1 = apu+ (1 — ay,) Po, (I — AL - Tl)) Up, (5.7)

Up = (1 - 'Vn)yn + ’YnAxnv

Yn+1l = QpU + (1 - Oln) PCz (I - /\721(1 - TQ)) Uns

for all n > 1 where {a,,} C [0,1] with le an =050 a, =0cand Y7 N < oo
and X, € (0,1) forall i = 1,2 and ~,, € (a,b) C (e, = - e) with € > 0 small enough
for all n € N.and M4 be spectral radius of A*A. Then the sequence {(z,,y,)}

converge strongly to (z*,y*) € Q, where z* = Pp(r,yu and y* = Pp(r,)v.
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3. For every i = 1,2,3, let H; be a real Hilbert space and let C;,Cy be non-empty
closed convex subset of H, and H,, respectively. Let {T;}¥, be a finite family of
nonspreading mappings of C; into €, with N, F(T;) # 0, and let a; = (od, a4, af) €
IxIxI, j=1,2,...,N,where I =[0,1] ,aol +aod+al =1, of, o} €(0,1) forall j =
1,2,..,N —1 and ¥ € (0,1,a) € [0,1) o} € [0,1) forall j = 1,2,...N. Let §
be S-mapping generated by Ty, Ty, ..., Ty and ay,as, ...,ay. Let {T;}Y, be a finite
family of nonspreading mappings of C, into Cy with N, F(T;) # 0, and let 8; =
(81,85, e IxIxI j=1,2,...N,where I =[0,1] 8 +8+p8,=1, 8, gl
(0,1)forallj =1,2,...N—1and 8N € (0,1], 8Y € [0,1) 8 € [0,1) forall j = 1,2,..., N.
Let S be S-mapping generated by T, Ty, ...,Tx and By, o, ..., Bn. Let A: Hy — Hs,
B : Hy — Hj be bounded. linear-operator.with-adjoints A* and B*, respectively.
Suppose that ' =4(z,y) € C1 x Cs : 2 € N, F(T3), € Mir, F(T;) and Az = By} is a
non-empty set and let{z,}, {uy.} be sequences generated by u,z1 € Ci;v,y1 € Co

and

(

Up-— Tn = 'YnA* (Arn [y Byn) )

Tyt = O (L = ay) Poy I—)\}, I-.9)) uy,,
+1 ( )Eon ( ,( ) (5.8)

(e "YnB* (Axn 2 Byn) 5

U L b+ ) By (1Y XESS))
for.all n > 1-where {a, } ¢ /[0, 1} with Jgrgo by =030 e, =00 and Y ¥ AL < oo
and-Xie (0, D) foralli =172 and e (a,b)C (e,ﬁg 76) withie > 0 small
enough forall'n"e N and A4, Ag are spectral radius of ‘A*A, B*B respectively.
Then“the sequence {(z,syn)} converge strongly tow(zsy*) € Q, where z* = Pp(gyu

and 1/_* = PF<5~>’U.

4. For.every o= 1,2,3, let H; be areal’™Hilbert space.and let'C;,/C3 be non-empty
closed convex:subset of Hi-and Hs,respectively. Let A" Hi & Hs, B: Hy — Hj
be bounded, linear eperator with adjoints A%.andB:, respectively. Suppose that
O = {(z,y) € CL.xCy : Ar'=By} isanon=empty set and let {z,}, {y.} be sequences

generated by u, z; €€4; v, y€.Co and

Up = Tn — ’YnA* (Aw7z - Byn) 5

Tpy1 = apu~+ (1 — o) Po,tn,

(5.9)
U = Yn + Y B” (A-Tn - Byn) s

Ynt+1 = apv + (1 — ay,) Po,vp,

for all n > 1 ,where {a,} C [0,1] with nLI—Ugo an =03 o, =o00and Y07 A\ < oo
and X, € (0,1) for all i = 1,2 and v, € (a,b) C (e,ﬁ —e) with € > 0 small
enough for all n € N and A4, A\ are spectral radius of A*A, B*B respectively.
Then the sequence {(zy,y,)} converge strongly to (z*;y*) € .Q, where z* = Po,u

and y* = Pg,v.
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5.3  Suggestions

In our thesis, we obtain some results of split feasibility, split equality and fixed
point problem in a Hilbert space. For those who would like to extend these results,

we suggest that proving our results in a Banach space would be better.

dy I dl Y o U 14 dl = I «5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnumenisdnwintu leugslvmihluldusslowismunism
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dy I dl Y o U 4 dl = I 5 1 Y o ¥ €Y 14
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1 Introduction

The split feasibility problem has become the inspiration in pure and applied
mathematics. It attracted the author’s attention due to its application in signal
processing. The problem was introduced by Censor and Elfving(1994)([1]).

Let C and @ be nonempty closed convex subsets of real Hilbert space H;
and Hj, respectively.

The split feasibility problem(SFP) was formulated so as to find a point u*
satisfy the properties :

Y and Au* € Q (1.1)
where A : Hi'— Hgis a bounded linear operator.
common fized point problem(SCFP) wasformulated such that

(1.2)

Hy and

oblem (SCFP) ha

ﬁﬁ%’ Censo

feasibility prob
Y

enci as

it feasﬂﬂ& prob-
& u* d A QN F(é@ .3)

The'set of solution of (1.3) is denoted by I', that ?

— {z|® @@R'Azecg%@“,

dy [ lﬂl Y o U 14 tﬂl = I gj 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen
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It is immediately evident that (1.3) can be derived from SFP(1.1) and SCFP(1.2).
In this paper, we’re motivated and inspired by Hamdi, Liou, Yao and Luo

([3]), we modified the split feasibility problem and fixed point problem by Hamdi,

Liou, Yao and Luo ([3]) and used the concept from Lemma 2.11. we will introduce

a new iteration to approach the solution of (1.3).

The proof of the strong convergence result is given later in the paper.

2 Preliminaries

closed convex

a d trong converg W 7 and
///’/E y?ﬂ PANSIve

——

the inner prod and the norm ||- H Let C'

Using the noti&;
‘-—.

= 1S called psgzdo;o}r@:ﬁﬁ
e autian e

De 1t10n . An operator A :

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen
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Definition 2.5. An operator A : C — C is called quasi-pseudo-contractive if
4z - y|* < llz - y|* + [ Az — =||?
for all z € C and y € F(A).

Definition 2.6. An operator A : C' — H is called a-inverse strongly monotone if
there exists a positive real number « > 0 such that

(Az — Ay,x —y) > a|Av — Ay||>,  Va,yeC.

oing A is é— Lipschitzian.

%y ,2,.., N, i b trongly positive [
i H with coefficient v; > 0 and 5= mg :@ »

th g &a jiclm !t:ﬁu%nr‘?\gﬂes Rold;

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen
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(i) HI - piil a;A;|| <1—p7 and 1—/)21111 a;A; is a nonerpansive mapping
for every 0 < p < ||A;|| " fori=1,2,...,N.
(i) VIC, L aid) = ML, VI(C, A).

Proposition 2.12. [9] Let H be a real Hilbert space. Let U : H — H be an
L-Lipschitzian operator with £ > 1. Then

F(((1=-QI+qU) =FUQ-OI+U))=FU)
for all ¢ € (0, £).

H H is.a bounded linear operator
» ‘@31- *f?.‘i! on ‘:
el i N CArPS

n N
s 1%
i t?& B}, {m} {6n} and {na} are 7 ;&sﬂ\e

NLNand
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dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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We use T to denote the set of solution of problem (1.3), that is,
T={z|zeCnNFT), Az € QN F(S)}.

Suppose that T — T and S — I are demiclosed at 0. Assume that the following

conditions are satisfied :

(i) nlgrgoan =0 and Zan = oo,

n=1

(i) 0<a1 <& <bi<np <1 < ————

A7) = 7
i g ‘ A
Tl :
’@&her wit, W" implies tha
llon — A2* [T F 20 = A2

(3.4)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnumenisdnwintu leugslvmihluldusslowismunism
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By Proposition 2.13 and condition (iii), we have

a1 — 2" =1 = BT + BT (1 = V) T + v D) up — 27|
g =27 (3.5)

Since P¢ is nonexpansive, we have

llun = 2"l = || Poyn — Poz"||

(3.6)

From definition o

Un 5’3n)_H”n_A%”2~

REETOY)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnumenisdnwintu leugslvmihluldusslowismunism
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and

1
(0= Az",0n = Aza) = 3 (||v,. — A2 + o — Az||® — | Azy — Az*||2) . (3.9)

From (3.4), (3.8) and (3.9), we obtain

’Yf&

“Pagnan

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnumenisdnwintu leugslvmihluldusslowismunism
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By definition of {z,}, (3.5), (3.6) and (3.13), we get

N

7f(z") =Y aiD;z"
=1

”vf(Z*) - ¥ aiDizt ‘

=1~ au(3 —19)] e — 2"l + (7 — 70) . :

[#nsr =27l <[1 = an(¥y = 7)) ll7n = 2"[| + an

By induction, we ge

dy I dl Y o U 14 dl = I «5 1 Y o ¥ €Y 14
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That is,

N
w | E) - ZaiDiz*

ltn = yall* < N1z = 2*11” = ll#nss — =*I* + o,
i=1

N
V(%) =) D"

=1

(3.15)

+2a, [1 = an(¥ = 70)] 20 — 27|

sequence { ||z, — z*||} is either

Next, we focus our analys

0 ynoeNmaie rm>n0suc

e ssoﬁ g_r >0su

no 18 decreasing.

is decreas s
_In thisease We ge
L

uq yh. =Dy ﬂ
o.a .
N I52¢) \

X A Y o [ v = = R 1 2 o v
nansiiluenansianulidmsumsldnunenisfinyvingu ldeyaaliihlulddssleviaunism
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From (3.5), (3.6), (3.11) and (3.18), thus
21 — 2*
II?

<||up — 2*
<lgn = I

S0 M + (1= o) 2 — 2" + 6A" (vn — Az)||”

<anTM? + (1=n7) (lon—2"17+6 (§1AI° ~1) o0~ Azall* =5 |20~ Aza*)

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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From (3.22), thus

Az — S (1 = nn) I + nnS) Azn ||
<NAzn = 2ol + 120 = S (1 = 10) T +10S) zall
1S (A=) L +n005) 20 — S (1= 1) L+ 10S) Az, ||
SNAzp =20l + 12 =S (1 = 1) T+ 10S) 20l + L1 (1 =1 (1 = £L1)) ||Zn_A(§n2l!‘£)

, (3.21) and. (3

s

dy I dl Y o U 14 dl = I 5 1 Y o ¥ €Y 14
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Consider that

N

an'yf(xn) + (I — Qi Z aiD,-> (l‘n — §A* (Aa,‘n = ’Un)) —Tn

i=1

lyn — znll =

N N
anyf(r,) — 0A" (Azn —Up) — Z‘%’Dz@n + day, ZaiDiA* (Axn —vy)

i=1 i=1

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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From (3.6),(3.12), (3.18), (3.27) and (3.28), thus

=1 = Ba) lun — 2> + B 1T (1 = ) th +ynTtin) — 2|
= Ba(1 = Ba) 1T (1 = ) tn + Tt — |
<(1=B) It — 2% + Bl — 2|
+ (@ =) llun = T (1= 70) tn + ¥ Tun)|*)
= Ba(L = Ba) IT (1 = ) tn + Y Tn) — un®
; (1 = %) tn + Y Tun)|?

[#ns1 — 27|

—

S: nlggo ”un _::un” =0 f\ a

Yagnant

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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Next, we will show that
N

lim sup(yf(z*) — Z a;Diz", yn — 2*) <0,
n— oo

i=1

where z* = Pp(yf+Z — Z:il a;D;)z".
Choose a subsequence {y,,} of {y,} such that

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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Consider that
2

|z — 2 — 6A™ (Azp, — vp)|?

N
7 — Oy ZaiDi

i=1

N
+ 2{eny (f(an) = f(z7) + o (’Yf(Z*) - ZaiDiz*> Yo — 2°)

2
llyn = 271" <

=1

dy I dl Y o U 14 dl = I «5 1 Y o ¥ €Y 14
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=(1-anyp+ 20‘11’7/’ 2a07) llen = 2*|1* + an®3” [|zn — 2*|*

+ 20, (7 f(2%) ZalDz Yn — 27

then,

"l"

App ; ), .
Ca ~ e assume -.

. , . e

s cleal tw is a nondecreasing sequence satlsfyglﬁ

:Q lim T(n) =00 \Q @
agrnan

dy I dl Y o U 14 dl = I «5 1 Y o ¥ €Y 14
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and

Wr(n) = Wr(n)+1
for all n > ng.
By a similar argument of Case 1, that is

U |tr () = Yr (|| = 0,

n—00

W [|7 () = Yr (|| = 0,

n—00

a 2.10 ,we have @“
F’?ﬁl SR E A

dy I dl Y o U 14 dl = I «5 1 Y o ¥ €Y 14
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It implies that
Wn, < Wr(n)+1- (3.40)

Since wy, is nondecreasing sequence and n < 7(n),
Wn, < Wr(n)- (3.41)

From (3.40) and (3.41), we obtain

Therefore, wy,

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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(v) 0<a, <|D|"

Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr (yf+Z — D) z.

Proof. Putting D = Dy = Dy = D3 = ... = Dy in Theorem 3.1, we get the desired
conclusions. O

Corollary 3.3. Let Hy and Hy aretwo. rea
c SEq A
D, is strongly positive bound
Yy=_ min v, f:C—Hiisap

S

ilbert space, let C C Hy and Q C Hy
1 is a bounded linear operator
ear.operator on Hy with

action, S : Q — Q

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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4 Application

Lemma 4.1. [10] Let C be a nonempty closed convex subset of a real Hilbert space
H and S : C — C be a self-mapping of C. If S is a k-strict pseudo-contractive
mapping, then S satisfies the Lipschitz condition

1+k

12 - Syl < o o —yll, Vo, eC.

1—

By Lemma 4.1, applying 7' R-strict pseudo-contractive mappings, we

obtain this theorem.

1 and Ho are two real Hilbert space,

ntrac

hat‘—;ﬁ

i
Agumpy

i
AL

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
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(V) 0<ay, <|Di| ™" fori=1,2,..,N.
Then the sequence {x,} converge strongly to the unique fized point of the contrac-
tion mapping z = Pr ('yf +7- Zf\;l aiDi).

Proof. By using Theorem 3.1 and Lemma 4.1, we obtain the conclusion. O

In 2009, Kangtunyakarn and Suantai([11]) introduced the S-mapping gener-
ated by a finite family of k-strict]; cudo contractive mappings and real numbers
as follows:

eal:Banach space. Let
itself. For each

N - (ml],aév € [v, 1)

% e@ e the S-mapping generated by %q
be &ﬁ@z %of i-stri db ractio
GE R

of Q" into QQ with

dy [ dl Y o U 14 dl = I gj 1 Y o ¥ €Y 14
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NY, F(T:) # 0 and & = maz{f; i = 1,2,..., N} and let B; = (8%, 83,3%) € I x
IxI,j=12.,N, where I =[0,1] B} +B}+B} =1, B, B} € (%, 1) for all j =
1,2,..,N =1 and Y € (8,1, 8Y € [r,1) 8] € [&,1) forallj =1,2,..,N. Let §
be the S-mapping generated by Ty, Ts, ..., Ty and By, Ba, ..., Bn. Let A: Hy — Hy
is a bounded linear operator with its adjoint A*, D; is strongly positive bounded
linear operator on Hy with coefficient v; > 0 and 7 = 1nll)in N f:C— H

is a p-contraction. Assume that T' # 0 and let {x,} be a sequences generated by
o € Hq

¥s .

=8

a

R
agnant®

dy I dl Y o U 14 dl = I 5’5 1 Y o ¥ €Y 14
wnanstiluenansianulidmsunisidnuiensnwiintu ldeygnliluldusslevidaunisen
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Strong Convergence Theorem for the Split Equality
Fixed Point Problem for Quasi-nonexpansive
Mapping and Application

S. Premjitpraphan, A. Kangtunyakarn

Abstract—Motivated by the workof Zhao [9], [10], [11]-and
by reducing some of his conditions, we-consider a split equality
fixed point problem for quasi-nonexpansive mappings which
includes split feasibility problem, split equality problem, split
fixed point problem, etc. The strong convergence theorem-of
the proposed iterative scheme.could be obtained, inder some
control conditions. Furthiermore, we use, S-mapping-applied
to owr main result to-prove strong-convergence theorems.

Index Terms—Split—equality ~fixed point (problem, Split
equality problem, Split feasibility problem; Fixed Peoint prob-
lem, Quasi-nonexpansive mapping.

I~ Introduction

et Ciand.€) be thenon-empty-closed convex subsets
L of the Hilbert-spaces Hy and Hs respectively; and
A+ Hy = Hoy-be a bounded linear operator. The split
feasibility problent (SFP) is formulated as finding a point

*

z* with the property

zteC —and Az e Q. (1)

The SEP~in  finite-dimensional 'spaces ‘was firstly
introduced.by Censor and Elfying [1] for modeling inverse
problems which arise from phase retrievals and medical
image reconstruetion {6]. The SEP has drawn attention
from.many researchers due to its applications in‘many
branches, of engineering 'and medical sciences.” Many
iterative, algorithms-haye ‘been suggested, ([7], [8], {12]}
[16], etc)

Assuming that SFP-(1)|is consistent (that is, (1)
has'a selution), it-is easy to see that'z* € Ciis a solution
of (1).if'and enly if it solves-the following fixed point
equation

% =Lo (I -any &)= Po))z™, (2)

where Po and Pg are the metric projections from M,
onto C' and from Hy ontonQ) respectively, - is-a-positive
constant and A* denotes by adjoint of A

The popular algorithm used in approximating the
solution of the SFP (1) is the CQ-algorithm, which was
firstly proposed by Byrne [6]:

Tni1 = Po(l =AY (I - Pq))an, ®3)
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for all n € N, where v € (0, f) with A\ being the spectral
radius of the operator A*A.

Recently, Moudafi [8] introduced the following split
equality feasibility problem (SEFP) to find z* and y*
with the property

" e Cuyte Q st. Ax® = By*, (4)

where-HyHo and Hs be real Hilbert spaces. C C Hj,
()-C_Hs be two non-empty closed convex sets, A: H; —
Hj, B : Hy — Hs-are two bounded linear operators.
It is easy to see that the problem (4) could be reduced
to the problem (1).where Hs = Hy and B =1 (I be the
identity mappings on Hy— H>).

In order to_solve SEEP (4), Moudafi 8] introduced
the following simultaneous iterative method:

{ Tl =P (2, A (A, = Byy)),

Ynt1 7 Polyn +BB* (Arnia = Byn)), Yn2>0.

Under suitable conditions, he proved the weak conver-
gence of sequence { (., y,)}to asolution of (4) in Hilbert
spaces.

Zhao (9] introduced the following algorithm for
solving problem (4):

)= T, — YA (Azy, = By,),
ZTud1 = Bntn + (1~ Bn)Sun,
Wy, = Yn B (A, — By,),
Unt1 =By £ (1 e ‘Bn) Twy,

where A :“H, — Hs and B : H, — Hj3 are two
bounded “linear <operators. Let S : H; — H; and
T Hy — Hy be quasi-nonexpansive mappings, A*
and “B* .are the adjoints of é and B respectively,
{1t _(& HAx(Amn,;ﬂfﬁ{é;fgl’(‘;_,rn73%)”2 — &) (for e
small” enough). Under some conditions, the authors
obtained the sequence {(z,,y,)} converged weakly to
(z*,y*) in (4).

Dong and He [10] introduced following projection
algorithm for SEFP (4) where the stepsizes do not
depend on the operator norms ||A|| and ||B|| :

Vn >0,

Up = Tp — Y A* (Az, — By,),
Tnt1 = Poun,
Wy, = Yp + ¥ B* (Azy, — Byn),
Yn+1 = Pow,, VYn >0.
Subsequently, Moudafi [7] introduced the following
split equality fixed point problem (SEFPP); let U : H; —
Hy, and T : Hy — Hs be non-linear operators such that

(Advance online publication: 12 August 2019)
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F({U) #0 and F(T) # 0, where F(U) and F(T) denote
the sets of fixed point of U and T respectively. In (4),
if ¢ := F(U) and Q := F(T), then SEFP (4) could
be reduced to the SEFPP, to find z* and y* with the
property

z* € F(U),y* € F(T) Az* =DBy",  (5)

where A : Hy — H3 and B : Hy — Hj3 are two bounded
linear operators, which allows asymmetric and partial
relations between x and y. This can further be used to
cover many situations, such as decomposition methods
for PDEs, applications in the game theory, in intensity-
modulated radiation therapy(see [17]).

Very recently, Che and Li [11] proposed the following
iterative algorithm for finding a solution of SEFPP«(5):

s.t.

Up = Tp ’)/WLA* (Afl"n . Byn) )
T+l = ﬂnxn + (1 - ﬁu)T“n:
Up =Yn + 'YnB* (AIn =By n) b
Y1 = Pnin (1 ~— 577) Sy,
and under suitable conditions, they also established the
weak convergence of ‘the scheme(6).
In this work, we.established the following iterative

algorithm to solve the split equality fixed point problem
(SEEPP),

(6)
W > 0,

Uy, o — YA Az, ~ Bin) ,

Ty 1= QA (L= a0 PE NI AT = T1)) v

V= A HAR B (A, % Byn),

Yntl = OV (1 A (Yn) Pe, (] T /\i(] b'd Tz)) D
where T4 " Cy=3C1y T : Co/— (C5 are two quasi-
nonexpansive mappings. Under suitable conditions; we
proved strong convergence  theorems of the iterative

scheme (10) to-a solution of the split equality fixed point
problem(5) in the real Hilbert spaces.

1I. Preliminaries

Throughout this-paper,-we always assume that/ H be
a real Hilbert space with the inner product =) and the
norm. ||-[[¢Let C' bea nonsempty closed convex subset
of H. Recall that-a mapping 7 of C.into itself is. called
quasi-nonexpansive. if

IT# g |.< llz — y"[l,

for all z € C and y*.€ F(T). The set of all-elements of
fixed point of a mappingZ.is denoted by F(T) = {T €
C : Tx = x}. Goebel and=Kirk [5]"showed.that-#(T) 1s
closed and convex. For A € [0, 1],
1Az + (1= Nyll* = A lel*+(1-) [y]*=21-2) |z - y))?
and
2 2 2
Iz +yll” = ll=l” +2 (=, y) + llyll
for all z,y € H. Let Pc be the metric projection of H
onto C i.e.for x € H, Pox satisfies the property
— P =mi -9
lz — Pox|| = minlz — yl|

Remark 2.1: It is well-known that metric projection
P¢ has the following properties:

1) P is firmly nonexpansive, i.e.,
|Pox — Poy|* < (Pox — Poy,x —y), Va,y € H.
2) For each z € H,
z=Po(z) & {(xr—22—y)>0, VyeC.
Lemma 2.2: [4] Let H be a real Hilbert space. Then
Iz +yll* < > + 2(y,z +y), Va,y € H.

Lemma 2.3: [2] Let {Q,} C [0,+00],{vn} C [0,1]
and {n,} be three real number sequences. Suppose
that {Q,},{v,} and {n,} satisfy the following three
conditions:

(1) %L+l < (1 - Url) Qn, + NnVn,

(1) Zﬂn = o0,

]
oo
(i) limsupm, <0 or E [ vn| < oo.
n—o0 n=1

Then,—lim Q, =0.
n— o0
Lemma.2.4: [4] Let H be a real Hilbert space, let C
be a non-empty closed convex subset of H and let A be
a mapping of C-into H. Let u € C. Then for A > 0,

u=Pc(I-M)usueVI(C A,
where Pg is_the metric projection of H onto C.
Lemma 2.5: Let C' be a non-empty closed convex
subset of ‘a real Hilbert space H and let T': C — C
be-a quasi-nonexpansive mapping with F (T') # (). Then
VI(C I —T)=F(T).

Proof: Itis easy to see that F (T') CVI(C,I-T).
Let we VI(C, I ~T), then we have

(vi=u,({ H{Tu) 2 0, Yv e C.
Let v*'€ F (T'), then we have

17w -G £ o —v**

(7)

(®)
On the other hand
T — v

= — v7) 2 - Dl

= |lu — p - 20—, (I — T)u) + (I - T)ul®. (9)
From'(8) and (9),we have
lle = v JFE24a 0", (I = T) w)+ (I = T) u® < flu—v*|*.
From (7), we have

(I =T)ul)?® < 2(u—v*, (I —T)u).

It follows that v* € F (T). Hence VI (C,I —T) C F(T).
u
Remark 2.6: From Lemma 2.4 and 2.5, we have

F(T)=VI(C,I-T)=F(Pc(I-X(I-T))),
for all A > 0.

Lemma 2.7: [3] Let {t,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such
that ¢,, < t,,4+1 for all ¢ € N. Then there exists a nonde-
creasing sequence {7(n)} C N such that 7(n) — oo and

(Advance online publication: 12 August 2019)
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the following properties are satisfied by all (sufficiently
large) numbers n € N;

lrn) Slrmy+1 stn < lrn)+1-

In fact
7(n) = max{k <n:tp <tpy1}

III. Main result

Theorem 3.1: For every i = 1,2,3, let H; be a real
Hilbert space and let C';, Cy be non-empty closed convex
subset of Hy and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping-for all i = 1,2 and-let
A:Hy — Hs, B: Hy - H; be-bounded linear operator
with adjoints A* and B*jrespectively. Suppose that 2 =
{(z,y) € CLxCyl z € F(T1),y &\ E(T3) Jand Az =
By} is a non-empty set and let-{z, 4 {4y, } be/séquences
generated by u,z, € Cijw,y; &Cy-and

Upy = Tn — "/nA* (A'Tn - Byn) 5

Bt = anu + (1 —an) Pe, (L= XU+ T ug,

Up, =T, + YnB*(AZw=>Bya)

Ynt1 = et (1 — o) Po, (T=X2(1'=T5)) v

(10)

for all n,> I ,where{a,}\ C.[0,1] with 7}Lrgoan =
03007 s = ocrand D00 N <loo and AL € (0,1)
for all i = 1,2 and 7, € (a,b)C (e, ﬁ ~e) for all
n~€ N and-A, Ap-are-spectral radius’of A“A, \B*B
respectively, €ris a small enough. Then the sequence
{(,, yn)} converge. strongly to/ (r*,y*) & ', where
¥ = Pperyyu and g = Ppepv.

Proof: Let (z*,y*) e Q, thenz™ € F(Ti);y' €
F(I,) and Aa* = By*. From Lemma- 2.5, we-have

Atz || 2 < 2w Al >,

(11)
where A% = I — 71 and for all z & (. Similarly, we have

14%y)1> <2 < v5sA s, (12)

where A% =T — T, and for all 'y € Oy.
Sincerz*€ F(Ty)sy* € F(Th)wand Ax* = By*.
By Remark.2.6, we have z* € F (Pg, (T — XALA')) and
y* € F (Pip (s N2 A%
Since Pg, is arnonexpansive mapping,,we have
1Pe, (I — A A2
=|Pc, (I —ALAY) z — Po, (F=ApdAl) |
<z —z* = AL(A'z — Ala®))?
<llo — 2 — A Alo]?
=llz = 2* | + ()14 2]® - 22, (x — 2%, A'z)
<Sllz — 22 + (L) A2]” — AL )| Atz
=llz —2*|* = ()1 = Ay)llA e

<llz - z*|?,
for all z € (. Similarly, we obtain

1Pc, (I = MA%) y —y*II* < lly —y*I1%,

for all y € Cj.
From definition of {u,}, we have
l[un — 2% = ||z — 2* — mA* (Azn — Byn) |12
= [lzn = @"|* + 72l A" (Azn — Byn) |I”

— 2y, {x, — ¥, A" (Az, — By,)). (13)
Consider that
|A* (Az, — Byn) H2
:<A* (A‘TVL - Byn) ) A" (A-Tn - Bl/n))
— (A% — Byn, AA* (A, — Bya)
S)\A‘|A:I:’!L - BynHZ (14)

and

— 2(xn, 2z WA” (Az, — Byn))
=="2(Ax,, — Az Az, — By,)
== Az, — Az"BN|Azn — Byn|® + [|Az* — Byn|>.
(15)
Substitute (14) and (15) into (13), we have

Ty

e RHG Al AT 4BYa|2 - vull Az, — Aa?2
alaz], “BohI? €3] At - By,

L lr=mti? < o (L -2XT3) 4, — By ”

AT AT|” + gl AT & Bynll*. (16)

By using the same method as (16), we have

ffor, = y*Hz <llyn — y*HZ =91 = A7) | Az, — BynH2
=00 BYn— Bfl/*H2 + Yl By* — A'TnH2~
(17)

From (16) and (17), we have

& —*I1” + llow — v4F
oo~ )? 2™ —F W — 1n(1 — Aayn)l| Az, — Bynl

- 'Yn(l — )\B’Yn)HAIn i BynH2

— Yn| Ay — A$*|l2 + Yo llAz™ — BynH2

3 [Bys™ BY*|1? + 1al| By* — Az,
L ||z T Y |y — v*|

— 92— va (A4 + Ap)) | Az, — Bya|®.

(18)
From the definition of {z,}, we have

241 — 2"
=llanu + (1 — an) Po, (I = Ay = T1)) up — 2%
<anllu —z*|> + (1 — an)|| P, (I = A = T1)) up — z*||?
Sanllu —2*| + (1 — an) lun — ™12 (19)

By using the same method as (19), we have

lyns1 =y [I* < anllo = g*[1* + (1 = an) on — 9|
(20)
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From (18), (19) and (20), we have

e R S
<anllu—a*|* + (1 = an)llun — "

+anfo =y 12 + (1 = an)llvn — y*|I?
= (|lu—2* |1 + llo = y*|I*)

+ (1 = an)(llun — w*HZ + llvn — y*Hz)
<an(llu—2*|1 + llo = y*|I*)

+ (1= an)(llzn — 217 + llyn — y*I1?

— Y (2 = Yn (Aa + A)) |1 Az, — Bya||®)
<an(llu—z*|* + [lv - y*[I*)

+ 1 = an)(llzn - 5r*|‘2 + Jlyw= ?/*Hz)

(21)

< max{||u — a*|* L= gl oy — 2% + g -y PP

From mathematical induction, we have {z,} and {y,}
are bounded. Furthermore, {u, }*and {v, } are bounded.
From (21); we have

(1 =) 2 =70 (X4 T )‘B)) [FAz, = BynHZ
<anlllu—o? [ FT0 2 9 P £7% O LLE2)
where Oy, = %, —aF |24 ||y~ v*||2 or all 2 € F(Ty)
, Y€ F(Ts) and neN.

From (22), we separate the proof into two cases.
Casel. Suppose that C,41. < C, for all'n->no (for ng
large enough)! Since the sequence {C,,} is bounded, we

get lim ‘C, = ¢, for some ¢ € R.
n— o

From (22) and properties of 7,, and ,, we'obtain

nh_I}TOlo Az, By, || =.0. (23)
From the definition of {u,} ‘and {v;}, we have
[ = Zall = Yo AS(AZ R Bys) | (24)
and
[0 — ynl| =l B (Aza + Byn) e (25)
From (23),(24) and (25), we have
nh_{rolo l|vn = #fl = ,}ggc [lvn = ynll = 0. (26)

By using properties of Pr,, we have

1Pey (I = AT — Tr) sy — 22
(I = AT = 1) o — (1 = SEF=TY =T
=y — 2% = AT = T1) (up, — )2
=[Jun — m*”Q - 2/\}L<un =2 (I = T1)un)
+ W2 = Ta)un|?
Sllun =& = A (1= AU = Ta)un*. (27)

By using the same method as (27), we have

I1Pe, (1= A0 = T2)) v — "2

Sllon = [ = X1 = M)A — T2)va|*. (28)

From (18), (27) and (28), we have

1Pe, (I =3I = Th)) un — 2*|?
+|Pey (I = X2(I — T3)) vn — "2
<y — 22 + v, — y*|1?
“ AL = AT = Ty)ua|?
= X1 = XD = Te)val|
<y — 212 4 lyn — y* 1

=70 (2 = (Aa+ Ap)) [| Az — Bya|®

= AL = ) = Ty)un|®
= A (1= AT — Ta)vall*.

From-the definition of {z,} and {y,}, we have

|| B =" |1* + [y 1% 411
Sl — 2 [

P, (Lo R - 1) un — 2|
L2 e, (T MR- 15)) v — o7

Al y
=an(li 2 [F + Il = 3

Fl=an B, (17 AL - 1)) un — 2|

+ {[Poy (I=X (I'=T5)) v — v [1?)

& e (fu ™| + o5 y¥I17)
a1l < an)(“mn - T*Hz Hllyn — i’/*H2
42 v (Ve A Az, — Byn||?
LN (1 = M)l - T, |12
=X (1 — AT ATg)on|).

It implies'that

(1- ”‘n)(/\vlz(l - )\IIL)H(I - Tl)/”’nHZ
+ A0 (1= M) = To)vnll?)
SCn - C'7L+1 + nn(”“’ - ‘T*Hz 2l HW - y*HZ)

From (31) and lim C,, = ¢, we have
n— oo

Tim (7= Toyun]| = T [[(T = To)un]| = 0.
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By using properties of P¢,, we have

I1Pe, (I = A = Th)) up — z*||
(I =M =T))u,— (I =AL(I-TY)) "
Po, (I =T = Th))up — %)
1
= 5(“ (=2 =T)) un — (I =2 (I =Tv)) z*|?
+ | Pey (I = A = T1)) wn — 2%
NI =2 =T))un— (I =A(I - T1)) 2"
= Po, (I=ANI = T))up + 2°|?)
1
< 5(Hun — & |? +||Poy, (I = A1 = T1)) up — 2|2
= [lun = Py (I =A™= T1) o
- )‘11:,((] - Tl)'“'n = (I = Tl)7*)H2)
1
= §(Hun o + || Po (BRROMEN ) o/ 7 27 P
— = Pe, (I —XEHL=T1)) ug?
0N - Tyyu, =@ =T P
+ 2\ (u, — Bo, (I — A (I—1T1) ),
JF=Tuys (I =TH)z"))

From+(33); we have

|| Pch (I BN 1R 1)) g — 27 |2

<un =@ 1 tn| —\Ped (I~ A (D= T) ) w2
FODer=ror 0N 1)1
W 2\ M= Por (I XA B

e T =T, (34)
Similarly, we have
e, (I — AMD To)fun — 47
< H’Un - y*HZ — “Un A PC'; (I A )\’21(1- r TQ)) 'Un“2
SO = oo = (15 BN
+ e, — Pos( S AT To))y |
N =Ty — (I = Tyl (35)

From the definition of {z,,}; {y, }, (34) and (35),awe have

[€nt1 — &% + |lyn+ ey 12
< an(flu—2*1? + lv — y*[*)
+ (1= an)(|1Poy (I = AL = T0)) up — 2|
+[1Pe; (I =A% = T2)) vn = y*11%)
<an(llu =21+ [lv = 4*I1?) + llzn — 2|1 + llyn — v*|?
- (1 - O‘n)(HUn - P, (I - )‘711(1 - Tl)) un“2
+ llon = Po, (I = X5(I = T2)) val|?)
+2Xp[lun = Po, (I = Ap(I = Th)) ua|
I =T )un — (I = T1)a”||
+2X2 |l = Po, (I = Ao(I = Ta)) vall
I = To)on — (I = T2)y]).

It implies that

(1 — ) (JJun — Pey, (I —An(I —T1)) un?

+ [lvn = Pe, (I - )\‘?L(I -Ty) vnuz)

< an(flu— 2P + o — y*|?
+ 20 llun = Poy (I = A,(1 = T)) ual|
A = T)un — (I =To)z™||
+ 2X2|Jvn, — Poy (I = A2(1 = T»)) vyl
I = T2)vn — (I = T2)y||
+Cs— Crya.

—_

From (32) and lim C,, = ¢, we have
n— o0

lim [|[Pe, (I =AY —T1)) un — uy| (36)
R— 00
= Y [|Po, (I = A5(I = T2)) vn —vall = 0. (37)
From (26) and (36), we obtain
Jim || Pe, (W (I = T1)) un — 2 (38)
=l |\Po, (S~ T2)) vn —yall = 0. (39)
Since
Lpt1 T dn

= ap(u=z,) 4 (T=a,) (Pc, (I — AL(I —T1)) u, — 3,),

Yn+1 7 Yn

i~ an(lv = yn) + (1 - a’”) (P02 (I [T /\?L(I - TQ)) Un — yn)w
and (38), we get

(40)

lim e — gl ="1im [[yng1 — yall = 0.
n— 8 n— 00

Since W,,(rn)-and W, (9,) are non-empty sets, then
theresexists|z €.C1, 9 € €5 such that & € Wy, (z,) and
4. €W, (yn)-
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We may assume, there exists subsequences {z,,},
{yn, } of {zn}, {yn} such that

Tp, =2 as k— oo.

(41)

and

Yn, — U as k— oo. (42)

Next, we will show that (Z,7) € Q.

From (26), (41) and (42), we obtain u,, — &
and v, — 7y as k— oo.

Assume that & ¢ F(T1).

Since F(T1) = F(Pc, (I = A}, (I —Ty))), we have
& # Pg, (I =X}, (I—T1))&. From Opial’s condition,
lim )\ik_ =0 and condition i), we have

lim inf ||u,, —&|
k—o0
< lim infllugy — Pe, (I =AM (F2T)) 2
k—00
< likm inf ([|un, — Pop(d = AL (D=T4)) uadl
7 geel
# 1Py (I = A (I —a0)) gl
—Pe, (I - X}, (I=T)) %)
o 1
< Tt ([l Por (1 X2 70) el
+ Juny R DAL AT TR TS
= liminf ||u,, =%
k=00
This is @ contradiction. Thus & € F(T}).
From v,,, — g as k=00 and using the'same method as
a-€ F(Ty), wehave y.€ F(I»).

Since Az — By € -Wy(Awx, = By,) and:weakly lower
semi-continuous of norm, we get

Az — Byl < Tmuinf || Az~ By, =0:
ko0

Then Az = By. Hence (&,9) &
Consider that

i sup(u a*, 2y o)

n=—>00
=dimsup (=127, Tp,\ £ T”)
k—o0
= (U= TX, 3\ ()
<40,
where z* = Ppr,)u.and
Tim sup (v — UA* Yn — l/A*>
Nn—>0C
= lim Sllp(”U - yA*-, Yny = 7j*>
k— 00
= <"_’U*7i}_u*>
<0,

where y* = Pr(r,)v.

Next, we show that a sequence {(zn,yn)} converges
strongly to (z*,y*) € Q , where z* = Pp(ryu and
y* = Pp(z,)v.

From the definitions of {z,} and {y,}, we have
[2n41—2*[? < (1_an)||In_xA*||2+2an<u_i*’xn+1_a;*>

and

lyn+1 _?JA*HZ = (1—0%)\|y,L—d*\|2+2a7L<U—g*, Yn+1 —yA*>'

Then
Hxn-%—l - :i*H2 + Hyn+1 - :lj*Hz
< (1 = an)(|len — 2 + yn — v*II%)
+ 20, ((u — 2%, Ty — ) + (U — ¥*, Yns1 — ¥*)),

or

Crt1 < (1= 0n)Ch + 200 0n, (43)
where  gn = (u— T*,Tny1 — ) + (V= ¥, Uns1 — ¥*),
for all n € N.

From Lemma 2.3, thus

lim Cp = lim (Jlzn — 2%+ |lyn - y*)|%) = 0.
n—r 0o n—00

Therefore (z,,,%,) converges strongly to (z*,y*).
Since Ar* — By* € W, (Ax, — By,) and weakly lower
semi-continuous of norm, we get

|Az* = By*|| < liminf [|Az,, — Bya,|| = 0.
k—o0

Then Az* = Byt Hence (z*,y*) € Q.

Case2. Suppose that €, is not monotone sequence, then
there-exists-an integer ng such that C,, < Cpy41.
Define the integer sequence 7(n) for all n > ng as follows,

7(n) = max{k<m : Cy < Cly1}.

Tt-is clear that 7(n) is a nondecreasing with
lim 7(n) = co and Cr(y <'Crin)41-

n— 0o

From (43), we have
C1‘r(n)+1 < (1 = aﬂ—(n))o'r(n) e 2”7(n)97(n)~
From Lemma 2:3; thus
lim [C2(,,) /= 0.
n— o0
Applying (40), we have
Al o

By Lemma (2:7), we have
Cn <max{C,,Crn)} < Criny41-

From above inequality and lim C ()41 = 0, we obtain
— 00
. = 2 3 ¢12) = 13 =
7}1_1)1; (H‘I‘n <2y — vl ) = nlglolocn =0.

That implies {(z,,4,)} converges strongly to (z*,y*).
By using' the same methods as case 1, we have
(acA*,yA*) € O, where r* = Ppr,yu and Y= Pp(1y)v-
This+is complete the proof. n

Corollary 3.2: For every ¢« = 1,2,3, let H; be a real
Hilbertspace and let C, Cy be non-empty closed convex
subset of H, and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping for all i = 1,2 and let
A : Hy — Hj be bounded linear operator with adjoints
A*, respectively. Suppose that Q = {(z,y) € C1 x Ca :
z € F(Th),y € F(Ty) and Az = y} is a non-empty set
and let {z,}, {yn} be sequences generated by u,z; €
C1;v,y; € Cy and

Up = Tp — 77LA* (Ax" - y”) ’
Tp+1 = anu+ (1= an) Po, (I = A1 = T1)) un,
U, = (1 - 'yn)yn + ’Y'n,AI’er

Ynt+1 = @nv + (1 — a) Po, (I - A2(I - Tg)) Un,
(44)
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for all n > 1 where {a,,} C [0,1] with Jgngoan =
0,5 ;<ooand A€ (0,1)
for all @ = 1,2 and ~, € (a,b) C (5 )\——e for all
n € N and A4 be spectral radius of A*A, ¢ is a small
enough. Then the sequence {(xn,yn)} converge strongly
to (z*,y*) € Q, where z* = = Pp(ru and y* = Pp(r,)v.
Proof: By using Theorem 3.1 and taking B = I, we
obtain the conclusion. ]

,an = o0 and Y oo

IV. Application
A mapping T': C — C is called nonspreading if

2||Tz - Ty||* < Tz - y|* + || Ty — z|®, Va,y € C.

Such mapping is defined by Kohsaka -and Takahashi.[13].
The following lemma will be used to prove in the
application.

Lemma 4:1:_[13] Let H bewa Hilbert'|space; let’C be
a non-empty closed convex subset ‘of. H, and let"S“be
a nonspreading mapping of C-into-itself: Then F(S)._is
closed and convex.

Tn 2009, Kangtunyakarn and Suantai| [14] intro-
duced the S-mapping generated by Tv, 15, 1., T and
AN, A2, .y AN as follows:

Definition 4:1: Let C_be a_non-empty convex subset
of a-real Banach space. Let {3}y be a finite-family
of (nonexpansive) ‘mappings of C' mto itself. For each
Jo5y 1,20 AN, letars (al,az o) € 1.1’ I, where
Ie [(),1] and @ + ay +a} = 1. Define the mapping
S . C'= C-as follows;

¥o.=ID

= (}%TlU[) '3 O(%UO + aé],
U= Tl i o301 + a3l
s & Oé?Tg,UQ + Q%UQ i Oégl,

Un-5 = o P Uniathod S iy o+ o
i F UNf(lfl TnUN— 1+(¥2 UnZ_ 1+(¥3]

This. mapping -is:called an S-mapping , generated by
Tl, TQ, b - 5 TN and @q,02,..., XN~

Lemma 4.2: [15] Let-C' be a non-empty closed convex
subset of arealsHilbett space. Let {T;}Y, beva finite
f(umly of nonspreading mappings of € into O 'with
NN, F(T;) # 0, and.let = (af, o, ag)EIXIxI
Jj=1,2,...,N, where I =031}, o] Fed+od-=dyad; ("36
(0,1) for all j=12..,N—1 and ad-e(0:1];a}
[0,1) o} € [0,1) forall j = 1,2,...,N. Let S be thc
mapping generdted by Ty,Ts,...,Tn and a1,qs,...,an.
Then F(S) = ﬂl L F(T;) and S is a quasi-nonexpansive
mapping.

By using these results, we obtain the following theo-
rem.

Theorem 4.3: For every i = 1,2,3, let H; be a real
Hilbert space and let C, Cy be non-empty closed convex
subset of H, and Hy, respectively. Let {T;}X, be a finite
family of nonspreading mappings of C; into C; with

ﬂfilF( ) # 0, and let aj:(al,az,a:i)elxlxl
Jj = 1,2,..,N, where I = [0,1] a1+a2+a3:
1, o, é (0,1) forall j =1,2,..,N —1 and of¥ €
0,1],a € [0,1) al € [0,1) for allj = 1,2,..,N.

Let S be the mapping generated by T4, T3, ...,Tn and
ag,a2,...,an. Let {Ti}Y, be a finite famlly of non-
spreading mapplngs of Cy into Cy with r] —, F(T) # 0,

and let 8; = (5] BQ,ﬂ])EIxIXIj—12 ., N,
where I = [0, 1] B+ B+ B =1, B, BJ €
(0,1) for all j = 1,2,...,N — 1 and B € (0,1], 8y

[0,1) 8] € [0,1) forall j = 1,2,..,N. Let S be the
mapping generated by Ty, T, ..., T and Bi, B2, ..., BN-
Let A: Hy — Hs, B: Hy — Hs be bounded linear oper-
ator with adjoints A* and B*, Tespec tively. Sup]]::]ose that
Vs {(7,9) € C1 x Gy 5 3 € (V1 F(T2),y € N1y F(T)
and Ar'= By} is a non-empty set and let {z,,}, {yn} be
sequences generated by u,z; € Cp;v,y; € Cy and

My, = Ty, g & (Az, — Byn),
Tt = apu +(1'= o) Po, (] — AL (I - S)) Up,
VnF Yot Y B (AT — Byn)
Ynpr = A + (1 —an) Po, (I - /\i(l - 5)) Uns

(45)
for all m: >_1 where {an} C [0,1] with nlLII;Oan =
0, o2 ity = 60 andey oy Ay < oo and A, € (0,1)
for alli=1,2.aud v, € (a,b) T (¢, ﬁ — ¢ for all
n € Noand \g, A\p are-spectral radius of A*A, B*B
respectively, € is a small enough. Then the sequence
{(@nyYn)}- converge strongly to (z*,y*) € Q, where
¥ = Ppgymmand y*| = Pp5v.

Proof: By using Theorem 3.1 and 4.2, we obtain the
conclusion. ]

Moreover, if we put F(71) = Cy and F(T3) = Cs
in Theorem 3.1, we obtain the SEFPP reduced to the
SEFP.

Theorem 4.4: For every i = 1,2,3, let H; be a real
Hilbert space and let C, Cy be non-empty closed convex
subset; of Hy, and Hs, respectively. Let T; : C; — C;
be quasi-nonexpansive mapping for all ¢ = 1,2 and let
A:H, — Hs, B:Hy — Hs be bounded linear operator
with.adjoints . A* and B*{ respectively. Suppose that 0 =
{(z,y) € Ci"x Cy : Az.= By} is a non-empty set and let
{zn}, {yn}be sequences generated by u,z, € Cy;v,y; €
Cz and

- PyVLA* (A;I’.'IL - Byn) )
Tpt1 = QpU + (1 - (Jé") PClun-,
Up = Yn + WWB* (A-rn - Byn) )
Ynt+1 = anV + (1 — o) Po,vn,

W = Tn,

(46)

for all n > 1 ,where {a,,} C [0,1] with nlLII;Oan o
0,50 jay = 0o and Y o Ay < oo and A, € (0,1)
for all i = 1,2 and v, € (a,b) C (¢, ﬁ for all
n € N and A4, Ap are spectral radius of A*A, B*B
respectively, € is a small enough. Then the sequence
{(xn,yn)} converge strongly to (z*,y*) € , where
* = Poyu and y* = Po,v.

Proof: By using Theorem 3.1, we put F(17) = Cy
and F(Ty) = Cs, we obtain the conclusion. ]

—€
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V. Conclusion

We have proposed an algorithm for solving a new
split equality fixed point problem for quasi-nonexpansive
mapping, and proved its converges in the Hilbert spaces.
In Application, we used S-mapping applied to our main
result to prove the strong convergence theorems.
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